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Open Gromov-Witten Invariants on Elliptic K3 Surfaces and Wall-Crossing

Abstract

We defined a new type of open Gromov-Witten invariants Q¢ on hy-
perKéher manifolds with holomorphic Lagrangian fibration (not necessary
compact). Using this new invariant, we prove a version of correspondence
theorem between holomorphic discs give rise to non-trivial invariants and
tropical discs. Moreover, we prove the above two invariants are the same
in an local model and provide an non-trivial example of wall-crossing phe-
nomenon of the open Gromov-Witten invariants on K3 surfaces. We also
connect the invariants Q€™ with discs counting on Calabi-Yau 3-folds with

K3 fibration via an real analogue of Noether-Lefschetz theory.
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1 Introduction

The well-known Calabi conjecture solved by Yau guarantees that given a
compact Calabi-Yau manifold, there exists a unique Ricci-flat Kéahler met-
ric in each prescribed Kéhler class [38] in 1978. After existence, the next
interesting question to ask is the explicit expression of the metric. [36] sug-
gested that Calabi-Yau manifolds will admit special Lagrangian fibration
around large complex limits and the mirror will be given by the dual fibra-
tion. It is a folklore that the Ricci-flat metrics near large complex limits are
approximated by semi-flat metrics with instanton correction related to the
holomorphic discs with boundaries on special Lagrangian fibres [9]. The first
part is done for K3 surfaces: [20] wrote down the semi-flat metric for the
special Lagrangian fibration. Later, [19] proved that for elliptic K3 surfaces
around large complex limits, the Ricci-flat metrics are approximated by the
semi-flat metrics gluing with Ooguri-Vafa metrics. However, the instanton
corrections are not included in [19]. Although the original problem is for-
mulated as a differential geometric problem, [23],[18] had big success toward
an algebraic-geometric version of SYZ conjecture. They incorporated the
instanton problems of complex structure with the tropical geometry.
Inspiring by closed topological string theory, Gromov-Witten theory is
a useful tool in probing algebraic geometry/ symplectic geometry and pro-
duces interesting enumerative invariants, counting number of curves with
certain incidence conditions in the target space. One can also consider the
open topological string analogue and try to define open Gromov-Witten in-

variants, counting (pseudo-)holomorphic Riemann surface with Lagrangian



boundary conditions. However, it is hard to define open Gromov-Witten
type invariants due to the existence of codimension one boundaries of the
moduli spaces. For compact Calabi-Yau case, there are only two situations
of which open Gromov-Witten invariants can be defined in the literature.
One is the case when the Calabi-Yau admits an anti-symplectic involution
and the Lagrangian is given by the fixed locus [33]. The other one is the case
of Calabi-Yau 3-folds with rational homology sphere Lagrangian boundary
condition [8]. Notice that in both situations the Lagrangian boundary con-
ditions are rigid in certain sense. Here we will present a new type of open
Gromov-Witten invariants on general hyperKéahler manifolds and on Calabi-
Yau 3-folds with K3 sibration in [30]. Moreover, if one wants to define open
Gromov-Witten invariants on K3 surfaces, there is another naive obstruc-
tion by easy dimension count. Namely, the moduli space of holomorphic
discs (with special Lagrangian boundary condition) has virtual dimension
minus one. In particular, there is no pseudo-holomorphic discs with respect
to a generic almost complex structure. In other words, even if we can get
rid of the first issue and make the counting well-defined, the invariant would
just be zero.

To solve the two difficulties mentioned above, we proposed to consider
the Lagrangian boundary condition with non-trivial deformations. Given a
hyperKéahler manifold X and a holomorphic Lagrangian submanifold L with
nontrivial deformation, any choice of hyperKihler metric will induced an S*-
family of complex structure making L a special Lagrangian submanifold. It
is natural to consider the moduli space of discs holomorphic with respect to

these S'-family of complex structures. The first observation is that given



any relative homology class, there is at most one complex structure which
makes it holomorphic. In other words, the new moduli space coincide with
the usual one as topological spaces. However, after the introducing of S'-
family of complex structure on the target space, the virtual dimension of
the new moduli space will be one dimension higher. Similar to the idea of
changing tangent-obstruction theory to define reduced Gromov-Witten in-
variants in algebraic geometry, one can construct a new Kuranishi structure
on the new moduli space using the S'-family of complex structures. Via
this new Kuranishi structure, one can construct a reduced A, structure on
A*(L x S}) and a new virtual fundamental class if the moduli space has no
codimension one boundary. We couple the symplectic area and the phase of
the holomorphic discs to get a holomorphic function called central charge.
The holomorphicity and Gromov compactness theorem will guarantee that
the codimension one boundaries of the moduli spaces only occur as an real
analytic Zariski closed subsets in the deformation space of L. Although the
invariants cannot be defined when the bubbling phenomenon occur, we can
interpret the locus where bubbling occurs as the walls of marginal stability
in physics. We expect the invariants jump when the Lagrangian boundary
conditions vary across the wall of marginal stability and the jump is gov-
erned by Kontsevich-Soibelman wall-crossing formula. Therefore the struc-
ture is similar to Donalson-Thomas theory in algebraic geometry, changing
the boundary condition can be viewed as changing stability condition. The
deformation space of the holomorphic Lagrangian L can be viewed as a
complex isotropic space of the stability manifold.

We first review the twistor construction of hyperKéahler metric in [17]



in section 2. Then we define the tropical counting invariants satisfying
Kontsevich-Soibelman wall-crossing formula in section 3 and 4, thus real-
ize the physics model of [17] in K3 case. In particular, we prove mirror
symmetry in by identifying the tropical data and the instanton correction
of complex structure of the mirror in the sense of [17]. Then we define an
open Gromov-Witten type invariants on holomorphic Lagrangian torus of
hyperKéhler manifolds using de Rham model introduced in [7] in section
5 and establish the correspondence between tropical geometry and holo-
morphic geometry. We will present an non-trivial example of wall-crossing
phenomenon at the end of section 5. We use this tropical discs counting
to construct a quantum corrected SYZ transform on Ooguri-Vafa space in
section 6. In section 7, we introduce a real version of Noether-Lefchetz the-
ory and establish the relation between reduced disc counting on K3 and disc

counting on Calabi-Yau 3-folds with K3 fibration.

2 Review of Twistorial Construction

2.1 Settings and HyperKahler Rotation

Let X be a hyperKihler manifold of dimension n, then it admits a P'-family

of complex structures, called twistor line parametrized by (, given by

i(—C+Q)— 4+ I+ (1 —[¢H) s
1L+ [¢? ’

Je =

where J1, Jo and J3 are integrable complex structures satisfying the quater-

nionic relation. Moreover, the holomorphic symplectic 2-forms {2 with re-



spect to the compatible complex structure J; are given by

7

]
Qe = —imr +ws — 5@)_, (1)

where w+ = w1 & wo.

Remark 2.1. Let L be a holomorphic Lagrangian in (X,w,Q), namely,
QL = 0. Assume the north and south pole the twistor line is given by (w, )
and (—w, Q) respectively, making L an holomorphic Lagrangian. The hy-
perKdihler structures corresponding to the equator {9 = { : |(| = 1} provides
a special Lagrangian L in Xy = (X,wy,Qy). In particular, if (X, w,Q)
admits holomorphic Lagrangian fibration, then it induces an S'-family of
special Lagrangian fibration on Xy for each 9 € S*. This is the so-called

hyperKahler rotation trick.

The twistor construction is based on the following characteristic proper-

ties of the twistor space of a hyperKéahler manifold:

Theorem 2.2. [22] X is a manifold and Z = X x CP' admits a complex

structure such p : Z — CP! is holomophic and

1. There is a holomorphic section w of Qé/(cpl ® O(2) restricting to the

holomorphic symplectic form Q¢ on each fibre p~1(().

2. The map o(x,() = (x,—1/{) gives an anti-holomophic involution of Z
, which coves the antipodal map on CP', and preserves w in the sense

that o*w = @.

Then X is the set of holomorphic curves C in Z isomorphic to CP' with

normal bundles and preserved by the involution is a hyperKdhler manifold.



The above characteristic properties of the twister space of a hyperKéhler
manifold allow us to cook up a hyperKahler metric g on a K3 surface X from
Z. Since w"t! = 0, it follows that w' Aws = 0. Therefore the real 2-form
ws is of type (1,1) in complex structure J3 and we can use J3 and ws to
build a K&hler metric g on X. This g is the hyperKéhler metric guaranteed
by the twister construction. Therefore, to extract the hyperKéhler metric,
it suffices to write down the holomorphic (2, 0)-form €, for all ¢ € P!

Using this idea, [17] proposes a recipe of constructing holomorphic (2, 0)-
forms on the semi-flat part of a hyperKéahler manifold with holomorphic

Lagrangian fibration. We need the following data as input:

1. A complex manifold B with a divisor D and By = B\D, where B is
the base of the holomorphic Lagrangian fibration and D will be the
discriminant locus of the torus fibration later. B is also referred as the

Coulumb branch of abelian N/ = 2 gauge theory.

2. A local system I'y over By, with a rank 2 lattice equipped with a

non-degenerate anti-symmetric integer-valued pairing (, ).
3. A fixed lattice I'y (possibly trivial).

4. A local system I' of lattices over By, given by the extension

0—-Tf—=T—=T73—0 (2)

The pairing (,) on I'y induces one on I' (also denoted by (,)) with

radical I'y.



5. A homomorphism Z : I' — C, varying holomorphic over By. For any
local section  of I' we have a local holomorphic function over By. We

call Z the central charge.
6. An element ¢y € I'; ® (R/27Z).
The above data should satisfy the conditions below:
1. Z,, is a constant function for every vy € I'y.
2. (dZ,dZ) =0 and {dZ,dZ) > 0.
3. For any u € By, the dZ,(u) span T} By.

Remark 2.3. The above data determine an S*-family of affine structures
on By. For any ¢ € R/277Z, the functions f; = Re(ewZ%epg), give the
local integral affine coordinates with transition functions in Sp(2,7Z) x R2.
In particular, Neither the choice of Kdhler class of the elliptic K3 nor the
scaling of the holomorphic (2,0)-form change the affine straight lines on the

base affine manifold.

From the above data, we can construct the semi-flat part of an hy-
perKéhler manifold with holomorphic Lagrangian fibration. Indeed, let
TChar,(I',0f) be the set of twisted unitary characters of I',, namely, 6 :

'y, — R/277Z satistying

97 + 67’ = 07+'y’ + 7T<%’Y/>

and agree with 6y when restricting on I'y C I'. Each fibre TChar,(T',0;) =

(S1)™ and they glue together to recover the torus bundle X over By.



2.2 BPS Counting and Wall-Crossing Formula

Let ¥ be the complexified symplectic torus with coordinate x; and equipped
with a standard holomorphic symplectic 2-form
dX; dX;
= e N\ ——L
= =) X X
where X; are standard multiplicative coordinate on €. Our goal is to con-
struct a multiplicative map x : L, — %. The pull-back of the standard
symplectic 2-form x*w gives a closed 2-form on L,. Varying the base pa-

rameter u € By gives a global 2-form which is closed and non-degenerate

when R is large. There is an canonical smooth choice given by
sf Zy | . 5
X5 (€) = exp[er? + 60, + TRCZ,).

However, the resulting 2-form will induce the semi-flat metric by Theorem
2.2 and cannot be extended to the singular fibres because of the blow-up
curvature. To overcome this defect, we need to add ”instanton corrections”
to Xfyf : we introduce the generalized Daonaldson-Thomas invariant 2 : I' —

7 satistying Q(vy;u) = Q(—~v;u). Moreover, to each v € I, one associates a

birational Poisson automorphism K, of T, defined by
KXy = Xy (1= Xv)mw

We attach a BPS ray to each v € 'y,



Then for each ray in the form above in the (-plane, we associate a birational

Poisson automorphism of ¥,

Si(u) == H ICS(W‘)

ily (u)=l

Define an anti-holomorphic involution 7 of ¥ by
X, =X_,
The Riemann-Hilbert problem is formulated as follows : Fix u € By, our

goal is to find a map x : X x C* — %. with the properties below:

1. x is piecewise-holomorphic on { € C*, with discontinuities only along

the BPS rays [, (u) for each v € I', and Q(vy;u) # 0.

2. The limits x* of x as ¢ approaches any BPS ray [ from both sides

exist and are related by

3. Reality condition

X(=1/¢) = 7x(¢)
4. For any -, the limit %iH(l)X,Y(C)/XZSYf(Q) exists and is real.
We will focus on the first two properties above in this paper.

Definition 2.4. The wall of marginal stability W is a real codimension one



subset on By given by

W= U Wai e
where

Z’Yl (u)
Z’Y2 (u)

Wiy = {u s 3y1,v2 with Q(y1;u) # 0,Q(y2;u) # 0, eRy}

Choose a strictly convex cone V in C with apex at the origin, then for

each u ¢ W we define

Ay(w) = J[ K& =T] Si(w)
vy Zoy(u)EV lev
where the product is taken in order of increasing ArgZ. (u).
We say the set of numbers {(~; u)} satisfy Kontsevich-Soibelman wall-
crossing formula if given a path in By connecting v and «' which has no point
u with Z,(u) € OV and Q(y;u) # 0, then Ay (u) and Ay (u') are related by

parallel transport in By along the path.

Remark 2.5. The smoothness of 2-form x*w is interpreted as Kontsevich-

Soibelman wall-crossing formula in [17].

From the wall-crossing formula, Q(~, ) are locally constant on By\W.
Any path passing through a generic point u of a wall W, ., with d%(u) #*
0, then the phase of Z,, and Z,, change order when we change u across the
wall of marginal stability. To make the product Ay (u) unchanged, Q(~;u)

may jump when crossing the wall W. One would be able to solve for all

10



Q(~; u), if we know Q(7; ug) for some fixed ugy (see Theorem 5.50).

2.3 Solving the Riemann-Hilbert Problem

From the Corollary 2.5, we want to solve the following functional equation

to glue the local holomorphic 2-forms to a global one for { € C*.

d¢’ ("FC X~ (e C)
X~(€) = X’y [47-” Z/ ¢ (¢ — XSI)W(e_iEC’)
From the explicit form of the Kontsevich-Soibelman factor, we have
(XSD)y = Xy [J(1 = (7)) 20007
,y/

Therefore, the integral formula for y becomes

d !/ /+ ,
Cc,g, — g log(1 = o(v')xy)

(3)

We will solve the above integral equation by iteration with initial data

X+(0) = x5 (¢) exp[ 47”297 w)(7,7")

x = x*f. We first introduce Q-valued invariants related to Q(v) by the

"multiple cover formula” (see also [28])

=y o) (1)

n=1

Here we define (y/n) = 0 if n does not divide . Equivalent,

- Q(y/n)
= n)
nzl 1

11



by Mobius inversion formula.
Then we consider rooted trees with vertices labeled by charges v; € T’
and edges labeled by pairs (i, 7) (where ¢ is the node closer to the root). For

each such tree 7, we associate a weight

QT) = T Au 7 I ot T1 Gew) (5)

zEv (T) (4,9)€eE(T)

Let v7 denote the label at the root vertex of 7. We define a function Gz ()
n ( a patch of ) M inductively as follows: deleting the root vertex from 7°

leaves behind a set of trees 7, and set

L[ A +C oy o /
670 = 4t J,_ oo @119

Proposition 2.6. The formal solution for the iteration integral equation
(3) is
X+(C) =X (O exp [ D (7. 10)UT)G7 ()] (6)

T

Proof. Let Xg) =Xy 7 and define iteration by

) -1 d ! ! 7 /
GO = Qe [ T a6h00 [ B EE g
~! Ly uy

12



Formally, we can compute Xﬁf ) by induction

&' ¢ 5 23/(0)]

XS() = x5 (¢) exp [;TZ‘ZQ(V,;”)W”Y/)/ K

/ l’Y’(u) C/ C B C/
_ st 1 - Q(v5u) / diclc—i_cl
= X7 (C) exp |:47Ti ; Z k2 <7a k'}/ > /l7/<u) C/ C _ <l

K €exp [ 20k "G )

T

. d¢' ¢+ ¢
= x5 () exp [1 QM) () VT
! 4 %: /l’y’(u) 6=

k=1

hew[ X AT G

T:dept(T)<i

= x5/ (O exp [417” > 207 / dgre

> Lo ¢ C=C
= :de ZQ T /7 g CI s
xif(C’);(ZT-dptms T

=L (Nexp[ Y (rn)ATIGr ()]

T:dept(T)<i+1

In the first equality we use the Taylor expansion of log(1 — z) and the

fact that (ng ))k = Xl(civ)’ which is valid because xfyf is strictly negative along

the BPS rays [ The second equality we use the induction hypothesis

y(u)-

and the third ”equality” we use a formal resummation formula

> Q(Z; Y f ) = 3 1)) (7)

vy k=1

The fourth ”equality” we use the Taylor expansion for e* and another re-

summation (7) in the last "equality”. O

13



Remark 2.7. [17] If |Q(7)| < el for some constant a, then the above for-
mal sum equalities converge absolutely and the twistor construction provides

a C*-family of holomorphic 2-forms OUTSIDE the singular fibres.

