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Abstract

Organisms from all domains of life display size control, coupling growth and di-

vision to constrain the spread in cell sizes observed throughout a population. However,

the means by which this coupling takes place remains unclear. Here we present our work

studying the molecular mechanism underpinning size control using a combination of the-

oretical and experimental approaches. First we explore a set of abstracted molecular

models and their implications for the regulation of size control in different growth mor-

phologies. This approach revealed rich dependence of the robustness of different strategies

on division asymmetry and growth morphology. We then use a series of microscopy-based

experiments to interrogate the molecular mechanism underpinning cell size control in the

model organism budding yeast S. cerevisiae. Within this work we disprove a widely sup-

ported hypothesis for size control in this organism, highlighting the challenges that remain

in addressing the fundamental question of how cells regulate their size. Finally, we use

a theoretical approach to address the question of how cell size and division asymmetry

affect the population growth rate. This project demonstrates a previously unobserved

dependence of population growth rate on division asymmetry and a cell’s strategy of size

control.
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Chapter 1

Introduction

“It is difficult to believe that the behavior of cyclins is not connected with

processes involved in cell division ...” - Tim Hunt

1.1 Section I

All cells share the problem of how to reproduce themselves in the next generation with

high fidelity. For single cells, which have limited means of assessing their readiness to

divide, this problem must be solved through regulation of the cell cycle. The successful

coordination of essential processes such as replication of DNA and segregation of chromo-

somes is crucial for survival, however, these are not the only events that must take place

to ensure successful propagation in the next generation. Cell size control, the means by

which cells coordinate their growth and division to constrain the spread of sizes observed

in a population, is ubiquitous throughout all domains of life (74; 50; 32). A range of
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CHAPTER 1. INTRODUCTION

hypotheses regarding the necessity of size control have been put forward in the literature.

Some suggest that size control ensures an optimal surface area to volume ratio within

single cells, to minimize the constraints of nutrient uptake in a diffusion-limited environ-

ment (54). Others have suggested that size control is essential in order to maintain an

optimal cell size for other more fundamental reasons, such as to avoid the copy number of

the DNA template becoming limiting for mRNA transcription and the production of cell

biomass (57; 68). Still others have suggested that size control could be a “spandrel” in the

evolutionary sense, simply functioning to regulate another more important cell cycle event

– that is, the firing of DNA replication origins in rapidly dividing bacteria (47). Why size

control is so ubiquitous remains unclear, as does the question of whether one strategy of

size control is “optimal” over another in any meaningful sense, or indeed how cells should

be able to couple size to the cell cycle at all. Additionally, size control itself is subject to

variation dependent on environmental conditions, with microbes such as budding yeast

showing dependence of cell size on a cell’s nutritive environment (81). Perhaps one of the

most striking examples of differences in regulation of cell size comes from the formation of

egg cells during reproduction, where continued growth without division leads to the gen-

eration of extremely large gametes (42). These gametes can undergo rapid mitotic events

once fertilized, leading to an exponential decrease in cell size over successive divisions.

Budding yeast provides an excellent example of the need for further study in the field

of cell size control. In this organism early observations of cell size control date back to

1977, when Leland Hartwell’s group at the University of Washington conducted a series

of experiments using temperature sensitive mutants to determine that small daughter

cells delay entry into the cell cycle until they had grown to reach a sufficiently large size

2



CHAPTER 1. INTRODUCTION

(50; 43). These observations led to the proposal of a “sizer” model for passage through

Start (the cell cycle transition at which cells irreversibly commit to another round of cell

division) (50). Within this model, cells grow to a threshold size cutoff before passing

through Start. The field has progressed dramatically since these early observations; our

understanding of the detailed mapping of the genetic regulatory network that controls

passage through Start is remarkably more detailed than in the time of these early mea-

surements, however, our understanding of how this regulatory network couples to cell size

remains limited (85; 17; 19; 25; 90; 28; 38; 89; 76).

At its core, the cell cycle relies on the activation of cyclin dependent kinases by

the periodic expression of cyclins (33). In budding yeast, the cyclin-dependent kinase

Cdk1 undergoes activation during G1 by binding with the G1 cyclin Cln3 to promote

passage through Start. Throughout G1 the transcriptional inhibitor Whi5 inhibits passage

through Start by binding to and inhibiting the transcription factor SBF, preventing it from

upregulating genes associated with passage through Start. During early G1, Whi3 activity

causes transient inhibition of Cln3 activity, potentially by binding to the 5’ UTR of CLN3

mRNA transcripts and impeding the initiation of translation(9). Late in G1, Cln3/Cdk1

activity leads to phosphorylation and inhibition of Whi5, prompting its nuclear exit and

activating SBF (19; 25). SBF activity upregulates genes in the G1/S regulon, increasing

expression of the two remaining G1 cyclins Cln1 and Cln2 (G1 cyclins are collectively

known as Clns), which further dimerize with Cdk1 prompting further inactivation of Whi5

(85; 22). This completes a positive feedback loop leading to increasing levels of Cln/Cdk1

activity which commits cells to passage through Start (23; 28). Throughout G1, high

levels of Sic1 activity lead to the inactivation of B-type cyclins, specifically Clb5 and

3



CHAPTER 1. INTRODUCTION

Clb6, preventing premature entry into S phase. At passage through Start, high levels of

Cln/Cdk1 activity lead to the phosphorylation of Sic1, targeting it for ubiquitin-mediated

degradation. The alleviation of Sic1 inhibition allows increasing levels of Clb5/6 activity to

prompt the initiation of DNA replication and the onset of S phase. Indeed, the inactivation

of Sic1 is the only essential function of the G1 cyclins, since a cln1∆, cln2∆, cln3∆ triple

knockout is lethal while a cln1∆, cln2∆, cln3∆,sic1∆ quadruple delete is viable (31).

Expression of B-type cyclins occurs in waves, with expression of CLB5 and CLB6 being

followed by CLB3 and CLB4, which play a role in spindle formation, followed by CLB1

and CLB2. Following S phase cells proceed through a second growth period known as

G2, before increasing activity of Cdk1 dimerized with the G2 cyclin Clb2 prompts entry

into mitosis. Following successful spindle assembly and segregation of chromosomes, the

phosphatase Cdc14 is activated late in mitosis, leading to dephosphorylation of B type

cyclin substrates and prompting mitotic exit. Transcription of a selection of genes in late

mitosis/early G1 including CLN3 and SIC1 then leads to the re-establishment of the G1

state. The regulatory network controlling Start is detailed in brief Figure 1.1 and we refer

readers to the following more detailed review for further information (64).

Screens for mutants with altered size phenotypes were instrumental in finding pro-

teins that alter the average cell size cell size, however, these screens have in part been

frustrated by an abundance of genes that influence the overall scale of the cell size distri-

bution (53). In fact, there are effectively two size phenotypes of interest for our purposes:

the average cell size, and the spread in cell size present throughout a population of ge-

netically identical cells. Although we have found a range of candidates that influence the

average cell size, it is now believed that a great many of these candidates do so not by

coupling cell size to the cell cycle, but by altering other traits such as cellular growth rate

4
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or through interactions with other effector genes that couple cell size to the cell cycle.

This is evident in the fact that deletions of these genes do not lead to remarkably broader

cell size distributions, as would be expected if these proteins are indeed critical to coupling

size to the cell cycle (B. Futcher, personal communication). It is clear then that average

cell size is not an effective “smoking gun” in our search for the fundamental genes that

regulate cell size. Additional screens have been attempted in recent years, which study

the coupling of the cell cycle to cell size (80; 51). These screens are likely to be essential

in making an unbiased assessment of the origin of cell size control.

Although much work remains to be done in the search for a molecular mechanism

of size control in budding yeast, this organism remains one of the best studied exam-

ples in which size control has been observed (26). As such, a range of models have

already been proposed to explain the phenomenological observations of Hartwell and oth-

ers (9; 59; 76; 75; 89). These models will be discussed later in greater detail, but tend

to share a unifying characteristic of relying on small circuit motifs to couple cell size to

passage through Start. Broadly, we may class these small circuit models as relying on

the accumulation of some “activator” of cell cycle progression, or the dilution of some

“inhibitor” of the same (7; 37). Both models necessitate the establishment of some metric

by which absolute cell size can be measured. Such a metric necessarily must be unchanged

between cells of different sizes to allow those cells to measure their size relative to the

same absolute value. This is a nontrivial problem if protein concentration is constant

over a range of cell sizes. Common assumptions are that the abundance of an activator

is titrated against the DNA content in the cell through tight binding to specific loci, or

that the synthesis of an inhibitor is unusual in that it does not scale with cell volume and

5
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rather is produced in some size-independent quantity with each cell cycle. As mentioned,

these toy models and other more sophisticated molecular models consistently assume the

action of a small number of cell size effector proteins. This assumption is understandable,

as it likely represents the most tractable class of models that can be readily tested, and

the scope of our thinking is more readily drawn towards simple circuits than the idea of

cell size as an emergent systems-level phenomenon. However, despite years of searching, a

model in which size control arises from the interaction of a small number of key partners

still stands on infirm ground. It may be that size control requires the action of multiple

size control regulatory steps, each acting in different size regimes. This represents one

possible explanation for evident differences in size control displayed by small and large

daughter cells (27). One potential source of confusion in the field has been the reliance on

different metrics for cell size progression, with some studies relying on bud emergence as

an indicator for passage through Start, and others using the dynamic nuclear localization

of Whi5(81; 28).

If the molecular mechanism underpinning size control has remained unclear despite

much study, the search for why cells regulate their size at all is still in its infancy. Perhaps

this question is currently beyond our reach, since the evolutionary concept of “why” is

intrinsically linked to our assumptions about the selective pressures governing cell growth

and the range of environmental conditions that single celled organisms are consistently

exposed to. A sophisticated treatment of this question could therefore employ the theory

of “bet hedging strategies” given uncertainties in predicting future environmental con-

ditions (94). However, from an experimental perspective these approaches are complex.

A more readily addressed question is how cell growth depends on cell size in fixed or
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periodic environmental conditions. Recent work in this area has studied the growth of

single cells in microfluidics chambers, determining that budding yeast cells whose volume

grows beyond a threshold of roughly 200fL show significant reductions in their single cell

growth rate (68). The technology required to perform these detailed studies has only

recently become available, and such studies will be crucial in establishing the effect of cell

volume on growth rate. Highly accurate microfluidic mass sensor measurements of cell

growth represent another exciting avenue to interrogate the dependence of growth rate

on cell size (41; 11). At the bulk level one can imagine studies which vary the average

cell size in a continuous fashion to investigate the effect on the population growth rate,

however, any bulk level study risks confounding the effects of varying the average cell

size vs. changing the spread. As an example, a population of large cells may be more

susceptible to a reduced growth rate as a result of increased variability in cell size than

a population of small cells. Nevertheless, these studies are essential. We will show in

our work that modeling the growth rate of populations requires assumptions about the

growth rate penalties experienced by cells whose size deviates significantly from that of

wild type (WT) cells. If we are to truly understand the necessity of cell size control, and

how important the maintenance of a specific CV in cell size is to the fitness of a popu-

lation, then our understanding of the limitations on cell growth must progress significantly.

While studies on a molecular level are necessary to understand the fundamental ques-

tion of how cells measure their own size, we may already be able to gain insight on the

extent to which size control strategies are evolutionarily conserved through a less detailed

form of analysis. Recent years have seen an emergence of many studies of size control on

a phenomenological level, measuring correlations between cell variables at different points

7
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in the cell cycle and using this to classify the specific strategies of cell size regulation

that are employed (3; 13; 32; 81; 82). Our approach to understanding these studies has

been largely influenced by our reliance on key paradigms of size control: sizers, timers

and adders. In brief, a “sizer” uses a threshold size at a specific point in the cell cycle,

a “timer” simply sets the time of cell growth independent of cell size, and an “adder”

involves adding a constant volume between two points in the cell cycle. Figure 1.1 shows

an example of the differences in these size control strategies with respect to the volume

at division that cells attain for a given volume at birth. A common formalism to describe

these models holds that a sizer grows to some division function f(Vb) = 2∆, where ∆ is

independent of volume at birth, an adder has f(Vb) = Vb+∆, and a timer has f(Vb) = cVb,

where c is some constant of proportionality. These classifications should not be taken in

a binary sense; cells may fall along a continuum of size control strategies between these

different modalities. However, current work has already led to the striking observation

of widespread “adder” strategies throughout different phylogenetic groups (32; 81). The

origin of this common behavior remains unclear, prompting studies which attempt to

discern the evolutionary advantage of one size control strategy over another (56). At this

stage, no model assuming exponential growth at the single cell level has predicted that

one size control strategy should be favored over another. Speculation abounds, but hy-

potheses are difficult to test. Perhaps an “adder” is optimal in the sense of simply being

a relatively “easy” phenomenon for a gene regulatory network to produce. A sizer model

is more effective at constraining the spread in cell size throughout the population, but

perhaps this does not cause an adequate advantage in growth rate to warrant additional

physiological investment to produce such a strong mode of size control. Our own work has

revealed that the answer to the above question is influenced by cell growth morphology,

8
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with division asymmetry and the distribution of new cell growth playing a key role in

microbial cells with rigid cell walls (7).

Another highly studied organism with regard to cell size control is the fission yeast, S.

pombe. Studies of the cell cycle in fission yeast have demonstrated that the cell size con-

trol in this rod-shaped organism occurs primarily at the entry into mitosis, with WT cells

undergoing a rapid G1 phase, but extending the S/G2/M phases to allow for additional

cell growth (69). Debate continues over the specific nature of size control in this organism,

regarding whether it grows to a threshold size at a length of roughly 14µm, or whether

cells are instead sensing surface area (69; 35). This sizer strategy of size control contrasts

with the widespread adder behavior discussed earlier. Due to its rod-like shape, it has

been hypothesized that the mechanism of size control in fission yeast may be based on

cell geometry rather than using a volumetric concentration model of the forms discussed

so far. Cell cycle control in fission yeast is primarily driven by variation in the activity

of the cyclin-dependent kinase Cdc2 in combination with the B-type cyclin Cdc13 (20).

Throughout the S/G2 phases, inhibitory phosphorylation of Cdc2 by the kinases Wee1

and Mik1 maintain low Cdc2 activity, which is alleviated late in G2 by Cdc25. It has been

hypothesized that size control regulates entry into mitosis through size-dependent inhibi-

tion of Wee1 activity; specifically, inhibition of Wee1 by Cdr2 would prompt entry into

mitosis, with inhibition of Cdr2 being regulated through size-dependent phosphorylation

by the kinase Pom1 (66; 62). Pom1 localization at cell tips and diffusion throughout the

cell membrane and membrane dissociation combine to establish a Pom1 gradient with a

high concentration at cell tips and a lower concentration at the cell midpoint. Cell growth

then decreases the local concentration of Pom1 at the cell midpoint, leading to decreased
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inhibition of Cdr2, inhibition of Wee1 and an increase in Cdc2 activity which would com-

mit cells to entry into mitosis. Though interesting, this model has been so far unable

to provide an effective explanation for a number of observations relating to ploidy and

cell shape. Most importantly, cells lacking Pom1 still display cell size control, indicating

that Pom1 cannot exclusively be responsible for sensing cell size (92). An alternative

model suggests size-dependent accumulation of the Cdc2 activator: Cdc25 (55). We refer

readers to the following recent review for further detail (93). Given the possibility of a

geometrical size-sensing mechanism in fission yeast, it is interesting to consider whether

such a mechanism is plausible in budding yeast. However, given the prolate ellipsoid

shape of budding yeast cells, it seems unlikely that sensing a linear cellular dimension

is an effective measure of cell volume, since cell radius scales with cell volume as V 1/3,

rather than scaling linearly as in the case of rod-shaped cells.

1.2 Section II

Thus far we have posed a range of central questions in the field of cell size control: How

do cells regulate their size, what is the effect of cell size on growth, and is there an evolu-

tionary advantage to one strategy of size control over another? This thesis will not answer

any of these questions in a definitive manner. Rather, it is my hope that the approaches

taken therein will be useful but incremental steps forward, deepening our understanding

of each of the areas studied above. The text is divided into three chapters of results.

Chapter 2 details a theoretical study undertaken between myself and a fellow grad-

uate student, Po-Yi Ho, under the supervision of Andrew Murray and Ariel Amir, which

10
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investigates the inhibitor dilution and activator accumulation models defined above in

greater detail (7). Specifically, this study used the widespread observations of adder cor-

relations mentioned above as a metric to assess the consistency of these toy models with

experimental observations. Given that these adder correlations have been observed across

a range of growth conditions and in a range of organisms, we studied the robustness of

adder correlations between birth and division to the addition of noise in the cell cycle for

the inhibitor dilution and activator accumulation models. We also studied the effect of

growth morphology on the resultant size control strategy by considering cells that divide

symmetrically and asymmetrically, as well as cells that divide by budding or by setting

their plane of division at the point of cell division. The precise meaning of these terms

must be defined carefully: division asymmetry here refers to the relative distribution of

cell volume between two progeny at a single division event, while a budding growth mor-

phology refers to the establishment of a plane of division external to the main cell body

early in the cell cycle, with new growth directed outside of that main cell. These terms

are illustrated in Figure 1.1 for clarity. Through this approach we determined that an

inhibitor dilution model is intrinsically limited in its ability to generate robust adder be-

havior in a symmetrically dividing bacterial growth morphology, and conclude that this

model is unlikely to be the effector of size control in cells with this morphology. This

study also motivated a general conclusion that cells that grow by budding but divide

symmetrically will necessarily be unable to regulate their size. This conclusion led us to

a hypothesis for the origin of asymmetric division in budding yeast, as an essential means

to allow robust size control.

Chapter 3 addresses size control on a molecular level through a set of experiments that
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test a widely supported model for size control in budding yeast. Recent work claimed that

at a fundamental level, size control in this organism resulted from the size-independent

synthesis of the transcriptional inhibitor Whi5 (76). Within this chapter we test this

hypothesis by perturbing the synthesis rate of Whi5 using a galactose inducible system

for Whi5 expression. We observe no effects of this perturbation on the spread in cell size,

using a complementary set of approaches involving time-lapse fluorescence microscopy,

single time-point microscopy and cell size measurements taken in bulk on asynchronous

cell populations. We used our time-lapse microscopy experiments to validate that cell size

control was unimpeded in either cell type, and confirmed that Whi5 synthesis had indeed

been perturbed as anticipated. The text of this chapter is from our submitted manuscript,

which we believe represents a key demonstration that the problem of understanding cell

size control in this organism remains unsolved.

Chapter 4 is a theoretical study that investigates the effect of division asymmetry on

the population growth rate, with the goal of understanding the evolutionary advantages

and disadvantages of division asymmetry, size control and stochasticity within the con-

text of an exponentially growing population. Here we extend the theory of age-structured

populations to address the case of asymmetrically dividing cells that display size control

(56). Our results show significant differences from prior predictions that neglect the in-

fluence of size control (12). We consider a specific model for cell size control involving

coarse-grained noise in cell cycle variables. Within the context of this model, we conclude

that for cells which display strong size control, and which grow exponentially in single cell

volume, division asymmetry represents a possible means of ameliorating the detrimental

effect of noise in the single cell volume growth rate on the population growth rate. This
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leads to the pathological conclusion that cells can enhance their growth rate through di-

viding more and more asymmetrically, provided they employ strong size control. This

result is clearly inconsistent with the abundance of symmetrically dividing cells observed

throughout nature, and therefore we expect that it must represent some inaccuracy in our

model assumptions. Intuition would suggest that symmetric division should represent a

local optimum in population growth rate. To investigate the factors which can give rise to

this optimum, we introduced a growth rate penalty for cells which are too large or small

relative to some “optimum” cell size. By employing a simple model for this penalty, we

show that there can exist regimes in which division asymmetry at a given division ratio

represents a local optimum in population growth rate, in addition to regimes in which

symmetric division is optimal. Our work further observed differences in the effect of size

control strategy on the population growth rate; we show that for strong size control, cells

are able to divide asymmetrically while avoiding a substantial growth rate penalty that

affects cells with weaker size control.

Within Section 6.1.2 we provide additional data that is relevant to the central theme

of this document but does not clearly align within any of the previous chapters. Ad-

ditionally, Section 6.2 includes a brief study of the size defects for a set of size control

mutants. This section also details the computational approach we designed to extract

data on single cell cycles from time-lapse microscopy data. It is our hope that the image

processing pipeline we designed will be of further use to future generations of graduate

students.
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Figure 1.1: (A) The start regulatory network. (B) Illustration of sizer, adder and timer

strategies coupling cell division to cell growth. (C) Illustration contrasting a budding

growth morphology with a non-budded growth morphology. (D) Illustration of sym-

metric and asymmetric division in budding and non-budding growth morphologies. (E)

Illustration of the extension of the budded portion of the cell cycle associated with a

symmetrically dividing, budding morphology.
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Chapter 2

Details Matter: Noise and Model

Structure Set the Relationship

between Cell Size and Cell Cycle

Timing

“With four parameters I can fit an elephant, and with five I can make

him wiggle his trunk.” - John von Neumann

This thesis chapter originally appeared in the literature as:

Felix Barber, Po-Yi Ho, Andrew W. Murray, and Ariel Amir. Details Matter: Noise and

Model Structure Set the Relationship between Cell Size and Cell Cycle Timing. Frontiers

in Cell and Developmental Biology, 5, 2017.
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Abstract

Organisms across all domains of life regulate the size of their cells. However, the means

by which this is done is poorly understood. We study two abstracted “molecular” models

for size regulation: inhibitor dilution and initiator accumulation. We apply the models

to two settings: bacteria like Escherichia coli, that grow fully before they set a division

plane and divide into two equally sized cells, and cells that form a bud early in the cell

division cycle, confine new growth to that bud, and divide at the connection between that

bud and the mother cell, like the budding yeast Saccharomyces cerevisiae. In budding

cells, delaying cell division until buds reach the same size as their mother leads to very

weak size control, with average cell size and standard deviation of cell size increasing

over time and saturating up to 100-fold higher than those values for cells that divide

when the bud is still substantially smaller than its mother. In budding yeast, both

inhibitor dilution or initiator accumulation models are consistent with the observation

that the daughters of diploid cells add a constant volume before they divide. This “adder”

behavior has also been observed in bacteria. We find that in bacteria an inhibitor dilution

model produces “adder” correlations that are not robust to noise in the timing of DNA

replication initiation or in the timing from initiation of DNA replication to cell division

(the C+D period). In contrast, in bacteria an initiator accumulation model yields robust

adder correlations in the regime where noise in the timing of DNA replication initiation

is much greater than noise in the C +D period, as reported previously (47). In bacteria,

division into two equally sized cells does not broaden the size distribution.
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2.1 Key Results and Outline

2.1.1 Key Results

• Symmetrically dividing budding cells are unable to regulate their size effectively

using either an inhibitor dilution or initiator accumulation strategy. Simulations

demonstrate increases in mean and standard deviation of cell sizes up to 100 fold

higher than an asymmetrically dividing control for both inhibitor dilution and ini-

tiator accumulation models.

• Based on the correlation between volume at birth and division, both inhibitor di-

lution and initiator accumulation models can yield robust adder behavior in asym-

metrically dividing, budding cells. This is consistent with observed adder behavior

in budding yeast, and as such we cannot exclude either model from consideration

as a viable size regulation strategy in this organism.

• It is unlikely that bacteria that display adder behavior use an inhibitor dilution

strategy to regulate their cell size, since implementing such a strategy in cells that

grow fully before setting their plane of division does not produce adder correlations

that are robust to noise.

• An initiator accumulation model in bacteria is consistent with the experimentally

observed adder behavior, provided cells grow in the regime where noise in their

timing of DNA replication initiation is much greater than noise in the time from

initiation of DNA replication to cell division.
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2.1.2 Outline

The paper is structured as follows:

• Section 2.2, subsection 2.2.1 provides necessary background on the cell cycle in

both bacteria and budding yeast, and details assumptions made throughout the

text about the growth morphologies of these organisms. In subsection 2.2.2 we

address the necessary background on size regulation in both budding yeast and

bacteria. Subsection 2.2.3 discusses the approach of the paper. Finally, subsection

2.2.4 provides mathematical definitions of the two models of size regulation studied.

• Section 2.3 addresses cells that grow by budding, with an application to budding

yeast. The growth models used for this cell type are outlined in subsection 2.3.1.

We study this growth morphology for cells that divide asymmetrically in subsection

2.3.2 and for symmetrically dividing budding cells in subsection 2.3.3. Within these

subsections we apply the inhibitor dilution (2.3.2 and 2.3.3) and initiator accumu-

lation (2.3.2 and 2.3.3) models to the relevant cell types.

• Section 2.4 addresses non-budding cells, with an application to certain bacteria in-

cluding E. coli. The cell growth model used is outlined in subsection 2.4.1. We

consider the inhibitor dilution model in subsection 2.4.2 and the initiator accumu-

lation model in subsection 2.4.3.

• Table 2.1 provides an index for the locations of model definitions used throughout

the text.
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2.2 Introduction

Organisms across all domains of life regulate their cell size, coupling growth and division

to constrain the range of cell sizes produced. Despite this ubiquity, understanding how

size control is implemented on a molecular level has remained an active area of research

for several decades (72). Two longstanding models which connect cell size with cell cycle

progression are the initiator accumulation and the inhibitor dilution models (72; 37).

The initiator accumulation model involves the cyclical synthesis and degradation of an

initiator protein that prompts the initiation of DNA replication. After a sufficient amount

of initiator has been produced, DNA replication is initiated, and the initiator protein is

subsequently degraded in its entirety so that the accumulation process must begin again

from zero. In contrast, the inhibitor dilution model involves the cyclical production and

dilution of a protein which inhibits initiation of DNA replication. This inhibitor protein

is produced only within one part of the cell cycle, with DNA replication in the subsequent

cell cycle only beginning once the inhibitor concentration has been diluted through new

growth to a sufficiently low level.

2.2.1 Growth morphology and the cell cycle

In this work we apply these distinct models of size regulation to organisms that adopt two

distinct modes of growth: cells that produce offspring by budding, such as the budding

yeast, and non-budding cells such as the bacteria E. coli. We use the term non-budding

to describe cells which grow fully before setting the plane of division. Results through-

out will apply generally to organisms which obey the assumed growth morphologies and

cell cycle structures. However, for ease of interpretation we use cell cycle structure and
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nomenclature appropriate to the specific examples of budding yeast and E. coli. These

distinct modes of growth are summarized in Figure 2.1. In subfigure (A), newborn bud-

ding yeast cells grow during the G1 phase before passing through the cell cycle transition

known as Start (the point of irreversible commitment to DNA replication and cell divi-

sion) (44). Following Start, cells replicate their DNA during S phase, and go through an

additional growth phase known as G2 before entering M phase and undergoing mitosis.

These phases differ in how new growth occurs in the cell, since passage through Start also

represents the onset of budding, where a new bud begins to grow from the side of the

existing cell. The bud grows larger throughout the S/G2/M phases before separating at

the end of mitosis to form a “daughter” cell. We will use the term daughter throughout

this text to describe newborn cells (i.e. buds that have just separated from the main

cell) that are going through their first cell cycle. Conversely, “mother” cells must already

have been through at least one independent cell cycle. During G1 the main cell body

grows, but after the onset of budding, growth is predominantly given to the bud (81).

Subfigure (B) shows that in E. coli, newborn cells will also grow before initiating DNA

replication. After initiating DNA replication, cells will wait a time t ≡ C + D before

dividing, where C is the time for the completion of DNA replication and D is the time

from the completion of DNA replication to division (47). In slow growing cells this cycle

takes place between two cell division events, however, in fast growing cells the presence

of multiple replication forks complicates this picture. For simplicity we only consider

slow-growing E. coli cells in this text. In non-budding cells the division plane is set at

the point of cell division. For the case of symmetrically dividing cells such as E. coli this

is located at the midpoint of the cell so that both progeny are of roughly equal size. A

key consequence of these distinct modes of growth is that for non-budding cells, growth
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throughout the whole cell cycle affects the size of both progeny. Further, the volume of

two daughter cells at birth may be smaller than the birth volume of their parent cell due

to noise. In contrast, in budding cells the size of a given cell will monotonically increase

over successive generations, and the size of the main cell will not be affected by noise in

budded growth. We note that throughout this work we assume that cell volume grows

exponentially as a function of time, as evidenced for budding yeast and certain bacteria

by highly accurate measurements of the buoyant mass of single cells (41; 11).

