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The mod 2 homology of free spectral Lie algebras

Abstract
The Goodwillie derivatives of the identity functor on pointed spaces form an operad 0, (Id)

in spectra. We compute the mod 2 homology of free algebras for this operad on suspension

spectra of simply-connected spaces.
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1. INTRODUCTION

Goodwillie calculus [8] associates to appropriate functors F' : Top, — Top, a tower of

approximations

-— P, F— P, F —---—= PF — RF

that is analogous to the sequence of Taylor polynomials for functions of a real variable.
The homotopy fibers D, F' = hofib(P,F — P, 1F) are called the layers of the Goodwillie
tower and are analogous to individual monomials £ (0)2™/n! in the Taylor expansion of a
function. Goodwillie proved that these layers are of the form D, F(X) = Q¥ (0, F A X" ),
for some sequence of spectra 0, F where the n-th spectrum is equipped with an action of ¥,,.

These derivatives 0, F" are very interesting even for ' = Id and have been much studied in
that case; they can be described as the Spanier-Whitehead duals of certain finite complexes.
The first such description was obtained by Johnson [11]; a second description is in terms of

partitions and appears in [3]. The partition complex P, is the pointed simplicial set

NTI,, / I, \ {0}) U N(IL, \ {1})),

where II,, is the poset of partitions of a set with n elements, ordered by refinement; 0 and
1 denote its least and greatest element, respectively; and N denotes, as usual, the nerve
functor. We shall regard P, as having the action of Y, induced by permutations of the
n-element set.

The layers of the Goodwillie tower of the identity are given by
D, (1d)(X) = Q> (Map, (P, Z¥X")ps,) ,

where Map, denotes the spectrum of maps from a pointed space to a spectrum. This implies
that 0, (Id) is Map, (P, S), the Spanier-Whitehead dual of P,.
In [6], Ching constructs an operad structure on 0,(Id) that is easiest to describe in dual

form: as a cooperad structure on P,. That cooperad is the bar construction on the nonunital



commutative operad in spectra (given by Comm, = S for all n > 1), so that the operadic
suspension of d,(Id) is Koszul dual to the commutative operad and we can think of 0,(Id) as
a shifted version of the Lie operad. Alternatively, one can also see a relation between 0, (Id)
and the Lie operad using what is known about the homology of the partition complex,
namely that the space of n-ary operations of the Lie operad in Abelian groups is isomorphic
as a Z[3,]-module to Hom(H,,_5(P,),sgn) —where sgn is the sign representation of ¥,,.

The mod p homology of the layers,
D,(X) =D, (Id)(X) = (0,(Id) A X/\”)hzn ,

was studied in [3] in the case that X is a sphere. (Since the free 0,(Id)-algebra on a space X
is given by €P,,~, Dn(X), the results in that paper can be interpreted as being about the mod
p homology of the free 0,(Id)-algebra on S™.) In the case p = 2, for example, what Arone
and Mahowald showed is that H,(DD,(S™);F,) is only non-zero when n = 2* is a power of 2
and in that case it is X*CU, as a module over the Steenrod algebra, where CU, is the free
graded IF,-vector space with basis given by the “completely unadmissible” words of length
k:

{QSl Q% s > my s > 2Si+1}

where u is a generator of H,,(S™;F,) and the action of the Steenrod algebra on CU, is given
by the Nishida relations.

In Behrens’ [4], he uses this computation to introduce mod 2 homology operations Q7 :
Hy(L) = Hgyj—1(L) for j > d on 0,(Id)-algebras. Part of an 0,(Id)-algebra structure on
L is a map & : (0o(Id) A L"?)5, — L and since 0»(Id) is S™! with a trivial Yy-action, we
have (95(Id) A L"), = S71Lp2 5 using that identification we set Q7 = &.07'@Q7 where
Q' : Hy(L) = Hyy;(L}3,) is a Dyer-Lashof operation. Behrens shows the Arone-Mahowald
computation can be interpreted as saying that the homology of the free 0, (Id)-algebra on S™

has an F,-basis consisting of completely unadmissible sequences of )7’s with excess at least



n applied to the fundamental class of S™, furthermore, he computes the relations satisfied
by the Q7’s.

In the present work we compute the mod 2 homology of the free 0, (Id)-algebra on the sus-
pension spectrum »*° X of a simply-connected space X, showing that it is roughly speaking
the free module over the ring of operations 7’s on the free Lie algebra on H,(X). It would
be of interest to extend these computations to free 0,(Id)-algebras on more general spectra

or to mod p homology for odd primes p; we leave these extensions to future work.

2. HOMOLOGY OPERATIONS ON ALGEBRAS FOR OPERADS

Given an operad O in spectra we will denote by F» the free O-algebra functor. This
functor is a monad, and O-algebras are equivalently algebras for it. If F is an F.-ring
spectrum, then there is an operad in E-module spectra we will denote by F A O, and a
free (E A O)-algebra functor Fg,o defined on E-module spectra. The E-module of n-ary
operations in £ A O is the free F-module on the spectrum O,: (E A O), = E A O,; we
get an operad structure on F A O induced from the operad structure on O because the
free E-module functor is symmetric monoidal. The free algebra functors are related in the
expected way: E A Fo(X) = Fgro(E A X). We will also make use of the functor between
O-algebras and (F A O)-algebras induced by the free E-module functor, £ A —.

Remark 2.1. To achieve the structure describe above one can work in a symmetric monoidal
category of spectra, such as EKMM S-modules [12], taking “spectrum” to mean S-algebra
and “FE..-ring spectrum” to mean commutative S-algebra. This is the same framework used
in [6] to put an operad structure on the derivatives of the identity.

Also, we will only consider cofibrant operads for which the notion algebra is homotopy
invariant, meaning that we can think of the homotopy type of the free O-algebra as being
given by

Fo(X) = \/(Ou A X",

n>0



and that we will think of an O-algebra structure on A as providing maps (O, A A" )5, — A.

