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Abstract

This thesis studies certain aspects of the global properties, including geometric and
arithmetic, of the moduli spaces of complex structures of some special Calabi-Yau threefolds
(B-model), and of the corresponding topological string partition functions defined from
them which are closely related to the generating functions of Gromov-Witten invariants of

their mirror Calabi-Yau threefolds (A-model) by the mirror symmetry conjecture.

For the mirror families (B-model) of the one-parameter families (A-model) of K2, Kgp,, 1 =
5,6,7,8 with varying Kéahler structures, the bases are the moduli spaces of complex struc-
tures of the corresponding mirror Calabi-Yaus. We identify them with certain modular
curves by studying the Picard-Fuchs systems and periods of the corresponding mirror
families. In particular, the singular points on the moduli spaces correspond to the cusps
and elliptic points on the modular curves.

We take the BCOV holomorphic anomaly equations with boundary conditions as the
defining equations for the topological string partition functions. Using polynomial recursion
and the above identification, we interpret the boundary conditions as regularity conditions
for modular forms and express the equations purely in terms of the language of mod-
ular form theory. This turns the problem of solving the equations into a combinatorial
problem. We also solve for the first few topological string partition functions genus by
genus recursively in terms of almost-holomorphic modular forms. Assuming the validity

of mirror symmetry conjecture, we prove a version of integrality for the Gromov-Witten

ii



invariants of the original non-compact Calabi-Yau threefolds (A-model) as a consequence of

the modularity of the partition functions.

Motivated by the results for the aforementioned non-compact Calabi-Yaus, we construct
triples of differential rings on the moduli spaces of complex structures for some one-
parameter families of compact Calabi-Yau threefolds (B-model), e.g., the quintic mirror
family, in a systematic way. These rings are defined from the Picard-Fuchs equations and
special Kdhler geometry on the moduli spaces. They share structures similar to the triples
of rings of modular forms, quasi-modular forms and almost-holomorphic modular forms
defined on modular curves. Moreover, the topological string partition functions are Laurent

polynomials in the generators of the differential rings.
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Introduction

Calabi-Yau (CY) manifolds have very rich structures and have been intensively studied in
mathematics and physics since they were introduced. The studies of CYs have inspired a
lot of new subjects, especially those related to mirror symmetry and string theory. For nice
reviews on the history and developments of mirror symmetry and its applications, see e.g.,
Greene (1996); Witten (1988); Cox and Katz (2000); Klemm (2003); Hori et al. (2003); Marifio
(2006); Alim (2012) .

One of the most interesting problems is to "count" the number of holomorphic curves
inside a given CY 3-fold X. These numbers are formulated rigorously as the Gromov-Witten
invariants, which are defined as certain integrals over the moduli spaces of stable maps
into the target space X. The study of Gromov-Witten invariants attracts a lot of attention
and is closely related to the studies of quantum cohomology, Donaldson-Thomas invariants,
integrable systems, quasi-modular forms, variation of Hodge structures, wall-crossing
phenomena, etc.

For some special CYs like hypersurfaces and complete intersections in toric varieties,
the Gromov-Witten invariants can be computed by using the localization technique in
Kontsevich (1994), topological vertex in Aganagic:2003db, etc. However, for more general
CYs, directly computing these invariants is a difficult problem in mathematics, partially due
to the fact that the moduli space of stable maps into the CY X is very complicated. For a
detailed review on this subject, see Cox and Katz (2000); Hori et al. (2003) and references

therein.



0.1 Counting curves via mirror symmetry

The mirror symmetry conjecture provides a way to bypass this difficulty. Given a smooth CY
3-fold X, one puts it in a family of CY 3-folds 7t : X — M by varying its complexified Kahler
structure while fixing the complex structure, where M is the moduli space of complexified
Kihler structures! of X whose dimension is #"!(X). The generating function of genus g

Gromov-Witten invariants gives a function defined on the moduli space

Fe(H) = Y, () (1)
BEH,(X,Z)
where
i (X) k _ _
w = Z Pwi, (whwi - wi)ep = HeVsz‘j N [Mgr(X, B)]"".
i=1 j=1
Here

o {wi}?:l()?) are the generators for the Kahler cone in the moduli space M of Kahler

structure of X;

y iy (X v
o f = {tl}f’zl(x) are local coordinates on the moduli space M centered around the

so-called large volume limit given by # = oo, Vi;

o [Mgi(X,B)]"" is the virtual fundamental class of the moduli space M (X, B) of
stable maps of genus g and class f.
° evi].,j =1,2,-- -k are the evaluation maps: ./\/lg,k()v(,ﬁ) — X.

An alternative way to write the above generating function Fy(f) in which the Gromov-Witten
invariants appear more naturally is the following
v v v 2 /
Ed= Y Nyg(X)e2 . )
BEH(X,Z)

Note that in this formula N 4(X) is independent of f but only depends on X, this results

from the fact that the Gromov-Witten invariants are deformation invariant, see e.g., McDuff

lThroughout the thesis, we shall simply call it Kdhler structure by abuse of language.
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and Salamon (1994); Ruan and Tian (1995).
The mirror symmetry conjecture predicts that for the CY 3-fold family (A model)
7t : X — M, there exists another family (B model) of CY 3-folds 7t : X — M satisfying the

following properties.

Mirror symmetry conjecture

e The moduli space M of Kahler structures of X is identified with the moduli space
M of complex structures of X. This implies in particular that 1'(X) = dim M =
dim M = h?1(X).

e There exist distinguished coordinates f = {fi}f’:l(x) on M and t = {ti}?:l(x) on M,
called canonical coordinates in Bershadsky et al. (1994), so that the map f = t gives
the identification M = M. This map is called the mirror map. In practice, one first
matches some distinguished singular points on the moduli spaces, e.g., the large
volume limit on M and the large complex structure limit on M, then one identifies
neighborhoods of these singular points by matching the Kdhler normal coordinates

(see Section 3.3.1) on the moduli spaces.

e For each genus g, there is a function F,(t) defined on the moduli space M so that

under the mirror map, it is identical to F,(f).

e Moreover, topological string theory implies that the more natural objects one should
be looking at on both sides are some non-holomorphic objects F(¢)(f,f) and F(®) (¢, )
which are again identical under the mirror map. These quantities are called topological
string partition functions. The "holomorphic limit" (see Section 3.3.1) of the normalized

partition functions give rise to the quantities F(¥) and Fy(t), respectively.

Remark. The holomorphic limit, firstly defined in Bershadsky et al. (1993, 1994), is a very
important concept in higher genus mirror symmetry and will be used frequently in this
thesis, so we would like to mention this concept here, the full details could be found in

Section 3.3.1.



Roughly speaking, the holomorphic limit of a non-holomorphic function f(z,z) defined
on a complex manifold M parametrized by z is obtained as follows. First, one thinks of
the coordinates (z,z) as independent coordinates in a formal neighborhood of the diagonal
A: M — M x M, where M is the complex manifold equipped with the complex structure
opposite to that on M. It can be proved that under the diagonal map A, M is real inside
M x M. Hence any analytic function in (z,Z) on M can be analytically continued to an
analytic function on M x M. On the diagonal, Z is the honest complex conjugate of z, but
away from the diagonal they are independent. Then the holomorphic limit of f based at the
point z,, denoted by lim;_;, hereafter in this thesis, is obtained by taking the degree zero
part of the Laurent series expansion of the function f(z,z) with respect to Z and centered at
Zy.

To illustrate this, we discuss an example f(z,Z) = z + Z. The holomorphic limit of f at

the base point z, = 0 is computed as follows
f(z,z2) =z+1-(2-0), lziir(}f:z,
while the holomorphic limit at z, = 1 is computed to be
f(z,z2) =(z+1)+1-(2—-1), liiirllfzz—i—l.

Two trivial observations are in order. First, the holomorphic limit of a non-holomorphic
function based at any point is a holomorphic (more precisely, meromorphic) function, as
the name suggests. Second, in general, holomorphic limits of the same non-holomorphic

function, but based at different points, are not related by analytic continuation.

Finding the functions F () (t,f) is sometimes much easier than computing the generating
functions ﬁg(f) since the former satisfy some recursive differential equations called holo-
morphic anomaly equations in Bershadsky et al. (1993, 1994), as will be reviewed in Section

0.2 below. These differential equations and the corresponding boundary conditions were



derived from physics, but can be formulated purely in terms of mathematical language?.

The general idea of counting curves via mirror symmetry is as follows (see Figure 1
below). First one takes the BCOV holomorphic anomaly equations with boundary conditions
as the defining equations for the topological string partition functions F &) (t, ). Then one
tries to solve for them from the equations. After that one normalizes them and takes the
holomorphic limit at the large complex structure limit on M to get Fy(t). Finally one uses
the mirror map f = t which matches the large volume limit on M with the large complex
structure limit to obtain Fy(f), and then to extract the Gromov-Witten invariants Ng,ﬁ()v( )
from Eq. (2).

In this way, via mirror symmetry, counting curves in the CY 3-fold X is translated into

solving differential equations on the moduli space M of its mirror manifold X.

0.2 Holomorphic anomaly equations and polynomial recursion

The mirror map matching the large volume limit on M with the large complex structure
limit on M has been well understood in the literature. The difficult part in the above
procedure in counting curves via mirror symmetry is to solve for the topological string
partition functions from the BCOV holomorphic anomaly equations. In this section, we
shall review these equations, and explain the polynomial recursion technique which was

developed in Yamaguchi and Yau (2004); Alim and Lange (2007) to solve the equations.

Special Kidhler geometry on deformation space

Consider a family 7t : X — M of CY 3-folds over a variety M parametrized by the complex
coordinate system z = {zi}?iTM. For a generic z € M, the fiber &, is a smooth CY 3-fold.
We also assume that dim M = hl(X,, TX,) for a generic X, where T’ is the holomorphic
tangent bundle of &. In the following, we shall use the notation X to denote a generic fiber

A in the family without specifying the point z.

2See Li (2011); Costello and Li (2012) for recent developments on rigorously defining the topological string
partition functions and BCOV holomorphic anomaly equations.



Mirror Symmetry

A-model B-model
(symplectic geometry) (complex geometry)
X X
it X — M X - M
M M
y mirror map t

o ——
F, 8 ( t) Gromov-Witten Fg ( t)
normalization normalization
holomorphic limit holomorphic limit
X v ¥ _— T n
F () (t/ t) BCOV holomorphic anomaly equations F ) (t/ t)

Figure 1: Big picture of counting curves via mirror symmetry

In many examples discussed in this thesis, the smooth CY 3-fold X is toric in nature, and
the variety M will be the moduli space of complex structures of X which can be constructed
torically.

The variation of complex structures on X can be studied by looking at the periods IT of
the family according to the general theory of variation of Hodge structures, see Griffiths
and Schmid (1975); Carlson et al. (2003); Voisin (2002, 2007). They are defined to be the
integrals [~ (), where C € H3(X;,Z) and Q) = {Q),} is a holomorphic section of the Hodge
line bundle £ = R, Q?H m on M. They satisfy a differential equation system Lcy I1 =10
called the Picard-Fuchs system which is induced from the Gauss-Manin connection on the

Hodge bundle H = R*71,.C® Op = 7237@0;(‘ - The base M of the family is equipped



with the Weil-Petersson metric whose Kéahler potential K is determined from

~K(zz2) — ; Q. AN Q. ©)

e

The metric G;; = é]-aiK is the Hodge metric induced from the Hermitian metric 1(Q2, Q) =
#? [ QA Q on the Hodge line bundle £. This metric is called a special Kahler metric,
see Strominger (1990); Freed (1999). Among its other properties, it satisfies the following

“special geometry relation”
—mk . .
b =0Tl = 6f Gy + 8fGyy — CirnC; 0,7k, 1=1,2,---dim M, (4)

where
Cirlz) = = [ 0: 129,02 Q
is the so-called Yukawa coupling and

Ct = 2KgMgmic,, . ©)

Note that by definition C;jx € T'(M,Sym®T* M ® £2) and it is symmetric with respect to
the sub-indices i, j, k. Integrating Eq. (5), one then gets the “integrated special geometry
relation”

T} = 87K; + 6{Kj — CijS™ + s}, 7)

where S"* is defined to be a solution to

—mk

0;8" =C", (8)

and sf-‘]- could be any holomorphic quantity. There is a natural covariant derivative D acting

on sections of the Hodge bundle
H=RmCROy=LOLITMOGLITMSL. )

It is induced from the Chern connection associated to the Weil-Petersson metric and the
connection on £ induced by the Hermitian metric /. See Strominger (1990); Bershadsky et al.

(1994); Freed (1999); Hosono (2008) for details on this.



Among the singular points on the moduli space M, there is a distinguished point called
the large complex structure limit. It is mirror to the large volume limit on the mirror side (A
side) and is usually a maximally unipotent monodromy point. It plays the following special
role in genus zero mirror symmetry initiated by Candelas et al. (1991). Assume the large
complex structure limit is given by z = 0. Near this point, the solutions to the Picard-Fuchs

system Lcy IT = 0 could be obtained by the Frobenius method and have the following form
(X%, X%, P, Py) = X°(1,%,01F(t),2F — t"9wF(t)), a=1,2---dim M, (10)

where near z = 0,

X%z) ~ 14+ 0(z2), (11)
1
a a :
t i log z” + regular functions. (12)

The functions t = {#*}3mMM give local coordinates on the punctured moduli space M — {z =
0}. They are in fact the canonical coordinates based at the large complex structure limit, see
Section 3.3.1 for details. The existence of the holomorphic function F(t), called prepotential,
and the above particular form in Eq. (10) for the periods result from the special Kahler
geometry on M. The same form for the periods also holds elsewhere on the moduli space.

The normalized (so that after normalization it gives a section of £Y) Yukawa coupling in

the t coordinates is then given by

1 0z' 92/ 9zF
Ct“tbfc = af”tthF - 7C

o = T T 3k 0
(X0)2 222 50 58 e €M, Sym’T":M @ L7). (13)

Genus zero mirror symmetry predicts that under the mirror map f = ¢, one has
(o] . "
Cppppe = Kape + Y dadpdcNo g,a,a,62™"" (14)
BeH,(X,Z)
where %, = w,; Uwp U w, are the classical triple intersection numbers of the mirror manifold
Xof X,dy = | g Was and Nog4,4,4, is the same as the quantity Ny in Eq. (2). This prediction
has been checked for many CY 3-fold families and matches the results obtained by directly

computing Ny g using techniques from the A-side (e.g., the localization technique in Givental



(1997); Lian et al. (1997)).

Holomorphic anomaly equations with boundary conditions and polynomial re-

cursion

The genus g topological string partition function F(8) as defined in Bershadsky et al. (1993,
1994) is a (smooth) section of the line bundle £272 over M, it is shown to satisfy the

following holomorphic anomaly equation:

- 1 —kI
aiaj]:(l) = Ecjklcf +(1— 2X—4)Gﬁ, (15)
) T (8]
0, F® = Ec;" <Z Dj}'(r)Dk]:(g*r) + DjDk]:(Sl)> , §>2, (16)
r=1

where y is the Euler characteristic of the mirror manifold X of the CY 3-fold X. It turns out
that any higher genus (&) can be determined recursively from these up to addition by a

holomorphic function, as we shall discuss now.

Recursion in terms of propagators and polynomial structure A solution of these recursion
equations is given in terms of Feynman rules in Bershadsky et al. (1994). The propagators

Sii, S, S for these Feynman rules are defined by the following:
ST =CJ, 38 =GySU, &S = GiS'. (17)

By definition, the propagators S, S and S¥ are sections of the bundles £~2 ® Sym” T M
with m = 0, 1,2, respectively. The vertices of the Feynman rules are given by the functions

&) F(3).

iy-++in

= Dil U Din

Integrating the genus one holomorphic anomaly equation Eq. (15) and using the inte-

grated special geometry relation Eq. (7), we get

2,1
30, FM =3, <—;aj logdet G + (h<}§>+3 - Z’Z)K]) . (18)

In Yamaguchi and Yau (2004); Alim and Léange (2007) it was shown, using Eq. (18) and again

Eq. (7), that the holomorphic anomaly equations in Eq. (16) for ¢ > 2 can be put into the



following form

0;F8) = 3.P@) (19)

where P8) is a polynomial of the generators S¥, S, S, K; with the coefficients being holomor-
phic quantities which might have poles. The proof relies on the fact that these generators
form a differential ring. More precisely, the derivatives of the generators are given by Alim

and Lange (2007) as follows:

. . , , .
D;S* = 8185 4658 — CippnS™S™ 4 1),

DiS| = —CipuS"S" + 2815 + WKy + 1,
1 1
D;S = —ECimnSmS” + Eh?meKn + thKm + h;,
DiK; = —KiKj+ CijuS™"Ky — CijyS™ + hij, (20)

where h{:k, h{:, hi, hij are holomorphic quantities. The generators S, ', S can be solved from
Eq. (17) or determined from Eq. (20), up to addition by holomorphic quantities®. In fact, a
set of solutions whose holomorphic limits are vanishing was explicitly given by Alim et al.
(2010); Hosono (2008) in terms of geometric quantities. Hence Eq. (20) does not actually give
a differential ring due to the existence of these holomorphic quantities and their derivatives.
To make it a genuine ring, one needs to include all of the derivatives of these holomorphic
functions, see Hosono (2008).

In Yamaguchi and Yau (2004); Alim et al. (2013), for some one-parameter CY 3-fold
families these holomorphic functions and their derivatives are packaged together by making
use of the special Kadhler geometry on the moduli space, and are essentially Laurent
polynomials of the Yukawa couplings in Eq.(5). Then one gets a differential ring with
finitely many generators, including the non-holomorphic generators S7,5/,S,K; and the
holomorphic Yukawa couplings. We shall discuss their further properties in more details in

Chapter 3.

3Some of the holomorphic quantities h?k, h;, hi, hij can not be uniquely determined since the above equations
Eq. (20) are derived by integrating some equations, see Alim and Lange (2007); Alim et al. (2010) for the analysis
of the degrees of freedom of their choices.
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Now we justify the structure in Eq. (19) by induction, following Alim and Lange (2007).
First for genus one case we have already had Eq. (18). Plugging in the integrated special

geometry relation Eq. (7), we obtain

00, FV =9; lcjklskw(l—i)lg : 1)
2 24

Now note that the non-holomorphicity of the topological string partition functions only
comes from the non-holomorphic generators and thus the anti-holomorphic derivative
on the left-hand side of the holomorphic anomaly equation Eq. (16) can be replaced by
derivatives with respect to these generators. Furthermore, one can make a change of
generators following Alim and Lange (2007)
§i = si
§ = §-§K,
~ , 1 .
S = S-S5Ki+ ES”KZ-K]-,

K = K;. (22)

The differential ring structure among these new non-holomorphic generators follows from
Eq. (20) easily. Replacing the d; derivative in Eq. (16) by derivatives with respect to the new
non-holomorphic generators, then using Eq. (21) and the definitions Eq. (17), one gets, see

Alim and Lange (2007),

- i © 19F® . 19F8& . 10F& _ . o F (&)
Flo — gr(oFE 1 1S 1o/ 5 3
i G (asik 2 a8 N T2 gy Mt ey MR TG
1k (35
= 3G Y D;FIDFE) 4 DDy FEY ) (23)
r=1
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. . —jk .
Assuming the independence of C and G;j, then one gets two sets of equations:

oF®) 190F® . 190F® . 19F® _ _
SE T 2 0dF N T g oy et aog Kk
g1
= Y. D;FUDFE 4 DD FEY, (24)
r=1
9F©8)
— = 0. 25
Ve (25)

]
Eq. (19) then follows from the above two equations and Eq. (20).

The polynomial structure given in Eq. (19) also allows to determine the non-holomorphic
part P& of F(& genus by genus recursively from Eq. (24) as polynomials of the new

non-holomorphic generators S/, 5, S, K; or equivalently the odd ones:
P8 =PRSS, K;). (26)

Moreover, the coefficients of the monomials in these non-holomorphic generators are explicit
Laurent polynomials in the holomorphic generators, with the coefficients of the monomials
in the non-holomorphic and holomorphic generators being universal constants. These
constants come from the Feynman diagram interpretation in Bershadsky et al. (1994), or
equivalently, the combinatorics from recursion. They are independent of the geometry
under consideration. For example, in Bershadsky et al. (1994), it is worked out that for any
geometry the highest power of S/ in the genus two partition function always takes the form

§CijpComnSTSPIS™ 4 3 CipmCignSTSPIS™ - - - -

Holomorphic ambiguities and boundary conditions In the above discussions only the local
geometric properties of the moduli space M are used.
According to Eq. (19), F) is only determined up to addition by a holomorphic function

£(8) called holomorphic ambiguity:
F&) = ps(sii, st s, K;) + f&). 27)

Boundary conditions on the (global) moduli space are needed to fix the holomorphic

12



ambiguity f(&). What are commonly used are the asymptotic behaviors of F(&) near the
singular points on the moduli space M. There are basically three types of singularities, as

summarized in Table 1. One must be reminded that in practice to identify these singularities

Table 1: Types of singularities on moduli space

type characteristic property mirror
large complex structure limit maximally unipotent monodromy large volume limit
conifold point vanishing cycle *
orbifold point finite monodromy *

is more involved than by simply looking at the characteristic properties. Another thing one
needs to pay particular attention to is that in some special examples, the conifold point
and the orbifold point really stand for geometries like conifold CY and CYs with extra
symmetries in the moduli space, respectively, but in general there is no good reason that
these points must lie in the geometric phase.

The boundary conditions of F(8) at the large complex structure limit and at the conifold
point M, see Bershadsky et al. (1993, 1994); Ghoshal and Vafa (1995); Antoniadis et al. (1995);
Huang and Klemm (2007); Huang et al. (2009), are described as follows. These conditions are
satisfied by the normalized holomorphic limits of F(¢) based at the corresponding points.

More precisely, the boundary condition at the large complex structure limit (LCSL) is given

by
lim L]—"(l) = —iti e (TX)w; + O(e2™)
LCsL (X0)2-21 24 Jx 7 : '
X By, By, .
lim 71 f(g) — (_1)gX(X) ’ 2gP2¢ 2‘ + O(eZﬂ.'lt), g > 2/ (28)

LCSL (X0)2~28 2 2g(2¢g—2)(2g—2)!

L3121
where Byg, Byg» are the Bernoulli numbers and ¢ = {t’}f’zl(x) are the ratios of periods near

the large complex structure limit as defined in Eq. (10). The boundary condition at the

13



conifold locus (CON) determined by Aj(z) =0,j=1,2---m,is given by

1 1 i
m-——F _— _= j
él(r)l& PO F R log tc + regular,
1 8~1B,
lim —— &) = g +regular for some c, >2, (29
CON (X%ON)Z—%? 2¢(2g — 2)(t{:)2g—2 & 8

where again By, is the Bernoulli number, 1 is the number of components for the discriminant,
and XZon, X@gﬁs}lmg, t{; = X@ggsmng/ Xy are the regular non-vanishing period, regular
vanishing period, normalized vanishing period near the conifold locus A; = 0, respectively.
In the literature Eq. (29) is called the gap condition due to the fact that the sub-leading
singular terms in between are vanishing.

The holomorphic ambiguity f(&) can then be fixed (at least in principle) by making the

ansatz

m h¥(z)
_ ]
f&) =), X (30)
=1 5
where h](-g) (z) is a polynomial in z of degree < (2¢ —2) deg Aj, and then applying the above

boundary conditions to F&) = P&) 4 (),

Challenges This approach works well for some non-compact and compact CY 3-folds, see
e.g., Bershadsky et al. (1993, 1994); Marino and Moore (1999); Katz et al. (1999); Klemm
and Zaslow (1999); Klemm et al. (2005); Yamaguchi and Yau (2004); Klemm and Marino
(2008); Huang et al. (2009); Aganagic et al. (2008); Huang and Klemm (2007); Alim and Lange
(2007); Grimm et al. (2007); Alim et al. (2010); Haghighat et al. (2008); Haghighat and Klemm
(2010); Sakai (2011); Alim and Scheidegger (2012); Alim (2012); Klemm et al. (2012). The
Gromov-Witten invariants obtained this way via mirror symmetry match the results from

computations on the A side. But there exist some challenges in this approach.

1. The global mathematical (e.g., analytical) properties of the generators which involve
derivatives of the periods and ratios of periods are not clearly understood, so it is not
convenient to study further the global properties of the functions F(¢) and F, using

the expressions one gets from this approach. In particular, it is not clear how the
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functions F; converge and whether the functions F; have any symmetry or modularity.

2. It is not clear how to analytically continue non-holomorphic quantities and how the
different holomorphic limits based at different points of the functions F(&) are related.
This gives rise to difficulties in applying the boundary conditions?. This is illustrated

in Figure 2 below.

F@ - === > F(8)

N \

\ \

| |

holomorphic limit I non-holomorphic completion I holomorphic limit

| |

| |

/ v

?
limpcgp F&) — = = == = - > limcon F®)

X LCSL X conifold Norbifold

Figure 2: Applying boundary conditions using analytic continuation

3. Despite the fact it might fail for some CYs, the ansatz made in Eq. (30) is not rigorously

justified.

4In practice, to find the holomorphic limit of 7§, what one usually do is to compute the holomorphic limit
of propagators from Eq. (17) or Eq. (20) and then use the polynomial structure. This then requires a good
understanding of the canonical coordinates near the singular points at which we want to apply boundary
conditions to F&. In the literature, the holomorphic limit of the geometric quantities at the conifold point
are computed by using the statement that the vanishing period serves as the canonical coordinate. To really
compute the Kéhler potential and thus determine the canonical coordinate require a suitable choice for the
basis of the periods so that they become integrals with respect to symplectic homology basis, this was done
numerically by analytic continuation from such a choice at the large complex structure limit in e.g., Huang et al.
(2009).

