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Abstract 

This thesis argues that proof should remain in the high school geometry 

curriculum, advocating an approach that makes its study worthwhile and engaging for 

students. It bases this approach on historical research into the teaching of geometric proof 

and how it has changed (and not changed) since the early 1800’s, as well as research into 

modern best-practices surrounding proof instruction and math education. The thesis 

culminates in a collection of three fully redesigned instructional units scheduled for 

adoption in the 2019-2020 school year. 
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Chapter I 

Introduction  

In his stirring paper called “A Mathematician’s Lament”, Lockhart (2009) calls 

high school geometry the “instrument of the devil”, explaining that, “…geometry class is 

by far the most mentally and emotionally destructive component of the entire K-12 

mathematics curriculum” (p. 18). He asserts that the high school geometry class 

undermines a student’s intuition by requiring students to follow a “rigid and dogmatic 

format” and memorize “pointless definitions, propositions, and notations” (p. 18). In her 

1989 paper regarding proof writing by high school geometry students, Sharon Senk 

(1989), former Math Education faculty member at the University of Chicago, states: 

Although teaching students to write proofs has been an important goal of 
the geometry curriculum for the college bound in the United States for 
more than a century, contemporary students rank doing proofs in geometry 
among the least important, most disliked, and most difficult of school 
mathematics topics (p. 309).  

In light of these statements, this thesis will consider changes to the teaching of proof in 

high school geometry. 

High school students frequently ask their math teachers: “When am I ever going 

to use this?” Accordingly, many teachers feel compelled to focus constantly on the real-

life applications of the math they teach, shying away from much of so-called pure 

mathematics. Does the study of pure mathematics do a disservice to students—dragging 

them through an irrelevant age-old rite of passage? Would students be better served by 

sticking to the math that they are likely to use as adults? According to Devlin and 
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Lockhart (2008), this debate between pure versus applied mathematics is a false 

dichotomy, and Lockhart is quoted as saying: 

It is the creative/mindless distinction that I care about…you are either 
being a creative human being pursuing your curiosity or you are 
mindlessly following a recipe you neither understand nor care about. 
That's the issue for me (p. 1). 

The value in the math is in the approach: is the math being taught and learned as a series 

of archaic procedures and definitions, or does it allow creativity, discussion, argument, 

failure, and iteration? In her post for the NCTM’s Mathematics Teaching in the Middle 

School blog, Shelby Strong (2016), a middle school math teacher, wrote: 

There is a lot to be said for the beauty of pure mathematics. Logical 
reasoning, trial and error, cause and effect, viable proofs—these are all 
real-world skills, even if the content used to teach these skills is not 
considered necessary (Strong, 2016).  

Geometric proof is an example of pure, abstract mathematics that seems to lack 

real-life relevance. It helps students learn how to reason rigorously and defend their 

thinking—if it is done well. However, does the overly formal nature of traditional high 

school geometric proof get in the way of students really having a chance to make 

conjectures and plainly explain their thinking in a way that they and their classmates can 

understand? In a blog coauthored by Lockhart and Devlin (2008), Lockhart gives his 

views on formalism in the high school geometry classroom:  

…of course I have no objection to formalism per se. In fact, quite the 
contrary. The advent of formalism in mathematics is a crucial (and 
beautiful!) development. But there is a huge difference between a group of 
professional mathematician-philosophers (e.g. Euclid, Weierstrass) 
attempting to formalize and axiomatize the current state of their subject, 
and a roomful of fourteen-year-olds thinking seriously about shapes for 
the first time in their lives. My complaint (about High School geometry) is 
that the formalism is being attempted too soon, and not by the students (p. 
1).  
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Lockhart (2009) suggests an alternate approach to teaching proof that makes use 

of a student’s intuition and emphasizes clear reasoning rather than format or notation. He 

feels that mathematics should be more artful and playful instead of simply procedural. 

Henri Picciotto (2008), a life-long math teacher and consultant, says a recent shift 

in approaches to geometry involves tracking students according to perceived ability: 

“Upper tracks are condemned to a mind-numbing forced march through a traditional text, 

memorizing theorems and combining them into two-column proofs. Lower tracks do 

some interesting work, but are shielded from proof” (p. 1).  

Should proving in a geometry course remain part of every student’s high school 

experience? Why should students learn proof at all? Can the learning of proof be made 

more relevant, approachable and even enjoyable for students? This thesis intends to 

answer those questions.  

The author of this thesis teaches at Principia School—a small independent K-12 

school in St. Louis, Missouri with about 400 students. The goal of the thesis is to 

redesign three proof-oriented instructional units in Principia’s upper school geometry 

curriculum. The design of these units will be based on research about teaching proof in 

geometry: why it is taught and how it can be taught best.  

