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I. INTRODUCTION

tivity two distinct approaches have

been employed. First, total factor
productivity may be treated as an index
number, the ratio of indexes of total out-
put and total input. Since the rates of
growth of output and input vary from
period to period, the rate of growth of
total factor productivity may vary. Sec-
ond, total factor productivity may be
treated as a function of a particular
form, for example, an exponential func-
tion of time. The parameters of such a
function may be treated as unknowns to
be estimated from data on output and
input. Where total factor productivity
grows exponentially, the rate of growth
remains constant.

In either approach changes in the in-
dex of total factor productivity may be
interpreted as shifts in an aggregate pro-
duction function or as ‘“disembodied”
technical change. This interpretation of
an index of total factor productivity with
a constant rate of growth was first pro-
posed by Tinbergen (1959, pp. 190-95).
The corresponding interpretation of total

IN THE study of total factor produc-

factor productivity with a rate of growth
that varies was first given by Solow
(1957, pp. 312-13). More recently,
changes in the index of total factor pro-
ductivity have been interpreted by Solow
as technical change “embodied” in new
capital goods (1960, p. 91). Solow as-
sumes that embodied technical change
takes place at a constant exponential
rate, but it is clear that the rate of growth
could be treated as varying from period
to period. Solow also assumes, implicitly,
that consumption goods and investment
goods as conventionally measured are
perfect substitutes in production. The
first objective of this paper is to provide a
model of embodied technical change free
of these two restrictive assumptions.

It has frequently been suggested that
embodied and disembodied technical
change are two different aspects of real-
ity. IFor example, in commenting on
Denison’s study of total factor produc-
tivity (1962), based on disembodied
technical change, Abramovitz says: “The
economic model which underlies Deni-
son’s calculations stands in sharp con-
trast to the model with which Robert
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Solow has been experimenting. . . . The
Jactual gap between the two views is pro-
found and not really usefully attacked by
speculation” (1962, p. 773).

Denison takes Abramovitz to task for
stressing the importance of the question
of embodiment, suggesting that “the
whole embodiment question is of little
importance for policy in the United
States” (1964, p. 90). However, Denison
does not dispute Abramovitz’ basic pre-
supposition that embodied and disem-
bodied technical change may be distin-
guished by an appeal to evidence. The
second objective of this paper is to ex-
amine this presupposition. After drop-
ping the highly restrictive assumption
that technical change proceeds at con-
stant exponential rates, we are able to
show that one can never distinguish a
model of embodied technical change
from a model of disembodied technical
change on the basis of factual evidence
such as that considered by Denison and
Solow. Both types of technical change
have precisely the same factual implica-
tions so that the “factual gap” suggested
by Abramovitz is entirely illusory.

The conclusion that embodied and dis-
embodied technical change have the
same factual implications has importance
for economic policy. In measuring poten-
tial economic growth it is often useful to
calculate the amount of investment re-
quired for a given amount of economic
growth. Calculations based on models of
disembodied and embodied technical
change give startlingly different results.
Although differences in the results are
often attributed to differences in the un-
derlying models, the precise equivalence
between the two models reveals that the
source of the difference lies not in the
models but, rather, in different assump-
tions about the facts. To illustrate: One
can calculate the effects of investment

for a model with a given rate of disem-
bodied technical change. Using the corre-
spondence between models of embodied
and disembodied technical change, one
can calculate the effects of investment for
a model with the corresponding rate of
growth of embodied technical change.
The results for the two models will agree
perfectly. On the other hand, one can do
the second calculation for a model with a
different rate of embodied technical
change. Obviously, the results of the two
calculations will differ. The difference in
the results can be attributed to the fact
that different assumptions are made con-
cerning the rate of embodied technical
change. In weighing the implications of
calculations that differ, the problem is
not to choose the correct model but
rather to choose the correct factual as-
sumption.
II. THEORY

We first consider the simplest theoreti-
cal framework which encompasses both
embodied and disembodied technical
change. Within this framework we are
able to eliminate the restrictive assump-
tions that consumption goods and invest-
ment goods are perfect substitutes in pro-
duction and that technical change pro-
ceeds at constant exponential rates. To
present the theoretical framework we let
C and I represent the quantities of con-
sumption and investment goods, K and L
the quantities of capital and labor serv-
ices, g¢ and gz the prices of consumption
and investment goods, and px and py, the
prices of capital and labor services. The
fundamental identity for each account-
ing period is that value of output is equal
to value of input:

qcC + qil = pxK + p.L . (1)

This accounting identity is important in
defining total factor productivity.
To define total factor productivity we



THE EMBODIMENT HYPOTHESIS 3

first differentiate the fundamental iden-
tity (1) with respect to time and divide
both sides by total value. (Time de-
rivatives of variables are denoted by
primes.) The result is an identity be-
tween weighted averages of rates of
growth of output prices and quantities
and rates of growth of input prices and
quantities:

() ()
= Wk (%-l-%)-l-uu (%‘l‘% .

The weights v¢, vr and wgk, w;, are relative
value shares:

pp=—9cC —_aul
QCC+(JII QCC-I'QII,
?xK piL

Ry A A YA
To verify that both sides of the identity

(2) are weighted averages, we observe
that:

1)(:,'11[20, wK,wLZO;

o+ =wg +wp,=1.

