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GROWTH AND FLUCTUATIONS:A CAUSAL
INTERPRETATION
By DALE W. JORGENSON
I. Introduction, 416. - II. The dynamic input-output system, 420. III. Stability of the dynamic input-output system: investment policy, 423. IV. Stability of the dynamic input-output system: output policy, 430. - V.
Summary and conclusion, 434.
I. INTRODUCTION

A steady growth path of outputs for the dynamic input-output
system' with a constant rate of growthin each sector of the economy
is an equilibriumof the system in a highly restrictedsense. There
is a set of positive output proportionsand an associated constant
rate of growth which satisfy the equations definingequilibriumfor
the system.2 It is not as yet clear whether this equilibriumwill
persist once establishedor whether the equilibriumso establishedis
stable. Stabilityas usualhas two senses:first,globalstabilityrequires
that for arbitraryinitial output levels, the uniqueequilibriumoutput
proportionswill be attained after some sufficientlylong period of
time; secondly,local stability impliesthat for small shocks,whatever
their origin,the system will returnto its equilibriumpath. In previous workon the dynamicinput-outputsystem it has been shownthat
the system describingoutput time-paths has a dual interpretation
determininga time-pathof relativepricesforall goodsin the economy.3
Considerationof the stability of the output system and its dual reveals
a dual instability theorem:If the output system is stable, the dual or
price system must be unstable, both locally and globally. The converse is also true.4 If the output system is unstable,the pricesystem
1. See especially: W. W. Leontief, "Dynamic Analysis," in Studies in the
Structureof the AmericanEconomy,ed. W. W. Leontief (New York: Oxford University Press, 1953), pp. 53-92. Further discussion of the system and a nearly
complete bibliography may be found in: R. M. Solow, "Competitive Valuation
in a Dynamic Input-output System," Econometrica,Vol. 27 (Jan. 1959), pp.
30-53.
2. For proof of these facts, see: R. Dorfman, P. A. Samuelson, and R. M.
Solow, Linear Programmingand EconomicAnalysis (New York: McGraw-Hill,
1958), p. 297, fn. 1.
3. Solow, op. cit.; also: M. Morishima, "Prices, Interest, and Profits in a
Dynamic Leontief System," Econometrica,Vol. 26 (July 1958), pp. 358-80;
further referencesare given in Solow's paper.
4. Proof is given by: D. Jorgenson, "On a Dual Stability Theorem," Econometrica,forthcoming.
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may also be unstable; this state of affairsappears to prevail in all
empirical dynamic input-output systems so far derived.' These
results suggest that as it stands the dynamic input-output system
is an incompletemodel of the economicsystem.
Two proposalshave been made for completingthe system: The
first is to make the accumulationof stocks irreversible;stocks may
be accumulatedat any rate whatever;but they can be decumulated
only at a rate equal to the wearingout of capital equipment.' No
way has been found to implementthis notion econometrically;the
well-knownswitching problem offers serious obstacles to empirical
work based on irreversibility.7 A second proposal is to interpret
the system as a model of optimal capital accumulation.8 This interpretationis of interest for applicationsof the dynamic input-output
system to the planning of economic development. There is no
evidence at present that a model of capital accumulationinvolving
explicit maximizationwould be useful in explaining the operation
of any actual economicsystem.
In this paper we present a third proposalfor completing the
dynamicinput-outputsystem. This proposalis to imbedthe system
in a disequilibriumtheory, that is, a theory whichpurportsto explain
the behavior of an economicsystem which is not in long-runequilibriumgrowth. The sourceof this theory is in a seriesof hypotheses
about short-runreactions of entrepreneursto disequilibriumsituations, drawnmainly from the older literatureon processesof cumulative expansion and contraction during business cycles.9 It is
5. Several examples, which are to be taken as illustrative, are given in:
K. Iversen, Machine Solutions of Linear Differential Equations, unpublished
Ph.D. thesis, Harvard University, 1954.
6. This proposal has been made by Leontief, op. cit.
7. The switchingproblemis discussedby Leontief, op. cit., by M. McManus,
"Self-contradictionin Leontief's Dynamic Model," YorkshireBulletin of Economic and Social Research,Vol. 6 (May 1957), pp. 1-21, and by H. Uzawa,
"Note on Leontief's Dynamic Input-output System," Proceedingsof the Japan
Academy,Vol. 32 (Feb. 1956), pp. 79-82.
8. This proposal has been discussed from the point of view of linear programmingby H. Uzawa, "On the Efficiency of Leontief's Dynamic Input-output
System," Proceedingsof the Japan Academy, Vol. 32 (Mar. 1956), pp. 157-60,
by H. Wagner, "A Linear Programming Solution to Dynamic Leontief Type
Models," ManagementScience, Vol. 3 (April 1957), pp. 234-54, by Dorfman,
Samuelson, and Solow, op. cit., Chap. 11, pp. 281-300; and more recently by
M. Morishima,op. cit., and R. Solow, op. cit. Another approach,from the point
of view of dynamic programmingin the sense of Bellman, is discussed in detail
by R. Bellman, Dynamic Programming(Princeton: Princeton University Press,
1957), see especially Chap. VI, "Bottleneck Problems in Multi-Stage Production
Processes," and the referenceslisted there.
9. The main source of information on the older theories of the business
cycle is, of course: G. Haberler, Prosperityand Depression (2d rev. ed.; Cambridge: Harvard University Press, 1958; 1st ed., 1936).
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postulated that entrepreneursand other decision-makersreact to
disequilibriumby altering output and investment policies. In
another paper,' disequilibriumreactions to excessive supply and
demand,drawnfromthe classicaladjustmentmechanismsof Marshall,
Walras, and Wicksell, are described and their consequencesfor
stability of the system assessed. Reactions to excessiveor deficient
inventoriesor to excess or overstrainedcapacity of fixed equipment
are excluded from consideration. The classical adjustment mechanismsfor output levels arise out of considerationof a stationarystate
situationin whichadjustmentsof stock levels are disregarded. In an
economicsystem in which capital expansionis requiredfor expansion
of output, disequilibriumin the level of stocks held is of significance
at least equal to that of excess demandor supply.
In what followswe shall discuss disequilibriumreactionmechanisms for excessiveor deficientstocks. The fundamentalmechanism
is based on the notion of some kind of long-runnormal quantity of
stock of each kind

