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INTRODUCTION

0.1. Let g be the affine Kac-Moody algebra corresponding to a finite-dimensional semi-simple
Lie algebra g. Let geit —mod denote the category of (continuous) g-modules at the critical level
(see [FG2] for the precise definition).

It is often the case in representation theory that in order to gain a good understanding of a
category of modules of some sort, one has to reinterpret it in more geometric terms, by which
we mean either as the category of D-modules on an algebraic variety, or as the category of
quasi-coherent sheaves on some (usually, different) algebraic variety. This is what we do in this
paper for a certain subcategory of gerit —mod, thereby proving two conjectures from [FG2].

There is another angle under which this paper can be viewed: the results concerning
Gerit —mod fit into the framework of the geometric local Langlands correspondence. We refer
the reader to the introduction to [FG2] where this view point is explained in detail.

0.2. Localization. Let us first describe the approach via D-modules. This pattern is known
as localization, a prime example of which is the equivalence of [BB] between the category of
g-modules with a given central character and the category of (twisted) D-modules on the flag
variety G/B.

The affine analog of G/B is the affine flag scheme G((t))/I, where I C G((t)) is the Iwahori
subgroup. By taking sections of (critically twisted) D-modules, we obtain a functor

Tr1 : D (FI127) i —mod — Ferie —mod .

However, as in the finite-dimensional case, one immediately observes that the ge.i-modules
that one obtains in this way are not arbitrary, but belong to a certain subcategory singled
out by a condition on the action of the center Z ((7 (9)crit), Where U (9)crit is the (completed,
reduced) universal enveloping algebra at the critical level.

Namely, 34 := Z(U(g)erit) is a topological commutative algebra, which according to [FF],
admits the following explicit description in terms of the Langlands dual group G: the ind-
scheme Spec(34) is isomorphic to the ind-scheme Op(D*) of G-opers on the formal punctured
disc. This ind-scheme of opers was introduced in [BD], and it contains a closed subscheme
denoted Op™'P which corresponds to opers with a nilpotent singularity, introduced in [FG2].

It is rather straightforward to see that the image of the functor I'r; lands in the subcategory
Gerit ~mOdpilp C Gerit —mod consisting of modules, whose support over Spec(34) ~ Op(D*) is
contained in Op™'P. Thus, we can consider I'p; as a functor

(01) Q(Flgff)crit -mod — ﬁcrit 7m0dnilp .

We should remark that it is here that the assumption that we work at the critical level
becomes crucial:

For any level k one can consider the corresponding functor I'g : D(Flgﬂ),{ -mod — g, —mod,
and it is again relatively easy to see that this functor cannot be essentially surjective. However,
in the non-critical case the image category is much harder to describe: we cannot do this by
imposing a condition on the action of the center Z ((7 (9)x) (as we did in the finite-dimensional
case, or in the affine case at the critical level) since the latter is essentially trivial. This fact
prevents one from proving (or even formulating) a localization type equivalence in the non-

critical case.
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0.3. Non-exactness. Returning to the analysis of the functor (0.1) we observe two phenomena
that distinguish the present situation from the finite-dimensional case of [BBJ.

First, unlike the case of the finite-dimensional flag variety, the functor I's; is not exact (and
cannot be made exact by any additional twisting). This compels us to leave the hopes of staying
within the realm of abelian categories, and pass to the corresponding derived ones. I.e., from
now on we will be considering the derived functor of I'g;, denoted by a slight abuse of notation
by the same character

(0.2) Tp1 : DY(D(FIA) i -mod) — D (Geris - modyirp)-

The necessity do work with triangulated categories as opposed to abelian ones accounts for
many of the technical issues in this paper, and ultimately, for its length.

That said, we should remark that in Sect. 2 we define a new t-structure on the category
Db(i)(Flgﬂ)Cm -mod) and make a conjecture that in this new t-structure the functor I'p; is
exact.

0.4. Base change. The second new phenomenon present in the case of affine Kac-Moody
algebras is that the (derived) functor I'p; is not fully faithful. The reason is very simple: the
center of the category D(Flgﬁ)cm —-mod is essentially trivial, whereas that of Gerit —mody;lp is
the algebra of functions on the scheme Op™'P.

IL.e., by setting the level to critical we have gained the center, which allows to potentially

describe the image of I'pj, but we have gained too much: instead of just one central character
as in the finite-dimensional case, we obtain a Op™'P-worth of those.

However, the non-fully faithfulness of 'y can be accounted for.

Let N := T* (FlG) be the Springer variety corresponding to the Langlands dual group, where
F1¢ denotes the flag variety of G. ' Consider the stack N/ G. A crucial piece of structure is that
the monoidal triangulated category D?(Coh(N/G)) (i.e., the G-equivariant derived category of

coherent sheaves on N) acts on the triangulated category D?(®D(FIT) i —-mod). This action
was constructed in the paper [AB], and we denote it here by .

Another observation is that there is a natural map tyqp : Op™® — N/@G, and we show that

these structures are connected as follows. For ¥ € DY(D(FIA) 5 ~mod), M € D?(Coh(N/G))
we have a canonical isomorphism

Opnilp
Le., the effect of acting on F by M and then taking sections is the same as that of first taking
sections and then tensoring over the algebra of functions on Op™'P by the pull-back of M by
means of tyjp.

This should be viewed as a categorical analog of the following situation in linear algebra. Let
V1 be a vector space, acted on by an algebra A; by endomorphisms (i.e., V4 is a A;-module).
Let (Va, A3) be another such pair; let 74 : A7 — A be a homomorphism of algebras, and
ry : V1 — V5 a map of vector spaces, compatible with the actions.
In this case, we obtain a map As %@ Vi— Vs
1

we emphasize that FI& denotes the finite-dimensional flag variety G/ B of the Langlands dual group G, and
in this paper we will consider quasi-coherent sheaves on it. It should not be confused with the affine flag scheme
G(t)/I of G, denoted F12f, on which we will consider D-modules.
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We would like to imitate this construction, where instead of vector spaces we have categories:
Vi = DY (D(FIA) crie —mod), Va — D (Gerie —modyirp),
instead of algebras we have monoidal categories
Ay > DY(Coh(N/G)), As — DP(Coh(Op™iP)),

and instead of maps we have functors:

*

TA Tt TV g

Therefore, it is a natural idea to try to define a categorical tensor product

(0.3) D?(Coh(Op"'P)) ®  DY(@D(FIA)eis —mod),
Db (Coh(N/G))

which can be viewed as a base change of D?(D(FI4T) i, ~mod) with respect to the morphism
Chilp opir — f\f/é, and a functor from (0.3) to D®(gerit ~modyiip), denoted L'pp,opnite, COM-

patible with the action of D?(Coh(Op™'P)). Unlike I'gj, the new functor [y opnie has a chance
of being an equivalence.

0.5. Localization results. The above procedure of taking the tensor product can indeed be
carried out, and is the subject of Part III of this paper. Le., we can define the category in (0.3)
as well as the functor I'g; o pmite -

We conjecture that I'g; o mie is an equivalence, which would be a complete localization result
in the context of gei —mod. Unfortunately, we cannot prove it at the moment. We do prove,
however, that ['g gpmie is fully faithful; this is one of the four main results of this paper, Main
Theorem 1.

In addition, we prove that I'g o, mie does induce an equivalence between certain subcate-
gories on both sides, namely the subcategories consisting of Iwahori-monodromic objects. This
is the second main result of the present paper, Main Theorem 2. The Iwahori-monodromic
subcategory on the RHS, denoted Db(acrit *modnilp)l 0, can be viewed as a critical level version
of the category O. Thus, Main Theorem 2, provides a localization description at least for this
subcategory.

We should remark that our inability to prove the fact that I'g opnie is an equivalence for the
ambient categories stems from our lack of any explicit information about objects of gei; —mod
other than the Iwahori-monodromic ones.

The above results that relate the categories Db(Q(FIZH)Crit ~mod) and D®(gerit —modyilp)
have analogues, when instead of FI2 we consider the affine Grassmannian Grill | and instead of
Op™'P © Op(D*) we consider the sub-scheme of regular opers Op™&  Op(D*). These results
will be recalled below in Sect. 0.7.

0.6. The quasi-coherent picture. Let us now pass to the description of a subcategory of
erit —modyjlp in terms of quasi-coherent sheaves, mentioned in Sect. 0.1. The subcategory in

question, or rather its triangulated version, is Db(ﬁcrit fmodnilp)l ’ that has appeared above.

In [FG2] we proposed (see Conjecture 6.2 of loc. cit.) that D®(geit 7m0dnﬂp)10 should be

equivalent to the category Db(QCoh(MOpg“p)), where MOpgilp is the scheme classifying Miura
opers with a nilpotent singularity, introduced in [FG2], Sect. 3.14.
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By definition, MOpgilp is the fiber product
0P % St/C.
N/G

where St is the Steinberg scheme. In other words, MOp%1i1p is the moduli space of pairs: an

oper x on the formal punctured disc D* with a nilpotent singularity, and its reduction to the
Borel subgroup B C G as a local system.

I}ilp
g
called the Wakimoto module, and the conjecture can be

The motivation for the above conjecture was that for any point ¥ € MOp: " one can attach

I°
nilp>»

a specific object Wy € Gerit —mod
viewed as saying that any object of D®(gesi 7m0dnilp)10 is canonically a ”direct integral” of
Wakimoto modules.

In this paper we prove this conjecture by combining our Main Theorem 2 and one of the
main results of Bezrukavnikov’s theory (Theorem 4.2 of [Bez]), which provides an equivalence
(0.4) D (D (F141) 1 ~mod) ~ D’(QCoh(St/G)).

The proof is obtained by essentially base-changing both sides of (0.4) with respect to tpip. This

is the third main result of this paper, Main Theorem 3.

We refer the reader to the introduction to [FG2] for the explanation how the above corollary
can be viewed as a particular case of the local geometric Langlands correspondence.

As a corollary we obtain the following result: let x € Op™'® be an oper with a nilpotent
singularity. On the one hand, let us consider D?(geyit —mod, )’ 0, which is the full subcategory of
D® (Gerit —mod, )-the derived category of g-modules with central character given by x, consisting
of I°-integrable objects.

On the other hand, let n be an element of #, whose image in #/B ~ N/G equals that of
tnitp(X). Let Spr,, be the derived Springer fiber over n, i.e., the Cartesian product pt >§N, taken
§

in the category of DG-schemes. We obtain:

Corollary. There is an equivalence of categories

D’ (Gerit fmodx)l0 ~ D®(QCoh(Spr,)).

In this paper we do not prove, however, that the functor thus obtained is compatible with the
Wakimoto module construction. Some particular cases of this assertion have been established
in [FG5]. We expect that the general case could be established by similar, if more technically
involved, methods.

0.7. Relation to the affine Grassmannian. The main representation-theoretic ingredient
in the proof of the main results of this paper is the fully faithfulness assertion, Main Theo-
rem 1. Its proof is based on comparison between the functors I';; and I'g) gpmie mentioned
above, and the corresponding functors when the affine flag scheme Fl"&;ﬂr is replaced by the affine
Grassmannian Grgﬁ.

Let us recall that in [FG4] we considered the category gerit ~mOod,eg, corresponding to modules
whose support over Spec(34) ~ Op(D*) is contained in the subscheme Op™® of regular opers.

We also considered the category D(Grgﬂ)crit —-mod and a functor I'g, : D(Grgﬂ)crit —mod —
Derit ~mod,eg, Which by contrast with the case of Flgﬁ, was exact. In addition, the category
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D(CraM) i ~mod was naturally acted upon by Rep” % (G) ~ Coh(pt /G), and we considered
the base changed category
Coh(Op™8) ®  D(Cri) e mod,
Coh(pt /G)
and the functor I'gy opres from it t0 Gerit —mOdyeg-

In loc. cit. it was shown that on the level of derived categories, the corresponding functor

LGr,opres : D? <Coh(0pr°g) ® ’D(Grgﬁ)crit mod) ~
Coh(pt /G)

~ DP(Coh(Op™#)) ® D?(D(Gri) erit ~mod) — D (Geric —modyeg)
D?(Coh(pt /G))
was fully faithful.
The relation between the Flgﬁl and the Grl%ff pictures is provided by our fourth main result,
Main Theorem 4. This theorem asserts that the base-changed category
D’ (Coh(pt /B)) ®  DY(®(FIA) —mod)
D?(Coh(N/G))
with respect to the map _
pt /B ~FI¢ /G — N/G,
given by the 0-section FI¢ < Nis essentially equivalent to the base-changed category
D’ (Coh(pt /B)) ® DY (D(CriM) i, —mod).
D?(Coh(pt /G))

This equivalence makes it possible to write down a precise relationship between the func-
tors T'p) oprite and I'y,op= (see Theorem 6.3.1), and deduce Main Theorem 1 from the fully-
faithfulness of 'y opres (see Sect. 13).

0.8. Contents. This paper consists of four parts:

In Part I we perform the representation-theoretic and geometric constructions and formulate
the main results.

In Sect. 1 we show how the constructions of the paper [AB] define an action of the trian-

gulated category D(Coh(N/G)) on DY(®(FIA )i ~mod). In fact, the action at the level of
triangulated categories comes naturally from a finer structure at a DG (differential graded)
level. The latter fact allows to introduce the category (0.3), which is one of the main players
in this paper.

In Sect. 2 we introduce a new t-structure on the category D?(D(Gridl) i, —mod). Tt will
turn out that this t-structure has a better behavior than the usual one with respect to the
constructions that we perform in this paper.

In Sect. 3 we combine some results of [FG3] and [FG4] and show how the functor I'p; extends

to a functor
Ty opnie © D?(Coh(Op™'P)) ®  DY(DFL)eic—mod) — D’ (Gerie —moduiy),
D?(Coh(N/G))

We formulate the first main result of this paper, Main Theorem 1 that asserts that the functor
[pyoprie s fully faithful. As was explained above, the latter result is as close as we are currently
able to get to localization at the critical level. We also formulate Conjecture 3.6.3 to the effect
that the functor I'g; o,mie is an equivalence.
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In Sect. 4 we consider the Iwahori-monodromic subcategories in the framework of Conjec-
ture 3.6.3. We formulate the second main result of this paper, Main Theorem 2, which asserts
that the functor I'g opmie induces an equivalence

D’ (Coh(Op™™)) ®  DY@FIE) i mod) — DY (Geri - modpip)!
D?(Coh(N/Q))

In addition, we formulate Main Theorem 3, which sharpens the description of the category
Db(ﬁcm fmodnilp)l ’ in terms of quasi-coherent sheaves on the scheme of Miura opers, proposed
in [FG2].

In Sect. 5 we formulate Main Theorem 4, which essentially expresses the _category
DY (D (Gr) i —mod) in terms of DY(D(FIA),,; -mod) and the action of D?(Coh(N/G)) on
it. More precisely, we construct a functor

(0.5) T :D’(Coh(pt /B)) ®  DY(D(FIA) e —mod) —
Db (Coh(N/G))
D’ (Coh(pt /B)) ® Db (D (Grih) i —mod),
D?(Coh(pt /G))
which will turn out to be ”almost” an equivalence.

In Sect. 6 we formulate a theorem that connects the functors I'pj gpmie and I'gropres by
means of the functor YT of Sect. 5.

In Part II we prove the theorems formulated in Part I, assuming a number of technical
results, which will be the subject of Parts IIT and IV.

In Sect. 7 we prove a number of adjunction properties related to the functor T of Sect. 5,
and reduce the fully faithfulness result of Main Theorem 4 to a certain isomorphism in
D/ (D(Grah) .. -mod), given by Theorem 7.3.1.

In Sect. 8 we prove Theorem 7.3.1. We give two proofs, both of which use Bezrukavnikov’s

theory. One proof uses some still unpublished results of [Bez|, while another proof uses only
[AB].

In Sect. 9 we study the interaction between the new t-structure on D7 (D(FI&) . ~mod)
and the usual t-structure on Df(i)(GraGH)crit —mod).

In Sect. 10 we use the results of Sect. 9 to complete the proof of Theorem 7.3.1.

In Sect. 11 we show how to modify the LHS of (0.5) and the functor T to turn it into an
equivalence. We should remark that the results of this section are not needed for the proofs of
the main theorems of this paper.

In Sect. 12 we prove the theorem announced in Sect. 6 on how the functor T intertwines
between the functors I'p; gpmie and gy opres.

In Sect. 13 we use the fact that T is fully faithful to deduce fully faithfulness of the functor
gy 0pnite, which is our Main Theorem 1.

In Sect. 14 we prove Main Theorem 2 and Main Theorem 3.
In Part III we develop the machinery used in Parts I and II that has to do with the notion

of tensor product of (triangulated) categories over a (triangulated) monoidal category. As is
often the case in homotopy theory, the structure of triangulated category is not rigid enough
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for the constructions that we perform. For that reason we will have to deal with DG categories
rather than with the triangulated ones. 2

In Sect. 15 we recall the basics of DG categories and their relation to triangulated categories.
Essentially, we summarize some of the results of [Dr].

In Sect. 16 we review the notion of homotopy monoidal structure on a DG category. Our
approach amounts to considering a pseudo-monoidal structure, which yields a monoidal struc-
ture on the homotopy level; this idea was explained to us by A. Beilinson. We should note that
one could consider a more flexible definition following the prescription of [Lul; however, as was
explained to us by J. Lurie, the two approaches are essentially equivalent.

Sect. 17 deals with the tensor product of categories, which is a central object for all the
constructions in Part I. Given two DG categories C; and Cs acted on by a monoidal DG
category A on the left and on the right, respectively, we define a new DG category C; ® C,.

A

This construction was explained to us by J. Lurie. It essentially consists of taking the absolute
tensor product C; ® Cy and imposing the isomorphisms (c¢; - a) ® ca ~ ¢1 ® (a - ¢2), where
c;, €cC,andacA.

In Sect. 18 we study the properties of the tensor product construction which can be viewed
as generalizations of the projection formula in algebraic geometry.

In Sect. 19 we recollect some facts related to the notion of t-structure on a triangulated
category.

In Sect. 20 we study how the tensor product construction interacts with t-structures. In
particular, we study the relationship between tensor products at the triangulated and abelian
levels.

In Sect. 21 we apply the constructions of Sects. 16, 17, 18, 19 and 20 in the particular case
when the monoidal triangulated category is the perfect derived category of coherent sheaves on
an algebraic stack. In this way we obtain the notion of triangulated category over a stack, and
that of base change with respect to a morphism of stacks.

Part IV is of technical nature: we discuss the various triangulated categories arising in
representation theory.

Sect. 22 contains a crucial ingredient needed to make the constructions in Part I work. It
turns out that when dealing with infinite-dimensional objects such as FlaGH or g, the usual
triangulated categories associated to them, such as the derived category D(®(FIAT)..i —mod)
of D-modules in the former case, and the derived category D(g—mod) of g-representations in
the latter case, are not very convenient to work with. The reason is that these categories
have too few compact objects. We show how to modify such categories ”at —o0” (i.e., keeping
the corresponding D subcategories unchanged), so that the resulting categories are still co-
complete (i.e., contain arbitrary direct sums), but become compactly generated.

20ur decision to work in the framework of DG categories rather than in a better behaved world of quasi-
categories stems from two reasons. One is the fact that we have not yet learnt the latter theory well enough to
apply it. The other is that we are still tempted to believe that when working with linear-algebraic objects over a
field of characteristic zero, on can construct a homotopy-theoretic framework based on DG categories, which will
avoid some of the combinatorial machinery involved in dealing with simplicial sets when proving foundational
results on quasi-categories.
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In Sect. 23 we apply the discussion of Sect. 22 in the two examples mentioned above,
i.e., D(gerit —mod) and D(@(Flgﬁ)cm -mod), and study the resulting categories, denoted
Dyen(Gerit —mod) and Dy, (D(Fl%ﬂ)cm —mod), respectively.

Having developed the formalism of monoidal actions, tensor products, and having defined the
desired representation-theoretic categories equipped with DG models, in Sect. 24 we upgrade to
the DG level the constructions from Part I, which were initially carried out at the triangulated
level.

In Sect. 25 we show that imposing the condition of I-monodromicity (which in our case
coincides with that of I°-equivariance) survives the manipulations of Sects. 23 and 24.

0.9. Notation. Notation and conventions in this paper follow closely those of [FG2].

We fix G to be a semi-simple simply connected group over a ground field, which is alge-
braically closed and has characteristic zero. We shall denote by A the lattice of coweights
corresponding to G and by AT the semi-group of dominant co-weights.

We let G denote the Langlands dual group of G. Let g be the Lie algebra of G. Let BC N
be the Borel subgroup and its unipotent radical, and b C n be their Lie algebras, respectively.

Let FIC be the flag variety of G, thought of as a scheme parameterising Borel subalgebras
in §. For A € A we denote by L* the corresponding line bundle on F1¢ /G ~ pt /B. Our
normalization is such that £ is ample if X is dominant, and F(Flc, Lj‘) = VX, the irreducible
representation of highest weight A.

We denote by E Grothendieck’s alteration. This is the tautological sub-bundle in the trivial
vector bundle F1¢ x g Let N C E be the Springer resolution, i.e., it is the variety of pairs
{(z € §,0’ € FI) |z € #'}. We denote by m the natural projection N — FI“, and by ¢ the zero

section FIG —N.

When discussing opers or Miura opers, we will mean these objects with respect to the group
G (and never G), so the subscript ”G” will be omitted.

We will consider the affine Grassmannian Gridl := G((t))/G([[t]] and the affine flag scheme
FI2T .= G((¢)/1. We will denote by p the natural projection FI& — Graf.

For an element w in the affine Weyl group, we shall denote by jgz 1 (resp., jg.«) the correspond-
ing standard (resp., co-standard) I-equivariant objects of D(FI4T) -mod. For A € A we denote
by J5 € CD(FIZH) —mod the corresponding Mirkovic-Wakimoto D-module, which is characterized
by the property that J5 = jx , for ANeAt, J; = Jx, for Ae —At and 545, = I3, * I35,

The geometric Satake equivalence (see [MV]) defines a functor from the category Rep(G)
to that of G[[t]]-equivariant objects in ®(Gril) -mod. We denote this functor by V — Fy.
The construction of [Ga] defines for every V as above an object Zy € D(FIA) ~mod, which is
I-equivariant, and is central, a property that will be reviewed in the sequel.

0.10. Acknowledgments. We would like to thank R. Bezrukavnikov for teaching us how to
work with the geometric Hecke algebra, i.e., Iwahori-equivariant sheaves on Flgﬁ. In particular
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dual group, such as the Steinberg scheme St.
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Part I: Constructions

1. THE ARKHIPOV-BEZRUKAVNIKOV ACTION

Let Df(D(FI41) i ~mod) be the bounded derived category of finitely generated critically
twisted D-modules on FI2. Tt is well-defined since FI2 is a strict ind-scheme of ind-finite type.
The goal of this section is to endow D7 (D(FIA) .5 ~mod) with a structure of triangulated
category over the stack N/G (see Sect. 21.2.1 for the precise definition of what this means).

Ie., we will make the triangulated monoidal category of perfect complexes on N/ G act on
D/ (D(FI4M) it ~mod). The action must be understood in the sense of triangulated categories,
equipped with DG models (see Sect. 16.5.4). In the present section, we will perform the con-
struction at the triangulated level only, and refer the reader to Sect. 24.2, where it is upgraded
to the DG level.

1.1. Let Dp”f(Coh(Jt\f/é)) be the perfect derived category on the stack ﬁf/é, as introduced
in Sect. 21.2, i.e.,

D7*"! (Coh(N/G)) = Ho (C*(Coh™™/"**(N/G))) / Ho (Clca(Coh'*™ /(N G)) ),

acycl

where CP(Coh'**/ me(ﬁf/ G) is the DG category of bounded complexes of locally free coherent

sheaves on N/G, and Cgcycl(Cohloc»free(N/(}') is the subcategory of acyclic complexes. The

former has a natural structure of DG monoidal category, and the latter is a monoidal ideal,

making the quotient D¢/ (Coh(N/G)) into a triangulated monoidal category.
In order to define the action of Dp”f(Coh(J?f/G')) on Drerf (Coh(if/@)), following [AB], we

will use a different realization of DP¢"f(Coh(N/G)) as a quotient of an explicit triangulated
monoidal category Ho (Cb(Cothee(N/G))) by a monoidal ideal.

Namely, let C?(Coh’/"*(N/G)) be the monoidal DG subcategory of C?(Coh'*“/™¢(N/Q)),
consisting of complexes, whose terms are direct sums of coherent sheaves of the form 7* (Lj‘)®V,
where V is a finite dimensional representation of G, and LA is the line bundle on FI¢ /G ~
pt/ B corresponding to A € A, and 7 denotes the projection N — FIC. (We remind that our
normalization is that for A € AT, F(FIG, Li) ~ Vi, the representation of highest weight \.)

Let Cb (Cohfree(if/é)) be the monoidal ideal

acycl

CP(Cob! ™ (N/G)) 1 €Ly (Col® 17 (N /).

acycl

By [AB], Lemma 20, the natural functor

acycl

Ho (cb(cohfm(ﬁ/é))) /Ho (C (cohfree(if/(;))) -
— Ho (C?(Coh'*/"**(N/G)) ) / Ho ((C,q(Coh™*/"**(N/G)) ) D" (Coh(N/G))

acycl

is an equivalence.

1.2. We claim, following [AB], that there exists a natural action of Ho (Cb(Cothee(ﬁf/é)D
on DI (D(FIE)erie —mod), with Ho (Cgcyd(Cohfme(f\f/G)D acting trivially.
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1.2.1. First, we construct a DG monoidal functor F from C?(Coh/"**(N/G)) to a DG monoidal
subcategory of the DG category of finitely generated I-equivariant D-modules on Fl"gf. The
functor F will have the property that if F1 and F; appear as terms of complexes of some
F(M$) and F(M$), respectively, for M$, M3 € CP(Coh/™**(N/@G)), the convolution F; x Fy €
D/ (D(FI4) it ~mod) is acyclic off cohomological degree 0.

Remark. In Sect. 2 a new t-structure on (an ind-completion of) DY (D (FIH) i, —mod) will be
defined, and we will prove that the functor F is exact in this t-structure, see Corollary 4.2.3.

The functor F is characterized uniquely by the following conditions:
e For A € A, F(x*(LY)) := Js. The isomorphism LM @ LA2 ~ LMHA2 goes under F to
the natural isomorphism Jy, * Jx, >~ J5, | 5,-
e For V € Rep” (@), F(Oz . ®V) := Zy, where Zy is the corresponding central sheaf.

X/é
We have commutative diagrams

| |
F(05,62(V'@V))  —— Zyigys

and §
@ V)« F(r* (L)) —— Zy x Jy

l l

F(r* (L) * F(05,6®V) — Jx* Zv,

where the right vertical maps are the canonical morphisms of [Ga], Theorem 1(c) and
(b), respectively.

e The tautological endomorphism N{#“* of the object Of\r e ®V goes over under F to the

monodromy endomorphism Nz, of Zy (the latter morphism is given by Theorem 2 of
[Ga] and is denoted there by M).

e At ; .
e For A € A™ the canonical map ON/C:

FO%c

® V> — 7% (L) goes over to the map Zys — Jxs
given by Lemma 9 of [AB].

Thus, we obtain the desired functor F. It is shown in [AB], Lemma 20(a), that if M* €
Czcycl(Cothee(Jv\f/G)), then F(M®) is acyclic as a complex of D-modules on FIZ,

1.2.2. The assignment

M € Ho (Cb(Cohf Tee(ﬁ/é))) ,F € Df (O(FIET) oy -mod) — FxF(M) € DI (D(FIEF) 5 mod)
defines a functor

Ho (C*(Cob'™/™*¢(X/G)) ) x DI (D(FIZ exie -mod) — DI (D(FIE ey ~mod),

which is the sought-for monoidal action of Dpe’”f(Coh(if/é)) on D/ (D(FI) i, ~mod). For M
and F as above, we denote the resulting object of DY (D(FI4 )4 ~mod) by

(1.1) M ® 7

Oyi'/(;
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As was mentioned above, in Sect. 24.2 we will upgrade this action to the DG level.

1.3. Recall the scheme classifying G-opers on the formal punctured disc D* with nilpotent
singularities, introduced in [FG2|, Sect. 2.13. We denote this scheme by Op™'P. This is an
affine scheme of infinite type, isomorphic to the infinite-dimensional affine space. By [FG2],
Sect. 2.18, there exists a canonical smooth map

Thilp - Opnilp - N/év
that corresponds to taking the residue of the connection corresponding to an oper.
By Sect. 21.2.2, we have a well-defined base-changed triangulated category

(1.2) op"'* x DI (D(FIE) i, —mod),
N/G
equipped with a DG model, which carries an action of the monoidal triangulated category
Drerf (Coh(Opmlp)), where the latter category and the action are also equipped with DG mod-
els.
The category (1.2) is the main character of this paper.

1.3.1. As was explained in the introduction, the base change construction is a categorical
version of the tensor product construction for modules over an associative algebra. In particular,
it satisfies a certain universal property (see Sect. 17.5.3), which when applied to our situation
reads as follows:

Let D’ be a triangulated category over the scheme Op“ilp, ie., D’ is acted on by
DPe"f (Coh(Op™'P)) and both the category and the action are equipped with DG models.
Then functors

Op"'? x DI (D(FI) . —mod) — D',
N/G
compatible with the action of D?¢"f (Coh(Op™P)) (where the compatibility data is also equipped
with a DG model) are in bijection with functors

D/ (D(FIAN) ¢ —mod) — D',

that are compatible with the action of Dpe’”f(Coh(ﬁf/G)), where the latter acts on D’ via the
monoidal functor %, : DP¢"f (Coh(N/G)) — DPe"f(Coh(Op™'P)).

nilp

1.3.2. We have the tautological pull-back functor, denoted by a slight abuse of notation by the
same character

thitp : DY (D (FIF)exie -mod) — Op™ x DI (D(FIF)exit -mod).
N/G

An additional piece of information on the category (1.2) is that we know how to calculate
Hom in it between objects of the form v, (F;), F; € DI (D(FI&) i ~mod), i = 1,2. Namely,

nilp
this is given by Corollary 18.4.2(2), and in our situation it reads as follows:
(13) Hom (t;ilp (9:1)7 t;ﬁlilp (92)) = Hom(:}rlv (tnilp)*(OOp““p) Oi® 9:2)7
Eze

where (tnilp)«(Ogpnite) (resp., (tuip)s(Ogpmin) ®  Fa)) is regarded as an object of the ind-
N/G

completion of DPer/ (Coh(if/é)) (resp., the ind-completion of the category (1.2)).
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The universal property of Sect. 1.3.1 and (1.3) is essentially all the information that we have
about the category (1.2), but it will suffice to prove a number of results.

2. THE NEW t-STRUCTURE

As a tool for the study of the category DY (D (FI4) i, -mod), we shall now introduce a new
t-structure on the ind-completion of this category. Its main property will be that the functors
of convolution 7 x J5 become exact in this new t-structure.

2.1. As the triangulated category D/ (D (FIAT).;; ~mod) is equipped with a DG model, it has a
well-defined ind-completion (see Sect. 15.7.1), which we denote D, (’D(Flgﬁ)cm —mod). This
is a co-complete triangulated category, which is generated by the subcategory of its compact
objects, the latter being identified with D7 (D (FI2) .5 —mod) itself.

2.1.1. By Sect. 23.5.1, the usual t-structure on D(D(FIAT)..; -mod) induces a t-structure on
Dren(CD(Flzﬁ)Crit —mod); moreover, the latter is compactly generated (see Sect. 19.2 where this
notion is introduced). We have an exact functor

Dyen (D (FIE) crip ~mod) — D(D(FIAT ) ey ~mod),
which induces an equivalence
D, (D(FIE i —mod) — DH(D(FIA) 5 ~mod).
In what follows we will refer to this t-structure on Dren(i)(Flgﬂ)crit —mod) as the "old” one.

2.1.2. Recall the general framework of defining a t-structure on a co-complete triangulated
category given by Lemma 19.2.1.

We define a new t-structure on Dmn(i)(Flgﬂ)crit ~mod) so that DS0new (@(Flgﬂ)crit —mod) is
generated by objects F € DI (D(FIA) i, —mod) that satisfy:

(2.1) F x J; € DE0oe(D(FIAT) 5, —mod) for any A € A.

Ten

Since for A € At the functor F + F % J; is right-exact (in the old t-structure), condition (2.1)
is sufficient to check for a subset of A of the form Ay — AT for some/any Ao € A.

2.1.3. Remarks. At the moment we do not know how to answer some basic questions about
the new t-structure on D,..,, (@(Flgﬂ)crit —mod). For example:

Question: Is the new t-structure compatible with the subcategory D/ (D (FI147) 1 ~mod)
Dmn(i)(Flgﬁ)crit -mod), i.e., is the subcategory Df(i)(Flgﬁ)Crit —mod) preserved by the trun-
cation functors?

However, we propose the following conjectures:

Conjecture 2.1.4. Let F € Dyop (D (FIA) i —mod) satisfy Fx J5 € DEdeta (D(FIA) 5 —mod)
for any A € A. Then F € DE0rew (D(FIAT) 5, —mod).

The second conjecture has to do with the stability of the above t-structure with respect to
base change. Let A be an associative algebra, and consider the triangulated category

Dyen(D(FIE iy © A-mod) := D (D(FIA) .5, -mod) © DP"f (4 -mod),
i.e., the ind-completion of Df (D (FIA) 5, ~mod) ® DP"f (A -mod).

3P’robably7 that answer to this question is negative.
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It is endowed with the usual, a.k.a. ”o0ld”, t-structure, equal to the tensor product of the ”old”
t-structure on D.c, (D(FIH) iy ~mod) and the usual t-structure on D(A -mod), see Sect. 20.1.2

However, there are two ways to introduce a ”new” t-structure on DTen(CD(Flgﬁl)Crit ®A-mod).
The t-structure "new;” is obtained by the tensor product construction of Sect. 20.1.2 from the
new t-structure on Dren(CD(Flgﬁ)Crit —mod) and the usual t-structure on D(A-mod).

)

The t-structure "newsy” is defined to be generated by compact objects, i.e., objects F €
D/ (@(FlaGH)Crit ~mod) ® DP¢"f(A-mod), such that F Js is < 0 in the old sense.

Conjecture 2.1.5. The t-structures "newy” and "news” on DTGH(Z)(FIZH)““ ® A-mod) co-
incide.

We remark, that, more generally, instead of the category D(A-mod), we could have taken
any compactly generated triangulated category, equipped with a DG model, and a compactly
generated t-structure.

2.2. Here are some of the basic properties of the new t-structure.

2.2.1. First, the functors F +— J x Jj are exact in the new t-structure.

Further, we have:

Proposition 2.2.2. For M € QCoh(ﬁf/G) the functor
F— FxF(M)
is right-exact in the new t-structure. If M is flat, it is exact.

Proof. Any M as in the proposition is quasi-isomorphic to a direct summand of a complex
M?, situated in non-positive cohomological degrees, such that each M* is a direct sum of line
bundles 7*(£*). This readily implies the first point of the proposition.

The second assertion follows from the first one, see Sect. 20.2.1.
|

2.2.3. The next lemma shows that the new t-structure induces the old one on the finite-
dimensional flag variety G/B C FI4!:
Lemma 2.2.4. Any D-module ¥ € D(G/B) mod C ®(FIAT) ., —mod belongs to the heart of
the new t-structure.

The proof follows from the fact that the map defining the convolution JF % J_5 with Ae At
is one-to-one over the supports of the corresponding D-modules.

2.3. The identity functor on D, (@(Flgﬁ)crit -mod) is tautologically left-exact when viewed
as a functor from the old t-structure to the new one. We claim, however, that the deviation is
by a finite amount:

Proposition 2.3.1. Any F € Dyc,, (D(FIA) i —mod), which is > Opew, is > — dim(G/B)oia-
Proof. Let JF be as in the proposition. We have to show that Hom(3',F) = 0 for any F €
D/ (D(FI41) ¢ ~mod), which is < — dim(G/B) o4

It would be sufficient to show that for any such ¥, the objects F'xJ_5 are < 04q for Ae AT,
Le.:

Lemma 2.3.2. For A\ € AT, the functor ? x J_x has a cohomological amplitude (in the old
t-structure) bounded by dim(G/B).

O
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2.3.3. Proof of Lemma 2.3.2. Consider the object

Oa,, ,, € Coh(pt /B x pt/B) ~ Coh(FI¥ x FI /G).
P pt /G
It can be realized as a direct summand of a complex, concentrated in non-positive degrees and

of length dim(FlG) = dim(G/B), whose terms are of the form L/ 0 X LA, where with no
pt /G

restriction of generality we can assume that ji; € AT.

This implies that for any A, the object £L=* € DPf(Coh(pt /B)) is a direct summand of
an object that can be written as a successive extension of objects of the form LFA @ V]—k] with

k < dim(F19) and 1 € At and V € Rep” *(@G).

Hence, F x J_j is a direct summand of an object which is a successive extension of objects
of the form F x J; x Zy [—k]. However, the functor ? x J; is right-exact, and 7 « Zy is exact.

O

3. FUNCTOR TO MODULES AT THE CRITICAL LEVEL

Let Gerit —modyip be the abelian category of erit —mod, on which the center 34 acts through
its quotient Sgilp (see [FG2], Sect. 7.1). Let D(gerit —modyip) be its derived category. In
this section we will consider the functor of global sections I'p; : DY (@(Flzﬁl)crit —mod) —
D (gerit —modnilp), and using Sect. 1.3.1 we will extend it to a functor

Trpoprite : Op™P X DI (D(FIE)erit ~mod) — D(Geris —modnitp)-
N/G
3.1. Being the derived category of an abelian category, D(gerit —modnip) is equipped with a
natural DG model. Moreover, the abelian category gerit —modpi, has 33“‘) ~ Ogpuite Mapping
to its center. This defines on D(gerit —modpip) & structure of triangulated category over the
(affine) scheme Op™'P. In particular, we have a monoidal action of the monoidal triangulated
category DP¢"/ (Coh(Op™'P)) on it.

3.1.1. In Sect. 23.2.2 we will introduce another triangulated category (also equipped with a
DG model and acted on by Dpe’”f(Coh(Op“ﬂp))), denoted Dy (Gerit -modpip ). This category
is also co-complete and has a t-structure, but unlike D(geyit —~modyip), the new category is
generated by its subcategory of compact objects denoted Dfen (Berit —modnpilp ).

In addition, we have a functor (equipped with a DG model, and compatible with the action
of Dp”f(Coh(Opmlp)))

Dren (acrit 7m0dnilp) - D(/g\crit 7m0dnilp)u
which is exact and induces an equivalence
D:‘Len (/g\crit 7m0dnilp) - D+ (acrit 7m0dnilp)-
We have
Dfen (ﬁcrit 7m0dnilp) - Dj_en (acrit 7m0dnilp)7

so we can identify of Dfen (Gerit —mod,ilp) With its essential image in D(gerit —modn;p), denoted
Df (/g\crit 7m0dnilp) .

By Sect. 16.7.2, all of the above triangulated categories inherit DG models and the action of
D"/ (Coh(Op™'P)), so they are triangulated categories over the scheme Op™'P,
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3.2. Our present goal is to construct a functor

Ty opnie : Op™P x DY (D(FIE) erie ~mod) — D (Gerie ~moduirp),
NG

compatible with an action of DP¢"f(Coh(Op™'P)). Both the functor, and the compatibility
isomorphisms will be equipped with DG models.