To improve the standard approach to proof, we must consider the traditional 

approach and how it came to be. Why does almost every student’s high school math 

experience require proof? How did the two-column proof become so pervasive in schools 

given that it remains unused as the format for mathematical proof beyond high school 

geometry? The next chapter of this thesis illustrates the traditional paradigm for proof 
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instruction in high school geometry from a historical perspective and details its evolution 

over the last two centuries. 
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Chapter II 

History of Teaching Proof in the Secondary Geometry Classroom 

 Formal geometric proof began with Euclid. Euclid lived around 300 BCE in 

Alexandria and wrote “the first great textbook on Geometry”—The Elements (Senk, 

1989). Euclid’s Elements defines geometric terms and then leads the reader through 

proofs of many propositions based on only five postulates. In their article about the 

values of proofs for teachers and students, math education researchers Dawkins and 

Weber (2017) claim that, “Euclid’s Elements has always served as the paradigm [for 

mathematical proof]” (p. 132).  

Many geometry textbooks up to the late 19th century were based primarily, if not 

exclusively, on Euclid’s Elements. Patricio Herbst (2002b) of the School of Education at 

the University of Michigan writes, “American high schools started to offer geometry 

courses in the 1840’s as universities started to make it a requisite for admission. During 

this period…the study of geometry entailed mastering the Euclidean body of knowledge 

as developed by a text” (p. 288). At that time, students were expected to essentially 

memorize geometric proofs and “demonstrate” them: reproduce them orally or in writing. 

Students read proofs, or demonstrations, presented in paragraph form like the example 

shown in Figure 2.1. A student’s ability to memorize and reproduce a demonstration 

served as evidence that they understood the geometry. The study of geometry purported 

then (and now) to train students to reason logically, but later in the 19th century math 

educators began to acknowledge that regurgitating these demonstrations did not truly 

teach students how to reason (Herbst, 2002b). 
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Figure 2.1. An Example of a Paragraph Proof 

Adopted from Elements of Geometry (p. 6) by A. M. Legendre and J. Farrar, 1833, 
Boston: Hilliard, Gray, and Co. Retrieved from 
//catalog.hathitrust.org/Record/011436418  

Eventually, textbooks written by Benjamin Greenleaf (1858) and William 

Chauvenet (1870) included exercises at the end of the text. These exercises required 

students to produce their own original demonstrations of propositions, rather than simply 

memorize the proofs provided by the author. However, these textbooks still continued to 

offer proofs in paragraph form without any justification for the statements made, leaving 

that to the reader (Herbst, 2002b, p. 290). Systematically justifying one’s reasoning had 

not yet become the norm for textbooks or for students. 

Then in 1878, G.A. Wentworth authored Elements of Geometry, a textbook 

including several novel features to make the subject more accessible to students. He 

explains these features in the preface: 

…with a very large proportion of beginners in Geometry, it depends 
mainly upon the form in which the subject is presented whether they 
pursue the study with indifference, not to say aversion, or with increasing 
interest and pleasure…Great pains have been taken to make the page 
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attractive. The figures are large and distinct…The reason for each step is 
indicated in small type between that step and the one following, thus 
preventing the necessity of interrupting the process of the argument by 
referring to a previous section…and in no case is it necessary to turn the 
page in reading a demonstration (pp. iii-iv). 

Wentworth’s textbook led students through the logical argument of each proof step-by-

step. Thus, Wentworth established a norm to which future high school geometry textbook 

authors would adhere—making one’s reasoning explicitly clear and supporting each 

statement with its justification, as in Figure 2.2. This norm became the expectation of 

student demonstrations as well and was the measure of understanding (Herbst, 2002b, p. 

293). Herbst writes, “The fact that the student provided reasons for each statement upon 

request would mean, for the teacher, that the student had understood the argument as 

having the status of proof” (p. 293). Now, students were expected to demonstrate their 

understanding of the textbook not only by proving propositions from the textbook, but by 

proving original propositions given as exercises—and they were expected to be able to 

justify their reasoning every step of the way (Herbst, 2002b). 

How did the geometry textbooks and courses of the 19th century become the 

geometry textbooks and course of the 20th century? In the late 1800’s many western 

nations, including France, Germany, and Great Britain, were overhauling their secondary 

school education systems, and in July of 1892, at the National Education Association 

meeting in Saratoga, NY, the Committee of Ten was formed to overhaul and standardize 

the secondary school system United States (National Education Association of the United 

States., 1894, p. 12). The Committee of Ten, made up of college and high school 

educators, in turn enlisted the expertise of hundreds of other American educators to help 

with this process. The standard high school mathematics curriculum, along with many 
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other 20th century American scholastic traditions, came about through the committee’s 

recommendations (National Education Association of the United States., 1894). 

 

Figure 2.2. A Proof with Justifications 

Adopted from Elements of Geometry (p.17) by G.A. Wentworth, 1880, Boston: Ginn and 
Heath. Retrieved from //catalog.hathitrust.org/Record/009928078  
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W.T. Harris, the Commissioner of the U.S. Bureau of Education at the time, 

describes the purpose of the committee: “There is a wide divergence in the course of 

study, and the difference of opinion regarding what constitutes a secondary education 

works injury not only to the elementary schools by setting up an uncertain standard of 

admission, but also through a want of proper requirements for graduation prevents in 

thousands of cases the continuance of the course of education of youth in colleges and 

universities” (National Education Association of the United States, 1894, p. ii). The 

committee established nine conferences to make recommendations for reforms in specific 

subject areas. The Mathematics Conference, made up of mathematics professors and 

teachers from around the nation, was appointed by the Committee of Ten to make 

suggestions for standardizing and improving the secondary school mathematics 

curriculum in the United States. Figure 2.3 shows the committee’s recommendation for 

the year-by-year outline of classes for high school students.  

