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PHDQPROHFXODU ZHLJKW �µ = 2.35 LV IRU 6RODU DEXQGDQFHV�� 7KH GHFOLQH LQMcrit ZLWK GLVWDQFH LV D UREXVW UHVXOW IRU

VWDQGDUG GLVNPRGHOV� 7KH DQDO\WLF PRGHO� ZKLFK QHJOHFWV VHOI�JUDYLW\� RYHU�SUHGLFWV WKH VWHHSQHVV RI WKH GHFOLQH�
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∇ ≈ ∇ad

∇ = min(∇ad,∇rad)

Mc Rc =

(3Mc/4πρc)1/3 ρc ρc = 3.2 −3



RH ≡

a[Mp/(3M#)]1/3

RB ≡ GMp/c2s = GMp/(RTd)

Mp

cs R = kB/(µmp)

kB mp

RB RH RB < RH

RB

RH

T (RH) = Td P (RH) = Pd RB

RB < RH

RB RH

L = Lc + Γ− Ė + eaccṀ − PM
∂VM

∂t
.

Lc

Γ Lc = Γ = 0 Ė

Ṁ(r)

e(r) = u(r)−GM(r)/r u(r) M(r)

r r = R

eacc = e(R)



RB RRCB

Y = 0.3

∇ad

∇ad

∇ad

∇ad ∇ad

! T ! 2000

T "

T " 10, 000



T ! 300

∇ad = 2/5

)LJXUH ���� &RQWRXU SORW RI WKH DGLDEDWLF JUDGLHQW∇ad IRU D K\GURJHQ�KHOLXPPL[WXUH LQ WKHUPRG\QDPLF HTXLOLEULXP

DV D IXQFWLRQ RI JDV WHPSHUDWXUH DQG SUHVVXUH� 7KH XSSHU�ULJKW UHFWDQJOH HQFORVHV WKH UHJLRQ GHVFULEHG E\ WKH RULJLQDO

6DXPRQ HW DO� ������ (26 WDEOHV� ZKLOH WKH UHVW RI WKH SORW LV RXU H[WHQVLRQ� 7KH EODFN FXUYHV UHSUHVHQW FRQVWDQW HQWURS\

DGLDEDWV� ZLWK WKH ODEHOV log10(S) >HUJ .
−1 J−1@� 7KH UHJLRQV LQ ZKLFK WKH (26 LV HLWKHU LQYDOLG RU QRW FRPSXWHG DUH

PDVNHG LQ ZKLWH� )XUWKHU GHWDLOV DERXW WKHPDVNHG UHJLRQV FDQ EH IRXQG LQ $SSHQGL[ &���

T

300 ! T ! 2000

∇ad

∇ad ≈ 0.3

∇ad ≡ γ−1
γ γ = 7/5



T

T " 2000 − 3000

T " 10, 000

∇ad

∇ad 2/7 2/5

2/7 <

∇ad < 2/5

T

T

Θr ≈ 85

T → 0 ∇ad ≈ 2/5

Θr H2

H2



j

j T → 0

j = 0

T " 150

20 ! T ! 150

T ∇ad

H+

H2



H+
3 H2

H2

Mcrit

tdisk ∼ 3 × 106

tequil tdisk

T ! 150 tequil

M⊕ n = ×1014

∼1025 −2 ∼1022 1023 −2

H2

O2

kH2 = 8 × 10−29(T/125K)1/2 3 −1

log10 kH2 [
3

−1] = 10−28[1.56 + 12.2 exp(−173K/T )]

H2 T = 50 T

tequil = (kH2nH2)
−1 = × 106yr

( n

1014cm−3

)−1
,

tdisk



tequil ∼ 300

H2 tequil ∼

(kionnion)−1 ∼ 3 × 106 (nion/10−4cm−3)−1 kion ∼ 10−10 3 −1

10−4 −3

∼

∼

Mcrit

∼3 Mcrit

∼25

∇ad H2

L

−dE/dM



Ṁ = − L

dE/dM
,

Mcrit

L −dE/dM

∇ad = ∇rad

L ∝ T 4
RCB/PRCB

TRCB

L

1/PRCB

E(r)

−dE/dM

Mc =

10M⊕

∇ad = 0.3

∇ad = 0.3 T > 500 T < 500

H2



∇ad = 0.3 T < 500 T > 500

T

T = 500

∇ad = 0.3

)LJXUH ���� (ODSVHG WLPH WR JURZ D SODQHW RI WRWDO PDVV �FRUH � DWPRVSKHUH� IRU D YDULHW\ RI (26 FRPELQDWLRQV �VHH

WH[W�� IRU D SODQHW IRUPLQJ DW � $8 DQGZLWK D Ć[HG FRUHPDVVMc = 10M⊕ � %RWK K\GURJHQ GLVVRFLDWLRQ DW KLJK

WHPSHUDWXUHV GHHS LQ WKH DWPRVSKHUH DQG IUDFWLRQDO RFFXSDWLRQ RIH2 URWDWLRQDO VWDWHV DW ORZ WHPSHUDWXUHV LQ WKH

RXWHU HQYHORSH UHVXOW LQ VORZHU JDV DFFUHWLRQ ZKHQ FRPSDUHG WR DQ LGHDO JDV SRO\WURSH�

κ = 2Fκ

( T

Tref

)β
,



β = 2 Fκ = 1 Tref = 100

)LJXUH ����:HH[SORUH DWPRVSKHUH JURZWK DURXQG D FRUH RIMc = 10M⊕ IRUPLQJ DW � $8 LQ RXU ĆGXFLDO GLVN� IRU

WKH (26 FKRLFHV LQ )LJXUH ���� /HIW SDQHOV VKRZ UDGLDO SURĆOHV RI SUHVVXUH �XSSHU��−eρr3 �PLGGOH� DQG WHPSHUDWXUH

�ORZHU�� IRU D WRWDO PDVV �FRUH � DWPRVSKHUH� RI 12M⊕� 5LJKW SDQHOV GLVSOD\ HYROXWLRQ ZLWK WRWDO PDVV RIL �XSSHU��

−dE/dM �PLGGOH� DQG Ṁ �ORZHU�� 8SSHU�OHIW DQG XSSHU�ULJKW� 7KH YDULDEOH RFFXSDWLRQ RIH2 URWDWLRQDO VWDWHV LQ WKH

RXWHU DWPRVSKHUH UHVXOWV LQ D GHHSHU 5&% DQG D ORZHU OXPLQRVLW\ IRU WKH UHDOLVWLF (26�0LGGOH�OHIW DQGPLGGOH�ULJKW�

WKH �QHJDWLYH� WRWDO HQHUJ\ RI WKH DWPRVSKHUH LV PRUH FRQFHQWUDWHG DW WKH ERWWRP RI WKH HQYHORSHZKHQ FRPSDUHG WR DQ

LGHDO JDV SRO\WURSH GXH WRH2 GLVVRFLDWLRQ� 7KLV LQFUHDVHV WKH DPRXQW RI HQHUJ\ SHU XQLW PDVV�−dE/dM � WKDW QHHGV

WR EH UDGLDWHG DZD\ WR DFFUHWH WKH QH[W SDUFHO RI JDV� /RZHU�OHIW�H2 GLVVRFLDWLRQ LQ WKH LQQHU DWPRVSKHUH GHFUHDVHV WKH

WHPSHUDWXUH QHDU WKH FRUH� /RZHU�ULJKW� 'LVVRFLDWLRQ DQG IUDFWLRQDO RFFXSDWLRQ RI URWDWLRQDO VWDWHV UHGXFH Ṁ DQG WKXV

VORZ GRZQ DWPRVSKHULF JURZWK�

−dE/dM

∇ad −dE/dM

r −eρr3



−eρr3

∇ad

∇ad |dT/dr|

u ∝ T

∇ad

ρ(r) ∝ r−1/∇ad+1 e(r) ∝ 1/r

−eρr3 ∼ r−1/∇ad+3 ∇ad < 1/3

∇ad ∇ad

−dE/dM

Ṁ

L

∇ad H2

PRCB ∝ exp(RB/RRCB) PRCB



∇ad

∇ad =






∇ad,1, T > 500

∇ad,2, T < 500

∇ad,1 ∇ad,2

∇ad,1

r - RRCB

T (r) ≈
∇ad,1GMc

Rr
.