Every class a € E,, <F@ (\/f:1 Sdi>> in the F-homology of the free O-algebra on a wedge
of k spheres gives a k-ary homology operation defined on the E-homology of any O-algebra
A, defined as follows:

Given z; € E;.(A) (i = 1,...,k), we can represent each z; by a map of spectra S% —
E N A, and thus the whole collection of them can be described by a single map of spectra
Z: Vi, 8% » EAA Since EAAis an (E A O)-algebra, & has an adjoint # which is
a map of (E A O)-algebras to E A A from the free (E A O)-algebra on \/{_, S%, namely
FE/\O(V?:I SEE) = E A FO(\/le S%).

The homology operation corresponding to a, is a. : @, Fa,(A) = E,,(A) defined by
setting au(r; ® - - - ® xy) to be represented by the map

k
S™ S EAFo(\/ $%) 5 EAA.

i=1

Notice that an analogous construction gives operations on the stable homotopy of (EAQ)-
algebras and given an O-algebra A, the operations on the E-homology of A coincide with
those produced on the homotopy of the (E A O)-algebra E'A A.

To get a useful theory of homology operations for (-algebras, besides computing those
homology groups, the various Em(\/f:1 S%), one must organize the operations: find a rel-
atively small collection of operations that generate all others and find a generating set of
relations for the operations. This has been carried out for HF,-homology of algebras for the
E,-operads, due to May in the case n = oo, and due to F. Cohen in the case 1 < n < oo;
see [7].

Homology operations with field coefficients are simpler to study, because of the following

result:

Proposition 2.2. Let O be a operad in spectra. The homology with coefficients in a field k

of the free O-algebra on a spectrum X is a functor of the homology of X.

4



Proof. Consider the following commutative diagram:

HEN— T &
Sp — " Hk—Mod —— D(k) — GrVect,

S

8p ————— Hk—Mod —— D(k) — GrVecty
HkA— ™ =

Here Sp denotes the category of spectra, Hk—Mod denotes the category of Hk-module
spectra, D(k) is the homotopy category of Hk—Mod or, equivalently, the unbounded derived
category of vector spaces over k and GrVect, is the category of graded vector spaces over k.

The functor 7 is the projection from Hk—Mod to its homotopy category; this functor
preserves coproducts but when the characteristic of £k is not 0, it does not send homotopy
quotients by the action of ¥, to quotients by the action of ¥, so the induced monad F
is no longer the free algebra functor for an operad. Finally, when £ is a field there is an
equivalence D(k) = GrVecty, allowing us to define the monad F so that the last square

commutes. O

3. THE OPERAD 0,(Id) AND THE SPECTRAL LIE OPERAD

Recall that the suspension of an operad O is an operad sO defined so that:

e sO-algebra structures on XA correspond to O-algebra structures on A,

e the free algebra functors satisfy Fso(XX) = X Fp(X), and

e as a symmetric sequence, (X0),, is given by (S71)""*AXO,, with 3, acting diagonally,
permuting the smash factors on the left and acting on X0, via the suspension of the

action on O, (that is, it acts trivially on the suspension coordinate of ¥0,,).

By the spectral Lie operad we mean the desuspension s, (Id) of the operad formed by
the Goodwillie derivatives of the identity. It is the spectral Lie operad which is most closely
analogous to Lie algebras and some of our formulas would be simpler for it, but we will

stick to the language of the J,(Id)-operad and 0,(Id)-algebras to make using the available

5



literature easier. As a symmetric sequence, the spectral Lie operad is given by the derivatives
of the functor Q¥ : Top, — Top, (see [8, Section §]).

As we said before, the easiest way to describe the operad structure of 9, (Id) is to describe a
cooperad structure on the bar construction of the nonunital commutative operad, and obtain
the operad structure of 0,(Id) by taking Spanier-Whitehead duals. To describe Ching’s

cooperad structure, we need to explain how to think of the points of |P,| as trees.

3.1. The partition complex as a space of weighted trees. Before we describe how to

assign trees to simplices of P, or to points of |P,|, let us fix some conventions for trees:

e A tree is, as usual in graph theory, a finite connected graph without cycles.

e We will only deal with rooted trees, that is, trees with a distinguished vertex, called
the root, that is incident to only one edge!. That edge is called the root edge.

e In a rooted tree any vertex other than the root which is incident to a unique edge is
called a leaf, and the edge it is incident to is a leaf edge.

e All other edges are called internal edges.

e We will orient rooted tree towards the root, so that every non-root vertex has a
unique outgoing edge, and every non-leaf vertex has one or more incoming edges.

o A leaf labeling of a rooted tree with set of labels A is a bijection between A and the

leaves of the tree.

Now, a k-simplex in P, is given by a chain of partitions 0 = A\g < Ay --- < A\, = 1, this
gives us a rooted tree with leaves labeled by {1,2,...,n}, of with &+ 1 “levels”: a level for
the root and for each A; a level whose vertices correspond to the blocks of A;. The vertex
corresponding to a block of some \; has a single outgoing edge connecting it to the vertex for
the unique block of \;;; containing it. A picture makes this construction clear, see Figure 1.

To points of the geometric realization |P,| we will associate weighted trees below, but first

some definitions:

IThat the root is required to have valence 1 is not standard in graph theory.

6



1]4[512]3 = Ao
1]45(2|13 = A
1]45(23 = A,
145[23 = Ay
14523 = A4

FIGURE 1. The tree associated to a simplex of P,.

e A weighting on a rooted tree is an assignment of a non-negative real weight® to each
edge of the tree in such a way that for each leaf v, the sum of the weights of the edges
on the path from v to the root is 1.

o A weighted tree is a rooted tree equipped with a weighting.

