DIGITAL ACCESS 10 -
SCHOLARSHIP sr HARVARD T e i Schotaty Communicatin

DASH.HARVARD.EDU

Compatibility of Local and Global Langlands
Correspondences

Citation
Taylor, Richard L., and Teruyoshi Yoshida. 2007. Compatibility of local and global langlands
correspondences. Journal of the American Mathematical Society 20: 467-493.

Published Version
doi:10.1090/S0894-0347-06-00542-X

Permanent link
http://nrs.harvard.edu/urn-3:HUL.InstRepos:3550505

Terms of Use

This article was downloaded from Harvard University’s DASH repository, and is made available
under the terms and conditions applicable to Other Posted Material, as set forth at http://
nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA

Share Your Story

The Harvard community has made this article openly available.
Please share how this access benefits you. Submit a story .

Accessibility


http://nrs.harvard.edu/urn-3:HUL.InstRepos:3550505
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://osc.hul.harvard.edu/dash/open-access-feedback?handle=&title=Compatibility%20of%20Local%20and%20Global%20Langlands%20Correspondences&community=1/1&collection=1/2&owningCollection1/2&harvardAuthors=7753e150f23fe2700c4c04679dddadac&departmentMathematics
https://dash.harvard.edu/pages/accessibility

COMPATIBILITY OF LOCAL AND GLOBAL LANGLANDS
CORRESPONDENCES

RICHARD TAYLOR AND TERUYOSHI YOSHIDA

ABSTRACT. We prove the compatibility of local and global Langlands correspondences
for GLy, which was proved up to semisimplification in [HT]. More precisely, for the n-
dimensional [-adic representation R;(II) of the Galois group of a CM-field L attached to
a conjugate self-dual regular algebraic cuspidal automorphic representation II, which is
square integrable at some finite place, we show that Frobenius semisimplification of the
restriction of R;(II) to the decomposition group of a prime v of L not dividing [ corresponds
to II, by the local Langlands correspondence.

INTRODUCTION

This paper is a continuation of [HT]. Let L be an (imaginary) CM field and let IT be
a regular algebraic cuspidal automorphic representation of GL,(Ar) which is conjugate
self-dual (ITo ¢ = IIV) and square integrable at some finite place. In [HT] it is explained
how to attach to II and an arbitrary rational prime [ (and an isomorphism ¢ : Q¢ 5Q0)a
continuous semisimple representation

Ry(IT) : Gal (L*°/L) — GL,(Qf°)
which is characterised as follows. For every finite place v of L not dividing [
R[5, = rec(TLY| det | 2*)*,

where rec denotes the local Langlands correspondence and ss denotes the semisimplification
(see [HT] for details). In that book it is also shown that II,, is tempered for all finite places
.

In this paper we strengthen this result to completely identify R;(II)|7, for v} I. In
particular, we prove the following theorem.

Theorem A. Ifv [ then the Frobenius semisimplification of Ri(Il)|w,  is the l-adic rep-

. 1—n
resentation attached to v 'rec(IL|det | = ).

As R;(II) is semisimple and rec (HX\ det \I_Tn) is indecomposable if I, is square integrable,
we obtain the following corollary.
Date: December 17, 2004.
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2 RICHARD TAYLOR AND TERUYOSHI YOSHIDA

Corollary B. IfIl, is square integrable at a finite place v [ I, the representation Ry(I1) is
irreducible.

Using base change it is easy to reduce to the case that II, has an Iwahori fixed vector.
We descend II to an automorphic representation 7 of a unitary group G which locally at v
looks like GL,, and at infinity looks like U(n—1,1) x U(n, 0)l:*@/2=1 Then we realise R;(II)
in the cohomology of a Shimura variety X associated to G with Iwahori level structure at
v. More precisely, for some [-adic sheaf £, the nP-isotypic component of H"~1(X, L) is,
up to semisimplification and some twist, R;(II)* (for some a € Z~). We show that X has
semistable reduction and use the results of [HT] to calculate the cohomology of the (smooth,
projective) strata of the reduction of X above p as a virtual G(A%®®) x F%-module (where
F denotes Frobenius). This description and the temperedness of II, shows that the 7P-
isotypic component of the cohomology of any strata is concentrated in the middle dimension.
This implies that the 7mP-isotypic component of the Rapoport-Zink weight spectral sequence
degenerates at E7, which allows us to calculate the action of inertia at v on H" (X, L).

In the special case that II, is a twist of a Steinberg representation and Il,, has trivial
infinitesimal character, the above theorem presumably follows from the results of Ito [I].

Acknowledgements. The authors are grateful to Tetsushi Ito, who asked a very helpful
question.

1. THE MAIN THEOREM

We write F'* for an algebraic closure of a field F. Let [ be a rational prime and fix an
isomorphism ¢ : Q¢ = C.

Suppose that p # [ is another rational prime. Let K/Q, be a finite extension. We
will let Ok denote the ring of integers of K, g the unique maximal ideal of O, vi
the canonical valuation K* — Z, k(vk) the residue field Ok /pk and | |k the absolute
value normalised by |z|x = (#k(vk)) "% ®). We will let Frob,, denote the geometric
Frobenius element of Gal (k(vk)*/k(vk)). We will let I,,,. denote the kernel of the natural
surjection Gal (K/K) — Gal (k(vk)®/k(vk)). We will let Wg denote the preimage under
Gal (K*/K) — Gal (k(vk)*/k(vi)) of Frob%K endowed with a topology by decreeing that
I with its usual topology is an open subgroup of W . Local class field theory provides a
canonical isomorphism Artg : K* = Wf(b, which takes uniformisers to lifts of Frob,,, .

Let 2 be an algebraically closed field of characteristic 0 and of the same cardinality as
C. (Thus in fact Q = C.) By a Weil-Deligne representation of Wi over 2 we mean a finite
dimensional Q-vector space V together with a homomorphism r : Wi — GL(V') with open
kernel and an element N € End (V') which satisfies

r(o)Nr(o)™' = |Art (o) |k N.
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We sometimes denote a Weil-Deligne representation by (V,r, N) or simply (r, N).

We call (V,r, N) Frobenius semisimple if r is semisimple. If (V,r, N) is any Weil-Deligne
representation we define its Frobenius semisimplification (V,r, N)¥5 = (V,r% N) as fol-
lows. Choose a lift ¢ of Frob,, to Wg. Let r(¢) = su = us where s € GL(V') is semisimple
and v € GL(V) is unipotent. For n € Z and o € Ik set r*(¢"o) = s"r(c). This is
independent of the choices, and gives a Frobenius semisimple Weil-Deligne representation.