-

plant, equipment, and inventory

-

which

entrepreneursdesireto hold. This notionunderliesMetzler'sanalysis
of the inventory cycle2 and Goodwin's flexible accelerator.3 The
originof the underlyingidea can be tracedback to theoriesof investment espousedby Kaldorand Kalecki,4and by many earlierwriters
on the accelerationprinciple.' When entrepreneurspossess an equilibrium stock level, investment is set so as to expand capacity in
accord with expected increases in output levels. However, when
stock levels are out of equilibrium,entrepreneursalter their invest1. D. Jorgenson, "On the Stability of the Dynamic Input-output System,"
Reviewof EconomicStudies, forthcoming.
2. The main references to the work of L. Metzler are: The Nature and
Stability of Inventory Cycles," Reviewof Economicsand Statistics, XXIII (Aug.
1941), 113-29; "Business Cycles and the Modern Theory of Employment,"
American EconomicReview, XXXVI (June 1946), 278-91; "Factors Governing
the Length of Inventory Cycles," Review of Economics and Statistics, XXIX
(Fcb. 1947), 1-15; "Three Lags in the Circular Flow of Income," in Income
Employmentand Public Policy, Essays in Honor of Alvin H. Hansen (Now York:
Norton, 1948), pp. 11-32.
3. R. M. Goodwin, "Secular and Cyclical Aspects of the Multiplier and
Accelerator," in Income, Employmentand Public Policy, Essays in Honor of
Alvin H. Hansen (New York: Norton, 1948), pp. 108-32.
4. N. Kaldor, "A Model of the Trade Cycle," EconomicJournal, L (Mar.
1940), 78-92. M. Kalecki, "A Theory of the Business Cycle," Review of Economic Studies, IV (Feb. 1937), 77-97.
5. A complete set of referencesis given by Haberler, op. cit., p. 87. This
theory has recently been revived by Smithies and Duesenberry: A. Smithies,
"Economic Fluctuations and Growth," Econometrica,Vol. 25 (Jan. 1957), pp.
1-52. J. S. Duesenberry, Business Cycles and Economic Growth(New York:
McGraw-Hill,1958).
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ment plans so as to bring stocks back to normal. The rate at which
deficienciesand excesses are reducedis determinedby a wide array
of economic and technical factors. Although it would be of some
interest to examine the effects of such factors individually,it is not
possibleto go into detail here. The disequilibriumadjustmentswill
be assumed to be of the simplest possible form: The adjustment is
proportionalto the deficiency or excess. This type of adjustment
mechanismis familiarfrom the theory of stability of the stationary
state. Alternative mechanisms of interest would include upper
limits to the decumulationof excess stock - the irreversibilityof
capital accumulationdiscussed by many business cycle theorists;7
upper limits to accumulationin accord with the capacity of investment goods industries;8and asymmetrybetween upwardand downwardmovementsin adjustmentsof capitalstock.9 The disequilibrium
theory to be discussed, when combinedwith the original dynamic
input-outputsystem comprisesa completetheory of output determination. The completesystem is causal in the sense of Orcutt,Wold,
and Simon.' Disequilibriumfeeds on itself as in the cumulative
process of Wicksell,2providingan interpretationof short-run fluctuations in economic activity as the consequenceof disequilibrium.
The long-runequilibriumgrowth path, on the other hand, is determined purely technologically,by input-output and stock-flow relationships which change only slowly over time. The complete system provides a causal interpretationof economicgrowth and fluctuations.
6. The mechanism consideredin the literature is: Price changes are proportional to excess demand. For referencesto work on stability through 1947, see:
P. A. Samuelson, Foundationsof EconomicAnalysis (Cambridge:Harvard University Press, 1947), Part II; for recent referencessee: K. Arrow, H. Block, and
L. Hurwicz, "On the Stability of Competitive Equilibrium, II," Econometrica,
Vol. 27 (Jan. 1959), pp. 82-109.
7. Especially, J. R. Hicks, A Contributionto the Theoryof the Trade Cycle
(London: Oxford University Press, 1950); also: Leontief, op. cit.
8. Hicks, op. cit.
9. L. Koyck, DistributedLags and the Theory of Investment (Amsterdam:
North-Holland Press, 1954).
1. G. Orcutt, "Actions, Consequences, and Causal Relations," Review of
Economics and Statistics, XXXIV (Nov. 1952), 305-13; H. Wold (with the
assistance of L. Jureen), DemandAnalysis (New York: Wiley, 1953); H. Simon,
"Causal Orderingand Identifiability," in Studies in EconometricMethod,ed. W.
Hood and T. Koopmans (New York: Wiley, 1953), pp. 49-74.
2. K. Wicksell, Interest and Prices (London: Macmillan, 1936; 1st ed. (in
German), 1898); Lectureson Political Economy, II, Money (London: Routledge,
1935; 1st ed. (in Swedish), 1906).
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II. THE DYNAMIC INPUT-OUTPUT SYSTEM
The dynamic input-outputsystem in its closed form is a multigrowthmodel.3
sector generalizationof the Lundberg-Harrod-Domar
The system may be written as a system of simultaneous,first-order,
linear,differentialequations:
x=Ax