Now, every point of |P,| can be described by giving a k-simplex of P, and a point z in
the topological k-simplex, |A*| = {(zq,...,z;) € R¥ 2, > 0,3 x; = 1}. Given this data
we construct a weighting on the tree associated above to the k-simplex of P,:

e First, declare that all edges going from the level for A; to the the next lowest level
have weight ;.
e Then, for each vertex with only one incoming edge and one outgoing edge, merge the

two edges, adding the weights.

Remark 3.1. Notice that the trees we associated to simplices of P, have a height, that is, all
of their leaves are at the same distance from the root. This is not the case for the weighted
trees associated to points of |P,|, because of the merging of edges. On the other hand,
the weighted trees we constructed never have vertices of valence 2 (vertices with a single
incoming edge and a single outgoing edge), but the trees corresponding to simplices might

have them.

2This is called length in [6].



The above construction gives a homeomorphism [6, Proposition 4.13] between |P,| and
the space B(Comm)(n) of weighted trees with leaves labeled by n := {1,2,...,n}. For an
arbitrary finite set A of leaf-labels, the space B(Comm)(A) consists of certain weighted trees

subject to certain identifications:

e The points of B(Comm)(A) are weighted trees with leaves labeled by A. The trees
are required to have no vertices of valence 2.
e The identifications are as follows:
— If the root edge or any leaf edge of T" has weight 0, then 7' is identified with the
basepoint.
— If an internal edge e of T" has weight 0, T is identified with T'/e, the weighted

tree obtained by contracting the edge e.

Remark 3.2. Ching describes the bar construction B(QO) on an arbitrary reduced operad O
in pointed spaces in terms of weighted trees; the above is what the description simplifies to
in the case of the bar construction on the nonunital commutative operad, whose spaces of

operations are given by Comm(A) = S for A # 0.

3.2. The cooperad structure of B(Comm). Given (unweighted) trees U and V' with leaves
labeled by A and B respectively, and given a € A, we can construct a new tree U U, V,
called the grafting of V onto U, by identifying the root edge of V' with the leaf edge of U at
the leaf labeled by a. The leaves of U U, V' are naturally labeled by AU, B := (A\ {a})UB.

Again, a picture makes this clearer, see Figure 2.

Definition 3.3 ([6, Definition 4.16]). Given two sets of leaf-labels A and B, and a label

a € A the cooperadic structure map
0, : B(Comm)(A U, B) — B(Comm)(A) A B(Comm)(B)

on a (AU, B)-labeled weighted tree T' is defined as follows:

8



A\ {a} I A\ {a}

Ce

1% Uuu,V
FIGURE 2. Grafting of trees.

e If the underlying unweighted tree of 7' can be obtained as UU, V for some (necessarily
unique) unweighted trees U and V' with leaves labeled by A and B respectively, we
will give certain weightings to U and V and declare that o,(T) = U A V.

Let v be the vertex of T that serves as root for the copy of V sitting inside T (as
indicated in Figure 2). All paths to the root of T" starting from a leaf labeled by an
element of B pass through v. Since in T the total weight of each path from a leaf
to the root is 1, all paths from a leaf labeled by an element of B to v must have the
same total weight, say w.

The weightings of U and V' are defined as follows:

— Every edge in U except the leaf edge at a is given the same weight as in T'; the

leaf edge at a is given weight w.

— Each edges of V' is given weight w/w where w is the weight that edge has in 7'

If the underlying unweighted tree of T" cannot be obtained by grafting a B-labeled

tree onto an A-labeled one, o,(T) is the basepoint.

Remark 3.4. Again we gave Ching’s definition only in the special case of interest here.

4. TWO KINDS OF LIE ALGEBRAS IN CHARACTERISTIC 2

In this section we collect a few definitions about (graded) Lie algebras we will need later.

We will actually need to use two different notions of Lie algebras. The usual definition of

9



Lie algebra in characteristic 0 is equivalent to being an algebra for an operad Lie in Abelian
groups. One can take algebras for that operad in the category of R-modules or of graded
R-modules for a commutative ring R and this gives one possible definition of graded Lie
algebra. Since 0,(Id) is the suspension of the spectral version of the Lie operad, we are also
interested in algebras for the suspension slLie.

Spelling out the structure we see that a graded Lie-algebra L over a commutative ring R
is a graded module equipped with a binary operation [—, —| : L; ® L; — L;,; satisfying:

e anti-symmetry, [z,y] = —(—1)"¥[y, 2], and

e the Jacobi identity,

(=), [y, 2] + (=), [2,2]) + (~1) W[z, [z, 5] = 0.

(Where z and y are homogeneous elements of degrees |z| and |y|.)
For sLie-algebras things are only slightly different:
e The bracket has degree —1: [—, —| : L; ® L; — L;y;_1.

e Anti-symmetry becomes graded commutativity:

[.73, y] = (_1)|2:Hy| [y7 .T]

e The Jacobi identity stays the same!

All the signs in the above formulas come from the Koszul sign rule, that is, from the signs
in the symmetry isomorphism of the category of graded R-modules. Since we will work over
R = Fy we need not worry about signs, but we mention them to point out that for an element
x of even degree in a Lie-algebra (or of odd degree in a sLie-algebra), the definitions imply
that 2[z, x] = 0, but they don’t actually imply [z, z] = 0 if 2 is not invertible in R.

If R has characteristic 2, while [z, ] may not be 0, we do have that any brackets involving

it are 0: by the Jacobi identity,

[z, 2], 4] = [z, y], x| + [[y, 2], 2] = 2[[x,y], 2] = 0.

10



As an example showing [z, z] can be nonzero, the free Lie-algebra over [Fy on one generator
x in an even degree is easily seen to have basis {z, [z, z]}.