3.2.1. By Sect. 17.5.3, a functor as above would be defined once we define a functor
(3.1) Tpr 2 DY (D(FIE) i -mod) — DY (Gerie ~moduip),

which is compatible with the action of DP*"/(Coh(N/G)) (where the action on the RHS is via
tnilp ), such that again both the functor and the compatibility isomorphisms are equipped with
DG models.

We define the functor
(3.2) Tr 2 DY (D(FIA)rie ~mod) — D (Geris - modyip),
to be T'(FL, ?), i.e., the derived functor of global sections of a critically twisted D-module.

In this section we will check the required compatibility on the triangulated level. In Sect. 24.3
we will upgrade this construction to the DG level. In Sect. 23.6 we will show that the image

of (3.1) belongs to DY (Gerit —~modnilp), thereby constructing the functor (3.1) with the required
properties.

3.3. Let us introduce some notations:

L8 1= T (7 (£1), A € A and Vo := thy, (05 o ® V).V € Rep!(G).

The data of compatibility of I'r with the action of DPe"f (Coh(if/ G)) would follow from the
corresponding data for Ho(C?(Coh/™*¢(N/G))) (see Lemma 16.7.4).

By [AB], Proposition 4, the latter amounts to constructing the following isomorphisms for
an object F € DI (D(FI&M) 5, ~mod):
e (i) For A € A,
- .
FFI(?* J;\) 2 FFI(?) o ® Lgpnilp'

Opnilp

e (ii) For V € Rep”* (@), an isomorphism

FFl(g* Zv) g FFl(g) (24 Vopnilp,

O pnilp
and such that the following conditions hold:
e (a) For \;, \; € A, the diagram

. i
Dii(Fx J5, % Jx,) —— Tu(FxJ5) @ L&

Oopnilp

1 ]

RESESY ISEDY
Cp(FxJ5, 15,) — Tr() o ®_1 Lopnin
opnilp

commutes.
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e (b) The endomorphism of the object I'ri(F x Zyv), induced by the monodromy endo-
morphism Nz, of Zy goes over by means of vy to the endomorphism of the object
I[ri(F) ® Vopnin, induced by the tautological endomorphism of Of\r/é ®V.

Opnilp

e (c) For V1, V2 € Rep’ % (@) the diagram

Dri(F * Zy * Zy2) —s Ta(FxZy1) ® V3

O pnilp

1 v

v
Tri(F x Zyigye) vievi, 'm(¥) ® (Vlopnilp ® Vzopnilp)

O o pnilp opnilp

commutes. o
e (d) A€ A and V € Rep/ (@), the diagram

Tri(F x Jx % Zv) v, Tp(FxJ;) ® Vopuw

Opnilp

l %]

Tri(F * Zy  J5) Tei(F) ® Ly ® Vopuw

O pnilp opnilp

%] !

Fpl(g"* Zv) 4 Lépnilp v, FFI(SU) 4 Vopnnp ® Lépnilp

Oopuilp Oopuilp Oopuilp
commutes, where the first left vertical arrow is the isomorphism of [Ga], Theorem 1(b).
e (e) For A € AT the canonical map Zy,5. — J5 makes the following diagram commutative:
Pei(F % Zys) — Tei(F* Jy)
Tyx l Vs l

Tr(F) ® Vi — Tr(®) © LY,

opnilp 05 pnilp
where the bottom horizontal arrow comes from the canonical map V* ® Ope — LA

3.4. To construct the above isomorphisms we will repeatedly use the fact that for F €
D(FIE) iy —mod!, F € DI (D(FIE) i —mod)

(3.3) Fpl(g"* ?’) ~ F % I‘F](Hﬂ) S D(acrit fmodnilp).

By the definition of the critical twisting on Flgﬁ, we have
(34) FF1(517F1%§f) ~ Mcrit,—2p'

Here 511F1gf is the d-function twisted D-module on Flgff at the point 1 € Fl"éﬂ, and Merit,—2,
denotes the Verma module at the critical level with highest weight —2p.
From (3.4), we obtain that for any F € Df (D (FI&T) .4, ~mod),

Tri(F) = F* Merig,—2p-
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3.4.1. Thus, to construct isomorphisms «5 as in (i), it is enough to construct an isomorphism

A
J}\ * Mcrit,72p = Mcrit,72p & Lopnilp-
Opnilp

By the definition of the map vy, (see [FG2], Sect. 2.18),
L8 i = Ogpuitn @ (1),
where A — (I')* is a T-torsor. In addition, by [FG2], Corollary 13.12

1N
Jj\ *Mcrit,—2p =~ Mcrit,—2p ® ([ ) )

where A — (I") is also a T-torsor. Moreover, there exists a canonical isomorphism of T-torsors
([/)5\ ~ ([//)5\7
given by [FG5], equations (6.3), (6.4) and Proposition 6.11(2) of loc. cit.

This gives rise to the isomorphism 7;. Condition (a) follows from the construction.

3.4.2. Tsomorphism 7y results via (3.3) from the isomorphism established in [FG3], Theorem
5.4. Namely, this theorem asserts that for every M € Geyit fmodfmp and V € Rep(G) there
exists a canonical isomorphism
(3.5) ZyxM>=2M & Vopnilp.
o()pnilp
The fact that conditions (b) and (c) are satisfied is included in the formulation of the above
result in loc. cit.

3.4.3. Condition (d) follows from the functoriality of the isomorphism (3.5) and the fact that

the following diagram is commutative for any F € Df (D(Flgﬁ)crit ~mod) and M € Gerit fmodfmp:

~

(Zy *F)«M e (FxZy)*xM

| !

(3.6) Zy x (F>M) F % (Zy M)

Vopnilp ® (?*M) EEASEN F % (Vopnilp X M),

O pnilp O pnilp

The commutativity of the above diagram follows, in turn, from the construction of the isomor-
phism Zy xF ~ F x Zy and that of Theorem 5.4 of [FG3] via nearby cycles.

3.4.4. Finally, let us prove the commutativity of the diagram in (e).

As before, it suffices to consider the case of F = 6, pjarr. Let us choose a coordinate on a
formal disc, and consider the resulting grading on the corresponding modules. We obtain that
the space of degree 0 morphisms

A A
Mcrit,—2p & Vopnilp - Mcrit,—Qp ® [

Opnilp
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is one-dimensional. Therefore, it is enough to show the commutativity of the following diagram
instead:

ZVS\ * Mcrit,—2p,reg —— Jj\ * Mcrit,—2p,reg
(3.7) Nl Nl

A X
Mcrit,—2p,reg & VOpnilp Mcrit,—Zp,reg & Lopnilpu
opnilp opnilp

where

Mcrit,—Qp,reg = Mcrit,—Zp & OOpmga
Opnilp

and the left vertical arrow is given by (3.5), and the right vertical arrow is given by Proposition
6.11(2) of [FG5].

Further, it is enough to show the commutativity of the following diagram, obtained from
(3.7) by composing with the canonical morphism Ve ® [727 — Merit,—2p,reg Of equation (6.6)
of [FG5], where V. is the vacuum module at the critical level:

Zys * Verit @ (20 - 5 * Vg @ (20

l I

A
Mcrit,—2p,reg & VOpnilp Mcrit,—Qp,reg
Opnilp

A
® Lopnilp .

O o pnilp

However, the latter diagram coincides with the commutative diagram (6.10) of [FG5].

3.5. We can now state the first main result of the present paper:

Main Theorem 1. The functor

Lopeie : Op™™ x DI (D(FIF erie - mod) — DY (Gerie - moduitp)

X6

is fully faithful.

3.6. Consider the ind-completion of Op"™* x D/ (D(FI4N) iy ~mod), which we will denote
X/G

(3.8) Op" x D/ (D(FIA) i —mod).

N/G
The functor I'g) ppmie extends to a functor
(39) FFI,Opn“P : Op“ilp i Df (S(FIZH)Crit fmod) — Dren (/g\crit *modni]p),
X/G

which commutes with the formation of direct sums. Main Theorem 1 implies that the latter
functor is also fully faithful.
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3.6.1. By Sect. 20.1.2, the new t-structure on Dren(i)(Flgﬂ)crit —mod) induces a t-structure on
(3.8). Namely, the corresponding < 0 category is generated by objects of the form

M ® 7,

Of\r/c‘

where M € DPe/:<0(Coh(Op™'P)) and F € DY (D(FIAT) i —-mod) N D0 (D (FIA) i ~mod).

A ren
Since Op™'? is affine, it is in fact enough to take objects just of the form t* (F) for F as above,

where tj;), denotes the tautological pull-back functor m

(3.10) Citp * Dren (D (FIH )erig —-mod) — Op™™ x DI (D(FIX ) erie ~mod).
fw7@

3.6.2. We propose:

Conjecture 3.6.3. The functor (3.9) is an equivalence of categories, and is exact.

There are two pieces of evidence in favor of this conjecture. One is Main Theorem 1 which
says that the functor in question is fully faithful. Another is given by Main Theorem 2 (see
Sect. 4), which says that the conclusion of the conjecture holds when we restrict ourselves to
the corresponding IY-equivariant categories on both sides, where I° is the unipotent radical of
the Iwahori subgroup I.

3.6.4. Suppose that Conjecture 3.6.3 is true. We would then obtain an equivalence of abelian
categories

Heart | Op™™ x D (®(FIA) i —mod) | — Gerit - moduilp -
N/G
As the RHS, i.e., gerit —modyp is of prime interest for representation theory, let us describe
the LHS more explicitly.

By Proposition 20.6.1, the category Heart | Op™® x D/ (D(FI&).i —mod) | is equivalent
NG
to the abelian base change

QCoh(Op™™)  ®  Heart"*" (Df (@(Flgﬂ)critfmod)).
QCoh(N/G)

As in [Gal], Sect. 22, the latter category can be described as follows.

Its objects are F € Heart™*" (Df (D(FI1A0) i 7mod)) endowed with an action of the algebra

Opprite = BEUP by endomorphisms together with a system of isomorphisms

VWi Voprin  ®  F=TFxZy, forevery V e Rep(G)
oOpnilp
and )
V5 Lépmlp ® F~TFxJy, for every A eA,
Opnilp

which satisfy the conditions parallel to (a)-(e) of Sect. 3.3.
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Morphisms in this category between (F', {yy},{7;}) and (32, {+},{7}}) are morphisms
in Heart™*" (Df(CD(FIZH)Crit fmod)) that intertwine the actions of Oguie and the data of vy,
VX
3.6.5. As another corollary of Conjecture 3.6.3, we obtain:

Conjecture 3.6.6. The functor I'p; : DTen(D(FIZH)Crit —mod) — Dyep (Gerit —modyip) s ezact
for the new t-structure on the left-hand side.

Indeed, the functor I'r is the composition of I'g) gpeie and the functor v, of (3.10). How-
ever, by Proposition 20.2.1, the functor ¥, is exact.

*
nilp

4. THE IWAHORI-MONODROMIC SUBCATEGORY

In this section we will consider the restriction of the functor I'gj gpnie, introduced in Sect. 3
to the corresponding I°-equivariant subcategories.

4.1. Let DT (D(FIA) i ~mod)?’ be the full subcategory of DT (D (FI4) i ~mod) consisting
of I%-equivariant objects, as defined, e.g., in [FG2], Sect. 20.11.

Let Dren(D(FlaGH)Crit —mod)’ ’ be the full subcategory of Dren(D(FlaGH)Crit —mod) generated
by D+ (D (FI) i -mod)?” under the identification

DT (D(FIA) i ~mod) ~ D,

Ten

(D (FIA) i ~mod).

Lemma 4.1.1. The category Dren(CD(Flgﬁ)Crit —mod) is generated by the set of its compact
objects, which identifies with

D/ (D(FIE) i -mod)”” := DT (D(FIE) 5, -mod)”” N DY (D(FIA) 5 -mod).
This lemma will be proved in Sect. 25.2.
4.1.2. The subcategory DY (D (FI&) ¢ *mod)l0 C DI (D(FIE) i —mod) is preserved by the

action of DP¢"/ (Coh(N/@G)) on Df (D (FI4N) i —mod), and inherits a DG model. Hence, we
have a well-defined category

(4.1) 0p™P x DI (D(FI) mod)”’,
N/G

and its ind-completion

(4.2) op"™ x D (DF) i —mod)”’.
i7c

The following lemma will be proved in Sect. 25.4:

Lemma 4.1.3.
(1) The natural functor

0p"™® % DI (D(FIY erie mod)”” — O™ x DI (D(FI )it mod)
N/G N/G
is fully faithful.
(2) The image of the functor in (1) consist of all objects, whose further image under
(taitp)« - OP"™ % DI (D(FIE )exie -m0d) — Dy (D(FIE )exie -mod)

NG
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belongs to Dren(’D(Flzﬂ)crit fmod)lo - Dmn(@(Flgﬂ)crit -mod). (Here (tnip)s« 15 the functor
right adjoint to (taip)*, see Sects 15.2.1 and 18.1.)

4.1.4. Let D™ (Gerit fmodmilp)l0 C D™ (Gerit —modyilp) be the subcategory of I%-equivariant ob-
jects, as defined, e.g., in [FG2], Sect. 20.11.

As above, we define D ey, (Gerit ﬂnodnﬂp)lo to be the full subcategory of Dyep (Gerit —modnilp),
generated by D (gerit —modpip )’ ’ under the identification

D+ (ﬁcrit 7m0dnilp) = D;ren (/g\crit 7m0dnilp) .

Set also:
0

~ 0 o~ 0 o~ o~
Df (gcrit 7m0dnilp)l = D+ (gcrit 7m0dnilp)1 N Df (gcrit 7m0dnilp) C D+ (gcrit 7m0dnilp)l )
which we can also regard as a subcategory
o~ 0 o~ 0 ~ 0
Df (gcrit 7m0dnilp)l = lean (gCrit 7m0dnilp)1 - D;j—en (gCrit 7m0dnilp)1 C
0

C Dren (ﬁcrit 7m0dnilp)1

It is clear that D/, (§erit —modpip)? ’ consists of compact objects of Dy.ep (Gerit —modyilp)’ ’

ren
Remark. Tt is easy to see that the subcategory DY, (Gerit *modnilp)l ’ equals the subcategory of
compact objects in Dy.ep (Gerit ﬂnodnﬂp)lo. It will a posteriori true, see Corollary 4.2.5, that it
actually generates Dy en (Gerit ﬂnodnﬂp)l ’ However, we will be able to deduce this as a corollary

of our Main Theorem 2. Unfortunately, at the moment we are unable to give an a priori proof
of this statement, parallel to that of Lemma 4.1.1.

4.1.5. It is clear from the definitions that the functor I'y; sends
D/ (D(FI2T) 14y ~mod)”’ — DY (Ferit ~modyip )’

Thus, it extends to a functor
0

0p™P x D/ (D(FIE) i —mod)”” — DY (Geris —moduip)’
N/G
making the diagram

Opnilp ~>< Df(g(Flgﬁl)crit 7mod)10 - Opnilp ~>< Df(g(Flgﬁl)crit —mOd)

NG N/G
(4'3) FF],Opn“Pl FFI,Opn“Pl
Df (acrit 7rnOdmilp)I0 — Df (acrit 7m0dnilp)

commute.
4.1.6. Recall now that the categories
D en(Gerie m0dnitp); Dyen (D(FIE )erig —mod); Op™P x DI (D(FIE)crie ~mod)
f;c
are equipped with t-structures. The t-structure that we consider on Dren(Q(Flzﬁl)crit —mod) can
be either the old or the new one, whereas the t-structure on Op™'® x DS (D(FIA).;; —mod)
i7c“;
is that introduced in Sect. 3.6.1, using the new t-structure on D¢, (@(Flgﬂ)cm —mod).
We have:
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Proposition 4.1.7.

(a) The subcategory Dyen (Gerit fmodnilp)lo C Dyen(Gerit —modyiip) is compatible with the t-
structure.

b) The subcategory D e, (D F1af erit —mod 1 CDyen(® F12ft crit —mod) is compatible with the
gory le G
old t-structure.

(¢c) The subcategory Dren(CD(Flgﬁ)Crit fmod)l0 CDyen (D(FlaGH)Crit —mod) is compatible also with
the new t-structure.

(d) The subcategory
Op"™ x DI (D(FIE)ey, mod)” € Op™P x DI (D(FIA)eyi, -mod)
i7c: i7é
is compatible with the t-structure.
Point (a) of the proposition follows from the fact that embedding functor
D, en (Gerit *HlOdnilp)IU — Dyen (Gerit “modpilp)
admits a right adjoint, which fits into the commutative diagram:

Dren (acrit 7m0dnilp)10 AE— Dren (acrit 7m0dnilp)

I I

AvIO
~ 0 . ~
D+ (gcrit 7m0dnilp) D+ (gcrit 7m0dnilp)u

where Avi0 is the averaging functor of [FG2], Sect. 20.10; in particular, the right adjoint in
question is left-exact.

Point (b), (c) and (d) of the proposition will be proved in Sections 25.2, 25.3 and 25.4,
respectively.

4.2. The second main result of this paper is the following:
Main Theorem 2. The functor
Ty opeite : Op™P x DI (D(FIH) it ~mod)”" = Dyen (Ferit ~modnip)”

N/G

0

is an equivalence of categories, and is exact.

4.2.1. As a consequence, we obtain:

0

Corollary 4.2.2. The functor T'p : Dmn(i)(Flgﬂ)crit 7mod)10 — Dyen(Gerit —modyilp)! s
exact (in the new t-structure on the LHS).

As another corollary we obtain:
Corollary 4.2.3. The functor F : D(QCoh(i/G)) — Dyen(D(FIE ) crie ~mod) is ezact (in the
new t-structure on the RHS).
Proof. By construction, the image of F lies in D¢y, (@(Flgﬂ)crit ﬂnod)lo
the composed functor

. First, we claim that

0

T'pi o F =~ Ty gpuie © thypy, © F 1 D(QCoh(N/G)) — Dien (Gerit ~modyip)”
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is exact. Indeed, the above functor is given by

M—M ® Mcrit,72p7

oOpmilp
and the claim follows from the fact that Meyit, —2, is Ogpnip-flat.

Since the functor I'g gpmie is an equivalence, the assertion of the corollary follows from the
fact that the functor

ip * Dren(D(FIH )erie —mod) — Op™™ X Dyep (D(FIH ) erig ~mod)
N/G
is exact and conservative on the heart.
O

4.2.4. Finally, we remark that since the LHS appearing in Main Theorem 2 is compactly
generated, we obtain:

Corollary 4.2.5. The category Dyen(Gerit fmodnilp)lo s generated by Dfen (Gerit fmodnilp)fo.

4.3. We will now show how Main Theorem 2 implies a conjecture from [FG2] about a description
of the category Dyen (Ferit 7modnﬂp)1 ° is terms of quasi-coherent sheaves.

4.3.1. Let St denote the Steinberg scheme of G, i.e.,

Svt::ifg@,
a

where E denoted Grothendieck’s alteration (see Sect. 0.9). The diagonal map N — N XE defines
a map of stacks

N/G s St/
Let us now recall the main result of Bezrukavnikov’s theory [Bez], Theorem 4.2(a):
Theorem 4.3.2. The functor F extends to an equivalence
Fg, : D?(Coh(St/@)) — DY (D(F12) 5 —mod)”’
as categories over the stack if/é

4.3.3. Let us recall now the scheme of Miura opers with nilpotent singularities, introduced in
[FG2], Sect. 3.14, and denoted MOpgllp. By definition,

MOpgilp .= Op®ilP x St/G.
Xé
The following conjecture was stated in [FG2], Conjecture 6.2:

Conjecture 4.3.4. There exists an equivalence

D"(QCoh(MOp} ™)) ~ D" (Gerit ~moduirp)’

0

of categories over the scheme Op™'P.

We will deduce this conjecture from Main Theorem 2 by base-changing the equivalence of
Theorem 4.3.2 by means of the morphism typ, : Op™® — #/G. In fact, we will prove a slightly
stronger statement:
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Main Theorem 3. There exists an equivalence
D*(QCoh(MOpg™)) = D* (Gerie ~modinp)”
of cohomological amplitude bounded by dim(G/B).

0

5. RELATION TO THE AFFINE GRASSMANNIAN

As was mentioned in the introduction, the main tool that will eventually allow us to prove
Main Theorem 1 and, consequently, Main Theorem 2, is an explicit connection between the
category DY (D(FIAT)i —mod) and the category of D-modules on the affine Grassmannian,
Grzﬁ.

5.1. Let D/ (D(Grl) i, -mod) be the derived category of finitely generated critically twisted
D-modules on Grgﬂ. This is a triangulated category equipped with a natural DG model.

5.1.1. Asin the case of FI2 | we can form the ind-completion of D (D (Gra) i —mod), denoted
Dren(CD(Flgﬂ)Crit —mod). This is a co-complete triangulated category, which is generated by
the subcategory of its compact objects, the latter being identified with Df (D (Gril).,i —mod)
itself. Moreover, Dmn(i)(Grgﬁ)crit —mod) is equipped with a compactly generated t-structure.
We have an exact functor

D, en (D(Gridh) iie —mod) — D(D(Gridh) i, —mod),
which induces an equivalence
D, (®(Gri) i, ~mod) — DT (D(Gri) i, ~mod).

5.1.2. The geometric Satake equivalence endows the abelian category @(Grgﬂ)cm —mod with
an action of the tensor category Rep’ (@) ~ Coh(pt /@) by exact functors.

This defines on DY (D(Grid") i -mod) an action of DP¢"f (Coh(pt /G)), equipped with an
(evident) DG model. Le., D (®(Gri) i —mod) is a triangulated category over the stack
pt /G (see Sect. 21 where the terminology is introduced).

5.1.3. Consider the base-changed category

pt /B X D/ (D(Grgﬂ)cm —mod),
pt /G

which is a triangulated category over the stack pt /B. (See Sect. 21.2.2 for the definition of
base change.)

Consider now another triangulated category over pt /B, namely,
pt /B x DI (D(FIE)i -mod),
N/G
where ~
pt /B ~ FI1¢ /G — N/G
is the embedding of the zero section, denoted ¢.

Our current goal is to construct a functor, denoted Y,

(5.1) T:pt/B x DI (DFIE)ci-mod) — pt /B x DI (D(GrE) e —mod),
N/G pt /G

as categories over the stack pt /B.
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5.2. By the universal property of the tensor product construction (see Sect. 1.3.1), in order to
construct the functor

(5.2) T:pt/B x DI (DFIE)ci-mod) — pt /B x DI (D(GrE) e —mod),
N/G pt /G

by Sect. 17.5.3, we have to produce a functor

(5.3) T : D/ (DFIA) i —mod) — pt /B x D! (D(Gridl) i, -mod),
pt /G

as categories over the stack N/G.

5.2.1. Since the action of Rep(G) on D (G )erie —mod is given by right-exact (and, in fact,
exact) functors, we can consider the base-changed abelian category:

Rep(B) ® ’D(Grgﬁ)crit —mod =: pt /B X ’D(Grgﬁ)crit —mod,
Rep(G) pt /G

see Sect. 20.5 for the definiton (the existence of this category is easily established; see, e.g., in
[Gal], Sect. 10).

By construction, pt /B x D(Gri) i —mod is an abelian category acted on by Rep(B)
pt /G

by exact functors. Hence, the derived category D(pt /B x ®(Gril).i —mod) has a natural
pt /G

structure of category over the stack pt / B.
5.2.2. By Sect. 17.5.3, the tautological functor

D/ (D(Grl) iy —mod) — D(pt /B x D (Gri)ei, ~mod)
pt /G

gives rise to a functor

(5.4) pt /B x DI(®D(Grid) i -mod) — D(pt /B x D(Gril).i —mod).
pt /G pt /G

Moreover, by Lemma 20.7.1, the functor (5.4) is fully faithful.
Hence, in order to construct the functor f, it suffices to construct a functor

(5.5) D/ (D(FI) i -mod) — D(pt /B x D(Gri)., —mod),
pt /G

as categories over N/G, such that its image belongs to the essential image of (5.4).

By a slight abuse of notation, we will denote the functor (5.5) also by Y. In this section we
will construct T as a functor between triangulated categories, compatible with the action of

D?e"f(Coh(N/G)). In Sect. 24.4 we will upgrade the construction to the DG level.

5.2.3. Let W be the object of pt /B x D(Gri)ei —mod’, introduced in [FG5], Sect. 3.15
pt /G

(under the name W, ), as well as in [FG4], Sect. 4.1 (under the name F,,), and in [ABBGM],

Sect. 3.2.13 (under the name M*).

We define the functor T of (5.5) by
(5.6) T(F) = F % Jos +W.
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Lemma 5.2.4. For a finitely generated D-module F on Fl"gf, the object
Fx JoyxWeED(pt /B x D(Gril) ,; —mod)
pt /G

belongs to the essential image of (5.4).

Proof. Recall (see, e.g., [ABBGM], Corollary 1.3.10 and Proposition 3.2.6) that W, as an object

of pt /B x D(Gridh) s —mod”’ | has a finite filtration with subquotients of the form
pt /G

V ® Fept/B x D(Grgﬁ)critfmodl
Opt/@ pt/G

with V € Rep”*(B) and ' € D(CGri) i -mod” is finitely generated as a D-module.
Since FIZff is proper, for any such ¥ and F as in the statement of the lemma, F % JF’ belongs
to Df(’D(GrgH)CMt —mod).
O
5.3. In order to endow T with the data of compatibility with respect to the action of
Dre"f(Coh(N/G)) (at the triangulated level), by Lemma 16.7.4, it is enough to do so with
respect to the action of Ho (Cb(Cohfme(N/G))>.

This amounts to constructing isomorphisms

Y(FxJ)~LY @ T(F), el

Opt /B

Y(F%2Zv) = (0,50 V) .8 Y (%), V € Rep’ (@)
pt /B

so that the conditions, parallel to (a)-(e) of Sect. 3.3 hold.

5.3.1. Isomorphism (i) above follows from the basic isomorphism

(5.7) Ji WL ® W,
opt/B

established in [FG4], Corollary 4.5, or [FG5], Proposition 3.19, or [ABBGM], Corollary 3.2.2.
5.3.2. To construct isomorphism (i) we observe that for any ¥ € ©(Gridl) ., -mod’ and
V € Rep”*(G) we have a canonical isomorphism

(58) Zv*ff’:ff’ * 3:‘/7
I Gt

where Fy is the spherical D-module on Grgﬁ, corresponding to V' € Rep(G’). This isomorphism
is a particular case of Theorem 1(b) of [Gal], combined with point (d) of the same theorem.

Thus, isomorphism (ii) is obtained from

E*Zv*sz*Wﬁg*JQp*(Zv*W) ~ (:}-*JQﬁ*W) Gﬁt]]S:V7

where we observe that the operation ' — F’ G[T | Fy corresponds by definition to
t

F (Opt/3®V) O®/B F
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for ' € pt /B x D(D(Gri) e —mod).
pt /G

5.3.3. Conditions (a) and (c) follow by definition. Condition (d) follows from the functoriality
of the isomorphism (5.8) and the associativity property of the isomorphism of Theorem 1(b) of
[Ga], established as Property 1 in [Ga’].

Condition (b) follows from the fact that for any ¥ € ®(Gril).,; —mod’, the isomorphism,
induced by Nz, on the left-hand side of (5.8), is zero.

5.3.4. To prove condition (e), we need to check the commutativity of the following diagram:
Zys * W _ Jsx W

W % Fox —— ResG(V}) @ W— L} @ W
G[[t) Opi /8 Ope/n
Since End(W) ~ C (see [ABBGM], Proposition 3.2.6(1)), to prove the commutativity of the

latter diagram, it is enough to establish the commutativity of the following one, obtained from
the map 6, gar — W:

va * 517Gr%§f _— J;\ * (SLGr%ff
ZVX * W J;\ * W

K Foi —— ResG(VY) @ W —— LY © W
G[[4] O /B Ope /B
However, this last diagram is equivalent to the following one.

9:\/5‘ E— Jj\*(sl)GrzZ;ff _— J;\*W

! !

W 4 Fi —— ResS(VY) ® W — £ © W
GI[t] Oue /5 Ope /5
The latter diagram is commutative, as it is a version of the commutative diagram of Lemma
5.3 of [FG5] (or, which is the same, commutative diagram (28) of [FG4], or Corollary 3.2.3 of
[ABBGM)).

5.4. Thus, the functor f, and hence the functor T, have been constructed. We are now ready
to state the fourth main result of this paper:

Main Theorem 4. The functor
T:pt/B x Df(D(Grd)eimod) — pt/B x DI (D(FIA) . —mod)
pt /G N/G
is fully faithful.

Remark. As will be explained in the sequel, the functor Y, as it is, is not an equivalence of
categories: it fails to be essentially surjective. In Sect. 11 we will show how to modify the LHS
by adding certain colimits so that the resulting functor becomes an equivalence. In addition,
the latter functor will be exact with respect to the natural t-structures.
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6. SECTIONS OVER FIXT vs. Grid!

In this section we will study how the functor T of Sect. 5 intertwines between the functors
of taking global sections of critically twisted D-modules on Flgff and Grgﬂ.

6.1. Let gerit —mod,eg be the abelian category of gerg-modules, on which the center 34 acts
through its quotient 35 ~ Ogpres. Let D(gerit —modyeg) be its derived category. It has the
same properties as those discussed in Sect. 3.1.1 with "nilp” replaced by "reg”.

In particular we have a diagram of categories
D/, (Gexit “modreg) ——— D, (Geric “mOdyeg)
Df (ﬁcrit 7m0drcg) —_— D+(/g\crit 7m0drcg)

with the rows being fully faithful functors.

6.1.1. Recall from [FG2| that we have an exact functor
Tar : ®(Gri) s -mod — Geris ~MOdyeq,
compatible with the action of Rep(é’), where the action on the RHS is given via the morphism
treg : Op™& — pt /G.

This gives rise to a functor
(6.1) Ter : DY (D(Gri ) eris —mod) — D(Gerit —modyeg)
as categories over the stack pt /G.

Repeating the argument of Sect. 23.6, one shows that the image of the functor (6.1) belongs
to the subcategory DY (gerit —modreg) C D (Gerit ~mod;eg). So we have a functor

(6.2) Tar : DY (D(Crdh) i -mod) — DY (Geris —mod,eg)

as categories over the stack pt / G.

6.1.2. Consider the base-changed category

Op™ x DI (D(Gri)eris —mod).
pt /G

By Sect. 17.5.3, the functor I'g, gives rise to a functor

(6.3) Ly oprie : Op™® < DY (D(Gra) e —mod) — D (Geris —m0dyeg)
pt/G

as triangulated categories over Op*°®.
The following has been established in [FG2], Theorem 8.17:
Theorem 6.1.3. The functor U'g, gpnie 18 fully faithful.

In addition, in loc. cit. we formulated the conjecture to the effect that the functor I'g, gpmie
is an equivalence.
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6.2. Recall now that the map t,cz canonically factors as

Op™® Treg pt /B — pt /G.
In fact, we have a Cartesian square with vertical arrows being smooth morphisms:
Oprcg tOp Opnilp
(64) Ceg J/ rnilpl
pt/ B — N/ G,
see [FG2], Lemma 2.19.

6.2.1. Hence, we can regard D/ (gerit -modyeg) is a triangulated category over the stack pt / B,
and by the universal property (see Sect. 17.5.3), the functor (6.3) gives rise to a functor

(6.5) Ui/ i P/B f;c D/ (D(Gri) e -mod) — D (Geris m0dyeg),
p

as triangulated categories over pt / B.

6.2.2. Recall now that we have a functor

L% . D(acrit 7m0dnilp) - D(acrit 7m0dreg)7

obtained as a derived functor of
M - OOpreg & M: acrit 7m0dnilp - ﬁcrit 7m0drcg .
oOpmilp
By construction, the above functor has a natural DG model, and as such is a functor between

categories over Op™i!P.

In Sect. 23.3.3 we will show that the above functor sends the subcategory D7 (gerit ~modnip)
t0 DY (gerit —mod,eg ), thereby giving rise to a functor between the above categories, as categories
over Op™'P. By Sect. 17.5.3, we obtain a functor

(66) (Opreg o X L’;‘) : Opreg X Df(aCrit 7m0dnilp) - Df (acrit 7m0dreg)7

pnilp Opnilp

as categories over Op*e.
In Sect. 23.3.6 we will prove:

Proposition 6.2.3. The functor (Op™® x %) of (6.6) is fully faithful.
Opnilp

Remark. The functor in Proposition 6.2.3 fails to be essentially surjective for the same reasons
as the functor T of Main Theorem 4. In Sect. 23.4.4 it will be shown how to modify the LHS
to turn it into an equivalence.

6.3. Consider the base change of the functor I'g; with respect to ¢, and obtain a functor

Tpipe 5Pt /B x DI (D(FIF )erit -mod) — pt /B x DY (Geris —moduirp)-
N/G N/G

We will prove:
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Theorem 6.3.1. The diagram of functors between categories over pt /B

FFl,pc /B

pt /B X Df(D(FlgH)Crit —mod) pt /B X DY (Gerit —modyilp)
X/G X/

Tl (pt /B x Lg)l

e
pt /B >;G D/ (D(CGri") 5 —mod) Jorwess, D/ (gerit —modyeg)
pt
18 commutative.
By Proposition 17.5.3, another way to formulate the above theorem is that the diagram

D/ (Q (Flgﬁ)crit 7m0d) al D/ (ﬁcrit 7m0dnilp)

67) | G|

~ r t /B ~
pt/B x Df(CD(GrZH)Crit —mod) Grot/B DY (Gerit ~mO0dyeg)
pt /G

commutes, as functors between categories over N/ G, where the left vertical arrow is the com-

position

D/ (D(FI2 )i —mod) 5 pt /B x DY (D(FIE) iy -mod) 5 pt /B x DY (D(Grafl) iy ~-mod).
N/G pt/G

/

regs We obtain:

Base-changing the diagram in the theorem with respect to ¢

Corollary 6.3.2. We have the following commutative diagram of functors between categories
over Op™®:

reg nilp f affy FFI,OpH”P reg ~ )
Op X Op™? x D/(D(FIE )erit -mod) | ———— Op X D(gerit —modpip)

Opnilp N/G Oprilp
Op™® x DI (D(FIA)eriy —mod) |
/G
Op™® x| pt/B x DI (DFIH e —mod) OB ' |
pt /B N/G
|
Op™® x (pt/B X Df(’D(Gr%ﬂ)critmod)> l
pt/B pt /G

Op™® x D/ (D(Gr%ﬂ)cm —mod)
pt/G

T'ar,opres
_—

D (ﬁcrit 7m0dreg ) .
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Part II: Proofs

The strategy of the proofs of the four main theorems is as follows. We shall first prove
Main Theorem 4, which is a purely geometric assertion, i.e., involves only D-modules, but not
representations of the Kac-Moody algebra.

We shall then combine Main Theorem 4 with Theorem 6.1.3 to prove Theorem 1.

Main Theorem 2 will follow from Main Theorem 1 using some additional explicit information
about the category of I%-equivariant objects in @ —mod. Namely, the latter category is
essentially generated by Verma modules.

Finally, Main Theorem 3 will follow from Main Theorem 2 by combining the latter with the
results of [Bez].
7. FULLY FAITHFULNESS OF T

In this section we will reduce the proof of Main Theorem 4 to another assertion, Theo-
rem 7.3.1.

7.1. As will be shown in Sect. 21.5.1, we have the functors
L DPrI(N/G) = DP Y (pt /B) ;.
which give rise to a pair of mutually adjoint functors

D (D(FI&) i —mod) S pt /B x DI (D(Gri) 5, ~mod),
pt/G

which we denote by (tp1)* and (¢p1)«, respectively.
7.1.1. Recall the functor

T : D/ (®FIA) i —mod) — pt /B x D! (D(Gréfl) i, —mod).
pt /G

of (5.3). In this section, we will use an alternative notation for it, namely, (¢g;)*. Our present
goal is to construct the right adjoint of (7p)*, that we will denote (7g ).

7.1.2. Consider the functor D/ (®(Grid!)..i; —mod) — D/ (D(FIE) i, —mod)
T p™(F) = p*(F)[dim(G/B)] =~ p'(F)[~ dim(G/B)].

Since the action of Rep(G) on ®(Gril) i, —mod and @(Flgﬁ)crit -mod is given by exact
functors, the above functor has an evident structure of functor between triangulated categories
over pt /G.

We regard DY (D (FIT) i, ~mod) as a category over pt /B via the map 7 : Jt\f/é — pt /B.

By the universal property of base change (see Sect. 17.5.3), from p'* we obtain a functor

pt/B x DI (D(CGrA) . —mod) — DI (D(FIE) i, —mod),
pt /G

between triangulated categories over pt /B. We denote it (Iri)«.

Proposition 7.1.3. There ezists a natural transformation (ip)* o (tp)« — 1d, as functors be-
tween categories over pt /B, which makes (ip1)« a right adjoint of (iy1)* at the level triangulated
categories.
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Remark. Although both sides of

(TF)« i pt /B x D (D(GrE) i ~mod) — DY (D(FIE) i ~mod)
pt/G

are categories over N/G, the construction of (7). only makes it a functor between categories

over pt /B. The additional structure of functor between categories over N/G is not be obvious
from the construction.

7.2. For the proof of Proposition 7.1.3 we will need to review two other adjunction construc-
tions.

7.2.1. Let q denote the (proper) map of stacks pt /B — pt /G, and consider the functor
q* : DP*"7(Coh(pt /G)) — DP*"/(Coh(pt /B)).
We wivll denote this functor also by Resg as it corresponds to the restriction functor Rep(G') —
Rep(B). It has an evident structure of functor between categories over pt /G.
We claim that there exist the functors
Indg;, co—Indg : D" (Coh(pt /B)) — DP"/ (Coh(pt /G)),

(7.1) Id — Ind$ o Resé
and
(7.2) co-Indg o Resg — 1d,

as categories and functors over the stack pt / G.
This follows from Sections 21.6.1 and 21.6.2, as
Indg ~ ¢, and co—Indg ~ (9,

in the notation of loc. cit.
Moreover, by (21.6), we have an isomorphism of functors over pt /G-

(7.3) md§ ~ co-Ind§ o(L% ® ?)[— dim(F1%)].
O

pt /B

Hence, for any triangulated category D over pt /G we have a similar set of functors and

adjunctions between D and pt /B x D = D as categories and functors over the stack pt / G.
pt /G

7.2.2. Consider the direct image functor
p = ps : DY (DFED) i -mod) — Df (D(Gri) i —mod).

The construction of Sect. 24.1.2 endows it with a structure of functor between categories over
pt /G. We leave the following assertion to the reader, as it repeats the constructions carried
out in Sect. 24:

Lemma 7.2.3. The adjunction maps
Id — p, o p™*[— dim(G/B)] and p'* o pi[— dim(G/B)] — Id

and
prop*[dim(G/B)] — Id and Id — p™* o p'[dim(G/B)]

can be endowed with a structure of natural stransformations between functors over pt / G.
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7.2.4. Proof of Proposition 7.1.3. By the universal property of base change (see Sect. 17.5.3),
constructing a map of functors

(F1)" 0 (tp1)s — 1d,
compatible with the structure of functors over the stack pt / B is equivalent to constructing a
map

(TF1)* o (tF1)« © Resg — Resg : Df(CD(GrZH)Crit -mod) — pt /B X D/ (D(Grgﬂ)crit —mod)
pt /G

as functors over pt /G.

By Sect. 7.2.1, the latter is in turn equivalent to constructing a map

(7.4)  co-Ind$ o(Ti)* o (Z1)x 0 Res§ =~ co-Ind o(7)* 0 p™* — 1d :
D/ (D(GrJeriv~mod) — D (D(Gre)eris -mod),
as functors over pt /G.
The construction of the arrow in (7.4) follows now from Lemma 7.2.3 and the following:
Lemma 7.2.5. The functor
co-Ind€ o(7)* : DY (D(FIEN) iy -mod) — DY (D(Gri) st -mod)
is canonically isomorphic to pi[dim(G/B)], as functors between categories over the stack pt /G.

