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Approximate and Compensate: A method for risk-sensitive meta-deliberation and
continual computation

David C. Parkes
Division of EngineeringandApplied Sciences
Harvard University
CambridgeMA 02138

Abstract

We presenta flexible procedurefor a resource-bounded
agentto allocatelimited computationakesourcego on-line
problemsolving. Our APPROXIMATE AND COMPENSATE
methodologyextendsa well-knovn greedytime-slicing ap-
proachto conditionsin which performanceprofiles may be
non-concge and there is uncertaintyin the ervironment
and/or problem-solvingproceduresof an agent. With this
method theagenffirst approximateproblem-solvingoerfor
manceand problemparametersvith standardparameterized
models.Secondihe agentcomputesa risk-managemerfac-
tor that compensatefor therisk inherentin the approxima-
tion. Therisk-managemerfactorrepresentamean-ariance
tradeof that may be derived optimally off-line using ary
available information. Theoreticaland experimentalresults
demonstratéhatAPPROXIMATE AND COMPENSATE extends
existing methodsto new problemsandexpandsthe practical
applicationof meta-deliberation.

INTRODUCTION

We are interestedin agentsthat actively managehow
their limited computationatesourcesreallocatedto prob-
lem solving in time-constraineernvironments. This meta-
deliberation problemcan take the form of the agentallo-
catingresourcesmonga competingcollectionof problem-
solving procedureqGeogeff & Lansky 1987; Garey &
Lesser1993; Gomes& Selman2001), amonga sequence
of future computationakchallengegBoddy & Dean1994;
Zilberstein1993),or amonga competingcollectionof pos-
sible future challengeqHorvitz 2001; Greenvald & Dean
1994). A sampleof domainsfor which meta-deliberation
solutionshave beensuggestednclude Bayesianreasoning
(Horvitz, Suermondt,& Cooper1989; Horvitz & Breese
1990), robotics (Boddy & Dean1994; Zilberstein& Rus-
sell 1993), graphicsrendering(Horvitz & Lengyel 1997),
andreal-timeschedulingGreenvald & Dean1994).

In orderto make meta-deliberatiordecisionsthe agent
musthave somepredictiveinformationaboutthechallenges
(probleminstances)t will encounterand problem-solving
proceduresavailableto apply to eachprojectedchallenge.
A commonexampleis a profile representinghe expected
guality of aresultasa functionof the amountof time spent
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problemsolving (Boddy & Dean1994;Zilberstein& Rus-
sell 1996;Horvitz 2001).

For example,atime-criticalmedicaldecisionsupportsys-
temmusttradeoff thebenefitof problemsolvingduringde-
cision supportagainstthe costof delayedtreatment.Every
minute delayedin treatingseriousinjury in an emegeng
centercanreducethe probability of patientsurvival by ap-
proximately1% (Clarke etal. 2001).While a surgeonis op-
erating,the systemmight reasoraboutpossiblefuture com-
putationalchallengesmakinguseof probabilisticmodelsof
sumgical procedurecompletiontimesandcomplications.

The mostcornvenientandfrequentlyemployed predictive
modelis a concave increasingfunction mappingcomputa-
tion time to expectedsolutionutility. While generalmeta-
deliberatioris computationallyintractable this form of pro-
file admits optimal greedy time-slicing methods(Boddy
& Dean1994; Etzioni 1991; Zilberstein & Russell1996;
Horvitz 2001)thatmaybeappliedin time-critical situations
(on-line). Unfortunately as we discuss,not all problem-
solvingproceduregreaccuratelymodeledwith concaein-
creasingunctions.

Meta-deliberatiorsolely basedon functionsof expected
performancdgnoresthe uncertaintyof applying problem-
solving proceduresto newv problems. Put anotherway,
problem-solvingproceduresnay exhibit considerableari-
ancein performancecrosschallengegprobleminstances).
Thereis a risk that statisticalprofiles will poorly capture
run-time behaior. Correspondinglynarrov variancehas
been cited as an important property in designing effec-
tiveproblem-solvingalgorithmg(Zilberstein1996;Boddy &
Dean1994). By contrastmeta-deliberatiofasedon mod-
ernportfolio theory(Gomes& Selman2001)embracesnd
exploits varianceasatool in improving resourceallocation.
Uncertaintymay also arisein the agents model of which
challengamight occurin thefutureandhow muchtime will
be availablefor time-critical problem-solving.

