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Collision-induced spin exchange of alkali-metal atoms with 3He: An ab initio study

T. V. Tscherbul,1,2,* P. Zhang,2 H. R. Sadeghpour,2 and A. Dalgarno1,2

1Harvard-MIT Center for Ultracold Atoms, Cambridge, Massachusetts 02138, USA
2Institute for Theoretical Atomic, Molecular, and Optical Physics, Harvard-Smithsonian Center for Astrophysics, Cambridge,

Massachusetts 02138, USA
�Received 5 March 2009; published 9 June 2009�

We present a rigorous quantum study of spin-exchange transitions in collisions of the alkali-metal atoms
with 3He in the presence of an external magnetic field. Using accurate ab initio interaction potentials, we
obtain refined estimates for the Fermi contact interaction constants for complexes of Na, K, and Rb atoms with
3He. Ab initio calculations show that the Fermi contact interaction in Li-3He varies more slowly with inter-
nuclear distance than predicted by the atomic model �R. M. Herman, Phys. Rev. 37, A1062 �1965��. The
calculated spin-exchange rate constants for Na, K, and Rb atoms in a gas of 3He are in good agreement with
experimental data. Our calculations demonstrate that at a temperature of 0.5 K, collision-induced spin ex-
change of the alkali-metal atoms occurs at a very slow rate of �10−22 cm3 /s, suggesting potential applications
in cryogenic cooling, precision spectroscopy, and quantum optics.

DOI: 10.1103/PhysRevA.79.062707 PACS number�s�: 34.50.�s

I. INTRODUCTION

Collisions of atoms and molecules in the presence of ex-
ternal electromagnetic fields may lead to depolarization of
their electronic and nuclear spins, causing decoherence of
quantum superposition states �1,2�, reduction in the lifetime
of trapped atoms �3,4�, and frequency shifts in atomic clocks
and magnetometers �1�. The fundamental microscopic pro-
cesses that give rise to spin depolarization are spin exchange
and spin relaxation �5�. While the former process merely
transfers spin polarization from one atom to another �1,5�,
the latter results in loss of polarization via the interaction of
the electron spin with the orbital angular momentum of the
collision complex �6�. Due to their importance to spectro-
scopic measurements based on alkali-metal vapor cells, both
mechanisms have attracted much experimental and theoreti-
cal attention �1–6�.

The experimental technique of spin-exchange optical
pumping �SEOP� makes use of spin-exchange collisions to
produce hyperpolarized 3He nuclei for studies in neutron
physics �7�, surface science �5�, and medical imaging �8�.
The efficiency of SEOP is determined by the ratio of the rate
constants for spin exchange and spin relaxation in
alkali-metal–3He collisions. The spin-exchange and spin-
relaxation rates for different alkali-metal atoms were mea-
sured in several experiments �9–14�. Ben-Amar Baranga et
al. �9� studied collisions of optically pumped Rb atoms with
3He in a cell and measured the rate constant for spin ex-
change in Rb-3He collisions to be 6.1�10−20 cm3 /s. More
recent experiments found no observable temperature depen-
dence of the rate constant �10,11�. Recent room-temperature
measurements of spin-depolarization rates for K �12,13� and
Na �14� in 3He buffer gas yielded spin-exchange rates of 6
�10−20 cm3 /s, very similar to those obtained for Rb.

The decoherence of atomic states brought about by spin
depolarization is important in quantum optics, precision

spectroscopy, and quantum information processing. Recently,
Hong et al. �2� demonstrated a new coherent optical medium
based on Rb vapor mixed with cold 4He gas at 4 K.
Collision-induced spin depolarization may induce decoher-
ence of quantum superposition states in such a system. Sus-
hkov and Budker �15� used laser ablation to produce cold
samples of Li and Rb atoms inside a buffer-gas cell and
observed an unexplained atom loss mechanism. In cryogenic
cooling and magnetic trapping experiments, spin-changing
collisions lead to loss of atoms and molecules from the trap
�3,4,16�. It is therefore essential to find ways to minimize the
negative impact of collisional spin depolarization in these
experiments.

Early theoretical studies have shown that spin exchange in
binary collisions occurs due to the Fermi contact hyperfine
interaction of the alkali-metal valence electron with the
nuclear spin of 3He �17,18�. The strength of the Fermi con-
tact interaction is proportional to the electron-spin density of
the atom-He complex at the He nucleus �17�. Herman �17�
demonstrated that the electron-spin density in alkali-
metal–He complexes is enhanced with respect to that in free
alkali-metal atoms by a factor ��1. The enhancement oc-
curs because of the exchange interaction of the valence elec-
tron with the 3He core. Based on the assumption that � does
not depend on the alkali-metal atom �M� and the internuclear
distance in the M-He complex, Herman �17� obtained ���
�7. In 1989, Walker �19� improved this estimate using ap-
proximate M-He interaction potentials and semiclassical
models for collision dynamics. His result was ���=9.5. More
recently, the estimate was further refined using highly accu-
rate polarimetry experiments �20,21�. However, all of these
estimates suffered from the uncertainties in the M-He inter-
action potentials used to reconstruct � from the measured
spin-exchange cross sections and frequency shift enhance-
ment factors.

