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Rational Point Counts for del Pezzo Surfaces over Finite Fields and Coding Theory

Abstract

The goal of this thesis is to apply an approach due to Elkies to study the dis-
tribution of rational point counts for certain families of curves and surfaces over
finite fields. A vector space of polynomials over a fixed finite field F, gives rise to
a linear code, and the weight enumerator of this code gives information about point
count distributions. The MacWilliams theorem gives a relation between the weight
enumerator of a linear code and the weight enumerator of its dual code.

For certain codes C' coming from families of varieties where it is not known how to
determine the distribution of point counts directly, we analyze low-weight codewords
of the dual code and apply the MacWilliams theorem and its generalizations to gain
information about the weight enumerator of C'. These low-weight dual codes can be
described in terms of point sets that fail to impose independent conditions on this
family of varieties.

Our main results concern rational point count distributions for del Pezzo surfaces
of degree 2, and for certain families of genus 1 curves. These weight enumerators

have interesting geometric and coding theoretic applications for small q.
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CHAPTER 1

Introduction

The main goal of this thesis is to apply an approach of Elkies using coding theory
to understand the distribution of rational point counts for a family of varieties over
a finite field [20]. In particular, we focus del Pezzo surfaces and certain families of
genus 1 curves. A vector space of polynomials gives a linear code, a linear subspace
of IE‘(]]V for some N, and studying properties of this code will answer questions about
the distribution of rational point counts. The major coding theoretic tool that we
use is the relationship between a linear code C' and its dual code C*, specifically
the relationship between their weight enumerators given by the MacWilliams theo-
rem. We prove several variations of the MacWilliams theorem that let us gain new
information about point counts.

We first state the problem in the language of algebraic geometry. Let V be a
variety over a finite field F, and let L — V be a line bundle. We choose an M-
dimensional space C of sections of L. We also require that there is no nonzero
¢ € C that vanishes on all of V(F,). Then C gives a map ¢ : V(F,) — P¥~1(F,).
As we vary over all ¢ € C, what is the distribution of the number of points of
{p e V(F,) | c(p) = 0}? We study C as a linear subspace of F) where N = #V (F,).
A linear subspace of ]Fév is also known as a linear code. For example we consider
V = P"F,), L = O(d), and C = I'(L) (homogeneous degree d polynomials on
P") and get a linear code over FY where N = (¢"*! —1)/(¢ — 1). In other parts
of this thesis V' will not be a projective space but some other variety, for example

PY(F,) x P(F,) or a smooth quadric in P*(F,).



We now give some of the key definitions in coding theory that will play a major

role throughout this thesis.

Definition. A code C' is a subset of Fflv. We say that C' is a linear code if C' is a
linear subspace, that is, for all c1,co € C' we have ¢y + co € C and ac € C for all
acl,.

For z,y € ]Fév define the Hamming distance d(x,y) as the number of coordinates

in which they differ. That is, if v = (x1, 29, ..., xN) and y = (Y1, Y2, ---,Yn) then
d(z,y) = #{i such that z; #y;, 1 <i < N}.

For x € Fév we define wt(x), the weight of x, to be d(x,0), the number of nonzero

coordinates of x.

In this thesis we study codes coming from the evaluation of polynomials. Given
a polynomial f, the weight of the codeword associated to f gives the number of
zeros of the variety cut out by f. Our goal is to understand how these counts vary
as we consider all of the polynomials in a given vector space. Therefore, it will be
convenient to have a way to keep track of the distribution of weights that occur in a

code C.

Definition. The Hamming weight enumerator of a code C' is a homogeneous poly-

nomial

N
WC(X, Y) _ Z XN—Wt(c)ywt(c) _ Z AiXN_iYi,
ceC i=0

where

A; =#{ce C such that wt(c) = i}.

This project builds heavily on work of Elkies [20] in which he determines the
Hamming weight enumerator for the code of homogeneous cubics in P3(F,). In the

language of the paragraph above, this is the code with V' = P*(F,), L = O(3), and
2



C its space of global sections. More concretely, consider the ¢?** homogeneous cubic
polynomials f3(w,z,y,z) on P?(F,), which has N := ¢* + ¢* + ¢ + 1 points. It does
not really make sense to evaluate a polynomial at point of P since the coordinates of
such a point are defined only up to scalar multiplication, but whether a polynomial
evaluated at a point is zero or nonzero does not depend on the scalar multiple chosen.
By fixing an affine representative for each projective point and choosing some ordering
for these N points, evaluation now gives a well defined map taking a polynomial to
an element of quv . Changing the choice of affine representatives gives an equivalent
code.

The goal is to determine for each ¢ € [0, N], how many of these cubics have ¢
zeros. This is exactly the information contained in the Hamming weight enumerator
of C. The zeros of a cubic polynomial fs; are the F,-points of the variety given by
fs(w,z,y,z) = 0, so this problem is equivalent to understanding the distribution of
the number of F-points for this family of varieties.

There is a dual code C* associated to a linear code C' C F,

and studying
properties of this dual code often helps lead to a better understanding of C'. We

being with some definitions.

Definition. Letz = (z1,...,25) andy = (y1,...,yn) be two elements of FY. Define
a pairing

. N N N
(,): FY x FY - F)

N
i=1

Given a linear code C we define the dual code

ct = {yEIFéV: Ve e C, (z,y) = 0}.

3



Throughout this thesis we study a linear code C' by studying properties of the
dual code C+. The MacWilliams theorem of coding theory allows us to draw con-
clusions about the weight enumerator of C' given information about the weights of
codewords of Ct. In fact, the weight enumerator of C' completely determines the
weight enumerator of C+ and vice versa [33]. In Chapter 3 we give a proof of the

following theorem using discrete Poisson summation.

Theorem 1 (MacWilliams). Let C' be a linear code over FY. Then

1
Weoi(X,Y) = mWC(X +(g—1)Y, X -Y).

In order to determine the weight enumerator of a linear code C| it suffices to com-
pute the weight enumerator of C*. Since the codewords of C' come from evaluating
polynomials, the codewords of the dual code C* are also related to the geometry of
projective space. We define the support of a codeword ¢ to be the set of points p in
P"(F,) such that the coordinate of ¢ corresponding to p is nonzero. If C'is a code that
comes from the evaluation of polynomials, then codewords of C* have supports that
fail to impose independent conditions on these polynomials, that is, the dimension of
the space of polynomials vanishing at these points exceeds what we expect for gener-
ically chosen points. With the description given above, points imposing dependent
conditions are subsets S C P*(FF,) for which ¢(S) is linearly dependent.

This is the subject of interpolation problems in algebraic geometry: given a vari-
ety V and a vector space of polynomials, describe all configurations of n points of V
that fail to impose independent conditions on these polynomials. It is often easier to
count point sets failing to impose independent conditions than it is to count ratio-
nal points on varieties directly. This gives information about the possible supports
of dual codewords, and the MacWilliams theorem lets us draw conclusions about

distributions of rational point counts.



We give an example from [20] to motivate this kind of analysis. We denote the
code of homogeneous degree d forms on P"*(FF,) by C, 4. Consider the code C,,; of
linear forms on P"(F,). Linear forms give an n + 1 dimensional vector space, and
evaluation gives a map to F) where N = (¢"*' —1)/(¢ — 1). Every nonzero linear
form defines a hyperplane in P"(F,) that has (¢" — 1)/(¢ — 1) F,-rational points.

Therefore the weight enumerator of this code is given by
We, (X,Y) = XN 4 (" — )XV "y

Applying the MacWilliams theorem shows that

(" = 1)(¢" = 1)

: TXN-3y3 L o(y?),

Wer (X,Y) = XN +

We see that the number of weight 3 codewords of the dual code is exactly ¢ — 1 times
the number of triples of collinear points in P™(F,). It is not difficult to check that
every collinear triple occurs as the support of exactly ¢ — 1 codewords, and that these
are the only possible supports.

We explain in more detail how the supports of dual codewords relate to points
that fail to impose independent conditions in the case of linear forms on P?(F,).
Suppose we have ¢ € C’Zfl of weight three. There are three nonzero coordinates of

¢, a;,a;,ay, and each coordinate corresponds to a point in P?(F,). We have

aif(pi) +a; f(p;) + arf(pr) = 0,

for all linear forms f(z,y, z). Since a;f(p;) + a;f(p;) = —arf(pk), the value of f(py)
can be determined from the value of f(p;) and f(p;). In particular, it is not possible
for f(z,y, z) to vanish on the points p; and p;, but be nonzero at p;. Therefore, these
points are collinear. They fail to impose independent conditions on linear forms
because we do not expect any linear form to vanish on three generic points, but for

collinear points such a form does exist.



A dual codeword carries more information than just the fact that the support
corresponds to points failing to impose independent conditions. It explicitly gives
a linear relation among values of these functions taken at these points. Suppose
P1,--.,pa are four points of a line L C P?(FF,) and ps is a point not on L. Bézout’s
theorem implies that a conic intersecting a line at 4 points must contain that line.
Generically, given five points there is a unique conic containing them, but here we
have all conics consisting of L together with a line through ps. So, these points fail
to impose independent conditions on degree 2 polynomials in P?(F,).

Suppose we have a dual codeword ¢ with support py, ..., ps. For concreteness we
suppose that L is given by the line z = 0 and p5 = (0,0, 1), the affine representative
of [0:0:1]. The nonzero coordinates of ¢ are coefficients a; satisfying

5 4

Z aif(pi) = asf(ps)+ Zaif(pi) =0, for all

i=1 i=1

f(x,y,2) = bia® + bowy + bswz + byy® + bsyz + bg2>.

This implies
4
a5b6 + Z aif(pi) = 0.
i=1

The terms f(p;) for each i satisfying 1 < ¢ < 4 are linear combinations of the
coefficients by, by, and by. The only way for this equality to hold for all f(z,y, z) is
for a5 = 0. These points fail to impose independent conditions, so we can find dual
codewords supported on them. We have seen that every linear relation supported on
these points has a5 = 0. Throughout this thesis we will be interested in counting
dual codewords of given weight, and will need to do more than just determine the
point sets failing to impose independent conditions.

The family of codes arising from evaluation of polynomials contains some famous
examples from coding theory. This code of linear forms on P*(F,) is the g-ary Simplex

Code of dimension n + 1, an interesting object that arises in other areas of coding



theory and has other constructions [26]. Its dual is the more famous g-ary Hamming
code, one of the most studied objects in coding theory. This construction of these
famous codes in terms of linear forms on P™(F,) lets us study them using the geometry
of P*(F,).

A common theme of this thesis will be the use of refinements of the classical
Hamming weight enumerator that keep track of more information about a code to
draw conclusions about rational points. We give such an example in the setting of

linear forms on P*(F,).
Definition. We define the 2-tuple weight enumerator of a code C' C Fév by

N
WX Y) =Y BX Y,

i=0
where B; is equal to the number of pairs of codewords x,y € C with x = (z1,...,xyN)

and y = (y1,...,yn) such that there are N — i coordinates for which x; =y; = 0.

This weight enumerator tells us about the common zeros among pairs of code-
words drawn from the same code. If a code C comes from the evaluation of some
vector space of polynomials, then its 2-tuple weight enumerator gives information
about the distribution of counts for common zeros of pairs of polynomials in this
space. This tells us about the counts for rational points on complete intersections of
codimension 2.

As a first example, consider the code Cy; of linear forms on P?(F,). We have

already seen that
We,, (X,Y) = XCHt 4 (¢* — 1) X7y e,
A simple calculation gives the 2-tuple weight enumerator

WE (X,Y) = XTH 4 (= D)@ + ¢+ DXV + (¢ — D)2 + g+ 1) XY T,

7



since any pair of distinct F,-rational lines intersect in a unique point of P#(F,).

The MacWilliams theorem extends to this 2-tuple weight enumerator and to other
generalizations. In Chapter 5 we will develop the theory of these higher weight
enumerators, and in Chapter 6 we will use them to study certain codes coming from

varieties.

Proposition 2. Let C' be a linear code over IFf]V. Then

1

_ |C|2W([?](X + (@ -1)Y, X —Y).

WELX,Y)
In this particular case, we see that

W@]

1
Cia

(X,Y) — (q+1)(Wey (X,Y) — XTHatly _ xdtat]

_ 11342 2( 2 )
_ (@=2)(g =1’ (2q4+ DA+ yoramays 4 oy,

This is (¢ — 1)%q(q + 1) times the number of collections of four collinear points in
P%(F,), the number of choices of a basis for a 2-dimensional subspace of 02%1 that is
spanned by two codewords of weight three such that the union of their supports is
four collinear points. We will explain this type of result in further detail in Chapter 6.

The Hamming weight enumerator keeps track only of the number of coordinates of
a codeword that are zero and the number that are nonzero. All nonzero coordinates
are treated the same. Much of this thesis is focused on counting points on varieties
expressed as double covers of P! and of P2, so it will be useful to distinguish between

coordinates that are nonzero squares in F; and coordinates that are non-squares of

F:.

Definition. For a field F, of characteristic not equal to 2, let r(q) denote the set of

squares in F; and s(q) denote the set of non-squares in IF;. Forx = (xy1,...,2y5) € F,

8



we define
Res(z) = #{i such that z; € r(q)}, and NRes(x) = #{i such that x; € s(q)}.

We see that Res(x) + NRes(z) = wt(x).
Given a linear code C' C IF(J]V we define the quadratic residue weight enumerator

of C to be the homogeneous polynomial in three variables defined by
QRC(X; Y, Z) _ ZXN—Wt(c)yRes(c)zNRes(c)‘
ceC
We first give an example of an application of this weight enumerator. Consider
homogeneous quadratic polynomials on P!(F,), binary quadratic forms, C 5. It is a

simple exercise to write down the weight enumerator of this three-dimensional code:

g(q—1 —1)°

WOl,Q <X7 Y) = Xqul + 2

Suppose we are interested in knowing the distribution of point counts for w? = f5(x, y)
as fo(x,y) varies over all homogeneous quadratic polynomials. This is equivalent to
knowing QR , (X, X2 1). In this case the quadratic residue weight enumerator is
not difficult to determine, as each such variety defines a conic in P?(FF,). There are
two types of points on this variety, those that come from w = 0 and f5(z,y) = 0, and
pairs of points coming from points for which fy(x,y) is a nonzero square. We can
gain extra information by keeping track of these counts separately.

We note that any quadratic polynomial fy(z,y) on P*(F,) with two distinct roots
defines a variety w? = fo(z,y) in P*(F,) that is a smooth conic. This does not
depend on whether the two roots are F,-rational or a pair of Galois-conjugate points
defined over Fp2. All smooth conics are equivalent under automorphisms of P?(F,)
and in particular, have ¢ + 1 F -rational points. If fy(x,y) has a double zero, then
w? = fo(x,y) gives the intersection of two lines. For a fixed fy(z,y), half of the

scalar multiples of the right hand side of this equation give the intersection of two

9



[F,-rational lines and half give the intersection of two Galois-conjugate lines. This

shows that the quadratic residue weight enumerator is given by

QRc,,(X,Y,Z) = X7+ (qﬂ)g(q_l)X?Y"?Zq;l
—1)(g+1 I
+ %X(YQ_FZ%_’_%Y;AZ;A

The minimum weight codewords of C; 5 have weight 4 and the MacWilliams theorem
for this enumerator shows how these four nonzero coordinates split up into nonzero
squares and non-squares. In this case, the (¢ — 1)(‘111) dual codewords of weight 4
contribute

(=1)%g+ 1)y, L la=5)a- 1)%q(q+ 1)
32 192

(Y*+ 2%,

to the quadratic residue weight enumerator of CLQJ_ if g =1 (mod 4) and contribute

(¢ =3)(a=1%(g+1),2,, L= 1)%q(q + 1)
32 192

(Y*+ 2%,
if g =3 (mod 4).

We give the quadratic residue weight enumerator for the code of quadrics in
P™(F,), QR , (X,Y, Z), in Chapter 3. We also apply the MacWilliams theorem for
this weight enumerator to get information about the low-weight dual code coefficients.

We compute this quadratic residue weight enumerator for quartics on P!(F,) in
Chapter 3 and use it to analyze points on families of elliptic curves over finite fields.
We will give a more refined version of a result of Schoof [40] that builds on work of
Deuring and Waterhouse [14], 52]. Applying the MacWilliams theorem here leads to
interesting questions about powers of traces of elliptic curves over finite fields that
are related to previous results of Birch [3].

The largest part of this thesis is spent studying del Pezzo surfaces of degree 2

over finite fields. In Chapter 2 we will review the theory of del Pezzo surfaces over

10



F,. We focus on the degree 2 case but also introduce the necessary background to
give a thorough sketch of Elkies’ results for cubic surfaces, and to set up the situation
for del Pezzo surfaces of degree 4, which we return to in Chapter 6. We explain why
codes coming from del Pezzo surfaces are amenable to this type of coding theoretic
analysis.

We sketch enough of the theory to state our main result for del Pezzo surfaces of
degree 2. Throughout this thesis we will suppose that the characteristic of F, is not
2 or 3. In future work we hope to remove this restriction. The anti-canonical model
of a del Pezzo surface of degree 2 is the double cover of P?(FF,) branched over a plane
quartic curve. More concretely, we can describe such a surface as the zero locus of
w? = fy(z,y, z) where fy(z,y,z) is a homogeneous quartic on P?(FF,). We will study
this variety as a homogeneous quartic in the weighted projective space P(2,1,1,1),
where w has weight 2 and x, y, z each have weight 1.

There is a 15-dimensional space of such quartics. We consider the 16-dimensional
code given by aw? = fi(z,y, z). When a = 0 the variety cut out by such an equation
is a cone over the plane quartic fi(x,y,2) = 0. When a # 0 many quartics give
rise to smooth or singular del Pezzo surfaces, but some, for example a quartic that
is the fourth power of a linear form, lead to more singular varieties. We can count
these singular cases using the combinatorics of P?(F,). When f4(z,y, z) gives four
coincident lines, the resulting variety is a cone over a genus one curve, which we can
understand using the methods of Chapter 3. Removing these cases gives the following

main result.

Theorem 3. The following table lists, for each T € [0,7], the number of quartics
fa(x,y, 2) with at most simple singularities such that w? = fy(x,y, z) gives a codeword
with ¢ +q+ 14 Tq coordinates equal to 0. For T # 0 this also counts the number of

quartics ging a codeword with ¢* + q + 1 — Tq coordinates equal to 0. The number

11



is given as a multiple of |GL3(F,)|/2903040.

3 imes the number of w? = fi(x,y, z) of weight ¢> — Tq —
T'| 2903040/|GL(E,)| times th ber of w? = f f weight ¢ — Tq — 1
26.33.653 ( 15 , 4103 14 _ 1877313 , 10715 12 _ 32417 11 , 173425 10 _ 274399 9
0 GLg(Fq)|( t mer2d T 1mered T 30184 Tssed T imerzd T Tmer2 4
132209 8 | 44407 7 _ 8167 .6 _ 13025 _ 66353 4 , 82845 3 _ 1680,2 , 1680
T2 ¢ T a2 — 30189 T G534 T 2224 T 50 4~ 63 ¢ +ﬁ)
37201187 ( 8 | 24499 7 | 67671 6 , 10890 5
1 (—1)(g+1) (q + 3a2q t 3ud T 3
213612 4 _ 324549 3 , 500399 2 , 358280 608745
534 — Sus 4 T Sas 4 T B3 4 34423>
7 2 (.6, 15415 5 , 1025 4 , 770353 _ 198671 2 , 314675 653745
2 20-7-13 (q + 108169 T 13529 T 108169 — Tosi6 ¢ T Taos 4 T 10816)
3 6 , 315 , 70,4 1591 3 , 24462 _ 6536 , , 6351
3 35T 13(¢° + 55¢° + 50" — 550 + 550" — e+ 53)
A 25.3.7((]6_’_%(]5_%(]4_’_%(]3_15273q2+%q_34265)
5 32.7(q — 3) (¢° — 12¢* + 146¢° — 1235 + 4461¢ — 5185)
6 2-3%-7(¢—7)(¢—5)(q = 3)(¢° — 9g + 15)
7 (¢ —7)(q—5)(q—3)(¢° — 20¢* + 119¢ — 175)

This is the analogue of a result of Elkies for cubic surfaces [20]. This theorem has

some interesting geometric consequences for small ¢q. For example, for ¢ = 9, 11, there

is a unique del Pezzo surface with ¢*+ 8¢+ 1 F-rational points up to automorphism,

while for ¢ = 13 there are two isomorphism classes of such surfaces. We also show

that for ¢ satisfying certain congruence conditions w

2 = 2% +y* + 2* gives a del Pezzo

surface with the maximal number of rational points. We prove this theorem and

discuss these types of consequences in Chapter 4.

This approach has the potential to be applied in several other settings.

For

example, in Chapter 6 we set up much of the necessary material to prove the analogue

of this result for del Pezzo surfaces of degree 4.

We note that his project fits in with previous work on counting points on varieties

over finite fields. For example, Li has studied del Pezzo surfaces of degree 1 and 2 that

have few rational points over F, for small ¢ [31]. Codes from del Pezzo surfaces have

12




also been investigated by Tsfasman and Vladut [49], and Boguslavsky [4), [5], although
their work focuses more on finding the minimal weights of subcodes rather than
determining weight enumerators. More generally, codes coming from the evaluation
of polynomials include famous examples such as Goppa codes and Reed-Solomon
codes. Codes coming from quadrics and from curves given as complete intersections
have been studied previously, but again, the focus has been on determining minimal
weights rather than weight enumerators [46), [47, 50, 51]. Finally, low-weight dual
codewords of codes of this type have been studied by Couvreur [13], and Fontanari
and Marcolla [22].

There is a large computational component to this thesis. Most of these computa-
tions were done in the computer algebra system Sage [45]. We also use the algebra
system Magma in Chapter 4 to compute the automorphism groups of certain curves

over finite fields [6].

13



CHAPTER 2

Del Pezzo Surfaces over Finite Fields

This chapter gives the necessary background for the weight enumerator calculation
for del Pezzo surfaces of degree 2. We begin by giving several of the basic definitions
in this area and reviewing the classical theory. We will also give a fairly detailed
sketch of Elkies’ results about the distribution of point counts for cubic surfaces [20].
At the end of this chapter we give an outline of the proof of Theorem 3] breaking it up
into a combinatorial part, a part about elliptic curves over finite fields, and a rather
intricate computation involving low-weight coefficients of the dual of two particular
codes.

We will state a first goal for this section.

Proposition 4. Suppose that fi(x,y,z) = 0 defines a plane quartic that does not
have non-isolated singularities and is not the union of four coincident lines. Then
w? = fy(z,y, z) defines a homogeneous quartic in P(2,1,1,1) with ¢> +q+ 1 +tq F,-

rational points, for some integer t € [—7,7].

1. The Geometry of del Pezzo Surfaces

This section relies heavily on Chapter 8 of Dolgachev’s book [15]. We begin with
the classical definition of a del Pezzo surface. We recall that a surface in P” is called

nondegenerate if it is not contained in a proper linear subspace of P".

Definition. A del Pezzo surface is a nondegenerate irreducible surface of degree d in
P? that is not a cone and not isomorphic to a projection of a surface of degree d in
]P>d+1_

14



The more modern viewpoint is to define these surfaces in terms of the anti-

canonical class —Kg.

Definition. A del Pezzo surface is a nonsingular surface S with ample —Kg. A
weak del Pezzo surface is a nonsingular surface with —Kg nef and big.

We recall that a divisor D is called nef, or numerically effective, if for any irre-
ducible curve C' the intersection number C- D > 0. If we only require C'- D > 0 then

D is called ample. We say that D is big if its self-intersection is positive, D* > 0.

We will refer to a singular surface that has minimal desingularization equal to a
del Pezzo surface as a singular del Pezzo surface. The most natural invariant of a del

Pezzo surface is its degree.
Definition. The number d := K2 is called the degree of a weak del Pezzo surface.

It is not difficult to prove that a del Pezzo surface has degree at most 9. In this
thesis we focus on the particular case of del Pezzo surfaces of degree 2, but also discuss
Elkies’ work on del Pezzo surfaces of degree 3 (cubic surfaces) and will mention del
Pezzo surfaces of degree 4 in Chapter 6. Del Pezzo surfaces of different degrees have
much in common, but each degree has its own flavor.

The definition of a weak del Pezzo surface limits the types of curves it can contain.
The curves that do appear play a special role in the study of rational points of del

Pezzo surfaces over finite fields.

Proposition 5. Let S be a weak del Pezzo surface. Then any irreducible reduced

curve C' on S with negative self-intersection satisfies C'- C'= —1 or —2.

This is Lemma 8.1.13 of [15]. We say that such a C' is a (—1)-curve, or a (—2)-
curve, respectively. The divisor classes of these curves play an important role in

studying the Picard group Pic(.S) of S, because they arise from blow-ups.
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Del Pezzo surfaces have only rational double points as singularities. These singu-
larities are related to the presence of (—2)-curves on the minimal desingularization
of the surface. We will not need to study these singularities in detail. For more

information see [15].

Proposition 6.

(1) A del Pezzo surface S has only rational double points as singularities.

(2) A smooth del Pezzo surface S does not contain any (—2)-curves. Let S be
a singular del Pezzo surface and © : S — S a minimal desingularization.
Then S is a weak del Pezzo surface and the inverse image of the singular

points of S is evactly the collection of (—2)-curves on S.

The first part of this statement is Theorem 8.1.11 in [15]. The second part follows
from Theorem 2.4.4 of [32].

We see that S has a rational double point if and only if its minimal desingulariza-
tion S has a (—2)-curve. We are primarily concerned with rational points not on del
Pezzo surfaces S, but on the anti-canonical model of S, which we define below. For
example, we do not study rational points on del Pezzo surfaces of degree 3, but on
models of such surfaces as cubic hypersurfaces in P3(F,), and do not study points on
del Pezzo surfaces of degree 2, but on double covers of P?(FF,) branched over a plane
quartic. The rational double points on S, the (—2)-curves on S, and singular points
on these models, for example on the cubic surface or quartic curve, are all closely
related.

We would like to give a concrete way to produce all del Pezzo surfaces of given
degree d over a fixed finite field F,. We can do this by describing these surfaces as
the blow-up of P? at 9 — d points. We first recall that a blow-up of a variety X at a
point x is a variety X along with a morphism 7 : X — X. The inverse image of z

is called the exceptional divisor E of the blow-up, and 7 is an isomorphism outside
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of E. A point 2/ € X is infinitely near to z if it lies in the support of E. Given a
collection of points {x1, ..., z,}, the point z; is proper if no x; with j # ¢ is infinitely
near to x;.

For the blow-up P? at N points, we consider a composition of birational morphisms
T S=5 585,23 ... 835 Bp?

where each m; : S; — S;_1 is the blow-up of a point x; in S;_;. If all of these points
are proper, then they are in P2, but can also consider the blow-up of P? at infinitely
near points.

We note that F; is the Hirzebruch surface, a minimal ruled surface. The following

result is Corollary 8.1.17 of [15].

Theorem 7. Let S be a weak del Pezzo surface. Then either S = P! x P!, or S = F,
or S is obtained from P? by blowing up N < 8 points. If S is a nonsingular del Pezzo

surface, then the case S = Fy does not occur.

It is not the case that blowing up any collection of N < 8 points leads to a weak

del Pezzo surface. We give exactly the conditions that yield weak del Pezzo surfaces.

Proposition 8. Letn = {x1,...,x,} be a collection of points in P%, possibly infinitely
near, and S, be the blow-up of these points. Then S, is a weak del Pezzo surface if
and only if each of the following conditions holds:

(1) r <8;

(2) the Enriques diagram of n is the disjoint union of chains;

(3) |Op2(1) — /| =0 for any 5’ C n consisting of four points;

(4) |Op2(2) — /| =0 for any ' C n consisting of seven points.

This is Corollary 8.1.24 of [I5]. We will not define the Enriques diagram here

because it is not needed in what follows. See Section 7.3.2 of [15] for details.
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Points satisfying these four conditions are said to be in almost general position.
We next give the analogous definition for general position and the analogue of the

above result for del Pezzo surfaces.

Definition. We say that a collection of points is in general position if each of the
following conditions holds:

(1) all points are proper points;

(2) no three points are on a line;

(3) no six points are on a conic.

Proposition 9. The blow-up of N < 7 points in P? is a smooth del Pezzo surface if
and only if the points are in general position.

The blow-up of 8 points in P? is a smooth del Pezzo surface if and only if it
satisfies these conditions and also no cubic passes through these 8 points with one of

the points being a singular point.

The first part of this result follows from Proposition[§] The second part is Propo-
sition 8.1.25 of [15].

Next we describe how this modern notion of del Pezzo surface relates to the classi-
cal definition that began this section. This connection comes from the anti-canonical
map. The following result, Theorem 8.3.2 of [15], explains why we study the particu-
lar models of curves mentioned above, cubic surfaces and double covers of P? branched
over plane quartics. This also provides a concrete link between rational double points

of a del Pezzo surface and the (—2)-curves of its minimal desingularization.

Theorem 10. Let S be a weak del Pezzo surface of degree d and let R be the union
of (=2)-curves on S. Then we have the following:
(1) |—Kg| has no fized part.

(2) If d > 1, then |—Kg| has no base points.
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(3) If d > 2, then |—Kg| defines a regqular map ¢ to P? that is an isomorphism
outside of R. The image surface S is a del Pezzo surface of degree d in P?.
The image of each connected component of R is a rational double point of
o(5).

(4) If d = 2, then |—Ks| defines a reqular map ¢ : S — P2. It factors as a
birational morphism f : S — S onto a normal surface and a finite map
7 S = P? of degree 2 branched along a not necessarily irreducible curve
B of degree 4. The image of each connected component of R is a rational
double point of S. The curve B is either nonsingular or has only simple
singularities.

(5) If d = 1, then |—2Kg| defines a reqular map ¢ : S — P3. It factors as a
birational morphism f : S — S onto a normal surface and a finite map
7 S — Q CP? of degree 2, where Q is a quadric cone. The morphism m is
branched along a curve B of degree 6 cut out on QQ by a cubic surface. The
image of each connected component of R under f is a rational double point

of S. The curve B is either nonsingular or has only simple singularities.

We emphasize a certain difficulty in studying del Pezzo surfaces in terms of blow-
ups. We are interested in anti-canonical models of del Pezzo surfaces over F,, that
is, the coefficients of the defining equation are in [F,. This does not mean that a del
Pezzo surface S of degree d is the blow-up of 9 — d points of P?> where the maps are
considered over F,, even if we do not require the individual points to be [F-rational
points. We consider the blow-ups to be defined over the algebraic closure Fq. This
gives an equation for the anti-canonical model. We are only interested in choices of
coordinates where the defining coefficients are in F,. We then study the I -rational
solutions to this equation. It is clear that for a surface defined over the algebraic
closure there can be many choices of coordinates for the anti-canonical model that

give an equation defined over F, but with different numbers of F,-rational solutions.
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We now focus on the case d = 2. We will study the 2 : 1 map 7 for del Pezzo
surfaces of degree 2 in detail in Chapter 4. We recall that a simple singularity
is one that is isolated and has no moduli. More formally, a simple singularity is
characterized by the property that there are only finitely many isomorphism classes
of indecomposable torsion-free modules over its local ring [I5]. We note that the
quartic given by four coincident lines has a singularity that is not simple, but ‘simple
elliptic’ [9]. This implies that the double cover of P? branched along a quartic that
has non-isolated singular points does not give a weak del Pezzo surface, nor does the
double cover branched along the union of four coincident lines. For a linear system
L, let LY denote the dual linear system. The following result is Proposition 6.3.9 in

[5].

Proposition 11. Let P = {p1,...,p7} be a set of seven distinct points in P* in
general position. Let L be the linear system of cubic curves through these points. The
rational map L — LY given by the linear system L is of degree 2. It extends to a
reqular degree 2 finite map ™ : X — LV = P2, where X is the blow-up of the set P.
The branch curve C is a nonsingular plane quartic in LY. The ramification curve R
s the proper transform of a curve B C L of degree 6 with double points at each p;.
Conversely, given a nonsingular plane quartic C, the double cover of P? ramified
over C' is a nonsingular surface isomorphic to the blow-up of 7 points pi,...,p7 in

general position.

In this thesis we study counts for rational points on del Pezzo surfaces of degree 2
in terms of rational point counts for double covers of P? branched along plane quartics.
Certain plane quartics do not lead to del Pezzo surfaces, but to varieties with more
complicated singularities, cones over genus 1 curves for example, but quartics with

at most simple singularities will be the most interesting situation.
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2. The Picard Group of a Weak del Pezzo Surface

In order to understand rational points on del Pezzo surfaces we will study Picard
groups of these surfaces in detail. A theorem of Weil, which we state below, lets us
write the number of [ -rational points on a del Pezzo surface in terms of the trace
of the Frobenius endomorphism acting on its Picard group. In fact, this is the key
property that makes our method of counting points work in this case, but not for more
general surfaces. For example, our methods will not extend easily to study rational
points on cubic surfaces in P* because these point counts cannot be understood as
easily in terms of Pic(S).

We can give a very explicit description of the Picard group of a del Pezzo surface
because such a surface arises as a blow-up of P2. The following result describes the
Picard group of a blow-up. This is Theorem 2.2.2 of Loughran’s thesis [32]. The

proof is assembled from several propositions in Hartshorne [24].

Proposition 12. Let X be a smooth projective surface, and let 7 : X — X be the
blow-up of X at a point x with exceptional divisor E. Then X is a smooth projective

surface and Ky = m*Kx + E. Moreover the natural map

Pic(X)®Z — Pic(X)

(D,n) — 7*(D)+nkE,

15 an isomorphism. The following facts completely determine the intersection behavior

of divisors of X.

(1) m*(Dy) - ©*(D3) = D1 - Dy for any two divisors Dy, Dy on X .

(2) ©*(D) - E =0 for any divisor D on X.

(3) E is a (—1)-curve.

(4) (D) =D + rE where D is any effective divisor on X with multiplicity r

through x. In particular52 =D? —r.
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In fact, any (—1)-curve on X arises as the exceptional divisor of a blow-up of some

surface at a smooth rational point.

The following definition gives an explicit way to write down a basis for the Picard

group of a weak del Pezzo surface [15].

Definition. A blowing-down structure on a weak del Pezzo surface S is a composition

of birational morphisms
i S=8yB Sy m - B S B P2

where each m; : S; — S;_1 is the blow-up of a point x;.
Set

T = Mjg1 0 0m: Sg— 5;, k>1.

Let E; = 7, ' (z;) and € = 7,(E;). The divisors & are called the exceptional config-

urations of the birational morphism m: S — P2,

Proposition 13. A blowing-down structure on a del Pezzo surface S gives a basis
(H,ey,...,en) in Pic(S), where H is the class of the full preimage of a line and e;
is the class of the exceptional configuration &; defined by the point x;.

The canonical class is represented by
kN:—3H+61+"'+€N

i this basis.

We call such a basis a geometric basis. See Section 7.5.1 of [15] for a proof. A
geometric basis gives a way to identify the Picard group with a well-known class of

lattices.

Proposition 14. A blowing-down structure defines an isomorphism of free abelian

groups ¢ : ZNT1 — Pic(9), such that ¢(ky) = K.
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The orthogonal complement of the lattice spanned by ky is isomorphic to the

negative definite lattice E. A basis for Ey is given by
H—e1 —ey—e3,e1 —ez,69 —€3,...,6N_1 — €N

Again, see Chapter 7 of [15] for a proof.
We note that many sources consider Ey to be a positive definite lattice, so would
call the lattice in this proposition Ex(—1), that is, Fy with the inner product scaled

by —1. We also define two other classes of lattices that occur as sublattices of Ey.

Definition. For N > 3, Dy is the checkerboard lattice
{(z1,....,2n) €Z" : z1+- +2y =0 (mod2)}.
For N > 1, Ay is defined by
{(z0,...,2n) e ZN*L . To+ a1+ +ay=0}.

This is an n-dimensional lattice embedded in Z™' as the integer points of a hyper-
plane. It is possible, although a little less nice, to write A, as a sublattice of R".

We also recall the standard form for Eg. Let

8
1
Egz{(l'l,...,l’g)Z allxiGZm*allxieZ—i—é, inEO (mod?)}.

=1

We can define En for N < 8 in terms of orthogonal complements of vectors of Eg.

We note that A3 = D3 and that F3 = A; @ A,, that B, = Ay, and that Fs = Ds,
where these Ey are positive definite. From this definition it is not clear that Ejg is a
lattice at all since it is written as the union of vectors in a copy of Dg and a shifted
copy of Dg, but one can see that it is by writing down a basis for it. Our interest

in these lattices comes from their occurrence as lattices generated by (—2)-curves on
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weak del Pezzo surfaces, but we point out that they play a key role in many other
areas of mathematics. For more details see [12].
Given a lattice L C RY, there are two important related lattices we derive from

it. We note that a lattice in RY comes equipped with an inner product.

Definition. Suppose L is a sublattice of M. We define the orthogonal complement
of L in M by
L'={yeM: z-y=0Vx € L}.

The dual lattice of L is
L"={ye L&R: z-yeZVxe L}

A lattice L is called integral if (x,y) € Z for all z,y € L. It is not difficult to
show that if L is integral then

1
LcLl*C—1I,
~ det(L)

where det(L) is the square of the determinant of a generator matrix of L. It will be
useful for us to consider the group L*/L. For example, Ay /Ay is a cyclic group of
order N + 1, and FZ/E; has order 2. In Chapter 4 we will need to consider A; C E;
and its orthogonal complement inside this lattice, which is a copy of Dg [12].

We need a few more definitions in order to understand the (—2)-curves of a weak
del Pezzo surface in terms of lattices. We now return to the negative definite version

of Ex along with the basis we described above.

Definition. A vector a € Ey is called a root if &> = —2. Suppose that N € [3,8]. An
ordered set B of roots {f ..., B} is called a root basis if they are linearly independent
over Q and f3;- B; > 0. A root basis is called irreducible if it is not equal to the union
of non-empty subsets By and By such that B; - B; = 0 if B; € By and B; € By. The

symmetric r x t matriz C' with (i,7) entry B; - B, is called the Cartan matrix of this
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root basis. A lattice with a quadratic form defined by a Cartan matriz is called a
root lattice. In this setting, the quadratic form will be negative definite. A sublattice
R C Ey isomorphic to a root lattice is called a root sublattice.

A canonical root basis in Eyn is a root basis with Cartan matriz equal to the one
for the basis given above in terms of H, ey, ..., ey, and with Cozeter-Dynkin diagram

equal to the standard one for Ey.

We will not define a Coxeter-Dynkin diagram here, but note that it is a graph
given by considering inner products between basis vectors. See Section 8.2.3 of [15]
for details. The first part of the following result is Proposition 8.2.10 of [15]. The
second is a classical result independently due to Borel and de Siebenthal, and Dynkin.

This is also explained in Section 8.2.3 of [15].

Proposition 15. The Cartan matriz C of an irreducible root basis in Ey is equal to
an irreducible Cartan matriz of type A,, D,, E, with r < N.
FEvery root sublattice of Eyn is isomorphic to the orthogonal sum of root lattices

with irreducible Cartan matrices. These can be classified in terms of root bases.

Our goal in this discussion has been to understand singular del Pezzo surfaces, or
equivalently (—2)-curves on weak del Pezzo surfaces, in terms of certain root lattices.

The following result is Proposition 8.2.25 of [15].

Proposition 16. Let S be a weak del Pezzo surface of degree d = 9 — N. The
number r of (—2)-curves on S is less than or equal to N. The sublattice Rg of

Pic(S) generated by these (—2)-curves is a root lattice of rank r.

We introduce one more definition in order to clarify the connection between sin-

gular points of del Pezzo surfaces and (—2)-curves on weak del Pezzo surfaces.

Definition. A Dynkin curve is a reduced connected curve R on a projective non-

singular surface X such that its irreducible components R; are (—2)-curves and the
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matriz (R; - R;) is a Cartan matriz. The type of a Dynkin curve is the type of the

corresponding root system.

Rational double points can be described in terms of these root systems. This
gives the direct link between singularities of del Pezzo surfaces and the sublattice of

Ex generated by the classes of (—2)-curves of its minimal desingularization.

Theorem 17. A rational double point is locally analytically isomorphic to one of the
following singularities:

A, 22422 +y"t =0, n>1,

D,: 22+y@®*+y" %) =0, n>4,

FEg : 243yt =0,

E;: 22423+ 2y =0,

Fg : 2+ +y° =0.

The corresponding Dynkin curve is of respective type Ay, Dy, Ey.

There is a correspondence between these surface singularities and the simple sin-
gularities of plane curves as classified by du Val. We will focus on the case of del
Pezzo surfaces of degree 2. This next result follows from the discussion in Section

8.7.1 of [15].

Theorem 18. Let S be a singular del Pezzo surface and S the weak del Pezzo surface
that is its minimal desingularization. This resolution of singularities composed with

the anti-canonical map gives a double cover

7: S =5 —P?
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branched over a plane quartic B. The singularities of B coincide with the singularities
of S. Let x be a singular point of B. Then 7*(x) is a Dynkin curve on S with the

same singularity type.

It is instructive to look at this result together with Proposition Now that we
have given a thorough discussion of (—2)-curves and their relation to singular points,

we turn to the connection between (—1)-curves and lines.

Definition. A vector in ZNT! = Pic(S) is called exceptional is ky -v =1v-v = —1.

An exceptional curve is a (—1)-curve on S associated to an exceptional vector.

Let S be a weak del Pezzo surface. Let ¢ : ZV! — Pic(S) come from a geometric
basis of Pic(S). We recall that such a basis is equivalent to a blowing-down structure
of S.