One of the main results of [HT] is that, given a choice of (#k(vk))Y/? € €, there is a
bijection rec (the local Langlands correspondence) from isomorphism classes of irreducible
smooth representations of GL,(K) over 2 to isomorphism classes of n-dimensional Frobe-
nius semisimple Weil-Deligne representations of Wi, and that this bijection is natural in a
number of respects. (See [HT] for details.)

We will call a Weil-Deligne representation of Wi over Q¢ bounded if for some (and hence
all) 0 € Wi — I all the eigenvalues of r(o) are l-adic units. There is an equivalence of
categories between bounded Weil-Deligne representations of Wx over Q¢ and continuous
representations of Gal (K“/K) on finite dimensional Qf“-vector spaces as follows. Fix a
lift ¢ € Wk of Frob,, and a continuous homomorphism ¢ : Ix — Z;. Send a Weil-
Deligne representation (V,r, N) to (V, p), where p is the unique continuous representation
of Gal (K*/K) on V such that

p(¢"o) = r(¢"0) exp(t(o)N)

for all n € Z and o € Ix. Up to natural isomorphism this functor is independent of the
choices of t and ¢. We will write WD(V, p) for the Weil-Deligne representation corresponding
to a continuous representation (V, p). If WD(V, p) = (V,r, N), then have p[jj, = 1% (See
[T], §4 and [D], §8 for details.)

Now suppose that L is a finite, imaginary CM extension of Q. Let ¢ € Aut (L) denote
complex conjugation. Suppose that IT is a cuspidal automorphic representation of GL,,(Ar)
such that

o [TocTIY;

e Il has the same infinitesimal character as some algebraic representation over C of
the restriction of scalars from L to Q of GL,;

e and for some finite place x of L the representation II, is square integrable.

(In this paper ‘square integrable’ (resp. ‘tempered’) will mean the twist by a character of a
pre-unitary representation which is square integrable (resp. tempered).) In [HT] (see theo-
rem C in the introduction of [HT]) it is shown that there is a unique continuous semisimple
representation

Ry(I0) : Gal (L%/L) —> GLy(Q%)
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such that for each finite place v [ [ of L
rec(IY| det | =) = (R[5, V)

for some N. Moreover it is shown that II, is tempered for all finite places v of L, which
completely determines the N (see lemma 1.3 below). If n = 1 both these assertions are true
without the assumption that ITo ¢ = IIV.

The main theorem of this paper identifies the N of WD(R;(II)|gai (rac/1,)) With the above
N. More precisely we prove the following.

Theorem 1.1. Keep the above notation and assumptions. Then for each finite place v [ 1
of L there is an isomorphism

1-n
tWD(Ry(T1)| Ga (1ge/L,)) " 2 rec(TLy | det | 2)

of Weil-Deligne representations over C.

As R(II) is semisimple and rec (H,\J/ | det \FTR) is indecomposable if I, is square integrable,
we have the following corollary.

Corollary 1.2. If I1, is square integrable for a finite place v [ I, then the representation
Ry(I1) is irreducible.

In the rest of this section we consider some generalities on Galois representations and
Weil-Deligne representations. First consider Weil-Deligne representations over an alge-
braically closed field Q2 of characteristic zero and the same cardinality as C. For a finite
extension K'/K of p-adic fields, we define

(V.r, N)lwy, = (V.rlw,, N).

If (W,r) is a finite dimensional representation of Wy with open kernel and if s € Z>; we
will write Sp,(W) for the Weil-Deligne representation

(W, rlArt 5t @ - @ r|Artt g @7, N)

where N : 7°|Art;(1 ?1 = 7“|A1rt;<1 t-fori=1,...,s—1. This defines Sp (W) uniquely (up to
isomorphism). If W is irreducible then Sp, (W) is indecomposable and every indecomposable
Weil-Deligne representation is of the form Sp, (W) for a unique s and a unique irreducible
W. If 7 is an irreducible cuspidal representation of GL4(K) then rec(w) = (r,0) with r
irreducible. Moreover for any s € Z>; we have (in the notation of section 1.3 of [HT])

rec(Sp,(m)) = Sp,(r).

If ¢ € Ry, then by a Weil g-number we mean o« € Q% such that for all o : Q*¢ — C
we have (ca)(coa) = q. We will call a Weil-Deligne representation (V,r, N) of Wy strictly
pure of weight k € R if for some (and hence every) lift ¢ of Frob,, , every eigenvalue « of
r(¢) is a Weil (#k(vg))¥-number. In this case we must have N = 0. We will call (V,r, N)
mized if it has an increasing filtration Fil;" with Fil}YV = V for i >> 0 and = (0) for
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i << 0, such that the i-th graded piece is strictly pure of weight i. If (V,r, N) is mixed

then there is a unique choice of filtration Fil ]V, and N(Fil}¥V) C Fil}¥,V. Finally we will

call (V,r, N) pure of weight k if it is mixed with all weights in k + Z and if for all i € Z~¢
Nogr V" gV

If W is strictly pure of weight k, then Sp (W) is pure of weight k — (s — 1) for any s € Z>;.

(It is generally conjectured that if X is a proper smooth variety over a p-adic field K, then

WD (H'(X x g K, Qf¢)) is pure of weight i in the above sense.)

Lemma 1.3. (1) (V,r,N) is pure if and only if (V,r, N)F-S s,

(2) If L/K is a finite extension, then (V,r, N) is pure if and only if (V,r, N)|w, is pure.

(3) An irreducible smooth representation m of GL,(K) has om tempered for all o : ) —
C if and only if rec(r) is pure of some weight.

(4) Given (V,r) with r semisimple, there is, up to equivalence, at most one choice of N
which makes (V,r, N) pure.

(5) If (V,r,N) is a Frobenius semisimple Weil-Deligne representation which is pure of
weight k and if W C V is a Weil-Deligne subrepresentation, then the following are
equivalent:

(a) AW W is pure of weight kdim W,
(b) W is pure of weight k,
(c) W is a direct summand of V.

(6) Suppose that (V,r,N) is a Frobenius semisimple Weil-Deligne representation which
is pure of weight k. Suppose also that Fil'V is a decreasing filtration of V' by Weil-
Deligne subrepresentations such that Fil’V = (0) for j >> 0 and FilV’V =V for
j << 0. If for each j

/\dimgrjvgrjv
is pure of weight kdimgr’V, then

VePelv
J
and each gr?V is pure of weight k.