Given a graded associative R-algebra A, the graded commutator [z,y] = zy — (1)
gives A the structure of a Lie-algebra, but all the algebras produced this way necessarily
have [z,z] = 0 for |z| even. This means that if a Lie-algebra over an R of characteristic 2
has some nonzero [z, z] with |z| even, it cannot be faithfully represented by commutators,
and thus does not inject into its universal enveloping algebra. This substantially changes
the theory of Lie algebras requiring an embedding into the universal enveloping algebra and
so at least one other definition of Lie algebra in characteristic 2 is sometimes used, one that
forces an injection into a Lie algebra of commutators.

In the case of R = [y this other kind of Lie algebra simply adds the requirement that
[z, 2] = 0 for all homogeneous z. We will call this kind of Lie algebra a Lie'-algebra —the
ti stands for totally isotropic. A definition for all rings R, due to Moore, just forces the

representation as a commutator Lie algebra to exist:

Definition 4.1. A graded Lie"-algebra (resp. sLie"-algebra) over R is graded R-module L
with a bracket L, ® L; — L;y; (vesp. L;;+j_1) and a monomorphism L — A to some graded
associative algebra so that the bracket goes to the graded commutator zy — (—1)¥lyz (resp.

wy + (—1)Wlyg).

Our main interest in these algebras is that the basic products appearing in Hilton’s theorem
about the loop space of a wedge of spheres [10] form a basis (called a Hall basis) for a totally

isotropic Lie algebra, see the discussion in section 7.

5. HOMOLOGY OPERATIONS FOR 0, (Id)-ALGEBRAS

Throughout this section L will denote an algebra for the operad d.(Id). So in partic-
ular, L is a spectrum equipped with structure maps &, : D,(L) — L where D, (L) =
(On(Id) A L"), . There is a more traditional way to describe the structure of an alge-

bra for an operad: by giving maps «,, : 0,(Id) A L — L that are X,-equivariant for the

11



trivial action on the codomain and the diagonal action on the domain. The relation between

these two styles of definition is captured in the following commutative diagram:

Qn

8,,(Id) A L L

N AN

(0.(1d) A LM ,s, ————— LASEBY, — L,

\—//

én

where the vertical maps are the canonical maps Y — Y} and the unlabeled horizontal

map is L A X(—) applied to BY,, — *.

In this section we will describe some operations on H,(L;Fy) that will turn out to generate

all others, and whose definition will only require the map
=& (0:(Id) A L/\Q)h22 — L.

Notice there is only one unweighted tree with two leaves, and it has an interval’s worth of
weightings; the identifications make B(Comm)(2) homeomorphic to S, so d(Id) = S~}

with a trivial ¥p-action. This implies that (dx(Id) A L"?), o = N1 L33 .

5.1. The shifted Lie bracket. We'll start by describing the Lie bracket. Here we remind
the reader that 0,(Id) is not really analogous to the Lie operad, but rather is analogous to

its operadic desuspension.

Definition 5.1. The shifted Lie bracket on the homology of an 0,(Id)-algebra L is the map
[-,] : Hi(L) ® H;(L) = H;1;—1(L) given by the fundamental class S™' — 0(Id), that is, it

is the map induced on homology by the suspension of the structure map ayp : 1L — L.

This operation really gives a slLie-algebra:

12



Proposition 5.2. Given any 0.(1d)-algebra L, the shifted Lie bracket on H.(L) gives H.(L)

the structure of a slie-algebra.

Remark 5.3. The following proof, that works directly with spectra before taking homology,

shows that H,(L;IF,) is a sLie-algebra over F,.

Proof. We've already proved symmetry, when we computed 0y(Id) and saw it had the trivial
Yp-action.

To prove the Jacobi identity, we will show that 1 + o, + 02 : 95(Id) — 05(Id) is null-
homotopic where o = (123) € 3. We can work with 3°° P;, before taking Spanier-Whitehead
duals.

Now, P5 consists of:

e a l-simplex, corresponding to the chain (0 < 1, connecting the basepoint 0 = 1 with
itself, and
e three 2-simplices, say 7y, o, 73, each filling in the above circle, corresponding to the

three chains 0 < (23|1) < 1, 0 < (13]2) < 1, and 0 < (12]3) < 1, respectively.

The 3-cycle o permutes those three 2-simplices cyclically. We can compute 1 + o + 02 :

Y®°P; — ¥*°P5 as the composite:
3 ) 3
I A Y o A VA i RS Yl Y

Non-equivariantly we have an equivalence S? Vv S? 5 P3, where we will think of the first
S? as mapping to P; by sending the northern hemisphere to 71, and the southern hemisphere
to 72; we’ll abbreviate this map S? — P; as 7o and use similar notation for other maps.
We'll think of the second wedge summand S? as corresponding to the map 7y3.

We can think of a map \/"X>°P; — \/™ X>P; as given by an n X m matrix of maps

Y Py — X Py, and each such map as given by a 2 x 2 matrix of maps X*°S5? — $°S52,

13



The matrices of A and V are just the 3 x 1 and 1 x 3 matrices each of whose entries is I,
the 2 x 2 identity matrix. Once we have the 2 x 2 matrix S representing o : X*° Py — ¥ P53,
the matrix of 1V o V o2 is given by 3 x 3 diagonal matrix with I, S, S? along the diagonal.