We have recently reported an ab initio study of spin ex-
change in M-He collisions using accurate interaction poten-
tials and improved estimates of the Fermi contact interaction
parameters �22�. We have found that the model of Herman*tshcherb@cfa.harvard.edu
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�17� provides an adequate description of the electron-spin
density for the Li-He system with �=2.5. In order to infer �
for the heavier alkali-metal atoms, we used recent experi-
mental measurements of frequency shift enhancement factors
to extract refined values of �=2.0 for Na-He and �=1.85 for
K-He. Our calculated spin-exchange cross sections are con-
sistent with the upper bounds derived from magnetic trap-
ping experiments with spin-polarized 39K and 7Li atoms at
subkelvin temperatures �22�. At higher temperatures, the the-
oretical spin-exchange rate constants for K-He are in good
agreement with the values measured in spin-exchange optical
pumping experiments.

This work is an extension of our previous Rapid Commu-
nication �22�. We present a rigorous analysis of spin-
exchange transitions in collisions of the alkali-metal atoms
�Li to Rb� with 3He. We use accurate ab initio calculations to
evaluate the electron-spin density of Li-He and the interac-
tion energy of Rb-He. The Fermi contact interaction con-
stants �FCICs� for the complexes of Na, K, and Rb atoms
with 3He are extracted from the measured frequency shift
enhancement factors using the ab initio interaction poten-
tials. The spin-density calculations also yield the hyperfine
pressure shift of Li-He, which allows us to test a perturbative
model for this quantity, recently proposed by Oreto et al.
�23�. We find that the calculated temperature dependence of
the spin-exchange rates for Na, K, and Rb atoms in a buffer
gas of He is steeper than that measured experimentally. We
demonstrate that this behavior can be attributed to a subtle
drawback of the atomic model �17�.

In Sec. II we describe the quantum-mechanical theory of
spin exchange in atom-atom collisions. The theory is applied
to calculate the cross sections and rate constants for spin
exchange in collisions of the alkali-metal atoms with He in
Sec. III. The paper concludes with a brief summary of the
main findings �Sec. IV�. Atomic units are used throughout
unless indicated otherwise.

II. THEORY

Collision dynamics

The Hamiltonian of the atom-He collision complex in the
presence of an external magnetic field can be written as
�5,24�

Ĥ = −
1

2�R

�2

�R2R +
�̂2

2�R2 + V�R� + Ĥsd + ĤM + ĤHe, �1�

where M denotes the alkali-metal atom, � is the reduced

mass of the M-He complex, R is the interatomic distance, �̂
is the orbital angular momentum for the collision, and V�R�
is the electrostatic �spin-independent� interaction potential.
The Hamiltonian of the isolated alkali-metal atom can be
written as

ĤM = AÎ · Ŝ + 2�0BŜz − B
�M

I
Îz, �2�

where A is the hyperfine constant, �0 is the Bohr magneton,
�M is the nuclear magnetic moment of M, and the operators

Ŝz and Îz yield z components of the electron and nuclear
spins. We choose the space-fixed quantization axis z along
the direction of the external magnetic field B. The interaction

of the nuclear spin of 3He �ÎHe� with the magnetic field is
described by the Hamiltonian

ĤHe = − B
�He

IHe
ÎHez

. �3�

The spin-dependent part of Hamiltonian �1� is given by
�5,24�

Ĥsd = AF�R�ÎHe · Ŝ + ��R��̂ · Ŝ + �A�R�Î · Ŝ , �4�

where the first term on the right-hand side describes the
Fermi contact hyperfine interaction between the electron spin
of M and the nuclear spin of 3He �IHe=1 /2�. The second
term is the spin-rotation interaction, which couples the or-
bital angular momentum of the collision complex and the
electron spin of M. This interaction causes the electron-spin
polarization to decay with time, but does not affect the
nuclear-spin polarization of He. For this reason, the rate con-
stants for spin exchange and spin relaxation can be measured
separately in SEOP experiments �9–14�. A theoretical analy-
sis of the spin-relaxation mechanism is beyond the scope of
this work. The last term in Eq. �4� describes the modification
of the hyperfine constant of M due to the approach of the He
atom. Accurate ab initio calculations of the Fermi contact
interaction constant and the hyperfine pressure shift for
Li-He are presented in Sec. III.

The total wave function for the collision is expanded as

� =
1

R
�
	

�
�,m�

F	�m�
�R��		��m�	 , �5�

where the partial waves ��m�	 describe the orbital motion of
the collision partners and

�		 = �IMI	�SMS	�IHeMIHe
	 �6�

are the fully uncoupled space-fixed basis functions. In this
expression, �SMS	 and �IMI	 are the electron- and nuclear-
spin basis functions of atom M and �IHeMIHe

	 are the nuclear-
spin basis functions for He. The total angular momentum
projection Mtot=MI+MS+MIHe

+m� is conserved. Substitut-
ing the above expansion into the time-independent
Schrödinger equation with Hamiltonian �1�, we obtain the
system of close-coupling �CC� equations


 d2

dR2 −
��� + 1�

R2 + 2�E�F	�m�
�R�

= 2��
	�

�
��,m��

�	�m��V�R� + Ĥsd�R�

+
�̂2

2�R2 + ĤM + ĤHe�	���m��	F	���m
��
�R� , �7�

where E is the total energy. We describe below the evaluation
of the matrix elements on the right-hand side of Eq. �7�. The
interaction potential and the centrifugal kinetic energy are
both diagonal in uncoupled basis �5�, with the matrix ele-
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ments 
		�
���
m�m
��
V�R� and 
		�
���
m�m

��
���+1� /2�R2.

The off-diagonal matrix elements of alkali-metal Hamil-
tonian �2� are due to the hyperfine interaction, which couples
different MI and MS,

�	�ĤM�	�	 = 
MIMI�

MSMS�


MIHe
,MIHe

�

�
AMIMS + 2�0BMS − B
�M

I
MI�

+
1

2
A
MIHe

,MIHe
� �I�I + 1� − MI��MI� � 1��1/2

��S�S + 1� − MS��MS� � 1��1/2
MI,MI��1
MS,MS��1.

