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Abstract

Consider N bosons in a finite box A = [0, L]*> C R? interacting via
a two-body smooth repulsive short range potential. We construct a
variational state which gives the following upper bound on the ground
state energy per particle

Tm. T eo(0) — 4mao < 16
HHe—0HML =00, N/L? 0 (47a)3/2(0)3/2 ) — 1572’

where «a is the scattering length of the potential. Previously, an upper
bound of the form C'16/1572 for some constant C' > 1 was obtained in

[3]. Our result proves the upper bound of the prediction by Lee-Yang
[9] and Lee-Huang-Yang [§].
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1 Introduction

The ground state energy is a fundamental property of a quantum system
and it has been intensively studied since the invention of the quantum me-
chanics. The recent progresses in experiments for the Bose-Einstein conden-
sation have inspired re-examination of the theoretic foundation concerning
the Bose system and, in particular, its ground state energy. In the low
density limit, the leading term of the ground state energy per particle was
identified rigorously by Dyson (upper bound) [2] and Lieb-Yngvason (lower
bound) [I3] to be 4wap, where a is the scattering length of the two-body
potential and o is the density. The famous second order correction to this
leading term was first computed by Lee-Yang [9] (see also Lee-Huang-Yang
[8] and the recent paper by Yang [I5] for results in other dimensions). To
describe this prediction, we now fix our notations: Consider N interacting
bosons in a finite box A = [0, L]* € R? with periodic boundary conditions.
The two-body interaction is given by a smooth nonnegative potential V' of
fast decay. The Lee-Yang’s prediction of the energy per particle up to the
second order is given by

eo(0) = 4moa|l 172 . (1.1)

128
+ \F(@a )
The approach by Lee-Yang [9] is based on the pseudo-potential approxi-
mation [6l 8] and the “binary collision expansion method” [§]. One can
also obtain (ILI)) by performing the Bogoliubov [1] approximation and then
replacing the integral of the potential by its scattering length [7]. Another
derivation of (ILI]) was later given by Lieb [10] using a self-consistent closure
assumption for the hierarchy of correlation functions.

In the recent paper [3], the potential V' was replaced by AVj for some
fixed function Vj and A is small. A variational state was constructed to yield
the rigorous upper bound

cole) < Amoal1 + ——(0a®) 25| + O(Pllogel)  (12)
15/
with Sy <14+ CA. In the limit A — 0, one recovers the prediction of Lee-
Yang [9] and Lee-Huang-Yang [§]. The trial state in [3] does not have a fixed
number of particles, and is a state in the Fock space with expected number
of particles N (Presumably a trial state with a fixed number of particles can
be constructed with a similar idea). The trial state in [3] is similar to the
trial state used by Girardeau and Arnowitt [4] and recently by Solovej [14];



it is of the form

exp ||A|™ chalatkao ag + \/Noa:g |0) (1.3)
k

where ¢; and Ny have to be chosen carefully to give the correct asymp-
totic in energy. This state captures the idea that particle pairs of opposite
momenta are created from the sea of condensate consisting of zero momen-
tum particles. It is believed that this type of trial state gives the ground
state energy consistent with the Bogoliubov approximation. In the case of
Bose gas, the Bogoliubov approximation yields the correct energy up to the
order 032, but the constant is correct only in the semiclassical limit— con-
sistent with the calculation using the trial state (I3]). It should be noted
that the Bogoliubov approximation gives the correct “correlation energy” in
several setting including the one and two component charged Boson gases
[11] 12 [14] and the Bose gas in large density-weak potential limit [5].

For the Bose gas in low density, the result of [3] suggests to correct
the error by renormalizing the the propagator. Unfortunately, it is difficult
to implement this idea. Our main observation is to relax the concept of
condensates by allowing particle pairs to have nonzero total momenta. More
precisely, we consider a trial state of the form

€xXp |:|A|_1 Z Z 2\/ >‘k+v/2>\—k+v/2a2+v/2aik+v/2av Qg

k wv~y/0
+|A]7E Z ckazaikao ag + \/Noag] |0) (1.4)
k

for suitably chosen ¢ and \. Notice that the total momentum of the pair, v,
is required to be of order p'/2 and the constant 2 comes from the ordering
of a,ay. We shall make further simplification that A\; = c;. Even with
this simplification, however, this state is still too complicated. We will
extract some properties from this representation and define an N particle
trial state whose energy is given by the Lee-Yang’s prediction up to the
second order term. Details will be given in Section [l Our result shows
that, in order to obtain the second order energy, the typical ansatz for the
Bogoliubov approximation should be extended to allow pair particles with
nonzero momenta. This also suggests that the Bogoliubov approximation
has to be modified in order to yield the correct energy of the low density
Bose gas to the second order.



2 Notations and Main Results

Let A = [0, L]*> C R? be a cube with periodic boundary conditions with the
dual space A* := (%’rZ)?’. The Fourier transform is defined as

W, :=W(p) = / e PTW (z)de, W (x) Z ePrW,, .
T€R3 ‘A‘ peEA*

Here we have used the convention to denote the Fourier transform of a
function W at the momentum p by W, instead of W(p) to avoid too heavy
notations. Since the summation of p is always restricted to A*, we will not
explicitly specify it.

We will use the bosonic operators with the commutator relations

1 ifp=
t t gt — p=4q
[a, ; ag] = ay, ag — aga,, { 0 otherwise.

The two body interaction is given by a smooth, symmetric non-negative
function V' (z) of fast decay. Clearly, in the Fourier space, we have V,, =
V_, = V,. Furthermore, we assume that the potential V is small so that
the Born series converges. The Hamiltonian of the many-body systems with
the potential V' and the periodic boundary condition is thus given by

H= Zpaa +WZVaaqapuq+u (2.1)

p,q,u

Let 1 — w be the zero energy scattering solution
—“A(l-—w)+ V({1 —-w)=0

with 0 < w < 1 and w(z) — 0 as |z| — oco. Then the scattering length is
given by the formula

1
a:= - - V(z)(1 —w(x))d
Introduce gy, whose meaning will be explained later on, to denote the quan-
tity
go = 4ma.

Let Hy be the Hilbert space of N bosons. Denote by oy = N/A the
density of the system. The ground state energy of the Hamiltonian (2.1)) in
Hy is given by

EF(o,A) = inf specHp



and the ground state energy per particle is e} (0, A) = Ef (o, A)/N. We
can also consider other boundary conditions, e.g., e} (o, A) is the Dirichlet
boundary condition ground state energy per particle.

In this paper, we will always take the limit L — oo so that the density
on — o for some fixed density g. From now on, we will use limy_, ., for the
more complicated notation limy_,., n/r3_., We now state the main result
of this paper.

THEOREM 2.1. Suppose the potential V is smooth, symmetric, nonnega-
tive with fast decay and sufficiently small so that the Born series converges.
Then the ground state energy per particle satisfies the upper bound

eb (0, A) —goo) _ 16
98/293/2 — 1572

lim,olimz— 0 ( (2.2)

Although we state the theorem in the form of limit ¢ — 0, an error bound
is available from the proof. We avoid stating such an estimate to simplify the
notations and proofs. Our result holds also for Dirichlet boundary condition.

2.1 Reduction to Small Torus with Periodic Boundary Con-
ditions

To prove Theorem 2.1}, we only need to construct a trial state ¥(p, A) sat-
isfying the boundary condition and

-1 _
T, o lim [ SN0eNT g0 162 (2.3)
A—oo 98/2 93/2 157

The first step is to construct a trial state with a Dirichlet boundary condition

in a cube of order slightly bigger than o~ .

Lemma 2.1. For density o small enough, there exist L ~ 0~25/?* and a
trial state U of N (N = oL3) particles on A = [0, L]? satisfying the Dirichlet
boundary condition and

— (Hn)w N~ = goo 16
< . .
limg—o < e = 1572 (24)

Once we have a trial state with the Dirichlet boundary condition, we
can duplicate it so that a trial state can be constructed for cubes with linear
dimension > p~25/24, This proves Theorem 211

The next lemma shows that a Dirichlet boundary condition trial state
with correct energy can be obtained from a periodic one.



Lemma 2.2. Recall the ground state energies per particle eOD(g, A) and
eb’(0,\) for the Dirichlet and periodic boundary condition. Let A = [0, L]
and L = 0=25/24 Suppose the energy for the periodic boundary condition

satisfies that
— eP(g A) — goo 16
lim, o | =2 222 < —— 2.5
=0 ( JREYE 1572 (25)

Then for A= [O,Z]?’, L = L(1 + 20%/%) and g = QL3/1~}3, the following
estimate for the energy of the Dirichlet boundary condition holds:

D/~ e ~
T ey (0,A) — goo 16
lim,_o <0— < — (2.6)
5/2~ = 2
90/ 53/2 157
The construction of a periodic trial state yielding the correct energy

upper bound is the core of this paper. We state it as the following theorem.

THEOREM 2.2. There exists a periodic trial state ¥ of N particles on
A=1[0,L]%, L =02/ such that (N = |A|o)

- <HN>\I/N_1 — 900 16
lim,_, < 9.
Hie—0 ( PR = 1572 27)

This paper is organized as follows: In Section 3, we define rigorously the
trial state. In Section 4, we outline the Lemmas needed to prove Theorem
22l In Section 5, we estimate the number of particles in the condensate
and various momentum regimes. These estimates are the building blocks
for all other estimates later on. In Section 6, we estimate the kinetic energy.
The potential energy is estimated in Section 7-11. Finally in Section 12, we
prove the reduction to the periodic boundary condition, i.e., Lemma [2.21
This proof follows a standard approach and only a sketch will be given.

3 Definition of the Trial State

We now give a formal definition of the trial state. This somehow abstract
definition will be explained later on. We first identify four regions in the
momentum space A* which are relevant to the construction of the trial state:
Py for the condensate, P;, for the low momenta, which are of the order p/2;
Py for momenta of order one, and P; the region between Pr, and Ppy.



DEFINITION 3.1. Define four subsets of momentum space: Py, Pr, Pr

and Py.
Py ={p=0}
Pr o ={peN|eo? <lpl < gt}
Py = {p € A*[nglgl/z <|p| < EH}
Py ={peAlen <Ipl}, (3.1)

where the parameters are chosen so that
er,NL,eg = 0" and n =1/200 (3.2)
Denote by P = Py U P, U Py U Py.

We remark that the momenta between Py and Pj, are irrelevant to our
construction. Next, we need a notation for the collection of states with IV
particles.

DEFINITION 3.2. Let M be the set of all functions a: P — NUO such
that

> ak)=N (3.3)

keP

For any a € ]\7, denote by |a) € Hy the unique state (in this case, an
N -particle wave function) defined by the map «

o) = C [ (af)*®]0),

keP

where the positive constant C' is chosen so that |«) is Ly normalized. Define
Qfree a5 Qpree(k) = Nog .

Clearly, we have
alak\oé =a(k)|la), Vke P (3.4)
DEFINITION 3.3. We define two relations between functions in M:

1. Strict pair creation of momentum k: Denote by B = Afa if B is
generated by creating a pair of particles with momenta k and —k, i.e.,

Oé(p)—2, p:O

Blp)=9q alp)+1, p==k (3.5)
a(p), others

7



In terms of states, we have
8) = CajfaTyag|a)
where C' is a positive constant so that the state |3) is normalized.

2. Soft pair creation with total momentum u and difference 2k: Denote
by B = A%ka if B is generated by creating two particles with high
momenta +k+wu/2 € Py so that the total momentum w is in P, i.e.,

a(p)—1, p=0or u
Bp) =< alp)+1, p==tk+u/2 (3.6)
a(p), others

Notice that A% *« is defined only if +k-+u/2 € Py. In terms of states,
we have

|ﬁ> = Oali_+u/2ai—k+u/2a0a“|a>

where C is the normalization constant. Since 3(p) has to be nonnega-
tive, the state AFa or A%*a is not defined for all o or k,u.

Define D, to be the set all possible derivations of o from the previous two
operations:

Do = {Au’ka € M} U {Aka c M} (3.7)

Our trial state will be of the form > 57 f(a)|a) where f is supported

in a subset of M which we now define.

DEFINITION 3.4. Fix a large real number k.. We define M as the small-
est subset of M such that

1. afree € M.

