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Enabling versus controlling - Online appendix

Andrei Hagiu* and Julian Wright'

October 28, 2015

This online appendix contains the derivation of the closed form solutions for the examples used in
the main paper. It establishes the result stated in Section 4.3 of the main paper, that Proposition 4
continues to hold even if the price is endogenous and there are production costs. It provides the proofs
of some results stated in the extensions section of the paper. It also details the numerical analysis
performed to check the robustness of the first part of Corollary 1 to the introduction of private benefits

and spillovers.

1 Linear example

We directly conduct the calculations for the linear example with N > 1 agents and spillovers, i.e.

where the revenue generated by agent i is
R; =0a; +x(a_; — a;) +ve; + 61

and fixed costs are
1 1 1
¢ (a) = §a2, c§ (e) = 562 and ¢ (I) = 5I2. (1)

7
The results for the case N = 1 are then simply derived by setting x =0 and N = 1.
Consider first the E-mode. The payoff to agent ¢ from working for the firm is

1
e =T =(1—1t)(0a;+z(@_; — a;) +ve; +6I) — —e? — T,

1—t)R; —

DN | =

which implies that the level of effort chosen by each agent in the second stage is

" (t) =7 (1-1).
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In E-mode, the firm sets aj, ...,ay and I to maximize its second stage revenues (wages are paid in

the first stage):

N 1 '
E (t (Oa; +x (G—; — a;) +ve; + 1) — 2a§> — 5[27
i=1

implying the firm’s optimal choices are

af (t) = 6t

TP (t) = Nét.

The fixed fee T is set to render each agent indifferent between working for the firm and her outside

option, so the expression of EF-mode profits as a function of ¢ is

g((&z—i—N(S?)t(Q—t)—i—'yQ (1-¢%)). (2)

Maximizing (2) with respect to ¢ implies the optimal variable fee in E-mode is

02 + N§2

tE*:
02 +~2 + N6?’

which is positive but smaller than 1. With this optimal variable fee, the resulting profits in E-mode

are

e = Y 02+N52+7—4 : (3)
2 02 + % + No?

Consider next the P-mode. The payoff to an individual agent joining the platform is

1 1
(1 —1t)(Oa; +x (a_; — a;) + ve; + 1) — §a$ — 56? -T.

Individual agents maximize their second stage payoff by choosing

e (1) = v(1—1)
aP ()= (0 —2)(1—1).

The firm’s second stage profits in P-mode are
N

1
> t(0a; +x (@ — a;) + ve; + 6I) — 51‘2,
=1



which the firm maximizes over I, leading to
I (t) = Nét.

Stepping back to the first stage, the firm sets T' to equalize the agents’ net payoff to their outside

option. Total firm profit in P-mode as a function of ¢ is then

g((Q—m)(l—t)(0+x+(9—a:)t)+72(1—t2)+N62t(2—t)). (4)

The optimal variable fee is
Né&% — 2 (0 — )

th = :
(0 — 2)* +~2 + N§2

Resulting profits in P-mode are

N (N52—:E(9—$))2
7= (02 —2?++2 + . 5
2( T T 0 21 N2 5)

Comparing (3) with (5), the P-mode is preferred if and only if

2
s  (N&*—z(0—ux)) 9 5 o
Né —_—
Yo e T T e N

If there are no spillovers, i.e. x = 0, then this condition simplifies to
7% > N&2.
For x # 0, the condition can be re-written

2 2
($+02+N52> 392(92+72+N52)+’y4

or

,52(— (62+ N6?) — VP (@ + 2+ No?) +77) <a <

70; (— (62 + N&%) + /02 (02 + 2 + N4&2) + 74) :

Finally, let us determine the effects of v and ¢ on the tradeoff between the two modes. To do so,



we apply the envelope theorem to expressions (2) and (4) and obtain

dHE*

707 = 7 (1)) and s = S (207
dHP* _ N Px\2 dHP* _NP* Px
105 = o (17 (7)) and s = S (2= ).

Since 0 < tP*,tP* < 1 and t (2 — t) is increasing in ¢ for ¢ € [0, 1], we conclude that

d HP* o HE*

(—2) > 0 if and only if t¥* > ¢
d(v?)

d HE* . HP*

W > 0 lf and only lf tE* > tP*.

2 Linear example: endogenous price and production costs

We now extend the linear example from the previous section with x = 0 and N = 1, by allowing
the firm to also set a price in the contracting stage, along with the fees (¢,7'), and by also adding a
production cost. We will establish the result stated at the end of Section 4.3 in the main paper, i.e.
that Proposition 4 continues to hold in this case.

The revenue generated by the agent is now
R(p7a7€7-[) = (p_d) (D0+9a+7€+51_p)7

where d > 0 is a constant marginal production cost, p is the price chosen by the firm and Dy is some

baseline level of demand. Fixed costs are still quadratic
a e 1 2 I 1 2
c®(a) = =a*, c(e):§e and c(I):§I.

