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Abstract: With model building applications in mind, we collect and develop basic tech-

niques to analyze the landscape of D7-branes in type IIB compact Calabi-Yau orientifolds,

in three different pictures: F-theory, the D7 worldvolume theory and D9-anti-D9 tachyon

condensation. A significant complication is that consistent D7-branes in the presence of

O7− planes are generically singular, with singularities locally modeled by the Whitney Um-

brella. This invalidates the standard formulae for charges, moduli space and flux lattice

dimensions. We infer the correct formulae by comparison to F-theory and derive them in-

dependently and more generally from the tachyon picture, and relate these numbers to the

closed string massless spectrum of the orientifold compactification in an interesting way.

We furthermore give concrete recipes to explicitly and systematically construct nontrivial

D-brane worldvolume flux vacua in arbitrary Calabi-Yau orientifolds, illustrate how to read

off D-brane flux content, enhanced gauge groups and charged matter spectra from tachyon

matrices, and demonstrate how brane recombination in general leads to flux creation, as

required by charge conservation and by equivalence of geometric and gauge theory moduli

spaces.
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1. Introduction

Type IIB O3/O7 orientifold flux compactifications and their F-theory avatars currently

appear to be the most promising corner of the string theory landscape for controlled,

realistic model building. The virtues of this class of models include:

• Complex structure moduli, dilaton and D7-brane moduli can be stabilized classically

at high mass scales by RR, NSNS and D7 worldvolume fluxes, and plausible stabi-

lization mechanisms for the Kähler moduli based on quantum corrections have been

proposed [1, 2] and studied in detail, as reviewed in [3, 4, 5].
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• There is a very high degree of discrete tunability of physical parameters, which helps

in producing controlled models. In particular the cosmological constant can in princi-

ple be discretely tuned to become extremely small, easily of the order of the measured

cosmological constant or less [6, 7].

• The classical geometry of the compactification manifold remains Calabi-Yau after

turning on fluxes, up to warping [8]. This means in particular that many of the

powerful techniques from algebraic geometry can still be used to describe these vacua.

• Strongly warped throats of Klebanov-Strassler type [9] occur naturally, generating

large scale hierarchies [8].

• Slow roll inflation can be accommodated, at least in fine tuned local models [10, 11,

12, 13].

• The F-theory description provides gs corrections to the geometry which smooth out

the O7 singularities [14].

• There is a rich set of explicit D-brane constructions possible in these models, useful

for particle physics model building; for an extensive resp. short review see [15, 16].

More recently, [17, 18] have initiated a program of model building in F-theory. This

framework naturally incorporates GUTs and promises to be a powerful and elegant

unifying geometrical framework for string phenomenology.

Despite all this, there are still significant gaps in our understanding of the landscape of

type IIB orientifold vacua, in particular in our understanding of the landscape of D7-brane

configurations and its interplay with moduli stabilization and other global issues.

Simple, flat, intersecting D7/D3-brane constructions are well understood by now in the

context of toroidal orientifolds, as reviewed in [15], but these models are just a tiny subset

of all possibilities, miss some desirable features such as warping and do not incorporate

complete moduli stabilization.

The combinatorics of globally well defined D-brane models is systematically understood

in the framework of boundary states of CFTs at Gepner points of general type II Calabi-Yau

orientifold compactifications [19, 20, 21, 22, 23, 24, 25], but this analysis is by definition

done at a special, nongeometric point in closed string moduli space and most of these

studies did not yet address moduli stabilization and the parameter discretuum, as the

tools to do this in this nongeometric regime have only been developed fairly recently [26].

Rather general geometrical D-brane setups have been studied systematically in “bot-

tom up”, local, noncompact Calabi-Yau varieties decoupled from gravity (for example in

[17, 18, 27, 28, 29, 30, 31, 32, 33]). Similarly, the models for slow roll inflation mentioned

above are also essentially local models, with compactification effects only relatively crudely

taken into account. The same is true for many recent models of dynamical supersymmetry

breaking in string theory (such as [34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45]).

Eventually, all of these constructions need to be embedded in finite volume, fully mod-

uli stabilized compactifications with broken supersymmetry, a tiny positive cosmological

– 2 –



constant, the correct spectrum of couplings and masses, effective scalar potentials admit-

ting slow roll inflation, and so on. Completing local models to genuine string vacua reduces

the number of possible constructions from a continuous infinity to a finite, discrete set, and

may destroy the desired features the local or continuously tuned model was designed to

have. For example, an almost flat potential on the moduli space of a local model, suitable

for slow roll inflation, will generically develop steep slopes in the direction of additional

moduli induced by the embedding. An intersecting brane model will often be forced into

recombination by turning on moduli stabilizing background fluxes, breaking the desired

gauge symmetries. Global tadpole cancelation constraints generically require the pres-

ence of additional D-branes, potentially intersecting the local construction and producing

additional, unwanted matter fields charged under the standard model gauge group.

Beyond these immediate model building concerns, one would like to address ques-

tions such as how many — if any — string vacua compatible with observational con-

straints we can expect to exist, and, more ambitiously, what the proper notion of nat-

uralness or even probability is in the context of the string theory landscape. In other

words, we would like to know whether the requirement of the existence of a consistent

UV (quantum gravity) completion is sufficiently constraining to be predictive at low en-

ergies. To analyze these questions, statistical methods have been proposed and developed

[46, 47, 7, 48, 49, 50, 51, 52, 53, 54, 55, 56]. Statistical analysis crucially relies on global

constraints and topological parameters, such as tadpole cancelation, brane charges and flux

lattice dimensions. For example, the number of critical points DW = 0 of an ensemble

of flux superpotentials, for IIB RR/NSNS, F-theory or D7 worldvolume fluxes compatible

with D3 tadpole cancelation without adding anti-D3 branes, in a region M of the appro-

priate moduli space, is estimated1 by a formula of the general form (see [5] section 6 for a

derivation):

Nvac ≈
(2πQ)b/2

(b/2)!

∫

M
e(D) , (1.1)

where −Q = −Q(F ) is the total curvature induced D3-brane charge of the compactification

(in F-theory unit conventions, see footnote 2), b is the dimension of the flux lattice and e(D)

is the euler density of the connection D appearing in the critical point condition DW = 0.

Distributions of discrete D-brane data such as enhanced gauge groups and charged matter

content have so far only been studied in very limited and simple ensembles. In particular,

no systematic studies of the statistics of D-brane configurations in general Calabi-Yau

orientifold flux vacua have been done. On the other hand, contrary to what is sometimes

tacitly assumed, in typical IIB orientifold or F-theory compactifications, virtually all of

the degeneracy of flux vacua actually comes from worldvolume fluxes in the D-brane sector

(the “open string landscape” [57]). For instance in the example we will study throughout

the paper, the IIB orientifold obtained as the weak coupling limit of F-theory on the elliptic

fibration over CP
3, we will see that Q = 972 and that the number of bulk (RR and NSNS)

fluxes is bbulk = 300 + 300 = 600, while the number of D7-brane worldvolume fluxes is

1This estimate is reliable in the regime 4πeQ ≫ b, which is often not satisfied in unrestricted F-theory

flux ensembles. For further discussion see [5] section 6.3.
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bbrane = 23320. As a result, the above estimate gives Nvac ∼ 10500 for the bulk sector, but

Nvac ∼ 102000 for the D-brane sector!

For all of these reasons, it would seem desirable to develop a more systematic top-

down, approach to the D-brane sector of generic, compact type IIB O3/O7 orientifold

vacua in the geometric regime, in a way suitable for concrete model building including

moduli stabilization and for statistical analysis. In fact most of the necessary ingredients

for such an approach are already present in the literature, although often in a somewhat

abstract and formally involved form. For example, there exists an extensive categorical

framework for D-branes in Calabi-Yau manifolds [58, 59, 60, 61], and in principle the

construction of vacua with certain desired properties is, at sufficiently large Calabi-Yau

volume, a well defined problem in standard algebraic geometry. There have indeed been

several model building studies already where fully compact geometries were considered

for nontoroidal Calabi-Yau O3/O7 orientifolds, sometimes even including complete moduli

stabilization. This includes (with varying degrees of thoroughness and with varying degrees

of assumptions and modeling) [62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77].

In particular in [77] the interaction between the particle physics D-brane sector and moduli

stabilization mechanisms was studied, and it was found that the two could not be considered

independently, providing further motivation for a holistic (as opposed to modular) approach

to D-brane model building.

However, as we will see, the generic D7-brane sector in general Calabi-Yau orientifold

compactifications presents a number of complications and puzzles. By “generic” we mean

a D7-brane with minimal possible gauge group — in the case at hand this means no

continuous gauge group at all. This differs from the usual D7-image-D7 pairs or invariant

multiple brane stacks, which do have nontrivial gauge groups. A single D7-image-D7 pair,

which has gauge group U(1), will typically be mutually intersecting. This leads to the

possibility of recombination into a single component, generic D7, whereby the U(1) gets

Englert-Brout-Higgsed. One of the complications alluded to above is now that, as we will

see, in the presence of an O7−, such a generic D7 will be singular : Locally near the O7−,

the D7 is forced to retain the structure of a D7-image-D7 pair, but globally it becomes a

single connected object, and this causes the occurrence of pinch point singularities. Locally,

these singularities are modeled by the so-called Whitney Umbrella in C
3 (defined in section

3.3 and illustrated in fig. 2).

We will confirm that generic D7-branes are locally Whitney Umbrellas in three indepen-

dent ways: by taking the weak coupling limit of F-theory (also noted in [88]), by requiring

Dirac quantization in perturbative IIB string theory, and from the shape of tachyon con-

densates of consistent D9-anti-D9 systems. As a result of the presence of these non-orbifold

singularities, the usual index formulae computing the quantities appearing in (1.1) — the

curvature induced D3-charge −Q, the number of D7 moduli n and the worldvolume flux

lattice dimension b — fail. Going to nongeneric, nonsingular D-brane configurations does

not help to compute these numbers, as these configurations are in fact typically in different

physical components of the moduli space of the theory, with different (smaller) values for

D3-charge, flux lattice dimension and number of moduli.

Another general problem is to match D-brane gauge theory degrees of freedom to
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geometric moduli. A puzzle which arises here is that the number of gauge theory degrees

of freedom of N coincident branes scales as N2, while the number of geometric moduli of

a degree N supersymmetric 4-cycle in general scales as N3.

Dealing with the above issues has been a carefully sidestepped problem in much of the

existing model building literature — for example in the “better racetrack” models of [66] the

D7-brane sector was left largely unspecified and in [67] potential problems with D7-branes

were circumvented by considering a rather special compactification in which all D7-branes

were rigid and coincident with the O7-planes. To the best of our knowledge, in the existing

model building literature, only nongeneric D7-branes such as brane-image-brane pairs and

invariant, nonsingular stacks have been considered.

It is clear though that in order to discuss D7 moduli stabilization by fluxes, or do

systematic studies of the landscape of IIB orientifold compactifications, statistical or oth-

erwise, one must face and fully resolve these issues.

One approach would be to directly work in F-theory instead of in its weakly coupled

IIB limit, computing for example the D3-tadpole Q using techniques such as those em-

ployed in [80, 81, 5]. However, if one wants to just build type IIB orientifold models, it is

often desirable not to have to make the detour of finding a suitable F-theory completion.

One could also avoid IIB orientifolds altogether, but in strongly coupled F-theory compact-

ifications there is no general canonical distinction between bulk and localized degrees of

freedom such as in the weakly coupled IIB limit, making the identification of gauge theory

content somewhat difficult in compact models. This to date remains to be fully under-

stood for F-theory compactifications down to four dimensions. Furthermore, one cannot

use string perturbation theory to compute for example quantum corrections to the Kähler

potential, some of which play a crucial role in the moduli stabilization scenario of [2].

We believe it will therefore be useful to set up a concrete computational framework

to systematically analyze the D7-brane sector in type IIB O3/O7 orientifolds in the weak

coupling, large volume limit, collecting and developing various complementary approaches,

in a maximally accessible way. This is the goal of this paper. Specifically, we use the

F-theory, D7 and D9-anti-D9 tachyon condensation pictures to arrive at the following:

• We derive concrete formulae for topological physical quantities such as the curvature

induced D3-charge, the number of moduli and the dimension of the flux lattice, for any

component of the moduli space. These are in complete agreement with the F-theory

results when the latter are available, and with “K-theory” results obtained from D9-

anti-D9 annihilation. Using fixed point index theorems, we furthermore relate in an

interesting way for example Q and the numbers of various massless particles in four

dimensions.

• Starting from the D9-anti-D9 tachyon condensation picture, we explain how to com-

pute in general the worldvolume and flux content of the resulting D7-branes and how

this can change under brane recombination, as required by charge conservation.

To do this we generalize and adapt to orientifolds the analysis and constructions

of [78, 79], where flux configurations on space-localized D4-branes were studied in
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(non-orientifolded) toric Calabi-Yau manifolds and traced back to D6-anti-D6 bound

states — a special case of the general D-brane bound state constructions formalized

in [59] (and reviewed in [60]).

• We illustrate with simple examples how to concretely compute charges, moduli, gauge

groups and matter content in the D9-anti-D9 picture, using only polynomial manip-

ulations.

It was pointed out in [78] that the presence of fluxes induced by brane recombina-

tion resolves the apparent discrepancy between geometric and gauge theoretic moduli

mentioned earlier, and indeed the equivalence of gauge theory and geometry is man-

ifest in the tachyon condensation picture.

We also encounter some interesting subtleties, such as the necessity to have an even

number of D9-image-D9 pairs in the presence of O7− planes, which turns out to be

crucial to match the F-theory results.

• We give a method for explicit construction of D7 flux vacua using holomorphic curves,

which is much more tractable than solving the superpotential critical point condition

(which in our basic example involves extremizing a tadpole-respecting integral linear

combination of 23320 3-chain periods over 3728 variables...). This is analogous to the

constructions used in [78, 79, 82, 83] to build and enumerate flux configurations on

D4-branes in non-orientifolded Calabi-Yau manifolds.

A summary of our results and some ready-to-use formulae can be found in section 6,

which the reader may consult before going to the detailed discussion.

This paper is meant to be expository, and throughout we focus on a particular example

to illustrate the main ideas, making some generalizations as we go, as well as separately

in section 5. We will not try to be complete; for much more advanced and comprehensive

K-theoretic and categorical descriptions of orientifolds we refer to the upcoming works

[134, 135]. Our approach will be more elementary. All the geometrical tools we will rely

on can be found in section 5 of the lecture notes [5], and we will frequently refer to it.

2. F-theory picture

2.1 Introduction

We start by briefly sketching the F-theory picture [84] and its relation to IIB string theory

and M-theory. An extensive introduction to this can be found in the lecture notes [5].

F-theory can be defined as type IIB string theory continued away from its weak string

coupling limit, just like M-theory can be defined as type IIA continued away from weak

coupling. In practice it usually refers to type IIB compactifications on a manifold B with

dilaton-axion τ = C0 + e−φ varying over B, described in the supergravity approximation

and by giving τ the interpretation of the modular parameter of a 2-torus T 2 fibered over

B. This interpretation gives an elegant and useful geometrization of such backgrounds:

Supersymmetric configurations correspond to Calabi-Yau manifolds Z elliptically fibered
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(with section) over B, the SL(2,Z) gauge symmetry of IIB string theory corresponds to

the geometrical SL(2,Z) reparametrization symmetry of the T 2, and (p, q) 7-branes on B

correspond to degeneration loci on B where a (p, q) 1-cycle of the T 2 degenerates. The

surprising effectiveness of this higher dimensional geometric picture is best explained by

noting that M-theory on the same elliptically fibered manifold Z, in the limit of vanishing

fiber size, is dual to type IIB on the base B of the elliptic fibration. Indeed M-theory

on a small T 2 equals weakly coupled IIA on a small circle, which is T-dual to type IIB

on a large circle. Applying this fiberwise to Z yields type IIB compactified on B × S1,

with the S1 decompactifying in the limit in which the original fiber is sent to zero size.

This duality allows one to use the geometrical objects of M-theory to define and analyze

F-theory compactifications.