Remark 2.8. The formal expansion expression (6) can help to establish

SYZ transform on Qoguri-Vafa space (see section 6).

Remark 2.9. There is a symmetry ¢ — e¢, and Z — e Z on (6). Also,

we have x—~(—1/C) = x4(¢) formally.

2.4 Local example: Ooguri-Vafa metric

We will follow the setting for the recipe above:

1. Choose B = {|u| < A} be a disc and the discriminant locus is just the

origin.

2. I' =Ty is a rank-2 local system of lattices over By, with monodromy
around the origin Ve — Ye, Ym — Ve + Ym after choosing a special set

of local basis of sections (7e, Ym,)-
3. The intersection pairing (Ve, Ym) = 1.

4. The central charges are Z,, = v and Z,, = ulog § — u.

(Note that both are globally defined.)
5. I'y and 0 are trivial.

1 ify ==+,
6. For all u, we have Q(v,u) =

0 otherwise.

14



Following the recipe, one can derive Ooguri-Vafa metric [31] from the above

input data.

Remark 2.10. This is so far the only example of the holomorphic 2-forms
constructed from Gaiotto-Moore-Neitzke’s recipe which can extend over sin-
gular fibres (not even the pentagon example). In Ooguri-Vafa case, the ex-

tension follows from Poisson summation formula.

One can construct an S'-family of special Lagrangian fibration on the

total space of above elliptic fibration X for each ¢, with |(| = 1 by

Tsn = {(u1,ug,0c,01) € X¢ :log|xe(C)] = s, 51 = A} (8)

Remark 2.11. [4] By mazimum principle, Ts x bounds a holomorphic disc

if and only if Re(uC) =0, u = uy + ius.

The two generators of I' = Hy(X,T) = Hy(T) can be written down
explicitly. ~y; is the initial disc, which is formed by the collection of {8, =
const.} in the fibres of x.(¢) : X — C along the segment to origin. 7, is a
section of y.(¢) restricted to {\ = —2Zb; = const.}.

Since the mirror of X_; is Xj, direct calculation shows the following:

Observation 2.12. The central charge Z : I' — C is given by the integration

of the 2-form w + iIm$) on its mirror.

Remark 2.13. In [31], the total space of Qoguri-Vafa space is interpreted
as part of the hypermultiplet moduli space of type II string compactification

on a Calabi-Yau threefold. The coordinate y = [ Q is the period of vanishing

15



cycle, where the classical hypermultiplet moduli space develops a singularity
aty — 0. The other coordinate t and u are the expectation values of the RR

3-form corresponding to the vanishing cycle and its dual.

2.5 Application to Elliptic K3 Surfaces

We would start with f : X — B an elliptic K3 surface (with a holormorphic
section) and a prescribed Kéhler class [w]. From Yau’s theorem there exists
a unique Ricci-flat Kéhler form w satisfying the Monge-Ampere equation
20?2 = QA Q, where Q is a non-vanishing holomorphic (2,0)-form. The
triple (X, w, Q) will induce a twistor family of K3 surfaces. For the input of

above twistor construction, we will use the long exact sequence
Hy(X) —-T =Hy(X,L,) = Tg=Hi(L,) — 0, (9)

The symplectic pairing (, ) is taken to be the natural pairing of homology on
H(Jy). The central charge Z is taken to be the period v f7 2, for each
v € Ho(X, L,). The integral is well-defined because 2|, = 0. The following

lemma is straight forward computation:

Lemma 2.14. For any v € T By, we have

alZ%v)z/a L8, (10)
Y

where v € TX is any lifting of v.

Proof. Since Q|1 = 0, we view 2 as the element (,0) € H*(X,L). From
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the variational formula of relative pairing,

dZ’y(U) = Ly(7,(€2,0))

= (v, (%dQ,La(O—Q)»—/ 150

Oy
O

Given a point ug € By and an element v,,, € I'y,, there exists a neighbor-
hood U of ug and a neighborhood of U of Yuo such that ¢ is homeomorphic

to U. Under this identification, we have

Corollary 2.15. The central charge Z : I' — C s a holomorphic function

onT.

Proof. Since any (0, 1)-vector on T'By can be expressed in term of v + iJv

for some v € T By,

(v+iJv)Z = / Litige)St = 0.
Oy

The latter equality holds because Q2 is a (2,0)-form and v 4 iJ0 is a (0, 1)-
vector. Notice that for y near a singularity of the affine structure, v rep-
resents the relative class of Lefschetz thimble, then Z, is bounded in a

neighborhood of the singularity and thus is a removable singularity. O

Because both Ref) and Im) are symplectic form, another immediate

consequence of Lemma 2.14 is the following:

Corollary 2.16. Let v € I', then dZ, # 0 whenever Z, is defined.

17



Corollary 2.17. (dZ,dZ) =0 and (dZ,dZ) > 0.

Proof. There is a standard short exact sequence

0— R'f,Z — R f,Ox = wp1 — OF 0, (11)

where O# denotes the sheaf of holomorphic sections of f : X — P. Here
R'f.Ox is identified as the normal bundle of the zero section and the last
map is the fibrewise exponential map. There is a natural holomorphic sym-
plectic 2-form Qeqn on R'f,Ox and descend to the quotient. On the other
hand, any holormophic symplectic 2-form is a multiple of Q.4y,. Therefore,
the holomorphic volume form of an elliptic K3 surface coincides with the
one descending from the canonical volume form of the cotangent bundle of
the base. The proposition follows from direct computations and Lemma

2.14. O

Remark 2.18. In particular, the non-vanishing holomorphic 2-form of an
elliptic K3 surface receive no quantum correction and admits local S*-action

near singularities and local T?-action away from singularities.

In particular, we have Z,(u) # 0 for Q(y) # 0 unless u is the singular
point of the affine structure and - is multiple of the Lefschetz thimble.

To apply the twistor construction to elliptic K3 surfaces, we still need the
key ingredient: the generalized Donaldson-Thomas invariants () which we

will discuss in the next section.
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3 Scattering Diagrams and Generalized Donaldson-

Thomas Invariants on K3 Surfaces

3.1 Construction of Scattering Diagrams on Elliptic K3 Sur-

faces

We first introduce a version of Novikov ring. Let R be a commutative ring

with unit,

Ao(R) = { i a; TN

1=0

a; € R,\ € R>p, lim \; = oo}

and

Ay(R) = { > T e AO(R)’)\ > 0}
i=0
There is a natural filtration on Ag(R) given by

FAAo(R) = T Ao(R)

for each A € R>g. We will take R = C later on and ignore the notation
R. The localization of Ay at its maximal ideal, which is a generalization of
puiseux series, is algebraically closed and complete in T-adic topology.

We define the module of log derivations of

CTy)&cAo = im C[Ty] @c Ao/ F*Ag
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to be
O(C[Iy]®cAo) = Hom(Ty, C[Ty]@cAg) = (C[Ty]@cAo) @z FZ

For each element ad, = a ® n € (C[[y]®cAg) ®z T}, it induces an ordinary

derivation of C[I';]®@cAq over Ao,
(a0n)(27) = aly,n)2"
Let g = A4 (O(C[y)®cAp)). Given any £ € g, we have an element
exp(&) € Autp, (C[Fg]®cAo).

From Baker-Cambell-Hausdorf formula and Lie algebra structure on g given
by

(270, 27/871/] _ (—1)<7’7/>27+7/8<7’,n>n’—<%n’>n'

Remark 3.1. If we write e, = ?ﬂ@wwL, Y = WyYprim then the Lie bracket

becomes

s ena] = (D)7, 7 ) eqay

The subset
G = {exp{[¢ € g}

is a subgroup of Auty,(C[[',]&cAp). In particular, the subspace

h= @ (A @)

vel\{0}
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is closed under the above bracket and thus via exponential map produces a
subgroup
Vtrop e

Lemma 3.2. The elements in Vi, induce sympectormorphisms of the com-

plexified symplectic torus.

Proof. It suffices to prove that the generators a of Vi, gives Hamilitionian

vector field. Write 2 = dloge; A dloges. and v = aje; + ases.

—271(270,)Q = =27 ((2705, e1)dlogex — (2705, e2)dlogeq)
= —2"(—azdlog,, —aidloger)
= 27dlogr(m)

=d(z7)

O]

Given an elliptic K3 surface (X,w,(2) with Ricci-flat Kéhler form w.
After hyperKiher rotation, it induces an S'-family of special Lagrangian
torus fibration on Xy, for each ¥ € S! (see Remark 2.1). Fix a phase
parameter ¥ € S and we have an affine structure with singularities on the

base B. We denote the discriminate locus by A and By = B\A.

Definition 3.3. A scattering diagram © = {(0;, fi) }icr on an integral affine

manifold B is a collection of 2-tuples such that

1. 9; = 0; +Rmy is a ray emanating from o; € By with rational slope with

respect to the affine structure, where m; is a primitive vector.
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2. The slab function fi(u) € C[z™w]@cAL for each x € 0;, where My,
is the parallel transport of m; from o; to u along v;. Moreover, each
monomial of f;(u) is of the form cztmiw AW yphere ¢ is a constant,

A(u) is a positive affine function along d; and A(o;) > 0.

3. For every point w € B and a given X\ > 0, there are only finitely many

rays (0;, f;) € ® such that f;(u) # 0(mod TH).

. e singularity of the scattering diagram Sing 18 given by the se
4. The singularity of the scattering di Sing(D)>* is given by the set

{u € B|3(0;, fi) € ©,i = 1,2 such that u € 91 N D2

and f1(u) f2(u) # 0(mod T*)}

Let © is a scattering diagram on an integral affine manifold B, v € B

and A > 0. Consider an immersion
¢ : S' — B\Sing(®)>*

in a small neighborhood of u such that it intersects each ray 0 transversally
if (0,f) € ® and (f(u) # Omod T?). Assume the intersection order is

01, -+ 0, then we form an ordered product as follows :
A
05 =100 0 00,
where each term on right hand side is of the form

001‘ = exp(log (fl(u))anz)v
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with n; € (I'y)* primitive, annihilates the tangent space to 9; and such that
(ni, @' (pi)) > 0, for p; € Tmg N;.

Assume the special Lagrangian fibration has 24 singular fibres then the
its affine structure has 24 singularities such that the monodromy around
each singular point is conjugate to ((1) %) Each singular point v emanates
two rays called initial rays along both monodromy invariant direction 04
with the slab function fp, = 1+ 2"+ TV (“)‘, where my, € I'y, 7+ € T
denotes the relative classes of Lefschetz thimbles around the corresponding

singularity and Z,, = fH Q.

The following is a modified version of statements in [23][18].

Theorem 3.4. Let Dy be a scattering diagram given by the initial data
above, then there is a scattering diagram S(Dy) such that for any A\ > 0,
there are only finitely many rays with nontrivial attached function modulo
T>. Moreover, given u € By, A > 0 and a closed loop ¢, one has

[N _ A
0450, =0 (mod T7)

Proof. WLOG we may assume the phase of all central charges in the proof
is zero. Notice that when A is small we can take S(Dy) = Dy. Let \g be
the smallest central charge among the intersections of the initial rays, then
the statement holds for A < Ag. Moreover, there are only 24 initial rays.
Assume the theorem holds for all A < Ag and the scattering diagram D

only consists finitely many rays. Consider the scattering diagram contains
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only rays with central charge less than )\ at their initial points. We consider
0,, for each singularity p of Dy and a small loop p, around p. Note that the
exponent of 1" in 6,(p) is discrete. Let Ajy41 be the smallest exponent of T

appearing in log (pr,gk), then

S
Opo,(p0) = exp (D ;2" TH+18,,)  (mod TH+1+¢)
=1

for some singularity pp and € > 0 such that Agy1 + € is less than the second
small exponent of 7" appearing in log (6,,o,) . (Actually, there might be
more than one pyg. Then we have to consider them all at the same time.)

We set
Dps1 = Dp U{0ps1 + Rogmy, 1 £ ¢2V i TA+1)|i = 1,--- | s}

The sign is chosen such that each contribute exp (—¢;2%T%%3,,) to 00, 0s

(mod T?*). The choice of py guarantees that for each singularity of p and a

small loop p, around, we have
Opp 1 () = Id  (mod TH++1)

By induction, it suffices to take S(Dy) = UpDy,. d
Definition 3.5. We will call the rays in S(Dy) BPS rays.

Remark 3.6. It is easy to see that if we include the dependence of 9, the ex-

ponents of each monomial of slab functions in S(Dy) is of the form e~ f,y Q.
Remark 3.7. Notice that we don’t have the notion of degree as in [18][23]
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therefore we need to use energy filtration instead and a static construction of
the scattering diagram. At each singularity, the degree filtration and energy
filtration are equivalent. The Theorem 8.4 can be viewed as a substitute of

Kontsevich-Soibelman wall-crossing formula for elliptic K3 surfaces.

We will use the follow standard fact of algebra,
Lemma 3.8. Fiz e =0 or 1. Let f =1+ a1z + asx® + --- € Q[[z]], then
there is a unique factorization

=110 = ety
k

for some dy, € Q. Moreorver, we have the estimate for size of dy,.

Lemma 3.9. Letc(n) =) ;_, dz#, and ds = 0 if s is not an integer. Then

we have

dek log (1 — (—1)k2€xk) = ch(n)u”, where u = (—1)°x.
k=1 n=1

Proof.
O X ulk o0 ulk
RHS. =) Y by~ = > (k)
k=1 1=1 k=1
Set n = kl we get the right hand side of the lemma. O

Remark 3.10. The sign € will be related to quadratic refinement in [17].

Lemma 3.11. For generic choice of ¥, the BPS rays will not pass through

any singular points. An intersection of two BPS lines will not fall in the
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singularities of affine structures nor an intersection of two BPS rays is con-

tained in more than one stability walls

Proof. For a fixed energy A € N, there are only finitely many BPS rays and
finitely many phase have BPS rays passing through singularities. Thus, the
former part of the lemma simply follows from Baire’s theorem. For the later
part of the lemma, since intersection of two BPS lines, the discriminant locus
and intersections of stability walls are at least of codimension two, and the
later two are independent of the phase . Notice that we might not be able
to avoid the case in which more than two BPS lines intersect at the same

point for generic phase. O

Corollary 3.12. There is no tropical rational curves (see Definition 4.2 in

the next section) for a generic V.

This is reasonable because generic K3 has Picard number 0 by Torelli

theorem.

3.2 Generalized Donaldson-Thomas Invariants QP

Now for each vy € T, we want to define Q"°P(y;u) as follow: for generic
phase ¥, one can construct a scattering diagram S(®y) from the initial
BPS rays with respect to the corresponding phase 1. The walls of marginal
stability is taken to be the closure of singularities of the scattering diagram.

By straight forward computation, we have

Proposition 3.13. If the intersection product between two charges is zero,

then the associate Kontsevich-Soibelman transformation commutes. In par-
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ticular, the Kontsevich-Soibelman transformation associate to a pure flavor

charge is an identity.

Therefore, one can define Q(~;u) by Lemma 3.5 and extended uniquely
by requiring them to be locally constant. The Kontsevich-Soibelman wall-

crossing formula follows directly from our construction.

Remark 3.14. The construction of Q(7y) can be view as an inverse of the

procedure in [29].

Proposition 3.15. The nontrivial Q(y1 + ~2) happens on the side of the

wall of marginal stability with

Lol Zon +2)l (12)

2 Im[Z(71)Z(72)]

Proof. This is an easy consequence of the fact that central charges are holo-

morphic. O

Proposition 3.16. Given an ellptic fibred K3 surface, the invariants Q(vy; u)

are independent of choices of the Kahler class w.

Proof. For generic ¥ one can construct S(®Dy) such that there are no BPS
rays passing through singularities of the affine base. The energy filtrations
induced from different choices of Kéhler class are equivalent. From Theorem
4.6, Q(v,u) depends only on the degree filtration. Together we see that the
scattering diagrams S(®y) constructed in Theorem 3.4 is independent of the
choice of the Kéahler classes and thus so is the invariant contributed from

9. O
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Given an elliptic fibration K3 surface f : X — P! with holomorphic
(2,0)-form Q, then any 2-form o on P! such that Q' = Q4+ f*a, X AQ =
gives rise to another elliptic fibration with same Jacobian. Moreover, any
elliptic fibration with the same Jacobian arises in above construction. It is

obvious that for any v € Hy(X, L) and ¥ a lifting of v € TP!,

/ vpf a = 0.
oy

Therefore, changing elliptic fibred K3 surfaces within same Jacobian doesn’t
change the affine structure and the scattering diagram. To sum up, we

proved

Theorem 3.17. The invariants Q"°P(y;u) only depend on the Jacobian of

the elliptic fibration but are independent of the Kdhler class chosen.