 As shown in Figure 2.3, the committee’s recommended courses represent a 

decidedly classical liberal-arts approach. Through their recommendations, those scholars, 

“...stressed the indispensability of mathematics…” (Meyer, 1957, p. 302). The 

Committee of Ten reserved a place for geometry among the necessary training for future 

college attendees. The Mathematics Conference made many recommendations for the 

course in geometry. In fact, two of the five chapters of their report focus on geometry: 

concrete geometry and demonstrative geometry. The authors suggested that concrete 

geometry be taught prior to high school, and that the course should focus on 

measurement, construction, estimation, and calculation. Demonstrative geometry was to 

be the focus of the high school geometry class, consisting almost exclusively of 

geometric proof (National Education Association of the United States, 1894).  
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Figure 2.3. High School Courses Recommended by the Committee of Ten 

Adopted from The Report of the Committee of Ten. The School Review, 2(3) (p. 153) by J. 
C. Mackenzie, 1894.  

The members of the Mathematics Conference firmly believed in the importance 

of geometric proof, “…whatever the training may accomplish for him geometrically, 

there is no student whom it will not brighten and strengthen intellectually as few other 
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exercises can” (National Education Association of the United States, 1894, p. 119). The 

members of the conference made it clear that simply reading the textbook and rote 

memorization would not suffice: 

As soon as the student has acquired the art of rigorous demonstration, his 
work should cease to be merely receptive. He should begin to devise 
constructions and demonstrations for himself…while there is no branch of 
the elementary mathematics in which purely receptive work, if continued 
too long, may lose its interest more completely, there is also none in which 
independent work can be made more attractive and stimulating (National 
Education Association of the United States., 1894, p. 115). 

These writers saw geometric proof, if taught correctly, as an unmatchable teaching tool. 

However, the conference had extremely high expectations for the work that students 

would be asked to do for the geometry courses to deliver on their very lofty claims:  

Many students who can reason logically cannot present a geometrical 
demonstration orally with due elegance of form. Their statement of the 
argument is incomplete or illogical, or they express themselves in an 
awkward and inexact manner. This is a fault which may render the 
recitation of the proofs…practically valueless…The remedy is obvious: 
abundance of oral recitation…and rejection of all proofs which are not 
formally perfect (National Education Association of the United States., 
1894, p. 114). 

 The recommendations of the Mathematics Conference and the Committee of Ten 

had profound consequences for the high school geometry curriculum. Now, the purpose 

of the course was to learn mathematical proof as a vehicle for training students in 

deductive reasoning, not simply to learn the content of Euclidean geometry. The art of 

proving was to be explicitly taught. Textbooks and classrooms changed accordingly 

(Herbst, 2002b, pp. 296-297). New Plane Geometry by W. Beman and D.E. Smith, a 

textbook written in the wake of the work of the Committee of Ten, certainly shows the 

new focus on logical reasoning and craft of proof. The proof below, in Figure 2.4, 

includes a suggestion for the student to construct “his” proofs elegantly and to always 

select the “shortest and clearest” method. 
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Figure 2.4. A Model Proof 

Adopted from New Plane Geometry (p. 16) by W.W. Beman and D.E. Smith, 1899, 
Boston: Ginn & Company. Retrieved from //catalog.hathitrust.org/Record/000119114   

The shift in the purpose of a course in geometry, from learning Euclid to learning 

how to reason deductively, was followed by another shift in the intended outcomes for 

students. In his Educational History of the American People, Adolphe Meyer (1957) 

says:  

The first concentrated studies of the curriculum were conducted almost 
wholly by scholars from the liberal arts colleges…What they expected 
from the high school above all else, was the preparation of the potential 
college academician—an expectation which very naturally caused them to 
favor a curriculum of intellectual discipline (p. 302). 
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In the first few decades of the 20th century, liberal arts professors no longer dominated 

curriculum reform for high schools. Instead school principals, superintendents, and 

professors of education began work on the curriculum (Meyer, 1957, p. 303).  

Educators began to consider whether a geometry course created in line with the 

recommendations of the Committee of Ten really served all high school students well, or 

only the college-bound academic elite. In the introduction to The Teaching of Geometry, 

Smith (1911) asks two key questions about the future of the geometry course: 

 …(1) Are the reasons for teaching demonstrative geometry such that it 
should be a required subject, or at least a subject that is strongly 
recommended to all, whatever the type of high school? (2) If so, how can 
it be made interesting (p. 4)? 