In order to explain the connection between (—1)-curves on a weak del Pezzo

surface and lines on the anti-canonical model we briefly discuss the Weyl group.

Definition. Let § = (f1,...,0n) be a canonical root basis for En. We define the
Weyl group of Ey, denoted W(Ey), to be the group generated by the reflections rg,.

Let S be a weak del Pezzo surface and (H,eq,...,en) be a geometric basis for
Pic(S). We let W(S) be the group generated by reflections with respect to the roots of
the orthogonal complement of ky. We also define W (S)™ to be the subgroup of W (.S)

generated by reflections with respect to (—2)-curves.
The following result is Proposition 8.2.34 in [15].

Proposition 19. Let ¢ : W(S) — W(EyN) be an isomorphism of groups give by a

geometric basis of Pic(S). There is a natural bijection
(—1)-curves on S <> W(S)" /¢~ (Excy),

where Excy denotes the set of exceptional vectors in ZN*1,
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Weyl groups play an important role in Chapter 4 because of their relationship to

blowing-down structures for a weak del Pezzo surface.

Proposition 20. The group W(Ey) acts simply transitively on canonical root bases

OfEN.

This is Corollary 8.2.15 in [I5]. This follows from studying the stabilizer of the
canonical class ky. This gives a way to compute the orders of the Weyl groups of the

En lattices.

Proposition 21. The orders of the Weyl groups W (Ey) are given by the following
table:

N 3 |4 ) 6 7 8

H#W(Ey) | 22-3 |5 2451 ]23.32.6!|26.32.71|27.3%.5.8!

This is a well-known result about the Ey lattices. It is given as Corollary 8.2.20
in [15] where it is proven by relating the order of W(Ey) to the order of W (Ey_1)
by studying the stabilizer of a single vector.

We will give a general summary of the kinds of exceptional curves that occur for

smooth del Pezzo surfaces. This is Theorem 26.2 in Manin’s book [35].

Theorem 22. Let S be a smooth del Pezzo surface of positive degree d satisfying
2<d<7andletm: S — P? be its representation as the blow-up of the plane at

N =9 —d points x1,...,xn. Then the following assertions hold:

(1) The map that takes an exceptional curve to its divisor class in Pic(S) gives
a one-to-one correspondence between exceptional curves of S and classes D
in Pic(S) such that D - Kg = D* = —1. These classes generate Pic(S).

(2) The image ©(D) in P? of a (—1)-curve of S is one of the following types:
(a) one of the points x;;

(b) a line passing through two of the points x;;
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(¢) a conic passing through five of the points x;;
(d) a cubic passing through seven of the points x; such that one of them is
a double point;

(3) The number of lines of S is given by the following table:

N |3]4|5]6|7

# Lines | 6|10 | 16 | 27 | 56

We have omitted the statement of this result for del Pezzo surfaces of degree 1
because it is more complicated and we will not need it in the rest of this thesis. We
note that for d > 3 only the first three types of images occur. We also note that one
can give a similar statement for exceptional curves on a singular del Pezzo surface,
although the number of such curves changes depending on the singularity type.

We now consider lines of del Pezzo surfaces of degree 2. For a smooth surface S
of degree 2 there are 56 lines. The anti-canonical model of S is the double cover of
P? branched over a plane quartic curve B. When S is singular the branch quartic
is singular as well and the types of these singularities coincide. We study the (—1)-
curves in terms of bitangents of B.

The 56 lines come in 28 pairs that correspond to the 28 bitangents of B as
follows. Let S be the minimal desingularization of the singular del Pezzo surface
S and m: S — P? be the composition of this desingularization with the 2 : 1 map
to P2, The restriction of ¢ to a (—1)-curve E has image equal to a line [ in P2. The
preimage of [ is a divisor D = E'+R, where E' is a (—1)-curve on S and R is the union
of (—2)-curves. From this we can see that [ is either tangent to C' at two nonsingular
points, tangent to B at one nonsingular point and passes through a singular point,
or is a component of B. We have seen that we can determine the singular lattice
generated by (—2)-curves of S by classifying the singularities of B. For an extensive

discussion of the role that bitangents play in the theory of plane quartics and a more
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detailed discussion of the correspondence between the 28 bitangents and the 56 lines
of a del Pezzo surface of degree 2 see Chapter 6 and Section 8.7.1 of [15].

There is a special kind of set of bitangents of a quartic curve called an Aronhold
set, or Aronhold seven. We note that a blowing-down structure of a smooth del Pezzo
surface S corresponds to an Aronhold set of seven bitangents. An Aronhold set of
bitangents is equivalent to a set of seven (—1)-curves Ey, ..., E7 such that E;- E; =0
for i # j. For a definition of an Aronhold set in terms of theta characteristics see

Section 6.1.2 [15].

3. Points on del Pezzo Surfaces over Finite Fields

Our next goal is to understand the number of rational points of a del Pezzo surface
S defined over I, in terms of the Galois structure of its Picard group Pic(S). Over

[F, we have the Frobenius endomorphism ¢ : P*(F,) — P"*(FF,), which sends a point

q q

[wo : @yt -ty to [xd ¢ xf o -+ 28], taking the gth power of each coordinate.

The F,-points of P”(Fq) are exactly those points fixed by ¢. A major idea of modern
arithmetic algebraic geometry is to study these questions about Fy-points of varieties
using various fixed-point theorems from algebraic topology. For example, there is the
Grothendieck trace formula that describes the number of fixed points of the Frobenius
morphism acting on a variety X over I, in terms of the trace of its action on certain
étale cohomology groups.

In this thesis we are able to avoid the intricacies of the theory of étale cohomology
since the surfaces we study will mostly be birationally trivial, that is, birational to
P? over Fq. In this case, these groups are much easier to understand. A result of

Weil implies that we can understand the fixed points of Frobenius by understanding

its action on the Picard group of S [35].
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Theorem 23 (Weil). Let S be a surface defined over a finite field F,. If S ® F, is

birationally trivial, then
#S(Fy) = ¢* + qTe(9") + 1,

where ¢ denotes the Frobenius endomorphism and Tr(p*) denotes the trace of ¢ in

the representation of Gal(F,/F,) on Pic(S @ F,).

We see that this theorem applies to weak del Pezzo surfaces. However, our real
goal is to count rational points on anti-canonical models of del Pezzo surfaces. We
will focus here on surfaces of degree 2, but much of what we say holds more generally.

Let S be a singular del Pezzo surface with minimal desingularization S and
7 : S — P? be the composition of this desingularization with the anti-canonical map.
The theorem above allows us to count points on S, but this does not necessarily co-
incide with rational points on the image of w. This is because the (—2)-curves of

Pic(S) are sent to the singular points of the anti-canonical model. This can change

the counts for rational points.

Proposition 24. Let S be a del Pezzo surface, possibly singular, and S the weak
del Pezzo surface that is its minimal desingularization. Let R C FE; be the root
sublattice generated by (—2)-curves of S. Then the number of F,-rational points of

the anti-canonical model of S is given by ¢*> + q + 1 + qt, where

t =Tr(plg,) — Tr(plr) = Tr(p|rr).

PROOF. Every (—2)-curve of S is orthogonal to the canonical class Kg, so R is
a sublattice of E7. We can extend a Q-basis {31, ..., 5,} of R to a basis of E;. We
consider R+ C E;. Even though F; does not have to be a direct sum of R and R+
we can choose a Q-basis for F7, {B1,..., 5, Bri1,---, 7}, where the first r elements

form a Q-basis for R, and the last 7 — r form a Q-basis for R*. We note that Pic(S)
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is generated by classes of the (—1)-curves of S and that ¢ permutes these curves.

Therefore,
Tr(ele,) = Tr(plr) + Tr(plrL).
Combining this observation with Theorem 23| completes the proof. O

We note that the trace of Frobenius acting on a sublattice of E; is bounded in

absolute value by the dimension of the lattice. Let r be dim(R). We have

Tr(plrs) = Tr(ple,) — Tr(elr),

and conclude that |Tr(p|z)| < 7—r. We will use this fact in Chapter 4. By a slight
abuse of notation we will often refer to a del Pezzo surface whose anti-canonical model
has ¢? + ¢ + 1 + tq points as a del Pezzo surface of trace ¢.

This result makes it much easier to study rational points on del Pezzo surfaces
over finite fields. We can explicitly write down generators of the Picard group of S
in terms of a geometric basis, or a blowing-down structure of S. We can determine
the sublattice of Pic(S) generated by (—2)-curves by studying the singularities of
the branch quartic given by the anti-canonical model. It is clear that Frobenius
preserves the intersection theory of Pic(S). Therefore, it sends a canonical root basis
to a canonical root basis. By Proposition [20] the permutation of (—1)-curves of S is
given by an element of the Weyl group of S. For a weak del Pezzo surface, we see
that Tr(¢|g.) = Tr(g), for some element g € W(Ey).

The Weyl group of a del Pezzo surface is finite, so we may tabulate the distribution
of Tr(g) as g varies. Checking the character tables of W (Es) and W (E7) gives the

following results.

Proposition 25. Let m € W(Eg), the Weyl group of Eg. Then Tr(m) € [-3,6]\ {5}.

The number of elements of W (FEs) with each trace value is given by the following
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table:

Trace -3 =2 -1 0 1 2 3 4 16

#W (Eg) | 80 | 3465 | 11664 | 20820 | 13104 | 24300 | 120 | 36 | 1

Let m € W(Ey), the Weyl group of E;. Then Tr(w) € [-=7,7) \ {—6,6}. Since
—1 € W(Er), the number of elements with trace t is equal to the number elements
of trace —t. The number of elements of W (E;) with each trace value is given by the

following table:

Trace 0 1 2 3 4 517

#W (E7) | 1128384 | 722883 | 151424 | 12285 | 672 | 63 | 1

In Chapter 6 we will state the analogous result for the Weyl group of D; when
we discuss del Pezzo surfaces of degree 4. Using this Proposition together with the
Proposition [24] proves the statement that opened this chapter, Proposition

Note that these counts for elements of the Weyl group of E; with given trace
match the ¢® coefficients in the polynomials in the statement of Theorem , including
the T" = 6 case where this coefficient is 0. In the next section we will see that
Elkies’ result for point counts of cubic surfaces gives the analogous result for traces
of elements of W(FEg). For each surface S we consider the permutation of (—1)-
curves given by Frobenius and ask for its conjugacy class in the relevant Weyl group
G. Consider the set of all weak del Pezzo surfaces of degree d over [F, together with
a geometric basis. This can be given the structure of a moduli space. They relevant
Weyl group acts on this variety. The quotient gives the surface without the basis.
An application of the Cebotarev density theorem for extensions of function fields of
varieties shows that if we consider all anti-canonical models of del Pezzo surfaces of
degree d over I, as ¢ goes to infinity, the proportion for which this permutation is in
a conjugacy class C' C G is equal to |C|/|G|. See Theorem 1 of [29] for the type of
Cebotarev density statement needed here. We omit the details.
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In the rest of this chapter we will consider two situations. First, we give a detailed
sketch of the theorem of Elkies giving the weight enumerator of a 20-dimensional code
coming from homogeneous cubics on P3(F,). We then discuss the analogue for del
Pezzo surfaces of degree 2 and set up the calculations that will be done in Chapters
3 and 4. The difficulty in each of these theorems is computing the polynomials that
count the number of codewords corresponding to a del Pezzo surface of trace t, or
equivalently, whose anti-canonical model has ¢* + g + 1 + tq F,-rational points. Let k
be the degree of the sum of these polynomials. The asymptotic result of the previous
paragraph is enough to determine the ¢* coefficient of each of these polynomials. The

hard work comes in finding the entire polynomial explicitly.

4. Point Counts for Cubic Surfaces

In this section we will give a detailed outline of the proof of the following result

of Elkies [20].

Theorem 26. The following table lists for each T' € [—3, 6], the number of irreducible
cubics of cone dimension zero giving a codeword of weight ¢> — Tq. For T # 0 this

also counts the number of cubics giving a codeword of weight ¢> +Tq. The number is
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given as a multiple of |GL4(F,)|/51840.

51840/|GL4(F,)| times the number of f3(w,x,y, z) of weight ¢* —Tq

S Ot e W

80(q + 1)%(¢®> + g+ 3)

;—51(77q5 + 34¢" + 90> + 152¢° 4 281q — 26)

72 (16247 + 325¢° — 249¢° + 205¢* + 177¢% + 670¢2 + 30q — 360)

®—q

12 (1735q11 + 1329¢'° + 3314¢° — 225¢° + 684647

—3993¢° + 2546¢° + 4785¢" + 4999¢° + 2644¢* — 12960q — 4320)
ey (1824° = 5747 + 904+ 840" — 1262¢° + 1907
+1350¢% — 2690q + 360)

25 (277 + 20" + 136> — 3744% + 1229¢ — 990)
120(2¢* + 9¢° — 27¢* + 182¢ — 270)

36(q* — 5¢° + 59¢2 — 235¢ + 260)
72(¢—4)(¢—3)(¢—2)

(¢ —5)*(¢—3)(g—2)

We follow the same strategy described in Chapter 1.
fs(w,z,y, z) is determined by 20 coefficients, so we get a 20-dimensional code Cj 3

over F33+q2+q+1. The goal is to compute W¢,,(X,Y), and the previous theorem is

the most difficult part of this computation.

Most of these ¢*° polynomials cut out a variety f3(w,z,y, z) = 0 that is a possibly
singular cubic surface, the anti-canonical model of a weak del Pezzo surface of degree
3. The only f3(w,x,y,z) that do not give such a surface are those that have non-
isolated singularities and those that are cones over smooth plane cubics in P#(F,).

It is elementary to count the cubics that give a variety with non-isolated singular-
ities. There are only a few types of varieties that occur, for example, a triple plane,

or a smooth quadric together with a plane. One can write down the contribution to
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the weight enumerator coming from such cubics without too much difficulty. See [20]
for details.

One must also understand the contribution to the weight enumerator from cones
over smooth plane cubics. Let p be the vertex of this cone and choose any plane in
P?(F,) not containing p. The cone can be understood as the union of the lines between
p and some cubic curve in this plane. If the plane cubic has ¢ F,-points, then the
resulting cone has 1 4 ¢t points. Therefore, in order to understand the contribution
to We, ,(X,Y) from cones, we need to understand the weight enumerator of cubics
in P*(F,), We,,(X,Y).

A smooth plane cubic is a genus 1 curve. Hasse’s theorem, which is stated in
the next chapter, shows that every genus 1 curve over I, has an F,-point, and is
therefore an elliptic curve. In the next chapter we will discuss some of the theory of
elliptic curves over finite fields and how it is used to compute the weight enumerator
for plane cubics. We note that the contribution to the weight enumerator from cones
over singular plane cubics can be determined by elementary methods, and that such
a cone has non-isolated singularities.

Every homogeneous cubic f3(w,z,y, z) that gives a variety with no isolated sin-
gularities and is not a cone cuts out a cubic surface in P*(F,). Some of these surfaces
are singular, but each is the anti-canonical model of some weak del Pezzo surface
of degree 3. We consider the minimal desingularization of this surface and choose
a geometric basis for its Picard group. This gives Tr(¢|g,). We can determine the
sublattice R generated by (—2)-curves by first studying the singularities of the cubic
surface. Once we have found (—2)-curves generating R written in terms of the geo-
metric basis, we find Tr(p|z). Theorem [23| together with these facts about singular
cubic surfaces shows that such a surface must have ¢> + ¢ + 1 + tq F-rational points

for some t € [—3,6].
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Once we have analyzed cubics with non-isolated singularities and cones over plane

cubics, We, ,(X,Y) is determined except for 10 unknown terms:
WgP (X,Y):=a 3Xq2—2q+lyq3+3q +a 2Xq2—q+1yq3+2q 4t a6Xq2+7q+1yq3—6q
3,3 - - .

Determining these unknown coefficients is equivalent to understanding how the
values of the trace of Frobenius are distributed as we consider all weak del Pezzo
surfaces that are given by homogeneous cubics. We know the sum of these coefficients;
it is ¢*° minus the number of cubics that give one of the more singular varieties, a
number we have already computed. It is not known how to compute this distribution
of trace values directly, so one of the key ideas of Elkies is to use information about
(33 to solve for these unknowns [20].

By the MacWilliams theorem, the weight enumerator of (3’3%3 is determined by the

weight enumerator of Cs 3. We see that

Weyo(X,Y) = WEP (X,Y) + WE, (X, V) + WS (X,Y),

3,3

where W§, (X,Y) is the contribution to the weight enumerator from cubics that
have non-isolated singularities and Wg;s (X,Y) is the contribution to the weight
enumerator from cones over smooth plane cubics. The notation reflects the fact that

a smooth plane cubic is a genus 1 curve. Therefore,

3,3

1

3,3

W X0 X ) 4,0 0~ 0 1)

We consider only the dual coefficients up to weight 9, that is, WC?J’_3<X ,Y') modulo
Yo,

The contribution from the singular cubics W¢, (X + (¢ — 1)Y, X —Y’) modulo
Y104 327 si(q) X HCHHIY where each s;(q) is a polynomial. In fact, we could
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expand this series as far out as we want, and all of its coefficients will be given by
polynomials in q.

The cones over smooth plane cubics are more complicated. As we will explain in
the next chapter in some detail, computing the Y coefficient of the dual of the code of
cubics on P?(F,) is related to computing the sum of the trace of Frobenius acting on
E raised to the power ¢ as E varies through all isomorphism classes of elliptic curves
over [F,. Once t > 10, these powers of traces involve the Fourier series expansions of
modular forms. However, for this computation we avoid these issues. It is still true

that WS (X +(¢—1)Y, X —Y) modulo Y is also 377 ri(q) X¢++7+1=7Y7 where
each r;(q) is a polynomial in g¢.

By expanding powers of (X + (¢ — 1)Y)@+@*+atl~i(X _ ¥)i it is clear that
WEN (X + (¢ —1)Y, X —Y) modulo Y equals

9
34,2 -
§ +¢ +g+l—iy e
ui(a—37"‘7a67Q)Xq o Y7
=0

where for each i, u;(a_s,...,as,¢q) is linear in each of the a; and the coefficient of
each a; is a polynomial in g. We therefore see that the number of dual codewords of
weight ¢ can be expressed as a linear equation involving polynomials in ¢ and these
10 unknown values of a;.

We can determine the low-weight coefficients of Cgfg directly. The minimal weight
dual codewords have weight 6. This is because any five points in P3(F,) impose
independent conditions on cubic polynomials but six points on a line fail to impose
independent conditions on cubics. The dual codewords up to weight 9 are not so
difficult to count because the support of such a codeword of weight less than 10 must
be contained in some two-dimensional linear subspace of P*(F,), a plane. Therefore,
we can find the dual coefficients of weight up to 9 by understanding the low-weight

codewords of the simpler code Cy, the dual of the code of cubics in P*(IF,).
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Once we have found the number of dual codewords of weight i for i € [1,9] we
have 9 linear equations in 9 unknowns a;. There are 10 a; that we are trying to find,
but since we know their sum we have only 9 unknowns. Alternatively, since we know
the X7 +°+at1 coefficient of Cy5 is 1, we can think of this as 10 linear equations
in 10 unknowns. Using standard techniques of linear algebra over Q[q], we compute
the values a; as polynomials in ¢, proving Theorem . In the next section we will
describe how this approach becomes more complicated for the code of double covers

of P2 branched over a plane quartic.

5. Codes from Degree 2 del Pezzo Surfaces

We now turn to the main topic of this thesis, the determination of rational point
count distributions for del Pezzo surfaces of degree 2. We study the weight enu-
merator of a particular 16-dimensional code. We have already seen in Theorem
that studying anti-canonical models of del Pezzo surfaces of degree 2 is equivalent
to studying double covers of P? branched over a plane quartic with at most simple
singularities.

A homogeneous quartic in fy(z,y,2) on P*(F,) is determined by 15 coefficients.
We consider varieties of the form aw? = f,(z,y, 2) where a € F,. Such an equation
is determined by 16 coefficients. When a = 0 such an equation defines a cone over
a plane quartic. An equation of the form aw? = f;(x,vy, 2) defines a homogeneous
quartic not on P3(FF,), but on the weighted projective space P(2,1,1,1) over F,, where
w has weight 2 and the other variables have weight 1. We note that any weighted
projective space is an irreducible projective variety, and that (2,1, 1, 1) has a unique
singular point, the point where z = y = z = 0. For more on the geometry of weighted
projective space see [16].

We consider the 16-dimensional code coming from evaluation of these homoge-

neous quartics on P(2,1,1,1). For ¢ = 2 the dimension is actually smaller than 16,
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but we have excluded this case by supposing that the characteristic of IF, is not equal

to 2. For characteristic not equal to 2 every homogeneous quartic on P(2,1,1,1)

’LUQ + wa(x,y, Z) + f4<$7y7 Z) - 07

is equivalent to one of the form w? + f4(z,y, 2) = 0, by completing the square. This
is why we focus only of the quartics of the form w? = fy(x,y, 2).

Evaluation gives a map to F33+q2+q+1, but we will instead consider the map to
F33+q2+q where we omit the singular point, x = y = 2 = 0. Let Cj, C Fg3+q2+q
be the 16-dimensional linear code given by the image of this map. We choose this
notation because Cy 4 denotes the code of homogeneous quartics on P*(F,), and this
related code consists of double covers of P2 branched over these quartics as varieties
in weighted projective space. Our goal is to study the contribution to W%A (X,Y)
from varieties of the form w? = fy(x,y,2). Equivalently, we determine the weight
enumerator of the nonlinear code of size ¢'° coming from quartics on P(2,1,1,1) of
the form w? = f;(x,y, z). This weight enumerator is called WDQA(X, Y') below. This
is also equivalent to determining the specialization QR, , (X, X 21) of the quadratic
residue weight enumerator of the 15-dimensional code of plane quartics.

The most difficult part of this problem is the content of Theorem [3] We have
already seen that any variety of the form w? = fy(z,y,2) where fi(z,y,z) has at
most simple singularities comes from the anti-canonical map of a possibly singular
del Pezzo surface of degree 2 and that such a variety has ¢*> + ¢ + 1 + tq F -points,
for some t satisfying [t| < 7.

We now break up Wey ,(X,Y) into Wes (X, Y) + (¢ — 1)1/1/'[2)74 (X,Y), where C§,
is the code of cones over plane quartics, the 15-dimensional subcode of C% ; given by
a =0, and VVDQ’4 (X,Y) is the contribution to the weight enumerator from equations
of the form w? = fy(x,y, ) as fy(x,y, z) varies through all ¢'> homogeneous quartics.

We note that the codewords coming from equations of this type do not constitute a
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linear code, which is why we allow « to vary, but for any nonzero « the contribution
to the weight enumerator of Cy , is the same.

Our goal is to compute T/VDé p (X,Y). We do this by breaking it up into three parts.
We let WSQA(X ,Y') be the contribution to this weight enumerator from equations of
the form w? = fy(x,y,z) where fi(z,y,2) = 0 defines a plane quartic with non-
isolated singularities, or equivalently, a quartic with a double component. We let
WCZ14 (X,Y) be the contribution to this weight enumerator from equations of the
form w? = f,(z,y,z) where fi(x,y,2) = 0 is the union of four distinct coincident
lines. Such a union of lines has a non-simple elliptic singularity. We chose this
terminology to reflect the fact that such a variety is a cone over a curve of genus 1
given as a double cover of P*. We explain this below. We define WD;; (X,Y) to be the
contribution to the weight enumerator from everything else, that is, anti-canonical
models of del Pezzo surfaces of degree 2.

We have
W, (X.Y) =We, (X,Y)+WE (X,Y)+Wg" (X,Y).
By Proposition [4] we can write
WhT (X, Y) = a_7Xq2+q+1—(—7q)yq3—7q—1 44 &7Xq2+q+1—(7q)yq3+7q—1.

Our goal is to solve for these 15 unknown coefficients. Since —1 € W(Ey), or equiv-
alently because we can multiply any quartic fs(x,y,z) by a non-square, we have
a; = a—j. So, we are really solving for 8 unknown coefficients. The values of these
8 unknowns are the content of Theorem [3] We note that since —1 is not an element
of W(Es) we do not get a similar relation between point counts for cubic surfaces of
trace t and —t. In fact, the set of ¢ that occur when studying cubic surfaces is not

symmetric with respect to multiplication by —1.
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At the end of Chapter 3, we determine I/Vsé’4 (X,Y) by elementary, but rather
intricate, counting. There is a small set of types of quartics that contribute to this
weight enumerator. For example, fi(z,y, z) can be B(fo(z,y, z))* where 8 € [ and
f2(z,y,2) = 0 defines a smooth conic in P*(F,). We can count the number of such
quartics and the number of points on the corresponding varieties with little trouble.

In Chapter 3, we determine WG;A(X ,Y) by studying elliptic curves over finite
fields. Suppose fi(z,y, z) gives the union of four distinct coincident lines. For such
a quartic to be defined over [, it is clear that this common point must be an -
rational point. By applying an automorphism of P?(F,) we can suppose that this

point is [0 : 0 : 1]. We write
f4($, Yy, Z) = boZ4 + b123 + b222 + ng + b4,

where each b; is a homogeneous polynomial of degree i in x and y. Since fy(x,y, 2)
has a zero of degree 4 at the point [0 : 0 : 1], we see that by = by = by = b3 = 0.
Therefore, fy(x,y,z) is a homogeneous quartic in  and y. Such a plane quartic
defines a cone over a homogeneous quartic on P!(F,). In case this quartic does not
have a double zero, that is, when this quartic on P*(F,) is smooth, this is a cone over
a genus 1 curve. So, in order to determine WG;4 (X,Y) we need only determine the
point count distribution for equations of the form w? = fy(x,y) where fy(z,y) is a
smooth homogeneous quartic on P*(F,). We do this in Chapter 3. In fact, using the
quadratic residue weight enumerator defined in the Introduction, we give something
stronger, a distribution of point counts that distinguishes between F,-rational points
that come from zeros of f4(x,y) and points that come from values of fy(x,y) that are
nonzero squares in [y.

At this point, we will have determined all of WDQA(X ,Y) except for the 8 un-
knowns of WD;; (X,Y). We will find these by studying dual coefficients of low weight.

In the case of cubic surfaces we had 10 unknowns but we also know their sum. We
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saw that computing the dual coefficients up to weight 9 gave 10 linear equations
involving these unknown coefficients, exactly enough information to solve for them
uniquely.

We will compute the contribution to dual codewords of weight up to 7 coming
from WD;Z(X, Y). That is, we compute WD;Z(X +(¢—1)Y,X —Y) modulo Y® by
investigating the geometry of points that fail to impose independent conditions on
varieties of the form aw? = fy(z,y, z). Unfortunately, this is not enough information
to determine these counts uniquely.

In the case of cubic surfaces, we can express the contribution to the dual code
coming from the 10 unknown terms as a 10 x 10 matrix A, where each column
corresponds to the contribution to the dual coefficients of weight 7, or the Y* term of
this expansion for some i € [0,9], and each row corresponds to one of the unknowns
aj, for j € [—3,6]. The entries are given by polynomials in g. We then solve a system
of linear equations AZX = ¢/, where ¥ is a column vector with 10 entries corresponding
to our unknowns a;, and ¥ is a column vector with entries that are polynomials in ¢
corresponding to the contributions to the dual coefficients of weight up to 9 coming
from these ten unknown terms. This equation has a unique solution because this
matrix has rank 10.

In the case of del Pezzo surfaces of degree 2, we form an 8 x 8 matrix where each
column corresponds to the contribution to the dual coefficient of weight ¢, and each
row corresponding to the terms of trace +5. However, this matrix does not have full
rank; in fact, the rank is only 4. In order to solve for these eight unknowns we must
work harder.

We will determine the contribution to of WDéi (X,Y) to the dual code coeffi-
cients of weight up to 10, that is, WD;Z(X + (¢ —1)Y,X —Y) modulo Y. In
order to do this we compute WCQAJ_(X ,Y) modulo Y™ by determining the possible

supports of dual codewords of weight up to 10, and counting the number of dual
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codewords with given support. We do the same for the dual of the 15-dimensional
subcode coming from cones over plane quartics, computing WCSAL (X,Y) modulo Y1,
We compute We, (X + (¢ —1)Y, X —Y) modulo Y!! with little trouble. Finding
WGél4 (X 4+ (¢g—1)Y, X —Y) modulo Y involves some new difficulties because the
weight 10 coefficient is not a polynomial in ¢, but involves a term of the Fourier series
expansion of the modular form A.

In the calculation for cubic surfaces, the contribution to the dual codes coeffi-
cients from cones over plane cubics was not difficult to determine because the co-
efficients of I/VCQL’3 (X,Y) up to weight 9 are given by polynomials in g. The weight
10 coefficient involves the Ramanujan tau function, 7(¢), which is the gth coeffi-
cient of the Fourier series expansion of the modular form A. Since this calculation
did not require the dual code coefficients of weight larger than 9, this complica-
tion was avoided. However, for del Pezzo surfaces of degree 2, we will see that the
Y10 term of WG;4 (X + (¢ —1)Y, X —Y) also involves 7(q), as does the Y1? term of

Weo (X 4+ (¢g—1)Y,X —Y) because it includes this contribution from cones over

r L
2,4
genus 1 curves. In this setting we really do need to analyze these non-elementary
terms. We will explain this issue in Chapter 3.

We see that

(= DWE (X + (= 1)V, X =Y) =" "W, +(X,Y) —q" W, +(X,Y) -

(q—1) (WgéA(X +(g =DV, X =)+ WG (X +(g— DY, X - Y)) .

We compute the right-hand side of this equation modulo Y. This lets us compute
WDéi (X+(¢g—1)Y, X —=Y) (mod Y). Individual terms of the right-hand side in-
volve 7(q), but these non-elementary terms cancel out. We will express this as an
8 x 10 matrix with entries that are polynomials in ¢. This matrix has rank 6. So, we

still do not have enough information to solve for the eight unknowns «a;, for j € [0, 7].
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We use the geometry of blow-ups of P? at seven points to find a; and ag directly.
This involves counting 7-tuples of points in P?(F,) in general position to find a;, and
in what we call near general position to find ag. A key observation is that we can
understand surfaces of trace 7 and 6 by considering blow-ups of P? at seven points of
P?(F,) that are actually F,-rational points.

Given a fixed 4-tuple of points (p1, p2, ps, p4) in P*(F,), no three of them on a line,
let S(g) denote the number of choices of an ordered set of points in P*(F,), (ps, ps, pr),
such that the points pi,...,p; are in general position. Since PGL3(F,) acts simply
transitively on collections of four points, no three of which lie on a line, the number
of 7-tuples of points of P?(F,) in general position is |[PGL3(F,)|S(q).

Similarly, let R(q) denote the number of choices of an ordered tuple of points in

P%(F,), (ps,ps,p7), such that the points py, ..., pr satisfy the following conditions

(1) no three points lie on a line,

(2) there is a unique smooth conic that contains exactly 6 of the 7 points.

We say that a 7-tuple of points satisfying these hypotheses is in near general position.

The number of 7-tuples of points of P?(F,) in near general position is [PGL3(F,)| R(q).

Theorem 27. Let WD;Z (X,Y) be defined as above. Then

_ |GLy(F,)IS(a)
T WE)

and
_ 18[GLy(F,)|R(g)
W(E)|

Qg

In Chapter 4 we will prove this result and use the geometry of P?(F,) to determine
S(q) and R(q). This requires us to investigate the Picard group of a surface with a

single (—2)-curve in detail.
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We can now write down a modified version of the matrix described above, which
is now 6 x 10 and has rank 6. The resulting matrix equation has a unique solution,
giving Theorem

There is an interesting issue related to this computation. We determine the low-
weight dual code coefficients of the 15-dimensional code of cones over plane quartics.
This is equivalent to finding Weg (X + (¢ — 1)Y, X — V) modulo Y. With our
current techniques it is hopeless to try to find I/VCQc’4 (X,Y) completely, because this
is equivalent to finding We,,(X,Y), the weight enumerator of the code of homoge-
neous quartics in P*(F,). A generic homogeneous quartic defines a smooth genus
3 curve. There are many difficulties with questions about rational points on genus
3 curves over finite fields that do not arise for the far easier case of plane cubics,
or for more general genus 1 curves over finite fields. Even though we cannot hope
to determine We,,(X,Y), we are able to compute the specialization of the residue
weight enumerator QR J(X X 2.1). Perhaps this related weight enumerator can say

something new for this more difficult situation.
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CHAPTER 3

Quadratic Residue Weight Enumerators and Elliptic Curves

over Finite Fields

In this chapter we define a weight enumerator that keeps track of more information
than the classical Hamming weight enumerator, prove a variation of the MacWilliams
theorem for it, and then apply this result to study quadrics in P*(F,) and elliptic
curves over finite fields. The results for elliptic curves will be a applied to study the
weight enumerator WG;4 (X,Y) defined in the previous chapter. At the end of this
chapter we also compute VVZ4 (X,Y) by studying double covers of P? branched over

plane quartics with non-isolated singularities.

1. The MacWilliams Theorem

We begin by giving a proof of the MacWilliams theorem using discrete Poisson
summation. We then adapt this proof to give a version of this result that applies to

the quadratic residue weight enumerator.

Lemma 28 (Discrete Poisson summation). Let G' be a finite abelian group, H C G
a subgroup, G = Hom(G, C*) the character group of G, and H* = {§ € G | Vh €
H, g(h) = 1} the annihilator of H in G. For any function ¢ on G define the Fourier

transform of ¢ to be the function on G given by

Then



See Chapter 12 of [48] for a proof. The main idea is to choose a function that
gives some information about an element of IFéV , for example, its number of nonzero
coordinates. We sum this function over the elements of a linear code. Taking the sum
of the Fourier transform of this function over the dual code gives an identity. Since
the Fourier transform is given in terms of certain sums of characters, this strategy
only works in cases where we can compute the relevant character sums. We recall a

simple lemma.

Lemma 29. Let ¢ be a non-trivial character on Fy. Suppose g = (g1,...,9n) €
N
F\(0,...,0). Then

S wl(g.h)) = 1.

heFN\(0,...,0)
PROOF. The map h — 1((g,h)) is a character on the finite additive group F}'.
Therefore, the sum of this character over all h vanishes unless it is the trivial character,

which is the case if and only if g = (0,...,0). We see that

h:(hl,...,hN)E]FéV\(O ..... 0) =1 i=1
O

We recall the statement of the MacWilliams theorem for the Hamming weight

enumerator. This is Theorem [1}in the Introduction, but we state it again here.

Theorem 30 (MacWilliams). Let C' be a linear code over Fév and C* be its dual
code. Then

1
Weoi(X,Y) = mWC(X +(g—1)Y, X -Y).

PROOF. Let ¢ be a non-trivial character on F,. We let G = IFf]V and identify
G with G by identifying the element ¢ € FY with the character taking h € F) to
¥({g,h)). A linear code C'is a subgroup of G and C'is identified with C-. The index

(G : O] is equal to ¢"/|C| = |CH].
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Let g =(g1,...,9n) € ]Fév and define

N X 1ng:O,

i=1 Y  otherwise

Then

We take the sum of ¢ over all elements of C' and get

D o) = We(X,Y).

ceC

Discrete Poisson summation implies that

We(X.Y) = == 3 6(d).

|C]
deC+

We consider the coordinates of d = (dy,...,dy) one at a time. Note that
) N
o(d) =D v((d,g))olg) =[] D ¢(digi) F(gs),
gery i=1 g,€F,

where g = (g1, ...,9n). For some fixed value of i,

X+(-1)Y ifd=0
> (digi) Flgi) = (¢—1)

9i€Fq X-Y otherwise,

since

Z U(digi)F(g:) =Y Z U(digi) = =Y,

9i€Fg 9:€F;

by the previous lemma.
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We take the product over all coordinates i € [1, N| and have

1 X+ (q-1Y ifd=0

We(X,Y) = m Z HFI(di>’ where F'(d;) =

deCt i=1 X-Y otherwise

This last sum is ﬁWCL (X + (¢ —1)Y, X —Y), completing the proof.

2. MacWilliams Theorem for the Quadratic Residue Weight Enumerator

In the previous argument we encountered some elementary character sums. We
need only the most basic facts about characters to evaluate them. In proving ana-
logues of the MacWilliams theorem for more refined weight enumerators we need to
understand more complicated character sums. We next turn to one of the simplest

non-trivial examples, quadratic Gauss sums.

Proposition 31. Suppose that ¢ = p* is odd where p is prime and k > 1. Let 1 be

an additive character on Fy. Then

lifg=1 (mod4)
Z V(2?) = €4\/q, where ¢, =
zeF; iifqg=3 (mod 4)

Many number theory textbooks contain a proof of this fact, for example, see
Chapter 8 of [27]. We use this fact to give a proof of the MacWilliams identity for
the quadratic residue weight enumerator defined in the Introduction.

We first recall the definition of this weight enumerator. Let C be a linear code

defined over ]Fév . Let R denote the set of nonzero squares in F; and NR denote the

set of non-squares. We define the quadratic residue weight enumerator by

QRC(X, Y" Z) — 2:)(N—Wt(c)Y'Res(c)ZNRes(c)7
ceC
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where Res(c) is equal to the number of coordinates of ¢ in R and NRes(c) is the
number of coordinates of ¢ in NR. It is clear that Res(c) + NRes(c) = wt(c). We can
write this weight enumerator as a product over coordinates

/

N
QRo(X.Y.2)= > []F(c), where F(c:) =4y it ¢, € R
c=(c1,...,cn)EC =1
\Z if ¢; € NR.

We now state the MacWilliams theorem for this quadratic residue weight enumerator.

Theorem 32. Let C C F) be a linear code. Then QR¢(X,Y, Z) equals |C+|~" times

1 ~1 1
QRe» <X+%(Y+Z),X—Z+%(Y—Z},X—Y—l—E q2 (Z—Y)),

where

1 if char(q) =1 (mod 4)

v—1 ifchar(¢) =3 (mod 4) |

PROOF. Let ¢(c) be defined by Hfil F(c¢;) where F' is defined above. Then
Z Qb(C) _ Z XN—wt(c)yRes(c)zNRes(c) _ QRc(X, Y, Z)
ceC ceC

The Fourier transform of ¢ is defined by

Discrete Poisson summation gives

QRA(X,Y, 7) = 3 (c) = |Oﬂ| S dd).

ceC
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We consider the coordinates of ¢E(d) one at a time. We have

ngS(d) = Z Hw i9:) F(9:) = H Z U(digi) F (i)

9=(g1,-...gn )EFY i=1 i=1 g,€F,
N
= ] (X +Y pad)+Z ) @b(azdi)) :
=1 TER zeNR

Consider the expression within the product. If d; = 0 this is X + q;—l(Y + 7). If
d; € R, this is

X+YY @) +2Z ) ()

rzER rzeNR

If d; € NR, this is

X+Y > )+ 2> d(x)

zeNR T€ER

The previous result on quadratic Gauss sums shows that

D (@) = 6v/g and Y (@) = — (1+ 6/a)

TER T€ENR

since ) p (x) = —1.

Rearranging terms implies that ¢(d) equals

W 1 Res(d)
(e (x-z4e Y2 -g)

NRes(d)
(X Y + 9917 - Y))

Summing over all d € C* completes the proof. 0

In the final section of this chapter we will use results about cubic Gauss sums to
prove a version of the MacWilliams identity for another variation of the Hamming

weight enumerator.
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3. The Quadratic Residue Weight Enumerator for Quadrics

In the Introduction we considered the quadratic residue weight enumerator for

the three-dimensional code C} » of quadratic polynomials on P*(F,). We showed that

QR ,(X,Y,Z2) = XQHJF(qH)g(q_l)X?Y“?Zq?
1 1 e

We noted that the (¢ — 1)(*") dual codewords of weight 4, contribute

(q—1)%q(q + Dy2y N (q—5)(q—1)%q(q+1)

4 4
32 192 (Y +Z)’

to the quadratic residue weight enumerator of Cf;, in the case ¢ = 1 (mod 4) and

contribute

(¢ =3)(a=1%4@+1),5 s U 1)%q(q + 1)
32 192

(Y'+2%),

when ¢ = 3 (mod 4). This is a simple application of the MacWilliams identity given
above. We note that for a codeword ¢ € Oﬁz of minimum weight, the product of the
coordinates of ¢ is in R. We will see that this is common for codes that come from
the evaluation of polynomials.

In Elkies’ paper [20], elementary facts about quadratic forms over finite fields
are used to determine We, ,(X,Y), the weight enumerator of the code of quadrics
on P*(IF,) for any n. Our next goal to to determine the quadratic residue weight
enumerators of these codes.

We first recall the different types of quadrics that occur in P*(F,). There are the
singular quadrics given by double planes, the union of two distinct rational planes,
the union of two Galois-conjugate planes defined over F 2, and quadric cones. Unlike
in P%(F,) it is not true that all smooth quadrics are isomorphic. There are two

isomorphism classes: plus quadrics, which are isomorphic to P*(F,) x P*(F,) and
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have (¢ + 1)? F,-rational points, and minus quadrics, which have ¢? + 1 F -rational
points. The different types of quadrics in P"*(F,) will be explained below, and will
clarify this special case.

We first compute QRCQ,Q(X .Y, Z) following the strategy used for C} 5 in the In-
troduction. Consider the different orbits given by the automorphism group of P?(F,)
acting on the space of quadrics. We need only consider one quadric from each of these
different types: double lines, the product of two distinct rational lines, the product of
two Galois-conjugate lines, and smooth conics. We consider a representative equation
of this type f(x,y,2) and the resulting quadrics in P3(F,) given by w? = f(z,y, 2)
and w? = af(z,y,2) with @ a non-square in F7.