It is not clear to the author how to see that the vanishing period must be a canonical coordinate basing on first
principles instead of using numerical computations, but it appears that the argument in Appendix 3 in Huang
et al. (2009) which explains that the holomorphic limit of the propagators are independent of the choice for
the section Q) of L is relevant in understanding this. See also Hosono and Lian (1996); Freed (1999); Kapranov
(1999) for related discussions.
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0.3 Arithmetic properties of moduli spaces and of partition func-

tions

Modularity of topological string partition functions

To resolve the challenges mentioned above, we studied in the joint work Alim et al. (2013)
the arithmetic properties of the moduli space M which help explore the global properties
like modularity of the topological string partition functions. Right now we can only deal
with some special families of one-parameter non-compact CY 3-folds with M = PP1. The

main idea is sketched in the following and will be elaborated in Chapter 2:

1. We identify the moduli space M with a certain modular curve Xr = I'\'H* by study-
ing their variations of Hodge structures (simply, periods), where H* = H UP!(Q).
Then we express the geometric quantities (metric tensors, connections, curvatures,
derivatives of periods, Yukawa couplings, etc.) in terms of generators of the ring of
almost-holomorphic modular forms. Moreover, the polynomial part P(®), and thus
the full F(&) can be shown to be an almost-holomorphic modular form of weight 0.
This allows to rewrite the holomorphic anomaly equations in terms of the language of

modular form theory.

2. The large complex structure limit and conifold point on the moduli space M are
identified with cusps on the modular curve Xr, which are in turn related by the Fricke
involution (a.k.a. Atkin-Lehner involution). At the cusps, taking the holomorphic
limit is equivalent to taking the "constant term map" for almost-holomorphic modular
forms in Kaneko and Zagier (1995) which sends an almost-holomorphic modular
form to a quasi-modular form, while the non-holomorphic completion becomes the
modular completion which takes a quasi-modular form to an almost-holomorphic
modular form. Fricke involution then relates the topological string partition functions
and their holomorphic limits at the two singular points on M. This is illustrated in

Figure 3.
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Figure 3: Applying boundary conditions using modularity

3. The holomorphic ambiguity f(¢), as a modular function on the modular curve, must
be a rational function in the generators of the ring of modular forms. The boundary
conditions for F(8) determines the form that f(8) can take, which then gives a natural

ansatz for f(8).

We want to point out that similar works using modularity to solve for F¢ existed
in the literature, e.g., Mohri (2002); Huang and Klemm (2007); Aganagic et al. (2008);
Hosono (2008); Haghighat et al. (2008). Our work differ from the previous works in
that we study the arithmetic structures of the moduli space more closely by working out
explicitly the identification between the moduli space and the modular curve, and by finding
the Fricke involution which exchanges cusps to relate boundary conditions at the large
complex structure limit and at the conifold point. = This allows us to understand the
BCOV holomorphic anomaly equations and the boundary conditions in terms of modular
form theory and turns the problem of solving the holomorphic anomaly equations into a
combinatorial problem (see Section 2.4 and Appendix B).

We proved in the joint work Alim et al. (2013) that

Theorem 0.1. Consider the mirror families of the one-parameter families of Calabi-Yau threefolds

Kp2,Kgp,,n = 5,6,7,8, respectively.
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1. For each mirror family 7w : X — M, the moduli space M is a modular curve Xr = T'\'H*,

where the modular group T is To(3), To(4), To(3), To(2), T'(1)*, respectively.

2. For each family, the solutions to the holomorphic anomaly equations with the boundary
conditions, if they exist, are almost-holomorphic modular forms of weight zero with respect to

the corresponding modular group.

Basing on the techniques developed in the joint work Alim et al. (2013), I shall prove the

following result in this thesis.

Theorem 0.2. For the mirror family 7t : X — M of the Kp2 family, for any genus g, the solution
to the holomorphic anomaly equation with boundary conditions exists and is unique. In particular, it

is an almost-holomorphic modular form of weight zero with respect to the modular group T'o(3).

This family, as one of the simplest families of non-compact CY 3-folds, was intensively
studied in the literature, see e.g., Chiang et al. (1999); Klemm and Zaslow (1999); Aganagic
et al. (2008); Haghighat et al. (2008); Alim et al. (2010). In particular, in Aganagic et al. (2008),
some arithmetic aspects of the moduli space M were studied by looking at the monodromy
group of the family 7 : X — M and the first few partition functions were obtained.
My work differs from the previous works in that after making identification between the
moduli space and the modular curve, I used the Fricke involution on the modular curve to
analyze the boundary conditions for the holomorphic anomaly equations, which makes the
computations easier and the rigorous proofs for the existence and uniqueness possible.

Furthermore, in Alim et al. (2013) we solved for the first few partition functions for
the mirror CY 3-folds of K2, Kgp,,n = 5,6,7,8 genus by genus recursively and explicitly
expressed them in terms of the generators of the rings of almost-holomorphic modular
forms for the corresponding modular groups, see also Chapter 2. Using the mirror sym-
metry conjecture, we then got the generating functions of the Gromov-Witten invariants of
Kp2,Kgp,,n = 5,6,7,8 in terms of quasi-modular forms. They paralleled closely the known
results in the literature e.g., Dijkgraaf (1995); Kaneko and Zagier (1995); Li (2011, 2012);

Milanov and Ruan (2011) for elliptic curves and Mohri (2002) for other geometries. These

18



results were checked to produce correct Gromov-Witten invariants up to degree 10 which
could be found in e.g., Klemm and Zaslow (1999); Katz et al. (1999).
As an easy consequence of the modularity and mirror symmetry, we shall prove in this

thesis the following integrality result about the Gromov-Witten invariants {Ng 4} ;.

Corollary 0.3. Assume mirror symmetry conjecture is valid for the mirror families T : X — M
in Theorem 0.1. Then for each family, for any genus g, there exists a number Cy € Z so that

CeNgg €Z,N d > 1.

Before we proceed, we now discuss briefly the Kp2 example to summarize the various
layers of structures on the moduli space M we have mentioned so far. In this case, the
moduli space satisfies M = P!. There are three singular points on the moduli space,
corresponding to the large complex structure limit, conifold, orbifold, respectively. We
choose the complex coordinate a« on M suitably so that « = 0,1, c0 gives the above three
points. As shall be shown in Chapter 2, the modular curve is Xpr = T'\'H* with ' = T'y(3).
The local geometric, global geometric and arithmetic structures on the moduli space M are

displayed in Table 2 and illustrated graphically in Figure 4.

Table 2: Layers of structures on moduli space

space role singularities application
T.M deformation space genus 0
tangent space local geometric x=0,--- mirror symmetry
M
complex moduli variety
analytic space global geometric a=0,1,00 solving for F(8)
Xr(3)
arithmetic locally =~ modular variety « =Hauptmodul
symmetric variety arithmetic [7] = [icc], [0], [exp 2] modularity of F(&)

Differential rings constructed from special Kihler geometry on moduli spaces

In the above approach in understanding the modularity of topological string partition
functions, the first step is to identify the moduli space with certain modular variety. For

the special non-compact examples mentioned above, we used two properties: 1. the period
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Figure 4: Illustration of structures on moduli space

domain (after quotient) is a modular curve; 2. the period map gives an isomorphism from
the moduli space to the (quotient of) period domain. Neither of this is true for more general
CYs, see e.g., Griffiths and Schmid (1975); Carlson et al. (2003); Debarre (2012) and references
therein. The first is because in general the period domain is not a Hermitian symmetric
domain (non-classical case). The second is because a global Torelli type theorem is lacking.
In fact, for general CY 3-folds the moduli spaces of complex structures are known not to be
any arithmetic locally symmetric variety, so the classic modular form theory does not apply
directly.

The lessons we learned from studying the aforementioned non-compact CYs tell us
that there is a dictionary between the geometric quantities Si St g, K; and the modular
objects when the moduli space is known to be a modular curve. This is the origin that
the differential ring Eq. (20) closes under the covariant derivative D, since the ring of the
geometric quantities S7, S/, S, K; is essentially identical to the ring of almost-holomorphic
modular forms in this case. For more general cases, although we are lacking a ring of almost-
holomorphic modular forms attached to the moduli space, the ring of geometric quantities

Sii, S, S,K; can always be defined without using or relying on the existence of the arithmetic

5See Usui (2008) for a recent result on generic Torelli for the mirror quintic family which belongs to the
non-classical case.
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structure of the moduli space. This inspires us to study the differential ring generated by
Sil, S, S, K;. We hope that understanding the global, or even more, automorphic properties
of this ring will help understand the properties of the topological string partition functions
and thus of the Gromov-Witten invariants of the mirror CYs, or even the arithmetic of the
CY manifolds themselves.

In the joint work Alim et al. (2013), we studied such differential rings, called special
polynomial rings, for some one-parameter families of CY 3-folds. We showed that the rings
have gradings playing the role of modular weights and that the partition functions are
Laurent polynomials of the generators of the differential rings.

In Zhou (2013), I developed a systematic way to construct triples of graded rings
(R, R,R) defined on the deformation spaces for some particular one-parameter families of
CY 3-folds. This work was based on the joint work Alim et al. (2013). It also followed closely
the lines of thoughts in Ceresole et al. (1993a,b); Kaneko and Zagier (1995); Aganagic et al.
(2008); Yamaguchi and Yau (2004); Alim and Lange (2007); Hosono (2008). The new addition
to the previous works is that the rings are constructed from the Picard-Fuchs system of the
CY 3-fold families and the Weil-Petersson geometry on the moduli spaces in such a way
that the analogue between these rings and the rings of modular objects is more explicit.

This work will be explained in Section 3 of the thesis. The main results are as follows.

Theorem 0.4. For some special one-parameter families 7t : X — M of Calabi-Yau threefolds, e.g.,

the quintic mirror family, there exist graded rings (R, R, R) satisfying the following properties.

1. The rings are generated by the periods solved from the Picard-Fuchs equation, the connections of
the Weil-Petersson metric on M, the connections on the Hodge line bundle £ = RO, Qi)\/l\ Py

and their derivatives.

2. The rings are bi-graded by (k,m). There exist differential operators D, D such that (R, D),
(R, D) become graded differential rings. Taking derivatives D, D will not change the grading

m and increases the grading k by 2.
3. For the families in Theorem 0.1, the rings R, R coincide with the rings of modular forms and
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quasi-modular forms for the corresponding modular groups. The grading k coincides with the

modular weight.

Moreover, a parallelism between the triples (R, ﬁ,ﬁ) defined on the moduli space
M and the triple (M, (T), M, (T), M, (T') defined on the modular curve Xr is made: the
same way that they are constructed, the similarity between the set of operations (non-
holomorphic completion and modular completion; holomorphic limit and “constant term
map” Kaneko and Zagier (1995)). These are illustrated in Figure 5 below. They provide
evidences that indeed the graded rings (R, R, R) are analogues® of the rings of modular

objects (M., (T), M, (T), M.(T)).

d; O M(T) ROD
constant term map | | modular completion holomorphic limit | | non-holomorphic completion
dr O M(T) R OD
dr D
M(T) R
mr: €&r — Xr X > M

Figure 5: Analogues between rings defined from special Kihler geometry and rings of modular objects

The structure of this thesis is as follows.

In Chapter 1, we shall review some preliminaries on modular curves and modular

®The topological string partition functions are polynomials in these generators. Due to the interpretation of
topological string partition functions as generating functions of Gromov-Witten invariants and the polynomial
structure, these generators themselves may contain some enumerative information. To some extent, physics
(topological string theory) predicts the existence of a theory of modular forms which may or may not be related
to the one discussed here. See also Hosono (2008); Movasati (2011) for related works.
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forms. In particular, we shall work out the full details about the generators for the rings
of almost-holomorphic modular forms for the modular groups I'g(N) with N = 1%,2,3,4
whose forms suit our purpose in studying the modularity of topological string partition
functions. We shall also discuss the Fricke involution acting on the modular curves and on
the rings of almost-holomorphic modular forms.

In Chapter 2, we study the arithmetic of the moduli spaces of complex structures for the
mirror families 77 : X — M of the one-parameter CY 3-fold families Kp2, K4p,, 1 = 5,6,7,8.
We identify the moduli spaces with modular curves, and then apply the modular form
theory to solve the BCOV holomorphic anomaly equations. We shall prove the main
theorems and corollary outlined earlier in this section.

In Chapter 3, we shall construct the triples of differential rings on the moduli space of
certain CY 3-fold families, and study the analogues between these triples and the triples of
rings of modular forms, quasi-modular forms and almost-holomorphic modular forms.

We conclude with some discussions in Chapter 4.
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Chapter 1

Preliminaries on modular forms!

We shall briefly review some basic concepts about modular curves, modular forms and
quasi-modular forms, which will be relevant in subsequent chapters, in Section 1.1 and
Section 1.2 of this chapter. More details can be found in Diamond and Shurman (2005);
Zagier (2008) and the references therein. We then give the full details for the generators of the
rings of almost-holomorphic modular forms for the Hecke subgroups I'o(N), N = 1%,2,3,4
in Section 1.3. In Section 1.4 we highlight an involution, the Fricke involution, which acts
on the modular curves and thus on modular forms and exchanges their expansions at two

different cusps.

1.1 Modular groups and modular curves

The generators and relations for the group SL(2,Z) are given by the following:

11 0 —1
T = , S= , §2=—-1, (ST)®=—I. (1.1)
0 1 1 0

IThis chapter is based on the joint work Alim et al. (2013) with Murad Alim, Emanuel Scheidegger and
Shing-Tung Yau, and my paper Zhou (2013) which grew out of the discussions with the authors of Alim et al.
(2013).



We will consider in the following the genus zero congruence subgroups called Hecke

subgroups of I'(1) = PSL(2,Z) =SL(2,Z)/{+£I}
b
To(N) = c=0mod N} <T(1) (1.2)

with N = 2,3,4. A further subgroup that we will consider in the sequel is the unique normal
subgroup in I'(1) of index 2 which is often denoted by I'g(1)*, it will be discussed in more
detail in Section 1.3.2 and Section 2.2.1. By abuse of notation, we write N = 1* when listing
it together with the other groups I'o(N), N = 2,3, 4.

The group SL(2,Z) acts on the upper half plane # = {7 € C|Imt > 0} by fractional
linear transformations:

at+b
cT+d

a b
for = € SL(2,Z).
c d

T YT =

The quotient space Yy(N) = I')(N)\H is a non-compact orbifold with certain punctures
corresponding to the cusps and orbifold points corresponding to the elliptic points under

the action of the group I'g(N). By filling the punctures, one then gets a compact orbifold

Xo(N) = Yo(N) = To(N)\H* where H* = H U {ico} UQ. The orbifold Xy(N) can be
equipped with the structure of a Riemann surface. The signature for the group I'o(N)
and the two orbifolds Yy(N), Xo(N) could be represented by {p, u; 12,3,V }, where p is
the genus of Xo(N), p is the index of I'o(N) in I'(1), and v; are the numbers of I'o(N)-
equivalent elliptic points or parabolic points of order i. The signatures for the groups I'o(N),

N =1%,2,3,4 are listed in Table 1.1 (see e.g., Rankin (1977)). The fundamental domains for

Table 1.1: Signatures for the groups I'o(N), N = 1%,2,3,4

N|v v3 Vo MU P
10 1 2 2 0
211 0 2 3 0
3]0 1 2 4 0
410 0 3 6 0
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these groups are depicted in Figure 1.1.

Qoo Qoo

L~ ks

exp(2mi/3)8K

Figure 1.1: Fundamental domains for To(N), N = 1*,2,3,4, respectively.
The empty and full circles stand for cusps and elliptic points, respectively.

The space Xo(N) is called a modular curve and is the moduli space of pairs (E,C),
where E is an elliptic curve and C is a cyclic subgroup of order N of the group of the
N-torsion points Ey = Z/NZ © Z/NZ. It classifies each cyclic N-isogeny ¢ : E — E/C
up to isomorphism, see for example Husemoller (2004); Diamond and Shurman (2005).

Similarly, we can define the modular curve Xr = I'\’{* associated to a general subgroup
I' of finite index in I'(1). We refer the reader to Diamond and Shurman (2005) for more

details on this.
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For a large class of non-compact CY 3-folds, the relevant geometry of the mirror mani-
folds are captured by the so-called mirror curves, see Hori and Vafa (2000). In what follows
we shall only consider the cases where the mirror curves are elliptic curves. These already
include many interesting examples such as the mirrors of the canonical bundle of P? and
the canonical bundles of the del Pezzo surfaces dP,;,, n = 5,6,7,8 discussed in this thesis.
See for instance Lerche et al. (1997); Chiang et al. (1999); Katz et al. (1999); Mohri (2002) for
more examples.

As we shall discuss in greater detail later in Section 2.2.1, for the one-parameter families
of canonical bundle of P2 and the canonical bundles of the del Pezzo surfaces dP,,, n = 5,6, 7,
the bases of the corresponding families of mirror curves are the modular curves Xo(N) with
N = 3,4, 3,2, respectively. The canonical bundle of dPg is exceptional in the sense the base
of the corresponding mirror curve family is not a modular curve of the form Xy(N). It is
given by I'g(1)*\H*, where I'g(1)* is the subgroup of I'(1) mentioned earlier. This base is
a copy of P! parametrized by a particularly chosen coordinate function z, and isa 2 : 1
cover of the j-plane IP! realized by the map j(z) = 1/z(1 — 432z). In the following we shall
denote the base of this family of elliptic curves by Xp(1*). See Lian and Yau (1996a); Klemm
et al. (1996); Maier (2009) for more discussions on this group and the corresponding elliptic

curve family.

1.2 Modular forms, quasi-modular forms and almost-holomorphic

modular forms

We proceed by recalling some basic concepts in modular form theory following Diamond
and Shurman (2005). In the following, we shall use the notation I' for a general congruence
subgroup of finite index in I'(1). In particular, we can take I' to be the modular group I'o(N)

described above and discuss the modular form theory associated to it.
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Modular functions

A meromorphic modular function with respect to the a subgroup I' of finite index in I'(1) is
a meromorphic function f : Xp — P1. Consider the restriction of f to Yy = I'\H{. Since the
restriction is meromorphic, the function f can be lifted to a meromorphic function f on H.

Then one gets a function f : H — P! such that

®) f(yt)=f(1), Vyel.
(ii) f is meromorphic on H.

(iii) f is “meromorphic at the cusps" in the sense that the function

Fly i T F(77) (13)
is meromorphic at T = ico for any 7y € I'(1).

The third condition requires more explanation. For any cusp class? [r] € '\ H*with respect
to the modular group I, one chooses a representative r € Q U {ico}. Then it is easy to see
that one can find an element 1y, € I'(1) so that 7y, : ico — r. The above condition means that
the function defined by T — f o, (7) is meromorphic near T = ico and that the function f
is declared to be “meromorphic at the cusp [r]|" if this condition is satisfied.

To summarize, a meromorphic modular function with respect to the modular group
is a meromorphic function f : H — P! satisfying the above properties on modularity,

meromorphicity, and growth condition at the cusps.

Modular forms

Similarly, we can define a (meromorphic) modular form of weight k with respect to the

group T to be a (meromorphic) function f : H — P! satisfying the following conditions:

(i) f(yt) =j,(0)*f(t), V7 €T, wherejis called the automorphy factor and is defined
by

2We use the notation [t] to denote the equivalence class of T € #* under the group action of I' on H*.
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j:I'xH—C, ¥ = ,T| = jy(T) = (cT+4d).
d

(ii) f is meromorphic on H.

(iii) f is “meromorphic at the cusps" in the sense that the function

fly 2T jy ()5 (1) (1.4)
is meromorphic at T = ico for any y € I'(1).

We will need to be able to take roots of modular forms. For this purpose one introduces
a function v : I' — C, called multiplier system of weight k for I, such that |v(y)| = 1 and
v(7172) = w(v1, 72)v(v1)v(72). Here, w(7y1,y2) are numbers in {£1} making v(7y)(cT +d)
into an automorphy factor. Replacing the automorphy factor by j, (1) = v(y)(ct +4d) in
Eq. (1.4), one defines modular forms with respect to a multiplier system, see for example
Rankin (1977) for details.

Note that the first condition above can be more conveniently rephrased in terms of the

slash operator |, : f — f|, in Eq. (1.3) to be

fly=f, VyeT. (L5)

The space of holomorphic modular forms for I' forms a graded ring and is denote by
M. (T).
We now also review the definitions of quasi-modular forms and almost-holomorphic

modular forms following Kaneko and Zagier (1995); Zagier (2008).

Quasi-modular forms

A (meromorphic) quasi-modular form of weight k with respect to the group I' is a (mero-

morphic) function f : # — P! satisfying the following conditions:
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(i) There exist meromorphic functions f;,i =0,1,2,3,...,k — 1 such that
f(rT) =jy(T +ch (D) fi(r), Yy = er. (1.6)

(ii) f is meromorphic on H.

(iii) f is “meromorphic at the cusps" in the sense that the function

fly T jo () (1) (1.7)
is meromorphic at T = ico for any y € I'(1).

The space of quasi-modular forms for I' forms a graded differential ring and is denote by

M., (T).

Almost-holomorphic modular forms

An almost-holomorphic modular form of weight k with respect to the group I' is a smooth

function f (7, T) defined on H satisfying the following conditions:
@ fOym77) = (D) f(r,7), VreT.
(ii) f is smooth on H.

(iii) For any 7 € I'(1), the function

fly: (1,7) = jo (1) F f(vT, 77) (1.8)

1

grows at most polynomially in -

as ImT — 0.

The space of almost-holomorphic modular forms for I' forms a graded differential ring
and is denote by M., (T').
An almost-holomorphic modular form has the following structure, see Kaneko and

Zagier (1995),
[k/2]
= Y fuleY", Y = 1 (1.9)

Imt
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where f,,(t),m =0,1,2,-- - [k/2] are meromorphic functions on #.
As shown in Kaneko and Zagier (1995), one has the ring isomorphism M, (T) =M. ®
C|Ez], where E; is the Eisenstein series defined by

Et)=1-24) n(d)q’, g=¢"", o1(d) = }_ k.
k=1 k:K|d

Moreover, there is a ring isomorphism M, (') — M, (T') defined by f(7, %) — fo(7), where
fo is the function f,, in Eq. (1.9) with m = 0. If one regards Y as a formal variable, then
this is the “constant term map" obtained by taking the limit Y = -1~ — 0 (which could be
induced from T — oo, by thinking of T as a complex coordinate independent of 7). The
inverse map takes a quasi-modular form to an almost-holomorphic modular form. We shall

call this map “modular completion" in this thesis.

1.3 Rings of quasi-modular forms and almost-holomorphic mod-

ular forms

In this section, we shall show the explicit computations of the rings of quasi-modular
forms and almost-holomorphic modular forms for the modular groups I')(N), N = 1*,2, 3, 4.

Before introducing these we recall the familiar case for the full modular group I'(1) .

1.3.1 Rings for the full modular group I'(1)

Take the group T to be the full modular group I'(1) = PSL(2, Z). Then M, (T'(1)) = C[Ey4, E¢],

where Ey4, E¢ are the familiar Eisenstein series defined by

Ei(t) = 1+240) 03(d)q", g =¥, o3(d) = Y I,

d=1 k:k|d
Ee(t) = 1-504) o3(d)q?, g = ™7, o5(d) = ) K.
d=1 k:k|d
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The Eisenstein series E; is a quasi-modular form for I'(1) since it transforms according to

at+b, 2 12 ab
Ez(CT+d)—(CT+d) Ez(T)-FZTU.C(CT‘Fd)r VteH, v 4 €I(1).
Recall that
1 ) 1 ) a b
TH;:(CT+d) ?—ch(cr—l—d), VteH, V eI (1).
ImCT+d mt c d

we know the modular completion of the quasi-modular form E»(7) is

= 3
Ex)(7,7T) = - . .
z(T, T) Ez(T) TImt (1 10)
It transforms according to
— . . a b
Ex(y1,7T) = (cT +d)°Ex(7,T), Vy = er(1).
c d

Then M, (T(1)) = C[E4, E¢], M. (T(1)) = C|Ey, E4, E¢], M. (T'(1)) = C|E,, E4, E¢]. Hence the
non-holomorphicity of generators is closely related to almost-holomorphic modularity. This
will be a key property for later discussions. Moreover, the latter two rings carry differential

ring structures given by

1 1 1

9:E, = E(Eﬁ —Ey), 0:E4 = §(EZE4 — Eg), 0:E¢ = E(EZE6 —E3), (1.11)
-~ 1, ~ 1, - ~ 1, 5

0E; = E(Ez —E4), 0cE4 = g(E2E4 — Eg), 0cE6 = E(E2E6 —Ej), (1.12)

where 9; 1= =L : My(T(1)) — M »(T(1)) and 9 = 9; + & - == : M(T(1)) —

lmt

Mj42(T(1)). Eq. (1.11) in the above is known as the Ramanujan identities and Eq. (1.12) is
easily derived from Eq. (1.11) and the definition of E,in Eq. (1.10).

1.3.2 Rings for the Hecke subgroups I'y(N), N = 1%,2,3, 4.

We now consider the genus zero modular curves Xo(N) with N = 1%,2,3,4 and discuss

the corresponding rings of quasi-modular forms and almost-holomorphic modular forms.
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The explicit generators for these rings in terms of 1 or 6 or Eisenstein series are known
in the literature (see for instance Maier (2009, 2011) for a collection of results), but for our
later purpose in applying them to study topological string partition functions, we shall
reconstruct them below from geometric quantities, following the discussion in Maier (2009).

The relevant data giving the ring of quasi-modular forms as well as the modular
parameter T are captured by the periods wp and w; of the corresponding families of elliptic
curves described in the following, see Lian and Yau (1996a); Klemm et al. (1996); Mohri (2002);
Maier (2009, 2011). The families of elliptic curves are given by 7tr(n) : Ery(n) — Xo(N) =
[o(N)\H* with N = 1%,2,3,4, where 5r0(N) is the elliptic modular surface described in
Kodaira (1963); Shioda (1972) by

Ery(N) = (To(N) x Z*)\ (H* x C), (1.13)
a b at+b z4+mrt+n
Y= o , (m,n) (t,2) <m+d, P > Ve eTy(N).