A useful index of total output is pro-
vided by the weighted average of rates of
growth of output from (2); denoting this
index of output by ¥:

v’ c’ I

7= tectuTgs
an analogous index of the quantity of
total input, say X, is:

XI

K’ L
X "Wk tws

f.
These quantity indexes are familiar as
Divisia quantity indexes. In terms of

Divisia index numbers a natural defini-
tion of total factor productivity, say P,

is the ratio of the quantity of total output
to the quantity of total input:

)4

Using the definitions of Divisia quantity
indexes, the rate of growth of total factor
productivity may be expressed as:!

o o @
— WK 7{*“7,01, —L—

1 These index numbers were first proposed by
Divisia in 1925 (1925; 1926; 1928). Somewhat more
accessible discussions of Divisia’s work may be
found in Frisch’s survey article on the theory of
index numbers (1936) and in Wold’s book on de-
mand analysis (1953). In a more recent publication,
Divisia suggests the application of these indexes to
the measurement of total factor productivity (1952,
pp. 53-54). Even more recently, Solow has given an
explicit derivation of the Divisia quantity index of
total factor productivity (1957, p. 312) and has
applied this index to data for the U.S. private non-
farm economy, 1909-49.

The Divisia price indexes for total output and
total input, say ¢ and p, are:

’

’ ’
'q__=wC 'g_q'l_wl—q—lr
q qdc qr
?’ Pk P
= = £ = Li] -,
b UK PK+ LPL

respectively. An alternative definition of total factor
productivity, which may be somewhat less familiar
than expression (3) given in the text, is the ratio of
the price of a unit of input to the price of a unit of
output: P = p/q.

Using the definitions of Divisia price indexes, p
and ¢, the rate of growth of total factor productivity
may be expressed as:

Pl
L _w
PR pk P TET:

which corresponds to expression (4) of the text.
These two expressions for the rate of growth of total
factor productivity are dual to each other; by itself
each provides a complete definition of total factor
productivity; the two definitions are equivalent by
the identity (2).

Any index of total factor productivity may be
computed either from quantity indexes of total out-

kg, P, gb_, d

= — g,
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Divisia index numbers have the funda-
mental reproductive property, namely, a
Divisia index of a group of Divisia in-
dexes is also a Divisia index of the com-
ponents of each group. This property as-
sures us that no distinction need be made
between a one-sector model with joint
production of consumption and invest-
ment goods and a two-sector model with
one sector corresponding to each output,?

put and total input or from the corresponding price
indexes. The whole analysis that follows could be
carried out in an entirely equivalent way, using price
indexes instead of quantity indexes.

For present purposes we do not consider ex-
plicitly other explanations of change in total factor
productivity, such as economies of scale, external
economies, or economic disequilibrium. In both
embodiment and disembodiment explanations of
change in total factor productivity, these additional
explanatory factors can be lumped together with
pure technical change or treated separately. To
simplify the following discussion, such factors will
not be distinguished from technical change.

2 The analysis of total factor productivity can be
carried out equivalently through index-number
formulas or through production functions. From a
purely formal point of view, both index-number
formulas and production functions may be inter-
preted as mean value functions (Hardy, Littlewood,
and Polya, 1952, pp. 12-14). Production functions
have been discussed from this point of view by
Arrow, Chenery, Minhas, and Solow (1961, pp. 230-
31), while index-number formulas have been dis-
cussed from the same point of view by Wold (1953,
pp. 132-39, esp. p. 133).

Tinbergen (1959, pp. 190-95) interprets the geo-
metric quantity index of total factor productivity
as a Cobb-Douglas production function. As further
examples of index-number formulas that have been
interpreted as production functions, a fixed-weight
Laspeyres quantity index of total factor produc-
tivity may be interpreted as a “linear” production
function, that is, as a production function with
infinite elasticity of substitution, as Solow (1957, p.
317) and Clemhout (1963, pp. 358-60) have pointed
out. In a sense, output-capital or output-labor ratios
correspond to Leontief-type production functions,
that is, to production functions with zero elasticity
of substitution, as Domar points out (1961, p.
712-13).

To date, no attempt has been made to utilize the
index-number formula which may be interpreted as
a production function with arbitrary elasticity of
substitution; of course, all the index-number formu-
las we have mentioned are special cases or limiting
cases of such a formula.

provided that the index of total output is
a Divisia index of the outputs of the two
sectors and the index of total inputs is a
Divisia index of the inputs of the two
sectors. If the price of an input is the
same in both sectors, the appropriate in-
dex for this input may be constructed
either as a Divisia index of the amounts
of this input or as an ordinary sum of the
amounts of the input.3

ITII. MEASUREMENT

Conceptually, the measurement of
output and labor services is straightfor-
ward. Beginning with data on the value
of transactions in each output and labor
service, the value is separated into price
and a quantity. A quantity index may be
constructed from the individual quanti-
ties, using relative value shares as
weights.

If capital services were supplied and
employed by distinct economic units,
there would be no conceptual difference
between construction of indexes for capi-
tal input and for labor input. Beginning
with data on the value of transactions in
each capital service, the value would be
separated into a price and a quantity. A
quantity index for capital input would be
constructed from the quantities of each
capital service, using as weights the rela-
tive value shares, that is, the shares of
each capital service in the rental value of
all capital services.

Measurement of capital services is less
straightforward than measurement of la-
bor services because the employer of a
capital service is usually also the supplier
of the service. Data on values of transac-
tions in capital services are recorded only
in the internal accounts of economic
units. To extract the required informa-

3 This condition corresponds to Hicks’s condition
for aggregation of commodities in demand analysis

(1946, pp. 312-13). Wold (1953, p. 109) calls this
result the Leontief-Hicks Theorem.
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tion it is necessary to begin not with
transactions in capital services but with
transactions in investment goods. These
values must first be separated into a
price and a quantity. Second, the quan-
tity of new investment goods reduced by
the quantity of investment goods re-
placed must be added to accumulated
stocks. Finally, the price and quantity of
capital services for each stock must be
calculated.