2. M is closed under strict pair creation provided the momentum u €
PrUPy, e, ifae M and A*a € M then A%a € M.

3. M s closed under strict pair creation provided the momentum u € Py,
and max{a(u),a(—u)} < me, ie., if « € M and A%« € M, then
Ao € M. Here we choose m, as

me=p0 "= 9_1/200 (3.8)



4. M is closed under soft pair creation from states with perfect pairing of
momenta u and —u. More precisely, for u € P, with a(u) = a(—u),
ifaoe M, A%*a € M and

e < |k +u/2| <k,
then A%k € M.

The set M is unique since the intersection of two such sets M; and My
satisfies all four conditions.
For any u € Pp, we define the set of states with symmetric (asymmetric
resp.) pair particles of momenta u, —u by M3 (M resp.):
M ={a € M|a(u) = a(—u)} (3.9)
M ={a € M|a(u) # a(—u)}.

Denote by a*(u) the maximum of a(u) and a(—u):
o (u) = max{a(u), a(—u)} (3.10)

Since soft pair creation was allowed only from momenta in P;, and the final
momenta are in Py, we have

a*(u) —afu) € {0,1},  a(—u) = a(u), for all u € Py

Before defining the weight f(«), we introduce several quantities related
to the scattering equation. In the momentum space, the scattering equation
is given by (p € R?)

— p2wp +V, - /V},_rwr =0, Vp #£ 0 (3.11)

T

Let g be the function
g(x) :=V(z)(1 —w(z)) (3.12)

Then the scattering equation in momentum space takes the form
9p = pzwp Vp#0 (3.13)

One can check 4ma = g this explains the notation gg used in Theorem [2.1]
and Theorem



DEFINITION 3.5. Define for all e #0

1
(g0)%/20%2, (3.14)

_ 3/2 .
Qs =00 t+e€0 ’QO'_Q_W

where o9 will be the approximate density of the condensate. Define the
“chemical potential” \ by

1— 1+4Qg()‘k|72 -1

A= { Tiy/irdegol 2 ¢ kel (3.15)
—wy, ke PrU Py
One can check that, to the leading order, A is given by
1—-—+/1+4 k|2
o\ = - dogulH (3.16)
14+ /1 + 4ogi|k|~2
Notice that A\ is real number and can be negative.
DEFINITION 3.6. The Trial State
Let W be defined by
V=Y fo)a) (3.17)
aeM
where the coefficient f is given by
Ala(0) N 4o (u) Ay
f) = Oy [ = T ® darlu)du (5 1)
(0)! Al
k#0 u€Pr,a*(u)—a(u)=1
Here we follow the convention \/x = y/|z|i for x < 0. For convenience, we

define f(a) = 0 for a ¢ M. The constant Cn is chosen so that ¥ is Lo
normalized, i.e.,
(U|0) = 1.

THEOREM 3.1. Suppose A = [0,L]* and L = ¢~2%/?*. Then the trial
state W in ([BI8)) satisfies the estimate

(3.19)

. _ Hy)gN—1 — 16
limkﬁoolimgqo<< N)w 909) <

5/2 = 2
90/ 03/2 157

where k. is given in Definition[5.4 We recall that mc_l, €r,ML, €y are chosen
as a small power of ¢ in (B2) and ([B.8)).

10



3.1 Heuristic Derivation of the Trial State

We now give a heuristic idea for the construction of the trial state. Fix an
ordering of momenta in A* so that the first one is the zero momentum. We
will use the occupation number representation so that

ny, n2, --) (3.20)

represents the normalized state with n; particles of momentum k;. For
example,

—(a})"10)

Recall that we would like to generate a state of the form in (L4]). A slightly
modified one is

exp [|A| 12 Z 20/ Mtoj2 A k+U/2ak+v/2a k+v/2% Q0
k v~y/e
+|A|_12Akaka_ka0 a0]|N, 0,0, ---) (3.21)
k

|N7 0707 >:

We now expand the exponential and require that az o /2aT /2% G0 to
appear at most once. The rationale of this assumption is that the soft pair
creation is a rare event and thus we can neglect higher order terms. Our

trial state is thus a sum of the following state parametrized by ki, - , ks,
ni, -+, Ns, /17 7k1{, and Uiy, Vgl
t s
const. H \/4/\k;+vj/2>‘—k;+vj/2 H (Akl)nl % (3.22)
j=1 i=
where
la) = const. |A| Tt Xi= 1"1Havj+k,atjzj_k}avja0
n;
XH (aka ka0a0> |N,0,---) (3.23)

Here we have chosen the constant so that the norm of |«) is one. We also
require that v; +wv; # 0 for 1 < 4,5 <t since v; +v; = 0 is a higher order
event.

We further make the simplifying assumption that v; € Pr,. Observe now
that the state |«) can be obtained from strict and soft pair creations. This

11



explains the core idea behind the definition of M in Definition B.4l Other
restrictions in the definition were mostly due to various cutoffs needed in the
estimates. Finally, up to factors depending only on A and N, the coefficient
in (322) gives f(«) in (BI8]). Notice all factors depending on s,t,n; were
already included in |«).

The choice of A is much more complicated. To the first approximation,
A can be obtain from the work of [3]. We thus use this choice to identify the
error terms. Once this is done, we optimize the main terms and this leads
to the current definition of A\. Notice that, since our trial state is different,
there are more main terms than in [3].

4 Proof of Theorem

Proof. Our goal is to prove

- e A -1 H - g Q2 16
hmkc—wo <hmg_)0 <| | < 92;112 0 >> < 15?93/2 (4.1)

Here g9 = 4ma, (H)y = (V|H|¥). We decompose the Hamiltonian as fol-

lows:
N

H:Z—Ai-i-qu+H32+H53+HA1+HA2, (4.2)
=1

where

1. Hg is the part of interaction that annihilates two particles and creates
the same two particles, i.e.,

Hgi = |A|7! Z Voalal aya, + |A| 7! Z(Vu—” +Vo)alalaya, (4.3)
u uFv

2. Hgs is the interaction between the condensate and strict pairs, i.e.,

Hso = [A71) " Viahal ,a0ae + C.C. (4.4)
u#0

3. Hgs is the part of interaction that strict pairs are involved, i.e.,

Hs3=|A|_1 Z Vu_valaiuava_v (4.5)
u,v#£0,u7#v

12



4. H 4y is the part of the interaction that one and only one condensate
particle is involved i.e.,

Hu =AY 2Wy,adal ay,a, + C.C. (4.6)

v1,v2,v37#0

5. Hyo is the part of the interaction which is not counted in Hgy; and
there is no condensate nor strict pair involved i.e.,

Hyo = ]A]‘l Z Vi, — v3a11alzav3av4 (4.7)
v; 70,01 +v27#0,{v1,v2 } #{v3,v4 }

The estimates for the energies of these components are stated as the follow-
ing lemmas, which will be proved in later sections.
Lemma 4.1. The total kinetic energy is bounded above by

5/2

— _5 _4|Vw 293/2 89,
hmkc,gm <Z A> gauwué)@ e L TR

Lemma 4.2. The expectation value of Hg1 is bounded above by,

Tt (- (g — aiv) oo < 200” (4.9)
(1 g = e '
Lemma 4.3. The expectation value of Hgo is bounded above by,
3/2
T _ 2Vog
i o (o7 (e + 2681Vl ) 072 < 220 g
Lemma 4.4. The expectation value of Hgs is bounded above by,
— 52— —2Vwlhgy”
2 2 5/2
it o ( oy (ahy — Vel ) o2 < LG
Lemma 4.5. The expectation value of H a1 is bounded above by,
= sp - —8IVelg”
I H 52 « 170 4.12
Mg, o <’A’ ( A1> > 0 > 372 ( )
Lemma 4.6. The expectation value of H a9 is bounded above by,
" sp - AlVe?]agg”?
I H 5/2 < 21T~ J0 4.13
1.0 <|A| < A2> > 1% = 32 ( )

13



By definitions of gy and w (B.I1), (3.12]), we have
IVwlff = [Vwls + [Vw?[lr = 0, Vo — [[Vwll = go (4.14)
Summing (£8))-[@I3]), we have

2698/2

T (4.15)

— 1 .
limg, o <W (Hn)y — @390) 0?7 <
By definition of gy (B.14]), we have proved (41]). [ |

5 Estimates on the Numbers of Particles

The first step to prove the Lemma [4.1] to Lemma is to estimate the
number of particles in the condensate, Pr, P;, and Pgy. This is the main
task of this section and we start with the following notations.

DEFINITION 5.1. Suppose u;,k; € P fori=1,...t,j=1,...,s.

1. The expectation of the product of particle numbers with momenta uq,

T
Q‘I/ (Ul,’U,Q,"' 7u8) = <Hazla1u> = Z l_I(Dé(ul)‘f(Oé)‘2
i=1 v aEMi=1
2. The probability to have m; particles with momentum wu;,t =1...,5s:
Qu ({ursmi}, - fumi}) = Y |f ()] (5.1)
a€A

Here A = {a € Ml|a(ur) =m1,---,a(us) = ms}

3. The expectation of the product of particle numbers with momenta ki,
.., ks, conditioned that there are m; particles with momentum wu;:

Q\If (k17'” 7k8’ {ulaml}a"' ,{Ut,mt})

(Z ﬁa(kmf(a)\?) (Z \f(a)\2>

acAi=1 a€A

where A is the same as in item 2.

14



The following theorem provides the main estimates on the number of
particles.

THEOREM 5.1. In the limit limy,_ _ o lim,_.o, Qu(u) can be estimated as
follows

ke—o00 0—0
u€PrUPg

lim lim (g3/2A1 Z Qq,(u)) =0 (5.2)

- _ _ 1
lim lim (g 32|71 Z Qq,(u)) = ﬁgg’/2 (5.3)

ke—o00 0—0
e e u€ Py,

We first collect a few obvious identities of f into the following lemma.

Lemma 5.1. 1. If k€ PrUPy and o, Ao € M, then

f(AFa) = ¢ e \/ TR (54
2. If k€ P, o€ M} and a, A¥a € M, then
f(Ara) = \/ o \/ s (a) 65:5)

3. Ifke Pr, o€ M and a, Ao € M, then

f(Ara) = \/ 0 ¢ O D @) 6o)

a*

4. If o € M and A%Fa € M, then

f(A“’ka):2 % %\/@ A_,H%f(a) (5.7)

5. Ifa € M2 and A%Fa € M, then

15



In defining the space M, the operation A%*a is not allowed when o €
M. However, it is possible through rare coincidences that A%“*a € M even
if « € M2. Clearly, « € M and A%*a € M imply that a(u) = a(—u) + 1.
The following lemma summarizes some properties we need for .

Lemma 5.2. 1. For any k € P, U Py U Py, A\, only depends on |k| and

el < gelkl ™2 < golk 2, JoM] < 1—comstoer,  (5.9)

2. For any k € P, \; is negative and

- %n%@‘l >Ny >~ (5.10)

3. For any k € Py, |\¢| is bounded as
Al < g0e” (5.11)

To prove Theorem B.1], we start with the following estimate on the con-
densate.

Lemma 5.3. For any € > 0, when o is small enough, the expected number
of zero-momentum particles can be estimated by

[Alo— < Qu (0) < |Alo. (5.12)

5.1 A Lower Bound on the Number of Condensates

Since the total number of particles in fixed to be N, upper bound on Qg (u)
for (u # 0) yields a lower bound for Qg (0). The following lemma provides
the upper bounds for expected number of particles in various momentum
space regions.

Lemma 5.4. For small enough o, the following upper bounds on Qg(u)
hold:

1. For u € Py,
/\in = 2i
Quu) < —"=— = (\0) (5.13)
1—-XAp P
2. Foru e Py,
Apo? om.
Qu(u) < vy (1 + const. - ) (5.14)



3. Foru € Py,
Qu(u) < const. 0% |u| 72|\ (5.15)

Proof. The basic idea to prove Lemma [5.4] is the following lemma which
compares, in particular, Qg ({u,m}) and Qg ({u,m — 1}).

PROPOSITION 5.1. When g is small enough, for any u € Py, we have
Qu({u,m}) < (M0)*Qu({u,m —i}) for m>i>1 (5.16)

Proof. We start with the following simple observation, whose proof is obvi-
ous and we omit it.

