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On the Arithmetic of Hyperelliptic Curves

Abstract

My research involves answering various number-theoretic questions involving hy-

perelliptic curves. A hyperelliptic curve is a generalization of elliptic curves to curves

of higher genus but which still have explicit equations.

The first part of this thesis involves examining moduli of hyperelliptic curves and

in particular, compare their field of moduli with possible fields of definition of the

curve. For even genus g, a general hyperelliptic curve of genus g cannot be defined

over its field of moduli. Meanwhile, in odd genus, this can be done for curves which

admit only two automorphisms, but the curve constructed may not be a hyperelliptic

curve in the familiar sense.

The second part involves the 2-Selmer group of Jacobians of hyperelliptic curves

having a rational Weierstrass point. The 2-Selmer group is a subgroup of the Galois

cohomology group H1(K, J [2]), and J [2] is preserved by quadratic twists, so one may

consider how the 2-Selmer rank varies over quadratic twists. I show that starting

with any hyperelliptic curve with a rational Weierstrass point, the 2-Selmer rank is

unbounded over quadratic twists.
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My research involves answering various number-theoretic questions involving hy-

perelliptic curves. A hyperelliptic curve is a generalization of elliptic curves (genus

1 curves, with a marked point to be more precise) to curves of higher genus but

which still have explicit equations. There are two possible ways one may define a

hyperelliptic curve:

(1) A curve C with a map ϕ : C → P1 of degree 2.

(2) A curve C such that the canonical map C → P2g−2 has degree 2.

The curves that satisfy definition (1) are described by an equation of the form

(0.1) y2 = a2g+2x
2g+2 + a2g+1x

2g+1z + · · ·+ a0z
2g+2

inside the weighted projective space P(1, 1, g + 1), where g is the genus of C. The

map ϕ is given by [x : z], and is branched at 2g + 2 points, which are precisely the

Weierstrass points of C. The smoothness of the curve amounts to the discriminant of

the binary form on the right hand side being nonzero. Often one simply uses affine

coordinates and writes y2 = f(x) where f is a polynomial of degree 2g+ 1 or 2g+ 2.

In genus g ≥ 2, definition (1) implies (2). Furthermore, the map ϕ is unique up to

an automorphism of P1. Meanwhile, the image of the canonical map has genus zero, so

(2) implies (1) over an algebraically closed field, but not necessarily over an arbitrary

field. For example, C could be a double cover of a conic which contains no points

over the base field. This is possible precisely for odd g, and we give constructions in

Section 4.

Recall that the divisors of degree zero in C form an abelian variety of dimension g,

called the Jacobian of C and denoted by J here. If a base point P0 of C is given, then

C embeds into J via associating to any point P the divisor P −P0. The study of J is

a useful tool to understand C. For example, in order to determine the K-points of C

for a field K, one might first try to determine the K-points of J , and then determine
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which such points lie in the image of C ↪→ J . The advantage of J is that J(K) is an

abelian group, and if K is a number field then this group is finitely generated.

As for the K-points of J , an important step in determining this group is the 2-

Selmer group S2(K, J) a finite abelian group that will be defined later. The group

S2(K, J) lies inside the cohomology group H1(K, J [2]), for J [2] the 2-torsion subgroup

of J . J [2] is generated by the differences P−Q where P and Q are Weierstrass points,

so when working with J [2] it can be useful for C to have a Weierstrass point over K,

which we may move to ∞. In this case a2g+2 = 0 and so C is given by the equation

(0.2) y2 = a2g+1x
2g+1z + a2gx

2gz2 + · · ·+ a0z
2g+2.

Now for nonzero d ∈ K we may consider the quadratic twist of C defined by

(0.3) dy2 = a2g+1x
2g+1z + a2gx

2gz2 + · · ·+ a0z
2g+2.

(The quadratic twist makes sense for arbitrary hyperelliptic curves as well.) This

curve is isomorphic to C over the algebraic closure of K, but not over K unless d is a

square. Also the quadratic twist fixes the Weierstrass points and hence J [2]. On the

other hand, arithmetic entities such as S2(K, J) may change. In this way, starting

from C we get a family of curves parameterized by K×/(K×)2, and we might ask

what 2-Selmer groups are possible. In Part 2 I show that the size of S2 is unbounded.

Unfortunately, this almost certainly will not translate into unboundedness of the

rank of J(K), given the difficulty of finding abelian varieties with large rank and

the fact that the large sets of 2-Selmer elements constructed are done so without

associating them to points of J(K). However, showing that such points do not arise

fromK-points of J would involve a local-to-global obstruction, and is a topic of future

research.

Another project I have worked on involves moduli of hyperelliptic curves. In gen-

eral, the set of isomorphism classes of curves of a fixed genus g ≥ 2 admits the natural
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structure of a quasiprojective variety, called the moduli space of curves of genus g.

Inside this space we may consider the locus consisting of hyperelliptic curves. The

moduli space is an important tool in the understanding of algebraic curves.

One question we might ask is given a point in moduli space, to produce a curve

mapping to this point. One measure of the difficulty of such a procedure would be

to consider possible fields of definition of such curves. For example, in the case of

elliptic curves, the moduli space of elliptic curves is parameterized by a single number,

the j-invariant. Now it is possible to find an elliptic curve with j-invariant t whose

coefficients are rational functions of t. This automatically shows that a curve may

be defined over its field of moduli. On the other hand, any gap between the field of

moduli of a curve and its possible fields of definition will introduce complexity into

algebraic functions required to construct a curve.

It has been known that the field of moduli is not always a field of definition.

Counterexamples have been known both for abelian varieties of even dimension and

for curves of genus 2. My work generalizes the genus 2 situation, as all genus 2 curves

are hyperelliptic. It turns out that for even genus g, a general hyperelliptic curve of

genus g cannot be defined over its field of moduli. However, in odd genus, this can

be done, at least for those curves which admit only two automorphisms. The caveat

is that such curves might not be double covers of P1 — only of conics in general. In

Part 1, I give obstructions to defining a hyperelliptic curve over its field of moduli

and show what objects can be constructed in their place. It turns out that the genus

zero curve given by quotienting C by its hyperelliptic involution can be constructed

in the automorphism-free case.

I’ve also looked at one case of curves which have extra automorphisms. Here there

are some general tools that can be used, but in order to understand the possible

outcomes one needs to have an idea of what curves to look for.
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Part 1. Obstructions to the Field of Definition

1. Introduction

Often when dealing with algebraic objects, we want them to be defined over a

reasonable field. Fix a field K and let X be an algebraic variety defined over Ks,

the separable closure of K. Then we say K is a field of definition of X if X is

Ks-isomorphic to Y ×K Ks for some variety Y defined over K.

The most basic obstruction to a field of definition is the field of moduli, which

utilizes the action of the Galois group Gal(Ks/K) on varieties defined over Ks. We

say an extension K ′ of K is the field of moduli of X if

(1.1) σX ∼= X ⇐⇒ σ ∈ Gal(Ks/K ′).

The field of moduli of X depends only on the Ks-isomorphism class of X. If X is

already defined over an extension L of K, then for σ ∈ Gal(Ks/L), σX is identical

to X. Hence every field of definition of X must contain the field of moduli.

This raises the question of whether a variety may be defined over its field of moduli.

This question is related to the problem of explicitly constructing an object from its

invariants, or equivalent given its point in a moduli space. If M is a moduli space

over K for objects such as X, then X has field of moduli contained in L if and only if

[X] ∈M(L). As a result, a construction of X from [X] would limit the gap between

a variety’s field of moduli and its possible fields of definition.

A well-known example is the case of elliptic curves. There is an explicit elliptic

curve defined over the ring R = Z[t, 1
t(t−1728)

] (in particular, its discriminant is a unit

in R) with j-invariant t. This shows directly that every elliptic curve with j-invariant

not equal to 0 or 1728 can be defined over its field of moduli. (This statement is still

true for the two exceptional j-invariants, as shown by the curves y2 + y = x3 and

y2 = x3 − x.)
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On the other hand, it is known that there exist principally polarized abelian va-

rieties of every even dimension which cannot be defined over their field of moduli.

This illustrates that the question of whether a variety can be defined over its field of

moduli is nontrivial.

We will be interested in the case of hyperelliptic curves. Let Hg denote the moduli

space of hyperelliptic curves of genus g ≥ 2, and suppose K is a field of characteristic

zero (such as a p-adic field or a number field). Given a K-point of Hg (or possibly in

some compactification of Hg), we would like to know whether this point arises from

a curve defined over K.

One simple result that follows from this work is:

Theorem 1.1. Let K be a p-adic field or a number field. Then every hyperelliptic

curve of genus g ≥ 2 with only two automorphisms and field of moduli contained in

K admits K as a field of definition if and only if g is odd.

Note that a hyperelliptic curve of genus g is a double cover of P1 branched at 2g+2

points, and this double cover is in fact the canonical series. Thus when studying

hyperelliptic curves we may instead consider P1 with specified effective divisors of

degree 2g+ 2, which in turn are given by binary forms of degree 2g+ 2 up to scaling.

The advantage of using binary forms is that here the ambient space admits the

structure of a vector space, and so we may use representation theory to aid in the

description of the orbits.

We expect that much of our work will also apply when K has positive characteristic

p > 2g + 1.

2. Relevant Arithmetic Invariant Theory

Suppose X is a variety defined over K, usually X = V a vector space, and G is a

reductive group defined over k. Let Y = X//G be the quotient. Arithmetic invariant

theory seeks to answer the question of what K-points on the quotient Y reveal about
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K-orbits of X or related objects when K is not separably closed. Letting π : X → Y

be the projection map, we will only consider y ∈ Y for which G(Ks) acts transitively

on the fiber π−1(y), and assume this is the case from now on unless stated otherwise.

Proposition 2.1. Given x ∈ X(K) with π(x) = y, the G(K)-orbits lying within the

fiber Xy(K) are in bijection with the pointed set

(2.1) ker
(
γ : H1(K,Gx)→ H1(K,G)

)
where Gx is the stabilizer of x in G, an algebraic group defined over K.