First, we show that whether the production cost is incurred by the firm or the agent does not

affect profits in either mode. In E-mode, if the firm incurs the production cost, then the maximization



problem is

~ 1 1 1
Be B oy +2 L2 1
I = p}gﬁzl{(p d) (Do + 0a + ve + 61 —p) 59 ~ 3¢ 2]}
s.t.
(tp—d)f=a
(1-t)yp=e
(tp—d)d =1.

If instead the agent incurs the production cost, then the maximization problem is

~ 1 1 1
¥ = max {(p—d)(Do+0a+re+ 8 —p)—-a>— e — ~T?
p’za»eyl 2 2 2
s.t.
tph = a
(1-f)p—d)y=e
tpd = 1.

By making the change of variables ¢ = t — %, the second maximization problem becomes the same as
the first.

Similarly, in P-mode, if the firm incurs the production cost, then the maximization problem is

~ 1 1 1
P _ _ oyt Lo Lo
I = pg}jﬁj{(p d) (Do + 0a + ~ve + 61 — p) 54~ 3¢ 2[}
s.t.
(1—-t)pd =a
(I-t)py=e
(tp—d)d=1

If instead the agent incurs the production cost, then the maximization problem is

~ 1 1 1
I =  max {(p—d)(D0+9a+’ye+5I—p) ——a® - —e? - I2}
pta.e,l 2 2 2
s.t.

((1—%)p—d)9:a
(1=p-d)y=e

tpd = 1.

Again, by making the change of variables ¢ = ¢ — %, the second maximization problem becomes the



same as the first. Thus, in our setting it is irrelevant which party actually incurs the production cost.

Solving the program above in E-mode, we obtain

Dt

~ 2 2 2
i1 =g { (0 = @) (D0 =)+ 5 (9= (2= 0p = )+ Fp(1 =0 (14 0) - 20)}.

Holding p fixed and optimizing over ¢, we obtain

(0% + %) p+~2d

t5* (p) = :
() (02 +6%2+~%)p

Substituting this back into ﬁE*, the program becomes

17 = max {(p— ) (Do —p) + (0 — &)’ 11"},

where II%* is given by (3) with # = 0 and N = 1. Similarly, solving the program above in P-mode,

we have

~ 2 2 2
i1 — o { (p = @) (Do =)+ (9= D) (= p- @)+ 5 T p (1= (140 - 20 ).

p,t
Holding p fixed and optimizing over ¢, we obtain

P (p) = §?p+ (02 ++%)d
Ve e )

Substituting this back into I’ *, the program becomes

17 = max {(p — d) (Do — p) + (p — )* 117" }

where IT17* is given by (5) with # =0 and N = 1.

Comparing the last expressions of II7* and ﬁE*, we can conclude that
I7* > P = 07 > TP <= v > 6,

so the introduction of p and d does not affect the trade-off determined in Proposition 4 in the main

paper.



3 Private benefits (N = 1)

Revenueis R (a, e, I'). The firm derives private benefits Y (a), whereas the agent derives private benefits

y (a). We can state an extended version of Proposition 3 in the main paper.

Proposition 1 Suppose R (a,e,I) is supermodular in its arguments, Y (a) = Ya and y(a) = ya,
where Y and y are positive constants. Then: (i) if Y > y and t©* > 1/2, then I¥* > TF*; (ii) if
y>Y and t¥* <1/2, then TIT* > TIF~,

Proof. For any (11,72, 73,74) € [0,1]*, let
(71,72, 73,71) = R(a,e,I) + (Y +y)a— " (a) = (e) = ' (1),
where (a, e, I) is the unique solution to the three equations

TRy (a,e, 1)+ 72 (Y +y) = cgla) (6)
3R (a,e,I) = ¢

4Ry (a,e, 1) = c§ (I).

We first prove two preliminary lemmas.
Lemma 1 For alli € {1,2,3,4}, the solution (a,e, I) to (6) is strictly increasing in ;.

Proof. Note that the solution (a,e, ) corresponds to a game in which there are three players, which

seek to maximize respectively

fYa) = mR(a,e, )+ (Y +y)a—c(a)
f? (e) = mR(a,e,I)—c(e)
2(I) = mR(aeI)—c (I).