PROPOSITION 5.2. For any u € Pr fized and all « € M with a(u) =
m > 1, there exists a f € M such that A3 =« and f(u) =m — 1.

From the property of f in (5.4) and 5(0) < N, we obtain

A = WSO < Pale | £(6)

Therefore, we have for m > 1
v({uym}) < 0 [fABP <A Y IFO)P (5.17)

B(u)=m—1 Bu)=m~1
= )\QQQQ\I, ({u,m —1})

This proves (.10 for ¢ = 1. The general cases follow from iterations.
Together with ZN:() Qv ({u,m}) =1, we have

N
Qulu) = Z mQu({u,m}) =" (Z Qu ({u. m}>) (5.18)

=1 \m=i

” A2 o®
< Z(Aug) ’ (Z Qu ({u,m})) ST g

m=0
This proves (G.13).
We now prove (5.14]). Recall that g is small, 1 < m < m. and u € Py.
From the definition of M (B.JI), all elements in the asymmetric part, Mg,
are generated from the symmetric part M, via soft pair creations. Thus

a*(u)=m B(u)=m
Yo @< Y > AP (5.19)
o €M@ B:BeEMS \k:tk+u/2€Py
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From (5.1), we have, for 8(u) < m,

[FARB) = 4|Ak+u/zA-k+u/z|ﬁ%%\ﬂﬁ)\?

< 4 N2 A 2| %V(ﬁ)F (5.20)

Using the upper bound of A\ in (59) and |u| < |k|, we have

Z | Mot /2A o] < Z const. |p|~* < const.e;'[A]  (5.21)
k:tk+u/2€ Py pEP

Inserting these results into (G.19]), we obtain

Yo fl@P<const. 2 ST B (5.22)

€H
a: aeME,a* (u)=m B: BEM,B(u)=m

Summing the last bound over 1 < m < m,, we have, for each u fixed,

Z |f(a)* < const. oM (5.23)

€
a:aeMG H

Using this method, we can also prove, for u # +v,

Y If(@))? < const. (£7¢)? (5.24)

€
a:aeEME,ae MG H

From (5.22)), we have, for g is small enough

me a(u)=m

Qu(u) < Z m Z |f()]? (1 + const. ch) (5.25)
m=1 a:aEMS €H
Following the proof of (5.I7]), we have the bound
a€EM? BeM;
Yo M@P| <X > IFB)P (5.26)
a:a(u)=m B:8(u)=m—1

Therefore, we can prove (0.14]) using the argument of (5.I8]).

We now prove (B.15) by starting with the following proposition. Once
again, the proof is straightforward and we omit it.

18



PROPOSITION 5.3. For any uw € Py fized and all o € M with a(u) =
m > 1, either there exists 3 € M such that A“ = «a and f(u) =m —1 or
there exists v € Pr, and 8 € M such that o = A" u=v/23

From this proposition, we have

BEM; 9
Quumh < 3 |fABHP+ Y [fA )
B: B(u)=m—1 vEPL, AV u—v/28c M
(5.27)
By the properties of f in (5.4 57), we obtain

AP ST [fAve2g)2 < [ a2 B Al | 17

vEPY, vEPL,

A

Since v € Pp, and u € Py, from (5.9) we have |Ay|, [A_yto| < const. |u|~2
By definition of M, ﬁ( ) < me. Thus

24 Z4,A’<const77LmCQ/

vePr, vePr,
Hence we have
[FA“B)P + D 1F(A2B)]% < const. |u| = |\u| 0| F(B) .
vE P,
Together with the bound in (5:27]), we obtain

Qu({u,m}) < const. |\ |[u|20*Qy({u,m — 1}) for m > 1. (5.28)

Summing the last inequality over m, we have proved (5.15]).
|

The summations in the inequalities in Lemma [5.4] can be performed; we
summarize the conclusions in the following lemma.

PROPOSITION 5.4. Recall that €1,,n1,,eq are chosen in Definition [31]
as 0". Then for any k. and small enough o we have

|A|7! Z Qu(u) < const. p3/2F7 (5.29)
uEPr
A7) Qulu) < o™ (5.30)
u€ Py
EL
|A|7? Z Qu( (— + const. o > 0%/? (5.31)
uePr,
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Assuming this proposition, we have, for any ¢ > 0, when p is small
enough,
=N =3 Qulw) > 0[] (5.32)
u#0
This proves the lower bound in Lemma [5.3] We now prove Proposition [5.41

Proof. The upper bound (5.30)) follows from (5.15)), || < golu|~2? (5.9) and
the assumption u > ey for u € Py.
To prove the other bounds, we first sum over u € Py, in (5.14]) to have

AT Qulw) < AT Y 1EQAi“)(H o, (5.33)

uePy, uelPy, (Q)\u)

where we have bounded the factor gm./eg in the error term by 03/4,

Let h(k) = /1 + 4go|k|~2 and we can rewrite A as

1 — h(k)

Recall for any continuous function F on R3, we have

1 a3
75 2P0 = 5 T P9~ [ G F)

pEA* pEA*

Thus we have

Au)?
lim [A]~Lp—3/2 (0
lim [A] "o g}; T (oA

= i (k) —1)* s ~1/3
) g’*()(%)?’/mmn ThiRy O HOUAITTE. (5:35)

The last error comes from replacing the summation by integral.
Due to the choices of 1,1y, we can continue the computation as

| @ (Rk) L)% )5 ~1/3
£—>0<(2W)3/€L<|k<%1 Ah(k) dk)JFO(!A! )

= a0 + 00 (5.36)
This proves (5.31)) since L = o~2%/24,
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Similarly, for u € P;, we have

Au)?
lim |A|~1p=3/2 E:i(g u .
91—H>%]| "o = 1—(0\u)? (5:37)
u€Py

. 1 (h(k) —1)% 4 ~1/3
< lim —— / gk + oA Y

This proves (5.29) and concludes Proposition [5.41

[ |
As a corollary to the proof, we have the following estimates.
COROLLARY 5.1.
n 3/2
Jim Tim [A]7g72 | ST YT (oA | = g (5.38)

u€ Pr, m=0

Proof. From the previous proof, we only need to prove the tail terms van-
ishes. Recall |pA,] <1 —const.er, < 1 in ([B.9). Thus we have

S -1,_-3/2 2m
Jim_lim [A] ™o ST Y (o) (5.39)
u€Pr, m=n+1
A )2n+2
< . . -1 _-3/2 (oA
< m nlAlTe <Z [PWE
ueN*
1
< lim—— [ H(2n)dk® AI7Y3
<l [ HEnE S O(AT),
where )
1-h(k) "
P Bl € ),
"= Ah(k)
By Lebesgue monotone convergence theorem, we have that H(2n) converges
to zero. This proves the Corollary. |

We note that (5.28) also shows that, for u € Py, Qg ({u,m}) is expo-
nentially small with m, i.e.,

Qu({u,m}) < (const. |\| 0?|u|~2)™. (5.40)
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Furthermore, using similar method, one can easily generalize this result to:
for u,v € Py and u+v #0

Qu({u,m}, {v,n}) < (const. |\, |o’e}*)™ (const. | \y|0%e )", (5.41)
which implies, for u,v € Py and u 4+ v # 0, the following inequality:
Qu(u,v) < const. [A\,\| o'ep". (5.42)

5.2 Proof of Lemma [5.3: Upper Bound

Proposition [(£.4] states that the density of particles with momenta in P; and
Py are much smaller than ¢%/2. And it implies an upper bound on the
density of particles with momenta in Pr. We now prove a matching lower

bound
> Qulu) > <3—;g§/2 —s) 0*?A (5.43)
uePr,
for p small enough. Since the total number of particles is fixed, this will
provide a upper bound on the number of particles in the condensate and
hence proves the upper bound part of Lemma [5.3]
We start with the following lemma, which bounds the average number
of particles in the condensate under the condition that there are at most &
particles with momentum wu.

PROPOSITION 5.5. For u € Pr and for any k fired with 0 < k < m,
(m. defined in [B.8)), we have, for o small enough,

k , .
Zi:o Q‘P(O‘{uv Z})Q‘I/ ({u7 Z}) >N
k . =
> im0 Qu{u,1})

Proof. By (5.22)), the contribution of & € M¢ to Qu({u, m}) for 1 <m < m,

is of lower order when compared with the contribution of v € M,,. The ratio

of the contributions from « € M between Qy({u,m}) and Qg ({u, m —1})

is estimated in (5.26]). Together with the upper bound on |A,| in (5.9) and
the choices of e, ep, we have for ¢ small enough,

in{&%nﬁ}i}) < (0*°22)(1 + const. TZ;Q) < (1 — const. (e, — 7:;@

— const. No'/?m,. (5.44)

) < 1.

(5.45)
Hence Qg ({u,m}) is monotonic decrease in m. We thus have for 0 < k <
Me,

¢ . k41 &« . kol
;Q\p({u,z}) 2 ;Q\P({U,Z}) R (5.46)
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where the last identity is the normalization of the state .
By definition of Qy(0[{u,i}) and (5.32), we have

ZQ\I] (01{u,i})Qu ({u,i}) = Qu(0) > N — const. No'/?

=0

On the other hand, for any m, Qg (0[{u,m}) < N. Hence, the numerator
on the left side of (5.44]) can be bounded by:

k
> Qu0l{u, i})Qu ({u,i})
1=0

C

= Qu(0l{u, i) Qu({u,i}) — Z Qu(0{u,i})Qu ({u, i})

i=0 i=k+1
> N — const. No'/2 — N Z Qu({u,i}) (5.47)
i=k+1
k
= NZ Qu({u,i}) — const. No'/2,
=0

where we have used > "% Qu({u,i}) = 1 in the last identity. Finally, we
divide (5.47) by Zz:o qu({u,z}) and use (5.46]) to conclude (5.44]). [ |

Return to the proof of (5.43]) for u € Pr. Since A"(3 is a one to one map
(not necessarily surjective), we have

me—1

ZQ@ {wi}) = > [fA“BP (5.48)

Bu)=0
From (5.5) and (5.6), the right hand side is bounded below by

me—1

XA > (B(0)* = B(0)) | £(B)P (5.49)
B(u)=0

By Jensen’s inequality and 3(0) < N, it is bounded below by

Em°_1 BO)f(3) e !
A2|A|72 Blu) 5.50
ulA (( Zg},&—lo|f( X > )g(%: |f(B (5.50)
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By definition,
> Bmo SO BIP _ 5me Qu(0l{u. 1})Qu ({u, 1))
Z%_lo!f( )[? S Qu{u,i})

The term on the right hand side can be estimated by Proposition Com-
bining all estimates up to now and we obtain

(5.51)

me—1

S Qulni) > (0 MNP Y Qullwi))  (552)
i=1 =0
Finally, using (5.46]), we have

S Qul{w i) > (0 — /A’ (1 S ) (553)
=1

me+ 1

We can generalize this result as follows. For m > 1, we first iterate the
argument in proving (5.48]) and (5.49) to have

AT ST (B(0) — 2m)P 1FBR < S Qu{ui)) (5.54)
B(u)=0 i=m

Again, using Jensen’s inequality, Proposition 5.5, and (5.40]), we have

> Qulfusi} = (0 — ) (1— m ) (5.55)

me+ 1

So with the fact m. = 07", Qg (u) can be bounded as follows,

S Y Qulmin = (- (1- )

m=1i=m m=1

V

o=t
(1=20"%) > (eA)* (5.56)

=1

v

Now the summation over u € Pr, was carried out in Corollary (.38 and we
have proved (5.43)). Since the total number of particle is N, the bounds on
Qu(0) follows from (5.43]) and Proposition 5.4l This concludes Lemma [5.3]

The previous method can be applied to yield the following estimates
which will be useful later on.
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Lemma 5.5. For u € Pr, and ¢ sufficiently small, the following two bounds
hold:

S PNy e
> mQu({u,m}) < 7%2@” (5.57)
m=mc—1
Q2)\2
> f(@)a0)a(u) > NQﬁ(l —20"% = (0A\)?V"™). (5.58)
a(u)<me—2 w

Proof. Because Qy({u, m}) is monotonic decrease in m, we have

mc

Z mQy({u,m}) <

m=mec—1

const. const.