Conjecture 3.18. (Integrality Conjecture) QP () € Z, for every v € T.

4 Tropical Geometry on K3 Surfaces

4.1 Tropical Discs

In the previous section, we construct a scattering diagram © = {(0, f)}
on the base affine manifold from the initial data. We want to build up
tropical discs from this scattering diagram formally and establish the relation

between tropical counting and ().

Definition 4.1. We say B is a tropical affine manifold with singularities

A, if there exists an integral affine structure on B\A.
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Definition 4.2. Let B be a tropical affine manifold with singularities with
discriminant locus A. Let G be a weighted, connected finite graph, with its
set of vertices and edges denoted by GI% and G respectively, with weight
function wg : G — N\ {0}. A parametrized tropical curve (with stop) in

B is a continuous map ¢ : G — B satisfying the following conditions:

1. For every edge E C G, @|rpy ) is an embedding, ¢~ 1(By) is dense
in Int(E), and there is a section u € T'(Int(E),¢*(i+\)) which is
tangent to ¢(Int(E)) at every point of ¢(Int(E)) N By. We choose
this section to be primitive, i.e. not an integral multiple of another

section of ¢*(i.A\).

2. For every vertex v € GO, let E1,...,E, € G1 be the edges adjacent
to v. Let u; be the section of ¢*(ix\)|rpy(p,) promised by (1), chosen

to point away from v. This defines germs u; € ¢*(ixA)y = (ixM)g(0) -

(a) If ¢(v) € By, the following balancing condition holds in Ay

except at the stop ¢(v):
ZU)G(E]')’LL]' =0.
j=1

(b) If ¢(v) & By, then all the edge attached to vertex v should be

mapped to the monodromy invariant direction.

3. If ¢ is a tropical rational curve with stop at p € By, then we give each
edge an orientation that it points from the vertexr with larger distance
to p to the vertex with smaller distance to p. In particular, every vertex

has a unique outgoing edge and others are ingoing edges.
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We will also call tropical curves with stop by tropical discs. The balanc-

ing condition will make the following definition well-defined.

Definition 4.3. Let ¢ : G — B be a parametrized tropical curves with only

trivalent vertices. The multiplicity at a vertex V € GO is
Multv((ﬁ) = w1w2]m1 A mg‘, (13)

where Eq, By are two of the edge containing V' and w; = wr(E;) and m; € M

is the primitive integral vector in the direction of ¢p(E;).

Definition 4.4. 1. Let h be a tropical curve (with stop) has only trivalent
interior vertices. The multiplicity of a tropical curve (with stop) ¢ is

defined by

Mult(h) = [[ Muity(¢) (14)
Veglo]

2. Given directions (might repeated) m; € M, N'P(w) is the weighted
count of the number of tropical curves (with stop) has in the directions

m; with multiplicities w; defined above.

4.2 Tropical Discs Counting, Q"? and Wall-Crossing

Definition 4.5. (Central charge of tropical discs)Let (X, w, ) be an elliptic
K3 surfaces. Given a tropical discs ¢ with stop at u on an tropical affine
manifold B induced from the affine coordinate of special Lagrangian fibration
on Xy, we will associate it with a central charge as follows by induction on
the number of singularities of affine structure ¢ hits: If the ¢ only hits only

one singularity, then let [¢] € Ha(X, Ly,) be the relative class of Lefschetz
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thimble such that f[¢] wy > 0 and its central charge Zy = f[¢] Q. Assume
p is an internal vertex of ¢ and each let ¢1,---¢s are the components of
Im(¢)\p containing an ingoing edge of p. By induction we already define
[¢i] € Ha(X, Ly) and the corresponding central charges Zg, = f[qbi] Q for each
1=1,---,s. For any p’ on the outgoing edge of p, there is a natural tropical
disc ¢’ with stop at p' induced from ¢, then we define [¢'] € Ho(X, Ly ) the
parallel transport of Y ;_[¢i] along the outgoing edge of p to p'. The central

charge of ¢' is given by Zy = fW} Q.
The following theorem is a modification of Theorem 2.8 [16].

Theorem 4.6. When u cross a wall consisting of relative classes ~;, i =

1,---,n, then one has the following wall-crossing formula for QP :

Athp(d,y) _ Z M < H thp(wij%')> , (15)

wis iy AN iz,
where w = (W1, -+, Wy), W; = (w1, ,w;,) € ZZZZ'O, and |w;| = Z%’:l Wik -

Proof. To compute Q°P(d~) for a fixed d, it suffices to compute the attached
function f, (modulo T%7*€) of the BPS ray 0 in the scattering diagram ©
associate y; with a generic phase construct in theorem 3.4, where 0 is the
direction given by ~.
Replacing T4 by t; in ©, we get a compatible scattering diagram ®’ =
{(, fi)lt =1,--- ,n} over C[[t1,--- ,t,]], where d; = Rm,; and
: Clltr, -+, ol

logfo, = Z Z W2 € Ty, = i Ly (16)
j=1w>1 st )
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is Taylor expansion in ¢;,with a;j,, € C. Since energy filtration is equivalent
to degree filtration, it suffices to compute f; € S(D').
We follow the trick in [16] to make the substitution t; = Z?:l ui; and

then do the expansion.

k
logfo = Z Z Jlwag,, 2™ Huil-

w=1#J=j leJ

Note that each u;; squares to zero and now f; can be split into simple forms,

k
Jo= H H <1 + jlwa, 2™ H%l)

J=1#J=5 leJ

Each ray 9 € S(®’) will correspond to a trivalent tree and

fo =14 woue Mult(h) H (w!aiw H uij>zm°“t,

Lw,F#J=w jeJ

!/

where the i, J,w run through all indices such that meu: = WeutMyy, Mbye

primitive. For large enough k£ and summing them up gives

NP () ) .
= W .tq-'uw 2 lwilms
oefo= 2 d|Aut<w>|< II st )
2

w:y |wi|mi=d 1<i<n,1<5<;

Plugging in t; = 7%, and by induction we have Aiw,;; = Qtrop (wij7yi). Com-

paring the coefficients, we get the wall crossing formula for QP O

Example 4.7. Assume there are two BPS rays hitting at p from direction

(1,0) and (0,1).
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1. To compute QfToP(1, 2) =0,

1-1 1
(1,2):1-(1,0)+2.(0,1);»N”0P=1,Aut:2w—2 -1-12=5
1.2 -1 -1

— t — _ —
=1-(L0)+1-(0,2) = N"™ =1, Adut =1~ — = o5 = —

2. To compute Q7P(2,2) =0,

1,2) = 1-(2,0) £ 1-(0,2) = N — 4 Aut =1~ 22 Z1Z1 1
(

1 2222 2
trop 2-4 -1 2
=2-(L,0)+1-(0,2) = ---=—-1
2-4
:2-(1,0)+2-(0,1):»N”OP:z,AutZQQW?-12-12:1
Together with the data from initial rays,
B -1 d—1
Qg = S0, (17)

where 7, is the Lefschetz thimble from each singularity. One achieves the

relation between tropical counting and {Q¥°}. Therefore,

Theorem 4.8. The true tropical count is sum of product of tropical counts in
(15) at each vertex after infinitesimal deformation. Moreover, these tropical
discs with nontrivial tropical invariants of an elliptic K3 correspond to the

instanton corrections (in the sense of [17]) of complex structure of its mirror.

Proof. The first statement follows directly from the construction of the trop-

ical invariants and (15) by induction on the number of internal vertices. For
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the second statement, it suffices to prove it for Ooguri-Vafa space [4], since
all the rest of the tropical discs/walls of instanton corrections are generated
by wall-crossing. From remark 2.11, for a fixed ¢ torus fibre T, bounds

holomorphic discs if Re(y() = 0 while the wall of instantons are given by

{y € Bo|Im(y¢) = 0}. O

Remark 4.9. In physics literature, the mass M of any charge v obeys
M > 1Z,], (18)

where the mass is f,y |Q| along a path. We call the charge v is BPS if and
only if the equality holds Thus, a charge is BPS if only if its phase of central
charge is the same angle along the path. Therefore, it is reasonable to expect

tropical discs to correspond to BPS charges.

Remark 4.10. The form of (15) is similar to wall-crossing formula of
Joyce-Song. The w in (15) might related to the spin by j = > (w;; — 1)

in the refined wall-crossing formula and leads to refined tropical invariants.

5 Tropical versus Holomorphic

The classical way of constructing tropical discs is taking certain adiabatic
limit of the image of the holomorphic discs under the fibration. However,
this method usually involves hard analysis and we don’t know much about
the Calabi-Yau metric. Therefore, we introduce here another point of view
of tropical discs from the locus of Lagrangian fibres bounding the prescribed

class of holomorphic discs.
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Observation 5.1. From Remark 2.3, the set of special Lagrangian torus
fibres bounding holomorphic discs of a same relative class fall above a hy-

perplane on the base affine manifolds.

Similar to Q' we have support property [24] for holomorphic discs

because holomorphic cycles are calibrated . Namely,
Proposition 5.2. There exists § > 0, such that

Z
| ’Y| > 5
1]

for all v € Uyegr Hy(Xy, L).

Proof. We first choose {(cy,3;)} € H?(Xy, L) as basis with a; € A?(Xy,
Bi € AY(L) such that da; = 0 and ;| = dfB;. Then the non-degenerate

pairing is given by

HQ(XT%L) X HQ(XI%L) — R
, isBi)) — i — i = : — df,
(. (i, ) L“ /875 /f“ g

where f3; are fixed smooth extension of 3; to whole Xy. Then if ~ can be

represented by a holomorphic cycle in Xy, we have

|/(ai7/6i)| <Vol(y)- sup (a; —dBi,v1 Ava) < Cy - |Z,).
v 1)‘1,11267‘}7)1(,
v1A\v2|=

Summing i through basis of H?(Xy, L), the left hand side gives a norm on

Hy(Xy, L) and prove the support property for a fixed . The proposition
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follows immediately because Cy is continuous depending on ¥ € S* and S*

is compact. [

On one hand, the support property is required to define stability data
for a suitable category. On the other hand, it might be needed to prove the

convergence of hyperKéher metric in [17] though we don’t need it here.

Definition 5.3. Given local section v of |J,, H2(X, Ly), we define locally

W2, ., ={u € Bo|ArgZ,, = ArgZ.,, Z,, Z, # 0 and y1,72 are not colinear},

and W = {J w” We say a charge v € Ha(X, Ly,) is primitive if

Yit+y2 U2t

u & W, and v is not divisible by an integer.

Because the central charge Z, is holomorphic, each W%,wz forms a real

analytic Zariski closed subset of real codimension one on By. Indeed, let f
. . " . . .

be the defining equation of W, ., and f + ig is holomorphic on a domain

of C2. By Cauchy-Riemann equation f will not have accumulate critical

points. At every isolated critical point u of f, we first write

f +ig =w", where n is the zero order of f + ig at u,

and w is an holomorphic function of z and locally invertible. Therefore,
f = 0 is characterized by n real codimension one smooth hypersurfaces
intersecting at u. Notice that the sublattice which is the preimage of Re™
is a sub Z-module and thus a sublattice. In particular, the union in the
definition of W is finite. Therefore, W' is locally a real analytic Zariski

open subset of the base by maximal principle unless multiple cover occurs
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(which is excluded by definition). If a relative class v € Ha(X, L) can be
represented as a holomorphic cycle, the phase of central charge va will
indicate which complex structure Jy makes v holomorphic. This motivate

the following motivation:

Definition 5.4. Given local section v of I' = |, H2(X, L), we define lo-

cally

wW! = w!
v U Y1572
Y1+v2=Y

={ue B|7 = v + 2, where y1 and 2 are represented by holomorphic

discs with boundary on L, in Xy and v1,72 are not colinear}

(19)

Notice that by Gromov compactness theorem (corollary 5.5 [10]) we have
W2, ., ©WZ ., as a closed subset in standard topology on By and the ex-
pression in (19) is a finite union. However, W, might not be real codimension
one because of appearance of holomorphic discs with respect to non-generic
(almost) complex structures. Also, W! might depend on the choice of

V1,72

Ricci-flat w while the real codimension one ny'l +, are not.

Remark 5.5. Changing the special Lagrangian boundary conditions is ex-
pected to be mirror to changing the stability conditions of stability condi-
tion in Donaldson-Thomas theory. Since our central charge is constraint
by (dZ,dZ) = 0, the affine base B can be viewed as a complex isotropic

submanifold of the corresponding stability manifold.
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5.1 Disc Contribution from Local

On Ooguri-Vafa space, there is a unique holomorphic disc with boundary on
every special Lagrangian torus over monodromy invariant direction. Thus it
gives raise to a special Lagrangian disc after hyperKéahler rotation. To prove
there exists such a holomorphic discs near the I1-type singular fibre of K3
surface with special Lagrangian, we need some understanding of geometry
of K3 surfaces near large complex limit. Gross and Wilson construct an
approximate metric by gluing Ooguri-Vafa metric with the semi-flat metric
for elliptic K3 surfaces when the Kéhler class goes large (along a straight line
in Kéhler cone). Moreover, they derive some estimate for the approximate

metric:

Theorem 5.6. ([19] Gross-Wilson ) Let X be an elliptic K3 surface with
holomorphic volume form Q. There exists we the approximate metric equal to
the twisted Qoguri- Vafa metric near the singular fibres and semi-flat metric
[20] away from singular fibres and with fibre size €. Moreover, if F. =

log (Q/L\fgz/z), then the solution ue of the Monge-Ampere equation

det(g;5 + i@iéjue) = el
satisfies the follow exponential decay property
| ue [loo< Dre=P2/

for some positive constant D1, Ds.

We will use this asymptotic behavior of metric as the working definition
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of large complex limits.

Heuristically, Gross-Wilson proves that the Ricci-flat metric converges
to semi-flat metric when the K3 surface goes to the large complex limit.
However, this does not include even the instaton correction contribute from
the initial rays.

Assume y is on the BPS ray emanated from a singular point. Take a
neighborhood U of this segment from the singularity to y and lift the special
Lagrangian fibration to the universal cover of i/. The affine coordinate on
U is (y1,—Im [ 7dy) when |y| < € or |y| > e. Here we assume the mon-
odromy invariant direction is characterized by y; = 0. Similar to the case
near the singular point, to prove that the fiber 7, can bound a holomor-
phic disc corresponding to the initial BPS ray, it suffices to construct an
approximate solution with respect to the approximate metric constructed
by Gross-Wilson. From [19], there exist a holomophic section ¢ and a real
function ¢ such that

wsr — Tjwoy = i00¢

Note that the local S'-action still live on the torus fibration over I/, therefore,
we can average ¢ with respect to the local S'-action and assume it is S'-

invariant.

Wnew = WSF + Zag(iﬂ(’yﬁ)lﬁ)
= (1= 9(Jy*)wsr + ¥(|y*) Tywov

— (' (ly[H)gdy A 0¢ + ¢ (|y*)yde A dg + 7 ([y*) ly|>pdy A dy).
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Remark 5.7. There is actually another term should be added to wneyw to

make it in the right cohomology class.

The candidate for the approximate holomorphic disc is given by y; =
u =0, so we want to prove that (w)new restricted to zero. It is easy to see
that the first, second and last term restrict to zero. Then third and fourth
term together restrict to the disc is —2yadys A Redp = —yadys A d¢ but
dqb(%) = 0 since ¢ is real and S'-invariant. Thus, we get a smooth special
Lagrangian discs with respect to approximate metric (w)ne and boundary
on an elliptic torus fibre.

The following proof is the standard deformation theory of special La-
grangian submanifolds (with boundaries) modified from [1]. Start with a
smooth special Lagrangian disc f : (D?,0D?) — ((X,wa, Q), L) we consider

the a family of embeddings

®y : (D%,0D?) — (X, wy, ), L)

¢V(l‘) = €XPy(2) (V(l‘)),

where wy = watt(w—wy), U = @M. Also, exp is specially constructed and
V should satisfy the Neumann boundary condition to keep ®y(0D?) C L.

It is natural to write down

F(Vt) : W (N x) xR — X (20)

F(V.t)(x) = (<expx V (2))*wr (exp, v<x>>*fm<ei9“>fzt>) (21)

The embedding ®y(D?, 0D?) gives a special Lagrangian disc on K3 (X, w, )
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if and only if F'(V,1) = 0.

To solve the equation, we first compute it’s linearization.

dwy, dIm(e?Q,
dF (W, s) = (exp V)" | deywy + si|t, dey ImQy + SMH
’ du du
(22)
In particular, the linearization at (0,0)
dw
dF,0)(W, 8) = (dn + SCT;'O’ d * (ym) + sp8' (0)voly,), (23)

where 1 = tw, is a 1-form and Re€2|p2 = yvolgy,. Notice that *(1n) = xyn,
where *,, is the Hodge star operator for the another metric g,.

Note that F will factor through C%8(dQ!(D?)) x C%8(dQ3(D?)) because
[(exp V)*wi] = [we) = 0 and [(exp V')*Im] = [ImS] = 0.