Calculation of an index of capital input
from data on transactions in new invest-
ment goods depends on hypotheses about
the rate of replacement of investment
goods and about the quantity of capital
services corresponding to a given capital
stock. In this paper we assume that capi-
tal services are proportional to the cu-
mulated stock of past investments. Sec-
ond, we assume that the proportion of an
investment replaced in an interval of
time declines exponentially over time.4
Under this assumption the cumulated
stock of past investments, net of replace-
ments, satisfies the well-known relation-
ship:

I =K' +K, (5)

where § is the instantaneous rate of re-
placement of investment goods.

Before considering alternative expla-
nations of change in total factor produc-
tivity, we must discuss the effects of er-
rors of measurement in the separation of
transaction values into prices and quan-
tities. Direct observations are usually

¢ A theoretical justification for this assumption
is that replacement of investment goods is a re-
current event. An initial investment generates an
infinite series of replacement investments over time.
The distribution of replacements for such an infinite
stream approaches a constant fraction of the ac-
cumulated stock of investment goods for any
“survival curve” of individual pieces of equipment;
but this is precisely the relationship between replace-
ment and accumulated stock if an exponentially
declining proportion of any given investment is
replaced in a given interval of time,

available only for the values; the separa-
tion of these values into prices and quan-
tities is based on much less complete in-
formation. It is important to consider the
effects of systematic errors in this separa-
tion.

For consumption goods or labor serv-
ices an error in separating the value of
transactions into prices and quantities
results in errors in the price and quantity
of total output or total input. Errors in
total output or input result in errors in
total factor productivity. As an example,
suppose that the price of a labor service
is measured with error. Since all relative
value shares are given data, the rate of
growth of the error in the price of total
input is equal to that of the error in the
price of the labor service, multiplied by
the relative value share of the service.
The quantity of total input is measured
with an error that is equal in magnitude
but opposite in sign. The error in the rate
of growth of total factor productivity is
equal to the negative of the rate of
growth of the error in total input. The
effects of an error in the rate of growth of
the price of consumer goods are entirely
analogous; of course, an upward bias in
the rate of growth of output increases the
measured rate of growth of total factor
productivity, while an upward bias in the
rate of growth of input decreases the
measured rate of growth.

Measurement of capital input is based,
ultimately, on the separation of the value
of transactions in new investment goods
into a price and a quantity. An error in
this separation will affect the measured
prices and quantities of investment goods
and capital services, and also measured
total factor productivity. To examine
these effects we let Q represent the rela-
tive error in the price of investment
goods and 7* the “‘quantity” of invest-
ment goods calculated using the errone-
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ous price. The bias in the rate of growth
of investment goods output is then:
I/* I/ Ql

TFTT 0 (6)

The rate of growth of this bias is negative
if the rate of growth of the error is posi-
tive, and vice versa. If we let K* be the
“quantity” of capital calculated using
the erroneous price:

K*=/;;e

—t=T*(s)ds

o L(S)
_f a<>()d

The bias in the rate of growth of the
quantity of capital services is then:

K* K'_ I I
K* K QK* K
I
= (7)
" —si—s QL)
S sy 1
I

- .
f e =] (s)ds

The bias is negative if the rate of growth
of the error is positive, and vice versa.

To calculate the error of measurement
in total factor productivity, we represent
the rate of growth of total factor produc-
tivity as before:

N -
P—'Z[I UCC ’LUKK 'LULL.
If we let P* represent measured total fac-
tor productivity using the erroneous
price of investment goods:

P* I'* c’

KI* LI
I CR o

K gx —wLp-

Subtracting the first of these expressions
from the second, we obtain the bias in the
rate of growth of total factor productiv-
ity:

Pl* Pl I/*
pep - u\7F

I/
-5

— wg

ke K
K* K
Substituting expressions (7) and (6) for

the biases in capital input and invest-
ment goods output, we have:

Pl Pl Ql
PTG
w [ !
g
b s Q)
_f_we oo Sy (s (8)
I

t
f e =) (s)ds

In investment and the error are growing
at constant rates, the biases in the rates
of growth of the quantity of investment
goods produced and the quantity of capi-
tal services are equal; the net effect is
equal to the rate of growth of the error,
multiplied by the difference between the
capital share in total input and the in-
vestment share in total output.®

We conclude that so long as the capital
share is greater than the investment
share and the investment share is not
zero, one can produce any rate of growth
in measured total factor productivity by
introducing a sufficiently large error in
the measured rate of growth of the price
of investment goods. This conclusion is
entirely independent of whether actual
total factor productivity is changing or
not. To be more specific, if the capital
share in total input is greater than the
investment share in total output, a posi-

5 This result does not agree with Domar’s result
on a closely related problem (1963, p. 587, formula
[5]), because Domar assumes that capital input into
the production of investment goods “is imported
from the outside.” Using the condition that capital
input commands the same rental value in both sec-
tors, the need for this specialization may be climi-
nated as previously indicated in text. The correct
result for the general case is that given in the text.
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tive rate of growth in total factor produc-
tivity can be produced by introducing an
error in measurement of the price of in-
vestment goods with a positive rate of
growth. The converse of this proposition
is that one may reduce the rate of growth
in measured total factor productivity by
introducing a bias in the opposite direc-
tion in the measured rate of growth of the
price of investment goods. In particular,
one can eliminate growth in total factor
productivity altogether by suitably “ad-
justing” the measured price of invest-
ment goods.® An explicit formula for the
“adjustment” is obtained by setting the
bias in the rate of growth of total factor
productivity in (8) equal to the negative
of the actual rate of growth, that is, by
setting the erroneously measured rate of
growth, P’*/P* equal to zero. This re-
sults in the following relationship be-
tween total factor productivity, P, and
the relative error in the measurement of
the price of investment goods, Q:

I
+wgk ¢
1

t
f e =) (s)ds

6 This appears to be what Denison has in mind in
stating that: “The frequently advanced proposition
that inputs should be measured in units of constant
quality, as determined by their ability to contribute
to production is tantamount to making the index of
[total input] identical with that of [total output]”
(1961, pp. 349-50). For example, it is always possible
to “adjust” the price of investment goods so that
total factor productivity is constant. However,
Denison’s conclusion is false in general; not every
adjustment for quality change will eliminate total
factor productivity. Whether a particular adjust-
ment will have this effect is generally a refutable
proposition and can be tested quite simply by ap-
pealing to the evidence. However, every adjustment
computed from a formula like (9), in text, will
eliminate total factor productivity; this is true by
definition and is not refutable by any appeal to the
evidence.

