
Discoveries in Phononic Crystals and Acoustic 
Metamaterials

Citation
Wang, Pai. 2016. Discoveries in Phononic Crystals and Acoustic Metamaterials. Doctoral 
dissertation, Harvard University, Graduate School of Arts & Sciences.

Permanent link
http://nrs.harvard.edu/urn-3:HUL.InstRepos:26718707

Terms of Use
This article was downloaded from Harvard University’s DASH repository, and is made available 
under the terms and conditions applicable to Other Posted Material, as set forth at http://
nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA

Share Your Story
The Harvard community has made this article openly available.
Please share how this access benefits you.  Submit a story .

Accessibility

http://nrs.harvard.edu/urn-3:HUL.InstRepos:26718707
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://osc.hul.harvard.edu/dash/open-access-feedback?handle=&title=Discoveries%20in%20Phononic%20Crystals%20and%20Acoustic%20Metamaterials&community=1/1&collection=1/4927603&owningCollection1/4927603&harvardAuthors=dd6bbe6f88440163576cdf84dc35978c&departmentEngineering%20and%20Applied%20Sciences%20-%20Applied%20Math
https://dash.harvard.edu/pages/accessibility


%JTDPWFSJFT JO 1IPOPOJD $SZTUBMT BOE
"DPVTUJD .FUBNBUFSJBMT

( (((((((((((( (((((((((
((

1((8(((
((

5(( 4((((( (( &(((((((((( ((( "(((((( 4(((((((

(( ((((((( ((((((((((( (( ((( ((*(((((((((
((( ((( (((((( ((

%((((( (( 1(((((((((
(( ((( ((((((( ((

"((((((.((((((((((

)(((((( 6(((((((((
$((((((((
 .((((((((((((

4(((((((( ����



i���� ؜ 1((8(((
((( (((((( ((((((((�



5IFTJT BEWJTPS� 1SPGFTTPS ,BUJB #FSUPMEJ 1BJ 8BOH

%JTDPWFSJFT JO 1IPOPOJD $SZTUBMT BOE "DPVTUJD .FUBNBUFSJBMT

"(((((((

1IPOPOJD DSZTUBMT BOE BDPVTUJD NFUBNBUFSJBMT BSF IFUFSPHFOFPVT NBUFSJBMT UIBU FOBCMF NBOJQVMB�

UJPO PG FMBTUJD XBWFT� "O JNQPSUBOU DIBSBDUFSJTUJD PG UIFTF IFUFSPHFOFPVT TZTUFNT JT UIFJS BCJMJUZ UP

UBJMPS UIF QSPQBHBUJPO PG FMBTUJD XBWFT EVF UP UIF FYJTUFODF PG CBOE HBQT ؜ GSFRVFODZ SBOHFT PG TUSPOH

XBWF BUUFOVBUJPO� *O UIJT 5IFTJT
 * SFQPSU EJTDPWFSJFT PG UISFF OFX UZQFT PG CBOE HBQT� J
 #BOE HBQT

JOEVDFE CZ HFPNFUSJD GSVTUSBUJPO JO QFSJPEJD BDPVTUJD DIBOOFM OFUXPSLT� JJ
 #BOE HBQ JOEVDFE CZ

IJHI DPOOFDUJWJUZ JO QFSJPEJD CFBN MBUUJDFT� BOE JJJ
 5PQPMPHJDBM CBOE HBQT JO HZSPTDPQJD QIPOPOJD

DSZTUBMT UIBU QSPUFDUT POF�XBZ FEHF XBWFT� 5IF JOWFTUJHBUJPOT QSFTFOUFE IFSF TIFE OFX MJHIU PO UIF

SJDI EZOBNJD QSPQFSUJFT PG QIPOPOJD DSZTUBMT BOE BDPVTUJD NFUBNBUFSJBMT
 PQFOJOH BWFOVFT GPS OFX

TUSBUFHJFT UP DPOUSPM NFDIBOJDBM XBWFT JO FMBTUJD TZTUFNT�
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#�� $BMDVMBUJPO PG EJTQFSTJPO SFMBUJPOT GPS CFBN MBUUJDFT � � � � � � � � � � � � � � � � ��

#�� "EEJUJPOBM 3FTVMUT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

JW



"((((((( $ 4(((((((((((.((((((( (( $(((((( � ��
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��� 5XP UZQFT PG NFDIBOJTNT UP GPSN CBOE HBQT JO FMBTUJD TZTUFN � � � � � � � � � � � �

��� %JTQFSTJPO SFMBUJPOT PG QFSJPEJD XBWFHVJEF OFUXPSLT � � � � � � � � � � � � � � � � �
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* XPVME MJLF UP **STU FYQSFTT NZ EFFQ HSBUJUVEF UPXBSET NZ BEWJTPS
 1SPG� ,BUJB #FSUPMEJ� "T B

NFOUPS
 TIF JT NPUJWBUJOH
 TVQQPSUJWF
 BOE QBUJFOU XJUI TUVEFOUT� BT B HSPVQ MFBEFS
 TIF JT LOPX�

MFEHFBCMF
 DPO**EFOU BOE QFSTJTUFOU PO QVSTVJUT� "MM NZ SFTFBSDI QSPKFDUT BSF NBEF QPTTJCMF XJUI IFS

DPOUJOVPVT HVJEBODF BOE SFQFBUFE FODPVSBHFNFOUT�

* BN EFFQMZ JO EFCU UP NZ DPMMFBHVFT BOE GSJFOET JO UIF HSBEVBUF TDIPPM
 FTQFDJBMMZ 4JDPOH 4IBO


1SPG� 4VOH )PPO ,BOH
 1SPG� +POHNJO 4IJN
 %S� 'JMJQQP $BTBEFJ
 %S� 'BSIBE +BWJE
 4BIBC #BCBFF


+JB -JV
 +PIBOOFT 0WFSWFMEF
 2JIBO -JV BOE +JBOZV -J
 XIP P*GFSFE USFNFOEPVT IFMQ EVSJOH NZ

TUVEZ IFSF�

* IJHIMZ BQQSFDJBUF UIF HSBEVBUF DPVSTFT BOE MFDUVSFT * BUUFOEFE BU )BSWBSE
 FTQFDJBMMZ UIPTF JO�

TUSVDUFE CZ 1SPG� ;IJHBOH 4VP
 1SPG� +PPTU 7MBTTBL
 %S� %BWJE ,OF[FWJD
 1SPG� +PIO )VUDIJOTPO


1SPG� +BNFT 3JDF
 1SPG� "SJFM "NJS BOE 1SPG� .JDIBFM #SFOOFS� 5IF JOUFMMFDUVBM JOUFSBDUJPOT XJUI

UIFTF HSFBU NJOET IBWF CFFO POF PG UIF NPTU GVO BOE JOTQJSJOH FYQFSJFODFT * IBE JO NZ MJGF�

* BN FTQFDJBMMZ HSBUFGVM UP 1SPG� +PPTU 7MBTTBL BOE 1SPG� %BWJE $MBSLF
 XIP IBWF HFOFSPVTMZ

P*GFSFE UIFJS MBCPSBUPSJFT GPS NZ FYQFSJNFOUT�

* XPVME BMTP MJLF UP UIBOL BMM NZ DPMMBCPSBUPST %S� +BNFT 8FBWFS
 $BOHZV 2V
 %S� 4BNVFM 4IJBO
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%S� &MJ[BCFUI $IFO
 %S� +PSEBO 3BOFZ
 -JDIFO 'BOH
 'SBODJTDP $BOEJEP
 :VTIFO 4VO
 +PZDF ;IV


9JVNJOH ;IBOH
 4JKJF 4VO
 :VF ;IFOH
 ,BJ 9V
 .BUIFVT 'FSOBOEFT
 %S� 'BUJI (PODV
 %S� 1BUSJDL

,VS[FKB BOE %S� -JOH -V� * IBWF CFOF**UFE TVCTUBOUJBMMZ GSPN UIF EJTDVTTJPOT BOE FYDIBOHF PG JEFBT

XJUI UIFN�

.Z HSBEVBUF TUVEZ XPVME OPU IBWF CFFO QPTTJCMF XJUIPVU UIF EFWPUFE MPWF BOE VOEFSTUBOEJOH

GSPNNZ QBSFOUT� * XPVME MJLF UP HJWF NZ TQFDJBM UIBOLT UP NZ XJGF +JOH .B
 XIPTF VODPOEJUJPOBM

MPWF
 EFFQ DBSF BOE DPOTUBOU TVQQPSUT FOBCMFE NF UP **OJTI NZ UIFTJT�
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5P BDIJFWF HSFBU UIJOHT
 UXP UIJOHT BSF OFFEFE� B QMBO
 BOE OPU RVJUF FOPVHI UJNF�

-FPOBSE #FSOTUFJO

1
*OUSPEVDUJPO

"SUJ**DJBMMZ TUSVDUVSFE DPNQPTJUF NBUFSJBMT UIBU FOBCMF NBOJQVMBUJPO PG FMBTUJD XBWFT IBWF SFDFJWFE

TJHOJ**DBOU JOUFSFTU JO SFDFOU ZFBST
 OPU POMZ CFDBVTF PG UIFJS SJDI QIZTJDT
 CVU BMTP GPS UIFJS CSPBE

SBOHF PG BQQMJDBUJPOT��
��� "O JNQPSUBOU DIBSBDUFSJTUJD PG UIFTF IFUFSPHFOFPVT TZTUFNT JT UIFJS BCJMJUZ

UP UBJMPS UIF QSPQBHBUJPO PG FMBTUJD XBWFT EVF UP UIF FYJTUFODF PG CBOE HBQT ؜ GSFRVFODZ SBOHFT PG

TUSPOH XBWF BUUFOVBUJPO�

*O QIPOPOJD DSZTUBMT
 CBOE HBQT BSF HFOFSBUFE CZ #SBHH TDBUUFSJOH ؜ UIF TDBUUFSJOH PG XBWFT CZ B
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SJDI TVCKFDU XJUI OVNFSPVT BQQMJDBUJPOT�

%VSJOH UIF MBTU EFDBEF
 UIFSF IBT CFFO B GBTU HSPXJOH OVNCFS PG SFTFBSDI BDUJWJUJFT JO UIF TUVEZ

PG QIPOPOJD DSZTUBMT BOE BDPVTUJD NFUBNBUFSJBMT� 5IFJS CBOE HBQ QSPQFSUJFT IBWF CFFO FYQMPJUFE UP

EFTJHO EFWJDFT GPS OPJTF SFEVDUJPO ��
���
��
 WJCSBUJPO DPOUSPM ��
��
�� BOE XBWF HVJEJOH ��
���
��
��
 BOE

UIFTF QSBDUJDBM BQQMJDBUJPOT IBWF HFOFSBUFE SJTJOH JOUFSFTU JO UIF GVOEBNFOUBM NFDIBOJTNT BOE DPO�

USPMMJOH QBSBNFUFST PG CBOE HBQT�

*O UIJT UIFTJT
 OVNFSJDBM TJNVMBUJPOT BOE FYQFSJNFOUT BSF DPNCJOFE UP JOWFTUJHBUF UISFF OFX UZQFT

PG CBOE HBQT�

'JSTU
 JO $IBQUFS �
 * EFNPOTUSBUF CPUI OVNFSJDBMMZ BOE FYQFSJNFOUBMMZ B OFX UZQF PG CBOE HBQT

JOEVDFE CZ HFPNFUSJD GSVTUSBUJPO JO UXP�EJNFOTJPOBM BDPVTUJD OFUXPSLT DPOTJTUJOH PG B QFSJPEJD

BSSBZ PG OBSSPX BJS DIBOOFMT� *OUFSFTUJOHMZ
 XIJMF SFTPOBOU NPEFT BSF VCJRVJUPVT JO BMM OFUXPSL HFP�

NFUSJFT
 XF TIPX UIBU UIFZ HJWF SJTF UP CBOE HBQT POMZ JO UIF HFPNFUSJDBMMZ GSVTUSBUFE POFT 	J�F� UIPTF

DPNQSJTJOH USJBOHMFT BOE QFOUBHPOT
� 0VS SFTVMUT OPU POMZ SFWFBM B OFXNFDIBOJTN UP DPOUSPM UIF

QSPQBHBUJPO PG XBWFT JO TQFDJ**D GSFRVFODZ SBOHFT
 CVU BMTP PQFO BWFOVFT GPS UIF EFTJHO PG B OFX

HFOFSBUJPO PG TNBSU TZTUFNT UP NBOJQVMBUF TPVOE BOE WJCSBUJPOT�

4FDPOE
 $IBQUFS � TIPXT UIBU CZ UVOJOH UIF BWFSBHF DPOOFDUJWJUZ PG B CFBN OFUXPSL
 MPDBMMZ SFT�

POBOU CBOE HBQT DBO BMTP CF HFOFSBUFE JO TUSVDUVSFT XJUIPVU FNCFEEJOH BEEJUJPOBM SFTPOBUJOH VOJUT�

*O QBSUJDVMBS
 B DSJUJDBM UISFTIPME GPS BWFSBHF DPOOFDUJWJUZ JT JEFOUJ**FE
 GBS GSPN XIJDI UIF CBOE HBQ

TJ[F JT QVSFMZ EJDUBUFE CZ UIF HMPCBM MBUUJDF UPQPMPHZ� #Z DPOUSBTU
 OFBS UIJT DSJUJDBM WBMVF
 UIF EFUBJMFE

MPDBM HFPNFUSZ PG UIF MBUUJDF BMTP IBT TUSPOH F*GFDUT� .PSFPWFS
 JO TUBSL DPOUSBTU UP UIF TUBUJD DBTF
 XF

**OE UIBU UIF OBUVSF PG UIF KPJOUT JT JSSFMFWBOU UP UIF EZOBNJD SFTQPOTF PG UIF MBUUJDFT� 0VS SFTVMUT

OPU POMZ TIFE OFX MJHIU PO UIF SJDI EZOBNJD QSPQFSUJFT PG QFSJPEJD MBUUJDFT
 CVU BMTP PVUMJOF B OFX

TUSBUFHZ UP NBOJQVMBUF NFDIBOJDBM XBWFT JO FMBTUJD TZTUFNT�

5IJSE
 $IBQUFS � SFQPSUT B OFX UZQF PG QIPOPOJD DSZTUBMT XJUI UPQPMPHJDBMMZ OPOUSJWJBM CBOE

HBQT GPS CPUI MPOHJUVEJOBM BOE USBOTWFSTF QPMBSJ[BUJPOT
 SFTVMUJOH JO QSPUFDUFE POF�XBZ FMBTUJD FEHF
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XBWFT� *O PVS EFTJHO
 HZSPTDPQJD JOFSUJBM F*GFDUT BSF VTFE UP CSFBL UIF UJNF�SFWFSTBM TZNNFUSZ BOE

SFBMJ[F UIF QIPOPOJD BOBMPHVF PG UIF FMFDUSPOJD RVBOUVN 	BOPNBMPVT
 )BMM F*GFDU� 8F JOWFTUJHBUF

UIF SFTQPOTF PG CPUI IFYBHPOBM BOE TRVBSF HZSPTDPQJD MBUUJDFT BOE PCTFSWF CVML $IFSO OVNCFST PG

� BOE �
 JOEJDBUJOH UIBU UIFTF TUSVDUVSFT TVQQPSU TJOHMF BOE NVMUJ�NPEF FEHF FMBTUJD XBWFT JNNVOF

UP CBDLTDBUUFSJOH� 5IFTF SPCVTU POF�XBZ QIPOPOJD XBWFHVJEFT DPVME QPUFOUJBMMZ MFBE UP UIF EFTJHO

PG B OPWFM DMBTT PG TVSGBDF XBWF EFWJDFT UIBU BSF XJEFMZ VTFE JO FMFDUSPOJDT
 UFMFDPNNVOJDBUJPO
 BOE

BDPVTUJD JNBHJOH�

'JOBMMZ
 DPODMVEJOH SFNBSLT PO BMM UISFF OFX UZQFT PG CBOE HBQT BOE UIF GVUVSF PVUMPPL PG UIF

SFTFBSDI **FME PG QIPOPOJD DSZTUBMT BOE BDPVTUJD NFUBNBUFSJBMT BSF HJWFO JO $IBQUFS ��
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"OZ JOUFMMJHFOU GPPM DBO NBLF UIJOHT CJ(FS
 NPSF DPNQMFY
 BOE NPSF WJPMFOU�

*U UBL( B UPVDI PG HFOJ(ԙBOE B MPU PG DPVSBHF UP NPWF JO UIF PQQPTJUF EJSFDUJPO�

"MCFSU &JOTUFJO

2
#BOE (BQ CZ (FPNFUSJD 'SVTUSBUJPO

5IF DPOUFOU PG UIJT DIBQUFS XJMM CF QVCMJTIFE JO8BOH 1
 ;IFOH :
 'FSOBOE( .
 4VO :
 9V ,
 4VO

4
 ,BOH 4)
 #FSUPMEJ ,� "DPVTUJD CBOE HBQT JOEVDFE CZ HFPNFUSJD GSVTUSBUJPO� VOEFS SFWJFX�
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((((((((( ((((((((((( BSJTFT XIFO JOUFSBDUJPOT CFUXFFO UIF EFHSFFT PG GSFFEPN JO B MBUUJDF

BSF JODPNQBUJCMF XJUI UIF VOEFSMZJOH HFPNFUSZ ���
��� 5IJT QIFOPNFOPO QMBZT BO JNQPSUBOU SPMF

JO NBOZ OBUVSBM BOE TZOUIFUJD TZTUFNT
 JODMVEJOH XBUFS JDF��
 TQJO JDF��
�
���
��
��
��
��
�
��
���
�
 DPM�

MPJET��
���
���
��
���
 MJRVJE DSZTUBMT ��� BOE QSPUFJOT ��
���� 4VSQSJTJOHMZ
 EFTQJUF UIF GBDU UIBU HFPNFUSJDBM

GSVTUSBUJPO JT TDBMF�GSFF
 JU IBT CFFO QSJNBSJMZ TUVEJFE BU UIF NJDSP�TDBMF�� BOE POMZ WFSZ SFDFOUMZ UIF

SJDI CFIBWJPS PG NBDSPTDPQJD GSVTUSBUFE TZTUFNT��
��
 XIJDI DBO CF FBTJMZ GBCSJDBUFE BOE NBOJQVMBUFE


TUBSUFE UP HFU FYQMPSFE�

)FSF
 XF JOWFTUJHBUF UIF F*GFDU PG HFPNFUSJD GSVTUSBUJPO PO UIF QSPQBHBUJPO PG TPVOE XBWFT JO

NBDSPTDPQJD BDPVTUJD OFUXPSLT DPNQSJTJOH B MBUUJDF PG OBSSPX BJS DIBOOFMT� 8IJMF BO VOGSVTUSBUFE

TRVBSF OFUXPSL USBOTNJUT BDPVTUJD XBWFT PG BOZ GSFRVFODZ
 XF EFNPOTUSBUF CPUI OVNFSJDBMMZ BOE

FYQFSJNFOUBMMZ UIBU JO B USJBOHVMBS OFUXPSL HFPNFUSJD GSVTUSBUJPO QSPWJEFT B OFXNFDIBOJTN UP

HFOFSBUF TPOJD CBOE HBQT � SBOHFT PG GSFRVFODZ JO XIJDI UIF XBWFT DBOOPU QSPQBHBUF UISPVHI UIF

BDPVTUJD OFUXPSL� *O GBDU
 TPOJD CBOE HBQT IBWF CFFO QSFWJPVTMZ BDIJFWFE FJUIFS CZ UIF #SBHH�UZQF

DPMMFDUJWF TDBUUFSJOH BOE JOUFSGFSFODF JO PSEFSFE BSSBZT PG TPMJE JODMVTJPOT JO BJS ���
��
��
���
��� PS CZ

SFTPOBOU IZCSJEJ[BUJPO BOE FOFSHZ MPDBMJ[BUJPO JO DIBOOFMT XJUI FNCFEEFE SFTPOBUPST ���
���
��
��� *O

DPOUSBTU
 PVS SFTVMUT JOEJDBUF UIBU
 CZ IBSOFTTJOH HFPNFUSJD GSVTUSBUJPO
 IZCSJEJ[BUJPO CBOE HBQT DBO

CF JOEVDFE JO OFUXPSLT PG BJS DIBOOFMT XJUIPVU UIF OFFE PG FNCFEEJOH BEEJUJPOBM SFTPOBUPST�

8F TUBSU CZ DBMDVMBUJOH UIF EJTQFSTJPO SFMBUJPO GPS BDPVTUJD OFUXPSLT DPNQSJTJOH B QFSJPEJD BSSBZ

PG OBSSPX BJS DIBOOFMT PG MFOHUI - BOE DSPTT�TFDUJPOBM XJEUI U
 GPS XIJDI U << -� *O BOZ JOEJWJEVBM

DIBOOFM UIF GSFF WJCSBUJPOT PG UIF FODMPTFE BJS DPMVNO DBO CF EFTDSJCFE CZ UIF �% XBWF FRVBUJPO��


XIJDI DBO CF TPMWFE BOBMZUJDBMMZ ZJFMEJOH UIF SFTPOBODF BOHVMBS GSFRVFODJFT
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�!D
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, O = �, �, �... 	���


XIFSF D JT UIF TQFFE PG TPVOE JO UIF DIBOOFM BOE XF IBWF BTTVNFE CPUI FOET PG UIF DIBOOFM UP CF

�



FJUIFS PQFO PS DMPTFE� %J*GFSFOUMZ
 GPS B QFSJPEJD OFUXPSL PG BJS DIBOOFMT UIF XBWF FRVBUJPO DBO POMZ

CF TPMWFE OVNFSJDBMMZ CFDBVTF PG UIF DPNQMFY HFPNFUSZ� *O QBSUJDVMBS
 IFSF XF VTF UIF **OJUF FMF�

NFOU 	'&
 NFUIPE BOE EJTDSFUJ[F UIF BDPVTUJD MBUUJDF JOUP B OVNCFS PG �% FMFNFOUT� 5IF EJTQFSTJPO

SFMBUJPO GPS BO BDPVTUJD OFUXPSL JT UIFO DBMDVMBUFE CZ GPDVTJOH PO JUT VOJU DFMM
 BQQMZJOH #MPDI UZQF

CPVOEBSZ DPOEJUJPOT
 BOE TPMWJOH UIF EJTDSFUJ[FE FRVBUJPO�

[K(k)− !�M]p = �, 	���


GPS XBWF WFDUPST kXJUIJO UIF **STU #SJMMPVJO [POF 	NPSF EFUBJMT PO UIF BMHPSJUIN BSF QSPWJEFE JO "Q�

QFOEJY "
� /PUF UIBU JO &R� 	���
 ! EFOPUFT UIF BOHVMBS GSFRVFODZ PG UIF QSPQBHBUJOH QSFTTVSF XBWF


p JT B WFDUPS DPOUBJOJOH UIF OPEBM WBMVFT PG UIF BDPVTUJD QSFTTVSF BOEK BOEM BSF UIF BDPVTUJD TUJ*G�

OFTT BOE NBTT NBUSJDFT
 SFTQFDUJWFMZ�

*O 'JH� ��� XF TIPX UIF BDPVTUJD EJTQFSTJPO SFMBUJPOT JO UFSNT PG UIF OPSNBMJ[FE GSFRVFODZ ̉ =

!/!� = !-/(�!D) DBMDVMBUFE GPS TRVBSF BOE USJBOHVMBS BDPVTUJD OFUXPSLT� #PUI CBOE TUSVDUVSFT BSF

DIBSBDUFSJ[FE CZ FRVBMMZ TQBDFE **BU CBOET MPDBUFE BU ̉ = O/� 	O CFJOH BO JOUFHFS
 O = �, �, �...