Proof. We will construct an isomorphism as a functor between triangulated categories, com-
patible with the action of Rep’"®(G). The upgrading of the isomorphism to the DG level will
be commented on in Sect. 24.4.1.

We have:
co—Indg o(im)*(F) ~ co—Indg (F ok Jop *W) > Fx co—Indg(Jgp *W).

The isomorphism follows now from [ABBGM], Lemma 3.2.22 (or, using (7.3), from [FG5],
Proposition 3.18) where it is shown that there exists a canonical isomorphism

(7.5) co-Ind§ (Jap * W) ~ 8, g,r [dim(G/B)].

The compatibility with the action of Rep’ (G) follows from the construction tautologically.
O

Thus, to prove the proposition, it remains to show that the map
Hom (31-7 (TFl)*(g/)) — Hom ((Tpl)* (ff), (TFI)* o (Tpl)* (S'H)) — Hom ((Tpl)*(g), 3:/) .

is an isomorphism for any F € Df (D (FIA) i, -mod), ¥ € pt /B x D/(® (Gre) i, -mod).
pt /G

By the definition of the latter category, we can take ¥’ of the form L» ® Resg(ff'l)
Opt /B
with 5, € D7 (D(Gri")..i —mod). However, since the functor of tensor product with £* is an

equivalence on both categories, we can replace F by LA ® F, and so reduce the assertion
Opt /B

to the case when ¥’ = Resg(ff’l).

In the latter case, the assertion reduces to the (p,p') adjunction by Lemma 7.2.5 above.
O
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7.3. We claim now that Proposition 7.1.3 gives rise to a natural transformation of functors at
the level of triangulated categories:

(7.6) (tk1)x = (tp1)s 0 T,
where both sides are functors

pt/B x DI (DFIE )i mod) — DI (D(FI ersy -mod).
X/G

Indeed, the natural transformation in question comes by adjunction from

(tr1)* 0 (tr1)x = Yo (tr1)" © (tp1)x — Y.

Composing the natural transformation (7.6) with the functor (vm)*, we obtain a natural
transformation

(7.7) (tr1)x 0 (er1)* — (tr1)« © (Tr1)",

also at the level of triangulated categories, which makes the following diagram commute:

Hom((er1)* (F1), (er1)* (F2)) —— Hom(Fy, (tr)« © (1m1)*(F2))

(7.8) l l

Hom(Y o (¢p1)*(F1), T 0 (1p1)*(F2)) —— Hom(F1, (ir1)s 0 (ir1)*(F2))
for F1,F, € Df (D(FIA) i —mod).
We will prove:
Theorem 7.3.1. The natural transformation (7.7) is an isomorphism.

7.3.2. Let us show how Theorem 7.7 implies fully-faithfulness of Y.

Proof. We have to show that the map
Hom (57, 53) — Hom(Y (1), T(F3))

is an isomorphism for any F, 5% € pt /B x D/ (D(FIEN) i ~mod).
N/G

Since the functor ¢* : DpeTf(Coh(Jt\f/é)) — DPe"/(Coh(pt /B)) is affine (see Sect. 20.4), it is
sufficient to take F,, i = 1,2 of the form (1p)*(F;) with F; € D (D(FIAT) 5, —mod).

79

In the latter case the required isomorphism follows from Theorem 7.3.1 via the commutative
diagram (7.8).
O

The same argument shows that Theorem 7.3.1 implies that the natural transformation (7.6)
is also an isomorphism.

7.4. In Sect. 8 we will give two proofs of Theorem 7.3.1: a shorter one, which relies on some
unpublished results, announced in [Bez], and a slightly longer one, which only uses [AB].

As a preparation for the latter argument we will now describe a functor, which is the right
adjoint to (¢p1)«. We will use the notation, (Zp1)1 := (Ir1)«, and the right adjoint in question
will be denoted (7p)".
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7.4.1. Set ) o
@m) =L7% @ (im)*[-dim(G/B)).
Opt/B

In other words, the construction of (7g)' is the same as that of (ip))*, where instead of the
object
Jop*Wept/B x @(Grgﬂ)crit —mod?
pt /G

we use W[— dim(G/B)].
By [FG5], Proposition 3.18 (or [ABBGM], Proposition 3.2.16) we have
(7.9) Ind% (W) = & gyarr.

Repeating the proof of Proposition 7.1.3, we obtain that there exists a natural transformation
Id — (7m)' o (Tp1)s

as functors between categories over pt /B, which makes (i)' the right adjoint of (i) at the
level of triangulated categories.

7.4.2. According to Sect. 21.5.3, we have the functors
0=t : DPF(pt /B) S Dp”f(ﬁf/é) o
L7 @ [—dim(G/B)],
Ope /5
over Jt\f/ G, and the adjunctions
L!OL! — Id and Id—>L!OL[,
defined at the triangulated level.
Hence, by loc. cit., we have the corresponding functors and adjunctions between
(k1) = (e it /B x DI (D(FIF)erie -mod) S DI (D(FIF)erie -mod) : (em)".
N/G

and
ey ~ L% @ |- dim(G/B)),
pt/B

at the triangulated level.

7.4.3. By construction, we have:
(TFI)! ~7To (LFl)!,
which as in Sect. 7.3 defines a natural transformation
(7.10) Y o (ip1)r — (up1)r-
Since
(tr1)1 =~ (tF1)+ and (ep1)1 = (LF1)«s
(7.10) gives a map in the direction opposite to that of (7.6):

(711) To (Tpl)* — (LFI)*-
Composing with (¢p1)* we obtain a natural transformation
(712) (TF1>* o (Tpl)* — (LFI)* o (LFl)*.

Theorem 7.3.1 follows from the next assertion:
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Proposition 7.4.4. Each of the two compositions

« (17) o~ ~ oy (712 X
(r1)e 0 (e 2 @) o @) T2 (up) o (um1)

and

~ s (T2 . (7.7 SO
@r)e o @) 2 (r)e o () T @) o (i)

is a non-zero scalar multiple of the identity map.

8. DESCRIPTION OF THE ZERO SECTION
In this section will deduce Theorem 7.3.1 from Bezrukavnikov’s theory. We first give an

argument, using the still unpublished results announced in [Bez].

8.1. It is clear from the construction of the map (7.7) that for ¥ € Df (D (FIAT) . —mod) we
have a commutative diagram of functors:

()e o ) (F) T (i) o (T0)* (F)

(8.1) ~l ~l

Fox () 0 (e1) By i) ) —— Fox (@) 0 ()" By ) )

Hence, the assertion of Theorem 7.3.1 is equivalent to the fact that the map

(8.2) (k) © (101)* (1 ) T2 @) © (T0) (6 o)

is an isomorphism.
8.1.1. Let DY (D(Gr)eris —mod)!” € DI (D(Grid!) it —mod) be the categories, defined as in
the case of FI& | see Sect. 4.1.

The functor T induces a functor

8.3)  pt/B x DI(DFIE) e -mod)” —pt/B x DI (D(GrH) e —mod)”
N/G pt /G

and since &) ppar € D/ (D(Crih) i ~mod)’", it suffices to show that the functor (8.3) is fully
faithful.

8.1.2. Applying Theorem 4.3.2, we obtain that the LHS in (8.3) identifies with

pt/B x DP(Coh(St/G)).
X/G

Consider the Cartesian product pt / B X St / G, understood in the DG sense. By an argument

N/G
similar to that of Sect. 14.3.3, we have a fully faithful functor
(8.4) pt /B x DP(Coh(St/G)) — D’(Coh(pt /B x St/G)).

N/G N/G
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8.1.3. Consider now the DG scheme
FI¢ .= pt >§E.
8
By applying the Koszul duality to the equivalence of [ABG] we obtain an equivalence
(8.5) D (D(Gra) e —mod)! ~ DP(Coh(FI¢ /G)),
as categories over pt /G.

By an argument similar to that of Sect. 14.3.3, there exists a fully faithful functor
pt /B x DP(Coh(FI°/G)) — D(Coh(pt /B x FI%/@G)).
pt /G pt /G

8.1.4. Note now that 5 3 3 3
FI xSt ~ F1¢ x§ ~ FI¢ xF19,
~ g
and hence

pt/B x St/G~ [FI° xSt ) /G~ (mé xﬁé) JG~pt/B x FI%/G,
N/G N pt /G

and by the construction of the functors involved we have a commutative diagram

pt/B x DI@FEN i -mod)”’ —E2s pt/B x DI (D(Gri) ey ~mod)”’
N/G pt/G
pt /B x DP(Coh(St/G)) pt /B x DP(Coh(FI/G))
N/G pt/G

| !

D’(Coh(pt /B x St/G))  —=—  D!(Coh(pt/B x FI¢/q)),
N/G pt /G

proving that (8.3) is fully faithful.

39

Remark. The above interpretation in terms of coherent sheaves makes it explicit why the functor

T is not an equivalence. The reason is that the functor (8.4) is not an equivalence.

8.2. We shall now give an alternative argument, proving Theorem 7.3.1, which avoids the

reference to [Bez]. Namely, we are going to prove Proposition 7.4.4.

By the same argument as in Sect. 8.1, it is enough to show that the compositions

(8.6) (ew1)x 0 (eh1)* (61 prasr) — (CF1)s © (271) " (01 piase) = (1) © ()™ (61 prese)
and
(8.7) (tr1)x 0 (7)™ (61 prar) — (er1) s © (e1) " (01 prpase) — (1) © (071)" (61 )

are non-zero multiples of the identity map.
This, in turn, breaks into three assertions:

Proposition 8.2.1. The compositions (8.6) and (8.7) are non-zero.
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Proposition 8.2.2. The composition (8.6) is the image by means of (tp1)« of a map
(LFI)*(51,Flgff) - (LFI)*(él,Flgff)
inpt/B x DI (DFIA) 5 mod).
N/G
Proposition 8.2.3.
(1) End (@) o (50)" (8, pyge) ) = C.
(2) End ((er)" (8 pi) ) = C.
We shall now prove Proposition 8.2.1. Propositions 8.2.2 and 8.2.3 will be proved in Sect. 10.

8.3. To prove Proposition 8.2.1, we will consider a non-degenerate character n — G,, and
denote by 1)y the corresponding character of I°:

P 1Y > n— G,.

Consider the corresponding equivariant subcategories
D (D(Gridh) i fmod)/lo’w c DY (D(Gridh) i; —mod)
and
D/ (D (FIE) o1 ~mod) ¥ ¢ DI (D (FI1AT) eri ~mod),
where /19 is the conjugate of I° by means of the element t € T((t)).
The functor T induces a functor

(8.8) pt/B x D/@FIE) 5 mod) ¥ = pt /B x DI (D(Cril) mod) Y.
N/G pt/G

To prove Proposition 8.2.3 it is enough to show that the compositions (8.6) and (8.7) do not
vanish, as natural transformations between functors from D7 (D (FI2) .5 ~mod)’ *¥ 1o itself.

The latter would follow, once we show that the functor (8.8) is fully faithful. We claim that
the latter functor is in fact an equivalence.

8.3.1. Indeed, by [FG2], Theorem 15.8 (or [ABBGM], Corollary 2.2.3) we have a canonical
equivalence

D/ (D(Cr) iy —mod) "% ~ DP"f (Coh(pt /G)),
hence,

pt /B x DI (D(Gri)e —mod) ¥ ~ D"/ (Coh(pt /B)).
pt /G

)

The main result of [AB] asserts that the category DY (D (FI1A) i ~mod) ’¥, viewed as a
triangulated category over N/G, is canonically equivalent to DP"f (Coh(N/G)). Therefore,

pt/B x D/ (@FIE) . mod) ¥ ~ D/ (Coh(pt /B)).
N/G

Moreover, from the construction of the functor of [AB] and [ABBGM], Proposition 3.2.6(1),
the functor (8.8) corresponds to the identity functor on DP¢"/(Coh(pt /B)), implying our as-
sertion.
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9. NEW t-STRUCTURE AND THE AFFINE GRASSMANNIAN

In this section we will study how the new t-structure on Dmn(i)(Flgﬁ)crit —mod) behaves
with respect to the functors (im)*, (¢F1)« and Y.

9.1. Let us recall that

(9.1) pt /B x D/(D(Gri) i —mod)
pt7é

denotes the ind-completion of the category

pt /B X Df(D(Grgﬂ)crit —mod)
pt /G

(see Sect. 21.2.2). By Sect. 20.1.2, the category (9.1) acquires a compactly generated t-structure.
It is characterized by the property that the < 0 subcategory is generated by objects of the form

V ® 3,
Opt/@

V € DPerf=0(Coh(pt /B)), F € DH=0(D(Gridl) is —mod).

9.1.1. Let us denote by the same characters (7r1)*, (iF1)« = (iF1)1, (Zr1)' the ind-extensions of
the functors from Sect. 7

D;en(D(FIEN) i —mod) S pt /B x DY (D(Griff) i —mod).
pt /G

They satisfy the same adjunction properties as the original functors.

Proposition 9.1.2. With respect to the new t-structure on Dren(i)(Flzﬂ)crit —mod) we have:
(a) (tm)* is right-exact,
(b) (tp1)« is exact.
(c) (tm)" is left-ezact.
Proof. Let us first show that (7). is right-exact. This amounts to the next:
Lemma 9.1.3. The functor
P DD (G e -mod) — Dyen (D (FIA ) ey ~mod)
is right-ezact (and, in fact, exact) in the new t-structure.
Remark. Note that p'* is exact and hence left-exact in the old t-structure, and hence is left-
exact in the new t-structure. Hence, the essential image of p'* provides a collection of objects

that belong to the hearts of both t-structures. We remind that another such collection was
given by Lemma 2.2.4.

Proof. The assertion of the lemma is equivalent to the fact that
P (F) % J_5 € DR (D(FIE ) exit -mod)
for any A € At. We have:

s o~ I .
@) T F (0" Gron) 5T 5)

Since p!*(élgr%ﬁ) % J_5 € D(F1E) iy -mod P the assertion follows from the next:
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Lemma 9.1.4. For F; € D(Gril) i, —mod and Fo € D (G(1)) s, ~mod“M the convolution
T G[T]] F2 € D(D (G(() oyt mod) is acylcic off cohomological degree 0.
t

The lemma is proved by repeating the argument of [Ga], Theorem 1(a), or [ABBGM], Sect.
2.1.3.
O

The right-exactness of (x1). = (zp1 )1 implies by adjunction the left-exactness of (7). Hence,
it remains to show that (im)* is right-exact; this would imply the left-exactness of (ip). also
by adjunction.

Lemma 9.1.5. An object

F ept/B x DI (D(GrA), —mod)
pt /G

is <0, as an object of pt /B x DI (D(Grid) ..y —mod) if and only if for all X,
pt /G
co-nd4 (L) @ F) € DI (D(Gri) exit ~mod)
s < 0.

Proof. This follows from the fact that for JF’ as in the lemma, which is < k for some k, there
exists A deep inside the dominant chamber so that

Cone (Resg o co—Indg(ﬁfi ®F) — L ?)

is <k-—1.
O
Hence, to prove that (ip;)* is right-exact, it suffices to show that the composition
co-Ind o(711)* : Dy (D (FIE) iy - mod) — Do (D (FIET) o5 -mod)
is right-exact. The latter holds due to Lemma 7.2.5.
O
9.2. Consider the category
(9.2) pt/B x DI (DFIE i —mod),
i7c

which is the ind-completion of the category

pt /B x DI (D(FIE)i —mod).
N/G

By Sect. 20.1.2, the new t-structure on Dren(CD(Flgﬁ)Crit —mod) gives rise to a t-structure on
(9.2). Tt is characterized by the property that the < 0 category is generated by the objects of
the form

M ®

ofq/c“;

for M € DPerf-<0(Coh(pt /B)) and F € Df (D(FIA) iy —mod) N DL (D(FIAT) 5 ~mod).

rTen
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The ind-extension of (tpy)*:
(171)* : Dyen (D (FIEN) i ~mod) — pt /B x DI (D(FIA) 5 —mod)
i7é
is tautologically right-exact, and its right adjoint
(1)« 1Pt /B x DI (D(FIA) i -mod) — Dyep (D (FIAT) i —mod)
i7c“;
is exact, by Proposition 20.4.1.
9.2.1. As a formal corollary of Proposition 9.1.2(a), we obtain:
Corollary 9.2.2. The functor
T:pt/B x D/ (@FIE) i mod) — pt/B x DI (D(CrA),i —mod)
i;c‘: pt7G

is right-exact.

10. CALCULATION OF ENDOMORPHISMS AND THE FUNCTOR. )

In this section we will prove Propositions 8.2.2 and 8.2.3. This section can be considered
redundant by a reader willing to accept the proof of Theorem 7.3.1, based on [Bez] given in
Sect. 8.

10.1. Proof of Proposition 8.2.3(1). We have:

Hom ((71)s © (71)" (8 i), (71)- © (1) (B, ger) ) =

~ Hom ((7in)" © (@i1)- © (7i1)" (O pige): (1) (O pige) ) -
By construction, (Tpl)*(él)Fl%ff) ~ Jo, * W belongs to the heart of the t-structure on the
category pt /B x Df(D(Gridh) i, —mod).
pt7é
We have the following assertion
Proposition 10.1.1. For 3 € pt /B x D/ (D(Gri) i —mod), which is < 0, the adjunction

pt /G
map (tr1)* o (im)«(F') — F induces an isomorphism

H ((ip1)" © (tr)« () — F.
From the proposition we obtain that the map
Homm ((71)* (8 pige): (71" (0 prge) ) — Hom (@) 0 @) o (F0) (81 pge ), (50) (81 )
is surjective (in fact, an isomorphism). Hence, it suffices to show that
Hom ((TFI)*(51,F16G“)7 (TFI)*(51,F1g§f)) = End(Jz x W) ~ C.

This, however, follows from the fact that End(W) ~ C, which is easy to deduce from the
definitions (or, alternatively, from [ABBGM], Proposition 3.2.6(1)).
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10.1.2. Proof of Proposition 10.1.1. By Sect. 20.6.1, the heart of the t-structure on the cate-
gory pt /B x DS (®(Gridl) i, —mod) is the abelian category

pt /G

pt/B x D(CGriEh) . —mod.
pt /G

Since the functor (ip). is exact and (ip)* is right-exact, it sufficient to take F to be one of
the generators of the category, i.e., of the form L* ® Resg (F) with F € ®(Gri") 5 —mod.

pt /B

However, since the functors (ir1). and (zp1)* are compatible with the action of Coh(pt / B), we
can assume \ = 0, i.e., F' ~ Res%(?”).

Thus, we are reduced to showing that for ¥ € D/ (D(Gral) ., ~mod), the map

HO('Y* ° p!*(s_r//)) N Resg; (S_r//)

is an isomorphism.

We have:

T o p™*(F") =~ p"(F) # Jop x W = F” - (p!*(él Gratt) * Jap *W) :
2 :

By [ABBGM], Proposition 3.2.6 (or which can be otherwise easily proved directly),
He (p!*(517Gr%ff) * Jop K W) ~ Resg (61)Gr%§f),
and H—* (517Grkgf) * Jop x W) is a successive extension of objects of the form
LA ® Resg (61)Gr2§f)
Opt /B
(in fact, each A appears the number of times equal to dim(A*(#*)5)).
Hence, we obtain that

HYT o p™*(F)) ~ F" o ResS (3 guair) =~ Res (7).

O
10.2. Proof of Proposition 8.2.3(2). By adjunction,
Hom ((1r1)" (6, pige)s (161)* (8. pige) ) == Hom (8, g, (15). 0 (15)" (01 prge) ) -
We have
(er1)x 0 (r1)™ (61 prasr) ~ F(Ope /),
and let us represent O, /55 € Dperf(Coh(J?f/G')) by the Koszul complex Kosz;t 18 Fije COTTE

sponding to the vector bundle N/G 5 pt /B and its zero section pt /B = N/G.

The terms Kosz® .

o5 5jc BT of the form 7*(A*(7*)), where A*(7*) is naturally an object of
pt /B,

Rep(B).

To prove the proposition, it suffices to show that

k —
Hom (61)1:1%“, KOSZpt /B,i/é[k] O:S\?/G (SLFlgff) =0
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for k # 0.

Note that A¥(#*) € Rep(B) has a filtration with 1-dimensional subquotients £*, with A €
AP°5 and A = 0 is excluded if k # 0. Hence, the proposition follows from the next lemma:
O

Lemma 10.2.1. RHom(d; pyar, J5) =0 if A€ Apes — .
Proof. For any i we have:
RHom(0y parr, J5) =~ RHom(Jp, J5 ).
Let i € AT be such that A+ i € At. In this case
J[L :jﬂ_’* and JS\-HE = j5\+ﬂ7*'
The required vanishing follows now from the fact that RHom(jg «,ja ) # 0 only when
w' < w as elements in the affine Weyl group, in particular, |w’| < |w|. However, the assumptions

on i and X imply that [\ + fi| > |fil.
O

10.3. In order to prove Proposition 8.2.2, we will need the following construction, which will
be useful also in the sequel.

Namely, we will construct a functor

(10.1)

Q: Heart [ pt /B x D' (®(Grid) i mod) | — Heart | pt /B x DY (D(FIE)i; —mod)
pt7G f;é
Note, however, that by Sect. 20.6.1, the abelian category on the LHS of (10.1) identifies with
Rep(B) ® } ’D(Grgﬁ)crit —mod .

Rep(G)
10.3.1. For
F € Heart | pt /B x DF(D(Gridl) i, —mod)
pt7@
we set
QF) := H® ((er1)* 0 (@F1)4(F)) -
We claim:

Proposition 10.3.2. (tp1).(2(F)) =~ (051)«(F).

Since the functor (up ).« is exact, the above proposition immediately follows from the next
one:

Lemma 10.3.3. For F € Rep(B) ® D(Gri)e, —mod, the object
Rep(G)

(t71) © (1) ((T01) 4 (F)) € Dyen(D(FIE )erit ~mod)
is canonically a direct sum

DA @ )@

k Ope /5
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10.3.4. Proof of Lemma 10.3.3. We calculate (tp1)« o (tr1)* ((2r1)«(F")) by means of

[ ] ~ /
KoszIDt /BRI OSG(LFI)*(S" )

where Kosz® . ~ _ is as in Sect. 10.2.
pt/B,N/G
Note that the differential of the Koszul complex has the property the maps

Kosz® . - . —Kosz" ' -
pt /BN/G pt /B,N/G

take value zero on the zero section pt /B < N/G. Hence, the assertion of the next lemma
follows from the next one:

Lemma 10.3.5. Let N7 — Na be a map of vector bundles on ﬁf/@ whose value on pt /B is
zero. Then for any ¥ € DY (D(FIAN) i -mod) of the form (ip)«(F) for

Fept/B x DI (®D(GrA) i mod),

pt /G
the map
N1 ® .{}'/—>N2 ® F
X6 O%a
1S zero.

Proof. Since the functor (ip))* is compatible with the action of D¢/ (Coh(N/G)), by adjunc-
tion, we obtain that the following diagram commutes:

Ni ® (@)ul¥)  —— N2 ®© @)(F)

N/G N/G

(TF1) <L*(N1) ® 3"’) s () (L*(NQ) ® 9).

OPt /B pt /B
10.4. Proof of Proposition 8.2.2. Consider the object

Qo (i71)" (8 prasr) € Heart | pt /B x D/ (D(FI1) i ~mod)
N/G

We claim that there exist canonical maps
(10.2) (tp1)" (01 prasr) — Q0 (t71)" (6 presr) and Qo (1p1)" (8y prare) — (ep1)" (8y o )-

The former map follows by adjunction from

Oy prae — (er1)x 0 Q0 (0p1)" (01 prasr) = (1)« © (01)" (61, pyest),
whereas the latter map is obtained similarly by adjunction from
(k)1 0 Qo0 (T01) (81 prarr) = ()1 © (T01)' (6y prase) — 61 prase-
By adjunction, the maps in (10.2) give rise to non-zero maps
(tw1)x 0 (er1) ™ (61 presr) — (er1)« © 20 (0p1) " (0 puase) = (tr1)x © (071)" (61 presr)

and
(tr1)x 0 (t71) (61 prasr ) = (er1)x © Q0 (171)" (81 prare) — (em1)™ © (1) (0 st )-
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To prove the proposition, it is enough to show that the above maps coincide, up to non-zero

scalars, with the maps (7.7) and (7.12), respectively.
This, in turn, follows from the next lemma:
Lemma 10.4.1. The Hom spaces
Hom ((tr1)e © (151)* (8. pige)s (1) © (F00) (31 g
and

Homm ((71)- © (7r1)" (81, pige), (11)- © (101)" (8, e )

are 1-dimensional.
Proof. We have:

Hom ((LFI)* o (tp1)" (8y piase ), (1)« © (TFI)*(KSLFlgf)) ~

Hom ((7i)* © (ur1)s © (1r1)" (8, pige)s (70)* (O ) ) =

Homm (Y o (t51)" 0 (tr1). © (1) (8 prge ), X © (1) (81 ) )
We have a canonical map
(tr1)™ 0 (th1)« © (er1)" (8y piase) — (um1)" (0 e )

whose cone is filtered by objects of the form L* © . (er1)" (01 puate ) [k], k> 0. Hence, when we
apply the functor Y to this cone, we obtain an ol)lijte/ci which is < 0.

Hence, the above Hom is isomorphic to End (T o (LFI)*((SLFI?;H)), and the latter identifies
with End(W) ~ C.

The second assertion of the lemma follows by a similar manipulation involving the pair

(tr)'s (1)1
O

11. TURNING T INTO AN EQUIVALENCE

In this section we will show how to modify the functor Y to turn it into an equivalence. The
results of this section will not be used elsewhere in the paper.

11.1. Asa first step, we will modify the functor T so that the new functor defines an equivalence
between the corresponding D+ categories. *

11.1.1. We begin with the following observation:

Proposition 11.1.2. Suppose that F € pt /B x DI (D(FIA) i ~mod) belongs to D, Then
e,

for i < 0, the truncation 7<'(Y(F)) is an acyclic object of pt /B x DI (D(Gri) i —mod),

pt /G
i.e., is cohomologically < —n for any n € N.

Proposition 11.1.2 follows from the next more precise estimate:

4Here and elsewhere, for a triangulated category D equipped with a t-structure, we denote by Db, DT and
D, respectively, the corresponding bounded (resp., bounded from below, bounded from above) subcategories,
see Sect. 19.1.



48 EDWARD FRENKEL AND DENNIS GAITSGORY

Proposition 11.1.3. If ¥ € pt /B x D/(D(FI&) i mod) is cohomologically > 0, then
i7c“;
7<0(Y(F)) € pt /B x D/ (D (Grih) i —mod) is acyclic.
pt /&
11.2. Proof of Proposition 11.1.3. We will deduce the proposition from the next assertion:
Lemma 11.2.1. The functor
@)« :pt /B x DI (D(Gri) e ~mod) — Dyen (D(FIA) (i ~mod)

pt7G

is conservative when restricted to DV,

Proof. Tt is sufficient to show that for F’, belonging to the heart of the t-structure on the
category pt /B x DS (D(Gri) i —mod), the object (i1)«(F') is non-zero. For that, it is

pt /G
sufficient to show that (zg1)*o(tm1)«(F') # 0. However, the latter follows from Proposition 10.1.1.
O

Returning to the proof of the proposition, it is sufficient to show that the composed functor
(tF1)« 0o Y sends an object F as in the proposition to an object of Dmn(i)(Flgﬂ)crit —mod), which
is acyclic in degrees < 0.

However, by Theorem 7.3.1, the map (tp1)« — (Zr1)« © T of (7.6) is an isomorphism. So, our

assertion follows from the fact that the functor (¢m)« is exact, see Proposition 20.4.1.
O

11.3. Using Proposition 11.1.2, we define a new functor
+ +

TH: | pt/B x DI@FIE) i mod) | — |pt/B x DI (D(GrA), —mod)
J’JG bt /G
by
TH(F) := 724 (F)) for some/any i < 0.
We claim:

Theorem 11.3.1. The functor YT is an exact equivalence of categories.

Before beginning the proof of this theorem, let us make several remarks:

11.3.2. First, the fact that YT is right-exact follows from the right-exactness of T (Corol-
lary 9.2.2). The fact that YT is left-exact follows from Proposition 11.1.3.

11.3.3. Secondly, we claim that the fully-faithfulness of Y% follows from that of T (Main
Theorem 4).

+
Indeed, we need to show that for F1,Fs € <pt /B X Df(’D(Fl"éﬂ)Crit mod)) , the map
N/G
Hom(ﬂ"l, S'FQ) — HOIH(TJF(SH), TJF(S:'Q))

is an isomorphism.
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By construction, Y*(F2) belongs to DT, and Cone(Y(F;) — YT (F7)) belongs to D<? for
any ¢. Hence,

Hom(Y*(F1), Y (F2)) — Hom(Y(F1), Y (F2))
is an isomorphism.
We claim now that
Hom(Y(F1), Y (F2)) — Hom(Y(F1), T (F2))
is an isomorphism for any ¥, € pt/ B x ©f (Flzﬁ)crit —-mod. Indeed, with no restriction of
i7c:
generality we can take F; from pt /B x D7 (FI&) 5 —mod, and further of the form i (F})

N/G
for some JF| € ’Df(FIZH)Cm —mod.

Thus, by adjunction, it suffices to show that the map
()« 0 X — (Tp1)w 0 YT

is an isomorphism, which follows from the construction.

11.3.4. Thirdly, we claim that the functor Y+ commutes with colimits taken within DZ~% for
any 1.

Thus, to prove Theorem 11.3.1 it suffices to show the functor YT is essentially surjective
onto

(11.1) Heart [ pt /B x D7 (D(Grfl) e —mod)

pt /G

We will do so by exhibiting a right inverse functor on this subcategory. In fact, we claim that
the functor €2 constructed in Sect. 10.3 provides such an inverse. Namely, we claim:

Proposition 11.3.5. There exists a canonical isomorphism
TH(QF)) ~ 7.
By the above discussion, Proposition 11.3.5 implies Theorem 11.3.1.
11.3.6. Proof of Proposition 11.3.5. Since the functor T is exact, it suffices to show that
HO (YT ((tr)* o (ip1)(F))) = F.
By the definition of T, the LHS of the latter expression is isomorphic to
HO (Y ((er1)” © (Tr1)<(9))) = F.

Hence, our assertion follows from Proposition 10.1.1.
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11.4. Let

(11.2) D/, (pt /B x D(FIE mod>
N/G

be the full subcategory of pt /B x D/ (D(FIH)i ~mod), consisting of objects F, for which

N/G
(vr1)+(F) belongs to DY (D(FIA) iy -mod) € DI, (D (FIAT) 45 ~mod).
Let
(11.3) D,cn (pt /B x D(FIA) mod>
NG

be the corresponding renormalized triangulated category, given by the procedure of Sect. 22.1,
i.e., the ind-completion of (11.2). By Sect. 22.2, the category (11.3) acquires a t-structure.

Let us denote by
((LFI)*)ren : Dren <Pt /B ~>< D(]-:‘lgff)crit m0d> - Dren(D (FIZH)Crit 7m0d)
NG
the ind-extension of the functor
(tr1)s 2 DI, <pt /B x D(FIE mod) — DI, (D(FIE) i, —mod).
N/G
By the construction of the t-structure on (11.3), the exactness of the functor (tp)s. (see

Proposition 20.4.1) implies the exactness of ((tr1)«)ren-

11.4.1. We shall now construct a functor

Yren : Dyen (pt /B x D(FE) mod> —pt/B x D (D(Gridh) i —mod).
N/G -

pt /G

It will be defined as the ind-extension of a functor

D/ <pt/B x @(Flsz)critmod) —pt/B x DI (D(GrE)ent mod)

ren
N .
/G pt /G

that we denote by the same character Y,.,. The latter functor is defined as the restriction of
T to the subcategory
+
D/, <pt /B x D(FIE mod> c |pt/B x DI (®D(FIA).i mod)
N/G e
N/G
We are now ready to formulate the main result of this section:

Theorem 11.4.2. The functor Y e, is an equivalence of categories. It is exact with respect to
the t-structures defined on both sides.
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The rest of this section is devoted to the proof of this theorem.

Remark 1. Let us note that it is a priori not clear, although ultimately true, that the restriction
of the functor Y., to
Jr

Jr
pt /B x Df(DFIE i mod) | ~ D,y (pt /B x D(FIE) mod>
e N/G

N/G
is isomorphic to TT. This is isomorphism is one of the finiteness issues we will have to come
to grips with in the proof that follows.
Remark 2. As another manifestation of the fact that the original functor

T:pt/B x DI (DFIE ey -mod) — pt /B x D (D(Gri)es —mod)
N/G pt /G
is not an equivalence of categories (even after passing to Karoubian envelopes) is that the object
Q(Res(3; grarr)) €t /B x DI (D(FIY)erie - mod) is not compact,
N/G

11.4.3. The main step in the proof of the theorem is the following:

Proposition 11.4.4. The functor Y,c, sends D, (pt /B x D (FIE ) cri mod) to the cat-
egory of compact objects in pt /B x DI (D(Grih) *Inod)J\.f/G
pt7G
11.4.5. Let us show how Proposition 11.4.4 implies Theorem 11.4.2.
First, we claim that the functor Y., is fully faithful. Indeed, by Proposition 11.4.4, it is
enough to check that the restriction of Y,., to D{_, (pt /B x O (FIA i mod) is fully

N/G
faithful, and the latter assertion follows from the fully-faithfulness of Y.

Thus, to prove that T,e, is an equivalence, it is sufficient to check that it is essentially

surjective onto the generators of pt /B x D (D(Gril) i —mod). Up to tensoring with L,
pt /G

it is sufficient to check that an object of the form Resg (F) for F a finitely generated D-module

on Grgﬂ, is in the image of T,.,,.

Consider the object

Q(Resg(?)) € Heart | pt /B x DF (FI12) i —mod | C pt /B x o (FI121) 5 —mod .
N/G N/G
By Proposition 10.3.2, Q(Resg (F)) belongs to Df,,, (pt /B x D (FIET) i mod) , since p™*(F)

N/G
is finitely generated. Therefore,

Yren(QResE(F))) ~ T (Q(ResE(F))),
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and the latter identifies with Resg(f}'), by Proposition 11.3.5.

It remains to show that Y,., is exact. The right-exactness follows by construction. Hence,
it is enough to show that the inverse functor (Y,.,)~! is also right-exact. For that it is enough
to show that (Y,e,)~! sends generators of

Heart | pt /B x Df(Gr¥)ei -mod | ~ Rep(B) ®  D(Gry)erit —mod
- Rep(G)
pt/G

to objects that are < 0. Hence, it is sufficient to show that (TTen)’l(Resg(S")) is<0for Fa
finitely generated D-module on Gr2f. However, we have seen above that (Y,e,) ™t (Resg(ff ) ~

Q(Resg (9)), which is in the heart of the t-structure.
O

11.4.6. As aremark, let us now show that the functors Y,..,, and T are canonically isomorphic
when restricted to

+

D/, <pt /B x D(FIE mod> ~ | pt/B x DI (@D(FIH) e —mod) |
N/G e

N/G

(where the latter identification of the categories is given by Proposition 22.2.1).

Proof. By construction, there is a natural transformation Y,., — Y*. Since both functors
send DT to DT is suffices to check that the above map induces an isomorphism an individual
cohomologies.

Let W denote the canonical functor

D, cn (pt /B x D(FE mod> —pt/B x Df(®FHE. mod),
N/G <

N/G

see Sect. 22.1. By construction, we have a natural transformation T o ¥ — T,.,.

The composed map YT o ¥ — Y,., — YT, applied to objects from D™, is an isomorphism,
as follows from the definition of YT. Hence, it is enough to check that H* (T o W) — H*(T,ep)
is an isomorphism.

Both functors are defined on the whole of D,., <pt /B X ’D(Flgﬂ)crit mod> and com-
N/G
mute with direct limits. Hence, it is enough to prove the assertion for their restrictions to

D/, (pt /B X @(Flgﬁl)crit mod). The isomorphism in the latter case again follows from
N/G
the definition of TT.
O
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11.5. Proof of Proposition 11.4.4. The proof is based on the following:

Lemma 11.5.1. There exists a finite collection of elements \;, such that an object
Fept/B x DF(D(Cra).i —mod)
pt /G

is compact if and only if

Ind¢ (fﬁ ® 3") € Dyen (D(Gri) i —mod)

opt /B

is compact for every i.

11.5.2. Let us show how to deduce Proposition 11.4.4 from the lemma. By construction, for

F e D/, <pt /B X D(Flgﬂ)crit mod), the object Y,.cn(F) belongs to DY, In addition, we
X/G
claim that Y., (F) is almost compact, see Sect. 22.3, where the latter notion is introduced.
Indeed, this follows from Theorem 11.3.1 and the fact that the functor {2 commutes with direct
limits on the abelian category.

Now, we claim that any almost compact object of | pt /B x Df(D(Gral) . —mod) | is
pt /G
compact. Indeed, by Lemma 11.5.1, it is sufficient to check that F := Indg (Lj‘ ® ’J") is
pt/B
compact for any (or, in fact, a finite collection of) X. However, F is also almost compact by
adjunction. But since the category D (Gril). i, -mod is Noetherian, it is clear that every almost

compact object in D?(D(Gril). i —mod) is compact.
U

11.5.3. Proof of Lemma 11.5.1. The argument given below belongs to Jacob Lurie:
We will prove the lemma in the general context of a triangulated category D over the stack

pt /é, where in our case we take D := D/ (@(Grgﬂ)crit —mod).

Let us represent O Ay s

€ Coh(pt /B x pt/B) ~ Coh(FlG x F1¢ /@) as a direct summand
pt /G
of a complex as in Sect. 2.3.3.
This implies that any object F € pt /B x D (or, pt /B x D) is a direct summand of an

pt /G .
pt /G

object, which is a successive extensions of objects of the form

L4 @ Ind§ (M ® ?).

pt /B Ope/

If all of the latter are compact, then so is F.

12. COMPATIBILITY OF I'p; AND T

In this section we will prove Theorem 6.3.1.
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12.1. As was mentioned earlier, it suffices to show that the following diagram commutes

Df (D (FI) 5 —mod) il

(2.) g il

o r t /B o~
pt/B x D/f (D(Grgﬂ)cm —mod) Grpt/B D/ (Gexit ~mOod;eg),
pt /G

Df (acrit 7m0dnilp)

as functors between categories over N/ G.

12.1.1. Let (13)« be the evident functor
D(ﬁcrit 7m0drcg) - D(/g\crit 7m0dnilp)-

This is a functor between categories over Op’“ilp7 and in particular over N/ G. By Sect. 23.3.3,
it sends

Df (ﬁcrit 7m0drcg) - Dj (ﬁcrit 7m0dnilp)7
making the latter also into a functor between categories over Op™'P and N/G; it is in fact the

right adjoint of (¢5)*.

