
Slow Dynamics in Quantum Matter: The Role of 
Dimensionality, Disorder and Dissipation

Citation
Agarwal, Kartiek. 2016. Slow Dynamics in Quantum Matter: The Role of Dimensionality, Disorder 
and Dissipation. Doctoral dissertation, Harvard University, Graduate School of Arts & Sciences.

Permanent link
http://nrs.harvard.edu/urn-3:HUL.InstRepos:33493505

Terms of Use
This article was downloaded from Harvard University’s DASH repository, and is made available 
under the terms and conditions applicable to Other Posted Material, as set forth at http://
nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA

Share Your Story
The Harvard community has made this article openly available.
Please share how this access benefits you.  Submit a story .

Accessibility

http://nrs.harvard.edu/urn-3:HUL.InstRepos:33493505
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://osc.hul.harvard.edu/dash/open-access-feedback?handle=&title=Slow%20Dynamics%20in%20Quantum%20Matter:%20The%20Role%20of%20Dimensionality,%20Disorder%20and%20Dissipation&community=1/1&collection=1/4927603&owningCollection1/4927603&harvardAuthors=10273d9afb03fcb5cf05648ce1554711&departmentPhysics
https://dash.harvard.edu/pages/accessibility


Slow Dynamics in Quantum Matter: The Role of
Dimensionality, Disorder and Dissipation

A dissertation presented

by

Kartiek Agarwal

to

The Department of Physics

in partial fulfillment of the requirements

for the degree of

Doctor of Philosophy

in the subject of

Physics

Harvard University

Cambridge, Massachusetts

May 2016



c�2016 - Kartiek Agarwal

All rights reserved.



Thesis advisor Author

Eugene A. Demler Kartiek Agarwal

Slow Dynamics in Quantum Matter: The Role of

Dimensionality, Disorder and Dissipation

Abstract
A central goal in the study of modern condensed matter physics is the characterization

of the dynamical properties of quantum systems. Many decades of e↵ort towards this

goal, studying a diverse range of (near-equilibrium) quantum matter, from Fermi

liquids, to quantum two-level systems, to interacting spin models, and more, has

revealed a remarkable pervasiveness of the simple dynamical description of these

complex systems in terms of quasi-particles that carry spin, charge, and heat, and

that are generally able to equilibrate systems.

This thesis is an examination of some exceptions to this rule. Specifically, we study

a number of instances of quantum matter where equilibration phenomena happens at

rather long time scales, or does not occur at all. Particular emphasis is laid on the

role of dimensionality, disorder, and dissipation in engendering such novel dynamical

behavior.

First, we consider non-equilibrium dynamics in one-dimensional quasi-condensates.

Low dimensionality inhibits scattering in these systems, and low-energy excitations

are long-lived phase fluctuations that exhibit an enriched conformal symmetry. Uti-

lizing this symmetry, we generalize sudden quenches typically used to study non-
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equilibrium dynamics to quenches along general relativistic and conformal trajecto-

ries. Gases never truly equilibrate after such a quench; instead, they evolve into a

‘prethermal’ state with thermal-looking correlations and a chiral asymmetry.

We then study the problem of the dynamical transition driven by disorder, from

an ergodic to a non-ergodic phase, in one-dimensional quantum spin chains. In par-

ticular, in XXZ chains with on-site disorder, we find a unique intermediate phase

straddling the boundary of the dynamical phase transition, wherein rare-region ef-

fects lead to long-time tails in equilibration and vanishing DC conduction before the

onset of non-ergodicity. We propose generalizations of such ‘Gri�ths’ behavior to ar-

bitrary dimensions. We also study the dynamics of random-bond Heisenberg chains

by developing a strong-disorder renormalization group protocol for these systems. We

discuss how magnetic noise from such disordered systems contains signatures of their

anomalous dynamical properties.

Next, we re-examine the phenomenological theory of two-level systems in amor-

phous materials in the light of new experimental evidence that these states have large

electric/magnetic dipole moments. We propose and justify an interpretation of the

model as one of tunneling electrons slowed down by a large phonon drag and discuss

the dynamical consequences of such polaronic e↵ects.

Finally, we discuss how magnetic noise measurements can be used to non-invasively

access the anomalous properties of systems such as those discussed above. In par-

ticular, we examine how scattering properties of isolated magnetic impurities and

non-local transport in a variety of two-dimensional materials can be probed experi-

mentally using NV centers as noise magnetometers.
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Chapter 1

Introduction

There are one and a half large tubes of white in the ground—yet that
ground is very dark...
Vincent Van Gogh, in a letter to his brother Theo, 3rd September, 1882

One of the defining goals in condensed matter physics is the study of the dynamical

properties of quantum systems. A-priori, this goal may not appear so herculean.

Quantum mechanics, which is the bedrock of the modern study of condensed matter,

is a linear theory wherein the time-evolution of quantum states of matter is given

by unitary operators. Specifically, a state | i can be evolved in time to | i (t) by

a straightforward application of the unitary time-evolution operator U(t) = e�iHt

where H is the Hamiltonian of the system under consideration. The simplicity of

this equation is, however, misleading. For one, the Hamiltonian of a system that is

limited to a physical space of size V typically governs dynamics over a Hilbert space

that scales exponentially in V , quickly making the above, formally exact approach,

intractable. Moreover, even if the physical system of interest is reasonably small

and well-described by a tractable Hamiltonian, the dynamics is complicated by the
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presence of a background, or a bath, which encapsulates the system, and which itself

can be intractably large.

The above considerations compel us to arrive at a description of the dynamics by

approximate methods. But the development of such methods is not only motivated

by our inability to solve the problem exactly, it is also, in itself, an indispensable

goal because it allows us to appreciate more deeply the general structure of dynamics

that both unites and distinguishes di↵erent physical systems. For instance, Landau’s

Fermi liquid theory [210] impresses upon us the validity of understanding an electron

moving in a zoo of other, interacting electrons, as yet a ‘quasi-particle’; interactions

simply ‘dress’ the electron, reducing its ‘quasiparticle weight’, and provide it with

a ‘relaxation rate’ given by its scattering properties. One can then formulate the

dynamical response of a gas of interacting electrons as an equation on the statistical

distribution of parameters (such as spin, velocity, position) that describe the quasi-

particle in time. This is the general philosophy espoused by the Boltzmann kinetic

theory (which, it must be noted, is antecedent to Fermi Liquid Theory by almost a

century) that can be used to derive Drude conductivity, di↵usion and other forms of

‘conventional’ transport behavior.

Alternatively, in the study of isolated qubits (quantum bits), which can describe

in appropriate circumstances, the dynamics of relevant states in atoms, defects in

materials [9], or macroscopic phase coherent systems like Josephson Junctions [191],

a useful method is that of Born-Markov equations [31] of motion. These equations

describe the time evolution of the density matrix of the quantum bit by treating the

‘background’ or bath perturbatively. A popular assumption used in such a program is

2
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to treat the bath as being incoherent on the time-scales of the qubit’s time evolution;

this allows one to approximate the bath’s spectral functions as Gaussian, uncorrelated

white noise and the result is that the qubit simply acquires a life-time.

The above discussion repeatedly highlights a simple observation: much of what is

conventional dynamical behavior can be understood in terms of excitations or quasi-

particles described by a renormalized frequency, and a life-time that governs their

decay. Non-thermal correlations generated due to a non-equilibrium population 1 of

these quasiparticles relax to equilibrium due to the spreading of these excitations. In

particular, auto-correlations of observables that are not conserved, such as a particular

momentum state of a quasi-particle or the polarization of two-level systems decay

exponentially (just like the constituent quasi-particles themselves). On the other

hand, observables related to globally conserved quantities, such as the local particle-

number (or density) relax to equilibrium values either due to a ballistic spread of

quasi-particles, or by di↵usion. These two recurring scenarios are associated with

dynamical exponents z = 1 (ballistic) and z = 2 (di↵usive) that relate the spread of

correlations in space and time. One way to rationalize the pervasiveness of di↵usion,

for instance, is to argue that the relaxation rate of a density ripple ⇢~q of finite wave-

vector ~q (which is orthogonal to the the total density, ~q = ~0, and hence, not conserved)

goes as ⇠ |~q|2. The latter can be motivated by the use of the symmetry ~q $ �~q

and the fact that a spatially homogeneous density ripple (at ~q = ~0) does not decay

in time due to the conservation of the total density of the system. Di↵usion can

also be rationalized in terms of random walks and the stability of the Central Limit

1To be precise, the quasi-particle description is expected to hold in systems that are not drastically
far away from equilibrium.
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Theorem [30].

Given the simplicity and ubiquity of such ‘conventional’ dynamical descriptions,

it is the exceptions to the rule that garner most interest. In some sense, the very goal

of modern condensed matter physics, is to unearth such instances and rationalize

them using considerations that are as general as possible. This thesis aims to follow

in this modern tradition but, as is obvious by the very magnitude of the endeavor,

it is not, by any stretch of the imagination, an exhaustive e↵ort towards this goal.

Instead, the aim of this thesis is to highlight certain instances of unconventionally

‘slow’ dynamical behavior in condensed matter systems, with the aim of emphasizing

the role played by three di↵erent facets that lead to such behavior: dimensionality,

disorder, and dissipation.

(By ‘slow’, we refer to behavior wherein quantum correlations relax to equilib-

rium values on time-scales much longer than those expected from considerations of

di↵usion and relaxation of the quasi-particles in the system. Note that, even in this

sense, this thesis does not cover a wealth of instances that the reader may find just

as compelling. To wit, some examples are hydrodynamic long-time tails in fluids [63],

critical slowing down near quantum phase transitions [225], glassy behavior in classi-

cal spin systems [179], topologically-protected boundary currents [24] and non-Fermi

liquid behavior in heavy-fermion systems [247].)

The chapters that focus on dimensionality, and dissipation, in particular, discuss

theoretical e↵orts that can be viewed as novel applications of theories that are now

well established; that of Luttinger liquid theory [94], and the spin-boson model [162].

However, the work presented in this thesis on unconventional dynamical behavior in

4



Chapter 1: Introduction

disordered systems addresses questions that are truly at the forefront of research.

These questions, in particular, relate to the physics of the many-body-localization

transition [21]. A final aim of this thesis, as espoused in the last chapter, is to

describe novel probes that can measure such dynamics in condensed matter systems.

1.1 Slow Quantum Dynamics: The role of dimen-

sionality

Owing to limited phase space, scattering between particles becomes increasingly

di�cult as the dimensionality of the system is lowered. In the extreme one-dimensional

limit, for instance, two classical particles of equal mass colliding with one another elas-

tically have no option but to simply exchange their momenta. Alternatively, if a single

particle amongst a line of such particles is given a momentum kick, the ‘collective

mode’ carrying this momentum will continue to propagate indefinitely. This makes

equilibration in one-dimensional gases especially hard. In the quantum-mechanical

setting, a startling consequence of the decreased scattering phase space is that the

low-energy theory of interacting electrons and bosons in one dimension can be remod-

eled into a theory of free, relativistic bosons [94]. This theory is now known as the

Luttinger Liquid theory and it describes nearly all gapless one-dimensional models;

it is completely described by two parameters: a sound velocity v that governs the

speed of the bosonic excitations, and a Luttinger parameter K that e↵ectively con-

trols the strength of quantum fluctuations in the theory. A number of results of the

theory, such as power-law correlations, fractionalization of excitations, etc. have been
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observed in a variety of materials such as organic conductors and carbon nanotubes

(see Ref. [95] and references therein).

A great avenue for studying the non-equilibrium properties of Luttinger liquids

has been that of ultra-cold atoms. Being a free theory, the occupation values of the

bosonic excitations of a Luttinger liquid, which can be categorized by their momenta,

cannot change over time. Kinoshita et al. [140] experimentally demonstrated this by

considering the dynamics of trapped one-dimensional Bose gases prepared with non-

equilibrium momentum distributions. They found that the momentum distribution

of these gases remained unaltered over extremely long periods of time limited only

by heating due to the external environment. Since then, both the experimental and

theoretical study of non-equilibrium properties of one-dimensional gases in ultra-cold

atomic systems has grown rapidly [49, 156, 227, 47, 223, 256].

An interesting hypothesis [219] is that the long-time correlations of an ‘integrable’

system can be well captured by a Generalized Gibbs’ Ensemble (GGE). Specifically,

the density matrix of the system in the long-time limit can be written as ⇢GGE =

e�
P

i

µ
i

I
i/Z, where Ii are di↵erent integrals, or constants, of the system and µi are

the corresponding chemical potentials. These potentials are chosen in a way that ⇢GGE

correctly predicts the values of Ii (which are constant over the course of dynamical

evolution). A theoretical proposal to test these ideas was put forward in Ref. [28] in

which the problem of the dynamical evolution of the phase di↵erence between two

halves of a suddenly-split quasi-one-dimensional condensate, was treated theoretically.

The splitting generated large local (atom-) number fluctuations between the two half-

condensates which were found to eventually spill over into the fluctuations of the
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phase di↵erence between the two halves. The system was predicted to enter into a

‘prethermal’ state described by a GGE in which the occupation of all modes could

be (approximately) captured by the same e↵ective temperature related to the energy

generated in the splitting process. The full distribution of the phase di↵erence was

theoretically calculated in Ref. [141] and the results were experimentally confirmed

in Ref. [103].

In Chapter 2, we study a generalization of the above quench experiment by con-

sidering the dynamics of a one-dimensional (quasi-)condensate that is split into two-

halves by a supersonically moving ‘knife-edge’. Two inter-related aims of this work

are i) to theoretically describe a new class of quantum quenches that exploit the sym-

metries of the low-energy theory of the system, in this case, the Lorentz and conformal

symmetries of a Luttinger liquid, and ii) to provide an experimental proposal to test

the consequence of these symmetries. We find that, in this ‘supersonically split’ sys-

tem, dephasing results in an unusual prethermal state, in which right- and left-moving

excitations are described by di↵erent, relativistically Doppler-shifted temperatures.

The chirality of these modes can be probed experimentally by measuring the interfer-

ence fringe contrasts with the release point of the split condensates moving at another

supersonic velocity. Further, we show that an accelerated motion of the release point

can be used to observe a space-like analogue of the Unruh e↵ect, which is a conse-

quence of the conformal symmetries of the Luttinger liquid. (The Unruh e↵ect is the

observation that a relativistic particle detector accelerating in the reference frame of

a zero-temperature quantum field observes a thermal, finite-temperature distribution

of particles of the quantum field [53].) A concrete experimental realization of this
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‘quantum zipper’ protocol for a Bose-Einstein condensate of trapped atoms on an

atom chip is also outlined.

1.2 Slow Quantum Dynamics: The role of disorder

In 1958, Anderson [8] made a striking discovery: non-interacting electrons, when

released into certain, ‘su�ciently random’ potential landscapes, cannot escape even

if they start out with ‘infinite’ energy. Remarkably, if the electrons are confined to

a one-dimensional line, ‘su�ciently random’ merely involves having infinitesimally

small randomness in the local potential. As unintuitive as Anderson’s discovery may

have then seemed, the treatment of electrons as non-interacting particles implies that

they have a direct analog in classical physics—all waves, classical or otherwise (such as

the quantum-mechanical electrons) exhibit what is known as ‘Anderson localization.’

In the Anderson-localized system, also known as the Anderson insulator, all wave-

functions have exponentially decaying tails whose size is characterized by a finite

localization length ⇠ that may be energy dependent. When an electron is inserted

locally in such a system, it has finite overlap with only a few states of the order of the

localization volume ⇠d which are all spatially localized nearby. Therefore, the electron

merely bobbles between these states indefinitely. A number of unique properties

of these systems have been discovered. The optical conductivity of an Anderson

insulator [188, 97] vanishes in the low-frequency limit as �(!) ⇠ !2 logd+1(!). Unlike

interaction-driven insulators, adiabatic local perturbations to Anderson insulators

have the capacity to re-arrange charge non-locally [137].

What has provided new impetus to the field is the recent discovery that such
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localization phenomena may persist, in certain cases, even for interacting systems [21,

202]. This phase of matter, which does not have a classical analog, is known as

the ‘many-body localized (MBL)’ phase. While the eigenstate properties of MBL

systems are in some respects similar to those of non-interacting Anderson insulators,

it is important to appreciate that the study of the MBL transition raises a much

deeper question: when does conventional statistical-mechanical behavior break down

in interacting quantum systems.

From the outset, a system governed by a formally integrable theory like quan-

tum mechanics can never truly equilibrate. However, this would hold contrary to

common observation and the laws of thermodynamics: a body of many interacting

particles will eventually end up in an equilibrium state wherein a globally uniform

temperature and chemical potential can be defined. One way to resolve this issue

is to ascertain that a quantum-mechanical system interacting with a bath (which

may be modeled classically) can reach equilibrium. A bath breaks unitarity of the

dynamics of the system of interest because it allows for the exchange of energy and

other globally conserved quantities. A more subtle question is whether an isolated

quantum-mechanical system can reach equilibrium by itself; specifically, can the lo-

cal correlations of a quantum system, which may itself be in a pure state, appear

thermal? ; can an interacting quantum system furnish enough degrees of freedom

that can serve as a bath to equilibrate a small part of the system? The Eigenstate

Thermalization Hypothesis (ETH) [67] postulates that the answer to these questions

is a yes and on account of its connection to usual thermodynamic expectations, is

widely expected to hold. The MBL phase is remarkable because it stands contrary
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to such general expectations.

Many of the properties of the MBL phase can be captured by a phenomenological

“l-bit” model [119] which contains an infinite set of spin-1/2 degrees of freedom that

serve as local integrals of motion. The presence of these integrals of motion imme-

diately guarantees that a local perturbation, such as a density ripple, is unable to

di↵usive into the background at arbitrarily late times. Alternatively, (many) correla-

tions in the system do not relax to equilibrium values even at infinite time [202]. The

model also captures the logarithmic spreading of entanglement [19] which separates

the MBL phase from usual Anderson insulators. On the other hand, at weak disor-

der, we expect a di↵using, conducting, thermalizing system that can be described by

hydrodynamics. While the non-ergodic MBL phase and the ergodic di↵usive phase

are well understood, much less is known about the phase transition that occurs as a

function of disorder between these two phases. This is not surprising since the MBL

transition does not fall into the usual category of quantum phase transitions: it does

not have thermodynamic signatures, and it involves a change in the properties of not

just the ground state of a many-body quantum system but also of excited states.

How does a system’s dynamical properties progress from having di↵usive decay of

correlations ⇠ 1/td/2 (in d spatial dimensions) in the ergodic phase to having infinite-

time memory in the MBL phase? In Chapter 3, we explore this question by numer-

ically studying the high-temperature dynamics of the disordered, one-dimensional

XXZ model near the many-body localization (MBL) transition (that has been nu-

merically established in previous works [202]). In particular, we focus on the delocal-

ized (i.e., “metallic”) phase. In the vicinity of the transition, we find that this phase
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has the following properties: (i) local magnetization fluctuations relax sub-di↵usively

with a power-law smaller than the 1/2 expected in the case of di↵usion; (ii) the a.c.

conductivity vanishes near zero frequency as a power law; (iii) the distribution of re-

sistivities becomes increasingly broad at low frequencies, approaching a power law in

the zero-frequency limit. We argue that these e↵ects can be understood in a unified

way if the metallic phase near the MBL transition is a delocalized quantum Gri�ths

phase, that is, a delocalized phase in which rare insulating regions have an observable

impact on the dynamical properties of the system. We establish scaling relations

between the associated exponents, assuming a scaling form of the spin-di↵usion prop-

agator. A phenomenological classical resistor-capacitor model is shown to capture all

the essential features. We also discuss how the conductivity scales as �(!) ⇠ ! at the

transition point which, in particular, separates it from the usual non-interacting An-

derson insulator whose conductivity vanishes as �(!) ⇠ !2 log2(!) and a conductor

for which �(!) ⇠ const.

In Chapter 4, we present a general analysis of such Gri�ths, or rare-region e↵ects

in the thermal phase near the many-body localization transition. We consider both

one-dimensional and higher-dimensional systems, subject to quenched randomness,

and discuss both linear response (including the frequency- and wave-vector-dependent

conductivity) and more general dynamics. In all the regimes we consider, we identify

observables that are dominated by rare-region e↵ects. In some cases (one-dimensional

systems and Floquet systems with no extensive conserved quantities), essentially all

long-time local observables are dominated by rare-region e↵ects; in others, generic

observables are instead dominated by hydrodynamic long-time tails throughout the

11



Chapter 1: Introduction

thermal phase, and one must look at specific probes, such as the spin echo, to observe

Gri�ths behavior.

In Chapter 5, we study random-bond quantum Heisenberg spin systems using a

real-space renormalization group (RSRG) procedure. In particular, we develop an

RSRG protocol that can calculate the frequency-dependent magnetic ‘noise’ ema-

nating from these spin chains; this is equivalent to a calculation of the wave-vector-

dependent spin-wave dynamical structure factor for a complete set of wave-vectors.

The RG procedure accounts for both the renormalization of the system Hamiltonian

and that of a generic probe that measures the magnetic noise. For spin chains, we find

that the dynamical structure factor Sq(f), at finite wave-vector q, exhibits a power-

law behavior both at high and low frequencies f , with exponents that are connected

to one another and to an anomalous dynamical exponent through relations that dif-

fer at T = 0 and T = 1. The low-frequency power- law behavior of the structure

factor is inherited by any generic probe with a finite band-width and is of the form

1/f↵ with 0.5 < ↵ < 1. An analytical calculation of the structure factor, assuming

a limiting distribution of the RG flow parameters (spin size, length, bond strength)

confirms numerical findings. More generally, we demonstrate that this form of the

structure factor, at high temperatures, is a manifestation of anomalous di↵usion which

directly follows from a generalized spin-di↵usion propagator. We also argue that 1/f

noise is intimately connected to many-body-localization at finite temperatures. In

two dimensions, the RG procedure is less reliable; however, it becomes convergent

for quasi-one-dimensional geometries where we find that one-dimensional 1/f -noise

behavior is recovered at low frequencies; the latter configurations are likely repre-
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sentative of paramagnetic spin networks that produce 1/f noise in superconducting

qubit devices (SQUIDs).

1.3 Slow Quantum Dynamics: The role of dissipa-

tion

The time-evolution of a quantum system in the presence of an observer or a

bath [92] depends on how invasively the bath measures, or in other words, decoheres

the quantum system of interest. One can imagine that if a quantum system is con-

stantly measured, it cannot perform coherent motion between its internal states and

it gets localized, or stuck in the state it starts out in. An extreme limit of this is

the idea that an unstable quantum particle can be made to live forever by repeatedly

measuring its state: a paradoxical e↵ect known as the Quantum Zeno e↵ect [182].

These ideas were placed on a rigorous footing by Caldeira and Leggett [38] by an-

alyzing the dynamics of a quantum two-level system in the presence of a bath of

harmonic oscillators, a problem now known as the “spin-boson model” [162]. Specif-

ically, the authors studied the polarization of the quantum two-level system in time,

and were able to characterize the spectral form of the bath that could stagnate, or

localize it. (In recent times, the role of the bath as a source of energy relaxation and,

consequently, in destroying localization in Anderson insulators and MBL phases has

garnered relatively more attention [121, 192, 130].)

An interesting situation where the spin-boson model is naturally realized is that of

Two-Level systems (TLSs) in amorphous materials [9]. Historically, the TLS model
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was proposed to explain the linear-in-temperature variation of the specific heat found

universally in glassy materials at low temperatures (see Ref. [208] and references

therein). The absence of a conduction band of electrons in these systems ruled out

the standard explanation for such thermodynamic behavior in metals. Anderson,

Halperin and Varma [9] proposed that randomness in the molecular structure of

glasses could allow for low-energy states that correspond to atoms hopping between

the two minima of a double-valley potential. The low-energy density of states of

such TLSs was estimated in this phenomenological picture and was found to explain

the observed thermodynamic behavior. The theory also successfully explained the

thermal conductivity of glasses by estimating the e↵ect of phonon damping due to

TLSs.

In recent times, however, the physical picture of TLSs as tunneling atoms has

come into scrutiny. This has occurred, in part, due to a renewed interest in TLSs

as a possible explanation of magnetic noise [79] in various optomechanical and su-

perconducting qubit devices (SQUIDs). Alternatively, it has also become possible to

address single TLSs by coupling to them using SQUIDs [166]. These findings suggest

that TLSs may have large electric and magnetic dipole moments—a natural result if

the tunneling particles were electrons [145]. However, local electronic states are asso-

ciated with eV energy scales and it becomes di�cult to explain the low-temperature

thermodynamic properties of glasses in terms of such states.

In Chapter 6, we study the problem of local electronic two-level systems interact-

ing with phonons. We find that polaronic e↵ects due to the dressing of local electronic

states by high-frequency phonons can lead to a dramatic suppression in the e↵ective
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energies of the TLS model. In simple terms, the phonon bath “slows” down elec-

tronic motion. Our model gives a quantitative understanding of the TLS relaxation

and dephasing as probed in SQUIDs, but also leads to estimates for the density and

distribution of TLS parameters that are consistent with bulk experiments on amor-

phous materials. We argue that a better understanding of the microscopic nature

of TLSs can be used to improve properties of quantum devices, from an enhance-

ment of the relaxation time of TLSs, to creating new types of strongly interacting

optomechanical systems.

1.4 Magnetic noise sensing as a novel probe of

non-local dynamics

A number of unique dynamical properties discussed in the various chapters of

this thesis, especially in the case of disordered spin models and glasses, arise due to

the spatial inhomogeneities of the system. In such cases, the unique time-dependent

behavior of correlations often gives rise to novel spatial correlations as well. This is

highlighted, for instance, in Chapter 5 where we discuss how disordered Heisenberg

spin systems can have non-trivial dynamical exponents relating the spatial and tem-

poral behavior of spin dynamics. Moreover, the magnetic noise generated by these

spin systems is seen to bear a direct signature of the transport properties of the

system—whether it is di↵usive, anomalously di↵usive, or close to being localized can

be ascertained by examining various features of the noise spectrum.

The above-mentioned connection is not surprising: the study of the relaxation of
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nuclear spins due to magnetic fluctuations inside materials, also known as nuclear

magnetic resonance (NMR) spectroscopy, has been an invaluable tool for the study of

strongly correlated electronic phenomena [113, 20, 69, 184, 209, 91, 238]. It is impor-

tant to note thought that bulk NMR measurements only give access to a particular

average (the precise form of which depends on the precise crystal structure of the

material [109, 134]) of magnetic correlations at all wave-vectors. Spatially-resolved

NMR measurements [55], on the other hand, have been limited to micron-scale resolu-

tion [96]. Thus, NMR spectroscopy is an unlikely probe of the highly local correlations

one may wish to experimentally probe.

Nitrogen Vacancy (NV) centers, on the other hand, are molecule-sized defects in

diamond that have proven to be extremely sensitive magnetometers [252, 257, 249]

and highly spatially-resolved probes of magnetic noise [257, 147]. Inspired by the

development of such devices, in Chapter 7, we develop the theoretical framework for

extracting the complete finite wave-vector transport properties of conducting two-

dimensional materials using measurements of the magnetic noise in their vicinity. The

noise profile is seen to have di↵erent scaling properties, as a function of the distance

from the surface, over length-scales at which transport in the material is ballistic as

opposed to di↵usive. A perturbative framework is developed to calculate magnetic

noise in situations where the two-dimensional material has small inhomogeneities.

Within this framework, the noise profile near an isolated impurity is evaluated and

seen to depend directly on the scattering cross-section of electrons o↵ of the impurity.

Particularly interesting temperature dependence is observed for the case of the Kondo

impurity. An experimental protocol is proposed to measure its properties utilizing
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NV centers.
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Chapter 2

Chiral Prethermalization in

Supersonically Split Condensates

He suddenly recalled from Plato’s Symposium:
People were hermaphrodites until God split them in two,
and now all the halves wander the world over seeking one another.

Milan Kundera, The Unbearable Lightness of Being

Trapped gases of ultra-cold atoms today provide the most remarkable examples

of nearly isolated quantum systems. While traditional condensed matter systems are

typically di�cult to isolate from external noise, these artificial systems have been

successfully engineered to be su�ciently decoupled [102, 74] from the environment,

so that one can assume a unitary evolution of the system over long time scales. These

developments, have in turn, reinvigorated theoretical interest in the study of out-of-

equilibrium dynamics of isolated quantum systems.

Amidst such interest, one-dimensional (1D) systems have garnered particular at-

tention because the non-equilibrium behavior in these systems is enhanced [140] due
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to limited phase space available for scattering and equilibration. Further, in many

cases, these systems exhibit an emergent Lorentz invariance - for example, while the

constituent atoms of 1D gases obey only Galilean invariance, the collective modes,

described by the Luttinger Liquid (LL) theory, exhibit a richer Lorentz invariance.

These symmetries make calculations feasible, and lead to many universal features in

non-equilibrium dynamics, such as scaling laws for the growth of domains [152, 214],

light-cone spreading of correlations [49, 156] and the relaxation of observables [37].

Such features have also been seen in experiments [49, 156, 227, 47, 223, 256].

One of the basic tools for studying non-equilibrium dynamics is the ‘quantum

quench’ – a system is prepared in the ground state of a Hamiltonian H
0

, and sub-

sequently evolved with another Hamiltonian H, for which the initial state is not an

eigenstate. Typical scenarios for quenches include a sudden change in the confining

potential of a 1D gas [114, 221, 220], the interaction between the constituent particles

[149], or, in a more abstract case, the excitation gap in the system [127, 56]. Impor-

tantly, most previous studies have focussed on sudden (and spatially homogeneous)

quenches, that is, the transition from H
0

to H happens over a time-scale shorter than

any other time-scale in the problem. The study of such quenches, however, does not

fully utilize the rich symmetry of the low energy physics of these systems.

The aim of this Letter is to describe how a new class of quantum quenches, wherein

the Hamiltonian is continually perturbed or ‘quenched’ along a relativistic, supersonic

trajectory, can be analyzed by using this Lorentz symmetry to full e↵ect. In partic-

ular, due to the supersonic character of the quench, and the Lorentz invariance of

ground state correlations, we show that such quenches can be mapped to the usual
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Figure 2.1: The experimental protocol : 1) Preparation of a 1D condensate 2) The
condensate is split by a perturbation traveling at a supersonic velocity vs > c 3)
The split condensates are allowed to freely evolve in time 4) They are released at a
supersonic velocity |vr| > c and the interference fringes are recorded.

sudden quench case via a Lorentz boost. To motivate the analysis of such a quench,

we describe our theoretical problem in the context of recent experiments [103] study-

ing the relaxation of the phase di↵erence between the halves of a coherently split

quasi-1D condensate. After the splitting, the phase di↵erence evolves freely and can

be described by a Luttinger Hamiltonian [141] (which has a linear dispersion, and

an associated speed of sound c), with an initial state that appropriately represents

the squeezing of the relative phase to zero (bar quantum fluctuations) at the time

of the quench. We propose a modification of this sudden quench protocol to one

where the splitting happens along a ‘knife-edge’ that travels through the condensate

at a supersonic velocity vs (see Fig. 2.1). Such a protocol may be realized by using

an inhomogeneous set of RF fields that create a propagating splitting potential (see

Appendix A).

An interesting prediction of previous studies [28, 141] describing the sudden quench
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was that the system eventually evolves to a state with thermal-looking correlations at

a temperature T
0

= µ/2, where µ is the chemical potential of each half-condensate.

Such predictions were confirmed by experiments [103]. Now, since our problem can

be mapped to the sudden quench problem in a Lorentz boosted frame, one can inter-

pret our proposed experiment as one that creates a moving relativistic body, which

is at a temperature T
0

in its rest frame. Therefore, the analysis of our problem also

sheds light on a much debated problem in relativistic thermodynamics - what is the

temperature of a moving body, or equivalently, how does temperature transform un-

der a Lorentz transformation [75, 212, 197, 138, 154, 39, 237, 155]? To this end, we

find that while correlations of our time-dependent problem approach a prethermal

state, they display chiral asymmetry - left-moving excitations appear cooler, at a

temperature T
0

/⌘s, while right-moving ones appear hotter, by the same Doppler shift

⌘s =
q

1+c/v
s

1�c/v
s

. However, equal-time correlations of the system are described by an av-

erage of these two temperatures, T = (⌘s + 1/⌘s)T0

/2. To bring out the chirality, we

propose probing unequal-time correlations [77] of the phase. In particular, releasing

the condensate at a supersonic velocity vr (see Fig. 2.1) gives us access to correlations

of the phase field at space-time points obeying the relation t = x/vr. We find that

such correlations (characterized by di↵erent vr) exhibit the entire range of e↵ective

temperatures T
0

/⌘s < T < ⌘sT0

. The fact that di↵erent correlations are characterized

by di↵erent temperatures suggests that a unique relativistic transformation law for

temperature cannot be given[39].
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2.1 Model

To describe the splitting process, we consider the condensate as a system of two

inter-coupled 1D LLs, whose mutual coupling is destroyed in the process of splitting.

The Hamiltonian that describes the dynamics of the phase di↵erence field � is

H(t) =

Z
dx
h ⇢

4m
(@x�)

2 + gn2 + J⇥(x� vst)�
2

i
. (2.1)

Here n is the number fluctuations conjugate to the phase �, 2⇢ is the density of the

unsplit condensate, g characterizes the strength of contact interactions, and vs > c is

the supersonic velocity at which the splitting perturbation travels. We choose J = g⇢2

so that the initial correlations (in the ground state of H(-1)) match the correlations

one expects at the time of splitting (gaussian, with moment hn(x)n(x0)i = ⇢/2�(x�

x0), see Bistritzer et al. [28]). Since vs is supersonic, light-cone physics guarantees

that correlations of H(�1) persist at every point until the time of splitting. Thus,

H(t) captures the two essential features of our problem - (i) correlations at the time

of splitting and, (ii) LL dynamics after the splitting.

2.2 Dynamics

To simplify calculations, we analyze the problem in a frame that is Lorentz-boosted

from the lab frame by velocity us = (c/vs)c < c. Strictly speaking, for finite systems

(such as in experiments) there is no Lorentz symmetry. However, the notion of a

light-cone e↵ect allows us to think of our finite system as formally infinite for the

time over which the portion of the condensate we are interested in, is una↵ected by

perturbations traveling from the edge (see Appendix A). Then, the Lorentz trans-
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formation L : {xi, ti} ! {x0
i, t

0
i} with x0 = �s(x � ust), t0 = �s(t � usx/c2), and

�s =
1p

1�(u
s

/c)2
= 1p

1�(c/v
s

)

2
, that achieves this boost, results in a convenient form of

the splitting perturbation ⇥s(x� vst) ! ⇥s(�t0) , which appears to be spatially uni-

form and sudden in this frame [107]. The dynamics of the system are then governed

by the following well-studied quench [127]

H 0(t0) =

Z
dx0
h ⇢

4m
�02 + gn02 + J⇥(�t0)�02

i
, (2.2)

where the field �0 satisfies the relation �0(x0
i, t

0
i) = �(xi, ti), and n0 is conjugate to �0.

In general, such a coordinate transformation may simplify the dynamics, but com-

plicates the form of initial correlations. In our case, prior to any splitting, the system

resides in the ground state of a Lorentz invariant system described by the Hamil-

tonian H(t < �1). Now, all vacuum correlations of a scalar field governed by a

Lorentz invariant action are invariant under Lorentz transformations [206]. Equiva-

lently, h�(x
1

, t)�(x
2

, t)i = h�(L(x
1

, t))�(L(x
2

, t)i = h�0(x
1

, t)�0(x
2

, t)i. This implies

that our system is also in the ground state of H 0(t0 < 0) for t0 < 0. At precisely t0 = 0,

which is the trajectory of the splitting perturbation in the boosted frame, the system

is perturbed and subsequently evolves under H 0(t0 > 0). Formally, the problem in this

boosted frame is identical to that of the sudden quench case considered previously.

2.3 Distribution Functions

To characterize the dynamics, we calculate the distribution function (DF) P (↵, t)

of the spatially integrated phase contrast ↵ =
���
R l/2

�l/2
dx
l
ei�(x,t)

���
2

. Since we are also

interested in unequal-time correlations, the phase �(x, t) in ↵, will generally corre-
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spond to times t related to the position x as t = t
0

+ x/vr, with some |vr| > c.

The DFs for equal-time correlations were measured in experiments by repeatedly

recording the value of the integrated phase contrast over many experimental runs

[213, 151, 103, 156]. Theoretically, the distributions characterizing the correlations of

the field ei�
0
(x0

i

,t0
i

) at equal times t0i were evaluated in [141] in their analysis of the sud-

den splitting case. This approach can be directly generalized to evaluate unequal-time

correlations as long as the points {(x0
i, t

0
i)} (or equivalently {(xi, ti)}) are space-like

separated. Mathematically, this ensures that field operators at various points com-

mute making calculations feasible. Physically, this is necessary, because experiments

cannot record correlations of operators at time-like separated points, without altering

the system during the measurement process. The condition |vr| > c precisely ensures

that {(xi, ti)}, are space-like separated. Once correlations are calculated for the field

�0, we simply reexpress the results in the relevant lab frame coordinates to arrive at

the DFs P (↵, l, t
0

, vs, vr). Following the procedure of [141], we find (see Appendix A)

P =
Y

k

Z
d✓k
2⇡

dr2k
2

e�r2
k

/2�

0

@↵�
�����

Z l/2

�l/2

dx

l
ei�d

�����

2

1

A (2.3)

�d =
X

✏=±1

Z
dkp
2⇡

r
g

c |k|A(k, ✏)rk sin (⌘
✏
sk(x� ✏ct) + ✓k),

where ⌘s(vs) =
q

1+u
s

/c
1�u

s

/c
=
q

1+c/v
s

1�c/v
s

> 1 is a relativistic Doppler shift, associated

with us, and A(k, ✏) = sgn(k)
2

⇣q
2g⇢
c|k| + sgn(k)✏

q
c|k|
2g⇢

⌘
. This result has a clear physical

interpretation – the splitting process generates waves of momentum k with a magni-

tude proportional to rk and a random phase ✓k. Each configuration {rk, ✓k} serves

as an initial condition for which we can predict the exact evolution of the phase field

�(x, t), which shows up as the real function �d(x, t). The probability that the inte-
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grated phase contrast takes a given value ↵ is found by performing an integral over

the space of all initial {rk, ✓k} with appropriate statistical weights. The factors of

⌘s accompanying right-moving waves / (x� ct) and 1/⌘s accompanying left-moving

waves / (x + ct) simply indicate the relativistic blue and red shifting of the cor-

responding sets of waves. However, it is important to note that when we measure

unequal-time correlations (characterized by finite vr), we will set t(t
0

, x) = t
0

+ x/vr

which modifies these dilation factors to aR = ⌘s(1 � c/vr) and aL = (1 + c/vr)/⌘s.

These factors will figure prominently when we see how these DFs behave in the long

time limit t
0

! 1.

2.4 Prethermalization

The tendency of an integrable system to flow into a state with correlations de-

scribable by a Generalized Gibbs Ensemble is called ‘prethermalization’. To explore

the process of prethermalization in our problem, we compare the DFs obtained for our

dynamical system to that obtained for two independent, thermal condensates. The

DF for two thermal condensates at a temperature T can be obtained using a similar

approach to the one used above [124]. The thermal result is simply a modification of

results of Eq. (2.3) with �d being replaced by �T –

�T (x, rk, ✓k) =

Z
dkp
2⇡

rk
p
fT (k) sin (kx+ ✓k), (2.4)

fT (k) =
g

c |k| coth
✓

c |k|
2kBT

◆
⇡ g

c |k|
2kBT

c |k| . (2.5)

Here, we note that in the classical limit of T being large, the amplitude of each

of the waves, fT (k) ⇠ T/k2, in accordance with the equipartition theorem, which
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guarantees that each mode carries an energy kBT distributed equally in phase and

density fluctuations. Notably, the 1/k2 scaling of amplitudes implies that DFs are

determined primarily by low momentum fluctuations.

Now we show that DF resulting from �d for our dynamical problem reaches a

steady state (at long times t ⇠ l/c, l being the integration length) resembling the

thermal DF realized from �T . First note that evaluating di↵erent moments h↵mi from

P (↵) corresponds to evaluating correlators of the form hQi �d(xi, ti)i and integrating

over xi’s. The averages here are taken over the measure ⇧k

R
drkrke�r2

k

/2
R
d✓k/2⇡.

Thus, to compare the DF of our dynamical problem to a thermal DF, we compare

these correlators of �d to those of �T . We find (see Appendix A) that in the long-time

limit, these correlators, factorize pairwise into correlators that can be characterized

by an amplitude fd(k) in analogy to the amplitude fT (k) of Eq. (2.5) that arises in

the thermal case with

fd(k) =
g

c |k|
g⇢

c |k|(aR + aL)

 
1 + �2

r

✓
⇠ck

2⇡

◆
2

!
. (2.6)

Here aR = ⌘s(1�c/vr) and aL = (1+c/vr)/⌘s are e↵ective dilation factors of right and

left moving waves as discussed above, �2

r = 1/aRaL, and ⇠c is the healing length. We

see that the amplitudes fT (k) and fd(k) ( in Eqs. (2.5) and (2.6)) are of the same form,

but for an extra k-independent factor. This factor gives a UV-dependent contribution

to correlations, which is small since typically k⇠c ⌧ 1 for low k modes that come with

the largest amplitudes (di↵erences in the ‘thermal’ and ‘steady’ state distributions

in Fig. (2.2) can be traced to this extra term, see Appendix A). Ignoring this extra

term, and comparing the results for the dynamical and thermal amplitudes, we arrive
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Figure 2.2: Comparison of the distributions P (↵, t) of the phase contrast ↵ (as de-
fined in the main text) in the steady/long time limit with thermal distributions at
temperatures predicted by Eq. (2.7) for (left) equal-time correlations with di↵erent
vs, and (right) unequal-time correlations with fixed vs/c = 4. For all plots, system
size L = 400⇠c, integration length l = 20⇠c, Luttinger parameter K = 10. Dynamical
distributions were evaluated at t

0

= 2l/c, which is long enough for prethermalization
to have occurred.

at the most significant result of this Letter - the temperature T characterizing the

prethermalization of equal- and unequal-time correlations is

T (vs, vr) = �s

✓
1� c2

vsvr

◆
T
0

; T
0

=
g⇢

2
, (2.7)

where �s = 1/
p

1� u2

s/c
2 = 1/

p
1� c2/v2s is the Lorentz factor corresponding to

boost velocity us. We first examine some general features of this result. In the limit

vs ! 1, vr ! 1, that is, measurement of equal-time correlations when the conden-

sate is split suddenly, we reproduce the sudden quench result T = T
0

= g⇢/2. In

the limit vr ! 1, but finite vs, which corresponds to measuring equal-time correla-

tions of a body moving at us = c2/vs, we find T = �sT0

= T
0

(⌘s + 1/⌘s)/2, which

implies that the moving body seems hotter, by a Lorentz factor, in agreement with

the conclusions of Ott [197]. Interestingly, for the case vr = vs, we obtain the Planck
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result [212] - T = T
0

/�s, which indicates that isochronous measurements in the rest

frame of the moving body, appear colder. In the general case of finite vs > c and

|vr| > c,we find that the temperature T satisfies the relation T
0

/⌘s  T  ⌘sT0

. The

limits T = ⌘sT0

and T = T
0

/⌘s are reached for the cases vr = �c and vr = c respec-

tively – in such cases, we e↵ectively measure correlations of only right- or left-moving

waves, that correspond to the temperatures ⌘sT0

and T
0

/⌘s respectively. We also note

that, this range of temperatures collapses when ⌘s = 1. Thus, the precise notion of a

temperature is only meaningful for a body at rest [39].

Finally, we note that these results are valid when the LL description holds. As

vs ! c, the e↵ective temperature diverges, and Eq. (2.7) is not expected to hold. To

estimate where our approach breaks down, we discuss the e↵ect of the cut-o↵ depen-

dent contributions on 2-point correlations
⌦
ei(�(x,t)��(x0,t0))

↵
. First, it is important to

note that the cut-o↵ itself is not Lorentz invariant – if modes up to kc = 2⇡/⇠c are

occupied in the Lorentz boosted frame, then some modes are Doppler shifted beyond

the cut-o↵ in the lab frame. Thus, cut-o↵ dependent contributions cannot be pre-

cisely computed. Nevertheless, we provide an estimate by assuming that all modes

up to kc are occupied in the boosted frame. For 2-point correlations, the result is

a constant multiplicative factor of e�1(�2
r

(a
R

+a
L

)

2
)/16K � e��2

s

�2
r

/4K . Thus, we expect

that for �r�s  2
p
K, the e↵ect of UV physics is negligible, and our results valid. For

experimentally relevant K ⇠ 50, this yields a large range of splitting velocities and

e↵ective temperatures.
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2.5 Accelerating Probes

A simple extension of the measurement protocol is to release the condensates in an

accelerated fashion, instead of a constant velocity vr. One can then ask if additional

conformal symmetries of the LL allow us to interpret such accelerated unequal-time

correlations as thermal correlations at some e↵ective temperature. An answer to

such a question, was first provided by Unruh [53], who showed that a relativistically

accelerating detector traveling through vacuum (on a trajectory x2 = (ct)2 + c4/a2,

with proper acceleration a) finds a thermal flux of particles at temperature TU =

a/(2⇡c). Unfortunately, the Unruh trajectory is time-like, and since only correlations

of space-like separated points are maintained in the interference process, such an

e↵ect cannot be directly measured. To circumvent this di�culty, we suggest a simple

modification of the Unruh trajectory to the following space-like trajectory: x2 =

(ct)2�c4/a2. To see how the Unruh e↵ect shows up here, we calculate the correlations

of a zero temperature LL, in a set of conformal coordinates {⇠, ⌘} that are ‘natural’

to the observer moving along such a trajectory. These coordinates are given by the

transformation rule x = 1

a
ea⌘ sinh a⇠, t = 1

a
ea⌘ cosh a⇠ and are natural in the sense that

the proper interval ds =
p
dx2 � dt2 for an observer traveling along such a trajectory

(⌘ = 0) is equal to the length d⇠. It is now easy to see that power law correlations

of a T = 0 LL in coordinates {x, t}, decay exponentially in coordinates {⇠, ⌘}, since

h�(⇠, ⌘ = 0)�(⇠0, ⌘ = 0)iT=0

/ log
⇣
sinh2(a ⇠�⇠0

2c2
)
⌘
⇡ a/c2 |⇠ � ⇠0|, with a temperature

T = TU = a/2⇡c, (see Appendix A) which is the Unruh result. Thus, we have here a

space-like analog of the Unruh e↵ect. The experimental protocol to measure this e↵ect

is - (i) to split the condensate slowly, preparing the phase di↵erence field in a very
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low temperature [104] state with T < 2⇡c/L and L is the length of the condensate

and (ii) measure the correlations along the specified trajectory, expressing the result

in the conformal coordinate ⇠.

2.6 Summary

In this Letter, we described a new class of quantum quenches wherein the quench

procedure occurs along supersonic trajectories. We showed that such quenches can be

analyzed using the emergent conformal symmetries present in the low-energy theory

of many 1D systems, and that they give rise to a number of interesting relativistic

and conformal e↵ects. To ground our theoretical work in the context of experiments,

we proposed how such e↵ects can be seen in experiments involving the coherent

splitting of 1D quasi-condensates [103, 156]. Specifically, we showed that when the

quasi-condensate is split at a supersonic velocity, we realize a moving (at a related

subsonic velocity) relativistic system that is prethermalized at a set temperature in

its rest frame. In the laboratory frame, this system appears to have excitations

that are prethermalized at di↵erent doppler shifted temperatures, according to their

chirality. This chirality can be probe by interfering the condensates by releasing them

at another supersonic velocity. In this sense, our theory, and proposed experiments are

a concrete realization of what were previously relegated to being thought experiments

by pioneers of relativistic thermodynamics. To probe the (additional) conformal

symmetries of our 1D system, we proposed a spatial analogue of the Unruh e↵ect,

and then discussed how it can also be measured in the same set of experiments. Since

our theoretical considerations are general to many 1D systems, we expect a wide
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array of experimental setups (such as 1D Josephson Junction arrays etc. [64]) to be

able to probe the physics we discuss in this work. Also, while our discussion was

geared towards analyzing the problem of a quench that occurs at a fixed supersonic

velocity (for the purposes of clarity), our methods are general, and can be used analyze

quenches along arbitrary space-like trajectories.
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Chapter 3

Anomalous Di↵usion and Gri�ths

E↵ects Near the Many-Body

Localization Transition

Let bridge and tunnel undulate in waves from shore to shore
keeping green the memories of those who went before.