Since R is supermodular, it is easily seen that the game is supermodular with payoffs having strictly
increasing differences in the actions (a, e, I) and the parameters (71, 72,73, 74). From standard super-
modularity results', we know that an increase in any of the parameters (71, 72,73, 74) will increase
each of the solutions (a, e, I) in a weak sense. To obtain the strict comparative static result, note that

the solution is defined by the set of equations defined in (6). This means that if 7; increases for some

!See, for instance, X. Vives (1999), Oligopoly Pricing: Old Ideas and New Tools, Cambridge, Mass.: MIT Press.



i€ {1,2,3,4} and a, e or I does not strictly increase, then neither a, e and I can change since none
can decrease. But if (a,e, I) all remain unchanged, then, since 7; is higher, the first-order conditions

(6) can no longer hold. Thus, at least one among (a, e, ]) must strictly increase. m

Lemma 2 When (11,72, 73,74) € [0,1)4, the payoff function 11 (11, T2, 3, T4) is strictly increasing in T;

for alli € {1,2,3,4}.

Proof. We have

dll a da
dn (Ra@%&1)+3/+4/—caﬁw)ja
. de I dl
+ (Re (a,e,I) — cc (e)) an + (RI (a,e,I)—cp (I)) p
d
= (1 =m) Ba(a,e, D)+ (1=m) (¥ +9)) o
de dl
1-— 1) — 1-— I
+( 7-3) Re (CL, €, ) dT1 + ( T3) RI (a7 €, ) dTlv

where we have used (6) to replace c (a), ¢¢ (e) and ¢! (I). By assumption, R, > 0, R, > 0 and Ry > 0,
and from Lemma 1, we know that C% > 0, U‘leel > 0 and 5711 > 0, with at least one strict inequality.
Thus, we can conclude that j% > 0 when (71,72, 73,74) € [0,1)%.

A very similar reasoning proves that g—g > 0 for i = 2,3,4 when (71,72, 73,74) €[0,1)*. =

We can now use these lemmas to prove Proposition 1.

Suppose y > Y and t¥* < 1/2. Then the firm could strictly improve on E-mode profits I1¥* by
giving up control over the transferable action a to the agent and keeping the variable fee unchanged,
equal to tF*. To see this, note that the change in profits is

Y+y >

7m7

If t£* > 0, then this difference is positive by Lemma 2, because 0 < t¥* < 1/2 and y > Y imply

(tE*, Y%y 1— tE*,tE*> € (0,1)* and (1 — B, vl tE*,tE*) > (tE*, Y%y 1— tE*,tE*). If 8% =

0, then the change in profits is

Y
| (1,y,1,0> I <0,,1,0>
Y +y Y +y

= (rréix{R (a,e,0) + (Y +y)a—c(a) —c(e)} st. Ra(a,e,])+y=cg (a)>
—Ingx{R (0,e,0) —c“(e)},



which is positive due to assumptions (al)-(a4).
Thus, in all cases we have
Ex B Y Ex ,Ex Ex Y Ex ,Ex P
M= =1 (¢, ——, 1 —t"" ¢t <I1—t7", —— 1—-t""t < I,
Y 4y Y +y
Similarly, denote by ¢*’* the optimal transaction fee in E-mode and suppose t7* > 1/2 and Y > y.
Then the firm could strictly improve on P-mode profits by taking control over the transferable action
a and keeping the variable fee unchanged, equal to t©*. To see this, note that the change in profits is

Y
I <tP*, ﬁv 1— tP*,tP*> 11 (1 _ tP*, #, 1— tP*,tP*> .
Y Y

If t* < 1, then this difference is positive by Lemma 2, because 1 > t©* > 1/2 and Y > y implies

Px Px 4 Px 4 Px Y Px 4 Px Px Px 4 Px
(1—t A >€(O,1) and (t N )><1—t . ) It

tP* =1, then the change in profits is

Y Yy
m(1,——01)-1(0,—2— 0,1
<Y+y ) <Y+y )
= (maIX{R(a,O,I)—i—(Y+y)a—c“(a)—cI(I)} s.t. Ra(a,e,I)—i—Y:cZ(a))

_m?X{R(O,O,I) - (D},

which is positive due to assumptions (al)-(a4).
Thus, in all cases we have

rs :H(l—t”,yi,l—t”,t”) <H(tP*,Y}:r,1—tP*,tP*> = 1%,
Y Y

The claim of Proposition 1 says that when the transferable action has a higher impact on the firm’s
private benefits relative to the agent’s, the firm would never find it profitable to function in P-mode
and charge variable fees above 50%. Similarly, when the transferable action has a higher impact on
the agent’s private benefits relative to the firm’s, the firm would never find it profitable to function in

E-mode and pay a bonus above 50%.



This can be re-stated in a more empirically useful way. To do so, define

tE* if HE*ZHP*

tP* if HE*<HP*,

which is the optimal variable fee charged by the firm in the optimal mode. We obtain the following

extension of Corollary 1 in the main paper.

Corollary 1 Suppose R (a,e,I) is supermodular in its arguments, Y (a) = Ya and y (a) = ya, where
Y and y are positive constants. If y > Y and t* < 1/2, then the P-mode is optimal. If Y > y and
t* > 1/2, then the E-mode is optimal.

