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Abstract

We introduce T-branes, or “triangular branes,” which are novel non-abelian bound
states of branes characterized by the condition that on some loci, their matrix of normal
deformations, or Higgs field, is upper triangular. These configurations refine the notion
of monodromic branes which have recently played a key role in F-theory phenomenology.
We show how localized matter living on complex codimension one subspaces emerge, and
explain how to compute their Yukawa couplings, which are localized in complex codimension
two. Not only do T-branes clarify what is meant by brane monodromy, they also open up
a vast array of new possibilities both for phenomenological constructions and for purely
theoretical applications. We show that for a general T-brane, the eigenvalues of the Higgs
field can fail to capture the spectrum of localized modes. In particular, this provides a
method for evading some constraints on F-theory GUTs which have assumed that the
spectral equation for the Higgs field completely determines a local model.
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1 Introduction

One of the most intriguing facts to emerge in the post-duality era is that gauge fields and
matter can be trapped on branes and their intersections. This idea of localization opened
up the possibility that perhaps the observed particles in our universe may have their origin
in a small region of an internal space, leading to a potentially dramatic simplification in
the search for our corner of the vast string landscape. Combined with a few key features, in
particular the assumption of a supersymmetric grand unification of forces, this has naturally
led to F-theory as a promising corner of the string landscape [1-4].! In these models seven-
branes trap the gauge fields and their intersections lead to matter localized on complex
curves in the internal space. At points where these matter curves meet, one finds a Yukawa
coupling among the localized modes.

The physics of these systems is captured by a topologically twisted eight-dimensional
gauge theory which describes a stack of space-filling seven-branes wrapping a compact
four-cycle S. This leads to a 4D N = 1 supersymmetric gauge theory whose low energy
dynamics are governed by a generalization of Hitchin’s equations [2,7]. The explicit field
theory description enables many properties of intricate configurations of intersecting seven-
branes to be computed with relative ease. The key fact is that the eight-dimensional
gauge theory supports an adjoint Higgs field & whose expectation value parameterizes
normal motion of the seven-brane stack. Configurations of supersymmetric intersecting
seven-branes are then obtained by studying solutions to the equations of motion where
® has a holomorphically varying vacuum expectation value. Matter fields are described
by fluctuations around a background (®) and Yukawa couplings measure the obstruction
to extending these solutions beyond linear order. A simple class of backgrounds which
exhibit this general structure is to take (®) to reside in the Cartan subalgebra. Along
codimension one loci the background (®) degenerates and the local effective gauge group is
partially unHiggsed. This enhancement of the symmetry group leads to matter curves. On
codimension two loci where the local symmetry group enhances further one finds trilinear
Yukawa couplings.

Localization of the particle physics degrees of freedom, especially the interaction terms,
appears to be a promising framework for string based phenomenology. The real world ex-
hibits Yukawa couplings which display striking patterns and hierarchies. In our current
understanding of nature these couplings are mysterious parameters and one task of be-
yond the standard model physics is to explain them. In the seven-brane gauge theory the
Yukawa term is a superpotential interaction and as such is a holomorphic object, invariant
under the complexified group of gauge transformations and insensitive to the metric on the
seven-brane worldvolume.? When three seven-branes intersect, the fields living at the three

1See [5,6] for recent reviews.
20f course the physical Yukawa coupling does in addition depend on the metric coming from the D-term
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Figure 1: A configuration of intersecting branes can be studied as a background in a theory
of coincident branes. In (A) we have a stack of three branes supporting a U(3) gauge
group. In (B), the Higgs field ® develops a vev and describes three intersecting branes
with gauge group U(1)3. At the intersection of branes are trapped charged fields. At triple
intersections a Yukawa coupling is generated.

matter curves are paired together to form a coupling. From the geometry it is clear that this
interaction is concentrated at the triple intersection of branes and by making full use of the
symmetries of the superpotential one can make this exact: the contribution to the superpo-
tential from a triple intersection of branes is localized to an arbitrarily tiny neighborhood
of the triple intersection. This coupling is therefore a universal object. It depends only on
the dynamics of the theory in a small patch containing the triple intersection and hence
is independent of the four-cycle S. Yukawa couplings in seven-brane gauge theories are
thus incredibly robust physical quantities and this gives us hope that perhaps seven-branes
provide an avenue for string theory to make contact with the theory of flavor [8-11].

An important observation by [12] was that to achieve exactly one heavy generation of
up type quarks in these models, the phenomenon of seven-brane monodromy is required.
Subsequent works [9,13,14] showed that seven-brane monodromy is a helpful ingredient for
other aspects of F-theory models as well. The notion of a monodromic brane was originally
interpreted as field configurations (®) which are valued in the Cartan but have branch cuts
and undergo monodromy by elements of the Weyl group. This characterization in terms
of just the eigenvalues of ® turns out to be physically inadequate in many situations. For
example it was found in [15,16] that a three-brane probing a configuration of “monodromic
branes” is sensitive to far more than just the eigenvalues of ®. In this paper we show
that the correct picture of monodromy is that the background Higgs field can be described
globally without branch cuts, but that there are loci where (®) cannot be gauge rotated to

normalizations.



lie in the Cartan. Away from such loci one can view the Higgs field as lying in the Cartan,
but then in principle it is only single valued up to the action of the Weyl group. Thus
a well defined, single-valued Higgs field can lead to a monodromic brane. For example in
the case of a U(N) gauge group, there can be loci where (®) is upper triangular, and thus
non-diagonalizable. We call such configurations of seven-branes “T-branes.”

T-branes can be viewed as certain non-abelian bound states of branes, whose description
is not completely captured by the position-dependent eigenvalues of the Higgs field. The
most dramatic possibility is to contrast a nilpotent non-zero (®) with the zero matrix.
Both of these have vanishing eigenvalues but lead to strikingly different physics in the
worldvolume gauge theory. The map between T-branes and monodromic branes is many to
one, and for a given choice of brane monodromy group there are many choices of T-branes
with the same monodromy action. In this way we can view T-brane configurations as a
refinement and clarification of the idea of a monodromic brane. This fills a conceptual gap
in the current literature, for although many papers have explored (in a different language)
some examples of monodromic branes, a systematic and general analysis of these systems
has been lacking.

A general method for studying such Higgs fields involves the technology of spectral
covers, reviewed for example in [17]. Here it is important to draw a distinction between
a general spectral cover, which is specified by a choice of a matrix (®), and the spectral
equation, which is specified by the characteristic polynomial for (®). It was found in [12,18]
that the spectral equation for ® can be interpreted as defining some aspects of a local
elliptically fibered Calabi-Yau fourfold, and thus in F-theory language, as capturing some
aspects of a configuration of seven-branes. Unfortunately, in the physics literature it has
been often assumed that the spectral equation carries complete information about a local F-
theory compactification. Our aim in this paper will be to determine when such assumptions
are warranted, when they are not, and in all cases, how to analyze the corresponding T-
brane configurations using (P).

In section 2 we begin with a review of the case where the Higgs field is valued in the
Cartan. For concreteness we specialize to the case of U(N) gauge theory and consider
position dependent eigenvalues of (®). This is the gauge theory description of intersecting
branes. The unbroken gauge group is a product of U(k;)’s and the system is governed by a
diagonal background Higgs field (®). Here we also review the residue calculus which enables
one to compute exactly and explicitly the localized contributions to the superpotential.
Much of this material is known from [2,11] and we review it here as we will need it when
we generalize the discussion to T-branes.

Following this preliminary analysis original results begin in earnest. We generalize sec-

tion 2 by turning to the more interesting case with fundamentally non-abelian T-brane
solutions where (®) is non-diagonalizable. Our first task in section 3 is to describe in detail



examples of such triangular backgrounds and the associated spectrum of massless fluctua-
tions. In contrast to the abelian intersecting brane solutions of section 2 the equations of
motion are now non-linear and obtaining exact solutions is already a non-trivial task. As
evidence of this fact we find that in the course of studying the simplest possible examples
the famous differential equations of Liouville and Painlevé make a surprise appearance.
Next, we develop the study of the spectrum of massless matter in these backgrounds from a
number of points of view. Of particular importance is our description of the general notion
of a matter curve where a fluctuation is trapped. In contrast to the abelian case there is
now no simple geometric picture like figure 1 which makes the existence of localized matter
obvious. Nevertheless, we find that non-diagonalizable Higgs backgrounds frequently sup-
port trapped charged matter, and that matter curves are again characterized by loci where
the complexified gauge group is partially unHiggsed.

With some examples under our belt, in section 4 we turn to an abstract description of
the localized spectrum and their superpotential couplings. The goal we accomplish there
is to develop a holomorphic formalism where the full symmetries of the superpotential are
manifest and where exact answers are available for the universal localized Yukawa couplings
which occur when matter curves in T-brane backgrounds intersect. This section forms the
technical core of the paper. The most significant conceptual point that we address is to
understand the precise match between the 8D fields of the seven-brane gauge theory which
describe a localized mode and the actual 6D field which resides on a matter curve. Once
this correspondence is developed, it is straightforward to generalize the residue calculus of
intersecting branes in section 2 to a wide class of background Higgs fields.

The remaining sections of the paper apply the holomorphic formalism of section 4. Sec-
tion 5 explains in some detail how some T-brane backgrounds have a simple interpretation
in terms of brane recombination. We match the massless spectra in both the original and
recombined frame and determine the conditions under which such an alternative picture is
applicable. One particularly useful result of this analysis is the determination of exactly
when a background Higgs field can be reconstructed from its eigenvalues.

Section 6 is devoted to a more detailed analysis of the monodromy group. We explain
when the notion of a T-brane collapses to that of a monodromic brane and explain how,
under appropriate assumptions, the monodromy group provides a useful picture of the
spectrum of localized charged matter and various selection rules in the superpotential.

In section 7 we compute a number of simple examples of superpotentials including the
phenomenologically interesting Yukawas generated at Eg, F7, and Eg points conjectured to
be responsible for the mass of the top quark. In this section we also discuss a wide variety
of novel physical properties which cannot be seen from the eigenvalues of (®). Of significant
practical importance for F-theory phenomenology, we present examples which show that
the spectral equation for the Higgs field does not in general determine the spectrum of



massless charged matter. These counterexamples provide a general way to bypass various
constraints on the matter content of F-theory GUTs found in [14,19], which assumed that
the spectral equation provides complete information on the localized matter content. Let
us repeat: to specify the physical theory, one must in general indicate an explicit choice of
(D).

Finally, section 8 contains our conclusions and possible directions for further investiga-
tion. Some additional technical material is collected in the Appendices.

2 The Field Theory of Intersecting Seven-Branes

In this section we review how intersecting branes are described by background field configu-
rations in a fixed field theory. Much of this material can be found throughout the literature,
and we shall follow in particular the discussion in [2,11,20]. We consider seven-branes which
fill a four-dimensional Minkowski spacetime and wrap a compact four-manifold S inside our
compactification. To preserve supersymmetry S should be a complex and Kahler manifold,
with Kéhler form w. For applications to type IIB string theory it is natural to consider a
unitary gauge group U(n) with n the number of seven-branes. However our considerations
have a wider application to the non-perturbative case of F-theory. There one may consider
a seven-brane which supports an arbitrary compact Lie group G as the gauge group, and
for now we will frame the discussion in this more general setting.

On a flat brane worldvolume, the field content and Lagrangian of this gauge theory
is simply that of minimal 8D AN = 1 super-Yang-Mills. The bosonic fields are then a
gauge field A and a complex adjoint scalar ®. As usual with brane field theories, the
adjoint scalar describes normal fluctuations of the brane worldvolume in the ambient space
of the compactification. When we wrap the branes on the curved background R*! x S,
supersymmetry demands that the field theory be topologically twisted in such a way that
® is now a (2,0) form on S, and when this is so the resulting effective 4D theory in Minkowski
space has an unbroken N' = 1 supersymmetry [2,21,22]. Our interest is in studying field
configurations in this theory which preserve the SO(3,1) Lorentz group, thus we take the
expectation values of the connection A in the Minkowski directions to vanish. Requiring
N = 1 supersymmetry in four-dimensions then enforces the following BPS equations of



motion on the fields [2,7]?

FY? = 0, (2.1)
o2® = 0, (2.2)
WA Fa+ 2[0, 0] = 0. (2.3)

2

The first two of these equations are determined by F-flatness conditions. The relation (2.1)
is an integrability requirement which tells us that the gauge field A is a connection on
a holomorphic bundle. Equation (2.2) then states that, with respect to the holomorphic
structure defined by A, the Higgs field ® is holomorphic. One can obtain these two equations
by minimizing the superpotential [1,2]:

Wap = / Tr (F3* A D). (2.4)
S

An important property of this superpotential is that it is insensitive to any Kahler data.
By virtue of the topological twist, the superpotential density is naturally a (2,2) form and
can be integrated over S without reference to the metric. As a consequence of this the
two F-term equations (2.1) and (2.2) are invariant under the complexified group of gauge
transformations, and throughout this work we will make heavy use of this fact. Finally,
the third constraint (2.3) is the D-flatness condition for this gauge theory. It is explicitly
sensitive to the Kahler form w and as in similar gauge systems it plays the role of a stability
condition. These three equations are well-known [7] and constitute the basic tool which we
shall use to study general configurations of seven-branes. They define a rich moduli space
of field configurations on S which one should think of as a generalization to two complex
dimensions of the celebrated Hitchin system [23].

Our basic paradigm in this paper will be to study seven-brane gauge theories in the
presence of a BPS background ((®), (A)). The massless matter content of such a configu-
ration can then be deduced by studying small fluctuations around the given solution. We
define first order quantities ¢ and a by

d = (D) + ¢, (2.5)
AY = (A% +a.

From now on, the total quantum fields ® and A will not appear and for simplicity of
notation we will denote the background value (®) by ® and (A) by A. We linearize the

3A word on conventions. We define a matrix X to be in the Lie algebra if e is in the gauge group.
Thus for example, if our gauge group is SU(n) then the Lie algebra consists of traceless antihermitian
matrices. Also one should be aware that in comparison with the notation used elsewhere in the literature
6there = _(I)T

here*



BPS equations to find the equations satisfied by the fluctuation fields (¢, a)

Oaa = 0, (2.7)
- 5,490 +[a,®] = 0,
wA (0aa — Daal) + % (91, o] + [¢F, @]) = o0. (2.9)

To get a correct count of the physically distinct modes, we must quotient the space of
solutions to the above by the action of the linearized group of gauge transformations. As
one readily checks, the effect of a gauge transformation with small parameter y is to change
the fields as

a — a-+dax, (2.10)
e = o+[P,x] (2.11)

To deduce the spectrum of the theory we must then determine the space of solutions to the
fluctuation equations (2.7) — (2.9) modulo the linearized gauge transformations (2.10) —
(2.11).

Once we have determined the matter spectrum we can move on to study their F-term
interactions. These are dictated by the 8D superpotential (2.4). Since the fluctuation
fields solve the linearized BPS equations, at leading order the superpotential gives a cubic
coupling. We expand the fields about their vacuum expectation values and use the equations
of motion satisfied by the background to find

Wy:/STr(a/\a/\go). (2.12)

This is a trilinear Yukawa coupling, and one primary aim in the remainder of this work is to
elucidate its structure both abstractly and explicitly in a variety of examples. One can see
directly that this coupling is gauge invariant under the linearized gauge transformations
(2.10)-(2.11). If y is the gauge parameter, then the F-term equations of motion for the
fluctuations imply that the first order change in Wy is given by

Wy — /S B Tr (a A o, ]) (2.13)

Since the change in the superpotential is 04 exact, by virtue of the fact that the surface S
is compact we conclude that 6Wy vanishes.

The problem of extracting the low energy behavior of a given seven-brane configuration
is now reduced to the study of the solutions to the fluctuation equations and their renor-
malizable superpotential couplings as computed by (2.12). In general the physics depends



in an intricate way on the background fields, and it useful to organize the study of solutions
by the complexity of the Higgs field ®. The simplest class of widely studied backgrounds
are the intersecting brane solutions. We define these by the condition that

(@, ®1] = 0. (2.14)

In such a situation the Higgs field ® can be brought to a gauge where it is valued in
the Cartan subalgebra. In the simplest case of a U(n) gauge group this means that ® is
diagonal. For simplicity, it is also common to assume that no background gauge field flux
has been switched on. In this case, the physics is totally dictated by the behavior of the
eigenvalues of ® with each eigenvalue controlling the position of one of the branes. For the
remainder of this section we present a detailed review of these intersecting brane solutions.
Following this, in section 3 we undertake the study of seven-branes where the simplifying
assumption (2.14) is dropped.

2.1 Matter
2.1.1 Unitary Gauge

Although realistic applications of seven-brane gauge theory require that the complex surface
S should be compact, much of the intuition for solutions can be seen in the non-compact
limit where we study the equations on a small flat patch C? C S with complex coordinates
(x,y). We work in the simplest case of an intersecting brane solution with a unitary gauge
group U(n). As usual, the overall U(1) center of mass decouples and allows us to restrict
our attention to SU(n) field theory. Here we further simplify the discussion by taking the
background gauge field A to vanish. The only non-trivial constraint on the background is
then

0P = 0. (2.15)

The simplest class of solutions consists of a diagonal Higgs field ® with constant eigenval-
ues A;. Since the Higgs field parameterizes deformations of the brane stack, its eigenvalues
control the relative positions of each of the branes and this vacuum has the familiar inter-
pretation of moving the branes off of each other. If all the eigenvalues are distinct then the
gauge group is Higgsed from SU(n) to U(1)"~1.

Still focusing on a small patch C?, we can obtain a more interesting solution by taking
the eigenvalues of ® to be holomorphic functions, A; — \;(x,y). A basic fact is that this
background now describes a configuration of supersymmetric intersecting seven-branes.
Along the loci where pairs of eigenvalues coincide the relative separation of a pair of branes
shrinks to zero and the seven-branes collide. It is exactly in this situation that one expects
to find massless charged matter at the intersection given by open strings stretched between



the two branes, and one of the virtues of the gauge theory description is that these states
are easily visible.

Following [2,20] and especially [11], let us now study this phenomenon concretely in the
simplest possible example of an SU(2) gauge theory with background Higgs field

P = ( 2 Om )d:mdy. (2.16)
0 —3

This background breaks the gauge symmetry from SU(2) to U(1). Away from the complex
line x = 0 the eigenvalues of ® are distinct and this field describes a pair of separated
branes. Along x = 0 these branes intersect.

To find the spectrum of massless matter, we study the spectrum of small fluctuations
around the background (2.16). Since A = 0, all covariant derivatives become ordinary
derivatives, and the F-term equations read

da = 0 (2.17)
dp = [®,al. (2.18)

We can solve these equations by noting that since we are working locally on a patch C2 C S,
the O operator is exact. Thus any differential form which, like a, is 0 closed is also 0 exact.
So we can solve (2.17) by introducing an si(2, C) matrix £ with

¢ = a. (2.19)

Since a transforms as a (0, 1) form on C?, £ transforms as a scalar. The next step in solving
the linearized equations is to integrate (2.18)

o =[®,¢+h, (2.20)

with h is an arbitrary holomorphic adjoint (2,0) form. Given the data (£, h) the final
D-term equation gives us a second order differential equation relating them.

wA(aa—éaT)+%([¢*,¢] +pt, @) =0 (2.21)
To study this equation it is natural to decompose £ into eigenvectors under commutation

with the background Higgs field ®. The possible sl(2, C) eigenmatrices and their eigenvalues
are listed below.
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e A diagonal ¢ which commutes with ®:

‘= ( “ _050 ) . (2.22)

e An off-diagonal ¢ with eigenvalues +ux:

£= ( 8 %r > eigenvalue x, = ( 50_ 8 ) eigenvalue — x. (2.23)

Focusing now on the first possibility of a diagonal &, a short calculation shows that we can
reach a unique gauge where the holomorphic matrix h is simultaneously diagonal and the
non-vanishing matrix entries +&, are real. The linearized D-term equation then reduces to
the fact that & is harmonic. Thus the solution is specified by

(0% 0 [ hy O s
a—( 0 _550), go-(o _h0>dx/\dy, A&y = 0hy =0 (2.24)

where A denotes the usual Laplacian. These modes are nothing but the gauge multiplet
of the unbroken U(1) gauge group that remains in the presence of our SU(2) background
(2.16). Geometrically, the perturbation a encodes the freedom to turn on a flat connection,
while the ¢ mode further deforms the brane configuration.

More interesting solutions are found by choosing £ to be off-diagonal corresponding to
the generators of the gauge group which are broken by the background Higgs field. As a
representative example take

(0 & (0 by
5(0 O)’ h(o O)dx/\dy. (2.25)

And let us further equip our brane worldvolume with a flat Kahler form which is, up to a
scale £, just the flat metric on C2.

P2
w= % (dx ANdz + dy N dy) . (2.26)

The linearized D-flatness condition (2.9) then amounts to

[

This equation admits solutions where the holomorphic function h, depends only on ¥, the

11



complex coordinate on the brane intersection. Explicitly we find that

0 —he@e-taye ) 0 hy(y)e
= d = dz A dy. 2.2
a ( 0 0 z, @ 0 0 z A dy (2.28)

These modes are the massless strings stretched between intersecting branes. From the
solution we can see that these modes are sharply concentrated at = 0, the matter curve,
where the branes intersect and the classical length of the string shrinks to zero. The fact
that the solution depends on an arbitrary holomorphic function h, (y) is a signal that in the
effective U(1) theory in the presence of the background (2.16) these light strings comprise
the degrees of freedom of a 6D quantum field which lives at the intersection of the two
seven-branes. The solution (2.28) of charge +1, together with the linearly independent
transposed solution of charge —1 comprise the bosonic fields of a hypermultiplet.

Based on this example one can easily deduce the spectrum of charged trapped matter
for an arbitrary intersecting brane background. To avoid writing many matrices, it is useful
to introduce some notation for the sl(n,C) Lie algebra. We set conventions such that H;
denotes an n x n diagonal matrix with a one in the i-th slot and zeros elsewhere. The
Cartan subalgebra, b, is given by matrices of the form

b: {01H1+02H2+"'Can|Zci:0}- (229)

The roots vectors of the algebra will be denoted R;;. They are elementary matrices with
a one in the i-th row and j-th column and zeros elsewhere, and have definite eigenvalues
under commutation with a Cartan element

) " ckHy, Rij] = (¢ — ¢j) Rij. (2.30)

The roots of the algebra are the associated eigenvalues; for R;; the root is ¢; — ¢;.

Now in the case of a general diagonal background we have

®=MH +---+ \H, > =0 (2.31)
k

If all the holomorphic eigenvalues \; are distinct then the gauge group is Higgsed to U (1)" 1.
Along complex curves in the brane worldvolume pairs of eigenvalues become equal and the
branes intersect. These are the matter curves. We see that in general they are given by
roots of the algebra. We consider a matter fields (¢, a) which are the generalization of the
off-diagonal modes of our example (2.16), whose form in matrix space is given by a root

12



R;;. The F-term equations are then integrated exactly as above
a=0¢, 0= (A —A\)E+ D, (2.32)

Solving the D-term equations as before we then obtain a solution where h depends only on
the coordinate along the matter curve, and the modes vanish exponentially fast away from
>\i - >‘j'

2.1.2 Holomorphic Gauge

Section 2.1.1 provides a complete calculation of the spectrum an SU(n) gauge theory in an
intersecting brane background. We have linearized the equations of motion and obtained the
solutions to the F- and D-flatness conditions in a physical unitary gauge. As is frequently
the case in supersymmetric theories, the analysis can be simplified by working with the
complexified group of gauge transformations. The F-term equations are invariant under this
larger group, and by a standard argument the full system of F- and D-flatness conditions
modulo unitary gauge transformations has the same space of solutions as the F-flatness
conditions modulo complexified gauge transformations.* In the example of the spectrum
on a small patch C? C S this is a major simplification.

Working with the complexified gauge group, we can obtain a clear picture of the theory
by passing to what is known as holomorphic gauge. This gauge is characterized by the fact
that the (0, 1) part of the connection vanishes so that in a holomorphic gauge

Op =0+ A" =0. (2.33)

The integrability condition for this equation is simply FS;Q = (0 and thus our ability to reach
a holomorphic gauge is guaranteed by one of the basic BPS equations (2.1). In a physical
unitary gauge, one must also keep track of the (1, 1) component of the field strength as well
as the Kéhler form, which may in general be non-trivial. However when we work with the
complexified gauge group we get to neglect this data, and indeed the entire D-term equation
(2.3). The price we pay for this simplification is that in holomorphic gauge, we will not
be able to obtain the detailed profile of the perturbations. Nevertheless for intrinsically
holomorphic questions, such as superpotential calculations, the wave function profile as
determined by the D-term data is irrelevant.