Figure 2.1: Illustration of the cell cycles and growth morphologies. (A) Budding cells (in

particular the budding yeast S. cerevisiae). Cells grow initially, before producing a bud,

setting the plane of division, and directing new growth to that bud for the remainder of the

cell cycle. (B) Non-budding bacterial cells such as E. coli. Cells grow fully before setting

the plane of division at cytokinesis. We note that in this paper we are not considering

the regime of multiple replication forks in bacteria.
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2.2.2 Size Regulation

Here we present the necessary background on size regulation in budding yeast and bacte-

ria. For a broader discussion of these topics and size control in other organisms we direct

readers to the following review articles: (5; 75; 70; 16). In budding yeast, size regulation

is observed in the first cell cycle of small daughter cells delaying Start relative to large

daughters through a longer G1 phase (50). Key regulators of this transition include the

G1 cyclin Cln3, and its main downstream target, the transcriptional inhibitor Whi5 (89).

Whi5 is primarily localized in the nucleus during G1, where it inhibits gene expression

required for DNA replication. A heterodimer composed of Cln3 and Cdk1 phosphorylates

Whi5, leading to its nuclear export and activating a positive feedback loop that commits

the cell to passage through Start (19; 25). How this mechanism for cell cycle progression

couples to cell size remains unclear. Recent evidence supports Whi5 being produced at a

volume independent synthesis rate during the budded portion of the cell cycle (76). This

observation, combined with evidence for a volume-independent Cln3 concentration during

G1 led authors to hypothesize that passage through Start couples to cell size by titrating

Whi5 against Cln3. This would occur through growth-mediated dilution of nuclear Whi5,

which would serve to regulate the length of the G1 phase (76; 75). This hypothesis re-

lies upon nuclear volume scaling with cell growth during G1, supported by constancy of

the karyoplasmic ratio throughout the cell cycle (52). Another longstanding hypothesis is

that Cln3 activity may be titrated against the number of certain sites in the genome, such

as the binding sites of the SBF transcription factor (89). This hypothesis is consistent

with the longstanding model that budding yeast cells grow to pass a critical size threshold

regulating passage through Start (50; 43). A third hypothesis is that the length of G1

is set instead by the integrated activity of Cln3 recorded in the Whi5 phosphorylation
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state, with this cumulative phosphorylation setting the timing of Whi5 nuclear export

and subsequent passage through Start (59).

Statistical correlations on single cell data now allow us to explore the connections

between phenomenological models of size regulation and molecular mechanisms for cell

cycle progression (81; 10; 82). Single-cell volume measurements in diploid daughter, bud-

ding yeast cells have shown that correlations between cell size at birth and division are

consistent with the phenomenological “adder” model of size regulation. Within this adder

model the volume increment from birth to division is uncorrelated with the cell size at

birth (81). This “adder” behavior is phylogenetically widespread, having also been ob-

served within a range of bacterial species such as E. coli, and in archaea (70; 32). Adder

correlations in diploid budding yeast cells are robust across a range of growth media, and

show that passage through Start cannot follow the previously favored “size threshold”

policy; a threshold in volume at Start would cause any correlation between cell size at

birth and division to vanish. These correlations also highlight a potential difference in

size regulation between haploid and diploid cells, since it has been noted recently that

adder behavior is not observed in haploid daughter cells (63). Despite this, adder size cor-

relations in diploid cells may be consistent with the molecular mechanism outlined above:

in the idealized noiseless case it has been shown that a dilution model compatible with

the Whi5 dilution hypothesis can reproduce these adder correlations between volume at

birth and at division (81). This is done by effectively allowing a cell to integrate a volume

increment between subsequent budding events.

In bacteria the initiator accumulation model has recently been shown to allow simul-

taneous regulation of both cell size and the number of origins of replication, provided that

DNA replication is initiated upon accumulation of a critical abundance of initiator pro-
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tein per origin of replication (3; 47; 95). Additionally, the initiator accumulation model

in symmetrically dividing bacteria has been shown to yield robust adder behavior in the

regime where noise in the timing of DNA replication initiation is much greater than noise

in the C+D period (47). However, in bacteria there is no known evidence that definitively

excludes either an initiator accumulation or inhibitor dilution model from consideration.

2.2.3 Approach

This work builds on existing phenomenological models of size regulation using two dis-

tinct “molecular” mechanisms, focusing on the effect of these size regulation strategies

on the observed correlations between cell volume at birth and division. As noted earlier,

the adder phenomenon has been observed within all domains of life. This observation is

remarkable, given the great evolutionary distance separating organisms that have adopted

this size regulation strategy. As such, for an adder size regulation strategy to be biolog-

ically relevant we expect that it should be robust to the introduction of biological noise,

and we use the classification of whether this robust “adder” behavior is observed in order

to characterize the models we consider. A consistent theme therefore will be the evalu-

ation of whether these adder correlations are robust to coarse grained noise in the cell

cycle. We will perform this analysis for a selection of different cell growth morphologies.

Assuming a given growth morphology, we will evaluate robustness by studying adder cor-

relations within a biologically relevant region of parameter space that was selected based

on experimental observations. In this region we tested deviations from adder behavior

based on the slope of a linear regression between Vb and Vd (volume at birth and at divi-

sion). As described previously, a slope greater than 1.0 implies poorer size control relative
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to the “adder” model, while a slope less than 1.0 brings us closer to the strongest form

of size control: a cell size threshold (4). Experimental measurements showed variation

in the Vb vs. Vd slope of roughly 1.0 ± 0.1 across a selection of different growth media,

producing a variety of different physiological states (81). We evaluated the Vb vs. Vd

slopes in the sampled portions of parameter space to determine domains in which devi-

ations from adder behavior were consistent with this experimentally observed variation.

We defined the adder behavior to be robust provided that these domains were not limited

to fine-tuned ranges of model parameters, i.e. they spanned broad ranges of parameter

space rather than discrete pockets. This is consistent with previous studies in this area,

which have demonstrated robustness by showing limiting behavior in certain regions of

phase space, such as the observation that an initiator accumulation model in bacteria

yields adder behavior provided that noise in initiation of DNA replication is much greater

than noise in the duration of the C+D period (47). Our definition of robustness is biolog-

ically motivated by the assumption that if cells required strongly coupled noise strengths

in distinct cell cycle variables to behave as adders, we would be unlikely to observe adder

behavior over a range of different growth media. Figure 2.8 displays experimental data

from previous work for diploid cells across a range of growth media, demonstrating that

noise in cell division asymmetry consistently displays CV ≤ 0.3 across a range of growth

media (81). This regime of noise strength was observed for other variables such as growth

rate (see Figure 2.8). For noise variables relating to the expression of individual genes

(i.e. σ∆ or σK), or relating to the molecular mechanisms regulating initiation of DNA

replication (i.e. σi or σs) we do not have experimental data that could provide an accu-

rate range of noise strengths. As such, we used an estimate based on measurements of

other cell cycle noises, taking CV ≤ 0.3 in these cases. With this methodology, and by
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adopting minimal assumptions regarding the cell cycle, cell growth and physiology, we

decoupled the effects of variability in the size regulation machinery from those due to the

physiological mode of growth of cells. Doing so allowed us to make inferences about the

viability of different strategies of size regulation within different growth morphologies.

2.2.4 Model Structure

Inhibitor Dilution

The inhibitor dilution model assumes that passage through Start or initiation of DNA

replication occurs upon the dilution of an inhibitor molecule I below a critical concen-

tration c1. This inhibitor’s expression pattern is cyclical, being synthesized exclusively in

the period following the initiation of DNA replication (72). If we consider the cases of

yeast and bacteria, a generic description of the model is

Vi = (Ib + η)/c1,

Id = Ib + ∆̃.

(2.1)

Here Vi is the volume at initiation of DNA replication, Id is the inhibitor abundance

at division, Ib is the inhibitor abundance at birth, and ∆̃ is the amount of inhibitor

synthesized during that cell cycle. Here and throughout the paper, the subscripts b, i and

d indicate the evaluation of a variable at entry to the current cell cycle, initiation of DNA

replication (Start in budding yeast) and cell division respectively. We note that c1 has the

effect of setting the scale of average cell size in combination with 〈∆̃〉, but will not affect

the correlation between volume at birth and division. We assume that at the point of

division the inhibitor is distributed to both progeny according to their relative volumetric

fractions. We also have introduced noise η ∼ N (0, σs) in the initiation of DNA replication,
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with standard deviation σs. Note that at this stage we have not made any assumptions

about the distribution of ∆̃. We will consider two variants of this. The “noisy synthesis

rate” synthesis model assumes the inhibitor is produced at a rate K ∼ N (〈K〉, σK) for

the time t between Start (initiation) and division, and defines ∆̃ = K × t. In contrast

the “noisy integrator” synthesis model assumes inhibitor production is uncorrelated with

growth in the budded portion of the cell cycle, and defines ∆̃ ∼ N (〈∆̃〉, σ∆). These

distinctions affect the correlation between the amount of inhibitor produced and the noise

in the timing of the cell cycle after DNA replication begins.

Initiator Accumulation

In this model a cell initiates DNA replication upon accumulation of a sufficient absolute

quantity of some initiator protein A. This initiator is synthesized during cell growth, such

that a volume increment of ∆V leads to a newly synthesized amount ∆A = ∆V/c2 of

initiator protein. Here c2 is a scaling factor with units of concentration that sets the scale

of the size distribution in a similar manner to c1. As in the inhibitor dilution model, we

assume that at cell division the initiator protein is distributed to both progeny according

to their relative volumetric fractions. This process is defined by equation 2.2, where

Ad is the initiator abundance at division, Ab is the initiator abundance at birth, and

Ac ∼ N (〈Ac〉, σi) is the critical amount of initiator required to prompt DNA replication

initiation.

Ad = c2(Vd − Vi)

Vi = Vb − Ab/c2 + Ac/c2

(2.2)

Here the first line comes from the definition of initiator synthesis for a given cell volume

increment, and the assumption that initiator is degraded entirely at initiation of DNA
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replication. The behavior of the model depends on this assumption for the particular

forms of noise studied here. However, the implications of not degrading initiators following

initiation have not been thoroughly investigated at this point. Note that the total new cell

growth between initiation of DNA replication and cell division is ∆V = Vd−Vi. The second

equality comes from setting the abundance of initiator at the subsequent Start event (i.e.

the sum of initiator abundance at birth = Ab and new initiator produced through growth

= c2× (Vi− Vb)) equal to Ac. This model is a simplified case of that previously proposed

for fast-growing bacteria, where we now restrict the maximum number of DNA replication

forks and initiation events per cell cycle to one (47).

2.3 Results: Budding Cells

2.3.1 Budding Growth Models

In budding yeast it has been shown that after passage through Start, virtually all cell

growth occurs in the bud (called the daughter cell in the subsequent generation) while

the main cell body remains at a roughly constant volume until the subsequent G1 period

(81). This behavior may be described by defining the daughter and mother cell volumes

at birth in the subsequent cell cycle from the volumes in the previous cell cycle as

V D,n+1
b = V X,n

d − V X,n
i ,

V M,n+1
b = V X,n

i .

(2.3)

Note the use of superscripts n to track distinct cell cycles, and the letters D and M to

denote daughter cells and mother cells respectively. When we make statements indepen-

dent of cell type we use the letter X. In the case of budding yeast we consider two means
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of introducing noise in the growth period between Start and cell division. Equation 2.4

outlines a “noisy timing” growth model, where volume at division is related to volume at

initiation via a noisy exponential volume growth rate λ ∼ N (〈λ〉, σλ), and a noisy time

from initiation to division t ∼ N (〈t〉, σt). In contrast, equation 2.5 describes a “noisy

asymmetry” growth model where the cell adds a volume xVi between initiation of DNA

replication and division, with x ∼ N (〈x〉, σx) being a dimensionless variable describing

the new growth.

Vd = Vi × exp [λ× t] (2.4)

Vd = Vi × (1 + x) (2.5)

Both of these are consistent with the observation that the division asymmetry ratio

r ≡ V D,n+1
b /V M,n+1

b , defined in budding cell types for any mother-daughter pair, is uncor-

related with V X,n
b for the parent cell in the previous generation (81). Given this definition

of r, in the noisy asymmetry growth model we have the exact correspondence r = x for

the mother-daughter pair produced after cell division, while in the noisy timing growth

model we have r = eλt − 1. We note that setting cell growth noise to zero in either of

these cell growth scenarios (i.e. σt = σλ = 0 or σx = 0 respectively) allows us to construct

a mapping from a noisy synthesis rate model directly to a noisy integrator model. We

may do so by defining σ∆ ≡ σK × t and 〈∆̃〉 ≡ K × t. However, given that we generally

consider the case of non-zero cell growth noise where this mapping fails, we consider these

models individually.
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2.3.2 Asymmetrically Dividing Budding Cells

Here we focus on asymmetric division, where in the limit of small noise terms, the slope

of a linear regression between volume at birth and at division becomes exactly 1 for

the inhibitor dilution and initiator accumulation models discussed above. We now ask

whether these models yield robust domains of adder behavior within the biologically

relevant regimes for 〈r〉 and various noise terms, and whether they are compatible with

the observed adder behavior in budding yeast.

Inhibitor Dilution

Of the inhibitor dilution models considered for this work, the one which predicted the

greatest domain for adder behavior assumed a noisy integrator in inhibitor synthesis and

noisy asymmetry in cell growth (see Table 2.1). As such, within the main text we present

this variant of the inhibitor dilution model. We believe the increased domain of adder

behavior predicted by this model to arise from the compression of two noise terms in

growth rate σλ and G2 timing σt into one noise term in the division asymmetry σx,

and from the decoupling of inhibitor synthesis from noise in cell growth. A numerical

comparison with other variants of an inhibitor dilution model is provided in Figure 2.7.

We note that in this model formalism with c1 = 1, the parameter 〈∆̃〉 sets the scale for

the population level volume statistics. As such, cell cycle correlations will be independent

of 〈∆̃〉 provided the relevant noise strengths are given relative to it. Due to the equality

r = x for the noisy asymmetry growth model, the range of values 〈x〉 and σx/〈x〉 used

below are directly inferred from experimental data for diploid cells summarized in Figure

2.8.
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Figure 2.2 shows that the inhibitor dilution model can yield robust adder behavior in

asymmetrically dividing budding cells. Adder behavior is observed in the regime where

noise in cell division asymmetry satisfies σs/〈x〉 ≤ 0.15, and noise in inhibitor production

satisfies σ∆/〈∆̃〉 ≤ 0.2. Experimental observations show that expression of Cln3 (a key

regulator of Start) and passage through Start itself and are both noisy processes in budding

yeast (28; 76). We therefore expect that adder correlations will be robust to noise in Start

over the full range of biologically relevant noise strengths, in order for an inhibitor dilution

model to be compatible with the robust adder behavior observed in this organism. This

is supported for daughter cells in Figure 2.2, where comparison of row 1 with row 2 shows

that the Vb vs. Vd slope shows little to no change with increasing noise in passage through

Start σs/〈∆̃〉. This behavior was observed in all variants of the inhibitor dilution model

described above, as demonstrated in Figure 2.7. We also see that for 〈x〉 = 0.5 (〈r〉 = 0.5),

adder behavior is observed over the full range of noise strengths for inhibitor production

σs/〈∆̃〉, and displays only a weak dependence on noise in cell division asymmetry σx/〈x〉.

This may be seen in the domain of adder behavior extending almost entirely over the

range of experimentally observed σr/〈r〉 values, and fully over the range of tested σs/〈∆̃〉

values. For larger 〈x〉 = 0.7 (i.e. 〈r〉 = 0.7) we observe a greater dependence of the Vb vs.

Vd slope on both σx/〈x〉 and σ∆/〈∆̃〉, constraining the range of values in which “adder”

behavior is observed. We note that inserting experimentally observed values for both 〈r〉

in 〈x〉 and σr/〈r〉 in σx/〈x〉 within our simulations yields a maximum slope of roughly 1.25,

outside of our defined range for “adder” behavior. However, due to the error associated

with inferring the ratio of two volumes based on bright field images alone it may be that

these values overestimate the magnitude of σr/〈r〉. Such an overestimation could readily

shift the range of biologically observed noise to within the domain of adder behavior, and
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prevents us from using this study as definitive test of the relevance of this model to the

case of budding yeast. Further, as mentioned in Section 2.2.3 we do not have adequate

data to constrain the parameter σ∆/〈∆̃〉. As such, we conclude that the predictions of

Figure 2.2 are consistent with the experimentally observed “adder” behavior of diploid

daughter cells being generated by an inhibitor dilution size regulation model, pending

further constraints on the biologically relevant range of parameter values. Finally, we

note that similar behavior to that observed above for daughter cells was also observed for

mothers (see Figure 2.9), although experimental evidence does not support adder behavior

in mother cells (data not shown) (81).

The simulations presented in Figure 2.2 differ from the stochastic process described in

equation 2.1 by imposing the additional physically realistic requirement that cell volume

monotonically increases. This requirement causes deviations from analytic calculations

based on equation 2.1 due to a subset of cells being born with a concentration of inhibitor

equal to or lower than the critical concentration required to pass through Start. Following

equation 2.1 naively without imposing this additional requirement would cause this subset

of the cell population to decrease in volume prior to passing Start. To address this, we

forced cell growth to monotonically increase by inserting a condition that such cells would

go through Start immediately, with the same volume they had at birth. Unfortunately,

this condition made calculating exact analytical expressions for the Vb vs. Vd linear

regression slope intractable. Further, approximate calculations of linear regression slopes

which ignored this additional condition deviated from the observed behavior sufficiently

that they did not warrant discussion. Despite this, we can readily understand the cause of

this subpopulation being born ready to pass through Start immediately. The generation

of cells with a low inhibitor concentration at birth is caused by the growth of mother
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cells over successive generations. In the limit of small noise, mother volume at Start will

increase over successive generations following the recursion relation

V M,n+1
i =

1

1 + 〈r〉
×

(
V M,n
i +

〈∆̃〉
c1

)
. (2.6)

Note the re-adoption of r notation here, since this statement is true for both the noisy tim-

ing and noisy asymmetry growth models in the noiseless limit. Here we have eliminated

In+1
b in favor of the volume at the previous Start event V n

i . Equation 2.6 and the equivalent

equation for Ib evolution have fixed points V ∗i and I∗b satisfying V ∗i = I∗b /c1 = 〈∆̃〉/(〈r〉c1),

indicating that within this model a mother’s cell volume will eventually saturate with no

new growth in G1, producing new progeny which will be born with exactly the concen-

tration of initiator required to go through Start. Introducing noise into this system will

therefore result in a finite fraction of the population being born with a concentration of

inhibitor lower than that required to pass through Start, leading to the observed discrep-

ancy between simulations which force such cells to go through Start immediately and a

naive implementation of equation 2.1. Unless explicitly noted otherwise, all simulations

presented herein imposed this additional requirement that cell volume should monotoni-

cally increase.

Initiator Accumulation

As previously noted, we have a choice of how to introduce noise into the growth morphol-

ogy for yeast cells obeying the accumulation model. Here we assume a noisy asymmetry

growth model, and explore the effect of varying 〈x〉, σx/〈x〉 and σi/〈Ac〉 in an initiator

accumulation model. Again, under the assumption that c2 = 1, 〈Ac〉 sets the scale for cell

size distributions, but Vb vs. Vd correlations will be independent of 〈Ac〉 provided noise

33



CHAPTER 2. DETAILS MATTER

strengths are given relative to it.

Figure 2.3 shows that the initiator accumulation model can yield robust adder be-

havior in asymmetrically dividing, budding cells. Adder behavior is consistently observed

provided that noise in cell division asymmetry satisfies σx/〈x〉 � σi/〈Ac〉 and that σi/〈Ac〉

satisfies σi/〈Ac〉 ≤ 0.3. This is qualitatively similar to the observation in bacteria that

adder behavior is observed provided σi/〈Ac〉 � λσt, though in bacteria we adopt a noisy

timing growth model (see (47) and Section 2.4.3). We observe that for daughter cells

within the range of explored parameter space, adder behavior is robust to increasing

noise in passage through Start σi/〈Ac〉 over the full range of parameter values tested.

For 〈x〉 = 〈r〉 = 0.5 adder behavior displays only weak dependence on increasing noise

in asymmetry σx/〈x〉. However, for 〈x〉 = 〈r〉 = 0.7 we observe greater dependence on

σx/〈x〉, with increasing σx/〈x〉 causing the Vb vs. Vd slope for daughter cells to be sup-

pressed below 1 by noise in x. Here deviations from adder behavior due to an increase in

σx/〈x〉 are observed in a decrease in slope (stronger size control). This contrasts with the

observation for the inhibitor dilution model in Section 2.3.2 that increasing σx/〈x〉 leads

to an increase in slope (weaker size control). We note that the parameter space explored

here encompasses regions of non-adder behavior. However, as described in Section 2.3.2,

it is possible that experimental noise in image segmentation led to the overestimation of

measured values for σr/〈r〉. Additionally, we expect that there should be high observed

noise in passage through Start and Cln3 synthesis which could indicate a large σi/〈Ac〉

and a higher range of tolerable values for σr/〈r〉 (28; 76). These factors lead us to conclude

that we cannot exclude the initiator accumulation model from consideration in budding

yeast, and that our findings are consistent with observations on adder behavior of budding

yeast daughter cells (81). We further note that our predictions for this model appear to
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be consistent with the experimental observation that mother slopes are in general slightly

larger than 1, as calculated based on previously published datasets (81). This predic-

tion contrasts with that for the dilution model in asymmetrically dividing, budding cells,

where mother slopes show robust adder behavior over almost the entire area of phase

space studied herein (see Figure 2.9).

Combining the results of this Section with those of Section 2.3.2, we conclude that

despite the observation of qualitative differences in behavior, we are unable based on

adder-like cell cycle correlation behavior alone to distinguish between an inhibitor dilution

and initiator accumulation model within budding yeast cells. However, we also note here

that the initiator accumulation model has an additional advantage of inherently producing

a longer G1 phase in daughter cells than mother cells, based on their difference in cell

size. This is consistent with experimental observations that mother cells have significantly

shorter G1 times (28). For the initiator accumulation model we predict that

tG1 =
1

λ

(
log

∣∣∣∣1 +
〈V X

i 〉(1 + r)

2× Vb

∣∣∣∣− log |1 + r|
)
. (2.7)

This is calculated neglecting noise in r and λ for simplicity. Here 〈V X
i 〉 = 2〈Ac〉 is the

population average volume at Start, and Vb is the volume at birth. Since for any mother-

daughter pair we have that V D
b = r × V M

b , for r < 1 this yields a daughter growth time

in G1 which is inherently longer than that of the corresponding mother cell.

As in the case of the dilution model, we found it necessary to impose the additional

requirement that cell volume should only monotonically increase. This was necessary due

to a subpopulation of parent cells producing sufficient initiator before division that their

progeny were born with an initiator abundance Ab > Ac, and would therefore otherwise

decrease in volume prior to Start. We understand the generation of this subpopulation of
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cells as follows. In the limit of small noise, the volume at Start of mother cells followed

through multiple generations follows

V M,n+1
i =

〈Ac〉
c2

+
〈r〉

1 + 〈r〉
V M,n
i . (2.8)

Note that as in Equation 2.6 we adopt r notation here, since this statement is true for

both the noisy timing and noisy asymmetry growth models in the noiseless limit. This

equation has a fixed point at V ∗i = 〈Ac〉(1 + 〈r〉)/c2. This indicates that over successive

generations, mother cells will grow to a volume where in the budded portion of the cell

cycle they produce sufficient initiator to drive them through Start immediately in the

subsequent cell cycle. Introducing non-zero noise will therefore result in a finite portion

of the population being born with a greater abundance of activator than needed to go

through Start, necessitating the additional constraint that such cells do not decrease in

volume, and go through Start immediately. The analogous behavior for the inhibitor

dilution model in Section 2.3.2 leads us to believe that the generation of a subpopulation

of large cells which no longer regulate their size is a consequence of the budding growth

morphology, not a pathology specific to these size regulation models.

2.3.3 Symmetrically Dividing Budding Cells

Here we study symmetric division in budding cells within the previously described noisy

asymmetry growth model, setting 〈x〉 = 1 to yield progeny of equal size. This could also

be done by setting the time spent in the budded portion of the cell cycle equal to the

volume doubling time of the cell t = tdb ≡ log(2)/〈λ〉.
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Inhibitor Dilution

For the inhibitor dilution model we assumed noisy integrator synthesis in addition to

noisy asymmetry growth. Noise is inserted in passage through Start σs, in the amount

of inhibitor produced σ∆, and in the division ratio σx. We made similar observations

to those outlined below when considering noisy integrator synthesis and a noisy timing

model (data not shown).

Figure 2.4 displays a marked difference in behavior between (A) unphysical simula-

tions which follow equation 2.1 exactly by allowing cell size to decrease if necessary, and

(B) more realistic simulations in which cells born with low inhibitor abundance will pass

through Start immediately at their birth volume. In (A) we see robust adder behavior for

small σs/〈∆̃〉 << 1. However, subfigure (B) negates this result, predicting very weak size

control with Vb vs. Vd slopes of just below 2 across the full range of noise values explored.

From this observation it is clear that the majority of the population is being born such

that they should go through Start immediately. This may be extracted from the numer-

ics, but it is illustrative to understand how this inherently arises in a symmetric budding

growth setting, independent of whether noise in the budded growth is taken to follow a

noisy timing or noisy asymmetry rule. We do so by considering the average growth in G1

for a mother-daughter pair. Using r notation for budded growth, we see that the total

growth in the G1 phase for a given mother-daughter pair (LHS) obeys〈
V M,n+1
i + V D,n+1

i − V M,n+1
b − V D,n+1

b

〉
=
〈
IX,nd − IX,nb × (1 + r)

〉
/c1

=
(
〈∆̃〉 − 〈r〉〈IX,nb 〉

)
/c1

=
〈∆̃〉
c1

(1− 〈r〉).

(2.9)

The first equality comes from noting that 〈V M,n+1
i + V D,n+1

i 〉 = 〈IX,nd 〉/c1, as well as
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through combining equations 2.1 and 2.3 with the definition of r. The second equality

comes through application of equation 2.1 for inhibitor abundance at division. The last

equality uses the result that 〈IXb 〉 = 〈∆̃〉 (derived in equation S1), where the superscript

X shows that the average is taken with respect to the entire population, rather than the

mother or daughter subpopulations. We see that setting 〈r〉 = 1 (equivalent to 〈x〉 = 1

in the noisy asymmetry model) gives on average no growth in G1 for both mother and

daughter cells. Once cells are prevented from decreasing in volume during G1, we therefore

expect to obtain an effective timer model of size control, where the volume at division is

simply Vd = (1 + 〈r〉)Vi = (1 + 〈r〉)Vb = 2Vb. This would predict a Vb vs. Vd slope of 2.

Pure timer based models of symmetric cell division coupled with exponential volume

growth on the single cell level will lead to geometric random walks in volume, with a

standard deviation that grows arbitrarily large over time (3). Motivated by this result,

we implemented repeated rounds of growth and dilution in our simulations (where each

new population was seeded with cells randomly selected from the previous population)

and tracked population statistics over many generations. Figure 2.4 (C) demonstrates

that when compared to control cells (r = 0.5), symmetrically growing populations of cells

(r = 1) initially dramatically increase the standard deviation in Vb (volume at birth). This

appears to saturate at a maximal value approximately two orders of magnitude higher

than that of the asymmetric control over the extent of these simulations (simulations were

run for 105 volume doubling times). Figure 2.4 (D) shows a concomitant, lesser increase

in 〈Vb〉, while (E) shows that the combination of these effects yields a CV = σ(Vb)/〈Vb〉

over twofold greater than the asymmetric control. Figure 2.4 (F) demonstrates that prior

to saturation, the increase in σ(log(Vb)) with time is inconsistent with a pure geometric

random walk in volume. Within the first 1000 doubling times in which linear increases in
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log(σ(log(Vb))) were observed on a log-log scale, a linear regression between log(σ(log(Vb)))

and log(time) yielded a slope of 0.16 for the full population. A geometric random walk

in cell size would yield a slope of 0.5. The saturation of σ(Vb) at a finite value is also

inconsistent with the interpretation of a geometric random walk. These deviations from

the expectation of a pure timer model of symmetric cell division may be explained by the

observation that for non-zero noise values the Vb vs. Vd slope is slightly below the value of

2 that would be expected for a pure timer model. We believe this to indicate the presence

of some very weak size control. This may constrain the cell size distributions from growing

arbitrarily broad and explain the above deviations from geometric random walk behavior.

Despite this, the observation of such broad and unconstrained distributions of cell volumes

in symmetrically and asymmetrically dividing, budding cells illustrates a clear problem

associated with symmetric cell division in a budding growth morphology.