The explicit equations, j—invariants and Picard-Fuchs operators of these families could be
found in e.g., Lian and Yau (1996a); Klemm et al. (1996). In the following we shall only

display the Picard-Fuchs operators

1 1 0
£elliptic = 0% — “(9 + ;)(9 +1- ;), 0=a— (1.14)

where r = 6,4,3,2 for N = 1%,2,3, 4, respectively. The parameter « is the complex coordinate
on the space M in which the Picard-Fuchs equation takes the above particular form.
Thinking of the base space M as the genus zero modular curve Xo(N), it is then a modular
function (called Hauptmodul) for the modular group I'o(N). Each of these Picard-Fuchs
equations has three regular singularities located at @ = 0, 1, oo on the corresponding modular
curve. They correspond to the cusp classes [ico], [0] and (or) the elliptic point according to
Table 1.1. Moreover, the parameter « on M is such that the set {a = 0,1} coincides with the
set of cusp classes {[7] = [icc], [0]}. This can be seen by looking at the indicial equations of

the Picard-Fuchs equations which tell the types of singularities.
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For the Picard-Fuchs equation Eq. (1.14), we define

B:=1—« (1.15)

and choose a basis of solutions to be

1 1 i 1 1
C(J()(DC) — ZPl(;/]-_;/]-/D‘)/ (Ul(ﬂ() — ﬁzFl(;ll_;lllﬁ)l (116)
then one has
i oR(3,1-11;
T(w)=wl(“) = =2 1({ ! ﬁ), (1.17)
wo(a) /N 2Fi(3,1-1,1;a)

where »F; (1,1 —1,1;4) is a Gauss hypergeometric function (see Erdélyi et al. (1981)).
Using the above basis of solutions and analytic continuation of hypergeometric functions
(see Erdélyi et al. (1981)), one can easily verify that the monodromies are given by, see e.g.,

Mohri et al. (2001); Mohri (2002)

11 1 0 N
01 —N 1

respectively, where S and T are the standard generators for SL(2,Z) in Eq. (1.1). Hence the
monodromy group is I'g(N) if N # 1, and coincides with the modular group. For N =1,
the monodromy group is I'(1). However, the base is the modular curve X,(1*) = I'(1*)\H*,
see Section 2.2.1 for details.

One then defines a triple following Borwein and Borwein (1991); Berndt et al. (1995);
Maier (2009),

A(@) = wo(a), Ba)=(1-a)7A(x), Cla)=arA(x). (1.19)

These functions A, B, C are possibly multi-valued on the modular curve Xo(N) and have

divisors as follows
. 1 . 1 ) 1
divA = ;(tx = 00), divB = ;(oc =1), divC = ;(zx =0). (1.20)

This fact is the key in Alim et al. (2013) in analyzing the singularities of the topological string
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partition functions as solutions to the holomorphic anomaly equations, as we shall see later

in Chapter 2.

Remark 1.1. In the following, by abuse of notation we shall use interchangeably the notation
A(7) to denote the function A(a(7)) and thus A(a) = A(t(«)), where T(a) is defined as in

Eq. (1.17) and «(7) is the Hauptmodul.

Note that the quantities A, B, C satisfy the equation A" = B" + C" and that a = C"/A".

We now define further the quantity®

E — aT IOgCrBr, a"[ . 1 a

= %g. (1.21)

It turns out that the ring generated by A, B, C, E is closed under the derivative 9.

Theorem 1.2. For each of the elliptic curve families 7tr, () : Eryny — Xo(N), N = 1%,2,3,4 with

r = 6,4, 3,2 respectively, the following identities hold:

1 C'—B"

0A = SAE+ A,

3B = %B(E - A?),

9.C = %C(E +A%),

oL = %(EZ — AY). (1.22)
Proof. These identities follow from Egs. (1.27), (1.28), (1.29) below. O

The ring generated by A, B, C, E has an obvious grading denoted by k below: the gradings
assigned to A,B,C,E are 1,1,1,2, taking the derivative d. will increase the grading by 2.

Similar to Eq. (1.12) in the full modular group case, one gets the following

Theorem 1.3. For each of the elliptic curve families 7tr (N : Eryn) — Xo(N), N = 1%,2,3,4
with r = 6,4,3,2 respectively, defining E = E + £ = and dr = 0 + % —3_ then the following

6 mImt mimt’/

3Throughout this thesis, we shall take d; := % 387 as defined here.
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identities hold:

- - 1 = CV_BT’ 2

9:A = ZA(EJF e A?),

—~ _ 1 ~ 2

9B = EB(E—A),

~ 1= )

90.C = 27C<E+A>’

o0.E = %(?—A‘*). (1.23)

Proof. Assume that the desired non-holomorphic quantity E is given by E = E 4 AE with

AE = A nfrir for some constant A. Then it is easy to see with é\T =0d;+ %AE, the first three
identities follow from Theorem 1.2. Solving for the constant A from the last identity, we

then get A = %. Thus the conclusion follows. O

Remark 1.4. The results in Theorem 1.2 were known a few decades ago in the literature,
see e.g., Maier (2011)for a review. In fact, for each of these cases, one can find the 0 or
n-expressions of the quantities A, B, C, E and prove the formulas by checking the 6 or -
expressions. The relations between these generators and the Eisenstein series Ej, E4, Eg are
also known, see e.g., Maier (2009), Maier (2011), Alim et al. (2013) for a collection of these
results. One could then, for example, use the Eisenstein series expression of E to obtain the
almost-holomorphic modular form E = E + AE, with

__2 =3
" N+1nalmt’

-3

AE N =1%,2,3, Agzlil
3 Imt

N =4. (1.24)

r —3

These agree with the above choices AE = ¢ .

But this method could not be generalized

to CY 3-fold families.

For later use, we shall display the -expansions of A, B, C here (again N = 1* case is
exceptional) in Table 1.2. From these expressions one can get in particular the #-expansion
of the Hauptmodul « = C"/A". Moreover, the choice for the Hauptmodul « satisfies the
property that a([ico]) = 0,a([0]) = 1, while the rest of the branch point on the modular
curve, as shown in Table 1.1, gives a = co. This is summarized in Table 1.3. We leave the

other expressions of the functions A, B, C, E to Appendix A. More details on the arithmetic
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Table 1.2: y-expansions of A, B, C for To(N),N =1%,2,3,4

N A B C E

1+ Ey(r)} (BB} (B0 Fln))) B 4NEANT)

) (@2 n(o)* 231020} Ey(1)+NE (NY)
n(7)*n(27)? 1(27)* n()? N+1

3 @%@??Tg?”ﬁ ek 3107 (1) NE(N)
UNVACKS et T

4 | @GrEPg@n? e n(0)* Q2 1(47)* Ep () ~2E5 (27) +4Ey (47)

1) IGRTCRR lee e 3

Table 1.3: The values of the Hauptmodul « at the branch points for To(N), N = 1*,2,3,4,
where x depends on the modular group.

aspects can be found in Zagier (2008); Maier (2009, 2011).

Remark 1.5. Strictly speaking, the ring generated by A, B,C,E above does not form a
differential ring due to the negative powers in Eq. (1.22). However, it is easy to see that by
choosing suitable powers of these generators one can indeed get a ring. For example, in the
r = 6,4,3,2 cases, one can choose A* B® — C® E; A%, B* E; A, B3,E and A, B%, E, respectively.

The ring generated by A, B,C, E is not exactly* the ring of quasi-modular forms for
I'o(N). For example, in the case N = 3, the ring of quasi-modular forms with the non-trivial
Dirichlet character x_3 is M.(To(3),x_3) = C[A,B% E] = C[A,F = C3 — B% E], where

x-3(d) = (5) is the Legendre symbol. The corresponding differential structure is given by

9. A — %(EA—H—"),
1

o0.F = EwP+A%,

0.E = %@Z—Aﬁ.

One also has M, (To(2)) = C[A%, B* E], M.(To(4), x_4) = C[A, B% E], etc. See e.g., Mohri
et al. (2001); Mohri (2002); Maier (2009, 2011) for details.

4The author would like to thank Professor Don Zagier for discussions on these.
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However, in all of the discussions in this thesis we shall not use directly the transforma-
tions in the corresponding modular group I'o(N), but use only the differential equations they
satisfy. Moreover, in the applications to the studies of the holomorphic anomaly equations
and the topological string partition functions, eventually only elements in the above rings of
quasi-modular forms (r = 6 case is exceptional) will be involved, see Alim et al. (2013).

For the reasons mentioned above, by abuse of language, we shall call the following rings
C[A*!, B, C*1], C[A*!, B!, C*LE] and C[A*!, B*!,C*, E] to be the rings of modular
forms, quasi-modular forms, almost-holomorphic modular forms for I'y(N), and denote
them by M., (To(N)), M.(To(N)), M.(To(N)) respectively. We shall also call the gradings

"modular weights" which could be negative.

Since later we shall need to generalize the construction to some CY 3-fold families
using the Picard-Fuchs systems, we shall reproduce below the details in constructing the
graded differential rings (M. (To(N)),d.) using properties of the Picard-Fuchs equations
from Eq. (1.14).

We start from the following observation.

Proposition 1.6. For each of the elliptic curve families TTry(N) SFO(N) — Xo(N),N =1%,2,3,4,

one has d~a = aBA?, where as before p =1 — a, 9y = 5=
Proof. For ease of notation, first we write the Picard-Fuchs operator in Eq. (1.14) as
’ . 1 1
ﬁelliptic =6 — D((e + C1)(9 + CZ)/ with (6 ;, Cy = 1-— ;, (125)
and define
Leniptic := ((0+ 0log wy)? — a(f + 0logwy + c1)(0 +0logwy +2)) ,

Then we have

< 11 .
wo Lelliptic w0 = Leltiptic [T = 0 for a period IT.

In particular, we have £1=0, ljempﬁc T = 0. Subtracting Zelliptic 1 from Eemptic T, we then
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get
BO*T 4 (2B0log wo — a(cy +¢2)) T = 0.

That is,

o

0log(w? 07) — (c1 + Cz)ﬁ = 0log(w3 0T) + (c1 +c2)0log B =0.

Solving this first order differential equation for w? 67, we obtain

c C

0t = = .
ﬁﬁ +C2w% le%

for some constant c. By looking at the leading terms in a of both sides as & — 0, we can

then find that ¢ = 5--. Hence d;a = aBA? as claimed. O

27"

In what follows, we shall call the modular function « the algebraic modulus for the
modular curve, while T the transcendental modulus for the modular curve. The above

formula then gives a differential equation relating the algebraic and transcendental moduli.

cr

Recall the definitions of B, C which implies that B

% we then get

Corollary 1.7. For each of the elliptic curve families v () : Eryn) — Xo(N), N = 1%,2,3,4, the
following is true:
0z 3 r

A? = B d; log 5 Or log%. (1.26)

Using the definition E = d:log C"B" in Eq. (1.21), we have

0:B = %B(E — A%, 9.C= %C(E + A?). (1.27)
From A" = B" + C’, we can easily get
1 Cc"—-pB
0. A = ZA(E + = A?). (1.28)

Using the Picard-Fuchs equation Eq. (1.25) satisfied by A:

B(BA)? — (c1+c2)abA — ciconA =0,
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we obtain
02 log A = (d;1og A2+ (c1+co— 1)zxﬂAzaT log A + clczaﬁA4.

This second order differential equation of A will become a first order differential equation

of E since Eq. (1.28) says that E = 2rd;log A — (« — B) A%, one then gets

= —E"+ ——(a—pB) — = —E ——(a+p)A*= —(E°—-A").
o-E er (2c1corap zr(zx B)- —2aB)A o r(zx B) r( )
(1.29)

1.4 Fricke involution

Each of the modular curves Xo(N) with N = 1%,2,3,4, as a covering of the j—plane I'(1)\ 1",
has three branch points. According to Table 1.1, they are two distinguished cusps given
by [ico] = [1/N] and [0] = [1/1]. The third branch point is a cubic elliptic point, quadratic
elliptic point, cubic elliptic point and a cusp for N = 1%,2,3,4, respectively. The Fricke

involution (a.k.a. Atkin-Lehner involution) is defined by

1

It exchanges these two cusps and fixes the third branch point, see Figure 1.2 for an example.

Recall that the modular curve Xy(N) is the moduli space of enhanced elliptic curves
(E,C), where C is an order N subgroup of the N-torsion group Ex = Z/NZ & Z/NZ.

Using this interpretation and the association that

H — {isomorphism classes of(E,C)}
T [(C/(Z D ZT), (iﬂ)] ,

the Fricke involution acts by sending (E,C) to (E/C, Ex/C).

From the explicit expression of the Hauptmodul « which follows from Table 1.2, it turns
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Figure 1.2: Fricke involution on the fundamental domain for T'y(4)

out that, see e.g., Maier (2009), the Fricke involution maps the Hauptmodul
a(t) to B(1):=a(——)=1—ua(7). (1.31)

Note that this is consistent with Eq. (1.17) in the sense that

| oF(31—-1,11— i oR(31-11; 1
t@) o r(p) = 2Bl mp V1= 1 oh( ol L (132)
VN 2F(;,1-+,1;B) VNFi(5,1- 5,11 —«) Nt(a)
The Fricke involution acts on the ring of quasi-modular forms according to
1 VN
——)=—TA
e e
1 VN
(—m) = TTC(T)I
1 VN 133
—~—)=—T1B (1.33)
c( NT) i’ ().
1 12 2Nt
E(—+=) = NT°E — =1%,2
1 12 2Nt
E(——=) = NT°E =, N=4.
( NT) ’ (T)+27Ti 6 ’

For all cases N = 17,2, 3,4, the non-holomorphic completion E (7, T) transforms according
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\/

Fricke involution

Figure 1.3: Fricke involution on the family of elliptic curves

to:
~ 1 1 _ o _

The above transformations have a nicer form by making use of the slash operator |, as

follows °. Take the following representative for Wy:

1 0 1
Wy = — €SL(2,R), (1.35)
VN{_N o

and define the slash operator on an almost-holomorphic modular form f by
flwy = (VNT) *f(WnT, WNT), (1.36)
then we get W% = —I and
Alw, =iA, Blw, =iC, C|lw, =iB, E|lw,=EL. (1.37)

Through out this thesis, we shall use both the Fricke involution Egs. (1.33), (1.34)

computationally and Eq. (1.37) conceptually.

5The author wants to thank Professor Don Zagier for suggesting this, which will be important later when
translating the BCOV holomorphic anomaly equations with boundary conditions purely in terms of the language
of modular form theory.
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Besides the mathematical consequences, the Fricke involution also has an interpretation
as a duality in physics, as explained in the joint work Alim et al. (2013) and shall be

mentioned briefly in Section 2.6 in the next chapter.
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Chapter 2

Topological string partition functions

for some non-compact CY geometries

in terms of modular forms!

In this chapter, we consider the mirror families (B model) 7 : X — M of the one-parameter
families (A model) of the CY 3-folds Kp2, Kgp,,n = 5,6,7,8. We shall study the connec-
tions between the family 7 : X — M of CY 3-folds and the family of elliptic curves
Ttro(N) * Erg(ny — Xo(N), as described in Eq. (1.13). By comparing their periods, we shall
identify the moduli space M with the modular curve X(N), and singular points on M
with the cusp classes and elliptic points on Xo(N). After that we express the geometric quan-
tities (e.g., connections, non-holomorphic generators S, S,K; and holomorphic Yukawa
couplings) defined on the moduli space M in terms of almost-holomorphic modular forms
defined on X(N). Combining with the polynomial recursion, we can then determine
the non-holomorphic part P& in F) = P + f8). Then we use the Fricke involution
to analyze the boundary conditions and to fix the holomorphic ambiguity f($). Finally

we conclude with some interesting observations and consequences of the structure of the

1Based on the joint work Alim et al. (2013) with Murad Alim, Emanuel Scheidegger and Shing-Tung Yau.



topological string partition functions F(8) as almost-holomorphic modular forms.

The structure of this chapter is as follows. In Section 2.1 we shall review the geometries of
the non-compact CY 3-folds that we shall consider. In Section 2.2 we make the identification
between the moduli spaces and modular curves and discuss the Fricke involution on the
singular points. We apply the results in Section 2.2 to solve for the first few topological
string partition functions genus by genus recursively in Section 2.3. Then in Section 2.4 we
use the Fricke involution to interpret the boundary conditions as regularity conditions for
almost-holomorphic modular forms and to rewrite the holomorphic anomaly equations
purely in terms of the language of modular form theory. After that in Section 2.5 we
prove a version of integrality result for Gromov-Witten invariants of the geometries under
consideration. We mention the interpretation of Fricke involution as a physics duality in
Seiberg-Witten theory in Section 2.6. We conclude this chapter with some discussions and

questions for future directions in Section 2.7.

2.1 Non-compact CY 3-fold geometries

The non-compact geometries we shall consider have all been studied before using different
methods.

We start with a detailed discussion of Kp2 which denotes the canonical bundle O(—3) —
IP? of IP?, and its mirror. Higher genus topological string partition functions on this model
have been studied in a number of works using different techniques, see for example Klemm
and Zaslow (1999); Katz et al. (1999). The use of a different set of quasi-modular forms for
this example was considered in Aganagic et al. (2008). The generators of Alim and Lange
(2007), as reviewed in Eq. (20) in the Introduction, were used in Haghighat et al. (2008); Alim
et al. (2010) for higher genus computations. Our new addition to these previous discussions
consists of the explicit identification of the ring of quasi-modular forms of I'y(3) which is
adapted to this specific moduli space as well as its translation to the ring of generators

S4,51,S,K; in Alim and Lange (2007). Furthermore, this example serves as a testing ground

45



for the duality of topological partition functions which turns out to exchange the large
complex structure and the conifold loci.

The other non-compact geometries we consider are canonical bundles Kgp, of del Pezzo
surfaces dP,, n = 5,6,7,8 and their mirrors. These were considered in the physical context
of non-critical string theories. For the purpose of our work, see Lerche ef al. (1997) and
references therein. Higher genus computations using the holomorphic anomaly equations
and enumerative information from the A-model for these geometries were considered in

Katz et al. (1999).

Now we shall review the details on the geometries of these non-compact CY 3-folds.
The A-model geometries are Kp2 and Kgp,,n = 5,6,7,8, where dP,, is the del Pezzo surface
obtained from blowing up P? at n points?. We take the Kahler structures of the non-compact
CY 3-folds Kp2,Kgp,,n = 5,6,7,8 to be the ones induced by —Kg, where B = P2,dP,,n =
5,6,7,8 are the corresponding surfaces. Taking dP¢ for example, it is obtained from IP? by

blowing up 6 points (and thus is not toric), one has

6
—Kap, = —Kp2 — Y | Ei,
i=1

where the E;s,i = 1,2 - - 6 are the exceptional curve classes. Since —Kgp, is ample, one can

use the linear system to embed dPg into a projective space
| — Kap, | : dPg — PH®(dPs, —Kgp, ) ,

as a degree 3 hypersurface in IP2. The class —Kgp, is then induced by the hyperplane class
of IP? by pulling it back using the embeding.

The mirror CY families (B-model) are families of non-compact CY 3-folds. The explicit
equations and Picard-Fuchs equations of these families are given in Lerche et al. (1997);

Chiang et al. (1999) and will be discussed soon in the following.

2The sub-index 1 stands for the number of points in IP?> which are blown up to create dP,. The degree of
this surface is 9 — n.
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By abuse of language, in the following, sometimes we shall call the mirror CY families

local IP? and local AP, n = 5,6,7,8 if no confusion arises.

2.1.1 Local IP?

Now we shall discuss the mirror CY 3-fold family 77 : X — M of the Kp2 family, constructed
in e.g., Chiang et al. (1999); Hori and Vafa (2000). We refer the interested readers to Lerche
et al. (1997); Alim et al. (2013) and references therein for the detailed discussions on other
families. For each z on M, the fiber &, of the non-compact CY 3-fold family is itself a conic

fibration given by, see Hori and Vafa (2000),
X,:uv—H(x,y;z) =0, (u,0,x,y) € C? x (C*)Z,

where H(x,y;z) = y*> — (x + 1)y — 27zx>. The degeneration locus of this conic fibration is the
elliptic curve &, : H(x,y;z) = 0. It is called the mirror curve in the literature since the whole
mirror CY 3-fold geometry can be constructed from knowing only the information of this

curve. Then as z moves in M, one gets the Hori-Vafa mirror curve family rtyy : Epv — M.

Figure 2.1: Mirror CY 3-fold as a conic fibration

Remark 2.1. Another way to construct the mirror in the literature is to use the toric duality
Batyrev (1994). One considers Candelas et al. (1994b); Chiang et al. (1999) an elliptic fibration

Y over IP2. The compact CY 3-fold Y can be regarded as a complete intersection in a toric
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variety whose mirror is a compact CY 3-fold Y. The moduli space of Kahler structures of Y
is of dimension two: roughly speaking they correspond to the Kahler classes induced from
the Poincare dual of the base IP? and of the surface ruled over the hyperplane section in
the base IP2. Denote these two classes by wyy, w| respectively. Then a generic Kahler class
is given by w = tijwy + towr. In the limit t; — oo (called large fiber limit in Chiang et al.
(1999)), the compact geometry Y becomes effectively X = Kpz. One can also work out the
same limit in the geometry Y, then one gets that the degeneration locus is in fact the Hesse
cubic curve
(14 2162)3

_1 .
X+ xs—z 3xxx =0, j(z)= 20=2727 (2.1)

Again as « moves in M, one gets an elliptic curve family 7THesse : EHesse — M. It turns out
that this elliptic curve family is 3-isogenous to Hori-Vafa mirror curve family mpy : Env —
M, see e.g., Husemoller (2004) for details. In particular, they have the same Picard-Fuchs
equations. For our later purposes, the Hori-Vafa mirror curve family 7ty : Epy — M will

work perfectly.

2.1.2 Local del Pezzos

The non-compact CY 3-fold families mirror to Kgp,,n = 5,6,7,8 families are given in e.g.,

Lerche et al. (1997); Chiang et al. (1999) as follows:

n=>5 : PY-1,1,1,1,1,1)[2,2] : x 2+ 22 + 22 + 22 — 2 rxz32425 = 0,
Z3 425 — z’%zlzz =0,

n=6 : PY-1,1,1,1,1][6] : x P+ +w’ + 23 +25 — z’%xyzlzzw =0,

n=7 : PY-1,21L,1L1)[6] :x *+ 2 +wt+ 2} + 24—z T xyzzmw =0,

n=8 : PY-1,3,21L,1][6] :x + 2+ +25+28 —z rxymzmw=0, (22)

where the numbers r are given by 2,3,4,6 for n = 5,6,7,8, respectively.
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2.2 Moduli spaces as modular curves

For the non-compact geometries mentioned above, there are two ways to identify the moduli
spaces with modular curves. One can look at the equations of the geometries, and then
seek for the arithmetic properties of the bases of the families; or one could study the Hodge-
theoretic aspects by looking at how the periods of the varieties vary. We shall only mention
the former very briefly since in general it requires a lot of knowledge on the (equations
for) families, and shall emphasize the latter since it is more convenient for computational
purposes and requires less on the detailed information on the explicit equations for the

families.

2.21 Geometric correspondence

For the local IP? family, we have seen in the previous section that the moduli space M is on
the one hand the base of the non-compact CY 3-fold family, and is on the other hand the
base of the elliptic curve families 7ty : Epy — M and TTHesse @ EHesse — M. However, it
is a standard fact from Eq. (1.13) that the base of the Hesse cubic curve family Eq. (2.1) is
exactly Xo(3) = I'o(3)\H*. Therefore, we must have M = X,(3).

Similarly, for the local del Pezzo geometries Kqp,,n = 5,6,7,8, the corresponding
equations for the elliptic curve families (called elliptic curves of E, type, n = 5,6,7,8
respectively), are obtained from the equations for the CY 3-folds by getting rid of the —1,1
entries and the corresponding monomials in Eq. (2.2). The j-invariants, as well as the
Picard-Fuchs operators are summarized here, see Lian and Yau (1996a); Lerche et al. (1997);

Klemm et al. (1996); Chiang et al. (1999) for more details. In the following, 6 = z%.

X2+ x3 — z7ixxs =0 , (1 + 224z + 25622)3

Es: 1) = —a 1621

1 ’ ﬁelliptic = 92 - 42(29 + 1)2.
2 2 -1
xy+x;—z 4x1x3 =0

(2.3)
The base of this family of elliptic curves is the modular curve Xy(4). It has three singular

points: two cusp classes [ioo], [0] corresponding to z = 0,1/16 respectively; and the cusp
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class [1/2] corresponding to z = oo.

R SR S S _ oy (1+2162)° _
Eo: x{+x;+x3—z 3xixox3 =0, j(z) = 20— 272)8 Letiptic = 07 —32(30+1)(30+2).
(2.4)
The base of this family of elliptic curves is the modular curve X(3). It has three singular
points: two cusp classes [io0], [0] corresponding to z = 0,1/27 respectively; and the cubic

elliptic point [p] corresponding to z = oo, where p = exp(27i/3).

_1 , 1+192z)°

Ey: xj+x3+x3—z txix0x3 =0, j(z)= ,2(1—642;3 , Lentiptic = 6° —42(40 +1)(40 4 3).
(2.5)
The base of this family of elliptic curves is the modular curve Xy(2). It has three singular

points: two cusp classes [ico], [0] corresponding to z = 0, 1/64 respectively; and the quadratic

elliptic point [(i — 1) /2] = ST([i]) corresponding to z = co.

1

2
= m , Eelliptic = H — 122(69 -+ 1) (69 + 5) .

Eg: x$+x3+x3 —z exxx3 =0, j(z)

(2.6)
The base of this family of elliptic curves is the curve X(1*). It has three singular points:
two cusp classes [ico], [0] corresponding to z = 0, 1/432 respectively; and the cubic elliptic
point [p] corresponding to z = co.

