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Abstract

We introduce a novel method for lossy compression of the two-dimensional curves
based on the arc-length parameterization. We show that the proposed method has a
number of advantages: it is progressive, converges uniformly, and requires the number
of the bits proportional to the total arc-length of the curve. The method is applied to
the compression of the handwritten letters and scanlines of the natural images.

1 Introduction

In this paper, we describe a new approach to curve compression with the following desir-
able properties:

• Progressive coder: Our method is progressive allowing better reconstruction as one
receives more bits.

• Uniform convergence: As one receives more bits, the reconstructed curve converges
uniformly to the original data (there are no places with excessive ringing).

• Bounding envelopes: At any stage of the progressive transmission, the receiver can
bound the curve with two envelope curves. The original curve is guaranteed to lie
within these envelopes.

• Provable bounds on compression rates: We are able to prove bounds on the com-
pression rate as a function of the arc-length of the curve (longer curves need more
bits).

• Good experiential compression rates: Our method achieves good compression rates,
especially at low bit rates.

The main application we will focus on is curve compression for handwritten data, such
as the kind that is recorded by a tablet device. But we have also applied our method to com-
press univariate functions, such as a scanline of a monochrome digital image (see Figure 4).
Our method is effective in this domain, because, when thought of as curves, scanlines tend
to have small arc-lengths.

Most of the previous consist two major parts. Some of the researches work withB-
splines [4, 5]. In this case, the major goal was to approximate the data with the smallest
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Figure 1: Simple curve (left) with the total arc-lengthS ≈ 3.3 and its parameterization by
the arc-length.

number of knots possible while ensuring that the error between curves is below a certain
threshold. Major disadvantage of this approach is that it works well only for the smooth
functions.

Another approach is to treat the curve as a polygonal chain [2, 3]. The curvec is usually
approximated by the another curvec̄ whose vertices are a subset of the vertices ofc. The
goal is to minimize the number of the vertices inc̄. Though it works very well for some
applications, this method cannot be applied for smooth curves such as handwritten letters
and it is not progressive.

Much work have been done in the sound compression [1]. The progress in this area is
usually comes from exploiting the special properties of the sound generation/recognition
systems. Unfortunately, these methods do not give nice results when applied to the general
curves.

2 Basic Approach

Given two curvesA andB we measure the distance between them with Hausdorff metric

H(A,B) = max
a∈A, b∈B

(d(a,B), d(b, A)) , (2.1)

whered(a,B) is the minimal Euclidean distance from the pointa to the setB.
The basic approach can be summarized as follows. Givenc a parametric curve in a

unit squarec ⊂ Ω = [0, 1] × [0, 1], we reparameterize it using the arc-length parameter
s = [0..S] to obtainc(s) = [x(s), y(s)] (Figure 1). The sender first transmits the total arc-
lengthS. The sender then transmits a progressive stream of bits for each of the functionsx
andy. The algorithms of the bit generation for these functions are identical and we explain
it for the functionx only.

2.1 Bits from queries from bits

Let Bi denote the firsti bits b1, b2, ...bi, andB0 the empty stream. Given the already trans-
mitted number of bitsBi, the sender, and the receiver usesomedeterministic algorithm
produceQuery(Bi) to produce two real numbers(si+1, xi+1). These numbers represent
the following data query: is the functionx at locationsi+1 smaller than the valuexi+1.
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Figure 2: Compressing the functiony(s). (a) Sender generates the first point(s1, y1) and
transmits the first bitb1 = 0. (b) Sender updates the lower boundaryy− (dashed line),
generates the point(s2, y2) and transmits the bitb2 = 1. (c) Sender updates the upper
boundaryy+ (dotted line), generates the point(s3, y3) and transmits the bitb3 = 0.

If the the answer is yes, then the sender transmits abi+1 = 1, otherwise, he transmits a
bi+1 = 0. This process is repeated as the sender transmits more and more bits (Figure 2).