Proposition 5.8. The linearized operator
dF 0 : CYP (N x)N x R — C%P(dQ' (D?)) x COP(dQ'(D?))

is surjective, if O(t) chosen suitably.

Proof. Let N be a normal vector field of 9D? and o € C*5(Q!(D?) and

B € CHP(QY(D?)). We are trying to solve the system

dwt
dn=4d —_— 24
n o+ i lo (24)
dImS)
dxyn=df+— Yo (25)
n(N)=0 (26)
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Hodge theory for a manifolds with boundary (p.123 [35]) shows that this

system of equations can be solved with Holder regularity if and only if

L d(da+ o) = 0= d(dB + o)
2. (dﬂ + %b) (E1, Es)|gp2 = 0 for any vector Ey, B tagent to 0D?.

3. [p2(da+ %\0) x5 A = 0, for every ¢-harmonic form X of D? satisfying

Neumann boundary condition.

4. fD2 ¥ (dﬁ + dlstQﬂo) *y k = 0, for every t-harmonic form x of D?

satisfying Neumann boundary condition.

Notice that result quoted in [35] are stated for differential forms with Sobolev
regularity but extend to Holder regularity by standard bootstrapping argu-
ment for elliptic operators. Therefore, dF' is surjective if there is no coho-
mological obstruction from (wt,l m(ew(t)Qt)), which can be achieved if we

choose 6(t) such that

/DQ B+ 6'(0) /D WVolg, =0
0

For the injectivity of dF{g ), consider the following system of equation

dn+ s(w —wg) =0
d *y m + s18'(0)voly, =0

n(N)=0

42



Integrate the second equation over the disc D?, we have

500’ (0)Vol(D?) = —/DQd*w n

:—/ *gn =0
6D?

The last equality holds because t(xn) = *(nn) = 0 (proposition 1.2.6 [35]).
Thus the solutions of the system are exactly harmonic 1-forms with Neu-
mann boundary condition on D? (section 6 [35]), which has the same di-
mension as b*(D?) = 0. However, the distance from Ooguri-Vafa space to a
neighborhood of I;-type singular fibre of K3 surface is non-trivial. There-

fore, we need the following quantitative implicit function theorem.

Proposition 5.9. Assume that By, By are Banach spaces. F : By xR — By

is a map with continuous Frechet derivative. If we have
1. 2—5(0,0) : By — By is invertible and || 2—5(0,0)_1 I<C.

2. There exists 7o > r > 0,t9 > 0 such that for every (V,t) € Ug,(ro) X

[Oa tO];

oF oF 1

I57 (V1) = 77 (0,0) [I<

r
oV = %7 H F(Ovt) HB1S YR (27)

2C

Then there exists a unique Cl-path V (t) in Ug, (1) for each t € [0,ty] such

that F(V (t),t) = 0.

To apply proposition 5.9, we still need an effective bound for || g—{; (0,0)~1 |
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The former is has estimate

oF c’

R -1 - @@ -

the first inequality is first eigenvalue estimate and the second inequality from
[19]. For the later one, we have || g—{j(V, t) — 2—5(0,0) I, || F(0,t) |5, are of
order O(Cre~P2/¢) from estimate in [19].

To sum up, we proved

Theorem 5.10. Assume X is a K3 surfaces with special Lagrangian fibra-
tion and 24 nodal singular fibres near large complex limit. Then around each
singular fibre, each torus fibre sits above the initial ray bound a holomorphic
disc in the relative class same as Lefschetz thimble with respect to the one of
the complex structure in the Sllg-family. For any y over the initial BPS ray
does not pass through any singular point in an non-monodromy invariant
direction, T, bounds an immersed holomorphic disc when X is close enough

to the large complex limit.

We will call this disc as initial disc from now on.
There is another way to prove that the regularity of the holomorphic

discs by applying the automatic transversality for K3 surfaces [37]

Proposition 5.11. Assume X is a K38 surface and L is a special La-
grangian, then the bundle pair (TX,TL) always has Maslov index is 0. Let
f : (D?,0D* — (X,L) to be a holomorphic disc with boundary on L.
Let D]fv and D? be the normal and tangent splitting of the usual linearized

Cauchy-Riemann operator of f, then
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1. D;V 18 1njective.

2. f is reqular (in the sense of next section) if and only if it is immersed

or equivalently, (f*TX, f*TL)c = Op1(—2) & Op1(2).

Proof. The first part is follows from the fact that ind(chV ) is less than zero
and by proposition 2.2 (i) [37]. The second part is a consequence of theorem

3 in [37] O

Remark 5.12. The author do not know any direct modification of the proof
of automatic transversality for S*-family due to the fact that the line bundle
generated by K j(f, ) doesn’t have a good splitting with respect to DY and
DT,

5.2 J-Holomoprhic Discs in the S'-Family

Let (X,w,Q) be a hyperKéhler manifold (not necessarily compact) with
Kahler form w and holomorphic symplectic 2-form €2, then the hyperKéahler
triple (w, Q) will gives a twistor P!. Let L be a holomorphic Lagrangian with
respect to €, then there is S'-family of complex structure in the twistor
family such that L is special Lagrangian. We denote X — S! to be the
family contains L as special Lagrangian submanifold.

Let My41,8(%, L) be the moduli space of pesudo-holomorphic disc in the
family with boundary on the fixed special Lagrangian L with k+1 boundary
marked points in counter-clockwise order.

Let f: % — Xy € Mos(X,L). For each o € RImQy C (25° @ Q%%)g,
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we associate an endomorphism K, : TX — TX by
g(u, Kqv) = a(u,v)
and we consider the twisted d-equation

01f = Ky(f,0) = S Kal0f o),

where J = Jy. The map satisfies the above twisted d-equation are called
(J, @)-holomorphic. One can shows that (J, «)-holomorphic maps are indeed
Jo-holomophic with

1—|af? 2
14 |af? 1+ |af?

Ko (28)

in the twistor S C P! making C special Lagrangian.

Proposition 5.13. [26] Let j be the complex structure on 3. Let g be in
the conformal class of j and dv is the corresponding volume form. For any

C' map f, we have point-wise identity

(011, K;(f,a)) = fa.

Proof. Fix a point p in ¥, and choose an orthonormal basis {e;,e_ = je,}
of T,X. Set vy = df(e4), then direct computation gives d;f(ex) = (vs +
Jug), and K;(f,a)(ex) = 3(£Kavy — JKqvy). The proposition follows

from direct computation. O
One of the key observation is the following: Assume f” is (J, «)-holomorphic
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and in the same relative class as f, then by proposition 5.13,

[ orPae= [ g@f K )
(27,0%) (£2,0%2)
:/ fl*a
(=1,05)
:/ f*a+/dF*a+/ F*a =0,
(£,05) c :

where F is the homotopy between f and f’. The first term vanishes because
f is J-holomorphic while the second term vanishes because 2 is d-closed,

the last term is from boundary of domain and vanishes because |, = 0.

Therefore, 0f' = 0.

Proposition 5.14. Given any relative class v € Ho(X, L), there is at most
one complex structure in the twistor P! such that v has a holomorphic rep-
resentative. In particular, any holomorphic Riemann surface with boundary

on the special Lagrangian in a K3 surface is rigid in the S -family.

Proof. Tt is easy to see that D0,y is a Fredholm operator. Assume f is
both J and (J, «)-holomorphic and [Im(f)] = =, then K;(0f oj) = 0 or
Im(0f) C Ker(K,). If [f] # 0, then there exists holomorphic v such that
df (v) # 0. For each nonzero o € RImQy, o is a symplectic 2-form (here we
use the fact X is a hyperKahler). Therefore, a(u,df(v)) = 0 implies o = 0.
The only possible complex structure is —J but it will only realize —[v] as

holomorphic cycle. O

Therefore, the moduli space for family M4 (X, L) has the same under-

lying space as the usual moduli space of holomorphic discs M1 g(Xy, L)
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for some ¥ € S'. However, we will equip it with different Kuranishi structure

in the next section.

Proposition 5.15. ImDO N {K;(f,a)la € RImQ'} = {0}. In particular,
There is a non-trivial map TS' — LP(f*TX @ A%') induced from the S'-

family of hyperKdahler manifolds.

Proof. Assuming f is J-holomoprhic, then from the Proposition 5.14 one

has

[ a0av.sss.ando = [ g@fxs(v.ando+ [[Via=o+0-0,
> > b

for any V € A(f*TX, (0f)*TL). The first term is well-defined by Holder’s

inequality and last term is zero because a|z, = 0. 0

Remark 5.16. All the argument in this section also apply to any symplectic
almost Calabi-Yau 2-fold X, i.e. X is a symplectic 4-manifold with an
almost complex structure J such that there exists a J-holomorphic 2-form )

and J induces a Riemannian metric.

5.3 Kuranishi Structure for Moduli Space of Holomorphic

Discs in S'-Family

The main goal of this section is to develop the "reduced” Kuranishi struc-
ture,which help to define the new invariant, from the S'-family of complex

structure. The construction is a modified from [7] and [12].

Theorem 5.17. There exists a Kuranishi structure admits required proper-

ties listed below:
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1. It is compatible with the forgetful maps for each k > 1,

forgety, o : My g(X,L) — My_15(X, L) (29)

2. For each k > 1, the evaluation map {ev;,evy} : My g(X,L) — LF x S}
are weakly submersive. Thus the fibre product of Kuranishi structure

i 4. make sense.

8. It is invariant under the cyclic permutation of the boundary marked

points.

4. For the decomposition of the boundary of moduli spaces, the restriction
of the Kuranishi structure on the boundary hand side coincides with

the fibre product of the Kuranishi structures of the decomposition.

Proof. Step 1: For each point p = f: (X = UX,,0%) — (X, L) (we include
7 in ¥ for simplicity) in the moduli space My, (X, L), we will construct
a Kuranishi neighborhood. We first consider the case when the domain is

stable, namely, then the automorphism of each component is finite. Let

WYP(F*TX, (0f)*TL) = {(va) € B WP (Bu; f*TX,(0f)*TL)|

vg coincides on nodes},

where v, € WIP(Z,; f*T X, (0f)*TL) satisfies v, € WLHP(3,, f*TX) and
Valos, € WI1/PP(9S,, f*TL). We may choose p large enough such that v,

is continuous on X,.
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We consider the following linearized operator

DOpew : WHP(f*TX, (0f)"TL) x Ry — LP(f*TX © A*Y)

(w,¥) — DOw + IK ;(f, )

Notice that we use DO, instead of {Ddy}. It make sense because from
from Proposition A.8, we know that D, (V, ) = 0 if and only if DOV = 0
together with ¢ = 0. Since DOpew is also Fredholm, one can choose E, such

that
1. Ep is a finite dimensional (complex) subspace of LP(Z, w*TX ® A%1).
2. ImDOyey + Ep = LP(Z,w*TX @ A%1).

3. Elements of Ep has support away from special points on 0%.

-

Ey is preserved under I'y = Aut(p).

We may enlarge the obstruction bundle E such that (evp,evy) is weakly
submersive. Given any small smooth deformation f’ of f, we can find a

diffeomorphism of the domain

If}f/:2—>2/

such that Iy ; smoothly depends on the domain of f" and Iy g is identity
on a compact set away from marked points.

We choose a unitary connection on TX such that L is totally geodesic
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and thus we can have a identification of obstruction bundle

LOP(2, fX(TX @ A% = LOP(Y ) f*(TX @ A™) (30)

induced by Iy and again denoted by the same notation. Set Ep =

Iy p(Ep) and we consider the equation

df' =0 mod Ep (31)

Let Uy be the solutions of (31) and it is a smooth manifold of dimension
dim Fp by implicit function theorem. We define the section of Kuranishi

chart by

s(f')=0f € By

Notice that Mg(X, L) = Mg(Xy, L) for some 9 € S! as a topological
space, therefore the one the same gluing analysis as the standard one. It
greatly reduce the complexity of constructing Kuranishi structure. By using

Taube’s gluing construction and Newton’s method we have

Proposition 5.18. Assume X' is a deformation of X, f' : ¥ — (X, L) is

the approximate solution and

(w,9) € Ker(msy 0 DOnew), || (0,9) |lpw< €
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then there exists a unique h¢sy vy € LP(X;w™"TX ® AOE’,I) such that
msy 0 (O expy, (w + ngh(zy)) + Kj((exp, (w+ QE/h(E’V)), oz))) =0
and

| her vy lle< €

Proof. This is a modified version of Proposition 6.32 [28]. We will use
Newton’s method to find exact solution. For simplicity of notations, we
write v for f/, @ for the right inverse for f’, D, for linearization of 0 on

vy, = exp,(w + Qhy,) and m, = m,,. Set hop = 0 and
hnt1 = hy — Py o ﬂ(é'l}n + 9K (v, a)),

where P, is the parallel transport along the geodesic t € [0, 1] — exp, ((1 —

tw + Qhy,).

P,iiomo <5vn+1 + 9K j(vpt1, a))

=Py10mo <5expv (w + Qhn — Q0 Py ow(Jvy, + VK 1 (vn, )))
+ 9K (exp, (w + Qhy — Q 0 P, o w(Ovy, + VK j(vy, a))),a)>

=P,omo ((%n + 9K (v, a))

— P, 07 0 Dy o (d exp,) (w+0hn) (Q © Pr 0 T(0vy + VK j(vn, @)))

+ P, om, 00Ky <Dn o (dexpv)(w+th) (Q o P, o m(0vy, + VK j(vn, a))), a)

+ R(Tr o (éun + ”(9KJ(’UH, a))),
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where

I R(ﬂ' o (Ovy, + VK j(vp, a))) lLr< C1 || 7o (Ovy + VK 5 (v, @) H%p,
| PnompoDyo (deva)(w+th) —mo Dy [|[< Ca(jw| + |Qhay)),

(the third term after the second equality) < |9 || 7(Ovn + VK (v, @)) ||zr -
Therefore, by induction we have

I W(é’l}n+1 + K (vpt1, a)) || >
<Cs(|w| + |Qhn| + [9|+ || 7(Ovn + K(vn, ) ||z )

|l 7r(<§vn + KJ('Un,Oé))) | e

From the recursion expression
n—1
h, = — Zpk OT O (avk + Kj(Uk,Oé)),

k=0

we have control on

| w0 (Bvpi1 + K5 (vni1, @) |z

scg( | ) o + 3 [l (@0 + 9K (g, ) | ) | Gtn + 9K s(vn, ) | -
k=0

It is easy to prove following lemma by induction.
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Lemma 5.19. Assume a, >0, b > 0 with ag,b > ﬁ. If

n

1
an+1 < C3(b+ Zak>an = Ont1 < 50n
k=0

Lemma 5.20. (Lemma 7.1.29 [12]) Assume that 7(0w + 9K j(u,a)) = 0,

then
_ 1
| m(dv + 9K 1 (v, @) lle < Cs((In] + |n'[) 2 +[9]).

Therefore, || 7(8exp,w+9K ;(v,a)) ||z» < Cs(|nl+ 1) % +Co || w [lwis -
and small enough choice of 1, 7 and (w, ) guarantee the existence of h,) .y,
by Newton’s method with required estimate. Since dgexp, (w+Qhy,) € E, is
smooth, the exact solution exp, (w + Qh,,) is smooth from elliptic regularity
of Cauchy-Riemann operator.

As for uniqueness, let h = h,,.; and assume there another solution A’

of equation

m(0exp,(w + Qh) + VK j(v,a)) =0, with || h|[zr<e
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Then we have

0 = P’ o m(dexp,(w + Q') + VK j(exp,(w + QL) o))
= P’ o m(dexp,(w + Qh + Q(h' — h)) + VK j(exp,(w + Q(h' — h))))
= Pomodexp,(w+ Qh)+PoroDjo (dexp,)w + Qh)(Q(h' — h))

+ R(K —h)
or
W —h = (PLowo Dy o (dexp,)wrgn — 7o D)(Q(h —h)) + R(h' — h)
Therefore,
|4 = b o 5 2 = oo

when € is small and h = &'.

O]

Therefore we construct a Kuranishi chart for each element p = [f :
((%,0%),7) — (X,L)] € Myp(X, L) when the domain is stable.

Step 2: If any of the component of the domain 5, is unstable, we will fol-
low the construction in [7] and Appendix [11]. We first add interior marked
points to make ¥, stable and denote it by ¥}. we add the marked points
in the way that I'p acts on additional marked points freely. Since f, is
non-degenerate, it is immersed at generic point on ¥, and without loss of

generality we can assume f, is immersed at additional marked points.
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For each additional marked point p, we take a 2-dimensional submanifold
D, C X such that D), intersect with the image of f, transversally at p and
D, = D, for each v € I'y. We will denote the holomorphic maps with
addtion marked points by p* = [fT : (¥1,0X1) — (X, L)]

Now we may assume the domain with addition marked points ¥ €
Mo g4k, where k' is the number of the additional marked points. Since
Mo 4k admits an orbifold structure, we may assume a neighborhood of
YT € Mg gyi is parametrized by V(XT)/Aut(X"). Follow the same pro-
cedure in Step 1, we construct an Kuranishi chart V,+ for p'. Let evadd

Vv

pt — X ¥ be the evaluation map of added points. Then

Vo = Vot v, 414 11 D,
p:additional
marked points

is a smooth manifold of expected dimension because of the transversality

condition of D,. We define E by

Ep = Ey = P EE)
a

(up to a parallel transport) and the Kuranishi map sp by
sp(f') =0f" € Ey,

which is I'p-equivariant by construction.