+By,

(1)

where x is a vector of activity levels; xi, the ith component of x,
representsthe rate of output of the ith industry or sector. A is a
matrix of input-output coefficients;aij, the element of the ith row
andjth columnof A, is the amount of the ith output requiredby the
jth sector for one unit of its own output. In the one sector version
of the system, A is a constant marginalpropensityto consume. B
is a matrix of stock-flowcoefficientsso that bij is the amount of the
ith industry'soutput which must be held by the jth sector for each
unit of its own rate of output. In the one sector version B is the
"relation"or acceleratorcoefficient. All output is allocated to two
uses: Currentconsumptionin productionof other goods and services
(including labor services); and accumulation of capital, which is
assumed to be strictly proportionalto the rate of increase in the
output of the accumulatingsector. This is easily seen to be a rigid
version of the accelerationprincipledescribedabove.4
By noting that the matrix B -(I - A) is the inverse of a nonnegative matrix, it is easily shown that there is a positive characteristic solution of this system and an associated positive characteristic value.' The positive solution is interpreted as long-run
equilibriumoutput proportionsand the characteristicvalue as a
positive rate at whichall output levels will be expanding. Moreover,
this set of output proportionsis unique6so that the rate of growthis
the only rate of growthat whichall output levels remainnon-negative.
The conditionof non-negativityof output levels is necessaryin order
3. It is not well known that the so-called "fundamental equation" of the
Harrod-Domartheory of growth was anticipated by E. Lundberg, Studies in the
Theoryof EconomicExpansion (New York: Kelley and Millman, 1954; 1st ed.,
1937), p. 185, fn. 1; see also: R. Harrod, Towardsa Dynamic Economics(London:
Macmillan, 1948); the original discussion is in "An Essay in Dynamic Theory,"
EconomicJournal, XLIX (Mar. 1939), 14-33. E. Domar, Essays in the Theory
of EconomicGrowth(New York: OxfordUniversity Press, 1957); "Capital Expansion, Rate of Growth, and Employment," Econometrica,Vol. 14 (April 1946),
pp. 137-47.
4. See above, fn. 5, p. 418, and the accompanying text.
5. Provided that B-I exists and B-'(I - A) is indecomposable. See:
G. Dcbreu and I. Herstein, "Non-negative Square Matrices," Econometrica,
Vol. 21 (Oct. 1953), pp. 597-607.
6. Ibid.
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to retain the economic interpretation of the system. The equilibrium
path of the dynamic input-output system is strictly analogous to the
Harrod-Domar growth model which it generalizes. There is a positive
rate of growth which will persist so long as the system is in equilibrium,
that is, so long as the long-run equilibrium output proportions persist.
The equilibrium path for the complete dynamic input-output system
may be described as follows: (1) All output levels are at capacity and
there are no excessive or deficient holdings of stocks; (2) the output
of each industry is equal to demands for current consumption and for
investment in the expansion of capacity; there are no excess demands
or excess supplies for commodities in the economy; (3) finally, the
unique positive set of output proportions and the associated constant
rate of growth are established.
The stability of this equilibrium path remains to be discussed.
In fact there are two separate stability problems. The first is this:
Among all output levels which satisfy the equations describing the
equilibrium system, is the uniquely positive set of output proportions
stable from arbitrary but non-negative initial conditions (global
stability) and is it stable for small movements away from the equilibrium proportions such that the equilibrium conditions (1) and (2)
are satisfied (local stability)? This is the problem of macro-economic
stability discussed by Hawkins, Georgescu-Roegen, and more recently
by Dorfman, Samuelson, and Solow.7 Macro-economic instability
arises when for certain capital structures the unique positive vector
of sector output levels is dominated by some other solution of the
system, violating the requirement that outputs be non-negative in
long-run equilibrium. As we have already indicated, this condition
can occur for empirically derived dynamic input-output systems.8
If the dynamic input-output model is not macro-economically stable,
the economic interpretation of the model cannot be retained. Necessary and sufficient condition for global stability of the equilibrium
system, that is, for global macro-economic stability, is that the initial
output levels lie in the subspace spanned by characteristic vectors
of the system associated with characteristic values smaller in real
part than the equilibrium rate of growth.9
7. D. Hawkins, "Some Conditions of Macro-economic Stability," Econometrica, Vol. 16 (Oct. 1948), pp. 309-22; N. Georgescu-Roegen, "Relaxation
Phenomena in Linear Dynamic Models," in Activity Analysis of Production and
Allocation, ed. T. Koopmans (New York: Wiley, 1951), pp. 116-31; Dorfman,
Samuelson, and Solow, op. cit.
8. Iversen, op. cit.
9. For proof, see: D. Jorgenson, "On a Dual Stability Theorem," Econometrica, forthcoming.
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Necessary and sufficient condition for local stability of the
equilibrium system, that is for local macro-economic stability, is
that all perturbations lie in the subspace spanned by characteristic
vectors of the system associated with characteristic values less than
or equal to the equilibrium rate of growth in real part.'
If the dynamic input-output system is not macro-economically
stable, the economic interpretation of the model cannot be retained.
Therefore, if initial conditions for the system or arbitrary perturbations fail to satisfy the conditions for macro-economic stability, the
system must be out of equilibrium. In this state its movement is no
longer described by the equilibrium system alone. In what follows
we propose the following resolution of the problem of macro-economic
instability: First, treat the long-run equilibrium path of outputs as a
solution of the equilibrium system, determined technologically by
input-output and stock-flow coefficients. Secondly, explain deviations from the conditions required for macro-economic stability by a
disequilibrium theory based not on technology but on the activity of
decision-makers in a situation of disequilibrium. A further stability
problem remains: If the system is not initially in equilibrium will the
movement of the disequilibrium variables lead to a re-establishment
of long-run equilibrium growth proportions and the associated rate
of expansion of all output levels; or is disequilibrium cumulative in
the sense that a departure leads farther and farther away from the
long-run equilibrium growth path? This second stability problem is
analogous to the stability of tatonnements in Walrasian general
equilibrium or to stability of the cumulative process of Wicksell.2
To resolve this stability problem it is necessary to examine various
hypotheses concerning the mechanism by which decision-makers
adjust to disequilibrium. Before this task can be undertaken it is
necessary to define precisely a set of disequilibrium variables.
If the dynamic input-output system is initially in disequilibrium,
output is not equal to demands for output - from current consumption and for current expansion of capacity. The difference between
the actual level of output and the required rate is an excess supply
of the corresponding commodity, defined as follows:
(2)
-x -AxBx,
is a vector of excess supplies of the commodities produced by each
sector. For example, ti is the excess supply of the ith commodity.
If (i is negative, it represents excess demand for the commodity.
t

