DIGITAL ACCESS 10 —
SCHOLARSHIP s HARVARD e for Scnolry Communicaton

DASH.HARVARD.EDU

Ind-Coherent Sheaves

Citation
Gaitsgory, Dennis. 2013. Ind-Coherent Sheaves. Moscow Mathematical Journal 13, no. 3: 399-
528.

Published Version
http://www.mathjournals.org/mmj/2013-013-003/2013-013-003-002.html

Permanent link
http://nrs.harvard.edu/urn-3:HUL.InstRepos: 14068724

Terms of Use

This article was downloaded from Harvard University’s DASH repository, and is made available
under the terms and conditions applicable to Open Access Policy Articles, as set forth at http://
nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#0AP

Share Your Story

The Harvard community has made this article openly available.
Please share how this access benefits you. Submit a story .

Accessibility


http://nrs.harvard.edu/urn-3:HUL.InstRepos:14068724
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#OAP
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#OAP
http://osc.hul.harvard.edu/dash/open-access-feedback?handle=&title=Ind-Coherent%20Sheaves&community=1/1&collection=1/2&owningCollection1/2&harvardAuthors=9363f3c43163096b204897c85677ed4f&departmentMathematics
https://dash.harvard.edu/pages/accessibility

IND-COHERENT SHEAVES

DENNIS GAITSGORY

To the memory of I. M. Gelfand

ABSTRACT. We develop the theory of ind-coherent sheaves on schemes and stacks. The
category of ind-coherent sheaves is closely related, but inequivalent, to the category of quasi-
coherent sheaves, and the difference becomes crucial for the formulation of the categorical
Geometric Langlands Correspondence.
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INTRODUCTION

0.1. Why ind-coherent sheaves? This paper grew out of a series of digressions in an attempt
to write down the formulation of the categorical Geometric Langlands Conjecture.

Let us recall that the categorical Geometric Langlands Conjecture is supposed to say that the
following two categories are equivalent. One category is the (derived) category of D-modules
on the stack Bung classifying principal G-bundles on a smooth projective curve X. The other
category is the (derived) category of quasi-coherent sheaves on the stack LocSyses classifying
G-local systems on X, where G is the Langlands dual of G.

However, when G is not a torus, the equivalence between
D-mod(Bung) and QCoh(LocSyss)

does not hold, but it is believed it will hold once we slightly modify the categories D-mod(Bung)
and QCoh(LocSyss).

0.1.1. So, the question is what “modify slightly” means. However, prior to that, one should ask
what kind of categories we want to consider.

Experience shows that when working with triangulated categories, ! the following framework
is convenient: we want to consider categories that are cocomplete (i.e., admit arbitrary direct
sums), and that are generated by a set of compact objects. The datum of such a category
is equivalent (up to passing to the Karoubian completion) to the datum of the corresponding
subcategory of compact objects. So, let us stipulate that this is the framework in which we want
to work. As functors between two such triangulated categories we will take those triangulated
functors that commute with direct sums; we call such functors continuous.

0.1.2. Categories of D-modules. Let X be a scheme of finite type (over a field of characteristic
zero). We assign to it the (derived) category D-mod(X), by which we mean the unbounded
derived category with quasi-coherent cohomologies. This category is compactly generated; the
corresponding subcategory D-mod(X )¢ of compact objects consists of those complexes that are
cohomologically bounded and coherent (i.e., have cohomologies in finitely many degrees, and
each cohomology is locally finitely generated).

The same goes through when X is no longer a scheme, but a quasi-compact algebraic stack,
under a mild additional hypothesis, see [DrGal]. Note, however, that in this case, compact
objects of the category D-mod(X)¢ are less easy to describe, see [DrGal, Sect. 8.1].

However, the stack Bung(X) is not quasi-compact, so the compact generation of the cat-
egory D-mod(Bung), although true, is not obvious. The proof of the compact generation of
D-mod(Bung) is the subject of the paper [DrGa2].

1n the main body of the paper, instead of working with triangulated categories we will work with DG
categories and functors.



4 DENNIS GAITSGORY

In any case, in addition to the subcategory D-mod(Bung)© of actual compact objects in
D-mod(Bung), there are several other small subcategories of D-mod(Bung), all of which would
have been the same, had Bung been a quasi-compact scheme. Any of these categories can be
used to “redefine” the derived category on Bung.

Namely, if D-mod(Bung)? is such a category, one can consider its ind-completion
D-mod(Bung)’ := Ind(D-mod(Bung)®’).

Replacing the initial D-mod(Bung) by D-mod(Bung)’ is what we mean by ”slightly modifying”
our category.

0.1.3. Categories of quasi-coherent sheaves. Let X be again a scheme of finite type, or more
generally, a DG scheme almost of finite type (see Sect. 0.6.6), over a field of characteristic
zero. It is well-known after [TT] that the category QCoh(X) is compactly generated, where
the subcategory QCoh(X)¢ is the category QCoh(X)Pe™ of perfect objects.

In this case also, there is another natural candidate to replace the category QCoh(X)Perf,
namely, the category Coh(X) which consists of bounded complexes with coherent cohomologies.
The ind-completion QCoh(X)" := Ind(Coh(X)) is the category that we denote IndCoh(X), and
which is the main object of study in this paper.

There may be also other possibilities for a natural choice of a small subcategory in QCoh(X).
Specifically, if X is a locally complete intersection, one can attach a certain subcategory

QCoh(X)Pef ¢ QCoh(X )2 < Coh(S)

to any Zariski-closed conical subset N of Specy (Sym(H!(Tx))), where Tx denotes the tangent
complex of X, see [AG] where this theory is developed.

0.1.4. An important feature of the examples considered above is that the resulting modified
categories D-mod(Bung)’ and QCoh(X)" all carry a t-structure, such that their eventually
coconnective subcategories (i.e., D-mod(Bung)’t and QCoh(X)'T, respectively) are in fact
equivalent to the corresponding old categories (i.e., D-mod(Bung)™ and QCoh(X)™, respec-
tively).

Le., the difference between the new categories and the corresponding old ones is that the
former are not left-complete in their t-structures, i.e., Postnikov towers do not necessarily
converge (see Sect. 1.3 where the notion of left-completeness is reviewed).

However, this difference is non-negligible from the point of view of Geometric Langlands:
the conjectural equivalence between the modified categories

D-mod(Bung)” ~ QCoh(LocSyss)’

has an unbounded cohomological amplitude, so an object which is trivial with respect to the
t-structure on one side (i.e., has all of its cohomologies equal to 0), may be non-trivial with
respect to the t-structure on the other side. An example is provided by the “constant sheaf”
D-module

kBune € D-mod(Bung)t = D-mod(Bung)'*.

0.2. So, why ind-coherent sheaves? Let us however return to the question why one should
study specifically the category IndCoh(X). In addition to the desire to understand the possible
candidates for the spectral side of Geometric Langlands, there are three separate reasons of
general nature.
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0.2.1. Reason number one is that when X is not a scheme, but an ind-scheme, the category
IndCoh(X) is usually much more manageable than QCoh(X). This is explained in [GR1, Sect.
2].

0.2.2. Reason number two has to do with the category of D-modules. For any scheme or stack
X, the category D-mod(X) possesses two forgetful functors:

oblv' : D-mod(X) — QCoh(X) and oblv" : D-mod(X) — IndCoh(X),
that realize D-mod(X) as “left” D-modules and “right” D-modules, respectively.
However, the “right” realization is much better behaved, see [GR2] for details.

For example, it has the nice feature of being compatible with the natural t-structures on
both sides: an object F € D-mod(X) is coconnective (i.e., cohomologically > 0) if and only if
oblv"(F) is. 2

So, if we want to study the category of D-modules in its incarnation as “right” D-modules,
we need to study the category IndCoh(X).

0.2.3. Reason number three is even more fundamental. Recall that the Grothendieck-Serre
duality constructs a functor f': QCoh(Y)™ — QCoh(X)* for a proper morphism f: X — Y,
which is the right adjoint to the functor f, : QCoh(X) — QCoh(Y").

However, if we stipulate that we want to stay within the framework of cocomplete categories
and functors that commute with direct sums, a natural way to formulate this adjunction is
for the categories IndCoh(X) and IndCoh(Y"). Indeed, the right adjoint to f., considered as a
functor QCoh(X) — QCoh(Y) will not be continuous, as f,. does not necessarily send compact
objects of QCoh(X), i.e., QCoh(X)Pf| to QCoh(Y)Pe. But it does send Coh(X) to Coh(Y).

We should remark that developing the formalism of the !-pullback and the base change
formulas that it satisfies, necessitates passing from the category or ordinary schemes to that of
DG schemes. Indeed, if we start with with a diagram of ordinary schemes

X

lf
y, -2y,

their Cartesian product X’ := X x Y’ must be considered as a DG scheme, or else the base
Y

change formula

(0.1) gy o fu = flogy

would fail, where ' : X’ — Y’ and gx : X’ — X denotes the resulting base changed maps.

2When X is smooth, the “left” realization is also compatible with the t-structures up to a shift by dim(X).
However, when X is not smooth, the functor oblv! is not well-behaved with respect to the t-structures, which
is the reason for the popular misconception that “left D-modules do not make sense for singular schemes.” More
precisely, the derived category of left D-modules makes sense always, but the corresponding abelian category is
indeed difficult to see from the “left” realization.
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0.2.4. What is done in this paper. We shall presently proceed to review the actual contents of
this paper.

We should say right away that there is no particular main theorem toward which other results
are directed. Rather, we are trying to provide a systematic exposition of the theory that we will
be able to refer to in subsequent papers on foundadtions of derived algebraic geometry needed
for Geometric Langlands.

The present paper naturally splits into three parts:

Part I consists of Sections 1-4, which deal with properties of IndCoh on an individual DG
scheme, and functorialities for an individual morphism between DG schemes. The techniques
used in this part essentially amount to homological algebra, and in this sense are rather ele-
mentary.

Part II consists of Sections 5-9 where we establish and exploit the functoriality properties of
the assignment
S+ IndCoh(S)
on the category of DG schemes as a whole. This part substantially relies on the theory of
oo-categories.

Part III consists of Sections 10-11, where we extend IndCoh to stacks and prestacks.
0.3. Contents of the paper: the “elementary” part.

0.3.1. In Sect. 1 we introduce the category IndCoh(S) where S is a Noetherian DG scheme.
We note that when S is a classical scheme (i.e., structure sheaf Ox satisfies H{(Ox) = 0 for
i < 0), we recover the category that was introduced by Krause in [Kr].

The main result of Sect. 1 is Proposition 1.2.4. It says that the eventually coconnective
part of IndCoh(X), denoted IndCoh(X )™, maps isomorphically to QCoh(X)*. This is a key
to transferring many of the functorialities of QCoh to IndCoh; in particular, the construction
of direct images for IndCoh relies on this equivalence.

0.3.2. Section 2 is a digression that will not be used elsewhere in the present paper. Here we
try to spell out the definition of IndCoh(S) for a scheme S which is not necessarily Noetherian.

The reason we do this is that we envisage the need of IndCoh when studying objects such
as the loop group G((t)). In practice, G((t)) can be presented as an inverse limit of ind-schemes
of finite type, i.e., in a sense we can treat IndCoh(G((¢))) be referring back to the Noetherian
case. However, the theory would be more elegant if we could give an independent definition,
which is what is done here.

0.3.3. In Sect. 3 we introduce the three basic functors between the categories IndCoh(S;) and
IndCoh(S2) for a map f :S; — Sa of Noetherian DG schemes.

The first is direct image, denoted
fIndCeh . ThdCoh(S;) — IndCoh(S,),
which is “transported” from the usual direct image f, : QCoh(S;) — QCoh(Ss).

The second is
fmdCobyx - TndCoh(Sy) — IndCoh(S:),
which is also transported from the usual inverse image f* : QCoh(S3) — QCoh(Sy). However,

unlike the quasi-coherent setting, the functor f4€°h* is only defined for morphisms that are
eventually coconnective, i.e., those for which the usual f* sends QCoh(S2)* to QCoh(Sy)™.



IND-COHERENT SHEAVES 7

The third functor is a specialty of IndCoh: this is the !-pullback functor f' for a proper map
f: 81 = Sy, and which is defined as the right adjoint of fIndCeh,

0.3.4. In Sect. 4 we discuss some of the basic properties of IndCoh, which essentially say that
there are no unpleasant surprises vis-a-vis the familiar properties of QCoh. E.g., Zariski descent,
localization with respect to an open embedding, etc., all hold like they do for QCoh.

A pleasant feature of IndCoh (which does not hold for QCoh) is the convergence property:
for a DG scheme S, the category IndCoh(S) is the limit of the categories IndCoh(757(S)),

where 757(9) is the n-coconnective truncation of S.

0.4. Interlude: oo-categories. A significant portion of the work in the present paper goes
into enhancing the functoriality of IndCoh for an individual morphism f to a functor from the
category of DGSchygetnn 0f Noetherian DG schemes to the category of DG categories.

We need to work with DG categories rather than with triangulated categories as the former
allow for such operation as taking limits. The latter is necessary in order to extend IndCoh to
stacks and to formulate descent.

Since we are working with DG schemes, DGSchyoetn form an (oo, 1)-category rather than
an ordinary category. Thus, homotopy theory naturally enters the picture. For now we regard
the category of DG categories, denoted DGCat, also as an (0o, 1)-category (rather than as a
(00, 2)-category).

0.4.1. Throughout the paper we formulate statements of co-categorical nature in a way which
is independent of a particular model for the theory of co-categories (although the model that
we have in mind is that of quasi-categories as treated in [Lu0]).

However, formulating things at the level of co-categories is not such an easy thing to do. Any
of the models for co-categories is a very convenient computational/proof-generating machine.
However, given a particular algebro-geometric problem, such as the assignment

S +— IndCoh(S5),
it is rather difficult to feed it into this machine as an input.

E.g., in the model of quasi-categories, an co-category is a simplicial set, and a functor is a
map of simplicial sets. It appears as a rather awkward endeavor to organize DG schemes and
ind-coherent sheaves on them into a particular simplicial set... 3

0.4.2. So, the question is: how, for example, do me make IndCoh into a functor
DGSChNoeth — DG:C&‘D7

e.g., with respect to the push-forward operation, denoted fP4€°h? The procedure is multi-step
and can be described as follows:

Step 0: We start with the assignment
A — A-mod : (DG-rings)°® — DGCat,

which is elementary enough that it can be carried out in any given model. We view it as a

functor
QCohpagaet : DGSch™™ — DGCat,

31t should be remarked that when one works with a specific manageable diagram of DG categories arising
from algebraic geometry (e.g., the category of D-modules on the loop group viewed as a monoidal category), it
is sometimes possible to work in a specific model, and to carry out the constructions “at the chain level”, as is
done, e.g., in [FrenGa]. But in slightly more general situations, this approach does not have much promise.
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with respect to fi.
Step 1: Passing to left adjoints, we obtain a functor
QCohf g et : (DGSch™™)°P — DG Cat,
with respect to f*.
Step 2: We apply the right Kan extension along the natural functor
DGSch™® — PreStk

(here PreStk is the (oo, 1)-category category of derived oco-prestacks, see [GL:Stacks], Sect.
1.1.1.) to obtain a functor

QCohp sty : (PreStk)°? — DGCat .

Step 3: We restrict along the natural functor DGSch — PreStk (see [GL:Stacks], Sect. 3.1) to
obtain a functor

QCOh]*DGSCh . (DGSCh)Op — DGCat,

with respect to f*.

Step 4: Passing to right adjoints, we obtain a functor
QCohpaga, : DGSch — DGCat,

with respect to fi.

Step 5: Restricting to DGSchyoetn € DGSch, and taking the eventually coconnective parts, we
obtain a functor

QCOhJﬁGSchNoeth : DGSchynoetn — DGCat .

Step 6: Finally, using Proposition 1.2.4, in Proposition 3.2.4 we use the latter functor do
construct the desired functor

IndCOhDGSchNoeth : DGSChNoeth — DGCat.

0.4.3. In subsequent sections of the paper we will extend the functor IndCohpgschy,.,,,» MOst
ambitiously, to a functor out of a certain (oo, 1)-category of correspondences between prestacks.

However, the procedure will always be of the same kind: we will never be able to do it
“by hand” by saying where the objects and 1-morphisms go, and specifying associativity up to
coherent homotopy. Rather, we will iterate many times the operations of restriction, and left
and right Kan extension, and passage to the adjoint functor.

40ne observes that higher algebra, i.e., algebra done in oco-categories, loses one of the key features of usual
algebra, namely, of objects being rather concrete (such as a module over an algebra is a concrete set with
concrete pieces of structure).
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0.4.4. A disclaimer. In this paper we did not set it as our goal to give complete proofs of
statements of co-categorical nature. Most of these statements have to do with categories of
correspondences, introduced in Sect. 5.

The corresponding proofs are largely combinatorial in nature, and would increase the length
of the paper by a large factor. The proofs of most of such statements will be supplied in
the forthcoming book [GR3]. In this sense, the emphasis of the present paper is to make sure
that homological algebra works (maps between objects in a given DG category are isomorphisms
when they are expected to be such), while the emphasis of [GR3] is to show that the assignments
of the form

iel— C; € 0-Cat,
where I is some oo-category, are indeed functors I — oco-Cat.

That said, we do take care to single out every statement that requires a non-standard ma-
nipulation at the level of co-categories. lL.e., we avoid assuming that higher homotopies can be
automatically arranged in every given problem at hand.

0.5. Contents: the rest of the paper.

0.5.1. In Sect. 5 our goal is to define the set-up for the functor of !-pullback for arbitrary
morphisms (i.e., not necessarily proper, but still of finite type), such that the base change
formula (0.1) holds.

As was explained to us by J. Lurie, a proper formulation of the existence of !-pullback
together with the base change property is encoded by enlarging the category DGSch: we leave
the same objects, but 1-morphisms from S; to S; are now correspondences

g
Sl’z —_— Sl

(0.2) fl

So.
and compositions of morphisms are given by forming Cartesian products. IL.e., when we want
to compose a morphism S; — S5 as above with a morphism Sy, — S3 given by

/

5273 L) Sy
3l
S?n
the composition is given by the diagram
SLQ X 5273 — 5
Sa

l

Ss.
For a morphism (0.2), the corresponding functor IndCoh(S;) — IndCoh(Sz) is given by
findCOh ° g!.

Suppose now that we have managed to define IndCoh as a functor out of the category of
correspondences. However, there are still multiple compatibilities that are supposed to hold
that express how the isomorphisms (0.1) are compatible with the adjunction (f™4€°P #') when
f is a proper morphism.
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Another idea of J. Lurie’s is that this structure is most naturally encoded by further expand-
ing our category of correspondences, by making it into a 2-category, where we allow 2-morphisms
to be morphisms between correspondences that are not necessarily isomorphisms, but rather
proper maps.

0.5.2. In Sect. 6 we indicate the main steps in the construction of IndCoh as a functor out of the
category of correspondences. The procedure mimics the classical construction of the !-pullback
functor, but is done in the oco-categorical language. Full details of this construction will be
supplied in [GR3].

0.5.3. In Sect. 7 we study the behavior of the !-pullback functor under eventually coconnective,
Gorenstein and smooth morphisms.

0.5.4. The goal of Sect. 8 is to prove that the category IndCoh satisfies faithfully flat descent
with respect to the !-pullback functor. The argument we give was explained to us by J. Lurie.

0.5.5. In Sect. 9 we discuss the self-duality property of the category IndCoh(.S) for a DG scheme
S almost of finite type over the ground field. The self-duality boils down to the classical Serre
duality anti-equivalence of the category Coh(S), and is automatic from the formalism of IndCoh
as a functor on the category of correspondences.

0.5.6. In Sect. 10 we take the theory as far as it goes when Y is an arbitrary prestack.

0.5.7. In Sect. 11 we specialize to the case of Artin stacks. The main feature of IndCoh(Y) for
Artin stacks is that this category can be recovered from looking at just affine schemes equipped
with a smooth map to Y. This allows us to introduce a t-structure on IndCoh(Y), and establish
a number of properties that make the case of Artin stacks close to that of schemes.

0.6. Conventions, terminology and notation.

0.6.1. Ground field. Throughout this paper we will be working with schemes and DG schemes
defined over a ground field k of characteristic 0.

0.6.2. oco-categories. By an oo-category we shall always mean an (oo, 1)-category. By a slight
abuse of language we will sometimes talk about “categories” when we actually mean oo-
categories. °

As was mentioned above, our usage of co-categories is not tied to any particular model,
however, the basic reference for us is Lurie’s book [Lu0].

For an oco-category C and c1,co € C, we let
Mapsg(c, c2)
denote the corresponding co-groupoid of maps. We also denote
Homeg(cy, c2) = mo(Mapsg(ci, c2)).

For a functor ® : C; — C, between oco-categories, and a functor F' : C; — D, where D is

another oco-category that contains limits (resp., colimits), we let
RKEg(F): Cy — D and LKEg(F) : Co —» D

the right (resp., left) Kan extension of F' along ®.

5Throughout the paper we will ignore set-theoretic issues. The act of ignoring can be replaced by assuming

that the co-categories and functors involved are k-accessible for some cardinal & in the sense of [Lu0], Sect.
5.4.2.
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0.6.3. Subcategories. Let C and C’ be oo-categories, and ¢ : C' — C be a functor.
We shall say that ¢ is 0-fully faithful, or just fully faithful if for any ¢/, ¢}, € C’, the map

(0.3) Mapsc (¢}, €5) = Mapsg(¢(ch), ¢(c5))

is an isomorphism (=homotopy equivalence) of co-groupoids. In this case we shall say that ¢
makes C’ into a 0-full (or just full) subcategory of C'.

Below are two weaker notions:

We shall say that ¢ is I-fully faithful, or just faithful, if for any ¢, ¢} € C’, the map (0.3)
is a fully faithful map of co-groupoids. Equivalently, the map (0.3) induces an injection on g
and a bijection on the homotopy groups m;, @« > 1 on each connected component of the space
Mapse (¢, c5).

ILe., 2- and higher morphisms between 1-morphisms in C’ are the same in C’ and C, up to

homotopy.

We shall say that ¢ is faithful and groupoid-full if it is faithful, and for any ¢, ¢}, € C’, the
map (0.3) is surjective on those connected components of Mapsc(¢(c}), ¢(ch)) that correspond
to isomorphisms. In this case we shall say that ¢ is an equivalence onto a I-full subactegory of

C.

0.6.4. DG categories. Our conventions on DG categories follow those of [GL:DG]. For the
purposes of this paper one can replace DG categories by (the equivalent) (oo, 1)-category of
stable co-categories tensored over Vect, where the latter is the DG category of complexes of
k-vector spaces.

By DGCatnon-cocomplete We shall denote the category of all DG-categories.

By DGCat we will denote the full subcategory of DGCatyon-cocomplete that consists of co-
complete DG categories (i.e., DG categories closed under direct sums, which is equivalent to
being closed under all colimits).

By DGCat,on we shall denote the 1-full subcategory of DGCat where we restrict 1-morphisms
to be continuous (i.e., commute with directs sums, or equivalently with all colimits).

Let C be a DG category and c1,cy € C two objects. We shall denote by
Mapsa(c1,c2)

the corresponding object of Vect. The oo-groupoid Maps (e, c2) is obtained from the trunca-
tion 7=9(Mapsc(cy,c2)) by the Dold-Kan functor

Vect=? — 0o-Grpd.

0.6.5. t-structures. Given C € DGCatynon-cocomplete €quipped with a t-structure, we shall denote
by C™ the corresponding full subcategory of C that consists of eventually coconnective objects,
ie.,
cCt=uc="".
n

Similarly, we denote

C =uCcs", Cc'=cCctnc-, c=c="nc=2".
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0.6.6. (Pre)stacks and DG schemes. Our conventions regarding (pre)stacks and DG schemes
follow [GL:Stacks].

We we shall abuse the terminology slightly and use the expression “classical scheme” for
a DG scheme which is 0-coconnective, see [GL:Stacks], Sect. 3.2.1. For S € Sch, we shall
use the same symbol S to denote the corresponding derived scheme. Correspondingly, for a
derived scheme S we shall use the notation /S, rather than 7°(S), to denote its 0-coconnective
truncation.

0.6.7. Quasi-coherent sheaves. Conventions regarding the category of quasi-coherent sheaves
on (pre)stacks follow those of [GL:QCoh].

In particular, we shall denote by QCohy)qq . the corresponding functor
(DGSch*™)°P — DG Cateont,
by QCohp, g its right Kan extension along the tautological functor
(DGSch*™)°P < (PreStk)°P,

and by QCohg the restriction of the latter to various subcategories C of PreStk, such as
C = DGSch, Stk, Stkaytin, etc.

The superscript “x” stands for the fact that for a morphism f : Y1 — Ys, the corresponding
functor QCoh(Ys2) — QCoh(Y,) is f*.

We remark (see [GL:QCoh, Corollary 1.3.12]) that for a classical scheme S, the category
QCoh(S) is the same whether we undertand S as a classical or DG scheme.

0.6.8. Noetherian DG schemes. We shall say that an affine DG scheme S = Spec(A) is Noe-
therian if

e H(A) is a Noetherian ring.

e Each H(A) is a finitely generated as a module over H°(A).

We shall say that a DG scheme is locally Noetherian if it admits a Zariski cover by Noetherian
affine DG schemes. It is easy to see that this is equivalent to requiring that any open affine
subscheme is Noetherian. We shall say that a DG scheme is Noetherian if it is locally Noetherian
and quasi-compact; we shall denote the full subcategory of DGSch spanned by Noetherian DG
schemes by DGSchyoeth-

0.6.9. DG schemes almost of finite type. Replacing the condition on HY(A) of being Noetherian
by that of being of finite type over k, we obtain the categories of DG schemes locally almost of
finite type and almost of finite type over k, denoted DGSchy,s, and DGSchyg, respectively.

0.7. Acknowledgements. The author’s debt to J. Lurie is obvious. In particular, it should
be emphasized that the following two crucial points in this paper: the idea to use the category
of correspondences as the source of the IndCoh functor, and the assertion that IndCoh satisfies
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The author would also like to thank D. Arinkin, J. Barlev and S. Raskin for many helpful
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Finally, the author would like to emphasize that part of the material in this paper has been
independently developed by T. Preygel.
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Part I. Elementary properties.

1. IND-COHERENT SHEAVES

Let S be a DG scheme. In this section we will be assuming that S is Noetherian, see
Sect. 0.6.8, i.e., quasi-compact and locally Noetherian.

1.1. The set-up.

1.1.1. Consider the category QCoh(S). It carries a natural t-structure, whose heart QCoh(S)"
is canonically isomorphic to QCoh(°'S)", where S is the underlying classical scheme.

Definition 1.1.2. Let Coh(S) C QCoh(S) be the full subcategory that consists of objects of
bounded cohomological amplitude and coherent cohomologies.

The assumption that 'S is Noetherian, implies that the subcategory Coh(S) is stable under
the operation of taking cones, so it is a DG subcategory of QCoh(S).

However, Coh(S) is, of course, not cocomplete.

Definition 1.1.3. The DG category IndCoh(S) is defined as the ind-completion of Coh(S).

Remark 1.1.4. When S is a classical scheme, the category IndCoh(S) was first introduced by
Krause in [Kr|. Assertion (2) of Theorem 1.1 of loc.cit. can be stated as IndCoh(S) being
equivalent to the DG category of injective complezes on S. Many of the results of this section
are simple generalizations of Krause’s results to the case of a DG scheme.

1.1.5. By construction, we have a canonical 1-morphism in DGCatcopt:
Ug : IndCoh(S) — QCoh(S),
obtained by ind-extending the tautological embedding Coh(X) — QCoh(X).

Lemma 1.1.6. Assume that S is a reqular classical scheme. Then Vg is an equivalence.

Remark 1.1.7. As we shall see in Sect. 1.6, the converse is also true.

Proof. Recall that by [BFN], Prop. 3.19, extending the arguments of [Ne|, the category
QCoh(S) is compactly generated by its subcategory QCoh(S)¢ = QCoh(S)Pe*f consisting of
perfect complexes.

Suppose that S is a regular classical scheme. Then the subcategories
Coh(S) € QCoh(S) D QCoh(S)Pert

coincide, and the assertion is manifest.

1.2. The t-structure.
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1.2.1. The category Coh(S) carries a natural t-structure. Hence, IndCoh(S) acquires a canon-
ical t-structure, characterized by the properties that

(1) Tt is compatible with filtered colimits (i.e., the truncation functors commute with filtered
colimits), and
(2) The tautological embedding Coh(S) — IndCoh(S) is t-exact.

We have:
Lemma 1.2.2. The functor ¥g is t-ezxact.

Proof. Follows from the fact that the t-structure on QCoh(S) is compatible with filtered col-
imits. 0

1.2.3. The next proposition, although simple, is crucial for the rest of the paper. It says that
the eventually coconnective subcategories of IndCoh(S) and QCoh(S) are equivalent:

Proposition 1.2.4. For every n, the induced functor
Vg : IndCoh(S)=" — QCoh(S)="

s an equivalence.

Proof. With no restricion of generality we can assume that n = 0. We first prove fully-
faithfulness. We will show that the map
(1.1) Mapsuqcon(s) (T F') = Mapsqeon(s) (Us(F), Us(F'))

is an isomorphism for ' € IndCoh(S)Z° and any F € IndCoh(S).

By definition, it suffuces to consider the case F € Coh(S).

Every 3’ € IndCoh(S)2° can be written as a filtered colimit

colim F;,

where F € Coh(S)=°.

By the definition of IndCoh(.S), the left-hand side of (1.1) is the colimit of

Mapsiuacon(s) (F> I7)s
where each term, again by definition, is isomorphic to
Mapscons) (5 F7) = Mapsqeon(s) (T, F7)-

So, it suffices to show that for F € Coh(S), the functor Mapsqcon(s)(F, —) commutes with

filtered colimits taken within QCoh(S)=9.

The assumptions on S imply that for any F € Coh(.S) there exists an object Fy € QCoh(S)°
(i.e., Fy is perfect, see [GL:QCoh], Sect. 4.1) together with a map Fy — F such that

Cone(Fy — F) € QCoh(S)<".
The functor Mapsqcon(s)(Fos —) does commute with filtered colimits since Fy is compact,
and the induced map
Mapsqcon(s) (Fo, ') = Mapsqoon(s) (I, )
is an isomorphism for any F’ € QCoh(S)Z°. This implies the needed result.
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It remains to show that ¥g : IndCoh(S5)Z% — QCoh(S)2" is essentially surjective. However,
this follows from the fact that any object F € QCoh(S)Z° can be written as a filtered colimit
colim F; with F; € Coh(S)=Y.

U

Corollary 1.2.5. An object of IndCoh(S) is connective if and only if its image in QCoh(S)
under Wg is.

The proof is immediate from Proposition 1.2.4.

Corollary 1.2.6. The subcategory Coh(S) C IndCoh(S) equals IndCoh(S)¢, i.e., is the category
of all compact objects of IndCoh(S).

Proof. A priori, every compact object of IndCoh(S) is a direct summand of an object of
Coh(S). Hence, all compact objects of IndCoh(S) are eventually coconnective, i.e., belong
to IndCoh(S)=~" for some n. Now, the assertion follows from Proposition 1.2.4, as a direct
summand of every coherent object in QCoh(S) is itself coherent.

O

1.2.7. Let IndCoh(S),; C IndCoh(S) be the full subcategory of infinitely connective, i.e., t-nil
objects:
IndCoh(8) i1 = mNIndcoh(S)S—".
ne

Since the t-structure on QCoh(.S) is separated (i.e., if an object has zero cohomologies with
respect to the t-structure, then it is zero), we have:

Il’ldCOh(S)nll = keI‘(\Ifs).
At the level of homotopy categories, we obtain that Wg factors as
(1.2) Ho(IndCoh(S))/ Ho(IndCoh(.S) ;1) — Ho(QCoh(S)).

However, in general, the functor in (1.2) is not an equivalence.
1.3. QCoh as the left completion of IndCoh.

1.3.1. Recall that a DG category C equipped with a t-structure is said to be left-complete in
its t-structure if the canonical functor

(1.3) C — lim C=7",

neNep

is an equivalence, where for ny; > no, the functor
CZ*m N sznz

is 72772, The functor in (1.3) is given by the family

>
n— 7=

1.3.2. Any DG category equipped with a t-structure admits a left completion. This is a DG
category C’ equipped with a t-structure in which it is left-complete, such that it receives a
t-exact functor C — C’, and which is universal with respect to these properties.

Explicitly, the left completion of C is given by the limit lim CZ~".

neNep
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1.3.3. We now claim:

Proposition 1.3.4. For S € DGSchnoeth, the functor ¥g : IndCoh(S) — QCoh(S) identifies
QCoh(S) with the left completion of IndCoh(S) in its t-structure.