The relationship (9) between total fac-
tor productivity, P, and the relative error
in the measurement of investment goods,
Q, may be interpreted in two ways. First,
suppose that we have a relative error for
which the measured rate of growth
of total factor productivity is zero.
Then, we may calculate the actual
rate of growth of total factor productiv-
ity, P'/P, by treating the right-hand
side of expression (9) as a given function
of time. Alternatively, suppose that we
have actual total factor productivity, P;
then we may calculate the rate of growth
of the corresponding relative error in the
measurement of the price of investment
goods, Q'/Q, by treating the left-hand
side of expression (9) as a given function
of time.

Our principal conclusion is that there
is a one-to-one correspondence between
indexes of total factor productivity, P,
and errors in the price of investment
goods, (Q, that can make the rate of
growth in measured total factor produc-
tivity equal to zero.” In view of this cor-
respondence one can never distinguish a
given rate of growth in total factor pro-
ductivity from the corresponding rate of

7See the Mathematical Appendix. More pre-
cisely, we may say that the definition of each index
generates a two-parameter family of indexes. The
parameters that generate a given member of each
family may be interpreted as initial values of the
index of technical change and the corresponding
index of capital stock. For a given set of data any
pair of indexes consisting of one member of each of
the families satisfies expression (9). There is a one-
to-one correspondence between the families of
indexes constructed from a given set of data. In this
paper we leave open the question of whether dis-
embodied technical change is an explanation of
change in total factor productivity or simply a re-
labeling of Our Ignorance, as some have suggested.
For those who prefer to call disembodied technical
change a relabeling of Our Ignorance, expression
(9) says that the relative error in the price of invest-
ment goods is an alternative and entirely equivalent
relabeling of Our Ignorance. This is certainly a valid
interpretation of the relative error in the price of
investment goods. An alternative interpretation of
the error is suggested below.
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growth in the error in measurement of
the price of investment goods. Given any
observed index of total factor productiv-
ity, one can always relabel it as an error
In the measurement of the price of in-
vestment goods. This relabeling is ir-
refutable on the basis of the data that
underlie expressions (8) and (9) because
the whole procedure is purely definition-
al. It amounts to computing two com-
pletely interchangeable quantities, P and
Q, and giving each a different name.

IV. EXPLANATION

Up to this point we have interpreted
expression (8) as a relationship between
the relative error in the measurement of
total factor productivity, P*/P, and the
relative error in the measurement of the
price of investment goods, Q. Suppose we
set the erroneously measured index of
total factor productivity, P*, equal to
unity, so that the rate of growth of this
index is zero. Then expression (9) be-
comes a relationship between the relative
error in the measurement of the price of
investment goods, Q, and total factor
productivity.

Expression (8) has another interesting
interpretation. We may interpret the
rate of growth of total factor productiv-
ity, P, as the rate of disembodied techni-
cal change. Second, we may interpret the
reciprocal of the relative error in the
price of investment goods, 1/Q, as an in-
dex of the quality of investment goods.
The rate of growth of this index may be
interpreted as the rate of embodied tech-
nical change. In this interpretation, the
“erroneously’” measured quantities of in-
vestment goods output, 7* and capital
input, K* are “surrogate’” investment
and “‘surrogate” capital, that is, invest-
ment and capital corrected for quality
change.

We may interpret expression (9) as a
relationship between the rate of disem-

bodied technical change and the rate of
embodied technical change. For any in-
dex of embodied technical change, we
may calculate the corresponding index of
disembodied technical change by treat-
ing the right-hand side of expression (9)
as a given function of time. Alterna-
tively, for any index of disembodied
technical change, we may calculate the
corresponding index of embodied tech-
nical change by treating the left-hand
side of expression (9) as a given function
of time. As before, we conclude that there
is a one-to-one correspondence between
indexes of embodied technical change
and indexes of disembodied technical
change. In view of this correspondence
one can never distinguish a given rate of
growth in embodied technical change
from the corresponding rate of growth in
disembodied technical change.

We conclude that one can always re-
label any observed rate of growth in the
index of disembodied technical change as
a corresponding rate of growth in the
index of embodied technical change. This
relabeling is irrefutable on the basis of
the data that underlie expressions (8) and
(9) because the two indexes, P and 1/Q,
are completely interchangeable by means
of expression (9). Any set of facts may be
interpreted equivalently as embodied or
disembodied technical change.

To illustrate the fact that any index of
disembodied technical change, P, is com-
pletely interchangeable with an index of
embodied technical change, 1/Q, we com-
pute an index of each type for the U.S.
private domestic economy, 1939-59. The
data given at the outset include time se-
ries on prices and quantities of invest-
ment-goods output, consumption-goods
output, and labor input, and the rate of
replacement of capital goods. From these
data the relative value shares of invest-
ment goods, consumption goods, capital
services, and labor services, together with
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rates of growth of each of the output and
input quantities, may be computed. The
derived value shares and rates of growth
for the U.S. private domestic economy
are presented in Table 1.3

Indexes of disembodied and embodied
technical change for the U.S. private do-
mestic economy are presented in Table
2.9 Although the calculated indexes are
meant to illustrate the equivalence of

studies.!® On the other hand, the average
rate of growth of the index of embodied
technical change is 0.101; this value may
be compared with the experimental val-
ues of 0.01 and 0.05 employed by Solow.!