B DMFBS TJHOBUVSF PG UIF SFTPOBOU NPEFT XJUI XBWFMFOHUI ! = �-/O MPDBMJ[FE JO UIF JOEJWJEVBM BJS

DIBOOFMT� *OUFSFTUJOHMZ
 UIF EJTQFSTJPO SFMBUJPOT BMTP JOEJDBUF UIBU GPS UIF USJBOHVMBS OFUXPSL UIF PEE

OVNCFSFE SFTPOBOU NPEFT 	J�F� O = �, �, �, ..
 HFOFSBUF BDPVTUJD CBOE HBQT
 IJHIMJHIUFE CZ UIF HSFZ

BSFBT JO 'JH� ���	C
�

5P VOEFSTUBOE UIF EJTQFSTJPO QMPUT SFQPSUFE JO 'JH� ���
 XF **STU OPUF UIBU
 JO HFOFSBM
 B MPDBMJ[FE

SFTPOBOU NPEF UFOET UP IZCSJEJ[F XJUI BOZ QSPQBHBUJOH XBWF NPEF OFBS UIF SFTPOBOU GSFRVFODZ��


SFTVMUJOH JO UIF GPSNBUJPO PG B CBOE HBQ EVF UP UIF BWPJEFE DSPTTJOH 	TFF EBTIFE SFE MJOFT BOE TIBEFE

SFE BSFB JO 'JH� ���	B

� )PXFWFS
 BO FYDFQUJPO PDDVST JG UIF XBWF NPEF PSUIPHPOBM UP UIF SFTPOBOU

POF DBO QSPQBHBUF JO UIF TZTUFN
 TJODF UIF MBDL PG BOZ QPTTJCMF DPVQMJOH CFUXFFO UIF UXP NPEFT

QSFWFOUT UIF IZCSJEJ[BUJPO QSPDFTT� "T B SFTVMU
 B USVF DSPTTJOH CFUXFFO UIF UXP CBOET BSJTFT 	TFF

�



Reduced Wave Vector, k

Reduced Wave Vector, k
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Hkiwtg 403< Ceqwuvke pgvyqtmu eqortkukpi c rgtkqfke cttc{ qh pcttqy ckt ejcppgnu< *c+ uswctg ncvvkeg cpf *d+ vtkcpiwnct ncv/

vkeg0 Ncvvkeg eqp?iwtcvkqpu. wpkv egnnu *jkijnkijvgf kp tgf+ cpf Dtknnkqwp |qpgu ctg ujqyp qp vjg nghv0 Vjg ecnewncvgf fkurgt/

ukqp tgncvkqpu ctg ujqyp qp vjg tkijv0 Vjg itg{ tgikqpu kp *d+ jkijnkijv vjg j{dtkfk|cvkqp dcpf icr kpfwegf d{ igqogvtke

htwuvtcvkqp0

JOUFSTFDUJPOT CFUXFFO TPMJE SFE BOE CMVF�HSFFO MJOFT JO 'JH� ���	B

 BOE OP HBQ JT GPSNFE�

/FYU
 XF BQQMZ UIJT BSHVNFOU UP UIF TRVBSF BOE USJBOHVMBS BDPVTUJD OFUXPSLT� 5P UIJT FOE
 XF

TUBSU CZ GPDVTJOH PO UIF SFTPOBOU NPEFT PG UIF BJS DPMVNO FODMPTFE CZ B TJOHMF DIBOOFM� 4JODF CPUI

FOET PG UIF FBDI DIBOOFM BSF PQFO
 UIF QSFTTVSF **FME PG UIF GVOEBNFOUBM SFTPOBOU NPEF JT HJWFO CZ

Q(Y) = Q� TJO(! Y/(�-)) 	Q� CFJOH B DPOTUBOU BOE Y ∈ [�,-]
 BOE JT TZNNFUSJD XJUI SFTQFDU UP UIF

DFOUFS PG UIF UVCF 	TFF 'JH� ���	C

� $POTFRVFOUMZ
 UIF NPEF PSUIPHPOBM UP UIF GVOEBNFOUBM POF BU

UIF TBNF GSFRVFODZ�XBWFMFOHUI JT BOUJ�TZNNFUSJD
 Q(Y) = Q� DPT(! Y/(�-)) 	TFF 'JH� ���	D

� 8IJMF

UIJT PSUIPHPOBM NPEF DBO CF TVQQPSUFE CZ UIF TRVBSF OFUXPSL 	'JH� ���	E


 JU JT OPU DPNQBUJCMF

XJUI UIF USJBOHVMBS MBUUJDF 	'JH� ���	F


 TP UIBU UIF TZTUFN CFDPNFT GSVTUSBUFE� *NQPSUBOUMZ
 PVS OV�

NFSJDBM SFTVMUT JOEJDBUF UIBU TVDI GSVTUSBUJPO SFTVMUT JO UIF GPSNBUJPO PO BO IZCSJEJ[BUJPO CBOE HBQ

BU ̉ = �.� � B QIFOPNFOPO UIBU IBT OFWFS CFFO SFQPSUFE CFGPSF�

*O BEEJUJPO
 XF OPUF UIBU UIF BCTFODF PG CBOE HBQ JO UIF WJDJOJUZ PG UIF **BU CBOE BU ̉ = �.�

�
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Hkiwtg 404< Igqogvtke htwuvtcvkqp kp ceqwuvke pgvyqtmu< *c+ uejgocvke qh vjg fkurgtukqp tgncvkqp qh cp ceqwuvke pgvyqtm

ujqykpi vjg hqtocvkqp qh cp j{dtkfk|cvkqp icr cv̉ = �.� fwg vq cxqkfgf etquukpi *fqvvgf tgf nkpgu+ cpf vjg uwrrtguukqp
qh vjg icr cv̉ = �.� fwg vq vtwg etquukpi *kpvgtugevkqp dgvyggp uqnkf tgf cpf itggp nkpgu+= *d+ rtguuwtg fkuvtkdwvkqp
cuuqekcvgf vq vjg hwpfcogpvcn oqfg hqt vjg ckt eqnwop gpenqugf d{ c ukping ejcppgn ykvj qrgp gpfu= *e+ ycxgoqfg qtvjq/

iqpcn vq vjg hwpfcogpvcn qpg hqt c ukping ejcppgn ykvj qrgp gpfu= vjg qtvjqiqpcn oqfg ujqyp kp *e+ ecp dg uwrrqtvgf d{

*f+ vjg uswctg pgvyqtm. dwv ecppqv dg uwrrqtvgf d{ *g+ vjg vtkcpiwnct pgvyqtm. uq vjcv vjg u{uvgo dgeqogu htwuvtcvgf= *h+

rtguuwtg fkuvtkdwvkqp cuuqekcvgf vq vjg ugeqpfoqfg hqt vjg ckt eqnwop gpenqugf d{ c ukping ejcppgn ykvj qrgp gpfu= *i+

ycxgoqfg qtvjqiqpcn vq vjg ugeqpf qpg hqt c ukping ejcppgn ykvj qrgp gpfu= vjg qtvjqiqpcn oqfg ujqyp kp *i+ ecp dg

uwrrqtvgf d{ dqvj vjg *j+ uswctg cpf *k+ vtkcpiwnct ncvvkegu0

�



JT EVF UP UIF GBDU UIBU UIF NPEF PSUIPHPOBM UP UIF TFDPOE SFTPOBOU POF DBO CF TVQQPSUFE CZ CPUI

UIF TRVBSF BOE USJBOHVMBS OFUXPSLT� *O GBDU
 UIF QSFTTVSF **FME PG UIF TFDPOE SFTPOBOU NPEF GPS UIF

JOEJWJEVBM DIBOOFMT
 Q(Y) = Q� TJO(! Y/-)
 JT BOUJ�TZNNFUSJD XJUI SFTQFDU UP UIF DFOUFS PG UIF

DIBOOFM 	'JH� ���	*


 TP UIBU UIF PSUIPHPOBM NPEF
 Q(Y) = Q� DPT(! Y/-)
 JT TZNNFUSJD 	'JH� ���	H

�

*U JT FBTZ UP TFF UIBU TVDI PSUIPHPOBM NPEF JT HFPNFUSJDBMMZ DPNQBUJCMF XJUI CPUI UIF TRVBSF 	'JH�

���	I

 BOE USJBOHVMBS 	'JH� ���	J

 OFUXPSLT
 BT XFMM BT BOZ PUIFS FRVJMBUFSBM MBUUJDF HFPNFUSZ� "T B

SFTVMU
 OP MPDBMMZ SFTPOBOU HBQ BQQFBST BU ̉ = �.� JO BOZ BDPVTUJD OFUXPSL�

"U UIJT QPJOU
 XF BMTP IJHIMJHIU UIF GBDU UIBU UIF GPSNBUJPO PG MPDBMMZ SFTPOBOU CBOE HBQT JOEVDFE

CZ HFPNFUSJD GSVTUSBUJPO JT B SPCVTU QIFOPNFOPO� *O GBDU
 BMUIPVHI JO 'JH� ��� XF GPDVT POMZ PO

UIF TRVBSF BOE USJBOHVMBS HFPNFUSZ
 XF IBWF BMTP JOWFTUJHBUFE UIF XBWF QSPQBHBUJPO JO B OVNCFS

PG PUIFS BDPVTUJD OFUXPSLT BOE GPVOE UIBU BOZ MBUUJDF DPNQSJTJOH USJBOHMFT PS QFOUBHPOT JT DIBSBD�

UFSJ[FE CZ GSVTUSBUJPO JOEVDFE BDPVTUJD CBOE HBQT 	TFF 'JH� 4� JO "QQFOEJY "
� .PSFPWFS
 XIJMF UIF

SFTVMUT QSFTFOUFE JO 'JH� ��� BSF GPS JEFBM BDPVTUJD OFUXPSLT NBEF PG �% DIBOOFMT
 XF IBWF BMTP JOWFTU�

JHBUFE UIF F*GFDU PG UIF **OJUF XJEUI U PG UIF UVCFT� 5P UIJT FOE
 XF IBWF QFSGPSNFE '& TJNVMBUJPOT

VTJOH UIF DPNNFSDJBM QBDLBHF "#"&64�4UBOEBSE BOE TUVEJFE UIF EZOBNJD SFTQPOTF PG MBUUJDFT

DPNQSJTJOH �% SFDUBOHVMBS DIBOOFMT PG MFOHUI - BOE XJEUI UNFTIFE XJUI ��OPEF CJMJOFBS BDPVTUJD

FMFNFOUT 	"#"&64 FMFNFOU UZQF "$�%�
� 5IF DBMDVMBUFE CBOE TUSVDUVSFT GPS UIF TRVBSF BOE USJ�

BOHVMBS OFUXPSLT DIBSBDUFSJ[FE CZ -/U = �� BSF SFQPSUFE JO 'JHT� ���	B
 BOE 	C

 SFTQFDUJWFMZ
 BOE

TIPX UIBU UIF EZOBNJD SFTQPOTF PG UIF TZTUFN JT OPU TJHOJ**DBOUMZ B*GFDUFE CZ UIF **OJUF�XJEUI PG UIF

DIBOOFMT 	BEEJUJPOBM OVNFSJDBM SFTVMUT GPS OFUXPSLT DPNQSJTJOH UVCFT XJUI EJ*GFSFOU WBMVFT PG -/U

BSF SFQPSUFE JO 'JH� 4� PG "QQFOEJY "
�

8F BMTP DPOEVDU TUFBEZ�TUBUF BOBMZTJT UP DBMDVMBUF UIF USBOTNJTTJPO PG **OJUF TJ[F OFUXPSLT DPN�

QSJTJOH �×� VOJU DFMMT NBEF PG �% SFDUBOHVMBS DIBOOFMT XJUI -/U = ��� *O UIFTF TJNVMBUJPOT BO

IBSNPOJD JOQVU QSFTTVSF
 QJOQVU
 JT BQQMJFE BU UIF FOE PG UIF DFOUSBM DIBOOFM PO UIF MFG* FEHF PG UIF

NPEFM� *O 'JH� ��� XF SFQPSU UIF TUFBEZ�TUBUF QSFTTVSF **FMET PCUBJOFE GPS UIF TRVBSF BOE USJBOHVMBS

��



(a) (b)

Reduced Wave Vector, k Reduced Wave Vector, k

Hkiwtg 405< Ghhgev qh vjg ?pkvg ykfvj U qh vjg ejcppgnu< dcpf uvtwevwtgu hqt *c+ vjg uswctg cpf *d+ vjg vtkcpiwnct pgvyqtmu
ejctcevgtk|gf d{-/U = ��0 Vjg itg{ tgikqpu kp *d+ jkijnkijv vjg j{dtkfk|cvkqp dcpf icr kpfwegf d{ igqogvtke htwuvtcvkqp0

OFUXPSLT BU ̉ = �.�� 	JO UIF HBQ JOEVDFE CZ HFPNFUSJDBM GSVTUSBUJPO JO UIF USJBOHVMBS OFUXPSL


BOE ̉ = �.�� 	JO UIF WJDJOJUZ PG UIF TFDPOE SFTPOBOU GSFRVFODZ PG B TJOHMF DIBOOFM
� 5IF SFTVMUT

TIPX UIBU JO UIF USJBOHVMBS OFUXPSL BU ̉ = �.�� UIF BDPVTUJD FOFSHZ JT DPNQMFUFMZ MPDBMJ[FE OFBS

UIF FYDJUBUJPO TJUF BOE OP TJHOBM JT USBOTNJUUFE UP UIF PQQPTJUF FOE PG UIF MBUUJDF 	'JH� ���	D

 � B DMFBS

JOEJDBUJPO PG B CBOE HBQ� %J*GFSFOUMZ
 JO BMM PUIFS DBTFT UIF BDPVTUJD XBWFT BSF GPVOE UP QSPQBHBUF

UISPVHI UIF OFUXPSLT 	'JHT� ���	B

 	C
 BOE 	E

�

'JOBMMZ
 UP WBMJEBUF UIF OVNFSJDBM QSFEJDUJPOT
 XF GBCSJDBUF TBNQMFT PG UIF TRVBSF BOE USJBOHVMBS

BDPVTUJD OFUXPSLT DPNQSJTJOH �×� VOJU DFMMT 	'JHT� ���	B
 BOE 	C

� 5IF JOEJWJEVBM BJS DIBOOFMT IBWF

MFOHUI - = �� NN
 B TRVBSF DSPTT�TFDUJPO PG � × � NN 	TP UIBU -/U = �� BOE !� = � L)[
 BOE

BSF FOHSBWFE JOUP BO BDSZMJD QMBUF PG UIJDLOFTT � NNXJUI UIF VTF PG B MBTFS FUDIJOH NBDIJOF 	,5���


,FSO -BTFS 4ZTUFNT
� " **BU BDSZMJD QMBUF JT UIFO HMVFE PO UIF UPQ PG UIF FUDIFE QMBUF UP DPWFS UIF BJS

DIBOOFMT� %VSJOH UIF BMM UIF FYQFSJNFOUT
 UIF TBNQMF JT TVSSPVOEFE XJUI TPVOE�BCTPSCJOH GPBNT

UP NJOJNJ[F UIF F*GFDU PG UIF BNCJFOU OPJTF� .PSFPWFS
 BO PQFO DIBOOFM PO POF PG UIF FEHFT PG UIF

TBNQMFT JT DPOOFDUFE UP BO JOQVU DIBNCFS DPOUBJOJOH BO FBSQIPOF 	���$��
 1$# 1JF[PUSPOJDT
 UP

FYDJUF B CSPBECBOE XIJUF OPJTF TJHOBM CFUXFFO � L)[ BOE � L)[ BOE B NJDSPQIPOF UP NFBTVSF UIF

��
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Hkiwtg 406< Rtguuwtg ?gnf fkuvtkdwvkqp kp ?pkvg/uk|gf ceqwuvke pgvyqtmu eqortkukpi 8×8 wpkv egnnu< *c+ uswctg ncvvkeg cv

̉ = �.��. *d+ uswctg ncvvkeg cv̉ = �.��. *e+ vtkcpiwnct ncvvkeg cv̉ = �.�� cpf *f+ vtkcpiwnct ncvvkeg cv̉ = �.��0 Vjg
eqnqt kpfkecvgu vjg rtguuwtg cornkvwfg pqtocnk|gf d{ vjg kprwv ukipcn cornkvwfg *QJOQVU+0

��



BNQMJUVEF PG UIF HFOFSBUFE TPVOE XBWFT� "OPUIFS NJDSPQIPOF JT UIFO QMBDFE BU BO BJS DIBOOFM

PQFOJOH PO UIF PQQPTJUF TJEF PG UIF TBNQMF UP EFUFDU UIF USBOTNJUUFE TJHOBM BOE UIF BDPVTUJD USBOT�

NJUUBODF JT DBMDVMBUFE BT UIF SBUJP CFUXFFO UIF QSFTTVSF BNQMJUVEFT EFUFDUFE CZ UIF UXP NJDSPQIPOFT

	J�F� QPVUQVU/QJOQVU
�

5IF DPOUJOVPVT SFE MJOFT JO 'JHT� ���	D
 BOE 	E
 TIPX UIF FYQFSJNFOUBMMZ NFBTVSFE USBOTNJUUBODF

GPS UIF TRVBSF BOE USJBOHVMBS TBNQMF
 SFTQFDUJWFMZ
 XIJMF UIF CMVF EBTIFE MJOFT DPSSFTQPOE UP UIF

USBOTNJUUBODF BT QSFEJDUFE CZ TUFBEZ�TUBUF '& TJNVMBUJPOT� 'JSTU
 XF OPUF UIBU UIF USBOTNJUUBODF GPS

UIF TRVBSF MBUUJDF EPFT OPU TIPX SFHJPOT PG TJHOJ**DBOU BUUFOVBUJPO BOE **VDUVBUFT BSPVOE ��� E# GPS

FYQFSJNFOUBM EBUB BOE BSPVOE ��� E# GPS OVNFSJDBM SFTVMUT� 4VDI MPX CBTFMJOF WBMVF JT NBJOMZ BUUSJC�

VUBCMF UP UIF EJTQFSTJPO PG WJCSBUJPOBM FOFSHZ UISPVHI UIF DIBOOFM PQFOJOHT PO UIF FEHFT
 XIJMF UIF

�� E# EJ*GFSFODF CFUXFFO FYQFSJNFOUBM BOE OVNFSJDBM SFTVMUT JT EVF UP UIF EJTTJQBUJPO JO UIF WJTDPVT

CPVOEBSZ MBZFST ���
 BO F*GFDU XIJDI JT OPU BDDPVOUFE GPS JO UIF '& TJNVMBUJPOT� %J*GFSFOUMZ
 GPS UIF

USJBOHVMBS OFUXPSL B TJHOJ**DBOU ESPQ 	VQ UP∼ −�� E#
 JO UIF USBOTNJUUBODF JT PCTFSWFE CFUXFFO ���

L)[ BOE � L)[ 	J�F� GPS ̉ CFUXFFO ��� BOE ���

 DPO**SNJOH UIF FYJTUFODF PG UIF CBOE HBQ JOEVDFE

CZ HFPNFUSJD GSVTUSBUJPO QSFEJDUFE CZ PVS BOBMZTJT�

*O TVNNBSZ
 XF EFNPOTUSBUFE CPUI OVNFSJDBMMZ BOE FYQFSJNFOUBMMZ UIBU HFPNFUSJD GSVTUSBUJPO

DBO CF FYQMPJUFE UP DPOUSPM UIF QSPQBHBUJPO PG TPVOE XBWFT JO OFUXPSLT PG OBSSPX BJS DIBOOFMT� *O

GBDU
 XF GPVOE UIBU JO BDPVTUJD OFUXPSLT DPNQSJTJOH USJBOHMFT PS QFOUBHPOT TPOJD CBOE HBQT FNFSHF

JO UIF WJDJOJUZ PG UIF PEE OVNCFSFE SFTPOBOU GSFRVFODJFT PG UIF JOEJWJEVBM DIBOOFMT CFDBVTF PG HFP�

NFUSJD GSVTUSBUJPO� 3FNBSLBCMZ
 XIJMF TPOJD CBOE HBQT IBWF CFFO QSFWJPVTMZ BDIJFWFE FJUIFS CZ

#SBHH TDBUUFSJOH JO PSEFSFE BSSBZT PG TPMJE JODMVTJPOT JO BJS ���
��
��
���
��� PS CZ NPEF IZCSJEJ[BUJPO

JO DIBOOFMT XJUI FNCFEEFE SFTPOBUPST ���
���
��
��
 PVS SFTVMUT SFWFBM B OFXNFDIBOJTN UP TVQQSFTT UIF

QSPQBHBUJPO PG TPVOE XBWFT JO TQFDJ**D GSFRVFODZ SBOHFT� 8F BMTP OPUF UIBU UIF GSVTUSBUJPO�JOEVDFE

CBOE HBQT EFNPOTUSBUFE JO UIJT TUVEZ BSF DIBSBDUFSJ[FE CZ B WFSZ QFDVMJBS GFBUVSF� BMUIPVHI UIFZ BSF

UIF SFTVMU PG SFTPOBODF IZCSJEJ[BUJPO
 UIFJS QSFTFODF DPNQMFUFMZ EFQFOE PO UIF MBUUJDF HFPNFUSZ�

��



Hkiwtg 407< Vtcpuokvvcpeg qh ?pkvg/uk|gf pgvyqtmu< hcdtkecvgf ucorngu ykvj *c+ vjg uswctg cpf *d+ vtkcpiwnct pgvyqtmu0

Vjg kprwv ejcodgt ku eqppgevgf vq vjg nghv gfig qh vjg ucorngu. yjkng vjgoketqrjqpg vqogcuwtg vjg cornkvwfg qh vjg

igpgtcvgf uqwpfycxgu ku cvvcejgf vq vjg tkijv gfig0 Vjg htgswgpe{/fgrgpfgpv vtcpuokvvcpegu hqt vjg ucorngu ctg

ujqyp kp *e+ cpf *f+ hqt vjg vtkcpiwnct cpf uswctg pgvyqtm. tgurgevkxgn{0 Dqvj gzrgtkogpvcn *eqpvkpwqwu tgf nkpgu+ cpf

pwogtkecn *fcujgf dnwg nkpg+ tguwnvu ctg ujqyp0 Vjg itg{ tgikqpu kp *f+ jkijnkijv vjg j{dtkfk|cvkqp dcpf icr cu rtgfkevgf