Our goalin this work is to develop a meta-deliberation
methodthat retainsthe on-line efficiency of greedytime-
slicing but admits applicationto problemswith (1) non-
concae performanceprofiles, (2) variancein problem-
solving performanceover the targetrangeof computational
challenges,and (3) uncertaintyin the parameterof cur
rentandfuture challengesOur APPROXIMATE AND COM-
PENSATE methodaddsflexibility to existing greedymeth-



odsby allowing off-line tuningto bettermeetreal problem-
solving conditions. First, the agentapproximategproblem-
solvingperformancendchallengeparametersvith concare
increasingfunctions. Second,the agentcomputesa risk-
managemerfactorthatcompensatefor therisk inherentin
the approximationsTherisk-managemerfactorrepresents
a mean-ariancetradeof thatmay be derived off-line using
ary availableinformation. Theagentthencombinegheap-
proximateprofilesand compensatioriactorinto an on-line
greedytime-slicingmeta-deliberatioprocedure.

This methodrepresents novel combinationof portfolio
optimization,meta-deliberationand continualcomputation
techniquesAPPROXIMATE AND COMPENSATE providesan
agentheability to “hedgebetsaboutperformance’(Horvitz
& Zilberstein2001)andmanageauncertainty

We first introducea generalterminology for capturing
problem-solvingperformancen a variety of ervironments.
We then presentthe on-line portion of the APPROXIMATE
AND COMPENSATE methodandshaw thatthe procedurds
theoreticallysound.We thenprovide experimentakesultsto
explore the effective useof the flexibility providedby Ap-
PROXIMATE AND COMPENSATE . We show that off-line
tuning of compensatioparametersanprovide the benefits
of fully on-linemethodswithoutasignificantincreasen on-
line costs.

MODELS OF META-DELIBERATION

In single-periodcontinual computation Horvitz (Horvitz
2001) differentiategwo consecutre time intervals: before
and after a discretechangein the stateof knowledgeof a
problem-solvingagent. In the first time interval the agent
doesnot know the next computationalchallengebut may
have probabilisticinformation aboutwhich challengesare
more likely to occur next and whenthey arelikely to oc-
cur. Thesecondime interval is precipitatedby someevent
at which the agentlearnsthe next challengedeterministi-
cally. The endof the secondime interval occurswhenthe
agenthas computedits bestresponseo the known chal-
lenge,giventhe costof delayedresponseThefirst time in-
tenal is referredto as“idle time!” A continualcomputation
agentmakesuseof this otherwisewvasteddle timein prepar
ing to respondto challenges. Following Horvitz (Horvitz
2001),we referto thefirst time interval as precomputation
time. We referto the secondime interval asreactiontime.

We malke the simplifying assumption(Horvitz 2001;
Boddy & Dean 1994) of a one-to-onemapping between
computationathallengesand problem-solvingprocedures.
We focuson the meta-deliberatioproblemof allocatingre-
sourceamongindependenproblem-solvingproceduresgor
the next unknownn challenge. Eachprocedureis allocated
a fraction of the available computationtime. Extending
our methodsto sequentialchallengesand communicating
problem-solvingproceduress discussedt the end of this
paper

By allocating computationbefore the next challengeis
known we are precomputinga solutionto a challengethat
may or may not be presentedo us. Thus,the valueof al-
locating computationtime to a problem-solvingprocedure

is only stochasticallyknown in the precomputatiortime in-
ternval. Precomputatiotime allocatedto challengei € I is
denoted,, ;. Thetime spentreactingto challenge’ afterthe
obsenationpointis denoted, ;. Thetotal time allocatedto
reasoningboutchallenge is thereforet,, ; + ¢, ;. Although
theresultof problem-solvingdepend®nly onthetotal time
allocation,the utility of theresultdependsn how thetotal
time s split betweerprecomputatiomndreaction.

Following Horvitz (Horvitz 2001), we definea value-of-
precomputatiorfunction, f;(¢, ), to representhe net util-
ity achieved if challengei occurs, given precomputation
time t, ;, and assumingthat the agentreasondor an “op-
timal” length of time oncethe uncertaintyis resohed and
the challengehasoccurred. What constitutesoptimal re-
active reasoningdependson the computationalmodel of
the agentand the time-critical natureof the ervironment.
In (Parkes& Greenvald 1999)we shav how to modelthe
value-of-precomputatiofunction for mary commonmeta-
deliberationproblems.Table1l summarizesheseresults.

A value-of-precomputatiofunctioncombinesamodelof
theintrinsicvalueof the problem-solvingesultwith thecost
of not respondingimmediatelyat the point a challengeis
obsened. For example,assumehe agentdeliberatesvith a
run-to-completion(alsoknown asall-or-nothing)algorithm
thatachievesa value Value; for challengei if allocatedto-
tal time at leasttgr¢,;, andzerovalueotherwise.Undera
softdeadlinemodel,the utility of theresponsés derivedby
subtractinghe cost-of-delay Cost; (¢, ;), from theachiered
value (Cost;(t) = 0,t < 0). This is a commonmethod
for accountingfor cost-of-delay(Dean& Wellman 1991).
Note that, in this model, cost-of-delayis not incurredun-
til the challengeis obsened (i.e. it is only a function of
the reactiontime). For theseproblemsthe agentrequires
trrc,i — tp,: time to completethe computationbeforere-
sponding. The value-of-precomputatiofunction for each
challenge isthen

fi(tp’,') = Value; — Costi(tRTc,i — tp,z') Q)