Of particular interest to us are F-theory compactifications on Calabi-Yau fourfolds, i.e.

type IIB on their three complex dimensional base manifolds. For genuine SU(4) holonomy

fourfolds, this gives rise to an effective N = 1 supergravity theory in four dimensions. The

scalars in the massless chiral multiplets in this theory arise from the Kähler moduli of

B, the complex structure moduli of Z (which includes the IIB dilaton-axion and 7-brane

moduli), D3-brane moduli and various axions.

In the following, we will give some physically important topological numbers associ-

ated to a particular example of an F-theory fourfold compactification. This includes the

curvature induced D3 tadpole, the number of D7-brane moduli in the weak IIB coupling

limit, and the number of fluxes that can be turned on. In the next section we will use

these results as guidance to infer rules on how to compute these numbers directly in the

perturbative IIB orientifold picture, and in particular how to deal with the D7 worldvolume

singularities complicating the analysis there.

2.2 Fourfold data and D3 tadpole

The starting point of our main example is F-theory on the Calabi-Yau fourfold elliptically

fibered over CP
3, which is described by the equation

Z : y2 = x3 + f(u)x z4 + g(u) z6 (2.1)

with projective C
∗ equivalences

(u1, u2, u3, u4, x, y, z) ≃ (λu1, λu2, λu3, λu4, λ
8x, λ12y, z) (2.2)

≃ (u1, u2, u3, u4, µ
2x, µ3y, µz), (2.3)

where (u1, u2, u3, u4) 6= (0, 0, 0, 0) and (x, y, z) 6= (0, 0, 0). Here f(u), g(u) are homoge-

neous polynomials of degrees 16 resp. 24. Note that the projective equivalences define a

WCP
3
2,3,1 fiber bundle over CP

3, the fiber being parametrized by (x, y, z) and the base

by (u1, u2, u3, u4). At fixed u, (2.1) describes an elliptic curve in WCP
3
2,3,1, hence this

equation indeed defines an elliptic fibration over CP
3. Moreover the elliptic fibration has

a section, obtained by putting z = 0, which is up to projective equivalences the surface

(x, y, z) = (1, 1, 0) with ~u ∈ CP
3 arbitrary.
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A derivation of the geometric data of this example using relatively basic methods can

be found in sections 5.7 and 5.9 of [5], or can be extracted from the general and more

advanced discussion in [80]. We quote here the relevant results.

The nontrivial Hodge numbers of Z are

h1,1 = 2, h2,1 = 0, h2,2 = 15564, h3,1 = 3878, (2.4)

so the number of complex structure moduli is h3,1 = 3878 (which can also be computed

directly by counting the number of coefficients of f and g modulo GL(4,C) coordinate

transformations:
(16+3

3

)
+
(24+3

3

)
− 16 = 3878), and

χ = 23328, b4 = 23322. (2.5)

A particular basis for H1,1(Z,Z) is {K1,K2}, where K1 is Poincaré dual to the divisor

[u1 = 0], and K2 to the divisor [z = 0] + 4 [u1 = 0]. This is in fact a basis for the Kähler

cone, i.e. we can parametrize the Kähler form on Z as JZ = ξ1K1 + ξ2K2 with ξ1, ξ2 > 0.

In the F-theory limit, the size of the base is (ξ1)3/6 and the size of the elliptic fiber is

ξ2 → 0.

The curvature induced D3-tadpole2 is −Q(F )
c , with [85]

Q(F )
c =

χ(Z)

24
= 972 . (2.6)

This together with the charge of mobile D3-branes and 4-form fluxes G must add up to

zero:

−Q(F )
c +ND3 +

1

2

∫

Z
G ∧G = 0 . (2.7)

Reproducing this number Q
(F )
c from the perturbative IIB orientifold picture will be our

first task in the next section.

2.3 Weak coupling orientifold limit and D7 moduli

The IIB dilaton-axion τ is identified with the modular parameter of the elliptic fiber, and

determined by

j(τ) =
4 · (24f)3

∆
∆ := 4f3 + 27g2 = 0 , (2.8)

where j(τ) is Klein’s modular invariant function j(τ) = e−2πiτ + 744 + O(e2πiτ ). The

7-branes are localized where the fibration degenerates, i.e. at

∆(u) = 0 . (2.9)

2 There is a difference in standard conventions used in F-theory and in type IIB orientifolds. In F-theory,

one mobile D3 has one unit of D3-charge. In the corresponding IIB description, this corresponds to a D3

together with its orientifold image on the Calabi-Yau double cover of the base of the elliptic fibration, and

this usually gets assigned charge 2. Thus Q
(IIB)
c ≡ 2Q

(F)
c . We furthermore define the sign of D3-charge

such that D7 and +D3 branes are mutually supersymmetric.
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To make contact with the weak coupling perturbative IIB orientifold picture, we follow

Sen’s procedure [14, 86]. We parametrize, without loss of generality,

f = −3h2 + ǫη,

g = −2h3 + ǫhη − ǫ2χ/12, (2.10)

where h, η and χ are a homogeneous polynomials of degrees 8, 16 and 24 in the ui, and ǫ

is a constant. When ǫ→ 0 keeping everything else fixed, one finds

∆ ≈ −9 ǫ2h2(η2 − hχ), j(τ) ≈ (24)4

2

h4

ǫ2(η2 − hχ)
. (2.11)

Thus, in this limit, gs = 1
Im τ ∼ − 1

log |ǫ| → 0 everywhere except near h = 0, and the ǫ → 0

limit can therefore be interpreted as a IIB weak coupling limit. A monodromy analysis

[86] reveals that in this limit the two components of ∆ = 0 should be identified with an

O7-plane and a D7-brane in a Calabi-Yau orientifold as follows:

O7 : h(u) = 0 , D7 : η(u)2 = h(u)χ(u) , (2.12)

where the Calabi-Yau 3-fold is given by the equation

X : ξ2 = h(u) (2.13)

with C
∗ equivalence (u1, u2, u3, u4, ξ) ≃ (λu1, λu2, λu3, λu4, λ

4ξ), orientifolded by the invo-

lution

σ : ξ → −ξ. (2.14)

The CY threefold X is a double cover of CP
3 branched over h(u) = 0; moding out by σ gives

back CP
3. It has h2,1 = 149 complex structure deformations, given by the coefficients of h

moduloGL(4,C) coordinate transformations, and h1,1 = 1 Kähler deformation. In addition

to this, there are D7-brane moduli, counted by the number of inequivalent deformations of

(2.12), i.e.
(16+3

3

)
+
(24+4

3

)
−
(8+3

3

)
−1 = 3728. The first subtraction comes from the fact that

we can shift η → η + hψ with ψ an arbitrary degree 8 polynomial and shift χ accordingly,

without changing the form of the equation (2.12), and the last subtraction corresponds to

overall rescaling of the coefficients. As a check note that indeed the number of D7 moduli

plus the number of 3-fold complex structure moduli plus one for the dilaton-axion equals

3878, the number of fourfold complex structure moduli.

In conclusion, we find that the number of D7 moduli is

dimMD7 = 3728 . (2.15)

Reproducing this number from IIB orientifold data will be our second task in the next

section.
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2.4 Fluxes

In M-theory one can turn on general 4-form fluxes G ∈ H4(Z,Z) on Z.3 At first sight

one would therefore conclude that the number of F-theory fluxes is b4. However, this is

not quite correct. Because the M-F duality described in section 2.1 turns one M-theory

elliptic fiber direction into a IIB 4d spatial direction, not all G-fluxes dualize to 4d Poincaré

invariant fluxes in IIB. Roughly speaking we need one and only one leg of the flux to be on

the elliptic fiber. A more precise way of thinking about this is in terms of the domain walls

that source the fluxes (see also [5]). In M-theory these are M5 branes wrapping 4-cycles S

in Z — this will produce a flux G Poincaré dual to S. Now if S wraps the complete elliptic

fiber and a complex curve C in the base, then in IIA this becomes a D4 wrapping S and

the S1 which gets T-dualized to go to IIB, resulting in a D3 wrapping C. This is a string

in the four noncompact dimensions, and will clearly not produce a Poincaré invariant flux.

Similarly, if S is completely transversal to the elliptic fiber, then we end up with a IIB KK

monopole wrapped on S, which is again a stringlike object in four dimensions. If on the

other hand S wraps only a 1-cycle of the elliptic fiber, we end up with a 5-brane domain

wall in IIB, which sources appropriate Poincaré invariant fluxes.

Now, when S is the intersection of two regular divisors in Z, it will always be of one

of the two unacceptable types. Since divisor classes are in H1,1, fluxes Poincaré dual to

these are elements of H1,1 ∧H1,1. Therefore, to get good F-theory flux vacua, we should

take our fluxes G ∈ H4 to be perpendicular to H1,1 ∧H1,1,4 i.e. be contained in

H4′(Z,Z) = {G ∈ H4(Z,Z) |
∫

Z
G ∧KA ∧KB = 0 ∀A,B} , (2.16)

where {KA}A is a basis of H1,1(Z).

Naively this reduces the lattice of allowable fluxes by three in our example, but there

is in fact a quadratic relation K2
2 = 4K1K2 for the basis introduced above (as derived in

[5] section 5.7), so we get a reduction by two instead. In conclusion, the dimension of the

lattice of allowable F-theory fluxes is

b = b′4 = b4 − 2 = 23320. (2.17)

In the weak coupling perturbative IIB picture, part of these fluxes correspond to bulk NS-

NS and R-R fluxes, and the remainder to D7 U(1) worldvolume fluxes. Reproducing the

number b above from IIB orientifold data will be our third task in the next section.

3. Weak coupling geometric IIB picture

3.1 The orientifold and the D7 double intersection property

As we saw in the previous section, the weak coupling orientifold description of our example

starts from a Calabi-Yau X given by the equation ξ2 = h(u) in WCP
4
1,1,1,1,4, where h a

3In the present example c2(Z) is even, so there is no half integral shift of G.
4If Z has reduced holonomy or has singularities such as those giving rise to enhanced gauge symmetries,

the situation is more subtle. We will not analyze these cases here.
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homogeneous polynomial of degree 8. Note that the most general degree 8 hypersurface in

this space can indeed brought in this form, since terms linear in ξ can be absorbed by a

coordinate transformation shifting ξ. The Hodge numbers of X are h1,1 = 1, h2,1 = 149.

The space of D7 charges H2(X,Z) is generated by the hyperplane class H = [aiui = 0]. It

satisfies H3 = 2ω where ω is the unit volume element on X. The second Chern class5 of

X is c2(X) = 22H2.

The orientifold involution is

σ : ξ → −ξ. (3.1)

This is combined with (−1)FLΩ acting on string states, where Ω is worldsheet orientation

reversal and FL is the spacetime fermion number in the leftmoving sector.

There is an O7-plane at ξ = 0, whose Poincaré dual cohomology class is [O7] = 4H. We

choose the orientifold projection such that it produces SO groups for D7-branes coincident

with the O7, so the O7 is an O7−.6 To cancel the D7 charge tadpole induced by the

O7, we need to add D7 branes for a total of D7 charge [D7] = 32H. Such a D7 can

be described as the zero locus of a homogeneous polynomial equation of degree 32. To

respect the orientifold Z2 symmetry σ, only even powers of ξ can occur, which in turn

can be eliminated by (2.13). Hence the most general Z2 symmetric holomorphic surface

in the class 32H is described by an equation of the form P32(u) = 0, where P32(u) is a

homogeneous polynomial of degree 32 on CP
3, and naively we might be tempted to conclude

the space of possible supersymmetric D7 embeddings to be given by

D7 : P32(u) (naive) . (3.2)

Recall however that in the weak coupling limit of F-theory, we found the D7 equation to

be of the form (2.12):

D7 : η(u)2 = ξ2χ(u) (F-theory) , (3.3)

where η and χ are homogenous polynomials of degree 16 and 24. This is certainly not

the most general degree 32 equation, as can be seen for example by counting parameters:

as we saw in section 2.3, the number of distinct deformations of (3.3) is 3728, while the

most general σ-symmetric surface P32(u) = 0 has 6544 deformations. Moreover, as will

become clear below, a generic Z2-symmetric surface would give a contribution to the D3

tadpole and would allow a number of worldvolume fluxes which would both be in gross

disagreement with the F-theory results.

What characterizes the D7 worldvolumes described by (3.3) is that for generic η they

all have double point intersections with the O7-plane: when we put ξ = 0, (3.3) reduces

to η2 = 0, so all zeros are double zeros. Another way of saying this is that locally (away

from χ = 0), the D7 looks like a D7-image-D7 pair, as is manifest by writing the equation

5See section 5.5 of [5] for a review on how to compute Chern classes of complete intersections in toric

varieties
6We define an Op− in general to be an Op-plane such that stacks of Dp branes coincident with it have

orthogonal gauge groups and Op+ for the case in which the gauge group is symplectic. The gauge groups for

lower dimensional branes follow from this; for example we get symplectic groups for D3-branes coincident

with an O7− and again orthogonal groups for D(−1) branes on an O7− [87].
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as ξ = ±η/√χ. Globally however we generically have a single connected brane, and (3.3)

is in fact the only possible globally well-defined equation which has this local property.

D7

C

C'

O7
C*

D7

C

C'

O7C*

Figure 1: Cartoon of an allowed D7 embedding on the left, and of a forbidden embedding on the

right. C is a loop transporting a D(−1) and C′ its orientifold image. C∗ is a loop transporting a

single D(−1) stuck on the orientifold plane.

This double intersection property was independently noted in [88].

3.2 Perturbative IIB explanation of the double intersection

How can we see the necessity of such double intersections with ξ = 0 directly within

the perturbative type IIB picture? Put differently, what is wrong with single D7-O7

intersections? The answer, it turns out, is that such single intersections violate Dirac

quantization! To see this, first consider a D(−1) probe at a point p near the D7 away from

the O7. Its path integral phase is e2πiC0(p). When parallel transporting it on a loop C,

it will pick up an additional phase e2πin7 , where n7 is the number of D7-branes enclosed

in the loop. Since n7 is integral, this equals 1, so the phase e2πiC0(p) is unambiguous, as

it should. We can move the D(−1) to the O7, where it will coincide with its orientifold

image, with the same result. However, for the O7− orientifold projection we have chosen,

this is not the minimal D(−1) there exists on the O7: as we recalled in footnote 6, D(−1)

branes coincident with the O7 give orthogonal gauge groups; a brane-image brane pair

corresponds to O(2), but O(1) is possible too: this represents a D(−1) stuck on the O7,

with charge half of that of the bulk D(−1) we have been considering so far. When taken

around a loop, such a “half” D(−1) will thus pick up a phase eπin7. Hence for the phase

of the D(−1) to be unambiguous, n7 must be even, that is, the D7 must intersect the O7

only in double points.7

7As usual, probe arguments of this sort are a little slick: one can always object that it might just be the

probe which is inconsistent, not the background. A more direct argument can presumably be given along

the lines of the analysis of [87], where the relation between Dirac quantization and certain kinds of brane
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The choice of orientifold projection was crucial for this argument. Had we chosen the

O7+ projection, which gives respectively gauge groups USp, O and USp for D7, D3 and

D(−1) branes coincident with the O7+, there would be no half D(−1) branes living on the

O7 (since the minimal USp group is USp(2) = SU (2)), and therefore no need for double

intersections. This choice of orientifold projection would have given positive D7-charge to

the O7, so this would not have corresponded to the F-theory case we started off with, and

in fact it would have been incompatible with supersymmetry and D7-tadpole cancelation.

(Very) special cases of consistent D7 brane embeddings are global brane-image-brane

configurations, obtained by taking χ = ψ2 with ψ a degree 12 polynomial in equation

(3.3). The D7 and its image are then given by D7±: η = ±ξψ, and both components

are generically smooth. However this is only a dimension 1423 subvariety of the full 3728

dimensional moduli space, and moreover as we will see such configurations do not reproduce

the (zero flux) F-theory D3-tadpole. Thus if we want to explore more than a tiny fraction of

the landscape of this compactification, we are forced to consider the most general consistent

D7 embedding, and deal with its singularities.