Let sp(f’) = 0, then f : (Z}C,@E?,) — (X, L) is pseudo-holomorphic

and we get ¢Yp(f') := f: (Z;{,,@Z;{,) — (X, L), where the later is induced
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by f’ by forgetting those additional marked points. So far, we construct
a Kuranishi chart with notation changed by (Vr? , Eg,I‘p7 sg,¢g) for every
point p € My, g(X, L).

Step 3: By Gromov compactness theorem, we find a finite cover

Mis(X, L) = | ¢p((sp) 7 (0)/Tp).

peud

Choose closed subset Wy, of 99 ((s})~'(0)/T'p) for each p € U such that

My p(%,L) = | TntWy,
peu

and we set

GB Eg,, where {(p) = {p’ € Ulp € Wy }.
p'ed(p)
This step the closeness of W, guarantee the coordinate change of Kuranishi
structure. Thus we construct a Kuranishi structrue on a fixed moduli space
My, 3(%, L) but without compatibility condition.

Step 4: We will construct the Kuranishi structures on My, g(X, L) in-
ductively on w((3) such that they are compatible with the decomposition of
boundary.

Notice that for the case [08] = 0 € H{(L), there is an additional bound-

ary component of Mo (X, L)

M () xur L.

o7



The proof is also similar.

O

Remark 5.21. It is pointed out in [8] that we choose E, such that its ele-

ments has support (uniformly) away from the special points for two reasons:

1. We don’t have to perturb in a neighborhood of nodal points and thus

the gluing analysis is easier.

2. It is easier to identify the sections of obstruction bundle of each com-

ponent with the sections of obstruction bundle after gluing.

Remark 5.22. Here we didn’t quotient the line bundle given by K;(f, )

because it is hard to identify the quotients with those of perturbation of f.

Theorem 5.23. For each € and Ey, there exists a system of continuous

family of multi-sections {sy g} on {My |k >0, | fﬁ Q| < €} such that
1. It is e-close to the Kuranishi map in C° sense.
2. It is compatible with forgetful map forget.

3. It is invariant under the cyclic permutation of the boundary marked

points.

4. All the relevant evaluation maps induce submersion on zero sets of

multi-sections.
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5. For the decomposition of the boundary of moduli spaces,

M p(X,L)= | U  Mj_inap (L)
1<i<j+1<k+1  [1+62=0,
Zﬁl/Z52€R>O

(evo,evy) X (evi,evy) M= j41,8, (X, L). (32)

and

oMog(x,L)= | (M¢
Brin(B)=5
U U (MLﬂl (-}:7 L) (evo,evy) X(evo,evg) Mlﬂz (-}:7 L))/Z2
Bl“l’ﬂ?zﬁv
Zﬁl /Z52E]R>()

(33)

the restriction of the multi-sections on the boundary of the moduli space
coincide with the fibre product of the multi-sections from decomposi-

tion.

Proof. The proof is similar to theorem 5.1 [7]. By Gromov compactness, the
class achieve minimal area has compact moduli space consisting only smooth
domain. One constructs multi-sections on the moduli space using appendix
A.3. By induction, we have constructed multi-sections on both factor of
right hand side of (33) for 8 with |Zg| < Ey. For second terms on the right
hand side of (33) and right hand side of (5), multi-sections constructed are
compatible on the overlapped part of moduli spaces by lemma 7.2.55 [12].
Therefore, we can use the fibre product of multi-sections on each factor to

gives multi-sections on the left hand side of (12),(33). For the first term
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of right hand side, [11] constructs such multi-sections. We use lemma 3.14
[11] to extend the multi-sections from the boundary to the whole moduli
space and the multi-sections can satisfy (45). It is easy to see that the
extension still has the transversal property. The assumption of energy bound
guarantees we only have finitely many steps so that the (1) of Theorem 5.23

can be achieved. O

We will use [M]""" to denote the zero locus of the perturbed multi-
sections of corresponding moduli space M. In particular, [M]’" is a smooth

manifold (with corners).

Remark 5.24. See 7.2.3 [12] explains why we can not construct multi-

section for all moduli space simultaneously.

5.4 Orientation

Since the tangent bundle of torus is trivial, one can choose the trivial spin
structure and is invariant under the monodromy. Let u : (D? 0D?) —
(X, L) be a holomorphic map with image in the relative class v. Assume the
domain of the disc is given by D? = {z € C : |z| < 1}. We shrink the circle
|z] = 1—¢, where € is a small positive number. Let C be the resulting rational
curve and intersect a disc D'? at a point p. The bundle pair (u*TX,u*TL)
is trivial on D’? and has natural orientation. Following Chapter 8 [12],
we can define the orientation of standard moduli space My (X, L) by the

orientation of virtual vector space

HY(®,0%;uw*TX,uw*TL) — HY(Z,0%; uw*T X, u*TL)
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From the below long exact sequence we have a canonical choice of ori-
entation on the mouldi space since every term below admits a natural ori-

entation.

0— HYX,0%;w*TX,uw*TL) — H°(C,F) ® H°(D? 0D* C? R?) — C?
— HY(Z,0%;w*TX,w*TL) — HY(C,F) ® H (D? 0D?;C? R?) — 0,
(34)

where F' is a degree zero rank 2 bundle over C' induced from (v*TX,u*TL).

For our moduli space Mg (X, L), we define its orientation to be
Sy x (HY(S,05;u* T X, u*TL) — H(S,08;w*TX,u*TL)) /Aut(D?).

Remark 5.25. Fach initial ray corresponding to the singularity has same

orientation.

5.5 Reduced A, Structure and Floer Theoretic Counting

From the Kuranishi strucuture constructed in the previous section, one can
define a filtered Ay structure using De Rham model as follows: Let p €

A*(L x S}) be differential forms on L x S}. For each k > 1, we define

k
mys(p1,- - pe) € A (L x S§), Z deg(pi) —1)+1
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myg(p1,-- -, pk) = Corre(Mpp1,8(X, L); (evy, . . ., evy, evy), (evo, evy))

(1 X+ X pr),

mo (1) = Corry(My g(X, L);tri, (evo, evy)) (1) € A*(L x S§) (35)

me= > mysTh® (36)
ﬁEWQ(X,L)

and if X is an elliptic K3 surface and L is the torus fibre we define
m_1 = Corry(Mo g(X, L);tri,tri)(1) € R

Theorem 5.26. {myg}i>0 forms a cyclic filtered A algebra structure
modulo T on A(L x S1) with 1 as a strict unit. Moreover, the struc-
ture is independent of the choice of Kuranishi structure and multi-sections

chosen, up to pseudo-isotopy of inhomogeneous cyclic filtered Ao, algebras.

Proof. This is a standard argument follow [12]. However, the new Kuranishi
structure induce a new A, structure and can be viewed as a new symplectic
invariant. We first will construct an inhomogeneous cyclic filtered A, alge-
bra structure modulo 7. From the Kuranishi structure and multi-section
constructed in Theorem 5.23, we first prove the A relation modulo TF.

The A relation is equivalent to

2. > (—1ydeston)trder(p)tind

B1+P2=0 k1+ko=k+1 i

mk’1,ﬁ1(p17 T 7mk’2,52(pi7 T 7:0i+k2—1)a T ,,Ok:) =0
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We may write the sum from left hand side into

m1,ome,g(p1,- - 5 Pk)
+ Z(_1)deg(pl)+m+deg(pi71)+i71mkuﬁ(pl7 e 7m1,0(pi)7 e 7pk)

+ Z Z(_1)deg(p1)+~--+deg(pi-1)+z‘—1

B1+P2=0,k1+ka=k+1 i
B17#£0 or k1#1
B27#0 or ko#1

Mk ,8: (pla C My By (piv T 7pi+k2*1)7 T 7pk)

We need the version of Stoke’s theorem A.14 and composition law A.15
for manifolds with Kuranishi structure.

We need to check the orientation of the moduli space to fix the sign. For
0 < Ey < E1, one can extend the Ao relation from modulo 750 to modulo
TE.

The cyclic symmetry follows from the cyclic symmetry of the perturbed

multi-sections:

<mk+1,ﬁ(pla to ’pk)a p0>

=Corry(Mpyy1,8(X,L); (evy, -+, evg, evy), tri)(p1 X -+ px X po)

To prove 1 is a strict unit: for  # 0 and k < 1, we want to claim

mk,ﬁ(plv"' 7pi*171>;0i+17"' apk) =0

This is because of the compatibility of forgetful map forget : M — My 4
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Let X be the vector tangent to the fibre of the forgetful map forget, then

vx ((f*)ap Aw) =0,

where p = p1 X -+ X pj—1 X 1 X pj41 X - -+ pg. Therefore each components of

right hand side of 5.5 vanish and 1 is a strict unit.

Remark 5.27. Here we need to include the factor Sé to make my, degree 1.

Otherwise, my, will be degree O and the Aso-structure is destroyed.

Proposition 5.28. The Ac-structure (A(L x SY),{mxs}) constructed in
Proposition 5.26 is independent of choice of Kuranishi structure and the

family of multi-section chosen, up to pseudo-isotopy of inhomogeneous cyclic

filtered Aoy algebra modulo TFo.
Proof. The proof is similar to proposition 4.1 [§] O

Finally we apply lemma 4.2 [8] to extend the inhomogeneous cyclic fil-

tered As algebra structure and finish the proof of Theorem 5.26. 0

Remark 5.29. Let X' be the twistor space of X with two fibres admit el-
liptic fibrations discarded. From the expression (1), Q(C) A % is a nowhere
vanishing holomorphic (3,0)-form on X. Notice that every holomorphic disc
(D?,0D*) — (X, L x S}) factor through a fibre by mazimal principle. The-

orem 5.26 is equivalent to the Kuranishi structure of the real 3-torus L x Sé

in X constructed in [12].

Remark 5.30. One can generalized theorem to the case includes interior

marked points and study open-closed duality.
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From now on, we will assume X is an elliptic K3 surface and L = L,
is a torus fibre for our purpose. After hyperKahler rotation, X admits an

Sé-famﬂy of special Lagrangian torus fibration.

Lemma 5.31. Assume L, does not falls on the Wé, then m_q g is well-
defined.

Proof. Assume there are two different Kuranishi structures. We can con-

struct a pseudo-homotopy between them. Let 0 < ¢; <t9 <1,

8([t1,t2] X Moﬁ) = ({tl,tQ} X Mo’g) U U [tl,tQ] X (Mil,ﬁ Xx L X S}g)
B:i*(/é):ﬁ

U U (([tlvt?} X Ml,ﬁ1) (evo,evy,evt) X (evp,evy,evt) ([tlth] X Ml,ﬁz))/Z2
B1+B2=0

(37)

Note that the middle term has no contribution because of dimension reason.
It coincide with the expectation that there are no BPS of pure flavor charges.

Apply the Stoke’s theorem above, we get
ml_lﬁ - m(llﬁ = contribution from right hand side of (37).

Because of the assumption that L, does not fall on W/é except multiple
cover occur. By Proposition 5.43, the boundary of multiple covers doesn’t
contribute to the invariant. The finiteness follows from Gromov compactness

theorem. ]

In particular, locally there is an open dense set such m_; g is well-defined.

65



By Gromov’s compactness theorem (see remark of Theorem 0.2 [39]) and

the lemma, the wall of a fixed charge 3 is locally finite. Therefore,

Proposition 5.32. If m_y g(Ly) is well-defined, then m_q g(Ly) is well-

defined for nearby u'.

Finally, we define
QP (3 u) = moy(La). (38)

A priori, the ”invariants” are only defined over R.

Proposition 5.33. If QF0¢" (v u) is well-defined, then QF0T (—~;u) is also

well-defined. Moreover, we have reality condition

QFloer( — QFloer(

;) —v;u)

Proof. From (34), complex conjugation does not change orientation of C2

L, H'(C,F) — H\(C,F), K;(f,a) and PSL(2,R). O

Proposition 5.34. The invariants Q(v;u) is invariant if the elliptic fibra-
tion changed to its complexr conjugate. It is also independent of the choice

of the holomorphic (2,0)-form of the elliptic fibration.

Proof. If we change the elliptic fibration to its conjugate complex strucuture,
then both S} and L change orientation. All the other ingredients involve
orientation remain the same. This indicates the first part of the proposition.
For the later part, we first look at the case when the holomorphic (2,0)-

form €2 replaced by —2. In this case, the complex structure of the special
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Lagrangian fibration changed to its conjugate. Thus the The sign may
change on H°(C, F) and H'(C, F) but cancel out by Riemann-Roch formula.
Notice that the orientation of Sé is unchanged because both a = Im{2 and
j change sign and K;(f,a) = %Ka(df o j) is unchanged. In general, any
two choices of holomorphic volume form will give rise to pseudo-isotopy of

Kuranishi structure and the proof is the same as Lemma 5.31. ]

Remark 5.35. Considering S*-family not only raises the virtual dimension
of moduli space to 0 but after projecting to a fixed phase still get the reduced

counting.

Let 7 : X — B to be the special Lagrangian fibration. Given a wall W, 3
on the affine base, we choose a path on By passing through a generic point
of W, g and the boundary points Lo = L, L; lies on different side of the
wall. Without lose of generality, we may Assume the phase ArgZ, is strictly
decreasing and ArgZy is strictly increasing. Choose a 1-parameter family of
fibration preserving diffeomorphisms ¢; such that ¢,(Lg) = Ly, for ¢t € [0, 1].
By pulling back the Kéahler forms and complex structures to Lg, we may
view changing special Lagrangian boundary condition as changing complex
structures (hyperKihler structures) on (X, Lg). Assume f : (D% 0D?) —
(X, L) is a holomorphic disc. The new linearized 0 equations for 1-parameter

family now becomes

DO : WYP(f*TX, (0f)*TL) x Ry x Ry — LP(f*TX @ A"h)

(w, 9, t) — DOw + V9K ;(f, o) +tY
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where Y is the tangent of complex moduli along the path. Using similar

argument in Theorem 5.23, we have

Theorem 5.36. There is a system of Kuranishi structures and families of
multi-sections s g on My, g(X,{Li}), k = 0,1 for |fﬁQ| < Ey satisfying

properties below:
1. The multi-sections s g are transverse to 0.
2. The structure is compatible with the forgetful maps.

3. All the relevant evaluation maps are submersion restricted on the zero

locus of the perturbed multi-sections.

4. For the following decomposition of the boundary of moduli spaces,

OMo (X, {L}) =U (Mos(X, L1) — Mo (X, Lo))

ul U M (X, L) (39)

t T3 Bi=0,
Zp,(Lt)/Z3(Lt)ER>o

the restriction of the multi-sections on the boundary of moduli spaces
coincides with the fibre products of Kuranishi structures. The summa-
tion is over all possible boundary, each of them has a dual intersection
complex as a tree T'. Fach such tree T' has its vertex ¢ labeled with a
charge ; € Ho(X, Ly). By Proposition 5.40, we only have to consider
those trees with each edge (i,j) has (08;,083;) # 0. Let My(X, L) be
the moduli space of holomorphic discs with corresponding configura-

tion.
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5. For ty € {0,1}, the induced Kuranishi structures and multi-sections
on My, g(%,{L:}) Nev; ' ({to}) are the one given in Theorem 5.17 and

Theorem 5.23.

Remark 5.37. Another choice is to consider the below moduli space in [12].
My s({Jg.4} : top(¥), twp(t)) — [0,1]; x L*.
Then the evaluation map (ev;, evy) can be made weakly submersive and one

can construct a reduced Kuranishi structures on A*(L x S}).

Remark 5.38. Notice that by the Gromov compacitness theorem, the last

term in (39) is finite.
The following proposition is straight forward from the definition.

Proposition 5.39. Let ¢ be an (fibration preserving) diffeomorphism, then

m_1,5(L) =m_y g8 ((L)) assuming both are well-defined.