i mQy({u,m}) = Q\p( ) (5.59)

Together with the upper bound (GI3]) on Q(u), we have proved (G.57).
To prove (5.58]), we follow the argument in (5.54]) to have, for m < m.—2,

Me—m—2 me—2
BPIAES (00 -2 O)R £ 3 Qul0.0in )@l
B(uy=0

Again, using Jensen’s inequality, Proposition and (5.46), we have

Me—2Me—2
o f@Pe0am) =D Y Qu(0,0[{u,i})Qu({u.i})
m=0 i=m

a(u)<me—2

| \%

Ve
—20"%) ) " (0M)*' N? (5.60)
=1

This implies (G.58]). [ |
Lemma [5.3] can be extended to the following estimate:

Lemma 5.6. With the assumptions in Lemma [5.3, Qy(0,0) satisfies the
estimate

(Ao—c)® < Qu(0,0) < (Ao.) (5.61)

Proof. By Jensen’s inequality and Lemma [5.3] we have the lower bound

Qu(0,0) > [Qu(0))* > (Ao—.)?
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For the upper bound, we start with

Qu(0,0) = N?*=2NY Qu(u)+ Y Qu(u,v) (5.62)

u#0 u,v#0
< (Qu(0)’+ Y Qu(u,v)
u,v#0

Since the number of particles with momentum « € Py, is at most m.,
Z Qu(u,v) < Z Mme Z Qu(v) (5.63)
u€Pr, ,v#0 u€Pr, v#£0

By definition of Pr,, we have ), . Py, Me = mcng?’g?’/ 2A. The last factor in
(563) can be estimated by Proposition 5.4l Thus we have

> Qulu,v) = o(e”?[A]P) (5.64)

u€ P, v#0

For the terms EuEPIUPH,v;ém the upper bound on the total number of par-
ticles in P;r and Py in Proposition [5.4] yields that

Yo Qulwwv) < Y Qu(u)N =o(”?A]P)  (5.65)

uw€ PrUP,v7#£0 uePrUPy
Inserting (5.64), (5.:65) into (5.62)) and using the upper bound in Lemma
6.3 we obtain the upper bound on Qy (0, 0). [ |

6 Estimates on Kinetic Energy

In this section, we will prove the kinetic energy estimate Lemma [£1l This
lemma follows immediately from summing the estimates ((6.2))-(6.4]))of the
next lemma.

Lemma 6.1. In the limit o — 0, Qy(u, v) can be bounded above by

. —5/2) A |—2 <
lim | 0=%/2(A E;OQm(u,v) <0 (6.1)
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Furthermore, > u?Qy(u) can be bounded above as follows

oo [ 02417 Y w? (Quw) — (0h)?) | <0 (6.2)
u€ePr

— _ _ 8
T | 21 Y7 @ (Qulw) — (q0w)’) | < 2 505(6:3)
u€ Py,

w o 2 2 493/2 5/2 )42
lim,_0 A Zu Qu(u)— g0+3?go Aol <0 (6.4)

u€ Py

Proof. The bound (6.1]) was proved in (5.64]) and (5.65]). We now prove ([6.2])

concerning u € Fr.
The upper bound of Qy(u) in (BI3]) can be rewritten as

(0X)?
1 — (0Au)?

Recall g9 = 0(1+0(/2)) and the bounds on A in (). Since o'/? < [u| < 1
when u € Py, see Definition Bl the error term of the last bound can be
estimated by

Qu(u) < (0A)* + (6.5)

T -1,-5/2 2 (0d)*
Tim,_o|A] o oo T~ 0 (6.6)
wl/ 2« |ul<1 v

This proves (6.2]).
We now prove (6.3]) concerning u € Pr. Following the strategy of the
previous argument, we first use 0 > 1 — (gg\,)? > const.cz, in (59) and

(5I0) to rewrite the upper bound of Qg (u) in (BI4]) as

)\u 2 C
Qu(u) < () + const. 2

T 1—(0M)? EHEL (6.7)

The error terms are negligible in the sense that

> W — oo/
u€ Py, CHEL
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Since wy = gu|u| =2, 00 — 0 = O(0%/?) and |g, — go| < const. |u|, we have
tim 3 w? (252 (eow)?) ™2|AI ™ =0 (6.8)
u€ Py,

Summarize what we have proved, we have the following inequality:

limy ) (Qu(u) — (g0wa)?) o= *2A 7 (6.9)
u€ Py,
2
29 - -
< lim, Z < )2 (u—20)2> 02|\
u€ePr,

Let u = \/ok and h(k) = \/1+ 4go|k|~? as in (5:34). Then the right hand

side of (6.9)) is estimated as

1 / ) <1 +2g0lk|72 1+ 2(90|k‘|_2)2> 3 ~1/3
k _ dk’ + O(|A
CEN 2 (k) 5 (JAI79)

Direct calculation yields that

L[ e (LE200k 7 1 2Ag0lkDY a8 g
- = -3 1
2m)? /kERs"“ < 2h(k) 2 dk* = —c—595", (6.10)

Inserting this result into (6.9]), we obtain the desired result (6.3]).
Finally, we prove (6.4]) concerning u € Py. Recall the bound (5.28]) on

the ratio of Qg ({u,m})/Qu({u,m — 1}). Since |A\y| < golu|™2 (EI) and
u € Py, the factor on the right hand side of (5.28) can be bounded by ¢%/2.
Thus we have

=Y mQu({u,;m}) <> Qu({u,m})(1+0(*?)  (6.11)

m>1

We now repeat the argument from (5.27) to (5.28]) but refine the proof by
using Proposition [5.4] Hence for any u € Pp, we have

3" Qu({u,m})

m>1

\A\*Aiwom + Z oA (AQu (v) [Mudcurl)  (6.12)

veEPy,

IN
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By mean value theorem and A\, = —gi|k|~2 for k € Py, we have that
Ja € R : | —u| < v s.t.

99a

Autv — A_u| < const <8&

i gl ) ol (619
From the estimates (5.9) on A, and u ~ @, we obtain:

094 _ _
Ml =2l < const. (|20, + lallglu ) 1o

< const. |u| % G(u)|v), (6.14)

where by Schwarz inequality, we have:

2
G(u) = max { ‘ O9u

u’:|u’—u\§nzlgl/2

+ |gu’|2} (6.15)

We note that it is easy to check ), p. G(u)/A < co. Together with the
results on the total number of P, particles in (5.3), we obtain that, for o
small enough and u € Py, the last term in (6.12]) is bounded above by

A2 g2 495" 4o | 4 Somst-e” QgG(u) (6.16)
ul 3nz | © u?edmyg, '

The Q(0,0) in the last second term of (6.12]) is bounded by Lemma
Inserting (6.16) and (6.12) into (GII) and using A2 = w2 for u € Py, we

obtain that,
— 4637 1)\ 02
lim,—0 Z u? (Qq,(u)—(gowu)2 (1 + 37(;2 QO/ Al <0 (6.17)
This proves (6.4). |

u€ Py

7 Estimates on Pair Interaction Energies

7.1 Proof of Lemma

First, with the fact aLaLauau < (a:ﬂau)2 and 0 < |V,| < Vp for any u, we
can bound Hgp as follows

Hg < VoAt Z a}:auaiav + A7t Z Vu_va:&aualav (7.1)
u,v uFv
< VoNo+ VoAt Z a}:alavau = 2VyNo — VoA™! EI(CLZCLU)2
uFv U
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Therefore we can bound the expectation value (Hgy):

(Hs1)w < 2VoNo — VoA™Y~ Qu(u,u) < 2VoNo — VoA 'Qu(0,0) (7.2)

By the lower bounds of Qg (0,0) in Lem. and the definition of gy in
(B14), we have proved Lemma

7.2 Proof of Lemma

We start the proof with the following identity for (¥|a}, al, Qg Oy | V).

Lemma 7.1. For any fized uj 234 € A* and o € M, define T'(«) to be the
state
IT(a)) = C’aTulaL2au3au4|a>, (7.3)

where C' is the positive normalization constant when |T'(«)) # 0. Then we
have

(Ulal, af, ;00| 0) = f(a)f(T(a))\/ (@] atiy @iy Gy @y |ady alyauy o)
aeM
(7.4)

The map T" depends on 11234 and in principle it has to carry them as
subscripts. We omit these subscripts since it will be clear from the context
what they are.

Proof. For any uy234 € A* fixed, by definition of ¥, we have

(Ulal, al,ausau, | ¥) = > f(a)F(B)(Blal, al,au,au o) (7.5)

a,BeM

By definition of M, we have

(Blal,, al,ausauyle) # 0 = 8= T() (7.6)
Since |T'(«)) is normalized, the identity in Lemma [71]is obvious. [ |
Lemma [4.3] follows from the following lemma and A\, = —w, for u €

Py U Pr. Notice that the factor 2 in the estimate of Lemma [4.3] is due to
the complex conjugate in the definition of Hgs. Similar factor also appears
in Lemma
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Lemma 7.2.

o > ((ValAI"'alal, a000) — BVida) %A1 =0 (7.7)
u€PrUPy

_ B B v 3/2
limy,, o Y ((ValAlalal a0a0) + giVaw, ) e /2417 < 20— (7.8)
u€ Py,

Proof. We first prove (7.7)) concerning with v € Py U Py. By Lemma [T.1]
we have

(VulA| ala a0a0> (7.9)
= VAT DT f@)f(A%)V((0)? — a(0)(a(u) + D)(a(—u) + 1)

a:aeM, A aeM

The case that « € M and A"« ¢ M can only happen when «(0) =0 or 1
and thus has no contribution. From the relation between f(«) and f(A"«)

in (B.4]), we have
T3 = N ValAI72 Y 1F(@)Pa(0)(a(0) — 1)/ (au) + 1)(a(~u) + 1)

aeM

(7.10)
By the Schwarz inequality, we have

S a(0)(@(0) = 1) (Via(w) + D{a(—u) + 1) — 1) |f(a)

ZMV( )2

67

< N? = N?Quy(u) (7.11)

Inserting (ZII)) into (CI0) and summing over u € Pr U Py of (TI0), we
obtain

> ((lalalal, a0a0) = Vud(Qu(0,0) = Qu(0))) (7.12)
u€PrUPy
< const. g%|A| Z Qu(u)

u€PrUPy

From the upper bound of > Q¢ (u) in (5:29), the right hand side of above
inequality is bounded by (0(0°/?A)). By the bounds on Qy(0,0) in Lemma
.6l we have proved (7.7)).
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To prove (Z.8) concerning u € Pr, we note that (7.9) still holds, but
Ao ¢ M when o*(u) = m.. Therefore, for u € Pr, (7.9) is equal to

Val AT > Fla) f(A"a)V/a(0)(a(0) — 1)(a(u) + 1)(a(-u) +1)

a:aeM,a*(u)<me

We can express f(A"%a) in terms of f(«); in both cases: a € M or v € M,
we have the following identity:

Fla) f(A"a) v/ (a(u) + 1)(a(-u) +1) (7.13)
= Aalf(@)P[ATVa(0)(a(0) — 1)(a (u) + 1) (7.14)

Hence, for u € Py,

@9 = > MVl A 72[ f (@) Pa(0)(a(0) — 1)(a” (u) +1) (7.15)

a:a€eM,a*(u)<me

We note A\, < 0 and V,, = Vj > 0, for u € Pp. For any o € M, a*(u) —
a(u) < 1 by definition. Hence we can replace the summation o*(u) < m,
by a(u) < m.— 2 to have an upper bound. Summing over u € Py, of (7.15]),
we have

(> ValA " alal ,a0a0)

u€ Py,

< DY AV (@)Pa0)(a0) — Da(u)

uePr a(u)<m.—2

+3 Y AVUAPf(@Pa0)a©) ~ 1) (7.16)

uePr a(u)<m:—2

The last term is equal to

u€ Py,

S Z AVa A 72(Qu (0, 0[w, §)Qu (u, 6))

wEPy i=me—1

Since Qy(0,0|u,i) < N2, the last term in (Z.I7) is bounded from above by

Z i const. | A0’ Qu (u,1))] < 0(0®?A), (7.18)

u€Pr, i=me—1
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where we have used (5.45]). For the first term of (Z.IT), we can bound it by
using Lemma 5.6l We now use (5.58) to estimate the first term on the right
hand side of (Z.16]). Combining these results, we have