�8�

The interaction of the nuclear spin of 3He with magnetic
field has the following matrix elements:

�	�ĤHe�	�	 = − 
MIHe
,MIHe

� 
MSMS�

MIMI�

B
�He

IHe
MHe. �9�

The Fermi contact hyperfine interaction can be expressed
through the raising and lowering operators as

AF�R�ÎHe · Ŝ = AF�R��ÎHez
Ŝz + 1

2 �ÎHe−
Ŝ+ + ÎHe+

Ŝ−�� . �10�

This expression shows that the Fermi contact interaction
couples the states with different MS and MIHe

. Noting that
Eq. �10� is diagonal in � and m�, we obtain an expression
analogous to Eq. �8�,

�	�AF�R�ÎHe · Ŝ�	�	

= 
MIHe
MS
MSMS�


MIHe
,MIHe

� + 1
2 �IHe�IHe + 1�

− MIHe
� �MIHe

� � 1��1/2�S�S + 1�

− MS��MS� � 1��1/2
MIHe
,MIHe

� �1
MS,MS��1�
MIMI�
AF�R� .

�11�

The matrix elements of the third term in Eq. �4� can be
written as

�	��A�R�Î · Ŝ�	�	

= 
MIMS
MSMS�

MIMI�

+ 1
2 �I�I + 1�

− MI��MI� � 1��1/2�S�S + 1� − MS��MS� � 1��1/2

�
MI,MI��1
MS,MS��1�
MIHe
,MIHe

� �A�R� . �12�

In order to verify our results, we performed scattering
calculations in a coupled basis

�FmF	�IHeMIHe
	��m�	 , �13�

where F̂= Î+ Ŝ is the total angular momentum of atom M and
mF=MI+MS. The expressions for the matrix elements in the
coupled basis are given in the Appendix.

It follows from Eq. �8� that the asymptotic Hamiltonian

Ĥas= ĤM + ĤHe is not diagonal in uncoupled basis �6�. In or-

der to apply the scattering boundary conditions, we must
transform the wave function from uncoupled representation
�6� to the eigenchannel representation

��	��m�	 = ��m�	�
	

C	��		 . �14�

The coefficients C	� make up an orthogonal matrix, which
diagonalizes the asymptotic Hamiltonian at each value of the
magnetic field,

���m��Ĥas�����m��	 = 
���
m�m
��

���
�, �15�

where 
�=
M +
He are the Zeeman energies of two noninter-
acting atoms. Property �15� allows us to apply the standard
boundary conditions for inelastic scattering,

F��m�;����m
��
�R → �� → k�

−1/2

���
���
m�m
��

�exp�− i�k�R − ��/2�� + S����m
��;��m�

�exp�i�k��R − ���/2��� , �16�

where k�
2 =2��E−
��=2�Ec is the wave vector, Ec is the

collision energy, F��m�;����m
��
�R� are radial expansion coeffi-

cients �5� in eigenchannel representation �14�, and
S����m

��;��m�
are the S-matrix elements. The integral cross sec-

tions for collision-induced transitions between the different
Zeeman states of M and 3He can be written as

��→���Ec� =
�

k�
2 �

Mtot,�
�

m�,m��

�
���
m�m
��

��� − S

��m
��;�m�

Mtot� �2,

�17�

where we can write S��m�;����m
��
=S

�m�;��m
��

Mtot� since both � and

Mtot are conserved quantities.
The CC equations �7� were solved numerically using the

improved log-derivative method �25�. The wave function
was propagated from R=3a0 to R=50a0 with a step size of
0.04a0. In order to ensure convergence of spin-exchange
cross sections to better than 5%, up to 180 terms were in-
cluded in partial wave expansion �5�, leading to 16 coupled
equations for ��3 and �Mtot�=

1
2 . To ensure convergence of

the cross sections at collision energies below 1 K, it was
necessary to propagate the CC equations out to 200a0. As a
further check of our results, we compared the calculated elas-
tic cross sections with the experimental data for Li-He �26�
and found good agreement.

III. RESULTS

In this section, we apply the theory outlined above to
collisions of the alkali-metal atoms with He. We parametrize
the scattering Hamiltonian using realistic atom-atom interac-
tion potentials, Fermi contact interaction constants, and hy-
perfine pressure shifts for the alkali-metal atoms interacting
with He. For Rb-He, we present ab initio calculations of the
interaction potential. For Li-He, we evaluate both the Fermi
contact interaction constant and the hyperfine pressure shift
and compare our results with the previous theoretical esti-
mates.
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A. Interaction potentials

The potential-energy curves for the interaction of Li, Na,
and K atoms with He were calculated by Partridge et al. �27�
using highly accurate ab initio methods. For scattering cal-
culations, we fitted the ab initio data points �27� to the ana-
lytical form

V�R� = e−�R+	�
n=0

8

anRn −
1

2
�1 + tanh��R���

n=3

6
C2n

R2n . �18�

The fitting parameters �, 	, an, and Cn were optimized using
the Levenberg-Marquardt algorithm �28�. The proper
asymptotic behavior of V�R� is ensured by using the accurate
C6 dispersion coefficients for the alkali-metal atoms with He
calculated by Zhu et al. �29�. During the fitting procedure,
the parameter C6 was kept fixed and all other parameters
were allowed to vary. For Li-He, we found that setting C6
=24.47 produces the best quality fit. This value is slightly
larger than that recommended in Ref. �29� �C6=22.51�. The
deviation of our fits from ab initio data �27� does not exceed
0.1% in the region of potential minimum. The fitting param-
eters are available from the authors upon request.