Proof. First, it easy to see that the category QCoh(S) is left-complete in its t-structure. (Proof:
the assertion reduces to the case when S is affine. In the latter case, the category QCoh(.S)
admits a conservative limit-preserving t-exact functor to a left-complete category, namely,
(S, —) : QCoh(S) — Vect.)

Now, the assertion of the proposition follows from Proposition 1.2.4.
O

1.4. The action of QCoh(S) on IndCoh(S). The category QCoh(.S) has a natural (symmetric)
monoidal structure. We claim that IndCoh(S) is naturally a module over QCoh(S).

To define an action of QCoh(S) on IndCoh(S) it suffices to define the action of the (non-
cocomplete) monoidal DG category QCoh(S)Pe™ on the (non-cocomplete) DG category Coh(S).

For the latter, it suffices to notice that the action of QCoh(S)P*"f on QCoh(S) preserves the
non-cocomplete subcategory Coh(S).

By construction, the action functor
QCoh(S) ® IndCoh(S) — IndCoh(S)
sends compact objects to compact ones.
We will use the notation

€ € QCoh(5),F € IndCoh(S) — & ® F € IndCoh(S).

1.4.1. From the construction, we obtain:

Lemma 1.4.2. The functor Vg has a natural structure of 1-morphism between QCoh(S)-
module categories.

At the level of individual objects, the assertion of Lemma 1.4.2 says that for & € QCoh(S)
and F € IndCoh(S), we have a canonical isomorphism

(1.4) QIS(SQ@S")gS@\IIS(?)_

1.5. Eventually coconnective case. Assume now that S is eventually coconnective, see
[GL:Stacks], Sect. 3.2.6 where the terminology is introduced.

We remind that by definition, this means that S is covered by affines Spec(A4) with H=¢(A4) =
0 for all 7 large enough. Equivalently, S is eventually coconnective if and only if Og belongs to
Coh(S).

For example, any classical scheme is 0-coconnective, and hence eventually coconnective when

viewed as a DG scheme.

Remark 1.5.1. In Sect. 4.3 we will show that in a certain sense the study of IndCoh reduces to
the eventually coconnective case.
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1.5.2. Under the above circumstances we claim:

Proposition 1.5.3. The functor Vg admits a left adjoint Zg. Moreover, Zg is fully faith-
ful, i.e., the functor U realizes QCoh(S) is a co-localization of IndCoh(S) with respect to
IndCoh(S) -

Shortly, we shall see that a left adjoint to ¥ exists if and only if S is eventually coconnective.

Proof. To prove the proposition, we have to show that the left adjoint =g is well-defined and
fully faithful on QCoh(S)P*f = QCoh(S)°.

However, this is clear: for S eventually coconnective, we have a natural fully faithful inclusion
QCoh(S)Pef < Coh(S).
O
1.5.4. By adjunction, from Lemma 1.4.2, and using [GL:DG, Corollary 6.2.4], we obtain:

Corollary 1.5.5. The functor Zg has a natural structure of 1-morphism between QCoh(S)-
module categories.

At the level of individual objects, the assertion of Corollary 1.5.5 says that for &;,&y €
QCoh(S), we have a canonical isomorphism

(1.5) E5(&1® &) = &1 ®Zg(&2),
where in the right-hand side ® denotes the action of Sect. 1.4.
In particular, for & € QCoh(S), we have
E5(€) ~E®Eg(0g).
1.5.6. We note the following consequence of Proposition 1.5.3:

Corollary 1.5.7. If S is eventually coconnective, the functor of triangulated categories (1.2)
is an equivalence.

The following observation is useful:

Lemma 1.5.8. Let F be an object of QCoh(S) such that E(S) € Coh(S) C IndCoh(S). Then
F € QCoh(S)rert,

Proof. Since Zg is a fully faithful functor that commutes with filtered colimits, an object of
QCoh(S) is compact if its image under Eg is compact. O

1.6. Some converse implications.
1.6.1. We are now going to prove:

Proposition 1.6.2. Assume that the functor Ug : IndCoh(S) — QCoh(S) admits a left ad-
joint. Then S is eventually coconnective.

Proof. Let Eg : QCoh(S) — IndCoh(S) denote the left adjoint in question. Since ¥g com-
mutes with colimits, the functor Zg sends compact objects to compact ones. In particular, by
Corollary 1.2.6, Z5(05) belongs to Coh(S), and in particular, to IndCoh(S)Z~" for some n.
Hence, by Proposition 1.2.4, the map Og — ¥5(E5(0g)) induces an isomorphism on Homs to
any eventually coconnective object of QCoh(S). Since the t-structure on QCoh(S) is separated,
we obtain that Og — Ug(E5(0g)) is an isomorphism. In particular, Og € Coh(S).

O
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1.6.3. Let us now prove the converse to Lemma 1.1.6:

Proposition 1.6.4. Let S be a DG scheme such that Vg is an equivalence. Then S is a reqular
classical scheme.

Proof. By Proposition 1.6.2 we obtain that S is eventually coconnective. Since Wg is an equiv-
alence, it induces an equivalence between the corresponding categories of compact objects.
Hence, we obtain that

(1.6) Coh(S) = QCoh(S)Pet,
as subcategories of QCoh(S).

The question of being classical and regular, and the equality (1.6), are local. So, we can
assume that S is affine, S = Spec(A).

The inclusion C in (1.6) implies that H°(A) admits a finite resolution by projective A-
modules. However, it is easy to see that this is only possible when all H*(A) with i # 0 vanish.
Hence A is classical.

In the latter case, the inclusion C in (1.6) means that every A module is of finite projective
dimension. Serre’s theorem implies that A is regular.
O

2. IndCoh IN THE NON-NOETHERIAN CASE

This section will not be used in the rest of the paper. We will indicate the definition of the
category IndCoh(S) in the case when S is not necessarily locally Noetherian. We shall first
treat the case when S = Spec(A) is affine, and then indicate how to treat the case of a general
scheme if some additional condition is satisfied.

2.1. The coherent case. Following J. Lurie, give the following definitions:

Definition 2.1.1. A classical ring Ag is said to be coherent if the category of finitely presented
Ag modules is abelian, i.e., is stable under taking kernels and cokernels.

Definition 2.1.2. A DG ring A is said to be coherent if:

(1) The classical ring H(A) is coherent.
(2) Each H'(A) is finitely presented as a H°(A)-module.

2.1.3. We note that the entire discussion in the preceeding section goes through when the
assumption that A be Noetherian is replaced by that of it being coherent.

In what follows, we shall show how to define IndCoh(S) without the coherence assumption
either.

2.2. Coherent sheaves in the non-Noetherian setting.

2.2.1. Informally, we say that an object QCoh(S) is coherent if it is cohomologically bounded
and can be approximated by a perfect object to any level of its Postnikov tower.

A formal definition is as follows:
Definition 2.2.2. A cohomologically bounded object F € QCoh(S) is said to be coherent if for

any n there erists an object F,, € QCoh(S)Pe™ together with a morphism F,, — F such that
Cone(F,, — F) € QCoh(S)=—".

We have:



IND-COHERENT SHEAVES 19

Lemma 2.2.3. For a cohomologically bounded object F € QCoh(S) the following conditions
are equivalent:

(1) F is coherent.
(2) For any n, the functor on QCoh(S)Y given by F' + Hom(F,F'[n]) commutes with
filtered colimits.

2.2.4. Let Coh(S) C QCoh(S) denote the full subcategory spanned by coherent objects. It
follows from Lemma 2.2.3 that Coh(S) is stable under taking cones, so it is a (non-cocomplete)
DG subcategory of QCoh(S).

Definition 2.2.5. We define the DG category IndCoh(S) to be the ind-completion of Coh(S).

By construction, we have a tautological functor ¥g : IndCoh(S) — QCoh(S).

2.2.6. We shall now define a t-structure on IndCoh(S). We let IndCoh(S)<° be generated
under colimits by objects from Coh(S) N QCoh(S)=". Since all these objects are compact in
IndCoh(S), the resulting t-structure on IndCoh(S) is compatible with filtered colimits.

Remark 2.2.7. The main difference between the present situation and one when S is coherent is
that now the subcategory Coh(S) C IndCoh(S) is not necessarily preserved by the truncation
functors. In fact, it is easy to show that the latter condition is equivalent to S being coherent.

By construction, the functor Ug is right t-exact.
2.3. Eventual coherence.

2.3.1. Note that unless some extra conditions on .S are imposed, it is not clear that the category
Coh(S) contains any objects besides 0. Hence, in general, we cannot expect that an analog of
Proposition 1.2.4 should hold. We are now going to introduce a condition on S which would
guarantee that an appropriate analog of Proposition 1.2.4 does hold:

Definition 2.3.2. We shall say that S is eventually coherent if there exists an integer N, such
that for all n > N the truncation 7=~"(0g) is coherent.

We are going to prove:

Proposition 2.3.3. Assume that S is eventually coherent. Then:
(a) The functor Vg is t-exact.
(b) For any m, the resulting functor Ug : IndCoh(S)=™ — QCoh(S)Z™ is an equivalence.

Proof. Let F ~ .Ic?(l:irln(s) F; be an object of IndCoh(S)>?, where F; € Coh(S). To prove that
i,IndCoh

Ug is left t-exact, we need to show that '5%11‘5?5) F; belongs to QCoh(S)>°. Since S is affine,
1,QCo
the latter condition is equivalent to

Maps j ) =
apb(os,iygfélgg?s)fﬂ) 0,

and since Qg is a compact object of QCoh(.S), the left-hand side of the latter expression is
(2.1) colim Mapsqgoon(s)(Os, Fi).
Since each F; is cohomologically bounded, the map

Mapsqcon(s) (T2 "(0s), F:) = Mapsqoon(s) (Os, Fi)
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is an isomorphism for n > 0. Hence, the map
co%m MapsQCOh(S)(TZ_"(OS), Fi) — Mapsqcon(s) (0s, F4)
is an isomorphism. Therefore,

(2.2) coliim Mapsqcon(s)(Os, Fi) =~ colim colzm MapSQCOh(S)( (0g),F;) ~

[

o~ colzm colzm Mapchoh(S)( “"(0g),F).

However, by assumption, for n > N, 727"(0g) € Coh(S), and for such n
Mapsqcon(s) (T "(0s), Fi) = Mapstacons) (77 "(0s), Fi),

and hence
colzm MapSQCoh(S)( (0g),F;) ~ colzm Mapslndooh(s)( (0g),F;) ~

~ Mapsipacon(s) (T2 " (0s), F),

which vanishes by the definition of the t-structure on IndCoh(S). Hence, the expression in (2.2)
vanishes, as required. This proves point (a).

To prove point (b), it is enough to consider the case m = 0. We first prove fully-faithfulness.
As in the proof of Proposition 1.2.4, it is sufficient to show that for § € Coh(S) and F’ €
IndCoh(S)2°, the map

Mapsy,acon(s) (5> I') = Mapsqeon(s) (Ps(F), ¥s(F'))
is an isomorphism.

Let i — F; be a diagram in Coh(S), such that F := Icg(ljo( F’ belongs to IndCoh(S5)=°
We need to show that the map

(2.3) coliim Mapsqcon(sy (I, F;) — Mapsqcon(s) (T 5%101}71?5) F1)

is an isomorphism.
Let Fy € QCoh(S)Pf be an object equipped with a map Fy — F such that
Cone(Fy — F) € QCoh(S)<°
Since & is cohomologically bounded, for n > 0, the above morphism factors through a morphism
27(05) @ Fo =: T4 — T;

moreover, by the eventually coherent assumption on S, we can take n to be large enough so
that F € Coh(S).

Consider the commutative diagram:

colim Mapsqgcon(s)(Jo, F;) — Mapsqcon(s) (Fo,  colim J7)

i,QCoh(S) *

(2.4) coilim Mapsqcon(s) (F6,F;) —— colnz'm Mapsqcon(s) (5, . colim F7)

i,QCoh(S)
| |

colim Mapsqcon(s)(F,5;) —— Mapsqcon(s) (J i,é%lfffa F%)-
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We need to show that in the bottom horizontal arrow in this diagram is an isomorphism.
We will do so by showing that all other arrows are isomorphisms.

For all n > 0 we have a commutative diagram

colim Mapsqcon(s) (F6: F7) —— Mapsi,qcon(s) (T I)

?

I I

COliim MapSQCoh(S) (Sjv ‘rf;) — MapslndCoh(S) (3‘7 Sﬂ)a

in which the right vertical arrow is an isomorphism since Cone(Fy — F) € IndCoh(S)<° and
F’ € IndCoh(S)Z°. Hence, the left vertical arrow is an isomorphism as well. This implies that
the lower left vertical arrow in (2.4) is an isomorphism.

The upper left vertical arrow in (2.4) is an isomorphism by the same argument as in the
proof of point (a) above. The top horizontal arrow is an isomorphism since Fy is compact in

QCoh(S). Finally, both right vertical arrows are isomorphisms since 5%11‘}7?5) F: € QCoh(S)=Y,
i,QCoh

as was established in point (a).
Finally, let us show that the functor
g : IndCoh(S)Z% — QCoh(S)=°
is essentially surjective. By fully faithfulness, it suffices to show that the essential image of
U 5(IndCoh(S5)2%) generates QCoh(S)Z% under filtered colimits.

Since QCoh(S) is generated under filtered colimits by objects of the form Fy € QCoh(S)Pet,
the category QCoh(S)=° is generated under filtered colimits by objects of the form 72(Fy) for
Fo € QCoh(S)Pet. Hence, it suffices to show that such objects are in the essential image of
WUg. However,

720(F0) = 7205 (T5)) = Us(m2°(T7))
for n>> 0 and F§ = 7=27"(05) ® Fo € Coh(S).
O

2.3.4. The eventually coconnective case. Assume now that S is eventually coconnective; in
particular, it is automatically eventually coherent.

In this case QCoh(S)P' is contained in Coh(S). As in Sect. 1.5, this gives rise to a functor
Es : QCoh(S) — IndCoh(S),
left adjoint to Wg, obtained by ind-extension of the tautological functor
QCoh(S)Pef < Coh(S).

As in Proposition 1.5.3, it is immediate that the unit of adjunction
Id—> ¥goZg

is an isomorphism. lLe., Zg is fully faithful, and g realizes QCoh(S) as a colocalization of
IndCoh(S) with respect to the subcategory IndCoh(S),;.

Remark 2.3.5. Here is a quick way to see that Ug is left t-exact in the eventually coconnective
case: indeed, it is the right adjoint of =g, and the latter is right t-exact by construction.

2.4. The non-affine case. In this subsection we will indicate how to extend the definition of
IndCoh(S) to the case when S is not necessarily affine.
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2.4.1. First, we observe that if S; < S5 is an open embedding of affine DG schemes and S5 is
eventually coherent, then so is S;. This observation gives rise to the following definition:

Definition 2.4.2. We say that a scheme S is locally eventually coherent if for it admits an
open cover by eventually coherent affine DG schemes.

2.4.3. Assume that S is locally eventually coherent. We define the category IndCoh(S) as

lim IndCoh(U),
U—S

where the limit is taken over the category of DG schemes U that are disjoint unions of eventually
coherent affine DG schemes, equipped with an open embedding into S.

Proposition 2.3.3 allows us to prove an analog of Proposition 4.2.1, which implies that for S
affine, we recover the original definition of IndCoh(S).

3. BASIC FUNCTORIALITIES

In this section all DG schemes will be assumed Noetherian.

3.1. Direct images. Let f : S — S be a morphism of DG schemes.
Proposition 3.1.1. There exists a unique continuous functor
fIndCoh . ThdCoh(S;) — IndCoh(S,),

which is left t-exact with respect to the t-structures, and which makes the diagram

fIndCoh

IndCoh(S;) ——— IndCoh(Ss)
vl Je-
QCoh(S1) —— QCoh(S,)
commaute.
Proof. By definition, we need to construct a functor
Coh(S;) — IndCoh(Ss)™,

such that the diagram
Coh(S;) ——— IndCoh(Ss)*

v | e,

QCoh(S;) —*— QCoh(Sy)*

commutes. Since the right vertical arrow is an equivalence (by Proposition 1.2.4), the functor
in question is uniquely determined to be the composition

Coh(S;) < QCoh(S)+ L= QCoh(Sy)*.
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3.1.2. Recall that according to Sect. 1.4, we can regard IndCoh(S;) as a module category over
the monoidal category QCoh(S;). In particular, we can view both IndCoh(S;) and IndCoh(Ss)
as module categories over QCoh(S3) via the monoidal functor

£ QCoh(Sy) — QCoh(Sy).

We now claim:
Proposition 3.1.3. The functor fIndCeh . IndCoh(S;) — IndCoh(Ss) has a unique structure
of 1-morphism of QCoh(Ss)-module categories that makes the diagram

IndCoh(S;) —1 QCoh(Sy)

f}rndcchl J{f*

IndCoh(S2) —2 QCoh(Ss)

commute.

At the level of individual objects, the assertion of Proposition 3.1.3 says that for &, €
QCoh(S3) and F; € IndCoh(S;) we have a canonical isomorphism

(31) 82 ® findCOh(:Tl) ~ indCOh(f*(EQ) ® 351),

where ® is understood in the sense of the action of Sect. 1.4.

Proof. Tt is enough to show that the functor
ndCoh) sy + Coh(S1) — IndCoh(Sa)

has a unique structure of 1-morphism of module categories over QCoh(S5)P°™, which makes
the diagram

Coh(Sy) —21y QCoh(S))

findCohJ/ lf*

IndCoh(Ss) —24 QCoh(Sy)

commute.
However, by construction, the latter structure equals the one induced by the functors
fxlcon(s,) : Coh(S1) — QCoh(S;)*
and
QCoh(S2)" " TndCoh(S)* = IndCoh(S).

3.2. Upgrading to a functor.
3.2.1. We now claim that the assigment
S ~ IndCoh(S), f ~» fmdCeh
upgrades to a functor
(3.2) DGSchyoeth — DGCateont,

to be denoted IndCohpaschyyeys -
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3.2.2. First, we recall the functor
QCohpggay : (DGSch)°P — DGCateont,
see Sect. 0.6.7.
Passing to right adjoints, we obtain a functor
QCohpggen : DGSch — DGCateont -
Restricting to DGSchyoetn € DGSch we obtain a functor
QCOhDGSchNoeth : DGSchnoeth — DGCateont -

3.2.3. Now, we claim:
Proposition 3.2.4. There exists a uniquely defined functor
IndCohpasehyyen : DGSchnoeth = DGCateont,
equipped with a natural transformation
UnDGSchyoen © INACOMDGSchyoern = QCOMD Gy o+
which at the level of objects and 1-morphisms is given by the assignment

X ~~ IndCoh(X), f ~» flndCoh

The rest of this subsection is devoted to the proof of this proposition.

3.2.5. Consider the following (oo, 1)-categories:
DGCat e and DGCat/

cont *

The category DGCat ™" consists if of non-cocomplete DG categories C, endowed with a
t-structure, such that C = Ct. We also require that CZ° contain filtered colimits and that
the embedding CZ° < C commute with filtered colimits. As l-morphisms we take those
exact functors F' : C; — Cy that are left t-ezact up to a finite shift, and such that F|Clzo

commutes with filtered colimits. The higher categorical structure is uniquely determined by
the requirement that the forgetful functor

DGCat ™ eont — DGCatnon—cocomplete
be 1-fully faithful.

The category DGCat’, . consists of cocomplete DG categories C, endowed with a t-structure,
such that CZ° is closed under filtered colimits, and such that C is compactly generated by
objects from CT'. As l-morphisms we allow those exact functors F' : C; — Cs that are
continuous and left t-exact up to a finite shift. The higher categorical structure is uniquely
determined by the requirement that the forgetful functor

DGCat!,,, — DGCatcont
be 1-fully faithful.
We have a naturally defined functor
(3.3) DGCat!,,, — DGCat*, C s C*.
Lemma 3.2.6. The functor (3.3) is I-fully faihful.
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3.2.7. We will use the following general assertion. Let 7 : D’ — D be a 1-fully faithful functor
between (oo, 1)-categories. Let I be another (oo, 1)-category, and let
(3.4) (iel)~ (F'(i) e D),
be an assignment, such that the assignment
i ToF'(i)
has been extended to a functor F': I — D.

Lemma 3.2.8. Suppose that for every o € Mapsy(iy, i2), the point F(«) € Mapsp (F(i1), F(i2))
lies in the connected component corresponding to the image of

Mapspy (F'(i1), F'(i2)) — Mapsp (F(ir), F(i)).

Then there exists a unique extension of (3.4) to a functor F' : 1T — D’ equipped with an
isomorphism T o F' ~ F.

Let now F| and F be two assignments as in (3.4), satisfying the assumption of Lemma 3.2.8.
Let us be given an assignment

Lemma 3.2.9. Suppose that the assignment
i~ T(;) € Mapsp (F1(i), F»(i))

has been extended to a natural transformation v : Fy — Fs. Then there exists a unique extension
of (3.5) to a natural transformation 1 : F{ — F} equipped with an isomorphism T o)’ ~ 1.

3.2.10. We are now ready to prove Proposition 3.2.4:
Step 1. We start with the functor
QCohpgsenyoer, - PGSchnoeth — DGCateont,
and consider
I = DGSchyoetn, D = DGCateoni, D' := DGCatl ., F = QCohpGsenyoee s
and the assignment
(X € DGSchyoetn) ~ (QCoh(X) € DGCatf, ).
Apping Lemma 3.2.8, we obtain a functor

(3.6) QCohhasenyur, | DGSchnoeth — DGCat,, -

Step 2. Note that Proposition 3.1.1 defines a functor
IndCohpggeny..r, | DGSchyoetn — DGCat!

cont’

and the natural transformation

t . t t
UhGsehnen - 1BACOMDGseny,n = QCOMDGseh

at the level of objects and 1-morphisms.

Since the functor DGCat’, , — DGCatcon is 1-fully faithful, by Lemmas 3.2.8 and 3.2.9,
the existence and uniqueness of the pair (IndCohpGSchyyei s YDGSchnoen) With a fixed behavior

on objects and 1-morphisms, is equivalent to that of (IndCoh’f)GSChNoeth,\IJEGSChNOOm).
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Step 3. By Lemma 3.2.6, combined with Lemmas 3.2.8 and 3.2.9, we obtain that the existence
and uniqueness of the pair (IndCohtDGSChNoem, \IJBGSChNMh), with a fixed behavior on objects
and 1-morphisms is equivalent to the existence and uniqueness of the pair

+ +
(IndCOhDGSChNoem’ \IJDGSChNoeth)7
obtained by composing with the functor (3.3).
The latter, however, is given by

+ — +
IndCOhDGSChNoem = QCOhDGSChNoeth’

obtained from (3.6) by composing with (3.3), and taking

+ —
U GSehney, = 1+

3.3. The !-pullback functor for proper maps.
3.3.1. Let f:S; — S5 be a map between Noetherian schemes.

Definition 3.3.2. We shall say that f is of almost of finite type if the corresponding map of
classical schemes €1S; — €S, is.

In particular, for So = Spec(k), the above notion is equivalent to S; being almost of finite
type over k, see Sect. 0.6.9.

We let (DGSchoeth )aft denote the 1-full subcategory of DGSchyoeth, Where we restrict 1-
morphisms to be maps almost of finite type.

Definition 3.3.3. 4 map f : S1 — So between DG schemes is said to be proper/finite/closed
embedding if the corresponding map of classical schemes 'Sy — ISy has this property.

In particular, any proper map is almost of finite type, as the latter is included in the definition
of properness for morphisms between classical schemes. We let
(DGSChNocth)cl.cmb. C (DGSChNocth)ﬁnitc C (DGSChNocth)propcr C (DGSChNocth)aft

denote the corresponding inclusions of 1-full subcategories.
3.3.4. We have the following basic feature of proper maps:

Lemma 3.3.5. If f : S1 — Sy is proper, then the functor f. : QCoh(S1) — QCoh(S2) sends
Coh(S1) to Coh(S2).

Proof. 1t is enough to show that f. sends Coh(S;)” to Coh(S3). Let 2; denote the canonical
maps ¢S; — S;, i = 1,2. Since

(1)« : Coh(°!S;)¥ — Coh(S;)"
are equivalences, the required assertion follows from the commutative diagram

QCoh(?s,) —“s QCoh(S))

(“’f)*l lf*

QCoh(4Sy) —"2* QCoh(S,),

and the well-known fact that direct image preserves coherence for proper maps between classical
Noetherian schemes.
a
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Corollary 3.3.6. If f is proper, the functor
fImdCoh . 1hdCoh(S;) — IndCoh(Ss)
sends compact objects to compact ones.
Proof. We need to show that for F € Coh(S1) C IndCoh(S1), the object
fIndCoh () ¢ IndCoh(S,)

belongs to Coh(Ss) C IndCoh(Ss). By Proposition 3.1.1, fIndCoh(F) € TndCoh(S2)*. Hence,
by Proposition 1.2.4, it suffices to show that

g, (fIdCh(F)) € Coh(Sy) € QCoh(Sy).

We have
quz( indCOh(gj)) = f*(\Ilsl (?))’

and the assertion follows from Lemma 3.3.5.

3.3.7. Consider the adjoint functor
f': IndCoh(S5) — IndCoh(S;)
(it exists for general co-category reasons, see [Lu0], Corollary 5.5.2.9).
Now, the fact that fI"d€°h sends compacts to compacts implies that the functor f' is con-
tinuous. Le., f'is a 1-morphism in DGCateont.
3.3.8. By adjunction from Proposition 3.2.4 we obtain:

Corollary 3.3.9. The assignment S +— IndCoh(S) upgrades to a functor

IndCoh{paseny.n - ((DGSchyoetn ) proper)? — DGCat con -

)proper

3.3.10. By Proposition 3.1.3, the functor fI"4C€°h hag a natural structure of 1-morphism between
QCoh(S3)-module categories. Hence, from [GL:DG, Corollary 6.2.4] we obtain:

Corollary 3.3.11. The functor f' has a natural structure of 1-morphism between QCoh(Ss)-
module categories.

At the level of individual objects, the assertion of Corollary 3.3.11 says that for &€ € QCoh(S2)
and F € IndCoh(S2), we have a canonical isomorphism:

(3.7) FE®T) = f (&) e f(9),

where ® is understood in the sense of the action of Sect. 1.4.

3.4. Proper base change.
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3.4.1. Let f:S; — Sy be a proper map between Noetherian DG schemes, and let go : S5 — S
be an arbitrary map (according to the conventions of this section, the DG scheme S} is also
assumed Noetherian).

Since f is almost of finite type, the Cartesian product S7 := 54 x S; is also Noetherian, and
the resulting map f’ : S] — S} is proper. Let g; denote the map Sf — S1:
s 28
f 'l Jf
Sy, —£2 4 5,

The isomorphism of functors

findCoh o (gl)indCoh ~ (92)£nd00h o (f/)indCoh
by adjunction gives rise to a natural transformation
(3.8) (g% o (f1)" = f'o (g2) 14"

between the two functors IndCoh(S5) = IndCoh(S1).
Proposition 3.4.2. The natural transformation (3.8) is an isomorphism.
The rest of this subsection is devoted to the proof of this proposition.
3.4.3. For a proper morphism f: 57 — 53, let
R QCoh(Ss) — QCoh(S))
denote the not necessarily continuous right adjoint to fi : QCoh(S7) — QCoh(Ss).

Since f, is right t-exact up to a cohomological shift, the functor fQCM' is left t-exact up to
a cohomological shift. Hence, it maps QCoh(S3)™ to QCoh(S;)*.

Lemma 3.4.4. The diagram
IndCoh(S;)t —Ls QCoh(Sy)*

f!T TfQCoh,!

IndCoh(S2)" ——25 QCoh(Ss)*

obtained by passing to right adjoints along the horizontal arrows in

IndCoh(Sy )+ —=Ls QCoh(S:)"

findCoh l J/f*

IndCoh(Ss)* —25 QCoh(S2)",
commutes.

Proof. Follows from the fact that the vertical arrows are equivalences, by Proposition 1.2.4. O

Remark 3.4.5. It is not in general true that the diagram

IndCoh(S1) —1s QCoh(Sy)

f!T Tchoh,!

IndCoh(Ss) —=2 QCoh(Sy)
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obtained by passing to right adjoints along the horizontal arrows in

IndCoh(S;) —s QCoh(S))

fi“dCOhl lf*

IndCoh(Ss) —25 QCoh(Ss),

comimutes.

For example, take S; = pt = Spec(k), So = Spec(k[t]/t?) and 0 # F € IndCoh(S3) be in
the kernel of the functor ¥g,. Then Wy o f'(F) # 0. Indeed, ¥g, is an equivalence, and f' is
conservative, see Corollary 4.1.8.

Proof of Proposition 8.4.2. Since all functors involved are continuous, it is enough to show that
the map

()98 0 (1) = £ ()00 ()
is an isomorphism for F € Coh(S;). Hence, it is enough to show that (3.8) is an isomorphism
when restricted to IndCoh(S;)".

By Lemma 3.4.4 and Proposition 1.2.4, this reduces the assertion to showing that the natural
transformation

(39) (91)* ° (fI)QCOh,! N fQCOh,I o (92)*
is an isomorphism for the functors
QCoh(S))t —Y2 s QCoh(8;)*
(f/)QCOh,zT TfQCoh,!
QCoh(S,)+ —Y2y QCoh(S,)*,
where the natural transformation comes from the commutative diagram

QCoh(S))*+ —“y QCoh(s))+

7| |
QCoh(S)* —“2y QCoh(S,)*
by passing to right adjoint along the vertical arrows.

We consider the commutative diagram
QCoh(s]) —Ys QCoh(S))
4 |
QCoh(Sy) —25 QCoh(S,),

and the diagram

QCoh(s]) —Ys QCon(s))
(f/)QCohJT TfQCoh,!

QCoh(Sy) —¥2=5 QCoh(Sy),
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obtained by passing to right adjoints along the vertical arrows. (Note, however, that the functors
involved are no longer continuous).

We claim that the resulting natural transformation

(3.10) (g1)w 0 (f1)FCM — fROP1 0 (gy),
between functors

QCoh(S5) = QCoh(S;)
is an isomorphism.

Indeed, the map in (3.10) is obtained by passing to right adjoints in the natural transforma-
tion

(3.11) (g2)* 0 fo = flo(g1)*
as functors

QCoh(S;) = QCoh(S5)
in the commutative diagram

QCoh(S]) < QCoh(S))

| |~

QCoh(S4) <22 QCoh(Ss).

Now, (3.11) is an isomorphism by the usual base change for QCoh. Hence, (3.10) is an
isomorphism as well.
g

3.5. The (IndCoh, *)-pullback.

3.5.1. Let f:5; — S9 be a morphism between Noetherian DG schemes.
Definition 3.5.2. We shall say that f is eventually coconnective if the functor
f* : QCoh(S2) — QCoh(Sy)

sends Coh(S2) to QCoh(S1)™, in which case it automatically sends it to Coh(Sy).

It is easy to see that the following conditions are equivalent:

e f is eventually coconnective;
e For a closed embedding S, — S5 with S% eventually coconnective, the Cartesian product

S% x S7 is eventually coconnective.
Sa
e For a closed embedding S} — Sy with S4 classical, the Cartesian product S, x S is
Sa

eventually coconnective.
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3.5.3. By the same logic as in Sect. 3.1, we have:

Proposition 3.5.4. Suppose that f is eventually coconnective. Then there exists a unique
functor
frmdCohx . 1ndCoh(Sy) — IndCoh(Sh),

which makes the diagram

IndCoh(S1) —1s QCoh(S))

fIndCoh,*T Tf*

IndCoh(S2) —2 QCoh(Ss)
commute.
Furthermore, the functor fC°M* has o unique structure of 1-morphism of QCoh(Sy)-
module categories, so that the above diagram commutes as a diagram of QCoh(S3)-modules.

We note that the last assertion in Proposition 3.5.4 at the level of individual objects says
that for € € QCoh(S2) and F € IndCoh(Sz2), we have a canonical isomorphism

(3-12) fIndCOh,*(g ® SF) ~ f*(g) ® fIndCoh,*(f-f)’
where ® is understood in the sense of the action of Sect. 1.4.