Proposition 12.1.2. We have a commutative diagram of functors between categories over
pt/B:

D/ (D (FI2F) s ~mod) P DY (Gerst -modngy)

(TFI)*T (La)*T

- N ¢ /B .
pt/B x DS (D(Gra) i -mod) —2 DS (Gerie - m0dyeg)-
pt /G

Proof. By Sect. 17.5.3, it suffices to prove the commutativity of the following diagram of functors
between categories over pt /G,

D/ (© (Flgﬂ)crit 7m0d) L D/ (ﬁcrit 7m0dni1p)
e T (LE)*T

D/ (© (Grgﬁ)crit 7m0d) i’ D/ (ﬁcrit 7m0dreg)7

which is manifest.
O

12.2. As the next step in establishing the commutativity of the diagram (12.1), we will prove
the following:

Proposition 12.2.1. The composition of the functors
()" 0T and Ty, 1y 5 © (T01)" : DY (D(FIE eriy -mod) = DY (Gerst ~modie)
with (1g)«, yield isomorphic functors
D/ (D(FIE")crie ~mod) = DY (Geric ~moduip)

at the triangulated level.
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12.2.2. Proof of Proposition 12.2.1. On the one hand, the composition
(L’j)* o (La)* : Dj (acrit 7m0dnilp) - Dj (acrit 7m0dnilp)
identifies with the functor

Mo Oopes ® M0, 5 ® M

oOpnilp O??\I/CJ

Hence, since the functor I'm respects the action of DP¢"/(Coh(N/G)), we obtain that the
composition (tg)« o (¢5)* o I'py is isomorphic to

rio (05 o8 =) = Trro (tr1)« 0 (tr1)"

X/a
On the other hand, by Proposition 12.1.2, the composition (15)« o I'q, ¢ 5 © (¢F1)" identifies
with
I'p1 o (1)« o (t71) ",
and the assertion follows from Theorem 7.3.1.
O

12.3. We are now ready to prove the commutativity of the diagram of functors given by (12.1).

12.3.1. Since the tautological functor D (gerit —modreg) — D (Gerit —-modyeg) is fully faithful, it
is sufficient to construct an isomorphism between the corresponding functors
D/ (D (FIT) crie ~mod) = D (Gexit ~m0dyeg)

as functors between categories over N/ G.
Consider the two objects
(1) 0 FFl(él,Flg“) and T, 1o/ 0 (ZFI)*(él,Flgf) € D™ (gerit *mOdreg)I-

1

Proposition 12.3.2. The above objects belong to Gerit fmodnihD and are isomorphic.

Proof. Since the functor
(LE)* . D(acrit 7m0dreg) - D(acrit 7m0dnilp)
is exact and conservative, and in the diagram of functors between abelian categories

~ Q! ()~ q!
Herit 7O —— Herit ~MOdy; ),

l l

—~ (tg)e  ~
Herit 7m0dreg > Perit 7m0dnilp

all the arrows are fully faithful, it is sufficient to show that
(t5)x 0 ()" o I'ri(0y piare) and (1g)x © Ty e /5 © (1) " (01 prare)
are isomorphic as objects of D(gerit —modyip ), and that the LHS belongs to the abelian category
acrit 7m0dnilp'
The first assertion follows readily from Proposition 12.2.1. To prove the second assertion we
note that
Lr1(0y piarr ) ~ Merit,—2p,
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and since Meyit, 2, 18 Ogpmip-flat (see [FG2], Corollary 13.9),

(Lﬁ)* o (L”g\)*(Mcrit,72p) st OOpJreg & Mcrit,72p = Mcrit,72p,rcg
Oopnilp

belongs to Gerit ~mM0dyeg.

Remark. Note that the above assertion, which amounts to the isomorphism
Mcrit,—Qp,reg = FGr,pt/B(JQp * W)),

coincides with that of Theorem 15.6 of [FG2], which was proven by a rather explicit and tedious
calculation. Thus, Proposition 12.3.2, can be regarded as an alternative proof of this fact, in a
way more conceptual. Note, however, that the main ingredient in the proof of Proposition 12.3.2
was Theorem 7.3.1, which was far from tautological.

12.3.3. As in Sections 24.3 and 24.4 the functors

T Fx ((Lﬁ)* o rpl(5lyFlgf)) and F— F % (rGrth /5o (’;Fl)*(amgf)) :

D (D(FIH ) erit ~mod) — D (Fexit ~m0deg)
can be upgraded to a DG level and endowed with the structure of functors between categories
over N/G. Moreover, the above functors identify with the functors

(tg)" o Trr and Ly, 1y /5 © (1),
respectively.

Thus, the commutativity of the diagram (12.1) follows from Proposition 12.3.2.

13. FULLY-FAITHFULNESS OF I'p gnip

In this section we will prove Main Theorem 1.
13.1. By definition, the theorem says that the map

(131) I—IOHlOp“ilp X D (D(FIF)crit —mod) (9417 3:42) -
e

HOme (Ecrit *mOdnilp) (FFI,OPHHP (3:1)7 FFLOpnilp (3:/2))

is an isomorphism for any F/ € Op"'? x D/ (D (F1&) i ~mod), i = 1, 2.
XG

*

By a slight abuse of notation we will denote by ty,, the pull-back functor

Df (D(FIA) iy —mod — Op"™ x D (D(FIAT) 5 —mod).
X/G

13.1.1. We shall now perform a reduction step, showing that it is enough to establish iso-
morphism (13.1) for F, = ¢, (F;), where each F, is a single finitely generated I-equivariant

nilp A
D-module on FIET,
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13.1.2. Step 1. By the definition of Op™® x DY (D(FIH )i, ~mod), we can take F7 in (13.1)
N/G
to be of the form M; ® k. (F;) with M; € DPerY (Coh(Op™'™?)).
Of\r/c‘
Since Ogpmip is a polynomial algebra, every M; as above is a direct summand of a finite
complex consisting of free Qg nip-modules. So, we can assume that F; = v} (J;), with F} €

nilp
D/ (D(FIEN) i —mod). Le, we are reduced to showing that the map

(13.2) Homopn“va DY (D (F1) crie 7mod)(tr1ilp(3rl)7 t;ilp(‘{}rQ)) -
e’

- Home(Ecm —modyilp) (FFl,Opn“P (t:;i]p(:}-l))’ FFI,Op“”P (t;k]ilp(g:Q)))
is an isomorphism.
13.1.3. Step 2. Recall that I'py gpuie (05, (Fi)) = Iri(F;) for ¢ = 1,2. So, the RHS of (13.2)
is isomorphic to
(13.3) Homp gy, -mod,np) (FE1(F1), Tr1(F2)) -
By Sect. 22.1, the above expression is isomorphic to Hom taken in the usual category
D+ (acrit 7m0dnilp)-

We rewrite the LHS of (13.2) using Corollary 18.4.2(2), and we obtain that it is isomorphic
to

(13.4) Homp, . ((#12)crs, ~mod) (5"17 (taitp)« (Oopuin) & 3"2> ;
ON/G
where (taitp)+(Ogpein) € D(QCO(N/G)) = D"/ (Coh(N/E)).
By Proposition 2.2.2, the object
(taip)« (Oopnin) (@ Tz = Tk F((taitp)+ (Oopmie )

N/G
belongs to DT, in the new t-structure. By Proposition 2.3.1, we obtain that it belongs to DT
also in the old t-structure. Therefore, by Sect. 22.2, we can regard it as an object of the usual
category D (D (FIA) i, ~mod), and the expression in (13.4) can also be rewritten as Hom in
D* (D (FIA)eri¢ ~mod).
The map from (13.4) to (13.3) can thus be identified with the composition
(13.5)  Homp (o (riait),,., -mod)(F1; (Tnilp )« (Oopmie ) 0% F2) —

N/G

N/G

— HOInD*(Ecm “modpip) <FF1(?1),FF1(OOpn11p O® ?2)> ~

opnilp

~ Homp-+ (g.,i, ~-moduip) (FFl('fl),tfmp((tnilp)*(oopnﬂp)) ® FF1(92)> —

- HOInD*(ﬁcm —modpilp) (FFI(?1)7 FF](?2)) )

where the last arrow comes from the canonical map

t:i]p((tnilp)* (OOp“”P )) - OOp““p .
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13.1.4. Step 3. By the adjunction [FG2], Proposition 22.22, we have the isomorphisms:

Homp + (9 (p1att).i, -mod) (F1; (Titp)« (Oppuin) @ Fa) =~

N/G
= Homp+ (o (p1aft) i -mod)? (51,Flgff= (nip )« (Oppuite) ® -rf) )
and
HOMp+ (g, moduy) (TF1(T1), TF1(F2)) ~ Homp+ (g, modyny) (FFl(al,Flgf)erl(g:)) :

with F ~ FF « F5 € DY(D(FIA) i —mod)’, where F; denotes the dual D-module on I\G((t)),
see [FG2], Sect. 22.21.

Hence, it is sufficient to show that the map

HOU[1D+(33(1«‘1‘<g;ff)crit ~mod)? (51,Flgffv (tnilp)*(oopnﬂp) @ F) —

SZe]

— Homp+ (g,,i, ~moduy)? (TR0 prer), Tr1(F)),
given by a I-equivariant version of (13.5), is an isomorphism for F € D?(® (FI11) i —mod)?.
13.1.5. Step 4. Finally, using the spectral sequence that expresses Hom in the I-equivariant
category in terms of the usual Hom, we obtain that it is enough to show that the map
(13.6) HomD+(33(1«‘1‘<g;ff)crit 7mod)(51,Fl"g;ff7 (tnilp)*(oopnﬂp) O‘? ¥)—

X/&
— Homp+ (g,,;, ~modapy) TF1(01 pizre ), Cri(F)),
of (13.5) is an isomorphism for any F € D?(D(FIA) i, ~mod)’.
Using the fact that FF]((SLFI%H) ~ M_,, is almost compact as an object of D (geyit ~modyip)

(see Sect. 22.3), we can use devissage on F and assume that it consists of a single finitely
generated I-equivariant D-module.

Thus, the reduction announced in Sect. 13.1.1 has been performed.

13.2. Note that the categories DT (D(Flgﬁ)crit —mod) and DT (gerit —modyiip ), appearing on the
two sides of (13.6) carry a weak G,,-action by loop rotations; moreover, the action on the former
category is strong (a.k.a. of Harish-Chandra type), see [FG2], Sect. 20, where these concepts
are introduced.

The category DP"f (Coh(N/G)) carries a weak G,,-action (via the action of G,, on § by
dilations), and the map tpip : Op™ilP — N/G is easily seen to be G,,-equivariant. In addition,
the construction of the functor

F : DP"/ (Coh(N/G)) — D (D(FIAN) i —mod)
implies that it has a natural G,,-equvariant structure.

With no restriction of generality we can assume that F that appears in (13.6) consists of
a single twisted D-module, which is strongly equivariant with respect to G, By the Gy,-
equivariance of tyjyp,, the object (tnip)«(Oppnin) € D*(QCoh(N/G)) is G,,-equivariant; hence
(tni]p)*(oopnilp) O(? F~Fx F((tnilp)*(oopnilp)) S D+(©(F12‘H)Crit —mod)
X/a

is weakly G,,-equivariant.
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13.2.1. Thus, both sides of (13.6) compute Hom between weakly G,,-equivariant objects in
categories endowed with weak G,,-actions. Hence, the resulting Hom groups are acted on by
G, i.e., are graded complexes. Furthermore, it is easy to see that the map in (13.6) preserves
the gradings. We claim now that the grading on both cases is bounded from below.

Right-hand side. It was shown in [FG2] that Homp+ (g, mody,)(M-2p, M) is related by a
spectral sequence to Homp+ (g,,., ~mod)(M-2,, M) for M € D (gerit —modpip). Moreover, if M is
graded, then the grading on the former Hom is bounded from below on the former if and only
if it is so on the latter. We apply this to M := T (F).

Left-hand side. Since the action of G,, on D+(©(F13GH)Crit —mod) is strong our assertion follows
from the next:

Lemma 13.2.2. The defect of strong equivariance on the object F((tuilp)+(Oppnite)) is bounded
from below.

Proof. Consider the following Cartesian square:

Opnilp j:\]-/é % Opnilp

N/G —— N/G xN/G.
We can realize Of\r o 383 G,n-equivariant coherent sheaf on if/ G x J?f/ G, up to quasi-
isomorphism, as a direct summand of a finite complex M?*, such that each M is a direct sum
of sheaves of the form 7*(L*) X 7* (L") (k), where (k) indicates a twist of the grading.

We obtain that (tnﬂp)*(Op““p), as a G,,-equivariant quasi-coherent sheaf on N/G, up to
quasi-isomorphism, is a direct summand of a finite complex N®, such that each N is a direct
sum of sheaves of the form

— (Lj\) ® F(Opnilp, Lgpnilp)(k)'

Both assertions of the lemma follow, since F(L*) is a (single) D-module, and the grading on
each I‘(Opmlp, Lgpn“p) is bounded from below.
0

13.2.3. Let us recall now the following observation, which is a Nakayama-type lemma (see
[FG2], Lemma 16.5):

Lemma 13.2.4. Let ¢ : My — Mz be a graded map of two complezes of O mie-modules, such
that the grading on both sides is bounded from below. Assume that the induced map

L L
M ® Oopres — My ® Oopres
Opnilp oOpmilp

is a quasi-isomorphism. Then ¢ is a quasi-isomorphism.

Thus, in order to establish that (13.6) is an isomorphism (for F assumed strongly equivariant
with respect to G,,), we need to know that the map in question induces an isomorphism after
tensoring with Oppres over Ogpmip.

We will prove more generally that the map (13.2) becomes an isomorphism after tensoring
with Ogpres over Ogpuip for any Fi, Fo € DS (D(FIH)eris ~mod).
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13.2.5. Let F1,F> as above, we have:

L
* * ~
Homg e D/ (D (FI1Mf)erit —mod) (tnilp(?1)7tnilp(?2)) ®  Oopres =
NG OOD“ilp

~J . * 5, * ~
— HomOpr“lp x Df (@(Flgf)cric —mod) (tnilp(gjl )7 Oopr°g ® tnilp (?2)) —
e O o pnilp

= HomOp“ilp~>< D/ (D (F12f) 1 ~mod) (trlilp(rfl)v (top)s o L*op(tzup(%))) =
Xya

Opr8  x

Op™iP % DF (D (FI2f) 5, ~mod)
Opnilp X

e

~ Hom < ) (Lgp(t:ﬂp(?l))a L*Op(t;ilp (52))) =

Opres x

<5 pt /B x DS (D(FI2f) it ~mod)
pt

N/G

~ Hom < ) ((thee) " (tin (1)), (tee) " (111(2)))

and

L
Homp+g..;, ~modpip) (FFl,opnilp (trlilp(gl))vrm,opnﬂp (tzilp(rf?))) ®@  Oopres ~
Opnilp

L
(Tri(F1), TR (T2)) ©  Oopres =

Opnilp

Homp+ (Gerit ~modniip)

opnilp

=~ HOMD+ (geyir -moduip) (FFI(%),OOW@ ® FF1(92)> ~

~ HOMp+ (§.,y, ~moduyy) (FFI(F1), (15)s © (1) (Cra(F2))) =~

~ Homp+ (g..;; ~modeg) (1) (Cr1(F1)), (15)* (Tr1(F2))) ,
where the last isomorphism follows from Proposition 6.2.3.

By Corollary 6.3.2, we have:

(15)" (Cr1(F) = Daropres ((teg) (T 0 iy (F1)))
and if we denote
Fi = ()" (F:) € pt /B x DI (D(FIH) e ~mod),
N/G
the map (13.2) after tensoring with Ogpres identifies with

Hom v (Khog) (7). (o) (7)) —
Op™e x |pt/B x DS (D(FI2f)eir —mod)
pt /B X/G

Opres  x
pt /B

- HOIHD+ (Gerit —modyeg) (FGLOPreg ((t;cg)*(ﬁr(gjll))) 7FGF7OPreg ((t;cg)*(ﬁr(gé)))) .

The first arrow in the above composition is an isomorphism by Main Theorem 4 (combined
with Corollary 18.4.2(2)). The second arrow is an isomorphism by Theorem 6.1.3. This estab-
lishes the required isomorphism property of (13.2).

— Hom < ) ((técg)*(’r(:‘f’l))’ (t;cg)*(’r( /2))) -

pt /B x Df(D(Grif)eis -mod)
pt /G

14. EQUIVALENCE FOR THE I-CATEGORIES

In this section we will prove Main Theorems 2 and 3.
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14.1. The proof of Main Theorem 2 will be carried out in the following general framework.
Let D;, i = 1,2 be two triangulated categories, equipped with DG models. We assume that
the following conditions hold:

e Cat(i) D; and Dy are co-complete.
e Cat(ii) Dy is generated by the subcategory DS of compact objects.

Let D; for ¢ = 1,2 be equipped with a t-structure. As usual, we denote
D} =uDZk.
k

We assume that the following conditions hold:

e Cat(a) The t-structures on both D; and Dy are compatible with colimits (see
Sect. 19.1.2).
e Cat(b) DJ generates Ds.

Let now T : D; — Dy be a functor, equipped with a DG model. Assume:
e Funct(i) T commutes with direct sums.
e Funct(ii) T sends DS to DS.
Finally, assume:
Funct(a) T : Df — D§ is fully faithful.
Funct(b) T is right-exact.
Funct(c) For X € DY, we have T (72%(X)) € DJ.
Funct(d) For any Y € Heart(Dy) there exists X € D" with a non-zero map T(X) — Y.

Proposition 14.1.1. Under the above circumstances, the functor T is an exact equivalence of
categories.

The proof will be given in Sect. 19.4.

14.2. Proof of Main Theorem 2. We apply Proposition 14.1.1 to
D, := Op"™ x D/ (DFI) 0 —mod)”’,
N/G
o~ 0
D2 = Dren (gcrit 7m0dnilp)1 5

and T := I'py gpmie. Thus, we need to verify that the conditions of Proposition 14.1.1 hold.

14.2.1. Conditions Cat(i) and Cat(ii) hold by definition. Conditions Cat(a) and Cat(b) follow
by Proposition 4.1.7(a,d) from the corresponding properties of

Op"™ x D (D(FIA) i —mod) and Dyep (Feric —modyip),
N/G
respectively.

Conditions Funct(i) and Funct(ii) also follow from the constructions.

14.2.2. Condition Funct(a) follows using the commutative diagram (4.3) from Lemma 4.1.3
and Main Theorem 1.



62 EDWARD FRENKEL AND DENNIS GAITSGORY

14.2.3. Condition Funct(b). By the definition of the t-structure on the LHS, our assertion is

equivalent to I'p; being right-exact, when restricted to Dren(CD(Flgﬁ)Crit ~mod)’ ’ in the new

t-structure. In other words, we need to show that for ¥ € D/ (D(FIA) . ~mod)!’, which is
< 0 in the new t-structure, the higher cohomologies H® (I'p)(F)) vanish. Suppose not, and let
7 be the maximal such <.

Any JF as above in monodromic with respect to the action of G,, by loop rotations. Hence,
all H* (T (F)) acquire a natural grading. Moreover, as in [BD], Sect. 9.1, the grading on each
H' (I'gi(F)) is bounded from below.

By Lemma 13.2.4, this implies that
H' (Tri(F) ®  Oopres # 0.

Opnilp
The maximality assumption on ¢ implies that

. L
H* <FF1(9~) (9 Oopreg> 75 0.

O o pnilp
By Theorem 6.3.1,
L ~ \*
Ipi(F) ®  Oopes = Taropes ((treg) ™ © (Tr1)*(F)) -
Opnilp

However, by Proposition 9.1.2(a), (tm)*(F) is < 0, and the functor I'gy opres is right-exact by
the main theorem of [FG1]; in fact, by [FG4], Theorem 1.7, the latter functor is exact when
restricted to the I°-equivariant category. This is a contradiction.

14.2.4. Condition Funct(c). We will show more generally that for F € DY (D(FIA) 5 ~mod),
the object Ty opuie (72°(F)) belongs to D;f,,, (Gerit —modyip).-

Since Ogpnip is a polynomial algebra, we can represent Op™'P as an inverse limit of affine
schemes of finite type S
op"* % 5 % N/G
with ¢ flat and ¢ smooth. Hence, any F as above is in the image of the functor

P S x DI(DFIHE) i -mod) — Op™P x DI (D(FIH)i —mod),
N/G N/G

for some such scheme S.

The ind-completion of S x D (D(FIA ) ~mod), denoted S x DS (D(FIH )5 ~mod),

N/G i7c“;
acquires a t-structure, and by Proposition 20.2.1 the functor
S x DI @F1) i -mod) L Op™™ x DI (D(FI)eyi —mod)
i7@ i;é
is exact. Hence, it is enough to show that the composed functor
S x DI @FIE i mod) — Dyep (Ferit ~modnip)
J’JC;

sends DT to DT.
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The functor in question is isomorphic to the composition

Ids X FF]
—

(14.1) S x DI (D(FIA) 5 —mod) S x Df (Gerit modyip) ~

N/G N/G
. ~ (¥xidgmitp)” L R
= (S ~>< Opmlp) X Df(gcrit 7m0dnilp) 2’ 1 Opmlp X D{en (gcrit 7m0dnilp) =
N/G Opnilp Opnilp
~ Dren (acrit 7m0dnilp)-
We claim that both the first and the third arrows in (14.1) send DT to D¥.

The first arrow in (14.1) fits into a commutative diagram

Ids X FF]
_—

S x DI(DFIE . —mod) S x DS (Gerit - modyirp)

N/G N/G

ml ml

Dren (© (Flgﬂ)crit *HlOd) i) Dren (acrit 7m0dnilp)7

where the vertical arrows are exact and conservative by Proposition 20.4.1. Hence, it is enough
to show that the functor I'p; sends D new (@(Flgﬁ)crit —mod) to D;\.,, (Gerit -modyilp). Clearly,

Ten

[p1 sends Dioid (D(FIA) i -—mod) to Dy, (§erit - modyip). The required assertion results now

from Proposition 2.3.1.

The assertion concerning the third arrow in (14.1) follows from Sect. 21.5.5, since the map

¥

. xid il .
Opnilp
Oop™» TS x op"P

N/G

is a regular immersion.

14.2.5. Condition Funct(d). We will show that for every object M € Gerit ~mod’; there exists

0
nilp
an object F € DI (D(FI) i —mod)?’, that belongs to the heart of the new t-structure, such
that

Hom(T'gi(F), M) # 0.

Indeed, for M as above, some Verma module M, it maps to it non-trivially. However,
Mw,crit = PFl(jw,!)-

(Indeed, My crit := Indgﬁg]‘] @C(Mw)v where M, is the Verma module over g isomorphic to

I'(G/B, jw,), and for any D-module ¥ on G/B we have: I'(Flg, F) ~ Indgﬁrt‘]‘]@(c (T(G/B,9)).)
The object j,,,1 evidently belongs to the heart of the new t-structure since for Ae At
Jw,! * J_S\ = Jw,! *j_5\7! =~ jw.(_j\)Ju

since £(w) + £(—X\) = £(w - (—\)). (For a more general assertion see Lemma 2.2.4.)

This concludes the proof of Main Theorem 2.

14.3. We are now going to prove Main Theorem 3.
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14.3.1. First, from Theorem 4.3.2, we obtain that there exists an equivalence:
Op™P x D’(Coh(St/G)) =~ Op™™® x DI (D(FIA)e mod)”’,
N/G N/G
and hence an equivalence of the corresponding ind-completions
(14.2) Op"™ x DP(Coh(St/G)) ~ 0p"™ x DI (DFI) e —mod)! .
N/G XN/G
Moreover, we claim that the above equivalence has a cohomological amplitude (with respect
the t-structures defined on both sides) bounded by dim(G/B). Indeed, by the definition of the

t-structure on a base-changed category, it suffices to establish the corresponding property of
the equivalence

D¢ (QCOh(St/G)) = Dyen (D(FIE ) criy mod) ™,
where D,.c,,(QCoh(St/G)) is the ind-completion of D?(Coh(St/G)).
Le., we have to show that M € DZ=Y (QCoh(St/G)) N D?(Coh(St/G)) goes over to an

Ten

object of Dren(i)(Flgﬂ)crit 7mod)10, which is < dim(G/B)npew. And vice versa, that an
object F € D20 (D(FI) i —mod)!” N DI (D(FIA) it —mod)!” goes over to an object of

ren

D, (QCoh(St/G)), which is < dim(G/B).

Both assertions follow from Proposition 2.3.1, combined with the fact that the functor of
Theorem 4.3.2 is right-exact, when viewed with respect to the old t-structure on the category
D/ (D(FIEN) ¢ ~mod)” °, and has a cohomological amplitude bounded by dim(G/B).

Taking into account Main Theorem 2, we obtain that in order to prove Main Theorem 3, it
remains to prove the following:

Proposition 14.3.2. There exists an exact equivalence between the DT part of
Op"'? x DY(Coh(St/G))
i7c:
and DT (QCoh(MOp}™)).
14.3.3. Proof of Proposition 14.3.2. By Proposition 21.4.3, since the morphism tyjp, : Oop™P —
N/G is flat, we have an exact equivalence
D(QCoh(MOp};™P)) ~ Op™'™ x DP"f(Coh(St/G)).
i7c“;

Recall the functor ¥ : D?(Coh(St/G)) — D(QCoh(St/G)), see Sect. 22.1.3. To prove the

proposition, it suffices, therefore, to show that the functor

Op"™ x @ :O0p"® x D(Coh(St/G)) — Op™™® x D! (Coh(St/G))
NG %0 %/c

induces an exact equivalence of the corresponding D™ categories.
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We have a commutative diagram of functors

Opnilp o b
N/G

Op™'" x D¥(Coh(St/G)) ———— Op™P x DP"f(Coh(St/G))

(14.3) X/G X/G
(tnilp)*l (tnilp)*l
D, ., (QCoh(St/G)) -z, D(QCoh(St/G)),

with the vertical arrows being exact and conservative. Since U is exact (see Sect. 22.2), we

obtain that so is Op™'P x W, In particular, it sends D to DT.
X/G

Let us now construct the inverse functor. Let us denote by = the tautological functor
DP*"f (Coh(St/G)) — Db(Coh(St/G)),
and its ind-extension
Z: D(QCoh(St/G)) — Dyen (QCoh(St/G)).

By Sect. 22.1.3, = is a left adjoint and right inverse of ¥. Consider now the functor Op™'P X &,

N/G
which fits into the commutative diagram
op™'P x =
Op"'P x DP(Coh(St/G)) L% op™P x DPerf (Coh(St/G))
ch: i7é
(tnilp)»«l (tn”p)*l
D, ., (QCoh(St/G)) —= D(QCoh(St/G)).
We define a functor (Op™” x E),e, from the DF part of Op"'® x DPe"/(Coh(St/G)) to
N/G -

X/é

the DT part of Op™P x DP(Coh(St/G)) as follows. For M € Op™'P x DPe/(Coh(St/G)),
N/G N/G

which is > 7, we set

(Opnilp R E)ren(M) = sz <(Opnilp X E)(M)> 7
N/G N/G

for some/any j < i.

The fact that (Opnilp X E)ren and Op"ilp % W are mutually inverse follows from the
N/G N/G
corresponding assertion for Dy, (QCoh(St/G)) = D(QCoh(St/G)), since the functor (tyip)«

is conservative.
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Part III: Tensor products of categories

15. DG CATEGORIES AND TRIANGULATED CATEGORIES: A REMINDER

In this section, whenever we will discuss the category of functors between two categories, the
source category will be assumed essentially small.

15.1. DG categories and modules. Recall that a DG category is a k-linear category C,
enriched over Comp,,. Le., for every X, Y € C, the vector space Hom(X,Y) is endowed with
a structure of complex, denoted Hom®(X,Y), in a way compatible with compositions. Unless
specified otherwise, our DG categories are pre-triangulated. In this case, the homotopy category
Ho(C) is a triangulated category.

It is clear what a DG functor between DG categories is. A DG functor F': C; — Cs induces
a triangulated functor Ho(F) : Ho(C;) — Ho(Cs). We say that F is a quasi-equivalence if
Ho(F) is an equivalence.

It is also clear what a DG natural transformation between DG functors is.

15.1.1. For a DG category C we let C°? —mod (resp., C—-mod) denote the DG category of
contravariant (resp., covariant) functors C — Compy,.

We will also consider the derived category D(C° —mod), which is the triangulated quotient
of Ho(C°? —mod) by the subcategory of modules M*® such that M*(X) € Comp,, is acyclic for
every X € C.

15.1.2. Inside C°? —mod one singles out a full DG subcategory C of semi-free modules. Namely,

its objects are C°P-modules of the following form:

Let Xi,k > 0 be objects of C°? —mod that are free (i.e., representable by a formal direct
sum of objects of C), and consider a strictly upper triangular > matrix ® : © X — @ X of
k>0 k>0

morphisms of degree 1, such that 2d(®)+®o® = 0. The data { & Xj,®} defines a C°P-module
k>0
by
X — @ Hom*(X, Xy),
k

with the differential given by the sum of the original differential and .

15.1.3. According to [Dr], Sect. 4.1, the functor
(15.1) Ho(C) — D(C° —mod)

—

is an equivalence.

Note also that the definition of C makes sense whether or not C is small, so when it is not,
Ho(C) serves as a replacement for D(C° —mod) via (15.1).

—

51.0., we have morphisms ¢; ; : X; — X for ¢ > j
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15.1.4. We have fully faithful (Yoneda) embeddings C — C and Ho(C) — Ho(C) =~
D(C° —mod). In addition, we have:
e Ho(C) is co-complete (i.e., admits arbitrary direct sums).

—

e Every object of Ho(C), considered as an object of Ho(C), is compact (we remind that

—

an object X of a triangulated category is compact if the functor of Hompyqc)(X,?)
commutes with direct sums),
e Ho(C) generates Ho(C) (i.e., the former is not contained in a proper full co-complete
triangulated subcategory of the latter).
Such pairs of categories are a convenient setting to work in.
15.2. Pseudo and homotopy functors. Let C; and C; be two DG categories. A (left)
DG pseudo functor is by definition an object Mg € (C{¥ x C2-mod)”, i.e., a bi-additive
functor C7¥ x C2 — Comp,,. We shall denote this category of pseudo-functors C; — Cs by
PFunct(Cl, CQ)

A homotopy functor F' : C; — Cg is by definition a DG pseudo functor that satisfies the
following property:

For every X € Cq, the object of Co—mod, given by Y — Mn(X,Y) is such that its image in
D(C2—mod) lies in the essential image of Ho(C3P).

Le., we require that for every object X € Ho(Cy), the functor on Ho(C3) given by ¥ —
H° (M3(X,Y)) be co-representable.

For example, a DG functor F : C; — Cs gives rise to a homotopy functor by setting
Mp(X,Y) = Homg, (F(X),Y). For a homotopy functor F' we will sometimes use the notation

Homy, (" F(X)?,Y) i= Mp(X,Y).

By definition, a homotopy functor as above defines a triangulated functor Ho(F') : Ho(C;) —
HO(C2).
15.2.1. For a pseudo functor F' as above and Y € C3” —-mod we can form

L
Y ® M}.,w € D(C(ljp —mod).
Cs

This gives rise to a triangulated functor Fy : D(C5” -mod) — D(C}” —mod).
In addition, F' naturally extends to a pseudo functor C; — Cs. Indeed, for X = {® X;, ®} €
C1, Y ={0Y;, ¥} € Cy, we set

Mp(X,Y) =11 & Mp(X;,Y)).

iy
If F' was a homotopy functor, then so is the above extension; thus we obtain a functor
D(C{” -mod) ~ Ho(C;) — Ho(Cz) — D(C3" -mod),
which will be denoted F*; it is the left adjoint of F.

15.2.2. Let F': C; — C3 be a homotopy functor, and C) C Cs a full DG subcategory. We can
tautologically define a pseudo functor F’ : C; — Cf. It is easy to see that F’ is a homotopy
functor if and only if the essential image of Ho(F') belongs to Ho(C5).
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15.2.3. Let us note that homotopy functors can be represented by ”huts” of DG functors, and
vice versa.

Namely, given a diagram
(15.2) C, & C 5 Gy,
where U and F are DG functors with ¥ being a quasi-equivalence, we define a homotopy functor

F': Gy — C3 up to a derived natural isomorphism as (¥ @ Id)*(M?%).

15.2.4. Vice versa, given a homotopy functor F', we define a diagram such as (15.2) as follows.

We set C; to have as objects triples {X € C1,Y € Ca, f € M2(X,Y)}, where f is closed and
such that it induces an isomorphism ¥ — F(X) € D(Cz—mod).

Morphisms are defined by
o !/ !/ !/ 1 " 1 o
Homél ({X 7Y af }a{X 7Y 7f }) T
{a € Homg (X', X"), 3 € Homg, (Y',Y"),y € Mp(X',Y")[-1]}.
The differential arises from the differentials on Hom®, M*® and f.

The functors F and ¥ send {X,Y, f} as above to X and Y, respectively.
15.2.5. Finally, let us note that if we have a diagram

(15.3) c, %¢ &,
with @ a quasi-equivalence, it gives rise to a diagram as in (15.2) by first defining a homotopy

functor G : C; — C;, namely,

Mg(X,Y) = Homg (G(X), B(V)),

and the applying the procedure of Sect. 15.2.4.
15.3. Natural transformations. Let F’ and F” be two pseudo functors, corresponding to bi-

modules My, and M., respectively. A DG natural transformation g : F/ = F" is by definition
a closed morphism of degree zero g : My, — Mp, in (C]¥ x Cy-mod)°? ~ PFunct(Cy, Ca).

A derived natural transformation between F’ and F" is a morphism between M7y, and My,
in the triangulated category PFunct'®(Cy, Cy) := D(C{” x Cy-mod)?". We shall denote the
full subcategory of PFunct'’®(Cy, C3) consisting of homotopy functors by HFunct(Cy, Cs).

15.3.1. It is clear that a derived natural transformation between homotopy functors gives rise
to a natural transformation
Ho(F’") = Ho(F") : Ho(C;) — Ho(Cs3),
and also
F/' = F! and F'* = F'*.

15.3.2. Let now C5 C Cs be a full DG subcategory. Let HFunct(Cq, Cz)’ be the full subcate-
gory of HFunct(Cy, Cz), consisting of those homotopy functors F', such that Ho(F') : Ho(C;) —
Ho(CY).
Restriction (see Sect. 15.2.2) defines a functor
HFunct(Cy, Cz)" — HFunct(Cy, C5).

Lemma 15.3.3. The above functor is an equivalence. Its inverse is given by composing with
the tautological object in HFunct(C), Ca) (see Sect. 15.4).
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15.4. Compositions. Let C1, Cs, C3 be three DG categories, and F' : C; — Cs, F” : Cy —
Cj, G : C; — Cj3 be pseudo functors. We define the complex Hompp,yce(c,,cq) (G, 7 F” 0 F'”)
to consist of maps

(15.4) Homg, ("F'(X)”,Y) ® Homg, ("F"(Y)”, Z) — Homg, ("G(X)”, Z),
functorial in X € C1,Z € Cs, and functorial in Y € Cy in the sense that for any Y, Y"” € C,,
the composition
Homg, ("F'(X)”,Y") ® Homg, (" F"(Y")”, Z) ® Homg, (Y',Y") —
— HOIn'C2 CF(X), Y@ HOInE;3 CF'Y"),Z) — Homa3 "G(X),Z)
equals
Horn.c2 CF(X), Y ® Horn.c3 CF'Y"Y,Z)® Homa2 YY" —
— Homg,, ("F'(X)”,Y") ® Homg,,("F"(Y')", Z) — Homg, ("G(X)”, Z).
A DG natural transformation
G = nF// o F/n

is by definition a 0-cycle in Homppypnce(c,,cq) (G, 7 F” 0 F'”). We denote the set of DG natural
transformations as above by Homppunet(c,,cy) (G, F" o F'”).

If I/, F”,G are homotopy functors, then a DG natural transformation as above defines a
natural transformation
Ho(G) = Ho(F") o Ho(F").
We say that G is a homotopy composition of F’ and F" if the latter map is an isomorphism
of functors Ho(C;) = Ho(C3).

15.4.1. In a similar way one defines the complex
Homl.:’Funct(Cl,Cn+1)(G7 77‘Fn 0...0 Fl”),
where F;, j = 1,...,n are pseudo functors C; — C;;1 and G is a pseudo functor C; — C,,41.

As above, this allows to introduce the notion of homotopy composition of Fi, ..., F},.

A DG natural transformation
G="F,o0..0F
is by definition a 0-cycle in Homppyney(c,,c,y0) (G " Fn 0 ... 0 F17). We denote the set of DG
natural transformations by Hompgunct(c,,c,y0) (G5 7 Fn o ... 0 F17).

15.4.2. Let Cy,...,C,4+1 and Fi, ..., F,, be above. For a pseudo functor G : C; — Cy, 41, let
us denote by Homprynct(c,,Cpsy)(Gy 7 Fp o ... 0 F17) the set of DG natural transformations as
above.

We define a functor
Homppypeito(cy,Cpyq) (G " Fro oo F17) PFunctHO(Cl, Cp1)%? — Sets
by

. 0 ° » 1/ /9
G, i HO (Hombpunec, 0y (G0 Fiowo F)

where the colimit is taken over the index category of DG natural transformations F; — F; that
are quasi-isomorphisms.

Lemma 15.4.3. The functor G — Homppypeiio(c,,c, ) (G5 Fn 0 ... 0 F1”) is representable.
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Proof. Let My, € C}* x Ciy1-mod be the bi-module representing F;. Then it is easy to see
that the object of D(CJ” x C,,11 -mod), given by

L L
Mp @ Mp  ®..0 Mp, @ Mg,
C, Ca
satisfies the requirements of the lemma. O

Let us denote by F,, o.... o F} the universal object in PFunctH"(Cl, C,.+1); we shall call it
the pseudo composition of Fy, ..., F,.

Lemma 15.4.4. If Fy, ..., F,, are homotopy functors, their pseudo-composition is their homo-
topy composition.

15.4.5. We shall view (essentially small) DG categories as a 2-category with objects being
DG categories and 1-morphisms being the categories HFunct(Cy, Cs2). We shall denote this
2-category by DGCat.

15.5. Karoubization. Let C be a DG category. A homotopy Karoubian envelope of C is a
pair (C’, F'), where C’ is another DG category equipped with a homotopy functor F : C — C’,
such that Ho(F') is fully faithful and makes Ho(C’) into the Karoubian envelope of Ho(C), i.e.,
Ho(C’) contains images of all projectors, and every object of Ho(C’) is isomorphic to a direct
summand of an object of the form Ho(F)(X), X € Ho(C).

By [BV], 1.6.2, a homotopy Karoubian envelope of C is well-defined as an object of DGCat.
We shall denote it by CX?". Here is an explicit construction:

Lemma 15.5.1. ([BV], 1.4.2) For a DG category C, any compact object in Ho(C) is isomorphic

—

to a direct summand of an object of Ho(C).
Thus, CX%" can be defined as the preimage in C of the subcategory Ho(C)¢ C Ho(C)

consisting of compact objects.

15.6. Quotients. Let C be a DG category, and C’ a full DG subcategory. Following [Dr],
Sect. 4.9, one defines an object of DGCat, denoted C/C’, equipped with a l-morphism
Pean : C — C/C’, such that the induced functor Ho(pean) : Ho(C) — Ho(C/C’) identifies
Ho(C/C’) with the quotient of Ho(C) by the triangulated subcategory Ho(C’). Moreover,
the pair (C/C’,peqn) satisfies a natural universal property of [Dr], Theorem 1.6.2, see also
Sect. 15.7.3 below.

15.6.1. Here is a concrete construction of C/C’. Consider the triangulated category Ho(C'),

which is a full subcategory of Ho(C). Let Ho(C')* C Ho(C) be its right orthogonal. By [Dr],
Proposition 4.7, the subcategory Ho(C') C Ho(C) is right-admissible, i.e., the tautological

functor

Ho(C')* — Ho(C)/ Ho(C)
is an equivalence.