It seems that Smith wrestles here with the very same concerns that modern teachers have 

about curriculum, level of difficulty, and course requirements. He asks several more 

questions: Should geometry be made rigorous, but only be taken by students, “whose 

minds are capable of serious work?” Or should it be a required course, “diluted to the 

comprehension of the weakest minds?” Or is the class already suitable for all students if 

taught properly? (Smith, 1911, p. 4) Smith claimed that the primary “problem of 

teaching” is to, “make every minute of [the class] interesting” (p. 5). He rationalized that 

students don’t object to difficult work if they find it compelling, but, “…they do object to 

aimless and uninteresting tasks” (p. 5). He felt that their feeling of satisfaction from every 

success in proof would engender an enthusiasm for the subject.  

 As any teacher knows, making each minute of a class interesting for one’s 

students is a great challenge. Mathematics teachers struggle to strike the balance of 

appropriately rigorous and discouragingly challenging tasks. Herbst describes how the 

educators of the early 1900’s tried to help all students find more success in proof by 

simplifying the exercises. They reduced the required number of steps for each proof but 
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made the proofs more numerous. Students were expected not just to produce proofs from 

scratch, but to learn how to prove.  

Much of this changed the focus entirely, “from proving as a means to know new 

things to proving to practice known things in proofs” (Herbst, 2002b, p. 300). In Figure 

2.5 from the Beman and Smith textbook (1899), proposition VII is proved by 

contradiction (Figure 2.5). The student is then asked to prove proposition VIII in the 

same manner (Figure 2.6). The exercises provided correspond to the preceding 

propositions. However, no “example” exercises are given to assist the students in 

completing the exercises. Although most of the exercises require only a few steps of 

reasoning, they are by no means trivial. 

 

Figure 2.5. A Proof by Contradiction 

Adopted from New Plane Geometry (p. 18) by W.W. Beman and D.E. Smith, 1899, 
Boston: Ginn & Company. Retrieved from //catalog.hathitrust.org/Record/000119114 
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Figure 2.6. A Proof for Students to Complete 

Adopted from New Plane Geometry (p. 18) by W.W. Beman and D.E. Smith, 1899, 
Boston: Ginn & Company. Retrieved from //catalog.hathitrust.org/Record/000119114 

In 1913, authors Arthur Schultze and Frank Sevenoak introduced one of the most 

enduring fixtures to high school geometry in their textbook: the two-column proof (see 

Figure 2.7). As with all such proofs today, these authors gave a column for statements 

and a column for reasons. This not only emphasizes the importance of justifying each 

statement, but also makes it easier for the teacher to review the work (Herbst, 2002b, p. 

297). These authors also formally outlined the only acceptable reasons which a student 

could use in their proof: “a previously proved proposition; an axiom; a definition; or the 

hypothesis [what we might call the given]” (p. 19).  

Schultze and Sevenoak (1913) incorporated several more innovations in their 

textbook, including some that had been used before: small numbers in their diagrams to 

denote the angles of interest, a small square between intersecting segments to denote a 

right angle, an equal number of arcs inside angles to denote congruence, as well as marks 
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on segments to denote congruence or parallelism (Herbst, 2002b, pp. 303-304). Their 

intent with these innovations was to make the work of proving more approachable and 

clear. 

 

Figure 2.7. The Two-Column Proof 

Adopted from Schultze and Sevenoak’s Plane Geometry (p. 53) by A. Schultze and F. L. 
Sevenoak,1913, New York: The Macmillan company; [etc., etc.]. Retrieved from 

//catalog.hathitrust.org/Record/100399303 

The two-column format laid emphasis on explicitly showing an argument in a 

way that a ‘beginner’ could understand. It became a way for the teacher (or the textbook) 

to explain the proof to the students, as well as a way to determine the students fully 

understood the proof that they presented. The two-column format and the shorter nature 
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of the proofs and exercises—“the reduction of proof to its logical, formal aspects” 

(Herbst, 2002b, p. 307)—made proof more about giving explicit, formal reasons for 

things that were known to be true rather than about considering and proving conjectures 

that might be true. This approach has largely endured for an entire century of geometry 

teaching. Herbst quotes one of his students from the end of the 20th century as saying, 

“We did proofs in school, but we never proved anything.” (Herbst, 2002b, p. 307). 

Is this traditional approach to geometric proof valid or important—proving things 

that are already known to be true? Though proof has traditionally been a part of the high 

school math curriculum, does it still belong? Those questions will be addressed in the 

next chapter. 
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Chapter III 

Why Include Proofs High School at All? 

Teaching for Transfer 

This chapter considers the place of proof in high school geometry today, and its 

purpose in the learning journey of modern high school students. Ultimately, the goal of 

all learning in school is the goal of “transfer”—for students to transfer what they have 

learned to new contexts both in the classroom and beyond the classroom (Wiggins, 

2010). Students can acquire several transferable skills through learning proof. As this 

chapter will demonstrate, the desired outcomes of proof instruction in geometry include 

training students: to reason, to communicate their reasoning, to evaluate the reasoning of 

others, and to give meaning and understanding to new knowledge. 