3.5.5. Let (DGSchnoeth )ev-coconn denote the 1-full subcategory of DGSchyoetn Where we allow
only eventually coconnective maps as 1-morphisms. As in Proposition 3.2.4 we obtain:

Corollary 3.5.6. The assignment
S +— IndCoh(S) and g
upgrade to a functor

: (DGSChNoeth)Op — DGCatcont,

ev-coconn

Inchh?DGSChNoeth

)ev—coconn

and a natural transformation

* . * *

(DGSchnoern )ev-coconn - MACONDASEh e ev-coconn 7 QCONDESchroern )ev-coconn *=
k%

= QCohpaseny e,

((DGSchNoeth)ev-coconn )P *

3.5.7. The (inverse,direct) image adjunction. We are now going to show that under the as-
sumptions of Proposition 3.5.4, the functors fIndCoh and fmdCoh* gatisfy the usual adjunction

property:

Lemma 3.5.8. Let f: 51 — S5 be eventually coconnective. Then the functor
frmdCeh . TndCoh(Sy) — IndCoh(S;)

is the left adjoint of fI"4C°h : IndCoh(S;) — IndCoh(Ss).

Proof. We need to construct a functorial isomorphism

(3.13) Mapsi,acon(s,) (fIndCOh’*(rf?), F1) ~ Mapsinacon(s,) (Fa, findCOh(rfl))»

for 1 € IndCoh(S;) and Fy € IndCoh(.Ss).

By the definition of IndCoh(Ss), it suffices to do this for F5 € Coh(S2). Now, since the
functor fMdCeh* sends compact objects to compact ones, for F5 € Coh(Ss), each side in (3.13)
commutes with filtered colimits. Hence, it suffices to construct the isomorphism (3.13) when
F5 € Coh(S2) and F; € Coh(Sh).
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In this case,
Mapsiacon(sy) (f M (F2), F1) ~ Mapsgen s, (f*(F2), F1) ~ Mapsqoen(s,) (f* (F2), F1),

and

MapslndCoh(Sz) (9:23 findCoh(g:l)) = 1\/Ia“pslnd00h(52)Jr (3:23 fﬁlcndCOh(Stl))?
which by Proposition 1.2.4 identifies with

I\AaPSQCoh(SQ)Jr (3:23 Jx (?1)) = Ma’pSQCoh(Sz) (3:27 Ix (3:1))
Hence, the required isomorphism follows from the isomorphism

MaPSQcoh(Sl)(f*(%)a F1) ~ Mapsqcon(ss,) (F2, f(F1)),
which expresses the (f*, f.)-adjunction for QCoh.

In fact, a statement converse to Lemma 3.5.8 holds:

Proposition 3.5.9. Let f : S; — S3 be a morphism between DG schemes, such that the functor
fIndCoh . TndCoh(S;) — IndCoh(Sy) admits a left adjoint. Then f is eventually coconnective.

Proof. Suppose fIndCoh admits a left adjoint; let us denote it by

fndCohx : IndCoh(S;) — IndCoh(Sh).

/fIndCoh,*

Being a left adjoint to a functor that commutes with colimits, sends compact objects

to compacts, i.e., it is the ind-extension of a functor

/fIndCoh,* : Coh(S2) — Coh(S5y).

To prove the proposition, it suffices to show that the natural map
(314) f-* o \115’2 N \Ilsl ° /fIndCOh,*
is an isomorphism.

Since the t-structure on QCoh(S1) is left-complete, it suffices to show that for F € Coh(Sz)
and any n, the induced map

F2n (f* o \IISQ (g:)) N TZn (\1181 o /f-IndCoh,*(g:))
is an isomorphism, i.e., that the induced map
(3.15) HomQCoh(Sl)(\PSl o lfIndCOh’*(S:), 3:/) — HomQCoh(Sl) (f* oVg, (3:), 5’”)

is an isomorphism for any 3’ € QCoh(S1)=". By Proposition 1.2.4, we can take 3’ = Ug, (F7)
for some F; € IndCoh(S;)=".

The object /fndCoh*(F) belongs to Coh(S;) C IndCoh(S;)*. Hence, by Proposition 1.2.4,
the left-hand side of (3.15) identifies with

Hompacon(sy) (f 49" *(F), F1),
which in turn identifies with
Hompyacon(s,) (F, 9 (F1)) = Homqeon(s,) (Ws, (F), s, (£ (F1))) =
= HomQCOh(Sz)(\PSQ (?)7 f*(\I/S1 (3:1)))3
which identifies by adjunction with the right-hand side of (3.15).
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3.5.10. Assume again that S; and Sy are eventually coconnective. In this case, by adjunction
from Proposition 3.1.1, we obtain:

Lemma 3.5.11. The diagram
IndCoh(S;) = QCoh(S))

fIndCoh,*T Tf*

IndCoh(S5) +—2— QCoh(Ss)
commutes as well.
3.5.12. In particular, we obtain that the assignment S — Zg extends to a natural transforma-
tion
E (<= DGSchxoetn)ov-coconn * QCON(<DGSchngern)ev-coconn — THACON <o DGSchge)ev-coconn’

where
* *
QCOh( <°DGSchNoeth )ev-coconn and IndCOh( <> DGSchNoeth

)ev—coconn

denote he restrictions of the functors

* *
QCOh(DGSChNocth)ev-coconu and IndCOh(DGSChNooth)

TeSpeCtiVely, to ((<OODGSChNoeth)ev-coconn)Op C ((]:)G’SChNoeth)ev-coconn)op

ev-coconn ’

3.6. Morphisms of bounded Tor dimension.

3.6.1. We shall say that a morphism f : S; — S between DG schemes is of bounded Tor
dimension if the functor

f*: QCoh(S3) — QCoh(S))
is left t-exact up to a finite shift, i.e., is of bounded cohomological amplitude.
3.6.2. First, we claim:
Lemma 3.6.3. Let f : S; — Sy be a morphism almost of finite type. Then following conditions
are equivalent:

(a) f is eventually coconnective.
(b) f is of bounded Tor dimension.
Proof. The implication (b) = (a) is tautological. Let us prove that (a) implies (b).
The question is local in Zariski topology, so we can assume that f can be factored as a
composition
S L 8y x A" 8,
where f’ is a closed embedding. It is easy to see that f satisfies condition (a) (resp., (b)) if and

only if f/ does. Hence, we can assume that f is itself a closed embedding.

To test that f is of bounded Tor dimension, it is sufficient to test it on objects from Coh(S3)".
Since such objects come as direct images from ¢Sy, by base change, we can assume that Sy is
classical. Since f was assumed eventually coconnective, we obtain that S7 is itself eventually
coconnective, i.e., f.(Og,) € Coh(Ss).

We need to show that f.(Og,) is of bounded Tor dimension. This will follow from the
following general assertion:
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Lemma 3.6.4. Let S is a Noetherian DG scheme, and let F € Coh(S) be such that for every
geometric point s : Spec(K) — S, the fiber s*(F) lives in finitely many degrees, then F is perfect.

O

Proof of Lemma 8.6.4. We need to show that the functor F ® — : QCoh(S) — QCoh(S) is of
Os
bounded cohomological amplitude.

In fact, we will show that if for some geometric point s : Spec(K) — S, the fiber s*(F) lives
in degrees [—n, 0], then on some Zariski neighborhood of s, the above functor is of amplitude
[—n,0].

First, it is enough to test the functor ¥ ® — on objects from QCoh(S)". Since such objects

Os
come as direct images under %S — S, we can replace S by ©S. Now, out assertion becomes a
familiar statement from commutative algebra. Let us prove it for completeness:

We shall argue by induction on n. For n = —1 the assertion follows from Nakayama’s lemma:
if s*(F) = 0, then F vanishes on a Zariski neighborhood of s.

To execute the induction step, choose a locally free O g-module P equipped with a map P — F
which induces an isomorphism

HO(s*(P)) — HO(s" (V).
Set ¥ := Cone(F — P)[—1]. By construction, s*(F') lives in cohomological degrees [—n + 1, 0],

as desired.
O

Corollary 3.6.5. If f : S — Sy is eventually coconnective and almost of finite type, the
functor f* sends QCoh(S2)T to QCoh(S))*, and the functor fPdCoh* sends IndCoh(S2)* to
IndCoh(S1)™.

3.6.6. Assume now that the DG schemes S, and Sy are eventually coconnective. Note that the
isomorphism
\1152 o findCoh ~ f* ° \Ijsl

induces a natural transformation

(3.16) Eg, 0 fr — fmdCoh o =g

.-
Proposition 3.6.7. Assume that f is of bounded Tor dimension and almost of finite type.
Then (3.16) is an isomorphism.

Proof. As we shall see in Lemma 4.1.1, the assertion is local in the Zariski topology on both S
and S5. Therefore, we can assume that S; and Sy are affine and that f can be factored as

51L>SQXAH*>SQ,
where [’ is a closed embedding.

As in the proof of Lemma 3.6.3, the assumption that f is of bounded Tor dimension implies
the same for f’. Hence, it suffices to prove the proposition separately in the following two cases:
(a) f is the projection S; = Sy x A™ — Sy; and (b) f is a closed embedding.

Note that the two sides of (3.16) become isomorphic after applying the functor ¥g,. Hence,
by Proposition 1.2.4, the assertion of the proposition is equivalent to the fact that for F €
QCoh(S1)Pet] the object

Es, (ﬁ< (9")) S IHdCOh(Sg)
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belongs to IndCoh(S3)™. Since S; is assumed affine, it suffices to consider the case of ¥ = Og, .

Thus, in case (a) we need to show that =g, (0g,[t1, ..., t,]) belongs to IndCoh(S2)*. However,
Os,[t1, .., tx] is isomorphic to a direct sum of copies of Og,, and therefore =g, (Og,[t1, ..., tn])
is isomorphic to a direct sum of copies of Zg,(0g,). Hence, the assertion follows from the fact
that the t-structure on IndCoh(S3) is compatible with filtered colimits.

In case (b) the object f.(Og,) belongs to QCoh(S2)Pe™, and the assertion follows by defini-
tion.

O

3.6.8. A base change formula. Let f :S; — S5 be again a map of bounded Tor dimension and
almost of finite type. Let g2 : S5 — S2 be an arbitrary map between Noetherian DG schemes.

The almost finite type assumption implies that the Cartesian product Sj := S} x S is also
2
Noetherian. Moreover, the resulting morphism f’:S] — S}

s 205
f’l Jf
Sy —£ 4 8,

is also of bounded Tor dimension.

Lemma 3.6.9. Under the above circumstances, the map
fIndCoh,* ° (gz)indCoh N (gl)indCoh ° (f/)IndCoh,*
induced by the (fdCobx  fIndCohy g diynction, is an isomorphism.

Proof. Follows from Corollary 3.6.5 and the usual base change formula for QCoh, by evaluating
both functors on Coh(S;) € QCoh(S;)*.
O

3.6.10. A projection formula. Let f :S; — So be again a map of bounded Tor dimension. For
&1 € QCoh(S7) and Fy € IndCoh(Ss) consider the canonical map

(3.17) Fu(€1) @ Fy — fIndCoh(g | g pindCohyx (g y)
that comes by adjunction from
FIrdCohux (£ (&) @ F,y) & f5(f.(€1)) @ fFMACOh*(5F,) s &, g pidCoh ().
Here ® denotes the action of QCoh(—) on IndCoh(—) given by Sect. 1.4.
Proposition 3.6.11. The map (3.17) is an isomorphism.

Remark 3.6.12. Note that there is another version of the projection formula: namely, (3.1). Tt
says that for €5 € QCoh(S3) and F; € IndCoh(S;) we have

flnACoh(f*(€5) @ F1) = Ep @ FIMICN ().

The formula holds nearly tautologically and expresses the fact that the functor fmdCeh ig
QCoh(Sy)-linear, see Proposition 3.1.3.
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Proof. It is enough to show that the isomorphism holds for € € QCoh(S;)P*f and Fy €
Coh(S2) C IndCoh(Ss).

We also note that the map (3.17) becomes an isomorphism after applying the functor ¥g,,
by the usual projection formula for QCoh. For &; € QCoh(S;)P! and F5 € Coh(Ss) we have

IndCoh(g | @ fIndCohx(g,)) ¢ IndCoh(Sy)*.
Hence, by Proposition 1.2.4, it suffices to show that in this case
f+(€1) ® F2 € IndCoh(Ss) ™.

We note that the object f.(€1) € QCoh(S;)? is of bounded Tor dimension. The required
fact follows from the next general observation:
Lemma 3.6.13. For S € DGSchyoetn and € € QCoh(S)b, whose Tor dimension is bounded on
the left by an integer n, the functor

€ ® — : IndCoh(S) — IndCoh(S)

has a cohomological amplitude bounded on the left by n.

O

3.6.14. Proof of Lemma 3.6.13. We need to show that the functor € ® — sends IndCoh(S)Z°
to IndCoh(S)Z~". Tt is sufficient to show that this functor sends Coh(S5)Z° to IndCoh(S)=~".
By cohomological devissage, the latter is equivalent to sending Coh(S)? to IndCoh(S)Z~™.

Let i denote the closed embedding S =: §" — S. The functor i*4€°h induces an equivalence
Coh(8")¥ — Coh(S)Y. So, it is enough to show that for I’ € Coh(S’)", we have

€ @ ilndCoh(37) ¢ IndCoh(S)=~".

We have:
& @ mdCoh(g7) ~ jIndCohjx ey @ %),
Note that the functor 4€°h is t-exact (since i is), and i*(€) has Tor dimension bounded by
the same integer n.

This reduces the assertion of the lemma to the case when S is classical. Further, by Corol-
lary 4.2.3 (which will be proved independently later), the statement is Zariski local, so we can
assume that S is affine.

In the latter case, the assumption on € implies that it can be represented by a complex of flat
Og-modules that lives in the cohomological degrees > —n. This reduces the assertion further
to the case when € is a flat Og-module in degree 0. In this case we claim that the functor

€ ® — : IndCoh(S) — IndCoh(S)
is t-exact.

The latter follows from Lazard’s lemma: such € is a filtered colimit of locally free Og-modules
&0, while for each such &g, the functor &y ® — : IndCoh(S) — IndCoh(S) is by definition the
ind-extension of the functor

€0 ® — : Coh(S) — Coh(S),
and the latter is t-exact.

4. PROPERTIES OF IndCoh INHERITED FROM QCoh

In this section we retain the assumption that all DG schemes considered are Noetherian.
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4.1. Localization. Let S be a DG scheme, and let j : § — S be an open embedding. By
Lemma 3.5.8, we have a pair of mutually adjoint functors

(o]

F4COM : IndCoh(S) = IndCoh(S) : j°™,

Lemma 4.1.1. The functor jP4C°0 js fully faithful.

Proof. To prove that jI4C°h is fully faithful, we have to show that the counit of the adjunction
4.1 -IndCoh,* _ -IndCoh 5
- / ° IndCoh(S)

is an isomorphism.
Since both sides are continuous functors, it is sufficient to do so when evaluated on objects

o o

of Coh(S), in which case both sides of (4.1) belong to IndCoh(S)*. Therefore, by Proposi-
tion 1.2.4, it is sufficient to show that the map

-IndCoh,* -IndCoh
v »

o WO
507 oj — B

is an isomorphism. However, by Propositions 3.1.1 and 3.5.4, we have a commutative diagram

\I]gv ojIndCoh,* OjindCOh N \Ilg«

Nl lid

j* j ‘p o % W o
1012 g s
and the assertion follows from the fact that j* o j, — IdQC w(d) is an isomorphism.
(e}

O

4.1.2. Let now i : 8" < S be a closed embedding whose image is complementary to S. Let
IndCoh(S)gss denote the full subcategory of IndCoh(S) equal to

ker <j1“dC°h’* : IndCoh(S) — Indcoh(§)> ;

we denote the tautological functor IndCoh(S) g < IndCoh(S) by 7indCoh,

Remark 4.1.3. Tt is shown in [GR2, Proposition 7.4.5] that the category IndCoh(S) - is intrinsic
to the ind-scheme equal to the formal completion of S at S’.

4.1.4. From Lemma 4.1.1 we obtain:

Corollary 4.1.5. The functor /i\indCOh admits a continuous right adjoint (denoted ?) making
IndCoh(S) s into a colocalization of IndCoh(S). The kernel of i' is the essential image of the
functor jmdCoh the kernel of/i\! is the essential image of the functor jdcen,

We can depict the assertion of Corollary 4.1.5 as a “short exact sequence of DG categories”:

“IndCoh -IndCoh, *
Ty ’

IndCoh(S)ss = IndCoh(S) = IndCoh(S).

ji\! jindCoh
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4.1.6. Tt is clear that the essential image of the functor
imdeeh  TndCoh(S’") — IndCoh(S)
lies in IndCoh(S)gs, and that its right adjoint
i' : TndCoh(S) — IndCoh(S")

factors through the colocalization i'. We will denote the resulting pair of adjoint functors as
follows:

/jlndCeh . 1ndCoh(S”") = IndCoh(S) s : 'i'.
Proposition 4.1.7. (a) The functor'i' is conservative. The essential image of 'imdCon
ates the category IndCoh(S)g.

(b) The category IndCoh(S)s identifies with the ind-completion of

gener-

Coh(S)s := ker (j* - Coh(S) — coh(§)> .

Proof. First, we observe that the two statements of point (a) are equivalent. We will prove the
second statement.

Observe also that the functor jmdCob.

is t-exact, so the subcategory
IndCoh(S)s C IndCoh(S)
is stable under taking truncations. In particular, it inherits a t-structure.
The category IndCoh(S) is generated by IndCoh(S)". The functor 7' is explicitly given by
F s Cone (F — jndCoh ojIndCoh,*(?)) 1],
from which it is clear that IndCoh(S)s: is also generated by
IndCoh(S5)¥, = IndCoh(S)s N IndCoh(S) ™.
Note QCoh(S) is right-complete in its t-structure (every object is isomorphic to the colimit

to its 7<"-truncations). Hence, by Proposition 1.2.4, the same is true for IndCoh(S)*, and
threrefore also for IndCoh(S)¢,. From here we obtain that IndCoh(S) s/ is generated by

IndCoh(S)% = IndCoh(S)s N IndCoh(S)?,
and hence, by devissage, by
IndCoh(S)§, = IndCoh(S)s N IndCoh(S).

Therefore, it is sufficient to show that every object of IndCoh(S)%, admits an (increasing)
filtration with subquotients belonging to the essential image of the functor

indCoh - ThdCoh(S")Y — IndCoh(S)”.

However, the latter is obvious: by Proposition 1.2.4, the functor ¥ gives rise to a commutative
diagram

iIndCoh

-IndCoh, o
IndCoh(5")¥ ——— IndCoh(S)¥ <——— IndCoh(S)¥

| [ [

QCoh(S)® —* & QCoh(S)® —L s QCoh(S)®
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where the vertical arrows are equivalences, and the corresponding assertion for
ker (j* : QCoh(S)” — QCoh(S)@)

is manifest.
To prove point (b) we note that ind-extending the tautological embedding
Coh(S)gr < Coh(S),
we obtain a fully faithful functor
Ind(Coh(S)s/) — IndCoh(S)s:.

Therefore, it remains to show that it is essentially surjective, but this is implied by point (a).
O

Corollary 4.1.8. Let f : S; — Ss be a morphism that induces an isomorphism of the underlying
reduced classical schemes: (CZSl)red ~ (Cng),«ed. Then the essential image of fMICN generates
the target category, and, equivalently, the functor f' is conservative.

4.1.9. Let us note that an argument similar to that in the proof of Proposition 4.1.7 shows the
following:

Let 1 be a generic point of (¢'S),.q, and let Sy, be the corresponding localized DG scheme.
We have a natural restriction functor

IndCoh(S) — IndCoh(S,)).

Lemma 4.1.10. The subcategory ker(IndCoh(S) — IndCoh(S,)) is generated by the union of
the essential images of IndCoh(S’) for closed embeddings S' — S such that (¢S")eq N1 = 0.

4.2. Zariski descent. Let f : S’ — S be a Zariski cover of a scheme S (i.e., S is a finite
disjoint union of open subsets in S that cover it). Let S’*/S be its Cech nerve.

Restriction along open embedding makes IndCoh(S) — IndCoh(S’*/S) into an augmented
cosimplicial object in DGCateong.

Proposition 4.2.1. Under the above circumstances, the natural map
IndCoh(S) — | Tot(IndCoh(S’*/9))|
s an equivalence.

Proof. The usual argument reduces the assertion of the proposition to the following. Let S =
U1 U UQ; U12 = U1 n U2. Let

J12,1 J12,2

U1 £> S, U2 £> S, U12 le> S, U12 — Ul, U12 — UQ
denote the corresponding open embeddings.
We need to show that the functor

IndCoh(S) — IndCoh(Uy) X IndCoh(Uy)
IndCoh(Us2)

that sends F € IndCoh(.S) to the datum of

.IndCoh, .IndCoh, .IndCoh,* ; .IndCoh, .IndCoh,* .IndCoh,* ; -IndCoh,x
TGN *(5)013,1 TEGTO(T)) = gy () Z]1121,2 TGN (T)}

is an equivalence.
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We construct a functor

IndCoh(Uy) X IndCoh(U;) — IndCoh(S)
IndCoh(Us2)

by sending
{F1 € IndCoh(U1), F» € IndCoh(Us), F12 € IndCoh(Ura), j1st *"* (F1) = Fiz == jins " (F2)}
to

COne<(<j1)i“dCOh(3"1) @ (j2) "N (F1)) — (m)i“dc‘)h(snz)) (=1,

where the maps (j;)4°0(F;) — (j12)P4°0(F)3) are

(ji)indCoh(:Ti) — (ji)lndCoh o (j127i)lndCoh o (j12)i)1ndCoh,*(3~i) —

* *
— (j12)£nd00h o (j127i)lndCOh’*(§i) ~ (j12)£ndCoh(3~12).

It is strightforward to see from Lemmas 4.1.1 and 3.6.9 that the composition

IndCoh(Uy) X IndCoh(U;) — IndCoh(S) — IndCoh(Uy) X IndCoh(Uy)
IndCoh(Ui2) IndCoh(Ui2)

is canonically isomorphic to the identity functor.
To prove that the composition

IndCoh(S) — IndCoh(Uy) X IndCoh(U;) — IndCoh(S)
Il’ldCOh(Ulz)

is also isomorphic to the identity functor, it is sufficient to show that for F € IndCoh(S), the
canonical map from it to

(4.2) Cone(((jl)}kndCoh ° (jl)lndCoh,*(gj) D (j2),1knd00h o (j2)1ndCoh,*(3~)) N
S GO o 5 (9) ) -1

is an isomorphism.

Since all functors in question are continuous, it is sufficient to do so for F € Coh(S). In
this case, both sides of (4.2) belong to IndCoh(S)*. So, it is enough to prove that the map in
question becomes an isomorphism after applying the functor ¥g. However, in this case we are
dealing with the map

Vs(F) — Cone (((Ji)* © (1) (¥s(F)) ® (42)« © (42)"(¥s(F))) = (J12)- Ojfz(\l’s(ff))) (1],

which is an isomorphism as it expresses Zariski descent for QCoh.
O

4.2.2. As a consequence of the above proposition we obtain:

Corollary 4.2.3. The t-structure on IndCoh(S) is Zariski-local. ILe., an object is connec-
tive/coconnective if and only if it is such when restricted to a Zariski open cover.
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Proof. It is clear that the functor j™4¢°P* for an open embedding is t-exact. So, if F €
IndCoh(S) is connective/coconnective, then so is fdCeh*(F).

Vice versa, suppose first that f4Ceh*(F) ¢ IndCoh(S’) is connective, and we wish to show
that F itself is connective. By Corollary 1.2.5, it is sufficient to show that ¥¢(F) is connective as
an object of QCoh(S). But the latter follows from the fact that f*(¥g(F)) ~ W (fImdCoh*(F))

is connective.

Now, let F € IndCoh(S) be such that fmdCoh*(F) ¢ IndCoh(S’) is coconnective. We
need to show that JF itself is coconnective, i.e., that for every 3’ € IndCoh(S’)<°, we have
Mapsi,acon(s)(F';F) = 0. However, this follows from Proposition 4.2.1 as all the terms in
Mapsi,acon(sre /s)(F's7e /5, Flsre s s[i]) are zero for i < 0. O

4.3. The convergence property of IndCoh.

4.3.1. Let us recall the notion of n-coconnective DG scheme (see [GL:Stacks], Sect. 3.2). For a
DG scheme S and an integer n, let 7<"(S) denote its n-coconnective truncation (see [GL:Stacks],
Sects. 1.1.2, 1.1.3).

Let us denote by i, the corresponding map
TSM(S) < S,
and for ny < ng, by in, n, the map
TSM(S) s 7S12( ).
Remark 4.3.2. Tt follows from [GL:Stacks|, Lemma 3.1.5 and Sect. 1.2.6, the map
colnim TS(S) = S
is an isomorphism, where the colimit is taken in the category DGSch.

4.3.3. We have an N-diagram of categories
n + IndCoh(75"(9)),

with the functors
IndCoh(7="1(S)) — IndCoh(7="2(S))

: ; IndCoh
given by (Zn1,n2)*n o

These functors admit right adjoints, given by (im’m)!, which gives rise to the corresponding
NeP_diagram of categories. According to [GL:DG]J, Lemma. 1.3.3, we have:

4.3 colim IndCoh(7="(S)) ~ lim  IndCoh(r="(S)).
(4.3) 0 e (7="(5)) nd™ (T="(5))
Moreover, the functors (i, )4 define a functor
(4.4) N,(inf,onlj;?‘dco}‘ IndCoh(7="(S)) — IndCoh(S),
and the functors (i,)" define a functor
(4.5) N(_lz'm )'IndCoh(TS”(S)) < IndCoh(S),
Ty ng )

which is the right adjoint of the functor (4.4) under the identification (4.3).
Proposition 4.3.4. The functors (4.4) and (4.5) are mutually inverse equivalences.

Remark 4.3.5. Proposition 4.3.4 can be viewed as an expression of the fact that the study of
the category IndCoh reduces to the case of eventually coconnective DG schemes.
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Proof. The essential image of the functor (4.4) generates the target category by Corollary 4.1.8.
Since it also maps compact objects to compact ones, it is sufficient to show that it is fully faithful
when restricted to compact objects.

In other words, we have to show that for 7, 5" € Coh(7="(S)) for some m, the map

(4.6) colim Hom (i )+ (F), (im,m)«(F)) = Hom ((in)«(F), (in)«(F"))

is an isomorphism.

We claim that the colimit (4.6) stabilizes at some finite n, and the stable value maps iso-
morphically to the right-hand side of (4.6). This follows from Proposition 4.2.1 and the next
general observation:

Let A be a connective DG ring, and let M’ and M" be two A-modules belonging to (A-mod)®.
In particular, we can view M’ and M” as 72~"(A)-modules for all n large enough. Suppose
that M’ € (A-mod)=<" and that M” € (A-mod)=~"".

Lemma 4.3.6. Under the above circumstances, the map
HomTzfn(A)_mod(M’, M") — Hom g_moa(M', M)

is an isomorphism whenever n > m’ +m’”.

4.4. Tensoring up.
4.4.1. Let f: S; — S5 be a map of bounded Tor dimension. By Proposition 3.5.4, fmdCoh.

induces a functor

(4.7) QCoh(S1) ®  IndCoh(S3) — IndCoh(Sy).
QCoh(S>)

Proposition 4.4.2. The functor in (4.7) is fully faithful.

Proof. We note that the left-hand side in (4.7) is compactly generated by objects of the form

E1®F € QCOh(Sl) X IIldCOh(SQ)7
QCoh(Ss)

where &; € QCoh(S51)P" and F, € Coh(S3). Moreover, the functor (Idgcon(s,) ®f™IC0"*)
sends these objects to compact objects in IndCoh(S1).

Hence, it is enough to show that for &}, &Y and F%, FJ as above, the map

(4.8) Mapsqcon(s;) @ IndCon(ss) (€1 ® F5, & ® Fy) —

QCoh(Sy)
N MapslndCoh(Sl)(Ell ® fIndCOh’*(:T/g), 8/1/ ® fIndCoh,*(gg/z/))
is an isomorphism, where in the right-hand side ® denotes the action of QCoh on IndCoh.

We can rewrite the map in (4.8) as

(4.9) Mapsqcon(s;) ® IndCoh(ss)(Os; @ F5, &1 ® F5) —

QCoh(Sg)
— Mapsiaacon(s,) (0s, @ fU9OM (Ty), &1 @ fra0hs(37)),
where & ~ &/ ® (&})V.
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We note that the functor right adjoint to
[ ®Idmdcon(sy)
IndCoh(S3) ~ QCoh(S2) ®  IndCoh(S2) — QCoh(S1) ®  IndCoh(S2)
QCoh(Sa2) QCoh(S2)
is given by
« ®Idmdacon

ndCoh(Ss) =~ QCoh(Sy) ®  TndCoh(Sy) T EC"2 OCoh(S,)  ®  TndCoh(Ss).
QCoh(S) QCoh(S)

Hence, we can rewrite the map in (4.9) as the map
Ma‘pSIndCOh(Sg)(S:/Qa f*(gl) ® 3:/2/) - MapSIndCOh(SQ)( /27 indCoh(el ® fIndCOhy*(g:/Q/)))
coming from (3.17).

Hence, the required isomorphism follows from Proposition 3.6.11.

As a formal corollary we obtain:

Corollary 4.4.3. In the situation of Proposition 4.4.2, the natural map of endo-functors of
IndCoh(Ss)
[+(0s,) ® = = findCOh o fI“dCOhv*

s an isomorphism.

4.4.4. The next corollary expresses the category IndCoh on an open subscheme:

Corollary 4.4.5. Ler j: S < S be an open embedding. Then the functor

o

QCoh(S) ® IndCoh(S) — IndCoh(S)
QCoh(S)

of (4.7) is an equivalence.

Proof. By Proposition 4.4.2, the functor in question is fully faithful. Thus, it remains to show

o

that its essential image generates IndCoh(SS), for which it would suffice to show that the essential
image of the composition

[e]

IndCoh(S) — QCoh(g’) ® IndCoh(S) — IndCoh(S)
QCoh(S)

o

generates IndCoh(S). However, the latter follows from Lemma 4.1.1. O

4.4.6. Let now . ,
Sl # Sl

il |+

o .
SQ L) Sg

be a Cartesian diagram of DG schemes, where the maps j; and js are open embeddings and

the map f is proper.

The base change isomorphism

o
IndCoh :IndCoh,x _, -IndCoh,x IndCoh
f* ©J2 = © f*

of Lemma 3.6.9 gives rise to a natural transformation

(4.10) jndCohix o ¢t _, }! o jlndCoh.:
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[e]

of functors IndCoh(S2) — IndCoh(Sy).
We claim:
Corollary 4.4.7. The natural transformation (4.10) is an isomorphism.
Remark 4.4.8. As we shall see in Proposition 7.1.6, the assertion of Corollary 4.4.7 holds more
generally when the maps j; : g’; — S; just have a bounded Tor dimension.
Remark 4.4.9. There exists another natural transformation
(4.11) j{ndCoh,* o f! N ;’c; OjéndCoh,*,
namely one coming by adjunction from the base change isomorphism
o (jo)maCoh o (j;)mdCoh ;cl

of Proposition 3.4.2. A diagram chase that the natural transformations (4.10) and (4.11) are
canonically isomorphic.

Proof. Consider the diagram
Idindcon(s,) ®Js
Ty

IndCoh(S;) ©  QCoh(Ss) — > IndCoh(S:)
QCoh(S2)

f!T TfI@IdQcOh(gz) T}l

dimdcoh(sy) ®J5 ° °
TndCoh(Sy) —miCertsn) B2, 1 4Cioh(S,) - %(S)Qccm(sg) — 5 IndCoh(S,),

IndCoh(S;)

where both right horizontal arrows are those of (4.7), and the middle vertical arrow is well-
defined in view of Corollary 3.3.11.

The left square commutes tautologically. Hence, it remains to show that the right square
commutes as well. As the horizontal arrows are equivalences (by Corollary 4.4.5), it would be
sufficient to show that the corresponding square commutes, when we replace the vertical arrows
by their respective left adjoints.

The commutativity of

IndCoh(S;) ©  QCoh(S2) — IndCoh(S))

QCoh(S2)
findcen ®IdQcOh(§2) l l}’vind()oh
IndCoh(S2) ®  QCoh(S2) —— IndCoh(S3)
QCoh(S>)

o
as QCoh(S3)-module categories is equivalent to the commutativity of

-IndCoh,* o
IndCoh(S;) *—— IndCoh(S})
findCohl JV}IndCoh
jIndCOh,* °
IndCoh(S3) “2—— IndCoh(S>)
as QCoh(S52)-module categories. However, the latter is the original isomorphism of functors
that gives rise to (4.10). O

4.5. Smooth maps.
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4.5.1. Let us recall that a morphism f : S; — S2 of DG schemes is called flat (resp., smooth)
if:
e The fiber product DG scheme S, §< S1 is classical;
2

e The resulting map of classical schemes “Sy x S; — €IS, is flat (resp., smooth).
2

It is easy to see that a flat morphism is of bounded Tor dimension, and in particular,
eventually coconnective.