Thus, if the agent obtains more than 50% of variable revenues and the agent’s private benefits are
more important, then the firm should be functioning in P-mode, and not in EF-mode. This suggests
(as in Corollary 1 in the main paper), that only observing whether agents keep more or less than
50% of variable revenue can reveal the mode under which a firm is operating. However, the result
requires that the party receiving more than 50% of variable revenue also has the more important
private benefits. In Section 7 below we show numerically that even if this is not the case, knowing
whether agents receive more or less than 50% of variable revenues still allows us to correctly predict

the choice of mode most of the time.

3.1 Linear revenue function and linear private benefits

Again, we resort to the example with linear revenue function and quadratic cost functions:

R(a,e,I) = 6fa+~ye+dl

1 1
(a) = =a?

Private benefits are also assumed to be linear:
Y(a)=Ya and vy(a)=ya,

where Y, y > 0.

10



In E-mode, the firm solves

1 1 1
e = 0+Y 6] — =a? — =e2 — =17
tngaexl{( +Y +y)a+ye+ 50— 5¢ 3

subject to
td+Y =a

(I-t)y=e
t5=1

Straightforward calculations yield
1
mes = mtax{Q (0+Y)((2-t)0+Y +2y) +6*(2—t) +4* (1 —t2))}
- mtax{; (2(9+Y+y)(t9+Y) —(t0+Y)* + 6% (2 —t) ++2 (1—t2)>},

which leads to

e _ 0% + Oy + 6°
02452+
1 (6% + 6y + 6%)°
n = —(2v(0+Y 2-Y?
2< O+Y +y)+v S PR N

In P-mode, the firm solves

n = giﬁ{(0+Y+y)a+ye+5léa2;e2212}
subject to
1-t)+y=a
(I-t)y=e
to=1

Straightforward calculations yield

o = m?x{;(((1—t)0+y)((1+t)9—|—2Y—i—y)+(52t(2—t)+72(1—t2))}

_ mf‘x{; <(9+Y+y)2(t9+Y)2+52t(275)+72(1tZ))}’

11



which leads to

P 52—y
th = =
02_}_52_{_,}/2
1 (62 - 6Y)?
HP* — - 0 Y 2 27y2 N )
2<( Y Fy) R

Comparing the two profits, the P-mode is preferred to the E-mode if and only if
(6492 =v2)22> (0+7)—y?) s

3.2 Linear revenue function and private benefits proportional to demand

The revenue and cost functions remain the same, but suppose now private benefits are proportional

to the demand underlying the linear revenue function:

Y(a) = Y (a+~ye+dI)

y(a) = y(la+~ye+dl),

where fa + ve + §I measures demand and the price is normalized to 1.

In E-mode, the firm solves

1 1 1
Bx Lt Lo Lo
= = tr}gﬁg{(l—kY—i—g)(Ga—i—*y(Z—F&I) 59~ 3¢ 2[}
subject to
gt+Y)=a
V(A=) +y)=e
S(t+Y)=1

Straightforward calculations yield
1
e :mtaX{Q ((60* +6°) (t+Y)(2—t+Y+2y)+72(1—t+y)(1+t+2Y+y))},

which leads to
(62 +8%) (1+) —7°Y
02 + 62 + 2

2
2 ((;ziiziyv)zp ((62+6%)7 (62 + 62+ 29%) + 4" (26° + 26° + 4%))

tE*

HE*

12



In P-mode, the firm solves

1 1 1
s = 52%?(1{(1+Y+y) (fa +~ve +0I) — §a2— 562— 212}
subject to

0((1-t)+y)=a
V(-1 +y) =e
S(t+Y)=1

Straightforward calculations yield
1
s :m?X{2 (FPt+Y)(2—t+Y +2y) + (0% ++7) (1—t+y)(1+t+2Y—|—y))},

which leads to

P(l+y) —(0*++*)Y
02 + 62 + 2
14+Y 4 y)? 2
HP* _ ( 64 292 62 2 2 92 2 92 252 2

tP*

Comparing the two profits, the P-mode dominates the E-mode if and only if
04 (202 4+ 6% +29%) + (2 + )7 (02 + 262 +77) > (024627 (07 + 62 +29°) ++* (260> + 26° +?)
4 (02492402 (0242 > (02462 + 44+ (02 +62) 42
202 + 6% (0 + %) > 20°6° + (6° + 6%)*
2

72> 62

Thus, with this specification of private benefits, they have no impact on the trade-off between
E-mode and P-mode. This result might seem surprising, particularly in the case when ¥ > 0 and
y = 0: one would then expect the F-mode to always dominate because the firm takes the private
benefit Y into account when setting a, whereas the agent does not. The reason this is not true is that
in P-mode the firm needs to provide the agent with sufficient incentives for choosing both a and e, so
it sets t7* sufficiently low (specifically, 1 — t©* > t¥* 4-Y) such that it compensates for the fact that

the agent does not internalize the firm’s private Y when setting a.

