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ON GODEL'SWAYIN: THE INFLUENCEOF RUDOLF CARNAP

WARREN GOLDFARB

The philosopherRudolf Carnap(1891-1970), althoughnot himself an
originatorof mathematicaladvancesin logic, was muchinvolvedin the developmentof the subject.He was the most importantand deepestphilosopher of the ViennaCircleof logicalpositivists,or, to use the label Carnap
laterpreferred,logicalempiricists.It was Carnapwho gavethe most fully
developedand sophisticatedform to the linguisticdoctrineof logical and
mathematicaltruth: the view that the truthsof mathematicsand logic do
not describesome Platonisticrealm,but ratherare artifactsof the way we
establisha languagein whichto speakof the factual,empiricalworld,fallouts of the representational
capacityof language.(Thisviewhas its rootsin
remarkson mathematicsbeyond
Tractatus,butWittgenstein's
Wittgenstein's
first-orderlogic are notoriouslysparseand cryptic.) Carnapwas also the
thinkerwho,afterRussell,mostemphasizedtheimportanceof modernlogic,
and the distinctiveadvancesit enablesin the foundationsof mathematics,
to contemporaryphilosophy.It was throughCarnap'surgings,abettedby
Hans Hahn, once Carnaparrivedin Viennaas Privatdozentin philosophy
in 1926,that the ViennaCirclebeganto take logic seriouslyand that positivist philosophybeganto grapplewith the questionof how an accountof
mathematicscompatiblewith empiricismcan be given (see Goldfarb1996).
A particularfacet of Carnap'sinfluenceis not widelyappreciated:it was
Carnapwho introducedKurtGodel to logic, in the serioussense.Although
Godel seemsto haveattendeda courseof Schlick'son philosophyof mathematicsin 1925-26,his secondyearat the University,he did not at that time
pursuelogicfurther,nor didthe seminarleavemuchof a traceon him. In the
earlysummerof 1928,however,Carnapgavetwo lecturesto the Circlewhich
Godelattended,or so I surmise.At theseoccasions,Carnappresentedmaterial from his manuscripttreatise, Untersuchungenzur allgemeinenAxiomatik,

into generalaxiomatics",whichdealtwith questions
thatis, "Investigations
of consistency,completenessand categoricity.Carnaplatercirculatedthis
materialto variouspeopleincludingGodel.
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Godel's serious interest in logic dates from that time. Subsequently he
began the systematic reading in logic that brought him to the frontiers of
what was then known, as his libraryrequest-slipsshow (Dawson 1997, p. 53).
So, for example, in a letter to his fellow student Herbert Feigl, later a
distinguished philosopher of science in America, he reports on what he
did with his 1928 summer vacation:
I myself was in Briinn the whole time and among other things read
a part of Principia mathematica,about which, however, I was less
enthusiastic [begeistert]than I had expected from its reputation.
(letter to Feigl, 24 September 1928; Godel2003, p. 403)
That he was put onto Principiais no doubt also Carnap'sinfluence;Carnap's
concern with details of Principiafar outstripped what would have been common among mathematiciansby that time. It is, of course, a simplifiedversion
of the system of Principiathat appearsin Godel's 1931 incompletenesspaper.
Hilbert and Ackermann'sGrundziigeder theoretischenLogik, published in
1928, was another of the first books Godel looked at in logic. He found his
dissertation problem in it: the question of the completeness of first-order
logic is explicitly formulated for the first time in the book, on p. 68. In 1975,
the sociologist Burke Grandjean sent a questionnaire to Godel, in which he
asked, "When did you become interestedin the problem... of the completeness of logic and mathematics?" and "Are there any influences you would
single out as especially important in this regard?" Godel's answers were:
"1928"; and "Hilbert Ackermann: Introduction to math Logic, Carnap:
Lectures of math Logic" (Godel2003, p. 447).
Now, Carnap'slogical work did not influence Godel in any mathematical
or technical way: there is in Carnap's material no mathematical idea that
could be exploited for serious results. What G6del learned from Carnap
concerned the concepts that needed to be investigated. The peculiarities of
the way Carnap framed those concepts motivated Godel concerning both
the problems he set himself to investigate and the correct formulation of the
concepts.
Carnap'sfocus in the Untersuchungenwas on properties of axiom systems
such as consistency and completeness.' The subtitle of the first volume of
the manuscript, and the title of Carnap'slectures, was Metalogik. But in fact
Carnap'swork was not at all metalogical, in our sense. For Carnap worked
in a Russellian tradition, that is, with a conception of logic that can be called
"universalist"(the term stems from vanHeijenoort1967). All notions were to
be defined withinthe logical system. Consider the conjunction F of axioms
of a system (Carnap'streatment is limited to finitely axiomatized theories).
F contains various nonlogical vocabulary; let us call F(R) what we obtain
from F by replacing these with variables (of the appropriatetypes). Then
'Carnap never published this manuscript;it appeared only recentlyas Carnap2000. In my
account of this work in the next few paragraphs, I draw heavily on Awodeyand Carus2001.
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the assertionthat the axiomshave a model (are satisfiable)is expressedin
the systemby
(3R)F (R).