Proof: The first two parts are straightforward (using the fact that the filtration Fil}/v is
unique). For the third part recall that an irreducible smooth representation Sp,, (71)H8- - -8
Sps, (7¢) (see section 1.3 of [HT]) is tempered if and only if the absolute values of the central
characters of the Sp, (m;) are all equal.

Suppose that (V,r, N) is Frobenius semisimple and pure of weight k. As a Wx-module we
can write uniquely V' = @,¢zV; where (V;, 7, 0) is strictly pure of weight k+i. For i € Z>¢ let
V(i) denote the kernel of N**1:V; — V_; 5. Then N : Viio < V; and V; = NVi 12 ® V(7).

Thus .
V=P NV,

1€Z j=0
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and for 0 < j < 4 the map N7 : V(i) — Vi_g; is injective. Also note that as a virtual
Wi-module [V (i)] = [Vi] — [Vit2 ® |Art ' | k]. Thus if 7 is semisimple then (V,r) determines
(V,r, N) up to isomorphism. This establishes the fourth part.

Now consider the fifth part. If W is a direct summand it is certainly pure of the same
weight k& and AY™W W is then pure of weight & dim W. Conversely if W is pure of weight
k then

W - @),
i€Z j=0
where W (i) = WNV(i). As a Wi-module we can decompose V(i) = W (i) @ U(i). Setting

i
U= PPN,
i€Z j=0
we see that V =W @ U as Weil-Deligne representations. Now suppose only that /\dimW w
is pure of weight kdim W. Write

W = P Sp,, (X))
J

where each X is strictly pure of some weight k + k; + (s; — 1). Then, looking at highest
exterior powers, we see that Zj k; = 0. On the other hand as V' is pure we see that £; <0
for all j. We conclude that £; = 0 for all j and hence that W is pure of weight k.

The final part follows from the fifth part by a simple inductive argument. []

Now let L denote a number field. Write | |1 for
H| L, AL /LY — RS,

and write Arty, for
[[Arte, : A /L — Gal (L*/L)™.

We will call a continuous representation
R:Gal(L*/L) — GL,(Qf°)

pure of weight k if for all but finitely many finite places x of L the representation R is
unramified at  and every eigenvalue o of R(Frob,) is a Weil (#k(x))*-number. Note
that if n = 1 then R is pure of weight k if and only if for all + : Q¢ — C we have
ltRoArtz|? =| |;*. In particular if n = 1 and R is pure then Rl is strictly pure for all
finite places x of L.

We have the following lemma.
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Lemma 1.4. Suppose that M/L is a finite extension of number fields. Suppose also that
R: Gal(L*/L) — GL,(Qf°)
is a continuous semisimple representation which is pure of weight k. Suppose that
S Gal (M /M) — GLgn(QF°)

is another continuous representation with S% = RJ|{ (Mo /a) for some a € Z~qg. Suppose
finally that w is a place of M above a finite place v of L. If WD(S|qal (mac/m,,)) 8 pure of
weight k, then WD(R|qal (rac/1,)) 5 also pure of weight k.

Proof: Write
Rlgal (aee/ary = @Ri

where each R; is irreducible. Then det R; is pure of weight kdim R; and so that the top
exterior power A% WD (R;|qal (Mac/M,)) 18 also pure of weight kdim R;. Lemma 1.3(6)
tells us that

WD(S|Ga1(M$C/M‘”))F_SS = <@WD(R”GM(M&C/MLU))F_SS) = (WD(R|Ga1(M$C/Mw))F_SS)a,

and that WD(R|gal (Mgc/Mw))F'SS is pure of weight w. Applying lemma 1.3(1) and (2), we
see that WD(R|qa1 (za¢/1,)) is also pure. [J

2. SHIMURA VARIETIES

In this section we study the geometry of integral models of Shimura varieties of the type
considered in [HT], but with Iwahori level. It may be viewed as a generalisation of the work
of Deligne-Rapoport [DR] in the case of modular curves.

In this section,

e let F be an imaginary quadratic field, F'™ a totally real field and set F = EF™T;
e let p be a rational prime which splits p = uu® in E;
e and let w = wy, ..., w, be the primes of F' above u;
e and let B be a division algebra with centre F' such that
— dimp B = n?,
— B =B®p.F,
— at every place x of F' either B, is split or a division algebra,
— if n is even then the number of finite places of F™ above which B is ramified
is congruent to 1 + Z[F* : Q] modulo 2.
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Pick a positive involution * on B with *|p = ¢. Let V = B as a B ®p B°P-module. For
B € B*=! define a pairing

(,):VxV — Q
(w1,12) +—— trp/otr g/p(T1623).

Also define an involution # on B by 27 = B2*3~" and a reductive group G/Q by setting,
for any Q-algebra R, the group G(R) equal to the set of

(A, g) € R* x (B® ®g R)*

such that
99" =\,

Let v : G — G, denote the multiplier character sending (A, g) to A. Note that if z is a
rational prime which splits z = yy° in E then

G(Q.) — (BP)* xQf
(Ag) — (gy: M)

We can and will assume that

e if z is a rational prime which does not split in E the G x Q, is quasisplit;
e the pairing ( , ) on V ®gR has invariants (1,n — 1) at one embedding 7 : F'* — R
and invariants (0,n) at all other embeddings F'* — R.

(See section 1.7 of [HT] for details.)

Let U be an open compact subgroup of G(A*). Define a functor Xy from the category
of pairs (5, s), where S is a connected locally noetherian F-scheme and s is a geometric
point of S, to the category of sets, sending (.9, s) to the set of isogeny classes of four-tuples
(A, N\, i,7) where

e A/S is an abelian scheme of dimension [FT : Q]n?;

e i: B — End(A4) ®z Q such that Lie A ®(pg,04),101 Os is locally free over Og of
rank n and the two actions of F'* coincide;

e \: A— AV is a polarisation such that for all b € B we have X oi(b) = i(b*)" o \;

e 77is a (S, s)-invariant U-orbit of isomorphisms of B®gA>*-modules ) : V@A™ —
V' As which take the standard pairing ( , ) on V to a (A°)*-multiple of the A\-Weil
pairing on V Aj;.

Here VA, = (lgn A[N](k(s))> ®z Q is the adelic Tate module. For the precise notion of
N

isogeny class see section II1.1 of [HT]. If s and s’ are both geometric points of a connected
locally noetherian F-scheme S then X/ (S, s) and Xy (S, s') are in canonical bijection. thus
we may think of Xy as a functor from connected locally noetherian F-schemes to sets. We
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may further extend it to a functor from all locally noetherian F'-schemes to sets by setting
Xy (]_[ SZ-) =[] xuv(Sh).