Piet Hein, Grooks

Noninteracting electrons in disordered media display a uniquely quantum phe-

nomenon known as Anderson localization [8]; when all electronic states are Anderson

localized, dc transport is absent. Evidence from perturbative [87, 21, 100], numeri-

cal [196, 183, 23, 202], and rigorous mathematical approaches [125] suggests that the

main features of Anderson localization (in particular, the absence of di↵usion and

dc transport) persist in the presence of interactions. The resulting phase, known as

the many-body localized (MBL) phase [193], has a number of remarkable features: a

system in the MBL phase is non-ergodic—i.e., its many-body eigenstates violate the
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Figure 3.1: The phase diagram of the random field, XXZ model for Jz = 1. h
max

characterizes disorder strength. As the disorder is increased, the system transitions
smoothly into a sub-di↵usive Gri�ths-like phase with an anomalous di↵usion ex-
ponent � and exponent ↵ characterizing low-frequency optical conductivity, which
satisfy the scaling relation ↵ + 2� = 1. The MBL transition is predicted to occur
where �(!) ⇠ !. Within precision, it coincide with the transition point determined
from the level statistics parameter r (see main text).

eigenstate thermalization hypothesis [202, 60, 159]—and supports extensively many

local conserved quantities [265, 119, 235, 250, 224, 45]. Consequences of MBL such

as slow entanglement growth [276, 19, 265, 236] and unconventional phase transi-

tions [120, 205, 44, 22, 16, 266, 142, 194] have been analyzed and their experimental

implications discussed [273, 192, 233, 98, 130, 259].

While there has been a great deal of recent work establishing the existence and

properties of the MBL phase, little is known about the transition between the MBL

and delocalized phases. It is expected that, for su�ciently weak disorder and strong

interactions [21, 100], eigenstates should remain ergodic and transport should be

di↵usive, as in clean nonintegrable systems [190]. However, it has been proposed that
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di↵usivity and/or ergodicity may break down as the MBL transition is approached [59,

105], even before transport vanishes: thus, there might be an intermediate phase, or

phases, between the conventional metallic phase and the MBL phase.

In this Letter, we provide numerical evidence that an intermediate, non-di↵usive

phase, indeed exists. To this end, we examine the dynamical properties of the random-

field, spin-1/2 XXZ chain at intermediate disorder strengths (i.e., in the vicinity of the

MBL transition), using exact diagonalization. In particular, we examine the infinite-

temperature, low-frequency behavior of the optical conductivity �(!), and the long-

time dependence of the return probability Czz(t). These probes are complementary:

�(!) probes long-wavelength behavior, while Czz(t) is a local probe.

Our numerical results indicate that both of these quantities exhibit anomalous

power laws that vary smoothly as a function of the disorder strength in this inter-

mediate regime. Specifically, �(!) ⇠ !↵ and Czz(t) ⇠ t��, with the scaling relation

↵+2� = 1 [Fig. 3.1]. Furthermore, we compute the full distribution D[⇢(!)] of resis-

tivities ⇢ at a fixed sample size as a function of frequency; we find that the width of

this distribution diverges in the low-frequency limit as �⇢(!) ⇠ 1/!↵0
. Such behavior

is characteristic of a quantum Gri�ths phase [263], in which power-law correlations

emerge due to the interplay between the exponential rareness of large insulating re-

gions and their exponentially large resistance. We account for these scaling relations

by postulating a scaling form of the spin-di↵usion propagator and a phenomenological

resistor-capacitor model with power-law-distributed resistors.

As our work was nearing completion, a related numerical study by Bar-Lev et

al. [18] appeared. While our numerical results are consistent with those of Ref. [18],
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we are also able to provide an analytic understanding of the subdi↵usive phase (see

also Ref. [267]).

3.1 Numerical Simulations.

We work with the XXZ model given by the Hamiltonian

H =
X

i

hiS
z
i +

X

hiji

J(Sx
i S

x
j + Sy

i S
y
j ) + JzS

z
i S

z
j , (3.1)

where hiji implies sites i and j are nearest neighbors. The local magnetic field values

hi are picked uniformly from the range [�h
max

, h
max

]; h
max

characterizes the strength

of the disorder. The exponents ↵, � presented in Fig. 3.1 were extrapolated from

finite size results computed using system sizes L = 12, 14, 16 (see Appendix B), while

results in Figs. 3.2, 3.3, and 3.4 correspond to L = 14. We use J = 1 as unit of energy,

and choose the interaction strength to be close to the Heisenberg point, Jz . 1, as

finite-size e↵ects are more severe for Jz/J ⌧ 1. The XXZ chain is expected to exhibit

an infinite-temperature transition to the MBL phase at a critical h
max

[196]. In what

follows, we restrict ourselves to infinite temperature and choose the subspace of total

magnetization
P

i S
z
i = 0.

The real part of the optical conductivity �(!) in linear response reads

T�(!) =
T

L

1� e�!/T

!

X

mn

e��E
n

Z
|hm|

X

i

ji|ni|2 �(! � !mn)

T!1⇡ 1

LZ

X

mn

|hm|
X

i

ji|ni|2�(! � !mn) (3.2)

where m,n are the many-body eigenstates of the system with energies Em, En, which

we evaluate using exact diagonalization, !mn = Em�En, and T is the temperature (we
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Figure 3.2: Behavior of optical conductivity �(!) as a function of frequency (ma-
genta), Jz = 0.8, and disorder strengths as indicated in the legend. The fits (green)
are power laws of the form �(!) ⇠ !↵
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Figure 3.3: Behavior of the return probability Czz(t) as a function of frequency
(magenta), Jz = 0.8, and disorder strengths as indicated in the legend. The fits
(green) are power laws of the form Czz ⇠ 1/t�
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Figure 3.4: Behavior of the (root mean square) width �⇢(!) of the distribution of
resistivities as a function of frequency (magenta), Jz = 0.8, and disorder strengths as
indicated in the legend. The fits (green) are power laws of the form �⇢(!) ⇠ 1/!↵0

.
The inset in shows the relative power � = ↵0 � ↵ governing the scaling of the ratio
�⇢(!)/ h⇢(!)i of the width and the mean of the resistivity distribution.

set ~ = kB = 1). The first line of Eq. (3.2) is the Lehmann representation of T�(!),

given in terms of a sum over local current operators ji, which are related to the spin

operators using the continuity equations, ji�ji+1

= @tSz
i . The second line of Eq. (3.2)

is the limiting behavior of T�(!) as T ! 1. In the remainder of the manuscript

the factor T is implicitly understood when we refer to the conductivity �(!). In our

numerics, we use a Lorentzian form for the �-function with a width ⌘ ⇠ �/102, where

� = h
max

p
L/2L is approximately the average level spacing ⇠ 10�3 � 10�2 for the

system size L ⇠ 14 and disorder strengths h
max

⇠ 1.5 � 3.5 that we explore. The

precise value of ⌘ is unimportant, so long as it is appreciably smaller than � (see

Appendix B).The return probability, C i
zz(t), is defined as C i

zz(t) = 4hSz
i (t)S

z
i (0)i,

where i is any site on the chain. Since we are interested in describing the phase close
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to the MBL transition, we also require an additional, independent, method to identify

the transition point.

Following Ref. [196] we consider the level statistics parameter rm = �m� /�
m
+

, where

�m± are the energy di↵erences between eigenstate m and the two adjacent eigenstates

with �m� < �m
+

. The average over all eigenstates m, r = hrmi, is known to assume

di↵erent values, r ⇠ 0.39 and r ⇠ 0.53 in the cases of the MBL and the conducting

phase, respectively. We crudely estimate the MBL transition as the point when r

is halfway between these values, as determined for a L = 16 system (dashed line at

h
max

⇡ 3 in Fig. 3.1).

3.2 Numerical results.

Our numerical results on the dynamic observables are summarized in Figs. 3.2, 3.3,

and 3.4. Both the optical conductivity and the return probability obey power-law

behavior over multiple decades. For the exponenents defined by �(!) ⇠ !↵ and

Czz(t) ⇠ 1/t�, respectively, we numerically find the scaling relation ↵ + 2� ⇡ 1;

the physical origin of this relation is discussed below. This scaling relation also

holds in the di↵usive regime, where one expects that Czz(t) ⇠ 1/
p
t and �(!) ⇠

constant [thus ↵ = 0, � = 1/2]. Our results approach di↵usive values at small disorder

hmax ⇡ 1.5, but we are unable to extract reliable power laws in this limit. As the

system approaches the MBL transition, ↵ continuously increases toward 1 and �

decreases to 0; � = 0 implies the absence of relaxation, and marks the transition

into the MBL phase. The trend suggests that at the MBL transition �(!) ⇠ !; this

di↵ers sharply from the expectation for a noninteracting Anderson insulator [188],
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viz. �(!) ⇠ !2 log2(!).

Next, we look at the distribution D[⇢(!)] of resistivities ⇢, at a fixed frequency

!. We find that the distribution of resistivities at a fixed sample size (L = 14) grows

increasingly broad at low frequencies; the standard deviation of sample resistivities

at a fixed frequency ! diverges as !�↵0
, see Fig. 3.2. At low frequencies, su�ciently

high moments of the resistivity distribution become ill-defined and we expect that

the distribution approaches a power law P (⇢) ⇠ ⇢�⌧ in this limit. While we are

unable to reliably extract the exponent ⌧ from the data, we will argue below that our

numerical results can be explained using a resistor-capacitor network which predicts

that ⌧ = 2/(↵ + 1) in the Gri�ths regime.

3.3 Origin of scaling relation ↵ + 2� = 1

. The origin of the relation ↵+2� = 1 can be understood as follows. The relation

between length and time in the subdi↵usive phase can be written in the “di↵usive”

form x2 ⇠ D(t)t, where D(t) is a time-dependent di↵usion constant. At long times,

the scaling of return probability implies that x2 ⇠ t2� in the subdi↵usive phase. Thus,

D(t) ⇠ t2��1, and from the Einstein relation �(!) ⇠ D(t = 2⇡/!) ⇠ !1�2�.

More generally, the relation ↵ + 2� = 1 follows if one assumes that the average

spin density propagator takes the scaling form G(x, t) ⇠ t���(x/t�) [or, equivalently,

G(k,!) ⇠ !�1�̃(k/!�)], i.e., if one stipulates that lengths and times are related

exclusively through the dynamical exponent z = 1/�. A dynamical exponent that

smoothly varies with disorder strength is reminiscent of the zero-temperature Gri�ths

phase in random magnets (see Ref. [185] and references therein). We assume further
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that the static compressibility of the system evolves smoothly near the MBL transition

as expected for a high-temperature system with short-range interactions. From these

assumptions it follows B that the dynamic structure factor S(k,!) ⇠ !�1h(k/!�)

(where h is another scaling function; h(0) is finite). The dynamic structure factor is

closely related to the momentum-dependent conductivity [126]: specifically, �(k,!) ⇠

!2@2

kS(k,!) = !@2

kh(k/!
�). Again, it follows that �(k = 0,!) ⇠ !1�2�.

3.4 Gri�ths-phase interpretation

. The reasoning above related ↵ to �, but did not account for the subdi↵usive

behavior itself. We now provide an interpretation of sub-di↵usion in terms of Grif-

fiths e↵ects. Near the MBL transition, one expects the system to consist of metallic

segments separated by insulating barriers, i.e., local regions where the system pa-

rameters favor localization. Barriers through which the tunneling time is & t confine

the magnetization at the timescale t. The scaling between length and time suggests

that the average distance between such insulating barriers is d(t) ⇠ t�. As long as

� < 1/2, the time t spent to tunnel through the insulating regions is parametrically

larger than the timescale to di↵use between barriers, t � d(t)2 ⇠ t2�. The long time

dynamics is therefore limited by these rare insulating regions. When approaching the

di↵usive limit � = 1/2, the separation between barrier tunneling and di↵usion time

does not exist. Thus rare barriers cannot be defined and transport is simply governed

by di↵usion. From these considerations it follows, that a local charge excess decays

to 1/d(t) in time t which yields a return probability Czz(t) ⇠ 1/t�.

This picture of insulating barriers also yields the correct scaling of the optical
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conductivity. We imagine that we apply a field E that flips at a frequency ! ⇠ 1/t:

between such flips, the charge equilibrates to the (approximately) linear potential

gradient set up by the field between insulating barriers separated by a length d(t).

Thus, at a position x, the charge flips between ±Ex/T in time t. This requires

average current densities of order |j| ⇠ Ed(t)2/tT , a fraction of which is in phase with

the applied field and thus gives rise to scaling of the real part of the conductivity,

�(!) ⇠ !1�2�.

Note that this Gri�ths picture is qualitatively distinct from the situation where

only certain rare sites exhibit slow decay, while on most sites magnetization decays

rapidly. In such a scenario, the sub-di↵usive behavior would only show up in the

average and not the typical return probability. Instead, we find sub-di↵usive decay

in both typical and average correlations (see Appendix B).

3.5 RC model

. We now introduce a classical RC network [118] that captures this Gri�ths

physics and reproduces all essential features of our numerical data. The model [Fig.

3.5 (a)] consists of a chain of resistors with a distribution P (R) ⇠ R�⌧ , each connected

to the ground by a capacitor with a constant capacitance C. A power-law distribution

of resistances can arise naturally in the physical system, as follows. Suppose the

resistance is dominated by randomly distributed but identical tunneling barriers, such

that each site has a probability p of being a barrier. The probability of finding a string

of N consecutive barriers is then pN . Standard semiclassical arguments suggest that,

if the tunneling rate through any barrier of height W is e�W , then the tunneling rate
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Figure 3.5: (a) The RC model. (b) Width of the finite frequency resistivity distribu-
tion �⇢(!) (magenta) and its asymptotic form 1/!↵0

(green) plotted as a function of
frequency. The inset shows � = ↵0 � ↵ & 0, where ↵ is the exponent of the average
resistivity ⇢̄(!) ⇠ 1/!↵. (c) (↵ + 1)⌧/2 as a function of ⌧ .

through a string ofN barriers scales as e�NW ; consequently, if R is the (dimensionless)

resistance of a single barrier, the resistance of a string of N barriers is RN . Together,

these observations imply that the distribution of resistances must satisfy the relation

P [RN ] ' {P [R]}N , and hence that P [R] ⇠ R�⌧ for some ⌧ whose value depends on

microscopic details.

We now relate this RC model to our numerical results. To this end, we note

that, for 1 < ⌧ < 2, the average resistance of the chain in the dc limit ⇢̄(! = 0) =

R1
0

P (R)RdR is divergent. At any nonzero frequency, however, the capacitors have

a finite impedance 1/(!C), and a resistor with Ri � 1/(!C) disconnects the circuit

into separate blocks. Connecting to our arguments from the previous section, the

average size of such blocks is given by d(!) ⇠ !��, where � is again the exponent of
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subdi↵usive relaxation, as for the quantum model; probed on a timescale t, the circuit

consists of disconnected regions of size d(1/t); thus, the return probability scales as

Czz(t) ' [d(1/t)]�1 ⇠ (1/t)�.

We can relate � to ⌧ using the following argument. For 1 < ⌧ < 2, the resistance

of a block of size d is dominated by its largest expected resistor Rd, which is given by

the criterion d
R1
R

d

P (R)dR = 1 yielding Rd ' d1/(⌧�1). The conductivity of such a

block is given by �d ' d/Rd, and through the Einstein relation, is related to the time

of di↵usion td across such a block, td ⇠ d2/�d ⇠ d�⌧/(1�⌧). At any frequency !, the

size of independent blocks d(!) is such that the di↵usion time satisfies td ' 1/!. This

yields d(!) ⇠ !�(1�1/⌧), i.e., � = 1 � 1/⌧ . For ⌧ > 2, the distribution P (R) yields a

well defined (length independent) average resistance, and the Einstein relation yields

d(!) ⇠ !�1/2, or � = 1/2. These results concur with previous more rigorous analyses

[118, 173].

The conductivity exponent ↵ is determined by reinstating frequency dependence

in the result �d ' d/Rd; we find ↵ = 2/⌧ � 1 and ↵ = 0 for 1 < ⌧ < 2 and ⌧ � 2

respectively. Combining this with the previous result for �, we readily find that the

scaling relation ↵ + 2� = 1 is satisfied for all values of ⌧ . Next, we calculate the

scaling of the width of the resistivity distribution. We again note that segments of

the penetration depth d(!) behave independently of one another and there are L/d(!)

such segments in a system of length L. The width of the resistivity distribution can

then be shown (see Appendix B) to satisfy �⇢(!) ⇡ �R(!)/
p
L, where �R(!) is

the width of the distribution of single resistors; [�R(!)]2 ⌘ R R
d

0

P (R)(R � R̄)2dR ⇠

!1�3/⌧ . This yields ↵0 = 3/2⌧ � 1/2 which is slightly greater than ↵ in the range of
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the Gri�ths phase 1 < ⌧ < 2 (this is reflected in the numerics for the XXZ model for

h
max

. 2.5, see inset in Fig. 3.4, and slightly beyond into the di↵usive phase up to

⌧ = 3.

We have verified these scaling arguments by numerically solving the RC model

[Fig. 3.5] in both the subdi↵usive and di↵usive regime and find good agreement with

the analytical predictions. In particular, we calculate the mean and width of the finite

frequency resistivity distribution and find that their asymptotic form is a power law,

see (b). To test the relation ↵ = 2/⌧ � 1, we plot (↵ + 1)⌧/2 as a function of ⌧ , (c),

and confirm it to be constant in the subdi↵usive regime 1 < ⌧ < 2, while it increases

linear in the di↵usive regime ⌧ > 2, where ↵ = 0.

3.6 Conclusions

In this work we have numerically established the following facts about the delocal-

ized phase near the MBL transition in the disordered XXZ chain. (1) The conductivity

vanishes at low frequencies with the power law �(!) ⇠ !↵. (2) Spin transport is sub-

di↵usive, and the return probability at long times decays as C i
zz(t) ⇠ 1/t�, with the

saling relation ↵ + 2� = 1. As the localized phase is approached, � ! 0, and ↵ ! 1

while as the di↵usive phase is approached � ! 1/2 and ↵ ! 0. (3) The distribution

of resistivities of a fixed-sized sample grows increasingly broad at low-frequencies,

and the width of this distribution diverges as a power law with exponent ↵0 > ↵ at

low frequencies. The distribution of resistivities becomes scale-free and presumably

power-law in the d.c. limit. These general observations allow us to identify the phase

as a Gri�ths phase. We also derived the central scaling relation ↵ + 2� = 1 postu-
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lating a scaling form of the spin-di↵usion propagator. We showed that a phenomeno-

logical, classical RC model allows us to capture the various features of the Gri�ths

phase in a simple manner. Our predictions can be directly tested in experiments with

ultracold atoms in disordered potentials [26, 222, 204, 148, 66, 17, 240, 10], polar

molecules [272], nitrogen-vacancy centers in diamond [68], and thin films [199, 200].

Two intriguing aspects of the Gri�ths phase that remain to be addressed in future

work are: (i) whether it is ergodic; and (ii) whether any such phase exists in more

than one dimension, where single local bottlenecks cannot block global transport. It

would also be interesting to understand dynamics in the sub-di↵usive phase in the

context of memory-matrix formalisms, in particular, the Mori-Lee approach where

ergodicity (or lack of it) can be addressed directly [161, 274].
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Chapter 4

Gri�ths e↵ects and slow dynamics

in nearly many-body localized

systems

Don’t leave now that you’re here—Stay.
So the world may become like itself again.

Faiz Ahmed Faiz, in The Rebel’s Silhouette; translated by Agha S. Ali

The many-body localization (MBL) transition is a phase transition, occurring in

isolated and usually disordered interacting quantum many-body systems, at which

equilibrium statistical mechanics breaks down [8, 21, 196, 276, 202, 193]. On one side

of the transition (in the “thermal phase”) the system comes to thermal equilibrium

under its own unitary dynamics; on the other side (in the “MBL phase”), it does

not, acting instead as a “quantum memory” [235, 119, 16, 44, 120, 22, 224]. A

considerable amount of numerical and experimental evidence supports the existence

of these two distinct phases [196, 202, 142, 128, 148, 198, 229, 245]; in addition, the
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existence of the MBL phase in certain one-dimensional systems can be proven with

minimal assumptions [125]. Although some properties of both the MBL and thermal

phases away from the transition are believed to be phenomenologically understood,

these phenomenological approaches (the “l-bit” model for the MBL phase [235, 119,

236], and equilibrium transport theory and hydrodynamics for the thermal phase) are

mutually incompatible, and both break down as the transition is approached. Hence

many basic open questions remain about the behavior near and at the MBL phase

transition.

The numerical evidence, from the exact diagonalization of small systems, suggests

that the MBL transition in one dimension in systems with quenched randomness is

governed by an infinite-randomness critical point [202], and that the regimes near

the transition are “Gri�ths” regimes, in the sense that their low-frequency response

is dominated by the contributions from rare regions [4, 267, 216, 97]. In particular,

the thermal phase near the transition exhibits anomalous di↵usion [18, 4], as well

as anomalous spectral correlations [254, 234], whereas the low-frequency conductivity

just on the localized side of the transition goes as �(!) ⇠ ! [Ref. [97]]. These features

are naturally explained in terms of the following physical picture: a system near the

MBL transition is highly inhomogeneous, and can be regarded as a patchwork of lo-

cally thermalizing and locally insulating regions. When the system is globally in the

thermal phase, its transport is (in one dimension) blockaded by rare insulating seg-

ments, giving rise to anomalous di↵usion. By contrast, when the system is globally in

the insulating phase, its low-frequency response is dominated by locally thermalizing

islands and their surroundings.
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Table 4.1: Summary of main qualitative results, indicating regimes in which Gri�ths
e↵ects are dominant and subleading.

Gri�ths e↵ects in... Hamiltonian Floquet

Generic spatially

averaged response

1D Leading Leading

Higher D Subleading Leading

Averaged spin echo Any D Leading Leading

Typical response

(generic or spin echo)

1D Leading Leading

Higher D Subleading Subleading

The existing work on Gri�ths e↵ects near the MBL transition has focused pri-

marily on transport in systems with quenched disorder (although the dynamics of

contrast decay is briefly discussed in Ref. [216], whose conclusions agree with ours).

Moreover, the discussion of the thermal side has been restricted to one dimension.

However, ongoing experiments with ultracold atomic systems [229] are not limited to

one dimension, and are most naturally probed through quench dynamics and inter-

ferometry rather than transport. It is the objective of this paper to explore Gri�ths

e↵ects in these more general settings: to extend previous results from dimension d = 1

to d > 1 and from transport to more general dynamics. We only consider states that

correspond to nonzero (and sometimes infinite) temperature. Also, when we consider

d > 1, we are making the assumption that the MBL phase can exist as a truly distinct

dynamical quantum phase in d > 1, although the existing proof [125] of the existence

of MBL is limited to the case of d = 1. Regardless of whether strict MBL exists in

d > 1, however, our results should apply at intermediate times.
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Our main focus in this paper is on the autocorrelation functions of local opera-

tors: these can be related to transport, but also to noise [3], interferometric measure-

ments [143], and quench dynamics (as discussed below). We find that, in general, for

the spatially-averaged equilibrium autocorrelation function of most local operators

O, rare critical or insulating regions in the thermal phase give a contribution to the

long-time behavior of the form:

hO(t)O(0)i � hOi2 ⇠ exp(�↵ logd t) , (4.1)

where ↵ is a nonuniversal, observable-dependent constant that varies continuously

through the thermal phase and goes to zero at the MBL transition. This result

applies for any operator O that “freezes” in the MBL phase, in the sense that its

autocorrelation does not decay to zero in the MBL phase. The behavior (4.1) is power-

law in one dimension, but faster than a power-law in higher dimensions. Thus, in

higher dimensions, Gri�ths e↵ects are generically subleading to hydrodynamic power-

laws; however, we identify specific observables (such as spin echo) as well as systems

(“fully generic” Floquet systems with no conserved densities) for which hydrodynamic

power laws are absent and Gri�ths e↵ects are therefore dominant. In addition to the

rare-region contribution to averaged autocorrelation functions, in one dimension they

can dominate autocorrelation functions at a typical point 1, by acting as bottlenecks

as discussed in Refs. [4, 267]. In higher dimensions, this e↵ect is absent. These various

regimes are summarized in Table I.

1For the e↵ects discussed here, one can interpret “typical” either in its colloquial sense or the
more technical sense of geometrically averaged (i.e., log-averaged) quantities.
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Many-body localization can also occur in systems without quenched randomness

that are subject to quasiperiodic potentials [128, 229]. Within the MBL phase, both

quasiperiodic and random systems can be subject to a di↵erent type of Gri�ths e↵ects

due to rare regions of the state that locally take the state to a many-body mobility

edge [97], if such a mobility edge is present [61]. Since the MBL phase is frozen,

such rare regions of the state are dynamically stable and thus behave like quenched

randomness. But in the thermal phase this cannot happen: a rare region of the state

that takes it locally in to the insulating phase will not be stable, but instead will be

“melted” (thermalized) by the surrounding thermal environment. Thus we do not

expect dynamic Gri�ths e↵ects in the thermal phase of nonrandom quasiperiodic

systems, where there are no rare regions of the Hamiltonian (or Floquet operator).

This work is arranged as follows. In Sec. 4.1, we introduce our notation and as-

sumptions. In Sec. 4.2 we summarize previous results on one-dimensional Gri�ths

e↵ects. In Sec. 4.3, we discuss Gri�ths e↵ects in the conceptually simplest case: that

of a Floquet system that has no extensive conservation laws. In Sec. 4.4 we turn to

systems with global conservation laws in general dimensions, and discuss the compe-

tition between hydrodynamic long-time tails and Gri�ths e↵ects. We find that, for

generic autocorrelation functions, the Gri�ths e↵ects are subleading in dimensions

greater than one, and identify specific observables—in particular, the spin echo re-

sponse (Sec. 4.5)—that remain dominated by Gri�ths e↵ects in all dimensions. In

Sec. 4.6 we consider the nature of the dominant rare regions; this discussion addresses

the behavior of the prefactor ↵ in Eq. (4.1) near the transition. Finally, Sec. 4.7 sum-

marizes our results.
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4.1 Notation and assumptions

We first set out some general assumptions and introduce some notation that we

shall use throughout the paper. We consider systems that have one, or a few, extensive

conserved scalar quantities (e.g., energy, charge, and/or spin-projection along some

axis), but no other special symmetries, as well as fully generic Floquet systems, in

which there are no extensive conserved quantities. We take the interactions to be

short-range in space. We take the disorder to be spatially uncorrelated (or to have a

correlation length that is short compared with the scales of interest to us).

We denote the characteristic microscopic energy scale of the system by W . The

global control parameter driving the MBL transition is denoted by �({�}), where

� denotes the physical parameters (energy density, interaction strength, etc.) that

a↵ect the transition; we define � so that � = 0 at the critical point, � > 0 in the

thermal phase, and � < 0 in the MBL phase. We will denote the local value of � by �̂.

We shall assume that the MBL transition is continuous; this assumption is consistent

with existing numerical evidence, but the evidence itself is mostly restricted to one

dimension.

We focus on the response at times that are long (or frequencies that are small)

compared with the characteristic microscopic scales of the system. The rare regions

we shall consider are correspondingly large compared with the lattice spacing, so that

coarse-grained notions of the “local properties” are meaningful for each region. In

most of this paper, we consider rare regions whose linear size is large compared to

the typical correlation length, which is denoted ⇠. Because these regions are large,

one can argue on “large deviations” grounds [65] that the probability of having some
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rare local property � behaves as ⇠ exp (�r(�, �)V ), where V is the volume of the rare

region, and r(�, �) is a (non-negative) “rate function” that vanishes as � approaches

�typ(�), the typical behavior of a region for the control parameter �. For instance, if the

distribution obeys the central limit theorem we expect that r(�, �) ⇠ '(�)(���typ(�))2

for small |���typ|. It is conceivable that the prefactor '(�) itself vanishes or diverges

at the critical point, because the cost of a region with anomalously thermal or localized

properties might scale nonexponentially at the critical point. If '(�) ⇠ |�|⇢ near the

critical point, our conclusions are robust so long as ⇢ > �1—this includes the cases

where (a) rare regions are anomalously common at the critical point, (b) the rate

function is nonsingular at the critical point, and (c) rare regions are anomalously

suppressed at the critical point, but the suppression is not too severe. We cannot rule

out the possibility that ⇢ < �1, in which case rare regions are completely suppressed

at the critical point, but as this scenario seems highly implausible we shall not consider

it further. Note that we are assuming that to make an insulating rare region, a nonzero

fraction of that region has to be atypical, thus the factor of V in the exponent in the

probability. This seems reasonable for rare insulating regions in the thermal phase,

although for the opposite case, namely rare thermalizing regions in the MBL phase,

it is less obvious that the atypical regions need to be a nonzero fraction of the total

volume in the limit of such rare thermalizing regions of large volume.

The correlation length ⇠ ⇠ |�|�⌫ as the transition is approached. On length scales

longer than ⇠ the system’s behavior is typically thermal (or MBL for � < 0), while

on shorter scales it is typically critical.
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4.2 Review of one-dimensional transport

We first briefly summarize previous results on Gri�ths e↵ects in the thermal phase

near the MBL transition (those in the localized phase are discussed in Ref. [97],

and will not concern us here). The e↵ect of rare “bottlenecks” on the spread of

entanglement in one-dimensional systems can be understood fairly simply [4, 267].

The bottlenecks are rare insulating (or, potentially, critical) regions of length L. The

transit time across a rare insulating region increases exponentially with its length;

we denote it by t(L) ⇠ exp(L/⌘), where ⌘ is a quantity that decreases as the region

becomes more insulating. The inclusions that serve as bottlenecks at (large) time

scale t are those with L � ⌘ log t. The probability of such a bottleneck is thus

⇠ exp (�r(�, ⌘)L) ⇠ exp (�⌘r(�, ⌘) log t), i.e., it goes as a power-law of t.

To find the exponent, we must optimize over all possible internal parameters for

the bottlenecks: in general, locally more insulating regions will act as more e↵ective

bottlenecks, but will also be rarer. Thus, we must optimize the quantity ⌘r(�, ⌘).

In one dimension, it is believed (on numerical [202] and renormalization-group [267]

grounds) that ⌘ approaches a finite value ⌘c at the critical point. Given this as-

sumption, one can check that the dominant bottlenecks in the weakly thermal phase

(small �) are those that are locally critical. Thus, if the typical distance from the

critical point is �, we expect that the density of bottlenecks is given by t�1/z, with

1/z = ⌘cr(�, ⌘c) giving the Gri�ths dynamic exponent z; note that z diverges as the

transition is approached. This density of bottlenecks determines the distance over

which information can travel in time t.

Thus entanglement typically takes time ⇠ lz to spread through the worst bot-
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tleneck it encounters in spreading over distance l, and for z > 1 this dominates the

entanglement spreading time. Energy or particle transport is slower: for example, the

charge autocorrelation function or “return probability” [4] (which is the inverse of the

distance di↵used in a time t) is given by hni(t)ni(0)i ⇠ t��, where � = 1/(z + 1).

Thus, transport is subdi↵usive when z > 1. This subdi↵usive transport can be

linked to a non-trivial behavior of the a.c. conductivity (via a scale-dependent Ein-

stein relation or a resistor-capacitor model [4]), which has the low-frequency behavior

�(!) ⇠ !1�2�, also seen in numerics [4]. There is some numerical evidence [163] that

finite-time di↵usive energy transport coexists with subdi↵usive spin transport; how-

ever, in the simplest Gri�ths models one expects all conserved quantities to relax at

asymptotically long times either di↵usively or subdi↵usively for any particular value

of the global control parameter.

4.3 Gri�ths e↵ects in systems with no extensive

conserved quantities

We now turn from transport to the autocorrelation functions of generic local oper-

ators, viz. [hO(t)O(0)i�hOi2], where the brackets h. . .i denote a thermal average over

a high-temperature state and the brackets [. . .] denote an average over quenched ran-

domness. We shall first discuss these in the conceptually simplest case, which is that

of a periodically driven system near a MBL transition, with no extensive conserved

quantities (we refer to this as a generic Floquet system). “Thermal” equilibrium

for such unconstrained systems maximizes the entropy and thus corresponds in some
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(a)

(b)

Figure 4.1: Rare region e↵ects in higher dimensions (a) vs. one dimension (b). In
all cases, there are insulating inclusions with a wide distribution of sizes and local
values of the control parameter (indicated here by shading). In higher dimensions,
inclusions can be bypassed, and rare-region contributions are due to degrees of free-
dom inside the inclusions. In one dimension, inclusions act as bottlenecks, and thus
a↵ect dynamics even in typical regions.

sense to infinite temperature. We discuss these in the four separate cases (average

vs. typical and d = 1 vs. d > 1).

4.3.1 Average behavior, any d

The average behavior of generic autocorrelation functions is dominated by rare-

region e↵ects. Starting from inside a rare region, the “escape” of particles or in-

formation from this rare inclusion in to its thermal surroundings will be extremely

slow, with timescale tL ⇠ exp(L/⌘), where L is the shortest linear dimension of the

inclusion. More insulating inclusions have smaller ⌘. Inclusions that are e↵ectively

insulating or critical at time t must therefore have a volume of at least ⇠ (⌘ log t)d,

and their density is given by

n(⇣, t) ⇠ exp(�r(�, ⌘)⌘d logd t) . (4.2)
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The inclusions that dominate the long-time behavior are those with local ⌘ that

minimizes r(�, ⌘)⌘d; this minimum value is the coe�cient ↵ in Eq. (1). The rare-region

contribution to all spatially-averaged autocorrelators and dynamical observables will

take the form (4.2) for operators that do “freeze” in the MBL phase. We note that

Eq. (4.2) superficially resembles a result from classical spin glasses [217]; however,

the physics is di↵erent, as we are concerned with the escape from an insulating region

and Ref. [217] considers collective domain flips in a spin glass.

4.3.2 Typical behavior, d = 1

In one dimension, when the Gri�ths dynamic exponent z > 1 the typical spacing

between rare insulating regions is given by t1/z, as noted above, and therefore grows

sublinearly in the time t at large t. This gives two related mechanisms by which

these rare regions a↵ect the typical long-time behavior of autocorrelation functions.

The operators within the rare region whose autocorrelations do not decay on time t

will have “tails” in the adjacent regions containing typical sites. Also, on timescale

t, any typical part of a system can e↵ectively be regarded as being in a “box” of size

L ⇠ t1/z that is isolated (on this timescale) from the rest of the system. Thus, a

generic long-time autocorrelation function in such a box will have a value & 1/N(t),

where N(t) is the Hilbert space dimension of the box—specifically, N(t) ⇠ exp[sL(t)]

where es is the number of states per site. Thus, in the generic case, the most that

a typical autocorrelation function can decay on time scale t is given by a “stretched

exponential”:

C(t) & C(t = 0) exp(�const.⇥ t1/z) . (4.3)
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Consequently, whenever z > 1 (i.e., in the Gri�ths regime of Sec. 4.2), the long-time

decay of typical autocorrelators is slower than a simple exponential. (We do not rule

out the possibility of even slower decay, though generically we expect inequality (4.3)

to be saturated.) Note that these typical autocorrelations are subleading to average

autocorrelations, which decay as a power law in d = 1.

4.3.3 Typical behavior, d > 1

For d > 1, the contributions originating from inside rare insulating inclusions do

not a↵ect typical behavior as the typical distance to the nearest such inclusion grows

superlinearly with t. (Thus, on a timescale t, a typical site is not within the zone

of influence of an inclusion that is insulating on timescales ⇠ t.) Moreover, because

entanglement can spread around inclusions in higher-dimensional systems, the inclu-

sions do not act as bottlenecks. Therefore, we can ignore Gri�ths phenomena entirely

for this case. Since by assumption there are no hydrodynamic quantities in generic

Floquet systems, these typical local autocorrelation functions decay exponentially

(but see Ref. [139]).

4.3.4 Summary and implications for spectral functions

The discussion above shows that Gri�ths e↵ects determine the decay of spatially

averaged correlation functions, regardless of dimension, in systems with no extensive

conserved quantities. This is because the average is dominated by correlation func-

tions inside the inclusions, which take a long time to decay. Further, in one dimension,

Gri�ths e↵ects dominate the decay of typical correlations provided that the density
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of inclusions is large enough: this is because inclusions act as bottlenecks, inhibiting

the equilibration of the typical regions between them. An important implication of

our discussion, specific to the generic Floquet case, is that the coe�cient ↵ (and thus

the decay power law) is the same for all spatially-averaged local correlators in one

dimension when z > 1, provided they are correlators of operators that do “freeze” in

the MBL phase2.

We briefly comment on the implications of these results for spectral functions,

which we can obtain directly by Fourier transforming the autocorrelation functions

discussed above. When the temporal decay is faster than a power-law (i.e., for aver-

aged correlation functions in higher dimensions, and for typical correlation functions

in one dimension) the spectral functions exhibit at most a weak essential singularity

at ! = 0 due to rare regions. This is on top of the typical behavior, which is a smooth

function that grows increasingly sharply peaked at ! = 0 as one approaches the MBL

transition [98] (the width of this reflects the typical relaxation time, which diverges

at the transition). For averaged spectral functions in one dimension, however, the

long-time power-law decay implies that the spectral functions have the low-frequency

behavior

C̃(!) ⇠ const.+ !(1�z)/z, (4.4)

where a constant part due to the typical decay is always present. Far from the

MBL transition, z < 1, and this Gri�ths power-law is subleading to the constant in

2There are some special cases where correlations do not have Gri�ths e↵ects in Floquet systems,
due to the operator having expectation value zero in all eigenstates. One example is purely imaginary
Hermitian operators in systems where the eigenstates can all be chosen to be real—an example is
the operator �y in the transverse-field Ising model H =

P
i

h
i

�x

i

+
P

hiji Jij�
z

i

�z

j

. In the MBL phase
such operators precess with a state-dependent frequency rather than freezing. This precession in
locally MBL regions averages out and does not give rise to Gri�ths e↵ects.
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spectral functions. Close to the transition, z > 1 and generic local spectral functions

exhibit a low-frequency divergence. Note that, as the MBL transition is approached

in one dimension, these averaged spectral functions approach the form ⇠ 1/!, which

is possibly related to recent discussions of 1/f noise in disordered spin systems [3].

4.4 Gri�ths e↵ects in systems with extensive con-

served quantities

We now turn to systems with global conservation laws, such as energy or charge

conservation. The densities of conserved quantities relax di↵usively (i.e., as⇠ t�d/2 for

local autocorrelations) even in generic clean systems; thus there are multiple sources

of slow dynamics in these systems. Once again, we address the various cases in turn.

4.4.1 Typical and average behavior, d > 1

In systems with conserved quantities, the rare-region contributions to generic au-

tocorrelation functions continue to take the form (4.2). However, in systems with

conserved quantities, these rare-region e↵ects are not the only source of slow dynam-

ics in the system; in addition, there are hydrodynamic modes, corresponding to slow

fluctuations of the conserved densities. It is well known [215, 76, 172] that these

give rise to long-time tails in the decay of generic autocorrelation functions; i.e., the

typical behavior of a generic autocorrelation function is to decay at long time as a

power law, which is slower than the rare-region contribution, so that Gri�ths e↵ects

are subleading in averaged as well as typical autocorrelators in d > 1. In fact, only a
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special set of autocorrelation functions are immune from long-time tails; we discuss

how to identify and observe these below.

4.4.2 Typical behavior, d = 1

In one dimension, both rare regions and hydrodynamics give power-law decay,

and—as we now discuss—their e↵ects are intertwined. A generic autocorrelation

function contains some overlap with the conserved densities themselves, and these

decay as t�� ⌘ t�1/(z+1) when z � 1, as discussed in Sec. 4.2. Autocorrelation

functions that do not directly overlap with the conserved densities are nevertheless

coupled to these densities [215] and thus pick up subleading long-time tails with

more rapidly decaying power laws. We illustrate these points below by discussing the

relaxation of current and density fluctuations as a function of their wavevector q.

Local and global optical conductivity

As a specific case we consider the current-current autocorrelation function, which

is related to the optical conductivity by a Kubo formula. For a system that is time-

reversal invariant, observables that are odd under time-reversal will generically pick

up the long-time behavior of the current, but not the density (which is even under

time-reversal). We first consider the behavior of the local current, i.e., hji(t)ji(0)i

at some site i. On a timescale t, for z > 1 this site is in e↵ect contained in a box

of size L(t) ⇠ t� where � = 1/(z + 1) is the subdi↵usion exponent [4]. Equilibrium

density fluctuations imply that typically the density to the left and right of site i

di↵er by 1/
p

L(t). This density imbalance relaxes on a timescale t (which is the
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timescale for equilibration across L(t)), and its relaxation involves moving ⇠ pL(t)

units of the “charge” associated with the conserved density across site i. Thus the

local current-current correlator at site i has the power-law behavior

hji(t)ji(0)i ⇠ [
p

L(t)/t]2 ⇠ t�2+� (4.5)

Note that, unlike the density-density correlator, this decays more rapidly as the MBL

transition is approached; this is natural as there are no frozen currents in the MBL

phase.

The total current in the region, denoted J , has a slower long-time tail: to relax the

initial density imbalance, a net ⇠pL(t) particles must be moved a distance ⇠ L(t).

Including this factor (which can equivalently be seen as multiplying ji by the number

of sites over which current flow is correlated at time t), we get an autocorrelation

for the total current of order 1/t2�3�. One can relate this to the a.c. conductivity 3

as follows. Since currents in separate regions of size L(t) are uncorrelated we can

just add up the dissipation due to these uncorrelated regions; this amounts to adding

up their conductivities [71]. Each region has a conductivity that is related to the

current-current correlator by

�(q = 0,!) ⇠ 1

L(1/!)

Z
dtei!thJ(t)J(0)i. (4.6)

This Fourier transform gives the result [4] that

3We emphasize that the Kubo conductivity is defined as the response to a uniform, time-varying

electric field applied across the sample, without reference to leads. In the subdi↵usive phase the sys-
tem can be regarded as disconnected blocks each of length L(t), separated by impassable bottlenecks.
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�(q,!) ⇠ !1�2� = !(z�1)/(z+1) qL(1/!) ⌧ 1. (4.7)

The above result applies not only to the q = 0 conductivity but also to q > 0

conductivity provided that qL(1/!) ⌧ 1: in this limit the length-scale over which

relaxation occurs is governed by ! rather than q.

Density-wave relaxation, structure factor, and large-q conductivity

An observable of particular experimental interest [229] is the relaxation of a pat-

terned initial state (typically a density wave of wavenumber q). Specifically, assume

the initial state ⇢(q)
0

has an order one expectation value of the density wave operator

⇢̂q at wavenumber q. The measured quantity is the expectation value of the density

wave at later time t, Iq(t) ⌘ Tr[U †(t)⇢̂qU(t)⇢(q)
0

]. While this is not a local correlator,

it can be analyzed using the same reasoning. At a time t, the density has relaxed

over a scale L(t) ⇠ t�, but on larger scales the system is cut into segments separated

by bottlenecks. The average deviation from equilibrium of the density in a segment

of length L(t) between bottlenecks is ⇠ 1/(qL(t)), and the corresponding overlap is

1/(qL(t))2. Thus the typical regions contribute an overlap ⇠ 1/t2�. Note that this is

always subleading, in the spatial average, to the contributions originating from inside

the rare Gri�ths regions (because 2� ⌘ 2/(z+1) � 1/z when z > 1). Therefore, the

contrast decay goes as Iq(t) ⇠ t�1/z.

A very similar Gri�ths analysis can be performed for the q-dependent autocor-

relation function of the density, Ŝ(q, t) ⌘ Tr[U †(t)⇢̂qU(t)⇢̂q exp(��Ĥ)]. Between

inclusions that are insulating at time t, the remaining “memory” of the initial density
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modulation consists of a density excess or deficit of order 1/(qL(t)) that is spread

out uniformly over the scale L(t). Once again, this typical-region contribution to

Ŝ(q, t) goes as t�2�, and is subleading to the average contribution ⇠ t�1/z from inside

inclusion cores.

Thus the autocorrelator Ŝ(q, t) ⇠ t�1/z and its Fourier transform, the structure

factor S(q,!) ⇠ !1/z�1. Consequently [126], the behavior of the conductivity �(q,!)

when q is finite and ! ! 0 goes as

�(q,!) ⇠ !1+1/z qL(1/!) � 1. (4.8)

4.4.3 Average behavior, d = 1

Above, we discussed the typical behavior of autocorrelation functions in one di-

mension, and argued that they will generally decay with power-laws that are due to

a combination of hydrodynamic and rare-region e↵ects (i.e., because of the “indirect”

e↵ect of rare regions as bottlenecks). For spatially averaged quantities, one must con-

sider both these power laws and the power laws due to the direct contribution of rare

regions themselves; the slower-decaying of these exponents will dominate. Within an

inclusion that is insulating on timescale t, generic local operators do not relax at all;

thus, their contribution to the spatial average is ⇠ t�1/z. (We should specify here

that we are considering operators that are even under time-reversal; operators that

have the “wrong” symmetry, such as current, decay inside an inclusion.) Whether

this t�1/z contribution is leading or subleading over the contribution from typical re-

gions depends on the nature of the long-time tail: for the density autocorrelation it

63



Chapter 4: Gri�ths e↵ects and slow dynamics in nearly many-body localized systems

is subleading, but for the overlap it is leading.

4.4.4 Summary

In this section we argued that, for systems with conserved quantities, hydro-

dynamic power laws generically mask Gri�ths e↵ects, in both average and typical

autocorrelation functions, in d > 1. In d = 1, on the other hand, Gri�ths power-

laws are dominant su�ciently near the transition. There are two sources of Gri�ths

power laws: first, the inclusions themselves directly contribute (as they do in Flo-

quet systems); second, for d = 1 the inclusions act as bottlenecks for the transport,

which slows the relaxation of typical regions in between bottlenecks. Thus, in con-

trast to Floquet systems, Hamiltonian systems have di↵erent continuously varying

Gri�ths exponents for di↵erent observables. Moreover, not all exponents vanish near

the transition. Indeed, some observables, such as the current, decay faster (though

still as power laws) near the MBL transition, because they are required by symmetry

to vanish in the MBL phase.

In the frequency domain, a generic spectral function will go (when ! ! 0) as

C̃(!) ⇠ A + B!p, where p is an exponent related to the temporal long-time tail of

the associated autocorrelator. When p � 0, these power-laws are subleading in the

spectral function, though they still dominate the long-time behavior of the autocor-

relator. In contrast with the Floquet case, both typical and average autocorrelation

functions have power-law singularities as the transition is approached. However, the

typical and average power laws may di↵er, with the latter being slower.

The dependence of the conductivity, �(q,!), on wavevector q and frequency !, in
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Figure 4.2: Spin echo response for various disorder values W in the thermal phase
of the random-field Heisenberg model, H =

P
i hiSz

i + Si·Si+1

, where hi 2 [�W,W ].
Thin lines correspond to L = 12 and thick lines to L = 14.

one dimension, illustrates many of these features. When ! is taken to zero keeping

q finite, relaxation can occur locally, and the conductivity vanishes with an expo-

nent !1+1/z, due to slow relaxation within rare regions. On the other hand, when

q is taken to zero keeping ! finite, relaxation requires large-scale rearrangements of

the conserved quantity, and the conductivity vanishes with an exponent !(z�1)/(z+1),

determined by slow relaxation across rare regions.

4.5 Bypassing long-time tails through spin echo

Although generic autocorrelators exhibit long-time tails for systems with con-

served densities, in some cases it is possible to construct simple operators that do

not. A specific class of such quantities are “transverse” operators O? that change

the value of a discrete conserved quantity, such as single-particle creation operators
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[or, e.g., in XXZ spin models, spin projections that are perpendicular to the con-

served one]. Using the method of fluctuating hydrodynamics [215], one can argue

that autocorrelation functions of the form hO†
?(t)O?(0)i decay exponentially even

after nonlinear hydrodynamic e↵ects are included. The argument is as follows: long-

time tails in the autocorrelations of an operator A arise because of mixing between

that operator and the conserved densities (or their products, derivatives, etc.). In

the language of fluctuating hydrodynamics, this occurs when there exists some slowly

relaxing quantity Q̃ such that the projector of A onto Q̃,

P
˜Q(A) ⌘ Q̃

hAQ̃i
hQ̃Q̃i , (4.9)

is nonvanishing. However, since all the conserved densities and their products, deriva-

tives, etc. act only within a particular sector of the global conserved quantity, for

A = O? the projector (4.9) is identically zero, and therefore these purely “transverse”

autocorrelators do not pick up long-time tails. Unfortunately such operators are also

orthogonal to the emergent conserved quantities in the MBL phase; consequently,

their autocorrelation functions in the MBL phase will precess at a state-dependent

frequency, and thus decay upon spatial averaging [233].

This decay of the autocorrelations within the MBL phase can be undone using spin

echo [233]; we now argue that spin echo in the thermal Gri�ths regime is dominated

by rare-region contributions in all dimensions. For specificity, we consider a system of

spins-1/2 with a global U(1) symmetry, corresponding to a conserved spin projection,

which we label z. The generalization to bosonic and fermionic systems with particle

number conservation is straightforward (see Appendix A). In general, a local spin-flip

operator �x
i in such a system in the MBL phase will have nonzero overlap with one
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or more operators ⌧xj that flip a single conserved pseudospin.

In the spin-1/2 case with a globally conserved z magnetization, the spin echo

response (or “fidelity”) at a site i can be written [233] as

F(t) = h (t)|�z
i | (t)i ,

| (t)i = �1

4
(1� i�y

i )e
�iHt/2(1� i�y

i )
2 (4.10)

⇥e�iHt/2(1� i�y
i )| (0)i .