4.5.2. We shall now prove a generalization of Corollary 4.4.5 when instead of an open embedding
we have a smooth map between DG schemes.

Proposition 4.5.3. Assume that in the situation of Proposition 4.4.2, the map f is smooth.
Then the functor

QCoh(S1) ®  IndCoh(S2) — IndCoh(Sy)
QCoh(S2)

of (4.7) is an equivalence.

Proof. By Proposition 4.4.2, the functor in question is fully faithful, so we only need to show
that it its essential image generates IndCoh(S1).

We have a canonical isomorphism

QCoh(S;) ®  IndCoh((“!Sy)yeq) ~ QCoh((?S1)req) ® IndCoh((“'S5)ed),
QCOh(Sz) QCOh((CZSQ)Ted)

and by Corollary 4.1.8 this reduces the assertion to the case when S5 is classical and reduced.

By Noetherian induction, we can assume that the assertion holds for all proper closed sub-
schemes of S;. By Lemma 4.1.10, this reduces the assertion to the case when Sy = Spec(K),
where K is a field.

However, in the latter case, the assertion follows from Lemma 1.1.6.
O

4.6. Behavior with respect to products. We shall now establish one more property of
IndCoh. In this we will be assuming that all our schemes are almost of finite type over the
ground field k, i.e., DGSch,gs, € DGSchnoeth-

4.6.1. Thus, let S; and S3 be two DG schemes almost of finite type over k. Consider their
product S7 x So, which also has the same property.

External tensor product defines a functor
QCoh(S1) ® QCoh(S3) — QCoh(S; x Sa),
such that if F; € Coh(S;), we have F; X Fy € Coh(S; x S2).

Consider the resulting functor

IndCoh(S1) ® IndCoh(Ss) * “1232 QCoh(S)) ® QCoh(Ss) — QCoh(S) x Ss).

By the above, it sends compact objects in IndCoh(.S7) ® IndCoh(S3) to Coh(S; x S2). Hence,
we obtain a functor

(4.12) IndCoh(S1) ® IndCoh(S3) — IndCoh(S; x S2),
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which makes the diagram
IndCoh(S1) ® IndCoh(S2) —— IndCoh(S; x S2)
(4.13) xpslwsgl lwslst
QCoh(S51) ® QCoh(S2) —— QCoh(S1 x S2)
commute.
Proposition 4.6.2. The functor (4.12) is an equivalence.

Proof. Both categories are compactly generated, and the functor in question sends compact
objects to compacts, by construction.

Hence, to prove that it is fully faithful, it is sufficient to show that for
1, F) € Coh(Sy), F,,Fy € Coh(S3),
the map
Mapscon(s,) (F1: T1) @ Mapscon(s,) (T2 T5) = Mapscon(s, x.s,) (F1 B Ty, T K F)

is an isomorphism (see Sect. 0.6.4 for the notation Maps(—, —)).

Le., we have to show that for F,, F/' as above, the map
(4.14) Mapsqcon(s,) (F1, F1) @ Mapsqoon(s,) (T2, Fz) = Mapsqeon(s, xs,) (F1 B Fo, T K FY)
is an isomorphism.

Recall that if Cy, Cy are DG categories and ¢}, c € C;, i = 1,2 are such that ¢} and ¢/, are
compact, then the natural map

(4.15) Mapsc, (¢}, ¢}) ® Mapsg, (cy, cy) = Mapsc, gc, (€] ® €5, ¢ @ c5)
is an isomorphism.

The isomorphism(4.14) is not immediate since the objects F, € QCoh(S;) are not compact.
To circumvent this, we proceed as follows.

It is enough to show that

=" (Mapchoh(sl)(?i, FY) ® Mapsqcon(ss,) (T2, 5ﬂ2’)> -
— 7S (MGPSQCOh(slxsz)(Tl X Fy, 5 X 9/2'))
is an isomorphism for any n.

Choose ay : F| — F| (vesp., ap : Fy — F}) with F, (resp., F}) in QCoh(S;)P* (resp.,
QCoh(S,)Pe), such that

Cone(a;) € QCoh(S;)="" and Cone(as) € QCoh(Sy)="V
for N > 0.

We choosing N large enough, we can ensure that

T (MGPSQcoh(si)(fﬂ, 92')) — T (MGPSQcoh(si)(§"§79’§/))
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is an isomorphism for m large enough, which in turn implies that

TS (MapsQCoh(Sl)(H:/h FY) @ Mapsqcon(s,) (T2 ?/2/)) -
— s (Mapsqcoh(sl)(griv F7) @ MGPSQCOh(sg(gﬁza 3”2’))

and
TSTn (Mapsqcoh(51 xsg)(?i X 3”27 rJrlf X 5”2’)) — s (:f\/[ClPSQCoh(s1 xsg)(gri X gﬂw 3"’1/ X ?é/))
are isomorphisms.

Hence, it is enough to show that

MGPSQcoh(sl)(f}i’ g7) @ MapSQCoh(Sz)(§;ﬂ F5) — Mapsqcon(s; xs») (T R T}, 7 R TY)
is an isomorphism. But this follows from the isomorphism (4.15) and the fact that the fuctor
QCoh(S1) K QCoh(S3) — QCoh(S; x S3)

is an equivalence, by [GL:QCoh], Prop. 1.4.4.

Thus, it remains to show that the essential image of (4.12) generates the target category. It
is sufficient to show that the essential image of

IndCoh((“!S})req) ® IndCoh((?S2)req) — IndCoh((“IS})rea X (4S1)req) —
— IndCoh(((S} x S3)req) — IndCoh(S; x S5)

generates IndCoh(.S; x S2). Hence, by Corollary 4.1.8, we can assume that S; and S are both
classical and reduced. Moreover, by Noetherian induction, we can assume that the statement
holds for all proper closed subschemes of S7 and S3. So, it is sufficient to show that the functor

IndCoh(S;) ® IndCoh(Sz) — IndCoh(S; x Ss)

[e]
is an equivalence for some non-empty open subschemes S; C S;.

Now, the char(k) = 0 assumption implies that S; and Sy are generically smooth over k. Le.,
we obtain that it is sufficient to show that the functor (4.12) is an equivalence when S; are
smooth. In this case S X S9 is also smooth, and in particular regular. Thus, all vertical maps
in the diagram (4.13) are equivalences. However, the bottom arrow in (4.13) is an equivalence
as well, which implies the required assertion.

O

Part II. Correspondences, !-pullback and duality.

5. THE !-PULLBACK FUNCTOR FOR MORPHISMS ALMOST OF FINITE TYPE

All DG schemes in this section will be Noetherian. The goal of this section is to extend the
functor f' to maps between DG schemes that are not necessarily proper.

5.1. The paradigm of correspondences.
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5.1.1. Let C be a (oo, 1)-category. Let vert and horiz be two classes of 1-morphisms in C, such

that:

1) Both classes contain all isomorphisms.

2) If a given 1-morphism belongs to a given class, then so do all isomorphic 1-morphisms.

3)

4) Given a pair of morphisms f : ¢; — ¢ with f € vert and go : ¢, — co with go € horiz,
the Cartesian square square

Both classes are stable under compositions.

(
(
(
(

g1
cf —— ¢

(5.1) f’l lf

ch 9 Co
exists, and f’' € vert and g; € horiz.

We let Cert C C and Cppri C C denote the corresponding 1-full subcategories of C.

5.1.2. We let Ceorrivert;horiz denote a new (oo, 1)-category whose objects are the same as objects
of C. For ci,co € Cgopr, the groupoid of 1-morphisms Homg (c1,c2) is the oo-
groupoid of diagrams

corrivert;horiz

C1.,2 % C1
(5.2) lf
C2
where f € Cyert and g € Cpopi» and where compositions are given by taking Cartesian squares.

The higher categorical structure on Ceorr:vert;horiz 1S described in terms of the corresponding
complete Segal space, i.e., an object of oo—GrpdAop, see Sect. 7.6.1 for a brief review.

Namely, the co-groupoid of n-fold compositions is that of diagrams

Con — Con—1 Co,1 — Co
Clin —— Cop—1 C1

Cn—1,n 7 Cp—1

Cna
where we require that all vertical (resp., horizontal) maps belong to vert (resp., horiz), and
each square be Cartesian.

Note that Ceorrvert;horiz contains Cyepy and (Choriz)°P as 1-full subcategories, obtained by
restricting 1-morphisms to those diagrams (5.2), for which g (resp., f) is an isomorphism.
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5.1.3. Our input will be a functor
Peorrwertshoriz © Ceorrwert;horiz — DGCateont -
We shall denote its value on objects simply by P(c).
Consider the restriction of Peorr:vert;horiz 10 Cyert, which we denote by Pyer+. For
(f:c1 = c2) € Cpert
we let Pyer(f) denote the corresponding 1-morphism P(c;) — P(cq2) in DGCateont.
Consider also the restriction of Peorrivert:horiz 10 (Choriz)°P, which we denote by P,!l orize FOr
(9:c1— c2) € Chopiz
we let P}_ . (g) denote the corresponding 1-morphism P(cz) — P(c1) in DGCatcons-

Remark 5.1.4. Note that a datum of a functor Peorriwert;horiz can be thought of as assignment
to every Cartesian square as in (5.1), with f, f’ € Cyert and g1, g2 € Choriz an isomorphism of
functors P(cy1) = P(ch):

(54) PveTt(fl) o Pi!wriz(gl) = Pf!wriz(g2) o vert(f)~

Formulating it as a functor Peorrivert;horiz Out of the category of correspondences is a way to
formulate the compatibilities that the isomorphisms (5.4) need to satisfy. The author learned
this idea from J. Lurie.

5.2. A provisional formulation.

5.2.1. In the above framework we take C := DGSchyoetn, and vert to be all 1-morphisms. We
take horiz to be morphisms almost of finite type.

Let (DGSchnoeth )corr:all;afe denote the corresponding category of correspondences.
Theorem 5.2.2. There exists a canonically defined functor

IndCOh(DGSChNocth)corr:all;aft : (DGSChNoeth)corr:all;aft — DGcatcont

with the following properties:

(a) The restriction IndCON(DGSchypern)cors-atiate | (DGSchyoen
the functor IndCoh!(DGSChNoem)Op of Corollary 3.3.9.

Jproper)P 18 canonically isomorphic to

(b) The restriction IndCOh(DGSChNocth)corr:all;aft|((DGSChNocth)
the functor

open)op 18 canonically isomorphic to

* P *
IHdCOh(DGschNoe“,)open = IndCoh(pasehnoen)ov-coconn |(DGSehnoern)open) P

given by Corollary 3.5.6.

(c) The restriction IndCoh(DGSchyoein Jeoratar IDGSchyoern 45 CanONically isomorphic to the func-
tor IndCohpaschyye, 0f Proposition 3.2.4.
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5.2.3. As one of the main corollaries of Theorem 5.2.2; we obatin:

Corollary 5.2.4. There exists a well-defined functor

IdCoh{pasennon )ur * (DGSchoeth )afe)®® = DGCateont.

aft

such that
(a) The restriction IndCoh(DaSchy oo )at | (DESchnoeen)proper)? 8 Canonically isomorphic to the
of Corollary 3.5.9.

(b) The restriction IndCoh(paSchy e )t | (DGSchnoeen Jopen)o? 5 canonically isomorphic to the re-
striction of the functor IndCoh’("DGSC]ﬂNOeth given by Corollary 3.5.6.

|
functor IndCoh'(DGSchNoem)pmper
)open

5.2.5. A crucial property of the functor IndCoh!(DGSChNoeth) )

., 18 the following base change prop-
erty, see Remark 5.1.4. Let

S5

(5.5) f’l lf

S, £ 85,
be a Cartesian diagram in DGSchyoeetn, Wwhere the horizontal arrows are almost of finite type.
Then there exists a canonical isomorphism of functors

(5.6) gy 0 JIIC0R = (1)indCoh o g1
which we shall refer to as base change.

Note that, unlike the case when the morphisms g; are proper or open embeddings, there is
a priori no map in (5.6) in either direction.

One can say that the real content of Theorem 5.2.2 is the well-definedness of the functor of
the l-pullback such that the isomorphism (5.6) holds.

5.3. Compatibility with adjunction for open embeddings.

5.3.1. Let j : S — S be an open embedding. Note that the square

BRI
L
S

<

id

_g,

=
o —— Wo

is Cartesian.

Hence, the base change isomorphism (5.6) defines an isomorphism of functors

! -IndCoh
~ Id o
T ©Jx IndCoh(S)’
and in particular, a map in one direction
5.7 o i - 1d o -
(5.7) J CJx IndCoh(S)

It will follow from the construction of the functor IndCoh(paSchygem)eoranar (SPecifically,

from Theorem 6.1.2) that the map (5.7) is canonically isomorphic to the counit of the adjunction
for (j', jindCoh)  where we are using the identification

-l :IndCoh,x*
J =17
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of Corollary 5.2.4(b).

We can interpret this is saying that the datum of the functor IndCohpaschygen

encodes the datum for the (5', jI"4C°h)_adjunction for an open embedding ;.

)corr:all:aft )

5.3.2. From here we are going to deduce:

Proposition 5.3.3. Consider a Cartesian diagram (5.5) and the corresponding isomorphism
of functors

59 gho I = () o

of (5.6).

(a) Suppose that the morphism f (and hence f') is an open embedding. Then the natural
transformation — in (5.8) comes via the adjunctions of (f', fIPCR) and ((f')', (f)ndCeh)
from the isomorphism

(f)ogy~giof.

(b) Suppose that the morphism go (and hence g1) is an open embedding. Then the natural
transformation — in (5.8) comes via the adjunctions of (g}, (g1)™IC°M) and (gi, (go)PdCon)
from the isomorphism

>{ndCoh ° (gl)indCoh ~ (92)£ndCoh o (f/)indCoh.

Proof. We will prove point (a); point (b) is proved similarly. Applying the (f', findCeh).

adjunction, the assertion is equivalent to the fact that the two natural transformations
(5.9) (f) ogyo MM = gy
are canonically isomorphic. The first natural transformation is

! ! IndCoh ! ! IndCoh idocounit
(f) ogoo fM M = gyoflo f RN T ="y

* 1
and the second natural transformation is

(f/)! 09!2 o findCoh (5;) (f/)! o (f/)IndCoh og! Couﬁ)oid !

* 1 g1-

Taking into account that the counit maps
f! o findCoh — 1Id and (f/)! o (f/)indCoh = 1d

are given by base change for the squares

Slle

idl lf

51%52

and

id
S —— 9

b

st L g
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respectively, we obtain that the two natural transformations in question come as base change
from the Cartesian square

s 205

| !

Si g20f'=fog1 S,
for the first one factoring it as

s 205 S,

idl idl lf
sty s s,

and for the second one factoring it as

g g 9,5
oD
s e 2,

5.4. Compatibility with adjunction for proper maps.

5.4.1. Let f : Sy — S be a proper map. By contrast with the case of open embeddings, the
datum of the functor IndCoh(paSehyoern)eorranare 40€S NOL contain the datum for either the unit

! IndCoh
Idindcon(s,) = f o fi"°

or the counit

fIndCoh o f! — IdIndCoh(S2)

for the (fIndCeh Y _adjunction. © The situation can be remedied by considering the 2-category
of correspondences, see Sect. 5.4.3 below.

The following property of the base change isomorphisms (5.6) follows from the construction
of the functor IndCoh(pasechyooin)eorramat

Proposition 5.4.2. Consider a Cartesian diagram (5.5) and the corresponding isomorphism
of functors

(5.10) (f/)ImdCoh g gl gl o fIndCoh
of (5.6).
(a) Suppose that the morphism f (and hence also f’) is proper, and go (and hence gy) al-

most of finite type. Then the map — in the isomorphism (5.10) comes via the adjunctions of
(fIndCob " g1y qnd ((f)mdCob (1Y) from the isomorphism

giof =(f) og.
(b) Suppose that the morphism go (and hence also g1) is proper. Then the map — in the

isomorphism (5.10) comes via the adjunctions of ((g1)"9C°" gi) and ((g2)"4C°N, gb) from the

isomorphism

)indCoh ° (f/)indCoh ~ indCoh ° ( indCoh.

(92 g1)

SWe remark that it does encode this adjunction in the world of D-modules, see [FrGal, Sect. 1.4.5.
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5.4.3. A 2-categorical formulation. As was explained to us by J. Lurie, the most natural formu-
lation of the existence of the !-pullback functors that would encode the adjunction for proper
maps used the language of (00, 2)-categories.

Namely, according to Lurie, one needs to consider an (0o, 2)-category (DGSChNoeth)g;?f;n;aft>

whose objects and 1-morphisms are the same as in (DGSchnoeth )corr:all:afs, however, we allow
non-invertible 2-morphisms which are commutative diagrams

S/
h ’

p
S
A{m

So S1

(5.11)
where the map h is required to be a proper.

The higher categorical structure on IndCoh%]'D%iéchNuem)cm_an_aft is described via the corre-

sponding higher Segal space. Namely, the corresponding (0o, 1)-category of n-fold compositions
is has as objects diagrams as in (5.3), where 1-morphisms between such diagrams are maps that
induce proper maps on veritices.

In this framework, one will consider IndCOh?l_D%échNocth)wrr;au;aft as a functor

(DGSchnoetn) 252 . — DGCat2Cat

corr:all;aft cont

where DGCat 2-Catcoy is the 2-category of cocomplete DG categories and continuous functors,
where we now allow non-invertible natural transformations as 2-morphisms.

The construction of this functor will be carried out in [GR3].

5.4.4. Let explain how the datum of the functor IndCoh?b%échNoeth)mrr:an_a ., encodes the adjunc-
IndCoh

tion for (f; , ') for a proper map f: S; — Ss.

Consider the diagram

S

(5.12)
where h = Ag, /g,
Then the resulting 2-morphism
Idinacon(s) = (ids, )" oid, — (F)4CM o (f1)} = fho frrdcen

is the unit of the (fMdCeh  f")-adjunction.
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5.4.5. As an illustration, assuming the above description of the unit of the adjunction for
(fIndCoh £ "let us deduce the assertion of Proposition 5.4.2(b).

As in the proof of Proposition 5.3.3, it suffices to show that the two natural transformations
(5.13) g1 = () 0 gy 0 £
are canonically isomorphic, the first one being

gy gy o fho firACh 2 (f) o gh o finACe,
and the second one
gy " () o ()%t 0 g} B2 (f)! 0 gh o e,
Recall that the above unit maps
Id — f! o 9{ndCoh and Id — (f/)! ° (f/)indCoh

are given by the 2-morphisms coming from the diagrams

S

(5.14) Sy,

and

U
1

(5.15)

respectively.
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Hence, both maps in (5.13) are given by the diagram
51

St xS =8 x5
Sa A

(5.16) o / \
S

1 S17

one time presenting it as a composition

S1

/ Sl \ Sa
(517) Si St 517
and another time as a composition
51 S
% ;Z & / 5 \
(5.18) S} 4 S,

5.5. Compatibility with the action of QCoh.

5.5.1. Recall (see Sect. 1.4) that for an individual DG scheme S, the category IndCoh(S) is
naturally a module category for QCoh(.S).

Recall also that for a map f :S; — Sa, which is proper (resp., open), the functor
f': IndCoh(S;) — IndCoh(S))
has a natural structure of 1-morphism of QCoh(S3)-module categories.

Indeed, for f proper, this structure is given by Corollary 3.3.11. For f an open embedding,
we have f' = fmdCohx and this structure is given by Proposition 3.5.4.
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SymMon+Mod
cont

(0,0C),
where O € DGCat>™°" and C is an O-module category.

Morphisms in DGCat>YMentMed potween (0, Cy) and (04, Csy) are pairs (Fo, Fe), where

cont
Fo : O — Oy is a morphism in DGCat>Y™Me" "and

Fc:Cl—>CQ

5.5.2. Consider now the oo-category DGCat , whose objects are pairs

is a morhism of O;-module categories.

SymMon+Mod

cont is defined naturally.

The higher categorical structure on DGCat

5.5.3. The assignments
S ~» (QCoh(S), IndCoh(S)), (f:S1 — S2) ~ (f*, )
naturally upgrade to functors

(QCOh*7 IndCOh!)(DGSChNneth)prOpcr : ((DGSChNoeth)Proper)op — DGCatSymMon+MOda

cont
and
(QCoh*, TndCoh') (DGSehyonen Jopen | (DGSChNoetn)open)*® — DGCatoyn Vo4,
respectively.

5.5.4. The following ehnancement of Corollary 5.2.4 will be proved in [GR3]:
Theorem 5.5.5. There exists a canonical upgrading of the functor
IndCohp ey, ¢ ((DGSchyoeth)aft)*® — DGCatcons
to a functor
(QCoh*, IndCoh') (paschneen )uee * (DGSchnoeth )aft) P — DGCatoymMertMed,

whose restrictions to
((DGSchNoeth ) proper) P and ((DGSchNoeth )open)®

identify with
(QCoh*, IndCoh') (D sehoen,

respectively.

and (QCoh™, IndCohI)(DGSChNOeth

)proper open?

A plausibility check for this theorem follows the outline of the proof of Theorem 5.2.2 given
in the next section.

5.5.6. Let us rewrite the statement of Theorem 5.5.5 in concrete terms for an individual mor-
phism f: .57 — Ss:

It says that that for € € QCoh(S2) and F € IndCoh(Sz), there exists a canonical isomorphism
(5.19) fleaF) ~ &) f(IF).

5.6. The multiplicative structure. In this subsection we will specialize to the full subcate-
gory
DGSChaft - DGSChNoeth

of DG schemes almost of finite type over k.
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5.6.1. We consider the full subcategory

(DGSChaft)corr:aH;all - (DGSChNocth)corr:all;aft7
obtained by taking as objects DG schemes that are almost of finite type.

Let us denote by IndCohpgsen the restriction of the functor

aft ) corr:all;all
IndCOh(DGSChNoeth)Coman;a“ : (DGSChNoeth)corr:all;aft — DGcatcont
to the subcategory (DGSchagt)corr:all;all-

We let
: DGSchyst — DGCateont

denote the restriction of the functor IndCohpgsen

IndCOhDGSCh

aft

to the 1-full subcategory

aft)corr:all:all

DGSChaft C (DGSChaft )corr:all;all .

Similarly, we let
IndCOh;DGSch.

aft

: (DGSch,g )P — DGCateont

denote the restriction of the functor IndCohpgsen to the 1-full subcategory

aft)corr:all;all

(DGSChaft)Op C (DGSChaft)corr:allgall .

5.6.2. Let us observe that the categories DGSchas and (DGSchagt)corr:allial POSSess natural
symmetric monoidal structures given by Cartesian product over pt := Spec(k).

The category DGCateopnt also possesses a natural symmetric monoidal structure given by
tensor product. We state the following result without a proof, as it is obtained by retracing the
argument of Theorem 5.2.2 (the full proof will be given in [GR3]):

Theorem 5.6.3. The functor

IndCOh(DGSCh DGSChaft)corr:all;all — DGcatcont

aft )corr:all;all N (

has a natural right-lax symmetric monoidal structure.

Combined with Proposition 4.6.2, we obtain:
Corollary 5.6.4. The right-lax symmetric monoidal structure on IndCohpgsen 18
strict, i.e., is symmetric monoidal.

aft )corr:all;all

5.6.5. Restricting the functor IndCohpgsen to

aft)corr:all;all

(DGSChaft)OP — DGC&tCOHt,
from Theorem 5.6.3 and Corollary 5.6.4, we obtain:

Corollary 5.6.6. The functor

IndCohpyggy, .. 1 (DGSchyg )P — DGCateon

aft

has a natural symmetric monoidal structure.

Note that at the level of objects, the statement of Corollary 5.6.6 coincides with that of
Proposition 4.6.2.

At the level of 1-morphisms, it says that for two pairs of objects of DGSchyg:
(fi:81 — S7) and (f2: S — S3),
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the diagram
IndCoh(S; ) ® IndCoh(Ss) —=— IndCoh(S; x So)
nen| [rixsay
IdCoh(S]) ® IndCoh(S}) —=— IndCoh(S] x S4)
canonically commutes.

5.6.7. Note now that for any S € DGSch,¢, the diagonal morphism on S defines on it a structure
of commutative coalgebra in DGSch,¢. Hence, from Corollary 5.6.6 we obtain:

Corollary 5.6.8. For S € DGSch,y, the category IndCoh(S) has a natural symmetric monoidal
structure. Furthermore, the assignement

S ~ (IndCoh(S), ®)
naturally extends to a functor

(DGSchyg )°P — DGCatoymMen

cont

Concretely, the monoidal operation on IndCoh(S) is the functor

IndCoh(S) ® IndCoh(S) = IndCoh(S x §) 2% IndCoh(S).

We shall use the notation

!
F1,F5 € IndCOh(S) = F1RF e IndCOh(S)

The unit in this symmetric monoidal category is wg, defined as
ws = (ps)' (k) € IndCoh(S).
We shall refer to wg as the “dualizing sheaf of S.”

5.7. Compatibility between the multiplicative structure and the action of QCoh. We
are now going to discuss a common refinement of Corollary 5.6.6 and Theorem 5.5.5:

5.7.1. Note that the category DGCat2ymMontMod 4196 has a natural symmetric monoidal struc-
ture, given by

(01,C1) ® (02,Cs) := (01 ® 02,C1 ® Cy).
We have:

Theorem 5.7.2. The symmetric monoidal structures on the functors

IndCohpggen. .+ (DGSchat ) — DG Cateons

and
QCoh}gsen,, : (DGSchyg )P — DGCatom ™"

cont

naturally combine to a symmetric monoidal structure on the functor

(QCOh*7 IndCOh!)DGSchaft : (DGSChaft)op — DGCatSymMon—i—Mod )

cont



IND-COHERENT SHEAVES 59

5.7.3. As a corollary, we obtain:

Corollary 5.7.4. For S € DGSchyg, the symmetric monoidal structure on IndCoh(S) has a
natural QCoh(S)-linear structure. Furthermore, the assignment

S ~ (QCoh(S),®) — (IndCoh(S), ®)
naturally extends to a functor

(DGSchag ) — Funct([1], DGCatSymMeny,
where [1] is the category 0 — 1.
In the above corollary, the symmetric monoidal functor
(5.20) QCoh(S) — IndCoh(S),
is given by the action on the unit, i.e.,

E— EQusg,

where the action is understood in the sense of Sect. 1.4. We shall denote the functor by the
symbol Tg.

In concrete terms, the structure of QCoh(.S)-linearity on the symmetric monoidal category
IndCoh(S) means that for F1,F, € IndCoh(S) and € € QCoh(S), we have canonical isomor-
phisms

! ! !
(5.21) 8@(3“1@32)2(8@?1)@9223“1@(8@32)

5.7.5. Thus, we can consider a natural transformation

(5.22) YDGseh | QCohDasan,,, — IdCohp g,
where QCohpyggep,,, and Ideohi)GSChaft are both considered as functors

(DGSchag )°P = DGCatoymMen

cont

The functoriality statement of Corollary 5.7.4 says that at the level of 1-morphisms, for
f 51 — S92, we have a commutative diagram of symmetric monoidal categories.

IndCoh(S;) '~ QCoh(S))
(5.23) f!T Tf*
IndCoh(Ss) 22— QCoh(Sy).
5.7.6. Note that if we regard QCohpggy,.,, and IndCOhiDGSchaft just as functors

(DGSChaft )op = DGcatconta

then the structure of natural transfomration on Ypgsch,,, is given by Theorem 5.5.5, i.e., we
do not need to consider the finer structure given by Theorem 5.7.2.

6. PROOF OF THEOREM 5.2.2

6.1. Framework for the construction of the functor.
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6.1.1. We first discuss the most basic example of a construction of a functor out of a category
of correspondences.

Let (C,vert, horiz) be as in Sect. 5.1.1, and suppose that horiz C vert.

Let Pyert : Cyert = DGCateont be a functor. Assume that for every (g : ¢1 — ¢2) € Chropiz,
the functor Pyert(g) : P(c1) — P(cz2) admits a continuous right (resp., left) adjoint; we denote
. |
it P]:LOT’iZ (g)

The passage to adjoints defines a functor

P;Loriz : (Chom'z)Op — DGCatcont -

Consider a Cartesian square (5.1). By adjunction, we obtain a map

(6.1) Poert(f') © Propiz(91) = Pioriz(92) © Poert(f)
(in the case of right adjoints), and

(6.2) Phori=(92) © Poert(f) = Poert(f') © Phoyiz(91)
(in the case of left adjoints).

We shall say that P,.,; satisfies the left base change (resp., right base change) condition with
respect to horiz if the corresponds adjoints P} . (g), g € horiz exist, and map (6.1) (resp.,
(6.2)) is an isomorphism for any Cartesian diagram as above.

Theorem 6.1.2. Suppose that Py, satisfies the left (resp., right) base change condition with
respect to horiz. Then there exists a canonically defined functor
Peorrvertshoriz © Ceorrvert;horiz — DGCateont,
equipped with isomorphisms
Poert = Peorrvert:horiz|cy,,, and Pho ... =~ corrivert;horiz | (Cporss )P -

The proof of this theorem when C is an ordinary category is easy. The higher-categorical
version will appear in [GR3].

6.1.3. Let C,vert, horiz be as in Sect. 5.1.1. Let adm be a subclass of vert, which satisfies the
following conditions:

(A) adm satisfies conditions (1)-(3) of Sect. 5.1.1.

(B) The pairs of classes (vert,adm), (adm, horiz) satisfy condition (4) of Sect. 5.1.1. (Note
that since adm C vert, the pair (adm,adm) also satisfies condition (4).)

(C) If in a diagram (5.1), we take go = f and it belongs to both horiz and adm, then the arrows
f’ and ¢ are isomorphisms.

(D) For horiz and adm, if h = hy o hy and h and hy belong to the given class, then so does hs.
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6.1.4. Consider the category Cecorr:vert:horiz, and let Peorrivert;horiz be a functor

Pcorr:vert;horiz : Ccorr:vert;horiz — DGcatcont .

We will impose the following conditions:

(I) The functor Pyert : Cyert — DGCateont satisfies the left base change condition with respect
to adm.

(IT) For a Cartesian square as in (5.1), with f, f/ € adm and ¢1,g2 € horiz the morphism
between the resulting two functors P(ca) = P(c})

Pf!wriz(gl) o Pa‘,dm(f) - Ptidm(f/) o Pf!wriz(g2)
that comes by the (Pyert(—), P,

! im(—))-adjunction from the isomorphism (5.4), is an isomor-
phism.

6.1.5. For a morphism f : c; — co with f € adm N horiz consider the diagram

id
cCi — Cq

J b
o —1 co,
which is Cartesian due to Condition (C).
Note that from Condition (II) we obtain a canonical isomorphism
Proriz(f) 2 Paam(f)-

6.1.6. We let horizyew be yet another class of 1-morphisms in C. We impose the following two
conditions on horizpew:

(i) horizpew satisfies conditions (1)-(3) of Sect. 5.1.1.
(ii) horizpew contains both horiz and adm.

(iii) Every morphism h € horizyey can be factored as h = f o g with g € horiz and f € adm.

Remark 6.1.7. Tt follows formally that horizpew is precisely the class of 1-morphisms that can
be factored as in condition (iii). Thus, the actual condition is that this class of 1-morphisms is
stable under compositions.

6.1.8. Finally, we impose the following crucial condition on the classes horiz and adm. Let us
call it condition (*):

For given l-morphism (h : ¢; — €3) € horizyew consider the category Factor(h), whose
objects are factorizations of h into a composition

C1 i} C3/2 i> Co

with g € horiz and f € adm. Morphisms in this category are commutative diagrams

CI
(63) C1 e Cay.

g 0’3'/2 f

(Note that by condition (D), the arrow e : ¢z, — ¢4, is also in adm.)



62 DENNIS GAITSGORY

Condition (%) reads as follows: the above category Factor(h) is contractible.

6.1.9. Consider the Category Ccorr:vert;horiznew- Note that Ccorr:vert;horiznew contains as 1-full
Schategories both Ccorr:vert;adm and Ccorr:vert;horiz-

We have the following assertion, generalizing Theorem 6.1.2
Theorem 6.1.10. There exists a canonically define functor

Pcorr,vert,hm"iznew : Ccorr:vert;horiznew — DGC&tcontv

equipped with identifications

. ~ .
Pcorr,vert,homznew ‘Ccorr;ue”;ho”z — Pcorr,vert,hamz
and
. ~
Pcorr,vert,homznew ICCO,r:vcﬁ;adm — Pcorr,'uert,admy

which is compatible with the further restriction to

Ccorr:vert;adm — Cvert — Ccorr:vert;horiz~

6.1.11. Sketch of proof of Theorem 6.1.10. In this section we will indicate the proof of Theo-
rem 6.1.10, modulo homotopy-theoretic issues (i.e., a proof that works when C is an ordinary
category). The full proof will appear in [GR3].