For a double line we choose f(z,y,2) = x? and note that w? = z? gives the union
of two rational planes, and that w? = ax? gives the union of two Galois-conjugate
planes. For the product of two rational lines we choose f(z,y,z) = xy and note
that both w? = xy and w? = axy are quadric cones. For two Galois-conjugate
lines we take f(z,y,2) = —2? + ay® where « is a non-square and note that both
w? = f(x,y,2) and w? = af(z,y, ) give quadric cones. For a smooth conic we take
f(z,y,2z) = —2* —y*— 2% and note that w? = f(z, vy, z) gives a plus quadric on P3(F,)
and w? = af(z,y, z) gives a minus quadric. Putting all of this together and counting

the number of quadrics of different types gives the weight enumerator.

Proposition 33. Let Cy5 be the code of quadrics on P*(F,). Then

31
QRe,,(X,Y,2Z) = XTtat4 qT (X ey e 4 Xq+1Zq2)

3 _1 2_ 2_ 3_1 2 2
+ 4 5 (¢ + x>y 2 75" 1 4 o (@ — XY T
3
+ 2 2_1q2(q—1) (Xq“Y"QJ"Z"Qz" +Xq+1y"22q2q22+q>.
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By being more systematic and using the weight enumerator of quadrics in P™(F,)
from [20], we determine the quadratic residue weight enumerator for quadrics on
P"(F,).

We recall the notation

(@) = kﬁ(qlc —q'), and (?)q = ﬁ (Z)(”—)q

i=1 j=0 q<n - Z)q

The following proposition from [20] gives the weight enumerator We, ,(X,Y).

Proposition 34.

(1) The weight of each f € C,, o either equals q" or is of the form ¢" + ¢"~* for
some nonnegative even integer p < (n+ 1)/2, where the minus sign must be
used if p = 0. Moreover, wt(f) = q" £ ¢" " if and only if the bilinear form
(+,-)f associated to f defined by (x,2")s == f(z+2') — f(z) — f(2'), has rank
2p and f vanishes on its kernel.

(2) Let p be such an integer and € € {£1}, with ¢ = +1 if p = 0. Then the

number of f € Cp o of weight ¢" —€q" ™" is

q

24" T (” + 1) (2p)q
2 2p q (p)q2 '

(3) The weight enumerator of C,, o is

|25

xiye [ oy e
p=0

L= 2p),(0)2

2 Y 2 Y

The proof of this result relies on some basic facts about quadratic forms over
finite fields given in [20]. We recall that we have assumed that the characteristic of
F, is not 2. Let f be a quadratic form on a vector space V' and W be the kernel of

the bilinear form associated to f. Then f descends to a well-defined nondegenerate
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form f on the cokernel V/W. Let r = dim(V/W). The weight of f as an element
of (2 is determined by the weight of f as an element of Cy—12. If r is odd then all
nondegenerate f are GL,(F,) equivalent and the associated forms on C, o all have
weight ¢". We note that the stabilizer of such a form on an r dimensional vector
space has size (¢" — q)(¢" — ¢*) -+ (¢" — ¢"2). We count the number of quadratic
forms with  odd by first counting the number of  dimensional subspaces of P"*(F,)

and then counting the number of quadratic forms of rank r on each one. This gives

(@ - -q-- (@ =g (-1 ~-q (-
(qr _ 1)((]7" _ q) Ce <qr _ qr71> <qr _ q>(qr _ q3) C.. (qr _ qer) :

When r is even things are more complicated. There are two GL,(FF,) inequivalent

forms and they are defined by their Witt index. There are

2 q" +1(2p),
2 (p):

q

forms f € Cy,_12 with Witt index p, and each has weight ¢"~'(¢” — 1). Similarly,

there are
p2 qp - 1 (Qp)q
2 (p):

forms f € Cy,_1 2 with Witt index p—1, and each has weight ¢*~(¢”+1). Combining

q

these observations gives the proposition.

We now want to give the quadratic residue weight enumerator for C), 5. For each
form in C), o with rank dim(V/W) described above, we know the number of rational
points. We want to determine how many of the wt(f) nonzero coordinates of f are
nonzero squares and how many are non-squares. This is equivalent to knowing the
number of rational points on the quadric w? = f(wg,...,2,). This is a quadric in
P"*1(F,) with rank one larger than the rank of f. Therefore, if f has even rank then

this form has odd rank, and if f has odd rank then this form has even rank.
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All forms of rank r + 1 where r + 1 is odd are GL, 41 (F,) equivalent and give rise

to quadrics with the same weight, ¢!

, as elements of C,, 41 5. All f of odd rank r are
GL,(F,) equivalent to a single form of rank r, f,, and whether the associated form
of rank r + 1 has Witt index “5! or “t! — 1 depends solely on whether f if PGL, (FF,)
equivalent to f, times a nonzero square or times a non-square. Since there are q;—l
non-zero squares and % non-squares the f of rank r for r odd give rise to the same
number of quadrics of rank r + 1 with each Witt index. This gives the distribution

of the number of points on the quadrics of rank r + 1 coming from forms of rank r.

Proposition 35. The quadratic residue weight enumerator QRCM2 (X,Y,Z) equals

ool
qu7711 Z qp2 (n + 1)(]
=0 (n+1=2p)g(p)g2

e - o q +q” P q"+q" P
q + 1an qu g lel 2 + q 1 Y f_ 2
2 2 2X9"°

I'%J n n n T
b xR [Z (@ = 1@ — ) (¢ = )
r=0

— 2(q2r+1 _ q) (q2r+1 _ q3) - <q2r+1 _ q2r71)

qn+qn—r q7L7qTL—T qniqn—r qn+qn—r
(Y > 4 +Y 2 Z 2 )]

This matches our computations for QR¢, , (X, Y, Z) and QRg, , (X, Y, Z). We first
consider C1 5. There are two terms in the first sum. The p = 0 term gives X?"! and

the p =1 term gives
1 —1_ g1 g4
(%> — q) (&XY = X _|_qu§12§1)_

There is one term, r = 0, in the second sum. It gives

¢ —1

(XY +X279),

Adding these together gives the value of QRcl,g(X .Y, Z) computed above.
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For QR, ,(X,Y, Z) the first sum has two terms. For p =0 we get X@+atl For
p =1 we get

2

]_ (12*11 quq - ]. q2 q q q
q(q® = 1) (%X%“YQZ T+ QTXYJZ?) .

The second term also has two terms. The » = 0 term gives

¢ —1
2

(Xq+1yq2 + Xq+1zq2> .

The r =1 term gives

(¢° - 1)5‘13 - ¢°) (Xq+1yq2;qzq2;q + Xq+1y‘12{qz‘122+q> .

Adding these terms together gives the polynomial computed above for Cs .

We now consider the quadratic residue weight enumerator of C’iQ using the
MacWilliams theorem proven above. The Hamming weight enumerator of the dual
of C, 2 is given in [20]. We do not attempt to compute QRciQ(X Y, Z) in general,
but instead focus on small values of n. We begin with ;5. We use the quadratic
residue version of the MacWilliams theorem to formally expand the first few terms of
the quadratic residue weight enumerator of the dual of (', . We consider two cases
based on the value of e. When € = 1, that is, the characteristic of IF, is 1 modulo 4,

we compute that QR (X,Y) is

Yot ((q — 5)(612; .1:)))261(61 + 1)(Y4 7Y+ (¢ — 1)2651(61 + 1)Y222> a3

N ((q—3)(q—1) quq.;r‘lg(q —6q+53)(y5+25)

(q—5)(q—3)(q—1)°q(qg+1)

YZr+ Y17
+ 28.3 ( )
_ - —1)3q(q+1 v372y | x
(g —5)(q 32)7((]3 )’q(q )(]’223 3 2)) a4
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plus terms involving Y*Z7 with i + j > 6.
When e = —1 we compute that QR (X,Y) is

X+l 4 ((q - 1;‘1(; + 1)2(Y4 + Z4) + (q—3)(q —251)2(1((1 + 1)Y2Z2> X3

(—=Tq=3)(qg—=1)%q¢+1)? 5, s
v (e e s g

(¢—7)(q—3)(q—1)%q(q+ 1)

+ 53 (Y'Z +YZ*)
— —1)? 1)%(¢? — 1
b D D V61T YQZS)) it

plus terms involving Y*Z7 with i + j > 6.
We note that if we set Z =Y in either of these polynomials we get the first few
terms of We, ,(X,Y),

qg-+1

X 4 (g - 1)( A )Y4XQ3+ (q- 1)(q—4)<

qg-+1

- )Y5Xq4 +O(Y").

We note that these first two nonzero coefficients correspond to ¢ — 1 times the
number of collections 4 points and (¢ —1)(¢ —4) times the number of collections of 5
points of P!(FF,), respectively. We will give a similar kind of geometric interpretation
for the low-weight coefficients QRCIL’2 (X,Y, Z). This involves the number of F -points
on certain curves in P?(F,) and P*(F,).

Suppose that we have a weight 4 codeword Cfg. This is equivalent to four points

a, 3,7, 6 and four coefficients rq, 19, 73,74 # 0, such that

rig(a) +r2g9(B) + r3g(y) +7149(6) = 0

for all quadratic polynomials g(x,y) = ax?+bxy+cy®. Up to scalar multiplication we
may suppose that r, = 1. There exists a unique automorphism of P!(F,) that sends

(o, B,7) to (¢, 8',7") = ([0 : 1],[1 : 1],[1 : 0]). This sends 0 to another point that we
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call ' = [1: u] for u € F,, u#0,1. We have g(a/) =¢, g(8')=a+b+c, g() =a
and ¢(8') = cu® + bu + a.

The linear combination of these values coming from the weight 4 codeword can
be expressed as

(1473 +72)a+ (u+1ry)b+ (u? +ry +71)c.

In order for this expression to vanish for all values of a, b, ¢ we must have r, = —u.
Now the a coefficient vanishes if and only if r3 = uw — 1. Finally, the ¢ coefficient
vanishes if and only if r; = —u(u — 1). Therefore, the nonzero coordinates of a
weight 4 codeword are given by (w, —uw, (u — 1)w, —u(u — 1)w), where w € F;. We
immediately see that an even number of these coefficients are squares, since their
product is obviously a square. Therefore, determining the X% 3Y*4 coefficient of
QR¢, , (X, Y, Z) is equivalent to determining the number of u € F, \ {0, 1} for which
—u and v — 1 are simultaneously squares.

Suppose —u is a nonzero square in ;. Then u+2% = 0 for some x € ;. Suppose
that w — 1 is also a nonzero square. Then y? —u + 1 = 0 for some y € . This
implies 22 + y* + 1 = 0 in F,. We consider the homogenization of this polynomial,
z? + y* + 2?2 = 0, a smooth conic in P?(F,). This conic has ¢ + 1 rational points.
When —u and u — 1 are nonzero squares there are two distinct choices for the value
of x and two distinct choices for the value of y, leading to 4 distinct points of this
conic. There are two rational points with x = 0 and two rational points with y = 0 if
and only if the characteristic of F; is 1 modulo 4. We consider the points with z = 0.
Again, there are two of these if and only if the characteristic of F, is 1 modulo 4.
Combining these observations shows that there are % values u € F, \ {0,1} when
the characteristic of F, is 3 modulo 4 and % such values when the characteristic of
[F, is 1 modulo 4 for which —u and v — 1 are simultaneously squares. We use this

fact to recover the X772 coefficient of QRey, (XY, 2).
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We can perform a similar kind of analysis on weight 5 codewords. Again, a unique
projective automorphism takes the first three of these points to the (¢/, 8',v") of the
previous example, and the last two points are &' = [1 : u] and ¢ = [1 : v], where
u # v and u,v ¢ {0,1}. This gives ¢g(¢&') = cu® +bu+ a and g(¢') = cv?* + cv +a. Up
to scalar multiplication we can suppose r5 = 1. For convenience, let r4 = p.

In order for the b coefficient to vanish we must have r3 = —(pu + v). If the a
coefficient vanishes then ro = pu+v —p—1= p(u — 1) + (v — 1). Finally, if the ¢
coefficient vanishes then 1 = v(1 —v) + pu(l — u).

For fixed u, v neither equal to 0, 1 there are exactly ¢—4 values of p so that each of
1,79, 73, p are nonzero. If ry # 0 then p # —vu~!'. Ifry # 0 then p # —(v—1)(u—1)""1.
This inverse exists because u,v # 1. Also, vu™t = —(v — 1)(u — 1)~! implies u = v.
Since this is not the case, these two conditions eliminate distinct possibilities for p.
Finally, if 71 # 0 then p # —v(1 — v)u™'(1 — u)~!. Since u # v, we have vu™! # 1
and (1 —v)(1 —u)~! # 1, so this condition on p does not coincide with either of the
earlier two conditions. Therefore, for any fixed u,v there are three values in [} that
p cannot take, giving ¢ — 4 possibilities.

We can also interpret this factor of ¢ — 4 as follows. Given two distinct vectors
a=(ri1,7m21,731,pr, 1) and = (112,722,732, p2, 1) with p; # p, satisfying the con-
ditions of the above paragraph and with no coordinates equal to zero, expressing the
coordinates in terms of p1, pa, u and v it is easy to see that no r;; = r9,. So, taking
aa+bf gives a 2-dimensional subspace of Fg with ¢ — 1 nonzero vectors. Projectiviz-
ing gives a P'(FF,) of 5-tuples that are given by 8, a + i where i € {0,1,...,¢— 1}.
None of these vectors has more than one coordinate equal to zero so it is clear that
there are (¢ + 1) —5 = g — 4 of these vectors that have all nonzero coordinates. This

gives the ¢ — 4 values of p described above.
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This gives (¢ — 1)(¢ — 4) times the number of collections of five collinear points
dual codewords, and we verify that this is in fact the number of codewords of weight
5 of the dual of the code of quadrics on P'(F,).

Suppose we have chosen some u, v, p so that r,79, 73,74, p are nonzero and that
give a weight 5 element ¢ of 01%2. This ¢ contributes X9 4Y?Z5~% to the weight
enumerator for some i. The value of i depends on how many of the elements of
the set {p,—(pu +v),p(u — 1) + (v — 1),v(1 —v) + pu(l — u)} are simultaneously
squares. We could investigate this question with the strategy used for the discussion
of weight 4 codewords, but this involves some intricate work. It is far easier to use
the MacWilliams theorem to obtain these types of results.

For 02%2 and C’fg we saw that the product of the coordinates of a codeword
of minimum weight is always a non-zero square. Minimum weight codewords have
support given by four collinear points. The argument given above generalizes to the

code (), 5.

Proposition 36. Let C, 5 be the code of quadrics on P*(F,). The minimum weight
codewords of C’ig have weight 4 and the product of the coordinates of any such code-

word is a square in F;.

In fact, this type of behavior occurs much more generally. We will see in the
next section that a similar statement holds for the code (' 4 consisting of quartics on
PY(F,). In Chapter 4 we will prove a similar statement for the code of homogeneous
quartics restricted to a smooth conic in P?(F,).

A nice property of the quadratic residue weight enumerator of the code of homo-
geneous polynomials of weight 2k on P"(F,) is that it does not depend on the choices
of affine representatives for the points of P"(IF,). Scaling a point [zo : -+ : ] by

some « € I gives

Fo(axg, ..., ax,) = a® Fy(xo, ..., 2p).
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If the degree of F' is odd, then scaling a point by a non-square o € F; can change
whether F' takes a square or a non-square value at a given point. Therefore, we will
not consider quadratic residue weight enumerators of codes coming from homogeneous
polynomials of odd degree.

Over the next few sections, we turn to the next simplest case, the quadratic residue
weight enumerator for Cy 4, the code of quartics on P!(F,). This is significantly more
difficult than the case of quadrics because here we first encounter varieties that are

not rational.

4. Cones over Singular Quartics on P'(F,)

Let (4 denote the 5-dimensional code of homogeneous quartics on P*(F,). We
can determine the Hamming weight enumerator of C 4 by noting that there are only
a few possibilities for the factorization of a homogeneous quartic on P!(F,) over Fq
and counting the number of quartics that give rise to such a factorization. These
possibilities are: the fourth power of a linear form defined over FF,, the cube of a
linear form defined over I, times a distinct linear form, the product of the squares of
two distinct linear forms defined over I, the product of the square of one linear form
defined over F, and two other distinct linear forms defined over F,, the product of
four distinct linear forms defined over I, the product of four Galois-conjugate forms
defined over [Fy4, the product of three Galois-conjugate linear forms defined over F s
and one linear form defined over F,, the square of a product of two Galois-conjugate
linear forms defined over F 2, the product of two Galois-conjugate linear forms defined
over F,» with the square of a linear form defined over F,, the product of two Galois-
conjugate linear forms defined over F» with the product of two distinct linear forms
defined over I, and the product of two distinct pairs of Galois-conjugate linear forms
defined over F 2. One can see how counting the number of quartics of each of these

types is a straightforward, although quite tedious, way to compute W¢, ,(X,Y).
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Proposition 37. We have

(q—1)%*(q —2)q(q+ 1)

We, (XY) = X7+ 24 Xy
N (q—1)*q(q+ 1)X3Yq*2 N (¢g—Dglg+1)(¢* — g+ 6)X2yq71
2 4
—1 1)(2¢3 + 3¢% —
N (¢ —1)(g+1)( q6+3q 5q+6))qu
N (q—1)%q(3¢° + ¢ + 2)Yq+1.

8

There is a much more general way to understand the Hamming weight enumera-
tors for the codes C},, of homogeneous degree n forms on P!(F,) that is explained in
[20]. These codes are known as classical Goppa codes and come from line bundles on
PL. They are directly related to the famous Reed-Solomon codes, which can be recov-
ered by deleting a coordinate. They are mazimum distance separable, denoted MDS,

which means that their minimum distance gives equality for the Singleton bound.

Proposition 38 (Singleton Bound). Let C' C F) be a linear code with minimum
distance d. Then

O] < gN 4t

See Section 10 of Chapter 1 of [34] for a proof of this simple fact.

The weight enumerator of an MDS code C' C IF(]]V is determined by its minimum
distance d and its length N. We give the description of W (X, Y') given in [20]. Let
d =n — h+ 1 be the minimum weight of a nonzero codeword of C'. Let w > d. The

number of words of weight w is

(M) wg_:(—mﬂ' (" e

See Section 3 of Chapter 11 of [34] for a proof. We note that this matches the

<.

computation above for C' 4 and the earlier computation for C' 5.
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We determine the first few coefficients We, , (X, Y) by applying the MacWilliams
theorem. The dimension of this code is 5 and we see that ¢~ *We¢, ,(X+(¢—1)Y, X-Y)

equals

Xqul + (q . 1) ((q —g 1)Xq5Y6 + ((] . 6) (q—; 1)Xq6Y7

1 1
+ (¢ —Tq+21) (q g )Xq‘7Y8 + (¢* — 8¢ + 28¢q — 56) (q g )Xq-8y9

qg+1

+ (¢* — 9¢° +36¢> — 84q + 126)( 0

)Xq‘9Y1°> +O(Y™).

A major goal of this chapter is to compute QR¢, , (X,Y, Z). Tt is easy to see that
this is related to counting points on varieties given by w? = f4(x,y), which are ho-
mogeneous quartics in the weighted projective space P(2,1,1). Every homogeneous
quartic of this type takes a nonzero value at the singular point of this weighted projec-
tive space. We see that computing the specialization QRCL (XX 21) is equivalent
to determining the weight enumerator of the nonlinear code of size ¢° coming from
homogeneous quartics of the form w? = f;(z,y) on P(2,1,1). We will return to this
correspondence in Chapter 4.

A quartic on P!(F,) is singular if and only if it has a double root. For a singular
quartic fy(z,y) the variety w? = fi(x,y) is also singular and it is easy to count its
[F,-points. When fy(z,y) is nonsingular, then the Riemann-Hurwitz formula implies
that the variety w? = fy(x,y) is a smooth genus 1 curve. Hasse’s theorem implies
that every genus 1 curve defined over [F, has an F,-rational point. We recall that a
genus 1 curve with a rational point is an elliptic curve.

Before turning to the theory of elliptic curves over finite fields, we give some
results that we will later need when computing QR¢, , (X, Y, Z) about varieties of the

form w? = fy(x,y) where fy(z,y,) is singular.

Proposition 39. Let g(x,y) be an irreducible quadratic polynomial on P'(F,) with

two Galois-conjugate roots defined over Fp. For each non-isomorphic quartic on
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PYF,), we list its the number of roots, the number of quartics fi(z,y) of this type,

and the number of F,-points of the variety w? = fy(x,y):

Type of Equation # Quartics | # Roots | # points on w? = fi(z,y)
(e — ay)* N 142
§(z — ay)? 7@71)2((1“) 1 1
n(z — ay)®(x — By) le=led) | g g+1
5(z — ay)d(z — By) (qfl)g(qﬂ) 9 g+1
n(e—ay)(x—py)? | D 2
§(x — ay)(z — By)? (q—l)Z(qH) 9 9
n(e — ay)X(x — By)(x —yy) | ELg@D g g+1+1
5(x — ay)?(x — By)(x — yy) | LA |3 g+1F1
n(z — ay)g(z,y) =D%a(e+l) | g+1+1
5(z — ay)®9(X, Z) a=lglerl) | g+1¥1
ng(w, )? o 2(q+1)
Sg(x,y)? la=1s 0 0

where n is any nonzero square in F, and  is any non-square in F.

66



Let QR?}T‘Z (X,Y, Z) denote the Hamming weight enumerator form codewords of
this form. Then QRSCTZ (X,Y, Z) is given by

(¢—D+1

1 q—1 q—1
Xt 4 XY+ Z%) + (¢ — 1)%){2}/222

-1 1 _12 1 = = = =
L L= Dalg+ )Xz(Yq—1+Zq—1)+(q )f(Q+ )Xg(YTlZTS—{—YTsZTI)

1
— 1 2 1 q+1 q—1 g—1 q+1 - 1 2
T )f<q+ Ix(vgst vttty W . 4y | go,

We note that there is a slight notational difficulty. The linear form that vanishes
at [x : y] = [0 : 1] cannot actually be expressed as x — ay for a € F,, but up to scalar

multiplication all other linear forms can.

PROOF. We note that f(x,y) and its twist by a quadratic non-square, ¢ f(x,y),
must vanish at the same set of r points, and on the other (¢+ 1) —r points of P*(F,)
exactly one of f(x,y) and 0 f(x,y) takes a square value. Therefore the total number
of points on a curve plus the number of points on its twist is 2(¢ + 1). Given a
monic quartic, we can multiply by any of the ‘I;Ql nonzero squares and get a curve
isomorphic to this one, or by any of the q;21 nonzero non-squares to get a twist of
this curve.

We first consider quartics vanishing to order four at a single point of P!(F,). At
any of the other ¢ points of P*(F,) it takes a nonzero square value.

A polynomial that vanishes to order three but not higher at a given point must
vanish at one other point, and is isomorphic to (z — ay)3(z — By). There are q + 1
choices for the first factor and ¢ for the second. We want to determine how often
(x — ay)(z — By) is a square. We do this by counting points on the curve defined by
w? = (x — ay)(z — By) on P*(F,). This is a smooth conic, so it has ¢ + 1 F,-points.

A quartic vanishing to order two at two distinct Fy-points is isomorphic to one of

the form (z — ay)?(x — By)? with a # 3. There are % to pick two of the g + 1
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factors of this form. This quartic evaluates to a square on the ¢ — 1 points where it
does not vanish.

A quartic vanishing to order two at one F,-point and vanishes at two other F,-
points is isomorphic to a quartic of the form (z — ay)?*(z — By)(x — ~yy). There

are (q+1)g(q—1)

ways to choose these three factors. We consider the number of points
on w? = (z — ay)?*(x — By)(z — vy) in P(2,1,1). We have already seen that w? =
(x — By)(x — vy) has ¢ + 1 points. Therefore, the above equation has ¢ + 1 + 1
solutions, depending on whether (z — Sy)(x — vy) takes a square value at the zero of
(z — ay).

A quartic vanishing to order two at one [F;-point and not vanishing on any other
[F,-point is isomorphic to (z—ay)?g(z, y), where g(z,y) is a quadratic polynomial with

Galois-conjugate roots. There are —q(q; D

such quadratic polynomials. We consider the
variety w? = (z — ay)?g(x,y) in P(2,1,1). We first consider the conic w? = g(z,y)
in P*(F,). This plane conic is nonsingular, so it has ¢ + 1 points. We now see that
y? = (v — ay)?g(z,y) has either ¢ + 2 or ¢ points depending on whether g(z,y) takes
a square value at the zero of x — ay.

For the last two rows of this table, we note that g(x,y)* does not vanish at any

F,-points, but takes a square value at each of them.

4

One nice check that the counts for the singular quartics is correct is that if we
sum the second column and 1 more for the zero quartic, here we get ¢* + ¢ — ¢2,

which is exactly ¢° — (¢ — 1)?¢*(¢ + 1), the number of nonsingular quartics on P*(F,).

5. Elliptic Curves over Finite Fields and C 4

In order to determine QRCL (X, Y, Z) we need only count F,-points on genus 1
curves given by w? = f4(x,y) where f4(z,y) is a homogeneous quartic with no double

root.
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In this section we review the classical theory of elliptic curves over finite fields.
We have seen that these double covers of P!(F,) branched at the roots of a quartic
fa(z,y) give genus 1 curves, so our first goal is to determine how many points such a

curve can have.

Theorem 40 (Hasse). Let E be an elliptic curve defined over F,. Then
#E[F,) = (¢+1) -1,

where |t| < 2,/q.

See Section 1 of Chapter 5 of [43] for a proof.

Hasse’s theorem shows that the number of points on an elliptic curves over a
finite field lies in a rather restricted range around the central value ¢ + 1. A natural
question to ask is: For fixed ¢, which points in this range occur as the number of

points of an elliptic curve E defined over IF,?

Theorem 41 (Deuring). Let t € Z satisfy [t| < 2,/q and suppose that t { q. Then
there exists an elliptic curve E defined over F, with #E(F,) =q+1—t.

See [14] or Chapter 13 of [30] for a proof. The main idea is to consider the
possible endomorphism rings of £ over F,. We recall that the endomorphism ring of
an elliptic curve E defined over Q is either Z or an order in an imaginary quadratic
number field, and in the latter case we say that E has complex multiplication. The
situation over finite fields is different. The endomorphism ring of an elliptic curve
defined over [, is either an order in an imaginary quadratic field, or a maximal order
in a quaternion algebra. In the latter case the curve is supersingular. Deuring’s proof
relies on considering all of the possibilities for the endomorphism ring of an elliptic
curve £ defined over F, with ¢ + 1 — ¢ points and determining how many times each
occurs. A more refined version of this result is stated by Schoof in [40], which follows

Deuring’s original ideas and related work of Waterhouse [14}, [52].
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We will use Schoof’s result that counts the number of isomorphism classes of
elliptic curves with a given number of points. We note that if #E(F,) = ¢+1—t then
the quadratic twist E’ of such a curve satisfies j(E) = j(E') and #E'(F,) = ¢+ 1+t.
Suppose that p is a prime with ¢ = p*. We recall some notation about class numbers

from [40].

Definition. Let A € Zy with A = 0,1 (mod 4). Let
B(A) = {aX?+bXY + ¢Y? € Z[X,Y]: a>0 andb® —dac = A}
denote the set of positive definite binary quadratic forms of discriminant A and let
b(A) = {aX? +bXY +cY? € B(A) : ged(a,b,c) =1}

denote the set of primitive forms of discriminant A. There is an action of SLy(Z) on
B(A) given as follows. For f =aX?+bXY +cY? € B(A) and o = (7 §) € SLy(Z),
let

foo=a(rX +sY)?+b(rX +sY)(tX +uY) + c(tX +uY)>

One can check that his action respects the set b(A) and that there are only finitely
many SLy(Z)-orbits in B(A).

Definition. Let N(t) denote the number of F-isomorphism classes of elliptic curves
E over F, with #E(F,) =q¢+1—1.
Let h(A) = |b(A)/SLy(Z)| denote the form class number of the discriminant A.

We define the Kronecker class number as
A
H(A)=>h (ﬁ) :
d

where d runs over d € Zq for which d* | A and % =0 or 1 (mod 4).
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The weight enumerator of C 4 involves the size of the automorphism groups of
elliptic curves E over IF,. For most values k € [, there are exactly 2 isomorphism
classes of curves with j-invariant k. However, it is possible that more than 2 iso-
morphism classes have j-invariant 0 or 1728. The following result focuses on these
more complicated j-invariants. This is the main place in this thesis where we use the

assumption that the characteristic of I, is not equal to 3.

Proposition 42. Suppose ¢ = p/ with p # 2, 3.

(1) If (%) # 1, then there are two isomorphism classes of elliptic curves over
F, with j-invariant 0.
(2) If (‘73> = 1, then there are six isomorphism classes of elliptic curves over
F, with j-invariant 0.
(a) If p =2 (mod 3), then there are two classes each with q+1+£./q points,
and one class each with q + 1 £ 2,/q points.
(b) If p = 1 (mod 3), let (a,b) be any pair of integers with p { a and
a? —ab+b? = q. There is one class each with ¢ + 1 —t points for the
following siz values of t : {£(2a —b),+(a+b),£(2b—a)}.

(1) If (‘71) # 1, then there are two isomorphism classes of elliptic curves over
F, with j-invariant 1728.
(2) If (_ql) = 1, then there are four isomorphism classes of elliptic curves over
F, with j-invariant 1728.
(a) If p =3 (mod 4), then there are two classes with ¢+ 1 points and one
class each with q + 1 & 2,/q points.
(b) If p = 1 (mod 4), let (a,b) be any pair of integers with p t a and
a’? 4+ b? = q. There is one class each with g+1—t points for the following
four values of t : {£2a, £2b}.
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We recall the well-known fact that an elliptic curve E defined over F, is super-
singular if and only if it satisfies #E(F,;) = ¢+ 1 —t where t = 0 (mod p). This is
exercise 5.10 in [43].

PROOF. The statements about the number of isomorphism classes and about the
supersingular curves are from Section 5 of [40]. We can determine the number of
points on a curve by writing the Frobenius endomorphism ¢ as an element of the
endomorphism ring of the curve and doing a simple calculation.

The elliptic curves of j-invariant 0 that are not supersingular are exactly those
with Endr, (E) = Z[(3], where (3 is a primitive third root of unity. We write

¢ = a + b(s where ¢ = a® — ab + b%, the norm of this endomorphism. We see that
HE(F,) = ¢ —1] = (a—1)2 = (a— )b+ b2 =g+ 1 (2a—b).

Switching the role of @ and b gives a curve with ¢+1—(2b—a) points. Since a*—ab+b?
is the norm of the element a + b3 in Q[(3], we see that (¥(a + b(3) for k € [1,2] have

the same norm. For k =1,
als + bC3 = als + b(—C3 — 1) = —b+ (a — b)(s.
The resulting curve has ¢+ 1 — (2(—=b) — (a — b)) = ¢+ 1+ (a + b) points. For k = 2,
ad; + (b =b—a—ag,

and the resulting curve has ¢ +1— (2(b—a) +a) = ¢+ 1 — (2b — a) points. We also
see that replacing ¢ by —¢ takes a curve with ¢ + 1 — ¢ points to one with ¢ +1 + ¢
points. This gives the counts for the number of points of the six isomorphism classes
of curves with j-invariant 0.

The curves of j-invariant 1728 that are not supersingular all have Endg, (E) = Z[i

[40]. We write ¢ = a + bi where ¢ = a® + b?, the norm of this endomorphism.
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Therefore, #F(F,) = |¢ —1| = (a—1)?+b* = ¢+ 1 — 2a. Switching the role of a and
b or replacing ¢ by —¢ gives the point counts for these four isomorphism classes.

O

Theorem 4.6 from [40] gives the values of N(t).

Theorem 43. Lett € Z. Then

N(t)= H(t* — 4q) if t* < 4q and p1t;
= H(—4p) ift=20
= 1 if t =2q and p = 2
= 1 ift=3q and p =3

if q is not a square, and

N(t) = H(t* — 4q) if 2 < 4q and p1t;
_ - (*71) ift=0
= - (2) ift2 =g

_ %<p+6—4<_73>—3<_71>> if t* = 4q

if q is a square, and N(t) = 0 in all other cases.

We now know exactly how many isomorphism classes of curves E over F, have
¢+ 1 —1t points. Given an elliptic curve E over F,, there is a homogeneous quartic
fa(x,y) such that w? = f,(z,y) is isomorphic to E. We now need to know how many

different quartics give an equation of this form isomorphic to E.

Proposition 44. Let E be an elliptic curve defined over F,. The number of homoge-

neous quartic polynomials fi(x,y) such that w? = fi(x,y) gives a curve isomorphic
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to I/ s
(q— )|PGL2(Fq)\ _(a—1)%(a+1)
| Aut(E)] |Aut(E)|

PrOOF. We will phrase this as a double counting argument. Suppose we begin
with an elliptic curve £ with ¢ + 1 — ¢ F,-rational points. We want to know in how
many ways we can write this as w? = fy(z,y), where f4(x,y) is a quartic polynomial.
We recall that there are exactly ¢ + 1 — t choices of degree two divisor classes on
E. The Riemann-Roch theorem implies that a degree 2 divisor has a 2-dimensional
space of sections. Choosing a basis for this space of sections gives a degree 2 map to
P}(F,). Taking the inverse image of a point in P!(IF,) recovers the degree two divisor
class. The branch points of this map are the roots of this quartic.

Now we want to consider how many maps there are taking a particular equation
of the form w? = f;(z,y) to the underlying elliptic curve E. We can recover E with
a distinguished identity element and a degree 2 divisor class D directly from this
equation. Now we take a map that forgets D, taking (F, D) to E, and note that this
map is defined only up to an automorphism of F. Since an automorphism must fix
the identity element of E, we multiply |Aut(F)| by the number of possible choices of

identity element, ¢ + 1 — t. Therefore, given E there are

(g+1-0(g = DPGLy ()| _ (¢ = 1)[PGLy(IF,)|

|Aut(E)|(qg+ 1 —1) N |Aut(E)|

quartics fy(z,y) with w? = f4(z,y) isomorphic to E. O

In Chapter 6, we will see a similar result when we study genus 1 curves given
as (2, 2)-curves on P!(F,) x P!(F,). Combining this result with the determination of
N(t) and the analysis of singular quartics on P'(FF,) of the previous section gives us
everything we need to determine the distribution of point counts for equations of the

form w? = fy(z,y).
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Proposition 45. Let ¢ = p/ with p # 2,3 and N(t) be the number of isomor-
phism classes of elliptic curves defined over F, with exactly ¢ + 1 —t points. Let
QRgL4 (X, X2 1) denote the contribution to QRe, , (X, X?2.1) coming from quartics
that do not have a double root.

Let
[2v/4]

s (¢—1%q(g+1) pir
QRS (X, X% 1) = Y N ; X1t
t=[~2y/7]

I (§> - (;1) — —1, then QRZ, (X, X2, 1) = QRE! (X, X%,1),

q

Ifp=1 (mod 3), let (a,b) be any pair of integers with p{ a and a* —ab+b* = q.
Then we define

Py(X) = Z (g —1)%q(q+ 1)X‘1+1—t’

q
3
t'€Ty
where Ty = {£(2a — b), £(a +b),£(20 — a)}.
If p=2 (mod 3) and f is even, then we define

2
Py(X) = (¢ —1)°q(q+1) (Xq+1—2\/§ 4 X2V g xatlova 2Xq+1+\/§) .
3
Otherwise, let Py(X) = 0.
If p =1 (mod 4), let (a,b) be any pair of integers with p t a and a* + b* = q.
Then we define

2
P1728(X) _ (q - 1) CI(Q+ 1) (Xqulf(Qa) +Xq+1+(2a) _'_Xq+1f(2b) +Xq+1+(2b)) -
4

If p=3 (mod 4) and [ is even, we let

2
Proag(X) = 2= f(q = (X172 . X2V g x0T

Otherwise let Pyros(X) = 0.
We have

QRglA(X’ Xz’ 1) = QRgiél(X? X27 1) - PO(X) - P1728(X)-
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This matches our explicit computation for small values of g. If the characteristic of
[F, is 3 then j-invariant 0 and 1728 coincide and we must be more careful in studying
curves with more than two automorphisms. In future work, we would like to adapt
this statement to deal with this case.

Later in this chapter we will homogenize this to a polynomial of degree ¢®+¢*>+¢
in X and Y and investigate what happens under the linear transformation of the
classical MacWilliams identity.

We have not quite computed QRgL4 (X,Y,Z). For these terms coming from genus
1 curves we need to separate equations of the form w? = fy(z,y) by the number of

[F,-rational roots of fy(z,y).

6. The Quadratic Residue Weight Enumerator for Quartics on P'(F,)

In this section we adapt the previous computation of QRgL JX X 2'1) to deter-
mine QRgL (X,Y,Z). The main problem we need to solve is the following. Sup-
pose that there are M smooth quartics fi(x,y) such that w? = fy(z,y) has exactly
q¢+1—1tF,points. Let Mj be the number of these quartics with & F,-rational roots.
We know that My + M; + My + Mg + M, = M, but we need the individual values
of these terms. If a quartic fy(z,y) defined over P!(FF,) has 4 distinct roots and 3 of
them are [F -rational, then because the roots are distinct and the coefficients of the
quartic are in F, the fourth root is also F,-rational. Therefore, M3 = 0. This lets us

determine Mj.

Lemma 46. Suppose that ¢ + 1 — t is odd and that there are M smooth quartics
fa(z,y) such that w* = fy(x,y) has exactly ¢+ 1 —t F,-points. Then My = M and
My = My = My = 0.

Suppose that g+ 1 —t is even and that there are M smooth quartics fy(x,y) such

that w? = fy(x,y) has exactly g+ 1 —t Fy-points. Then M; = 0.
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PROOF. The number of F,-rational points of w? = fy(x,y) is the number of F,-
rational roots of fy(x,y) plus twice the number of points [z : y;] of P*(F,) for which
fa(z1,y1) is a nonzero square value. Therefore, if ¢ + 1 — ¢ is odd, then the number
of roots of fy(x,y) is odd. If ¢+ 1 —t is even, then the number of roots of fy(z,y) is

even. O

We must now suppose that ¢+ 1 —1 is even and determine how these M quartics
break up into those that have 0,2, and 4 F,-rational roots. We first note that for an
elliptic curve in affine Weierstrass form y? = f(x) = 2® + ax + b, the roots of the
homogeneous quartic y(z3 + azy? + by®) are exactly the 2-torsion points of E. When
we consider curves given by w? = fy(z,y), a homogeneous quartic on P*(F,) there is

a similar correspondence between roots of fy(z,y) and 2-torsion points of E.

Lemma 47. Let E be an elliptic curve defined over F, and suppose that there are M
quartics fy(z,y) with w? = fy(x,y) isomorphic to E. Let M = Mg+ My + My, where

My, is the number of quartics with k F-rational roots.

1) If E(F,)[2] = Z/2Z then My = My =2 and M, = 0.
q 2
(2) If E(F,)(2] 2 Z/2Z x Z/27Z then My = 3%, My =0, and My = L.

PROOF. Given an elliptic curve E defined over F, we describe how to find all
quartics fy(x,y) with w? = fi(x,y) isomorphic to E. The Riemann-Roch theorem
implies that a degree 2 divisor on F has a 2-dimensional space of sections. Given a
degree 2 divisor on F, choosing a basis for this space of sections gives a degree 2 map
to P1(FF,). We take this divisor to be (O) + (P), where O is the identity element of
the group law of £/ and P is another [F -rational point of E.

A point P € E(F,) gives a map from E to P!(F,) given by sections of the divisor

(O)+(P). A zero of this quartic corresponds to a point @ € E(F,) with 2Q ~ O+ P,

or 2() = P in the group law on the curve.
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We vary over all choices of P and consider how many () occur as points with
2Q) = P. If #E(F,) is odd, then the map P — 2P is an isomorphism, so every P gives
exactly one such Q. If #F(F,) is even then there are two possibilities for the group
structure of E(F,)[2]. If E(F,)[2] = Z/2Z then 1/2 of points of E(F,) have 0 preim-
ages under the map P — 2P, and 1/2 have exactly 2. If E(F,)[2] = Z/2Z x Z/2Z
then 1/4 of points of E(F,) have 4 preimages under the map P — 2P, and 3/4 have

none. O

We now give a criterion to determine the group structure of E(IF,)[2]. We have
already seen that E(F,) is exactly the set of points fixed by the Frobenius endomor-
phism ¢, or equivalently ker(¢ — 1). Therefore, all 2-torsion of E is rational if and
only if E[2] C E[¢ — 1]. This will be a useful characterization when studying curves
with j-invariant 0 and 1728. For curves with other j-invariants we use the following

result, Lemma 4.8 in [40].

Lemma 48. Let ¢ = p/ where p is prime. Suppose that t € Z satisfies |t| < 2,/q.
Let Noyo(t) be the number of isomorphism classes of elliptic curves E defined over
F, with #E(F,) =q+ 1 —t.

(1) If ptt andt = q+1 (mod 4), then

Noo(t) = H (tQ . 4q) .

(2) If t* = q,2q, or 3q, then Nys(t) = 0.

(3) If t* = 4q then Nao(t) = N(t).

(4) Let t = 0. If ¢ = 1 (mod 4) then Nos(t) = 0. If ¢ = 3 (mod 4) then
N2 (t) = h(—p).

We now turn to the case where the j-invariant of £ is 0 or 1728.