In order to obtain accurate interaction energies for Rb-He,
we use the coupled-cluster method with single, double, and
noniterative triple excitations based on the restricted open-
shell Hartree-Fock reference wave function �ROHF-
RCCSD�T�� �30,31� with an all-electron approximate relativ-
istic Hamiltonian. We employed the spin-averaged third-
order Douglas-Kroll-Hess Hamiltonian �32,33�, which yields
the best approximation to the total energy for many-electron
systems �33�. In our coupled-cluster calculations, the
3d4s4p5s electrons of the Rb atom and the 1s electrons of
the He atom were correlated. A fully uncontracted
�24s20p12d5f4g3h� basis set was constructed from
�23s19p11d4f� primitives of Roos et al. �34� by adding 3g
polarization functions with exponents of 1.249 336,
0.602 788, and 0.202 028 and 2h polarization functions with
exponents of 1.436 524 and 0.720 408. The polarization
functions were variationally optimized to obtain the ground-
state energy of the Rb�2S� atom. In order to properly describe
the long-range interactions, a set of �spdfgh� diffuse func-
tions was added in the even-tempered manner with a factor
of 2.5. For the He atom, a fully uncontracted augmented
correlation-consistent polarized valence sextuple zeta �aug-
cc-pV6Z� basis �35� augmented with a set of �spdfgh� dif-
fuse functions was implemented. �The diffuse functions were
defined in the same way as for Rb.� The basis-set superposi-
tion error was taken into account using the standard counter-
poise correction procedure �36�. By analyzing the asymptotic
part of the ab initio potential, we obtain C6=46.48, in close
agreement with the accurate value of 43.4 �29�. All the
coupled-cluster calculations were performed using the MOL-

PRO 2006.1 suite of quantum chemistry programs �37�. A
total of 149 ab initio data points were generated in the inter-
val 4.6a0�R�30a0. A cubic spline fit to the ab initio points
in the inner region was smoothly merged with the asymptotic
form −C6 /R6 at R�30a0 to provide a global representation
of the interaction potential suitable for scattering calcula-
tions.

Figure 1 shows the ab initio potentials for the alkali-metal
atoms interacting with He. All the potentials have a van der
Waals minimum, which shifts to longer R with increasing
mass of the alkali-metal atom. The Li-He system has the
largest interaction energy �De=1.6 cm−1�, whereas the
Rb-He interaction is the weakest �De=1.0 cm−1�. The inner
turning points of the interaction potentials follow the same
trend, increasing from 10.2a0 �Li-He� to 12.2a0 �Rb-He�. A
comparison of binding energies shows that the interactions of
the alkali-metal atoms with He are the most repulsive of all
binary atom-He interactions including He-He, for which De
=7.65 cm−1 �38�. As a consequence, none of the M-3He in-
teraction potentials supports bound or quasibound states.

B. Fermi contact interaction constants

The Fermi contact interaction constant in Eq. �4� can be
written as

AF�R� =
16�

3

�0�He

IHe
�He�R� , �19�

where �He�R� is the electron-spin density at the He nucleus
defined as the expectation value of the three-dimensional
Dirac 
 function,

�He�R� = ���re,�e;R��
�re − R����re,�e;R�	 , �20�

where ��re ,�e ;R� is the adiabatic wave function for the
ground 2� electronic state of Li-He, which depends on the
spatial �re� and spin ��e� coordinates of the electrons. The
averaging in Eq. �20� is performed over re and �e at a fixed
nuclear geometry specified by the vector R. The origin of the
coordinate system is at the Li nucleus.

The accuracy of the calculated FCICs depends on the
choice of the atomic basis and of the procedure used to ac-
count for the electron correlation. Two main problems are
associated with choosing the optimal basis set. First, the
Gaussian basis functions used in molecular electronic struc-

10 12 14 16 18
R (in units of a

0
)

-2

0

2

4

V
(R

)
(i

n
un

its
of

cm
-1

)

Li

Na

K

Rb

FIG. 1. �Color online� Interaction potentials for the alkali-metal
atoms with He. The curves for Li, Na, and K are fits to the ab initio
data of Ref. �27�. The curve marked “Rb” is a cubic spline approxi-
mation to the ab initio data points computed in the present work
�see text�.
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ture calculations may exhibit incorrect behavior near the
nucleus �such as the absence of a cusp at the origin�, which
may lead to underestimation of the electron-spin density at
the nucleus. This deficiency can be alleviated by including
very tight primitive s functions �39�. The second problem
concerns the contraction coefficients of the primitive basis
functions, which are usually optimized for the computation
of energy differences. The basis sets commonly used in ab
initio calculations are most flexible in the outer valence re-
gion. However, the electron-spin density at the nucleus is
highly sensitive to the behavior of the basis functions in both
the valence and core regions. Because tight s functions are
localized in the core region, the basis sets optimized to cal-
culate FCICs need to be more flexible than those used to
calculate energy differences. A well-balanced treatment of
the electron correlation is also essential. The FCICs calcu-
lated at the Hartree-Fock or many-body perturbation theory
�MBPT� level can deviate from the accurate values by as
much as 100% �40–42�. Because of the need to augment the
basis with tight s functions, even a qualitative description of
the FCICs in atoms heavier than helium requires proper
treatment of the core correlation effects.