As a secondexample,consideran agentthat deliberates
with an arnytime/flexible problem-solvingprocedure. For
this type of computationthe intrinsic value of responding
to challengei is capturedby an expectedperformancepro-
file, Value;(tp; + tr;), thatvariesasafunctionof the sum
of precomputatiorandreactiontime. Underthis model of
computationthe agenthasthe flexibility to choosea level
of reactve computatiorthatoptimizesutility, undera given
cost-of-delaymodel. We can determinean optimal level
of reactve computationfor ary level of precomputation
(denotedt; ;(t,,:)) and encodeit directly in the value-of-
precomputatioriunction, asfollows:

fi (tp’i) = r?ax{ Value; (tp,i + tr,i) - Costi(tm)} (2)

Figure 1 illustrates the processof deriving a value-of-
precomputatiofunction. Thepropertiesof bothvaluefunc-
tion and cost-of-delaycombineto determinethe shapeof
the value-of-precomputatiofunction and, as we discuss,
the optimality of a greedytime-slicing approachto meta-
deliberation. Table 1 indicatesthe shapesof variouscom-
binationsof value and cost functions. Commonly found



Computation Model
Time-critical Run-to Anytime
M odel completion| Concae Linear Corvex
-increasing| -increasing| -increasing
HardDeadline X Vv Vv X
Cost-of | Convex-increasing | / 4 4 X
-Delay | Linearincreasing | +/ V4 Vv X
Function | Concae-increasing| x X X X

Table 1: Characterizinghe value-of-precomputatiofunctionsof commonmeta-deliberatioproblems. Meta-deliberatiorproblemsopti-

mally solved by greedytime-slicingaremarked /.

value functionsare concave increasingandintuitively cap-
ture problem-solvingprocedureswith diminishing returns
over time. Corvex increasingcost-of-delayfunctionsrep-
resentchallengedor which it becomesdncreasinglycostly
to delayactionovertime.
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Figure 1: Determiningthe value-of-precomputatiofior a chal-
lengewith a linear cost-of-delayfunction Cost(t) = 4¢ andan
arytime algorithmwith a concae increasingperformanceprofile,
Value(t) = 170 — 150e*/#: (a) computingthe optimal reaction
time whenallocatedorecomputatiotime ¢, = 5; (b) thecomplete
value-of-precomputationune, f;(t,), 0 < ¢, < 20. Notethat
for t, > 12.4 it is optimal to respondmmediatelyuponobserv-
ing the challengewhile for ¢, < 12.4 it is optimalto spendsome

additionaltime problem-solvingafterthe challenges obsered.

An agentmeta-deliberateabouthow to allocatethe to-
tal precomputatioriime acrosspossiblenext challenges/,
t, = (tp1,---,tp1). Let Pr{i|E} (abbreiatedp;) be
the probability that, givenexisting knowledge E, challenge
i € I will bethenext challengeobsened. Meta-deliberation

thatmaximizesexpectedvalue-of-precomputatiosolves
n;ngpifi (tp.i) €)
(]

suchthat for eachi, ¢,; > 0and}_,t,; < T for some
fixedidle time T'. It is straightforward to generalizethis
optimizationto distributionsoveridle time (seeEquatiord).

APPROXIMATE AND COMPENSATE

Greedymethods(Boddy & Dean1994; Etzioni 1991, Zil-
berstein& Russell1996; Horvitz 2001) provide effective
on-linemeta-deliberatiom time-criticalenvironments.Un-
fortunately the optimality of thesemethodsis limited to a
subsebf all interestingmeta-deliberatioproblems.In this
sectionwe extendthe effective useof greedyon-line meth-
odsto problemswith (1) non-concae performanceprofiles,
(2) variancein problem-solvingperformanceverthetarget
rangeof computationalchallengesand (3) uncertaintyin
theparametersf currentandfuturechallengesOur method
addsflexibility to existing greedymethodsby allowing off-
line tuning to bettermeetreal problem-solvingconditions.
Ourmethodmixesthegreedytime-slicingmethodsuggested
by Horvitz (Horvitz 2001) with a mean-ariancetechnique
usedin traditionalportfolio theory(Markowitz 1959).

In this sectionwe introduce the APPROXIMATE AND
COMPENSATE meta-deliberatiomethod. The nameof the
methodis derived from the two ways it extendsgreedy
time-slicing. First, we explicitly acknavledge that of-
tentimes meta-deliberatiormust operateon performance
profiles that only approximatethe “true” performanceof
problem-solvingprocedures. Second,we compensatdor
theseapproximationswith a risk-managementactor that
representa mean-ariancetradeof thatmaybederivedoff-
line usingary availableinformation.