Lemma 49. Suppose ¢ = p/ and that (_73) =1 . Then there are six isomorphism

classes of elliptic curves defined over IF, with j-invariant 0.
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(1) If p = 1 (mod 3) then there exists a pair of integers (a,b) with p 4 a and
a?> —ab + b®> = q. There is an elliptic E of j-invariant 0 isomorphic to a
curve in Weierstrass form y* = 13 + ag. Then E(F,)[2] & Z/27 x 7/27Z if
and only if ag s a cube in . This occurs if and only if a is odd and b is
even.

(2) When ¢ =2 (mod 3) every elliptic curve E of j-invariant 0 has E(F,)[2] =
7)27.

PROOF. The statement about the number of isomorphism classes is part of Propo-
sition [42] Every elliptic curve E of j-invariant 0 is isomorphic to one of the form
y? = 23 + ag. This follows from the fact that every elliptic curve over a finite field

of characteristic not equal to 2 is isomorphic to one of the form y? = a3 + a4z + as,

and that j(E) = 1728 4a§f§7a%' The 2-torsion points of E correspond to the roots of
73 + ag in F, together with the point at infinity.

When p = 2 (mod 3) the map z — 23 on [F; is an isomorphism and 23 + ag has
exactly one root. Therefore E(F,)[2| = Z/2Z.

When p =1 (mod 3) exactly q%l elements ag € I} are cubes, so the map z — 3
has three preimages, and the other points have no preimages. So, exactly 1/3 of
the quartics f4(z,y) with w? = f;(x,y) isomorphic to E have four rational 2-torsion
points.

The elliptic curves of j-invariant 0 that are not supersingular are exactly those
with Endg, (E) = Z[(3] where (3 is a primitive third root of unity. We have seen
above that if we write ¢ = a + b(3 then |p — 1| = ¢+ 1 — (2a — b). Multiplying ¢ by
(3 gives ¢ = —b + (a — b)(3. Multiplying ¢ by (3 gives ¢ = (b — a) — a3. In each of
these cases, we can also replace ¢ by —p. We have E(F,)[2] = Z /27 x Z/27Z if and
only if %1 is in Z[(3]. If ¢ = a+ b(3, this occurs if and only if a is odd and b is even.

u
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Lemma 50. Suppose ¢ = p’ and (%1) = 1. Then there are four isomorphism classes

of elliptic curves defined over F, with j-invariant 1728.

(1) If p = 1 (mod 4) then there exists a pair of integers (a,b) with p ¥ a and
q = a®> + b%. Then there is an elliptic E of j-invariant 1728 isomorphic to
a curve in Weierstrass form y* = o — ayx and E(F,)[2] =2 Z/27 x Z/2Z if
and only if ay is a square in Fy. This occurs if and only if a is odd and b 1is
even.

(2) If p=3 (mod 4) and f is even, then any elliptic curve E with j-invariant
1728 is supersingular and satisfies either #E(F,) = ¢+ 1 and E(F,)[2] =
Z[2Z, or #EF,) = ¢+ 1x2,/q and E(F,)[2]| = Z/27Z x 7./27.

Proor. This is very similar to the proof of the previous result. The statement
about the number of isomorphism classes is part of Proposition [42] The fact that
every elliptic curve F of j-invariant 1728 is isomorphic to one of the form y? = 2® —ayx
follows from the fact that every elliptic curve is isomorphic to one in Weierstrass form,
y? = 2% + a4 + ag, and that j(E) = 1728 if and only j(FE) = 1728 if and only if
ay # 0 and ag = 0. Now, we see that 2-torsion corresponds to the number of roots of
2® —ay in Fy. So E(F,)[2] = Z/27 x Z./2Z if and only if a4 is a square in F,.

We have already seen above that the curves with j-invariant 1728 that are not
supersingular satisfy Endp, (E) = Z[i]. We write ¢ = a + bi where ¢ = a* + b?, the
norm of this endomorphism. We see that #F(F,) = |[¢—1| = (a—1)*+b* = ¢+1—2a.
We multiply ¢ by i* with k € [0, 3] without changing |¢|. All of the 2-torsion of E
is rational if and only if “DT_I is an endomorphism of E. This is the case if and only
if a — 1 and b are both even.

When a curve of j-invariant 1728 is supersingular and has exactly ¢ + 1 points,

the fact that ¢ = 1 (mod 4) together with Lemma 48| imply that F(F,)[2] & Z/2Z.

When #E(F,) = ¢+1+2,/q, Theorem A8 implies that E(F,)[2] = Z/2Z x Z/2Z. O
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We can now give the main result of this section, the contribution to the quadratic

residue weight enumerator from all smooth homogeneous quartics fy(z,y).

Theorem 51. Let ¢ = p’ with p # 2,3 and N(t) be the number of isomorphism
classes of elliptic curves defined over F, with exactly ¢ +1 —t points and Nos(t) be
the number of these isomorphism classes for which E(F,)[2] = Z/27 x Z/27. Let
QRgL4 (X,Y, Z) denote the contribution to QRCM(X, Y, Z) coming from quartics that
do not have a double root.

Let

QRS (X, Y, 2)= Y 0L

- 1 2 1 qg—1-—t qg—1+t q+1-—t q t
+ E ((N(t) _ Ngvg(t))(q )f(Q‘i‘ )(XQY =t el Ly ot ,atlt )
[—2y@1<t<|2yq]
t=0 (mod 2)
- 1 2 1 qg—3—t q—3+t q+1-—t q t
—|—N272(t)(q )8(]<Q+ ) (3X4Y 3 7 3+ +Y+; Z+;+>)

If (-f) - (-71) — 1, then QRE, ,(X.Y, Z) = QR (X,Y. 2).

Ifp=1 (mod 3), let (a,b) be any pair of integers with p{ a and a®> — ab+b* = q.
We define Py(X,Y, Z,a,b,t) fort in the set T := {£(2a — b), £(a + b), £(20 — a)}.
If t is odd, then

- 1 2 1 q—t q+t
Py(X,Y, Z,a,b,t) = (g )g(“ ) Xy 74
If t is even, a is odd, and b is even,
—1)? 1 q=3—t _q—3+t g1t _ q+1+t
Py(X,Y, Z,a,b,t) = (g )1‘;(‘” )<3X4Y /e R e Z+5+>

If t is even, and it is not the case that a is odd and b is even,

(q—1)%q(qg+1)
6

PO(X,Y,Z,CL,b,t): ; J 2 4+Y =z /=

—t _g—1+t g+1-—t q+1+t>



We define Po(X,Y, Z) to be the sum of Po(X,Y, Z,a,b,t) where t ranges through the
set Tp.
If p=2 (mod 3) and f is even, then we define

— 2 —1-2\/q q— q q— q a—1-2\/q
R(X,Y,7) = U 1)6q<q+1) (X2<Yq g Ly

) <Y‘1*12*\/§Zq*12+\/§ i qung?ﬁZq*l;?ﬁ) )

g+1-2yq _q+14+2.4 atl42/q _q+1-2yq
2 7 2 +Y =2 7 2

+Y

q+1—v4q
2

Z

49 <Y CRRR; N Yq+142r2ﬁZq+1;2\/E> )

Otherwise, let Po(X,Y,Z) = 0.
If p =1 (mod 4), let (a,b) be any pair of integers with p  a and a* + b* = q.
Then we define P(X,Y, Z,a,b,t) to be

(g~ l)zg(q +1) <X2Yq_§_tzq_§+t + Yﬁé_thJr;H) if b odd and a even,
(g~ 1)j(é(q +1) <3X4yq7§7tzq73+t + Yq+§7th+§+t> if a odd and b even.
We let
Piss(X,Y,Z) = P(X,Y,Z a,b,2a) + P(X,Y, Z,a,b,2b)

+ P(X,Y,Zab,—2a)+ P(X,Y,Z,a,b,—2b).

If p=3 (mod 4) and f is even, then

_1)2 1 o ny
Pioog(X,Y, Z) = a )f(q+ : (XzYTlZTl +Y%1Z#)
-1 2Vt q—3-2V1 4—3—2vi _ q—3+2vE
v U 1)1Z(q+ 2 (3X4(Y"‘3‘£ e A f)

q+142VE _ g+1-2v% q+1-2vt _ q+14+2VE
+(Y222+Y2Z2)).
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We have
QRZ, ,(X,Y,2) = QRZ!,(X,Y, Z) — Py(X,Y, Z) — Pras(X, Y, Z).

The proof of this theorem comes from carefully applying the previous lemmas. We
can combine this result with the computation of QRgTi (X,Y, Z), the contribution
from singular quartics above to completely determine the quadratic residue weight
enumerator of quartics on PY(F,), QR¢, (XY, 2).

We give the example ¢ = 5. We have computed
QREE(X,Y,Z) = XS+120X°Y?Z +120 X*Y Z° + 30 X?Y* + 120 X*Y*2?
+ 30X Z'4+12XYP+120XY3 22 + 120 XY2 23 + 12X 25

+ 20Y°+202°
We also compute that

QR@M (X,Y,Z) = 30X'Y?+30X*Z%+60X*Y* +120 X?Y?Z 4 240 X*Y*Z?
+ 120 X%Y 723 4+ 60 X2?Z* + 240 XY*Z + 240 X Y3 7?2
+ 240XY?Z3 + 240 XY Z*+60Y°Z +210Y4 22

+ 240Y37% +210Y%Z* +60Y Z°.

The sum of these two terms matches our explicit computation, listing all 5° ele-
ments of this code and keeping track of how many coordinates of each codeword are
0, nonzero squares, and non-squares.

We focus on a particular term. Consider the contribution to this weight enumera-
tor from smooth quartics f4(x,y) such that w? = f4(x,y) has 5+1—2 = 4 Fs-points.
We compute that N(2) = 2 and Nos(2) = 1. We see that 5 = (—1)? + 22, so there

is an elliptic curve over Fj of j-invariant 1728 with 5 + 1 — ¢ = 4. The isomorphism
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class with j-invariant 1728 contributes 120 quartics, and since a is odd and b is even
we see that % of them have four F,-rational roots, and % have no [F,-rational roots.
The other isomorphism class contributes 240 quartics, half of which have two roots,

and half of which have no roots. Together these quartics contribute
30 X'Y? + 120 XY Z° + 210 Y?Z*.

Applying the quadratic residue version of the MacWilliams identity shows that
QR (X,Y, Z) is equal to

QR¢, <X+2(Y+Z),X—Z+%(Y—Z>,X—y+@(Z_y»
55 )

which is X6 +2Y6 + 276,

7. The Quadratic Residue Weight Enumerator of le4

We would like to find the first few nonzero coefficients of the quadratic residue
weight enumerator of C’fA. We first consider the related problem of the studying
the weight enumerator of cones over elliptic curves given as double covers of P'(F,)
under the MacWilliams transformation. If the curve w? = f4(z,y) in the weighted
projective space P(2,1,1) has ¢ F,-rational points, then the cone over this curve
in P(2,1,1,1) will have 1 4 ¢t points. We recall that in the setup of codes from
degree 2 del Pezzo surfaces given by equations of the form w? = fy(x,y,2) we do
not evaluate at the singular point of the weighted projective space [1 : 0 : 0 : 0].
We saw that a quartic fy(z,y, z) depending only on [x : y] gives a cone with vertex
w:xz:y:z =1[0:0:0:1]. Changing the cone point does not change the
contribution to the weight enumerator from codewords of this form. Therefore, we

want to find the contribution to the weight enumerator from the terms of

(¢ + 4+ DXQRey, (X9, X7, 1),
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where we homogenize this polynomial with respect to a variable Y so that it has
degree ¢ + ¢* + ¢. This polynomial is exactly the WG;4 (X,Y) defined in Chapter 2.
We now need a critical fact about the contribution of WG;4 (X,Y) to the dual

code. We first recall a definition from the theory of modular forms.

Definition. Let A denote the unique cusp form of weight 12 for SLy(Z). Let 7(q)

denote the coefficient of the e*™*% term of the Fourier expansion of A.

Theorem 52. Each coefficient of WCG§14<X +(¢—1)Y, X —Y) (mod Y'%) is a poly-
nomial in q. The YO coefficient of WG;4(X + (¢ —1)Y, X =Y) is a polynomial in q

plus a polynomial in q times 7(q).

This result follows from work of Birch on powers of traces of elliptic curve [3].
We will discuss this work at the end of this section.

Supposing that we have established that these coefficients are polynomials in ¢
we can find them by producing these weight enumerators explicitly for many small
values of ¢ and using Lagrange interpolation. We note that the degree of any co-
efficient of WG;A(X, Y) as a polynomial in ¢ is at most 7, since there are only
(¢> + q + 1)¢° terms that contribute to the sum. So, the maximum degree in of
the Y7 coefficient of WS (X + (¢ — 1)Y, X — Y) is at most 7 plus the degree of
(q3+;1.2+q). Therefore, to determine the polynomials of weight up to 9, we need only
determine WEH(X + (¢ — 1)Y, X —Y) for the first 35 primes larger than 3. As a
check on this computation we produce this weight enumerator for all primes less
than 350. We want to find the value of Py(q) + P»(q)7(q) where P;(q) and P»(q) are

polynomials in ¢ that give the Y% term. By the same reasoning, the degree of each

of these polynomials is at most 37.

Proposition 53. W5 (X + (¢ — 1)Y, X —Y) modulo Y is equal to

10
(q3 —1)( q —q)q Z Xq P +a-jyi O(yll)
— J!
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where the values of Aj(q) are:

Ao(g) = 1, Ai(g) =0,

As(q) = (¢—-1)(*—q—1)q,

Az(q) = —(@-2(q—-1*B¢ +4q+2)q

As(g) = (2¢°—6¢®+164¢° —36¢° +37¢* +12¢® — 304> — 15¢ + 18)q

As(q) = —2(¢—2)(10¢° —25¢® —5¢" +45¢5 —47¢° +39¢* +11¢° — 48¢% — 14q + 24)¢g

As(q) = (5 g™ — 304" + 3642 +195¢1 — 976 ¢1° + 1675 ¢° — 256 ¢® — 2630¢” + 3111 ¢°% — 1570 ¢°

+205 ¢* +1240¢% — 101542 — 770 q + 600) q

A7(q) = —(¢—2) (105 q'* — 560 ¢'3 + 546 ¢*2 + 1995 11 — 7070 ¢*° 4 9387 ¢° — 133 ¢® — 14426 ¢7 + 13443 ¢°
—3290¢° — 273 ¢* 4 3066 ¢> — 4578 ¢> — 2052 ¢ + 2160) q

Ag(q) = (14 q'? — 140 ¢'® + 392 ¢'7 + 1422 ¢*% — 13972 ¢'° + 39969 ¢'* — 28420 ¢*3 — 110600 ¢*2
+335741 ¢! — 398609 ¢10 + 86072 ¢° + 424152 ¢® — 587104 ¢ + 264278 ¢° + 18872 ¢° — 67284 ¢*
+95081 ¢> — 55748 ¢> — 56196 q + 35280) q

Ag(q) = —4(q—2) (126 q'® — 1155 ¢*8 + 2898 ¢17 + 4734 ¢'% — 45150 ¢*° + 108141 ¢** — 60851 ¢*3
—251137 ¢'2 4 637627 ¢! — 612699 ¢*° + 26580 ¢° + 675483 ¢® — 807465 ¢” + 293991 ¢° + 84801 ¢°
—74122 ¢* + 66898 ¢> — 85276 ¢> — 49104 ¢ + 40320) q

Awo(q) = (42¢** —630¢>3 + 3060 ¢*2 + 7065 ¢*' — 148760 ¢*° + 667161 ¢'? — 971176 ¢'® — 2513430 ¢*7

414478573 ¢*6 — 28181285 ¢'® 4 14657832 ¢** + 51350346 ¢'3 — 133352087 ¢'2 + 139182213 ¢**
—33173604 ¢'° — 102090456 ¢° + 154331241 ¢° — 96138111 ¢7 + 10416711 ¢° + 17983764 ¢°

—9578403 ¢* + 8318628 ¢° — 4658148 ¢* — 5973264 ¢ + 3265920) ¢ — 7(¢)¢"°.

We will combine this computation with the expansion of WSéA (X+(¢g—1)Y, X-Y)
given later in this chapter.

We point out that the weight enumerator WG;4 (X,Y), and equivalently, the
weight enumerator QR¢, (X, X2 1), can be understood in terms of the weight enu-
merator of a certain code from evaluation of homogeneous quartics in a weighted

projective space. Let P(2,1,1) denote the weighted projective space with coordinates
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[w : x : y] where w has weight 2 and z,y each has weight 1. Now consider the ¢°
homogeneous quartics given by w? = f,(x,y) with f,(x,y) a homogeneous quartic on
P!(F,). We take such a quartic to a codeword by evaluating at the ¢ 4+ ¢ nonsingular
points of P(2,1,1). These ¢° codewords do not form a linear code since we have fixed
the coefficient of w to be 1. However, we see that the information given by the weight
enumerator of this nonlinear code of size ¢° is exactly equivalent to the information
given by QR , (X, X?,1).
Theorem [52] implies the following.

Proposition 54. Consider the weight enumerator We, (X,Y') of the nonlinear code
of size ¢° given by evaluating homogeneous quartics w? = fy(x,y) on P(2,1,1). Then

10
Wer(X + (g - DY, X — V) = X7 1 37 Ay (q) XO+oY7,

j=1
where A;(q) is a polynomial for j € [1,9], and Aio(q) is a polynomial in q plus 7(q)

times a polynomaial in q.

We will use this result in the last section of Chapter 4 when we consider certain
configurations of low-weight dual codewords for codes coming from homogeneous
quartics on P(2,1,1,1).

We now return to the quadratic residue weight enumerator of C'; 4. We begin with
the case where ¢ = 1 (mod 4). Computation suggests that the dual code coefficients
of weight 6 break up as follows:

(¢ —3)(¢> — 6¢ + 53)
23040

(q—=5)q=3)a—1) 4.9 274
+ 1536 (Y*Z —i—YZ)),

QRey, (X,Y,Z) = X“”+@—1VMQ+DX¢5( (Y°+ 2%

plus terms of the form X9t1=(+)Y? 77 where i +j > 7. As a check, we see that

setting Y = Z does give the Y° coefficient of the Hamming weight enumerator of
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Ciy. The case ¢ = 3 (mod 4) is similar:

QRey (XY, Z) = X4 (¢—1)%q(g+1)X7°

(W—3X¢—D%@+le—6m+wkﬁzs
1152

. @-ﬂ@—@@—ﬂ%@+”?wz+yﬁ0,

3840

except that the product of the nonzero coordinates of a weight 6 codewords is a
non-square in ;. We use this fact in Chapter 4.

Interestingly, the coefficients of weight 7 for all ¢ > 5 with the characteristic of I,
odd are not given by polynomials in ¢. If the X9 5Y7 coefficient, for example, were
given by a polynomial then the argument above shows that its degree would be at
most 28. Computing with all small primes congruent to 1 modulo 4 shows that no
polynomial fits all of these coefficients. We have also computed that this coefficient
is not given by Pi(q) + P»(q)f(q) where Pi(q) and P(q) are polynomials of degree
at most 26 and f(q) is either 7(q), or the coefficient of the e*™*? term of the Fourier
series expansion of the unique cusp form of weight 8 on I'y(2). In future work, we
would like to determine what inputs determine these counts.

We now return to the proof of Theorem This is related to earlier work of Birch
in which he considers powers of traces of elliptic curves over finite fields [3]. Let I" be
an elliptic curve defined over Q without complex multiplication. Let N,(I') denote
the number of points of I',, the reduction of I' modulo p. Hasse’s theorem shows that
Ny(I') = p+1— E,(T'), where E,(I') = 2,/pcos(6,(I')), where 0 < 0,(I') < 7. For
a fixed curve I' the distribution of these angles 6,(I') is the subject of the famous
Sato-Tate conjecture, now a theorem of Clozel, Harris, Shepherd-Barron, and Taylor
[10]. We are interested only in the far easier case where the field F, is fixed and the

curve F is allowed to vary. The distribution of angles on these curves also satisfy a
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kind of Sato-Tate distribution that is proven in the following form by Birch [3]. He
focuses only on F,, but the behavior when ¢ = p’ for f > 1 should be similar.

3

Given an equation of a curve E in Weierstrass form y? = 2® — ax — b, the trace

of E, p+ 1 minus the number of [F,-rational points, is given by

Pl —ar—b
O Sy}

=0

This formula holds for elliptic curves as well as for singular curves. Let

Sup) = 3 (Z (T’)»R

a,b=0 \z=0
Birch computes that the average over pairs (a,b) of the 2R power of the trace of the
curve in Weierstrass form y? = 2® — ax — b is given by p=2Sg(p) + O(p®~1). We gain

information about average values of powers of point counts by studying Sgr(p).

Theorem 55 (Birch). We have

2R!
p2. as R — oo.
)!

SrlP)~ BRI

These moments match those of the Sato-Tate distribution. Birch also gives exact
formulas for R <5, polynomials in p for R € [1,4] and a polynomial in p minus 7(p)
for R = 5. In order to get these exact formulas he rewrites Sg(p) in terms of a sum of
Kronecker class numbers. This sum of Kronecker class numbers can be expressed in
terms of oy (7},), the trace of the Hecke operator T}, acting on the space of cusp forms
of weight 2 + 2k on SLy(Z). The same strategy applied to dual code coefficients of
weight 2k will prove Theorem [52]

Unfortunately, there is a well-known typo in this paper, so the exact formulas are
off by a small factor [37]. The proof of this result uses a version of the Selberg trace

formula, which we will not discuss here.
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The connection between powers of traces of elliptic curves and the weight enumer-
ator W§H(X + (¢ —1)Y, X —Y) should be clear. Each homogeneous quartic f4(z,y)
such that w? = fy(z,y) defines an elliptic curve E over F, with #E(F,) =q+1—t
contributes a monomial to this weight enumerator, X t9-ta+1ya*+ta=1 - Quhgtituting

X+ (¢g—1)Y for X and X —Y for Y shows that this term contributes
(X + (g — DY)@Hotatl (X — )@+l (mod Y

to the first 10 dual code coefficients. The Y7 term of this expansion can be expressed
in terms of the first j powers of ¢t. Taking the sum over all such quartics shows how
the dual code coefficients are related to these powers of traces.

Consider the sum

Silq) ==Y _ 1%,

E/~
where E/ ~ denotes the sum over all isomorphism classes of elliptic curves E over
F, where #E(F,) = ¢+ 1 — ¢, and the isomorphism classes are counted in inverse
proportion to the size of Aut(FE).

The exact counts in [3] use the fact that this sum can be expressed as a linear
combination of the trace of the Hecke operator T}, acting on the full space of cusp
forms of weight 2 + 2k for SLy(Z) where the coefficients are polynomials in p. This
is exactly the fact needed to prove Theorem |52| for fields of prime order.

We point out that this result of Birch is written only for fields of prime order.
For ¢ = p* with £ > 1 we should technically replace the statement that Ajo(q) is
a polynomial in ¢ plus a polynomial in ¢ times 7(¢q) with the statement that A;o(q)
is a polynomial in ¢ plus a polynomial in ¢ times S%(¢). In future work we plan to
analyze this sum in the prime power case to address this issue.

We will use Proposition [53]in Chapter 4 as part of the proof of Theorem [3] The

contribution of the this non-elementary term involving 10th powers of traces of elliptic
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curves will exactly cancel with the computation of a certain dual code coefficient.

Therefore, this prime power issue is not relevant to the proof of Theorem [l

8. Quartic Curves with Non-Isolated Singularities

Our main goal is to find the distribution of point counts as we vary through the ¢'°
varieties in P(2,1,1,1) given by w? = fy(x,vy, z), where fi(z,y,2) is a homogeneous
plane quartic. The discussion of the previous sections gives us a way to understand
the contribution to this weight enumerator from cones over genus one curves given by
w? = fy(x,y), for example, the contribution coming from quartics fy(z,y,2) where
fa(z,y, z) is actually homogeneous in x and y and has no repeated root. This lets us
compute the weight enumerator WG;4 (X,Y) and its contribution to dual codewords
of weight up to 10, W§H(X + (¢ — 1)V, X — Y) modulo Y''*.

We need to understand the contribution to the weight enumerator coming from
quartics fy(z,y, z) with non-isolated singularities. We first observe that a cone over
a variety w? = fy(z,y) where fy(z,y) is singular has a non-isolated singularity. We
know that f4(z,y) is singular if and only if it has a double root. If f;(z,y) has a
root of multiplicity at least two, the cone contains a line with the same multiplicity.
Therefore, when we consider the contribution to the weight enumerator coming from
varieties of the form w? = fy(x,y), we want to also assume that f;(z,y) is nonsingular,
that this equation gives a genus 1 curve.

We recall that the contribution to this weight enumerator coming from varieties
given by w? = fy(x,y,z) where fi(z,y,z) has non-isolated singularities is called

éé,4 (X,Y). We actually give more information, computing the contribution to the
quadratic residue weight enumerator coming from these terms.

This weight enumerator can be divided into two parts. There are quartics with a
double component that do not vanish to degree 2 on a line, and those that do. Let
QRSC’Zi (X, Y, Z) be the contribution from quartics of this first type, and QRSCLQ}4 (X,Y, Z2)
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be the contribution from quartics of the second type. The terms ‘s’ and ‘snL’ reflect

whether the variety contains a double [F -rational line.

Lemma 56. We have

4
RI(X,Y, Z) = g1 ¢ — AXTH (YT 4 27 +Llu)( y@+a 4 gattay,
C’24 2 2 2

PROOF. The only types of quartics that contribute to this sum are double smooth
conics and the union of two Galois-conjugate double lines defined over F .

The contribution from the double smooth conics is

—1
q 5 ((]5 _ qQ)Xq+1(Yq2 + ZQQ)’

since there are ¢°> — ¢* smooth conics, such a quartic f(z,y,2)* takes only square
nonzero values, and the number of squares in F} is equal to the number of non-

—1
squares, 1=,

The contribution from double Galois-conjugate [F.-rational lines is

g—1q*—¢q

X Yq2+q Zq2+q

. a_ . )
since there are 45 such conjugate lines, and f(z,y, 2)? takes only square nonzero

values, and we have q;21 choices of a scalar multiple. O

We also single out the contribution from one other type of quartic. The contri-
bution from the union of two [F-rational double lines is

¢ =1 +a+ 1)@ +4) o

5 5 (Yquq + Zqu).

We isolate this term because every other quartic with a non-isolated singularity
contains a unique line with multiplicity two or greater. All lines are equivalent under
automorphisms of P*(F,). Therefore, we will determine the weight enumerator com-

ing from a particular choice of a fixed double line and the product with each of the
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¢® — 1 nonzero conics. There is a slight double counting issue since the product of two
[F,-rational double lines will be counted twice. Therefore, we count the contribution

of all such pairs of double lines and subtract half of it.
Lemma 57. We have

R (X.Y.2) = P+ 4+ DORE,(X.Y.2)

lg—1(*+q+1)(¢*+9q)

2 2 2 XHHH (Y4 70),

where QRgi(X,Y, Z) is the contribution coming from the product of the double line

z? =0 and the ¢° — 1 nonzero conics in P*(F,).

Lemma 58. We have

(¢q—1)

QR&Z (X,Y,Z) = TXq+l(Yq2 + 2%
T %( 24 ) X2 (Y 4 7970)
+ (¢—1)g #Xﬁ?yilg‘il
T L AR e
+ (¢— 1)@){%3/*54“ Zqu‘”l

112*‘1 q2*11

+ (—D@+ )@ - +gX*Y = Z =

q2—2q—1

-1 -1
7z 4+ YTZ?)

— 1% = 2
e N
q ; 1 Q(QJ 1) (q3 . q2)X2q(Yq22+1Zqu§q+1 n Yq%gq“ZqQTﬂ).

+

PROOF. The general idea is that w? = fo(x,y, z) where fo(z,y, 2) defines a conic
in P?(FF,) gives the equation of a quadric in P3(F,). We consider each type of fo(z,y, 2)

that arises up to projective isomorphism. We can choose some representative equation
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for such a quartic and determine the number of points on the corresponding quadric
in P3(F,). We consider the quartic fy(x,y, 2) that is fa(z, y, z) times the square of our
chosen linear form and determine how many of the coordinates of the corresponding
codeword are nonzero squares and how many are non-squares. Suppose that this
linear form defines a line L in P?(FF,). We then consider the restriction of fa(z,y, 2)
to L. Combining our knowledge of the quadric in P?(F,) given by w?® = fo(z,y, 2) with
our knowledge of the fo(z,vy, 2) restricted to L lets us determine the contribution to
the weight enumerator from the quartic fy(x,y, z). Since this restriction of fy(x,y, 2)
to L gives a quadratic polynomial on P!(FF,), there are not too many cases to consider.

We explain each term that appears in the statement of this lemma in order. We
first consider double lines. We choose the square of the linear form defining L. This
vanishes at all ¢ + 1 points and takes square values at the other ¢* points of P?(F,).
Multiplying by a non-square gives an equation that vanishes at exactly ¢ + 1 points
and otherwise takes non-square values. Now we consider a polynomial defining the
union of two distinct F,-rational lines. Such a variety has 2¢g 41 —IF, rational points.
The square of such a polynomial takes nonzero values that are all squares or all non-
squares depending on which nonzero scalar we choose. There are ¢ + ¢ lines distinct
from L.

For the next term, we consider a polynomial defining the product of two Galois-
conjugate lines with their [F -rational point of intersection not lying on L. This

gives ¢+ 2 total IFj-rational points. There are % pairs of Galois-conjugate lines and

a*-a_¢# _ -
2 g%+g+1 2

of them intersect off our given line. This implies that ‘13qu of them

do intersect on L. This polynomial restricts to a quadric with two Galois-conjugate

q+1 g+1

roots on L. The contribution from the ¢ + 1 points of L is Y 2 Z 2. The quadric
in P3(F,) coming from a pair of Galois-conjugate lines is a quadric cone, which has

¢* + ¢ + 1 F,rational points. Therefore, since we have g + 2 rational zeros, there

must be q2+q+12_(q+2) = q2; L nonzero square values taken by this polynomial. This
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means that there are just as many nonzero non-square values. This completes the

explanation for this term.

e—q?
2

For the next term, corresponding to the pairs of Galois-conjugate lines with
their point of intersection on L, we note that there are now only ¢ + 1 F,-points, and
that this polynomials restricted to L has a double root. The contribution of such a
polynomial restricted to L is either XY? or X Z9 depending on the restriction of this

conic to L, whether it is a square in [ times a square, or a non-square in [ times

a square. Each of these possibilities arises equally often. The resulting quadric in

°—((2¢+1)—(¢+1)) _ ¢*—q
2 2

P3(F,) is a cone with ¢> + ¢ + 1 points, so there are either

?—(1—(g+1))
2

. 2 .
coordinates that are squares, or =41 2+ 4 such coordinates.

The next term corresponds to the union of two distinct F,-rational lines. We
consider two cases based on whether or not the point of intersection of these two
lines lies on L. First suppose that it does not. There are ¢ choices for the point
of intersection and w pairs of distinct F,-rational lines intersecting at that point.
This polynomial restricted to L has two g -rational zeros, so the contribution to

the quadratic residue weight enumerator from the points of L is X 2y 7%, The

quadric in P3(F,) coming from this union of lines is a cone. Therefore there must be

?+g+1-3¢ _ ¢>—2g+1
2 2

nonzero coordinates that are squares and the same number of
non-squares.

Now, if the intersection of our two F,-rational lines lies on L, this quartic has
3q + 1 rational points. The polynomial defining this union of lines restricts to a
polynomial with a double root on L, which contributes either XY? or X7 to our

weight enumerator depending on which scalar multiple we take. The resulting quadric

®+q+1-(3¢+1)—(1—(q+1)) _ ¢
2

in P3(F,) is a cone. There are either 22_ 1 coordinates that

?+q+1—(3g+1)—(2g+1—(g+1)
2

2_ .
are nonzero squares, or =1 23q coordinates that are nonzero

squares. Each of these possibilities occurs equally often.
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The next term breaks down into two pieces. We first consider when the polynomial
gives a union of two [F-rational lines, exactly one equal to L. There are g(¢+ 1) such

pairs of lines. This polynomial is identically 0 when restricted to L and the quadric

2 1—(2g+1 2_ .
Lrat 5 (2a+l) _ g >4 coordinates

in P3(F,) resulting from it is again a cone. There are
that are squares, so there is the same number of non-squares.

Finally, we consider smooth conics intersecting L. We point out that the variety
w? = fo(z,y, z) where fo(x,y, 2) defines a smooth conic in P?(F,) is a smooth quadric
in P3(F,). So, it is either a plus quadric, isomorphic to P*(F,) x P}(F,) with (¢+1)?
rational points, or a minus quadric with ¢ 4+ 1 points.

First we consider conics that are tangent to the line L at some point. There
are (¢° — ¢*)(¢ + 1) pairs of a smooth conic in P?(F,) along with a F,-rational line
tangent to it at a point. Dividing by the number of lines and then again by the
number of points on L, there are ¢*(¢ — 1) smooth conics tangent to L at a given
point. We note that each point of P*(F,) not on L lies on a unique line through
the point of tangency and another I -rational point on the conic. We see that the
contribution to the quadratic residue weight enumerator of the conic on any such line
is X257 q%l, since it must restrict to a polynomial on this line with two distinct
F,-points. Summing over the ¢ lines shows that a conic tangent to a point of L
contributes X201y 5 745

We next consider smooth conics that intersect L at two Galois-conjugate points.
There are ‘1277‘1 such pairs of points on L, and ‘1477‘1 total such pairs of points. Each
smooth conic passes through ¢ + 1 F-rational points and ¢* + 1 F2-rational points,
so it must pass through % pairs of Galois-conjugate [F2-points. Therefore we have

5 — q2)(‘127_q) pairs of a smooth conic and a pair of conjugate points on it. Dividing

(q
by @, we see that there are ¢>(¢—1) smooth conics through a given pair of conjugate

points.
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The restriction to L of the polynomial defining a smooth conic passing through

two conjugate points on L gives el

5~ nonzero squares and the same number of non-

squares. We choose any rational point of this conic and consider all of the lines passing
through it. Every point in P?(FF,) aside from this chosen point is on a unique such
line. We see that ¢ of these lines pass through another F,-point of the conic, but the
tangent line does not. Each of these ¢ lines contributes X 2y %5 X5 to the quadratic
residue weight enumerator. The tangent line contributes either XY? or X 79, each
possibility occurring equally often as we vary over the ¢ — 1 scalar multiples of the
conic. We must adjust the quadratic residue weight enumerator to account for the
restriction of the conic to L. Instead of the term Y& Z'% coming from the conic

restricted to L, we have X! from L. Therefore, this quartic contributes

X202y alst — T g et -1
to the quadratic residue weight enumerator if the polynomial defining the conic re-
stricts to a square in F; times a square on the line tangent to the chosen F,-point,
and the same term but with Y and Z switched otherwise.
Finally, we consider smooth conics passing through two distinct rational points of

L. There are w pairs of distinct F,-points, % of which lie on L. Each

smooth conic passes through ("Z—l)q pairs of F -points. Therefore, there are

1
(¢° _q2)(qz )a )
PratD@+g 4 —9)
2

smooth conics through each pair of F,-points.

We choose one of the two [F -rational points in the intersection of the conic and
L, and consider all the lines through it. There are ¢ lines on which the contribution
of the conic restricted to L is X2Y 5 Z (12;1, including L. The last of these lines is
tangent to the conic and on this line it either restricts to XY or XZ9 with each
possibility occurring equally often. Therefore, the contribution of such quartics to
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the quadratic residue weight enumerator is

%@(q"’ — A X2(YIT T gt gyt g T ),

This completes the proof. 0

Alternatively, we could have given a proof in the following way. We could argue
from the form of the terms contributing to (L)Rggj4 (X,Y, Z) that all of its coefficients
will be polynomials in ¢. By computing QR&%4 (X,Y, Z) for the first several primes,
say the first 10 odd primes or so, and arguing that the degree of each polynomial
will be at most 6, we can find the coefficient of each term of QRgf4 (X,Y,Z) by
polynomial interpolation. In the next chapter we will need to solve a similar problem
where the case-by-case analysis is too intricate.

We next turn to the contribution of V[/Sé’4 (X,Y) to the low-weight codewords of
C’éj . We could apply the MacWilliams identity for quadratic residue weight enumer-
ators to gain information about how the coordinates of low-weight dual codewords
split up into nonzero squares and non-squares, however this is more information than

we need. We instead consider
snl 2 sL 2
QRCQA(X,X 1) + QRCQA(X,X 1),

homogenized to a polynomial of degree ¢*> + ¢®> + ¢ in X and Y. This degree is the
number of points in the weighted projective space P(2,1,1, 1) omitting the singular
point. This homogenized polynomial is the I/VZ4 (X,Y) defined in Chapter 2. Since
the coefficients of this weight enumerator are polynomials in ¢, applying the linear
transformation form the MacWilliams identity produces contributions to dual code

coefficients that are also polynomial in q.
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Theorem 59. W¢, (X +(¢—1)Y,X —Y) modulo Y'! is equal to

10 A;(q)
(¢*=1) Z A\ i +a*+a—jyi + 0oy,

[

where the values of A;(q) are:

Ao(q)
Asz(q)
Aq(q)

As(q)

As(q)

Az(q)

As(q)

Ao (q)

A1o(q)

P Ha+2¢3+1, A =0, Ag)=(®*-2¢" -+ +*+1)q
—(g-2)(4¢® —5¢" —¢® +2¢° —¢* +2¢° + 2)q
(¢ =8¢ +11¢™ +17¢'° —68¢° +100¢® — 51¢" —20¢° +39¢° — 36¢* + 18¢° + 6 4% — 15¢ + 18)g

—2(qg —2) (5q14 —35¢"24+45¢"" +38¢'° —118¢° + 156 ¢® — 897 —15¢° +57¢%> —60¢* + 24 ¢°
+12¢% —14q + 24)q

(q20 —15¢'® +10¢"7 + 146 ¢'% — 381 ¢'° — 234 ¢** + 2445 ¢*3 — 3638 ¢'2 — 109 ¢*! + 6239 ¢*° — 8730 ¢°
+6916 g5 — 2040 7 — 2040 ¢° + 3325 ¢° — 2280 ¢* + 130¢> + 785¢% — 770 q + 600) q

—(g—2) (21 %0 — 280¢'® +210¢'7 + 1736 ¢'6 — 3451 ¢'® — 2093 ¢™* + 15561 ¢'3 — 21293 ¢'2
+1859 ¢! + 28299 ¢1° — 36317 ¢° + 27195 ¢® — 8294 ¢7 — 7047 ¢% + 12120 ¢° — 9000 ¢* + 204 ¢°

+2982 ¢% — 2052 ¢ + 2160)q

(q26 —28¢%% +21¢%3 +532¢%? — 1414 ¢®' — 3296 ¢%° + 18024 ¢'° — 6236 ¢'® — 90587 ¢'7
+169532 ¢'% + 60557 ¢'° — 609723 ¢™* + 917659 ¢'3 — 414191 ¢2 — 677404 ¢** + 1373296 ¢'° — 1181278 ¢°

+575351 ¢® + 30205 ¢7 — 346262 ¢° + 344036 ¢° — 143948 ¢* — 59143 ¢ + 85372 ¢% — 56196 ¢ + 35280) q

—4(q—2) (9 %6 — 231 ¢®* + 189 ¢%2 + 2709 ¢?2 — 5481 ¢%! — 12990 ¢%° + 54612 ¢*° — 17036 ¢*8
—209160 ¢'7 + 365393 ¢*6 4 106430 ¢'® — 1070395 ¢'* + 1460443 ¢*3 — 616234 ¢'? — 921947 ¢**
+1837128 ¢'° — 1466383 ¢” + 655377 ¢° + 59587 ¢ — 394022 ¢ + 371404 ¢° — 167992 ¢*

—73430 ¢° + 96164 ¢> — 49104 q + 40320) q

(q32 —45¢%0 4+ 36 ¢%° + 1500 ¢%® — 4050 ¢%7 — 20700 ¢ + 99498 ¢*° + 56509 ¢** — 1001101 ¢*3
+1206436 g2 + 4319196 ¢%! — 13616003 ¢2° + 4281177 ¢'° + 41588189 ¢'® — 76832522 ¢17 + 2845541 ¢'6
+181091943 ¢'° — 298047467 ¢'* + 189503865 ¢'> + 78529809 ¢'2 — 295879830 ¢ + 313354185 ¢'°
—176095173 ¢° + 34145724 ¢° + 47631213 ¢ — 62669700 ¢° + 38639664 ¢° — 5261751 ¢*

—15015852 ¢® 4 11671452 > — 5973264 ¢ + 3265920) q.
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We have now computed two of the key terms needed to understand WDéi (X,Y),
the contribution from cones over genus 1 curves given by w? = fy(z,y), and from
homogeneous quartics w? = fy(x,y, z) with non-isolated singularities. In the next
chapter we will consider the contribution coming from the 15-dimensional subcode
of cones over plane quartics, and the counts for dual codewords of weight up to 10.

This dual code calculation will be the most intricate part of the proof of Theorem [3]

9. Other MacW.illiams Theorems and Codes from Genus 1 Curves

Before moving on to the proof of Theorem [3| we return to variations of the
MacWilliams theorem coming from character sums. We begin with cubic Gauss
sums.