3.3 Singularity structure of the D7

From the previous discussion we take that the only allowed D7-worldvolumes S in X of

D7-charge 2mH are described by equations of the form

S : P2m := η2 − hχ = 0 , (3.4)

inside X : PX := ξ2 − h = 0. Here (h, η, χ) are polynomials of degree (8,m, 2m − 8) on

CP
3. To saturate the D7-tadpole, one can add a number of such D7-branes with charges

2miH, given by equations P2mi
= 0, satisfying

∑
i 2mi = 32. Such a combined system

is described by replacing the equation above with
∏
i Pmi

= 0, and can be rewritten in

the form η̃2 − ξ2χ̃ = 0, with η̃ and χ̃ suitable degree 16 and 24 polynomials, consistent

with the F-theory result. For many purposes we can however forget about the D7 tadpole

constraint and just consider (3.4) with arbitrary m. Unless stated otherwise, we will

moreover assume m > 4. The advantage of allowing general m is that it allows sharper

matching of topological data in the various pictures we will present.

The singularities of the algebraic surface S are those points for which the rank of the

gradient matrix (dP2m, dPX) deviates from its generic value 2. It is not hard to see that

for generic polynomials (h, η, χ), this happens precisely at the intersection of the D7 with

the O7, i.e. on the curve

C : η = 0 ∩ h = 0 ∩ ξ2 − h = 0. (3.5)

These are of course nothing but the double point intersections we discussed earlier: away

from χ = 0 the D7 looks locally like a D7 and its Z2 image: ξ = ±η/√χ. Globally this is

generically not the case because the sheets get interchanged when circling around χ = 0.

doublings was pointed out as well. Essentially, the analysis of [87] implies that smooth coincident brane

stacks transversal to the orientifold plane have USp(2n) gauge groups, and in our case, the generic double

intersection brane can be thought of as a USp(2) stack Higgsed by charged deformation fields forced to

vanish on the orientifold plane by the orientifold projection.
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The projection SB of S to the CP
3 base, given by the first equation in (3.4), does not

have singularities at generic points of the projection of C to the base. However it does

have double point singularities, locally isomorphic to the singularity x2 + y2 + z2 = 0 in

C
3, in the 8m(2m− 8) isolated points

pp : h = η = χ = 0. (3.6)

These singular points lift to pinch point singularities

-1
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0.5
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0
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1
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1

-1

-0.5
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0.5

1

Figure 2: The Whitney um-

brella in R3.

on S, locally isomorphic to the so-called (complexified)

“Whitney umbrella”:

x2 = zy2 (3.7)

in C
3 (we identified x = η, y = ξ, z = χ, so the O7 is at y =

0). This can alternatively be seen as the embedding of C
2

into C
3 given by (s, t) 7→ (st, s, t2). The Whitney umbrella

has a curve of double points at x = y = 0 pinching off at

x = y = z = 0. Its projection to R
3 is illustrated in fig.

2. A detailed analysis of such surfaces can be found in

[97] p. 618-621, and [98]) currently gives an aesthetically

pleasing and succinct description.

Due to the presence of these singularities, computing topological quantities such as

charges, deformation moduli and flux lattice dimensions from topological data such as

Hodge numbers becomes significantly more subtle than in the smooth case. We now turn

to these issues.

3.4 RR charges

3.4.1 Generalities

We start by reviewing the known formulae for RR charges of smooth D-branes and O-

planes. For future reference we will be more general than necessary to treat our example.

However, we will be far from completely general; in particular we will not use the proper

K-theoretic framework, which is fine for our purposes. For a comprehensive treatment of

the geometry and topology of orientifolds, we refer to [134].

We normalize worldvolume, NSNS and RR potentials such that their fluxes are in-

tegrally quantized (up to possible overall shifts), or equivalently such that large gauge

transformations act by integral shifts on period integrals of flat potentials. Then a D-

brane with worldvolume W carrying (possibly nonabelian) flux F couples to the total RR

potential C = C0 + C2 + C4 + C8 + C10 as [89, 90, 91, 92]

SDbrane
W,C = 2π

∫

W
C ∧ e−B Tr eF

√
Â(TW )

Â(NW )
, (3.8)

where Â is the A-roof characteristic class defined e.g. in section 5.5 of [5] and TW and

NW are the tangent resp. normal bundles of W . We work in units with ℓs := 2π
√
α′ = 1.
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The flux F obeys integral quantization conditions shifted by what can be thought of as a

half integral diagonal U(1) flux ∆F which reduces modulo Z to w2(NW ) [92, 93]. More

generally for a sheaf E, TreF is replaced by ch(E).

For spacetime filling D-branes translationally invariant in the R
1,3 directions this cou-

pling defines a cohomology class Γ ∈ H∗(X), which we will call the charge of the D-brane,

by requiring that for all closed B,C we have

SDbrane
W,C = 2π

∫

R1,3×X
C ∧ e−B Γ. (3.9)

In the case at hand, this identifies (D9,D7,D5,D3) charges with elements in respectively

(H0(X),H2(X),H4(X),H6(X)).

More concretely, using the fact that X is Calabi-Yau, one gets for a D9-brane stack

carrying a holomorphic vector bundle E

ΓD9 = ch(E)

(
1 +

c2(X)

24

)
, (3.10)

and for a stack of N D7-branes wrapped on a smooth surface S carrying a holomorphic

vector bundle E

ΓD7 = N [S] +

(∫

S
DA ∧ ch1(E)

)
D̃A +

(
Nχ(S)

24
+

∫

S
ch2(E)

)
ω (3.11)

where [S] ∈ H2(X) is Poincaré dual to the homology class of S, DA is a basis of H2(X)

and D̃A the dual basis of H4(X), χ(S) is the Euler characteristic of S, and ω the unit

volume element of X, which serves as a basis of H6(X). Thus the first term represents D7

charge, the second D5 charge and the last one D3 charge.

The Euler characteristic of a smooth surface S in a Calabi-Yau X can be computed

from the adjunction formula as

χ(S) =

∫

X
S3 + c2(X)S. (3.12)

In our example this becomes for S = nH, χ(nH) = 2n3 + 44n.

For a stack of N D5-branes wrapped on a curve C carrying a holomorphic vector

bunlde E we have

ΓD5 = N [C] +

(∫

C
c1(E)

)
ω. (3.13)

Finally, for a single D3-brane (as opposed to an anti-D3-brane) we take the convention

ΓD3 = −ω. (3.14)

Note the minus sign, which we chose such that D3-brane probes preserving the super-

symmetry of the orientifold backgrounds of interest to us have positive D3-charge, as is

common in the model building literature. In other words, we will take the basis element

of H6(X) with respect to which we express D3-charge to be −ω. (The other choice of sign
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is actually more natural for a variety of reasons (for example requiring T-duality to map

positive branes to positive branes), but we will stick to the above choice.)

An Op-plane on V couples to the RR potentials as [89, 90, 91, 21, 22, 134]

SO±plane
V,C = ±2π

∫

V
C ∧ 2p−4

√
L(1

4TV )

L(1
4NV )

, (3.15)

where L is the Hirzebruch L-genus (again defined e.g. in section 5.5 of [5]). Again we define

a charge Γ by pairing with closed forms:

SOplane
V,C = 2π

∫

R1,3×X
C ∧ Γ. (3.16)

In particular for an O7− wrapping a single component smooth divisor U , as in our example,

one gets, using the adjunction formula and the fact that X is Calabi-Yau:

ΓO7− = −8[U ] +
χ(U)

6
ω. (3.17)

where we recall χ(U) = U3 + c2U .

With these definitions, the RR tadpole cancelation condition for backgrounds with flat

B-field can be formulated as

e−BΓD + ΓO = 0, (3.18)

where ΓD denotes the total charge of all D-branes and ΓO the total charge of all O-planes.

For non-flat B-fields or B-fields with torsion these formulae need to be modified [134].

3.4.2 Orientifold actions

An O3/O7 orientifold is produced by a holomorphic involution σ combined with Ω(−1)FL .

The action on the massless closed string fields is [21]

C0,4,8 → σ∗C0,4,8, C2,6,10 → −σ∗C2,6,10, B → −σ∗B, g → σ∗g . (3.19)

The action on a worldvolume gauge field living on an orientifold-invariant D3- or D7-brane

stack is [87]

A→ −Mσ∗AtM−1 , (3.20)

whereM is a symmetric or antisymmetric constant unitary matrix, depending on the choice

of orientifold projection and the stack under consideration.8 If symmetric, the surviving

four dimensional gauge group is orthogonal, and if antisymmetric it is symplectic. If

M = M t one can choose a Chan-Paton basis such that M = 1 or alternatively if the

rank of the stack is even M =
(

0 1

1 0

)
. If M = −M t one can choose a basis such that

8For a D(p − 4k)-brane stack coincident with an Op±-plane we have M t = ±(−1)kM , and for a D7

stack wrapping a smooth 4-cycle transversal to an O7±, we have M t = ∓M . For a stack wrapped on a

generic O7−-transversal cycle of the singular kind we discussed in section 3.3, we get M t = M . These rules

are most easily and universally derived in the tachyon condensation picture, as will be discussed in section

4.2.4.
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M =
(

0 i1

−i1 0

)
. Here 1 is a unit matrix of the appropriate dimension. For a Dp-Dp′ pair

where Dp′ = σ(Dp), the action can be taken to be

A→ −σ∗A′t . (3.21)

This leads to unitary gauge groups.

Consistent with the above actions on the fields, the charge vectors Γ transform as

Γ → −σ∗Γ∗, i.e. Γ(2k) ∈ H2k(X) → (−1)k+1σ∗Γ(2k). (3.22)

Here Γ∗ is obtained from Γ by flipping the sign of the 2- and 6-form components, i.e.

Γ∗ :=
∑

k(−1)kΓ(2k) where Γ(2k) is the (2k)-form component of Γ. Thus the lattice of

invariant charges is

(D9 ⊕D7 ⊕D5 ⊕D3)invar = 0 ⊕H2
+ ⊕H4

− ⊕H6 (3.23)

where H2k
± is the ±1 eigenspace of σ∗ on H2k. In our example H2

+ = H2 and H4
− = 0.

3.4.3 Failure of naive charge formula for generic consistent D7-branes

We now return to the example. Our goal is to guess a formula for the D3 charge of

the generic consistent D7-branes described by (3.4), by comparing to the known F-theory

tadpole cancelation condition (2.7) at zero fluxG. Reasonably assuming that zero flux in F-

theory corresponds to zero worldvolume and bulk fluxes in IIB, we see that a configuration

without any worldvolume or bulk flux and 972 mobile D3-branes plus their orientifold

images must be tadpole free. In other words, minus the curvature induced D3 charge on

the O7 and the degree 32 D7 should add up to 2 × 972ω = 1944ω.

Since the O7 is smooth for generic h, the charge of the O7 is given directly by (3.17)

and (3.12), using U = 4H, H3 = 2ω and c2(X) = 22H2:

ΓO7 = −32H +
152

3
ω. (3.24)

Now, if we recklessly ignored the fact that the degree 32 surface S wrapped by the D7 is

singular, we would find, using (3.12), that χ(S) = 66944 and thus from (3.11) with N = 1

and E trivial9

ΓD7 = 32H +
8368

3
ω, (3.25)

and

ΓD7 + ΓO7 = 2480ω. (3.26)

This overshoots the F-theory value 1944ω. One could contemplate the possibility that this

type (supersymmetric) IIB configuration actually secretly corresponds to an F-theory vac-

uum with nonzero G-flux, but one quickly sees that this is not possible since the equations

of motion imply G = ∗G [94, 95, 8], so flux always adds positively to the D3-charge in

9Note that we can indeed take E trivial because the degree of S is even, so w2(NS) = c1(NS) mod 2 =

[S] mod 2 = 0.
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(2.7), which would make the discrepancy even worse. Thus we conclude that we have been

too reckless indeed in ignoring the singularity of S, in particular by using (3.12).

On the other hand, if we take our D7 to be of the special global brane-image-brane

type discussed at the end of section 3.1, i.e. χ = ψ2, we can reliably compute the charge,

since the two component surfaces are generically smooth divisors in the class 16H, and the

total charge is just the sum of the charges of these components. This gives

ΓD7 + ΓO7 = 792ω, (3.27)

undershooting the F-theory value. This is not inconsistent, but suggests that the sector in

the moduli space of D7-branes physically connected to this configuration maps in F-theory

to a sector with nonzero G-flux. We will later on show that this interpretation is indeed

correct. But this computation also shows that we cannot compute the charge of the generic

D7 by going to this particular, well-controlled brane setup; we must deal with the singular

generic D7 directly.

3.4.4 Modified charge formula

To formally preserve the usual charge formula (3.11) also for the generic, singular D7 in the

orientifold, we need to come up with a physical definition of the Euler characteristic of S

which reproduces the correct D3 charge. We will denote this modified Euler characteristic

by χo(S), where the subscript o is for orientifold, i.e. we define χo(S) for generic allowed10

S by ∫

X
ΓpureD7 =:

χo(S)

24
, (3.28)

where ΓpureD7 is the charge of a pure (trivial E) D7 wrapping S.

Consistency with the F-theory D3-tadpole formula (2.6) requires that

2χ(Z) = χo(D7) + 4χ(O7) , (3.29)

which in our example gives χo(S32) = 45440 for generic allowed surfaces S32 of degree 32.

For a D7 S which globally splits in a smooth D7 S1 and its orientifold image S′
1,

the correct identification is simply χo(S1 ∪ S′
1) = χ(S1) + χ(S′

1) = 2χ(S1), where the

Euler characteristics of the components are just the topological ones. This additivity

merely represents charge additivity, or put differently, the fact that the induced D3 charge

is the integral of a local density (the euler density) over the separate component brane

worldvolumes. Note that χo(S1 ∪ S2) differs from the topological Euler characteristic of

the union: χtop(S1 ∪ S2) = χo(S1 ∪ S2) − χ(S1 ∩ S2).

Now, as we saw, a generic D7 does not globally split in a brane-image-brane pair, but

nevertheless it splits locally; near the curve of double point singularities C, away from the

pinch points, S just looks like a D7 transversally intersecting its image on the O7. This

suggest we should parametrize the worldvolume of S such that the parametrization splits

the two branches meeting on the curve C of double points, similar to the parametrization

of the Whitney umbrella x2 = zy2 by (x, y, z) = (st, s, t2), which splits the double point

curve x = y = 0 into (s, t) = (0,±√
z). Modulo subtleties due to the intrinsically singular

10By “generic allowed” here and in the following we mean a D7 described by a generic polynomial of the

restricted form (3.4).
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pinch points, we can then expect the proper χo(S) to be the Euler characteristic of the

parameter surface.

Mathematically, such a splitting can be re-

Σ

S

π

C

Figure 3: Cartoon of parametrization of S by

Σ near the double point locus C, away from

the pinch points.

alized by blowing up the double point curve C.

This blowup is of an auxiliary nature though

— we are not really physically resolving space,

we are just defining a convenient worldvolume

parametrization. Concretely, consider the D7

described by (3.4) for arbitrary m. We want

to blow up the curve C : η = ξ = 0. This

goes as follows. Extend the set of coordinates

(u1, u2, u3, u4, ξ) with two new coordinates s

and t, and mod out by a new C
∗ rescaling

(s, t) → (λs, λt), so (s, t) parametrize a P
1.

Furthermore impose the equation

t ξ = s η(u). (3.30)

In order for this to be compatible with the orig-

inal projective rescalings of (ui, ξ), we assign

weights (0,m − 4) to (s, t). In summary we have the following toric U(1) charges (or C
∗

weights):

u1 u2 u3 u4 ξ s t

Q1: 1 1 1 1 4 0 m− 4

Q2: 0 0 0 0 0 1 1

Note that away from the curve C, (3.30) uniquely

determines a point (s, t) in the P
1, so nothing

changes. Each point on C on the other hand

is replaced by a P
1.

Now let Σ be the closure of our D7-divisor S defined by (3.4) but with the curve

C : η = ξ = 0 removed, in this blown up space. Explicitly, after gauge fixing11 s ≡ 1, this

is

Σ : ξt = η ∩ t2 = χ ∩ ξ2 = h (3.31)

in WCP
5
1,1,1,1,4,m−4. Then the blow-down projection map

π : Σ → S : (~u, ξ, t) 7→ (~u, ξ) (3.32)

is one to one except at ξ = 0, t 6= 0, i.e. the curve of double points C away from the set of

pinch points pp : t = ξ = h = η = χ = 0, where it is two to one. At the pinch points, it

is again one to one. (Note that this parametrization reduces to the (s, t) parametrization

11We can do this since s = 0 implies ξ = 0, which is incompatible with the equation for S with ξ = η = 0

removed.
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given above when we apply this prescription to the Whitney umbrella.) This means Σ

parametrizes S through the projection π in the way we were after. Hence we expect

χo(S) = χ(Σ) + k npp, (3.33)

where k is some constant, to be determined, and npp the number of pinch points. The

second term represents a possible correction due to the isolated pinch point singularities,

where the parametrization degenerates.