To compute the matrix S, notice that o o 79 = T3 and ¢ o 793 = 737. The map X735 is
given by 37115 + 3713, and 7131 differs from 713 by the reflection swapping the hemispheres

of S%, which has degree —1. So,

S:
1 -1

This means the composite map 1 + ¢ + 02 has matrix:

I 0 0\ /(I
(1 I I) 0SS of||r|l=I1+S+5%
00 52/ \1

which is readily computed to be 0. U

5.2. Behrens’s unary Dyer-Lashof-like operations. In [4, Chapter 1], Behrens inter-
prets Arone and Mahowald’s calculation [3] of H,.(ID,(X)) for a sphere X in the case p = 2
in terms of unary homology operations for the layer of the Goodwillie tower of a reduced
finitary homotopy functor I : Top, — Top,. The Arone-Ching chain rule [1] gives the sym-
metric sequence of derivatives of F', 0.(F), the structure of a bimodule for d,(Id). Behrens’s
operations only use the left module structure and could be defined on the mod 2 homology
of any symmetric sequence which is a left module over 0,(Id). In particular, regarding an
0.(Id)-algebra as a symmetric sequence concentrated in degree 0, we get unary operations

on the mod 2 homology of an 0,(Id)-algebra:

Definition 5.4 (adapted from [4, Section 1.5]). Let L be a spectrum equipped with the

structure of an 9, (Id)-algebra. We define homology operations

@’ : Hy(L) = Hyyj—1 (L),
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as follows: for x € Hy(L), we set Q'x := £,07 Q72 where

o {: X7 = DDy(L) — L is part of the 9,(Id)-algebra structure of L,
o 07"t Hyyj(L73,)) — Harj—1(D(L)) is the (de)suspension isomorphism, and

o ) : Hy(L) = Hgyy;(L}3,) is a Dyer-Lashof operation.

Note that @’ has degree 7 — 1 but the notation for it uses “j” because it is named after

(7. Also notice that if j < d and @ € Hy(L), we have Qz = 0 simply because @’z = 0.

Remark 5.5. By modifying the setting of the definition of the ()7, we’ve introduced a potential
ambiguity! For a free 0,(Id)-algebra L = Fj 1q)(X) on some spectrum X, there are two
different ways in which we could mean Q’x for x € H,(L): using definition 5.4, or using
Behrens’ original definition for the functor Id. Let us explain what that definition is and
show it agrees with our definition in this case.

Given a functor F' : Top, — Top,, part of the left 0,(Id)-module structure on 9,(F) is a

¥y ! ¥i-equivariant map 9»(Id) A 9;(F)"? — Oy (F). This induces a map

Vi BTN D(F) (X)), 2 (0a(1d) A G (F)™ A X")

hENE;

s (00(F) A X

h32;

= Dy (F)(X),

and for z € Hy(ID;(F)(X)), Behrens defines Q/z = (¢;).0 Q.

Given z € Hy(D;(1d)(X)) C H.(Fp,qa)(X)) and a j > d, to show that the Q/z from
Definition 5.4 agrees with this original version of Q’z € Hyy (Do (1d) (X)) C Hy(Fp, 1a)(X))
we just need to unwind the definitions, the point being that both the left 0, (Id)-module
structure of 0,(Id) and the 0,(Id)-algebra structure of Fj_(1q)(X) come directly from the

operad structure maps of 0, (Id).
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Definition 5.6. Let R be the Fy-algebra freely generated by {Q7 : j > 0} subject to the

following relations:

QT‘QS —

(]

TSt <23 —r 142k

N >Q25+1+k@r—s—1—k’ if s <r < 2s.

k=0
That relation allows one to rewrite any monomial in the ¢’ into a linear combination of
CU-monomials, that is monomials Q7 = Q1Q72 - - - Q% where J = (jy,...,ji) is a (possibly

empty, corresponding to 1 € R) sequence of integers satisfying j; > 2j;,1 fori =1,... k—1.

Definition 5.7. A non-negatively graded module M over R is called allowable if whenever

x € M is homogeneous of degree n and j; < jy + - - - + ji, + n, we have Q' Q72 - - Q7*x = 0.

Remark 5.8. This notion of allowable requires more operations to vanish than required by
degree considerations, that is, more than required by the condition @’z = 0 when z € M,,
j < d. Indeed, that last condition only implies Q7*Q’2 - - - Q7*x = 0 when j; < jit1 + - ju +
n — (k — i) for some i; note the extra negative term —(k — 7). The reason for this extra
vanishing required is the isomorphism in [4, Theorem 1.5.1], that in the notation used there,
sends oFQ1 Q72 - - - QIr1, — QI'Q72 - - - Q*1,. The @ do have that vanishing property just

for degree reasons.

Proposition 5.9. Given an 0,(1d)-algebra L, the action of the operations Q7 makes Hso(L)

into an allowable R-module.

Remark 5.10. Since our goal is to compute H,(Fjy,1a)(X°X)), we are focusing here on the
relations p(Q°, Q',...)r = 0 that hold between the (7 when applied to classes x in non-

negative degree.

Proof. We will deduce that the operations act allowably and satisfy the relations in the
algebra R from [4, Theorem 1.5.1]. That theorem states that if we define R, to be the

quotient of R obtained by imposing the additional relations Q717 --- Q% = 0 whenever
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J1 < Jjo+ -+ Ji+n, then

P H. (D (5") = Ro{in}.

k>0
where ¢, is the fundamental class of H,(S™) (thought of as living in H,,(ID;(S™)) = H,(S™));
and the operators 7 obey all the relations in the algebra R,,.

Given any class x € H,(L), we can represent it by map x : X"HFy — HIFy A L of
HF,-module spectra. This corresponds to a map z' : HFy A Fa*(ld)(S") — HFy; A L of
(HFy A 0,(Id))-algebras. The naturality of the 7 operations shows that given any R € R
we have H,(x")Ri, = Rz, so that if the relation Ri, = 0 is satisfied in H.(Fy,1a)(S™)), the
relation Rz = 0 holds in H,(L). O

Notice that it also follows from theorem [4, Theorem 1.5.1], that the CU-monomials Q”’

are linearly independent.

6. ALGEBRAIC STRUCTURE OF HOMOLOGY OF 0,(Id)-ALGEBRAS

We can now state the algebraic structure of the homology of an 0, (Id)-algebra:

Definition 6.1. An allowable R-sLie-algebra is a graded Fy-vector space M, equipped with

e a shifted Lie bracket [—, —] : M; ® M; — M; j_1, and

e the structure of an allowable R-module on Msq,
such that

(1) Q*x = [z, 7] if v € M, and
(2) [z, Q%y] =0 for any x € M;, y € M;.