The relations between the Picard-Fuchs operators of the above elliptic curves of E, type

and the elliptic curve families in Eq. (1.14) are related by & = xnz according to Table 2.1.

Table 2.1: Arithmetic numbers in the Picard-Fuchs equations of elliptic curves of E,, type, n = 5,6,7,8.

n\567 8
Nl4 3 2 17
r | 2 3 4 6

kn | 16 27 64 432

Note that in the above we did not claim that the corresponding elliptic curves families
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are isomorphic, and we don’t need that since all we concern is essentially that the bases of
these elliptic curve families are the same modular curve and that the Picard-Fuchs equations

take the same particular form.

2.2.2 Hodge-theoretic correspondence

Now we study the periods of the CY 3-fold families. As we shall see, we will get the same
identifications as above. Moreover, we can also figure out the exact relations between the
periods of the CY 3-folds and the periods for the corresponding elliptic curves that attached
to them Hodge-theoretically (which are the same as the mirror curves as they should be).
Direct computation shows that, see Lerche et al. (1997); Chiang et al. (1999), in all cases

above, the Picard-Fuchs operators have the following form:

1 1 d
Lcy = Letiptic © 0 = (92 —a(0+ ;)(9 +1- r)) 00, 0= Mo, 0= KNZ, (2.7)

where the operators £emptic are exactly the same as the ones for the elliptic curve families in
Eq. (1.14) and xy are the same numbers in Table 2.1.

This immediately tells that the moduli spaces are the modular curves Xy(N) since the
variation of the periods for the CY 3-fold families can be fully captured by the variation
of the periods for the elliptic curve families with Picard-Fuchs operator being Lepiptic. In
fact, the periods of CY 3-folds are related to integrals on the curves over certain chains by
integration along the non-compact direction in the conic fibrations, related works can be

found in e.g., Lerche et al. (1997); Hosono (2004).

2.2.3 Singular points on the moduli spaces

The singularities for the CY 3-fold families « = 0, 1, co are worked out to be the so-called
large complex structure limit, conifold point and orbifold point, see Lerche et al. (1997);
Chiang et al. (1999). Therefore, according to Table 1.3, we can get the types of singularities
on the moduli spaces as shown in Table 2.2.

According to the above identification M = X,(N), we can see that since the Fricke
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Table 2.2: Types of singularities on M = Xy(N) for N = 1%,2,3,4,
where x depends on the modular group.

Type « []

large complex structure limit 0  [ico]
conifold point 1 0]
orbifold point o

involution exchanges the two cusps [ico] and [0], it will then exchange the large complex
structure limit with the conifold point. This will be very useful later in applying the

boundary conditions to solve the BCOV holomorphic anomaly equations.

2.2.4 Periods for the CY 3-fold families

We now consider the periods of the CY 3-folds near the large complex structure limit a = 0.
The solutions to the Picard-Fuchs equations could be obtained using the Frobenius method
and are given by Meijer-G functions, see Erdélyi et al. (1981); Diaconescu and Gomis (2000).
According to the structure Eq. (10) for the periods in special Kdhler geometry, the solutions

’ 27[1 ! ! '

for some holomorphic function F. The quantity ¢, defined to be the ratio of the two periods
above, will be called special coordinate hereafter and play a key role in the whole discussion
(see Section 2.3.1 and Section 3.3.1 below).

Since Lcy = Lelliptic © 0, we know the derivatives of these periods must be periods of the
corresponding elliptic curves we have found geometrically or Hodge-theoretically earlier.

Hence we can choose the basis suitably so that?

E = E 2.
ot = iCU(), K 0 t iwl 21l TWwo ( 9)

are the periods of the elliptic curve given in Eq. (1.16), respectively, where « is the classical

3For simplification, in the following we shall sometimes ignore the 27ti factors, so then, for example, 0t = wy.
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triple intersection of X. Itis —% for X = Kp2 ad n — 9 for Kgp,,n = 5,6,7,8. Then

w x10F, _
7:673: ot L= 'F,. (2.10)

This definition was motivated in Aganagic et al. (2008) to establish the modularity for
non-compact CY 3-folds and is very important in understanding the arithmetic properties

of special Kdhler geometry and topological string partition functions, as we shall see later.

2.3 Solving BCOV holomorphic anomaly equations genus by genus

recursively

Now we are ready to apply the results on modular forms and Fricke involution in Chapter
1 to solve for the topological string partition functions. First we shall express the geometric
quantities, including Yukawa couplings, propagators, etc., in terms of almost-holomorphic
modular forms. This then gives the non-holomorphic part P8 in F(&) = P& + £(&), Then
we use the Fricke involution to analyze the boundary conditions and to fix f($).

In this section, we shall work out the full details for the genus two case for Kpz. The
other cases are similar to this and will be discussed briefly. We shall also give the proofs of
Theorem 0.1 and Theorem 0.2 sketched in the Introduction part, which are inspired by the

computations for the genus two case.

2.3.1 Local P?

Genus 0

It is known that (see Chiang et al. (1999), and also Proposition 3.6 and Remark 3.7) the
Yukawa coupling Cyq., as defined in Eq. (5), is given by

K

Cmm = m ’

(2.11)
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where x = —% is again the classical triple intersection number for Kp2. Note that X? = 1, it

follows that
1 K (8704)3 B K
(X9)2a3(1—wa) 0t  (0t)3(1—a)’

Recall from Eq. (2.9) and Eq. (1.19) that 0t = wy = A, 1 —a = B = %’, with r = 3, we can get

Cere = (2.12)

from Table 1.2 that
x _ 1530
B3 )

Cen = (2.13)

is a modular form of weight —3 with respect to the modular group I'¢(3).

Dictionary between propagators and almost-holomorphic modular forms
Holomorphic limits of metric and connections

The Kahler potential of the Weil-Petersson metric is determined from Eq. (3) and Eq. (10)
and is given by

e K =ix0x0 (2@ —2F(t) 4 (t* — F)(F, + E)) , (2.14)

where according to mirror symmetry and Eq. (2) the prepotential F(f) has the form

E(t) = %t“tbtc +Q() + Y Noae, (2.15)
: d

with Q(t) being a quadratic polynomial of t = {#*}. Following Ferrara and Louis (1992);

Bershadsky et al. (1994), rewriting the above equation as
e K(E2) = XOX0p~K(bh — p=K(Lh) — (2@ —2F(t) + (t* — F)(F, +E)> , (2.16)

one then gets

ot? k ozk o ot 9zk . ot?ot?
9. 0 P ze _ 22 27 Tt 22T 7
Kzl azz log X Kt aZl, Ziz] atﬂ azl az] atc rt“tb aZ] Z] , (2.1 )

where I, , is computed in the metric given by the new Kahler potential K(t,f). Then at the

tath

large complex structure limit z, = 0, one can show that the special coordinates t = {t*} are
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the canonical coordinates (see Section 3.3.1) satisfying

OpKplzmz, =0, 0uTh,|s=, =0, VIsit. |I| >0. (2.18)

This then implies that one has the following holomorphic limits at the large complex
structure limit:
K 0zk 9 ot"

i i — —0,i 0 i Z = Iyl .
i Ko = —2ulog X%l T = G o 219

The above discussions apply to general families of compact or non-compact CY 3-folds.

In the current non-compact one-modulus case, we get

da D ot
fim Ke =0, lim Tow = 3y 5a 50 — 91089 (2.20)

It turns out that the above results in the local coordinate x = In« defined on the puncture

moduli space M — {a = 0} are cleanest:

K
Cxxx — ﬂ (2.21)
LhCrglL Ky =0, LhCrélL I}, =0logA. (2.22)

Solving for holomorphic limit of propagators from special geometry relation

In this case, the integrated special geometry relation Eq. (7) gives
I = 2K, — CrxS™ 4 5%, .
Taking the holomorphic limit at the large complex structure limit, one gets
ML T =2 K Con i ST e

This implies that

I}IC%}J S = C;xlx (2 00— Elcgi rix + Six) .

From Proposition 1.6 and Eq. (1.2) we get

1 1 C"-pB

= (E A?).
pazy ET )

LlicrénLl”ix =0logA =010d.:logA =

55



Taking the choice s¥, = CrA’rBr = %CSXSBS, then we obtain
1 E 1E
lim S = ————S =—-—. 2.23
LCSL 2rk A? 2 A? (2.23)

The holomorphic limits of S*, S at the large complex structure limit can be easily solved
from Eq. (20) that they satisfy, and the solutions are not unique as mentioned before in
Introduction. In particular, we can take the following choice as in Alim and Lange (2007);
Alim et al. (2010):

lim S* = lim S = 0. (2.24)
LCSL LCSL

With this particular choice, the holomorphic functions hy, hy, hy, are identically zero, while

hi* is determined from the first line in Eq. (20):
D, S™ =258 — Cyxx S™S* + hy* .
Again taking the holomorphic limit at the large complex structure limit, we get

B = Tim B = — A
X

LCSL 12 B3 (2.25)

Recovering non-holomorphic propagators from modularity

So far we have computed the holomorphic limits of the generators $**,S*, S, K at the
large complex structure limit « = 0, they turn out to be quasi-modular forms. The non-
holomorphic counterpart should reduce to them in the holomorphic limit, which is given by
t = ico according to Eq. (2.8).

We observe that near the large complex structure limit, we actually have

T t—ilo « + regular
~om 08 &

according to Eq. (2.10). Then the holomorphic limit is the same as == — 0, that is, the
"constant term map" in Kaneko and Zagier (1995) in modular form theory. This suggests that
the non-holomorphic quantities can be obtained from the inverse of the constant term map,

that is, the modular completion of their holomorphic limits. Note that the non-holomorphic
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completion does not have to be identical to the modular completion. However, for many
purposes, eventually we only care about the holomorphic limits (e.g., in extracting the
Gromov-Witten invariants under the mirror map). Therefore, we can safely assume that
near the large complex structure limit, taking the holomorphic limit of geometric quantities
is equivalent to taking the constant term map of almost-holomorphic modular forms, while
taking the non-holomorphic completion is equivalent to taking the modular completion
from quasi-modular forms to almost-holomorphic modular forms, as illustrated in Figure 3
in Introduction.
Therefore, from Egs. (2.21), (2.23), (2.24), we get

1E
2 A%

—_

S¥ = S*=5=0, Ky=0. (2.26)

Moreover, the non-holomorphic completions of the holomorphic function Cy,, and holo-
morphic ambiguities (e.g., sy,, hy*) should be themselves. This is consistent with the fact
that they are honest modular forms rather than quasi-modular forms, that is, they do not

change upon modular completion.

Genus 1

From Eq. (18) in Introduction, we get

1 PYX)+3 g
9 FM = —50;logdet G + (————— — 7)K; + 9;log| FA2 (2.27)

for some holomorphic function f(!). Using Eq. (2.21), we then get for the current one-

modulus case, near the large complex structure limit,
lim 9, logdet G = 9, lo 191‘ =dylo (lA) = —1 +regular (2.28)
LcsL 708 — Oal08 VT T CaloBL A guiat- '

Applying the boundary conditions Eqs. (28), (29) to this case, we obtain 9, f(!) = 9, loga®(1 —

)" with b+ 1 = —sz(f), a = —5. Therefore, the holomorphic limit of 9,F (1) is given by
lim 0, FV = —%ax log 0 + 0+ 9y log a2 (1 — a)“. (2.29)
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Since for X = Kpz, c2(X) = 2, we are led to

1 1 1 1EA
1 (1) = —— _— —_— = —- — —— e
Elrgiax.F dy log 0t 1 dyloga(l —u) ST DB (2.30)

Note that this quantity is regular at the orbifold point « = co where A vanishes and B, C, E
are regular according to Eq. (1.20). This is the key property later in making use of the
regularity condition at the orbifold to prove the existence and uniqueness theorems of the
solutions to the BCOV holomorphic anomaly equations.

Note that only the first derivative of () is physical, that is, when extracting the genus
one Gromov-Witten invariants, one would have to consider the genus one stable maps with

one marked point. The corresponding generating function is given by

1,1 1EA

; 1 ; v _ 22 _ - =4
fim o:F Onx lim 0. 70 = 2 (5 — 5 g3 )
1 1
; n —_ _ = - -
Elcgi o F 28T log (7)1 (37) 12E.

Up to addition by an anti-holomorphic function, we have from Eq. (2.29) and Table 1.2 that

1 1 1 1
i n - _Z . —a) = —— 3c3 = _ =
Lhcrgi/'- 2loth 5 log (1 — w) 5 log B°C 210g17(T)11(3T).

It follows that their non-holomorphic completions are given by

F) _%log\/Iml-q(r);y(r)\/Im3T11(3T)11(3T),
1,
m - _2
aT..F 12E‘

These agree with the existing results in the literature, e.g., Mohri et al. (2001); Mohri (2002);
Aganagic et al. (2008); Haghighat et al. (2008).
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Higher genus
Polynomial part

With the above choices for the generators 5%, S¥, S, Ky, polynomial recursion tells that the

non-holomorphic part P2 in Eq. (26) is given by the following polynomial

5

2 — =
& 24(

3 1 1
Crxx)?(8™) — gcxxxsix(sxx)z + g(axcxxx)(sxx)z + Ecxxxhixsxx- (2.31)

Plugging in the corresponding quantities, we then get

1 E(6A* —9A’E +5E?)

@) —
& 1728 B¢

: (2.32)

Ansatz for holomorphic ambiguity

Now the holomorphic ambiguity f(?) is a meromorphic function on M = Xy(3), it must
be a rational function of the Hauptmodul, that is, it is a modular function of weight zero.
Therefore, it is given by a ratio of two modular forms of the same weight. We know from the
boundary conditions that F(?) can only be singular at the singularities & = 0,1, co. Moreover,
at the large complex structure limit « = 0 and at the orbifold point « = oo, the holomorphic
limits are conjecturally equivalent to the generating functions of Gromov-Witten invariants
and of orbifold Gromov-Witten invariants of the mirror manifold, respectively. Hence it is
regular at the two singular points & = 0, 0 on the moduli space. Therefore, the denominator
can only involve the generator B according to the structure for the divisors in Eq. (1.20).

We shall show later that the gap condition at the conifold point tells that it must be
BS. Of course it could be smaller, but one can always multiply both the numerator and
denominator by certain powers of B so that the denominator is B°.

We must point out that regularity at the orbifold is a very strong condition, and it is no
longer true for local del Pezzos, as we shall see in the next section.

It follows then that the ambiguity f(® has the form

£ _ 1 coA®+ 1 A3B® + o B°
1728 B® '

(2.33)
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Boundary condition at LCSL

We now apply the boundary conditions to solve for the constants cy, c1, c3.

The condition at the large complex structure in Eq. (28) tells that

ByB,|
li . (2): _ 2K| 402 )
lim lim 715 = (=1)75 35

(2.34)

For the current case*, x = X(Kp2) = 3. From the expressions of A, B,C in terms of
hypergeometric series in Eq. (1.19) or the y-function expansions in Table 1.2 we know
that lim,—9 A = 1,lim,—o B = 1,limy—o lim;cs; E = lim,—¢ E = 1. This then gives a linear

relation among ¢y, c1, ¢2:

(—1)2X 1BsBal _ X (2.35)

i(2+c 401+ 0) ) T
0t E2 24.2.21 23.5.122°

123
Vanishing period for gap condition

Now we shall apply the gap condition at the conifold point in Eq. (29). Note that the
vanishing period t.() can be easily solve as the vanishing period of Lcy written in the

B =1 — a coordinate and has the following form as a series

te(B) = B+ O(F). (2.36)
We can then invert this series to get

B(te) =t + O(£). (2.37)

A different normalization of t.() will correspond to a different ¢ in the gap condition in

Eq. (29).

4In fact, the number y is irrelevant in extracting the Gromow-Witten invariants using mirror symmetry.
Hence in this thesis we sometimes do not plug in the value for x in the results for topological string partition
functions.

60



Fricke involution

Since we have written down the full non-holomorphic quantity F?) = P 4 f2) we
need to find its holomorphic limit based at the conifold point f = 0. In principle, one
needs to find the (B, B) expression of the non-holomorphic quantity F® centered near
(B, B) = (0,0). It is difficult to do this by analytic continuation in the (a, &) space, starting
from its expression near («,&) = (0,0). We proceed by making use of the Fricke involution

on the modular forms in Egs. (1.33), (1.34) which imply that

Aw) = A,
B(a) = (1—a)rAfa) = /NTﬁlAus) = /mc:(m,
Clw) = AW = (1= P) A(B) = —B(p),

Bam) = —(PEBP), (2.38)

where as before, « = a(7), = B(T) = 1 — (1), T = T(w) = L&, Aw) = A(a(1)) = A(7)

and similarly for other quantities.

Plugging this into the formula F(?), we then get

F@ = 7)(2)+f(2)

1 E(a,a)(6A(a)* —9A(a)?E(a, &) + 5E(a, @)?)
- 1728 B(a)®
1 c1A(x)® +cA(a)®B(a) + c3B(a)®
1728 B(a)®
_ 1 —E(BB)(6A(B)* —9A(B)*E(B,B) +5E(B,B)*)
1728 C(p)
1 cA(B)® +aA(B)°C(B)’ + c2C(B)°
1728 C(B)® '

The last equality in the above follows from the fact F?) has modular weight 0 so that the

i

VNt

factors are canceled out.

Remark 2.2. The holomorphic limit of the quantity £(B, B) is worked out as follows. Recall

1

that the conifold point § = 0 corresponding to T(«) = 0 or equivalently T(f) = —
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Then from Eq. (1.21) and Eq. (1.6), we obtain

lﬁiggﬁ(ﬁ,ﬁ)

) 1 -3 . 1 -3
== (E(ﬁ) T3 nImr(/s)) = (E(’” T2 nImr(/s))
— E(B) = .5 log C'(B)B()

— 9.5 B % logC (BB (B),

= apA*(B) dglog C"(B)B"(B).

This then tells that B expansion of the holomorphic limit E(p) at the conifold point.
This can alternatively be derived in the T coordinate as follows. Denote Tp = WNT =

L then

— %2

B(1,7) = 9:logCl(1)B (1) + ~—>

NT
= 3¢t O 1og<*rl.0>2r<:f<rp>Br<rD> T

= N2 <8TD log C'(tp)B" (tp) + 2rd7, log o + NT 5 nImT) ,

2 7lmt’

_ b (1) B’ 1_-3
- L (aTD log C' (o) B (tp) + MImm) |

Comparing with the desired transformation

. 1

L 1 -3
Eme) = N2 (E(TD)+27TImTD) ’

we get
E(TD) = BTD IOg Cr(TD)Br(TD) = aT(ﬁ),B a‘B ]Og CT(IB)Br(ﬁ) (239)

as above. This implies in particular

E(B) = (~V3TPE(w) + 5e(—V3)(~V37), (2.40)

as it should be as a quasi-modular form which transforms according to Eq. (1.33). We
can also see that between the two different forms written in the T coordinate and the

Hauptmodul, i.e., « coordinate, the former is more symmetric than the latter. Moreover,
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the latter also tells the analytic continuation of E(a) on M which is parametrized by the

complex coordinate «. This is not easily accessed without using modularity.

Solving for the ambiguity

Recall from Eq. (1.20) that divC(a) = 3(a = 0), we know divC(B) = %(B = 0). On the
other hand, from Eq. (2.37) we know that the gap condition implies divlimcon F? =
(=2)div(t;) = (—=2)div(B). It follows then the exponent of B in the denominator of f(2)
must be 2/% = 6.

Now we plug in all of the series expansions for A(B),C(B), E(B) into limcon F? and

use the series expansion Eq. (2.37), we get

. —204c9g 14+ 11cy + 9cq
1 2 —
ol 17282 T 155521,

+ regular. (2.41)

The gap condition, with ¢ = 3 fixed by other means®, then gives two additional equations

involving only ¢, ¢1:

#2260 - C(z-z)(lzﬁ-z—z) :_ﬁ:_sio’ (242)

14 + 11co +9c
+155;2+ L = o. (2.43)

Solving the linear equations Egs. (2.35), (2.42), we obtain
CO:_g/ Clzg, QZ%z—%. (2.44)
Therefore, we have obtained F? in terms of almost-holomorphic modular forms:

F@ = p@ 4 @ (2.45)
. 7128 E(6A* — 9;@ +5E?) - 7128 —8A5+ §1;16333 — 7o 248

Similarly, one can solve for the other higher genus ones recursively. But the computation

5For example, this can be determined by using one further condition at the LCSL like genus 2 degree 1
Gromov-Witten invariant. Once it has been fixed, one can use it for higher genus computations in Eq. (29)
without any other additional conditions.
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gets unmanageable very quickly. For example, using Mathematica, we get for genus three

FG)
(—2532A10 + 3444A7B% — 1140A*B® + 48AB°) E
B 1244160B12
(3516 A% — 3708A5B® + 732A2B°) E2
* 1244160B12
(—2645A° +1900A%B® — 120B°) E3
* 1244160B12
(1200A* — 420AB%) E*  25A%E° N 5E°
1244160B12 82944B12 ' 82944B12
+5359A12 — 8864A°B3 4 4160A°B® — 496 A3B° +2(8 — 3))B'?
8709120B12 '

2.3.2 Proofs of Theorem 0.1 and Theorem 0.2

Before we proceed to the discussions of local del Pezzos, we now make a pause and prove
Theorem 0.1 and Theorem 0.2 basing on the ideas presented above. Both of them follow
easily from the arithmetic structure of the moduli spaces as modular curves. The statements

of the theorems are recalled below and followed by proofs.

Theorem 2.3. Consider the mirror families of the one-parameter families of Calabi-Yau threefolds

Kp2, Kgp,,n = 5,6,7,8, respectively.

(i) For each mirror family 7t : X — M, the deformation space M is a modular curve Xr = T'\'H*,

where the modular group T is To(3), To(4), To(3), To(2), T(1)*, respectively.

(ii) For each family, the solutions to the holomorphic anomaly equations with the boundary
conditions, if they exist, are almost-holomorphic modular forms of weight zero with respect to

the corresponding modular group.

Proof. The first part follows from the identification of the moduli spaces with modular
curves we made in Section 2.2.
Polynomial recursion in Eq. (26) says that the non-holomorphic part P(8) of F(8) = P(8) 4

f®) is a polynomial of the non-holomorphic generator $** and holomorphic generators
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Crxx, S%y, 1YY, and their derivatives.® The holomorphic ambiguity f (@) if a rational function
of the Hauptmodul, hence it is a modular function. Since all of the geometric quantities
involved are almost-holomorphic modular forms, F (&), if it exists as a solution to the BCOV
holomorphic anomaly equation, itself must be an almost-holomorphic modular form with
respect to the corresponding modular group which depends on the geometry. This proves

the second part of the theorem. O

Theorem 0.2 follows from the use of Fricke involution in applying the gap condition in

Eq. (29).

Theorem 2.4. For the mirror family 7w : X — M of the Kp2 family, for any genus g, the solution
to the holomorphic anomaly equation with boundary conditions exists and is unique. In particular, it

is an almost-holomorphic modular form of weight zero with respect to the modular group T'o(3).
Proof. We only need to show that the following set of boundary conditions

e leading-term contribution of limycgy, F (&) in Eq. (28),

e gap condition for limcon F ®) in Eq. (29),

e regularity of F(8) at the orbifold point

give exactly the desired conditions’: if there are fewer conditions, then the unknowns is
under-determined; if there are more, the system is over-determined and one needs to check
consistency of the boundary conditions.

The proof is based on the computations for the g = 2 case.

First, by induction, we can easily see that P©) has the following structure: the non-

holomorphic part is a rational function in the generators A, B3, E whose denominator is

6In fact, as mentioned in Introduction and shall be proved in Chapter 3, for this case one can choose a
minimal set of non-holomorphic and holomorphic generators so that the derivatives of the generators are also
(Laurent) polynomials of these generators.

"This is explained to the author by Professor Don Zagier. The author thanks him for his very helpful and
inspiring discussions on this and for encouraging me to put the results on mathematically firm ground. The
author also thanks his colleague Teng Fei for discussions on extracting the existence and uniqueness theorems
from the computations.
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(B3)2%8-2.8

That F (&) is singular only at the conifold tells that the denominator of F () can only be of
the form B"s for some integer n,. Now we use the facts on the divisor of B and the asymptotic
behavior of the vanishing period t. near the conifold point to determine the exponent in
the denominator. Recall divB = (B = 0) and t.(B) = B+ O(p?), according to the gap
condition which says that F(8) ~ tczg,%z + O(t?), we then get ny = (2g —2)/% = 6g — 6.

It follows then that the numerator must be a modular form of weight 6¢g — 6 in the
ring of modular forms M,(T¢(3),x-3) = C[A,B3]. The dimension is given by (6¢ —
6)/3 = 2¢ — 2. Hence the numerator must be a polynomial in A3, B3 and have the form
iy

Using the asymptotic behavior A3, B> ~ 1+ O(a) we know the condition at the large

cx(A%)28=27K(B3)k where cg, c1,¢2, - - €22 are under-determined constants.

complex structure limit in Eq. (28) gives a linear equation
o+ ¢y +c2 + - - ez 2 = some constant determined from Eq. (28). (2.47)

Now we use the the Fricke involution as in Eq. (2.38), then we have near the conifold
point f =0
Ck(A3>2g—2—k(BB)k

(B3)28—2 {232

+ sub-leading terms, k =0,1,2,---2¢ — 2. (2.48)
By comparing the leading terms in the gap condition, we get an equation
co = some constant.

This then determines cy. By comparing the next sub-leading terms, we get an equation for
€2,

(some number)cy + ¢; = some constant.

This then determines c;. Proceeding like this, one can then determine ¢, c1,cp, - - - C2¢-3- We

finally use the condition given in Eq. (2.47) to fix c¢ 2.