We now verify this and determine k. Since the coordinate surface Σ is a smooth com-

plete intersection in weighted projective space, it is straightforward (using the adjunction

formula, cf. section 5.5 of [5]) to compute its Chern classes and hence its Euler character-

istic χ(Σ) = Σ · c2(Σ). The total Chern class is, denoting the divisor class [ξ = 0] by [ξ]

and similarly for the others:

c(Σ) =
(1 + [u])4 (1 + [ξ]) (1 + [t])

(1 + [h]) (1 + [η]) (1 + [χ])
(3.34)

=
(1 + H̄)4 (1 + 4H̄) (1 + (m− 4)H̄)

(1 + 8H̄) (1 +mH̄) (1 + (2m− 8)H̄)
(3.35)

= 1 + (4 − 2m) H̄ + (54 − 20m+ 4m2) H̄2 , (3.36)

where H̄ is the hyperplane class [u1 = 0] in WCP
5
1,1,1,1,4,m−4, which satisfies H̄5 = 1

4(m−4)

(cf. [5] section 5.2). Hence, using Σ = 8m(2m− 8) H̄3,

χ(Σ) = 16m3 − 80m2 + 216m. (3.37)

Furthermore npp = 8m(2m − 8). For m = 16 we thus get npp = 3072 and χ(Σ) =

45440+ 3072. Hence (3.33) exactly reproduces the F-theory result (3.29) provided we take

k = −1. (3.38)

For S of general degree 2m we get, using (3.33) with k = −1 and (3.37),

χo(S2m) = 16m3 − 96m2 + 280m. (3.39)

As a nontrivial consistency check, one can verify that if we have two generic D7-branes of

degrees m1, m2 with m1 +m2 = 16, the total D3-charge of the compactification is integral

as it should; in contrast taking e.g. k = 0 in (3.33) would violate integrality for certain

values of mi.

In conclusion, we propose the following modified formula for the curvature induced D3

charge on a D7 of the kind we are considering:

(ΓpureD7)D3 =
χo(S)

24
ω, χo(S) = χ(Σ) − npp , (3.40)

where Σ is the parametrization manifold of the D7 splitting the curve of double points,

and npp the number of pinch points, where the parametrization degenerates.

In section 4 we will give a direct derivation of this formula from D9-anti-D9 tachyon

condensation.
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3.4.5 Mathematical characterization of χo(S)

The Euler characteristic of a smooth space is defined without any ambiguities. It is always

the standard topological Euler characteristic, which satisfies specific additive and multi-

plicative properties. The topological Euler characteristic can be computed as the integral

of the top Chern class. For a singular variety, there are many non-equivalent generaliza-

tions of the notion of Euler characteristic that can be viewed as the integral of a suitably

generalized top Chern class. Interestingly, χo(S) does not equal any of these common Euler

characteristics. However, it is a sensible Euler characteristic that can be described as a

top Chern class integral [96].

If Z in an elliptic fibration over a base B of arbitrary dimension, the corresponding

Euler characteristic χo satisfies the relation

2χ(Z) = χo(S) + 4χ(O),

where S and O are the two hypersurfaces defined using Sen’s weak coupling limit along

the lines that we followed in F-theory to define the hypersurfaces wrapped respectively by

the D7 brane and the O7 plane. It is interesting to note that the previous relation can be

shown to hold without assuming the Calabi-Yau condition and without any restrictions on

the dimensionality of Z [96].

The mathematical definition of χo(S) [96] is closely related to the one of the stringy

Euler characteristic, or more generally to motivic integration. This is discussed at length in

[96]. In a sense, χo(S) is a non-trivial generalization of the stringy Euler characteristic to

spaces admitting singularities in codimension one. The usual stringy Euler characteristic

is defined only for so-called normal spaces which are always smooth in codimension 1

although they could admit singularities in higher co-dimensions.

3.5 Flux lattice

In general a single D7-brane wrapped on a divisor S can carry internal U(1) fluxes F .

These take values in the shifted integral lattice c1(S)
2 +H2(S,Z). If the D7 is a Z2-invariant

brane in the O3/O7 orientifold we are considering, then the only fluxes which survive the

orientifold projection are those which satisfy σ∗F = −F . So in some sense we expect the

allowed fluxes on S to be given by H2
−(S,Z) (we can drop the half integral shift since c1(S)

is always even in the case at hand). However, again, because S is generically singular, it is

not immediately clear how to define H2
−(S,Z), and naive attempts ignoring the singularity

result in gross discrepancies with F-theory.

Again, the problem is solved by considering the Σ-parametrization of the D7-worldvolume.

The key is to view the fluxes F as living on the smooth surface Σ instead of on the singular

S. Note that the orientifold involution σ on S induces on Σ the involution

σ : ξ → −ξ, t→ −t. (3.41)

We define H2
−(Σ) to be the part of H2(Σ) odd under σ∗. We propose

Lattice of U(1) wordlvolume fluxes = H2
−(Σ,Z) . (3.42)
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As a nontrivial check, we will now show that the dimension of this lattice plus the lattice

of bulk RR and NSNS fluxes precisely equals the dimension of the F-theory flux lattice in

our example.

To compute b2− ≡ dimH2
−(Σ), we use the Lefshetz fixed point index formula [97], which

states ∑

k

TrHk(Σ) (−1)kσ∗ = χ(Σσ) (3.43)

where Σσ is the fixed point locus of the involution. Noting that the fixed points of σ are

nothing but the pinch points pp, we see that in the case at hand this becomes 1+b2+−b2−+1 =

npp. Here we also used that b1(Σ) = 0, which follows from the Lefshetz hyperplane theorem

[97]. Combining this with χ(Σ) = 2 + b+2 + b−2 hence results in

b2− =
1

2
(χ(Σ) − npp) =

χo(S)

2
= 8m3 − 48m2 + 140m. (3.44)

For a tadpole-saturating D7 we have m = 16, so in that case b−2 = 22720.

To compare to the dimension of the F-theory flux lattice, we should add this to the

dimension of the lattice of RR and NSNS fluxes. From (3.19), it follows that this equals

(two times) b3−(X) = dimH3
−(X,Z). We always have b3,0− (X) = b3,0(X) = 1. Moreover,

because none of the complex structure moduli of X are projected out by the orientifolding,

we also have h2,1
− (X) = h2,1(X). So b3−(X) = b3(X) = 300. This can also be verified by

the Lefshetz fixed point index formula. Thus we find for the total flux lattice dimension

b = b−2 (Σ) + 2b−3 (X) = 23320. (3.45)

This is in precise agreement with the F-theory result (2.17).

3.6 Moduli

A similar story applies to counting deformation moduli of the D7. In non-orientifolded

CY 3-folds, there is a one to one correspondence between infinitesimal holomorphic de-

formations of the D7 and holomorphic (2,0)-forms on the divisor S wrapped by the D7.

The map is obtained by contracting the holomorphic section of the normal bundle to S

corresponding to the deformation with the holomorphic (3,0)-form Ω3 on the Calabi-Yau

X. Equivalently, if S is described locally by equations f(x) = 0 (so in particular when

f(x) extends to a global homogeneous polynomial P (x)), deformations are described by

variations δf of f , and we can locally write the associated (2, 0)-form ρ[δf ] as a Poincaré

residue, defined in section 5.6 of [5]:

ρ[δf ] =
1

2πi

∮

f=0

δf

f
Ω. (3.46)

Conversely, given a holomorphic (2,0)-form ρ on S, ρ ∧ df extends to a holomorphic (3,0)-

form in an infinitesimal neigborhood of S, hence we can uniquely define δf [ρ] by writing

ρ ∧ df = Ω δf + O(f) (so ρ = ρ[δf ]).

In an orientifolded CY 3-fold, infinitesimal deformations of the D7 respecting the Z2

symmetry σ are given by σ-symmetric holomorphic sections of the normal bundle to the
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D7. Contracting this vector field with Ω3 produces a (2, 0)-form on the D7 worldvolume

which is σ-antisymmetric, since Ω3 itself is σ-antisymmetric. Thus one would naively

expect a one to one correspondence between elements of H2,0
− (S) and deformations of the

D7. However this is not quite correct, since, as discussed in section 3.1, not all σ-symmetric

deformations of the D7 are actually allowed. Moreover, at the locus C of double points,

the normal bundle to S is not even well-defined.

This leaves us with the question what the proper analog is which does correctly count

the number of deformations. A natural guess is

Number of D7 deformation moduli = h0,2
− (Σ) , (3.47)

with Σ defined in (3.31). We will justify this in general below, but let us first check that

this indeed reproduces the correct counting in our example.

For our example, we can compute the number of allowed D7 deformations directly

— for a degree 2m surface S it is given by the number of inequivalent deformations of

(ηm, χ2m−8) in (3.4). For m > 4, this is

ND7def =
(
m+3

3

)
+
(
2m−8+3

3

)
−
(
m−8+3

3

)
− 1 =

4

3
m3 − 8m2 +

59

3
m, (3.48)

where the first subtraction comes from the equivalence (η, χ) ≃ (η + hψ, χ + 2ηψ + hψ2)

with ψ of degree m− 8 and the second one from overall rescaling of the coefficients. When

m < 8 the first equivalence is absent, but as long as m > 4 the subtracted binomial is zero

in this case, so the counting is still correctly given by (3.48).

To compute h2,0(Σ), we can use the formula for the holomorphic Euler characteristic

given in section 5.8 of [5]:

1 + h2,0(Σ) = χ0(Σ) =

∫

Σ
Td(Σ) =

1

12

∫

Σ
c21 + c2 , (3.49)

where we also used the Lefshetz hyperplane theorem to conclude h1,0(Σ) = 0. For our

example, plugging (3.34) in (3.49) then gives an explicit formula for h2,0.

However, this is not yet what we need: We want h2,0
− (Σ). This can be computed

using the holomorphic Lefschetz fixed point formula. In full generality, this can be stated

as follows. Let V be a vector bundle on some manifold M and let g : V → V be a

holomorphic symmetry descending to a holomorphic symmetry g : M →M . Then

TrH0,∗(M,V ) (−)p g =

∫

Mg

chg(V )
Td(Mg)

chg(∧−1NMg)
. (3.50)

Here p is the form degree, chg(V ) := Tr g eF , Mg is the fixed point locus of g, ∧−1N :=

1−N +N ∧N −N ∧N ∧N + · · · , and NMg is the complex conjugate of the normal bundle

to Mg. Specializing this to g equal to a holomorphic involution σ (think of an orientifold

involution possibly acting also on the Chan-Paton indices of V ), let us make this formula

a little less obscure. First, in terms of the Chern roots λ
(V )
m of V , we can write

chσ(V ) =
∑

m

〈m|σ|m〉 eλ
(V )
m , (3.51)
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where the |m〉 are the Chan-Paton eigenvectors corresponding to the λm. Moreover, since

σ acts as −1 on the normal bundle to Mσ, we have in terms of the Chern roots λ
(NMσ)
n of

the normal bundle to Mσ:

chσ(∧−1NMσ) =
∏

n

(
1 + e−λ

(NMσ )
n

)
. (3.52)

In the case at hand, M = Σ, V is trivial, and the fixed point set Σσ of σ : (ξ, t) → (−ξ,−t)
is a set of isolated points, namely the pinch points pp, so Td(Σσ) = 1. Furthermore from

(3.52) and the fact that the normal bundle has rank 2 and the Chern roots are zero (because

dim Σσ = 0) it follows that chσ(∧−1NΣσ) = 2 × 2 = 4. Hence (3.50) becomes

1 + h0,2
+ (Σ) − h0,2

− (Σ) =

∫

Σσ

1

4
=
npp
4
. (3.53)

Together with (3.49), this implies

h0,2
− (Σ) =

1

24

∫

Σ
c21 + c2 − npp

8
. (3.54)

This formula holds in general (if h0,1 = 0). For our example we have npp = 8m(2m − 8)

and (3.34). Thus we find

h0,2
− (Σ) =

4

3
m3 − 8m2 +

59

3
m, (3.55)

in precise agreement with the direct counting (3.48).

We will now show more directly that h0,2
− indeed equals the number of D7 moduli.

The D7 is given by the equation P := η2 − hχ = 0. Infinitesimal deformations are of

the form δP = 2ηδη − hδχ, parametrized by (δη, δχ) modulo the equivalence (δη, δχ) ≃
(δη + hδψ, δχ + 2ηδψ).

Now consider the Poincaré residue12

ρ =

∮ ∮ ∮
ω · V

(ξ2 − h)(ξt− η)(t2 − χ)

δP

ξ
, (3.56)

where ω = du1 ∧ du2 ∧ du3 ∧ du4 ∧ dξ∧ t, V = ui∂ui
+4ξ∂ξ +(m− 4)t∂t and the integration

contours are infinitesimal loops around the zeros of the denominator dividing ω · V . Note

that this results in a well defined meromorphic (2, 0) form on Σ, since the integrand is

gauge invariant (invariant under the projective rescalings). In fact, despite the 1/ξ factor,

ρ actually has no poles and hence is holomorphic, not just meromorphic. To see this, note

that inside the residue integral we can replace

δP

ξ
=
hδχ − 2ηδη

ξ
→ ξ2δχ− 2ξtδη

ξ
= ξδχ− 2tδη, (3.57)

where the substitutations h → ξ2, η → ξt are allowed because inside the residue integral

anything with a factor appearing in the denominator dividing ω · V integrates to zero as

12see section 5.6 of [5] for notation and the general framework leading to this expression
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the integrand then becomes analytic inside one of the contours. Finally, it is clear that ρ

is antisymmetric under σ : (ξ, t) → (−ξ,−t), because the integrand is antisymmetric.

Thus any infinitesimal deformation of the D7 maps to an element ρ of H2,0
− (Σ) by this

map. Conversely, every element ρ of H2,0
− (Σ) can be written as a residue

ρ =

∮ ∮ ∮
ω · V

(ξ2 − h)(ξt− η)(t2 − χ)
Q(u, ξ, t) (3.58)

where Q(u, ξ, t) is a degree 2m− 4 polynomial antisymmetric under σ. Using the fact that

we can substitute ξ2 → h(u), t2 → χ(u) and ξt→ η(u), the most general such Q is of the

form Q(u, ξ, t) = ξ Q1(u) + tQ2(u). Comparing to (3.57), we see that δP/ξ parametrizes

the most general Q of this kind, and therefore every ρ ∈ H2,0
− (Σ) maps to a D7 deformation.

This completes the proof that there is a one to one map between H2,0
− (Σ) and the

infinitesimal deformations of the D7. Although we set up the proof in the context of our

example, it is clear that the argument generalizes.

3.7 Open string flux vacua

Now we know how to correctly compute tadpoles, flux lattice dimensions and moduli

space dimensions, we can move on to constructing open string flux vacua. These are

configurations of D-branes carrying worldvolume magnetic gauge fluxes, with all D-brane

moduli frozen, in a given closed string background. We will restrict here to the case without

closed string background fluxes.

For our purposes, a supersymmetric open string flux vacuum, in the large volume

limit, is hence given by a (possibly reducible, i.e. multi-component) holomorphic 4-cycle Σ

as described above, together with a U(1) flux13 F ∈ H2
−(Σ), such that F is anti-self dual:

F = − ∗ F , or equivalently:

F 0,2 = F 2,0 = 0, F ∧ J = 0, (3.59)

where J is the Kähler form on X pulled back to Σ. The flux is integrally quantized up to

a shift14 ∆F = c1(Σ)
2 [92, 93].