Ab initio calculations of the electron-spin density for
Li-He are performed using the Mainz-Austin-Budapest ver-
sion of the ACES II program �43� at the coupled-cluster level
of theory based on an unrestricted Hartree-Fock reference
wave function �the UHF-UCCSD�T� method �41��. The spin
densities at the nuclei were computed with the 
-function
formalism from the UCCSD�T� relaxed density matrix �41�.
For the He atom, we used a modified augmented correlation-
consistent polarized valence quintuple zeta �aug-cc-pV5Z�
basis �44� obtained by fully decontracting the s functions and
adding a sequence of three very tight s functions with the
exponents forming a geometric progression. For Li, we em-
ployed an extended augmented correlation-consistent polar-
ized core-valence quadruple zeta �aug-cc-pCVQZ� basis set
�45� obtained by completely decontracting the s functions
and adding four very tight s functions. In both cases, the tight
s functions were obtained by multiplying the largest s expo-
nent of the parent basis set by a factor of 4. Our calculated
spin density at the nucleus of the isolated Li atom ��Li
=0.230� is only 1% less than the value obtained from highly
accurate variational calculations using Hylleraas coordinates
�46�.

For the alkali-metal atoms heavier than Li, we adopted the
atomic model

�He�R� = ���n�R��2, �21�

where �n�R� is the wave function of the ns valence electron
�n=3−5 for Na to Rb� at a distance R from the nucleus. In
order to estimate the enhancement parameter �, we calcu-
lated the frequency shift enhancement factor

�0�T� = �
0

�

�He�R�e−V�R�/kBT4�R2dR , �22�

where kB is the Boltzmann constant and T is the temperature.
The temperature dependence of �0 was measured to high
accuracy in polarimetry experiments with Na, K, and Rb

atoms in a buffer gas of 3He �20,21�. Using the ab initio
interaction potentials described in Sec. III A to evaluate Eq.
�22�, we varied � until the calculated frequency enhancement
factors matched the experimentally measured values at a
given temperature. This procedure gives the best-fit param-
eters � for each alkali-metal atom. The results presented in
Table I show that the optimal values of � vary from 2.0 �Na�
to 1.85 �K� and 1.83 �Rb�. These values are smaller than the
estimates ���=5.8–12.6 reported previously �47�. We believe
that the origin of the disagreement is due to different inter-
action potentials used in Refs. �19,47� to extract � from the
measured frequency shifts. Indeed, Eq. �22� suggests that �0
is highly sensitive to the location of the repulsive wall of the
interaction potential.

Figure 2 shows the temperature dependence of the fre-
quency shift enhancement factor for Rb-He calculated at
three different values of �. The experimentally measured
�0�T� is less steep than that predicted by Eq. �22�. The tem-
perature dependence of �0 reflects the R dependence of the
Fermi contact interaction constant �47�. Therefore, the de-
pendence on R of the Fermi contact interaction calculated
using atomic model �21� is too steep. In accordance with this
observation, the ab initio spin density for Li-He shown in
Fig. 3 decreases more gradually with R than predicted by Eq.
�21�.

TABLE I. Measured frequency shift enhancement factors �0 for
Na, K, and Rb atoms in a gas of He from Refs. �20,21�. The spin-
exchange enhancement factors � for each atom are adjusted to re-
produce the measured values at a given temperature. See text for a
detailed description of Rb-He calculations.

Atom
Temperature

�K� � �adjusted� �0 �Expt.� Reference

Na 473.15 2.0 4.72�0.09 �20�
K 473.15 1.850 5.99�0.11 �20�
Rb 430.15 1.83 5.99�0.09 �21�
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FIG. 2. �Color online� Calculated �solid lines� and measured
�dashed line� frequency shift enhancement factors �0 �Eq. �22�� as
functions of temperature for Rb-He. The values of � are shown in
the graph.
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Figure 4 is a plot of the Fermi contact interaction con-
stants for complexes of the alkali-metal atoms with 3He. The
hyperfine couplings decrease exponentially with R due to the
wave functions on the right-hand side of Eq. �21�. The inter-
actions of the Li and Na atoms with the nuclear spin of 3He
are significantly weaker than those of K and Rb. This is
because the outermost lobes of the electronic wave functions
for heavier alkali-metal atoms occur at larger R. However,
this difference is compensated for by the fact that the inter-
action potentials of K and Rb atoms with He are more repul-
sive �see Fig. 1�. As a result, the spin-exchange rates for
different alkali-metal atoms are similar as will be shown be-
low.

C. Hyperfine pressure shifts

The hyperfine constant of the alkali-metal atom is modi-
fied by the approach of the 3He atom, which gives rise to

pressure-dependent frequency shifts of hyperfine levels
�5,23�. Such pressure shifts were observed in a number of
experiments with alkali-metal vapor cells �5�. Oreto et al.
�23� recently developed a theoretical approach based on the
Fermi contact approximation to estimate the hyperfine pres-
sure shifts. Instead of the quantity �A�R� defined in Eq. �4�,
it is more convenient to deal with the relative hyperfine pres-
sure shift


An�R� =
�An�R�

An
, �23�

where

An =
16�

3

�M

I
�0�M,n�R� �24�

is the hyperfine constant of the isolated atom in the elec-
tronic state characterized by the principal quantum number n
and �M,n�R�= ��n�R=0��2 is the spin density at the M
nucleus. In the following, �M�R� stands for the electron-spin
density for the ground electronic state of Li.