For p =1 (mod 3), the prime p factors in Z[w] where w is a primitive cube root
of unity, as 77 = p for some prime 7 € Z[w]. We have F}/ (F;)3 is a cyclic group of
order three. There is a cubic character x,(/3) taking values 1, w,w? which determines

the coset of 3 in this group. Let ¢, = e*™/P,

Proposition 60. Let p = 1 (mod 3) be a prime and let 1) be an additive character
on F,. Let oy, a9, a3 be the roots of the polynomial f(z) = x® — 3px — Ap, where
4p = A? +27B? and A=1 (mod 3).

Then

2.6

z€lFy

is one of the roots a;. This is 3G1 + 1 where



The other two roots are 3G9 + 1 and 3Gs + 1 where
Gy = Z Y(x), and G = Z U(x).
T |xr(z)=w z |xr(z)=w?

See Section 12 of Chapter 9 of [27] for a proof.
We can now state our cubic residue version of the MacWilliams Theorem. We

will only state this for codes over prime fields.

Theorem 61. Let C be a linear code of length N over F, with p = 1 (mod 3) and

let N
CRe(W, XY, 2) =Y [[H(e),
ceC =1
where ¢ = (c1,...,cn) and
.
Wifx=0
X if xz(z) =1
H(x) =
Y if xr(2) = w
| Z if Xx(2) = w?
Then
CRo(W, X,Y,Y) = ﬁCRCi(W’,X’,Y’,Y”),
where
—1
W =W + ]’T(X 1Y), X' = W+GX+ (Gat Gy)Y,
Y/ == W —|— GQX —|— (Gg —|— Gl)Y, Y” == W —|— G3X —|— (Gl —|— GQ)Y
If ¢ = (¢1,...,¢en) € IF]qV has a coordinates with ¢; = 0, [ coordinates with

Xx(ci) = 1, v coordinates with x.(¢;) = w, and § coordinates with x.(¢;) = w?
then for some € € F, with x,(€) = w we see that ec = (ecy,...,ecy) has (a,6,3,7)

of each of these types of coordinates, and that ¢*c has (a,7,d, 3) of each of these
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coordinates. Since there are p%l nonzero elements taking each possible value under

X and C' is linear, we see that the linear transformation in this statement still holds
if we replace (G1,Ga, G3) with (Gs3, Gy, Gs) or (Ga, G, G1). We note that it is not
generally equivalent to the linear transformation where (G1,Ga, G3) is replaced by

(G27 G17 G3)

ProoF. We closely follow the strategy from the proof of the MacWilliams identity
for the quadratic residue weight enumerator given at the beginning of this chapter.
Let ¢(c) = [, H(c;). So Y oecc P(c) = CRe(W, XY, Z). We see that the Fourier
transform of ¢ is defined by

3(9) = D v((g,9))(9)-
g€FY
Discrete Poisson summation gives

> 6le) =z 3 9l

ceC d

We consider the coordinates of ¢(d) one at a time. We have

Qf;(d) = Z H?/)(dz‘gi)H(gz‘) = H Z U(digi)H (gi)

geFy i=1 =1 gp€Fp
N

= [IIw+x > w@d)+Y > y(=d)
i=1 & | xn(@)=1 ol a0

X (2)#1

We consider the internal sum. If d; = 0, this is W + 22 (X +2Y). If x,(dp) = 1,

this is

W+X > @) +Y Y @) =W+ GiX + (G + Gy)Y.

| ﬂ( ):1 z | x#0
B X ()1
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If xr(d;) = w, this is

W+X > @) +Y Y ga) =W+ GX + (G +G)Y.

z | xx(x)=w z | z#0
Finally, if x.(d;) = w?, this is

W+X Y W) +Y > gx) =W+ GsX + (Gr + Go)Y-

z | xx(x)=w z | x#£0

Taking the product over all coordinates i and then the sum over all d € C* completes

the proof. O

We note that it is not strictly necessary to determine which of the three roots «;

a;—1

of 23 — 3px — Ap satisfies G; = . This is not easy to determine and is the subject

of Kummer’s conjecture for cubic Gauss sums, now a theorem of Heath-Brown [25].

We can simply choose some a;, the largest one for example, and let K = % L Then
we substitute K for Gy and (Ks, K3) for (Gg,G3) where Ky and K3 and given in
terms of the other two roots of the polynomial. One of these choices will lead to an
identity that holds, and the others generally will not.

Just as we studied the quadratic residue weight enumerator for the code of ho-
mogeneous degree 2k forms on P"(FF,), we can study this cubic weight enumerator
for homogeneous degree 3k forms on P*(F,). In the simplest case, k = 1, n = 1,
we get homogeneous cubics on P*(F,). Like the quadratic residue weight enumerator
applied to quartics on P!(F,) led to the study of elliptic curves over finite fields, this

setting also gives genus 1 curves, although a more restricted family.

Proposition 62. Let f3(x,y) be a smooth homogeneous cubic on P'(F,). Then
w3 = f3(x,y) is a genus 1 curve, an elliptic curve with j-invariant 0. Given an ellip-
tic curve E defined over F,, with j-invariant 0 there is a homogeneous cubic fs3(x,y)

such that w3 = f3(x,y) is isomorphic to E.
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PRrooF. This is a standard fact about elliptic curves given as homogeneous cubics.
For a general discussion of how to take such a cubic and put it into Weierstrass form
see Section 1.4 of [1I]. For a general definition of the j-invariant attached to a

nonsingular homogeneous cubic, see the appendix of [18]. O

In future work we plan to compute CR¢o(W, XY, Z) for this 4-dimensional code
and study the low-weight coefficients of its dual. We can then study the code of
diagonal cubic surfaces w?® = f3(z,y,2) in P}(F,). The weight enumerator of this
code will contain a contribution from cones over these genus 1 curves of j-invariant
0. It would be interested to compare point counts for these diagonal cubics to point
count for general cubic surfaces.

There is another natural setting for this type of variation of the MacWilliams
identity. Using results on biquadratic Gauss sums we can prove a variation of this
identity that keeps track of whether a coordinate is a 4th power or not modulo p.
This weight enumerator can be applied to the code of quadrics on P'(F,) leading
to equations of the form w* = fy(z,y), where fo(x,y) is a quadric on P'(F,) with
distinct roots. Such an equation defines a genus 1 curve with j-invariant 1728. We
can think of this as a homogeneous quartic in the weighted projective space P(1,2,2)
where w has weight 1 and z and y each have weight 2. We plan to pursue this in

future work.
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CHAPTER 4

The Distribution of Point Counts for del Pezzo Surfaces of

Degree 2

In this chapter we give the proof of Theorem [3| This will involve a computation
of low-weight dual code coefficients for a particular 16-dimensional code, and for a
related 15-dimensional code. We also use the geometry of P?(F,) and facts about the
Picard group of a del Pezzo surface of degree 2 to determine the number of equations
w? = fy(z,y, z) with ¢> + 8¢ + 1 F,-points and with ¢* + 7¢ + 1 F,-points. We also

describe interesting geometric consequences of Theorem 3] for small values of ¢.

1. A Sketch of the Proof

We recall the setup from Chapter 2. Let C5, be the 16-dimensional code coming

from varieties of the form
an = f4(x7 y? Z)?

which we can think of as homogeneous quartics in the weighted projective space
P(2,1,1,1). We also need to consider C5 ,, the 15-dimensional subcode from varieties
with a = 0.

We write

Wey (X,Y) = Wes (X,Y) + (¢ — 1)WC’Q’4(X, Y),

where WC% 4(X ,Y') is the contribution to the weight enumerator from codewords with

a=1. We let

W, (X.Y) =W (X,Y)+WE (X,Y)+WEh(X,Y),
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where W@A (X,Y) is the contribution to this weight enumerator from equations of
the form w? = f,(z,y, z) where fi(x,vy, z) defines a plane quartic with non-isolated
singularities, T/Vg;4 (X,Y) is the contribution to this weight enumerator from equa-
tions of the form w? = f4(z,y, z) where fy(z,y, z) gives the union of four coincident
lines, a quartic curve with a non-simple elliptic singularity, and Wc%i (X,Y) is the

contribution to the weight enumerator from everything else. We have seen that
WEHE(X,Y) =a SXCHHI=CT)y P =Te-l Ly gy at et (T y et T
5.4 ) - 9

where a; = a_; for j € [1,7].
In this chapter we find these 8 unknowns ag, ay, ..., a7. A first major step will be

determining the WC%Z (X 4+ (¢—1)Y, X —Y) modulo Y. It is clear that

WE (X +(g— DY, X ~Y) =W, (X +(g—DY.X V)

Gl DP
+ W 5’4(X +(@—-1D)Y, X -Y)+W, éy4(X+ (¢g—1)Y, X -Y).
The MacWilliams theorem implies that
P Wers (X,Y) = W (X + (g DY.X ~Y) + (g~ DWE (X + (g~ DY. X ~Y),

and

Wes (X + (¢ =1)Y, X =Y) = ¢"Wee (X,Y).
In the previous chapter we computed
We (X + (1Y, X =Y)+ W5 (X +(¢—1)Y,X =Y) (mod Y").

Therefore, in order to compute Wc%i (X +(¢—1)Y,X —Y) modulo Y we instead
find We, o (X,Y) modulo Y and Weer (X,Y) modulo Yy

We first state our main results and postpone the proofs until later.
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Theorem 63. W (X,Y) modulo Y is equal to

10
2 A, e
XTHCH 4 (g —1)%g(* +q+1) ) Aild) g ramiyi oy,

=

where the values of Aj(q) are:

Az2(q)
Aa(q)
As(q)
As(q)

A7(q)

As(q)

Ag(q)

Aio(g)

1,  Az(g)=(¢—-2)°

(8¢° —2q¢* —11¢%+27¢> —33¢+18)

(a—2)?(10¢° —9¢* — 19¢° + 384 — 38¢ + 24)

(16 ¢*° —13¢° — 237¢® +863¢7 — 1108 ¢% — 274 ¢° + 2790 ¢* — 4180 ¢> + 3525 ¢® — 1970 ¢ + 600)

(g—2) (q12 +109¢' —452¢1° — 124 ¢° + 3725 ¢% — 8267 ¢ + 6270 ¢® + 5699 ¢° — 18472 ¢*
+21651 ¢ — 15312 ¢% + 7452q — 2160)

(q16 +135¢® — 138 ¢1* — 4625 ¢12 + 22564 ¢1? — 32694 g1 — 52554 ¢'0 + 287862 ¢° — 490272 ¢°
+318928 ¢7 + 277242 ¢% — 881251 ¢° + 1056237 ¢* — 807919 ¢® + 430360 ¢ — 162036 ¢ + 35280)

(q—2) (qls +40¢'7 + 1382 ¢'% — 8928 ¢'5 + 491 ¢'* + 129139 ¢'® — 415145 ¢'2 + 358839 ¢*!
+953277 ¢*0 — 3280584 ¢° + 4232208 ¢® — 1611694 ¢” — 3300122 ¢® + 6798764 ¢°> — 6798260 ¢*

+4587408 ¢ — 2201072 ¢2 + 760896 ¢ — 161280)

(q22 +48¢%1 41734 ¢%° — 5599 ¢'° — 86758 ¢*® + 641336 ¢'7 — 1337083 ¢'6 — 2292639 ¢'°
+18254124 ¢** — 39440054 ¢'3 + 21366100 ¢'? + 84882388 ¢'! — 239151303 ¢'° + 290151336 ¢°
—123793500 ¢® — 178740396 ¢7 + 406197288 ¢® — 433630392 ¢° + 312483609 ¢* — 166440924 ¢>

+66046428 g2 — 19036944 g + 3265920) .
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Theorem 64. W, . (X,Y) modulo Y1 is equal to

10
Xa+e+a (q— 1>2(q2 +q+1) Z A;(q) Xy 4 O(Yll),

= I
where the values of A;(q) are:

A2(q) = 1, As(q)=(g—3)(g—2)

As(q) = (3¢° —2q¢* —11¢> +30¢% — 48¢ + 36)

As(q) = (q¢—2)(10¢° —29¢° — ¢* + 76 ¢ — 120¢* + 142 ¢ — 120)

As(q) = (16¢*° —13¢° —236¢% +854¢" — 1073 ¢5 — 329 ¢° + 2804 ¢* — 4256 ¢> + 4195 ¢> — 3510 ¢ + 1800)

A7(q) = (¢—2) (q12 +109¢' — 45240 — 124 ¢° + 3704 ¢® — 8078 ¢” + 5640 ¢° + 6539 ¢° — 18466 ¢*
420892 ¢® — 16467 ¢ + 12582 ¢ — 7560)

Ag(q) = (q“" + 135415 — 138 ¢ — 4625 ¢'3 + 22565 ¢'2 — 32721 g1 — 52050 ¢1© + 283431 ¢° — 470154 ¢°
4268885 ¢" + 340997 ¢8 — 899977 ¢° + 1005543 ¢* — 770224 ¢° + 510076 > — 330624 q + 141120)

Aglq) = (q—2) (ql8 +40¢"7 +1382¢6 — 8928 ¢15 + 491 ¢** + 129139 ¢3 — 415265 ¢'2 + 360567 ¢!
4939809 ¢'0 — 3210332 ¢° + 3988076 ¢ — 1086638 ¢" — 3894778 ¢® + 6900916 ¢° — 6222468 ¢*
43976924 ¢> — 2277288 ¢ + 1448352 q — 725760)

Ao(q) = (q22 +48¢%1 + 1734 ¢%° — 5599 ¢1° — 86758 ¢1® + 641337 ¢17 — 1336992 ¢1¢ — 2294532 ¢15

118273165 ¢** — 39568799 ¢'2 4 22020658 ¢1? + 82256547 ¢11 — 230767899 ¢*° 4 269456593 ¢°
—86914540 ¢® — 219872635 ¢ + 421463214 ¢% — 404765268 ¢° + 263019501 ¢* — 138762972 ¢>

+74629836 ¢> — 42930000 q + 16329600) — (g —1)(q+ 1)’ 7(q).

Combining these results with the computations of W¢, 4(X +(¢—-1Y, X -Y))
and WG§14 (X + (¢ —1)Y, X —Y), both modulo Y'!, gives the following statement.

Corollary 65. WD;Z(X +(q—1)Y, X = Y) modulo Y is given by

10

AO(Q) + (q3 N 1)(q2 N Q) § : Aj.('CD Xq3+q2+quyj 4 O(Y'll)7
- 7!
Jj=2
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where the values of Aj(q) are:

Aolg) = (@ —d®—2¢"—-2¢°+2¢° +2¢" +¢* — >+ 1),

Az(q) = (—2¢°+3¢"+3¢°—2¢"-2¢" -+ - 1)

As(q) = —(q—-2)(¢"®° —7 +7¢" +7¢° —4¢° —4q¢* —2¢% +2¢*> - 2)

As(q) = (3q17 —15¢0 +18¢"° —¢'* —2¢"3 +14¢"2 —9¢" —39¢'1% + 104¢° — 121¢% + 3¢" +87¢% — 12¢°
—12¢* —33¢> +12¢> + 15¢ — 18)

As(q) = —2(¢—2) (3 ¢ —21¢"% +36¢° —5¢* —10¢"% +60¢'% — 30¢* —108¢'° +160¢° — 150¢® + 3147
+102¢% —32¢° —12¢* —38¢% +12¢% + 14 ¢ — 24)

As(g) = (q23 —9¢* +35¢*" —56¢%° +14¢"? —66¢'® +690¢'" — 1717¢'® + 1356 ¢'® + 1246 ¢'* — 3925¢"?
42918 ¢'2 + 4414 ¢'t — 9606 ¢1° + 7670 ¢° — 4010 ¢® — 770 ¢" + 3260 ¢° — 1315 ¢° + 665 ¢* — 900 ¢>
—~185¢% + 770q — 600)

Az(q) = —(¢-2) (21 %% —189¢%% + 630 %! — 861¢%° — 6¢"° + 934 ¢'® + 1505 ¢'7 — 7307 ¢ + 6296 ¢'°
+9709 ¢'4 — 22953 ¢13 + 14356 ¢*2 + 21954 ¢! — 41875 ¢'° + 25181 ¢° — 13479 ¢® + 1938 ¢” + 11352 ¢°
—7002 % 4 2262 ¢* — 2256 ¢> — 822¢> + 2052 ¢ — 2160)

Ag(q) = (q27 — 28¢5 4 504 ¢%° — 4403 ¢** + 20083 ¢%3 — 50435 ¢?2 4 64791 ¢* — 16992 ¢%° — 54354 ¢°
45384 ¢8 + 184751 ¢17 — 187551 ¢16 — 318878 ¢1° + 897732 ¢4 — 667990 ¢'® — 408570 ¢*2 4 1350580 ¢**
—1213422 ¢° + 575302 ¢° — 243789 ¢® — 106414 q7 + 334726 ¢5 — 192759 ¢° + 52920 ¢* + 2947 ¢°
—50092 g2 + 56196 ¢ — 35280)

Ag(q) = —4(q—2) (30 %7 — 441 ¢25 4 3367 ¢%° — 17332 ¢** + 60718 %3 — 132818 ¢*2 + 151373 ¢®! — 18437 ¢*°
—150512 ¢*° 4 66250 ¢'® + 243915 ¢17 — 177979 ¢'% — 663788 ¢'° + 1431957 ¢** — 849396 ¢'% — 671948 ¢12
+1755992 g1 — 1455636 ¢10 + 574117 ¢° — 287264 ¢® — 41684 ¢” + 405176 ¢® — 255402 ¢° + 42396 ¢*
+24326 ¢° — 55844 ¢% + 49104 ¢ — 40320)

Ao(g) = (91 ¢t — 1848 ¢30 4 19005 ¢%° — 130287 ¢?® + 659238 %7 — 2608159 ¢%6 + 8276211 ¢2°

—20599432 ¢%* + 37219965 ¢>3 — 41516259 %2 + 14127321 ¢*' + 27031378 ¢*0 — 28077430 ¢°
—14089496 ¢'® + 5884299 ¢'7 + 121271322 ¢'® — 255860130 ¢'° + 197868984 ¢** + 51768804 ¢'3
—266034654 g2 + 289927485 ¢'! — 169439655 ¢'° + 61973298 ¢° — 14150610 ¢® — 37966077 ¢”

+57749445 ¢5 — 24347772 ¢° — 2662317 ¢* + 9042588 ¢> — 8405532 ¢ + 5973264 ¢ — 3265920) q.
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We are very fortunate that even though both WG;4 (X +(¢— 1Y, X —Y) and

Wi (X,Y) have a Y0 term that involves 7(g), these non-elementary contributions

2
cancel out, leaving counts for WDéi (X + (¢ —1)Y, X —Y) that are polynomial in q.

We have 11 constraints given by the Y7 coefficient of W%Z(X +(¢—1)Y,X-Y)
for each j € [0, 10] and 8 unknowns a; for j € [0,7]. It is easy to see that not every
dual coefficient gives a new constraint. For example, the fact that the Y coefficient
is 0 is implied by the condition that a; = a_;. The fact that these constraints are not
independent is one of the key differences between this computation and the analogous

one for del Pezzo surfaces of degree 3.

For each j € [1,7] we consider the Taylor series expansion of
(X +(q— 1)y)q2+q+1—qj<X — y)qS—qj—l + (X + (g — l)y)q2+q+1+qj(X _ y)q3+qj—1

in the variable Y. The Y! term is equal to 0, but we use Y° and then Y* for
k € [2,10] to create a column vector for each j with 10 entries. For j = 0 we consider
the expansion of (X + (¢ — 1)) ++(X —Y)?~! again omitting the V! term. The
rows of the resulting matrix correspond to increasing powers of Y.

We multiply this 10 x 8 matrix by a column vector with entries ag, ay, ..., a7 and
try to solve the matrix equation where this is equal to the column vector with entries
given by Corollary [65 One would hope that this system of linear equations in the a;
is uniquely determined; that is what happens in the analogous computation for cubic
surfaces. Unfortunately, a computation shows that this matrix only has rank 6.

Therefore, if we can find the values of a7 and ag we can adjust this matrix equation
and hope for a unique solution. This gives a modified version of the column vector
with entries given by Corollary [65| consisting only of the contribution to these values
from ag,...,as. Once we have solved for ag and a7, this will give a system where
we multiply a 10 x 6 matrix by a column vector with entries, ag,aq,...,as and get

this modified version of the vector with entries from Corollary [65| as the result. This
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matrix has rank 6 and we get a unique solution. This solution is the content of
Theorem [3

For the particular case ¢ = 5 we get

ar = ag = 0, as = 7750, ay = 2728000, a3 = 119977750,

ay = 1646534000, a; = 7426406500, ap = 12125699601.

This matches our direct computation of the weight distribution of the 5'¢ elements
of the code % , over F5. This took over a day of computing time and is the last case
where this computation is feasible using our current implementation. Later in this
chapter we return to this example and explain the value a5 = 7750. We also study

these counts for other small values of q.

2. Del Pezzo Surfaces of Trace 7 and 6

The goal of this section is to give a proof of Theorem 27, First we consider the
easier case of surfaces of trace 7. We show that these surfaces come from blowing
up seven points in P?(F,) in general position. We then count how many times each
surface arises from blowing up such a 7-tuple. Next, we show that surfaces of trace 6
come from blowing up seven points in P?(F,) in near general position. Given such a
weak del Pezzo surface S we study Pic(S) to determine the number of ways S arises
from blowing up seven such points. In this case, the lattice generated by (—2)-curves
of S is one-dimensional, so we must study the action of the Weyl group of E; on
Pic(S) in more detail.

Let S be a weak del Pezzo surface of degree 2. By Proposition [24] the number of

[F,-rational solutions of the anti-canonical model of S is ¢*> + ¢ + 1 + tq, where

t =Tr(p|e,) — Tr(elr) = Tr(plrL),
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¢ is the Frobenius endomorphism and R is the sublattice of Pic(S) generated by
(—2)-curves. Since Tr(p|g,) takes values between —7 and 7, but not +6, and ¢ is
bounded in absolute value by dim(R*), we see that ¢t = 7 if and only if R is trivial
and Tr(¢|g,) = 7. Moreover, we see that ¢ = 6 implies that R is one-dimensional.
Since R is a root lattice, it is isomorphic to A;.

In order to determine a; and ag we give some information about the 2 : 1 map
¢: S — P2 Suppose that S is the blow-up of points py, ..., p; in P*(F,). We would
like to determine how many equations of the form w? = fy(z,y, z) arise from S.
We recall some facts from Proposition [11} There is a 3-dimensional space of cubics
vanishing at pq, ..., p7. We choose a basis for this space, and call these cubics x, y, 2.
We can choose these coordinates in [PGL3(IF,)| ways.

There is a 7-dimensional space of sextic polynomials vanishing to order 2 at each
p;. Any such sextic w not in the space spanned by quadratic polynomials in x,y and

z, (22, xy, x2,y% vz, 2%), satisfies an equation of the form

w2 —w- fQ(xvya Z) - f4($7yaz) = Oa

where fo(z,y, 2) is quadratic, and f4(x,y, z) is a homogeneous quartic. We want a
sextic for which the polynomial fy(x,y, z) is zero. This gives six linear conditions,
leading to a 1-dimensional space. We must not choose w = 0, so we have ¢— 1 choices
for w.

We recall that the number of 7-tuples of points in P?(F,) in general position is
given by S(q)|PGL;3(F,)| and the number of 7-tuples in near general position is given
by R(q)|PGLs(F,)|.

We now give the proof of the trace 7 case.

PROOF. A weak del Pezzo surface with ¢ + q + 1 + 7¢ points is the blow-up of

seven F-points of P?(F,) in general position. Consider the surfaces we get by blowing
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up all such 7-tuples. We saw in the previous paragraph that one such 7-tuple gives
rise to |GL3(F,)| quartics w? = fy(z,y, 2).

A homogeneous quartic w? = fy(z,y, z) with ¢*> + ¢+ 1+ 7q F,-points is the anti-
canonical model of a smooth del Pezzo surface S. We want to know the number of
blowing-down structures of this surface. The 28 bitangent lines of the branch quartic
fa(x,y, z) are the images of the (—1)-curves of S under ¢. The quartic restricted to
one of these lines is a perfect square. Choosing a value of w is equivalent to choosing
which square root we take on such a quartic. Taking seven pairwise-skew (—1)-curves
on S gives a geometric basis {H, ey, ..., e;} for Pic(S). Because the divisor classes
must satisfy e; - e; = 0 for 7 # j, we cannot choose these square roots arbitrarily for
each bitangent.

Blowing up each tuple in general position and choosing coordinates for the anti-

canonical model of the resulting surface gives
IPGL3(F,)[S(q)|GL3(F,)|

homogeneous quartics w? = f4(z,y, 2). However, we have over-counted. A surface S
arises as the blow-up of more than one 7-tuple.

Starting from a tuple pq,...,p7, blowing up gives a surface S and a canonical
root basis for Pic(.S), or equivalently, a blowing-down structure for S. Starting with
an equation of the form w? = fy(z,y,2) with fy(z,y,2) smooth, we can find the
bitangents of the quartic and take the preimages under this ¢. Any set of seven
pairwise disjoint (—1)-curves gives a canonical root basis for Pic(S), or equivalently,
a blowing-down structure of S. We have seen that the Weyl group of E; acts simply
transitively on these canonical root bases, so the number of blowing-down structures
of S is equal to |W(E;)|.

The smooth surface S arises as the blow-up of seven points in general position in

exactly |W(E;)| ways. A blowing-down structure gives points in P*(F,), py,...,pr,

113



but it does not give a canonical choice of coordinates for this space. There are

|IPGL;3(F,)| choices for these coordinates. Therefore, we get

. — [PGL(E,)|S(@)|GLa(F,)
[PGLy(F,) [W(E)]

completing the proof of the statement for a-. O
We now turn to the more complicated case, surfaces of trace 6.

PRrROOF. Given a weak del Pezzo surface S of degree 2, the number of points on
the anti-canonical model of S is ¢* + ¢+ 1 + tgq, for t = Tr(¢|g,) — Tr(p|r), where R
is the sublattice of E; generated by the (—2)-curves of S. We have seen above that if
t = 6, then R is one-dimensional and Tr(yp|g,) = 7. So there is a unique (—2)-curve
of S. Since R is a root sublattice of E-, it is isomorphic to A;. All sublattices A; are
equivalent under automorphisms of E-.

Given any geometric basis of Pic(S), {H, ej,...,er}, consider the divisor class

D =2H — (e; + - - - eg). This satisfies

6
D-D:4H-H+Zei-ei:4—6:—2.

i=1

Recall that the anti-canonical class is given by
K:?)H—(€1+"'+67>,

and that the orthogonal complement of K in Pic(S) is isomorphic to E7. It is easy
to verify that D - K = 0. Since D has norm —2 this divisor class generates an
A sublattice in F;. By taking an automorphism of F; we may suppose that the
sublattice R generated by the (—2)-curve of S is generated by D. Blowing up a
7-tuple of points pq, ..., p7 in near general position gives a weak del Pezzo surface S
with a geometric basis such that D is the class of the (—2)-curve on S exactly when

P1,-..,Pe lie on a conic not containing p;. This is the case for exactly 1/7 of the
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7-tuples in near general position. The orthogonal complement of A; in E7 is Dg. The
direct sum A; @ Dg is contained in E7 with index 2. The presence of this (—2)-curve
gives this decomposition.

We now determine how many blowing-down structures for S give a 7-tuple in near
general position. Suppose we have a geometric basis {H, ey, ..., e} for Pic(S) and a

sublattice A; generated by the divisor D = 2H — (e; +---€g). Let r; = ¢; — % Then

K- K

We also have

K K K- K 1
TZT]:<6Z_E><€j_§):_5zj_1+T:_6”_§

These r; are not in E; because they are not in the integer span of our basis, but they
are in the dual lattice, E7.

We note that F; C EZ with index 2. We consider the orthogonal complement of
A; in E%. This contains the Dg in E7 with index 2. This orthogonal complement in
EZ is contained in this D§ C £ with index 2. We can verify these index statements

by computing discriminants of the relevant lattices. This gives the following picture:

E; C E;
U U
Ay =D¢ C A in Ef C Dj

The class r7 is distinguished from rq,...,rg by its intersection with D. We have
m-Danndm-D:ei-D—%zlotherwise. We see that (ri—i-%)-D:Ofor

i € [1,6]. Therefore, we have 7 vectors

D D
r7, T —, ..., T —_—
7,11 27 16 2
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in £Z and r7 in the orthogonal complement of A;. The group D{/Dg is of order 4.

D

5 is in the same coset of the group since

D D
rﬁ—; - rj—l—E =T, —Tr; =€ — €,

and e; — e; is orthogonal to both K and D. Vectors in one coset of this group have

Each vector r; +

even integer norm and another coset consists of vectors with odd integer norm. So,
ri,...,7s are in one of the two remaining cosets.

We determine this coset by considering the sum:

6 7
D

=1 i=1

= —3H +3er+ (e + -+ es)

= —K + 267 = 2T7.

Half the sum of these divisors is in the same coset as r;. Each r; + % has norm
—% and they are pairwise orthogonal. This gives an orthonormal frame for Z° C Dj.
There are 2° - 6! ways to choose such an orthonormal frame for Z°, but we are not
completely free to choose the signs for each of these six elements. The condition

on the coset of their sum implies that once we have chosen five signs, the sixth is

WD — 126.

determined. This gives 2°-6! choices for such a frame. We compute that

The Weyl group of E7 no longer acts transitively on canonical root bases. In-
stead, we see that each weak del Pezzo surface that is the blow-up of some 7-tuple
in near general position has % blowing-down structures corresponding to a 7-
tuple in near general position. For each such blowing-down structure we also choose

coordinates for the P?(FF,) containing these points.
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Blowing up all 7-tuples in near general position such that pi, ..., pg lie on a conic

not containing p; and then choosing coordinates for the 2 : 1 map to P? gives

R(q)|GLs(F, )|

[PGLy(F,)| — 2

homogeneous quartics w? = fy(z,y, z) with ¢+ 7¢+1 solutions in P(2,1,1,1). Given
such a quartic there are 2° - 6!|PGL3(F,)| blowing-down structures that give a 7-tuple
in near general position. Dividing gives

ISGL(F)IRW
T WE)

completing the proof. O

Finally, we must compute S(¢) and R(q). We begin with a discussion of k-arcs in
P?(F,). A subset of points S C P?(F,) is called an arc if no three points of S lie on a
line. A k-arc is a collection of k distinct points that form an arc. It is elementary to
give a count for k-arcs for k up to 6. For example, suppose p1,...,ps form a 5-arc.
There are (g) = 10 distinct lines between these points. Each line contains two of
these five points and ¢ — 1 other points. It is not difficult to show that there are
10g — 20 distinct points on these lines. Therefore, given a 5-arc there are ¢> — 9¢ + 21
choices of another point of P?(F,) so that the resulting collection forms a 6-arc. This

count is independent of the choice of 5-arc. The following counts for k-arcs are given

in Theorem 4.1 of [23].

Proposition 66. Let A(k,q) denote the number of k-arcs in P?(F,). Then

A(l,q) =¢+q+1, A2,q) =

2 )

2 A(3 —1)?

A3.q) = 2202 A1, q) = 2B DT
A(5,9)(¢* — 9q +21)

A(5,q) = 222 A6, q) =



Counting 7-arcs leads to new difficulties. Starting with a 6-arc {py,...,ps}, the
number of choices of p; leading to a 7-arc depends on the choice of {py,...,ps}. This
is also the first case where the count is not a polynomial in g. The function A(7,q)
is a polynomial in ¢ plus a term involving the number of copies of P?(Fy) in P*(F,),
which is zero if the characteristic of F, is not equal to 2. Therefore, A(7,q) is a
polynomial in ¢ as long as we exclude characteristic 2. For details, see [23]. The

following result is Theorem 4.2 of that paper.

Proposition 67. Let (73) denote the number of copies of P*(Fy) in P*(F,). Then

ATg) = = +a+ Do+ De(a— (g —3)(g )

X (q* —20¢> + 148¢* — 468q + 498) — (73).

In order to compute S(q) we need to understand how many of these 7-arcs satisfy
the additional condition that no six points lie on a conic. It is easy to count the
number of collections of seven points that lie on a smooth conic in P?(F,). This is
the number of smooth conics, ¢° — ¢?, times (q;rl). We call this quantity C7(q). It
follows that A(7,q) = S(q) + R(q) + Cz(q), giving

S(q)+R(q) = %(q2+q+ V(@ +9)q*(q—1)*(q—3)(¢—5)(¢—T7)(¢* — 13¢° + 564 —70).

The factor of (¢* + ¢+ 1)(¢* + ¢)¢*(¢ — 1)* = |[PGL3(F,)| comes from fixing the first

four points of the configuration. We find R(q) and subtract to get S(q).

Lemma 68. We have
S(g) = (¢—T7)(g—5)(g—3)(¢* — 20¢° + 119¢ — 175),

and that

R(q) =T(q = 7)(q —5)(q¢ — 3)(¢*> — 9¢ + 15).
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PROOF. There are ¢° —g? smooth conics in P?(F,), all equivalent under PGL3(F,).
We fix one such conic C' and count collections of points pi,...,pg on C and p; not
on C such that {py,...,pr} form a 7-arc. We first consider the number of choices of

pr. For any p; € C, there are two tangent lines to C' passing through it. They are

either both rational, or are Galois-conjugate. There are ¢* points not on C, @ of

q(g—1)

which lie on two [Fj-rational tangent lines to C'. The other =5

points lie on two
Galois-conjugate tangent lines.

First suppose that p; does not lie on any F, -rational tangent line. Then the line
between any I -point p of C' and p; passes through one other [F -point of C, which
we call p’. If both p and p’ are in {p1,...,ps} then {p1,...,pr} is not a 7-arc. So,
the ¢ + 1 rational points of C' split into q;r—l pairs. We choose six of these pairs and
one point of each pair, giving 26(%) sets {p1, ..., ps, pr} forming a 7-arc.

Now suppose that p; lies on two [F-rational tangent lines. Each point of tangency
is an F,-point of C. The remaining % points of C' are paired as in the previous
paragraph. We can choose either 0,1, or 2 of the points of tangency on the lines
through p; to be in the set {pi,...,ps}. We then must pick the remaining points

from the %t pairs of points of C' that do not include the two points of tangency.

2
g1 g1 a1
26( 2 2.25( 2 24 2
(5)=22(5)=>(%)

choices of the 6 points of C'. We call this quantity N and see that

This gives

-1 g+l 1
POL(E (o) = 7(0° ~ ) (L0 (T2 ) + 20
completing the proof. O

Similar computations let us to determine the analogous counts for even values of
g. We omit this case because we have assumed that the characteristic of F, is odd

earlier in this thesis.
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3. Examples of Surfaces of Maximal Trace for Small ¢

In this section we consider the consequences of the counts given in Theorem |3 for

small values of ¢q. We let

To(q) = 25(q)  2(¢—T7)(g —5)(g —3)(¢° — 20q + 119¢ — 175)
= TwE)] T W (Ey)] |

We see that T7(q) = 0 for all odd ¢ < 9 because there are no configurations of 7
points in general position in P?(F,) for ¢ < 7. For ¢ = 9 there is such a configuration.
In fact, T7(q) = 240. This is small enough that we can classify such configurations and
completely understand del Pezzo surfaces of degree 2 over I, with an anti-canonical
model that has the maximum number of points, ¢* + 8¢+ 1. We say that a del Pezzo
surface of degree 2 with this number of points has maximal trace.

Before focusing on particular values of ¢, we give a more general discussion of how
a single equation of the form w? = f,(z,v, 2) affects the count for Ty(¢q). Let C be
the curve in P?(F,) defined by fi(x,y,z) = 0. After choosing coordinates, there are
|IPGL3(F,)|/|Aut(C)| quartics f4(z,y, z) that give a curve isomorphic to C. There is
a factor of ¢ — 1 that comes from considering scalings of w.

Suppose that w? = fy(x,y,2) is the anti-canonical model of a smooth del Pezzo
surface S. The Weyl group of E; acts transitively on the 7-tuples of pairwise disjoint
(—1)-curves of S. Choose seven such (—1)-curves and consider their image under the
2 : 1 map ¢. This gives 7 bitangents of the quartic fy(x,y, 2).

We claim that there are |[W(E7)|/2 possible collections of 7 points in P?(F,) that
blow up to this surface. This is because —1 € W (FE7) and switching —w and w on

each of these 7 bitangent lines does not change the resulting configuration. Therefore,

we have |GL3(IFQ)]2||VX$2)|‘ surfaces that are equivalent to w? = fy(,y,2) together
with a choice of 7 pairwise disjoint (—1)-curves coming from proper transforms of the
7 points of the blow-up. Blowing down these lines gives a configuration of 7 points.

This discussion gives the following result.
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Lemma 69. We have
1
> = =Tula),
= [Aut(C)|

where the sum is taken over all non-isomorphic curves C given by fi(x,y,z) where

w? = fy(x,y, 2) is the anti-canonical model of a del Pezzo surface of mazimal trace.

This argument works for more general counts for quartics on P(2,1,1,1) with
trace ¢, that is, w? = fy(x,y,2) with ¢* + ¢ + 1 + tq F -points. Let w? = fy(z,y, 2)
have trace t, and suppose that the curve given by fy(z,y,2) = 0 is smooth. Then

this quartic contributes
2

|GL3(FF,)| |Aut(C)||W (Er)|

to the overall count for surfaces of trace t.

Suppose that fy(z,y,z) defines a plane quartic with a single node and that
w? = fy(x,y,2) is the anti-canonical model of a weak del Pezzo surface S. Then
the lattice R generated by the (—2)-curves of S is one-dimensional. In this case, the

quartic fy(x,y, z) contributes

| 252
|[Aut(C)[[W (E7)|

|GL3(IF)

to the overall count of surfaces of trace t. The extra factor of 126 accounts for the
fact that the Weyl group of E; no longer acts transitively on 7-tuples of pairwise
disjoint (—1)-curves of S. For surfaces with more complicated singular lattices, or
equivalently quartics with other types of singularities, we could determine the relevant
contribution to the total count for surfaces of trace ¢, but we will not need this here.

This gives a strategy for classifying all quartics fy(x,y, 2) over a fixed F, for which
w? = fy(x,y, 2) has trace t in the case where all such quartics are either smooth or
have a single node. This is somewhat similar to mass formulas for lattices. From our
computation of the total number of quartics such that w? = f4(z,y, z) has trace t

we know the result when we sum over the size of the automorphism groups of these
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quartics. We need only find enough non-isomorphic quartics that the sum of the
reciprocals of the orders of their automorphism groups gives this value. When these
terms add up to the desired count, we know that there are no other quartics left to
find. We apply this approach for several small values of ¢.

We will see that for small values of ¢ several of the curves giving the anti-canonical
model of a del Pezzo surface of degree 2 of maximal trace are highly symmetric and
have many automorphisms. Below we give a process to find the a quartic fy(x,y, 2)
coming from the blow-up of a 7-tuple in general position. We often find a quartic
fa(z,y, z) through this process with somewhat complicated coefficients, and then after
finding the automorphism group can give an isomorphic quartic that is simpler. The
number of automorphisms of a curve C' defined over C will be equal to the number
of automorphisms of the reduction of this curve over F,, except in some exceptional
cases, such as the reduction of the Klein quartic over Fg. Therefore, in order to find
a nice model of a curve over F, with a particular large number of automorphisms, 24
for example, we start by considering the reductions of plane quartic curves with 24
automorphisms over C. A list of smooth plane quartic curves C'/C with large Aut(C')
is given in [2]. We use this list throughout this section to find nicer models for the
curves that we discover.

Much of the work in this section involves computing the automorphism groups of
plane quartics over finite fields. The computer algebra system Magma has built-in
commands to compute automorphism groups of curves over finite fields and to check

whether two curves are isomorphic [6].

Proposition 70. There is a unique degree 2 del Pezzo surface of maximal trace over

Fy. Up to automorphisms of P*(IFy), its anti-canonical model is given by

w2:x4+y4—|—z4.

The curve fy(z,y,z) = 2* + y* + 2* is known as the Fermat quartic.
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PROOF. It is straightforward to see that w? = 2*+y*+2* has 92+8-9+1 F -points
over Fy. It is also well known that the Fermat quartic has 6048 automorphisms defined
over Fyg. A computation in Magma verifies the size of the automorphism group. We

see that 77(9) completing the proof. O

= ﬁ7

In this case one might guess that the Fermat quartic gives the anti-canonical model
of a surface of maximal trace. Computing 7%(9) shows that all homogeneous quartics
w? = fi(z,y, z) with trace 7 come from automorphisms of the Fermat quartic. For
values ¢ > 9 it will not be so easy to guess the curves that give anti-canonical models
of surfaces of maximal trace.

We explain how to go from a 7-tuple of points in P?(F,) to the w? = f4(z,vy, 2)
model of the del Pezzo surface of degree 2 obtained from blowing up these points.
This is the content of Proposition [11].

Given 7 points in P*(F,) there is a 3-dimensional space of cubic polynomials van-
ishing at each of them. We choose a basis for this space of cubics. Taking quadratic
polynomials in the polynomials of this basis gives a 6-dimensional space of sextic
polynomials vanishing to degree 2 at each of these 7 points. We consider the space
of sextic polynomials with this property. There is a 28-dimensional space of sextics
on P*(F,). Vanishing to degree 2 at a point imposes three independent conditions.
For example, for a sextic polynomial to vanish to degree 2 at [0: 0 : 1] the 2°, z2°,
and yz° coefficients must all be 0. For points in general position these conditions are
independent, giving a 28 — 21 = 7 dimensional space of sextic polynomials vanishing
to degree 2 at each point.

There are ¢" —¢° sextic polynomials satisfying this property that cannot be written
as a quadratic in the three cubics found earlier. Let T'(z,y,z) be one such sextic.