8For example, the leading term with highest power in $** = E /2 A2 is proportional to (Cyyyx )28 ~2(5%%)38—3 =
p g g p prop

(K2g72 /23g73) (E3g73 / (B3)Zg72)'
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Hence according to the structure in Eq. (2.48), the coefficient matrix for the equations
of co,c1,02,- -+ ,C2g2isa (2¢ —2+41) x (2¢ —2 + 1) lower triangular matrix with diagonal
entries being 1s. This is why the solution (co, ¢1,¢2, - - - ,czg,z) to the linear equations from

the boundary conditions exists and is unique. ]

2.3.3 Local del Pezzos

Using the identification of the moduli spaces with modular curves in Section 2.2, the same
strategy as above can determine the topological string genus by genus in terms of almost-
holomorphic modular forms. In the following, we shall only display the results and omit
the details.

The topological invariants for the corresponding A-model non-compact CY 3-folds can

be found in Lerche et al. (1997); Chiang et al. (1999)
k=n—-9, ¢=-1242(9-n), c3=x=-2h(E,), h(E,)=38,12,18,30.
The following numbers in Table 2.1 will also be used a lot throughout the discussion

n=25,6,78 N=4,3,21 r=27346. (2.49)

Genus 0

As the local IP? case, for local dP, we have

K K K A3

BA—a) ST A T Epa-a B

Cowax -

The quantity Cy is a modular form of weight —3 since 6t = A has modular weight 1,

ro. .
and 1 —a = B = £ is a modular function.
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Genus 1

Near the large complex structure limit « = 0, the holomorphic limit of genus one partition

function is given by

1 1
: 1 _ = _ aN\a b5
EIC%{}— 5 log 6t +log(1 — a)®a’"2. (2.50)
The universal constant a is given by a = —15, while b+ 3 = —2. Plugging in these
numbers, we get
ngsnL'F(l) = —%logA +log <B_ﬁC_%/A_ﬁ_Y2L42) ,
1 1 1 c 1 c
. n - _ = Lop2f 2 2 1 02 r_ pryA—rt
i 07 b4 (12 21 (T (€ - B)A ) ‘

Now we will consider the singular behavior of the quantity F (Erlg which is defined to be

the analytic continuation of limycsp () to the orbifold point @ = co. In each case above,

according to Eq. (1.20) we have that near the orbifold point,
0t =wo~a r(1+0(r)). (2.51)

Hence
1:(1)

orb

~ g loB(@ P+ O (1~ et ~ —ploga PR @5)

Changing to the local coordinate i = a7 near the orbifold point, we then have

£

orb

B D I N P 1)
T log ¢ =1 log ¢ . (2.53)

The numbers h(E,) = 6 —r(1+ %) for n = 5,6,7,8 cases are given by 8,12,18, 30, respec-
tively, they are the dual Coxeter numbers of the Lie algebra E,, see Chiang et al. (1999);
Lerche et al. (1997). Due to the singular behavior of the genus one partition function, the
higher genus ones will also be singular from recursion. This higher genus singularity also

appears in the ambiguities determined in Katz et al. (1999).
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Propagators in terms of almost-holomorphic modular forms

We make the following choices of non-holomorphic generators and ambiguity in the inte-

grated special geometry relation Eq. (7) :

s — l(X — :B
U 2r B
With these choices, one has
o _ 1E_1E
- 2rk A2 2rN A2’
1
W = —.
* (2r)*xp

One can also choose other ambiguities sy, which give different S** and h}*. For example, tak-
ing s}, = 20y log 5”0(1”“% = 20log ﬁ_%rx_%, we then have limy csp S = 2C;,L limpcsp, 9, F.
This is singular at the orbifold for local de Pezzos and regular for local IP?, as mentioned

above.

Boundary conditions

As the initial condition in solving the BCOV holomorphic anomaly equations, the singularity
at the orbifold of the (derivative of) genus one topological string partition will a priori bring
singularities to higher genus partition functions.

This is in contrast to the local IP? case in which 6 — 7(1 + %) = 0 and the genus one
partition function is not singular at the orbifold point. Note that local IP? and local dP have
the same modular groups, the same choice for the propagators and almost the same Yukawa
couplings, but different genus one partition functions which result in completely different
higher genus partition functions with different singular behaviors.

Since at this moment the precisely singular behavior of F (&) is not fully understood, the
boundary condition at the orbifold point is not clear to us. Therefore, we need to solve for

the topological string partition functions from the following boundary conditions:
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e leading term (degree 0) contribution of limycs; (), and possibly higher degree

contributions
e gap condition for limcon F(&),

For example, for local dPg, the same procedure as in the local P? case tells that the
denominator for F(8) is A3~3B%~¢ Hence the number of under-determined coefficients
is at least 3¢ — 3 + 1 (the ambiguity f(®) might be more singular) as the dimension of the
vector space of weight (9¢ —9) modular forms is 3¢ — 3. For the other geometries, by
induction, one can show similarly that the number of under-determined coefficients is at
least 3¢ —3 + 1.

The gap condition gives 2¢g — 2 linear equations on the coefficients, combing the leading
term of limy g, F®), one has in total 2¢ — 2 41 linear equations.

In practice, for lower genus partition functions, one can get other conditions from the
information on lower degree Gromov-Witten invariants. This could be provided from direct
computation from the A-side, or (partially) from the Castelnuovo’s bound (see Huang et al.
(2009)). However, it is not clear how many lower degree contributions to the generating
function of Gromov-Witten invariants limycsy F&) would give linear independent equa-
tions among the under-determined constants when combined with the known 2¢g —2 + 1
conditions. This presents a difficulty in proving a similar result to Theorem 0.2 for the local

del Pezzos.

Genus 2

Using the boundary condition at the large complex structure limit and the gap condition
at the conifold with ¢ = —1/x, as well as the Castelnuovo’s bound, we can solve for the

following genus two topological string partition functions:

e Local dPs:

AS+70A*B2+228B6+8A2B*(—342y) (9A4 —468AZBZ+144OB4) E (—27A2—594B2) E? 5E3
B 92160A2B4 + 165888 A2 B4 + 165888 A2 B4 + 6144A2B4
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e Local dPg:

 16A°—4A3 B3+ BS(488+27)) i (6A7—24A*B3496AB®)E | (—9A°—24A%B%)E? 5E3
155520B° 15552 A3B% 15552 A3B% 1555286

e Local dP7:

—133A84+302A44B*—4B3(501+16)) |, (549A1°—972ACB*+4860A2B%)E  (—459A°—810A*B*)E? 5A2E3
368640B° + 663552 A%B8 663552 A%B8 24576B8

e Local dPs:

—299A12 4 634ASB6—36B12(60+y) , (75A1°—60A1B+420A*B'2)E  (—33AM—42A%BC)E? 5A6E3
207360B12 + 41472 A6B12 41472 ACBT12 + faEn

Due to the limit of space, we shall not include the lengthy expressions for the genus 3

results here. They could be found in the joint work Alim et al. (2013).

As a consistency check, we have checked by Mathematica that all of the quasi-modular
functions we have obtained for local IP? and local dP,,n = 5,6,7,8 reproduce the integral

Gopakumar-Vafa invariants (up to degree 10) listed in the literature, e.g., Katz et al. (1999).

24 Holomorphic anomaly equations in terms of modular form

theory language

In the previous section, we used the Fricke involution computationally. Essentially we
used Eq. (2.38) to obtain the analytic continuation from the large complex structure limit to
the conifold point in the (a, &) space of the non-holomorphic topological string partition
functions. It is realized by the action of Fricke involution on the almost-holomorphic
modular forms.

In this section we now try to understand it more conceptually. We shall interpret the
gap condition as a certain regularity condition at the cusp in the language of modular form
theory. Using this we can turn the problem of solving the BCOV holomorphic anomaly

equations with boundary conditions into a combinatorial problem.
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First we digest a little bit on the condition “meromorphic at the cusps” in the definition
of meromorphic modular forms in Section 1.2. A modular function is "meromorphic at the

cusp [0]" means that first we choose

0 -1
1 0
to map the infinity cusp [7] = [ioo] to the cusp [1] = [0], then we require the function
flye s T = f(7) (2.54)

to be meromorphic near the cusp T = ico. The nicest case is that the function f|,, is a
function of g, = exp 27iT, so that there exists some function f with f|,.(t) = f(q:). Then
the meromorphicity condition becomes a condition on the g, expression of f.

As an analogue, the gap condition at the cusp [7] = [0] for I'((N),N = 1%,2,3,4
discussed above, means the following. First, one chooses a transformation sending ico to 0,

which turns out not to be an element in SL(2,Z) but the Fricke involution

0 1
Wy = — € SL(2,]R)
VNI_N o

so that limy cg F(©) lw, satisfies the gap condition

$—1B
im F® | — ¢ O
lim Py = 5 e — oy

where t is the Fricke involution of the vanishing period ¢, defined near the conifold. This
function is obtained as follows. Recall that t.(8) = B + O(B?) satisfies the property that
0t. = adyt. is a period of the elliptic curve since it is a solution to Lepiptic. Therefore, it is a

linear combination of the two periods of the elliptic curve family:

Pt, = awg + bw;, for some constants a,b. (2.55)
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The asymptotic behaviors of the above functions near g = 0 are given by:

te = ﬁ"’o(ﬁZ)-
wo ~ logp +regular,

w = jﬁmow)).

This tells that

1 1
ot — —\/Z.Nwl - oRG1-Lup). (2.56)

Recall Eq. (1.6), we then know that ¢, is determined from

Iete = BA? - —\/Z.Nwl = —\/iNTﬁAE’, telc—o = 0. (2.57)

Applying Fricke involution to the above equation and the boundary condition, we then get

r

C
Oct! = A3 = =t £ rmico = 0. (2.58)

This then allows us to rephrase the BCOV holomorphic anomaly equation purely in terms
of the language of modular form theory. °

In the following, we shall only discuss the local IP?> case. As before, taking S =

ﬁa—la— 9., we

£ gx — g — Ky = 0, and using the fact that I'}, = 27[3 AZ + 25 gaz97

£
A2/
n see that Eq. (24)

Nl

dgee F(8) % (Za Fo, F&=) 4 (3, —rﬁx)axﬂgl))

r=

now becomes

3 p_ a2vy £ls-1)
—(E—A%acF .

g1
aé}“(g) — %% (Z O F N F8=1) 4 g2 Fle=1) _
r=1

9See for example Hosono et al. (1999); Mohri (2002); Hosono (2002); Sakai (2011, 2013) for related works in
different directions.
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The boundary conditions in Egs. (28), (29) become

im F&® — (_1)8X |BagBag—2| 1
a7 (D3 2525~ 2)(2g — 2y T Qe

Cglezg
2g(2g —2)(£7)

lim F) |WN 292 + O(qg) /
T=ioo

wherer =3,x =3,c = 3.
To make full use of polynomial structure, we consider the quantity F, := B%6F ©), Tt

is then an almost-holomorphic modular form of weight 6¢ — 6 and satisfies

|
_

8

9 Fy = i;(8T+(1—r))Fr(8T+1—(8—r))fg—r
45 (et Q=B =) Foor = 5 (0c+ 2= 9)(E - 4%) Fya.

Combining with the derivatives of almost-holomorphic modular forms in Eq. (1.23) and the
boundary conditions explained above, solving for the weight 6¢ — 6 almost-holomorphic
anomaly equations J, then becomes a combinatorial problem. More details can be found in

Appendix B.

2.5 Integrality of Gromov-Witten invariants!”

Assuming that mirror symmetry conjecture is true, we can prove the integrality result for
the Gromov-Witten variants for the non-compact CY geometries (A-model) mentioned in
Corollary 0.3 in Introduction, by using the modularity of the topological string partition

functions.

Corollary 2.5. Assume the mirror symmetry conjecture is valid for the families in Theorem 0.1.

Then for each family, for any genus g, there exists a number Cy € Z so that C¢Ng 4 € Z,Vd > 1.

In the following we shall present the proof for the local IP? case, the proofs for other

cases are almost identical to this one.

10The author thanks Professor Chiu-Chu Melissa Liu for discussions on this.
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For the genus zero part, the Yukawa coupling has the form!!

071 1
27Tl — = —3. - _3(—-= E
7Tl 3 Cttt 3( 3 +d .

o4 43 qd

T | gr )= ep
t

Integrating this equation, and using the asymptotic behaviors of T and t as t — —o0, we

then get, see Mohri et al. (2001); Stienstra (2005),

ge = exp27it = (—q;) [ [(1 — gf)> s (2.59)

The integrality for n 4 for toric Calabi-Yau 3-folds is proved in Peng (2007), this implies that

the g; expansion of g, is integral, that is,

qr € —q:(1 + Z[[q:]]) - (2.60)

Now the holomorphic limit of the (normalized) topological sting partition function F(8)
solved from the BCOV holomorphic anomaly equations, denoted by F; below, are rational
functions in the generators in the ring of quasi-modular forms M, (To(3), x_3) = Q[A, B3, E]

for I'p(3). From polynomial recursion we can see that

F, € CLZ[[A, B%,B73,E]], (2.61)
8

where the constant C, is an integer depending on the genus ¢ and the geometry of the CY
3-fold family. This constant is usually very big, it results from the universal coefficients in
the polynomial recursion (see e.g., Eq. (2.31)) and the boundary conditions (see e.g., Eq.

(2.34)). For example, for the present case,
C, = 17280, C3 = 8709120, - - -

The explicit expressions of the quasi-modular forms A, B3, B~3,E in terms of 6 or 5 or

Eisenstein series are known to be integral, see Appendix A. That is, we have

A,B, B3 E cZ[[q:]])- (2.62)

Note that here the normalization t = log(—z) + - - - is taken, where z = 0 gives the large complex structure
limit on the moduli space, see e.g., Diaconescu and Gomis (2000), Mohri et al. (2001).
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Now the proof of Corollary 2.5 follows easily from the above observations.
Proof. Combining Egs. (2.60), (2.62), (2.61), we obtain
CeFy € Z[[q4]] .- (2.63)
On the other hand, by the mirror symmetry conjecture, one has from Eq. (2) that
F, = g Ngaqf, (2.64)

where Ngld,d =0,1,2--- are the genus g degree d Gromov-Witten invariants of the CY
3-fold X = Kp2. From Eq. (2.63) and Eq. ( 2.64) it follows immediately that

CeNga €2Z,d=0,1,2---
O

There is a conjecture about the integrality of the so-called Gopakumar-Vafa invariants
ngq4 defined in Gopakumar and Vafa (1998a,b), which are related to the Gromov-Witten
invariants Ng 4 by a multiple-cover formula, see Aspinwall and Morrison (1993); Manin

(1995); Voisin (1996); Katz et al. (1999). For example, at genus 0 and 1, one has

n ,d/k 1
Noa = % 0k3/ , k;,;k T370d/k +m A/k) -

However, the integrality of C¢ N, 4 does not follow from these multiple-cover formulas and
the conjectural integrality of Gopakumar-Vafa invariants. Therefore Corollary 2.5 is not

completely trivial.

Remark 2.6. In the above proof, we used the interpretation of Cy as the generating function

of genus 0 Gopakumar-Vafa invariants (instanton numbers) when written in g; expansion:

0T

Zﬂlg = _3Cttt = — d:Zl

no,4d>g¢

’h

It leads to some interesting arithmetic properties of quantities when written in the g,
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coordinate. For example, recall that

Cit = oz = —3 (2.65)

9t 1 n(3t)p
2m§ = B a0
Lot @ n’qy
migr © P T n(37)3 ! 9};7@3(”)1 —qn’

Therefore, integrating the above equation, one gets the following expression of the local

coordinate g; ~ « + regular(a) on the moduli space which essentially gives the mirror map

e = (—q) [ (1 — g2,

It is related to the Mahler measure discussed in e.g., Mohri et al. (2001); Stienstra (2005).

2.6 Seiberg-Witten curve family and physics interpretation of Fricke

involution

In this section, we shall consider the Legendre curve family and the Jacobi curve family. The
bases of these curve families are isogenous modular curves. The former is X(2) = I'(2)\H*,
while the latter is Xo(4) = T'o(4)\H*. We shall show that in this case the Fricke involution

gives the Seiberg-Witten S-duality in Seiberg and Witten (1994).

2.6.1 Legendre family and Jacobi family

First we shall review the basic properties of the two elliptic curve families which are used in
Seiberg and Witten (1994) to model the 4d N/ = 2 supersymmetric gauge theory with SU(2)

gauge group.
The Legendre family is given by

(A2—=A+1)°

v =)= A), ) =2 e

(2.66)
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It is the elliptic modular surface in Eq. (1.13) associated to the modular group I'(2) given by
Tr(2) : €r) — X(2) = T(2)\H*. The Picard-Fuchs operator attached to this elliptic curve

family is the hypergeometric operator

1

A1 =A)35 + (1—2A)9, — 1 (2.67)

Some of the special values including the cusps are summarized in the following table

Table 2.3: Special values of the Hauptmodul for T'(2)

t]01iccc (0] [  [o] = [exp 2]
A ].,00,0 _1/%/2 p’p2
j 0 1728 0

The group of Deck transformation is given by PSL(2,2Z)/I'(2) and is identified with

Perm(3) according to the exact sequence
0 — I(2) — PSL(2,Z) — Perm(3) — 0. (2.68)

More precisely, this group is generated by the elements whose images in Perm(3) are

identified according to the following
(1) =2,(0,1) =1—A, (0,00) =1/A, (0,1,00) =1/(1=A), (0,00,1) = (1 —A)/A, (2.69)

where the function f(A) on the right hand side means the transformation A — f(A). For
example, the transformation T — —1 € PSL(2,Z)/I'(2) exchanges 0, co and fixes 1, —1, € [1],

hence according to the above table, the corresponding Deck transformation on A is

A(—%) —1- A1) 2.70)

1

Similarly, A(1 — 1) =1— ﬁ Note that the two elements T+ —1, T+ 1 — 1 generates

T
PSL(2,Z) and thus the corresponding cosets generates the Deck group. In particular, the
S-transformation induces the transformation A — 1 — A on the Hauptmodul for the modular

curve X(2).
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Now we proceed to the Jacobi family, it is different form the elliptic curve family in
Eq. (1.13) associated to the modular group I'o(4). But the base of this family could be
identified with the modular curve X,(4). More precisely, the equation of the family and the
corresponding j-invariant is given by

(af + 140y +1)°

]/2: (1_x2)(1—04]x2)1 j(ay) =2 ay(1—ay)?

(2.71)

In fact, the j-invariants: aj — j(a;) and a4 — j(a4) are based on the same function, where

a4 is the Hauptmodul for the modular curve X(4) we defined in Section 1.2.

Remark 2.7. Note that this does not imply that a; = a4. They could be related by Deck
transformation. Even if they are chosen so that a4(7) = aj(T), one can not say that the
elliptic modular surface is isomorphic to the Jacobi model, since that jo ¢ = j, where ¢ is
the base change, does not imply that the two families are isomorphic.!> Another way to see
that is to note that the Picard-Fuchs equation associated to this family is not the same as
the one for the Es family in Eq. (2.2), which is same as that for the elliptic curve family in

Eq. (1.13) associated to the modular group I'o(4).

The bases of the Legendre model and Jacobi model are the two modular curves X(2)
and Xy (4) parametrized by the corresponding Hauptmodul A, a4, as discussed in Klemm
et al. (1995). The corresponding modular groups are isomorphic, in fact, they are conjugate
to each other:

To(4) > T(2): T+ 21, 2.72)

The Hauptmoduln are related by
ag(T) = A(27). (2.73)

In terms of the elliptic modulus %, one has

05 4x R

(1) = x*(1) = 1(21), A7) = (1) = o

=1 a (1). (2.74)

Denote by 1, 74 the natural transcendental coordinates for the modular curves I'(2),To(4),

12Gee the constant j-invariant family which is not trivial in Miranda (1989).
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respectively. Then we know from Eq. (2.72) that 7, = 274. Therefore, the S-transformation

on X(2)  — —%2 which gives /\(—%) =1— A(m) is realized as

1
= ——. 2.75
Ty 41, ( )

This is exactly the Fricke involution (4-isogeny) on the modular curve Xy (4):

ra(— ) :/\(—42T4) :A(—le) 1= A() = 1— ay(ma). (2.76)

The two periods of the Legendre model are given by the solutions to the hypergeometric

equations above

—_

11
2’2

—_

1 wl(Tz)_

LA(w)), wi(n) =i 2P1(§,§,1;1 -AMm)), =

wo(T2) = 2F( (2.77)

On the other hand, the corresponding pull back of the Legendre model using P, — IP,,
(defined locally according to the uniformization in terms of x, and is induced by 7 — 7, =
274) gives another elliptic curve family. The above base change of the Legendre family has
the same Picard-Fuchs equation as the one attached to the Es family and to the elliptic curve
family Eq. (1.13) associated to the modular group I'g(4). By tautology, the periods for this

family are

11 —a(w)), =

11 i 11
(UO(T4) = 2F1(§, E, 1;0{("['4)), wl(Tél) = ﬁ 21:'1(5,E

2.6.2 Seiberg-Witten curve family

We shall not discuss the physics details of Seiberg-Witten theory, but will only mention
the geometry and the arithmetic of the moduli spaces involved. For a review on the
physics story, see e.g., Lerche (1997); Klemm (1997); Donagi (1997). The Seiberg-Witten
curve family Seiberg and Witten (1994) was introduced as a geometric model to meet the

following properties (on monodromy, symmetries) required from physics (pure 4d N = 2
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supersymmetric Yang-Mills with gauge group G = SU(2))

u = A?%, massless monopole,ap = 0,7 =0, (2.79)
u = —A?, massless dyon,2a —ap =0, (2.80)

U = 00, Vs = 2A, two cycles shrinking, not stable degeneration, T = ico, (2.81)

where u is the parameter of the base M of the desired elliptic curve family, called quantum
moduli space of vacua in Seiberg-Witten theory. The quantities a,ap are the integrals of
some meromorphic differential (Seiberg-Witten differential) over the homology cycles of the
elliptic curves and are called the Seiberg-Witten periods, while T = a’% gives the modular
parameter for the elliptic curve and is the coupling constant of the Seiberg-Witten theory.

Note that the coefficients 2, —1 in the vanishing integral 2a — ap at u = —AZ?, called charges

of the massless dyon in physics term, depend on the normalization of the homology cycles.

Legendre Family

The Seiberg-Witten curve family Seiberg and Witten (1994) 752 : Eswp — M given by

6 (BA* + u%)3

Esw,Z : y2 = (x - Az)(x + A2)<x - u2)/ j(uz, AZ) =2 A4(u2 _ A4)2
2

(2.82)

satisfies the desired properties above. This curve family is easily seen to be related to the
Legendre family. Now we identify the correct normalization and the relation between the
parameters u on M and A on X(2).

Naively, one has
Uur + AZ?

A= oA

(2.83)
But this identity between uy, A is determined only up to Deck group transformation on A.
The one that gives the correct normalization values of 7 is

Uun _ %
o=l (2.84)

This leads to the special values for the Hauptmodul A as shown in Table 2.4. The S-

transformation T — —1 exchanges A — 1 — A and thus exchanges u = A?, oo, corresponding
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Table 2.4: Special values of the Legendre family as Seiberg-Witten curve family

T]0,1,ic0€0]  [i] (o]
A 1,00,0 -1,3,2 p,p*
j ) 1728 0
u | A% —A? 00 * *

to T = 0 and T = ico, this is exactly the S-duality in physics.

Jacobi Family

The Seiberg-Witten curve family in Seiberg and Witten (1994) 7ts 4 : Espa — M is given by
4
z+ A? =2(x* —uy), (2.85)

or equivalently

o (412~ 2013

Esw,4 : y2 = (XZ - Ll4)2 - A4/ j(”4) = AS(MZ _ A4) :
4

(2.86)

It also satisfies the desired properties above. This family is identical to the Jacobi family

with
uy + A?
= =-— 2.87
[X] Uy :FAZ 4 ( 8 )
up to Deck transformation. According to A(12) = ﬁlﬁ/\?’ one has
2A?
(1) = —F——5- 2.88
() ur () + A? (2.88)
This leads to the following identification
2A? 2A?
U () =us(), a(u) = —F——=1-0j= —/———. 2.89
2(2) = ua(m), aa(m) up (1) + A? T uy () + A2 (289)

Note that for the Seiberg-Witten curve family £y, > (Legendre family), the massless dyon

(2a — ap = 0) occurs at up(12) = —A? where 1, = agzaf(sf)). However, for the Seiberg-Witten
up
curve family Eg,4 (Jacobi family), this point is given by u4(74) = —A? where 17y = agjfz(ut‘;).

Since T (up) = 214(ug) and the cusp on X((4) is 1u = %, the corresponding 7, value on the
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modular curve X(2) is 7 = 214 = 1. This matches the result in Table 2.4.

2.7 Conclusions and discussions

In this chapter, we studied the arithmetic structures of the moduli spaces of certain special
CY 3-folds and the corresponding topological string partition functions. We discussed some
consequences of these arithmetic structures. We also mentioned the physics interpretations

of the Fricke involution as a duality in Seiberg-Witten theory.

The whole discussion relies heavily on the identification of the moduli spaces with
modular varieties. Right now we can only deal with those non-compact CY 3-fold families
whose mirror curves are the elliptic curves families of E,;,n = 5,6,7,8 type. In particular, the
corresponding mirror curve needs to be of genus one'®. For example, just as what we did to
solve the topological string partition functions for Kp» = Kpzy; 1 1), the same idea works for
the non-compact geometries Kyp2(; 12, Kwp2[1 2,31 whose mirror curve family are the same
as the corresponding del Pezzos in Eq. (2.2), see e.g., Mohri et al. (2001) for related work.

If the mirror curve is not of genus one or the mirror elliptic curve family is not of
E,,n =5,6,7,8 type, then we don’t know how to apply the ideas at this moment. For
example, for the resolved conifold O(—1) & O(—1) — P!, the mirror curve has genus
zero (see Section 3.4 for more discussions on this family whose generating functions of
Gromov-Witten invariants have been known both in mathematics and physics a long time
ago), the procedure of using modularity to solve for F(&)s we used above does not seem
to apply. Another interesting case is that when the mirror curve has higher genus, for
example, for the toric CY varieties used to engineer 4d N' = 2 SU(n) gauge theories in Katz
et al. (1997). Presumably, more complicated modular varieties and modular forms than the

classical ones (elliptic, Siegel, Hilbert) will appear on the mirror side, see e.g., Aganagic et al.