Initiator Accumulation

We now study the initiator accumulation model for symmetrically dividing budding cells.

As in Section 2.3.3, we see in Figure 2.10 (A) that in an initiator accumulation model the

requirement that cell volume monotonically increases leads to dramatic changes in the

behavior of the Vb vs. Vd slope. Imposing this requirement leads to Vb vs. Vd slopes ≤ 2.0,

that are reduced below 2.0 by the introduction of finite noise in both r and the passage

through Start. As in Section 2.3.3, we interpret this to mean that the majority of cells are

being born with sufficient initiator to pass through Start immediately. We can understand

this behavior by considering the abundance of activator at birth in daughter cells for the

noiseless limit of r = 1. We see that 〈AD,n+1
b 〉 = c2r

2〈V X,n
i 〉/(1 + r), so that larger cells

will produce progeny with a greater activator abundance at birth. For r = 1, we also have
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that 〈V D
i 〉 = 2〈Ac〉/c2 (derived in equation S2), so that 〈ADb 〉 = 〈Ac〉. This implies that

daughter cells are on average born with sufficiently high initiator abundance that they

will not grow at all during G1. This result may also be demonstrated for mother cells.

As such, we expect the dominant portion of the population to follow a noisy timer model,

explaining the observed Vb vs. Vd slope. Motivated by this result we again tested the effect

of serial growth and dilution on symmetrically dividing budding cells, this time following

an initiator accumulation growth policy. Results are presented in Figure 2.10 (B-E), and

are qualitatively similar to the equivalent results for an inhibitor dilution growth policy

presented in Figure 2.4. We therefore conclude that the inability to effectively regulate

cell size is a fundamental feature of symmetrically dividing cells growing in a budding

morphology, and is not a consequence of specific methods of size control.

2.4 Non-Budding cells

2.4.1 Non-Budding Cells Growth Model

In this section we consider the case of cells which do not grow by budding, the growth

morphology most relevant to bacteria such as E. coli. Equation 2.10 describes this pattern

of growth, where fractions f and 1 − f of volume at division Vd are given to each of the

two progeny respectively (labeled D1 and D2 for convenience), so that f = 0.5 gives

symmetric division.

V D1
b = f × Vd

V D2
b = (1− f)× Vd

(2.10)
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We further assume that volume at division is related to volume at initiation of DNA

replication by the noisy timing model described in Equation 2.4, and that the cell cycle

period t ≡ C + D is uncorrelated with the doubling time tdb (18; 88). In fast-growing

bacteria the presence of multiple replication forks means that the division event prompted

by initiation of DNA replication may not take place until later cell cycles. In this case,

equation 2.4 would necessarily refer to the total volume at the division event prompted

by that round of DNA replication initiation, but we do not consider this scenario here

(47).

2.4.2 Inhibitor Dilution

In bacteria, the dilution model does not give robust adder correlations for the variety of

models considered. For simplicity, we focus on the case of perfectly symmetric division

in slow growing bacteria, in which the C+D period is shorter than the doubling time.

The inhibitor dilution model has the additional requirement that initiation and division

must occur alternatively. This restriction complicates analytical calculations as discussed

above for budding cells. Nevertheless, simulations of two variants of the inhibitor dilution

model show that the slope is sensitive to both noise in the initiation threshold and noise in

the C+D period, implying that the inhibitor dilution models considered do not produce

robust adder behavior (see Figure 2.5).

2.4.3 Initiator accumulation

The accumulation model can give robust adder behavior in bacteria. Since rapidly growing

bacteria maintain multiple ongoing rounds of DNA replication, we consider an accumu-
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lation model in which a constant volume per origin of replication is added between repli-

cation initiation events. This model can allow for an extra round of replication initiation

late in the cell cycle, through stochastically accumulating a threshold number of initiators

before division. The simultaneous regulation of DNA replication and cell division allows

the model to robustly recover from these stochastic events (47).

Here, we derive an analytical expression for the slope S (Vb, Vd) between sizes at birth

and at division, under the simplifications that cells undergo perfectly symmetric division

and that cells do not undergo extra rounds of replication initiation. The slope can be

written as a normalized covariance,

S (Vb, Vd) =
〈VbVd〉 − 〈Vb〉 〈Vd〉
〈V 2

b 〉 − 〈Vb〉
2 . (2.11)

The size at birth can be written in terms of the size at the previous DNA replication

initiation, Vb = Vi exp (λ (〈t〉+ ξt)) /2, where λ is the noiseless growth rate, 〈t〉 ≡ C +D,

and ξt is a Gaussian random variable with standard deviation σt. We can then write

S (Vb, Vd) in terms of Vi as

S (Vb, Vd) = 2

(
〈ViV ′i 〉 − 〈Vi〉

2

a2 〈V 2
i 〉 − 〈Vi〉

2

)
, (2.12)

where V ′i is the size at the next DNA replication initiation, and a = 〈exp (λξt)〉. Since ξt

is a Gaussian random variable, a = exp (λ2σ2
t /2). Note that factors of exp (λ〈t〉) in the

numerator and in the denominator cancel. Similarly, we can relate V ′i to Vi by writing

2V ′i = Vi+(〈Ac〉+ ξi)/c2, where ξi is a Gaussian random variable with standard deviation

σi. We have used the simplifications that cells undergo perfect symmetric division and

that cells do not undergo extra rounds of replication initiation. Substituting into the

expression for the slope, we find after simplification

S (Vb, Vd) =
1

a2 + 3
(
a2−1
b2

) , (2.13)
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where b = σi/〈Ac〉. To lowest order in small variables σi/〈Ac〉 and λσt, the expression

becomes S (Vb, Vd) ≈ 1/ (1 + 3λ2σ2
t /b

2). Hence if σi/〈Ac〉 � λσt, the slope approaches

one, as confirmed by simulations (Figure 2.6). For comparison with the inhibitor dilution

case, Figure 2.6 considers the case of slow-growth (C +D < tdb). However, Eq. 2.13 and

its derivation both hold for the fast-growth case (C +D > tdb) as well. The approximate

Eq. 2.13 deviates from numerical results only when the fraction of cells undergoing extra

initiations becomes significant at σi/〈Ac〉 ' 0.3 (Figure 2.11). This is a biologically

unrealistic regime since experiments show that E. coli has σi/〈Ac〉 ≈ 0.1 and σt/〈tdb〉 ≈ 0.1

(88), where both Eq. 2.13 and simulations predict the observed adder behavior.

2.5 Discussion

We have presented results on a selection of size regulation mechanisms applied to different

growth morphologies, relevant to budding cells (in particular budding yeast) and non-

budding cells such as the bacteria E. coli. These results are summarized both here and

in Tables 2.2 and 2.3.

In asymmetrically dividing budding cells we observed that both inhibitor dilution

and initiator accumulation models can give rise to robust adder behavior within specific

noise regimes, and both models are consistent with the observed adder behavior in bud-

ding yeast. However, both models failed to regulate size effectively in a budding growth

morphology when assuming symmetric division, predicting very weak size regulation with

Vb vs. Vd linear regression slopes of just less than 2. This failure contrasts with the rela-

tive efficacy of these mechanisms in regulating size for a symmetrically dividing bacterial

growth morphology, and illustrates the problems that an organism which divides by bud-
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ding would encounter if it divided symmetrically. We hypothesize that the ineffective size

regulation we have predicted for symmetric division in budding cells represents a selective

pressure that contributed to the evolution of asymmetric division in budding yeast.

We found that the inhibitor dilution model in budding cells can produce robust adder

behavior, provided that noise in cell division asymmetry satisfies σx/〈x〉 ≤ 0.15, and that

noise in inhibitor production satisfies σ∆/〈∆̃〉 ≤ 0.2. However, consistency with exper-

imental observations that the adder phenomenon is robust for large asymmetry noise

σr/〈r〉 in budding yeast requires that noise be taken in the asymmetry of mother and

daughter cells σx/〈x〉, rather than in t and λ (see Figure 2.7). Further, we require that

noise in r be independent of noise in inhibitor synthesis during that period. The restric-

tion of our consideration to this single model may be relaxed if further measurements

more accurately evaluate the strength of biological noise within relevant model parame-

ters. Further experiments notwithstanding, in order for these noisy asymmetry and noisy

integrator assumptions to be compatible with the Whi5-based inhibitor dilution molec-

ular mechanism outlined in Section 2.2.2, we would require that the asymmetry ratio r

and the Whi5 increment ∆̃ synthesized in the budded portion of the cell cycle be un-

correlated with each other. One hypothesis could be that Whi5 synthesis is integrated

during the bulk of the budded phase, reaching a value ∆̃ prior to division and with the

remaining time in the budded phase determining the exact value of r. This may coincide

with the observed translocation of Whi5 into the nucleus some time prior to cell division

(28). Future studies could employ rapidly maturing fluorophores to accurately determine

the timing of termination of Whi5 synthesis relative to this translocation event. Further

study should also be directed towards more accurately measuring the noise in total cell

volume growth during the budded portion of the cell cycle. This would help clarify the
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compatibility of our predictions with the observed adder behavior, given the biologically

measured noise strength σr/〈r〉.

Throughout this work we have assumed that the distribution of inhibitor or initiator

between mother and daughter cells at division is done according to their relative volumet-

ric fraction, consistent with these factors being present at the same cell-body-averaged

concentration in each cell. This assumption stands in apparent opposition to observations

in haploids that the concentration of Whi5 in the bud nucleus is higher than in the main

cell nucleus at cell division (59; 76). Further work should investigate this discrepancy by

studying the distribution of Whi5 between mother and daughter at cell division in diploid

cells, since these are the relevant cell type to study adder behavior (81; 63). Recent work

has also demonstrated that adder-like behavior may be generated in a Whi5 dilution

model by assuming dynamical changes in Cln3 concentration during G1, in addition to a

constant abundance of Whi5 at birth (27). Their model deviates from our own in which

adder-like size regulation relies on variations in inhibitor abundance at birth, and where

the inhibitor is being titrated against a factor (i.e. Cln3) that is assumed to be present

at a constant concentration. A model in which Cln3 dynamics play a role in regulating

cell size appears unlikely given that that single cell measurements of fluorescently labeled,

stabilized mutants of Cln3 showed little variation in their concentration during G1 (76).

However, measurements of the correlation between Whi5 abundance at birth and volume

at birth in wild type cells will be necessary to discriminate between the two models.

We found that the initiator accumulation model in budding cells can produce robust

adder behavior, provided that noise in cell division asymmetry satisfies σx/〈x〉 � σi/〈Ac〉

and that σi/〈Ac〉 ≤ 0.3. Our predictions for this model are consistent with the robust

adder behavior observed in budding yeast, diploid daughter cells, given the aforementioned
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uncertainty in the measurements of σr/〈r〉 used here (81). This model may be consistent

with a different molecular mechanism for size regulation in budding yeast, whereby passage

through Start is prompted by signal integration of the instantaneous kinase activity of

Cln3 (59). One possible means of aligning the initiator accumulator model with this

mechanism could be to encode “initiator” abundance in the phosphorylation state of

nuclear Whi5. Our implementation of the initiator accumulation model was not done

with a view toward modeling this particular molecular process, so we cannot speak to the

robustness of such a system.

Molecular candidates aside, our results on the robustness of cell cycle correlations

for daughter cells do not allow discrimination between an inhibitor dilution or initiator

accumulation model as the relevant candidate for budding yeast. However, as noted in

Section 2.3.2, equation 2.7, we observed that the initiator accumulation model has the

additional advantage of inherently producing a longer G1 phase in daughter cells than

mother cells, based on their difference in cell size. In contrast, the inhibitor dilution

model predicts identical G1 timing for both cell types, given the assumption maintained

throughout this text that the inhibitor is distributed between mother and daughter at

cell division in a manner proportional to their relative volume fractions. Note that this is

consistent with the inhibitor being present at the same whole-cell-average concentration

in both cell types.

In bacteria, we observed that achieving adder behavior in a symmetrically dividing

inhibitor dilution model requires fine-tuning of noise in the C + D period. This leads us

to conclude that such a model is unlikely to be biologically relevant, in light of the robust

adder correlations observed (81; 10; 82; 26; 40). In contrast, a symmetrically dividing

initiator accumulation model is robust provided that noise in the C+D period of the cell
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cycle is smaller than noise in DNA replication initiation (47). An initiator accumulation

model also allows simultaneous regulation of the number of origins of replication (47).

Since there currently exists no definitive demonstration of a particular molecular mecha-

nism of size control in bacteria, the finding that an inhibitor dilution model in bacteria is

not robust to noise may prove useful in narrowing the range of possible molecular size con-

trol mechanisms. As such, future studies should therefore be focused around determining

the molecular candidates for an initiator activation mechanism. This finding showcases

the efficacy of cell cycle correlations in providing a connection between phenomenological

and molecular models of size regulation.

Throughout this paper we have made the implicit assumption that size regulation

can be described by the abstraction of an organism’s cell cycle regulatory network to a

small circuit with only a few key components. Another possibility is that size regulation

is a systems level phenomena, arising from the interaction of many components in a way

that cannot be mapped onto the simple circuits we have outlined. This idea is discussed

in work by Robert (73). Although such a model may be the correct description of how

cells coordinate their growth with the cell division cycle, we know of no experimental

evidence that convincingly demonstrates this in budding yeast or bacteria. Recent work

has modeled cell size regulation in budding yeast using a data driven modeling approach

(13). By its nature such an approach must demonstrate predictive power beyond the

range of the datasets used to define the model; this paper did not state or test any such

predictions. In the absence of a predictive systems level description of size regulation or

compelling evidence that the circuits regulating cell size were more complex, we focused

on small circuit models because of their predictive power and minimal parameter fitting

(81).
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More broadly we observed that the consistency of inhibitor dilution or initiator ac-

cumulation models with experimental observations can depend on the assumptions sur-

rounding the structure of those models. Determining whether these models are valid will

require further experimentation on the specific molecular candidates for size regulation

in a given organism, as is suggested for both budding yeast and bacteria above. We also

noted that both the mode of growth and the division asymmetry can lead to significant

changes in the robustness of inhibitor dilution models, as is evident when contrasting the

asymmetrically dividing, budding yeast case of Figure 2.2 with the symmetrically divid-

ing, bacterial case of Figure 2.5. These predicted differences in cell cycle correlations may

prove to be a useful means of discriminating between hypotheses regarding size regula-

tion within a specified growth morphology. This is evidenced in our work by the use of

cell cycle correlations to eliminate the inhibitor dilution model of size regulation from

consideration in bacteria.
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2.6 Methods

2.6.1 Simulations

Simulations were implemented using a discretized time format, with normally distributed

noises included where noted in the main text. To mimic experimental conditions, we

seeded populations with 500 cells that were randomly selected from the final populations

of separate, discretized generation based simulations. These seeding generation based

simulations were each run for 9 generations. We simulated growth and proliferation of

these seeded populations for roughly 6 volume doubling times. To ensure convergence

of the discretized generation seeding populations we compared statistics from the final

population for simulations in which cell volume was allowed to decrease with analytic

calculations of the Vb vs. Vd slopes. These calculations were not included in this text

due to their deviation from the simulations presented herein, that enforced monotonically

increasing cell volume. Once appropriate simulation lengths were established, these were
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then applied to the simulations in which cell volume monotonically increased to generate

the results presented in the main text. The total number of cells used to generate final

statistics per individual simulation was approximately 3.5× 104. Unless otherwise stated,

simulations were repeated a minimum of 50 times per condition to generate the reported

statistics.

In all simulations of a noisy asymmetry growth model for budding cells, we assumed

a constant volume growth rate, with σλ → 0. In simulations of either noisy asymmetry

or noisy timing growth models for budding cells, the volume growth rate for each cell was

fixed over that cell’s entire cell cycle. All stochastic variables simulated throughout the

text were assumed to be independent and identically distributed for each cell cycle, with

the exception of the initiator accumulation model in bacteria, in which the two daughter

cells from a given division event had the same stochastically generated noise ξi in initiation

of DNA replication. In all simulations we set the concentrations c1 = c2 = 1, since as

mentioned in the main text these parameters are simply involved in setting the scale

for the cell size distributions. Unless explicitly stated otherwise, all budding simulation

results presented herein imposed the condition that cell volume monotonically increased.
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2.7 Derivations

Here we derive the relation 〈IXb 〉 = 〈∆̃〉 that was used in the main text to derive equation

8:

〈IX,n+1
b 〉 =

1

2
×
(
〈IM,n+1
b 〉+ 〈ID,n+1

b 〉
)

=
1

2
× 〈IM,n+1

b + ID,n+1
b 〉

=
1

2
× 〈IX,nb + ∆̃〉

⇒ 〈IXb 〉 = 〈∆̃〉

(2.14)

Here the third line holds since for any given generation of cells there is a one to one

mapping in the population between mothers and daughters. Further, the sum of inhibitor

abundance at birth for any given mother-daughter pair is simply the inhibitor at birth for

the cell in the previous generation plus the inhibitor produced during that previous cell

cycle. Assuming stationarity of the stochastic process, with 〈IX,n+1
b 〉 = 〈IX,nb 〉, we obtain

the desired result.

We now derive the result that for r = 1, 〈V D
i 〉 = 2〈Ac〉/c2, assuming no noise in r for

simplicity. This result is used in Section 3.3.2 of the main text.

〈V X,n+1
i 〉 =

1

2
×
(
〈V M,n+1

i 〉+ 〈V D,n+1
i 〉

)
=

1

2
×
(

(1 + r)〈V X,n
i 〉 − r〈V X,n

i 〉+ 2
〈Ac〉
c2

)
⇒ 〈V X

i 〉 =
2〈Ac〉
c2

〈V D
i 〉 = 〈V D

b 〉+
〈Ac〉 − 〈ADb 〉

c2

=
〈Ac〉
c2

+ 〈V X
i 〉

r

1 + r

r = 1⇒ 〈V D
i 〉 = 2

〈Ac〉
c2

(2.15)
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Here the second line comes from applying equations 2 and 3 in the main text. The third

line comes from assuming stationarity of the stochastic process. The 5th line comes from

applying equation 3 from the main text, combined with the observation that 〈ADb 〉 =

r2〈V X
i 〉/(1 + r). Taking r = 1 gives the desired result.

2.8 Tables and Figures

2.8.1 Tables

Table 2.1:: Model Definitions Reference table

Model Label Defined in:

Inhibitor Dilution Noisy synthesis rate 2.2.4

Noisy integrator 2.2.4

Initiator Accumulation - 2.2.4

Growth models Noisy Asymmetry 2.3.1

Noisy timing 2.3.1

Budding morphology - 2.3.1

Non-Budding morphology - 2.4.1

Table 2.2:: Size regulation summary for budding yeast mode of growth

Inhibitor Dilution Initiator Accumulation

Symmetric Slope ≈ 2 Slope ≈ 2

Asymmetric Robust adder Robust adder
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Table 2.3:: Size regulation summary for bacterial (non-budding) mode of growth

Inhibitor Dilution Initiator Accumulation

Symmetric Not robust Robust adder

2.8.2 Figures

As mentioned in the main text, there are a variety of different choices to be made when

modeling an inhibitor dilution process in budding yeast. In the main text we assumed

noisy integrator for inhibitor synthesis, with noisy asymmetry in cell growth post Start.

However, we could have instead adopted a noisy synthesis rate model for synthesis and a

noisy timing model for cell growth. Of the model variants tested, the model presented in

the main text with uncorrelated noise in r and inhibitor production ∆̃ was most effective

in maintaining robust adder slopes of approximately 1 for the biologically relevant range

of parameter values.

Figure 2.7 compares the changes in the predicted Vb vs. Vd slopes with variation

in model parameters for a selection of different models. This is done by displaying the

maximum and minimum changes in the predicted Vb vs. Vd slope when a single specified

model parameter (called y here for generality) is varied over the biologically relevant

parameter range for that variable [ymin, ymax]. Note that ymin and ymax values for all

model parameters are listed below. Here a change in slope for a given parameter set

(i.e. for a single point in parameter space with y = y′) is calculated relative to the slope

predicted for that same parameter set, subject to the substitution y = ymin. We defined

maximal and minimal changes in slope as the largest positive and negative changes in the

predicted Vb vs Vd slope over the range ymin ≤ y′ ≤ ymax. We note that these maximal and
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minimal changes were always calculated varying only y, with all other variables fixed. A

box and whisker plot for each model variable y is generated from the distribution of these

maximum and minimum relative changes, where each datapoint used to generate the plot

comes from performing the above max-min calculation for a different position in parameter

space. Together these positions comprise a uniformly spaced array of points spanning the

biologically relevant parameter space for each model, so that the distribution of these

min and max values for the complete dataset provides a rough insight of the degree

of sensitivity of the Vb vs. Vd slope to variation in the parameter being probed. This

provides a means of contrasting three distinct inhibitor dilution models. To generate the

data for this figure, noise strengths were sampled from the following intervals, consistent

with data in Figure 2.8: σλ/〈λ〉 ∈ (0.0, 0.3), σt/tdb ∈ (0.0, 0.16), σx/〈x〉 ∈ (0.0, 0.3),

σs/〈∆̃〉 ∈ (0.0, 0.3), σK/〈K〉 ∈ (0.0, 0.3), σ∆/〈∆̃〉 ∈ (0.0, 0.3). Budded growth parameters

were sampled from 〈x〉 ∈ (0.5, 0.7) and 〈t〉 ∈ (0.585, 0.765) to give the same sampled range

of asymmetry ratios r for all models in the noiseless limit. Each interval was discretized

by 6 points per parameter. Slopes inferred for each given parameter set were averaged

from 3 repeats.

From Figure 2.7 (A) we see that a noisy synthesis rate model with a noisy timing

growth model is robust to noise in passage through Start σs/〈∆̃〉 and is insensitive to

noise in synthesis rate σK/〈K〉, but displays substantial increases in the observed slope

for non-zero noises in budded phase duration (σt/tdb and growth rate σλ/〈λ〉). We also

observe further increases in slope with increasing lengths of the budded phase. From (B)

we observe that a noisy integrator synthesis model with a noisy timing growth model is

robust to noise in passage through Start and is insensitive to noise in inhibitor synthesis,

but displays significant increases in observed slope for increasing budded phase duration,
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noise in budded phase duration, and noise in growth rate. Finally from (C) we observe

that a noisy integrator model with a noisy asymmetry growth model is robust to noise

in passage through Start and insensitive to noise in inhibitor synthesis σ∆/〈∆̃〉. We also

observe variation with 〈x〉 and σx/〈x〉. Of these variants, model (C) shows a weaker

dependence on variation in cell division asymmetry 〈x〉 than (A) and (B) do for their

equivalents: 〈t〉/tdb, σt/tdb and σλ/〈λ〉. This difference may be studied in greater depth

by comparing plots of the variation in Vb vs. Vd slope for the different models discussed

here, and leads us to favor model (C) as the most consistent with adder behavior in

budding yeast.
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Figure 2.2: Caption on next page.
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Figure 2.2: (Continued) An inhibitor dilution model can yield robust adder behavior

in asymmetrically dividing, budding daughter cells for biologically relevant parameter

values and is consistent with experimental observations of “adder” behavior. Simulations

were performed assuming noisy integrator synthesis and noisy asymmetry growth (Section

2.3.1). (A-B) Colored hexes denote heatmaps of volume at birth and division for daughter

cells only, overlaid with a linear regression fit and red mean Vd values for data points binned

with respect to Vb. Noise values are: (A) σx/〈x〉 = 0.0, σ∆/〈∆̃〉 = 0.05, σs/〈∆̃〉 = 0.05;

(B) σx/〈x〉 = 0.0, σ∆/〈∆̃〉 = 0.05, σs/〈∆̃〉 = 0.05. (C-F) Heat maps of linear regression

slopes from fitting Vb vs. Vd for daughter cells only. Variation is with respect to σ∆/〈∆̃〉

and σx/〈x〉. σs/〈∆̃〉 and 〈x〉 are as labeled. Black outlines provide a guide to the eye for

regions in which adder-like behavior is observed (slope = 1.0± 0.1).
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Figure 2.3: An initiator accumulation model can yield robust adder behavior for asym-

metrically dividing, budding cells for biologically relevant parameter values, and is con-

sistent with experimental observations of “adder” behavior. Heat maps are of linear

regression slopes from fitting Vb vs. Vd for daughter or mother subpopulations in an ini-

tiator accumulation model of size regulation. (A) Daughter cells with 〈x〉 = 0.5. (B)

Daughter cells with 〈x〉 = 0.7. (C) Mother cells with 〈x〉 = 0.5. (D) Mother cells with

〈x〉 = 0.7. Black outlines provide a guide to the eye for regions in which adder-like

behavior is observed (slope = 1.0± 0.1).
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Figure 2.4: Caption on next page.
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Figure 2.4: (Continued) The inhibitor dilution model yields poor size regulation for

symmetrically dividing, budding cells. (A-B) Linear regression slopes from fitting Vb vs.

Vd for simulated populations of symmetrically dividing, budding cells. (A) Simulations in

which cells which are born with sufficiently low inhibitor concentrations may decrease in

volume before Start. (B) Simulations obtained by imposing the additional restriction that

cells should pass Start with a minimum volume equal to their volume at birth. Linear

regression slopes are ≤ 2 for finite noise strengths, indicating very weak size control for

symmetrically dividing, budding cells. (C-F) Population level statistics tracked for sym-

metrically and asymmetrically dividing, budding cells growing with an inhibitor dilution

model. Sequential growth dilution steps allowed the population to be grown for 2.5× 105

doubling times. (C) σ(Vb) vs. time (in tdb) shows the increase in σ(Vb) of approximately

two orders of magnitude relative to the asymmetrically dividing control, with the mean

traces for the 20 replicate simulated populations shown for both symmetric (〈x〉 = 1)

and asymmetric (〈x〉 = 0.5) growth. Faded lines show 5 randomly selected single traces.

(D) The same for 〈Vb〉 vs. time (in tdb). (E) The same for CV (Vb) vs. time (in tdb). (F)

σ(log(Vb)) vs. time (in tdb) shows that the increase in standard deviation is below that ex-

pected from a pure geometric random walk in volume, with the mean for 20 repeats shown

in bold. Noise was introduced in r, passage through Start and inhibitor production with

σx/〈x〉 = 0.2, σs/〈∆̃〉 = 0.0, σ∆/〈∆̃〉 = 0.0. Shaded error represents standard deviation

of the 20 repeats tracked per condition. The saturation of the increase in average volume

and standard deviation are inconsistent with a geometric random walk, but demonstrate

dramatic spreading of the cell size distributions consistent with very weak size control.
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Figure 2.5: Caption on next page.
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Figure 2.5: (Continued) The inhibitor dilution model is not robust for the symmetrically

dividing bacterial mode of growth. Heat maps of linear regression slopes from fitting Vb

vs. Vd for symmetrically dividing bacterial cells. The models simulated are variants

of an inhibitor dilution model in which the amount of inhibitor synthesized is (A-B)

uncorrelated with the time spent post DNA replication initiation (noisy integrator), or

(C-D) equal to a constant rate multiplied by the time spent post DNA replication initiation

(noisy synthesis rate, with σK = 0). Black outlines provide a guide to the eye for regions

in which adder-like behavior is observed (slope = 1.0 ± 0.1). Adder behavior is seen

to be sensitive to noise strength. This indicates that the dilution model is unlikely to

be implemented as a means of size regulation in symmetrically dividing bacteria which

display adder behavior.
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Figure 2.6: The initiator accumulation model is robust for the symmetrically dividing

bacterial mode of growth, provided that σi/〈Ac〉 � σt/tdb. Heat maps of linear regres-

sion slopes from fitting Vb vs. Vd for symmetrically dividing bacterial cells. The model

simulated is the initiator accumulation model. Black outlines provide a guide to the eye

for regions in which adder-like behavior is observed (slope = 1.0 ± 0.1). In the limit of

σi/〈Ac〉 � σt/tdb the observed Vb vs. Vd slopes approach 1, consistent with experimental

observations.
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Figure 2.7: Caption on next page.
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Figure 2.7: (Continued) An inhibitor dilution model with uncorrelated noise in 〈x〉 and

∆̃ is the most robust of the model variants considered in asymmetrically dividing budding

cells. Box and whisker plots display the sensitivity to variation in model parameters for

selected inhibitor dilution models in asymmetrically dividing, budding cells. All plots are

for daughter cells only. Dots represent outliers. (A) A noisy synthesis rate model with

noisy timing for growth. (B) A noisy integrator model for inhibitor synthesis, with noisy

timing growth. Both (A) and (B) are sensitive to noise in growth rate σλ/〈λ〉, budded

time σt/tdb and to variation in the average budded length 〈t〉/tdb. (C) A noisy integrator

model for inhibitor synthesis, with noisy asymmetry for growth. This displays some

dependence on the cell division asymmetry 〈x〉 and σx/〈x〉. All models were insensitive

to noise in inhibitor production σ∆/〈∆̃〉 (or σK/〈K〉 for model (A)) and were robust to

noise in passage through Start σs/〈∆̃〉.
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Figure 2.8: Observations of relevant model parameters based on measurements of diploid

cells across a range of growth media. (A) Mean asymmetry ratio r. (B) Coefficient of

variation for the asymmetry ratio σr/〈r〉. (C) Coefficient of variation for the single cell

volume growth rate σλ/〈λ〉. (C) Standard deviation of the duration of the budded portion

of the cell cycle σt/tdb, normalized by the cell volume doubling time tdb ≡ 〈λ〉/ ln(2). Error

bars are standard error. Data was obtained from Ilya Soifer, and was previously published

in Soifer et al. (2016).