hqt vjg eqttgurqpfkpi kp?pkvg uvtwevwtg *ugg Hki0 403*d++0

��



5IJT NBLFT UIFN WFSZ EJ*GFSFOU GSPN UIF MPDBMMZ SFTPOBOU CBOE HBQT QSFWJPVTMZ PCTFSWFE JO NFUBNB�

UFSJBMT DPNQSJTJOH FNCFEEFE SFTPOBUPST ���
��
���
��
��
��
 TJODF UIPTF IBWF CFFO TIPXO OPU UP CF BG�

GFDUFE UIF TQBUJBM BSSBOHFNFOU PG SFTPOBUPST��
���
 BOE BMTP UP CF SFUBJOFE JO UIF DBTF PG SBOEPNMZ EJT�

USJCVUFE SFTPOBUPST�� (JWFO UIF CSPBE SBOHF PG BQQMJDBUJPOT SFDFOUMZ EFNPOTUSBUFE GPS TZTUFNT XJUI

BDPVTUJD CBOE HBQT
 JODMVEJOH XBWF HVJEJOH ���
���
 GSFRVFODZ NPEVMBUJPO��
��
 OPJTF SFEVDUJPO�� BOE

BDPVTUJD JNBHJOH��
���
��
 XF FYQFDU HFPNFUSJDBMMZ GSVTUSBUFE BDPVTUJD OFUXPSLT UP QMBZ BO JNQPSUBOU

SPMF JO UIF EFTJHO PG UIF OFYU HFOFSBUJPO PG NBUFSJBMT BOE EFWJDFT UIBU DPOUSPM UIF QSPQBHBUJPO PG

TPVOE�

��



5IF JNQPSUBOU UIJOH JO TDJFODF ( OPU TP NVDI UP PCUBJO

OFX GBDUT ( UP EJTDPWFS OFX XBZT PG UIJOLJOH BCPVU UIFN�

8JMMJBN)FOSZ #SBHH

3
#BOE (BQ CZ $POOFDUJWJUZ

5IF DPOUFOU PG UIJT DIBQUFS XBT QVCMJTIFE JO� 8BOH 1
 $BTBEFJ '
 ,BOH 4)
 #FSUPMEJ ,� -PDBMMZ SFT�

POBOU CBOE HBQT JO QFSJPEJD CFBN MBUUJD( CZ UVOJOH DPOOFDUJWJUZ� 1IZTJDBM 3FWJFX #� ��������������	3
 ����

��



-(((((( (((((((((( IBWF MPOH GBTDJOBUFE QIZTJDJTUT BOE FOHJOFFST OPU POMZ CFDBVTF PG UIFJS PVU�

TUBOEJOH GVODUJPOBMJUJFT
 CVU BMTP GPS UIFJS BCJMJUZ UP DPOUSPM UIF QSPQBHBUJPO PG FMBTUJD XBWFT� 8IJMF

UIF TUVEZ PG UIF SFMBUJPO CFUXFFO UIF DPOOFDUJWJUZ PG UIFTF TZTUFNT BOE UIFJS TUBUJD QSPQFSUJFT IBT

B MPOH IJTUPSZ UIBU HPFT CBDL UP.BYXFMM� )PXFWFS
 SVMFT UIBU DPOOFDU UIF EZOBNJD SFTQPOTF UP

UIF OFUXPSL UPQPMPHZ IBWF OPU CFFO FTUBCMJTIFE� (FOFSBMMZ TQFBLJOH
 UIF UPQPMPHZ PG TUSVDUVSFT

DPNQSJTJOH B JOUFSDPOOFDUFE OFUXPSL PG FMBTUJD CFBNT DBO CF F*GFDUJWFMZ EFTDSJCFE CZ UIF DPPSEJO�

BUJPO OVNCFS 	̄[

 XIJDI JT EF**OFE BT UIF BWFSBHF OVNCFS PG DPOOFDUJPOT BU KPJOUT� 'SPN B TUBUJD

QPJOU PG WJFX
 SFEVDJOH [̄NBLFT UIF TUSVDUVSF MFTT SJHJE VOUJM B DSJUJDBM UISFTIPME JT SFBDIFE
 CFMPX

XIJDI EFGPSNBUJPO NPEFT PG [FSP FOFSHZ FNFSHF��
�
��
���
��� " HMPCBM TUBCJMJUZ DSJUFSJPO UIBU QVSFMZ

EFQFOET PO [̄XBT **STU EFUFSNJOFE CZ.BYXFMM GPS QJO�KPJOFE MBUUJDFT DPNQSJTJOH TQSJOH�MJLF MJHB�

NFOUT��
 BOE UIFO NPEJ**FE UP BDDPVOU GPS UIF OBUVSF 	QJO PS XFMEFE
 PG UIF KPJOUT��
 UIF CFOEJOH

TUJ*GOFTT PG UIF TUSVUT ��
��
 TFMG�TUSFTTFT ��
 EJTMPDBUJPO EFGFDUT��
 DPMMBQTF NFDIBOJTNT�� BOE CPVOE�

BSZ NPEFT��
���
���
��� *O SFDFOU ZFBST
 UIF EZOBNJD SFTQPOTF PG QFSJPEJD MBUUJDFT IBT BMTP BUUSBDUFE

DPOTJEFSBCMF JOUFSFTU��
��
��
�� CFDBVTF PG UIFJS BCJMJUZ UP UBJMPS UIF QSPQBHBUJPO PG FMBTUJD XBWFT

UISPVHI EJSFDUJPOBM USBOTNJTTJPOT ���
��
���
�� BOE CBOE HBQT 	GSFRVFODZ SBOHFT PG TUSPOH XBWF BUUFO�

VBUJPO
��
��
���
��� )PXFWFS
 UIPVHI TFWFSBM TUVEJFT IBWF TIPXO UIBU UIF XBWF QSPQBHBUJPO QSPQFSUJFT

PG QFSJPEJD MBUUJDFT BSF IJHIMZ TFOTJUJWF UP UIF BSDIJUFDUVSF PG UIF OFUXPSL ���
��
��
���
��
 B HMPCBM DSJ�

UFSJPO DPOOFDUJOH UIF GSFRVFODZ BOE TJ[F PG CBOE HBQT UP UIF MBUUJDF UPQPMPHZ JT TUJMM OPU ZFU JO QMBDF�

*O UIJT MFUUFS
 XF TUVEZ UIF F*GFDUT PG CPUI UIF HMPCBM DPPSEJOBUJPO OVNCFS 	̄[
 BOE UIF MPDBM HFP�

NFUSJD GFBUVSFT PG QFSJPEJD OFUXPSLT NBEF PG TMFOEFS CFBNT XJUI **OJUF CFOEJOH TUJ*GOFTT PO UIF

QSPQBHBUJPO PG FMBTUJD XBWFT� 8F DPOTJEFS UXP EJNFOTJPOBM QFSJPEJD MBUUJDFT NBEF PG &VMFS�#FSOPVMMJ

CFBNT TVQQPSUJOH CPUI CFOEJOH BOE BYJBM EFGPSNBUJPOT� &BDI CFBN JT NBEF PG B MJOFBS FMBTUJD JTP�

USPQJD NBUFSJBM
 IBT MFOHUI -
 NBTT QFS VOJU MFOHUIN
 CFOEJOH TUJ*GOFTT &*
 BYJBM TUJ*GOFTT &" BOE JT

DIBSBDUFSJ[FE CZ B TMFOEFSOFTT SBUJP ! = -
√

&"/(&*) = ��� )PXFWFS
 JU JT JNQPSUBOU UP OPUF

UIBU BMM SFTVMUT QSFTFOUFE JO UIF QBQFS BSF OPU B*GFDUFE CZ UIJT TQFDJ**D DIPJDF PG ! BOE UIBU JEFOUJDBM

��



Hkiwtg 503< Dcpf uvtwevwtgu qh vtkcpiwnct rgtkqfke dgco ncvvkegu0 *c+ Fkurgtukqp tgncvkqp qh vjg vtkcpiwnct ncvvkeg ykvj

ygnfgf lqkpvu0 *d+ Fkurgtukqp tgncvkqp qh vjg vtkcpiwnct ncvvkeg ykvj rkp lqkpvu0 Vjg ncvvkeg cpf wpkv egnnu ykvj dqvj ygnfgf

cpf rkp lqkpvu ctg ujqyp cu kpugvu0 Dcpficru ctg ujqyp cu itg{/ujcfgf ctgcu cpf vjg @cv dcpfu cv vjgkt nqygt gfig ctg

jkijnkijvgf kp tgf0 Vjg Dnqejoqfgu qh vjg @cv dcpf *vjg vjktfoqfg+ cv jkij u{oogvt{ rqkpvu qh vjg Dtknnqwkp |qpg *I. Z

cpfO. ugg Crrgpfkz D+ ctg ujqyp kp *e+ cpf *f+ hqt vjg ecug qh ygnfgf cpf rkp lqkpvu. tgurgevkxgn{0 C rnqv rtgugpvkpi dqvj

dcpf uvtwevwtgu pqtocnk|gf d{ vjg ucog hcevqt ku kpenwfgf kp Crrgpfkz D

��



**OEJOHT DBO CF PCUBJOFE GPS OFUXPSL PG CFBNT DIBSBDUFSJ[FE CZ BOZ WBMVF PG ! > ��� 5P TUVEZ UIF

QSPQBHBUJPO PG TNBMM BNQMJUVEF FMBTUJD XBWFT JO TVDI MBUUJDFT
 XF QFSGPSN GSFRVFODZ�EPNBJO XBWF

QSPQBHBUJPO BOBMZTJT ���
��� XJUIJO UIF **OJUF FMFNFOU 	'&
 GSBNFXPSL VTJOH UIF DPNNFSDJBM QBDLBHF

"CBRVT�4UBOEBSE BOE #MPDI�UZQF CPVOEBSZ DPOEJUJPOT BSF BQQMJFE UP UIF FEHFT PG UIF VOJU DFMM� 8F

UIFO TPMWF UIF GSFRVFODZ�EPNBJO XBWF FRVBUJPO GPS XBWF WFDUPST JO UIF #SJMMPVJO [POF VTJOH B QFS�

UVSCBUJPO NFUIPE� %FUBJMT BSF HJWFO JO "QQFOEJY #�

8F TUBSU CZ JOWFTUJHBUJOH UIF QSPQBHBUJPO PG FMBTUJD XBWFT JO UIF USJBOHVMBS MBUUJDF 	DIBSBDUFSJ[FE

CZ DPOOFDUJWJUZ [̄ = �
 XJUI CPUI QJO BOE XFMEFE KPJOUT� 'JHVSFT ���B BOE ���C TIPX UIF CBOE TUSVD�

UVSFT JO UFSN PG UIF OPSNBMJ[FE GSFRVFODZ !/!XFMEFE BOE !/!QJO
 XIFSF !XFMEFE = ��.�
√

&*/(N-�)

BOE !QJO = !�
√

&*/(N-�) BSF UIF **STU OBUVSBM GSFRVFODZ PG UIF B TJOHMF CFBN XJUI CPUI FOET

**YFE 	XFMEFE
 BOE GSFF UP SPUBUF 	QJO

 SFTQFDUJWFMZ� "T QSFWJPVTMZ QSFEJDUFE��
 UIF EJTQFSTJPO SFMB�

UJPOT JOEJDBUF UIBU UIF TUSVDUVSF JT DIBSBDUFSJ[FE CZ B CBOE HBQ� )PXFWFS
 XIJMF TVDI CBOE HBQ JT

CFMJFWFE UP CF EVF UP #SBHH TDBUUFSJOH
 PVS BOBMZTJT TVSQSJTJOHMZ JOEJDBUFT UIBU JU JT HFOFSBUFE CZ MPD�

BMJ[FE SFTPOBODF
 B GBDU UIBU IBT OPU CFFO DMFBSMZ QPJOUFE PVU CFGPSF� 5IJT JNQPSUBOU PCTFSWBUJPO JT

DMFBSMZ TVQQPSUFE CZ UIF GBDU UIBU
 SFHBSEMFTT PG UIF UZQF PG KPJOUT
 UIF CBOE BU UIF MPXFS FEHF PG UIF

CBOE HBQ JT DPNQMFUFMZ **BU 	TFF SFE MJOFT JO 'JHT� ���B BOE ���C
 BOE MPDBUFE JO DPSSFTQPOEFODF PG UIF

**STU OBUVSBM GSFRVFODZ PG UIF CFBNT 	J�F� !/!XFMEFE = � BOE !/!QJO = �
� 'VSUIFSNPSF
 UIF #MPDI

NPEF TIBQFT PG UIF **BU CBOE BU UIF IJHI�TZNNFUSZ QPJOUT (
 9 BOE. SFQPSUFE JO 'JHT� ���D BOE ���E

DPO**SN UIBU FBDI CFBN WJCSBUFT JOEFQFOEFOUMZ BDDPSEJOH UP JUT OBUVSBM NPEF� "T B SFTVMU
 UIF WJCSB�

UJPO FOFSHZ JT MPDBMJ[FE CZ UIF TJOHMF�CFBN SFTPOBOU NPEF
 QSFWFOUJOH UIF QSPQBHBUJPO PG UIF FMBTUJD

XBWFT� *O QSFWJPVT TUVEJFT
 UIF MPDBM SFTPOBODF NFDIBOJTN XBT UZQJDBMMZ SFBMJ[FE JO IFUFSPHFOFPVT

TZTUFNT DPNQSJTJOH UXP ���
��
���
 UISFF��
���
�� PS GPVS �� EJ*GFSFOU DPOTUJUVFOU NBUFSJBMT� 3FNBSLBCMZ


JO QFSJPEJD USJBOHVMBS MBUUJDFT
 FWFO XJUI B TJOHMF NBUFSJBM BOE CVJMEJOH CMPDL
 MPDBM SFTPOBODFT DBO CF

FYQMPJUFE UP HFOFSBUF CBOE HBQT
 QSPWJEJOH B GPVOEBUJPO GPS UIF EFTJHO PG B OFX DMBTT PG TZTUFNT UP

NBOJQVMBUF UIF QSPQBHBUJPO PG FMBTUJD XBWFT� 'VSUIFSNPSF
 PVS SFTVMUT BMTP EFNPOTUSBUF UIBU
 JO PS�

��



EFS UP BUUFOVBUF UIF QSPQBHBUJPO PG FMBTUJD XBWFT UISPVHI MPDBMJ[FE SFTPOBODFT
 JU JT OPU OFDFTTBSZ UP

FNCFE BEEJUJPOBM SFTPOBUJOH DPNQPOFOUT��
���
���
���
��
��
��
���
���
��
�� XJUIJO UIF CFBN MBUUJDFT� 4VDI

TJOHMF�CVJMEJOH�CMPDL BOE TJOHMF�NBUFSJBM TZTUFN XJUI MPDBMMZ SFTPOBOU CBOE HBQ IBT CFFO QSFWJPVTMZ

SFBMJ[FE JO POF�EJNFOTJPOBM TFUVQ POMZ ���

)BWJOH EFNPOTUSBUFE UIBU UIF USJBOHVMBS CFBN MBUUJDF JT DIBSBDUFSJ[FE CZ B MPDBMMZ SFTPOBOU CBOE

HBQ SFHBSEMFTT PG UIF UZQF PG KPJOUT
 XF OPX JOWFTUJHBUF UIF EZOBNJD SFTQPOTF PG UIF IFYBHPOBM MBU�

UJDF
 XIJDI IBT UIF TBNF MBUUJDF TZNNFUSJFT PG UIF USJBOHVMBS MBUUJDF CVU B NVDI TNBMMFS DPPSEJOBUJPO

OVNCFS 	J�F� [̄ = �
� "T TIPXO JO 'JH� ���B
 UIF IFYBHPOBM MBUUJDF XJUI XFMEFE KPJOUT BMTP FYIJCJUT BO

BMNPTU **BU CBOE BU UIF SFTPOBOU GSFRVFODZ PG UIF CFBNT 	J�F� ! = !XFMEFE
� )PXFWFS
 JO UIJT DBTF

UIF **BU�CBOE SFTPOBOU NPEF EPFT OPU PQFO B CBOE HBQ SFHBSEMFTT PG UIF UZQFT PG KPJOUT 	JEFOUJDBM

CFIBWJPS JT GPVOE JO UIF DBTF PG QJO KPJOUT
 BT TIPXO JO "QQFOEJY #
� #Z DPNQBSJOH UP UIF USJBOHV�

MBS MBUUJDF
 XF OPUF UIBU UIF BCTFODF PG UIF MPDBMMZ SFTPOBOU CBOE HBQ JO UIF IFYBHPOBM MBUUJDF DPVME

BSJTF FJUIFS CFDBVTF PG UIF MPX DPOOFDUJWJUZ OVNCFS [̄ PS UIF EJ*GFSFOU BOHMF ! CFUXFFO DPOOFDUFE

CFBNT� 5P GVSUIFS JOTQFDU UIF DPOUSJCVUJPO PG UIF MBUUFS GBDUPS
 CZ LFFQJOH [̄ = � BOE WBSZJOH !

GSPN �!/� UP !/�
 XF DPOTUSVDU QFSJPEJD MBUUJDFT UIBU BSF UPQPMPHJDBMMZ FRVJWBMFOU UP UIF IFYBHPOBM

MBUUJDF BOE TUVEZ UIFJS EZOBNJD SFTQPOTF� "T DMFBSMZ TIPXO JO 'JHT� ���C� ���E
 UIPVHI UIF QIPOPOJD

CBOE TUSVDUVSF FWPMWFT TJHOJ**DBOUMZ BT ! DIBOHFT
 OP CBOE HBQ JT PCTFSWFE� *U JT FTQFDJBMMZ JNQPSUBOU

UP OPUF UIBU GPS ! = !/� UIF CFBNT BSF BSSBOHFE FYBDUMZ BT JO UIF USJBOHVMBS MBUUJDF� )PXFWFS
 UIF

OFUXPSL UPQPMPHZ JT EJ*GFSFOU
 BT POMZ UISFF
 JOTUFBE PG TJY
 CFBNT DPOOFDU UP FBDI PUIFS BU FBDI KPJOU

	TFF JOTFU JO 'JH� ���E
� 5IVT
 UIFTF SFTVMUT DPODMVTJWFMZ TIPX UIBU UIF HMPCBM UPQPMPHZ PG UIF OFUXPSL

EFTDSJCFE CZ UIF DPPSEJOBUJPO OVNCFS QMBZT B DSVDJBM SPMF JO EFUFSNJOJOH UIF FYJTUFODF PG MPDBMMZ SFT�

POBOU CBOE HBQT� *O BEEJUJPO
 PVS BOBMZTJT JOEJDBUFT UIBU UIJT DPODMVTJPO JT OPU B*GFDUFE CZ UIF OBUVSF

PG UIF KPJOUT 	BEEJUJPOBM SFTVMUT GPS QJO KPJOUT BSF JODMVEFE JO "QQFOEJY #
�

/FYU
 UP GVSUIFS EFNPOTUSBUF UIF SPMF PG UIF DPPSEJOBUJPO OVNCFS PO UIF GPSNBUJPO PG MPDBMMZ

SFTPOBOU CBOE HBQT
 XF JOWFTUJHBUF B OVNCFS PG QFSJPEJD CFBN MBUUJDFT XJUI � < [̄ < �
 BT TIPXO

��



Hkiwtg 504< Dcpf uvtwevwtg qh rgtkqfke ncvvkegu ykvj [̄ = � cpfygnfgf lqkpvu0 *c+ Jgzciqpcn ncvvkeg *! = �!/�+= *d+
Vqrqnqikecnn{ gswkxcngpv ncvvkeg ykvj! = !/�= *e+ Vqrqnqikecnn{ gswkxcngpv ncvvkeg ykvj! = �!/��= cpf *f+ Vqrqnqikecnn{
gswkxcngpv ncvvkeg ykvj! = !/�0 Vjg ncvvkeg uvtwevwtgu cpf wpkv egnnu wugf kp vjg ecnewncvkqpu ctg ujqyp cu kpugvu0 Pqvg
vjcv hqt! = !/� vjg cttcpigogpv qh vjg dgcou ku vjg ucog cu hqt vjg vtkcpiwnct ncvvkeg. dwv vjg eqppgevkxkv{ ku uvknn
[̄ = �0 Kp hcev. cnvjqwij hqt enctkv{ vjg itggp/eqnqtgf lqkpvu ctg ftcyp ugrctcvgn{ kp vjg wpkv egnn qh f. vjg{ ctg rqukvkqpgf cv

vjg ucog urcvkcn nqecvkqp0 Pq nqecnn{ tguqpcpv dcpf icr ku hqwpf hqt cp{ qh vjg eqp?iwtcvkqpu0 Tguwnvu hqt vjg ucog ncvvkegu

ykvj rkp lqkpvu ctg rtqxkfgf kp Crrgpfkz D0

��



JO 'JH� ���B� 5IFTF IZCSJE MBUUJDFT BSF HFOFSBUFE CZ DPOTJEFSJOH FOMBSHFE VOJU DFMMT PG UIF USJBOHVMBS

MBUUJDF BOE SBOEPNMZ SFNPWJOH B OVNCFS PG KPJOUT BOE BMM CFBNT BUUBDIFE UP UIFN� "MUFSOBUJWFMZ


MBUUJDFT XJUI [̄ DMPTF UP � BSF DPOTUSVDUFE TUBSUJOH XJUI BO FOMBSHFE VOJU DFMM PG UIF IFYBHPOBM MBUUJDF

BOE **MMJOH TPNF SBOEPNMZ DIPTFO IFYBHPOT XJUI TJY USJBOHMFT� 'PS FBDI WBMVF PG [̄NVMUJQMF DPO**H�

VSBUJPOT BSF BOBMZ[FE BOE
 TJODF UIFTF QFSJPEJD MBUUJDFT EP OPU TIBSF UIF TBNF TQBUJBM TZNNFUSZ PG UIF

USJBOHVMBS BOE IFYBHPOBM MBUUJDFT
 BEEJUJPOBM #MPDI WFDUPST BSF DPOTJEFSFE UP EFUFSNJOF UIF QSFTFODF

PG CBOE HBQT
 BT EFUBJMFE JO "QQFOEJY #� 5IF SFTVMUT BSF TVNNBSJ[FE JO 'JH� ���C
 XIFSF UIF XJEUI PG

UIF CBOE HBQ ˵! JT SFQPSUFE GPS EJ*GFSFOU IZCSJE MBUUJDFT XJUI � < [̄ < �� &BDI DJSDVMBS NBSLFS JO

UIF QMPU SFQSFTFOUT UIF BWFSBHF HBQ XJEUI PG BMM DPO**HVSBUJPOT DPOTJEFSFE GPS UIBU QBSUJDVMBS WBMVF PG

[̄
 XIJMF UIF DPSSFTQPOEJOH FSSPS CBS TQBOT UIF SBOHF PG PCTFSWFE ˵!� *OUFSFTUJOHMZ
 GPS MBUUJDFT XJUI

MPX DPOOFDUJWJUZ 	J�F� �.� < [̄ < �.� � ZFMMPX SFHJPO JO 'JH� ���C

 OP MPDBMMZ SFTPOBOU CBOE HBQ JT

PCTFSWFE BU ! = !XFMEFE�

*O DPOUSBTU
 XIFO �.� < [̄ < �.� 	SFE SFHJPO JO 'JH� ���C

 BMM DPOTJEFSFE MBUUJDFT QPTTFTT B MPDBMMZ

SFTPOBOU CBOE HBQ� *O QBSUJDVMBS
 GPS TUSVDUVSFT XJUI B WFSZ IJHI BWFSBHF DPOOFDUJWJUZ 	J�F� [̄ > �.�



UIF CBOE HBQ XJEUI ˵! JT MJOFBSMZ DPSSFMBUFE UP UIF DPPSEJOBUJPO OVNCFS [̄� 0O UIF PUIFS IBOE
 JG

�.� < [̄ < �.�
 BMUIPVHI B MPDBMMZ SFTPOBOU CBOE HBQ BMXBZT FYJTUT
 JUT TJ[F JT OPU TPMFMZ EFUFSNJOFE

CZ [̄
 CVU BMTP B*GFDUFE CZ UIF TQFDJ**D BSSBOHFNFOU PG UIF CFBNT XJUIJO UIF VOJU DFMM� 'JOBMMZ
 XIFO

�.� < [̄ < �.� 	PSBOHF SFHJPO JO 'JH� ���C

 EFQFOEJOH PO UIF MPDBM HFPNFUSJD GFBUVSFT
 UIF MBUUJDF NBZ

FJUIFS IBWF PS OPU IBWF B MPDBMMZ SFTPOBOU CBOE HBQ�

5IF SFTVMUT QSFTFOUFE JO 'JH� ��� OPU POMZ DPO**SN UIBU UIF HMPCBM UPQPMPHZ PG UIF MBUUJDF JT UIF

MFBEJOH GBDUPS JO EFUFSNJOJOH UIF FYJTUFODF PG B MPDBMMZ SFTPOBOU CBOE HBQ
 CVU BMTP JOEJDBUF UIBU GPS

BO JOUFSNFEJBUF SBOHF PG [̄ UIF EFUBJMFE HFPNFUSZ PG UIF MBUUJDF QMBZT BO JNQPSUBOU SPMF� 5P GVSUIFS

VOEFSTUBOE UIF F*GFDU PG UIF BSSBOHFNFOU PG UIF CFBNT JO MBUUJDFT DIBSBDUFSJ[FE CZ JOUFSNFEJBUF WBM�

VFT PG [̄
 XF BMTP TUVEZ SIPNCJD MBUUJDFT XJUI [̄ = � BOE JOWFTUJHBUF UIF F*GFDU PG UIF BOHMF ! CFUXFFO

UIF CFBNT BU UIF KPJOUT� 8F TUBSU GSPN UIF DBTF PG ! = !/�
 UIF XFMM�LOPXO TRVBSF MBUUJDF
 XIJDI

��



Hkiwtg 505< F{pcoke tgurqpug qh rgtkqfke ncvvkegu ykvj � < [̄ < �0 *c+ Tgrtgugpvcvkxg wpkv egnnu eqpuvtwevgf gkvjgt
uvctvkpi htqo vjg vtkcpiwnct ncvvkeg cpf tgoqxkpi c pwodgt qh tcpfqon{ ejqugp pqfgu qt uvctvkpi htqo vjg jgzciqpcn

ncvvkeg cpf ?nnkpi c pwodgt qh tcpfqon{ ejqugp jgzciqpu ykvj ukz vtkcpingu0 Hqt vyq wpkv egnnu ykvj [̄ = �.��� cnuq vjg
dcpf uvtwevwtgu ctg ujqyp0 d. Tgncvkqp dgvyggp pqtocnk|gf cxgtcig dcpf icr uk|g˵!/!XFMEFE cpf eqqtfkpcvkqp pwodgt
[̄0 Vjg dcpf icr uk|g ku eqorwvgf cu vjg fkhhgtgpeg dgvyggp vjg wrrgt cpf nqygt gfigu qh vjg icr0 Vjg gttqt dct cv gcej
fcvc rqkpv kpfkecvgu vjg dcpf icr tcpig qh htgswgpekgu urcppgf d{ cnn fkhhgtgpv eqp?iwtcvkqpu ejctcevgtk|gf d{ vjg ucog

xcnwg qh [̄0

��



Hkiwtg 506< Pqtocnk|gf dcpf icrykfvj˵!/!∗ hqt tjqodke ncvvkegu vjcv ctg vqrqnqikecnn{ gswkxcngpv vq vjg uswctg ncv/
vkeg0 Vjg ncvvkeg uvtwevwtgu cpf lqkpv v{rgu wugf kp vjg ecnewncvkqpu ctg ujqyp cu kpugvu0 Vjg tguwnvu hqt ncvvkegu ykvj dqvj

ygnfgf cpf rkp lqkpvu ctg tgrqtvgf0 Pqvg vjcv!∗ = !XFMEFE cpf!∗ = !QJO hqt ncvvkegu ykvj ygnfgf cpf rkp lqkpvu.
tgurgevkxgn{0