More specifically APPROXIMATE AND COMPENSATE
operate®n approximatesalue-of-precomputatiofunctions
fi andarisk-aversionparametety. Therisk-aversionparam-
eter~ is intendedto encodeeithera risk-preferencen the
meta-deliberationsolutionwhenfi = f;, orcompensatéor
usingapproximationsvhen ﬁ # fi. Intuitively, v captures
theagents confidencehatthe approximatevaluefunctions
will capturerun-timeperformancelf the agentis confident
thenit will allocateresourcessif the approximationsare
accurate.On the otherhand, if the agentis lessconfident
thenit will “hedgeits bets”by allocatingresourceso mini-



mizetherisk of endingup with a poorsolution. We demon-
strateexperimentallythat this is also an effective approxi-
mationtechniquevhenthetruevaluefunctionis known but
non-concse.

Global: ﬁ I/ value-of-precomputatiofunctions
pi Il challengeprobabilities
ProceduréA PPROXIMATE AND COMPENSATE (7, A, tp) {
p= D ifi(te,s);
fori =1t {
grad; < pi(fi(tpi +A) — fi(tp)); }
/I Challengethatmaximizesincreasen expectedvalue
mean < arg; max{grad;},
I/l Challengethatmaximizesreductionin variance
var < arg; max{grad,(p — fi(tp,i))};
/I Allocate precomputatiorime
tp,mean — tp,mean + (1 - ’Y)A,
tp,var — tp,var + ")/A, }

Figure 2: APPROXIMATE AND COMPENSATE is called
for eachtime slice of size A to determinehow to allo-
cate precomputationtime acrosschallenges! according
to the mean-ariancetrade-of encodedin v. The meta-
deliberationsolutionis incrementallyconstructedn vector
tp (Wherecomponent,, ; is theallocationto challenge)).

The APPROXIMATE AND COMPENSATE methodis de-
pictedin Figure?2. In decidinghow to allocatea giventime
slice, APPROXIMATE AND COMPENSATE computeghein-
crementalchangein expectedvalue of eachpossiblechal-
lengeif allocatedthattime slice. It thenidentifiesthe chal-
lenge that would have the maximum effect on increasing
total expectedvalue andthe challengethat would have the
maximumeffect on decreasingdotal variance. The method
allocatesa fraction of the time slice to the problem-solving
procedureor the expectedvaluemaximizingchallengeand
afractionof thetime sliceto theproblem-solvingorocedure
for thevarianceminimizing challenge.Allocation fractions
aredeterminedy the adjustablaisk-aversionparametery.
As discussedn the next section,whenvy = 0 the method
reducesto existing greedytime-slicing methods(Horvitz
2001) that maximize expectedvalue. When~y = 1 the
methodgreedily minimizesrisk. Forarny 0 < v < 1 the
methodselectsa tradeof betweenmeanmaximizing and
varianceminimizing behavior. We later provide an experi-
mentaldemonstrationhat, undercertainconditionswe can
find ary solution on the efficient frontier in approximate
functionspace.

SOUNDNESS

The soundnes®f APPROXIMATE AND COMPENSATE can
bedemonstratedy its well-beharedpropertiesvheny = 0
and~y = 1. Thebehaior of thismethodfor 0 < v < 1is
demonstratedxperimentallyin the next section.

The following theoremstatesthat APPROXIMATE AND
COMPENSATE canbe useddirectly to find an optimal solu-
tion to the continualcomputatiorproblemwhenthe agents

trueutility is characterizetby concave increasingunctions.
This solutionis foundwhenwe setf; = f; andy = 0.

Theorem 1. (Mean-Optimality) APPROXIMATE AND
COMPENSATE maximizesxpected-valuevheny = 0 for

(weakly)concave'ncreasingfunctionsﬁ asA — 0.

Prooffollows directly from resultsfor continualcompu-
tation (Horvitz 2001). The greedystratey is globally op-
timal becauseallocating deliberationto a procedurefor a
locally suboptimalchallenge:(a) cannotincreaseuture ex-
pectedvalue-of-precomputatiofiom furtherdeliberatioron
that challengg(weakconcavity); (b) hasno effect on future
expectedvalue-of-precomputatiofor ary otherchallenges.

Thefollowing theoremstatesthatthis resultholdsfor all
idle timesanddistributions of challenges.This is possible
becausehe allocationof precomputatioime to eachchal-
lengein the optimal solutionfor idle time T is monotoni-
cally increasingin T. The meta-deliberatiormethodAp-
PROXIMATE AND COMPENSATE is ableto achieve asgood
aperformancesaproceduravith distributionalinformation
aboutidle time andunlimited computationatesources.