∇ad,1 ∇ad,1

∇ad,1 Rswitch

∇ad,2

TRCB

∇ad,2 TRCB ,

Td(1 − 2∇ad,2)−1/2 β = 2

TRCB TRCB ∇ad,2

∇ad,2 ∇ad,1

∇ad



)LJXUH ���� $V DQ LOOXVWUDWLYH QXPHULFDO H[SHULPHQW� ZH H[SORUH DWPRVSKHUH JURZWK DURXQG D FRUH ZLWKMc = 10M⊕
IRUPLQJ DW � $8� DQGZLWK WRWDO PDVV �FRUH � DWPRVSKHUH� ��M⊕ � IRU WKH (26 FKRLFH RI (TXDWLRQ ����� DQG YDULRXV

∇ad,1 DQG∇ad,2� ,Q HDFK SDQHO� WKH FLUFOHV PDUN WKH 5&% ORFDWLRQ� 7KH KRUL]RQWDO GDVK�GRWWHG OLQHV VKRZ WKH WHPSHUD�

WXUHTswitch = 500. DW ZKLFK WKH DGLDEDWLF JUDGLHQW FKDQJHV� :H VKRZ UDGLDO SURĆOHV RI WHPSHUDWXUH �XSSHU SDQHOV�

DQG SUHVVXUH �ORZHU SDQHOV�� 8SSHU�OHIW� Ć[HG∇ad,1� YDU\LQJ∇ad,2� $ ODUJHU∇ad,2 \LHOGV D GHHSHU UDGLDWLYH UHJLRQ�

8SSHU�ULJKW� YDU\LQJ∇ad,1� Ć[HG∇ad,2� $ ORZHU∇ad,1 \LHOGV DPRUH VKDOORZ UDGLDWLYH UHJLRQ� ,Q ERWK XSSHU SDQHOV�

WKH DQDO\WLF SURĆOH RI (TXDWLRQ ������ LV RYHU�SORWWHG IRU FRPSDULVRQ �GRWWHG OLQH� LQ UHJLRQV RI DJUHHPHQW� /RZHU�OHIW�

Ć[HG∇ad,1� YDU\LQJ∇ad,2� /RZHU�ULJKW� YDU\LQJ∇ad,1� Ć[HG∇ad,2� ,Q ERWK ORZHU SDQHOV� WKH GDVKHG EODFN OLQH LV WKH

DQDO\WLF SUHGLFWLRQ IRU WKH SUHVVXUH SURĆOH LQ WKH UDGLDWLYH ]RQH� ZKLFK DJUHHV ZLWK WKH QXPHULFDO UHVXOWV�

Rswitch

Rswitch



RRCB

Rswitch

L ∝ 1/PRCB

∇ad

L

dN

ds
∝ s−p,

dN s s + ds p = 3.5

p = 2.5

κ



smax = 1 p = 3.5

p

T ! 1000

κ ∼ T−24

∆L

∆L - L L p = 3.5

∆L - L

p = 2.5

L

∇ad ≈ ∇rad



Mcrit

t = 3 trun

Matm/Ṁ

)LJXUH ���� (ODSVHG WLPH DV D IXQFWLRQ RI DWPRVSKHUHPDVV� IRU FRUHV ZLWK Ć[HGPDVVHV EHWZHHQ 15M⊕ DQG 25M⊕ DW

a = 10$8 LQ RXU ĆGXFLDO GLVN� IRU D UHDOLVWLF (26ZLWK DQ HTXLOLEULXP RUWKR�WR�SDUD UDWLR DQG VWDQGDUG ,60 RSDFLW\� 7KH

FLUFOHV PDUN WKH UXQDZD\ JURZWK WLPH� 7KH QXPEHUV ODEHO WKH FRUHPDVV LQ (DUWKPDVVHV� $ ODUJHU FRUHPDVV UHVXOWV LQ D

ORZHU trun�



M⊕ M⊕ a = 10

trun Matm trun

Mcrit

Mcrit ∼

H2 ∼2 − 4

Σd Mcrit ∼ %

Mcrit

p = 3.5 smax = 1

trun tco

Matm = Mc tco ∼ T β+1/2
d β

β - 1

Mcrit

Mcrit



)LJXUH ���� 7RS SDQHO� 7KHPLQLPXP FRUHPDVV IRU DQ DWPRVSKHUH WR LQLWLDWH UXQDZD\ JDV DFFUHWLRQ ZLWKLQ WKH OLIHWLPH

RI D W\SLFDO SURWRSODQHWDU\ GLVN t ∼ 30\UV DV D IXQFWLRQ RI VHPLPDMRU D[LV� IRU D UHDOLVWLF K\GURJHQ�KHOLXPPL[WXUH

DQG D VWDQGDUG ,60 RSDFLW\� 7KH UHVXOWV RI 3DSHU , IRU DQ LGHDO GLDWRPLF JDV DUH SORWWHG IRU FRPSDULVRQ� 7KH UHDOLVWLF (26

\LHOGV FRUHPDVVHV ODUJHU E\ D IDFWRU RI∼�ZKHQ FRPSDUHG WR WKH SRO\WURSH� IRU DQ HTXLOLEULXP RUWKR�WR�SDUD UDWLR� 7KH

FULWLFDO FRUHPDVV LV∼2 − 4 WLPHV ODUJHU WKDQ WKH SRO\WURSH FDVH IRU D Ć[HG ��� UDWLR EHWZHHQ WKHH2 VSLQ LVRPHUV�

7KH LQFUHDVH LV PRUH SURQRXQFHG DW ODUJHU VWHOORFHQWULF GLVWDQFHV� %RWWRP SDQHO� &ULWLFDO FRUHPDVV DV D IXQFWLRQ RI

VHPLPDMRU D[LV IRU D GLVN JDV VXUIDFH GHQVLW\ �� WLPHV ODUJHU WKDQ WKDW RI RXU ĆGXFLDO GLVN� $ ODUJHUΣd UHGXFHVMcrit E\

∼15− 25%�



)LJXUH ���� &ULWLFDO FRUHPDVV DV D IXQFWLRQ RI VHPLPDMRU D[LV IRU D UHDOLVWLF (26ZLWK DQ HTXLOLEULXP RUWKR�WR�SDUD UDWLR

DQG UDGLDWLYH RSDFLWLHV WKDW DFFRXQW IRU JUDLQ JURZWK �SXUSOH WULDQJOHV� ZLWK p = 3.5 DQGamax = 1 FP� VHH WH[W IRU

GHWDLOV�� 7KH FULWLFDO FRUHPDVV LV ORZHU WKDQ LW ZRXOG EH LI GXVW JUDLQV KDG DQ ,60�OLNH VL]H GLVWULEXWLRQ �EOXH FLUFOHV��

p = 3.5

p p = 2.5

Mcrit

Mc ! 3M⊕

trun

Mc = 4M⊕

p = 2.5 Mcrit



)LJXUH ���� 5XQDZD\ DFFUHWLRQ WLPHV IRU D UHDOLVWLF (26ZLWK DQ HTXLOLEULXP RUWKR�WR�SDUD UDWLR DQG GLIIHUHQW JUDLQ VL]H

GLVWULEXWLRQV� IRU DQ DWPRVSKHUH IRUPLQJ DURXQG D FRUH ZLWKMc = 4M⊕ � 7KH OLQHV PDUNHG E\ SXUSOH DQG RUDQJH

WULDQJOHV KDYH JUDLQ JURZWK RSDFLWLHV ZLWKamax = 1 FP� DQG p = 3.5 DQG p = 2.5� UHVSHFWLYHO\ �VHH WH[W IRU GHWDLOV��
7KH EOXH FLUFOH OLQH KDV DQ ,60 SRZHU�ODZ RSDFLW\� 7KH UXQDZD\ DFFUHWLRQ WLPH LV PRUH WKDQ RQH RUGHU RI PDJQLWXGH

ORZHU ZKHQ FRDJXODWLRQ LV DFFRXQWHG IRU� L�H� p = 2.5�

Mcrit ∼ 30M⊕ ∼7M⊕

H2

Mcrit ∼32M⊕ ∼15M⊕

p = 3.5

Mcrit ∼8M⊕ ∼5M⊕

p = 2.5 Mcrit 4M⊕



Mcrit

Mcrit

Lacc < LKH Lacc

Lacc = G
McṀc

Rc
,

LKH Lc = Γ = 0

Ṁc < Ṁc,KH ≡ LKHRc

GMc
.

Ṁc,KH

10M⊕

∇ad = 2/7 µ = 2.35



trun ∼

Ṁc,acc Mc = 10M⊕

τ = 1.4

Ṁc,acc(Mc) ∼
Mc

τ
.