This polynomial satisfies a quadratic relation in the cubics we found earlier. That is,

T(ZL’, Y, Z>2 + T(LU, Y, Z)fQ(Ch Co, 03) + f4(clv Co, C3) = 07
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where ¢1, ¢cp are c3 are a basis for the space of cubics vanishing on these seven points,
fa(z,y, 2) is a quadratic polynomial, and f4(z,y, 2) is a quartic. We find the equation
w? + wfa(z,y,2) + fi(z,y,z) = 0. Completing the square gives an equation of the
form w? = fy(z,y, 2).

We will demonstrate this process starting with a 7-tuple in general position over
Fy. The previous proposition implies that the end result will be an equation of the
form w? = f;(z,y,z) where f;(x,y,z) is isomorphic to the Fermat quartic. Let a
be defined so that a> —a —1 = 0 in Fyg. The element of Fy are {0,1,2,a,a + 1,a +
2,2a,2a + 1,2a + 2}. Now let

pr=[1:0:0], po=[0:1:0], p3=1[0:0:1],

pa=[1:1:1, ps=1[2:a:1], ps=la+1:2a+1:1], pr=1[2a+2:2:al.
It is not difficult to check that these 7 points are in general position. For example, a
3 x 3 matrix with rows corresponding to the entries of p;, p;, pr will have determinant
0 if and only if these points are collinear. Evaluating coordinates at monomials of
degree 2 gives a row vector with 6 elements, and checking whether 6 points lie on a

conic is equivalent to checking the non-vanishing of a 6 x 6 determinant.

The three dimensional space of cubics vanishing on these points is generated by

co(z,y,2) = 2*y+ (2a+1) xyz + 222> + 2ay*z + (2a + 2) yz°
c(z,y,2) = 2*2+ (2a+2) 2yz+ (a+1) 22° +2y°2

co(w,y,2) = wy*+2axyz+ (a+1) 222 + 2.

A similar, but more complicated, linear algebra calculation finds that the 7-

dimensional space of sextics vanishing to order 2 at each of py, ..., pr is generated by
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the six quadratic monomials in ¢, ¢q, co together with

h(z,y,2) = 2*y* +22%22 + 2022 + (a + 1) 2%y2> + (2a + 2) 222* + 222
tary’2? +avyzt a4 (a+ 1) y22*h
Interpolating at many points in P?(Fy) suggests the quadratic relation satisfied by

h(x,y, z) and the six quadratic monomials in ¢y, ¢1, co. We verify that the following

identity holds:

(2a 4+ 2) 2* + 2%y + a2z + 2a 2%y + (a + 2) 2%yz + (a +2) 222° + (2a + 1) 2’2
22y + (a+2) y*2% + (a+2) y2° + awz® + 2wry + 20 wrz + awy? + awyz
+(2a + 1) wz? + w? = 0,

where w = h(z,y,2), © = co(x,y,2), y =ci1(x,y,2) and z = c3(x,y, z). Completing

the square gives

w? = (a+1)2* +2a+1) 2%y +22%2 + 2a 2y + 22°

+Q2a+2) Yt +a+1) P2+ (a+1)yz® + (a+1) 2%
A computation in Magma gives an explicit isomorphism between the quartic on the

right-hand side of this equation and the Fermat quartic.

We apply this type of analysis for other small values of ¢.

Proposition 71. There is a unique degree 2 del Pezzo surface of mazimal trace
over Fy1.  Up to automorphisms of P*(F1y), it has anti-canonical model given by

w? = f4(l’,y,2), where
fa(x,y, 2) = ot +y* + 2+ (2%y® 4+ 2222 + yP2?),

a form of the Klein quartic over Fq;.
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PROOF. We check this this homogeneous quartic in P(2, 1, 1, 1) is the anti-canonical
model of a surface with maximal trace and that the curve fy(x,y,z) = 0 has 168 au-
tomorphisms. The computed value of T7(g) shows that this accounts for all maximal

surfaces. O

Starting with a 7-tuple of points in P?(IF};) in general position leads to a different
quartic. Magma computes that it has 168 automorphisms. Once we know that there
is exactly one isomorphism class of curve C contributing to this count, and that it
has this many isomorphisms, we find a model of the Klein quartic, the unique curve
with 168 automorphisms over C, where these automorphisms are all defined over Fy.
This model of the Klein quartic exists because Fy; contains a square root of —7 [21].

The first case where there exist non-isomorphic maximal trace del Pezzo surfaces
of degree 2 is over Fy3. However, we cannot predict this from the value 7%(13) = %.
It turns out that there is no plane quartic fy(z,y,2) with 16 automorphisms such

that w? = f4(z,y, z) is the anti-canonical model of a maximal trace del Pezzo surface,

but we did not know this a priori.

Proposition 72. There are two distinct isomorphism classes of del Pezzo surface
of degree 2 over Fi3 with mazimal trace. Up to automorphisms of P?(F13) the anti-

canonical models of these surfaces are given by w? = f;(x,y, z) with

film,y,2) = 2t +y* + 20+ 8(a%y? + 222 + 222

folz,y,z) = ot +yt 42— 2%y

The quartic fi(x,y,z) has 24 automorphisms and the quartic fo(x,y,z) has 48 auto-

morphisms.

PRrROOF. We note that i + % = T7(q). By choosing collections of seven points in

general position and going through the process described above we found two quartics
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gj(x,y, 2) giving anti-canonical models of surfaces of maximal trace:

gz, y,2) = 102 + 623y + 42°2 + 62%y* + 3x2yz + 12022% + day® + Toy’z + 120y2>
+722% + 3yt + yi2 4 5y?e? + 4y + 327,
g2(z,y,2) = 102* + 22%y + 2032 4+ 92%y% + 5a’yz + 52222 + Twy® + 11lay’z

+120y2” + 4o2® + 120" + 6y°2 + 8y*2® + 11yz° + 2.

A computation in Magma shows that g;(z,y,z) has 24 automorphisms and that
g2(z,y, z) has 48 automorphisms.

The quartic 4+ y* + 2* + 8(22y? + 2222 + y22?) has 24 automorphisms as a curve
over C [2]. This suggested checking whether it gives a surface of maximal trace, and
it is easy to verify that it does. A computation in Magma gives an isomorphism
between this curve and ¢ (x,y, 2).

The quartic x* + y* + 2* + 2¢/=32%y? has 48 automorphisms over C [36]. We
check that this quartic gives the anti-canonical model of a surface of maximal trace,

and that its reduction to Fi3 is isomorphic to gs(x,y, 2). O

Over Fy; we know that there will not be a unique del Pezzo surface of maximal
trace up to isomorphism. This is because T7(17) = % does not have a unit numer-
ator. In fact, we find that there are many non-isomorphic classes of these maximal

trace del Pezzo surfaces. A similar but larger calculation gives the following result.

Proposition 73. There are seven non-isomorphic del Pezzo surfaces of degree 2 of
mazximal trace over Fi7. Up to automorphisms of P*(Fy7), the anti-canonical models

of these surfaces are given by w* = g;(x,y, z) where:

gi(z,y,2) = at+y' 42!
gz, y,2) = o+ 6%y + 62°2 + 32%y® + 152%yz + To?2® — xy® + 1229°2 + 11ay2?

+1122® 4+ 9y* + 1292 + 10y22% + 2*
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g3(z,y,2) = 2*+102°y + 162%y* + bxPyz + 142°2% + 6x2y° + 16292 + 4oy2® —
+14932 + 14y%2% + y2® + 152°

ga(z,y,2) = 22* +92%y + 52z + 2%y + 62%yz + 16272 + 14xy® + 62y%2
+14ay2® 4 622° + 4y + 5yd2 + 5y?2® + 9y2® + 927

gs(z,y,2) = 152" + 1623y + 1422 + 62%y> + 92’yz + 132°2% + xy® + 162y°2
+16xyz? + 922° + 15y* + 3y°2 + 1322 + 8y2® + 162*

gs(z,y,2) = 92t +92%y + 232 + 8%y + 22%yz + 5x2% + Sy’ + Sxy’z + 13wy’
+1322% + 16y* 4+ 49°2 + 15y%2% + Tyz> + 82*

gr(z,y,2) = 132 + 1203y + 13232 + 112%y* + 120%yz + 2022 + 4ay® + 5xy°2

+2xy2% + 1022° + 9y* + 149°2 + 13y°2% + 9y2® + 924,

The quartics gj(x,y, z) have 96,24, 24,8,6,4, and 2 automorphisms, respectively.

We compute

1 2 1 1 1 1
T-(17) = — 4+ — + =4 = 4 -+ =,
7(17) o6 T T T Tat

We also note that we first found a different model of the curve with 96 automorphisms.
A calculation shows that it is isomorphic to the Fermat quartic. We could similarly
try to find a nicer model of the curves of 24 automorphisms, for example, but have
not.

We note that Ty(q) grows like a constant times ¢°. It is an easy calculation to see

that it is increasing for all ¢ > 7 and that it is greater than 1 for all ¢ > 13.

Proposition 74. The only finite fields F, of odd characteristic for which there is a

unique degree 2 del Pezzo surface of mazximal trace are Fg and Fy3.
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In fact, the number of isomorphism classes of surfaces of maximal trace grows

quickly. The generic genus 3 curve has no non-trivial automorphisms, so as ¢ — oo,

we expect a constant times ¢® isomorphism classes of surfaces of maximal trace.

A more extensive calculation gives the classification of degree 2 del Pezzo surfaces

of maximal trace over [Fg.

Proposition 75. There are 14 non-isomorphic maximal del Pezzo surfaces of degree

2 over Fig.

Up to automorphisms of P?>(Fy), the anti-canonical models of these

surfaces are given by w? = g;(z,y, z) where:

gl<x7 Y, Z)

92(1'7 Y, Z)

g3<l’, Y, Z)

g4<l’, Y, Z)

g5<l’,y,2)

g6<x7 Y, Z)

g7(I7 Y, Z)

162" + 923y + 10232 4+ 112%y? + 142%yz + 92y + dwyz? + 322°
+16y* + 422 + 17y%2% + 17y + 627

92% 4 42y 4 9232 + 182%y* + 102%yz + 5a?2% + 1021° + 9212
+22y2? + 18x2° + 4yt + 9y’ 2 + 8y?2* + 15y2° + 1727

11z* + 1523y + 11232 + 62%y* + 122%yz + 4222 + day®
+22y%2 + 18xy2* + 3x2° + 11y* + 16y°2 + 16y22% + 5y2° + 62*
4t + 1523y + 13232 + 132%y? + 32%yz + 16222 + 1329°
+102y22 + doy2? + 1722% + 9y* + 15¢°2 + 5y?2? + 5y2® + 112
72t 4+ 52’y + 17202 + 2% + 112%yz + 2222 + 629° + 10292
+5xy2* + 1522° + dy* + 4y32 + Ty?2® + 10y2> + 924

921 + 1323y + 52 + 1322y + 122%y2 + 82222 + 1529°
+10zy*z + Toyz® + 222° + dy* + 2% 2 + Ty? 2% + 15y2° + 62°
St 4 4o’y 4+ 1722 + 14a%y® + 112°yz + 142°2* + 3oy®

+62y%2 + 13zy2® + 1702° + 4y* + 8y3z + 18y% 2% + 14y2® + 52
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gs(z,y,2) = 62* 4+ 32°2 + 5a®y? + 8xyz + 102°2* + 18zxy*z + 6ayz?
+322° + 5yt + 169°2 + 129222 + y2° + 62

go(z,y,2) = 92* 4+ 1423y + 11232 + 112%y? + 162%yz + 12022% + 13233
+9zy%2 + 1day2® + 1022° + 16y + TyP2 + 149222 + 4y23 + 24

go(r,y,2) = 162" + 1423y + 122°2 + 162y 2 + 52?2 + 229° + 162y°2
+9zy2® + 4w + 17y* + 15¢°2 + 69° 22 + 11y2* + 62*

gu(r,y,2) = o'+ 7% + 15232 4+ 132%y* + 20y + 8222 + bay® + 629°2
+5ayz? + 11w2® + dy* + 432 + 159227 + 424

gio(z,y,2) = o' +172% + 5232 + 22%y* + 62%y2 + 16222% 4 18xy® + 102y*2
+16zy2? + 312° + by + 29727 + 11y2° + 112*

qis(w,y,2) = To* + 2%y + 622 + 4o’yz + 152222 + 1lay® + 11ay?z
+6xyz? + 202 + 11yt 4+ 99%2% + 11y2® + 524

gu(z,y,2) = 162" + 223y 4+ 10232 + 162%y* + 8xyz + 5222* + 3y
+18xy% 2 + 1Tay2? + x2® + 17y* + 14y°2 + 222 + 5y2° + 727

A computation shows that the first four quartics, g;(x,y, z), have 2 automorphisms

each, the next has 4, the next two have 6, the next three have 8, the next one has 9,

and the final three have 24 each.

We note that

115 4 1 2 3 1 3
T.(19) = — = -4 -4+ 2424 4 2
7(19) 36 2 176 s o ar

so these quartics account for all surfaces of maximal trace. This is the last case in
which we intend to completely classify the del Pezzo surfaces of degree 2 of maximal

trace. For [Fy3 we first see a quartic fy(z,y, z) with trivial automorphism group such
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that w? = fy(z,y, 2) is the anti-canonical model of a del Pezzo surface of maximal

trace.

Proposition 76. There are at least 19 distinct isomorphism classes of degree 2 del

Pezzo surfaces of mazimal trace over Faz. The equations w? = g;(z,y, z) where

g(z,y,2) = 18z* +182%y + 1122 + 92y* + 112%yz + 4222% + Sxy?
+132y%2 + 20y2® 4 Tz + y* + 8y?2? + 11yz® + 924,
gz, y,2) = 4ot + 23y + 122°2 + T2%y? + 102%yz + 82°2% + bay® + 18y

+162y2* 4+ 1022° + 8y* + 1992 4 4% 2> + byz® + 132°,

are anti-canonical models of surfaces of mazximal trace. Fach of these quartics has

no non-triwvial automorphisms.

PrROOF. Computation shows that 77(23) = 98 = 16 + 2. It takes at least 19
unit fractions to reach this sum. The two quartics in the proposition statement come
from carrying out the process described above starting with a 7-tuple of points of

P%(Fy3) in general position. O

We now turn to a different aspect of these counts. By studying congruence prop-
erties of the sextic polynomial in the numerator of T;(q) we can show that over
certain fields F, there must exist a maximal trace surface with anti-canonical model

w? = fy(x,y,2), where fy(z,y,2) has an automorphism of given order.

Proposition 77. Suppose that q is an odd prime power.

(1) If g =1,2,4 (mod 7) then there exists a quartic fy(z,y,z) with an automor-
phism of order 7 such that w? = fy(z,y,2) is the anti-canonical model of a

del Pezzo surface of degree 2 of mazximal trace.
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(2) If g =1 (mod 8) then there exists a quartic fi(x,y, z) with an automorphism
group of order divisible by 32 such that w?* = f,(x,y, z) is the anti-canonical
model of a del Pezzo surface of degree 2 of maximal trace.

(3) If g =0 (mod 9) then there exists a quartic fo(x,y, z) with an automorphism
group of order divisible by 9 such that w* = fy(x,y,2) is the anti-canonical

model of a del Pezzo surface of degree 2 of maximal trace.

Proor. We know that

(g —7)(q—5)(q— 3)(¢g* — 20¢> + 119q — 175)

T =
(@) 293157 ’

is equal to the sum of |Aut(C)|™! taken over all non-isomorphic quartic curves C
giving anti-canonical models of del Pezzo surfaces of maximal trace. We consider
each of the prime powers dividing the denominator.

If there is a 7 in the denominator, for example, then one of these automorphism
groups must have order divisible by 7. Since 7 is a prime, this in fact shows that
there is an automorphism of order 7. Carefully considering congruence properties of

values taken by the numerator of 7%(q) completes the proof. U

The congruence condition on T7(q) allows ¢ = 6 (mod 9) in the third statement,
but this does not occur for g equal to a prime power. We could give conditions for
smaller prime powers, for example congruence conditions on ¢ that guarantee the
existence of a quartic fy(z,y,z) with an automorphism of order 3 and giving the
anti-canonical model of a maximal trace surface, but we do not pursue this here

because such a condition will not determine the curve uniquely.

Corollary 78. Suppose that q is a prime power.

(1) If ¢ = 1,2,4 (mod 7) then there exists a homogeneous quartic fi(x,y,z)

such that w* = fy(z,y,2) is the anti-canonical model of a del Pezzo surface
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of degree 2 of mazimal trace, and some lift of fi(x,y, z) is isomorphic to the
Klein quartic curve.
(2) If ¢ = 1 (mod 8) then w* = z* + y* + 2%, the Fermat quartic, gives the

anti-canonical model of a del Pezzo surface of degree 2 of maximal trace.

PrRoOOF. The Klein quartic is the unique quartic curve over C with an automor-
phism group divisible by 7 and the Fermat quartic is the unique curve over C with
an automorphism group of order divisible by 32. Therefore, a curve over F, with
an automorphism group of size divisible by 7 must have some lift isomorphic to the
Klein quartic. We cannot write down a model of the Klein quartic that works in
general here because the automorphisms are not all defined over Q. For example, in
one model of the Klein quartic we need —7 to be a square in F, in order for all of the
automorphisms to be defined over F,.

Similarly, a curve with the order of its automorphism group divisible by 32 must
have a lift isomorphic to the Fermat quartic. All of the automorphisms of the Fermat

quartic are defined over any field F, with ¢ =1 (mod 4). O

We note that for ¢ = 5 (mod 8) the Fermat quartic appears to give the anti-
canonical model w? = x* + y* + 2z* of a smooth surface of trace —5.

We can give similar kinds of results for quartics f4(z, y, 2) such that w? = fy(z, v, 2)
is the anti-canonical model of del Pezzo surface with ¢> 4+ ¢+ 1+ 6¢q F,-points. These
surfaces are not maximal, but are near maximal. As we saw in the previous section,

such a del Pezzo surface has a one-dimensional lattice generated by (—2)-curves.

Proposition 79. Suppose that q is an odd prime power.

(1) If ¢ =1 (mod 4) there exists a quartic fy(z,y,z) with an automorphism of
order 5 such that w? = fy(z,y,2) is the anti-canonical model of a del Pezzo

surface of degree 2 of trace 6.
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(2) If ¢ = 1 (mod 8) there exists a quartic fi(z,y,z) with an automorphism
group of order divisible by 16 such that w?* = f,(x,vy, z) is the anti-canonical
model of a del Pezzo surface of degree 2 with trace 6.

(3) If ¢ = 1,2,4,8 (mod 9) there exists a quartic fi(x,y,z) with an automor-
phism of order 3 such that w*> = fy(x,y, z) is the anti-canonical model of a

del Pezzo surface of degree 2 with trace 6.

It will be useful for this proof and in the arguments that follow to define the

analogue of T7(q) for trace 6 surfaces. Let

(¢ —T7)(g —5)(g = 3)(¢° — 20¢* + 119q — 175)
28.32.5

Ts(q) =

This is aﬁ‘w(%m divided by |GL3(F,)|. Just as T7(q) is the sum of [Aut(C)|~! over
all non-isomorphic curves fy(z,y, z) with w? = f4(x,y, 2) the anti-canonical model of
a surface of maximal trace, T5(q) is this sum over all non-isomorphic curves C' giving

the anti-canonical model of a surface of trace 6.

PrROOF. We consider the prime factors that occur in the denominator of Tg(q).
Studying congruence properties of the quintic in the numerator shows that there is
a factor of 5 in the denominator of Tg(q) exactly when ¢ =1 (mod 4). Similarly, the
denominator of Tg(g) is divisible by 16 when ¢ = 1 (mod 8), and is divisible by 3
when ¢ = 1,2,4,8 (mod 9). O

We can also go through a similar analysis to the one used above for surfaces of

maximal trace in order to study del Pezzo surfaces of near-maximal trace.

Proposition 80. There is a unique del Pezzo surface of degree 2 of trace 6 over Fy.
Up to automorphisms of P*(Fy), its anti-canonical model is given by the homogeneous

quartic w? = z* — y* + 2y

PROOF. We compute Ts(q) = 1—16. We found this quartic by starting with a 7-tuple

of points in P?(F,) in near general position and following the procedure to produce
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an equation of the form w? = fy(x,v, z) described above. We get the quartic

fa(z,y,2) = 2ax’y+ (2a+ 1)2*y* + 22%yz + (a + Day® + (2a + Day?z

+(a+ Dayz? + (2a + 2)yPz + (a + Dy?2? +2* + (a + Dy*.

We note that this curve has a unique singular point at [z : y : 2] = [0: 0 : 1], since the
24 223 and yz? coefficients of this curve are 0. Some convenient changes of variables
give us the form described in the statement.

It is no longer so straightforward to compute the size of the automorphism group
of this curve. Magma does not return the size of the automorphism group of a
singular curve, but of the normalization of the curve. In this case, the normalization
has 48 automorphisms. However, with our nicer model it is possible to determine the
automorphism group directly. We omit the details of this computation. U

We could continue this kind of analysis like we did above for maximal trace

surfaces. We compute T5(11) = 2—8, so it is already clear that there is not a unique
surface of trace 6. For ¢ > 13 we see that Ts(q) > 1, so it is not possible for there to

be a unique surface of trace 6.

Proposition 81. The only finite field of odd characteristic for which there is a unique

degree 2 del Pezzo surface of trace 6 is Fy.

We now turn to the values of ¢ for which F, does not have characteristic 2 or 3,

and there are no del Pezzo surfaces of trace 6 or 7. These are ¢ =5 and ¢ = 7.

Proposition 82. There is a unique del Pezzo surface of degree 2 over Fy of trace 5.

Up to automorphisms of P*(Fs), its anti-canonical model is w? = 2(x* + y* + 2*).

PROOF. By Theorem [3|that there are 7750 equations of the form w? = f,(x, v, 2)
that are anti-canonical models of a del Pezzo surface of degree 2 of trace 5. It

is not hard to verify that fy(z,y,2) = 2(z* + y* + 2*) gives one such surface and
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that fy(x,y, z) is smooth. This curve has 96 automorphisms. Therefore, this curve

contributes
|GL3(Fs)|

=775
2-96 0

equations to the total count. [l

The analogous count for surfaces of trace 5 over F; is 10557540. Multiplying by

5

2 | gives 3. Therefore, it is not possible that there is a unique smooth surface

|GL3(F7)

of trace 5 over .

4. Dual Code Coefficients from del Pezzo Surfaces of Degree 2

In this section we prove Theorems [63 and [64] The main idea is to determine the
possible supports of a codeword of weight at most 10 of C;j and of ng and then to
find the number of codewords with given type of support by polynomial interpolation.

Recall that these codes have length ¢ 4 ¢ 4 ¢ corresponding to the nonsingular
points of P(2,1,1,1) with coordinates [w : x : y : z]. The standard affine representa-
tives for P*(F,) are the points (1,a,b), (0,1,a), (0,0,1), where a,b € F,. We choose
affine representatives for the nonsingular points of P(2,1,1, 1) given by (w,p) where
w € F, and p is one of these standard affine representatives for P?(F,). We think
of each point p as having ¢ values of w lying above it, giving ¢ points (w,p) where
w e [,

Suppose c¢ is a codeword of C’éf;l of weight k£ with with nonzero coordinates
ai, . ..,a corresponding to the points {(wy, p1), (w2, ps), ..., (wk, pr)}. These points
are called the support of c. It will be important for us to consider the multiset given
by the projection to P?(F,), {p1,...,pr}. This is a multiset that does not have to
be a set because there can be distinct points (w;,, p;) and (w;,, p;) in the support of
a codeword. We have

k k
a Z a;w; + Z aifa(pi) =0,
=1 =1
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for all @ € F, and all homogeneous quartics fy(x,y, 2z). The only difference if ¢ is a
codeword of ng is that we need only consider @ = 0. In this case, it is clear that
once the multiset {p1,...px} is fixed, we need only choose the values of w; so that
the points of the support are distinct.

It is only possible for this equality to hold for all homogeneous quartics of the
form aw? — f4(x,y, 2) if both sums are zero. Suppose that this is not the case. Then
there is a collection of points { (w1, p1), - .., (wk, pr) } and some collection of coefficients

ai,...,ay for which the first sum oy, | a;w? is nonzero but

k k
a Z a;w; + Z aifa(pi) =0,
=1 =1

for all a and fy(x,y, z). Taking a = 0 shows that this is not possible.
We consider the two sums separately. Let {p|,...,p.} be a maximal subset of
distinct elements of {p1,...,pr}. Then

r

k
Zaz‘f4(l?z') = Zagf(p}) =0,

j=1
where the a’; are expressed as sums of the a;. We focus on the subset of the @’ that are
nonzero. Call this set {b1,...,b,} and the corresponding points {p/, ..., p” }. This
set defines a codeword of weight m < r of C’QLA. The following result, Proposition 1

in [19], narrows down the possibilities for the set {p{,...,p/ }. This result is a step

in the direction of the Cayley-Bacharach theorem.

Proposition 83. Let Q = {p1,...,p,} C P? be any collection of n < 2d + 2 distinct
points. The points of Q fail to impose independent conditions on curves of degree d
if and only if either d 4+ 2 of the points of Q0 are collinear or n = 2d + 2 and <) is

contained in a conic.

We apply this to the case d = 4 and conclude that if £ < 10 points fail to impose

independent conditions on homogeneous quartics then either 6 points lie on a line or
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k = 10 and these points are contained in a conic. In the case of 10 points, either 6
points lie on a line, all 10 points lie on a smooth conic, or the 10 points lie on a conic

given as the union of two lines, exactly 5 points on each.

Corollary 84. Either the set {p/,...,p} consists of m collinear points, or m = 10
and this set is contained in a smooth conic, or is contained in two lines, exactly 5

points on each.

PROOF. Suppose this is not the case. By the previous proposition, the set
{py,...,pl.} contains 6 points on some line L and at least one point not on L.
Consider such a configuration that has the minimal number of collinear points. We
rearrange these points so that {p{,...,p/} is this set of collinear points. We see that

[ > 6. Without loss of generality suppose p/, is not on L.

Consider any dual codeword with support {p/,...,p! } and nonzero coordinates
bi,..., b, with each b; # 0. For any 6 collinear points, for example p7, ..., pg, there
is a dual codeword supported on these points with coefficients ¢y, ..., cg. Subtracting

the appropriate scalar multiple of this codeword gives a dual codeword with the

coordinate corresponding to p{ equal to 0. The support of this codeword is contained

in {p5,...,p! }. The number of collinear points of the support of this codeword is at
most [ — 1, contradicting the above assumption. l

This gives a complete description of the possible supports of a codeword of weight

at most 10 of 02%4. We now return to the dual codewords of weight at most 10 of C;j

and C§.

Proposition 85. Let ¢ be a codeword of weight at most 10 of either C;j or C'ch with
support {(w1,p1), ..., (We,pr)}. Let {p},...,pl.} be the underlying set of points p;.

(1) If k <9 then the set {p},...,p.} either consists of at most four points, or is

contained in a line together with one point not on the line.
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(2) If k =10 and r < 10 then the set {p},...,p.} either consists of at most five
points, or is contained in a line together with two points not on the line.

(3) If k = 10 and r = 10 then the set {p},...,p\o} either consists of ten points
on a line, ten points on a smooth conic, or ten points contained in two lines,

exactly five points on each.

PROOF. Suppose ¢ has nonzero coordinates aq, ..., a; corresponding to the points
of its support. For each p; € {p},...,p.} let a; be the sum of a; for all points of the
support (w;, p;) with p; = p}. Let {by,..., by} be the multiset of a; that are nonzero
and let {p},...,p"} be the corresponding set of points. As above, the coordinates
{b1,...,bn} determine an element of C5, of weight m. The third statement follows
directly from Corollary That result also shows that if m < 10 then the points
{py,...,pl } are collinear.

Suppose p; is such that (wj,,pj),..., (wj,,p;) are points of the support of ¢ with

nonzero coordinates a;,, ..., a;,. Then

l
> aifalpy) =0
=1

implies that 22:1 a;, = 0. Therefore, [ > 2. It is possible to have [ = 2 since
afs(p;) + (—a) fa(p;) = 0 for all fy(x,y,z). Therefore, the set {p},...,p} consists of

m > 6 collinear points together with at most [*5™ | other points. U

This result classifies the sets {p}, ..., p.} that occur for a dual codeword of weight
at most 10. The next goal is to count the number of codewords that have a spe-
cific type of underlying set. For weight at most 7 it is not so difficult to give ex-
plicit formulas the number of codewords with each possible type of underlying set
{p},...,p.}, but for weights 8,9, and 10 the counts become very intricate. We de-
termine these counts by showing that for each weight k£ < 10 and each possible type

of set {p{,...,p.}, the number of codewords of Cy} and of C§} of weight k with
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this type of underlying set is given by a polynomial in ¢, with a single exception.
The count for weight 10 codewords of Céf;l where {p,...,pl.} are 10 points on a line
involves 7(q). We consider this case separately.

We recall the definition of a code restricted to a subset. For a code C' over IFéV and
a set {i1,...,ix} C [1, N], the code C restricted to this set is the image of the map
taking ¢ = (¢1,...,cn) to ¢ € IF(IJV*’“ where all of the coordinates except ¢;,, ..., ¢;,

are omitted. This map is not necessarily injective. In this case, C restricted to this

set is actually a multiset of codewords.

Lemma 86. Let C' denote either the code Cj 4 or the code C5,. Let

S = {<w17p1>7 ceey (wkvaC)}

denote a subset of distinct points of P(2,1,1,1). Let C'|s denote the code C" restricted
to the coordinates corresponding to points of S. The number of codewords of C'* of
weight v supported on S is given by the X*"Y" coefficient of

1

PrROOF. This is a straightforward application of the MacWilliams theorem and
the definition of a dual code coefficient of a code that comes from evaluating polyno-
mials. When the set .S is small it is possible that codewords corresponding to distinct
polynomials can be equal, that is, the kernel of the map taking a polynomial to an
element of F’; is non-trivial. In this case the size of the kernel is cancelled by the

appropriate factor of |C’|7L. O

As an example, we determine the number of codewords of weight at most 10 of
ng supported on the ¢ points (w, p1), where p; is fixed and w € F,. Such a codeword
has underlying set {p},...,p.} = {p1} in the notation defined above. It is clear that

there are no such codewords of weight 1.
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Suppose that ¢ is a codeword of weight 2 with support (wy,p;) and (ws, p;) and
nonzero coordinates a; and as. By definition wy # wy and ay fy(p1) + azfa(p1) =0
for all homogeneous quartics fy(x,y, z). Therefore, ay = —a;. This gives ¢ — 1 such
codewords. We check that this matches the computation from the previous lemma.

There are ¢'® homogeneous quartics fi(z,y, z) and ¢'* of them vanish at a given

point p;. This gives
WC’|S(X7 Y) — q14X2 + (q15 o q14)Y2-
Therefore

Q%chs(X +(g-1)Y,X-Y) = % (X + (@ -1)Y)+ (" — (X =Y)?)

= X2+ (q_ 1)Y27

for the set S consisting of these two chosen points.
We can similarly count the number of such codewords where w; and w, are allowed
to vary. This multiplies the previous count by @, which we could also see from

the weight enumerator of the punctured code. We have

SWors(X +(g= DY X = Y) = (X + (g = DY)+ (g = (X - Y))

—1)2
— Xq+<q 2>qu2y2+<

R S !

For a weight k& codeword supported on points of the form (w,p;) the k values of
w; can be chosen arbitrarily as long as they are distinct, and the nonzero coordinates
a; can be chosen arbitrarily as long as they sum to 0. It is clear that for all £ the
number of codewords of this type is a polynomial in q.

We now investigate the codewords supported on points of the form (w,p;) of

C’;j A weight k codeword still comes from choosing the nonzero coordinates a; that
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sum to 0, but there is now the additional condition that Zle a;w? = 0. We have
ap = —(a1 + -+ ak_l).

We first choose k distinct values wq, ..., w,. The goal is to count solutions to

ar(w] — wy) + az(wy — wi) + -+ + ap- (wy_y — wp) =0,

such that each a; is nonzero. Since w; # wy, for j # k the only way for w]z —wi=0
is for w; = —wy. We see that this can hold for at most one value of j € [1,k — 1].
We consider two cases based on whether there is a term w?- — w} = 0 for some
j < k. We claim that in each case the number of solutions with each a; # 0 is given
by a polynomial in g. We prove this by induction on k. This holds for £ = 1 where

we note that all solutions correspond to the case where w? — w3 = 0. Suppose this

holds for all Kk <m — 1.
First suppose that there is some j < m for which w]z — w} = 0. Without loss of

generality, suppose that w? —w? = 0. Then a; can be any nonzero element of [y and

az(wy = wy,) + -+ o (W, —wy,) =0,

where each wjz — w2 # 0. By induction, the number of such solutions ay, ..., am_1
with each a; nonzero is given by a polynomial in g.

We now consider the case where each w? — wi # 0. There are ¢*~2 solutions

ai,...,ax_1, but we only want to count the ones for which each a; # 0. By letting
a, = a;(wf —w?)~!, we see that this does not depend on the choice of wy, ..., wy. We

need only note that for each k, the number of solutions of a; + - - - + a5_1 = 0 where

each a; is nonzero is given by a polynomial in ¢. We summarize this below.

Lemma 87. For each k < 10, the number of codewords of weight k of C;’j that are
supported on points of the form (w,p;) where w € F, and py is fived, is given by a

polynomial in q.
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We can find these polynomials explicitly by Lagrange interpolation. We note that
the number of codewords of weight % is bounded by ¢?*, the number of possibilities

for the nonzero coordinates aq, ..., a, times the number of possibilities of the points

(w17p1)7 ) (wlmpl)‘

Corollary 88. The contribution to the weight enumerator of C’éf;l from codewords of
weight at most 10 that are supported on points of the form (w,p;) where w € F, and
p1 1S fixed, is given by

10 Ai(q)
(q— 1)22 i\4 Xq3+q2+q—jyj’

=

where the A;(q) are given by:

Ax(q) = 1 As(q) =(¢—-3)(qg—2)
Aia) = (4-3)(a—2)(¢" —3¢+6)
A5(q) = (a—4(a—-3)(g—-2)(¢’ —44¢* +6¢ - 10)
As(q) = (¢=5)a—9(qg—3)(qg—2)(¢" —5¢" +10¢> —10¢ + 15)
Ar(q) = (¢-6)(a—5)(a—4)(a—3)(¢—-2)(¢"— 6¢" +15¢° = 20¢° +15¢ — 21)
A0 = @=Ta=0)a =50~ 1) (a3~ (¢~ T+ 204" - 35°
+35q2—21q+28)
Ao(q) = (¢—=8)(¢=7)(¢=6)(¢—5)(¢—4)(¢—3)(¢—2)
X <q7—8q6—|—28q5—56q4—|—70q3—56q2—|—28q—36>
Aw(g) = (@=9)(g—=8)(¢—T7)(¢—06)(¢—5)(¢—4)(¢—3)(¢—2)

X <q8—9q7+36q6—84q5+126q4— 126 ¢° + 84 ¢* —36q—|—45).

Allowing different choices of p1 multiplies this expression by ¢* + q + 1.
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It is easy to give a similar result for C’ch but we do not exhibit it here.
The same argument gives a similar statement for dual codewords ¢ of either C’éf;l or
ng of weight at most 10 supported on the 5¢q points of the form (w,p), ..., (w,ps),

where each p; is fixed and w € F, is allowed to vary. Such a codeword of weight

k < 10 with nonzero coordinates aq, ..., a; satisfies
k
Zaif4(pi) =0,
i=1

for all homogeneous quartics fi(z,y, z). By Corollary [84] for each j € [1,5] the sum

of the a; taken over all ¢ such that p; = p; is zero. For C’;f;l the inclusion-exclusion

needed to determine these counts exactly becomes complicated, but the arguments
?>+q+1

given above show the following. We note that there are ( p ) ways to choose k

points in P?(F,), and this is a polynomial in ¢ of degree 2k.

Proposition 89. Let C" denote the code Cy 4 or C5 4. The number of codewords of
C'™t of weight k < 10 with support {(w1,p1), ..., (wig, p1o)} such that the multiset
{p1,...,p10} contains at most 5 distinct points is given by a polynomial in q of degree

at most 4k.

Using this result and inclusion-exclusion it is possible to find for each £ < 10 and
for each j satisfying 1 < j < 5 the number of such codewords of weight k£ such that
{p1,...,p10} contains exactly j distinct points. For example, the number of weight
10 codewords of C’;f;l such that the set {p1,...,p1o} contains exactly 5 distinct points
is

<q2 +aq+ 1) (¢-1)"q"
5 32
The initial factor comes from choosing 5 points in P?(F,) and the rest comes from
counting codewords supported on 5 chosen points.

We next turn to one of the more complicated types of support described in Corol-

lary [84] namely 10 points on a smooth conic.
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Proposition 90. The number of codewords of C’jA of weight 10 supported on a given

smooth conic is (q —1)(%}).

ProoF. We claim that given any 10 points on a smooth conic there is a unique
dual codeword supported on these points up to scalar multiplication. The count
is given by ¢ — 1 times the number of collections of 10 points on a smooth conic.
By Bézout’s theorem a quartic intersecting a given conic at 9 points py, . .., pg must
contain that conic. Given such a collection and any additional point of the conic piq

We can express
9

f4(p10) = Zaif4(pi)a
i=1

for a unique linear combination aq, ..., a9, completing the proof. O

Lemma 91. Suppose that ¢ is a weight 10 codeword of 02%4 supported on a smooth
conic. Then the product of the nonzero coordinates of ¢ is —1 times a nonzero square

N *
m JFq.

We recall that a diagonal quadric in P™(F,) defines a plus quadric if the product
of the diagonal coefficients takes the same value that (—1)% does under the quadratic
character on ;. This follows directly from taking the product of the relevant Gauss
sums. This lemma gives exactly the condition required for a diagonal form in 10

variables with these coefficients to define a smooth plus quadric in P%(F,).

PROOF. A smooth conic has g+ 1 points so if g+ 1 < 10 there is nothing to prove.
For ¢ = 9 we can verify this proposition directly by looking at the dual of the code of
quartics restricted to a particular smooth conic, say x? + y? + 22, using the fact that
PGL3(F,) acts transitively on smooth conics. There is a unique codeword supported

on these ten points up to scalar multiplication. We can explicitly compute the linear
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relation satisfied by these ten points
10
Zazf4(pl) = 07
i=1

for all quartic polynomials f4(x,y, z). In each case, the product of the g; is a square.

Now suppose that ¢ > 9. A smooth conic is given by a quadratic embedding
(2% : zy : y?] of P}(F,) after a change of coordinates. A homogeneous quartic restricted
to this conic is just a homogeneous polynomial of degree 8 in x and y, the coordinates
of the original P*(F,). Therefore, 10 points on this conic fail to impose independent
conditions on these quartics. The statement to be proven is equivalent to showing
that the product of the nonzero coordinates of a weight 10 codeword in the dual of
the code of homogeneous degree 8 polynomials on P!(F,) takes the same value as —1
under the quadratic character.

Given 10 points py, . .., p1g on P!(F,) we apply an automorphism of P!(F,) so that
[1: 0] is not one of these points. We dehomogenize and suppose that these points are

represented by 1, ..., 219 in F;. We define

= . r — T al ik\T) = Q(l’)
Q@) = [[(@ =), and Ryn(x) = =50,

=1

for each pair j, k satisfying 1 < 7 < k < 10. There is a linear relation among these
points

cf(zy) + -+ cof(r0) =0,

for all f(z) of degree at most 9. Let f(z) = R;i(z). Note that R;;(x)) # 0. Then

C; Rjr(z)
R (2 R; =0, and o =Ry
i) + cxBye(a) =0, andso L = (=1) P
We have
10 9 10

a__ Gy 11 Ryi(a1)

¢j 03 cCip pales Ryi(x;)
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Multiplying the left hand side by (cs---c10)* we see that it is a square times the
product cics - - - ¢19. The right hand side is

H£2<xi - 551)8

H2§1;<j§10(95i —z;)(v; — ;)

(=1)

This is —1 times (—1)(3) = 1 times a square, completing the proof. O

Proposition 92. The number of weight 10 codewords of C;f;l that have support
{(w1,p1),- ., (Wi, pr0)} such that py, ..., p1o are 10 distinct points on a smooth conic

in P*(F,) is

(¢—1)(¢" — ¢*) (q;;l) (¢" + (¢ — 1)g").

The number of weight 10 codewords of ng with support {(wy,p1), ..., (Wi, P10)}

such that py,...,pio are 10 distinct points on a smooth conic in P*(F,) is
q+1
(¢ —1(¢" - qz)( 0 )q”’-

PROOF. The number of smooth conics in P?(F,) is ¢° — ¢*. The number of pos-
sibilities for pi,...,p1o lying on a particular smooth conic is given by Proposition
90l

By the previous lemma, if ¢ is a weight 10 codeword of C’;f;l that has support
{(w1,p1),- -, (w9, p10)} with nonzero coordinates ay, ..., a9 and py, ..., pio satisfy-

ing the conditions of this proposition, then

10
g a;w? = 0.
i=1

Since Hg1 a; is —1 times a nonzero square, Zgl a;z? defines a plus quadric in
P?(F,). Such a quadric has qq9__—11 + ¢* F,rational points. Taking scalar multiples of
these projective points and adding in the possibility (ws,...,w1e) = (0,...,0) gives

q° + (¢ — 1)q* possibilities for (wy, ..., w).
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If ¢ is a weight 10 codeword of ng satisfying the conditions of this proposition

then there are ¢'° possibilities for (wy, ..., w). O

Now suppose that ¢ is a codeword of weight k£ < 10 of C;f;l or of C§y that
has support {(wy,p1),- .., (wk, pr)} and nonzero coordinates ay, ..., a;. Consider the
multiset {p1,...,pr} and the underlying set {p},...,p.}. Let @ be the sum of the
a; such that p; = p;-. As we discussed above, some of the r values af, ..., al may be
zero. Let by,..., b, be the set that are nonzero. We have analyzed codewords with
P1, ..., P10 lying on a smooth conic and codewords where each a) = 0.