Proof. Suppose x′ ∈ Xy(K). Since G(Ks) acts transitively on π−1(y), there exists

g ∈ G(Ks) with x′ = gx, uniquely determined up to right multiplication by Gx(K
s).

But now for σ ∈ Gal(Ks/K), applying σ gives x′ = σ(g)x, and so g−1σ(g) ∈ Gx(K
s).

Let

(2.2) cσ = g−1σ(g).

Then cσ is a Gx(K
s)-valued cochain which is a G(Ks)-valued coboundary (in particu-

lar, a cocycle), so cσ ∈ H1(K,Gx) and γ(c) = 0. If we replace g by gs for s ∈ Gx(K
s),

then cσ will be replaced by s−1cσσ(s), so the class of cσ ∈ H1(K,Gx) is independent

of g. Also, another point in Xy(K) in the same G(K)-orbit as x′ is of the form hx′

for some h ∈ G(K), in which case hx′ = hgx and so cσ is replaced by

(2.3) (hg)−1σ(hg) = (g−1h−1)(hσ(g)) = g−1σ(g) = cσ

and so cσ only depends on the G(K)-orbit of x′.

Conversely, given cσ ∈ H1(K,Gx) with γ(c) = 0, we will produce a G(K)-orbit in

Xy(K). Since γ(c) = 0, cσ becomes a G(Ks)-valued coboundary, and so cσ = g−1σ(g)



7

for some g ∈ G(Ks). Letting x′ = gx, we have

(2.4) σ(x′) = σ(g)x = g (g−1σ(g))︸ ︷︷ ︸
∈Gx(Ks)

x = gx = x′

and so x′ ∈ X(K), necessarily in Xy(K) is π is G-invariant. A different choice

of element g′ ∈ G(Ks) with cσ = (g′)−1σ(g′) requires σ(g′)σ(g)−1 = g′g−1, and so

g′g−1 ∈ G(K). This means g′x will be in the same G(K)-orbit as gx = x′, and so the

associated G(K)-orbit is well-defined. �

2.1. The Twisted Representation. In the case X = V , we can assign K-orbits to

the remaining elements of H1(K,Gx). Elements c ∈ H1(K,G) are called pure inner

forms. Given c, let Gc be the inner form associated to the element in H1(K,Gad)

induced from c. Specifically, Gc(Ks) = G(Ks) with the Galois action on Gc given by

(2.5) σc(g) = cσσ(g)c−1
σ .

We also obtain a representation of Gc from V as follows: letting ρ : G→ GL(V ) the

the homomorphism corresponding to the G-action, ρ∗(c) lies in H1(K,GL(V )) and

must be trivial. Therefore there exists h ∈ GL(V )(Ks) such that

(2.6) ρ(cσ) = h−1σ(h).

Given h, we can produce ρh : Gc(Ks)→ GL(V )(Ks) defined by

(2.7) ρh(g) = hρ(g)h−1

which is compatible with the Galois action, therefore yielding a K-representation of

Gc. Furthermore, a different choice of h gives an isomorphic representation. So we

will write V c for the representation of Gc and call V c the twisted representation of V

associated to the pure inner form c.
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Recall that Y = X//G = V//G and π : V → Y is the natural map. We give a map

πc : V c → Y which identifies Y with V c//Gc. The map is given by

(2.8) πc(v) = π(h−1v).

πc is Gc-invariant because

(2.9) πc(gcv) = πc(hgh−1v) = π(gh−1v) = π(h−1v) = πc(v).

We may now consider the fibers V c
y = (πc)−1(y) for y ∈ Y , which are preserved by

Gc. Explicitly,

V c
y (K) =

{
v ∈ V c(K) = V (K)

∣∣∣πc(v) = y
}

(2.10)

= V (K) ∩ hVy(Ks).(2.11)

Proposition 2.2. Given v ∈ V (K) such that π(v) = y, then for every c ∈ H1(K,G),

there is a bijection between γ−1(c) and the set of Gc(K)-orbits in V c
y (K). Here

(2.12) γ : H1(K,Gv)→ H1(K,G)

is as before.

Proof. This is a generalization of the previous proposition in the case X = V . Suppose

w ∈ V c
y (K). Since h−1w ∈ Vy(Ks), there exists g ∈ G(Ks) with h−1w = gv, unique

up to right multiplication by Gv(K
s). Then w = hgv is fixed by Gal(Ks/K), so

Gv(K
s) contains

(2.13) (hg)−1σ(hg) = g−1h−1σ(h)σ(g) = g−1cσσ(g).

Let χσ be this cochain. Then as in the previous proposition, χσ ∈ H1(K,Gv) is

independent modulo coboundary of the choice of g, and γ(χ) = c. Moreover, χ only

depends on the Gc(K)-orbit of w; a w′ in this orbit has the form w′ = hg′h−1w =
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hg′gv for some g′ ∈ Gc(K), and so h−1w′ = g′gv. This replaces g by g′g, and hence

replaces χσ by

(g′g)−1cσσ(g′g) = g−1(g′)−1cσσ(g′)σ(g)(2.14)

= g−1(g′)−1cσ

(
c−1
σ g′cσ

)
σ(g)(2.15)

= g−1cσσ(g)(2.16)

which is still χσ.

Conversely, given χ ∈ γ−1(c), we must have χσ = g−1cσσ(g) for some g ∈ G(Ks),

and then let w = hgv. An argument similar to the previous proposition shows that

w ∈ V c
y (K), and a different choice of g produces an element in the same Gc(K)-

orbit. �

2.2. An Obstruction to Lifting. Given y ∈ Y (K), there may not be an x ∈ X(K)

such that π(x) = y; in other words, Xy(K) is empty.

One possibility for X = V is that y does have a lift x′ ∈ V c
y (K) for some c ∈

H1(K,G). In this case, associated to x′, we obtain a map

(2.17) γ′ : H1(K,Gc
x′)→ H1(K,Gc)

and then we may determine whether Vy contains any K-points by considering V as

a twisted representation of V c.

Here we describe another obstruction for any X, provided the stabilizer of a lift of

y (over Ks) is abelian. First we show:

Proposition 2.3. There is a canonical group scheme Gy defined over K along with

isomorphisms ιx : Gy(K
s)→ Gx for every x ∈ Xy(K

s).

Proof. If x ∈ Xy(K
s), then any other element x′ ∈ Xy(K

s) has the form x′ = gx for

g uniquely determined up to right multiplication by Gx. Now sx′ = x′ if and only if
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sgx = gx, or rather g−1sgx = x, so Gx′ = gGxg
−1. Furthermore, conjugation by g

on Gx is independent of the choice of g, since a different choice of g has the form gt

for t ∈ Gx, and Gx is abelian, so conjugation by t fixes Gx.

We obtain a collection of isomorphisms Gx → Gx′ for every x, x′ ∈ Xy(K
s), which

are compatible under composition. So we may define the group Gy over Ks along

with isomorphisms ιx : Gy → Gx, with the property that

(2.18) ιgx(a) = gιx(a)g−1.

We now define a Galois action on Gy, which allows us to descend Gy to K. For

σ ∈ Gal(Ks/K) and x ∈ Xy(K
s), we have σ(x) ∈ Xy(K

s), and if s ∈ Gx, then

σ(s) ∈ Gσ(x). We define our Galois action on Gy by

(2.19) σ(a) = ι−1
σ(x)

(
σ
(
ιx(a)

))
.

We need to know that this map Gal(Ks/K) → Aut(Gy) is independent of x and a

homomorphism. To see that it is well-defined, a different choice of lift of y has the

form gx for some g ∈ G(Ks), and then

ι−1
σ(gx)

(
σ
(
ιgx(a)

))
= ι−1

σ(g)σ(x)

(
σ
(
gιx(a)g−1

))
(2.20)

= ι−1
σ(g)σ(x)

(
σ(g)σ

(
ιx(a)

)
σ(g)−1

)
(2.21)

= ι−1
σ(x)

(
σ
(
ιx(a)

))
.(2.22)

To show this is a group action, fix x ∈ Xy(K
s). Then we have

σ

(
τ(a)

)
= σ

(
ι−1
τ(x)

(
τ
(
ιx(a)

)))
(2.23)
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(now using τ(x) as our lift of y for σ)

= ι−1
σ(τ(x))

(
σ

(
ιτ(x)

(
ι−1
τ(x)

(
τ
(
ιx(a)

)))))
(2.24)

= ισ(τ(x))

(
σ
(
τ
(
ιx(a)

)))
(2.25)

= (σ ◦ τ)(a).(2.26)

�

Now we define the obstruction class d ∈ H2(K,Gy) as follows: if x ∈ Xy(K
s),

then there exists gσ ∈ G(Ks) such that gσσx = x, uniquely determined up to left

multiplication by Gx. Now gσ
σgτg

−1
στ ∈ Gx, and so we define

(2.27) dσ,τ = ι−1
x

(
gσ

σgτg
−1
στ

)
.

The class d ∈ H2(K,Gy) is independent of the choice of gσ for a given x by a

standard argument. A different choice of gσ would amount to replacing gσ by sσgσ

for some sσ ∈ Gx. Let aσ = ι−1
x (sσ) ∈ Gy(K

s). Then we have

(sσgσ)σ(sτgτ )(sστgστ )
−1 = sσgσ

σsτ
σgτg

−1
στ s

−1
στ(2.28)

= sσgσ
σ
(
ιx(aτ )

)
σgτg

−1
στ s

−1
στ(2.29)

= sσgσισ(x)(
σaτ )

σgτg
−1
στ s

−1
στ(2.30)

(now using σ(x) = g−1
σ x)

= sσgσ

(
g−1
σ ιx(

σaτ )gσ

)
σgτg

−1
στ s

−1
στ(2.31)

= sσιx(
σaτ )

(
gσ

σgτg
−1
στ

)
s−1
στ(2.32)
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(now using the fact that Gx is abelian)

= sσιx(
σaτ )s

−1
στ

(
gσ

σgτg
−1
στ

)
(2.33)

= ιx

(
aσ

σaτa
−1
στ

)
gσ

σgτg
−1
στ(2.34)

and so dσ,τ is changed only by the Gy-valued coboundary aσ
σaτa

−1
στ . The class d

is also independent of x because a different choice of lift has the form hx for some

h ∈ G(Ks), and then we may replace gσ with g′σ = hgσ
σh−1, which relates σ(hx) to

hx. Now

ι−1
hx

(
g′σ

σg′τ (g
′
στ )
−1
)

= ι−1
hx

((
hgσ

σh−1
)
σ
(
hgτ

τh−1
)(
hgστ

στh−1
)−1
)

(2.35)

= ι−1
hx

((
hgσ

σh−1
)(

σhσgτ
στh−1

)(
στhg−1

στ h
−1
))

(2.36)

= ι−1
hx

(
hgσ

σgτg
−1
στ h

−1
)

(2.37)

= ι−1
x

(
gσ

σgτg
−1
στ

)
.(2.38)

Now if Xy(K) is nonempty, then we may take x ∈ Xy(K) and gσ = 1, so that d is

trivial. This proves the first part of:

Proposition 2.4. Suppose Gx is abelian for x ∈ Xy(K
s). Define Gy and d as above.

