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Abstract

Online mechanism design (OMD) addresses the problem of sequential
decision making in a stochastic environment with multiple self-interested
agents. The goal in OMD is to make value-maximizing decisions despite
this self-interest. In previous work we presented a Markov decision pro-
cess (MDP)-based approach to OMD in large-scale problem domains.
In practice the underlying MDP needed to solve OMD is too large and
hence the mechanism must consider approximations. This raises the pos-
sibility that agents may be able to exploit the approximation for selfish
gain. We adopt sparse-sampling-based MDP algorithms to implement
efficient policies, and retain truth-revelation as an approximate Bayesian-
Nash equilibrium. Our approach is empirically illustrated in the context
of the dynamic allocation of WiFi connectivity to users in a coffeehouse.

1 Introduction

Mechanism design (MD) is concerned with the problem of providing incentives to im-
plement desired system-wide outcomes in systems with multiple self-interested agents.
Agents are assumed to have private information, for example about their utility for differ-
ent outcomes and about their ability to implement different outcomes, and act to maximize
their own utility. The MD approach to achieving multiagent coordination supposes the ex-
istence of a center that can receive messages from agents and implement an outcome and
collect payments from agents. The goal of MD is to implement an outcome with desired
system-wide properties in a game-theoretic equilibrium.

Classic mechanism design considers static systems in which all agents are present and a
one-time decision is made about an outcome. Auctions, used in the context of resource-
allocation problems, are a standard example. Online mechanism design [1] departs from
this and allows agents to arrive and depart dynamically requiring decisions to be made with
uncertainty about the future. Thus, an online mechanism makes a sequence of decisions
without the benefit of hindsight about the valuations of the agents yet to arrive. Without the
issue of incentives, the online MD problem is a classic sequential decision problem.

In prior work [6], we showed that Markov decision processes (MDPs) can be used to define
an online Vickrey-Clarke-Groves (VCG) mechanism [2] that makes truth-revelation by the

agents (called incentive-compatibility) a Bayesian-Nash equilibrium [5] and implements a
policy that maximizes the expected summed value of all agents. This online VCG model



differs from the line of work ironline auctionsintroduced by Lavi and Nisan [4] in that it
assumes that the center has a model and it handles a general decision space and any decision
horizon. Computing the payments and allocations in the online VCG mechanism involves
solving the MDP that defines the underlying centralized (ignoring self-interest) decision
making problem. For large systems, the MDPs that need to be solved exactly become large
and thus computationally infeasible.

In this paper we consider the case where the underlying centralized MDPs are indeed too
large and thus must be solved approximately, as will be the case in most real applications.
Of course, there are several choices of methods for solving MDPs approximately. We show
that the sparse-sampling algorithm due to Kearns et al. [3] is particularly well suited to
online MD because it produces the neettszhl approximations to the optimal value and
action efficiently. More challengingly, regardless of our choice the agents in the system can
exploit their knowledge of the mechanism’s approximation algorithm to try and “cheat” the
mechanism to further their own selfish interests. Our main contribution is to demonstrate
that our new approximate online VCG mechanism has truth-revelation by the agents as
ane-Bayesian-Nash equilibrium (BNE). This approximate equilibrium supposes that each
agent is indifferent to within an expected utility @fand will play a truthful strategy in best-
response to truthful strategies of other agents if no other strategy can improve its utility by
more thane. For anye, our online mechanism has a run-time that is independent of the
number of states in the underlying MDP, provides&8INE, and implements a policy with
expected value withia of the optimal policy’s value.

in the context of the dynamic allocation of WiFi connectivity to users in a coffeehouse
demonstrates the speed-up introduced with sparse-sampling (compared with policy cal-
culation via value-iteration), as well as the economic value of adopting an MDP-based
approach to resource allocation over a simple fixed-price approach.

2 Preliminaries

Here we formalize the multiagent sequential decision problem that defines the online mech-
anism design (OMD) problem. The approach is centralized. Each agent is asked to report
its private information (for instance about its value and its capabilities) to a central planner
or mechanism upon arrival. The mechanism implements a policy based on its view of the
state of the world (as reported by agents). The policy defines actions in each state, and the
assumption is that all agents acquiesce to the decisions of the planner. The mechanism also
collects payments from agents, which can themselves depend on the reports of agents.