We now consider the case where the points {p],...,p.} are collinear. We then
consider the case where we have a set of collinear points, and at most two other
points. Let L denote a fixed line in P?(F,). For concreteness, we may suppose that
L is given by z = 0. Suppose we consider the code Cy 4 punctured on all coordinates
except those corresponding to points (w, p), where w € F, and p € L. This punctured
code has length ¢ + q.

In Chapter 3 we studied the quadratic residue weight enumerator of the code
C .4 with codewords corresponding to homogeneous quartics fy(x,y) on P*(F,). We
determined QR¢,,(X,Y;Z) and studied the specialization QR , (X, X2 1). This
latter polynomial tells us the distribution of point counts for the ¢° homogeneous
quartics on P(2,1,1) of the form w? — f;(z,y). This is the a = 1 part of the weight
enumerator of the six dimensional code of homogeneous quartics in the weighted
projective space P(2,1,1) given by equations of the form aw? — fy(z,y). This is
very similar to the setup of the current problem. It is easy to write down the weight
enumerator of the 5-dimensional subcode given by a = 0, and we see that for each
k < 10 the number of dual codewords of weight k is given by a polynomial in q.

We computed a homogenized version of the polynomial QRCL (XX 21) and
then applied the classical MacWilliams theorem to it. Proposition connected

this weight enumerator to the weight enumerator coming from the ¢° homogeneous
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quartics w? = fy(z,y) on P(2,1,1). We note that the preimage in P(2,1,1,1) of
a line in the [z : y : 2] projective plane is a copy of P(2,1,1). After applying the
MacWilliams transformation to this weight enumerator of these ¢° codewords we saw
that the Y% coefficient was a polynomial in ¢ plus a polynomial in ¢ times 7(g). For

each k satisfying 0 < k < 9, the Y* coefficient is given by a polynomial in g.

Proposition 93. The number of codewords ¢ € C’éj of weight 10 with support
{(w1,p1), .., (wig,p10)} such that py,...,p1o are distinct points on a line is equal

to Pi(q) + Px(q) - 7(q), where Pi(q), Px(q) are polynomials in q of degree at most 32.

Proor. This follows directly from Theorem [52| since the code coming from vari-
eties of the form w? — f4(x,y, 2) restricted to a line is equivalent to the code coming
from varieties of the form w? — f,(x,y). To make this more concrete, since PGL3(F,)

acts transitively on lines we can choose the particular line given by z = 0.

The bound on the degree comes from the fact that there are at most (q + 1)'%¢*°
possibilities of {(wy,p1), ..., (w1, p10)} for a given line, at most (¢ — 1) choices of
nonzero coordinates (ay,...,ay), and exactly ¢* + ¢ + 1 lines. O

Proposition 94. For each k < 10, the number of codewords ¢ € ng of weight k with
support {(w1,p1), ..., (W, pr)} such that py, ..., py are contained in a line is given by
a polynomial in q of degree at most 3k + 2.

For each k < 9, the number of codewords ¢ € C;f;l of weight k with support
{(w1,p1), ..., (g, pr)} such that py,...,pg are points in a line is given by a polyno-

mial in q of degree at most 3k + 2.

PROOF. For the degree statement we note that there are at most (q + 1)*¢*

possibilities of {(wy,p1),..., (wk,pr)} for a given line, at most (¢ — 1)* choices of
nonzero coordinates (ay, . . ., az), and exactly ¢>+q+1 lines. The rest of the statement
follows from the discussion above. O
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As a corollary we state the contribution to the weight enumerator of C’éﬁ from
codewords of this type. We found this expression by computing the weight enumer-
ator of (5, restricted to the line z = 0 for many small values of ¢, applying the

MacWilliams theorem, and interpolating.

Corollary 95. The contribution to WC; . (X,Y) from codewords that have support

Wi, P1), ..., (We, Pr)} such that py,...,pr are contained in a line is given b
g Y
10 A(q)
(¢— DX g+ 1)(g* +q+1) ) “LL x o+ raiys,
: J!
J=2

where the A;(q) are:

A2(q) = 1, A3(9)=(a—-3)(g—2)
— 4 3 2
As(g) = (q* —14¢®> +30¢° —48q + 36)
As(q) = (¢—2)(11¢° —51¢* +96¢° — 1204 + 142 ¢ — 120)
_ 9 8 7 6 5 4 3 2
Ag(q) = (q +32¢% —317¢7 +1292¢% — 2979 ¢° + 4390 ¢* — 4646 ¢> + 4195 ¢% — 3510 + 1800)
A7(q) = (¢-2) (q“ +3¢" +71¢% —1059¢% + 5215¢"
—13904 ¢% + 23381 ¢® — 26593 ¢* + 22530 ¢> — 16467 ¢% + 12582 ¢ — 7560)
Ag(q) = (¢—2) (q14 +3¢'% —28¢12 42124 — 3633 ¢'° + 27323 ¢° — 109335 ¢® + 271198 ¢”
—449398 ¢® + 521763 ¢° — 442785 ¢* + 301189 ¢> — 190022 ¢% + 130032 ¢ — 70560)
Ao(q) = (¢g—2) (q” +3¢'0 — 374" —81¢' + 1477 ¢"3 — 14561 ¢'? 4 124477 ¢'! — 681919 ¢*°
42401876 ¢° — 5733040 ¢® + 9629370 ¢7 — 11636558 ¢® + 10325912 ¢° — 6983436 ¢* + 4000252 ¢>
—2277288 ¢ + 1448352 q — 725760)
Ao(e) = (¢® +¢*° —53¢"? —8¢'® +1258¢'7 +1619¢'® — 78694 ¢'5 + 744136 ¢'* — 5008985 ¢**

424916147 ¢*2 — 90514598 ¢! + 242287029 ¢'° — 484799964 ¢° + 732875889 ¢° — 841222633 ¢”
+735105906 ¢° — 494759040 ¢° + 269674245 ¢* — 136112652 ¢° + 74629836 ¢ — 42930000 ¢ + 16329600)

—(q—1)g°7(q).
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The term involving 7(q) exactly cancels with the term involving 7(¢) coming from
WG;4 (X +(¢g—1)Y, X —Y). We can easily give a similar result for the contribution
to the weight enumerator of C§%, but do not write it here.

For small weight codewords we can explain the individual terms contributing
to this sum. For weight 8,9, and 10 there are so many possibilities to consider
that it would be very difficult to write down this polynomial without some sort of
interpolation argument.

For example, we saw above that every codeword of weight 2 that has support
{(w1,p), (ws,p)} has nonzero coordinates a and —a. There are ¢+ 1 choices for p and
must choose w; # wy satisfying aw? — aws = 0. Since 2?2 — 23 = (21 — x2) (71 + T2),
we conclude wy + wy = 0. This gives (¢ + 1)@ such codewords.

A codeword of weight 3 has {(wy,p), (w2, p), (w3, p)} with nonzero coordinates
a,b,—(a +b). There are g + 1 choices of p and (¢ — 1)(¢ — 2) choices of a and b.
We must have aw? + bwi — (a + b)w3 = 0, where the w; are distinct. The equation
az? + bz — (a+b)z? defines a smooth conic in P?(F,), so it has ¢+ 1 rational points.
There are 4 additional points that we do not want to count because of the constraint
that the w; are distinct. These are the affine representatives of the projective points:
{lL:1:1), 11 —1],[1:—1:1],[~1:1:1]}. This gives “23 choices for the
set {wy, wo, w3}, explaining the Y? coefficient.

For the Y* coefficient the support can either be {(wy,p), (w2, p), (w3, p), (w4, p)}
for some point p with the w; distinct, or can be {(w1,p1), (we, p1), (w3, p2), (w4, p2)}
for some choice of p; # py where wy # wy and wy # wy. We can determine the number
of codewords of each type and add them to get this term. We can do something very
similar for the weight 5 coefficient since there are still at most two distinct values of
p that occur.

For weight 6, things become a little more complicated. We consider the set of

(w;, p;) where 1 < i < 6. We can count codewords where exactly 1,2, or 3 distinct
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values of p; occur as above. However, it is possible now that all of the p; are distinct.

In this case,
6

> aifa(p) =0 for all fi(z,y),

=1

so these six points and the nonzero coordinates a; define a weight 6 codeword of
C’fA. We have seen that any 6 points support a unique such codeword up to scalar
multiplication. Moreover, for such a codeword the product of the a; is a nonzero
square if ¢ = 1 (mod 4), and is a non-square if ¢ = 3 (mod 4). Therefore 3.0 a2
defines a plus quadric in P5(F,), which has exactly ¢* 4+ ¢* + 2¢* + ¢ + 1 F,-points.
Taking scalar multiples and adding in the case where (wy,...,ws) = (0,...,0) gives

¢° + (¢ — 1)¢?. The number of codewords of this type is
qg+1
(q - 1)( 6 )(q5 + (g~ 1)g*).

Adding these terms gives the weight 6 coefficient.

The weight 7 coefficient is the last case we analyze in complete detail. We deter-
mine the counts where 1,2, or 3 distinct values of p; occur as above. We determine
the number of codewords such that the 7 values of p; are distinct using the number
of weight 7 codewords of Cf,. The resulting quadric in PS(F,) given by 3°;_, a;a? is
smooth, and all such quadrics have the same number of rational points.

The more complicated situation in where exactly 6 distinct points p; occur among
these 7 points and one occurs twice. For this repeated point there are two nonzero
coordinates a, b such that a + b # 0. Given a choice of 6 points there is a unique

w total choices of this pair

codeword of C’fA supported on them. There are
{a,b}. When considering the possibilities for (wy, . .., w;) that lie on a smooth quadric
in P°(F,) we must subtract the number of points for which the two w-values above
the point p occurring twice are equal. Restricting a smooth quadric to a hyperplane

r; = x; gives a smooth quadric in P*(F,). Since the coefficients attached to the 6

distinct points that occur define a weight 6 codeword of CfA, this is a plus quadric
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in P°(FF,). Taking scalar multiples gives an extra factor of ¢ — 1. Therefore, the total
number of codewords of this form is

o141 a=2

6 5 -1+ + P+ +q+1) — (" + P +2¢> +q+1)).

Adding these terms gives the weight 7 term. We will not explain the weight 8,9, and
10 coefficients in detail, but use the fact that the remaining terms are polynomials in
q to find them by interpolation. We checked these calculations well past the bound
on the degree of the resulting polynomials in order to get a check on the consistency
of the output.

We now turn to the next possibility for the support of a codeword of C;ﬁ or ng
of weight k£ < 10. Suppose that such a codeword has support {(wy,p1),..., (W, pr)}
such that {py,...px} is contained in a line together with two points, and has nonzero
coordinates aq, ...,ax. Let {p},...,p.} be the distinct values of p; that occur. For
each ¢ satisfying 1 < i < r let a; be the sum of the a; corresponding to points of
the support (w;, p;) satisfying p; = p,. Consider the set {by,..., by} of these a} that
are nonzero, and the corresponding set of points {p{,...,pl.}. We see that this set
of p must be contained in a line. In the case where this set is empty, it is easy to
count codewords of this type using the techniques described above. When this set is
not empty, the nonzero coordinates b; and the corresponding points give a weight m
codeword of Cf, so 6 < m < 10.

We have already analyzed the case where the set {py, ..., px} is contained in a line
L. The only interesting case left is where this does not occur, when some elements of
this multiset of k£ points are equal to the two chosen points not lying on L. Let p’ be
one of these points not lying on L. In order for this ¢ to give a dual codeword, the
sum of the nonzero coefficients for points (w, p) in the support of ¢ with p = p’ must
be equal to zero. Therefore, we need only investigate a few new types of possible

supports of codewords.
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We describe these codewords by describing the multiset {pi,...,pr}. The only
weight 8 codewords of this type have 6 distinct points on a line, and one point off the
line with two w-values above it. For weight 9 there are a few possibilities. There can
be 7 distinct points on the line and one point off the line that occurs twice. There
can also be 6 points on the line, one occurring twice, and a point off the line that
also occurs twice. Finally, there can be 6 points on the line each occurring once, and
one points off the line occurring three times.

For weight 10, we can have 6 points on the line each occurring once, and one point
off the line occurring four times. We can have 6 points on the line each occurring
once, and two distinct points off the line, each occurring twice. We can have 6 points
on the line, exactly one occurring twice, and one point off the line occurring three
times. We can have 6 points on the line, exactly two occurring twice, and one point
off the line occurring twice. We can have 6 points on the line, exactly one occurring
three times, and one point off the line occurring twice. We can have 7 distinct points
on the line each occurring once, and one point off the line occurring three times. We
can have 7 distinct points on the line exactly one occurring twice, and one point off
the line occurring twice. We can have 8 distinct points on the line each occurring
once, and one point off the line occurring twice.

Counting each such configuration is tedious, but the arguments given earlier in
this section imply the following. Again, this result is related to the analogous result

for P(2,1,1), Proposition 541

Proposition 96. Let C' denote either the code Cy 4 or C5,. For each k € [8,10], the
number of weight k codewords of C'*+ with support {(wy,p1), ..., (wk,pr)} such that
the underlying set {p),...,p.} of the multiset {p1,...,px} is not contained in a line

but is contained in a line together with two points, is given by a polynomial in q.

We go through a particular example in detail. Similar techniques can be used to

determine the counts for the other cases.
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Suppose ¢ € Céj has support {(wy,p1),..., (ws,ps)} with coefficients ay, ..., as
and that the multiset {py, ..., ps} consists of 7 distinct points. Suppose that p1, ..., pg
lie on a line and p; = pg is a point not on this line. So, w; # wg. Since aq,...,ag
gives a codeword of C’;f;l of weight 6, the product of these coordinates is —1 times a

nonzero square in [ and Z?:l a;x? defines a plus quadric in P°(F,). Therefore,

6

2 2 2
arws; — arwg + g a;w;
i=1

defines a plus quadric in P7(F,) since the product of the coordinates is a nonzero
square in F} and (—1)% = 1. Such a plus quadric has Z?:o ¢; +¢> points. Multiply-
ing by ¢ — 1 to account for scalar multiples and adding 1 for the solution (0,...,0)
gives ¢" + (¢ — 1)¢* solutions.

However, we must take into account the additional constraint that w; # ws. We

count the number of solutions that violate this condition. We see that (wy, ..., wg)

must satisfy
6
Z aiwf =0,
i=1

the equation of a plus quadric in P°(FF,). Multiplying by ¢ — 1 for scalar multiples
and by ¢ to account for the value of w; and then adding in the solutions where

(wy,...,we) = (0,...0) gives
g+aqlg— D"+ +2¢ +q+1)=¢ +¢*qg—1)

solutions. Subtracting gives ¢” — ¢° total possibilities for (wy,...,ws). We multiply
this by (¢—1) (qgl), the number of choices of ai, ..., ag and pq, ..., ps, and by ¢ +q+1
to account for the number of choices of lines. We also have ¢? choices of p; not on
that line. In total this gives

6 — ("= ¢°

(q2+q+1)q2(q—1)(q+1)qg1
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total dual codewords of weight 8 with support of this type. We could perform a
similar type of analysis for other possible supports, but it is enough for our purposes
to know that these counts are given by polynomials and then interpolate.

We now consider the final possibility for the support of a codeword.

Proposition 97. Let c € 6’2%4 be a codeword of weight 10 with support consisting of
ezxactly 5 points on each of two lines.
The number of such codewords is

(-0 +a+ ) TERI(7)

PROOF. The argument of Proposition shows that any 10 points of a conic
fail to impose dependent conditions on quartics, but we also know that if there is
no subset of 6 collinear points then any subset of 9 of these points does impose
independent conditions. Therefore we need only count the number of collections of 5
points on each of two lines.

We first choose the point of intersection of these lines and then note that there

(g+1)q

are ~—— pairs of lines intersecting at this point. For each of these two lines there

q

5) ways to choose 5 points not including the intersection point. Taking scalar

are (

multiples gives an extra factor of ¢ — 1. This completes the count. O

Lemma 98. If ¢ is a weight 10 codeword of C’Qf4 supported on the union of two lines

then the product of the nonzero coordinates of ¢ is —1 times a square in F}.

PROOF. We let {p1,...,ps} be the five points on the first line and {q1,...,¢5} be
the points of the second line. Let p’ be the point of intersection of these two lines. We
note that there is exactly one codeword supported on the points py,...,ps,p’ up to
scalar multiplication, and exactly one supported on ¢i,...,qs,p’ up to scalar multi-
plication. Taking the appropriate scalar multiples so that the coefficients of p’ match,

the difference gives a dual codeword of weight 10 supported on py,...,ps5,q1,...,q5.
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Taking all possible pairs of lines and collections of 5 points on each line satisfying
these conditions along with a choice of scalar multiple produces exactly the number
of codewords given in the previous proposition.

The product of the coefficients of the codeword ¢; with support p1,...,ps,p is
always —1 times a nonzero square in Fy, independent of the scalar multiple that we
take, and the same statement is true of the codeword ¢y with support qi,...,¢s,q'.
Now without loss of generality suppose the scalar multiples are chosen so that the p’
coefficient of each is 1. The product of the coefficients of ¢; and ¢s is a square. The

weight 10 codeword that we get from the difference ¢; — ¢, is equal to the product of

the coefficients of py, ..., ps in ¢; times (—1)° times the product of the coefficients of
qi,--.,q5 in co. This is a square divided by —1, since we have omitted the coefficient
of p’ in both ¢; and —¢,. O

This lemma shows that such a codeword of weight 10 with nonzero coefficients

ai,...,ay leads to a plus quadric in P?(F,) given by Z;}il a;z? = 0.

Proposition 99. The number of weight 10 codewords of C;f;l that have support
{(w1,p1), .., (w0, p10)} such that {pi,...,ps} are distinct points on one line and
{p6,-..,p10} are distinct points on another line of P?(F,) is

MG

(¢— )@ +q+1) 5 (5

) (¢" + (¢ — 1)g").

The number of weight 10 codewords of CSy; with support {(wy, p1), ..., (W0, p1o)}
such that {p1,...,ps} are distinct points on one line and {ps,...,p10} are distinct
points on another line of P*(F,) is

(=)@ +a+ 1)@ <q> q".
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PROOF. We first choose one of the ¢*> + ¢ + 1 rational points of P?(F,). The

number of pairs of [F -rational lines through this point is @. The number of ways
of choosing 5 points on each of these lines not including the intersection point is (g)Q.

By the previous lemma, if ¢ is a weight 10 codeword of C’éf;l with support given
by {(w1,p1), ..., (wi, p10)} satisfying the conditions of the proposition and nonzero

coordinates aq, ..., a, then
10
2
Z a;w; = 0.
i=1

The previous lemma shows that Zilil a;x? defines a plus quadric in P(F,). Such a
quadric has % + ¢* F,-rational points. Taking scalar multiples of these projective
points and adding in the possibility (wy, ..., wi) = (0,...,0) gives ¢° + (¢ — 1)¢*
possibilities for (wy, ..., wp).

If ¢ is a weight 10 codeword of ng satisfying the conditions of this proposition
then there are ¢'° possibilities for (wy, ..., w).

Taking scalar multiples of these codewords gives an extra factor of ¢ — 1. 0

Combining the counts for these different types of dual codewords is the final part
of the proof of Theorems [63] and

Before moving on to the next topic, we briefly mention two directions for future
work. First, the main count given by Theorem (3| treats all anti-canonical models
of del Pezzo surfaces of degree 2 the same. It would be interesting to separate
the contribution coming from singular del Pezzo surfaces from the contribution of
the smooth surfaces. Said another way, it would be interesting to determine how
the trace of Frobenius acting on Pic(S) splits up as we vary over all homogeneous
quartics in P(2,1,1,1) given by w? = f4(z,y, z) where fi(x,y, z) is a smooth quartic
on P*(F,), not just a quartic with at most simple singularities. This would require

some new extension of these ideas.
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We have also seen that the Frobenius endomorphism induces a permutation of
the (—1)-curves of S that is given by an element of the Weyl group of E7. Theorem [3|
gives a count closely related to the distribution of the values taken by the trace of
this Weyl group element as we vary over all weak del Pezzo surfaces of degree 2
over [F,. However, many conjugacy classes of the Weyl group of F; can have the
same trace. It would be interesting to see if we could give exact counts for how often
the permutation induced by Frobenius falls into each conjugacy class. We point out
that the asymptotic version of this result mentioned at the end of Chapter 2 is given
by an application of the Cebotarev density theorem, but it is unclear how to obtain

exact counts in general.
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CHAPTER 5

MacWilliams Identities for m-tuple Weight Enumerators

In this chapter we give a self-contained discussion of certain generalizations of the
MacWilliams theorem. After this was written, Irfan Siap pointed out that the main
generalization here, Theorem (102 is already present in the paper [39]. See this paper
for another discussion of this result and some applications. For further applications
of how this result can be used, and for other directions for possible generalization see
Siap’s thesis [42].

In a 1963 article [33], MacWilliams gave an identity relating the weight enumer-
ator of a linear code to the weight enumerator of its dual code. Several authors have
generalized this work in a few different directions. One type of generalization leads to
weight enumerators in more than two variables, such as the Lee and complete weight
enumerators, and to weight enumerators for codes defined over alphabets other than
F,. Another type of generalization considered by several authors is to adapt the
notion of weight to consider more than one codeword at a time. This leads to the
generalized Hamming weights of Wei [53], and to the MacWilliams type results for m-
tuple support enumerators of Klgve [28], Shiromoto [41], and Simonis [44]. Barg [1],
and later Britz [7], generalized these results and gave matroid-theoretic proofs. Britz
[8] also recently described new and broad connections between weight enumerators
and Tutte polynomials of matroids.

We prove a MacWilliams type result that implies the two main theorems of Britz
[7], which in turn imply the earlier results of Klgve [28], Shiromoto [41], and Barg [1].

While these earlier results mostly concern m-tuple generalizations of the MacWilliams
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theorem for Hamming weight enumerators, we give the corresponding m-tuple gen-
eralization of the MacWilliams theorem for complete weight enumerators. Secondly,
where the earlier results concern the analogue of the weight for m-tuples of codewords
drawn from the same linear code C, our result applies for m-tuples of vectors, one
each chosen from linear codes of length N, CY,...,C,, that need not be the same.
In the last part of this chapter we mention some of the ways in which m-tuple

support enumerators are used in the theory of linear codes and give some applications.

1. Statement of Results

We first give the necessary definitions to state MacWilliams’ original theorem
[33]. Let F, be a finite field of ¢ elements, N a nonnegative integer, and C' C IF(JIV
a linear code. Let |C| denote the number of codewords of C, and let (a,b) denote
the usual pairing on Fflv . The Hamming weight of any f € Fév , denoted wt(f), is the
number of nonzero coordinates of f. We define the Hamming weight enumerator of
c,

Wc(X, Y) _ Z ‘X'N—wt(c)Y'wt(c)7
ceC

a homogeneous polynomial of degree N.

Theorem 100 (MacWilliams). Let C' C F) be a linear code and let C be its dual
code. Then

1
Wei(X,Y) = mWC(X +(@—1)Y,X —Y).

Many authors have considered not only the weights of individual codewords, but
weights coming from m-tuples of codewords. We give some terminology from [44].
We will usually denote codewords with superscripts when we are considering more
than one since we will use subscripts to denote the coordinates of a codeword.

Let [N] denote {1,...,N}. For v = (vq,...,vy) € FY

4 » we define the support
of v by S(v) = {e € [N] | wv. # 0}. Note that wt(v) = |S(v)|. If we consider a
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codeword ¢ as a 1 x N row vector then wt(c) is the number of nonzero columns of this
matrix. We define the weight, sometimes called the effective length, of an m-tuple of
vectors (v',...,v™) € (F))™ as the number of nonzero columns of the m x N matrix
with rows v!, ..., v™. This is the size of the union of the supports of v, ..., v™. For
such an m-tuple (v',...,v™) we define its support, S(v',... v™) = U;~, S(v"). For
a subspace V' of FY we define its support as S(V) = [J,c,, S(v). Note that S(V) is
the union of the supports of any set of vectors generating V. We define the weight
of V' as the size of this support.

We begin with the simplest generalization of the Hamming weight enumerator
that considers multiple codewords at the same time. Let C',..., ), be linear codes

over IFfZV . We define the m-tuple weight enumerator by

W[m,]...,cm (X)Y) = Z e Z f(cl, A,

Clecl cmeCp,

where if the m-tuple of vectors (c!,...,c™) has effective length equal to r, then

flct,...,c™) = X¥="Y". One of our goals is to prove a version of the MacWilliams
theorem for this m-tuple weight enumerator.

We now give one of the main theorems of [7]. For consistency we state this as
an identity involving homogeneous polynomials, which is different from, but equiv-
alent to, the original presentation. For E C [N], let A[gl] denote the number of
ordered m-tuples of codewords in C' whose support is £. We also define 2N variables
Xi,..., XN, Y1, ..., Yy that indicate whether a certain position is in the support of
a given m-tuple of codewords. We define the m-tuple support enumerator of a linear

code C' of length N as

SEC (X1, Xw Ve, Yy = Y AP x ] v

EC[N] i€E  jE[N|\E
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where H(c!,... c™) = ngl Hp(c',...,c™), and

Xpif (¢hy...,c5)=(0,...,0)

Yp otherwise

Theorem 101 (Britz). Let C C F}’ be a linear code and let C* be its dual code.

Then

SEZ (X1, X, Vi, V) =
1

|C‘mSE[é”](X1 F (=D, XN+ (= DY, X =Y, Xy — Y.

In this theorem the supports of m-tuples of codewords of C' are related to the
supports of m-tuples of codewords of C*. This support enumerator keeps track of
the supports, not just their sizes. However, given an m-tuple of codewords ¢!, ..., c"
written as an m x N matrix, this weight enumerator tells us only about the positions
of the nonzero columns, not what these columns are.

We next define the complete weight enumerator of a linear code C' C IFéV . Let
20 =0, 21,..., 2,1 index the elements of F,. The complete weight enumerator of a
code C' C Fév is a homogeneous polynomial in ¢ variables, X, X, ,..., X, _,, one for
cach of the ¢ elements of F,. For ¢ = (cy,...,cy) € FY, we define F(c) = [1%, X
where a;(c) is the number of j € [N] such that ¢; = z;. The complete weight enumer-

ator of C is

CWo(Xap, o, Xy ) =D Flo).

ceC
We also define the m-tuple complete weight enumerator of C1,...,C,,. Suppose
¢ € C; for 1 < i < m. For any m-tuple (c!,...,c™), we consider the m x N matrix

with rows ¢!

,...,c™. We define ¢ variables,

X(zo,zo,--.,m)? X(Zo ----- 20,21)5 * * 7X(Z0 ----- 20,2n)) X(207Z01---71317Z0)7 s 7X(Zq7112q717---7zq71)7
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one for each element of Fy". When we have one variable for each possible m-tuple we
always order the variables lexicographically.
Let ag,, i(c's...,c™) be the number of columns of this matrix that are equal
to (ziy,...,2i,)7T. We are not concerned with the positions of the columns equal to a
fixed m-tuple, only the number of such columns. Now let
Pt my Xa(il ,,,,, im) (€hhesc™)
<C AR ) - H (Ziq reerZim, ) )
0<i1,...,im <q

We now define the m-tuple complete weight enumerator as

CW[CT‘T],...,Cm (X(Zoquo)’ S 7X(Zq717~~7zq71)) = Z T Z F(Clv cee >Cm)'

cteC cmeCpm
We also define a support analogue of the m-tuple complete weight enumerator of
linear codes C1,...,C,,. The idea is to consider all possible m-tuples of codewords
and to keep track of which of the ¢™ possible column vectors occurs in each of the

N positions. This is a homogeneous polynomial in N¢™ variables Xp ) where

ZiyyeesZi

1< P<Nand (z,...,2,) € F.

Suppose ¢¢ € C; for 1 < i < m with ¢ = (ci,...,cY). For any m-tuple

(ct,...,c™), consider the m x N matrix with rows c!,..., c™. Let
N
G(c,...,c") = H Gp(cp,...,cp),
P=1
where Gp(c',...,c") = Gp(cp,...,cB) = Xp ey, ..om-
We now define the m-tuple exact weight enumerator of Cy,...,C,,,

Ew[gf],...,cm (X1 (200nz0)s -+ 5 X1 (2gotrmzgo1)s - -+ 3 XN (20020)s + + + 3 AN, (2g—1emrzg—1))
— Z Z G(c', ..., c¢™).
cleC cmeCm
For m = 1 this weight enumerator coincides with the exact weight enumerator in
the book of MacWilliams and Sloane [34]. We note that the m-tuple exact weight
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enumerator contains strictly more information than the m-tuple complete weight
enumerator since it keeps track not only of how many times each of the ¢ possible
columns occurs, but also in what positions they occur. It is clear that this weight
enumerator completely specifies the words of each code C4,...,C,,.

We aim to prove the following generalizations of Theorem

Theorem 102. Let Cy,. .., C,, be linear codes of length N, with dual codes Cf-, . .., C-,

and let 1 be a non-trivial character on Fy. Then

Ewgrlﬂ,m’c% (Xl,(zm...,zo)u S 7X1,(zq,1,...,zq,1)7 oo 7XN,(zo,...,z0)v cee 7XN,(zq71,...,zq,1)) =
1 [m]

Hm |C| EWCh‘..,Cm (}/17(207---730)7 tee 7}/1,(2471,...,,21171)7 s 7YN,(Z(),...,Z())7 ... 7YN,(Zq717---7Zq71))7
i=1 ?

where if (o!,...,a™) € (FY)™ and ap = (ap,...,ap) then,
YP,(O(}),...,QF) = Z w(<ap7 /B>>XP7(/811>18WL)

B=(B1,...3m ) EF

The generalization for m-tuple complete weight enumerators follows easily from

this.

Theorem 103. Let Cy,. .., C,, be linear codes of length N, with dual codes Ci-, . .., C-,

and let 1 be a non-trivial character on Fy. Then

CW[m] (X(Zo,...,zo)u S 7X(zq,1,...7zq,1)) =

1 1
Cit O

1 ]
. C] CWe, o om Yoz Yizgorrza—1) )

where for a = (a1, .., an) € FY,

1/(011 ..... am) = Z w(<a76>)X(61,76m)

B=(B1,--.,Bm) EFP

We use this result to prove the following analogue for m-tuple weight enumerators.
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Theorem 104. Let C4,...,C,, be linear codes over FY | with dual codes CL, ..., C*.

q”’ m

Then

1 - .
(X,Y) = e |C’|W[C1{._”Cm(x + (" =1V, X —Y).
i=1 ?

This result allows one to compare the effective length of m-tuples of vectors drawn

W [m]

Ci,....C4

from different linear codes of the same length, and gives a generalization of an earlier
result of Shiromoto [41] concerning the effective lengths of m-tuples of vectors from
the same linear code C.

In the final part of the paper we discuss extensions to r-th support weight enu-
merators. Wei [53] first considered the r-th generalized Hamming Weight d,.(C),
which is the smallest effective length of an r-tuple of codewords of C' that generate
an r-dimensional subcode of C. Klgve [28] was the first to prove MacWilliams type
relations for these effective length distributions. We first define the r-th support
weight distribution {4 | i > 0} of C' where A!" is the number of r-dimensional
subspaces of C that have support of size exactly .

We define the r-th support weight enumerator of a linear code C,

N
WX y) = AN XNy

i=0

Britz [7] gave a generalization of this weight enumerator that considers not only
the dimension of the subcode but also which of the coordinates in [N] lie in the
support of the subcode. We consider an analogue of this r-th support weight enu-
merator for linear codes of length N, C',...,C,,, not necessarily equal, and see that
things do not carry over so neatly in this setting. We discuss this issue and give some
applications of our results.

We can express an m-tuple of elements of IF(]JV as the rows of an m x N matrix.
A column of this matrix gives an m-tuple (aq,...,q,) € [y If we choose a basis
for F}", we can think of this m-tuple as an element of F{". The resulting code over
[Fy" is no longer linear since it is not closed under scalar multiplication by elements
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of ;" \ Fy, but it is F-linear. Codes of this type are often called additive codes. We
can then think of Theorem [104] as a kind of MacWilliams theorem for additive codes
over [Fj". We will not pursue this interpretation further here, but it may be useful in

future work.

2. The Proof of Theorem 102

We prove Theorem [102] on m-tuple exact weight enumerators using an argument
similar in spirit to one of the original proofs of the MacWilliams identity [33]. Sim-
ilar ideas have been used by Britz and others [7l, 20]. We apply discrete Poisson

summation and a simple lemma on characters.

Lemma 105 (Discrete Poisson summation). Let G be a finite abelian group, H C G
a subgroup, G = Hom(G,C*) the character group of G, and H* = {g§ € G | Vh €
H, g(h) = 1} the annihilator of H in G. For any function ¢ on G define the Fourier

transform of ¢ to be the function on G

Then
(G:H]) ¢(h)= > o(h").

heH h*eH*

See Chapter 12 of [48] for a proof.

In this m-tuple weight enumerator setting we let G = (Ff;] )™ and let ¥ be
a non-trivial character on F,. We identify G and G by identifying the element
g=I(g",...,9™) € (FY)™ with the character that takes h = (h',... h"™) € (F))™ to
w((h,g)). Let C,...,C,y, be linear codes of length N. Consider the subgroup of G™

that consists of elements of the form (¢!, ..., ¢™) where ¢* € C;. This subgroup has

index "™ ([T, |C:) ™ = [T, IGFH.
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PrROOF OF THEOREM [102l. Let

where the function Gp is defined in the previous section. Now we see that

o) = Y v({g.9)e9).

ge(Fy )™
Summing over all (c!,..., ™) with ¢' € C; gives
Z ¢(Cl7 ... C ) Ew[m] Cm<X1,(zo,...,zo)7 cee 7XN,(zq_1,...7zq_1))-

cleCh,....cmeChny,
Discrete Poisson summation implies that this is equal to

! > o(d',....d™).

[T 16 |d16(,”- Ldmect

m

We now consider the coordinates of é(dl, ...,d™) one at a time. Note that

o(dr, ... d™) = > Hw g g™

(g1, g™)e(FN )™ i=1

(glsng™)EFN )™ i=1

where ¢' = (g1, ..., 9;)-
We can switch the order of the sum and product and still account for every

(g',....9™) € (FY)™ exactly once. This sum is equal to

N m
1

P=1(g},,...g)eFy =1
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Let gp = (gb, ..., g%) and dp = (db, ..., d"). We can rewrite the previous sum as

N

II > v(de o) Xeg..p)

P=1 ng]FE”

completing the proof. O

3. Applications of Theorem to Other Weight Enumerators

In this section we deduce Theorem [103] and then Theorem [101] from Theorem [I02]
and then deduce Theorem [[04] from Theorem [103]

PrOOF OF THEOREM [103] For all P satisfying 1 < P < N and all (i,...,4,)

with 0 < 4q,...,%,, < q, set XPv(Zilw-,Zim) = X(Zi17-~~7zim)' By definition, for any fixed

(41,...,%m) the YP (2,0, for 1 < P < N are all equal. We also see that for all P

satisfying 1 < P < N we have Gp(c',...,¢") = X cm). Therefore
Gy = T e
rt - (Zi19"'7zim)
OSil,...,im<q

Taking the sum over all m-tuples satisfying ¢! € C,...,c¢™ € C,, gives the weight
enumerator ng’ﬂwcm(X(ZO,.,_,ZO), ooy X(z4_1,.24_1))» 50 the left-hand sides of the iden-
tities in the two theorems are equal. The observation that Yp’(Z“,...’Zim) = }/(zil,...,Zim)

for all P completes the proof. O

We recall a useful lemma on sums of characters.

Lemma 106. Suppose a = (ay,..., ) € FP\ (0,...,0). Let ¢ be a non-trivial

character on F,. Then

>, (@, f)) = —1.

B=(B1,--,m)EFF\(0,...,0)
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PRrROOF. The map 3 — ¥ ({«, B)) is a character on the finite additive group Fy".
Therefore, the sum of this character over all § vanishes unless it is the trivial char-
acter, which is the case if and only if & = (0,...,0). We see that

m

Z Hw(%ﬂi) ZO—Hw(O) = 1.

B=(B1,-...8m)EF\(0,...,0) i=1

O

PRoOOF oF THEOREM [IQ1l. Suppose for each ¢ satisfying 1 < i < m, C; = C}.
For convenience we write C' := (. For each P € [1, N] set Xp (.. o) = Xp and for
all other m-tuples, set Xp ¢, . 4.) = Yp.

First consider

YP,(Z() ,,,,, ZO) = Z XPv(Bl:"'vBm)'
B=(B1,....0m)EFY

This is equal to Xp + (¢™ — 1)Yp.

Suppose ap = (ab,...,a®) # (0,...,0) and consider

YP,(a},,...,aIg) - Z ¢(<0€Pa 6>>XP,(517---75m)'
B:(/Bl ----- @n)EFZ{‘

In this case, the map that takes g € F;" to ¥({53,ap)) is a non-trivial character on

F,. From the 8 = (0,...,0) term we get Xp and from the other terms we get

Yo Y. W((ap,B)) = —Yp,

B#(0,...,0)
by the above lemma. Therefore, Yp a1, am) = Xp — Yp.

Collecting terms completes the proof. U

PROOF OF THEOREM [104l For any m-tuple (i,...,4,) # (0,...,0) satisfying

0 <ip,...,0%, <gq,set X y equal to Y. Set X, . .,) = X. We note that

Ziq 11 %im,

Yopoi) = D X =X + (" = 1Y

(zil ,...,Zim)EF;’Zn
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Consider an m-tuple (a1, ..., q,) # (0,...,0) satisfying 0 < o, ..., < g. By the

lemma, we have

Yo, am) = X + >, v, B))Y = X =Y.
B=(B1;---,8m)#(0,...,0)
We note that a,...0) (cl, ..., ™) just counts the number of columns of the m x N
matrix with rows ¢!, ..., ¢™ that are equal to (0,...,0)T. Collecting terms completes
the proof.
O

4. Support Weight Enumerators and Applications

Several authors have studied weight enumerators from m-tuples of codewords
from a single linear code C' where these m-tuples are grouped by the dimension of
the subcode that they generate. This leads to the definition of generalized Hamming

weights, which have been studied extensively [26], [53].

Definition. Let C' be a linear code of dimension k. For eachr satisfying1 < r < k we
define the r-th generalized Hamming weight of C', denoted d,.(C), to be the minimum
size of the support of an r-tuple of codewords of C that generate an r-dimensional

subcode of C.

We can now give a definition of r-th generalized Hamming weights for an r-tuple

of not necessarily equal codes C4, ..., C,.
Definition. Let C',...,C, be not necessarily equal linear codes of the same length
N. Suppose there exists an r-tuple of codewords c', ... c" where ¢ € C; that span

an r-dimensional subspace of Fflv . Then we define the r-th generalized Hamming
weight for C, ..., C, to be the minimum size of the support of such an r-dimensional

subspace.
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We note that d,.(Ch,...,C,) does not depend on the order of the codes, only
on the underlying multiset of codes. We also note that codewords c!,...,¢" where
¢’ € C; can generate an r-dimensional subspace of Fév that is not a subspace of any
particular C;. In the case where for each ¢ € [1,m], C; = Cy and C} has dimension
k, we see that for r» < k this is exactly d,(Cy).

First, we recall the following result of Wei [53].

Proposition 107 (Wei). Suppose that C is a code over F, of length N and dimension
k. Then for each r satisfying 1 <r <k—1, d.(C) < d,4+1(C).

A simple example shows that the analogue of this result does not hold when
the codes CY,...,C, are not equal. For example, let C'; be the binary repetition
code of length N and Cy be ]Fév We see that dy(Cy,C3) = N, since any two-
dimensional subspace of FY spanned by ¢! € C} and ¢ € Cy must have ¢! nonzero
and therefore equal to (1,...,1). So, this subspace has weight N. We also note that
d.(Cy,Cy,...,Cy) = N for any r € [2, N] where C; is repeated r — 1 times, since the
nonzero vector ¢! € C; must be (1,...,1).

There is an analogue of the m-tuple weight enumerator that keeps track of the
effective length of collections of codewords of C' that generate an r-dimensional sub-
code. The main fact that allows one to adapt the MacWilliams theorem for m-tuple

support enumerators to give information about only m-tuples of codewords of C' that

span a subspace of dimension r is the following classical result.

Proposition 108. Let D be an r-dimensional subspace ofIFéV. The number of ordered
m-tuples of vectors (d*,...,d™) € D™ that span D is independent of D. It is equal

r—1/ m 7
to [m], := Hi:O (¢" —¢q").
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Let C' be a linear code of length N and dimension k£ over F,. It is now an
elementary observation that

Wc[’m] (X,)Y) = Z[m]rwér) (X,Y).

r=0
Applying the MacWilliams theorem to this weight enumerator gives the following

result originally due to Klgve [28].

Proposition 109 (Klgve). Let C' be a linear code of length N and dimension k over

F,. Then for any m > 1,

2
£

WX Y) = o Sl WX + (@~ DY, X - V).