1. For proof, see: Ibid.
2. For references to Walrasian stability analysis, see fn. 6, p. 419. The
originaldiscussionis contained in: L. Walras, Elementsof Pure Economics(Home,wood, Ill.: Irwin, 1954; 1st ed. (in French), 1874); see also: K. Wicksell, op. cit.
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If the level of stocks of the ith commodity held by all sectors in the
economy is represented by si, in equilibrium, when all inventories are
at desired levels and production is at capacity,
s = Bx,
(3)
the level of stocks held is proportional to the levels of output of each
industry holding the stocks. The constant of proportionality is given
by bij, the stock-flow coefficient representing the amount of stock
of the ith commodity which must be held per unit of output of the
jth industry. In the event that there is excess capacity or deficient
holdings of stocks, this equality no longer holds. A set of disequilibrium stock variables may then be defined as follows:
8- Bx,
(4)
where 41i represents the excess stock of the ith commodity held
throughout the economy. If this quantity is negative it represents
deficient holdings of the corresponding commodity. By definition
the output of any commodity is equal to current consumption plus
changes in stocks, whether these changes are desired or not, so that:
x-Ax+s.
(5)
Differentiating the relation defining 4,, the vector of excessive stock
levels, we obtain:
4' s -RuB,
(6)
so that:
,
x _Ax + Bt+
(7)
and the rate of change of excess inventories or excess capacity is
equal to the excess supply of the corresponding commodity:

4-

t,

(8)

which is the fundamental stock-flow identity for the disequilibrium
system. The problem of disequilibrium analysis is this: What
governs the movements of the excessive or deficient stocks, 4?
III.

STABILITY OF THE DYNAMIC INPUT-OUTPUT SYSTEM:
INVESTMENT POLICY

The first disequilibrium mechanism to be discussed is based on
the reaction of investment policy to excessive or deficient holdings
of stocks. The actual rate of investment is equal to the level necessary
to maintain current increases in output, increased or diminished by
alterations in the discrepancy between actual and desired holdings
of stocks. Investment in the ith commodity, say .i, is the sum of
investments made by each sector which holds commodity i as a stock,
just sufficient to maintain the normal stock-flow ratio at current
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output levels. This induced or desired investment level for the jth
sector is bijxj;the sum of desired or induced investments over all
n

sectors is E bijp The secondcomponentof investmentis a change
j=1

in excessive or deficient holdings of stock which is proportionalto
presentexcess holdingsof all commoditiesby all sectors. Wherethe
constant of proportionalityis kij, representing the proportionof
investmentin the ith commodityto excess stocks of the jth, the total
adjustmentof investmentlevels in the ith commoditythroughoutthe
n

n

economy is

bjhXh),so that total investment in the

ki (Sj h=1

j=1

ith commodityis given by:
ijtj +

n

/

n

n

(i = 1 . .. n.) (9)
The relation of this mechanismto Metzler's model of the inventory
cycle' may be made moreapparentby rewritingthe system in matrix
form:
Si =E

j=1

=

B? + K (s

j=1

-

kij

Bx),

S-i

h=1

bjhxh)

(10)

where s is a vector with components&j,B is a matrix of stock-flow
coefficients,K is a matrix of reaction coefficients,s and x are stock
and output vectors and x is a vector with elements representingthe
rate of changeof outputs.
Recalling from the previous section that total investment is
output less currentconsumptionwe have:
(11)
x-Ax = ? = Bt + K (s-Bx).
The mechanismmay be rewrittenas follows:
(12)
x = Ax + Bt + K (s-Bx)
current
production;
representing
levels,
a
of
output
x
vector
where is
Ax + Bt is expectedsales or normallong-rundemandfor each commodity; the differencebetween currentproductionand normalsales
is proportionalto (not necessarilyequal to) the existing deficiency
or excess in holdings of stocks. In Metzler's period analysis, it is
postulated that entrepreneursundertaketo remove the entire deficiency or excessin stock in a singleperiod,therebygeneratingfurther
excesses and deficiencies. More recently, Mills4has given an interpretation of the inventory cycle in which stock adjustment in each
3. See fn. 2, p. 418 for references.
4. E. S. Mills, "Expectations, Uncertainty and Inventory Fluctuations,"
Reviewof EconomicStudies, XXII (1954-55), 15-22.
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periodis proportionalto but not equal to the outstandingexcess or
deficiency. This is the mechanismof adjustmentwe have attempted
to describehere. The adjustment of stocks is proportionalto, but
not necessarilyequal to, the differencebetween currentholdings and
desiredholdingsat the currentlevel of output.'
The elementsof the matrixof adjustmentcoefficientsK represent
the rate of responseof investmentlevels in each industryto excessive
or deficient holdings of each commodity as a stock. In a highly
decentralizedeconomy, sector output levels are set with reference
only to currentstocks and currentdemandsfor the commodityproduced by the sector in question. All off-diagonalelements of K
wouldbe zeroin this case. Excess demandsfor any other commodity
wouldaffect the output level of a given sector only througheffectson
ordersfor that sector's output induced by investment or disinvestment in other commodities. In an economic system which is not
perfectly decentralized,excess demandfor a commoditymight have
two possible effects: First, it could lead to an increasein output by
thesector, partlyto satisfydemands,partlyto accumulateinventories;
secondly, entrepreneursin other sectors, perceivinga disequilibrium
situation in some other sector than their own would increase their
ordersfor the commodityin short supply to insuretheir own supply
of the commodityand also to hedge against possiblechangesin relative prices resultingfrom the disequilibrium. If the rise in speculative demand for the commodity outweighedthe increasein output
induced by the excess demand, the situation would be worsened.
This is the mechanismunderlyingHarrod'sdiscussionof the instability of the long-runequilibriumgrowthpath.' A simplemechanism
satisfying Harrod's requirementthat excess demand result in an
increasein excess demand has been treated in another paper.' In
what followswe will considerthe decentralizedcase; in this case deficient stocks lead to a rise in investmentin the commodity,so that kit
is negative for all sectors. Moreover,in the decentralizedcase it may
be assumed that all off-diagonalelements of K are zero; disequilibrium in one sector affects output levels and investment policies
in other sectors only throughits effect on currentconsumptionand
desired accumulation of the commodities produced by the other
sectors.
5. This mechanism is, of course, the flexible accelerator of Goodwin; see
fn. 3, p. 418 above for reference. A similar, but not identical mechanism is discussed by H. Rose, "The Possibility of Warranted Growth," EconomicJournal,
LXIX (June 1959), 313-33.
6. Harrod, op. cit.
7. D. Jorgcnson, "On the Stability of the Dynamic Input-output System,"
Reviewof EconomicStudies, forthcoming.
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The stability of the dynamic input-output system under the
type of adjustment mechanism envisioned in Metzler's inventory
cycle may best be analyzed by still a third interpretation of the
adjustment mechanism. First, note that the mechanism may be
written:
-