It is claimed that geometric proof can train students to use logical, critical, and 

metacognitive thinking skills, and these modes of thought are very transferable to 

contexts beyond the math classroom (Dickerson & Doerr, 2014, p. 727). Certainly, the 

NCTM has emphasized the need for teachers to focus on developing their students’ 

logical and deductive reasoning abilities, but the NCTM has additionally emphasized the 

need for students to learn how to communicate their thinking clearly and compellingly. 

The NCTM’s Principles and Standards state: 

Secondary school students need to develop increased abilities in justifying 
claims, proving conjectures, and using symbols in reasoning. They can be 
expected to learn to provide carefully reasoned arguments in support of 
their claims. They can practice making and interpreting oral and written 
claims so that they can communicate effectively while working with 
others and can convey the results of their work with clarity and power 
(NCTM, 2000, p. 288).  
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Although the Principles and Standards (2000) state that, “High school students 

should be able to present mathematical arguments in written forms that would be 

acceptable to professional mathematicians” (p. 58), they clarify that, “the particular 

format of a mathematical justification or proof, be it narrative argument, ‘two-column 

proof,’ or a visual argument, is less important than a clear and correct communication of 

mathematical ideas appropriate to the students’ grade level” (p. 58). Importantly, the 

format should not get in the way of the substance of the argument. Herbst (2002b) writes: 

The Principles and Standards (NCTM, 2000) provide the elements to 
envision classrooms where students’ active participation in making 
knowledge claims is accompanied by responsibility to argue why those 
claims are reasonable…The crucial questions should not be whether 
students’ arguments are expressed in a form that a logician would approve 
of, but whether  they are adapted to the nature of the mathematical objects 
that a community of knowers wants to know more about (p. 308). 

In addition to communicating their own reasoning, students should be able to 

evaluate the reasoning of others. The Common Core State Standards (2018) for 

mathematics state that students should be able to listen to, “or read the arguments of 

others, decide whether they make sense, and ask useful questions to clarify or improve 

the arguments” (p. 1). Students’ critiques of others’ reasoning not only affords them an 

opportunity to practice critical thinking; those critiques provide valuable feedback to their 

fellow students on their logical and deductive reasoning. Feedback is an extremely 

helpful tool in improving student learning. Grant Wiggins (2012), a notable researcher on 

educational practice, writes: “Decades of education research support the idea that by 

teaching less and providing more feedback, we can produce greater learning” (p. 12), and 

“peer review is [a] strategy for managing the load to ensure lots of timely feedback” (p. 

15). Thus, making the evaluation of proof part of the learning process in the geometry 

classroom, should be a priority. Proof evaluation not only develops critical thinking 
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skills, but it helps give feedback to those practicing the deductive reasoning and 

communication skills.  

Proof is also, “essential in mathematics education…as a necessary aspect of 

knowledge construction”(Herbst, 2002b, p. 308). The NCTM Principles and Standards 

(2000) also address the topic of knowledge construction through conjecture and 

discovery:   

Doing mathematics involves discovery. Conjecture—that is, informed 
guessing—is a major pathway to discovery…Beginning in the earliest 
years, teachers can help students learn to make conjectures by asking 
questions: What do you think will happen next? What is the pattern? Is 
this true always? Sometimes?...To make conjectures, students need 
multiple opportunities and rich, engaging contexts for learning (p. 57). 

Traditionally, when learning proofs, students have been given predetermined statements 

to prove, and often students are already certain these statements are true—there is really 

nothing to prove (Cox, 2004, p. 48). In her article entitled “Using Conjectures to Teach 

Students the Role of Proof”, teacher Rhonda Cox (2004) writes:  

For students to see the use of proof writing…they must see how 
mathematicians use proof…Proof is only one step in a process of learning 
and discovering new mathematics. First, the mathematician makes a 
conjecture that is based on observations, tests the conjecture, and then 
works to justify the conjecture through proof (p. 48). 

Investigation and conjecture are an essential part of every student’s mathematical 

journey, and they should certainly be the basis of a student’s entry into geometric proof 

(Cox, 2004; Serra, 2013).  

 The skills addressed in the preceding section—logical reasoning, clear 

communication, critical reasoning, conjecturing and investigation—are all transferrable 

skills that can be taught through proof in the geometry classroom. They make proof a 

desirable subject for study in the high school mathematics curriculum. 
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Inducting Students into the Discipline 

 There are other reasons why proof should be taught to students. David Perkins 

(1993), a professor at the Harvard School of Education, claims that it is important to help 

students see how concepts and principles in a discipline connect to, “how the discipline 

works as a system of thought” (p. 10). Perkins states:  

…all disciplines have ways of testing claims and mustering proof—but the 
way that’s done is often quite different from discipline to discipline. In 
science, experiments can be conducted, but in history evidence must be 
mined from the historical record…in mathematics we justify a theorem by 
formal deduction from the givens (p. 10). 

He suggests that if teachers want to teach for understanding, one of the things they should 

do is to: “[induct] students into the discipline” (p. 7). So, how do real mathematicians do 

proof? And why do they do it? 