Online Mechanism Design We consider a finite-horizon problem with a gebf time

points and a sequence of decisiéns: {k1,...,kr}, wherek; € K, andK, is the set of
feasible decisions in periad Agenti € 7 arrives at timex; € T, departs at timé; € T,

and has value; (k) > 0 for a sequence of decisioris By assumption, an agent has no
value for decisions outside of intenal;, /;]. Agents also face payments, which can be col-
lected after an agent’s departure. Collectively, informaftipa: (a;, (;, v;) defines theype

of agenti with §; € ©. Agent types are sampled i.i.d. from a probability distributjdf),
assumed known to the agents and to the central mechanism. Multiple agents can arrive and
depart at the same time. Agentwith typed;, receives utilityu; (k, p; ;) = v;(k;0;) — p,

for decisionst and paymenp. Agents are modeled as expected-utility maximizers.

Definition 1 (Online Mechanism Design) The OMD problem is to implement the sequence
of decisions that maximizes the expected summed value across all agents in equilibrium,
given self-interested agents with private information about valuations.



In economic terms, aoptimal (value-maximizing) policy is the allocatively-efficient, or
simply theefficientpolicy. Note that nothing about the OMD models requires centralized
executiorof the joint plan. Rather, the agents themselves can have capabilities to perform
actions and be asked to perform particular actions by the mechanism. The agents can also
have private information about the actions that they are able to perform.

Using MDPs to Solve Online Mechanism Design In the MDP-based approach to solv-

ing the OMD problem the sequential decision problem is formalized as an MDP with the
state at any time encapsulating both the current agent population and constraints on current
decisions as reflected by decisions made previously. The reward function in the MDP is
simply defined to correspond with the total reported value of all agents for all sequences of
decisions.

Given typed); € f(#) we define an MDP)/, as follows. Define thetateof the MDP at
timet as the history-vectdr, = (61, ...,60:; k1, ..., ki—1), toinclude the reported types up
to and including period and the decisions made up to and including petied..> The set

of all possible states at timtds denotedH;. The set of all possible states across all time is
H =J/! H,. The set of decisions available in stateis K;(h,). Given a decisiork; €

K, (h;) in stateh;, there is some probability distributioRrob(h;1|he, k) over possible
next statesi; 1. In the setting of OMD, this probability distribution is determined by the
uncertainty on new agent arrivals (as represented wiflith), together with departures
and the impact of decisioky on state.

The payoff function for the induced MDP is defined to reflect the goal of maximizing the
total expected reward across all agents. In particular, paydfh;, k:) = v;(k<¢;60;) —
v;(k<¢—1;6;) becomes available from agentipon taking actiork, in stateh,. With this,

we havez;1 R'(ht, ki) = vi(k<.;6;), for all periodst to provide the required cor-
respondence with agent valuations. LRth:, k;) = Y., R'(hs, k;), denote the payoff
obtained from all agents at timte Given a (nonstationary) policy = {m,m2,..., 77}
wherer; : H; — K;, an MDP defines an MDP-value functidf™ as follows: V™ (h;) is

the expected value of the summed payoff obtained from étatewards under policyt,
i.e, V™ (hy) = Ex{R(h,m(ht)) + R(hgg1,7(hez1)) + - - -+ R(hp, w(hr))}. An optimal
policy * is one that maximizes the MDP-value of every statéfin

The optimal MDP-value functio* can be computed by value-iteration, and is defined
so thatV*(h) = maxyex,n)[R(h, k) + > cq,, Lrob(h' |k, k)V* ()] for t = T —
L,T —2,...,1and allh € H;, with V*(h € Hr) = maxyeg,.n) R(h, k). Given the
optimal MDP-value function, the optimal policy is derived as follows: for. T, policy
m*(h € Hy) chooses actionrg maxye, (n)[R(h, k) + X pep,, Prob(R'|h, k)V*(h')]
and7*(h € Hr) = argmaxyecg, (n) R(h, k). Let f<. denote reported types up to and
including periodt’. Let Rgt/(égt/; m) denote the total reported reward to ageup to and
including periodt’. Thecommitment periodor agent: is defined as the first periody;,

for whichVt > m, R%, (0<m,;7) = RL (6<m, UG, ;m), for any typeg)’,  still to

>m,

arrive. This is the earliest period in which agésttotal value is known with certainty.
Let iy (O<,; ™) denote the state in perigtigiven reportd<,. Let<n; = <y \ 6;.