66



CHAPTER 2. DETAILS MATTER

Figure 2.9: The inhibitor dilution model yields robust adder behavior for asymmetrically

dividing, budding mother cells. Heat maps of linear regression slopes from fitting Vb vs. Vd

for mother cells from populations simulated using an inhibitor dilution model. Inhibitor

synthesis is modeled using the noisy integrator model, and we assume noisy asymmetry

for growth in the budded portion of the cell cycle, as outlined in the main text. Variation

is with respect to σ∆/〈∆̃〉 and σx/〈x〉. σs/〈∆̃〉 and 〈x〉 are as labeled. Black outlines

provide a guide to the eye for regions in which adder-like behavior is observed (slope

= 1.0± 0.1).
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Figure 2.10: Caption on next page.
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Figure 2.10: (Continued) An initiator accumulation model in symmetrically dividing,

budding cells yields poor size regulation. (A) Plots of full population linear regression

slopes of Vb vs. Vd in a symmetrically dividing initiator accumulation model with r = 1 for

variable σr/r and σi/〈Ac〉. Lines A and B were obtained allowing cell volume to decrease

before Start. Lines C and D are obtained by forcing cell growth to increase monotonically.

Linear regression slopes are ≤ 2 for finite noise strengths, indicating very weak size con-

trol for symmetrically dividing, budding cells. (B-E) Population level statistics tracked

for symmetrically and asymmetrically dividing, budding cells growing with an initiator

accumulation model. Sequential growth and dilution steps allowed the population to be

grown for 2.5× 105 doubling times. (B) σ(Vb) vs. time (in tdb) shows an increase in σ(Vb)

by approximately two orders of magnitude in contrast to the asymmetrically dividing

control, with the mean traces for the 20 replicate simulated populations shown for both

symmetric (〈x〉 = 1) and asymmetric (〈x〉 = 0.5) growth. Faded lines show 5 randomly

selected single traces. (C) The same for 〈Vb〉 vs. time (in tdb). (D) The same for CV (Vb)

vs. time (in tdb). (E) σ(log(Vb)) vs. time (in tdb) shows that the increase in standard

deviation is below that expected from a pure geometric random walk in volume, with the

mean for 20 repeats shown in bold. Noise was introduced in x, passage through Start and

inhibitor production with σx/〈x〉 = 0.2, σi/〈Ac〉 = 0.0. Shaded error represents standard

deviation of the 20 repeats tracked per condition. The saturation of the increase in aver-

age volume and standard deviation are inconsistent with a geometric random walk, but

demonstrate substantial spreading of the cell size distributions. This is consistent with

very weak size control.
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Figure 2.11: Comparison of the approximate expression (Eq. 13 in the Main Text)

and numerical results for the linear regression slopes of Vb versus Vd in the initiator

accumulation model for symmetrically dividing bacterial cells. Circles plot numerical

results. Dashed lines plot Eq. 13 in the Main Text. Colors denote σt/〈t〉 as indicated in

the legend.
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Chapter 3

Cell size regulation in budding yeast

does not depend on linear

accumulation of Whi5

“Everything is what it is because it got that way.”

- D’Arcy Wentworth Thompson

This thesis chapter is currently in submission as:

Barber, F., Amir, A., Murray, A. W., Cell size regulation in budding yeast

does not depend on linear accumulation of Whi5
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Abstract

Cells must couple cell cycle progress to their growth rate to restrict the spread of cell

sizes present throughout a population. Linear, rather than exponential, accumulation

of Whi5, was proposed to provide this coordination by causing a higher Whi5 concen-

tration in cells born at smaller size. We tested this model using the inducible GAL1

promoter to make Whi5 concentration independent of cell size. At an expression level

that equalizes the mean cell size with that of wild-type cells, the size distributions of

cells with galactose-induced Whi5 expression and wild-type cells are indistinguishable.

Fluorescence microscopy confirms that the endogenous and GAL1 promoters produce dif-

ferent relationships between Whi5 concentration and cell volume without diminishing size

control in the G1 phase. Our findings contradict the previously proposed model for cell

size control in budding yeast and demonstrate the need for a molecular mechanism that

explains how cell size controls passage through Start.

3.1 Introduction

Cells from all domains of life display size control (29; 69; 50; 32), coupling their cell size

and cell cycle progression to reduce the variability in size observed throughout a popula-

tion. We refer readers to the following recent reviews for further discussion (5; 70; 34; 48).

Despite this widespread behavior, the parameters that cells monitor as proxies for their

size and the mechanisms by which these parameters control progress through the cell cycle

remain unclear. In the budding yeast S. cerevisiae, studies of the cell cycle have produced

several hypotheses for the mechanism of size control (30; 39; 46; 59; 76; 89). However, no
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consensus has yet been reached that favors one model above all others. Several models

include a role for Whi5, a transcriptional inhibitor that delays progress through Start

(19; 25), the transition that commits yeast cells to replicating their DNA and then di-

viding. Here we test how cell size regulation depends on the expression dynamics of Whi5.

Budding yeast divides asymmetrically, with size control acting in the first cell cy-

cle of the smaller, newborn daughter cells. During their first cell cycle, small daugh-

ters have a longer G1 phase, which delays Start relative to the cell cycle of larger

daughter cells (43; 50; 81). In contrast, the timing of the budded portion of the cell

cycle is roughly independent of cell size (1). The core regulatory network that con-

trols passage through Start has been studied extensively and is outlined in Figure 3.1

(85; 19; 25; 90; 8; 21; 67; 84; 77; 91).

Figure 3.1: Genetic regulation of passage through Start.

At the end of mitosis, Whi5 enters the nuclei of both daughter and mother cells,

where it remains for much of the subsequent G1 phase (19). Its nuclear localization

allows Whi5 to bind to and inhibit the heterodimeric transcription factor SBF, prevent-
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ing it from inducing the expression of genes required for passage through Start (19; 25).

The G1 cyclin Cln3 forms a heterodimer with the cyclin-dependent kinase Cdk1, which

phosphorylates both Whi5 and SBF at multiple sites, causing Whi5 to unbind from SBF

(85; 19; 25; 22; 87). SBF and another transcription factor, MBF, induce genes that drive

passage through Start including two other G1 cyclins, Cln1 and Cln2. The expression of

Cln1 and Cln2 completes a positive feedback loop that commits cells to passage through

Start and leads to the nuclear export of phosphorylated Whi5 (23; 79; 14). The differential

lengthening of G1 in small daughter cells occurs prior to Whi5’s nuclear exit, demonstrat-

ing that cell size must influence the rate of activation of this positive feedback loop (28).

The genetic circuit that regulates Start also includes Bck2, a protein responsible for

Cdk1-indpendent activation of genes that promote passage through Start (91; 31; 17; 38).

The parallel Bck2- and Cln3-dependent induction of gene expression is revealed by the

G1 arrest of cln3∆, bck2∆ cells, a behavior not seen in either single mutant (17; 91).

A range of different hypotheses for how cell size could regulate this genetic network

have been proposed. We divide the models into two different modes of size control:

activator accumulation or inhibitor dilution (36). Recent observations support an inhibitor

dilution model mediated by Whi5, wherein the growth-mediated dilution of Whi5 relative

to a roughly constant concentration of Cln3 during G1 leads to an increasing rate of

passage through Start as cell size increases (76). Since the concentration of Whi5 at birth

is negatively correlated with daughter cell volume, this dilution mechanism could explain

the longer G1 of small daughter cells; smaller cells would need to grow proportionally more

to dilute their higher initial concentration of Whi5. This negative correlation between
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Whi5 concentration at birth and cell volume was proposed to originate from a volume-

independent synthesis rate of Whi5 during the budded portion of the cell cycle, with only

a small fraction of Whi5 synthesis occurring during the G1 phase. We note that this

model was initially proposed for bck2∆ cells in which Cln3 is essential. Here we focus on

the predictions of the Whi5 dilution model, deferring consideration of other models to the

discussion.

3.2 Results

3.2.1 Perturbing the dynamics of Whi5 expression does not al-

ter the cell size distribution

We tested whether the details of how Whi5 accumulates determine the success of cell size

regulation. A negative correlation between Whi5 concentration at birth and cell volume

is essential for the Whi5 dilution model to regulate cell size (76). The negative correla-

tion that has been observed is believed to arise from a size-independent synthesis rate of

Whi5, in contrast to the synthesis rate of Cln3 which scales with cell volume (76; 75).

Here we perturb this behavior by expressing Whi5 in a manner proportional to cell vol-

ume, decoupling Whi5 concentration at birth from cell volume at birth. Our experimental

approach also eliminates the periodic nature of Whi5 synthesis, meaning that a synthesis

rate proportional to volume would cause Whi5 concentration to become fixed at a con-

stant value. In this context, if cell size is regulated by a rate of passage through Start

that depends on the Whi5 concentration, an inhibitor dilution model would cause cells to

delay Start significantly or pass through Start rapidly after birth, depending on whether
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the Whi5 synthesis rate generated a steady state concentration that was smaller or larger

than that of wild-type (WT) cells. If the steady state Whi5 level is high, cells should

delay Start significantly while if the Whi5 level is low they would become progressively

smaller with each cell cycle. This behavior is illustrated in Figure 3.5, with simulations

validating these predictions (Methods). However, these extremes are not seen experimen-

tally. For example, cells lacking Whi5 are indeed smaller than WT cells, but these cells

still display size control, inconsistent with the steadily decreasing cell size that the simple,

Whi5-dependent model predicts (19; 25; 51; 80).

Motivated by these predictions, we perturbed Whi5 synthesis by placing the WHI5

gene under the control of the GAL1 promoter, PGAL1 −WHI5. This promoter has pre-

viously been used to show that overexpressing Whi5 in an otherwise WT background

increases mean cell size (19; 49). It is, however, difficult to achieve finely graded control

of Whi5 expression in these cells: expression from the GAL1 promoter is bi-stable at inter-

mediate galactose concentrations and cells metabolize galactose, altering its concentration

during the course of an experiment. Deleting GAL1 blocks galactose phosphorylation and

metabolism and placing GAL3 under the control of a strong promoter (PACT1 − GAL3)

makes expression from PGAL1 vary smoothly with the concentration of galactose in the

medium (49). To quantify the expression of Whi5, we generated a fusion to Whi5 using

the fast-maturing fluorescent protein mVenNB (6). Figure 3.6 demonstrates that overex-

pressing Whi5 by exposing these PGAL1−WHI5−mV enNB cells to high levels of exoge-

nously added galactose generates cells that are larger than PWHI5 −WHI5−mV enNB

cells. For brevity, these cell types will henceforth be abbreviated to PGAL1 −WHI5 and

PWHI5−WHI5. Figure 3.6 further shows that these PGAL1−WHI5 cells also maintain a
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concentration of Whi5 in G1 that is several times larger than that of PWHI5−WHI5 cells

(measured by fluorescence microscopy using fluorescence intensity as a proxy for protein

concentration). Despite this, these large cells still maintain a reproducible characteristic

cell size. These findings are consistent with previous observations (19; 25), but are in-

consistent with the inhibitor dilution model’s prediction that these unusually high levels

of Whi5 expression will lead to an unconstrained increase in average cell size over time

(see Figure 3.5). We note that with the exception of coulter counter measurements on

asynchronous populations of cells plotted in Figure 3.7, our data was obtained in cells

that contain a functional copy of the BCK2 gene.

Given that the predictions of an inhibitor dilution model are not recapitulated by

overexpressing Whi5, we decided to characterize the cell size control displayed by our

PGAL1 − WHI5 cells in greater detail to assess the effect of decoupling Whi5 concen-

tration at birth from cell volume at birth. To compare this with the behavior for our

PWHI5 −WHI5 cells, we tuned the exogenous galactose concentration to generate cells

that were the same size as PWHI5−WHI5 cells. In this case, synthesizing Whi5 in a man-

ner proportional to cell volume would be expected to eliminate size control during the G1

phase by eliminating the negative correlation between cell size and Whi5 concentration

at birth. If the size-dependency of the rate of passage through Start originates through

the Whi5 concentration, as has been claimed (76), this is expected to generate a rate of

passage through Start which is uncorrelated with cell volume. Because the primary size

control in budding yeast occurs during G1, relative to a roughly constant budded phase

duration, the loss of this control is predicted to generate a substantial broadening of the

cell size distribution. Indeed, in the absence of compensatory mechanisms, a constant
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Whi5 concentration is expected to generate arbitrarily broad distributions of cell size, as

demonstrated by simulations in Figure 3.5 (G-I).

Guided by this prediction, we tuned the concentration of Galactose to 125µM to

produce populations of PGAL1 −WHI5 cells whose average cell size was identical to that

of PWHI5 −WHI5 cells. This agreement is shown in Figure 3.7.

To study the distributions of cell size at specific points in the cell cycle we used a

microfluidics device to track the growth of immobilized cells in a flow chamber when ex-

posed to 125µM galactose, extracting information on 3581 individual cell cycles using a

custom-designed, semi-automated algorithm (Methods). Figure 3.2 shows the statistics of

average cell size and coefficient of variation (CV = standard deviation / mean) in cell size

measured at birth, at Start and at division for daughter and mother cells separately. These

observations show a statistically significant, though minor, increase in the CV in volume

at birth for PGAL1 −WHI5 daughter cells relative to PWHI5 −WHI5 cells. We did not

observe statistically significant differences in CV in cell volume between PGAL1 −WHI5

cells and PWHI5 −WHI5 cells at Start or at division. This small discrepancy between

cell types at birth is not observable in measurements of cell volume at division, or in mea-

surements on asynchronous cell populations, though it is possible that the “smearing”

effect of measuring cell size in an asynchronous population would prevent detection of

this increased CV at birth. Figure 3.7 shows cell size statistics for asynchronous popula-

tions, measured both by coulter counter and by placing cells from exponentially growing

cultures onto an agar pad, so that their volume could be inferred using single time-point

microscopy over many fields of view. Our time-point imaging allowed us to detect cells in
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G1 based on the localization of fluorescently tagged Whi5: unbudded cells with Whi5 in

the nucleus have not passed Start, whereas those with Whi5 in the cytoplasm have passed

Start. However, we were unable to distinguish between mother and daughter cells using

this approach. Both coulter counter and time-point microscopy methods showed a spread

in cell size that was independent of whether Whi5 was expressed from the PGAL1 or PWHI5

promoter; both populations had a similar standard deviation and CV. To maintain con-

sistency with previous studies, we performed our coulter counter measurements for both

WT and bck2∆ strains in which Cln3-mediated inactivation of Whi5 is essential (76; 91).

Cells lacking Bck2 are larger than cells that express this protein, but for both populations,

the same galactose concentration is required for PGAL1−WHI5 cells to match the size of

PWHI5 −WHI5 cells.

These observations leads us to conclude that the only observable difference in cell size

distribution between our PGAL1 −WHI5 cells and our PWHI5 −WHI5 cells is a modest

increase in the CV in volume at birth in newborn daughter cells. This finding is entirely

inconsistent with the dramatically broader cell size distribution predicted by the Whi5

dilution model (see Figure 3.5).

Another potential point of difference between the PGAL1 promoter and the PWHI5

promoter is in the stochasticity of gene expression. Figure 3.6 demonstrates based on

time-point microscopy that the CV in the concentration of Whi5-mVenNB within PGAL1−

WHI5 cells is greater than that of PWHI5 −WHI5 cells. In contrast, our measurements

of the CV in cell size at distinct points in the cell cycle, shown in Figure 3.2, show little

difference between our PGAL1 − WHI5 and PWHI5 − WHI5 strains. This observation
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indicates that any difference in the noisiness of gene expression between these promoters

does not lead to a notably broader size distribution. We note that both the magnitude

and relative size of these CVs at birth, Start and division are comparable to previous

measurements in cells grown in similar growth conditions (81). If Whi5 concentration

is a crucial element in sensing cell size, then greater variability in expression might be

expected to lead to a broader size distribution than that seen in WT cells. This stands

stark contrast with the unchanged CVs in cell size that we observe, and is consistent with

the conclusion that the dynamics of Whi5 expression are unimportant in coupling size to

passage through Start.

3.2.2 The dynamics of Whi5 accumulation depend on the pro-

moter driving its expression

The result that driving Whi5 expression with either the WHI5 or GAL1 promoter pro-

duced indistinguishable cell size distributions could arise in two ways: either proteins

expressed from PGAL1 are produced linearly with time, even as cell volume grows expo-

nentially, or the difference between linear and exponential accumulation of Whi5 has no

effect on cell size regulation. To distinguish between these possibilities, we asked whether

the scaling of Whi5 synthesis with cell volume was perturbed in PGAL1−WHI5 cells. In

the Whi5 dilution model, a linear accumulation of Whi5 leads to a negative correlation

between Whi5 concentration and cell volume in newly born cells (76). This negative corre-

lation is believed to be the salient feature of linear Whi5 accumulation for the purposes of

studying cell size control. As such, we measured the correlation between these two quan-

tities in our strains. We used time-lapse microscopy to determine the concentration of

80



CHAPTER 3. WHI5 PERTURBATION

fluorescent Whi5-mVenNB at cell birth for the Galactose concentration (125 µM) that was

applied in Figure 3.2. For PWHI5 −WHI5 cells, which express Whi5-mVenNB from the

endogenous promoter, we confirmed the previously observed negative correlation between

Whi5 concentration at birth and cell volume, as shown in Figure 3.3 (B) for daughter cells.

Figure 3.3 (C) shows the concentration profile for the expression of PACT1 − mCherry

in the same cells, with this red fluorescent protein driven by the promoter of the gene

ACT1. Unlike Whi5-mVenNB, the concentration of mCherry does not decline in larger

cells. The PGAL1−WHI5 cells showed a different pattern of Whi5 accumulation, with no

statistically significant correlation between Whi5 concentration and cell volume at birth.

Comparing Figures 3B and 3C demonstrates that inducing Whi5 synthesis with the GAL1

promoter brings the correlation between Whi5 concentration at birth and cell volume at

birth closer to that observed for our PACT1 −mCherry construct. Figure 3.8 shows that

PWHI5−WHI5 cells recapitulate the previously observed decrease in Whi5 concentration

throughout G1 as measured by fluorescence intensity (76), whereas the Whi5 concentra-

tion remains roughly constant throughout G1 in PGAL1 −WHI5 cells. Figure 3.9 shows

that the average level of Whi5-mVenNB and mCherry driven by the ACT1 promoters are

unchanged between cells that express Whi5 from the WHI5 or GAL1 promoters.

Because time-lapse microscopy can alter cell cycle timing and fluorescent proteins

show photobleaching after repeated illumination, we measured the correlation of fluores-

cence intensity with cell volume for G1 cells in asynchronous cultures. Figure 3.10 con-

firms our observations from time-lapse microscopy: the concentration of Whi5-mVenNB

expressed from PWHI5 falls with increasing cell volume, whereas the concentration of

Whi5-mVenNB expressed from PGAL1 rises with cell volume. This rise is qualitatively
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similar to the positive correlation observed for mCherry expressed from PACT1. We con-

clude that expressing Whi5 from PGAL1 strongly perturbs the correlation between the

volume of G1 cells and their Whi5 concentration relative to cells expressing Whi5 from

its own promoter, bringing it closer to the behavior observed for expression from the

PACT1 promoter. We therefore conclude that the distribution of cell size is unaffected by

the difference between a linear and exponential accumulation of Whi5 over time, inval-

idating a key prediction of a model that posits that the linear accumulation of Whi5 is

the key to cell size control.

3.2.3 Correlations in cell cycle timing and cell volume

Perturbing the dynamics of Whi5 synthesis failed to change the cell size distribution in

asynchronous populations, and only showed a modest increase in CV in volume at birth.

One possible explanation of the failure to alter the cell size distribution is that the interval

between birth and Start is no longer regulating cell size, but the interval between Start

and cell division is precisely compensating for this defect due to a size checkpoint late in

the cell cycle. We therefore examined the dependence of cell cycle timing on cell volume

in PGAL1 −WHI5 cells. We defined time the between birth and Start as the duration of

Whi5 nuclear localization, while the rest of the cell cycle was defined as the period when

Whi5 was excluded from the nucleus. This metric for G1 duration has been validated

in previous studies of cell size regulation, since the cell-size dependence of G1 duration

occurs prior to Whi5 nuclear exit (28). Figure 3.11 compares the distributions of time

spent in the distinct portions of the cell cycle for the PGAL1−WHI5 and PWHI5−WHI5

cells. The durations of the overall cell cycle length and the pre- and post-Start intervals
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are statistically indistinguishable between the two populations. Figure 3.4 (A) shows that

the negative correlation between G1 timing and cell volume is seen in both PGAL1−WHI5

and PWHI5 −WHI5 cells, with PGAL1 −WHI5 cells showing a slightly stronger nega-

tive correlation (Fisher z-transformation). The correlation between the duration of the

budded portion of the cell cycle (tbudded)and cell volume at Start has a slightly stronger

negative correlation for PGAL1 − WHI5 cells than for PWHI5 − WHI5 cells (Fisher z-

transformation). This finding is consistent with weak size control acting in the budded

portion of the cell cycle, however, since size control during G1 remains functional in our

perturbed cell type, the interpretation of this difference is unclear (Figure 3.4 (B)). Fur-

ther, there is no statistically significant difference in the correlation between cell volume

at birth and division (a common indicator for the mode of cell size control (Ho et al.,

2018)), when compared between the two cell types. In order to determine whether these

differences in the correlations of cell cycle timing with cell volume translated to effects

on cell volume, we studied the correlations between the cell volume added in different

phases of the cell cycle and cell volume at the start of those phases. Figure 3.12 shows

these correlations for volume added in G1 as a function of volume at birth, volume added

during budding as a function of volume at Start, and volume added over the full cell

cycle as a function of volume at birth. These datasets show no statistically significant

differences between PGAL1−WHI5 and PWHI5−WHI5 cells, consistent with size control

being conserved between these cell types.

Finally, we tested the dependence of G1 duration on Whi5 concentration at birth.

Figure 3.13 demonstrates that the duration of G1 retains a positive correlation with

Whi5 concentration at birth in both PGAL1 −WHI5 and PWHI5 −WHI5 cells, with no
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statistically significant difference between the correlation coefficients measured for these

two cell types. This observation is consistent with our findings and those of others that

overexpressing Whi5 leads to an increase in cell size by delaying Start (19; 25; 76).

3.3 Discussion

We investigated the role of Whi5 in controlling cell size in the budding yeast, Saccha-

romyces cerevisiae. Like previous groups, we find that overexpressing Whi5 makes cells

bigger and preventing its expression makes them smaller. Titrating the expression of

Whi5 from the galactose-inducible GAL1 promoter produces populations of cells whose

mean size and size distribution are indistinguishable from those of cells that express Whi5

from its endogenous promoter. Because expressing Whi5 from PGAL1 makes the rate of

Whi5 synthesis scale linearly, rather than sub-linearly, with cell volume, this result is

inconsistent with the model that the sublinear scaling of Whi5 synthesis with cell volume

plays a critical role in controlling cell size. Minor differences in the CV in volume at

birth were observed in time-lapse microscopy. However, this modest increase in CV for

PGAL1−WHI5 cells is still inconsistent with the perturbations predicted by an inhibitor

dilution model. To confirm that cell size was still being controlled by the length of the

interval between cell birth and Start we verified that this timing retains its strong negative

correlation with cell volume at birth when Whi5 is expressed from PGAL1. Additionally,

whichever promoter Whi5 is expressed from, we see a positive correlation between Whi5

concentration and the interval between birth and Start within a population of cells.

Our results show that the concentration of Whi5 still influences the size at which
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the cell population passes through Start, however the dynamics of Whi5 accumulation

do not, indicating that Whi5 dilution is unlikely to constrain the spread in the cell size

distribution. Our results invalidate a key prediction of the Whi5 dilution model and

reveal that any size control model based solely on the dilution of the inhibitor Whi5 is

necessarily incomplete. At face value the Whi5 dilution model appeared previously to be

a simple means of regulating cell size, since Whi5 acts to delay passage through Start,

and Whi5 concentration is negatively correlated with cell volume at birth. Our results

demonstrate that any effect arising from this coupling between Whi5 concentration and

cell volume is not the dominant means by which size control occurs at passage through

Start. We note that even if the Whi5 dilution model is incorrect, it remains possible that

this mechanism plays a small, secondary role whose effect was too small to be detected

within our experiments.

We note that the observations initially motivating the Whi5 dilution model were ac-

quired for cells grown in 2% glycerol, 1% ethanol as a carbon source in order to generate

small daughter cells with strong size control. This growth medium differs from the 2%

Raffinose carbon source used here. Although both media contain non-fermentable carbon

sources that generate a small average cell size, we cannot rule out the possibility that this

difference in carbon source has contributed to the difference between the conclusions of

the two studies. However, it should be noted that both studies showed that a high Whi5

concentration is correlated with a longer G1 phase in WT cells and our results reproduce

the previously observed negative correlation between Whi5 concentration and cell volume

at birth in G1 that lies at the heart of the inhibitor dilution model.
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Are there viable alternatives to the Whi5 dilution model? One hypothesis holds

that Cln3 is titrated relative to the number of SCB/MCB consensus binding sites in the

genome, so that the abundance, rather than the concentration, of Cln3 relative to these

sites serves as the signal that drives cells through Start (76; 89). This model is consis-

tent with observations that increasing the number of available SCB or MCB consensus

sites with a high copy number plasmid causes an increase in cell size. The model also is

consistent with evidence that the synthesis of Cln3 scales with cell volume and Cln3 is de-

graded rapidly (22; 76; 89). However, recent observations do not show an effect of cellular

DNA concentration on G1 duration independent of Cln3 and Whi5 concentration (76).

A related hypothesis holds that the amount of the Cln3 that has been made since birth

is integrated and recorded over time as the amount of phosphorylated Whi5 (59), with

Whi5 nuclear exit being complete once the abundance of phosphorylated Whi5 reaches

sufficiently high levels. Such a model is consistent with the observation that G1 duration is

negatively correlated with the concentration of Cln3. However, these measurements were

made using stabilized Cln3 mutants rather than WT Cln3. A related observation is that

Cln3 translation is hindered by its long 5’ UTR (24). The inhibition of Cln3 translation

could therefore be mediated by the binding of Whi3 (an inhibitor of Cln3) to key motifs

in Cln3 mRNA transcripts (9). Further to this point, recent work has also seen strong

size phenotypes of mutants that perturb mRNA translation (51). Motivated by these

observations, the authors suggested that translation initiation may play a role in sensing

cell size at the G1/S transition. This control could be effected by mRNA synthesis not

scaling linearly with cell volume throughout the cell cycle, which could result in a differ-

ential rate of passage through Start due to high sensitivity of Cln3 translation to changes

in Cln3 transcript copy number. Another model that is the subject of ongoing debate
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holds that Cln3 translocates from the endoplasmic reticulum into the nucleus during G1,

where it accumulates to prompt passage through Start. This translocation is reported

to be mediated by the action of the Ydj1 chaperone, which sets the cell size at passage

through Start in a growth-rate dependent manner (39). This model is inconsistent with

fluorescence microscopy of fluorescently labeled, stabilized mutants of Cln3 which do not

show any evidence of dynamic Cln3 movement during G1 (76). However, as noted above

these fluorescence measurements cannot definitively rule this model out since they were

not performed on WT Cln3.