If U is sufficiently small (i.e. for some finite place x of Q the projection of U to G(Qy)
contains no element of finite order except 1) then Xy is represented by a smooth projective

variety Xy /F of dimension n— 1. The inverse system of the Xy for varying U has a natural
action of G(A*).

Choose a maximal Zy-order Op of B with Oy = Op. Also fix an isomorphism
(’)OBij =~ Mn((’)Rw), and let ¢ € B, denote the element corresponding to the diagonal
matrix (1,0,0,...,0) € M,(OF.). We decompose G(A>) as

T

(1) G(A®) = G(A®P) x (H(ng)X) x GLy(Fy) x Q.

=2

Let w denote a uniformiser for Op,,. For m = (ma,...,m;) € Zg‘ol, set
T T
U2 (m) = [ [ er((OF,)< — (OF,, /wi)*) c [[(BX)*.
i=2 =2

Let B,, denote the Borel subgroup of GL,, consisting of upper triangular matrices and let
N,, denote its unipotent radical. Let Iwy , denote the subgroup of GL,(OF,,) consisting
of matrices which reduce modulo w to B, (k(w)). We will consider the following open
subgroups of G(Qy):

Ma(m) = Uy(m)x GLn(OFw) X Z)
Iw(m) = Up(m)xIwpw X Z)

Let UP be an open compact subgroup of G(A*P). Write Uy (resp. U) for UP x Ma(m)
(resp. UP x Tw(m)).

We recall that in section III.4 [HT] integral model of Xy, over O, is defined. It
represents the functor Xy, from locally noetherian Of,-schemes to sets. As above, Xy,
is initially defined on the category of connected locally noetherian Op,, schemes with a
geometric point to sets. It sends (5, s) to the set of prime-to-p isogeny classes of (r + 3)-
tuples (A, \, 4,7, a;), where

e A/S is an abelian scheme of dimension [FT : Q]n?;

e i: Op — End (A) ®z Z;) such that LieA@(OE,u®zp05),1®1 Og is locally free of rank
n and the two actions of O coincide;

e \: A— AV is a prime-to-p polarisation such that for all b € Op we have X oi(b) =
i(b*)V o \;
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e 7 is a (5, s)-invariant UP-orbit of isomorphisms of B ®g A*P-modules 1 : V ®q
AP — VP A which take the standard pairing ( , ) on V to a (A°P)*-multiple of
the A-Weil pairing on VP A;

o for 2 <i <7, a;:(w; " Opuw;/OBw)s — Alw!"] is an isomorphism of S-schemes
with Opg-actions;

Then Xy, is smooth and projective over Op,, ([HT], page 109). As UP varies, the inverse
system of the Xy;,’s has an action of G(A*P).

Given an (r+3)-tuple as above we will write G4 for e A[w™] a Barsotti-Tate O ,,-module.
Over a base in which p is nilpotent it is one dimensional. If A denotes the universal abelian
scheme over Xy, we will write G for G4. This G is compatible, i.e. the two actions of Op,,
on LieG coincide (see [HT)).

Write X, for the special fibre Xy, X Spec Op.,, SPeCk(w). For 0 <h <n —1, we let Y%

denote the reduced closed subscheme of X, whose closed geometric points s are those for
which the maximal etale quotient of Gs has Op,-height at most h, and let

< (h Ik ~lh—1

)t
(where we set XEJ’O” = ()). Then Yglo) is smooth of pure dimension h (corollary II1.4.4 of
[HT]), and on it there is a short exact sequence

(0) —G"— G — G —(0)

where G° is a formal Barsotti-Tate OFw-module and G is an etale Barsotti-Tate OFrw-
module with Op,-height h.

(0)

Lemma 2.1. If0 < h <n —1 then the Zariski closure of ngh) contains YUO .

0

Proof: This is ‘well known’, but for lack of a reference we give a proof. Let x be a closed
geometric point of Yg)o) . By lemma I1.4.1 of [HT] the formal completion of X 1, x Spec k(w)®
at z is isomorphic to the equicharacteristic universal deformation ring of G,. According to
the proof of proposition 4.2 of [Dr] this is Spf k(w)*“[[T1, ..., T,—1]] and we can choose the
T; and a formal parameter S on the universal deformation of G, such that

n—1 )
[@0](S) = @S + Y TS#H 4 G#RET (mod §#AWI™HL),
i=1
Thus we get a morphism
Spec k(w)*[[Ty, ..., Th—1]] — Xy,

lying over = : k(w)® — Xy, such that, if k& denotes the algebraic closure of the field of
fractions of k(w)*[[Th, ..., Tn-1]]/(T1, ..., Tn—n—1), then the induced map

Speck — Xy,
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factors through Ygf)). Thus « is in the closure of 7&), and the lemma follows. [J

Now we define the functor Xy. Again we initially define it as a functor from the category
of connected locally noetherian schemes with a geometric point to sets, but then (as above)
we extend it to a functor from locally noetherian schemes to sets. The functor Xy will
send (5, s) to the set of prime-to-p isogeny classes of (r + 4)-tuples (A4, \,i,7?,C, «;), where
(A, N, 4,77, a) is as in the definition of Xy, and C is a chain of isogenies

C:G=Go—G1— - —Gy=G/Gu]

of compatible Barsotti-Tate Op,,-modules, each of degree #k(w) and with composite equal
to the canonical map G — G/G[w]. There is a natural transformation of functors Xy — Xy, .

Lemma 2.2. The functor Xy is represented by a scheme Xy which is finite over Xy,. The
scheme Xy has some irreducible components of dimension n.

Proof: By denoting the kernel of Gy — G; by K; C Gw], we can view the above chain as

a flag
0=KpCKiCKyC---CKy_1 CK,=Glw]

of closed finite flat subgroup schemes with Op-action, with each K;/KC;—_1 having order
#k(w). Let H denote the sheaf of Hopf algebras over Xy, defining G[w]|. Then Xy is
represented by a closed subscheme Xy of the Grassmanian of chains of locally free di-
rect summands of H. (The closed conditions require that the subsheaves are sheaves of
ideals defining a flag of closed subgroup schemes with the desired properties.) Thus X
is projective over Op,,. At each closed geometric point s of Xy, the number of possible
Op w-submodules of G[w]s = G[w]? x G[w]¢ is finite, so Xy is finite over Xyy,. To see that
Xy has some components of dimension n it suffices to note that on the generic fibre the
map to Xy, is finite etale. U

We say an isogeny G — G’ of one-dimensional compatible Barsotti-Tate Op,,-modules
over a scheme S of characterstic p has connected kernel if it induces the zero map on LieG.
We will denote the relative Frobenius map by F : G — G®) and let f = [k(w) : Fp], and
then Ff : G — G#F®)) is an isogeny of compatible Barsotti-Tate OF,w-modules of degree
#k(w) and has connected kernel.