13A convenient way to figure out the genus of the mirror curve for a toric CY 3-fold is to think of it as the
thickening of the 1-skeleton of the toric diagram, see e.g., Bouchard and Sulkowski (2012), hence the genus is
the number of loops in the toric diagram.
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(2008) for related discussions on this.

It would be interesting to find more general examples of CY families, compact or non-
compact, which are parametrized by modular varieties, and try to use the chain of ideas
presented in this chapter to study the CY varieties themselves. Existing works about such
CYs and toplogical string partition functions for some of them could be found in e.g., the

following papers and references therein:

e CY 2-fold or 3-fold families that are related directly or indirectly to elliptic curves or
K3s: of Borcea-Voisin type Borcea (1992); Voisin (1993); Borcea (1997); Abe and Sato
(1997); Rohde (2009, 2010); Garbagnati and van Geemen (2010); Dillies (2012); Debarre
(2012); Garbagnati (2013); Cattaneo and Garbagnati (2013); by Kummer construction
Borcea (1992); Cynk and Hulek (2007); and some other constructions Yui (2001, 2003,
2004); Hulek and Verrill (2006); Meyer (2005); Hulek et al. (2006); Schimmrigk (2007);
Top and Yui (2007); Yui (2012); Debarre (2012), etc.

e Families of lattice polarized K3 surfaces: Beauville ef al. (1985); Nagura and Sugiyama
(1995); Aspinwall and Morrison (1994); Dolgachev (1996); Clingher and Doran (2006);
Smith (2007); Whitcher (2009); Clingher and Doran (2012); Elkies and Kumar (2012),

etc.

e Families of K3 fibrations or K3 x T?/Z?: Ferrara et al. (1995); Kachru and Vafa (1995);
Marino and Moore (1999); Klemm et al. (2005); Klemm and Marino (2008); Grimm et al.
(2007); Haghighat and Klemm (2010), etc.

e Families of elliptic fibrations: Candelas et al. (1994a,b); Aganagic et al. (2008); Alim and
Scheidegger (2012); Klemm et al. (2012), etc.

e Other geometries: Ceresole et al. (1993a,b); Debarre (2012), etc.

Another potential application of the arithmetic structure on the moduli space would be
to solve the master anomaly equations, discussed in e.g., Bershadsky et al. (1994); Witten

(1993); Dijkgraaf et al. (2002); Verlinde (2004); Gunaydin et al. (2006), on the modular curve.
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These equations are satisfied by the quantity

Ziop(t, F) = exp (i AZg*Z}"(g)(t, f)) , (2.90)

g=0
where A is the so-called topological string coupling constant, according to Bershadsky et al.
(1994). The advantage of considering this quantity is that the equations it satisfies, called the
master anomaly equations, consist of only two wave-like equations whose coefficients are
geometric quantities easily computed from the special Kéhler geometry on the moduli space.
It seems that solving the master anomaly equations satisfied by Zi.p(t,f) would be easier
than solving the holomorphic anomaly equations for {F(8) 20 genus by genus recursively,

since the general structure for the latter is yet not known.
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Chapter 3

Differential rings from special Kahler

geometry 1

3.1 Motivation and introduction

For the non-compact CY 3-fold families discussed in the previous chapter, to solve the holo-
morphic anomaly equations, we firstly identified the moduli spaces with modular curves,
and then expressed the geometric quantities, in particular the propagators, as modular
forms to figure out the non-holomorphic part. After that we used the Fricke involution to
deal with the boundary conditions which helped fix the holomorphic ambiguities.

A natural hope is to extend the above procedure to more general geometries, e.g., the
mirror quintic family 2. But the period domain is rarely a Hermitian symmetric domain and
thus the moduli space of (complex structures) of a CY 3-fold is not a modular variety, so the
above chain of ideas does not apply directly.

However, what has been used is essentially the knowledge on the singularities of the

1This chapter is based on the joint work Alim et al. (2013) with Murad Alim, Emanuel Scheidegger and
Shing-Tung Yau, and my paper Zhou (2013) which grew out of the discussions with the authors of Alim et al.
(2013).

2There are some studies in this direction, see e.g., Candelas et al. (1991); Ceresole et al. (1993a,b); Movasati
(2011); Doran et al. (2013).



generators which form the differential ring in Eq. (20) and on how to analytically continue
the non-holomorphic generators. There is a chance that this could be figured out without
relying on the existence of the identification between the moduli space and the modular

variety.

3.1.1 Local IP? revisited

Now we shall explain how this could be done by looking at the local IP? example. Recall
that the choice for the ambiguity sy, in the integrated special geometry relation Eq. (7) we
have made give rise to the non-holomorphic generator $** = £/2A? which is an almost-
holomorphic modular form. Moreover, using the differential ring structure Eq. (1.3) for
the almost-holomorphic modular forms, we can deduce the holomorphic quantity 4" in
Eq. (20) which turns out to be a modular function. Knowing how the Fricke involution
acts on the generators A, B, C, E of the ring M, (To(3), x—3) of almost-holomorphic modular
forms tells how the non-holomorphic and holomorphic generators in Eq. (20) transform,
or equivalently their analytic continuations from the large complex structure limit to the

conifold point in the (a, &) space.

In the following we shall discuss how to do this without using the generators A, B, C

and the Fricke involution on Xy(3) and thus on M, (To(3), x_3) in the first place.

First, we define the holomorphic quantities A, B, C from periods as in Eq. (1.19), and the
quantity T in terms of special geometry quantity according to Eq. (2.10). We then determine
the holomorphic limit of the propagator S** from the integrated special geometry relation
Eq. (7) up to addition by the holomorphic ambiguity Cy.Ls¥,. More precisely, from Eq. (2.21),
we get

lim I, = 3y log dxt = —Cuxs lim § 457, (3.1)

where s7, is an arbitrary holomorphic function and is not tensorial as what happens to I'},.

We also choose limycsp, S* = limpcsp S = limpcsp Ky = 0 for the current non-compact CY 3-
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fold case. Proposition 1.6 then allows to compute tensor transformations from the coordinate
x = Ina to the special coordinate t defined near the large complex structure limit in Eq. (2.8),
which satisfies 9yt = 0t = A. In particular, we get limy gy, S = limcs. Sxx(aa—;)z.

In this set-up, we defined quantities from only the properties of the Picard-Fuchs equa-
tions Lcy = Leniptic © 0 for the CY 3-fold family 7 : X — M, and did not use explicitly
the knowledge on the modular curve X;(3). But we have used the fact that the special
coordinate t is the canonical coordinate (see Section 3.3.1) near the large complex structure
limit, both to define the holomorphic limit and to derive the holomorphic limit of I'}, at the

this point using Eq. (2.19).

Now we consider the ring formed by the generators limycsy S*,0t,C;;} = x~ 19t =
k~1B(6t)%, where B = 1 — a. The differential ring structure Eq. (20) of the non-holomorphic
generators and Proposition 1.6 give rise to the following differential structure among the

holomorphic limits of the non-holomorphic and holomorphic generators,

1
. oo tt 1: - 4
s - oolms s @ e
0.0t = C,l0%=— lim S"0t + Cpplst, (3.3)
0:Cyt = —3Cy; lim S+ Cyy/ (04)*(9xog Crz) + 353, (34)
with 9ylogCll, = —%. More precisely, the first equation above follows from the first

equation in Eq. (20); the second from the definition of the propagator S from the integrated
special geometry relation Eq. (7). The third one follows from the definition C;;! = x~'8(6t)?,
Proposition 1.6 and the second equation above.

To make the ring closed, we need to add the holomorphic quantity dylog Cyyx = % Now
its derivative already lies in the ring of the above generators again according to Proposition

1.6:
070y 10g Cyxy = (9x10g Crxx) ((9t)2 )

Moreover, there is a natural weight associated to these quantities: the weight for tensors
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associated to x,t, T are given by 0,1, —2, respectively.

Remark 3.1. This agrees with the known modular weight for I'o(3). In fact, choosing s}, =
% in Eq. (2.21), we then have limicg S" = 1E, 0t = A,C;;} = x71B%,0,10g Cyax = %, and
the differential ring structure Eq. (20) and Proposition 1.6 derived from special geometry on

the moduli space M is exactly equivalent to the differential ring structure in Theorem 1.2

for the quasi-modular forms for I'y(3).

As explained in Introduction, polynomial recursion tells that the topological string
partition functions are Laurent polynomials of these generators of weight 0 due to the fact
that they are functions of x rather than tensors (of course the weight is not the same as the
degree, which is 2 — 2¢ due to the fact that () is a section of the line bundle £>2).

The suitable coordinates that are needed in applying the boundary conditions at the large
complex structure limit and at the conifold point are given by a, B = 1 — «, respectively. As
we pointed out in Introduction, it is not easy to compute the non-holomorphic completions
from the holomorphic limits without using the explicit structures of the rings of quasi-
modular forms and almost-holomorphic modular forms. For example, from only the
expression of limy sy, St one would not able to recover S and thus can not proceed to
obtain limcon S by taking the holomorphic limit of S at the conifold point.

We now use the transformation « <+ B, to related limy cgr, and limcon: roughly speaking
tirst we simply express all of the building blocks limy sy, St ot, Ct_ttl, dx log Cyxy as functions
of « near the large complex structure limit « = 0; then we replace « by  to get the expansion
of the topological string partition functions in terms of j, that is, near the conifold point
B = 0. This then allows to apply the gap condition to the resulting B expansion.

More precisely, 6t = A(oc),Ct_ﬁ1 =x1BA(a)3, 0 10g Cyry = % are easily seen to be map
B

to corresponding quantities A(B), x 1w A(B)?, £, respectively. The action on limycgp S is
more subtle, both because it is the holomorphic limit of a non-holomorphic function, and
because that it is determined up to addition of a holomorphic function as can be seen from

Eq. 3.1).
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To understand this we first carry our some computations using the known modularity.

The holomorphic limit of the integrated special geometry relation Eq. (3.1) reads

E —_
_ng‘()a) = —6,log A(a) + ﬁﬁ. (35)

Using the transformation law for the quasi-modular form E(f), we get

EB) __ E@ 112 3t 1
6uA2(p) ~  6uA(a) ' 227 —372 6aA%(w) (36)

Plugging Eq. (3.5) into Eq. (3.6), we get

6;}5()5) = —6glog A(a) + ﬁ6—aa + ;21;(—}()6“;2(@. (3.7)
We also know that from Proposition 1.6 that
Bplog A(B) = Oglog A(a) — Ll% (3.8)
27 T w A% (a)
The two equations Egs. (3.7), (3.8) above tell that
6;‘(% — —0glog A(B) + 56;"‘ . (3.9)

Comparing the above equation with Eq. (3.5) we can see that the duality should acts as 3
E(x) — —E(P). (3.10)

This is consistent with Eq. (2.38) that A%(B8) = —N12A%(«), E(B, B) = NT?E(a, &).

In retrospect, the difference about the sign can be explained in the following way: the
integrated special geometry relation should not transform naively using a <+ p since it
involves the first derivative, which carries the information of the Jacobian and thus picks a
sign under the transformation & — B = 1 — a. So although both A2, E are quasi-modular
forms of weight 2, they transform under different laws.

To summarize, remembering that E comes from a relation defined using the first deriva-

3What this really means is that limy cgy, E and — limcop E are based on the same function, but with different
arguments «, B respectively.
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tive helps identify the correct sign under the transformation.

This then provides a solution in how to analytically continue limy cgp, S* without knowing
modularity but by using the involution a« <+ B. One does not know in the first place
which choice of s¥, would give rise to the quantity limcgy S that transforms according
to limycsp, S (&) to — limcon S (B) without using modularity*. In other words, a different
choice for the modular function s3, than above would result in a combination of the quasi-
modular form E and a modular function which transform in different ways under the
involution. For example, by choosing the holomorphic ambiguity s}, so that Eq. (2.27)

M) = 3C1xxS*, one can see by computations using the expressions in terms

becomes 9, F
of quasi-modular forms that the transformation lim limycgp, S** +— —g limcon S** is not
true. However, one can work out the transformation of the holomorphic quantity sy, (it
can be arbitrary, but one usually choose it to be a rational function) and the quantity
limycgp, I'Y, = 0log A, then the integrated special geometry relation Eq. (3.5) induces the
correct transformation on limycsp S*. Alternatively, one can use replace the generator
limp g, S* by the quantity limpcsy, I'Y, whose transformation law is easier.

Therefore, at least for the non-compact CY 3-fold examples discussed in Theorem 0.1,

from
e The differential ring structure of the generators in Eq. (20) and Proposition 1.6;

e The map5 a — B =1 — a exchanging the large complex structure limit and the conifold

point which serves as a "duality"é;

4In fact, using the known modularity, we have derived from Eq. (3.5) that the choice s, = % % will do
the job.

5The root of this symmetry lies in the fact that the hypergeometric equation Eq. (1.14) writtenin =1 —«
coordinate takes the same form as the one written in & coordinate. Hence the analytic period A(x) near & =0
would give rise to the analytic period A(B) near f = 0. This symmetry of the hypergeometric equation reflects
the special properties of the underlying elliptic curve family.

®In retrospect, what is essential is the fact that the topological string partition functions are modular
functions so that the 7 factors can be canceled under the Fricke involution which induces the transformation.
Otherwise one would have to deal with the extra T factors which makes the transformation on generators
difficult to access in terms of the algebraic coordinates «, B.
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e The transformation law for the generators of the differential ring,

one can then solve the holomorphic anomaly equations without knowing the arithmetic of

the moduli spaces.

Remark 3.2. Now we can compare the difference between the holomorphic limit of F(8) at
the conifold and the analytic continuation from its holomorphic limit at the large complex
structure limit. This should be compare to the discussion in Remark 2.2 and goes back to
the second item mentioned at the end of Section 0.2.

It suffices to figure out how the building blocks, i.e., the generators, transform. Assuming

modularity, we know the analytic continuation of E(«) is given by

Ela) = (—V30PE(B) + 35—V (—V3m), =Wyt (1)

Without using modularity, we will get the same equation, but now 7 (and similarly tp)
is now defined to be the ratio satisfying \/lj’f = %{2 with N being an unknown constant.
Recall that the multiplication by @T factors will be canceled out due to the fact that F8)

has weight zero, we shall get
E(@)—~ —E(B) —55—=—, ™= —7—- (3.12)

While the correct result given by the Fricke involution should be (again forgetting the @T
factors)

E(w) = (lim £)(a) = —(lim £)(8) = ~E(B). (3.13)

Hence they are the same only after modulo the terms involving T .

3.1.2 Constructing differential rings on moduli spaces

Experiences from dealing with the non-compact CY 3-folds suggest that studying the
properties of the rings (R, R, R) might be useful in solving the holomorphic anomaly
equations for more general CY 3-fold families, as explained in the previous section. This is

the motivation of this work.
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In this chapter, for certain one-parameter CY 3-fold family 7 : X — M, we shall define
a triple of graded rings (R, R, R). The analogue of the modular variable T is constructed
according to Eq. (2.10) using the special Kdhler geometry on the base M, and the periods
are solved from the Picard-Fuchs equation of the CY 3-fold family. This triple share similar
structures and operations with the triple (M, (I'), M, (T), M.(T)) defined for the elliptic
curve family 7ir : & — Xr. In particular, they have gradings which play the role of modular
weights.

For the one-parameter families of non-compact CY 3-folds with an elliptic curve sitting
inside each fiber as discussed in Chapter 2, the base M of each CY 3-fold family 7 : X — M
has been identified with a modular curve in Section 2.2. The triple of rings (R, ﬁ, ﬁ) we
shall define are closely related to the known graded rings (M. (T'), M, (T'), M, (T')) of modular

objects.

Remark 3.3. The above idea of deriving/constructing modular forms from geometric quanti-
ties arising from Picard-Fuchs equations is not new. Given a genus zero subgroup I of finite
index of the full modular group I'(1) = PSL(2,Z), the generators of the ring of modular
forms for I' could be obtained starting from some 6 or #-functions or Eisenstein series.
Alternatively, one could parameterize the modular curve Xr = I'\{* by a Hauptmodul «
(generator of the rational functional field of the modular curve), and consider the periods
which are solutions to the Picard-Fuchs equation attached to the elliptic modular surface
Eq. (1.13) 7ir : & — Xt constructed from the modular group I'. Knowing the relation
between the Hauptmodul @ and the normalized period 7 of the elliptic curve family, one
could then obtain the graded differential ring of quasi-modular forms M, (T) by taking
successive derivatives of the periods with respect to 7. This ring M, (T) includes the ring
of modular forms M, (I') and contains further elements which are not modular but quasi-
modular in the sense of Kaneko and Zagier (1995). The quasi-modular forms in M, (T)
could be completed to modular forms by adding some non-holomorphic parts. Then one
gets the graded differential ring of almost-holomorphic modular forms M, (T). See Chapter
1, Kaneko and Zagier (1995); Zagier (2008) and references therein for details about the
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construction.

The structure of this chapter is as follows. In Section 3.2, first we recall briefly the
construction of the graded rings M, (T), M, (T), M,(T) for the elliptic curve families in
Eq. (1.13) from their Picard-Fuchs equations in Eq. (1.14). Then we construct by analogy
the graded rings R, R for certain one-parameter CY 3-fold families 77 : X — M. In Section
3.3, we consider these rings using the properties of the special Kdhler geometry on the
deformation space M. We make use of the canonical coordinates and holomorphic limit to
lift the ring R to a non-holomorphic ring R, by relating them to the ring constructed by
Yamaguchi and Yau (2004). The main results of this chapter are summarized in Section 3.3.5.
Some of their applications in solving the BCOV holomorphic anomaly equations are also

discussed in Section 3.3. We conclude with some discussions and questions in Section 3.4.

3.2 Differential rings from Picard-Fuchs equations

In this section, we shall explain how to obtain differential rings from the Picard-Fuchs
equations for certain special one-parameter CY 3-fold families.

We recall that in the construction of the rings for quasi-modular forms and almost-
holomorphic modular forms for the modular groups I'o(N) in Section 1.3, the key property
we used is the formula in Proposition 1.6 which could be thought of as a differential
equation satisfied by the normalized period of the elliptic curves. As we shall see, for an
one-parameter CY 3-fold family 7 : X — M, the normalized period, that is, the special
coordinate t, does not satisfy an analogous relation. However, the parameter T on M
satisfying a similar identity (see Proposition 3.8 below). To get the identity, one needs to

make use of the properties of Yukawa couplings in different coordinates.

3.21 Yukawa couplings

In the following, we shall explain how to derive Proposition 1.6 by computing the Yukawa

couplings for the purpose of later generalization.
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Proposition 3.4. The Yukawa coupling in the transcendental modulus T, defined by Cc = [ QA
0.}, satisfies Cr = 1.

That is, there is no “quantum correction” added to the classical intersection number

x = 1, see Lian and Yau (1995, 1996a,b); Hosono (2008).

Proof. Take the local parameter of the (punctured) moduli space near the point @ = 0 to be 7.
At the base point 7,, the fiber of the family 7 (n) : Ery(ny — Xo(N) is the torus Tr, = C/ A,
where Ar, = Z @ Z7.. We take the holomorphic top form on T, to be dz,, which descends

from C. For any T near the base point 7, the diffeomorphism sending T, to T is given

by zr = -Zki’%*ZT* + TT:_*TT* Zz, . From this, one can then see that 0:Q¢|, = ﬁ(dzr* —dzq).
It follows then that C;, = fTT* ﬁdzn Ndz,; =1. O

One can also compute the Yukawa coupling in the algebraic modulus & as follows.

Proposition 3.5. The Yukawa coupling in the algebraic modulus , defined by C, = [ QN 9,Q),

satisfies Cy = 037&

Proof. Recall that the Picard-Fuchs equation Eq. (1.25) tells that when integrated over cycles,
one has 6?Q = (c1 + Cz)%GQ + C1C2%Q. Now we have

8(aCy) — G/Q/\BQ:/GQ/\GQ—F/Q/\GZQ

_ O+/Q/\ ((c1 +c2)290+016220>

— o+(c1+cz)g/a/\90+o
e e

ﬁ(ucCa) = 5

Solving aC, from this equation, we get aC, = % from some constant c. We then fix this c by

= (c1+c) (aCy) .

looking at the behaviors of both sides near « = 0. This gives ¢ = 1. Hence the conclusion

follows. O

Having computed the Yukawa coupling in two different coordinates T and a in Propo-

sition 3.4 and Proposition 3.5, we can then derive the equation d-a = (C,X)*la)% given in
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Proposition 1.6 between the transcendental modulus T and the algebraic modulus «, from

the following relation
1 1 oa

= ———0C,. 3.14
T 2711 Wi 9T “ (3.14)

3.2.2 Picard-Fuchs equations for CY 3-fold families

Motivated by the discussions on elliptic curve families, we shall work out similar rings R, R
living on the deformation spaces of CY 3-folds with given Picard-Fuchs equations. As before
we limit ourselves to the case dim M = 1. We shall start by computing the Yukawa couplings
in different coordinates, then we derive an equation analogous to Proposition 1.6 between
the complex coordinate & and a suitably chosen coordinate T on the deformation space
M. After that we construct a ring out of special Kdhler geometry quantities (connections,
Yukawa couplings, etc.).

The Picard-Fuchs equations we are interested in are the ones in Eq. (2.7) for non-compact

CY 3-fold families

1 1 d
Ley = Leliptic © 0 = <92 — a0+ ;)(9 +1-— r)) 0f, 0=az, a=rKnz, (3.15)

We shall also study in detail the Picard-Fuchs equation for the compact CY 3-fold family
which is given by the quintic mirror family in Candelas et al. (1991), with Picard-Fuchs
equation

3

Loy =0 —a(6+ )0+ 2)60+ )0 +5), (3.16)

where « is related to the parameters z, 9 in Candelas et al. (1991) by « = 5°z = ¢—>.
For all of the Picard-Fuchs equations in Egs. (3.15), (3.16), they have three regular singu-
larities located at & = 0,1, co on the base M, corresponding to the large complex structure

limit, conifold point, orbifold point, respectively.

In the following we shall first consider slightly more general Picard-Fuchs equations
before we specialize to the Picard-Fuchs Egs. (3.15) (3.16) mentioned above.

Suppose the Picard-Fuchs operator for the family 7 : X — M of CY 3-folds is of the
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form

4
Loy =0"—aJ(0+c) = (1—a)o* —a(016° + 0260 + 030 + 1), (3.17)
i=1

where 0 = a% and ;s are the symmetric polynomials of the constants c;, ¢, c3, cs. For the
quintic mirror family case, one has (c1,¢2,¢3,¢4) = (1/5,2/5,3/5,4/5) and thus 7 = 2. As
before, we shall denote f =1 — a.

The Yukawa coupling in the ¢ coordinate is then given by Cy; = Fit = x + O(gq;) with

q: = e¥ according to mirror symmetry. In the complex coordinate a, we have

Proposition 3.6. The Yukawa coupling, defined by Coau = — [ QA 03Q, is given by Copa =

K
W.
Proof. First due to Griffiths transversality, we have a>Cyoa = — [ Q) A 6%Q). By integration by

parts and Griffiths transversality, it follows that
0(0*Cae) = — /90 AP — /Q e
S <9/60/\620—/920/\020> —/QA(01;93Q+---)
- 9 <9/Q NP — /Q A 93Q> —0 +alg(a3cm)

o
= _9(0(3C0(D(0€) +UlB((x3Cwa‘) .

Solving &3 Cpuy from this equation, we then get Cyup = ﬁ Using the fact that

1 o

zctxﬂtﬂé(g)

X7 S=Ciu=x+0(q), (3.18)

we know ¢ = k. Hence the assertion follows. O

Remark 3.7. The Yukawa couplings for the non-compact CY 3-fold families discussed above
also have the same form. Intuitively, the is because non-compact geometries can be regarded
as certain limits of corresponding compact CY geometries whose Yukawa couplings take

the above form.

Now that we have computed the Yukawa coupling in the special coordinate t and

complex coordinate «, we shall find the analogue of Proposition 1.6. According to the
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definition’of T in Eq. (2.10), near a = 0 we have 7(a) ~ 5 loga + O(a®). Therefore, from

1 o

WCMX& (g

oT JT o
3 i _h
) = Cy = 271iK EY ZmKalx o (3.19)

we obtain the following assertion.

Proposition 3.8.

1 0

(3.20)

Note that the only places in which we have used the special Kdhler geometry are in
the definition Eq. (2.10) of T in terms of F; and the limit of Eq. (3.18) as a goes to 0. But
we could have defined T as the quantity satisfying the equation (;—O)ZCW“(%@‘P = 2711'1(%—;
and the condition lim,_,q 2771 aa—f = 1 without referring to the prepotential F(¢) and Yukawa

coupling Cy, thus only the Picard-Fuchs equation and no special Kihler geometry is needed.

We shall now take Proposition 3.8 as the starting point to construct the analogue of the
ring of quasi-modular forms. Motivated by the discussions of elliptic curve families, we

define the following triple
A=X% B=(1-a)rA, C=ua’A,

where r is some under-determined constant and does not show up in the final form of the

ring R we shall consider later. Similarly we define
E=0.logC'B" = 9. logapA? = (« — B) A% + 9. log A% . (3.21)

Now thanks to Proposition 3.8, we get

r

dri 9. log % . (3.22)

2—7: 5:
A_tx/% 8Tlogﬁ

We also have the following relations among these generators following from the definitions

7From now on, to simplify notations, we shall take t ~ loga + O(IXO), hence 7 = %K_ll:ﬁ.
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of A,B,C,E and Eq. (3.22),

I Y _ 1 2
8B = —B(E—A?), 3:.C=__C(E+A%). (3.23)

To get a closed ring, we need to prove A satisfies a differential equation with coefficients

being holomorphic functions of &, . Define
A =X A" =o¢t, (3.24)

and denote R = C[A’#!, A”#1, B*1,C*1]. Tt turns out after adding 9. A’,0_A",i = 1,2,3,
the ring will close under the derivative d.. Note that the generator E is already included

according to Eq. (3.21).