The approach of the 3He atom mixes in other electronic
states of higher energy. The contribution from the excited
electronic states can be estimated using the Fermi pseudopo-
tential approximation �23�. The final expression for the rela-
tive pressure shift can be written in the form


An�R� = a �
n��n

�An�

An
�1/2�n�R��n��R�


n − 
n�
, �25�

where a is the s-wave scattering length for electron-He col-
lisions, 
n and �n�R� are the energies and wave functions of
the atomic states, and An are given by Eq. �24�. We use the
most recent value a=1.17 �48�. Note that only the wave
functions of s symmetry need to be included in the summa-
tion since the orbitals with ��1 have zero amplitude at the
alkali-metal nucleus. We evaluated Eq. �25� using highly ac-
curate wave functions for Li constructed from a numerical
propagation of the Schrödinger equation, in which the inter-
action of the valence-core electrons was parametrically mod-
eled �49�. A total of 11 terms were included in summation
�25�, and we verified that reducing the number of terms to 5
does not change the pressure shifts.

In order to test the perturbative expression for the hyper-
fine pressure shift �25�, we performed accurate calculations
of the electron-spin density at the Li nucleus using the ab
initio electronic wave functions for Li-He �cf. Eq. �20��,

�M�R� = ���re,�e;R��
�re����re,�e;R�	 . �26�

Figure 5 compares the ab initio hyperfine pressure shifts for
Li-He with those given by Eq. �25�. The overall agreement is
fairly good, although the model of Oreto et al. �23� predicts
a more gradual increase in the hyperfine shift with decreas-
ing R. The reason for the disagreement can be traced back to
the perturbation theory and Fermi contact approximation
used to evaluate the contributions from electronically excited
states in Eq. �25� �23�. Figure 5 shows that the hyperfine
pressure shift given by Eq. �25� is large and negative at small
R. The inner turning point of the Li-He interaction potential
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is located at R=10.2a0 �see Fig. 1�, so the region where

An�R� is negative plays virtually no role in the experiments
performed at or below room temperature.

D. Spin-exchange collisions

The spin-exchange transitions occur between the hyper-
fine levels of the alkali-metal atom and the nuclear-spin lev-
els of the 3He atom. The energy levels of a typical alkali-
metal atom with I= 3

2 �such as the 7Li, 23Na, 39K, and 87Rb
atoms studied in this work� are shown in Fig. 6 versus the
applied magnetic field. For definiteness, we consider the
highest-energy level �F=2,mF=2	 as the initial collision
channel. Because the Fermi contact interaction couples the
hyperfine states with �mF= �1, spin exchange can occur
through the transitions �F=2,mF=2	→ �F�=2,mF� =1	 and
�F=2,mF=2	→ �F�=1,mF� =1	, which are accompanied by

the nuclear-spin-changing transition �MIHe
=− 1

2 	→ �MIHe
� = 1

2 	
in 3He. The total spin-exchange cross section is equal to the
sum of the cross sections for these two transitions.

The calculated cross sections for spin-exchange transi-
tions in M-He collisions are shown in Fig. 7 as functions of
collision energy. The cross sections display broad minima
near Ec=2–10 cm−1 and increase monotonically at Ec
�10 cm−1. As the collision energy increases, the inner turn-
ing point of the M-He interaction potential shifts to smaller R
where the Fermi contact interaction is stronger �see Figs. 2
and 3�, leading to the enhancement of spin-exchange transi-
tions at high collision energies. The spin-exchange rate con-
stants shown in Fig. 8 increase monotonically with tempera-
ture and follow the trend �Na��K��Rb. Thus, Rb has the
largest spin-exchange rate of all alkali-metal atoms over the
temperature interval of 1–400 K.

As with the frequency shift enhancement factors �Sec.
III B�, the temperature dependence of spin-exchange rates is
sensitive to the R dependence of the Fermi contact interac-
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tion. Figure 3 shows that the ab initio Fermi contact interac-
tion constant for Li-He increases less steeply with decreasing
R than predicted by Eq. �21�. Therefore, the spin-exchange
rates calculated using the atomic model should have a stron-
ger temperature dependence. The results shown in Figs. 7
and 8 confirm this supposition. The temperature dependence
of the spin-exchange rate for Li-He clearly stands out, vary-
ing more slowly than for other alkali-metal atoms. Table II
compares the experimental and calculated rate constants for
spin-exchange collisions of Na, K, and Rb atoms with He at
selected temperatures. Although the overall agreement with
experiment is good, the theoretical rate constants are larger
than the measured values by 30–50 %. Table II shows that
the experimental spin-exchange rates are similar for different
alkali-metal atoms and display no temperature dependence.
In contrast, the calculated rate constants do have a weak
temperature dependence, increasing by 20–30 % as the tem-
perature varies from 360 to 550 K. Since our scattering cal-
culations are exact, the origin of the discrepancy must be
attributed to atomic model �21�, which is probably not accu-
rate enough to reproduce fine details of the R-dependent
Fermi contact interaction.

The difference between the spin-relaxation rates for light
�Li and Na� and heavy �K and Rb� alkali-metal atoms is not
as large as one would expect from the analysis of Fig. 4,
which shows that the hyperfine coupling for the heavier at-
oms is �10 times stronger. The reason is that the inner turn-
ing points of the interaction potentials for K-He and Rb-He
�marked by arrows in Fig. 4� are shifted to larger R, prevent-
ing the collision partners from reaching the region of strong
Fermi contact interaction. In order to verify this hypothesis,
we calculated the cross sections for K-He using the Li-He
interaction potential, which is equivalent to shifting the K-He
interaction potential to smaller R by �2a0. We found that
this modification leads to an enhancement of the spin-
exchange cross section by a factor of �100. Such a dramatic
effect reflects the exponential increase of the Fermi contact
hyperfine interaction at small R shown in Fig. 4.