EPFT OPU IBWF B MPDBMMZ SFTPOBOU CBOE HBQ��� )PXFWFS
 BT TIPXO JO 'JH� ���
 XIFO UIF BOHMF ! JT QSP�

HSFTTJWFMZ SFEVDFE
 B MPDBMMZ SFTPOBOU CBOE HBQ BQQFBST GPS SIPNCJD MBUUJDFT� *OUFSFTUJOHMZ
 XF BMTP

**OE UIBU B NBYJNVN CBOE HBQ XJEUI JT BDIJFWFE GPS ! = ��!/���
 SFHBSEMFTT PG UIF KPJOU UZQFT�

5IFSFGPSF
 PVS SFTVMUT JOEJDBUF UIBU
 XIFO FYUFOEFE UP UIF EZOBNJD SFTQPOTF PG UIF CFBN MBUUJDFT


.BYXFMMءT SVMF DBO CF SFMBYFE� *O GBDU
 XIJMF [̄ = � SFQSFTFOUT UIF DSJUJDBM UISFTIPME CFMPX XIJDI B

MBUUJDF NBEF PG TQSJOH�MJLF MJHBNFOUT CFDPNFT VOTUBCMF
 UIF SIPNCJD MBUUJDFT BU UIF UISFTIPME DBO TUJMM

QPTTFTT B MPDBMMZ SFTPOBOU CBOE HBQ CZ DBSFGVMMZ DIPPTJOH UIF BOHMF !�

*O TVNNBSZ
 XF IBWF OVNFSJDBMMZ JOWFTUJHBUFE UIF EZOBNJD SFTQPOTF PG QFSJPEJD CFBN MBUUJDFT�

8F IBWF GPVOE UIBU
 JO IJHIMZ DPOOFDUFE MBUUJDFT
 UIF CFBNT UIFNTFMWFT BDU BT NFDIBOJDBM SFTPOBUPST


FOBCMJOH UIF HFOFSBUJPO PG MPDBMMZ SFTPOBOU CBOE HBQT� 4JNJMBS UP UIF PCTFSWBUJPO SFQPSUFE GPS UIF

F*GFDUJWF TUBUJD QSPQFSUJFT PG MBUUJDFT��
��
��
��
���
���
 PVS SFTVMUT JOEJDBUF UIBU UIF QSFTFODF BOE XJEUI PG

UIF MPDBMMZ SFTPOBOU CBOE HBQ EFQFOET PO UIF DPPSEJOBUJPO OVNCFS 	J�F� BWFSBHF MBUUJDF DPOOFDUJWJUZ


[̄
� " SFEVDUJPO PG [̄ SFTVMUT JO B EFDSFBTF PG UIF CBOE XJEUI
 VOUJM B DSJUJDBM UISFTIPME JT SFBDIFE
 CF�

MPX XIJDI UIF CBOE HBQ DPNQMFUFMZ DMPTFT� 0O UIF PUIFS IBOE
 XF IBWF GPVOE UIBU
 EJ*GFSFOU GSPN

��



UIF HSPVOE TUBUF TUBUJD QSPQFSUJFT��
��
��
 UIF EZOBNJD SFTQPOTF PG UIF TZTUFN JT OPU TFOTJUJWF UP UIF

UZQF PG KPJOUT� 6OEFS EZOBNJD MPBEJOH
 UIF MBUUJDFT BSF JO BO FYDJUFE TUBUF DIBSBDUFSJ[FE CZ B **OJUF

MFWFM PG FOFSHZ
 BOE UIF SFTQPOTF JT OPU RVBMJUBUJWFMZ B*GFDUFE CZ UIF CFOEJOH TUJ*GOFTT PG UIF KPJOUT�

.PSFPWFS
 XF IBWF BMTP TIPXO UIBU UIF BWFSBHF DPOOFDUJWJUZ JT OPU FOPVHI UP QSFEJDU UIF EZOBNJD

DIBSBDUFSJTUJDT PG B TZTUFN XIFO [̄ JT OFBS UIF DSJUJDBM UISFTIPME� *O GBDU
 XF JEFOUJ**FE B USBOTJUJPO

SFHJPO XIFSF UIF EZOBNJD SFTQPOTF PG UIF MBUUJDFT JT TFOTJUJWF UP UIF EFUBJMFE BSDIJUFDUVSF PG UIF OFU�

XPSL� 0VS XPSL QBWFT UIF XBZ UPXBSET UIF EFTJHO PG B OFX DMBTT PG TZTUFNT NBEF PG JEFOUJDBM FMBTUJD

CFBNT UIBU DBO F*GFDUJWFMZ BUUFOVBUF UIF QSPQBHBUJPO PG FMBTUJD XBWFT BU MPX GSFRVFODJFT CZ FYQMPJUJOH

MPDBM SFTPOBODFT� "T BO FYBNQMF
 IJHIMZ DPOOFDUFE QFSJPEJD MBUUJDFT XJUI CFBN MFOHUI∼ �� NN


UIJDLOFTT∼ �.� NN
 XIJDI BSF NBEF PG BO BDSZMJD QPMZNFS UIBU DBO CF FBTJMZ �%�QSJOUFE 	:PVOHءT

NPEVMVT∼ �.�� (1B
 EFOTJUZ∼ ���� LH�N�

 FYIJCJU B MPDBMMZ SFTPOBOU CBOE HBQ JO UIF BVEJCMF GSF�

RVFODZ SBOHF 	J�F� BU BSPVOE ��� )[ BOE ���� )[ GPS UIF DBTF PG QJO BOE XFMEFE KPJOUT
 SFTQFDUJWFMZ
�

��



/P
 OP� 5IFTF DPODFQUT 	UPQPMPHJDBM CVOEMF UIFPSZ
 XFSF OPU ESFBNFE VQ�

5IFZ XFSF OBUVSBM BOE SFBM�

4IJJOH�4IFO $IFSO

(PE NBEF UIF CVML� TVSGBD( XFSF JOWFOUFE CZ UIF EFWJM�

8PMGHBOH 1BVMJ

4
5PQPMPHJDBM #BOE (BQ

5IF DPOUFOU PG UIJT DIBQUFS XBT QVCMJTIFE JO� 8BOH 1
 -V -
 #FSUPMEJ ,� 5PQPMPHJDBM 1IPOPOJD $SZT�

UBMT XJUI 0OF�8BZ &MBTUJD &EHF 8BW(� 1IZTJDBM 3FWJFX -FUUFST� ��������������� ����

��



5(((((((((( (((((( JO FMFDUSPOJD NBUFSJBMT
 JODMVEJOH UIF RVBOUVN)BMM F*GFDU ��� BOE UPQPMP�

HJDBM JOTVMBUPST��
��
 IBWF JOTQJSFE B OVNCFS PG SFDFOU EFWFMPQNFOUT JO QIPUPOJDT��
��
 QIPOPO�

JDT��
���
���
��� BOE NFDIBOJDBM NFUBNBUFSJBMT ���
��
��
��� *O QBSUJDVMBS
 JO BOBMPHZ UP UIF RVBOUVN BO�

PNBMPVT )BMM F*GFDU ��
 POF�XBZ FMFDUSPNBHOFUJD XBWFHVJEFT JO UXP�EJNFOTJPOBM TZTUFNT IBWF CFFO

SFBMJ[FE CZ CSFBLJOH UJNF�SFWFSTBM TZNNFUSZ ���
���
���
����

7FSZ SFDFOUMZ VOJEJSFDUJPOBM FEHF DIBOOFMT IBWF CFFO QSPQPTFE GPS FMBTUJD XBWFT VTJOH $PSJPMJT

GPSDF JO B OPO�JOFSUJBM SFGFSFODF GSBNF ���
 CVU TVDI B SPUBUJOH GSBNF JT WFSZ EJ***DVMU UP JNQMFNFOU JO

TPMJE TUBUF EFWJDFT� .PSFPWFS
 POF�XBZ QSPQBHBUJPO PG TDBMBS BDPVTUJD XBWFT IBT BMTP CFFO QSPQPTFE

CZ JOUSPEVDJOH SPUBUJOH **VJET ��
���
��� )PXFWFS
 JU JT JNQPSUBOU UP SFDPHOJ[F UIBU FMBTUJD XBWFT JO

TPMJET IBWF CPUI USBOTWFSTF BOE MPOHJUVEJOBM QPMBSJ[BUJPOT
 XIJMF BDPVTUJD XBWFT JO **VJET BSF QVSFMZ

MPOHJUVEJOBM� "T B SFTVMU
 JU JT DIBMMFOHJOH UP BDIJFWF UPQPMPHJDBM QSPUFDUJPO GPS FMBTUJD XBWFT PO BO

JOUFHSBUFE EFWJDF QMBUGPSN�

)FSF
 XF QSFTFOU B SPCVTU TUSBUFHZ UP DSFBUF UPQPMPHJDBMMZ OPOUSJWJBM FEHF NPEFT GPS CPUI MPO�

HJUVEJOBM BOE USBOTWFSTF QPMBSJ[BUJPOT JO B TPMJE NFEJVN� *O QBSUJDVMBS
 XF JOUSPEVDF HZSPTDPQJD

QIPOPOJD DSZTUBMT
 XIFSF FBDI MBUUJDF TJUF JT DPVQMFE XJUI B TQJOOJOH HZSPTDPQF UIBU CSFBLT UJNF�

SFWFSTBM TZNNFUSZ JO B XFMM�DPOUSPMMFE NBOOFS� *O CPUI IFYBHPOBM BOE TRVBSF MBUUJDFT
 HZSPTDPQJD

DPVQMJOH PQFOT CBOE HBQT UIBU BSF DIBSBDUFSJ[FE CZ $IFSO OVNCFST PG � BOE �� "T B SFTVMU
 BU UIF

FEHF PG UIFTF MBUUJDFT CPUI TJOHMF�NPEF BOE NVMUJ�NPEF POF�XBZ FMBTUJD XBWFT BSF PCTFSWFE UP QSPQBH�

BUF BSPVOE BSCJUSBSZ EFGFDUT XJUIPVU CBDLTDBUUFSJOH�

5P TUBSU
 XF DPOTJEFS B IFYBHPOBM QIPOPOJD DSZTUBM XJUI FRVBM NBTTFT 	N� = N�
 DPOOFDUFE CZ

MJOFBS TQSJOHT 	SFE BOE CMBDL SPET JO 'JHT� ���B BOE ���C
� 5IF SFTVMUJOH VOJU DFMM IBT GPVS EFHSFFT PG

GSFFEPN TQFDJ**FE CZ UIF EJTQMBDFNFOUT PGN� BOEN� 	U = [VN�Y , VN�Z , VN�Y , VN�Z ]
� $POTFRVFOUMZ


UIFSF BSF B UPUBM PG GPVS CBOET JO UIF CBOE TUSVDUVSF 	'JH� ���D
� /PUF UIBU UIJT JT UIF NJOJNBM OVN�

CFS PG CBOET SFRVJSFE UP PQFO B DPNQMFUF CBOE HBQ
 TJODF UIF **STU UXP FMBTUJD EJTQFSTJPO CBOET BSF

QJOOFE BU [FSP GSFRVFODZ� 5IF QIPOPOJD CBOE TUSVDUVSFT BSF DBMDVMBUFE CZ TPMWJOH UIF EJTQFSTJPO

��
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Hkiwtg 603< Qtfkpct{ cpf I{tqueqrke Rjqpqpke Et{uvcnu< *c+ Uejgocvke qh vjg jgzciqpcn ncvvkeg0 Vjg dnwg cpf itg{ urjgtgu

tgrtgugpv eqpegpvtcvgfocuuguN� cpfN� = N�. tgurgevkxgn{0 Vjg tgf cpf dncem uvtckijv tqfu tgrtgugpv ocuu/nguu nkpgct

urtkpiu ykvj uvkhhpguu L� cpf L� = L�/��. tgurgevkxgn{0 Vjg fcujgf egnn ku vjg rtkokvkxg egnn qh vjg ncvvkeg0 *d+Wpkv egnn hqt

vjg qtfkpct{ *pqp/i{tqueqrke+ rjqpqpke et{uvcn0 *e+Dcpf uvtwevwtg qh vjg qtfkpct{ *pqp/i{tqueqrke+ rjqpqpke et{uvcn0 Vjg

kpugv ku vjg Dtknnqwkp |qpg0 *f+ Uejgocvke qh c i{tqueqrgykvj vjg vqr vkr rkppgf vq cocuu kp vjg ncvvkeg0 *g+Wpkv egnn hqt vjg

i{tqueqrke rjqpqpke et{uvcn0 *h+Dcpf uvtwevwtg qh vjg i{tqueqrke rjqpqpke et{uvcn *!� = !� = �.�N�+ ykvj vjg Ejgtp

pwodgtu ncdgngf qp vjg dwnm dcpfu0 Vjg htgswgpekgu ctg pqtocnk|gf d{!� =
√

L�/N� 0

��



FRVBUJPO��

[K(!)− !�M]U = � 	���


GPS XBWF WFDUPST !XJUIJO UIF **STU #SJMMPVJO [POF� )FSF
 ! EFOPUFT UIF BOHVMBS GSFRVFODZ PG UIF

QSPQBHBUJOH XBWF BOEM = EJBH{N�, N�, N�, N�} JT UIF NBTT NBUSJY� .PSFPWFS
K JT UIF �×�

TUJ*GOFTT NBUSJY BOE JT B GVODUJPO PG UIF #MPDI XBWF WFDUPS !� 5IF CBOE TUSVDUVSF PG UIJT TJNQMF

MBUUJDF JT TIPXO JO 'JH� ���D� "T FYQFDUFE
 JO UIF MPOH XBWFMFOHUI SFHJNF 	OFBS(�QPJOU
 UIF **STU

BOE TFDPOE CBOET DPSSFTQPOE UP USBOTWFSTF BOE MPOHJUVEJOBM NPEFT
 SFTQFDUJWFMZ
 XIJMF GPS TIPSU

XBWFMFOHUIT 	OFBS,�QPJOUT
 BMM NPEFT BSF GPVOE UP IBWF NJYFE QPMBSJ[BUJPO 	EFUBJMFE BOBMZTJT PG UIF

NPEBM QPMBSJ[BUJPO JT HJWFO JO "QQFOEJY $
� .PSFPWFS
 XF PCTFSWF B RVBESBUJD EFHFOFSBDZ CFUXFFO

UIF UIJSE BOE GPVSUI CBOET BU UIF DFOUFS PG UIF #SJMMPVJO [POF BOE B DPNQMFUF HBQ CFUXFFO UIF

TFDPOE BOE UIJSE CBOET EVF UP UIF MBDL PG JOWFSTJPO TZNNFUSZ� )PXFWFS
 UIJT HBQ JT UPQPMPHJDBMMZ

USJWJBM
 TJODF UJNF�SFWFSTBM TZNNFUSZ JT OPU CSPLFO BOE UIF $IFSO OVNCFST PG UIF CBOET BSF BMM [FSP�

*O PSEFS UP CSFBL UJNF�SFWFSTBM TZNNFUSZ
 XF JOUSPEVDF HZSPTDPQJD DPVQMJOH��
��
�� BOE BUUBDI

FBDI NBTT JO UIF MBUUJDF UP UIF UJQ PG UIF SPUBUJPOBM BYJT PG B HZSPTDPQF
 BT TIPXO JO 'JH� ���E� /PUF

UIBU UIF PUIFS UJQ PG UIF HZSPTDPQF JT QJOOFE UP UIF HSPVOE UP QSFWFOU BOZ USBOTMBUJPOBM NPUJPO


XIJMF BMMPXJOH GPS GSFF SPUBUJPOT� #FDBVTF PG UIF TNBMM�BNQMJUVEF JO�QMBOF XBWFT QSPQBHBUJOH JO UIF

QIPOPOJD MBUUJDF
 UIF NBHOJUVEF PG UIF UJQ EJTQMBDFNFOU PG UIF FBDI HZSPTDPQF JT HJWFO CZ

6UJQ = I TJO ! ≈ I! = I˹FJ!U GPS |˹| ≪ �, 	���


XIFSF I BOE ! EFOPUF UIF IFJHIU BOE OVUBUJPO BOHMF PG UIF HZSPTDPQF 	'JH� ���E
 BOE ˹ JT UIF BNQ�

MJUVEF PG UIF IBSNPOJD DIBOHF JO !� *OUFSFTUJOHMZ
 UIF DPVQMJOH CFUXFFO UIF NBTT JO UIF MBUUJDF BOE

UIF HZSPTDPQF JOEVDFT BO JO�QMBOF HZSPTDPQJD JOFSUJBM GPSDF QFSQFOEJDVMBS UP UIF EJSFDUJPO PG6UJQ

��
���

'H = ±J!�!6UJQ, 	���


��



XIFSF ! JT UIF TQJOOFS DPOTUBOU UIBU DIBSBDUFSJ[FT UIF TUSFOHUI PG UIF SPUBUJPOBM DPVQMJOH CFUXFFO

UXP JOEFQFOEFOU JOFSUJBT JO UIF �% QMBOF� "T B SFTVMU
 UIF NBTT NBUSJY JO &R� 	���
 CFDPNFT


M̃ = M+




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
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� J!� � �

−J!� � � �

� � � J!�
� � −J!� �
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, 	���


XIFSF !� BOE !� EFOPUF UIF TQJOOFS DPOTUBOUT PG UIF HZSPTDPQFT BUUBDIFE UPN� BOEN�
 SFTQFDUJWFMZ�

8F OPUF UIBU UIF JNBHJOBSZ OBUVSF PG UIF HZSPTDPQJD JOFSUJBM F*GFDU JOEJDBUFT EJSFDUJPOBM QIBTF TIJG*T

XJUI SFTQFDU UP UIF UJQ EJTQMBDFNFOUT
 XIJDI CSFBLT UJNF�SFWFSTBM TZNNFUSZ�

8F OPX DPOTJEFS UIF CBOE TUSVDUVSF PG UIF HZSPTDPQJD IFYBHPOBM MBUUJDF� *OUFSFTUJOHMZ
 XF **OE

UIBU UIF PSJHJOBM CBOE HBQ CFUXFFO UIF TFDPOE BOE UIJSE CBOET **STU DMPTFT JOUP B %JSBD DPOF BU UIF

,�QPJOUT BOE UIFO SFPQFOT BT XF HSBEVBMMZ JODSFBTF UIF NBHOJUVEF PG !� BOE !�� *O QBSUJDVMBS
 GPS

!� = !� = �.��N� UIF HBQ JT DMPTFE BOE B QBJS PG %JSBD DPOFT BU,�QPJOUT FNFSHFT
 XIJMF GPS !� =

!� = �.�N� UIF HBQ SFPQFOT
 BT TIPXO JO 'JH� ���G� 8F BMTP OPUF UIBU UIJT UPQPMPHJDBM USBOTJUJPO BU

!� = !� = �.��N� JT BDDPNQBOJFE CZ B CBOE JOWFSTJPO ��� CFUXFFO UIF TFDPOE BOE UIJSE CBOET

OFBS UIF,�QPJOUT 	UIF DPNQMFUF QSPDFTT PG UIJT UPQPMPHJDBM USBOTJUJPO JT TIPXO JO UIF "QQFOEJY

$
� 4JODF FBDI %JSBD QPJOU DBSSJFT B #FSSZ QIBTF PG ! BOE UIFSF JT B QBJS PG %JSBD DPOFT JO UIF **STU

#SJMMPVJO [POF �
 XF FYQFDU UIF UPUBM FYDIBOHF PG #FSSZ DVSWBUVSF CFUXFFO UIF UXP CBOET UP CF �!


SFTVMUJOH JO POF DIJSBM FEHF TUBUF JO UIF HBQ CFUXFFO UIF TFDPOE BOE UIJSE CBOET� 4JNJMBSMZ
 XF BMTP

PCTFSWF UIBU UIF RVBESBUJD EFHFOFSBDZ GPVOE GPS UIF PSEJOBSZ MBUUJDF CFUXFFO UIF UIJSE BOE GPVSUI

CBOET BU UIF #SJMMPVJO [POF DFOUFS 	TFF 'JH� ���D
 JT PQFOFE JOUP B GVMM CBOE HBQ XIFO HZSPTDPQJD

DPVQMJOH JT JOUSPEVDFE 	TFF 'JH� ���*
� 4JODF TVDI B RVBESBUJD UPVDIJOH DBSSJFT B �! #FSSZ QIBTF��

�/PUF UIBU PO UIF CPVOEBSZ PG UIF **STU #SJMMPVJO [POF PG UIF IFYBHPOBM MBUUJDF UIFSF BSF TJY %JSBD QPJOUT�

)PXFWFS
 TJODF BU FBDI QPJOU POMZ POF UIJSE PG UIF %JSBD DPOF JT JODMVEFE JO UIF **STU #SJMMPVJO [POF
 XF IBWF B
QBJS PG %JSBD DPOFT JO UPUBM�

��



Hkiwtg 604< Gfig oqfgu kp I{tqueqrke Rjqpqpke Et{uvcn< *c+ 3F dcpf uvtwevwtg ujqykpi dwnm dcpfu *dncem fqvu+ cpf

gfig dcpfu *eqnqtgf nkpgu+0 Tgf uqnkf nkpgu tgrtgugpv gfigoqfgu dqwpf vq vjg vqr dqwpfct{. yjkng dnwg fcujgf nkpgu

tgrtgugpv gfigoqfgu dqwpf vq vjg dqvvqo dqwpfct{0 *d+Oqfcn fkurncegogpv ?gnfu qh vqr gfig uvcvgu ykvj pgicvkxg

itqwr xgnqekvkgu0 *e+Oqfcn fkurncegogpv ?gnfu qh dqvvqo gfig uvcvgu ykvj rqukvkxg itqwr xgnqekvkgu

UIFSF TIPVME CF POF DIJSBM FEHF TUBUF JO UIF HBQ CFUXFFO UIF UIJSE BOE GPVSUI CBOET� *NQPSUBOUMZ


UIF GBDU UIBU CBOE HBQT JO 'JH� ���G BSF UPQPMPHJDBMMZ�OPOUSJWJBM JT DPO**SNFE CZ UIF OPO�[FSP $IFSO

OVNCFST MBCFMFE PO UIF CBOET 	UIF DBMDVMBUJPOT DPOEVDUFE UP DPNQVUF UIFTF UPQPMPHJDBM JOWBSJBOUT

BSF EFUBJMFE JO UIF "QQFOEJY $
� 5IFSFGPSF
 JO UIF GSFRVFODZ SBOHFT PG UIFTF OPOUSJWJBM CBOE HBQT


XF FYQFDU HBQMFTT POF�XBZ FEHF TUBUFT
 XIPTF OVNCFS JT EJDUBUFE CZ UIF TVN PG $IFSO OVNCFST

CFMPX UIF CBOE HBQ
 JO BHSFFNFOU XJUI PVS JOUVJUJWF BSHVNFOUT PG #FSSZ QIBTF�

5P WFSJGZ UIF FYJTUFODF PG TVDI POF�XBZ FEHF TUBUFT
 XF QFSGPSN POF�EJNFOTJPOBM 	�%
 #MPDI XBWF

BOBMZTJT PO B TVQFSDFMM DPNQSJTJOH �� × � VOJU DFMMT
 BTTVNJOH GSFF CPVOEBSZ DPOEJUJPOT GPS UIF UPQ

BOE CPUUPN FEHFT� *O GVMM BHSFFNFOU XJUI UIF CVML $IFSO OVNCFST
 UIF CBOE TUSVDUVSF PG UIF TV�

QFSDFMM TIPXT POF POF�XBZ FEHF NPEF PO FBDI FEHF JO CPUI CBOE HBQT� 'PS NPEFT CPVOE UP UIF UPQ

FEHF 	'JH� ���C

 UIF QSPQBHBUJPO DBO POMZ BTTVNF OFHBUJWF HSPVQ WFMPDJUJFT 	SFE TPMJE MJOFT XJUI OFH�

BUJWF TMPQF JO 'JH� ���B
� 0O UIF PUIFS IBOE
 UIF NPEFT CPVOE UP UIF CPUUPN FEHF 	'JH� ���D
 QPTTFTT

QPTJUJWF HSPVQ WFMPDJUJFT 	CMVF EBTIFE MJOFT XJUI QPTJUJWF TMPQF JO 'JH� ���B
� 4JODF UIFTF FEHF NPEFT

BSF JO UIF HBQ GSFRVFODZ SBOHF XIFSF OP CVML NPEFT NBZ FYJTU
 UIFZ DBOOPU TDBUUFS JOUP UIF CVML

PG UIF QIPOPOJD DSZTUBM� 'VSUIFSNPSF
 UIFJS VOJ�EJSFDUJPOBM HSPVQ WFMPDJUJFT HVBSBOUFF UIF BCTFODF

��



PG BOZ CBDL TDBUUFSJOH BOE SFTVMU JO UIF UPQPMPHJDBMMZ QSPUFDUFE POF�XBZ QSPQBHBUJPO PG WJCSBUJPO

FOFSHZ�

t = 2T
0

t = 12T
0

t = 22T
0

t = 32T
0

Hkiwtg 605< Vtcpukgpv Tgurqpug qh c i{tqueqrke rjqpqpke et{uvcn eqpukuvkpi qh 42× 42 wpkv egnnu ykvj c nkpg fghgev qp vjg

tkijv dqwpfct{< Upcrujqvu qh vjg fkurncegogpv ?gnf cv *c+ U = �5� . *d+ U = ��5�. *e+ U = ��5� cpf *f+ U = ��5�. yjgtg

5� =
√

N�/L� ku vjg ejctcevgtkuvke vkog uecng qh vjg u{uvgo0 Uvctvkpi htqo U = �. c vkog/jctoqpke gzekvcvkqp hqteg
F(U) = ['Y(U), 'Z(U)] = [�, �]'�F−J!U ku rtguetkdgf cv vjg ukvg kpfkecvgf d{ vjg tgf cttqy0