The assertionthat an assertionG followsfromthe axiomsis expressedas
(VR)(F(R) D G(R)),

that is, in the terminologyof Russell1903, F(R) formallyimplies G(R).
The assertionthat the axioms are inconsistentis then the assertionthat a
contradictionfollowsfromthem:
(3G)(V2R)(F(R)D G(R).-G(R)).
The quantification"(3G)"is to be construedherenot as overformulas,but
ratheroverpropositionalfunctions(i.e., properties)of a higherorder.
Note how simpleit is to show,once the conceptsare definedin this way,
thatif the axiomsareconsistentthentheyhavea model. Forassumetheydo
not havea model: that is, (VR)^F(R). Then (VR)(F(R) D H) for any H,
and in particular,for some H of the form G(R).G (R). Hencethe axioms
areinconsistent.
So herewe havea trivialproofof a claimthatverballysoundsexactlylike
a completenesstheorem: an axiom systemhas a model if it is consistent.
Of course, it is not reallysuch a theorem;in particularthe definitionof
consequencethat is used to framethat of consistencydoes not accordwith
whatis ordinarilymeantby a deductiveconsequenceof the axiomsystem.
The opening of Godel's doctoral dissertation,completedin July 1929,
reactsto this pseudo-completeness
theorem. He startsby being insistently
expliciton whatnotion of consequenceis at issuein the dissertation.In the
second sentence,he frameshis theoremthus: everyvalid formulaof firstorderlogic "canbe derivedfromthe axiomsby meansof a finitesequenceof
formalinferences."Twosentenceslater,afterreformulatingthe theoremas
aboutconsistentaxiomsystems,he elaborates,"Here'consistent'meansthat
no contradictioncanbe derivedbymeansof finitelymanyformalinferences"
(G6del 1986, p. 61).