Theorem 2. (On-line Optimality) APPROXIMATE AND
COMPENSATE is an optimal on-line procedue for solving

ni?xZPr(T =1Tj) Zpifi(tp,i) 4)
j i

for any distribution Pr(T" = T}) over idle timesTj, for
(Weakly)concave'ncreasingfunctionsﬁ.

We now shav thatwhenfi is a concae increasingunc-
tionandy = 1, APPROXIMATE AND COMPENSATE will lo-
cally minimize variancein value-of-precomputatio, given
theapproximationfrom challengeto challenge.

Theorem 3. (Local Variance-Optimality) Wheny = 1,
APPROXIMATE AND COMPENSATE allocatesprecomputa-
tion in the currenttime-sliceto the challenge that minimizes
thevariancein approximatevalue-of-pecomputatiorat the
endof theslice, for (weakly)concavancreasingapproxima-
tion functionsfi.

Proof. LetVar(t,) = 3, pi (£i(t)” — (X, pifilts)”,
denotethe varianceof approximatevalue-of-precomputatiofrom
challengeto challenge,given an allocationt,. The allocation
over the next time slice that achieves the greatestocal decrease
in variance;is to the cpallengahatminimizesBVar(tE)/atp,i =
2pi(0fi(tp,i)/Otp,i)(fi(tp,i) — p), wherep = 3. pifi(tp,i). As
A — 0, APPROXIMATE AND COMPENSATE allocatesthe next
time-sliceto precomputatioron this challenge. Note that there
mustalwaysbeatleastonechallengehatdeceases/ariancewhile
the varianceis non-zerobecausdhere mustbe a challengewith
filtps) < p, anddf;(tp.i)/dt,,: is non-decreasingor concare
increasingfunctionsf;. o

We can also shov that APPROXIMATE AND COMPEN-
SATE is an on-line globally optimal varianceminimizing
meta-deliberatiomethodfor the specialcasewhenall chal-
lengesare(1) equallylikely, and(2) havelinearapproximate
value-of-precomputatiofunctionswith the samegradient,

fi(tp.s) = at, ;, for someconstanty.



EXPERIMENTAL RESULTS

In this sectionwe experimentally demonstratethe effec-

tive use of APPROXIMATE AND COMPENSATE with 0 <

v < 1. In thefirst classof problems,the agentdoesnot

have an exact value-of-precomputatiofiunction for each
challengebut, rather a distribution over possiblefunctions.
This may be due to an incompletemodel of the environ-

ment, or approximationsintroducedin the computational
model. In the secondclassof problems,the agentis faced
with non-concae value-of-precomputatiorfiunctions and
choosesa concare approximationthat enablesefficient on-

line meta-deliberatiorandcompensatef®r thatapproxima-
tion throughtheselectiorof anoptimalrisk-aversionparam-
eteroff-line. Finally, we provide arisk interpretatiorof the
conditionsunderwhich an agentwould choosey # 0 off-

line.

PROTOTYPE FUNCTIONS

In the following experimentswe consideran agentfacing
two possiblechallengesThefirst challengds modeledwith
anexactvalue-of-precomputatiofunction,while theuncer
tainty in performanceof the problem-solvingprocedurefor
the secondchallengeis modeledby a parameterizediistri-
bution of value-of-precomputatiofunctions. Theresponse
to eachchallengas computeby run-to-completiorproblem-
solving proceduresvith trrc,1 = trre,2 = 10. Challenge
1 occurswith probability p; = 0.6, andhasan exactcost-
of-delayprofile Cost(t,1) = t}-. Challenge2 occurswith
probabilityp, = 0.4, andhasa uncertaincost-of-delaypro-
file thatis distributedaccordingto a parameterizedistribu-
tion, Cost(t,,2) = t7 5, wherex is distributeduniformly be-
tweenl.4and2.0(i.e. z ~ U(1.4,2.0)). Thevalueof anim-
mediateresponseo bothchallengess Value; = Values =
30. Thevalue-of-precomputatiofunctionsarecomputedas
fi (tp,,') = Value;— COSti(tRTC,,' —tpyz') (Equationl). The
distribution of value-of-precomputatiofunctionsfor chal-
lenge? thatis inducedby thedistribution over cost-of-delay
functionsis shavn in Figure3.

We assumehe agentdoesnot know beforethe challenge
occurshow muchidle timeis availablefor continualcompu-
tation. In thenext sectionwe discusgheeffectsof uncertain
idle timeson the useof completelyoff-line stochasticop-
timization methods. In this sectionwe focus primarily on
on-linemethodswith or without off-line tuning.