R = K (s

-

Bx),

(13)

is the excess of actual stocks
and, recallingthat sP= s - Bx, whereVI'
over desiredstocks, this mechanismmay be written:
4 = Kt.
(14)
Then, using the definitionof the disequilibriumvariables:
x = Ax + B? + 4 the completesystem is given by:
(15)
x = Ax + Bt + +
' -- KAt.
In normalizedform this system is written:
(16)
_ B-1 KA
x=B- 1 (I-A) x
which is easily seen to be a decomposablesystem.8
The fact that the complete system is decomposablehas two
interestingeconomicimplications. First, if the disequilibriumvariablesareinitiallyzero,the completesystem collapsesinto the dynamic
input-outputsystem:
(17)
x = Ax + Bt
which is Leontief'soriginalversion of the closed system.9 A second
economicimplicationof decomposabilityis that the variablesof the
complete system may be divided into two sets which are ordered
causally in the sense of Wold, Simon, and Orcuttl- the equilibrium
variables x and disequilibrium variables VI. The time path of the

disequilibriumvariablesdependsonly on the values assumedby these
variables. In this sense disequilibriumis cumulativein the manner
of the classicalprocessesof economicfluctuationin the olderliterature
of the business cycle. A departurefrom equilibriumgenerates a
reactionwhich increasesor reducesthe departure. The equilibrium
variables,in this case the levels of output of each sector, are affected
by reactions to disequilibrium;excess stocks modify investment
policyand therebylevels of output. Alongwith the familiarelements
of the matrix multiplier2and Leontief's multi-sector accelerator,
8. Decomposability is defined by: G. Debreu and I. Herstein, op. cit.
9. Leontief, op. cit.
1. For referencessee fn. 1, p. 419.
2. For references and discussion, see: R. Solow, "On the Structure of a
Linear Model," Econometrica,Vol. 20 (Jan. 1952), pp. 29-46.

GROWTH AND FLUCTUATIONS

427

observedlevels of output are causedby the existenceof disequilibrium
in holdings of stocks; however, stock levels remain in equilibrium
once the system has returnedfromdisequilibrium. In this sensethey
are independentof the levels of output achievedin equilibrium.
As we have pointed out earlier, macro-economicstability is
essentialif the economicinterpretationof the system is to be retained.
In the event that initial conditions are such that the equilibrium
system is not macro-economicallystable on the hypothesis that the
system is initially in equilibrium,then it must be concludedthat the
system is out of equilibrium. Necessary and sufficientconditionfor
macro-economicstability in the large and in the small is that the
initial conditions for the equilibrium system and all subsequent
perturbationsmust lie in the subspace spanned by characteristic
vectors of B 1 (I - A) with characteristicvalue less in real part
than the equilibriumrate of growth,3and the equilibriumoutput
proportionsassociatedwith this rate of growth. For any set of initial
output levels, the initial conditionsfor the equilibriumsystem may
be represented:
(18)

x(O) = Xc = X1C1+ X2c2,

whereX is the fundamentalmatrixof B -1(I - A), that is, the matrix
whosecolumnsare characteristicvectors of B -'(I - A). Associated
with the initial output levels x(O),thereis a uniquevectorof constants
c. If X1 is the matrix of characteristicvectors associated with
characteristicvaluesless than the equilibriumrate of growth,together
with the uniquely non-negative characteristicvector, representing
long-runequilibriumoutput proportions,and X2 is the matrix of the
remainingcharacteristicvectors, then for macro-economicstability
(global and local) it is necessary and sufficientthat c2 = 0. This
condition enables us to calculate the initial values of the disequilibrium variables, ,6(0). First, we expand the initial conditions in
terms of the fundamentalmatrix of the completesystem, say Z:
x(O)
....

YX..

Iz
= Z

A

.