In Fig. 9, we plot the magnetic field dependence of the
spin-exchange cross section for Rb-He at a collision energy

of 300 cm−1. Although it appears that the total spin-
exchange cross section is not sensitive to magnetic fields
below 1 T, the probabilities for individual hyperfine transi-
tions �shown by the arrows in Fig. 6� are altered to a signifi-
cant extent. In particular, the F-conserving transition �F
=2,mF=2	→ �F�=2,mF� =1	 is completely suppressed by
magnetic fields on the order of 0.5 T. We find that the mag-
netic field suppression of the partial cross section occurs over
a wide range of collision energies, from 1 to 300 cm−1, and
it seems to be insensitive to the collision energy.

E. Collisions at low temperatures

Collisional depolarization of the alkali-metal atoms in
cryogenic He gas is of special interest for applications in
magnetic trapping and evaporative cooling �3�, atomic mag-
netometry �15�, and quantum coherent optics �2�. Thus it
would be interesting to investigate the dynamics of spin-
exchange collisions in this heretofore unexplored regime.
Figure 10 shows the spin-exchange cross sections as func-
tions of collision energy at a magnetic field of 1 G. In the
limit of zero collision energy, the cross sections vary as
Ec

−1/2, in accordance with the Wigner threshold law for
s-wave scattering �50�. The cross sections for Na, K, and Rb
atoms follow the threshold behavior at Ec�0.01 cm−1. In
the case of Li-He, the cross sections are notably larger and
assume the Ec

−1/2 dependence only for collision energies be-
low 10−4 cm−1. This is because the long-range part of the
Fermi contact interaction for Li-He decreases less slowly
than for other alkali-metal atoms �see Fig. 4�. The results
shown in Figs. 4 and 10 thus illustrate that small variations
in the Fermi contact interaction may lead to drastic changes
in spin-exchange cross sections at ultralow collision ener-
gies.

Table III shows the rate constants for spin exchange in
M-He collisions at a temperature of 0.5 K and magnetic field
of 2 T. The spin-exchange rate for Li-He is the largest, as
expected from the analysis of Fig. 10. It has been demon-
strated �22� that spin exchange is the dominant inelastic loss

TABLE II. Calculated and measured rate constants for spin-
exchange transitions in collisions of Li, Na, K, and Rb atoms with
He. The rate constants are given in units of cm3 /s. References to
experimental work are given where available. The “Theor.” column
contains the results of quantum scattering calculations described in
the present work.

Atom
Temperature

�K� �SE �Expt.� �SE �Theor.� Reference

Li 400.0 3.5�10−20

500.0 4.3�10−20

Na 583.15 �6.1�0.6��10−20 8.8�10−20 �14�
K 463.15 �6.1�0.4��10−20 8.9�10−20 �12,13�

470.15 �4.0�0.3��10−20 8.9�10−20 �10�
Rb 360.0a �6.7�0.6��10−20 7.1�10−20 �9�

444.15 �6.5�0.4��10−20 9.3�10−20 �10�
453.0 �6.1�0.2��10−20 9.5�10−20 �11�

aThe lowest temperature of the measurement.
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channel for light alkali-metal atoms �Li-K� at temperatures
below 1 K. The calculated ratios of the rate constants for
diffusion and inelastic scattering ��1011� are consistent with
the upper bounds derived from magnetic trapping experi-
ments with Li and K atoms �22�. Typical values of the
elastic-to-inelastic ratios are 104 for transition-metal atoms
�51�, 104–105 for rare-earth atoms �52�, 106 for CaH�2�� �4�,
and 105 for NH�3�� �53,54�. Table III illustrates that differ-
ent alkali-metal atoms have similar spin-depolarization rates.
We note that because of its long-range character, the aniso-
tropic part of the hyperfine interaction �not considered in the
present work� may affect the dynamics of spin-exchange col-
lisions at low temperatures. As such, the results presented in
Table III should be treated with caution. A rigorous study of
the effects of anisotropic hyperfine interactions on spin-
exchange collisions at low temperatures will be presented in
a future publication.

IV. SUMMARY

We have presented a rigorous theoretical analysis of spin-
exchange transitions in collisions of the alkali-metal atoms
with He based on state-of-the-art ab initio calculations of the
interaction potentials, Fermi contact interaction constants,

and hyperfine pressure shifts. We have calculated the cross
sections and rate constants for spin-exchange transitions in
collisions of Li, Na, K, and Rb atoms with He over a wide
range of temperatures. We have found good agreement be-
tween the calculated rate constants and the values measured
in recent SEOP experiments with Na, K, and Rb atoms in a
buffer gas of He.

Accurate ab initio calculations show that the variation
with R of the Fermi contact interaction constant for Li-He is
slower than that predicted by the atomic model. As a conse-
quence, quantum scattering calculations based on the atomic
model yield a positive temperature dependence of the rate
constants for spin exchange in collisions of alkali-metal at-
oms with He. However, no temperature dependence was de-
tected in previous SEOP experiments �9–14�. This disagree-
ment suggests the need to go beyond the atomic model. An
extension of the ab initio calculations presented in this work
to heavier alkali-metal atoms would enable direct compari-
son with experimental data and may elucidate the role of
anisotropic hyperfine interactions in spin-exchange dynamics
�47�.

The interaction potentials of the alkali-metal atoms with
He are extremely shallow and their depths decrease from Li
to Rb. For example, the ab initio interaction potential for
Rb-He computed in this work has the well depth of
1.0 cm−1, which is �7.5 times smaller than that of the
He-He interaction �38�. These highly repulsive interactions
prevent the formation of shape resonances in collisions of the
Li, Na, K, and Rb atoms with 3He. The hyperfine pressure
shifts for Li-He calculated with the model of Oreto et al. �23�
are in fairly good agreement with the present ab initio cal-
culations. The remaining discrepancy can be attributed to the
perturbation theory and Fermi contact approximation used to
describe the mixing between the ground and electronically
excited states of the alkali-metal atom induced by the inter-
action with He.