2
(3 ValAl el yaoan) < 30 A2 (1 208 — (o))
)\u)
u€ Py, uEPr,
+ 3 AVl +o(g5/2A) (7.19)
u€ePr,

Since |Ay0| < 1 and |Vu| < Vo, we have

Z | AV \g ( )2 < Z Voo (_()\))\ E < const. ¢°2A  (7.20)

uEPy, u€Pr,
By (5.39), we have
> PuVule’s (o) S(0X)2Ve < 0(02A) (7.21)
u€ Py, ( )

Inserting ((C20)-(Z21) into (ZI9), we have
> (ValAl™alal yaoao) + wuvugo)

u€e Py,
< D Qutw)Vagy+ Y Vae’s 2A2 +o(”?A)  (7.22)
uelPy, uelPy,

Since |gu, — go| + |V — Vo| < const. |u|, we can replace w, and V,, by go|u| =2
and Vj in last inequality so that the rhs of ([7.22]) is bounded by

3 - A o?
VOQ(2) (Au + golul 2) + VOQ2 E m + O(Q5/2A) (7.23)
u€Py, uelPy, u

- A3 0
= VOQ(2) Z <)\u + go]u\ 2 + m) + O(Q5/2A)

u€ Py,
Let u = \/Ek; We have

. _ A3 0? _ _
s, > (Au + golu| 2 + m) o 2AT (7.24)

u€ Py,

1 1
_ 1im—3/ golk 2 (1= ——— | a#?
=0 (2m)% Jop <hj<n;? V1 + 4golk] 2

g 7‘('_2
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So the leading term of right hand side of (7.22]) is equal to %93/277_2(95/2A).
This completes the proof for (7.g]). [ |

7.3 Proof of Lemma (4.4
Define P(u,v) by

P(u,0) = > FA")F(A) Y (1(w) + D(y(—u) + D(v(v) + D(y(—v) + 1)

yeM
(7.25)
Recall f(a) =0 when |a) =0 or a ¢ M.
Lemma 7.3. Let u, v € A*, u # v and u,v # 0.
If one of u and v € Pr, U Pr, we have the following identity.
(Wlalal ava_,|¥) = P(u,v) (7.26)
If u,v € Py, we have
(@|alal  aya_s|¥) — P(u,v)| < const. o* [AuAy| (7.27)

Proof. We first prove (7.26]) and assume without loss of generality that v €

P; U P;. Using Lemma [7.1] we rewrite <aLaT_uava_v>q, as

(alal jaya_y)y = Y f(@)f(T(a)V/(a(u) + (a(-u) + Da(v)a(-v)

aeM

(7.28)

Here |T(«)) = C’aLaT_uava_U|oz> and C' is positive normalization constant.

Since v € Pr, U Pr and a(v) > 0,a(—v) > 0, by definition of M there exists
unique v € M such that

A’y =« (7.29)

Therefore, with |T(«)) = C’aTuaT_uava_v|a>, we have
T(a) = A"y. (7.30)
Furthermore, by (7.29]), we have
v(u) = a(u) and v(v) = a(v) + 1. (7.31)

Inserting (.29]), (T30]) and (Z31]) into (Z.28), we have proved (7.20]).
To prove ((.27), we define N, as the following set:

Ny, ={a € M|Vy e M, A"y # a} (7.32)

34



Following the previous argument, we have

(alal yava)y — Pluv)| < 30 |f(@)f(B)(Blalalasafo)]

QEN'mﬁENu
(7.33)
The right hand side can be divided into two cases:
> F@)F(B)Blaal yavail)|  (73)
a€Ny,BENu,B(u)B(—u)Za(v)a(-v)
+ 3 F@)f(B)(Blalal ,ava—]a)]

€Ny,BENu,a(v)a(—v)>B(u)B(—u)

By definition of f, if (Blala’ ,ava_y|e) # 0, we have |£(8)] = |Au/Aof(a)],
B(u) = a(u) + 1 and B(—u) = a(—u) + 1. Denote by N, , C N, the set

Nyy ={ae Ny : (a(u) + 1) (a(—u) +1) < a(v)a(—v)} (7.35)
Hence we can bound (7.34]) by

> F@)f(B)(Blalal ava|a)] (7.36)

QEN’U756N’U

\f( )Pa(v)a(-v) + (8)*B(u) B(—u)

OéENv, ﬁeNu,'u

Now we bound }_ . |f(a)]Pa(v)a(—v). If @ € N, and a(v)a(—v) >
0, then with Proposition 5.3, there exist o/, v € Pr, with o/ € M}, such that

a=A"""Td (7.37)
If o/ ¢ N,, then there exists v s.t. Ay = o'. Hence
AP (A" F) =a=a¢ N,

and we have a contradiction. Hence we have o/ € N, and o/(—v) > 0. Again
by Proposition 5.3} there exist o, v” € Pp, such that o’ € M},

of = A (7.38)

Combining (7.37) and (7.38)) and using (5.7), we express f(«) in terms of
f@”), o ("), &”"(v") and ”(0) and X’s. By definition of M, " (v) < m,

for any v € Pr, and we obtain

F(@)? < const. 0*mZA2AZ Ny hpr| F(7)2 (7.39)
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By (GII) and —v +v',v +v” € Py, we have
| f(@)?* < const. 0*mZ\2e* f(a”)? (7.40)
Summing over v’, v € P, and o € M, we obtain

Z |£(@)? < const. 0°n; “m2X\2e ! < (0°\y)? (7.41)
a€Ny,a(v)+a(—v)>2

Similarly, one can prove that

> 1F(@) < (6®A)™ (7.42)

a€Ny,a(v)+a(—v)>m

Hence, we can obtain

>

aENy

[f(@)Pa()al(-v) < Y |f(@)Paw)a(-—v) < 20" Auo|

a€ENy

all
Av

all
Mo

Inserting this result into (7.30) and using the symmetry, we obtain

Y F)f(B)Blalal yava_y]a)] < const. g NN, (7.43)
aENy,BEN,
This completes the proof. [ |
ToT

Using this lemma, we can estimate the term (ayal ,a,a_,) as follows.

Lemma 7.4. For u,v € PrU Py,

Qu(0,0) — Qu(0) ‘
A2

< Pl 2 ((Quu, v) + Qulu, —v)) /2 + Qu(u) + Qu(v) + const. 0%)

<aT al AyG—_y) — ANy

u-"—u

(7.44)

Foruwe Pr,v e PrJ Py,

Quw(0,0) — Qu(0 A2
o ava ) —AW( w( |3x|2 w(©) | 12%)‘ (7.45)
< | 6 (Qu(u, ) + Qu(u, —v)) /2 4 2Qu (v)
40°\2
+ 1_97;3(@"/2 + (0ha)*V™))
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For u,v € Pr,

Foaas) = A Qw(0,0) — Qu(0) (7.46)

AP
< ] 08 (Qulu, v) + 2Qu (u) + 2Qu (v) + 3)

We note that there is no absolute value on the left hand side of the inequality
when u,v € Pr.

(ala

Proof. We first prove (7.44]) concerning u,v € Py U Py. By Lemma [.3] we
have
‘( TaT WAv@_y) — P(u,v)| < const. o* A\, (7.47)

where P(u,v) is defined in (T.25). By the property of f in (54, we can
rewrite P(u,v) as

> Al fp 2 —© (7.43)

yeM,A¥ye M, A?ye M |A|2
x V0w + D)y (~u) + D) + D(v(-v) +1)

The situation that v € M and A“(")~y ¢ M can only happen when ~(0) = 1
or 0. But in this case, 7(0)> — v(0) = 0 and the term vanishes. Hence
the summation of v in (Z48) can be replaced by >_ .,,. Therefore, for
u,v € PrU Py, we have

Qu(0,0) — Qu(0)

'P(u,v) — Ay TNE (7.49)
< T P
yEM

x [V + D60 + D00) + DA + 1) - 1)
From ~(0) < N and the Schwarz inequality, the rhs. is bounded by

D Al IF ()P 2[<W+1> (WH)—@

yEM
(7.50)
By symmetry, we have Qg(u) = Qu(—u) and Qg (u,v) = Qu(—u,—v). So
we have

T30 < 0] 2 (5 (Qulu) + Qula ) + Qulw) + Qo)) (751
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Together with (7.47), we have proved (7.44)).

We now prove (7.45)) concerning v € P, v € Py U Py. Following argu-
ments in the previous paragraph and using (5.5]) and (5.6]), we can rewrite
P(u,v) as

T AP 20 (7.52)

yEM, AvvyeM |A|2
X/ (7 (u) + D (v*(—u) + D (v(v) + D(v(=v) +1)

Notice that no matter we use (5.5) or (5.6)), the final result is the same. For
v € M with (0) > 2, the case A%y ¢ M can only happen when v*(u) = me.
Hence, the summation of v in (.52 can be replaced by > . Since
v*(u) = v*(—u), for u € Pr,v € Py U Py we have

7 () me

Z Aol F \Z%W*(u) FOVED T DEC) T D)

(u)
" (7.53)

Since v(0) < N, we have

Plue) = A SRR S \Q%fm)
< > e PP (y (w) + 1) (\/ —v) +1) —1(

v* (u)#me
+ Yo AP (3 () + 1) (7.54)

Y (u)=me

We can replace E ;Am in the first term of rhs. by nye u to have an

upper bound. Since \/ v)+ 1)y (=v)+1) =1 < [y(v) + y(—v)]/2 and
¥ (u) < ~vy(u) 4+ 1, we can bound the right hand side of (T.54]) by

Audol 0 |5 (Qulu,v) + Qu(u, —v)) +2Qu(v) + Y 2f(7)27(u)}7-55)

Y(u)Z2me—1

The last term is bounded in (5.57), i.e

2 (u <ﬁ 1/2 7.56
> @A )< (7.56)

Y(u)Z2me—1
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The estimate (Z.45]) follows from last three inequalities and (Z.52]), pro-
vided that we can establish the following estimate

42
Z|f |27T‘2(0)7*(u) = %[14_0(@7/2) +O((Q)\u)2\/m_c)]

(7.57)

To prove this, we first divide the summation of v into v € M} and v € M.
For the case v € M, we have
70) .

5 1P 2w < o < o1 (1+64),

yeM;

2
(1= (eAu)?)

(7.58)
where we have used (5.14]) in the last inequality. For the case v € M¢, using

(£22)), we have

S 1fy rQ’YT,J@w*(m " 1

’YEMO‘ 'YEMS
8 (Q)‘U)
< bt 7.59
-\ (759
This proves the upper bound part of (7.57). The lower bound follows from
(B.58) since v (u) = y(w).

Finally, we prove (7.40) concerning u,v € Pr. Similar to the previous
argument, by (5.5]) and (5.6), we can rewrite P(u,v) as

S AP 20 (7.60)

2
yeM,Avye M, AyeM ‘A‘

X/ (7 (u) + D (v (—u) + D (v*(v) + D (v*(~v) + 1)
Since AyA, > 0 and v*(u) = 7*(—u) we have for u,v € Py,

Qu(0,0)
_ < _
yeM
(7.61)
Using v* — v < 1, we have proved (7.46)). [ |

We now can now prove Lemma [4.4]

Proof. Summing over u,v # 0 of (Z.44)), (L45]) and (Z.46]), we obtain that

Z "/X’_; (afal Jaya_,) < A+ B+Q (7.62)
u, v#£0
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where
A=

Q\I/(07O) — Q\I/(O) Z Vu—v)\ A

2 2 U\
A] 2T

Ve 0 \2
B=2 Y |Z|2”AHAU1_ Y
u€ P, wve PfUPg 0

Q = #( Z |Vu—v||>‘u>‘v|Q2Q\IJ(U,U)+ Z 4|)‘u>‘vVu—v|Q2Q\P(U)
u, v#£0 u€PrUPyH ,v#0
+ Z 3|Vu—v||>‘u)\v|92(Q\Il(u) + 1) + Z const. Q4|)‘u)\v||vu—v|
u, vE Py, u,v€ PUPy
FY AV 2 4 () g)wm_ﬂ) (7.63)
u’ v u—v 1 _ Q2)\% u

uEPL,UEP]UPH

The error term Q can be bounded by using the following facts, (1):
loAu]l < 1, (2): [0, 20 AwVu—o| < const. A, (3): [V < Vo, (4): [Au| <
golu|~%for any u # 0 and (5): 2w [AuVu—pAy| < const. |A|%:

u2v?
u, v#£0 u€PrUPy u, vE Py,
312
0° Ay e
ALEDY mA(@"/2 + (Auo)? )> (7.64)
u€ Py, u

By (61 and (5:2), the first two terms on the right hand side are bounded by
0(0°/?). Using the trivial bound Qg (u) < m, for v € Py, the third term is
also bounded by o(¢%/?). By (Z20) and (Z.2I)), the last term is also o(0%/?).
Hence the error terms are bounded by Q < o(p°/?).