Then:

(1) If Xy(K) is nonempty, then d is trivial.

(2) If X = V , then d is invariant under pure inner twists. In particular, if V c
y (K)

is nonempty, then d is trivial.

(3) If d is trivial and H1(K,G) = 0, then Xy(K) is nonempty.

(4) If X = V and d is trivial, then V c
y (K) is nonempty for some c ∈ H1(K,G).

Proof. To prove (2), suppose c ∈ H1(K,G) is a given cocycle and fix h ∈ GL(V )(Ks)

for which cσ = h−1σ(h). Also fix v ∈ Vy(K
s) and gσ with gσ

σv = v. Then hv ∈
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V c
y (Ks) and

(2.39) hv =
(
hgσ

σh−1
)
σhv =

(
hgσc

−1
σ h−1

)
σhv.

So a pure inner twist amounts to replacing gσ with gσc
−1
σ as well as replacing σ(g)

with cσσ(g)c−1
σ . But

(2.40)
(
gσc
−1
σ

)(
cσ
σ
(
gτc
−1
τ

)
c−1
σ

)(
gστc

−1
στ

)−1

= gσgτ (
σcτ )

−1c−1
σ cστg

−1
στ = gσ

σgτg
−1
στ

showing that d remains unchanged.

To prove (3) and (4), fix x ∈ Xy(K). Then it’s enough to show:

Claim 2.5. If d is trivial, then the gσ may be chosen to form a cocycle.

The claim implies (3) since if H1(K,G) is trivial, then gσ = h−1σ(h) for some

h ∈ G(Ks), and then hx ∈ X(K). It implies (4) by the same reasoning, using an

appropriate h ∈ GL(V )(Ks) so that hx ∈ V c
y (Ks) for cσ = gσ.

It remains to show the claim. If d is trivial, then it is a Gy-valued coboundary, so

there exist bσ ∈ Gy(K
s) for which

(2.41) ι−1
x

(
gσ

σgτg
−1
στ

)
= bσ

σbτb
−1
στ .

Now letting aσ = b−1
σ and using the commutativity of Gy, we find

(2.42) ιx

(
aσ

σaτa
−1
στ

)
gσ

σgτg
−1
στ = 1.

But by the computations showing that d was well-defined, taking g′σ = ιx(aσ)gσ shows

that

(2.43) (g′σ)σ(g′τ )(g
′
στ )
−1 = 1

which verifies the claim. �
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As an example, we show that we may always lift Gm-quotients:

Lemma 2.6. Suppose G = Gm. Then d is trivial and Xy(K) is nonempty.

Proof. First, observe that G is abelian. In this case, choose x ∈ Xy(K
s). Then we

have a map j : Gy(K
s) → G(Ks) by composing ιx with inclusion of Gx into G(Ks).

This map is seen to independent of x and compatible with the Galois action, and

therefore descends to a map Gy → G of group schemes. Now ιx(dσ,τ ) = gσ
σgτg

−1
στ ,

which is visibly a coboundary in G, so

(2.44)

d ∈ ker
(
j : H2(K,Gy)→ H2(K,G)

)
= im

(
δ : H1(K,G/Gy)→ H2(K,Gy)

)
.

But for G = Gm, G/Gy is either trivial or isomorphic to Gm. In each of these

cases, H1(K,G/Gy) is trivial, so d is trivial. Finally, since H1(K,Gm) is trivial, d

being trivial implies Xy(K) is nonempty. �

3. Moduli of Interest

3.1. The Moduli Space of Binary Forms. Fix a positive integer n ≥ 3. If W

is the standard representation of SL(2), then Vn = SymnW is a vector space of

dimension n + 1 with an action of SL(2). If n is even, this action descends to an

action of PGL(2), since −I acts trivially. In this case Vn = SymnW ⊗ (∧2 W )⊗−n/2

as a GL(2)-representation. Let Sn denote the ring of invariants of the symmetric

algebra of Vn, graded by degree, and consider the spaces

An = SpecSn(3.1)

Bn = ProjSn(3.2)

These spaces arise as categorical quotients as An = Vn//SL(2) andBn = (An\0)//Gm.

Bn is called the moduli space of semistable binary forms. It is a fact that a binary

form is semistable if and only if every root has multiplicity at most n
2
, and stable if
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and only if every root has multiplicity strictly less than n
2
. In the case where n is

even, the locus of strictly semistable binary forms is mapped down to a single point

in Bn, called the semistable point.

Inside Bn, we may consider Bn, the locus of stable binary forms, and Bsm
n , the

locus of smooth binary forms (those without repeated roots). Then Bsm
n is easily

seen to be isomorphic to the moduli space M0,n of smooth genus 0 curves with n

(unordered) marked points. Thus Bn can be seen as an alternate compactification of

M0,n, differing from the moduli space M0,n of stable genus 0 curves with n marked

points. In fact, the natural isomorphism extends to a map M0,n → Bn, which

contracts most components of the boundary divisor to smaller dimensional spaces.

If n = 2g+ 2 is even, then we may consider the closure Hg of Hg in Mg, which may

be identified with the Hurwitz space of admissible degree 2 covers of stable genus

0 curves branched at 2g + 2 points. The map to M0,2g+2 which remembers only

the base curve with the branch divisor is an isomorphism. In this way, B2g+2 is a

compactification of Hg.

3.2. The Relative Curve Over Moduli Space. Suppose now n = 2g+ 2 is even.

Writing V = V2g+2 = SpecK[a0, . . . , a2g+2], we define a curve C → V by taking C to

be the subvariety of V × P(1, 1, g + 1) defined by

(3.3) y2 = a2g+2x
2g+2 + a2g+1x

2g+1z + · · ·+ a0z
2g+2.

In fact C is a double cover of V × P1. The curve C is meant to capture all genus

g curves with a two-to-one map onto P1. To capture the isomorphisms, we need a

group action on C. Define the group

(3.4) G̃ = (GL(2)×Gm)/(aI, ag+1).
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The action on C is defined by letting (M,u) map (x, z, y) to (Mx,Mz, uy). Observe

that the element (I,−1) ∈ G̃ corresponds to the hyperelliptic involution. In particu-

lar, it is trivial on the quotient V × P1. We embed µ2 ↪→ G by taking −1 to (I,−1),

and let G = G̃/µ2; then the action of G̃ on C descends to an action of G on V × P1.

Here is the significance of C and G̃: for any v ∈ V , let Cv be the fiber of v in C.

Then for v ∈ V sm, Cv is a smooth hyperelliptic curve of genus g. On the other hand:

Proposition 3.1. Let g ≥ 2.

(1) If C is a genus g curve with a degree 2 map onto P1, then C is isomorphic to

Cv for some v ∈ V sm.

(2) Given an isomorphism φ : Cv → Cw with v, w ∈ V sm, there exists a unique

γ ∈ G̃ such that w = γv and φ is given by the action of γ on C.

Proof. (1) Suppose π : C → P1 has degree 2. Fix a point p ∈ P1 and let

D = π−1(p) be a divisor on C. By Riemann-Roch, H0(OC(−D)) is 2-

dimensional; let x and z be two linearly independent global sections. Now

H0(OC(−(g + 1)D)) is g + 3-dimensional and contains Symg+1H0(OC(−D))

as a subspace of dimension g + 2. Letting ι be the hyperelliptic involution

on C, ι∗ acting on H0(OC(−(g + 1)D)) is an involution which fixes precisely

Symg+1H0(OC(−D)). Hence the −1-eigenspace of ι∗ is 1-dimensional; let y

be a nonzero section in this subspace. The map

(3.5) ϕ : C
[x:z:y]−−−→ P(1, 1, g + 1)

is an embedding, since by Riemann-Roch it remains an embedding after com-

posing with the map P(1, 1, g + 1)→ Pg+2.

Now y2 ∈ H0(OC(−(2g + 2)D)) is fixed by ι∗, so must be a homogeneous

polynomial of degree 2g + 2 in x and z; that is, we must have

(3.6) y2 = a2g+2x
2g+2 + · · ·+ a0z

2g+2
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for some ai. In other words, ϕ(C) ⊆ Cv for some v ∈ V . Since C ↪→ Cv and

C is smooth of genus g, the embedding must be an isomorphism and v ∈ V sm.

(2) Fix p ∈ P1 as before. Associated to Cv and Cw we obtain divisors D and D′,

triples of sections (x, z, y) and (x′, z′, y′), which are unique up to scaling, and

maps ϕ : Cv → P(1, 1, g + 1) and ϕ′ : Cw → P(1, 1, g + 1).

From πv = πw ◦ φ we necessarily have D = φ∗(D′). Hence (φ∗x′, φ∗z′)

is a unique linear combination of (x, z) and φ∗y′ is a scalar multiple of y.

Hence ϕ and ϕ′ ◦ φ differ by some (M,u) ∈ GL(2) × Gm depending only on

x, z, y, x′, z′, y′. But ϕ′ ◦ φ. This gives us what we want up to the choices of

(x, z, y) and (x′, z′, y′). Different choices of (x, z, y) and (x′, z′, y′) differ by

scalar multiples of each triple, which replaces (M,u) by (aM, ag+1u) for some

scalar a. This proves uniqueness.