The conceptualization of embodied
technical change that underlies expres-
sions (6) and (7) above is not the only
possible conceptualization. Solow has
based his calculations on the assumption

TABLE 1
Year o wy, I'/I c’/C L'/L
1939........ 0.11191 0.64976 0.34259 0.05753 0.05225
1940........ .14224 .62882 0.26552 12777 .12077
1941........ .15573 .60986 —0.48774 .20639 .09366
1942........ .06874 .61325 —0.43085 .09205 .05157
1943........ .03362 .62315 0.14953 .04981 — .01314
1944. ... .. .. .03988 .61705 0.38211 — .03244 — .05679
1945........ .05858 .61815 1.49412 — .12280 .00941
1946........ . 14860 .64096 —0.02123 .03679 .03075
1947. . ..., .14510 64437 0.20000 .01060 .01175
1948. . ...... .17872 .63651 —0.22691 .04378 — .04736
1949........ .13876 .63765 0.45195 .03539 .03002
1950........ .19029 .62931 0.03220 .06371 .04189
1951........ .18758 .62349 —0.12652 .06585 .01136
1952........ .15846 .63662 0.00397 05769 .01297 -
1953........ .15148 .64692 —0.03360 — .01372 — .04266
1954........ .14846 .65048 0.27812 .05672 .04189
1955........ .17650 .63869 —0.01280 .03241 .02138
1956........ .17693 .65457 —0.05835 .02518 — .00838
1957........ .16466 .65053 —0.15663 .00893 — .04476
1958........ .14144 .64963 0.25918 .04584 — .04155
1959........ 0.16665 0.64713 —0.02431 0.03597 0.00594

embodied and disembodied technical
change, perhaps a comment on the em-
pirical results is not entirely out of order.
The average rate of growth of the index
of disembodied technical change is ap-
proximately 0.024, which is roughly
comparable with the results of previous

8 These data are based on those of Kendrick
(1961; Kendrick and Sato, 1963, pp. 996-1002). For
the period 1939-59 Kendrick’s data on the output of
consumption and investment goods are based on the
Office of Business Economics accounts for gross
national product. In all of the calculations given in
Table 2, the rate of replacement is assumed to be
0.025.

? For details of the method of calculation, consult
the Mathematical Appendix.

that consumption goods and investment
goods as conventionally measured are
perfect substitutes in production. This
assumption implies that for investment
goods of a fixed vintage, the output of
consumption goods attainable from given
quantities of capital and labor is the
same at any point in time. However, for
10 A comparison of the principal alternative esti-
mates is provided by Abramovitz (1962, p. 765).

11 This empirical result may explain the seeming
anomaly that the goodness of fit of a production
function based on embodied technical change in-
creases throughout the range of values considered by
Solow. Further light is thrown on this question by
the index of embodied technical change presented in
Table 4 below.
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these same investment goods of fixed
vintage the output of investment goods
of a particular quality attainable from a
given quantity of capital and labor varies
over time. In effect, Solowassumes that in-
vestment goods of a given vintage progress
technologically over time but only in the
production of investment goods. In a
two-sector model Solow’s assumption
would be equivalent to the assumption

Solow adjusts the quantity of capital
for quality change. He calls the resulting
quantity of capital, K* in our notation, a
“surrogate” quantity of capital. To
avoid the implication that disembodied
technical change occurs for investment
goods of a given vintage, at least in the
production of new investment goods, it
is necessary to adjust the quantity of in-
vestment goods produced as well. The

TABLE 2
Year P'/P —0'/0 P 1/Q
1939....... 0.05379 —0.23195 0.68852 2.32783
1940....... .06589 —0.27984 0.72556 1.78789
1941....... .03143 —0.05397 0.77337 1.28757
1942....... .02474 —0.14844 0.79768 1.21808
1943....... .06555 —0.97679 0.81741 1.03727%
1944....... .02255 —0.54131 0.87099 0.86328*
1945....... — .03288 1.01487 0.89063 0.71848*
1946....... — .00260 0.11596 0.86135 0.59797
1947....... .02060 —0.02590 0.85911 0.66731
1948....... .01209 0.04376 0.87681 0.65003
1949, ...... .06658 —0.28358 0.88741 0.67848
1950....... .01640 0.16137 0.94649 0.48608
1951....... .00768 0.22434 0.96201 0.56452
1952....... .03041 0.12228 0.96940 0.69116
1953....... .00112 0.28920 0.99888 0.77567
1954....... .05382 —0.00616 1.00000 1.00000
1955....... .00195 0.37577 1.05382 0.99384
1956....... .00421 0.42195 1.05587 1.36730
1957....... .00088 0.54246 1.06032 1.94422
1958....... .04265 0.45309 1.06125 2.99887
1959....... 0.01186 0.90646 1.10651 4.35761

* Calculated from —(Q’/Q by averaging values for 1943-45.

that all technical change is of the disem-
bodied variety but that technical change
is confined to the investment-goods sec-
tor.” The further assumption that in-
vestment goods and consumption goods
are perfect substitutes in production im-
plies that the production functions in the
two sectors are identical.