In his paper entitled “The Role and Function of Proof in Mathematics”, Michael 

de Villiers (1990) outlines what he sees as the purposes of mathematical proof, shown in 

Table 3.1. 

Very often, proof is used by mathematicians to verify conjectures, but very rarely does 

proof convince a mathematician of something that he or she was not quite sure of to 

begin with. De Villiers (1990) states: “Proof is not necessarily a prerequisite for 

Table 3.1 
The Purposes of Mathematical Proof  
Verification Concerned with the truth of a statement 
Explanation Providing insight into why it is true 
Systematization The organization of various results into a deductive system of 

axioms, major concepts and theorems 
Discovery The discovery or invention of new results 
Communication The transmission of mathematical knowledge 
Adopted from “The Role and Function of Proof in Mathematics” by M. de Villiers, 
1990, Pythagoras, 24 (November), p. 18. 
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conviction—conviction is far more frequently a prerequisite for proof” (p.18). 

Mathematicians can investigate “quasi-empirically” to get an idea of whether something 

is likely to be true and test claims by attempting to find counterexamples; development of 

this conviction is often the motivation for a mathematician to attempt a proof (de Villiers, 

1990, p. 18).  

 Proved conjectures can be trusted and relied upon in further mathematical work. 

This dependability is an aspect of the mathematical discipline that sets it apart from other 

sciences (Krantz, 2011). In his book The Proof is in the Pudding, Krantz (2011) states:  

[Proof] is our lingua franca; it is the mathematical mode of discourse. It is 
our tried-and-true methodology for recording discoveries in a bulletproof 
fashion that will stand the test of time. A proof is the official certification 
that something is true (p. 19).  

Krantz (2011) continues: 

Mathematics (traditionally) is equipped with a sort of certainty that other 
sciences do not possess. Mathematics lives completely inside the 
analytical system that we humans have created. We have endowed the 
system with a reliability, reproducibility, and portability that no other 
science can hope for…The theorems that Euclid and Pythagoras proved 
millennia ago are still valid; and we use them with confidence because we 
know that they are just as true now as they were when those great masters 
first discovered them (pp. 18-19).  

This “unassailable” dependability and reproducibility allows engineers, architects, and all 

others who use mathematics to do so with absolute confidence (Krantz, 2011). It is 

important to convey to students the weight that proof can carry as part of their “induction 

into the discipline” of mathematics. 

 However, the focus of proof should not simply be that of the verification of 

unimpeachable truths. According to de Villiers (1990), there’s a higher purpose of proof 

than verifying the truth of a claim: “…for probably most mathematicians the 

clarification/explanation aspect of a proof is generally of greater importance than the 
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aspect of verification.” (p. 20). He says, “it is not a question of ‘making sure’, but rather a 

question of ‘explaining why’ ” (p. 20). If, as Perkins (1993) suggests, students should be 

inducted into the mathematical discipline, their focus when proving must be “explaining 

why” not just “making sure.” Approaching the proof from the perspective of an actual 

mathematician can help students see the importance of proof and the reasons for doing it. 
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Chapter IV 

How Should Proof Be Approached? 

The reasons for teaching proof in geometry (as mentioned in the previous chapter) 

give some direction as to the approach that should be taken in the classroom. If students 

are not learning the skills of reasoning, communicating, and constructing new knowledge, 

then the approach fails to achieve the desired outcomes. Additionally, the approach 

should pattern what real mathematicians do while still making proof accessible for the 

students.  

 Research has shown that students are not able to think deductively when formally 

(or even informally) proving a conjecture until they have first developed the ability to 

visualize and describe concepts through investigation (Serra, 2013, p.1). This research, 

performed by many educators over four decades, has supported the van Hiele (1959; 

1986) model of geometric reasoning, shown in Table 4.1. 

Table 4.1 
The van Hiele Model of geometric reasoning 
Level 0 Visualization – students can identify rectangles by sight but squares 

are squares and are not seen as special rectangles 
Level 1 Analysis (descriptive) – students can identify properties of 

rectangles (by drawing, measuring, and making models) but cannot 
yet derive other properties from given. 

Level 2 Informal Deduction – students can give an informal argument to 
justify that the figure is a rectangle from given properties.  

Level 3 Formal Deduction – students are capable of creating original logical 
arguments. 

Level 4 Rigor – students are capable of reasoning about mathematical 
structures (i.e. Euclidean vs. non-Euclidean geometries). 

Adopted from Proof in Discovering Geometry by M. Serra, 2013, p. 1. Retrieved from 
//www.michaelserra.net/weblog/2013/08/proof-in-discovering-geometry.html 
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The research has shown that “these levels are sequential and hierarchical” (Serra, 2013 p. 

1). This simply means that students must master the lower levels of the model before 

attempting the higher ones. This must obviously be a consideration in one’s approach to 

teaching geometric proof. 

Textbook author and teacher Serra (2013) says that traditionally, “the function of 

proof in a high school geometry course has been mostly two-fold: to remove doubt…—

verification, and to establish geometry as a mathematical system—systematization” (p. 