�

We have a more explicit description of G̃ depending on the parity of g:

Proposition 3.2. G̃ is isomorphic to GL(2) if g is even, and PGL(2)×Gm if g is

odd. In both cases, G is isomorphic to PGL(2)×Gm.

Proof. First if g is even we have a map GL(2) → G̃ given by M 7→ (M, (detM)g/2).

We can define a map in the other direction by (M,u) 7→ (detM)g/2

u
M , which is well-

defined. These maps are inverses by inspection.

Now if g is odd, then the natural projection G̃→ PGL(2) with kernel Gm admits

a section [M ] 7→ (M, (detM)(g+1)/2). This shows G̃ ∼= PGL(2)×Gm in this case. A

similar argument shows G is always isomorphic to PGL(2)×Gm. �

Under the isomorphism G ∼= PGL(2)×Gm, the action on V × P1 is the expected

one. PGL(2) acts on V by the action on binary forms and on P1 by the standard

action, while Gm acts on V by scaling and acts trivially on P1.
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Using this characterization, we can see why B2g+2 is a compactification of Hg.

Indeed, on the semistable locus of V we have a commutative diagram

(3.7)

C V × P1 V

C//G̃0 (V × P1)//G0 A2g+2

C//G̃ (V × P1)//G B2g+2

where G0 = PGL(2) and G̃0 is the preimage of G0, isomorphic to SL(2) ⊆ GL(2) if

g is even and PGL(2)× µ2 ⊆ PGL(2)×Gm if g is odd.

The quotients G/G0 and G̃/G̃0 are isomorphic to Gm, so we can always lift from

the third row to the second row. Meanwhile, in the second row, (V × P1)//G0 is

defined by the graded ring of covariants. We expect to have an identification

(3.8) V × P1 ∼= V ×A2g+2 (V × P1)//G0

over the locus of V with trivial G0-stabilizer. As long as this identification holds, the

fibers of (V × P1)//G0 → A2g+2 will be genus 0 curves with extra structure given by

the binary form V .

4. Lifts From Moduli Space

4.1. Lifting to Binary Forms. Suppose [p] is aK-point ofBn. We wish to consider

whether [p] lifts to a binary form in Vn(K). First, by the lemma on Gm-quotients,

we know that [p] must lift to nonzero K-point p in An.

Next, suppose f is a stable binary form defined over Ks which maps down to a

K-point p of An. Let H = SL(2) if n is odd, and H = PGL(2) if n is even, so that

An = Vn//H, and if f is chosen generically, the stabilizer of f under the action of H

is trivial.
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When n is odd, H1(K,SL(2)) is trivial, and so in the case where the H-stabilizer

is trivial, p lifts to a binary form defined over K. On the other hand, when n is even,

H1(K,PGL(2)) classifies quaternion algebras over K, and p lifts to a unique K-orbit

of twisted binary forms over a quaternion algebra.

We now give the definition of a twisted binary form of even degree n = 2m. If B is

a quaternion algebra over K, let A denote the adjoint representation of B, given by

elements of B having trace zero, on which PB× = B×/K× acts by conjugation. If Σ

denotes the graded algebra Sym•A/I, where I is the homogeneous ideal generated

by the norm form, then the degree m part Σm of Σ is a representation of PB× of

dimension 2m + 1. In the case where B is a matrix algebra, then Σm is simply the

representation V2m.

Now an element of H1(K,PGL(2)) can be given the form φ−1 ◦ φσ, where φ :

Mat2(Ks) → B(Ks) is an isomorphism. Then φ maps the determinant to the norm

and is functorial with representations, so transfers the representation Vn to Σm.

We now define a twisted binary form of degree n to be an element of Σm. Al-

though Σm is defined as a quotient of SymmA, we have a decomposition SymmA ∼=

Σm ⊕ Symm−2 A, and so Σm can be identified as a canonical summand of SymmA.

Specifically, Σm consists of the ternary forms of degree m which are harmonic with

respect to the norm form restricted to traceless elements of B. A twisted binary form

of degree n, up to scaling, can be thought of as a divisor of degree n on the conic C

defined by the norm. In the case where the divisor is reduced, this gives a smooth

genus 0 curve with a marked effective divisor of degree n.

Here is an explicit way to produce a twisted binary form from an element of

H1(K,PGL(2)), via an isomorphism PGL(2) ∼= SO(3). An element of H1(K,SO(3))

arising from f provides a projective Galois action on the space of binary forms over

Ks, which is a K-linear action on binary forms of even degree, fixing f . By mapping

H1(K,SO(3)) → H1(K,SL(3)) = 0, we find that there exists a basis b1, b2, b3 of
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binary quadratic forms fixed by this action, whose determinant is 1. From the bi, we

can produce a ternary quadratic form q of discriminant 1 with coefficients in K such

that

(4.1) q(b1, b2, b3) = 0.

Next, there exists a unique q-harmonic ternary form F of degree m such that

(4.2) f(x, y) = F (b1, b2, b3).

The conditions defining F are preserved by the Galois group, and so F necessarily

has coefficients in K. The pair (q, F ) defines a twisted binary form.

4.2. Lifting to Hyperelliptic Curves. Suppose now that [X] ∈ Hg(K). Then X

has a representative Cv for some v ∈ V (Ks), and we get a Galois action gσ, well-

defined up to stabilizer.

Theorem 4.1. (1) X is Ks-isomorphic to Cw for some w ∈ V (K) if and only if

gσ can be chosen to be a G̃-valued coboundary.

(2) X is Ks-isomorphic to a curve defined over K if and only if gσ can be chosen

to be a G̃-valued cocycle.

Proof. (1) Suppose φ : Cv → Cw is an isomorphism with w ∈ V (K). Then φ is

represented by a unique h ∈ G̃. Now σ(h) and hgσ both map Cσ(v) to Cw, so

gσ = h−1σ(h) up to stabilizer. Conversely, given such an h, then take w = hv,

a vector in V (K).

(2) If φ : Cv → C with C defined over K, then by the same argument as above,

up to stabilizer, gσ = φ−1 ◦ σφ, which is a cocycle by the usual argument.

Conversely, if gσ is a cocycle, let Σ be the set of Galois conjugates of v (finite

since we must have v ∈ V (L) for some finite extension L/K). The cocycle
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condition yields a curve CΣ defined over Ks along with compatible isomor-

phisms ιw : CΣ → Cw for w ∈ Σ. CΣ admits a natural Galois action, which

allows CΣ to descend to K.

�

One might ask for an explicit form of the curve constructed in the “only if” im-

plication of (2). Suppose the Galois action is given by a cocycle c. Then we have

a twisted representation V c, and so a reasonable approach would be to construct

a curve Cc → V c defined over K, isomorphic to C → V over Ks, such that v is

mapped to an element of V c(K) under this isomorphism. In this situation, Cv would

be mapped to a curve defined over K, constructing our desired curve.

Indeed, we construct Cc directly, depending on the parity of g. If g is even, then

G̃ ∼= GL(2) implies H1(K, G̃) = 0. Hence c is a coboundary, in which case there is

nothing to produce. Now if g is odd, then G̃ ∼= PGL(2)×Gm. Now c is determined

by its pushforward under the map G̃ → PGL(2), and so V c is the vector space of

Q-harmonic ternary forms F of degree g+1, where Q is some fixed ternary quadratic

form. Then Cc may be constructed as the subvariety of V c × P(1, 1, 1, g+1
2

) defined

by the equations

Q(x, y, z) = 0(4.3)

F (x, y, z) = w2(4.4)

which gives a covering of the conic Q = 0 of degree 2 branched at the common zero

locus of Q and F .

As an example of our work here, we may now prove Theorem 1.1.

Proof for even g. If K is a p-adic field or number field, it is well known that there

exists a ternary quadratic form Q defined over K such that the conic Q = 0 contains

no K-points. By choosing F a ternary form of g + 1 generically, we may arrange
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that the divisor {Q = F = 0} is reduced and that the stabilizer of (Q,F ) under the

action of SO(Q)(Ks) is trivial. Over some finite Galois extension L/K, Q becomes

rational, and so F corresponds to some binary form f defined over L. Let C be the

curve Cf ; that is, y2 = f(x).

Now C has field of moduli contained in K. Indeed, if ϕ : P1 → {q = 0} has

ϕ∗(F ) = f , then applying σ ∈ Gal(L/K) to f changes f by the automorphism

ϕ−1 ◦ σϕ of P1. On the other hand, C cannot admit K as a field of definition. Since

g is even, H1(K, G̃) = 0, and so this would only be possible if C were Ks-isomorphic

to Cw for some w ∈ V (K). This means w = γf for some γ ∈ G̃(Ks). But f has

trivial stabilizer under the action of PGL(2)(Ks), so is Ks-isomorphic to at most one

K-orbit of twisted binary forms. Hence w and (q, F ) differ by a K-isomorphism. In

particular, {q = 0} must be isomorphic to P1, a contradiction. �

Proof for odd g. Fix v ∈ V (Ks) so that Cv is a representative of our curve. We wish

to show gσ can be chosen to be a G̃-valued cocycle. Equivalently, we wish to show d

is trivial. Indeed, d is valued in 1 × µ2 ⊆ PGL(2) × Gm. Letting gσ = (Aσ, bσ), we

find that Aσ is a cocycle while bσ generates a Gm-valued analogue of d. By Lemma

2.6, this analogue of d is trivial. Hence we may modify the b’s to be a cocycle, which

transforms gσ into a cocycle. This shows what we want.

Alternatively, we know v has a twisted binary form (q, F ) via some cocycle c ∈

H1(K,PGL(2)). Now using our construction of the curve Cc, we know that Cv is

Ks-isomorphic to Cc
(q,F ), which is defined over K. �

5. Interpretation of A2g+2

The group G acts by isomorphisms on hyperelliptic curves. The space Ωg of top

forms is 1-dimensional, and we may pick out a distinguished element given a defining
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equation for our hyperelliptic curve: to the equation y2 = f(x), associate the element

(5.1) ω =
dx

y
∧ x dx

y
∧ · · · ∧ xg−1 dx

y
.