Since cohomology classes have unique harmonic representatives, and F ∧J is harmonic

if F is harmonic, it is sufficient to consider the equations (3.59) in cohomology. Note also

that if Σ is irreducible, the second equation F ∧ J = 0 follows automatically from the fact

that F is odd under σ while J is even. For a D7-image-D7 pair on the other hand, we can

a priori turn on an arbitrary flux F on one D7 and the image flux −σ∗F on the image D7.

In this case the condition F ∧ J = 0 must be enforced on the two components separately

and becomes nontrivial (see section 4.4).

While the second equation can be thought of as a D-term constraint, which involves the

background Kähler moduli, the first equation can be though of as an F-term constraint.

Indeed it is the critical point equation ∂zW (ψ, z) = 0 of the following superpotential

13Nonabelian fluxes are possible too, of course. For simplicity we restrict to abelian fluxes in most of this

section.
14There might be more subtle constraints on F as well, along the lines of [99].
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[100, 57, 101, 83], depending on 3-fold complex structure moduli ψ and D7 deformation

moduli z:

WF (ψ, z) =

∫

ΓF (z)
Ω(ψ) (3.60)

where Ω is the holomorphic 3-form on X and ΓF is the 3-chain swept out by a 2-cycle

Poincaré dual to F on the D7-worldvolume Σ by varying Σ from some reference Σ0 to Σz.

The physical interpretation of this superpotential is that its norm represents the tension

of a domain wall interpolating between different open string flux vacua — in the weak

string coupling limit such a domain wall is a D5-brane wrapping ΓF . See [5] for a detailed

account of the relation of this superpotential to the Gukov-Vafa-Witten superpotential of

F-theory.

Although elegant, (3.60) is of little practical use for explicit construction of flux vacua.

For our example, we would need to identify a basis of the 23320-dimensional flux lattice of

Σ, compute its intersection form, compute the 23320 corresponding 3-chain periods of Ω

as a function of the 3728 D7 moduli, and find critical points of the resulting superpotential

for given flux quanta. Needless to say, this is not quite feasible.

There is however a much simpler, geometrical way to construct open string flux vacua,

to which we now turn.

3.8 Flux vacua and holomorphic curves

The F-term constraint F 0,2 = F 2,0 = 0 is equivalent to F being Poincaré dual to a rational

linear combination of holomorphic curves on S. Thus, flux vacua can be constructed by

picking a (possibly multi-component) curve γ in X, taking S to contain γ, and putting

F := PDΣ(γ̄) − PDΣ(γ̄′) , (3.61)

where Σ is the parameter surface (3.31), γ̄ is the lift of γ to Σ, and γ̄′ = σγ̄ its orientifold

image. This form guarantees the orientifold projection F = −σ∗F is satisfied.

This construction (for D4-branes in non-orientifolded CY manifolds) was used exten-

sively in [83, 82] for the purpose of enumeration of supersymmetric D-brane configurations.

For the purpose of explicitly constructing D7 flux vacua in IIB orientifolds, one could pro-

ceed as follows.

For concreteness we consider our basic example with a D7 equation of full degree 32

(so m = 16), and restrict to the case where γ is a rational curve of degree d, that is, in the

coordinates used in (3.31):

(ξ, ~u) =
(
Ξ(x, y), ~U (x, y)

)
, [x : y] ∈ CP

1 , (3.62)

where (Ξ, Ui) are homogeneous polynomials of degree (4d, d) in (x, y). Requiring the curve

γ to lie in S is equivalent to imposing that for all (x, y):

Ξ2(x, y) = h
(
~U(x, y)

)
(3.63)

η2
(
~U(x, y)

)
= Ξ2(x, y)χ

(
~U(x, y)

)
. (3.64)

The first equation is the condition for the curve to lie in the Calabi-Yau X. It is of degree

8d in (x, y), so it amounts to 8d+ 1 independent equations on the coefficients of Ξ and the

– 26 –



Ui. There are (4d+1)+4× (d+1) = 8d+5 such coefficients, of which 4 can be set to zero

by a GL2 reparametrization of the CP
1, resulting in 8d+1 independent curve deformations

in the space parametrized by (ξ, ~u). Hence for a given h we generically expect a discrete

set of curves solving the first equation. The number of solutions is roughly speaking given

by the genus zero Gopakumar-Vafa invariants. For our example this is 29, 504 for d = 1

and 128,834,912 for d = 2 [102].

The second equation, (3.64), is of degree 32d, and since we know Ξ and ~U already from

the previous step, this can be thought of as a set of

Nconstr(γ) = 32d+ 1 (3.65)

equations for the coefficients of χ and η determining the D7 embedding. Thus we see

explicitly that turning on flux freezes some of the moduli. Note that since the number of

independent deformations of the D7 is 3728, we need at least d ≥ 117 if we want to freeze

all D7 deformation moduli in this way.

However, we must take into account D3 tadpole cancelation. Supersymmetric fluxes

will induce positive D3-charge. The D3 charge induced by the flux (3.61) equals QD3(γ) =

−
∫
Σ
F 2

2 = −γ̄2
∣∣
Σ
. Here we dropped a term +γ̄ · γ̄′|Σ which we can typically expect to be

zero, because for rational curves we generically only expect intersection points of γ and γ′

at ξ = 0, but these are split by the lifting to γ̄ and γ̄′, except in the nongeneric case in which

they happen to coincide with pinch points. (If the intersection happens to be nonzero after

all, it will only make QD3 larger.) The self-interesection product can be computed using

the adjunction formula: γ̄2|Σ = −χ(γ̄) + γ̄ · c1(Σ) = −2 − 28d, where we used (3.34) and

χ(CP
1) = 2. We conclude

QD3(γ) = 28d + 2 . (3.66)

So, if we take d ≥ 117, as we saw necessary to freeze all moduli in this way, we get

QD3 > 3276, which, interestingly, is quite a bit higher than the maximal value allowed

by tadpole cancelation, 1944 (minus the curvature induced D3 charge). We conclude that

we cannot supersymmetrically freeze all D7 deformation moduli by turning on fluxes of

the form (3.61) with γ a rational curve. This behavior generally persists when γ is taken

to be a collection of curves of total euler characteristic positive or not too negative. For

large negative Euler characteristics, the sitation is not clear, also because there may now

be curve moduli. These observations suggest the possible existence of a no-go theorem

forbidding moduli stabilization at weak coupling by worldvolume fluxes alone. It would be

interesting to investigate this further.

4. Weak coupling D9-anti-D9 picture

Through tachyon condensation, D7-branes can be obtained as bound states of (multiple)

D9 branes carrying a certain vector bundle E with their orientifold image anti-D9 branes,

offering an alternative description of D7-branes in orientifolds. We will see in this section

that this allows us to derive all of the formulae inferred in the previous section from

comparison with F-theory, as well as obtain further results on the systematics of D7-branes
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in orientifolds, including determining enhanced gauge symmetries and charged particle

spectra, all using nothing more than simple polynomial manipulations.

4.1 D9-anti-D9 bound states: non-orientifold case

4.1.1 Tachyon quotient construction

Bound states of D-branes on Calabi-Yau manifolds have been discussed extensively in the

context of non-orientifolded N = 2 theories, beginning with the work [58] and fitting at

the most general level in the categorical framework of [59], as reviewed in [60]. For the

state of the art of this program, see [61].

In orientifolds, such bound states are less well understood, and the proper mathemati-

cal framework has not been developed in full generality. Let us therefore first briefly review

some of what is known in the non-orientifold case, while trying to make the discussion as

concrete and practical as possible. In the next subsection we will make the necessary

generalizations to the orientifold case.

We will first give the general abstract construction and then turn to concrete examples.

When D9-branes and anti-D9-branes, each carrying gauge fields strengths (bundles)

giving rise to lower dimensional charges, are placed on top of each other, the combined

system will not be supersymmetric at large volume. Under favorable conditions however

(where “favorable” is determined by D-term/stability constraints), tachyonic open string

modes T exist between the brane and the anti-brane systems, which can condense to form

a new supersymmetric bound state [103] (reviewed in [104]). This leads to the string

theoretic incarnation of K-theory (see e.g. [105]) as the proper classifications scheme for

D-brane charges [106]. A sampling of papers on this topic is [92, 107, 108, 109, 110, 111,

112, 113, 114, 115, 116, 119, 120, 121].

Classical supersymmetric bound states of a stack of D9-branes carrying a bundle F of

rank r and a stack of anti-D9 branes carrying a bundle E of rank r′ ≤ r can be represented

as follows (concrete examples will be given below).15 The tachyon can be thought of as a

section of F ⊗ E∗, or equivalently as a linear map

T : E → F, (4.1)

which locally can be represented by an r × r′ matrix function on the CY manifold X. To

get a supersymmetric configuration, T must be holomorphic, which we will assume from

now on.

If the tachyon is everywhere a one to one map between the vector space fibers of E and

F , then E and F are isomorphic — in other words the second brane is the exact anti-brane

of the first — and tachyon condensation annihilates them completely, leaving the vacuum

behind. If T is not everywhere one to one, then annihilation will only be partial, resulting

in a D-brane described by the quotient G = F/TE. What we mean by this quotient16 is

15We will use F both to denote bundles and gauge field curvatures. We regret the confusion this may

cause.
16which we can also write as the short exact sequence 0 → E

T
−→ F → G→ 0.
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essentially the fiberwise equivalence

f ≃ f + T · e (4.2)

for vectors f and e in the fibers of F and E respectively. Indeed when T is everywhere

one to one, this quotient leaves the zero element everywhere, i.e. the vacuum. When this

is not the case, the quotient amounts, loosely speaking, to annihilating the “part” of E

isomorphic to F . When r′ < r, the quotient will generically leave a fiber of dimension

r − r′ behind, as expected when r′ anti-D9-branes annihilate r′ out of r D9-branes. When

r = r′, which is the case we will be interested in, T will generically be invertible everywhere

except at points where detT = 0, so the quotient will be trivial except at this complex

codimension 1 locus.

A physical derivation of this prescription leading to K-theory, based on RG flow be-

tween boundary CFTs, can be found in [121].

Since the dimension of the fiber is not constant, the quotient is not a vector bundle.

The proper mathematical description of this is a sheaf. Physically thinking of sections

as wave functions of a hypothetical charged particle, a sheaf can essentially be thought

of as a description of a system by the set of all possible wave functions with respect to

all possible local observers. A bundle on the other hand describes a system by specifying

the gauge transformations of wave functions between a number of local observers which

together cover the space.

Thus, in the quotient (4.2), we can think of f as the possible wave functions of (particles

living on) the D9 and e as the wave functions of the anti-D9, and the result are the wave

functions of the bound state. The fact that the quotient is zero outside of

S : detT = 0 (4.3)

just means that the wave functions are localized on this complex codimension one locus,

i.e. we get a D7-brane localized at S.

The D7 will in general again carry a holomorphic vector bundle determined by (4.2).

There is a slight subtlety, in that the actual bundle carried by the worldvolume gauge

fields on the corresponding D7-brane is not exactly the bundle obtained by taking the

quotient (4.2) restricted to S, but rather [122, 60] this bundle tensored by the “line bundle”

K
−1/2
S , where KS is the canonical line bundle if S (whose first Chern class is −c1(S)). In

practice this can be thought of as the gauge flux F being shifted by a diagonal U(1) flux

∆F = + c1(S)
2 . The need for this shift can easily be checked from charge conservation, as

we will illustrate in an example below.

For generic T , the fiber dimension of the resulting bundle will be one, so we have a

line bundle. Physically, this corresponds to a single smooth D7 carrying a type (1,1) U(1)

flux, equal to first chern class of the line bundle. A convenient and useful way to describe

this flux F is by its Poincaré dual 2-cycle on the divisor S wrapped by the D7. This was

used extensively in [78, 79], whose construction we put in a more general framework here.

Because F is a (1, 1)-form, the 2-cycle will be a linear combination of holomorphic curves,

i.e. a divisor on S. Concretely the divisor is given by the zeros and poles of a section of

the line bundle corresponding to F .
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To make this precise, assume for simplicity that F restricted to S has a holomorphic

section f(x) 17 and let [f(x)] be its equivalence class under (4.2). By construction, [f(x)]

is a section of a line bundle on S. As such it is associated to a divisor γ : [f(x)] = 0, i.e.

γ = {x ∈ S | ∃ e(x) : f(x) = T (x) · e(x)}, (4.4)

where e(x) denotes a local section of E restricted to S. We can rewrite the equation in

(4.4) in the following useful way. Let T̃ (x) be the matrix of cofactors ((r − 1) × (r − 1)

minors) obtained from T (x). Then T̃ t · T = (detT )1 = 0 on S, so each x ∈ γ satisfies

the system of holomorphic equations T̃ t(x) · f(x) = 0. Conversely, if x ∈ S is such that

T̃ t(x) · f(x) = 0, then f(x) is in the image of T (x). This can be checked most easily by

going to a basis where T (x) is upper triangular with only the lowest diagonal element equal

to zero (which we can do since by assumption detT has a simple zero on S). Thus

γ = {x ∈ S | T̃ t(x) · f(x) = 0}. (4.5)

Taking the above mentioned flux shift into account, we thus find that the flux carried by

the D7-brane is

F = PDS(γ) +
c1(S)

2
= PDS(γ) − ι∗S [S]

2
. (4.6)

Here PD stands for Poincaré dual and ι∗S [S] denotes the pullback of the 2-cohomology class

[S] to S. In the last step we used that in a CY, c1(TS) = −c1(NS) = −ι∗S[S]. This

expression for F can be checked for example by matching the charge of the bound state to

the sum of the charges of the constituents, as we will illustrate below.

Finally, the moduli space of these supersymmetric bound states is parametrized by

different choices of T (sections of F ⊗E∗ invertible at generic points of X) modulo internal

holomorphic complexified gauge transformations:

T → gFTg
−1
E . (4.7)

Here gF : F → F and gE : E → E are (not necessarily constant) automorphisms.18

The residual gauge symmetry is the set of gauge transformations (4.7), with gF and gE
automorphisms independent of the internal coordinates, that leave T invariant. We usually

express the residual gauge groups in their real rather than complexified forms (e.g. U(N)

instead of GL(N)). For generic T , the gauge group is completely broken to a diagonal

U(1), as expected for a single D-brane. For special choices of bundles and T , there can be

a larger residual gauge group. There can also be subspaces of X where locally the residual

symmetry gets enhanced; if these loci intersect S, this typically signals the presence of

massless matter arising e.g. at D-brane intersections.

17Different choices of f(x) will lead to homologous divisors.
18An automorphism of the bundle E is a change of basis respecting the bundle structure, i.e. an invertible

linear map sending sections to sections. It is a holomorphic section of E ⊗ E∗.
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4.1.2 Bound states of fluxed D9-anti-D9 branes and brane recombination

Let us now turn to some examples. The simplest possibility is to take E and F to be two

line bundles. For example on the quintic Calabi-Yau, let us choose E = O(−a), F = O(b),

where we take a, b > 0, so we have holomorphic sections for E∗ = O(a) and F . The

holomorphic sections are just the homogeneous polynomials of degree a resp. b. Then T is

a section of F ⊗ E∗ = O(a + b), a polynomial of degree a + b, hence the class of the D7

divisor S is [S] = (a + b)H with H the hyperplane class. Furthermore T̃ = 1, so we can

take γ to be the zero locus of simply some degree b polynomial f(x), and from (4.6)

F = ι∗S(bH − [S]

2
) = (b− a+ b

2
)ι∗SH =

b− a

2
ι∗SH. (4.8)

Charge conservation requires that the total charge of the constituents as given by (3.10):

(chF − chE)(1 + c2(X)
24 ) = (ebH − e−aH)(1 + c2(X)

24 ) (4.9)

equals that of a D7 wrapping S with flux F , as given by (3.11) and (3.12):

(a+b)H+
(b+ a)(b− a)

2
H2+

(a+ b)3H3 + (a+ b)c2(X) ·H
24

+
(a+ b)(b− a)2H3

8
. (4.10)

This is indeed the case, as can be checked by a short computation. (For the quintic,

c2(X) ·H = 50, but this is not needed to show the equality.)

The moduli space of such supersymmetric bound states is the projectivization of the

space of nonzero holomorphic sections of O(a+ b) on the quintic, i.e. the space of nonzero

degree a + b homogeneous polynomials modulo C
∗ rescalings and modulo the defining

equation of the quintic. This is indeed the moduli space of the corresponding D7-brane

wrapping S.