The spin echo response is closely related to the autocorrelation function of the non-

conserved components of the spin. As such, F(t) decays to zero at long time in the

thermal phase, while it saturates to a finite value in the localized phase. This is the

same as the behavior of the generic autocorrelator we discussed above; thus, we once

again arrive at the rare-region contribution (4.2) to the spin echo response. This

power-law decay of the response indeed seems to arise in the random-field Heisenberg

chain (Fig. 4.2), though, as is typical in the thermal phase, our numerical results have

strong finite-size e↵ects that arrest the decay after some finite, L-dependent time.

4.6 Nature of dominant rare regions

To establish the functional form of the rare-region contribution, we did not need

to address the question of what the dominant inclusions are like: i.e., whether they

are locally critical or insulating, and by how much. However, the nature of these

inclusions determines the factor ↵ in the exponent in Eq. (1); in one dimension, this

sets the power-law with which correlation functions decay.

To address this question in some generality, we will consider various possible
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scalings of the time for information or particles to escape a critical inclusion of size L

embedded in a thermal bulk background. For an insulating inclusion, this time goes

as t(L) ⇠ exp(L/⇣), where L is the shortest dimension of the inclusion. Since a critical

inclusion must relax faster than an insulating inclusion, the possibilities for critical

dynamics are (i) that t(L) remains exponential in the length (i.e., t(L) ⇠ exp(L/⇣c)),

or (ii) that it grows sub-exponentially in L (e.g., as L� or as exp(L ) with  < 1).

In one dimension, as discussed in Sec. 4.2, there is evidence from both numerical and

renormalization-group methods that possibility (i) obtains. In higher dimensions,

there is no direct evidence either way, although possibility (i) seems more plausible 4.

In what follows, we discuss in general terms how these assumptions determine

the behavior of the Gri�ths prefactor/exponent ↵ in Eq. (4.1) (in Appendix C.2

we specialize to the one-dimensional case, and discuss the leading corrections to the

behavior we have seen). We shall take the general form exp(L ) for critical dynamics

(0    1), which includes all the cases of interest. The relaxation rate of a localized

inclusion will be t(L, ⇠̂) ⇠ exp(L/⌘(⇠̂)) when ⇠̂  L, and t(L) ⇠ exp(L ) for critical

inclusions where L  ⇠̂, where ⇠̂ is the local correlation length within the inclusion.

Matching these regimes gives us that ⌘(⇠̂) ⇠ ⇠̂1� ⇠ |�̂|�⌫(1� ). Now, suppose the

system is in the thermal phase and typically at a distance � > 0 from the critical point.

A localized inclusion with internal control parameter �̂ < 0 gives a contribution

4A degree of freedom in a critical inclusion of size Ld can relax either by decaying directly into
the bath (on a timescale exponential in L) or by participating in a collective rearrangement involving
L✓ spins (with 0 < ✓  d), on a timescale that is exponential in L✓. If ✓ > 1, then the dominant
relaxation process is direct decay into the bath. When d is su�ciently large, one expects ✓ > 1
because the multiplicity of such clusters is larger.
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exp(�⌘(�̂)dr[�, ⌘(�̂)] logd t) (4.11)

to the autocorrelation. To find the dominant inclusions, we therefore need to minimize

the quantity ⌘dr(�, ⌘). We now use the critical behavior ⌘ ⇠ |�̂|�⌫(1� ), the fact that

�̂ is itself a local property, and the small-argument behavior of the rate function from

Sec. 4.1 to find that

⌘dr(�, ⌘) ⇠ �⇢(� � �̂)2|�̂|�⌫d(1� ) (4.12)

where ⇢ is the exponent defined in Sec. 4.1, which satisfies ⇢ > �1. Let us take � to be

in the thermal phase, a small distance from the critical point, and find the dominant

�̂. Two kinds of behavior are possible, depending on the value of ⌫. In particular, we

see that

⌫d(1�  ) < 2 ) ↵
�!0��! 0. (4.13)

In this case, the dominant �̂ is near-critical when � itself is near-critical. On the

other hand, if ⌫d(1 �  ) > 2, the optimal inclusions remain deeply insulating all

the way to the critical point (although ↵ can still vanish if ⇢ > 0). The cases

 = 1 (corresponding to t(L) ⇠ exp(L/⌘c), which seems most likely to be true)

and  = 0 (corresponding, e.g., to t(L) ⇠ Lq for some q) are special. When  = 1,

inequality (4.13) is always satisfied and the dominant inclusions are always near-

critical. When  = 0, the inequality is always violated (because ⌫d � 2 in disordered

systems [46, 43]) and the dominant inclusions are deeply insulating.
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4.7 Conclusions

In this work we have extended previous results on Gri�ths e↵ects on the ther-

mal side of the MBL transition from one dimension to higher dimensions and from

transport to spin echo and other dynamical observables. We have identified various

considerations that determine whether a given observable and/or system will exhibit

a thermal Gri�ths regime where the long-time behavior is dominated by rare regions.

To summarize, our main conclusions are:

(a) In systems with no conserved quantities, the long-time behavior of thermally

and spatially averaged autocorrelators takes the form (4.1) and is dominated by Grif-

fiths e↵ects that are due to slow relaxation inside rare regions that are locally insu-

lating or critical. The coe�cient ↵ in Eq. (4.1) is the same for all autocorrelators.

Autocorrelators at typical spatial locations decay parametrically faster (exponentially

in d > 1 and with stretched exponentials due to insulating bottlenecks in d = 1).

(b) In systems with conserved quantities, when d > 1, the long-time behavior of

generic autocorrelators is dominated by hydrodynamic tails. The Gri�ths behav-

ior (4.1) can be recovered either as an intermediate-time transient, or by choosing

specific measurements, such as spin echo, for which hydrodynamic long-time tails

are absent. When d = 1, Gri�ths e↵ects dominate general autocorrelators near the

transition, but the Gri�ths exponents are modified by hydrodynamic e↵ects.

Although our discussion has focused on MBL systems with short-range interac-

tions, it can directly be extended to systems with longer-range (e.g., power-law [34,

273, 35] or stretched exponential [265, 260]) interactions, provided that the interac-

tions fall o↵ fast enough for an MBL phase to exist. Such systems avoid a subdif-
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fusive phase in all dimensions, and Gri�ths e↵ects in them are qualitatively similar

to those in short-range systems with d > 1. An interesting question is to what ex-

tent the Gri�ths e↵ects discussed here extend to systems with correlated disorder.

To give an extreme instance, many-body localization can occur in systems without

quenched randomness that are subject to quasiperiodic potentials [128, 229]. Within

the thermal phase, we do not expect Gri�ths e↵ects of the type discussed here to

play a significant role in this limit of highly correlated disorder; however, the fate of

the subdi↵usive phase as the disorder correlations are made long-range is currently

unclear.

These results for the thermal phase, with their strong dependence on dimensional-

ity and the existence of conserved quantities, contrast markedly with Gri�ths e↵ects

within the MBL phase. Throughout the MBL phase, response is dominated by lo-

cally atypical regions, either of the disorder configuration or of the state (thus, again,

quasiperiodic and random systems can be understood on the same footing). How-

ever, the rare-region e↵ects in the MBL phase appear to be dimension-independent,

and always give rise to power laws in the dynamics [97]. Thus, a MBL transition in

higher dimensional systems would have the intriguing feature that rare region e↵ects

are dominant throughout the localized phase, but subleading throughout the thermal

phase. The implications of this for the critical behavior at the phase transition will

be addressed in future work.

Note added.—As this manuscript was being prepared, a numerical study ap-

peared [170] providing evidence for anomalous Gri�ths e↵ects in the imbalance decay

(cf. Sec. 4.4.2).
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Chapter 5

1/f↵ noise and generalized di↵usion

in random Heisenberg spin systems

Hold the newsreader’s nose squarely, waiter,
or friendly milk will countermand my trousers.

Stephen Fry, A Bit of Fry and Laurie

Disordered interacting spin systems display a variety of physical phenomena: the

spin glass transition [73, 85, 239, 178, 179] and slow relaxation [217, 86, 48, 93],

many-body localization transition [202, 192, 19, 235, 196] and a breakdown of er-

godicity, Gri�ths (rare-region) e↵ects [4, 108, 264, 263], strong-randomness fixed

points [185, 186, 84], spin-liquid states [226] and even excited topological states [16].

A great deal of our understanding of these phenomena has come from the develop-

ment of the real-space renormalization group (RSRG) [alternatively, strong disorder

RG (SDRG)] method [58, 82, 123]. Previous applications of the method focussed on

studying the low-temperature thermodynamic properties of disordered spin chains.

More recently, the approach has been applied to study both high temperature and
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dynamical properties—this is based on the identification that the protocol, more gen-

erally, involves the creation of local integrals of motion, i.e., the high-energy modes

eliminated during the RG process are pieces of approximate many-body eigenstates

of the system [205, 185, 261]. Using such ideas, theoretical analysis of the low-

temperature optical conductivity of Anti-Ferromagnetic spin chains of various kinds

was carried out in Ref. [185] while that for Ising spin chains was performed compu-

tationally to identify a transition between various infinite-temperature many-body

localized phases in Ref. [205].

The work presented here builds on and extends the RSRG program to address a

crucial question in the dynamics of disordered systems—how do they generate scale-

invariant 1/!↵ (or 1/f↵) noise? Numerous experiments [269, 12, 268, 25, 244, 231, 36]

on Superconducting Quantum Interference devices (SQUIDs) observe a flux noise with

a spectrum N(!) ⇠ 1/!↵ whose magnitude is nearly temperature independent, but

exponent ↵ changes smoothly with temperature [12, 268]. The noise likely originates

from fluctuating electronic spins localized on the metal-insulator (the conducting strip

and the substrate) interface of the SQUIDs [269, 145, 80]. Such spins can interact

via oscillatory RKKY (Heisenberg) interactions [80] whose sign flips on the order

of the Fermi-wavelength and is e↵ectively random at the scale of separation of the

spins, i.e., interactions can be both Ferromagnetic (F) or Anti-Ferromagntic (AF).

The dynamics of such spins, and how they generate the observed noise spectrum

is less understood. In particular, it was posited that the two-dimensional surface

spins exhibit regular di↵usion [80, 158] and that the 1/! noise spectrum arises in

a limited frequency range owing to specifics of the geometry of the probe coupling.
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�

Figure 5.1: (a) Phase diagram of the strongly disordered Heisenberg spin chain (with
1/|J | distribution of initial couplings in a range |J | 2 [1, eD] ) extrapolated to finite
temperatures using RSRG results at zero and infinite temperatures; the color scheme
encodes the variation of the dynamical exponent z as a function of the bias ⌘i [initial
proportion of F/AF (-1/1) bonds in chain]. (b) The low-frequency noise power law
↵ and (c) the dynamical critical exponent z are plotted against ⌘i at T = 0 (data-
points and error bars) and T = 1 (flat line with dashed lines indicating error), for
disorder strength D = 3 (see main text). At T = 0, the purely F system harbors
heavily damped spin wave excitations whose localization length diverges as 1/! in
the zero-frequency limit. The purely AF system, which is known to flow to a infinite-
randomness fixed point, exhibits 1/! noise. Intermediate biases (non-hatched region)
flow to strong-randomness fixed points accompanied by 1/!↵ noise spectra. Hatched
region is inaccessible to RSRG. At high temperatures (T � !), the 1/!↵ noise
spectra is generic to strongly disordered Heisenberg chains and can be interpreted in
the context of generalized di↵usion. The crossover from zero-temperature to infinite-
temperature behavior occurs at T/! ⇠ 2z0 , where z

0

is the dynamical exponent found
for the zero temperature system.
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Such explanations predict a large frequency lower bound to the 1/! form of the noise

spectrum which is not observed in experiments. More importantly, it was assumed

that the disorder is self-averaging (which leads to di↵usion). A central finding of our

work is that, for su�ciently strong initial disorder, this is not the correct conclusion for

one-dimensional and two-dimensional ‘strips’ of Heisenberg spins—we find that such

interacting spin networks generically flow towards strong-randomness fixed points

where they exhibit anomalous di↵usion and, moreover, this entails a flux noise that

intrinsically exhibits a 1/!↵ (↵ < 1) noise spectrum.

The RSRG protocol we develop allows us to directly compute the noise spectrum

N(!) measured by a probe that couples (through arbitrary geometrical factors) to

the flux generated by spins interacting via disordered exchange couplings, at both

high and low temperatures. Our approach is elaborated upon in Sec. 5.1. A numeri-

cal application of the protocol suggests that a (strongly) disordered Heisenberg spin

chain flows towards a strong-randomness fixed point characterized by an anomalous

dynamical exponent z = 1/� 6= 1,2. Moreover, this dynamical exponent determines

the form of the noise; a harmonic probe with wave-vector q measures the noise Sq(!)

(the dynamical structure factor) which shows a piece-wise power-law frequency de-

pendence: Sq(!) ⇠ 1/!↵ for ! ⌧ q1/� and Sq(!) ⇠ 1/!↵0
for ! � q1/�. The precise

values of these power laws are independent of the initial composition (proportion of

F/AF bonds) of the spin chain if the distribution of couplings is su�ciently non-

singular, but varies for more singular initial distributions such as those relevant for

experiments on SQUIDs (and that we primarily consider)—for such distributions, the

low-frequency noise exponent varies in the range 0.5 < ↵ < 1 (Fig. 5.1). [Note that
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any probe of finite spatial bandwidth will inherit the low frequency exponent ↵ in

the structure factor Sq(!).] Our numerical results for spin chains are discussed in

Sec. 5.2.

While exponents z, ↵, and ↵0 can take a range of values, they are tied by the

non-trivial relations ↵0 = 1 + 2(1 � ↵), ↵ = 1 � 1/z at high temperatures, and

↵0 = 1 + 3(1 � ↵), ↵ = 1 � 1/2z at low temperatures. In Sec. 5.3, we show how

these relations can be obtained from a scaling form of the probability distribution

function PF (AF )

that governs the distribution of F(AF) bonds with a given coupling

at energy scales where the RG procedure has converged. These relations are then

verified numerically by performing a scaling collapse of Sq(!) for a wide range of

wave-vectors and frequencies (Fig. 5.4) at both T = 0, and T = 1; the success of

the scaling collapse gives further credence to the validity of the RG procedure.

While the above discussion pertains specifically to the Heisenberg spin chain, we

show, in Sec. 5.4, that the form of the dynamical structure factor carries over gen-

erally, at high temperatures, independently of dimensionality, to systems exhibiting

anomalous di↵usion. We propose a generalized-di↵usion ansatz for the spin propaga-

tor, Gq(!) = 1/[�i! + q1/�f(!/q1/�)], that can account for anomalous di↵usion and

show that it directly reproduces the limiting q� and !�dependencies of the structure

factor. Thus, we conclude that at high temperatures (T � !), 1/!↵ noise is generic

to a system exhibiting anomalous di↵usion (accompanied by an anomalous dynamical

exponent). The generalized-di↵usion approach, however, fails to explain the structure

factor at T = 0. We discuss how this is a consequence of the failure of linear response

at T = 0—we show that the system exhibits a divergent static susceptibility for even
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finite-q perturbations.

The 1/!↵ low-frequency behavior of the structure factor also has the consequence

that all (harmonic) spin correlations decay to zero in the long time limit as 1/t1�↵.

Conversely, when ↵ = 1 precisely, even finite-q modes, which are not conserved are

unable to equilibrate, signaling the onset of the many-body localization (MBL) tran-

sition. Thus, 1/! noise is connected to the MBL transition. A hint of this is observed

in our simulations at T = 1, where, upon increasing the disorder strength, the low-

frequency noise exponent approaches 1, but does not reach it. At T = 0, the noise

exponent 1 is obtained in the case of a purely AF chain, where the RG is expected

to flow towards infinite-randomness fixed point [58, 83]. The status of ergodicity in

our model is less clear. The RG constructs a macroscopic number of integrals of

motion which suggests a lack of ergodicity. However, these integrals of motion are

not exact since the RG flows towards a strong-randomness fixed point, as opposed to

infinite-randomness where it does become probabilistically exact. We anticipate fu-

ture studies should elucidate this question. (While MBL implies a lack of ergodicity,

the converse is not true; see for instance Ref. [211].)

In Sec. 5.5 we discuss the application of the RSRG procedure to two-dimensional

spin networks. For square geometries, at high temperatures, the structure factor

shows scaling behavior (although in a limited range of frequencies) according to the

generalized-di↵usion ansatz for a dynamical exponent z ⇡ 2. Note that regular dif-

fusion is also associated with z = 2; however, in the generalized-di↵usion framework,

this implies that the finite-q structure factor has a 1/
p
! low-frequency tail instead

of the flat spectrum expected in the case of regular di↵usion. We note that for square
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geometries, the accuracy of the decimation procedure does not improve significantly

over the course of the RG. Therefore, we cannot rule out (or confirm) regular di↵u-

sion. In contrast, for an elongated two-dimensional ‘strip’, we find that at the lowest

frequencies, this 1/
p
! tail transitions into an anomalous 1/!↵ tail (0.5 < ↵ < 1)

as in the one-dimensional case; thus, as the clusters become wider than the width of

the two-dimensional strip, their collective dynamics mimics that of a one-dimensional

array of disordered spins. We end by summarizing our results and their connection

to experiments in Sec. 5.6 and proposing further possible extensions of our RSRG

protocol to systems with anisotropic couplings.

5.1 RSRG approach for computing noise

The model we study is the disordered Heisenberg spin-1/2 system with Hamil-

tonian H =
P

ij Jij
~Si.~Sj. Jij’s are picked independently from a distribution P

0

(J)

with support over both negative and positive values of J . The probe measures a

magnetic flux ~M =
P

i gi
~Si, and the noise measured by such a probe has a spectral

form N(!) = F{
D
[ ~M(t)., ~M(0)]

+

E
}, that is, the Fourier transform of the autocorrela-

tion of ~M(t). (Such an autocorrelation directly yields the x�, y�, z�component-wise

noise auto-correlations due to spin-rotation symmetry of the model. Also note that

the methodology presented here can be straightforwardly extended to the case where

gis are vectors measuring a certain the projection of the local spin, which can be non-

uniform. We do not treat this general case here for the sake of simplicity.) The RSRG

approach and the evaluation of the noise spectrum can be summarized succinctly as

follows. We first find the 2 spins ~SA and ~SB that are most strongly coupled to one
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Figure 5.2: (a) Two-spin dynamics. Two spins A and B strongly coupled to one an-
other revolve around their net moment ~S

+

= ~SA + ~SB with a large frequency J |~S
+

|,
while ~S

+

moves slowly owing to weak interactions J 0
A and J 0

B. ~S� = ~SA � ~SB is ef-
fectively decoupled from the slow dynamics of ~S

+

and results in the ‘noise’ evaluated
at this RG step. (b) Demonstration of RG rules. The strongly coupled spin-pair are
decimated to form an e↵ective spin (with quantized net moment s

+

), and Heisenberg
couplings are renormalized from JA(B)

to JA0
(B0

)

. The e↵ective spin couples to the
probe with amplitude g

+

. If a singlet is formed, both spins are integrated out, pro-
viding an e↵ective interaction J 0 between the neighboring spins. (c) Scaling behavior
at T = 1 (at T = 0, the bonds, composed of long-range singlets scale as the cluster
size). Size of clusters n, their spin size s and the time-scale of their dynamics 1/! are
connected through the anomalous dynamical exponent 1/�. Harmonic probes (illus-
trated in blue) measure a low-(high-)frequency noise-exponent ↵ or ↵0 in the regimes
where the probe length 1/q is smaller (greater) than the clusters whose dynamics
they probe.

another; these spins tend to precess rapidly around their total moment ~S
+

= ~SA+ ~SB,

which on the other hand, moves slowly if the constituent spins are relatively weakly

coupled to the external neighbors. The total spin ~S
+

is then kept as an e↵ective

spin with an e↵ective interaction with the probe and its neighbors, while the rapid

precession of the constituent spins is counted towards the ‘noise’ at the frequency at

which they precess about ~S
+

. This procedure is repeated ad-infinitum. The approach

is illustrated in Figs. 5.2 (a) and (b).

It must be noted that the quantum-mechnical derivation of the ground state RSRG
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rules for bond decimation in mixed AF/FM case for was first carried out in Ref. [270].

However, as mentioned above, to calculate the noise spectrum at arbitrary tempera-

ture, we need to extend these rules to arbitrary composite states and provide renoma-

lization rules for the probe function gi. In order to keep the discussion self-contained

and shed light on the physics of the problem, we discuss the derivation of these rules

using a straightforward semi-classical approach, that yields the quantum-mechnical

results upon spin re-quantization.

5.1.1 Derivation of RG rules

To obtain the general bond decimation rules, let us first consider a set of two

strongly interacting spins ~SA and ~SB with mutual coupling J and couplings JA and

JB to external spins, such that J � JA, JB. Due to their large mutual coupling

J , spins A and B precess about their combined moment ~S
+

= ~SA + ~SB with a large

frequency �
0

= J
���~S

+

���. The neighboring spins couple only to the slow motion of spins

~SA and ~SB which is the projection of these spins on to the slow combined moment ~S
+

.

Thus, the e↵ective couplings JA(B)

are modified to J 0
A(B)

= JA(B)

(~SA(B)

· ~S
+

)/
���~S

+

���
2

.

The quantum-mechanical result is obtained by re-quantizing the spins, i.e., |~SA|2 =

sA(sA + 1), |~SB|2 = sB(sB + 1), and |~S
+

|2 = s(s+ 1).

The quantum-mechanical interpretation of the above procedure is that, at every

step of the RG, we solve the approximate Hamiltonian HAB = J ~SA.~SB + ... to first

order in perturbation theory by projecting the system to a particular eigenstate of

~S
+

with quantum number s. This e↵ective spin has couplings J 0
A and J 0

B determined

above with its neighbors. The frequency �
0

with which the spins precess about the
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total moment ~S
+

is split into 2 in the quantum-mechanical situation, and is given

by the energy di↵erence between total angular momentum states s and s ± 1 of the

coupled spins. The perturbation theory is controlled by the parameter �A(B)

/�
0

where �A,�B correspond to a similar gaps generated by the combination of spins

A and B with their neighbors. Note that in the case of singlet-formation (s = 0),

second-order perturbation theory must be performed, eliminating spins A and B

altogether and yielding an e↵ective coupling between their neighboring spins, J 0 =

2sA(sA +1)JAJB/3J (sA = sB) [270]. Note that in higher dimensions, when external

spin A (and/or B) may couple to both spins 1 and 2 undergoing a singlet formation

with couplings JA,1 and JA,2 respectively, the coupling JA in this result should be

replaced by JA,1 � JA,2.

The renormalization of the probe coupling is also immediate: if the probe couples

with strength gA and gB to spins A and B, it couples to the e↵ective spin ~S
+

with

a strength g
+

= gA(~SA · ~S
+

)/
���~S

+

���
2

+ gB(~SB · ~S
+

)/
���~S

+

���
2

= (gA + gB)/2 + (gA �

gB)/2

���~SA

���
2

�
���~SB

���
2

�
/
���~S

+

���
2

. Note that in the case of singlet formation, the spins

are eliminated altogether and the probe does not couple to the singlet. This will

result in important di↵erences in the behavior of the system at T = 0 (where singlets

are preferred) and T = 1 (where singlets are unfavorable for entropic reasons).

5.1.2 Evaluation of Noise at every RG step

We want to evaluate the dynamics of the object M(t) =
P

i gi
~Si. As men-

tioned above, we do this in a step-by-step RG fashion. In particular, the flux

can be partitioned into a slow part MS(t) =
P

i 6=A,B gi~Si + g
+

~S
+

whose dynam-
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ics is determined in subsequent RG steps, and the remaining fast part MF (t) =

(gA � gB)/2


~S� � ~S

+

(~S� · ~S
+

)/
���~S

+

���
2

�
, where ~S� = ~SA � ~SB and the combination

in square brackets is the component of ~S� orthogonal to ~S
+

. To zeroth order in

perturbation theory (in �A(B)

/�), the noise spectrum N(!) receives a contribution

F{h[MF (t),MF (0)]+i} from this step of the RG, where the brackets hi correspond to

a quantum mechanical expectation in an eigenstate |s,mi with |~S
+

|2 = s(s+ 1) and

an arbitrary projection quantum number m (there is no preferred axis for the total

moment ~S
+

).

Note that, ~S� produces transitions from states |s,mi to states |s± 1,m± 1i. Due

to the full rotational symmetry of the problem, the transition rates are independent of

m, and the transition frequencies only depend on s. Hence, the noise associated with

these contributions is N(!) = (gA � gB)2/4 [M(s, ")�(! � !") +M(s, #)�(! + !#)],

where !"(#) is the frequency of the transition from the angular momentum state s

to s + 1 (s to s � 1) and M(s, " (#)) is the accompanying matrix element of this

transition. In what follows, we will refer to the factor (gA � gB)2/4 as the ‘probe

form factor’ since this factor depends on the precise details of the probe, and the

matrix elements M(s, " (#)) corresponding to the spin operators will be referred to

as the ‘noise amplitude’. The precise evaluation of the noise amplitude is discussed

in Appendix D.1.
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5.2 Numerical Simulations in One Dimension

5.2.1 Implementation

As a first check of the e�cacy of the RG rules, we perform a direct comparison

of the complete energy spectrum determined by exact-diagonalization and the RG

procedure for small random spin chains. A typical run is shown is Fig. 5.3; the RG

result appears to be in good agreement with the exact-diagonaliation result. (More

quantitative checks of the RG procedure are discussed in Appendix D.5.) For the de-

termination of the noise and the structure factor, we perform numerical simulations

for spin chains of size L = 15000 at two fixed temperatures T = 0 and T = 1. The

majority of our simulations assume distribution of magnitude of the initial couplings

P
0

(|J |) is of the form P
0

(|J |) ⇠ 1/|J |, with values in the range |J | 2 [1, eD]. We

note that this distribution is e↵ectively a gapped 1/J distribution 1. This choice of

distribution is motivated by the observation that a system of spins scattered ran-

domly in d dimensions interacting with a 1/r3 RKKY interaction, has a distribution

P
0

(|J |) ⇠ 1/|J |1+d/3; the additional factor of d/3 is not systematically considered

since it is found to not a↵ect the results qualitatively. (In Ref. [270], Westerberg

et al. work with an array of initial distributions and conclude that distributions

more singular than P
0

(|J |) ⇠ 1/|J |0.7 flow to non-universal fixed points at T = 0.)

Following Ref. [14], another simplification we make is to consider interactions only

between nearest-neighbor spins even though spins interact with all other spins via

1the 1/J distribution is, by itself, ill-defined without a low energy and high energy cut-o↵ because
it cannot be regularized otherwise. In this sense, such a distribution is always gapped. We make
this delineation (that the 1/|J | distribution we consider is gapped) to assert that the lower cut-o↵
is set by a microscopic energy scale.
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Figure 5.3: RG-determined spectrum (red) compared with exact diagonalization de-
termined spectrum (blue) for a particular 12-site random spin chain with initial 1/|J |
distribution, disorder strength D = 3, and equal mix of F/AF bonds.

the RKKY mechanism; we think of |J | ⇡ 1 as the interaction strength at the typical

distance between neighboring spins. We do not expect these simplifications to quali-

tatively modify results because 1/r3 interactions are su�ciently short-ranged in one-

and quasi-one-dimensional geometries we primarily consider. (This may not be the

case for longer-ranged interactions, see Ref. [133].)

We also perform simulations with a uniform distribution (range |J | 2 [0, 1]). We

choose a finite proportion of these couplings to be AF(F) and characterize this initial

‘bias’ by a variable ⌘i 2 (�1, 1): ⌘i = +1(�1) corresponds to a system with purely

AF(F) couplings. To perform the zero temperature calculations, at every RG step,

we choose the e↵ective spin to reside in a state with s = |sA � sB| ( s = sA + sB

) for spins A and B that are coupled by a AF(F) bond. At infinite temperature,

the quantum number s is chosen probabilistically according to the degeneracy 2s+1

associated with the state.
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Figure 5.4: Scaled dynamical structure factor (a) S̃0

q (!̃) = x1/2�1/�S0

q (!x
1/�) at

T = 0, (b) S̃1
q (!̃) = x�1/�S1

q (!x1/�) at T = 1 for q 2 2⇡/[40(yellow),
80(cyan), 120(green), 400(blue), 800(red)], and x = (2⇡/40)/q; the results shown cor-
respond to a system of an equal proportion of F/AF bonds, and disorder strength
D = 3; (c) scaling relations at T = 0 and T = 1 between the power laws ↵ and ↵0

determining the high- and low-frequency dependence of Sq(!) as given in Eq. (5.1).
↵ and ↵0 were plotted for D = 3 and ⌘i = [1, 0.75, 0.5, 0.25, 0,�0.25,�0.5,�0.75]
for T = 0, while, at T = 1, the results are independent of ⌘i, and the data-points
correspond to D = [1, 3, 9]. Decreasing D and decreasing ⌘i correspond to smaller
values of ↵. At T = 1, ↵0 ⇡ 1 + 2(1 � ↵), while at T = 0, ↵0 ⇡ 1 + 3(1 � ↵); these
relations are plotted as dashed lines. The optimal scaling collapse in (a) (at T = 0)
and (b) (at T = 1) was found for � = 0.40 and � = 0.36 respectively. These values
are in accordance with analytically determined relation to the low-frequency noise
exponent ↵, i.e., � = 2(1� ↵) at T = 0 and � = 1� ↵ at T = 1.

The choice of the probe is another free parameter to be considered in our problem.

The most natural choice of probe is gi = cos(qi), that is, a harmonic probe that

measures the dynamical structure factor Sq(!) at a given wave-vector q. A generic

probe simply measures a noise N(!) =
P

q |gq|2Sq(!).

5.2.2 Convergence

It was pointed out in Ref. [270] that the uniform distribution flows to a universal

fixed point (at zero temperature) with a final bias ⌘f ⇡ 0.26 irrespective of its initial
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bias ⌘i, while more singular distributions, such as the ones we primarily consider

do not flow to that particular fixed point. While we recover this result for initially

uniform distributions in our simulations, we note that for the 1/|J | distributions we

consider, the system also flows to fixed points (with a stable final bias ⌘f 2 (0, 0.3),

see Appendix D.4) but one that varies slightly depending on the value of the initial

bias ⌘i, disorder strength D, and temperature. Regardless of the precise values of

the initial bias, the form of the distribution, or the temperature, we find that the

e↵ective gaps (and the corresponding e↵ective couplings, as well) flow to a power

law distribution P
�

(�) ⇠ 1/��, � < 1. This validates the RG procedure because

a singular power law distribution results in a typical value of the gap � that is

significantly smaller (by a factor e1/(1��)) than the maximum gap �
0

and guarantees

a separation in energy scales between nearby regions. We also note that while the

RG protocol results in larger and larger spin sizes over the course of the RG, these

spins also couple more weakly to their neighbors (see Appendix D.9) and this ensures

that the RG can converge to a fixed point with stable scaling properties.

The final bias ⌘f and � display the following trends: i) at T = 0, for a uniform

distribution, we find in confirmation with Ref. [270], that ⌘f and � are independent

of the initial bias; ii) at T = 0, for 1/|J | initial distribution, these quantities depend

on the initial bias. In particular, � goes from 1 to 0 as the initial bias is varied from

a purely AF to purely F chain, signaling the breakdown of the RG procedure for the

purely F chain; and iii) at T = 1, for both forms of distributions, ⌘f ⇡ 0 always,

and � is independent of the initial bias but depends weakly on disorder strength D

for the 1/|J | initial distribution. Further details on these observations can be found
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in Appendix D.5.

[Additional validity checks : i) simulations for classical spin chains using classical

RSRG rules at T = 1 were found to compare well with the quantum T = 1 RSRG

results, see Appendix D.13 ; ii) the structure factor obtained from the classical RG

results was found to be in good agreement with that obtained from direct integration

of Bloch-dynamics of the classical spins, see Appendix D.14].

5.2.3 Form of the structure factor

A most interesting facet of the simulations is the emergence of a finite, anomalous

dynamical exponent z = 1/� 6= 1,2. This dynamical exponent dictates that the size of

clusters, n, and the time-scale of their dynamics, !�1, scale as n ⇠ !�� [as illustrated

in Fig. 5.2 (c)]. Furthermore, this scaling gives rise to a piece-wise power-law behavior

of the frequency dependence of the structure factor Sq(!) for ! � q1/� and ! ⌧ q1/�

corresponding to whether the probe’s period of oscillations 2⇡/q is much greater than

the cluster size or much smaller. Moreover, the exponent � is directly connected to

the exponent ↵ in the noise spectrum N(!) ⇠ 1/!↵.

The full form of the dynamical structure factor Sq(!), defined as S0

q (!) at T = 0

and S1
q (!) at T = 1 can be extracted using a scaling collapse [Fig. 5.4 (a), (b), see

also Appendix D.3 for verification of q�dependent scaling] and is found to be
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S0

q (!) = q1/2�1/�g
0

✓
!

q1/�

◆
=

8
>>><

>>>:

1/!1��/2 ! ⌧ q1/�,

q2/!1+3�/2 ! � q1/�,

S1
q (!) = q�1/�g1

✓
!

q1/�

◆
=

8
>>><

>>>:

1/q!1�� ! ⌧ q1/�,

q2/!1+2� ! � q1/�,

(5.1)

where g
0

(x) and g1(x) are arbitrary scaling functions whose limits x ⌧ 1, x � 1

have been verified numerically. (The limiting forms of the structure factor are also

derived using an analytical approach in Sec. 5.3.) The low-(high-)frequency power-

law exponent in both cases is identified as ↵ (↵0). As we had mentioned before,

Sq(!) shows a power-law frequency tail of the form 1/!↵. It is curious to note

that, at high temperatures, the noise exponent deviates from 1 by the inverse of the

dynamical exponent, i.e., ↵ = 1 � 1/z while at low temperatures, the appropriate

relation is ↵ = 1�1/2z. The frequency dependence of the noise at higher frequencies

(characterized by exponent ↵0) is also related in a non-trivial way to the dynamical

exponent that di↵ers at low and high temperatures.

Using the scaling form of the structure factor, one can easily find that a typical

probe that measures the noise N(!) =
P

q |gq|2Sq(!) will not observe any lower bound

in the 1/!-like behavior of the noise. In particular, for frequencies ! ⌧ q1/�
0

, where

q
0

characterizes the probe’s resolution so that gq(q < q
0

) ⇡ const., the noise spectrum

will inherit the low-frequency behavior of this finite-q structure factor.

As for the precise values of these exponents, we find at T = 0, for the 1/|J | initial

distribution, that the low-frequency noise-exponent ↵ varies from 1 (� = 0) for the
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AF chain to approximately 0.5 (� = 1) for the nearly F chain. The AF result of

↵ ⇡ 1 can be understood from the point of view that the purely AF Heisenberg

spin chain flows to an infinite-randomness fixed point with a distribution of couplings

P (J) ⇠ 1/J . In the nearly AF case, these couplings also directly give the gap

� = J(1 + |s
1

� s
2

|) ⇡ J since the system forms only singlets and the spins don’t

grow in magnitude over the course of the RG. Since the noise generation happens at

the frequency � (in particular, at every RG step, the maximum gap �
0

), it simply

inherits the power law of the coupling distribution. (The connection between the

noise power ↵ and the power law of the gap distribution is detailed in Appendix D.6)

As we introduce more ferromagnetic bonds into the spin chain, the low-frequency

noise exponent gradually approaches 0.5, and the distribution of e↵ective gaps be-

comes less singular (accompanied by a reduction in the fidelity of the RG). For an

initial bias ⌘i ⇡ �0.75, the distribution of gaps is almost uniform indicating a failure

of the RG. Note that, at T = 0, ↵ ! 0.5 is accompanied by a dynamical exponent

z = 1/� ! 1 (recall that exponents are related at T = 0 via ↵ = 1 � 1/2z), and

one can show (see Appendix D.11) that in such a case the RSRG fails due to the

proliferation of faraway resonances.

To gain more insight into the behavior of nearly F chain, we perform a Holstein-

Primako↵ (see Appendix D.12) expansion on top of the fully polarized ground state of

a purely F chain. Unlike Eq. (5.1), the structure for the purely F spin chain is peaked

at a finite frequency ! for wave-vector q that scales as ! ⇠ q2 as expected for magnons.

However, these magnons are heavily damped; the width of the magnon peak also scales

as q2. Due to the large damping, these spin waves are ‘localized’ in the sense that they
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exhibit a finite inverse participation ratio [given by
P

i n
2

i /(
P

i ni)2 ; ni is the spin

wave density at site i of the chain]. If we interpret this finite inverse participation ratio

as a localization length, we find that it diverges in the low-frequency limit as ⇠(!) ⇠

1/!; this is in agreement with the observation that spin clusters scale as n(!) ⇠ 1/!

(z = 1) for the nearly F chain in the RG at T = 0. (In two dimensions, the Holstein-

Primako↵ analysis shows that the spin-wave peaks are sharper and delocalized; the

results are in agreement with e↵ective-medium approximation based approaches [72,

131].)

At infinite temperature, ↵ is independent of the initial bias, but depends weakly

on the disorder D, approaching 1 as disorder is increased [a crossing beyond 1 is not

observed, see Fig. 5.4 (c) where ↵ and ↵0 are plotted]. The range of the low-frequency

noise-exponent is, as in the T = 0 case, 0.5 < ↵ < 1. In Sec. 5.4 we will argue

that the infinite-temperature results we obtain are natural for any system exhibiting

anomalous di↵usion. Moreover, we will see that the special case of ↵ = 1 (or 1/!

noise, precisely) is singular enough that it leads to the absence of relaxation of non-

conserved finite-q modes signaling many-body localization. It seems reasonable, in

the light of these arguments, that the exponent ↵ should approach 1 as the disorder

strength D is increased [as we find, see Fig. 5.4 (c)].

We now recapitulate the findings for the strongly disordered Heisenberg spin chain

with initial coupling distribution P
0

(|J |) ⇠ 1/ |J | ,|J | 2 [1, eD]. At T = 0, we

find that the system has three distinct regimes according to the initial bias: a) the

purely AF spin chain which flows towards infinite-randomness and has a divergent

dynamical exponent and 1/! noise spectrum; b) the purely F spin chain which has
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peaked spectral functions associated with heavily damped magnons whose size n(!)

diverges as 1/!; and c) a wide range of mixed AF/F spin chains which flow towards

non-universal strong-randomness fixed points (thus, accessible by RSRG) and whose

structure factor is of the form in Eq. (5.1). These chains exhibit 1/!↵ noise for

0.5 < ↵ < 1, which arises due to spin clusters whose size n(!) diverges as 1/!1/z with

z > 1; this divergence is slower than 1/! found for the purely F chain. At T = 1,

the physics of the spin chain is independent of the proportion of AF/F bonds. It

exhibits a 1/!↵ noise spectrum, again with 0.5 < ↵ < 1 where ↵ increases as D

is increased. Note that at T = 1, the dynamical exponent is related to ↵ via the

relation ↵ = 1� 1/z, implying that z � 2 at T = 1.

We can also qualitatively glean the form of the structure factor at finite tempera-

tures by considering a straightforward extension of the RSRG protocol: we follow the

zero-temperature RSRG rules for eliminating modes with frequencies ! & T (since we

expect these modes to be populated primarily in their ground state configurations),

and infinite-temperature rules for eliminating modes at frequencies ! . T (since we

expect these modes to be su�ciently excited). As we discuss below, such a protocol

leads to the conclusion that the dynamics of the system resemble the T = 1 (T = 0)

behavior for frequencies ! ⌧ T/2z0 (! � T/2z0 ), where z
0

is the dynamical ex-

ponent of system (with a given initial bias ⌘i) found at T = 0. Over the course of

eliminating high-frequency modes (! & T ), the gap distribution develops a power-

law form with an exponent that is expected for the zero-temperature system. The

zero-temperature RG protocol continues until �
0

⇡ T . Beyond this scale, the RG

continues with infinite-temperature rules, which begin to have an e↵ect on the gap
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distribution only when a significant fraction, say 1/2 of the spins have been elimi-

nated. Using the dynamical exponent z
0

, the maximum gap �
0

at this length scale

is given by �
0

= T/2z0 . Thus, we expect that the infinite-temperature form of the

structure factor appears only for frequencies below ! . T/2z0 .

Our findings are summarized in the phase diagram of Fig. 5.1.

5.3 Scaling approach to Structure factor

5.3.1 Scaling distribution PF (AF )

We now explain the results in Eq. (5.1) by extending the arguments of West-

erberg et al. (Ref. [270]) to evaluate the dynamical structure factor. They find

that the RG flow eventually converges to a fixed point where the F/AF bias stabi-

lizes and the probability distribution for F (AF) bonds is given by the scaling form

PF (AF )

(�, SL, SR) ⇠ 1

�

1��

0

QF (AF )

(���1

0

, SL�
�/2
0

, SR�
�/2
0

), where �
0

corresponds to

the maximum gap at any step of the RG, while SL, SR are the left and right spins

across the bond of frequency �. Note that, at T = 0, � is defined as the energy

di↵erence between first excited state from the ground state of the F/AF spin pair,

while, at infinite temperature, the notion of a gap still holds—entropic considerations

dominate and the relevant gap is approximately the gap associated with the largest

few total-spin states. The form implicitly assumes a dynamical exponent z = 1/�;

the scaling of the spin size with the exponent ��/2 occurs because it scales as the

square-root of the cluster size n (as long as the chain is not purely F or AF); n scales

with the exponent ��) at both high and low temperatures. The reason that both
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F and AF spins scale in the same way is attributed to the fact that proportion of

F and AF bonds in the limit that the RG converges is a finite, intermediate value.

Additional requirements of finiteness of h�i /�
0

and normalization fix the form of

the distribution.

The emergence of a finite dynamical exponent is explained as follows: in k RG

levels, ⇠ 2k microscopic spins are combined into a single cluster, while the energy

gap, expected to reduce by a factor r at each level, reduces from �
0

to �
0

/rk; the

dynamical exponent z is then readily found to be z = ln r/ ln 2. Note that even

though our simulations with more singular initial bond-distributions exhibit non-

universal values of the exponent z = 1/�, the convergence of the RG towards a fixed

value of the final bias indicates that the notion of a scaling distribution as discussed

above still applies.

[Aside: the scaling form of the distribution PF (AF )

also implies that the distribu-

tion of gaps or excitation energies in the system (obtained after integrating over spin

sizes SL and SR) has a power-law form. This gives rise to a certain form of the distri-

bution of the lowest excitation gaps in the system and is explored in Appendices D.7.]

5.3.2 Calculation of Sq(!)

From the scaling forms of the distribution functions PF (AF )

, the dynamical struc-

ture factor Sq(!) is given by
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Sq(!) =
X

a=F,AF

Z
d�

0

dSLdSR�(! ��
0

)N(�
0

)

⇥M(SL, SR)F (qn
0

)Pa(� = �
0

, SL, SR) (5.2)

The above integral simply reflects the discussion of the noise calculation procedure:

at every step of the RG, a local integral of motion combing spins SL and SR, with

a gap � = �
0

is eliminated, producing noise of magnitude M(SL, SR)F (qn
0

) at

frequency ! = �
0

. Here, as mentioned before, M(SL, SR) corresponds to matrix

elements of the spin operators associated with the transition at frequency ! = �
0

,

while F (qn
0

) modifies this amplitude depending on how the probe couples to the

cluster generating the noise; this depends on the ratio of the size n
0

(�
0

) of the typical

clusters at maximum gap �
0

and the probe wave-length 2⇡/q. N(�
0

) ⇠ 1/n
0

⇠ ��
0

denotes the number of bonds that remain at the cut-o↵ scale �
0

.

We now use Eq. (5.2) to evaluate the form of the structure factor and show that

it reproduces the results in Eq. (5.1). The noise magnitude M(SL, SR) ⇠ |~S�|2 and,

consequently, at any finite temperature (as any generic combination of spins SL and

SR) scales as the square of the typical spin size, i.e., M ⇠ s2
0

⇠ ���
0

. However, at

zero temperature, the scaling changes to M ⇠ s
0

⇠ ���/2
0

(see Appendix D.1).

Next we consider the scaling of the form factor F (qn
0

). To arrive at the results in

Eq. (5.1) starting from Eq. (5.2), we need to show that at both T = 0 and T = 1,

and frequencies ! � q1/�, F (qn
0

) ⇠ q2n2

0

, while for frequencies ! ⌧ q1/�, at T = 0,

F (qn
0

) ⇠ const. and at T = 1, F (q, n
0

) ⇠ 1/qn
0

. Let us note that the distinction

between the two regimes comes from the fact that at high-frequencies, the clusters are
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smaller than the typical length 1/q of the modulations of the probe, while at lower-

frequencies, the clusters are larger in comparison. So, the noise generated by two

clusters A and B much smaller than the probe scale 1/q comes with an form-factor

F (qn
0

) that scales as the square of the gradient q of the probe, that is, F (qn
0

) ⇠ q2n2

0

.

(Recall that the form factor is the square of the di↵erence of the couplings of these

individual clusters A and B to the external probe.)

We now consider the scaling of F (qn
0

) at low frequencies (! ⌧ q1/�) where clusters

are much larger than the probe scale 1/q. At low temperatures, clusters are composed

of a large number of singlets, and consequently, cluster sizes and the bond lengths

scale in the same way (as ⇠ n
0

, see Ref. [270]). When two such clusters are merged,

the relative phases of the probe coupling are e↵ectively scrambled. Thus, in this

regime, at low temperatures, F (qn
0

) is q-independent.

At T = 1, we find the scaling of F (qn
0

) ⇠ 1/qn
0

using the following two facts—i)

singlets are entropically unlikely at high temperatures; clusters are compact (nearly

contiguous arrays of spins that are not part of singlets) and bond-lengths are of the

order of the microscopic scale and; ii) spin-clusters point in arbitrary directions; as a

result, one can show that variance �(g
+

) of the probe coupling g
+

of a cluster com-

posed of two smaller clusters with couplings gA and gB respectively is precisely equal

to the probe form factor associated with combining these clusters (see Appendix D.2).

The first of these implies that the mean of the probe coupling gA of cluster A of size n
0

can be approximated by |hgAi| ⇠
R n

0

dx cos(qx)/n ⇠ 1/qn
0

for qn
0

� 1. The second

result shows that the scaling of the probe form factor is given by the scaling of the vari-

ance of the probe couplings; F (qn
0

) ⇠ �(g
+

) = h(gA � gB)2/4i ⇡ [�(gA) + �(gB)]/4,
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where, to obtain the last (approximate) result, we assumed that the squared-mean

hgAi2 ⇠ 1/(qn
0

)2 is negligible in comparison to the variance �(gA) in the limit

qn
0

� 1. If we reasonably assume that clusters A and B of similar size ⇠ n
0

(and consequently, similar variance) are combined typically, then the this immedi-

ately leads to the result F (qn
0

) ⇠ �(g
+

) ⇠ 1/qn
0

(which also justifies neglecting the

mean values hgAi,hgBi) as mentioned above.

With the aid of the specific form of the distribution function, the noise amplitude

and the form factors discussed above, we can perform the integration in Eq. (5.2)

by first homogenizing all flow parameters in favor of the maximum gap �
0

, which

can then be integrated directly to yield the q,! dependent behavior. This yields the

results in Eq. (5.1).

5.4 Generalized Di↵usion and the Structure Fac-

tor

The derivation of the structure factor presented in the previous section relies on

specific details of the model. We now present a general ansatz for the spin-di↵usion

propagator in a system exhibiting anomalous di↵usion and show that it reproduces

the form of the structure factor in Eq. (5.1) at high temperatures. (See also Ref. [4].)

5.4.1 Ansatz for the anomalous di↵usion propagator

The spin propagator describes the decay of the spin density S(x, t) at any point x

and time t > t0 given the spin density profile at all points x0 at some fixed t0, that is,
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S(x, t) =
R
dx0G(x� x0, t� t0)S(x0, t0), where, by definition, G(x� x0, 0) = �(x� x0).

Note that we do not keep the tensor structure of the Green’s function because o↵-

diagonal components vanish by symmetry and there is no preferred ordering direction

in one-dimension for any non-zero concentration of AF bonds at any temperature.

(In higher dimensions, the approach is directly applicable above any ordering tem-

perature.) In the case of regular di↵usion, the Green’s function satisfies the di↵usion

equation, and, in the Laplace domain, is given by Gq(!) = 1/(�i! +Dq2). This dif-

fusive propagator has two salient features: i) lim!!0

(�i!)Gq=0

(!) = 1 implying that

the q = 0 mode does not relax (that is, total spin/density is conserved), and ii) it has

a pole at finite imaginary frequencies for all finite-q modes, which as a consequence,

relax exponentially in time.

We now generalize this propagator to the case of anomalous di↵usion, where the

system exhibits an anomalous scaling (the dynamical exponent z = 1/� 6= 1, 2)

between q,!: q ⇠ !� -

Gq(!) = 1/[�i! + q1/�f(!/q1/�)], (5.3)

where f is some well-behaved function which ensures conservation of the total spin

[Gq=0

(!) ⇠ i/!].