Definition 2 (Online VCG mechanism) Given histofy € H, mechanismM,., =
(©; 7, pv°¢) implements policyr and collects payment,

Py (O<im;;m) = R, (O<m,;7) — V”(hm(égai;ﬂ))—V’T(hai(égai\ﬁﬂ))} 1)

1Using histories as state will make the state space very large. Often, there will be some function
g for which g(h) is a sufficient statistic for all possible statesWe ignore this possibility here.



from agenti in some period’ > m;.

Agenti’s payment is equal to its reported value discounted by the expected marginal value
that it will contribute to the system as determined by the MDP-value function for the policy
in its arrival period. The incentive-compatibility of the Online VCG mechanism requires
that the MDP satisfiestalling which requires that the expected value from the optimal
policy in every state in which an agent arrives is at least the expected value from following
the optimal action in that state as though the agent had never arrived and then returning to
the optimal policy. Clearly, properti(;(h;) 2 K:(h; \ 6;) in any periodt in which 6; has

just arrived is sufficient for stalling. Stalling is satisfied whenever an agent’s arrival does
notforcea change in action on a policy.

Theorem 1 (Parkes & Singh [6]) An online VCG mechanist,., = (©;x*,p"¢),
based on an optimal policy* for a correct MDP model that satisfies stalling is Bayesian-
Nash incentive compatible and implements the optimal MDP policy.

3 Solving Very Large MDPs Approximately

From Equation 1, it can be seen that making outcome and payment decisions at any point
in time in an online VCG mechanism does not require a global value function or a global
policy. Unlike most methods for approximately solving MDPs that compute global approx-
imations, the sparse-sampling methods of Kearns et al. [3] compute approximate values and
actions for a single state at a time. Furthermore, sparse-sampling methods provide approx-
imation guarantees that will be important to establish equilibrium properties — they can
compute are-approximation to the optimal value and action in a given state in time inde-
pendent of the size of the state space (though polynomiehland exponential in the time
horizon). Thus, sparse-sampling methods are particularly suited to approximating online
VCG and we adopt them here.

The sparse-sampling algorithm uses the MDP mddelas a generative model, i.e., as a
black box from which a sample of the next-state and reward distributions for any given
state-action pair can be obtained. Given a statend an approximation parameterit
computes am-accurate estimate of the optimal value fas follows. We make the param-
eterization ore explicit by writing sparse-samplirfg). The algorithm builds out a depfh-
sampled tree in which each node is a state and each node’s children are obtained by sam-
pling each action in that state times (wheren is chosen to guarantee aapproximation

to the optimal value of), and each edge is labeled with the sample reward for that transi-
tion. The algorithm computes estimates of the optimal value for nodes in the tree working
backwards from the leaves as follows. The leaf-nodes have zero value. The value of a node
is the maximum over the values for all actions in that node. The value of an action in a
node is the summed value of the rewards on then outgoing edges for that action plus

the summed value of the children of that node. The estimated optimal value of stase

the value of the root node of the tree. The estimated optimal action inssisthe action

that leads to the largest value for the root node in the tree.

Lemma 1 (Adapted from Kearns, Mansour & Ng [3]) The sparse-samglinglgorithm,
given access to a generative model for arraction MDP M, takes as input any state
s € S and anye > 0, outputs an action, and satisfies the following two conditions:

e (Running Time) The running time of the algorithmO$(nC)?), whereC' =
f'(n, %, Ruax, T) andf’ is a polynomial function of the approximation parameter
%, the number of actions, the largest expected reward in a stakg,., and the
horizonT'. In particular, the running time has no dependence on the number of
states.