5P TIPX UIF SPCVTUOFTT PG UIFTF FEHF TUBUFT
 XF DPOEVDU USBOTJFOU BOBMZTJT PO B **OJUF TBNQMF DPN�

QSJTJOH ��× �� VOJU DFMMT XJUI B MJOF EFGFDU PO UIF SJHIU CPVOEBSZ DSFBUFE CZ SFNPWJOH UXFMWF NBTTFT

BOE UIF TQSJOHT DPOOFDUFE UP UIFN 	'JH� ���B
� " IBSNPOJD GPSDF FYDJUBUJPO
 '�F−J!U
 JT QSFTDSJCFE BU

B NBTT TJUF PO UIF CPUUPN CPVOEBSZ 	SFE BSSPX JO 'JH� ���B
 XJUI GSFRVFODZ XJUIJO UIF CVML CBOE

HBQ CFUXFFO UIF TFDPOE BOE UIJSE CBOET 	!/!� = �.�
� *O 'JH� ��� XF QMPU TOBQTIPUT PG UIF WF�

MPDJUZ **FME BU EJ*GFSFOU UJNF JOTUBODFT
 U/5� = �
 ��
 �� BOE ��
 XIFSF 5� =
√

N�/L� JT UIF DIBS�

BDUFSJTUJD UJNF TDBMF PG UIF TZTUFN� 3FNBSLBCMZ
 CFDBVTF PG UIFJS UPQPMPHJDBM QSPUFDUJPO
 UIF FEHF

NPEFT DJSDVNWFOU CPUI UIF TIBSQ DPSOFS BOE UIF MJOF EFGFDU XJUIPVU BOZ SF**FDUJPO� 8F OPUF UIBU


��



BMUIPVHI UIF SFTVMUT QSFTFOUFE JO 'JH� ��� BSF GPS BO IBSNPOJD FYDJUBUJPO XJUI ��◦ JODMJOBUJPO 	J�F�

F(U) = ['Y(U), 'Z(U)] = [�, �]'�F−J!U

 UIF POF�XBZ FEHF QSPQBHBUJPOT BSF OPU B*GFDUFE CZ UIF

EJSFDUJPO PG UIF BQQMJFE GPSDF 	BEEJUJPOBM SFTVMUT BSF JODMVEFE JO UIF "QQFOEJY $
�

/FYU
 XF JOWFTUJHBUF UIF F*GFDU PG UIF MBUUJDF HFPNFUSZ BOE TUBSU XJUI BO PSEJOBSZ TRVBSF QIPOPOJD

DSZTUBM XJUI NBTTFTN� DPOOFDUFE CZ TQSJOHT XJUI FMBTUJD DPOTUBOU L�� 5P NBLF UIF MBUUJDF TUBUJDBMMZ

TUBCMF
 XF BEE BO BEEJUJPOBM NBTTN� = N� BU UIF DFOUFS PG FBDI VOJU DFMM BOE DPOOFDU JU UP JUT

GPVS BEKBDFOUN� NBTTFT CZ TQSJOHT XJUI FMBTUJD DPOTUBOU L� = �L� 	4FF 'JHT� ���B
� 5IF CBOE TUSVD�

UVSF GPS UIJT MBUUJDF 	TIPXO JO 'JH� ���C
 DPOUBJOT B QBJS PG UISFF�GPME MJOFBS EFHFOFSBDJFT BNPOH UIF

**STU
 TFDPOE BOE UIJSE CBOET BU UIF9 QPJOUT PG UIF #SJMMPVJO [POF� /PUF UIBU UIJT UZQF PG EFHFO�

FSBDZ
 DPOTJTUJOH PG B MPDBMMZ **BU CBOE BOE B %JSBD QPJOU
 JT LOPXO BT UIF BDDJEFOUBMأ %JSBD QPJOUؤ

PS JSBD�MJLF%ؤ DPOFTؤ��
��� *OUFSFTUJOHMZ
 XIJMF UIJT UZQF PG EFHFOFSBDZ XBT QSFWJPVTMZ GPVOE UP

PDDVS BU UIF #SJMMPVJO [POF DFOUFS BOE WFSZ TFOTJUJWF UP UIF TZTUFN QBSBNFUFST
 JO PVS MBUUJDF JU SP�

CVTUMZ BQQFBST BU UIF9 QPJOUT XIFON� = N�� 6QPO UIF JOUSPEVDUJPO PG HZSPTDPQJD JOFSUJBM F*GFDUT

	!� = !� = �.�N�

 UIFTF UISFF�GPME EFHFOFSBUF QPJOUT BSF MJG*FE BOE B HBQ JT DSFBUFE CFUXFFO UIF

TFDPOE BOE UIJSE CBOET 	'JH� ���D
� 5IF $IFSO OVNCFST PG UXP CVML CBOET CFMPX UIF HBQ JT UXP


QSFEJDUJOH UIF FYJTUFODF PG UXP UPQPMPHJDBM FEHF TUBUFT� 5IF QSFTFODF PG NVMUJ� NPEF POF�XBZ FMBTUJD

XBWFT JT DPOTJTUFOU XJUI UIF GBDU UIBU UIF #FSSZ QIBTF BTTPDJBUFE XJUI TVDI B UISFF�CBOE EFHFOFSBDZ

JT �! ��
 SFTVMUJOH JO B UPUBM FYDIBOHF PG #FSSZ DVSWBUVSF PG �! XIFO HBQQJOH UXP PG UIFTF QPJOUT JO

UIF #SJMMPVJO [POF �ئ *O 'JHT� ���E BOE ���F
 XF QMPU UIF CBOE TUSVDUVSF PG UIF DPSSFTQPOEJOH ��×�

TVQFSDFMM
 IJHIMJHIUJOH UIF UXP POF�XBZ FEHF NPEFT BOE UIFJS NPEBM EJTQMBDFNFOU **FMET�

5P TVNNBSJ[F
 XF EFNPOTUSBUFE UIBU HZSPTDPQJD QIPOPOJD DSZTUBMT DBO TVQQPSU UPQPMPHJDBMMZ

OPO�USJWJBM HBQT
 XJUIJO XIJDI UIF FEHF TUBUFT BSF VOJEJSFDUJPOBM BOE JNNVOF UP CBDL�TDBUUFSJOH�

5IF USBOTJFOU BOBMZTJT DPO**SNFE UIBU UIF QSPQBHBUJPOT PG TVDI UPQPMPHJDBM FEHF XBWFT BSF SPCVTU

PUF/ئ UIBU PO UIF CPVOEBSZ PG UIF **STU #SJMMPVJO [POF PG UIF TRVBSF MBUUJDF UIFSF BSF GPVS FRVJWBMFOU
9�QPJOUT� )PXFWFS
 TJODF BU FBDI QPJOU POMZ POF IBMG PG UIF UISFF�CBOE EFHFOFSBDZ JT JODMVEFE JO UIF **STU
#SJMMPVJO [POF
 XF IBWF B QBJS PG UISFF�CBOE EFHFOFSBDJFT JO UPUBM�

��



BHBJOTU MBSHF EFGFDUT BOE TIBSQ DPSOFST� .PSFPWFS
 XF TIPXFE
 GPS UIF **STU UJNF
 UIF NVMUJNPEF

POF�XBZ TUBUFT 	$IFSO OVNCFS �±� 
 JO QIPOPOJD TZTUFNT
 PQFOJOH NPSF BWFOVFT GPS UIF EFTJHO

PG GVUVSF UPQPMPHJDBM XBWFHVJEFT BOE EFWJDFT� 8IJMF JO UIJT TUVEZ XF EFWFMPQFE B DPNQSFIFOTJWF

GSBNFXPSL GPS UIF EFTJHO BOE BOBMZTJT PG UPQPMPHJDBM QIPOPOJD DSZTUBMT
 XF SFDFOUMZ CFDBNF BXBSF PG

B QBSBMMFM F*GPSU JO XIJDI UJNF�SFWFSTBM TZNNFUSZ CSFBLJOH JO B HZSPTDPQJD TZTUFN IBT CFFO UIFPSFUJD�

BMMZ BOBMZTFE BOE FYQFSJNFOUBMMZ EFNPOTUSBUFE���

'JOBMMZ
 XF OPUF UIBU QIPOPOJD DSZTUBMT ���
�� BOE BDPVTUJD NFUBNBUFSJBMT��
��
��
��
��� UIBU FOBCMF

NBOJQVMBUJPO BOE DPOUSPM PG FMBTUJD XBWFT IBWF SFDFJWFE TJHOJ**DBOU JOUFSFTU JO SFDFOU ZFBST��
��
 OPU

POMZ CFDBVTF PG UIFJS SJDI QIZTJDT
 CVU BMTP GPS UIFJS CSPBE SBOHF PG BQQMJDBUJPOT ���
��
���
��
��
��
��
��
��
��
�
��
���

*OUFSFTUJOHMZ
 UIF FEHF XBWF NPEFT JO QIPOPOJD DSZTUBMT BSF JNQPSUBOU JO NBOZ TDFOBSJPT ���
���
�
��


JODMVEJOH WJCSBUJPO DPOUSPM ��� BOE BDPVTUJD JNBHJOH ��� )PXFWFS
 NPTU PG SFQPSUFE TUVEJFT IBWF

GPDVTFE PO UPQPMPHJDBMMZ USJWJBM TVSGBDF XBWFT UIBU DBO CF FBTJMZ TDBUUFSFE PS MPDBMJ[FE CZ EFGFDUT ����

5IFSFGPSF
 UIF XPSL SFQPSUFE IFSF DPVME PQFO OFX BWFOVFT GPS UIF EFTJHO PG QIPOPOJD EFWJDFT XJUI

TQFDJBM QSPQFSUJFT BOE GVODUJPOBMJUJFT PO FEHFT
 TVSGBDFT BOE JOUFSGBDFT�

��



Hkiwtg 606< Uswctg Ncvvkeg tguwnvu< *c+ Uejgocvke qh vjg uswctg ncvvkeg0 Vjg dnwg cpf itg{ urjgtgu tgrtgugpv eqpegpvtcvgf

ocuuguN� cpfN� = N�. tgurgevkxgn{0 Vjg dncem cpf tgf uvtckijv tqfu tgrtgugpv ocuu/nguu nkpgct urtkpiu ykvj uvkhhpguu

L� cpf L� = �L�. tgurgevkxgn{0 *d+Dcpf uvtwevwtg qh vjg qtfkpct{ *pqp/i{tqueqrke+ rjqpqpke et{uvcn0 Vjg kpugvu ctg vjg

Dtknnqwkp |qpg cpf vjg wpkv egnn0 *e+Dcpf uvtwevwtg qh vjg i{tqueqrke rjqpqpke et{uvcn *!� ?!� = �.�N�+ ykvj vjg Ejgtp

pwodgtu ncdgngf qp vjg dwnm dcpfu0 Htgswgpekgu ctg pqtocnk|gf d{!� =
√

L�/N� 0 Vjg kpugv ku vjg wpkv egnn0 *f+ 3F dcpf

uvtwevwtg ujqykpi dwnm dcpfu *dncem fqvu+ cpf vyq vqrqnqikecn gfig dcpfu *tgf uqnkf nkpgu+ dqwpf vq vjg vqr dqwpfct{0

Pqvg vjcv vjg gfig dcpfu vjcv ctg dqwpf vq vjg dqvvqo dqwpfct{ ctg pqv ujqyp jgtg0 *g+Oqfcn fkurncegogpv ?gnfu qh vjg

gfig uvcvgu ujqyp kp *f+0
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/PUIJOH ( UPP XPOEFSGVM UP CF USVF JG JU CF DPOTJTUFOU XJUI UIF MBXT PG OBUVSF�

.JDIBFM 'BSBEBZ

" QJDUVSF ( XPSUI B UIPVTBOE XPSET� BO FRVBUJPO ( XPSUI B UIPVTBOE QJDUVS(�

BOE BO JEFB ( XPSUI B UIPVTBOE FRVBUJPOT�

5
$PODMVTJPO

1IPOPOJD DSZTUBMT BOE BDPVTUJD NFUBNBUFSJBMT QSPWJEF NBOZ PQQPSUVOJUJFT UP NBOJQVMBUF TPVOE BOE

WJCSBUJPOT� 0OF PG UIF NPTU JOUFSFTUJOH PG UIFTF JT UIFJS BCJMJUZ UP UBJMPS UIF QSPQBHBUJPO PG BDPVTUJD

BOE FMBTUJD XBWFT UISPVHI QIPOPOJD CBOE HBQT � GSFRVFODZ SBOHFT PG TUSPOH BUUFOVBUJPO� "MUIPVHI

UIFSF IBWF CFFO OVNFSPVT TUVEJFT GPDVTFE PO CBOE�HBQ NBUFSJBMT JO UIF MBTU UXP EFDBEFT
 POMZ UXP

UZQFT PG HBQT IBWF CFFO EFNPOTUSBUFE� #SBHH�UZQF HBQT FNFSHJOH GSPN UIF DPMMFDUJWF TDBUUFSJOH BOE

IZCSJEJ[BUJPO HBQT DSFBUFE CZ FNCFEEFE SFTPOBUPST� *O UIJT UIFTJT
 * SFQPSU UIF EJTDPWFSJFT PG UISFF

��



OFX UZQFT PG QIPOPOJD CBOE HBQT
 QSPWJEJOH OPWFM TUSBUFHJFT GPS UIF EFTJHO PG OFYU�HFOFSBUJPO TNBSU

TZTUFNT XJUI UBSHFUFE EZOBNJD CFIBWJPS�

'JSTU
 BT TIPXO JO $IBQUFS �
 HFPNFUSJD GSVTUSBUJPOT JO BDPVTUJD XBWFHVJEF OFUXPSLT DPNQSJTJOH

USJBOHMFT PS QFOUBHPOT DBO JOEVDF CBOE HBQT JO UIF WJDJOJUZ PG UIF PEE OVNCFSFE SFTPOBOU GSFRVFO�

DJFT PG UIF JOEJWJEVBM DIBOOFMT� 5IF OVNFSJDBM BOE FYQFSJNFOUBM SFTVMUT SFWFBM UIBU UIJT OFX NFDI�

BOJTN JT EJ*GFSFOU GSPN UIBU PG FNCFEEFE SFTPOBUPST JO UXP BTQFDUT� 0O POF IBOE
 JO DPOWFOUJPOBM

EFTJHOT PG BDPVTUJD NFUBNBUFSJBMT
 UIFSF IBT BMXBZT CFFO B DMFBS EJTUJODUJPO CFUXFFO UIF CVML NBUSJY

NBUFSJBM BOE UIF SFTPOBUJOH VOJU� "DPVTUJD OFUXPSLT XJUI HFPNFUSJD�GSVTUSBUJPO HBQT
 PO UIF DPO�

USBSZ
 DPNQSJTF BJS DIBOOFMT UIBU
 TVSQSJTJOHMZ
 GVODUJPO BT CPUI UIF NBUSJY BOE UIF SFTPOBUPS� 0O

UIF PUIFS IBOE
 MPDBMMZ SFTPOBOU CBOE HBQT QSFWJPVTMZ PCTFSWFE JO NFUBNBUFSJBMT BSF OPU TFOTJUJWF UP

UIF TQBUJBM BSSBOHFNFOU PG SFTPOBUPST
 BOE UIFZ DBO BMTP CF SFUBJOFE JO UIF DBTF PG SBOEPNMZ EJTUSJC�

VUFE SFTPOBUPST� *O DPOUSBTU
 UIF GSVTUSBUJPO�JOEVDFE CBOE HBQT BSF GVOEBNFOUBMMZ EFQFOEFOU PO UIF

TQBUJBM DPO**HVSBUJPO PG UIF BJS DIBOOFMT BOE DBO CF DPNQMFUFMZ EFUFSNJOFE CZ UIF MBUUJDF HFPNFUSZ�

#FTJEFT UIFTF QFDVMJBS GFBUVSFT
 UIJT TUVEZ BMTP QSPWJEFT UIF **STU EFNPOTUSBUJPO GPS UIF HFPNFUSJD

GSVTUSBUJPO PG DPOUJOVPVT XBWF GVODUJPO JO B NBDSPTDPQJD TZTUFN XIJDI DBO CF FBTJMZ GBCSJDBUFE BOE

DPOWFOJFOUMZ TUVEJFE�

4FDPOE
 CBOE HBQT JO MBUUJDFT PG TUSVDUVSBM CFBNT XJUI **OJUF CFOEJOH TUJ*GOFTT BSF BMTP GPVOE UP CF

B OFX LJOE JO $IBQUFS �� "MUIPVHI UIFTF HBQT IBWF CFFO QSFWJPVTMZ QSFEJDUFE BOE BSF XFMM LOPXO

UP UIF SFTFBSDI DPNNVOJUZ
 PVS OFX SFTVMUT JOEJDBUF UIBU UIFZ BSF BMTP IZCSJEJ[BUJPO HBQT DBVTFE CZ

UIF SFTPOBODF NPEF PG JOEJWJEVBM CFBNT� 4JNJMBS UP UIF DBTF PG BJS DIBOOFMT JO BDPVTUJD XBWFHVJEF

OFUXPSLT
 FBDI CFBN JO UIF MBUUJDFT BDUVBMMZ BDU BT CPUI B QBSU PG CVML NBUSJY BOE BO JOEFQFOEFOU

SFTPOBUJOH VOJU� 5IJT EJTDPWFSZ DPNQFMT UIF TUVEZ UP GPDVT PO UIF DPOEJUJPOT GPS UIF GPSNBUJPO PG

UIF HBQT JO CFBN MBUUJDFT PG EJ*GFSFOU DPO**HVSBUJPOT� )PXFWFS
 UIF TJNQMF BSHVNFOU PG HFPNFUSJD

GSVTUSBUJPO DBO OPU CF EJSFDUMZ BQQMJFE UP UIJT DBTF BOZNPSF� 4JODF CFBNT DBO TVQQPSU CPUI BYJBM

BOE **FYVSBM EFGPSNBUJPOT
 UIF XBWFT JO UIFTF MBUUJDFT BSF WFDUPSJBM JO OBUVSF� .PSFPWFS
 UIF **FYVSBM

��



XBWF PO FBDI CFBN IBT B RVBESBUJD EJTQFSTJPO CZ JUTFMG
 XIJDI GVSUIFS DPNQMJDBUFT UIF QSPCMFN�

&YUFOTJWF OVNFSJDBM TUVEJFT FWFOUVBMMZ VOFBSUI UIF GBDU UIBU UIF QSFTFODF BOE XJEUI PG UIF MPDBMMZ

SFTPOBOU CBOE HBQ JO CFBN MBUUJDFT EFQFOET PO UIF BWFSBHF MBUUJDF DPOOFDUJWJUZ PG UIF OFUXPSL� 5IF

HBQ BMXBZT FYJTUT JO MBUUJDFT XJUI IJHI DPOOFDUJWJUZ
 BOE UIFSF JT B DSJUJDBM UISFTIPME GPS UIF BWFSBHF

DPOOFDUJWJUZ
 GSPN XIJDI UIF HBQ TJ[F JT QVSFMZ EJDUBUFE CZ UIF HMPCBM MBUUJDF UPQPMPHZ� )PXFWFS
 OFBS

UIJT DSJUJDBM WBMVF
 UIF EFUBJMFE MPDBM HFPNFUSZ PG UIF MBUUJDF BMTP IBT TUSPOH F*GFDUT� 'VSUIFSNPSF
 5IF

SPUBUJPOBM TUJ*GOFTT PG UIF KPJOUT JO UIF OFUXPSL JT GPVOE UP CF JSSFMFWBOU UP UIF EZOBNJD SFTQPOTF PG

UIF MBUUJDFT� 5IF OFX **OEJOHT EJTDVTTFE IFSF P*GFS HVJEFMJOFT GPS UIF PQUJNJ[BUJPO PG CFBN OFUXPSLT

GPS EZOBNJD CFIBWJPST�

'JOBMMZ
 $IBQUFS � QSPWJEFT B QIPOPOJD BOBMPHVF PG UIF FMFDUSPOJD RVBOUVN)BMM F*GFDU
 XIJDI

HJWFT SJTF UP SPCVTU FEHF TUBUFT BOE GVSUIFS MFBET UP UIF EJTDPWFSZ PG UPQPMPHJDBM JOTVMBUPST� *O QBSUJD�

VMBS
 HZSPTDPQJD F*GFDUT BSF JOUSPEVDFE JOUP UZQJDBM UXP�EJNFOTJPOBM QIPOPOJD MBUUJDFT DPNQSJTJOH

QPJOU NBTTFT BOE MJOFBS TQSJOHT� 5PQPMPHJDBMMZ OPO�USJWJBM QIPOPOJD HBQT GPS CPUI MPOHJUVEJOBM BOE

USBOTWFSTF XBWF�QPMBSJ[BUJPOT BSF DSFBUFE BT B SFTVMU PG UJNF�SFWFSTBM CSFBLJOH CZ HZSPTDPQFT� /V�

NFSJDBM NFUIPET BSF EFWFMPQFE UP DBMDVMBUF UIF UPQPMPHJDBM JOWBSJBOU
 $IFSO OVNCFS
 UIBU DIBSBD�

UFSJ[FT UIF TZTUFN� *OUFSFTUJOHMZ
 FMBTUJD XBWFT CPVOE UP UIF FEHFT JO UPQPMPHJDBM QIPOPOJD DSZTUBMT

BSF TIPXO UP CF TUSJDUMZ POF�XBZ BOE SPCVTU BHBJOTU BOZ IFUFSPHFOFJUZ� *O BEEJUJPO
 NVMUJ�NPEF

UPQPMPHJDBM FEHF XBWFT BSF EFNPOTUSBUFE CZ DIBOHJOH UIF DPO**HVSBUJPO PG CBTF MBUUJDF� *U JT XPSUI

QPJOUJOH PVU UIBU
 BMUIPVHI UIF TQSJOH�NBTT TZTUFN JOWFTUJHBUFE JO $IBQUFS � JT OPUIJOH NPSF UIBO

B NJOJNBMJTUJD UPZؤ NPEFMؤ
 JU JT GVOEBNFOUBM UP BOZ UPQPMPHJDBM CBOE HBQT
 JO B XBZ TJNJMBS UP UIF

NPEFMT TIPXO JO 'JH� ��� PG $IBQUFS � GPS DPOWFOUJPOBM UZQFT PG CBOE HBQT� 5IJT TUVEZ PG UPQPMPHJDBM

QIPOPOJDT QSPWJEFT B OFX DPODFQU BOE NFUIPEPMPHZ GPS GVUVSF TDJFOUJ**D TUVEJFT BOE UFDIOPMPHJDBM

BEWBODFT�

5P TVNNBSJ[F
 UIF UXP TZTUFNT EJTDVTTFE JO $IBQUFST � BOE � BSF EJ*GFSFOU CVU SFMBUFE� #PUI BSF

CBTFE PO MBUUJDF HFPNFUSJFT BOE IBWF SFTPOBOU CBOE HBQT ؤTQPUBOFPVTMZؤ DSFBUFE CZ MBUUJDF DPNQPO�

��



FOU JO TJOHMF�NBUFSJBM EFTJHOT XJUIPVU FYQMJDJUMZ FNCFEEFE SFTPOBUPST� 5IF JOWFTUJHBUJPOT PO UIFTF

OFX HBQ�GPSNJOH NFDIBOJTNT
 OBNFMZ HFPNFUSJD GSVTUSBUJPO BOE MBUUJDF DPOOFDUJWJUZ
 DBO TJHOJ**D�

BOUMZ XJEFO UIF SBOHF PG QPTTJCJMJUJFT GPS EFTJHOJOH EZOBNJD EFWJDFT XJUI OPWFM QSPQFSUJFT JO B NVDI

TJNQMFS XBZ UIBO IBT CFFO QPTTJCMF TP GBS�

.PSF JNQPSUBOUMZ
 UIF UPQPMPHJDBM QIPOPOJD CBOE HBQ EJTDVTTFE JO $IBQUFS � QPTTFTT B TUSJLJOH

BOE UFDIOPMPHJDBMMZ QSPNJTJOH QSPQFSUZ� UIF FYJTUFODF PG FEHF XBWFT USBWFMJOH JO B TJOHMF EJSFDUJPO

XJUIPVU BOZ QPTTJCMF CBDLTDBUUFSJOH
 SFHBSEMFTT PG UIF FYJTUFODF PG EFGFDUT PS EJTPSEFS� 5IJT QIF�

OPNFOPO EPFT OPU PDDVS JO BOZ PSEJOBSZ XBWF EFWJDFT
 QSPNJTJOH OPWFM BQQMJDBUJPOT GPS WJCSBUJPO

JTPMBUPST
 NPEVMBUPST
 BOE USBOTEVDFST� *O GBDU
 NVDI MJLF UIF TDJFOUJ**D QBSBEJHN TIJG* DBVTFE CZ

UPQPMPHJDBM JOTVMBUPST JO TFNJ�DPOEVDUPS NBUFSJBMT GPS FMFDUSPOJDT
 UIF TUVEZ PG XBWF UPQPMPHZ SFQ�

SFTFOUT UIF OFX GSPOUJFS PG BDPVTUJD UFDIOPMPHZ BOE XJMM DFSUBJOMZ SFWPMVUJPOJ[F UIF SFTFBSDI **FME

JO UIF OFYU GFX ZFBST� %JTDPWFSJFT BOE JOWFOUJPOT JO QIPOPOJD DSZTUBMT BOE BDPVTUJD NFUBNBUFSJBMT

IBWF BMM CFFO CBTFE PO UPQPMPHJDBMMZ�USJWJBM HBQT BOE XBWF NPEFT JO UIF MBTU UXP EFDBEFT� /PX B OFX

UPQPMPHJDBM FSB BXBJUT�

��
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4VQQMFNFOUBM .BUFSJBM UP $IBQUFS �
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*O UIJT TUVEZ XF GPDVT PO BDPVTUJD OFUXPSLT DPNQSJTJOH B QFSJPEJD BSSBZ PG OBSSPX BJS DIBOOFMT PG