First, we are going to construct the functor Proriz,.., : (Chorizpey )P — DGCatcont. Let
h : ¢; — c¢2 be a 1-morphism in horizyey, and let us factor it as a composition f o g as in
Condition (iii). First, we need to show that the functor

PfILoriz(g) © Pa'dm(f) : P(CZ) - P(Cl)

is canonically independent of the factorization. Since by condition (%) the category of factor-
izations is contractible, it suffices to show that for any 1-morphism between factorizations give
as in diagram (6.3), the resulting two functors

! ! ! !
Pi.w'riz(g/) o z.zdm(f/) and Pﬁoriz(g”) o ddm(f//)
are canonically isomorphic.

This easily reduces to the case of a diagram

C2
with ¢, ¢"” € horiz and f € adm, and we need to establish an isomorphism
Pioriz(92) = Prioriz(91) © Paam (f)
as functors P(c2) = P(c).
We will show more generally that given a commutative (but not necessarily Cartesian) square
g 2L ¢

7| |7

92
ch, ——— ¢
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with f, f € adm and g1, ge € horiz, we have a canonical isomorphism
(64) Pi!wriz(gl) © Pa'dm(f) = P(Ldm(fN) ° Pflzoriz (92>
as functors P(c2) = P(c}).

Consider the diagram

, h , 95
Ci, —> Cy XC —— C;
C2

! lf
chb —L e
where ghoh ~ g, and f' o h~ f.
By Condition (D) we obtain that
h € adm N horiz.
Therefore, we have:

Condition IT

Pi!wriz(gl) © P(;’Ldm(f) = P;LOTiZ(h) © P;wriz(Qé) o PC‘Ld’I’TL(f) —
Sect. 6.1.5
= Pflwriz(h) © é,dm(fl) © Pi!wriz(QQ) =

= (;dm(h) o z!zdm(f,) o Pflzoriz (92) =~ P(;dm(.f) o Pl!zom'z(QQ)‘
Isomorphism (6.4) allows one to define the functor Phopiz,., on compositions of morphisms.

The base change data, needed to extend the functors Phoriz,., and Pyert to a functor

Pcorr,vert,horiznew : Ccorr:vert;horiznew — DGcatcont7

follows from the corresponding data of Peorrvert;horiz and Peorrvert;adm Dy construction.
6.2. Construction of the functor IndCohmpaschyoein)eormatiar *

6.2.1. Step 1. We start with C := DGSchyoetn, and we take vert to be the class of all mor-
phisms, and horiz to be the class of open embeddings.

Consider the functor Pyers := IndCohpgschy,.,, of Proposition 3.2.4. It satisfies the right
base change condition with respect to the class of open embeddings by Proposition 3.2.4.

Applying Theorem 6.1.2, we obtain a functor

IndCOh(DGSchNoeth : (DGSChNoeth)corr:all;open — DGCatcont -

)eorr:all;open

6.2.2. Step 2. We take C := DGSchyoetn, vert to be the class of all morphisms, horiz to be
the class of open embeddings, and adm to be the class of proper morphisms. It is easy to see
that conditions (A)-(D) of Sect. 6.1.3 are satisfied.

We consider the functor

IndCOh(DGSChNoeth) : (DGSChNoeth)corr:all;open — DGcatcont

corr:alljopen

constructed in Step 1.

We claim that it satisfies Conditions (I) and (II) of Sect. 6.1.4. Indeed, Condition (I) is given
by Proposition 3.4.2, and Condition (IT) is given by Corollary 4.4.7.

We take horizpew to be the class of separated morphisms almost of finite type. We claim
that it satisfies Conditions (i), (ii) and (iii) of Sect. 6.1.6 and condition (x) of Sect. 6.1.8.
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Conditions (i) and (ii) are evident. Condition (%), which contains Condition (iii) as a par-
ticular case, will be verified in Sect. 6.3.

Applying Theorem 6.1.10, we obtain a functor
IndCOh(DGSChNoeth)Con.;au;a“_sep : (DGSChNoeth)corr:all;aft—sep — DGcatcont;
where
aft-sep C aft
denotes the class of separated morphisms almost of finite type.

It is clear from the construction that the functor IndCoh(paSchyoem)corranatse, S2tisfies the
Conditions (a), (b) and (c) of Theorem 5.2.2.

6.2.3. Interlude. In order to extend the functor

IndCOh(DGSChNoe“, : (DGSChNoeth)corr:all;aft—sep — DGcatcont;

)corr:all;aft-sep

to a functor

IndCOh(DGSChNoeth) : (DGSChNoeth)corr:all;aft — DGcatcont

corr:all;aft

we will use the following construction.
Let
(C, vert!, horiz') and (C? vert?, horiz?)
be a pair of categories and classes of morphisms as in Sect. 5.1.1.

Let ® : C' — C? be a functor. Assume that ® sends morphisms from vert! (resp., horiz')
to morphisms from vert? (resp., horiz?). In particular, ® induces functors

2

el 2 A al!
(I)vert : Cvert - C'Uert and q)hOT”'LZ : Chom’z - Choriz’

and a functor

el 2
écorr:vert;horiz :C —-C

corr:vert;horiz corr:vert;horiz*

Let now
.1
Pcorr:vert;horiz . Ccorr;yert;horiz — D
be a functor, where D is an (00, 1)-category that contains limits. Consider the functors
.2
RKEq’corr:vert;horiz (Pcorr:'uert;horiz) : Ccorr:vert;horiz — D
and

RKE(q)ho'r'iz )Op (P}!LOTiZ) : (02 )Op — D'

horiz
We claim:
Proposition 6.2.4. Assume that for any c* € C!, the functor ® induces an equivalence
(C’})e’rt)/cl - (Ciert)/é(cl).
Then the natural map
RKEoor.veriinoris (Peorrwertshoriz)| (o2, yor = RKE(@,LOTiZ)op(P;w”-Z)

s an equivalence.
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Proof. 1t is enough to show that the map in question induces an isomorphism at the level of
objects.

The value of RKEq¢__.......000i. (Peorrivert:horiz) on €2 € C? is
lim P(c'),
where the limit is taken over the category of diagrams

g
2 — 5

d(cl),
with f2 € vert? and g € horiz?.
The condition of the proposition implies that this category is equivalent to that of diagrams

() —L— ¢,

with f! € vert! and g € horiz2.
However, it is clear that cofinal in the (opposite of the above) category is the full subcategory
consisting of diagrams with f! being an isomorphism. The latter category is the same as

(Cl C><2 (Cioriz)/c2 )Op.

2

Le., the value of RKEs,__.....;cnoms. (Peorrvert:horiz) 00l ¢* maps isomorphically to

lim, P'(ch),
cle(C! X (CF,,i2) /e2)P
a2
while the latter limit computes the value of RKE (g, . yor (P},,;,) on c2.

6.2.5. Step 3. In the set-up of Sect. 6.2.3 we take C' = C2 = DGSchyoetn, vert' = vert? = all
and
horiz' = aft-sep and horiz? = aft .
We define the functor
IndCOh(DGSChNoeth)Coman;a“ : (DGSChNoeth)corr:all;aft — DGC&tcont
as the right Kan extension of

IndCOh(DGSChNoeth : (DGSChNoeth)corr:all;aft-sep — DGC&tcont

Jcorr:all;aft-sep
along the tautological functor
(DGSchnoeth)corr:alliatt-sep — (DGSchNoeth )corr:all;af -
We claim that the resulting functor IndCoh(paschyoen)eormanare Satisfies the conditions of
Theorem 5.2.2. By Step 2, it remains to show that for S € DGSchyoetn, the natural map
IndCoh(S) — IndCoh(baschnoetn)eorattiat ()

is an isomorphism in DGCat¢ong.
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Denote

! —
IndCOh(DGSChNoeth)aft_sep T IndCOh(DGSChNoeth )corr:all;aft-sep | ((IDC%SChNoet]ﬂ)colrr:all:aft-sep)op
and
! —
IndCOh(DGSChNoeth)aft = IndCOh(DGSChNDCth)corr:all;aft |((DGSChNocth)corr:all;aft)OP'

Note that by Proposition 6.2.4, we have
IdCON(pSeh e e~ REE(DGSchyocen ate sep) - (DGSchnoernare)» (MACONDES chyern atover )
Consider the full subcategory
DGSchnoeth,sep € DGSchnoeth

that consists of separated DG schemes. Denote

! o !
IndCoh(paschyemn mep)ate = RACONDESchyoemn ati-sep | (DGSchnoeth sepJart )P -
We claim:

Lemma 6.2.6. The map
(6.5) IndCoh{paseny, o)

aft-sep

!
RKE((DGSChNoeth,sep)aft)Op_>((DGSChNoeth)aft—sep)OP (IndCOh(DGSChNoeth,sep)aft )

s an isomorphism.

The proof of this lemma will be given in Sect. 6.4.4.

From the above lemma, we obtain:
! !
IndCoh(pasenygen are = REE(DGSchnoetn,sop)a) P (DGSchyoein)ac)?? (MACONDGS chypern cep are )
Hence, it remains to show that for S € DGSchyoetn, the map
IndCoh(S) — lz;gm IndCoh(S")

is an isomorphism in DGCatcont, where the limit is taken over the category (opposite to)

(DGSChNoeth,sep>aft X ((DGSChNOeth>aft)/S‘
(DGSchnoeth)afs
However, the above category is the same as
(66) (DGSChNoeth,sep)aft X ((DGSChNoeth)aft—sep)/S
(DGSchnoeth )aft

(indeed, a map from a separated DG scheme to any DG scheme is separated). Note, however,
that the limit of IndCoh(S’) over the category (opposite to one) in (6.6) is the value of
!
RKE((DGSChNueth,sep)aft)Op_)((DGSChNoeth)aft—sep)Dp (IndCOh(DGSChNoeth,sep)aft )

on S. In particular, the map to it from IndCoh(S) is an isomorphism because (6.5) is an
isomorphism.

O

6.3. Factorization of separated morphisms. Let f : S; — S5 be a separated map be-
tween Noetherian DG schemes. In this subsection we will prove that the category Factor(f) of
factorizations of f as

(6.7) S L Ss/a = S,

where j is an open embedding and g proper, is contractible (in particular, non-empty).
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6.3.1. Step 1. First we show that Factor(f) is non-empty. By Nagata’s theorem, we can factor
the morphism

(““S1)rea — (52)rea
as
(Clsl)red — 5;/3/2 — (CISZ)reda
where S} /2 is a reduced classical scheme, with the morphism (°/S),eq — Sy /2 being an open
embedding and S:/),/z — (°185) eq prOper.
We define an object of Factor(f) by setting

S3/0:= S5 U Si,.
3/2 1(Clsl)md 3/2

(we refer the reader to [GR2, Sect. 3.3], where the existence and properties of push-out for DG
schemes are reviewed).

6.3.2. Digression. For a map of Noetherian DG schemes h : T7 — T, we let
(DGSchoeth) 71 /, closed in 75 € (DGSchoetn) 1,/ /7
be the full subcategory spanned by those objects
Ty — T35 — s,
where the map T3/o — T is a closed embedding (see Definition 3.3.3).
The following is established in [GR2, Sect. 3.1]:
Proposition 6.3.3.

(a) The category (DGSchNoeth )T, /, closed in T, CONtains finite colimits (in particular, an initial
object).

(b) The formation of finite colimits in (DGSchNoeth )T, /, closed in T, cOMmutes with Zariski lo-
calization with respect to Ts.

The initial object in (DGSchNoeth )7, /, closed in 7, Will be denoted f(77) and referred to as the
closure of Ty in Ts.

It is easy to see that if h is a closed embedding that the canonical map

T — f(Th)
is an isomorphism.

We will need the following transitivity property of the operation of taking the closure. Let

hi,2 ha 3
T1 — T2 — T3

be a pair of morphisms between Noetherian DG schemes. Set hi3 = ho3 o hy2 and T =

hi,2(Ty).

By the universal property of closure, we have a canonically defined map

(6.8) his(Th) = ha2(T3)

in (DGSchNoeth)T, /, closed in T~ We have:

Lemma 6.3.4. The map (6.8) is an isomorphism.



68 DENNIS GAITSGORY

6.3.5. Step 2. Let Factorqense(f) C Factor(f) be the full subcategory consisting of those objects

Sy Syn S S,

for which the map

J(S1) = Sz/2
is an isomorphism.
We claim that the tautological embedding
Factorgense(f) < Factor(f)
admits a right adjoint that sends a given object (6.7) to
S; — j5(51) = Ss.

Indeed, the fact that the map S; — j(S1) is an open embedding follows from Proposi-
tion 6.3.3(b). The fact that the above operation indeed produces a right adoint follows from
Lemma 6.3.4.

Hence, it suffices to show that the category Factorgense(f) is contractible.

6.3.6. Step 3. We will show that the category Factorgense(f) contains products.

Given two objects
(Sl — S:l’,/2 — SQ) and (Sl — Sg/Q — Sg)
of Factorgense(f) consider
T := 8%, x SY,,,
3/2 & 73/2
and let h denote the resulting map S; — 7.

Set S35 := h(S1). We claim that the map Sy — S35 is an open embedding. Indeed, consider
the open subscheme of T' C T equal to Sy §< Si1. By Proposition 6.3.3(b),
2

g’g/g = S3/2 N %
is the closure of the map
Ag /s, 1 81— S1 x Sy
Sa
However, S — m is an isomorphism since Ag, /s, is a closed embedding.

6.3.7. Step 4. Finally, we claim that the resulting object
Sl — 53/2 — SQ
is the product of S — Sg/g — Sy and S] — Sg’/Q — Sy in Factorgense(f)-

Indeed, let
Sl — 53/2 — SQ
be another object of Factorgense(f), endowed with maps to
Sl — Sé/Q — Sg and Sl — Sé’/Q — SQ.
Let ¢ denote the resulting morphism

§3/2 — S35 - S =T.
2
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We have a canonical map in Factor(f)

(S1 — S35 — S2) = (S1 — i(S39) — Sa).

However, from Lemma 6.3.4 we obtain that the natural map

S3z/2 — Z‘(§3/2)
is an isomorphism. This gives rise to the desired map
(81— §3/2 — S2) = (81— Sz/2 — Sa).
O

6.4. The notion of density. In this subsection we shall discuss the notion of density of a full
subcategory in an oco-category.

6.4.1. Let C be an co-category with fiber products, and equipped with a Grothendieck topology.
Let

i:C' = C
be a full subcategory.

We define a Grothendieck topology on C’ be declaring that a 1-morphism is a covering if its
image in C is.

We shall say that C’ is dense in C if:
e Every object in C admits a covering Lic), — ¢, c,, € C’.
o
o If |&Ic’1’a — ¢, and Ialc’zﬂ — ¢, are coverings and ¢ ,,¢) 5 € C’, then each ¢} , x chg
belongs to C’.
6.4.2. Let D be an oco-category that contains limits. We let
Funct(C, D)gescent C Funct(C?, D)

be the full subcategory of functors that satisfy descent with respect to the given Grothendieck
topology. Le., these are D-valued sheaves as a subcategory of D-valued presheaves.

We will prove:
Proposition 6.4.3. Suppose C' C C is dense. Then for any D as above, the adjoint functors
Res; : Funct(C°P, D) 2 Funct(C'°?, D) : RKE;
define mutually inverse equivalences
Funct(C°, D) gescent = Funct(C'?, D) gescent -

The proposition is apparently well-known. For the sake of completeness, we will give a proof
in Sect. 6.4.5.
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6.4.4. Let us show how Proposition 6.4.3 implies Lemma 6.2.6. Indeed, we take
C := (DGSchnoeth )att-seps C' := (DGSchNoeth,sep)aft
and we consider the functor
((DGSchnoeth )att-sep)”? = DGCatcont
equal to IndCOhI(DGSchNocth)af“cp-

We equip C := (DGSchnoeth )aft-sep With the Zariski topology, i.e., coverings are surjective
maps U S/, — S, where each S/, is an open DG subscheme of S.
(03
The fact that the functor IndCOh!(DGSchNoeu,)aft.sep satisfies Zariski descent follows from Propo-
sition 4.2.1 and the fact that the functor IndCoh(paseny, o
Theorem 5.2.2.

satisfies condition (b) of

)corr:all;aft-sep

O

6.4.5. Proof of Proposition 6.4.3. First, it easy to see that the functors Res; and RKE; indeed
send the subcategories in question to one another. It is equally easy to see that the functor
Res; is conservative.

Hence, it remains to show that for F': C°P — D that satisfies descent, the natural map
F— RKEI‘(F‘CIDP)
is an isomorphism.

For ¢ € C we have
RKEZ'(F|C/op) >~ lim F(C/).

Choose a covering ¢’y := Uc!, — ¢, with ¢/, € C’. Let ¢/;*/c be its Cech nerve. Restriction
@

defines a map

i Fe) = Tol(F (€ /o),

and the composition

F(c)— lim F(c') — Tot(F(c4*/c))
Ce(Cl)or

is the natural map
F(c) — Tot(F(c'4*/c)),
and hence is an isomorphism, since F' satisfies descent.

Consider now the object

Tot ( lim F(c x (c%'/c))) .

c’e(C) )r
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We shall complete the above maps to a commutative diagram

li F(c).
F(c) c/G(g;lc)OP (c)

(6.9)

(T )or

Tot(F(c;"/c))4>Tot< lim F(c ><( '/c))> .

in which the right vertical arrow is an isomorphism. This will prove that the top horizontal
arrow is also an isomorphism, as required.

The map
Tot(F(c'y*/c)) — Tot (c egzcm)op F(c x (cy /c)))

is the simplex-wise map

F(cy®/e) = | lim F(c"x (c}4"/c)),

c G(C’ )or
given by restriction.

We shall now consider three maps

(6.10) lim F(c) —>Tot< lim F(c ><( '/c))) ~

e(C) ) 'e(C) )
~ lim F(c x (c4"/c)) ~ lim Tot(F(c x (c's*/c))).
e 8 P ) = i T (P& (/)

The first map in (6.10) corresponds to the map of index categories that sends
(In] x ') € A X (C)))? = " [e € (C))P
and the map
F(cy"/e) = F(c' x (c)y"/c))
is given by the projection
c x (cy"/e) = 4" /e.
It is clear that for this map the lower traingle in (6.9) commutes.
The second map in (6.10) corresponds to the map of index categories that sends
([n] x €') € A X (CJe)™ = & x (4" /) € (Ce),
and the identity map
F(c x (cy"/c)) = F(c" x (4" /c)).
C C
We note, however, that the first and the second maps are canonically homotopic.
The third map in (6.10) corresponds to the map of index categories that sends
([n] x ) € A x (C))? =" € (C)",
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and the map
F(c) = F(c' x (c)y"/c))
C

is given by the projection

¢ x(cy"/Je)—C.

C
Again, we note that the third and the second map are canonically homotopic.

Finally, it remains to see that the third map is an isomorphism. This follows from the fact
that for each ¢’ € (C/,)°P, the map

F(c") — Tot(F(c" x (¢/,*/c)))

is an isomorphism, since F' satisfies descent.
O

6.4.6. In what follows we will use the following variant of Proposition 6.4.3. Let C be a category
with fiber products and equipped with a Grothendick topology.

Let Cy be a 1-full subcategory of C. We will assume that the following is satisfied:

Whenever Lic, — ¢ in C is a covering, then each arrow ¢, — ¢ belongs to Cy.
o

Note that in this case we can talk about descent for presheaves on Cgy: the fiber products
used in the formulation of the are taken inside the ambient category C.

6.4.7. Let C' C C be a full subactegory satisfying the assumptions of Sect. 6.4.1. Let C be
the corresponding 1-full subcategory of C'.

We shall assume that the following additional condition on Cy — C is satisfied:
e If Lic, — ¢ is a covering and ¢ — ¢ is a 1-morphism in Cy, then each of the maps
o

Co >C< € — ¢, belongs to Cy.
In this case, the proof of Proposition 6.4.3 applies and gives the following:
Proposition 6.4.8. The adjoint functors
Res; : Funct((Cy)°?, D) = Funct((C{)°?, D) : RKE;
define mutually inverse equivalences

FunCt((C0)0p7 D)descent = FunCt((Cé)OP, D)descent-

7. EVENTUALLY COCONNECTIVE, GORENSTEIN AND SMOOTH MORPHISMS

In this section we continue to assume that all DG schemes are Noetherian.

The results in this section were obtained in collaboration with D. Arinkin and some of them
appear also in [AG, Appendix EJ.

7.1. The !-pullback functor for eventually coconnective morphisms.
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7.1.1. First, we notice:

Lemma 7.1.2. Let S1 — Sy be a morphism almost of finite type. Then the following conditions
are equivalent:

o The morphism f is eventually coconnective.

e The functor f':IndCoh(Sy) — IndCoh(S;) sends Coh(Sz) to Coh(S).

In this case, the functor f' has a bounded cohomological amplitude.

Proof. As in the proof of Proposition 3.6.7, the assertion reduces to the case when f is a closed
embedding. Denote & := f.(Qg,) € Coh(S2). Then the same argument as in Lemma 3.6.3

shows that both conditions in the lemma are equivalent to € being perfect.
O

7.1.3. Let now
s 2,08

3l |7

Sy —2 8,
be a Cartesian diagram where horizontal arrows are almost of finite type, and vertical arrows
are of bounded Tor dimension (in particular, eventually coconnective).
Starting from the base change isomorphism

! IndCoh IndCot !
gy o fRN = (f1) Mo g

by the (findCoh | fIndCohy_anq (( f7)mdCohyx ( f7yIndCoh)_aqiunctions, we obtain a natural trans-
formation
(71) (f/)IndCOh,* ° 9‘2 N g‘l o fIndCoh,*.

Remark 7.1.4. If the map go (and hence g;) is proper, then diagram chase shows that the map
in (7.1) is canonically isomorphic to one obtained from the isomorphism

(gl)indCOh ° (f/)IndCoh,* ~ fIndCoh,* ° (92)£ndCoh

of Lemma 3.6.9.
7.1.5. We claim:
Proposition 7.1.6. The map (7.1) is an isomorphism.

Proof. First, it is easy to see that the assertion is Zariski-local in Se and S}. By the construction
of the !-pullback functor, we can consider separately the cases of go (and hence g1) proper and
an open embedding, respectively.

The case of an open embedding is immediate. So, in what follows we shall assume that the
maps g1 and gy are proper.

Note that the statement is Zariski-local also in S;. Hence, we can assume that the morphism
f (and hence f') is affine.

Since all the functors involved are continuous, it is enough to show that the map (7.1)
is an isomorphism when evaluated on Coh(S2). We will show more generally that it is an
isomorphism, when evaluated on objects of IndCoh(Sy)™.

The assumption of f implies that the functor fMdCeh* (resp., (f/)ndCeh*) sends the category
IndCoh(S2)™" (resp., IndCoh(S5)") to IndCoh(S;)™ (resp., IndCoh(S})™).

We claim:
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Lemma 7.1.7. For any morphism g : Ty — Ty amost of finite type, the functor g' is left
t-exact, up to a finite shift.

The proof of the lemma is given below.

Assuminh the lemma, we obtain that both functors in (7.1) send the category IndCoh(S3)™
to IndCoh(S7)™. Since f (and hence f’) is affine, the functor f, is conservative. It follows from
Proposition 1.2.4 that the functor (f/)I2d¢°h is conservative when restricted to IndCoh(S})™.

Hence, it remains to show that the map
(72> (f/)indCoh ° (f/)IndCOh,* 09’2(3') N (f/)indCOh o gll o fIndCOh,*(?)
is an isomorphism for any F € IndCoh(Ss).
By Corollary 4.4.3, we have canonical isomorphisms
(f/)}kndCoh o (f/)lndCoh,* ~ f;(05'1) ® — and findCoh o flndCOh,* ~ f;(osl) ® —.
Note also that
fi(0s1) ~ g5(f+(0s,)).
Hence, we can rewrite the left-hand side in (7.2) as

Equation (3.7)

95(£:(05,)) ® g5(F) 92(f+(0s,) ® F).

We rewrite the right-hand side in (7.2) as
gh o flnCoh o pIndCoh(F) & g (£,(0,) © )

It follows by unwinding the constructions that the map in (7.2) identifies with the identity
map on gj(f(0s,) ® F).
O

Proof of Lemma 7.1.7. By the construction of ¢', it suffices to consider separately the cases of
g being an open embedding and a proper map. The case of an open embedding is evident; in
this case the functor g' = ¢™dCoh* is t-exact.

For a proper map, the functor ¢' is by definition the right adjoint of gI"4“°?. The required

assertion follows from the fact that the functor g!"d°! is right t-exact, up to a finite shift,

which in turn follows from the corresponding property of g..
O

7.2. The !-pullback functor on QCoh. In this subsection we let f : S; — S be an eventually
coconnective morphism almost of finite type.

7.2.1. We claim:

Proposition 7.2.2. There exists a uniquely defined continuous functor
FRemt QCoh(S2) — QCoh(S)),

which is of bounded cohomological amplitude, and makes the following diagram

IndCoh(S)) —1s QCoh(S))

sz Tchoh,z

IndCoh(Ss) —22 QCoh(S,)
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commute. Furthermore, the functor fRC™! has a unique structure of 1-morphism of QCoh(Ss)-
module categories, for which the above diagram commutes as a diagram of QCoh(Ss)-module
categories.

Proof. This follows using Proposition 1.3.4 from the following general observation.

Let F': C; — C3 be a continuous functor between cocomplete DG categories. Suppose that
C; and C; are endowed with t-structures compatible with filtered colimits. Suppose that I is
right t-exact up to a finite shift.

Let C} and C} be the left completions of C; and Cs, respectively, in their t-structures.

Lemma 7.2.3. Under the above circumstances there exists a uniquely defined continuous func-
tor F' : C| — C} which makes the diagram

c, —— C

T

C, —— C)
commute.

7.2.4. Note that the QCoh(Sy)-linearity of fQC°P! tautologically implies:
Corollary 7.2.5. There is a canonical isomorphism
(&) @ fANN(9g,) ~ fRCMY () & e QCoh(Ss).
We now claim:

Proposition 7.2.6. There exists a uniquely defined natural transformation

(7.3) fREYOg,) @ fIdCohx(F) 5 f1(F),  F € IndCoh(Sy)
that makes the diagram
Us, (f(9)) — FREMH (s, (F))
Vs, ((7.3)) T NTComllary 7.2.5
Us, (fANH(0s,) @ firdcoh(T)) Fr(Ws,(9)) @ fRM(0s,)
FREMH0s,) @ T, (F1ICMH(F)) —————— [fOOM(05,) ® [*(Ts, (F))

Proposition 3.5.4

commute.

Proof. Tt suffuces to construct (and prove the uniquness of) the isomorphism in question on
the compact generators of IndCoh(Ss), i.e., for ¥ € Coh(Ss). For such F, we have f'(F) €
IndCoh(S;)". Hence, it suffices to construct (and prove the uniquness of) a map

> (fQCoh,!(OSZ) ® fIndCOh,*(Sr)) = £1(9)
for n > 0 that makes the corresponding diagram commute.
By Proposition 1.2.4, the latter map is equivalent to a map
(7.4) 72z n (‘I’Sl (fQCOh’!(OSQ) ® fIndCoh,*(gj))) ~
~ g, (Tzfn (fQCoh,!(OSQ) ® fIndCoh,*(gj))) g, (f!(:}')) )
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We have:

U, (fQCoh,I(OS2) ® fIndCoh,*(?)) ~ Q9 ) g (Us, o fIndCoh7*(rJ.~)) ~
~ fACRH0s,) ® (f* 0 Us, (F))
which, by Corollary 7.2.5, identifies with
FAM (W, (9)) = Us, (1))
In particular,
TET (W, (FROMH(0s,) @ fACNN(F))) = W, (F1(T))

for all n > 0, and the required map in (7.4) is the identity.
O

Remark 7.2.7. As we shall see in Propositions 7.3.8 and 7.4.5, the map in (7.3) is an isomorphism
if and only if the map f is Gorenstein.

7.2.8. Here are some properties of the functor of the functor fQC°M' introduced in Proposi-
tion 7.2.2.

Proposition 7.2.9.
(a) If f is proper, the functor fRC°M! is the right adjoint of f..
(b) Let

S; —H— S

f’l lf

Sy —£ S,
be a Cartesian diagram. Then there exists a canonical isomorphism of functors
(7.5) (g1)s 0 ()N o fRCME 0 (gy),

Moreover, if f is proper, the map — in (7.5) comes by the (f., fRCM)- and (f., (f)QCn")-
adjunctions from the isomorphism

fro(g91)x = (g2)s 0 [
(¢) The map
(7.6) g} o fQOehL _y (p1)QCehil g o
obtained from (7.5) by the (g5, (g1)+)- and (g5, (92)+)-adjunctions, is an isomorphism.

Remark 7.2.10. A diagram chase shows that if f (and hence f’) is proper, the map in (7.6)
is canonically isomorphic to one obtained by the (f., fRC™")- and (f7, (f)2C°"!)-adjunctions
from the usual base change isomorphism for QCoh:

fiogi =gso e

Proof. We first prove point (a). Since QCoh(S;) and QCoh(Ss2) are left-complete in their
respective t-structures and since fQCM! is right t-exact up to a finite shift, it suffices construct
a canonical isomorphism

(7.7) Mapsqcon(s,) (f«(€1), €2) = Mapsqcon(s,) (€1 FAMI(E,))
for &5 € QCoh(S2)™.
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Since fQCM! is also left t-exact up to a finite shift, and since f, is left t-exact, we can also
take &, € QCoh(S;)™. In this case, Proposition 1.2.4 reduces the isomorphism (7.7) for one for
IndCoh.

Point (b) follows from Lemma 7.2.3 and the base change isomorphism for IndCoh.

Let us prove point (c). As in the proof of Proposition 7.1.6, we can assume that f (and
hence f’) is proper, and g, (and hence g;) is affine.

In this case, the functor (g1). is conservative. Hence, it is sufficient to show that the natural
transformation

(7.8) (g1)x 0 g7 0 FEM = (g1)s 0 (f)¥M 0 g5
is an isomorphism.
The value of the left-hand side of (7.8) on € € QCoh(S2) is canonically isomorphic to
(91)+(057) © FOOM(€) = F*((g2)+(0y)) © FOOM(€) & FAM(g,).(05;) @ £).

The value of the right-hand side of (7.8) on & € QCoh(S3) is, by point (b), canonically
isomorphic to

FAC 0 (ga)s 0 g3(€) = fAM((92)4(0sy) © €).
By unwinding the constructions, we obtain that the map in (7.8) is the identity map on

FROM((g2)+(055) ® €).
O

7.3. Gorenstein morphisms.
7.3.1. Let f:S; — S5 be a morphism between Noetherian DG schemes.

Definition 7.3.2. We shall say that [ is Gorenstein if it is eventually coconnective, locally
almost of finite type, and the object fRC°M(0g,) € QCoh(S)) is a graded line bundle.

In what follows, for a Gorenstein morphism morphism f : S; — S5, we shall denote by
Xs, /s, the graded line bundle appearing in the above definition, and refer to it as the “relative
dualizing line bundle.”

7.3.3. We shall say that S € DGSchyoetn is Gorenstein if the map
ps : S — pt := Spec(k)
is Gorenstein. l.e., if S is almost of finite type, eventually coconnective and the object
ws := (ps)'(k) € Coh(S),
thought of as an object of QCoh(5), is a graded line bundle.
7.3.4. It follows from Proposition 7.2.9 that the class of Gorenstein morphisms is stable un-
der base change and that the formation of Kg, g, is compatible with base change, i.e., for a

Cartesian square
S —2— S

f /l lf
A
we have a canonical isomorphism
(7.9) 91 (Ks,/s,) = Ksy sy
In addition, we claim:
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Corollary 7.3.5. Let f : S; — So be an eventually coconnective morphism almost of finite
type. Then f is Gorenstein if only if its geometric fibers are Gorenstein.

Proof. Assume that the geometric fibers of f are Gorenstein. We need to show that fQC°M!(Og,)
is a graded line bundle. As in Lemma 3.6.3, it suffices to show that the *-restrictions of
fQChYOg,) to the geometric fibers of f are graded line bundles. The latter follows from
Proposition 7.2.9(c).

O

Corollary 7.3.6. Let f : S; — So be an eventually coconnective morphism almost of finite
type. If the base change of f by i : Sy — Sy is Gorenstein, then f is Gorenstein.