Another recent work used microscopy to infer absolute protein copy number as cells

passed through the cell cycle (30), and found that the copy number of Swi4 increased dra-

matically during G1. The authors proposed that this increase is what induced genes with

SCB consensus sites. Surprisingly, this work did not observe any reduction of the Whi5

concentration during G1, after controlling for photobleaching effects, a finding which con-

trasts with our own and earlier work. We note that the models described above have

predominantly focused on the action of single effector genes as mechanisms of measuring

cell size. Single deletions have led to significant changes in the average cell size. The

deletion of the above genes has led to significant changes in the average cell size, however,

this has not coincided with a dramatic broadening of the cell size distribution as would

be expected if a single gene was the effector of size control (53; 19).

There should be a linkage between molecular and phenomenological models for cell

size control. Early work in budding and fission yeast led to the belief that passage through

Start was governed by a critical size threshold, the so-called “sizer” model (50). More
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recent analysis has instead supported the idea that bacterial and budding yeast cells add a

constant volume between particular points in successive cell cycles, leading to an “adder”

model of cell cycle control (13; 81). Our previous work shows that the robust observations

of adder correlations over the cell cycle cannot discriminate between simple activator ac-

cumulation or inhibitor dilution models, since both models can produce adder correlations

(7).

Our interpretation of our own and earlier work is that an understanding of how

cells use their growth to regulate passage through the cell cycle remains elusive. At the

molecular level, the field has identified proteins whose expression affects cell size, either

by increasing or decreasing it. But no model that invokes interactions amongst these

proteins has succeeded in explaining how they collectively couple cell cycle progress to a

proxy of cell size to prevent the cell size distribution from growing broader as a population

proliferates. We see three classes of model that could close the gap. The first is that there

is a single, as yet unidentified, protein, either an activator or inhibitor of passage through

Start, whose abundance or concentration is controlled by cell size and which interacts with

other regulators of Start in a way that explains size control. The second is that there

are multiple proteins that activate the passage through Start and multiple proteins that

inhibit it, with the synthesis rate of the activators rising more steeply than that of the

inhibitors, so that as cells grow, the activators eventually prevail and drive cells through

Start (B. Futcher, personal communication). In this model, size control is a collective

exercise, and it would require the removal of many activators or inhibitors to remove

the ability to control cell size. The last is that an entirely different class of proteins

somehow constrain the variance in cell size, without directly affecting passage through
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Start. Removing these proteins would have no effect on mean cell size but would broaden

the distribution of cell sizes. Genes whose deletion increases the variance in cell size have

been found (53), but it is unclear whether they do so by inducing stochastic defects that

impose cell cycle delays on only some cells in a population or by having a direct effect

on the machinery that couples size to cell cycle progress. Finally, there are likely to be

lower level mechanisms that regulate cell size. As an example, if the ratio between protein

synthesis rate and cell volume has an optimal value over a modest range, but then falls in

larger or smaller cells, the cells that are too big or too small would replicate more slowly.

This would set a limit to the steady state distribution of cell size, even in the absence of

a sophisticated control that linked cell cycle progress to cell size. Indeed, recent evidence

suggests that the growth of large cells slows because transcription reaches a maximal rate

(57; 68).
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3.4 Methods

3.4.1 Yeast strains and plasmids

The strains used in this study were congenic with W303, and are listed in full in Table

1 below, in addition to a list of the corresponding figures each strain was used to gen-

erate within this study. All strains were constructed using standard genetic methods.

Fluorescently labeled proteins were constructed to contain a peptide linker between the

native protein and the fluorescent label, using a linker sequence that has been previously

characterized (78).

The fast-maturing mVenNB protein sequence was obtained from as a gift from the

Cluzel laboratory (6).

3.4.2 Image processing

We performed brightfield image segmentation and cell tracking using the opensource

CellSTAR algorithm (86). Cell volume was inferred based on this brightfield segmen-

tation by fitting a ellipse to the 2D segment using the regionprops function from the

skimage.measure module. To infer a cell volume, each ellipse was assumed to be rota-

tionally symmetric about its semi-major axis, with the volume inferred to be that of a

prolate spheroid. We designed a custom, semi-automated image processing pipeline to

incorporate fluorescence data and compile measurements on individual cell cycles. Cell
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Table 3.1:: S. cerevisiae

strains used in this study

cycle progression was assessed based on Whi5 nuclear localization, in accordance with

previous approaches (28). Whi5 nuclear localization was detected using an SVM ma-

chine learning classifier from the Scikitlearn python package, trained on manually an-

notated data for each individual time-lapse. Since we obtained z-stack time-lapse im-
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ages, fluorescence signal from the constitutively expressed mCherry protein was used

to create 3D masks of each cell. This mask was constructed by thresholding, using

a threshold of 3 standard deviations above the average background fluorescence level.

As such, these masks did not include vacuoles, since fluorescence was excluded from

these organelles. These 3D masks were used to infer average cellular fluorescence as

the average of pixel intensities within each mask. All relevant code is available at

https://github.com/AWMurrayLab/image_processing_cellstar_public.

3.4.3 Live cell microscopy

All imaging was performed using a Nikon Eclipse Ti spinning disc confocal microscope,

fitted with a Plan Apo 60X/1.40 Oil objective, a Hamamatsu EM-CCD digital camera

and a Spectral Borealis Box. EM gain settings were set to within a range of linear signal

amplification. All imaging used a spacing of 0.7µm between optical z-sections. For time-

lapse microscopy, cells were loaded into a CellASIC microfluidics flow chamber. Growth

medium with the appropriate carbon source and galactose concentration was flowed from

2 wells at a pressure of 1PSI using the ONIX microfluidics system. Our single time-point

imaging used agar pads with a concentration between 1-2%, made using the appropriate

growth medium. Cells were taken from exponentially growing cultures and spotted onto

pre-made pads, allowed to dry for 10-15 minutes, and imaged using MatTek glass bottom

dishes.
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3.4.4 Cell culture

All experiments were performed in 2X complete synthetic medium (CSM) (2016) with

various carbon sources. All galactose induction experiments were performed by inocu-

lating cultures in 2X CSM 2% Dextrose, taking cells in log phase between 16-24 hours

later, washing in PBS and resuspending in 2X CSM 3% glycerol for 6 hours to alleviate

catabolite repression (60). Cells were then washed in PBS before being grown in 2X CSM

with 2% Raffinose and the relevant concentration of Galactose for at least 20 hours prior

to measurement. Cells were taken from exponentially growing cultures with a culture

density between 1 and 5× 106 cells/mL.

3.4.5 Simulations

The simulations in Figure 3.5 were performed using a model in which cells pass through

Start stochastically at a rate that depends inversely on the Whi5 concentration, i.e.

µ([W ]) =
f

[W ]n
, (3.1)

where k is a rate constant, [W ] is the concentration of Whi5, and n is an exponent

(taken for the simulations in Figure 3.5 to be n = 2). Here µ represents the rate of division

per unit time for a cell with a given concentration of Whi5. This model was constructed

to represent one example of the stochastic rate model described in (76). We tested a

model with this rate of passage through Start for two different synthesis profiles of Whi5.

The first is described further in (7) and corresponds to one in which a constant amount

∆ of Whi5 is produced between Start and division, which is then diluted during the
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subsequent G1 phase. This represents the “WT” case in Figure 3.5 due to its consistency

with previous studies of the production rate of Whi5 (76). We note that this first model

is capable of generating size control, with the average cell size, standard deviation in cell

size and CV remaining robustly regulated throughout our simulations.

The second model for Whi5 synthesis is one in which Whi5 is produced at a rate

proportional to volume:

dW

dt
= kwV (t) (3.2)

Where kw is the production rate of Whi5 for a given cell volume W , and W is

the abundance of Whi5. This leads to a steady state concentration of Whi5 [W ]∗ =

kw/λ, where λ is the exponential volume growth rate. Within the second model, the

attainment of a steady state Whi5 concentration leads cells to proceed through Start with

a constant rate µ = (kλn)/(knw), independent of their cell volume. Passage times through

Start will then follow an exponential distribution with rate parameter µ. The average

exponential growth factor obtained during the G1 phase then is E(eλt) = µ/(µ− λ). We

therefore simulated cell growth, varying the synthesis rate kw to test different regimes

of this model. We tested three cases: high kw to generate excess growth in G1 with a

high concentration of Whi5, small kw to generate only small amounts of growth in G1,

with a low concentration of Whi5, and a synthesis rate kw =
√
kλ(1− r), where r is

the ratio of cell volume between a daughter cell and mother cell at birth. This third

case represents the minimal Whi5 production rate to ensure that on average, cells grow

sufficiently during G1 to avoid daughter cells becoming pathologically small on average

over subsequent generations. For concreteness, we performed our simulations for the case

n = 2, λ = 1, k = 2, r = 0.5, but our conclusions about the incapability of the second
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model generating size control do not rely on a specific choice of these parameters. In all

cases, this second model is incapable of generating size control, with the average cell size

and standard deviation in cell size either arbitrarily increasing or decreasing depending

on the rate of Whi5 production. This is to be expected, since a noisy constant rate of

passage through Start should lead to a broadening of cell size over successive generations,

similar to the geometric random walk predicted in symmetrically dividing cells (3).

Our simulations were performed using a discretized time approach, wherein the prob-

ability for cells passing through Start in a given time interval dt was taken to be µdt. The

details of our simulations are available online at https://github.com/AWMurrayLab/

growth_rate_simulations_public, and have been described in greater detail previously

(7).
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Figure 3.2: Caption on next page.
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Figure 3.2: (Continued) Perturbing Whi5 expression using a galactose-inducible pro-

moter has a minimal effect on the spread in cell size, generating a modest increase in

CV at birth, which is not observable at Start or cell division. Cell size distributions are

compared for PGAL1 − WHI5 and PWHI5 − WHI5 cell types for volume at birth, at

Start, and at division. Volumes were measured via time-lapse microscopy and plotted

by cell type (inducible and non-inducible, mothers and daughters). (A) Average size at

birth. (B) CV in size at birth. (C) Average size at Start. (D) CV in size at Start. (E)

Average size at division. (F) CV in size at division. Values represent the mean across 3

biological replicates of the relevant statistic (average or CV). Measurements taken over a

total of 3581 cell cycles: 347 PGAL1 −WHI5 Daughters; 853 PGAL1 −WHI5 Mothers;

800 PWHI5 − WHI5 Daughters; 1581 PWHI5 − WHI5 Mothers. Error bars represent

the standard deviation taken across 3 biological replicates. Black lines correspond to

statistically significant differences with P values less than 0.05 quoted, calculated by com-

paring daughters and mothers separately between cell types using a Welch’s t-test across

biological replicates.
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Figure 3.3: Caption on next page.
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Figure 3.3: (Continued) Expressing Whi5 from the GAL1 promoter alters the relation-

ship between Whi5 concentration and cell size. (A) The predicted correlation of protein

concentration with cell size for a gene whose production rate scales linearly with cell vol-

ume(Lin and Amir, 2018), contrasted with a gene whose synthesis does not scale with

cell volume. (B-C) Concentration of fluorescent proteins at cell birth vs volume at birth

(Vb), grouped by cell type (PWHI5 − WHI5 “unperturbed” cells, and PGAL1 − WHI5

“perturbed” cells) and derived from time-lapse experiments to monitor cell growth. The

fluorescence intensity averaged over the cell is used as a proxy for protein concentration.

Colored hexagons represent a 2D histogram of datapoints. Black lines are averages of the

same data binned with respect to Vb; error bars are the standard error of the mean. Blue

lines correspond to linear regression fits, with 95% confidence intervals. Data is compiled

from three experiments for each cell type. (B) Whi5 signal. PWHI5−WHI5 cells (orange)

show a negative correlation between Whi5 concentration at birth and cell volume at birth.

PGAL1−WHI5 cells (blue) lose this negative correlation, consistent with Whi5 synthesis

being proportional to cell volume. (C) PACT1−mCherry signal. Daughter cells display a

weak positive correlation between [mCherry] and cell volume at birth. This correlation is

unknown in origin, though it is consistent between PGAL1 −WHI5 and PWHI5 −WHI5

cell types. (D-E) Pearson correlation coefficients (PCC) measured for the datasets plotted

in (B) and (C). Error bars correspond to 95% confidence intervals inferred by bootstrap-

ping analysis. Black lines correspond to statistically significant differences with P values

less than 0.05 quoted, calculated using a Fisher’s z-transformation on both datasets. (D)

PCC values for [Whi5] measured at birth vs. Vb for daughter cells show a statistically

significant difference between cell types with P < 10−10. (E) PCC values for [mCherry]

measured at birth vs. Vb for daughter cells shows no statistically significant difference

between the two cell types.
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Figure 3.4: Caption on next page.
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Figure 3.4: (Continued) PGAL1−WHI5 cells retain clear evidence of size control during

the G1 phase, while showing some weak size control acting in the budded portion of the

cell cycle relative to PWHI5 − WHI5 cells. (A-C) Cell cycle correlations for daughter

cells. See Figure 3.3 for details on plotting features for (A-C). Data is compiled from

three experiments for each cell type. (A) Plot of time spent in G1 phase (determined

by nuclear localization of Whi5) versus cell volume at birth (Vb) for PGAL1 −WHI5 and

PWHI5 −WHI5 cells. (B) Plot of time spent in the budded phases (the sum of S-phase,

G2, and mitosis, determined by nuclear exclusion of Whi5) versus cell volume at Start

(Vs) for PGAL1 −WHI5 and PWHI5 −WHI5 cells. (C) Plot of Vb vs. volume at division

(Vd). (D-F) PCCs measured for the datasets plotted in (A-C). Error bars correspond to

95% confidence intervals inferred by bootstrapping analysis. Black lines correspond to

statistically significant differences with P values less than 0.05 quoted, calculated using a

Fisher’s z-transformation on both datasets. (D) PCC values for G1 duration vs. Vb for

daughter cells show a statistically significant difference between cell types with P=0.02.

We note that this difference is consistent with stronger size control occurring during the G1

phase for PGAL1−WHI5 cells, not weaker as would be predicted by the inhibitor dilution

model. (E) PCC values for budded duration measured at birth vs. Vb for daughter cells

shows a statistically significant difference between the two cell types with P=0.001. This

difference corresponds to the presence of weak size control during the budded portion

of the cell cycle. (F) PCC values for Vb vs. Vd for daughter cells shows no statistically

significant difference between the two cell types.
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Figure 3.5: Caption on next page.
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Figure 3.5: (Continued) (A-C) Illustration of Whi5 and Cln3 concentrations through-

out G1 in (A) WT cells, showing Whi5 dilution with cell growth and (B-C) a constant

concentration set in our experiments by the exogenous concentration of galactose. (D-I)

Simulations of a noisy rate model for passage through Start. We simulated the growth

of populations of cells in which Whi5 was produced independently of cell volume (“WT”

cells in blue), or at a rate which scaled with cell volume (“Perturbed” cells in green or

orange). The regular discontinuities correspond to a numerical artefact of regularly sam-

pling a subset of cells to reseed the growth of new populations. This is necessary to avoid

the population size growing excessively large and exceeding computer memory limitations.

Thick lines correspond to the average over 10 simulated repeats, and thin lines correspond

to individual repeats. (D-F) Average cell volume at birth, standard deviation in volume

at birth, and CV in volume at birth measured as a function of time in the growth of new

populations. Cells with high Whi5 concentration (orange) increase arbitrarily in average

cell size and standard deviation in cell size. Cells with low Whi5 concentration (green)

decrease arbitrarily in average cell size and standard deviation in cell size. In contrast,

WT cells (blue) show little variability in average cell size and spread in cell size over the

range of these simulations. (G-I) The orange curve shows simulated cell growth when

the steady state Whi5 concentration is tuned to ensure that daughter cells on average

grow sufficiently during G1 to correct for the difference in size between daughter cells and

mother cells at cell birth. In this case we still observe a dramatic increase in the average

cell volume, spread in cell volume and CV in cell volume (measured at birth), relative

to WT cells which produce a constant amount of Whi5 with each cell cycle. All other

simulation parameters remain fixed between WT cells and cells in which Whi5 production

is proportional to cell volume.
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Figure 3.6: Caption on next page.
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Figure 3.6: (Continued) Overexpressing Whi5 from the GAL1 promoter substantially

increases cell size, concomitant with an increase in Whi5 concentration. (A) Measure-

ments of median cell size for fluorescently labeled Whi5 in cells expressing WHI5 from

PGAL1 in 0µM and 800µM Galactose, obtained using a Coulter counter on asynchronous

populations of log phase cells. We note that PGAL1−WHI5 cells grown without galactose

did not show a substantial decrease in cell size below that of our PWHI5 −WHI5 cells,

which may indicate a low basal level of expression from our galactose inducible system in

these growth conditions. PWHI5 −WHI5 cells show no dependence of cell size on galac-

tose concentration in this condition. (B-C) Fluorescence concentration measurements for

populations of G1 cells, obtained via single time-point microscopy. (B) Whi5 concentra-

tion shows a marked increase in PGAL1 −WHI5 cells grown with 800µM Galactose. (C)

mCherry concentration, expressed from the ACT1 promoter, remains relatively constant

across different galactose concentrations. (D-E) Measurements of the CV in Whi5 and

mCherry concentration measured by time-point microscopy, showing an increased CV in

PGAL1 −WHI5 expression relative to PWHI5 −WHI5 cells. Error bars represent stan-

dard deviation calculated over at least two experimental replicates per condition for the

relevant statistic.
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Figure 3.7: Caption on next page.
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Figure 3.7: (Continued) The spread in cell size measured in asynchronous populations is

statistically indistinguishable whether Whi5 is driven by its own promoter or the GAL1

promoter. We tuned the expression of the GAL1 promoter, using 125µM galactose, to give

a level of Whi5 expression that gave the same average cell size as the WT (PWHI5−WHI5).

(A-D) Size statistics measured by Coulter Counter. (E-F) Size statistics for G1 cells

measured by single time-point microscopy. (A) The cumulative distribution function of

the size distribution for PGAL1−WHI5 cells and PWHI5−WHI5 cells in BCK2 and bck2∆

backgrounds. This data is representative of 3 experimental replicates. (B-D) Statistics

(CV, average cell size, and standard deviation in cell size) of the size distributions from

(A). Error bars are the standard deviation of the statistic measured across at least 3

experimental replicates. The spread of the WT cell size distribution is identical whether

Whi5 is expressed from its own promoter or from PGAL1, in both BCK2 and bck2∆ cells,

inconsistent with the predictions of the inhibitor dilution model. (E) Average volume

in G1 for an asynchronous population, measured by time-point microscopy. (F) CV in

volume in G1 for an asynchronous population, measured by time-point microscopy. The

values reported in (E-F) neglected cells with volume above 200fL, to avoid skewing the

cell size distribution with large cells that have arrested in G1 (68). The effect of this

thresholding decreases the CV for both cell types, but does not alter the size of their CVs

relative to each other. Performing a Welch’s t-test across experimental replicates shows

no statistically significant differences when comparing PGAL1−WHI5 vs. PWHI5−WHI5

cells. We note that the G1 CVs observed in the asynchronous G1 cell time-point data

can be recapitulated computationally using populations seeded with the CVs measured in

cell volume at birth, providing an internal consistency check between these two distinct

approaches.
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Figure 3.8: Relative protein concentration throughout G1 for daughter cells, measured

via fluorescence intensity normalized to intensity at birth. Shaded bars correspond to

standard deviation across the population of cells at each timepoint. The blue dilution

factor shows the expected relative dilution of a given fixed protein abundance based on the

incremental volume added during G1 growth (i.e. Vb/V (t)). (A) PWHI5−WHI5 cells show

decreasing fluorescence intensity throughout during G1, in contrast to a relatively constant

fluorescence intensity generated by PACT1 driving mCherry expression. (B) PGAL1−WHI5

cells do not replicate the dilution behavior seen in PWHI5−WHI5 cells. Data is presented

only for one experiment, but is representative of multiple experimental replicates.
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Figure 3.9: Measurements of Whi5 and mCherry concentration at cell birth, measured

via time-lapse microscopy on cells grown with 125uM Galactose. (A) Average Whi5

concentration at birth, grouped by cell type. (B) Average mCherry concentration at

birth, grouped by cell type. Error bars correspond to the standard deviation measured

over multiple biological replicates. Performing a Welch’s t-test across biological replicates

shows no statistically significant differences when comparing PGAL1−WHI5 vs. PWHI5−

WHI5 cells for daughters and mothers separately.

109



CHAPTER 3. WHI5 PERTURBATION

Figure 3.10: Caption on next page.
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Figure 3.10: (Continued) (A-B) Plots of protein concentration vs. volume for G1 cells,

measured via single timepoint microscopy on cells grown with 125uM Galactose. Colored

hexagons represent a 2D histogram of datapoints, with darker hexagons showing increased

local density of data points. Black lines correspond to averages of the same data binned

with respect to Vb, with error bars showing the standard error of the mean. Blue lines

correspond to linear regression fits, with 95% confidence intervals. Data is compiled from

three experiments for each cell type. (A) [Whi5] vs. volume in G1 shows a consistent

negative correlation for PWHI5 − WHI5 cells, in contrast to a positive correlation ob-

served for PGAL1 −WHI5 cells. (B) No difference between cell types is observed for the

correlation between [mCherry] and cell volume. (C-D) Pearson correlation coefficients

plotted in pairs for the three biological replicates plotted in (A-B). Black lines correspond

to statistically significant differences with P values less than 0.05 quoted, calculated using

a Fisher’s z-transformation on both datasets. (C) Statistically significant differences are

consistently observed by comparing PWHI5−WHI5 and PGAL1−WHI5 cell types within

each biological replicate for the Whi5 signal. (D) No statistically significant differences

are observed by comparing PWHI5 −WHI5 and PGAL1 −WHI5 cell types within each

biological replicate for the mCherry signal.
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Figure 3.11: Caption on next page.

Figure 3.11: (Continued) Cell cycle timing is unperturbed in PGAL1 − WHI5 and

PWHI5 − WHI5 cell types. Plots of the cell cycle timing in minutes grouped by cell

type, measured by time-lapse microscopy on cells grown with 125uM Galactose. (A)

Average time in the G1 phase. (B) Average budded duration. (C) Average division

time. Performing a Welch’s t-test across biological replicates shows no statistically sig-

nificant differences when comparing daughters with daughters and mothers with mothers

for PGAL1 −WHI5 vs. PWHI5 −WHI5 cells.
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Figure 3.12: Plots showing the dependence of volume added between birth and Start,

between Start and division, and over the entire cell cycle vs. cell volume at birth and at

Start. Plots are shown for PGAL1−WHI5 (blue) and PWHI5−WHI5 (orange) cell types.

See Figure 3.10 for details on plotting features for (A-C). (A) Plots showing volume

added during G1 vs. cell volume at birth. (B) Plots showing volume added during

budding vs. cell volume at Start. (C) Plots showing volume added over the full cell cycle

vs. cell volume at birth. (E-F) PCC measurements for the data sets plotted in (A-C).

No statistical significances are observed between cell types, as indicated by performing a

Fisher’s z-transformation on both datasets.
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Figure 3.13: Caption on next page.
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Figure 3.13: (Continued) Plots of the dependence of G1 duration on the concentration at

birth of (A) Whi5 and (B) mCherry (presented for completeness), measured via time-lapse

microscopy, using fluorescence intensity as a proxy for protein concentration. See Figure

3.10 for details on plotting features for (A-B). Data is compiled from three experiments for

each cell type. (A) G1 duration maintains a positive correlation with Whi5 concentration

at birth in PGAL1−WHI5 and PWHI5−WHI5 cell types. (B) G1 duration shows a weak

positive correlation with mCherry concentration at birth. (C-D) PCC calculations for the

data sets plotted in (A-B). No statistically significant difference is observed between cell

types, as indicated by performing a Fisher’s z-transformation on both datasets. We note

that although based on a PCC comparison the correlations presented in (A) do not show

any statistically significant difference, the slope of a PGAL1−WHI5 linear regression is less

steep than that observed for the PWHI5 −WHI5 strain (P < 10−4). In fact, a weakened

dependence of time in G1 on Whi5 concentration at birth might actually be expected for

this strain, since Whi5 concentration at birth is no longer negatively correlated with cell

volume in PGAL1 −WHI5 cells for this condition.
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Chapter 4

A model in which the population

growth rate of asymmetrically

dividing cells is constrained by the

size control strategy and cell

viability at extreme sizes

“One general law, leading to the advancement of all organic beings,

namely, multiply, vary, let the strongest live and the weakest die.”

- Charles Darwin

Barber F.1, Murray A. W.1,2, Amir A.3
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Abstract

The population growth rate ΛP is a key determinant of the evolutionary success of a

microbial population, however, our understanding of the factors influencing ΛP remains

incomplete. Here we use a specific mathematical model to investigate how Λp depends on

the level of asymmetry in the volume distribution between two progeny at cell division,

extending previous results in the theory of age-structured populations to address this

understudied case. We find in this model that the effect of stochasticity at the single cell

level predominantly enters through the exponential single cell growth rate λ. Noise in λ

decreases the population growth rate, consistent with previous results in symmetrically

dividing cells (56). However, for a given noise in λ we observe that cell division asymmetry

enhances the population growth rate for cells with strong size control (closer to a “sizer”

than a “timer”). This result would imply that cells could enhance their growth rate

by increasing the division asymmetry between their progeny. We extended our model

to include a growth rate penalty for cells whose volume is significantly above or below

some “ideal” volume. Introducing this penalty allows the generation of local optima in

ΛP at varying levels of division asymmetry, including symmetrically dividing cells. Our

results indicate that subject to the assumptions of our modeling approach, symmetrically

dividing cells must experience a penalty in cell growth when their size grows too large or

too small, in order to maintain symmetric division indefinitely.
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4.1 Introduction

What factors influence the evolutionary fitness of a population of cells? Despite much

study, we still lack a detailed understanding of how a range of physiological traits will

affect cell fitness. This remains true even within the context of constant environmental

conditions. This difficulty is compounded by the observation that rapid cell growth in

one environmental condition may cause vulnerability when exposed to another. This is

particularly relevant for microbes, whose environmental conditions may fluctuate enor-

mously. A complete definition of fitness would encompass not only of the current state

of cell growth, but how growth rate would vary given an ensemble of environmental con-

ditions that a cell may be exposed to in the future. Here we take a simpler approach by

only modeling the growth of freely proliferating cells in a constant environment with no

nutrient limitations.

For a freely growing population of cells, the population growth rate ΛP is defined by

the exponential increase in cell numbers over time, 〈N(t)〉 ∝ N0 exp[ΛP t], where N0 is the

size of the population at time 0, and N(t) is the population size at time t. Early work

(71) demonstrated that for cells with no correlation of generation times across multiple

generations, Λp follows the Euler-Lotka equation

1 = 2

∫ ∞
0

exp[−Λpt]f(t)dt. (4.1)

where f(t) is the distribution of generation times measured along an individual lineage.

Given a distribution of generation times (the time between cell birth and division), this

relation allows one to predict the observed population growth rate.
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The above results hold for cells that divide to yield two statistically identical progeny.

However, for asymmetrically dividing cells such as budding yeast, division inherently

generates two distinct cell types, commonly known as daughters (the smaller cells) and

mothers (the larger). To compensate for this difference in size, daughters typically have

a longer average generation time than mothers. One early model for the growth of bud-

ding yeast adopted the simplifying assumption of constant division times for daughters

τD and for mothers τM , with τM < τD (43). This assumption led to a simple relation

coupling τD, τM and ΛP , restated in Equation 4.27. However, recent observations have

shown the presence of of broad distributions of interdivision times, in addition to and

correlations in interdivision times over cell lineages (81; 12). Understanding the effects

of variation and correlations in interdivision times on the population growth rate may

shed light on the selective pressures influencing single cells, motivating a renewed inter-

est in this area and revealing new insights into the factors that combine to set ΛP (56; 12).

Recent work has demonstrated that increased noise in generation times enhances the

population growth rate in symmetrically dividing E. coli cells (45). In a similar vein,

another recent study has demonstrated an enhancement of growth rate in a range of

asymmetrically dividing budding yeast strains that may be explained by an increase in

the variance of single cell generation times (12). Within this work, the authors further

showed that a model which recapitulated experimentally observed positive correlations in

the generation times of closely related budding yeast cells led to an associated enhance-

ment in the population growth rate. However, within these works the effect of cell size

control on influencing the distributions of generation times was not considered. Indeed,

in recent years, a number of studies have shown that a range of single-celled organisms
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increase their volume exponentially as a function of time (41; 11; 81). For these organisms,

a “timer” model in which cells grow for a noisy generation time uncorrelated with cell

volume will lead to a diverging distribution of cell sizes (3). We show here in Section 4.4.2

that this is also recapitulated for a noisy timer with epigenetic inheritance of division

times as discussed in (12). These models therefore are inconsistent with experimental

observations of cell size control and narrow cell size distributions across all domains of

life (81; 32; 50; 29). This distinction is relevant since it has significant bearing on under-

standing the population growth rate; incorporating cell size control leads to quite distinct

predictions regarding the effect of stochasticity on population growth. This is highlighted

by another recent work which studied the effect of stochasticity when cell division is sub-

ject to size control, finding that in this case ΛP is set by the average single cell growth

rate λ, with noise in λ acting to decrease ΛP (56).