13



4 Cost asymmetries

Consider the linear example with one agent
R(a,e,I) =0a+vye+ 61

and allow for different costs of the transferable action in the two modes:

Let then?

Straightforward calculations lead to

e = mtax{; (0 +6*)t(2—t)++°(1 —t2))}
0% + 6
02 + 62 + 2

and

" = max {; (*t@2-t)+ (05 +7%) (1 - t2))}

tP* 52
0% + 62 + 2

Let us determine the effects of v and § on the tradeoff between the two modes. Using the envelope

theorem, we obtain

d (HP* _ HE*)
—— 7 > 0ifandonlyif t7* < t&*
d(v?)
d HP* _ HE*
(Cl((52)) < 0 lf and only lf tP* < tE*
And we have
e 9]25 + 62 52 52 P«

02,462 +2 " 024127 024462492

Therefore, the magnitudes of moral hazard v and § have the expected effect on the trade-off.

2We could also allow for the impact 6 of the transferable action on revenue to differ depending on mode: 6% and 6%.
This would have the exact same effect as the difference in cost.

14



5 Example with price as transferable decision and linear demand

Recall the revenue function

Ri (pisD_i»€i, 1) = pi (d+ 0p; + 2 (D_; — pi) + vei + 61)

and the assumptions made on parameters in the main paper:

# < 0,vy>0,0>0

—20 +min {0,2z} > max{N§* ~*}.

The fixed costs of agents’ effort and firm’s investment are quadratic:

1
¢le)= =€ ()= 512.

In E-mode, the payoff to agent ¢ from working for the firm is

1 1
(1—¢)Ri (pi,D_i, €, 1) — 5@? —T=0—-t)pi (d+6pi+z(P_; —pi) +ve; +0I) — 56? —~T,

which the agent optimizes over e; in the second stage (the fixed fee T is then taken as fixed).
The firm’s payoff in the second stage is

N
1
(tpi (A4 Opi + x (i = pi) +vei +01)) = 5 I7,

=1

which the firm optimizes over p; and I.
Evaluating the corresponding first-order conditions at the symmetric equilibrium, we have

—20pF = d + veP + 6IF
e = (1—t)yp”

IE = tN§pF.
Solving, we obtain
P (t) = <z
p 20— (1—1)72—tN32
E (1) — d(1—t)y
e (1) = p=(—pr2—ine

E () _ dtNs
TP (t) = g0y yzwez-

15



Note that assumptions (7) ensure p¥ (t) > 0, e (t) > 0 and I” () > 0.
The fixed fee T is just a transfer that renders each employee indifferent between working for the

firm and their outside option, so the firm’s profit is

1

17 (t) = Np¥ (t) (d + 0p” (t) + veP (t) + 617 (t)) — N; E(1)? — §IE (t)2.

Plugging in the expressions of pZ (t), e (t) and I” (t) above, we obtain:

N (-29 (1 )22 t2N<52>
I1¥ (t) = max 5 . (8)
i (=20 — (1 — t) 2 — tN62)?

In P-mode, an agent joining the platform chooses (p;, e;) to maximize his second stage payoff

1
(1—1)p; (d+ Op; + @ (ﬁﬂ- —pi) + ve; + (51) - 56?,
while the firm chooses I to maximize its second stage revenues
Y 1
thi (d+0pi +z (p_; — pi) +vei +01) — 512.
i=1

Evaluating the corresponding first-order conditions at the symmetric equilibrium, we have

(=20 + x) p¥’ = d + vel’ + 617

P=(1-tw"
I” = tNopP.
Solving, we obtain:
ph (1) = “20ta—(1— t) T {No?
e’ (t) = —29+x—d((i :)) TING2
(1) = et

Assumptions (7) ensure p* (t) > 0, e’ (t) > 0 and I (¢) > 0.
The fixed fee T renders each agent indifferent between joining the platform and his outside option,

so the firm’s profit in P-mode is

7 (t) = NpP (t) (d + 0p" (t) + vel (t) + 617 (1)) — N%ep ()% — 5IP (t)%.

16



Plugging in the expressions of p” (t), e’ (t) and I” (t) above, we obtain:

- N2 (2(—9+:c) —(1—t)242 —t2N52)
II" (1) = max

t 2(—204x— (1 —1t)72 —tN52)2 9)

Comparing expressions (8) and (9), II¥ (¢) is obtained from II¥ () simply by setting x = 0.
Therefore, we will focus on maximizing II¥ (¢), from which we can easily derive the maximization of
I (t).