Now, to study the spectrum of small fluctuations about a given background in holomor-
phic gauge we note that it is still true that we can take A%!, and hence the perturbation a
to vanish. This fact can be easily seen directly. In a holomorphic gauge for the background,

4Stability conditions, which add important subtleties to this statement, will not play a role in our
discussion.
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the general F-term fluctuation equations are

da = 0 (2.34)
dp = [®,a], (2.35)

and our analysis in the previous section implies that these have as a general solution
a =0 o=[D,& +h (2.36)

To obtain a correct count of the degrees of freedom we must now quotient this space of
solutions to the F-term equations by the complexified group of gauge transformations.
According to (2.10) an infinitesimal gauge transformation with parameter y has the effect
of shifting £

E— &+ x. (2.37)

¢ is valued in the complexified Lie algebra gc and therefore if we work with the unitary
form of the gauge group, the gauge parameter y has only half as many degrees of freedom
as £. However, if we work with complexified gauge transformations then £ and x are valued
in the same space and there is no loss in generality in setting x = —¢ and thereby gauging
a to zero.

Once we go to holomorphic gauge, the F-term equation for the Higgs field perturbation
¢ implies that ¢ = h is simply a holomorphic (2,0) form. Keeping a gauged to zero,
we still have the freedom to make complexified gauge transformations with a holomorphic
infinitesimal parameter y. Under such a transformation the field ¢ shifts by the commutator
of x with the background Higgs field

© — o+ [P, x]. (2.38)

Thus in a holomorphic gauge the calculation of the spectrum is reduced to a completely al-
gebraic problem. The space of gauge inequivalent modes is given by all possible holomorphic
matrices modulo those matrices which are commutators with the background .

Let us see what this means in the context of the simple example (2.16). In a holomorphic
gauge we have

. ho(l’,y) h+(I7y) xr 3 —_
o ( o e )d A dy. Fh, = 0. (2.39)

Now we quotient by the remaining holomorphic gauge transformations. Using this freedom
we can reach a gauge where the off-diagonal elements of ¢ depend only on y, the complex
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coordinate along the brane intersection

o ho(zy)  he(y) . T
go( ho(y)  —hola.y) )d Ndy. Ohy = 0. (2.40)

In this form of the solution the fact that the off-diagonal elements of ¢ depend only on y
is the holomorphic description of the fact that the light strings which they represent are
confined to the matter curve x = 0. Meanwhile the diagonal mode hy(z,y) depends on
both coordinates and is a bulk field.

Now that we understand this simple example, the general case of an SU(n) gauge
theory broken to U(1)"~! by a diagonal Higgs field (2.31) has more indices but is no more
complicated. In a holomorphic gauge a mode ¢ given by a root R;; shifts under a gauge
transformation as

o — o+ (N —\j)a (2.41)

with a an arbitrary holomorphic function. The space of gauge inequivalent perturbations
can then be described abstractly by introducing O the ring of holomorphic functions in two
complex variables (z,y). In a holomorphic gauge ¢ € O and according to equation (2.41)
this description is redundant up to an arbitrary multiple of the root (A; — \;). If we denote
by Z;; the ideal generated by the root, then we see that the space of gauge inequivalent
perturbations in the matrix direction [7;; is exactly the quotient space

O/L;. (2.42)

The above has an intuitive meaning. The matter curve is defined by setting all functions
in the ideal Z;; to zero and all gauge invariant data in the perturbation ¢ is contained in
its behavior on this curve. One should contrast this with the corresponding statement for
a bulk mode. If we consider a diagonal perturbation ¢, then since ¢ and ® commute one
cannot change ¢ by a gauge transformation and the behavior of the mode over the entire
worldvolume carries physical information.

As explained in [11], a second important use of complexified gauge transformations is
that they allow us to make precise the notion that a mode is confined to curve. We consider
matter fields (a,¢) whose form in matrix space is given by a root vector R;;. Then the
solution ¢ is a smooth (2,0) form which satisfies the linearized BPS equation:

An absolutely key fact is that we can find a representative for ¢ which is in the same
complexified gauge group orbit and which has arbitrarily narrow support near the matter
curve \; = \;. The proof of this statement is purely formal. We simply let 7, be a small
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tube of radius € around the matter curve. Then we can define a new smooth (2,0) form ¢’
with the properties:

, ¢ inside T,
= 2.44
7 { 0 outside T (244)
We can then define a smooth gauge parameter y by:
Y-
= ) 2.45
XY= (2.45)

By construction a complexified gauge transformation with parameter y takes the mode
¢ to ¢'. Notice that as a consequence of equation (2.43) if ¢ vanishes, then so does the
associated gauge field perturbation a. Thus we have succeeded in constructing a localized
gauge where the matter modes (a, ¢) are non-vanishing only inside a parametrically small
tube 7. around the matter curve.

Thus the holomorphic and localized gauges differ in the way that one chooses the com-
pletely arbitrary gauge field perturbation a. For holomorphic gauge we simplify our lives
by taking a to vanish leaving only the holomorphic . Meanwhile in the localized gauge we
choose a non-zero a in such a way that the solution vanishes away from the matter curve.
Conceptually, the equivalence between these two perspectives follows from the fact that the
only gauge invariant data in the mode is the behavior of ¢ at the matter curve, and there
the localized gauge and the holomorphic gauge agree. For the purposes of computations of
holomorphic quantities like the superpotential, we may freely use whichever gauge is most
convenient.

2.1.3 Matter Curve Actions

The previous two sections give us useful perspectives on the 6D defect quantum fields
localized on the intersection of seven-branes. The modes we have studied are fluctuation
fields which solve the linearized BPS equations. These are the on-shell 6D fields. For many
questions it is often useful to have a notion of off-shell fields and thus an action principle.
Since the fields in question are localized on curves we desire an action which is written as
an integral along the matter curve and whose minimization enforces the BPS equations of
motion. As noted for example in [1,2], if we work holomorphically, that is with only the
F-terms modulo the complexified gauge group, this action is completely determined by the
8D superpotential (2.4)

Wsp = / Tr (F3? A D). (2.46)
S

To obtain the 6D action Wgp for the modes starting from the above, we simply expand
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Wsp above to quadratic order in the fluctuation fields and evaluate
W6D:/Tr(5a/\go+a/\a/\<1>). (2.47)
S

Since the fluctuation fields solve the linearized equations, by definition Wsp = 0 on-shell.
To produce a suitable off-shell coupling we thus put the matter fields only half on-shell. We
envision a situation where the matter is localized on a curve ¥ C S. We take the F-term
fluctuation equations and we separate variables into a coordinate parallel and normal to X.
We solve the equations in the transverse direction, but we leave the modes off-shell in the
parallel direction. Plugging into Wsp and evaluating the integral then gives the 6D action.®

To illustrate this procedure we consider the general case of a diagonal background (2.31)
on C? and a matter curve defined by z = 0. Such a situation is described by a 6D field
theory and thus the matter that we find must be in a representation of the 6D superalgebra.
This means that matter must come in the form of 6D hypermultiplets and hence for each
matter field (a, ) there is a conjugate mode (a®, ¢°) of opposite charge under the unbroken
gauge group. It is easy to see this explicitly. If x = 0 defines a matter curve for the root
R;; then it also defines a matter curve for the transposed root R;; which thus supports
the conjugate mode. These fields are localized on the same matter curve and are naturally
paired by the quadratic superpotential (2.47).

To evaluate Wgp we first separate variables. In components, the F-term equations are

P = Zag (2.48)
Do = xay (2.49)
D = —xal (2.50)
_ggpc = —zag (2.51)

We now put the modes half on-shell by solving equations (2.48) and (2.50) correspond-
ing to the transverse directions of the matter curve, while we do not enforce the parallel
equations (2.49) and (2.51). Our method of computation is to make use of the localized
gauge constructed in the previous section. Although these modes are not fully on-shell, one
can easily see that we can still reach a gauge where (az, ¢) and (ag, ¢°) vanish outside a
parametrically small tube T, around the matter curve. In contrast to the full solutions of
the previous section however, nothing can be said about the localization properties of the
components a; and aj.

®Though this type of analysis is implicit in [1,2,11], we are not aware of an explicit derivation of this
fact in the literature.
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Let us activate the perturbation:
p=p+¢° a=a+a° (2.52)

which is a solution to the transverse BPS equations. We plug into (2.47) and obtain
W6D:/ (Da A+ 0a® AN+ zaAa® Adx Ady) . (2.53)
C2

Our goal is to reduce this quantity to an integral along the matter curve x = 0. The first
step is to observe that by localization we can take the ¢ modes to vanish outside a tube of
radius € around the matter curve, and hence restrict the domain of integration to C2NT..
Since the gauge field perturbations are regular at the matter curve the third term in (2.53)
vanishes in the localized limit and can be dropped. Next integrate the remaining terms by

parts:
Wep :/ (a A0 +aAdy) . (2.54)
C2NTe
Expand in components and make use of the transverse BPS equations to obtain:
Drplye” — Dup’d,
W6D_/ dy/\dg(/ Lk 14 Ld yg&df/\dm—i—'--). (2.55)
Cy |x|<e T

43 2

In the above, the remaining contribution involves terms proportional to a; and ag.
Since this is not localized near the matter curve, these pieces vanish as we take the local-

ization parameter ¢ — 0. Now observe that

Ox(00y0°) = DppOyp® + pOy0s” (2.56)
= Opp0gp® — wp0yas. (2.57)

The second term in the last line of the above vanishes in the localized limit so we may freely
replace our expression (2.55) by

Wep = / dy A dj (/ 0: (0¢°) = 02 (¢°0) dx) . (2.58)
c ol e

T
y

Finally we may we note that since ¢ and ¢ vanish outside 7T, we have

ozj{ (90337“0 — ¥ W) dz. (2.59)
|x|=€ T

Add (2.59) to (2.58) and make use of the Cauchy integral formula. Up to an overall constant
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which we ignore the quantity above can be simplified as
W= / (009" = ¢°05¢) |u=o dy A dF. (2.60)
(Cy

Equation (2.60) is our final expression. It has the desired form of a pairing between ¢
and ¢° written as an integral over the matter curve which is the complex y plane, C,. As
expected this action takes the standard form of a free-chiral Dirac Lagrangian for fermions
propagating on the matter curve. As a consistency check on this result, note that if we
minimize the superpotential (2.60) we find the equations of motion:

9y ple=0 = Dyp°la=00 (2.61)

and these are exactly the unenforced F-term BPS equations (2.49) and (2.51) restricted to
the matter curve.

The structure of the 6D superpotential conceptually clarifies the meaning of off-shell
modes. An off-shell 8D field which describes a mode on a matter curve is one which satisfies
the transverse BPS equations. The off-shell 6D fields are given by restricting ¢ and ¢ to the
matter curve. Since these do not minimize (2.60) these fields are simply general functions
of the matter curve coordinates (y, 7). Extremizing the 6D superpotential and putting the
fields on-shell then amounts to enforcing holomorphy on the 6D fields.

2.2 Interactions

In section 2.1 we have given an overview of exactly how matter at a pair of intersecting
branes can be seen directly from field theory. In the gauge theory description these modes
are described by the fluctuations (p, a) and couplings between them can be computed by
simply evaluating the superpotential integral. After putting all modes on-shell at leading
order the superpotential gives the cubic Yukawa coupling (2.12).

Wy:/STr(a/\a/\gp). (2.62)

The superpotential is a holomorphic object and is invariant under the complexified gauge
group. It follows that when evaluating the Yukawa coupling we can work either in unitary
or holomorphic gauge and in the following we will study Wy from both perspectives.

2.2.1 Unitary Gauge

Following [11], let us study the simplest possible background with a non-zero superpo-
tential. The presence of the trace in the coupling tells us that to obtain a non-vanishing
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contribution involving three 6D hypermultiplets we must start with an SU(3) gauge theory.
We envision a situation, like Figure 1 of the Introduction, where we have three seven-branes
meeting pairwise transversally and having a triple intersection at exactly one point in the
compactification. The first and most intuitive way to evaluate the coupling is to recall from
our example in section (2.1) that the physical unitary solutions to the fluctuation equations
are concentrated along the matter curve. Since the branes meet pairwise transversally, this
means that the superpotential density which is integrated in (2.62) is peaked near the region
of triple intersection. It is thus reasonable to approximate Wy as an integral over only a
small patch C? C S centered at the triple intersection. This is quite a useful step since now
we can use our local analysis of the fluctuation equations to compute the superpotential.

We can begin as before with a diagonal holomorphic background Higgs field

—2z+y 0 0
o = 3 0 r+y 0 dx N dy (2.63)
0 0 T — 2y

dr Nd
- ((—2x+y)H1+(a:+y)H2+(:v—2y)H3> xS y.

This background breaks SU(3) to U(1) x U(1). The branes intersect at the loci where pairs
of eigenvalues become equal, that is the x and y axes and the curve x = y. The triple
intersection of the branes where all these curves meet and the coupling is concentrated is
the origin (x,y) = (0,0). In the conventions of subsection 2.1.2 we can write the localized
modes as

P12 = (hlz(l/)eflzwédx A dy) Ry,
Yo3 = (h23($)6_|y|2/€d1' A dy) Rgg, (264)

P31 = <h31($ + y)€_|$_y|2/ﬁzd9€ A dy) Ry,

together with the corresponding gauge field perturbation modes
h
4y — (#e—w%) Rus.
h
Qy3 — (_ 23(5”)@—'@/'2/4@) Rys, (2.65)

h
as; = (—Me_’”—y|2/ﬁé(dy—daz)) Ra,.
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Plugging into the superpotential (2.62) we find that up to an overall non-zero constant®

Wy = %2 /<c2 (hlg(y)hgg(x)hgl(x + y)e*%(\I|2+|y|2+|x*y\2/*/§)) de Ndy Ndz Ndy.  (2.66)
The resulting coupling depends on the local holomorphic behavior h;; of the matter fields
along the brane intersections. These are the wavefunctions in the internal space of the four-
dimensional quantum fields. In any given four-dimensional model the compactness of the
cycle S will imply that there are a finite number of h;; which are realized, and armed with
this data we can plug into the above formula and evaluate the Yukawa. In our case since we
are studying the behavior on a small patch C* C S we should consider arbitrary behavior
of h;;. In this sense by focusing our attention on a small patch of the gauge theory we also
reduce to studying germs of wavefunctions. Possible local behaviors for these germs are
given by any possible holomorphic power series depending on the single complex variable
along each matter curve. Thus a convenient basis is given by pure powers

hl?(y) € Span{17 Y, y27 e }
hos(z) € Span{l,z,2%---} (2.67)
hsi(x+y) € Span{l,(m+y),(x+y)2,---}.

A complete local understanding of the superpotential in this example is then equivalent to
computing the value of the integral (2.66) for any combination of the monomials above.
Luckily these integrals are trivial. We find

1 2 2 2 1 — — =
Wy / (ymx”(x + y)’“@—%(lm\ +yP+|z—yl /\/§)> deAdyNdzNdy = { m=n=£k=0 )

Nz c2 0 else

(2.68)
Notice that the Kéahler scale ¢ has dropped out of the final answer as expected. The result
shows that in this simple example, the only non-zero couplings involve those wavefunctions
which do not vanish at the point of triple intersection of the branes. In section 2.2.3 we
will see that this fact has a simple geometric interpretation.

2.2.2 Holomorphic Gauge: Residue Theory

The fact that the effective 4D N = 1 superpotential is a holomorphic object requires that
the Yukawa couplings be insensitive to all non-holomorphic data of the background, in
particular the Kéahler form w and the gauge flux F4. The physical unitary gauge employed

6In general in the rest of this paper when we write Wy we will mean up to an overall non-zero pure
number. This coefficient can be kept track of but is somewhat uninteresting: when one passes from the
holomorphic couplings to the physical unitary ones, the coefficient is rescaled anyway upon canonically
normalizing the Kéhler potential.
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in the previous section obscures this fact. We can introduce a set-up manifestly independent
of w and F4 by making use of the full power of the invariance of the superpotential under
complexified gauge transformations. As in section 2.1.2 we consider an SU(n) gauge bundle
which is reducible to a direct sum of line bundles and a background Higgs field ® which is
purely diagonal:

d=MH, +--+\H, > xi=o0. (2.69)

We assume that the ); are all distinct so that this describes a breaking of SU(n) to U(1)"~1.
Triple intersections of branes occur at the points in .S where for some choice of three indices
1,7,k

Ai =N = Ag. (2.70)
At such a point the modes for R;;, R;i, and Rj, can form a coupling [2]. Without loss of
generality let us take ¢ = 1, j = 2, k = 3 and study the associated interaction. For simplicity
we assume that there is one point of triple intersection in S, but the generalization to the
case of an arbitrary finite number of such points will be clear.

The superpotential coupling involving the three roots is computed by activating the
perturbations

Y = P12 + ©23 + ©31, a4 = Q12 + Qo3 + asy, (271)

and plugging into the Yukawa integral
Wy == / TI‘(CL12 A 923 VAN ¥31 + 23 A asy VAN P12 + asy A a12 VAN (,023). (272)
S

We know that Wy is invariant under the complexified group of gauge transformations.
Hence to evaluate the superpotential we can go to the localized gauge of section 2.1.2 where
the perturbations vanish outside a tiny neighborhood of the matter curves. It follows then
that integrand in the superpotential simply vanishes outside a small neighborhood of the
triple intersection. Letting C? C S be a small neighborhood of the triple intersection we
thus have

Wy = / Tr(alg N Gz N\ P31 + a3 A asy A o2 + asy A age A (,023). (273)
C2

It is worthwhile to remark on the meaning of this equation. In general the computation
(2.13) shows that gauge invariance of the superpotential requires a compact brane S. In any
given patch of S we can reach a holomorphic gauge where the gauge field perturbations a can
be set to zero, and hence there is no definite meaning to the superpotential contribution in
that patch. What is significant about (2.73) is that it shows that there is one particular class
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of gauges, the localized gauges, where the superpotential density simply vanishes outside
a tiny neighborhood of the Yukawa point. Thus if we restrict to gauge transformations
which preserve the localization condition the value of a in this neighborhood indeed carries
physical information.

The upshot of equation (2.73) is that now that we have reduced the computation to the
case where S = C? our local analysis of the solutions to the equations of motion again takes
over.” As in section 2.1.2 we introduce &; a 0 antiderivative to a;; so that the solution for
the pair (a;;, ;) is given by:

ay = 0, (2.74)
wij = Rij(®)&; + hij = (Ni — Aj)&ij + iy

Now we know that when we work modulo complexified gauge transformations the function
&i; carries no gauge independent information. Thus the evaluation of the coupling must
yield a result which depends only on the holomorphic wavefunction h;;. This is indeed the
case. In Appendix C we prove a general theorem which implies that the Yukawa coupling
is computed by a multidimensional residue [11]

hiohosh
Wy = Reso) [ 121123131 } .

(A= A2) (Mg — As) (2.75)

Where in the above we have introduced a standard notation for a multidimensional residue

o 1 o
— = — — | d dy. 2.
ReS((),o) {67} (27”.)2 /ﬁ|2517|7|:€2 (B’Y) T A dy ( 76)

This is the final result for the holomorphic calculation of the Yukawa. One can see that

integral

it yields the same result as the local calculation in unitary gauge, by considering the case
where Ay — Ay = x and \y — A3 = y. The full structure of this formula has a number of
features which deserve comment:

e The final answer depends only on the local holomorphic data in the problem: the
roots A; — A; and the holomorphic wavefunctions h;; which specify the profile of the
matter fields along matter curves. In particular no Kahler data whatsoever is needed
to formulate the result.

e Since the denominator only involves two roots, the coupling appears to privilege one
of the matter fields as compared to the other two. This is an illusion. The residue
depends only on the ideal generated by the holomorphic functions in the denominator,
and every pair of two roots generates the same ideal.

"Since we work locally we will freely identify (2,0) forms with scalars by “dividing” by dx A dy.
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e A standard property of residue integrals is that they vanish whenever the numerator
is in the ideal generated by the factors in the denominator. Thus for example the
coupling (2.75) vanishes if hjo is divisible by the root A\; — Ay. In our case this
has a natural interpretation in terms of the invariance of the superpotential under
complexified gauge transformations. Indeed recall from section 2.1.2 that the space
of gauge inequivalent perturbations for a root R;; is the quotient space O/Z;;. In
particular all modes in the ideal Z;; are gauge equivalent to zero and consistency
demands that couplings involving these modes all vanish.

Thus a formal summary of our results is that the Yukawa coupling as computed by the
residue (2.75) yields a trilinear pairing on the space of matter fields

O/Ilz & O/Igg &® O/Igl — C. (277)

Mathematically this pairing is the local form of the Yoneda pairing of Ext groups studied
in [18]. The advantage of expressing it in this way is that while Ext groups can often be
unwieldy, the local residue integral is comparatively easy to compute explicitly.

2.2.3 Rank Theory and Deformations of Superpotentials

An important feature of the Yukawa is that it varies continuously with parameters specifying
the holomorphic background field ®. In particular, any integer valued invariants that we
can form out of this pairing can be viewed as a topological property of the background ®
which is constant under small perturbations. In our case there are three such quantities
which are the ranks of this pairing. We view the Yukawa as defining three maps:

and we ask for their ranks. In the case at hand all of these ranks are the same and the local
duality theory of residues [24] implies they are equal to the topological intersection number
of any pair of the matter curves. This is a natural result: the structure of the superpotential,
localized at a triple intersection of seven-branes, reflects a topological invariant of the
intersection. Notice also that this explains the result of the unitary gauge computation
(2.68). In that case we found the the only non-zero couplings involved wavefunctions which
were non-vanishing at the Yukawa point enforcing the fact that the pairing is rank one and
reflecting the brane geometry of a transverse triple intersection.

It is illuminating to see the invariance of the rank of the superpotential worked out in
a specific example. Consider the one-parameter family of background fields ®, given by

o= | (- "5 D) - (P ) | dondy o

3
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As in our previous examples, matter is localized on the curves defined by the roots of ®..
Thus the matter curves are

y =0, y=x(x —e¢), Y= %x(m —€). (2.80)

As illustrated in Figure 2, for € # 0 the matter curves have a pair of generic intersections,
while for e = 0, these intersections collide yielding a non-transverse intersection with in-
tersection number two. We let Wy (¢) denote the superpotential as a function of the the
deformation parameter e.

In this background, the possible holomorphic wavefunctions are given by

(@) It € @)
(y —x(z —e)) BTy —a(e—e)

@)
hlg c — h23 €

(y)

Thus a convenient basis of gauge inequivalent states is given by monomials in the z coor-

(2.81)

dinate
hij € Span{1,z,2° -+ }. (2.82)

According to our residue formula of section 2.2.2 the Yukawa coupling is rank two and
computed by the residue integral

(2.83)

hishash
Wy (0) = Res(o, { 121123 31} .

(v)(x?)
For purposes of illustration we fix the wavefunction A5 to be the constant mode his = 1.

We can then view the superpotential as a matrix whose rows and columns label increasing
powers of x for the wavefunctions hsz and hs;

Wy(0)<h12 = 1, h23 = .Ik, h31 = il'j) = (284)

S = O
S =

As expected this matrix is rank two.
Now consider the situation when e # 0. The non-transverse intersection is then deformed

into two transverse intersections, each of which gives a contribution to the superpotential.
Applying our basic result, we then have

(2.85)

highosh hishosh
Wy (€) :Res(o,o){ 12/123N31 1211231131 ]

(W) (@(e — e>>} + Resceo) [<y><x<x — )

25



) \
T

Figure 2: The Yukawa behaves continuously with respect to deformations of the background
parameters. On the left we have three matter curves, illustrated by the colored lines,
meeting transversally at two points leading to a rank two superpotential. On the right a
parameter € — 0 and the Yukawa points collide leading to a rank two contribution from a
single intersection.

And hence in the notation of (2.84):

1o 0 Lo
. ‘ 0 0 1 €
Wy<€>(h12 = 1, h23 =X ,hgl = .Z‘j> = — 0 —+ ¢ . (286)
Contributio;rfrom (0,0) contributio;, from (e,0)

Each point gives a Yukawa matrix which is rank one. As can be checked, the sum of the
contributions from the two points yields an overall rank two coupling. Clearly when ¢ — 0
the above converges to the result (2.84) demonstrating the continuity of the coupling in
this particular case. The basic point illustrated by this example is that in order to keep the
rank constant under deformations, the two matrices have correlated entries. Naively one
might have expected that in the ¢ — 0 limit the two contributions to the superpotential
would align and give a single larger coupling for the (1, 1) matrix element of W and zeros
elsewhere. In fact, however, the (1, 1) entry vanishes for arbitrary € and the superpotential
is always rank two. The rank of the superpotential is thus a kind of topological invariant of
the theory and this makes it possible to determine it in terms of the topological properties
of the brane worldvolume S [25,26].