Then (M,u) ∈ G sends ω to (detM)
g(g+1)

2

ug
ω. Hence ω is preserved if and only if

ug = (detM)
g(g+1)

2 . This subgroup corresponds to PGL(2) × µg if g is odd, and the

subgroup of matrices of GL(2) such that (detM)
g
2 = 1 if g is even. In particular, we

see that the moduli space of hyperelliptic curves of genus g with a fixed top form is

a finite quotient of A2g+2; if g ≤ 2, we have equality.

Here is another interpretation of A2g+2 that pins down the space exactly. A binary

form of degree 2g + 2 can be viewed as a global section of OP1(−2g − 2) = Ω
⊗−(g+1)

P1 .

Hence A2g+2 can be viewed as the moduli space of genus 0 curves C with a global sec-

tion of Ω
⊗−(g+1)
C . This can equivalently be viewed as the moduli space of hyperelliptic

curves C of genus g together with a global section s of Ω
⊗−(g+1)
C0

, where C → C0 is the

curve defined by the canonical divisor, such that the vanishing locus of s coincides

with the branch locus of C → C0.

6. Invariants of Systems of Binary Quadratic Forms

The invariant theory of systems of binary quadratic forms makes essential use of

the fact that the discriminant is a quadratic form, so it will be more convenient to

make use of the isomorphism PGL(2) ∼= SO(3).

Consider more generally the group SO(n) acting on the representationW⊕n, where

W is the standard representation of SO(n). If 〈 , 〉 denotes the bilinear form on

SO(n), then Aij = 〈wi, wj〉 and R = w1 ∧ · · · ∧ wn are invariants of W⊕n under

the action of SO(n), satisfying the relation R2 = (?) det(Aij). We claim that these

generate the ring of invariants, and that generically the action of SO(n) is simply

transitive over Ks.
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To see this, consider the case where the wi are linearly independent. Then the

SO(n)-stabilizer is clearly trivial. To see transitivity, consider the quadratic form

g(x1, . . . , xn) = q(x1w1 + · · ·+ xnwn)(6.1)

=
∑
i,j

Aijxixj.(6.2)

Then the vector space Kn with quadratic form g is isometric to W over Ks (or some

orthogonal space W ′ with square discriminant over K). The set of isometries form a

principal homogeneous space for O(W ′), so the constraint that the Aij be fixed shows

that any other set of n vectors with the same invariants must differ by an element

of O(W ′). But also the determinant multiplies R, so the constraint that R be fixed

shows the element must lie in SO(W ′).

We can also consider the situation where the quadratic form g has rank n− 1. In

this case, span(w1, . . . , wn) has dimension n − 1. WLOG wn ∈ span(w1, . . . , wn−1),

writing

(6.3) wn = λ1w1 + · · ·+ λn−1wn−1.

Then g(x1, . . . , xn−1, 0) is nondegenerate. Then 〈wi, wj〉 for i, j ≤ n − 1 uniquely

determine an SO(n)-orbit of w1, . . . , wn−1 (over Ks) with trivial stabilizer. To see

that the action of SO(n) is simply transitive on w1, . . . , wn, it then remains to see

that the λi are then uniquely determined from the 〈wi, wj〉 for i, j ≤ n − 1. In fact,

we have the equations

(6.4) λ1Ai1 + · · ·+ λn−1Ai(n−1) = Ain

and g having rank n− 1 shows that this linear system can be solved uniquely for λi.

To apply this to binary forms, take W the standard space for SO(3), V2m the space

of binary forms of dimension 2m, and suppose we have a covariant map V2m → W⊕3;
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that is, three covariant binary quadratic forms. Then the above invariants of W⊕3

will yield invariants of V2m.

However, given fixed invariants of a binary form, lifting the ones associated to W⊕3

to three elements w1, w2, w3 ofW can be used to lift from invariants to a binary form.

Indeed, we may associate a wedge product on W via the isomorphisms

(6.5) ∧2 W ∼= W ∗ ∼= W

and define w∗1 = w2 ∧w3, w
∗
2 = w3 ∧w1, w

∗
3 = w1 ∧w2. Then in the space Σ2, we have

(6.6) g(w∗1, w
∗
2, w

∗
3) = 0.

If w1, w2, w3 are linearly independent, so are w∗1, w∗2, w∗3, and in fact any u in W is

determined by

(6.7) Ru = 〈u,w1〉w∗1 + 〈u,w2〉w∗2 + 〈u,w3〉w∗3.

If w1, w2, w3 are covariants of f ∈ V2m, then viewing f as an element of Σm, i.e.

a polynomial of degree m in W , we can express Rmf as a polynomial in the w∗i ;

this polynomial is unique if we also impose the condition of being g-harmonic. The

coefficients of this polynomial are necessarily SO(3)-invariant.

In this way we can recover f from the wi and the invariants associated to f . In

other words, we have the diagram

(6.8)

V2m W⊕3

A2m W⊕3//SO(3)

and away from the vanishing locus of R, we have an isomorphism

(6.9) V2m
∼= A2m ×W⊕3//SO(3) W

⊕3.
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7. The Genus 2 Case

7.1. Constructing the Twisted Representation. Much of this was done by work

of Mestre. Here three covariant binary quadratic forms x1, x2, x3 are constructed,

whose determinant R gives essentially the only invariant of odd degree. These forms

can then be used to produce a twisted representation as long as R 6= 0. Since

the invariants are generated by R and invariants of even degree, having R = 0 is

equivalent to the Gm-stabilizer containing µ2. In particular, this case covers all

binary forms with trivial stabilizer.

However, from x1, x2, x3, we can obtain additional covariant quadratics x∗1, x∗2, x∗3.

If any of the sets {x1, x2, x3}, {x∗1, x2, x3}, {x1, x
∗
2, x3}, or {x1, x2, x

∗
3} are linearly

independent, then we may produce a twisted representation.

On the other hand, suppose we have dependence relations from all four sets. A

dependence relation between x1, x2, x
∗
3 implies x1 and x2 have a common root. The

same goes for x1 and x3, and x2 and x3. But dependence between x1, x2, x3 shows

that one of the xi is spanned by the other two, so in fact x1, x2, x3 all have a root in

common. This root will also be shared by x∗1, x∗2, x∗3. In this case the quadratic form

generated by x1, x2, x3 has rank at most 1.

We believe this exceptional case coincides with exactly the curves of nontrivial

PGL(2)-stabilizer in genus 2. However, in sufficiently high genus, no three covariant

quadratics will suffice, since the locus where a quadratic form has rank at most

1 is of codimension at most 3, whereas the locus of binary forms with nontrivial

automorphisms is of much larger codimension for g sufficiently large.

7.2. Genus 2 Curves With Stabilizer. There are two loci of genus 2 curves with

a nontrivial PGL(2)-stabilizer: ax6 + bx3z3 + cz6 and ax5z+ bx3z3 + cxz5. We would

like to know which forms have field of moduli K. To do this, note that applying

Galois will give a form in the same locus, and we wish to know whether this action

arises from a PGL(2) transformation. The transformations preserving these loci,
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except in very special cases, are extensions of µ2 by Gm. The x3z3 term is unaffected

by the Gm part, so descends to µ2. So b2 ∈ K. If b ∈ K×, then the obstruction class

d arises from Gm, and is therefore trivial.

If c = 0, then the form is not stable. So c 6= 0; after an appropriate transformation

by an element in the torus, we can assume c = 1, and then a ∈ K.

As an example, consider K = k0(t, u), and the binary form

(7.1) − tx5z +
√
ux3z3 + xz5.

The Galois group Gal(K(
√
u)/K) acts on this form by gσ, where

(7.2) gσ =


1 σ(

√
u) =

√
u0

√
t

1 0

 σ(
√
u) = −

√
u.

So the obstruction class d is described as a cochain by

(7.3) dσ,τ = gσ
σgτg

−1
στ =



−1 0

0 1

 σ(
√
t) = −

√
t, τ(
√
u) = −

√
u

1 0

0 1

 otherwise.

Identify the µ2 portion of the stabilizer with µ2 ⊆ Gm, and consider dσ,τ as having

values in Gm. Then defining

(7.4) b(σ) =


1 σ(

√
t) =

√
t

σ(
√
u) σ(

√
t) = −

√
t
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and d̃ = d ·
(
b(σ)σb(τ)b(στ)−1

)
, then we have

(7.5) d̃σ,τ =


u σ(

√
t) = −

√
t, τ(
√
t) = −

√
t

1 otherwise.

We see that the class d̃ corresponds to the quaternion algebra i2 = t, j2 = u — that

is, a universal quaternion algebra. Hence any possible obstruction in H2(K,µ2) can

occur. In particular no twisted representation exists in the generic case.

8. The Moduli Space as an SL(3)-Quotient

Let V be the space of binary forms and G = PGL(2) ∼= SO(3). We will express

the quotient V//G as a quotient E//G, for G = SL(3). In particular, K-points of E//G

will correspond to K-orbits of E by Hilbert 90. We take E to be the set of (q, F ) for q

a conic of discriminant 1 and F a ternary (g + 1)-form which is q-harmonic. Letting

G0 = SO(3) be the automorphism group of the split conic q0 and E0 the fiber over q0,

then V//G can be identified with E0//G0.

Now E0//G0 is a graded ring of SO(3)-invariant q0-harmonic polynomials. By the

First Fundamental Theorem for invariants of SO(3), invariants of multiple linear

forms are generated by the bilinear forms and the determinant forms. Hence all

covariants can be specified in terms of the bilinear form, the determinant form, and

the identification of the standard representation with its dual. On the other hand,

these functions all extend to regular functions on E which are SL(3)-invariant. We

conclude that the map

(8.1) E0//G0 → E//G

is an isomorphism.
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Part 2. The 2-Selmer Group May be Arbitrarily Large

9. Introduction

Let K be a field of characteristic not equal to 2, and J be an abelian variety defined

over K. An important problem in number theory is to describe the abelian group

J(K) of K-points of J . Examples of abelian varieties J which one could be interested

in include elliptic curves, or more generally, Jacobians of arbitrary curves.