¢ (Near-Optimality) The value function of the stochastic policy implemented by the
sparse-sampling) algorithm, denoted’**, satisfies|V*(s) — V**(s)| < e si-
multaneously for all states € S.

It is straightforward to derive the following corollary from the proof of Lemma 1 in [3].

Corollary 1 The value function computed by the sparse-samfdjnglgorithm, denoted

V5, is near-optimal in expectation, .}/ *(s) — E{V*5(s)}| < e simultaneously for all
statess € S and where the expectation is over the randomness introduced by the sparse-
samplinde) algorithm.

4 Approximately Efficient Online Mechanism Design

In this section, we define aapproximateonline VCG mechanism and consider the effect
on incentives of substituting the sparse-samglih@lgorithm into the online VCG mech-
anism. We model agents as indifferent between decisions that differ by at most a utility of
e > 0, and consider an approximate Bayesian-Nash equilibrium.vl(ét 7) denote the

final value to agent after reports) given policyr.

Definition 3 (approximate BNE) Mechanisi,., = (O, w, p¥#) is e-Bayesian-Nash in-
centive compatible if

Egjo_,, {vi(0;7) —p{8(0;m)} + ¢ > Byjo_, {vi(6—i,0:;7) — p{®(6_,0557)} (2)

where agent with typef; arrives in periodt’, and with the expectation taken over future
types given current reportsc,.

In particular, when truth-telling is atBNE we say that the mechanismeBNE incentive
compatible and no agent can improve its expected utility by moredhan, for any type,
as long as other agents are bidding truthfully. Equivalently, one can interpeeBBIE as
anexactequilibrium for agents that face a computational cost of at leé&stcompute the
exact BNE.

Definition 4 (approximate mechanism) A sparse-samplindased approximate online
VCG mechanism\/,.(¢) = (0; 7, p¥°8), uses the sparse-samplinpélgorithm to imple-
ment stochastic policy and collects payment

B Oams®) = Rl B ®) = [V (b, (0<as ) =V (ha, (0o i 7))
from agenti in some period’ > m;, for commitment perioch;.

Our proof of incentive-compatibility first demonstrates that an approximeli@yed VCG
mechanisnjl, 6] is e-BNE. With this, we demonstrate that the expected value of the pay-
ments in the approximate online VCG mechanism is witbinof the payments in the
approximate delayed VCG mechanism. The delayed VCG mechanism makes the same
decisions as the online VCG mechanism, except that payments are delayed until the final
period and computed as:

p?vcg(é; 7T) _ %T(é; 7-[-) — |:R§T(é; 7T) — RST(é,i; 77):| (3)

where the discount is computed ex post, once the effect of an agent on the system value
is known. In anapproximatedelayed-VCG mechanism, the role of the sparse-sampling
algorithm is to implement an approximate policy, as well as counterfactual policies for the
worlds 6_; without each agentin turn. The total reported reward to agegs over this
counterfactual series of states is used to define the payment toiagent



Lemma 2 Truthful bidding is anc-Bayesian-Nash equilibrium in the sparse-samplihg(
based approximate delayed-VCG mechanism.

Proof: Let7 denote the approximate policy computed by the sparse-sampling algorithm.
Assume agentg ¢ are truthful. Now, if agent bids truthfully its expected utility is

Egjo., {vi(0:7) + ) RLp(0;7) = Y RLy(0-i:7)} 4)
J#i J#i
where the expectation is over both the types yet to be reported and the random-
ness introduced by the sparse-samplipngglgorithm. SubstitutingR., (0<,; ) +
V5 (hga,(0<q;; 7)) for the first two terms in Equation (4) an®.,, (0<q,;7) +
V% (hq; (0<q,\i; 7)) for the third term, then its expected utility is at least