Remark 6.2. Notice that condition 2 only has content when k > j, since otherwise Q*y = 0.

Theorem 6.3. Given any 0.(Id)-algebra L, the operations described above give its mod 2

homology Hso(L) the structure of a allowable R-sLie-algebra.
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Proof. We've already shown that the bracket gives H, (L) the structure of a sLie-algebra and
of an allowable R-module in propositions 5.2 and 5.9. We will prove properties 1 and 2 from

Definition 6.1 in lemmas 6.4 and 6.5 below. ]

It will be convenient to recall a construction of the Dyer-Lashof operation Q" : H;(L) —
Hj.(Lp3,) for k > j. A class * € H;(L) can be represented by a map x : X/HF; —
HFy; A L of HF>-module spectra. Applying the second extended power functor we get a
map :1:%22 L (% HIFQ)%?Q — (HFy A L);?EQQ, where we've used ® for the smash product of HIF;-
module spectra. Since the free HFs-module functor is symmetric monoidal and preserves
homotopy colimits, (HFy A Y)%Q2 = HF5 A YhAZZQ; so that we can regard at%i as being a map
(X/HF,) s, — HFy A L2, .

Now, (X7/HIF5)®? has trivial 3y-action (since this is about HF;-module spectra, we need
not worry about signs in the symmetry of ®), so (EJH]FQ);?;Z =~ Y%HF, A XPBY,. Let
Qr—j - YF-iHF, — HF, A 2 BY; pick out the unique non-zero class of degree k — j in
H.(BY,); then Q*z is represented by

k- ®id g2y,

SITRHE, (HF, A S BY,) ® L% HF,

®2
Thyy

> (SIHF,)py, —2 HF A L2,
Lemma 6.4. For any 0,(1d)-algebra L and x € Hy(L), we have QFx = [z, x].

Proof. This follows easily by unwinding the definitions: if x is represented by a map x :

Y*HF, — HF, A L, both sides are represented by the desuspension of some composite

$® 2
®2 Ths, HF,ASE

YHF, @ SPHF, — (S°HF,), . — HFy A L, —— HF, A L,

where ¢ : Z_lLQ%Q — L is the structure map. For [z, z] the first map is taken to be the

quotient map, while for Q*z it is ¢y ® idy2epy,, which agrees with the quotient map. 0

Lemma 6.5. For an 0.(Id)-algebra L and x € H;(L), y € H;(L) we have [z, Q*y] = 0.
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Proof. For k < j, Q*y = 0. For k = j, by Lemma 6.4, [z, Q*y] = [z, [y, y]] and this is 0 as
explained in section 4.

To analyze the case k > 7, we begin by unwinding the definitions in terms of representing
maps ¢ : YHFy — HFy AL and y : Y¥HF, — HFy; A L. To make the next diagram
fit on the page, we introduce some temporary notation: [i] := X/HF,, L := HFy A L,
BY, := HF, A YBY, and 9, := 0,(Id). Then [z,Q"y] € H; ;ix2(L) is represented
by the the composite from the top left corner to the bottom right corner in the following

commutative diagram:

[i+j+k—2]
idfi 1) ©E gk —; ®idg)
Y @ 7Y B, @ [24])

o

OLa), 15)
O AL AH]) @ (02 A )i, —— (95 A i+ 2]y xs)

(O1A2)@(D21y)s, (0372RY®?) (5 x24)
01,1

82 A (81 VAN E) & (82 N E)%zi —’> (83 A E/\3>h(21 X ¥9)

id®(HF2AE) &

W ANLRL L.

HF> Ao

The horizontal arrows whose labels involve 6 are defined using the structure map 6 : dy A

01 N\ Oy — 05, namely,
GX,Y : 82 A (81 A X) (024 (82 A Y)%EQQ — (83 AX® Y®2>h(21><22)
is given by (0 Aidxgye2)n(s, x5s)-

The arrow labeled & is HFy smashed with the composite

(@3)n(2y x29)
(21 XEQ)

(85 A L), LAXTYBY, — L,
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and that the bottom square commutes follows from the definition of algebra for an operad.

To conclude the proof, we will show that (03 A [i 4 2j])n(s, x5, is concentrated in degree
1425 — 2, which means the composite from the top of the diagram to that point must be null
if k # j. Now, that spectrum is equivalent to HFy A X727 (d5) (s, x5,) because the (X x 3,)-
action on [i + 2j] is trivial. So we need to describe 05 as a (X; X ¥g)-spectrum. Recall the
description of P; = B(Comm)(3) from the proof of Proposition 5.2: it consists of three 2-
dimensional disks with their boundaries identified, one for each of the three partitions (12|3),
(13]2), (23]1). The (X; x X5)-action fixes one of the disks and swaps the other two, so that Ps
is equivariantly equivalent to X?XY,, the double suspension of the regular representation

of Xy. Then 95 is B 72X, and (03)n(s, xxy) = S™2, as required. O

Remark 6.6. Lukas Brantner has written a similar proof of this lemma that will appear in
[5]. His argument analyzes the structure map 6 showing it is the double desuspension of the
tranfer map 25° B, — S and thus vanishes on mod 2 homology. I am grateful to him for
sharing his proof with me at a time when I was still confused about the "bottom operation”

and thought this result only held for £ > j.

7. HOMOLOGY OF FREE 0,(Id)-ALGEBRAS ON SIMPLY-CONNECTED SPACES

Now we can state our main result:

Theorem 7.1. Given a simply-connected space X, the mod 2 homology of the free 0.(1d)-
algebra on ©°X is the free allowable R-sLie-algebra sLz(H, (X)) on the reduced homology
H,.(X).