Ṁc,Hill

Ṁc,Hill = ΩΣpRcRH,

Σp Σd ≈ 100Σp

Ṁc,KH ∼ 2 − 3 Ṁc,acc

Ṁc,KH



)LJXUH ���� 9DULRXV DFFUHWLRQ UDWHV IRU D SODQHW IRUPLQJ DW �� $8 DQGZLWK D FRUHPDVVMc = 10M⊕� XVLQJ D SRO\URSLF

(26 DQG ,60 SRZHU�ODZ RSDFLW\� )RU WKLV FKRLFH RI SDUDPHWHUV� WKH UXQDZD\ DFFUHWLRQ WLPH LV trun ∼ 1.40\UV� 7KH

Ṁatm �VROLG EOXH� FXUYH UHSUHVHQWV WKH JURZWK UDWH RI WKH DWPRVSKHUH DV HVWLPDWHG E\ RXUPRGHO� 7KH FRUH DFFUHWLRQ

UDWH Ṁc,acc �GDVKHG JUHHQ� QHFHVVDU\ WR JURZ WKH FRUH RQ WKH WLPHVFDOH trun LV ODUJHU WKDQ Ṁc,KH �GRWWHG UHG�� WKH

PD[LPXP SODQHWHVLPDO DFFUHWLRQ UDWH GXULQJ .+ FRQWUDFWLRQ IRU ZKLFK RXU UHJLPH LV YDOLG �VHH WH[W�� 7KH IUHTXHQWO\

XVHG SODQHWHVLPDO DFFUHWLRQ UDWH Ṁc,Hill �GDVKHG�GRWWHG OLJKW EOXH� IRU ZKLFK WKH UDQGRP YHORFLW\ RI WKH SODQHWHVL�

PDOV LV JLYHQ E\ WKH +LOO YHORFLW\ GXH WR WKH FRUH �VHH WH[W�� DOVR H[FHHGV Ṁc,KH�7KLV PRWLYDWHV RXU UHTXLUHPHQW WKDW

SODQHWHVLPDO DFFUHWLRQPXVW KDYH VORZHG GRZQ DIWHU FRUH JURZWK IRU RXUPRGHO WR EH YDOLG�

Ṁc <

Ṁc,KH

∆Mc =

∫ trun

0
Ṁcdt ≈

∑

i

Ṁci∆ti,

Ṁci



Ṁci =
LiRc

GMc

Li ti Mc =

10M⊕ ∆Mc ≈ 0.05M⊕ - 10M⊕

Lacc < LKH

Mcrit

Mcrit

Mcrit

Ṁc,KH

Mcrit,KH

Ṁc,KH

" 2 − 5

Mcrit κ

Fκ



Mcrit,KH ∼
[min[Ṁc,KH(Mc)]

64π2C

κ

σG3

1

RcM
1/3
c

( kB
µmp

)4]3/5
,

C

Ṁc,KH Mc

Mcrit,KH Mc = Mcrit,KH

)LJXUH ����� &RPSDULVRQ EHWZHHQ WKH FULWLFDO FRUHPDVVMcrit,KH JLYHQ VLJQLĆFDQW SODQHWHVLPDO DFFUHWLRQ DQG WKH

FULWLFDO FRUHPDVV ZKHQ JDV FRQWUDFWLRQ GRPLQDWHV� IRU D SRO\WURSLF (26 DQG DQ ,60 RSDFLW\ UHGXFHG E\ D IDFWRU RI ����

2XU UHVXOWV \LHOG ORZHU FRUHPDVVHV WKDQ LQ WKH IDVW SODQHWHVLPDO DFFUHWLRQ FDVH �H�J�� 5DĆNRY ������ 7KH FULWLFDO FRUH

PDVV FRUUHVSRQGLQJ WR Ṁc,Hill DQG Ṁc,acc IURP )LJXUH ��� LV SORWWHG IRU FRPSDULVRQ�



Mcrit

H2

smax = 1

p = 3.5 Mcrit ∼8M⊕ ∼5M⊕

Mcrit

Mcrit ∼2

H2

Mcrit ∼2 − 4

∼50

Mcrit ∼3.5 ∼1.2



p = 3.5

p = 2.5

Mcrit

H2



4



2 2

∼0.5 ! s !

∼0.001 ! s !

∼

2 2

2 2 2



+
2

2 2

2

α



2

2

2

2 ∼104 − 105

4

4

2 3

2 2



2 2

Ṁ



Σ = 2000 (r/ )−1 −2

T = 120 (r/ )−3/7 ,

r Σ ∝ r−3/2

∼

Σ ∝ r−1 Σ ∝ r−3/2

α

ν = αcH.

ν α < 1 α = 0.01

c H

c =

√
kBT

µmp

H =
c

Ωk
,

kB µ mp

Ωk ≡
√

GM∗/r3 G

M∗ M∗ = M# µ = 2.35



ν ∝ rγ γ = 15/14 ≈ 1

R ≡ r/rc νc ≡ ν(rc)

rc rc = 100

Σ(R, t̃) =
M(2− γ)

2πr2cR
γ

t̃−(5/2−γ)/(2−γ) exp
[
− R(2−γ)

t̃

]
,

M

t̃ ≡ t

tc
+ 1

tc ≡ 1

3(2− γ)2
r2c
νc

,

t M = 0.1M#

t ≈ 5 × 105

Tact



r ! 1

κ = κ0T
2
act,

κ0 = 2× 10−6

Tact =
1

4r

(3Gκ0Ṁ2M∗µmpΩk

π2αkBσ

)1/3
.

T 4 = T 4
act + T 4

irr,

Tirr = T

c H

ν α α = 0.01

Σ Ṁ = 10−8M#
−1

r ! 1

Ṁ = 10−8M#
−1

L∗ Ṁ



L∗

∼

Ṁ ∼10−7 ∼10−9 M#
−1

Ṁ ! 10−9M#
−1

Ṁ

rsnow ∝ Ṁ1/3

2

∼4 2

2 Ṁ

L∗

Ṁ 2

L∗ Ṁ

vk ≡ Ωkr



τs ≡ Ωkts ts

ts =






ρss/(ρc), s < 9λ/4

4ρss2/(9ρcλ), s < 9λ/4, ! 1

ρ ρs = 2 −3 s

λ

ṙ ≈ −2ηΩkr
( τs
1 + τ2s

)
,

η ≡ −∂P/∂ ln r

2ρv2k
≈ c2

2v2k

P = ρc2

ṙ ≈ −2ηΩkr
( τs
1 + τ2s

)
+

ṙgas
1 + τ2s

,

ṙgas

ṙgas = − 3

Σ
√
r

∂

∂r
(νΣ

√
r)

Σ ṙgas



Ṁ = −2πrṙgasΣ Ṁ Σ

ṙgas = −Ṁ/(2πrΣ)

rswitch ≈ 200AU

T Σ Ṁ

2

2

x

Rdes,x = νx exp (−Ex/Tgrain),

Ex Tgrain

νx = 1.6 × 1011
√

(Ex/µx) −1

µx

Tgrain = T 2 2

Ex

Rdes



2 2

tdes =
ρs

3µxmp

s

NxRdes,x
,

Nx ≈ 1015 −2 x 2

tdrift ∼
∣∣∣
r

ṙ

∣∣∣,

ṙ

tgas,acc ∼
r2

ν
∼ 1

2αηΩk
,



)LJXUH ���� 5HOHYDQW WLPHVFDOHV IRU G\QDPLFDO HIIHFWV LQ WKH GHVRUSWLRQ SURFHVV� tdrift �VROLG OLQHV�� tdes �GDVKHG OLQHV�
DQG tgas,acc �GRWWHG OLQHV�� 7KH WLPHVFDOHV DUH FDOFXODWHG DW WKUHH UHSUHVHQWDWLYH ORFDWLRQV� L�H� WKH +22� &22 DQG &2