Let C'+ C C be the DG subcategory equal to the preimage of Ho(C')*. We let C/C’ be the

full subcategory of C’* consisting of objects Y, such that their image in the homotopy category

Ho(gu) ~ Ho(C')* ~ Ho(C)/ Ho(C')

—
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has the property that it is isomorphic to the image of an object Y’ € Ho(C) under
Ho(C) — Ho(C) — Ho(C)/Ho(C").

—

The homotopy functor peqs, is defined tautologically: for X € C and Y € C/C' c C'+ c C
we let
M*® (X,Y)=Hom&(X,Y).

Pean
15.6.2. A part of the universal property of C/C’ is the following assertion (see [Dr], Proposition
4.7):
Proposition 15.6.3. The functor

(Pean)” : D(C? —mod) ~ Ho(C) — Ho(C/C’) ~ D((C/C’)°? —-mod)

induces an equivalence

Ho(C)/Ho(C') ~ Ho(C/C’)
and the functor (pean )« : Ho(C/C') ~ D((C/C’)°? -mod) — D(C°? —-mod) ~ Ho(C) induces

an equivalence

Ho(C/C’) ~ Ho((_J)')J‘.

15.6.4. The following construction will be useful in the sequel. Let C; and Cs be DG cate-
gories, and F' : C; — C3 a DG pseudo functor. Let C; C Cy and C}, C Cz be DG subcategories.
Assume that the following holds:

For any X € C; the functor on Ho(Cz)/ Ho(C%) given by

; 0 ’
Y — fc:lo/lin}}/ H® (Mp(X,Y"),

is co-representable, where the colimit is taken over the set of morphisms f with Cone(f) € C5.
Assume also that the above functor is zero for X € Cj.

We claim that the above data gives rise to a 1-morphism F’ : C;/C} — C3/C). Namely,
let us realize the above categories as in Sect. 15.6.1 as full subcategories of Cf‘, i =1,2,

respectively. We define the sought-for quasi-functor by setting
MF/(X, Y) = MF(X, Y)
for X € C,/C, c C}",Y € Cy/C, c C,™.
The required co-representability on the homotopy level follows from the assumptions.
15.7. DG models of triangulated categories. Let TrCat be the 2-category of triangulated

categories. We have an evident 2-functor Ho : DGCat — TrCat that sends a DG category C
to Ho(C).

Given a triangulated category D, its DG model is an object of the 2-category DGCat equal
to the fiber of Ho over D. Similarly, given an arrow in TrCat (i.e., a triangulated functor
Fy. : D; — D3) by a model of F;,. we shall mean a lift of this functor to DGCat (i.e., if
D; = Ho(C;), then a model for F}, is a homotopy functor Fj, : C; — Cs).
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15.7.1. Let D be a triangulated category, equipped with a DG model. In this case, we can
form a new triangulated category D and a fully faithful triangulated functor D — D both

equipped with models, such that the pair (D, D) satisfies the three properties of Sect 15.1.4.
Namely, if D = Ho(C), we set D := Ho(C).
We will informally call D the ”ind-completion” of D.

If F: D; — Dy are triangulated categories and a functor between them, all equipped with
DG models, we have the corresponding functors

F*,F* . Dl = DQ,
also equipped with models.
Similarly, the Karoubian envelope D" of D and the functor D — D" are both equipped

with models.

15.7.2. Let D be a triangulated category equipped with a model, and let D’ C D be a full
triangulated subcategory. Note that D’ is also naturally equipped with a model.

Indeed, if D = Ho(C), we define C’ C C to be the full subcategory consisting of objects,
whose image in D is isomorphic to an object from D’.

In this case, by Sect. 15.6, the triangulated category D/D’ and the projection functor D —
D/D’ also come equipped with models.

15.7.3. Let D and D’ be as above, and let D be yet another triangulated category equipped
with a model. The following is a version of [Dr], Theorem 1.6.2:

Lemma 15.7.4. For D’ C D and Dy in DGCat the following two categories are equivalent:
(a) 1-morphisms F : D — Dy in DGCat, such that F|p, = 0.

(b) 1-morphisms D/D’ — D; in DGCat.

15.8. Homotopy colimits. Let D be a co-complete triangulated category equipped with a
model. In this subsection we will review the notion of homotopy colimit, following a recipe,
explained to us by J. Lurie.

15.8.1. Let us first consider the simplest case of a sequence of objects X; Fut Xiy1,0=1,2,....
In this case we define hocolim({X;}) as the cone of the map & X; — & X,, where the map is
i>1 i>1

idx, ®—fi,i
Xi o — i XZ @Xi+1.
In this definition, hocolim({X;}) is defined up to a non-canonical isomorphism, and one does
not even need a DG model.

If the DG model C of D was itself co-complete (which we can assume, up to replacing a
given model by a quasi-equivalent one), and if we lift the morphisms f; ;11 to closed morphisms
of degree 0 in the DG model, the above construction becomes canonical.
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15.8.2. The above homotopy colimit construction implies also the following. Let { & Xj, ®}
k>0
be an object of C. Consider the C-module given by

X 1};1 Hom® (X}, X),

with the differential given by ®.

Lemma 15.8.3. Assume that Ho(C) is co-complete. Then the image of the above C-module
in D(C-mod) is in the Yoneda image of Ho(C°P).

Thus, for C with Ho(C) co-complete, we obtain that the identity functor on Ho(C) naturally
extends to a functor

D(C°? -mod) ~ Ho(g) — Ho(C)

that commutes with direct sums, and which is the left adjoint to the tautological embedding.

15.8.4. In the general case we proceed as follows. Let I be a small category. Let I°C be the
free (non-pretriangulated) DG category, spanned by I. Consider the DG category

POb(I, C) := PFunct(I°PP¢ C°P)°P .= D((I x C°?) -mod),
and the corresponding triangulated categories
HOb(I, C) := HFunct(1°?PY C°P)°P ¢ PFunct™®(1°PPC CoP)oP.

By definition, a homotopy I-object of a DG category C is an object X; € HOb(I, C). For
X7 as above and i € I we will denote by X; be the corresponding object of Ho(C).

Being a full triangulated subcategory of D((I x C°P) —mod), the category HOb(I, C) acquires
a natural DG model, by Sect. 15.7.2.
15.8.5. For a functor F : I; — I we have a pair of adjoint functors

(F x1d)* : POb(I1,C) = POb(I3,C) : (F x 1d),,

and it is easy to see that (F' x Id), sends HOb(I2, C) to HOb(I3, C).

Applying this to I; = I and I = pt we recover the tautological functor C — HOb(I, C),
and its left adjoint with values in Ho(C) ~ POb(pt, C). We denote the latter functor

HObW(I,C) — Ho(C)
by ” hoc?lim”.
Assume now that Ho(C) is co-complete. We define the functor

hoccj)lim : HOb(I, C) — Ho(C)

—

as the composition of ” hoc?lim” and the functor Ho(C) — Ho(C) of Sect. 15.8.2.

By construction, hocolim is the left adjoint to the above functor C — HOb(I, C).
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15.8.6. Here are some basic properties of the homotopy colimit construction.

Let ¥ : C; — Cy be a l-morphism in DGCat, such that Ho(C;) and Ho(Cs) are both
co-complete.

Lemma 15.8.7. Assume that Ho(¥) : Ho(Cy) — Ho(Cs) commutes with direct sums. Then
for any I the diagram of functors

HOb(I,C;) —=% HObB(I, Cs)

hocolimJ{ hocolimJ{

Ho(C;) —Y— Ho(Cy)

commutes.

In what follows, when talking about homotopy colimits, we will always assume that I is
filtered.

Lemma 15.8.8. Let Y be an object of C, such that the corresponding object of D is compact.
Then

Homp (Y, hocolim (X)) ~ co_lez'lm Homp (Y, X;).

15.8.9. The following assertion will be useful in the sequel.

Lemma 15.8.10. Let C be a DG category. Assume that D := Ho(C) is co-complete, and
let D' C D be a triangulated subcategory that generates it. Then every object X € D can be
represented as a homotopy colimit of X; € HOb(I,C) for some I, where X; € D’ for every
1el.

16. HOMOTOPY MONOIDAL CATEGORIES AND ACTIONS

16.1. Let A be a DG category. A DG pseudo monoidal structure on A is a collection of DG
functors (A*!)°? x A — Comp,

X7, Y = Hom®("X¥”,Y),

for an ordered finite set I. Here X stands for an I-object of A, and the symbol ”X}@’ stands

for the a priori non-existing tensor product ® X;. The above functors must be endowed with
i€l

the appropriate natural transformations, see [CHA], Sect. 1.1.1. For I = {1} we must be given

an identification Hom®*(X{,Y) ~ Hom®(X,Y). We require A to be homotopy unital. Le.,

there should exist an object 14 € A and functorial quasi-morphisms

Hom®("X£”,Y) — Hom* ("X, ", Y).

Iupt

where Xj_p¢ corresponds to the insertion of the unit in A in any place in I with respect to its
order.

We say that a DG pseudo monoidal structure is a homotopy monoidal structure if the induced
pseudo monoidal structure on Ho(A) given by

H° (Hom* (" X77,Y))
is a monoidal.

Evidently, a usual DG monoidal structure on A gives rise to a homotopy one. A homotopy
monoidal structure on A defines a structure of monoidal triangulated category on Ho(A).
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16.2. Functors. Let A; and As be two DG pseudo monoidal categories. A DG pseudo
monoidal functor F' between them is the following data:

For a finite ordered set I we must be given a complex
(16.1) Hom} | A, ("F(XP)",Y)
that depends functorially on both arguments.

The above functors must be equipped with the following system of natural transformations.
Let I — J — K be surjections of finite ordered sets. For k € K (resp., j € J) let J* C J (resp.,
I’ C I) denote its pre-image. Fix objects X; € Al X; € A{ Y € AKX Y € A,.

We must be given a map

(16.2) ( ® Homy, ("X%", X; )) () (kg;K Hom}, A, (”F(Xﬁ)”,yk)) &

jeJ
® Homj,("Y2”,Y) — Hom}, 5, ("F(XP)".Y).

In addition, we must be given natural quasi-isomorphisms that correspond to insertions of the
unit object. These natural transformations must satisfy the natural axioms that we will not
spell out here.

16.2.1. Assume now that on both A; and Ay the DG pseudo monoidal structure is homotopy
monoidal. We say that F' is a homotopy monoidal functor if the functors

{X; € ALY € A} — H°(Hom}y, o,("F(X{)",Y)) : Ho(A?)" x Ho(A3) — Vecty,
and the maps
(2 Homs, (X575 ) @ (&, Homk, . PG 1)) ®

Q) H (Hom, ("YE",Y)) — H (Hom}, 5,("F(X{)",Y)).

come from a (automatically uniquely determined) monoidal structure on the functor Ho(F') :
HO(Al) — HO(A2)

In the homotopy monoidal case we say that F' is a monoidal quasi-equivalence if the functor

Ho(F) is an equivalence of categories.

16.2.2. Let F' and F’ be two DG pseudo monoidal functors A; — As. A DG natural trans-
formation F’ = F" is a data of a functorial map of complexes

(16.3) ¢ : Hom}y | A, CF"(XP),Y) — Homj, 4, ("F(XP),Y),

defined for all finite ordered sets I, (preserving the degree and commuting with the differential),
which makes the diagrams coming from (16.2) commute.

We say that ¢ is a quasi-isomorphism if maps (16.3) are quasi-isomorphisms for all I. In the
case when A1, As and both functors are homotopy monoidal, the quasi-isomorphism condition
is enough to check for I = {1}.
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16.2.3. For two DG pseudo monoidal categories A1, A2 we denote the category whose ob-
jects are DG pseudo monoidal functors A; — As and arrows DG natural transformations by
PMOD(Al s Ag)

We claim that PMon(A1, As) has a structure of closed model category, with weak equiv-
alences being quasi-isomorphisms, and cofibrations being those natural transformations, for
which the maps ¢ that are surjective for all I (in particular, all objects are cofibrant). Let
us denote the corresponding homotopy category by PMOHHO(Al,Ag). We shall refer to maps
between objects of PMon"®(A 1, Ay) as homotopy natural transformations.

Remark. The category PMon(Aq, A2)°P is akin to that of DG associative algebras. Indeed,
an object F' € PMon(A1, A2)°P is given by specifying a collection of vector spaces (16.1) and
multiplication maps (16.2).

16.2.4. Let us construct a supply of fibrant objects in PMon(A1, A2)°? (by the above analogy,
these play the role of DG associative algebras that are free as plain associative algebras).

By a graded (vs. DG) pseudo monoidal functor F' : A; — Ay we will understand the same
data as in (16.1) and (16.2), with the difference that the Hom}y 4, ("F(XP)",Y)’s are just
graded vector spaces, with no differential. Morphisms in the category are defined as in (16.3).
Let us denote the corresponding category by PMong, (A1, As).

For n > 0 consider also the category PFunctg, (A{™, As) being the opposite of that of
multi-additive functors A" x ... x A x Ay — Vectls Le., for M* € PFunctg (A", Ay),
X1,..Xn € A1,Y € Ao, each M*(X4,...X,,,Y) is just a graded vector space, without a
differential.

The evident forgetful functor PMong (A1, Ag) — 1;[0 PFunctg (A", As) has a right ad-

joint; we denote it
M?® +— Free(M?®).

Suppose an object F' € PMon(A1, As) has the following properties:

o The image of F' in PMong, (A1, A») is isomorphic to Free(M*®) for some
M* e 1;[0 PFunctg, (A", As).

e The above object M*® can be represented as a direct sum M*® = & M7, where each M}
i>0
is in turn a direct sum of representable functors

? HomAlxnaXAgp (7, (X{, .., X2 YY)

e The discrepancy between the natural differential on every M and one coming by re-
striction from M C M*® C F), is as a map

M _>Free( &) M;) € II PFunctg (A[™, As)°P.
i>5>0 n>0
Then such F is fibrant.
16.2.5. When both A; and Ay are homotopy monoidal we can consider the full subcategory

category of PMon"™® (A, Ay) whose objects are homotopy monoidal functors. We shall denote
this category by HMon (A1, As).
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16.3. Let A; and Ay be DG pseudo-monoidal categories. There is a natural notion of lax DG
monoidal functor between them. By definition, this is a DG functor Fpg : A; — A, endowed
with a system of morphisms

(16.4) Homj | CXPY) — Homj, (” Fpa(XP), Fpa(Y)),
compatible with the associativity constraints.

In other words, this is a pseudo-monoidal functor F', for which there exists a DG functor
Fpa : A1 — Ay and isomorphisms

Homy, ("Fpa(X{)",Y) ~ Homj 4, ("F(XP)",Y).

We say that a lax DG monoidal functor is a lax DG monoidal quasi-equivalence, if Fipg is a
quasi-equivalence at the level of plain categories and the maps (16.4) are quasi-isomorphisms.

16.3.1. Let G : As — A3 be a pseudo monoidal functor. For Fpg : C; — Cs, which is a lax
DG monoidal functor, one can define the composition G o Fpg as the pseudo monoidal functor
C; — C3 given by

Homy, 5,("G o Fpa(X{)”, Z) := Homy, 5,("G(Fpa(X}))", Z).
This operation defines the functor ? o F'
PMon(Ag, A3z) — PMon(Aq, As),
and if the categories A; and the functor Fpg are homotopy monoidal, we also obtain a functor
HMon(Az, As) — HMon(A4, Ag).

Lemma 16.3.2. Assume that Fpg is a lax DG monoidal quasi-equivalence. Then the induced
functor
G — Go Fpg : PMon™(Ay, A3) — PMon™™ (A}, A3)

is an equivalence.

16.3.3. We claim that as in Sect. 15.2.3, for any homotopy monoidal functor F' : A; — Ay
one can find a ”hut”

A E A D A,
where V¥ is lax DG monoidal and is a quasi-equivalence, F is also lax DG monoidal, and a DG
natural transformation F' o ¥ — F', which is a quasi-isomorphism.

Namely, we take 111 to be the DG category from Sect. 15.2.4, i.e., its objects are triples
X ={X €AY € Ay, f € Hom), ,("F(X)",Y)},

where f is a closed morphism that induces an isomorphism in Ho(Aj). The pseudo monoidal
structure is given by

Hom} ("X77,X):=
{o € Hom}, (" X7, X), € Hom}, (Y%7, Y), v € Homj, A, ("F(XP)",Y)[-1].}

The DG functors ¥ and F are defined in an evident way. The DG natural transformation
FoW — Fis

Hom% , ("F(XP)",Y)=:Homjy,("Y",Y) —

Ai,As
— Hom}y, 2, ("F(XP)",Y) = Homy , ("Fo¥(X})",Y),
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where the second arrow is given via (16.2) by the data of ® f;.
iel

16.4. Compositions. Let us be given three pseudo monoidal categories A1, Az, A3 and
pseudo monoidal functors F' : A; — A, F”" : Ay — Az and G : A; — As.

A DG natural transformation G = 7 F" o F’” is a collection of morphisms defined for I —
J—- K, XreCl Y;eC, ZecC;

(165) (J?J :HOIn.Al)A2 (” F/(X%)w , }/J)) ® (Jg] Hom:AQ,AS (77FN(Y}®)”, Z)) N

— Homjy | A, CGXP), 2),

preserving the degree and commuting with the differential. These morphisms are required to
make the corresponding diagrams commute.

In a similar way one defines the notion of DG natural transformation G = "F" o ... 0 F1”,
where F* are pseudo monoidal functors A; — A;;1, and G is a pseudo monoidal functor
Al — An+1.

Assume that the categories Aj,...,A,4+1 and the functors Fi,..., F,,G are homotopy
monoidal. By construction, a DG natural transformation as above gives rise to a natural
transformation between the monoidal functors

Ho(G) = Ho(F,,) o ... o Ho(Fy).

We say that G is a homotopy composition of Fi, ..., F;, if the latter natural transformation is
an isomorphism.

16.4.1. For Fi,...,F,,G as above let us denote by Hompyion(a, A1) (G, " Fpn o ... 0 F17)
the set of natural transformations as above. Keeping Fi,..., F, fixed, we define the set
Homm(AhAnH)(G, "Fyo0..0F") as a quotient of Hompyion(a,,A,,.) (G, Frno...0 F1”) by
the equivalence relation defined by homotopy.

We define the functor
Hompyouto(a, A, 1) (G Fro..o Fy7) : PMon™ (Ay, Ay iy) — Sets

by

/9

o b /
— Ma— O...0
G Fﬂgphgn Hompypsnia, a,, ) (G F 1)

where the colimit is taken over the index category of homotopy natural transformations F; —
F!,i=1,..,n that are quasi-isomorphisms.
Lemma 16.4.2. The functor G — Hompyonro(a, A, ,,) (G, Fn o ... 0 F17) is representable.

We shall denote the resulting universal object of PMon'° (A1,A41) by F,,0...0 Fy, and
call it the pseudo composition of Fi, ..., F,.

Lemma 16.4.3. The pseudo-composition of Fi, ..., F, induces their pseudo-composition as
functors between plain DG categories (see Sect. 15.4). If Fi,...,F, are homotopy monoidal
functors, then the pseudo composition is their homotopy composition.
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16.4.4. Thus, we can introduce the 2-category, whose 0-objects are homotopy monoidal cate-
gories, and 1-morphisms are the categories HMon(A 1, As). We shall denote this 2-category by
DGMonCat.

We can also consider the 2-category TrMonCat of triangulated monoidal categories. We
have an evident forgetful 2-functor DGMonCat — TrMonCat.

For a triangulated monoidal category, by its DG model we will understand the fiber of the
above functor.

16.5. Actions. Let A be a DG pseudo monoidal category and C another DG category. A
(left) pseudo action of A on C is the following data:
For a finite ordered set I and X7 : I — A, Y’ Y” € C we must be given a complex

Xr,Y = Homj c("X7 @Y™, Y"),
which functorially depends on all arguments. The symbol ” X1® ®Y'” stands for the non-existing
object ® X; ® Y’ € C. These functors must be equipped with the following system of natural
i€l

transforations:

For I — {1,...,n}, X; € A, ¥1,..., Y, € C we must be given a map

Hom} ("X @ Yyo1”,Yn) Q) Hom} o("X oy @ Yo 2”, Ve 1) Q) -
Q) Homy (" X5 (X Y1”,Y2) — Hom}y ("X} @ V1", Y,),

and for a surjection of finite ordered sets I — J, X; € Al, X; € A7, YY" € C we must be
given a map

® Hom}y (" X7, X;) ® Homj c("X9?®@Y"”,Y") —» Hom) c("XP @Y, Y").
jed ’ ’

In addition, we need to be given a natural quasi-isomorphism corresponding to I — I U pt.
These natural transformations must satisfy the usual associativity axioms.

Assume that the pseudo monoidal structure on A is a homotopy monoidal structure. We
say that a pseudo action of A on C is a homotopy action if the data of functors

{X1, YY"} — H° (Hom} (" X{ ® Y, Y")) : Ho(A)"? x Ho(C)*” x Ho(C) — Vecty,
and natural transformations come from a (automatically uniquely defined) monoidal action of
Ho(A) on Ho(C).

In a similar way one defines the notion of pseudo action and homotopy action on the right.
Any pseudo (resp., homotopy) monoidal category carries a pseudo (resp., homotopy) action on
itself on both right and left; moreover, these two structures commute in a natural sense.

16.5.1. If A is a pseudo monoidal category with pseudo actions on C; and Cs, a DG pseudo
functor F': C; — Ca compatible with the action is a functorial assignment for any X; € A,
Y; € C1,Ys € Cs of a complex

(16.6) Hom}, ¢, c,("X7 ® F(V1)", Ya),

where we should think of ” X ® F(Y7)” as the corresponding non-existing object of Ca. (In
the above formula I might be empty.)
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We must be given the following system of natural transformations. Given three ordered finite
sets Iy, I and I, X;, € A%, j=1,2,3,Y{,Y/ € Cy, Y{,Yy € Cy, consider the concatenation
I =13U I, UI;. We should have a map
(16.7) Homj ¢, ("XP @ ¥{",Y{") @QHom} ¢, c,(" X} @ F(Y{")",Y3) Q)

@) Homj ¢, ("X} @ ¥3",Yy') — Homj ¢, ¢, ("X} ® F(Y])",Yy').

We should also be given natural transformations corresponding insertions of unit objects.
There natural transformations must satisfy the natural axioms that we will not spell out here.

We say that F' is a homotopy functor compatible with the action of A if the data of
H° (Hom} ¢, ¢,(" X} ® F(Y1)”,Y2)) comes from a functor Ho(C1) — Ho(C3), compatible
with the action of the monoidal category Ho(A).

We say that F' is a quasi-equivalence, if the underlying functor Ho(C;) — Ho(Cs) is an
equivalence.

16.5.2. Pseudo functors C; — Cy compatible with the action of A naturally form a DG
category. Namely, for two DG pseudo functors F’ and F”' we set Hom$ (F’, F"") to be the be
the sub-complex in

L Hom gy, (Homy ¢, ¢,('XF @ F'(1)",¥a), Hom, ¢, 0,0 XF @ F/(11)", 2))

that makes all diagrams corresponding to (16.7) commute.

Let us denote this DG category by PFuncta (C1, Cz). We call an object of PFuncta (Cq, Cs)
acyclic of all the complexes Hom® (” X}@ ®Y1”,Ys) are acyclic. The resulting quotient traingu-
lated category will be denoted

D(PFuncta (C1, Cy)) :=: PFunct}°(Cy, Cy).

When the pseudo action of A on both C; and Cs is a homotopy action, we will denote the
full subcategory of D(PFuncta (Cy1, Cs)) formed by homotopy functors by HFuncta (Cy, Ca).

16.5.3. The structure of DG category on PFuncta (Cy, Cs) is part of a closed model category
structure, where cofibrations are those maps F’ = F"| for which all maps

Hom).A,Cl,Cz (” 'X}® ® F”(Xfl)” ? 5/2) - Hom:&Cl,Cg (77 XI® ® F/(Xfl)” ? 5/2)
are surjective.

The model category structure on PFuncta (Cy, C2)? is akin to that on the category of DG
modules over a DG associative algebra.

A supply of fibrant objects in PFuncta (Cq, Cs) is provided as in Sect. 16.2.4 by the pair of
adjoint functors

PFuIlCtgrA(Cl, Cg) = 1;[0 PFunctgr(A" X Cl, Cg),

where the subscript ”gr” stands for the graded-without-differential versions of the corresponding
categories.
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16.5.4. One defines compositions of homotopy functors compatible with the action of A fol-
lowing the pattern of Sect. 15.4 and Sect. 16.4.

Thus, given a homotopy monoidal category A, we can speak about the 2-category
DGmod(A). Tts 0-objects are (essentially small) DG categories, endowed with a homotopy
action of A and 1-morphisms are the categories HFuncta (7, 7).

We can also have the 2-category Trmod(Ho(A)) of triangulated categories equipped with an
action of Ho(A). There exists an evident forgetful 2-functor DGmod(A) — Trmod(Ho(A)).

In what follows, for a 0-object D € Trmod(Ho(A)), by its DG model we will mean the fiber
of the above map.

16.6. Changing the acting category. Let A;, A; be two pseudo monoidal categories, and
let Fo : A1 — Aj be a pseudo monoidal functor. Let C be a DG category equipped with
a homotopy action of Ay. In this subsection we shall construct the restriction 2-functor
DGmod(A;y) — DGmod(A,).

16.6.1. Let A1, As be two DG pseudo monoidal categories, and C;, Cy be two DG categories,
endowed with pseudo actions of A; and As, respectively. Let Fa : A; — Ay a DG pseudo-
monoidal functor.

A DG pseudo functor Fec : C; — Cs compatible with Fa is a functorial assignment to
X171 € ALY, € Cq, Ys € Cy of a complex

Hom} | ¢, c,("X1/% @ Fo(Y1)”,Ya),
endowed with the following system of natural transformations:
For finite ordered sets I, J, K, L, a surjection J — K, X17 € Al X;; € A{, X;1, € A}
Xoxg € AKX Y] Y] € Cyq,Y5,Y] € Cy, we need to be given a map
Homkl.’cl (”X1L® ® }/1/” ) Yl”) ®

®H0m;x1,cl,c2 ("X11% © Fe(Y]")",Y5) ® (k?]( Hom}y | A, (”Xle@”,sz)) ®
® HOIHA2702 (” X2K® ® }/2/” ) }/2”) - Hom:ﬁl,cl,cz (77 Xl?UIUL ® Fc (}/1)” ) }/2”)
These natural transformations are required to satisfy the natural axioms.

If A;, Ay are homotopy monoidal categories, Fa is a homotopy monoidal functor, and the
pseudo actions of A; on A; for i = 1,2 are homotopy actions, one says that F¢ is a homotopy
functor, if the data of HY (Hom;;_hchc2 ("X1/® ® Fc(Y1)”,Y2)) and natural transformations
comes from a functor Ho(C;) — Ho(C3), compatible with the action of Ho(A1) via Ho(Fa ).

16.6.2. Proceeding as in Sect. 16.5.2, for A1, Ag, Fa,C;,Cs we introduce the DG category
PFunctp, (Cq, Cs), which has a closed model structure, and its homotopy category

D(PFunctf, (C1, Cs)) :=: PFuncty? (Cy, Ca),

which is a triangulated category. In the case of homotopy monoidal structures and actions,
the latter contains a triangulated subcategory that consists of homotopy functors, denoted
HFunct g, (Cl, CQ)

In addition, one has the functors:

o : PFuncty® (C, C1) x PFuncty. (C1, C2) — PFunctp, (C}, C2)
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and
o : PFunct. (Cy, C2) x PFuncty®(C2, C}) — PFunctr, (C1, Ch),
and in the case of homotopy monoidal structures, the functors
o : HFuncta, (C’, C1) x HFunctg, (C1, C2) — HFunct g, (C}, Ca)
and
o : HFunct g, (C1, C3) x HFuncta, (Cs, Cy) — HFunctg, (Cy, C}),
defined by the procedure analogous to that of Sect. 15.4 and Sect. 16.4.
16.6.3. Given pseudo monoidal categories Aq, As, a pseudo monoidal functor Fa and a cate-
gory Cq with a pseudo action of Ay, a DG category Ci cqn With a pseudo action of A; is called

a restriction of Cy with respect to Fa if we are given an object Fo can € PFunctI;Z (C1,can,> C2),
such that for any C; with a pseudo action of Ay, the functor

G+ FceanoG: PFuncti? (C1,C1.can) — PFunctI;z(Cl, C,)

is an equivalence. By Yoneda’s lemma, if a restriction exists, it is canonically defined as a
0-obect in the appropriate 2-category of DG categories with a pseudo action of A, up to
quasi-equivalence; we shall denote by Resﬁf (Ca).

Lemma 16.6.4. For any Co with a pseudo action of Aa, the restriction Resﬁf(Cz) exists.
The pseudo functor

Fc, can  Resy? (C2) — Cs,

when regarded as a pseudo functor between plain DG categories, is a quasi-equivalence.

16.6.5. Let Fy : Ay — Ay, F) : Ay — A3, Ga : A1 — A3 be pseudo monoidal functors
between pseudo monoidal categories, and let us be given a DG natural transformation ¢a :
Ga ="FjoF,”.

Let C; be a DG category with a pseudo-action of A;, i = 1,2,3. Let us be given pseudo
functors F5 : C1 — Cy and F{ : Cy — Cg, compatible with F, and F, respectively.

For a pseudo functor G¢ : C; — Cs, compatible with Ga, we define the set
Homprunct,,, (c1,05)(Ge,” coFg).
Proceeding as in Sects. 15.4.2 and 16.4.1, we define also the set
HomPFuncth(Cl,C3)(GC7” coFg).
Lemma 16.6.6. The functor

» /
Gc — HomPFunctgz(Cl,Cg)(ch FgoFg")

on PFunctg‘;(Cl, Cs) is representable. The universal object, denoted F o F and called the
pseudo composition of FG and F{, induces a pseudo composition at the level of plain categories.
If the categories, actions and functors in question are homotopy monoidal, then the map

Ho(¢c) : Ho(F¢ o FG) = Ho(F§) o Ho(F§)

is an isomorphism.
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16.6.7. In the above setting, let us take Cy := Resﬁz(Cg) with Fg being FG, .4,, and Cq 1=

Resﬁf (Cy) with F{, being FéLCGn. Assume that the arrow ¢ defines an isomorphism G o
FXoF,.

1

Lemma 16.6.8. Under the above circumstances the 1-morphism
A
Cl — RGSA? (Cg)

is a 1-isomorphism in the 2-category of DG categories with a pseudo action of A1, up to quasi-
equivalence.

In particular, if the categories and actions are homotopy monoidal, then the above
1-morphism is an isomorphism in DGmod(A;).

The upshot of the lemma is that we have a canonical equivalence in DGmod(A;):
Res}y? (C3) ~ Resi? (Resi?(Cs)).

16.7. Let A be a DG pseudo monoidal category. We claim that A naturally acquires a DG
pseudo monoidal structure. Namely, for a finite order set I and X; € A,i € I, Y € A, given by

{@® XF,®}andY ={ @ Y™, U}, respectively
k;>0 m>0

set
Hom*("X7”,Y) :=II & Hom*(" X", Y™),

X .
where a runs over the set of maps I — Z2°, each defining a map I — A : i — Xf‘(l). The
differential in the above complex is given using the maps ® and W.

If the DG pseudo monoidal structure on A is a homotopy monoidal structure, then so will
be the case for A.

Similarly, if A; and A, are two DG pseudo monoidal categories and F' : A; — As is
a pseudo monoidal functor, it extends to a pseudo monoidal functor A; — As. If F is a

homotopy monoidal functor between homotopy monoidal categories, so will be its extension.

16.7.1. Let C be a DG category equipped with a DG pseudo action of a pseudo monoidal
category A. Then it extends to a DG pseudo action of A on C, preserving the property of

being a homotopy action.

By a similar procedure, given a l-morphism (resp., homotopy functor) F' : C; — Cs in
DGmod(A) categories we extend it to a 1-morphism C; — Cy in DGmod(A).
16.7.2. If A is a DG pseudo monodal category, and A’ C A is a full DG subcategory, it
automatically inherits a DG pseudo monodal structure. If A is a homotopy monoidal category,
then A’ will be such if and only if Ho(A') is a monoidal subcategory of Ho(A).

If F: Ay — Ay is a pseudo monoidal functor and A, C Ay a DG subcategory, we obtain
a pseudo monoidal functor F’ : A; — Al. If F is a homotopy monoidal functor between
homotopy monoidal categories, and Al is also a homotopy monoidal category, then F” is a
homotopy monoidal functor if and only if Ho(F') sends Ho(A;) to Ho(A%). Analogously to
Sect. 15.3.2, this establishes an equivalence between the category of 1-morphisms A; — A}
and the full subcategory of the category of those 1-morphisms A; — Ay whose essential image
on the homotopy level belongs to Ho(A%).
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By the same token if we have a pseudo action of A on C and C’ C C is a full DG subcategory,
we have a pseudo action of A on C’. If initially we had a homotopy action of A on C, then it
will be the case for C’ if and only if the Ho(A)-action on Ho(C) preserves Ho(C').

A similar discussion applies to DG pseudo functors and homotopy functors C; — Cs in
DGmod(A).

16.7.3. Let A be a DG pseudo monoidal category, and A’ C A a full subcategory. By the
construction of quotients in Sect. 15.6 and the above discussion, the DG category A /A’ acquires
a natural DG pseudo monoidal structure. If A was a homotopy monoidal category, then A /A’
will be such if and only if Ho(A’) C Ho(A) is a monoidal ideal.

In the situation of a DG pseudo monoidal functor F': A; — A, we obtain a pseudo monoidal
functor A;/A}] — Ay/Al. If the initial situaition was homotopy monoidal, then the latter
functor will be homotopy monoidal if and only if Ho(F')(A}) C Ho(Aj%).

In particular, the canonical homotopy functor A — A/A’ naturally extends to a pseudo
monoidal functor, which is homotopy monoidal if Ho(A') is an ideal.

A similar discussion applies to the situation when we have an action of A on C and a DG
subcategory C’. In particular, we obtain:

Lemma 16.7.4.

(1) Let A be a homotopy monoidal category with a homotopy action on a DG category C. Let
A’ C A, C' C C be DG subcategories. Assume that

Ho(A') x Ho(C) — Ho(C') and Ho(A) x Ho(C') — Ho(C').
Then we have a well-defined homotopy action of A/A’ on C/C’.
(2) For a DG category Cq1 with a homotopy action of AJ/A’ the following two categories are
equivalent:
(a) HFunctA/A/(C/C', Cl)

(b) The full subcategory of HFuncta (C, Resﬁ/A/(Cl)), consisting of homotopy functors compat-

ible with the action, for which the underlying plain homotopy functor C — Ci factors through
c/C.

16.7.5. In the sequel we will need a generalization of the above discussion along the lines of
Sect. 15.6.4. Let A be a DG pseudo-monoidal category (resp., C a DG category with a pseudo-
action of A; F : C; — C;, a pseudo functor between such categories, compatible with the
pseudo-actions of A.)

Let A’ C A (resp., C' C C; C] C C;) be DG subcategories. Suppose that the following
conditions hold:
e For Xi,..., X, € A, the functor on Ho(A)/Ho(A’) given by

X lim H° (Hom% ("X; ® ... ® X,,”, X'
= colim, HT (Homj ("X, © ... ® Xn™, X))
is co-representable, and if one of the X;’s belongs to A’, then it equals zero. (The

colimit is taken over the set of arrows f with Cone(f) € A').
e For Xi,....X,, € A, 'Y € C, the functor on Ho(C)/Ho(C'’) given by

" ) 0 M ” IAVaIINIAVZS
Yo colim  H (Hom} o(" X1 @ .. @ X, @'Y","Y"))

is co-representable, and if one of the X;’s belongs to A’ or 'Y belongs to C’, then it
equals zero.
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e For Xy,....X,, € A, Y; € Cy, the functor on Ho(Cz)/ Ho(C}) given by
Ya fcgli@/ H° (Hom} ¢, ¢,(" X1 ® ... ® X, ® F(Y1),Y3))
Yo— Y]

is co-representable, and if one of the X;’s belongs to A’ or Y7 belongs to Cf, then it
equals zero.

Then the construction of Sect. 15.6.4 endows A/A’ with a structure of homotopy monoidal
category, the category C/C’ with a homotopy action of A/A’ and the homotopy functor
C,/C}| — Cy/C} with the structure of compatibility with the homotopy action of A/A’.

16.7.6. Finally, from Sect. 15.5, we obtain that if A is a DG pseudo monoidal (resp., homotopy
monoidal) category, then so is AX%". Any DG pseudo monoidal (resp., homotopy monoidal)
functor A; — As gives rise to a DG pseudo monoidal (resp., homotopy monoidal) functor
AKar — AKar and similarly for actions.

17. TENSOR PRODUCTS OF CATEGORIES

17.1. Let C; and Cy be two DG categories. We form a non-pretriangulated DG category
(C1 ® Cq)on=Pretr 14 have as objects pairs X1, Xo with X; € C; and

Hom((X1, X2), (Y1, Y2)) = Home, (X1,Y7) ® Homg, (X2, Ya).
We define C; ® C; as the strongly pre-triangulated envelope of (C; ® Cy)men—Pretr,

If /4 : C; — Cf and Fy : Cy — C} are 1-morphisms in DGCat, we have a well-defined
1-morphism
F1®F201®CQ—>C/1®C/2

Note that for any DG category C, we have:
C® Comp£ ~ C,
where Comp£ is the DG category of finite-dimensional complexes.

17.1.1. Let A; and Az be two DG categories equipped with a DG pseudo monoidal (resp.,
homotopy monoidal) structure. Then their tensor product A; ® A is naturally a DG pseudo
monoidal (resp., homotopy monoidal) category.

Indeed, for (X7{,...,X7) € Ay, (X3,..,X}) € Ag, Y1 € Ay, Y5 € Ay, we set
Homy oa, ("(X1,X3) ®...® (XT,X5)", (Y1, Y2)) :=
=Homj , ("X{ ®..® X{",Y1) ® Hom} , (" X3 ® ... ® X3, Y>),

and this uniquely extends onto arbitrary objects of A1 ® Ax.

Similarly, if in the above situation A; is endowed with a DG pseudo action (resp., homotopy
action) on C} and similarly for the pair (A, C}) we have a DG pseudo action (resp., homotopy
action) of A; ® Ay on C} ® Cb.

As a particular case, we obtain that given a DG pseudo action (resp., homotopy action) of
A on C!, for an arbitrary DG category C’, the tensor product C' ® C’ carries a DG pseudo
action (resp., homotopy action) of A.
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17.2. Suppose now that A is a DG category with a homotopy monoidal structure. Let C™ and
C! be two DG categories equipped with homotopy right and left actions of A, respectively. Our
present goal is to define a new DG category, which would be the tensor product of C” and C!
over A, denoted

(17.1) C"®C.
A
The construction given below was explained to us by J. Lurie.

17.2.1. First, we define a DG category Bar(C", A, C!)"on—Pretr ts objects are
(17.2) Yo, X" YY) = X L XYY,
—_————

where n € {0,1,2..}, Y" € C", Y! € C' and X’ € A. In what follows, for a fixed n, we shall
denote the corresponding subcategory by Bar™(C", A, C!).

For an object (Yf,Y?,Yf) and an object (Y;,Y?,YJ) and a non-decreasing map ¢ :
{0,1,...,m} — {0,1,...,n} the set of ¢-morphisms

Hom§ ((Y{, X7, Y1), (v, X3, 3))

to be by definition

Homf o (7Y ® X! @ ... @ X7, V7)) @ Hma " X7 O @ o0 X7 XD @ ..