A less trivial and important class of examples is obtained by taking E and F to be the

direct sum of line bundles

E =
r⊕

i=1

O(−Ui), F =
r⊕

i=1

O(Vi), (4.11)

where we take the Ui and Vi to be divisors such that there are holomorphic sections of E∗

and F (for example this is guaranteed when they are very ample). In more basic terms, F

describes a superposition of r D9 branes, each carrying a U(1) flux Fi = c1(O(Vi)), which

is the Poincaré dual to the divisor Vi. Similarly, E describes a collection of anti-D9 branes.

Then T is a r× r matrix with Tij a holomorphic section of O(Vi+Uj). The D7 divisor

class is

[S] =

r∑

i=1

Vi + Ui, (4.12)

and the curve γ is given by the system of equations

vi(x) T̃ij(x) = 0, x ∈ S, (4.13)

vi(x) being an arbitrary section of O(Vi) and T̃ again the matrix of cofactors of T . This

reproduces and clarifies the results of [79].
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For a more explicit example (which will also be relevant further on), take r = 2, X

the quintic, E = O(−a) ⊕O(−b), F = O(a) ⊕O(b), with a, b > 0. Then the most general

tachyon is of the form T =
(
P Q

R W

)
with (P,Q,R,W ) polynomials of degree (2a, a +

b, a + b, 2b). The divisor S wrapped by the D7 is given by the degree 2(a + b) equation

P (x)W (x) − Q(x)R(x) = 0 (x ∈ X), and T̃ =
(
W −R

−Q P

)
. Taking for instance v(x) =

(v1(x), 0), where v1 is of degree a, we get for the curve γ : v1(x)W (x) = 0, v1(x)R(x) = 0

(x ∈ S). This splits in two components, because we have chosen v2 ≡ 0. The first is just

the intersection of the divisor v1(x) = 0 with S. The second is the curve R(x) = W (x) = 0,

which indeed always lies on S, but not on an arbitrary divisor in the class [S]. This is a

manifestation of the fact that the dual flux F puts a restriction on the divisor deformation

moduli, as discussed at length in [78, 79].

In the special case in which T =
(
P 0

0 W

)
, with P 6= W , the residual gauge symmetry

(4.7) is enhanced to U(1) × U(1). This case corresponds to two intersecting D7 branes

wrapping S1 : P (x) = 0 and S2 : W (x) = 0. The curve construction prescription given

above becomes somewhat degenerate in this nongeneric case, so in order to determine the

flux carried by these D7-branes it is best to go back to the original quotient prescription

(4.2). On the branch P (x) = 0, W (x) 6= 0, we see that the equivalence relation is fixed by

putting f2 ≡ 0. Hence on S1 we get a line bundle O(a)|S1 ⊗K
−1/2
S1

= O(a)⊗O(−a) = O(0),

which corresponds to zero flux, and similarly on S2 we get zero flux. Thus, as in [78, 79], we

see that two branes without any flux can smoothly and physically continuously recombine

into a single brane with flux. This happens through condensation of bifundamental matter

with charge (1,−1) and (−1, 1) under the U(1)×U(1) gauge group, which corresponds to

the off diagonal degree a+ b polynomials Q and R.

When a = b we can consider T =
(
P 0

0 P

)
. In this case we get two coincident D7-branes

on P (x) = 0 and the residual gauge symmetry is enhanced to U(2). The bundle carried

this system is easily seen from the quotient construction to be (O(a) ⊕ O(a)) ⊗K
−1/2
S′ =

(O(a) ⊕O(a)) ⊗O(−a) = O(0) ⊕O(0), i.e. no flux.

4.1.3 Other D9-anti-D9 bound states, ideal sheaves and Donaldson-Thomas

invariants

We could also start from more complicated D9-D7-D5-D3 bound states. In particular, even

in the rank 1 case, for suitable values of the moduli, supersymmetric stringy bound states

may exist of a single D9 with a “gas” of D5 and D3 branes. Unlike the higher rank case,

these branes cannot disolve as flux into the D9, so these bound states do not have a smooth

bundle description. However they can still be described by sheaves, more precisely they

are rank 1 ideal sheaves [124, 125]. These D9-branes and their charge conjugates in turn

can be used to build large classes of D7-brane bound states through tachyon condensation.

Since ideal sheaves are basically just collections of polynomials vanishing on the given loci,

this can again be done very explicitly using only polynomial maniplualtions. Compared to

the line bundle case, the tachyon matrix entries Tij must satisfy the additional constraint

that they have to vanish on the D5 and D3 brane loci inside the D9i and the D9j stacks.

This implies in particular that on solutions the D7 locus S : detT = 0 must contain the D5
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and D3 branes. This reproduces the picture of flux vacua of section 3.8. It is conceivable

that in fact all D7-brane vacua can be constructed in this way.

Ideal sheaves of a given charges are counted by (rank 1) Donaldson-Thomas invariants,

which are related to Gromov-Witten invariants and hence to the topological string [123,

124, 125, 126]. Bound states of ideal sheaves and their charge conjugates played a key

role in [83] in enumerating D4 BPS states and proving a version of the OSV conjecture,

suggesting a similar role for enumeration of D7 flux vacua. We leave this for future work.

4.2 D7-branes as D9-D9′ bound states: the orientifold case

We will now generalize the results reviewed in the previous subsection to orientifolds. A

proper mathematical framework for the description of D-branes in terms of D9-D9′ in

orientifolds has been studied in [127, 128]. See also [135].

4.2.1 Tachyon quotient construction

From section 3.4.2, it follows that the orientifold image of a D9 carrying a bundle F is the

charge conjugate of a brane with bundle F ′ = σ∗F ∗, where F ∗ denotes the dual bundle,

obtained by from F by inverting the gauge field. We can thus consider bound states of

such a D9 with its image anti-D9, resulting in a D7. This gives us an alternative way to

compute various topological quantities such as RR charges.

Before tachyon condensation, the D9-D9′ system has a G×G gauge symmetry, where G

is the subgroup of U(r) leaving the bundle F invariant. The orientifold projection reduces

this to G, since (3.21) relates the gauge field A′ on the D9′ to the gauge field A on the

D9 as A′ = −σ∗At, and correspondingly the gauge transformations as g′ = σ∗gt,−1 (the

superscript t denotes the transpose). The tachyon T therefore transforms as

T → g · T · (g′)−1 = g · T · σ∗gt (4.14)

under G. T is now a holomorphic linear map from F ′ = σ∗F ∗ to F , or in other words a

section of F ⊗ F ′∗ = F ⊗ σ∗F . We impose orientifold projection condition

T = −σ∗T t. (4.15)

As will see, this choice of sign corresponds to the O7− projection we want, while a plus sign

corresponds to the O7+ projection. Note that the projection is compatible with (4.14).

It is possible to deduce such orientifold projection conditions from first principle using a

more elaborate mathematical formalism [135].

The resulting D7-brane will again be wrapped around the divisor S : detT = 0, and

carries a bundle given by the quotient F/TF ′ shifted by K
−1/2
S .

For concreteness we specialize to the orientifold example described in section 3.1 and

to the case in which F is the direct sum of r line bundles of degree ai ≥ 0,

F = O(a1) ⊕ · · · ⊕ O(ar), (4.16)

i.e. the superposition of r D9 branes wrapping the Calabi-Yau 3-fold, each carrying a

U(1) flux Fi = aiH, i = 1, . . . , r, where H is as before the hyperplane class [u1 = 0]. Its
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orientifold image is the anti-brane of the D9 system with inverted fluxes F ′
i = −aiH (the

action of σ∗ is trivial in the example, as H2
−(X) = 0). By charge conservation, the total

charge of the D9-D9′ bound state (assuming it exists) is the sum of the charges of the

constituents, which is, using (3.10):

ΓD9−D9′ = 2
∑

i

aiH ⊕
(

1

3

∑

i

a3
i +

11

6

∑

i

ai

)
H3. (4.17)

The tachyon T is an r × r matrix with Tij a section of O(ai) ⊗O(aj) = O(ai + aj), i.e. a

homogeneous polynomial in (u1, u2, u3, u4, ξ) of degree ai + aj. The orientifold projection

(4.15) constrains T to be of the form

T (u, ξ) = A(u) + ξ S(u), (4.18)

where Aij and Sij are sections of O(ai + aj) resp. O(ai + aj − 4) satisfying

At = −A, St = S. (4.19)

Terms of higher order in ξ can be eliminated using the CY equation ξ2 = h(u). A modified

projection condition (4.15) with the plus sign instead would give T = S + ξA. Both give a

D7 equation detT = 0 invariant under σ : ξ → −ξ.
A crucial subtlety is that to avoid an uncanceled Z2 tadpole, we must restrict to even

r. One (slick19) way to see this is through a probe argument [119]: The worldvolume

theory of a D3-probe placed on the O7− in the presence of r D9-branes is an SU(2) N = 1

gauge theory coupled to r chiral multiplets in the fundamental of SU(2) coming from open

string stretching from the D3 (and its image) to the D9;20 thus, if r is odd, we have an odd

number of Weyl fermions in the fundamental of SU(2), and this results in a Z2 anomaly

[129]. Thus we conclude r must be even. As will become clear below, odd r would moreover

give results in contradiction with what we obtained in the previous sections.

4.2.2 Bound states of fluxed D9-D9′ branes and brane recombination

Since r must be even, the simplest possibilities are bundles of the form F = O(a) ⊕O(b).

These give rise to a D7 of charge 2(a+ b)H. The tachyon is of the form

T =

(
0 η(u)

−η(u) 0

)
+ ξ

(
ρ(u) ψ(u)

ψ(u) τ(u)

)
(4.20)

with (η, ρ, τ, ψ) are homogeneous polynomials of degree (a+ b, 2(a− 2), 2(b− 2), a+ b− 4).

The D7 is localized at S : detT = 0, i.e.

S : η2 = ξ2(ψ2 − ρτ). (4.21)

19As stated before, probe arguments are not entirely satisfactory since it might be the probe that is

inconsistent. They can in certain cases be shown to be equivalent to more direct K-theory arguments

[118]. It should be possible to provide such more direct arguments for our setup as well, perhaps using the

framework of [134].
20Strings stretching to the D9′ are identified with string stretching to the D9 and should therefore not

be counted separately.
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Satisfyingly, this is precisely of the general allowed form (3.3). Note that if we had chosen

the other sign in (4.15) or if we had started from an r = 1 pair, this would not have been

the case.21

If a < 2, ρ must be zero, and the D7 splits in two components η = ±ξψ. We will see in

section 4.4 that such configurations cannot be supersymmetric at large CY volume because

they violate the D-term constraints.22 Therefore we take a ≥ 2 and similarly b ≥ 2.

The largest number of tachyon degrees of freedom is obtained for the minimal case

a = 2. In this case (4.21) gives the most general equation of the form (3.3). Moreover,

the D3-charge for this case is, using (4.17) and putting m := a + b = 2 + b: Γ|D3 =

(2
3m

3 − 4m2 + 35
3 m)ω. Happily, this is in exact agreement with our earlier proposed

modified charge formula (3.28) using (3.39) for χo, assuming there is no flux on the D7. In

the following we will see that for a = 2 the latter is indeed true.

Let us compute the flux carried by the D7 for general a, b. For generic polynomials,

(4.21) describes a single D7, smooth everywhere except on the curve C : η = ξ = 0, where

we have double point singularities. To deduce the line bundle carried by this D7, it is

convenient to use the Σ parametrization of section 3.4.4 again. In this parametrization we

can write the tachyon T and its matrix T̃ of cofactors as:

T = ξ

(
ρ ψ + t

ψ − t τ

)
, T̃ = ξ

(
τ −ψ + t

−ψ − t ρ

)
, (4.22)

and Σ is given by

Σ : t2 = ψ2 − ρτ. (4.23)

Now we consider the quotient (F/TF ′)|Σ defined by (4.2) on Σ. More precisely we first

remove the locus ξ = η = 0, compute the quotient bundle and then extend it to the closure

Σ; this amounts to throwing out the degenerate ξ = 0 branch. According to the general

prescription, the line bundle carried by the D7 is

L = (F/TF ′)|Σ ⊗K
−1/2
Σ , (4.24)

which corresponds to a U(1) flux F = c1(L)

F = PDΣ(γ) +
1

2
c1(Σ) (4.25)

where γ is a curve (Pa, Pb) · T̃ = 0 on Σ with Pa, Pb arbitrary polynomials of degree a, b.

Taking Pa ≡ 0, we get γ = γ1 ∪ γ2 with

γ1 : Pb(u) = 0, γ2 : ρ(u) = 0, t+ ψ(u) = 0, (4.26)

21In particular taking the opposite sign in (4.15) would result in a D7 equation of the form S : ξ2η2 =

(ψ2 − ρτ ), which generically does not have double D7-O7 intersections. This is compatible with the claim

that this choice of sign corresponds to the O7+ projection, which as discussed in section 3.2 is not expected

to have the double intersection property.
22Except when a = b = 1, in which case only η is nonzero and of degree 2.
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which are two smooth curves on Σ. Furthermore from (3.34) we get c1(Σ) = (4−2(a+b))HΣ,

with HΣ a shorthand for ι∗SĤ, the pullback of the hyperplane class Ĥ = [u1 = 0] to Σ.

Therefore, using PDΣ(γ1) = bHΣ:

F = PDΣ(γ2) − (a− 2)HΣ. (4.27)

This does not look like it respects the orientifold projection σ∗F = −F . But it actually

does, as we will now show. Let γ′2 = σ(γ2) be the orientifold image of γ2, obtained by

inverting t → −t in (4.26). Now note that γ2 ∪ γ′2 equals the complete intersection of Σ

with the degree 2(a− 2) divisor ρ = 0. Hence

PDΣ(γ2) + PDΣ(γ′2) = 2(a− 2)HΣ, (4.28)

and, substituting this in (4.27),

F =
1

2
(PDΣ(γ2) − PDΣ(γ′2)). (4.29)

This is manifestly antisymmetric under exchange of γ2 and γ′2, so we see that, after all,

σ∗F = −F .

We also see that in the minimal case a = 2, we have γ2 = 0 since ρ is a constant in

that case, and therefore F = 0, confirming our claim made above that the corresponding

D7 has no flux.

We can also study brane recombination in this framework. If we take a nongeneric T

with ρ = τ = 0, the D7 splits into a D7-image-D7 pair Σ± : t±ψ = 0. In fact since now the

individual branes are smooth, it is no longer necessasry to introduce the Σ parametrization,

and we can just consider the surfaces S± : η ± ξψ = 0 in X. To compute the line bundles

(F/TF ′)|S±
, we go back to the basic definition of the quotient itself. On say S+ the tachyon

becomes

T |S+ =

(
0 0

2ξψ 0

)
. (4.30)

Hence the equivalence relation is simply

(f1, f2) ≃ (f1, f2 + 2ξψf ′1), (4.31)

so for generic ψ we get a line bundle whose sections have unique representatives (f1, 0), i.e.

it is identified with O(a)|S+ inside (O(a)⊕O(b))|S+ . Furthermore c1(S+) = −(a+ b)HS+ ,

so the flux on S+ is

FS+ = aHS+ − a+ b

2
HS+ =

a− b

2
HS+ . (4.32)

Similarly

FS−
=
b− a

2
HS−

. (4.33)

So we get a D7 brane-image-brane pair with opposite fluxes turned on, as expected. When

the two branes coincide (i.e. ψ ≡ 0), one similarly computes that the rank two bundle on

brane at η = 0 is O(a−b2 ) ⊕O( b−a2 ).
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The charges of the two smooth D7-branes on S± are readily computed using (3.11)

and (3.12):

ΓD7± = mH ⊕ ±a− b

2
mH2 ⊕

(
(m2 + 22)m

24
+

1

2

(
a− b

2

)2)
mH3, (4.34)

with m = a + b. As a check, summing these up agrees with the charges obtained from

(4.17).

Note that when a = b, there is no flux on the separate branes. Yet on the recombined

branes, the flux (4.29) is nonzero. Thus we see again that fluxes can (and must, to respect

charge conservation) be turned on by physically smooth recombination processes.