5.4.2 Calculation of the structure factor at T = 1

We would like to use the Green’s function postulated above to calculate the struc-

ture factor Sq(!). First, we introduce the dynamical susceptibility �q(!) which is

the usual Kubo-response of the spin-density ~Sq =
R
dx~S(x)eiqx to a field hq that

couples to ~S�q. That is, �q(!) is the Laplace-transform of �q(t � t0) = �i✓(t �
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t0)

⌧h
~Sq(t)., ~S�q(t0)

i

�

�
. The dynamical susceptibility is connected to the propagator

Gq(!) via the relation �q(!) = �0

q[1 + i!Gq(!)], where �0

q is the static susceptibil-

ity at wave-vector q. The result can be rationalized as follows: the measurement of

the dynamical susceptibility is carried out by slowly ramping up the perturbation

hq(t) = h0

qe
✏t (coupled to S�q) for times t < 0 and observing the relaxation of the

spin-density Sq for subsequent times. One can think of such an experiment as one

that sets up a spin-density �0

qh
0

q by time t = 0, and whose subsequent relaxation

is given by the di↵usion propagator, i.e., hSq(!)i = �0

qhqGq(!) (in Laplace-domain;

note that hSq(!)i denotes the expectation value of the spin-density operator and not

the structure factor). Alternatively, we can appeal to the definition of the dynamical

susceptibility to directly find hSq(!)i = [�q(!)��0

q]h
0

q/i! (see Sec. (7.14) of Ref. [40]).

These alternative interpretations yield the relation between Gq(!) and �q(!). Finally,

the structure factor is related to the imaginary part of the dynamical susceptibility

using the (fluctuation-dissipation) relation Sq(!) = coth (!/2T )Im [�q(!)].

At high temperatures (! ⌧ T ), the Green’s function in Eq. (5.3) yields a structure

factor Sq(!) = T�0

qq
�1/�f(!/q1/�)/[(!/q1/�)2+f(!/q1/�)2]. It is easy to confirm that

the above form can be represented as Sq(!) = const.⇥q�1/�g1(!/q1/�), in agreement

with the result for S1
q (!) in Eq. (5.1) if we assume that T�0

q has a finite limit for

small q ⌧ 1. This is expected for any physical system with short range interactions,

at high temperatures.

To complete the argument, we now determine the limiting forms of the scaling

function g1(y = !/q1/�), that is, its high (low)-frequency limits y � 1 (y ⌧ 1). First,

note that the (real part of the) optical conductivity �q(!) = h[Jq(!), J�q(�!)]i /i!
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can be computed from the structure factor using the relation Re [�q(!)] =
!
q2
tanh (!/2T )Sq(!);

the result (at any non-zero frequency) follows from the continuity relation i!Jq(!)�

iqSq(!) = 0 and using the fluctuation-dissipation relation discussed above. Straight-

forward calculation using these results yields �(q = 0,!) = c(q = 0)!1�2�, where the

pre-factor c(q) is finite and non-zero only if g1(y) ⇠ y�1�2� for y � 1. Since there is

no reason for the optical conductivity to vanish or diverge at finite frequencies in a

high-temperature system, we expect this condition yields the scaling of the function

g1(y) in the high-frequency limit. The argument for the low-frequency limit is as

follows. The form of the Green’s function ensures G(x = 0, t) ⇠ 1/t�. On this basis,

we expect large q modes should decay algebraically as ⇠ 1/t� as well. This implies

that f(y ⌧ 1) ⇠ y1��, and consequently, g1(y ⌧ 1) ⇠ y�1+�. These results together

reproduce the complete form and limits of the structure factor S1
q (!) (T = 1) in

Eq. (5.1). Because of the generality of this derivation, we expect that any system

exhibiting anomalous di↵usion must have a structure factor that scales as described

in Eq. (5.1).

5.4.3 Failure of linear response at T = 0

The generalized-di↵usion ansatz fails to explain the T = 0 structure factor. In

particular, the low-frequency power-law Sq(!) ⇠ 1/!↵, with 0 < ↵ < 1 is impossible

to obtain with this Green’s function form. Furthermore, according to the thermody-

namic sum rule, �(q) =
R
d!�00(!)/! (�00(q,!) = sign(!)Sq(!)), the static suscepti-

bility is expected to diverge even at finite q making the derivation suspect. Hence,

at T = 0, we are forced to conclude that either linear response does not work, or the
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scaling hypothesis for the Green’s function breaks down, or both. In what follows,

we provide a heuristic argument for the breakdown of linear response by showing the

the divergence of the static susceptibility at finite-q.

Following Ref. [270], we imagine applying a perturbing field hqeiqx to the chain.

This perturbation cuts o↵ the RG flow at a scale where the energy gap �
0

is com-

parable to the Zeeman energy of typical, polarizable (of size n . 1/q) spin-clusters;

that is, the RG is cut-o↵ at �
0

⇠ hq min
⇥p

n
0

, 1/
p
q
⇤
, where we note that the typical

cluster size at an energy scale �
0

is given by n
0

⇠ ���
0

, and possesses a spin ⇠ p
n
0

.

Crucially, the magnitude hq determines the point at which the RG is cut-o↵ (in par-

ticular, whether n
0

> 1/q or n
0

< 1/q at this scale) and consequently, the response

of the system. Let us define n
0

(hq) and �
0

(hq) as the amplitude hq-dependent length

and energy scales at which the RG is cut-o↵. The condition n
0

(hq) 7 1/q can be

alternatively cast (using the scaling results) as q1/2+1/� 7 hq, and both limits of this

condition may be experimentally relevant.

We first analyze the case q � 1/n
0

(hq),�0

(hq) ⇠ hq/
p
q first. We note that the

magnetization m of polarized clusters of size n is
p
n for n < 1/q and small otherwise.

If we assume that the distribution D(n) of the cluster size n satisfies D(n < n
0

) ⇠

1/n
0

and D(n > n
0

) is negligible (the form of D(n) is numerically justified, see

Appendix D.8), then the average magnetization is given by mq = n�2

0

(hq)q3/2 =

q�3/2��h2�
q . Thus, for 2� < 1, the static susceptibility �0

q = mq/hq|h!0

diverges even

at finite q.

For the opposite limit of q ⌧ 1/n
0

(hq),�0

(hq) ⇠ hq
p
n
0

, the magnetization is

simply mq = mq=0

⇠ 1/
p
n
0

and the susceptibility diverges for all values as � as,
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�0

q = mq/hq|h!0

= h�2/(2+�), in agreement with the q = 0 result of Ref. [270].

Thus, the static susceptibility generically diverges at T = 0 in this system, al-

though the precise nature of the divergence is controlled by the condition q1/2+1/� 7

hq. Let us note that, a divergent static susceptibility at certain wave-vectors for

clean F (at q = 0) or AF (at q = ⇡) systems is not surprising—a small perturbation

with the correct wave-vector results in a macroscopic reduction in free-energy and

consequently, a divergent response. Since, in our disorder system, the probability

distribution of cluster sizes, D(n), has significant weight for all clusters of size n < n
0

(and n
0

diverges in the zero-frequency limit), our system has a thermodynamically-

relevant presence of approximately independent spin clusters of all sizes. This results

in a divergent response to perturbations over a broad range of wave-vectors.

5.4.4 Relation of 1/f noise and many-body-localization at

finite temperatures

For frequencies ! ⌧ T/2z0 (where z
0

is the dynamical exponent found for the

system at T = 0, and is non-finite only in the purely AF case), we expect the behavior

of the structure factor to be given by the infinite-temperature form of the structure

factor we compute. This structure factor has a noise spectrum 1/f↵, where ↵  1.

We can now reverse the arguments of the previous section to conclude that the spin-

propagator G(q,!) ⇠ 1/!↵ for frequencies ! ⌧ T/2z0 ,q1/� where � = 1� ↵. Fourier

transforming this result implies directly that G(q, t) ⇠ 1/t1�↵, that is, the spin-

density at wave-vector q decays algebraically with a power 1 � ↵ � 0, where, in

particular, if ↵ = 1, the mode does not decay completely even at infinite time.
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The inability of certain non-conserved quantities to decay to equilibrium values is a

defining characteristic of many-body-localization, and it is reasonable to posit, on the

basis of this discussion, that when the noise power law is precisely ↵ = 1 (or, noise is

1/!), the system is at the verge of becoming many-body-localized.

A complimentary picture is obtained by looking at the dynamical exponent 1/� =

1/(1 � ↵) (at finite T ). In the course of RG, when a cluster joins another cluster

to form a supercluster, its spin begins to precess around the direction of the total

spin. Further mergers into ever larger clusters add new axes of precession with ever

decreasing frequencies, which leads to scrambling of the spin polarization. The RG

suggests that, for the disordered Heisenberg system, the time scale for the phase

scrambling over a length scale l scales as a power law tl ⇠ l1/�. This implies that

for ↵ < 1, it takes only polynomial time in the distance to transport spin across this

distance, while, for ↵ = 1, it becomes exponential (or worse) in the distance, which

is suggestive of MBL.

Since we do not observe such a case (with ↵ = 1) in our numerical simulations, we

conclude that the disordered Heisenberg spin chain is not localized. Nevertheless, we

note that as the disorder strength is increased, the noise exponent ↵ tends towards

1. Moreover, at low temperatures, the power law ↵ = 1 is obtained for the purely

AF chain which flows towards the infinite-randomness point—here the integrals of

motion are exact since the RSRG is precise in the low-energy limit.
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5.5 Simulations in two-dimensions

Simulations in two-dimensions are performed analogously to the one-dimensional

case except that the number of neighbors of an e↵ective spins can change over the

course of the RG. Maintaing this extended network introduces a computational cost

that restricts simulations to smaller system-sizes in two dimensions; we consider

square systems of spins on a 50 ⇥ 50 lattice and ‘strips’ of spins on a 500 ⇥ 6 lat-

tice. The growth in the connectivity of the network over RG steps also reduces the

e�cacy of the RG because achieving a separation of scales becomes less probable. In

particular, at T = 0, when singlet-formation is preferred, the clusters become highly

non-compact, extensive objects with a large number of neighbors, and consequently

the fidelity, which is the ratio of maximum energy scale in the system compared with

the energy scales amongst the spins neighboring the maximally-coupled spins, does

not rise substantially over the course of the RG procedure, even if the distribution of

couplings assumes a power law form (see Appendix D.10). At high-temperatures, the

RG is more robust since singlets are entropically unfavorable, and clusters grow uni-

formly keeping the number of neighbors relatively unchanged over the course of the

RG. In what follows, we restrict ourselves to a discussion of the T = 1 simulations

on the two-dimensional square and strip geometries.

For a spin network arranged in a square geometry, we find that the structure factor

exhibits a scaling collapse in accordance with the generalized-di↵usion form [S1
q (!) in

Eq. (5.1)] with a dynamical exponent z ⇡ 2; this is accompanied by a low-frequency

1/
p
! tail in the finite-q structure factor (see Appendix D.10). We note that the

dynamical exponent z = 2 is also associated with regular di↵usion; the important
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di↵erence here is that the di↵usive structure factor is flat at low frequencies. Since

the fidelity does not improve significantly over the course of the RG for systems with

square geometries, we cannot conclude definitively on the nature of dynamics of such

systems.

From the point-of-view of experiments measuring flux noise in SQUID systems,

we consider the case of a two-dimensional strip of spins (the width of the conducting

strip of the SQUID circuit is typically much smaller than the length of the SQUID

loop). In this case, the RSRG finds that the structure factor possesses a 1/
p
! power-

law frequency-dependent behavior which eventually, at lower frequencies, gives way

to an anomalous power-law behavior, 1/!↵; ↵ ⇡ 0.70 (see Fig. D.13). The reason for

this is self-evident; the clusters contributing below a certain frequency are wider than

the width of the spin network and can be thought to be lined up in an e↵ectively

one-dimensional array; thus, the inheritance of the anomalous power-law behavior

from one-dimension is unsurprising.

5.6 Summary and Outlook

In this work, we extended the RSRG protocol with rules for the renormalization

of the couplings of a generic probe of spin fluctuations. This allowed us to compute

noise spectrum measured by such a probe, and in particular, the dynamical structure

factor Sq(!). We find, for one- and quasi-one-dimensional systems with exchange-

coupling magnitudes distributed according to a 1/|J | distribution, and a wide range

of initial composition (proportion) of F/AF bonds, that the RG converges at both

T = 1 and T = 0 to non-universal strong-randomness fixed points associated with
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an anomalous dynamical exponent z. This dynamical exponent is associated with

the spectral characteristics of the noise power ↵ at low frequencies: ↵ = 1 � 1/z at

T = 1 and ↵ = 1 � 1/2z at T = 0. We also find a non-trivial scaling of the high

frequency end of the structure factor [see Eq. (5.1)] and relate the power law of the

frequency dependence in this regime to the low frequency noise power ↵.

These findings were justified for both high and low temperatures by postulating

a scaling form of the probability distribution function PF (AF )

governing the distribu-

tion of F(AF) bonds with a given coupling, and at energy scales where the RG has

converged. Additionally, we showed how an ansatz that generalizes the spin-di↵usion

propagator, reproduces the complete form of the structure factor at high tempera-

tures, from which we conclude that the results obtained (including the presence of

1/!↵ noise) are universal and extend generally to systems exhibiting anomalous dif-

fusion. We explain that the failure of this approach in the zero-temperature case

occurs due to the failure of linear-response theory for the random-bond Heisenberg

spin chain at this temperature: even at finite wave-vectors, static susceptibility of the

chain diverges.

From the point of view of interest in many-body-localization physics, our work

raises an important question—is the phase we find non-localized but also non-ergodic?

(Such a phase was proposed in Ref. [211].) The RSRG protocol creates a macroscopic

number integrals of motion (albeit increasingly non-local integrals) which implies the

breakdown of ergodicity. However, since the RSRG protocol suggests a flow towards

a strong-randomness fixed point, and not infinite-randomness, the RG protocol is not

exact and neither are the integrals of motion it creates. This does not exclude the

105



Chapter 5: 1/f↵ noise and generalized di↵usion in random Heisenberg spin systems

possibility that integrals of motion do exist, and one needs to devise a more elaborate

form of the RSRG protocol to correctly capture them. Thus, the status of ergodicity

in our model is unclear.

Irrespective of the resolution of this discussion, let us note that the system is

certainly not in a many-body-localized phase. As was mentioned above, the 1/!↵

(↵ < 1) form of the finite-q structure factor implies that all spin-waves decay in time

as 1/t1�↵. As long as ↵ < 1 (strictly), we expect polarization in the system to relax

(to equilibrium). A complimentary picture is obtained by looking at the dynamical

exponent 1/� = 1/(1 � ↵) (at finite T ) which governs the scaling between the time

t it takes for spin phase to get scrambled over a distance l; t ⇠ l1/�. As ↵ ! 1, the

scaling changes from polynomial to exponential (or worse) in distance, which again

suggests that the localization transition occurs at ↵ = 1. Since we never observe

this value for ↵ in the infinite-temperature simulations (although, increasing disorder

strength D is seen to slowly drive the exponent ↵ towards 1), we conclude that the

disordered Heisenberg spin chain is not localized at finite temperatures.

Finally, we note that the noise generated by these random-bond Heisenberg spin

chains with a 1/|J | distribution captures some interesting facets (as seen in Fig. 5.4

for the experimentally relevant case of equally proportioned F/AF system, see also

Appendix D.4) of experiments observing flux noise in SQUIDs: i) the noise-exponent

decreases with increasing temperature; ii) the magnitude of the noise is fairly tem-

perature independent over a large frequency range; and iii) the point of constancy

in the magnitude of noise spectrum (as a function of temperature) is about 9 orders

of magnitude smaller than the microscopic energy scales. The caveat is, of course,
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that the network of spins in SQUIDs is two-dimensional and these simulations were

performed for spin chains—due to computational costs, we cannot perform simula-

tions on equally large two-dimensional systems and are, consequently, limited in the

frequency range of the calculated noise. Nevertheless, the simulations performed on

elongated two-dimensional strips of spins show, below a certain frequency, an anoma-

lous power-law frequency-dependence akin to that seen in one-dimensional chains.

We believe that this may be a reasonable representation of the experimental setup.

In future work, we aim to extend our RSRG protocol to systems with anisotropic

dipolar couplings and (or) random local magnetic fields that create an additional

preferred axis amongst the spins; such couplings are known to change the dynamics

of system significantly [81, 14], making it resemble the dynamics of disordered Ising

spins, which furthermore, are likely to be more amenable to a RSRG analysis even in

higher dimensions. Moreover, in one-dimension, such models are known to exhibit the

many-body localization transition [273, 202] and will thus allow us to further probe

the connection of 1/! noise with the many-body-localization transition. It would also

be interesting to examine the presence or absence of 1/!↵ noise in other systems where

anomalous dynamical exponents are observed; such as non-Fermi liquids [232, 258]

and Luttinger liquids [94].
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Chapter 6

Polaronic model of Two Level

Systems in amorphous solids

His life oscillates, as everyone’s does, not merely between two poles,
such as the body and the spirit, the saint and the sinner, but between
thousands and thousands.

Hermann Hesse, Steppenwolf

At low temperatures many physical properties of amorphous solids are dominated

by an ensemble of Two-Level- Systems (TLSs) [208]. Measurements of the thermal,

elastic, and dielectric properties of these materials [275] have been successfully inter-

preted within the phenomenological model of atoms (or groups of atoms) tunneling

in random double well potentials [9, 207]. While these experiments did not provide

a direct evidence for the nature of the tunneling objects, the small energies of TLSs

were taken as corroboration of tunneling atoms rather than electrons. To contribute

appreciably to thermal properties at a temperature of hundreds of mK, a significant

number of TLSs should have energies of the order of GHz, which was considered
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inconsistent with the typical eV energy scale for electrons in solids (see e.g. WKB

estimate of tunneling matrix elements [9]). However subsequent experiments on the

e↵ect of TLSs provided evidence that tunneling objects carry electric charge and spin,

thus casting doubt on the picture of tunneling atoms.

It is now known that TLSs in amorphous solids are very sensitive to even weak

electric and magnetic fields [169, 248, 136, 271]. Moreover, TLSs in the insulating

layers of Josephson Junctions (JJ) were found to be rather strongly coupled to JJ

qubits. As the energy of the JJ qubit is tuned, it comes into resonance with TLSs,

leading to anti-crossing gaps of up to 30 MHz [166, 167]. This strong coupling corre-

sponds well with the interaction between typical electric fields inside JJs and a TLS

having a dipole moment corresponding to an electron tunneling through a distance

of a few Angstroms [175, 51].The aim of this paper is to resolve the seeming discrep-

ancy between the earlier bulk measurements, suggesting tunneling of heavy particles,

and subsequent experiments, indicating the tunneling of electrons [62, 79, 171]. We

show that the strong interaction between tunneling electrons and phonons leads to

significant dressing of electrons. We demonstrate that this polaronic picture of TLSs

not only describes both qualitatively and quantitatively the properties of TLSs as

observed in JJ Qubits, but also provides a natural explanation for many parameters

built into the phenomenological model of TLSs given by Anderson et al. [9]

Our theoretical model is motivated by recent experiments with TLSs in JJ qubits

by Grabovskij et al. [101], which observed dramatic changes in the TLS energy under

the application of mechanical strain to the sample. The dimensionless parameter

characterizing this change K = dlog2E/d✏, where E is the TLS half-energy and ✏ is
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the strain (which in the simplest case can be understood as ✏ = �a/a, where �a is the

change of the lattice constant a), was found to be consistently in the range of 105.

Intriguingly, this variation of energy with applied strain is in complete accordance

with the model of TLS-phonon interaction used to describe bulk experiments

HTLS = Ez�z +��x + �z✏�z. (6.1)

✏ here is the strain at the position of the TLS. For TLS energies accessible via JJ

devices (⇠ 10 GHz), K ⇠ 105 implies �z ⇠ 1 eV, which is precisely the value of �z

one deduces from, e.g., bulk measurements of thermal conductivity. Furthermore, in

the range of strain applied, even a complete hyperbolic variation of the half energy

E =
p

E2

z +�2 through its minimum (Ez = 0) has been observed for some TLSs.

While such large TLS-phonon coupling motivates the analysis of polaronic e↵ects,

one would expect that it naturally gives rise to a large rate of dephasing. This stands

at odds with another important finding [167, 168] which is that for most, if not all

TLSs investigated at energies of ⇠ 10 GHz, the decoherence time T
2

is of the order

of the relaxation time T
1

, reaching nearly twice of T
1

for a few TLSs. As we will

show, the bulk of such TLS-phonon coupling only leads to polaronic dressing without

resulting in any anomalously large dephasing.

The paper is organized as follows. To begin with, in Section 6.1, we study the

problem of a tunneling system in which the principle object is an electron. Typical

barrier height (⇠ eV) and tunneling length (⇠ Å) result in TLS energies at the scale

of 1eV, clearly incompatible with observed TLS energies (⇠ GHz). We show that

interaction of this confined electron with optical phonon modes strongly alters TLS

asymmetry Ez and suppresses � to result in energies in the GHz regime. We then
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explain how coupling to acoustic phonons can result due to the modification of the

single-electron potential, as well as polaronic e↵ects, whereby non-linearity in the

optical phonon modes provide for a resultant interaction of the TLS with acoustic

phonons. Our model allows us to show why �z ⇠ 1 eV, explain why �x (coupling of

strain ✏ to �x neglected in Eq. (6.1)) is insignificantly small, and derive a transparent

estimate of the spatial density of TLSs and the distribution of parameters Ez and �.

Because of strong renormalization due to electron-phonon coupling, TLS dynamics

must be derived fully incorporating its polaronic nature. In Section 6.2, we treat

the strong TLS-phonon interaction via a non-perturbative variational approach (the

partial polaron transformation [242]), that results in an e↵ective Hamiltonian of the

TLS that is only weakly correlated with the bath of phonons. This then allows

us to treat the dynamics of the TLS in the phonon bath under the Born-Markov

approximation, and analyze the e↵ect of phonons on relaxation and dephasing of

the TLS. We find, as mentioned, that pure dephasing due to phonons is negligible,

and that the dominant decay process is via single phonon emission leading to an

e↵ective Fermi golden rule like decay rate, which is in quantitative agreement with

experiments.

From an experimental point of view, an intriguing signature of phonon induced

decay is that a broad maximum (with possible variations due to TLS-TLS interac-

tions) of relaxation time T
1

is achieved as TLS energy is tuned to a minimum by

applying strain. This goes against the expectation that a fully symmetric double

well (achieved at minimum E) should be more susceptible to decay from a noise that

breaks this symmetry (�z✏�z), but as we show, this is really a characteristic of the
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superohmic noise spectrum of strain noise [162]. Phonon induced decay can also be

e↵ectively controlled. In Section 6.2.4, we present an experimental scheme based on

band structure calculations that show how sizable phononic band gaps can be en-

gineered in Al based superconducting qubits by appropriate modifications of device

geometry, and that could result in significantly enhanced lifetimes of TLSs.

In Section 6.3, we discuss the e↵ect of TLS-TLS interactions on the relaxation and

dephasing properties of TLSs. We find that other TLSs contribute insignificantly to

TLS relaxation, but can be expected to dephase the TLS in such a way that the decay

of the o↵-diagonal TLS density matrix element is gaussian in time rather than simply

exponential. This altered form of decay is a consequence of pure dephasing due to

thermally activated TLSs that are typically slower than the TLS under examination

(in the event that the TLS energy is a few times greater than the temperature of

the system, which is usually the case in experiments). Furthermore, at temperature

T ⇠ 100 mK, the time scale of this dephasing process is of the same order as the

decay time due to phonons of TLSs with energy 2E ⇠ 10 GHz. This explains why

most observed TLSs at such energies tend to have T
2

of the same order as T
1

.

Finally, we point out that an automatic result of the polaronic suppression of

tunneling, is the suppression of all TLS coupling to the environment through the

tunneling (�x) operator. As a result, all TLS coupling to the environment is pri-

marily through its dipole or �z operator, which in the TLS eigenbasis, transforms to

(Ez/E)�z + (�/E)�x This implies that the pure dephasing rate itself can be tuned

proportionally to Ez/E, turning to zero at the TLS symmetry point. At this point,

TLS decoherence is purely driven by relaxation (T
2

⇠ 2T
1

, and as experiments find
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[168]), and our phononic crystal scheme becomes extremely viable in significantly

enhancing TLS coherence properties.

6.1 Microscopic Model

e-

x

E

E1

E2
V

Figure 6.1: An electron in a double well potential

A valence electron typically finds itself sitting in a potential well structure provided

by the electrostatic interaction with the nearest atoms. Given a disordered spatial

configuration of such atoms, it may happen that more than one such potential well

becomes accessible to an electron. In other words, if two such potential wells happen

to be near enough (say a few Å apart), an electron can coherently tunnel between

such potential minima, and it becomes important to understand the properties of the

electron in such a double well potential. The double well itself can be characterized

by the depths of the wells E
1

and E
2

, energies of zero point motion ~!
1

and ~!
2

in
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the respective wells, and an interwell separation �x. Given that these structures are

created by the atomic scale Coulomb interactions, we expect the scale of the energies

involved to be on the order of an eV. This is in contrast to the energy scales used to

describe the tunneling of atoms, 10�2 eV [207], that is of an order below the Debye

frequency. For a su�ciently well aligned double well potential, one can work in the

tight binding approximation of the two lowest lying energy eigenstates in either well,

neglecting all higher energy levels and arrive at the following two level Hamiltonian

for the electron in the double well structure,

Ho =

0

B@
E

1

+ ~!
1

~!
0

e��

~!
0

e�� E
2

+ ~!
2

1

CA . (6.2)

Here !
0

is of the order of !
1

,!
2

and � =
p
2mV/~2�x, m being the mass of the

tunneling object, and V is the barrier height [208]. For an electron, with V ⇠ few

eV, and �x of a few Å, � ⇠ 1. In terms of the asymmetry E0

z = E
1

+ ~!
1

�E
2

� ~!
2

and the tunneling strength �
0

= ~!
0

e��, one can e↵ectively describe the system by

the two level system (TLS) Hamiltonian,

Ho = E0

z�z +�
0

�x. (6.3)

Here E0

z and �
0

are both of the order of an eV. The interaction of the qubit with

the TLS is believed to be primarily an electric field-dipole coupling that can be

described by S�z⌧x, where � and ⌧ are the Pauli matrices corresponding to the TLS

and the qubit respectively. Here, S = eEq(�x) cos� is the interaction strength

that just represents the coupling of an electric dipole of charge e, length �x, and

orientation angle � (the TLS), with the qubits electric field whose most significant

matrix element is Eq, that between the ground and excited states (since the electric
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field of the qubit is proportional to the time-derivative of the phase di↵erence across

the Josephson Junction, it is very small in both eigenstates of the phase qubit, which

are approximately the harmonic oscillator eigenstates in the phase variable). Such

estimate of interaction was made in [175] and is in reasonable agreement with the

observed gaps in the qubit spectrum due to TLSs. Hence, the Hamiltonian that

describes the combined system of qubit and TLS is

Ho +HTLS�Q = E0

z�z +�
0

�x + S�z⌧x. (6.4)

6.1.1 Interaction with Longitudinal Optical Phonons

Before we perform the analysis of dressing of electrons by high frequency phonons

more rigorously using a variational approach in Section 6.2, to gain some intuition

we consider a simplified model of the interaction of the TLS with local Longitudinal

Optical (LO) phonons whose equilibrium position is strongly a↵ected by the state of

the TLS. One can write down the Hamiltonian as follows,

Ho +Hop = E0

z�z +�
0

�x +
1

2
kx2 +

p2

2m
+ �x(�z + c), (6.5)

where one can think of E0

z as coming from the potential created by atoms frozen into

an equilibrium position x = 0 and Hop describes the energetics of the local phonon

due to interaction with other atoms in the material and the electron in the double

well.

Since we expect the energy of the renormalized TLS to be in the region of 10 GHz

(and as the renormalization procedure will yield) which is much smaller than !D,

the frequency of the phonons, we expect the phonon, to always remain in its ground
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state, even as the TLS changes its internal state. This key assumption will be justified

later in Section 6.2. Integrating out the phonon then requires a minimization of the

energy, which is achieved by the phonon instantaneously positioning itself according

to which well the electron is occupying. Since the coupling of the phonon to the TLS

is such that it has di↵erent energies for di↵erent electron positions (due to generally

nonzero asymmetry constant c), the energy asymmetry of the resulting Hamiltonian

is also modified by a factor proportional to the polaronic shift Ep. In particular,

hxi = ��(�z + c)/k and Ep = �2/k. This polaronic shift has been estimated to

be of the order of an eV [189] in the context of Si-MOSFETs, with the material -

amorphous SiO
2

.

One must also remember that this procedure also involves a renormalization of

the tunneling strength �
0

which arises due to modification of � by an additional

factor of the overlap of the TLS-state-dependent phonon wavefunctions. For harmonic

oscillator wavefunctions, this factor is simply e�(x1�x2)
2/4l2 = e�E

p

/!
D where l is the

zero-point motion length associated with an oscillator of frequency !D. With that,

the e↵ective low-energy Hamiltonian becomes

HTLS =
�
E0

z � cEp

�
�z +�

0

e�E
p

/!
D�x,

Ep = �2/k. (6.6)

Note that even though E0

z and Ep both are of the order of an eV, for some TLSs

these can nearly cancel each other. Further, since Ep/!D ⇠ 10, � = e�10�
0

, and �
0

can as well be of the order of 10�5eV . Thus, renormalization due to optical phonons

can in principle result in TLSs with energies of the order of 10�5 eV, which is the

energy scale at which JJ qubits operate and observe TLSs. Again, the idea here is
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that the renormalized energies of the TLS (determined by many di↵erent phonon

modes collectively) are much smaller than the frequency of the phonon (!D) which

means that the phonon always remains in its ground state. We want to alert the

reader that our approach is in contrast with the usual idea of the Born Oppenheimer

approximation where it is the electron that instantaneously assumes the ground state

wavefunction.

6.1.2 Density and Distribution of TLSs

As seen above, due to the coupling to LO phonons, the asymmetry energy is

shifted by cEp. We expect c to be a uniformly distributed number of order 1 for

optical phonons. Therefore, we can obtain a simple estimate of the density of the

TLSs which have an energy asymmetry of about 10�5 eV. The cancellation of two

randomly distributed quantities cEp and E0

z , both of which are of the order of 1 eV,

to a value of about 10�5 eV happens with a probability of 10�5. The total energy

of TLS is a combination of the energy asymmetry and the tunneling. However, due

to the polaronic renormalization of the tunneling matrix element (for the typical

electron-phonon coupling strength in polar insulators, Ep/!D ⇠ 10), its contribution

to total energy is expected to be smaller or comparable to the asymmetry contribution

1 and hence does not a↵ect our estimate for the probability. Given that it is Ez that

primarily dictates the energy of the TLS, the purely probabilistic cancellation of cEp

and E0

z , implies that the energies of the TLSs are uniformly distributed in the range

1It is important to recall that there is no prefactor c in the renormalization of the tunneling
strength � = �0e

�Ep/!D . Thus, we usually expect that a factor of e�Ep/!D ⇠ e�10 renders � small
or comparable to E

z
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of energies Ez < E0

z yielding a constant density of states for the TLSs, which is

essential for obtaining the the linear temperature dependence of the specific heat in

bulk amorphous solids, and is in agreement with Anderson et al. [9] and Phillips [207].

It is also important to emphasize here that such TLSs are expected to exist for a wide

range of energies (up to eV), but only a small fraction of such TLSs are observable

in JJ qubit experiments due to the limited range in which the qubit’s energy can be

tuned.

What is novel in our approach however is that we can go a step further and give

a quantitative prediction of the density of states of these TLSs. If we take such a

double-well configurations to occur once in every region of about (10Å)3, this gives

us a density of about 10�8 TLSs per Å3 for TLSs of energy of up to 10�5 eV. Using

the fact the energy of the TLSs are uniformly distributed, density of states per unit

volume of TLSs obtained is 1046J�1m�3 which is indeed in the range of experimental

estimates (1045 � 1046J�1m�3) of density of TLSs in bulk amorphous solids [208].

6.1.3 Coupling of TLS to acoustic phonons

Acoustic phonons can couple to the �z term of the TLS by modulating either Ep

or E0

z and both forms of coupling may be equally important. First, we consider the

coupling to E0

z . We can expect that a strain field ✏ would modify the energy of either

well by a factor of Ez
o✏ which would give the required coupling strength to acoustic

phonons of the form �z✏�z, with �z ⇠ Ez
o ⇠ 1 eV as long as there is an asymmetry

between the wells to begin with.

The e↵ect of strain on Ep is captured by the Gruneizen parameter ⌘ = d log!/d✏ ⇠
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1 which measures the logarithmic change in energy of an individual phonon mode

upon application of uniform strain. Since Ep is determined by optical phonons, which

e↵ectively see the strain due to long wavelength acoustic phonons as uniform strain,

the coupling to phonon fields can also be written as Ep⌘✏ where, as usual, ✏ is the

local strain field of acoustic phonons on the TLS. A more detailed derivation of this

result is given in Appendix E.1.

As we said before, we require cEp and E0

z to cancel each other to give Ez in the

region of 10�5 eV (⇠ 10 GHz) to result in TLSs of energies that are accessible in JJ

Qubit experiments. On the other hand, changes in both cEp and E0

z due to strain

are of the order of 1, i.e, �E0

z/E
0

z ✏ ⇠ 1 and �Ep/Ep✏ ⇠ 1. Since the changes in the

two quantities are generically di↵erent, the change in Ez, �Ez = �E0

z � c�Ep is of the

order of eV times strain, i.e. �Ez ⇠ (eV )✏. We see that the dimensionless coupling

parameter K = �E/(E✏) ⇠ �Ez/Ez✏ is essentially a direct comparison of these two

energy scales - eVs and 10 GHz, which so happens to be the same order of 105 that

is observed in experiments [101]. We also expect that E0

z and cEp nearly cancel each

other for some value of strain as it is slowly increased/decreased giving us a minimum

value of E =
p

�2 + E2

z at some strain value, as is also seen in experiments [101] (see

Fig. 6.2). Finally, it is also easy to see that the change of � = �
0

e�E
p

/!
D due to

strain is much less significant as d log�/d✏ ⇠ ⌘Ep/!D ⇠ 10, which is much less than

105 figure that comes from the change in Ez as a result of the change in Ep or E0

z .

This explains the absence of a �x✏�z term in Eq. (6.1)

Before concluding this discussion, we would like to contrast this analysis of the

TLS-phonon coupling that arises for the electronic TLSs to the case of TLSs resulting
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from the motion of atoms or group of atoms. To find reasonable values of the tunneling

strength, such as � ⇠ 10�5 eV, WKB estimates [207] require that the atoms live in

a potential landscape with valleys of depths of the order of 10�2 eV. For deeper

valleys/barriers, � is quickly diminishes to irrelevantly small values. Since phonons

interact with the TLS by modifying the shape of these valleys, one should expect

the TLS-phonon interaction of the atomic TLS to be of the order of 10�2 eV times

the strain. As we know, experiments clearly suggest a much larger value of this

interaction, it is �z✏�z, with �z ⇠ eV. This discrepancy in the magnitudes of TLS-

phonon interaction and the scale of the potential landscape that the constituent atoms

occupy in the atomic model of TLSs should be a cause of concern as both scales

correspond to the same physics. In our approach, this issue is naturally resolved as a

confined electron is already associated with eV energy scales, and consequently �z ⇠

eV is well justified.

6.2 Decoherence and Relaxation of the TLS by

phonons

TLS decoherence (T
2

) and relaxation (T
1

) times have been measured using the

coherent transfer of state information between the TLS and the Qubit [166]. Ex-

periments find TLSs with decoherence times T
2

almost always of the order of T
1

.

Furthermore, as the TLS energy is tuned by applying strain, experiments find that

at the point where the TLS energy is minimum, pure dephasing is negligible and

T
2

⇡ 2T
1

[168]. As mentioned before, it is necessary to take into account polaronic
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e↵ects in order to properly discuss decoherence properties of TLSs. The crucial point

is that given the large TLS-phonon coupling strengths, as found from experiments on

both bulk amorphous solids and in JJ Qubit experiments, the phonons cannot be rel-

egated to being a perturbative part of the environment but actually dress the electron

significantly. It is this polaronic TLS with its residual interaction with phonons that

in fact, is nearly immune to pure dephasing by phonons, allowing for the observation

of TLSs with T
2

of the order of T
1

. Furthermore, we will see that a natural result of

the renormalization procedure is that the TLS can couple to the environment only

through its dipole operator (�z in the charge basis). In the TLS eigenbasis, this cou-

pling is of the form – (Ez/E)�z + (�/E)�x, and thus, as the TLS is tuned to its

symmetry point Ez = 0, pure dephasing becomes negligible and one finds T
2

⇠ 2T
1

.

We will also show that a properly applied Fermi’s Golden Rule using the strength of

TLS-phonon coupling discussed earlier, can correctly capture the magnitude of the

relaxation rate at low temperatures. An intriguing signature of phononic decay is

that one should find an increase of T
1

as TLS energy is tuned to a minimum by virtue

of the TLS-phonon coupling having a superohmic spectrum.

6.2.1 Polaron Transformation

To treat the problem of dressing of TLS by phonons more rigorously than we pre-

sented in Section 6.1.1, we use the partial polaron transformation approach developed

by Silbey and Harris [242, 110]. The advantage of this approach is that it does not

presuppose any separation of time scales between phonons and the TLS, but allows

for a systematic renormalization of TLS parameters and TLS-phonon coupling. The

121



Chapter 6: Polaronic model of Two Level Systems in amorphous solids

resultant Hamiltonian can then be used as an e↵ective model to study the dynamical

properties of the TLS (cf. [177, 160] where such a procedure is shown to compare well

with more rigorous methods). We will also see that this approach indeed consistent

with the analysis presented in Section 6.1.1. To begin with, we consider the following

Hamiltonian - which involves a generic coupling to phonons (acoustic or optical) -

H = Eo
z�z +�

0

�x +
X

k

(�z + ck) gk (ak + a†�k) +
X

k

!ka
†
kak. (6.7)

This is the Hamiltonian of a TLS coupled to a bath of phonons. Note that E0

z

and �
0

are still the unrenormalized TLS parameters, in the eV range as described

before. Also, hermiticity of the Hamiltonian requires gk = g⇤�k and ck = c⇤�k. Guided

by the discussion in the previous section, and the form of the coupling deduced

from experiments, the form of the coupling parameter gk is given by the term –

�z✏(~r)�z where ✏(~r) is the local strain field, which contains all wavevectors up to

kD in the Fourier space2. Also, in principle, the strain field has a tensor structure,

and correspondingly so does gk. For the purposes of this discussion however, what

is important is only the power of k in the TLS-phonon coupling, and so we do not

introduce the full tensorial structure here. For more discussion on this, see Appendix

E.4.

Now, gk(ak+a†�k) = �z✏k giving gk = �zk
p
~/(2MN!k) where ✏k is the component

of the strain field with wavevector k, andMN is essentially the total mass of the atoms

in the system. Also, ck is significant only for high frequency phonons near the Debye

2One may have also included explicitly, as before, coupling to additional optical phonon modes
with coupling �x�

z

as in Section 6.1.1, but, in fact, such optical phonon modes are already incorpo-
rated in the analysis of section 6.2.1 where they simply arise as zone boundary (k ! k

D

) acoustic
phonons, with the coupling to phonon displacement x, � ⇠ p

2�
z

k
D
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frequency (acoustic or optical) which have a wavelength comparable to the size of the

TLS, that is acoustic phonons near the Debye frequency and optical phonons. We now

transform the Hamiltonian using a generalized version of the polaron transformation,

U = exp

 
X

k

(ak � a†�k)
1

!k

(↵k�z + �k)

!
,

U † ak U = ak � ↵⇤
k

!k

�z � �⇤
k

!k

,

U † a†�k U = a†�k �
↵⇤
k

!k

�z � �⇤
k

!k

. (6.8)

As is clear from the form of Eq. (6.8), the transformation is a matter of simply

shifting the phonons according to which state the TLS occupies. The Hamiltonian

at this step is given in Eq. (E.3). In what follows, we find the optimal values for ↵k

and �k by minimizing the Bogoluibov-Peirles upper bound on the free energy (refer

to Appendix E.2 for more details). The result of this is the e↵ective Hamiltonian

H̃ = (E0

z �
X

k

2ck
g2k
!k

)�z +��x +
X

k

(gk � ↵k)(a
†
�k + ak)�z

+�
0

(e�2↵ � ⌦e�2↵
↵
T
)�

+

+�
0

(e2↵ � ⌦e2↵↵
T
)��, (6.9)

with the following pertinent equations for ↵k, Ez and �

↵ =
X

k

↵k/!k(ak � a†�k),

↵k = gk

,✓
1 +

2E

!k

�
(�/E)2 tanh �E coth �!k/2

�◆
,

� = �
0

⌦
e2↵
↵
o
= �

0

exp

 
�2
X

k

↵2

k

!2

k

coth

✓
�!k

2

◆!
,

Ez = E0

z �
X

k

2ckg
2

k/!k. (6.10)
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Here, E is the half of renormalized TLS energy, E =
p
E2

z +�2, � is the “mean

field” renormalized tunneling strength, while the final two terms in Eq. (6.9) serve

as perturbations. One can see that the factor renormalizing Ez has the same form

as in Eq. (6.6), and so we suggestively denote factor renormalizing the asymmetry

by cEp as before. An important result of these equations is that renormalization of

�
0

is primarily determined by high frequency phonons. To see this, one needs to

note that for !k � E, ↵k ⇠ gk which goes as
p
k. The !2

k in the denominator in the

exponent of the expression for � in Eq. (6.10) is naturally cancelled by the density

of states for phonons, which itself goes as !2

k. Thus, due to the form of ↵k, we see

that this exponent increases linearly in phonon frequency !k. As a consequence, the

renormalization of �
0

is primarily determined by high frequency phonons. One can

then pull out a factor of !k in Eq (6.10) for �, replacing it with !D, and find that

� ⇠ �
0

e�E
p

/!
D where Ep =

P
k 2g

2

k/!k (compare with Eq. (6.6)), which is the result

we argued for earlier.

Another consequence of this fact is that since the thermal occupation of high

frequency phonons is nearly una↵ected by the change in temperature; even though

↵k and � are really part of a self consistency equation, � essentially does not change

with temperature. This non-dependence on temperature is obvious for Ez, and this

result is consistent with the experimental findings[166] which report no significant

change of TLS energies with temperature. Further, one can evaluate the value of he2↵i,

the factor that renormalizes �
0

using the coupling strength to acoustic phonons as

estimated from experiments, i.e., �z ⇠ 0.5eV (and parameters for Al such as density

⇢ = 2700 kg/m3, Debye frequency !D = 4⇥ 1013 rad/s , and transverse wave velocity
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vt = 3000 m/s) and find this factor to be of the order of e�10 ⇠ 10�5, that we already

used above. Thus, as mentioned earlier, one can arrive at similar estimates of the

suppression of the tunneling strength �
0

due to known estimates of the coupling to

optical phonons (as in Section 6.1.1), or what is known of the TLS-phonon coupling

from JJ qubit experiments and earlier bulk experiments.

It is also important to note that this huge suppression in fact applies to all cou-

plings that the TLS can have to the environment through its �x operator. This can

be understood by observing that any operator coupled to �x in the Hamiltonian (6.7)

(before polaron transformation) will acquire factor e�2↵ after the polaron transfor-

mation as in eq (6.9). This then implies that the only relevant coupling of the TLS

to its environment is through its dipole operator, �z. When we transform into the

TLS eigenbasis, this coupling appears as (Ez/E)�z+(�/E)�x, and thus the coupling

to the �z operator in the eigenbasis can be tuned as (Ez/E). In particular, at the

symmetry point, where Ez = 0, this coupling reduces to zero, thus making the TLS

nearly immune to pure dephasing, which explains why experiments [168] commonly

find that the decoherence time T
2

reaches twice of T
1

at this symmetry point.

Finally, it is important to note that the behavior of ↵k with phonon frequency !k

changes at the scale given by the typical frequency of fluctuations in the renormalized

TLS’s internal state, given by � (�/E). For !k � �2/E, ↵k rapidly approaches gk,

whereas for !k ⌧ �2/E, ↵k approaches zero. Recall from Eq. (6.8) that ↵k is asso-

ciated with displacements of phonons of frequency !k in accordance with the TLS’s

internal state. This behavior of ↵k with !k thus corresponds to the fact that phonons

whose frequencies are greater than the renormalized TLS tunneling rates, are able to
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(near) instataneously adjust themselves to the TLS’s internal state (corresponding

to the analysis presented in Section 6.1.1), whereas phonons with much lower fre-

quencies are unable to respond e↵ectively to such changes. Thus, even though the

polaron transformation does not explicitly make presumptions about the frequencies

of the bath and the TLS, the variational procedure automatically incorporates a time

scale, associated with renormalized TLS tunneling rates, that captures the essential

features of the response of both slow and fast bath variables.

6.2.2 Energy relaxation

As mentioned in Appendix E.2, the polaronic TLS state is a strongly correlated

state of the unrenormalized TLS and phonon bath, in which the phonon displace-

ments are correlated with the TLS’s internal state. The optimal values of ↵k and

�k describe the mean shifts of phonons in correlation with the TLS, and the residual

interaction with the bath, represents fluctuations beyond this mean field shift that

has vanishing vaccum expectation values. The polaronic TLS, while encapsulating

all the strong correlations of the unrenormalized TLS and phonon bath, is itself only

weakly correlated with the bath. Thus, one can now apply the Born-Markov approx-

imation (see Appendix E.3 for more details) to derive a master equation describing

the decoherence properties of the polaronic TLS and attain results for the relaxation

and dephasing times of the TLS.

In particular, for relaxation, one finds that even though ostensibly Eq. (6.9)

suggests a di↵erent rate of decay due to change of gk to gk � ↵k, following the Born-

Markov procedure results in a (single phonon) decay rate that is exactly the same as
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that obtained from the Fermi Golden Rule approach applied to the Hamiltonian with

unrenormalized phonon coupling (but with renormalized values of Ez and �) prior to

the polaron transformation. Further, we find that all multi-phonon processes in which

the TLS decays by releasing more than one phonon, are completely insignificant in

the temperature range of experimental interest, and do not a↵ect the decay rate. It

must also be mentioned that TLS-TLS interactions, which will be studied in more

detail in Section 6.3, statistically (as very few are expected to be resonant with a given

TLS) contribute insignificantly in comparison to direct phonon mediated decay, but

when a single TLS’s energy is tuned, resonances may occur and TLS induced decay

may become significant. The e↵ective relaxation rate T�1

1

of the excited state to the

ground state can then be found (as known from Fermi’s Golden rule [208])

T�1

1

=
X

↵

(2⇡)3
�2

z

v5t

(2E)3

⇢h4

sin2 ✓ coth
E

kBT
, (6.11)

where sin ✓ = �/E and ↵ represents the various phonons modes that couple to the

TLS. For a TLS of energy 8 GHz, �z ⇠ 0.5 eV (we use here a typical value of coupling

suggested by experiments [101]), this implies a decay time T
1

of about 250ns/ sin2 ✓.

For the data on the TLSs presented in [166], with T
1

times of about 400 ns, implies

that � � Ez or sin ✓ � 0.5. It should be noted that it is, in fact, necessary for

this factor of sin ✓ to be significant because the same factor precisely enters into the

Qubit-TLS coupling strength upon diagonalization in Eq. (6.4) and is thus crucial

for the TLS to produce a visible gap in the qubit spectrum.

We would now like to point out an intriguing aspect of this phonon induced decay

rate. Since � remains roughly constant as the strain is varied (see section 6.1.3),

one can glean from Eq. (6.11) that the decay rate is actually directly proportional to
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Figure 6.2: Schematic showing the change in energy E and relaxation time T
1

of the
TLS as uniform strain ✏ applied on the system is varied. The Energy E is minimal
(E = Emin) for strain ✏ = ✏o. At this value of the strain, T

1

concurrently reaches its
maximum value T

1

max

.

E (recall sin2 ✓ = (�/E)2). This implies that as the energy of the system is tuned

using the strain to its minimum value, the lifetime of the TLS actually increases

to its maximum value (see Fig. 6.2). This result is unusual because in principle our

expectation would be for a symmetric double well to be more susceptible to decay due

to noise that tampers with this symmetry than an already asymmetric double well

(cf. [13]). In mathematical terms, the matrix element that accompanies the decay

rate is (�/E)2 which clearly implies that decay rate must increase as the energy E is

lowered. What reverses this trend is the fact that the phonon density of states also

goes as E2 besides the factor of E that comes from matrix element of the strain field.

Thus, an increase of T
1

as the TLS is tuned to its energy minimum is really due to

the super-ohmic nature of the strain field responsible for TLS decay. This can be a

simple but e↵ective signature for experiments to check for phonon induced decay of
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TLSs (see also the discussion in Section 6.3 of the e↵ect of TLS-TLS interaction on

this result.)