2). Both of these functions represent the highest van Hiele levels, and yet that is exactly 

how most geometry textbooks and classes begin: a systematic development of geometry, 

in the manner of Euclid, from definitions, postulates, and proof (Serra, 2013). Serra 

writes: “Geometry textbooks that begin their geometry program with lists of definitions 

and postulates, and then begin doing two-column proof are ignoring the research” (p. 2). 

Serra (2013) states: “Research shows 70% of high school students enter geometry 

operating at level 0 or 1 on the van Hiele measure of geometric reasoning” (p. 1) . He 

reasons that since traditional geometry textbooks develop proof immediately at level 3 

and 4, it is not surprising that so many students struggle to truly master proof.  

Additionally, Serra (2013) suspects teachers who claim to have high success rates 

teaching students proof in the traditional manner are teaching “imitation geometry”—

where students are able to go through the motions, but not really understand what they 

are doing. Author of Mathematician’s Delight, Sawyer (2007) describes what is meant by 

“imitation geometry”: 

Nearly every subject has a shadow, or imitation. It would, I suppose, be 
quite possible to teach a deaf and dumb child to play the piano. When it 
played a wrong note, it would see the frown of its teacher, and try again. 
But it would obviously have no idea of what it was doing, or why anyone 
should devote hours to such an extraordinary exercise. It would have 
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learnt an imitation of music. And it would fear the piano exactly as most 
students fear what is supposed to be mathematics (p. 8).  

Herbst (2002a) voices the same concern as Serra, he states, “ ‘doing (two-column) 

proofs’ …is scripted to such an extent that students’ ‘smart’ actions are really just their 

noticing of cues” (p. 308).  

 If those are some of the pitfalls to teaching proof in Geometry, how can it be 

approached in a way that students instead find success and truly understand what they’re 

doing? Sawyer (2007) suggests: 

The Great Pyramid was built in 3900 B.C., by rules based on practical 
experience: Euclid’s system did not appear until 3,600 years later. It is 
quite unfair to expect children to start studying geometry in the form 
Euclid gave it. One cannot leap 3,600 years of human effort so lightly! 
The best way to learn geometry is to follow the road which the human race 
originally followed: Do things, make things, notice things, arrange things, 
and only then reason about things (p. 17). 

This aligns with Senk’s (1989) research: that students must first approach new 

geometrical learning from van Hiele levels 0 and 1—visualizing and analyzing—before 

they can realistically succeed at levels 2 and 3—informal and formal deduction. 

Therefore, the first pillar of the approach to proof instruction advocated in this thesis is: 

tinkering and noticing should always precede reasoning and proving. The word tinkering 

is used to describe the process of gaining “practical experience” by doing things, making 

things, noticing things, and arranging things. 

 Once students have gained practical experience through tinkering and noticing, 

the process of reasoning and proving must be framed appropriately. The previous chapter 

addresses the importance of conjectures as the basis of proof. The second pillar of the 

approach advocated in this thesis is: conjecture must be the primary means of bridging 

students’ observations to reasoning about those observations. Conjectures motivate proof 

(Cox, 2004, p. 48). Once a student has noticed that a property seems true in several 
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contexts, the student’s conjecture that the property is true in every context can be verified 

through proof.  

More importantly, the proof clarifies for oneself and others why the property is 

true (de Villiers, 1990). This is the third pillar of the approach advocated in the thesis: 

proof should be framed as a process of “explaining why,” and should be the medium 

through which a student makes his or her reasoning visible to others. The pillars are 

summarized in Table 4.2 below. 

These pillars are the philosophical foundation of the newly designed instructional 

units featured in the next chapter. They are based on the same research as Michael Serra’s 

Discovering Geometry textbook (2017), and the approach taken in the redesigned 

instructional units is closely aligned with this book. The redesigned units also rely on the 

following resources for content, methodology, and activities: 

• Geometry, Vo1. 1 – a textbook by James Tanton 

• Geometry Labs – a publication Henri Picciotto 

• Math Education Page – a website by Henri Picciotto 

• The National Council of the Teachers of Mathematics website 

Table 4.2 
Pillars of the Recommended Approach to Proof 
Pillar 1 Tinkering and noticing should always precede reasoning and proving. 

 
Pillar 2 Conjecturing must be the primary means of bridging students’ 

observations to reasoning about those observations. 
 

Pillar 3 Proof should be framed as a process of “explaining why” and should be 
the medium through which a student makes his or her reasoning visible 
to others. 
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• The Geogebra website 

The redesigned units do not follow the traditional development of the entire 

Euclidean body of geometric knowledge from a few postulates and definitions. Thus, the 

key discoveries are identified primarily as “conjectures”. This is mostly because not 

every conjecture is rigorously proved: some are simply accepted as postulates based on 

investigations made by the students.  

Again, the primary purpose of proof in the redesigned course is not systemization 

(de Villiers, 1990), nor is it to reach the fourth van Hiele level of rigor (Serra, 2013). 