I
o
S

Il
o

r

Adapting this result for m-tuples of words from different codes is not so straight-
forward. Suppose we have linear codes (1, ..., C,, that are not necessarily the same
and want to consider only m-tuples of codewords (c!, ..., c™) with ¢ € C; that span a
particular r-dimensional subspace D of ]Ff]v . It is no longer the case that the number of
m-tuples spanning D depends only on r. For example, if we choose a one-dimensional
space D, the number of m-tuples spanning D depends on the number of C; that con-
tain D. In general, for a particular space, in order to know the number of m-tuples
of codewords that span it, we must know the dimension of the intersection of this
space with each of the codes C}.

We next consider one of the simplest examples with unequal codes. We will see
that the analogue of Proposition is much more complicated. Let C and C5 be
distinct linear codes over F, of the same length N. Suppose that C'; has dimension
k, Cs5 has dimension [, and C7 N C3 has dimension s. For each subspace of the
code generated by C; and C, that is spanned by some pair (¢!, c?) with ¢! € C)

and ¢ € Cy, we can ask for the number of such pairs of codewords that span this
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subspace. We see that only the pair ((0,...,0),(0,...,0)) spans the zero-dimensional
subspace consisting only of the zero codeword.

We first consider one-dimensional spaces. Suppose we have a one-dimensional
subspace of C7; N Cs. By Proposition , this is generated by [2]; = ¢® — 1 pairs.
A one-dimensional subspace of C; that does not lie in C7; N Cy must have a zero-
dimensional intersection with it, so can only be generated by a pair of the form (c!,0)
where ¢! lies in the subspace. There are ¢ — 1 nonzero vectors in a one-dimensional
subspace of F flv . A similar statement holds for one-dimensional subspaces of C5 that

do not lie in C; N Cy. Adding these up gives
(4= DWE (XY) + (0 = DWE + (g = P, (X,Y),

since we have taken 2(g — 1) of the pairs of vectors generating subspaces in C; N Cy
and ¢ —1—2(qg—1) = (¢ — 1)%
We next consider two-dimensional subspaces of the code generated by C and Cj.

We note that C; \ {C1 N Cy} = O\ Cs.

Proposition 110. Let C; and Cy be linear codes over F, of length N and dimensions
k and [, respectively. Suppose that C; N Cy has dimension s. Then
WHG(XY) = XV 4 (- 1) (WEXY) + WEX ) + (g = )WL, (X,Y)
+ (@ - D@ W (XY)
+ q(g—1) <W(2) X, V) + W (x Y))
Cl\CQ ? CQ\Cl ?
(2
+ (¢— 1>2W<Cl,02>\{01u02}<X7 Y),
where
N
2 2 —ivi
W oyney (X Y) =Y AP XNy
i=0
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and Agz) denotes the number of two-dimensional subcodes of C; that have a one-

dimensional intersection with C; N Cy and weight i, and

N
) LN p@ g N—iy
W<Clac2>\{01UCQ}<X7 Y) - Z BZ X Y s
=0

where BZ@ denotes the number of two-dimensional subcodes of the code spanned by

Ch and Cs but are not subcodes of either Cy or Cy, that have weight 1.

PROOF. The number of pairs of vectors generating a two-dimensional subspace
of CyNCy is [2]a = (¢* —1)(¢* —q). The number of such subspaces is given by
(¢* —1)(¢*—q)/((¢* —1)(¢* — q)). We next consider two-dimensional subspaces
of ('} that are not contained in C7 N Cy. If such a space can be generated by a pair
(¢, c?) then ¢* € C; N Cy. Given such a space, if we first choose ¢? there are ¢> — ¢
choices for ¢!, since the space contains ¢? total vectors. There are (¢° —1)/(¢ — 1)
one-dimensional subspaces of C; N Cy and ((¢* — 1)(¢* — q))/((¢* — 1)(¢* — q)) two-
dimensional subspaces. There are ((¢* —1)(¢*—q))/((¢* —1)(¢* —q)) two-dimensional
subspaces of C each containing (¢*> — 1)/(¢ — 1) = ¢ + 1 one-dimensional subspaces.

Therefore, there are

(" -1 —a) (@+Dg—-1) ¢ *'-1

(> = 1)(¢* —q) -1  g-1

two-dimensional subspaces of (] containing a given one-dimensional subspace of
Cy N Cy. We see that (¢°1—1)/(¢g—1) of these are actually two-dimensional subspaces
of Cy N Cy. Therefore, we have

¢'-1-(¢'-1) ¢—-1_ (@ —¢)¢-1)
q—1 q—1 q(q — 1)

two-dimensional subspaces of C \ Cy that can be generated by a pair (c',c?) with
ct € Cy, @ € Cy. For each such space there are (¢*> — ¢)(¢ — 1) pairs generating it,

giving a total of (¢* — ¢)(¢° — 1) pairs generating such subspaces. This is the same
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as the total number of pairs ¢! € C} \ Oy, ¢ € C; N Cy, giving a useful verification
of this count. We similarly count (¢' — ¢*)(¢® — 1) pairs of vectors that generate a
two-dimensional subspace of Cy \ C}.

Using similar techniques we see that there are (¢* —¢*)(¢' — ¢°)/(q—1)? subspaces
of the code generated by C and C5 that have trivial intersection with C'; N C5, and
that each of these is generated by (¢ — 1)? pairs (¢!, ¢?) with ¢ € C;. We omit the
details. 0

We can now apply Theorem to this expression and see that this is equal to
(!C’fHC’zﬂ)_l times the right hand side where each C; is replaced with C-, €y N Cy
is replaced with Cf- N Cy and (X,Y) is replaced with (X + (¢> —1)Y, X —Y).

We give an example in order to make this more concrete. We give binary codes

of length 6, C and C5 in terms of generator matrices,

110000
111000
Ci=1101000], Co=
111111
111111

We see that C; Ny is the one-dimensional subspace generated by (1,1,1,1,1,1), and

that
000011
Ct=1oo0oo010 1|, CFy=
111111

(@]
o o O
S
—
(@)
—

0011

showing that (' is not self-dual, but is permutation equivalent to its dual.
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We compute

Wé’i) (X’ Y) = 3X4Y2 + 3X2Y4 + YG’ Wé? (X’ Y) — 2X3Y3 + YG,
Wihe,(X,Y) = YO WL, (X,Y) =0, Wi, (X,Y) =3Y",

(X,v) = v w?

(2)
W (C1,02)\{C1UC2}

C\Ch (X,Y) = 3(X*Y? + X?Y* + XY° +YO).

The above proposition now gives
WE  (X,Y) = X0 4 3XY2 + 5X°Y? 1 6X2Y* + 3XY5 + 147,

Applying Theorem [104] gives

W2 L (X,Y) = XO 4+ 12XV 4+ 6X°Y? + 39X2Y4 + 42X Y7 4 28Y°.
000 O0T11
We can also see this by noting that C{ NCy = , and performing

000101
an analysis similar to the one above. We can compute each of the polynomials

in the statement of the theorem, add them up with the proper constants and get

W[Q]

Cf—,C’é— (X7 Y)

We state a corollary of Theorem [104] separately.

Corollary 111. Let m > 1 and C be a linear code of length N over F,. Then

2m 1 2m m
I/Vé,...},c,cL ..... o (XY) = quW([J,..}C,Cl ..... (X + (" —1DY, X -Y),

where C' and C*+ are each repeated m times.

A self-dual code C' must have its m-tuple weight enumerators invariant under
certain transformations. This is the main idea behind Gleason’s theorem giving nec-
essary conditions for the weight enumerators of self-dual codes [26], B8]. This corol-
lary lets us produce polynomials that are invariant under the m-tuple analogue of the

MacWilliams transformation, but are not necessarily the m-tuple weight enumerators
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of self-dual codes, in fact, are not necessarily the m-tuple weight enumerators of any

single code C'.
100100

Let C5 be the binary code with generator matrix [0 1 1 0 0 0. Then,

000111

Wil oo (0Y) = XO45X'Y? 4 8X°Y® 4 1IX°Y* 4 24XY° 4 15Y°
2]
- _Wé CL(X+3Y7X_Y)a

but this cannot be the 2-tuple weight enumerator of any code. This is because for a
binary code C,
2
WX, Y) =Y 2 W (X,Y),

r=0
so for each i € [1, N] the X"YV~ coefficient must be divisible by 3, but the X*Y™

term has coefficient 5.

1100 00
Let Cy have generator matrix . This code has

111111

W

oot (X,Y) = X0 4 0XTY? 4 27X Y2 4 9V,

which is the 2-tuple weight enumerator of the self dual code C5 with generator matrix

110000
001100
111111

We can also ask, given a polynomial that arises as Wém] (X,Y) for some C', whether
we can characterize the m-tuples of codes C4,...,C,, that give the same m-tuple
weight enumerator.

We can ask questions of the following type. Given m and ¢, which homogeneous

polynomials W (X,Y") of degree N are invariant under the transformation sending it
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to ¢ 2" W (X +(¢™—1)Y, X —Y)? This is asking for a kind of analogue of Gleason’s

theorem for these m-tuple weight enumerators. For more information on this subject
see the work of Nebe, Rains and Sloane [38]. We know that there are polynomials
invariant under this transformation that cannot be the m-tuple weight enumerator of
any code, for example polynomials with multiple coefficients not divisible by ¢* — 1.
What further necessary conditions can we find for such an invariant polynomial to
occur as the m-tuple weight enumerator of a code? We would like to be able to use
results of this type to aid in the classification of self-dual codes, and in more general
classification problems.

We note that C5 has the same weight enumerator as C, but that these two codes
have different 2-tuple weight enumerators. This implies that the m-tuple weight
enumerator of C' does not determine the (m + 1)-tuple weight enumerator. It is less
clear whether it is possible for two codes to have the same (m + 1)-tuple weight
enumerators and different m-tuple weight enumerators. Extensive computer search
produced the following example (and many others). Let D; be the binary code of

length 12 and dimension 6 with generator matrix

100000001100
010010101001
001000101010
000100000TT1T1]|
000001100100
000000011100
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and let Dy be the binary code of length 12 and dimension 6 with generator matrix

1000101O0O0O0T10O0
010000110010
001010O0O0O0O0O0O
0001O0O0O0O0OO01CO0T1
0000O0O1T1T1O0O0°QO0T1
0000O0OO0O0OO0OT1TO0OT1T1

We compute that D; has Hamming weight enumerator
X2 X102 13XV 346 XY A+ 15X TY 5 4+14 XYV 9 XY T+9 XY E45 X3Y 04 X2Y'10,
and that

WE (X,Y) = X2 4 3X10Y? 4 9X%Y3 4+ 24X8Y* + 75X7Y5 + 162X°YC

+399X°Y 7 + 771X Y® + 957 X3Y Y + 975 X2V 10 £ 576 XYM 4 14412,
We compute that Dy has Hamming weight enumerator
X2 X102 13X Y348 XY A 11 X TY 5 +12X Y S 17 XY T+ 7 XY B+ X3Y Y43 X2y 10,

and the same 2-tuple weight enumerator as D;. Therefore, (m + 1)-tuple weight
enumerators do not determine m-tuple weight enumerators. This is related to recent
work of Britz [8], in which he shows that for a k-dimensional linear code C' the
collection of m-tuple weight enumerators for all m satisfying 1 < m < k is equivalent

to the Tutte polynomial of the matroid associated to C.

5. The Repetition Code and the Parity Check Code

We end this chapter with one more type of example. Let R be the g-ary repetition

code of length N, that is, the one-dimensional code generated by (1,1,...,1). Then
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Rt is the parity check code, which consists of all vectors of IFéV , (c1,...,cn) with
ci+---+cy=0inF,. Let C4,...,C,, be linear codes of length N over [F,. It is easy
to see how to determine higher weight enumerators involving R, and less obvious how
to determine weight enumerators involving R*. Theorem [104] gives one way to solve
this problem.
For any m > 1,
Wer e n(X.Y) = Well o, (XY) + (e = DTG,
i=1

since we can either choose the all zero codeword from R, giving the first term, or one
of the ¢ — 1 words of weight N, giving the second term. Similarly, we see that for
any m > 1,

Wert r g Y) =W L (xXY)+ (¢ =D [[ICy Y,

i=1
where R is repeated s times. More generally, the same result holds if R is any one-
dimensional code over F, generated by a vector with all nonzero coordinates. This

will be our assumption on R from now on.

Proposition 112. Let C,,...,C,, be linear codes of length N over F, and let R be
a one-dimensional code over IF, of length N generated by (cy,...,cn), where each ¢;

1s nonzero. Then

m+s s T (qt —1)
W (YY) = (@ = D™ TICY Y + = (X —Y)N
=1
L im
+ EWél,]...,cm(X + (¢ = 1Y, ¢'Y),

where R is repeated s times and R* is repeated t times.
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PRrRoOOF. We consider W[m+s+ﬂ

Co oo moprl gl (X,Y), where R is repeated s times

and R' is repeated t times. From the previous paragraph we have

m—+s+t m-+t s —
W([Jl,—.i._.,zri,R,...,R,Ri ,,,,, RL(X’ V) = Wc[*lj.,}cm,m ..... RL (X,Y)+(¢" — 1)Q(N L H |Ci|YN7
i=1
since |R*Y| = ¢V =Y. We apply Theorem [104] and see that
[m+1] _ 1 [m+1] mtt
We, ot me (XY) = 117 |C;‘W0f ..... o fX T (@ =Y, X =Y)
=1 7
1

W(Wg; 77777 o (X + (""" =Y, X -Y)+ (¢ = 1) H Gl (X = Y)N).
=1 ) =1

Applying Theorem [104] one more time gives

~~~~~~

q Hfil |CZL|
WEL o (X4 (@™ = DY + (¢" = D)X = Y), X + (¢" —1)Y — (X —Y))
¢TI, |GG

= W ("X + (¢ = 1)Y),q"(¢'Y))

-----

7777

In certain cases it is not difficult to work out this proposition directly without use
of the MacWilliams theorem and its generalizations. For example this is not difficult
when m =1, ¢ =2, s=0, and t = 1. In this case R is the even weight subcode of
FY and we get

WX +Y,2Y)
2 Y

(X—nN+WﬂX+KM3

(2] —
WE e (X.Y) = == 5

— WRJ_<X, Y) +

since Wxe (X,Y) = (X_Y)N;(X+Y)N.
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Proposition 112 gives a unified way to compute some of these more complicated
higher weight enumerators. Hopefully results of this type can be used to give further

conditions on the existence of codes with certain weight enumerators or parameters.
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CHAPTER 6

Rational Points on Complete Intersections

In this chapter we study problems about distributions of point counts for families
of varieties cut out by pairs of polynomials taken from some vector space. That
is, we study point count distributions for complete intersections of codimension 2.
One approach to problems of this type makes use of the m-tuple weight enumerators
analyzed in the previous chapter. We will consider del Pezzo surfaces of degree 4,
which are isomorphic to the intersection of two quadrics in P4, using this framework
and building on results of Chapter 2. One step in this process involves studying genus
1 curves arising as (2,2)-curves on P! x P!. This analysis is similar to the analysis
of homogeneous quartics w? = fy(x,y) in P(2,1,1) carried out in Chapter 3. We end

this chapter with some directions for future investigations.

1. Intersections of Two Conics in P*(F,)

In the first part of this thesis we saw how finding counts for the number of low-
weight codewords of the dual of a code C' can help to compute the weight enumerator
of C'. We begin this section by extending this idea to the 2-tuple weight enumerators
of the previous chapter. This will tell us about common zeros of pairs of codewords
drawn from C. Equivalently when C' is a code coming from the evaluation of poly-
nomials, this tells us about rational points on the intersections of the varieties cut
out by these polynomials. The main idea will be to use the low-weight coefficients of
WE (X, Y) to help compute WS (X, Y).

We prove the following result.
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Theorem 113. Let Cy5 C FZZWH be the 6-dimensional code coming from conics on

P2(F,). Then

(¢ —Dalg+1)*(+g+1)
2

+ (¢=1D’Pg+ 1)@ +q+ )XY

Wg] X2q+lyq2*q

2,2

(X,Y) = XTHatl g

+ (@-D@+ D)@ +q+1)2¢° —¢® — g+ )XY ?
(¢—1)** (g +1)*(@ +q+1)

+ 5 X4Y(12+q—3

L l@=1%(q +21)2(qr2 Ha+1) oy g2

L le=D*a+ 1) + Cf D@ =20 + 74 =4) oy rgigr
L =@ =)+ ; 24" +5¢° + 64" — 69 +3) 12y
n (¢ —1)°¢* (¢ + 1)(q82 +q+1)(3¢° + 1)yq2+q+1'

We first proved this result by a very intricate analysis of all of the possible ways
that two conics can intersect. For example, two conics can intersect in exactly two
[F,-rational points in several different ways. If both conics are smooth, they can be
tangent at two distinct F,-rational points, or they can intersect at two F,-rational
points and at two Galois-conjugate points defined over F 2. We can count the number
of pairs of conics that have each type of intersection. This becomes quite tedious,

and here we avoid many of these intricacies.

Proor. We break up ng ,(X,Y) by considering pairs of codewords that generate

a 0,1 or 2 dimensional subspace of F32+‘1+1. That is,

WE (X,Y) =W (X,Y) + (¢ = DWEL(X,Y) + (¢ = D(¢* — W (X, Y),

2,2

where Wé’; (X,Y) is the rth support weight enumerator of Cy, defined in Sec-
tion 4 of Chapter 5. We see that Wg;)z (X,)Y) = X7+a+! and that the 1st support
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weight enumerator is Wé?z (X,Y) = We,,(X,Y) — XC++1, Recall from Proposition
B3] that

¢ —1)(¢* +9q)
2

Y20ty d—q

WCM(X’}/) _ Xq2+q+1_|_(

2 31 2 2
+(q3 - 1)(q3 o q2 4 1)Xq+lyq + (q )2(q Q) qu +q'

We need only determine the weight enumerator Wé?z)z (X,Y). Given two distinct
conics such that their corresponding codewords generate a 2-dimensional subspace of
Ff*q“ there are relatively few possibilities for the size of their intersection. Either
one conic is a double line and the other is a product of that line and another IF,-
rational line, or both conics are products of I ,-rational lines and one of these lines
is common to both conics, or the conics do not share a component and by Bézout’s
theorem the number of F,-points of the intersection is at most 4.

We count pairs of codewords ¢y, co that share a common line, L. First suppose
that the variety corresponding to ¢; consists of the double line L. Then the variety
corresponding to ¢ must consist of L together with another rational line, since these
codewords span a two-dimensional space. The size of the intersection of these varieties
is ¢ + 1. This happens in ¢* + g ways.

Suppose the variety corresponding to c¢; consists of L together with a distinct
line L;. The variety corresponding to ¢, also consists of L together with a line Lo,
possibly equal to L. If the intersection of L; and L, lies on L then the intersection
has size ¢ + 1. This happens in (¢> + ¢)g ways, since they must intersect at the
common intersection point of L and L, but Ly cannot be equal to L;. Otherwise,
the intersection of L; and Lo is not on L, and these codewords have ¢ + 2 common
zeros. This occurs in (¢* + q)¢* ways. Therefore, we have determined all but 5

coefficients of W((JQQ)Q(X ,Y'), but we also know the sum of these coefficients.
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We have
WELXY) = (¢ +q+ DXV 4 (g+1)(@ + g+ )XY
b XYy o XY O g, X2y @]

2 2
+ ClXYq +q + C()Yq +q+1’

ot b= =y Tt )= (@ et D@+ g e

Now, as we did in the sketch of the proof of Theorem |3|in Chapter 2, we can create
a b X b matrix where rows correspond to the terms of this expansion and columns
correspond to powers of Y. We compute the first Y* coefficient of ng? (X,Y) for
each k € [0,4] using the geometry of low-weight codewords of C3;,. This gives a
matrix M. Expanding all of the other terms of this weight enumerator under the
MacWilliams transformation and subtracting gives a column vector that we call b.

We note that the lowest weight codewords of C’iQ have weight 4 and have support
corresponding to 4 collinear points in P?(F,). In fact, there are exactly

(> +q+1)(g+1)g(g—1)*(¢ — 2)
24

such codewords, ¢ — 1 times the number of collections of 4 collinear points in P?(F,).

Therefore, the X4 +4-3Y* coefficient of ng (X,Y) is
2,2

(¢ — 1)(qr2 +q+1)(q +21)q(q ~Dlg-2)
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Let ¢ be a column vector with entries cg,...,cs. Solving the resulting matrix

equation gives M - ¢ = b, where

(@+1)-(¢g—1)2- @ (P +q+1) - (P +F+¢2—-1)

(1)-(@+1)-(a=1)2-¢* (@ +q+1) - (¢* +3¢° +¢* —q— 1)

b= (=3) @=1% (@+1% ¢ (¢ +a+1)- (¢ +2¢" —4¢° = 2¢* + ¢+ 1)
(=6) (a+D? (@=1%¢* (@ +q+1) - (a7 +2¢° — 7¢° — 8¢" +7¢° + 4¢°> — ¢ — 1)
(—31) - (@+ 1)@ (g—1)* (¢*+q+1)- (¢ — 11" — 10¢° + 32¢° + 24¢* — 21¢® — 9¢* + 3¢ + 2)

This completes the proof. O

The pairs of elements of 02%2 such that the union of their support has size 4 give
the Y* coefficient of Wél (X,Y). Each pair of this type generates a 1-dimensional
subspace of C35,. The lowest weight nonzero coefficient of Wéi (X,Y) comes from
pairs of codewords such that the union of their supports of has size 5. Both of
these codewords must have weight 4 or 5, which means their support must consist
of collinear points. Two-dimensional subcodes of weight 6 must also have support
consisting of collinear points. For weight 7 subcodes something new can happen.
Consider the space spanned by two elements of weight 4 that share a common point
in their support. The support now consists of 7 points lying on two lines. The fact

that there are so few possibilities for the support of these low-weight subcodes makes

it possible for us to analyze these cases in detail, but we will not do so here.

2. Del Pezzo Surfaces of Degree 4

In the previous section we studied the weight enumerator coming from the in-
tersection of two quadrics in P?(FF,). The motivation for considering this particular
example comes from the study of del Pezzo surfaces of degree 4.

The anti-canonical model of a del Pezzo surface of degree 4 is the intersection of
two quadrics in P*(F,). Let Cy2 be the 15-dimensional code of quadrics on P*(F,).
We can easily determine We, ,(X,Y). If we can compute ngQ(X ,Y') then we will

know the distribution of rational point counts for the intersection of two quadrics as
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we vary through all ¢®° pairs. Given two quadrics f,¢g we can consider the pencil
defined by this pair and the number of F -points in its base locus. This is equivalent
to knowing the number of points of the intersection.

The intersection of a generic pair of quadrics will be smooth, giving a del Pezzo
surface of degree 4. In Chapter 2 we saw that a del Pezzo surface of degree 4 is given
as the blow-up of P? at 5 points. The resulting surface is smooth if and only if no
three of these points lie on a line. The number of F,-points of this blow-up is given by
Theorem , ¢* + 1 plus ¢ times the trace of Frobenius acting on the Picard group of
the surface. The Picard group is generated by the hyperplane class and the classes of
five pairwise disjoint (—1)-curves on S. We note that there are 16 (—1)-curves on S.
Frobenius fixes the hyperplane class and induces a permutation of these lines. This
permutation is given by an element of the Weyl group of D5, W(Ds). By looking at
the character table of D5, as we did for Fg and E; in Chapter 2, we determine the

number of elements of W (Ds) that have given trace.

Proposition 114. Let m € W(D;). Then Tr(w) € [-3,5] \ {4}. The number of

elements of W(Ds) with each trace value is given by the following table:

Trace -3(-2|-110 1 21315

#W (Ds) | 25 | 80 | 420 | 864 | 430 |80 |20 |1

Much like in Chapters 2 and 3 when we studied homogeneous quartics of the
form w? = fy(z,vy, 2), there are a few kinds of intersections of quadrics that have
singularities that are not simple. That is, the intersection can include a non-isolated
singularity or an elliptic singularity. An example of the first case comes from in-
tersecting any nonzero quadrics with a double hyperplane. For the second case we
have a cone over a genus 1 curve. When studying cubic surfaces Elkies needed to
study cones over genus 1 curves coming from cubic curves in P? [20]. Earlier in this

thesis we considered cones over genus 1 curves coming from double covers of P'(F,)
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branched at four points, w? = fy(x,y). In this situation, the genus 1 curves arise
come from (2, 2)-forms on P*(F,) x P!(F,).

In fact, every intersection of two quadrics in P*(F,) is either a del Pezzo surface
of degree 4, possibly singular, a cone over a genus 1 curve, or has a non-isolated
singularity. We can proceed in a similar manner to the case of double covers of
P? branched over a plane quartic. We can study the intersections with non-isolated
singularities directly as we did at the end of Chapter 3 for del Pezzo surfaces of degree
2. We will study (2,2)-curves on P!(F,) x P!(F,) in the next section

We will then have 9 unknown coefficients to determine, one corresponding to
each trace value in [—3, 5], since a singular del Pezzo surface of degree 4 can have
¢* +5q + 1 F,-points. We can attempt to find these coefficients by finding the first 9
coefficients of ngg(X ,Y) and applying the 2-tuple MacWilliams theorem that was
used in the previous section.

There are other ways to study del Pezzo surfaces of degree 4 over finite fields. We

begin by stating Theorem 8.6.2 in [15].

Theorem 115. Let S be a del Pezzo surface of degree 4. The S is a complete inter-
section of two quadrics in P4(Fq). Moreover, if S is nonsingular, then the equations

of the quadrics can be reduced, after a linear change of variables to the diagonal forms

4 4
YOI S
i=0 i=0

where a; # a; for i # j.

The main idea here is that a smooth complete intersection of two quadrics can
be simultaneously diagonalized. Unfortunately, this is not necessarily true over a
non-algebraically closed field. However, we can still get a perfectly good, although
somewhat restricted, code from this 5-dimensional space of diagonal quadrics inter-

sected with a given smooth quadric.
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Let C’ denote the 5-dimensional code given by evaluation of the polynomials
S°1 ait? at the ¢3+¢?+q+1 Fy-points of the smooth quadric #24- - -+t3. Computing
Wer (X, Y) would tell us quite a lot about the distribution of point counts for del Pezzo
surfaces of degree 4 over F,,.

We can actually consider a slightly more restricted version of this code. We evalu-
ate these diagonal quadrics only at F,-points of the chosen smooth quadric t2+- - -43.
Therefore, adding multiples of this conic will not change the resulting codeword. This
shows that we may assume ag = 0 and consider the resulting 4-dimensional code. This
explains the restriction that the a; are distinct in the statement of the theorem. If
a; = a; for some ¢ # j then adding —a;(t3 + - -+ + t7) will give a diagonal quadrics
with at most 3 nonzero terms. All such quadrics are singular. It is not difficult to
collect computational results on this 4-dimensional code for various values of q.

Alternatively, we could consider the 15-dimensional code of length ¢® 4+ ¢*> 4+ ¢+ 1
given by evaluating the entire space of quadrics in P*(F,) at the set of F,-points of the

chosen smooth diagonal quadric. This gives another way to approach this problem.

3. (2,2)-forms on P'(F,) x P}(F,)

We recall that P! (F,) x P*(F,) is a smooth quadric in P3(F,) with (¢+1)* F,-points.
There is another type of smooth quadric, a minus quadric, with only ¢*+ 1 F -points.
A cone over a smooth conic in has 1+ ¢(¢+ 1) = ¢* + ¢+ 1 F,-points. There are also
quadrics defined by the product of two planes. These planes can either be distinct IF-
rational planes, Galois-conjugate planes, or a double plane such as 22 = 0. We focus
here on the smooth intersections of two quadrics in P?(F,). In the case where one of
these quadrics contains a plane we can determine the distribution of rational point
counts by elementary means. We would eventually like to compute ng’Q(X ,Y), the
2-tuple weight enumerator for the code of quadrics on P3(F,), but for now focus only

on the code coming from the intersection of a conic with a chosen smooth quadric.
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Consider the quadric given by wz = xy. This is a smooth quadric isomorphic to
PY(F,) x P}(F,). A homogeneous quadratic polynomial in the variables (z,vy, z,w) is
determined by 10 coefficients. Let [zq : 21] and [yo : y1] give coordinates for the two
factors of P}(F,) x P'(F,). We identify x with zoz1, y with yoy1, z with zoy;, and w

with z1y;. This gives a ¢ to 1 map from quadrics in P3(F,) to equations of the form

(dyg + eyoyn + fyi)xd + (ayg + byoys + cy?)woxr + (gyg + hyoyr + iy7)at = 0,

where the 9 coefficients a, b, ¢, ...,i € F,. For each of these ¢ equations we want to
count F-rational solutions of this equation in P!(F,) x P'(F,). Each such equation is
homogeneous of degree 2 in the coordinates [z : z1] and in the coordinates [y : y1].
An equation of this type is called a (2, 2)-form and the variety cut out by such a form
is called a (2,2)-curve. It is a standard result in algebraic geometry that a smooth
(a,b)-curve on P! x P! has genus (a — 1)(b — 1). When this (2,2)-form cuts out a
smooth subvariety of P*(F,) x P'(F,) it is a genus 1 curve and we can use methods
from Chapter 3 to understand the distribution of point counts.

In order to determine the number of zeros of a (2, 2)-form written this way we think
of it as a quadric in x¢, 71 and use the quadratic formula. Consider ax? + bxoz; + ca?.
The number of zeros is 0,1 or 2 depending on whether the discriminant b? — 4ac is a
non-square, zero, or a nonzero square, respectively. We evaluate the form at each of
the ¢ + 1 points [yo : y1], and for each we count solutions for the resulting quadratic
equation. The case where we have to do more than just count the number of times
b2 — 4ac is a square is when a, b, ¢ are all simultaneously equal to zero. In this case

b? — 4ac = 0, but we actually have ¢ + 1 solutions for our form, one for each point

(g @ x1].
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The coefficients are quadratic polynomials in vy, and y; so that b* — 4ac is equal

to the homogeneous quartic on P(F,) x P*(F,)

(a® — 4dg)yy + (2ab — deg — 4dh)ygys + (b* + 2ac — 4fg — deh — 4di)y5y?

+ (2bc — Afh — dei)yoy® + (2 — Afi)yt.

Therefore, we are really interested in the distribution of rational points on equations
of the form w? = fy(yo,y1) where fi(yo,v1) is a homogeneous quartic on P'(F,). We
studied this problem in depth in Chapter 3. In this section we only consider the
quartics with distinct roots, the case where the resulting variety in P(2,1,1) is an
elliptic curve.

The following result is the analogue of Proposition [44]in Chapter 3.

Proposition 116. Let E be an elliptic curve defined over I, with g+1—t Fy-rational
points. The number of (2,2)-forms on P*(F,) x P1(F,) that give a zero set isomorphic
to I is

(¢ =g = OPGLy(Fy)|* _ (¢ —1)(g = 1)*¢*(¢+ 1)
[Aut(E)| [Aut(E)] '

PROOF. Let E be an elliptic curve over F, embedded in P}(F,) x P(F,) as a
(2,2)-curve. The embedding comes with a projection to each P'(F,). Taking the
inverse image of a point on one of these factors gives a degree 2 divisor class. The
divisor class comes from looking at the lines of each ruling. We claim that these two
divisor classes from the projections, D; and Dy, cannot be linearly equivalent.

Suppose that Dy ~ D, and let p be an Fq-rational point of E such that 2p +¢ D;.
Let m; be the projection to the first P*(F,) and 7y the projection to the second. Then
there are points ¢ and r on P!(F,) xP(FF,) such that 71 ' (z) = p+qand 7, ' (y) = p+r.
The points p and ¢ lie on the same line from one ruling of P*(F,) x P!(F,) and p and r
lie on the same line of the other ruling. Since Dy ~ Dy each fiber of the projections is

in the same divisor class. Therefore p + g ~ p + r, which implies ¢ ~ r. We conclude
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that ¢ = r. Since a pair of lines from different rulings of P*(F,) x P*(F,) intersect at
only one point, we have p = ¢ = r. This contradicts the assumption that 2p ¢ Dy,
and therefore D; 4 Ds.

We count the number of degree 2 divisor classes on E. We recall that for each
d, |Picq(E)| = |E(F,)|. Therefore, the number of degree 2 divisors of E is equal to
the number of F -points of £/, ¢ + 1 —t. By the Riemann-Roch theorem, a divisor
class of degree 2 has a two-dimensional space of sections. Choosing a basis gives a
map to P'(F,). This map is defined only up to automorphisms of P*(F,).

Starting with a (2,2)-curve E embedded in P'(F,) x P'(F,) with two distinct
degree 2 divisor classes D1, Dy, we take the map that forgets the divisor classes. This
takes (F, Dy, Dy) to E, a (2,2)-curve. The size of a fiber of this map is %,
where the first two terms come from choices of divisor classes and the last from

automorphisms of F that fix the identity element of E. O

Recall the assumption that the characteristic of F, is not 2 or 3.

Corollary 117. Let j € F,. The number of (2,2)-forms in P*(F,) x PY(F,) with
j-invariant equal to j is (¢ — 1)3¢*(q + 1)2.
The number of equations of the form y? = f(x) with f(x) a quartic polynomial of

j-invariant equal to j is (¢ — 1)%q(q + 1).

PRrROOF. The number of isomorphism classes of elliptic curves with given j-invariant
is equal to the size of the automorphism group of any such curve. We consider a curve
E with ¢ +1 —t F,-points together with its quadratic twist, a curve of the same j-
invariant with ¢ + 1 + ¢ points. We sum

(¢ —1°¢(q+1)*(q—t+q+1)
|Aut(E)| ’

over all such pairs of isomorphism classes with given j-invariant. We add curves with

exactly ¢ + 1 F,-points separately. This proves the first statement.
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(g—1)2q(q+1)

Am(E) . over these isomorphism classes. [

For the second statement, we sum
Proposition 118. Suppose that y?> = f(x) gives the equation of an elliptic curve
over F, with ¢ + 1 — t rational points. Then the number of ways that this quartic

arises as the discriminant of a (2,2)-form is (¢ —t)(¢ — 1)q(q + 1).

Proor. We recall from the proof of Propositionthat writing F as w? = fy(z,y)
is equivalent to choosing a single degree 2 divisor class on E. In order to write E as
the zero set of a (2,2)-form we must choose another distinct divisor class and a basis

of sections for it, which we can do in (¢ — t)|PGLy(F,)| ways. O

We must pay special attention to curves with j-invariant 0 and 1728 just as we
did in Chapter 3. The facts we need are exactly the content of Proposition 42| The
values of N(t) are given in Lemma [48] Again, we emphasize that the characteristic
of I, is not equal to 2 or 3.

We determine the weight enumerator from (2, 2)-forms on P*(F,) x P'(F,) that
have zero set isomorphic to a smooth genus 1 curve. This is the analogue of Propo-

sition (45| for (2, 2)-forms.

Proposition 119 (Smooth part). Fiz ¢ = p/ with p # 2,3 and recall the function
N(t), the number of isomorphism classes of elliptic curves defined over F, with exactly

qg+ 1 —1 points.

Let
12v/4] L
Wis(X,Y)= Y N (t)(q—1)3q2(q+1)2—q2 -ty (a1 = (g +1-1).
t=[-2/4]
Iif (%3) = (%) = —1, then the contribution to the weight enumerator from

(2,2)-forms that have zero set isomorphic to a smooth genus 1 curve is Wy ,(X,Y).
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Ifp=1 (mod 3), let (a,b) be any pair of integers with p{ a and a®> —ab+b* = q.
Then let

—1)3¢? 1)%(q—t / /
Py(X,Y) = Z (4 )’q (q3—i— )"(q )Xq+1—t y (a+1)?=(g+1-t")

t'eTy
where Ty = {£(2a — b), =(a + b), =(2b — a)}.
If p=2 (mod 3) and f is even, then let

3,2 2
P(X)Y) = l¢=1'ala+1) ((q — 2\/§)Xq+1—2\/§y(q+1)2—(q+1—2ﬂ)
’ 3

+ (q¢+ 2\/§)Xq+1+2\/§y(q+1)2—(q+1+2\/cj)
+ 2(g — Q)X Vay (@)= la+1-vD)

+ 20+ V)XY <q+1>2<q+1+x@).

Otherwise, let Py(X,Y) = 0.
If p =1 (mod 4), let (a,b) be any pair of integers with p t a and a® + b* = q.
Then let

3.2 2
Pros(X,Y) = Cbicata ) ((q  9a) XTIy (e+1)P~(g+1-20)
’ 4

+ (¢+ QG)XqulJr(Za)Y(q+1)27(q+1+2a) +(q— 2b>Xq+1f(2b)Y(q+1)2*(¢1+172b)

+ <q+Qb)Xq+1+(2b)Y(q+1)2—(q+1+2b))‘

If p=3 (mod 4) and f is even, let

3,2 2
Pias(X,Y) = a-1) Cil 2+ 1) ((q - 2\/a)Xqu?\/éy(qH)Qf(q+172\/§)
+ (¢+ 2\/5)Xq+1+2\/§Y(q+1)2_(q+1+2\/§) + Qqu+ly(q+1)2—(q+1)> '

Otherwise let Pi7og(X) = 0.

196



The contribution to the weight enumerator from (2,2)-forms that have zero set

1somorphic to a smooth genus 1 curve is
W3o(X,Y) = Py(X,Y) — Prpas (X, Y).

This weight enumerator is a useful piece in determining any of the weight enumer-

ators coming from intersections of quadrics in P*(F,) defined in the previous section.

4. Further Directions

In future work we intend to carry out the strategy described in this chapter to
compute the weight enumerators coming from intersections of two quadrics in P4(F,).
We also note that other families of del Pezzo surfaces can be studied using these ideas.
For example, a smooth del Pezzo surface of degree 5 is isomorphic to a linear section
of the Grassmannian of lines in P4, and this Grassmannian can be defined in terms
of the five Pfaffians of the 4 x 4 minors of a skew-symmetric 5 x 5 matrix [15]. It
seems that issues related to the intersections of varieties cut out by these Pfaffians
could arise.

Del Pezzo surfaces of degree 1 can also be studied as varieties in a certain weighted
projective space. Consider the weighted projective space P(1, 1,2, 3) with coordinates
[w: x:y: z] where z and y have degree 1, z has degree 2, and w has degree 3. A

del Pezzo surface of degree 1 is given by a homogeneous sextic equation of the form
w? + 23 + Lz, y)wz + H(x,y)w = Q(z,y)2* + G(z,y)z + F(x,y),

where H(z,y), L(z,y),Q(z,y),G(x,y) and F(x,y) are homogeneous polynomials of
degrees 1,3,2,4, and 6, respectively. Varying the coefficients of such forms gives
q'% total equations, and adding coefficients to the w? and 23 terms gives an 18-
dimensional linear code. The relevant Weyl group here is W (Ejy), and the conditions

for 8 points in P? to be in general position are more complicated than what we have
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seen previously. These varieties are more complicated than the homogeneous quartics
in P(2,1,1,1) that occur for del Pezzo surfaces of degree 2, so studying the weight
enumerator of these sextics is likely to be quite challenging. If the characteristic of
[, is not equal to 2 or 3 we may suppose that H(z,y) = Q(z,y) = 0, making things
slightly easier.

There is no real conceptual reason why we need to avoid characteristic 2 and 3
in the type of analysis given in this thesis. In future work we would like to remove
this restriction for the study of del Pezzo surfaces of degree 2. For characteristic 2

we need to consider homogeneous quartics in P(2, 1,1, 1) of the form

where fo(z,y) is a homogeneous quadratic polynomial on P!(F,). This is a 22-
dimensional code. This may make finding the counts for low-weight dual codewords
more complicated, but similar techniques should work.

We also need to adapt results for cones over genus 1 curves in the case where the
characteristic is 2 or 3. In Chapter 3, when studying varieties of the form w? = fy(z, )
we used the fact that an elliptic curve with j-invariant not equal to 0 or 1728 has
exactly 2 automorphisms, and that these two special j-invariants can have curves
with 6 and 4 automorphisms, respectively. Over fields of characteristic 2 and 3 there
can be curves with 24 and 12 automorphisms, respectively. We will have to analyze
these curves with extra automorphisms more carefully.

We would like to extend this analysis to deal with codes coming from curves of
higher genus. For example, it is easy to compute the weight enumerator of homoge-
neous sextics on P!(F,). The double cover of P*(F,) branched at six points gives a
variety in the weighted projective space P(2,1,1), w? = fe(z,y) that is generically
a genus 2 curve. If we could compute QRCL JX X 21) for this 7-dimensional code,

then we would understand point count distributions for genus 2 curves over [F,. There
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will be some new difficulties here. For example, Deuring’s result gives the number
of isomorphism classes of genus 1 curves with ¢ + 1 — ¢ rational points over F, in
terms of a Dedekind class number. Since the set of rational points of a curve of
genus g > 1 does not form a group one will most likely have to study the Jacobian
of the curve, an abelian variety of dimension g. In the genus 2 case there are more
kinds possibilities the endomorphism ring of the Jacobian of C' and we would need to
carefully analyze how often these different structures arise. For genus greater than 2
many new difficulties from the theory of abelian varieties will arise.

We would also like to investigate whether other weight enumerators and variations
of the MacWilliams theorem can be useful in studying point count distributions for
varieties over finite fields. There are many other weight enumerators to consider,
for example complete weight enumerators and more complicated weight enumerators
from m-tuples of codewords, but the MacWilliams identities for these become much
more complicated. In future work we intend to investigate how far this approach can

be taken.
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