More precisely, the canonical map sCz(H, (X)) — H.(Fy,1a)(3>X)) is an isomorphism.

We will prove Theorem 7.1 in special cases of increasing generality in the next few sections,
but first we will give a convenient construction of the free allowable R-sLie-algebra. This

will involve the notion of basic products, that we now recall:
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Definition 7.2. The basic products on a set of letters x1,...,x, are defined and ordered
recursively as follows:

The basic products of weight 1 are x1, s, ..., x, in that order.

Suppose the basic products of weight less than k have been defined and ordered. A basic

product of weight k is a bracket [wy, ws] where

e w; and wy are basic products whose weights add up to k,
e w; < wsy in the order defined so far,

o if wy = [w3, w,] for some basic products ws and wy, then we require that ws < w;.

Once all the products of weight k are defined, they are ordered arbitrarily among themselves
and declared to be greater that all basic products of lower weight. We will assume these

choices of order are fixed once and for all.

Marshall Hall proved in [9] that the basic products form a basis for the free Lie algebra
on xy,xs,...,xrr. That result is for the totally isotropic, ungraded version of Lie algebra,
but it clearly extends, at least for R = Fy where the grading does not introduce signs, to
both Lie"-algebras and slLie"-algebras: if the letters have assigned degrees |z;|, we assign to
each basic product w with £ letters of total degree d, the degree |w| = d in the Lie" case and

|w| = d — ¢ in the sLie" case.

Proposition 7.3. The free allowable R-sLie-algebra sLz(V) on a graded Fy-vector space
V is the free allowable R-module on the free sLie® algebra on V', in symbols Az (F, .(V)),
equipped with a bracket defined as follows:
First, fix a basis B of V and consider the basis of Ag(Fye:(V)) consisting of all Q7w

where:

e J=(J1,...,Jk) is a CU-sequence of integers, and

e w is a basic product of degree at most j in letters from f3.
Now define the bracket on Ag(Fy (V) on that basis as indicated below and extended bi-

linearly:
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o [Q7wy,Q"wy) =0 if Jy £ 0 or Jy # 0.
o The bracket [wy,ws] of basic products is defined recursively as follows:
(1) If [wy,ws] is also a basic product, then the bracket is the basis element corre-
sponding to [wy, ws].

(2) [wl,wg] = Q'“’l'wl Zf w1 = Wa.

(3) [’U)l,’wg] = [wg,wﬂ Zf w1 > Wa.
(4) [wy, wa] = [ws, [wy, w1]] + [wy, [w1,ws]] if w1 < wy and we = [ws, wy] with wy <
ws.

Proof. Tn [9], Hall defines the Lie" bracket on the linear span of the basic products as above,
except that (2) is replaced with [wy,w;] = 0. He then proves that the recursion in the
definition does terminate and that it produces a Lie'-algebra, that is, that the bracket is
anti-symmetric, satisfies the Jacobi identity and [x,2] = 0 for all . A straightforward
adaptation of his proof will show that the above definition also terminates and produces
an allowable R-sLie-algebra. But before we explain that, let’s assume the bracket does
define a R-slLie-algebra and check that it is free. Let f : V — E be a morphism of graded
vector spaces where E is an allowable R-sLie-algebra. There is a unique bracket-preserving
extension of f to the linear span of the basic products, and therefore a unique extension of
f to a morphism of allowable R-modules Az (Fy (V) — E. That this unique extension
is also a morphism of allowable R-sLie-algebras is clear from the above definition of the

bracket.

And now we check the bracket correctly produces an allowable R-sLie-algebra. First of all,
notice that the degrees of the various parts of the definition are correct for a shifted bracket.
Secondly, having [wy, w;] = QI"lw; instead of 0 does not affect termination of the recursion
at all. Both 0 and QI"tlw, have the following properties: (1) they are expressions containing
no further brackets, so if a term reduces to one of them that term requires no further

reduction, and (2) if they appear inside a bracket, the term containing that bracket is 0.

22



This means that the process of reducing a bracket [z,y] to a linear combination of basic
products by repeatedly applying the recursive definition uses exactly the same steps in both
Hall’s Lie" case and in our R-sLie case, the only difference being that any [w,w] that appear
on their own (that is, not inside a bracket) will reduce to Q!“lw instead of 0.

Next we must check that this bracket satisfies [z, Q*y] = 0, [z, z] = Q"lz, symmetry and
the Jacobi identity. All of these need only be checked on the given basis. Symmetry and
that [, Q%y] = 0 are directly built in to the definition, as is the fact that [z, 2] = Q1*lz when
z is a basic product. When z = Q7w for J = (jy,...,jx) with k& > 1, we have [z,2] = 0
(since J # 0), but we also have || = j1 + -+ ji + |w| — k < j1 + -+ + Jjr + |w| so that
QVlx = QQ7w = 0 is required by allowability.

Now only the Jacobi identity remains to be checked:

S [Q% wr, [@%wa, Q" ws)] = 0.

cyclic
If any J; # 0, all three terms are 0, so assume all J; = (). This remaining case can be proved
exactly as in [9, Section 3, p. 579], with one tiny change. There is only one place in that
proof where the condition [w,w] = 0 is used: it is at the very beginning of the argument for
the Jacobi identity. The proof starts by considering the case when two of the w; are equal,
say wy; = wy. Then the terms [wy, [wy, ws]] and [wy, [ws,w]] cancel by anti-symmetry and
the remaining term is 0 since [ws, [wy, w1]] = [ws, 0]. In our case, that last term still vanishes:

[ws, [wy, w]] = [ws, Q" w;] = 0. The rest of Hall’s argument goes through verbatim. O

7.1. The free 0.(Id)-algebra on a sphere. For X = S™ Theorem 7.1 is essentially a
restatement of [4, Theorem 1.5.1] using Proposition 7.3. Indeed, the free sLie"-algebra on
H,(S™) = Fao{u,} is just Fo{s,} again, so that sLz(H,(S™)) = Ag(Fo{t,}), which is what
Behrens shows H,(Fy, 1a)(S™)) to be.
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7.2. The free 0,(Id)-algebra on a finite wedge of spheres. Now we consider the case
of X = S v 8% v ...v S% for some integers d; > 2; in this case Fp(X) can be computed

from the results of [2], which we now summarize.