Within the our current work we interrogate the effect of cell size control further in

the context of asymmetrically dividing cells, recapitulating key results from this previous

study while observing significant changes that arise due to asymmetric division, with the

specific strategy of size control influencing the growth rate ΛP for a given noise in λ.

We also make the further observation that the aforementioned positive correlations in

generation times can arise as a consequence of size control in an asymmetrically divid-

ing cell, as discussed in Section 4.4.10. This finding lends support to the our case that

size control is an essential modeling ingredient when studying the population growth rate.

Our current work fills a perceived gap in the literature. The growth of asymmetrically

dividing cells has been studied previously in the absence of size control, where asymmetric
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division was encoded through a difference in the generation time of daughter and mother

cells, however, the effect of division asymmetry on the population growth rate has been

significantly understudied. Our previous work has highlighted some diverse effects of cell

division asymmetry and growth morphology on the efficacy and robustness of size control

(7). Here we consider a range of size control strategies, and study their effect on the

growth rate of a population of asymmetrically dividing cells. Within this context we

observe rich dependence of the growth rate on a cell’s specific strategy of size control,

which has not been observed previously and warrants further experimental investigation.

4.2 Results

4.2.1 Model for asymmetric population growth

Previous work demonstrated that in the absence of noise in the single cell growth rate

the population growth rate is simply the single cell growth rate ΛP = λ (56). This can

be seen immediately, since the population average cell volume varies as

d〈V 〉
dt

=
d

dt

[∑
i Vi(t)

N(t)

]
= (λ− ΛP )〈V 〉 = 0. (4.2)

The final equality follows since the population reaches a steady state average cell size

provided it displays size control.

To investigate the case of finite noise in λ we first extend the theory of age-structured

populations to consider asymmetrically dividing cells. Later we will make the simplifying

assumption that both mother and daughter cells follow the same policy for generation

121



CHAPTER 4. POPULATION GROWTH RATE

times as a function of volume at birth, with the only difference between the two cell types

coming from the asymmetric distribution of volume at division. At this stage to ensure

generality we make only minimal assumptions about the division rates of the two popu-

lations.

We consider the growth of two cell populations, with cell types labeled M and D for

mothers and daughters respectively. The growth of these populations is described in the

limit of large population numbers by

dND

dt
= ΛMNM(t),

dNM

dt
= ΛDND(t).

(4.3)

The coupling occurs here since a cell of either type divides to give one new cell D-cell and

one M -cell. Here ΛD and ΛM correspond to the division rates per cell of cell types D and

M respectively. Assuming steady state composition of the population, with a constant

fractional difference in population size m(t) = (ND(t) − NM(t))/(ND(t) + NM(t)) = m,

we obtain

dN

dt
= ΛPN(t), (4.4)

where ΛP =
√

ΛDΛM (see Section 4.4). We therefore observe exponential growth of the

full population with a growth rate determined by the division rates of the two subpopu-

lations. We now take a similar approach to (56), extending previous results to derive the

Euler-Lotka equation for the two population system described above (see Section 4.4.4

for details):

1 = 2

∫ ∞
0

exp (−ΛP τ) fP0 (τ)dτ. (4.5)
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Here fP0 (τ) = 1
2
(fD0 (τ) + fM0 (τ)) is the distribution of generation times measured over

the full lineage tree, including both mother and daughter cells. We note that although

at a given point in time there will be a greater proportion of daughters than mothers in

the population (as indicated by the value of m), these population sizes will be effectively

equal when measured over the full tree, leading to the factor of 1/2 in the definition of

fP0 (τ).

4.2.2 Models of size control

Equation 4.5 gives us a means to infer the population growth rate given a distribution of

generation times for mother and daughter cells fM0 (τ) and fD0 (τ). To proceed further, we

must make specific assumptions about the size control strategies that set these generation

times. We consider a simple model for cell growth employed previously (61), with a growth

function h(Vb) setting the noiseless volume at division as a linear function of volume at

birth Vb:

h(Vb) = 2α∆ + 2(1− α)Vb (4.6)

Volume at division is then given by

Vd = h(Vb) exp [λη], (4.7)

and the generation time is given by

t = ln |h(Vb)/Vb|/λ+ η. (4.8)

Here α = 0 gives an effective timer model in which cells grow to double their volume

between birth and division, while α = 1/2 gives an “adder” model in which cells add a
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constant volume between birth and division. Finally, α = 1 gives a sizer model, where

cells grow to a threshold size at division. Here η ∼ N (0, σ2
t ) is a coarse grained noise in

generation times (taken to be negligible throughout this text) and λ is the exponential

single cell growth rate taken to be λ ∼ N (λ0, σ
2
λ) with mean λ0 and standard deviation

σλ. We assume in this subsection that λ is I.I.D. for different cells; this will be revised

later in Section 4.2.4 when we introduce growth rate penalties for cells of different sizes.

We further assume that the volume at birth of daughter cells is a constant fraction of

volume at division in the previous generation: V D,n+1
b = βV P,n

d , while mother cells obey

V M,n+1
b = (1− β)V P,n

d , taking 0 < β ≤ 0.5 without loss of generality. Here β = 0.5 would

correspond to symmetric division. Note that the subscripts b and d refer to whether

the volume is evaluated at birth or at division, the superscripts D and M correspond to

the two different cell types, and the n superscript corresponds to the generation number.

When a statement is independent of cell type we use the superscript P to denote that

cell.

Given the above model for growth during the cell cycle, we now study the effects of

stochasticity in different single-cell variables on the population growth rate.

4.2.3 An approximate solution for the population growth rate

Solving Equation 4.5 to infer the population growth rate for a general size regulation

model is difficult, since even if the only stochasticity is introduced through noise in the

growth rate σλ, asymmetric division still introduces non-zero correlations between succes-

sive generation times. The consequence of this is that one must calculate the distribution

of generation times measured over the full lineage tree, rather than that measured over

124



CHAPTER 4. POPULATION GROWTH RATE

a single lineage. This makes analytic calculations of the distribution of generation times

difficult, and renders predictions based on lineage generation time distributions inaccu-

rate, as shown in Section 4.4.8. If noise is assumed to only arise in the single cell growth

rate λ, then these generation time correlations vanish for symmetrically dividing cells that

follow any mode of size control, as studied previously (56). However, for asymmetrically

dividing cells, these correlations only vanish for specific size control strategies, causing us

to focus on specific cases of size regulation in order to proceed. Here we simply quote

the results for a sizer model (α = 1), deferring the analysis of this and other toy models

to Section 4.4.5. In this case we can obtain an approximate solution for the population

growth rate of

ΛP (σλ, β) ≈ λ0[1 + (10.2238(β − 0.5)6 + 3.81162(β − 0.5)4

+ 1.88539(β − 0.5)2 − 0.653426)
σ2
λ

λ2
0

]

(4.9)

Unfortunately, obtaining exact expressions for the coefficients in Equation 4.9 was pro-

hibitively computationally intensive. We therefore adopted decimal approximations in our

computer-aided calculations. We observe that setting β = 0.5 in Equation 4.9 recovers

the approximate solution from (56) for symmetric growth of

Λp(σλ) ≈ λo

(
1−

(
1− ln 2

2

)(
σλ
λo

)2
)
, (4.10)

upon noting that 1 − ln(2)/2 ≈ 0.653426. From Equation 4.9, we note that for a finite

division asymmetry, noise in λ will tend to decrease the population growth rate as in

the case of symmetric division (56). However, our model predicts that for a given σλ,

ΛP can be increased by increasing the division asymmetry, defined as x ≡ |β − 0.5|.

Plotting Equation 4.9 across a range of β and σλ values yields excellent agreement with
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simulations, as shown in Figure 4.1. To ensure that these results were robust to minor

differences in model structure, we also simulated cells following a more detailed inhibitor

dilution growth policy. In this model, cell cycle progression is limited by the dilution of

an inhibitor molecule to a critical concentration. Our model also contains a parameter a,

representing degradation of the inhibitor at a certain point in the cell cycle. By tuning

a we are able to vary the size control strategy produced by this inhibitor dilution policy

between a “sizer” at a = 0 and an “adder” at a = 1. Figure 4.1 shows the behavior of this

inhibitor dilution model for the case of a sizer, demonstrating good agreement with the

predictions of Equation 4.9. For further details of the inhibitor dilution model employed

here, see Section 4.4.6. We note that this inhibitor dilution model generates a difference

in the effective threshold volume at division between mother and daughter cells, different

to the model discussed above. The reasons for the agreement of this model with Equation

4.9 are discussed in further detail in Section 4.4.6.

Previous results have shown that in the case of symmetrically dividing cells, the spe-

cific size-control policy has no effect on ΛP (56); symmetrically dividing cells following

any size control policy consistently obey Equation 4.10. Here we consider the behavior of

ΛP for a range of growth policies in the asymmetrically dividing case. Since we are only

able to obtain analytical results in the case of a sizer model, Figure 4.1 shows simulations

detailing the behavior of Λp for asymmetrically dividing cells with non-sizer policies, ob-

tained by varying α and β. From this, we conclude that in the absence of noise in σλ

the population growth rate remains constant at λ0, as expected based on previous results

(56). As in the case of α = 0 studied in the previous section, we observe that increasing

σλ generally decreases the population growth rate. Increasing the division asymmetry x

tends to offset this decrease for strong size regulation α ≥ 0.5, again consistent with the
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behavior for α = 1.0. In contrast, for weak size regulation α ≤ 0.5 increasing the division

asymmetry has a slight tendency to decrease the growth rate.

The results of Equation 4.9 and Figure 4.1 make a striking prediction: If cells are

assumed to grow in volume exponentially, then for a given noise in growth rate σλ, a single-

celled organism displaying strong size control can enhance its growth rate by increasing

its division asymmetry x. We note that this enhancement is present only for cells with

strong size control, while cells that follow an adder model with α = 0.5 do not display

any such enhancement, which may be of note given widespread observations of adder

behavior (26; 32). Nevertheless, the predicted enhancement for cells with strong size

control is clearly inconsistent with the abundance of symmetrically dividing cells that are

well known to show noise in their volume growth rate. As such, we are led to one of two

conclusions. The first is that organisms are unable to control their cell division in such a

way as to increase division asymmetry without decreasing ΛP by (for example) increasing

noise in growth rate σλ. The second is that there is some biological characteristic not

accounted for within our model that negates the growth rate enhancement predicted

here. One possibility is that the model of coarse-grained cell cycle noise studied here

is incorrect, and that a more detailed approach may be necessary to generate distinct

results. Another is that cell growth is not perfectly exponential over the range of cell sizes

sampled by the population. In the next section we proceed by adapting our model to

investigate the second possibility by introducing a growth penalty for cells whose volume

deviates significantly from some “optimal” value.
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Figure 4.1: Caption on next page.
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Figure 4.1: (Continued) The population growth rate ΛP shows dependence on the di-

vision asymmetry β and the size control strategy for asymmetrically dividing cells. (A)

Equation 4.9 predicts a decrease in ΛP for increasing σλ/λ0. This effect can be amelio-

rated by increasing division asymmetry, bringing ΛP closer to the growth rate observed

for σλ/λ0 = 0. Agreement is good with simulated growth rates for the conditions shown.

Simulations are averaged over 40 repeats, and are plotted in the shaded sections with

spread given by the standard deviation measured over all repeats. Theory predictions are

shown in dotted lines. (B) Simulated populations following an inhibitor dilution “sizer”

policy (a = 0) show good agreement with the predictions of Equation 4.9 . Simulations

are averaged over 8 repeats and shaded regions correspond to ± the standard deviation

over repeated simulations. (C-F) Heat maps of ΛP for simulated populations following

Equation 4.6 for non-sizer policies. (C) ΛP is plotted for variable size control α and divi-

sion asymmetry β for a given noise in growth rate σλ/λ0. We observe that for “strong size

control” with 1 ≥ α > 0.5 (size control between a sizer and an adder), increasing division

asymmetry consistently generates an increase in ΛP . (D-F) ΛP is plotted as a function

of σλ/λ0 and β, for (D) α = 0.8, (E) α = 0.7 and (F) α = 0.5 (an adder). Simulations

consistently assume negligible noise in interdivision times with σtλ0 = 0.01

4.2.4 Growth rate penalty model

The previous section assumed that single cell volume growth is exponential over the

range of relevant cell volumes observed, with a constant average growth rate for all cells.

Under this assumption we obtained the pathological result that dividing asymmetrically

can enhance the population growth rate for a given noise in the volume growth rate

σλ. However, recent observations have shown that cells that grow significantly larger
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than the population average display a decreased growth rate (68). This observation has

also been predicted on theoretical grounds, with DNA concentration being predicted to

become rate-limiting for protein synthesis in excessively large cells (58). Motivated by

this observation here we expand our previous model to include a penalty in cell growth

rate for cells whose volume deviates from some “ideal” value. We consider a single cell

growth rate λ, the average of which varies depending on cell volume at birth, with

λ ∼ N
(
λ0(1− ε(1− Vb/〈Vb〉)n), σ2

λ

)
(4.11)

for a given volume at birth Vb. Equation 4.11 assumes that the average single-cell growth

rate decreases for cells whose volume at birth is significantly smaller or larger than the

average 〈Vb〉. Here we take the penalty in average growth rate to be symmetrical (n

even), since excessively small cells are also expected to suffer a fitness cost in their growth

rate (for example, due to a limiting abundance of resources for essential cell functions).

Under this assumption, we predict that for a general size control model, the distribution

of growth rates will be related to the distribution of volumes at birth. As in Section 4.2.3

we can make progress analytically on this model in the simplifying case of a sizer model

with noise in the volume growth rate and no noise in generation times. In this case, the

growth rate simplifies to an identical expression for mother and daughter cells

λ ∼ N
(
λ0(1− 2nε(β − 1/2)n), σ2

λ

)
, (4.12)

with the average growth rate decreasing as a function of |β − 1/2|. This change therefore

amounts to the substitution of λ0 → λ0(1 − 2nε(β − 1/2)n) in Equation 4.9. By making

this substitution we derive an approximate result for the predicted population growth

rate. n = 0 corresponds to a constant average growth rate independent of cell volume,

and is identical to the model studied in Section 4.2.3 under the appropriate normalization
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of λ0. Here we consider the cases n = 2 and n = 4. For simplicity in notation we relabel

the coefficients in Equation 4.9 as the positive variables a, b, c and d, yielding

ΛP (σλ, x) ≈ λ0[1 + (−a+ bx2 + cx4 + dx6)
σ2
λ

λ2
0

]. (4.13)

The case n = 2 is only capable of generating two distinct behaviors: either ΛP

qualitatively recapitulates the behavior of Section 4.2.3, or a maximum in ΛP is observed

at x = 0 for sufficiently high ε. We discuss this behavior further in Section 4.4.7, but

focus on the case n = 4 here, which is capable of generating richer behavior. Substituting

the expression above for λ0 with n = 4 then yields

ΛP (σλ, x) ≈ λ0

(
1− 16εx4 + (σλ/λ0)2

(
−a+ bx2 + (c− 16aε)x4 + (16bε+ d)x6

))
.

(4.14)

We see that this polynomial always maintains a positive coefficient in x2, but has an

x4 term which can become negative for sufficiently large ε. As such ΛP displays a local

maximum in 0 < x < 0.5 for sufficiently large ε. We can gain intuition by consider-

ing only terms of order x4 in the Taylor expansion of ΛP , in which case the resulting

quartic polynomial has a local maximum in x < 0.5 for ε > (σλ/λ0)2(2b + c)/(16(1 +

a(σλ/λ0)2)) = ε∗(σλ/λ0). This finding indicates that only for sufficiently large penalties

in the single cell growth rate do we see a local maximum in ΛP at intermediate levels

of division asymmetry. In this case, for ε > ε∗ we predict a local maximum of Λp at

x∗ ≈
√
bσλ/λ0/

√
32ε(1 + a(σλ/λ0)2)− 2c(σλ/λ0)2 (note this is only an approximate po-

sition whose accuracy will depend on the truncation of the Taylor series in 4.9). The

presence of local maxima described here for specific ranges of ε is shown in Figure 4.2,

131



CHAPTER 4. POPULATION GROWTH RATE

showing agreement between simulations and the predictions of Equation 4.14.

We used simulations to study the behavior of ΛP for non-sizer growth policies. Figure

4.2 demonstrates the behavior of non-sizer growth policies upon varying division asym-

metry β for a fixed level of growth rate noise σλ. We observe that the local maximum in

ΛP becomes less pronounced and shifts towards β = 0.5 with decreasing α for α ≥ 0.7.

Weaker size control policies with α ≤ 0.6 show a peak in growth rate for symmetrically

dividing cells with β = 0.5, and a more pronounced decrease in growth rate for higher

division asymmetry. Experimentally, asymmetric division such as is seen in the case of

budding yeast gives a range for β ≈ 0.35 − 0.4 (81). Within this range we begin to see

a strong decrease in population growth rate for weak size control strategies (see Figure

4.2 (B)). This decrease in ΛP arises from a broadening of the cell size distribution for

such weaker strategies, which consequently incurs a stronger penalty from the decrease in

growth rate for excessively large or small cells in Equation 4.11.

To assess the effect of varying ε on our predictions, we simulated population growth

in a range of values for ε ∈ [0.01, 0.1], and α ∈ [0.3, 1.0]. Figure 4.5 shows that varying ε

in this range alters the specific values of ΛP observed, but does not change the qualitative

observation that weaker strategies of size control become susceptible to a substantial

growth rate deficit for increasing division asymmetry.
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Figure 4.2: Caption on next page.
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Figure 4.2: (Continued) Introducing a growth rate penalty is capable of generating local

maxima in ΛP at intermediate levels of division asymmetry. Plots of the population growth

rate ΛP for cells undergoing asymmetric division and growing according to Equation

4.12. (A) Simulated populations growing with a “sizer” size control strategy show good

agreement with the predictions of Equation 4.14. Results are plotted for variable β and

σλ/λ0. (B) Heatmap showing ΛP as a function of size control strategy α and division

asymmetry β. (C-E) Heatmaps of ΛP as a function of σλ/λ0 and β for selected size

control strategies α, with fixed ε = 0.04. (C) α = 1.0, (D) α = 0.8, (E) α = 0.5, (F)

α = 0.3. We observe that for weaker size control strategies the growth rate penalties of

asymmetric division become more pronounced.

4.3 Discussion

We have studied the population growth rate Λp of asymmetrically dividing cells that reg-

ulate their size. We have shown that stochasticity in the single cell volume growth rate

diminishes the population growth rate, consistent with recent work on this subject in the

context of symmetric cell division (56). Additionally, we have shown both through simu-

lations and analytical calculations that for cells with strong cell size regulation, dividing

asymmetrically can offset the growth rate deficit that noise in λ generates. This effect

is evidently inconsistent with the abundance of symmetrically dividing cells observed in

nature. To generate predictions which were qualitatively consistent with this observation,

we found it necessary to introduce a growth rate penalty for cells which grow to be ex-

cessively large or small relative to some “optimal” cell size. Doing so generated a local

maxima in growth rate for cells that divide asymmetrically and display strong size control

close to that of a sizer. However, as shown in Figure 4.2, this local maximum remains
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quite shallow for whose division remains relatively close to symmetric. This finding may

indicate only weak selection for cells that divide asymmetrically within this range. We

further observed that for cells whose size control is weaker than that of an adder (α < 0.5),

there is a steep drop off in population growth rate for cells whose division asymmetry is

comparable to that observed in budding yeast (see Figure 4.2 (B)). This finding is of

particular interest given the widespread observations of the adder size control strategy,

including within diploid daughter, budding yeast cells (81). These observations provide

a clear motivation for experimentally perturbing size control in asymmetrically dividing

cells, with the prediction that weakening size control in asymmetrically dividing cells will

lead to a substantial decrease in the population growth rate. We note that any such exper-

imental approaches will need to be careful to avoid any effects on the population growth

rate arising simply from the metabolic load associated with any genetic perturbations.

Our previous work has predicted theoretically that in a budding growth morphology,

size control is necessarily ineffective for symmetrically dividing cells (7). This observa-

tion is of particular interest in our current work, since it leads us to conclude that given

a budding mode of growth, asymmetric division is necessary in order to allow effective

size control. Experimental observations of the division asymmetry in budding yeast show

β ∈ (0.3, 0.35) (81). As discussed above, our present results may indicate that the act

of dividing asymmetrically generates a further need to follow a strong size control strat-

egy, in order to avoid detrimental growth penalties associated with this level of division

asymmetry (see Figure 4.2 (B)). Experiments to test the efficacy of size control in sym-

metrically dividing, budding cells, in addition to the other experiments proposed herein

testing the effects of weak size control in asymmetrically dividing cells, would be essential
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steps towards assessing the logical flow of this hypothesis.

An underlying assumption present throughout this work is that individual cell phys-

iological parameters such as the division asymmetry β, the noise in growth rate σλ, the

average single cell growth rate λ0 and the noise in interdivision times σt may be varied

independently. In reality, these parameters will have likely have subtle interdependen-

cies which will limit the extent to which they may be varied independently. Ideally, the

predictions we have made here would be tested experimentally by directly varying the

cell division asymmetry for cells with strong size regulation and testing the population

growth rate. We hope that this work will prompt such experiments, however, without a

thorough understanding of how to vary relevant physiological parameters independently,

such experiments may be unfeasible. We have also assumed throughout our study that

both both cell types in an asymmetrically dividing population will follow the same size

control strategy. In budding yeast this is not the case, with mother cells displaying weaker

size control than daughter cells (81). On a related note, we have further assumed that the

division rate does not become limited by fundamental cell cycle processes. This is almost

certainly not true, and one would expect that at some point the larger mother cells will

divide so rapidly as to be limited by, e.g. the replication and segregation of chromosomes.

Further models could explore these additions to our present study.

Our work has also extended the results of (56; 71) to encompass non-IGT models of

cell growth for asymmetrically dividing cells. Our results show that the Euler-Lotka equa-

tion applies to the generation time distribution measured over the full lineage tree in this

case, providing a general framework to understand the population growth rate of asym-
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metrically dividing cells. Future theoretical studies may extend our analytic results to

consider other modes of size control beyond that of a perfect sizer model. However, given

the presence of generation time correlations between generations for asymmetrically di-

viding, non-sizer growth strategies, the calculation of the distribution of generation times

measured over the full lineage tree still presents a formidable obstacle to addressing these

non-IGT cases.

Finally, our work highlights the role that growth morphology and division asymmetry

may play in influencing the growth rate of a population. Given that the two most well

studied yeast model systems (fission yeast and budding yeast) show quite regular forms

of cell division relative to the range of growth morphologies observed in different yeasts,

this motivates further investigation of the effect of growth morphology on cell physiology

for more unconventional microbes (65).

4.4 Reference

4.4.1 Methods

All simulations of population growth were done using custom-designed code. Simulations

were structured to be time-iterative, and were run a minimum of 40 times to generate

statistical averages of the population growth rate, with the exception of inhibitor dilution

simulations which were run with 8 replicates per condition. Populations were seeded with

an asynchronous population of 100 cells in equal numbers of cell types D and M , then

allowed to propagate for 9 volume doubling times to a population of up to 130,000. We
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performed linear regressions on the population growth measured after the first 4 doubling

times in order to allow the population to reach steady state. All relevant code is available

online at https://github.com/felixbarber/growth_rate_simulations.

To infer Λp from our simulations, one can choose to either measure the growth rate

directly based on cell number, or to measure the exponential growth rate of the total pop-

ulation volume. As noted in (56), these values are identical for cells that display size reg-

ulation and therefore have a constant average volume 〈V 〉(t) = (
∑

cells Vi(t))/N(t) = 〈V 〉

at steady state. Since the population volume grows continuously and is readily measured

in our simulations, the volume growth rate may be more accurately calculated than the

number growth rate, as discussed previously (56). We therefore inferred Λp based on

measurements of the population volume growth rate throughout this text.

Section 4.2.4 explored the behavior of a cell size-dependent average volume growth

rate. To ensure a non-negative average growth rate for exceptionally large or small cells

that were simulated according to this growth policy, we took 〈λ〉 = max(λ0(1−ε(Vb/〈Vb〉−

1)n), 0) in all cases.

4.4.2 Epigenetic inheritance of interdivision times does not reg-

ulate cell size

We simulated the growth of cell populations following the model for epigenetic inheritance

of generation times proposed by Cerulus et al. (12). We found that the distribution of

cell sizes grew arbitrarily broad over time, as expected based on analytical arguments (3)

138

https://github.com/felixbarber/growth_rate_simulations


CHAPTER 4. POPULATION GROWTH RATE

(see Figure 4.3). This finding is inconsistent with observations of narrow size distributions

(81).

4.4.3 Growth of coupled cell populations 4.4

Starting with Equation 4.3, we assume that we have reached a steady state composition

of the population, such that the fractional difference in population size m(t) = (ND(t)−

NM(t))/(ND(t) + NM(t)) = m is constant. The final result comes from the observation

that cell populations reach a steady state size distribution with constant 〈V 〉. This result

makes no assumption about cell division, and therefore extends readily to asymmetrically

dividing cells (56).

We therefore obtain that

dND

dt
= ΛM

1−m
1 +m

ND(t),

dNM

dt
= ΛD

1 +m

1−m
NM(t),

(4.15)

These equations imply exponential growth with growth rates ΛM
1−m
1+m

and ΛD
1+m
1−m . In

order for this to yield a constant fraction m we therefore require that these growth rates

be equal, implying ΛD/ΛM = (1−m)2

(1+m)2
. If we now consider N(t) = ND(t) +NM(t), then the

above implies

dN

dt
= ΛPN(t), (4.16)

where ΛP =
√

ΛDΛM .
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4.4.4 Two population Euler-Lotka equation

Size control necessarily introduces correlations between generation times in closely related

cells, limiting the scope of application for the simple independent generation time (IGT)

model derived previously (71). Recent work extended the result in 4.1 to consider sym-

metrically dividing cells with correlated generation times, showing that in this case the

Euler-Lotka equation holds under the simple substitution of f(t) for f0(t) (56),

1 = 2

∫ ∞
0

exp[−Λpt]f0(t)dt. (4.17)

Here f0(t) is the distribution of generation times measured over the full population lineage

tree, generally distinct from the lineage distribution for cells with correlated generation

times. In this section we determine the corresponding Euler-Lotka equation for an asym-

metrically dividing population.

Following a similar approach to (56), here we extend their results to obtain an Euler-

Lotka equation for the two population system described in the main text. We denote

ΛD =
∫∞

0
φD(x)µD(x)dx where φD(x) is the fraction of cells of type D of age x, and

µD(x) is the rate of division for cells of type D and age x. Similar definitions hold for cell

type M . We note that

µD(x) =
FD
− (x)− FD

− (x+ dx)

FD
− (x)dx

=
fD0 (x)

FD
− (x)

(4.18)

where FD
− (x) is the CDF for cell generation times of cell type D, and fD0 (x) = −dFD

− (x)/dx

is the corresponding PDF of cell generation times. The superscript here corresponds to

the cell type.
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Note that f0(x) is defined as the distribution of generation times for a cell of a given

type that has just been born in a given small window of time. This definition also corre-

sponds to the distribution of generation times measured over the full cell lineage tree for

that cell type, which is more convenient in practise. By splitting the time during which a

population is growing into infinitessimal time slices and considering only those cells have

been born in each slice, we see that provided the population has reached steady state, the

generation times of all cells sampled in this way will be drawn from f0(x). By integrating

over all slices, we can sample each cell in the complete history of the population, and

observe that the distribution of generation times measured over the full population must

also be f0(x). The distribution of generation times measured over the full population is

therefore the same as that for a cell that has just been born. Within our model, all cells

that are born must divide, so the birth generation time distribution f0(x) is the meaningful

distribution with which to calculate the division rate µ for a randomly sampled cell of age

x. Since this is equivalent to the full tree distribution, this is what we use to calculate µ(x).

Given the above definitions, the following relation holds:

ND(t)φD(x)(1− µD(x)dt) = φD(x+ dt)ND(t+ dt)

= (φD(x) + dt
dφD

dt
)(ND(t) + ΛMNM(t)dt).