If K is a number field, then the Mordell-Weil theorem implies J(K) is finitely

generated. The torsion subgroup is well understood, so in order to determine the

structure of J(K), it’s enough to find its rank.

Often, in order to study J(K) one looks at simpler objects — the so-called weak

Mordell-Weil groups J(K)/mJ(K) where m > 1 is an integer. These groups are

finite, an in fact understanding J(K)/mJ(K) for anym > 1 can be used to determine

J(K). This is true for two reasons. One is that, if the torsion part of J(K) is known,

then one can compute the rank of J(K). If p is any prime dividing m, then

(9.1) rank J(K) = dimFp J(K)/pJ(K)− dimFp J(K)tor/pJ(K)tor.

Another is that, in the proof of the Mordell-Weil theorem, there is an algorithm

that, given a finite generating set of J(K)/mJ(K), produces a finite generating set

of J(K).

On the other hand, the finiteness of J(K)/mJ(K), and one method to determine

the group, follows from a descent argument. We will be interested in the case m = 2.

Recall that the exact sequence

(9.2) 0→ J [2]→ J
2−→ J → 0

of étale group schemes gives rise to an exact sequence

(9.3) 0→ J(K)/2J(K)
δ−→ H1(K, J [2])

j−→ H1(K, J)[2]→ 0
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where we have written H i(K,M) for the Galois cohomology group

(9.4) H i(K,M) = H i(Gal(Ks/K),M(Ks)).

In the case that K is a global field, for every place v of K we may write α 7→ αv for

the natural map H1(K, J [2]) → H1(Kv, J [2]), and δv and jv for the corresponding

maps in the sequence (9.3). Then the 2-Selmer group is

(9.5) S2(K, J) = {α ∈ H1(K, J [2]) : jv(αv) = 0 ∀ v}.

That is, a cohomology class α ∈ H1(K, J [2]) lies in S2(K, J) if and only if αv comes

from an element of J(Kv)/2J(Kv) for every place v. In particular, J(K)/2J(K)

embeds into S2(K, J), and this embedding fits into an exact sequence

(9.6) 0→ J(K)/2J(K)→ S2(K, J)→Ш[2]→ 0

where Ш denotes the Shafarevich-Tate group of J , and is defined as

(9.7) Ш = {θ ∈ H1(K, J) : θv = 0 ∀ v}.

The importance of the 2-Selmer group comes from the following fact:

Fact 9.1. S2(K, J) is finite.

Knowing the size of S2(K, J) would allow us to bound J(K)/2J(K), and therefore

the rank of J .

We can in fact say more, which allows an effective bound on the size of S2(K, J).

If v is a finite place not dividing 2 for which J has good reduction, then the local

condition jv(αv) = 0 is simple to describe, and the conditions for all such v fit together

in a coherent manner. As a special case, consider the situation where J [2] consists

entirely of K-points. Then the set H1(K, J [2]), which naturally contains S2(K, J),
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has the form

(9.8) H1(K, J [2]) ∼= H1(K, (Z/2Z)⊕2g) ∼=
∏
2g

K×/(K×)2

where g is the dimension of J . Now for the all but finitely many v described above,

we have

(9.9) jv(αv) = 0 ⇐⇒ αv ∈
∏
2g

O×v /(O×v )2.

If we take S to be the set of places dividing 2, the real places, and the primes where J

has bad reduction, then if α ∈ S2(K, J), then in particular we must have jv(αv) = 0

for α /∈ S. This nearly implies α ∈
∏

2gO
×
S /(O

×
S )2; it will be true if we enlarge S to

contain all 2-torsion in the class group. But now, the structure of O×S shows that α

is contained in an explicitly finite set. This allows us to compute S2(K, J), since it is

a subset of this finite set described by the remaining local conditions jv(αv) = 0 for

v ∈ S.

However, this argument also shows the difficulties in trying to produce a J with

high rank, or even high 2-Selmer rank. Indeed, there is a uniform bound of the form

(9.10) |S2(K, J)| ≤ f(g,K, |S|)

and so if we were to fix g andK, in order for S2(K, J) to be large, we would necessarily

have to make S large. But this is the set of v for which the local condition jv(αv) = 0

is not solved by the above criterion. For these v, we have something to check.

We provide another method of verifying local conditions in Section 10. Checking

that jv(αv) = 0 is equivalent to showing α ∈ im(δv), and we may describe im(δv) by

applying δv to specific elements of J(Kv)/2J(Kv). We examine specifically the case

of 2-torsion points; this amounts to considering the embedding

(9.11) J(Kv)[2]/2J(Kv)[4] ↪→ J(Kv)/2J(Kv).
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On the other hand, this embedding is often surjective, in which case we can describe

all of im(δv). We have:

Proposition 9.2. Suppose v is a finite place not dividing 2. Then we have an

isomorphism

(9.12) J(Kv)/2J(Kv) ∼= J(Kv)[2].

Corollary 9.3. For v a finite place not dividing 2, the embedding

(9.13) J(Kv)[2]/2J(Kv)[4] ↪→ J(Kv)/2J(Kv)

is an isomorphism if and only if J(Kv) contains no points of exact order 4.

Proof of proposition. If v divides an odd prime p, then J(Kv) admits a normal pro-p

subgroup of finite index. In particular, the pro-p part is 2-divisible, so if we let Q

be the quotient, then the natural map J(Kv)→ Q induces isomorphisms J(Kv)[2] ∼=

Q[2] and J(Kv)/2J(Kv) ∼= Q/2Q. However, as Q is a finite abelian group, we have

Q/2Q ∼= Q[2], and so the result follows. �

We are interested in the situation where J is the Jacobian of a hyperelliptic curve.

Now fix a positive integer g and a polynomial f(x) ∈ K[x] which is monic of degree

2g + 1 and has distinct roots. Consider the curve C defined by the equation

(9.14) y2 = f(x)

a hyperelliptic curve of genus g having a rational Weierstrass point, which we denote

by ∞. We will now consider the case where J is the Jacobian of C.
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For any d ∈ K×/(K×)2, we may consider the quadratic twist Cd defined by either

of the following two equivalent equations:

dy2 = f(x)(9.15)

y2 = d2g+1f
(x
d

)
(9.16)

Let Jd be the Jacobian of J .

The aim of this part is to show that for any number field K and any f , as d varies,

the dimension of S2(K, Jd) as an F2-vector space is unbounded. Bölling, in [2], has

shown this result in the case g = 1, and in fact shows that Шd[2] is unbounded where

Шd denotes the Shafarevich-Tate group of Jd; this part generalizes his methods to

raise the Selmer rank. We will prove that the Selmer rank may be raised in the case

of arbitrary g.

Notice that S2(K, Jd) being unbounded will imply either Jd(K)/2Jd(K) or Шd[2]

is unbounded. Given the difficulties in producing elliptic curves of high rank and the

results of Bölling’s paper, we expect that a refinement of our methods will show that

Шd[2] is unbounded for hyperelliptic curves of arbitrary genus.

Here is more precise statement of what we will prove:

Theorem 9.4. Suppose K is a number field and f and J are as above. Then there

exists d ∈ K×/(K×)2 such that

(9.17) S2(K, J) ( S2(K, Jd).

Repeatedly applying Theorem 9.4 shows that arbitrarily large ranks may occur.

This is because we may find d1, d2, . . . such that

S2

(
K, J

)
( S2

(
K, Jd1

)
(9.18)

S2

(
K, Jd1

)
( S2

(
K, (Jd1)d2

)
(9.19)
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and so on, and so we find an infinite ascending chain

(9.20) S2(K, J) ( S2(K, Jd1) ( S2(K, Jd1d2) ( · · · .

Aside from gaining some insight into the 2-Selmer groups, this specific result has

a consequence in arithmetic invariant theory. Benedict Gross in [1] has examined

the action of SO(2g + 1) on Sym2(2g + 1), the symmetric square of the standard

representation. This is equivalent to the conjugation action of SO(2g + 1) on self-

adjoint (2g+1)×(2g+1) matrices. Over a separably closed field, the generic orbits are

determined entirely by the characteristic polynomial of the matrix. More precisely,

if f is a polynomial of degree 2g + 1 with distinct roots, then any two self-adjoint

matrices with the same characteristic polynomial f are SO(2g + 1)-conjugate. On

the other hand, our results on unboundedness of the 2-Selmer rank shows:

Corollary 9.5. Let K be a number field and f(x) ∈ K[x] be a polynomial of degree

2g+ 1 with distinct roots. Then there exist infinitely many SO(2g+ 1)(K)-conjugacy

classes of (2g+1)×(2g+1) self-adjoint matrices defined over K having characteristic

polynomial f .

Indeed, for every d there is an embedding of S2(K, Jd) into the set of conjugacy

classes.

10. Cohomology Classes Arising From 2-Torsion

We now return to K being an arbitrary field of odd characteristic. With f as

before, we let ei be the roots of f , so that over an algebraic closure of K, we have

(10.1) f(x) = (x− e1)(x− e2) · · · (x− e2g+1).

The significance of the ei is that the Weierstrass points of C other than ∞ are the

points (ei, 0). Let L be the étale K-algebra K[x]/f(x), and let β be the image of x

in this quotient.
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Proposition 10.1. We have an identification of Galois modules

(10.2) J [2] ∼= (ResL/Kµ2)N=1,

which results in

(10.3) H1(K, J [2]) ∼= (L×/(L×)2)N≡1

consisting of those elements of L×/(L×)2 whose norm is a square.

Proof. Any 2-torsion point P of J may be expressed as a linear combination of Weier-

strass points, whose degree is zero. So P may be expressed as a linear combination

of (ei, 0)− (∞)’s. On the other hand, we have the unique relation

(10.4) (e1, 0) + · · ·+ (e2g+1, 0) = (2g + 1) · (∞).

(Existence is shown by considering the principal divisor (y).) So P may be expressible

uniquely in the form

(10.5) P = (ei1 , 0) + · · ·+ (ei2r , 0)− 2r(∞), 1 ≤ i1 < · · · < i2r ≤ 2g + 1

for some r. Using this characterization, we obtain a map J [2](Ks) → µ2 ⊗K L =

ResL/Kµ2 by P 7→ χP , where χP is a function on the ei defined by

(10.6) χP (ei) =


−1 i = i1, · · · i2r

1 otherwise.