The ab initio approach presented in this work can be eas-
ily generalized to describe the dynamics of collisional spin
exchange in non-S-state atoms and open-shell molecules.
Measurements of spin-exchange transitions in collisions of
atoms �such as Cr and N �55,56�� and molecules �such as O2
�57�� with 3He are valuable sources of information about the
electronic structure and hyperfine interactions in these sys-
tems. Such measurements, accompanied by rigorous theoret-
ical calculations, will help improve the efficiency of SEOP
experiments by selecting the species with the optimal ratio of
the rate constants for spin exchange and spin relaxation. A
proper theoretical description of collision-induced spin relax-
ation is a key to accomplish this goal. We have demonstrated
by a model calculation that the rate constant for spin relax-
ation in K-He collisions is a rapidly varying function of tem-
perature �22�. The mechanism of the spin relaxation is deter-

mined by the term ��R��̂ · Ŝ in the spin-dependent
Hamiltonian �4�. The spin-rotation constant ��R� can be ex-
pressed via the matrix elements of the spin-orbit interaction
and nonadiabatic coupling between the ground �2�� and the
first excited �2�� electronic states of the M-He complex �58�.

The results presented in Table III demonstrate that colli-
sional spin depolarization of the alkali-metal atoms in cryo-
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TABLE III. Rate constants for diffusion ��D� and spin exchange
��SE� for Li, Na, K, and Rb atoms in a gas of 3He at a temperature
of 0.5 K. The rate constants are given in units of cm3 /s. Also shown
are the calculated and measured upper bounds to the ratios �D /�SE.
The calculated values are for B=2 T. The experimental estimates
are taken from Ref. �22�.

Atom �SE �D �D /�SE �Theor.� �D /�SE �Expt.�

Li 1.2�10−21 1.5�10−10 1.3�1011 �5.4�105

Na 6.4�10−22 1.9�10−10 3.0�1011

K 4.7�10−22 1.8�10−10 3.7�1011 �1.1�108

Rb 5.5�10−22 1.8�10−10 3.2�1011
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genic 3He gas is 4–5 orders of magnitude slower than in
other open-shell species such as the noble-metal atoms �16�,
transition-metal atoms �51�, and NH molecules �53,54�. Such
extraordinarily low inelastic rates may enable novel applica-
tions of buffer-gas-cooled alkali-metal atoms in precision
spectroscopy, quantum optics, and quantum information pro-
cessing �22�. In particular, using cold He gas to slow the
diffusion of atoms to the cell walls may greatly increase the
sensitivity of spectroscopic experiments to measure the elec-
tric dipole moment of the electron �59�. At large buffer-gas
densities, the relaxation mechanisms due to atom-atom col-
lisions are suppressed, which increases the maximum attain-
able atom density and may be used to enhance the sensitivity
of atomic clocks and high-precision atomic magnetometers
based on alkali-metal vapor cells �1,15�.
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APPENDIX: MATRIX ELEMENTS IN THE COUPLED
BASIS

The matrix elements of the hyperfine interaction in
coupled basis �13� are given by

�FmF�AÎ · Ŝ�F�mF�	 = 1
2A�F�F + 1� − I�I + 1�

− S�S + 1��
FF�
mFmF�
. �A1�

Note that the matrix elements do not depend on �, m�, and
MIHe

. Similarly, the electrostatic interaction potential has
only diagonal matrix elements

�FmF�V�R��F�mF�	 = 
FF�
mFmF�
V�R� . �A2�

The interaction with magnetic fields couples different hyper-
fine levels. Explicit expressions for the matrix elements can
be obtained using the Wigner-Eckart theorem �60�. They are

�FmF�2�0BŜz�F�mF�	

= 2�0B�− �I+S+2F−mF+1��2F + 1��2F� + 1��1/2

� ��2S + 1�S�S + 1��1/2� F 1 F�

− mF 0 mF�
�� S F I

F� S 1
� ,

�A3�

where the symbols in parentheses and curly brackets are 3-j
and 6-j symbols. The Fermi contact interaction can be writ-
ten in tensor form as follows:

AF�R�ÎHe · Ŝ = AF�R��
q

�− �qÎHe,q
�1� · Ŝq

�1�, �A4�

where the subscripts q indicate the tensor components. The
matrix elements can therefore be factorized as follows:

�IHeMIHe
��FmF�AF�R�ÎHe · Ŝ�IHeMIHe

� 	�F�mF�	

= AF�R��
q

�− �q�IHeMIHe
�ÎHe,q

�1� �IHeMIHe
� 	

��FmF�Ŝq
�1��F�mF�	 . �A5�

Using the Wigner-Eckart theorem to evaluate each of the
matrix elements on the right-hand side and collecting all the
terms, we find

�IHeMIHe
��FmF�AF�R�ÎHe · Ŝ�IHeMIHe

� 	�F�mF�	

= �− �IHe+2F+I+S+1−mF−MIHe��2S + 1�S�S + 1��1/2

� ��2F + 1��2F� + 1��1/2AF�R�

��
q

�− �q� IHe 1 IHe�

− MIHe
q MIHe

� �
�� F 1 F�

− mF − q mF�
�� S F I

F� S 1� . �A6�

In order to test our numerical results, we performed scatter-
ing calculations using CC expansion �5� in terms of coupled
basis functions �13�. The resulting cross sections were fully
identical to those obtained with the uncoupled basis of Sec.
II.
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