7.3.7. We are going to prove:

Proposition 7.3.8. Let f: S1 — Sy be Gorenstein. Then the map
Ks, /5, @ 0% (F) — f1(F), F € IndCoh(S>)

of (7.3) is an isomorphism.

Proof. Going back to the proof of Proposition 7.2.6, it suffices to show that for F € Coh(S),
the object

Ks, /5, @ 490 (F) € IndCoh(Sy)

belongs to IndCoh(S1)*. We have: fdCoh+(F) ¢ TndCoh(S;)*, and the required assertion
follows from the fact that Kg, /s, @ — shifts degrees by a finite amount.
O

7.4. Characterizations of Gorenstein morphisms. The material of this subsection is in-
cluded for the sake of completeness and will not be needed elsewhere in the paper.

7.4.1. We have:

Proposition 7.4.2. Let f : 51 — Sy be an eventually coconnective morphism almost of finite
type. Suppose that the object fRC°N(Og,) belongs to QCoh(S1)Pe™. Then f is Gorenstein.

As a particular case, we have the following characterization of Gorenstein DG schemes,
suggested by Drinfeld:

Corollary 7.4.3. Let S € DGSch,g be eventually coconnective. Suppose that the object
wg € Coh(S)
belongs to QCoh(S)Pet C Coh(S). Then S is Gorenstein.

Proof. Tt is easy to see that an object of QCoh(S;)P! is a line bundle if and only if such is
the retsriction to all of its geometric fibers over Sy. Using Proposition 7.2.9(c), this reduces the

statement of the proposition to that of Corollary 7.4.3. The latter will be proved in Sect. 9.6.15.
O

7.4.4. We are now going to prove a converse to Proposition 7.3.8.

Proposition 7.4.5. Let f : 51 — S be an eventually coconnective morphism almost of finite
type, such that the natural transformation (7.3) is an isomorphism. Then f is Gorenstein.
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Proof. By Proposition 7.1.6, the assumption of the proposition is stable under base change.
Using Corollary 7.3.6, we reduce the assertion to the case when S, is classical, in particular,
eventually coconnective as a DG scheme.

By assumption,
FRCMH0s,) @ [N (25, (0s,)) = (Es,(0s,)) € Coh(Sh).
However,
fQCOh’!(OSQ) ® fIndCOh)*(ESE (032)) =~ fQCOh)I(OSb) ® ES1 (051) =~ ES1 (fQCOh)!(OSb))'

From Lemma 1.5.8, we obtain that fQCM!'(O0g,) € QCoh(S;)P°*. Hence, the assertion
follows from Proposition 7.4.2.
g

7.4.6. We end this subsection with the following observation. Let f : S — So be an eventu-
ally coconnective morphism almost of finite type, where Sy (and hence Si) is itself eventually
coconnective. Then from the isomorphism

fQCOh,! o \I]SQ ~ \I/SI Of!

we obtain a natural transformation:

(7.10) Eg, 0 fCN 5 flozg, .
We claim:

Proposition 7.4.7. The map f is Gorenstein if and only if the natural transformation (7.10)
s an isomorphism.

Proof. For &€ € QCoh(S2) we have
Esy 0 AN (E) = [7(€) ® (Bs, 0 FAM(0s,)) = [(€) ® FACM(0s,) @ B, (0s,)-
If f is Gorenstein, then by Proposition 7.3.8, we have:
f! o ESz (8) = jcsl/SZ ® (fIndCOh** © ES;: (8)) = iKsl/sz ® f*(g) ® (fIndCOh** © 552 (052)) =
~Ks, /s, @ [7(E) @ (Es, 0 [7(0s,)) = Ksyys, @ f7(€) ® Eg, (0s,),
and the isomorphism is manifest.
Vice versa, assume that (7.10) holds. We obtain that
Eg, 0 fR9°1Y(Og,) € Coh(Sh).
Applying Lemma 1.5.8, we deduce that fQC"'(0g,) € QCoh(S;)Pef. Applying Proposi-
tion 7.4.2, we deduce that f is Gorenstein.
O
7.5. The functor of !-pullback for smooth maps.
7.5.1. Note that from Corollary 7.3.6 we obtain:

Corollary 7.5.2. A smooth map is Gorenstein.
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7.5.3. As a corollary of Proposition 7.3.8, we obtain:

Corollary 7.5.4. Let f:S1 — Sy be smooth. There exists a unique isomorphism of functors

(7.11) Ks, /5, ® fR900*(F) =~ f1(F), F € IndCoh(Ss)
that makes the diagram
Us, (f1(9)) — FAEH (W, (5))
(7.11)T NTC’orollary 7.2.5
‘1/»91 (:KSH/SQ ® fIndCoh,*(g:)) f*(qjsz (EF)) ® KSl/SZ)

‘{Ksl/sz ® \1’51 (fIndCoh,*(g:)) - g<51/52 ® f*(\I/SQ (EF))

Proposition 3.5.4
commaute.

Corollary 7.5.5. For a smooth map f, the functors f' and ™M differ by an QCoh(S;)-
linear automorphism of IndCoh(St).

7.5.6. Combining this with Proposition 4.5.3, we obtain:
Corollary 7.5.7. For a smooth map f : S; — Sa, the functor f': IndCoh(Sy) — IndCoh(S;)

defines an equivalence

QCoh(S1) ® IndCoh(S3) — IndCoh(Sy).
QCoh(S2)

7.5.8. We are now going to use Corollary 7.5.7 to deduce:

Proposition 7.5.9. Let f : S1 — Sy be eventually coconnective and almost of finite type. Then
the functor
QCoh(S1) ®  IndCoh(S2) — IndCoh(S;),
QCoh(Ss)

induced by f', is fully faithful.

Proof of Proposition 7.5.9. By Corollary 4.4.5, the assertion of the proposition is Zariski-local
with respect to both S; and S5.

As in the proof of Lemma 3.6.3, we can assume that f can be factored as a composition f/o f”,
where f’ is smooth, and f” is an eventually coconnective closed embedding. By transitivity, it
suffices to prove the assertion for each of these two cases separately.

For smooth maps, the required assertion is given by Corollary 7.5.7. For an eventually
coconnective closed embedding, the argument repeats that given in Proposition 4.4.2, where we
use the (fmdCeh M) adjunction instead of the (fndCohx  fIndCoh)_aqinnction.

O

7.6. A higher-categorical compatibility of ! and *-pullbacks. The material of this sub-
section will be needed for developing IndCoh on Artin stacks, and may be skipped on the first
pass.

We will introduce a setting in which we can view IndCoh as a functor out of the category of
Noetherian DG schemes, where there are two kinds of pullback functors: one with ! that can
be applied to morphisms locally almost of finite type, and another with * that can be applied
to morphisms of bounded Tor dimension.
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Specifically, we will explain an oo-categorical framework that encodes the compatibiltiy of
the two pullbacks, which at the level of 1-morphisms is given by Proposition 7.1.6.

7.6.1. For an oo-category C we let
Seg®(C) := Funct([e], C) € co-Grpd®”
denote the Segal construction applied to C.
Le., Seg®(C) is a simplicial co-groupoid, whose n-simplices is the co-groupoid of functors
[n] = C,
where [n] is the category corresponding to the ordered set

0—=1—..—n.

The assignment
C ~~ Seg*(C)
is a functor

Seg®(—) : co-Cat — 0o-Grpd®™ .

The following is well-known:
Theorem 7.6.2. The functor Seg®(—) is fully faithful.

The objects of oo—GrpdAop that lie in the essential image of the functor Seg®(—) are called
“complete Segal spaces.” Thus, Theorem 7.6.2 implies that the category of complete Segal
spaces is equivalent to co-Cat.

7.6.3. We let

Seg®*(C) := Seg®(Seg®(C)) € 00 -Grpd(AxA)™
be the iteration of the above construction. L.e.,

Seg"™(C) := Funct([m] x [n],C) € co-Grpd.

Let 7, m, denote the two maps A x A =% A. For a simplicial object e® of some oco-category
E we let

7 (e®) and m,(e®)
denote the corresponding bi-simplicial objects of E.
We have canonically defined maps
T (Seg®(C)) — Seg™*(C) « mn(Seg®(C))
corresponding to taking the functors
[m] X [n] = C

that constant along the second (for k) and first (for v) coordinate, respectively.
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7.6.4. Let C be an oco-category, with two distinguished classes of 1-morphisms vert and horiz,
satisfying the assumptions of Sect. 5.1.1.

We let
Cart>® (C)

vert;horiz
denote the bi-simplicial groupoid, whose (m, n)-simplices is the full subgroupoid of
Funct([m] x [n], C),
that consists of commutative diagrams

Cop o — Ci0 Cm—1,0 — Cmpo

l l l l

Cp,1 — C11

l l

|
|
(7.12) e — . —
|
|

Cm—-1,1 — Cm1

l l

Con—1 — Cin—1 Cm—1n—1 — 2 Cmn—1

l l l l

Co,n ? cl,n Cm—1,n ? Cm,n

in which every square is Cartesian, and in which all vertical arrows belong to vert and all
horizontal arrows belong to horiz.

Note that we have a canonically defined maps in oo—Grpd(AXA)op
71 (Seg® (Choriz)) — Cart:® (C) + my(Seg® (Cypert))-

vert;horiz

At the level of (m,n)-simplices, they correspond to diagrams (7.12), in which (for h) the
vertical maps are identity maps, and (for v) the horizontal maps are identity maps.

7.6.5. Consider the functors
IndCoh{paseny)un * (DGSchNoeth)ate)*® — DGCateon
(see Proposition 3.2.4), and
IndCOh?DGSChNocth)bdd—Tor : (DGSchyoeth ) bdd-Tor )P = DGCateont
(see Corollary 3.5.6), where
(DGSchoeth )bdd-Tor € (DGSchoeth )ev-conconn
is the 1-full subcategory, where we retsrict 1-morphisms to those of bounded Tor dimension.
Consider the corresponding maps in oo-GrpdAop
Seg'(IndCohI(DGSChNDch)aft) : Seg® (((DGSchNoeth )aft)°P) — Seg® ((DGCateont) ),

and

Seg® (IndCoh (s chyem) ) : Seg® (((DGSchNoeth )bdd-Tor)°Y) — Seg® (DGCateont )°P),

bdd-Tor

respectively.
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7.6.6. We consider the category DGSchyoetn equipped with the following classes of 1-morphisms:
vert = bdd-Tor and horiz = aft.

We will prove:

Proposition 7.6.7. There exists a canonically defined map in oo—Grpd(AXA)op

IndCoh{hGsenyun : Cartyit) porar (DGSchnoetn) — Seg®* (DGCatont) )

)bdd-Tur:aft

that makes the following diagrams commute

1
IndCoh’y
(DGSchNoeth)bdd-Tor;aft

Cartys) rorar (DGSchnoeth ) Seg®* (DG Cateont)°P)

I I

7h(Seg® (DGSchyoeth )aft)) Seg* (IndCon 7h(Seg® (DGCateont)°P))
e AL bGESschyootn)aft
and
IndCoh/} s, saft
Cartl.),d.d-Tor;aft (DGSChNoeth> (ORIt da Torat Seg"'((DGC&tcont)Op)
T (Seg.((DGSchNoeth)bdd—Tor)) Seg® (IndCoh?* Ty (Seg°((DGCatcont)0p)).

(DGSchnoeth)bdd-Tor

Proof. Given a Cartesian diagram

Iz fe
SO,O Sm()

ALk
AL b

So.n T T S

in (DGSchyoetn) with horizontal arrows being locally almost of finite type, and vertical arrows
of bounded Tor dimension, we need to construct a commutative diagram in (DGCateont)°P:

(7.13)

IndCoh(Spo) 2 .. «Y ImdCoh(Sym0)

(g?)IndCoh,*T T T(Q?)IndCoh,*
(g7)TndCoh.x T T T(Q?)IndCoh,*

IndCoh(So.r,) IndCoh(S,.n)-
(f2)" (f2)!

(7.14)

Moreover, the assignment
(7.13) ~ (7.14)
must be compatible with maps
[m] x [n] = [m'] x [n]
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in A x A.

We start with the commutative diagram

IndCoh(So,0) +22— ... <Y 1ndCoh(Spm.0)

(goyirec | | | gopecer
| | | (goyecer

IndCoh(Sp,) IndCoh(S,.1)
(f2)" (f2)!

(7.15)

whose datum is is given by the functor

IndCOh(DGSChNocth)corr:bdd—Tor;aft = IndCOh(DGSChNocth)corr:all;aft |(DGSChNocth)corr:bdd—Tor;aft'

The diagram (7.14) is obtained from (7.15) by passage to the left adjoints along the ver-
tical arrows. The fact that the arising natural transformations are isomorphisms is given by
Proposition 7.2.6.

O

8. DESCENT

In this section we continue to assume that all DG schemes are Noetherian.

8.1. A result on conservativeness. In this subsection we will establish a technical result
that will be useful in the sequel.

8.1.1. Let f:S1 — S5 be a map almost of finite type.

Proposition 8.1.2. Assume that [ is surjective at the level of geometric points. Then the
functor f': IndCoh(Ss) — IndCoh(S;) is conservative.

Proof. By Corollary 4.1.8 we can assume that both S; are Sy are classical and reduced. By
Noetherian induction, we can assume that the statement is true for all proper closed subschemes

of SQ.

Hence, we can replace S and S5 be open subschemes and thus assume that f is smooth. In
this case, by Corollary 7.5.5, f' differs from f™dC°h* by an automorphism of IndCoh(S1). So,
it is enough to show that fmdCoh* ig fully faithful.

By Lemma 4.1.10, we can assume that Ss is the spectrum of a field. In this case S; is a
smooth scheme over this field, and the assertion becomes manifest.
O

Corollary 8.1.3. Let f :.S7 — So be a proper map, surjective at the level of geometric points.
Then the essential image of the functor f,. : Coh(S7) — Coh(S2) generates IndCoh(Ss).

8.2. h-descent.
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8.2.1. Let f : S; — S2 be a map locally almost of finite type. We can form the cosimplicial
category IndCoh'(S?/S2) using the I-pullback functors, and -pullback defines an augmentation

(8.1) IndCoh(Ss) — Tot (Indcoh’(s; /52)) .

We shall say that IndCoh satisfies -descent for f if (8.1) is an equivalence.

The main theorem of this section is:
Theorem 8.2.2. IndCoh satisfies !-descent for maps that are covers for the h-topology.

Taking into account Proposition 4.2.1 and [GoLi, Theorem 4.1], to prove Theorem 8.2.2, it
suffices to prove the following:

Proposition 8.2.3. IndCoh satisfies !-descent for maps that are proper and surjective at the
level of geometric points.

Remark 8.2.4. In Sect. 8.3 we will give a direct proof of the fact that IndCoh satisfies -descent
for fppf maps.

Proof of Proposition 8.2.3. Consider the forgetful functor
evy : Tot (IDdCOhI(SI/Sg)) — IndCoh(5)

given by evaluation on the 0-th term. Its composition with the functor (8.1) is the functor f'.

We will show that evy admits a left adjoint, to be denoted ev{, such that the natural map
(8.2) evgoevh — f'o flndCeh
is an isomorphism. We will also show that both pairs
(evg,evo) and (f4°°N, )

satisfy the conditions of the Barr-Beck-Lurie theorem (see [GL:DG], Sect. 3.1). This would
imply the assertion of the proposition, as the isomorphism (8.2) would imply that the resulting
two monads acting on IndCoh(S;) are isomorphic.

Consider the augmented simplicial scheme S; x (S7/S2), which is equipped with a map of
Sa

simplicial schemes

f. : Sl ;( (SI./SQ) — SI/SQ

The operation of !-pullback defines a functor between the corresponding cosimplicial categories
(f*)' : IndCoh(S$/S5) — IndCoh(S, X (53/855)).

2

By Proposition 3.4.2, the term-wise adjoint (f*)"4°" is also a functor of cosimplicial categories.

In particular, we obtain a pair of adjoint functors
Tot((f*)24Coh) ; Tot (IndCoh!(Sl x (st /sz))> = Tot (IndCohI(Sf /52)) L Tot((£*)).

However, the augmented simplicial scheme Sy x (S}/S2) is split by Sy, and therefore, the
Sa

functors of !-pullback from the augmentation and evaluation on the splitting define mutual
inverse equivalences

Tot (mdcolf(s1 x (st /55))) ~ IndCoh(S}).
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The resulting functor
Tot (IndCoh!(Sl‘ /52)) U o <Indcoh’(51 x (st /52))) ~ IndCoh(S;)

is easily seen to be canonically isomorphic to the functor evy. Thus, the functor

e\IndCoh
) Tot((£*)7")

IndCoh(S;) ~ Tot (IndCoh!(Sl x (81/52)) Tot (Indcoh’(s; /52>)

provides the desired functor evy.

The composition evg oevy identifies with the functor

! IndCoh
pry ©pra 5

where

S1 X Sl
Sa

Sl Sla
and the fact that the map (8.2) is an isomorphism follows from Proposition 3.4.2.

Finally, let us verify the conditions of the Barr-Beck-Lurie theorem. The functors f' and
evg, being continuous, commute with all colimits. The functor evg is conservative by definition,
and the functor f' is conservative by Proposition 8.1.2.

O

8.3. Faithfully flat descent.

8.3.1. Let is recall that a map f :S; — Ss is said to be fppf if:

e It is almost of finite type;
o It is flat;
e [t is surjective on geometric points.

The following is a corollary of Theorem 8.2.2:
Theorem 8.3.2. (Lurie) IndCoh satisfies !-descent with respect to fppf morphisms.

Below we will give an alternative proof that does not rely on [GoLi]. This will result from
Proposition 8.2.3, and the combination of the following two assertions:

Proposition 8.3.3. IndCoh satisfies I-descent with respect to Nisnevich covers.

Proposition 8.3.4. Any presheaf on DGSchyoetn that satisfies descent with respect to proper
surjective maps and Nisnevich covers satisfies fppf descent.

8.3.5. To prove Proposition 8.3.3, we will prove a more general statement, which is itself a
particular case of Theorem 8.3.2:

Proposition 8.3.6. IndCoh satisfies I-descent with respect to smooth surjective maps.
Proof. By Corollary 7.5.7, the co-simplicial category IndCoh!(Sf /S2) identifies with

QCoh*(S57/S2) ®  IndCoh(Ss),
QCoh(S2)
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where QCoh™(S57/S2) is the usual co-simplicial category attached to the simplicial DG schemes
S% /S5 and the functor
QCohpage 1 (DGSch)°P? — DGCateont, -

Since QCoh(Ss) is rigid and IndCoh(S2) is dualizable, by [GL:DG], Corollaries 6.4.2 and
4.3.2, the operation

IndCoh(S2) ®  —:QCoh(S2)-mod — DGCatcont
QCoh(S2)

commutes with limits.

Hence, from we obtain that the natural map

Tot (QCoh*(S7/S2)) ®  IndCoh(S2) — Tot (QCoh*(SI/Sg) ® IndCoh(Sg))
QCoh(S2) QCoh(S2)

is an equivalence. Thus, we obtain an equivalence

(8.3) Tot (QCoh™(S2/S2))  ©  IndCoh(Ss) ~ Tot (Indcoh’(5;/52)).
QCoh(S3)

By faithfully flat descent for QCoh, we obtain that the natural map
QCoh(S3) — Tot (QCoh™(S7/S2))

is an equivalence. So, the assertion of the proposition follows from (8.3).
O

8.3.7. Note that the same proof (using Proposition 4.5.3 instead of Corollary 7.5.7) implies the
following statement:

Let f:S; — Sy be an eventually coconnective map. We can form the cosimplicial category
IndCoh*(S$/S2) using the *-pullback functors, and *-pullback defines an augmentation

(8.4) IndCoh(S2) — Tot (IndCoh™ (S5 /S2)) .
We shall say that IndCoh satisfies *-descent for f if (8.4) is an equivalence. We have:
Proposition 8.3.8. IndCoh satisfies *-descent with respect to smooth surjective maps.

8.4. Proof of Proposition 8.3.4. The assertion of the proposition, as well as the proof given
below, are apparently well-known. The author has learned it from J. Lurie.

8.4.1. We have the following two general lemmas, valid for any (oo, 1)-category C and a presheaf
of (00, 1)-categories P on it:

Lemma 8.4.2. If a morphism [ admits a section, then any presheaf satisfies descent with
respect to f.

Lemma 8.4.3. Let 8" %5 S % S be maps, such that P satisfies descent with respect to ¢
Then P satisfies descent with respect to g’ if and only if satisfies descent with respect to g’ o g”.

Consider now a Cartesian square

g
S~y 5

f’l lf
Sy, —£2 4 5,

Corollary 8.4.4. If a presheaf P satisfies descent with respect to g1, g2 and f’, then it also
satisfies descent with respect to f.
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8.4.5. First, applying Corollary 8.4.4 and Proposition 8.2.3, we can replace So by /Sy, and S;
by 81 x €Sy ~ €IS, . Thus, we can assume that the DG schemes involved are classical.
Sa

8.4.6. We are going to show that for any faithfully flat map f of finite type, there exists a
diagram
Sy %5 S5 5 S,
such that
e The composition ¢’ o g" : S5 — S5 lifts to a map S§ — 5.
e IndCoh satisfies I-descent with respect to any map obtained as base change of either ¢’
or g".
In view of Corollary 8.4.4, this will prove Theorem 8.3.2.
Thus, it remains to show:

Proposition 8.4.7. For any faithfully flat map of finite type between classical Noetherian

schemes f : S1 — Sa, there exist maps SY 2y S 2y Sy such that ¢' o g" lifts to a map Sy — S,
and such that (a) ¢’ is a Nisnevich cover, and (b) ¢" is finite, flat and surjective.

8.5. Proof of Proposition 8.4.7.

8.5.1. Step 1. First, we claim that we can assume that S5 is the spectrum of a local Henselian
Noetherian ring.

Indeed, let 2o € Sy be a point. Let A; denote the Henselisation of Sy at x5. Let
Spec(Bz) — Spec(Az)
be a finite, flat and surjective map such that the composition
Spec(Bs) — Spec(Az) — So
lifts to a map Spec(Bz2) — Si.
Write Ay = cgleilm A%, where [ is a filtered category, and where each Spec(A%) is endowed

with an étale map to Sp, and contains a point x% that maps to 2o inducing anisomorphism on
residue fields. With no restriction of generality, we can assume that each Spec(A%) is connected.

Since Spec(Bs) — Spec(Az) is finite and flat, there exists an index ig € I, and a finite and
flat (and automatically surjective) map

Spec(BL) — Spec(ALY)
equipped with an isomorphism

Spec(Bz) =~ Spec(BY)  x  Spec(Ay).
Spec(A3°)

For i € I, set
Spec(B%) ~ Spec(B%)  x  Spec(A}).
Spec(A;°)
Replacing I be I/;,, we obtain an isomorphism
By ~ colim BS,
iel
where I is filtered.
Since S is of finite type over Ss, the morphism
Spec(B3) — 51
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of schemes over Sy factors as
Spec(B3) — Spec(Bg) — S
for some index i’ € I.

We let S} be the (finite) disjoint union of the above schemes Spec(A} ) that covers Sy, and
we let S to be the corresponding union of the schemes Spec(Bj ).

8.5.2. Step 2. Next, we are going to show that we can assume that the map f : S; — Ss is
quasi-finite.

With no restriction of generality, we can assume that S is affine. Let x5 be the closed point
of S5, and let S} be the fiber of Sy over it. By assumption, S7 is a scheme of finite type over
k', the residue field of xo. By Noether normalization, there exists a map h' : S| — A},, which
is finite and flat at some closed point z; € S{. Replacing S; by an open subset containing z1,
we can assume that A’ comes from a map h : S; — A™ x S3. By construction, the map h is
quasi-finite and flat at x1. We can replace S; by an even smaller open subset containing x1,
and thus assume that h is quasi-finite and flat on all of S;.

The sought-for quasi-finite fppf map is
(O X SQ) X Sl — SQ.
An xS

X
8.5.3. Step 3. Thus, we have reduced the situation to the case when Sy is the spectrum of a
local Henselian Noetherian ring, and S; is affine and its map to Sy is quasi-finite. We claim
that in this case S; contains a connected component over which f is finite, see Lemma 8.5.4
below. This proves Proposition 8.4.7.
O

Lemma 8.5.4. Let ¢ : Z — Y = Spec(R) be a quasi-finite and separated map, where R is a
local Henselian Noetherian ring. Suppose, moreover, that the closed point of Y is in the image
of ¢. Then Z contains a connected component Z', such that ¢|z: is finite.

Proof. By Zariski’s Main Theorem, we can factor ¢ as
7g—21 .7

N/

where j is an open embedding and ¢ is finite.

Since Z is finite over Y, and Y is Henselian, Z is a union of connected components, each of
which is local. Let z be a closed point of Z that maps to the closed point y of Y. Let Z’ be
the connected component of Z that contains z. Set Z’ := Z’' N Z. It remains to show that the
open embedding Z’ < Z' is an equality.

However, since Z' is finite over Y, we obtain that z is closed in Z'. We obtain that Z’
contains the unique closed point of Z’, which implies the assertion.
O

9. SERRE DUALITY

In this section we restrict our attention to the category DGSch,s of DG schemes almost of
finite type over k.

9.1. Self-duality of IndCoh.
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9.1.1. Consider the category (DGSchaft)corr:all;an and the functor

IndCOh(DGSch : (DGSCha&)corr:all;all — DGcatcont .

aft )corr:all;all

Note that by construction, there exists a canonical involutive equivalence

w . (DGSChaft)Op =~ (DGSChaft)corr:all;aH;

corr:all;all —

obtained by interchanging the roles of vertical and horizontal arrows.

9.1.2. Let DGCatdualizable genote the full subcategory of DGCateon: formed by dualizable cat-

cont

egories. Recall also (see., e.g., [GL:DG], Sect. 2.3) that the category DGCatd'ali#ble carries a
canonical involutive equivalence

dualization : (DGCa‘cdu&hzable)Op ~ DGCatdualizable

cont cont

given by taking the dual category: C +— CV.

By construction, the functor IndCohpgsen takes values in the subcategory

aft)corr:all;all

DGCatcomp.gener. c DGCatdualizable C DGC&tcont .

cont cont

9.1.3. We will encode the Serre duality structure of the functor IndCoh by the following theorem:

Theorem 9.1.4. The following diagram of functors

IndCoh((’][‘:;GSCh

aft)corr:all;all dualizable\o
(DGcatcont ) P

(DGSchag) o>

orr:all;all
(91) Wl erualization

IndCOh(DGSChaft)coxr all;all i
rrially dualizable
(DGSChaft)corr:all;all DGCat .

cont

is canonically commutative. Moreover, this structure is canonically compatible with the involu-
tivity structure on the equivalences w and dualization.

The rest of this subsection is devoted to the proof of this theorem.

9.1.5. Let us consider the following general paradigm. Let C be a symmetric monoidal category,
which is rigid. Then the assignment ¢ — ¢ defines a canonical involutive self-equivalence

dualizati
cop ualization C.

If C; is another rigid symmetric monoidal category, and F' : C — C; is a symmetric monoidal
functor, then the diagram

F°P
cor 7, (cy)r
dualizationl ldualization
F
cC — C

naturally commutes in a way compatible with the involutive structure on the vertical arrows.
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9.1.6. Let C° be a category with fiber products and a final object, and let C? be the

corr:all;all
resulting category of correspondences. We make C% . . into a symmetric monoidal category
by means of the product operation.

The category Cgorr:all;all is automatically rigid: every ¢ € C2 . .y..y1 is self-dual, where the
counit of the duality datum is given by the correspodence

Ac
c —— cXc

l

pt,
(here pt is the final object in C°) and the unit is given by the correspondence
c — pt

ae|

Cc X cC.

The following results from the definitions (a full proof will be given in [GR3]):

Lemma 9.1.7. The involutive self-equivalence

dualization
C. """ (Ca )%,

corr:all;all corr:all;all
18 canonically isomorphic to w.

9.1.8. To prove Theorem 9.1.4 we apply the discussion of Sections 9.1.5 and 9.1.6 to

CO = DGSChaft’ C:= (DGSChaft)Corr:all;alla Cl = DGCatdualizab197

cont

and F' := IndCoh(paSehg)eorrian,an» Where the symmetric monoidal structure on F' is given by

Theorem 5.6.3 and Corollary 5.6.4.
O

9.2. Properties of self-duality. In this subsection shall explain what Theorem 9.1.4 says in
concrete terms.

9.2.1. The assertion of Theorem 9.1.4 at the level of objects means that for every S € DGSchgt
we have a canonical equivalence

(9.2) D5 : (IndCoh(S))Y ~ IndCoh(S),

which in the sequel we will refer to as Serre duality on a given scheme (see Sect. 9.5 for the
relation to a more familiar formulation of Serre duality).

Moreover, the equivalence obtained by iterating (9.2)
((IndCoh(9))")" =~ (IndCoh(S))" ~ IndCoh(S)

is canonically isomorphic to the tautological equivalence ((IndCoh(S))Y)Y ~ IndCoh(S).
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9.2.2. The construction of the commutative diagram (9.1) at the level of objects amounts to
the following description of the duality data

€5 : IndCoh(S) ® IndCoh(S) — Vect and ug : Vect — IndCoh(S) ® IndCoh(S).

The functor eg is the composition

IndCoh
(Ps).""°

IndCoh(S) ® IndCoh(S) =5 IndCoh(S x §) =5 IndCoh(S) ¥ Vect,
where pg is the projection S — pt.

The functor ug is the composition

IndCoh

Vect 2% IndCoh(S) “*—  IndCoh(S x §) ~ IndCoh(S) ® IndCoh(S).

The fact that the functors (eg, ps) specified above indeed define a duality data for IndCoh/(.S)
is an easy diagram chase. So, the content of Theorem 9.1.4 is the higher categorical functoriality
of this construction.

9.2.3. At the level of 1-morphisms, the construction in Theorem 9.1.4 implies that for a mor-
phism f :.S; — S5 we have the following commutative diagrams of functors

Serre

(IndCoh(S;))Y —2— IndCoh(S;)
(9.3) (.fi“dc“‘)VT Tf!

Serre

(IndCoh(S5))Y —2— IndCoh(Ss)

and

Serre

(IndCoh(5;))Y —2— IndCoh(S;)
(9.4) (f!)Vl lfindcm

Serre

(IndCoh(S5))Y —2— IndCoh(Ss)
Moreover, the isomorphism obtained by iteration

(( indCoh)\/)v ~ (f!)v ~ indCoh

is canonically isomorphic to the tautological isomorphism ((fmdCeh)V)V ~ fIndCoh

In particular, the dual of the functor (pg)™4€°h : TndCoh(S) — Vect is (ps)', and vice versa.

Again, we note that the explicit description of the duality data given in Sect. 9.2.2 makes
the commutativity of the above diagrams evident.

9.3. Compatibility with duality on QCoh.
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9.3.1. Recall that the category QCoh(S), being a rigid monoidal category, is also self-dual (see
[GL:DG], Sect. 6.1.). We denote the corresponding functor by
(9.5) D2 : (QCoh(S))Y — QCoh(S).

The corresponding pairing
QCoh(S) ® QCoh(S) — Vect
is by definition given by
QCoh(S) ® QCoh(S) -2 QCoh(S x ) 2% QCoh(s) "5 k.
9.3.2. Recall the functor
U : IndCoh(S) — QCoh(S).
Passing to dual functors, and using the identifications D%*V® and D%mc, we obtain a functor
(9.6) V¥ : QCoh(S) — IndCoh(S).
We claim:
Proposition 9.3.3. The functor U} identifies canonically with the functor Yg of (5.20), i.e.,
&~ ERuws,
where the latter is understood in the sense of the action of QCoh(S) on IndCoh(S).

Proof. Let
(=, =)mdcon(s) and (=, =)Qcoh(s)
denote the functors

IndCoh(S) x IndCoh(S) — Vect and QCoh(S) x QCoh(S) — Vect
given by the counits of the duality isomorphisms D%‘me and Dgai"e, respectively.
We need to show that for F € IndCoh(S) and € € QCoh(S) we have a canonical isomorphism
(9.7) (F, € ® Ws)mdcon(s) = (¥s(F), €)qcon(s)-

By the construction of D™, we have:

|
(F, € ® Ws)mdcon(s) =T (5, Us(F®(E® ws))) -
Using (5.21), we have:

! !
FR (EQws) ~ER(FRws) ~ERT.
Hence, the left-hand side in (9.7) identifies with
P (S, Ws(E  F)) = T(S,€ @ Us(F)),

while the latter identifies with the left-hand side in (9.7).
O

9.4. A higher-categorical compatibility of the dualities. The material in this subsection
will not be used elsewhere in the paper, and is included for the sake of completeness.