The map P 7→ χP is compatible with the action of the Galois group, and is injective

with image the elements of norm 1. This shows J [2] ∼= (ResL/Kµ2)N=1.
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Before determining H1, we note that this submodule of ResL/Kµ2 actually splits

as

(10.7) ResL/Kµ2 =
(

ResL/Kµ2

)
N=1
⊕ µ2

where the µ2 summand consists of the constant functions {e1, e2, . . . , e2g+1} → ±1.

Indeed, the nontrivial element of µ2 has norm (−1)2g+1 = −1. Now from this splitting

and the Kummer sequence, we obtain a splitting

(10.8) L×/(L×)2 ∼= H1
(
K, (ResL/Kµ2)N=1

)
⊕K×/(K×)2

where the map L×/(L×)2 → K×/(K×)2 arises from the norm map L× → K×. This

proves

(10.9) H1
(
K, (ResL/Kµ2)N=1

)
∼= (L×/(L×)2)N≡1

which gives us what we wanted. �

Under the identification given by (10.3), our map δ may be considered as a map

δ : J(K)/2J(K)→ (L×/(L×)2)N≡1. We wish to describe the image of δ restricted to

the domain J(K)[2]/2J(K)[4]. Note that if J(K) contains no point of exact order 4,

then this will determine δ entirely. Recall from the above proof that any 2-torsion

point P of J may be expressible uniquely in the form

(10.10) P = (ei1 , 0) + · · ·+ (ei2r , 0)− 2r(∞), 1 ≤ i1 < · · · < i2r ≤ 2g + 1
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for some r. The point P determines a factorization of f into polynomials of odd and

even degree, namely

f0(x) =
2r∏
j=1

(x− eij)(10.11)

f1(x) =
f(x)

f0(x)
.(10.12)

From this factorization we obtain a decomposition of L as

(10.13) L ∼= L/f0(β)⊕ L/f1(β).

and can represent elements of L according to this identification. In other words, γ ∈ L

has the form (γ0, γ1) if and only if γ ≡ γ0 (mod f0(β)) and γ ≡ γ1 (mod f1(β)).

In [3], it is shown that

δ(P ) = f0(β)− f1(β)(10.14)

= (−f1(β), f0(β)).(10.15)

Suppose now that d ∈ K×/(K×)2 and we replace J by Jd. Under the definition of

Cd via (9.16), we see that ei and β are replaced by dei and dβ, respectively. Hence

δ(P ) will be replaced by

δd(P ) = (−df1(β), f0(β))(10.16)

= f0(β)− df1(β).(10.17)

In particular, we see that the cohomology class f0 − df1(β) is contained in im δd =

ker jd.
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Now the map jd has been given a description in terms of homogeneous spaces as

part of X. Wang’s thesis [4]. Let T : L→ L be the linear map given by

T (µ) = β2g coefficient of µ(10.18)

= Tr

(
µ

f ′(β)

)
.(10.19)

Then given α ∈ (L×/(L×)2)N≡1, we associate the pencil of quadrics in P(L ⊕K) ∼=

P2g+1 defined by

Q(λ, a) = T (αλ2)(10.20)

Q′(λ, a) = T (αβλ2) + da2.(10.21)

Fact 10.2. jd(α) is the Fano variety of the base locus of this pencil. That is to say,

(10.22)

ker jd =
{
α ∈ (L×/(L×)2)N≡1 : ∃V ∈ G(g − 1, 2g + 1)(K) with Q|V = Q′|V = 0

}
.

For reference, we will explicitly describe a (g − 1)-plane that trivializes the homo-

geneous space jd(δd(P )) for P a 2-torsion point of Jd. (Such a plane must exist since

jd ◦ δd is the zero map on cohomology.) Indeed, for δd(P ) as described by (10.16), let

deg f0 = 2g0 and deg f1 = 2g1 + 1, with g0 + g1 = g.

Proposition 10.3. The linear subspace

(10.23)

V =
{

(λ, a) : λ =
(
R0(β), R1(β)

)
: degRi ≤ gi − 1(i = 1, 2), R0(β) = aβg0−1 + · · ·

}
of P(L⊕K) of dimension g − 1 has the property that the quadrics Q and Q′ vanish

on all of V .
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Proof. Let α = δd(P ) = (−df1(β), f0(β)). Observe that for (λ, a) ∈ V , we have

αλ2 =
(
−df1(β)R0(β)2, f0(β)R1(β)2

)
(10.24)

= f0(β)R1(β)2 − df1(β)R0(β)2.(10.25)

But f0(β)R1(β)2 has degree at most 2g0 + 2(g1 − 1) = 2g − 2, while df1(β)R0(β)2

has degree at most (2g1 + 1) + 2(g0 − 1) = 2g − 1. In particular, we see that αλ2 is

expressible as a polynomial in β of degree at most 2g− 1, and with β2g−1 term equal

to −da2. Hence we see that T (αλ2) = 0 and T (αβλ2) = −da2, so that the quadrics

(10.20) and (10.21) vanish. �

11. Proof of Theorem 9.4

Recall that we are given a polynomial f(x) ∈ K[x] of degree 2g + 1, and J the

Jacobian of the hyperelliptic curve y2 = f(x). We wish to find d such that S2(K, Jd)

strictly contains S2(K, J).

We may construct such d using Cebotarev. Given any finite Galois extension K̃

of K, we may find a prime ideal p of OK whose Frobenius element is given by any

element of Gal(K̃/K) we choose. In particular, we may find p which splits in K̃. If

K̃ contains the Hilbert class field of K, then p is principal, of the form (π) for some

π. We may consider d = π or d equal to a product of multiple such π’s. In addition,

the local field Kπ will contain K̃, so we may set K̃ up to simplify the local condition

at π.

Recall that for all but finitely many places v of K, the local condition at v amounts

to a simple criterion:

Proposition 11.1. Suppose θ ∈ (L×/(L×)2)N≡1 and v is a finite place not dividing

2, such that J has good reduction at v. Then the following are equivalent:

(1) jv(θv) = 0.

(2) The restriction of θv to Kur
v is zero.
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(3) valv

(
θ(ei)

)
is even for all i.

(4) θv has a representative in
(
O×Lv

/(O×Lv
)2
)
N≡1

.

Proof. (1) ⇐⇒ (2): This holds for arbitrary abelian varieties. Consider the diagram

(11.1)

H1
(
Ẑ, J(Kur

v )[2]
)

H1
(
Ẑ, J(Kur

v )
)

[2]

0 J(Kv)/2J(Kv) H1(Kv, J [2]) H1(Kv, J)[2] 0

0 J(Kur
v )/2J(Kur

v ) H1(Kur
v , J [2]) H1(Kur

v , J)[2] 0

jv

res

where Ẑ is identified with Gal(Kur
v /Kv) by choosing the Frobenius as a topological

generator. We want to show that jv(θv) = 0 if and only if res(θv) = 0. The “if”

implication follows from H1
(
Ẑ, J(Kur

v )
)

[2] = 0, while the “only if” implication follows

from J(Kur
v )/2J(Kur

v ) = 0.

To see these, we use the reduction exact sequence

(11.2) 0→ J1(Kur
v )→ J(Kur

v )→ J(kv)→ 0

where kv is the residue field of Kv and J1 is the kernel of reduction. J1 is pro-` where

` is the residue characteristic of v, so multiplication by 2 is invertible. Also J(kv)

is divisible, so J(Kur
v ) is 2-divisible. This gives J(Kur

v )/2J(Kur
v ) = 0. For H1, we

consider the cohomology of the exact sequence, and note that J(Kv)→ J(kv) is still

surjective, so we find

(11.3) 0→ H1
(
Ẑ, J1(Kur

v )
)
→ H1

(
Ẑ, J(Kur

v )
)
→ H1

(
Ẑ, J(kv)

)
and the last term is zero by Lang’s theorem. So H1

(
Ẑ, J(Kur

v )
)
∼= H1

(
Ẑ, J1(Kur

v )
)
,

on which multiplication by 2 is invertible. In particular, the 2-torsion subgroup is

trivial, as claimed.
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(2) =⇒ (3): We’re given that θv is a square in Lur
v . In particular, each θv(ei) is a

square in Lur
v , so must have even valuation.

(3) =⇒ (4): The integers ni = valv

(
θ(ei)

)
are even and preserved under the

action of Galois. Letting $ be a uniformizer of Kv, then there exists a unique

ϑ ∈ L×v with ϑ(ei) = $
ni
2 . Now θ

ϑ2
∈ O×Lv

.

(4) =⇒ (1): It’s enough to show that O×Lur
v
/(O×Lur

v
)2 is trivial. Since J has good

reduction at v, all ei lie in Kur
v . So O×Lur

v
is isomorphic to a product of 2g copies of

O×Kur
v
, and every element of O×Kur

v
is a square. �

Now in order to show that a given θ ∈ H1(K, Jd[2]) lies in S2(K, Jd), we may apply

the criterion in Proposition 11.1 for all places except those dividing 2d∆∞, where

∆ is the discriminant of f . Now the places dividing 2∆∞ are fixed, and so we will

choose the primes dividing d to behave “nicely” at these places. Then only the places

dividing d remain to be checked.

11.1. The Reducible Case. Suppose f(x) ∈ K[x] is reducible, and fix a factoriza-

tion f = f0f1 with f0 nonconstant, and as before f0 having even degree and f1 having

odd degree. Let K̃ be a finite Galois extension of K such that the following hold:

(1) K̃ contains the ray class field K(8∆∞) to modulus 8∆∞, for ∆ the discrim-

inant of f .

(2) K̃ contains E and square roots of the f0(ei) and the −f1(ei).