® Homf (" X"V @ o xPW X o ..

. @Homy " X7V @ Lo X7 X7 @ Homy o CXT™M M e e X e v, YY),
where if ¢(i — 1) = ¢(7) in the corresponding term we make an insertion of 14.

We define
Homg,,, e a,ctymon—preee (V1 X7, Y1), (Y1, X5, 1)) 1= ® Homy (v, X7, V), (5, X3, 13)),

as ¢ runs over the set of all non-decreasing maps ¢ : {0,1,...,m} — {0,1,...,n}.
For ¢ : {0,1,...,k} — {0,1,...,m} and (Y{,Yg, Y}) we have a natural composition map,
. r r v . r M r 3k
Homqﬁ((}/l 5X17}/1l)7 (}/2 7X2 7}/2l)> ®H0mw((}/2 7X2 a}/2l)7 (}/3 5X37}/3l)) -
. r v r 3F
- H0m¢ow((yl 7X17Yll)7 (Y3 7X37Y3l))'

This defines a structure of (non-pretriangulated) DG category on Bar(C", A, Cl)nen—pretr,
We denote by Bar(C", A, C') its strongly pre-triangulated envelope.

17.2.2. Let (Y7, X, Y]) and (Y7, X, ,Y}) be two objects as above. Let f be an element of
Hom;((Y{,Y?, V), (Y9, Xy, Y1) equal to the tensor product of

f € Homy . (Y] © X1 @ .0 XP 07 vy),

FreHomy XV g e X0 X i=1,...m

fl € Homy o (X7 @0 X7 o v, vE).
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We say that f is a quasi-isomorphism if all f? are cocycles of degree 0 that induce isomor-
phisms between the corresponding objects on the homotopy level:

VWeXle.. oxM? vy eHo(C,
xP0H g @ X9 _ Xi e Ho(A),
XMt e @ X' @ Y] — Y4 € Ho(Ch).
Let Ho(Icr a.c)) C Ho(Bar(C", A, C!) be the triangulated subcategory generated by the
cones of all quasi-isomorphisms. Let Ic- s ¢t be its preimage in Bar(C", A, ch).

We consider the quotient
Bar(C",A,CY /I a ¢,
as a 0-object of DGCat. By definition,

C"® C':=Bar(C",A,C")/Igr a0
A
Le., Ho (CT ® Cl) ~ Ho(Bar(C", A, C")/ Ho(Icr a,c1)-
A

17.2.3. Let C7,C}, Ch, C), be two pairs of DG categories with homotopy actions of A. Tt is
clear from Sect. 16.5.1 that we obtain well-defined functors

HFuncta (C}, C4) x HFuncta (CY, C}) — HFunct (Bar(CY, A, C}),Bar(C}, A, C}))
and

HFuncta (C!, CL) x HFuncta (C}, C5) — HFunct (cg ® ct,c; @ cé) .

In particular, if F” : C} — C4 and F' : C}, — C), are quasi-equivalences, then so are the
resulting functors

Bar(C7, A, C!) — Bar(Ch, A, C,) and C7 ® Ccl —Cp @ Ch.

17.2.4. Let (C},C%, A;) and (C, Ch, As) be two triples as above, Fa : A; — Ay be a homo-
topy monoidal functor, and F' : C}, — C}, F" : C] — C} be homotopy functors compatible
with Fa. In this case, we have well-defined 1-morphisms

(17.3) Bar(Cj, A, C}) — Bar(C}h, Ay, Ch) and C} ® Ccl -} ® Cl.
In particular, this applies to the case when
Cl = Resﬁf (CL) and Cj = Resﬁf (Cy).
If the functors Fa, F!, F" are quasi-equivalences, then so are the 1-morphisms in (17.3).
17.3. Let us take C” := A with the standard right action on itself. We claim:

Proposition 17.3.1. There exists a canonical quasi-equivalence
A®Cl~Cl
A
17.3.2. We construct a DG functor + : C' — A ® C! as the composition
A
C!' - Bar’(A,A,C!") — Bar(A,A,C) - C'e C!,
A

where the first functor is

Y (1a,Y"), where 1o € A ~ C".
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17.3.3. We define a DG pseudo functor F : Bar(A, A,C!) — C! as follows. For an object
(X0, X", vh = (X0 X', .., X", V) of Bar"(A, A, C!) and Y} € C! we set
—_——
Hom® (”F(XO,Y", Yiy, Yll) = Hom® ("X’ ®@ X' @ .0 X" @ V", V),
This assignment is clearly a pseudo functor Bar(A, A, Ct)men—rretr . C! which uniquely
extends to a pseudo functor Bar(A, A, C!) — CL
Lemma 17.3.4. The above pseudo functor F is a homotopy functor.

Proof. By construction, it suffices to see that for (Xo,yn,Yl) € Bar"(A, A, C!), the corre-
sponding C'-module is corepresentable up to homotopy. But this is ensured by the fact that
the DG pseudo action of A on C! was a homotopy action. O

We claim that the resulting 1-morphism Bar(A, A, C!) — C! in DGCat gives rise to a
l-morphism F' : A 62 C! — C'. Indeed, by Sect. 15.7.3, it suffices to check that the functor

Ho(F) : Ho(Ia a.ct) — Ho(C')
is 0, which follows from the definition of Ho(Ix A ct)-

17.3.5. We claim now that ¢ and F’ are mutually quasi-inverse 1-morphisms in DGCat.

The fact that F’ ot ~ Idq: is evident from the construction. We will now show that Ho(F)
is the left adjoint of Ho(:). For Y] € Ho(C') and Z € Ho(A ® C') consider the map
A
(17.4)  Hompeagct)(Z, Ho(1)(Y])) — Homyeory (Ho(F')(Z), Ho(F") o Ho(1)(Y{)) ~
A

~ Homyyo(ct)(Ho(F')(Z), YY).

We claim that this map is an isomorphism. To check this we can assume that Z comes from
an object (X%, X1, ..., X" Y!) of Bar"(A, A, C'). In this case we will construct a map inverse
—_———

to (17.4). Namely, consider
Homy,(cy(Ho(F')(Z),Y{) := H° (Homg: ("X @ X' ® ... X" @Y, Y])) —
— H° (Hom}, ((1a, X°, X", ., X" V"), (14,Y)))) —
< H° (Hom'Bar(A)A)Cz) (1a, X0, X", X7, YY), (1A7yll))) ~
= HomHo(Bar(A,A,Cl)) ((1A7 X07 Xlu ) Xn7 Yl)7 (1A7 Yll)) )
where ¢ is the map 0 € {0} — 0 € {0,1,....,n+ 1}.
We compose the above map with
HomHo(Bar(A,A,Cl)) ((1A7 X07 X17 ceey Xnu Yl)7 (1A7 lel)) -
— Hompoapcn ((La, X% X1, ., X" YY), (14, Y])) =
A
~ Hompoamcr (X0 X1, ., X" YY), (1a,Y1)),
A

the latter isomorphism is due to the canonical isomorphism between (14, X oXxt ... X" Yl) S
Bar"T'(A,A,C!) and (X0, X', ..., X" Y!) € Bar"(A, A, C!) as objects of Ho(A @ C!).
A
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17.3.6. We are now ready to finish the proof of Proposition 17.3.1. Consider the adjunction
map

(17.5) Idgo(agct) — Ho(r) o Ho(F'),
A

and it suffices to show that this map is an isomorphism. For that it is sufficient to evaluate it
on objects Z of the form

(X9 X1, . X" YY) e Bar"(A,A,C.
———
By construction, for such an object the map in (17.5) is represented by the following ”hut”
in Bar(A, A, Cl):
(X%, X1 L X YY) (14, X0 X XYY - (14, Y,
where Y/ € C! is an object, whose image in Ho(C') is isomorphic to X°® X'® ...®@ X" ®@ Y.

Since the arrow — in the above formula is a quasi-isomorphism, the assertion follows.

17.3.7. We note that the same argument proves the following generalization of Proposi-
tion 17.3.1. Namely, let C; be a DG category, and let us consider C; ® A, which has natural
right homotopy module structure. We have:

(17.6) (Cy ®A)§>cl ~C; ®C.

As a particular case we obtain that for any two DG categories C; and Cs, which can be seen
as acted on by the DG monoidal category Compi, we have:

C, ® Co=Ci®C,.

Comp£

17.4. Let A; and As be two homotopy monoidal categories. We have the tautological DG
monoidal functors
Al — A Ay — As.

Assume that in the situation of Sect. 17.2 the right action of A =: As on C" has been extended
to a right action of A{ ® Ay, where the superscript ”o0” stands for the opposite homotopy
monoidal structure.

Then, by Sect. 17.1.1, the DG category Bar(C", Ay, C') carries an action of A;. The sub-
category Icr o, ct C Bar(C", Ay, C") has the property that its image in Ho(Bar(C", A5, C'))
is preserved by the action of Ho(A;).

Hence, by Lemma 16.7.4, we obtain that C" ® C! is a well-defined object of DGmod(A;)
A

17.4.1. Suppose in addition that C7 is a DG category, equipped with a right homotopy action
of A;. From the constriction we have the following natural 1-isomorphisms in DGCat:

Bar(C7, A;,Bar(C", Ay, C')) ~ Bar((C},A;,C"), Ay, C)
and

17.7 Cr® (C" @ CH~ (AT ® C") ® C.
(17.7) 1291( g; ) (1291 )g;

In other words, we have a well-defined objects of DGCat: Bar(C}, A;,C", Ay, C!) and

Cl®C" ® C.
A1 A2
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17.4.2. In the above situation let us change the notations slightly and denote C} := C! and
C := C". We have:

Lemma 17.4.3. Under the above circumstances, we have a canonical 1-equivalence in DGCat:

CCeCeCL~(CIaC,) © C.
A Az A1QAS

Proof. Consider the categories
Bar(C},A;,C, Ay, Ch) and Bar ((C] ® Ch), (A1 ® AS),C).

We construct DG functors in both directions as follows:
For — we send

(Y7, X1, X2 Y, X5, o, X3 YY)
(7, Y5), (X{,1a,)s oo (X7 14,), (Lay, X5Y), s (144, X5),Y)
For <« we send
(V7. Y), (X1, X3), o (XT, X5),Y) = (Y], X, X1 Y, XS, X0, Y)).
These functors are easily seen to descend to 1-morphisms

CleCeCis(CieC,) ® C,
A A, A1®AS

which are mutually quasi-inverse.
O

17.5. Induction. Let Fa : A; — Ay be a homotopy monoidal functor between homotopy
monoidal categories. Consider the 0-object

Resp’oa; (A2) € DGmod(A; @ A7),

17.5.1. For a DG category C} equipped with a homotopy action of A; we define

AsRAS
Ind?(C}) := Resy? o a2 (As) ® c!,
1

as an object of DGmod(As).

Moreover, for a homotopy functor C}, — (lel compatible with an action of A;, from
Sect. 17.2.3 we obtain a homotopy functor

Ind4?(C}) — Ind42(Ch).

In other words, the above construction defines a 2-functor DGmod(A;) — DGmod(As).

17.5.2. Let us consider a particular case when Ay = A;. We claim that the above 2-functor
of induction is 1-isomorphic to the identity functor. Namely, we claim that the map
1:CL— A @ C
Ay

of Sect. 17.3.2 has a natural structure of homotopy functor compatible with the action of A;.
The above map is a 1-isomorphism by Proposition 17.3.1.
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17.5.3. Let CL be a 0-object of DGmod(As), and consider the corresponding 0-object
Res?(Ch) € DGmod(A,).
Proposition 17.5.4. There exists an equivalence of categories

HFuncta, (C}, Res? (Ch)) ~ HFuncta, (Ind3? (C}), C}).

Proof. We need to construct the adjunction 1-morphisms

(17.8) C} — Res}? (Indﬁj(cll ))
and
(17.9) Tnd4? (Resﬁj(cg)) ~ CL.

The former follows by the functoriality of the tensor product construction from the 1-
morphism

A1 — Resp oAl (Respioal (A2)) = Resp?0R%(A2) € DGmod(A, @ AY),

which in turn results from the functor Fa : A7 — As, viewed as compatible with Fa ® Fa.
The 1-morphism (17.9) results from (17.3):

AsRAS A
ResAz®A§(A2)§ Resy?(Ch) — AQE ChL ~ CL.

The fact that these 1-morphisms satisfy the adjunction property follows from (17.7).
O

17.5.5. Suppose that Ag is a third homotopy monoidal category, equipped with a homotopy
monoidal functor Ag — As.

From Proposition 17.5.4 and Lemma 16.6.8, we obtain a 1-isomorphism of two 2-functors

DGmod(A;) = DGmod(A3) : Ind}? oIndy? ~ Ind}? .
18. ADJUNCTIONS AND TIGHTNESS

18.1. In this subsection we will fix some notation. Let A, C! and C” be as in Sect. 17.2. By
construction, we have a canonical 1-morphism

merc : C"®CH— C" @ cl.
Consider the corresponding functors
mer o+ D((C" x C")°? —mod) — D((C" (122 Ch°P —mod)

and its right adjoint
(mgr ct)s : D((C" @ CHP~mod) — D((C” x C")°? ~mod).
A

We will also use the notation
Y™, YY) s y” @ Yii=mg, (YY)

for Y € D(C"™° -mod) and Y'! € D(C"°? —mod).

A particular case of the above situation is when we have a homotopy monoidal category A
equipped with a homotopy action on a DG category C!. In particular, we have a homotopy
functor

act: A ® C' — CL.



92 EDWARD FRENKEL AND DENNIS GAITSGORY

We will consider the corresponding functor
act* : D((A x C")°P —mod) — D(C"°? —mod)
and its right adjoint
act, : D(CP —mod) — D((A x C")°P ~mod).
We will also use the notation

(X,Y)—» XQY =act"(X,Y)
A
for X € D(A°? -mod), Y € D(C%°P —-mod).

18.2. Let now F : C} — C) be a homotopy functor compatible with a homotopy action of A.
The following diagram of functors evidently commutes:

*
act”;

D((A x C})?? -mod) ——— D(CL*? —mod)

(1da xF)*l Fl

*
act’,;

D((A x CL) —mod) ——= D(CL” ~mod).
The next diagram, however, does not necessarily commute:

*
act’,;

D((A x C)P —mod) —— D(C*” ~mod)
(18.1) (Ida xF)*T F*T

*
act”

D((A x CL)°P ~mod) ——2+ D(C4’ ~mod).
However, we have the natural transformation:

(18.2) actey o (Ida xF). — Fi o actgy : D((A x Ch) -mod) = D(C4? ~mod).

We shall say that the functor F' is tight if (18.2) is an isomorphism.

18.3. Let A,C",C!,C}, F : C} — C} be as above. The following diagram of functors tauto-
logically commutes:

*
ch,cl1

D((C" x C})°? -mod) —— D((C" % C!)°P —mod)

(lder xF)*l (Idgr %F)*l
D((C" x C4)°P mod) ——2, D((CT @ CY) -mod)

However, the diagram

m*
cr,cl1

D((C" x C})°? -mod) —— D((C" % C})°? —mod)
(18.3) (Ider XF)*T (Idgr %F)*T
’”Encg

D((C" x C4)°? ~mod) —— D((C" % CL)°P —mod)

does mot a priori commute. However, we have a natural transformation:
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(18.4) 77’L*(:T7011 o(Idgr xF). — (Ider %F)* o m*cr,cg'

Proposition 18.3.1. The following conditions are equivalent:
(a) F is tight.

(b) For any C" the natural transformation (18.4) is an isomorphism.

Proof. For (b)=(a) let us take C" = A. Then the diagram (18.3) coincides with (18.1).

For (b)=-(a) consider first the diagram

*
L

™ l
D((C" x CL)P—mod) ——1 D(Bar(C", A, C})°? —mod)
(Idc'r XF)*T Bar(IdC"‘-,IdA-,F)*T
L*CT,CZ )

D((C" x CL)°? ~mod) >~ D(Bar(C", A, C,)°P ~-mod),

where (or ¢r denotes the canonical functor C” ® C! — Bar(C", A, C!). It is easy to see that
the above diagram commutes.

Hence, it is enough to show that the following diagram
D(Bar(C", A, C})°? ~mod) —— D((C" % C!)°P —mod)
Bar(Idcr,A,F)*T (Idgr XF)*T
D(Bar(C", A, C%)°? -mod) —— D((C" % C,)°P ~mod)

is commutative, where the horizontal arrows are the ind-limits of the tautological projections
of the ”Bar” categories to the tensor products.

The latter is equivalent to the fact that the functor (Idcr XF)* sends Tor a o 10 Lor a ot

which in turn follows from the tightness condition.
O

Corollary 18.3.2. Let C7, Cé, i = 1,2 be two pairs of categories as above, and F" : C| — C§,
FU: C} — C be homotopy functors. Assume that the functor F" is tight. Then the following
diagram of functors commutes:

(Idgr @Fh)*
1A

D ((C{ (122 Cl)er mod) D ((C{ (122 C32)or mod)
(FW?IdCzl)*T (FU%IdCé)*T

(Idgr @FhH)*
2 A

D ((Cg % Cl)er mod) D ((Cg % Cl)er mod) .

18.4. Let us consider some examples of the above situation.
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18.4.1. Let A; and As be two homotopy monoidal categories and Fa : A; — As a homotopy
monoidal functor between them. We say that Fa is tight if the canonical 1-morphism A; —

Resi?; (A9) is tight as a functor between categories, acted on the right by A;. Recall also that

as plain DG categories Resﬁ% (A9) ~ AjS.
Consider the functors
Fa : D(A” —-mod) — D(A3S” —mod) and Fa . : D(A3” —-mod) — D(AJ” —mod).
From Proposition 18.3.1 we obtain the following:

Corollary 18.4.2. Let C} be a category equipped with a homotopy action of Ay on the left.
Assume that Fa is tight.

(1) The following diagram of functors is commutative:

*
athL

D((A; ® C})°? -mod) D(CY°P ~mod)
(FAxIdcll)*T (Fcll)*T

act™ o(Id RF
Indﬁ?(cll) (Ida, Cll)

D((A2 ® C})7" mod) D((Ind}?(C}))*” - mod),

where Fei denotes the canonical 1-morphism C! — Indﬁf (CY).
(2) For Y1,Y2 € Ci, X € A,,

Hom (F& (Y1), X @ Fg (Ya)) = Hompy gron o) (Vi Fa<(X) @ Ya).
A2 1 1 Al

A
Ho(Ind? (C})) \"'C}

Corollary 18.4.3. Let Fa : A; — Ay, be as in Corollary 18.4.2. Let'Cl,”C} be DG categories
equipped with a homotopy action of Ay. Let F :'C} — "C! be a homotopy functor. Then the
diagram of functors

Ao 1l \Yop (Ind:f(F))* As (11l \Yop
D((Indy?("C7))?? -mod) —————— D((Ind?("Cj7))°? ~mod)

(F/czl)*l (F"clz)*l
D(('C})°? -mod) — D(("C})° ~mod)
commutes.

18.4.4. We will say that A has a tight diagonal if the tensor product homotopy functor ma :
A ® A — A, considered as a homotopy functor between categories endowed with a homotopy
action of A ® A° is tight.

Assume that A has a tight diagonal. We obtain that for any C! and C" as above the following
diagram of functors commutes:

D ((C"®C'® A ® A)P-mod) ~—" 2" p((C" @ C!)°P —mod)
(Idgry ot ®mA)*T (mc@cl)*T

D((C" ® C' @ A)°P —mod) — D((C" ® CH°P —mod),
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where the lower horizontal arrow is induced by either of the two compositions

cr ® A ® Cl Ider ®acty cr ® Cl
aCtC"‘@IdCZJ/ mc@cll
C'®C! Terel,  crecl
A

Let Diag, denote the object of D((A ® A)° —mod) equal to (ma).(1a). We obtain:
Corollary 18.4.5. If A has a tight diagonal, for Y}, Y} € C!, Y, YS € C" we have:

HomHo(CTgcl) (Yf 2 Y], Yy 2 Yzl> =~

= HomD((CTXCl)DP —mod) <(Y1Ta Yll)v (DlagA> A%A (}/2T7 }/2l)> :

18.4.6. Let us assume now that in the situation of Proposition 18.3.1, the functor F, sends
Ho(C}), regarded a full subcategory of D(C5° ~mod) to Ho(C}), regarded as a subcategory
of D(CY? -mod). By Lemma 16.7.4, the resulting functor, denoted G : Ho(CL) — Ho(C!)
naturally lifts to a 1-morphism in DGmod(A).

We can then consider the functor

(Ider ®G) : C"® C, — C" ® C!,
A A A
and its ind-extension

(Ider <§>G)* :D((C" ® CL)°? ~mod) — D((C" ® C1)°P —mod).

Proposition 18.4.7. Suppose F is tight. Then at the triangulated level, the functor (Idar ®G)*
A
is the right adjoint of (Idcr ®F)*, i.e., we have an isomorphism of functors at the triangulated
A

level:
Idcer @G)* ~ (Ider QF)..
(Idc ) (Idc )

Proof. We have an evidently defined 2-morphism Idcz1 — F, o F* in DGmod(A), and by
Sect. 16.7.2, also a 2-morphism Idcz1 — (GG o F. The latter gives rise to a 2-morphism

and to a morphism
ldp((crgot)er moa) = (Ider ©G)” o (Ider OF),
Thus, for X; € D((C" © C})* ~mod) and X, e D((C" © C})*? ~mod) we obtain a map
Hom((Idc- §>F)*(551), X;) — Hom (X1, (Idc- gc)*()’é),

and we have to show that the latter is an isomorphism.
With no restriction of generality we can assume that

X, € Ho(C" ® Cl) and X, € Ho(C" ® Cl).
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Further, we can assume that X5 is of the form X" ® X, with X" € Ho(C") and X5 € Ho(C}).
A

In the latter case the desired isomorphism follows from Proposition 18.3.1.

O

18.5. Rigidity. Here is a way to insure that any functor F' is tight. We shall say that A is
rigid of the triangulated monoidal category Ho(A) has this property. ILe., if there exists a self
anti-equivalence of Ho(A) : X — XV, and maps 14 — X ® XV and XV ® X — 14 such that
the two compositions

X—-X0X'oX—->Xand X' - X'@X®X¥— X"
A A A A
are the identity maps in Ho(A).
Lemma 18.5.1. For C endowed with a homotopy action of A and X € A as above the functor
acts (X, ?) is the right adjoint of act& (XY, 7).
We have:
Proposition 18.5.2. If A is rigid, then any functor F : C} — Cb is tight.

Proof. 1t is sufficient to show that the map
A A

is an isomorphism for any X € Ho(A), Y € D(C5° ~mod).

In this case, we we will construct the inverse map to the one above. By Lemma 18.5.1,
constructing a map

A A
is equivalent to constructing a map

XY@ F(X®Y)— F(Y).
A A

The latter equals the composition

XV<§>F*(X§>Y) — F, (XV ® (X<§>Y)> ~ F, ((Xv ®X)®Y> — F.(Y).

19. t-STRUCTURES: A REMINDER

19.1. Recall the notion of t-structure on a triangulated category. Given a t-structure on D we
will use the standard notations:

Dt = L]CJDZIC7 D = LICJDS]C, D’ .=DTNnD".

19.1.1. If D is a triangulated category equipped with a t-structure, and D’ C D is a full
triangulated subcategory, we will say that D’ is compatible with the t-structure, if it is preserved
by the truncation functors. In this case, D’ inherits a t-structure: it is the unique t-structure
for which the inclusion functor is exact.

19.1.2. Let D be a co-complete triangulated category equipped with a DG model and a t-
structure. We say that the t-structure is compatible with colimits if for for every homotopy
I-object X; with X; € D=0 (resp., X; € D=Y) for all i € I, we have hocolim(X) € D=0 (resp.,
hocolim(X;) € D=9).
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19.1.3. The following assertion generalizes Lemma 15.8.10. Suppose that D is co-complete, is
equipped with a DG model and a t-structure. Assume that the t-structure is compatible with
colimits.

Let D’ C D be triangulated subcategory that generates D. Note that we are not assuming
that D’ is compatible with the t-structure.

Lemma 19.1.4. Under the above circumstances every object of D<C (resp., DZ°) can be rep-
resented as a homotopy colimit of a homotopy I-object X such that the image of every X; in
D is of the form 7<%(X!) (resp., 72°(X})) for X! € D'.

19.2. Let us recall a general construction of t-structures on a co-complete triangulated category.
This construction was explained to us by J. Lurie.

Let D be a co-complete triangulated category. Let X, € D be a collection of compact
objects, indexed by some set A. °

Lemma 19.2.1. Under the above circumstances, there exists a unique t-structure on D, such
that D0 consists of all objects Y such that Hom(X,[k],Y) = 0 for all k > 0. In this case
D=0 45 the minimal subcategory of D, stable under extensions and direct sums that contains
the objects X,[k], k > 0.

We will call t-structures that arise by the procedure of the above lemma compactly generated.
Tautologically, we have:

Lemma 19.2.2. Let D be a co-complete triangulated category equipped with a t-structure, and
with D¢ (the subcategory of compact objects) essentially small. Then the t-structure is compactly
generated if and only if

X € D% & Hom(X’, X) =0, VX € D°ND=".

The following results immediately from Lemma 15.8.8:

Lemma 19.2.3. Let D be a co-complete triangulated category equipped with a DG model and
a compactly generated t-structure. Then this t-structure is compatible with colimits.

19.3. Let usrecall that whenever we have a triangulated category D equipped with a t-structure
and a DG model, we have an exact functor:

(19.1) D’(C) — Db,
where (03 := Heart(D), equipped with a DG model.

19.3.1. Let us recall the construction. Let C be a DG category such that D = Ho(C).
The DG model for D’(Heart(D)) is the standard onme, resulting from the identification
Ho(CP(Heart(D)))/ Ho(C? . (Heart(D))) (see Sect. 15.7.2).

acyle
Consider the following DG category, denoted C%%e Tts objects are finite diagrams
(X~ =X=""o X"t o X2m o X2t =0}
for some m,n € Z=°, X2 € C, such that for each i we are given a splitting
X'~ X2 e X' X'eC

6As was explained to us by J. Lurie, for what follows one does not in fact need to require that X, be compact,
if some general set-theoretic assumption on D is satisfied.
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as functors C°? — Vect% (where Vect” denotes the category of Z-graded vector spaces). We
require that the image of each X* in Ho(C) belong to Heart(D)[—i]. Morphisms between X*
and Y* are compatible families of maps X2¢ — Y'2¢,

We have the evident forgetful functor C%uble — C. In addition, the boundary map for the
t-structure defines a DG functor Cdouble — CP(Heart(D)).

Let Cdouble he the preimage of Cgeyer(Heart(D)) under C%0ue — CP(Heart(D)).

acycl
Lemma 19.3.2.
(a) The functor

Ho (C°"b'¢) / Ho (Cd"“ble) — Ho (Cb(Heart(D))) /Ho (C? (Heart(D))) ~ D’ (Heart(D))

acycl acycl
is an equivalence.
(b) The functor Ho (C%""¢) — Ho(C) factors as

Ho (Cdouble) —, Ho (Cdouble) /HO (Cdouble) N HO(C)

acycl

The desired 1-morphism is obtained from the diagram

CP(Heart(D))/C?,, ., (Heart(D)) & Cdouble ygdouble _, ¢,

acycl acycl

19.3.3. Let us recall the necessary and sufficient conditions for the functor of (19.1) to be fully
faithful:

Lemma 19.3.4. The following conditions are equivalent:

(1) The functor (19.1) is fully faithful.

(2) The functor (19.1) is equivalence.

(8) The functor (19.1) induces an isomorphism Extié(X’, X) — Homp (X', X[i]) for any
X,X'eC.

(4) For any X, X' as above, i > 0 and an element o € Homp (X', X[i]) there exists a surjection
X{ > X' in é, such that the image of o in Homp (X7, X [i]) vanishes.

(5) For any X, X' as above, i > 0 and an element o € Homp (X', X[i]) there exists an injection
X — Xy in é, such that the image of o in Homp (X, X1[i]) vanishes.

19.4. In this subsection we will prove Proposition 14.1.1. First, we note that conditions Cat (i,ii)
and Funct(i,ii) imply that T is fully faithful.

19.4.1. T is left-ezact. Let X be an object of D, Using conditions Cat(i,ii) for Dy, Cat(a) for
D; and Dy, Lemma 19.1.4 for Dy, Funct(i) and Lemma 15.8.7 we conclude that it is sufficient

to show that T(72°(X)) is in D5° for X € DS.

By condition Funct(c), we know that for X as above, T(72%(X)) € DJ . Let k be the minimal
integer such that H* (T(72%(X))) # 0. Assume by contradiction that k < 0.

By Funct(d), we can find X’ € D= with a non-zero map T(X') — H* (T(r=°(X))). Le.,
we obtain a non-zero map
T(X'[=k]) = T(r=°(X)).
However, this contradicts the fact that T is fully faithful.
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19.4.2. T induces an equivalence DY — DJ . Tt is easy to see that T admits a right adjoint.
We shall denote it by S. Fully faithfulness of T means that the composition

Idp, — SoT

is an isomorphism. Hence, it is sufficient to show that for Y € D;r, the adjunction map
T(S(Y)) — Y is an isomorphism.

Being a right adjoint of a right-exact functor (condition Funct(b)), S is left-exact. In partic-
ular, it maps D3 to Df. We have: T(S(Y)) € DJ, by the already established left-exactness of
T. Hence, Y’ = Cone(T(S(Y)) — Y) € DJ. By the fully faithfulness of T, we have S(Y') = 0.
However, condition Funct(d) implies that S is conservative on D3 . Hence, Y’ = 0.

19.4.3. End of the proof. It remains to show that T is essentially surjective. This is equivalent
to the fact that the image of T generates Dy. Using Cat(b), it is enough to show that DJ is in
the image of ¥. However, this has been established above.

20. TENSOR PRODUCTS AND t-STRUCTURES
20.1. t-structure on the tensor product. Let A be a DG category equipped with a ho-
motopy monoidal structure. Set Da := Ho(A). We assume that DA is equipped with a

—

t-structure. We assume that this t-structure is compactly generated (see Sect. 19.2), and the
tensor product functor

DA X DA — DA
is right-exact, and 14 € Heart(Da).
20.1.1. Let C' and C" be DG categories, equipped with homotopy actions of A on the left
and on the right, respectively.

Let D! := Ho(C') and D" := Ho(C") be equipped with t-structures. We are assume that

these t-structures are compactly generated.
We assume also that the action functors
acty : Da x D! — D! and act, : D" x Dy — D7

are right-exact.

20.1.2. Consider the DG category C” ® C!, and the triangulated category
A
D':=D ((CT ® Chyer mod) = Ho|C ®C
A A
We define a t-structure on D* by the procedure of Lemma 19.2.1 with D*<° being generated

by objects of the form Y™ % Y! € Ho(C" Qg C!) with Y" € Ho(C") N D™=0 and Y' € Ho(C") N
D=0,
20.1.3. Consider the particular case when C” = A. By Proposition 17.3.1, we have an equiv-

alence D* ~ D!, and by construction the t-structure on the LHS equals the given one on the
RHS.
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20.1.4. The following question appears to be natural, but we do not know how to answer it:

Assume that the t-structures on D, D! and D" are compatible with the subcategories
D!¢ ~ (Ho(C"))%ae™ and D™ ~ (Ho(C"))Xa". Under what conditions is the above t-structure
on D! compatible with D*¢ ~ Ho(C" @ C!)¥ar?

A

20.2. Flatness. Let A, C!, C" be as above. We will say that an object Y € Heart(D!) is

A-flat if the functor
(20.1) Da —-D': X = X®Y
A

is exact. (A priori, this functor is right-exact.)

Proposition 20.2.1. Assume that A has a tight diagonal. Let Y' € Heart(D') be flat. Then
the functor

D’”—>Dt:Y’”'—>YT§>Yl
1S exact.

Proof. A priori, the functor in question is right-exact. To prove the left-exactness, we have to
show that for Y™ € D"=20 vy € D"<Y and Y{ € D"<9 we have

Homp: (Y] @ Y1, Y"@Y!) = 0.
A A

By Corollary 18.4.5, the LHS of the above expression can be rewritten as

HomD((CT‘XCl)OP —mod) <(}/1Ta Yll)v DiagA A%A(Yrv Yl)) .
Thus, it is sufficient to show that the object
Diagya ® (Y",Y') € D((C" x C")°? —-mod)
ARA

is > 0.
By the flatness assumption on Y, the functor
(Id xact(?,Y"))* : D((C" x A)°? —-mod) — D((C" x C")°? -mod),
given by (Y, X) — (Y", X %) Y!), is exact. We have

Di Y7,V ~ (Id xact(?, V)" | Di Y"1 .
lagy ® ( ) == ( act( ) < 1aga % ( A))
Thus, it remains to see that

Diag A%A(YT’ 14) € D((C" x A)°°? —mod)

is > 0.

However, since A has a tight diagonal, the latter object is isomorphic to (actcr)«(Y"), and
the assertion follows.
O

20.3. Base change. We will mostly consider a particular case of the above situation, where
C" = Resﬁ1 (A1), where A; is another homotopy monoidal category, equipped with a homotopy
monoidal functor F' : A — A;. We will assume that the t-structure on Da, satisfies the
assumptions of Sect. 20.1. In particular, the functor F' is right-exact.
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20.3.1. Denote C! := Indﬁ1 (C!). We will call this category the base change of C! with respect
to F. We will call the above t-structure on D! := D(Cll")p —mod) the base-changed t-structure.

The following results from the definitions:

Lemma 20.3.2. The functor
(Fo)*: D' - D!
is right-exact.
Hence, by adjunction, the functor
(Fai)s : D! — D!
is left-exact.

We shall say that F is flat if it is exact. From Proposition 20.2.1 we obtain:

Corollary 20.3.3. Assume that F' is flat. Assume also that A has a tight diagonal. Then the
functor (Fgi)* is exact.

20.4. Affiness. Let F be as above. We will say that F is affine if the functor
F,:Da, - Da
is exact and conservative.

Proposition 20.4.1. Assume that F is affine and tight. Then for C' as above, the functor
(Fgt)« is also exact and conservative.

Proof. The fact that F, is conservative is equivalent to the fact that F'(Ho(A)) generates Da,.
By construction, this implies that the image of (Fct)* generates D). The latter is equivalent
to (Fgi )« being conservative.

It remains to show that (Fcu)s is right-exact. By the definition of the t-structure, we have
to show that
(Fo)« (X1 @Y € DH=0
A
for X; € D}’ and Y! € D40,
By Corollary 18.4.2, we have:
(Fo)«(X1 @ YH ~ F.(X)) YL
Ay A

However, by assumption, F.(X;) € Dio, implying our assertion.
O

20.5. Tensor product of abelian categories. In this subsection we will be concerned with
the following situation:

[e]
Let A be a abelian category equipped with a monoidal structure. We will assume that the
following conditions hold:

(A*) A is a Grothendieck category, and that the action functor A x A — A is right-exact, and

commutes with direct sums.

Let C! be another abelian category, equipped with a monoidal action A. We will assume
that the following conditions hold:

[e] [e] [e] [e]
(C*) C' is also a Grothendieck category, and that the action functor A x C! — C! is right-exact,
and commutes with direct sums.
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Let C” be another abelian category with a right action of A, satisfying (C*).

20.5.1. We shall say that a Grothendieck abelian category C? is the tensor product C” @ C!

A
if it has the following universal property:

For any Grothendieck abelian category C’, the category of right-exact functors Q¢ : C* — C’
that commute with direct sums is equivalent to the category of bi-additive functors

Q":C"xC -

that are right-exact and commute with direct sums in both arguments, and equipped with
functorial isomorphisms

QYY" @ X, YH) ~Q (Y, X®Y!), Xc A, Y eC", Y e C.
A A

[e]
20.5.2. Let us consider a special case of the above situation, when C” is itself an abelian
monoidal category A; satisfying (A*), and the action of A on A; comes from a right-exact

monoidal functor A — A;.

¢} Q o o ¢}
Assume that for C! as above, the category Ind‘?l(Cl) = A; ® C! exists. By the universal
A o
A

property, Ind®! (C!) carries an action of Ay, satisfying (C*).
A

Let now C! be another abelian category endowed with an action of A1, satisfying (C*). We
have:

Lemma 20.5.3. The category of functors C' — CY that are compatible with the action of
A, and are right-exact and commute with direct sums is equivalent to the category of functors

Ind‘g‘l(CZ) — C! that are compatible with the action of Ay, and are right eract and commute

with direct sums.

[e]
20.5.4. Consider a specific example of the above situation. Let C be a Grothenieck abelian
category, and A a commutative algebra that maps to the center of C. Then the abelian monoidal

category A := A-mod acts on C.

Let A — A’ be a homomorphism of commutative algebras, and set A; := A; —mod.
Under the above circumstances, the category Ind* (C) exists and can be described as follows.
A
Its objects are objects X € C, endowed with an additional action of A;, such that the two

o
actions of A on X coincide. Morphisms are C-morphisms X; — X5 that intertwine the A;-
actions.
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20.6. We shall now study the compatibility of the notions of tensor products in the DG and
abelian settings.

Let now A, C!, C" be as in Sect. 20.1. Then the abelian categories A = Heart(A), C! =

—

Heart(C') and C" = Heart(C") satisfy the conditions of Sect. 20.5.

We will assume that A has a tight diagonal. In addition, we will assume that has A has an
affine diagonal, by which we mean that the functor

(ma)« : Ho(A) x Ho(A) — Ho(A)
is exact (a priori, it is only left-exact).
Proposition 20.6.1. Under the above circumstances, we have:
Heart(D') ~ C" @ C".
A
Proof. The universal right-exact functor
C" x C! = C! := Heart(D")

comes from the functor
(mgr o)« : D" x D! — D'

[e] [e] [e]
Conversely, given a right-exact functor Q™' : C” x C! — C’ we produce the functor Q* :

(o)

C! — C' as follows. First, we tautologically extend Q™' to a functor
QM Ho=(C"  C) ~ D((C” x C)” -mod) — c’
that vanishes on D=~1((C" x C!)°P —-mod).
Note that, by construction, for every object Z € D=0 there exist Y € (%’”, Yl e él and
maps Y (122 Y! — Z that induces a surjection
H° (Y’“ @ Yl) — H°(2).
Hence, in order to construct Q¢ it suffices to define a functorial map

(20'2) HothvSO (er 62 Yllv YQT 62 YQl) - Homé/ (/QTJ(YlTv Y1l)7 IQTJ(YQT7 Y2l))

We rewrite the LHS of (20.2) as
HomHo(CigCl) ((erv YY)? DlagA A%A(Yv;u Yv2l))

By assumption, the object Diag, belongs to DS((A ® A)°? -mod). Hence, it suffices to
construct a functorial isomorphism

QY <DiagA ® (v, Yl>> — QY.
ARA
However, the latter follows from the fact that for any X" € Ho=(A x A) we have:

1yl r,l T l 1yl T * r,l l 1yl * r,l T l
Q™ (X" Y Y ~ QY (Y", X" YY) ~'Q" X" YY" YY).
( A%’A( )) (Y7, mia ( )% ) (ma( )% )



104 EDWARD FRENKEL AND DENNIS GAITSGORY
20.7. Let A, C", C! be as in Sect. 20.6. We will assume that the triangulated categories

D!, D" and D, satisfy the equivalent conditions of Lemma 19.3.4. We are interested in the
following question: under what circumstances will D? also satisfy these conditions?