MFOHUI - BOE DSPTT�TFDUJPOBM XJEUI U
 GPS XIJDI U << -� 5IFSFGPSF
 JO BOZ JOEJWJEVBM DIBOOFM UIF
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GSFF WJCSBUJPOT PG UIF FODMPTFE BJS DPMVNO DBO CF EFTDSJCFE CZ UIF �% XBWF FRVBUJPO��
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XIFSF Q JT UIF BDPVTUJD QSFTTVSF 	UIF MPDBM EFWJBUJPO GSPN UIF BNCJFOU QSFTTVSF

 D JT UIF TQFFE PG

TPVOE JO UIF DIBOOFM BOE Y ∈ [�, -] EFOPUFT UIF QPTJUJPO BMPOH UIF DIBOOFM� 4JODF GPS B QFSJPEJD

OFUXPSL PG BJS DIBOOFMT &R� 	"��
 DBOOPU CF TPMWFE BOBMZUJDBMMZ
 XF EFUFSNJOF JUT TPMVUJPO OVNFSJD�

BMMZ CZ VTJOH UIF **OJUF FMFNFOU 	'&
 NFUIPE�

5P EFWFMPQ UIF '& GPSNVMBUJPO
 XF TUBSU CZ SFTUBUJOH &R� 	"��
 JO UIF XFBL GPSN� 8F NVMUJQMZ

CPUI UFSNT JO &R� 	"��
 CZ BO BSCJUSBSZ GVODUJPO X(Y) BOE JOUFHSBUF PWFS UIF EPNBJO [�, -]
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XIJDI
 VTJOH UIF GVOEBNFOUBM UIFPSFN PG DBMDVMVT
 DBO CF TJNQMJ**FE UP

∫ -

�
X∂

�Q
∂U� EY− D�

[

X∂Q
∂Y

∣
∣
∣
∣
˴
−

∫ -

�

∂X
∂Y

∂Q
∂Y∂Y

]

= �, ∀X, 	"��


XIFSF ˴ JT UIF CPVOEBSZ PG UIF �% DIBOOFM BOE DPOTJTUT PG UIF UXP FOE QPJOUT� *O UIF GPMMPXJOH


UIF QPSUJPO PG UIF CPVOEBSZ XIFSF UIF Q JT QSFTDSJCFE JT EFOPUFE CZ ˴Q
 XIJMF UIF CPVOEBSZ XIFSF

∂Q/∂Y JT QSFTDSJCFE JT EFOPUFE CZ ˴∂Q� /PUF UIBU ˴Q∪˴∂Q = ˴ BOE ˴Q∩˴∂Q = �� /FYU
 XF DPOTUSVDU

��



UIF BSCJUSBSZ GVODUJPO X(Y) TP UIBU X = � PO ˴Q BOE UIF QSFTTVSF **FME TP UIBU Q = Q̄ PO ˴Q
 ZJFMEJOH

∫ -

�
X∂

�Q
∂U� EY− D�

[

X∂Q
∂Y

∣
∣
∣
∣
˴∂Q

−

∫ -

�

∂X
∂Y

∂Q
∂Y∂Y

]

= �, ∀XXJUI X = � PO ˴Q, 	"��


5P OVNFSJDBMMZ TPMWF &R� 	"��

 XF UIFO DPOTUSVDU B NFTI
 JOUSPEVDF BO BQQSPYJNBUJPO GPS UIF

TDBMBS **FMET Q BOE X BOE GPSNVMBUF UIF EJTDSFUF '& FRVBUJPOT� )FSF
 XF EJTDSFUJ[F UIF �% BJS DIBOOFMT

JOUP B OVNCFS PG MJOF FMFNFOUT PG MFOHUI -F BOE DIPPTF UP BQQSPYJNBUF UIF **FMET JO FBDI MJOF BT B

MJOFBS GVODUJPO 	TP UIBU FBDI FMFNFOU IBT UXP OPEFT MPDBUFE BU YF� BOE YF�
� *U GPMMPXT UIBU PWFS FBDI

FMFNFOU Q BOE ∂�Q/∂U� BSF BQQSPYJNBUFE BT

QF(Y) = NF(Y)dF,
∂�QF(Y)
∂U� = NF(Y)d̈F, 	"��


XIFSF dF BOE d̈F BSF WFDUPST DPOUBJOJOH UIF OPEBM WBMVFT PG Q BOE ∂�Q/∂U� BOE

NF(Y) = �
-F

[YF� − Y, Y− YF� ] 	"��


JT UIF TP�DBMMFE FMFNFOU TIBQF GVODUJPO NBUSJY� /PUF UIBU UIF TVQFSTDSJQU F IBT CFFO JOUSPEVDFE UP

JOEJDBUF UIBU UIF GVODUJPOT QFSUBJO UP FMFNFOU F� .PSFPWFS
 BDDPSEJOH UP UIF (BMFSLJO NFUIPE
 XF

VTF UIF TBNF BQQSPYJNBUJPO BMTP GPS X


XF(Y) = NF(Y)wF. 	"��


/FYU
 UP F***DJFOUMZ JOUFHSBUF &R� 	"��

 XF FWBMVBUF UIF JOUFHSBM PWFS [�, -] BT B TVN PG JOUFHSBMT PWFS

JOEJWJEVBM FMFNFOU EPNBJOT [YF� , YF�]


OFM∑

F=�

{
∫ YF�

YF�
XF5∂

�QF
∂U� EY+ D�

∫ YF�

YF�

EXF5

EY
EQF
EY EY− D�

(

XF5 EQF
EY

)

˴F
∂Q

}

= �, 	"���


��



XIFSF OFM JT UIF UPUBM OVNCFS PG MJOF FMFNFOU VTFE UP DPOTUSVDU UIF NFTI� /PUF UIBU JO UIF FRVBUJPO

BCPWF XF IBWF UBLFO UIF USBOTQPTF PG UIF BSCJUSBSZ GVODUJPO X� UIJT EPFT OPU DIBOHF UIF WBMVF PG UIF

FYQSFTTJPO BT X JT B TDBMBS
 CVU JU JT OFDFTTBSZ GPS DPOTJTUFODZ XIFO XF TVCTUJUVUF NBUSJY FYQSFTTJPOT

GPS X BOE JUT EFSJWBUJWFT�

4VCTUJUVUJPO PG &RT� 	"��
 BOE 	"��
 JOUP &R� 	"���
 ZJFMET

OFM∑

F=�
wF5







∫ YF�

YF�
NF5NFEY

︸ ︷︷ ︸

MF

d̈F + D�
∫ YF�

YF�
BF5BFEY

︸ ︷︷ ︸

KF

dF − D�
(

NF5 EQ
EY

)

˴F
∂Q

︸ ︷︷ ︸

f F







= �, 	"���


XIFSF

BF =
∂NF

∂Y =
�
-F

[−�, �]. 	"���


/PUF UIBU JO &R� 	"���
 XF IBWF JOUSPEVDFE UIF FMFNFOU NBUSJDFTMF BOEKF

MF =
∫ YF�

YF�
NF5NFEY = -F

�






� �

� �




 , KF = D�

∫ YF�

YF�
BF5BFEY = D�

-F






� −�

−� �




 ,

	"���


BOE UIF FMFNFOU WFDUPS f F

f F = D�
(

NF5 EQ
EY

)

˴F
∂Q

, 	"���


XIJDI BSF UIF FTTFODF PG UIF '& NFUIPE GPSNVMBUJPO GPS UIJT QSPCMFN BOE TFSWF BT UIF CVJMEJOH CMPDL

GPS JUT HMPCBM JNQMFNFOUBUJPO�

4JODF UIF FMFNFOU BOE HMPCBM OPEBM WFDUPST DBO CF SFMBUFE BT

dF = LFd, d̈F = LFd̈, wF = LFw, 	"���


��



XIFSFLF JT UIF HBUIFS NBUSJY GPS B HJWFO FMFNFOU
 XIJDI HBUIFST UIF OPEFM RVBOUJUJFT PG FBDI FMF�

NFOU GSPN UIF HMPCBM OPEBM WFDUPS 	OPUF UIBULF JT B #PPMFBO BOE DPOTJTUT TUSJDUMZ PG POFT BOE [FSPT
�

4VCTUJUVUJOH &R� 	"���
 JOUP &R� 	"���
 XF PCUBJO

w5
( OFM∑

F=�
LF5MFLFd̈+

OFM∑

F=�
LF5KFLFd−

OFM∑

F=�
LF5f F

)

= �. 	"���


*G XF OPX EF**OF UIF HMPCBM NBUSJDFTM BOEK BT

M =

OFM∑

F=�
LF5MFLF, K =

OFM∑

F=�
LF5KFLF, 	"���


BOE UIF HMPCBM WFDUPS f BT

f =

OFM∑

F=�
LF5f F, 	"���


&R� 	"���
 DBO CF SFXSJUUFO BT

w5
(

Md̈+Kd− f
)

= �. 	"���


'JOBMMZ
 TJODF &R� 	"���
 IBT UP CF TBUJT**FE PG BMM QPTTJCMFw
 JU GPMMPXT UIBU

Md̈+Kd− f = �, 	"���


XIJDI SFQSFTFOU UIF '& FRVBUJPOT GPS UIF �% XBWF FRVBUJPO�

"���� '((*(((((�(((((( ((((((((

5P DBMDVMBUF UIF EJTQFSTJPO SFMBUJPO GPS BO BDPVTUJD QFSJPEJD OFUXPSL
 XF GPDVT PO JUT VOJU DFMM TQBOOFE

CZ UIF MBUUJDF WFDUPST a� BOE a� 	IJHIMJHIUFE JO SFE JO 'JH� "��
� 8F UIFO DPOTJEFS UIF XBWF NPUJPO

d = pFJ!U, 	"���


��



XIFSF p JT UIF WFDUPS PG OPEBM BNQMJUVEFT PG WJCSBUJPO BOE ! JT UIF DJSDVMBS GSFRVFODZ� *OUSPEVDJOH

&R� 	"���
 JOUP &R� 	"���
 XF IBWF

(K− !�M)p = �, 	"���


XIJDI JT B HFOFSBMJ[FE FJHFOWBMVF QSPCMFN� /PUF UIBU IFSF XF DPOTJEFS B VOJU DFMM JO JTPMBUJPO GSPN

PUIFS VOJU DFMMT
 BOE UIVT UIF HMPCBM WFDUPS f IBT CFFO TFU UP [FSP�

/FYU
 XF BQQMZ #MPDI�UZQF CPVOEBSZ DPOEJUJPOT
 TP UIBU UIF QSFTTVSF PG FBDI QBJS PG OPEFT 	IFSF

EFOPUFE BT" BOE #
 QFSJPEJDBMMZ MPDBUFE PO UIF CPVOEBSZ PG UIF VOJU DFMM JT SFMBUFE BT

p# = p" FYQ(Jk · r"#), 	"���


XIFSF k JT #MPDI�XBWF WFDUPS BOE S"# JT UIF EJTUBODF CFUXFFO UIF QBJS PG OPEFT QFSJPEJDBMMZ MPDBUFE

PO UIF CPVOEBSZ�

'JOBMMZ
 XF TPMWF &R� 	"���
 XJUI 	"���
 GPS B OVNCFS XBWF WFDUPST k MZJOH JO UIF SFDJQSPDBM TQBDF�

/PUF UIBU
 TJODF UIF SFDJQSPDBM MBUUJDF JT BMTP QFSJPEJD
 XF DBO SFTUSJDU UIF XBWF WFDUPST k UP B DFSUBJO

SFHJPO PG UIF SFDJQSPDBM TQBDF DBMMFE UIF STU׾ #SJMMJPVO [POF 	JOEJDBUFE CZ UIF EBTIFE QPMZHPOT JO

'JH� "��
� *O BEEJUJPO
 XF NBZ GVSUIFS SFEVDF UIF EPNBJO UP UIF JSSFEVDJCMF #SJMMJPVO [POF 	*#;


	JOEJDBUFE CZ UIF ZFMMPX BSFBT JO 'JH� "��
 CZ UBLJOH BEWBOUBHF PG SF**FDUJPOBM BOE SPUBUJPOBM TZNNFU�

SJFT� 0QFSBUJPOBMMZ
 UIF CBOE TUSVDUVSFT GPS UIF BDPVTUJD OFUXPSLT BSF DPOTUSVDUFE CZ DBMDVMBUJOH UIF

FJHFO�GSFRVFODJFT !(k) GPS k WFDUPST PO UIF QFSJNFUFS PG UIF *#; BOE UIF CBOE HBQT 	EF**OFE BT GSF�

RVFODJFT SBOHF JO XIJDI UIF QSPQBHBUJPO PG UIF XBWFT JT GPSCJEEFO
 BSF PCUBJOFE CZ UIF GSFRVFODZ

SBOHFT XJUIJO OP !(k) FYJTU� /VNFSJDBMMZ
 B EJTDSFUF TFU PG k WFDUPST PO UIF QFSJNFUFS PG UIF *#;

OFFET UP CF DIPTFO GPS UIF CBOE HBQ DBMDVMBUJPOT� 'PS UIF TJNVMBUJPOT QSFTFOUFE JO UIJT QBQFS
 UXFOUZ

VOJGPSNMZ�TQBDFE QPJOUT PO FBDI FEHF PG UIF *#; BSF DPOTJEFSFE�

��



"���� %((((((((( ((((((((( ((( (((((((( ((((((((

8IJMF JO 'JH� ��� PG $IBQUFS � XF SFQPSU UIF EJTQFSTJPO SFMBUJPOT GPS TRVBSF BOE USJBOHVMBS MBUUJDFT


XF IBWF BMTP JOWFTUJHBUFE UIF XBWF QSPQBHBUJPO JO B OVNCFS PG PUIFS BDPVTUJD OFUXPSLT� *O QBS�

UJDVMBS
 JO 'JH� "�� XF SFQPSU UIF EJTQFSTJPO SFMBUJPOT GPS ,BHPNF 	TFF 'JH� "��	B


 IFYBHPOBM 	TFF

'JH� "��	C


 FRVJMBUFSBM QFOUBHPOBM 	TFF 'JH� "��	D


 NJYFE QFOUBHPOT BOE SIPNCJ 	TFF 'JH� "��	E



BOE TOVC TRVBSF 	TFF 'JH� "��	F

 DPO**HVSBUJPOT� *OUFSFTUJOHMZ
 UIF SFTVMUT JOEJDBUF UIBU BOZ MBUUJDF

DPNQSJTJOH USJBOHMFT PS QFOUBHPOT JT DIBSBDUFSJ[FE CZ GSVTUSBUJPO JOEVDFE BDPVTUJD CBOE HBQT JO UIF

WJDJOJUZ PG UIF PEE OVNCFSFE SFTPOBODF GSFRVFODJFT GPS UIF JOEJWJEVBM DIBOOFMT�

��



Hkiwtg C03< Fkurgtukqp tgncvkqpu hqt ceqwuvke pgvyqtmu eqortkukpi c rgtkqfke cttc{ qh pcttqy ckt ejcppgnu< *c+ Mciqog.

*d+ jgzciqpcn. *e+ gswkncvgtcn rgpvciqpcn. *f+ okzgf rgpvciqpcn cpf tjqodke. cpf *g+ upwd uswctg ncvvkegu0 Ncvvkeg eqp?i/

wtcvkqpu. wpkv egnnu *jkijnkijvgf kp tgf+ cpf Dtknnkqwp |qpgu ctg ujqyp qp vjg nghv0 Vjg ecnewncvgf fkurgtukqp tgncvkqpu ctg

ujqyp qp vjg tkijv0 Vjg itg{ tgikqpu kp vjg rnqvu jkijnkijv vjg j{dtkfk|cvkqp dcpf icr kpfwegf d{ igqogvtke htwuvtcvkqp0

��



"�� &((((( (( ((( (((((( ((((( (( ((( ((( ((((((((

8IJMF UIF SFTVMUT QSFTFOUFE JO 'JH� ��� PG $IBQUFS � BSF GPS JEFBM BDPVTUJD OFUXPSLT NBEF PG �% DIBO�

OFMT
 XF IBWF BMTP JOWFTUJHBUFE UIF F*GFDU PG UIF **OJUF XJEUI U PG UIF UVCFT� 5P UIJT FOE
 XF IBWF QFS�

GPSNFE '& TJNVMBUJPOT VTJOH UIF DPNNFSDJBM QBDLBHF "#"&64�4UBOEBSE BOE TUVEJFE UIF EZOBNJD

SFTQPOTF PG MBUUJDFT DPNQSJTJOH �% SFDUBOHVMBS DIBOOFMT PG MFOHUI - BOE XJEUI UNFTIFE XJUI ��OPEF

CJMJOFBS BDPVTUJD FMFNFOUT 	"#"&64 FMFNFOU UZQF "$�%�
� 5IF DBMDVMBUFE CBOE TUSVDUVSFT GPS UIF

TRVBSF BOE USJBOHVMBS OFUXPSLT DPNQSJTJOH DPNQSJTJOH DIBOOFMT XJUI EJ*GFSFOU WBMVFT PG -/U BSF SF�

QPSUFE JO 'JHT� "�� BOE TIPX UIBU UIF EZOBNJD SFTQPOTF PG UIF TZTUFN JT OPU TJHOJ**DBOUMZ B*GFDUFE CZ

UIF **OJUF�XJEUI PG UIF DIBOOFMT�

��



L/t=100L/t=100

L/t=20L/t=20

L/t=10L/t=10

Hkiwtg C04< Ghhgev qh vjg ?pkvg ykfvj qh vjg ejcppgnu< dcpf uvtwevwtgu hqt vjg uswctg cpf vtkcpiwnct pgvyqtmu ejctcevgt/

k|gf d{ fkhhgtgpv xcnwgu qh-/U0 Vjg itg{ tgikqpu kp vjg rnqvu jkijnkijv vjg j{dtkfk|cvkqp dcpf icr kpfwegf d{ igqogvtke
htwuvtcvkqp0

��



B
4VQQMFNFOUBM .BUFSJBM UP $IBQUFS �

#�� $(((((((((( (( (((((((((( ((((((((( ((( (((( ((((((((

#���� 1((((((( (((((((( ((( (((( (((((

5IF QSPQBHBUJPO PG FMBTUJD XBWFT JO CFBN MBUUJDFT JT JOWFTUJHBUFE OVNFSJDBMMZ CZ DPOTJEFSJOH �% QFSJ�

PEJD MBUUJDFT PG JO**OJUF FYUFOU BOE GPDVTJOH PO UIFJS VOJU DFMM 	J�F� B SFQFBUJOH HFPNFUSJD VOJU
� 5IF

VOJU DFMMT VTFE JO UIJT TUVEZ BSF TIPXO JO 'JH� #��� /PUF UIBU GPS IFYBHPOBM 	'JH� #��C
 BOE SIPNCJD

��



	'JH� #��D
 MBUUJDFT
 UIF VOJU DFMMT VTFE JO UIF DBMDVMBUJPOT BSF OPU UIF NJOJNVN SFQFBUJOH VOJUT� *O

CPUI DBTFT BO FOMBSHFE SFDUBOHVMBS VOJU DFMM JT DIPTFO UP CF BCMF UP JOWFTUJHBUF BMM UPQPMPHJDBMMZ FRVJ�

WBMFOU MBUUJDFT 	DPOTUSVDUFE CZ WBSZJOH UIF BOHMFT CFUXFFO DPOOFDUFE CFBNT
 VTJOH UIF TBNF DPNQV�

UBUJPOBM TFUVQ�

Hkiwtg D03< Rgtkqfke ncvvkegu *nghv eqnwop+ cpf vjgkt eqttgurqpfkpi wpkv egnnu *egpvtcn eqnwop+. Dtknnkqwp |qpgu *tkijv

eqnwop+ cpf kttgfwekdng Dtknnkqwp |qpgu *{gnnqy ujcfgf tgikqp+ wugf kp vjku uvwf{ hqt< c. Vtkcpiwnct ncvvkeg= d.Jgzciqpcn

ncvvkeg cpf kvu vqrqnqikecnn{/gswkxcngpv xctkcpvu= cpf e. Uswctg ncvvkeg cpf kvu vqrqnqikecnn{/gswkxcngpv xctkcpvu *tjqodke

ncvvkegu+0

��



#���� '((*(((((�(((((( (((((((( ((( #(((((((( (((((

*O PSEFS UP PCUBJO UIF EJTQFSTJPO SFMBUJPOT PG UIF QSPQBHBUJOH XBWFT JO UIF QFSJPEJD MBUUJDFT
 GSF�

RVFODZ EPNBJO BOBMZTFT BSF QFSGPSNFE WJB **OJUF FMFNFOU 	'&
 TJNVMBUJPOT VTJOH UIF DPNNFSDJBM

TPG*XBSF "#"&64�45"/%"3%� 1SFMJNJOBSZ DBMDVMBUJPOT XFSF QFSGPSNFE VTJOH VTJOH CPUI

&VMFS�#FSOPVMMJ CFBN FMFNFOUT 	"#"&64 FMFNFOU UZQF #��
 BOE 5JNPTIFOLP CFBN FMFNFOUT

	"#"&64 FMFNFOU UZQF #��
� 4JODF UIF UXP TFUT PG TJNVMBUJPOT ZJFMEFE JEFOUJDBM SFTVMUT
 XF DIPTF

UP VTF &VMFS�#FSOPVMMJ CFBN FMFNFOUT GPS BMM UIF TJNVMBUJPOT� #MPDI�XBWF� CPVOEBSZ DPOEJUJPOT BSF

BQQMJFE UP UIF CPVOEBSJFT PG UIF VOJU DFMMT�

u(x+ r) = u(x)FJk·r. 	#��


XIFSF u
 x
 r BOE k EFOPUF UIF EFHSFFT PG GSFFEPN WFDUPS
 QPTJUJPO DPPSEJOBUFT
 TQBUJBM QFSJPEJDJUZ

JO UIF MBUUJDF DPO**HVSBUJPO BOE CMPDI�XBWF WFDUPS
 SFTQFDUJWFMZ� /PUF UIBU GPS UXP�EJNFOTJPOBM CFBN

FMFNFOUT UIF WFDUPS u IBT UISFF DPNQPOFOUT
 DPSSFTQPOEJOH UP UXP EJTQMBDFNFOUT 	6� BOE 6�
 BOE

POF SPUBUJPO 	63�
�

'PDVTJOH PO UIF QSPQBHBUJPO PG TNBMM�BNQMJUVEF XBWFT
 XF TPMWF UIF MJOFBSJ[FE XBWF FRVBUJPO CZ

VTJOH B QFSUVSCBUJPO NFUIPE UP PCUBJO UIF EJTQFSTJPO SFMBUJPOT ! = !(k)� %VF UP UIF USBOTMBUJPOBM

TZNNFUSZ PG UIF MBUUJDFT
 XF POMZ OFFE UP TUVEZ !(k) GPS k WFDUPST JO UIF STU׾ #SJMMPVJO [POF �
���

.PSFPWFS
 UIJT EPNBJO DBO CF GVSUIFS SFEVDFE CZ UBLJOH BEWBOUBHF PG SPUBUJPOBM
 SF**FDUJPOBM BOE

JOWFSTJPOBM TZNNFUSJFT PG UIF #SJMMPVJO [POF� 5IJT BMMPXT VT UP EF**OF UIF JSSFEVDJCMF #SJMMPVJO [POF

	*#;
��
 TIPXO BT UIF ZFMMPX USJBOHMFGXM JO 'JH� #��B BOE ZFMMPX SFDUBOHMFTGXMY JO 'JHT�

#��C BOE #��D� .PSF EFUBJMT PG NBUIFNBUJDBM GPSNVMBUJPO BOE OVNFSJDBM JNQMFNFOUBUJPO BSF HJWFO JO

PVS QSFWJPVT QVCMJDBUJPOT ���
����

5IF QIPOPOJD CBOEHBQT BSF JEFOUJ**FE CZ DIFDLJOH BMM FJHFO�GSFRVFODJFT !(k) GPS k WFDUPST PO UIF

QFSJNFUFS PG UIF *#;� 5IF CBOEHBQT 	J�F� SBOHF JO GSFRVFODJFT GPS XIJDI UIF QSPQBHBUJPO PG XBWFT JT

��



CBSSFE
 BSF HJWFO CZ UIF GSFRVFODZ SBOHFT XJUIJO XIJDI OP !(k) FYJTU� /VNFSJDBMMZ
 B EJTDSFUF TFU PG

k WFDUPST PO UIF *#; QFSJNFUFS OFFET UP CF DIPTFO JO UIF CBOE�HBQ DBMDVMBUJPO� 'PS UIF TJNVMBUJPOT

QSFTFOUFE JO UIJT QBQFS
 UXFOUZ VOJGPSNMZ�TQBDFE QPJOUT PO FBDI FEHF PG UIF *#; BSF VTFE GPS UIF

QVSQPTF PG JEFOUJGZJOH CBOE�HBQT�

Hkiwtg D04< Dcpf uvtwevwtgu qh c vtkcpiwnct rgtkqfke dgco ncvvkegu ykvj ygnfgf *fcujgf tgf nkpgu+ cpf rkp *eqpvkpwqwu

dnwg nkpgu+ lqkpvu0 Vjg htgswgpe{ dcpfu kp vjg rnqv ctg pqtocnk|gf d{!� = !QJO/!�0