We have the following rigidity lemma.

Lemma 2.3. Let W denote the ring of integers of the completion of the mazximal unramified
extension of Fy,. Suppose that R is an Artinian local W -algebra with residue field k(w)®c.
Suppose also that

C:Go—G1— - —G,=0o
is a chain of isogenies of degree #k(w) of one-dimensional compatible formal Barsotti-
Tate O -modules of Oy, -height n with composite equal to multiplication by w.,,. If every
isogeny Gi—1 — G; has connected kernel (for i =1,...,n) then R is a k(w)*-algebra and C
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is the pull-back of a chain of Barsotti-Tate O ,-modules over k(w)®®, with all the isogenies
isomorphic to F7.

Proof: As the composite of the n isogenies induces multiplication by w,, on the tangent
space, w,, = 0 in R, i.e. R is a k(w)%-algebra. Choose a parameter T; for G; over R.
With respect to these choices, let f;(T;) € R[[T;]] represent G;—1 — G;. We can write
fi(4) = gi(Tfhi) with h; € Z>o and g(0) # 0. (See [F], chapter I, §3, Theorem 2.) As
Gi—1 — G; has connected kernel, f/(0) = 0 and h; > 0. As f; commutes with the action [r]
for all r € OF,,, we have 7" =7 for all T € k(w), hence h; is a multiple of f = [k(w) : F,)].
Reducing modulo the maximal ideal of R we see that h; < f and so in fact h; = f and
g:(0) € R*. Thus G; = gé#’“(“’)” in such a way that the isogeny Gy — G; is identified with
Fli, In particular Gy & gé#’“(“’)") and hence Gy = gé#k(w>"m) for any m € Z>p. As R is
Artinian some power of the absolute Frobenius on R factors through k(w)*c. Thus Gy is a
pull-back from k(w)*¢ and the lemma follows. O

Now let Yy7; denote the closed subscheme of Xy =Xy XSpec Op .4 Spec k(w) over which
Gi—1 — G; has connected kernel.

Proposition 2.4. (1) Xy has pure dimension n and semistable reduction over Op,y,
that is, for all closed points x of the special fibre Xy Xspec 0y, Speck(w), there
exists an etale morphism V — Xy with x € ImV and an etale OF,,-morphism:

V — Spec Op (11, ..., Tp)/(Th - - - Ty, — @)

for some 1 < m < n, where @, is a uniformizer of OF.

(2) Xy is regular and the natural map Xy — Xy, is finite and fl%

(3) Each Yy, is smooth over Speck(w) of pure dimension n — 1, Xy = Ui, Yu,i and,
for i # j the schemes Yy; and Yy ; share no common connected component. In
particular, Xy has strictly semistable reduction.

Proof: In this proof we will make repeated use of the following version of Deligne’s ho-
mogeneity principle ([DR]). Write W for the ring of integers of the completion of the
maximal unramified extension of F,. In what follows, if s is a closed geometric point of an
OFw-scheme X locally of finite type, then we write O)A(’s for the completion of the strict
Henselisation of X at s, i.e. Oé\(xspecW, s- Let P be a property of complete noetherian local
W-algebras such that if X is a Opg-scheme locally of finite type then the set of closed
geometric points s of X for which O)AQ s has property P is Zariski open. Also let X — Xy,
be a finite morphism with the following properties

(i) If s is a closed geometric point of ngho) then, up to isomorphism, (’)9(7 ; does not
depend on s (but only on h).

(ii) There is a unique geometric point of X above any geometric point of YS)O) .
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If O% , has property P for every geometric point of X over X §]O), then (’)3\(7 ¢ has property
| o for every closed geometric point of X. Indeed, if we let Z denote the closed subset of X
where P does not hold, then its image in Xy, is closed and is either empty or contains some
Xy (h) In the latter case, by lemma 2.1, it also contains Yg)o), which is impossible. Thus Z
must be empty.

Note that both X = Xy and X = Yy, satisfy the above condition (ii) for the homogeneity
principle, by letting R = k(w)® in lemma 2.3.

(0)

(1): The dimension of OE\(U, ¢ as s runs over geometric points of Xy above YUO is constant,
say m. Applying the homogeneity principle to X = Xy with P being ‘dimension m’, we
see that Xy has pure dimension m. By lemma 2.2 we must have m = n and Xy has pure
dimension n.

Now we will apply the above homogeneity principle to X = Xy taking P to be ‘isomorphic
to WI[Th, ..., Tn]]/(Th - - - Ty, — wy) for some m < n’. By a standard argument (see e.g. the
proof of proposition 4.10 of [Y]) the set of points with this property is open and if all closed
geometric points of Xy have this property P then Xy is semistable of pure dimension n.

(0)

Let s be a geometric point of Xy over a point of XUO. Choose a basis e; of LieG; over
OXU < such that e, maps to ey under the isomorphism G, = Go/Go[w] = Gy induced by
wy. With respect to these bases let X; € (’)S\(U, . represent the linear map LieG;_1 — LieG;.
Then

X1 Xp = @
Moreover it follows from lemma 2.3 that O% /(X1,..., Xpn) = k(w)*. (Because, by lemma
I11.4.1 of [HT], O)A(Um < is the universal deformation space of G;. Hence by lemma 2.3, (’))A(U, s
is the universal deformation space for the chain
G, £ gk A GO > G /G [w,).)
Thus we get a surjection
WXy, ., X,/ (X1 Xy — @) — O%,
and as O§U7 s has dimension n this map must be an isomorphism.

(2): We see at once that Xy is regular. Then [AK] V, 3.6 tells us that Xy — Xy, is flat.

(3): We apply the homogeneity principle to X = Yy;; taking P to be ‘formally smooth
of dimension n — 1’. If s is a geometric point of Yz;; above 75]00) then we see that O}A,Uh s 18
cut out in O%, = W[[Xy,..., Xu]]/(X1-- Xpn — @) by the single equation X; = 0. (We

are using the parameters X; defined above.) Thus

(’)QUJ_,S = k(w)*[[ X1y ey Xic1y Xit1y oery Xn]
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is formally smooth of dimension n — 1. We deduce that Y;; is smooth of pure dimension
n— 1.