Proposition 3.9. The ring R generated by 0LAi=0,1,2,3; BJ'TA”,]' =0,1,2and B,C,B~1,C 1,

is closed under the derivative d-.

Proof. The Picard-Fuchs equation tells that if one defines
3 4
Loy = (04 0logX°)* —a] (60 +60logX° +¢;),
i=1

then X°Lcy % = LcyIT = 0 for a period IT. In particular, one has Lcy X? = 0 and
Loy % = Loyt = 0. The first equation Lcy X% = 0 tells that 8*X° could be expressed
as a polynomial of 0'X%i = 0,1,2,3 with coefficients being rational functions of «, 8.
Using the relation 8 = B~1(X°0t) =29, following from Proposition 3.8, we know that 9% X°
is a polynomial in 0:X%,0,i = 1,2,3; B]%Gt,j =0,1,2,3 and B,C,B~1,C L. Similarly, by
considering the second equation Loy t = 0, one sees that 830t and thus 936t is also contained

in the ring as claimed. O

Remark 3.10. Note that when taking the derivative d., negative powers of generators will
appear. But as mentioned in Remark 1.5, to avoid them one only needs to choose a suitable
set of generators carefully. In fact, in the final form of the graded ring R we shall consider
below, we are going to make a specific choice of generators so that no negative powers will

appear in the derivatives of the generators.
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From Proposition 3.8 one can easily see that in fact the subring generated by E)QA’ ,i=
0,1,2,3; af;A’ =012 at, ,Bi is also closed under d;. We shall denote this differential

subring by (R**?,d.) in which the constant r does not show up.

Rings for non-compact CY 3-fold families

Now we consider the non-compact CY 3-fold families whose Picard-Fuchs equations Eq. (2.7)
reduce to some third order differential equations of the form Leipgic © 6.

One has X? = 1 and thus A = 6t = wy; moreover, the parameter T = %K_lFtt =
ﬁk‘l% is equal to %r where wy, w; are the periods of Lepipiic given in Eq. (1.16). Thus
the parameter T is the transcendental modulus of the elliptic curve sitting inside the
CY 3-fold and lies on the upper half plane H. Therefore, in these cases, one has R =

C[A*!, B!, C*l] = M, (Ty(N)), R = C[A*!, B, C*1 E] = M..(To(N)).

Gradings

There are two natural gradings, denoted by (k, 1), on the ring R. The grading m indicates
that the element is a section of £™ and will be called the degree. Recall that X" is a period
of the form [ Q and Chpa = — [, QA 92Q), where Q) is a section of the Hodge line bun-
dle £ — M, we can easily figure out the degree of the generators. The second grading,
called the weight k, is motivated by the studies of elliptic curve families and non-compact
CY 3-folds discussed above, in which 7 is really parametrizing the upper half plane H.
We then defines the degrees and weights for the quantities X% 6t,B,C,u, (1x3CaM) to be
(1,0),(0,1),(1,1),(1,1),(0,0), (0,2) respectively. Taking the derivative . with respect to
T will not change the degree, but raise the weight by 2. Then we have the decomposition
R = ®(k,m)Ri,m- Similarly, there is a such decomposition for the graded differential ring

(R, 7).

The above discussions suggests that the rings R = C[(X°)*!, (6t)*!, B+, C*)|, R =

R ®C[0:X%i =1,2,3; 8]%9t, j = 1,2], defined on the deformation space M, are the ana-
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logues of M,(T), M, (T) defined on the modular curve Xr, and the weight k plays the role
of modular weight. The generators aiTXO,i =1,2,3; 8]%01‘, j = 1,2 should be considered as

the analogue of quasi-modular forms. We shall give more evidences for this later.

As explained earlier, one can get a smaller differential ring R“Y. Tt turns out that using
special Kédhler geometry of the deformation space M, one may further reduce the number
of generators in R — R. For example, for the quintic mirror family case considered below,
the sequence aiTOt,i =0,1,2 could be reduced to 8291‘,1' = 0,1 as discussed in Lian and Yau
(1996a); Hosono and Lian (1996); Yamaguchi and Yau (2004). This is proved using the fact
that t is the canonical coordinate on the deformation space M (more than just being the

ratio of two periods), which we now turn to finally.

3.3 Differential rings from special Kihler geometry

In this section, we shall use properties of the special Kidhler geometry on M to reduce the
number of generators in R, and more importantly to define R as the “non-holomorphic
completion" of R.

We first start by reviewing some basic properties about the canonical coordinates and
the notion of holomorphic limit which will be important later. The discussions on these

concepts apply to multi-parameter CY 3-fold families.

3.3.1 Canonical coordinates and holomorphic limits

On a Kdhler manifold M, according to Bershadsky et al. (1994), the canonical coordinates
t = {#},—12 .. 4imm around the base point p are defined to be the holomorphic coordinates
such that

0uKilp =0 =0uTf[,, Vijk=12--dimM, (3.25)

where I is a multi-index and 9,1 = 9,i,9yi, - - - 94in, m = |I| > 0. Note that the first equation

is only a condition on the choice of the Kédhler potential which transforms under the rule
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K~ K+ f + f, where f is purely holomorphic.

These coordinates are studied elsewhere in different contexts, for example Kapranov
(1999); Higashijima and Nitta (2001); Higashijima et al. (2002); Gerasimov and Shatashvili
(2004). They are the normal coordinates for the Kédhler geometry and can be constructed

using the holomorphic exponential map as in Kapranov (1999).

Exponential map and Gaussian normal coordinates

Now we shall recall some basic facts from Riemannian geometry. Given a Riemannian
manifold M with the metric G;;, the Gaussian normal coordinates base at the point p € M
could be obtained in two ways: either as a coordinate system centered around p such
that Sym (0 IFZ) |, = 0,|I| > 0, where Sym(d IF;‘].) means the symmetrization of d IFZ with
respect to the sub-indices I U {i,j}; or as linear coordinates on the tangent vector space
TyM defined by the exponential map exp, : T,M — M. Using the second view point,
we get the following description: suppose a point g in a small neighborhood of p on
M is on the geodesic y(s) = expp(sv), where |v] = 1, and s is the arc-length parameter.
Assume g = expp(sv) for some s and fix a coordinate system x = {x'} near p on M, then
the Gaussian normal coordinates & = {&'} of g = expp(sv) are related to the coordinates
x = {x'} by using the equations for the geodesic:

xi(expp(sv)) = x'(p) +s& — Aiz %FMPSNCN, (3.26)
where 'y, := Vy_ {i1,iz}r§1i2 are computed in x = {x'} coordinates, and N is a multi-index

as before.

Holomorphic exponential map and canonical coordinates on Kdhler manifolds

Now assume M is a K&hler manifold whose Ké&hler potential is K(z,z), where z =
{z'}i—12. dimMm is a complex coordinate system. Suppose the base point p is taken to
be (z4,Z+). From the second equation in Eq. (3.25), one can solve for ¢ , see Higashijima and

Nitta (2001); Higashijima et al. (2002); Gerasimov and Shatashvili (2004), and get the the
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holomorphic analogue of Eq. (3.26):

where a function f defined near the base point (z.,Z,) is denoted by f(z,Z;z«,Z.). The
holomorphic function f(z, Zs; z«, Z+ ) means the degree zero part in the Laurent expansion
of the function f(z,Z; z4, Z) in Z centered at Z., where one thinks of (z,z) as independent
coordinates. This will be explained in Remark 3.11 below using holomorphic exponential
map.

The canonical coordinates can not be defined in terms of geodesics in the Riemannian
geometry since the exponential map is in general not holomorphic. However, there is a nice
construction of holomorphic exponential map which gives rise to these canonical coordinates,
see Kapranov (1999). To define the holomorphic exponential map, we first regard the
complex manifold M as a Riemannian manifold and thus get the map exp]}; : TEM — M.
This also defines the Gaussian normal coordinates ¢. Thinking of T;,RM as a complex vector
space equipped with the complex structure induced by the complex structure on M, then
in general the map exp]g : (&,8) — (2(&,¢),2(¢,2)) is not holomorphic. Now with the
assumption that the metric Gi]—(z, Z) is analytic in z, Z, we can analytically continue the map
exp]?lf to the corresponding complexifications T;?M, Mc = M x M, where M is the complex
manifold with opposite complex structure as M.

The coordinates on the complexifications Tf,: M, M¢c = M x M are given by (¢, 1) and
(z,w) respectively, they are the analytic continuation of the coordinates (&, &), (z,z) from
TRM < Ty M, A : M < Mc = M x M respectively, where A : M — M x M, p — (p, ) is
the diagonal embedding. Here the underlying point of p is really the same as p, but we
have used the barred notation to indicated that it is a point on the complex manifold M.

Since the Christoffel symbols F;‘j (z,Z) are analytic in (z,z), we know that the map
expg 1 (&,n) — (z(&,n),w(, n)) is analytic, that is, holomorphic in (&,#). Moreover, the
map expg defines a local bi-holomorphism from a small neighborhood around the point

0 inside T;:M to a small neighborhood of the point (p, p) inside M¢c. One claims that
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exp"[gj |r10pm gives a holomorphic map T;’OM — M and is a local bi-holomorphism from a
small neighborhood of 0 € T, M to a small neighborhood of p € M. To show that it maps
T;,OM to M, we only need to show that w o expg ‘T;,OM = w(p), thatis, w(,n)[,—0 = w(p).

Recall that z and thus w satisfies the equation for the geodesic equation

42, pdidd dzk % _ -
127 +F;j%£ =0, E(O) =¢"=0,2(0) =2z(p).

It is easy to see that w(s) = w(p) is one and thus the unique solution to the differential
equation. Therefore, w o expg(é, n =0) = w(p) as desired. Since z({,77) is holomorphic in
both &, 1, we know z(¢, 7 = 0) is holomorphic in ¢. The same reasoning for the exponential
map explllj shows that it is locally a bi-holomorphism.

Hence one gets a holomorphic exponential map expll}Ol = expg ’T;,o v T;’OM — M. We
now denote the coordinate ¢ on T;’OM by t, this is then the canonical coordinates desired

since the equation satisfied by t which is similar to Eq. (3.26) implies the second equation in

Eq. (3.25). This can be checked by direct computations.

The exponential maps exp®R and exp"®! are contrasted as follows:
p p Py Py
R _ C _ C
expR = expf lrsnt = xS |0, 7oy
hol __ C _ C
exp,” = exp, |T;,0M = exp,, ‘j(T;'OM):T;'OM@{o} .

where Ty'M & T;°M means the image of the map T,°M — T,’M & T)'M, v > (v,0"),
where v* is the complex conjugate of v; and j (T;’OM) is the image of the map j : T;’OM —

T,'M® T)'M, v — (0,0).

Holomorphic limit

The holomorphic limit of any function f(z,z) based at z. is defined as follows. First one

. . . . C .
analytically continues the map f to a map defined on Mc. Using the fact that exp); is a local
diffeomorphism from T;:M to Mc, we get f = fo exp‘;j : TgM — C. The holomorphic limit
of f(z,z)is givenby foj: T;’OM — T;:M — C.

From now on, to maintain consistency with the notations used in the literature, we shall
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use (z,2), (t,F) for (z,w), (¢, 17) when considering holomorphic limits, if no confusion arises.
In the following, sometimes we shall drop the notations z., Z, for the base point if it is clear

from the context.

Remark 3.11. In the canonical coordinates t on the Kdhler manifold M, the holomorphic
limit is described by f o exp2® = ﬂj(Tzl*’OM) (THM x {0} = C,t— fo expll(t). In terms of
an arbitrary local coordinate system z on M, taking the holomorphic limit of the function
f(z,z) at the base point z, is the same as keeping the degree zero part of the Laurent
expansion of f(z,z) with respect to z, where the center of the Laurent expansion is z,. That
is, it is the evaluation map evs, : f(e,®) — f(e,Zz,). This is the limit that is used in the study
of topological string theory in Bershadsky et al. (1993, 1994).

One thing that needs to be taken extra care of is the holomorphic limit of det G appearing
in computing the topological string partition functions. One has G,i;; = Gz %g—g}, i,j,a,b=

1,2,---dim M and logdet G,i5; = logdet G,,;s + log det % + log det Clil

55 - Since only the holo-
morphic derivative of log det G,:;; will appear in the topological string partition functions
(and also in the ring R we shall construct below), the purely anti-holomorphic term can be
ignored. Moreover, from Eq. (3.25) one can see that logdet G,z (t,f) = logdet G,z (s, ) is
independent of t. Therefore, when computing log det G,:;; one can effectively exclude the
purely anti-holomorphic term and the term logdet G,z (t,F), then one only needs to take
the holomorphic limit of the term log det a—g. This could also be seen from Eq. (3.27), which
implies that

ot! i i}
@(z, Zi) = KY(z4, 24 ) Ky (2, 2+ ) - (3.28)

Therefore, in the coordinate system z, the holomorphic limit of the metric Gy, denoted by
lim Gy, is given by

ot!

lim Gyy(z,2) = Gyy(z, 2+) = 3

(2)Gif(z4, 24) - (3.29)
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Variation of the holomorphic exponential map and canonical coordinates

The holomorphic exponential map exp;}Ol does not depend holomorphically on the base
point z,, see Kapranov (1999). The canonical coordinates thus also have non-holomorphic
dependence, as we shall also see below in some examples. This is due to the fact that the
space T2’ M changes non-holomorphically when z, moves in M: that is, %7{]2* # 0, where
ny, = 3(id — iJ,,) is the projection from TC M to TP M. For a more precise discussion on
this, see Kapranov (1999).

Take M to be the base M of the Calabi-Yau threefold family 77 : X — M and think of
T2’ M as a Lagrangian in TE M, this then fits in the frame work of geometric quantization
and is related to the base-point independence of the total free energy Ziop = Y570 A2 F(3)
of the topological string theory for the family, as studied in Witten (1993). The background
(base-point) independence of Z tells that it satisfies some wave-like equations on M arising
from geometric quantization. These equations are shown in Witten (1993) to be equivalent to

the master anomaly equations for Z in Bershadsky et al. (1994) which are identical to the set

[ee]

of holomorphic anomaly equations for the topological string partition functions {F(€) 20"

3.3.2 Examples of canonical coordinates

In this section we shall compute the canonical coordinates for some Kéhler manifolds.

Example 3.12 (Fubini-Study metric). Consider the Fubini-Study metric defined on IP!

i1
= _dzndz
WS S a2t N

with Kahler potential K = In(1 + |z|?). It follows then

z 1
z — T A asz -

. (_1)N+1N!ZN—1
1+zP)" 7 (1+[z)*

(1 + ’Z‘Z)N+1 ’

K; = N>1.

At the point p represented by z. = 0, we can see that aﬁ\’K\p =0= 85’1(22\;,, N > 1. Hence z

is the canonical coordinate based at z, = 0. To find the canonical coordinate at a generic
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point p represented by z., we apply Eq. (3.27) and get

Hz324,2) = (1+|z4]?)? <(1 +Zzz*) (1 +Z;*z*)> '

In particular, at z, = 0, this coincides with z. The non-holomorphic dependence on the base

point can be easily seen from this formula.

Example 3.13 (Poincare metric). Consider the SL(2,Z) invariant metric
w = iK AT NAT = ldx/\d
— ot - ]/2 Y
on the Poincare upper half plane H, where e X = =T 1 = x +iy. Straightforward

1

computations show that
1 1

KTZEIKTT:_W'

It follows that the canonical coordinate based at p given by T, is

t(T;T*,T*):_(T*_.L—.*)2< 11 >

T — Tk T — Tx
In particular, if one takes the base point T, = ico, then the canonical coordinate t coincides

with the complex coordinate on H from the embedding H — C.

Example 3.14 (Weil-Petersson metric for elliptic curve family). Taking the elliptic curves
parametrized by H. As in the proof of Proposition 3.4, one takes the holomorphic top form

Q¢ = dz; on T;. Using the diffeomorphism from the fiber T to the fiber T,

T— Ty Ty — T _
Zr, + —Z1, ,

one can compute the Kahler potential for the Weil-Peterson metric from

_ — . — T—T
e K(T,TIT*,T*) =1 QT /\ QT =
Tx

This is then the Poincare metric on the upper half plane considered in the above example.

Example 3.15. Suppose on the Kihler manifold M there exists complex coordinates z = {z'}
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and a holomorphic function F(z), so that the Kahler form is given by

w = T_llmrij dz' Adzl = /—100K,

1

where K = JIm(w;z’), wi(z) = 0,i/F(2), Tj(z) = 9,i0,;F(z). The canonical coordinates are

NI

then given by

1 k k))

t(2;24,24) = @) — 5 &) (Wi (2524, Z4) — Wj(Z4; 24, Z6) — Tip(24) (2" — 24

Manifolds satisfying these properties are studied in detail in Freed (1999).

3.3.3 Special Kihler metric on deformation spaces

Now we take M to be the base of the family 7 : X — M of CY 3-folds. Assume that
dim M = h(= h*1(X)).

Fixing a section () of the the Hodge line bundle £ — M and choosing a symplectic
basis {A!, Bj}j—o.1,.. for H3(X,Z), then the periods are given by Eq. (10):

([0 [ o[ o[ 0)= XX, F,F) = X0 E Fe, 26~ 1°F),
0

where a = 1,2, - h and F(X!) is a homogeneous holomorphic function of X of degree 2,
see Strominger (1990); Bershadsky et al. (1994). Here the function F is defined by (X°)"2F
and the sub-indices mean derivatives with respect to corresponding coordinates. Using
the fact that the prepotential F(t) has the form F(t) = ®<t*t"+ + Q(t) + Y4 Nye", where
Q(t) is a quadratic polynomial of t+ = {t*}, it can be shown that the special coordinates
{t*(z;z+,2.) }_, defined near the large complex structure limit z. = 0 are the canonical
coordinates based at z. by checking that Eq. (3.25) is satisfied, see Bershadsky et al. (1994)
for details. As discussed in Eq. (2.19) in Section 2.3.1, one has the following holomorphic
limits:

kg g
lim K, = —a,logX°, limTZ, = 22 9

LCSL LCSL 27 9t 9zi 9z (3.30)

In the remaining of this work we will only consider the holomorphic limit based at the

large complex structure z, = 0 which is given by f = ico, and simply denote this limit by
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lim without specifying the base point. This limit is interesting since it is in this particular
limit that the topological string partition functions on a CY 3-fold X are identical (under the
mirror map) to the generating functions of Gromov-Witten invariants of its mirror manifold

X, as explained in Introduction.

3.3.4 Ring of Yamaguchi-Yau and the construction of the triple

In this section, we shall construct the ring R. We shall review the construction of a ring
in Yamaguchi and Yau (2004) for the quintic mirror family. The purpose is to reduce the
number of generators for the algebra R defined above and also find its non-holomorphic
completion R.

The construction of Yamaguchi-Yau says that the anti-holomorphic dependence of the
normalized topological string partition functions F8) = (X?)2~2F () is encoded in the
generators

0'loge X,i=1,2,3, 6logdetG,
while the coefficients are polynomials of
K
910g1x3CM,X = OIOgB = B
More precisely, according to the Picard-Fuchs equation Eq. (3.16) and the definition Eq. (3),

one has

i=1

Loy e K= (94 — wﬁ(Q + ci)> e K=o, (3.31)

where ¢; =i/5,i = 1,2,3,4. This then implies that 0% Kisa polynomial of fieKi=1,23

and % The special geometry relation Eq. (4) implies that
atxéﬁrga - aocGow‘c - a“(eZKszﬁchiéM‘&) . (332)
It follows then

éﬂ{(a“rga + (rgzx)z - ngaaaK

—409,Ky 4 2(9:K)? 4 (3 10g Caaa) (20K — T,)} = 0.
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Hence we know

at’érgzx + (Fia)z - zrgaat’éK

_4aD¢Ka + 2(80¢K)2 + (aa IOg C[xpax) (280(1( - ]'—‘ZD() — fp(

for some holomorphic quantity f,. Taking the holomorphic limit of the left hand side,

according to Eq. (3.30), we get
ot ot ot
02 log 3T (0q log 5)2 + 20, log aaa log X° 4 49,0, log X°

+2(9y log X°)? + (94 10g Caua ) (—20,04 log X° — 9, log gt ) = fu.

o
The holomorphic quantity was fixed in Lian and Yau (1996a); Yamaguchi and Yau (2004)

1
(see also Hosono (2008)) to be 1;«2%“'

One can also replace the coordinate « in Eq. (3.32) by x = Ina defined locally on the

punctured deformation space, then we get

0%10g G,z + (0 log Gyz)? — 20 log Gy50K

—40%K + 2(6K)? + (01og Cyry) (20K — 010g Gyz) = fx, (3.33)

where 6§ = 90, = uc%,Cxxx = %Cppa = %,QIOg Cyxx = % and fy is another holomorphic

quantity. Now we take the holomorphic limit of the above identity and get

62 log 0t + (0 log 0t)* + 20 1og 0t Hlog X°

46210og X° +2(01og X°)2 + (log Cyry) (—2010g X° — flog0t) = fr,  (3.34)

with

Note that f, is not a tensor. Therefore, as shown in Yamaguchi and Yau (2004), one gets the

following Yamaguchi-Yau ring

4. (3.35)

Ryy = C[0'loge X,i =1,2,3; T, = 0log Gyz,010g Cyry = 5
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Note that
o
E =

then the ring Ryy is closed under taking the derivative 6. The generators of this ring

0010g Cyxx = 9; = 010g Cxx (0108 Crxx + 1), (3.36)

(Ryy, 0) are essentially Ky, Kyy, Kyx, 'y, 0108 Crxx.

However, it is not convenient to directly interpret this as the analogue of the ring of
almost-holomorphic modular forms. For this reason, we connect this ring (Ryy,6) to
(R,dx).

Due to Eq. (3.34), and the relation between the derivatives 6 and d. given by 0 =
B~1(X"0t) 29 which follows from Proposition 3.8, we know that the set of generators
for R could be reduced to GQXO,I' = 0,1,2,3;8]%01‘,]' = 0,1;B*,C*. Recall that R =

C[(X")*, (6t)*!, B*!,C*!], then one can see that
R =C[o logXi=1,23;dloght,j=1apB @R.
Recall Eq. (2.17), we get the following

8 log o K(xx) _ glog(XOXOE—K(t,E)) = flog X0+ flog oKt

0log Gyz = 0log(6t 0t G;z) = Olog 0t + 0log Gz .
their holomorphic limits are
lim 8loge X% = glog X°, lim Olog G,z = 0log o1,
Therefore, the holomorphic limit of the ring Ryy is given by
lim Ryy = C[0'log X°,i = 1,2,3;0log 9t,2 = 0log Cyra] (3.37)

That is, the generators o log X%i=1,23;6 log 6t in ﬁo,o are equivalent to the holomorphic

limits of the non-holomorphic generators in Ryy. It follows then that

R=ImRyy®R. (3.38)
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This motivates us to define the non-holomorphic completion R of R as

R=Ryy®R. (3.39)
Moreover, F&) € Ryy C ﬁo,o, where Ryy and ﬁo,o are only differed by the holomorphic
generators of degree and weight zero.

3.3.5 Summary of results

In summary, in Section 3.2 we have constructed (R,0:) as a graded differential ring which
is an analogue of the ring of quasi-modular forms. In this section we then used special

Kéhler geometry to refine the structure of the generators for the ring and to get

R = C[(XO):H, (et):l:ll Bil, C:I:l] ,
R = R®C[ailogX0,i =1,2,3;0:logbt],
R = R® C[ai log e Ki=1,2,3;0, log det Gyz] .

Recall the structure of the graded rings (M, (I'), M, (T), M,(T)) defined for 7rr : & — Xr

0r : M.(T) — M, (T),

_ _ . 1 -3
“ i " . * * - * 7 = -5 ’
modular completion": M, (I') — M, (T') C M, (T')[Y] 15 7le
“constant term map" Y — 0: M, (') — M,(T),
dr: ]\7Ik(F) — M}H_z(l—') ,
r = e +KY : My(T) — M io(T).
From Eq. (2.17), we know
d: loge K% = 5 Tog(X X0 KDY = 5 log X° + 9, log e (D) (3.40)
d:log Gyx = 97 log (0t 0t Gy5) = 9, log 6t + 9, log Gy . (3.41)
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Define Y; = 9:log Gy, Y2 = —d- log e KD then we have the following analogue between

(R,R,R) defined for m : X — M and (M, (T'), M.(T), M,(T)) defined for 7y : & — Xr:

d3:: R =R,

“non-holomorphic completion” : R—>RC ﬁ[Yl, Ys]
“holomorphic limit" Y;, Y, — 0: R — R,

D: = 9; + k3¢ log 8t + m(d:log X°) : Ry (T) — Rigam(T),

Dy = 3¢ + ko, log Gy + m(—dloge ™) : Ry — Rysom-

where the operators D, f)T come from the covariant derivative d, + kI'y, + mK, on sections
of Sym**TM @ L™,
The above construction for (R, ﬁ,ﬁ) could also be formally applied to the elliptic

curve families in Eq. (1.14), see Hosono (2008). The Weil-Petersson metric is determined

from e K(@i) — iwetog(T —T) = iwotge K(TT) . The quantities Y7, Y, are now computed

to be 22— and 73—, respectively. The triple (R, R,R) coincides with the triple
(M, (T), M, (T), M,(T')), as well as the maps among the members in the triple.

For the non-compact CY 3-fold families in Eq. (3.15), one has X° = 1 and 6t = A. The
rings (R, R) coincide with (M, (T), M, (T)), as mentioned earlier in this chapter. But the
explicit forms for Y7, Y, are not easy to compute in these cases®.