VQRZOLQHV LQ WKH VWDWLF GLVN� )RU RXU FKRLFH RI SDUDPHWHUV� WKH VQRZOLQHV DUH ORFDWHG DW∼��� $8 �EOXH OLQHV��∼��� $8

�JUHHQ OLQHV� DQG∼�� $8 �UHG OLQHV�� UHVSHFWLYHO\� 7KH KRUL]RQWDO GRW�GDVKHG OLQH UHSUHVHQWV D W\SLFDO GLVN OLIHWLPH RI

�0\U� 7KH SDUWLFOH VL]H RUGHULQJ DW WKHPLQLPXP tdrift LV QRW PRQRWRQLF LQ VQRZOLQH GLVWDQFH GXH WR GLIIHUHQW GUDJ

UHJLPHV IRU WKRVH SDUWLFOH VL]HV DW WKH VQRZOLQH ORFDWLRQV �(SVWHLQ GUDJ DW WKH +22DQG &22 VQRZOLQHV� DQG 6WRNHV GUDJ

DW WKH &2 VQRZOLQH�� 6LPLODUO\� WKH RUGHULQJ RI tdes LV QRW PRQRWRQLF LQ VQRZOLQH GLVWDQFH GXH WR WKH QRQ�PRQRWRQ\

LQPHDQPROHFXODU ZHLJKW EHWZHHQ+22� &22 DQG &2 ���mp� ��mp DQG ��mp� UHVSHFWLYHO\�� 5DGLDO GULIW DQG JDV

DFFUHWLRQ DIIHFW GHVRUSWLRQ LQ WKH UHJLRQV ZKHUH WKHLU UHVSHFWLYH WLPHVFDOHV� L�H� tdrift DQG tgas,acc� DUH FRPSDUDEOH WR

WKH GHVRUSWLRQ WLPHVFDOH tdes�

tdrift

tdes tdrift

tgas,acc

2 2

∼ 1 − 1000



+

tdrift ! tdes ! td td = 3

∼0.5 ! s ! 1000 tgas,acc ! tdes ! td ∼0.1 ! s ! 10

tgas,acc < td

2 2

2 2

td

td

t = td



x s0

ds

dt
= −3µxmp

ρs
NxRdes,x

dr

dt
= ṙ,

Rdes,x 2 2

T = T (r) ṙ

s(t0) = s0 r(t0) = r0 t0

r0 t0 = 1

t0 - td tdes

s(tdes) = 0 rdes = r(tdes)

td = 3

2 2

2 2

2



0.5 ! s0 ! 0.001 ! s0 !

s0 rdes

∼

rdes tdrift ∼ tdes

r = rdes(s) s rdes

s " 10

τs - 1 tdrift r tdrift ∝ r−1/14

τs ∼ 1 tdrift

r



)LJXUH ���� 'HVRUSWLRQ GLVWDQFH �LI D JUDLQ IXOO\ GHVRUEV� KRUL]RQWDO OLQHV� RU ĆQDO GLVWDQFH �LI D JUDLQ GRHV QRW IXOO\ GHV�

RUE� GLDJRQDO OLQHV IRU SDUWLFOHV WKDW GR QRW GULIW DQG QRQ�KRUL]RQWDO� QRQ�GLDJRQDO OLQHV IRU SDUWLFOHV WKDW GULIW�� DV D

IXQFWLRQ RI D SDUWLFOH
V LQLWLDO ORFDWLRQ LQ WKH GLVN� IRU D UDQJH RI SDUWLFOH VL]HV� DQG IRU ERWK DQ LUUDGLDWHG GLVN �OHIW SDQHOV�

DQG DQ HYROYLQJ GLVN �ULJKW SDQHOV�� 7KH GHVRUSWLRQ GLVWDQFH LV FDOFXODWHG IRU SDUWLFOHV FRPSRVHG RI +22 �WRS SDQHOV��

&22 �PLGGOH SDQHOV� DQG &2 �ERWWRP SDQHOV�� 7KH GHVRUSWLRQ GLVWDQFH IRU D VWDWLF GLVN LV VKRZQ IRU FRPSDULVRQ �GDVKHG

YHUWLFDO DQG KRUL]RQWDO OLQHV�� 7KH SDUWLFOH VL]H LQFUHDVHV IURP 10−3 FP WR 108 FP DV LQGLFDWHG E\ WKH FRORU EDU� )RU D

SDUWLFOH RI D JLYHQ LQLWLDO VL]H WKDW HQWLUHO\ GHVRUEV GXULQJ td = 30\U� WKH GHVRUSWLRQ GLVWDQFH LV WKH VDPH UHJDUGOHVV RI

WKH SDUWLFOH
V LQLWLDO ORFDWLRQ�



)LJXUH ���� 'HVRUSWLRQ GLVWDQFH HVWLPDWHG IURP DQDO\WLF FDOFXODWLRQV �VHH WH[W� DV D IXQFWLRQ RI WKH GHVRUSWLRQ GLVWDQFH

FDOFXODWHG QXPHULFDOO\� IRU WKH UDQJH RI SDUWLFOH VL]HV WKDW GHVRUE DW D Ć[HG GLVWDQFH UHJDUGOHVV RI WKHLU LQLWLDO ORFDWLRQ

�VHH )LJXUH ��� DQG WH[W�� 7KH HVWLPDWH LV SHUIRUPHG IRU DQ LUUDGLDWHG GLVN �OHIW SDQHOV� DQG DQ HYROYLQJ GLVN �ULJKW SDQHOV��

7KH SDUWLFOHV DUH FRPSRVHG RI +22 �WRS SDQHOV�� &22 �PLGGOH SDQHOV� DQG &2 �ERWWRP SDQHOV�� 7KH DQDO\WLF DSSUR[LPD�

WLRQ LV LQ JRRG DJUHHPHQW ZLWK WKH QXPHULFDO UHVXOW IRU PRVW FDVHV� ZLWK WKH H[FHSWLRQ RI ODUJHU SDUWLFOHV� s " 10 FP
�VHH WH[W��



)LJXUH ���� /HIW SDQHOV� VL]H RI GHVRUELQJ +22SDUWLFOHV DV D IXQFWLRQ RI WLPH� IRU GLIIHUHQW LQLWLDO SDUWLFOH VL]HV DQG IRU

WKUHH LQLWLDO ORFDWLRQV LQ DQ LUUDGLDWHG GLVN� � $8 �WRS OHIW�� �� $8 �PLGGOH OHIW� DQG ��� $8 �ERWWRP OHIW�� 3DUWLFOHV GHVRUE

DOPRVW LQVWDQWDQHRXVO\� 5LJKW SDQHO� IUDFWLRQDO PDVV RI WKH GHVRUELQJ SDUWLFOHV DV D IXQFWLRQ RI WKH SDUWLFOH
V ORFDWLRQ

DV LW GULIWV� IRU GLIIHUHQW LQLWLDO SDUWLFOH VL]HV� DQG DW WKH VDPH LQLWLDO ORFDWLRQV SUHVHQWHG LQ WKH OHIW SDQHO� 3DUWLFOHV ORVH

PRVW RI WKHLU PDVV YHU\ FORVH WR WKH GLVWDQFH DW ZKLFK WKH\ IXOO\ GHVRUE� 7KH VWDWLF +22 VQRZOLQH LV VKRZQ IRU UHIHUHQFH

�GDVKHG YHUWLFDO OLQHV��



rdes

2

2

t0

2 2

2

2 2

2

2 2



∼ ∼

)LJXUH ���� (VWLPDWHG &�2 UDWLR LQ JDV �VROLG OLQHV� DQG LQ GXVW �GDVKHG OLQHV� IRU DQ LUUDGLDWHG GLVN �WRS SDQHO�� DQ HYROYLQJ

GLVN �PLGGOH SDQHO� DQG D YLVFRXV GLVN �ERWWRP SDQHO�� 7KH SDUWLFOH VL]H LQFUHDVHV IURP∼���� FP WR∼��� FP DV LQGL�

FDWHG E\ WKH FRORU EDU� 7KH KRUL]RQWDO GRWWHG OLQH UHSUHVHQWV WKH VWHOODU YDOXH RI ����� 7KH EODFN OLQHV UHSUHVHQW WKH &�2

UDWLR LQ JDV �VROLG EODFN OLQH� DQG GXVW �GDVKHG EODFN OLQH� IRU D VWDWLF GLVN� ZLWK WKH WHPSHUDWXUH SURĆOH JLYHQ E\ (TXDWLRQ

����E� IRU WKH WRS WZR SDQHOV DQG E\ (TXDWLRQ ����� IRU WKH ERWWRP SDQHO� )RU ERWK WKH HYROYLQJ DQG WKH YLVFRXV GLVN� WKH

PRYHPHQW RI GHVRUEHG &22 JDV LQVLGH WKH &22 VQRZOLQH� DQG RI GHVRUEHG &22 DQG+22JDV LQVLGH WKH +22 VQRZOLQH

GXH WR JDV DFFUHWLRQ ZLOO LQFUHDVH WKH DPRXQW RI R[\JHQ JDV LQVLGH WKH UHVSHFWLYH VQRZOLQHV DQG WKXV UHGXFH WKH JDV &�2

UDWLR� DV VKRZQ E\ WKH DUURZV�



2 2

2

2 2

rdes

rdes

∼

∼

2 2

2



2

2 2

2

∼ 0.5 ! !