We now estimate A and B. Notice that (Qg(0,0) — Qgu(0))|A|72 =
9(2) + 0(95/ 2). Hence we shall replace this factor in A by 9(2). Since A\, = —wy,

for u € Py U Py, we have

Z Audy = Z Wy Wy — 2 Z (A + wy )wy, + Z (Au +wy) (A + wy)

u,v#0 u,v#0 u€Pr, ,v#0 u,vEe Py,

We can now decompose A into

A= ||[wV|l1gf + A1 + Ay + Az + o(0"?) (7.65)
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where

V-
Ay = —203 Z ﬁ()\u + Wy, )Wy
uEPL,UEP]UPH

V-
Ay = 20} Z #(Au + Wy )Wy
u€Pr veP],

Vu—v
u,vePr,

Since |wy 0| < const. plu|™2 < 72, we have A3z < 0(0%/?). We can also obtain
the simple estimate Ay < o(0%/?).
If we replace % in B by 03, which is equal to ¢* — O(0%/?), we have

Vi—v 2 92)\3
B+ A =-2 Z i Wl AT + A+ wy (7.66)
u€Pr, ,ve PITUPy |A| 1= S )\u

Using |Vy—y — V4| < const. |u| for uw € P, and v € Py U Py, we can simplify
B+ A; as

2|Vl Au 5

B+A <—7—7— — /2 7.67
u€ePr,

Since |g, — go| < const. |u|, we have |w, — golu|72| < const. /2.

Then we can replace w, with go|u|=2 in (Z87). Setting u = o'/?k, we have,
by definition of A,

A
. 1/2 Ay—1 u —2
ting(o/2) ™ 3 (=g + anlel?) (7.68)

1 L (VI AglR[? 1 dk%iﬁ
V1 + 4golk|~2 m?

Inserting this result into (.67) and (7.65]), we have proved (EIT]). [ |

8 Proof of Lemma

In this section, we prove Lemma concerning potential energy terms with
one ag. Let v; € A* and v; # 0 for j = 1,2,3. Define Py, . as the following
subset of Pg:

Py . ={k € Py : |k| <k} (8.1)
The following lemma classify all possible scenarios of v, v9, v3. Through
out this section, we assume that v; # 0 for ¢ = 1,2, 3.
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Lemma 8.1. Suppose 5, € M and (a\agailavza%]m # 0. Then there are
only three possibilities:

" v1 € P, v2,v3 € Py c,v; # tv; fori# j. (8.2)
2.

v1 € Py, e, va € P, v3 € Py ¢, v; # £vj fori# j; or 2 < 3. (8.3)
3.

v € P, v9 € Pr, vs € Pp. (8.4)

Proof. Since particles with momenta in P; are always created in pair, e.g.,

(u, —u), either none of v;’s belongs to Py or two of them belong to P;. Thus
we have:

v1,v9 € Pf = vy = vy, or 2+ 3 (8.5)

vy, V3 € Pr = v9g = —u3. (86)

If two of v;’s are in P, by the momentum conservation vy = wvo + w3 the
other one must be equal to zero, which is a contradiction. Therefore

v; & Pr, for 1 <¢<3. (8.7)

The restriction |v;| < k. follows from the construction of M. Therefore, we
have

v; € Pr U PH,c, for 1<i<3 (8.8)

Since particles in Py . are always created in soft pair creations which

generated two particles in Py ., the number of particles in Py . is even. So

either none of v;’s are in Py or two of them are in Py .. Together with

(BS), and momentum conservation, we prove the lemma. |

For fixed v1,v9,v3, define

F(a) = > () - a(—v) (8.9)

i €Pr,,i=1,2,3

Lemma 8.2. For any o, € M if (a|a$alla02av3|ﬁ> # 0 and v; # *v;, we
have:
Fla)+ F(B)=#{i=1,2,3:v, € P.} (8.10)

Furthermore, the ratio between f(a) and f(3) is bounded as follows.

o/ N OFO) FB)VAu, < omyNTOTFO g4y
[ F@) VA a(0)/A] T ’
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Proof. Since v; # +vj, for each i fixed, if a € M, then 8 € M} and vice
verse. This proves (810]).

Recall the definition of f in (3.18)). Then one can check the ratio involv-
ing f(8)/f(«) in (8II]) depends only on the last factor

11 Aot (u) Ay | AT
uePr,a*(u)—a(u)=1

We now use (5.10) to bound A in this expression. Since F'(a) counts how
many times this factor appears, this proves (811). [ |

Using the definitions of 7, and m., the bound «(0)/A < p and lemma
[.1]l we have

F(@)£(8) alabal, av,au, 1) (8.12)
< VRTTTOMGE o 2ete | /et ale)  Diats) + 1)
and

F(@)f (B)alalal, aan|8)| (8.13)

< VN m I antag o 1/ (Blon) + DB Blus) £ (8)

Lemma follows from summing the three inequalities of the following
Lemma.

Lemma 8.3. In the limit k. — 0o, o — 0, we have
3/2

T, 9 g
T, oAl 2072 Y (Vosahal, avsan ) = =2Vl Ly (8.14)
B2
Timy, |A|~207°/2 Z ‘sz <a$allav2av3> =0 (8.15)
B3)
Timy,, ,|A|~2075/2 Z ‘VUQ <a$a}:1av2a@3> =0 (8.16)
(G

Proof. We first prove (8I4]) concerning (82), which implies that F(a) +
F(B) = 1. By the bounds on A, in (5.I0) and a*(u) < m, for u € Pp, we
have, for F'(3) = 0 the following slightly modified version of (8.13)

(@) £(B)]|(alabal,anan )| < 07 'y AT VB(e2) Blus) £ (9)
(8.17)
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Here we replaced o~ 1/20 in (BI13) by 0~ 110 to accommodate small errors.
Summing over § with F(3) = 0, we have

> 1B)f(@) [(alajal, ananlB)] < 01O NG Qulu.v) (3.18)
F(B)=0

Using the bound (5.42) on Qu(u,v) and |\, < golu|™2, we obtain that
BI8) = o(c®).
Since F(«) + F(3) = 1, the other case is F(a)) = 0. Hence we have

(abal, avau,) = Ay + Az + 0(0%?) (8.19)
A= > Va)a(o) f(@)f(8)
F(a)=0

4y =3 Va©al) (Vialw) + Diaus) + 1) 1) f(@)f(5)
F(a)=0

By the estimate (811]) and the Schwarz inequality [2(1/(a + 1)(b+1)—1)| <
a + b, we have

) < gt 3 QLA e (5.20)
F(a=0)
< 0"%(Qu(v2) + Qu(v3)) < 0(0?), (8:21)

where we have used the bounds on A’s and Qy(u) for v € Py.
By the property (5.7)) for f, we have

AL =2 Y a(0)a(on)|Al ()] (8:22)
F(a)=0
We notice
> aOa()f(@))? = Qu0,v1)[AIT = > a(0)a(vr) A7 f ()
F(a)=0 aEMg,

(8.23)
The absolute value of the second term is less than ome Y, cpa | f(@)]?
v1

By (5.23)), it is less than o”/*. Then with |/ Ay, Ays| < O(e77), We obtain

(adab, auauy) = 20/ Xephes Qu(0,01) A7 + 0(0%?).  (8.24)
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Recall A\, = —w,, for v € Pr U Py and w, = w_, due to our assumption
on V. Since v1 < P ~ /o and v2 = —v3 +v1 and vy € Py, we can check
that

Aoy = Ay | < 017 (8.25)

Inserting this in (824]), we arrive at
(ahal, a0, ) = 20, Qul0,01)|AI ™" + 0(0"*) (5.26)

In the limit k. — 00, 0 — 0, we have

‘A‘_z Z <Vv2a§)allav2av3> = —”VU)Hl‘A‘_z Z Q\I/(Oyvl)+0(g5/2)

v1E€PL,v2€PH v1EPL,
(8.27)
We note
A7 D Qu(0,01) = ol Al Qu(0)=[A7?Qu(0,0)— A > > Qu(0,u)
v1 EPL, u€PrUPy
(8.28)

The last term is less than N|A|72Y cp p, Qu(u) < o 0°/?) by Theorem
b1l Together with Lemma [5.6] 5.3 on Qw(0,0) and Qw(0), we can compute
the first two terms, i.e.,

A7 D Qu(0,01) = go(e — eo) + 0(”?) (8.29)

1)1€PL

This yields (814).
We next prove ([8I50) concerning (83). Without loss of generality we
assume that

V1,3 € PH,c and vy € Py, (830)

Following similar arguments in the previous proof, i.e., using Lemma [7.T]

BI2) or (BI3]) and the bounds on \,’s, we have

(afal, ama)| < 7 om0y Ja()(as) + 1) [} |1F (@) (8:31)
F(a)=0

Y o /BB + ) A8

For the upper bound, we can replace F(a)=0 by > .car- Using the upper
bounds (B.15) and (5:42) on Qu(u) and Qg (u,v) for u,v € Py, we obtain

‘<a$all Ay av3> < const. ¢?/2. This proves (815).
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We now prove (816) concerning v; € Py, satisfying F(a) + F(8) = 3. It
is easy to prove that the contribution from the special cases, v; = —wvg(or
v3) or ve = v3, is negligible,

mm, Y

special cases

Vip (adal, avyang)| 052 |A]72 = 0 (8.32)

So from now on we assume that v; # tv; for i # j. As before, we rewrite

(abad, ayyay,) by using Lemma [T and (812) or (RI3). Together with the
bounds on \,’s and «(v;) < m,, we have

’<a$a11 Ay, av3>‘ < Z N~™ Q 10 |f(« Z o 1o |f(a (8.33)
F(a)= =1
+ Z N~ Q 10 |f Z 0~ 10 |f
F(B)= F(B)=

By symmetry, we only need to estlmate the first two terms on the rhs. The
first term is less than N 1o~ 10. For the second term, we note F'(a) = 1
implies that there exists 4,1 <14 < 3 such that o € M. By (5.23)), we have

> (@ < (8.34)

F(a)=1

This implies ](agailavzawﬂ < ¢'/? and (8I6), which complete the proof.
|

9 Interaction Energy with Four Nonzero Momenta:
The Classification

In the next three sections, we will prove Lemma involving interaction
energy without ag. We will show that the only contribution to the accuracy
we need comes from four high momentum particles, to be computed in next
section. In this section, we start the procedure of identifying the error terms.

For o, 8 € M, we have the following lemma, similar to Lemma B and
Lemma Since it can be proved by same method, we will only state the
result.