4.2.3 Moduli

The moduli space of these supersymmetric bound states is parametrized by different choices

of T modulo internal holomorphic complexified gauge transformations:

T → g · T · σ∗gt , (4.35)

where g : F → F is an automorphism of F .

Specializing again to the case F = O(a) ⊕ O(b), we get that g is a 2 × 2 matrix of

polynomials of degrees (
0 a− b

b− a 0

)

. (4.36)

Note that if b > a, then g12 = 0. Let the number of degree k homogeneous polynomials

on CP
3 be Nk, i.e. Nk =

(k+3
3

)
(and Nk ≡ 0 if k < 0). The number of degrees of freedom

of T is Na+b + N2(a−2) + N2(b−2) + Na+b−4, the number of degrees of freedom of g is

2N0 +Na−b +Na−b−4 +Nb−a +Nb−a−4, and we expect the dimension of the moduli space

to be the difference of these. (Here Na−b−4 and Nb−a−4 are the numbers of polynomials of

degree a− b and b− a with one factor of ξ.). To compare to the results of section 3.6, we

consider the fluxless D7 case a = 2, b = m− 2:

#moduli = Nm +N0 +N2(m−4) +Nm−4 − 2N0 −Nm−4 −Nm−8 (4.37)

= Nm +N2m−8 −Nm−8 −N0 , (4.38)

which reproduces (3.48).

4.2.4 Enhanced gauge symmetries

After tachyon condensation, the residual gauge group in the four dimensional low energy

effective field theory is given by the gauge transformations (4.14) for automorphisms g :

F → F independent of the internal coordinates (so σ∗g = g) which leave T invariant, i.e.

G = {g | gTgt = T} . (4.39)

At generic values of T , this leaves only a discrete O(1) = Z2. In particular, unlike the

non-orientifolded case, there will generically be no residual U(1)s. From the geometric D7
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point of view this is also clear: the generic D7 will be a single component brane invariant

under the orientifold involution, so the photon polarized in the noncompact spacetime gets

projected out.

At particular values of T , the gauge group may be enhanced. Supersymmetric de-

formations away from these special loci correspond to massless matter in the low energy

effective field theory. Some examples in the r = 2, F = O(a) + O(b) case, with T as in

(4.20) are:

tachyon D7 worldvolume flux gauge group

(
ξρ ξψ + η

ξψ − η ξτ

)
η2 = ξ2(ψ2 − ρτ) 1

2(PDΣ(γ2) − PDΣ(γ′2)) O(1) : g =
(

−1 0

0 −1

)

(
0 ξψ + η

ξψ − η 0

)
η = ±ξψ a−b

2 Hη=ξψ + b−a
2 Hη=−ξψ U(1) : g =

(
eiθ 0

0 e−iθ

)

(
0 η

−η 0

)
η = 0 a−b

2 Hη=0 ⊕ b−a
2 Hη=0 U(1) : g =

(
eiθ 0

0 e−iθ

)

(
0 η

−η 0

)
, a = b η = 0 0 ⊕ 0 SU(2) : det g = 1

(
ξ 0

0 ξ

)
, a = b = 2 ξ = 0 0 ⊕ 0 O(2) : g =

(
cos θ sin θ

∓ sin θ ± cos θ

)

(
ξρ η

−η ξρ

)
, a = b η = ±iξρ 0 SO(2) : g =

(
cos θ sin θ

− sin θ cos θ

)

These are consistent with expectations from the D7 worldvolume theory in the O7−

projection; in particular we expect orthogonal groups for flux-free branes coincident with

the O7−, symplectic groups for flux-free, transversal, non-Higgsed brane stacks, and sub-

groups of those for branes obtained by turning on additional fluxes or by various Higgsings

(i.e. deformations); in particular brane-image-brane stacks will carry unitary groups.

Let us go through the above (non-exhaustive) list and check compatibility with the

rules summarized in footnote 8:

• The first case is the most generic D7. It has a single component and maps to itself

under the orientifold involution, so the photon is projected out in the four dimensional

effective field theory and only a O(1) = Z2 gauge symmetry remains.

• The second case describes a brane-image-brane pair, each carrying some flux. The

orientifold action maps one component to the other, so we get a single U(1).

• The third and fourth case are similar. The fourth configuration corresponds to a

stack of two flux free, coincident, transversal, involution invariant branes (η2 = 0),

hence the SU(2) = USp(2) group. The third case corresponds to the same rank two

stack, however, with a non-trivial flux that breaks the SU(2) down to U(1).

• The fifth case describes a stack of two flux-free branes coincident with the O-plane.

Hence the O(2) gauge group.

• The sixth case describes a brane-image-brane pair, so the SO(2) can be thought of

as a U(1) group, just as in the second case.
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Note that the first case can be thought of as a Higgsing of the second case, whereby a

brane-image-brane pair have recombined (i.e. whereby ρ and τ acquire vev’s), and the

U(1) group is broken to Z2. It can also be thought of as a Higgsing of any of the other

cases with matching values of (a, b). Fluxes can be induced by the recombination process,

as required by charge conservation, and ensuring geometric and gauge theory degrees of

freedom match each other.

If we had chosen the other sign in the orientifold projection condition (3.2), we would

have found flipped roles for orthogonal and symplectic gauge groups, consistent with the

O7+ projection; for example two D7-branes coincident with the O7 would have been de-

scribed by a tachyon T =
(

0 ξ

−ξ 0

)
, with residual gauge group SU(2) = USp(2).

We can also consider higher (even) rank r. For example we could consider the bundle

F = O(2) ⊕O(2) ⊕ · · · ⊕ O(2) (4.40)

with r terms in the sum. This gives a tachyon of the form

T = A(u) + ξS, (4.41)

with A a r× r antisymmetric matrix with polynomial entries of degree 4, and S a constant

symmetric matrix, which generically after a suitable complexified gauge transformation we

can take to be the unit matrix. When A ≡ 0, this describes r coincident D7 branes on the

O7 locus ξ = 0, with zero flux, and O(r) enhanced gauge symmetry (U(r) transformations

g satisfying ggt = 1). When A 6= 0, the D7 is described by

S : det(A(u) + ξ1) = 0 (4.42)

so for each u, the solution set for ξ(u) is the set of eigenvalues of A(u), which is invariant

under ξ → −ξ. Again there will be a particular flux on the worldvolume of this D7,

computed according to the general quotient prescription, which restricts its moduli and

balances the charges.

Note in particular that a configuration with r = 8 will saturate the D7 tadpole, leading

to an O(8) enhanced gauge symmetry at A = 0, and a D3 charge 304
3 ω, so the total D7+O7

charge is, using (3.24), ΓD7 + ΓO7 = 152ω. This can also be seen to agree with F-theory:

in the O(8) limit under consideration the fibration of the fourfold degenerates to a D4

singularity over ξ = 0, so the Euler characteristic of the fourfold is χ([ξ = 0]) · χ(D4) =

304 · 6 = 1824 and the D3-charge (in CY3 units) equals 152ω.

The number of moduli in this O(8) sector equals the number of tachyon degrees of

freedom minus the number of holomorphic complexified gauge transformations, i.e.

# moduli = 28 × 35 + 36 × 1 − 64 = 952 . (4.43)

Notice that this is quite a bit less than the number of moduli in the generic D7 sector,

3728.

Similarly, we can describe n coincident copies of a single generic D7-brane described

by a 2 × 2 tachyon matrix T0 by the 2n× 2n tachyon matrix

T = T0 ⊕ · · · ⊕ T0 . (4.44)

This will have gauge group O(n).
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4.2.5 Charged matter fields

The massless matter representations at enhanced symmetry points can be read off easily

as well. For example at the SU(2) locus, η corresponds to matter in the antisymmetric

(1) representation, and ρ, τ, ψ to matter in the symmetric (3) representation. At the U(1)

locus T =
(

0 ξψ + η

ξψ − η 0

)
, η and ψ are neutral, while ρ has charge +2 and τ charge −2.

At the O(8) locus, A is matter in the antisymmetric (28) and S in the symmetric (36)

representation.

The physical number of degrees of freedom of a given charge equals the number of

linearized degrees of freedom of T of that charge minus the number of those that can

be absorbed in a linearized holomorphic complexified gauge transformation. Taking the

example of the U(1) locus T0 =
(

0 ξψ + η

ξψ − η 0

)
, the linearized degrees of freedom of T

are δρ, δτ , δψ and δη. The linearized gauge holomorphic complexified internal gauge

transformations of T0 for b > a correspond to fluctuations

δρ = 0 , δτ = αψ + βη , δη = γη , δψ = γψ , (4.45)

where (α, β, γ) are infinitesimal polynomials of degree (b−a, b−a−4, 0). Thus the number

of physical degrees of freedom in each charge sector is

+2 (δρ): −2 (δτ): 0 (δψ, δη):

N2(a−2) N2(b−2) −Nb−a −Nb−a−4 Na+b−4 +Na+b −N0

where as before Nk :=
(k+3

3

)
. Notice that this is N0 = 1 more than the number of moduli

computed in 4.2.3. The extra massless field gets eaten up by the Brout-Englert-Higgs

mechanism when moving off the U(1) locus.

From the D7 point of view, the charged massless fields arise from open strings stretching

between the flux-carrying D7 and its orientifold image, given in the table in section 4.2.4.

The net chirality of the spectrum is

#(+2) − #(−2) = N2(a−2) −N2(b−2) +Nb−a +Nb−a−4 . (4.46)

This vanishes when a = b, i.e. when there is no flux on the D7 and its image. The index

can be computed more directly from an index theorem as well, to which we now turn.

4.3 Open string indices

Index theorems give a powerful way to compute the number of massless degrees of freedom

in various settings in string theory, or at least to compute such numbers counted with

alternating signs according to some grading (referred to as “net” number). A thorough

discussion of open string indices in the absence and presence of orientifold projections can

be found e.g. in [21], part of whose results (adapted to our setup) we review here. As in

the rest of the paper, we will assume here that the B-field vanishes.

4.3.1 General formulae

In the non-orientifolded case, the Witten index counting the net number of open string

modes stretching between two D-branes, say between an anti-D9 carrying a bundle E1 and
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a D9 carrying a bundle E2, is

I(1, 2) =
∑

n

(−)n h0,n(E1 ⊗ E∗
2) . (4.47)

By the Hirzebruch-Riemann-Roch formula ([5] section 5.8), this equals

I(1, 2) =

∫

X
ch(E1 ⊗ E∗

2)Td(X) =

∫

X
ch(E1) ch(E2)

∗ Td(X) (4.48)

=

∫

X

(
ch(E1)

√
Td(X)

) (
ch(E2)

√
Td(X)

)∗
(4.49)

=

∫

X
Γ1 ∧ Γ∗

2. (4.50)

Here Γ∗ is defined as the form obtained by flipping the sign of the 2- and 6-form components

of Γ, i.e. Γ∗ :=
∑

k(−1)kΓ(2k) where Γ(2k) is the (2k)-form component of Γ. This generalizes

to arbitrary pairs of branes of charge Γ1 and Γ2:

I(1, 2) =

∫

X
Γ1 ∧ Γ∗

2 =: 〈Γ1,Γ2〉. (4.51)

The symplectic product thus defined is called intersection product of the charges Γ1 and

Γ2 of the two branes. In the mirror IIA picture it is the geometric intersection product,

counting the number of 3-cycle intersection points with signs.

Let us now compute the analogous index of open strings between a D9 stack with

bundle F and its orientifold image (more accurately from the latter to the former), i.e. the

strings giving rise to our tachyon field T . This is

Io(F ) :=
∑

n

TrH0,n(X,F⊗σ∗F ) (−)n 1
2(1 − σ) . (4.52)

Here σ denotes the full orientifold Z2 action including worldsheet orientation reversal. The

insertion of 1
2 (1 − σ) is equivalent to imposing the O7− tachyon projection (4.15), since

σ(T ) = σ∗T t . (4.53)

The charge of the D9, ΓD9, and that of its image, ΓD9′ , are

ΓD9 = ch(F )
√

Td(X) , ΓD9′ = −Γ∗
D9 = −ch(F ∗)

√
Td(X). (4.54)

The charge of a O7 plane wrapping Xσ is

ΓO7 = −8

√
L(1

4TXσ)

L(1
4NXσ)

[Xσ ]. (4.55)

Using (4.51), we rewrite the index Io(F ) as

Io(F ) =
1

2

(
〈ΓD9′ ,ΓD9〉 −

∑

n

TrH0,∗(X,F⊗σ∗F ) (−)n σ
)
. (4.56)

– 41 –



Following section 3.3 of [21], the second term can be written as

TrH0,∗(X,F⊗σ∗F ) (−)p σ = 2dimRXσ− 1
2
dimRX

∫

Xσ

ch(F ∗)
√

Td(X)

√
L(1

4TXσ)

L(1
4NXσ)

. (4.57)

For an O7-plane wrapping a complex surface of a Calabi-Yau three-fold, we have dimRX
σ =

4 and dimRX = 6. It follows that

TrH0,∗(X,F⊗σ∗F ) (−)p σ = 2

∫

Xσ

ch(F ∗)
√

Td(X)

√
L(1

4TXσ)

L(1
4NXσ)

(4.58)

= −1

4

∫

X

(
ch(F )

√
Td(X)

)∗ (
− 8

√
L(1

4TXσ)

L(1
4NXσ)

[Xσ]
)

= −1

4

∫

X
Γ∗

D9 ∧ ΓO7

= −1

4
〈ΓO7,ΓD9〉. (4.59)

We finally get the simple result

Io(F ) =
1

2

(
〈ΓD9′ ,ΓD9〉 +

1

4
〈ΓO7,ΓD9〉

)
. (4.60)

This immediately generalizes to arbitrary (Γ,Γ′) brane-image-brane systems and to the

case where Xσ has several different components corresponding to Op-planes:

Io(Γ) =
1

2

(
〈Γ′,Γ〉 +

1

4
〈ΓO,Γ〉

)
, ΓO =

∑
ΓOp, (4.61)

where ΓO denotes the sum of all Op-planes23. Along the same lines, more refined indices

can be derived counting the net number of bifundamental, symmetric and antisymmetric

matter representations with respect to the various brane gauge groups [62] (see [16] or [56]

section 5.1.3. for a summary). The indices derived here trace over these representations.

4.3.2 Application to the example

It is instructive to make contact with the direct polynomial counting we did in the previous

subsections.

For our example, taking Γ to be a D9 stack with F = O(a) ⊕ O(b), we have ΓD9 =(
eaH + ebH

)(
1 + c2

24

)
, and c2 = 22H2, H3 = 2 and the O7-charge is given by (3.24), so

(4.61) gives Io(D9) = 5a3

3 + 5b3

3 + ba2 + b2a − 4a2 − 4b2 + 22a
3 + 22b

3 − 2, which can be

checked to be the total number of coefficients of the polynomials appearing in the tachyon

matrix T given in (4.20). The latter equals the number of holomorphic sections of F ⊗σ∗F
satisfying (4.15). The reason why this total number matches the index is the Kodaira

vanishing theorem, implying h0,q(F ⊗ F ) = 0 for q > 0 in the case at hand.

23This formula also holds for any choice of sign in the projection (4.15). The other sign would change σ to

−σ in (4.52), but this gets compensated by the fact that we also have ΓOp+ = −ΓOp− . The universality of

this formula can be understood physically from the “orientihole” picture, which will be discussed elsewhere.

– 42 –



The D7-D7′ degeneration η = ±ξψ discussed above has D7-D7′ charges given in (4.34),

leading to a D7-D7′ index Io(D7) = a3 − b3 + a2b − b2a − 4a2 + 4b2, in agreement with

the net chirality index (4.46). However, as is clear from the table in section 4.2.5, the total

number of charged matter fields generally exceeds the index. The advantage of the direct

tachyon matrix analysis is that it allows straightforward enumeration of all charged matter

fields using elementary methods.

4.4 Stability / D-term constraints

Four dimensional N = 1 supersymmetric vacua have vanishing F - and D-term potentials.

So far we have only studied the F -flatness constraints for our D-brane configurations, which

are encoded in holomorphic equations and depend on the complex structure moduli. TheD-

flatness constraints are nonholomorphic and depend on the Kähler moduli. Mathematically,

these correspond to stability conditions, most generally to Π-stability [130, 59, 131]. They

are also related to stability conditions of BPS black hole bound states [132, 83].