While the above analysis holds true for a single TLS whose energy is being mod-

ulated by applying strain, a similar comment can be made about the distribution of

the TLSs T
1

times vs. energy E. When calculating such a distribution, one should be

careful to interpret Eq. (6.11) as really-

T�1

1

=
X

↵

(2⇡)3
�2

z

v5t

8E�2

⇢h4

coth
E

kBT
. (6.12)

In principle, we should integrate over the distribution of � to find the true distri-

bution of TLSs T
1

vs. E. As we mentioned earlier, we expect � to be usually smaller

or at best comparable to the asymmetry energy Ez. Under this assumption, � does

not a↵ect E significantly, and we thus expect the scaling of the typical relaxation time

T
1

of TLSs at a given energy E to go as 1/E, although we expect strong variations

due to random values of �.

6.2.3 Decoherence and dephasing

Pure dephasing due to phonons can be found from the Born-Markov approach

and the result is mentioned in Eq. (E.11). At its largest, the dephasing rate is found

to be of the order of 1 KHz which is still completely negligible in comparison to the

decay rate. The pure dephasing rate can however also be estimated in a more direct

and appealing fashion - by estimating the e↵ect of the extra phase di↵erence �(t)

between the eigenstates of the TLS generated from the interaction with the phonons
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Figure 6.3: (a) The proposed design of the qubit. Note that the holes are drilled in a
square lattice pattern at regular intervals of 0.24 µm and the qubit must be fabricated
on a substrate no greater than the same length, (b) The band structure for kz = 0. �,
X, and M represent the points (kxa,kya) = (0,0), (0,⇡),(⇡,⇡)respectively. The band
gap extends from !a/vt = 3.57 to !a/vt = 4.23.
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–

�(t) = 2

Z t

0

X

k

�l,k✏k(t). (6.13)

Here �l,k✏k = (Ez/E)(gk � ↵k)(ak + a†�k), and �l,k has a k dependence due to the

presence of ↵k (the subscript l is to indicate the extra factor of (Ez/E) in compar-

ison to �z). Using the assumption that the strain field has a gaussian distribution

implies that < ei�(t) >= e�<�(t)2>/2. Further, assuming that the bath of phonons is

uncorrelated with the TLS and in thermal equillibrium, we arrive at the result

⌦
�(t)2

↵
=

Z !
D

0

d!
!

⇢~v2t
4�2

l,k

⇡2v3t
coth

✓
~!

2kBT

◆
(1� cos!t). (6.14)

We find that the time dependent part has an extremely small amplitude of the

order of 10�4, and performs underdamped oscillations of the form sin(!t)/t. Further,

the time independent part is also small (of the same order as the time dependent

part). Therefore, the phonons indeed do not cause any significant pure dephasing,

which allows for the common observation of TLSs with a decoherence time T
2

⇠ 2T
1

in experiments [166]. It is also worthwhile to note that if we ignore ↵k in Eq. (6.14),

the time independent part of this integral is the essentially the same as that in the

exponent of the factor that renormalized �
0

in Eq. (6.10) (setting ↵k ⇠ gk for high

frequency phonons). Thus, the polaron transformation acts by e↵ectively shifting

the e↵ect of constant depahsing by high frequency phonons to that of renormalizing

the tunneling strength. We also already know the estimate of this integral to be of

the order of 10, which implies that prior to this process of systematically addressing

the role of high frequency phonons in TLS renormalization, we would have falsely

concluded that the TLS decoheres extremely (anomalously such that near instantly,

the o↵-diagonal matrix element gets reduced by a factor e�10) rapidly.
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Finally, we would like to point out that these estimates of decoherence are due

to interaction with phonons only. We do not always expect TLSs to have T
2

⇠ 2T
1

as there will be, in general, other sources of decoherence (such as the TLS-TLS

interactions analyzed in Section 6.3) coupled to the TLS, making T
2

shorter.

6.2.4 Phononic band gap engineering

Since TLS decoherence is strongly influenced (with T
2

being of the order of T
1

)

by relaxation processes, one may expect to get a significant increase in coherence

times if we are able to increase the lifetime of the TLS excited state. It has been

demonstrated that due to their favorable decoherence and relaxation properties, the

TLSs can be used themselves as accidental qubits [195]. Therefore, getting longer

coherence times could enable new types of quantum-computing related experiments.

Since we find that phonon-induced decay largely explains the relaxation rate, the

most obvious way of achieving longer lifetimes for TLSs is to open up a gap in the

phonon spectrum by drilling holes at regular intervals into the Al superconducting

device. Such phononic crystal structures have in fact, been recently experimentally

realized [99]. We find that a reasonable gap of about 2 GHz can be opened up near the

8 GHz frequency mark3 (Fig. 2b illustrates the band gap in terms of dimensionless

parameters), by drilling holes at intervals of a = 0.24µm in a square lattice shape, and

with a filling fraction f = 0.60. This gap however, exists primarily for phonons being

radiated in the x-y plane (see Fig. 2a). Thus, TLSs can still radiate in many other

3We use FEM to perform band structure calculations. These are in fact in excellent agreement
with results found using the FDTD method [251]. See also [106], and [180] for details on FEM based
band structure calculations
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directions even with the phononic crystal structure in place. To make the TLS truly

immune to decay via phonons, we propose that the fabrication of the entire device

be performed on a thin film no greater than 0.24µm in thickness. This procedure

renders the phonon of the wavelengths of interest (those that cause TLS decay) to

become e↵ectively 2D; they now reside in a complete band gap, and are in principle,

not susceptible to decay via phonons.

As we mentioned earlier, pure dephasing should go to negligibly small values (as

observed in experiments [168]) at the symmetry point (Ez = 0) for TLSs, as their

energy is tuned by applying strain. At this point, decoherence from all noise sources, is

almost entirely relaxation driven (of which we believe phonons to be the major source

of energy relaxation), and such an experimental scheme may prove to be useful in

dramatically enhancing TLS coherence times.

6.3 TLS-TLS interactions and decoherence

Since we find TLS pure dephasing due to phonons to be negligible, the role of

TLS-TLS interactions in dephasing and perhaps even relaxation must be addressed.

TLS-TLS interactions have been studied in previous works [29, 129, 78]. In particular,

Black and Halperin [29] found that by treating the problem classically, neglecting the

dynamics of the TLSs, one can arrive at an expected phonon strain4 mediated dipole-

dipole like interaction between the TLSs of the form (in the TLS eigenbasis) –

VI =
Cij(r̂ij)

4

1

r3ij

✓
Ez

i

Ei

�z
i +

�i

Ei

�x
i

◆✓
Ez

j

Ej

�z
j +

�j

Ej

�x
j

◆
. (6.15)

4Curiously, TLS-TLS interactions mediated by the electric dipole field also results in an interac-
tion of the same form, and same order in magnitude
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where i and j are indices of interacting TLSs, and Cij(r̂ij) is a material-specific

constant that depends only on the direction of the vector connecting TLSs i and j.

To provide for an estimate, Black et al. [29] perform rms angular averaging over the

direction r̂ij, and find for typical values of TLS-phonon interaction, phonon velocities

etc., Crms ⇠ 1.6⇥ 10�42Jcm3. We will use this result of Black et al. [29] as the basis

for discussing decoherence of TLSs, due to TLS-TLS interactions. For completeness of

this paper, and to establish a connection between the polaron approach and previous

works, in Appendix (E.4), we show how this interaction follows from the polaron

transformation procedure in the appropriate limit.

For the contribution of other TLSs to the decay rate of a given TLS, we need to

estimate the average interaction V res
I of our chosen TLS with near resonant TLSs. The

energy window in which we consider TLSs to be resonant is given by max (1/T
1

,V res
I ),

where T
1

is the relaxation time of our chosen TLS due to phonons. We take for

example, a TLS of energy 2E ⇠ 10 GHz, and T
1

⇠ 1µs as found earlier. Using the

density of states ⌫ ⇠ 1045J�1m�3, and assuming 1/T
1

� V res
I , the spatial density of

TLSs in resonance is given by ⇢res = ⌫(1/T
1

), and consequently the average interaction

strength V res
I ⇠ Crms⇢res = Crms⌫(1/T1

) ⇠ 0.5 KHz. Thus our assumption 1/T
1

�

V res
I is justified. The decay rate then, is given by (V res

I )2SX(! = 2Ei) where SX is the

correlator of the bath of TLSs that couples to the �x
i term of our TLS i in Eq. (6.15).

For large frequencies, SX(!) is primarily given by the
⌦
[�x

j (!), �
x
j (�!)]

+

↵
correlators

[241] of the bath TLSs, that are Lorentzians centered at ! = 2Ej with width 1/T
2,j,

where T
2,j is the decoherence time of TLS j. For the case of resonant TLSs, Ej ⇠ Ei,

the decay rate is given by (V res
I )2T

2,j ⇠ 10�3 KHz which is significantly smaller than
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the contribution to decay by phonons. Here we used the experimental observation

that for most TLSs in the energy range of 10 GHz, as our example TLS, T
2,j is of

the order T
1,j ⇠ 1/MHz. Thus, statistically, we expect that TLS decay due to other

TLSs is negligible. Nevertheless, we would like to point out that when a selected

TLS’s energy is tuned by applying strain, it is bound to come into resonance with

some TLSs. Coupling between such TLSs depends on the distance between them,

so it should have strong variations from one resonance to another. At such TLS

resonances we expect to find considerable enhancement in the T
1

in the range of

strain, where the di↵erence of TLS energies is comparable to their coupling. These

rapid resonance variations of the relaxation rate can make it di�cult to verify the

smooth trend T
1

/ 1/E profile that we obtained earlier.

We now look at the contribution of other TLSs in the dephasing of our TLS. We

expect only TLSs that are thermally active (of half energy Ej below the temperature

T ) to contribute to dephasing. Assuming that the temperature of the system is lower

than the energy of the TLS we are examining (under typical experimental conditions

T ⇠ 100 mK is a few times smaller than TLS energy 2E ⇠ 10 GHz), these thermally

activated TLSs are expected to be slower than our TLS (recall from Eq. (6.12), decay

rates typically decrease with decreasing TLS energies). The dephasing due to such

slow TLSs can be obtained only after averaging over many experimental runs, each of

which would correspond to a di↵erent but near static configuration of the bath. The

flipping of such slow TLSs thus, merely shifts the energy of our TLS, at the scale of

the typical interaction energy V non�res
I . As we discuss below, dephasing due to such

TLSs is qualitatively di↵erent from a bath that operates at time scales faster than
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our TLS.

For the general case of a gaussian bath, one finds the pure dephasing induced

decay of the o↵-diagonal density matrix element of the TLS is given by [174]

⌦
��
i (t)

↵
= exp

✓
�1

2

Z
d!

2⇡
SZ(!)

sin2(!t/2)

(!/2)2

◆
, (6.16)

where SZ(!) is the symmetrized bath correlator in the Fourier domain, SZ(!) =

2
R1
�1 dtei!t h[Vz(t), Vz(0)]+i. Here, Vz is sum total of the interaction terms from all

TLSs j 6= i that couple to the �z
i operator of TLS i in Eq. (6.15). At low frequencies,

the major contribution to SZ(!) comes from the correlators
P

j

⌦
[�z

j (!), �
z
j (�!)]

+

↵

that are given by [241]

⌦
[�j

z(!), �
j
z(�!)]

+

↵
=

2T
1,j

1 + !2T 2

1,j

1

(coshEj/kbT )2
. (6.17)

Thus, only TLSs with half energy Ej < kbT contribute to dephasing, which is why

we consider only thermally activated TLSs. Given the 1/r3 nature of the interaction

between TLSs, nearest neighbor TLSs are expected to most strongly a↵ect TLS de-

coherence properties, and make a dominant contribution to the net bath correlator

SZ(!). Motivated by these observations, to bring out the di↵erence between pure

dephasing due to a slow bath and a fast one, we consider a bath with correlator

SZ(!) = A2�/(�2 + !2), which is a telegraph noise with a switching rate � and in-

teraction strength A, and we evaluate the exponent in Eq. (6.16) in the two regimes,

1/� � t, appropriate for a slow bath and 1/� ⌧ t for a fast bath, where the time t that

we’re interested in, is set by the time scale at which the TLS under examination deco-

heres (say around 1µs). Now, the scale at which the integral decays in the exponent of

Eq. (6.16) is set by either SZ(!) which decays at the scale � or (sin2(!t/2))/!2 that
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decays at the scale 1/t. For a short-correlated bath, we find h��(t)i ⇠ exp (�(A2/�)t).

For a slow bath, with � ⌧ 1/t, we find instead h��(t)i ⇠ exp (�A2t2) wherein the

only time scale is given by 1/A. In the present case, we are in the regime where the

TLS bath’s switching rate, set by � ⇠ 1/T
1,j ⌧ 1/t ⇠ 1µs. That is, the TLS bath is

slower than the TLS under examination.

Thus, in the case of dephasing of a given TLS by other TLSs, the only scale that

decides the additional contribution to dephasing is given A, or in this case, V non�res
I

and the decay is gaussian, that is, exp
��(V non�res

I )2t2
�
. To estimate V non�res

I , we first

note that the density of thermally activated TLSs is given by ⇢non�res ⇠ ⌫T , where T

is the temperature and, consequently V non�res
I ⇠ Crms⌫T ⇠ 0.5 MHz, at T = 100mK.

Since this is of the order of linewidth of our TLS, we expect strong variations in the

values of 1/T
2

whereby the nearest neighbor thermally active TLS strongly influences

the decoherence property of a given TLS. When this nearest neighbor distance is

shorter than the typical distance rtyp ⇠ (1/⌫T )1/3 ⇠ 100 nm for T = 100mK, we

expect interactions with TLSs will dominate the dephasing of our TLS. However, if

this distance is larger than rtyp, we expect TLS decoherence to be set by phonons,

with T
2

⇠ 2T
1

. Nevertheless, from the above analysis, it seems reasonable to expect,

that for most TLSs of energies of the order of 10 GHz, T
2

will be at least of the same

order as T
1

, which is what one finds in experiments.

To complete this discussion, we point out that the di↵erent nature of decoherence

due to phonons (via decay) and TLS-TLS interactions (via pure dephasing) allows us

to simply add up their corresponding contributions to the decay of the o↵-diagonal

term of the TLS density matrix. In a single experimental run, the TLS bath shifts the
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frequency of our TLS slightly, simply modifying oscillation frequencies in a Ramsey

experiment. The gaussian form of decay due to TLS-TLS interactions appears upon

averaging over many experimental runs. Hence, we suggest that to analyze such ex-

perimental data, one should carefully fit the decay with a more general 2 parameter fit

of exp (�A2t2 � Bt), where B should be approximately 1/(2T
1

). It is also important

to note that the interaction A = V non�res
I / (Ez/E)i for the TLS i under observa-

tion. This means that at the point of TLS energy minima (Ez
i = 0, when tuned by

applying strain), one should achieve minimal dephasing. At this point, decoherence

is truly driven by phononic relaxation, that can be minimized via the fabrication

scheme described in Section 6.2.4.

Again, we remind our reader that this tuning of pure dephasing to zero at the

symmetry point of the TLS holds very generally in our theory. Since all the coupling

of the environment to the TLS via its �x operator is strongly suppressed (by the

same large factor that the tunneling is suppressed by), the TLS’s coupling to the

environment is expected to be primarily through its dipole operator, represented by

�z in the charge basis. Consequently, the interaction of the TLS with the environment

in its eigenbasis must of the form – (Ez/E)�z + (�/E)�x, which means that as we

approach the symmetry point of the TLS, where Ez = 0, the pure dephasing rate

becomes entirely negligible, yielding a decoherence time T
2

! 2T
1

at this point. As

far as we know, experiments [168] are in complete agreement with this statement.
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6.4 Conclusions and Outlook

We conclude with the understanding that tunneling systems observed in bulk

amorphous solids, as propounded by Anderson et al. [9] and Phillips [207] are actu-

ally electrons dressed by optical frequency phonons tunneling between atoms rather

than atoms or group of atoms tunneling in double well structures. This reasoning is

motivated by the fact that coupling strengths suggested by experiments both on bulk

solids and in JJ Qubits are too large to ignore their impact on the renormalization

of the TLS parameters. Further, once we assume that it is indeed an electron that is

the tunneling object, explanation of the coupling to acoustic phonons becomes trans-

parent, the density of such TLSs can be estimated to the correct order of magnitude

as seen in experiments, and the coupling of such TLSs to the JJ Qubit is also easily

explained.

Due to renormalization of TLSs by optical frequency phonons, the decoherence

and relaxation properties are also significantly altered, and in particular pure dephas-

ing due to phonons becomes insignificant. TLS dephasing is then given primarily by

interaction with other TLSs, while the low temperature relaxation rate is given pri-

marily by phonon induced decay. In particular, we find that pure dephasing due to

the bath of TLSs leads to a gaussian in time decay of the o↵-diagonal density matrix

element, with an e↵ective time scale given by the average interaction of the TLS with

other thermally activated TLSs in the bath. For T = 100 mK, we find this time scale

for pure dephasing to be of the order of the decay rate (due to phonons) of TLSs

of energy in the GHz range, explaining quantitatively, why for most TLSs at such

energies, experiments find T
2

to be of the order of T
1

if not twice, with T
1

⇠ 1µs [166].
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We also provide an explanation for the existence of a minima in the energy of the

TLS as a function of strain, and predict that phonon induced decay must produce

the intriguing signature of a maximum of relaxation time T
1

at this symmetry point

contrary to usual expectations. The renormalization procedure we present also has

the important consequence that any coupling to the environment must be through the

dipole (�z) operator in the TLS charge basis. This directly leads to the practically

important result that the dephasing rate of the TLS must become insignificantly

small as it is tuned to its symmetry point by the application of stain and explains

why experiments consistently observe that T
2

⇠ 2T
1

at this symmetry point [168].

An important outstanding issue is that of explaining the temperature dependence

of the decay rate of the TLS; we believe this to be a result of coupling not only to

phonons, but also to the other parts of Qubits environment, including non-equilibrium

quasiparticles [201] in the superconducting Al layer.

Finally, we presented a schematic of an experimental setup that should result

in suppressing phonon-induced decay of TLSs, enhancing their lifetime, and conse-

quently decoherence times, significantly. This experimental scheme becomes more

viable as TLSs are tuned to their energy minimum as strain is varied, since we expect

dephasing by other TLSs at this symmetry point to be minimal. While we don’t ex-

pect this to improve the coherence properties of superconducting devices themselves,

(for whom these TLSs are a major source of decoherence [241, 145, 203, 243]), this

scheme could have an important impact on not only improving the viability of TLSs

for use as quantum memories [195], but should also allow us to understand better

the other sources of noise that decohere the TLSs, once the influence of phonons is
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significantly reduced. A better understanding of these aspects of the TLS should

eventually help improve the practicability of both superconducting devices and op-

tomechanical resonators [11] where these TLSs significantly limit the coherence times

and Q-factors respectively, as well as engineer exciting new nano-mechanical devices

with strong non-linearities of phonon modes.
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Chapter 7

Probing impurities in

two-dimensional materials using

magnetic noise

Don’t Tell Me the Moon Is Shining;
Show Me the Glint of Light on Broken Glass.

Anton Chekhov, in a letter to his brother Alexander, May 1886

Nitrogen Vacancy (NV) centers are defects in diamond that can be operated as

quantum bits [70, 90, 176] with extremely long lifetimes. The transition frequency

between NV-spin states is highly sensitive to magnetic fields, which allows accurate

measurements of local, static fields. The long coherence times allow measurements

of NV-center lifetimes to reliably probe magnetic noise at the transition frequency.

Recent experiments have used these characteristics to demonstrate that NV centers

can be used as highly spatially-resolved probes of novel physical phenomena across a

range of materials. For instance, NV centers have been used to image local magnetic
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textures [252] and to probe spin-wave excitations [257] at the nanometer scale in

ferromagnetic materials, and magnetic noise spectroscopy was used to detect the

di↵erence in transport properties between single- and multi-wafer metallic slabs [147].

Magnetic resonance imaging at the single proton level [249] has also been performed

using these devices.

In this work, we focus on the use of NV centers as probes of magnetic noise from

many-body systems, and we discuss how transport phenomena in these systems can

be inferred from such measurements. This analysis, in part, is motivated by the e↵ec-

tiveness of traditional NMR spectroscopy in the study of strongly correlated electronic

systems. In NMR studies, electronic spin fluctuations are probed by studying the re-

laxation of nuclear spins inside the material. These fluctuations are often tied to

electronic correlations [69, 184, 209, 91, 238]; for instance, the discovery of the Hebel-

Slichter peak—a massive enhancement in relaxation rates of nuclei at temperatures

immediately below the superconducting transition temperature [113, 20, 112]—was

a defining success of the BCS theory. However, bulk measurements of the nuclear

relaxation rates measure a certain average (which depends on the crystal structure of

the material) of spin fluctuations at all wave-vectors [109, 134]. On the other hand,

spatially-resolved NMR measurements [55] have been limited to micron-scale resolu-

tions [96]. NV centers, being point defects, can pick up the magnetic noise from spin

and current fluctuations in materials in a highly spatially-resolved way. Moreover,

unlike traditional linear-response measurements which can often drive a system into

the non-linear regime [262, 5], or NMR measurements that require external polariz-

ing fields, NV centers can be used in a minimally-invasive way to measure transport
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phenomena in materials [147].

The present theory for magnetic noise near materials is formulated in terms of

momentum-dependent reflection/transmission coe�cients for s- and p- polarized elec-

tromagnetic waves [89, 157, 115]. In this work, we first use this formalism to calculate

magnetic noise from a conducting two-dimensional (2D) material—which may be a

2D electron gas, graphene, or the gapless surface of a three-dimensional topological

insulator [111]—and we discuss how these measurements directly allow one to probe

the non-local conductivity of the system at all length-scales. (Note that in the con-

ducting materials we are interested in, the noise will be primarily due to current

fluctuations and measurements will yield information about transport properties.)

We then adapt this framework to the case when the material of interest cannot be

treated as a spatially homogeneous block. Due to loss in translational invariance, re-

flection/transmission coe�cients become dependent on two momenta variables. We

calculate perturbative corrections to the noise due to small spatial inhomogeneities

which manifest themselves as corrections to the usual conductivity of the system.

Finally, we use this framework to propose an experiment (see Fig. 7.1) that uses mag-

netic noise to sense the properties of a single Kondo impurity [116] (as a function of

temperature) lodged in a two-dimensional conducting background.

For the Kondo impurity case, naively one expects an interplay between an en-

hancement in the local density of states which can enhance the current (and hence,

the magnetic noise), and the enhanced scattering which reduces the current, near the

impurity. Curiously enough, we find that the noise near an isolated impurity is al-

ways suppressed compared to the background. Importantly, this suppression provides
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0 1 2 3 4

Figure 7.1: Experimental protocol for sensing the quenching of a Kondo impurity
(red dot). An array of NV (blue dots with arrows) centers are placed at a fixed
distance zNV and varying separation ⇢NV (inset). NV centers can be used to deter-
mine the magnetic noise in any direction [147]; here we focus on measurements of
the noise Nz in the perpendicular-to-plane direction. Near the Kondo impurity, Nz

is suppressed relative to the background by an amount that is determined by the
lateral displacement ⇢NV (see inset) of the NV center from Kondo impurity, and the
temperature-dependent scattering properties of the impurity. The noise suppression
generally increases as the temperature is lowered below the Kondo temperature (blue
curve corresponds to a lower temperature than the red, and yellow curves). The max-
imum noise suppression occurs at ⇢NV ⇡ zNV /

p
2. The NV center with this maximal

contrast can subsequently be used to evaluate the full temperature dependence of the
scattering properties of the impurity.
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a direct measure of the scattering properties of the impurity. In particular, the noise

suppression measured near the Kondo impurity is expected to rise rapidly below the

Kondo transition temperature TK . This allows us to propose an experiment protocol

that uses noise measurements to sense the properties of the local Kondo moment.

This manuscript is organized as follows. In Section 7.1, we outline the general

formalism of calculating magnetic noise near materials, valid for both homogeneous

and inhomogeneous systems. For the homogeneous case, the noise is determined in

terms of momentum-dependent reflection and transmission coe�cients [89]. These co-

e�cients are determined for a conducting two-dimensional (2D) system (see Fig. 7.2)

and the noise profile is evaluated. We find that an NV center placed at a distance zNV

from the 2D material, measures noise that is (largely) proportional to the transverse

conductivity of the material at wave-vector q ⇠ 1/2zNV . In Section 7.2, we extend the

pre-existing theoretical framework to allow for calculating perturbative corrections to

the magnetic noise profile near spatially inhomogeneous parts of the 2D material;

the extra noise is found to be proportional to the two-momenta corrections to the

conductivity of the system. In Section 7.3, we calculate these corrections near a gen-

eral isolated impurity. In Section 7.4, we specialize the discussion to calculating noise

from a Kondo impurity and propose an experiment protocol that can be used to sense

the properties of the local moment (see Fig. 7.1). Finally, in Section 7.5 we outline a

number of promising future directions where we expect these novel probes to have a

useful impact, and we conclude in Section 7.6.
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7.1 Noise from Homogeneous 2D Systems

In this section, we provide the discuss formalism of computing magnetic fluctu-

ations above a 2D system and show how these are related to its conductivity (and,

alternatively, its dielectric properties). The basic reason for the connection between

these two quantities can be explained as follows. The magnetic fields generated

above the system are related, through a propagation kernel, to the currents in the

underlying system. (This kernel is related to the Bio-Savart law, see discussion in

Appendix F.1.3.) Therefore, the fluctuations in the magnetic field are tied to the

fluctuations in the currents inside the material; these are alternatively related to the

conductivity of the system via fluctuation-dissipation relations. Moreover, the mag-

netic fluctuations at a distance zNV are most sensitive to currents at wave-vectors

of the order of q ⇠ 1/zNV ; currents at larger wave-vectors nullify themselves, while

those at smaller wave-vectors have smaller phase space. Thus, by tuning the distance

of the NV center, the complete finite wave-vector dependence of the conductivity can

be found.

The relaxation rate of the NV center is proportional to the local magnetic noise [157],

which can be defined as a tensor N↵�(!) = F [h[B↵(rNV , t), B�(rNV , t0)]+i] /2; here

B↵(rNV ) is the ↵ component of the magnetic field at the site of the NV center, the

operation F [.] implies a Fourier Transformation, and the notation [., .]
+

denotes an

anti-commutator of two operators. Note that the NV center’s orientation determines

the precise contribution of various components of this noise tensor to its relaxation

rate [147]. In thermal equilibrium, the fluctuation spectrum defined by two operators

A and B, NAB(!), is related to the corresponding Kubo response-function �AB(!) via
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z = 0

z
r
NV

Insulator

Insulator

(��0, µ0)

(���0, µ0)

Figure 7.2: Geometry under consideration: the insulator in which the NV center is
embedded is characterized by a constant dielectric function ✏; the layer below the
2D sample is characterized by a constant ✏0. The 2D sample has some wave-vector
and frequency-dependent conductivity �↵�(Q,!) which can be decomposed into a
transverse and longitudinal part. Current fluctuations are seen to generate magnetic
noise that causes relaxation of the NV center.

the fluctuation-dissipation relation: NAB(!) = ~ coth (~!/2kBT ) Im [�AB(!)]. Thus,

the computation of the fluctuations of the magnetic field can be performed by first cal-

culating the response function [2] �↵�(!) = @Btot
↵ (rNV )/@M�(rNV ), where M�(rNV )

is an external magnetic dipole set up at the site of the NV-center, pointing in direction

�, and Btot
↵ (rNV ) is the total magnetic field (in the direction ↵̂) generated both by

the oscillating external magnetic dipole and the reflections from the 2D system. This

is the general method that will be used to evaluate the magnetic noise in both the

homogeneous and inhomogeneous situations. Below we first consider an application

of this approach to the homogeneous case.

An external oscillating magnetic dipole moment generates electromagnetic ra-

diation that can be separated into two orthogonal solutions described by an in-
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plane wave-vector Q and a perpendicular-to-plane wave-vector q✏z which together

satisfy (q✏z)
2 + Q2 = ✏!2/c2 (assuming the NV-center is buried inside a lossless di-

electric with non-dispersive dielectric constants ✏; see Fig. 7.2). The two orthogo-

nal solutions are: s-polarized, if the electric field is parallel to the plane, that is,

E ⇠
⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

z

z; or p-polarized, if the magnetic field is parallel to the plane,

that is, B ⇠
⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

z

z. These waves are partly reflected when they impinge

on the 2D material, but keep their form [153] if the system is homogeneous: thus,

it is su�cient to describe the reflection, and calculate the total magnetic field by

specifying the reflection coe�cients rs(Q) and rp(Q) of the s- and p- polarized waves

in this case.

In terms of these coe�cients, the noise (excluding the vacuum, electromagnetic

noise) can be worked out (see Appendix F.1) as

Nz(!) = coth
�~!
2

Im

 Z 1

0

dQ

2⇡
Q3

iµ
0

2q✏z
rs(Q)e2iq

✏

z

z
NV

�
,

Nx(!) = coth
�~!
2

Im

 Z 1

0

dQ

2⇡
Qq✏z

iµ
0

4

✓
✏!2

(q✏z)
2c2

rp(Q)� rs(Q)

◆
e2iq

✏

z

z
NV

�
;

q✏z = i
p

Q2 � ✏!2/c2 for Q >
p
✏!/c,

q✏z =
p

✏!2/c2 �Q2 for Q <
p
✏!/c, (7.1)

where z is the perpenedicular-to-plane direction and x is an in-plane direction and

we have defined N↵ ⌘ N↵↵ because the noise tensor is diagonal in this basis for the

homogeneous system.

Let us note that Eqs. (7.1) are, in principle, generally applicable to calculating

noise from any homogeneous material limited to a half-space [115]. For the three-
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dimensional case, the precise connection between these reflection coe�cients and the

transport properties of the material is complicated by the presence of a boundary [89]

and assumptions regarding the properties of the boundary are required. For 2D

materials we consider, the reflection coe�cients can be computed and directly related

to the conductivity of the material. Due to this simplification, and the fact that

there are a vast variety of 2D materials with physically interesting phenomena, we

refine our study to that of 2D materials sandwiched between two lossless dielectrics,

as shown in Fig. 7.2.

We note that, for c ! 1 and !/(2⇡) = !NV /(2⇡) ⇠ GHz being a small fre-

quency, the phase space of magnetic noise due to traveling waves (q✏z > 0) is limited

and most of the noise is due to decaying electromagnetic modes. Consequently, we

can neglect corrections to the noise of the order !/q✏zc. From Eq. 7.1, it is evident that

the noise due to p� polarized modes is negligible due to extra factor of !2/(q✏z)
2c2. As

a consequence, magnetic noise measurements are fairly insensitive to the longitudinal

conductivity of the system which only comes into the noise calculation through rp

(see Appendix F.1 for more details). One can understand why rp is connected to the

longitudinal conductivity via the following argument: when the magnetic field is par-

allel to the surface, as in the p-polarized case, the in-plane component of the electric

field has to be parallel to the in-plane wave-vector Q of the electromagnetic wave;

thus, such a field only excites longitudinal currents (k Q). Similarly, if the electric

field is s-polarized, it only generates transverse currents (that are perpendicular to

Q). (See Fig. F.1 for a graphical demonstration of these points.) These currents

are fundamentally di↵erent from longitudinal currents because they do not couple to
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charge fluctuations in the material.

The reflection coe�cients must depend on the transverse/longitudinal conductiv-

ity �T/L(Q,!) of the material because the currents set up (proportionally to these

parameters) modify the electromagnetic boundary conditions. In fact, the noise due

to p-polarized waves is proportional to �L(Q)/✏RPA(Q). Thus, the longitudinal cur-

rents generated are suppressed due to e�cient screening in the conducting material

(this suppression is, in fact, related to the suppression !2(q✏z)
2/c2] mentioned above;

see Appendix F.1). The noise due to s-polarized waves is approximately proportional

to �T (Q), and is negligibly suppressed. The calculations are detailed in Appendix

F.1 where, for self-completeness, Eqs. (7.1) are also derived. Here we present only

the results essential for further analysis:

rs(Q,!, ✏ = ✏0) =
�1

1 + 2q✏
z

µ0!�T

⇡ �!�T (Q,!)µ
0

2q✏z
,

Nz(!) ⇡ kBTµ2

0

16⇡z2NV

Z 1

0

dx xe�xRe


�T

✓
x

2zNV

,!

◆�
,

Nx(!) = Ny(!) =
Nz(!)

2
+O

h!zNV

c

i
. (7.2)

where Nz is the magnetic noise in a direction perpendicular to the plane, and

Nx = Ny is the in-plane noise. The noise results are correct to order O[!zNV /c], and

have been presented for ✏ = ✏0. Note that the measure xe�x clearly picks out the

wave-vector q ⇠ 1/2zNV as previously advertised. In principle, since the above can

be interpreted as a Laplace transformation, a complete set of measurements obtained

by varying zNV can be used to deduce the conductivity of the material at any wave-

vector. We also note that the NV-center frequency is small, and the measurement
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essentially picks out DC conductivity.

These results can be motivated as follows. The noise is a single volume integral

(assuming correlations at one length scale are dominant), and two kernels relating

the currents in the plane to the magnetic fields at the site of the NV center. Thus,

N(!) ⇠ z2NV (1/z2NV )
2 |J |2, where |J |2 is the amplitude of current fluctuations at the

scale q ⇠ 1/zNV and frequency ! = !NV . Noting that |J |2 = !� coth �!/2, we

directly arrive at the result (besides constant factors). It is also important to note

that, in the above analysis, we excluded magnetic noise from spin fluctuations. We can

estimate the noise from spin fluctuations noting that this noise is proportional to µB,

the Bohr-magneton, and the magnetic field from spins falls o↵ faster with distance,

by a factor 1/z, as compared to that from currents. Then, the ratio of the noise

from spins, Ns, to that from currents, NJ , goes as Ns/NJ ⇠ µ2
B

z2
NV

|M |2
|J |2 where |M |2

is now the amplitude of magnetization-density fluctuations. Within a single mode

approximation, |M(q,!)|2 ⇠ kBT�M(q)�M/(!2+�2) ⇡ kBT�M(q)/�M , where �M(q)

is the static spin susceptibility at wave-vector q and �M is the spin relaxation rate

which may be q-dependent. Similarly, for q ⌧ kF , |J(q,!)|2 ⇡ kBT (evF )2�⇢(q)/�,

where �⇢(q) is the static susceptibility. Thus, Ns/NJ ⇠ 1

(k
F

z
NV

)

2
�
⇢

(q)�
M

(q)

�
M

(q)�(q)
where

q ⇠ 1/zNV . Due to the factor of 1/(kF zNV )2, we anticipate that this ratio is much

smaller than 1 for a large range of parameters q ⌧ kF in conducting systems with

comparable spin and density relaxation rates.

Before proceeding to the translational symmetry-breaking case, we discuss another

immediate consequence of the above result. We note that the transverse conductivity

�T (Q,!) is typically a constant �
0

for Q ⌧ 1/lm, where lm is the mean-free path
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for electrons in the system, and scales as ⇠ �
0

/(Qlm), for Q � 1/lm. A simple

way to understand this scaling is that the conductivity, and consequently, current

fluctuations are proportional to the scattering time of electrons. In the ‘near-field’

limit, the current-current correlations do not have access to this time-scale. Instead,

the ‘scattering’ is determined by the time electrons take to whiz past regions of size

1/Q over which the applied electric field oscillates. Thus, one can replace the scat-

tering time by 1/QvF , yielding the required scaling. More formally, as discussed in

Appendix F.2, we can calculate the transverse conductivity in a ‘relaxation-time ap-

proximation’, where we assume a single relaxation rate � that determines the rate

of re-equilibration of the system to a state of quasi-local equilibrium; this yields

�T (q,!) = �ie2
�
⇡T (q,! + i�) + i�⇡T (q, 0)/!

�
/(!+i�), where ⇡T are the transverse

current-current correlations. The result is valid generally for any metallic system, or

graphene, whether it is operated in the intrinsic or doped regime. A numerical valida-

tion of the scaling limits in the context of graphene is also presented in Appendix F.2.

Finally, we note that the consequence of these scaling limits is that, when the NV-

center is placed closer (farther) than the mean-free path of the system, the noise scales

as Nz ⇠ 1/z (Nz ⇠ 1/z2), which can serve as a diagnostic of whether the dynamics

in the system are di↵usive or ballistic.

7.2 Noise from Inhomogeneous Systems

In the previous section, we considered all forms of irregularities in the material

to be ‘disorder-averaged’. This assumption becomes less acceptable in the near-field

regime where the distance of the NV-center is comparable to the mean-free path (or
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smaller) and an individual impurity may significantly alter the noise profile from the

background. In particular, if the impurity has interesting physical properties (such

as a temperature-dependent level shift or line-width or other scattering properties),

as in the case of Kondo impurities, this extra contribution can be used to study the

physics of an isolated impurity in detail. To address such situations, Eqs. (7.2) and

(7.1) need to be modified to allow for calculation of noise when the conductivity has

two-momenta corrections (due to the breaking of the translational symmetry).

We address this question in a perturbative framework or linear-response frame-

work. The magnetic dipole at the site of NV-center, as considered previously, gen-

erates an electromagnetic field, say E
0

(Q, qz) (with an in-plane momentum Q and

perpendicular-to-plane momentum qz) which impinges on the 2D material. Now,

besides generating a current J(Q) at wave-vector Q, the electric field generates

weaker source currents with di↵erent in-plane wave-vectors Q0, that is, J s(Q0) =

P
↵� ↵̂�↵�(Q

0,Q)E
0,�(Q). These source currents will then generate additional out-

going electromagnetic waves E
1

(Q0, q0z) whose amplitude must be determined self-

consistently to first order in perturbation theory (in particular, in the presence of

the additional induced current J
1

(Q0) = �
0

(Q0)E
1

(Q0)). These reflected fields will

generate additional noise at the NV center and their amplitude must be evaluated.

In order to perform these calculations, we first solve the problem of outgoing electro-

magnetic radiation due to a source current Js(Q), in the 2D material, which may be

transverse or longitudinal. The two cases, as before, generate di↵erent polarizations of

outgoing radiation: the transverse (longitudinal) source current produces only s- (p-

) polarized fields. The detailed solution of this boundary-value problem are presented
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in Appendix F.3.

We again note that, since the (decaying solutions of the) electromagnetic field em-

anating from the magnetic dipole are primarily s- polarized, the generating electric

field will always be transverse polarized. However, the currents that are generated

at di↵erent momenta Q0 will have both transverse and longitudinal components. We

again assume that longitudinal part of these currents are suppressed due to screening

and will generate even smaller noise corrections than the transverse part; thus, we ne-

glect these contributions. (Note that, this last assumption is not required to evaluate

the noise in the perpendicular-direction.) Thus, the two-momenta corrections to the

conductivity of interest are e↵ectively correlations of transverse currents at di↵erent

momenta q
1

and q
2

. In particular, we require Re[�T,T (q
1

, q
2

)] where

Re[�T/L,T/L(q
1

, q
2

)] =
Im[⇧T/L,T/L(q

1

,�q
2

,! + i0+)]

!
, (7.3)

and ⇧T/L,T/L are the retarded two-momenta transverse and longitudinal current-

current response functions. The details of the calculation of the correction to the

reflection coe�cients and the complete calculation of the noise due to these corrections

is carried out in detail in Appendix F.3. Here we simply quote the important final

results of these calculations:
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kBT
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Z 1

0
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dq
1
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1

(2⇡)2

Z 1
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1
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1

)

⇥ (q̂
2

.n̂
2

)Re [�T,T (q
1

, q
2

)] , (7.4)

where n̂
1

and n̂
2

are in-plane directions and we have assumed that the NV-center

sits at a distance zNV away from the 2D surface, and ⇢NV away from the perpen-

dicular emanating from the origin on the 2D surface. The azimuthal angles ✓
1

and

✓
2

of q
1

and q
2

are measured with respect to the lateral separation ⇢NV � rf from

the impurity site rf to the NV center. Correlations of the form Nzn̂1 are negligi-

ble, and we again adopt the notation Nz ⌘ Nzz. Note that the above results are

correct to order O[!zNV /c], and under the assumption that |✏RPA(q ⌧ kF )| � 1.

Thus, we assume that the NV-center is at a distance much greater than 1/kF from

the 2D material which allows us to neglect complications coming from charge fluc-

tuations that become visible at distances smaller than the screening length in the

material. Under these approximations, the results, as mentioned in Eqs. (7.4) are

fairly straightforward extensions of the translationally-invariant result: we see that

inserting Re[�T,T (q
1

, q
2

)] = Re[�T,T (q)]�(q
1

� q
2

) reproduces the results of the ho-

mogeneous system.
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7.3 Current-Current correlations near an isolated

impurity

We now calculate the two momenta corrections to the conductivity due to an

isolated impurity. We will focus on situations where we can treat the impurity in a

non-interacting framework so that it only serves as a point scatterer with momentum-

independent scattering matrix elements (which may depend on frequency). These

matrix elements may themselves be computed from a more complicated interacting

model such as the Anderson model (for a discussion on computing these properties

of the Kondo model at temperatures below the Kondo temperature TK , see [116]).

We further assume that the impurity is located in a background that can be ac-

counted for by assuming a line-width � (for instance, due to phonons) to the electron

Green’s functions. Note that � can be experimentally determined by bulk conduc-

tivity measurements. Alternatively, experiments can be performed in the near-field

regime wherein the NV center is placed much closer to the impurity as compared to

the mean-free path lm = vF/�. In this limit, the ‘excess’ noise near the impurity does

not depend on �.

Then, in the presence of the extra impurity at position rf , and frequency-dependence

scattering matrix element Tf (i!n), the electron Green’s functions can be written as
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+

+

Figure 7.3: The corrections to the current-current correlation function. Note that the
diagram with impurity-scattering for both the particle and the hole evaluates to zero
for transverse current correlations; see Appendix F.4.
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,
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, i!n) = G
0
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, i!n) +G
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(q
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, q
2

, i!n),

G
1

(q
1

, q
2

, i!n) = ei(q1�q2).rfG
0

(q
1

, i!n)Tf (i!n)G0

(q
2

, i!n). (7.5)

From here on, we set rf = 0, without loss of generality. The two momenta

corrections to the conductivity are described by the diagrams in Fig 7.3. (Note that

the diagram involving impurity-scattering of both the particle and the hole vanishes

for transverse correlations.) These represent instances where either the particle or

hole in the particle-hole pair carrying the current scatters o↵ of the impurity and

yields novel two-momenta correlations.
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Figure 7.4: F
1

(F
1,L) which characterize the angular dependence of transverse (lon-

gitudinal) two-momenta current-current correlations are plotted as a function of the
relative angle ✓ between the two momenta of equal magnitude. The main figure shows
the angular dependence for small momenta q, characterized by x = vF q/2� = 0.1,
while the inset is for large momenta, with x = 10. At small momenta, the transverse
and longitudinal correlations coincide; they are both suppressed for forward scatter-
ing and enhanced for back scattering. At large momenta, x � 1, as seen in the inset,
transverse and longitudinal current correlations di↵er significantly: longitudinal cor-
relations are uniformly enhanced while transverse correlations appear to be uniformly
suppressed except for back scattering where they are enhanced.

The imaginary part of the transverse current-current correlations, Im [⇧T (q
1

, q
2

,! + i0+)]

and consequently the real part of the two-momenta corrections to the conductivity

can be evaluated (from the diagrams in Fig. 7.3) to yield

Re [�T,T (q
1

, q
2

,!NV )] ⇡ 2
�
0

�
F
1

[x
1

, x
2

, ✓
1

� ✓
2

]F
2

[T ],

F
2

[T ] =
�1

⇡

Z
d![�n0

F (!)]Im[Tf (!)], (7.6)

where �
0

= ne2/m� is equal to the DC, uniform-field conductivity of the 2D

system, n0
F is the derivative of the Fermi function, x

1,2 = vF q1,2/2�, ✓1 and ✓
2

are
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azimuthal angles of the in-plane momenta q
1

and q
2

, F
1

is an analytically determined

dimensionless function (explicit form in Appendix F.4) which contains geometric in-

formation (besides an amplitude) about the current-current correlations near the

impurity, and F
2

[T ] is proportional to the scattering cross-section of the process in

which a particle (or hole) scatters o↵ of the isolated impurity (since it depends on the

imaginary part of the T-matrix Tf ). The above results hold under the assumption

that ! = !NV is the smallest scale in the problem; in this case, the two diagrams

yield the same result leading to the factor of 2 in Eq. (7.6). Details of this calculation

are provided in Appendix F.4.

Now we physically motivate this result. First, we note that the diagrams that we

have considered calculate the generation of two-momenta current-current correlations

due to the process in which a constituent particle or hole of the particle-hole pair

(carrying the current) is scattered o↵ of the isolated Kondo impurity. Thus, we can

estimate the current-current fluctuations by counting the number of scattering events

Ns, in time 1/� (the characteristic scale at which these fluctuations will decay), and

the amplitude As of current-current fluctuations that these contribute to. Then,

Im [⇧T (q
1

,�q
2

,!)] = !Re[�T,T (q
1

, q
2

,!)] ⇠ NsAs
1

�

.

First, we compute the number Ns of scattering events that generate these current-

current correlations. Keeping in mind the notation of Eqs. (F.56), we note that

particle-hole pairs are created with a certain density of states ⌫(0) and weight nF (!0)�

nF (! + !0) ⇡ �!n0
F (!

0). Thus, ⌫(0)! is the e↵ective particle-hole density at energy

di↵erence !, and approximate energy !0. A ‘tube’ of these particle hole pairs of length

vF/� and thickness of the scattering cross-section scatter o↵ of the Kondo impurity in
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time 1/�. The scattering cross-section (of particles/hole at frequency ⇠ !0) is given

by (using the optical theorem in two-dimensions [228]) ⇠ ImTf (!0)/vF . With these

details, the total number of scattering events, in the time 1/� can be estimated to be

Ns ⇠ 2!⌫(0)vF
�

F2[T ]

v
F

where the factor of 2 appears due to the fact that the particle or

the hole of the particle-hole pair may be scattered.

Next, we determine As. Heuristically computing the full angular and momentum

dependence of As is di�cult. We note that for Eq. (7.6) to hold, we require As =

v2FF1

[✓]. Here we rationalize this result in some limits. Since particle-hole pairs

are created with momenta k ⇠ kF , they have velocities ⇠ vF . This explains the

factors of v2F . F
1

[✓] can then be interpreted as a complicated interference amplitude

between particle/hole plane-wave states with momenta q + q
1

, q + q
2

, and q (q ⇠

kF but otherwise arbitrary) and decaying due to the line-width �. The angular

dependence of this function is complicated by the fact that we calculate transverse

current correlations and will be discussed later, but the amplitude can be estimated.

At small momenta, vFq
1

, vFq
2

⌧ �, the decay of the wave-function dominates the

interference amplitude; consequently, F
1

[✓] ⇠ 1. At large momenta, the oscillations

cause a decay in the amplitude, of the order of 1/x2, where x is some combination of

vF q1,2/2�. Reassuringly, in this limit, the current-current correlations do not depend

on the background scattering-rate �. We note that our qualitative expectations for

F
1

[x
1

, x
2

, ✓] agree with the behavior of this function in the small and large momenta

limits, respectively (see Eq. F.58).

In Fig. 7.4, we produce the geometric form of the transverse current correlations

(by plotting F
1

[x
1

= x
2

, ✓] for small and large momenta). At small momenta, x
1

, x
2

⌧
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1, the correlations are proportional to � cos(✓
1

� ✓
2

). This can be understood by

the fact that, at small momenta, electron Green’s functions do not retain geometric

information since this is suppressed by the large, isotropic relaxation rate �. The

geometrical dependence of correlations comes from the fact that the transverse part of

the current carried by the electron-hole pair comes with amplitudes sin(✓q�✓
1

) sin(✓q�

✓
2

) which average over ✓q to yield the required result. Note that the negative result

at ✓
1

= ✓
2

is due to the fact that, the impurity e↵ectively reduces current-current

correlations in the forward direction because of it’s role in scattering the particles in

all directions. At large momenta, the angular dependence is mostly negated because

the electron Green’s functions are sharp, and the integral over ✓q picks out special

angles for the average momentum q of the particle-hole pair that makes the particle-

hole pair as on-shell as possible. This breaks down for back-scattering, that is, when

✓
1

= ✓
2

± ⇡, since, in order to enforce the on-shell condition, q ? q
1

, q
2

and the

electron’s Green’s functions are again dominated by their imaginary part.

Next, we focus on the function F
2

[T ] which is solely related to the impurity’s

properties and which, in particular, will show interesting temperature dependence for

the case of a Kondo impurity.

7.4 Noise from a Kondo impurity

The aim of this section is to discuss how F
2

[T ] can be calculated for the Kondo

problem. We then provide results for the noise profile near a Kondo impurity. Finally,

we propose an experimental protocol to observe the physics of the Kondo problem

using the NV centers as magnetic noise probes.
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Figure 7.5: The function F
2

[T ], calculated in the slave-boson mean-field approxima-
tion [116], is plotted as a function of the temperature (in units of the Kondo tempera-
ture TK) for various values of the zero-temperature occupation of the Kondo impurity,
nf (T = 0), as discussed in the main text. Noise suppression sensed near the Kondo
impurity is directly proportional to this function which describes the e↵ectiveness of
the impurity in scattering electrons near the Fermi surface.