3 T-Branes: Basic Examples

In this section we will expand the class of background fields under consideration. In section 2
we studied Higgs fields which admit a simple interpretation in terms of intersecting branes.
Such configurations are abelian in nature, being governed by a diagonal matrix. Here
we begin our analysis of non-diagonalizable Higgs fields which probe the full non-abelian
structure of the theory. The basic extra ingredient in these solutions is that there are
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loci in the seven-brane worldvolume where the Higgs field becomes non-zero and nilpotent.
We refer to such brane bound states as T-branes to indicate this triangular structure in
the Higgs field. This section explores such backgrounds by way of the simplest possible
examples in SU(n) gauge theory. Guided by the considerations of the previous section,
from now on we will exclusively study the BPS equations of motion locally on C? and omit
factors of dz A dy when writing (2,0) forms.

3.1 Beyond Eigenvalues

One way to phrase the simplifying assumptions of our previous examples is in terms of
the eigenvalues of the Higgs field. These are encoded in a fundamental gauge invariant
observable of the background given by the spectral polynomial of ®

Py(z) = det (z — D). (3.1)

Since the spectral polynomial is manifestly invariant under complexified gauge transforma-
tions it is a holomorphic invariant of the background. To evaluate Pg(z) we can freely go to
a holomorphic gauge where the BPS equation 9,® = 0 tells us that the spectral polynomial
is a holomorphic function of (z,y, z).® In the simple abelian examples of section 2 we have

Py(z) = H (2 —N), (3.2)

%

with A;(z,y) the holomorphic eigenvalues of ®. The spectral variable z then has a ge-
ometrical interpretation as a local normal coordinate to the seven-brane stack, and the
equation

gives the positions of seven-branes in the three-dimensional (x,y,z) space. This is the
basic correspondence which has been at the heart of our analysis in section 2: via the
spectral polynomial, configurations of intersecting branes can be viewed as backgrounds in
our original gauge theory.

Once we consider non-diagonalizable Higgs fields, the spectral equation is still an im-
portant invariant of a background, but in general it ceases to have such a simple geometric
interpretation in terms of intersecting branes. What is more, while in the diagonal case
the whole system was determined by the eigenvalues, for a non-diagonal background the
physics knows about much more than just Pg(z).

8In the case of a compact brane S, the topological twist implies that Py is a section of K?".
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3.1.1 A Nilpotent Higgs Field

An extreme case illustrating the above remarks is a Higgs field which is nilpotent and
hence has vanishing eigenvalues and a trivial spectral equation.” We can construct a simple
example with this property in SU(2) gauge theory following an example due to Hitchin [23].
Begin in a holomorphic gauge with the desired background Higgs field

@:(83)). (3.4)

In the holomorphic gauge A%! vanishes and the (0, 1) part of the covariant derivative is
simply 0. Since the Higgs field (3.4) is manifestly holomorphic we have solved the F-term
equations

F? =0, (3.5)
00 =

To complete the solution it remains to solve the D-term equation
w/\FA+%[¢>T,®] —0. (3.6)

To this end we must pass from a holomorphic gauge to a unitary gauge. The procedure we
employ is well known: we consider an arbitrary complexified gauge transformation of the
Higgs field (3.4), and we treat the parameters of this gauge transformation as variables to
be determined by solving the D-term. General arguments then imply that somewhere in
the complexified gauge orbit of our field configuration there exists a complete solution to
the full system of equations of motion which is unique up to unitary gauge transformations.
In the case at hand we take our complexified gauge transformation to be of the form

ef2 0
g:( 0 e_f/2>' (3.7)

Using the unitary freedom, we can take the function f above to be real. On performing
the complexified gauge transformation we find that the resulting unitary frame Higgs field
and connection are

_ 0 e o1 _ A1 _ 1 —of 0
(I>—<0 O)’ A% = gdg —§< 0 5f) (3.8)

9See [27] for additional discussion of nilpotent Higgs fields.
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If we again we equip the surface C? with a flat Kahler form
w=%(dm/\d:v+dy/\dy), (3.9)
then by evaluating (3.6) we see that the D-term is satisfied provided that
Af = e, (3.10)

This is a generalization to the case of two complex variables of the Liouville equation for
the conformal factor of a hermitian metric with uniform negative curvature. However, since
f is not the conformal factor for the metric on C?, its interpretation is somewhat different.
Rather, the data of the gauge transformation g specifies a metric on the SU(2) gauge bundle
V. As is clear from the diagonal form of the the connection, the solution above has V split
as a direct sum of two line bundles, V = L @ L~! and in a holomorphic frame the norm of
the basis vector for L, (1 0)7 is e//2. Our technique of construction for the unitary solution
is thus quite parallel to the theory of harmonic metrics familiar from the study of Hitchin
systems [28].

This simple example has an obvious extension to the case of SU(n) gauge theory. Pos-
sible nilpotent structures of a constant Higgs field are given by a choice of Jordan block
decomposition of ®. For the case of a maximal Jordan block, the transformation to uni-
tary gauge is specified by a positive diagonal matrix. The D-term equation (3.10) is then
replaced by the SU(n) Toda equation in two complex variables:

Afa = C’abefb7 Zfa - Oa (311)

with Cy, the Cartan matrix of SU(n). For more general Jordan block structures one still
finds Toda-like equations. See [29] for more details.

Returning to our simple SU(2) example, we can see that once we have arrived in unitary
gauge the resulting curvature of the gauge bundle is

Fy = (00f)(Hy — Hy). (3.12)

Thus the nilpotent Higgs field, in contrast to the diagonal backgrounds studied in section
(2), depends for its very existence on a non-vanishing gauge field curvature. In the case
of diagonal backgrounds the commutator [®T, ®] vanishes and the D-term equation (3.6)
simplifies to

WAF,=0 (3.13)

which along with the conditions F3” = F}* = 0 are the defining equations of an instanton.
The gauge field degrees of freedom are thus largely decoupled from those of the Higgs field
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and the system reduces to intersecting seven-branes, characterized by the eigenvalues of
®, and dissolved three-branes, characterized by gauge instantons. By contrast, for non-
diagonalable Higgs fields [®T, ®] is not zero and one cannot disentangle the Higgs field from
the gauge flux. In this sense, solutions with non-diagonalizable ® describe non-abelian
bound states of branes. For the basic example of the SU(2) nilpotent Higgs field discussed
above, we know that solutions to the Liouville equation are spread over their entire domain
of definition, and hence the required flux (3.12) permeates the entire brane worldvolume.

Once we have the solution in unitary frame, it is straightforward to compute the physical
spectrum by solving the linearized BPS equations of motion as in section 2.1. If we are
just interested in determining the number of fields and their localization properties, we can
simplify the computation by proceeding instead in a holomorphic gauge. As in section 2.1.2
the space of gauge inequivalent states is again given by holomorphic matrices modulo those
matrices which are commutators with ®. For the nilpotent background in question we can
reach a unique gauge where any such state is written as

( h(ﬂg y) 8 > (314)

with h(z,y) is an arbitrary holomorphic function. Since h depends on both complex coordi-
nates it describes a bulk quantum field which propagates across the whole brane. Thus this
background does not support any localized matter, a fact which should not be surprising
given its spatially uniform character in holomorphic gauge.

One feature of the physics for which the unitary gauge solution is essential is in deter-
mining the unbroken gauge symmetry. The relevant terms in the 4D effective Lagrangian
are schematically

L= [ IEuf + D8P, (3.15)
C2

where in the above i denotes a Minkowski space index, and j an internal index on C2.
In the presence of a background field configuration (A, ®) these terms will give mass to
various gauge bosons. Since both terms are positive, it is clear that to remain unbroken
a generator in the Lie algebra must commute with the Higgs field ® everywhere in the
internal C?. Applying the Jacobi identity to the D-term equation (3.6) then shows that
any generator which commutes with ® commutes with the gauge field as well.!® Thus the
unbroken gauge symmetry is specified by the commutant of ® in a unitary gauge. In the
case at hand it is clear that the unitary frame Higgs field (3.8) does not commute with

10We are assuming that the only gauge field we have turned on is the one necessary to satisfy the D-

term constraint w A Fj"1 + %[@T, ®] = 0. In additional to this can in principle also consider switching
on additional primitive fluxes satisfying w A F}l’lex“a = 0 associated with a background instanton, or

contributions from a flat connection, as would be associated with Wilson lines. As discussed for example
in [1-4] such contributions will in general induce further symmetry breaking effects.
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any of the SU(2) generators and hence the nilpotent Higgs field completely breaks the
gauge symmetry. In four dimensions, the fluctuations (3.14) are the wavefunctions of chiral
multiplets uncharged under any gauge symmetry. It is interesting to notice that this Higgs
mechanism is invisible to both the spectral equation and the curvature. F, is valued in the
U(1) Cartan subalgebra of SU(2) and does not itself completely break the symmetry. This
serves to reinforce the basic point of this example: only with a complete knowledge of the
BPS solution, that is both the gauge field A and the full matrix valued Higgs field ® can
one completely investigate the physics of any given background.

3.2 Monodromy Basics

While somewhat novel, the nilpotent Higgs field of the previous section is physically boring.
The background supports no unbroken gauge group, no localized matter fields, and there
is no hope of generalizing the results of section 2. These deficiencies can be remedied. The
nilpotent Higgs has no localized matter in holomorphic gauge, ® is completely uniform over
the brane. To find examples with trapped fluctuations that go beyond the abelian cases
studied in section 2 we can look for special places in the brane worldvolume by studying
the spectral equation

Pyp(2) = 2"+ 022" 2 — 032" 2+ + (=1)" o1z + (= 1)"0,. (3.16)

In the above equation the integer n indicates that we are now considering an SU(n) gauge
theory. Each coefficient o; is a gauge invariant function of the background ® and is the i-th
elementary symmetric polynomial in the eigenvalues of ®.'! These symmetric functions are
holormorphic functions on the seven-brane and the loci where they vanish are distinguished
complex submanifolds where we might expect some physical quantity to reside.

In the case of an abelian background the spectral equation is factorized as in (3.2) and
the data of the symmetric functions o; can be replaced by the more elementary data of the
eigenvalues of the Higgs field. In general, however, the spectral equation is not factorized
and the symmetric functions themselves are the more fundamental gauge invariant data.
This is the basic idea behind the notion of monodromy which has already played an impor-
tant role in many applications of seven-brane gauge theories. In this context monodromy
refers to the behavior of the roots of the spectral polynomial Pg(z) thought of as a poly-
nomial in the spectral variable z as one traverses the brane worldvolume. For example,
consider the following spectral equation for an SU(2) Higgs field:

Pp(z) = 2% — 2™ (3.17)

Tn our case oy vanishes since the Higgs field is traceless.
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For m even the above is factorized into a product of two linear polynomials in z and thus

m/2 By contrast, when m is odd,

could be associated to a diagonal ® with eigenvalues +x
the eigenvalues of ® are branched. As one circles the y axis they exchange and one says
that there is a Zs monodromy. Clearly there is no diagonal holomorphic Higgs field which

gives rise to such spectral behavior. With m = 1 the best we can do is to express ® in a

<1>_<2é). (3.18)

This Higgs field is something of an intermediate case between the diagonal background of

holomorphic gauge as

section 2.1 and the nilpotent solution of section 3.1.1. For z # 0, ® has distinct eigenvalues
and can be brought to diagonal form by a change of basis. For x = 0, however, the Higgs
field becomes nilpotent.

In general for an n xn Higgs field ® the spectral function Pg(z) is a polynomial of degree
n in z, and the monodromy group is defined to be the subgroup of the permutation group
on n letters which acts on the roots as we navigate the brane worldvolume. In terms of pure
mathematics, the monodromy group is the Galois group of the spectral polynomial viewed
as a polynomial in z with coefficients in functions on the worldvolume C?. As our 2 x 2
example illustrates, the monodromy group in general acts as an obstruction to diagonalizing
the Higgs field, with larger monodromy an indication of more non-abelian behavior.

3.2.1 The Z, Background

The most basic case of monodromy to study, and one which suffices for almost all of
our applications, is the Higgs field of (3.18). We would like to completely understand
this background. We start, as in our study of the nilpotent background by passing from
holomorphic to unitary frame. This time we parameterize our gauge transformation as

ri/4ef/? 0
9= ( 0 r—1/4o—F/2 > : (3.19)

Where in the above we have introduced polar coordinates x = re. Since the gauge
transformation g must be everywhere non-singular we seek a real solution f which has a
logarithmic singularity at » = 0. We take as an ansatz that f is independent of y and 6. In
that case the same steps that we applied above to the nilpotent Higgs lead to the following
D-term equation for f

ds® " sds

( s + Ld ) f= %sinh(2f), (3.20)
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with s = %T?’/ 2. Equation (3.20) is a special instance of the Painlevé III differential equa-
tion.'? A detailed study of its solutions and their boundary behavior can be found in [31].
Its solutions have asymptotic behavior specified by an arbitrary constant x. Near s = 0
one has a logarithmic singularity

f(s) = —rlog(s) + O(1). (3.21)
While for large s the solution decays exponentially as

2 T™®

§) =/ —sin(—)e " 3.22
fs) = | =sin (5) (3.22)
In our case we seek a solution for which the resulting gauge transformation ¢ is non-singular
at x = 0 and thus we must take kK = % The resulting flux in the unitary gauge is:

— 22 (Hy — Hy)dx A dz r<<1
Fy = —2rsinh(2f)(H, — Hy)dz N dz —>
—\/grl/‘le’%TS/Q(Hl — Hy)dz Ndx r>>1
(3.23)
Where in the above 7 denotes the Euler-Mascheroni constant.

The form of the flux allows us to make precise our previous remark that the Z, mon-
odromy background we are studying is an intermediate case between the nilpotent Higgs
of section 3.1.1 and the diagonalizable intersecting brane system of section 2.1. Like the
nilpotent case, as x — 0, the flux approaches a non-zero constant matrix valued in the
Cartan U(1) C SU(2). Meanwhile, for large r the flux decays rapidly; the branch loci of
the spectral equation are observable as localized tubes of gauge flux. However we also see
how misleading it would be to try to think of this background purely in terms of a pair in-
tersecting branes: the flux is always non-zero. Only at strictly r = oo does this background
really approach the simple solutions of section 2.

To complete our analysis of the Zy; monodromy background (3.18) it remains to study
fluctuations.'® From the form of the unitary solution we can again see that this background
completely breaks the SU(2) gauge symmetry and hence the fluctuations in question are
uncharged under any gauge group. The basic question is whether or not there exists any

12The same equation and boundary condition have previously been studied both in the context of #t*
metrics for 2D Landau-Ginzburg models [29], and 4D wall-crossing [30].

13Tn [12] an analysis of matter fields around a similar background was considered. There, however, it
was assumed that one could work in terms of a non-analytic and diagonal Higgs field with explicit branch
cuts. There are various subtleties connected with this singular “branched gauge” choice. It is therefore
important to revisit this example. Indeed, in contrast to what was found in [12], we find that there is no
massless 6D localized mode.
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excitation of this solution which is trapped at x = 0. As usual we can immediately answer
this question by looking in the holomorphic gauge. The space of modes is given by holo-
morphic matrices modulo commutators with the background ®. If we write a holomorphic

( 20 _h;to ) (3.24)

then under a holomorphic gauge transformation, i.e. a shift by a commutator with the

matrix as:

holomorphic gauge ®, we have:

ho — h() + « (325)
hy — hy+p
h. — h_—px

with «, § arbitrary holomorphic functions. Via such a gauge transformation we can set the
diagonal term hg to zero. Meanwhile for the off-diagonal perturbations, gauge transfor-
mations shift both components simultaneously. Again using O to denote the local ring of
holomorphic functions, we can write the space of equivalence classes as a doublet

080
(1, —2))

To investigate the issue of localized matter we can use our gauge freedom to set h to zero.

e h ] € (3.26)

The holomorphic fluctuation is then specified by the arbitrary function h_(x,y) and since
this depends on two complex coordinates we reach the conclusion that the only excitations
are bulk fields spread over the entire C? worldvolume, and there is no massless fluctuation
trapped at x = 0.

To further bolster our conclusion that there is no massless 6D mode, we now recover
the same result in the physical unitary frame. We start in holomorphic gauge with a

( 2 8 ) (3.27)

and we ask for the unitary gauge wavefunction of this mode. As a representative example

perturbation matrix of the form

let us study the case where the holomorphic perturbation h is a real constant, independent
of both complex coordinates (z,y). In that case we simply note that the addition of (3.27)
to the original Higgs field background (3.18) can be interpreted as a change of coordinates
x — x+h. Thus our construction of the background itself suffices to determine the resulting
perturbation, and we need only perform a Taylor expansion. If we denote by ¢ the resulting
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Higgs field perturbation in the physical, unitary gauge then a short calculation reveals that

¢ = hcos(h) (%JFZ—D ( _\/;S_fﬂ.,, \/Zef ) +h< é 8 ) : (3.28)

\/,F

One can see that these are indeed bulk modes by examining their asymptotic behavior for
large r. If we neglect terms that vanish exponentially fast then we find that

h 0 cos(0)
v 2/r ( 2 —¢e?cos(d) O ) ' (3:29)

In contrast to the unitary gauge modes on matter curves of section 2.1.1 these fields decay
as a power law for large r. This is the basic difference between bulk fields and localized
fields. A mode localized on a curve has a finite norm per unit-length along the curve; if
the matter curve is compact then the field is normalizable independent of the compactness
of the transverse direction. Meanwhile, the wavefunction of a bulk field is spread over the
whole worldvolume, its normalizability is only possible if S is compact. For the fluctuation
(3.29) we can see that for large r:

1
[lll* = Tr (pi') ~ = (3.30)

and thus the mode is not normalizable in the z-plane: it is a bulk mode. This does not
mean that the physical wavefunction is completely uniform over the brane. In fact one can
see that the wavefunction of this mode does decay for large r, and in this sense is a unique
element of the spectrum of bulk modes. The norm of a unitary wavefunction of a general

h2
RE and

perturbation h which is not-necessarily constant in x behaves at large radius like
hence aside from the case studied above of constant h all such modes grow at infinity. For
these bulk fields one then expects the local picture developed here to be quite inaccurate
as in general their wavefunctions are mostly supported outside the patch we have focused
on. By contrast, in the case where h is constant the local picture still captures the relevant

behavior.

Finally, let us note that although there are no localized massless 6D fields, there will
still be massive modes which are “quasi-localized” around x = 0. In this sense, there may
still be an effective notion of a “matter curve” visible at high-energies. In the Kaluza-Klein
Majorana neutrino scenario considered in [9], similar quasi-localized modes were identified
with right-handed Majorana neutrinos. It would be interesting to undertake a detailed
study of Kaluza-Klein modes in this backgrounds and determine the precise correspondence
with the ideas presented in [9].
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(A) ® ©

Figure 3: Contour plots of the distorted bulk mode ¢ in the background (3.18) with non-
trivial Zo monodromy. The images show the profile of the zero modes in the complex x
plane centered on the branch locus. The complex coordinate y is suppressed. Figure (A)
shows the upper-right entry of ¢ while (B) and (C) illustrate the real and imaginary parts
of the lower-left entry of .

3.2.2 Charged Matter

If the stated goal of section 3.2 was to generalize the study of localized modes and couplings
to the case of non-diagonal backgrounds then clearly section 3.2 has ended in failure. We
started with the simplest possible spectral equation exhibiting monodromy, Py (z) = 2% —z,
and we found that although the branch locus x = 0 supports a concentrated gauge flux
tube, it does not trap any modes. This example is typical of backgrounds which break
all of the gauge symmetry. Referring back to the form of the spectral equation (3.16), at
what appear to be be special places in the geometry, the symmetric functions o; defining
Py will vanish, and the Higgs field in general will approach a non-zero nilpotent matrix
with associated flux but no trapped perturbations. The situation is more interesting for
backgrounds that leave unbroken a subgroup of the gauge symmetry. In this case we will
indeed find localized matter, and in this section we analyze an example of this phenomenon.

3.2.3 Holomorphic Gauge

The basic example to study is a breaking from SU(3) — U(1) described by the holomorphic
Higgs field

0 1]0 0
7
o=| z 0|0 | = 0 (3.31)
0 00 0010
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Where U denotes the 2 x 2 non-trivial block studied in the previous section. This is a
situation with both an unbroken gauge group and monodromy. If we look at perturbations
around this background, the new feature is the existence of bifundamental modes charged
under both the unbroken U(1) and the broken SU(2) subgroup. Embedded in the adjoint
of SU(3) these modes are

hy

h_ (3.32)
0

oo O
oo O

together with the associated transpose degrees of freedom which have opposite U(1) charge.
Following the usual method we find that the space of gauge inequivalent perturbations

® 0s0

((1,0),(0,2))

We can use this gauge freedom to eliminate h, and if we do so then we find that the

e h ] € (3.33)

remaining perturbation h_ is valued in
(@)
(z)

The bifundamental modes can thus be thought of as residing on the matter curve z = 0.

h_ € (3.34)

It is exactly in this situation that we expect to find localized perturbations concentrated
sharply around this curve. As usual, it is instructive to study the solutions to the equations
of motion both from the holomorphic and unitary perspective. In the holomorphic setting
our goal is to construct the non-abelian version of a localized gauge where the perturbation
vanishes outside of a tiny tube around the matter curve. In the unitary frame our goal is
to explicitly solve the equations of motion and determine the behavior of fluctuations both
near the matter curve and at asymptotically long distances.

In the holomorphic gauge all information is encoded in ® and we seek to solve the
linearized F-term equations:

da = 0 (3.35)
dp = [®,a]. (3.36)

We take the matrix polarizations of a, ¢ to be identical to (3.32) so that the commutator
in the above is simply ¥ acting on the doublet a in the fundamental representation. The
formal solution to these equations proceeds exactly as in section 2.1.2. We introduce a
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doublet ¢ which is a 0 anti-derivative to a together with a holomorphic doublet h and write

= 0¢ (3.37)
¢ = W&+ h. (3.38)

The key observation is to consider the spectral equation for the 2 x 2 background W.
According to the Cayley-Hamilton theorem of linear algebra the matrix W satisfies its own
spectral equation. In other words

U? = rl,, (3.39)

with 1y the 2 X 2 identity matrix. Thus although the matrix ¥ has a non-diagonal action on
the doublets, the matrix U? acts trivially by multiplication by x. This allows us to invert
the formal solution (3.38) to write
U(p—nh
g Ye=h) (3.40)
x
Now we can easily deduce the correct notion of localization; the important quantity is
not the behavior of ¢ near the matter curve, but rather V. In particular given any tube
T, centered on the matter curve x = 0 and any doublet solution ¢ we can define another
smooth (2,0) form ¢’ with the property

Wy inside T,
Uy = ‘ 3.41
14 { 0 outside T, ( )
By construction then a complexified gauge transformation with parameter
V(' —
Y = (¢ — o) (3.42)
x

shows that the two solutions ¢ and ¢’ are gauge equivalent. In particular we see that given
any solution, we can find a localized gauge where Wy vanishes outside an arbitrarily small
neighborhood of the matter curve. If we explicitly write out the doublet mode then we find
that at the matter curve

Ty — Th — ( h‘(g’y) ) . (3.43)

This is exactly what we expect from the characterization of the excitations as the set of
holomorphic matrices modulo commutators with the background. There we saw that all
the data of the doublet perturbation should be encoded in the single holomorphic function
h_ along the matter curve z = 0, and here we recover this fact from the localized gauge
construction.
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3.2.4 Unitary Gauge

An alternative perspective on the doublet fluctuations is to solve the equations of motion
directly in a unitary gauge. Since we have already studied the nontrivial SU(2) background
U in the previous section, this is a calculation which we are prepared to undertake. The
complexified gauge transformation which takes the full SU(3) background Higgs field from
holomorphic to unitary gauge is simply

ri/tel/? 0 0
g= 0 r~/4e=f2 10 | . (3.44)
0 0 |1

Where f denotes the Painlevé transcendent introduced in (3.20). Since the F-term equations
are invariant under complexified gauge transformations solving them in unitary frame is
trivial; we simply perform a gauge transformation by g on the solution (3.37) — (3.38).
Further we know from our analysis in holomorphic gauge that we should be able to find
solutions with A, = 0 and then the equations of motion fix £ = 0. Hence in unitary gauge
we can write:

B r1/4ef/2(§£ B 0
‘= ( 0 ) - ( P VeI (g 4 h) ) - B

Now we need to solve the D-term
wAdaa+ %\I/Tgo =0. (3.46)

This implies a single remaining equation
1 5 —aof x| f
A+ | —+4+0.f) 0z — |x|e E=-—e “h. (3.47)
4x z
We can assume that the holomorphic function h depends only on the coordinate y along the
matter curve and that ¢ is independent of 3. To solve this equation we proceed as follows.