Proposition 5.40. Assume 1,7y are primitive, then

COT’T*(ML% (%7 L) ><L><S119 Ml»’YQ (%7 L);tTLtT’i)(l) = <’Yl?'72>m—1,71m—1,72
(40)

Proof. 1t suffices to prove the following statement:

Lemma 5.41. Let X; = B; x S', where B; are manifolds with a compact

support volume form w;. Assume f; : X; — T? are submersions such that

[fi{pt} x SYH][f2({pt} x SN)] = K, then [y w1 Aws = k([ w1)([5, w2),
where X = X1 Xp2 Xo.
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Proof. Consider the map 7 : X — By x By. X defined by fi(z) = fa(y), is

closed and 7 is proper. Easy computation shows that

/w1Aw2=(deg7T)'/ wl/\w2::|:k:-(/ Wl)(/ wa)
X BlXBQ B1 BQ

O]

Compatibility of forgetful maps says that if V,,, are local Kuranishi chart

for My, , for k = 1,2, then one can take Vo'ék =V, x S! as Kuranishi chart

-1

of My ,. Thus locally we can choose s, ;

(0) to be X; in above lemma.
ka wy, is the local contribution to m_; 5, and fX w1 Awsg corresponding local
contribution for left hand side of (3.13). The proposition followed by using

partition of unity for Kuranishi space to glue the contribution from each

charts to give the formula. O

Remark 5.42. Notice that in the expansion formula of symplectic holomor-

phic 2-form in (6), there is no contribution from those v with [0y] = 0.
Similar argument as Proposition 5.40, we have follow two propositions.

Proposition 5.43. If (041,002)1, =0, then

Corry (Ml,ﬂl ({Lt}) (evo,evy,evt) X(evo,evﬂ,evt) Ml,ﬁz ({Lt})/ZQa tri, tT’Z)(l) =0.

Remark 5.44. Proposition 5.43 implies the multiple cover contribution is
well-defined and the closed Gromov-Witten invariants decouple from the in-

variants {QFZO@T}. Moreover, it implies the analogue of Proposition 3.13 for

{QFloer}‘
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Proposition 5.45. Let {L;} be a 1-parameter family of torus fibres such

that passing through Wé’ transversally. Assume v =Y . kiv;. If

QFfloer (kv; ) = 0, for all k and some ig, then

AQFloer(,Y) -0

Therefore, Proposition 5.45 motivates us to define the wall of marginal

QFloer

stability for in the following way:

Definition 5.46. For 1,72 primitive, we define

Wose = {u € BolArgZy, = ArgZyy, Q71 (k1) Q71 (k1n2) # 0

for some ki, ko € N}.

The wall of marginal stability of ~ for holomorphic discs counting is given

by

W, = U Wai e
y=ky1+ly2

It is easy to see that W, is an open subset of W and W./. The following

theorem follows from similar argument in Lemma 5.31.

Theorem 5.47. Assume [0y] # 0 and QF (y;uq) is well-defined, then

QFZOET(*y; u) is well-defined and locally a constant around uyg.

In the definition of the invariant Qe there is a choice of Ricci-flat

metric to form the twistor family. However, we have
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Corollary 5.48. Assume w,w’ are Ricci-flat metrics such that the corre-

sponding invariants Q(v;u) and ' (y;u) are well-defined. Then

Q(yiu) = (yiu)

Proof. First we assume that u ¢ W;’ then the proposition follows by similar
cobordism argument as in Lemma 5.31. In particular, the proposition holds
on an real analytic Zariski open subset of By. For u € WJ\W,, then by

Theorem 5.47 there exists u' ¢ W./ near u such that

Qyiu) = Qyiu) = X (yu) = Y (y;u)

O

Lemma 5.49. Given a Lagrangian fibration X — B and § > 0, then there
exists €(8) > 0 such that any holomorphic discs with non-trivial Lagrangian
boundary condition with symplectic area less than § should contained in an

€(9)-neighborhood of a singular fibre.

Proof. This is a consequence of the gradient estimate of harmonic maps (ex.
theorem 2.1 [39]). Indeed, assume a holomorphic disc with boundary on fibre
L and small area will fall in a neighborhood of L. However, a (topological)
trivial R¥ x T* fibration cannot bound any disc with non-trivial boundary

homology class. O

The following is another well-known folklore theorem. However, we can-

not find the proof elsewhere.
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Theorem 5.50. Let 7. be the Lefschetz thimble, then

QFloer(,ye;u) — 1’
for w closed enough to a singularity of affine structure. Moreover, for u

close enough to the singularity, v. is the class achieves minimum energy

with QFer (v) # 0.

Proof. Assume X is a K3 surface with special Lagrangian fibration around
large complex limit. By Lemma 5.49, we will replace X by the preimage of
a e-neighborhood of singular point on the base, with the topology same as
Ooguri-Vafa space. Notice that we still have Gromov’s compactness theorem
for X.

View the Ooguri-Vafa space as an elliptic fibration. Assume wgg =

woy + 100, where ¢ is smooth.

Lemma 5.51. There is a path of hyperKdhler triples (X, wy, Q) connecting
the restriction of K3 and the Ooguri- Vafa space, keeping the elliptic fibration

structure.

Proof. Tt suffices to prove that the uniqueness of complex Monge-Ampere
equation with Dirichlet boundary condition and the solution is smoothly
depends on the boundary condition. Take u; = t¢ and by the estimate in

[19] there exists non-negative constant e, such that ¢, = 0 for ¢t € {0,1},
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and u; are subsolutions of the below equation

(wov + 100u;)? = (% —e)QNAQ

ulox =to

Therefore, Theorem 1.1 [15] provides a solution for the Dirichlet problem.
To prove uniqueness, assume there are two solutions ,¢ satisfy the complex

Monge-Ampere equation with Dirichlet boundary condition. Then we have

or can rewrite it as

det(g;j + &7 + (b5 — di7))det(g;5 + ¢7) " =1

By arithmetic-geometric mean inequality,

%[2 +A'(p— )] > 1,

where A’ is the Laplacian of metric (g;; + ¢;;). Therefore, 1) — ¢ is subhar-
monic with respect to A’. Since 1 and ¢ are smooth functions, we may add

a constant and assume 1) — ¢ > 0. Then
o / N2 B / B / . 2
0= [ Mw-ef =2 [ w-onw-0)+2 [ V-0

All the terms arises from integration by part vanishes because ¥ and ¢

satisfy the same Dirichlet boundary condition. The first term of right hand
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side is non-negative implies V'(¢) — ¢) = 0 or ¢, ¢ differs by a constant. [

Assume the a special Lagrangian torus fibre L in K3 bounds a holomor-
phic disc of class v with area smaller or equal to the Initial disc and has
nontrivial invariants. We will use the continuity method to prove there is
a disc with same property in the Ooguri-Vafa space. Indeed, notice that
for Ooguri-Vafa space mo(X, L) is generated by the fibres and Initial discs.
therefore wall of second kind doesn’t contribute by Proposition 5.40. If
wall of third kind contribute, then it degenerates to holomorphic discs in
class v with area smaller or equal to |Z(v.)| on L; such that Q(y) # 0
and is indecomposable (thus is well-defined). Then there exists a neighbor-
hood of L; bound this discs by Gromov compactness theorem. Again by
Gromov-compactness theorem, there will be some disc with area smaller or
equal to |Z(v.)| and converge to the unique holomorphic disc in the Ooguri-
Vafa space. It contradicts to uniqueness of deformation of the only disc
in Ooguri-Vafa space by hyperKéahler rotation trick. Therefore, there are
no holomorphic discs with area smaller than ~,. and there is only a unique
holomorphic disc represent .. The theorem follows from My, (X, L) is
Fredholm regular and consists just a point. Indeed, the zero of each branch
of perturbed multi-section is isomorphic to (Wy,w,) and thus the invariant

is by definition

/ wao = 1.
Wa
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5.6 Multiple Cover Formula

To prove the corresponding theorem, one ingredient is multiple cover formula
of the holomorphic discs discussed in Theorem 5.50. Use argument similar
to Theorem 5.50, it suffices to compute the multiple cover contribution from
the following local model below: X = T*P! and L = R! x S! is the fixed
locus of an anti-symplectic, anti-holomorphic involution ¢. The author learn
the localization technique from Chiu-Chu Melissa Liu. Using localization to
compute multiple cover of discs invariants can be first found in [25][21], and
later carry out rigorously in [33].

We first construct an special Lagrangian fibration with respect to Iguchi-
Hanson metric with L one of the fibre. Let X = TP! be the blow-up of C2/Zs
at the origin. Let (y, A), (x, ) be the coordinate chart on X, where z = 1/y
and p = A\y?. Then there is an natural S'-action on X preserving \y = ux.

The Iguchi-Hanson metric wgy is invariant under this S'-action and thus

X — R?

(¥, A) = (g1, Re(\y))

is a special Lagrangian fibration with smooth fibres homeomorphic to R x S*
[14]. Let ¢ : (y,\) — (7,A) be an anti-holomorphic involution and anti-
symplectic involution. The fixed locus of ¢ is a special Lagrangian fibre L.
Moreover, by maximal principle there exists a unique simple holomorphic
disc (up to reflection ¢) in X with boundary on L. This is a local model

near the singularity of Ooguri-Vafa space. Locally around the singularity

of the fibration, Iguchi-Hanson metric and Ooguri-Vafa metric are both S!
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invariant and thus arise from Gibbons-Hawking ansatz (section 2.6 [19]).
Therefore, there is a family of hyperKahler triple from Gibbons-Hawking
ansatz connecting these two spaces. Same argument as Remark 2.11, there
is a unique embedded holomorphic discs in each space. Therefore, pseudo-
isotopy of Kuranishi structure along this family guarantees we can just com-
pute the multiple cover formula for moduli space Mg = Mgy, (X, L) of discs
in X = T*P! (with S'-family of complex structures by hyperKihler rota-
tion) with boundary on L and image only mapping to certain side of the
equator.

Let v be the unique (up to sign) relative class bounding simple holomor-
phic disc and 7 is the homology class of zero section P! in X. Since the
invariant Q¢ (dr) is independent of the choice of Kuranishi structures,
we will choose the Kuranishi structure for computation purpose as follows:
The obstruction bundle F; is an orbi-bundle over an orbifold M, and the
Kuranishi map is just the zero section. For each point [f] € My, it has a

corresponding point in M, again denoted by [f] and
Fylipy = H'(D*,0D% f*TX, f*TL)/R,

where the quotient R-factor is induced by the S!'-family of complex struc-

tures by hyperKé&hler rotation. Also the tangent space of My at [f] is
TMg| ;) = H°(D?,0D?; f*TX, f*TL)/Aut(D?).

Notice that M, is bijective with the moduli space My of real rational curves
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of degree d in a twistor family of X. (Notice that this point is quite different
from the situation of [33]) Therefore, we double the Kuranishi structure on
M, and equip My, with an t-equivariant Kuranishi structure under this
identification. We may choose the perturbed multi-section on My to be

t-invariant. Therefore,

QFloer(d,y) : = Corry(Mg;tri, tri)(1)

= %Corr*(/\;ld; tri, tri)(1) (41)

The Kuranishi structure on M, is a smooth closed orbifold My of real di-
mension 2d —2 with an orbibundle F; and Kuranishi map is the zero section.
In particular, (41) is just the top Chern class of the orbibundle F;. We will
use localization to compute this top Chern class. Using the fact that L is
the fixed locus of ¢, which is both anti-holomorphic and anti-symplectic, one
concludes that maps in My is a d-fold cover from trees of disks to the zero
section P! with boundary in S'. Then there is only two torus fixed point in

4 composed

the moduli space My, namely, the doubling of f; given by z — 2
with the only embedded disc (we will again denote it by f;) and its reflection
under the involution ¢.

Let (a) denote the complex line with the U(1)-action of weight a; while
(0)r denotes the real line with the trivial U(1)-action. It is easy to see that

the doubling of bundle

(faTX, faTL)c = Op1(=2).
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Then straightforward computation shows

Aut(D?) = (1/d) + (0)g, (real dimension 3)

HO(D?,0D% f;TX, fiTL) = @9, (j/d) + (0). (real dimension 2d + 1)
So together we have

T Myl = —3(j/d).
On the other hand,
H'(D?,0D% fiTX, f;TL) = @I=1(—j/d) + (O)r (real dimension 2d — 1).
So the fibre of obstruction bundle Fj at fy is given by

Bl = &=} (~3/a)

because the counting in S'-family is equivalent to changing the obstruction

bundle by (0)g. Finally we get

B 1 . 1 evy(Falyrg)  (—1)4!
QFloer d7 — / e F;)) = ~lJd — )
(dv) 2 Jar, U(l)( ) |Aut(fq)] eU(l)(TMd“fd]) d?

which coincides with the multiple cover formula of Q" for initial discs (17).

To sum up, we prove the multiple cover formula for initial discs:

Theorem 5.52. Let v be the class of initial disc around Ii-type singular
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fibre, then

(_1 d—1

——5— for everyd € N.

QFloer d —
(dv) p;

Remark 5.53. It is not enough to show that the initial data Q(~y,u) =1 for
u near the singularity from the observation that there is a unique simple disc.

More than that, one also needs a correct multiple cover formula Theorem

5.52.

Remark 5.54. For general I, type singular fibres, the local model can also
be described by Gibbons-Hawking ansatz and same argument of 5.50 provides
that initial data QFloer (dve) = M%f_l. The rest of invariants are provided
by wall-crossing formula, thus discussion can also generalized to elliptic K3

surfaces with I, -type singularities.

5.7 Corresponding Theorem

Similar argument in Theorem 5.50 together with induction, there exists
0 > 0 such that any holomorphic disc with boundary on torus fibre L and
with symplectic area less than § implies L falls in a certain neighborhood of
a singular fibre. In other words, the holomorphic disc is a multiple cover of
the Lefschetz thimble which realized the minimal area among relative classes
with non-trivial invariant. Now we want to prove that all other holomorphic
discs in this S'-family are all from ”scattering”- gluing of these initial discs.

Assume v, € Ho(X, L,,) is represented as a holomorphic disc with bound-
ary on L, such that QF loer (s ) # 0. Without lose of generality, we may

assume |, O Q € R;i. There is an affine half line [ emanating from y on

80



the base such that |, O Q is a decreasing function of ¢t € [, where 0+, is the
parallel transport of v, along l. Since | e Q) is an affine function along [,
it has no lower bound. There is some point v’ € [ such that f oy Q=0.

Thus, there are two cases:

1. If QFleer (y; ) = QFer(4;4//) then L, is a singular fibre by Lemma
5.49. In particular, if L,s is of I,,-type singular fibre then ~,/ is rep-
resented by multiple cover of the unique area minimizing holomorphic

disc and 07, is the parallel of v,, along I.

2. If QFoer (: u) # QF¢" (; ') then from the Proposition 5.45 and The-
orem 5.36, there exists 7, , in the same phase with -, such that
S Y = v and QF (v, 4/) # 0. Assume the boundary is of
second kind. By maximal principle, it happens only when 7,/ is a
multiple of 75 ,,. Then by Proposition 5.40, this does not contribute
to m_y,. If the boundary is of third kind, the theorem is followed
by applying the Stokes theorem and Proposition 5.40. The sign is
given by Proposition 3.15. Then we replace v by 7; . and repeat
the same processes. The procedure will stop at finite time because of
Gromov compactness theorem. By induction, every holomorphic disc
with nontrivial invariant give rise to a tropical disc, which is formed
by the union of the affine segments on the base. In particular, the
balancing conditions are guaranteed by the conservation of charges

Y Y = Yu at each vertex .

To sum up, we proved the following theorem by this attractor flow mecha-

nism [6] of holomorphic discs.
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Theorem 5.55. Let X be an elliptic K3 surface (singular fibres not neces-
sarily of I,-type). For every relative class v € Ha(X, Ly,) with QF¢ (y; u) #
0 has a corresponding tropical disc ¢ such that [¢p]| = ~v. Moreover, the sym-
plectic area of the holomorphic disc is just the total affine length of the

corresponding tropical disc.

Below we will demonstrate a non-trivial example of wall-crossing phe-

nomenon of invariants QF0°r (y; u).

Example 5.56. Assume there are two initial rays emanating from two I -
type singularities of phase ¥q intersect at p € By. From Theorem 5.10, there
are two initial holomorphic discs of relative classes vy1,7v2 corresponding to
the initial rays which are Fredholm. Moreover, the local model provided in the
proof of Theorem 5.10 indicates that they intersect transversally in L,,. From
automatic transversality of K38 surfaces, these two discs cannot be smoothed
out in L,. To prove that these two discs will smooth when changing the
Lagrangian boundary condition, First pick two point p1,ps near p but on
the different side of wall of marginal stability W, ,. Let ¢ : (—€, 1+ €)
be a path on By such that 1(0) = p1, ¥ (1) = pa and intersect W, ,, once
transversally at p. Recall X is the total space of twistor space of X with
two fibres with elliptic fibration threw away. Then L, X S}g s a totally real
torus in X. Now consider an complex manifold X x C with o totally real

submanifold

L= U(L’/’(t) X 5119)

t

By our assumption, there are two regular holomorphic discs in X with bound-
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aries in L, x {0g} C L of relative classes again we denoted by v1, v2. The
tangent of evaluation maps for both discs are two dimensional and transver-
sal. By Theorem 4.1.2 [2], these two discs can be smoothed out into simple
reqular discs in L and the union of initial holomorhpic discs is indeed the
codimension one of the boundary of the usual moduli space of holomorphic
discs Mo 4 (X, L) which exists by Remark 5.29. By mazimal principle
twice, each of the holomorphic disc falls in Moy, 1, (X, Ly)) for somet. In

particular,
Ml:'Yl (X, Lp) ><L><S119 ML’Yz (X, Lp) - M'Yl+72 (X, {L+})
as codimension one boundary. Therefore,

AQFT (31 4 q9) = £C0rre (M, (2, Ly) X 53 Mgy (X, Lp)s tri, tri)(1)

QF[O@T‘(

72ap>7

‘QFloer (71 ’ p>

= [(71,72)
by Theorem 5.10, Proposition A.14 and Proposition 5.40. Assume moreover,
that the two I -type singularities on the base are closed enough to each other.
Using the same argument in the proof of Theorem 5.55, the difference of the
invariant appear the side of the wall of marginal stability satisfying (3.15)

and thus determined the sign.