(4.19)
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We therefore obtain

dφD

dt
= −φD(x)

(
µD(x) + ΛM

NM(t)

ND(t)

)
= −φD(x)(µD(x) + ΛP )

⇒ φD(x) = φD0 exp

(
−ΛPx−

∫ x

0

µD(x′)dx′
)

= φD0 exp (−ΛPx)FD
− (x)

(4.20)

Normalization of φD requires that

1 =

∫ ∞
0

φD(x)dx.

Integrating by parts yields

1 = φD0
1

ΛP

(
1−

∫ ∞
0

fD0 (x) exp(−ΛPx)dx

)
=

1

ΛP

(φD0 − ΛD)

⇒ φD0 = ΛP (1 +
√

ΛD/ΛM).

(4.21)

We now calculate the PDF f1(τ) for branch cells that divide at age τ , using the above

relations.

fD1 (τ) =
ND(t)φD(τ)µD(τ)dτ

ND(t)ΛDdτ

= (1 +

√
ΛD

ΛM

)µD(τ) exp

(
−ΛP τ −

∫ τ

0

µD(x)dx

)
= (1 +

√
ΛD

ΛM

) exp (−ΛP τ) fD0 (τ)

(4.22)

In the top line the numerator is the number of cells that divide at age τ in time dt,

while the denominator is the overall number of divisions in this time. This yields the

normalization condition

1 = (1 +

√
ΛD

ΛM

)

∫ ∞
0

exp (−ΛP τ) fD0 (τ)dτ. (4.23)

142



CHAPTER 4. POPULATION GROWTH RATE

Through the same process as above we also obtain the corresponding condition for fM1 (τ)

1 = (1 +

√
ΛM

ΛD

)

∫ ∞
0

exp (−ΛP τ) fM0 (τ)dτ. (4.24)

We now recall that for −1 < m < 1,
√

ΛD
ΛM

= (1 −m)/(1 + m). Rearranging Equations

4.23 and 4.24 to eliminate m yields Equation 4.5 from the main text, restated here:

1 = 2

∫ ∞
0

exp (−ΛP τ) fP0 (τ)dτ, (4.25)

where fP0 (τ) = 1
2
(fD0 (τ) + fM0 (τ)). We see therefore that the Euler-Lotka equation holds

for the two cell type case, by taking the distribution fP0 to be the full tree distribution

measured for both cell types. We note that although there may be an imbalance in the

number of cells of different types present at a given point in time as indicated by m,

over the full history of the population this imbalance will be removed, and there will be

approximately equal numbers of each cell type, leading to the factor of 1/2 in Equation

4.5. We also have an equation determining m as

m =

∫ ∞
0

exp (−ΛP τ)
(
fD0 (τ)− fM0 (τ)

)
dτ. (4.26)

Equation 4.5 therefore determines the population growth rate ΛP , which may then be

inserted into equation 4.26 to determine the ratio of the two cell-types m.

4.4.5 Approximate solutions to the Euler-Lotka equation

To begin, we consider the special case of a timer for cell division, without noise in genera-

tion times or in the single cell growth rate, i.e. fD0 (τ) = δ(τ−τD) and fM0 (τ) = δ(τ−τM).

In this case, Equation 4.5 simplifies to the implicit equation for ΛP

exp(−ΛP τD) + exp(−ΛP τM) = 1. (4.27)
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This case describes the non-stochastic model of (12). The result in Equation 4.27 was orig-

inally derived in (43) by different means. We can extend this model to consider normally

distributed, independent generation times fD(τ) ∼ N(τD, σt,D), fM(τ) ∼ N(τM , σt,M).

Equation 4.5 then yields

1 = exp

[
−ΛP τD(1−

ΛPσ
2
t,D

τD
)

]
+ exp

[
−ΛP τM(1−

ΛPσ
2
t,M

τM
)

]
. (4.28)

Equation 4.28 is the extension of Equation 4.27 from (43) for finite noise in interdivision

times. The RHS of Equation 4.28 is a decreasing function of ΛP for ΛP < min( τD
2σ2
t,D
, τM

2σ2
t,M

).

Physiologically relevant noises in interdivision times give σt/τ ≤ 0.3, implying τD
2σ2
t,D
≈

5/τD. Assuming differences in division timing are not so large as to increase ΛP above

min(5/τD, 5/τM) this implies that the RHS decreases with ΛP . In this regime, an increase

in either σt,D or σt,M while holding τD and τM fixed will shift the solution for ΛP in the

RHS to higher values. We therefore see the result discussed in (12) arising, with noise

in interdivision times tending to increase the population growth rate, assuming Gaus-

sian distributed interdivision times. As mentioned previously, this model is inadequate

to describe the tight distributions of cell size observed in wild type budding yeast. We

therefore considered models that regulate cell size.

We now focus on a sizer model (α = 0), for small noise in interdivision times. In this

limit, the cell volume at division is approximately 2∆ regardless of celltype, so that the

volume at birth is 2β∆ for daughters and 2(1−β)∆ for mothers. Since the volume at birth

is independent of the previous cell cycle, this growth policy is well described by the IGT

model, and f0(t) = f(t) allowing us to calculate an approximate analytic expression for

the population growth rate. Within this model the generation times are td = ln(1/β)/λ
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for cell type D and td = ln(1/(1− β))/λ for cell type M . We proceed by treating the two

integrals in Equation 4.5 separately. For cell type M , reparameterizing Equation 4.23 by

x = ln(1− β)/τ implies∫ ∞
0

exp (−ΛP τ) fM0 (τ)dτ =

1√
2πσ2

λ

∫ ∞
0

exp [−ΛP ln(1/(1− β))/x] exp

[
−(x− λ0)2

2σ2
λ

]
dx,

=
1√

2πσ2
λ

∫ ∞
0

exp

[
− 1

2σ2
λ

(
2σ2

λΛP ln(1/(1− β))/x+ (x− λ0)2
)]

dx,

=
1√

2πσ2
λ

IM ,

(4.29)

where we define

IM =

∫ ∞
0

exp

[
− 1

2σ2
λ

(
2σ2

λΛP ln(1/(1− β))/x+ (x− λ0)2
)]

dx

=

∫ ∞
0

exp

[
− 1

2σ2
λ

gM(x)

]
dx.

(4.30)

IM may be approximated using the saddle point method

IM = exp

[
− 1

2σ2
λ

gM(xc,M)

]√
4πσ2

λ

g′′M(xc,M)
, (4.31)

where xc,M is defined by g′M(xc,M) = 0 with g′′M(xc,M) > 0. This condition yields the

expressions

xc,M = λ0 −
ΛPσ

2
λ log(1− β)

λ2
0

,

gM(xc,M) =
Λ2
Pσ

4
λ log2(1− β)

λ4
0

+
2ΛPσλ

2 log
(

1
1−β

)
λ0 − ΛP σλ2 log(1−β)

λ20

,

g′′M(xc,M) =
4ΛPσλ

2 log
(

1
1−β

)
(
λ0 − ΛP σλ2 log(1−β)

λ20

)3 + 2.

(4.32)

Performing similar analysis to the above for the second integral in Equation 4.5 yields the
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corresponding relations for cell type D

xc,D = λ0 −
ΛPσ

2
λ log(β)

λ2
0

,

gD(xc,D) =
Λ2
Pσ

4
λ log2(β)

λ4
0

+
2ΛPσλ

2 log
(

1
β

)
λ0 − ΛP σλ2 log(β)

λ20

,

g′′D(xc,D) =
4ΛPσλ

2 log
(

1
β

)
(
λ0 − ΛP σλ2 log(β)

λ20

)3 + 2.

(4.33)

We substitute the saddle point approximation for IM and ID into Equation 4.5. We

proceed to Taylor expand the right hand sides to 2nd order in ΛP and to 4th order in σλ.

Solving for ΛP while keeping only the lowest order terms in σλ gives an approximate form

for ΛP which is too complex to include here. For simplicity we then further approximate

by Taylor expanding in β around β = 0.5 to yield

ΛP (σλ, β) ≈ λ0[1 + (10.2238(β − 0.5)6 + 3.81162(β − 0.5)4

+ 1.88539(β − 0.5)2 − 0.653426)
σ2
λ

λ2
0

]

(4.34)

Setting β = 0.5 in Equation 4.34 recovers the solution from (56) for symmetric growth of

λp(σλ) = λo

(
1−

(
1− ln 2

2

)(
σλ
λo

)2
)
, (4.35)

upon noting that 1− ln(2)/2 ≈ 0.653426.

4.4.6 Tunable Inhibitor Dilution Model

Here we consider a more detailed toy model than that described in Equation 4.6, based

on the extensively studied inhibitor dilution model (36; 76; 75; 7). Within this modeling

framework, we consider a cell cycle that is split into two phases: the G1 phase, and the

combined S/G2/M phases, collectively known as the budded phase. The G1 and budded
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phases are separated by the cell cycle transition known as Start. Within this model, cells

direct new growth in the S/G2/M phases to a newly forming bud that will separate to form

a new D type cell at mitosis, leaving the main cell as the M type cell. For simplicity, we

consider the length of the S/G2/M phases to be constant, generating a constant division

asymmetry β between M and D cells. During the S/G2/M phases, cells also produce an

mount ∆ of some inhibitor I. In the G1 phase of the subsequent cell cycle, this inhibitor

is then diluted through growth until it reaches a critical concentration, causing the cell

to pass through Start and initiate the S/G2/M phases. In the biologically relevant case

for budding yeast, this inhibitor has a very long degradation time, and the net result is

an effect adder in cell volume both between subsequent Start events and between birth

and division (81; 7). However, here we consider a broader class of models in which a cell

degrades some fraction 1 − a of its inhibitor immediately after passing through Start, so

that

Id = aIb + ∆,

V D
d = aV D

b +
β∆

1− β
,

V M
d = aV M

b + ∆.

(4.36)

We therefore see that varying a tunes the size regulation behavior from an adder for

a = 1 to a sizer for a = 0. Motivated by the previous results, we tested the behavior

of ΛP for variable a, σλ, and β. We also tested the addition of time additive noise σt in

passage through start. Figure 4.1 in the main text demonstrates that the results for the

sizer model from Section 4.2.3 carry over to the a = 0 case, with noise in λ decreasing

the population growth rate, and greater division asymmetry offsetting this deficit. This

agreement is not to be immediately expected, since the inhibitor dilution model model

generates a size threshold which as seen above is distinct for daughter and mother cells.
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To explain this result, we note that within this model, both progeny of a parent cell take

the same time to grow during their cell cycle. This is intuitive since both cells are as-

sumed to be diluting the same initial concentration of inhibitor. Given the relations shown

above one can readily obtain the result that cells born from D cells will take ln 1/β/λ

to grow within this sizer model, while cells born from M cells will take ln 1/(1− β)/λ

to grow. These growth times are identical with those times seen from D cells and M

cells respectively in the sizer model discussed in Section 4.4.5. Given that M and D type

cells are equal in number over the full lineage tree, and both types are produced in equal

numbers from any division event, it is expected that the overall distribution of generation

times will be the same within a sizer inhibitor dilution model to that of the sizer model

in Section 4.4.5. Although Equation 4.5 was formally derived for a distinct case to one

in which cell growth time is explicitly determined by that cell’s parent, it may be that

the equivalent E-L equation for the inhibitor dilution case studied here would still equally

weight all generation times in the lineage tree. If so, the agreement of these models would

be expected by the equality of the generation time distributions. This equality is not

expected to hold for the growth penalty model of Section 4.2.4, since in this case mother

and daughter cells born from the same parent in an inhibitor dilution model would have

distinct generation times, resulting from their difference in size. Indeed, within this model,

we see a starker decrease in population growth rate with increasing asymmetry, consistent

with the broader size distribution generated by this inhibitor dilution model.

We also test the behavior for increasing a for a fixed σλ in Figure 4.4. We find

that increasing a (decreasing the strength of size regulation) tends to decrease Λp, with

the difference between size regulation policies becoming more pronounced for larger cell
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division asymmetry.

4.4.7 Growth penalty model

Here we describe the results of Section 4.2.4 in greater detail.

The case n = 2 is only capable of generating two distinct behaviors: either ΛP

qualitatively recapitulates the behavior of Section 4.2.3, or a maximum in ΛP is observed

at x = 0 for sufficiently high ε.. Substituting for λ0 in Equation 4.13, and Taylor expanding

we obtain

ΛP ≈λ0(1− aσ2
λ + x2(bσ2

λ − 16ε(1 + aσ2
λ)))

+ x4(c+ 16ε(b− 16aε))σ2
λ + x6(d+ 16ε(c+ 16ε(b− 16aε)))σ2

λ.

(4.37)

This polynomial has only positive coefficients for ε < bσ2
λ/(16(1 + aσ2

λ)) = ε∗(σλ), and

therefore is monotone increasing for ε < ε∗, reproducing the qualitative behavior of the

previous section for the “sizer” size control strategy. This bound is monotone increasing

for increasing σλ, indicating that for larger σλ, a larger ε is needed to exit this regime. For

ε > ε∗ we can obtain a local maximum in ΛP for symmetrically dividing cells (x = 0) as

shown in Figure 4.2 for the n = 4 case, however, n = 2 does not generate a local maximum

in ΛP for any finite division asymmetry, as would be expected given the existence of

asymmetrically dividing cells.
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4.4.8 Testing the Euler-Lotka equation for non-IGT growth poli-

cies

For α 6= 1 (the non-sizer case) in the α tunable model there is a finite correlation be-

tween generation times in closely related cells. As such, calculating the generation time

distribution f0(t) becomes difficult to test. To provide an effective test of Equation 4.5

we therefore must rely on numeric estimations. We performed simulations across a range

of α and β values and calculated the population growth rate in each case as discussed

previously. Additionally, we calculated a kernel density estimate (KDE) of the generation

time distribution for each simulated population using the Python sklearn package. In-

serting this KDE into Equation 4.5 and computing the corresponding integral for a range

of Λp allowed us to extract the appropriate value of Λp for that f0(t) distribution. The

results of this comparison are summarized in Figure 4.6, and demonstrate strong agree-

ment between the simulated value of Λp and the numerically estimated value across all

tested parameter sets.

One can attempt to obtain an analytic formula for the population growth rate of

the α tunable model for asymmetric division in the case of arbitrary α by performing a

similar analysis to that in Section 4.2.3. Such an approach is limited by the difficulty in

calculating f0(t). Here we assess the results of using f(t) calculated from cell lineages

rather than f0(t) in Equation 4.5. This approach gives incorrect results for finite α.

Applying Equation 4.5 but implementing it with f(t) yields

1 = 2

∫ ∞
0

∫ ∞
0

dxdv exp

[
−Λp ln

∣∣∣∣2∆ + α(v −∆)

v

∣∣∣∣ /x]P (x)
PM(v) + PD(v)

2
. (4.38)

Here x ∼ N(λ0, σλ) as before and PM(v), PD(v) represent the lineage PDFs of cell volume

at birth for cell types M and D respectively. As before, we may proceed by using a saddle-
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point approximation in x, similar to the approach in Section 4.2.3. We can then Taylor

expand v around ∆ and use the fact that the moments of this distribution scale with

increasing powers of (2β − 1) for a given β:

〈v〉 = ∆,

〈(v − 〈v〉)2〉 =
4∆2(1− 2β)2

4− α2(1 + (1− 2β)2)
,

〈(v − 〈v〉)3〉 =
48∆3(1− 2β)4α2

(4− α2(1 + (1− 2β)2))(8− α3(1 + 3(1− 2β)2))
.

(4.39)

Note that by symmetry around β = 0.5 we would expect no odd powers of (2β − 1) to

arise. Substituting these moments into the Taylor expansion in v yields a complicated

expression for Λp that simplifies to Equation 4.9 for α = 0 and agrees with Equation 4.10

for all 0 ≤ α < 2. However, the behavior for asymmetrically dividing cells with nonzero

α is qualitatively different to that predicted based on simulations, as shown in Figure 4.6,

with increasing asymmetry decreasing the population growth rate as shown below. This

inconsistency, coupled with the validation of Equation 4.5 in Figure 4.6 indicates that the

specifics of f0(t) are indeed necessary to extract a representative value of Λp.

4.4.9 Generation time correlations in asymmetrically dividing

cells

In the case of symmetrically dividing cells, cell size regulation leads to a negative corre-

lation for the generation times of cells in subsequent cell cycles. This has been studied

previously for the model shown in Equation 4.40, which agrees to first order with Equation

4.6 under the substitution α = δ (3).

τ = (ln(2) + δ ln(v0/vb))/λ+ η (4.40)
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Here η ∼ N(0, σ2
t ) is a coarse grained noise in generation times, independent and identi-

cally distributed for each cell cycle. Note that as before, δ = 0 corresponds to a timer,

δ = 1 corresponds to a sizer, and δ = 0.5 corresponds to first order with an adder. For this

model, by assuming steady state one can show the Pearson correlation coefficient (PCC)

between the generation times of a parent cell and its progeny is PCC ≡ 〈τn+1τn〉c
στστn+1

= − δ
2

(56). This negative correlation is intuitive, since one expects that a cell with an unusually

long division time in one generation will produce cells with a shorter division time in the

next generation to compensate. Within this section, we prove that studying this δ tunable

model in the context of asymmetric division reveals biologically relevant regimes in which

parent-progeny generation time correlations are positive rather than negative.

We are interested to model cells growing via the “adder” growth policy:

Vd = Vb + ∆. (4.41)

We focus on this growth policy due to experimental observations of adder-like correlations

in budding yeast (81). We simulated populations of cells as described in (7), following a

simple adder growth policy, considering both cells which grow by the “budding” growth

morphology and those that grow without budding. These simulations predict epigenetic

inheritance of interdivision times (see Figure 4.7), as observed in experimental data by

Cerulus et al. (12). We report the Pearson Correlation Coefficient since it is independent

of sample number, though the authors in (12) used the R2 value for their datasets. A

characteristic value quoted in (12) for the mother and daughter doubling time correlation

(measured within the same generation of cells) is R2 = 0.25. Note that in Figure 4.7 we

allow for different values of σtd for mother and daughter cells.
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The growth policy in Equation 4.41 agrees to first order with the Taylor expansion

of Equation 4.40 about the mean volume at birth ∆, upon setting δ = 0.5. To simplify

the following analysis, we therefore perform analytic calculations based on Equation 4.40.

For simplicity, we are taking λ = const, and assuming a constant σtd for both mother

and daughter cells. Note that in budding yeast CVλ ≈ 0.2, and that simulations in this

regime still display positive mother-daughter generation time correlations (see Figure 4.7).

4.4.10 Positive generation time correlations

The Pearson correlation coefficient between the generation time of a parent cell and its

progeny (either mother or daughter) is given by

PCC =
〈τn+1τn〉c
στστn+1

(4.42)

Here στ corresponds to the standard deviation in generation times over the full population,

while στn+1 is the standard deviation for either the daughter or mother subpopulations

(the expression is the same for each subpopulation). The final expressions for this are

listed below. For full derivations see Section 4.4.10.

〈τn+1τn〉c =
δ

2− δ

(
(1− δ)

(
ln r

2λ

)2

− σ2
t

)
(4.43)

σ2
τ =

2σ2
t

2− δ
+

δ

2− δ

(
ln r

2λ

)2

. (4.44)

σ2
τn+1

=
2σ2

t + δ(1− δ)2
(

ln r
2λ

)2

2− δ
(4.45)

Here we have adopted the notation r ≡ V D
b /V

M
b = β/(1 − β) for convenience.

〈τn+1τn〉c (and hence the PCC) is positive for σ2
t < (1 − δ)(ln r/(2λ))2, with δ < 1,
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contrasting with previously observed results in symmetric division. For symmetric divi-

sion (r = 1) we have the further simplification that PCC = − δ
2
, as derived in (56). The

result in Equation 4.54 holds for both mother and daughter cells, and results are plotted

in Figure 4.8 showing good agreement with simulations.

Following (12) we also evaluate the correlation between the generation times of the

two progeny from any given cell division event. Similar calculations to those above predict

that in this case

PCC =
〈τn+1,Dτn+1,M〉c

σ2
τn+1

= 1− (2− δ)σ2
t

2σ2
t + δ(1− δ)2

(
ln r
2λ

)2 . (4.46)

Here as above σ2
τn+1

corresponds to the variance of generation times for either the mother

or daughter subpopulations (the expressions are identical in both cases), rather than for

the combined full population. This expression is tested in Figure 4.8, and shows good

agreement with asymmetrically dividing, adder cells,over the full range of generation

timing noise values explored. In contrast, budded cells show good agreement only for

small σt.

Calculations of Generation Time Correlations

Here 〈τn+1τn〉c ≡ 〈τn+1τn〉 − 〈τn+1〉〈τn〉 is calculated for either a mother or daughter cell

born from a randomly sampled cell of unspecified lineage. Note that the variance of

mother and daughter generation times σ2
τ may be distinct, although the strength of time

additive noise σ2
t is kept constant for both.
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τn+1 =
ln 2

λ
− δ

λ
ln |vb,n+1

∆
|+ η′

=
ln 2

λ
− δ

λ
ln |βvb,ne

λτn

∆
|+ η′

=
ln 2

λ
− δ

λ
(ln(β) + ln |vb,n

∆
|)− δτn + η′

⇒ 〈τn+1τn〉c =
δ2

λ2
〈ln |vb,n

∆
|2〉c − δ〈τ 2

n〉c

(4.47)

Here the last line is obtained by application of Equation 4.40. Note that this calculation

is carried out here for a D cell, but the result also holds for an M type cell. We take

ln |vb,n
∆
| ≡ x, so that

〈τn+1τn〉c =
α2

λ2
σ2
x − ασ2

τ . (4.48)

We calculate

σ2
τ = (

ln 2

λ
)2 +

δ2

λ2
〈x2〉+ σ2

t −
2δ

λ2
〈x〉 ln 2− (

ln 2

λ
− δ

λ
〈x〉)2

=
δ2

λ2
σ2
x + σ2

t .

(4.49)

We now calculate

x′D = ln

∣∣∣∣βVb,neλτn∆

∣∣∣∣
⇒ 〈x′D〉 = ln |2β|+ (1− δ)〈x〉

⇒ 〈x′M〉 = ln |2(1− β)|+ (1− δ)〈x〉

(4.50)

The last line is obtained by nubstituting β′ = 1− β to interchange results from daughter

to mother cells. We therefore obtain

〈x〉 =
1

2
(〈x′D〉+ 〈x′M〉)

=
1

2δ
ln |4β(1− β)|

(4.51)
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Similarly,

〈x2
D〉 = ln |2β|2 + 2(1− δ) ln |2β|〈x〉+ (1− δ)2〈x2〉+ λ2σ2

t

〈x2
M〉 = ln |2(1− β)|2 + 2(1− δ) ln |2(1− β)|〈x〉+ (1− δ)2〈x2〉+ λ2σ2

t

〈x2〉 =
1

2
(〈x2

D〉+ 〈x2
M〉)

⇒ δ(2− δ)〈x2〉 =
1

2
(ln |2β|2 + ln |2(1− β)|2) +

(1− δ)
2δ

ln |4β(1− β)|2 + λ2σ2
t

⇒ 〈x2〉 =
1

2δ(2− δ)
(ln |2β|2 + ln |2(1− β)|2) +

(1− δ)
2δ2(2− δ)

ln |4β(1− β)|2

+
λ2σ2

t

δ(2− δ)

⇒ σ2
x = 〈x2〉 − 〈x〉2

= 〈x2〉 − 〈x〉2

= − 1

4δ(2− δ)
ln |4β(1− β)|2 +

1

2δ(2− δ)
(ln |2β|2 + ln |2(1− β)|2)

+
λ2σ2

t

δ(2− δ)

=
1

4δ(2− δ)
ln | β
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|2 +

λ2σ2
t

δ(2− δ)

⇒ σ2
x =

1

δ(2− δ)

(
1

4
ln |r|2 + λ2σ2

t

)
(4.52)

Here the last line is obtained by defining r ≡ β
1−β , in a similar manner to Soifer et al.

(2016). Taking r = 1 for symmetric division yields σ2
x = λ2σ2

t /(δ(2 − δ)) as in (3). We

can now insert this form into equation 4.49 to find

σ2
τ =

2σ2
t

2− δ
+

δ

2− δ

(
ln r

2λ

)2

. (4.53)

We obtain

〈τn+1τn〉c =
δ

2− δ

(
(1− δ)

(
ln r

2λ

)2

− σ2
t

)
(4.54)
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The PCC between a parent cell and its progeny (daughter or mother) is given by equation

4.42. This σ2
t < (1 − δ)(ln r/(2λ))2, with δ < 1 this value is positive, contrasting with

previously observed results in symmetric division.

To calculate σ2
τn+1

we take

σ2
τn+1

=

〈(
ln 2

λ
− δ(ln β + x)

λ
− δτn + η′

)2
〉

=
δ2σ2

x

λ2
+

2δ2〈xnτn〉c
λ

+ δ2σ2
τ + σ2

t

=
δ2σ2

x(1− 2δ)

λ2
+ δ2σ2

τ + σ2
t

=
2σ2

t + δ(1− δ)2
(

ln r
2λ

)2

2− δ

(4.55)

The third line follows since 〈xnτn〉c = − δ
λ
σ2
x, while the final equality follows from substi-

tuting in expressions for σ2
x and στ .

To calculate 〈τn+1,Dτn+1,M〉c we take

〈τn+1,Dτn+1,M〉c = 〈δ
2x2

n

λ2
〉c + δ2σ2

τ +
2δ2

λ
〈xnτn〉c

= δ2σ2
τ +

δ2σ2
x

λ2
(1− 2δ)

= σ2
τn+1
− σ2

t

(4.56)

We therefore have

PCC(mother − daughter) =
〈τn+1,Dτn+1,M〉c

σ2
τn+1

= 1− σ2
t

σ2
τn+1

(4.57)
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Figure 4.3: A timer model with epigenetic inheritance of interdivision times is unable

to regulate cell size. (A) Mean cell size over time, shaded regions denote ± standard

deviation. (B) The coefficient of variation in size (σv/〈v〉) grows arbitrarily large over

time.
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Figure 4.4: The population growth rate is shown as a function of β for different values

of a of the tunable inhibitor dilution model, with σtλ0 = 0.01, σλ/λ0 = 0.2 and no growth

rate penalty. We see that increasing a from 0 (sizer) to 1 (adder) decreases the population

growth rate for a given division asymmetry and σλ. Shaded regions correspond to the

standard deviation measured over simulated repeats.
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Figure 4.5: Caption on next page.
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Figure 4.5: (Continued) Increasing ε shifts the growth rate penalty of asymmetric di-

vision to affect stronger forms of size control. Heatmaps of the population growth rate

ΛP for cells undergoing asymmetric division and growing with the growth rate shown in

Equation 4.12, plotted for (A,C,E) ε = 0.01 and (B,D,F) ε = 0.1, and with variable size

control strategies α. (A,B) α = 1.0 (sizer strategy), (C,D) α = 0.8, (E,F) α = 0.5 (adder

strategy).
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Figure 4.6: Caption on next page.
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Figure 4.6: (Continued) (A) Approximate solution of Equation 4.5 for non-IGT models

shows inconsistency with simulations for α 6= 0, consistent with the non-zero generation

time correlations that are observed for asymmetric division in this regime. (B) Comparison

of simulated values for Λp vs. numerically estimated values using Equation 4.5 across a

range of parameter values. The simulations show strong agreement with the prediction

of Equation 4.5 throughout.