On the next page, G6del gives an explicitformulationof what Carnap's
argumentshows,in a waythatmakesapparentits differencefromcompleteness.
If we replacethe notion of logicalconsequence(that is, of being
formallyprovablein finitelymanysteps)by implicationin Russell's
sense,more precisely,byformal implication,wherethe variables
arethe primitivenotionsof the axiomsystemin question,thenthe
existenceof a modelfor a consistentaxiomsystem(now takento
meanone thatimpliesno contradiction)followsfromthe fact that
a false propositionimpliesany other,hencealso everycontradiction (whencethe assertionfollowsat once by indirectargument).
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[fn:] This seems to have been noted for the first time by R.
Carnap in a hitherto unpublishedwork, which he was kind enough
to put at my disposal in a manuscript form.
Of course, the subtext here is that in defining the notions as he did, Carnap
trivialized the problem. But on the surface, Godel is most polite in giving
Carnap credit.
A more serious criticism is contained in the sentences just before this
paragraph, although that it pertains to Carnap is disguised. Indeed, the
point of those sentences has seemed to many readersto be somewhat obscure
(in their Introductory Note to the dissertation, Gddel 1986, p. 49, Dreben
and van Heijenoort call the remarks "somewhat misleading").
But one might perhaps think that the existence of the notions
introduced through an axiom system is to be defined outright
by the consistency of the axioms and that, therefore, a proof [of
completeness] is to be rejected out of hand. This definition ...
however, manifestly presupposes the axiom that every mathematical problem is solvable. Or, more precisely,it presupposes that we
cannot prove the unsolvability of any problem. For, if the unsolvability of some problem (in the domain of real numbers, say) were
proved, then, from the definition above, there would follow the
existence of two non-isomorphic realizations of the axiom system
for the real numbers, while on the other hand we can prove the
isomorphism of any two realizations. We cannot at all exclude out
of hand, however, a proof of the unsolvability of a problem if we
observe that what is at issue here is only unsolvability by certain
precisely stated formal means of inference. For all the notions
that are considered here (provable,consistent, and so on) have an
exact meaning only when we have precisely delimited the means
of inference that are admitted.
The point of these remarks becomes clear, I think, once we understand two
further concepts that are central in Carnap'slogical investigations, namely,
Entscheidungsdefinitheitand monomorphicity. The former word is usually
translated "syntactic completeness"; but that would be inappropriatehere,
since, in line with his universalist view, Carnap does not define the notion in
a metamathematical way. Instead it is defined as
(VG)(G is a consequence ofF or -G is a consequence ofF),
where consequence is taken in Carnap'ssense, that is, as formal implication:
(VG)[(VR)(F(R) D G(R)) V (VR)(F(R) D -G(R))].
Monomorphicity corresponds to what we call categoricity, and is defined
roughly thus:
(VR)(VR')(F(R).F (R') D R _ R').
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Carnap claims to prove in his manuscriptthat a theory is entscheidungsdefinit
if and only if it is monomorphic. When Carnap'snotions are replaced with
their modern correlates, we obtain a biconditional one direction of which
from syntactic completeness to categoricity-is simply false, since syntactic
completeness yields only the elementary equivalence of models and no more;
and the other direction of which is nearly true, in the first-ordercase, needing
only to be amplified by cardinality considerations. In contrast, the direction
from Entscheidungsdefinitheitto monomorphicity is straightforward; this
illustrates what it is to work inside a universalist conception. For if F is not
monomorphic, then there are R and R' such that F(R) and F(R'), but R
and R' are not isomorphic. Consider the property of being isomorphic to
R'; that is precisely a G for which the claim of Entscheidungsdefinitheitwill
fail, since it is neither the case that every R such that F(R) is isomorphic to
R' nor is it the case that every R such that F(R) is not isromorphic to R'.
The point is that the quantifier (VG) in the definition of entscheidungsdefinit
ranges over properties, with no limitation to those that are expressible in a
fixed vocabulary of a formal theory. (In fact, Carnap takes the quantifier to
range only over properties that respect isomorphism, that is, properties G
such that (VR)(VS)(G(R).R - S D G(S)).)
However, the direction of Carnap's claim relevant to G6del's remark is
from monomorphicity to Entscheidungsdefinitheit.Again, the proof is nearly
trivial. If the axiom system F is not entscheidungsdefinitthen, for some G,
both G and ~G fail to be consequences of F; by Carnap's definition, this
means that both
(3R)(F (R).G(R))
and
(3R)(F(R).G (R)).
Clearly these two realizations cannot be isomorphic; so the system fails to
be monomorphic.
Now it can be shown in the logical theory within which Carnap works (the
theory of types) that Peano arithmetic is monomorphic. Hence Carnap's
claim would imply that Peano arithmetic is entscheidungsdefinit.A similar
remarkwould hold for the axiom system for the real numbersto which Godel
alludes.
Godel's criticism is directed on the surface against those who define mathematical existence in terms of consistency. Carnap does not do this; but, as
we have seen, given his definitions existence follows from consistency in one
trivial step. Moreover, it follows without any attention to the particularities
of the logical system within which the notions are framed, e.g., whether they
are first-orderor higher-order. Hence, Carnap's procedure is little different
from defining existence as consistency. And then G6del's point is clear: there
may be cases in which we can prove all realizations of an axiom system are