#�� "((((((((( 3((((((

#���� 5((((((((( ((((((( ؜ (((((((((( ((((((( ((( ((((((((( ((((((

5IF TPVOE TQFFE JO UIF MPOH�XBWFMFOHUI MJNJU 	J�F� UIF JOJUJBM TMPQF PG UIF CBOET PSJHJOBUFE GSPN

G
 UIF DFOUFS PG UIF STU׾ #SJMMPVJO [POF
 JT EJSFDUMZ DPSSFMBUFE UP UIF TUBUJD IPNPHFOJ[FE TUJ*GOFTT

PG UIF TUSVDUVSF� )PXFWFS
 UIF TMPQFT PG UIF CBOET JO 'JHT� ���B BOE ���C JO $IBQUFS � TIPVME OPU CF

DPNQBSFE EJSFDUMZ GPS UIBU QVSQPTF
 TJODF UIFZ BSF QMPUUFE VTJOH EJ*GFSFOU OPSNBMJ[BUJPO GBDUPST 	J�F�

UIF OBUVSBM GSFRVFODJFT PG B TJOHMF CFBN XJUI XFMEFE�XFMEFE BOE QJO�QJO CPVOEBSZ DPOEJUJPOT


��



SFTQFDUJWFMZ
� *O GBDU
 !XFMEFE BOE !QJO EJ*GFS CZ B GBDUPS PG ��.�/(�.��)� = �.��� 5P GBDJMJUBUF UIF EJSFDU

DPNQBSJTPO PG UIF CBOE TUSVDUVSF SFQPSUFE JO 'JHT� �B BOE �C
 XF OPSNBMJ[FE UIF CBOE TUSVDUVSF GPS

UIF DBTF PG CPUI XFMEFE BOE QJO KVODUJPOT VTJOH UIF TBNF GBDUPS
 !� = !QJO/!� = !XFMEFE/��.��

5IFTF SFTVMUT BSF SFQPSUFE JO 'JH� #���

#���� )(((((((( ((((((( ((( ((( ((((((((((((( (*(((((((( (((((((( (((( (((

((((((

*O $IBQUFS � XF EFNPOTUSBUFE UIBU UIF EZOBNJD SFTQPOTF PG UIF IFYBHPOBM MBUUJDF XJUI XFMEFE KPJOUT

JT DIBSBDUFSJ[FE CZ OP MPDBMMZ SFTPOBOU CBOEHBQ� 'VSUIFSNPSF
 XF TIPXFE UIBU OP CBOE HBQ FYJTUT

JO QFSJPEJD MBUUJDFT XJUI XFMEFE KPJOUT UIBU BSF TUJMM DIBSBDUFSJ[FE CZ [̄ = �
 CVU GPS XIJDI UIF BOHMF

CFUXFFO DPOOFDUFE CFBNT
 !
 WBSJFT GSPN �!/� UP !/� 	TFF 'JH� ��� JO $IBQUFS �
�

)FSF
 XF SFQPSU UIF CBOE TUSVDUVSFT GPS UIF TBNF MBUUJDFT BT UIPTF DPOTJEFSFE JO 'JH� ��� JO $IBQUFS

�
 CVU XJUI QJO KPJOUT� 5IF SFTVMUT TIPXO JO 'JH� #�� JOEJDBUF UIBU UIF **BU�CBOE SFTPOBOU NPEF EPFT

OPU PQFO B CBOEHBQ JO UIJT GBNJMZ PG MBUUJDFT FWFO JO UIF DBTF PG QJO KPJOUT
 DPO**SNJOH UIBU UIF OBUVSF

PG UIF KPJOUT EPFT OPU TJHOJ**DBOUMZ B*GFDU UIF QSFTFODF PS BCTFODF PG MPDBMMZ SFTPOBOU CBOEHBQT� )PX�

FWFS
 JU JT JNQPSUBOU UP OPUF UIBU UIF OBUVSF PG UIF KPJOUT B*GFDUT UIF TUBUJD SFTQPOTF PG UIF TZTUFN� *O

GBDU
 UIF EJTQFSTJPO EJBHSBNT PG UIF MBUUJDFT XJUI QJO KPJOUT BSF DIBSBDUFSJ[FE CZ B **BU CBOE BU [FSP

GSFRVFODZ � 	JOEJDBUFE CZ UIF HSFFO MJOFT JO 'JH� #��
� 5IJT **BU CBOE BU ! = � DPSSFTQPOET UP B


��ؤPQQZ**ؤ��
���
���
�� PS *TPGؤ 
��ؤ�� NPEF QSFEJDUFE CZ UIF .BYXFMMءT 3VMF�� BOE EFTDSJCFT UIF HSPVOE

TUBUF CFIBWJPS PG UIF MBUUJDF� &TTFOUJBMMZ
 UIF FYJTUFODF PG UIFTF [FSP�FOFSHZ NPEFT JOEJDBUFT UIBU UIF

MBUUJDF JT OPU TUBCMF JO B TUBUJD TFOTF BOE XJMM DPMMBQTF VOEFS JO**OJUFTJNBM QFSUVSCBUJPOT� 0O UIF PUIFS

IBOE
 UIF GVMM EJTQFSTJPO SFMBUJPO
 JODMVEJOH UIF FMFWBUFEؤ **BU CBOETؤ BU !/!QJO = �
 EF**OFT UIF

FYDJUFE TUBUF SFTQPOTF PG UIF MBUUJDF VOEFS **OJUF�FOFSHZ EZOBNJD MPBEJOH� *OUFSFTUJOHMZ
 PVS SFTVMUT

�/PUF UIBU TVDI [FSP�GSFRVFODZ CBOE JT OPU QSFTFOU JO UIF EJTQFSTJPO SFMBUJPO PG B USJBOHVMBS MBUUJDF XJUI
QJO KPJOUT 	TFF 'JH� ���C JO $IBQUFS �

 TJODF JO UIBU DBTF UIF OFUXPSL JT TUBCMF BDDPSEJOH UP.BYXFMMءT 3VMF ���

��



JOEJDBUF UIBU
 EJ*GFSFOUMZ GSPN UIF HSPVOE TUBUF CFIBWJPS
 UIF FYDJUFE TUBUF CFIBWJPS PG UIF MBUUJDFT JT

OPU TJHOJ**DBOUMZ B*GFDUFE CZ UIF OBUVSF PG UIF KPJOUT�

'JOBMMZ
 JU JT XPSUI OPUJOH UIBU UIF CBOE TUSVDUVSFT PG B QFSJPEJD MBUUJDFT XJUI [̄ = � BOE ! = �!/�

	J�F� IFYBHPOBM MBUUJDF
 TFF 'JH� #��B
 BOE ! = !/� 	TFF 'JH� #��E
 BSF JEFOUJDBM� *O GBDU
 PVS OVNFSJDBM

DBMDVMBUJPOT TIPX UIBU GPS BOZ ! JO UIF SBOHF <�
 !/�> UIF CBOE TUSVDUVSF PG B QFSJPEJD MBUUJDF XJUI

! = !/� + ! JT UIF TBNF BT UIBU PG B MBUUJDF XJUI ! = !/� − !� .PSF FYBNQMFT IJHIMJHIUJOH UIJT

TZNNFUSZ BSF QSPWJEFE JO 'JH� #���

��



#���� 1((((((( (((((((( (((( � ≤ [̄ ≤ �

5P CFUUFS VOEFSTUBOE UIF SPMF PG UIF DPPSEJOBUJPO OVNCFS PO UIF GPSNBUJPO PG MPDBMMZ SFTPOBOU

CBOEHBQT
 XF JOWFTUJHBUFE UIF EZOBNJD SFTQPOTF PG TFWFSBM QFSJPEJD CFBN MBUUJDFT XJUI BWFSBHF DPO�

OFDUJWJUZ � ≤ [̄ ≤ � DPNQSJTJOH BO BSSBZ PG USJBOHMFT BOE IFYBHPOT �ئ 8IJMF JO 'JH� ���C JO $IBQUFS �

XF TVNNBSJ[FE UIF SFTVMUT CZ SFQPSUJOH UIF FWPMVUJPO PG UIF XJEUI PG UIF CBOEHBQ ˵! BT B GVODUJPO

PG UIF DPPSEJOBUJPO OVNCFS [̄
 IFSF XF TIPX UIF EJTQFSTJPO SFMBUJPOT GPS TPNF PG UIFTF MBUUJDFT�

8F OPUF UIBU
 JO HFOFSBM
 UIFTF IZCSJE MBUUJDFT EP OPU QPTTFTT SPUBUJPOBM
 SF**FDUJPOBM BOE JOWFS�

TJPOBM TZNNFUSJFT BOE UIBU POMZ UIF UJNF SFWFSTBM TZNNFUSZ�� JT HVBSBOUFFE
 ZJFMEJOH�

!(k) = !(−k). 	#��


5IFSFGPSF
 #MPDI WFDUPST TQBOOJOH IBMG PG UIF #SJMMPVJO [POF OFFE UP CF DPOTJEFSFE UP DPOTUSVDU

UIF CBOE TUSVDUVSF� *O QSBDUJDF
 XF DBMDVMBUF !(k) GPS �� × �� EJ*GFSFOU k WFDUPST JO IBMG PG UIF #SJM�

MPVJO [POF BOE VTF UIF TZNNFUSZ BSHVNFOU 	&R� 	#��

 UP NBQ UIF SFTVMUT UP UIF PUIFS IBMG�

*O 'JHT� #��
 #�� BOE #�� XF TIPX UIF CBOE TUSVDUVSFT GPS QFSJPEJD MBUUJDFT XJUI [̄ = �.��
 [̄ =

�.��� BOE [̄ = �.���
 SFTQFDUJWFMZ� 'PS [̄ = �.�� OP MPDBMMZ SFTPOBOU CBOEHBQ JT PCTFSWFE 	TFF 'JH� #��
�

%J*GFSFOUMZ
 GPS [̄ = �.�� CPUI DPO**HVSBUJPOT XJUI 	TFF 'JH� #���UPQ
 BOE XJUIPVU 	TFF 'JH� #���

CPUUPN
 MPDBMMZ SFTPOBOU CBOEHBQ BSF GPVOE� 'JOBMMZ
 GPS UIF DBTF PG IJHI BWFSBHF DPOOFDUJWJUZ TVDI

BT [̄ = �.��� BMM DPOTJEFSFE MBUUJDFT QPTTFTT B MPDBMMZ SFTPOBOU CBOEHBQ 	TFF 'JH� #��
�

PUF/ئ UIBU UIF BWFSBHF DPOOFDUJWJUZ DBO CF FBTJMZ DBMDVMBUFE BT UIF SBUJP CFUXFFO UXJDF UIF UPUBM OVNCFS PG
CFBNT BOE UIF UPUBM OVNCFS PG OPEFT PG UIF VOJU DFMM�

��



#���� 3(((((( ((((((((

*O $IBQUFS � XF TIPX UIBU JO SIPNCJD MBUUJDFT B MPDBMMZ SFTPOBOU CBOEHBQ BQQFBST CZ QSPHSFTTJWFMZ

SFEVDJOH UIF BOHMF ! CFUXFFO UIF CFBNT
 SFHBSEMFTT PG UIF UZQF PG KPJOUT 	TFF 'JH� ��� JO $IBQUFS �
�

)FSF
 XF TIPX UIF CBOE TUSVDUVSFT GPS SIPNCJD MBUUJDFT XJUI ! = !/�� 	TFF 'JH� #���B

 ! =

!/� 	TFF 'JH� #���C

 ! = !/� 	TFF 'JH� #���D
 BOE ! = !/� 	TRVBSF MBUUJDF � TFF 'JH� #���E
� #PUI

MBUUJDFT XJUI XFMEFE BOE QJO KPJOUT BSF DPOTJEFSFE� /PUF UIBU GPS UIF DBTFT PG QJO KPJOUT UIF MBUUJDFT BSF

DIBSBDUFSJ[FE CZ B [FSP�GSFRVFODZ NPEF JO UIFG−M EJSFDUJPO 	TFF HSFFO MJOFT JO 'JH� #��

 TJODF

UIF TUSVDUVSFT BSF JTPTUBUJD BOE DBO CF JO**OJUFTJNBMMZ EFGPSNFE XJUIPVU JODVSSJOH BOZ FOFSHZ DPTU�

��



Hkiwtg D05< Dcpf uvtwevwtgu qh rgtkqfke ncvvkegu ykvj [̄ = � cpf rkp lqkpvu0 Vjg ncvvkeg uvtwevwtgu cpf wpkv egnnu wugf

kp vjg ecnewncvkqpu ctg ujqyp qp vjg nghv0 c.Jgzciqpcn ncvvkeg *! = �!/�+= d. Vqrqnqikecnn{ gswkxcngpv ncvvkeg ykvj

! = !/�= e. Vqrqnqikecnn{ gswkxcngpv ncvvkeg ykvj! = �!/��= cpf f. Vqrqnqikecnn{ gswkxcngpv ykvj! = !/�0 Pqvg
vjcv vjg cttcpigogpv qh vjg dgcou kp f ku vjg ucog cu kp vjg vtkcpiwnct ncvvkeg. dwv vjg eqppgevkxkv{ ku uvknn [̄ = �0 Kp hcev.
cnvjqwij hqt enctkv{ vjg itggp/eqnqtgf lqkpvu ctg ftcyp ugrctcvgn{ kp vjg wpkv egnn qh f. vjg{ ctg rqukvkqpgf cv vjg ucog

urcvkcn nqecvkqp0 Pq nqecnn{ tguqpcpv dcpficr ku hqwpf hqt cp{ qh vjg eqp?iwtcvkqpu0 Vjg |gtq/htgswgpe{ @qrr{oqfgu ctg

jkijnkijvgf cu itggp nkpgu0 Tguwnvu hqt vjg ucog ncvvkegu ykvj ygnfgf lqkpvu ctg rtqxkfgf kp Ejcrvgt 50

��



Hkiwtg D06< U{oogvt{ kp vjg dcpf uvtwevwtgu qh rgtkqfke ncvvkegu ykvj [̄ = � cpf rkp lqkpvu0 Cnn tguwnvu ctg hqt rkp/lqkpvgf

ncvvkegu vjcv ctg vqrqnqikecnn{ gswkxcngpv vq vjg jgzciqpcn ncvvkeg0 Gcej tqy ujqyu vjg fkurgtukqp tgncvkqpu hqt ncvvkegu

ykvj! = !/�+! *nghv eqnwop+ cpf! = !/�−! *tkijv eqnwop+0 Kp rctvkewnct. yg tgrqtv tguwnvu hqt ykvj c.! = !/��=
d.! = !/��= e.! = !/�= cpf f.! = �!/��0 Vjg |gtq/htgswgpe{ @qrr{oqfgu ctg jkijnkijvgf cu itggp nkpgu0

��



Hkiwtg D07< Dcpf uvtwevwtg hqt c rgtkqfke ncvvkeg ykvj cxgtcig eqppgevkxkv{ [̄ = �.��0

Hkiwtg D08< Dcpf uvtwevwtgu hqt rgtkqfke ncvvkegu ykvj cxgtcig eqppgevkxkv{ [̄ = �.���0

��



Hkiwtg D09< Dcpf uvtwevwtgu hqt rgtkqfke ncvvkegu ykvj cxgtcig eqppgevkxkv{ [̄ = �.���0

��



Hkiwtg D0:< Fkurgtukqp tgncvkqpu qh tjqodke ncvvkegu *̄[ = �+ ykvj ygnfgf cpf rkp lqkpvu0 Vjg |gtq/htgswgpe{ @qrr{

oqfgu kp vjgI/O fktgevkqp ctg jkijnkijvgf cu itggp nkpgu0 Vjg dcpficru ctg jkijnkijvgf cu qtcpig eqnqt/ujcfgf ctgc0 c.

! = !/��= d. ! = !/�= e. ! = !/�= cpf f. ! = !/� *uswctg ncvvkeg+

��



C
4VQQMFNFOUBM .BUFSJBM UP $IBQUFS �

$�� 1((((((((((( (((((((((((((((

#Z DBMDVMBUJOH UIF EJTQFSTJPO SFMBUJPO GPS UIF MBUUJDFT DPOTJEFSFE JO UIJT TUVEZ
 GPVS #MPDI NPEFT 	DPS�

SFTQPOEJOH UP GPVS CBOET
 GPS FBDI k WFDUPS BSF PCUBJOFE� &BDI #MPDI NPEF UBLFT UIF WFDUPS GPSN

��



U = [VN�Y , VN�Z , VN�Y , VN�Z ]
 XIPTF DPNQPOFOUT BSF DPNQMFY OVNCFST�

6� = VN�Y = VN�Y,SF + JVN�
Y,JN, 	$��


6� = VN�Z = VN�Z,SF + JVN�
Z,JN, 	$��


6� = VN�Y = VN�Y,SF + JVN�
Y,JN, 	$��


6� = VN�Z = VN�Z,SF + JVN�
Z,JN. 	$��


	$��


5IF GVMM FYQSFTTJPO PG FBDI WJCSBUJPOBM NPEF JO SFBM TQBDF JT UIFO HJWFO CZ

Ũ = 3F[U FYQ (Jk · r− J!U)], 	$��


XIPTF DPNQPOFOUT DBO CF SFXSJUUFO BT

6̃K = 3F[6K] DPT(̉)− *N[6K] TJO(̉) = "K DPT(̉+ #K), GPS K = �, .., � 	$��


XIFSF ̉ = k · r−!U BOE UIF K�UI DPNQPOFOUT PG UIF BNQMJUVEF WFDUPSA BOE QIBTF WFDUPSB BSF

EF**OFE BT

"K =
√

3F[6K]� + *N[6K]�, #K = BSDUBO
[*N[6K]
3F[6K]

]

. 	$��


5P CFUUFS VOEFSTUBOE UIF QPMBSJ[BUJPO PG UIF NPEFT GPS UIF PSEJOBSZ 	OPO�HZSPTDPQJD
 BOE HZSP�

TDPQJD IFYBHPOBM MBUUJDFT
 JO 'JHT� $�� BOE $�� XF QMPU UIF NPEFM EJTQMBDFNFOU USBKFDUPSJFT PGN� BOE

N� CZ WBSZJOH ̉ JO &RO� 	$��
 GSPN � UP �!� /PUF UIBU BMM UIF BNQMJUVEFT IBWF CFFO OPSNBMJ[FE CZ

NBY
K=�,�,�,�

("K)�

*O QBSUJDVMBS
 JO 'JH� $�� XF GPDVT PO UIF PSEJOBSZ IFYBHPOBM MBUUJDF� "T FYQFDUFE
 JO UIF MPOH

XBWFMFOHUI SFHJNF 	OFBS(�QPJOU
 BMM GPVS CBOET BSF MJOFBSMZ QPMBSJ[FE� 5IF **STU BOE GPSUI CBOET

��



DPSSFTQPOE UP USBOTWFSTF NPEFT
 XIJMF UIF TFDPOE BOE UIJSE CBOET BSF MPOHJUVEJOBM NPEFT� %J*GFS�

FOUMZ
 GPS TIPSU XBWFMFOHUIT 	OFBS,�QPJOUT
 BMM NPEFT BSF GPVOE UP IBWF NJYFE QPMBSJ[BUJPO� /PUF

UIBU JO UIF 'JHVSF XF SFQPSU UIF NPEBM QPMBSJ[BUJPO GPS GPVS EJ*GFSFOU XBWF WFDUPST 	(,
,�
,� BOE

,
 QPJOUJOH JO UIF TBNF 	IPSJ[POUBM
 EJSFDUJPO
 CVU XJUI EJ*GFSFOU XBWFMFOHUIT 	BT JOEJDBUFE JO UIF

#SJMMPVJO [POF PO UIF UPQ PG UIF 'JHVSF
� 5IF SFTVMUT JOEJDBUF B HSBEVBM USBOTJUJPO GSPN MJOFBSMZ QP�

MBSJ[FE NPEFT UP NPEFT XJUI NJYFE QPMBSJ[BUJPO BT UIF XBWFMFOHUI EFDSFBTFT�

Hkiwtg E03< Oqfcn rqnctk|cvkqp hqt vjg qtfkpct{ jgzciqpcn ncvvkeg *k0g0 !� = !� = �+< Pqvg vjcv dnwg uqnkf nkpgu kpfkecvg

rqnctk|cvkqp qhN� . yjkng vjg tgf fcujgf nkpgu tgrtgugpv vjg rqnctk|cvkqp qhN�0 Tguwnvu ctg tgrqtvgf hqt hqwtk/urceg

rqkpvu qp vjg I/M nkpg cpf vjgO rqkpv. cu kpfkecvgf kp vjg Dtknnqwkp |qpg qp vjg vqr qh vjg ?iwtg0

*O 'JH� $�� XF UIFO SFQPSU UIF NPEBM EJTQMBDFNFOU USBKFDUPSJFT GPS UIF HZSPTDPQJD IFYBHPOBM MBU�

UJDF� #Z DPNQBSJOH UIF NPEBM QPMBSJ[BUJPOT PG UIF OPO�HZSPTDPQJD 	'JH� $��
 BOE HZSPTDPQJD 	'JH�

$��
 IFYBHPOBM MBUUJDFT
 XF DBO DMFBSMZ TFF UIBU B CBOE JOWFSTJPO CFUXFFO UIF �OE BOE �SE CBOET PD�

DVST BU,�QPJOUT
 JOEJDBUJOH B UPQPMPHJDBM USBOTJUJPO� 'VSUIFSNPSF
 UIF NPEBM NJYJOH PG UIF USBOT�

WFSTF BOE MPOHJUVEJOBM QPMBSJ[BUJPOT GPS UIF �SE BOE �UI CBOET OFBS UIF(�QPJOU 	BU UIF(,�QPJOU


BMTP DMFBSMZ JOEJDBUFT B UPQPMPHJDBM USBOTJUJPO PDDVSSJOH BU UIF DFOUFS PG UIF #SJMMPVJO [POF�

��
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Hkiwtg E04< Oqfcn rqnctk|cvkqp hqt vjg i{tqueqrke jgzciqpcn ncvvkeg ykvj!� = !� = �.�N�< Pqvg vjcv dnwg uqnkf nkpgu

kpfkecvg rqnctk|cvkqp qhN� . yjkng vjg tgf fcujgf nkpgu tgrtgugpv vjg rqnctk|cvkqp qhN�0 Tguwnvu ctg tgrqtvgf hqt hqwt

k/urceg rqkpvu qp vjg I/M nkpg cpf vjgO rqkpv. cu kpfkecvgf kp vjg Dtknnqwkp |qpg qp vjg vqr qh vjg ?iwtg0

��



$�� #((( ((((((((( (( (((((((((( ((((((((( ((((((((

*O 'JH� $�� XF SFQPSU UIF FWPMVUJPO PG UIF CBOE TUSVDUVSF GPS UIF HZSPTDPQJD IFYBHPOBM MBUUJDF DPO�

TJEFSFE JO $IBQUFS �� 5IF CBOE TUSVDUVSFT TIPX UIBU GPS ! = !� = !� > �
 B OFX UPQPMPHJD�

BMMZ OPO�USJWJBM HBQ CFUXFFO UIF �SE BOE �UI CBOET JT PQFOFE CZ MJG*JOH UIF RVBESBUJD EFHFOFSBDZ BU

(�QPJOU 	UIF DFOUFS PG UIF #SJMMPVJO [POF
� 'VSUIFSNPSF
 XF TFF UIBU UIF TJ[F PG UIJT HBQ JODSFBTFT

NPOPUPOJDBMMZ XJUI !�

%J*GFSFOUMZ
 UIF HBQ PCTFSWFE JO UIF PSEJOBSZ 	OPO�HZSPTDPQJD
 MBUUJDF CFUXFFO UIF �OE BOE �SE

CBOET JOJUJBMMZ HFUT OBSSPXFS GPS JODSFBTJOH WBMVFT PG !� *U FWFOUVBMMZ DMPTFT BU ! = �.��N�
 XIFSF

B QBJS PG %JSBD�MJLF MJOFBS DSPTTJOH DPOFT JO UIF **STU #SJMMPVJO [POF FNFSHFT� /PUF UIBU UIFSF BSF TJY

,�QPJOUT EVF UP TJY GPME TZNNFUSZ JO UIF XBWF WFDUPS !�TQBDF
 CVU POMZ POF UIJSE PG UIF DPOF BU FBDI

,�QPJOU JT JODMVEFE JO UIF **STU #SJMMPVJO [POF� 'JOBMMZ
 GPS ! > �.��N� B OFX 	UPQPMPHJDBMMZ OPO�

USJWJBM
 HBQ JT PQFOFE CZ MJG*JOH UIF QBJS PG %JSBD�MJLF DPOFT
 TP UIBU UIF TZTUFN JT DIBSBDUFSJ[FE CZ UXP

UPQPMPHJDBMMZ OPO�USJWJBM HBQT�

Hkiwtg E05< Gxqnwvkqp qh vjg dcpf uvtwevwtg hqt vjg i{tqueqrke jgzciqpcn ncvvkeg cu c hwpevkqp qh!< Pqvg vjcv vjg itg{ cpf

{gnnqy ujcfgf ctgcu jkijnkijv vqrqnqikecnn{ vtkxkcn cpf pqp/vtkxkcn icru. tgurgevkxgn{0

*NQPSUBOUMZ
 XF BMTP **OE UIBU UIF UPQPMPHJDBM USBOTJUJPO JT BDDPNQBOJFE CZ B MPDBM CBOE JOWFS�

TJPO OFBS,�QPJOUT� *O GBDU
 UIF SFTVMUT TIPXO JO 'JH� $�� GPS UIF NPEBM QPMBSJ[BUJPOT PGN� BOEN� BU

��



Hkiwtg E06< Dcpf kpxgtukqp rtqeguu fwtkpi u{oogvt{ dtgcmkpi fgoqpuvtcvgf d{ vjg gxqnwvkqp qh vjgoqfcn rqnctk|cvkqpu

qh 4pf cpf 5tf dcpfu cv,/rqkpvu cu c hwpevkqp qh!