. . . . . .

cl
C2

-

(19)
__C3
~_0
_ +(0)_
whereX is as above (18), I is the identity matrix,and Y is composed
of the remainingelements of the last N characteristicvectors of the
total system. Now, assumingcl given as the constantscorresponding
to the "equilibrium"part of the solution, and assumingc2 zero, as

3. See above, fn. 9, p. 421 and fn. 1, p. 422 and the accompanyingtext.
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requiredby macro-economicstability, we may solve for c3 and V/(O).
First, invertingZ, we have:
[X.1
Fel
-1[x(O)1
...
j....L.* L0
c3

(20)
I

[ A(0)J

Hence:

[0]

= X-1 X(0) - X-Y i'(O)

(21)

C3 = OM

The first of this pair of vector equationsmay be solved for A(0) and
hencec3, as follows:
OM(0)=

-

Y

X

[10

-

Y-' x(0).

(22)

The fundamentalproblemof the stability of growth,that is, of the
tendency of the system toward or away from steady growth equilibrium,must be resolvedby empiricalinvestigation. The parameters
of the input-outputmatrixA, the stockflowmatrixB and the matrix
of reaction coefficientsK must be estimated from empirical data.
For this purposeit is unnecessaryto observe excessive or deficient
stocks directly.4 It is sufficientto observe levels of output in each
sector. Since A and B are long-runparameters,they may be estimated fromcross-sectiondata.5 Then K may be estimatedfromtime
series,sincethe elementsof K representshort-runreactioncoefficients.
Givena seriesof output levels in each sector,we may utilize the crosssection estimates of A and B as follows: First, we differentiatethe
disequilibriumrelation(14) to obtain:
6-= K^.
But, by definitionof the disequilibriumvariableswe have:
x=x-Ax-Bt
B .
-x-Axt

(23)
(24)

4. In the same way and for essentially the same reason it is unnecessary to
observe "transitoryincome" in Friedman'stheory of consumption:See M. Friedman, A Theory of the ConsumptionFunction (Princeton: Princeton University
Press, 1957).
5. Cross-sectiondata necessary for this purpose are available from the 1947
interindustry study. The basic reference for the input-output matrix is: W. D.
Evans and M. Hoffenberg, "The Interindustry Relations Study for 1947," The
Review of Economics and Statistics, XXXIV (May 1952), 97-142. The basic
reference for the stock-flow matrix is: R. N. Grosse, "Capital Requirements for
the Expansion of Industrial Capacity" (Washington, D.C.: Executive Office of
the President, Bureau of the Budget, Office of Statistical Standards, Vol. I,
Parts 1 and 2, November 30, 1953; mimeographed).
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Hence, the system may be rewrittenin the form:
x- Atx- Bx

= K (x-Ax-B

t).

(25)

From the output series x, we may calculate Ax, the vector of first
differencesof x, which may be used to approximatex; it would also
be necessaryto calculate A2xas an approximationto x. Then, substituting Ax and A2xin the relation (25), we obtain the following
estimatingform:
Ax-AAx-

BA2x = K (x-Ax-BAx).

(26)

In advance of econometricimplementationof the system, it
may be noted that since the fundamentalmatrixof the complete
model is decomposable,the characteristicvalues or intrinsicrates of
growth of the characteristicsolutions are those of B-1 (I - A) and
K. Since it is required that the equilibriumsystem be macroeconomicallystable in order to retain the economic interpretation
of x as a vector of output levels, the characteristicvalue or rate of
growth associatedwith the long-runequilibriumoutput proportions
is the largestrate of growthof the equilibriumsystem. For long-run
stability of the equilibriumoutput proportionswithin the complete
system it is requiredthat the characteristicroots of K be less than
the equilibriumrate of growth. This condition is sufficient for
relative stability of the equilibriumoutput proportions.' In the case
of a decentralizedsystem, the characteristicvalues of K are simply
the elements along the diagonal of K, since all other elements are
zero. But these elements are negative since deficient stock of a
commodityincreasesthe rate of investmentin that commodityover
the normalrate of investmentdeterminedby the expansionof output
levels. Hence, in the case of a decentralizedsystem, stability of the
dynamic input-output system is assured. This result is contrary
to the argumentsof Sargan that Harrod'smechanismfor stability
of growthgeneralizesto the dynamicinput-outputsystem.7 A close
examinationof Sargan'sargumentreveals that he requiresfor instability that there be one positive characteristicroot of the complete
system. But if this root is the equilibriumrate and all other characteristic roots are less than this rate in real part, steady growthequilibriumis stable. A similarmisunderstandingof the notionof relative
stability underliesAllen'sdiscussion'of the stability of the one-sector
version of the dynamic input-output system, the familiar HarrodDomar model of growth.
6. For proof, apply the theorem on relative stability in: D. Jorgenson, "On
a Dual Stability Theorem," Econometrica,forthcoming.
7. J. Sargan, "The Instability of the Leontief Dynamic Model," Econometrica,Vol. 26 (July 1958), pp. 381-92.
8. R. G. D. Allen, MathematicalEconomics(London: Macmillan, 1957).
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IV.

STABILITY OF THE DYNAMIC INPUT-OUTPUT SYSTEM:
OUTPUT POLICY

In the previous section, a causal interpretationof growth and
fluctuationswas developedon the hypothesis that excessive or deficient stocks of goods affect the level of output throughtheir effect on
investmentpolicies. If the system for determinationof output levels
is not in equilibrium,then adjustmentfollows a causal chain:Excess
stocks depressinvestmentlevels; depressedrates of investmentresult
in a reductionin output levels. In this section the consequencesof
an alternative hypothesis are examined,namely, suppose that it is
output policy, not investment policy, which entrepreneursattempt
to control. The effects of excess or deficientstocks will be observed
not in the actual level of output, but in changesin the level of output.
The specificform of the hypothesisis that the rate of change of the
output of the ith commodityis equal to the rate of changeof demand
plus a change which is proportionalto the excess stock of the jth
commodity. Where the constant of proportionalityis represented
by hi>,the changein the output level of the ith commodityas a result
of excessive or deficient holdings of the jth commodity will be
n

bjkxk).The change in the output level of the ith com-

hij (sj kI=1

modity in responseto all excessiveand deficientstocks is given by the
expression:
n

n

hij (,sj j= 1

Ebik

Xk),

(i = 1 . .. n.)