We considerfive alternatve techniquesfor solving the
continualcomputatiorproblemstatedabove. Thefirst tech-
nigue (1) is to performoff-line stochasticoptimizationus-
ing thefull distribution over value-of-precomputatiofunc-
tions, assumingprior knowledge of idle time. This tech-
nigueis usedto provide aupperboundon performanceThe
otherfour techniquesisesomeform of greedytime-slicing
over an approximatenodelof value-of-precomputatiofor
challenge?, selecting(2) a simplelinearapproximatiorand
~v = 0, (3) asimplelinear approximationand~y optimized
off-line, (4) a prototypeapproximationdravn from the dis-
tributionof functionsandy = 0, and(5) aprototypeapprox-
imation optimally derived off-line from thefull distribution
andy = 0. Theresultsof theseexperimentsaresummarized
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Figure3: Value-of-precomputatiorfz(t,,2) for anincomplete
meta-deliberatioonodel, representeas a parameterizediistribu-
tion: fa(tp,2) = 30 — (10 — tp,2)", wherez ~ U(1.4,2.0), for
tp,2 < 10. A linearapproximatiorto the mediancurve (z = 1.7)
is fitted to crossatt,,2 = 0 andt,,2 = 6.

in Table2.

Techniqueg¢2-4) useAPPROXIMATE AND COMPENSATE
with simple prototypes,with only experiment(3) tuning -y
off-line. The linear approximationusedin techniqueg2)
and (3) is chosento meetthe mediancurve of the dis-
tribution at t,» = 0 andtp,» = T, whereT,, is the
meanidle time. For example,the linear approximationfor
T ~ U(4,8) is shovn in Figure3. The off-line optimiza-
tion of v in techniqug3) is implementedhroughexhaustie
search,with the value of v assesseavith stochasticsam-
pling andsimulation. Technique(4) usesthe mediancurve
from the distribution. Technique(5) usesAPPROXIMATE
AND COMPENSATE with anoptimalprototype.Theoptimal
in-distribution prototypeis computedoff-line with the fol-
lowing stochasti@ptimization:exhaustvely searctoverthe
spaceof curves,assessinthe performancef eachcurve by
simulating APPROXIMATE AND COMPENSATE with sam-
pling from the distribution overidle timesandactualvalue-
of-precomputatiotiunctions.

Meta-deliberation 5 Expected
procedure value

(1) Optimalwith hindsight - 6.27

(2) Linear Approximation 0 4.08

(3) Linear Approximation 0.46 471

(4) SimplePrototype(x = 1.7) vy=0| 461

(5) OptimalPrototype(z = 1.75) | vy =0 | 4.71

Table2: Averageexpectedvalue-of-precomputatiofor a distri-
bution of idle timesandanincompletemodelof meta-deliberation.

Table 2 shaws that, for this simple example,we achiere
asgooda performancewith a simpleapproximation(linear
in this case)andoff-line optimizationof -, aswith off-line
selectionof anoptimal prototype(z = 1.75) for v = 0. In
this tablethe resultsareaveragedover idle timesuniformly
distributedbetweent and8. Figure4 shovstheresultsover
eachidle time.



Comparingcurves (a) and (c) we seethat greedytime-
slicingwith v = 0 andasimplelinearapproximation(curve
(a))is biphase-initially allocatingdeliberatiorto challenge
1, andthento challenge2. Thebenefitof our mean-ariance
approachis seenin curve (c), in which off-line optimization
of v enables not-so-greedyn-linemeta-deliberatiostrat-
egy. In this stratgyy APPROXIMATE AND COMPENSATE al-
locatesmore deliberationto challenge2 from the start of
precomputationteducingapproximate-riskandimproving
performancevery = 0.
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Figure4: Lossin expectedvalue-of-precomputationersusidle
time, T', with respecto the bestperformancewith hindsight,for:
(a) Linear off-line approximation,y = 0; (b) Simple prototype
(x = 1.7), v = 0; (c) Linear off-line approximatiorandcompen-
sation,y = 0.46 and Optimal prototype(z = 1.75), v = 0.

An additionalpropertyof optimizing v for a simple ap-
proximationis that, while the searchspaceover optimal
prototypesgrows with the numberof challengeswith un-
certainperformancemodels the computatiorof v* remains
tractable. Furthermorejn this simple example, APPROX-
IMATE AND COMPENSATE outperformsthe best“reason-
able” guessat a prototype(the medianprototype),andper
form aswell asthe optimalprototype.