190

WARRENGOLDFARB

isomorphic,yet this does not settle whetherall questionsare formallydecidablefrom the axioms. Thus, Carnap'sEntscheidungsdefinitheit
does not
capturethe notion of formaldecidabilityof a problem.Thatis whatG6del
emphasizesin the last sentencecitedabove.
It should be emphasizedthat G6del's argumenthere is meant to be a
generalone. He is arguingthat it is a mistaketo identifymathematical
existenceandconsistencyingeneral,thatis, acrossa rangeof logicalsystems,
includinghigher-orderones. For if this identificationis madein general,it
is made for logics in whichthe categoricityof variousaxiom systems,e.g.,
Peanoarithmeticor the theoryof the realnumbers,can be proved.In those
cases, the identificationimmediatelyyieldsthe conclusionthat one can not
show thatany questionin those systemsis formallyundecidable,becauseto
show formalundecidabilityof F is preciselyto show that both the axioms
conjoinedwith F and the axiomsconjoinedwith -F areconsistent,which
(bythe assumedidentification)wouldshowthe existenceof non-isomorphic
realizationsof the axioms.2
Of courseG6del'sremarkis also a foreshadowingof the incompleteness
result, which he obtained the followingyear. In fact, G6del'sfirst public announcementof incompletenessemphasizespreciselythe same point.
(Carnapwas amongthe firstpersonsto whomG6del mentionedhis result,
in a privateconversationon 26 August 1930. How he explainedit on that
occasion, or in a subsequentconversationwith Carnapon 29 August, is
not preserved,but he did talk about the methodof arithmetization.)The
settingfor the publicannouncementwas the September1930Epistemology
of the Exact Sciencesconferencein K6nigsberg,a meetingthat brought
togetherpositivisticallyinclinedphilosophersand logiciansfrom Poland,
Germany,and Austria.The maintopic of G6del'stalk (Godel*1930c)was
his completenessresult.Afterpresentingit, he continued:
I would furthermorelike to call attentionto an applicationthat
can be made of what has been provedto the generaltheory of
axiom systems. It concernsthe concepts "entscheidungsdefinit"
and "monomorphic". ... One would suspect that there is a close

connectionbetweenthesetwo concepts,yet up to now sucha connectionhaseludedgeneralformulation... In viewof thedevelopmentspresentedhereit can now be shownthat, for a specialclass
of axiomsystems,namelythosewhoseaxiomscan be expressedin
2Thus it is a mistake to read the passage as being primarilyconcerned with first-orderlogic.
Indeed, first-order logic cannot be the brunt of the argument, because (as Godel realizes)
his own proof of completeness shows that existence and consistency can be identified in this
case. Hence there cannot be any counterexample to the identification, and a fortiori, no
counterexample arising from his argument. His point for the first-ordercase is only to show
that existence and consistency should not be identified definitionally:it requires real work to
show their equivalence. And that point is argued by a consideration about logical systems
generally, with the counterexample coming in the higher-ordercase.
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the restrictedfunctionalcalculus,Entscheidungsdefinitheit
always
follows from monomorphicity ... If the completeness theorem

could also be provedfor the higherparts of logic (the extended
functionalcalculus),then it would be shownin completegenerfollowsfrommonomorphicity;
ality that Entscheidungsdefinitheit
and sincewe know,for example,that the Peano axiom systemis
monomorphic,fromthatthe solvabilityof everyproblemof arithmetic and analysisexpressiblein Principiamathematicawould
follow.
Such an extensionof the completenesstheoremis, however,
impossible,as I haverecentlyproved;thatis, therearemathematical problemswhich, though they can be expressedin Principia
mathematica,cannotbe solvedby the logicaldevicesof Principia
mathematica. (Godel 1995, pp. 26-29, translation emended)