94 DENNIS GAITSGORY

9.4.1. According to Theorem 9.1.4, the functor obtained from IndCohpgsen
dual categories, identifies canonically with IndCohpggy,

by passing to

aft
aft
Similarly, the functor obtained from QCohpggy,. .. by passing to dual categories, identifies

canonically with QCohpgg,,,, -

aft

Hence, the natural transformation
\I/]:)(;Schalft : IndCOhDGSchaft — QCOhDGSCha“

gives rise to the natural transformation

Vv . * |
Uhasehay @ QCohpasen,,, — IndCohpgsen,, -

Proposition 9.3.3 says that at the level of objects, we have a canonical isomorphism:
(9.8) Ul ~Tg, S &DGSchyg.

Moreover, the following assertion follows from the construction of the isomorphism in Propo-
sition 9.3.3:

Lemma 9.4.2. For a morphism f :S; — Ss, the isomorphisms
\Ilgl >~ Tsl and \Ifgz >~ ng

are compatible with the data of commutativity for the diagrams

\I}V
IndCoh(S;) +—*— QCoh(S;)

/] Ir

\

v
IndCoh(S;) +—2— QCoh(S,)

and .
IndCoh(S;) +—2— QCoh(S;)

/] Ir
IndCoh(S2) +—2— QCoh(Ss)
The following theorem, strengthening the above lemma will be proved in [GR3]:
Theorem 9.4.3. There exists a canonical isomorphism
U asehun ~ TDGScha,
as natural transformations QCohpgse,, = IndCohiDG’SChaft between the functors
(DGSchag )P — DGCateont -

9.4.4. Theorem 9.4.3 is a consequence of a more general statement, described below. Recall the
category DGCatSymMontMod jpir6duced in Sect. 5.5.2.

tSymMonor’ + Mod

We introduce another category DGCa , whose objects are the same as for

DGCatSymMontMod ‘45,4 1 morphisms

(01,C1) = (02,C2)
are now pairs (Fo, Fc), where Fp is a symmetric monoidal functor Fo : Oy — C; (not the
direction of the arrow!), and F¢ : C; — Cq, which is a morphism of Og-module categories.

We let
(DGCatSymMon+Mod)dualizable C DGCatSymMonJrMod
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op H op
(DGCatSymMon + Mod)duahzable C DGCatSymMon + Mod

denote full subcategories, spanned by those (O, C), for which C is dualizable as an O-module
category, see [GL:DG, Sect. 4]. (Note that if O is rigid, this condition is equivalent to C being
dualizable as a plain DG category, see [GL:DG, Corollary, 6.4.2].)

Passing to duals
(0,C) — (0,CY)
defines an equivalence

. . H op .
dualization : ( (DGCatSymMon+Mod)duahzable)op N (DGC&tSymMon + Mod)duahzable )

9.4.5. Recall (see Theorem 5.5.5) that we have a functor

(QCOh*7 IndCOh!)DGSch_ P (DGSChaft)op — DGCatSymMon—i—Mod ]

a cont

Note that the constructions in Sect. 3.2 and Proposition 3.1.3 combine to a functor

: (DGSch,g )P — DGCatSymMon®® +Mod

cont

(QCOh* 5 IndCoh) DGSch

aft

We have the following assertion which will be proved in [GR3]:

Theorem 9.4.6. There is a commutative diagram of functors

DGSch . ((QCoh*,IndCoh' )DGSchaft )°P ((DGCatSymMon+M0d)dualizable)op
a

Idl erualization

(QCoh*,IndCoh)pGsch op .
DGSch,g aft (DGCatSymMOH + MOd)duahzable.

Moreover, the above isomorphism is compatible with the symmetric monoidal structure on both
functors.

9.4.7. In concrete terms, Theorem 9.4.6 says that for S € DGSch,¢, the duality isomorphism
D™ : (IndCoh(S))Y ~ IndCoh(S)
is compatible with the action of QCoh(S) on both sides.
Furthermore, for a map f : S1 — S5, the isomorphism of functors
(f!)v ~ IndCoh

is compatible with the QCoh(S)-linear structures on both sides.

9.5. Relation to the classical Serre duality. In this subsection we will explain the relation
between the self-duality functor

D2 : IndCoh(S)" ~ IndCoh(S)
and the classical Serre duality functor

DSere . Coh(S)°P — Coh(S).



96 DENNIS GAITSGORY
9.5.1. Recall that if C;,Cy are compactly generated categories, then the datum of an equiva-
lence C{P ~ C; is equivalent to the datum of an equivalence (C)°P ~ C§.
For example, the self-duality functor
D2 : (QCoh(S))Y — QCoh(S)
of (9.5) is induced by the “naive” duality on the category QCoh(S)P®f ~ QCoh(S)¢:
DY : (QCoh(S)P)P — QCoh(S)P, & €Y,
the latter being the passage to the dual object in QCoh(S)P**f as a symmetric monoidal category.

In particular, we obtain that the equivalence D$™ of (9.2) induces a certain involutive
equivalence

(9.9) 'DEerre : Coh(S)°P — Coh(S).

9.5.2. Recall the action of the monoidal category QCoh(S) on IndCoh(S), see Sect. 1.4. For
F € IndCoh(S) we can consider the relative internal Hom functor

Homgcon(s)(F; —) : IndCoh(S) — QCoh(S)
as defined in [GL:DG], Sect. 5.1. Explicitly, for € € QCoh(S) and F’ € IndCoh(S) we have
Mapsqcon(s) (€, Homgaon(s) (F,F)) := Mapsp,acons) (€ ® F,57),
where — ® — denotes the action of QCoh(S) on IndCoh(S) of Sect. 1.4.

Lemma 9.5.3. If § € IndCoh(S)¢ = Coh(S5), the functor Homqgcon(s)(F, —) is continuous.
Proof. Tt is enough to show that for a set of compact generators € € QCoh(S), the functor

F' = Mapsqoon(s) (€ Homgoens) (F,97)),  IndCoh(S) — co-Grpd
commutes with filtered colimits.

We take € € QCoh(S)Pf. In this case € ® F € IndCoh(S)¢, and the assertion follows.
O

9.5.4. We now claim:

Lemma 9.5.5. For € Coh(S), the functor F — Homqcons)(F,ws) sends to Coh(S) to
Coh(S) C QCoh(S).

Proof. Let i denote the canonical map °S — S. It is enough to prove the lemma for J of the
form ¢IndCoh(F7) for F € Coh(¢S).

It is easy to see from (3.7) that for a proper map f : S; — Sy F; € IndCoh(S;), we have

7H0choh(52)(findCOh(?l)v Fa) =~ fu (Lochoh(Sl)(%a f! (?2)) .
Hence,
HoimQCoh(S) (3:7 wS) o (HomQCOh(eLS) (?’,wcls)) .

This reduces the assertion to the case of classical schemes, where it is well-known (proved
by the same manipulation as above by locally embedding into A™).
O
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9.5.6. From the above lemma we obtain a well-defined functor Coh(S)°? — Coh(S) that we
denote ]D)ge”e.

Proposition 9.5.7. The functors D™ and ‘D™ of (9.9) are canonically isomorphic.

Proof. Let F1, %3 be two objects of Coh(S). By definition,

(9.10)  Homynqcon(s)(F1, DE™(F2)) =~ Hompacon(s)gmdcoh(s) (F1 B Fo, fimacon(s) (k) =~
~ Homy,qcon(sxs) (F1 B Fo, Agi"9M (wg)).

Note that both F; X Fy and AglPdh(wg) belong to IndCoh(S)*, so by Proposition 1.2.4,
we can rewrite the right-hand side of (9.10) as

(9.11)  Homqcon(sxs)(Ps(T1) W ¥s(TF2), Ags(¥s(ws))) =~
~ Homgcon(s) (Vs (T1) 8 Us(F2), Us(ws)).
S

By definition, Hom,qcon(s)(J1, Dere(Fy)) is isomorphic to

(9.12)  Homqgon(s)(Vs(F1), Us(DE(F2))) =
Homqcon(s) (Vs (91), Homgeon sy (F2, ws)) ==
Homyp,qcon(s)(¥s (1) 89 T, ws),
S

where ¥g(F1) ® Fs is understood in the sense of the action of QCoh(S) on IndCoh(S).
Os

However, since wg € IndCoh(S)™, by Proposition 1.2.4, the right-hand side of (9.12) can be
rewritten as

Homqcon(s) (Vs (¥s(T1) ® Fa), ¥(ws)),
S

which by Lemma 1.4.2 is isomorphic to the right-hand side of (9.11).

9.5.8. Combining Proposition 9.5.7 with [GL:DG, Lemma 2.3.3], we obtain:

Corollary 9.5.9. Let S; — So be a morphism in DGSch,g; .

(a) Suppose that f is eventually coconnective. Then we have canonical isomorphisms of functors

Coh(S2)°? — Coh(Sy):

Dgirre o (fIndCoh,*)op ~ f! o Dgzrre;

and

Dg?rre o (f!)op ~ fIndCOh,* o D%zrre.
(b) Suppose that f is proper. Then we have a canonical isomorphism of functors Coh(S1)°P —
Coh(Ss)

Serre IndCoh\op ~, fIndCoh Serre
]D)Sg o (f* ) — f* o ]D)Sl :

9.6. Serre duality in the eventually coconnective case. In this subsection we will assume
that S € DGSch,g is eventually coconnective.
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9.6.1. From Proposition 1.5.3 and [GL:DG], Sect. 2.3.2, we obtain:

Corollary 9.6.2. The functor ¥¢ sends compact objects to compact ones, and is fully faithful.
The functor VY realizes QCoh(S) as a colocalization of IndCoh(S).

Taking into account Proposition 9.3.3, we obtain:
Corollary 9.6.3. The functor Tg ~ — ® wg sends compact objects to compact ones and is
fully faithful. os
In particular:
Corollary 9.6.4. For S eventually coconnective, the object wg € IndCoh(S) is compact.
Remark 9.6.5. We have an isomorphism
(9.13) ’D%e”e 0 (Zg)°P =~ U o DAve
as functors (QCoh(S)Pe)°P = Coh(S), see [GL:DG, Lemma 2.3.3].
Applying Proposition 9.5.7 and Proposition 9.3.3 we obtain an isomorphism
(9.14) DS o (E5)°P ~ Tg o DEAYe,
It is easy to see that the isomorphism in (9.14) is the tautoloigical isomorphism
choh(s)(e,ws) ~ & ®uwg, & e QCoh(S)P.

9.6.6. By [GL:DG, Sect. 2.3.2 and Lemma 2.3.3], the functor ¥¥ admits a continuous right
adjoint, which identifies with the functor Z¥, dual of Zg.

Since wg € IndCoh(S) is compact, by Sect. 9.5.2, we have a continuous functor
(9.15) F = Homgeon(s) (ws: F) : IndCoh(S) — QCoh(S).

From the definition and the isomorphism ¥ ~ Yg of Proposition 9.3.3, we obtain:
Lemma 9.6.7. The functor IndCoh(S) — QCoh(S), right adjoint of WY is given by
3”‘ — HOmQCOh(S) (CL)S, 5’")

Remark 9.6.8. The functor right adjoint to U¥ ~ Yg is defined for any S (i.e., not necessarily
eventually coconnective), but in general it will fail to be continuous.

Hence, we obtain:
Corollary 9.6.9. The functor
=¥ : IndCoh(S) — QCoh(9),
dual to Zg : QCoh(S) — IndCoh(S), is given by Homqcon(s)(ws, =),
We also note:

Lemma 9.6.10. Let f : S1 — Sy be an eventually coconnective map in DGSch,s,, where Sy
and Sy are themselves eventually coconnective. Then there exists a canonical isomorphism:

E¢, o f' = f*oEY, : IndCoh(S2) — QCoh(S)).
Proof. Obtained by passing to dual functors in the isomorphism
ESQ o f* ad filldCOh o Esl

of Proposition 3.6.7. g
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9.6.11. We note that the logic of the previous discussion can be inverted, and we obtain:

Proposition 9.6.12. The following conditions on S are equivalent:
(a) The functor Vs admits a left adjoint.

(b) The functor UY ~ Yg sends compact objects to compact ones.
(¢) The object wg € IndCoh(S) is compact.

(d) S is eventually coconnective.

Proof. The equivalence (b) < (c) is tautological. The equivalence (a) < (d) has been estab-
lished in Proposition 1.6.2. The equivalence (a) < (b) follows from [GL:DG], Sect. 2.3.2.
g

9.6.13. Let S € DGSch,g be affine. In this case, it is easy to see that for every F € Coh(S)
and k € N there exists an object I € QCoh(S)P*f and a map F’ — 7, such that

Cone(Eg(F') — F)[—1] € Coh(S)=~*.
We claim that the functor ¥¥ plays a dual role:

Lemma 9.6.14. For ¥ € Coh(S) and k € N there exists an object F' € QCoh(S)P*™ and a
map F — Ys(F') so that
Cone(F — Yg(J")) € Coh(S)=*.

Proof. Let m be an integer such that D™ sends
Coh(8)=" — Coh(9)=""
(in fact, m can be taken to be the dimension of S.)

For F as in the lemma, consider D$™¢(F) € Coh(S), and let F” € QCoh(S)Pef and
Es5(F") — DEe(F) be such that

Cone(E5(3") - DE™*(3))[~1] € Coh()<~*+m.
Set F’ := Duive(F”). Applying Serre duality to Zg(F"”) — DF(F) we obtain a map
TF ID)%’"G(ES(S"”)) ~ TS’(?/)

with the desired properties.
O

9.6.15. Proof of Corollary 7.4.5. Tt is enough to show that ¥g(wg) € QCoh(S)P*! is invertible.
For F1,F2 € IndCoh(S) and € € QCoh(S) consider the canonical map
€ ® Homqcon(s) (F1, F2) = Homgeon(s) (F1, € © Fa).

It is easy to see that this map is an isomorphism if & € QCoh(S)P*f. In particular, we obtain
an isomorphism

Us(ws) ® Homgeon(s) (Wss Es(0s)) =~ Homgoens) (ws, Ys(ws) ® Es(0s)).
By Corollary 1.5.5, we have
Ug(ws) ®Eg(0g) ~ Eg 0 Ug(ws),
and since ¥g(wg) € QCoh(S)Pe™ we have Zg o Ug(ws) ~ ws. Thus, we obtain:
Us(ws) ® Homgeons) (wss Es(0s)) ~ Homgoen(s) (Ws, ws) =~ Eg 0 ¥4(0s) ~ Os.

Le., Us(wg) € QCoh(S) is invertible, as required.
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Part III. Extending to stacks

10. IndCoh ON PRESTACKS

As was mentioned in the introduction, our conventions regarding prestacks and stacks follow
[GL:Stacks]. In this section we shall mostly be interested in the full subcategory

PreStkjase C PreStk
consisting of prestacks, locally almost of finite type, see [GL:Stacks, Sect. 1.3.9] for the definition.
10.1. Definition of IndCoh.

10.1.1. By definition, the category PreStkj,s is the category of functors
(S*DGSch™ )P — 50 -Grpd .
We have the fully faithful embeddings
<°DGESch™ < <*DGESchag <> DGSchag < PreStkiag,

where the composed arrow is the Yoneda embedding.
10.1.2. We let IndCthmDGSCh:g be the functor

(<*DGSch™ )P — DGCateont

obtained by retsricting the functor IndCohiDGSChaft under
(S°DGSch?f )P < (DGSchyr )°P.

We define the functor
IndCohp,egyy,.;, © (PreStkiag)® — DGCateont

as the right Kan extension of IndCOthDGSChaft‘ under the Yoneda embedding
aft

(S°DGSch™)oP s (PreStkyag )°P.
The following is immediate from the definition:

Lemma 10.1.3. The functor IndCoh{PreStklaft introduced above takes colimits in PreStkiag to
ltmits in DGCateont -

10.1.4. For Y € PreStky,s, we let IndCoh(Y) denote the value of IndCoh!PreStklaft on Y.

Tautologically, we have:

(10.1) IndCoh(Y) ~ IndCoh(S),

(S,y)G((<°°1%GSch_’Z££)/H )op
where the functors for f: 57 — S, y1 = y2 0 f are
f': IndCoh(S5) — IndCoh(S}).
For (S,y) € (<°°DGSch2§)/g we let y' denote the corresponding evaluation functor

IndCoh(Y) — IndCoh(S5).

For a morphism f : Y, — Yo in PreStkiag we let f' denote the corresponding functor
IndCoh(Y2) — IndCoh(Y1).
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In particular, we let wy € IndCoh(Y) denote the dualizing complex of Y, defined as p!y (k),
where py : Y — pt.

10.1.5. The n-coconnective case. Suppose that Y &€ PreStkjg is n-coconnective, i.e., when
viewed as a functor
(<*DGSch™ )P s 00-Grpd,
it belongs to the essential image of the fully faithful embedding
Funct((<"DGSchi )P 00-CGrpd) < Funct((<*°DGSch )P, 0o -Grpd),
given by left Kan extension along
(S"DGSchaf)oP y (<*°DGSch?iyop,
This is equivalent to the condition that the fully faithful embedding
(S"DGSchi") jy < (FDGSchif) y
be cofinal.
In particular, we obtain that the restriction functor

(10.2) IndCoh(Y) — lim IndCoh(S)
(S,y)€((<"DGSchaff) ,y)op

is an equivalence.

Hence, to calculate the value of IndCoh(Y) on an n-coconnective prestack, it suffices to
consider only n-coconnective affine DG schemes. In particular, if Y is 0-coconnective, i.e., is
classical, it suffices to consider only classical affine schemes.

10.2. Convergence. In this subsection we will discuss several applications of Proposition 4.3.4
to the study of properties of the category IndCoh(Y) for Y € PreStkjag.

First, we note that the assertion of Proposition 4.3.4 implies::
Corollary 10.2.1. The functor
IndCohip g e = (DGSch3R)* — DGCateont
is the right Kan extension from the full subcategory
(S°DGSchil )P < (DGSch2f )P,
Proof. We wish to show that for S € DGSch®T, the functor

(10.3) IndCoh(S) — lim IndCoh(S")
S’€<>>DGSch?ff 5/~ S

aft?

is an equivalence. The right-hand side of (10.3) can be rewritten as

lim lim € IndCoh(S").
n §'e<nDGSchaff S/ 5

However, since the functor <"D(}Sch?tlcir — DGSch?tH admits a right adjoint, given by S +—

751(S), we have:

lim IndCoh(S’) ~ IndCoh(7="(S)).
S’€<”DGSch?tff,S’—>S

Thus, we need to show that the functor

IndCoh(S) — lim IndCoh(7="(S))

is an equivalence, but the latter is the content of Proposition 4.3.4. d
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Tautologically, Corollary 10.2.1 implies that in the description of IndCoh(Y) given by (10.1),
instead of eventually coconnective affine schemes of finite type, we can use all affine schemes
almost of finite type:

Corollary 10.2.2. The restriction functor

lim IndCoh(S) — lim IndCoh(S) =: IndCoh(Y)
(S,y)€((DGSchaff) /y)or (S,y)E((<>°DGSch?il) /) or

aft

s an equivalence.
10.2.3. Equivalently, we can formulate the above corollary as saying that the functor

IndCoh!PreStklaft : (PreStkas )P — DGCateont
is the right Kan extension of

IndCohp g e + (DGSchi)* — DGCateons
along the tautological embedding

(DGSch?T)°P s (PreStkag )°P.

10.2.4. Finally, let us note that the value of the functor IndCoh!PreStkla ., On a given Y € PreStkyag

can be recovered from the n-coconnective truncations 7<"(Y) of Y, where we recall that

<n .
T (13) T LKE(<"DGSch?t“)°P;>(<°°DGSCh:g)DP (13|<"DGSch?tff)°P)'

Namely, we claim:
Lemma 10.2.5. For Y € PreStky., the natural map
IndCoh(Y) — Lim IndCoh(7="(Y))
18 an tsomorphism.
Proof. The assertion follows from the fact that the natural map
COlnim LKE<npaschafes <copaschat (r="(¥)) =Y

is an isomorphism in PreStkj.s, combined with Lemma 10.1.3. O
10.3. Relation to QCoh and the multiplicative structure.
10.3.1. Following Sect. 5.7.5, we view the assignment
S € DGSchygy ~» T : QCoh(S) — IndCoh(S)
as a natural transformation
Tpasehe : QCohhggen.,, — IdCohpaga, . »
when we view QCohpgge,,,, and IndCohiDGSChaft as functors

(DGSchyg )°P — DGCatoymMon

cont

Restricting to <°°DGSCh:g C DGSch,¢t, we obtain the corresponding functors and the nat-
ural transformation

. * !
T<oopasens QCOh<wDGSCh;§§ - IndCOh<ooDGsch;§{~
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10.3.2. Since the forgetful functor DGCat2X ™M — DGCateone commutes with limits, we ob-
tain that the functor
IndCohIPreStklaft : (PreStkas )P — DGCateont
naturally upgrades to a functor

IndCOh!PreStklaft : (PreStkaf‘c)Op — DGCatSymMon

cont .

In particular, for every Y € PreStk,s, the category IndCoh(Y) acquires a natural symmetric
!

monoidal structure; we denote the corresponding monoidal operation by . The unit in this
category is wy.

For amap f :Y; — Yo, the functor f' has a natural symmetric monoidal structure.

10.3.3. Applying the functor

RKE (<ccpasenstfyores (PreStiag )op

to T<wDGSCha£f, we obtain a natural transformation
aft
* !
RKE(<°°DGSCh:g)OP‘%(PreStklaft)OP (QCOh<OODGSCh:g) — IndCOhPreStklaﬁ .

Recall that the functor
QCohp,esiy ¢ (PreStk)°P — DGCatcont
is defined as
RKE (pascnatyor s (Prestiyer (QCOhp ggopar ) -

Hence, we have a natural transformation

(104) QCOh;reStk : (Prestk)0p|(prestklaﬁ)op = QCOh;reStklaft —
— RKE (<ccpasenstfyors (PreStlar )op (QCthmDGSchzg)'
Composing, we obatin a functor
QCOh;rCStk]aft - IndCOhIPrcStklaft

that we shall denote by Yprestk,, -

For an individual Y € PreStkj.s;, we shall denote by

Ty : QCoh(Y) — IndCoh(Y)

the resulting functor.

Furthermore, the functors and the natural transformation in (10.4) naturally upgrade to take
values in DGCat>Y™M°" " and so does the natural transformation T presti,.q -

Lemma 10.3.4. Assume that Y belongs to <"PreStky.gc. Then the functor functor Yy is fully
faithful.

Proof. Follows from the isomorphism (10.2) (and the corresponding assertion for QCoh), and
Corollary 9.6.3. g
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10.3.5. Behavior with respect to products. Let Y1 and Y5 be prestacks. Pulling back along the
two projections

Y1 x Y2 =Y
and applying the monoidal operation, we obtain a functor
(10.5) IndCoh(Y1) ® IndCoh(Y3) — IndCoh(Y; x Y2).

Repeating the argument of [GL:QCoh], Prop. 1.4.4, from Proposition 4.6.2 we deduce:

Corollary 10.3.6. Assume that IndCoh (Y1) is dualizable as a category. Then for any Ya, the
functor (10.5) is an equivalence.

10.4. Descent properties.

10.4.1. As in [GL:QCoh], Sect. 1.3.1, we can consider the notion of descent for presheaves on
the category <>°DGSch™? with values in an arbitrary (oo, 1)-category C.

10.4.2. We observe that Theorem 8.3.2 implies that IndCOhLmDGSChj@Ef7 regarded as a presheaf
on <>°DGSch™T with values in DGCateons, is a sheaf in the fppf topology.

By [Lu0], Sect. 6.2.1, we obtain that whenever Y1 — Y, is a map in PreStky,s such that
Liagi (Y1) = Liagt(Y2) is an isomorphism, the map

IndCoh(Y3) — IndCoh(Y;)

is an isomorphism.

Here L, denotes the localization functor on

PreStk.g = Funct(<°DGSch™ | oo -Grpd)

in the fppf topology.

From here we obtain:
Corollary 10.4.3. For Y € PreStki.g, the natural map Y — Lyag(Y) induces an isomorphism

IndCoh(Las (Y)) — IndCoh(Y).

10.4.4. For amap f :Y; — Yo consider the cosimplicial category IndCohI(%I/%g), formed using
the !-pullback functors.

Assume now that f is a surjection for the fppf topology on <*DGSch®f (see [GL:Stacks],

Sect. 2.4.8). From [Lu0, Corollary 6.2.3.5], we obtain:

Corollary 10.4.5. Under the above circumstances, we obtain that the functor
IndCoh(Ys) — Tot (IndCoh!(‘zJ; /92))

given by I-pullback, is an equivalence.

10.5. Two definitions of IndCoh for DG schemes.

10.5.1. Let X be an object of DGSchag.

Note that we have two a priori different definitions of IndCoh(X): one given in Sect. 1.1
(which we temporarily denote IndCoh(X)’), and another as in Sect. 10.1.2 (which we temporar-
ily denote IndCoh(X)"), when we regard X as an object of PreStkjag.
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10.5.2. Note that !-pullback defines a natural functor:

(10.6) IndCoh(X)" — IndCoh(X)".
Proposition 10.5.3. The functor (10.6) is an equivalence.

Proof. First, assume that X is affine (but not necessarily eventually coconnective). Then the
assertion follows from Corollary 10.2.1.

Next, assume that X is separated. Let f : X’ — X be an affine Zariski cover, and let X'®/X
be its Cech nerve (whose terms are affine, since X was assumed separated). Then the validity
of the assertion in the affine case, combined with Corollary 10.4.5 and Proposition 4.2.1, imply
that (10.6) is an equivalence.

Let now X be arbitrary. We choose a Zariski cover f : X’ — X, where X’ is separated, and
repeat the same argument, using the fact that the terms of X’®/X are now separated.
O

10.5.4. The above proposition implies that in the definition of IndCoh(Y) for Y € PreStkj.g we
can use all DG schemes almost of finite type, instead of the affine ones:

Corollary 10.5.5. For Y € PreStkyas, the restriction functor

lim IndCoh(S) — lim IndCoh(S) := IndCoh(Y)
(S,y)€((DGSchag) /y)°P (S,y)€((<>>DASchatt) /y )op

aft

is an equivalence.

Proof. The left-hand side in the corollary calculates the value on Y of the right Kan extension
of IndCOhBGschm along

(DGSChaft)Op — (PreStklaft)Op.
Hence, it is enough to show that the map
! !
IndCohpgsen,,, — RKE(<°°DGSchgg)OP%(DGSCha&)OP (IndCOh<ocDGsch;g)
is an isomorphism.

However, the latter is equivalent to the statement of Proposition 10.5.3.
O

10.6. Functoriality for direct image under schematic morphisms. Let f:Y; — Y5 be
a map in PreStkj,¢. We will not be able to define the functor

frmdCeh TndCoh(Y;) — IndCoh(Ys)
in general.

However, we will be able to do this in the case when f is schematic and quasi-compact
morphism between arbitrary prestacks, which is goal of this subsection.
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10.6.1. We shall say that a map f : Y3 — Yo in PreStk is schematic if for any (So,y2) €
DGSch‘}gz, the fiber product

S1:= 5 xY;
Y2
is a DG scheme.

We shall say that f is schematic and quasi-separated and quasi-compact if for all (Sa,y2) €
DGSchi}gz, the above DG scheme S; is quasi-separated and quasi-compact.

We shall say that f is schematic and proper if for all (S, y2) € DGSCh"/’%f ,» the resulting map
S1 — S5 of DG schemes is proper.

It is easy to see that if f is schematic, then for any (Sg,y2) € DGSchy, (i.e., Sg is not
necessarily affine), the fiber product Sy := Sy X Y; is a DG scheme.

Y2

The next assertion results easily from the definitions:

Lemma 10.6.2. Let f: Yy — Yo be a map in PreStk.

(a) Suppose that Yy and Yo are convergent (see [GL:Stacks, Sect. 1.2] where the notion is
introduced). Then the condition for f to be schematic (resp., schematic and quasi-separated
and quasi-compact, schematic and proper) is enough to test on (Sa,y2) € <°°DGSch‘7f§2.

(b) Suppose that Y1,Ys € PreStki.g. Then the condition for f to be schematic (resp., schematic
and quasi-separated and quasi-compact, schematic and proper) is enough to test on (S2,y2) €
(<°DGSch?f) y, -

10.6.3. We are going to make IndCoh into a functor on the category PreStkj,g with 1-morphisms
being correspondences, where we allow to take direct images along morphisms that are schematic
and quasi-compact.

Namely, in the framework of Sect. 5.1.1, we take C := PreStk,g, horiz to be the class of all
1-morphisms, and vert to be the class of 1-morphisms that are schematic and quasi-compact
(the quasi-separetedness condition comes for free because of the finite type assumption).

Let (PreStKiast )corr:sch-qe;anl denote the resulting category of correspondences.
We shall now extend the assignment Y +— IndCoh(Y) to a functor

IndCOh(PreStkIa“ : (PreStklaft)corr:sch—qc;all — DGcatconta

)curr:sch»qc;all
such that for g : Y1 — Y5 the corresponding functor
IndCoh(Y3) — IndCoh(Y;)

is g' defined in Sect. 10.1.4.

10.6.4. Consider the tautological functor

(10.7) (DGSchagt ) corr:atizall = (PreStKiagt ) corr:sch-qesall

and define the functor

(10.8) IndCoh(preStias ) cormsenqean © (PT€StKlatt)corrseh-ge;all — DGCateont

as the right Kan extension of IndCohpgscn along the functor (10.7).

aft )corr:all;all
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Proposition 10.6.5. The diagram of functors

IndCoh(Prestky, i) corrisch-qesall

(PreStkIaft)Corr:sch—qc;all DGC&tcont

I i

IndCohp,.gqu,.
(PreStkyag )°P Presthiaty DGCateont

18 canonically commutative

Proof. This follows from Proposition 6.2.4.
O

10.7. Adjunction for proper maps. Let (PreStkias: )corr:sch-proper:all be the 1-full subcategory
of (PreStKiat)corr:sch-qe;all, Where we restrict vertical morphisms to be proper.

In this subsection we shall study the restriction of the functor IndCohp etk to

this subcategory.

)corr:sch-qe;all

10.7.1. Let us return to the setting of Sect. 6.2.3. Assume that vert! C horiz' and vert? C
horiz?.
Let us start with a functor
Pflwriz : (C}Lom'z)op - DGcatcont .
Assume that P} ., satisfies the right (resp., left) base change condition with respect to vert?,
see Sect. 6.1.1. Le., for every 1-morphism f : ¢! — ¢! in C!, with f € vert!, the functor
P}!wriz : P(Cl) - P(El)
admits a left (right) adjoint, denoted P,er+(f), and that for a Cartesian square

~ g ~
71 Cl

C
f'l lf
¢/l 9 cl

the resulting natural transformation

Pﬂert(f/) o P;wriz(ﬁ) — Pi!wriz(g) o UETt(f)
(in the case of left adjoints) and

P;Loriz (g) © P’UETt(f) - Pvert(f/) o Pf!wriz(g)
(in the case of right adjoints) is an isomorphism.

We claim:

Proposition 10.7.2. Under the assumptions of Proposition 6.2.4, the functor
Q!horiz = RKE(‘P}LOT@Z )op (Pf!LOT’iz) : (02 )Op - DGca’tcont

horiz

satisfies the right (resp., left) base change condition with respect to vert? C horiz?.

Proof. Let f : ¢ — ¢? be a 1-morphism in vert?. The condition of the proposition implies that
the assignment
ctecCt C>:<2 (C}Qwriz)/cz ~ (bhom'z(cl) ><2 Co >~ Pporiz (El)
C
defines a functor
Cl C><2 (C%zoriz)/c2 — Cl é<2 (Cioriz)/527
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which, moreover, is cofinal.

| ~
Hence, we can calculate the value of Qj ;. on ¢ as

: ! ~1
1 1 l“;n o Phoriz(c )
cte(C c><2(choriz)/c2) v

The existsence of the left (resp., right) adjoint Quer¢(f) of @},,..(f) follows now from the
following general paradigm:
Let I be an index category and
i Cl and 7 — 61
be two functors I — DGCatqnt, and let
i1— F; e Functcont(éi, Cz)
be a natural transformations between them.
Denote
C:=1limC; and C :=lim C;,
i€l iel
and let F' be the corresponding functor C - C.

Assume that for everi i, the functor F; admits a left (resp., continuous right) adjoint G;, and
that for every arrow ¢« — i’ in I, the square

C, —— éil

a| [ew

Ci E—— Cil,

obtained by adjunction from the commutative square

Ci —_— éi/

F | |7

Ci —_— Ci/,
which a priori commutes up to a natural transformation, actually commutes.