The first-order derivative of II” () in t is proportional to (with a strictly positive multiplying
factor)

N§? (=20 + 2z) — v*x — N&*7* — ¢ ((N6* ++7) (=20 + ) — 2N6%4?).

Since (N2 +4?) (=26 + x) — 2N§%+? > 0 under assumptions (7), we obtain that the optimal variable

fee under the P-mode is

0 if N62 (=20 + 2z) —v2x — N6%42 <0
NG (—20+22)—2a—Ns2o2 1 0 < NO* (=20 + 22) — %z — N§*y?
Pr = ) (N&22)(—20+2)—2N 622 < (N8? +1?) (=20 + z) — 2N 62?2
if N62 (=20 + 2x) — 7%z — N§2+?
> (N6 ++2) (=20 + z) — 2N 5242

\

Rewriting the conditions:

0 if z (v? — 2N6%) > N6 (—260 — 4?)
NG (—20420)—2a-Ns22 i@ (Y2 = 2N§?) < N&* (260 — %)
(NZ+7)(=20+2)=2No>2 0 (N&? — 29%) <+ (=20 — N&?)

1 if £ (N6 —29%) > 4% (20 — N§?).

Suppose x is such that 0 < t* < 1. Then the first-order condition of IT¥ (¢) in ¢ evaluated at t*

implies:

90 x— (1 tF) 42

2(—0+z) — (1—tP*)272

1— tP* ,72 . tP*N(SQ
(( ) ) _ (tP*)2 N§2

= (y* — N&?)

17



from which we can deduce:

Na? (2(=0+2) = (1 - 17%)?42 = (¢77)* No?)
2(=20 + z — (1 — tP*) 42 — tP*N§2)?
Nd2 ((1 . tP*) 72 o tP*N(52)
2(v2 — No2) (—20 + z — (1 — tP*) 2 — tP*N&2)
Nd2 A2 P (N(;Q i 72)
2(y2 — No2) =20 + v — 42 +tP* (42 — N§?)’

n” =

+P* NG§2(—20+2x)—y2x— N§2qy2

= (N2 (=20%2)—2N3%? into the last expression, we obtain

Plugging

Nd? (=20 + 22) (N6% +42) — N6%y?

P = .
2 (N62412) (=20 — NO2 + 2) (=20 — 42 + x) — 2 (N§2 — 42)?

From here, we can set x = 0 to obtain

—20 — 4%) N§?
the = ( ) € (0,1)
—20 (N62 +42) — 2N 622
Nd? —20 (N&* +~%) — N§%?
2 (N&2 ++2) (=20 — N&2) (=20 — 42

HE* —

The complete characterization of profits in P-mode is:

d2 2(—0+z)—~2 .
N ey if @ (v* — 2N§%) > N§* (20 — 7°)
b — ) Ne (—20+22) (N62472)— N6242 if 2 (7% — 2N6%) < N&? (—260 — ~?)
T 2 AR NER N g (NS - 29?) < 42 (=20 — No2)
d? 2(—6+z)—N§> .
\ N?ﬁ if © (N6? —29%) > 7* (20 — N¢?).

Suppose x (72 — 2N(52) < N§? (—29 — 72) and x (N(52 — 272) < 42 (—29 — N<52), so that 0 <
tP* < 1. We have I > IT¥ if and only if

(=20 + 22) (N§% +~?%) — N§22 N —260 (N62 ++2) — N§%?
(N62 +72) (=20 — N6 +3) (=20 — 12 + ) — x (N62 —~42)2 ~ (N2 +172) (=20 — N62) (=20 —4?)’

which is equivalent to

((—20 + 2z) (N6 +4%) — N§*4%) (N§* +4?) (=20 — N§?) (=20 — +?)
> (20 (V6% +72) = No*?) ((N6% +92) (=20 — No* +2) (-20 — 7%+ 2) — = (N6* —4%)*).

Recall the two sides are equal for x = 0, therefore we can eliminate all terms that are not factored by
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x or z2, so the inequality reduces to

2z (N62 + %)% (—20 — N6?) (—26 — 4°)

> (<20 (N6? +9%) = No>y?) (= (N62 = 92)° + 2 (N9? +77) (=40 — (N&? +42)) +a? (N6? +47) ) .
Rearranging, this can be rewritten

(=20 (N6? +7%) = N6*y?) (2 (N20" + 77) + 46 (N6* + %))
+2 (N82 +42)% (—20 — N§2) (—260 — 4?)
+a? (=20 (N6* +7%) — N6°7%) (N6* ++7) .