At low temperatures, T ⌧ TK , a mean-field slave-boson (equivalently, a large-N

expansion) approach (see [116] for a detailed discussion) can be used to arrive at a

single pole approximation for the impurity Green’s function. The T-matrix in this

approximation is given by T (!) = �

⇡⌫(0)
Gf (!) where Gf (!) = 1/(i! � ✏f + i�),

and the renormalized hybridization parameter �(T ) and the f -orbital energy ✏f (T )

satisfy self-consistent equations dependent on two parameters, the zero-temperature

impurity occupation, nf (T = 0), and the Kondo temperature TK defined as kBTK =
q

✏2f (T = 0) +�2(T = 0). [116] The function F
2

[T ] can then be determined as a

function of these parameters:
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F
2

[T ] =
��

2⇡3⌫(0)
Re


 
3

✓
1

2
+

��

2⇡
+ i

�✏f
2⇡

◆�
,

(7.7)

where  
3

is the Trigamma function (double derivative of the logarithm of the

Gamma function). In the limit T ! 0, the result of Eq. (7.7) agrees with the Friedel

sum-rule [116] result: F
2

[T ! 0] = 1

⇡2⌫(0)
sin2 (⇡nf (T = 0)). In this expression, the

microscopic hybridization parameter � is eliminated. Therefore, noise measurements

at T ⌧ TK can be used to directly determine nf (T = 0). This leaves TK to be

determined through temperature-dependent measurements. The self-consistently de-

termined values for �(T ), ✏f (T ) have been used to calculate F
2

[T ] for fixed TK , but

di↵erent nf (T = 0) and plotted in Fig. 7.5 as a function of temperature.

For T � TK , the resonance model does not provide an accurate description of the

system. The full evaluation of the conductivity in this case is beyond the scope of this

work but we point the reader to Refs. [33, 52] where the conductance of quantum dots

modeled as Kondo impurities (which is directly proportional to F
2

[T ]) is discussed

and evaluated for all temperature ranges.

Now, we calculate the noise due to a single Kondo impurity using Eqs. 7.4 and

Eqs. 7.6. In the far-field limit where zNV � lm, the form of F
1

[x
1

⌧ 1, x
2

⌧

1, ✓] ⇠ �(⇡/2) cos(✓) allows us to analytically calculate the noise in all directions.

We mention the result for the noise in the perpendicular-to-plane direction:

Nz(zNV � lm) =
µ2

0

kBT�0

16⇡z2NV

� µ2

0

kBT�0

8⇡�
F
2

[T ]
⇢2NV

(⇢2NV + z2NV )
3

. (7.8)
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(The remaining results can be found in Appendix F.4.) For ⇢NV ⇠ zNV , we

see that the ‘excess’ noise scales as 1/z4NV . In the near-field limit, zNV ⌧ vF/�,

F [x
1

� 1, x
2

� 1] ⇠ 1/x
1

x
2

and the scaling behavior is modified to Nz ⇠ 1/z2NV .

The noise profile in this limit can be numerically computed (see Fig. F.5).

It is important to appreciate that the noise due to the Kondo impurity (above

the background) is negative in the far-field regime. In fact, based on numerical

evidence, this turns out to be true also in the near-field regime (zNV ⌧ lm). A

simple-minded explanation of this is that in the far-field regime, where noise depends

only on low-momenta conductivity, we can expect the Kondo impurity to act as any

other impurity in that it simply reduces the e↵ective scattering time, which reduces

the conductivity, and consequently the magnetic noise. However, the Kondo impurity

also adds additional density of states by providing an extra state on the Fermi surface.

Due to these two competing e↵ects (increase in the density as opposed to the decrease

in the scattering rate), it is not immediately obvious that the ‘excess’ noise must

be negative, especially in the near-field regime. In particular, in Fig. 7.4, we see

that unlike transverse current fluctuations, longitudinal fluctuations are enhanced

at large momenta (or near-field) due to the presence of the Kondo impurity. These

fluctuations, however, do not contribute to the noise because they are quickly screened

at length scales of the inverse Fermi wave-vector. (For a discussion on the calculation

of the longitudinal current-current fluctuations, see Appendix F.4.)

In order to bring out this ‘competition’, we re-cast the noise calculation in a way

which separates positive and negative contributions to the noise:
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Nz(! ! 0) ⇡ µ2

0

kBT

Z
d2q

(2⇡)2

Z
d!(�n0

F (!))Af (!)A0

(q,!)⇥
⇢ ����
Z

d2q
1

(2⇡)2
e�|q1|zNV

+iq1.⇢NV Re [G
0

(q + q
1

)]

✓
q � q.q

1

q2
1

q
1

◆����
2

�
����
Z

d2q
1

(2⇡)2
e�|q1|zNV

+iq1.⇢NV Im [G
0

(q + q
1

)]

✓
q � q.q

1

q2
1

q
1

◆����
2

�
.

(7.9)

This representation makes it obvious that in the far-field regime, where the impor-

tant momenta satisfy vF q1 ⌧ �, the ‘excess’ noise is negative because the imaginary

part of the Green’s function has a larger amplitude. In the opposite limit, the fact

that the net result is still negative relies intricately on the factors |q � q.q̂
1

q
1

|2; ev-

idence for this comes from the fact that, unlike transverse fluctuations, longitudinal

fluctuations are enhanced in the large momentum limit.

Finally, we describe a measurement protocol, as outlined in Fig. 7.1, that allows

one to measure the properties of the Kondo impurity. An array of NV centers is

placed at a fixed distance zNV from the material, but with a varying parallel-to-plane

separation ⇢NV from the Kondo impurity. Let us consider the case zNV & lm where

the noise can be calculated analytically. Then, from Eq. (7.8), the noise suppression

due to the Kondo impurity is maximum at ⇢NV = zNV /
p
2. This special point can be

found using the array of NV centers. The NV center closest to this point can then be

used to measure the temperature dependence of F
2

[T ] by comparison with the ‘noise

floor’. (See Fig. 7.1.) We can also see the suppression e↵ect is not tiny; the zero

temperature limit of the noise is given by
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Nz(T = 0,⇢NV = zNV /
p
2) =

µ2

0

kBT�0

16⇡z2NV

✓
1� 8

27⇡

�(0)2

✏f (0)2 +�(0)2
l2m
z2NV

1

kF lm

◆

=
µ2

0

kBT�0

16⇡z2NV

✓
1� 8

27⇡
sin2(⇡nf (0))

l2m
z2NV

1

kF lm

◆
. (7.10)

where we note that �(0), ✏f (0), and nf (0) are the line-width, the resonant level

energy, and the occupation of the impurity at zero temperature. The expression

suggests that it is relatively simple to get a few percent worth of suppression under

the correct conditions, and certainly for zNV . lm. For these shorter distances,

numerical evaluation of the form of the noise as a function of ⇢NV can be produced

using Eqs. (7.4,7.6) and be used to compare with experiments. (See Fig. F.5 for plots

of the noise at some fixed distances zNV .)

7.5 Future directions

The most exciting aspect of using the NV center as a probe is that the method

allows for measuring transport properties in the material at a large range of wave-

vectors. This implies that there a number of experiments that can be performed on

various materials using this protocol and measure properties that were previously

not possible to experimentally determine. Here we highlight just some ideas worth

exploring:

• Observing localization in two-dimensional electron gases: here we expect the

conductivity to scale exponentially to zero at increasing length scales [1], and a

signature of this must be visible in noise measurements.
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• Observing Chalker scaling in Graphene (with say, vector-pseudospin disorder [50]),

or in half-filled Landau Level systems [42]: here we can expect multi-fractal

eigenfunctions [54] which can influence the conductivity and result in anoma-

lous power-law scaling with wave-vector q.

• Observing spin-spin correlations of spinon Fermi surfaces [187] in gapless spin-

liquid states. Being insulators, here the noise comes from magnetization fluc-

tuations.

7.6 Summary and Conclusions

To summarize, we studied how the magnetic noise profile above two-dimensional

materials can be measured to directly infer the transport properties of the underly-

ing system. We first discussed the theoretical framework for this in the context of

spatially homogeneous (upon disorder averaging) materials, and later extended it to

non-homogeneous systems. The aim of the latter was to show that the noise profile

near an impurity can be used to directly infer it’s scattering properties. One of the

most striking examples of an impurity with interesting temperature-dependence of its

scattering properties is a Kondo impurity. We provided details of such this physics

can be directly observed in the magnetic noise measurements. We anticipate that

these NV-center probes will find many interesting applications in observing unique

physical phenomena in two-dimensional materials that have never been established

experimentally before.
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Appendices for Chapter 2

A.1 Experimental Proposal

The proposed scheme could be realized using a matter-wave interferometer on an

atom chip. In the following, we outline the technical details of this implementation.

Atom chips [88, 218] o↵er a versatile platform for the manipulation of ultracold

1D Bose gases via near-field radio-frequency (RF) dressing. This enables the imple-

mentation of a large variety of adiabatic dressed-state potentials [117, 164] for the

atoms. For example, by appropriately choosing the properties of the RF radiation,

an initially harmonic confinement can be dynamically deformed into a double well

potential, thereby realizing an experimentally robust transverse splitting of a single

1D Bose into two parts [230].

In this splitting process, the amplitude of the RF radiation can be used to tune

the height of the barrier that separates the two potential wells, thus enabling full

control over the tunnel coupling between the two parts of the system. Consequently,

169



Appendix A: Appendices for Chapter 2

engineering a gradient of the RF amplitude over the length of the 1D cloud can be

used to realize a position dependent splitting process.

In Fig. A.1 we present an example of a chip configuration to implement such an RF

gradient. In the suggested configuration, the atoms are trapped in a standard Io↵e-

Pritchard-type microtrap that is created by combining the static field of a straight

trapping wire with an external magnetic bias field [218]. Longitudinal confinement

is provided by using additional wires that are oriented perpendicular to the main

trapping wire. RF radiation is applied via a pair of wires that are located adjacent

to the central static trapping wire. For a ⇡ phase shift between the currents in these

two wires the resulting RF field is linearly polarized in the vertical direction, leading

to a horizontal double well potential. Increasing the amplitude of this RF radiation

realizes a rapid and homogeneous splitting of the atomic cloud, as demonstrated for

example in Ref. [103].

To implement the spatial gradient of the RF amplitude a secondary RF field can

be applied via two additional wires, which are oriented perpendicular to the main

trapping wire. Co-propagating RF currents in these wires create an RF field where

the main component is collinear with the field vector of the primary RF field. The

vertical amplitude of this secondary field changes approximately linearly along the

length of the cloud, as shown in Fig. A.1. Any unwanted component of this field in

the longitudinal direction, which would lead to a position dependent tilt of the double

well, can be strongly suppressed using additional perpendicular wires (see Fig. A.1).

Furthermore, the linear RF gradient leads to a tilt of the trapping potential, which

could be compensated by a linear electric field gradient. Such a field gradient can be
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created using charged elements on the chip [150].

Superposing the secondary RF field in-phase with the primary RF field creates

di↵erent RF amplitudes along the cloud. Ramping up the amplitude of the primary

RF therefore results in a decoupling point that moves through the system at a finite

velocity vs.

The value of this velocity is determined by the ratio of the temporal gradient

dB
1

/dt of the primary RF field and the spatial gradient dB
2

/dx of the secondary RF

field, where B
1

and B
2

denote the respective RF field amplitudes. Note that locally

the splitting is still determined by dB
1

/dt, which can easily be made fast enough

to realize a quasi-instantaneous local splitting. The gradient dB
2

/dx can then be

chosen accordingly to achieve splitting velocities close to the speed of sound. The

e↵ective temperature of the prethermalized state can then be measured through the

phase-correlation function obtained via matter-wave interferometry [230, 103, 156].

In such measurements, unequal time correlation functions can be accessed by

outcoupling small fractions of the gas from the trap using Raman or RF transitions

along a chosen trajectory. The individual interference patterns of the released atoms

can then be measured in time-of-flight expansion using single-atom-sensitive light-

sheet imaging [32]. This ensures a minimal perturbance to the system during its

ongoing evolution, as (a) only a small fraction of the atoms has to be outcoupled and

(b) the imaging process does not influence the in situ cloud. A particular ‘release’

velocity, vr, can then be chosen by correlating the phases from temporally separated

interference pictures.

171



Appendix A: Appendices for Chapter 2

�500 0 500

�5

0

5

x [µm]

B
[G
]

I RF3

IRF5

IRF5

IRF5

IRF5

IRF4

IRF1 IRF2I st

a b

c

200 400 600 800
1

2

3

4

5

IRF3 [mA]

v/
c

�100

0

100
�1

1

x [µm]

B
[G
]

y

x

Figure A.1: (a) Schematic layout of the atom chip. A double-layer chip is used to
trap and manipulate a single 1D Bose gas (red, not to scale) by applying various static
(white arrow) and radio-frequency (RF) currents (red, green and blue arrows) [255].
The static trap is formed using the current Ist in the main trapping wire and an
external bias field; additional currents in perpendicular wires can be used to provide
longitudinal confinement (not shown for clarity). The primary RF currents IRF1

and
IRF2

(green arrows) are applied through wires adjacent to the main trapping wire. A
spatially varying secondary RF field is created using the currents IRF3

and IRF4

(red
arrows). The much smaller currents IRF5

(blue arrows) in the four (or more) central
wires compensate a spurious field component in the longitudinal direction. The sec-
ondary RF is superposed in-phase with the spatially homogeneous primary RF field to
realize an RF gradient at the position of the atomic cloud. (b) Example RF gradient
realized using 200µm wide perpendicular wires carrying IRF3

= IRF4

= 650 mA and
IRF5

= 10 mA. The inset demonstrates the linearity over the typical extension of the
cloud, with dB

2

/dz = 1G/100µm. The RF gradient also leads to a potential tilt. For
87Rb in the F=2, mF =2 state, this tilt is on the order of 200 kHz/100µm, which can
be compensated by a linear electric field gradient dE/dz=5mV/µm2, with moderate
maximum fields on the order of 0.3V/m. (c) Example for a trap with !k = 2⇡ ·15Hz,
!? = 2⇡ · 2 kHz, containing 6000 atoms. The splitting velocity v is tunable via the
applied secondary RF current and reaches values close to the speed of sound.
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A.2 Initial Correlations

The ground state of the Hamiltonian H(�1) describes the initial correlations of

the system. In Fourier space

H(�1) =

Z
dk
⇣ ⇢

4m
k2 + J

⌘
�k��k + gnkn�k, (A.1)

and can be diagonalized by introducing operators bosonic operators bk = ↵k�k+i�knk,

with ↵2

k = !k/4g, �2

k = g/!k related to the energy eigenvalues !k =

r
4g
⇣
J + ⇢k2

4m

⌘
.

In the case J = 0, we see that the dispersion becomes linear in k with a velocity

c =
p

⇢g/m. This is the sound velocity of the Luttinger liquid, and the speed which

determines the light-cone within which response functions can be non-zero. We can

now evaluate the correlations of the number field n

hn(x)n(x0)i =
Z

dk

2⇡

1

4�2

k

eik(x�x0
). (A.2)

For k2 ⌧ 4mJ/⇢, we can neglect the dispersion of !k, and find hn(x)n(x0)i ⇡
p

J/4g�(x � x0), where the � function is naturally smeared over the length scale

2⇡
p

⇢/4mJ = 1/⇠c. Thus, to get the desired result for the initial correlations, we

simply set J = g⇢2.

A.3 Intricacies associated with Lorentz Boosting

Given that experiments really work with finite size systems, the more accurate

representation of the problem would be in terms of the following action

Sfin =

Z L

0

dx

Z 1

�1
dt

1

4g
(@t�)

2 � ⇢

4m
(@x�)

2 � J⇥s(x� vt)�2. (A.3)
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The problem with this action however, is that the finite length of the system clearly

breaks Lorentz symmetry (even without involving the splitting perturbation). Fur-

thermore, the Lorentz boost creates an action in the new space-time variables {x0, t0}

wherein the range of x0 is time t0 dependent. This is clearly a unwelcome complica-

tion. To alleviate this problem, we choose to work with the extended action, where x

ranges from �1 to 1. This action is not simply a spatially extended version of the

action in Eq. (A.3). In this action, perturbations start from time t = �1, and carry

on long after the perturbation is supposed to have left the system. Thus, in princi-

ple, this action allows for ‘fictitious’ perturbations from outside the true condensate

boundaries to interfere with the results that would be produced by analyzing the

action in Eq. (A.3). But owing to the light cone physics of response functions of the

superfluid action, one can indeed compute correlation functions for the finite system

from this extended action, provided we limit ourselves to evaluating field operators

at points in space-time that are not a↵ected by these fictitious perturbations (see

Fig. A.2). Immediately, this implies that we can only work with this extended action

approach only when the perturbation velocity v is greater than the superfluid sound

velocity c. For the opposite case of vs < c, the slicing sets up ripples that propagate at

speeds faster than the slicing perturbation. Consequently, many perturbations from

beyond the length of the condensate, which we deem fictitious, reach it even before

the slicing perturbation does.

Now, we make precise the times over which our assumption of ignoring the system’s

boundaries is accurate. Our eventual aim is to observe prethermalization of the

correlations in the region l of Fig. A.2. If we assume that the center of this region is
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Figure A.2: Fictitious perturbations coming from outside the condensate (x < 0,
x > L) do not a↵ect measurements in the region x = x

0

to x = x
0

+ l as long as the
experimental run time t < x

0

/c and t < L/vs+(L�x
0

� l)/c. For small region in the
center of a condensate, x

0

⇠ L/2, the time of validity of the theory is long enough
for prethermalization (which occurs on a timescale ⇠ l/c after the quench passes the
region of interest) to take place.

the point x = x
0

, then the time by which the perturbations from the left and right

reach the region is tL = (x�l/2)/c and tR = L/vs+(L�x�l/2)/c respectively. These

times are maximized for tL = tR, which yields x
0

= L/2(1 + c/vs). If we assume that

the prethermalization process happens over a time t ⇠ l/c after the splitter passes

the right edge of the region, then we find that the maximum length of the region l for

which prethermalization can occur within the maximum time tL = tR (while ignoring

the boundaries) is lmax = L

�2
s

(3+ c

v

s

)
. In the thermodynamic limit, of course, lmax ! 1.

A.4 Solving for Distribution Functions

The dynamics of the system in the boosted frame is given in terns of the Hamil-

tonians H 0
t0<0

and H 0
t0>0

given in Eq. (2.2) of the main text. To solve for the dy-

namics, we diagonalize these Hamiltonians as follows - H 0
t0<0

=
R
dk !k,1b

†
k,1bk,1 and

H 0
t0>0

R
dk !k,2b

†
k,2bk,2, where for our purposes, it is crucial to know that the rela-

tion between these sets of bosonic operators is given as bk,2 = A+

k bk,1 � A�
k b

†
�k,1 with

A±
k = 1

2

⇣q
2g⇢
c|k| ±

q
c|k|
2g⇢

⌘
. The time evolution of the field �0(x0, t0) for t0 > 0 is given
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in terms of bosons bk,2 as

�0(x0, t0) =

Z
dkp
2⇡

r
g

c |k|
⇣
bk,2e

i(kx0�!
k,2t

0
) + h.c.

⌘
. (A.4)

To find correlation functions of these field operators, it is useful to represent them

in terms of bk,1 bosons as the wave function is a vacuum of these bosons. The evolution

in terms of these operators is

�0(x0, t0) =

Z
dk
⇣
�k(x

0, t0)bk,1 + �⇤
k(x

0, t0)b†k,1

⌘
,

�k(x
0, t0) =

r
g

2⇡c |k|
⇣
Ake

�ic|k|t0 � Bke
ic|k|t0

⌘
eikx

0
. (A.5)

We want to evaluate distribution functions of the integrate phase contrast ↵ =
��R dx/lei�(x,t)

��2. To do so, we need correlations of the form -
⌦Q

i e
✏
i

i�0
(x0

i

,t0
i

)

↵
, with

✏i = ±1, and the points {x0
i, t

0
i} are space-like separated. Now, because these points

are space-like separated, the field operators at these points commute, and the product

over the exponentials of these operators can be replaced by a sum in the exponential

of these operators. In terms of the �k’s described in Eq. (A.5), we find

D
ei

P
i

✏
i

�0
(x0

i

,t0
i

)

E
=
Y

k

e�
1
2 |Pi

✏
i

�
k

(x0
i

,t0
i

)|2 . (A.6)

Now, to evaluate the contrast to some power m, ↵m, we will have i ranging from 1

to 2m, set half of the ✏i = 1 and the rest to �1, and integrate over each of these

variables x0
i (More precisely, we will be performing an integral over xi, that is, over

a lab frame coordinate directly related to x0
i). It is not immediately apparent that

each of these integrals over x0
i can be performed independently of one another. But

a Hubbard Stratanovich trick helps us separate the integrals. A single k term in the
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above result in Eq. (A.6) can be expressed as

e�
1
2 ⇠k⇠

⇤
k = e�

1
2((<⇠

k

)

2
+(=⇠

k

)

2)

=

Z 1

�1

d�k,1p
2⇡

Z 1

�1

d�k,2p
2⇡

e�(�2
k,1+�2

k,2)/2ei�k,1<⇠
k

+i�
k,2=⇠

k , (A.7)

with the expressions for <⇠k and =⇠k

<⇠k =
r

g

2⇡c |k|
X

i

X

a=±
a✏i (A

a
k cos (kx

0
i � ac |k| t0i)) ,

=⇠k =
r

g

2⇡c |k|
X

i

X

a=±
a✏i (A

a
k sin (kx

0
i � ac |k| t0i)) .

(A.8)

Now the integrals over x0
i can be performed independently. Before expressing the final

results, we make some modifications - we again perform a change of variables, defining

r2k = �2

k,1 + �2

k,2 and �k,2 = rk cos ✓k. And finally, we transform our results from the

{x0, t0} to the laboratory frame coordinates {x, t}, which results in the introduction

of the doppler factor ⌘s through the transformation laws - x0 � ct0 = ⌘s(x � ct) and

x0 + ct0 = (x+ ct)/⌘s. Also, the time variable t in these expressions can be set to any

function of x as long as the points {xi, ti} remain space-like separated, to get results

for unequal time correlations. In summary, we find
*����
Z

dx

l
ei�(x,t)

����
2m
+

=
Y

k

Z
d✓k
2⇡

rkdrke
�r2

k

/2

����
Z

dx

l
ei�d

����
2m

, (A.9)

where the result for �d is as expressed in the Eq. (2.3) of the main text. Moreover,

using the fact that
R
d↵↵mP (↵) =

D��R dx
l
ei�(x,t)

��2m
E
, we arrive at the result for

probability distribution function P as also given in Eq. (2.3) of the main text.

To compare these distribution functions of the dynamical problem, we also need

to formulate the result for the distribution functions of the contrast ↵ for independent
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thermal condensates. One can follow an entirely similar approach as that adopted

above, and find that, for the thermal correlations, we find that �d is replaced by a

thermal version �T given by the relation

�T =

Z
dkp
2⇡

rk

s
g

c |k| coth
c |k|
2kBT

sin (kx� c |k| t+ ✓k) , (A.10)

wherein we set t = 0 (the choice of t is unimportant in the thermal case) to get the

result in Eq. (2.4) of the main text.

As mentioned in the main text, we compare the DFs obtained in the dynamical

problem and the thermal case, by compare the correlators of the functions �T and �d

in the long time limit. Mathematically, our aim is to show the following -

lim
T!1

Z
2T

T

dt
0

T

*
Y

i

�d(xi, ti = t
0

+ xi/vr)

+
=

*
Y

i

�T (xi)

+
, (A.11)

where all averages are taken over the measure
R
drkrke�r2

k

/2
R
d✓k/2⇡. The expression

on the left hand side of Eq. (A.11) formalizes the description of the long time limit

- for long times t
0

, all integrals over k in �d(x, t0) have essentially a time averaging

e↵ect. Evaluating di↵erent moments h↵mi from P (↵, t
0

) corresponds to evaluating

such correlators of �d(xi, t0) and integrating over xi. Thus, to compare the DFs, we

compare these correlators.

Using the basic result that limt!1 sin(✓
1

+k
1

ct) sin(✓
2

+k
2

ct) = �1

2

�k1,�k2 cos (✓1 + ✓
2

)+

1

2

�k1,k2 cos (✓1 � ✓
2

), and perform integrals over the measure ⇧k

R
drkrke�r2

k

/2
R

d✓
k

2⇡
, it

is easy to show that

h�T (x)�T (x
0)i =

Z
dk

2⇡
fT (k) cos k(x� x0),

h�d(x)�d(x
0)i =

Z
dk

2⇡
fd(k) cos k(x� x0). (A.12)
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Moreover, due to the integrals over di↵erent ✓k, higher-order correlations such as

⌦
�d(T )

(x
1

)...�d(T )

(x
2n)
↵
can be expressed as a sum of products of pairwise correlations

⌦
�d(T )

(xi)�d(T )

(xj)
↵
with di↵erent combinations of xi and xj. Thus, the amplitudes

fT (k) and fd(k) in correlators of Eq. (A.12) contain all information about the corre-

lations in the thermal system, and the dynamical system in the long time limit. The

equivalence of these correlators formally proves the equivalence of the distribution

functions.

A.5 Locality of the Unruh e↵ect

The usual description of the Unruh e↵ect [27] falls along the following lines -

consider a particle detector that moves with uniform acceleration a (trajectory x2 =

t2+1/a2) through the vacuum of a scalar field residing in Minkowski space. When one

calculates the rates of transition between the internal levels of the detector, one finds

a detailed balance, that suggests that the detector’s internal levels become populated

thermally with a temperature T = a/2⇡c. This suggests, in turn, that the detector

finds itself in equilibrium with some sort of a thermal bath.

To explain this seemingly anomalous result, Unruh showed that the definitions

of vacuum according to an internal and a non-intertial observer (like the one on a

Unruh trajectory) do not agree - in the Unruh case, the vacuum of an inertial observer,

happens to correspond to a thermal state of the Unruh observer. Unruh suggests that

an observer proceeding on the trajectory x2 = t2+1/a2, will see the universe in terms

of new conformal coordinates {⇠, ⌘s} related to the Minkowski coordinates {x, t} by
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the following transformation laws -

x =
1

a
ea⇠ cosh a⌘s,

t =
1

a
ea⇠ sinh a⌘s,

dx2 � dt2 = e2a⇠(d⇠2 � d⌘2s) = �d⌧ 2. (A.13)

It is easy to see that the Unruh trajectory corresponds to a static point in the confor-

mal coordinates, specifically ⇠ = 0. Importantly, at ⇠ = 0, the proper time ⌧ of the

Unruh observer, agrees with the conformal time coordinate ⌘s - this gives this par-

ticular conformal transformation special privilege in the eyes of the Unruh detector.

For the case of a massless scalar field, Unruh argues that the vacuum of the Unruh

observer should be defined in terms of positive (in conformal time) frequency modes

uk = eik⇠�ic|k|⌘
s that satisfy the equation of motion in the conformal coordinates.

Unruh then proceeds to show that this vacuum does not agree with the Minkowski

vacuum defined in terms of the positive frequency modes vk = eikx�ic|k|t.

The essential aspect of the result is the following - it is only the observer at

⇠ = 0 who thinks that the system is thermally populated at the specified temperature

T = a/2⇡c. Other observers, who happen to be on a di↵erent static ⇠ trajectory,

will observe a di↵erent temperature. Therefore, measuring space-like correlations,

accessible to us in experiments, cannot reveal the Unruh e↵ect. Thus, the Unruh

e↵ect is a local e↵ect. A simple way to see this, is to look at equal ⌘s correlations of the

ground state of a massless scalar field �. In Minkowski coordinates, these correlations

look like h�(x, t)�(x0, t0)i ⇠ ln ((x� x0)2 � (t� t0)2). In conformal coordinates, these

correlations look like h�(⇠, ⌘s)�(⇠0, ⌘s)i ⇠ ln
�
ea⇠ � ea⇠

0�
. Thus, the correlations are

not even translationally invariant in this new frame.
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As described in the main text, to overcome this di�culty, we consider the following

new set of conformal coordinates {⇠0, ⌘0s} obeying transformation laws heavily inspired

by Unruh’s choice -

x =
1

a
ea⌘s sinh a⇠,

t =
1

a
ea⌘s cosh a⇠,

dx2 � dt2 = e2a⌘s(d⇠2 � d⌘2s). (A.14)

Here we consider measuring correlations of field operators at the points on the tra-

jectory ⌘s = 0 : x2 = (ct)2� c4/a2, which is, unlike the Unruh trajectory, a supersonic

trajectory. Moreover, 0 temperature correlations of the field operators in this new

coordinates follow h�(⇠, 0)�(⇠0, 0)i / ln (sinh2(a ⇠�⇠0

2

)) ⇡ a |⇠ � ⇠0| which is the result

expected for equal time correlations of the phase field at a large temperature T / a.

A.6 Distribution functions for accelerating probe

experiment

In the case of the experiment designed to measure the Unruh e↵ect, we start out

with condensates that are adiabatically separated in a spatially uniform way, so the

correlations can be assumed to be thermal at some low temperature T . As a first

step, we express the result in Eq. (A.10) in terms of the new conformal coordinates

{⇠, ⌘s} related to the lab frame coordinates {x, t} using the relations in Eq. (A.14).

We are interested in correlations on the trajectory (ct)2 = x2 + c4/a2, or equivalently

⌘s = 0, and see if these correlations look thermal. As an example, we evaluate the
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equal (conformal) time correlation
⌦
ei(�(⇠,⌘s=0)��(⇠0,⌘

s

=0))

↵
, which can be expressed in

terms of these � functions using the following relation -

D
ei(�(⇠,⌘s=0)��(⇠0,⌘

s

=0))

E
=

eh�T

(⇠,⌘
s

=0)�
T

(⇠0,⌘
s

=0)i�h�
T

(⇠,⌘
s

=0)i2 , (A.15)

where the average over the � field is over the measure d✓
k

2⇡
drkrke�r2

k

/2. This result

follows directly from methods used in the evaluation of the full distribution functions,

and the essence of the result is unchanged - we exchange the field � for � and a di↵erent

measure over which we average the result. For T = 0, the result can be evaluated

exactly with a UV cut-o↵ kc = 2⇡/⇠c. We find

D
ei(�(⇠)��(⇠0))

E
= e

� 1
2K ln

⇣
ck

c

T

U

⌘

e�
2gT

U

c

2
a

ln (4 sinh

2
(a/c2(⇠�⇠0)/2))

⇡ const⇥ e�
2gT

U

c

2 |⇠�⇠0|, (A.16)

where we have expressed the result in terms of the Luttinger parameter K = ⇢⇠c/2

and have suggestively introduced TU = a/2⇡c. For a thermal system at temperature

T , It is easy to show that the correlation for large temperatures of the order of the

chemical potential,
⌦
ei(�(x,t)��(x0,t))

↵ ⇡ e�
2gT
c

2 |x�x0|, which is of the same form as the

correlation in Eq. (A.16). Therefore, the correlations of the condensates measured

along this supersonic trajectory look thermal with a temperature T = TU in these

conformal coordinates. It is also important to note that besides a thermal looking

exponential decay of correlations with (conformal) distance, we also have an additional

constant multiplicative factor of e�ln(ck
c

/T
U

)/2K . In order for this factor to not impact

the results, we require |ln ckc/TU | ⌧ 2K, which can be satisfied by a wide range of

values for the acceleration. Finally, we remark that the T = 0 result is valid in a finite
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system as long as T ⌧ 2⇡c/L, such that even the energy modes are not thermally

populated, and this is understood to be experimentally feasible.

A.7 Numerical Simulations

To numerically compute the distribution function P (↵, t) using Eq. (2.3) of the

main text, we perform Monte-Carlo integration over the variables rk and ✓k for a

finite number of k = �2⇡/⇠c, ...., 2⇡/⇠c in steps of 2⇡/L. All continuous integrals over

k undergo the replacement -
R
dk/

p
2⇡ ! (1/

p
L)
P

k to yield the finite size results

for our problem.

In Fig. (A.3) (a), we compare the full distribution functions P (↵, t) of equal time

correlations, in the long time (steady state) limit, with the corresponding thermal

distributions at the predicted e↵ective temperatures (in Eq. (2.7) of the main text)

for a given case vs/c = 2, vr = 1. Additionally, in Fig. (A.3) (b) we display the

‘thermal + UV’ case, which is based on the more accurate result in Eq. (2.6) of the

main text, which includes the term that gives rise to a UV-dependent contribution.

We see that UV contributions can indeed e↵ect the measured contrast distributions.

In Figs.(A.4) and (A.5), we perform similar computations, but for two di↵erent inte-

gration lengths l = 10⇠c and l = 20⇠c. From these figures, it becomes clear that UV

e↵ects become much weaker for larger integration lengths. This is because the most

important contribution to the distribution function comes from waves of momentum

k ⇠ 1/l , which grows small for larger l. Additionally, we find that at large velocities

(⌘s ⇠ 1), the steady state and thermal distributions overlap each other near per-

fectly. However, at smaller velocities (⌘s � 1), which correspond to higher e↵ective
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Figure A.3: (a) Comparison of dynamical contrast distributions in steady/long time
limit with (a) the thermal distributions at temperatures predicted by Eq. (2.7) of the
main text and (b) the distribution generated using the amplitude fd(k) of Eq. (2.6)
of the main text, which contains terms that give UV-dependent contributions.

temperatures, the distributions start to deviate from one another. This is because at

higher temperatures, larger k modes start to contribute to the distribution functions

more significantly and the amplitude of such modes deviates more significantly from

the thermal result of T/k2 in accordance with Eq. (2.6) of the main text. It is also

worthwhile to note that for larger Luttinger parameters K, the UV e↵ects also be-

come weaker.
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Figure A.4: Comparison of dynamical contrast distributions in steady/long time limit
with thermal distributions at temperatures predicted by Eq. (2.7) of the main text,
for splitting velocities (a) vs/c = 10, (b) vs/c = 2 and (b) vs/c = 1.2. In all plots, the
system size is L = 400⇠, integration length l = 10⇠ and Luttinger parameter K = 10,
and the dynamical distributions are measured at t = 40⇠c/c, which is long enough
for prethermalization to have occurred. For slow velocities, deviations between the
dynamical and thermal distribution functions increases.
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Figure A.5: In comparison to plots in Fig. 1, here we use a larger integration length
l = 20⇠ with all other parameters unchanged. Direct comparisons between cases (a),
(b) and (c) of Figs. 1 and 2 reveal that for larger integration lengths, deviations
between dynamical and thermal distributions becomes smaller.
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A.8 Analogy to Dipole Anisotropy of the Cosmic

Microwave Background

We would like to discuss an interesting connection of our results (in particular,

Eq. (2.7) of the main text at fixed vs and di↵erent vr) to one that is often discussed

in the context of the issue of relativistic transformations of temperature – that of the

dipolar anisotropy of the Cosmic Microwave Background (CMB) [155]. The range

of temperatures of the correlations measured in our experimental protocol, T
0

/⌘s 

T  ⌘sT0

is identical to the observation of a range of doppler-shifted temperatures

that give the dipole anisotropy of the CMB [146]. The analogy arises because the

CMB itself has a preferred frame, in which the radiation is postulated to be isotropic

and thermal. This can be thought of as the Lorentz boosted frame considered in our

problem. Now, due to the motion of our galaxy, this radiation appears anisotropic

from the perspective of telescopes on earth that selectively measure the radiation

emitted in a particular direction. As is well known, depending on the direction in

which the telescopes look, the radiation observed has an e↵ective temperature that

is simply doppler shifted in a manner analogous to the right and left moving waves

considered in our problem. Moreover, this measured anisotropy is used to arrive

at an estimate of the relativistic doppler factor ⌘, analogous to the doppler factor

⌘s in our problem, that gives the speed at which our galaxy is moving away from

the Big Bang that is thought to have generated the CMB. Now, in the case of the

CMB, the detectors are telescopes that selectively record the radiation appearing

from a specific direction in our universe. In our problem, this range of detectors
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measuring di↵erent temperatures, happens to be encoded in the choice of measuring

di↵erent sets of unequal-time correlations characterized by the release velocity vr. As

mentioned before, this is because, the choice of vr controls the relative impact of left

and right moving waves to the measurement of correlation functions – a limiting case

is when vr = ±c, and only one of the two sets of excitations can a↵ect the measured

correlations.

From the perspective of the debate [39] on the relativistic transformations of

temperature, the dipole anisotropy of the CMB is often used to argue that a single law

for the relativistic transformation of temperature does not exist, since we can observe

radiation at a range of di↵erent temperatures sitting on a galaxy that is moving with

respect to the CMB [155]. It is thus interesting to create a similar situation in ultra-

cold atomic gases and verify these ideas by observing di↵erent temperatures for the

unequal time correlations. The crucial advantage in the context of such experiments,

that the universe does not a↵ord us, is that we can tune both the temperature (by

tuning the release velocity vr) , and its anisotropy (by tuning the splitting velocity

vs) controllably.

187



Appendix B

Appendices for Chapter 3

B.1 XXZ Model

B.1.1 Scaling form of G(k,!)

The propagator G(x, t) describes the decay of a spin-density configuration �s(x, t
0

)

imprinted at an initial time t
0

, that is, �s(x, t) =
R
dx0 R t

t0
dt0G(x� x0, t� t0)�s(x0, t0).

For instance, in the case of regular di↵usion, its Laplace TransformG(k,!) = 1/[�i!+

Dk2] is a simple pole that describes exponential relaxation of a spin-density mode

with wave-vector k on a time-scale 1/Dk2.

In this section we derive the scaling relation ↵+2� = 1 by postulating that the spin

density propagator exhibits a scaling form G(k,!) ⇠ !�1�̃(k/!�), that is, distance

and time are related exclusively through a single exponent �, or equivalently, a dy-

namical exponent z = 1/�. The presence of a smoothly varying dynamical exponent

is reminiscent of the zero-temperature Gri�ths phase predicted in random magnets
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(see Ref. [185] and the references therein). We expect that such a correspondence

should emerge in the limit ! ⌧ J = 1, k ⌧ 2⇡. Now, the total spin conservation

requires that the function �̃(k/!�) approaches a finite value in the k ! 0 limit, such

that G(k ! 0,!) ⇠ 1/! and its integral over time is constant. An inverse Laplace-

transform yields G(x, t) ⇠ t���(x/t�), which, in the limit x ! 0 exhibits the time

dependence of the observed local return probability Czz(t) ⇠ 1/t�.

While the propagator G(k,!) describes the decay of a spin density wave with

momentum k given an initial description of the spin-density, the dynamical polariz-

ability �(k,!) describes the response of the spin-density to a magnetic field that is

switched on slowly from t = �1 to t = 0 (as opposed to directly imprinting a density

ripple). The two quantities can be shown to be related through the static polariz-

ability �
0

(k) via the relation �(k,!) = �
0

(k)[1+ i!G(k,!)] (see, for instance, section

7.4 of Ref. [41]). And finally, the dynamical structure factor is given by S(k,!) =

coth (!/2T )�00(k,!), or, in the infinite-temperature limit, S(k,!) = (2T/!)�00(k,!).

Using these relations, we arrive at the form S(k,!) ⇠ !�1h(k/!�), provided we as-

sume T�
0

(k) has a finite k ! 0 limit: this is justified because a high-temperature

system with short-range interactions is unexpected to become incompressible. Using

the conservation of magnetization, we have �(k ! 0,!) ⇠ !2@2

kS(k ! 0,!). The

result �(k ! 0,!) ⇠ !1�2� follows directly, and yields the scaling relation ↵+2� = 1.

B.1.2 Finite Size scaling

The exponents ↵ and � corresponding to the conductivity �(!) ⇠ !↵ and return-

probability Czz(t) ⇠ 1/t� were extracted from systems of size L = 12, 14, 16 (see
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Figure B.1: Conductivity �(!) and return probability Czz(t) shown for hmax =
1.9, 2.2, 2.5, Jz = 8, and system sizes L = 10, 12, 14, 16. The fit interval is
[tmin, tmax] for Czz(t) and [2⇡/tmax, 2⇡/tmin] for �(!), with tmin = 20 for all L and
tmax = 100, 400, 800 for L = 12, 14, 16 respectively (fit function is only shown for
L = 16). The power-law range for L = 10 is limited and was not used for extrapola-
tion of exponents.

Fig. B.1 and B.2)for various hmax and extrapolated to the L ! 1 limit using the ex-

trapolation ↵(L) ⇠ ↵1+x/L and �(L) ⇠ �1+y/L. Here, x and y are undetermined

coe�cients, and ↵1 and �1 correspond to the L ! 1 values of the exponents, which

have been plotted in Fig. 1 of the main text, with error bars indicating 1� confidence

intervals.

The extrapolation scheme is based on the observed finite-size scaling of the ex-

ponents in the RC model (see Fig. B.3) – for small system sizes, the exponent scales

with system size as 1/L but eventually stops scaling for large enough system sizes.

The extrapolation to L ! 1 based on 1/L scaling over small system sizes, however,

is seen to produce a reasonable estimation of the L ! 1 value of the exponent.
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Figure B.2: Extracted values of ↵ and � are plotted against the inverse system size
1/L for h

max

= 2.2 and Jz = 1. The solid line shows the extrapolation of these
exponents to L = 1.

 

 

RC Model

Figure B.3: Value of the conductivity exponent ↵ plotted against the inverse system
size 1/L for the RC model, for � = 0.25. The solid line shows the extrapolation of
these exponents to L = 1.
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�+ 2�

L = 16
L = 14
L = 12

Figure B.4: ↵ + 2� plotted against h
max

for Jz = 1, and system sizes L = 12, 14, 16.

While the scaling relation ↵ + 2� = 1 can be seen to hold approximately for the

extrapolated exponents in Fig. 3.1 of the main text, it is also seen to hold for fixed

system size L = 12, 14, 16 in Fig. B.4.

It must also be noted that the L = 16 simulations were carried out over a much

smaller set of ⇠ 20 samples, and the deviations in the conductivity measurement

from L = 10, 12, 14 system sizes falls within the scope of the larger error bars (see

Fig. B.5).

B.1.3 Numerical Evaluation of Conductivity

The numerical evaluation of the conductivity using the Kubo-formula in the main

text requires making a choice on the precise form of the �-function – for our purposes,
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Figure B.5: Optical conductivity is plotted against frequency for h
max

= 2.2, Jz = 0.8,
and system sizes L = 10, 12, 14, 16. The error bars on L = 10, 12, 14 are negligible
and not plotted. The error bars on L = 16 are large because of the smaller number
of samples simulated, and of the order of the deviation observed from the result of
smaller system sizes.

we typically use a Lorentzian of width ⌘ ⇠ �/102, centered at !mn, where � is the

average level spacing of the system, determined approximately by� ⇠ hmax

p
L/
�

L
L/2

�
.

In Fig. B.6, the conductivity is plotted for a few di↵erent values of ⌘. A convergence is

seen as ⌘ approaches smaller values, indicating the validity of our choice of ⌘ ⇠ �/102.

B.1.4 Typical Decay vs. Average Decay

It is important to note that both average (linearly averaged) and typical (logarith-

mically averaged) quantities show a power law behavior. This crucial information al-

lows us to distinguish between two alternative pictures of relaxation in our system – i)

the local density typically relaxes di↵usively, but on rare sites, it relaxes sub-di↵usively

owing to a proximity to an insulating region. This gives rise to a sub-di↵usive be-
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Figure B.6: Conductivity for di↵erent values of the width ⌘ of the Lorentzian rep-
resenting the �-function in the Kubo formula. � is the average level spacing. A
convergence can be seen in the limit of small ⌘.

havior of relaxation, on average, but the typical relaxation will still be di↵usive vs.

ii) the local density at any site relaxes sub-di↵usively, because the relaxation process

is determined by possibly faraway insulating regions. Thus, both typical and average

relaxation is sub-di↵usive. In our system, we find the second case to be true, and this

is crucial to explaining the scaling relations and power-law dynamics that we observe.

Fig. B.7 shows the average return probability,
P

{D} C
i
zz(t)/ND, where {D} is the set

of quenched disorder configurations we perform averaging over, and ND is the number

of disorder realizations) and typical return probability, exp[
P

{D} logC
i
zz(t)/ND].

B.1.5 Infinite-time Decay

In Fig. (B.8) we plot the infinite-time return probability Czz(t = 1), as a function

of disorder hmax for the Heisenberg case, Jz = 1 across the MBL transition. Fig. (B.8)

shows that, as � ! 0, the infinite-time return probability becomes appreciably greater
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Figure B.7: Both typical and average return probability show similar power-law be-
havior. Plots are for Jz = 0.8, h

max

= 2.3.

than the inverse system size, marking the onset of the MBL phase.

B.2 RC Model

B.2.1 Width of resistivity distribution in the RC Model

It is argued in the main text that the description of a finite system of length L

as composed of independent resistive blocks of length d(!) gives rise to a width of

the resistivity distribution that satisfies �⇢(!) ⇡ �R/
p
L. Here we substantiate this

claim.

The e↵ective distribution of resistors in a block of size d(!) is given by P (R) =

1/R⌧ with a cut-o↵ at Rd(!), for which we can calculate a mean R̄(!) and a width

�R(!). The finiteness of the penetration depth provides a cut-o↵ to this e↵ective

distribution, which makes it well-behaved. This allows us to calculate the resistivity

(which is the arithmetic mean of such d(!) resistors) distribution of the block using the

central-limit theorem : the mean ⇢̄d(!) ⇡ R̄(!) and width �⇢d(!) ⇡ �R(!)/
p

d(!).
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Figure B.8: The infinite-time return probability Czz(t = 1), as a function of disorder
hmax for Jz = 1.

Alternatively, one can calculate the mean and width of the distribution of the conduc-

tivity �d(!) for such a block, using �̄d(!) ⇡ 1/⇢̄d(!) and ��d(!) ⇡ �⇢d(!)/[⇢̄d(!)]2.

These blocks of the size of the penetration depth behave independently, and con-

sequently, the total conductivity of the system of size L is an arithmetic mean of

these blocks. The mean �̄L(!) and width ��L(!) are recovered using another appli-

cation of the central-limit theorem noting that the number of such blocks is L/d(!).

Following through with this calculation, one finds, ��L(!) ⇡ �R(!)/[R̄(!)]2
p
L

and �̄L(!) ⇡ 1/R̄(!) (the latter result is derived in the main text as well). To fi-

nally obtain the distribution of the resistivity ⇢L(!) of the system of length L, we

use �⇢L(!) ⇡ ��L(!)/[�̄L(!)]2, and ⇢̄L(!) ⇡ 1/�̄L(!). This finally yields the re-

sult mentioned in the main text, that the frequency dependence of the width of the

resistivity ⇢(!), is given by �⇢L(!) ⇡ �R(!)/
p
L.
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B.2.2 RC model simulations

As mentioned in the main text, the RC circuit is to be imagined as a series of

non-resistive, metallic grains that are connected to one-another though resistors that

are analogues of Miller-Abrahams resistors [181] Ri. The current Ii between the grain

i, i + 1 is given by (µi � µi+1

)/Ri, where µi is the chemical potential on the grain

i [6, 7]. These metallic grains are short-circuited through a capacitance C, and the

charge qi on the capacitors is given by the total electro-chemical potential on each

grain, (Vi + µi)/C where Vi = Voei!t+iqx
i is the external potential applied to measure

the conductivity of the circuit. The currents Ii and Ii�1

flowing into these grains thus

satisfy the relation Ii�1

� Ii = q̇i. This set of linear equations are solved to obtain the

real part of the conductivity (in the q ! 0 limit) which is the time-averaged power

dissipated in the circuit, given by �(q ! 0,!) =
P

i I
2

i (q)Ri/L(Voq)2.

197



Appendix C

Appendices for Chapter 4

C.1 “Spin echo” for bosonic and fermionic systems

In bosonic or fermionic systems that have a conserved particle number, the main

apparent obstacle to implementing spin echo is that the natural analog of a ⇡/2

pulse involves creating superpositions of states with di↵erent total particle number.

In cold-atom experiments, such superpositions can straightforwardly be created, as

discussed, for example, in Refs. [144, 143, 135]. The essential idea is to trap two

di↵erent hyperfine states of the atoms with a strongly state-selective potential: for

instance an experiment might involve hyperfine state a, which is used to realize the

many-body physics of interest, and a “spectator” hyperfine state b, which contains

very few atoms. The potential experienced by the atoms in state b is strong enough to

confine them to a single site or a few sites. Given this setup, driving radio-frequency

pulses of the appropriate duration between states a and b can be used to create local

superpositions with di↵erent “particle number” (i.e., di↵erent numbers of a particles).
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The rest of the spin echo sequence can be implemented as usual, and can be checked to

saturate to a finite value deep in the MBL phase. Note, however, that this saturation

value need not be near unity, especially for softcore bosons, because a 2⇡ pulse does

not correspond to the identity (but might also involve injecting or removing two

particles from the system).