First observe that the differential operator in brackets above conserves angular momentum
in the x plane. Thus it is natural to make the substitution:

e=07"" (3.48)
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and to solve a radial equation for p. One can see that in terms of the original doublets a

1 [ r3/4et/2% 0
— dr = 4
AVEY () o

and thus we expect to find a solution p(r) which is localized near the origin. On substituting
(3.48) into (3.47) we find

d? d 1 d
[W 4 (d_{" — 5) el 4T€2f] p(r) = 0. (3.50)

Since the function f is so complicated we do not expect that this equation can be solved

and ¢

analytically. However we can construct an approximate solution by solving the equation
for small and large r» where f simplifies and then matching the solutions at an intermediate
radius, and this technique suffices for seeing the existence of a localized mode.

For r very small we use the asymptotic behavior (3.21) to simplify equation (3.50):

d? 1d
The solution to this is
p(r) = Be” +Ce™". (3.52)

Meanwhile according to (3.22) for large r the Painlevé transcendent f vanishes exponentially
fast and hence (3.50) simplifies to

d? 1 d
The general solution to this is:
p(r) = Dei™" 4+ Be=ir" (3.54)

In the solutions (3.52) and (3.54) (B,C, D, E) denote holomorphic functions of y which
must be determined by boundary conditions. They are fixed as follows:

e Regularity of ¢ at r =0 fixes B+ C = h.
e Normalizability for large r fixes D = 0.

e Matching the zeroth and first derivatives of the near and far solution.

One can see that independent of where the matching takes place, the constant B must
be very nearly zero. Thus the solution is peaked at r = 0 with an amplitude fixed by h,
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and for small r it decays as a Gaussian. Meanwhile for large r the decay changes from
the standard Gaussian to e=5"""* characteristic of solutions to Painlevé II1. Glueing these
behaviors together, we obtain a single normalizable charged 6D field localized on the matter
curve x = 0.

4 Localized Modes and Their Couplings

The previous section illustrates some of the most primitive examples of T-branes and their
associated intricate physics of symmetry breaking, flux tubes, and localized charged matter.
In general an arbitrary Higgs background can exhibit a wide variety of exotic and novel
phenomena and it is beyond the scope of this work to classify completely all such behavior.
Nevertheless we can introduce a setup which extends the holomorphic intersecting brane
techniques of section 2 and allows us to study any given example. We generalize our theory
to the case of an arbitrary gauge group with Lie algebra g and we write ade (M) to denote
the adjoint action of ® on a matrix M € g.

As the examples of the previous section should make clear, keeping track of all of
the D-term data of such configurations is quite cumbersome. However we have seen that
for intrinsically holomorphic questions, such as the spectrum of localized modes and their
superpotential couplings, this D-term data is also unnecessary. For this reason from now on
we work exclusively with the complexified gauge group and neglect the D-term equation of
motion (2.3). The basic equations in a holomorphic gauge for the background are identical
to those given in subsection 2.1.2. Namely, the gauge field satisfies

Oa=0+ A% =9 (4.1)
and the matter field fluctuations satisfy:
a = 0, v = ade (&) + A, (4.2)

with £ an arbitrary complex matrix in g.

The analysis of the Yukawa proceeds much as for diagonalizable backgrounds. Starting
from the bulk integral:

Wy = /s Tr(a Aa A ) (4.3)

we reduce this to a residue integral by noting that the a modes satisfy a = 0¢ and so can
be integrated to boundary terms, and evaluated as a residue. To compute the coupling, it
is therefore enough to track the boundary behavior of £. In practice, this involves formally
solving for ¢ in equation (4.2):

£=ady'(p—h) (4.4)
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where here, “ady'” denotes a formal inversion of the adjoint map adg(-). Roughly speaking

1

we expect that “adg™” is invertible away from some loci defining the matter curves f = 0.

In this case we may write

E=adg'(p—h) = (4.5)

n
f
Assuming ¢ falls off rapidly at the boundary, the computation of the residue depends only
on h. The residue integral then becomes:

Tr ([, meles) | Tr(lmesmslon) | T (s, mleo) | (4.6)

Wy = Res(,0) f1f2 fafs f3fi

Though the above description provides a rough guide to matter fields and their couplings,
making sense of the intuitive formal manipulations presented above requires being more
careful with our notions of “localized modes” and wave function overlap integrals. In this
section we develop in more precise terms the necessary ingredients to treat a general class
of localized modes and their superpotential couplings.

The rest of this section is organized as follows. First we clarify the precise meaning
of a localized mode, and describe explicitly how a localized solution to the 8 D fluctuation
equations (2.7) — (2.9) gives rise to a 6D field living on a matter curve. Following this
identification, we write the general explicit form of the superpotential interactions of such
modes, both for their 6D kinetic superpotential and their 4D localized Yukawa couplings.
Additional technical details for the diligent reader are given in the Appendices.

4.1 Localized 6D Fields

We will continue to denote the ring of holomorphic power series in two complex variables
by O. We work in a holomorphic gauge so that A%! = @ = 0. Then all information of the
background is contained in the Higgs field

degrO. (4.7)

It is easy to characterize the space of physically distinct modes in the given background.
Working holomorphically, a perturbation ¢ is gauge equivalent to zero if there exists a
holomorphic y such that

¢ = ads(x). (4.8)

Thus in the presence of the background ® the space of physically distinct modes is given

by the quotient space
g® 0

ade (g ® O) (4.9)
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This abstract expression for the space of modes already illustrates one of the primary ad-
vantages of working in a holomorphic gauge: we have translated the problem of solving the
fluctuation equations (2.7) — (2.9), a priori one which involves solving differential equations,
to a purely algebraic problem of determining the quotient space (4.9).

Now, the space of modes is populated by both bulk fields, whose unitary wavefunctions
permeate the entire brane, and localized modes, whose unitary wavefunctions are concen-
trated along matter curves. Our primary interest in this section is in the latter and we seek
to extract these from the general quotient space (4.9). Let ¥ C C? be any matter curve.
Locally this curve is defined by the vanishing a single holomorphic function f.'* The basic
observation is that if ¢ is a localized mode on Y then all the gauge invariant data of this
mode should be contained inside an arbitrarily small neighborhood of . It follows that
if we consider the restriction of the mode to the complement of the matter curve then a
localized mode ¢ is gauge equivalent to zero. This means that there exists a holomorphic
n € g ® O and a positive integer m such that

¢ = ade (fim) : (4.10)

The function f has is zero on ¥ and thus while ¢ is gauge equivalent to zero off the matter
curve, n/ f™ cannot be extended over all of C? and hence ¢ is not globally trivial.

This definition of localized modes has a natural mathematical interpretation in terms
of sheaf theory. We are studying the space of modes (4.9) which is a coherent sheaf on
the brane worldvolume C?, and the mode ¢ is a holomorphic section of this sheaf. The
prescription (4.10) says that the localized modes are exactly those sections for which there
exists a holomorphic function f with

g0
Tp=0€ ——. 4.11
e ody (08 O) (4.11)
These are the torsion elements of the sheaf. In the mathematical language, the function
f™ is the annihilator of .

From a physical perspective we can motivate our definition of localized modes by con-
sidering the potential induced for the adjoint scalars in the presence of a background Higgs
field ®. If we write g for the complexified gauge transformation which takes us from holo-
morphic to unitary gauge, then the physical potential takes the form

2

V(n) = ||g(ade(n))g || (4.12)

For a general n this potential is a non-zero mass term and lifts these matrices from the low-

14We make the assumption that this matter curve is irreducible so that f does not factor.
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energy spectrum. Meanwhile for those matrices which commute with & along the entire
brane, the induced mass is zero and such 7 give rise to bulk modes. Finally there are the
localized modes. According to the definition (4.10) these are given by n’s which commute
with the background only along the matter curve . On this curve the mass induced by
the potential V' vanishes and this has the effect of confining the mode to the curve.

We can obtain further intuition about localized modes by thinking about them in terms
of partial symmetry restoration or unHiggsing. The bulk fields are given by the commutant
of ®. Along matter curves, new matrices commute with ® and give rise to localized modes.
In this way matter curves can be seen as the loci where a symmetry is restored. This
point of view also sheds light on the basic difference between a diagonal intersecting brane
background and a T-brane. Since seven-branes are complex codimension one objects, the
Higgs field ® is complex and thus so are the fluctuations 7. At each point p in the brane the
relevant space where possible 7’s are valued is the complexified Lie algebra gc. Now let us
consider labeling points p by the locally restored symmetry algebra given by the commutant
of ®(p). In the case of a diagonal background, ® is valued in the Cartan subalgebra and the
local commutant at each p is determined by setting to zero some number of roots. It follows
from this that the local commutant will always be the complexification of a semi-simple Lie
algebra. Thus we can label points by an associated real semi-simple Lie algebra and think
of this real Lie algebra as a local gauge group which has been unHiggsed at the given point.
This terminology permeates much of the current F-theory literature: seven-branes, matter
curves, and Yukawa points are typically denoted by compact real Lie groups. From this
perspective the interesting feature of T-brane backgrounds is then that the local symmetry
algebra need not be the complexification of a semi-simple Lie algebra. Since the Higgs
field is now a general non-diagonal matrix, the local commutants are general complex Lie
subalgebras of gc. If one wanted to continue to phrase the discussion in terms of local
Higgsing and unHiggsing, then the relevant “gauge group” to consider is the complexified
one with Lie algebra gc. Localized matter occurs exactly when this complexified gauge
group is partially unHiggsed.

Having identified the localized modes as torsion elements in the space of modes, we now
assert that the correspondence between an 8D field ¢ which represents a localized mode and
satisfies (4.10), and the on-shell 6D representative which naturally resides at the matter
curve is given by passing from ¢ to the n restricted to the curve. More precisely, any 7
satisfying (4.10) is ambiguous up to an element in the kernel of the adjoint map adg(-).
Thus the space of possible 7’s is naturally

g® 0

Fer(ada] (4.13)

Then the map from 8D fields ¢ to 6D fields is given by choosing any representative n which
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solves (4.10) and taking the residue class of n in O/(f™).

g0/

ker(adg) (4.14)

p = [n] €
We make several comments justifying and explaining this identification:
e The assignment (4.14) is gauge invariant. If we modify ¢ by a gauge transformation:

¢ — ¢+ ada(x) (4.15)

then we have
n—n+f"x (4.16)

and hence the residue class [n] is unchanged.

e All the gauge invariant data of an 8D localized field ¢ is contained in the class [n]. If
¢ and ¢’ are two solutions with associated n and 7" and [n] = [1/], then we can define

a holomorphic gauge parameter
/

XIH;f. (4.17)

A gauge transformation with parameter y shows that ¢ and ¢’ are holomorphically

equivalent.

e The correspondence (4.14) makes precise our intuition that a localized field should be
one whose wavefunction in holomorphic gauge depends only on the coordinate along
the matter curve. The gauge invariant class [n] is a matrix with entries valued O/(f™)
and f vanishes along the curve.

e The identification (4.14) allows us to construct a localized gauge. Given an 8D field ¢
with associated residue class [n] we define a new non-holomorphic (smooth) function
1’ which agrees with n in an epsilon neighborhood of the matter curve and which
vanishes outside a slightly larger neighborhood. Then since all physical information
is contained in the behavior of 7' near the matter curve we may as well replace n with
n’ and hence ¢ with the pair (a’, ¢’)

¢ = ade (;—;) and o =0 (}7—;) (4.18)

which vanishes outside an arbitrarily small tube surrounding ..

These definitions can be made more concrete by seeing explicitly how they work in the two
cases of localized matter we have studied thus far. In the first case of a diagonal background
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in SU(2) gauge theory

cbz(x(/)Q _2/2), (4.19)

and we have a localized mode corresponding to the root R

(08 (01, am

This takes the form of our general expression (4.10) with annihilator f = z and

90277:(8 é) (4.21)

Meanwhile in the more interesting case of the background with monodromy and localized
charged matter of section 3.2.3 we have

(4.22)

i
I
oly o

1
0
0

oo O

The localized doublet mode satisfies the equation

() ()

Again this is of the general form (4.10) with annihilator f = = but now with a non-trivial
relationship between the 8D field ¢ and the 6D field n. In particular the gauge invariant
residue class [n] in this case is given by

7] = Nlamo = ( “Do(y) ) , (4.24)

exactly as we found in section 3.2.3. From these two examples one can see that part of the
interesting structure that distinguishes diagonal backgrounds from more general T-brane
configurations is that in the latter case the map between 8D and 6D fields can be non-
trivial. One of the most important features of our general formalism is that it exhibits the
precise relationship between these fields.
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4.2 Superpotentials
4.2.1 The Matter Curve Action

Now that we have identified the on-shell 6D fields it is straightforward to compute the
general formulas governing their superpotential couplings. The first step is to extend our
notion of 6D fields off-shell. To do this we proceed as in the diagonal examples of section
2. An off-shell 8D field is one which satisfies the equations of motion only in the transverse
direction to the matter curve, but not in the parallel direction. If we use the map to
6D this implies that an off-shell 6D field is given by an n with the property that 7|y is
not necessarily holomorphic. Putting the 6D modes on-shell then simply corresponds to
enforcing the holomorphy constraint.

The assertions of the previous paragraph can be rigorously derived by evaluating the
8D quadratic superpotential on the off-shell 6D fields. We consider a smooth matter curve
Y} which we may as well approximate by the y-axis, so that X is defined by x = 0. On this
matter curve propagate k distinct 6D hypermultiplets n;. These fields are related to the
holomorphic 8D fluctuation fields ¢; by the basic equation torsion condition for a localized
mode (4.10)

™, = ade(n;). (4.25)

The off-shell extension of these modes is achieved by relaxing holomorphy in the directions
along the matter curve. Thus off-shell fields are holomorphic functions of x but arbitrary
smooth functions of the matter curve coordinates (y, y).

Next we want to evaluate the 8D superpotential on these 6D off-shell fields. The same
steps and localization techniques of section 2.1.3 immediately lead us to the form

|1 Tr (Th' 5@7%‘)
= dy Ndy | — —2d 4.2
Wep ;L y A dy [27”, ]{5_5 s T (4.26)

The expression in brackets above has the desired form of a pairing between the distinct 6D
fields. The residue integral extracts the behavior of the product Tr(méggoj) along the matter
curve x = 0. This makes gauge invariance obvious: a change of gauge on ¢ or change in
representative of the residue class [n] has the effect of shifting the product Tr(niégcpj) by
a quantity which does not contribute to the residue and hence leaves the superpotential
invariant. Notice also that as a consequence the basic equation (4.10) we can alternatively
write Wsp as

11 Tr (n; adq>(5—77-)
W@DZZ/Edy/\dy [2_7m7{| ( xmi+mjy d )dx . (4.27)
Z’,j T|=—€
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In particular we see from this that the contribution to the integral over the complex y plane
from any pair of indices (i, 7) is symmetric under the exchange i <> j.

Now we come to the main point. The 8D on-shell fields are holomorphic even on the
matter curve and hence so are their on-shell 6D representatives. This means that the
minimization of the 6D superpotential (4.26) must enforce the BPS equations of motion

We would like to see this directly from Wsp. Varying (4.26) with respect to ¢; one sees
that this will be so provided that the skew-symmetric matrix Q% defined via

L Tr (n; ade(9:n;
O n; 8@ n; = Z% r (77 a <I>< ynj)) dl’, (429)
i,j |z[=e

xmi—i-mj

is non-degenerate. The general techniques required to prove the non-degeneracy of this
pairing, while interesting, are somewhat orthogonal to the main thrust of our work and
are confined to Appendix B. There we develop the local structure of modes on curves in
more detail and use this to prove that the 6D superpotential is extremized when all 6D
fields are holomorphic. As in section 2, one can view this result as a reflection of the fact
that six-dimensional matter must come in hypermultiplets. The non-degeneracy result then
shows that given any field 7 there exists a conjugate field n° which lives on the same matter
curve and pairs canonically with 7 in the 6D superpotential.

It is illuminating to see the 6D superpotential worked out for the simplest non-trivial
example of localized matter in a T-brane background. We again take ® to be of the form
(4.22). This background supports two localized charged fields on the matter curve x = 0.
Up to gauge transformations we may write the off-shell fields as in equation (4.23)

0 0 0
oz, y,y) = 0 0] ¢i(z,y,9) |, (4.30)
pa(w,y,5) 0] 0
0 0 v1(,9,7)
n(zr,y,y) = 0 0 0 ) (4.31)
0 —¢a(z,y,5)| O

According to the general result (4.26) the 6D superpotential is

1 Tr(n 0y
N 211 |z|=e T

= / dy A dy (€70:(0,y,9)950;(0,v,7)) - (4.33)
)
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This illustrates the symplectic pairing at work. The modes 1 and ¢ pair up to form a
canonical quadratic action for the 6D fields.
4.2.2 Yukawa Couplings

The final piece of formalism we must develop is a general expression for the localized
Yukawa coupling for fields on matter curves. We will confine the general derivation to
Appendix C. Armed with the general notion of 6D matter and localized gauges its proof
is a straightforward application of multidimensional residue theory. The final result can be
phrased elegantly in terms of the 6D fields 7; which reside on a matter curve. We consider
three localized modes

fivi = adg(m;), i=1,2,3. (4.34)
We assume that these matter curves have an isolated intersection at the origin
filz,y) = folz,y) = f3(z,y) = 0= (z,y) = (0,0). (4.35)
Then the universal localized Yukawa for the three modes is given by

Tr (171, 72 03) . Tr ([12, 1m3)01) n Tr ([73, m]p2)
fifa fafs fafi

There are four important consistency checks on this coupling.

WY = R,eS(0,0) (436)

e [t is gauge invariant. Because the coupling is written as a residue it is sensitive only
to the gauge invariant residue classes [1;]. Further, as a consequence of the basic
definition (4.10) of a localized mode it is unchanged under any change of gauge on
the modes ;.

e The formula can be phrased entirely in terms of holomorphic quantities and hence it
is manifestly independent of Kahler and flux data.

e The residue formula is manifestly symmetric in the indices 1, 2,3 of the localized
modes.!?

e This coupling can readily be seen to reduce to the Yukawa derived in section 2 for
the case of intersecting branes: in that case 1n; = ¢; reduces to the holomorphic
wavefunction A and we recover our previous result.

15 Recall that the residue carries a sign arising from the orientation of C2. The three terms in the right-
hand-side of equation (4.36) are meant to be defined with respect to the orientations dfy A dfs, dfs A dfs,
and dfs A dfy, respectively.
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This completes the technological developments of this section for the case of trivial world-
volume S = C2. In sections 5-7 of this paper we will apply these results to compute the
localized matter spectrum and interactions in a variety of examples. As explained in detail
in section 2 the restriction to trivial worldvolumes is appropriate when one studies the uni-
versal localized contributions to the superpotential for localized matter fields. By contrast,
the study of bulk modes, in particular their existence or lack thereof can only be deduced
once a compact brane worldvolume is specified. In Appendix D we briefly indicate what
is required to generalize the results of this section to an arbitrary brane worldvolume S,
gauge bundle ad(P), and matter curve 3. Aside from this appendix, all remaining analysis
will be carried out locally on S = C2.

5 Brane Recombination

The techniques of the previous section provide tools to analyze the holomorphic sector
of any given background Higgs field. In this section we apply these ideas to reinterpret
the spectrum of a wide class of backgrounds in terms of brane recombination. The basic
intuitive picture is that if one starts with a pair of intersecting branes and allows the
localized charged field at the intersection to condense then recombination occurs. On
the other hand, from our study of intersecting branes in section 2, we know that the
localized modes correspond to off-diagonal perturbations of ®. Thus condensation of the
bifundamental matter field results in a new non-diagonal backgroud. This suggests that
some T-branes have a simple interpretation in terms of recombined branes. This gives an
alternative method for calculating the spectrum in such examples: work in the recombined
frame. Comparing this recombined picture with our general formalism then gives an elegant
and successful check on our techniques.

5.1 Reconstructible Higgs Fields

As we have repeatedly stressed, a T-brane configuration is specified by ® rather than its
spectral equation. In this section we study a special class of examples where the spectral
equation is enough to determine ®. For simplicity, we restrict our analysis to a unitary
gauge group U(n). Up to an overall change in the decoupled U(1) center of mass, we
can always assume that the background Higgs field ® is traceless. The backgrounds we
consider are those which are non-singular in a suitable sense. We say that a Higgs field is
“reconstructible” when its defining spectral surface

P@(xaf%z) =2" + 02<x7y)zn—2 - 03(x7y)zn—3 +oeee (_1)n0—n($7y> =0 (51)
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is non-singular in the three dimensional (z,y, z) space. Since we are studying the problem
locally, the only singularities we are concerned with reside at the origin (z,y, z) = (0,0,0).
The case of maximal interest is when all the eigenvalues of the Higgs field vanish at the
origin and from now on we assume this is the case. Then non-singularity of the spectral
surface is determined completely in terms of

on(z,y) = det(P). (5.2)

A reconstructible Higgs field is one for which det(®) vanishes to exactly first order at the
origin. As we will see momentarily the terminology “reconstructible” is motivated by the
fact that such a background is completely determined by its spectral equation, and hence
the matrix valued Higgs field can be reconstructed just from the behavior of the eigenvalues.

In terms of the examples we have studied thus far, the intersecting brane configurations
of section 2 are not reconstructible. Their spectral polynomials are factorized as in equation
(3.2) and hence are singular when the branes intersect. Meanwhile the basic example of
monodromy studied in section 3.2 is reconstructible: its spectral polynomial is 22 — z
and this cuts out a smooth surface. One significant consequence of this definition is that a
reconstructible Higgs field must break all of the gauge symmetry except the overall center of
mass U(1) C U(n) which we have thus far ignored. Any larger unbroken gauge group would
imply a non-trivial commutant of the background ®, and thus as in sections 2 and 3.2.2 the
background could be written in a block diagonal form. The spectral surface then factorizes
and hence is singular when the two components collide. The fact that reconstructible Higgs
fields preserve such a small symmetry group is one of the principle reasons we are able to
give a complete picture of their physics.

5.1.1 Total Recombination

The basic fact that we want to prove in this section is that a U(n) seven-brane gauge theory
deformed by a reconstructible Higgs field is just a U(1) brane in disguise. Geometrically this
statement is easy to understand. The correspondence we have used to describe intersecting
branes in section 2 is that a background Higgs field deforms the stack of n seven-branes
from the (x,y) plane to the spectral surface

2" =0— Pp(z) =0. (5.3)

This fact continues to be true for non-diagonal backgrounds. Our procedure in the previous
sections of this paper has been to view the resulting gauge theory after deformation from
the point of view the original gauge theory on the z = 0 plane. Of course absolutely nothing
forces us to do this. After turning on the background it may be more convenient to describe
the physics from the point of view of the resulting branes. At the level of equations this
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means that we may change coordinates from (z,y, z) to some new more suitable variables.

Now we come to the key observation: for a reconstructible Higgs field the spectral
surface is non-singular. Therefore up to a change of variables on the z = 0 plane, we may
as well assume that

det(®) = +u. (5.4)

To describe the resulting branes after deformation we introduce a new system of coordinates
where x has been eliminated

(jagag) = (Zvya P@(Z)) (55)

If we view the ambient space C3 as being described by the tilded coordinates then the
result of deformation by a reconstructible Higgs field is that the brane is now described by
Z = 0 with worldvolume coordinates (Z,7). In these coordinates the resulting brane can
be identified with an ordinary D7 brane. This gives a very concrete physical meaning to
our non-singularity condition on Higgs fields. A reconstructible background is one which
causes our original brane stack to totally recombine into a single smooth seven-brane.

At the abstract level of the previous paragraphs the claim that a reconstructible Higgs
field describes a U(1) gauge theory is obvious. However from the point of view of the gauge
theory it is a remarkable statement. We have seen in section 3.2 that even the simplest

¢:<2é) (5.6)

involves an intricate flux tube determined by the highly non-trivial Painlevé III differential

example of monodromy

equation, and we are asserting that this solution is simply a complicated perspective for
a D7 brane. We can see a simple check of this claim by looking at the massless spectrum
of both theories. A U(1) gauge theory has only the bulk massless fluctuations of the free
abelian gauge multiplet. Meanwhile the Zs; monodromy background naively has two bulk
fields given by the overall trace and the bulk fluctuation studied in detail in section 3.2.
Written in holomorphic gauge as perturbations of ® these are

azw) g 0 0
2 d . 5.7
( 0 Q) (e o) oD

The astute reader might claim that the massless spectra of the two theories in question,

an ordinary U(1) D7 brane, and an U(2) seven-brane gauge theory deformed by the mon-
odromy background (3.18), are different and hence these theories cannot possibly be the
same. In fact however, when properly interpreted the two fields (5.7) are simply two pieces
of a single field in the recombined theory. To see this, we start in the U(2) gauge theory
and we consider the geometric result of activating the first order perturbations (5.7). The
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spectral equation is deformed as
1
2z (2= 50(a,y) (o + Bz ). (5.8)

To determine the effect of the deformation from the point of view of the recombined brane
we must now change variables to the tilded coordinates. We want to view the perturbation
fields «, 8 as functions on the new brane worldvolume Z = 0. The spectral equation then
becomes, at leading order

Z = (2a(@®,9) + B(@%,9)) = 0. (5.9)

Thus on the new brane worldvolume the two perturbations « and [ are simply the even
and odd parts of a single function of . They combine to one bulk field which is identified
with the U(1) bulk center of mass field of a D7 brane.