V¥ (ha; (0<a;; 7)) = V7 (ha; (0<a\i; 7)) — € ®)

becauseV**(h,, (0<a,; 7)) > V*(ha,(0<q;;7)) — € by Lemma 1. Now, ignore term
R<7(0_;;7) in Equation (4), which is independent of ageistbid 6;, and consider the
maximal expected utility to agetfifrom some non-truthful bid. The effect 6f on the first

two terms is indirect, through a change in the policy for peripds,. An agent can change

the policy only indirectly, by changing the center’s view of the state by misreporting its
type. By definition, the agent can do no better than selecting optimal petficwhich is
defined to maximize the expected value of the first two terms. Putting this together, the
expected utility fromd; is at mostV* (ha, (<q,; 7)) — V**(ha, (0<q,\i57)) and at most

better than that from bidding truthfully. |

Theorem 2 Truthful bidding is an 4e-Bayesian-Nash equilibrium in the sparse-
sampling€) based approximate online VCG mechanism.

Proof:  Assume agentst ¢ bid truthfully, and consider repot;. Clearly, the policy
implemented in the approximate online-VCG mechanism is the same as in the delayed-
VCG mechanism for alb;. Left to show is that the expected value of the payments are
within 3¢ for all ;. From this we conclude that the expected utility to ageirt the
approximate-VCG mechanism is always witBinof that in the approximate delayed-VCG
mechanism, and therefote-BNE by Lemma 2. The expected payment in the approximate
online VCG mechanism is

Bpjo., {Rer(0;7)} — | E{V** (ha, (0<a,; )} — B{V*" (ha, (B<ani: 7))}

The value function computed by the sparse-samptinglgorithm is a random variable to
agent; at the time of bidding, and the second and third expectations are over the random-
ness introduced by the sparse-sampkh@{gorithm. The first term is the same as in the
payment in the approximate delayed-VCG mechanism. By Corollary 1, the value function
estimated in the sparse-samplieigé near-optimal in expectation and the total of the sec-
ond two terms it leastV * (ha, (0<4,i 7)) — V*(ha, (f<a,; 7)) — 2e. Ignoring the first

term inp}', the expected payment in the approximate delayed-VCG mechanism is
morethanV*(ha, (0<a,\;: 7)) — (V*(ha, (0<a,; ™)) — €) because of the near-optimality

of the value function of the stochastic policy (Lemma 1). Putting this together, we have a
maximum difference in expected payments3ef Similar analysis yields a maximum dif-
ference of3e when an upper-bound is taken on the payment in the online VCG mechanism
and compared with a lower-bound on the payment in the delayed mechanism. W

Theorem 3 For any parametee > 0, the sparse-samplirfg) based approximate online
VCG mechanism hasefficiency in ante-BNE.



5 Empirical Evaluation of Approximate Online VCG

The WiFi Problem The WiFi problem considers a fixed humber of chanr@lsvith

a random number of agents (ma¥ that can arrive per period. The time horizon

T = 50. Agents demand a single channel and arrive with per-unit value, distributed
iid. V= {v1,...,v} and duration in the system, distributed i.i.f). = {d;,...,d;}.

Any allocation to agent must be for contiguous periods, and be provided during periods
[a;,a; + d] (for arrival a; and durationd) that the agent is present. The agent's value for
such an allocation of duration is vz wherew is its per-unit value. Letl,,,, denote the
maximal possible duration (and thus the maximal useful allocation). We define the follow-
ing MDP components:

state spaceWe use the following compact, sufficient, statistic of historyesource sched-

uleis a (weakly non-decreasing) vector of length.. that counts the number of channels
available in the current period and nélxt.. — 1 periods given previous action§'channels

are available after this); aagent vectoof size(k x [) that provides a count of the number

of agents present but not allocated for each possible per-unit value and each possible dura-
tion (the duration is automatically decremented when an agent remains in the system for a
period without receiving an allocation); the time remaining until horizon

action space:The policy can postpone an agent allocation, or allocate an agent to a chan-
nel for the remaining duration of the agent’s time in the system if a channel is available.
payoff function: The reward at a time step is the summed value obtained from all agents
for which an allocation is made in this time step. This is the total value the agent will
receive before it departs.

transition probabilities: The change in resource schedule, and in the agent vector that
relates to agents currently present, is deterministic. The random new additions to the agent
vector at each step are unaffected by the actions and also independent of time.