(27)

h=

Or,in matrixnotation:
H (s

-

Bx)

(28)

which is the change of output levels in each sector in responseto
excessive and deficient stocks, where s is a vector of stock levels,
x is a vector of output levels, B is the familiarstock-flowmatrix and
H is the matrix of reactioncoefficientship. To derive an expression
for the total change in output levels, the disequilibriumadjustment
must be addedto the changein demand. This is the sum of changes
in currentconsumption:
n

E
j=l

a

(i = 1..

. n.)

(29)

plus changesin currentinvestmentfor the expansionof stocks:
n

Ebij ij,
j=l

i=1

no)

(30)
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The rate of change if the ith output level is given by the expression:
n

n

aij tj +

Xi=
3=1

j=1

n

n

bij Yj +

E
j=1

hij (sj

-

bk Xk),
k=1

(i ==1 . . . n.)
(31)
Or, in matrix notation:
(32)
x = Ax + Bi + H (s - Bx),
where A is an input-output matrix and the remaining quantities are
defined as above.
In a decentralized economy, the output level of any given sector
would depend only on the excess stock of the corresponding commodity. For a centralized economy or one which is imperfectly
decentralized, entrepreneurs could be expected to alter their level of
output in response not only to changes in orders - current demand
but also in response to the anticipation concerning changes in orders.
Such anticipations would take into account, among other things,
prospective levels of output in other sectors. These prospective levels
of output would depend on the current level of stocks in relation to
the desired level, for each commodity in the economy. If a sector
uses a commodity for which stocks are deficient, it may reduce its
level of output in order to conserve its supplies; if a sector sells its
output for consumption in any industry in which excessive stocks of
that industry's output have arisen, the producing sector may be
expected to cut back its own production in anticipation of a diminution of orders. It is not possible to assign a definite direction to the
reaction of the output of a sector to excess stocks of the output of any
other sector without empirical determination of the actual sign. If
the system is decentralized, the output level of each sector depends
only on excess stocks of the corresponding commodity; the effects
of other excess stocks is indirect: Through adjustments in other output levels, the level of excess or deficiency in stocks of a given sector
is altered. In the decentralized case, the matrix of reaction coefficients, H is a diagonal matrix. If output levels increase when stocks
are deficient and decrease when stocks are excessive, each of the
diagonal elements of H is negative. In this case, the complete system
is easily seen to be relatively stable in the sense that disequilibrium
movements gradually die out in relation to the over-all upward
movement of the economic system.
First, recalling the definition of excess demands (2), the complete system may be written:
(33)
x- Axt + Bi + 4
where f is the vector of changes in excess demand levels. Next,
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usingthe definitionof excessdemand(or supply)and the fundamental
stock-flowidentity (2,8), we have:
x = Axt+ BX + A .
(34)
Now, using the definition of excess stocks,

= ss-Bx,

the dis-

equilibriumrelationhas the simple form:
* = HO.
(35)
Combiningthis disequilibriumrelation with the definitionof excess
demandand supply (8) we may write the completesystem as follows:
x = Ax + B+

,

(36)

* = HO

This system is easily seen to be decomposableso that it possesses
a causal interpretation:The disequilibriumvariables affect the set
of equilibrium variables representing output levels through the
changesin output levels inducedby excess or deficientstocks. However, when the system is initially in equilibrium,it continuesalong
an equilibriumpath and the levels of excess stock and of excess
demand remain at a zero level. In the analysis of adjustmentsto
disequilibriumby means of investment policy, a necessaryand sufficient conditionfor equilibrium,that is, for macro-economicstability
of the equilibriumsystem:
x = Ax + Bt
(37)
was that excess stocks are zero for all sectors initially. In this case
the complete system collapses into the equilibriumsystem and its
course is then governed by the equilibriumsystem alone. In the
present case, where the rate of change of excess supply depends on
the level of undesired stocks, this condition is necessary but not
sufficient,for supposethat t = A&,the level of excess supply is zero;
then if 1 $ 0, that is, if undesiredstocks are not at zero level for
all commoditiesin the economic system, 4 is not zero and hence
t =
, the level of excesssupply cannotremainat zero. The equilibrium in demand and supply for each commodity cannot persist.
Necessary and sufficientcondition for an equilibriumsuch that the
complete system is governed by the equilibrium system alone is
easily seen to be:
(38)
V/= ^, = O.
In this case, 4 , the rate of changein excess demandor excesssupply,
is also zero and the completesystem is governedby the equilibrium
system alone.
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To compute the initial levels of excess stocks, A, and excess
demands, i = {, we expand the initial conditions in terms of the
fundamentalmatrix of the completesystem:
X
Y1
Y2
x(0)
di

0

ak6(OL_

1

.

.. ....

(o) =0:

Z11

Z12

Z21

Z22

X...

(39)

d3
d4

whereX is the fundamentalmatrixof B-1 (I - A) and the remaining
elements correspondto the remainingcharacteristicvectors of the
completesystem (36). In orderto calculatethe initial values of the
disequilibriumvariables- excess stocks, O(O),and excess demands
j(0), it is necessary to take into account, not only the condition
which is equivalent to macro-economicstability, d2 = 0. It is also
necessaryto use observationson the actual stock levels in the economic system at any given period of time, the vector s, in orderto
computethe level of excess stocks by the relation:
A(0) = s(O) - Bx(0).