Note, that the sender does not transmit the coordinates of the points(si, xi). Receiver
generates these points with the same functionproduceQuery(Bi). That is why the query
function should be deterministic and depend only on the information known by receiver.
In this paper, the query function uses upper and lower boundaries of the function that are
constructed fromBi.

2.2 Bounds from bits

At any time, the receiver can use the streamBi to createx+, x−, upper and lower bounds on
thex function. This is possible because of the following key reason: when using arc-length
parameterizations, we have
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As a result, if the receiver knows thatx(sk) > xk, he actually also knows that

x(s) > s + xk − sk (2.3)

for all s < sk and
x(s) > −s + xk + sk (2.4)

for all s > sk.
In other words, he knows more than just information at the parameter valuesk, but

actually has information about an entire neighboring region of parameter values. This
knowledge is visualized in figure (2b). The bits that are ones allow him to boundx or y
from above, and the bits that are zeros allow him to boundx or y from below. As one
includes this information from more and more bits, these bounds become tighter, as shown
in figure (2c).
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2.3 Functions from bounds

When the receiver constructs the upper and lower boundsx+, x−, y+, y−, it can approxi-
mate unknown functionsx andy. The simplest way to construct the approximations is to
take the average

x̄ =
(

x+ + x−
)

/2 (2.5)

ȳ =
(

y+ + y−
)

/2

This approximation has two disadvantages. First, the functionsx̄ andȳ are not smooth
and it can be easily shown that the gradient of these functions always takes one of the three
values[−1, 0, 1]. This problem can be overcome by fitting between the boundaries some
smooth curves or convolvinḡx andȳ with a smoothing kernel.

Another even more important problem is that this approximation does not use valuable
information that functionsx(s) andy(s) are not independent. Indeed, for Euclidean arc-
length1 we have

ds2 = dx2 + dy2. (2.6)

Therefore, we want to construct functionsx̂ and ŷ that always satisfy the condition (2.6)
and lie as close as possible to the average (2.5). To achieve this goal, a continuous opti-
mization problem can be created. Unfortunately, due to the strictness of the condition (2.6)
it converges very slow and we had to use different algorithm to obtain suitable results.

First, we discretize the domain(s, x) with the steph, creating a rectangular grid. This
grid hasn rows andS · n columns of verticesvi,j. Edges are included between the pairs of
vertices in adjacent columns

e∆
i,j = (vi,j, vi+∆,j+1) , (2.7)

where∆ = {−1, 0, 1}. The functionx(s) is now approximated by a pathxp on this graph
connecting the first and last columns. We include only the edges (2.7) in this graph because
only these edges satisfy the condition (2.6). We also associate weights with each vertex
based on the distance from the average, for example

w (vi,j) = (xj − x̄(si))
2 . (2.8)

The weight of the path is the sum of the weights of all vertices on the path. We do the very
same thing in the(s, y) domain.

In the discrete formulation of the problem we want to find simultaneously two pathes
xp andyp that satisfy the condition (2.6) and minimize the total weight. Such pathes can be
constructed with a modification of the Dijkstra shortest path algorithm.

2.4 Possible query function

Query function tells us where to put the next point(si+1, xi+1) between upper and lower
boundaries constructed from the bitstreamBi. As we mentioned above, the only restriction
that is applied on the query function is that it should use the information already known

1For other definitions of the arc-length we might have different conditions such asds1 = |dx| + |dy| or
ds2 = max (|dx| , |dy|)
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Figure 3: (a) Points of the grids withm = 1, 2, 3 are shown with the sizes proportional
to 1/m. (b) A curve in the(s, x) domain with known endpoints. Initial upper and lower
bounds form a tilted square. (c) All the points in the grids withm = 1, 2 are used by the
sender. Areas above the upper bound and below the lower bound are shaded.

by the receiver. The simplest idea is to use the family of the rectangular gridsGm,m =
1, . . . ,∞ (Figure 3a). Each grid has2m − 1 points with the coordinates

Gm
n,k =

(

nS

2m
,

k

2m

)

; n, k = 1, 2, . . . , 2m − 1. (2.9)

The next point(si+1, xi+1) is taken as a grid point with the smallest possiblem, n, andk
(n has a higher priority thank, andm has a higher priority thann), that lies over the lower
bound and under the upper bound.