2 2

2

2

∼ 2 2

2 2

2 2

2 2

2 2 2

2

2 2



2 2

∼

∼

2

r " 1 − 2

2

∼

∼

2 2



rH2O ≈ 0.3

rH2O ≈ 0.26 rH2O ≈ 0.63

rCO2 ≈ 3.7 rCO2 ≈ 3.4

rCO ≈ 30

rH2O ≈ 0.67 rCO2 ≈ 8.6 rCO ≈ 59

∼40 2 ∼60 2 ∼50

2

2 ∼2.7 ∼3.1

2

Ṁ 10−8M#
−1

κ Ṁ κ

2

∼ 2

rH2O ≈ 0.98



td = 3

105

2 2

td

2 2

104 105 td = 3



104 105

)LJXUH ���� 'HVRUSWLRQ RU ĆQDO GLVWDQFH DV D IXQFWLRQ RI LQLWLDO SRVLWLRQ LQ WKH GLVN IRU SDUWLFOHV RI LQLWLDO VL]H s0 = 1
P �OHIW SDQHOV� DQG s0 = 10 FP �ULJKW SDQHOV�� IRU JUDLQV FRPSRVHG RI +22 �WRS SDQHOV�� &22 �PLGGOH SDQHOV� DQG &2

�ERWWRP SDQHOV�� 7KH HYROXWLRQ LV VKRZQ DW IRXU UHSUHVHQWDWLYH WLPHVFDOHV� 104 \U �F\DQ FXUYH�� 105 \U �SXUSOH FXUYH�� �
0\U �EOXH FXUYH�� DQG �0\U� WKH GLVN OLIHWLPH �RUDQJH FXUYH�� )RU D JLYHQ SDUWLFOH VL]H� WKH GHVRUSWLRQ GLVWDQFH� DQG KHQFH

WKH +22� &22 DQG &2 VQRZOLQHV� KDYH WKH VDPH ORFDWLRQ UHJDUGOHVV RI WKH WLPH DW ZKLFK WKH VLPXODWLRQ LV VWRSSHG�

M = 0.1M#



2

M = 0.1M# M = 0.01M#

2

2 M

)LJXUH ���� 'HVRUSWLRQ RU ĆQDO GLVWDQFH DV D IXQFWLRQ RI LQLWLDO SRVLWLRQ LQ WKH GLVN IRU +22SDUWLFOHV RI LQLWLDO VL]H RI �

P� IRU WRWDO GLVN PDVVHVM = 0.1M# �VROLG OLQHV� DQGM = 0.01M# �GDVKHG OLQHV�� 7KH WLPHVFDOHV DW ZKLFK ZH

VWRS WKH VLPXODWLRQV DUH 104 \U �F\DQ FXUYH�� 105 \U �UHG FXUYH�� �0\U �JUHHQ FXUYH� DQG �0\U �EOXH FXUYH�� $ ORZHU GLVN

PDVV GRHV QRW FKDQJH WKH VQRZOLQH ORFDWLRQ�

r0 = 4



2

∼3.8

2

)LJXUH ���� 'HVRUSWLRQ RU ĆQDO GLVWDQFH DV D IXQFWLRQ RI LQLWLDO SRVLWLRQ LQ WKH GLVN IRU +22SDUWLFOHV RI LQLWLDO VL]H RI �P�

IRU RXU ĆGXFLDO GLVN �VROLG OLQHV� DQG IRU D WUDQVLWLRQ GLVN ZLWK DQ LQQHU FDYLW\ DW r0 = 4$8 �GDVKHG OLQHV�� 7KH WLPHVFDOHV

RI WKH VLPXODWLRQV DQG WKHLU FRORU FRGH DUH WKH VDPH DV LQ )LJXUH ���� 3DUWLFOHV WKDW VWDUW LQVLGH WKH FDYLW\ GULIW WRZDUGV

WKH RULJLQDO VQRZOLQH� ZKLOH SDUWLFOHV WKDW VWDUW RXWVLGH WKH JDS VWRS VKRUWO\ DIWHU FURVVLQJ WKH JDS HGJH� GXH WR EHLQJ

WUDSSHG LQ D SUHVVXUHPD[LPXP�



7DEOH ���� 7KH HIIHFWV RI G\QDPLFDO DQG FKHPLFDO SURFHVVHV RQ VQRZOLQH VKDSHV DQG ORFDWLRQV

←

←

←

→←

→←

→

→←

→

→←

←

→←



2 2



2 2

2 2

Ṁ



Ṁ

Ṁ

Ṁ

2

2

∼15− 20 M∗ ∼ 0.25M#



2 2

2 2

2 2

∼0.5 ! s !

∼0.001 ! s !

2 2

τs - 1



2

2

s ∼ 7

2

2

Ṁ κ

10−3 108

2 2

2 2

2

2

2 2



Ṁ L∗



5



2

2

2

∼ ∼

2 2

2



2 2

4

2

2

2

2

2

2

3

2

2



Ṁ

T = 120 (r/ )−3/7 ,

r



T 4 =
[ 1

4r

(3Gκ0Ṁ2M∗µmpΩk

π2αkBσ

)1/3]4
+ T 4

irr,

Tirr = T G κ0 = 2 × 10−6

M∗ = M# µ = 2.35

mp Ωk =
√

GM#/r3

α = 0.01 kB

σ

α ν = αcH

c ≡
√

kBT/(µmp) T H ≡

c/Ωk

Σ =
Ṁ

3πν
.

Ṁ = 10−8M#
−1

Ṁ L∗

!

2 Ṁ L∗



ds

dt
= −3µxmp

ρs
NxRdes,x

dr

dt
= ṙ,

s t µx x ρs = 2 −3

Nx ≈ 1015 −2

x −2 Rdes,x x ṙ

R,des ṙ

Rdes,x

Rdes,x = νx exp (−Ex/Tgrain),

Ex Tgrain = T

νx = 1.6× 1011
√
(Ex/µx) −1

Ex



ṙ ≈ −2ηΩkr
( τs
1 + τ2s

)
+

ṙgas
1 + τ2s

,

η ≈ c2/(2v2k) vk τs ≡ Ωkts

ts =






ρss/(ρc), s < 9λ/4

4ρss2/(9ρcλ), s < 9λ/4, ! 1

ρ λ

ṙgas Ṁ = −2πrṙgasΣ Ṁ Σ

s0 s(t0) =

s0 r(t0) = r0 t0 r0

td = 3

tdes s(tdes) = 0

rdes = r(tdes)

t0 t0 - td

s0 td = 3



∼ 0.001 ! s !

2 2 2 4 3

nCO2 = 0.29 × nH2O nCO = 0.38 × nH2O nCH4 = 0.0555 × nH2O 4

nNH3 = 0.055 × nH2O 3 nH2O ≈ 10−4 × nH

nH

0.9 × 10−4nH 3 2

nN = 8 × 10−5nH



)LJXUH ���� 7KH WRWDO FDUERQ� QLWURJHQ DQG R[\JHQ DEXQGDQFH LQ VROLGV DV D IXQFWLRQ RI VHPLPDMRU D[LV LQ D VWDWLF GLVN� IRU

&2 DQG12 DV SXUH LFHV �WRS SDQHO� DQGZDWHU GRPLQDWHG LFHV �ERWWRP SDQHO�� 5HOHYDQW YRODWLOH VQRZOLQHV DUHPDUNHG

E\ WKH YHUWLFDO GDVKHG OLQHV� 7KH JUDLQ DEXQGDQFHV DUH FDOFXODWHG DV D IXQFWLRQ RI WKH REVHUYHGPHGLDQ &+4 DQG1+3

DEXQGDQFHV LQ SURWRVWHOODU FRUHV� 7KH WRWDO JUDLQ DEXQGDQFH LQFUHDVHV ZLWK VHPLPDMRU D[LV DV PRUH DQGPRUH VSHFLHV

IUHH]H RXW�

2 2 4 2 3

2 2 4 2 3

2

2 2

2



2 2

4 3

4 3

4

4 4 4 4

nCH4−max = 0.13 × nH2O

4 2

4 4 4

2

2 4 4

4 4

4



)LJXUH ���� 7KH &�2 UDWLR LQ JDV �VROLG OLQHV� DQG GXVW �GDVKHG OLQHV� DV D IXQFWLRQ RI VHPLPDMRU D[LV LQ D VWDWLF GLVN� DVVXP�

LQJ QR FDUERQ LV SUHVHQW LQ WKH IRUP RI &+4 �WRS SDQHO�� WKHPHGLDQ REVHUYHG &+4 DEXQGDQFH LV DVVXPHG �PLGGOH SDQHO��

DQG WKHPD[LPXP REVHUYHG &+4 DEXQGDQFH LV DVVXPHG �ERWWRP SDQHO�� 7KH &�2 HVWLPDWHV DUH SHUIRUPHG DVVXPLQJ

WKDW WKH &2 LFHV DUH LQ SXUH IRUP� 7KH YHUWLFDO GRWWHG OLQHV PDUN WKH VQRZOLQH ORFDWLRQV RI WKHPDLQ & DQG2 FDUULHUV�

7KH KRUL]RQWDO GRWWHG OLQHV UHSUHVHQW WKH VWHOODU &�2 YDOXH� 7KH SUHVHQFH RI PHWKDQH RQO\ PRGHVWO\ LQFUHDVHV WKH &�2

UDWLR LQ JDV EHWZHHQ WKH &22 DQG &+4 VQRZOLQHV�

2 3



4 3

3 3

3 nNH3−max = 0.15 × nH2O

2 nN2 = (nN − nNH3)/2

3

3 3 3

3 2 3

3 3 3

3

2

2

2

2



)LJXUH ���� 7KH1�2 UDWLR LQ JDV �VROLG OLQHV� DQG GXVW �GDVKHG OLQHV� DV D IXQFWLRQ RI VHPLPDMRU D[LV LQ D VWDWLF GLVN� DV�

VXPLQJ QR QLWURJHQ LV SUHVHQW LQ WKH IRUP RI 1+3 �WRS SDQHO�� WKHPHGLDQ REVHUYHG1+3 DEXQGDQFH LV DVVXPHG �PLGGOH

SDQHO�� DQG WKHPD[LPXP REVHUYHG1+3 DEXQGDQFH LV DVVXPHG �ERWWRP SDQHO�� 7KH 1�2 HVWLPDWHV DUH SHUIRUPHG DV�

VXPLQJ WKDW WKH &2 DQG12 LFHV DUH LQ SXUH IRUP� 7KH YHUWLFDO GRWWHG OLQHV PDUN WKH VQRZOLQH ORFDWLRQV RI WKHPDLQ &�2

DQG1 FDUULHUV� 7KH KRUL]RQWDO GRWWHG OLQHV UHSUHVHQW WKH DYHUDJH 1�2 YDOXH LQ WKH GLVN� 7KH JDV�SKDVH 1�2 UDWLR LV HQ�

KDQFHG E\ D IDFWRU RI WZR EHWZHHQ WKH +22DQG &22 VQRZOLQHV FRPSDUHG WR LWV DYHUDJH YDOXH� DQG E\ D IDFWRU RI WKUHH

EHWZHHQ WKH &22 DQG &2 VQRZOLQHV� 7KH DUURZVPDUN D KLJKO\ HOHYDWHG 1�2 UDWLR LQ JDV EHWZHHQ WKH &2 DQG12 VQRZ�

OLQHV GXH WR WKH GHSOHWLRQ RI R[\JHQ JDV LQ WKLV UHJLRQ� 7KH SUHVHQFH RI 1+3 PRGHUDWHO\ GHFUHDVHV WKH 1�2 UDWLR LQ JDV

EHWZHHQ WKH 1+3 DQG &22 VQRZOLQHV�



)LJXUH ���� &�2 UDWLR HVWLPDWHV LQ JDV �VROLG OLQHV� DQG GXVW �GDVKHG OLQHV� DV IXQFWLRQ RI VHPLPDMRU D[LV LQ D YLVFRXV

GLVN� IRU &2 DV SXUH LFH �WRS SDQHO� RU DV ZDWHU GRPLQDWHG LFHV �ERWWRP SDQHO�� 7KH +22� &22 DQG &2 VQRZOLQHV DUH

VKRZQ IRU SDUWLFOHV ZLWK LQLWLDO VL]HV∼ 0.05 FP! s ! �P DV LQGLFDWHG E\ WKH FRORU EDU� 7KH &�2 UDWLR LQ D VWDWLF GLVN

�EODFN OLQHV� LV VKRZQ IRU FRPSDULVRQ� 7KH DUURZV VKRZ WKDW WKH &�2 UDWLR LQ JDV ZLOO GHFUHDVH LQVLGH WKH +22DQG &22

VQRZOLQHV LQ WKH YLVFRXV GLVN� DV WKH UHODWLYH ćX[HV RI WKH GHVRUEHG LF\ SDUWLFOHV DQG WKH RYHUDOO QHEXODU JDV ZLOO FDXVH

DQ H[FHVV RI R[\JHQ JDV LQVLGH WKHVH VQRZOLQHV �VHH 3DSHU , IRU GHWDLOV�� 7KH SUHVHQFH RI &2 LQ D ZDWHU LFH HQYLURQPHQW

UDWKHU WKDQ DV SXUH LFHPRYHV WKH &2 VQRZOLQH VLJQLĆFDQWO\ LQZDUG E\∼���� 7DNHQ WRJHWKHU� GLVN G\QDPLFV DQG LFH

PRUSKRORJ\PRYH WKH &2 VQRZOLQH LQZDUG E\ D IDFWRU RI∼��

2

2 2

∼ 0.05 ! s !

4



s < 0.05

∼

∼ ∼ ∼

2 2 2

2

2

3

2

2 s ∼ 7

rN2,pure ≈ 42 2 rN2,water ≈ 11 2

2

2 ∼ ∼

∼ 2



)LJXUH ���� 1�2 UDWLR HVWLPDWHV LQ JDV �VROLG OLQHV� DQG GXVW �GDVKHG OLQHV� DV IXQFWLRQ RI VHPLPDMRU D[LV LQ D YLVFRXV GLVN�

IRU &2 DQG12 DV SXUH LFHV �WRS SDQHO� RU DV ZDWHU GRPLQDWHG LFHV �ERWWRP SDQHO�� 7KH +22� &22� &2 DQG12 VQRZOLQHV

DUH VKRZQ IRU SDUWLFOHV ZLWK LQLWLDO VL]HV∼ 0.05 FP! s ! �P DV LQGLFDWHG E\ WKH FRORU EDU� 7KH 1�2 UDWLR LQ D VWDWLF

GLVN �EODFN OLQHV� LV VKRZQ IRU FRPSDULVRQ� 7KH DUURZV VKRZ WKDW WKH 1�2 UDWLR LQ JDV ZLOO GHFUHDVH LQVLGH WKH +22DQG

&22 VQRZOLQHV LQ WKH YLVFRXV GLVN� DV WKH UHODWLYH ćX[HV RI WKH GHVRUEHG LF\ SDUWLFOHV DQG WKH RYHUDOO QHEXODU JDV ZLOO

FDXVH DQ H[FHVV RI R[\JHQ JDV LQVLGH WKHVH VQRZOLQHV �VHH 3DSHU , IRU GHWDLOV�� 5DGLDO GULIW DQG JDV DFFUHWLRQPRYH WKH 12

VQRZOLQH LQZDUG E\ XS WR∼��� FRPSDUHG WR D VWDWLF GLVN� 7KH SUHVHQFH RI 12 LQ D ZDWHU LFH HQYLURQPHQW UDWKHU WKDQ

DV SXUH LFHPRYHV WKH 12 VQRZOLQH VLJQLĆFDQWO\ LQZDUG E\∼���� 7DNHQ WRJHWKHU� GLVN G\QDPLFV DQG LFHPRUSKRORJ\

PRYH WKH 12 VQRZOLQH LQZDUG E\ D IDFWRU RI∼�� 7KH UHVXOWV RI DQ HQKDQFHG JDV�SKDVH 1�2 UDWLR EHWZHHQ WKH +22DQG

&2 VQRZOLQHV FRPSDUHG WR LWV DYHUDJH YDOXH� DQG RI KLJKO\ HOHYDWHG 1�2 UDWLRV LQ JDV EHWZHHQ WKH &2 DQG12 VQRZOLQHV

�VHH )LJXUH ����� DUH SUHVHUYHG�

2

2

2



)LJXUH ���� *DV SKDVH &�2 �EOXH FXUYH� DQG1�2 �UHG FXUYH� UDWLRV GLYLGHG E\ WKH DYHUDJH &�2 DQG1�2 UDWLR LQ D VWDWLF

GLVN� DVVXPLQJ &2 DQG12 DUH SXUH LFHV� DQG WKHUH LV QR &+4 RU 1+3� 7KH GDVKHG YHUWLFDO OLQHV PDUN WKH +22� &22� &2

DQG12 VQRZOLQHV� 7KH DUURZ LQGLFDWHV WKDW WKH 1�2 UDWLR LV HQKDQFHG E\ RUGHUV RI PDJQLWXGH FRPSDUHG WR LWV DYHUDJH

YDOXH EHWZHHQ WKH &2 DQG12 VQRZOLQHV� 7KH JDVHRXV 1�2 UDWLR LV HQKDQFHG WKURXJKRXW PRVW RI WKH GLVN� DQGPRUH

HQKDQFHG WKDQ WKH &�2 UDWLR�

3



2

2

2

2

2

2

2 2 2

2 2

2 3

2 4

2

4

4



∼

∼

2 ∼ 10−3
2

2 2

2 2

2



2 2

2

2

4 3

4 3

2 4

3 2

2 2

∼

2 ∼

2

2 ∼

2



2
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Mcrit

Mcrit

∼ 8.5M⊕ ∼ 3.5M⊕

Mcrit ∼ 10M⊕

∇ad ∇ad

∇ad

2



Mcrit ∼

Mcrit

Mcrit ∼ 8M⊕ ∼ 5M⊕

Mcrit

Mcrit M⊕

2 2

0.05 ! s !