2 Solow points out that: ‘“This [rate of gross
investment] is not a wholly unambiguous notion. By
the same rate of gross investment I mean the same
physical output of ‘machines.” But machines behave
differently in the two economies [with embodied and
disembodied technical change] and so must asset
valuation. Production of identical numbers of ma-

chines may have quite different implications in
value terms” (1960, p. 93, n. 5).

resulting quantity of investment goods,
I* in our notation, would then be an ap-
propriate ‘“surrogate’” quantity of invest-
ment goods. In the absence of this second
adjustment, expression (9) reduces to:

r_ I
P o[ —
P [f e—"(‘—s)g%l(s)ds
- (10)
I

1

t
f e =) (s)ds

which corresponds to formula (12) in
Solow’s first article on embodied techni-
cal change (1960, p. 94).
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Expression (10) may be interpreted in
the same way as formula (9). Given the
index of the quality of investment goods,
the corresponding index of disembodied
technical change may be calculated by
treating the right-hand side of expression
(10) as a given function of time. Alterna-
tively, for a given index of disembodied
technical change, the rate of growth of
the index of embodied technical change
may be calculated by treating the left-
hand side of expression (10) as a given
function of time. As before, there is a
one-to-one correspondence between in-
dexes of embodied and disembodied tech-
nical change. In view of this correspond-
ence one can never distinguish a given
rate of growth in embodied technical
change from the corresponding rate of
growth in disembodied technical change.

We conclude that one can always re-
label any observed rate of growth in the
index of disembodied technical change as
a corresponding rate of growth in the
index of embodied technical change cal-
culated on Solow’s assumptions. This re-
labeling is irrefutable on the basis of the
data that underlie expression (10), be-
cause the two indexes are completely
interchangeable by means of this expres-
sion. To illustrate the fact that any index
of disembodied technical change is com-
pletely interchangeable with an index of
embodied technical change calculated on
Solow’s assumptions, an appropriate in-
dex of embodied technical change is
presented for the U.S. private domestic
economy, 1939-59, in the first column of
Table 3.

Solow’s assumption that consumption
goods and investment goods as conven-
tionally measured are perfect substitutes
in production has at least one readily
testable implication. This implication is
that so long as both consumption goods
and investment goods are produced in
positive amounts, the prices of the two

goods must be proportional to each other.
In the present context this implies that
the implicit deflators of consumption and
investment goods must be proportional
or that the rates of growth of these defla-
tors must be equal. A careful and thor-
oughly documented test of this hypothe-
sis has been carried out by R. A. Gordon

TABLE 3
Year —-Q'/Q a'c/qc a'1/ar
1939...... —0.00796 0.01542 0.05255
1940...... —0.50671 .09511 .08554
1941...... 0.26828 .13184 .06669
1942...... 1.58115 .10196 | — .00362
1943, ..... —0.59978 .01568 .10759
1944 .. ... —2.17661 .00915 .05840
1945...... —3.40897 .09664 .08174
1946. .. ... 0.73106 .10877 .14219
1947. .. ... —0.26175 .05709 .14135
1948...... 1.69931 | — .00960 | — .01000
1949. . .... —0.79225 .00330 .04363
1950...... 0.99485 .07874 .09219
1951...... —0.02812 .01828 .01334
1952...... —0.46928 .00678 .00558
1953...... 2.68494 .00796 .00459
1954. ... .. —0.80062 .00558 .02215
1955...... 0.10595 .01906 .06878
1956...... —0.13054 .04410 .04240
1957...... 2.14949 .01591 .01565
1958...... —0.59412 .01134 .01969
1959...... —0.14750 0.01196 0.01126

(1961). Gordon’s conclusions may be
quoted in full:

There has apparently been, for half a century
or more, a secular tendency in the United States
and some other countries for capital-goods
prices to rise faster than those of consumers’
goods.

If we can believe the figures, the contrast in
the behavior of these sector price levels has been
quite striking, particularly for the period since
the 1920’s. The contrast also shows up in earlier
decades in the U.S. figures. The tendency for
capital-goods prices to rise faster than those of
consumers’ goods is not confined to the United
States. It is also evidenced in some, although
not all, other advanced countries for which data
are available [1961, p. 937].

The rates of growth of implicit defla-
tors for consumption and investment
goods for the U.S. private domestic econ-
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omy, 1939-59, are presented in Table 3.
In this table ¢'c/gcis the rate of growth of
the implicit deflator for consumption
goods, and ¢'1/¢r is the rate of growth of
the implicit deflator for investment
goods. The hypothesis that the rates of
growth are equal may be rejected, but
only at a .25 level of significance. We con-
clude that the assumption that consump-
tion goods and investment goods as
conventionally measured are perfect sub-
stitutes in production is inconsistent
with the evidence presented by Gordon
and also weakly inconsistent with evi-
dence for the U.S. private domestic
economy, 1939-59. The index of em-
bodied technical change presented in the
second column of Table 2, unlike that
given in the first column of Table 3, does
not require this assumption.

V. PREDICTION

We turn now to consideration of calcu-
lations of the amount of investment re-
quired to attain a given amount of
economic growth. Many such calculations
have been made and published; the re-
sults may be summarized, again in the
words of Abramovitz: “It is an implica-
tion of Denison’s analysis that we might
do much to stimulate growth without
raising our investment quotas. We might
even permit them to sink, but in order to
stimulate growth significantly through
capital accumulation we should have to
increase our investment quotas enor-
mously. The moral of Solow’s view is just
the opposite. Pressed to the limit, noth-
ing we might do to stimulate growth
would be effective without a good deal of
investment” (1962, p. 779).

Since embodied and disembodied tech-
nical change have the same factual impli-
cations, any statement based on one type
of technical change can be translated into
an entirely equivalent statement based
on the other type of technical change.

Expression (9) provides a means of mak-
ing such translations. If the results of
calculations based on embodied technical
change differ from those based on disem-
bodied technical change, the reason must
be that the two statements, translated
into the same framework, involve not
two different models of technical change
but, rather, two different factual assump-
tions within a given model of technical
change. No one would knowingly deny
that calculations based on a rate of dis-
embodied technical change of, say, 4 per
cent per year will give different results
than calculations based on a rate of 5 per
cent per year. However, it is easy to deny
such a proposition inadvertently. One
could calculate the effects of investment
for a disembodied model with a rate of
disembodied technical change of 4 per
cent per year and then calculate the ef-
fects of investment for an embodied model
with a rate of disembodied technical
change of 5 per cent per year.