C.2 Leading finite-time corrections in one dimen-

sion

In this Appendix we discuss the leading corrections to the long-time asymptotic

behavior analyzed in the main text. We argue that these corrections can lead to

systematic overestimates of the Gri�ths dynamical exponent z. In particular, en-

tanglement (energy) spreading at long but finite times might seem sub-ballistic (sub-

di↵usive) even when the asymptotic behavior is ballistic (di↵usive). These corrections

might account for the surprisingly large size of the anomalous (z > 1) regime seen

in finite-time numerical studies [18, 170]. For concreteness and to make contact with

numerics, we focus on one-dimensional systems and make the assumption (motivated

by numerical [202] and renormalization-group studies [267, 216]) that the relaxation

time for a critical inclusion of size L is given by t(L) ⇠ exp(L/⌘c).

We consider two sources of finite-time corrections: (i) subleading contributions to

the finite-time averages of various observables, and (ii) corrections that arise because

the optimal internal control parameter, �̂, for a rare region is itself a function of the

size of that region, and therefore implicitly of time.
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C.2.1 Corrections due to averaging

The conceptually simpler of these issues can be understood as follows. Let us

consider the growth of entanglement across a particular cut in the system, starting

from a product state [170]. Specifically, we imagine averaging the (von Neumann)

entanglement entropy at time t over cuts and/or disorder realizations, and denote

this averaged quantity [S(t)]. At short times, the system explores only the immediate

vicinity of the cut, so that [S(t)] ' [v]t, where v is a local “Lieb-Robinson speed”

for entanglement spread in the vicinity of the cut. Note that [v] can be interpreted

equivalently as a disorder-average or a spatial average. This average is not dominated

by the bottlenecks due to Gri�ths inclusions, since they simply have a very small local

v. By contrast, at long times, entanglement in a given sample has spread through

many regions with di↵erent local speeds, and its spread can be limited by the slowest

regions it encounters. Thus the typical single-sample value of S(t) ⇠ [1/v]�1t, and

can be dominated by bottlenecks where the local 1/v is extremely large. (This is

analogous to the standard observation that conductances add at high frequencies

whereas resistances add at low frequencies [4].) Note that [1/v]�1  [v], so the slope

of the [S(t)] vs. t curve will necessarily decrease with time. This crossover from a large

slope at short times to a smaller slope at long times will give an apparent exponent

smaller than unity even when the true long-time velocity [1/v]�1 is nonzero. More

generally, we expect that it can lead to systematic overestimates of the exponent z

(underestimates of 1/z) in numerics.

We now discuss this crossover in more detail, focusing on the case where the

Gri�ths dynamic exponent satisfies z < 1, so the bottlenecks are subleading to
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simple “ballistic” entanglement spread and [1/v] remains finite. In a single sample

the average speed of spread out to time t is given by spatially averaging inverse

velocities over the distance entanglement has spread in that sample: we denote this

as vt ⌘ h1/vi�1

t . The disorder average is then the arithmetic average over disorder

realizations of vt, we denote this [vt]. (This prescription clearly reproduces the limiting

cases above.) We are interested in how [vt] approaches its (here, nonzero) infinite-time

limit, v1 ⌘ [1/v]�1.

It is helpful to work with the probability distribution, P (1/v), which has a long tail

⇠ (1/v)�1�1/z due to the rare bottlenecks. At a late but finite time t, this distribution

is e↵ectively cut o↵ at 1/v ⇠ t, because slower bottlenecks cannot be resolved at this

time. Thus,

[1/v]� h1/vit '
Z 1

t

1

v

1

v�1�1/z
d(1/v) ⇠ t1�1/z . (C.1)

Consequently, the average speed up to time t, [vt], also converges to its asymptotic

value with a finite-time correction that vanishes at long time as ⇠ t1�1/z. For z near

to, but just below, one this gives a strong and slowly decreasing finite-time correction,

which can give rise to an apparent entanglement growth that appears sub-ballistic

even when the asymptotic long-time behavior is ballistic.

Note that these crossovers are specific to the physical quantity that is being av-

eraged: the artifacts discussed here would not arise if we were looking at a quantity

such as contrast decay or spin echo, for which the typical-region contribution decays

rapidly rather than growing rapidly at short times. Thus, this e↵ect could cause

apparent violations of scaling relations between exponents in numerical studies.
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C.2.2 Corrections due to size-dependence of optimal inclu-

sion type

For  = 1 critical dynamics, the dominant inclusions that govern dynamical ob-

servables are asymptotically critical, in the sense that their local control parameter

�̂ ! 0 as their size L ! 1, even when the global control parameter � is slightly in the

thermal phase. At finite L, one must distinguish between two types of asymptotically

critical inclusions (see Fig. C.1): (A) inclusions that are internally critical, so that

L ⌧ ⇠(�̂), and (B) inclusions that are internally slightly in the localized phase, so

that ⇠(�̂) ⌧ L, but ⇠(�̂) ! 1 as L ! 1. Type-A inclusions are the dominant bot-

tlenecks for entanglement and energy spread, as well as for autocorrelation functions

whose saturated value in the MBL phase is a power law of ⇠ or larger. Type-B inclu-

sions dominate the behavior of autocorrelation functions that saturate, in the MBL

phase, at values that are exponentially small in ⇠. Although the rate functions for

the densities of type (A) and type (B) inclusions asymptotically approach the same

value, the finite-time corrections are di↵erent in the two cases, and are slow functions

of log t, as we now discuss. The key idea is as follows: an inclusion of size L with

internal localization length ⇠̂ & L is e↵ectively critical. Thus the highest probability

type (A) critical inclusions are those with �̂ slightly thermal and L(t) ' ⇠̂, so that

their local control parameter |�̂(L)| ⇠ L(t)�1/⌫ . These are more probable than an in-

clusion with strictly critical control parameter. The probability of a type (A) critical

inclusion of size L is thus given by ⇠ exp[�(rc � L�1/⌫)L], with rc > 0 and  > 0.

Since L ⇠ log t, the finite-time spread, for example, of entanglement bottlenecked by

202



Appendix C: Appendices for Chapter 4

L-1/ν(t)

δ

thermal MBL

critical

A B

Figure C.1: Nature of dominant inclusions, assuming  = 1 critical dynamics (see
main text for definition). The system is globally in the thermal phase; for a given L,
type-A inclusions are the critical inclusions with highest probability, whereas type-B
inclusions are the localized inclusions with highest probability.

type-A critical inclusions will be of the form

S(t) ⇠ t(1/z)�b(log t)�1/⌫
, (C.2)

with b > 0, so finite-time studies will in general see an apparent power-law spread

that is slower than the true asymptotic power law, with the correction vanishing with

time only as this small power of log t.

If there are Gri�ths e↵ects that are instead dominated by type (B) inclusions, then

at finite time these inclusions are more rare than critical inclusions, so the finite-time

results will in this case give an underestimate of the asymptotic Gri�ths exponent z,

with the finite-time correction again vanishing only as a slow power of log t.
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D.1 Calculation of Noise

To the zeroth-order in the perturbative parameter �/�
0

(� is the gap between

successive energy levels of the spin-pairs formed due to the neighbors of the spins in

the pair forming the maximum gap �
0

), the noise contribution at every step of the

RG is given by:

N(!) = g2
X

m0

���
D
s,m

��� ~A
���s� 1,m0

E���
2

�(! + !#)

+ g2
X

m0

���
D
s,m

��� ~A
���s+ 1,m0

E���
2

�(! � !") (D.1)

where ~A = ~S�� ~S�.~S+

|~S+|2
~S
+

, g2 = (gA�gB)2/4 is the geometrical factor proportional

to the square of the di↵erence of the coupling of the probe to the two spins A and B

being combined at the given RG step, and !"( !#) is the energy di↵erence between

states of total angular momentum s and s+1 (s� 1) formed from the two spins. We

will equivalently refer to these as the frequencies of the ‘up’ and ‘down’ transitions
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associated with a state with total momentum s. m and m0 are the azimuthal quantum

numbers associated with the states s and s + 1 (or s � 1 in the second line). Note

that there is no sum for m: all �s < m < s contribute equivalently. Moreover, at

this step of the RG, we only choose the magnitude s of the e↵ective spin, and not its

completely quantum state.

The spectrum of two spins is readily given in terms of the coupling strength J be-

tween the spins of size sA and sB being combined; the energy for such a spin pair com-

bining into an e↵ective spin of size s is given by Es =
J
2

(s(s+ 1)� sA(sA + 1)� sB(sB + 1)).

The energy di↵erence between states s and s± 1 can be computed readily from this

result. It is important to note that the sign of the Ferromagnetic and AntiFerromag-

netic coupling implies a certain ordering of these levels, which changes the meaning

of !" and !# accordingly.

~S� = ~SA � ~SB is a rank 1 spherical tensor operator (as one can ascertain from its

commutation relations with the total spin angular momentum operator ~S
+

). There-

fore, it only leads to transitions between states s and s ± 1, besides also having a

matrix element that leaves s unchanged. The projection of ~S� on to ~S
+

(which is

subtracted from ~S� to yield ~A) precisely removes this matrix element corresponding

to transitions from s ! s; this projection operator is a low-frequency component of

the two spins that must not be eliminated at the given RG step.

The remaining aim of this sub-section is the calculation of the matrix element

P
m0

D
s,m

��� ~A
���s± 1,m0

ED
s± 1,m0

��� ~A
���s,m

E
. By Wigner-Eckart theorem, the matrix

elements are related to the Clebsch-Gordan coe�cients as

hs,m|Aq |s0,m0i = cs,s0 < s,m||s0,m0; 1, q > .
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Thus, the up-transition rate is given by

M(s, ") = c2s,s+1

X

m0,q

|hs,m| |s+ 1,m0; 1, qi|2 = c2s,s+1

,

and similar expression for M(s, #). Wigner-Eckart does not provide the values of

the coe�cients cs,s0 ; they can be established, however in the following way. Con-

sider the matrix elements of A
0

, hs,m|A
0

|s0,m0i = cs,s0 < s,m||s0,m0; 1, 0 > and

hs0,m0|A
0

|s,mi = cs0,s < s0,m0||s,m; 1, 0 > . They are obviously complex conjugates

of each other. Thus,

cs,s0 = c⇤s0,s
< s0,m0||s,m; 1, 0 >

< s,m||s0,m0; 1, 0 >
= c⇤s0,s

2s0 + 1

2s+ 1
,

where the last equality follows from the properties of 3j symbols. On the other hand,

M(s) = M(s, ") +M(s, #) = 2s
1

(s
1

+ 1) + 2s
2

(s
2

+ 1)

� s(s+ 1)� (s
1

(s
1

+ 1)� s
2

(s
2

+ 1))2

s(s+ 1)
. (D.2)

These two relationships are su�cient to calculate all transition rates separately. For

the purposes of Sec. 5.3.2, it su�ces to note that, generically, the sum M(s) scales

as ⇠ s2, however, for s = s
1

+ s
2

and s = s
1

� s
2

, i.e., extremal states, as is the

case in the T = 0 RG flow, M(s = s
1

+ s
2

) = 4s
1

s
2

/(s
1

+ s
2

) and M(s = s
1

� s
2

) =

4(s
1

+ 1)s
2

/(s
1

� s
2

+ 1), implying, at T = 0, M(s) ⇠ s.
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D.2 Analytical argument for scaling of the form

factor at T = 1

In the main text, we argued that the probe form factor F (qn
0

) ⇠ 1/qn
0

for qn
0

� 1

in the infinite temperature case. Below we provide a more detailed justification of

this result.

Let us first recall that the probe form factor F (qn
0

) describes the scaling form

of the squared di↵erence of couplings gA and gB, that is, (gA � gB)2/4, when these

individual couplings correspond to clusters whose size is ⇠ n
0

(note that the probe

couplings contain the q-dependence). In this appendix, we show that this factor is

related to the variance in the distribution of probe couplings which scales as 1/qn
0

for qn
0

� 1.

The general result for the e↵ective coupling g
+

of the probe to a cluster formed by

merging two clusters A and B of spins ~SA and ~SB, coupled to the probe by strengths

gA and gB, is given by

g
+

=
gA + gB

2
+

gA � gB
2

���~SA

���
2

�
���~SB

���
2

���~S
1

+ ~S
2

���
2

. (D.3)

This expression in Eq. (D.3) is valid for quantum spins; however, at the advanced

stages of RG at T = 1 we can treat them as classical variables. Then by averaging

uniformly over spin directions, we can evaluate the average hg
+

iS
A

,S
B

= (gA + gB)/2

and the variance of g
+

, �2(g
+

)S
A

,S
B

=
⌦
g2
+

↵
S
A

,S
B

� hg
+

i2S
A

,S
B

= (gA � gB)2/4. Here

h...iS
A

,S
B

implies averaging over spin orientations of the 2 constituent spins ~SA, ~SB of

a cluster; note that gA and gB will themselves have a distribution of values owing to

207



Appendix D: Appendices for Chapter 5

the fact that they are themselves composed of smaller spin clusters. In what follows,

we will use the notation h...i (without the subscripts) to imply the averaging over all

internal spins of a cluster. From the above, we see that the noise factor F (q`) obtained

when combining two clusters of size ` with probe couplings gA and gB (which depend

on q) is given precisely by the variance �2(g
+

). Thus, in order to find the noise factor

F (q`), we need to determine the distribution of g
+

.

The expression for hg
+

iS
A

,S
B

implies that the probe coupling to each cluster is

approximately the average of the probe couplings to individual spins. Note that spins

which form singlet pairs do not couple to the probe, and are not counted in this

sum. However, as argued before, singlets are entropically unfavorable at T = 1

and so clusters are primarily arrays of contiguous spins. Consequently, the | hg
+

i | ⇠
R `

0

dx cos(qx)/`. In particular, for q � 1/`, | hg
+

i | ⇡ 1/q`.

Now we estimate the width h�(g
+

)i = h(g2A + g2B � 2gAgB)/4i. We will self-

consistently show that the factor hgAgBi can be dropped from this sum if these clusters

have size ` � 1/q. To this end, we first note that the phase di↵erence between gA and

gB is of the order of eiq` which is e↵ectively random for q` � 1. Thus, such clusters

have uncorrelated probe couplings and hgAgBi ⇡ hgAi hgBi ⇠ 1/(ql)2; the last relation

is determined from the result of hg
+

i. Assuming that this term makes an unimportant

contribution (in the large ` limit) to the variance, we find h�(g
+

)i = (hg2Ai+hg2Bi)/4. If

we merge clusters with similar lengths ` and similar values of hg2Ai ⇡ hg2Bi, the result-

ing average value h�2(g
+

)i goes down by a factor of 2; consequently, h�2(g
+

)i ⇠ 1/`

for ` � 1/q. In particular, since the width of distribution begins to grow only for

` � 1/q, �2(g
+

) ⇠ 1/q`. This scaling self-consistently confirms our assumption to
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neglect the cross term hgAi hgBi ⇠ 1/(ql)2 and completes the argument.

Therefore, the probe form factor F (qn
0

), which is the scaling form of the factor

(gA � gB)2/4 when the size of clusters A and B is ⇠ n
0

, scales as ⇠ 1/(qn
0

) for

qn
0

� 1, as advertised in the main text.

D.3 q-dependent scaling of the Structure factor

Figs. D.1 and D.2 detail the q�dependent behavior of the structure factor S1
q (!)

at T = 1 and S0

q (!) at T = 0 respectively, at high (! � q1/�) and low (! ⌧ q1/�)

frequencies. The q�dependence is in accordance with the results in the main text.

D.4 Comparison of T = 0 and T = 1 noise:

Fig. D.3 shows a direct comparison of zero and infinite temperature noise for sin-

gle disorder realization. There are three aspects of this plot that are of significance:

i) the magnitude of the noise does not vary much with temperature, while the power

laws change slightly; ii) (for the case of a 50-50 mix of F/AF bonds) the low frequency

power law seems to increase with decreasing temperature, and; iii) the noise magni-

tude seems to be fairly constant at approximately ! = 10�8. A curious observation in

nearly all experiments is that the noise magnitude does not change at approximately

1Hz, which is about a factor of 10�9 smaller than the typical microscopic interaction

strength amongst the spins. In contrast, in our simulations, the microscopic scale is

eD ⇠ 10, D = 3, and noise magnitude is observed to be roughly constant at about

! ⇡ 10�9eD.
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Figure D.1: (a) The T = 1 dynamical structure factor S1
q (!) is plotted as a function

of frequency for various q = 2⇡/l (l 2 [40, 800]), system size L = 15000. (b) S1
q (!) ⇠

1/q for ! ⌧ q1/� is evident from the scaling collapse at low frequencies. (c)S1
q (!) ⇠ q2

for ! � q1/� is evident from the scaling collapse at high frequencies.
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Figure D.2: (a) The T = 0 dynamical structure factor S0

q (!) is plotted as a function of
frequency for various q = 2⇡/l (l 2 [40, 800]), system size L = 15000. S0

q (!) ⇠ const.
for ! ⌧ q1/� is evident from the collapse at low frequencies (without any scaling).
(b) S0

q (!) ⇠ q2 for ! � q1/� is evident from the scaling collapse at high frequencies.
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Figure D.3: The structure factors S1
q (!) (T = 1, blue) and S0

q (!) (T = 0, red) are
plotted simultaneously, for initial bias ⌘i = 0, disorder strength D = 3, system size
L = 15000, and q = 2⇡/160. The powers ↵0 and ↵ are also indicated for the two cases
with the corresponding subscripts. They approximately satisfy the respective scaling
relations for zero and infinite temperature cases.

We note that the above comparison is based on the assumption that the two-

dimensional network of spins producing flux noise in SQUIDs is likely more tightly

confined in one direction (along the width of the conducting strip) than the other

(along the length of the conducting strip), and that this implies that the behavior

of the spin-network mirrors that of one-dimensional spins below a certain frequency

scale.

D.5 Numerical checks / convergence of RG

Fig. D.4 plots (a) bias, (b) noise frequency and (c) ‘fidelity’ is plotted against the

RG step for a system with a given set of initial conditions (bias, disorder strength,

system size, temperature). Although plotted for a specific system, the following
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observations are fairly independent of the various system parameters, including tem-

perature. The bias is seen to flow to a a stable value after about 90% of the initial

spins have been eliminated. This value is close to the 50% - 65% (⌘ = 0 - 0.3) mark

although it has small variations which depend on the initial bias of the system at

T = 0, but not at T = 1. The noise frequency (of eliminated spin-pair) dips below

microscopic values only after these initial eliminations. These observations suggest

that the RG converges and the (high- and low-) frequency dependent noise observed

at both ends of the crossover (! ⇠ q1/�) is from the limit where the RG has converged.

The fidelity plotted is the log-averaged (typical) estimate of the inverse of the pertur-

bation parameter, that is, f = �
0

/�, where �
0

is the gap due to the spin-pair being

eliminated at the given RG step, and � is the maximum gap formed by the coupling

of one of these spins (in the spin-pair) to its neighbors. It is seen to rise dramatically

as the RG reaches convergence indicating that the RG is fairly successful; since the

fidelity is large but finite we conclude that the RG flows to a strong-randomness fixed

point, and not an infinite-randomness point. In Fig. D.5, the fidelity is plotted for

the infinite temperature RG simulation and is seen to also perform quite well. Note

that, at zero temperature, the fidelity is best for the initially completely AF system,

and becomes progressively worse with the addition of more F bonds.

Fig. D.6 plots the distribution of the gap � after 98% of the spins were eliminated

for the same system as above. The power law form of the distribution guarantees

that the typical gaps are much smaller than the largest gap in the system, which

ensures that the RG works (and increases the fidelity). The noise power law ↵ and

the power law of the distribution of the gap is not the same generally. For the purely
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Figure D.4: The average (a) bias, (b) noise frequency and (c) ‘fidelity’ is plotted
against the RG step for a system of size L = 10000. Initial bias ⌘i = 0.5, temperature
T = 0, disorder strength D = 1.

AF case, the distribution is D
�

(�) ⇠ 1/�, as is known from the analysis of the IRFP

in the AF system at T = 0. As the initial distribution becomes more ferromagnetic,

the exponent of the power law approaches 0. The smaller exponent also marks a

reduction in the fidelity and the e�cacy of the RG.

The power � of the gap distribution P
�

(�) ⇠ 1/�� and the final bias ⌘f are

plotted as a function of the initial bias ⌘i of a 1/|J | distribution with disorder strength

D = 3 in Fig. D.7.
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Figure D.5: The fidelity is plotted as a function of RG steps at T = 1 for a system
of size L = 15000 and initial disorder strength D = 1.

100

104

108

1012 P�(�) ⇠ ��0.62

Figure D.6: Distribution of the gap � after 98% of the spins were eliminated. The
system has Initial bias ⌘i = 0.5, temperature T = 0, disorder strength D = 1. The
noise power law ↵ and the power law of the distribution of the gap are not the same.
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Figure D.7: The power � (red) of the gap distribution P
�

(�) ⇠ 1/�� and the final
bias ⌘f (blue) are plotted as a function of the initial bias ⌘i of a 1/|J | distribution
with disorder strength D = 3.

D.6 Relation between power laws of the gap dis-

tribution and the noise exponent

The power laws of the gap distribution and the noise exponent are related. This

can be seen as follows. The number of bonds Nt at a given maximum gap value �
0

is given via the dynamical exponent z as Nt(�0

) ⇠ �1/z
0

. Some of these bonds are F

and some AF; we assume that the proportion F/AF bonds at the maximum gap �
0

is pF/AF (�0

). We assume a power-law form of the distribution of the F/AF bonds

associated with gaps � given by QF/AF (�,�
0

) =
(1��

F/AF

)

�0

�
�0
�

��
F/AF . In the regime

that the RG has converged, the exponents �F/AF and proportions pF/AF become

independent of the maximum gap �
0

.

We now prove the relation 1/z = pF (1 � �F ) + pAF (1 � �AF ) as follows. The

number of F/AF bonds eliminated at every step of the RG is given by dNF/AF (�0

) =
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Nt(�0

)QF/AF (�0

,�
0

)d�
0

. The sum of the eliminated F/AF bonds gives the number

of total eliminated bonds, which can alternatively be determined through the dynam-

ical exponent as dNt(�0

) = 1

z
d�0
�0

. A comparison of the results obtained yields the

aforementioned relation. Note also that the fact that the proportion of F/AF bonds

becomes constant implies that dNF (�0

)/dNAF (�0

) = pF/pAF . This further implies

that �F = �AF .

The above results can also be used to determined the noise exponent via the usual

relations ↵ = 1 � 1/2z (at T = 0) and ↵ = 1 � 1/z (at T = 1). These relations

are discussed in Sec. 5.3. In particular, for the case of the disordered Heisenberg AF

chain, we know that pF = 0, pAF = 1, �AF = 1, and consequently, ↵ = 1.

D.7 Extreme Value Statistics of the lowest gap (at

T = 0)

We note that the relation 1/z = 1 � � (derived in Sec. D.6) has been derived in

previous works on random spin models assuming a Gri�ths phase picture with sep-

arate, rare localized excitations. [253, 132]. The consequence of having an excitation

spectrum (or the gap distribution) with a power-law singularity is that lowest gapped

excitation above the ground state is distributed according to a Fréchet distribution

(which corresponds to the distribution of the extremal values of a sample of i.i.d.

random variables with a power-law distribution). Specifically, Ref. [132] points out

that the distribution of the lowest gapped excitation energy ✏ in a system of size L

is given by GL(✏) = LzG(✏Lz), where the scaling function G(u) = z�1u1/z exp(�u1/z)
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Figure D.8: The distribution function of lowest gapped excitation energies, PL(✏) is
obtained for two cases corresponding to di↵erent initial AF/F composition of the spin
chain: (a) ⌘i = 0.5, (b) ⌘i = 0, and system sizes L = 250 (yellow), L = 500 (orange),
L = 1000 (blue). Solid red line is the fit according to the Fréchet distribution. See
Appendix D.7 for more details.
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and z is the dynamical exponent, as defined before. We found that this result also

holds for the system we consider. Moreover, the dynamical exponent found from this

analysis is seen to match the dynamical exponent found from our simulations of the

noise spectrum.

These results were verified as follows: the distribution function GL(✏) was obtained

by performing the RSRG protocol (for T = 0) on a chain of length L until one final

bond remained; the lowest level splitting of this spin-pair gives the lowest gap in the

chain’s excitation spectrum. We considered 20000 disorder realizations of chains of

length L = 250,500,1000, disorder strength D = 3 and various initial composition

of F/AF bonds. The scaling hypothesis (relating GL to G) above is verified by

performing a scaling collapse by plotting GL(log(✏)) vs. log(✏) � zlog(L/L
0

), where

L
0

= 1000 is chosen arbitrarily, and verifying that the distribution is of the Frétchet

form (which also depends on z). The dynamical exponent (determined by optimizing

the scaling collapse) was found to be z ⇡ 4.3 ± 0.8 for ⌘i = 0.5 and z ⇡ 2.6 ± 0.4

for ⌘i = 0. This yields, via the relation ↵ = 1 � 1/2z, ↵ = 0.88 ± 0.05 for ⌘i = 0.5

and ↵ = 0.8± 0.05 for ⌘i = 0, which is in agreement with the results in Fig. 5.4 (c).

These results are plotted in Fig. D.8.

D.8 Distribution D(n) of cluster size at T = 0

It was mentioned in the main text that the distribution of clusters at T = 0

follows a form D(n) ⇠ 1/n
0

for n . n
0

and small for n & n
0

, where n
0

is the typical

cluster size at any RG scale. Such a distribution was shown to lead to the failure

of linear response theory at T = 0, primarily because it guarantees the presence of
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Figure D.9: The distribution D(n) of the cluster sizes n at various (di↵erent colors)
stages of the RG for L = 15000 spin chain at T = 0, and initial bias ⌘i = 0.5. The
features of the result are not dependent on the specifics of the system parameters.
The important facet here is that D(n) has appreciable weight at all stages of the RG
in the n ! 0, while it decays beyond a certain scale n

0

which depends on the energy
scale at which the RG was terminated. This justifies the form of the distribution we
use in the main text to calculate the T = 0 finite-q susceptibility of the spin chain.

clusters of small sizes (and especially, of the probe wavelength 2⇡/q) at all energy

scales of the RG; these small clusters were found to give a divergent contribution to

the susceptibility of the system even at finite-q. In Fig. D.9 we justify this form of

the distribution function numerically.

D.9 Correlations between the coupling and the spin

size

It was argued in Ref. [261] that the RG procedure fails because it generates ex-

ceedingly large spins. This conclusion is incorrect; it is important to note that these

larger spins also couple much more weakly to their neighbors, as seen in Fig. D.10, and
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Figure D.10: Scatter-plot of the logarithm of the couplings log(J) of e↵ective spins
of size s remaining after the RG procedure has reached convergence operating on a
L = 5000 spin chain at T = 1. The maximum coupling is seen to decrease with the
spin size s
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that this balance precisely ensures that the RG can flow to a strong-randomess fixed

point with tractable scaling properties. The authors of Ref. [261] perform RSRG by

keeping the length of the chain fixed and attaching new spins with arbitrary sizes but

also arbitrary coupling strengths which misses out on these correlations. Moreover,

they perform their RG by eliminating the largest bond value J rather than the larger

gap �.

D.10 Simulations in two dimensions

The basic features of the results in 2D (at T = 1) are outlined in Fig. D.11. The

simulations (square geometry) were carried out for a 50 ⇥ 50 lattice of spins. The

fidelity does not improve markedly over the course of the RG. However, the computed

structure factor shows approximate scaling collapse according to the Generalized-

di↵usion form of the structure factor with an inverse dynamical exponent � ⇡ 0.55±

0.05. Alternatively, this implies a dynamical exponent z = 1/� ⇡ 2 (which agrees

with Ref. [165], where RSRG was used to extract z ⇡ 2 from the distribution of the

energy gap between the ground state and the first excited state).

While the RG doesn’t successfully converge for large systems with a square geom-

etry, it still manages to recover the full energy spectrum for su�ciently disordered,

small systems with reasonable success (see Fig. D.12). To simulate a two-dimension

strip of spins, simulations were carried out for a 500 ⇥ 6 lattice of spins. Below a

certain frequency scale, clusters become of the size of the width of the network, and

the 1/!↵ noise behavior of one-dimensional systems with an anomalous exponent ↵

is recovered (see Fig. D.13). For a disorder strength of D = 3, ↵ ⇡ 0.7 was found.
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Figure D.11: Various features of the simulations on two-dimensional system of size
50 ⇥ 50 are shown. (a) The noise spectrum for low frequencies has a power law tail
Sq(!) ⇠ 1/

p
! (q = (⇡, ⇡) here); (b) The distribution of gaps is fairly broad; (c) The

fidelity f does not rise over the course of RG; (d) Approximate scaling collapse using
the Generalized-di↵usion Ansatz using exponent � = 0.55±0.05 for wave-vectors q =
(2⇡n/L, 2⇡n/L) with n 2 [2(blue), 4(red), 6(magenta), 8(cyan), 10(black), 12(green)].
and L = 50. The lower (upper) frequency power laws are found to be: ↵ ⇡ 0.5±0.05,
↵0 ⇡ 1.75 ± 0.05; it is unclear whether there is data for a su�ciently large range
of frequencies to extract the high-frequency power law reliably, especially since it
exhibits a drift to higher values as we go to smaller wave-vectors.
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Figure D.12: The energy spectrum of a small 3 ⇥ 3 lattice spin system (disorder
strength D = 3) is calculated using exact diagonalization (blue) and compared with
the RG generated spectrum (red).

D.11 Role of faraway resonances

Here we present an argument (based on a generalization of the analysis in the

supplementary of Ref. [265]) that suggests that once the system develops an dynamical

exponent z = 1/� > 1, faraway resonances can be neglected. On the basis of the

numerical evidence, we assume a power-law distribution of gaps D(�) ⇠ 1��
�0

�
�0
�

��
.

Let us examine the possibility that two faraway spin-pairs, with local gaps separated

by d� become resonant with one-another. The density of spin-pairs separated by a

local gap d� is ⇢ = D(�
0

)d� = (1 � �)(d�/�
0

) and the typical distance between

such approximately-resonant spin-pairs is l = 1/⇢. We would like to compare d�
0

to the e↵ective coupling between these spin-pairs. Since there is a fixed dynamical

exponent 1/� in our system, this e↵ective interaction between the spin-pairs is given

by �int = l�1/�, where l is again the typical distance found above.
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Figure D.13: (a) The finite-q structure factor Sq(!) [q = (2⇡/25, ⇡)] as a function
of frequency; (b) the fidelity f and (c) the noise frequency are plotted as a function
of the RG steps for a two-dimensional strip of spins of lattice size 500 ⇥ 6, with
D = 3 at T = 1. There are ⇠ 50 clusters remaining when these are of the size of
the width of the spin network; these remaining clusters behave as a one-dimensional
network of e↵ective spins and produce the anomalous 1/!↵ noise. Here we see that
about 50 (red dashed lines) spins remain when the maximum frequency ! ⇠ 2⇥ 10�2

and this approximately agrees with the frequency below which 1/!↵ noise behavior
is observed. Above this frequency, a ⇠ 1/

p
! tail is observed as in the case of the

square network of spins.
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For faraway resonances to be unimportant, we require d� � �int(d�) = const. (d�)1/�.

This condition is always satisfied if � < 1, a condition which is fulfilled in all our sim-

ulations. Thus, we expect resonances to be unimportant, so long as the RG generates

a power-law distribution of gaps, and the dynamical exponent z = 1/� > 1.

D.12 Holstein-Primako↵ method for T = 0

The RG seems to generally fail for a system that is primarily ferromagnetic. This

is indicated by consistently poor fidelity (f ⇠ 2) and a distribution of gaps that fails

to develop a singular form. Thus, we need an alternative method to understand the

dynamics in the nearly F spin chain. To do so, we analyze the purely F chain by

performing a Holstein-Primako↵ expansion [15] on its fully polarized ground state.

The quadratic Hamiltonian obtained (linearized in the fluctuations) is diagonalized

to calculate the structure factor. The simulations were performed for systems of size

L = 500, 1000, 2000 with D = 3.

The ground state of a fully F spin chain is a classical fully polarized state and

the Hamiltonian governing single spin-flip excitations is given by a model of parti-

cles in random (Hartree-like) potentials and randomized tunneling terms. Thus, one

may expect these excitations to be localized. On the other hand, the failure of the

RG suggests that the system is self-averaging and may possess goldstone modes of a

disorder-free ferromagnet with a spectral peak at frequency !c(q) ⇠ q2. It should be

noted that the on-site potential and tunneling are exactly correlated in this system,

thus, localization is not immediately guaranteed. The results in Fig. D.14, D.15 sug-

gest that the system exhibits a bit of both; spin-waves exist with a central frequency
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Figure D.14: (a) The inverse participation ratio is finite [seen by scaling with system
sizes L = 500 (yellow), L = 1000 (blue) and L = 2000 (red) ] and scales with
frequency as IPR(!) ⇠ ! (dashed line fit); (b) spin-wave peak seen in the structure
factor Sq(!); (c) the peak occurs at frequency !c(q) ⇠ q2 (red line fit corresponds to
q1.95); (d) the width (calculated as inverse height of the peak) scales as �(q) ⇠ q2 (red
line fit corresponds to q2.2)
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0 100 200 300 400 500

Figure D.15: An example localized spin-wave wave-function for the disordered purely
F chain of size L = 500.

!c(q) ⇠ q2, but they are heavily damped with a decay rate � that scales in the same

way, �(q) ⇠ q2. Thus, spin waves states are localized in the sense that the inverse

participation ratio IPR [given by IPR =
P

i n
2

i /(
P

i ni)2 ; ni is the spin wave density

at site i of the chain] is finite. If one interprets the finite IPR as a consequence of

an exponentially localized wave-function, then IPR ⇠ 1/⇠, where ⇠ is the localization

length. Extracting the localization length from the IPR yields the scaling ⇠(!) ⇠ 1/!;

this is in agreement with the fact that the RG finds a dynamical exponent z = 1 in

the limit of the fully F chain which yields a scaling between the cluster size n and

the frequency ! as n(!) ⇠ 1/!1/z.

We note that this ‘localized’ spin-wave behavior is unique to one dimension. In two

dimensions, an analogous Holstein-Primako↵ analysis reveals that the spin waves are

sharp; the central frequency !c ⇠ q2 but the damping scales as � ⇠ q4 (see Fig. D.16).

Note that this is in agreement with the analysis of disordered ferromagnets using

an e↵ective medium approximation discussed in Refs. [72, 131] (the authors focus

on the three-dimensional case, but their results are straightforwardly extended to
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Figure D.16: (a) The inverse participation ratio decreases to zero in the thermody-
namic limit [seen by scaling with system sizes 20 ⇥ 20 (yellow), 30 ⇥ 30 (blue) and
40 ⇥ 40 (red) ] ; (b) spin-wave peak seen in the structure factor Sq(!); (c) the peak
occurs at frequency !c(q) ⇠ q2 (red line fit corresponds to q2.1); (d) the width (cal-
culated as inverse height of the peak) scales as �(q) ⇠ q4 (red line fit corresponds to
q3.95).
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Figure D.17: Infinite-temperature S1
q (!) for classical spins of magnitude

���~S
��� = 1/2 is

plotted (blue) and compared with the quantum result (red) at infinite temperature.
L = 15000, D = 3, ⌘i = 0.

two dimensions). The simulations for the two-dimensional case were performed for

systems of lattice sites 20⇥ 20, 30⇥ 30, 40⇥ 40 and with disorder strength D = 3.

D.13 Classical simulations for T = 1

The RG rules were derived using classical reasoning and can be applied to clas-

sical vector spins. Fig. D.17 plots (blue) the structure factor at infinite-temperature

obtained from such a calculation with classical Heisenberg spins of vector magnitude
���~S
��� = 1/2. The structure factor is very similar to the quantum result (red). We

conclude that the anomalous dynamical exponent at infinite temperature, that gives

rise to anomalous di↵usion is not a purely quantum phenomenon.
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Figure D.18: Comparison of the structure factor obtained for classical spin chains
using direct integration of Bloch-equations and RSRG rules. The direct simulation
is computationally hard to perform over very long time-scales, but the agreement is
very reasonable for the simulated frequencies.
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D.14 Comparison of classical RG with direct dy-

namical simulation

The classical spin chain (size L = 1000) with initial coupling distribution P
0

(|J |) ⇠

1/|J | with |J | 2 [10�3, 10�3e5] is simulated using the classical Bloch-equations to

obtain the structure factor. The result is compared with the classical-RG simulation

result in Fig. D.18. The simulations are for T = 1 (the initial spin configuration is

chosen entirely randomly).
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Appendices for Chapter 6

E.1 TLS-acoustic phonon coupling induced by phonon

nonlinearity

The origin of Gruneizen parameter lies in non-linear phonon coupling, HNL =

�x2✏(r). The form of this term is based of the following intuition – the first generic

non-harmonic term has to be cubic in the phonon fields; it must involve two optical

phonon field terms whose frequencies nearly cancel each other so as to give a resultant

acoustic frequency, and that the coupling to acoustic phonons must be via a derivative

of the acoustic phonon field. In e↵ect, HNL serves to modify the sti↵ness constant k

of the optical phonon mode, which allows us (using the definition of the Gruneizen

parameter ⌘ = dlog!/d✏, k = m!2) to arrive at the following relation - � = ⌘k. Thus,
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we can write the following Hamiltonian

Ho +Hop +HNL = E0

z�z +�
0

�x+

p2

2m
+

1

2
k (1 + ⌘✏(r)) x2 + �x(�z + c). (E.1)

Eliminating the optical phonon mode now follows the same procedure as before –

the only di↵erence being a modified value for k, and we finally obtain

HTLS +Hac = E0

z�z +��x � cEp/ (1 + ⌘✏(r)) �z. (E.2)

Expanding the above in ⌘✏(r) gives us the desired acoustic phonon-TLS coupling,

and hence reproduces the Hamiltonian in Eq. (6.1). Since ⌘✏(r) ⌧ 1 (at T = 100mK,
Dp

✏2(r)
E
< 10�8), all terms beyond the first order in ✏(r) can be safely neglected.

E.2 Polaron Transform

We begin with the general Hamiltonian coupling a TLS and a bath of phonons as

in Eq. (6.7) and apply to it the polaron transformation U mentioned in Eq. (6.8).

Then H̃ = U †HU is given by

H̃ = E 0
c + E 0

z�̃z +��̃x +
X

k

(ak + a†�k) �̃z (gk � ↵k)

X

k

!ka
†
kak +�

0

�̃
+

�
e�2↵ � ⌦e�2↵

↵�

+�
0

�̃�
�
e2↵ � ⌦e2↵↵�+

X

k

(ak + a†�k)(ckgk � �k). (E.3)
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Here �̃ are the pauli matrices in the U -transformed basis. The values of E 0
c and E 0

z

are

E 0
c =

X

k

✓
�2

�⇤
kckgk
!k

� 2
↵⇤
kgk
!k

+
|↵2

k|
!k

+
|�2

k|
!k

◆
,

E 0
z = Ez

o �
X

k

✓
2
�⇤
kgk
!k

+ 2
↵⇤
kckgk
!k

� 2
↵⇤
k�k

!k

◆
,

� = �
0

⌦
e2↵
↵
,

↵ =
X

k

↵k/!k(ak � a†�k). (E.4)

Note that the reality of these terms is guaranteed by the conditions on the her-

micity of the Hamiltonian and the unitarity of the polaron transformation (which

requires, ↵k = ↵⇤
�k, and �k = �⇤

�k). Now, from the form of U in Eq. (6.8), one can

see that the polaron transformation is simply a unitary transformation that allows us

one to go from a basis of independent TLS (�) and phonon variables, to the new TLS

variable (�̃) that corresponds to a correlated motion of phonons and the unrenormal-

ized TLS. The philosophy then is to somehow optimize these correlations such that

the free energy of the polaronic TLS system, which now is only weakly correlated to

the residual bath, is minimized. To do so, one introduces the set of parameters ↵k and

�k, that describe the amplitude of phonon displacements correlated with the TLS’s

internal state and provide a variational space over which to minimize the free energy

of the polaronic TLS. The optimal values of ↵k and �k thus, represent the mean

phonon displacements in correlation with TLS state, and the residual coupling with

the bath represents fluctuations about this mean displacement, that has vanishing

vacuum expectation values.

Given the polaron-transformed Hamiltonian H̃ in Eq. (E.3), we need to estimate
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the minimum of the free energy. But first, we must complete the squaring of the

phonon field to eliminate the last term in Eq. (E.3). This is brought about by the

transformation - ã†k = a†�k � (�k � ckgk)/!k. In fact, this transformation eliminates

�k (replacing it with ckgk) from the transformed Hamiltonian completely leaving us

with a variational state dependent only on ↵k. It is important to note that this last

transformation leaves the coe�cients of �̃
+

and �̃� unchanged in Eq. (E.3) and these

can now be treated as perturbations to the phonon and TLS parts of the Hamiltonian,

as their expectation values in the thermal ensemble of phonons is zero. In the process

of separating these these final terms, we arrived at the mean field estimate for the

renormalized tunneling, � = �
0

he2↵i .

To perform the approximate minimization of the free energy, we minimize the

Bogoluibov-Peierls upper bound on the free energy (which here is simply the free

energy of the TLS and phonons decoupled from each other) F = Ec�(1/�)lnZ+Fph.

Z is partition function of the TLS, e��E0
+ e�E

0
with E 0 =

p
E 02

z +�02
o , and Fph is

the free energy of the phonons which is independent of ↵k. The result of this is the

following equation on ↵k,

(↵k � gk) +

✓
�

E

◆
2 2E

!k

↵k tanh �E coth �!k/2 = 0. (E.5)

Solving this leads to the main results in Eq. (6.10). Also, note that since gk is

real for this case, so is ↵k and we consequently drop the usage of extra symbols such

as ⇤ and ||.
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E.3 Calculation of decay rate

The first step in this procedure is to diagonalize the TLS part of the Hamiltonian

in Eq. (6.9). The Hamiltonian can then be represented by

Ho = E�̃z + V †
1

�̃
+

+ V
1

�̃� + Vo�̃z, (E.6)

where

Vo =
Ez

E

X

k

(gk � ↵k)(ak + a†�k) +
�

0

2

�

E
X +

�
0

2

�

E
X†,

V †
1

=
1

2

✓
Ez

E
+ 1

◆
�

0

X +
1

2

✓
Ez

E
� 1

◆
�

0

X†

� �

E

X

k

(gk � ↵k)(ak + a†�k),

X = (e�2↵ � ⌦e�2↵
↵
).

(E.7)

The time evolution of the density matrix in the Born-Markov approximation [31] is

described by the equation –

d⇢

dt
= �

Z 1

0

dsTrB [VI(t), [VI(t� s), ⇢S(t)⌦ ⇢B]] . (E.8)

Expanding the RHS of Eq (E.8) out, and keeping only the slowly fluctuating terms

(the rotating wave approximation), we arrive at the estimates for T
1

and T
2

–

1

T
1

=

Z 1

0

dsei2Es
D
V †
1

(s)V
1

(0)
E
+ h.c.

+

Z 1

0

dse�i2Es
D
V
1

(s)V †
1

(0)
E
+ h.c.,

1

T
2

=
1

2T
1

+ 4Re

Z 1

0

hVo(s)Vo(0)i
�
. (E.9)
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More explicitly,

1
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◆
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�
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��
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where,

G(s) = 4
X

k

✓
↵k

!k

◆
2 �

(nk + 1) e�i!
k

s + nke
i!

k

s
�
. (E.12)

Adding up the processes involving only 1 phonon operator in Eq. (E.10) gives

the result in Eq. (6.11). As for the pure dephasing rate, �� = 1/T
2

� 1/2T
1

being

negligible, a quick way to see this is to realize that if we expand the exponentials in

Eq. (E.11)), the first non vanishing term comes with two Bose distribution functions,

proportional to n(!)(n(!) + 1) (with the same frequency) which decays rapidly for

frequencies at which ↵k is appreciable.
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E.4 TLS-TLS interactions using Polaron Transfor-

mation

To get a full description of the TLS-TLS interaction, one needs to include the

full tensorial structure for the strain field that couples to the TLS. In particular,

one has ✏↵�(~r) = (1/2) (@↵u�(~r) + @�u↵(~r)), where u↵(~r) is the phonon displacement

field at position ~r. To include this full description, we also have to consider the 3

di↵erent phonon operators or equivalently the transverse and longitudinal modes of

the phonon fields, and append gk with tensor indices ↵�. Again, for the purpose of

this paper, to get an estimate of the interaction strength between TLSs, we avoid this

detail that does not change the power law of the interaction but simply introduces

more tensorial structure, and show how one can attain the expected 1/r3 interaction

via the polaron transformation method.

We now consider the Hamiltonian of two TLSs (identified by indices 1 and 2 at

positions ~0 and ~r resp.) coupled to the phonon strain field as before,

H =
X

i=1,2

Ez,o
i �z

i +�o
i�

x
i +

X

k

gk
1

(�z
1

+ ck
1

)(ak + a†�k)

+
X

k

gk
2

(�z
2

+ ck
2

)(ak + a†�k)e
i~k.~r +

X

k

!ka
†
kak. (E.13)

In what follows, we will include ei
~k.~r in gk

2

.

We now introduce the Polaron transformation, that allows for phonons to shift

according to both TLS’s states

U = exp

 
�
X

k

(ak � a†�k)
1

!k

(↵k
1

�z
1

+ ↵k
2

�z
2

+ �k)

!
. (E.14)
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For the Unitarity of U , we require ↵k
i = (↵�k

i )⇤, �k = �⇤
�k. This is supplemented

with the Hermiticity of the Hamiltonian Eq. (E.13), that demands that gki = (g�k
i )⇤.

The transformed Hamiltonian under the polaron transformation is now

H̃ = Ec + Ez
1

�z
1

+ Ez
2

�z
2

+�o
1

�x
1

⌦
e�2↵1

↵
+�o

2

�x
2

⌦
e�2↵2

↵

+ EI�
z
1

�z
2

+
X

k

(V k
1

�z
1

+ V k
2

�z
2

)(ak + a†�k)

+
X

k

!ka
†
kak +

X

k

(ak + a†�k)Xk

+
X

i=1,2

�o
i�

+

i (e
�2↵

i � ⌦e�2↵
i

↵
) +�o

i�
�
i (e

+2↵
i � ⌦e�2↵

i

↵
), (E.15)

where Xk = �k � ck
1

gk
1

+ ck
2

gk
2

. Again, before we can estimate the free energy, we

need to eliminate the free linear term in the phonon fields, which requires shifting

the phonon fields by Xk, as defined in Eq. (E.15). As in Section E.2, this amounts

to setting �k = ck
1

gk
1

+ ck
2

gk
2

, thus eliminating �k from the variational procedure. The

expressions for the terms in our Hamiltonian now reduce to (with Xk = 0)

Ec =
X

k

�
��ck

1

gk
1

+ ck
2

gk
2

��2

!k

+ (↵k
1

)⇤
(↵k

1

� 2gk
1
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!k

+ (↵k
2

)⇤
(↵k

2

� 2gk
2

)

!k

,

Ez
i = Ez,o

i �
X

k

2cki

��gki
��2

!k

,

�i = �o
i exp

 
�2
X

k

��↵k
i

��2

!2

k

coth �!k/2

!
,

EI =
X

k

�2(↵k
1

)⇤

!k

(gk
2

� ↵k
2

/2)� 2(↵k
2

)⇤

!k

(gk
1

� ↵k
1

/2),

V k
i = gki � ↵k

i . (E.16)
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Thus, we find again that Ez
i ’s are independent of the variational parameter ↵k

i , and

that �i is determined by the phonon displacements due to each TLS independently.

However, if EI 6= 0, then ↵k
i ’s are coupled and the renormalization of �i is indeed

influenced by other TLSs.

In principle, one must now minimize the free energy considering the spectrum of

the Hamiltonian HMF = EC+
P

i E
z
i �

z
i +�i�x

i +EI�z
1

�z
2

, which is not a simple task. It

is also important to remind oneself that we cannot interpret EI itself as the complete

interaction strength between TLS 1 and TLS 2. The polaron transformation approach

merely sets up an e↵ective Hamiltonian in which the phonons have been shifted to

their mean field positions. The remnant interaction with the phonon fields have

zero expectation values, or are fluctuations which in principle can give an interaction

between the TLSs. These in general involve considering the full dynamics of TLSs

and phonons, and cannot be replaced by a simple e↵ective Hamiltonian. Such a task

is beyond the scope of this paper.

The results of Black et al. however can be achieved by considering the regime in

which spins do not have any dynamics, i.e, in the limit � ! 0. In such a scenario, the

spins are essentially static and the system is classical. The only variables that depend

on ↵k
i ’s are now EI and Ec. Regardless of the temperature of the system, minimization

of free energy requires simply setting ↵k
i = gki . This can be seen by noting that

@E
c

@(↵k

1)
⇤ = (gk

1

� ↵k
1

) and @E
I

@(↵k

1)
⇤ = (gk

2

� ↵k
2

), that is, only proportional to ↵k
i � gki .