Lemma 20.7.1. Assume that the following condition holds: for every Y' € CL Y™ € C" and
[e] [e]
i > 0 there exist surjections Y{ — Y'Y — Y™ in C! and C", respectively, such that the map

H™' (Yl ® Yf) — H™! (YT ® YT>
A A
is zero. Then D satisfies the equivalent conditions of Lemma 19.3.4.

Proof. We will show that D! satisfies condition (4) of Lemma 19.3.4. Since every object of C?

receives a surjection from some H° [ Y" @ Y| for Y'Y as above, it is enough to show that
A

for any Z € Ct i > 0 and o € Homp <H0 <Y’” ® Yl) ,Z[i]) there exist Y\, Y'" such that
A

Hompy: <H0 <Y’T @ Y’l> ,Z[i]>
vanishes.

Consider the map Y" @ Y! — HO(Y" ® Y'), and let 3 be the image of a in
A A

the image o’ of « in

Homp: (Y™ @ V!, Z[i]) ~ Homp (crxctyor mod) ((YT, Y'!), Diag A%AZM> .

Since C! and C7 satisfy condition (4) of Lemma 19.3.4, and
Diagy ® Z =~ (mgr.c)«(Z) € DY((C" x C")°P-mod),
ARA

there exist surjections Y” — Y and Y — Y, such that the image 8" of 3 in
Homp: (Y"" ® Y, Z[i]) ~ Homp(crxct)or mod) ((Y”T, Y, Diag, ® Z[z’])
A AQA
vanishes.
Let o/’ be the image of @ in Homp: (HO(Y’”" ®Y"), Z[z]) By construction its image in
A
Homp: (Y™ @ Y, Z[i])
A
vanishes; so o/’ is the image of some class
v € Homp: (TS_I(YHT @Y, Z[i — 1]) ~ Homp: (TZ_”LS_I(Y"T @Y, Z[i — 1]) .
A A
By the assumption of the lemma, there exist surjections Yy — Y7 and Yy — Y so
that the restriction of v to Hompe <T>i+1’<1(Yf @Y, Z[i — 1]) is such that its further
A
restriction to Homp: (H‘“rl YT @Yh), ZJi — 1]) vanishes. So, the above restriction comes
A
from a class

v € Hompe <T>i+2"<1(Yf @ YY), Zi — 1]> .
A
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By induction, we find sequences of surjections

Y/, = .. =Y and Y}, — .. = Y]
so that the restriction of v to Homp: (TZ—i-i-j,g—l(Y'jr QY}), Z[i — 1]) vanishes. This implies
A

that the restriction of o” to Homp: (HO(Yf1 YL, Z[z]) vanishes. Le., the objects Y'" =
A

Y, Y'' =Y! | have the desired properties.
0

21. CATEGORIES OVER STACKS

21.1. Let Y be an Artin stack. We assume that Y is of finite type, i.e., can be covered with a
smooth map by an affine scheme of finite type. In addition, we shall assume that the diagonal
morphism Y — Y x Y is affine.

An example of such a stack is when Y = Z/G, where Z is a scheme of finite type and G an
affine algebraic group, acting on it. In fact, all algebraic stacks in this paper will be of this
form.

21.1.1. The abelian categories Coh(Y) and QCoh(Y) have an evident meaning. We consider
the DG categories of complexes C?(Coh(Y)), C(QCoh(Y)), and the corresponding subcategories
of acyclic complexes

Ci ey (Coh(Y)) € C*(Coh(Y)), Cacyer(QCoh(Y)) C C(QCoh(Y)).
Denote the corresponding quotients, regarded as 0-objects in DG Cat by C’(Y) and C(Y),
respectively (see Sect. 15.7.2). Their homotopy categories identify with
D’ (Coh(Y)) := Ho (C"(Coh(4))) / Ho (Cqeye(Coh(4))) ,
D(QCoh(Y)) := Ho (C(QCoh(Y))) / Ho (Cacyc1(QCoh(Y)))
respectively.
As in the case of schemes, one shows that the natural functor
D’(Coh(Y)) — D(QCoh(Y))

is fully faithful, and its essential image consists of objects with coherent cohomologies.

21.1.2. We shall now make the following additional assumptions on Y:
(*a) The functor of global sections on D(QCoh(Y)) is of finite cohomological dimension.
(*b) Every coherent sheaf on Y admits a non-zero map from a locally free coherent sheaf.

In the example Y = Z/@G, assumption (*a) is satisfied e.g. if the ground field is of character-
istic 0. Assumption (*b) is satisfied e.g. if Z admits a G-equivariant locally closed embedding
into the projective space.

Remark.  Assumption (*a) implies that the structure sheaf Oy is a compact object in

D(QCoh(Y)).

Assumption (*b) expresses the fact that Y carries enough vector bundles. It implies that
every object M € D~ (Coh(Y)) can be represented by a (possible infinite to the left) complex
whose terms are locally free. This complex can be chosen to be finite if M € D?(Coh(Y)), and
H®(M) are of finite Tor-dimension.
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21.1.3. Let C?(Coh'“/"**(Y)) be the DG category of bounded complexes of locally free
sheaves, and let Cl_ . (Coh'**/™¢(Y)) < CP(Coh'*“/"*(Y)) be the subcategory of acyclic

acycl
complexes. Let CP¢"/(Y) be the corresponding quotient, regarded as a 0-object of DGCat;
denote DP¢"f (Coh(Y)) := Ho(CP"/ (Y)).

We will use the following general assertion:

Lemma 21.1.4. Let Dy C D D D' be triangulated categories, and set D} := D1ND’. Consider
the functor

(21.1) D,;/D; — D/D’.
Assume that in the above situation one of the following two conditions holds:

(1) For every object X € D there exists an object X1 € D1 and an arrow X1 — X with
Cone(X; — X) e D'".
(2) For every object X € D there exists an object X1 € D1 and an arrow X — X3y with
Cone(X — X;) e D'.

Then the functor (21.1) is an equivalence.

Assumption (*b) and Lemma 21.1.4 imply that the natural functor
D"/ (Coh(Y)) — D’(Coh(Y))

is fully faithful, and its essential image consists of objects, whose cohomologies have a finite
Tor-dimension. In particular, the above functor is an equivalence if Y is smooth.

As in the case of schemes which have enough locally free sheaves, one shows:

Lemma 21.1.5. The functor

D"/ (Coh(Y)) — D(QCoh(Y))
extends to an equivalence between the ind-completion of DP¢"/(Coh(Y)) and D(QCoh(Y)).
21.2. The category C?(Coh'**/™*¢(Y)) is naturally a DG monoidal category, and

Ho (Cheye(Cob™7(4))) € Ho (C*(Con'**/" (y))

is an ideal. Therefore, by Sect. 16.7.2, CP*"f(Y) is a 0-object of DGMonCat, which is a DG
model for the triangulated monoidal category D?¢"f(Coh(Y)).

The category DP¢"f(Coh(Y)) is rigid (see Sect. 18.5). The category D(QCoh(Y)) has a
natural t-structure, and the functor of tensor product is right-exact. I.e., the above DG model
of DP¢"/(Coh(Y)) satisfies the assumptions of Sect. 20.1.

In addition, the assumption that Y has an affine diagonal implies that DP"/(Coh(Y)) has
an affine diagonal, see Sect. 20.6.
21.2.1. By a triangulated category over the stack Y we will understand a triangulated category,
equipped with a DG model, which is a 0-object of
(21.2) DGmod (C"/(Y)) .

For two triangulated categories over Y, by a functor (resp., natural transformation) over
Y we will mean a l-morphism (resp., 2-morphism) between the corresponding objects in the
2-category (21.2).
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21.2.2. Let f : Y1 — Yo be a morphism between stacks. It defines an evident DG monoidal
functor f* : C(Coh'“/™¢(Yy)) — C(Coh'“/"°*(Y,)), and by Lemma 16.7.4, it gives rise to a
1-morphism in DGMonCat,

f* . Cperf(y2) _ Cperf (Hl)u
providing a model for the pull-back functor f* : D"/ (QCoh(Y2)) — DP¢"/ (QCoh(Y;)).
If D5 is a triangulated category over Yo, we will denote by Y; x Do the induction
Y2
crers
dg,.. (41 (Ca),

(see Sect. 17.5.1), where Cq is a DG model of Dy. We will refer to Y; x Dy as the base change
Y2
of Dy with respect to f. We have a tautological functor

(f* X IdD2) : D2 — lél X DQ.
Y Y2

Since Y1 X Do is defined as an object of DGCat, its ind-completion (see Sect. 15.7.1) is
Y

well-defined; ?Ne will denote it by Y1 x Ds. By a slight abuse of notation, we will denote by the
s
same character (f* ? Idp,) the functor
D; — Y x Do.
- va
21.2.3. Assume that D5 is equipped with a t-structure, satisfying the conditions of Sect. 20.1.
Then the category Y E D, acquires a t-structure, such that the functor (f* ? Idp,) is right-

Yo
exact.

21.3. Consider now the following situation. Let f :Y; — Y2 be a map of stacks as before, and
let g : Y5, — Y2 be another map. We assume that all three are Artin stacks of finite type that
satisfy assumptions (*a) and (*b) of Sect. 21.1.2.

Assume also that the following holds:

L
(**) The tensor product Oy, o® Oy, is acyclic off cohomologically degree 0.

92

This ensures that the naive fiber product Y; x Y coincides with the derived one.
2

21.3.1. Set Y} := Y1 x Y5, Let f’ denote the map Y7 — Y,. The pull-back functor f'* :
Yo

Drerf (Coh(Y%)) — DPerf(Coh(Y})), which coincides with the derived pull-back by virtue of
assumption (**), is naturally a 1-morphism between categories over Y2. Hence, by Sect. 17.5.3
we can consider the induced 1-morphism

Indz;(f/*) : yl 1;2 DpeTf(COh(y/Q)) — Dperf(coh(yll))

of categories over Y;. By ind-extension we obtain a functor
(21.3) Indf: (/%) : Y1 x D"/ (Coh(¥3)) — D(QCoh(Hy)).
92

We shall now make the following additional assumption:
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() Every quasi-coherent sheaf on Y} admits a non-zero map from a sheaf of the form
(21.4) M; @ Ms,
Oy,

where My (resp., MY) is a locally free coherent sheaf on Y1 (resp., Y5).
Proposition 21.3.2. Under the above circumstances the functor Indgi(f'*) of (21.3) is an
exact equivalence of categories.

To prove the proposition, we are going to check that the conditions of Proposition 14.1.1
hold. Conditions Cat(i,ii), Cat(a,b) and Funct(i,ii) evidently hold. The functor in question is
by construction right-exact, so Funct(b) holds as well.

21.3.3. Condition Funct(a). Let is verify Funct(a), i.e., the fact that the functor in question
is fully faithful. Since objects of the form

M,y ® M, My € DP"F(Coh(Yy)), M, € DPE™S (Coh(Y))
Drerf (Coh(Y2))

generate Y; x DPe™f(Coh(YY)), it suffices to show that the functor Indg;( f*) induces an iso-
Y2
morphism on Hom’s between such objects.

Note that assumption (**) is equivalent to the fact that

Indj)! (f*) (Ml ® Jvt;) ~M; ® Mp.

Drerf(Coh(Y2)) Oy,

Thus, we have to verify that

21.5)  Homy, » prer o (M ® LM ® JVE’)—»
(21.5) ¥ D f<Coh<92>>( e Sy T2 M L8y M

— HOmDpeTf(coh(yll)) <M1 (‘)® MIQ,JVH & ﬁ[é)
Y2

Oy,
is an isomorphism. Using Lemma 18.5.1, we can assume that M; ~ Oy, .

By Corollary 18.4.2, the LHS of (21.5) identifies with

Hompqcoh(yy)) (M’zaf*(ﬁfl) ® JVE’2>.

Oy,

By adjunction and the projection formula,

Hompyers (Con(y?)) (f/*(Mlz)aj%l 2 ﬁlz) ~ Hompvrers (con(yy)) (M’Q,f;(ﬁl 2 JV[lZ)) =

Yo Yo

= HomDP”f(Coh(‘é/g)) <Ml27f*(j\7[1) & ﬁté) )

Oy,

implying the desired isomorphism.
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21.3.4. End of proof of Proposition 21.3.2. Note that assumption (***) implies condition
Funct(d). Moreover, it implies that every object in C~(QCoh(Y})) is quasi-isomorphic to a com-
plex whose terms are of the form (21.4). This observation, combined with the fully-faithfulness
of T:= Indzé( f*), imply that the above functor induces an equivalence D] — D3 .

We claim that this implies the left-exactness of T, and in particular, condition Funct(c).
Indeed, for X € DT consider 7<0(T(X)). If this object is non-zero, it is of the form T(X") for
some X’ € DT and by fully faithfulness Homp, (X', X) # 0, which is a contradiction.

0

21.4. Let A be an associative algebra over the ground field. Consider the DG category of
finite complexes of free A-modules of finite rank, denoted CY(A — mod/m¢/mk-)  Note

that Ho (Cb(A fmodfme’fm'rk')) identifies with D(A-mod)—the usual derived category of A-
modules.

The Karoubian envelope of Ho(C?(A -mod/™*/""%}) is the full subcategory of D(A -mod)
consisting of complexes quasi-isomorphic to finite complexes of projective finitely generated

A-modules; we will denote this category by D"/ (A -mod); it comes equipped with a natural
DG model.

21.4.1. Assume now that A is commutative. Let Z = Spec(A); this is an affine scheme, possibly
of infinite type.

In this case C’(A — mod/"¢®/"7%) has a naturally a DG monoidal category structure.
Then DP*"f (Coh(Z)) := DP*"f(A-mod) admits a natural lifting to a 0-object of DGMonCat,
denoted CPe"f(Z).

By a triangulated category D over Z we will mean an object of DGmod (Cp”f(Z)).
For example, if C is a DG category with a map Z — End(Id¢) and such that Ho(C) is
Karoubian, it gives rise to a well-define object of DGmod (CF*"/(Z)).

21.4.2. Let Y be an Artin stack as in Sect. 21.1.2, and let us be given amap g : Z — Y. We
will assume that this map factors Z — Z/ — Y, where Z’ is a scheme of finite type. The the
functor ¢g* defines a 1-morphism CP¢"/(Y) — CP*"/(Z) in DGMonCat.

For a triangulated category Dy over Y, we shall denote by
Z xD
4 Y
the base change of Y with respect to the 1-morphism g*.

21.4.3. We conclude this subsection by the following observation used in the main body of the
paper.

Let Y1 — Yo be a representable map of stacks, and let Z be an affine scheme of infinite
type, endowed with a flat morphism g to Yo. We will assume that Z can be represented as
lim Z;, with the transition maps Z; — Z; flat, and such that g factors through a flat morphism

gi : Z1 — Yo for some i. Consider the scheme Y; x Z.
Y2

Proposition 21.4.4. Under the above circumstances there exists an exact equivalence
Z x D" (Coh(Y;)) — D(QCoh(Y; x Z)).
— Y2
Y2
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The proof is obtained by applying Proposition 14.1.1, repeating the argument proving Propo-
sition 21.3.2.

21.5. In this subsection we will assume that f:Y; — Y5 is a regular closed immersion.

21.5.1. By Lemma 16.7.4, we obtain that the direct image functor f, gives rise to a well-defined
l-morphism in DGmod(CP*"/ (Y3)):

oGP (Y1) — € (Yo).
Let now D5 be a category over Y. We obtain a 1-morphism over Yo
(f* X IdDQ) : 91 X D2 — Dg.
Y2 Y2
From Sect. 18.4.6 we obtain:
Lemma 21.5.2. The functor (f. x Idp,) is the right adjoint of
Y2

(f* X IdDQ) : Dg — yl X D2
Y2 Y2

at the triangulated level.

21.5.3. Note that f; := f. admits a right adjoint at the triangulated level, which by
Lemma 16.7.4 give rise to a I-morphism in DGmod(CP*"f(Y3)). Moreover, by Sect. 18.4.6,
for any category Do over Ys, we obtain a pair of functors

(f« x Idp,) : Y1 x DS D : (f' x Idp,),
Y2 Y2 Y2
which are mutually adjoint at the triangulated level.

Note that at the triangulated level we have an isomorphism
F1(0y,) =~ f*(0y,) B A" (Normy, jy,)[-n] € CPrI (Yy).
Y2

However, since CP¢"/(Yy) is a free 0-object of DGmod(CP¢"f(Y5)), generated by Oy,, by
Proposition 17.5.4, we obtain that this isomorphism takes place also at the level of 1-morphisms
in DGmod(Cr*/ (Y,)).

Hence, we obtain:

Corollary 21.5.4. For a category Do over Yo, we have an isomorphism:
(f x Idp,) = (f* x Idp,) o (A" (Normy, y,) & ?)[-n].
Y2 Y2 Oy,

21.5.5. Let D5 be as above, and let us assume that it is equipped with a t-structure, satisfying
the conditions of Sect. 20.1, and consider the corresponding t-structure on Y; x Ds.

92
Let us assume now that f is a regular closed immersion of codimension k. The following
assertion is used in the main body of the paper, and follows immediately from Corollary 21.5.4.

Lemma 21.5.6. Under the above circumstances the functor
(f*];< Idp,) : D2 — Y1 x Dy
’ Y2
has a cohomological amplitude bounded by k.

21.6. Returning to the general context of Artin stacks, assume that a morphism f :Y; — Yo
is representable.
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21.6.1. Let us call a quasi-coherent sheaf on Y; adapted if the higher cohomologies of its direct
image on Yo vanish. Let Cqaapt(QCoh(Y1)) denote the full DG subcategory of C(QCoh(Y1))
consisting of complexes of adapted quasi-coherent sheaves.

We will make the following assumption on the morphism f: any coherent sheaf Yo can be
embedded into an adapted quasi-coherent sheaf.

We claim that under the above circumstances, we can lift the direct image functor fi :
D(QCoh(Y;)) — D(QCoh(Y2)) to a 1-morphism in DGmod(CP*"/ (Ys)).

Indeed f is of finite type, the above assumption implies that any object of C(QCoh(Y;))
admits a quasi-isomorphism into an object of Cggapt(QCoh(Y1)). Hence, by Lemma 21.1.4, the
functor

Ho (Cadapt(QCOh(yl)))/HO (Cadapt,acycl(QCOh(Hl))) -
Ho (C(QCoh(Y1))) / Ho (C(QCohgy(41))) =: D(QCoh(Y1))
is an equivalence, where
Cadapt,acyct (QCON(Y1)) := Cadapt(QCoh(Y1)) N C(QCOhy e (¥1))-

Since,

f*(Cadapt,acycl(QCOh(yl)» C Cacycl(QCOh(yQ));
the lifting of f. to the DG level follows from Lemma 16.7.4.

Moreover, we claim that the adjunction morphism Idpqcon(y,)) — f« © f* at the level
of triangulated categories can also be lifted to a 2-morphism in DGmod(CP¢/(Y,)). This
follows again from the fact that CP"f(Y,) is free as a 1-object of DGmod(CP*"/ (Y,)), so by
Lemma 17.5.4, this 2-morphism is determined by the map

092 - f* © f*(092) € D(QCOh(yQ))

21.6.2. Finally, let us consider the following situation. Assume that the map f is proper and
smooth. We define the functor f> : D" (Coh(Y;)) — DP¢"f(Coh(Yz)) by

fr(N) = (N @ Qy, y,) ],
where n is the relative dimension.
By Sect. 21.6.1, f7 lifts to a 1-morphism in DGmod(CP¢"/ (Y5)).

Note that the assumptions on f imply that f» admits a right adjoint at the triangulated
level. As in Sect. 21.5.3, we obtain that there exists a 1-morphism f* : DGmod(CP¢"/(Y3)) —
DGmod(CP*f(Y;)) in DGmod(CP*"7(Yy,)), such that (f7, f*) form a pair of mutually adjoint
functors at the triangulated level. As in Sect. 21.6.1, the adjunction morphism

foo f* = Idpsers (Con(ya))
lifts to a 2-morphism in DGmod(CP*"/ (Y)).

Finally, we note that, as in loc. cit., from the usual Serre duality, we obtain a 2-isomorphism
in DGmod(Cr*f (Y,)):

(21.6) £ fr
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Part IV: Triangulated categories arising in representation theory

22. A RENORMALIZATION PROCEDURE

22.1. Let D be a co-complete triangulated category, equipped with a DG model. Let X,,a €
A be a collection of objects in D. Starting with this data we will construct a pair of new
triangulated categories, both equipped with models.

22.1.1. Let D/ be the Karoubian envelope of the triangulated subcategory of D strongly gen-
erated by the objects X,. L.e., this is the smallest full triangulated subcategory of D, containing
all these objects and closed under direct summands. By Sect. 15.7.2, D/, and its embedding
into D, come equipped with models.

Set D, be the ind-completion of D, i.e., D/, see Sect. 15.7.1. This is a co-complete trian-

gulated category, which is also equipped with a model. When thinking of D as a subcategory
of D,en, we will sometimes denote it also by D7, .

22.1.2. We claim that there exists a pair of functors
U:Dyepn = Dand @ : D — D,p,
such that ® is the right adjoint of .
Indeed, let D = Ho(C), we set C/ < C be the preimage of D/ ¢ D. Then D,.,, ~ Ho(C").

—

The functor
® : D ~ Ho(C) — D((C¥)°” -mod) ~ D, .,
is defined tautologically. Namely, an object Y € Ho(C) maps to the (C/)°P-module

X — Homg (X, Y).
The restriction of ¥ to D{_,, C D,., is by definition the tautological embedding D{,, =
D/ — D. For X € D/, the adjunction

Homp (¥(X),Y) ~ Homp,, (X, ®(Y))
is evident.

Since Dfen generates D,.e,, the functor ¥ extends canonically onto the entire D,..,, by the

adjunction property.

22.1.3. Suppose for a moment that the category D was itself generated by its subcategory D¢
of compact objects. ”

Assume that D¢ ¢ Df. The ind-extension of the above embedding defines a functor, that
we shall denote 2 : D — D,.¢,. It is easy to see that = is the left adjoint of ¥. In addition, =
is fully faithful, which implies that the adjunction map Idp — V¥ o = is an isomorphism.

It is easy to see that U is an equivalence if and only if the objects X,, a € A generate D and
are compact.

"This assumption is not satisfied in the examples for which the notion of Dy¢y is developed here, i.e., D-
modules on infinite-dimensional schemes, or Kac-Moody representations. However, it is satisfied in the example
of the derived category of quasi-coherent sheaves on a singular algebraic variety.
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22.1.4. Assume that in the set-up of Sect. 22.1, D is equipped with a t-structure. As usual,
let us denote DT :=UD="" D~ := UD=", and D’ := D* N D~. Assume that D/ C D*.
n n

Assume that the following condition holds:

(*) There exists an exact and conservative functor F : D — Vect (conservative means F(Y'[n]) =
0Vn e€Z = Y =0), which commutes with colimits, and a filtered inverse system {Zy},k € K
of objects from D/ such that for Y € DY we have a functorial isomorphism

F(Y) ~ colkim Homp(Zx,Y) = 0.

Proposition 22.1.5. Under the above circumstances, the adjunction map ¥ o ®|p+ — Idp+
is an isomorphism.

Proof. For Y € D% let X denote ®(Y). By Lemma 15.8.10, X ~ hoch)lim(XI) for some set

I and a homotopy I-object X; of a DG model of D,.,, with all X; being in Dfen. Denote
Y =U(X1),s0 Vo d(Y) ~ hoc?lim(YI).

It suffices to show that the arrow
F(hoc?lim(YI)) — F(Y)
is an isomorphism.

We have
F(hoccl)lim(YI)) ~ colim F(Y;) ~ co_l%'cm Homp (Zx,Y;),

since F commutes with colimits and Y; € D, and
F(Y) ~ colkim Homp(Zy,Y) ~ colkim Homp,_, (Zk, X) ~ coklim Homp, ., (Z, X;),

and the isomorphism is manifest.

22.2. Assume again that in the set-up of Sect. 22.1, D is equipped with a t-structure.

Proposition 22.2.1. Assume that the adjunction map ¥ o ®(Y) — Y is an isomorphism for
Y € DT (in particular, the functor ® restricted to DT is fully faithful).

(a) There exists a unique t-structure on Dy.ep, such that the functor ® induces an exact equiva-
lence DT — D

ren-’

(b) The functor U is exact with respect the t-structure of point (a).

>0

Proof. The requirement on the t-structure implies that D;.),

®|p>o. Hence, D=Y | being its left orthogonal, consists of
{X € Dyen, | ¥(X) € D=}

To prove (a) we need to show that every X € D, admits a truncation triangle. Consider
the map X — ®(77°(¥(X))). We have ®(7>°(¥(X))) € D22, and it remains to see that

ren’

Cone (X — @(77°(¥(X)))) [-1] € D2

ren”*

equals the essential image of

We have
¥ (Cone (X — ®(77°(¥(X)))[~1])) = Cone (¥(X) — 7°(¥(X))) [-1] = 7=0(¥(X)),

8We are grateful to Jacob Lurie and Amnon Neeman for help with the material in this subsection.
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as required.

Point (b) of the proposition follows from the construction.
O

Remark. Assume for a moment that the t-structure on D has the property that kQO D=k =0,
and @ is fully faithful. Then we obtain D is the triangulated quotient of D,.,, by the subcategory

. . . <_—k
of acyclic objects, i.e., kgo D27,

22.3. Let D be a co-complete triangulated category equipped with a DG model and a t-
structure. Assume that the t-structure is compatible with colimits.

We say that an object Y € D is almost compact if for any k¥ and a homotopy I-object X7,
the map

co_lilm Homp (Y[k], X;) — Homp (Y[k], hocolim(X;))
1€

is an isomorphism, provided that X; € D20 for all i € I.

22.3.1. Let D be a triangulated category as in Sect. 22.2, satisfying the assumption of Propo-
sition 22.2.1.

Proposition 22.3.2. Assume that the t-structure on D is compatible with colimits, and that the
objects X, € D are almost compact. Then the t-structure on D,y is compatible with colimits.

Proof. Tt follows from Lemma 15.8.7 that if X is a homotopy I-object of (a DG model of)
D, with X; € D0 | then hocolim(X;) € D50 . This does not require the objects X, to be

ren’ ren:

almost compact.

Assume now that X; € D2 . We have ¥(X;) € D=Y and hocolim(¥ (X)) € D=°. Thus, it

ren’

suffices to show that the map
(22.1) hocolim(X 1) — ®(hocolim (¥ (Xr)))
is an isomorphism.

The next assertion results from the definitions.

Lemma 22.3.3. Assume in the circumstances of Proposition 22.2.1 that the objects X, are
almost compact. Then, if Y1 is a homotopy I-object of (a DG model of) D with Y; € D20, the
natural map

hocolim(®(Yr)) — ®(hocolim(Y7))
is an isomorphism.
Applying the lemma to Y; = ¥(X7), we obtain
D (hocolim(¥(X7))) = hocolim(P(¥(X))) =~ hocolim(X ).
]

Remark. Tt is easy to see that under the above circumstances, the t-structure on D, is
compatible with colimits if and only if each X, is almost compact in D.
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22.4. Let D be again a category as in Sect. 22.2. We would like now to give a criterion for
when the t-structure on it is compactly generated.

Assume that there exists an inverse family {Z;} as in Sect. 22.1.4, with the following addi-
tional properties:

e (i) Zx € D=0 and for ko > ki, Cone(Zx, — Zx,) € D<C.
e (ii) Any Y € D/ belongs to D? and if Y € D= N D/, there exists an object Z, equal
to a finite direct sum of Z;’s, and a map Z — Y with Cone(Z — Y) € D<0.

Proposition 22.4.1. Under the above circumstances, the t-structure on D,e, 18 compactly
generated.

Proof. By Lemma 19.2.2, we have to show that if X € D,., satisfies Homp,_, (Y, X) for all
Y € D/, ND=0  then X € D0

Ten ren? ren:

The proof of Proposition 22.1.5 shows that FoW¥ (X [n]) = 0 for n > 0, and hence ¥(X) € D>,
Consider the object X’ := Cone(X — ® o U(X))[—1]. It satisfies the same assumption as X,
and also ¥(X') = 0. We claim that any such object equals 0.

Indeed, suppose, by contradiction, that X’ # 0. Let n be the minimal integer such that
Homp,,, (Y[-n],X’) # 0 for Y € Df,, N D=0 . By assumption, n > 0, and it exists since D/,

Ten ren’ ren

generates D,.,. Consider a map Z — Y as in (ii). By the minimality assumption on n, the
map Homp__, (Y[—n], X’) — Homp,_, (Z[-n], X’) is injective. So, there exists an index k" and
a non-zero element in Homp,,, (Zg/[—n], X'). By (i), for ky > k1, he map

HomDT‘en (Zkl [_n]7 'XI) - HomDT‘en (ZkQ [_n]7 X/)
is injective. Hence, we obtain that

. _ !/
cglez&n Homp, ., (Zx[-n], X") # 0.

However, by assumption (*),

(Zk[-n], X') ~ cclzlei&n Homp (Zx[-n], ¥(X')) ~ F o ¥(X[n)]),

ren

colim Homp
keK

which is a contradiction.
O

22.5. Let us consider an example of the situation described in Sect. 22.2. (Another example
relevant to representations of Kac-Moody algebras will be considered in Sect. 23).

[e]
22.5.1. Let C be a Grothendieck abelian category, i.e., it is closed under inductive limits, and
[e]
the functor of the inductive limit over a filtered index category is exact. We take D := D(C)
[e]
be the usual derived category of C.

Let C/ C C be a small abelian subcategory, satisfying the following two conditions:

[e] [e]
e (a) Every object of C can be presented as an inductive limit of objects the C/.

o .
e (b) Every object X € C/ is almost compact as an object of D, i.e., the functors
Ext'(X,,?) commute with filtered inductive limits for i =0, 1,2, ...

Note that condition (a), combined with (b) for just ¢ = 0,1 imply that C identifies with the
category Ind(C/).
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o
22.5.2. We take the objects X, € D to be the objects from C/, and let us form the corre-

sponding categories D/ = Df_,, C D,.,. Note that we have a natural equivalence:

D/, ~D"(C).

ren

We claim that the conditions of Proposition 22.2.1 hold. Indeed, we only have to check that
the adjunction

(22.2) Vod(Y) Y

is an isomorphism for Y € D=0,

Lemma 22.5.3. Every object Y € Dt can be represented as hocolim(Y7), where Y; € D¥(C/).

This lemma, combined with Lemma 22.3.3 reduces (22.2) to the case of Y € D/, for which
it follows from the definitions.

In addition, we claim that the t-structure on D,., is compactly generated. Indeed, by
Lemma 19.1.4, it is enough to show that for any X € D/_,, the object 7<°(X) belongs to

ren’

the subcategory generated by extensions, direct sums and non-positive shifts by C/. However,
o
7=0(X) € D>=0(CY).

Remark. As was explained to us by A. Neeman, the above construction reproduces one of
[Kr]. Namely, one can show that D, is equivalent to the homotopy category of complexes of

[e]
injective objects in C.

22.5.4. Let us consider two specific examples of the situation described in Sect. 22.5.1. Let Y
be a strict ind-scheme of ind-finite type. L.e., Y is a union _goldi, where Y, are schemes of finite
(=

type, and the maps Y; — Y,;41 are closed embeddings. We let é be either
QCoh(Y) or D(Y) —mod.

The corresponding categories C/ identify with
2- colim Coh(Y;) and 2 - colim D’ (Y;) —mod,

respectively, where ©7(-)-mod denotes the category of finitely generated (i.e., coherent)
D-modules over a scheme of finite type. We shall denote the corresponding categories by
Dy (QCoh(Y) and Dy, (D(Y) —mod), respectively.

In both cases, the derived functor of global sections I' : DY — D(Vecty) admits a DG model
and gives rise to a functor

I': D¢, — D(Vecty).

Note that the latter functor does not, in general, factor through D,.., — D.

For example, let assume that each is Y; smooth and projective, and dim(Y;+1) > dim(Y;).

Let C = QCoh(Y). We take X € D, to be the dualizing complex Ky, which identifies with
colim Ky,. The image of Ky in D(QCoh(Y)) is zero, however, I'(Y, Ky) ~ k.
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23. THE DERIVED CATEGORY OF KAC-MOODY MODULES

23.1. Let g, —mod be the abelian category of modules over the Kac-Moody algebra g at level
k. Let D(g, —mod) be the usual derived category of g, —mod, i.e., the triangulated quotient of
the homotopy category of complexes of objects g, —mod by the subcategory of acyclic ones. By
Sect. 15.7.2, D(g,, —mod) naturally comes equipped with a DG model.

23.1.1. By construction, D(g, —mod) is co-complete, and is equipped with a t-structure com-
patible with colimits. The difficulty in working with D(g, —mod) is that it is not generated by
compact objects.

For i > 0 let us denote by V, ; € g, —mod the induced module Indgé(ti_c[[t]])(((:). By [FG2],
Proposition 23.12, these objects are almost compact (see Sect. 22.2) in D(g, -mod), but they
are not compact.

23.1.2. We are now going to apply a renormalization procedure described in Sect. 22.1 and
obtain a better behaved triangulated category:

We take D7 (g, —mod) to be the Karoubian envelope of the subcategory of D(g, —mod) strongly
generated by the objects V. ;, i1 =0,1,....

By Sect. 22.1, we obtain a triangulated category that we shall denote D,..p (g, —mod),
equipped with a DG model, which is co-complete, and endowed with a pair of mutually adjoint
functors

U : Dyen (g, —mod) S D(g, —mod) : ®.

We claim that the conditions of Sections 22.1.4 and 22.4 are satisfied. Indeed, we take F to
be the usual forgetful functor, and Zj :=V, ;. Thus we obtain that

o (I)|D+(§N ~mod) = IdDJr (g, —mod) -

Moreover, Dy, (g, —mod) has a compactly generated t-structure, in which ¥ exact and
<I>|D+(§N “mod) €xact, and we have an equivalence

D}, (8 -mod) < D* (g, —mod).

The kernel of ¥ is the subcategory of D;..,, (g, —mod), consisting of acyclic objects with respect
to this t-structure.

Remark. We do not know whether the t-structure on D(g, -mod) (or, equivalently, on
D, cn (g —mod)) induces a t-structure on the subcategory D/ (g, —mod). ° Le., the formalism
of Sect. 22.5.1 is a priori not applicable in this case.

23.2. The critical level case. Let us specialize to the case K = K¢ Let 34 denote the
center of geri; —mod. This is a topological commutative algebra isomorphic to the inverse limit
of 3% (see [FG2], Sect. 7.1), where each 3} is isomorphic to a polynomial algebra on infinitely
many variables, and the ideals ker(32 — 33') are finitely presented and regular. By [BD],
Theorem 3.7.9, the action of 34 on Ve¢,; factors through 3;, and Vi ; is flat as a 319—m0dule.

IMost probably, it does not.
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23.2.1. Let Z be a discrete quotient algebra of 34, such that for some (=any) ¢ the map 34 — Z
factors through 3} — Z, with the ideal ker(3} — Z) being finitely presented and regular.

Let gerit -modz be the full abelian subcategory of geris —mod, consisting of modules on which
the action of the center 34 factors through 3. Let D(gerit —modz) be the usual derived category
of this abelian category; it is co-complete and has a t-structure compatible with colimits, and
naturally comes equipped with a DG model.

We have a tautological functor

(%)* : D(gerit ~modz) — D(Geyit —mod).

23.2.2. We shall now define a renormalized version of the category D(gcit —modz), denoted
Dren (acrit 7mOdZ):

We define DY (§eris —modz) to consist of those objects of M € D(gerit —modz), for which
(Lg)*(M) € DY (gerit —mod).

By Sect. 22.1, we obtain a category which we shall denote D,.cp, (§erit —modz), and a pair of
mutually adjoint functors

\IJZ : Dren (ﬁcrit *modz) = D(ﬁcrit *modz) : (I)Z.

We claim that conditions of Sect. 22.1.4 and Sect. 22.4 are satisfied. Indeed, we take F to be
again the forgetful functor, and we take Z; to be the objects

Vi =Vairi ® Z
3%

crit,i
for 4 such that Z is a quotient of 33. (Note that Vfrim is an object of the abelian category
Herit 7mOdZ-)

Thus, we obtain that ¥Z o (I)Z|D+(§cm “mody) — 1D+ (§uri, ~mody), and that Dy.ep, (@eric ~modz)
acquires a compactly generated t-structure, such that the functors ¥ and <I>ZD+ (Gexit —modyz) BT€
exact, and induce mutually quasi-inverse equivalences

% : D, (erit —mod) = DT (Geris —mod) : ®%.
23.2.3. By construction, the category D(ge,is —modyz) is realized as a quotient
Ho (C(gerit modz)) / Ho (Cacyet(@erit ~modz)) ,
so by Sect. 16.7.4, it lifts to an object of DGmod (Cb(Z 7modfree’fi"'rk')), see Sect. 21.4.

Since D(ﬁcm —mody) is Karoubian, this structure extends to that of triangulated category over
Spec(Z).

Hence, the category D/ (@crit —modz), which is also Karoubian, inherits this structure.

23.3. Changing the central character. Let Z’' be another discrete and regular quotient of
34, such that the projection 34 — Z’ factors through Z. We have a regular closed immersion

Spec(Z") — Spec(Z)

that we shall denote by Zz
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23.3.1. The functor
(Z2y* . DP"/ (Z -mod) — DP*"f (7' ~mod)

lifts naturally to a 1-morphism in DGMonCat, which we denote by the same character. Since
Zlis a regular embedding, the adjoint functor

27 . D(Z' ~mod) — D(Z —mod)
sends DP¢f (Z' ~mod) to DP*"/(Z -mod).
Consider the base-changed category

(23.1) Spec(Z’)  x DY (Gerit —modz).
Spec(Z)

This is a triangulated category over Spec(Z’). Consider also its ind-completion

Spec(Z’)  x DY (Gerit —modz).
Spec(Z)

By Sect. 18.4.6, the functors (:Z°%Z)* and (:Z"%), induce a pair of mutually adjoint functors,
denoted

F7 ® 144 (P © Id).,

Spec(Z) ’ Spec(Z)
respectively:
D/ (§eric —modz) < Spec(Z')  x DY (Gerit —modyz)
Spec(2)
and

D;en (ﬁcrit 7m0d2) = SPeC(Z/) X Df (acrit 7mOdZ)
Spec(Z)
The functor (/2% ® Id)* is right-exact. By Proposition 20.4.1, the functor (:Z°Z © 1Id).

Spec(Z) Spec(Z)
is exact and conservative.

23.3.2. Consider now the tautological functor
(23.2) (127%) - D(Geris -m0dz) — D (Gerie ~modyz).

It is naturally equipped with a DG model, and as such is compatible with the action of
C?(Z -mod "¢ F"-Tk-) “and hence is a functor between categories over Spec(Z).

By definition, the above functor sends DY (geit —modz:) to D7 (gerit —modz). Hence, by
Sect. 16.7.2, we obtain a functor

(12 %)« : D (Gerit -modz:) — DY (Gerie ~modz)

between triangulated categories over Spec(Z). We shall denote by

7.7
( g,ren

)* : Dren (ﬁcrit *mOdz’) - Dren (/g\crit *HlOdz)

its ind-extension.
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23.3.3. The functor (23.2) admits a right adjoint, denoted (Lg/’z)*. The following assertion is
established in [FG2], Lemma 7.5:

Lemma 23.3.4. For Z', Z as above we have a commutative diagram of functors

. W
D(gcrit *IIlOdz) St D(gcrit 7m0dz/)

| l

(Lz/,z)*

D(Z-mod) —— (Z' —mod).

The functor (Léz,)* is naturally equipped with a DG model, and as such is compatible with

the action of C?(Z -mod/™*/""%) "and hence is a functor between categories over Spec(Z).