Consider a bit more generally the case X = X(X; V ---V X}), where the X; are some
connected spaces. In [2] there is a computation of D, (Id)(X) = XD, (QX)(X; V- - -V X}) that
takes multi-variable Goodwillie derivatives on “both sides of the Hilton-Milnor theorem”.

The Hilton-Milnor theorem (see [13, Section XI.6]) gives a homotopy equivalence between
OXX = Q¥(X; V-V X;) and the weak?® infinite product [], QXY,(X1,..., X)), where
w runs over the basic products on k letters, and each Y,, is the functor obtained from the
word w by interpreting the i-th letter as X;, and the bracket as the smash product; so that
Yo (X1, .., Xe) = XM Ao A XD with m;(w) counting the number of occurrences
of the i-th letter in w.

To describe an explicit map giving this equivalence we need to recall the definition of
the Samelson products. Let G be an H-group and ¢ : G Xx G — G be the commutator
map. The composite map G x {e} — G x G 5 G is null as is the analogous map from
{e} x G. This means that GV G — G x G = G is null and thus there is a pointed map
¢: GNG — G (whose homotopy class is well-defined). Now given any two pointed maps
a:W — G and 8 : Z — G, we can defined their Samelson product («, §) as the composite
WAz anGgSa.

Given a basic product w there is a map hy, : Y, (X1,...,X,) = QXX obtained from w
by interpreting the i-th letter as the canonical map X; — X — QXX and interpreting the
bracket as the Samelson product. Let h, : QXY (X1,...,X,) — QXX be the extension
of hy, to a map of As-spaces and for any set B of basic words let hg be the composite

[oes O5Yo (X, . X,) 122 (@3X)P % QXX Then the Hilton-Milnor theorem can be

stated as saying that the colimit of hp over all finite sets of basic products is an equivalence.

3This means the homotopy colimit of the finite products, where the maps in the colimit include a product
into a larger product using the basepoint on the extra factors.
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The result Arone and Kankaanrinta obtain from the Hilton-Milnor equivalence [2, Theorem

0.1] is the following equivalence of spectra:

1

(0 (QZ) AT (XP™ A A X))

h(Eny X-x3n, )

\/ Vo Du(QS) (Yu(Xy, .. X)) |

dlged(ny,...,ng) \weW (&b ... Tk

where W (%, ..., %) is the set of basic products on k-letters involving the i-th letter
exactly 2 times.

We can use this to get a nice formula for ZilFa*(Id)(X)i
Fo.on) (X1 V-V Xy) = \/}D)n(QE)(Xl VeV XG)

_\/ QD) AT®(X1 V-V X))

hXy,

:\/ (an(QE) A \/ Indzn 1 XXy (XlAm ARRRNA Xli\nk)>
n hX

ni+--+ng=n

n

=\ (Ot (0D A (X A A X))

h(Znq X x3p, )

SRV Y V' Du(0m) (i, .. X))

= \/ Fy, oz) (You(X1, ..., X)),
weW

where the last wedge runs over all basic products in k letters, and the next to last step uses
the change of variables m; = " this gives a bijection between all (k+1)-tuples (ny, ..., 1, d)
of positive integers with d | ged(ny, ..., ng), and all (k4 1)-tuples (myq, ..., mg, d) of positive

integers.
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This in turn tells us, for Fj, (1q), that:

Fo.qa) (S(X1 V-V X)) =\ Foaa (SYu(X1,. .., X))

weW

Plugging in X; = S%~!, for some d; > 2, we get that

Fo.q (S Vv %) =\ Fo.aa (S™),

weW

so that Proposition 7.3 allows us to conclude Theorem 7.1 for the wedge S% V- - -V S% from

the case of single spheres.

7.3. The free 0.(Id)-algebra on a simply-connected space. Bootstrapping from the
previous cases to [y, q)(X) for general simply-connected X is purely formal using the fact
that H,(F»,a)(X)) only depends on the homology of X, as shown in Proposition 2.2.

Let ¢x : sLr(H(X)) = H.(Fa,qa)(X*X)) be the canonical map coming from the univer-
sal property of the the free allowable R-sLie-algebra.

If X is an arbitrary wedge of spheres, each of dimension at least 2, then we can write X
as a filtered colimit of finite wedges of spheres and these fall under the previous case. Since
homology and the free functors we are using all commute with filtered colimits, the result
also holds for such an X.

Now, for a general simply-connected X, pick an Fy-basis {z;} of H,(X) and use it to
construct an equivalence of HFs-module spectra f : \/j Yl#lHF, — HFy A ¥°X. The
natural transformation ¢ is a special case of a natural transformation ¢y : sLz (7. (V)) —
T (Farano.(1q) (V) for HFo-module spectra V, in the sense that ¢x = Yup,an~x. In the

naturality square

w(Vj SEEAEN!

sLp(m(V; S HEF,)) —————— m(Fippna.aa)(V; 5% HE))

sLp (m(f)) J lﬂ'*(FH]FQ/\E)*(Id)(f))

P(HFy AT X)

Sﬁﬁ(ﬂ'* (HIFQ N ZOOX)) — T4 (FH]FQ/\B*(Id) (HIFQ N EOOX>),
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all maps are known to be isomorphisms (the vertical ones because f is an equivalence, the top

one because it is ¢(\/- S|zj|)) except the bottom one, which therefore also is an isomorphism.
J
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