To check the consistency of two sets of
factual assumptions, both sets of as-
sumptions must be translated into the
same framework and compared within
that framework. In view of the one-to-
one correspondence between indexes of
embodied technical change and indexes
of disembodied technical change, it is
completely immaterial which framework
is used for the comparison. If the two
sets of factual assumptions are not con-
sistent, the factual question that must be
answered is not whether embodied or
disembodied technical change is an ap-
propriate model of reality. We have al-
ready demonstrated that both types of
technical change imply the same model
of reality, that is, both models have the
same set of factual implications. The
factual question to be answered is, in our
example, whether disembodied change
takes place at 4 per cent per year or 5 per
cent per year.
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- We have already illustrated the equiv-
alence of embodied and disembodied
technical change by calculating indexes
of each type from a given set of data. It
may be useful to illustrate this equiva-
lence further by calculating the amount
of investment required to attain a given
amount of economic growth using models
of embodied and disembodied technical
change, together with a set of assump-
tions that is factually consistent. This

13

puted using expression (9). In com-
paring factual assumptions about em-
bodied technical change with factual
assumptions about disembodied techni-
cal change, it is important to keep in
mind that indexes of technical change
and the corresponding indexes of capital
input come in pairs. Choosing a particu-
lar index of the rate of technical change
from among all those consistent with a
given body of data implies the choice of a

TABLE 4
Year K'/K K'*/K* K K*
1939.......... 0.00480 0.08426 701.68 63.60
1940.......... .01493 .08521 705.05 68.96
1941, ... ... .02497 .08400 715.58 74.84
1942.......... — .00067 .03692 733.45 81.13
1043, ... — .01115 .07565 732.96 84.13
1944, ......... — .00893 — .00642 724.79 90.49
1945.......... — .00267 .06691 718.32 89.91
1946.......... .03080 .07155 716.40 95.93
1047.......... .02787 .07522 738.47 102.79
.03703 .09180 759.05 110.52
.02062 .09576 787.16 120.67
.04033 .16741 803.39 132.22
.03984 .17200 835.79 154.35
.02895 .16597 869.09 180.90
.02759 .15481 894.25 210.92
.02438 .17576 918.92 243.57
.03692 .22587 941.32 286.38
.03376 .26208 976.07 351.06
.02836 .28646 1009.02 443.07
1958.......... .01849 .32312 1037.64 569.99
1959.......... 0.02896 0.49066 1056.83 754.16

type of calculation can be done for very
complicated sets of factual assumptions.
The general procedure is to state the set
of factual assumptions in such a way that
the basic data that underlie expression
(9) are specified. Then, for a given time
path of the data and of the index of em-
bodied technical change, expression (9)
may be used to compute the equivalent
time path of the index of disembodied
technical change. Alternatively, for a
given time path of the data and of the
index of disembodied technical change,
the equivalent time path of the index of
embodied technical change may be com-

particular index of capital input. Indexes
of capital input corresponding to the in-
dexes of embodied and disembodied tech-
nical change of Table 2 are presented in
Table 4. Table 4 contains the rates of
growth of capital and surrogate capital,
K’/K and K'*/K*, as well as the corre-
sponding indexes of capital and surrogate
capital, K and K* respectively.

To simplify the calculation of the
amount of investment required for a
given amount of economic growth, which
is only intended to serve as an illustra-
tion, we assume that the calculation is to
be done for a set of factual assumptions
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in which investment, capital, and indexes
of technical change are growing at con-
stant exponential rates. In the long run
the rate of growth of investment and the
rate of growth of capital are equal; we
asswne Lhal lhese rates of growth are
equal at the outset. Finally, we assume
that all value shares are constant.

For a model of disembodied technical
change the rate of growth of output is a
weighted average of the rates of growth
of capital and labor plus the rate of
growth of the index of disembodied tech-
nical change. The rate of growth of capi-
tal is equal to the ratio of investment to
capital less the rate of replacement. Tak-
ing the value shares as those that pre-
vailed in 1959, assuming that the rate of
growth of labor is the same as in 1959 and
taking the rate of replacement to be 0.025
per year, we suppose that the rate of
disembodied technical change is 0.025
per year and the rate of growth of output
is 0.03 per year. The implied ratio of
gross investment to capital is 0.028. To
raise the rate of growth of output by one
percentage point to 0.04 per year, an
increase of 33 per cent, the required ratio
of gross investment to capital is 0.056, an
increase of 100 per cent.

For a model of embodied technical
change the rate of growth of output may

be expressed in two ways. First, the rate
of growth is a weighted average of the
rates of growth of surrogate capital and
labor. Alternatively, if the rate of em-
the rates of growth of investment and
capital stock are equal, the rate of growth
of output is a weighted average of the
rates of growth of capital and labor plus
the relative share of capital less the rela-
tive share of investment multiplied by
the rate of embodied technical change.
Under the factual assumptions we have
made, a rate of embodied technical
change of 0.13 per year corresponds to a
rate of disembodied technical change of
0.025 per year. At a rate of growth of
output of 0.03 per year, the implied ratio
of gross investment to capital is, of
course, the same as before, 0.028. To
raise the rate of growth of output by one
percentage point, that is, to 0.04 per
year, an increase of 33 per cent, the re-
quired ratio of gross investment to capi-
tal is 0.056, an increase of 100 per cent.
This result illustrates the fact that calcu-
lations of the amount of investment re-
quired to attain a given amount of
economic growth, using models of em-
bodied and disembodied technical change
together with a set of assumptions that is
factually consistent, give identical re-
sults for the two models.