Lemma 23.3.5. The functor

(%) : D(@erit-m0dz) — D(Geric ~modz)
sends DY (gerit —modz) to DY (geris —mod).
Proof. For M € D(geris —modz),

(@) 6 D00 = () (£ 7). 0 (27 00) = (D (2 ).

and the assertion follows from the fact that Z’ admits a finite resolution by locally free Z-

modules.
O

Thus, we obtain a 1-morphism
(127%)* : DY (Gexit -modz) — DY (Gexit -modz)
over Spec(Z).
23.3.6. By Sect. 17.5.3, the functor (Lé’z)* gives rise to a functor
(23.3) (F? x ETy iSpec(Z’)  x DY (Fery-modz) — D (Feri —modz)
Spec(Z) g Spec(Z)
and by ind-extension a functor
(23.4) (F7 x Léz/)* :Spec(Z')  x DY (Geic —modz) — Dyen (Feris -modz/)

Spec(Z) Spec(Z)
pe

Proposition 23.3.7. The functors (23.3) and (23.4) are fully faithful.

Proof. Tt suffices to prove the assertion concerning the functor (23.3). Moreover, it is easy to

see that it suffices to show that for My, My € D/ (geric —modz), the functor (LZI’Z X LéZl)*
Spec(Z)

induces an isomorphism

Homg,oo(7- S 77 g 1M, (X Id*M)
Mgtz D1Go-mot) (20 170G (728 10)" (M) )

— HOHlDTm@Crit “mody) (Léz’)* (jv[l), LéZ’)* (MQ)) .
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We rewrite the LHS using Corollary 18.4.2(2) as
Hompy (g,.;; -mody) (Mlu (F? ® Id).o(F? © Id)*(M2)> ~
Spec(Z) Spec(Z)
~ Hompy (g5, -mody) (M1, Z' @ Ma),

and the RHS using Lemma 23.3.4 as

Hompys (g, ~mody) (M1, (Lg"z )« © (L§’Z )*(M2)) ~ Hompy 5., ~mody) (M1, Z’ ® Ma),

implying the desired isomorphism.
O

23.4. The functor (23.4) that appears in Proposition 23.3.7 is not an equivalence of categories.
We shall now repeat the manipulation of Sect. 11 and turn it into an equivalence by modifying
the LHS.

23.4.1. Consider the functor
(%)« : DY (Geris —modz) — DY (§exit —mod)
and its ind-extension

7'z
(Lﬁ,ren

)* : Dren (ﬁcrit *HlOdz) - Dren (/g\crit *HlOd).

Proposition 23.4.2. The functor (L% ren)x 15 exzact, and is conservative when restricted to
D:ren (ﬁcrit *IIlOdz) .

The proof will be based on the following lemma, established in [FG2|, Proposition 23.11:
Lemma 23.4.3. For My, Mz € D (gerit —modz) with My almost compact, the natural map

. z,3! z,3!
coin Homps . mady) (57900, (57).00)) —

= HOmp g, mod) ((12)- (M), (). (M2))
is an isomorphism.

Proof. The right-exatness of (L% « follows by the definition of the t-structures on both sides

from the following diagram

,ren)

Z
(Lﬁ,rcn)*

D,en, (ﬁcrit 7mOdZ) D,en (acrit 7m0d)

\I/Zl xpl
~ (%)« ~
D (gcrit 7mOdZ) — D (gcrit *IIlOd) R
which is commutative by construction.

To prove that (LZ )« is left-exact and conservative on D+ (Gcrit —modz), it suffices to show

g.,ren ren
that the following diagram also commutes:

z
(LE,Ten)*

D,en, (ﬁcrit 7mOdZ) D,en (acrit 7m0d)

o] dl
e W
D (gcrit *HlOdz) —— D (gcrit *HlOd).
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In other words, we have to show the following:

Let N be an object of DT (gt —modz), represented as hocglim M4 for some set A, such that

for a € A, M, € D/ (gerit —modz), and so that the arrow

colim Homp g, ,modz)(M', M,) — Homp (g, mody) (M, N)
is an isomorphism for any M’ € Df (gcrit —modz). We have to show that in this case the arrow
colim HomD(ﬁcrit —mod) (MH, (L’g)*(Ma)) - HomD(ﬁcrit —mod) (MH, (L%)* (N))
is also an isomorphism for any M € D/ (gei¢ —mod).
By Lemma 23.4.3, the latter would follow once we show that
colim Homp g m” (LZ’BE‘) M) | —
a D(chit 7mod3ig) ) ﬁ * a
1! 273; N
- HomD(acrit *mOd‘-ﬁig) M ’ (Lﬁ )*( )

is an isomorphism for any ¢ > 0; in particular 7 is such that we can consider M" as an object
of Df(acrit fmod% )

We rewrite both sides of the above expression as

. Z,3%h
cogzm HomD@crit “modz) <(La E) (M”),Ma> —

Z,3% .,
— I{OHlD(ﬁCrit —modz) ((Lﬁ 9) (M//),N> .

The assertion follows now from the fact that (Lé:j;)*(:]\/[” ) € DY (geris -modz), established

above.
O

23.4.4. We define a new functor

+
(235) (X7 x 12Fyt [ Spec(z')  x D (Ger-modz) | — D, (et -modz)
Spec(Z) —
Spec(Z)

as follows.
For M € Spec(Z')  x D/ (gerit —modz), which is > 4, we set

Spec(Z)
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for some/any j < i. The independence of the choice of j is assured by Proposition 23.4.2, since
we have an isomorphism of functors:

(23.6) (Lé/)* o(F? x Lg"zl)* ~ (L), 0 (X% © Id),:

Spec(Z) g Spec(Z)
Spec(Z')  x DY (geis —-modz) — Dyep(Geric —mod),
Spec(Z)

and the latter functor is exact.

As in Theorem 11.3.1 one shows that the functor (1272  x LZ’Z,)*7+ is an equivalence of
Spec(Z)
categories.
Let D/ (gerit —modz: z) be the full subcategory of Spec(Z')  x D (gerit —modz) consisting
Spec(Z)
of objects M, such that

(7 @ 1d).(M) € DY (Geris —mody).
Spec(Z)

Let Dyen(@erit ~modzr z) denote its ind-completion.

RN LéZ’)*,Jr to Df(/g\critmedZ/-,Z)' The
Spec(Z)

isomorphism (23.6) implies that the image of this functor belongs to DY (gei; —modz/). Let

Consider the restriction of the functor (

’ 4 . .
(W£Z  x Z%)Yx  denote the ind-extension
Spec(Z) g

Dren (/g\crit *HlOdz/_]z) - Df (/g\crit 7mOdZ’)-

Proposition 23.4.5. The functor (LZI’Z X Lg,z’):en is an exact equivalence of categories.
Spec(Z)

We omit the proof as it essentially repeats the proof of Theorem 11.4.2.
23.5. From D-modules to g-modules.

23.5.1. For any level x we consider the abelian category @(Flgﬂ)ﬁ —mod, and its derived cate-
gory D(D(FI&),. ~mod).

Let ©/9(FI2), -mod ¢ D(FIAT), -mod be the abelian subcategory of finitely generated
D-modules. This pair of categories satisfies the conditions of Sect. 22.5.1. We obtain the
renormalized category D, (D (FIAT), —mod),

D/,,,(D(FIF). mod) := D (D(FIF'), -mod) ~ D*(D/9(FIET),. -mod)
and
D, e (D(FI2T), —mod) ~ Ind (Df (@(Flgﬁ')fmod)) .
Our present goal is to construct a functor
Ipr : DY (@(FIE),. -mod) — D7 (G, —mod),
and its ind-extension
Tr1 : Dyen (D (FIE),, -mod) — D, (3, —mod).
In order to do this we will use a particular DG model for the category Df (D (FI2T), ~mod).
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23.5.2. Let CP(D79(F12),. -mod) be the category consisting of finite complexes of objects from
D (FIF), ~mod. Let C%  (D9(FIX), mod) C C*(D/9(FI), -mod) be the DG subcate-
gory of acyclic complexes. By definition, D (CD(FIZH),.; —mod) is the triangulated quotient

o (C*(®@(FIE)x~mod) ) / Ho ((Chyes (D77 (FIE ) ~mod) )
which by Sect. 15.7.2 endows D (D(FI&T),. ~mod) with a DG model. This is the standard DG
model for D/ (D(FI),. ~mod).

Let now 'CP(D79(F121) . -mod) be a full DG subcategory of C(D(FI&), —-mod) that consists
of finite complexes F*, with cohomologies belonging to D79 (D (FI&T),. ~mod), and such that each
F* is supported on a finite-dimensional subscheme of FIH. Let 'Ct_ (DF9(FIA), -mod) C

acycl
'ch(f 4‘7(Flsz),.i —mod) be the DG subcategory of acyclic complexes.
We have a canonical 1-morphism in DGCat:
CY(®79(F12f) . -mod)/Ct,, ,(DF9(FIAT),, ~mod) —

—'C'(®79(FIE),, -mod)/ C°

acycl
acycl (D 1o (Flaéﬂ)ﬁ 7m0d)'
It is easy to see that it induces an isomorphism on the level of homotopy categories. We obtain
an equivalence

D/ (®(FI2),. ~mod) ~ Ho (’cb(z)fg (FI2f),, fmod)) /Ho ( (DI (FLET),, mod)) ,
which equips Df (D(FI&T),. -mod) with a DG model within the same equivalence class.

23.5.3. Let now
Cadapt(g(Flaéﬂ)H ~mod) C 'C*(D9(FIT),. ~mod)
be a DG subcategory, whose objects are complexes F*® such that for each k
RTp(F%) =0, Vi > 0.
Set

'ct D79(FIZ) . ~mod) :=" CL 4, (D9 (FIH) . -mod) N'C,, ., (D7(FIZ) . ~mod).

adapt, acycl(

We have a canonical 1-morphism:

C (© 1o (Flaﬂ) 7m0d)//cadapt acycl (@jg (Flaéﬂ)ﬁ 7m0d) -

—'Ct(@f9(F1E), —mod)// C?

adapt

(®F9(F1AT),. ~mod).

acycl

Lemma 23.5.4. The functor

Ho ( adapt (ng (Flaﬁ) 7m0d)) / Ho (/CZdapt,acycl (ng (F]"ECLJH)N 7m0d)) -

— Ho (’cb(saf 9(F12T),, fmod)) /Ho ( ofs(Fah), fmod)>

acycl(
is an equivalence.

Proof. The assertion of the lemma follows from Lemma 21.1.4(2), since every D-module F over
a finite-dimensional subscheme Y of FI&' admits a Cech resolution with respect to an affine
cover of Y.

O
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Thus, we have an equivalence
D/ (D(FIE),. ~mod) ~
Ho ('cb @ g(Flafo)fmod)) /Ho ('cb @f g(Flgﬁ)fmod)) :

adapt adapt,acycl

which equips Df (D (FI2), -mod) with yet another DG model within the same equivalence
class. It is that latter DG model that we will use to construct the functor of sections.

23.5.5. We have a DG functor
Tpp:'Ch e (DTI(FIY) . ~mod) — C(g,. —mod),
obtained by restriction from the evident functor
Tpr : C(®(FIA), -mod) — C(g, mod).
By construction,

r (’cb (@F9(F12),, fmod)) C Cacyet (3 -mod),

adapt,acycl
which endows the (usual) derived functor
(23.7) Tpr - DY (D(F12),. -mod) — D(g, —mod)
with a DG model.
Proposition 23.5.6. The image of the functor (23.7) belongs to D7 (g, —mod).

Since the DG model on D/ (g, —mod) is inherited from that on D(g, ~mod), we obtain that
the desired functor ' '
/. D/ (®FE, ~mod) — D’ (g, —mod),
equipped with a DG model.
23.5.7. Proof of Proposition 23.5.6. It is enough to show that for a finitely generated D-module
F on Fl, the object T'r(F) € D(g, —mod) belongs to D/ (g, —mod).
Let F be supported over a closed finite-dimensional subscheme Y C Fl"gf. Then F admits a

Q(Fl"éff%(m), where M is a coherent sheaf on Y.

finite resolution by D-modules of the form Indo &,
(F15)

Thus, we can assume that F has this form.
Let n > 0 be sufficiently large so that
g ® (t" - C[[t]) C Lie(1y)

for all y € Y, where I,, denotes the conjugate of the Iwahori subgroup I corresponding to a point

y € FI2f ~ G((t))/1. Consider the vector bundle Iy /g ® (t" - C[[t]]) over Y, whose fiber at y € Y
is Lie(I,)/g ® (t" - C[[¢]]). This vector bundle carries an action of the group G(¢" - C[[t]]). For
an integer ¢ consider its i-th exterior power A’(Iy/g® (t" - C|[[t]])), and the G(t" - C[[t]])-module

(23.9) r (v A /a0 ) @ 0.
Y
Consider the g,.-module

Vo000 1= 08 gy (T (VA /a0 07 @ 3) ).

The relative version of the Chevalley complex construction gives rise to a map of g,-modules
Vi (9, M) — Vi1 (Y, M),
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such that the composition
Vien (9, M) = Vi3 (4, M) — V22 (Y, M)
vanishes. Denote the resulting complex Vp, , (Y, M).

Lemma 23.5.8. Assume that for all i and j > 0

RT (H,Ai(ly/g @ (t"-C[[t]) ® M> =0.

Oy

Then V}, (4, M) is quasi-isomorphic to I'sy (Indg((;l:s::))“(M))

This implies the assertion of the proposition:

Indeed, resolving M by coherent sheaves, we can assume that the vanishing condition of
the above lemma holds. Hence, it suffices to see that the §.-modules V% (Y, M) belong to

D/ (g, —mod).

However, since Y is proper, the G(t" - C[[t]])-module (23.8) is finite-dimensional, and hence
admits a finite filtration with trivial quotients. Hence, V., , (4, M) admits a finite filtration with

quotients isomorphic to V, ,,.
O

23.6. Sections at the critical level. Let us take now x = K¢t Our goal is to show that
the functor I'p; of Sect. 23.5.1 factors through a functor

Fpl : Df(@(Flaéﬂ)crit fmod) — Df(acrit 7mod3gilp).
First, we recall that by [FG2], Sect. 7.19, for any F € D(FI4) i, —mod, the individual

cohomologies R'T'ri(F) belong to the full subcategory

Gerit 7m0d33i1p C derit —mod .

Hence, the procedure of Sect. 23.5.5 defines a functor
D/ (D (F1&)cri —mod) =~
= HO ('l (7 (FIE ) st -1m04) ) / HO (" Chgr acyer(D7 (FIE iy ~mod) ) —
— Ho (C(ﬁN frnodS;up)) / Ho (Cacycl (9x fmodsgnp)) ~ D (Gerit fmodagnp),
equipped with a DG model.

Thus, it remains to see that on the triangulated level, its essential image is contained in
D/ (Gerit 7m0d3nnp). The latter results from Proposition 23.5.6 and the definition of the latter
g

category (see Sect. 23.2.2).

24. DG MODEL FOR THE [AB] ACTION

24.1. In this subsection we will discuss several different, but equivalent, DG models for the
category D7 (D(F121) .5, ~mod) that are needed to upgrade to the DG level various triangulated
functors from the main body of the paper.
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24.1.1. Recall the category 'C(D(FI&T) i, -mod) and its subcategory of acyclic objects, de-
noted ' Caeyet (D (FIH ) eri —mod).
Let
CL 4 (DI (FIE ) exie —mod) C 'CP (DI (FIH') vy ~mod)

be the DG subcategory consisting of complexes F* with the additional condition that each F* is
a direct sum of D-modules, each being the direct image of a D-module on a finite-dimensional
locally closed affine sub-scheme of FI4'. (Note that Ch,p(DI9 (FI41) iy ~mod) is contained is

the subcategory Cadapt (@(Flgﬂ)crit —mod), introduced earlier.)

Set

Cl:sz.,acycl (ng (Flaéﬂ)crit 7m0d> = Cl:sz (ng (Flgﬂ)Crit 7m0d> N /Cacycl (S(Flgﬂ)mit 7m0d)'

The proof of Lemma 23.5.4 shows that the natural functor

Ho (Cgf s (DT (FIE exit *mOd)) / Ho (Cgf fracyel(DT (FIE it *mOd)) -

— Ho ('C(@(Fﬁgff)mt fmod)) /Ho ('cacyd(@(mgff)crit fmod))

is an equivalence.

Hence,

Coy s (D7 (FIF exie -m0d)/ C 1 1 et (DT (FIE vt ~mod)

defines a different, but equivalent, DG model for D/ (D (FIT) 5 ~mod).

The above DG model gives a different, but again equivalent, DG model for the functor
Fpl . Df(@(Flaéﬂ)crit fmod) — Df(acrit fmodnﬂp).

24.1.2. Let
CP 41 ina(DTI(FIE ) eris —mod) C CY 4 (D9 (FIE ) crit —mod)
be the DG subcategory, consisting of complexes F°*, where we impose the additional condition

. aff .
that each F* is of the form Indg(mff Jerts (M) for a quasi-coherent sheaf M on FIHT.
Flkcl;,

Set

Cgff,ind,acycl (© 1o (Flaéﬂ)crit 7m0d) =
C? 4 ina(DFI(FIH) o1y —mod) N C? (DF9(F121) 150 —mod).

aff,acycl

Lemma 24.1.3. The natural functor
Ho (Cl i (@7 (FIEN ) cxse -m0d) ) / Ho (€L s eyt (D79 (FIE ) xie -mod) ) —
— Ho (€} (D79 (FIE )it -m0d) ) / Ho (Ch et (D7 (FIE erie -mod) )
is an equivalence.

Proof. Tt suffices to show that any D-module equal to the direct image from a (sufficiently
small) finite-dimensional affine subscheme Y of I admits a finite left resolution consisting of
induced D-modules. Since the operation of induction commutes with that of direct image under
a locally closed map, it suffices to construct such a resolution in the category of D-modules on
Y itself.
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We can assume that Y is small enough so that it is contained in an open ind-subscheme of
Fl"éﬂ, isomorphic to the ind-affine space A*°; then Y C A™ C A*. The required resolution is
given by the De Rham complex on A™.

O

Thus, we can use

Cgff,md(gfg (FlaGH)crit *mOd)/Cfo,md,acycz (D'f‘q (Flzﬁ)crit —mod)

as yet another DG model for the category D/ (@(Flgﬂ)crit -mod) and the functor I'p;. In what
follows, it will be this model that we will use to perform our constructions.

24.2. We shall now define a homotopy action of
C/7¢¢ (Coh(N/G))/CL.. (Cohl™e(N/ ()

acycl
on
Cgff,ind (ng (Flgﬂ)crit *mOd)/Cfo,md,acycl (® 1o (Flgﬂ)crit ~mod).

We will use the paradigm of Sect. 16.7.5. First, we note:

Lemma 24.2.1. Assume that F is a D-module on Flgﬁ, which is induced from a quasi-coherent
sheaf, and isomorphic to the direct image of a D-module from a finite-dimensional affine sub-
scheme. Then

HY(F%J5) =0, Vj #0 and X € A.
Proof. Write A=\ — A\ with \; € A%
Recall that the functor 7 x Jj is right-exact for ji € A, since in this case Ji = Jax. The
functor ? x J_;, being the right (but in fact also left) adjoint of Jj, is left-exact.

Let us first show that HY(F « J5) = 0 for j > 0. For that it suffices to see that Fx.J_5, €
D=0(D(FIAM)..;s -mod). However, this is true for any convolution F x ¥ for ¥ € D(Y)-mod’,
where Y is an ind-scheme with an action of G((t)), provided that J is somorphic to the direct
image of a D-module from a finite-dimensional affine subscheme.

Let us now show that H7(F « Jx) = 0 for j < 0. For that it suffices to see that Fx J;, €

D20(D(FIAT)..i, -mod). But this is again true for any convolution F x ' as above, provided
that F is induced.
O

24.2.2. The sought-for pseudo-action of Cb(Cohfree(ﬁf/é)) on szf)ind(gfg(Flgﬂ‘)crit —-mod)
is defined as follows: for a collection of objects M$, ..., M8 € C?(Coh/™*(N/@)), 2,93 <
szj»_’md(@fg(Flgﬂ)crit —mod) we set

(24 1) HOme (Cohf'ree (ij‘/é))’Cfo,ind(@ fg (Fliz;ff)cric —mod)

Home (o (piaf).i, moa) (F1 * FIMT @ ... @ M3), F3)

M ®..0M) @F},F3) =

where
(24.2) Fy*FM] ® ... @ M)

is regarded as a complex of D-modules on Flgﬁl (which does not in general belong to
CZf f,md(i)f 9(F14T) iy ~mod)), obtained by term-wise application of the convolution functor.
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We claim that the the required co-representability and vanishing conditions of Sect. 16.7.5
hold with respect to the subcategories

Ch . (Coh!™¢(N/G)) C C¥(Coh!™*(N/())

acyel
and
c ff,ind,acycl(gfg (FI2) i ~mod) c Cb ff,ind(gfg (FI2M) 5, ~mod).
Indeed, by Lemma 24.2.1, for fixed M3, ..., M? and F} the co-representing object in

Ho (€ 1.10a(® 7 (FIE ersi-1m0d) ) / Ho (1t ey (D79 (FIE it -mod) ) =
~ D' (D(FI&) i, ~mod)
is represented by the complex (24.2).

Thus, we obtain a required homotopy action of

Ct(Coh! ™ (N /(1)) /CP.. ., (Coh! ™ (N /()

acycl
on

Cgff,ind(gfg (Flgﬂ)crit 7m0d)/Cfo, (i)fg (Flgﬂ)crit ~mod).

ind,acycl
24.3. We shall now upgrade the functor I'r; to a DG functor, compatible with the action of

CP(Cohf™* (N /(1)) /C. (Coh/™¢(N/G)).

acycl

To do so, it is sufficient to construct the corresponding structure on I'y; as a homotopy
functor between the DG categories

Cgff,ind (ng (Flgﬂ)crit 7m0d)/Cfo,ind,acycl (© 1o (Flgﬂ)crit 7m0d)
and
C (acrit 7m0dnilp)/cacycl (acrit 7m0dnilp)-
24.3.1. We first consider the pseudo-functor
Cgff.,ind (’ng (Flgﬂ)crit ~mod) — C(@erit ~modplp)

as categories with a pseudo-action of Cb(Cothee(ﬁf/G)). For M3, ..., M2, € Cb(Cothee(ﬁf/G)),
F* e szj»_’md(@fg(Flgﬂ)crit ~mod) and V* € C(gerit —modnilp), we set

(24.3) Homcb(COh““ (if/é)),Cfo,Md(@fg(Fl*g;ff)crit ~mod),C(Feric ~modniip)
"M@ ... @ M7, @ I'pi(F°)7,V*) := Home G, modn,) (FFI(T® * FOMT @ ... @ M7)), V*),
where again

(24.4) Lp(F° «FM} @ ... @ M3))

is by definition obtained by applying the functor I'p term-wise to (24.2) (with 7 replaced by
F3) as a complex of D-modules on FI2T,

The construction of the required natural transformations has been carried out in Sect. 3.3.
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24.3.2. Now we claim that the co-representability conditions of Sect. 16.7.5 hold with respect
to the subcategories:

C}.,(Coh/™**(N/G)) € C"(Coh! ™ (N/G)),
Cfo,ind,acycl(ng (Flgﬂ)crit 7m0d) C Cgff,ind(z)fg (Flgﬂ)crit 7m0d)a
and
Cacycl (/g\crit 7m0dnilp) C C(/g\crit 7m0dnilp)-
Indeed, for M, ..., M, F* as above, the required object of D(gerit —modnilp) is the image of
the complex (24.4).

Thus, we have constructed the required 1-morphism
Chf fina (DT (FIE ) exie-m0d) /Cl i acyer(D7 (FIE erie -mod) —

- C(/g\crit 7m0dnilp>/cacycl (ﬁcrit 7m0dnilp)7

in DGmod (C"(Coh’™** (N/G))/Ch,, o (Coh’ ’“ee(ff/é))).

acycl
24.4. Recall the functor

T : D/ (@FIH) i mod) — pt /B x DI (D(Gridl) i -mod).
pt /G

We will now upgrade it to the DG level, in a way compatible with the homotopy action

of Cb(Cohfree(f\f/é))/Cgcycl(Cohfree(N/é)) on both sides. This amounts to constructing a
1-morphism

(245) Cq frind(® T9(FIE e ~mod) / CZf fiind.acyel(D T9(FIE erie ~mod) —

— C(pt/B x D(CGra) i mod)/Coeyar(pt /B x D(Gril) i, —mod).
t t

pt /G pt /G

acycl

in DGmod (cb(cohfree(i/é)) /b (cohfm(fw/é))).
Proceeding as above, we first define a pseudo-functor

C s .ina(DT(FIE ) eri -mod) — C(pt /B X D(Gref)eriy —mod)

pt /G
with a compatibility data with respect to the action of Cb(Cohfree(J?f/G')).
For M3, ..., M, € C¥(Coh/™**(N/G)), F* € Cb ., . 4(D9(FIE)crie ~mod) and
'F* € C(pt /B x D(Gridh) i, —mod),
t

pt /G
we set
(24.6) HomC%Cohfm<i/é>>7csz,md<9f9<F1%;“>cm—mod>,c<pt/B X D(Grgferit -mod)
pt /G
(”M; 2. M ® T(&“)”,'s") -
Home e /5 « (6ot -mod) (F° % FIMT @ .. @ M3) + Jop + W, 'F*)
pt /G
where
(24.7) FAFM} @ ... @ M) % Jop xW € C(pt /B x D(Gril) i —mod)

pt /G
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is given by term-wise convolution.

The co-representability condition of Sect. 16.7.5 is satisfied because for any D-module &
appearing as a term of an object of szj»_’md(ng(Flgﬂ)crit ~mod) and M € Coh/™*(N/@G), the
convolution

FxFM)xF € D(pt /B x D(Gri) . —mod)
pt /G
is acyclic off cohomological degree 0 for any F € pt / B >; ) ’D(Grgﬂ)crit ~mod’.
pt /G

This defines the desired 1-morphism (24.5).

24.4.1. Finally, we remark that the above construction d§ﬁnes also the lifting of the natural
transformation of Lemma 7.2.5 to a 2-morphism over pt /G, once we lift the functor

co-Ind : D(pt /B x D(Cri) ey -mod) — D(D(Gril) .5 ~mod)
pt /G

to a 1-morphism over pt /G, by the procedure of Sect. 21.6.2.

25. THE I°-EQUIVARIANT SITUATION

25.1. Let D be cither of the categories D(g, ~mod), or D(D (FI141) i ~mod) (the latter being
considered with the old t-structure).

We define D"+ C D¥ to be the full triangulated subcategory, consisting of complexes
whose cohomologies are strongly I%-equivariant objects of the corresponding abelian category,
see [FG2], Sect. 20.11.

The goal of this subsection is to define the I°-equivariant version of the corresponding cate-
gory D,.ey,. This will be done in the following abstract set-up.

25.1.1. Let D/ C D be as in Sect. 22.2, so that the conditions of Proposition 22.2.1 hold.

Let D € D* be a full triangulated subcategory. We assume that the following conditions
hold:

e (1) The tautological functor emb : Df — D7 admits a right adjoint, denoted Av :
D* — Dy, such that the composition embo Av : D* — D is left-exact.

e (2) For every X € D belonging to a strongly generating set of objects of D/ there
exists an inverse family X — {... = X2 — X'} with X* € D N D/ such that for any
Z € DY, the arrow

colim Homp+ (X*, Z) — Homp+ (X, Z)
1
is an isomorphism.

Denote D{ =D := D ND/; being a triangulated subcategory of D, it acquires a DG

1,ren
model. Hence, its ind-completion, denoted Dy ey, is well-defined. It comes equipped with a

functor (which is also equipped with a DG model)
embren : Dl,ren - Dren7

which is fully faithful, sends compact objects to compact ones, and commutes with direct sums.
Hence, emb,..,, admits a right adjoint, denoted Av,.¢,, which also commutes with direct sums.
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Proposition 25.1.2. Under the above circumstances we have:
(a) The functor emby.cp, © AVyen : Dyen — Dyen is left-exact.

(b) The category D1 ren acquires a unique t-structure, for which the functor embye, is exact.
(The functor Av ey is then automatically left-exact.)

(c) The (mutually adjoint) functors ¥ : D}, < D7 : ® send the categories DY ,., C D, and

ren 1,ren ren
Df C DT to one another. (We shall denote the resulting pair of mutually adjoint functors by
Uy, &4, respectively.)

(d) We have the isomorphisms of functors
Avyep o® ~ &y 0 Av: DT — D

1,7ren

and Av oWl ~ Uy 0 Av,e, : DI

ren - Di‘r'
25.1.3. Proof of Proposition 25.1.2. First, we claim that there exists a natural transformation:
(25.1) embyep, 0 AVyen 0® — ® o embo Av

between functors D™ — D,.,. To construct it, it is sufficient to construct a natural transfor-
mation

(25.2) T o emby.ep, © AVyep, o — embo Av : DT = D.
For Y € DT consider the maps from the LHS of (25.2) to the distinguished triangle
emboAv(Y) - Y — Cone(embo Av(Y) — Y).

We have a canonical map

U o embyen, 0 AVyen, 0P(Y) — Y.
Hence, in order to construct the morphism in (25.2), it suffices to show that for any Y’ € ker(Av)
and any X € Dy ,¢y, we have

Homp (¥ 0 emby.¢, (X),Y’) = 0,
which follows from the definitions.

Now, we claim that the natural transformation (25.1) is an isomorphism. To check it, it
suffices to show that for any Y € D* and X € D/ as in Condition (2) of Sect. 25.1.1, the map

(25.3) Homp, ., (X,emby,cp © Avyen 0®(Y)) — Homp, . (X, P oembo Av(Y))
is an isomorphism. Let us write Av,.c, o®(Y) as colim Z;, Z; € D{, i.e., for every X; € D{ the

arrow

coliz'm Homp,s (X1, Z;) — Homp(X1,Y)

is an isomorphism. Let X* be the corresponding inverse system for X. Then the LHS of (25.3)
identifies with

colim Homps (X, Z;) ~ colim colkz'm Homp, (X", Z;) ~

~ colkim colim Homp, (X*, Z;) ~ colkim Homp (X*,Y).

The RHS of (25.3) identifies with
Homp (X,embo Av(Y)) ~ colkim Homp, (X*, embo Av(Y)) ~ colkim Homp (X*,Y),

implying our assertion.

The isomorphism (25.1) readily implies point (a) of the proposition. Indeed, for X € D2

write X = ®(Y) for Y € D=%. We have:
emby.ep, © AVyen (X) ~ @ (embo Av(Y)),
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and as embo Av(Y) € D20 (by assumption), the assertion follows.

Point (b) is a formal corollary of point (a). Indeed, we claim that for Z € Dy y¢p, the terms
of the distinguished triangle

(25.4) 750(emb,n(Z)) — embyen(Z) — 77°%(embyen (2))

belong to the essential image of emb,..,, which implies our assertion. To prove the claim we
compare the distinguished triangle (25.4) with

(255) embyen 0 AVyen (Tgo(embra‘n(z») — embyep (Z) — embyep 0 Avyey, (T>O(embr8n (Z))) .

The adjunction map emb,¢;, 0 Av,., — Id gives rise to a map of triangles (25.5) — (25.4). On
the other hand, since embye, © Avyen (77°(embyen(2))) € DY, and 7=%(embyc,(Z)) € DY

Ten ren’

we have a unique map (25.4) — (25.5). Moreover, the composition (25.4) — (25.5) — (25.4)
equals the identity map. This implies that the terms of (25.4) are direct summands of the
terms of (25.5). However, a direct summand of an object in the essential image of emb,,, itself
belongs to the essential image of emb,.¢;,.

Points (¢) and (d) of the proposition follow formally from (a) and (b) and (25.1). O

25.2. We are going to apply Proposition 25.1.2 to D being one of the categories of Sect. 25.1
and D; = D'’

Note that in the case of D = D(®(FIA)i; —mod), this would establish Lemma 4.1.1 and
Proposition 4.1.7(b).

25.2.1. Let us show that conditions (1) and (2) of Sect. 25.1.1 hold. This will be done in the
following context:

Let D be the derived category of an abelian category € acted on by G((t)) of [FG2], Sect.
22.1. Note that condition (1) of Sect. 25.1.1 is given by [FG2], Sect. 20.10. Let H be a group
sub-scheme of G[[t]].

Let D (€)% and DT(C)*# := D*(€) be the corresponding weak and strong equivariant
categories, respectively. Let

D*(e)H emb®’* D*(e)wH emb’” D*(€)
be the corresponding functors, and let emb := emb® := emb" o emb®™.

Let D/(€) ¢ D(@) be a full subcategory, contained in D?(€), such that every object of
D/ (C) is strongly equivariant with respect to some congruence subgroup G(t" - C[[t]]).

We will make the following additional assumption, satisfied for the categories appearing in
Sect. 25.1:

(x)  The category DY (@) is strongly generated by objects that belong to the essential image of
the functor DT (C)»# — DT (@).

This assumption is satisfied for both examples under consideration.

For any X as above we will construct a family of objects X that satisfy condition (2) of
Sect. 25.1.1.
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25.2.2. Indeed, let X = emb"”(X;) with X; € D=<%(C)*"#. Let X; be strongly equivariant
with respect to G(t™ - C[[t]]).

Let H,, be the group H/H NG(t"™-C[[t]]), bn := Lie(H,). Consider the H,-module Fun(H,,)
and let us represent it as a union of finite-dimensional modules Fun(H,,)*. Let (Fun(H,)*)* be
the dual representations.

Then the desired objects X* are given by
Xk .= A (hp) ® (X1 ® (Fun(Hn)k)*) ,
where X; ® (Fun(H,)*)* is regarded as an object of D(€)“-# and for Y € D(€)-#
Y= A%h,) QY

is the (homological) Chevalley complex of b, with coefficients in Y, which by [FG2], Sect.
20.10 is the left adjoint functor to emb®", restricted to the strongly G(¢" - C|[[t]])-equivariant
subcategory.

25.3. In this subsection we will prove point (c¢) of Proposition 4.1.7, i.e., that the subcategory
Dren(CD(Flgﬁ)Crit fmod)l0 is compatible with the new t-structure on Dren(CD(Flgﬁ)Crit —mod).

25.3.1. Let us consider a t-structure on Dmn(’D(Flgﬂ)crit 7m0d)10, denoted new’ by letting
Drorer’ (D (FIA) i —mod)!” be generated by

(25.6)  Dyen(D(FIE) i ~mod)”” N DE0rew (D (FI2), 15 ~mod) N DS

ren ren(D (Flgﬂ)crit ~mod).
It is sufficient to show that the functor
embyep : Dyen (D(FIE) i —mod)” — Dy (D (FIH) iy ~mod)
is exact in the new t-structures. The above functor is evidently right-exact. Hence, it remains
to show the following:

(*) If F is an object of Dyep (D (FIAT) i ~mod)!’ such that Hom(F,F) = 0 for any F’ belonging
to (25.6), then Hom(F;,F) = 0 for any

F1 € DEYrew (D(FIE)erie —mod) N DY,

rTen rTen

(D (FIA) i —mod).

25.3.2. For an element w of the affine Weyl group, let j,, denote the embedding of the cor-

responding I-orbit Flffc C Flgﬁ. We shall say that w is right-maximal if w is the element of

maximal length in its right coset with respect to the finite Weyl group. We have the following
assertion ([AB], Lemma 15):

Lemma 25.3.3. For any fized ¥, € DY (D(FI20) 5 -mod), for all A sufficiently deep inside
the dominant cone, j., (3’1 *j_;)*) = 0 unless w s right-mazximal.

Let ¥ and F; be as in (*). Suppose by contradiction that we have a non-zero morphism
1 — F. Let A be as in the above lemma. Since — % j_j , is fully faithful, then the morphism
(25.7) Tixj 5y = Txi sy

is non-zero either. Then there exists an element w in the affine Weyl group, such that the
morphism

(25.8) Frxj_s) = Juws (J':ﬂ(rf*j—}\,!))

is non-zero. By the choice of A, we obtain that w must be right-maximal. By the assumption
on F, the LHS in (25.8) is < 0 in the old t-structure. Hence, to obtain a contradiction, it
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suffices to show that the RHS in(25.8) is > 0 in the old t-structure, or, which is the same, that
Jh (Fxj_x,) is >0 as an object of the derived category of twisted D-modules on Flsz.

Since F is I°-equivariant, the object j., (Fxj_x,) is an extension (in fact, a direct sum) of
copies of the shifted constant D-module on Fl’fG; let ji,1 denote the !-extension of the latter

onto FI4T. Thus, it is enough to show that Hom (i, 1[k], Fxj_5.) =0for k> 0. However, this
follows from the assumption on F and the next assertion:

Lemma 25.3.4. If w is right-mazimal, then the object jy,1 € Df(D(Flgﬂ)crit *mod)lo belongs
to D=0new (D(FIAN) 5 —mod).

Ten

Proof. Indeed, for w, which is right-maximal, we have ju,1 % j_x | ~ Jy.(—x),1-

25.4. In order to prove Proposition 4.1.3 we will consider the following general context.

Let F': A — A’ be a 1-morphism in DGMonCat. Let G : C; — C be a 1-morphism in
DGmod(A). Assume that the functor Ho(G) : Ho(Cy) — Ho(C) is fully faithful.

Set C| = Indﬁ,(Cl) and C' = Indﬁl(C). Let G’ denote the resulting 1-morphism C}{ — C’
in DGmod(A’), and
Fe, :Cl—>C/1 and Fc : C — C'
be the corresponding morphisms in DGCat.

Proposition 25.4.1. Assume that Ho(A) is rigid. We have:

(1) The functor Ho(G') : Ho(C}) — Ho(C') is fully faithful.

(2) The natural transformation G* o Fg,« — Fcx o G'* is an isomorphism.

(3) If F, : Ho(A’) — Ho(A) is conservative, then the essential image of Ho(gll) in Ho(g')
under G™* equals the pre-image of G*(Ho(Cy)) C Ho(C) under Fc..

— —

Proof. Point (1) follows from Corollary 18.4.2(2). Point (2) follows from Corollary 18.4.3.
To prove point (3), we note that the functor F¢ is also conservative (see Proposition 20.4.1),
hence, it suffices to show that the natural transformation

G*oGyuoFg, — Fo.0G* oG,

is an isomorphism. However, this follows from point (2).
O

25.4.2. To prove Lemma 4.1.3 we apply Proposition 25.4.1 to A and A’ being DG models of
DP*"/ (Coh(N/G)) and DP"f (Coh(Op™'?)), respectively, and C; C C being DG models of

D (D(Cri) i fmod)l0 c DY (D(Gridh) 5, —mod).

25.4.3. Proof of Proposition 4.1.7(d). Assume now that in the context of Sect. 25.4, the cat-
egories Ho(C), Ho(A),Ho(A') are equipped with t-structures, satisfying the assumptions of

— — —

Sect. 20.1. Consider the resulting t-structures on Ho(C").

—

The next assertion follows immediately from Proposition 25.4.1(2) and Proposition 20.4.1:

Corollary 25.4.4. Assume that the subcategory Ho(Cy1) C Ho(C) is compatible with the t-

— —

structure. Assume also that the functor F is affine. Then the subcategory Ho(C'y) C Ho(C')

— —

is also compatible with the t-structure.
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We apply the above corollary to the same choice of the categories as in Sect. 25.4.2, and the
new t-structure on DTen(CD(Grgﬂ)crit —mod). The required compatibility with the t-structure is
insured by Proposition 4.1.7(c).
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