(3) The restriction of S2(K, J) to K̃ is zero. This can be done since S2(K, J) is a

finite subgroup of H1(K, J [2]) and every Galois cocycle becomes trivial when

restricted to an appropriate finite extension. Explicitly, if θ ∈ H1(K, J [2]) ∼=

(L×/(L×)2)N≡1 is given by a function {e1, . . . , e2g+1} → K×/(K×)2 with norm

a square, then θ becomes trivial over a field containing square roots of all θ(ei).

There exists a prime ideal p of OK which splits in K̃. Such a p is principal, of the

form (π) for some totally positive π ≡ 1 (mod 8∆). We also see that K̃ embeds into
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the local field Kp = Kπ. Now set d = π and define α ∈ L×/(L×)2 by

(11.4) α ≡ π (mod f0), α ≡ 1 (mod f1)

having norm πdeg f0 , a square. That is, α = (π, 1) according to our notation. We will

see that α /∈ S2(K, J) and that S2(K, J) ∪ {α} ⊆ S2(K, Jπ).

Proof that S2(K, J) ⊆ S2(K, Jπ). Suppose θ ∈ S2(K, J). We wish to show that θ ∈

S2(K, Jπ as well. For v not dividing 2, π, ∆, or ∞, we verify the Selmer condition

at v by applying Proposition 11.1. We want that θv restricts to zero in Kur
v for these

v. But this must be true since θ was in S2(K, J) to begin with.

For v dividing 2, ∆, or ∞, π ∈ (K×v )2, so that J and Jπ are isomorphic over Kv.

Hence θ still satisfies the Selmer condition at v.

Finally, at π, θπ is in fact the trivial class in H1(Kπ, J
π[2]) by design, asKπ contains

K̃. �

Proof that α /∈ S2(K, J). Since the image of S2(K, J) in H1(Kπ, J
π[2]) is trivial, it is

enough to show that απ is nontrivial. Indeed if απ were trivial, then we would have

απ(ei) ∈ (K×π )2 for every i. But π /∈ ((Kπ)×)2, a contradiction. �

Proof that α ∈ S2(K, Jπ). To see that α satisfies the Selmer condition for v not di-

viding 2, π, ∆, or ∞, we apply Proposition 11.1. For these v, we have π ∈ O×v , and

therefore αv ∈ O×Lv
.

For v dividing 2, ∆, or∞, again we use the fact that π ∈ (K×v )2. Replacing π with

a square root in the expression (11.4) shows that αv is trivial.

Finally, at π, the class (−f1(β), f0(β)) is trivial in Kπ. Therefore we have απ =

(−πf1(β), f0(β)) and so by (10.16), απ = δπ(P ) where P ∈ J(K)[2] corresponds to

the factorization f = f0f1. �

11.2. The Irreducible Case. Since f is irreducible, the group Γ embeds into S2g+1

as a transitive subgroup. Fix a root e1 of f , and let E1 = K(e1). e1 determines a
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factorization f = f0f1 in E1[x], with f1(x) = x − e1. By the work of the previous

section, we could certainly raise the Selmer rank if we were working over E, or even

E1; our goal here is to show that enough of the argument in the previous section

descends to K, and then patch up the holes that remain.

To motivate the construction of our new elements of H1(K, J [2]), over E and using

the factorization of f above, we can produce elements such as

(11.5) α = (1,Π,Π, . . . ,Π)

for some appropriate Π ∈ OE, which resemble the elements used in the reducible

case. However, such an α does not lie in L and so we need to multiply α by its Galois

conjugates, also keeping in mind the action of Gal(E/K) on roots of f . This product

results in an element of L× whose value at ei is the product of all σΠ over σ such

that σ(e1) 6= ei. These elements are the ones we will consider.

We will choose primes according to the following:

Lemma 11.2. There exist elements Π and Π′ of E, generating distinct prime ideals,

such that the following hold:

(1) Π and Π′ are totally positive and congruent to 1 modulo 8∆.

(2) S2(K, J) restricts to zero in KΠ and KΠ′.

(3) KΠ and KΠ′ contain square roots of −f1(ei) and f0(ei).

(4)
(

Π
Π′

)
=
(

Π′

Π

)
= 1. Here

(•
•

)
denotes the quadratic character.

(5) For every nontrivial σ ∈ Γ, we have

(11.6)
(
σΠ′

Π′

)
=

(
σΠ

Π′

)
=

(
σΠ′

Π

)
=

(
σΠ

Π

)
.
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Suppose now we set

Π = NE/E1Π(11.7)

π = NE1/KΠ(11.8)

and for 1 ≤ i ≤ 2g + 1, we define Πi = σΠ if σe1 = ei; this is well-defined. Define

γ ∈ L× by

(11.9) γ(ei) = πΠ
−1

i .

In particular, the norm of γ is π2g, a square. Π
′, π′, Π

′
i, and γ′ are defined analo-

gously. Hence γ and γ′ are elements of H1(K, J [2]).

(6) We can arrange that γv = γ′v for every v which is either real or divides 2∆.

Proof. Fix a finite Galois extension F of E containing square roots of −f1(ei) and

f0(ei), such that the restriction of S2(K, J) to F is zero. Now for j ≥ 1, we inductively

define Π(j) as follows: let Ẽ be the Galois closure of

(11.10) E

(
8∆∞

∏
k<j

Π(k)

)
F

over E.

Claim 11.3. All of the σΠ(k) for k < j and nontrivial σ ∈ Γ are unramified in Ẽ.

(To see the claim, the σΠ(k) do not divide 8∆∞
∏

k<j Π(k) so do not ramify over

the ray class field. They do not ramify over F because the Π(k) split over F , which

we will see by construction.)

As a result, Ẽ along with each of the E
(√

σΠ(k)
)
— taken over nontrivial σ ∈ Γ

and k < j — are linearly disjoint over E. Hence for Ê a finite Galois extension of E

containing Ẽ and the E
(√

σΠ(k)
)
, there exists τ ∈ Gal(Ê/E) such that τ restricted
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to Ẽ is trivial, while

(11.11)
τ
√
σΠ(k)

√
σΠ(k)

=

(
σΠ(k)

Π(k)

)
for every nontrivial σ ∈ Γ and k < j. Now there exists a prime p of OK which splits

over E, such that for some P dividing p in E, the Frobenius of P on Ê is given by

the conjugacy class of τ . Take Π(j) to be an appropriate generator of P. So Π(j) has

the following properties:

(1) The σΠ(j) are all distinct as σ ∈ Gal(E/K) varies.

(2) Π(j) is totally positive.

(3) Π(j) ≡ 1 (mod 8∆).

(4) Π(j) ≡ 1 (mod Π(k)) for every k < j.

(5) P = (Π) splits over F .

(6)
(
σΠ(k)

Π(j)

)
=
(
σΠ(k)

Π(k)

)
for every k < j and nontrivial σ.

Now if we were to take Π = Π(k) and Π′ = Π(j) for some k < j, then all of the

conditions of Lemma 11.2 will be satisfied except possibly

(11.12)
(
σΠ′

Π′

)
=

(
σΠ

Π

)
for all nontrivial σ ∈ Γ, and assertion (6). To see this, assertions (1) through (3) are

clear. Π′ ≡ 1 (mod Π) implies in particular
(

Π′

Π

)
= 1, and then quadratic reciprocity

implies
(

Π
Π′

)
= 1 as well. We also have

(
σΠ
Π′

)
=
(
σΠ
Π

)
and

(11.13)
(
σΠ′

Π

)
=

(
Π

σΠ′

)
=

(
σ−1Π

Π′

)
=

(
σ−1Π

Π

)
=

(
Π

σΠ

)
=

(
σΠ

Π

)
.

We also “nearly” obtain assertion (6). For v dividing 2, ∆, or ∞, we find that Π,

Π′, and their images under Γ all lie in ((Ev)×)2. Hence γv and γ′v both restrict to zero
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in H1(Ev, J [2]), meaning they are both inflated from elements of H1(Γv, J(Ev)[2]), a

finite group.

Finally, by the Pigeonhole Principle, we can choose k < j such that (11.12) and

assertion (6) both hold as well. This is because the tuples

(11.14)

((
σΠ(k)

Π(k)

)
σ 6=1

,
(
γ(k)
v

)
v|2∆∞

)

all lie in a finite set, and so some two must agree. For such a k and j, Π and Π′

satisfy all of the desired assertions. �

Now we take d = ππ′ and α = γγ′. For the primes dividing d, observe that

Kπ
∼= EΠ and Kπ′

∼= EΠ′ .

Again we show that α /∈ S2(K, J) and that S2(K, J)∪{α} ⊆ S2(K, Jd). The proofs

that S2(K, J) ⊆ S2(K, Jd) and α /∈ S2(K, J) are essentially the same as before.

Proof that α ∈ S2(K, Jd). The criterion in Proposition 11.1 is clearly satisfied by both

γ and γ′, hence α. For v dividing 2, ∆, or ∞, we have γv = γ′v, and so αv = γ2
v = 1.

Finally, it remains to check the local conditions at π and π′. By symmetry in the

assertions in Lemma 11.2, we will simply check at π. In Kπ
∼= EΠ, observe that

Π′ ∈ (O×Π)2 and (σΠ)(σΠ′) ∈ (O×Π)2 for nontrivial σ ∈ Γ. Hence modulo square

factors, we have

d ≡ Π(11.15)

ππ′(ΠiΠi)
−1 ≡


1 i = 1

Π otherwise
(11.16)

and so we can conclude that αΠ = (Π, 1) = (d, 1) = (−df1(β), f0(β)) with our choice

of f0 and f1. Again we are done by (10.16). �



References

[1] M. Bhargava and B. Gross. The average size of the 2-selmer group of jacobians of hyperelliptic
curves having a rational weierstrass point. http://arxiv.org/abs/1208.1007.

[2] R. Bölling. Die ordnung der schafarewitsch-tate-gruppe kann beliebig gross werden. Math.
Nachr., 67:157–179, 1975.

[3] E. Schaefer. 2-descent on the jacobians of hyperelliptic curves. J. Number Theory, 51:219–232,
1995.

[4] X. Wang. Maximal linear spaces contained in the base loci of pencils of quadrics. Ph.D. Thesis,
2013. Ph.D. Thesis, Harvard University, http://arxiv.org/pdf/1302.2385.pdf.

47