APPROXIMATING NON-CONCAVE
FUNCTIONS

In the following experimentswe demonstratehe effective-
nessof APPROXIMATE AND COMPENSATE on hard meta-
deliberationproblemsfor which greedytime-slicingis not
provably optimal. Consideragaintwo challengeseachwith
run-to-completionalgorithms, but now with non-concave
cost-of-delayfunctions. Challengel occurswith probabil-
ity p1 = 0.55, andhasrun-to-completiorimetgrc,; = 15.
Challenge2 occurswith probabilityp. = 0.45, andhasrun-
to-completiontime tgrc,2 = 20. The valueof animme-
diateresponseo eitherchallengeis Values = Values =
2, and eachchallengehasa sigmoidal cost-of-delay 0 <
Costi(ty;) = e(~tri/10° < 1. This costfunction models
thecasen whichaninitial delayis nottoo costly, andoncea
responsés significantlydelayedafurtherdelayis unimpor
tant. The value-of-precomputatiofunction for eachchal-
lengeis shavn in Figure5. We assumehattheidle time is

uniformly distributed, T ~ U(Ty, — T, T + Tu), With
meanT,, and uncertaintyT,. Note that, in contrastto
the optimality resultsfor concare curves,meta-deliberation
with non-concae curvesis sensitve to idle time.

0 5 10 15 20
Precomputation Time

Figure5: Value-of-precomputatiomersusprecomputatioriime
for challengeswith soft-deadlinesand run-to-completionalgo-
rithms. Value = 2, Cost(t) = 1 — e(_t/lo)s, trro,1 = 15,
trrc,2 = 20. Linearapproximationditted at¢,, = 0 and¢, = 11.

We considerfour alternatve techniquedfor solving the
continualcomputatiorproblemstatedabove. Thefirst tech-
nique(1) is to performoff-line stochasti@ptimizationusing
thefull distribution overvalue-of-precomputatiofunctions,
assumingprior knowledgeof idle time. This techniqueis
usedto provide a upperboundon performance.The next

two techniquesisesimplelinear approximationsfi, to the
non-concaefunctionsandperformgreedytime-slicingwith
(2) v = 0, and(3) v* optimally tunedoff-line to a given
modelof idle time uncertainty Thefourthtechniqug4) pro-
ceedggreedily on the true value-of-precomputationurves,
fi. Thesimplelinearapproximationsisedin techniqueg2-
3) arefit to thetrue curvesatt, = 0 andt, = T;,,/2. Two
suchapproximationdor T;, = 22 areshown in Figure5.
Techniqug3) usesexhaustve searchandsamplingandsim-
ulation of APPROXIMATE AND COMPENSATE to selectan
optimalrisk-aversionparameter

The resultsof theseexperimentsare summarizedn Ta-
ble 3. These results depict each technique with idle
time uncertaintyT,, = 3 and meandrawn from T;, €
{10, 16,22, 30}.

Meta-deliberation Meanidle time, T},
procedure 10 16 22 30
(1) Optimal 147 156 1.76 1.98
(2)Linear(y=10) | 1.47 156 1.61 1.93
(3) Linear(y*) 1.47 155 1.75 1.97
(=) (0.0) (0.0) (0.59) (0.78)
(4)Exact(y=0) | 1.47 155 1.62 1.94

Table 3:  Averageexpectedvalue-of-precomputatiorior idle
timesT ~ U(T,, — 3, Tm + 3), for T1, € {10, 16, 22, 30}.

The performanceof APPROXIMATE AND COMPENSATE



with off-line tuning of ~* (technique(3)) is competitve
with the bestsolutionwith hindsight(technique(1)) for all
idle time distributions. The performanceof greedymeta-
deliberation on the true value-of-precomputatiorcurves
(technique(4)) is suboptimafor T,,, € {22,30}. All theap-
proachegperformwell for smallidle times,T;,, € {10,16}.
However, for large idle times, greedytime-slicing cannot
take advantageof prior knowledgethatthe slopeof thetrue
value-of-precomputatiofunctionschangeslirection.

In Figure6 we depictthe performancef APPROXIMATE
AND COMPENSATE if we chooseasinglecompensatiofiac-
tor (i.e. constantportfolio) off-line without knowledge of
the meanidle time. Performanceof techniqueg(2-4) are
shawn relative to the optimal technique(1). The choiceof
v = 0.59 optimizesthe online performancdor idle times
T ~ U(19,25).
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Figure6: Comparisorof lossdueto on-linemeta-deliberationer-
susoptimaltechniqug1) for techniqug2) (Approx(0)),technique
(3) (Approxty™ = .59)), andtechniqug(4) (TS-exact).

Finally, we considerthe effect of uncertaintyin idle time,
T,, on the performanceof APPROXIMATE AND COMPEN-
SATE . Figure7 shows the performancedor T, = 22, for
idle time uncertaintyT’, € [0, 13]. Theperformancevith an
optimal off-line risk-aversionparamete(techniqueg(3)) de-
crease@suncertaintyincreasesfinally performingslightly
worsethantime-slicingon the exactcurves(technique4)).
The methodologyworkswell whenthe distributionalinfor-
mation aboutthe likely idle time can be usedoff-line to
improve performance. This is not possiblefor large idle
time uncertaintyand non-concae value-of-precomputation
curvesbecaus@ameta-deliberatiomallocationthatis optimal
for smallidle timesmay not alsobe optimal for longeridle
times. In this casethereis only amaiginaladvantagen hav-
ing accesdo distributionalinformationonidle time.