2 2



∼

2 2 3

4

2

2

∼ 2 2

2

2

2

2

∼ 2





A

∂L/∂m = ε− T∂S/∂t M

L− Lc =

∫ M

Mc

∂L

∂m
dm

=

∫ M

Mc

(
ε− T

∂S

∂t

)
dm

= Γ−
∫ M

Mc

∂u

∂t
dm+

∫ M

Mc

P

ρ2
∂ρ

∂t
dm ,



Γ =
∫
εdm

R M

Ṙ =
∂R

∂t
+

Ṁ

4πR2ρM
,

∂R/∂t

Ṁ V = (4π/3)R3

V̇M =
∂VM

∂t
+

Ṁ

ρM

ṖM =
∂PM

∂t
+

∂PM

∂m
Ṁ =

∂PM

∂t
− GM

4πR4
Ṁ .

Ṁc = Ṙc = 0

Ṗc = ∂Pc/∂t .

∫ M(t)

Mc

∂u

∂t
dm = U̇ − ṀuM .

EG = −3

∫ M

Mc

P

ρ
dm+ 4π(R3PM −R3

cPc),



E = (1− ζ)U + 4π(R3PM −R3
cPc)

=
ζ − 1

ζ
EG +

4π

ζ
(R3PM −R3

cPc) ,

ζ ≡ 3(γ − 1)

ĖG = 3

∫ M

Mc

P

ρ2
∂ρ

∂t
dm− 3

∫ M

Mc

∂P

∂t

dm

ρ
− 3

PM

ρM
Ṁ + 3ṖMVM − 3ṖcVc + 3PM V̇M .

4ĖG = −4
GMṀ

R
+ 4

∫ M

Mc

Gm

r2
∂r

∂t
dm

= −4
GMṀ

R
+ 4π

∫ M

Mc

r3
∂

∂m

∂P

∂t
dm

= −4
GMṀ

R
− 3

∫ M

Mc

∂P

∂t

dm

ρ
+ 3VM

∂PM

∂t
− 3Vc

∂Pc

∂t
,

∫ M

Mc

P

ρ2
∂ρ

∂t
dm = −ĖG − GMṀ

R
− PM

∂VM

∂t
.



eM ≡ uM −GM/R



B

ρd

rfit = nfitRB RB

ρ = ρd exp

(
RB

r
− 1

nfit

)
≈ ρd exp

(
RB

r

)
,



r - RB nfit " 1

Miso ≈ 4πρd
R4

RCB

RB
eRB/RRCB = 4πρRCB

R4
RCB

RB
,

ρRCB

RRCB - RB

∇rad =
3κP

64πGMσT 4
L = ∇d

P/Pd

(T/Td)4−β
,

∇d

∇d ≡ 3κ(T d)P d

64πGMσT 4
d

L.

M M = Mc



∇d ∇rad = d lnT/d lnP

(
T

Td

)4−β

− 1 =
∇d

∇∞

(
P

Pd
− 1

)
,

∇∞ = 1/(4− β) T, P → ∞

∇rad = ∇ad PRCB + Pd

TRCB = χTd χ

PRCB

Pd
, ∇ad/∇d

1−∇ad/∇∞
.

∇d

PRCB

T

Td
=

[
1 +

1
∇∞
∇ad

− 1

(
P

PRCB
− Pd

PRCB

)] 1
4−β

.

RRCB

RB

RRCB
=

∫ PRCB

Pd

T

Td

dP

P
.

RB

rRCB
= ln

(
PRCB

Pd

)
− ln θ ,

θ < 1



PRCB Pd

χ θ

χ θ β

0.013/5 ≈ 0.06

ξ

β = 2

τRCB ∼ κRCBPRCB

g
∼ 7× 104

F 4
TFκ

(mc⊕
10

) (a⊕
10

) 12
7

,

PRCB ∼ PM g ∼ GMc/R2
B

ξ τRCB + 1 Fκ ! 0.01

ξ Ė

GMṀ

RĖ
=

GM

R

dM

dE
∼ GM2

c

RBE

PRCB

PM
∼

√
Rc

RB
- 1,



γ = 7/5 ∇ad = 2/7

β
∇∞

a

χ · · ·
θ · · ·

a ∇ad = ∇∞

PRCB ∼ PM

PM∂VM/∂t



C
5 < a <

100 T ∼ 20 P ∼ 4 × 10−6

−2

2.1 < log10 T (K) < 7.06 4.0 < log10 P
−2) < 19.0

T P ∇ad

1.0 < log10 T < 2.1

−5.4 < log10 P < 4.0



∇ad

Z

m

Z = ZtZrZv ,

Zt Zr Zv

Zt = (mkBT/2π!2)3/2V,

T V !

Zr =
∞∑

j=0

(2j + 1) exp
[−j(j + 1)Θr

T

]
,

Θr ≈ 85



Zr,para =
∞∑

j=0

1 + (−1)j

2
(2j + 1) exp

[
− j(j + 1)Θr

T

]

Zr,ortho = 3
∞∑

j=0

1− (−1)j

2
(2j + 1) exp

[
− j(j + 1)Θr

T

]
.

Zr = Zr,ortho +

Zr,para

Zr =
∞∑

j=0

(2− (−1)j)(2j + 1) exp
[−j(j + 1)Θr

T

]
.

Zr = Z1/4
r,paraZ

3/4
r,ortho

Zr

Zr,ortho → 0 Zr,para → 1 T → 0

Zr,ortho → 0

Z ′
r,ortho = Zr,ortho exp(2θr/T )

2kBθr

cv ∇ad



Zv = [1− exp (θv/T )]
−1,

θv ≈ 6140

N m ZN = (1/N !)ZN

ZN (V, T )

u = RT 2
(∂ lnZ

∂T

)

V

S = R lnZ +
u

T
− R

N
lnN !

cV =
( ∂u

∂T

)

V
.

S

[S] = −1 −1 Z = ZtZrZv u = ut + ur + uv S = St + Sr + Sv

t r v

R/N lnN !

St

H2

P = ρRT

lnN ! ≈ N lnN −N

St = R
[5
2
lnT − lnP + ln

((2π)3/2R5/2m4

h3

)
+

5

2

]



ut =
3

2
RT

ρ T P

u = ut + ur + uv ut ur

uv

S = St + Sr + Sv St

Sr Sv ur

uv

ST SP

ST =
∂ lnS

∂ lnT

∣∣∣
P

SP =
∂ lnS

∂ lnP

∣∣∣
T

ST SP

∇ad

∇ad =
∂ lnT

∂ lnP

∣∣∣
S
= −SP

ST



)LJXUH &��� &RQWRXU SORW RI WKH K\GURJHQ DGLDEDWLF JUDGLHQW∇ad DV D IXQFWLRQ RI JDV WHPSHUDWXUH DQG SUHVVXUH� 7KH

XSSHU ULJKW UHFWDQJOH HQFORVHV WKH UHJLRQ GHVFULEHG E\ WKH RULJLQDO 6DXPRQ HW DO� ������ (26 WDEOHV� ZKLOH WKH UHVW RI WKH