This simplification has the important consequence that the remnant interaction with

phonons are also completely killed, V k
i = 0 which allows us to understand EI as the

complete interaction energy. In this scenario, we find -
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EI = �
X

k

(gk
1

)⇤gk
2

!k

+
(gk

2

)⇤gk
1

!k

. (E.17)

Now, for gk
1

= gk and gk
2

= gkei
~k.~r with gk = �zk

p
~/2⇢!k as before, we find that

the sum over k in Eq. (E.17) is simply a fourier transform over something that is

independent of any power of k, that is, EI = ��2

z/(⇢v
2)
P

k e
i~k.~r. This may seem

peculiar in that, ordinarily this would imply a � function interaction, but it must be

noted that in 3 dimensions, the fourier transformation of any T (r̂)/r3 interaction is

also independent of any power of k but in general involves dependence on the direction

of k. Suggestively, if we include anisotropies of the form (in̂
1

.k̂) and (in̂
2

.k̂) (with n̂
1

and n̂
2

defining dipole axes for TLSs 1 and 2 respectively) in gk
1

and gk
2

respectively,

we arrive at the classical dipole-dipole interaction with the magnitude �2

z/(4⇡⇢v
2r3)

and the appropriate tensor structure.

For the purpose of this paper, it su�ces to show that the polaron transformation

can be used to yield the e↵ective interaction between TLSs in the limit that � ! 0,

that is, upon neglecting the e↵ect of TLS dynamics on phonon displacements. For the

more complete result, the reader should look at the paper by Black and Halperin [29],

where upon obtaining the complete TLS-TLS interaction, they perform rms averaging

over the angular structure of the interaction to arrive at an estimate of Crms in Eq.

(6.15). Finally, to arrive at the result in Eq. (6.15) one simply rotates the basis to

diagonalize the individual TLS Hamiltonians in Eq. (E.15).
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Appendices for Chapter 7

F.1 Translationally invariant case

In this Appendix, we solve the problem of calculating the noise profile above a

homogeneous 2D material. In order to achieve this goal, we need to first discuss the

bases of solutions: that of s- and p- polarized waves (see Fig. F.1). These solutions

will then be used to solve the problem of calculating the total magnetic field in the

presence of a magnetic dipole at the position of the NV center. The response function

whose imaginary part is related to the magnetic noise, is then given by @B
total

/@Mext,

where B
total

is the total magnetic field in the presence of an external magnetic dipole

Mext. These parts will be carried out successively in the following subsections.
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Figure F.1: Reflection and Trasmission of s- and p- polarized waves. The s-polarized
waves are seen to generate only transverse currents while p-polarized waves generate
only longitudinal currents. The reflection coe�cients have the behavior rs(Q) ⇠
�T (Q) while rp(Q) ⇠ �L(Q)/✏RPA(Q).

F.1.1 Bases: magnetic field profile for s- and p- polarized

waves

We assume the conventions: Bin,Br,Bt correspond to incident (from NV on to

the surface), reflected (back to NV by the surface) and transmitted waves (through

the surface). Similar conventions hold for the electric fields Ein,Er,Et.

p-polarized waves

The p-polarized form of these waves is given by
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Bin = B
0

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

z

z,

Br = rp(qz, Q,!)B
0

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢+iq✏

z

z,

Bt = tp(qz, Q,!)B
0

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

0
z

z. (F.1)

In the above, q✏z =
p

!2✏/c2 �Q2 and q✏
0
z =

p
!2✏0/c2 �Q2. We will be primarily

be interested in the relaxation due to evanascent waves for which qz will be imaginary:

the reason for this is that the phase space of these waves is much greater and so they

always dominate the noise at the site of the NV. For these waves, we will follow the

convention that the imaginary part of qz is positive.

One can now calculate the electric field from the magnetic field using the equa-

tion E = r⇥Bc2

�i!✏(
0) where ✏ or ✏0 is used according to where the electric field is being

calculated. This yields

Ein =
1

✏

c2

�i!
B

0

⇣
iq✏zQ̂+ iQẑ

⌘
eiQ.⇢�iq✏

z

z,

Er =
rp
✏

c2

�i!
B

0

⇣
�iq✏zQ̂+ iQẑ

⌘
eiQ.⇢+iq✏

z

z,

Et =
tp
✏0

c2

�i!
B

0

⇣
iq✏

0

z Q̂+ iQẑ
⌘
eiQ.⇢�iq✏

0
z

z. (F.2)

Now we solve for the boundary conditions. The electric field’s parallel component

and magnetic field’s perpendicular component must be continuous across the surface;

The electric field perpendicular to the plane will depend on the charge accumulated

on the 2D system sample; the magnetic field’s parallel component will depend on the

current in the 2D system sample. These are summarized as
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Ek(z = 0+) = Ek(z = 0�),

Bz(z = 0+) = Bz(z = 0�),

cg
✏
0

= ✏Ez(z = 0+)� ✏0Ez(z = 0�),

µ
0

Jg = ẑ ⇥ (H
1

�H
2

) ,

H = B/µ
0

,

r · Jg = �@cg
@t

,

Jµ
g = �µ⌫

g E⌫(z = 0). (F.3)

where cg and Jg are the charge and current induced on the 2D system. In this

case, the current turns out to be entirely in the direction of the in-plane wave-vector

of the electric field, Q. Thus, the current is given by the longitudinal conductivity

�L(Q,!) of the 2D system. We get two conditions which determine rp and tp uniquely.

These are

1� rp
✏

=
t

✏0
q✏

0
z

q✏z
,

1 + rp � tp
tp

=

✓
�L(Q,!)q✏

0
z

✏0✏
0

!

◆
. (F.4)

Solving which gives
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rp(qz, Q,!) =
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g
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q✏
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,
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����
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1

1 + 2✏✏0!
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g

q✏
z

,

⇡ 1� 2✏✏
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!

�L
g q

✏
z

(! ! 0; q✏z ! 1). (F.5)

s-polarized waves

We now solve for the s-polarized case; that is, when the electric field is parallel to

the surface. We have

Ein = E
0

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

z

z,

Er = rs(qz, Q,!)E
0

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢+iq✏

z

z,

Et = ts(qz, Q,!)E
0

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

0
z

z. (F.6)

We can get the corresponding magnetic fields using Faraday’s Law; B = r ⇥

E/(i!).

Bin =
1

i!
E

0

⇣
iq✏zQ̂+ iQẑ

⌘
eiQ.⇢�iq✏

z

z,

Br = rs
1

i!
E
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⇣
�iq✏zQ̂+ iQẑ

⌘
eiQ.⇢+iq✏

z

z,

Bt = ts
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i!
E

0

⇣
iq✏

0

z Q̂+ iQẑ
⌘
eiQ.⇢�iq✏

0
z

z. (F.7)

In this case, Ez is continuous by default, and there is no charge build up on

the 2D system. This implies that all the current is in the transverse direction, so
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that Jg = �T
g E(z = 0). The continuity of the parallel component of the electric

field and perpendicular component of the magnetic field gives the same condition

1+rs = ts. The discontinuity of the parallel component of the magnetic field depends

on the current on the 2D sample (as mentioned in Eq. F.3), solving which we get the

conditions

1 + rs = ts,

1� rs � tsq✏
0
z /q

✏
z

1 + rs
=

µ
0

�T
g !

q✏z
. (F.8)

which yield

rs(qz, Q,!) =
1� q✏

0
z

q✏
z

� µ0�T

g

(Q,!)!

q✏
z

1 + q✏0
z

q✏
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+
µ0�T

g

(Q,!)!

q✏
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,
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����
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=
�1

1 + 2q✏
z

µ0!�T

g

,

⇡ �!�T
g µ0

2q✏z
(! ! 0; q✏z ! 1). (F.9)

F.1.2 Calculation of the magnetic response function

As discussed above, our aim is to solve for the problem of the electromagnetic

field set up by a local magnetic dipole in the presence of a surface. This will

allow us to calculate the magnetic response function via the relation �↵(rNV ) =

Btotal

↵ (rNV )/M↵(rNV ). Note that here we use the symbols �↵ ⌘ �↵↵ since the noise

tensor is diagonal if we work in the basis of directions ↵̂ that are perpendicular-

to-plane (ẑ) and parallel-to-plane (x̂,ŷ). We will discuss the cases of the magnetic
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dipole facing perpendicular and parallel to the 2D system separately. In addition,

the symmetry of the problem will make it simpler to first calculate the magnetic field

profile due to a sheet of magnetization. The resultant magnetic field profile can be

appropriately Fourier-transformed to get the magnetic field profile in the presence of

a point dipole.

dipole points perpendicular to the surface

We first start with the case that the magnetic dipole faces in the z-direction

(see Fig. 7.2), but instead of working with a point dipole, we choose M = m
0

ẑ�(z �

zNV )eiQ.⇢; that is, we work with a sheet of magnetization. Once we have the magnetic-

field profile due to such a sheet of magnetization, the magnetic-field profile in the

presence of a point dipole can be obtained by integrating the result over the measure

dQ
(2⇡)2

e�iQ.⇢
NV .

Such magnetization generates only s-polarized waves. The solution of the the

Maxwell equations are given by

�r⇥r⇥E +
✏!2

c2
E = µ

0

(�i!)r⇥M ,

E = E
0

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢+iq✏

z

|z�z
NV

|,

E
0

= iµ
0

!m
0

Q

2q✏z
,

q✏z =
p
✏!2/c2 �Q2. (F.10)

The magnetic field at the site of the NV center (due to the magnetization sheet

we just considered) can now be found quickly using the solution of the s-polarized
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case we just considered.

Bsheet of M

tot,z (⇢, z = zNV ) = E
0

Q

!
eiQ.⇢

�
1 + rse

2iq✏
z

z
NV

�
. (F.11)

Consequently, the total magnetic field in the z-direction due to a single magetic

dipole at the NV site pointing in the z-direction will be given by

Btot,z(r = rNV ) =

Z
dQ

(2⇡)2
e�iQ.⇢

NV Bsheet of M

tot,z . (F.12)

Thus, the response function (corresponding to the magnetic field, magnetic field

commutator) which is given by Btot,z(r = rNV )/m0

is simply

�z(!) =

Z 1

0

dQ

2⇡
Q3

iµ
0

2q✏z
[vacuum]

+

Z 1

0

dQ

2⇡
Q3

iµ
0

2q✏z
rs(qz, Q,!)e2iq

✏

z

z
NV ;

q✏z = i
p
Q2 � ✏!2/c2 for Q >

p
✏!/c,

q✏z =
p
✏!2/c2 �Q2 for Q <

p
✏!/c. (F.13)

from which the magnetic noise spectrum (in the z-direction) can be computed via

the fluctuation-dissipation relation: Nz(!) = ~ coth (�~!/2)Im [�z(!)] ⇡ 2k
B

T
~! Im [�z(!)].

Note that �z(!) comprises of vacuum fluctuations (independent of rs) which also

contribute to the noise. However, these contributions come only from undamped

waves Q < ✏!2/c2. These have a limited phase space, and typically have a much

smaller contribution to that total magnetic noise. The non-vacuum contributions are

shown in Eqs. (7.1)
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If we assume that the 2D system in sandwiched by the same dielectric material

(✏ ⇡ ✏0), then, the noise (neglecting vacuum noise associated with rs = 0)

Nz(!) ⇡ kBTµ2

0

16⇡z2NV

Z 1

0

dx xe�xRe


�T
g

✓
x

2zNV

,!

◆�
+O

h!zNV

c

i
. (F.14)

[This result is also shown in Eq. (7.2) of the main text.] Note that, in the above

result, we have neglected waves with a real wave-vector qz, which in the limit of

low-frequency, have negligible contribution of order O
h�

!z
NV

c

�
2

i
. Thus, the noise is

primarily due to evanescent electromagnetic fluctuations above the 2D system.

If we assume a constant q-independent conductivity of the 2D sample, which is

valid for a di↵usive system at lengths scales greater than the mean free-path, we find

the noise to be give by

Nz(!)

����
✏=✏0,

!z

NV

c

⌧1

⇡ kBTµ2

0

�T

16⇡z2NV

. (F.15)

dipole points parallel to the surface

We want to put a magnetic dipole moment at the NV site facing an in-plane

direction, say x. We again start with, instead, a sheet of magnetization in the plane

z = zNV with M = m
0

x̂�(z � zNV )eiQ.⇢. We can decompose M into parts that are

parallel to (ẑ ⇥ Q̂) and Q̂.

As we will see, the part proportional to (ẑ⇥ Q̂) yields only p-polarized waves, and

the part proportional to Q̂ yields only s-polarized waves. First we deal with the part

that is in the direction (ẑ ⇥ Q̂).

251



Appendix F: Appendices for Chapter 7

M / (ẑ ⇥ Q̂) :

We work with the free field H which does not have any implicit dependence on

M . The Maxwell equations and their solutions are

�r2H � ✏!2

c2
H =

✏!2

c2
M ,

H = H
0

⇣
ẑ ⇥ Q̂
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= im
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2q✏z
,

q✏z =
p

✏!2/c2 �Q2. (F.16)

Away from the magnetization strip, B = µ
0

H . We can easily find the reflected

fields because they are in a p-polarized form. Following the methods of the previous

section, we find, a contribution to the susceptibility, which we call �ẑ⇥ ˆQ
x and �ẑ⇥ ˆQ

y in

the x- and y-directions, respectively,

�ẑ⇥ ˆQ
x =

Z 1
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Q
✏!2

c2
iµ

0
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z
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�
,

�ẑ⇥ ˆQ
y = �ẑ⇥ ˆQ

x . (F.17)

M / Q̂ :

The waves generated are s-polarized in this case. The solution to the electric field
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in this case can be found as follows

�r⇥r⇥E +
✏!2

c2
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Here we find, after calculating the magnetic field (by comparing with the solution

we have for the s-polarized case),

�
ˆQ
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Z 1
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xx . (F.19)

In total, we find, for the in-plane susceptibility, and the noise spectrum:

�x =

Z 1

0

dQ
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iµ
0
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✓
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✓
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e2iq
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z

z
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= �y;

q✏z = i
p

Q2 � ✏!2/c2 for Q >
p
✏!/c,

q✏z =
p

✏!2/c2 �Q2 for Q <
p
✏!/c.

Nx(!) = coth (�~!/2)Im [�x(!)] ⇡ 2kBT

~! Im [�x(!)] . (F.20)

The non-vacuum part is shown in the main text in Eqs. (7.1). As before, the main

contribution to the noise is from evanescent waves (Im[q✏z] 6= 0) owing to their larger
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phase space; this approximation is correct to order O [(!zNV /c)2]. (Vacuum fluctua-

tions are of a lower order because evanescent vacuum fluctuations do not contribute

to the noise).

The contribution to the noise in the x-direction has a component (proportional

to rs) that is exactly Nz/2. We define Ñ? = Nx � Nz/2 to separately discuss the

features of this part of the noise.

Assuming that ✏ ⇡ ✏0, we find

Ñ?! = Nx(!)� Nz(!)

2
,

Ñ?(!) =
kBTµ2

0

32⇡z2NV

Z 1

0

dx xe�xRe

2

4
�L
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x

2z
NV
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⌘

3
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⇣!zNV

c

⌘
4

�
. (F.21)

where we used the result ✏RPA(q,!) = 1 + i q�L

!✏0(✏+✏0) (see Eq. F.36).

The above expression is somewhat misleading because for metals (and semi-metals

like graphene), screening plays an important role and ✏RPA is large imaginary for most

q = x/2zNV . Thus, a more appropriate expression is

Ñ?(!) ⇡ kBT

✏2!2

4⇡c2
Z 1

0

dx
e�x

x

1

Re[�L]
. (F.22)

Consequently,

Nx ⇡ kBTµ2
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The second term, to a very good approximation is always much smaller than 1.

Thus, we ignore this contribution.

F.1.3 Calculation of noise from Biot-Savart law

In this subsection, we outline the calculation of the magnetic noise as performed

using the Biot-Savart law.

The magnetic field B↵(rNV , t) due to a current J�(r, t) in the material can be

given by the Biot-Savart law (assuming speed of light c ! 1):

B↵(rNV , t) = �µ
0

4⇡

Z
d2r

J�(r, t)

|r � rNV |3
⇣
(r � rNV )⇥ �̂

⌘
.↵̂. (F.24)

We can calculate the noiseN↵(!) = ~ coth (�~!/2)F [h[B↵(rNV , t), B↵(rNV , t0)]+i] /2

from Eq. (F.24) and express the result in terms of the imaginary part of the current-

current response functions �J
��0(q,!). Using the decomposition of these correlations

into the transverse and longitudinal parts, that is, �J
��0(q,!) = �J

T (q,!)
⇣
���0 � q

�

q
�

0

q2

⌘
+

�J
L(q,!)

q
�

q
�

0

q2
, we can express the noise in the in-plane direction as

Nx(!) =
kBTµ2

0

32⇡z2NV !

Z
dx xe�xIm


�J
T (

x

2zNV

,!) + �J
L(

x

2zNV

,!)

�
. (F.25)

In order to arrive at the results of Eq. (F.14,F.21), we can substitute Im[�J
T ] =

!Re[�T ] and Im[�J
L] = !Re[�L/✏RPA]. The reason for the extra factor of ✏RPA in

the longitudinal case is because the conductivity is defined with respect to the total

electric field unlike the current-current correlations which measure response due to

an external electric field. Note that the main advantage of the method of using
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reflection-coe�cients is the adaptability to cases when the material environment is

more complicated. In this case, the reflection coe�cients have a more complicated

expression that cannot be captured by a straightforward application of the Biot-Savart

law. There are also certain finer points: the expression for noise Eq. (F.21) contains

✏RPA(q,!) only when Q � !/c, since we can then substitute qz ⇡ iQ.

F.1.4 Summary

The main results of this appendix are given in Eqs. (F.14) and (F.21). In principle,

these results can be used to measure the entire q�dependent transverse and longitu-

dinal conductivities of the system. To extract the transverse part, we can measure

the magnetic noise perpendicular to the 2D surface, as a function of the distance from

it. To extract the longitudinal part, we observe that we need to measure the noise

spectrum in a direction perpendicular to the surface, and subtract half the result

obtained from the measurements of noise perpendicular to the surface: this contribu-

tion, however, is rather tiny for most metals, and positioning of the NV-center and

we ignore it.

F.2 Conductivity in the di↵usive and ballistic regimes

We would like to discuss the general behavior of the transverse conductivity in

the ballistic (di↵usive) regime of transport: q � 1/lm (q ⌧ 1/lm), where lm is the

mean-free path of the system, and the conductivity is measured at the wave-vector

q. In order to arrive at these results, we will use the relaxation-time approximation,

which is a Boltzmann equation approach to computing transport properties under the
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assumption of a single relaxation-time that sets the relaxation of the density matrix

to the local equilibrium. Furthermore, we will choose to perform these calculations

in a way that simultaneously allows for usual Fermi gases and graphene.

F.2.1 Form of the conductivity in the relaxation-time ap-

proximation

Preliminaries

We will work with the assumption that there is a single relaxation rate � for the

relevant current-carrying electron/hole states (near the Fermi-surface). This is also

known as the relaxation time approximation. All interactions between the electrons

will be taken into account in the RPA-approximation, which will be important for

the calculation of the longitudinal conductivity. We will assume that the disorder

is smooth on the scale of the graphene lattice; consequently, we will neglect inter-

valley scattering. Under these approximations, we can write down the following

Hamiltonian:

H =
X

k,�

(✏k,� � µ)⇠†k,�⇠k,� +
1

V
X

q,k

⌅†
k+

⇣
eA(q).UJ

k+,k� � eVext(q)U
⇢
k+,k�

⌘
⌅k�

= H
0

+HA +HV . (F.26)

This Hamiltonian represents either a particular spin/valley sector in graphene,

with the spin indices referring to band indices, or a Fermi gas with the spin indices

referring to actual electronic spins, and ⇠k,� is the operator used to describe the

quasiparticles of the system, which have energy ✏k,�. In the former case, ✏k,� =
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�~vF |k|�µ; in the latter case, ✏k,� = ~2k2/2m�µ where µ is the chemical potential.

The system is subject to external fields Vext(q) andA(q) which couple to the operators

⌅k� q
2
⌘ ⌅k� =

⇥
⇠k�,"⇠k�,#

⇤T
, and the similarly defined ⌅k+ q

2
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⌘
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⌘
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1

CA . (F.27)

in the case of graphene. For usual Fermi gases, U⇢ = , and UJ = k/m . For

graphene, these matrices encode the chirality of the eigenstates. That is, in terms of

chiral eigenstates (⇠k,±), a simple scattering potential V (q)⇢q will acquire a compli-

cated matrix structure given in U⇢
k+,k�

which will lead to suppression of intra-band

scattering (by a factor cos
⇣

�k+��k�
2

⌘
) and a virtual inter-band scattering (propor-

tional to sin
⇣

�k+��k�
2

⌘
).

We will also choose to work in the Coulomb gauge, so that q.A(q) = 0 and

E(q,!) = i!A(q,!)� iqVext(q,!). Additionally, E
T = i!A and EL = �iqVext.

Boltzmann Equation and solution

We will assume that the electrons in graphene are non-interacting (and take in-

teraction e↵ects in the RPA approximation). Thus, we will be working with a single-
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particle density matrix ⇢ which will operate between the states |k, �i, where k is

the momentum of the single-particle state, and � is the value of the spin. The ele-

ments of the matrices U⇢, UJ
x and UJ

y introduced above will be referred to by Ua,��0

kk0 ;

a = ⇢, Jx, Jy. As before, k± = k ± q/2.

The Boltzmann equation governing the dynamics of this system is written as

i~@⇢
@t

= [H, ⇢] + i~
✓
@⇢

@t

◆

coll.

,

✓
@⇢
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◆

coll.

= ��(⇢� ⇢̃
0

),

⇢̃
0

=
1

e�(H0+H
A

�H
�µ) + 1

, (F.28)

where the second line reflects the relaxation-time approximation. We must choose

⇢̃
0

such that collisions do not change the local density; the last time reflects the choice

suggested by Mermin. Note that the e↵ect of the external scalar potential is included

in the chemical potential change

H�µ =
1

V
X

q,k

⌅†
k+

⇣
�µ(q)U⇢

k+,k�

⌘
⌅k� . (F.29)

This extra chemical potential �µ(q) has spatial dependence which results in the

more complicated matrix structure U⇢
k+,k�

; note that U⇢
k,k = I. We can expand ⇢̃

0

to

linear order in HA and H�µ to find

⇢̃��
0

0,kk0 = fk,����0�kk0 +
⇣
�µ(q)U⇢,��0

kk0 � eA(q).UJ ,��0
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⇤
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(F.30)
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From the density matrix, ⇢, we can calculate the current J(q,!) and density

n(q,!) as follows:

n(q) =
1

V
X

k,�,�0

U⇢�,�0

k+,k�
⇢�

0,�
k�,k+

,

J(q) =
1
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X
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k�,k+

. (F.31)

The condition of conservation of charge is expressed as
�
@n
@t

�
coll.

= 0. This implies
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. (F.32)

Without any loss of generality, we also make the following choices: q = qx̂;

A(q) = A(q)ŷ (in view of the fact that we are working in the transverse/Coulomb

gauge). We then find:

�n(q) =
1

V
X

k,�,�0

U⇢�,�0

k+,k�

⇣
⇢̃0�

0,�
k�,k+

⌘
= �µ(q)�

0

(q, 0),

�
0

(q,! + i�) =
1

V
X

k,�,�0

fk+,� � fk�,�0
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2V
X

k,�,�0
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1 + ��0 cos

�
✓k+ � ✓k�

��

! + i�� (✏k+,� � ✏k�,�0)
. (F.33)

where, in the second line we’ve expanded the matrices U⇢ for the case of graphene.

It is easy to see that �
0

(q,!+ i�) found in Eq.(F.33) is a generalization of the result

for the susceptibility found in the limit � ! 0 from the Kubo formula [122]. We note

that the contribution due to A(q) in the result in Eq.(F.33) vanishes because of the

integrand is found to be odd in the part of the momentum k which is perpendicular to
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q (and the choice of gauge). It is important to note that no approximations whatso-

ever were made so far within the simplification of the relaxation-time approximation

itself.

We can also calculate �n(q) directly from the perturbed density matrix ⇢��
0

kk0 . The

density matrix, and the perturbed density �n(q) are given by

⇢(1)�
0�

k�k+
=

1

V
X
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✓
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X
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k�,k+
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! + i�
�µ(q) (�

0

(q,! + i�)� �
0

(q, 0))

+ eVext(q)�0

(q,! + i�). (F.34)

Matching �n(q) in Eqs. (F.33,F.34), we find �µ(q) in terms of Vext(q), which then

leads to an expression for �n(q) in terms of the external potential Vext(q):

�n(q) = eVext(q)�0

(q, 0)
(! + i�)�

0

(q,! + i�)

!�
0

(q, 0) + i��
0

(q,! + i�)

= eVext(q)�e(q,!). (F.35)

The susceptibility directly yields the dielectric function via the relation: ✏�1(q,!) =

1 � Vc(q)�e(q,!); here Vc(q) = e2

(✏+✏0)✏0q
is the e↵ective Coulomb interaction felt by

the electrons in the graphene layer sandwiched between dielectrics of strength ✏ and

✏0. And finally, the longitudinal conductivity �L(q,!) can be calculated from the

susceptibility via the continuity relation: �L(q,!) = �e2 i!
q2
�e(q,!).
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In order to take into account interaction e↵ects in the RPA-approximation, we sim-

ply replace the susceptibility in the relation for the dielectric constant by �RPA(q,!) =

�
e

(q,!)
1+V

c

(q)�
e

(q,!) . This implies that ✏LRPA(q,!) = 1 + Vc(q)�e(q,!).

Note that the conductivity is una↵ected in the RPA approximation. The reason

is that the conductivity is defined as a linear-response to the total electric field Etot,

and not the external electric field. To understand this better, we first calculate

the longitudinal part of the total electric field: EL
tot = �iqeVext + iq�nRPA(q)Vc(q).

Here, �nRPA(q) = eVext(q)�RPA(q,!). The current is calculated using the continuity

condition iqJL(q) = i!�n(q). Using the definition �L(q,!) = JL(q,!)/EL
tot(q,!), we

find that �L(q,!) = �ie2!/q2�e(q,!). E↵ectively, factors of ✏RPA that suppress the

charge (and consequently, the current) and the external electric field get canceled out

and the conductivity is unchanged. The important thing is that the noise spectrum

can sense the Coloumb interactions: Eq. (F.21) shows that the noise is proportional

to the longitudinal conductivity that is suppressed by the dielectric constant.

In summary,

�L(q,!) = �e2
i!

q2
�e(q,!),

✏RPA(q,!) = 1 + Vc(q)�e(q,!) = 1 +
e2
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0

q
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= 1 + i
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(q, 0)
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(q, 0) + i��
0

(q,! + i�)
. (F.36)

Next, to calculate the transverse conductivity, we note that the external potential

Vext = 0 implying �n = �µ = 0. Without any loss of generality, we make the following
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choices: q = qx̂; A(q) = A(q)ŷ; the transverse conductivity is then calculated by

finding �T (q,!) = Jy(qx̂,!)/Ey(qx̂,!). The calculation yields

�T (q,!) = �i
e2

! + i�

✓
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����
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.

(F.37)

where in the second line, the correlations have again been expanded for the case of

graphene. These correlations ⇡T in Eq.(F.37) can be seen to generalizations of those

computed in the � ! 0+ limit via the Kubo-formula in previous works [246].

Eqs. (F.36,F.37) represent the complete (q,!)-dependent longitudinal and trans-

verse conductivities of graphene in the relaxation-time approximation.

F.2.2 Numerical calculation of the conductivity and noise

We have numerically evaluated the conductivity of graphene using the results of

Eqs. (F.37) under various settings of the doping and temperature and mean-free path

lm ⇠ 1µm. The results are shown and discussed in Fig. F.2. The dashed lines in

Fig. F.2 (a) correspond to fits of the form �T (q,! ⇡ 0, µ = 0) = a
1

tanh (a
2

qvF/�)

where a
1

corresponds to the limit of the conductivity in the q ! 0 limit, and a
2

is

a number of order 1. It is clearly evident, that the transverse conductivity begins to

drop as ⇠ 1/qlm for q � 1/lm. The corresponding change in the scaling of the noise

as a function of the distance from the graphene surface can be seen in Fig. F.3.
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Figure F.2: Transverse conductivity of graphene, as calculated in the relaxation-time
approximation, is plotted as a function of wave-vector for (a) various temperatures
with chemical potential fixed at zero and, (b) for di↵erent chemical potentials and
fixed temperature. �T (q) is constant for qvF ⌧ � and decreases inversely in q for
qvF � �, where � is the relaxation rate. For qvF � max[µ, T ], the conductivity
sharply drops to intrinsic values (at T ⇡ µ ⌧ ⌫). Fits (dashed lines) are of the
tanh-form, as described in the main text. Plot (c) shows the uniform-field DC con-
ductivity (both transverse, and longitudinal) as a function of chemical potential (or
temperature, as in the inset). The fit is � = e2

h
2µ
�

, as expected from a application
of the Boltzmann result for conductivity in the single-time approximation [57]. The
conductivity is seen to increase only when max[µ, T ] � �.

264



Appendix F: Appendices for Chapter 7

✓
k
B

µ2
0e
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16�h

◆

Figure F.3: Normalized noise from graphene (a) z2
0

Nz/T . The plots correspond to a
system with mean-free path lm = 1µm. Nz depends only on transverse conductivity
(in proportion); it has the functional behavior 1/z2

0

for z
0

� lm and 1/z
0

for z
0

⌧ lm
(as seen by the dashed line). The sudden drops seen in (a) correspond to the sudden
drops in conductivity when qvF > max[µ, T ]. Note that Nx = Ny ⇡ Nz/2.

F.3 Translational-symmetry breaking case

In this section, we examine the situation when a single impurity, such as a Kondo

resonance can significantly enhance the magnetic noise when the NV center is brought

close to it. These single impurities can have interesting physics by themselves (tem-

perature dependent level-shift and line width, scattering properties) etc. that may

be probed by our NV center as a novel spectroscopic probe.

To deal with such a situation, we must modify our existing formalism to allow for

conductivity and dielectric response functions that are, in principle, two momentum

objects. Our solution is to deal with these translationally variant response functions

perturbatively–in the reflection/transmission problem discussed above, the magnetic

dipole generates an electromagnetic field, say E
0

(Q, qz) which will now impinge on

the 2D material, and generate weaker source currents with a di↵erent in-plane wave-
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vector J s(Q0) =
P

↵� ↵̂�↵�(Q
0,Q)E

0,�(Q). These source currents will then generate

additional outgoing electromagnetic wavesE
1

(Q0, q0z) whose amplitude must be deter-

mined consistently to first order in perturbation theory (in particular, in the presence

of the additional induced current J
1

(Q0) = �
0

(Q0)E
1

(Q0)). These reflected fields

will modify the noise at the NV center. In order to perform these calculations, we

must first solve the problem of outgoing electromagnetic radiation due to a source

current Js(Q) which may be transverse or longitudinal. The two cases will be seen to

decouple from one other with the transverse (longitudinal) source current producing

only s�(p�)polarized radiation. We consider them next.

F.3.1 Transverse source current / s-wave polarized outgoing

waves

The ‘outgoing’ solutions comprise only of ‘reflected’ and trasmitted waves (using

earlier nomenclature). For s-polarized waves,

Er = r(o)s

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

z

z,

Et = t(o)s

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

0
z

z,

Br =
r(o)s

i!

⇣
�iq✏zQ̂+ iQẑ

⌘
eiQ.⇢+iq✏

z

z,

Bt =
t(o)s

i!

⇣
iq✏

0

z Q̂+ iQẑ
⌘
eoQ.⇢�iq✏

0
z

z. (F.38)

where the o superscript is used to indicate that these are all outgoing waves.

There is also a source current which we can quickly surmise must be transverse. The

electric field Er(z = 0) [or, by continuity, Et(z = 0)] generates an induced current
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within the 2D material which is transverse: J
1

(Q) = �T
0

(Q)E(z = 0) /
⇣
ẑ ⇥ Q̂

⌘
.

Moreover, since the perpendicular electric field is continuous across the surface (by

construction), no charge is induced which, owing to the transverse nature of the

induced current, implies that the source current must also be transverse. Thus, we

assume J s(Q) = JT
s

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢.

Applying the usual boundary conditions, one can find

r(o)s (Q) =
�JT

s

�T
0

(Q) + q✏+q✏0

µ0!

⇡ � µ
0

!

q✏ + q✏0
JT
s . (F.39)

F.3.2 Longitudinal source current / p-wave polarized outgo-

ing waves

Here we will consider a longitudinal source current. (A transverse current will

generate s-polarized radiation as described above.) The solutions will be of a p-

polarized form,

Br = r(o)p

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

z

z,

Bt = t(o)p

⇣
ẑ ⇥ Q̂

⌘
eiQ.⇢�iq✏

0
z

z,

Er =
r(o)p

✏

c2

�i!

⇣
�iq✏zQ̂+ iQẑ

⌘
eiQ.⇢+iq✏

z

z,

Et =
t(o)p

✏0
c2

�i!

⇣
iq✏

0

z Q̂+ iQẑ
⌘
eoQ.⇢�iq✏

0
z

z. (F.40)

As before, the electric fields generate an induced current J
1

= �L
0

(Q) rp
✏

c2

�i!
(�iq✏z)Q̂eiQ.⇢.

The currents generate a surface charge density cg = Q.(J
1

+ J s)/! by the continu-
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ity relation. If we assume J s = JL
s Q̂eiQ.⇢, solving the electromagnetic boundary

conditions yields the result

r(o)p (Q) =
�µ

0

JL
s

1 + ✏0

✏
q✏
z

q✏0
z

+ �L

0 (Q)

✏✏0

q✏
z

!

. (F.41)

F.3.3 Two-momenta Conductivity

The two-momenta conductivity �↵�(Q
1

,Q
2

) is better represented in the basis

where the left (right) sub-index corresponds to a direction either perpendicular (t) or

parallel (l) to Q
1

(Q
2

):

�T/L,T/L (Q
1

,Q
2

) =
X

↵�

8
><

>:

ẑ ⇥ Q̂
1

Q̂
1

9
>=

>;
↵

�↵�(Q
1

,Q
2

)

8
><

>:

ẑ ⇥ Q̂
2

Q̂
2

9
>=

>;
�

. (F.42)

where T and L indices correspond to choosing the upper and lower, respectively,

elements of the vectors on the right-hand side of the equation. From this definition,

it

JT/L(Q
1

) =
X

↵

8
><

>:

ẑ ⇥ Q̂
1

Q̂
1

9
>=

>;
↵

J↵,

JT/L(Q
1

) = �T/L,T/L(Q
1

,Q
2

)ET/L(Q
2

),

�T/L,T/L(Q
1

,Q
2

) =
Im[⇧T/L,T/L(Q

1

,�Q
2

,!)]

!
. (F.43)

where ⇧↵�(Q
1

,�Q
2

) is the retarded response function defined as a commutator

of the currents J↵(Q
1

,!) and J�(�Q
2

,�!). The correlator ⇧T/L,T/L corresponds to
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taking the transverse and longitudinal parts of these currents, and is defined with an

additional negative sign which follows from our definition of �T/L,T/L.

Transverse and longitudinal currents are fundamentally di↵erent–transverse cur-

rents are not mitigated due to strong Coulomb forces which greatly modify the di-

electric constant and suppress longitudinal fluctuations. The conductivity is written

in this basis to make this distinction obvious. As we will see in the results below,

longitudinal conductivity corrections are always accompanied by suppression due to

a large dielectric constant. Thus, for the purposes of calculating noise corrections,

the fully transverse part of the conductivity �T,T will be most relevant.

F.3.4 Corrections to magnetic noise in the z-direction

The electromagnetic field generated by a sheet of magnetic momentM = m
0

ẑ�(z�

zNV )eiQ0.⇢ pointing in the z-direction is s-polarized. Neglecting two-momenta cor-

rections to the conductivity, the form of the electric and magnetic fields for z  zNV

is

E = E
0

eiq
✏

z,0zNV (ẑ ⇥ Q̂
0

)eiQ0.⇢
�
e�iq✏

z,0z + rs(Q0

)eiq
✏

z,0z
�
,

B = E
0

eiq
✏

z,0zNV

q✏z,0Q̂0

!
eiQ0.⇢

�
e�iq✏

z,0z � rs(Q0

)eiq
✏

z,0z
�
,

E
0

= iµ
0

!m
0

Q
0

2q✏z,0
. (F.44)

where q✏z,0 =
p

✏!2/c2 �Q2

0

. Now we consider the corrections to the electro-

magnetic field due to the corrections to the conductivity. First, the electric field at

the surface (which is transverse, and at wave-vector Q
0

) will generate two ‘source’
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transverse and longitudinal currents at wave-vector Q
1

with amplitude

JT/L
s (Q

1

,Q
0

) = �T/L,T (Q
1

,Q
0

)E
0

eiq
✏

z

z
NV (1 + rs(Q0

)) . (F.45)

Noting [from Eqs. (F.40)] that longitudinal currents do not generate magnetic

fields in the z-direction (and hence, do not a↵ect magnetic noise in the z-direction),

we ignore such fluctuations. The transverse source-current amplitude directly yields

the corrections to the magnetic field using Eqs. (F.38); the magnetic field corrections

in the case of the magnetization sheet are given by

Bsheet
z (⇢, zNV ) = �

Z
d2Q

1

(2⇡)2
eiQ1.⇢

Q
1

!
E

0

(Q
0

) (1 + rs(Q0

)) ei(q
✏

z,1+iq✏
z,0)zNV

�T,T (Q
1

,Q
0

)

�T
0

(Q
1

) +
q✏
z,1+q✏

z,0

µ0!

,

(F.46)

where q✏z,1 =
p

✏!2/c2 �Q2

1

and we have neglected the contribution from traveling

waves with momentum Q
1

, Q
0

<
p
✏!/c, so both q✏z,1, q

✏
z,0 are imaginary (with positive

imaginary parts). The magnetic field in the case of a single magnetic moment can

now be found by integration: Bz(⇢NV , zNV ) =
R d2Q0

(2⇡)2
Bsheet

z ((⇢NV , zNV )e�iQ0.⇢NV ).

Finally, the response function �zz(!) = Bz(⇢NV , zNV )/m0

from which we can calcu-

late the noise using the fluctuation-dissipation relation.

The result above can be simplified greatly by realizing that �T
0

(Q
1

) ⌧ i(q
1

+

q
2

)/(µ
0

!) for momenta (⇠ 1µm�1) and frequencies (⇠ 1 GHz) of interest. This yields

Nz(rNV ) =
µ2

0

kBT

2

Z 1

0

q
1

dq
1

d✓
1

(2⇡)2

Z 1

0

q
2

dq
2

d✓
2

(2⇡)2

⇥ ei⇢NV

(q1 cos ✓1�q2 cos ✓2)�(q1+q2)z
NV Re [�T,T (q

1

, q
2

)] . (F.47)
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Let us note that this result (which holds under previously justified approxima-

tions) is a straightforward generalization of the result in Eq. (F.14). In particu-

lar, setting Re [�T,T (q
1

, q
2

)] = Re [�T,T (q
1

)] �(q
1

� q
2

) immediately reproduces the

translationally-invariant result. Thus, one may think of the Eq. (F.47) as the more

general result for perpendicular-to-plane noise due to a material with translationally

non-invariant conductivity.

F.3.5 Corrections to in-plane magnetic noise

As before, we consider this case by first finding the form of the electromagnetic

fields in the presence of a sheet of magnetization which fluctuates at a frequency !

and fixed in-plane wave-vector Q
0

. In line with our previous calculations, it helps

to consider the two cases where the magnetization direction is either Q̂
0

or ẑ ⇥ Q̂
0

.

When M k ẑ ⇥ Q̂
0

, we know that the amplitude of the magnetic field is suppressed

by a factor !2/c2q2 which largely suppresses the contribution to the noise from such

radiation. Therefore, we do not consider it further here.

We now analyze the caseM = m
0

Q̂
0

�(z�zNV )eiQ0.⇢. The in-plane components of

the electromagnetic fields for z < zNV , before accounting for two-momenta corrections

to the conductivity are:

E = E
0

eiq
✏

z,0zNV (ẑ ⇥ Q̂
0

)eiQ0.⇢
�
e�iq✏

z,0z + rs(Q0

)eiq
✏

z,0z
�
,

B = E
0

eiq
✏

z,0zNV

q✏z,0Q̂0
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e�iq✏

z,0z + rs(Q0

)eiq
✏

z,0z
�
,

E
0

=
�iµ

0

!m
0

2
. (F.48)
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This produces both transverse and longitudinal currents in the 2d system;

JT/L
s (Q

1

,Q
0

) = �T/L,T (Q
1

,Q
0

)E
0

eiq
✏

z

z
NV (1 + rs(Q0

)) .

(F.49)

The transverse and longitudinal source-current amplitudes directly yield the cor-

rections to the in-plane magnetic field using Eqs. (F.38) and (F.40) given by

Bsheet
(T )

(⇢, zNV ) =

Z
d2Q

1

(2⇡)2
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q✏z,1

q✏
0

z,1
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0 (Q1)

✏✏0

q✏
z,1

!

. (F.50)

Note that the out-of-plane magnetic field from JT/L
s (Q

1

,Q
0

) comes with an extra

iota; this implies that the noise correlations Nxz and Nyz are negligible as they are

proportional to the imaginary part of the conductivity which comes with an additional

factor of !/�. Also note that, for a clean conducting sample, the conductivity is

typically large enough that the contribution from the longitudinal current Bsheet
(L) can

be neglected. Thus, the total magnetic field correction Bsheet ⇠ Bsheet
(T )

. If we again

make the approximation of neglecting �T
0

(Q
1

) in the denominator, we arrive at the

result for the in-plane magnetic noise Nn̂1n̂2 provided in the main text in Eq. (7.4).

Note that we have assumed that the single impurity that generates two-momenta

corrections to the conductivity resides at the origin. This ensures that the conduc-

tivity �(q
1

, q
2

) does not pick up phase factors ei(q1�q2).rf where rf is the impurity
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position. This allows the conductivity to be symmetric in the two momenta, and sim-

plifies the final form of the result. We have also assumed, without loss of generality,

that ⇢NV k x̂.

F.4 Two-momenta conductivity in the presence of

a Kondo impurity

We would like to evaluate the corrections to the current-current correlator given

by

⇧↵�(q
1

,�q
2

; ⌧ � ⌧ 0) = �hT⌧ [J↵(q
1

, ⌧)J�(�q
2

, ⌧ 0)]i ,

J↵(q
1

, ⌧) =
1

V
X

q1

⇣
q +

q
1

2

⌘

↵
c†q(⌧ + 0+)cq+q1

(⌧). (F.51)

In particular, the corrections to the current-current correlator comes from the

273



Appendix F: Appendices for Chapter 7

diagrams in Fig. 7.3. These diagrams can be expanded as
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where G
0

and G
1

are the bare electron Green’s function and the correction to it

due to the scattering o↵ of an impurity, respectively, and as described in Eq. 7.5.

Note that ⇧(3) evaluates to zero for the transverse current-current correlations we

are interested in. An argument for this will be provided below.

Before we proceed with the calculation, we make a small note on the presence of

exponential factors inside Re[...] and Im[...] operations that may concern the attentive

reader. We note that the noise is always proportional to the imaginary part of the

response functions given in real-space. That is, to evaluate the noise, we will require

Im
h

1

V2

P
q1 q2

⇧(1/2)(q
1

,�q
2

,! + i0+)eiq1.r1�iq2.r2

i
. It is typically possible to bring

the exponential factors outside of the operation Im[...] because of the symmetry q
1

$

q
2

. However, if the position of the impurity rf 6= 0, then the Green’s function

G
1

(q
1

, q
2

) will contain an explicit factor of ei(q1�q2).rf that will destroy this symmetry.

To deal with this, we can define ⇧(1/2)⇤
↵� (q

1

,�q
2

, ikn) = eiq1.rf

�iq2.rf⇧(1/2)
↵� (q

1

,�q
2

, ikn)
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Figure F.4: The countour C(1)(z) for evaluating the Matsubara sum in ⇧(1)

which does have the aforementioned symmetry. In this case,

1

V2

X

q1 q2

Im
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↵� (q
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,�q
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,! + i0+)eiq1.r1�iq2.r2

�
=

1

V2

X

q1 q2

eiq1.(r1�r
f
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�
. (F.53)

One can think of ⇧(1/2)⇤
↵� (q

1

,�q
2

, ikn) as simply the result for current-current fluc-

tuations when rf = 0 is set. Note that these extra exponential factors are precisely

the same as those in Eq.7.4 (due to rNV �rf ) but there we set rf = 0 for convenience.

We work with this same choice in what follows.

To perform the analytical continuation ikn ! ! + i0+, we need to perform the

Matsubara sum first. We perform this sum over the contour in Fig. F.4. For the bare

275



Appendix F: Appendices for Chapter 7

bubble (without the impurity line), integration quite straightforwardly yields
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where we checked that current-current noise due to just the metal comes out to be

what we expect. Next, we perform the calculation for the impurity-related diagrams

in Fig. 7.3. This yields
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Note that, in the limit of interest, ! ! 0 (that is, ! = !NV is the smallest scale

in our problem), ⇧(1)⇤ and ⇧(2)⇤ are identical. Another simplification is that we only

require the transverse parts ⇧(1/2)⇤
T,T (q

1

,�q
2

,!). Thus, the vertex terms (q+q
1

/2)↵ =

q↵, (q + q
2

/2)� = q�. We can also safely replace nF (!0) � nF (! + !0) ⇡ �n0
F (!

0)!.

Finally, as long as q
1

, q
2

⌧ kF , we can replace the integral 2

V
P

q ⇡ R1
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R
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d✓
2⇡
,

and set ✏q+q1
⇡ ⇠ + vF q1 cos ✓1, ✏q+q2

⇡ ⇠ + vF q2 cos ✓2, and q↵q� ⇡ k2

F sin(✓
1

�
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✓) sin(✓
2

� ✓). Here ✓, ✓
1

, and ✓
2

are the azimuthal angles of wave-vectors q, q
1

and

q
2

respectively. Finally, with these assumptions, and setting ! ! 0 in the Green’s

functions, we find
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For the purposes of completeness, we also mention the result for the longitudinal

current fluctuations (which are calculated analogously):
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Let us quickly note why ⇧(3) / G
1

(q, q0)G
1

(q + q
1

, q0 + q
2

), the diagram corre-

sponding to scattering of both the particle and the hole, vanishes. The introduction

of an additional momentum q0 due to another scattering event makes the whole term

factorizable in terms of parts G
0

(q)G
0

(q + q
1

) and G
0

(q)G
0

(q + q
2

). For the trans-

verse current-current correlations, integration over the angle ✓ of q now proceeds as

R
d✓ sin(✓ � ✓

1

)/(!0 � vFk1 cos(✓ � ✓
1

) + i�) which vanishes identically. Thus, this

diagram does not contribute to the transverse current-current correlations. We also

note that this diagram does contribute to longitudinal correlations (the sin(✓ � ✓
1

)

above is replaced by cos(✓ � ✓
1

) and the integral is finite) but we do not evaluate it

since the noise does not depend on longitudinal correlations.

F.4.1 Noise from a Kondo impurity in the far-field

Note that the limit forms of the function F
1

[x, x0, ✓] are
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The noise spectrum can now, in principle, be calculated using the results in

Eq. (7.4) and using the two-momenta conductivity in Eq. (F.56). In general, the inte-

grals must be evaluated numerically, but they are analytically tractable in the far-field

regime (the impurity distance is much greater than the mean-free path of the electrons

in the sample: zNV � vF/�). Here we present these analytical results for this case.

For momenta q ⇠ 1/zNV ⌧ �/vF , the two momenta conductivity reduces to (by tak-

ing the limit x
1
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where ✓ now is the angle between q
1

and q
2

. If we assume that the x-axis corresponds

to the line joining the impurity (at rf = 0) to the NV center (projected on to the

plane), then the Nxy = 0 in this limit. The diagonal components of the noise tensor
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Figure F.5: The scaled noise Nz(⇢NV )z2NV /(µ
2

0

kBT�0

F
2

[T ]/�) is plotted as function
of ⇢NV (in units of zNV ) for zNV = 2lm, lm, 0.5lm, 0.2lm, and 0.1lm. The z2NV scaling
gets better for the smaller values of zNV . The point of maximum suppression is not
seen to change much from the far-field result of zNV /

p
2.

F.4.2 Noise from a Kondo impurity in the near-field

The noise in the near-field limit cannot be computed analytically. However, noting

that F
[

x
1

� 1, x
2

� 1] ⇠ 1/x
1

x
2

, we know that the noise scales as Nz(zNV ⌧

lm, ⇢NV ⇠ zNV ) ⇠ 1/z2NV . In Fig. (F.5) we plot the noise as a function of ⇢NV for

some values of zNV . The scaling is seen to get better for smaller zNV .
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random systems and their relation to extreme value statistics. Phys. Rev. B,
73:224206, Jun 2006.

[133] R. Juhsz, I. A. Kovcs, and F. Igli. Random transverse-field ising chain with
long-range interactions. EPL (Europhysics Letters), 107(4):47008, 2014.

[134] M-H Julien, T Fehér, M Horvatić, C Berthier, ON Bakharev, P Ségransan,
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