One can make the match between the U(2) monodromy background and the D7 recom-
bined picture sharper still. In section 3.2 we found that in unitary gauge there was a single
bulk field whose wavefunction decayed far from the branch locus. How do we explain such a
mode in the recombined picture? The answer is that although holomorphically the recom-
bined brane is described by the simple equation z = 0, if we keep track of the additional
real data then there is more to the story. Locally we approximated the U(2) brane as flat
with canonical Kéhler form. If we further approximate the normal direction as flat then it
follows that on the recombined brane the metric is specified by the Kahler form:

((1+4|2[*)dz A dZ + dy A dg) . (5.10)

7
w==
2
The recombined brane, illustrated schematically in Figure 4, is therefore curved. The
unitary wavefunctions are explicitly sensitive to this curvature and by solving the wave
equation on the recombined brane we recover a mode localized on its worldvolume.

Thus the recombined picture offers an a posteriori explanation of the results of section
3.2. There are no localized modes in the monodromic background (5.6) because there are
no localized modes for an isolated D7 brane. Meanwhile the Painlevé flux trapped at the
branch locus which gives rise to the decaying bulk field is captured in the recombined picture
by a non-trivial worldvolume curvature.

The argument above that reconstructible Higgs fields result in total brane recombination
can be extended to the case of U(n) gauge theory. To prove this the most significant point
we need to address is the following. Holomorphically, a U(1) gauge theory on a smooth
isolated D7 brane is a completely unique theory. To fix the configuration one simply chooses
a location in space for the brane, modeled in the gauge theory by a background for the Higgs
field in the free U(1) gauge multiplet. Meanwhile the U(n) gauge theory on C? has a huge

53



N

\ "
—
(®)

(A)

Figure 4: A schematic cartoon of brane recombination. In (A) we have an SU(2) gauge
theory in the presence of the Zy monodromy background (5.6). Along the branch locus of
the spectral equation, x = 0, this solution has a concentrated gauge flux tube illustrated in
red. In (B) the same system is described from the perspective of a single recombined brane
whose worldvolume is a double cover of the original brane stack. The data of the brane
flux in the original SU(2) theory is carried in the recombined picture by a concentrated
worldvolume curvature at the branch locus of the cover.

moduli space of backgrounds described by choosing an arbitrary n x n holomorphic matrix
® up to holomorphic gauge transformations. Given any such background ® we know that
the spectral polynomial Py (2) is one piece of gauge invariant data but in general it does not
carry complete information. The nilpotent background of section 3.1.1 serves to illustrate
this point. Nevertheless, in the correspondence between U(n) seven-brane gauge theories
in a generic background ® we are asserting that Pp(z) = 0 describes the new position of an
isolated D7 brane. Since the holomorphic sector of the latter theory is now completely fixed
it must be that for a reconstructible Higgs field the spectral polynomial yields complete
information. Thus we are led to a sharp mathematical consequence of our claim. Any two
reconstructible Higgs fields with the same spectral polynomial are gauge equivalent. In other
words, the terminology “reconstructible” is justified: such Higgs fields can be extracted
from the behavior of their eigenvalues.

In Appendix A of this paper we prove this claim directly. The result is that if ® is a
reconstructible SU(n) Higgs field and has spectral polynomial

Pp(2) = 2"+ 092" 2 — 032" 2 4+ -+ + (—=1)"0, (5.11)
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then we may reach a gauge where

0 1 0 0 0
0 1 0 0
v= : : 5 P (5.12)
0 0 0 0 1
<_1)n_10n (—1)"‘2an,1 (—1)"—3(7”72 e —0y 0

A further consequence of the theorem proved in the Appendix is that the spectrum in
the background (5.12) is given by n — 1 bulk fields which are fluctuations in the spectral
coefficients o; as well as the overall U(1) trace. In particular there are no localized fields. To
calculate the bulk spectrum and match to the D7 theory we now follow the same argument
as above for the simple 2 x 2 monodromy background. The recombined brane defined by

2t 092" — 032" (= 1), = 0 (5.13)

is a smooth n-sheeted cover of the original seven-brane stack at z = 0. Since the Higgs field
on the recombined brane is a generic holomorphic function this means that we require n
holomorphic functions on the original brane stack z = 0 to reproduce the single Higgs field
on the recombined brane. The bulk fields discussed above are exactly these modes.

Thus at the level of the massless spectrum we have explicitly demonstrated that U(n)
seven-brane gauge theory deformed by a generic Higgs field results in complete brane re-
combination into a single smooth isolated D7 brane. For such backgrounds there are no
matter curves or localized fields because there are none for the D7. For comparison with
previous results studied in the literature, what we have derived is essentially the conditions
under which the spectral equation technology used in references [12,18] is applicable.! The
method used there is based on the idea that for reconstructible Higgs fields the spectral
equation gives complete information and hence the physics of the gauge theory can be
extracted from the geometry of the smooth spectral surface cut out by

Pg(z) = 0. (5.14)

By contrast when the spectral equation is singular, one needs to know the actual Higgs
field. Again the most basic example of this is the nilpotent background of section 3.1.1.
The spectral surface is cut out by Pp(z) = 22 = 0 and this is manifestly singular. In
this case the theory is not uniquely determined by the spectral polynomial and the set of
physically meaningful ways of resolving the singularity is given by possible Higgs fields with
the given Pg.

16 et us stress that in abstract terms, the spectral cover, as opposed to the spectral equation, contains
more information than just the eigenvalues of ®.
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Given that the non-reconstructible backgrounds are in a sense singular, one might won-
der if we can simplify our lives and ignore these cases. Even at the level of phenomenological
applications this is decidedly not so. Indeed, the case of maximal interest for various model
building applications in F-theory GUTSs occurs precisely when the spectral surface is sin-
gular! In such cases one should not expect to be able to fully specify a model with just the
eigenvalues of ®. One major conceptual point of our work is that although in such cases
the spectral equation does not completely characterize the background, one can utilize the
gauge theory techniques of section 4 to directly analyze the physics of any given example.

5.2 Intersecting Recombined Branes

Having classified reconstructible backgrounds we can now study a simple restricted class of
backgrounds which involve both brane recombination and intersecting branes. We consider
a Higgsing process SU (ki +ks+- - - kj+n) broken to U(1)? x SU(n) described in holomorphic
gauge by a block diagonal Higgs field

v, 0]---101]0
0O | Wyl|--- | 010
d=1| |- (5.15)
00 [ [P0
0O]0}|---]010

This background has a factorized spectral polynomial and thus is not reconstructible. To
constrain the problem, we restrict ourselves to the case where each block W; is itself a
reconstructible k; x k; Higgs field and we assume that Py, (z) # Py, (z) for i # j. Given the
discussion of the previous section one expects that this background can be interpreted as a
stack of n D7 branes which support the non-abelian SU(n) gauge group and which intersect
with 7 distinct smooth D7 branes. Each of these smooth D7 branes has a worldvolume
given by the vanishing locus of the spectral equation of W;. These meet the z = 0 plane
along the determinant loci

det(¥;) =0, (5.16)

and hence we expect that these are the matter curves. For simplicity we will assume that
all of these determinant curves have generic intersections, so this should describe the basic
example of transversally intersecting branes studied in detail in section 2. In this section
we will provide evidence that this is the case by comparing the massless spectra of these
theories.

For simplicity we confine our attention to the localized spectrum charged under the
non-abelian part of the unbroken gauge group SU(n). The modes are then grouped into
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2j groups B; and Bf for i = 1,---,j embedded in the adjoint of SU(ky + k2 + - - - k; + n)
in the block diagonal notation of equation (5.15) as

olol|--]o]|B
olol--]0o]B
N E : (5.17)
010 0 | B
By |Bs|--|B:| 0

To study the existence of localized modes in the block B; we follow the general procedure
of section 4 and consider the torsion equation (4.10) for a localized mode

fipi = ada () = Vin. (5.18)

To solve this we observe that the matrix WU, is reconstructible and hence invertible away
from the curve defined by the vanishing of its determinant. Thus the only possible matter
curve in the block B; has

fi = det(¥,). (5.19)

Let A; denote the adjugate matrix to ;. If the spectral equation for U, is

Py, (2) = 2" — g 28 4o (1), (5.20)

k3

Then the adjugate is given by
A= (—D)F (@8 — o O e ()R oy, ) (5.21)

According to the Cayley-Hamilton theorem of linear algebra the matrix W, satisfies its own
spectral equation and this implies the matrix equation

Thus up to a factor the determinant, the adjugate A; is just the inverse ;. However
unlike the inverse, which ceases to exist along the curve det(¥;) = 0, the adjugate exists
everywhere. Now act with the adjugate on ¢; to obtain

Aipi = . (5.23)

Thus the adjugate matrix allows us to pass from the 8D fields to their 6D representatives.

To determine how many localized modes exist in the block B; we must now deduce how
many distinct residue classes [n] exist i.e. we must calculate the dimension of the space of
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solutions to (5.23) once we restrict to the matter curve locus defined by det(¥;) = 0. This
is an elementary problem in linear algebra. The reconstructible matrix ¥, can be written in
the general form (5.12), and hence where det(¥;) = 0, the matrix ¥; has rank one less than
maximal, namely k; — 1. From the matrix relation (5.22) we then deduce that on the matter
curve the kernel of A; has dimension at least k; —1. On the other hand, the adjugate matrix
A; does not vanish on the matter curve. By Cramer’s rule the matrix entries of A; are given
by minors of ¥; and at least one such minor, the one corresponding to the maximal Jordan
block, never vanishes. It follows that the kernel of A; has dimension exactly k; — 1 on the
matter curve and by the rank nullity theorem the image of A; is dimension 1 on the matter
curve. This implies that the block B; supports exactly one localized field. This mode is
a bifundamental transforming with charge +1 under the U(1); and as an antifundamental
under SU(n). That there is one such mode is exactly what we expect from the picture of
the spectrum in terms of intersecting recombined branes.

5.2.1 Yukawa Couplings for Intersecting Recombined Branes

To complete our analysis of brane recombination we want to match the Yukawa couplings
of section 2 with the more general abstract formulas of section (4.2.2) in the examples of
the previous section. For the block diagonal Higgs backgrounds which describe recombining
branes the basic structure for studying a Yukawa is a 3 x 3 block matrix. Thus without
loss of generality we take

| o]0
o=| 0w, [0 |. (5.24)
0010

As in the previous section we take the W, to be reconstructible k; x k; matrices. The
vanishing lower-right block of the background implies an unbroken SU(n) gauge symmetry.

The localized matter in this background is naturally decomposed into blocks as

0 |¢12| O
w31 0] 0

Clearly a gauge invariant superpotential is possible between these modes and we aim to
compute it. For the modes o3 and 3; which are charged under the non-abelian gauge
group we write the localized 6D fields as in the previous section. The matter curves are
the determinant loci for the matrices ¥;, and upon introducing the adjugate matrices A;
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we have

D (5.26)
—p31Ar = M1 (5.27)

Meanwhile for the modes ¢12 the localization equation takes the general form (4.10) for a
matter curve defined by f =0

f9012 = adq>(n12) = \1’17712 - 7712‘1’2~ (5-28)

In principle one can introduce an adjugate for the combined action of ¥; and ¥y on 1y
which appears on the right-hand-side of the above equation. Using this adjugate one could
then solve for the matter curve f and the localized field n;5. However, our interest is in
computing a Yukawa coupling and all that is required for this is the general structure of
(5.28).

Now according to our results from section 4.2.2, for the holomorphic interactions of
localized fields, the Yukawa coupling takes the form

Tr (aneses1) — Tr(n31mi2¢pas) Tr (n230319012)
f det(Ws) det(Wy) f det(Wy) det (W)

Wy = ReS(0,0) (529)
Again in principle, one might think that to evaluate the above requires knowledge of 7o
and f, but this is not so. Elementary manipulations using only equations (5.26)-(5.28)
imply that the residue contributions of the first two terms in brackets above cancel. The
final answer, expressed in terms of the ¢;; fields takes the form

Tr (3141012 A2¢093)
det(Uy) det (W)

Wy = Res(,0) (5.30)
As a simple consistency check on our interpretation in terms of intersecting branes, we note
that since the matrices W; are reconstructible and distinct, the two matter curves which
appear in the denominator of the residue formula meet transversally at the origin. The
local duality theory of residues [24] then implies that the rank of this Yukawa coupling
is one. This is in agreement with our general picture of block reconstructible T-brane
configurations describing transversally intersecting recombined branes.
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5.2.2 An Example: Z;, x Z;, Monodromy

As a simple sample application of the techniques of this section let us conclude with an
explicit example. We consider a block diagonal Higgs field of the form (5.24) with

01 0 010 0
00 1 0 00 1 0

U= oo | o= 1], (5.31)
000 - 1 000 - 1
00 - 0 Y00 - 0

U, is a k; x k; reconstructible matrix and hence this example fits into the paradigm of
intersecting recombined branes. The spectral polynomials of these matrices are

Py, (2) = 2, Py,(z) = 2Py (5.32)

Thus the roots of the spectral equation for W, are exactly the ki-th roots of x and hence
this block realizes a cyclic Z;, monodromy group. Similarly, the block W, realizes a Z,
monodromy group so that the full & background has a product Zy, X Zj, monodromy group.

Now we know from our previous analysis that the matter curves for the blocks @3 and
o3 are given by the determinant loci of the W; that is respectively z = 0 and y = 0. The
adjugate matrices along these loci take the very simple form

0 0 (—1)k 0 0 (—1)k
00 - 0 00 - 0

A1|z:O: S . ’ A2|y:[): e . : (533)
00 -« 0 00 ... 0

If we represent 93 as a column vector with k5 rows each of which is an 7 under the unbroken
SU(n), Then we can write the gauge invariant residue classes as in (5.26)-(5.27)

al(‘r7 y) (_1>k2_1ak2 (l’, 0)
as(z,y) 0

a3, y) = : = [n23] = Asly=0 (p23(z,0)) = 5 (5.34)
Oy (7, ) 0

Similarly writing ¢3; as a row vector with entries 3; each of which transforms as an n under
SU(n) we have

{7731] = (9031(an))¢41’$:0 = ( 0 - 0 (—1)1“51(073/) ) (5-35)
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Finally, we can express the k; x kg block p12(z, y) as a matrix with entries p;;(z,y). Then
combining the ingredients (5.34), (5.35), and the general result (4.36), we arrive at the

M}
(@)(y) |

Yukawa

Wy = RQS(Qo) |: (536)

6 The Monodromy Group

There is a useful and interesting alternative way to formulate the results of section 5. To
motivate this, observe that the reconstructible backgrounds, and their modestly more com-
plicated block diagonal cousins have a simple interpretation in terms of intersecting branes.
This means that these backgrounds, like those of section 2 are in fact characterized com-
pletely by the eigenvalues of the spectral polynomial. In this section we will push this point
of view to its logical conclusion. This involves developing the study of the spectral equation,
in particular the branch structure of the eigenvalues as controlled by the monodromy group.
We will develop the relation of the monodromy group to the general results of section 4 for
the localized matter and their superpotential couplings. This approach also makes contact
with the way that T-branes have been previously encountered in the literature. Armed
with our general techniques, we will be able to derive the rules for computing in back-
grounds with monodromy that have previously been postulated in [9,12-14]. Further, we
will explain when these rules will break down and in this way clarify how T-branes provide
a significant generalization of the notion of monodromic branes. Finally, in section 6.3 we
briefly consider how a three-brane probe explores a T-brane. This provides an alternative
perspective on how T-branes extend the notion of monodromic branes.

6.1 Matter Counting

The basic idea we pursue is to try to force a comparison between our T-brane backgrounds
with monodromy, and the basic abelian intersecting brane backgrounds studied in section
2. We begin our analysis with an example given by a U(3) gauge theory deformed by the
holomorphic background of section 3.2.3

KA

I
oy O©
OO =
oo O

—~

D

—_

S—

61



Away from x = 0 this Higgs field is diagonalizable by conjugation by the matrix

Jz 10
g=1| —vz 1]0 |. (6.2)
0 01

At = = 0 itself this Higgs field becomes nilpotent and is therefore not diagonalizable. In
spite of this fact we throw caution to the wind and declare that the Higgs field in branched
gauge is given by its diagonal form

gy~ = (6.3)

NG
0
0

oo O

0
—Vz

0 |
As it stands, the meaning of this expression is unclear. The “gauge transformation” g
required to put ® in branched gauge is both multivalued and singular. Nevertheless one
can expect that if we can make sense of the spectrum in branched gauge then since the

Higgs field is now diagonalized we should be able to phrase our analysis in a language
closely parallel to the abelian case.

To begin, notice that the singularities in the gauge transformation ¢ are confined to the
2 x 2 non-trivial block of the background field. This tells us two things. First, branched
gauge is completely unsuitable for studying the fields which descend from the adjoint of the
SU(2) where @ is non-vanishing. This is just as well since in section 3.2 we learned that the
adjoint of SU(2) does not give rise to any localized fields. Second and more importantly,
since no singularities occur outside this block we can expect that for the study of localized
charged fields, passing to branched gauge is simply a peculiar change of basis. Acting on
the charged doublet of section 3.2.3 we have

0 0] py 0 0| Voepr+ ¢
o—=g| 0 0|p_ |gt=]0 0] —zes+op_ |. (6.4)
000 0 0] 0

The available doublet gauge parameters y in branched gauge are similarly obtained by
conjugation by ¢g and thus have identical branch structure to the above. It follows that we
can reach a gauge where ¢, = 0 and ¢_ depends only on y and we see that there is a single
localized matter field confined to the matter curve z = 0. Of course this fact is merely a
tautology obtained by conjugating our previous answer by the matrix g.

How is this change of basis useful? The answer is that we can obtain a simple group
theoretic explanation of the spectrum. In branched gauge the background Higgs field is not
single-valued. Rather as we circle the origin in the complex x plane the two eigenvalues
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+/x interchange. If we introduce the matrix:

W:

S|l—= O

110

00 (6.5)
01

then the branch structure of the eigenvalues is encoded in the following equation:

(e 'z, y) = Wo(z,y) W (6.6)

The above has an intuitive interpretation. The matrix WV is an element of the Weyl group of
U(3). Equation (6.6) states that as one circles the branch locus the Higgs field is conjugated
by W. This means that the invariant data in the Higgs field is not the eigenvalues themselves
but rather the Weyl invariant functions of the eigenvalues, i.e the symmetric functions o;.
This is exactly what one should expect in a gauge theory. Even after diagonalizing the
Higgs field there is a residual gauge symmetry given by the permutation of the eigenvalues,
and these permutations are carried out by the Weyl group. The novelty here is that our
Higgs field varies over the brane worldvolume and thus as we go around the vanishing locus
of the symmetric functions the Weyl group can, and does act.

Branched gauge therefore provides a perspective on T-brane backgrounds where the
concept of monodromy really shows its use. Thus far the monodromy group has simply been
a crude invariant of the background Higgs field. We have seen that a non-zero monodromy
group implies that the Higgs field cannot be globally diagonalized, but we have not yet seen
how the fact that the monodromy is a group really matters for anything. Now, however,
we see that in branched gauge the monodromy group, in this case Zs, acts on the data
of the problem via its embedding in the Weyl group. The charged perturbations, being
perturbations of ® must similarly obey the twisting condition (6.6). Hence for the doublet:

p(ea,y) = ( (1] (1) ) p(z,y). (6.7)

This explains the pattern of branch cuts found in equation (6.4). Since W squares to the
identity, a rotation of 47 around x = 0 leaves the doublet invariant. It follows that each
entry of ¢ admits an expansion in y/z. Compatibility with equation (6.7) then shows that
any allowed mode takes the form

o ( —\/\/Eggjfw_- ) (6.8)

with @1 single valued exactly as in (6.4). In fact, even the terminology “doublet” that
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we have been using to refer to this mode can be explained by this analysis: the mode in
question is a doublet under the permutation action of the Z; monodromy group.

One can now see how the monodromy group provides a useful organizing principle for
calculating charged matter fields. We start with the roots of the U(3) group being Higgsed
and we restrict our attention to those roots charged under the unbroken gauge group. Thus
we are interested in perturbations of the background ® in the R;3 and Rs3 directions as
well as the transposed degrees of freedom. Since these modes have definite charge under
commutation with ® in branched gauge if we were to proceed as in section 2.1 we would
declare that the perturbation in the direction Ri3 is localized on the “curve” y/x = 0 while
the perturbation in Ry resides at —y/z = 0. This is almost correct except that now we
must take into account the action of the Weyl group. As we have seen these two modes
form a Zs Weyl doublet and the effect of the twisting condition (6.7) is to identify the two
roots into a single, globally well-defined, charged degree of freedom, localized at = 0.

The line of reasoning given in the previous paragraph is in fact the way that monodromy
has been previously studied in the literature. For example, in [12] it was postulated that
the localized matter content of a monodromic background was specified by a diagonal Higgs
field with branch cuts. Here we have clarified the sense in which this procedure actually
works. It is simply to taking an honestly non-diagonalizable Higgs field and forcing a
comparison with abelian configurations by going to the singular branched gauge. However,
this analysis also exposes the fact that the monodromy group in general does not completely
characterize a given T-brane. If we relax the assumption that ® is reconstructible then a
given spectral polynomial can have multiple realizations as physically distinct Higgs fields.
As a simple example we can study 2 x 2 backgrounds with spectral polynomial

Py(2) = 2° — 2. (6.9)

There are two essentially different T-brane configurations which give rise to this spectral

data
0 =z 0 1
P, = P, = ) 6.10
! ( 2 0 ) ’ 2 ( 3 0 ) ( )

Away from z = 0 these Higgs fields are physically identical. However at the special locus
x = 0 they are fundamentally different. For ®;, x = 0 is a locus of symmetry enhancement,
and consistent with this one finds localized matter in this background. Meanwhile for ®,
things are much the same as the Z, background of section 3.2, x = 0 supports a flux
tube, but no trapped matter. Thus the notion of a T-brane greatly refines the notion
of a monodromic brane. In general, to completely deduce the physics one must use the
techniques of section 4 as opposed to the monodromy group alone.

Though the spectral equation is not always enough to characterize the localized matter,
it is nevertheless true that for the intersecting recombined brane backgrounds of section 5
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everything can be captured in terms of the eigenvalues and the action of the monodromy
group. We can immediately generalize the analysis of the example (6.1) to this broader
setting. We again consider a block diagonal background of the form (5.15)

W[ 0]---]o0]o
0 W[ 0]0

= | ] (6.11)
00/ |w]o0
00|00

with each W, a generic k; x k; Higgs field. In the previous section we found that each
block B; defined in (5.17) gives rise to exactly one localized mode and now we would like
to recover this analysis by making use of the monodromy group. In branched gauge the
background above is diagonal with eigenvalues which exhibit a very general and intricate
branch structure. However, from the form of the background, it is clear that the monodromy
group is factorized according to the block diagonal structure of ®

Gmono = G1 X Gg X -+ - X Gj. (6.12)

Each G, is the subgroup of Sy, which acts via Weyl permutations on the k; x k; block
U,. The fact that each block W; is itself a generic Higgs field means that the associated
monodromy group G; is a transitive subgroup of G;. Indeed if it were non-transitive then
the spectral polynomial of ¥; would factorize and thus the spectral surface for ¥; would be
singular.

Now consider the perturbation B;. It is a k; x n matrix and hence in the case of a diagonal
background of section 2 it would have given rise to exactly k; x n distinct localized fields.
In branched gauge the Weyl group acts to identify these degrees of freedom. The matrix
B; is in the permutation representation of G; with G; acting on the rows. To determine the
number of modes in the general background we need only to count the number of linear
combinations of modes in branched gauge which are Weyl invariant, or equivalently the
number of distinct orbits of the matrix entries of B;. Since we know that each group acts
transitively we then deduce that there is exactly one m vector orbit and hence exactly one
7 localized mode for each B,;.

Thus the non-abelian charged matter in intersecting recombined brane backgrounds can
be completely characterized in terms of the action via the monodromy group. Conversely
given any finite group G,,on, We can engineer a background with this monodromy group by
solving the inverse Galois problem!” for G,,on, and writing a block diagonal Higgs field as

17Unlike the inverse Galois problem over Q, the inverse Galois problem over the field C (x, %) is completely
solved [32].