SORW LV RXU H[WHQVLRQ WR ORZHU WHPSHUDWXUHV DQG SUHVVXUHV IRU DQ HTXLOLEULXPPL[WXUH RI RUWKR� DQG SDUDK\GURJHQ� 7KH

EODFN FXUYHV UHSUHVHQW FRQVWDQW HQWURS\ DGLDEDWV ZLWK ODEHOV log10(S)� ZKHUHS >HUJ .−1 J−1@ LV WKH DEVROXWH HQWURS\

SHU XQLW PDVV� $W KLJK WHPSHUDWXUHV� K\GURJHQ GLVVRFLDWHV DQG LRQL]HV� ZKLOH DW ORZ WHPSHUDWXUHV WKH URWDWLRQDO VWDWHV

RI WKH K\GURJHQPROHFXOH DUH RQO\ SDUWLDOO\ H[FLWHG DQG LW QR ORQJHU EHKDYHV OLNH DQ LGHDO GLDWRPLF JDV� 5HJLRQV LQ ZKLFK

WKH (26 LV LQYDOLG RU KDV QRW EHHQ FRPSXWHG DUHPDVNHG LQ ZKLWH �VHH WH[W��

∇ad ST SP

∇ad

∇ad T T ! 200

∇ad T

T ! 2000

T = 1500



log(S) = 8.4

∇ad

)LJXUH &��� 6DPH DV )LJXUH &�� EXW IRU SXUH KHOLXP� +HOLXP LRQL]HV DWT " 10, 000.� EXW EHKDYHV DV DQ LGHDO
PRQDWRPLF JDV RWKHUZLVH� :H FKRRVHT = 7, 000. DV D FRQVHUYDWLYH WHPSHUDWXUH FXWRII DERYHZKLFK RXU H[WHQ�

VLRQ LV QR ORQJHU YDOLG �PDVNHG LQ ZKLWH�� 7KH (26 KDV QRW EHHQ FRPSXWHG LQ WKH ORZHU�ULJKW UHJLRQ RI WKH SORW �VHH WH[W��



Y = 0.3



D

x

x2

1− x
∝ T 3/2

ρ
e−χ/kBT ,

χ



χ = 13.6

ρ T x

x T ρ x

∇ad =
2 + x(1− x)ΦH

5 + x(1− x)Φ2
H

,

ΦH ≡ 5
2 + χ

kBT ∇ad

∇ad =
1 + x+ x(1−x2)

2
χ

kBT

5x+ 7(1−x)
2 + x(1−x2)

2

(
χ

kBT

)2 .

∇ad = 2/7 x = 0

∇ad = 2/5 x = 1

∇ad

T = 3000



)LJXUH '��� $GLDEDWLF JUDGLHQW DV D IXQFWLRQ RI WKH K\GURJHQ GLVVRFLDWLRQ IUDFWLRQx� 7KH DGLDEDWLF JUDGLHQW LV∇ad =
2/7 IRU SXUHPROHFXODU K\GURJHQ �x = 0� DQG∇ad = 2/5 IRU IXOO\ DWRPLF K\GURJHQ �x = 1�� DQG GURSV WR ORZ YDOXHV

GXULQJ SDUWLDO GLVVRFLDWLRQ�

∇ad ∼ 1/cV

cV,t = 3R/2 cV,r ∇ad

∇ad

cV,r

j = 0

j = 1

∇ad = 2/5



∼50

)LJXUH '��� ,QWHUQDO HQHUJ\ SHU XQLW PDVV DQG VSHFLĆF KHDW FDSDFLW\ DVVRFLDWHG ZLWK URWDWLRQ IRU SDUDK\GURJHQ �GDVKHG

EOXH�� RUWKRK\GURJHQ �GRWWHG JUHHQ�� WKH HTXLOLEULXPPL[WXUH �VROLG UHG� DQG D Ć[HG ��� RUWKR�WR�SDUD UDWLR �GDVK�GRWWHG

OLJKW EOXH� DV D IXQFWLRQ RI WHPSHUDWXUH� $IWHU )DUNDV ������� )LJXUH ��



∼3

Mcrit

)LJXUH '��� (YROXWLRQ RI WKH OXPLQRVLW\ DQG HODSVHG WLPH GXULQJ DWPRVSKHULF JURZWK DURXQG D 8M⊕ FRUH DW ��� $8�

IRU D UHDOLVWLF (26ZLWK K\GURJHQ VSLQ LVRPHUV LQ WKHUPDO HTXLOLEULXP �VROLG OLQH�� DQG ZLWK D Ć[HG RUWKR�WR�SDUD UDWLR ���

�GDVKHG OLQH�� 7KH DVVXPSWLRQ RI D Ć[HG RUWKR�WR�SDUD UDWLR LQFUHDVHV WKH UXQDZD\ DFFUHWLRQ WLPH trun E\ D IDFWRU RI∼3
FRPSDUHG WR WKH HTXLOLEULXPPL[WXUH�



E

T ! 100

κ ∼ T 2 ∼150 ∼1000

ρ = 10−8 −3



dN/ds ∝ s−p s p = 3.5

p = 2.5

T " 1000

)LJXUH (��� 5RVVHODQGPHDQ RSDFLW\ RI GXVW JUDLQV DV D IXQFWLRQ RI WHPSHUDWXUH IRU GLIIHUHQW RSDFLW\ DVVXPSWLRQV� 7KH

GDVKHG EODFN FXUYH VKRZV WKH %HOO 	 /LQ ������ DQDO\WLF ,60 RSDFLW\ IRU ρ = 10−8 J FP−3� 7KH VROLG EODFN FXUYH

VKRZV WKH WDEXODWHG RSDFLW\ RI 6HPHQRY HW DO� ������ IRU D GXVW FRPSRVLWLRQ RI 
QRUPDO
 VLOLFDWHV� 7KH GDVKHG UHG FXUYH

VKRZV WKH '
$OHVVLR HW DO� ������ RSDFLW\� ZKLFK WDNHV JUDLQ JURZWK LQWR DFFRXQW� IRU DPD[LPXP SDUWLFOH VL]H RI � FP DQG

D VWDQGDUG FROOLVLRQDO FDVFDGH JUDLQ VL]H GLVWULEXWLRQ �p = 3.5�� 7KH VROLG UHG FXUYH LV WKH VDPH DV WKH GDVKHG UHG FXUYH�

EXW LW DFFRXQWV IRU FRDJXODWLRQ �p = 2.5��



)LJXUH (��� 6QDSVKRWV RI WKH UDGLDWLYH DQG DGLDEDWLF JUDGLHQW DV D IXQFWLRQ RI WKH UDGLDO FRRUGLQDWH� IRU SODQHWV ZLWK

GLIIHUHQW FRUHPDVVHV IRUPLQJ DW YDULRXV ORFDWLRQV LQ WKH GLVN� 7KH QHEXODU JDV LV GHVFULEHG E\ D UHDOLVWLF (26� ZLWK D

VWDQGDUG FROOLVLRQDO FDVFDGH VL]H GLVWULEXWLRQ �p = 3.5�� 7KH VKDUS GURS LQ RSDFLW\ GXH WR GXVW VXEOLPDWLRQPD\ JHQHUDWH

RQH RUPRUH UDGLDWLYH ZLQGRZV� 7RS SDQHO� QR UDGLDWLYH ZLQGRZ IRUa = 100$8 DQGMc = 3M⊕ � 0LGGOH SDQHO� WKH

VKDUS RSDFLW\ GHFUHDVH SURGXFHV RQH UDGLDWLYH ZLQGRZ IRUa = 50$8 DQGMc = 5M⊕� %RWWRP SDQHO� WKH GHFUHDVH

LQ RSDFLW\ UHVXOWV LQ WZR UDGLDWLYH ZLQGRZV IRUa = 20$8 DQGMc = 3M⊕�



∇rad

L

L

L

∂L

∂m
= −T

∂S

∂t
,

Mc MRCB1 RCB1

L

L(r) ∂S/∂t

L ∝ m

L ∝ m



F
α



ν = αcH

c2 =
kBTact

µmp

ρ =
1√
2π

Σ

H

H =
c

Ωk

T 4
act =

3

4
τT 4

surf

τ =
1

2
Σκ

νΣ =
Ṁ

3π

σT 4
surf =

9

8
νΣΩ2

k

κ = κ0T
2
act,

Tsurf

ν c H Tact ρ Σ τ Tsurf κ

α κ0



G
s τs - 1 τs

τs - 1

ṙ

ṙ ≈ −2ηΩkrτs.

tdrift = tdes



rdes =

(
d

q C
W

[(B/A)−q/dq C

d

]) 1
q

,

W q = 3/7

d = −1
2 + p− q p = 1

A =
ρ0
ρs

r20
sc0

rd0

B =
ρss

3µxNxνx

C =
Ex

T0
r−q
0 ,

r0 = 1 ρ0 = ρ(r0) c0 = c(r0)




