Lemma 9.1. Suppose v; # 0,1 < i <4 and v1 +ve # 0, v1 # v3 or vg4. If
<a]all a;r,zav3av4\ﬁ> # 0 for some o, 3 € M, then there are exactly four cases:

1. All of v; € Pp, for 1 <1i < 4.
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2. v1,v2 € Pr, v3,v4 € PH,c-

3. One of v1,v2 is in P and the other is in Py .; one of v3,v4 is in Py,
and the other is in Py ..

4. All of v; € P for 1 <i <4.

If v; # £vj, for 1 <4,5 <4, we have

e G % < oRYFTOTO g
F(@)f(B)lalal, af, 00,0, (9.2)
< VNI g Jete ol (e + Dial) + DI (@)

and
F(@)f(B)(alal, al,am0,]9)| (9.3)
< VNI g R ) + () + DA ) ()
PROPQSITION 9.1. For uw € Pr, and v € Py, we have the following
e > o) 70| < n] 6 (94)
e

Proof. By definition of M ([39), for any a € MY, there exist 5 € M} and
k such that A“*3 = o and +k + u/2 € Py .. Clearly, for any v € Py we
have a(v) < B(v) +1 and the case we need the constant 1 occurs only when
v=k+u/2orv=—k+u/2. Hence we can bound the left hand side of

@.4) by
oD BWIFAYBI+Y D (AP (95)

B k:tk+u/2€Pgy B kitk+u/2=v

Recall (57) implies that

[FCASFB) 2 < | (B)7 0mel Al [ Ak awja Ak uso] (9.6)
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By the bound (5.11]) on A, we obtain that

Me _
@3 < Zﬁ |29| A | X Pespdonl |+ IIAIT
+k+u/2€Py
< Qw( v)emeey ke + | [A]7 (9.7)
Using Proposition [5.4], we have proved (Q.4]). [ |

Lemma 9.2. We have the following estimates on the interaction energies:

T, o 0 2A72 Y

v1,v2,3,v4E€PL,

T, o 0”2 A >

v14+v2#0,v1,v2 € Pr,v3,04€ Py

Ty, o 0 2IA72 Y

v1,U3€PL,v2,v4€Py

Vior —vs <allaj)2av3av4>ql‘ =0, (9.8)

Vior—vs <allalzav3av4>q!‘ =0

(9.9)
Vor—vs <aila:ﬂzav3av4>\p‘ =0 (9.10)

In other words, the contributions from case 1, 2 and 8 in Lemma [91] are
negligible for our purpose.

Proof. We first prove the (O.8]) concerning v; € Pr,. By Lemma [l 1] we have

(ol alavan ), | < D7 1F(@)F(T(@)) (9.11)

Using the Schwarz inequality, we have ‘<alla12av3av4>qj‘ < m2. The sum-

mation over the v; with v; = £v; for some 1 < ¢ < j <4 is negligible in the
sense that

|A|_2 Z ‘<a:f}1 a12a03av4>\1/‘ < 0(95/2) (9.12)
v1,v2,v3,v4 € P, ,vi=%v;

From now on, we assume that v; # tv; for any 1 <i < j <4.
Using ([@.2)), (@.3) and the bounds (G.I0) on A, we have

‘<alla12av3av4>qj‘ Z QlON 1|f ) |
F(a )<1
+ Z oT[f(@)?+ Y o™ NTYf(B)?
F(a)= F(p)<1
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By (5:24]), we have ‘<al1a12a03av4>ql‘ < ¢°/°. Together with ([@I2) and

A= Q_25/8, we can sum over v; to have
-2 5/2
A3 (el al,ana ), < o(e?) (9.13)
v1,V2,V3,04€ P,

We now prove (@.9) concerning vy o € Pr, and v34 € Pp,. As before, by

©2), @.3), (5I0) and (51I)), we have
(alal,auan) | = Y N7eB/ales) + Dialey) + If(@)?

F(a)=0

by o [
F(8)<1 v3iva

By the Schwarz inequality, we have that the first term in rhs. is o(g*). Since
v3,v4 € Py, by (542) we obtain that the second term in rhs. is o(o'/4). So

11

‘<allal2av3av4>qj‘ <% (9.14)

Summing over v;’s, we have proved (Q.8)).
Finally, we prove (O.I0) concerning v13 € Pp and vpy4 € Py. Again,

with (@.2), ([@.3]) and the bounds on X’s in (5.10) and (5.I1]), we have

‘<allal2aygav4>q/‘ < Q1+ Q2+ Qs (9.15)
@ = X N7 \/ vz )(M(”“‘”l)rf(a)r? (9.16)
F(a)= v
Q2 = Z N~ 1Qm\/( )(|C§\(UT)+1)’JC(B)’2
F(3)= v
6= 3 o Gl (9.17)
F(a)= 2

By Theorem [5.1] and the fact /z < z for € N, we have

Q1 < N0 A2 (Qu(v2) + Qu(vz,v)) < o,
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where we have used the bounds (5.15)) and (5.42)) on Qu(u) and Qu(u,v).
Similarly, we have Q2 < ¢®. Again using the fact \/z < z for z € N, we
have

71 _ _ 1 _
Q3 S Z Qﬁa(v2)‘)‘v2‘ 1/2‘f(04)‘2+g 110 ‘)‘vz‘ 1/2Q\1/(U2,U4)
F(a)=1
-1 _
< 3 oma(u) el V2@ + 0%,
F(a)=1

where we have used (5.42)). We can estimate the first term in rhs. by (@.4]).
Collecting all these bounds, we have proved that

‘ <allal2 Qg Qo >\1/‘ < 92'7 (9.18)

i v i’s, Wi Vi Vi .
Summing over v;’s, we have proved |

10 Interaction Energy with Four High Momentum
Legs I: The Main Term

We now estimate of the interaction energy in the case 4 of Lemma [0.] i.e.,
ki, i =1,2,3,4 satisfy

ki+ko=ks+ky ki+ko#0, ki ks, ki # kg, ki € Py . (10.1)

In the remainder of this paper, all p;’s, ¢;’s, k;’s belong to Pp . and u;, v;’s
belong to Pr. We start with some special cases.

Lemma 10.1. Suppose k; satisfy (I0.1). Then we have

Z ‘Vkl—k):; <a£1a21ak3ak4> =0 <Q5/2|A|2> (10.2)
1,R3

Z ‘V%l <a£1a22a_klak4> =0 (95/2]1&]2) (10.3)

K1,k

Proof. By definition of f, if (a\a};la};lakgak4W> # 0, then

Avy Avy
Avg Ay

fla) = f(B) (10.4)
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Aky Aky
YOI

Using Lemma [T.1], we have
Z H V) +1 H VBB
(10.5)

Consider first the case k1 = k2 and, by (I0.1]), k3 # k4. Using the estimates
(B1T) for Ag,, we have

‘<a;rc ag, aksak4>

= s s 2 0710 (Qukr, ks ka) + Qu (ks k1) (10.6)

‘<a£1a21ak3ak4>

Since Ekl Qu(k1, ks, ky) < NQu(ks, ks), we have
Z ‘<a£1a21ak3ak4>
k1

With k3 # +k4 and the bound on Qg(ks, ks) in (5.42]), we arrive at the
desired result (I0.2).
The case k1 = —k3 can be proved in a similarly way by using

V(B(k1) + 1)(B(k2) + 1) < 5(B(ka) + B(k1) +2).

= s hos| 77 0710 (NQu (k3 ki) + Ak2Qu (ks k)

|

By symmetry, we can prove some other special cases such as k; = —ky
are negligible. So from now on we focus on the cases

ki+ ko =ks+ kg, k; € PH,c, k; 75 :|:k‘j for 4 75 7 (10.7)

This condition will be imposed for the rest of this section. Denote by
M [k, k2] the set of all states created by a soft pair creation AF1+h2, ki/2—k2/2
from another state, i.e.,

M(ky, ko) = {ﬁ € M|3a € My, ., such that Abathz, ki /2=k2 /20 — ﬁ}

(10.8)
if k1 + ko € Pp. Otherwise, we set M|[ky, ko] = (). Notice that

‘Ak”kz’ kl/Z_k2/2a> = Ca} a}, ak, 1 1,a0l0)
for some normalization constant C'. Hence for 8,y € M, if

(Bla}, o}, ansansly) # 0,
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we have k1 + ko = k3 + k4 and

Akitke, k1/2=k2/2, _ B e Akstha, ka/2=ka/20 — Y (10.9)

The main contribution of the four nonvanishing leg term is identified in
the next lemma.

Lemma 10.2.
lim ™ 2A1* Y0 DT Viok (S () (Blaf, af ax,an )
’ Q7 BeM (k1 ,k2)
1
2 3/2
< 4wV 1750} (10.10)
Proof. By ([10.9), we have
> 1016)(Bla}, afaxarly) (10.11)
BeM (k1,k2)
4 4
=TIV X 4f@PIAa)alk + k) [T Vialk) + 1)
i=1 a€M; i=1
We claim that (I0.I1]) is very close to the following expression:
IV D 4f(@PIAa(0)alk + ks) (10.12)
1=1 ozEM]lec2

For z; > 0, we have

1< V(o1 + (22 + V(g + 1) (@4 + 1) < — (21 + 22 + 2) (23 + 24 + 2),

(10.13)

| =

Since a(0) < N and a(ky + ko) < m., we have

D — @) _ e (5
‘H?:l V )\ki‘ - |A| i
where we have used (5.15) and (5.42).

By definition, Qu(0,ky + k2) = > cpr @(0)a(ky 4 k2). Together with
a(0) < N and a(ky + ko) < m,, we have

2
iHZQqu(ki,kj)) < ﬁ (10.14)

,J

(I012) _9 4dmeo 9
——— —4|A|7°Qu (0, k1 + k9)| < g f(a 10.15
‘H?:l\/)\_ki A vk ? Al aEMP 7l ( :

1 2
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Using the bound (5.23) concerning ) <y« , we have

k1+ko

—4|A[72Qu (0, k1 + ko) | < %A (10.16)

_(@.12)
H?:l V Ak,
Combining (I0.14), (I0.16]), with the bounds on X in (5.I1), we have:

95/4
<-— (10.17)

4
T — [T v/ Ak4IA 2 Qu 0,k + k)| < T

i=1

Since A\p = —w, = —gpp_2 for p € Py and |gp, — g4| < const. ||p| — |q||,
we have for p,q € Py with p+q € Py,

Ap = Agl < const. e |Ip| — ql| < 0¥/ (10.18)
This implies ||,/)\p| — |4 /)\qH < 0*/8. Applying these results to H?:l Ak,
with k1 + ko = k3 + k4 € Py, we have

4

TT V% = M des

i=1

< o'/* (10.19)

Inserting this inequality into (I0.I7]) and using Qy (0, k1 + k2) < Nm,, we
obtain

MI(BID - 4/\k1)‘k3|A|_2Q\P(0’U>‘ = 95/4mC|A|_17 v =Fk1+ky (10.20)

Summing over v € P, and ki, k3 € Py, we have that the left hand side of

(I0.10) is equal to
lim 04Hw2VH1 > Qu(0,v)0 A7 (10.21)

ke—00,0—
N e vePr,

With (8:29), we have proved (I0.10]). [ |

11 Interaction Energy with Four High Momentum
Legs II: The Error Terms

Our goal in this section is to prove that the interaction energy associated
with four high momentum legs which are not covered by Lemma [10.2] is
negligible. We state it as the following lemma. Notice that Lemma
follows from the results in the previous two sections and this lemma.
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Lemma 11.1.

lim Z Z ‘Vk‘lA—‘kgf(ﬂ)f(fy) <ﬁ]a21a22ak3ak4h>‘ (Qs/zA)—1

ke,0

07 B¢ M (k1,k2)
= 0 (11.1)
We start with the following lemma.
Lemma 11.2.
im > > OO SA<o@ AR (112)
@07 B,v:B¢M (k1,k2)

where the summation is restricted to all 8,y € M such that

<ﬁ|a};la};2ak3ak4|7> # 0 (11.3)
Proof. In this section, we use the following notations:
A_pra=AFa and A_pts ppra = AP (11.4)

For any {vy,---,v} C P such that v; # +v;,1 <i,j <tand a € M;,1 <
1 < t, define

t+s
M(a,s,{vi,-- o) ={[[ A, s ¢ @€ Pregi+a=w} (115)
i=1

where u; = v;,1 < i <t and u; = 0 otherwise. Since v; € P;, and all other
momenta are in Py, A, ,’s commutes with one another.

qisd]
PROPOSITION 11.1. For any x € M, there exists (o, s,{v1, - ,v})
such that
X € M(a,s,{v1, -+ ,vt}) (11.6)
Proof. By definition of M, we can write the state |x) as follows:
t s w
) =TT A TT Avan TT(Aw )™ IN), (1L.7)
i=1 k=1 j=1

where u; ¢ Ppec, vi == p;i +p; € Pr, pi,D},qk € Pu,. Furthermore, we
require that u;j # +uj for j # j' and v; # fvy for i # i'. Notice that A,
commute with A, _, so that their orderings are not important. Clearly, the
choice of

o = [](Au,—,)™ IN) (11.8)

j=1
yields that xy € M(«, s, {vy,vy---v:}) and this proves the proposition. W
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For any (3, ~ satisfying (I13]), we have f(u) = y(u) for u € P, UPrUF,.
From the proof of Proposition [[T.I] there exists («, s, {v;, 1 < i < t}) such
that

B and v € M(a,s,{v1, - ,v}) (11.9)

Notice « is the same for both 8 and v and o € M;; for any u € Pr.
For any («, s,{v1,--- ,v¢}), define N(a,s,{v1,--- ,v:}) as the set of the
pairs ((3,7) such that

1. ﬁa ’YGM(O&,S,{’UL"' ,’Ut})

2. there exist k;,i = 1,...,4 satisfying (I0.7), 8 ¢ M (ky, k) and (IL3])
holds.