65



above. This method is quite useful when one generalizes to consider breaking patterns for
non-unitary gauge groups. For an example of wide phenomenological interest consider a
seven-brane gauge theory with gauge group Eg broken to SU(5)gur by a Higgs field valued
in the SU(5) factor of SU(5)gur x SU(5), C Es. Even if the Higgs background is block
reconstructible as an SU(5), field, there is no simple brane recombination picture for an
Ey brane. One approach to study such configurations is then to fall back on the general
monodromy techniques discussed here and widely applied for example in [9,13,14,19,33,34].
However our analysis also shows that this approach only describes a limited class of Higgs
backgrounds and that to a large extent the phenomenological possibilities of T-branes are
unexplored. There is physically no reason whatsoever to restrict one’s attention to Higgs
fields which are expressed as block diagonal reconstructible pieces. These are merely the
simplest possibility. Once one exits this paradigm, the monodromy group and the spectral
equation, fail to completely capture the physics, and one must make use of the techniques
of section 4. Exploring the applications of this additional freedom for model building is an
interesting question for further research.

6.2 Yukawas From Monodromy

The notion of monodromy can also be used to give a heuristic derivation of the general
result (5.30) for the Yukawa couplings of block reconstructible backgrounds. In branched
gauge, the matter fields are defined by orbits under the action of the monodromy group, and
a natural guess for the Yukawa coupling is to to the sum over all trilinear invariants made
from such orbits [9]. To motivate this, let us take seriously the branched gauge picture and
attempt to “guess” the Yukawa coupling. In branched gauge a block diagonal background

of the form
U, 0|0
b = 0 |Wsy |0 |, (6.13)
01010
becomes diagonal
N O - 0 5 0 - 0
0 X o 0 0 6 - 0
vy — S . ) Uy — S . . (6.14)
0 0 - My 0 0 - &,

The eigenvalues A; and d; are branched and the spectrum is quotiented by the associated
action of the monodromy group G,,ono = G1 X Go.

Consider the perturbations (31 and @93 written in branched gauge as row and column
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vectors respectively

o= (6 B2 - Bu ), ph=(a ay - ay ). (6.15)

Each element §; transforms in the n of the unbroken SU(n). The action of GG; permutes
the entries [3; resulting in a single orbit and hence a single localized degree of freedom in
the n of SU(n). Similarly, each «; transforms as an 7 under SU(n) and the column vector
23 is permuted by G5. Finally we write the &y X ks matrix 12 as a matrix with entries p;;
with 1 <7<k and 1 <5 < ks.

Now we want to write down the superpotential coupling Wy . Taking branched gauge
seriously means that we should write the answer first by ignoring the monodromy action
and proceeding as in the intersecting brane solutions of section 2 and then passing to
Weyl invariant quantities. For a single set of modes o, 8}, if we ignore the presence of
monodromy, the Yukawa would be computed by the residue

(@i - @-)pﬁ}

>y (6.16)

RGS(Q()) |:

To take into account the monodromy action, we now follow the prescription given in [9]
and sum over the orbit of the given «; and ;. This motivates the guess for the Yukawa

Wy =3 Resoo) {%} . (6.17)
ij v

Of course since the eigenvalues are branched, we do not quite know what to make of the
above residue. We can patch things up by going to a common denominator which is globally
well defined. The obvious choice is

det(T) det(U,) = (HA) (H@-). (6.18)

Then the Yukawa takes the form

FICTE ﬁj)/)ji(det(‘l’l)/)\j)(det(‘lfz)/5z‘)}
det(\lll) det(\Ijg)

Wy = RGS(070) |: (619)

But now we simply observe that in branched gauge, the adjugate matrices A; have the
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simple diagonal form

det(¥q)/ M\ 0 0
A = (:) det(\lil)m (:) , (6.20)
6 O . det(\I!'l)/)\k1
det(Ws) /61 0 X 0
Ay, = ? det(\l?)/(sz ? (6.21)
6 O . det(\Il'z)/(Sk2
Thus equation (6.19) is can be written compactly in matrix notation as
Wy = Resg) | T o satatn) (622

This is exactly the answer (5.30) that we derived rigorously in subsection 5.2.1! Since the
answer is written as a trace it is insensitive to the distinction between the well-behaved
holomorphic gauge, and the singular branched gauge. One can freely compute in whichever
picture one finds more convenient. The method of derivation given here gives an interesting
alternative perspective on the appearances of the adjugate matrices in the Yukawa. In the
formalism of section 4 these factors are needed to pass from the 8D field ¢ to the 6D field
7. Meanwhile, in branched gauge these adjugate factors enforce the sum over Weyl group
orbits and therefore render the result monodromy invariant.

6.3 Probing Monodromy with Three-Branes

We conclude our discussion of monodromy with a brief discussion of D3-branes probing a
T-brane background, studied for example in [15,16]. We will focus on the long wavelength
limit of the resulting physics. In the four-dimensional probe theory this corresponds to
the deep infrared regime, in which all details of the compact geometry of the seven-brane
four cycle S and the internal space are, in a technical sense, irrelevant deformations of the
four-dimensional probe theory. Thus, the probe D3-brane provides a way to track ultra-
local details of seven-brane monodromy and T-branes. We shall focus on those cases where
the D3-brane probe realizes an interacting N' = 1 or N' = 2 superconformal field theory
(SCFT) in the infrared (IR). As it is the case of primary interest, we consider D3-brane
probes of a Yukawa point, so that the Higgs field ® is nilpotent at + = y = 0 where the
D3-brane sits.

In many cases of interest the coupling constants of this theory will be an order one
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parameter and no Lagrangian description of the D3-brane will be available. We can never-
theless, analyze some aspects of this theory, and in particular their deformations by various
operators. With terminology as in [35] for example, we will refer to superpotential and
Kahler potential deformations to denote chiral and non-chiral deformations of these possi-
bly non-Lagrangian theories.

Let us first review the main features of the N' = 2 and N' = 1 probe theories. In the
presence of a probe D3-brane, a stack of parallel seven-branes with gauge group G and ® = 0
will preserve eight real supercharges. In the three-brane theory the coordinates (z,y, z) of
the internal space become propagating quantum fields (X, Y, Z) whose expectation values
govern the position of the probe. Meanwhile the seven-brane gauge group G becomes a
flavor symmetry of the three-brane theory. The three fields (X,Y, Z) are singlets under
this flavor symmetry algebra. They are accompanied in the probe theory by an operator O
which transforms in the adjoint representation of G, and can be viewed as setting the flux
data of the D3-brane when treated as an instanton of the seven-brane gauge theory.

First consider the N' = 2 theories. When G = SO(8) this provides a a realization of
the N' = 2 SU(2) gauge theory with four flavors [36], and for G = Es 75 the Minahan-
Nemeschansky theories [37,38]. The N’ = 2 moduli space of the probe theory is parame-
terized in terms of expectation values of the operators (X, Y, Z) and O. This moduli space
has two branches which intersect at the point (Z) = (O) = 0. On the Coulomb branch,
(O) = 0, and (Z) is non-zero. On the Higgs branch, (Z) = 0, and the moduli space is
parameterized in terms of (O). Since the D3 can freely sit anywhere in the seven-brane
worldvolume, the fields X and Y are decoupled hypermultiplets and have canonical scaling
dimension. Meanwhile, the operator O has dimension two, and Z has dimension specified
by G, so that for example if G = Ej 7 then the dimension of Z is 3,4, 6.

The N = 1 probe theories are realized by activating a non-trivial vev for ®. The F-
term coupling of the D3-brane probe to the seven-brane can be determined by passing to
holomorphic gauge [15]. In this gauge, ® is a holomorphic function of the quantum fields
X and Y valued in the complexified Lie algebra g¢ of the seven-brane gauge group. The
resulting superpotential deformation 6Wpg is [15]:

SWps = Tr(®(X,Y) - 0) (6.23)

This type of deformation breaks the original flavor symmetry group G to the commutant
subalgebra of ®(X,Y) in G. Assuming that this N' = 1 deformation realizes another
SCFT, one can determine the infrared scaling dimensions for the chiral operators of the
theory [16]. In the UV N = 2 theory, the operators O transform in the adjoint of G, and
so the entire adjoint has scaling dimension two. In the IR, the symmetry G is broken, and
different elements of the original adjoint multiplet of O’s will now have different scaling
dimensions [16].
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One significant feature of the superpotential deformation (6.23) is that it shows that
the physical operators O of the three-brane theory couple directly to the seven-brane Higgs
field ®. Different T-brane configurations are specified by distinct choices of ® and according
to (6.23) the IR physics of the three-brane probe will detect the subtle differences between
various T-branes. This also reinforces a basic point of the previous sections, that the mon-
odromy group, while a useful tool, is not the fundamental feature of a T-brane background.
In branched gauge ®(X,Y) is a multivalued function of the quantum fields (X,Y’). From
the probe viewpoint this is physically unnatural. There is no sense in which the operators of
the probe theory are “quotiented by a monodromy group.” Rather the operators O source
directly the globally well-defined, but non-diagonalizable Higgs field.

The D3-brane also detects the elliptic fibration data of an F-theory compactification.
Moving the D3-branes away from the locations of the T-branes corresponds to moving to a
generic point of the geometry. The low energy theory of the D3-brane is then given by an
N =1 U(1) gauge theory. The value of the holomorphic coupling constant 73 physically
corresponds to the IIB holomorphic coupling:

™3 = TIIB- (624)

In general, 73 will be a non-trivial function of its position in the compactification. As
explained for example in [39] and used in [16], electric-magnetic duality of this theory
implies that we can identify mp3 with the complex structure modulus of an elliptic curve.
Moreover, it can only depend on ® through holomorphic gauge invariant singlets. These
singlets correspond to the Casimirs found in the spectral equation for ®. Translating this
spectral equation back to information about the elliptic fibration, we see that the notion
of the “discriminant locus” as dictated by the spectral equation survives even for T-brane
configurations. Note, however, that this provides only incomplete information about the
theory of the D3-brane, and thus more generally, the F-theory compactification.

Our aim in the remainder of this section will be to use the theory of a D3-brane probing a
Yukawa point as a way to elucidate further details of seven-brane monodromy and T-branes.
To this end, we first clarify the sense in which gauge transformations of the seven-brane
gauge theory extend to the probe theory. Next, we study how the probe theory detects
fluctuations ¢ around the background value of ®(X,Y’). Finally, we introduce a physical
notion of a coarse-grained T-brane background based on which contributions to ®(X,Y)
correspond to relevant and marginal deformations of the probe D3-brane theory.

6.3.1 Holomorphic Gauge and the Chiral Ring

We now discuss how gauge transformations of the seven-brane descend to the probe theory.
Clearly, a remnant of the seven-brane gauge group descends to the physical D3-brane probe
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theory because the coupling of line (6.23) is invariant under flavor rotations of the form

P(X,Y) =g -d(X,Y)-g" (6.25)
O—qg-0-g! (6.26)

for g a constant element of the compact realization of G. We have seen throughout this
paper that at the level of holomorphic data, it is often helpful to pass to complexified gauge
transformations valued in G¢, and in particular to work in holomorphic gauge. At the
level of the superpotential deformations of equation (6.23), we see that this term is indeed
invariant under these complexified flavor rotations.

Even though the superpotential is invariant, such complexified transformations will
induce non-chiral D-term deformations of the probe theory. This is in accord with the fact
that although holomorphic gauge accurately captures the F-term data, D-term data will
in general be sensitive to the distinction between holomorphic and non-holomorphic field
redefinitions. Note, however, that since finite D-term deformations do not correspond to
relevant deformations of a CF'T), it is natural to expect that the IR behavior of the D3-brane
theory will be insensitive to these distinctions. Thus if we study the IR behavior of the
theory we can freely complexify the flavor symmetry.

The idea of the previous paragraph can be extended to include the far broader class of
seven-brane gauge transformations of ®(X,Y) and O of the form

O(X,Y) = g(X,Y) ®(X,Y) g(X,Y) ' =09(X,Y) (6.27)
0—=gX,Y)-0-g(X,Y) =09 (6.28)

where g(X,Y) = expx(X,Y), with x(X,Y) a holomorphic function of X and Y valued
in gc. Performing a power series expansion in X and Y, we see that ®¥) (XY will also
be a holomorphic function of X and Y. Since the D3-brane can be viewed as a point-like
instanton of the seven-brane gauge theory, it is natural to expect the O’s parameterizing
the Higgs branch to also transform. In the worldvolume theory of the seven-brane the
above transformations are clearly symmetries of the action. However, from the perspective
of the three-brane, this type of gauge transformation leads to a highly non-trivial field
redefinition. For example, in the A" = 2 and N/ = 1 probe theories considered in [16], the
weight of an operator under the adjoint representation determines its scaling dimension [16].
Note, however, that under the gauge transformation of line (6.28), the operators O will be
linear combinations of operators with different scaling dimensions. Nevertheless, because
chiral ring relations are, by definition, covariant under this more general class of complexified
gauge transformations, it follows that these gauge transformations also descend to the chiral
sector of the D3-brane probe theory.

Thus ® deformations of the probe theory which differ by a complexified gauge trans-
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formation induce the same IR dynamics of the D3-brane probe. This allows us to bring to
bear the full power of holomorphic gauge studied in the previous sections of this paper to
constrain and classify the possible SCFTs of D3-branes probing T-branes.

6.3.2 Coupling To Matter

Our discussion in the previous section focussed on the chiral couplings of the D3-brane
probe to the background field ®(X,Y’). Let us now turn to fluctuations ¢ around this
background. In holomorphic gauge, these fluctuations couple to the operators O via [15]

W3_7 = TI(QD . O) (629)

The matter field fluctuations ¢ are characterized in terms of the quotient space (4.9), and
hence an individual element ¢ has meaning only up to infinitesimal gauge transformation
i.e. a shift of the form adg(x). Thus the 3 — 7 superpotential is only well-defined provided
that

¢ and ¢+ ade(x) (6.30)

result in the same superpotential coupling for any holomorphic x. In the IR this is a
consequence of the fact that the complexified seven-brane gauge group extends to the
three-brane theory. The two matter fields (6.30) differ by an infinitesimal complexified
gauge transformation, and thus we expect that up to a field redefinition on the O’s these
result in the same IR CFT.

To see this invariance directly in the probe theory we consider the superpotential for
the gauge transformed ¢
Ws_7 =Tr((¢p + ade(x)) - O) (6.31)

Performing a gauge transformation as in line (6.28), the above superpotential can be recast
as

Ws_7 = Tr(p - O9), (6.32)

for appropriate g(X,Y’). However, it is easy to see that the deformations ¢ - O and ¢ - O
induce a flow to the same theory in the IR. Indeed, performing a power series expansion in
X and Y, we have

0W =0+ .. (6.33)

13 2

where the signify terms linear in O and of order one or higher in X or Y. Now in the
4D probe theory the matter field ¢ describes a propagating quantum field and hence has
dimension at least one. Since O has dimension two, it follows that the additional terms in
the superpotential induced by “...” of equation (6.33) result in changes of the theory by
irrelevant operators. Since we are concerned only with the IR dynamics these additional

pieces can be ignored.
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This shows explicitly that the IR dynamics defined by the coupling Ws5_7 is well-defined.
Note also that by similar reasoning, an expansion of the mode ¢ in terms of the coordinates
X and Y is also irrelevant: The only candidate relevant or marginal coupling in the IR is
given by the constant contribution to .

6.3.3 Coarse-Grained T-Branes

The previous subsection indicates an interesting feature of the way that a D3 brane couples
to a given T-brane configuration. Keeping track of the IR behavior of the probe theory,
this motivates a definition of a coarse-grained T-brane where we keep track of only those
terms in the Higgs field which the D3-brane CFT detects. In [16] the effects of different ®
deformations were studied, where it was found that most of these terms drop out. Indeed,
since the position coordinates (z,y) of the seven-brane worldvolume are now quantum
fields in the probe theory, it follows that in a power series expansion in X, Y most terms in
the background Higgs field ®(X,Y") are irrelevant deformations of the probe theory. More
precisely, the flow to the IR is dominated by the operators of the deformation Tr(®(X,Y)-O)
with the lowest scaling dimension and determining the allowed coarse-grained ®’s means
determining the anomalous dimensions of the components of O in the IR. After we have
determined which components of O have the smallest dimension, we then expand ® in X
and Y and retain only those operators which are marginal in the IR.

Let us consider in more detail the coarse-grained form of ®(X,Y’) which is probed by

a D3-brane. Our discussion follows that given in [16]. For simplicity, we focus on the case

where ® takes values in an sl(m, C) subalgebra of the complexified Lie algebra gc. We

consider the case where ®(0,0) is nilpotent, so that the D3-brane probes a G-type Yukawa

point. Up to a complexified flavor rotation, we can decompose ® into the direct sum of
nilpotent Jordan blocks:

®(0,0) = oN™ (6.34)

where N denotes an n x n nilpotent Jordan block. Distinct choices of Jordan decom-
position give rise to different anomalous dimensions for O and hence to different class of
coarse-grained T-branes detected by the probe [16].

For each nilpotent block of length n, there is a canonical sl(2, C) subalgebra of g¢, with
Cartan generator

J?En) = dlag(]na]n - 17 ceey 1- jna _jn)7 ]n = (635>

Introducing the diagonal generator

Jy = @®J, (6.36)
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we can organize all of the operators O according to their J; charge. Given an operator O
of J3 charge +s, its IR scaling dimension is [16]:'®

Arr(Oy) =3 — ;(5 +1) x ¢ (6.37)

where t > 0 is a parameter which is fixed by a-maximization. Now we consider the three-
brane superpotential deformation

§Wps = Tr(®(X,Y) - O) (6.38)

Although in the UV, X and Y are decoupled hypermultiplets, in the IR they can have
in principle distinct scaling dimensions. Allowing for this possibility it follows that if we
perform a power series expansion of ®(X,Y) in X,Y the contributions to 6Wp3 with the
lowest scaling dimension are those in which Oy has the highest (and possibly second highest)
value of s.

We now consider some examples of coarse-grained ®(X,Y’) backgrounds. Since we know
that the complexified gauge symmetry of the seven-brane extends to the IR of the three-
brane limit we can further restrict our attention using this symmetry. For a 2 x 2 Higgs
field with a single nilpotent Jordan block, we have

O(X,Y) = ( )0( (1) ) (6.39)

up to coordinate redefinitions. Similarly, for ® a 3 x 3 matrix with constant contribution a
single large nilpotent Jordan block, the generic form is

0
0

0
®(X,Y) = 1. (6.40)
0

1

0
XY
More generally, the generic form of ® given by an n x n matrix with constant contribution
a single large nilpotent Jordan block is of the form:

0 1 0 - 0
O 01 .. O

X, YV)=| + 1 o (6.41)
0 0 0 1
X Y O 0

18As in [16] we assume that there are no emergent U(1) symmetries in the IR of the A" = 1 deformed
theory.
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up to coordinate redefinitions. In all cases, we observe that over the field of meromorphic
functions in C(X,Y’), the Galois group of the characteristic polynomial for ®(X,Y) is S,,,
the symmetric group on n letters. Comparing to our previous notion of a reconstructible
background, we see that for a single large Jordan block, a coarse-grained Higgs field is re-
constructible of a very special form. It has S,, monodromy group and all spectral coefficients
save two vanish.

Though this provides a characterization in the case of a single nilpotent Jordan block,
the case of multiple Jordan blocks is richer. Rather than provide a full characterization,
let us discuss the case where ® contains two 2 x 2 nilpotent Jordan blocks. Using our
previous notion of coarse-graining, we have that the IR behavior for ®(X,Y") is dictated by
the entries

0 10 0
X 0 4X+46Y 0
(X,Y) = ; R (6.42)

aX +8Y 0 Y 0

In this case, the characteristic polynomial of ® is:
Pp(2) =2'— (X + V)2 — f(X,Y) =0 (6.43)

where f(X,Y) is a polynomial quadratic in X and Y. The corresponding Galois group
is then Dihy ~ Zs X Z4, the symmetry group of the square. This illustrates that for an
appropriate Jordan block structure, the notion of a coarse-grained monodromy group can

differ from S,,.

7 Further Examples and Novelties

Our techniques can be extended in a number of ways to produce a plethora of interesting
examples. Our aim in this final section of the paper is not to be exhaustive but to indicate
some of the directions for further exploration. Following the general paradigm outlined
in section 4 in all of our examples we focus on the localized spectra and their couplings.
It is for these that the restriction to trivial brane worldvolumes is really justified. Thus
throughout we will not discuss bulk modes, whose existence or lack there of can only be
determined once a compact worldvolume is specified.

In 7.1 we compute some basic examples of superpotentials involving the Higgsing of
phenomenologically interesting groups such as Fg, F; and Eg. Finally in 7.2 we present
some examples illustrating that when singular, the spectral equation provides incomplete
information about the localized matter content of a T-brane configuration. We show that
there can be matter present even when there is no indication from the spectral equation.
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Conversely, we also show that even if the spectral equation suggests the presence of a
localized mode, none may be present. We then combine some these themes, showing that
depending on the representation type of the matter field, the spectral equation may or may
not correctly indicate the presence of a localized mode. This latter point is quite significant
for model building in F-theory GUTs because various papers have claimed constraints on
the spectra of such models using information derived from the spectral equations. We
conclude the paper with an exciting example of pointlike localized matter.

7.1 Examples of Superpotentials
7.1.1 An Es Yukawa

For phenomenological purposes, an important ingredient in an SU(5) F-theory GUT is the
coupling 5 x 10 x 10. In terms of SU(5) group theory the 5 is the fundamental while the
10 is the antisymmetric tensor. The gauge invariant coupling is then given by the totally
antisymmetric contraction with an epsilon tensor

€ijkim D 107710 (7.1)

From the perspective of the gauge theory, this coupling is generated by an appropriate
breaking pattern of Fg to SU(5) and is localized at a point in the geometry. The Higgs
field in this example preserves an unbroken SU(5) gauge symmetry and hence takes values
in the si(2,C) x u(1,C) subalgebra of si(5,C) x sl(2,C) x u(1,C) C ¢4

o= () o) e, (72)

For physical applications, the 5 field describes the up-type Higgs field, while the 10 contains
various quarks and leptons. After GUT breaking SU(5) — SU(3) x SU(2) x U(1) the 10
can be seen to contain the up-type quarks. When the standard model Higgs field develops a
vev and breaks electroweak symmetry the Yukawa coupling 5 x 10 x 10 is then responsible
for the mass of the top quark. Thus this Yukawa coupling is a key feature of an SU(5)
GUT.

To compute the couplings in this example, our first task is to determine the matter
curves. To this end, we first determine the charge of each irreducible representation un-

der the adjoint action of ®. The adjoint representation of es decomposes into irreducible
representations of si(5,C) x si(2,C) x u(1,C) as

e D sl(5,C) x sl(2,C) x u(1,C), (7.3)

78 = (1,1)0 @ (1,3) ® (24,1) ® (10,2) 3@ (5,1)46 ® (10,2)5 & (5,1)_g
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Where in the above the subscript refers to the u(1,C) charge. Denote by s and @19
the matter field fluctuations transforming in the indicated representations of the unbroken
gauge group sl(5,C). For now, we will suppress the GUT group indices of the modes and
focus on their transformation properties under the subgroup si/(2,C) x u(1,C) where the
background & is non-trivial.

For the modes in the 5 things are simple. These modes are singlets under the non-
diagonal sl(2,C) and hence are not sensitive to the Z,; monodromy of the background.
Under the adjoint action of ® they transform simply by multiplication by 2y. Thus in the
language of section 4 they solve the torsion equation (4.10) with matter curve y = 0 and

1
s = 5%05. (7-5)

Meanwhile for the modes in the 10 things are more interesting. These modes are charged
under the non-trivial s/(2, C) piece of ®. If we write the field @10 as a doublet

P10 = ( P10; ) (7.6)

P1o_

then under gauge transformation with a doublet parameter y we find that

510 = ( _xy ! )x- (7.7)

-y

Using this gauge freedom we may freely set to zero the upper entry 10, of p19. To find
the localized modes we then study the torsion condition (4.10) for a matter curve defined

by f=0
fo10 = ( _xy 13/ >7710- (7-8)

To solve this we proceed as in section 5 and our study of brane recombination. The matrix
appearing on the right-hand side of (7.8) is invertible away from its determinant locus, and
hence this defines the matter curve

f=y*—u (7.9)

Then (7.8) is solved by acting on both sides with the adjugate matrix yielding

—y 1
Tho = ( y ) 010 = — < P10- ) , (7.10)
T -y yP10_
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The residue class of this doublet

[7710] € ¢4 & O/<y2 — [L’) (711)

is then the 6D gauge invariant localized field which describes the 10’s in this geometry.