This subject is rather involved. We will restrict ourselves here to a few simple obser-

vations.

In an O3/O7 type orientifold, part of the D-flatness condition is that all D-brane

components must have zero central charge phase. The central charge of a D-brane of

charge Γ is, in the large radius regime and for zero B-field

Z(Γ) = 〈Γ,−eiJ 〉 =

∫
Γ ∧

(
− 1 + iJ +

J2

2
− i

J3

6

)
. (4.62)

Zero phase at large J therefore means Γ|D7 · J2 > 0 and

Γ|D5 · J − Γ|D9 J
3 = 0 , (4.63)

where we can replace Γ|D5 by the σ-even part Γ|D5,+ ∈ H2
+ because Γ|D5,− · J = 0. Thus,

in the large radius limit J → ∞, no brane configuration which includes a component of

nonzero D9-charge can be supersymmetric. When there is more than one Kähler modulus,

there can be special real codimension 1 loci in the Kähler moduli space where D-brane

components with Γ|D5,+ 6= 0 are supersymmetric. These are typically walls of marginal

stability, with supersymmetric brane recombination occurring on one side of the wall.

In our example, there is only one modulus, so any brane configuration with a com-

ponent of nonzero D5-charge will be nonsupersymmetric. In particular D7-D7 brane con-

figurations such as (4.34) will in fact be nonsupersymmetric when a 6= b: they are F-flat,

but not D-flat. This implies also that when a < 2 or b < 2 and a 6= b, there are no su-

persymmetric D9-D9′ bound states of the type considered in section 4.2.2, because in this

case ρτ = 0 so the D7 condensate necessarily splits with charges as in (4.34). Furthermore,

when a = b ≤ 0, the condition Γ|D7 · J2 > 0 is violated, leaving a = b = 1 as a special

acceptable case. This justifies the claim made in the beginning of section 4.2.2.

5. Some generalizations

Throughout this paper, we have often focused on our basic example to illustrate the various

computational geometrical methods that can be used to analyze D-branes in compact
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orientifolds. It is clear however that many of the results we derived for this example can

be generalized and systematized.

Let us for example give general formulae for the curvature induced D3 charge, the

number of moduli and the flux lattice dimension for arbitrary D7-branes in O7− orientifolds.

As we have argued, the D7 will in general obey an equation of the form S : η2 = ξ2χ. Let

D be the divisor ξ = 0 wrapped by the O7−. To construct the parameter surface Σ, we

blow up the double intersection curve ξ = η = 0, by introducing an additional coordinate

t and imposing the equation η = ξt. Consistency requires t to be a holomorphic section of

O(S2 −D). The existence of such a section in turn requires

S − 2D ≥ 0 , (5.1)

in the sense of positivity of line bundles. If this is not the case, the D7 doubly wraps the

smooth divisor S′ : η = 0. We will discuss this case separately below, and assume for now

that (5.1) is satisfied.

The surface Σ is the proper transform of S in the blown up space, which is given by

the equation Σ : t2 = χ. Denoting the divisor class [η = 0] by [η] and similarly for the

other polynomials and coordinates, we thus have

[η] =
S

2
, [ξ] = D, [χ] = S − 2D, [t] =

S

2
−D . (5.2)

The number of pinch points is

npp =

∫

X
[η][ξ][χ] =

1

2

∫

X

1

2
SD(S − 2D) . (5.3)

The Chern class of Σ can be computed using the adjunction formula:

c(Σ) =
c(X) (1 + [t])

(1 + [η])(1 + [χ])
= 1 + (D − S) +

(
S2 + c2 + 2D2 − 5

2DS
)
. (5.4)

This allows us to compute the orientifold Euler characteristic of S:

χo(S) =

∫

Σ
c2(Σ) − npp (5.5)

=

∫

X
S3 + c2 · S + 3DS(D − S) . (5.6)

The curvature induced D3 charge −Qc(S) and dimension b(S) of the flux lattice are derived

from this using (3.40) and (3.44):

Qc(S) =
χo(S)

24
, b(S) = b2−(Σ) =

χo(S)

2
. (5.7)

Similarly, assuming h0,1(Σ) = 0 (as will be automatic if Σ is ample, by the Lefshetz

hyperplane theorem), the number of D7 deformation moduli Ndef(S) is given by (3.54):

Ndef(S) = h2,0
− (Σ) =

1

24

∫

Σ
c1(Σ)2 + c2(Σ) − npp

8
(5.8)

=

∫

X

S3

12
+
c2S

24
+

1

4
DS(D − S) . (5.9)
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If we take the D7 to cancel the O7 tadpole, we have

S = 8D . (5.10)

Plugging this in the above formulae and recalling (3.17) gives for the total curvature induced

D3 charge −Q on D7, O7 and O3 planes24 (for generic D7):

Q =
NO3

2
+

29D3

2
+
c2D

2
(generic). (5.11)

Similar formulae are obtained for the total number of D7-worldvolume fluxes and moduli

for the most generic D7, by substituting (5.10) in (5.7) and (5.9). These formulae allow

for efficient computation of these physical topological quantities.

As promised we now briefly return to the case when (5.1) is not satisfied and the

D7 hence doubly wraps the surface S′ : η = 0 (so there is an enhanced gauge symmetry

SU(2)). Since this is generically smooth, we can simply use the standard formulae. For

example, Qc(S) = 2 × (S′)3+c2S′

24 = S3

96 + c2S
24 , and instead of (5.11) we now get

Q =
NO3

2
+

11D3

2
+
c2D

2
(SU(2) sector). (5.12)

Similarly, in the O(8) sector, with all D7 branes coincident with the O7−, we get

Q =
NO3

2
+
D3

2
+
c2D

2
(O(8) sector). (5.13)

Finally, by making use of index theory, some further interesting relations can be de-

rived. From the Lefshetz fixed point index theorem (3.43), we get

2h+ 4 = χ(Xσ) , (5.14)

where h can be expressed in terms of the σ∗ even and odd Hodge numbers of X, or in

terms of the corresponding numbers of massless closed string modes of the orientifold

compactification:

h := h1,1
+ − h1,1

− + h2,1
− − h2,1

+ (5.15)

= Kähler moduli − (B,C)-axions + compl. struct. moduli − U(1) vectors. (5.16)

This is also equal to the number of geometric moduli of the original N = 2 theory minus

twice the number of these moduli which get projected out by the orientifold projection. In

(5.14), Xσ is the fixed point set of σ, i.e. the collection of all O3-planes and O7-planes.

Thence:

D3 + c2D +NO3 = 2h+ 4 . (5.17)

From the holomorphic Lefshetz fixed point theorem (3.50) with trivial bundle, we get

similarly

−D3 + c2D + 3NO3 = 48 . (5.18)

24Here and in what follows we assume the “standard” O-plane projection, i.e. giving rise to O7− and O3+,

which have signs of D7 resp. D3 charge opposite to that of the D7 and D3 in our charge sign conventions.
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These two equations can be solved to eliminate D3 and c2D in the above equations. For

example with this and (5.11) we find for the total D3 tadpole from O3, O7 and D7:

Q = −306 + 15h + 14NO3 (generic). (5.19)

For our basic example, this curious formula indeed gives Q = −306 + 15 × (1 − 0 + 149 −
0) + 0 = 1944. Similarly

Q = −108 + 6h+ 5NO3 (SU(2) sector), Q = h+ 2 (O(8) sector) . (5.20)

The last case can be compared to the resolved T 6/Z2 ×Z2 model of [67], which indeed has

h = 51 − 0 + 3 − 0 = 54 and Q = 56.

For the generic D7 case, we furthermore obtain by combining the above formulae the

following relations between total D3-tadpole, D7 flux lattice dimension, number of D7

moduli and h:

Ndef + h+ 10 = 2Q , 7 b = 2h+ 82Q− 668 , 2Ndef = 86Q− 7 b− 688 . (5.21)

These generalizations can also be studied in the tachyon condensation picture, where

the generic, D7-tadpole canceling, flux free D7-configuration is given by the D9-D9′ con-

densate for a D9 carrying the rank two bundle

F = O
(
D
2

)
⊕O

(
7D
2

)
. (5.22)

In particular this reproduces the curvature induced D3 charges given above. Note however

that D might not be even, in which case the above “minimal” bundle F does not exist. In

fact, this is as it should: On the D7-side, this corresponds to the Minasian-Moore-Freed-

Witten effect, i.e. the fact that if the first Chern class of the wrapped 4-cycle is odd, the

brane must carry some compensating half-integral flux [92, 93].

Further generalizations will be explored in [133].

6. Summary and conclusions

With model building applications in mind, we have laid out and clarified several different

approaches to the analysis of type IIB O3/O7 orientifold compactifications, with emphasis

on global aspects of the D7-brane sector. In particular:

1. We pointed out that generic D7-branes have singular double intersections with O7−

planes. This means that on an CY orientifoldX given byX : ξ2 = h(~u) and involution

σ : ξ → −ξ, D7-branes are given by equations of the form

S : η2(~u) = ξ2χ(~u), (6.1)

where h, η and χ homogeneous polynomials. One obtains this form from Sen’s weak

coupling limit of F-theory [86] (this was also observed in [88]), and we argued that

it is implied for O7− but not for O7+ by the Dirac quantization condition. We
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also showed that it is reproduced by D9-anti-D9 tachyon condensation in the O7−

projection, taking into account a subtlety requiring the number of D9-D9′ pairs to be

even. The surface S has double points along ξ = η = 0, and pinch point singularities

at ξ = χ = η = 0. A local model for it is the Whitney umbrella in C
3.

2. The singular nature of S invalidates the standard formulae for physical topological

properties such as curvature induced D3 charge −QcD7, number of moduliND7def and

flux lattice dimension b. Naive application of the standard formulae or naive modi-

fications thereof results in large discrepancies with F-theory. We gave a prescription

for computing these numbers directly in perturbative IIB theory by introducing an

auxiliary parameter surface Σ splitting up the double intersection locus, namely the

proper transform of the D7 worldvolume in the CY blown up in the double intersec-

tion curve. In particular we found25

Q
(IIB)
cD7 =

χ(Σ) − npp
24

, ND7def = h2,0
− (Σ) , b = b2−(Σ) = 12Qc,D7 , (6.2)

where npp is the number of pinch points and the minus subscript on the Hodge

numbers refers to the σ∗ parity. These results were derived independently from

F-theory, from D7 geometry and from tachyon condensation, and we found exact

agreement between these different approaches.

Using index theorems, we gave general explicit formulae for the above numbers. In

particular this led to curious formulae relating for example the total D3-tadpole

induced by O3 and O7 and D7 curvature to the closed string massless spectrum, as

well as to various nontrivial relations between D3-tadpole, D7 flux lattice dimension

and the open and closed string massless spectrum in four dimensions; see eqs. (5.15),

(5.19), (5.20) and (5.21).

3. We explained how to explicitly construct D7 flux vacua from holomorphic curve

embeddings, by picking a curve γ ∈ X together with its orientifold image γ′, requiring

S to contain these, and setting

F = PDΣ(γ̄) − PDΣ(γ̄′) (6.3)

where γ̄ is the lift of γ to Σ. We pointed out that at least for rational curves γ, this

procedure consumes the available D3 charge tadpole (i.e. −QcD7−QcO7− 1
2

∫
Σ F

2 > 0)

before it freezes all D7 moduli, suggesting a potential problem for supersymmetric

stabilization of D7 moduli in the weak coupling limit using only worldvolume fluxes

and taking tadpole cancelation into account.

4. We emphasized in particular the practical power of the tachyon condensation pic-

ture, which allows one in principle to compute charges, moduli, enhanced gauge

groups and matter spectra using elementary methods — essentially just polynomial

manipulations.

25Here and in what follows we use IIB conventions for the D3-charge; see footnote 2.
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The tachyon arises from open strings to a stack of D9 branes with bundle E from

their image anti-D9 branes with bundle E′ = σ∗E∗ and is formalized as a linear map

T : E′ → E , (6.4)

i.e. a section of E ⊗ σ∗E. The O7− projection imposes σ∗T = −T t and an anomaly

argument implies that the rank r of E must be even in this case. The D7 locus is

given by S : detT = 0, reproducing embedding equations of the form (6.1) in this

case.

When E is the direct sum of line bundles O(Di), the tachyon entries Tij are holo-

morphic sections of O(Di +Dj), which when X is given as a submanifold of a toric

variety are simply polynomials of degrees determined by Di + Dj . More generally

we could have a gas of D5- and D3-branes wrapped on curves and points in each of

the D9-branes (i.e. consider ideal sheaves), and then Tij must vanish on the curves

and points wrapped by the brane gas in D9i and D9j , implying in particular that

S must contain all of these curves and points. This makes contact with (6.3), and,

since ideal sheaves are counted by Donaldson-Thomas invariants, suggests a role for

the latter in counting D7 flux vacua similar to their role in counting D4-D0 black

hole microstates in [83, 82].

5. Even when E is just the sum of line bundles, the resulting D7 bound state will in

general carry flux. We illustrated how to explicitly compute this flux (on Σ as defined

above). In general the D7 will carry a bundle

L = E/TE′|Σ ⊗K
−1/2
Σ , (6.5)

where the quotient is simply the fiberwise equivalence e ≃ e + Te′. For generic S

this will be a line bundle, corresponding to U(1) flux F = c1(L). More concretely,

we found

F =
1

2

(
PDΣ(γ̄) − PDΣ(γ̄′)

)
, (6.6)

with γ̄ the lift (proper transform) of the curve obtained as the zero locus of for

example the first row of cofactors (maximal minors) of the matrix Tij:

γ = {x ∈ S | T̃1j(x) = 0 ∀j} . (6.7)

We observed in this framework that D7 brane recombination can induce fluxes on

branes even if these were originally absent on the constituent branes. This is needed

for charge conservation, and explains from the geometric point of view the reduction

in number of D7 moduli in sectors with enhanced gauge symmetry points. This gen-

eralizes the observations of [78, 79], for space-localized D4 branes on non-orientifolded

Calabi-Yau manifolds, to D7-branes in orientifolds. Note that this implies that simi-

larly in F-theory, 4-form fluxes will in general be induced when deforming away from

a singular fourfold with enhanced gauge symmetry.
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6. We illustrated how to obtain residual gauge symmetries, moduli and charged matter

multiplets from the tachyon picture.

The (F-term) D7 moduli space is parametrized by tachyon configurations T modulo

T → g · T · σ∗gt , (6.8)

for automorphisms g : E → E. The physical moduli space also must take into account

D-term constraints, which we briefly discussed.

The residual gauge symmetries G for a given T are the automorphisms g : F → F

independent of the internal coordinates, for which T = g · T · gt. Generically this

is G = Z2, but at special values of T this can be enhanced. Charged matter then

corresponds to linearized fluctuations of particular entries in the tachyon matrix,

modulo linearized equivalences (6.8).

7. Finally, we compared these results to general open string index computations, in

particular to the index counting the net number of open string modes between a

brane of charge Γ and its image brane of charge Γ′:

Io(Γ) =
1

2

(
〈Γ′,Γ〉 +

1

4
〈ΓO,Γ〉

)
, (6.9)

where ΓO is the total charge of the orientifold planes. This agrees with the net

number found in the tachyon picture, but the latter also gives the absolute number,

which typically exceeds the net number.

These results remove some of the obstacles to developing a systematic understanding

of the landscape of IIB orientifold vacua. In particular our analysis clarifies the relation

between gauge theory and geometry. The framework we presented is in principle sufficient

for detailed enumeration of supersymmetric D7 flux vacua in IIB orientifolds in a way

similar to how D4 flux vacua are enumerated in the context of type IIA D4-D2-D0 black

hole microstate counting. We plan to return to this in a future publication.

One important element which we did not address however is the effect of bulk flux

on the D-brane sector, and the interplay between bulk and brane sectors as far as moduli

stabilization is concerned. It seems to us that this is best addressed in the full F-theory

framework. On the other hand, the D9-D9′ tachyon condensation picture is the most

efficient and concrete framework to derive gauge theory content and connect gauge theory

to geometry, but it is a perturbative string construction. It would therefore be desirable

to find the analog of this tachyon condensation mechanism in F-theory.
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