0 > —=x

Simplifying, this leads to
0> —2uN§"9” (20 (N6* +97) + 2No™y?) + 2% (=20 (N6? +9%) = No*y?) (No* + %),

from which we conclude

2.2 ( 2 2\ 2.2
HP*>HE*<:>:E<2NM (=260 (N6 +~2) — 2N6%?) ><0'

(20 (N5 + %)~ N§292) (N2 97) "

Both the numerator and the denominator of the large fraction are positive under assumptions (7).
We conclude that when 0 < t7* < 1:
2N02y% (=260 (N§? + 42) — 2N 6%4?)
(=20 (N2 +~2) — N6242) (N2 4+ +2)
4 (0555% +1)

o > nfr = <z<0

N§2~2
N3P 12 NP <z <0.
N62+2 20 N62+42 +1

It remains to consider the cases (72 — 2N(52) > N§? (—29 — 72) (in which t©* = 0) and z (N52 — 272) >
2 (—29 — N(SQ) (in which ¢t©* = 1). It is easier to consider the following three cases in turn.

Case I: 42 > 2N§2.

In this case, it is easily verified that assumptions (7) imply x (N52 — 272) < 52 (—20 — N52).

Therefore we have:

Nd? 2(—6+z)—> i g > NOP(=2077)
e — 2 (—20+z—92)° = T 22N6?
- Nd2 (—20+22)(N§2+~42) - N2> .o N62(—20—+2)

Nd? T 7297max2{72,N52} '

2 (N&2+442)(—20—N§2+z)(—20—y2+z)—z(N62—~2)? 2T 22—

~v2—2N§2
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is increasing in z for x < 0 and decreasing in x for x > 0, therefore
. . N&2(—20—~2) . . N&2(—20—~2
the maximum value attained by II¥ when z > éf]\w) is precisely when = = W. That

o 2(=0+a) P
The expression (2612

value is:
0P (o — N§% (—26 —~?) _ Nd? 7% (v* — 2N§?)
7? 2N 2 (=20 —92) (y2 — N&?)?
Nd*>  (=20) (N&* +~?%) — No2y? e

S T2 (N2 2) (<20 — No&?) (=20 — 12)

where the inequality is straightforward to verify under assumptions (7). Thus, IT¥* dominates IT"*

N&2(—20—~2 . . .
for all z > M. Combining with the result above, we conclude that II¥* dominates II”* for

—4 effj:; ”22 +1)
all 2 > 0 and x < = (2 . Nj;z;_f ) , whereas IT"”* dominates IT¥* for all permissible = such that
N2~y NoZy
4 (91%2*7’;2 + 1)
N624~2 (20N62+72 4 1) <z<0.
N§2~2 N§2+2

Case II: N62 > 242,
In this case, it is easily verified that assumptions (7) imply x (72 — 2N52) < N§? (—29 — 72).

Therefore we have:

Nd2 2(—6+z)—N§> > 72(—20—Ns?)
e = 2 (—20+x—N32)? ne= N§2—2+2
- Nd2 (—20+21‘)(N52+'72)—N§2W2 . '\/2(—20—N62) —29—max{72,N62}
if —Nppr " 222~ 2 :

T2 (N§2442)(—20—N§2+a)(—20—72+z)—a(N52—~2)?
The analysis is exactly the same as in Case I above (by symmetry in 42 and N§2), therefore the

conclusion is exactly the same for this case as well.

Case III: 42 < 2N 62 and N§? < 272,
In this case, it is easily verified that assumptions (7) imply x (N - 272) <42 (—20 - N (52) and
x (72 — 2N(52) < N§? (—2«9 — 72) for all permissible x. Therefore we have:

P — (—26 + 2x) (N52+fy2) —N5272
2 (NO2+442) (=20 — N&2 +2) (=20 — 4% + z) — 2 (N§2 — 42)?
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for all permissible x, so we already know that

4 (9”2*72 1
Px Ex N§2y2
I >1I <:>N62+2 Nora? < x <0.
! (29 gy 1)

N§2~2 N§2~2

6 Hybrid mode across agents

Recall the expression of firm profits when using a hybrid mode as a function of (tE P n)

. 1— EN2\ .2 1— P\2 02 1— 72\ 2
e (tE,tP,n) " tE (2 2tE)02 . ( (1;) )7 (V) < (752) ) . ( (t2) )ry
where

t

2y P,
N N
Optimizing over the three variables (tE P n) yields the following first-order conditions (assuming
interior solution in all three variables):
0% + N6% — (02 + 4% 4+ nd?) tF — (N —n) 6*" =0
N6 —né*t? — (0% + 4> + (N —n) 0*) t" =0

S (F 2= t8) =1+ (1)) + 5 ((17)° = (¢8)°) + Ne? (1-1) (2 — ) =0,
Solving the first two first-order conditions above for (tE P ) as functions of n, we obtain

B _ (024 N62)(624+~2)+(N—n)526>
- (0+7°)(62+7*+Nd?)
(N—n)d20%+N§%~2
(02+72)(02+~2+N62)

tP

This implies:
2
=t = 92172
2 _ (N—n)024N42
N (1 _t) T 024424N62
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We can now plug these expressions in the third first-order condition above, which becomes:

0% / 5 2\ Y2 L2 926 (N —n)6? + Nv*
(- 1 () + 5 (V- )+ s gy v =

2 2.2 2 252 (N — 2 | NA2
9—(2tE—1)—9 +a7 0 (tF +tF) + 670" (N —n)0”+ Ny 0
2 2 92_‘_72 92+,72 92+72+N62

2 _ 2 2
l(tE—tP—1)+ - (N —n)b~+ Ny 0
2 02 +42 62 +~2+ No?
~? 62 (N —n)6? 4+ N2 _ 0

2@ 1) P it N

The last expression is decreasing in n, which means the second-order condition is satisfied.

2 (2 2 _ N2
n*:N<1_7(9 + 5)>‘

Solving for n yields

2N 5262

This solution is valid if and only if
0 <~% (0% ++° — N&%) < 2N§%6%,

i.e. if and only if

02,)/2

02 +~42>N&2>~2— — 1 .
T T a2y

If N62 > 62 4+ +? then n* = N (pure E-mode is optimal) and if N&? < 72 — % then n* = 0

pure P-mode is optimal). Note that 2 — % is increasing in 2.
202+~

7 Robustness of Corollary 1 to private benefits and spillovers

Corollary 1 in Section 4.3 of the main paper implies that if t* < 1/2 then the P-mode is optimal and
if * > 1/2 then the E-mode is optimal. We wish to investigate the extent to which this prediction

still holds for the linear demand example once we add private benefits or spillovers.

7.1 Private benefits

Using the linear demand example, for any set of parameter values, we can calculate the optimal choice
of model and the t* corresponding to the optimal mode. The following parameters need to be specified:

0,9, v,y and Y. We normalize 6 = 1 throughout. We proceed in three steps:

e For a given value of 62, set y = Y = 0 and build the set of values of ¥2 such that t£* varies from

0.01 to 0.99 in increments of 0.01.
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e For each value of 72 in the set defined in the previous step, consider 100 equally spaced values of
y from 0 to ¥ and 100 equally spaced values of Y from 0 to 62. This range of y and Y ensures
that (t7*,¢7) € [0,1]%.

e Repeat the previous two steps for a range of different 62 as reported in Table 1 below. For each
value of 62, record the average values of t¥* and t* across all 990,000 observations of (72, Y, Y)
defined in the previous steps and the fraction of these observations for which the prediction of

Corollary 1 is true.

Table 1
5?2 0.5 1 2 5 10 100
P 0.066 | 0.094 | 0.123 | 0.157 | 0.177 | 0.205
B 0.860 | 0.800 | 0.751 | 0.716 | 0.704 | 0.690
% of obs. theory true | 100% | 98.9% | 96.0% | 91.2% | 88.5% | 85.2%

The higher the percentage of observations for which the prediction of Corollary 1 is true, the more
confident we can be in using the observed commissions received by agents (or variable fees charged to
agents) to infer which mode the firm operates in. Specifically, if we observe agents keeping more than
50% of variable revenues, then the firm is most likely to be using P-mode; if we observe agents keep
less than 50% of variable revenues, then the firm is most likely using the E-mode. The values in Table

1 make it clear that this inference is remarkably accurate for low values of 6°.

7.2 Spillovers

With spillovers rather than private benefits, we have the additional parameter x but no longer have
the parameters y and Y. Also the parameter 6 becomes N§2. The procedure is similar to the case
with private benefits.

We normalize 6 = 1 throughout. We proceed in two steps:

e For a given value of N62, build the set of values of 42 such that t* varies from 0.01 to 0.99 in
0.01 intervals (recall that t©* does not depend on x), and the set of values of = from —0.99 to
0.33 in 0.01 intervals (this is the range of spillovers such that the cross-effect of the transferable

action is less than half as important in magnitude as the own effect of the transferable action).?

3Given that the own effect is 6 — x, the cross-effect is « and 6 = 1, this condition requires z < %(1 —z) for x > 0 and
|z| < (1 + |z|) for & < 0, which is equivalent to —1 < z < 3.
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e Repeat the previous step for a range of different N6? as reported in Table 2 below. For each

value of N§2, record the average values of t£* and t©* across all 13,167 observations of (72, :c)
defined in the previous step and the fraction of these observations for which the prediction of

Corollary 1 is true.

Table 2
N§?2 0.5 1 2 5 10 100
P 0.213 | 0.238 | 0.257 | 0.273 | 0.280 | 0.286
B 0.883 | 0.848 | 0.818 | 0.793 | 0.782 | 0.771
% of obs. theory true | 99.2% | 98.2% | 96.6% | 94.3% | 93.1% | 92.1%

The results in Table 2 are qualitatively the same as those in Table 1.
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