Having determined the profile of the holomorphic zero modes, we now compute the
Yukawa. The general results of section 4 indicate that the coupling is computed by the
following residue

Tr ([775, 7710]9010)
)07 - 2) } ' (7-12)

To evaluate the above we need one final piece of Eg group theory. The decomposition (7.3)

Wsx10x10 = ReS(o,O) [

specifies a decomposition of e¢s generators. Let t%ij and ts; denote the generators of eg
transforming in the 10 and 5 of si(5,C) respectively. We write i, j, k for si(5,C) indices
and M, N for sl(2,C) indices. Then the result we need is that the trace in the adjoint of
¢ 1s given as

Tr ([t5i, 10,4t 200m) X €ijktme™ - (7.13)

Thus the ¢4 trace provides the necessary sl(5, C) epsilon tensor to form the coupling (7.1).
To evaluate the residue then we need only contract the si(2,C) with the two index tensor
MV Plugging into (7.12), restoring the si(5,C) indices, and simplifying the result residue
yields the final answer

) (7.14)

B i gk _Im
Wsx10x10 = Res(o,0) [%klms%(plo_ 9010]
Notice that as compared to our examples in the previous sections of the paper, this result is
novel in that the coupling involves one field p1¢_ participating twice in the trilinear Yukawa.
Indeed, the local geometry of this T-brane configuration has only two intersecting matter
curves. One of these curves supports the 5 and the other supports the 10. As indicated
by the denominator factor in the residue these two curves meet transversally and hence the
rank of the associated coupling in the space of 10’s is exactly equal to one. In the real world
to leading order the top quark is massive and the other generations of up-type quarks are
massless. Thus the rank one ¢ Yukawa computed (7.14) in is a reasonable starting point

for modeling this feature of our universe.

For comparison it is interesting to observe that this configuration of matter curves and
their coupling is somewhat different from the one obtained from Higgsing Eg to SU(5) by
a diagonal Higgs field valued in the Cartan. Indeed, in that case we can essentially repeat
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the same analysis with background Higgs field

+z 0
o = 3). 7.15
(72 )ews (7.15)
The corresponding 5 curve is again y = 0, but there are now two distinct 10 curves, given
by x +y =0 and x — y = 0, which we denote by 10 and 10’. Now the three matter curves
all meet at the origin and the Yukawa coupling involves modes from all three curves

i gk _Im
€ijklm ’
Wsx10x10 = Res(o) [ - (SZE)’ZZI)O SOIO] ‘ (7.16)

As noted in [3], if one views the above coupling as a matrix in the space of 10 zero modes
then this leads to a rank two Yukawa matrix, and hence indicates more than one generation
of heavy up-type quarks.

7.1.2 An E; Yukawa

Analogously to our previous example one can also study the Yukawa couplings in SO(10)
GUTs. In these models, the matter of a complete generation of standard model fields,
together with a right-handed neutrino, is contained in a single Weyl spinor 16 of SO(10).
Meanwhile the standard model Higgs field transforms as a vector 10. The most interesting
Yukawa 16 x 16 x 10 is again the one responsible for quark masses, and in this case is
generated group theoretically by contraction with a I' matrix of the SO(10) Clifford algebra

(CT;),51616°10". (7.17)

Where in the above «, 3 are spinor indices, 7 is a vector index, and C' denotes the standard
charge conjugation matrix.

In a seven-brane model this interaction is generated by breaking an E7; gauge group to
SO(10). The background Higgs field ® is then valued in an si(2, C) x u(1, C) subalgebra of
50(10,C) x si(2,C) x u(1,C) C e; and is essentially identical to the ¢s background studied
in the previous example

b — ( - ) & (y/3). (7.18)

The adjoint representation of e; decomposes as

ez D s0(10,C) x si(2,C) x u(1,C), (7.19)

133 = (1,1)9 @ (1,3)0 @ (45, 1) @ (16,2)_5 ® (10,1) 6 ® (16,2); ® (10,1)_¢  (7.20)
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Thus up to changing the GUT group from SU(5) to SO(10) this T-brane configuration is
identical to the eq Higgsing studied in the previous section. The standard model Higgs field
10 1s localized on the curve y = 0, while a doublet (16, of spinor fields is localized on the
curve y?> = x. Proceeding as in the example 7.1.1, we then find that the one component of
the spinor doublet, 16, is gauge equivalent to zero, so that this background supports only
two matter curves and exactly two 6D fields.

Now we can easily evaluate the Yukawa. According to our general results of section 4
the coupling is computed by the residue

Tr ,
Wiex1ex10 = Res(o0) 257)1(2/2”1620)16) : (7.21)

To evaluate this, we need to know the analogous result to (7.22) for a trace of e; generators.
Let t%va, and t10; denote e; generators transforming under the 16 and 10 of so(10,C)
respectively. As in (7.17), we use «, 5 for spinor indices of so(10,C), i for a vector index
of s0(10,C), and M, N for sl(2,C) indices. Then a trace in the adjoint of e; produces the
following invariant tensors

Tr ([t10, t16.lt16,5) < (CT3) 45", (7.22)
Plugging into the residue and simplifying then yields the result

(CTi) g Pls_Ple_ ¥
Wiex1ex10 = Res(o0) ﬂ@;?y) 18- (7.23)

Again this coupling involves a single field ¢ participating twice in the Yukawa coupling.
Since the matter curves meet transversally the final result (7.23) yields a rank one Yukawa
and hence gives mass to exactly one generation of standard model matter 16’s.

7.1.3 An E3 Yukawa

The previous two examples all involve Yukawas which arise from a rank two enhancement
of the unbroken gauge group. A more dramatic possibility is to have a Yukawa coupling
where the gauge group enhances by more than rank two. Phenomenologically relevant cases
of this idea have been studied in detail in [9,13]. Thus for our final example we consider
the case of an SU(5) GUT model which is restored at a point all the way to Es. We focus
on an example considered in both [13], and [16] where the seven-brane Higgs field ® takes
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values in the si(5,C) factor of si(5,C)gur X sl(5,C) C eg

AL 0 0 0
z A 0 0 0
d=| 0 0 —2\—X 1 0 (7.24)
0 0 y —2M — Ao 0
0 0 0 0 2\ + Ao)

Where in the above the two parameters \; are taken to be linear functions of the coordinates

(z,9)
>\i = ;T + ﬁzy, Oél',ﬁi < C. (725)

The constants o; and §; are local moduli of the configuration. They determine the geometry
of the matter curves near the origin (z,y) = (0,0). We will assume that our configuration
is at a generic point in «;, 8; space so that in particular none of these moduli vanish.

Physically, this type of background field configuration describes a Dirac neutrino sce-
nario with Zy X Z, monodromy of the type considered in [13]. One of the interesting features
of this type of higher rank structure is that there are now many matter curves all meeting
at the origin. Of interest to us are three 5 curves and one 10 curve. To make contact with
phenomenology we will identify the 10 curve as supporting a matter field ¢19,, and one
of the 5 curves as supporting the ¢g matter field. The remaining two 5 curves will then
support the two Higgs fields of the MSSM GUT, @5, and ¢s,. As we will see both of the
required interaction terms

€irimBey X 1007 x 104" and By, x 5y, x 10%, (7.26)

will be generated at this single Fg point in the geometry.

To see how this comes about in more detail, we decompose the adjoint representation
of eg into irreducible representations of si(5, C)gur x sl(5,C), as:

eg O Sl<57C)GUT X Sl<5,<C)J_, (727)

248 — (24,1) @ (1,24) @ (5,10) @ (10,5) + @(5,10) @ (10, 5). (7.28)

Hence, the 5’s of the GUT group correspond to 10’s under s/(5,C), and the 10’s of the
GUT group correspond to 5’s of sl(5,C),. To determine the resulting matter spectrum, it
is helpful to organize these modes according to a weight space decomposition. We introduce
basis vectors ey, ..., e5 which span the fundamental of sl(5,C) . The basis vectors for the
10 of si(5,C) | are then e; A e; for i # j. Labeling the components of the 10 as e; A e; for
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i # 7, we have that ® acts on the two representations as

e, —~>d-e (7.29)
eiNej— (P-e)Nej+e N (D-ej). (7.30)

To analyze the matter content around the background specified by equation (7.24), we need
to analyze the action of ® on the 5 and 10 of s/(5,C) . Rather than present the full action
on each representation, we focus on those pieces of particular phenomenological relevance.
Using the identification of matter states performed in [13], the subspaces in the 5 and 10
of sl(5,C), spanned by the matter fields are

e1 N\ es
— es N\ es - e1/\ ey €1
5y : TAEs ), B , Dy , 10y, - . 7.31
H (61 62) M (64/\65) H 62/\63 M <€2) ( )
62/\64

For each representation R appearing in (7.31) we represent the associated action of ¢ as a
matrix &r. We have

D5, = 2\, (7.32)
P = ( Ay? ;2 ) : (7.33)
—(AM+A2) 1 1 0
0 T Yy —(A1+ A\2)
Dy, = ( z} All ) . (7.35)

As in our previous study of explicit examples it is helpful to introduce the adjugate matrices
Agr to ®r. They are defined by the condition that

ARCI)R = CI)R.AR = det (CI)R) 1. (736)
Then the localized 6D fields for each representation is given by

R = ARPR- (7.37)
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Figure 5: The local geometry of the Fg point with Zy X Zs monodromy specified by the
background (7.24). The 5 curve, depicted in red, has a cusp singularity at the origin. The
remaining matter curves are smooth and meet transversally.

And the matter curves fgr = 0 are defined by the determinant loci of the &g

fsu = A, (7.38)
f5, = A5 — (7.39)
fsw = M+ =200+ X))z +y) + (2 —y)° (7.40)
f10,, = )\% — . (7.41)

Notice in particular that the local geometry of these curves, illustrated in Figure 5, is quite
intricate. The 5y curve has a singularity at the origin. Nevertheless the gauge theory is
still well-behaved and all physical quantities of interest can be computed using our results
from section 4.

Let us now turn to the evaluation of the Yukawas. First consider the 55 x 10y, x 10,/
coupling. In this case, we note under the action of the internal Higgs field ® the 10,, fills
out a doublet with components ¢19,, ,, while the 55 corresponds to a singlet. Performing
the analogous computation to that presented in the Fg example of section 7.1.1, we now
have

Tr([ﬁsHﬂhoM]SOlOM)} (7.42)

(fSH)(fIOM)

The Ejy trace evaluates identically as the Ejg trace and produces the required epsilon tensor

W5H><10]\/I><101W = ReS(O,O) |:

for the contraction. Evaluating and simplifying we find

i gk m
€ijkim P5P10,,_ P10, - ] (7.43)

W %100 %10, = ReS(O,O) [ (:B)(y)

As in the example 7.1.1 this yields a rank one coupling.

83



Finally, we consider the evaluation of the 5 x5, %10, coupling. This case is somewhat
more involved because the ¢z, states now fill out a four-component vector. We denote the
components of this vector as ©5, v With N =1,.--4. Further, denote by ¢g and ¢10,, .
the other modes participating in the Yukawa. Applying our general result we have

WgH Xg]\/[XIOA{ -

o) (Fron) (7:44)

Tr ([%Mv 77101\/1]9051.1) ]

As usual, we need to know how to evaluate a trace of matrices in the adjoint of eg in terms
of invariant tensors for si(5, C)gur % sl(5,C) . Fortunately due to the symmetry between
the internal indices of sl(5,C), and the GUT indices si(5, C)gyr our previous work already
tells us the answer. Indeed if we think about this coupling from the point of view of sl(5, C)
then it is again 5 x 10 x 10 and hence the internal si(5,C) indices are contracted using a
totally antisymmetric five index tensor as in (7.43). Thus if we continue to use the wedge
product notation introduced above then the trace is

Tr ([%Ma 77101\4]9031{) = ng]ui /\ 77;.]0]\/[ /\ SOEH] (745>

All that remains is to explicitly make use of the relevant adjugate matrices substitute into
(7.44). In simplifying the residue, it is helpful to note that the two matter curves appearing
in the denominator meet transversally, and hence the only non-zero contributions to the
residue can come from terms which do not vanish at the origin. The result, after a small
bit of algebra is quite simple

9051.1741‘9051\4,]‘9021]0”17_] (7.46)

WgHXEMxl()]V[ = ReS(O,O) [ (x)(y)

Again this yields a rank one Yukawa matrix in generation space.

7.2 Bestiary

In this section we turn to a collection of examples illustrating some of the novel phenomena
associated with T-branes, and in particular, some of the ways in which a singular spectral
equation can miss, or incorrectly predict, the presence of localized matter fields. We also
present an example which falsifies some of the assumptions used to claim various constraints
on the spectra of F-theory GUTs.

7.2.1 Nilpotent Matter

This simplest example where the spectral equation misses a localized mode is to take
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@:(83). (7.47)

This matrix has a non-trivial spatial variation which is completely invisible to the spectral
equation, Pgp(z) = 2z2. Away from z = 0 this background breaks SU(2). At z = 0 the local
symmetry group is enhanced and one finds localized matter. To compute this explicitly we
proceed as in section 4. A localized perturbation at x = 0 satisfies the torsion condition

rp = ada (1) (7.48)

This equation admits two solutions

@12((1)_01), 7712(?8), (7.49)
s02—<8(1)), ?72—(_0%2) (7.50)

These modes are invisible to the spectral equation. Developing a detailed theory of this
phenomenon of nilpotent T-branes which support localized matter as well as their physical
interpretation is an interesting open question.

7.2.2 Missing Charged Matter

The previous example illustrates that the spectral equation can miss localized matter.
In that example the background (7.47) completely breaks the symmetry and the missing
matter is a neutral localized field. An even more drastic possibility is that the spectral
equation misses a localized charged matter field. An example of this sort is realized by

(7.51)

i
I
olo o
oo 8
olo o

This background preserves an unbroken U(1) gauge symmetry. If we study the charged
doublet perturbation

0 0|y
0 0|e_ |, (7.52)
0 00
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then we will find localized charged matter invisible to the spectral equation. The torsion

(2)-G o)) -
e=(o) n=(1) (7.54)

Thus the spectral equation can miss localized charged matter.

condition for the doublet is

This is solved by

7.2.3 Phantom Curves

The previous example illustrates that the spectral equation can fail to detect a localized
charged matter field. Equally bad, is the fact that the spectral equation can sometimes
indicate a matter curve when in fact no localized mode exists. To demonstrate this let us
consider two possible T-branes which describe a Higgsing from SU(4) — U(1)

(7.55)

These two Higgs fields preserve the same unbroken gauge symmetry, and have identical
spectral equation Py, = 2?(2%>—x). One can see that they are distinct T-brane configurations
by noting that at = 0 they have different Jordan decompositions.

Based purely on the spectral equation, one might be tempted to conclude that at z = 0,
where the two factors of Pg(2) collide one should find localized matter. To investigate this
hypothesis we need only study the torsion equation for localized charged matter in the
triplet

(7.56)

Consider first the background ®;. Using our gauge freedom we can freely set ¢ = ps = 0.
The localization equation then reads

0 010 m
T 0 = 0 0 1 Mo (7.57)
¥3 0z 0O 13
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Which has no solutions.

On the other hand for the background ®, we can reach a gauge where ¢; = 0, and the
localization equation reads

0 010 m
x| o | = z 0 2 2 (7.58)
P3 000 3
This is solved by
0 1
o=11], n=1_ 0. (7.59)
0 0

Thus for the background ®, the spectral equation indicates correctly that there is matter,
while for the background ®; no matter exists at x = 0. The basic principle behind these
examples is that we have exited the paradigm of reconstructible Higgs fields and the mon-
odromy group is not transitive. This means that at the branch locus x = 0 there are multiple
Jordan structures of the T-brane which are consistent with the spectral polynomial. The
spectral polynomial accurately predicts the localized matter when the Jordan structure is
chosen so that the monodromy group is a transitive subgroup of the non-vanishing Jordan
block.

7.2.4 No Correlation Between Representations

For applications to phenomenology one might also be interested in how the failure of the
spectral equation to detect localized matter is correlated across different matter representa-
tions. For example, in [14] (see also [19]) it was found that if one assumes that the spectral
equation accurately captures all localized matter, then the homology classes of the matter
curves supporting the 5 modes and the 10 modes are correlated. Activating a hypercharge
flux through the Higgs curves to achieve doublet triplet splitting as in [3] we would then
find incomplete GUT multiplets descending from the 10 as well.!?

At the very least, the previous examples illustrate that a singular spectral equation
provides only partial information about the localized matter content of a T-brane configu-
ration. Nevertheless, one might still speculate that whenever the spectral equation fails to
detect a localized 10 curve, it also fails to detect a localized 5 curve, so that in any case the
matter curves among different representations are still correlated. To address this latter

19As has been noted in previous works (see e.g. [13]), this result assumes that the entire system can be
described globally over a compact S in terms of a single Eg gauge theory. Moreover, one must also assume
that there are no “accidental factorizations” in the discriminant locus. Neither condition needs to hold in
a general model. Here we show that even in a local patch of S, the assumptions of [14] need not hold.
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possibility, we now present an example in which the spectral equation accurately captures
the localized 5 matter, but falsely predicts the existence of a localized 10 mode.

Consider a breaking pattern of Fg — SU(5)gur specified by an SU(5), Higgs field

01000
00100

®=]000 10 (7.60)
0000 1
00z 00

Like the example of section 7.2.3 this Higgs field is not reconstructible. It has a non-
transitive Z3 monodromy group, but a Jordan structure that is larger than 3 x 3. As
explained in section 7.1.3 the 10’s of the SU(5)gpr transform as 5’s under SU(5), while
the 5’s of SU(5)gyr transform as 10’s under SU(5); .

Now the spectral equation of ® is:
Pp(z) = 22(2* — 2). (7.61)

Based purely on considerations of the spectral equation, one might then be tempted to
conclude that there are localized 10’s when x = 0 and the two components of the spectral
equation collide.

This is not so. Like the example of section 7.2.3, there is no localized matter for ¢ acting
in the fundamental representation and hence for this representation x = 0 is a phantom
matter curve. Meanwhile we can also consider the spectral equation for ® acting in the
antisymmetric tensor 10 of SU(5) |

Pora(2) = 2(2* + 2)(2* — ). (7.62)

This is the relevant spectral equation for charged matter in the 5 of SU(5)gyr. Reasoning
based on (7.62) one might guess that there is matter localized on the curve z = 0.

This guess turns out to be correct. Suppressing the SU(5)gur indices we can write a
perturbation ¢ which transforms in the 10 of SU(5), as a 5 x 5 antisymmetric matrix.
Under a gauge transformation with parameter x the change in the perturbation is

Sp = &y + 7. (7.63)
To look for localized matter we again study the torsion condition

rp = &n + ndT. (7.64)
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This admits the solution

00 000 00 0 —10
00 00 1 00 1 0 0

o=10 0 0o0o0], n=10-10 0 o0 (7.65)
00 000 1 0 0 0 0
0 -1 00 0 00 0 0 0

Thus there is localized matter in the 5 of SU(5)gyr. This shows that the property of being
a “phantom matter curve” can depend on which representation the Higgs field acts on.

Though this example is clearly not realistic for model building applications, it already
shows that from the spectral equation alone, one cannot deduce the homology class of all
matter curves, and thus, it is not possible to constrain the spectra of F-theory GUTs, at
least using the methods advocated in [14]. To determine whether there are constraints on
the matter spectra, it would seem necessary to extend the discussion presented here to a
compact S. Following [18] one could in principle consider a meromorphic Higgs field, and
study the matter content for compact S. At some level, there must be some correlation
between the matter fields, simply based on various anomaly cancellation considerations in
four dimensions, and possibly inflow from higher dimensions. What is not clear is that such
constraints must take the form of a relation between the homology classes of matter curves.

7.2.5 Pointlike Matter

The previous examples of this subsection are all intrinsically 6D phenomena. They involve
T-brane configurations which depend only on one coordinate x. If we study backgrounds
which are intrinsically 4D then we find a novel kind of pointlike localized matter. The
simplest background which demonstrates this phenomenon is to take

@:(2 g) (7.66)

If we proceed naively to study perturbations

o = ( f;f f;o > . (7.67)

then we find that under gauge transformation by a holomorphic y we have
5o = K 0 > < Xo X+ )} _ < TX- —YX+  —2TXo ) (7.68)
y 0 X- —Xo 2yXo  YX+ — TX-
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Thus the gauge invariant data in the perturbation mode g is naturally valued in O/(z, y).
In other words this is a matter mode concentrated at a point. This is quite interesting and
deserves to pursued in greater detail. Its existence indicates to us that even working in a
small patch, there may still be many strange beasts yet to be discovered.

8 Conclusions

In this paper we have initiated a study of T-branes, which are bound states of branes char-
acterized by the condition that on some loci the matrices of their normal deformations are
upper triangular. We have developed a general formalism for studying the massless matter
localized on curves and their associated superpotential couplings. We have also presented
a number of examples which explicitly demonstrate that in general such configurations
are intrinsically non-abelian and hence are not completely captured by the eigenvalues the
Higgs field. These examples themselves deserve further study both to clarify their physical
interpretation, and perhaps to make contact with other studies of non-abelian brane physics
such as the Myers effect [41].

At a practical level, we have seen why the distinction between the eigenvalues of ® and
the Higgs field itself is so important. Indeed, using just the data derived from the spectral
equation for ®, some papers have claimed various constraints on the massless spectra of
F-theory GUTs. In this paper we have seen that there can be matter curves undetected
by the spectral equation, and also no matter curve where the spectral equation would
have otherwise indicated one is present. The spectral equation is by itself an incomplete
characterization of a theory of seven-branes, and must be supplemented by additional data.
It would be quite interesting to consider more realistic models which exploit this additional
flexibility in specifying a T-brane configuration. At the very least, in light of what has been
found here, various model building efforts which have relied on singular spectral equations
may need to be revisited.

Extending the discussion given in [11], in this work we have seen that the localized matter
content and superpotential interactions of T-branes backgrounds can be characterized in
terms of purely holomorphic algebraic data. It would be interesting to consider further
deformations to the superpotential, which can be phrased in terms of a holomorphic non-
commutative deformation of the geometry [11]. Given our algebraic characterization of
matter fields and Yukawa couplings, the extension to this non-commutative case should be
straightforward, and likely applies to other non-commutative backgrounds such as those
considered recently in [42].

Moving beyond particle physics, an important feature of F-theory is that it can be
characterized either in terms of open string variables associated with the local gauge theory
of seven-branes, or in terms of closed string variables by specifying a compactification on

90



a possibly singular Calabi-Yau fourfold. In this paper we have focussed on the open string
description of T-branes. Developing an appropriate closed string description would be quite
interesting. For example, this would appear to be a necessary step in coupling such T-brane
configurations to gravity. As we have explained in this paper, a given T-brane fails to be
captured by the spectral equation precisely when the spectral surface and hence the Calabi-
Yau is singular. It is thus tempting to speculate that the additional data of a T-brane is
encoded in the non-abelian structure of a resolution of singularities. This would dovetail
nicely with previous mathematical studies of nilpotent Higgs fields [27].

Though in this paper we have focussed on T-brane configurations associated with seven-
brane gauge theory, the underlying concept and analysis is far more general. The Hitchin-
like equations controlling this system should apply quite broadly to branes wrapping com-
plex surfaces probing an ambient normal direction. Abstractly the dynamics of this gauge
theory are described by a topologically twisted version of A/ = 4 gauge theory in four real
dimensions considered in [7]. Localized matter on curves is then a kind of topological sur-
face defect, and our discussion is, at its core, a theory of these defects. We expect that the
idea of T-branes could be applied to many other situations encountered in string theory,
and can be extended to different dimensionalities of branes with various amounts of super-
symmetry. We hope that this paper will serve as an appetizer for future exploration and
application of T-branes in string theory.
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A Classification of Reconstructible Higgs Fields

The goal of this section is to prove the theorem quoted in section 5.1 on the uniqueness of
reconstructible Higgs fields with a fixed spectral polynomial. We continue to use the no-
tation O for the ring of holomorphic power series in two variables x and y, and we denote
by m C O the maximal ideal of functions which vanish at the origin. All matrices and
functions are holomorphic unless otherwise stated.
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Theorem: Let ® be an n X n matrix with spectral equation:
Pp(2) = 2"+ 092" % — 032" 2 + - 4 (=1)"0,,. (A1)

Assume as in section 5.1 that ® is reconstructible in the sense that Pp(z) = 0 is a non-
singular surface in C2. Further, assume that all of the eigenvalues of ® vanish at the origin.
Then up to conjugation (i.e. holomorphic gauge transformation) we have:

0 1 0 0 O
0 0 1 0 0
o = : (A.2)
0 0 0 0 1
(=)o, ()" 20,1 (—1)" 30, —oy 0

Proof: We show by induction that for each £ > 0 we can put ® in the desired form
up to terms of order m*. For the case k = 0 we need to show that ® evaluated at the origin
can be conjugated to the form asserted in the theorem. By standard linear algebra the con-
stant matrix ®|() can be put in Jordan normal form. By assumption all the eigenvalues
vanish at the origin so @) is a pure Jordan block J, its non-vanishing entries are some
number of ones on the superdiagonal. The expansion of ® near the origin is then

O =J+ ¢ (A.3)

Where in equation (A.3) the matrix ¢; vanishes at the origin so that ¢; € m. Take
the determinant of equation (A.3). Since the Higgs field is reconstructible we know that
det(®) ¢ m?. Thus since each entry of ¢; is in m it must be that the Jordan block J has
maximal length

010 --00
001 -- 00

J = : (A4)
000 0 1
000 -- 00

Thus for £k = 0 we are done.