3. for any other o/, s, {v}, -+ v} st. B, v € M(c/,s {v], - ,v,}),
then
s+t<s +t (11.10)

We assume (3,7) € M(a, s, {v1,- - ,v:}) and (IL3]) holds. Clearly, s+t =1
or t = 0 implies that § € M|k, ko|. Hence if N(a, s, {vy, -+ ,v}) is not an
empty set then

s+t>2 and t>1 (11.11)

By definition of N(a,s,{v1, - ,v¢}), we have

Yoo 1fBFW) (11.12)
07 B¢ M (k1,k2)

< Z |N(Oé,8,{211,"' ’Ut})| max |f(ﬁ)f(7)|a

ﬁ,’YEM(OC,Sp{Uly" ﬂ)t})
avsv{vl"'vt}

where |N(a,s,{vy,--- ,v:})| is the cardinality of N(«,s,{v1, -+ ,v¢}). By
definition of f, if 8,y € M(a,s,{v1, -+ ,v4}) then

FBF ()] < ‘%

25+t t

(¢

A max {0 f (o) (11.13)

From (5.I1)) and m. = ¢~ ", we have

[F(B)f(7)] < (const. ' )2 AT | f(a)

max
ByeM (a,s,{v1, ve})

Together with (IT.I2)), the right hand side of (IT.I2]) is bounded by

< Y IN(as {vr-- v (const. o' TP f() (11.14)

Q,S,{Ulvn’l}t}
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Define N(«,s,t) and N(s,t) by

N(a,s,t) = {v{?aﬁt} {IN(a, s,{v1, - ,v})|} (11.15)
N(s,t) = max {N(a,s,t)} (11.16)

With (IT.14)), we can bound (ITI2]) by
@12 <Y [f(@P Y N(a,s,t)(const. o' =)+ A~

a,s,t {Ul"'vt}
< Z Z N(s,t)(const. o' =27)25 T A~ (11.17)
s,t {01"'%}

For fixed t the total number of set {vy --- v, v; € Pr} is bounded by

3 1< (AP ) < (0P F AL () !

{vr-ve}

From ¢ < (Ag?n;%) < o716 and (IT.II), we have

SN 1B S Y N(s,t)(const. ot )2 E (1)

Q7 B¢ M (k1,k2) t=1 s:s+t>2
(11.18)

Lemma 11.3. For any N(a,s,{vi, - ,v4}), s+t >2 and t > 1, we have

s+t

IN(a, 8, {1, 0 })| < t1¢(D AT H(p5m)tts (11.19)

From this Lemma and A = o~ %, the right hand side of (ITIR) is
bounded above by

—1.65
t+s

’ 5720 a11/2,1/2\" (21 a11/2)° 3502
; 8:21;1 (Q |A[*/= ) (Q |Al ) <const.g n ) A

971.65

= Z (const. o0-85¢1/2)t Z (const. o%35)5A < A

t>1 s:s+t>1

This proves Lemma, [11.2]

We now prove Lemma [I1.3]
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Proof. Since (8,7) € N(«, s,{v1, -+ ,v}), we can express them as

s+t t s+t t
f= H AQ2j—17Q2j Agoi 1,200 7 = H Aﬁzjﬂﬁzj HA§2i—17§2ia
j=t+1 i=1 j=t+1 1=1

(11.20)
and qo;—1+q2i = v; = qei—1+qei fori=1,...,t,q2j_1+q2; = q2j—1+q2; =0
fort+1<j < s+t From (IL3]), we have

{a1, -, qas+2t} — {k1, kot ={q1, -, Qos+ot} — {k3, ka} (11.21)

Denote the common elements in {¢;} and {q;} by p1, p2, -, Dast+2t—2-
Then we have

{gi} = k1, ko, p1, p2, -+, Dasta2i—2, (11.22)

{q~i}:k’3, k47 b1, P2, - P2s+2t-2; (1123)

We now construct a graph with vertices {k1, ko, k3, k4, pi, 1 <1 < 254+2t—2}.
The edges of the graphs consisting of § edges (¢2i—1,¢2i),1 < i < s+t
and v edges (q2j-1,¢2j),1 < i < s+ t. From (IL3), the graph can be
decomposed into two chains and loops. Thus there exist [, m; € Z and
0<mi <mo < ... < m; = s+t such that

Ky p1 P2 P3 - Pamy—1 < ka( or - ky)  (11.24)
k3 «—— D2my < D2my+1 " P2amg—2 < k4( or --- k2)

P2mo—1 < P2ma < P2ma+1 """ P2(m3)—2 < P2ma—1

p2ml,1—1 A p2ml,1 A p2ml,1+1 o pQ(ml)—2 A p2ml,1—1

Here we have relabeled the indices of p and do not distinguish 3 edges and
«a edges. We also disregard the obvious symmetry ki — ko and ks — k4.
Due to the condition (IT.I0]), the length of the loop must be 4 or more, i.e.,
for 3<i<l|

mi—1+2 <my; (11.25)

Together with m; = s + t, we obtain
I<(s+t)/2+1, t=>1. (11.26)
Without loss of generality, we assume for 3 <17 < j <1

m; — Mi—1 § mj — ’I’)’Lj_l (11.27)
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Denote by N(a,s,{v1, - ,v},l,{mq, -+ ,my}) the set of all pairs (5, ~)
having the graph above and we now estimate its cardinality.
We can add the information between k;’s and p;’s as follows

Wm
k71 w1 P1 w1 Do w2 p3"'p2m1—1<—1>k74( or k2) (11.28)
Wm Wmy +1 Wm
k3 < Pam; < Damy+1° Pamg—2 — ka( or - ky)
Wmg+1 wmz«kl @mB

P2ma—1 < P2mo < P2mo+1 """ P2(m3)—2 < P2ma—1

Wmy_1+1 ﬁ}'m171+1 ﬁ;ml
p2ml,1—l — p2ml,1 A p2ml,1+l . 'pQ(ml)—2 — p2ml,1—l 9

where A < B if and only if A+ B = ¢. And w;’s the union of s zero’s
and {v1,--- , v}, so are w’s. By (IL.20), # and -y is uniquely determined by
w;’s, w;’s and one k; or p; for each loop or chain.

To bound |N(a, s,{v1, - ,v¢}, 1, {m1, -+ ,my})|, we note that the sum
of momentum in each loop is zero. Thus we can count the number of graphs
as follows.

1. choose the positions of zeros in § edges. The total number of choices
is less than 275,

2. choose the positions of vy - - - v in § edges. The total number of choices
is tl.

3. choose the positions of zeros in v edges. The total number of choices
is less than 275,

4. choose the positions of vy - - - vy in v edges. We call a loop trivial if all
the momenta associated with v edges are zero. The number of trivial
loops is at most s/2 since there are at least two 7 edges per loop.
Hence the number of non-trivial loops is at least [ —s/2. Thus we only
have to fix v in at most ¢t — (I — s/2) edges and the number of choices
is at most tt—+s/2,

Thus we obtain
IN(a, s,{v1, - o}, L, {ma, - ,my})| (11.29)
(const. )t Hs¢t(tts/2=D) (k;g’A)l

< (comst. )Fst®/2) (k,gA)t/2+s/2+1

IN
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where we have used (I1.26) Since

‘N(a737{vl7”'7vt})‘zz Z ‘N(a737{vl7”'7vt}7l7{m17"'7ml})’

U {ma, -}

> > 1< const.*H (11.30)

L {ma,my}
we have proved (I1.19). [ |

We now prove Lemma [IT.1]

and

Proof. Let B,v€ M s.t.<ﬂ]a£1a22ak3ak4\'y> # 0. Using Lemma [7.T] and the
definition of f, we have

FB)F() (Blaf, al axsar by )| = F8)F(0)v/Blki)B k) (k) ()

Akg Ay

2
S Y v

(B(k1) + B(k2))/y(k3)y(ka) (11.31)

From the bound on Ag,’s in (5.11]) and N = 0 17/8 we have

o

FB)F () (Blaf,al,axsan, 7 )| < 178)P O Aa) 2 (B(k1) + Bk2)) 0™

Since Qg ({k,m}) decays exponentially with m for k € Py (5.40]), we have

S>> 100 (Blal,alararr)| < oo™ (A1)
(IOD) B(k1)>3 or B(k2)
. . (11.32)

By symmetry, we have

> > (f(ﬂ)f(v) <ﬂ!a21a22ak3akm>( < o(o®?|AP) (11.33)
@01 v(k3)>3 or y(ka)>3

To prove (II.I)), we only have to focus on the case G(k;) < 3,4 = 1,2 and
(ki) < 3,i = 3,4. In this case, by (IL3I]), we have

F8)7 () (Bla}, 0l arsanly)| < lconst. £(8)f(7)] (11.34)

Using Lemma [IT.2] we arrive at the desired result (I1.T). [ |
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12 Proof of Lemma

The proof of Lemma [2.2]is standard and only a sketch will be given. We first
construct an isometry between functions with periodic boundary condition
in [0, L]® and functions with Dirichlet boundary condition in [—¢, L + £]3.
Denote the coordinates of x by x = (), 22 2()). Let h(x) supported on
[—¢, L+ {]? be the function h(x) = q(zM)q(z?)q(x®)) where

cos|(x — £)m/44], x| < ¢
1, << L—-Y¢

1) =3 cosl(a — (L— O))w/40], |z—L] <t (12.1)
0, otherwise

The function ¢(z) is symmetric w.r.t = L/2. Due to the property of cosine,
for any function ¢ with the period L we have

/ h()P? = / 6(2)P (12.2)
x€[—4, L+£]3 x€[0,L]3

Thus the map ¢ — h¢ is an isometry:

L%’eriodic ([0’ L]g) - L2Dirichlet ([_67 L+ £]3) .

Let x(x) be the characteristic function of the /-boundary of [0, L], i.e.,
x(x) = 1if [#(®)| < ¢ for some a = 1,2 or 3 where [£(®)] is the distance
on the torus. Then standard methods yield the following estimate on the
kinetic energy of h¢

/ IV (ho) (x)[? (12.3)
x€[—£, L+£]3

2 -2 2
< LE[07L13\V¢(x)! + const. £ / X(x)|o(x)]

The generalization of this isometry to higher dimensions is straightfor-
ward. Suppose ¥(xy,---,xy) is a function with period L. Then for any
u € R3, the map

N
FUW) = U(xy, - ,xw) [ [ 2l + w) (12.4)
i=1
is an isometry from L3 . 4. ([0, L") to L uer ([0 — u, L+ € — u]?N).

Clearly, F* has the property (IZ.3)).
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The potential V' can be extended to be periodic by defining V' (z —y) =
V([x — y]p) where [z — y]p is the difference of z and y as elements on the
torus [0, L]. Since V is nonnegative and has fast decay in the position space,
we have V(z —y) < VF(x —y). From the definition of F*, we conclude that

N N
/\f“(xy)\?V(xl —x2) [ [ dxi g/ U2V (x1 = xo) [ dxs
i=1 [07 L]SN =1
Therefore, the energy of two boundary conditions are related by
N
(HN) puqwy < (HN)g + const. 072~ (x(x; + 1)y (12.5)
i=1

Averaging over u € [0, L]3, we have
/ (HN) pu(yy du < L? (Hy)y + const. £ ' L2N (12.6)
[0,L]3
So for any ¥ there exists an u such that

1
<HN>Fu(q,) < (Hn)y + const. N(

) (12.7)

If we choose ¢ and L as
(= Q_25/48, L = 9—25/24’ (128)

the error term is negligible to the accuracy we need in proving Lemma [2.2]
This concludes the proof of Lemma,
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