3 Convergence

First, let us assess the speed of convergence in the(x, s) domain for the simple case with
the fixed endpoints,x (0) = x (S) = 0.5. The initial lower and upper boundaries form a
tilted square (Figure 3b) with a side equal toS/

√
2 . We will call the bitstreams that use

all grid points from the gridsG1, . . . , Gp to be thebitstreams of the levelp, and upper and
lower boundaries obtained from these bitstreams to be theapproximation of the levelp.
The approximation of the level2 can be seen on the figure (3c). The maximum error that
is measured as

ε = max
s

∣

∣x+ − x−
∣

∣ (3.1)

is equal toS/4.
Obviously, the maximal error of the approximation of the levelp is equal to

εp =
S

2p
. (3.2)

Using combinatorics, we can also compute that the number of different possible bitstreams
of the levelp is equal to

Np =
(2p+1 − 2)!

((2p − 1)!)2 . (3.3)
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Figure 4: (a) Test scanline of the image is highlighted. (b) Histogram of the arc-lengthes
of the scanlines. (c) Test scanline (thin line) was compressed down to 40 bytes and re-
constructed (thick line). (d) Peak signal-to-noise ratio of our compressor (solid line) and
wavelet compressor (dashed line).

The average length of the bitstream of the levelp is

Lp = log2 Np. (3.4)

Combining (3.2-3.4) together to cancel out2p andNp, and applying Stirling formula to
simplify the factorials, we get the final result that does not depend onp

ε ≈ 2S

L
, (3.5)

whereε is the error of the approximation,S is the total arc-length andL is the number of
the bits in the bitstream. Note, that convergence under the metric (3.1) in the(s, x), (s, y)
domain induce the convergence with the same speed under the metric (2.1) in the(x, y)
domain.

4 Univariate functions

Univariate functions can be treated as special cases of the spacial curves with the additional
conditionsx′

s(s) > 0, x(0) = 0, x (S) = 1. That is why each bitbk gives us even more
information than (2.3, 2.4). For instance, whenbk = 0, we have

x(s) > xk (4.1)

for all s > sk.
The other difference is that the error in this domain is usually measured not with the

Hausdorff metric (2.1), but with other metrics such as

L (A,B) = max
x∈[0,1]

|A(x) − B(x)| . (4.2)

Though we still have convergence under this metric in the parameterization domains(s, x)
and(s, y), we cannot any more claim the convergence of our method in the base domain
(x, y).
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Figure 5: Compression of the handwritten word. Theoretical approximation area is shaded.
(a) Test word, 1000 samples. (b) Reconstruction from 60 bytes. (c) Reconstruction from
30 bytes. (d) Reconstruction from 20 bytes.

5 Results

Scanlines of the natural image can be treated as univariate functions with relatively small
arc-lengths. We applied our compression method to the scanlines of the standard gray-
scale256 × 256 8-bit image ”leena” (Figure 4a). The test function, initially coded by 256
bytes, has an arc-lengthS ≈ 8.2. On the figure (4c) it is compared with the approximation
reconstructed from 40 bytes. In order to compare the performance of our compressor, we
implemented the one-dimensional wavelet compressor. After the wavelet coefficients are
computed, we apply uniform quantization with a dead zone, and then entropy-code them
with the context prediction [6]. Comparative PSNR graph shows that our method achieves
especially good results at low bit rates (Figure 4d).

One of the very important properties of our algorithm is its convergence under the
metric (2.1). In other words, it is guaranteed, that the error of the approximation does not
exceed theoretical bound (3.5). This property is illustrated on the figure (5). Theoretically
computed area of the possible location of the reconstructed solution is shaded.
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