Now we proceed to the inductive step. Assume that we have reached a gauge where the
series expansion of ® at the origin takes the form:

®=J+C+ ¢ (A.5)
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In the above the matrix C' € m has non-vanishing entries only along the bottom row, while
¢ € mF is the order k discrepancy from the desired form. To proceed we need the following
lemma:

Lemma: Let ¢ be any n x n matrix. Then there exists a matrix y such that [J, x] — ¢ is
zero except in the last row.

Proof: Direct computation.

Now we are essentially done. Using the claim we choose x such that

[J:x] — &% (A.6)

vanishes outside the bottom row. Notice that since ¢, € m* and and all the non-vanishing

k

entries of J are not in m we may take y € m”. Now perform a gauge transformation by

eX. We have:

P — e X = J+C+¢p—[L x|+ (A.7)
= J+C" + ¢pi1 (A.8)

In the above the matrix C” denotes a new matrix in m with non-vanishing entries only in
the last row, while the discrepancy ¢y, is now in m*+!. This completes the inductive step
and proves the theorem.

B Non—Degeneracy of the 6D Superpotential

Applying the formulae of section 4.2.1 to a variety of explicit examples, we always find the
quadratic part of the 6D superpotential to have the form of the 2D chiral Dirac theory
coupled to a connection on some vector bundle, that is

Wep quad. = / Qij ¢7, EVJ ¢ja (B]')
by

where the ¢;’s are the 6D fields which transform as sections of the vector bundles V;. In
equation (B.1), Q% is a non—degenerate symplectic pairing satisfying the selection rule of
equation (D.17).

The non—degeneracy of the pairing Q% is required if the 6D theory is to define a non-
singular field theory. In a sense, this is physically obvious since our 6D theory is embedded
in a consistent model, namely F-theory. However, it is desirable to have a general mathe-
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matical proof of this crucial fact as a non—trivial check of the entire circle of ideas. In this
Appendix we prove in full generality the non-degeneracy of Q¥ in the vicinity of a ‘good’
point of the matter curve, that is a smooth point in ¥ which is away from the intersection
points with other matter curves and point-like defects.

Since the argument is a bit technical, let us first explain the underlying idea in plain
English. Let ¢;, i = 1,2 be adjoint valued holomorphic (2,0)—forms corresponding to 6D
modes localized on the same smooth curve X of (local) equation f = 0, which satisfy
f @i = [®,n;] for certain holomorphic sections 7; of ad(P) ® Og(3). We write x; for the
(adjoint valued) (1,0)—form on the matter curve ¥ given by the Poincaré residue

Xi = Poincaré Residue of % (B.2)
Extending the modes off-shell by replacing the holomorphic section with smooth sections

of the sheaves of A*—modules generated by the 7;|..’s and y;’s, the formulae of section 4.2.1

B
give for the pairing of the two modes

/z Tr <X1 O, 772) : (B.3)

The 6D fields n; and y; are not independent; the y;’s are linear functions of the correspond-
ing n;’s.

The pairing being non—degenerate means that, given a localized zero-mode ¢, inducing
the 6D field xi, we may find a localized zero—mode o, which induces a 6D field 7, such
that the pairing in equation (B.3) is not zero. In terms of adjoint representation matrices,
this amounts to Tr(x172) # 0. The obvious strategy to show this is to take a matrix 7,
such that Tr(x; 72) # 0, which always exists, and identify the 8D mode ¢, with [®, 72/ f].
However such a ¢, would be a valid 8D zero—mode only if [®, 7,/ f] has no pole along the
curve f = 0. For generic n, satisfying Tr(x172) # 0, we get indeed a pole. So, what one
really has to show is that there is one choice of the matrix 7y such that Tr(x; 72) # 0 while
the pole in [®, 7,/ f] cancels. In order to do that, one filters the sheaf ade(g® Og) according
to the order of zero along the curve f = 0; in this ways one checks that there are enough
holomorphic matrices of the form [®, 7] which are divisible by f* to pair up all the localized
zero—modes.

Since we aim to prove a local result near a ‘good’ point, we may as well take S = C?
and the trivial gauge bundle ad(P) ~ g ® O. The (2,0) forms are then identified with the
scalars. We assume the Higgs background to be such that x = 0 is a matter curve, and
invariant by translation in the y direction. So ®(x) is a N x N traceless matrix depending
holomorphically on z. We write M[(N, K) for the space of N x N matrices with coefficients
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in a ring K. Then, from equation (4.9),
zero modes = M(N, O) / adg M(N,0) = Q. (B.4)

The mode represented by the matrix T € M(N, Q) is localized on the line z = 0 iff there
is a positive integer ¢ such that the matrix

2T € adg M(N, O). (B.5)

We call the elements of the subspace §, = ker{Q N Q} the localized zero—modes (on
x = 0) having weight < £. These are on shell (holomorphic) modes. Replacing O with the
ring R of the functions f(z,y) depending holomorphically on x and smoothly on y we get
the off-shell modes (in the 6D sense).

We have 27§, C Fr_;; consequently we define the weight ¢ primary modes as the
elements of the coset

= [

As C-spaces, §r = D, 7" E_f;n The elements of the subspaces z” ng:f‘ with r > 1 are
called descendent modes. Everything is determined just by the primary modes. Indeed, let
x be a matrix representing a primary weight ¢ mode. A representative of the full set of its

descendent is given by the matrix

X(, Y)descendents = <¢0(y) + ¢1(y) = + ¢a(y) P4t be-1(y) $£_1>X($, Y)primary-  (B.6)

where the ¢ (y) are (scalar) smooth functions, namely the 6D fields.

As a matter of convention, we extend the concept of weight to non—localized modes by
stating that they have weight co. Indeed, in these cases, the polynomial in x of degree
¢ — 1 of equation (B.6) is replaced by an infinite power series. We also extend the notion
of weight to the pure gauge modes by giving them weight zero. Indeed, if x is pure gauge,
20 - x is already zero in the coset Q.

Saying that x represents a primary weight ¢ mode is equivalent to the existence of an
element n € M(N, R) such that

xt X = [Cb(x), 77} (B.7)
while for all " € M(N, R)
ity # [(I)(:E), n’}. (B.8)

In particular, a primary mode satisfies X‘x:O # 0, since otherwise we may write it as x =
x - (x/z), i.e. as a descendent of the (regular) mode x/x. Thus the map §,"" — M(N,C)
given by x — X|z=o is injective. From this observation it follows that we may choose the

95



representative matrices of a basis of S}?rim in such a way that the corresponding y’s are
x—independent (just replace x by its image X‘x:O ). We call this representative I. Dually,
as discussed in section 4.1, for primaries the map 1 n}wzo is also injective, and we may
choose the representatives in such a way that the n’s are z—independent. We call this
representative II. All other representatives differ by terms Vanishing as r — 0.

Given two primary modes with representative matrices x(!) and x® of weights (respec-
tively) ¢; and ¢, we introduce an x—independent pairing

(X[ x?) = Tr [779) X(IQ)} : (B.9)

where the subscript I or II stand for the two special choices of representatives defined
above.

Lemma. If (; > £y, (V| x®) = 0.

Indeed, by the cyclic property of the trace and the definition of n’s in terms of the x’s,

Tr [7751) X?)} —gh e Ty [n§ ) Xgll)] = —ght (Tr [ng) X}“} + O(a:)) (B.10)
Since the LHS is independent of x, it is identically zero.

We write convenient representatives®® of the full set of descendent modes of the two
primary xy™ and y(®

e = (987 () + 2 60 () + - + 2" )L () )0l (B.11)
Vi = (68 w) + 2 6P w) + -+ a7 6l () )N, (B.12)

where the gbl(f) (y)’s are the independent 6D fields.
Consider the 6D kinetic pairing of these modes

Tlp® 5 @
/dydy% r[ndes;glyxdesc] dr (Bl?))

It has two properties:

1. it is symmetric under (1) <> (2) since it can written (choosing, say, representatives

20 Being an F-term the 6D action pairing is independent of the choice of representatives; this is crucial
for our argument.
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I1 for both sets of modes) in the manifestly symmetric form

Te{ n{, - Ad(®) - 95 1)
i PO ),

xh gt

(Ad(®) is antisymmetric and holomorphic).

(B.14)

2. It is proportional to the pairing of the corresponding primaries. Indeed choosing

representatives as in eqns.(B.11)(B.12), it is equal to

-1k (1) -1 5 .(2)
é i Oy > U ad
/dy dgj <X(1) |X(2)> Zk_o ¢k: Y Z]—O k dr.

zh

(B.15)

Putting together these two properties and the lemma, we see that, with respect to the

6D kinetic pairing, modes descending from primaries of different weights are orthogonal.

Now we are ready to show that the 6D action pairing is non-degenerate. With our

conventions about the weight of pure gauge modes (¢ = 0) and non—localized ones (¢ = 00)

we have a complete direct sum decomposition

o0

M(N,C) = P X,

=0

such that
x7r € Xy = xyis a primitive mode of weight /.

Likewise, we have a second direct sum decomposition

M(N,C) = (ﬂ keradcb(x)> @ (%ém)

z€C? =0
such that
nir € He = a7 “[®(x), ;) is a primitive mode of weight ¢.
We set
Hy = ﬂ ker ad ®(z).
z€C?
Then

# primitive modes of weight ¢ = dim X, =dim H,, ¢=0,1,2,..., 0.
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Let Kill be the bilinear form on M(N, C) defined by the trace. It is a non—degenerate
pairing. Let
Kﬂlgl’&i Hgl (%9 XgQ — C, <B22)

be the bilinear form induced by Kill under restriction, which we rewrite as
Killg/hezz X, — Hj . (B.23)
The Lemma may be rephrased as the statement
Killz/h52 =0 if by > 0. (B.24)

Consider the map

m=0

00 *
Killy o: Xoo — (@ Hm> . (B.25)

Since the Killing form is non-degenerate, this map is an isomorphism on its image. By
(B.24) the image is contained in HZ and then, by comparing dimensions via equation
(B.21), it is H,.

Consider next the Killing map of the filtration at level ¢

.. *
Killy -, (@Xk> — (@ Hm> . (B.26)
k>/ m=0

Again, it is an isomorphism on its image. By (B.24) the image is contained in

&b &, (B.27)

m>{

Comparing dimension with the help of (B.21), we see that the image is equal to the space
(B.27). Thus, comparing the different ¢’s; we conclude that for all £’s, the map

Killy,: X, — Hj, (B.28)

is an isomorphism. This is equivalent to the statement that, in the space of primitive modes
of weight ¢, the primary pairing

Wl = (XM |5, (B.29)

a

is non—degenerate and hence, by equation (B.10) antisymmetric. For ®(z) independent of

Y, wa(é) is just a constant symplectic matrix.
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Using equation (B.15) we get the final formula for Wsp (quadratic part)

/ dydg d > Wl o 0: 6, (B.30)
b

0 k4j=t—1

which is the formula it was to be shown with the symplectic pairing

Q= Zw“) X Sg, where (Sg)ij = 5i,€—j—1- (Bgl)
L

The above argument shows that the pairing is perfect when the gauge Lie algebra
is u(IN). The general case is easily reduced to this one: let the gauge algebra be g =
a®s; D --- s, with a Abelian and s; simple. In the Abelian part there are no localized
zero-modes, while the localized zero-modes arising from the adjoint of s; pair between
themselves. So it is enough to consider the case g simple. Let R: g — su(NN) be any
faithful representation. The traces of the N x N matrices reproduce (up to normalization)
the Killing form of g which is non-degenerate. Then defining the spaces of N x N matrices
X, and H, as before, we have the decompositions

gz@(&ﬂz&) =®(ng>, (B.32)

while the fact that the Killing form of su(N) restricted to g is non—degenerate implies that
the restricted map
KillY,: X,Ng— (Hg N g> , (B.33)

is still an isomorphism. Thus the pairing {2 remains non—degenerate when restricted to the
subspace g.

C The General Residue Formula for the Yukawa

In this Appendix we prove the residue formula (4.36). In reference [11] the residue formula
was proven under two assumptions: i) ade is diagonal, and i) the matter curves meet
transversely. Dropping assumption i) the argument of [11] would still apply, whereas the
generalization to non—transverse crossing requires a bit more work.

Physically one expects that the residue formula for the Yukawa holds whenever it is a
mathematically well-defined expression, namely when the curves meet at an isolated point
p, whatever their local intersection number is. The curves are simply required not to have
components in common. This generalization is relevant since in the presence of monodromy;,
typically the matter curves do not meet transversely.
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Our setting is the following: We have three zero—modes of the 8D YM theory on
R x C* T, = (a;,¢:), i = 1,2,3, and the first two modes are assumed to be local-
ized, respectively, on the divisor f; = 0 and f; = 0. These divisors are not assumed to
be (necessarily) prime (they may have several irreducible components and /or multiplicities
> 1), but we assume that their set-theoretical intersection

{fi=0}n{f=0}eC?

consists of just one point which we identify with the origin 0 € C2. We stress that their
analytic intersection number at 0 may be any (positive) integer, since the intersection is
not assumed to be transverse. We make no assumption on the third mode Ts5.

Following [11], the Yukawa coupling of the three modes is given by the cohomology
invariant

Yuk—/ yuk, (C.1)
2

where the the (2,2) form yuk has the expression (conventions as in [11])

1
2 2,2

)

Notice that this expression is automatically invariant under permutations of the three zero—
modes.

As discussed in the main body of the paper, we may choose representatives so that the
two localized modes, T and Y5, have support in some tiny neighborhood of the respective
curves. Then the products T1 A Ty and To A T; will have support inside some ball B(0,r)
of radius r centered at 0. As illustrated in the paper, we may also take a representative of
the third mode Y3 of pure type (2,0) (that is, we work in the gauge a3 = 0)

Ts=(0,05) 3 €I(C*ad(P)® Q). (C.3)
With the above choice of representatives,

suppyuk C B(0,r) (C.4)

where

1
kK=—T T) /\T’ T’ /\T( NS C.5
yu 2 r{( Ho ?lio.1) i (0,1) o s (C5)

Since yuk is a (2,2)-form, by the 9-Poincaré theorem there exists in C? a smooth (2, 1)
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form B3 such that
yuk = 9 3. (C.6)

Let R > r, and write Sg for the sphere of radius R centered at 0. By equation (C.4),

Yuk—/ yuk—/ yuk = G. (C.7)
o B(O,R) Sk

Let U = C?\ B(0,r). One has Sp C U. Again by equation (C.4), one has
28|, =0, (C.8)

so B represents a class in Hg’l(U ). Consider the trace map H;’I(U ) — C induced by the
sequence of natural maps?!

HZY(U) — Hip(U) ~ Hjp(Sp) ~ C, (C.9)

given explicitly by a — [, 5 O From equation (C.7), the Yukawa coupling is just the image
of B under this trace map.

The next step is to exploit the Cech-Dolbeault isomorphism
2,1 ~ 77l 2
H (U) ~ H(U,Q). (C.10)
Following reference [24] we introduce the following open cover of U

U:U1UU2, (Cll)
Ui=1{z€U, |fi(z)] > e}, (C.12)

where € is chosen small enough (or, alternatively, R big enough) so that (C.11) holds.
Since we have only two open sets in our cover, a Cech one-cochain C*(U, Q?) is just a
holomorphic (2,0) form
h e T'(U NU,, 0%, (C.13)

which is automatically a cocycle dh = 0.

The isomorphism (C.10) works explicitly as follows. Let v = {y; € C=(U;, 2%°)} be a
0-cochain such that®?
h=dy. (C.14)

One has 6 9 = 0. Hence the local (2, 1)-forms 0+;’s glue in a global d—closed (2, 1)-form
B which represents the Hg’l(U ) class corresponding to the H'(U, Q?) class b.

21 Compare reference [24] page 651.
22 ~y exists, since C™ sheaves are fine, i.e they admit partitions of unity.
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One has

yuk o) =00 (C.15)

where
51_%QITT{(f1 Az — G fl)/\QO:;} (C.16)
/322392 Tr{(z a; — ay f2) /\g03>} (C.17)

and the 7; are defined as in the main body of the paper (i.e. f;¢; = [®,7:]). In equation
(C.16), p; is some smooth function which is zero for |f;| < €/2 and 1 for |f;| > e¢. The
difference 3, — f3, is the 0 of a globally defined form ¢ which is easy to write explicitly.

One has [ }
- s 712
61 - = 8( 02 A Tr { f1 f2 A @3}) (018)
[7717 772]
BQ U2 = 8 ( 01 A Tr { f1 f2 N Q3 (Cl9)
and
(51 - 52) T 0 (C.20)
since 59i|U,- =0 (in fact g; = 1 in U;).

Comparing with the explicit form of the Cech-Dolbeault isomorphism illustrated around
equation (C.14), we get the identifications

1 , ~
=50 A Tr{ [7;1 ;722] A @3} e C=(U,, 02 (C.21)
1 [7117 772} 00 2,0
Yo = —5 Ql/\TI‘ W/\@g EC (UQ,Q ) (022)

This is the Cech 0-—cochain we are looking for. Then the Cech 1-cocycle b, corresponding
to the Dolbeault class 3 € Hg’l(U) is

h= Tr{ [T;}l’ ;;22} @3} e T(U, N Us, 02). (C.23)

Finally, we are in the position to apply the Lemma on page 651 of [24], which in the
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present notations states

1
SRB = W/rb' (C.24)

The expression in the RHS of this equation is the definition of the residue of the meromor-
phic (2,0)-form b (as a meromorphic form, the RHS of equation (C.23) is defined in C?).
Therefore, using eqns.(C.7) and (C.23), we get the formula we are after

Yuk = Residue Tr [, 7] 03 ¢ - (C.25)
fi f2

D General Worldvolumes, Gauge Bundles, and Mat-
ter Curves

In this Appendix we briefly indicate how to generalize the definition of localized modes to
the case of an arbitrary worldvolume S, gauge bundle ad(P), and matter curve 3. To do
this we make heavy use of the sheaf theoretical interpretation of the localized zero-modes
developed in equations (4.9) — (4.11). In this general setting the background Higgs field is
a holomorphic adjoint valued (2,0) form

O cI'(S, Kg®ad(P)). (D.1)

We consider the following two Dolbeault complexes of C* sheaves of adjoint—valued (p, q)
forms

24 Q0 (ad(P)) -2 QUL (ad(P)) L5 - .. (D.2)

2 2 (ad(P)) 2 Q2R (ad(P)) 2 - (D.3)

Since @ is holomorphic, the natural map adg: Q°*(ad(P)) — Q**(ad(P)) commutes with
0, and hence gives rise to a chain map between the two complexes above. There is a
standard construction in homological algebra, the mapping cone, that is relevant in this
situation. By definition [43], the mapping cone of ade is the complex

...ngiMkHL)...’ (D.4)

where

M* = Q¥ (ad(P)) @ Q*F(ad(P)), (D.5)
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and _
— 0 0
(7 %) os

As a consequence of the fact that 0> = 0 and that ® is holomorphic, it follows that D' =0
and hence it is meaningful to consider the cohomology of the mapping cone (D.4).%

Let us consider the zeroth D cohomology group of the complex M*. An element of M°
which is D closed is represented by a pair of adjoint-valued forms (a, ) of type, (0,1) and
(2,0), respectively which satisfy the equations

da = 0, (D.7)
Jp = ade(a). (D.8)

Equations (D.7)-(D.8) are exactly the 8D F-term zero mode equations and justify our choice
of notation [2,11]. Meanwhile the elements of M which are D exact are such that there
exists a y € M ! with

= Oy (D.9)
p = ads(x) (D.10)

These are exactly the modes that are infinitesimal gauge transformations. It follows that
the zeroth cohomology group of the mapping cone coincides with the space of zero-modes
solutions modulo complexified gauge transformations. Thus we have the basic identification

zero-modes = H'(S, M). (D.11)

This is the most general definition of the zero-modes for the 8D gauge theory, valid in any
circumstance (in particular, for S compact and non—compact).

Now, the basic properties of the mapping cone give rise to a long exact sequence

<o HO(S,ad(P)) X% HO(S,020(ad(P)) — H(S, M) — H'(S,ad(P)) — - -
(D.12)
If we make the assumption?* H'(S,ad(P)) = 0, then the above sequence simplifies and we
see that

zero-modes = H°(S, M) = H(S, Ks ® ad(P)) / adg (H°(S,ad(P))), (D.13)

2By definition the group Q%~1(S,ad(P)) is taken to be the zero group.
24Tn phenomenological applications, this assumption is typically made to kill unwanted exotic bulk modes
and to allow the possibility of a decoupling limit [1-4,25,44]
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which has precisely the same form as equation (4.9) for the local geometries. Thus provided
H'(S,ad(P)) = 0 the passage from our local analysis to the case of a general brane world-
volume and adjoint bundle is completely trivial. One simply takes the local expression (4.9)
and computes global sections over S valued in ad(P).

Continuing with these assumptions, it is then natural to introduce the sheaf of modes
Q defined as

adg

ad(P) —— Kg®ad(P) — Q — 0. (D.14)

The space of the zero-modes may be identified with a subspace Z(S) of H°(S, Q). The sim-
plest possibility is that Z(S) = H°(S, Q). This occurs automatically if H* (S, ad(P)/ ker adq>) =
0, for example if S is Stein, as in the local geometries of the previous subsection. Then, the
localized modes correspond to the torsion part of the sheaf of modes Q. To be completely
formal, one introduces a sub-sheaf Loc¢ by the exact sequence [45]

0— Loc— Q— O™ (D.15)

where Q** is the double dual. If Q were a vector bundle, then Q would simply equal Q**
and the sheaf £oc would vanish. Thus when Loc is non-trivial, it measures the failure of
O to be a vector bundle and hence captures the torsion of Q. It follows that in general we
have

localized zero modes = HY(S, Loc) N Z(S)

potential matter curves = irreducible components of supp (Loc).

We can similarly extend our analysis of the 6D superpotential Wgp to the setting of a
general matter curve ¥ and gauge bundle ad(P). In complete generality, the 6D action takes
the form of a non-degenerate 2D chiral Dirac Lagrangian coupled to suitable connections
on holomorphic vector bundles V; — 3,

WGD:/Qijningnja (D.16)
s

where the 6D field n; transforms as a section of V;. It is easy to see that the symplectic
pairing Q¥ satisfies the selection rule

0740 = Vi=Ky®V}. (D.17)

This implies that the integrand in Wsp is gauge invariant and naturally a (1,1) form on
Y. In particular, this means that the 6D superpotential is independent from the Kéhler
metric. Thus provided we correctly identify the bundles V; we may count the net number
of localized zero-modes on ¥ with standard 2D index theorems.
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To determine the V;’s, one uses the adjunction formula as in reference [2]. Again we
assume H'(S,ad(P)) = 0. From equation (4.25) we see that from the 8D viewpoint 7; is a
section of some sub-bundle (depending on the specific mode ;)

Fi®O(X)™ C ad(P)® O(X)™, (D.18)

where the matter curve X is given locally by f = 0. Analogously, ¢; is a section of some
sub-bundle K5 ® & C Kg® ad(P). The bundles F;, & correspond to decomposition of the
adjoint of g into irreducible representations of the unbroken gauge subgroup. In a tubular
neighborhood of ¥ we write?*® (locally)

m;—1
i = (Z f? X§S)> A df (D.19)
s=0
mi—l

ni=» fe (D.20)
s=0

where the 6D fields are sections

)

&

260%2A5®&®0@r*1

2) (D.21)

E) , (D.22)

_€C (2,&@0(2) -

(in the first line we used the adjunction formula K¢ ® (’)(E)|Z = Ky). On-shell, smooth
sections over ¥ get replaced by holomorphic ones. From equation (B.30) of Appendix B we
have (we omit writing the restriction 0‘2 which is everywhere implied)

mi—l

Wop = / S o0& F) Y €m0 0, (D.23)
g s=0 !

where o(&;, F;) is a group theory factor which vanishes unless the two vector bundles &;,
JF; are induced by dual representations of the unbroken gauge group. Therefore

VY =Ky (§00(5)) (D-24)

s

and the selection rule (D.17) is verified.

25 Here we are cavalier with a subtlety which has already appeared in the literature about branes with
triangular Higgs backgrounds [27], namely the fact that, while in the C'™ sense a tubular neighborhood of
Y. is diffeomorphic to its normal bundle, this is not true in the complex-analytic sense. The discrepancy is
related to obstructions of moduli, and hence it is expected to be relevant for cubic (and higher) terms in
Wsp, which are outside the scope of the present paper.
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