,�QPJOUT SFWFBM UIBU B MPDBM NPEF TXJUDIJOH CFUXFFO UIF �OE BOE �SE CBOET PDDVST EVSJOH UIF UPQP�

MPHJDBM USBOTJUJPO BU ! = �.��N�� 'PS ! < �.��N� XF **OE UIBU UIF NPUJPO PGN� EPNJOBUFT GPS UIF

TFDPOE CBOE
 XIJMF UIF NPUJPO PGN� EPNJOBUFT GPS UIF UIJSE CBOE� " TXJUDI PDDVS BU ! = �.��N�


TP UIBU XIFO ! > �.��N� XF **OE UIBU UIF NPUJPO PGN� EPNJOBUFT GPS UIF TFDPOE CBOE
 XIJMF UIF

NPUJPO PGN� EPNJOBUFT GPS UIF UIJSE CBOE� 8F OPUF UIBU TJNJMBS CBOE JOWFSTJPO EVSJOH UPQPMPHJDBM

QIBTF DIBOHF IBT SFDFOUMZ CFFO FYQFSJNFOUBMMZ PCTFSWFE JO POF�EJNFOTJPOBM BDPVTUJD TZTUFNT ����

��



$�� 5(((((((((( ((((( (((((((

5P CFUUFS VOEFSTUBOE UIF QSPDFTT SFTVMUJOH JO UIF GPSNBUJPO PG UIF UPQPMPHJDBMMZ OPO�USJWJBM HBQ

CFUXFFO UIF �OE BOE UIF �SE CBOET
 XF BMTP JOWFTUJHBUF UIF F*GFDU PG TZNNFUSZ CSFBLJOH GPS TQB�

UJBM JOWFSTJPO 	1
 BOE UJNF SFWFSTJPO 	5
� "T TIPXO JO 'JH� $��B
 GPS B OPO�HZSPTDPQJD MBUUJDF XJUI

CPUI 1*5 TZNNFUSJFT OP HBQ JT PCTFSWFE� .PSFPWFS
 B %JSBD�MJLF DSPTTJOH QBJS JT GPVOE BU UIF ,

QPJOU CFUXFFO UIF �OE BOE UIF �SE CBOET� 8IFO UIF UJNF�SFWFSTBM TZNNFUSZ JT CSPLFO CZ BEEJOH

HZSPTDPQFT 	'JH� $��C
 UIF %JSBD�MJLF DSPTTJOH QBJS JT MJG*FE BOE B UPQPMPHJDBMMZ OPO�USJWJBM HBQ GPSNT

	IJHIMJHIUFE CZ UIF ZFMMPX TIBEFE BSFB JO 'JH� $��C
�

0O UIF PUIFS IBOE
 XIFO POMZ UIF 1�TZNNFUSZ JT CSPLFO CZ SFNPWJOH UISFF CMBDL TQSJOHT JO UIF

OPO�HZSPTDPQJD MBUUJDF 	BT TIPXO JO 'JH� $��D

 UIF %JSBD�MJLF DSPTTJOH QBJS JT BMTP MJG*FE
 CVU UIF FNFS�

HJOH HBQ 	IJHIMJHIUFE CZ UIF HSFZ TIBEFE BSFB JO 'JH� $��D
 JT UPQPMPHJDBMMZ USJWJBM� /FYU
 XIFO BMTP

UIF 5 TZNNFUSZ JT CSPLFO CZ BEEJOH HZSPTDPQFT 	'JHT� $��E BOE F

 XF **OE UIBU UIF CBOE TUSVDUVSF

TUSPOHMZ EFQFOET PO UIF SFMBUJWF TUSFOHUI PG 1�CSFBLJOH BOE 5�CSFBLJOH� 8IFO 1�CSFBLJOH JT EPNJO�

BOU
 POMZ UPQPMPHJDBMMZ USJWJBM HBQT BSF GPVOE� #Z DPOUSBTU
 XIFO 5�CSFBLJOH JT EPNJOBOU
 UPQPMPHJD�

BMMZ OPO�USJWJBM HBQT GPSN� 'JOBMMZ
 XF OPUF UIBU XIFO 1�CSFBLJOH BOE 5�CSFBLJOH BSF CBMBODFE 	BT JO

'JH� $��E
 B %JSBD�MJLF DSPTTJOH QBJS GPSNT BU UIF , QPJOU DMPTJOH UIF CBOE HBQ�
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Hkiwtg E07< Vqrqnqikecn rjcug fkcitco qh vjg jgzciqpcn rjqpqpke et{uvcn0 *c+Rjqpqpke et{uvcn ykvj dqvj R cpf V u{oogv/

tkgu0 Vjg Fktce/nkmg eqpgu eqppgevkpi vjg 4pf cpf 5tf dcpfu cv vjg M/rqkpv ctg rtqvgevgf d{ vjg RV u{oogvt{0 Pq icr ku

hqtogf0 *d+ Vqrqnqikecnn{ pqp/vtkxkcn icr gogtigu dgvyggp vjg 4pf cpf 5tf dcpfu fwg vq dtqmgp V u{oogvt{0 *e+ Vqrqnq/

ikecnn{ vtkxkcn icr gogtigu dgvyggp vjg 4pf cpf 5tf dcpfu fwg vq dtqmgp R u{oogvt{0 *f+Yjgp R u{oogvt{ dtgcmkpi cpf

V u{oogvt{ dtgcmkpi ctg dcncpegf. vjg Fktce/nkmg eqpgu rgtukuv0 *g+Yjgp vjg V u{oogvt{ dtgcmkpi uvtgpivj fqokpcvgu

vjg V u{oogvt{ dtgcmkpi uvtgpivj. vjg Fktce/nkmg eqpgu ctg nkhvgf vq hqto c vqrqnqikecnn{ pqp/vtkxkcn icr
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Hkiwtg E08< Vtcpukgpv Tgurqpug qh c i{tqueqrke rjqpqpke et{uvcn eqpukuvkpi qh 62× 52 uswctg wpkv egnnu ykvj c nkpg fghgev

qp vjg vqr dqwpfct{< Upcrujqvu qh vjg xgnqekv{ ?gnf cv *c+ U = �5�. *d+ U = ��5�. *e+ U = ��5� cpf *f+ U = ��5� . yjgtg

5� =
√

N�/L� ku vjg ejctcevgtkuvke vkog uecng qh vjg u{uvgo0 Uvctvkpi htqo U = �. c vkog/jctoqpke gzekvcvkqp hqteg
F(U) = ['Y(U), 'Z(U)] = [�, �]'�F−J!U ku rtguetkdgf cv vjg ukvg kpfkecvgf d{ vjg tgf cttqy0
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5IF HZSPTDPQF DPOTJEFSFE JO UIJT TUVEZ IBT JUT UPQ UJQ PG UIF SPUBUJPOBM BYJT QJOOFE UP B DPODFOUSBUFE

NBTT TJUF JO UIF QIPOPOJD DSZTUBM
 BOE UIF CPUUPN UJQ QJOOFE UP UIF HSPVOE 	'JH� $��
� #FDBVTF PG

UIJT BOZ USBOTMBUJPOBM NPUJPO JT QSFWFOUFE
 XIJMF UIFZ DBO GSFF SPUBUF� &BDI HZSPTDPQF IBT � EFHSFFT

PG GSFFEPN EFTDSJCFE CZ UIF TQJO 	!

 QSFDFTTJPO 	!
 BOE OVUBUJPO 	!
 BOHMFT XJUI SFTQFDU UP UIF

WFSUJDBM [�BYJT
 BT TIPXO JO 'JH� $��� "TTVNJOH DPOTUBOU TQJO BOE QSFDFTTJPO SBUFT 	!̇ = ̈
 !̇ = ̆

BOE !̈ = !̈ = �

 JUT FRVBUJPOT PG NPUJPO DBO CF XSJUUFO BT ��
��
���

.Y = *YY(!̈− ̆� TJO ! DPT !) + *[[̆ TJO !(̆ DPT !+̈) 	$��


.Z = (�*ZZ̆!̇ DPT !)− *[[!̇(̆ DPT !+̈)) TJO ! 	$���


.[ = *[[̆!̇ TJO ! 	$���


XIFSF.Y
.Z BOE.[ BSF NPNFOUT BCPVU UIF Y
 Z BOE [ BYFT
 SFTQFDUJWFMZ
 BOE *YY
 *ZZ BOE *[[ BSF

UIF TFDPOE NPNFOUT PG JOFSUJB� /PUF UIBU JO UIF BCTFODF PG FYUFSOBM NPNFOUT.Y = .Z = � BOE

UIBU GPS TZNNFUSJD HZSPTDPQFT 	BT UIPTF DPOTJEFSFE JO UIJT TUVEZ
 *YY = *ZZ = *��

)FSF XF DPOTJEFS B TNBMM BNQMJUVEF UJNF�IBSNPOJD JO�QMBOF NPUJPO BU UIF UPQ UJQ PG UIF HZSP�

TDPQF JOEVDFE CZ UIF MBUUJDF WJCSBUJPO


6UJQ = I TJO(!) ≈ I! = I˹FJ!U GPS |˹| ≪ �, 	$���


XIFSF I JT UIF IFJHIU PG UIF HZSPTDPQF� 6OEFS TVDI BTTVNQUJPO PG TNBMM BNQMJUVEF UJQ EJTQMBDFNFOU

	 TJO ! ≈ ! BOE DPT ! ≈ �

 &RO� 	$���
 DBO UIFO CF TJNQMJ**FE UP QSPWJEF UIF SFMBUJPO CFUXFFO

��



Hkiwtg E09< I{tqueqrg< Uejgocvke qh c i{tqueqrgykvj vjg vqr vkr rkppgf vq cocuu kp vjg ncvvkeg0

QSFDFTTJPO SBUF BOE TQJO SBUF


!̇ = ̆ =

( *[[
�*� − *[[

)

̈ 	$���


.PSFPWFS
 TVCTUJUVUJPO PG &RO� 	$���
 JOUP &RO� 	$��
 ZJFMET


(*[[ − *�)̆� + *[[̈̆− *�!� = � 	$���


XIJDI DBO CF DPNCJOFE XJUI &RO� 	$���
 UP HJWF

̈ = ±!�*� − *[[
*[[

	$���


/PUF UIBU
 GPS ! = �
 UIFO ̈ = � JNQMJFT UIBU UIF HZSPTDPQF JT OPU TQJOOJOH BOE UIFSF JT OP SPUB�

UJPOBM JOFSUJBM DPVQMJOH F*GFDU�

'JOBMMZ
 JOUSPEVDJOH &RO� 	$���
 JOUP &RO� 	$���

 XF BSSJWF BU

.[ = ±!!̇!*[[ = ±J!�!�*[[ 	$���


/FYU
 XF EFUFSNJOF UIF HZSPTDPQJD GPSDF 'H CFUXFFO UIF HZSPTDPQF BOE UIF DPODFOUSBUFE NBTT

QJOOFE BU JUT UPQ� 'H JT QFSQFOEJDVMBS UP UIF EJSFDUJPO PG6UJQ JO UIF YZ�QMBOF BOE IBT UP TBUJTGZ UIF

��



CBMBODF PG NPNFOU BCPVU UIF [�BYJT�

.[ = 'HI TJO ! ≈ 'HI! 	$���


$PNCJOJOH &ROT� 	$���
 BOE 	$���

 XF **OBMMZ DPODMVEF UIBU 'H UBLFT UIF GPSN

'H = ±J!
�

I� *[[6UJQ 	$���


5IFSFGPSF
 XIFO UIF NBTT DPOOFDUFE BU UIF UPQ UJQ PG UIF HZSPTDPQF JT EJTQMBDFE CZUUJQ =

[VY, VZ]
 UIF F*GFDUJWF HZSPTDPQJD JOFSUJBM GPSDF JT HJWFO BT�

FH = ±J!
�

I� *[[RUUJQ, 	$���


XIFSFR JT UIF SPUBUJPO NBUSJY


R =






� �

−� �




 	$���


JOUSPEVDFE UP NBLF UIF EJSFDUJPO PGFH PSUIPHPOBM UPUUJQ�

$POTFRVFOUMZ
 UP UBLF UIJT SPUBUJPOBM JOFSUJBM F*GFDU JOUP BDDPVOU
 UIF NBTT NBUSJY BTTPDJBUFE UP

FBDI NBTT JT HJWFO CZ

M̃ =






N J!

−J! N




 , 	$���


XIFSF ! = ±*[[/I� SFQSFTFOUT UIF JOFSUJB DPVQMJOH XJUI B QIBTF TIJG* EJDUBUFE CZ UIF JNBHJO�

BSZ NVMUJQMJFS J� 5IJT JNBHJOBSZ OBUVSF PG UIF HZSPTDPQJD JOFSUJBM F*GFDU JOEJDBUFT EJSFDUJPOBM QIBTF

TIJG*T CFUXFFO UXP JOEFQFOEFOU EJSFDUJPOT PG UIF UJQ EJTQMBDFNFOUT
 XIJDI CSFBLT UJNF�SFWFSTBM TZN�

NFUSZ ����

��
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8F TUBSU CZ OPUJOH UIBU UIF GSFRVFODZ�EPNBJO XBWF FRVBUJPO GPS B MBUUJDF JT HJWFO CZ

K(!)U = !�M̃U, 	$���


XIFSF ! JT UIF #MPDI�XBWF WFDUPS�

4PMWJOH &RO� 	$���
 PO UIF VOJU DFMM GPS XBWF WFDUPST !XJUIJO UIF **STU #SJMMPVJO [POF
 XF PCUBJO

UIF EJTQFSTJPO SFMBUJPO ! = !(!) 	FJHFOWBMVF
 BOE UIF BTTPDJBUFE NPEBM EJTQMBDFNFOU WFDUPS **FME

U(!) 	FJHFOWFDUPS
�

'PS B UXP�EJNFOTJPOBM 	�%
 MBUUJDF
 XF VTF B/!�
×/!�

HSJE UIBU DPWFST UIF **STU #SJMMPVJO [POF JO

UIF �% !�TQBDF� 5IF NPEBM EJTQMBDFNFOU BTTPDJBUFE UP UIF O�UI CBOE JT UIFO B WFDUPS **FME
UO(!) =

UO(!�,!�) EF**OFE PO B �% EJTDSFUJ[FE QBSBNFUSJD EPNBJO�

*O UIF GPMMPXJOH XF GPDVT PO NPEBM EJTQMBDFNFOU BTTPDJBUFE UP UIF O�UI CBOE 	GPS UIF TBLF PG

TJNQMJDJUZ
 XF ESPQ UIF TVCTDSJQU O
 BOE EF**OF UIF NPEBM JOOFS QSPEVDU BT GPMMPXT�

〈U(!)|U(!′)〉 = U(!) · M̃U(!′) =
∑

Q,R
6∗

Q(!).̃QR6R(!′) 	$���


XIFSF6Q BOE6R BSF DPNQPOFOUT PG WFDUPSU
 BOE (·)∗ EFOPUFT UIF PQFSBUJPO PG DPNQMFY DPOKVHB�

UJPO�

'PMMPXJOH BO BQQSPBDI UIBU JT DPODFQUVBMMZ TJNJMBS UP UIF NFUIPE QSPQPTFE JO ��
 XF DBMDVMBUF UIF

#FSSZ **VY
 '̃��
 GPS B TNBMM QBUDI PG UIF TJ[F ˵!� × ˵!� PO UIF !�HSJE�

'̃��(!) = MO
(
〈U(!)|U(!′)〉 〈U(!′)|U(!′′)〉 〈U(!′′)|U(!′′′)〉 〈U(!′′′)|U(!)〉
〈U(!)|U(!)〉 〈U(!′)|U(!′)〉 〈U(!′′)|U(!′′)〉 〈U(!′′′)|U(!′′′)〉

)

, 	$���


XIFSF ! = (!�,!�)
 !′ = (!� + ˵!�,!�)
 !′′ = (!� + ˵!�,!� + ˵!�) BOE !′′′ = (!�,!� + ˵!�)�

��



)FSF '̃�� JT EF**OFE XJUIJO UIF QSJODJQBM CSBODI PG UIF MPHBSJUIN GVODUJPO
 TVDI UIBU

−! <
�
J '̃��(!�,!�) ≤ ! ∀!�,!� . 	$���


"T TIPXO JO 3FG� ��
 XF OPUF UIBU UIF EFOPNJOBUPS JO &RO� 	$���
 DBOOPU WBOJTI JO PSEFS GPS JU UP

CF XFMM EF**OFE� 5IJT DPOEJUJPO DBO BMXBZT CF TBUJT**FE CZ B JO**OJUFTJNBM TIJG* PG UIF/!�
×/!�

HSJE

JO !�TQBDF�

'JOBMMZ
 UIF OVNFSJDBM $IFSO OVNCFS DBO CF DBMDVMBUFE CZ JOUFHSBUJOH UIF #FSSZ **VY PWFS UIF

FOUJSF **STU #SJMMPVJO [POF�

$ =
�

�!J
∑

!�

∑

!�

'̃��(!�,!�). 	$���


*O BEEJUJPO
 XF OPUF UIBU XIFO UXP PS NPSF CBOET TIBSF EFHFOFSBUF QPJOU	T
 JO CBOE TUSVDUVSF

	F�H� UIF **STU BOE TFDPOE CBOET BMXBZT IBWF B EFHFOFSBDZ BU ! → �

 UIFJS DPNCJOFE $IFSO OVNCFS

TIPVME CF DBMDVMBUFE JOTUFBE PG JOEJWJEVBM POFT�

5P HFU UIF DPNCJOFE $IFSO OVNCFS GPS UIF O�UI BOEN�UI CBOET
 GPS JOTUBODF
 BMM GPVS JOOFS

QSPEVDUT PG UIF GPSN 〈U(!)|U(!′)〉 JO UIF OVNFSBUPS PG &R� 	$���
 OFFE UP CF SFQMBDFE CZ UIF

EFUFSNJOBOU PG B �× � NBUSJYP(!,!′)�

P(!,!′) =






〈UO(!)|UO(!′)〉 〈UO(!)|UN(!′)〉

〈UN(!)|UO(!′)〉 〈UN(!)|UN(!′)〉




 , 	$���


*G UISFF PS NPSF CBOET BSF DSPTTJOH FBDI PUIFS
 UIF NBUSJYP(!,!′) EF**OFE JO &R� 	$���
 DBO CF

FBTJMZ HFOFSBMJ[FE UP B �× � PS IJHIFS PSEFS NBUSJY�

��
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<�> "MFYBOEFS
 4� 	����
� "NPSQIPVT TPMJET� UIFJS TUSVDUVSF
 MBUUJDF EZOBNJDT BOE FMBTUJDJUZ�
1IZTJDT 3FQPSUT
 ���	�h$�
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<�> #BMFOUT
 -� 	����
� 4QJO MJRVJET JO GSVTUSBUFE NBHOFUT� /BUVSF
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 ����؜���

<�> #JHPOJ
 %�
 (VFOOFBV
 4�
 .PWDIBO
 "� #�
 � #SVO
 .� 	����
� &MBTUJD NFUBNBUFSJBMT XJUI
JOFSUJBM MPDBMMZ SFTPOBOU TUSVDUVSFT� "QQMJDBUJPO UP MFOTJOH BOE MPDBMJ[BUJPO� 1IZTJDBM 3FWJFX
#
 ��
 �������

<�> #MPDI
 '� 	����
� �CFS EJF RVBOUFONFDIBOJL EFS FMFLUSPOFO JO LSJTUBMMHJUUFSO� ;FJUTDISJؽ G¼S
QIZTJL
 ��	���

 ����؜���

<�> #PFDIMFS
 /�
 &MJBTPO
 +� ,�
 ,VNBS
 "�
 .B[OFW
 "� "�
 /FMTPO
 ,� "�
 � 'BOH
 /� 	����
�
*OUFSBDUJPO PG B DPOUBDU SFTPOBODF PG NJDSPTQIFSFT XJUI TVSGBDF BDPVTUJD XBWFT� 1IZTJDBM
3FWJFX -FUUFST
 ���
 �������

<�> #PFDIMFS
 /�
 8BMMFO
 4�
 (IBOFN
 .� "�
 +FOLT
 +�
 � 7PHFM
 /� 	����
� " TFMG�BTTFNCMFE
NFUBNBUFSJBM GPS MBNC XBWFT� 1IZTJDBM 3FWJFX -FUUFST
 ���
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<�> #SBNXFMM
 4� 5� � (JOHSBT
 .� +� 	����
� 4QJO JDF TUBUF JO GSVTUSBUFE NBHOFUJD QZSPDIMPSF
NBUFSJBMT� 4DJFODF
 ���	����

 �����؜����

<�> #SBOGPSE
 8�
 -BEBL
 4�
 3FBE
 %�
 ;FJTTMFS
 ,�
 � $PIFO
 -� 	����
� &NFSHJOH DIJSBMJUZ JO
BSUJ**DJBM TQJO JDF� 4DJFODF
 ���	����
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<�> #SJMMPVJO
 -� 	����
� 8BWF 1SPQBHBUJPO JO 1FSJPEJD 4USVDUVS(� .D(SBX�)JMM�

<��> #SJMMPVJO
 -� 	����
� 8BWF 1SPQBHBUJPO BOE (SPVQ 7FMPDJUZ� "DBEFNJD 1SFTT�

<��> #SPFEFST[
 $� 1� �.BD,JOUPTI
 '� $� 	����
� .PEFMJOH TFNJ**FYJCMF QPMZNFS OFUXPSLT�
3FWJFXT PG .PEFSO 1IZTJDT
 ��
 ����

<��> #SPFEFST[
 $� 1�
 .BP
 9�
 -VCFOTLZ
 5� $�
 �.BD,JOUPTI
 '� $� 	����
� $SJUJDBMJUZ BOE JTP�
TUBUJDJUZ JO **CSF OFUXPSLT� /BUVSF 1IZTJDT
 �
 ����

��



<��> #S»M©
 4�
 +BWFMBVE
 &� )�
 &OPDI
 4�
 � (VFOOFBV
 4� 	����
� &YQFSJNFOUT PO TFJTNJD NFUBNB�
UFSJBMT� .PMEJOH TVSGBDF XBWFT� 1IZTJDBM 3FWJFX -FUUFST
 ���
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<��> #SVO
 .�
 +POFT
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� #VDLNJOTUFS GVMMFSءT apUFOTFHSJUZaq TUSVDUVSFT BOE DMFSL NBYXFMMءT SVMFT
GPS UIF DPOTUSVDUJPO PG TUJ*G GSBNFT� *OUFSOBUJPOBM +PVSOBM PG 4PMJET BOE 4USVDUVS(
 ��	�

 ��� ؜
����

<��> $BSUB
 (�
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