Mechanisms Inthe exact online VCG mechanism we compute an optimal policy, and op-
timal MDP values, offline using finite-horizon value iteration [7]. In the sparse-samgling(
approach, we define a sampling tree debpfjperhaps< 7T') and sample each statetimes.

The effect of this limited sampling tree depthis to place a lower-bound on the best pos-
sible approximation accuracy from the sparse-sampling algorithm. We also eag#ay
pruning with the agent vector in the state representation pruned to remove dominated
agents: consider agent type with duratiband valuev and remove all bu€’ — N agents
whereN is the number of agents that either have remaining duratidrand value> v or
duration< d and value> v. In computing payments we uactoring, and only determine

VCG payments once for each type of agent to arrive. We also compare performance with
a simple fixed-price allocation scheme that given a particular problem, computes off-line
a fixed number of periods and a fixed price (agents are queued and offered the price at
random as resources become available) that yields the maximum expected total value.

Results Inthe default model, we sét = 5, A = 5, define the set of valuds = {1, 2, 3},

define the set of duration® = {1,2,6}, with lookaheadL = 4 and sampling width

m = 6. All results are averaged over at least 10 instances, and experiments were performed
on a 3GHz P4, with 512 MB RAM. Value and revenue is normalized by the total value
demanded by all agents, i.e. the value with infinite cap&cityoking first at economic
properties, Figure 1(A) shows the effect of varying the number of agents from 2 to 12,
comparing the value and revenue between the approximate online VCG mechanism and the
fixed price mechanism. Notice that the MDP method dominates the price-based scheme for
value, with a notable performance improvement over fixed price when demand is neither
very low (no contention) nor very high (lots of competition). Revenue is also generally

2This explains why the value appears to drop as we scale up the number of agents— the total
available value is increasing but supply remains fixed.
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Figure 1:(A) Value and Revenue vs. Number of Agents. (B) Value and Revenue vs. Number of
Channels. (C) Effect of Sampling Width. (D) Pruning speed-up.

better from the MDP-based mechanism than in the fixed price scheme. Fig. 1(B) shows the
similar effect of varying the number of channels from 3 to 10.

Turning now to computational properties, Figure 1 (C) illustrates the effectiveness of
sparse-sampling, and also agent pruning, sampled over 100 instances. The model is very
smal: A=2,C=2,D=1{1,2,3},V ={1,2,3} andL = 4, to allow a comparison with

the compute time for an optimal policy. The sparse-sampling method is already running in
less than 1% of the time for optimal value-iteration, with an accuracy as high as 96% of the
optimal. Pruning provides an incremental speed-up, while iafgwovingaccuracy, pre-
sumably by making better use of each sample. Figure 1 (D) shows the value of pruning, in
comparison with sparse-sampling, for the default model parameters and varying the num-
ber of agents from 2 to 12. Pruning is effective, removing around 50% of agents (summed
across all states in the lookahead tree) at 5 agents.

References
[1] Eric Friedman and David C. Parkes. Pricing WiFi at Starbucks— Issues in online mechanism
design. InFourth ACM Conf. on Electronic Commerce (EC'0fages 240-241, 2003.

[2] Matthew O. Jackson. Mechanism theory.Tihe Encyclopedia of Life Support SysteE@LSS
Publishers, 2000.

[3] Michael Kearns, Yishay Mansour, and Andrew Y Ng. A sparse sampling algorithm for near-
optimal planning in large Markov Decision ProcessedJAI, pages 1324-1331, 1999.

[4] Ron Lavi and Noam Nisan. Competitive analysis of incentive compatible on-line auctions. In
Proc. 2nd ACM Conf. on Electronic Commerce (EC;@DO00.

[5] Martin J Osborne and Ariel RubinsteiAd Course in Game TheorMIT Press, 1994.

[6] David C. Parkes and Satinder Singh. An MDP-based approach to Online Mechanism Design. In
In Proc. 17th Annual Conf. on Neural Information Processing Systems (NIRS0G3.

[7] M L Puterman. Markov decision processes: Discrete stochastic dynamic programndiolgn
Wiley & Sons, New York, 1994.