EFFICIENT FRONTIER

Mean-\arianceanalysisis a decision-analyticmethod in
modernportfolio theoryfor choosinganoptimalinvestment
portfolio (Markowitz 1959). Mean-\arianceanalysisis per
formed over the “efficient frontier”, a setof portfolios that
dominateall otherportfolios. The expectedutility of a port-
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Figure 7:  Averageexpectedvalue-of-precomputatiofor idle
timesT ~ U(22 — Ty, 22 + T,) versusidle time uncertainty
T.. Comparisonof loss dueto on-line meta-deliberatiorversus
optimaltechnique(1) for technique(2) (Approx(0)),technique3)
(Approxy™ = .59)), andtechnique(4) (TS-exact).

folio is assumedo increasewith expectedsingle-periodre-
turn, but decreasawith variancein period-to-periodreturn
(risk) — and a portfolio is efficient if it achievesa greater
expectedreturnthanary otherportfolio with the samerisk.

In Figure 8 we demonstratehat APPROXIMATE AND
COMPENSATE given (weakly) concae increasingapprox-
imatevalue-of-precomputatiofunctionsandary v € [0,1]
generatesolutionsthat lie on the efficient frontier. Thus,
this methodmay be usedto choosesolutionsotherthanthat
which maximizesexpectedvalue-of-precomputatianThis
givesarisk interpretationof the conditionsunderwhich an
agentwould choosey # 0 off-line.
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Figure8: Varianceversusmeanfor deliberationportfolio selec-
tion in the approximatef value-of-precomputatiospacefor the
problemshavn in Figure 3. The efficient frontier lies between
v = 0andy = 1, andy* = 0.46 represent®ptimal off-line
risk-compensation.

We are currently investigatingif APPROXIMATE AND
COMPENSATE always finds only solutionson the efficient
frontier andwhetheror not it canfind all pointson the ef-
ficientfrontier. Thesepropertiesvould enableoff-line opti-



mizationthatis more efficient thansearchinghe complete
spaceof allocations.

DISCUSSION

We develop a meta-deliberatiomethodthat retainsthe on-
line efficiency of greedytime-slicing but admits applica-
tion to problemawith (1) non-concae performanceprofiles,
(2) variancein problem-solvingperformanceover the tar-
getrangeof computationakthallengesand (3) uncertainty
in the parametersf currentandfuture challengesOur Ap-
PROXIMATE AND COMPENSATE methodaddsflexibility to
existing greedymethodghroughapproximatiorandoff-line
tuning. We show that the methodis soundand experimen-
tally demonstratdow to useoff-line tuningto provide the
benefitsof fully on-line methodswithout a significantin-
creasdn on-line costs.Importantfuture work is to provide
moreguidancein how to choosegoodapproximatiorfunc-
tionsoff-line.

Boddy and Dean (1994) describehow the differencein
variance of problem-solvingprocedureswith similar ex-
pected performancecan greatly affect meta-deliberation
decisions. They discussquantifying the cost of meta-
deliberatiorwith approximateprofiles. ZilbersteinandRus-
sell (1996) approximateprobabilistic profiles by varying
the granularityof takular representationsr throughclosed-
form normaldistribution approximationsThey pointoutthe
subsequergrrorsinherentin closed-formapproximations.

Continualcomputationwith two distinct statesof knowl-
edgemay be generalizedo problemsin which changego
this problem-solvind'belief state”occurin incrementover
time. We areadditionallyexploring extensionsof APPROX -
IMATE AND COMPENSATE to sequentiaprobabilisticchal-

lenges. Whenevaluatingmeta-deliberatiorover sequences

of challengesve mustconsidemoth competitionfor shared
resourcesicrosgime (Boddy& Dean1994)anddependen-
ciesbetweercurrentdeliberationsandfuturechallenges.

In our experimentalresults APPROXIMATE AND COM-
PENSATE is shawvn to performwell but, not aswell as off-
line optimizationwith hindsight. We can shawv that this
baselindor performanceannot beattainedor mary prob-
lems. Intuitively, an optimal allocationassumingdle time
T + 1 cannot necessarilybe reachedby startingwith an
optimal allocationfor idle time T'. Thus,without prior in-
formationaboutidle time, we cannotproduceanidle time
allocationthatis optimalfor bothT andT + 1. Putanother
way, idle time allocationto eachchallengemustbe mono-
tonically non-decreasingWe can poseoptimizationprob-
lemsthattake theseadditionalconstraintsnto account.For
example,we might considerthe classof constant-portfolio
stratgies that allocatethe sameproportionof idle time to
eachchallengéfor all idle times.
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