(40)

Then we have two vector equationsin the constantsd3, d4:
Y2d4,
x(0) = Xd2 -Yjd3
A1(0)= x(0) -Bx(0) = Z11d3- Z12 d4.
Using these equationswe obtain:
x(0) - Xd2 =Y1 d3 - Y2 d4,
s(O) -Bx(O) = Z11d3 - Z12 d4,
Or,in matrixnotation:
[x(0)

-

Xd2

]

Ls(0) - Bx(0)

(42)
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[Y]

Z11

(41)

Z12

d4

So that:
[d3

EY:

Y2p

[x(0)-Xd2

(

s8(O)- Bx (0)
Z12Z11
Ld4_
These values may then be inserted in the equation for i(0), to
obtain:
(45)
CO) = Z21 d3 - Z22 d4
which completes the calculation of the initial conditions for the
system.
In the case of an imperfectly decentralizedeconomic system,
the stability of the model cannot be analyzed prior to econometric
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implementationof the disequilibriumtheory. However,for a decentralizedsystem, the characteristicroots of the system are easily seen
to be the characteristicvalues of the matrix B-'(I - A), associated
with the equilibriumpart of the system, togetherwith characteristic
values of the matrix:
o

Id

(46)

[H
0o]
all of which are imaginary. Each root of this matrix is simply the
root of one of the characteristicvalues of H. But in the decentralized
case, these roots are imaginary numbers, since the characteristic
values of H are all negative. This implies immediately that the
unique positive set of output proportionsof long-run equilibrium
growth are stable within the complete system since the real part of
all characteristicroots of the system other than those of the equilibriumsystem are zero. If the system is initially out of equilibrium,
or if shocks drive the economy away from equilibriumgrowth, a
system of oscillationsin the adjustment of output levels is set up.
Since these oscillations have constant amplitude and fixed period,
they continue to be propagatedthrough the economy by means of
adjustmentof output levels. However,relativeto the level of output
in each sector, the oscillationsgraduallydie out; that is, the oscillations are purely transitory and will eventually be swamped in the
long-runupward movement of the economy. Although the cycles
retain constant amplitudemeasuredin terms of output, the amplitude steadily diminishesin relation to the actual level of output,
which is rising at the long-runequilibriumrate of growth.
For estimation of the parametersof the equilibriumsystem,
it is possible to eliminate the disequilibriumvariables altogether,
obtainingan expressionfor the completesystem in termsof the output
levels alone. This is as follows:
= H [X-AX-BB4.
(47)
x-Ax-BR
The estimatingformis obtainedby replacingx with Ax, and so on:
x - Ax - BAx = H (A2x - AA2X- BA3x),
(48)
where A and B are estimated from cross-sectiondata, as in the
mechanismpreviously considered. H may then be estimated from
time series.
ANDCONCLUSION
V. SUMMARY
In this paper we have examined the possibility of resolving the

problem of causal indeterminacyin dynamic input-output analysis
by means of an explicit disequilibriumtheory. We have discussed
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two separate disequilibriummechanisms:The first is based on the
alterationof investmentpolicy, which in a decentralizedsystem may
be consideredto be primarilyan inventoryadjustmentby the sector
for which excess or deficient stocks of output exist. The actual
adjustmentmechanismis assumedto follow the law of proportional
effect: The adjustment of investment levels is proportionalto the
excess or deficiencyin stocks held. A secondmechanismis based on
disequilibriumadjustmentsthrough output rather than investment
policy. The adjustmentis assumedto be proportionalto the excess
or deficiency in stocks held. Both mechanisms admit of a unidirectional or causal interpretation. If the system is initially in
equilibrium,that is, if the system is initially macro-economically
stable, then it will continuein equilibriumuntil externalshocksdrive
it fromthe equilibriumpath. When the system is out of equilibrium,
a new type of stability problem arises: Will it return to the equilibriumpath? This stability problemcannot be definitely resolved
until the theory of disequilibriumwhich we have proposedhas been
implementedeconometrically. However, if the assumptionof perfect decentralizationis a good approximationto reality, it can be
stated on a priori grounds that either of the two disequilibrium
mechanismswe have discussedimplies stable adjustment.
The problemunderdiscussion- macro-economicinstabilityand
its consequences- is not peculiar to situations involving direct
applicationsof input-output analysis. Such a problemwill arise in
any dynamic model which generalizesthe Harrod-Domargrowth
model; in particular,such a problemof macro-economicinstability
arisesin detailedanalysis of even simpletwo-sectormodelsof capital
accumulationlike those discussed by Marx and recently by Mrs.
Robinson.9 Theoreticalmodels of this type are essentialfor investigations of such problems as balance among sectors in economic
developmentand the relation between internationaltrade (sectors
are countries)and economicgrowth. Explicit disequilibriumtheory
provides one means of retaining the economic interpretation of
multi-sectorgrowth models based on the Harrod-Domartheory of
growth.
Perhaps equal in importanceto the conclusionthat the funda9. K. Marx, Capital, II (Chicago: Kerr, 1933; 1st ed. (in German) 1885).
J. Robinson, The Accumulationof Capital (London: Macmillan, 1956). The
fact that the underlying model for such two-sector models of capital accumulation is essentially a closed form of the dynamic input-output system is demonstrated by: M. Morishima,"Some Propertiesof a Dynamic Leontief System with
a Spectrum of Techniques," Econornetrica,forthcoming.
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mental notions of the Harrod-Domartheory may form the basis of a
multi-sector, multi-industry,or multi-country theory of growth is
the conclusionthat the equilibriumtheory, which has been the basis
of much currenttheoreticalwork on economic dynamics, is seen to
be only a part of the theory of businesscycles and growth. The form
taken by the disequilibriumtheory, with its unidirectional or causal
interpretation,provides a direct link between equilibriumtheories
of growth and fluctuationslike those of Harrod,Hicks, and HansenSamuelson'and the older theoriesof the businesscycle based on the
cumulativeprocessof Wicksell2and other mechanismsderived from
the theory of self-sustaining adjustment processes. In order to
retain the economic interpretationof the so-called post-Keynesian
theory of growth and fluctuations,it is necessaryto restore to considerationprecisely those aspects of the economic dynamics which
are emphasizedin pre-Keynesianor classical theories of prosperity
and depression.
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