It is easy to see that one should be able to apply the same construction for the quintic
mirror family to construct triples (R, ﬁ,ﬁ,) for other one-parameter CY 3-fold families
whose Picard-Fuchs equation takes the form in Eq. (3.17) with Y%, ¢; = 2. The only thing
that needs to be checked is that the holomorphic quantity f, in Eq. (3.34) is contained in

C[B*!,C*!]. In fact, for many CY families it is rational, see Lian and Yau (1996a); Hosono

and Lian (1996); Yamaguchi and Yau (2004).” We shall not discuss the details in this work.

8This is because the Picard-Fuchs equation for a non-compact CY 3-fold family has only three periods, and
the Kahler potential of the Weil-Petersson metric cannot be computed directly as for the compact cases. One
needs to compactify Chiang et al. (1999) the non-compact CY 3-fold to a compact CY geometry, and then do
computations there, after that one takes the decompactification limit of corresponding quantities carefully.

9The author thanks Professor Shinobu Hosono for email correspondences and telling him the references on
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3.3.6 Special geometry polynomial rings and their applications

Most of the generators in R obtained from the elements in Ryy have weight zero. In Alim
et al. (2013), a set of the non-holomorphic, positive weight generators for R are chosen
so that no negative powers of the generators appear upon taking the derivative D. The
particular form of the ring R is termed the special polynomial ring in Alim et al. (2013). For
completeness, in the following we shall review the construction of the generators therein.
First notice that the set of generators in R could be chosen to be XD’ log e Ki=1,23;
0t Dlog det Gy¢. This is equivalent to the set of generators S**, S¥, S, K, in Eq. (20). The

reason is as follows. From the integrated special geometry relation Eq. (7)
r;x — 2Kx —_ Cxxxsxx —'I_ Six (3.42)

we know that up to multiplication and addition by K, and holomorphic quantities, S**
is essentially I'}, = 0logdetGyz. The first or last equation in Eq. (20) tells that S* is
essentially 0Ky, and the second tells that S is ain. Moreover, the derivatives of the genera-

tors in Ryy coincide with the covariant derivatives for the generators S*, 5%, S, K, in Eq. (20).

Now a nice set of generators for the special geometry polynomial ring R can be chosen
as follows. First one makes the following change of generators in Eq. (22) following Alim

and Lange (2007)
- ~ - 1 _
St —gtt gt =gt _gtK, §=85-SK + Es’f’f1<t1<t, K = K;.

1.
27

ot _ 1

Then as in Eq. (2.10) one defines T = «~19;F which gives §; = Zm.icflCm. After that one

forms the following quantities on the deformation space M:
Ko = xC,} (6t)73, Gy =ét, Ky = kC,,}K;,
T, = 5", Ty =Cy'S', To=CyfS,

where the propagators 5%, 5!, S are normalized by suitable powers of X° so that they are

this.
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sections of £°. That is, they have degree zero. The weights of these generators are the
sub-indices they carry. It follows that the derivatives of the generators of R given in Eq. (20)

now become, see Alim et al. (2013),

9Ky = —2Ko Ky — K§ Gf (g +3(she + 1)),
0:G1 =2G1 Ko — kG Th + KoGj(s%, +1),
0Ky = 3K% —3xkKr, T, — K2T4 + K% G%k(m — Ko G% K> flgzxa ’

(3.43)
0:Ty = 2Ky T — kT3 + 2xTy + x 'KZGih,,

0. Ty = 4Ko Ty — 3kT> Ty + 2x Ty — Ko GZ Tyh®,,, — k 'K§ G} Tokuy + x2K3 GOy,

9. T = 6Ky Ts — 6Ty Ts + ng — kKR G Ty kg + 13K GBTy — 2 Ko G2 TeE,,,

where 9, %ai The quantities 7%, 5%, kua, 1% 4ar M%) o, i are some holomorphic quan-
tities. It turns out that they are polynomials of an additional generator Cy = 0log Cyxx = %
with

0:Co = Co(Co +1)G?. (3.44)

These explicit polynomials for the quintic mirror family case could be found in Alim et al.
(2013) and are omitted here.

The generators can be used to simplify the holomorphic anomaly equations as follows.
As mentioned earlier in the previous section, one has F &) .= (X022 F ®) € Ryy C 7%0,0.

The holomorphic anomaly equations then become, see Alim et al. (2013),

oF(®)  19F®) 1 9F® K = 142

! F) 4 ~32p(s-1)
AT, x oT, 2T aT. ZaP + aF
JF®)
oK,

where 9; = (X°)72(Co + 1) (6t) %0-.

Example 3.16. Consider the local P2 example. As mentioned earlier in Section 3.2, we have
that M = X((3), R = M, (To(3)) = C[A*!, BF!,C*!, E]. In this case one can consistently
choose the generators so that Ty = Tg = K, = 0, T, = % with 9; = k 1Cis0r = B~39;. Then

the holomorphic anomaly equations simplify greatly. In particular, the equation for the
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holomorphic limit of F©8) = (X?)%2~2F() at the large complex structure limit, denoted by

S Roo C C[A%L, B!, C+L, E], becomes the one in Section 2.4

1 (2 E — A2
aEFg = @ Zl a-L-Fg_ra-L-Fr — TaTFg—l + aTaTFgfl .
r=

It would be interesting to apply the transformation a > B = 1 — & according to the rules

mentioned in Section 3.1 to the quintic mirror family case and see whether it would give a

duality on topological string partition functions.

3.4 Conclusions and discussions

We constructed the graded rings (R, R, R) on the deformation space M from the periods
of the Picard-Fuchs equation and special Kdhler geometry on the deformation space. A
parallelism between these rings and the rings M. (T), M(T), M(T) was made: the way they
were constructed; the relations among the members of the triple of rings. We further showed
that in some special cases the rings (R, R) are equivalent to the rings of modular quantities
(M.(T), M(T')). These give some evidences that indeed the graded rings (R, R, R) are
analogues of the rings of modular objects M, (T'), M(T), M(T). These relations, as well as the
non-holomorphic and holomorphic generators, are summarized in Figure 5 in Introduction

and the following table.

Table 3.1: Generators of the ring for compact and non-compact CY 3-fold geometries,
where for non-compact geometries special choices for ambiguities are made.

compact non-compact Local IP?
geometries geometries and local dP,,n = 5,6,7,8
S~ T, S~ T, Gxx — %13\52((?)
non-holomorphic 5%~ Kix limycgp 5% =0 limycgp 5% =0
S~ Kxxx limLCgL S5=0 limLCSL 5=0
Kx limLCSL Kx =0 limLCSL Kx =0
i Al = X0 Al =X0=1 Al=X0=1
holomorphic
A" =6t,B,C A" =06tB,C A" = A(t),B(1),C(7)

We also discussed some of their applications in solving the holomorphic anomaly equa-
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tions.

In the above construction of the triple of graded rings (R, R, R), the parameter T =

%K”Ftt defined in Eq. (2.10) on the deformation space M was introduced to match the
known modularity in the non-compact examples, see Aganagic et al. (2008). There are a
number of interesting questions raised in Alim et al. (2013) about this quantity T which we

would like to address here and wish to pursue in the future.

Variation of Hodge structures

For the family 77 : X — M of non-compact CY 3-folds discussed in Chapter 2, the parameter
T is exactly the transcendental modulus for elliptic curve &, sitting inside the CY 3-fold
Xy. It is the normalized period for the elliptic curve and lies on the upper half plane. This
results from the fact that the vector space of the periods (1,t, F;) of X, is closed under the
monodromy, and upon taking derivatives these periods become (0, wo, w1), where the latter
two are the two periods of &,. In other words, while the three periods (1,t, F;) characterizes
the variation of complex structure of the CY 3-fold, the quantities (6t, 0F;) characterizes the
variation of complex structure of the elliptic curve sitting inside it.

However, for a general one-parameter compact CY 3-fold family, e.g., the quintic mirror
family, the vector space of periods (X°, X°t, X'F;) is not invariant under the monodromy
group. It is not clear what the geometric meaning or Hodge-theoretic meaning of 7 =

1

1 1E
27TiK Ftt 1S.

Enumerative content of T 1¢

For the particular non-compact geometries in Eq. (2.7), the F¢s solved in e.g., Alim et al.
(2013) from the holomorphic anomaly equations are explicit quasi-modular functions in

T (see also Aganagic et al. (2008) for related work). Whether the g. expansions of the

19The author thanks Murad Alim, Yaim Cooper and Shing-Tung Yau for discussions on this.
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topological string partition functions have any enumerative content and how the g4; and g+
expansions are related beg an explanation.

Recall that the mirror symmetry conjecture predicts for the CY 3-fold family 7 : X — M,
the holomorphic limit F, = lim(X?)%-2F(8) at the large complex structure limit is identical
to the generating function of genus ¢ Gromov-Witten invariants of X, that is, because of the

interpretation of Eq. (2), we have
=) Ngidqi, ai=¢, (3.45)
d=0

where Ngg‘/ denotes the genus g degree d Gromov-Witten invariants of the mirror manifold

X. In particular, the prepotential F(t) is given by

F(t *ts Z Od‘h ,

then 7 = ﬁK_lFﬁ is the function determined from

2miT =t + Kk ) N;;’deqf, g =e. (3.46)

d=1

As discussed in Section 2.5, this implies that
gr = exp2mit = (—q¢)(1+ O(q4)) . (3.47)

It is natural to expect that there should be an enumerative problem associated to T in the

sense

— Z hypch,, (3.48)

where like the Gromov-Witten invariants Ngc“i/v, the numbers N yp may hypothetically count
certain kind of invariants. Comparing the Eq. (3.48) with Eq. (3.45), we can then find the
“multiple-cover formula" relating Ng%N and N;Zp according to Eq. (3.47).

We don’t have answers to any of these questions, and shall only display some examples

below.

Example 3.17 (Resolved conifold). Consider the resolved conifold which is the total space of
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Op1(—1) ® Op1(—1) — P! and is a non-compact CY 3-fold. The Picard-Fuchs operator of

the mirror CY family is given by, see e.g., Forbes and Jinzenji (2005) and references therein,
Loy = 0(-5 )12 (3.49)
cy 1—x : .

Near the large complex structure limit given by a = 0, a basis of the periods could be chosen
to be
X'=1, t=In(—a), F ~ (In(—a))>*+0O(a?). (3.50)

Therefore near « = 0, one has t = Ina and thus g = a. Moreover, the genus zero

Gromov-Witten invariants are, see Aspinwall and Morrison (1993); Manin (1995); Voisin

(1996),
1
NGy = ik (3.51)
and the prepotential is
43 + Z NGV qf = §t3 + Z d3qt = 43 + Liz(q:) - (3.52)
This implies in particular that
Cttt:K—FEC]?:K‘{'L. (353)
=1 1—aq
The function 7 then satisfies
2miT =k 'Fy =t +x ! ) %qf =t—x 'In(1—gq). (3.54)
d=0

Note that x can not be determined by studying the periods and is ambiguous. Consideration
in physics in Vafa (2001) tells that a natural choice is ¥ = 1. In the following, we shall take

this choice.

Remark 3.18. From Eq. (3.54) one can see that 7 is itself the generating function of the
sequence of numbers 1 = dZN&‘lN, d=1,2,---. These numbers appear in the study of the

stable-quotient invariants defined in Marian et al. (2011) with

d2NGW — e(Ob)UeviHUeviH, 3.55
0.d Qua(PL)Jo (Ob) 1 2 (3.55)
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where Ob is the obstruction bundle in the construction of stable-quotient invariants, and the

two insertions which give rise to ev] H U ev; H are required for the stability in genus 0.

For higher genus partition functions, it is well known that, see Faber and Pandharipande

(1999),
NGW  _ 25 3NGW _ &dzgfs (3.56)
8 sl = 2g(2g— 20" '
E = &Li (g:) in particular, F = 1 log(1 —q¢) (3.57)
8§ T oglag—2y oMY P T el

To extract the numbers N;f;p associated to T, we make use of Eq. (3.54) which gives rise to

. qt 4
2mit =t —In(1 —gq), =—,
mtT n( qt) g 1— gt qe = 1+ qT
Now from Eq. (3.53), one gets
qt q< : = k k
Cit = xt + =xln + g = 27KT + —KE -1)"q%. 3.58
tt 1—q, 1+qq qr qr k:1( )"q (3.58)

It follows that
NP =k, d=0, NOP=1+x d=1, NP =(-1)"% d>2.

For the generating function 0;F;, we get

1 qt 1

o:F = T P = 5 (3.59)
This then tells that
nyp _ 1 _ hyp
Nl,ﬁ_ﬁ,d_l, NP =0,d>2.
For higher genus partition functions, we have
h |Bag| . _ [Bog| 263
Nypd 7gL, 1 hy=___=8 ¢ . 3.60

Since 0, := qta% = (1+q¢)0y,, one can then find N;Zp by direct computations. For any
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g > 2, the first few invariants with d = 1,2,3- - - are listed as follows:

NS 1,24 4778,6- 35272 425978,
24 +3%277%8 8% 3R £ 94458,

120 (1 8 52 5328 0y 92—g) -
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Chapter 4

Conclusions and future directions

This thesis studied the arithmetic aspects of the moduli spaces of some CY 3-folds and some
of their applications.

In this first part of the thesis, we considered the CY 3-fold families Kp2, Kgp,,n = 5,6,7,8
whose mirror curve families are the elliptic curve families of E, type. We then used the roles
of the moduli spaces of the mirror CY 3-folds as the bases of the corresponding elliptic curve
families and concluded that they are modular curves. Under the identification, the singular
points on the moduli space of CY 3-folds become the cusps and elliptic points. Moreover,
the Fricke involution exchanges the two cusp classes and fixes the rest of branch point on
the modular curve. From the perspective of CY 3-folds, it exchanges the large complex
structure limit with the conifold point. This then allows to analyze the boundary conditions
in the BCOV holomorphic anomaly equation and use some elementary properties of the
modular form theory to solve for the topological string partition functions genus by genus
recursively. We then proved an integrality result of the Gromov-Witten invariants of the CY
3-folds under the assumption that mirror symmetry conjecture holds true in these cases.
We also mentioned the physics interpretation of the Fricke involution as the Seiberg-Witten
S-duality in Seiberg-Witten theory.

In the second part of the thesis, we constructed some differential rings from the Picard-

Fuchs equation and the special Kdhler geometry on the deformation spaces for some



one-parameter CY 3-fold families. There rings enjoy very similar properties to those of the
rings of quasi modular forms and almost-holomorphic modular forms defined for elliptic

curve families parametrized by modular curves.

The main difficulties in understanding the arithmetic properties of the moduli spaces
of more general CY 3-folds suited for our purposes lie in the following: 1. global Torelli
type theorems for more general CY 3-folds are lacking (see e.g., Carlson et al. (2003); Voisin
(2002, 2007); Debarre (2012) and references therein), which in some sense makes it difficult
to transform the properties obtained via studying variation of (mixed) Hodge structures
to global properties of the moduli spaces of CY 3-folds; 2. some analytic aspects of the
geometric quantities constructed from the periods for the CY 3-folds and the connections of
the Weil-Petersson metric on the special Kdhler manifolds are not yet fully understood. For
example, it is not clear what the zeros and poles of the periods are on the (image under the
period map of) the moduli space.

We hope to study more general CY 3-folds than studied in this thesis (e.g., elliptic
tibrations) and apply the ideas to solve for the corresponding topological string partition
functions in the future. It would also be interesting to apply some physics ingredients to
construct and study automorphic forms defined the moduli spaces, this might shed some

light in understanding the geometry and arithmetic of the CY 3-folds themselves.
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Appendix A

Modular forms

We summarize the modular forms that appear in this thesis.

A1 0,7 and Eisenstein

We definel

L%

a

b

(Z, T) = Z q%(n+a)2€2ni(n+u)(z+b)‘

nez

The following labels are given to the 6-functions:

61(z, T)

92(2, T)

05(z, T)

94(2, T)

=19

=19

=19

=19

1/2 .

/ (z,7) = Z (_1)nq%n262mnz,
1/2 nez+1
1/2 (Z, T) _ Z q%nzeZm‘nz’

0 neZJr%

(Z,T) _ Z q%nzezmnzl

0 nez
O 1 2 .
(Z, T) — Z (_1)”512” eZmnz )
1/2 nez

n the literature the choice for g is a matter of convention, in this thesis we take g = exp 27iT.

(A1)

(A.2)

(A.3)

(A.4)

(A.5)



We define the following 6-constants:
62(t) = 6,(0,7), 63(7) =63(0,7), 64(7)=62(0,7). (A.6)
We also use the other version of the 8-constants following Zagier (2008)
Or(T) = 62(0,27), 6(t) =05(0,27), OMm(T)=62(0,27). (A7)
One can associate to any lattice A a theta function,

)= Y il (A8)

xeN
see Zagier (2008) and references therein for details on this.

The 5-function is defined by
PR . 1 a?n
n(0) =g [T —q") =gz ) (-1)"g" 7. (A9)
It transforms according to

n(t+1) = e%iy(r), i <—1) = I.U(T). (A.10)

The Eisenstein series are defined by
k (0]
Ex(7) = —
Wo)=1-3 ;

where By denotes the k-th Bernoulli number. Ey is a modular form of weight k for k > 2 and

(A.11)

even. The discriminant form and the j-invariant are given by

3
AlT) = 17128 (Ea(7)® — Es(1)?) = (1), j(T):1728E4(T;534(_T;56(T)2. (A.12)

The following equalities are used a lot throughout our discussions

1
d-logn(t) = ﬂEz(r), (A.13)
3. log Vim Tlp(v)2 = ;za(r,f). (A.14)

1 0

where again by d; we mean i 9
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The following identities are useful

63(1) = 63(7) +65(7),
263(21) = 63(7) +63(1),
0321) = 63(1)04(T),
20,(27)63(21) = 65(7),
2E4(1) = 63(7) +65(7) +65(7),
2Es(1) = (63(7) +65(7))(63(7) +65(7)) (63(7) — 63(7)),

256A(T) = 65(7)65(1)08 (7).

A.2 Modular forms for I'((N), N = 1*,2,3,4.

In the following we give the -expansions, see e.g., Mohri (2002); Zagier (2008); Maier (2009,
2011), for the generators of the ring of modular forms and their relations to the Eisenstein

series for the groups I'g(N), with N = 1*,2,3,4:

N=1": A1) =0} (7). (A.15)
=2 1
Aw  =0h 0 = (jE@ e - (@ +eeor)’, @
B(t) =65(1)04(1) = 03(27), (A.17)
C(t) =2263(1) = 220,(21)05(27). (A.18)
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A(T) = Y g7 = @,,(1) = 0,(27)02(6T) + 05(27)03(67),  (A.19)
(mn)€z?
B(r) = Y Qmtglemet _q_gy i
— q = > x-s(my— (A.20)
(mn)ez? n—1 q
m mn—-+n m-n 1 T
C(r) = ) qmimirimin = 2(A(z) ~ A1), (A21)
(mn)ez?
0 1/3 2/3 1/6
=d9| | (0,1)8 (0,37) + 90 0,7) + 90 (0,37). (A.22)
0 0 0 0

N=4: A(1) =0ua4, (1) =021), B(1)=0;21), C(7)=063(21). (A.23)

The generators for the N = 4 case should be compared to the ring of even weight modular
forms with respect to the principal congruence group I'(2), which is generated by any two
of 05(7),05(1), 03 () since 03(7) = 65(7) + 03(7). Note that the group I'(2) is isomorphic
to I'o(4). There are also some nice relations among these generators and the ordinary

Eisenstein series Ey4, E¢:

N=2: B*44C*=E;, A*B*-8C* =E. (A.24)
N=3: A*4+8AC3=E,, A®—20A3C%—-8C°=E;. (A.25)
N=4: B*+16B>C?>+16C*=E,, B®—30B*C?—96B>C*—64C° = E¢. (A.26)

We also have

A2(1) = 3, log (ng; _ Nl_ (NEo(NT) ~ Ea(1)) (A.27)
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Appendix B

Holomorphic anomaly equations for
local IP? in terms of modular form

theory language

Notation and convention:
® 0r = 5mgr = 435, 4 = exp27iT,
o [®) = limycg, F®), F, = Bés—6F(8),
e Bernoulli numbers: B, =1/6,B3 =0,B4, = —1/30,B5 = 0,Bg = 1/42...
The ring of quasi-modular forms for I'p(3) is
M., (To(3),x-3) = C[A, B3 E] = C[A, F = C®— B3 E].

The differential ring structure is

&A:%@A+H,
o-F = %(EP + AY),
0.E = %(E2 — A%



1

The Fricke involution Wy = € SL(2,R) acts by

e

—-N 0
A‘WN = ZA,F’WN = ZF,E|WN = E,

where strictly speaking, one only has E|, := E. But for computational purposes in which

one only cares about holomorphic limits eventually, one could pretend as if E|w, = E, as

explained in Chapter 3.

Holomorphic anomaly equations for F(®) and F, are

11 = r —r 2 -1 1 2 -1
opF8) = 156 (;aTF()an(g )+arp(g )_E(E_A)aTF(g ),
y
opF, = 42(87-1—(1—0)1-} (0r+1—(g—7))F—s
r=1
1 2312 1 2
4 O+ Q=) (E—4%) Foy — 2 (9 + 2= 9)(E— A%)) Fy1.

The boundary conditions are

© — (_1)X | Bag Bag-2| 1
F (S 2gg =2y (2g =2y T O
33-1B
(&) 28 0
P = agg 22 O
Flw, = (375 % (G2 4 (@p20()
s 28(28—2) ' ’

where the precise value x = x(Kp2) = 3 is not very important in the whole computations,

in particular it does not affect the Gromov-Witten invariants that we extract from mirror

symmetry. The quantity ¢} is defined by

drte(q) = C3(T)/ tC(‘J)’qZO =0.
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The g-series expansions of the related modular quantities are as follows:

A(T) = 62(21)602(67) 4+ 63(27)03(67) = ) qm2+mn+n2
(mn)ez?

= 146 +64° + 64" +129" + 6q° + 69> + 129" + 64" + 124" + 124*" + - - -,

~E) = B0 - () = (ML a1

= 1—36q —54¢* — 252¢° — 468q* — 432¢°

—7024° — 1800”7 — 9184° — 2196¢° — 259247
—2160q" — 3276¢'% — 61204 — 27004'* — 56164

—73804'° — 51844'7 — 65344'® — 13032¢'° — 56164°° + - - -,

Sy = IO ap(g 43 + 98 + 134" + 2407

(T) = G5 ) = 27+30 +97 + 13 + 24
+274° 4 509" + 514° + 81¢° + 724'°
+120¢" +117¢™ + 170" 4 150™* + 2164"
+205¢'® + 2884"7 + 243¢'® + 362¢"° + 31297 + - - - ),
3E2(3T> + Ez(T)

E(t) = 1
= 1-—6q—18¢> — 42¢° — 42¢* — 36¢4°
—1264° — 489" — 904® — 1504° — 1084"°
—72qM —2944'% — 844" — 1449™ — 2524"
—186q16 —1084" — 450(,;18 —120¢" —252¢%° + - - -,
) = 27(g+ 07 +3¢0° .1 q + %tf’

26 50758 10
+2q+7q+ q+9q+5q

1209 39 1, 170 15 75 14 72 45

Tt Tttt Tty

205 16 288 17 27 13 362 19, 78 2

61 Tttt g e )
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The first few results for the topological string partition functions are shown as follows:

FO = —élogﬂ(q)ﬂ(q?’), 9 F) = —%E,
r) _ E(E? —9EA? +6A%) —FA°+3A%B + —83xpe
1728B6 1728B6 '
p3) _ 5359A12 —8864A7B® + 4160A°B® — 496A°B” + 2(8 — 3x) B
8709120B12
(—2532A10 + 3444 A7B% — 1140A*B® + 48AB°) E
* 1244160B12
(3516A% — 3708 A° B> + 732A%B°) E?
* 1244160B12
(—2645A° +1900A3B> — 120B°) E3
* 1244160B12
(1200A* — 420AB%) E*  25A2ES N 5E°
1244160B12 82944B12 © 82944B12’
1 3
b= —5logn(a)n(q),
1
aTF1 - _EE ’

17280F, = 50E —90A%E% 4+ 60A*E — 14A° — 2A°F,
8709120F; = 525E® — 2625A%E° + (6930A* + 1470AF)E*
—(12075A° + 6230 AF + 210F?) E®
+(12915A8 + 10416 A°F + 1281 A%F?)E?
—(7623A1 + 8190A7F 4 1869 A*F? + 42AF3)E

+1905A'% + 2538 A°F + 854 A°F? + 62 A3F3.

The gap conditions are checked as follows:

2) _ 1 1 379 19¢* | & 174
wy = 583207 | 194407 — 19440 T 29160 4860 | 240 ~ 5832 + 3 2 5+
32*1'—%< 1o 1 4 1 1 424 2 n 7 14977q* + 2274° 4.
42 \(t)? — 5832047 ' 19440 77760 58320 555000 T 578100 — 30636800 T 21772600
1 32 57¢% 214t 411g°
Blww=g+tso+20 — 8 ~ 10 ~ w0 ,

C3\2 394> | 214 5
(_3) 42( ) 80+ +320+160+6400+6400+”'
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3) _ 1 _ 1 1 19 _ 103 _ 49
F9lwy = 59521392¢% ~ 992023247 + 56687042 + T19042784q ~ 132269760 ~ 2834352 + ’

FE 1 1 S IR S RN T - BT
6-4 (t;)* — 59521392¢% 99202324 ' 5668704q7 ' 119042784 529079040 ' 39680928 ’
_ 1 . 3q , 574 | 1594 | 4233¢*  29914° _ 450¢° |
Blwy = 12+ 5% T 25 + 21 T 20 560 7 T ’

1 2 3 4 5 6
a\23 (C3\4 1, 34, 57> | 159¢° | 158794 | 6747¢° | 7020945 |
(=34 (F) =mts o+ = + T o + e
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