As our G/ X is one-dimensional, over a closed point, at least one of the isogenies G; 1 —
G; must have connected kernel, which shows that Xy = \U; Yui. Suppose Yy; and Yy ;
share a connected componet Y for some i # j. Then Y would be finite flat over Xy, and so
the image of Y would meet Y(Urg_l). This is impossible as above a closed point of Y(Uno_l) one
isogeny among the chain can have connected kernel. Thus, for ¢ # j the closed subschemes

Yy and Yy ; have no connected component in common. []

By the strict semistability, if we write, for S C {1,...,n},

Yus = () Yo, Vs =Yus— |J Yur
ics TS
then Y77 g is smooth over Spec k(w) of pure dimension n — #5 and Y[(])’ g are disjoint for dif-

ferent S. With respect to the finite flat map Xy — Xy, the inverse image of 7% is exactly

the locus where at least n — h of the isogenies have connected kernel, i.e. U#S>n_h Yus.

(h)

. . - (h) . .
Hence the inverse image of X, is equal to U# S—n—h Yg g- Also note that the inverse system

of Yl(}’ g for varying UP is stable by the action of G(A*P).

Next we will relate the open strata Y(% g to the Igusa varieties of the first kind defined
in [HT]. For 0 <h <n—1and m € Z%, we write I for the Igusa varities of the first

UP.m
kind defined on page 121 of [HT]. We also define an Iwahori-Igusa variety of the first kind
h) ~(h)
II(J )/XUO

as the moduli space of chains of isogenies
G =Go— G — - — G = G /G w]

of etale Barsotti-Tate OF,,-modules, each isogeny having degree #k(w) and with composite

equal to the natural map G — G°*/G°*[w]. Then I, ((]h) is finite etale over Yg?, and as the
)

Igusa variety I ((JZ (1,m) classifies the isomorphisms

oz‘ft : (w_IOF,w/OF,w)%(h) — G [w],
Uo

the natural map
(h) (h)
Tow i) — Iy

is finite etale and Galois with Galois group Bj(k(w)). Hence we can identify Il(]h) with

Ig;)(l m)/Bh(k:(w)). Note that the system I((]h) for varying UP naturally inherits the action
of G(A>P).

Lemma 2.5. For S C {1,...,n} with #S = n— h, there exists a finite map ong?—schemes

h
SOiY(?,s—’I((J)
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which is bijective on the geometric points.

Proof: The map is defined in a natural way from the chain of isogenies C by passing to
the etale quotient G, and it is finite as YU07 g (resp. I(Uh)) is finite (resp. finite etale) over

7%). Let s be a closed geometric point of I(Uh) with a chain of isogenies
Gt = Gt =+ — it = G2 /G2 )

For 1 <i < n let j(i) denote the number of elements of S which are less than or equal to
1. Set G; = (gg)(#k@““) X fij(i). If i € S, define an isogeny G;_1 — G; to be the identity
times the given isogeny G', — G§t. If i € S, define an isogeny G;,—1 — G; to be F/ times
the identity. Then

Go— = Gn

defines the unique geometric point of Y[(])’ g above s. [J

Now recall from [HT] III1.2, that for an irreducible algebraic representation £ of G over
Qf¢, one can associate a lisse Qf“-sheaf L¢/ Xy for every U such that Xy is defined, and
the action of G(A°P) extends to L¢. The sheaf L¢ is extended to the integral models and

Igusa varieties, and on I ((]}L) (1m)? 1 ((Jh) and Y[(])’ g they are the pull back of L¢ on 7}}”.

Corollary 2.6. For every i € Z>o, we have isomorphisms

1 ac ~ 1 h ac
HAY2 g X B(w)*, Le) = HIIT X ) k(w)?, Le)

~

1 h ac w
S HIIS) 1y Xy R(w), £e) Bk

that are compatible with the actions of G(A*P) when we vary UP.

Proof: By lemma 2.5, for any lisse Qj*“-sheaf F on I, l(]h), we have F = ¢,¢*F by looking at
the stalks at all geometric points. As ¢ is finite the first isomorphism follows. The second

7 ()

isomorphism follows easilly as U, (1m) — LU is finite etale and Galois with Galois group

By(k(w)). O

In the next section, we will be interested in the G(A%®) x FrobZ-modules

Hi(}/iw(m),57£§) = lii{lfli(YVU,S X k(w) k(w)ac’ ‘CE)
Ur

Here we relate the alternating sum of these modules to the cohomology of Igusa vari-
eties. We will define the elements of Groth (G(A*P) x FrobZ) (we write Groth (G) for the
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Grothendieck group of admissible G-modules) as follows:
[H (Yiw(m),s» Le)] = Z(—l)nf#sfiﬂi(ylw(m),sv Le),
[He(Yigm),50 Le)] = Z(—l)"_#s_i%Hi(Yg,s Xe(w) F(w)*, Le),
(eIt £6)] = D0 (=1)" " lim HU(L gy k(w)*, Le)-
i ur
Then, because

Yus = |J Yr
oS
for each U = UP x Iw(m), we have equalities

[H(Yiw(my,s: Le)] = > (=) #=0#D[H (YD, 1o Le)]

755
n— —(n— n—+#T
— Z(_l)( #5)—( #T)[Hc(jl(w(nf; ),55)].
758

As there are ("_,fé S) subsets T' with #7T' =n — h and T D S, we conclude:

Lemma 2.7. We have an equality

n—#S
—#S
[H (Yiwmys: L) = D (_1)n_#s_h<n h# >[Hc(11(v}5)<m)7ﬁé)]
h=0

in the Grothendieck group of admissible G(A®P) x FrobZ -modules over Qye.

3. PROOF OF THE MAIN THEOREM

We now return to the situation in theorem 1.1. Recall that L is an imaginary CM field
and that II is a cuspidal automorphic representation of GLy,(Ar) such that

o [Toc™ Hv;

e Il has the same infinitesimal character as some algebraic representation over C of
the restriction of scalars from L to Q of GLy;

e and for some finite place x of L the representation I, is square integrable.

Recall also that v is a place of L above a rational prime p, that [ # p is a second rational
prime and that 2 : Q¢¢ = C. Recall finally that R;(II) is the l-adic representation associated
to II.