MATHEMATICAL APPENDIX

In this Appendix we present a formal analy-
sis of the relationship between P, the index of
total factor productivity, and Q, the relative
error in measurement of the price of investment
goods or the reciprocal of the index of the quali-
ty of investment goods. The data given at the
outset include six basic time series and the rate
of replacement of capital goods, 8. The six basic
time series are prices and quantities of invest-
ment-goods output, consumption-goods output,
and labor input. From these data the shares of
investment goods, consumption goods, capital

services, and labor services in the value of total
output may be computed.

1. The first problem is to compute P, the
index of total factor productivity, from the six
basic time series. Beginning with the definition
of the index of total factor productivity,

II ’ Pl ’ Ll
Ur 7‘!‘ Ve %=F+wx EKT'*"wL T

and using the fact that
K'=1-4K,
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the definition may be written in the form:

L P
—wy —

I’ c’
vz—I—+vcE+wx6 7P

edtwgl

—_—.
f eI (s)ds

Now, letting @, b, and cp be given functions
of time, defined as

Ll
a= v — +vc C+'wK5 wr & I’
b=wKI,
and
cp = _'1,

we may rewrite the definition in the form:
./_;ea‘l(s)ds=ﬁ%.
Differentiating with respect to time we
obtain:
[Ia* — (b’ + ob)a + a’'b]P? + [2Iacp
— (' + 8b)cr + bep) PP + [Ich
— bep)P? + bepPP' = 0.
Letting R = P’/P, we may write
R = dp + GPR +fPR2 y

a b a’
"(13‘7"”7)’

bl
ep=—20 3 ++3,

where

dp

and
1
fp=—.

WK

We conclude that the rate of growth of the
index of total factor productivity satisfies an
ordinary second-degree differential equation
with variable coefficients that depend on the six
basic time series.

2. The second problem is to compute Q, the
relative error in the price of investment goods
or the reciprocal of the index of quality of in-
vestment goods, from the six basic time series.

Beginning with the definition of the index of the
quality of investment goods,

Il* C/ KI* LI
Ur I*+'UCC Wk K*+wLL’

where QI* = I and K'* = I'* — §K*, the defi-
nition may be written in the form:

II C Ll /
+'Ucc+wK5 I_‘vl%
CM'I.UKI

I(s)

o e

Letting a, b, and cq be given functions of
time, with ¢ and b defined as before and cq de-
fined as ¢ = —vr, we may rewrite the defini-
tion in the form:

f’e I(s) _ bedt
—o Q(s) aQ+cqQ"”

Differentiating with respect to time we
obtain:

[Ia* — a(b' + 6b) + ablQ? + [21acq
— (b + 8b)cq + ab + bcg)Q'Q
4 Ic} Q™+ bcgQQ' = 0.
Letting S = Q’'/Q, we may write
S =dg + €S + fo5?,

where
(1————5+—) i
= €P+a_ vl
U1
and
fo= K‘EU—K" (vi—wg)fp.

We conclude that the rate of growth of the
index of the quality of investment goods satis-
fies an ordinary second-degree differential equa-
tion with variable coefficients that depend on
the six basic time series. The form of the equa-
tion is strictly analogous to that for the index
of total factor productivity; the coefficients in
both equations depend on the same basic time
series.
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3. To obtain the differential equation gov-
erning Q, the reciprocal of the index of the quali-
ty of investment goods, where “surrogate”
capital is introduced but “surrogate” invest-
ment is not, we omit the term —v7(Q’/Q) from
the definition of the index of the quality of in-
vestment goods. The resulting definition is

’

L
vll‘i"vc C+wx5 z‘

edtwrl

I(s) !

Qf ") ¢

or, employing the notation introduced above,

f‘ L () _De®
gt 222
—= Q(s) aQ "

Differentiating with respect to time we ob-
tain:

Q’+Q(I%——I;—,—6+%’>=O.

Letting S = Q’/Q, as before, we may write

0 =do+ €S,
where
_ g b d'_dp
dQ—Ib 5+a—a
and
6Q=1.

We conclude that in this case the rate of
growth of the index of the quality of investment
goods satisfies a linear equation with variable
coefficients that depend on the six basic time
series.

4. The final problem is to show that any pair
of indexes, P and 1/Q, constructed from the six
basic time series, will satisfy equation (9) of the
text, namely:

I)/—-Z Ql
TTUg
I
+1ﬂ'1<[
Lo si—e 200
/_we 8 >Q(S)I(s)ds

_ I
f‘ et I(s)ds]

To verify this equality we replace each of the
integrals occurring on the right-hand side by the
corresponding expression from the definitions of
the indexes P and 1/Q:

%=v1%+wx[ <a-|—cQ Q)

ll+CpP, ]

Using the definitions of @, b, ¢p, and c¢q given
above, the equality is easily verified.

We conclude that any pair of indexes, P and
1/Q, constructed from the six basic time series,
will satisfy equation (9) of the text. To be more
precise: Both of the indexes satisfy ordinary
second-order differential equations. Hence, the
definition of each index generates a two-parame-
ter family of indexes. The parameters that gen-
erate a given member of each family may be in-
terpreted as the initial value of the index and
the initial value of the corresponding capital
stock. Any pair of indexes, P and 1/Q, consist-
ing of one member of each of the families, satis-
fies equation (9) of the text. There is a one-to-
one correspondence between the families of
indexes constructed from a given set of data.

5. Similarly, we may show that pairs of in-
dexes, P and 1/Q, where the index of the quality
of investment goods, 1/Q, is constructed omit-
ting “surrogate” investment, will satisfy equa-
tion (10) of the text, namely:

P_ [ I
P2 AN )
S '00s)

I(s)ds

_ I
- .
f e 3(t—2) I(s)ds}

Using the definitions of the indexes P and Q as
before,

Pl
P wK b b<a+CPP>

This equality is easily verified directly from the
definitions of a, b, and cp.
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