Figure 4.7: Cells growing via the adder model that divide asymmetrically display positive

correlations in interdivision times for closely related cells, as shown for mother and daugh-

ter cells. Heat maps show Pearson Correlation Coefficients for different noise strengths

with r = 0.5. (Left) Cells that grow without budding. (Right) Cells that grow by budding.
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Figure 4.8: Pearson correlation coefficients calculated between the generation time of a

parent cell and its progeny of cell type (A) Mothers, (B) Daughters. (C) Pearson corre-

lation coefficients calculated between the generation times of the two progeny generated

by a cell division event (called mother and daughter cells) for r = 0.5, α = 0.5. Blue lines

show predictions based on Equations 4.54, 4.53, and similar calculations for 〈τ 2
n+1〉c when

α = 0.5, r = 0.5. Green dots show correlations for simulated populations of adder cells

that divide asymmetrically, and are not budded. Red dots show correlations for simulated

populations of adder cells that divide asymmetrically by budding.
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Conclusions

“Someone else always has to carry on the story.” - J. R. R. Tolkein

5.1 Discussion

Our results presented herein have studied the problem of cell size control from three dif-

ferent perspectives. Chapter 2 employed mathematical modeling to understand the effect

of stochasticity, model structure and growth morphology on the strategy and efficacy of

size control employed by cells. Chapter 3 addressed the molecular specifics of cell size

control in the context of budding yeast, concluding that a widely accepted study which

claimed to describe the molecular origin of size control in this organism was inconsistent

with experimental evidence. Chapter 4 addressed the effect of cell division asymmetry

and size control strategy on the population growth rate, in order to understand the rel-

ative evolutionary advantages offered by changing those physiological parameters given

fixed environmental conditions.
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Considered as a whole, our results demonstrate an important and little discussed in-

terplay between cell size control and growth morphology. In Chapter 2, we saw that there

were discrepancies between the extent to which different strategies of size control were

robust to the addition of molecular noise, depending on whether cells divided by budding

and whether they divided asymmetrically or symmetrically (7). Indeed, although both

inhibitor dilution and initiator accumulation models were capable of generating robust

adder behavior in asymmetrically dividing, budding cells, only an initiator accumulation

model was capable of generating this behavior for symmetrically dividing, non-budding

cells. This discrepancy is unintuitive, and implies that cell growth morphology is a rele-

vant consideration for future attempts to constrain the space of possible molecular models

based on phenomenological observations. We further saw in this study that symmetri-

cally dividing, budding cells are incapable of effectively regulating their size, and that

this appears to be a general statement, independent of a cell’s specific molecular strategy

of size control. This latter point is particularly noteworthy, since it fundamentally arises

from an inability of a rigid cell wall to “shrink” over successive cell cycles. As such, we

hypothesize that symmetrically dividing, budding cells will necessarily have very broad

cell size distributions, and are curious to see experimental tests of this prediction.

In Chapter 3 we studied the strategy of size control employed by budding yeast

daughter cells, focusing on the molecular regulation of passage through Start. Within

this chapter we focused on size control within daughter cells, showing that a widely ac-

cepted model of size control is inconsistent with our experimental evidence (76). Previous

abstract models have had success in explaining the phenomenological correlations present
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throughout the cell cycle of these newborn daughters (81; 13). Nevertheless, despite a

number of attempts, a minimal molecular model which is consistent with the experiments

presented herein in addition to past experiments involving genetic deletions and changes in

ploidy remains elusive (76). Attempts have been made to create complex models incorpo-

rating the full known network topology for cell cycle regulation, however, such approaches

must be taken with caution due to the associated risks of overfitting (15; 46). This prob-

lem is made more complex by the fact that mother cells appear to follow a strategy of

size control which is decidedly weaker than that employed by daughter cells (81). Given

that over a population lineage tree the number of daughter cells and mother cells is equal,

an understanding of size control in this organism will necessarily have to address the size

control strategy employed by mother cells. The differences in size control employed by

mother cells and daughter cells are unlikely to simply be a result of cell size; previous

studies have observed discrepancies in transcription factor localization at mitosis between

mother and daughter cells, implying that there are likely to be real differences between

these cell types in the regulatory circuits that sense size (83).

Chapter 4 demonstrated a previously unobserved dependence of the population growth

rate on the choice of size control strategy for asymmetrically dividing cells. It is of particu-

lar interest that this effect arises even in the absence of any growth penalty model. Using

a specific model for the growth penalty incurred by excessively large or small cells we

observed that cells which display strong size control may avoid the penalties of a broader

cell size distribution for asymmetrically dividing cells. Whether this remains true given

other forms of a growth rate penalty remains to be seen. Nevertheless, our study high-

lights differences in growth rate that are simply not observed for symmetrically dividing
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cells, even with a specific growth rate penalty. Another counter-intuitive feature arising

from division asymmetry was the presence of positive correlations between parent and

progeny cells displaying size control, as discussed in Section 4.4.10. In a symmetrically

dividing case, such correlations are typically negative, with the intuitive explanation that

cells which grow for a larger than usual time in one generation will compensate for this

by growing for a shorter time in the subsequent generation. In contrast, for asymmet-

rically dividing cells we derived analytical predictions for the presence of these positive

correlations which are consistent with our simulations. These predictions may explain

experimental observations of positive correlations in generation times for closely related

cells (12).

Taken together these findings imply that a common focus of previous cell size control

studies on addressing symmetrically dividing, non-budding cells may limit our under-

standing of this process in general. Focusing on symmetrically dividing cells may also

constrain our view of the range of selective pressures that organisms feel when they stray

outside of this growth morphology. This highlights the importance of budding yeast as a

model organism to study cell size control in an asymmetrically dividing context, but also

necessitates the investigation of size control in a broader range of growth morphologies,

such as filamentous cell types.

We turn then to the specific case of budding yeast, one of the most well studied

examples of cell size control in general and certainly the most well studied case with

a budding, asymmetrically dividing growth morphology. Although much foundational

work has been done in determining key factors regulating the cell cycle in this organism,
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our study presented in Chapter 3 also highlights just how far there is still to go. If

the Whi5 inhibitor dilution model is incorrect, then which if any of the menagerie of

other proposed models will take its place as the most likely candidate? In the ongoing

search for such models we are particularly excited by the growing level of sophisticated

video microscopy screens for cell size control defects. If we are to understand the means

by which cell size is sensed, rather than simply detecting proteins that alter the scale

of the cell size distribution, this necessitates studying individual cell cycles in a high

throughput manner. Preliminary results in this vein may implicate the CLN3 5’ UTR as

an inhibitor of translation initiation, however, much work remains to understand whether

variations in translation during the cell cycle represent a viable means of coupling size

to passage through Start. Another model of recent interest is one in which a team of

inhibitors and initiators of cell cycle progression respectively are produced with synthesis

rates that subscale and superscale relative to increases in cell size (B. Futcher, personal

communication). Inhibitor molecules would then be diluted, while initiators would be

accumulated throughout G1 to collectively set cell size at passage through Start. Whether

such a model is capable of reproducing the small differences in the cell size CV that are

generated from altering the expression of individual factors within this genetic circuit

remains unclear. Nevertheless, this model is an example of cell size control arising not

as the product of a simple small gene regulatory network, but as an emergent behavior

that comes from the interaction of a large number of different components. Though such

complex models are daunting and may risk overfitting to match experimental predictions,

it will be exciting to watch as the field designs new experiments to test their predictions.
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5.2 Future directions

What next steps are motivated by the work we have presented here? Chapter two pro-

vided a clear hypothesis regarding the origin of division asymmetry in budding yeast,

which was expanded upon by models of the population growth rate in Chapter 4. Of

primary concern in interpreting the results of Chapter 4 should be the determination of

the extent to which any cell size is “optimal”. Our PGAL1 −WHI5 strains represent an

easy way to assess the effect of varying size on the population growth rate in fixed en-

vironmental conditions, since tuning Whi5 expression can alter the cell size distribution.

Additionally, we have constructed PGAL1 − CLN3 strains which can alter cell size in the

opposite fashion by varying the concentration of exogenously added galactose. A next

step to address this could therefore investigate the relationship between the population

growth rate and average cell size in each of these strains. If both strains generate similar

dependences in their regime of size overlap, then this may be used to infer how dependent

the volume growth rate is on average cell size. We note that the population growth rate

measured in such a study will be set by cells growing over the full range of cell sizes in

each condition rather than simply by cells growing at a given average cell size. One con-

sequence of this is that any strain-specific variation in the spread in cell size for a given

average cell size may confound this approach. Measuring the spread in cell size could

provide a means of determining the extent of this effect.

Further study should also be devoted to understanding the division asymmetries

present in other budded cells. Our work has highlighted that growth morphology and

division asymmetry may have a substantial influence on the efficacy of size control im-
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plemented by cells, but whether this is born out in nature remains uncertain. Recent

work studying a range of new marine yeasts has demonstrated an abundance of distinct

growth morphologies, with alternating budding and rod-shaped modes of division present

in Hortaea werneckii and the production of multiple buds simultaneously in Aureobasid-

ium pullans (65). Additionally, hyphal and pseudohyphal states in yeast correspond to

another mode of cell division which may be of great interest to study in the context of size

control (2). We are excited to see what new cell biology may be revealed by investigating

these novel organisms.

Another related area that warrants further investigation is the coupling between the

average cell size and the spread in a cell size distribution. This question is of interest for

two reasons: firstly, any conserved relationship between these two variables may substan-

tially constrain the class of molecular models that could generate this behavior. Secondly,

it would provide a clear metric with which to assess the extent to which size control itself

is affected when screening deletion mutants to find effectors of size control. Any gene

deletion which caused a significant deviation from the relationship observed in strains

that display robust size control would then be a clear candidate for further investigation.

Our own measurements of the CV in asynchronous populations as a function of cell

size have demonstrated that at the bulk level, the standard deviation appears to scale with

average cell size (see Appendix). This approach has used the same PGAL1 −WHI5 and

PGAL1 − CLN3 strains described above, varying the exogenous galactose concentration

to change the average cell size in each case. Unfortunately, these preliminary results are

limited in their scope, since studies at the bulk level measure cells across the full range of
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ages (and therefore cell volumes) experienced within a cell cycle. This approach therefore

necessarily couples the spread in cell size to the average size. An attempt to circumvent

this problem could study the spread in cell size for cells which have been synchronized at

a specific point in the cell cycle without perturbing the cell sizes present.

One means for isolating cells at passage through Start would then be to construct a

fluorescent protein fusion to a protein which is expressed only in a specific point in the

cell cycle and which undergoes rapid degradation. Obvious initial candidates fitting this

description are Cln1 or Cln2 which are expressed at passage through Start, however, our

preliminary tests using Cln2-GFP are not encouraging. Imaging of cells taken from bulk

culture has not demonstrated a sufficiently high brightness and specificity with respect to

cell age for Cln2-GFP to clearly be effective readout for Fluorescence Activated Cell Sort-

ing to separate cells at Start. It may be that other candidates such as any of the B-type

cyclins would prove more amenable to this approach. The potential benefit to finding

such a candidate protein is large, since this would provide a relatively high throughput

means of studying the spread in cell size at a specific point in the cell cycle, potentially

allowing the screening of different cell size control mutants. This technique could then

complement time-lapse microscopy studies, which is notoriously laborious from a data

analysis perspective and may prove challenging for experiments involving unusual size

distributions. We have already developed a selection of size control mutants which may

be of particular interest for this going forward, since our preliminary measurements have

all been on asynchronous cultures using a coulter counter, as discussed in the Appendix.

Further study on these deletion mutants could be an interesting direction to investigate

just how poor cell size control can become when cell cycle regulation is drastically dimin-
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ished.

On a theoretical level, it is clear that division asymmetry represents a relatively un-

derstudied and rich regime in which to investigate both size control and the population

growth rate. Our study has developed a mathematical formalism to address this case,

which may be useful going forward in studying the effect of division asymmetry on the

population growth rate in other non-sizer regimes. Future research may also benefit from

modeling differences in the strategies of size control employed by mother and daughter

populations (81). Another avenue which warrants further study is the asymmetric distri-

bution of size control factors. It has been previously observed that daughter cells display

consistently higher nuclear concentrations of Whi5 than mother cells. Additionally, as

mentioned earlier, transcription factor localization appears to show some discrepancies

between these two cell types (83). Understanding the extent to which the asymmetric

distribution of these factors affects the cell size strategy employed by cells may prove

important for assessing the viability of different size control strategies, in much the same

way that division asymmetry has throughout Chapter 2.

Finally, our study has developed a semi-automated image analysis pipeline for ex-

tracting data on individual cell cycles from time-lapse microscopy data. It is our hope

that this pipeline will prove useful to future lab members. The details of this pipeline are

discussed further in the Appendix.
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Appendix

6.1 Perturbing cell size

6.1.1 Galactose-inducible mutants

We employed our PGAL1 −WHI5 and PGAL1 − CLN3 strains to investigate the connec-

tion between average cell size and the spread in cell size in asynchronous populations.

We varied the concentration of Galactose added exogenously at 5 concentrations: 0µM,

100µM, 200µM, 400µM and 800µM, and measured the size distributions of log phase cul-

tures grown in 2X CSM with 2% Raffinose using a Beckman Multisizer 3. Our findings

are presented in Figure 6.1. We observe that the standard deviation follows an approx-

imately linear relationship with average cell volume, with both our PGAL1 −WHI5 and

PGAL1 − CLN3 strains falling upon this same line, while the CV remains roughly un-

changed. One must be careful in interpreting this result, since a variation in average cell

volume is expected to cause a proportionate increase in the standard deviation of cell
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sizes within that population, by merit of cells being spread throughout different points in

the cell cycle. As mentioned previously, it will be of particular interest to investigate the

extent to which this correlation is maintained in cells measured at a specific point in the

cell cycle. Details of the strains used to generate Figure 6.1 are contained in Table 6.1.

6.1.2 Size control deletion mutants

We generated a collection of mutants in key genes regulating passage through Start and

entry into mitosis, to investigate how severe a size control defect could be generated

through this approach. Specifically, we selected WHI5, CLN3, and BCK2 due to their

roles in regulating passage through Start, in addition to the gene SWE1, which codes for

a protein kinase that negatively regulates Cdk1 activity throughout G2 to delay entry into

mitosis. Through mating and sporulation we were able to generate a collection of knockout

combinations. We then studied the resultant size distributions of log-phase cultures grown

overnight in YPD. Results are plotted in Figure 6.2, demonstrating that in no case did we

observe a profound increase in the CV measured at the bulk level, with the most severe

CV increase corresponding to the triple and quadruple deletes bck2∆, whi5∆, cln3∆ and

bck2∆, whi5∆, cln3∆, swe1∆. We note that cln3∆, bck2∆ cells are inviable (31). Details

of the strains involved in generating Figure 6.2 are listed in Table 6.1 below.

Figure 6.2 shows that these mutants display substantial variability in both average

cell size and in the standard deviation in cell size. However, the mutants tested showed

only minor deviations from the same scaling relation between standard deviation and

average cell volume that was observed previously for our inducible strains (see Figure
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6.1 (C-D)). These deviations are more substantial when examining the CV, however, the

greater degree of noise in this measurement makes the significance of these deviations un-

clear. This finding indicates that at the level of an asynchronous population, removing a

core set of genes associated with cell cycle regulation shows little difference in effect from

that of simply overexpressing individual cell cycle regulatory genes to vary the average cell

size. This is of particular note in the context of the triple delete bck2∆, whi5∆, cln3∆ and

bck2∆, whi5∆, cln3∆, swe1∆ due to their combined effects on cell cycle regulation, and

is surprising given the large number of studies focusing on cell size control specifically in

the context of Whi5 and Cln3. However, we note that these mutants are likely to display

differences in cell cycle progression whose effects are masked for our measurements on

an asynchronous population. To provide context for the increase in standard deviation

associated with an increase in average cell size, we modeled the size distribution in an

asynchronous cell population. We find that if the cell size distribution at birth is scaled

proportionally for mothers and daughters, the CV in volume for an asynchronous popu-

lation will remain independent of average cell size, as plotted in grey in Figure 6.1 (C-D)

for a range of CVs at cell birth. This prediction of a constant CV is clearly inconsistent

with the positive correlation between CV and average cell size observed in Figure 6.1 D,

indicating that larger cells have a disproportionately large spread in cell size.
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Table 6.1:: S. cerevisiae

strains used in this study
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6.2 Image analysis pipeline for inference of individual

cell cycles.

Extracting data on individual cell cycles from time-lapse microscopy images is a multi step

process. The first step in this pipeline involves image segmentation to distinguish individ-

ual cells within each image. Cells are then subsequently tracked over successive timepoints,

and these individual tracks are combined with fluorescence data to infer individual cell

cycles and track lineages. Examples of various points of this analysis pipeline are pre-

sented in Figure 6.3. All relevant code is available at https://github.com/AWMurrayLab/

image_processing_cellstar_public.

Brightfield segmentation and tracking using the Cellstar Algorithm

Our image segmentation was done based on brightfield data acquired using a spinning

disc confocal microscope. The inference of individual cells based on brightfield data is

a challenging computational problem, made particularly difficult in the context of bud-

ding yeast due to the abundance of out-of-plane budding events which take place within

an expanding colony. To approach this problem we employed the Cellstar Algorithm

via an open-source MATLAB plugin (86). This plugin requires MATLAB [insert ver-

sion here]. We strongly recommend gaining familiarity with this software by thoroughly

reading the user manual available online prior to analyzing microscopy data. However,

certain functions are available which are not discussed in this manual, and to address this

we recommend using the help function within the software by pressing the “h” key. This

provides a pop-up menu with a brief description of useful functions.
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In order to use the Cellstar algorithm on individual fields of view (FOVs, or scenes)

in a time-lapse, we have designed a python script make image dirs.py to generate the

necessary file structure and populate these files with the corresponding brightfield images.

Navigating the current directory to within the folder for each scene will then ensure that

the corresponding track images are generated in the correct manner. Key features which

we observed to be important for optimal performance of this algorithm using the default

settings were acquiring brightfield images with the focal plane adjusted to create a dark

and white band around individual cells. Additionally, we found it to be beneficial to use

a background image in each FOV by taking the first image in the time-lapse series asso-

ciated with that FOV and using the inbuilt functionality to apply a blurring algorithm,

eliminating cells from each field. If images are of high quality, with a sufficiently high

brightness to reduce noise but low enough to avoid thresholding by the camera CCD,

cell segmentation should be performed automatically with high accuracy. However, we

strongly recommend manually correcting individual segmentation errors, and advise the

use of podcasts or audiobooks during this rather tedious task. We note that seeding of

additional cells within the Cellstar algorithm is made quite easy through the action of a

single mouse-click, however, the accuracy with which this seeding tracks the associated

cell shows some consistent dependence on where in the cell a seed is initiated. We recom-

mend gaining familiarity with this by seeding the same cell repeatedly at first.

Once cell segments are generated, cell tracking can be performed. This again can be

performed automatically using the Cellstar algorithm, and is generally quite effective in

the early stages of colony growth. Once colonies grow to be sufficiently large, it becomes
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both computationally intensive and challenging for the software to perform tracking ef-

fectively, and we strongly recommend manually inspecting individual tracks as a quality

control. This process is tedious, but crucial, since a single break in the trace of a cell’s

full cell cycle will eliminate that cell cycle from consideration in later stages of our data

analysis pipeline, causing a loss of potentially useful data.

Cell cycle tracking and fluorescence integration with the custom imaging

toolkit

Once tracking is completed to a satisfactory level, the python script

assemble from segments.py can be run with appropriate parameters for each time-lapse

to attach the appropriate fluorescence traces to each time-lapse. Within this study we

consistently used two fluorescence traces: a Whi5-mVenNB label to track cell cycles,

and a constitutively expressed mCherry fluor (known as c2 for channel 2). Use of the

mCherry fluor is not strictly necessary but is recommended if the user desires to use this

algorithm with the minimum of effort, since not using this may require some re-working

of the appropriate subroutines. In brief, our pipeline initially associates each cell trace

with a “Cell” object instance, first populating each Cell with data that can be inferred

based on brightfield images, before populating fields corresponding to each of the fluores-

cence channels mentioned above. Our algorithm then proceeds to use an SVM machine

learning classifier to detect Whi5 nuclear localization events within each Cell. This re-

quires additional user input by running the python script track localization final.py to

randomly select specific frames from the full time-lapse from which to generate ground

truth data. Within this script, individual cell clicks are recorded within tracked cells
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(denoted by yellow boundaries) to detect localization events. The help key “h” provides

a guide to the functions available within this custom-designed interface. Once a user is

familiar with this program, the generation of ground truth data for a single time-lapse

typically takes roughly 15-20 minutes. We note that this program will generate errors if

no localization events are recorded in any ground truth frames, and we have accordingly

generated a function to re-draw individual frames when no localization events are present

within tracked cells.

Once the training data has been generated, one may re-run the

assemble from segments.py python script to detect Whi5 localization events and extract

data on individual cell cycles. This data is now stored as individual “Cellcycle” object

instances, with references to parent cells and daughter cells providing a means of infer-

ring lineages. Each object instance will now have an associated bud during the S/G2/M

phases of the cell cycle, which may be combined with data from the main cell to make

statements about the full cell. Finally, the

export cycles pandas.py python script takes these object instances and generates a pan-

das dataframe with data corresponding to each cell at birth, Start and division. These

dataframes can be combined for different time-lapse measurements, provided experiment

IDs are appropriately recorded, to rapidly and easily compare and contrast data between

different time-lapse experiments. Many of these scripts will involve calls to functions con-

tained in the custom image toolkit.py file. Within this file, a number of different versions

of many functions are contained. If editing of these functions is required, we recommend

first ensuring that the function in question is edited.
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One difficulty we encountered in inferring cell lineages based on Whi5 localization

was that Whi5 nuclear entry can happen for multiple mother-daughter pairs in close

proximity simultaneously. For a single isolated mother-daughter pair our algorithm per-

forms with acceptable accuracy, however, at present it rejects from consideration any

situations in which multiple pairs of cells show nuclear entrance simultaneously to avoid

the corresponding ambiguity and error in assigning cell lineages. One function which

has been in development but has not been fully implemented involves manual correc-

tion when such situations arise using the assign troublesome pair python function in the

custom image toolkit.pyscript. This function may improve the extent to which useful

data can be extracted from our time-lapse data, but will require further optimization

before being fully operational.
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Figure 6.1: The spread in cell size scales with average cell volume in measurements

of asynchronous populations of cells. Coulter counter measurements taken on cells with

Whi5 or Cln3 production driven by the GAL1 promoter and exposed to varying galactose

concentrations. (A) Standard deviation vs. mean cell size (fL), and (B) CV in volume vs.

mean cell size (fL), colored by celltype. (C) Standard deviation in cell size vs. mean cell

size (fL) and (C) CV in cell size vs. mean cell size (fL). Blue points correspond to the

inducible strains from (A-B), while colored points correspond to measurements on various

deletion mutants. Grey lines represent theoretical predictions for the spread in cell size

obtained in an exponentially growing population with a given CV in volume at birth.
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Figure 6.2: Statistics in cell size plotted for galactose-inducible strains (A, C, E) and

selected cell size mutants (B, D, F), acquired using a Coulter Counter on asynchronous

log-phase cultures of cells. (A-B) Mean cell size (fL). (C-D) Standard deviation in cell

size (fL). (E-F) CV in cell volume. Error bars correspond to the spread over repeated

measurements. Columns lacking error bars were only repeated once.
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Figure 6.3: Caption on next page.

185



CHAPTER 6. APPENDIX

Figure 6.3: (Continued) Examples of various stages in our image processing pipeline.

(A) Plots of the classification of Whi5 localization based on the CV, the Gini coefficient,

and skewness measured for the distribution of pixel fluorescence brightness based on a

3D segmentation of cell vs non-cell. (B) Sample brightfield image for segmentation. (C)

Example of segmentation performed by the Cellstar algorithm on the image in (B). (D)

3D spot detection using the skimage regionprops function. (E-F) Cell lineage tracking

based on Whi5 localization for two subsequent timesteps. Red arrows highlight cells with

Whi5 nuclear localization in the subsequent timestep, causing the assignment of mother-

daughter cell pairs for adjacent cells. White dots correspond to mother cells while black

dots correspond to daughter cells.
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and Bruce Futcher. The size of the nucleus increases as yeast cells grow. Molecular

biology of the cell, 18(9):3523–3532, 2007.

[53] Paul Jorgensen, Joy L. Nishikawa, Bobby-Joe Breitkreutz, and Mike Tyers. Sys-

tematic Identification of Pathways That Couple Cell Growth and Division in Yeast.

Science, 297(5580):395–400, 2002.

[54] Paul Jorgensen and Mike Tyers. How Cells Coordinate Growth and Division. Current

Biology, 14(23):R1014–R1027, 2004.

191



Bibliography

[55] Daniel Keifenheim, Xi-Ming Sun, Edridge D’Souza, Makoto J. Ohira, Mira Magner,

Michael B. Mayhew, Samuel Marguerat, and Nicholas Rhind. Size-Dependent Ex-

pression of the Mitotic Activator Cdc25 Suggests a Mechanism of Size Control in

Fission Yeast. Current biology: CB, 27(10):1491–1497.e4, 2017.

[56] Jie Lin and Ariel Amir. The Effects of Stochasticity at the Single-Cell Level and

Cell Size Control on the Population Growth. Cell Systems, 5(4):358–367.e4, October

2017.

[57] Jie Lin and Ariel Amir. Homeostasis of protein and mRNA concentrations in growing

cells. Nature Communications, 9(1):4496, 2018.

[58] Jie Lin and Ariel Amir. Population growth with correlated generation times at the

single-cell level. arXiv:1806.02818 [cond-mat, physics:physics, q-bio], 2018.

[59] Xili Liu, Xin Wang, Xiaojing Yang, Sen Liu, Lingli Jiang, Yimiao Qu, Lufeng Hu,

Qi Ouyang, and Chao Tang. Reliable cell cycle commitment in budding yeast is

ensured by signal integration. eLife, 4:e03977, 2015.

[60] Boris Magasanik. Catabolite Repression. Cold Spring Harbor Symposia on Quanti-

tative Biology, 26:249–256, 1961.

[61] Andrew Marantan and Ariel Amir. Stochastic modeling of cell growth with symmet-

ric or asymmetric division. Physical Review E, 94(1):012405, 2016.

[62] Sophie G. Martin and Martine Berthelot-Grosjean. Polar gradients of the DYRK-

family kinase Pom1 couple cell length with the cell cycle. Nature, 459(7248):852–856,

2009.

[63] Michael B. Mayhew, Edwin S. Iversen, and Alexander J. Hartemink. Characteriza-

tion of dependencies between growth and division in budding yeast. Journal of The

Royal Society Interface, 14(127):20160993, 2017.

[64] Michael D. Mendenhall and Amy E. Hodge. Regulation of Cdc28 Cyclin-Dependent

Protein Kinase Activity during the Cell Cycle of the Yeast Saccharomyces cerevisiae.

Microbiology and Molecular Biology Reviews, 62(4):1191–1243, 1998.

[65] Lorna M. Y. Mitchison-Field, José M. Vargas-Muñiz, Benjamin M. Stormo, Ellysa

J. D. Vogt, Sarah Van Dierdonck, James F. Pelletier, Christoph Ehrlich, Daniel J.

Lew, Christine M. Field, and Amy S. Gladfelter. Unconventional Cell Division Cycles

from Marine-Derived Yeasts. Current Biology, 29(20):3439–3456.e5, 2019.

192



Bibliography

[66] James B. Moseley, Adeline Mayeux, Anne Paoletti, and Paul Nurse. A spatial gradi-

ent coordinates cell size and mitotic entry in fission yeast. Nature, 459(7248):857–860,

2009.

[67] R. Nash, G. Tokiwa, S. Anand, K. Erickson, and A. B. Futcher. The WHI1+ gene

of Saccharomyces cerevisiae tethers cell division to cell size and is a cyclin homolog.

The EMBO journal, 7(13):4335–4346, 1988.

[68] Gabriel E. Neurohr, Rachel L. Terry, Jette Lengefeld, Megan Bonney, Gregory P.

Brittingham, Fabien Moretto, Teemu P. Miettinen, Laura Pontano Vaites, Luis M.

Soares, Joao A. Paulo, J. Wade Harper, Stephen Buratowski, Scott Manalis, Folk-

ert J. van Werven, Liam J. Holt, and Angelika Amon. Excessive Cell Growth Causes

Cytoplasm Dilution And Contributes to Senescence. Cell, 176(5):1083–1097, 2019.

[69] Paul Nurse. Genetic control of cell size at cell division in yeast. Nature,

256(5518):547–551, 1975.

[70] Matteo Osella, Sander J Tans, and Marco Cosentino Lagomarsino. Step by step, cell

by cell: quantification of the bacterial cell cycle. Trends in microbiology, 2017.

[71] E. O. Powell. Growth Rate and Generation Time of Bacteria, with Special Reference

to Continuous Culture. Microbiology, 15(3):492–511, 1956.

[72] R. H. Pritchard, P. T. Barth, and J Collins. Control of DNA synthesis in bacteria.

In Symp. Soc. Gen. Microbiol, volume 19, pages 263–297, 1969.

[73] Lydia Robert. Size sensors in bacteria, cell cycle control, and size control. Frontiers

in microbiology, 6, 2015.

[74] M. Schaechter, O. Maaløe, and N. O. Kjeldgaard. Dependency on Medium and

Temperature of Cell Size and Chemical Composition during Balanced Growth of

Salmonella typhimurium. Microbiology, 19(3):592–606, 1958.

[75] Kurt M. Schmoller and Jan M Skotheim. The biosynthetic basis of cell size control.

Trends in cell biology, 25(12):793–802, 2015.
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