Choose a quadratic CM extension L'/L in which v and x split. Choose places v’ # 2’
of L' above v and x respectively. Also choose an imaginary quadratic field E and a totally
real field F'* such that
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[FT: Q) is even;

F = EFT is soluble and Galois over L';

p splits as wu® in F;

there is a place w of F above u and v’ such that IIp,, has an Iwahori fixed vector;

x lies above a rational prime which splits in F and a2’ splits in F.

Denote by IIg the base change of II to GL,(Afr). Note that the component of IIr at a
place above ' is square integrable and hence Il is cuspidal.

Choose a division algebra B with centre F' as in the previous section and satisfying
e B, is split for all places x # z, 2¢ of F.

Also choose , § and G as in the previous section. Then it follows from theorem VI.2.9 and
lemma VI.2.10 of [HT] that we can find

e a character ¢ : Ay /E* — C*,
e an irreducible algebraic representation £ of G over Qf<,
e and an automorphic representation 7w of G(A),

such that

® T, is cohomological for &,

e 1) is unramified above p,

e % is the inverse of the restriction of :§ to £ C G(R),

e ¢)°/1 is the restriction of the central character of IIp to A%,

e and if z is a rational prime which splits yy¢ in E then 7, = (®

as a representation of (By’)* x QX & (®Z‘y(B§p)X) x QX.

1y JLTHIL)) ®@ 4y

Here JL denotes the identity if B, is split and denotes the Jacquet-Langlands correspon-
dence if B, is a division algebra. (See section 1.3 of [HT].)

We will call two irreducible admissible representations 7’ and 7" of G(A™) nearly equiv-
alent if 7}, = 7!/ for all but finitely many rational primes z. If M is an admissible G(A*)-
module and 7’ is an irreducible admissible representation of G(A*) then we define the
7'-near isotypic component M [r'] of M to be the largest G(A>)-submodule of M all whose
irreducible subquotients are nearly equivalent to 7/. Then

M =P M|

as 7' runs over near equivalence classes of irreducible admissible G(A)-modules. (This
follows from the following fact. Suppose that A is a (commutative) polynomial algebra over
C in countably many variables, and that M is an A-module which is finitely generated over
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C. Then we can write
V=@,
m

where m runs over maximal ideals of A with residue field C.)

We consider the Shimura varieties Xy /F' for open compact subgroups U of G(A*) as in
the last section. Then
H'(X, L¢) = lim H'(Xy xp F*, Le)
U
is a semisimple, admissible G(A*)-module with a commuting continuous action of the
Galois group Gal (F¢/F). (For details see II1.2 of [HT].)

The following lemma follows from [HT]|, particularly corollary VI.2.3, corollary VI.2.7
and theorem VII.1.7.

Lemma 3.1. Keep the notation and assumptions above. (In particular we are assuming
that 7 arises from a cuspidal automorphic representation 11 of GL,(AF).)

(1) Ifi #n—1 then H(X, L¢)[n] = (0).
(2) As G(A™>®) x Gal (FaC/F)—modules

H* (X, Le)[r @w © Ri()™™) @ Ry(v),

where ' runs over irreducible admissible representations of G(A™) nearly equivalent
to ™ and where m(n') € Zxo, and R;(IT) = R}(I1)%®

(3) m(m) > 0.

(4) If m(n") > 0 then 7, = 7.

If 7/ is an irreducible admissible representation of G(A*) we can decompose it as (7')P ®
(ITi=g 71, ) © 7, @), ¢, corresponding to the decomposition (1). If 7” is an irreducible admis-
sible representation of G(A°P) and N is an admissible G(A®P)-module then we can define
the 7”-near isotypic component of N in the same manner as we did for G(A°)-modules.
If M is an admissible G(A*)-module and 7’ is an irreducible admissible representation of
G(A*) then

MIw(m)[(ﬂ_/)p] _ M[ﬂ_l]lw(m).
We will write

H(Xrw(mys £¢) = lim H' (Xupsrw(m) XF F*, Le) = H'(X, L)),
UP

It is a semisimple admissible G(A°>P)-module with a commuting continuous action of
Gal (F*/F).

Theorem 3.2. Keep the above notation and assumptions. (In particular we are assuming
that m arises from a cuspidal automorphic representation I1 of GLy(AFp).) Let UP be a
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sufficiently small open compact subgroup of G(A*P). Then
WD (Hn_l(XIw(m)v Eﬁ) [ﬂ-p] Up)

18 pure.

Proof: As Xu = Xyvxiw(m) 18 strictly semistable by proposition 2.4, we can use the
Rapoport-Zink weight spectral sequence [RZ] to compute H ”_I(XIW(m),[,g). For Xy, it
reads

EYU) = P P H T (Yus xpw) k(w)™, Le(—t) = HY (Xy xp F3e, Le).
t>max(0,—i) #S=i+2t+1

Passing to the limit with respect to UP, it gives rise to the following spectral sequence of

admissible G(A>®?) x FrobZ-modules

Ei’j (Iw(m)) = @ @ Hj_Qt(YIW(m)ﬁ, E{(—t)) = HH_j (XIW(m), [:g)
t>max(0,—1) #S=i+2t+1

Hence we get a spectral sequence of Frobﬁ—modules
(2) By (Tw(m)) 717" = H™ (Xpy(my, Le) 717"

The sheaf L¢ is pure, say of weight we. Thus the action of Frob,, on Ei] is pure of weight
wg + j by the Weil conjectures. The theory of weight spectral sequence ([RZ]) defines an
operator N -
N : B (w(m)) 17" (1) — B9 (tw(m))[]1”

which induces the N for WD(H™ (X (), L¢)[7?]”") and has the property that

N2 EC (Iw(m)) (7] (i) = By (Tw(m) (7]
for all 7. If the spectral sequence (2) degenerates at F1, then it follows that the Weil-Deligne
representation WD (H" ™ (Xiy (), Le)[7F]Y") is pure of weight we + (n—1). Thus it suffices
to show that N

B (Tw(m))[]”" = (0)
ifi4+j#n—1,1ie. that
HY (Yiw(m),Sa E{)[ﬂp]Up = (0)

if j £ n — #48S.

We first recall some notation from [HT]. For h = 0,...,n — 1 let P, denote the maximal
parabolic in GL,, consisting of matrices g € GL,, with g;; =0 for i >n —h and j <n — h.
Also let N;, denote the unipotent radical of Py, let P,?p denote the opposite parabolic and
let N;* denote the unipotent radical of P,*. Let Dp, ,—p denote the division algebra with
centre F,, and Hasse invariant 1/(n — h). If 7’ is a square integrable representation of
GL,_p(Fy), let o denote a pseudo-coefficient for 7’ as in section 1.3 of [HT]. (Note that
this depends on the choice of a Haar measure, but in the formulae below this choice will
always be cancelled by the choice of an associated Haar measure on Dfﬂth p- See [HT] for
details.)