Notice that the jump of the invariant is exactly the same as described
in Theorem 4.6. We expect the wall-crossing formula (15) also holds for
Qfloer (v;u). Together with Theorem 5.52, it will imply the following corre-

sponding of counting holomorphic discs and tropical discs:
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Conjecture 5.57. For elliptic K3 surface with 24 Ii-type singular fibres,
QFloer (- 1) = QPP (~y; 1) for every u € By. In particular, the open Gromou-

Witten invariant QF (v;u) € Q.

Therefore, Conjecture 5.57 and Theorem 5.52 together provide an al-
gorithm to compute all the invariants QF loer (v ) on elliptic K3 surfaces
with 24 I;-type singular fibres. For more explicit computation of the in-
variants QF¢" one need to study the affine geometry induced by elliptic
fibration to describe the position of possible walls of marginal stability. The
explicit jump from wall-crossing formula may be computed from the study of
quiver representation moduli spaces [34] or proving the generating functions
of these invariants satisfy certain modularity. We close this section with fol-
lowing conjecture which indicates the existence of a Gopakumar-Vafa type

invariants QFoer,

Conjecture 5.58. There exists {QF°¢" (y;u) € Z|y € Hy(X, Ly,)} such that
QFloer(,Y; u) — Z :td72QFloer(,y/d; u)
d>0

5.8 Other Local Models

The proof of Theorem 5.55 doesn’t depend on the type of singular fibre we
have. However, different kind of singular fibres will impose different initial

data instead of (17).

Example 5.59. (I-type singular fibre) Let E;, be elliptic curves fori = 1,2
and Let Xg be the quotient of B, x E, by the involution ¢ : z; — —z;. Let

X be the blow-up of Xg at the 16 ordinary double points and X is called the
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Kummer K8 surface. The Kummer K3 surface admits an elliptic fibration
with 4 singular fibres of I5-type. Since the elliptic fibration is isotrivial, the
SL-family of affine structures reduce to the same one, which coincides with
the Za-quotient of the standard affine structure on elliptic curve E., .

It is pointed out in [9] that given a pair (k,l) € Q?, consider a map
fiAls] <1} xRy — (Xo, Eqy) by

21 = (k+1il)s, 2= (k+il)t

When || (k,1) ||< 1, then the image of f will falls in a small neighborhood
of the Ij-type singular fibre. It is straight forward to see that the map f
lifts to X and the image is still a smooth disc. Moreover the pull-back
of Eguchi-Hanson metric w and ImS$) is zero. Therefore, by the similar
technique of deformation of special Lagrangian discs and estimates in [27],
it can be deformed to a smooth special Lagrangian discs with respect to true
Ricci-flat metric and thus gives rise to a holomorphic disc from hyperKdhler
rotation trick. In particular, they become reqular holomorphic discs after
hyperKahler rotation. We expect these are all the holomorphic discs near

the Ij-type singular fibre.
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6 Quantum Corrected SYZ Transform on the

Ooguri-Vafa Space

Given a torus bundle X — B and its dual X — B, one can defined the SYZ

transform as follows:

X XB X
N
X X
B
For a given differential form o« on X, we define the SYZ transform by
Fr AN (X) = A*(X)

a— pro, (pria A F),

where F is a differential form on X x g X, and pry, denotes integration along
fibres.

In [?CL] it is proved that SYZ transform exchange the toric symplectic
form and holomorphic volume form for toric manifolds if F' is the curvature
of the Poincare bundle. It is pointed out in [4], if we choose the same
F' for the Ooguri-Vafa space, SYZ transform only exchange the semi-flat

symplectic form and holomorphic volume form.
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-1

Q) = M(QWRRe(QTy) +idfe) A (idOpy, + 2miA — 27V Im(Cy))
o N
B(=i€) = —dRe(Cy) A (G2 + A) = Vin(y) A 5%,
where
V= st + Vinst
R
Vel = ——(logy + log )
47
‘ R .
inst __ inbe
ymst = %Ze Ko(2mR|ny|)
n#0
and
A= Asf + Ainst
{ _
Asf = @(logy — log y)db.
aimst = 2 (%) S s ) |y K (2 Rly).
Ty Y 20

All the instanton correction are excluded because they are higher mode
in Fourier expansion. However, from the formal construction of the holo-
morphic volume form of twistor family , we have a more natural candidate

of F as follow:

dO(() = db,, + FiViNSt(édy —¢dy) + o Ainst 4 AC)

. < - 1 <. .
dO(—i¢) = db,y, + m'VmSt(Zdy + ¢dy) + 2m A™S 4 A(—iQ)
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and

dO,(¢) db.  df.  dOn,(—iC)

F=1 —
! 2T /\27rR 27TR/\ 2T

The quantum corrected SYZ transform is as follows:

]_-(eidz(—ig“))

:/ GIO—i0) A GF
L

:/ pil=dRe(Gy) AoV dlm ((y)A L) [— 20l p dhe . dbe p FOm i)
L

27 27R ' 27R

_ / o~ i(dRe(Cy)+ 1% Afo-+i(~Vdlm(§)+i2OmQ yiasf A Le.
L

1d0,
2mR

_ 1df,
| iita
/L i-i(dRe(Cy) + 5 R

e,
27 R

:/ i i(dRe(Cy) + )/\90/\(—Vd1m(§y)+id@;;@)—|—z’ASf)/\
L

db,
27R

. o, , §
) A (=VdIm(Cy) + 1627T(C) + A3 A )
idb,
2R

df,
2R

Ao = Q(¢)

Z/L(dRe(Cy)Jr )A(—lem(gy)HdQL;nHA)A

The third equality is because iV™**Re(Cy)+A(—i¢) are higher Fourier mode

and

do . do
€ sf - Sf €
5 A2mrA 2w A R
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The sixth equality is because

——ﬁ%ﬂnﬂ(y)+»@a(z;“3-+iA§U
idOy,
om

:—V%MQ%M%?+M+A@)

= — VdIm(Cy) + — V" m(Cy) +iA + A(C)

and A(() x Cizi‘i((g)) thus has no contribution.

To sum up, we proved SYZ transform indeed transform the symplectic
form to the holomorphic 2-form of mirrors. The corrected curvature term
encodes the reduced counting defined in Section 5. This is an example of

Fourier-Mukai type transform in the level of differential forms with quantum

correction.

7 Real Noether-Lefschetz Theory and Open GW

Invariants on Calabi-Yau 3-Folds

Mathematicians focus much about the string duality between type IIA string
and type IIB string theory which predicts mirror symmetry. However, there
is another string duality between type IIA and heterotic string theory pro-
posed by Karchu-Vafa which also provide interesting mathematical implica-
tions. This ITA-heterotic string duality suggests that any Calabi-Yau 3-folds
with K3 fibration admits an heterotic string dual, which is a product of a K3
surface and an elliptic curve. It predicts that the counting of embedded ra-
tional curves in X is related to the exponents of product expression of specific

automorphic forms on the complex moduli of K3 surfaces. This is usually
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referred as the Harvey-Moore conjecture. It is first proved by Yau and Za-
slow that the generating function of embedded rational curve countings is
an modular form [40]. The well-known fact is that the moduli space of genus
zero curves in a K3 surface has negative virtual dimension. Therefore, the
stanford genus zero Gromov-Witten invariants vanishes on K3 surfaces. To
interpret the counting of embedded rational curves in K3 surfaces in terms of
Gromov-Witten theory, one has to introduce the reduced Gromov-Witten in-
variants by changing the usual tangent-obstruction theory [26][3][32]. Later
Liu and Maulik-Pandharipande generalized the Harvey-Moore conjecture
and proved that the Gromov-Witten invariants on Calabi-Yau 3-folds with
K3 fibration can be derived from reduced Gromov-Witten invariants on K3
surfaces and Noethory-Lefschetz numbers. Here we will provide an open

analogue of the genus zero result in [32].

7.1 Real Noether-Lefschetz Theory

From the discussion in section five, we know the only obstruction to deform
holomorphic discs in K3 surfaces is given by the phase, which is homological.
This motivate to consider the following real Noether-Lefschetz theory:

Let (Xo,wx,,x,) be a K3 surface admits a special Lagrangian torus
Ly. Let M be the moduli space of pairs of K3 surfaces and its oriented
special Lagrangian submanifolds with homology class [Lg]. Then M can
be identified as the S? bundle over an S'-bundle over the moduli space of
elliptic K3 surfaces such that the fibre homology class is [Lg]. The S? fi-
bres corresponding to parametrization of special Lagrangian torus in a fixed

K3 surface. The later S! fibres corresponding to the S'-family of special
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Lagrangian fibred K3 surfaces induced from hyperKahler rotation if given
elliptic K3 surfaces and their Kahler classes. Both the deformation of ellip-
tic K3 surfaces and its special Lagrangian submanifolds are unobstructed,
we know that M is a smooth manifold. The moduli space of elliptic K3
is complex thus admits a natural orientation. We use the right thumb rule
to determine the orientation of S! fibres. The moduli space of special La-
grangian in side a fixed K3 surface has tangents spaced naturally identified
as H1(T?) also admits a natural orientation from the orientation of special
Lagrangian T2. Since M is locally product of above two moduli spaces, thus
is oriented. Given a charge v € Hy(Xo, Lo) such that Q(v) # 0, there is a

submersion from a local chart 4 of M containing (Xo, Lo) to S},

Arg, = Arg(Z,), where Z,(X,L)= / wx +iImOx

V(X,L)

The fibre of Arg, over 0 € S lis denoted by N L., can be viewed as analogue
of the Noether-Lefschetz divisor. Indeed, the central charge Z, is holomor-
phic and regular from the from (2.14). Therefore, Arg, is regular by open
mapping theorem and NL, is a locally a smooth manifold. We will call
them Noether-Lefschetz walls because they are codimension one submani-
folds. Since the phase S}g is viewed as the unit circle in the complex plane
and thus is naturally oriented, the Noether-Lefschetz walls NL, are also
oriented.

Let ¢ : S — M be a smooth immersion and ¢(S') intersects NL.,

only finitely many times. Assume ¢(t) € NL,. We may define the real

91



Noether-Lefschetz numbers as follows:
NLY' = ¢(t —e,t +€) - NL,,

where € is a positive number small enough. Notice that each term in the

summation only achieves values either 1 or 0.

7.2 Open Gromov-Witten Invariants on Calabi-Yau 3-Folds
with K3 Fibration

Let 7 : X — C be a Calabi-Yau 3-fold with K3 fibration. Let Mx to be
those pairs appears in X. Let ¢ : S' — M x such that L = U, L+ is a smooth
3-tori, where L; is the projection of ¢(t) to the second factor. The case when
L is not a 3-torus should followed similar argument and computation but

might with involved signs.

Proposition 7.1. With the notation above, L is a totally real submanifold

of X and the fibral relative class in Ho(X, L) will have Maslov index zero.

Proof. Assume JTLNTL # {0}. We may assume there are v, vo € TL;

and vs, v4 € TL and projects to non-zero vector on T'C' such that
J(v1 +v3) =ve+vg or Jug—wvy=ve— Jug.

However, the right hand side projects nonzero to T'C' while the left hand
side does not. The second statement follows directly from the fact that L is

fibred by special Lagrangian torus. O
Since L has trivial tangent bundle we can associate it with the trivial
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spin structure. Although L is only totally real, we don’t have the notion of
symplectic area for general J-holomorphic discs. However, if we only restrict
to the vertical relative classes respect to the pair (X, L), the symplectic area
is still well-defined and Gromov compactness for pair (X, L) still holds. One

can construct of Kuranishi structure in [12], one has

Theorem 7.2. [12] Given a fibral class v with Oy # 0, there exists Kuranishi

structure and perturbed multi-sections such that

OMo~ (X, L) U (M1, (X, L) evp Xevg Min (X, L))/ 2o
Y1+v2=y

the restriction of the Kuranishi structure and multi-sections on the left hand

side coincides with the fibre product of those from the right hand side.

Notice that ~; are all of fibral class. Notice that the wall of marginal
stability discussed in previous chapters now become real codimension two
in M. Indeed, Wy, ,, is the transverse intersection of NL, and NL.,.
Therefore, given a totally real torus from a generic choice of ¢ the moduli
space of holomorphic dises My ~ (X, L)S* with | Z,| < A has no codimension
one boundary components, we can define the open Gromov-Witten invariant

associated to 7,
GW,YS)‘(X, L) = Corry(Mo~ (X, L)SA tri, tri)(1).

From the assumption and Proposition 4.1 [8], GW, (X, L) is well-defined.

Remark 7.3. If LN X; = L; then Ho(Xy, L) C Ho(X, L) and we can omit

the subindex < .
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7.3 Comparison of the Invariants for K3 and Calabi-Yau 3-
Folds

The walls of marginal stability described in section 5 are codimension two

in Myx. We assume ¢(S') is in generic position, namely,
1. ¢(S') avoids the walls of marginal stability of energy less than A

2. #(S') intersect N L., only finitely many times, for v with energy less
than A.

Then the two moduli space of disc Mg~ (X, L) and
Mi(X,L) = {f : (D?,0D%) — (X, L) € Moy (X, L)[Im(f) C L}

for v such that |Z,| < A, are the same as topological space and has no codi-
mension one boundary. In particular, the disc invariant for classes with en-
ergy less than X\ on both K3 surfaces and Calabi-Yau 3-folds are well-defined.
We first assume that the image of ¢ intersect the Noether-Lefschetz wall
NL., transversally. Then H°(f*Ny, /x> f*Np, /) = R induces a nontrivial
element in H'(f"*Tx,, f*Ty,). Moreover, we have the following commute

diagram:
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* * Do .
WYP(f* Ny, x, f*Np,p) —> L(f*Nx,/x © A%)

|

Dgf
WA (fTX, fTL) LP(f*X © AOY) ~——F

T Dgf/

Wl’p(f/*TXt,f/*TLt) Lp(f/*)}')t ® AO,l) <—)E'f,

RD 5V
Remark 7.4. Using the long exact sequence associate to the middle two
column of above diagram and the fact that X; C X is a complex submanifold,
we can choose By = Ky as C vector spaces. We lose the weakly submersion
of M(X, L) — TL in the direction of TC but we can have the same perturbed

multi-sections. Notice that they have same automorphisms.

Notice that the Calabi-Yau condition of the total space implies the bun-
dle pair (f*Nx,/x,(0f)*Np,,r) is trivial and thus

H°(f*Nx,/x, [*Nr,/r) = R.

Moreover, it admits a natural orientation coming from the orientation of
L and L;. Assume V is an generator of Ho(f*NXt/X,f*NLt/L) and V is
the unique lifting to WP(f*TX, f*TL) with smallest L?norm, then by

diagram chasing, we have

ngv S Lp(f/*Xt & Ao’l)\Imelg.
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Similar to the construction in section 5, we consider the new linearized

Cauchy-Riemann equation

DOpew : WHP(f*T Xy, f*TL;) x Ry — LP(f* X, @ A%')

(w,9) — Dpdw + 9DV

and one can construct a reduced Kuranishi structure on Mg(Xy, L;) de-
pending on the K3 fibration X — P! similar to the proof of Theorem 5.17.
We may choose product metric around a tubular neighborhood of the

pair (X, Lt), then X; C X is totally geodesic.

Lemma 7.5. The bounded inverses for linearized Cauchy-Riemann operator
Dfé and Df/5 can be chosen compatible in the sense that the following

diagram commute

Q

Lp(f*TX@AO’l)/Ef f Wl’p(f*TX, f*TL)

Q4
LP(f*TX; @A)/ Ep —— WP (f*TX,, f*TLy)

Therefore, when we run the Newton’s iteration constructing the Kuran-
ishi map we can make it compatible. To sum up, with very special choices,
the Kuranishi structure on Mg ,(Xy, L) and Méyv(X, L) can be chosen ex-
actly the same. Therefore, we have the following proposition of comparing
reduced open discs counting invariants on K3 surfaces (depending on the K3

fibration) and open discs counting on Calabi-Yau with K3 fibration.