The referenceto Carnapcould not be clearer,given G6del'sterminology
and the expression"generaltheory of axiom systems." The point now is
thatCarnap'sattemptedtheoremcan be seendefinitelyto fail, onceentscheiis definedin the appropriatelymetatheoreticalway,as a direct
dungsdefinit
consequenceof incompleteness.3
In thismaterialwe can, I think,see a motivationfortheincompletenessreGodelgavelateron. In the 1960sand
sultthatdiffersfromcharacterizations
that
whatled him to his theoremwas
often
commented
Godel
1970s,
early
his recognitionof a distinctionbetweenmathematicaltruthand provability,
a distinctionglossedoveror evendeniedby both the Hilbertschool and the
positivists(or so Godel alleged).4Nothing in whatI havesaid goes against
this altogether.But the remarksat the beginningof the dissertationand at
theendof Godel*1930csuggestmoreof a concernto underlinethe difference
andsynbetweenconsequenceconstruedsemantically(oruniversalistically)
tacticconsequence,that is, deducibilityin a finitenumberof formalsteps.
Thus one need not imputeback to the G6del of 1930the full-fledgedPlatonismof his lateryearsas a motivatorfor the theorem.5Moreover,Godel's
3In these remarks, Gbdel seems unawarethat an axiom system "expressedin the restricted
functional calculus" (that is, expressed in first-order quantification theory) is categorical
only in the relateively trivial case that all its models are of one finite cardinality (and are all
isomorphic). This fact follows at once from the upward and downward Lowenheim-Skolem
Theorems. Godel did know of the latter: indeed, in his dissertation he cites Skolem 1920
and talks of "the well-known theorem named for him and Lbwenheim" (Godel 1986, p. 77).
Hence it appears likely that at this time he did not know of the former.
4Godel also said that he was led to the theorem by attempting to give a relativeconsistency
proof of analysis, vis-a-vis arithmetic (see G6del 2003, p. 10). This concern is perhaps
reflected in his use in the dissertation of the example of the real numbers as potentially
yielding unsolvable problems.
5There are two other hints in his early writing that Godel was not as full-fledgedly a
Platonist in the early 1930s as he later became. In Godel *1933o, a lecture given in Cambridge,
Massachusetts, Godel finds problematic the use of impredicative definitions for specifying
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concern to show the incompleteness of higher-orderlogic provides a reason
for his presenting the result in the 1931 paper as one about the theory of
types, ratherthan as about axiomatic theories of number theory, formulated
within first-orderlogic, as became the common expository practice, starting
with G6del's own Princeton lectures of 1934.
That, then, is Carnap's influence on Godel. After incompleteness, the
influence goes in the other direction. Carnap had started to recognize the
flaws in his conceptualization in early 1930, under the urging of Tarski. His
Untersuchungenwas abandoned by April of that year, before Godel told him
of incompleteness. But incompleteness, and the technique of arithmetization, gave him the great spur for his principal project, The Logical Syntax of
Language, published in 1934.
My way of thinking was influenced chiefly by the investigations
of Hilbert and Tarski in metamathematics ... I often talked with
Godel about these problems. In August 1930 he explained to me
his new method of correlatingnumberswith signs and expressions.
Thus a theory of the forms of expressionscould be formulatedwith
the help of concepts of arithmetic. (Carnap1963, p. 53)
Arithmetization was important to Carnap, because the ability to frame syntax within a clearly unobjectionable arithmetical language answered the
doubts, stemming from Wittgenstein and shared by some members of the
Vienna Circle, that the logical structure of language could not properly be
described at all.
Much of Logical Syntax of Languageis a response to the challenge Carnap
took to be posed by Godelian incompleteness.6 Incompleteness shows that
the notion of mathematical truth cannot be captured by notions based on
formal derivability. Hence if mathematical truth is to be an artifact of
language, languages could not be determined solely by the deductive links
they contain. Carnap sought definitions that go beyond deductive ones,
could be thought of as consitutive of languages, and would enable him to
capture mathematical truth, while using only the resources he considered
"syntactic" (a word he used in a wider sense than it currently has). In this
project Godel was of technical assistance as well: he showed Carnap his
classes, and concludes his discussion of foundational issues by saying, "The result of the
preceding discussion is that our axioms, if interpreted as meaningful statements, necessarily
presuppose a kind of Platonism, which cannot satisfy any critical mind and which does not
even produce the conviction that they are consistent" (Godel 1995, p. 50; cf. Feferman's
Introductory Note, ibid., pp. 39-41). And in a letter to Carnap of 28 November, 1932, about
the definition of mathematical truth (in Carnap'sterminology, "analyticity") G6del says, "I
believe that the interest of this definition does not lie in a clarificationof the concept 'analytic',
since one employs in it the concepts 'arbitrarysets', etc., which arejust as problematic"(Godel
2003, p. 357; my emphasis).
6In the book, Carnap presents a detailed proof of the First Incompleteness Theorem; he
was the first to formulate this by isolating a general Fixed Point (Diagonal) Lemma.
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attempt to obtain mathematical truth by induction on syntactic form would
fail for higher order quantifiers, due to impredicativity;and he pointed him
in the direction of the appropriate definition. (See Godel 2003, pp. 347357.) As a result, Carnap wound up with a specification of mathematical
truth essentially equivalent to Tarski's, at about the time Tarski was first
publishing his own treatment. In any case, Carnap's Logical Syntax is in
both motivation and technique inconceivable without Godel.
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