20 RICHARD TAYLOR AND TERUYOSHI YOSHIDA

If we introduce the limit of cohomology groups of Igusa varieties for varying level structure
at p as in (see p.136 of [HT));

[H(I®, L)) = ST (1) Tim HIIY,, X p) k(w)®, Le),

i Up ,m
then the second isomorphism of corollary 2.6 and theorem V.5.4 of [HT] tell us that
»Cg)] n[ ( (h) L )] Uy (m) XIwp, o
_ n l—zRed(h) [H’L(X’ ££)U;”(m)]

Iw(m)’

in Groth (G(A>?) x Frob%), where
Red™ : Groth (GL,(F,) x Q}) — Groth (Frob%)
is the composite of the normalised Jacquet functor
Jor : Groth (GLn(Fy) x Q) — Groth (GL,_p(Fy) x GLp(Fy) x Q)
with the functor
Groth (GLy—p(Fy) x GLy(F,) x Q) — Groth (FrobZ)
which sends [a ® 5 ® 7] to

1-n x
ZVO] F i W/ Fa )~ ltI'Oé((pSp (¢))(dimﬁlwh’“’)[rec(¢_1] |’ (»yZP oNFw/Eu)_l)},

where the sum is over characters ¢ of F\ /O, . (We just took the Iwp, ,-invariant part of
the Redgh), which is defined on p.182 of [HT]. Note that Frob,, acts on H.(I", L¢) as

(1,p~ ), —1,1,1) € G(A™P) x (@} /Z) X Z x GLy(Fy) X (H(B&?)X),
i=2
where we have identified Dy, /O~ with Z via w(det).)
In particular, by lemma 3.1(1), we have an equality in Groth (FrobZ):
h n— m
n[H, (II(W)( 1 L))" ] = Red®™ [H"1(X, L)V [77]V7].

Moreover H" (X, Eg)U;U(m) [7P1U" is m, @ mpo-isotypic as a GLy(Fy,) x Q) -module by
lemma 3.1(4). As m, = IIp,, has an Iwahori fixed vector and 9 = v, is unramified,

(dim HIFVTS,M) [Hn_l (X, L{)U;”(m) [77] Up] = (dim H"_l(X, Eﬁ)lw(m) [7P] UP) [Hwa ® wu] ,
and

n(dimngfng)[ﬂc(lfz)(m) Le)[7P)V"] = (dim H" (X, L)V 7)) Red™ [Ty, © ,] .
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Combining this with lemma 2.7, we get
. Iwn. w
n(dim I ) [H (Yiw(m), 50 £e) 777 ]
n—#S #S
= (dim H" (X, L) [7P)7") S (—1)“—#S—h< >Red M Mpw @ Y.
h=0
As Ilg,, is tempered, it is a full normalised induction of the form

n-Tnd 5 (Spy, (1) © -+ © Sp,, (m1)),

where 7; is an irreducible cuspidal representatlon of GLg,(F,) and P is a parabolic subgroup
of GL, with Levi component GLg, 4, X --- X GLg,q4,. As Ilg,, has an Iwahori fixed vector,
we must have g; = 1 and 7; unramified for all 7. Note that, for this type of representation
(full induced from square integrables Spg, (7;) with 7; an unramified character of F;),
GLn Fw I n,w
d1m(n—Ind P () )(Sp81(7r1) X ® Spst(m))) W
n!
= #P(k(w) \GLn(k(w))/Bn(k(w)) = st
;55!
We can compute Red) [prw ® T/Ju] using lemma 1.3.9 of [HT] (but note the typo there
— “positive integers hi,...,ht" should read “non-negative integers hi,...,h;”). Putting

V; = rec(m; | ]w WuONFw/Eu) 1), we see that

Red® [Mrw ® ] = Zdim n—Indg,L(’;,(wl;w)(Spsﬁh W] P ®Sps 75)) Iwhw[V]
i J#

B
= Z ORIy

where the sum runs only over those ¢ for which s; > n — h, and P’ C GLj, is a parabolic
subgroup. Thus

|

HnSJ [ (Yiw(m) Sv£§)[7rp]U ]
n—#S |

- D . n_#s_h<n— #S) h! ‘/Z
hzo( 2 h iis;_h(si—kh—n)!nj#sj![ }

n—+#S

_ (n — #5)! n—pS—n( Si—H#S :
DZ #S'H]#ZSJ hz = <h+5i_n>[VZ]

=D ”_#$ Vi,
Z#S HJ#SJ' [ ]

where D = dim H" (X, L¢)™™) [7P]V” and so

(g [ 0. LRI = (lim H (X, £ 7] R
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As T, is tempered, rec(ITf,, @ (¢, o Np, /5, )| det |1_Tn) is pure of weight we + (n —1).

Hence
1—#S #S—n

Vi=rec(m | Juw® ($uoNp,/p,) " |w? )
is strictly pure of weight we 4 (n — #5). The Weil conjectures then tell us that

Hj(}/IW(m),Sv ££)[7Tp]Up = (0)
for j # n — #S. The theorem follows. [

n(k+n—1)

We can now conclude the proof of theorem 1.1. Choose k so that [xn| =| |, *  where

x11 is the central character of II. Set
V = H" Y (Xiym), L))" @ Ry() 7,

a continuous representation of Gal (F*“/F'). We know that

(1) Vs = Rl(H)|aGa1(FGC/F) for some a € Zxy,

(2) V is pure of weight k (proposition II1.2.1 of [HT] and a computation of the deter-
minant),

(3) WD(V|Gai (rac/F,)) is pure of weight & (use theorem 3.2 and a computation of the
determinant).

Thus lemma 1.4 tells us that WD(RZ(H)|Gal(L%c/Lv))F‘ss is pure. On the other hand, as
IT, is tempered (corollary VIL1.11 of [HT]), rec(ILy| det ]%) is pure by lemma 1.3(3). As

the representation of the Weil group in rec(IIY | det \FTR) and WD (R (IT) | Gal (10¢ /1,,,)) "™ are
equivalent, we deduce from lemma 1.3(4) that

1—n
“WD(R(T0)|Gar (Lac /1,))" ™ = rec(IT) | det | 2 ),

as desired.
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