Proposition 7.6. Let v € Ho(Xy, Ly) € Ho(X, L) be a fibral relative class,
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we have
GWSNX, D)= > GW (X, L),
t:p(t)EN L~

where

GW T (Xy, Ly) = Corre(Mo(Xy, Ly ); tri, tri)(1).

red

Next we want to compare the disc counting invariant defined in this
paper using the K3 fibration and the invariant defined in section 5 using

twistor space. We first have the following observation

Lemma 7.7. The image of the map in the above diagram
H°(D?,0D% f*Nx,/x, f*Np,/r) — H'(D?,0D% f*X;, f*Ly)
only depends on the extended Kodaira-Spencer class
dd(x, 1) € Tix, pyM = H' (X, TXy) x H'(Ly)

but not depends on the actual K3 fibration X.

Assume there are two K3 fibration X and X’ both contains a fibre biholo-
morphic to X;. Let L (and L’) be totally real submanifolds in X (and X')
such that LN X; = Ly (and L'N Xy = Ly). Let V € Ho(f*NXt/X,f*NLt/L)
and V' € Ho(f*NXt/X/, Np, 1) be the generator respectively. By replacing
V by tV + (1 —t)V’, one can construct a cobordism of Kuranishi structures

using two different K3 fibration. Thus, the invariant GW,! ;X (Xy, L;) now
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only depends on the extended Kodaira-Spencer class but not the actual K3

fibration.

Remark 7.8. Notice that in the construction of reduced Kuranishi structure
we use K j(f,a), which is exactly gives the pull-back of Kodaira-Spencer class
of the twistor line to the disc and zero in the second factor in the extended

Kodaira-Spencer class.
Proof. From the the expression (28)

dJie 1—¢2 2t
;=) (g
dt 1+t 1+t

) Ka,

we know K, is proportional to the projection of déf to (0,1)-part and thus

is a representative of Kodaira-Spencer class induced by the twistor line. [J

Next we want to show that the invariant is even independent of the gen-
eralized Kodaira-Spencer class (up to a sign). Indeed, given a K3 fibration
X and above data, one can perturb L (actually perturb ¢) to achieve any
second factor (up to a sign)of the extended Kodaira-Spencer class such that
the moduli space of holomorphic discs with totally real boundary condition
has no boundary. Here the sign is given by N L?;’t. By Theorem 6.1 [8],

Remark 7.8 and Corollary 5.48, we have the following conclusion:

Lemma 7.9. With the above notation, the two invariants coincide up to

sign, namely,

GW (X, L) = NLS' - QX (v, Ly),

red
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Together with Proposition 7.6, we finally connect the genus zero reduced
open Gromov-Witten on K3 surfaces and genus zero open Gromov-Witten

invariants on Calabi-Yau 3-folds with K3 fibrations:

Theorem 7.10. Let X is a Calabi-Yau 3-folds with K3 fibration. Let ¢ :

Sl — Mx be an immersion such that
1. ¢(S1) avoids the walls of marginal stability of energy less than A

2. ¢(S') intersect N L., only finitely many times, for v with energy less
than A.

then we have the the formula

GWNX,L)= > NLI'-QY(y,Ly)
t:p(t)EN L
Notice that here we don’t have to assume that ¢(S') intersect NL,
transversally.
As a corollary of Theorem 7.10, the integrality conjecture 5.58 for the
reduced open Gromov-Witten invariants on K3 surfaces implies the inte-

grality Conjecture 8.2 [8] of open Gromov-Witten invariants on Calabi-Yau

3-folds.

Remark 7.11. Professor Vafa pointed out that similar work done for flat
C? in [5].
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A Miscellaneous of Kuranishi Structures

This Appendix is a review of standard things of Kuranishi spaces we need in
this article. Except Proposition A.16 doesn’t appears in existing literature,

all the rest can be found in [7][12][13] with more details.

A.1 Kuranishi Structure and Good Coordinate

Definition A.1. (Kuranishi neighborhood) Let M be a Haudorff topological
space. A Kuranishi neighborhood of p € M is a 5-tuple (Vp, Ep, T'p, 1y, p)

such that

1. 'V}, is a smooth manifold (with corners) and E, is a smooth vector

bundle over V.
2. T, is a finite group acting on E, — V.
3. sp is a I'p-invariant continuous section of F,.

4. Yp: s7H0) — M is continuous and induced homeomorphism between

s71(0)/T, and a neighborhood of p € M.

For z € V,,, we denote the isotropy subgroup at = by

(Lp)z = {7 € Tplyz =z}

Let o, € V}, such that s(0,) = 0 and ¢,,([0p]) = p. We will assume o, is fixed

by all elements of I',, and thus the unique point of V,, mapping to p via 1.

Definition A.2. (Kuranishi structure) A Kuranishi structure on a Haus-

dorff topological space M is an assignment of Kuranishi neighborhood
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(Vp, Ep, Ty, 5p,p) for each p € M and a 4-tuple (%q,cﬁpq,cbpq,hpq) to each

pair (p,q) where p € M and q € ¢p(s;1(0)/Fp) satisfying:
1. Vg is an open subset of V; containing oq.

2. hpq 1s an injective homomorphism from I'y to Iy, such that restricts to

an isomorphism (Ug)z — (T'p)g,. () for any x € Vi

3. Opg : Vpg — Vp is an hpg-equivariant embedding such that it descends

to injective map qu :Upg = Vpg/Tp — Uy =V /T

4. $pq . Ely,, — Ep is an hpg-equivariant embedding of vector bundles

COVETINg Ppq.
9. Qgpq 08q = 5p O Ppq
0. g =19pog, on (s¢1(0) N Vpg)/Tq.
7. Ifr e ¢q<3q—1 NVpq), then épq o ngr = qur in a neighborhood of 1~1(0).

8. The virtual dimension dimV, — dimkE, of the Kuranishi structure is

independent of p.

9. (Cocycle condition) If r € Yg((Vpg N s71(0))/Ty), q € ¥p(s,1(0)/Tp),
then there exists 75, € T for each connected component (¢, (Vpq) N

Var NWVor)a of ¢t (Vog) N Var NV such that

—1
hpg 0 hgr = 71?217“ “hopr - (’qur) )

¢pq o qur = 'qur : ¢p7“a ¢pq o ¢qr = 'Yzo;[qr : prr-
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We call a Hausdorff topological space equipped with Kuranishi structure
a Kuranishi space.

Moreover, we will ask {Va, Fq,a, Sa, ¥a|a € U} is a good coordinate
system in the following sense: We have a partial order < on 4, such that

a1 < ag or ag < o for aq, g € U if

Yay (52, (0)/Tay) Nty (55, (0)/Tay) # O

Assume that a1 < ag, then we have an injective homomorphism hq, a, :
I'n, — Iy, I'gy-invariant open set Vi 0, € Vi, such that there is an
hayas-equivariant embedding of open set ¢n a0y @ Vajas — Vas, and hajao-
equivariant bundle map $a1a2 : Eoy[Vayay = Fay cOVEr ¢a,a, such that

analogue of above 5,6,7 are satisfied (more details see [13]).

Remark A.3. [13] section 7 guarantees the existence of good coordinate for

any compact Kuranishi space.

Assume X; = (Vi E* T% «% s') Kuranishi structure and f; : X; — Y;
strongly continuous and weakly submersive. Let Y = [[Y;, W some man-
ifold with corners and f : W — Y a smooth map. We can construct a

Kuranishi structure on

Z:HXi XyW

7

by taking

Vo[[vixew, E=]]E, T=]]r
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Since f; are submersions, V' is a smooth manifold. It is easy to define s and

1 in a natural way.

Definition A.4. (Fibre product Kuranishi structure) Let X; have Kuranishi
structures. Let f; : X; — Y to be strongly continuous and weakly submersive.
We define the Kurnishi structure on Z = X1 Xy Xy by identify Z = (X1 X

Xo) Xy2 Y, where Y — Y2 y — (y,7).

A.2 Partition of Unity

Fix ¢ > 0 sufficiently small and x° : R — [0, 1] smooth function such that

0, ifs>e
X(s) = (42)
1, ifs<g

For each = € V,, we put

Yoy ={ay|r € Vo, a < ay}

Uy~ ={a_|lxr modTy] € U(Vo_a/Ta_), am <a}.

For a_ € i, _, we take z,_ € Ny, Vq such that Exp(z,_) = z.

Definition A.5. A system {xa|a € U} of T'y-equivariant smooth functions

Xo : Va — [0, 1] with compact support is a partition of unity subordinate to
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the given good (Kuranishi) coordinate if for each x € Vy,

Xa(z) + Z Xl Za_ [)Xa (Pra_a(za_)) + Z Xoc+(¢aa+(x)) =1

a—ely, - €y, +

(43)

A.3 Multi-Sections and Compatible Perturbations

Let (Va, Eq, Lo, Sa, o) be a Kuranihis chart of M and x € V. Set SZ(EWC)

be the [-fold symmetric product of F, ,. There is a natural map

tmm :S (EBaz) — S (Fyz)

[a1,...,q] — [a1,...,a¢1,...,4;1,...,q
————

m copies m copies

A smooth multi-section s of the orbibundle E, — V, is a set of data s;,

such that s;(z) € S'(E, ) for an open cover {U,;} of V, satisfying
1. Uy, are I'g-invariant and s; is I'y-equivariant.

2. If v € Uy; NUy,j, then
tmy, (si(x)) = tmy,(sj(x)) € S (Bane) (44)
3. There exists local smooth lifting s.
We identify two multi-section ({U;}, {s:}, {li}), {U/}, {si}, {l}}) if
tmy, (si(x)) = tmy, (s}(2)) € 8" (Eape) on U;NUL
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To add up two multi-sections s(1), s(2) together, we first refine the associated
open cover if necessarily such that they coincides and same automorphism

on each open cover. Then we can define

+: S'(E) x S2(E) — Shi2(E)

(lar, s an ], [br, - b)) = fai+ b5 ri=1,-- i, b=1,--- 1]

It is easy to check that + is well-defined, associative and commutative. How-
ever, it only has monoid structure. Another thing worth notice is although
C%(M) acts on the sets of multi-sections, we don’t have (f + g)s = fs+ gs,
for f,g € C°(M)!

To make the integration along fibre well-defined, we introduce the aux-
iliary manifold W, which is a finite dimensional smooth oriented manifold.

We consider the the pull-back bundle

' E, — W, x V,

and the action of I',, acts on W, is trivial.
Definition A.6. (perturbed multi-section)

1. A Wy-parametrized family s, of multi-section sq is a multi-section of

T*E,.

2. Fix a metric on the bundle E. We say s, is e-closed to s if each branch
Sa,i,j, we have

|5a7i,j(wa ) = 8al )]0 <€

105



in a neighborhood of x, for each (w,x) € Wy, x V.
3. 54 15 transverse to 0 if every branch s j is transverse to 0.

4. With above properties, fa|§—1(0) s a submersion if restriction to zero

locus of each branch is a submersion.

Lemma A.7. Assume f, : Vo, — M is a submersion, then there exists W,
such that for any € there exists a Wy -parametrized family of multi-sections

Sq satisfying:
1. s, 18 e-closed to s,.
2. s, 18 transverse to zero section.
3. f|5;1(0) is a submersion.
4. 50(v,0) = 54(0).

Moreover, if a given s, satisfies the condition on a neighborhood of T',-

mwvariant compact subset in V', then we may extend it to V.

Proof. We first choose W, to be a vector space with dimension large enough

such that
Surg : Wy x Vo — E,
is a surjective bundle map (not necessarily I',-equivariant). Set

5&1)(11), x) = Sure(w, x) + so(x)
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and

582) (w7 ‘/L‘) = [715((11) (w7 $)7 T 7795((11) (’UJ, $)],
where I'y = {71, - ,74}- 5((12) defines a multisection on W, x V,, which is

transverse to 0 because the extra dimension from the auxiliary W,. Finally,

(5&2))_1(0) — V, is submersive implies that f’(s(z))*l(o) is a submersion. [J

Theorem A.8. [12]There exists a system of multi-sections sy13 on

Mi18(X, L) such that

1. They are transverse to 0.
2. evg induces submersion on the zero sets of sj41 3.
3. The multi-section is preserved by cyclic permutations of boundary points.

4. The multi-section sp41,8 s the pull-back of the multi-section s g by

the forgetful map.
5. The restriction of multi-section to the boundary is compatible.

Remark A.9. We don’t need the geometry of the moduli space to construct

perturbed multi-sections but need the Kuranishi structure itself.

Remark A.10. We can take evy to be weakly submersive and by cyclic
symmetry each ev; is weakly submersive. However, if we ask the choice of
multi-section is compatible with the forgetful map then the map (evy,--- , evy)
can not be weakly submersive anymore by trivial dimensional counting ar-
gument. However, evy is weakly submersive already can pullback differential

forms and define the de Rham model.
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Moreover, we want the family of multi-section s, g satisfies the com-
patibility with respect to the good coordinate. Let a; < as: Choose an

I'y,-invariant metric on V,, and consider the exponential map
Expoyay : BeNajasVas — Vas

and denotes the image by Ue(Va,as/Tay) C Vay/Tay. We extend the orbi-

bundle E,, to Ue(Va,a,/Ta,) by pullback of projection

PrVa1a2 : UE(Valaz/F1> - 011012/1_‘111

and also extend the embedding Eo, — 6%, . FayFay 10 Uc(Viyas/Ta, ). Fix

*
a1o
a ['p-invariant invariant inner product on F, and we have a bundle isomor-

phism

d)zlaz EOCQ

E., =2F
a2 ai @ qu

over Ue(Va,a,/T'1). One might need to use implicit function theorem and

tangent bundle to modify Pry,q, such that
50, (51 M0d TVay) = 50y (y) mod Eay,

if y = EXpa1a2 (Zj) € UE(Valaz/FOél)'

Definition A.11. If oy < g, then s,, is compatible with s, if for each
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y = Erpy, 0,(7) € Ue(Vayay /Tay ), we have

S0y (U) = 80, (Pr(9)) & dsay(§ mod TV, ). (45)

&1y Vs

TVn— assuming the moduli space is ori-

via isomorphism Eo, = Eo, &

ented.

A.4 Smooth Correspondence

Let M with Kuranishi structure (V,, Fo, Ta, Sa,¥a), f°: M — Ny strongly
continuous and f! : M — N; strongly continuous and weakly submersive.
Here we assume Ny, N; are both smooth manifolds (might with boundaries

or corners). We will define smooth correspondence

COTT*(M; fs,ft) . Ad(Ns) N Ad—‘,—dhnNt—dimNS (Nt)

j:

We first take a compatible continuous family of multi-sections s, = {sq, ;
1,---1;} satisfies the lemma and s, ;; is the local smooth lifting. Let p €
A(N;). Consider a branch s,;; as a section of E, over Uy; x W,. We
choose a volume form w, on W, with total mass 1 and support on an e-
neighborhood of 0 € W, and partition of unity x; for open cover {Uq}.
Then

l.
1 - 1 S\ *
4T, § E 1(.]0307%‘%;11.,].(0))![ (XiXa(fa) P/\Waﬂg;li’j(o)
J:

defines the U, ; part of the smooth correspondence Corr,(M; f*, f*)(p) and

we use partition unity x, for summing various x, to glue them together.
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Remark A.12. The definition of smooth correspondence Corr.(M; f$, ft)
only depends on the Kuranishi structure (Vy, Eo,Ta, Sa,Va), the auziliary

(Wa,wa), the perturbation so, fo but not depends on other choices.

Remark A.13. Although one may not be able to exclude the case Mg has

infinitely many components. However, Corr,(Mpg;tri,tri) is always finite.

Proposition A.14. (Stoke’s theorem)
d o Corry(M; f5, f1) — Corry(M; f5, f*) od = Corr (OM; f5, f')  (46)

Proposition A.15. (composition formula) Let p; € A(NY), i = 1,2 with

the following diagram,

M= My x My M L5 N

| -

My N2 x N} —— N}

le,t

N?

then we have

Corr (M; £, f")(p1 % p2)

=Corry(Ma; 25, f21) (Corry(My; f15, f11)(p1) % po) (47)

At the end, we have an open analogue of divisor axiom though we never

use it.
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Proposition A.16. Assume 3 is primitive and L doesn’t fall on Wé Let
p € A(L x S}), dp =0, and forget : My g(X,L) — Mo (X, L), then

Corr.(My g(L); (evo, evy), forget) (p) = < /8 , p> -m_15(L)

Proof.

/ mog N\ p
LxS}

= [ Corn(Mip(Lytri. (v, con)(1) A
LxS}

=Corr,(Mi g(L); (evy, evy), tri)(p)
=Corry(Mi g(L); (evo, evy), tri o forget)(p)
=Corry(Mo g(L);id, tri)(Corry(M;i g(L:); (evo, evy), forget)(p))

:COTT*(Mo,/g(L);tri,tri)~/ p

o8
:m717/6 . /a\ﬂ p

The second equality is from the projection formula. The fourth equality is a
bit subtle. The smooth correspondence is originally defined only when the
target is a smooth manifold. However, the compatibility of forgetful map

guarantees the definition extends to this case. O
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