Lemma 10.7.3. Under the above circumstances, the functor F : C — C admits a left (resp.,
continuous right), denoted G, and for every i € I the square,

C —— C;

a| e

c —— C,,
obtained by adjunction from the commutative square

C —— G

1l

c —— G,

which a priori commutes up to a natural transformation, actually commutes.
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The fact that Q},,,, satisfies the right (resp., left) base change condition with respect to
vert? C horiz? is a formal consequence of the second statament in Lemma 10.7.3.
O

We shall need also the following statement which will be proved in [GR3] along with Theo-
rem 6.1.2:

Lemma 10.7.4. Let

. 1
Pcorr:vert;horiz :C — DGCateont

corr:vert;horiz
be the functor obtained from P,’wriz by Theorem 6.1.2 applied to vert' C horiz'. Let
Qcorr:vert;horiz . Ciorr:vert;horiz — DGcatcont
be the right Kan extension of Peorr:vert;horiz along the functor
(PCOTTWeTt;hO”‘Z : C(lzorr:'uert;horiz - Cgorr:vert;horiz'

Then in terms of the isomorphism

!
Qcorr:vert;horizkc yop = Q.horiz

2
horiz

of Proposition 6.2.4, the functor Qcorrvert;horiz tdentifies with one obtained from Q!hwiz by
Theorem 6.1.2 applied to vert? C horiz?.

10.7.5. We apply Proposition 10.7.2 to the functor
® : DGSchyg — PreStkyag
with horiz! = all, horiz? = all and vert! = proper, vert! = sch-proper, and

! o !
Proriz = IndCOhDGScha“'

By Corollary 10.5.5, the resulting functor
(PreStkiag )°® — DGCateont
identifies with IndCOhPreStklaﬁ~

Thus, we obtain that the functor IndCohpyesik,,,, satisfies the right base change condition
with respect the class of schematic and proper maps. Applying Theorem 6.1.2, we obtain a
functor

(PreStklaft)corr:sch—proper;all — DGCatcont

that we shall denote by IndCoh(preStkyag)corrmsen-properiaii -
We now claim:
Proposition 10.7.6. There exists a canonical isomorphism
IndCOh(PreStklaft)corr:schch;all |(PreStklaft)corr;sclypmpcr;an = IndCOh(PreStklaft)corr:schfpropcr;all’
compatible with the further restriction under
(PreStklaft>Op — (PreStklaft)corr:sch—proper;all~

This follows by applying Lemma 10.7.4 using the following statement implicit in the proof
of Theorem 5.2.2, and which contains Proposition 5.4.2(a) as a particular case:
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Proposition 10.7.7. The restriction of the functor IndCohpasen under

aft)corr:all;all
(DGSChaft)corr:propcr;all — (DGSChaft)corr:all;all
identifies canonically with the functor obtained from
IndCohpggen.,  (DGSchag ) — DG Catcon

by Theorem 6.1.2 applied to proper C all.

11. IndCoh ON ARTIN STACKS
11.1. Recap: Artin stacks. In this subsection we will recall some facts concerning Artin

stacks. We refer the reader to [GL:Stacks], Sect. 4.9 for a more detailed discussion.

11.1.1. We let Stka,in denote the full subcategory of PreStk consisting of Artin stacks. For
k € N, we let Stky _artin denote the full subcategory of k-Artin stacks.

We set by definition:
Stk(—1)-artin = DGSch,
(i.e., all DG schemes).
Stk(—2)-artin = DGSchgep,
(i.e., separated DG schemes)
Stk(_3)_Artin = DGSch®™ .

11.1.2. We shall say that a morphism in PreStk is “k-representable” if its base change by any
affine DG scheme yields an object of Stki_artin. E.g., “(—1)-representable” is the same as
“schematic.”

We shall say that a morphism in PreStk is “eventually representable” if is k-representable
for some k.

We shall say that an eventually representable morphism Y; — Y5 is smooth/flat/of bounded
Tor dimension/ eventually coconnective if for every Sy € DGSch®f equipped with a map to Yo,
and S; € DGSch™®, equipped with a smooth map to Sz x Yi, the resulting map S; — S is

Y2

smooth/flat /of bounded Tor dimension/eventually coconnective.

If Y, is itself an Artin stack, it is enough to test the above condition for those maps So — Yo
that are smooth (or flat), and in fact for just one smooth (or flat) covering of Ys.

We note that the diagonal morphism of a k-Artin stack is (k — 1)-representable.

11.1.3. We let Stkjafs artin denote the full subcategory of PreStkiag equal to
PreStklaft N StkArtina
and similarly,

Stklaft,k—Artin = PreStkIaft n Stkk -Artin -

We also note that in order to check that in order to check that a morphism f : Yy — Yo
in PreStky,s; is k-representable (resp., k-representable and smooth/flat/of bounded Tor dimen-
sion/eventually coconnective) it is enough to do so for Sy — Yo with Sy € <°DGSch,y;.
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11.1.4. The following is a basic fact concerning the subcategory
Stklaft,Artin - StkArtin7
see [GL:Stacks, Proposition 4.9.4]:

Lemma 11.1.5. For a Y € Stkias artin and a smooth map S — Y, where S € DGSChaH, the
DG scheme S is almost of finite type.

In particular:

Corollary 11.1.6. Every object of Stkiage artin admits a smooth surjective map from S €
DGSChlaft.

11.1.7. Let
IndCohgy, . . ¢ (Stkiate, Artin)®® — DGCateont

(resp., IndCohIStklaft’ + ) denote the restriction of the functor

IndCohp,egyy,., ¢ (PreStkiag)°® — DGCateon

to the corresponding subcategory.

11.2. Recovering from smooth/flat/eventually coconnective maps. In this subsection
we will show that if Y is an Artin stack, the category IndCoh(Y) can be recovered from just
looking at affine DG schemes equipped with a smooth map to Y.

11.2.1. Let ¢ be a class of morphisms between Artin stacks belonging to the following set

smooth C flat C bdd-Tor C ev-coconn C all.

Consider the corresponding fully faithful embedding
(DGSch™)¢ < (Stkarein)e-

We claim:

Proposition 11.2.2. Let P be a presheaf on (Stkaytin)c with values in an arbitrary co-category.
Assume that P satisfies descent with respect to smooth surjective maps. Then the map

P — RKE ((paschatt)  )op s ((Stkarem)<)or (F)
s an isomorphism.
Proof. 1t is enough to prove the claim after the restriction to
(Stkg-Artin)e C (Stkartin)c
for every k.
We will argue by induction on k. For k = —3, the assertion is tautological. The induction

step follows from Proposition 6.4.8 and Corollary 11.1.6, applied to:

C:= Stkk—Artina Cl = Stk(k:—l)—Artirn CO = (Stkk—Artin)u
and the smooth topology.

The above proposition can be reformulated as follows:
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Corollary 11.2.3. For P as in Proposition 11.2.2 and Y € Stkaytin, the natural map

PY) — lim P(S)
Se((DGScha“)((S X ) ((Stkartin)c)/y)°P
tkArtin)ec

s an isomorphism.

We empasize that

(DGSch?T)., s ((Stkartin)c) 1y
Artin )¢

is the 1-full subcategory of (DGSChaH)/g spanned by those S — Y whose map to Y belongs to
¢, and where we restrict 1-morphisms to those maps S; — S; that themselves belong to c.

As a corollary, we obtain:

Corollary 11.2.4. Under the assumptions of Corollary 11.2.3, the maps

PY) — lim P(S) —
Se((DGSch).  x  ((Stkartin)c),y)°P
(StkArtin)c
lim P(S)
Se(((DGSch)gsep-ge)e % ((Stkartin)e)/y)P
(StkArtin)C

are also isomorphisms.
11.2.5. Let us fix Y € Stka,tin, and let

(StkArtin)c over y C (Stkartin) /y

be the full subcategory spanned by those f : Y — Y, where f belongs to c.

For another class ¢’ from the collection

smooth C flat C bdd-Tor C ev-coconn C all,
consider the 1-full subcategory
((Stkartin)c over y) e’

and its full subcategory ((DGSch™). gver y)er.

To decipher this, ((DGSch)c over y)er is the 1-full subcategory of (DGSchartin)/y, spanned

by those f : S — Y, where f belongs to ¢, and where we restrict 1-morphisms to those maps
S1 — So that belong to ¢’.

11.2.6. As in Proposition 11.2.2, we have:

Proposition 11.2.7. Let P be a presheaf on ((Stkartin)c over y)er with values in an arbitrary
oco-category. Assume that P satisfies descent with respect to smooth surjective maps. Then the
map

P = RKE((DGSch), gver y)er )70 ((Stharssn)e over 1)) (£)
18 an isomorphism.

Corollary 11.2.8. Under the assumptions of Corollary 11.2.3, the maps

PY) — P(S) —

lim
Se(((DGSch)¢ over y) )P

— P(Y) — lim P(S) =

Se((((DGSch)gsep-ac) ¢ over 4) /)P

Se(((DGSch* ) qyer y) s )OP

are isomorphisms.
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11.2.9. Applying the above discussion to IndCoh!Stklaft anins We obtain:
Proposition 11.2.10. Let Y be an object of StKias, artin- Let ¢ be one of the classes
smooth C flat C ev-coconn C all.

Then the restriction maps

IndCoh(Y) — lim IndCoh(S) —
Se(((DGSch)a)e X ((Stkartin)e),y)oP
(StkArgin)c
— lim IndCoh(S)
SE(((DGSch"“)a&)c(S O ((Stkartin)c)/y)°P
Artin/c

are isomorphisms.
Similarly, we have:
Proposition 11.2.11. Let Y be an object of Stkiag artin. Let cand ¢’ be any two of the classes
smooth C flat C ev-coconn C all.

Then the restriction maps

IndCoh(Y) — IndCoh(S) —

lim
SE((((DGSch)att)c over y)er)°P

— lim IndCoh(S)
Se((DGSch®)att) ¢ over y)es)OP

are isomorphisms.

11.2.12. The upshot of the above two propositions is that the category IndCoh(Y) is recovered
from the knowledge of IndCoh(S) where S belongs to DGSch™ (resp., DGSchag, DGSchag),
endowed with a smooth/flat/eventually coconnective/arbitrary map to Y.

Furthermore, we can either take all maps between the schemes S, or restrict them to be
smooth/flat /eventually coconnective.

11.3. The *-version. We are going to introduce another functor
((StklafmArtin)ev—coconn)op — DGcatcontv

denoted IndCOhEkStklafc,Amn)

ev-coconn

11.3.1. We set

IndCoh’(k

Stkjaft, Artin)ev-coconn *

_ *
- RKE( ( (]:)C}S‘::haff ))ev—coconn )Op — ( (Stklaft,Artin )ev-coconn )Op (IndCOh(DGSCth)e\,,coconn ) ?

aft
where

IndCoh g et : (DGSch*)oy-coconn)°P — DGCateont

aft,)ev—coconn

is the functor obtained from the functor IndCth‘DGSChaff of Corollary 3.5.6 by restric-

Noeth/ev-coconn

tion along
((DGSChgg)ev-coconn)op — ((DGSChla\Ifgeth>ev—coconn)op-
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11.3.2. In other words,
IndCoh*(Y) = lim IndCoh™(S),
S—=Y
where the limit is taken over the category opposite to

(DGSCh:g)ev—coconn X ((Stklaft,Artin)ev—coconn)/y7

Stkiatt, Artin)ev-coconn

which is a 1-full subcategory of (DGSch®T) /y, spanned by those S — VY, which are eventu-
ally coconnective, and where 1-morphisms f : S; — S are restricted to also be eventually
coconnective.

In the above formula, for S € DGSch®! | the category IndCoh*(S) is the usual IndCoh(S),
and for a 1-morphism f : S; — S, the functor IndCoh(S;) — IndCoh(S;) is fIndCohx,

11.3.3. We claim:

Lemma 11.3.4. The functor IndCohsztkIa“lArm)ev_Coconn satisfies descent with respect to smooth
surjective morphisms.

Proof. Follows from the fact that the category Stkias artin €mbeds fully fiathfully into
Funct((DGSch )P, 0o -Grpd),

combined with [Lu0, Corollary 6.2.3.5] and Proposition 8.3.8.

From Corollaries 11.2.3 and 11.2.4, we obtain:
Corollary 11.3.5. Let ¢ be one of the classes
smooth C flat C ev-coconn .

Then for Y € Stkias, artin the restriction functors

IndCoh*(Y) — lim IndCoh*(S) —
Se(((DGSch)agt) X ((Stkiaft, Artin)c) /y)°P
(Stkjage, Artin) ¢
lim IndCoh™(S)
Se(((DGSchaff) ¢ . ) ((Stkiatt, artin)c) /y)°P
tklaft, Artin)c

are isomorphisms.

11.4. Comparing the two versions of IndCoh: the case of algebraic stacks. In this
subsection we will show that for Y € Stkias artin, Which is an algebraic stack, the categories
IndCoh*(Y) and IndCoh'(Y) := IndCoh(Y) are canonically equivalent.

11.4.1. Our conventions regarding algebraic stacks follow those of [DrGal, Sect. 1.1.3]. Namely,
an algebraic stack is an object of Stki_aytin, for which the diagonal morphism

Y—=>YxY

is schematic, quasi-separated and quasi-compact.
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11.4.2. We are going to prove:

Proposition 11.4.3. For an algebraic stack Y locally almost of finite type, there exists a canon-
ical equivalence
IndCoh'(Y) ~ IndCoh*(Y),

such that for a Cartesian square

S gII S”

f'l lf

s —2 5y,
with S, 8" € DGSchag, the morphism g being arbitrary and f being eventually coconnective,
the functors

(f/)IndCOh,* ° g! . IndCOh‘(y) N IndCoh(S) and (gl/)! ° fIndCoh,»< . IndCoh* (15) N IHdCOh(S)
are canonically identified.

The rest of this subsection is devoted to the proof of this proposition.

11.4.4. By restricting to DG schemes almost of finite type, Proposition 7.6.7 defines a map in
00-Grpd(AxA)™,

IndCohjy : Cart™® (DGSchag) — Seg®* ((DGCateont )°P).

DGSchaft )ev-coconn;all ev-coconn;all

Using Theorem 7.6.2, the map IndCoh’(F]!DGSCh gives rise to the following construc-

tion:

aft )ev-coconn;all

Let I’ and I” be a pair of co-categories, and let I be a functor
I' x I” — DGSchgg,
with the property that for every i’ € I’ and a 1-morphism (ifj — i{) € I”, the map
F@i' xij) = F(@i' x1i})
is eventually coconnective, and for any pair of 1-morphisms
(ip = i}) € I and (ij —17) € 1",

the square
F(iy x i) —— F(i} xif)

! |

F(ij x i) —— F(ij x1})
is Cartesian.

Then the map IndCth‘f)GSCh canonically attaches to a functor F' as above, a

datum of a functor

aft )ev-coconn;all

IndCohfggen.,, © F : (I' x I")°P — DGCatcons -
Moreover, for every fixed object i’ € I’ (resp., i’ € I”) the resulting functors

IndCoh})ggen. ., © Flirxt : (I)°P = DGCaton

and
IndCohy gy, © FIT' x i ¢ (I')°" — DGCateont
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identify with
" 1 R
IndCOhDGSCha“ o F|i/><1// and IndCOhDGSCha& o FlI X1,

respectively.

11.4.5. We let
I/ = (DGSChaft)/‘j and IH = (DGSChaf‘c)ev—coconn X ((Stklaft,Artin)ev—coconn)/H-

(Stklaft,Artin)ev»coconn

We let F' be the functor that sends
(915'%%),(#5”%%)HS'gS”.

Applying the construction from Sect. 11.4.4, we obtain a functor

IndCOhEGSChaft oF.

We claim that there are canonical equivalences

IndCoh'(Y) ~ lim IndCohfjggy,., o F ~ IndCoh*(Y),

(I/ X I//)op

which would imply the assertion of Proposition 11.4.3.

11.4.6. Let us construct the isomorphism

IndCoh'(Y) =~ lim IndCohfggy, ,, © F.

(I/ xT/")op

We calculate

S, IndCohfy g, © F

as the limit over (I')°P of the functor that sends (g : S’ — Y) to

lim IndCoh™*(S" x S”).
(f:8"=Y)e(@”)ep Y

However, we claim:

Lemma 11.4.7. The natural map

IndCoh(S') — lim IndCoh* (S’ x S”)
(f:8—Y)e)or Y

18 an tsomorphism.

Hence, we obtain that the above functor on (I')°P identifies canonically with

(IndCohpggen, . )| (DGSchar) -

The limit of the latter is IndCoh'(Y), by definition.

11.4.8. The isomorphism

(I,lxi{,r})op IndCoh5gp.,, © F =~ IndCoh* (Y)

is constructed similarly.
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11.4.9. Proof of Lemma 11.4.7. The functor
(f: 58" —Y)— IndCoh™(S" x S")
Y

is a presheaf on I” that satisfies descent with respect to smooth surjective maps.

Hence, the limit

lim IndCoh™ (5" x S”)
(f:8"—=Y)eT”)ep Y

can be calculated as
Tot(IndCoh™ (S x (S{*/Y))),
Y

where S§ — Y is some smooth cover, and S{*/Y is its Cech nerve.

However, S” x (S/*/Y) is the Cech nerve of the map
Y
S'x S =9,
Y
and the required isomorphism follows from smooth descent for IndCohpgge,,, -

11.5. Comparing the two versions of IndCoh: general Artin stacks. In this subsection
we will generalize the construction of Sect. 11.4 to arbitrary Artin stacks.

11.5.1. We consider the category Stkjafc artin endowed with the classes of 1-morphisms
(ev-coconn; all),

and we consider the corresponding object
)P

Cart>*® (StKiaft, Artin) € 00-Grpd(A*A)™

ev-coconn;all
We claim:

Proposition 11.5.2. There exists a uniquely defined map in oo-Grlrpd(AXA)op

IndCOh?étklafc,Arciu)ev»cocmm;au : Cartgy! (Stkiage, Artin) — Seg®*(DGCatcont)™)

ev-coconn;all

that makes the following diagrams commute

1
IndCoh
(Stklaft JArtin )ev-coconn;all

Cart;\icoconn;all (Stklaft,Artin) Seg. * ( (DGC&tCOHt)Op)

I I

Th (Seg. (Stklaft,Artin> Th (Seg. ((DGcatcont)OP))

Seg® (IndCOh!Stklaft Artin )

and

1
IndCoh;
(Stkjaft, Artin)ev-coconn;all

Cart}” o connza (StKiaft, Artin) Seg®* ((DGCateont )°P)

I I

Ty (Seg' ((Stklaft,Artin)ev—coconn)) To (Seg' ((DGcatcont )OP))’

Seg® (IndCoh?

(Stkjaft, Artin)ev-coconn

and which extends the map

: Cart>? (DGSchag) — Seg®* ((DGCateont)°P).

aft)ev-coconn;all ev-coconn;all

IndCOhE‘]!DGSCh
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Corollary 11.5.3. For Y € Stkiag artin there exists a canonical equivalence
IndCoh'(Y) ~ IndCoh*(Y),

such that for a Cartesian square of Artin stacks

Z g// Z//

(11.1) f/l lf

2 2y,
where the morphism g is arbitrary and f is eventually coconnective, the functors
(f1)IndCohx o gt TndCoh'(Y) — IndCoh(Z) and (¢")" o f4CP* . IndCoh* (Y) — IndCoh(Z)
are canonically identified.
The rest of this subsection is devoted to a sketch of the proof of Proposition 11.5.2; details

will be supplied elsewhere.

11.5.4. We proceed by induction on k. Thus, we assume that the existence and uniqueness of
the map

*! ) o0
IndCOh(Stklaft,(k‘fl)—Artin)ev—coconn;all : Ca‘rt;v:coconn;all(Stklafty(k—l)-Artin) — Seg®* ((DGCateont ) )
with the required properties.

The base of the induction is k = —3, in which case the assertion follows by restriction from
Proposition 7.6.7 inder DGSchgg < DGSchyg.

We shall now perform the induction step.

Remark 11.5.5. Note that by repeating the construction in the proof of Proposition 11.4.3, we
obtain that for an individual Y € Stkiag -artin there exists a canonical equivalence

IndCoh'(Y) ~ IndCoh*(Y),
such that for every diagram (11.1) with Z/, 2" € Stkjag, (k—1)-Artin, the diagram

TndCoh*(2) +—~— TndCoh'(2) <Y ImdCoh'(2") «=— TndCoh*(2")

(f/)IndCoh,*T TflndCoh,*

IndCoh*(2/) +—— IndCoh'(Z/) +2— IndCoh'(Y) +—— IndCoh*(Y)
is commutative.

The above amounts to calculating the value of the map IndCohTétkla“_k_ Artin)ev-cocomman 011
[0] x [0] € A x A. To make this construction functorial in Y amounts to constructing the map
IndCOhZ‘étkmft o Artin)ev-coconnan - Lh€ construction of the latter follows the same idea: approxi-

mating Cartesian diagrams of k-Artin stacks by Cartesian diagrams of (k — 1)-Artin stacks.

11.5.6. As in Sect. 11.4.4, the datum of IndCth"

| . .
Sthiate, (k—1) -ArtinJev-coconniall S1VES I15€ to the fol-

lowing construction:
For a pair of co-categories I’ and I” and a functor
F T x1" — StKjag, (k1) -Artin
with the corresponding properties, we obtain a functor
*!
IndCOh(Stklaft,(kfl)-Artin)ev—coconn;all °© F : (I/ X I//)Op - DGCatcont :
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11.5.7. To carry out the induction step we need to construct, for every
[m] x [n] € A x A,
a map of co-groupoids

Cart™" (StKiafe k-Artin) — Seg™ " ((DGCateont)P),

ev-coconn;all
in a way functorial in [m] x [n].

We fix an object Y™™ € Cartg,jcloconn;all(Stklaﬂhk- Artin) and will construct the corresponding
functor

IndCoh™ (Y™™) : ([m] x [n])°® — DGCateont .

11.5.8. We introduce an oco-category

all Cart™" (Stklaft,k—Artin)a

ev-coconn;all

. . m,n
which has the same objects as Carto,” .oconnzan

maps between such diagrams.

(StKiaft, k-Artin ), but where we now allow arbitrary

Similarly, we introduce an oo-category

m,n
ev-coconn Cartcv_coconn;all (Stklaft,k -Artin ) s

which has the same objects as Cartg’_zoconn‘an(Stklaft’k_Artin)7 but where we allow arbitrary

maps between diagrams that are eventually coconnective in each coordinate.

We let J’ be the full subcategory in

m,n
(all Cartev_coconn;all (Stklaft,k —Artin)) Jymn )

whose objects are diagrams with entries from Stkyag, (x—1)-Artin-

Similarly, we let J” be the full subcategory in

m,n
(ev-COCOHH Ca'rtcv-coconn;all(Stklaftﬁk'Artin)> JyYymn

whose objects are diagrams with entries from Stkiag (x—1)-Artin-

We set
I':=J x[m]and I” := J" x [n].
We define the functor
I' x I" — StKiat, (k—1)-Artin
by sending
(g: 2™ —symrmy e J (f: 2" =Yy e J’ ael0,m], be [0,n]
to

m.,n nm,n
D A
a, m,n a,
ya,b

where the subscript “a,b” stands for the corresponding entry of Z'™" Z"™™ and Y™™, respec-
tively.
Consider the corresponding functor

IndCOh?étklaft,(k—l)—Artin)cv—coconn;all oF: (I/ x I//)Op — DGCateont -
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Finally, we define the sought-for functor IndCoh™(Y™") as the right Kan extension of
IndCthétklaf: (k—1) -Artin)ev-coconniall o I along the projection

(I x I")°P — ([m] x [n])°P.

11.5.9. To extend the assignment
Yy s IndCoh™ (Y™™)
to a functor

IndCoh?! : Cart®® (StKiage, (k—1)-artin) — Seg®*(DGCateont)P),

StKiaft, k -Artin ) ev-coconn;all ev-coconn;all
we need to define the following data.
Let
¢+ ([m'] x [n]) = ([m] x [n])
be a map in A x A.

For ymn ¢ Cartgfeconn;an(Stklaft,k—Artin) as above, we denote by Y™ the corresponding

object of Cart™ " (StKiatt & -Artin) Obtained by restriction.

ev-coconn;all

We need to construct a canonical isomorphism between
IndCoh™ (Y™™ o (¢)°® and IndCoh* (Y™™

as functors ([m’] x [n'])°P = DGCatcont-
Furthermore, we need the above isomorphism to be homotopy coherent with respect to
compositions of morphisms in A x A.

The map
IndCoh™ (Y™™ o (¢)°° — IndCoh™ (Y™™
follows from the universal property of right Kan extensions. The fact that it is an isomorphism

is an easy cofinality argument.

11.6. The *-pullback for eventually representable morphisms. In this section we will
further extend the assignment

Y — IndCoh(Y), Y € PreStkyas

where we can !-pullback along any morphisms, and *-pullback along eventually representable
eventually coconnective morphisms of prestacks.

11.6.1. Let

ev-repr-coconn C all

denote the class of eventually representable eventually coconnective morphisms in PreStky,g .
Consider the corresponding object
e.0 op
Carte\’,_repr_coconn;an(PreStklaft) € oo—Grpd(AXA) .

We claim:
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Proposition 11.6.2. There exists a uniquely defined map in oo—Grpd(AXA)Op

IndCohy ...  : Cart2,” (PreStkiag ) — Seg®* (DG Catcont)°P)

Cart2%. v coconn:an (PTeStKiag ev-repr-coconn;all
that makes the following diagram commute

“l
IndCohp, e, | (PreSthyg)

Ca‘rt;\irepr—coconn;all(PreStklaft) S Seg"' ((DGca‘tCOIIt)Op)

I I

7 (Seg® (PreStkyag) mh(Seg® (DGCateont)P))

Seg® (IndCoh!PreStklaft )

and which extends the map

IndCohz‘étklamAm“) : Cart®*

ev-coconn;all ev-coconn;all

(Stklaft,Artin) — Seg.’.((DGcatcont)op)
The rest of this subsection is devoted to a sketch of the proof of this proposition.

11.6.3. The idea of the proof is similar to that of Proposition 11.5.2.
First, from the map
INACOD{S1k, e prein)ovococonman © CATtor (Stkiate, Artin) — Seg®* (DG Cateont)°P)

ev-coconn;all

we obtain that for a pair of co-categories I’ and I” and a functor
F: I/ X IN — Stklaft,Artin
with the corresponding properties, we can produce a functor

IndCOh?étklaft,Artixl)ev-cucoun;all °© F : (I/ X I//)Op - DGCatcont :

11.6.4. To define the map IndCohgart.,. L (PreStkiag) We need to construct, for every

[m] x [n] € A x A,
a map of co-groupoids
Cart™" (PreStkyag) — Seg™ ™ ((DGCateont)?),

ev-repr-coconn;all
in a way functorial in [m] x [n].

We fix an object Y™ € Cart;":rcpr_coconn,an(PreStklaft) and will construct the corresponding
functor

IndCoh™ (Y™") : ([m] x [n])°® — DGCateont -

11.6.5. We introduce an co-category

all Cart™" (PreStkIaft)7

ev-repr-coconn;all
m,n

evirepr-co conn-all (PT€Stkiat: ), but where we now allow arbitrary

which has the same objects as Cart
maps between such diagrams.

We let J denote the full subcategory in
(au Cart™" (PreStklaft))

ev-repr-coconn;all

/ljm,,n
whose objects are diagrams with entries from Stkjas, Artin-

We set
I':=J x [m] and 1" := [n].
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We define the functor
F: (I x I")°? — StKjafs Artin
by sending
(g:2m™" =Y™M)yeJ, ac|0,m], be[0,n]
to 2"
Consider the resulting functor

InACOh S nvuim)ewcocommn © F 1 (I X TP = DGCateont -

We define the sought-for functor IndCoh™ (Y™™ as the right Kan extension of the functor
IndCthétklaft Artin)ev-coconniall O I along the projection

(I' X T")°P = ([m] x [n])°".

The functoriality of this construction in
([m] x [n]) € (A x A)*P

is established in the same way as in Proposition 11.5.2.

11.7. Properties of IndCoh of Artin stacks. According to Proposition 11.5.2, if Y is an
Artin stack locally almost of finite type, there exists a well-defined category IndCoh(Y), and
pullback functors

f': IndCoh(Y) — IndCoh(S),
for (f: S —Y) € (DGSchag )y, and also

fndCobx . TndCoh(Y) — IndCoh(S),
if f is eventually coconnective.

This will allow to define certain additional pieces of structure on IndCoh(Y), which are less
obvious to see when we view IndCoh(Y) just as IndCoh'(Y).

11.7.1. The functor W. We claim that the functor IndCoh{su, . s im)ercoeonn COMES equipped
with a natural transformation

*
(StKiaft, Artin ) ev-coconn

: IndCthStkla&,Amn) — QCOhEk

StKiaft, Artin )ev-coconn ’

ev-coconn

where QCON (St 1 arin)evcoconn d€TOtES the restriction of QCohp gy, t0

((Stklaft,Artin)ev-coconn)op — (PreStklaft)op .

Indeed, this natural transformation is obtained as the right Kan extension of

* . * *
(DGSChaft)ev—coconn : IndCOh(DGSChgg)ev-coconu - QCOh(DGSCha“

aft )ev—coconn ’

given by Corollary 3.5.6.

Above we have used the fact that the natural map

*
QCOh(Stklafc,Arcin)ev-coconu -
*
- RKE(((DGSChaff))ev—coconn)DP;)((Stklaft,Artin)ev—coconn)Op (QCOh(DGSChaft)ev-coconn )

aft

is an isomorphism, which holds due to Proposition 11.2.2.
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11.7.2. In plain terms, the existence of the above natural transformation means that for Y €
Stkiaft, Artin, there exists a canonically defined functor

Uy : IndCoh(Y) — QCoh(Y),

such that for a smooth map f : Y; — Yo between Artin stacks we have a commutative diagram:

IndCoh(Y;) —" QCoh(Yy)

fIndCoh,*T Tf*

IndCoh(Ys) —25 QCoh(Ys).

11.7.3. By a similar token, we claim that if Y € Stkias, artin 1S eventually coconnective, i.e.,
n-coconnective as a stack for some n (see [GL:Stacks], Sect. 4.6.3 for the terminology), the
functor Wy admits a left adjoint, denoted Zy, such that for S € DGSch®® endowed with an
eventually coconnective map f : S — Y, the diagram

IndCoh(S) +=5— QCoh(S)

fIndCoh.* T Tf*

IndCoh(Y) +—=L— QCoh(Y)

commutes. Moreover, the functor 2y is fully faithful.

Indeed, we construct the corresponding natural transformation

= : QCohy

H(SnStklaft,Ax'tin)ev—coconn

— IndCohEk

SnStKiafe, Artin ) ev-coconn SnStKiafe, Artin )ev-coconn ’

as the right Kan extension of the corresponding natural transformation

—x . * *
Z (= DESehEev-coconn * FCOR(EnDEShEor-coconn — TRACON(<npGsahat

aft aft)ev—coconn ’

the latter being given by Sect. 3.5.12.
The adjunction for (Zy, ¥y) follows from Lemma 10.7.3.

In particular, we obtain that for Y eventually coconnective, the functor Wy realizes QCoh(Y)
as a co-localization of IndCoh(Y).

11.7.4. t-structure. We now claim:

Proposition 11.7.5. Let Y be an object of Stkias, artin- Then the category IndCoh(Y) admits
a unique t-structure, characterized by the property that for S € DGSch,y, with a flat map
f:85 =Y, the functor

fImdCobx . TndCoh(Y) — IndCoh(S)
1s t-exact. Moreover:
(a) The above t-structure is compatible with filtered colimits.

(b) The functor Wy is t-exact, induces an equivalence
IndCoh(Y)* — QCoh(Y)*,
and identifies QCoh(Y) with the left completion of IndCoh(Y) in its t-structure.
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Proof. The proof follows from Corollary 11.2.3 combined with Proposition 1.2.4, using the
following general observation:

Let
A — DGCateont, a+— Cqu

be a functor, and set
C:=1limC,.
acA

Assume now that each C, is endowed with a t-structure, and that for each arrow a; — o
in A, the functor

(11.2) Co, = Caq,
is t-exact.

Then the category C has a unique t-structure characterized by the property that the evalu-
ation functors C — C, are t-exact.

Moreover, if the t-structure on each C, is compatible with filtered colimits, then the t-
structure on C has the same property.

Point (b) of the proposition follows similarly.
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