Professors of mathematics education, Battista and Clements (1995) state, “…the explicit 

study of axiomatic systems is unlikely to be productive for the vast majority of students 

in high school geometry” (p. 50). Therefore, many postulates and theorems traditionally 

issued at the beginning of a geometry text are omitted since they are self-evident, and 

they obfuscate rather than clarify. Among these sorts of statements are: the protractor 

postulate, the ruler postulate, the segment addition postulate, the angle addition postulate, 

the reflexive property of equality, and the symmetric property of equality. Additionally, 

proofs of obvious statements, like the one shown in Figure 3.1, tend to make the idea of 

proof seem tedious and pointless, and will be left out of the curriculum (Cirillo, 2009, p. 

253). 

Treating certain statements as self-evident postulates, while treating other 

seemingly self-evident statements as theorems requiring rigorous proof becomes 

problematic and confusing. For instance, any of the conjectures regarding parallel lines 

cut by a transversal can be accepted as a postulate (corresponding angles conjecture, 

alternate interior angles conjecture, alternate exterior angles conjecture and consecutive 
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interior angles conjecture), and the others can be subsequently proved (Serra, 2017, p. 

141). Different textbooks make different choices as to which of the conjectures to accept  

 

Figure 4.1. A Tedious Proof 

Adopted from Ten Things to Consider When Teaching Proof (p. 254) by M. Cirillo, 2009, 
The Mathematics Teacher, 103(4), 250–257. 

as a postulate, and which are to be proved. For instance, the Larson Geometry textbook 

takes as a postulate that the corresponding angles of parallel lines cut by a transversal are 

congruent from which the other theorems about parallel lines are to be proved (Larson, 

Boswell, Kanold, & Stiff, 2012, p. 146). In contrast, the textbook by Tanton (2016) takes 

as a postulate that the interior angles of a triangle add to 180 degrees, and from there 

proves all of the parallel line theorems. It is pedantic to act as if only one of those 

statement can be accepted as a postulate, while the others must be proved deductively. 

Given that most of the students are nowhere near level 4 of the van Hiele hierarchy, they 
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will be unable to appreciate the systemization at hand. For this reason, the units designed 

in this thesis treat all of these statements as conjectures rather than postulates or 

theorems, so that the question of which idea must be accepted “on faith” is moot. 

The redesigned course is devoted to developing students’ reasoning and 

communication skills through geometric proof. As mentioned earlier, the approach to 

proof will be based on three pillars: tinkering, conjecturing, and explaining. The next 

chapter outlines the redesigned instructional units in more detail. 

  



 

31 

Chapter V 

Redesigned Units 

This thesis showcases three redesigned instructional units: Patterns and Inductive 

Reasoning, Properties of Triangles, and Properties of Polygons and Quadrilaterals. This 

chapter outlines how those units were planned with the Understanding by Design 

framework and gives an overview of each of the units. The complete unit plans may be 

found in the appendices. 

Planning Using the Understanding by Design Framework 

The plans were created using the unit planning template from the Principia Upper 

School. The template is based on the Understanding by Design (UbD) framework 

developed by educational experts Wiggins and McTighe (2012). The following passage is 

one of the "tenets" on which the UbD framework is based:  

Effective curriculum is planned backward from long-term, desired results 
through a three-stage design process (Desired Results, Evidence, and 
Learning Plan). This process helps avoid the common problems of treating 
the textbook as the curriculum rather than a resource, and activity-oriented 
teaching in which no clear priorities and purposes are apparent (Wiggins 
& McTighe, 2012, p. 1). 

Planning a unit of instruction begins with considering the "desired results" by 

asking: "What enduring understandings are desired? What essential questions will be 

explored in-depth and provide focus to all learning?...What should the students know, 

understand, and be able to do?" (Wiggins & McTighe, 2012, p. 2). At Principia, the 

teachers are asked to have essential questions paired with each of their enduring 

understandings. These essential questions are the focus of the unit's assessments. The 

daily lesson plans should also be driven by the essential questions and should be based on 
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the "desired results"; this keeps the lessons and activities focused and purposeful. Strong 

essential questions are nuanced, interesting, and, "...suggest the kinds of connections that 

students should make all year" (Wiggins, 2010, p. 1). Here is an example of an essential 

question from Unit 4: What makes an excellent proof? The corresponding enduring 

understanding that students are expected to develop is: Proof must be based on given 

information, axioms, postulates or previously proved theorems. Clarity of thought and 

expression is imperative in an excellent proof. Notice, that the understanding is not able 

to answer the essential question fully. The essential question is debatable. Valid answers 

could include opinions, and students' answers might change over time. The attributes 

make the essential question one that can be revisited throughout the unit and future units 

as students deepen their understanding of what a proof is and what makes a proof 

excellent (Wiggins & McTighe, 2013, p. 3). 

For each of the following units, the understandings, essential questions, 

knowledge standards, and skills were first listed in UbD unit templates. Then, each lesson 

was planned. A host of resources was used to construct the learning plan: textbook 

resources, resources discovered through the research for this thesis, and resources created 

by myself including Geogebra applets and other investigations. 

Unit 2: Patterns and Inductive Reasoning 

The enduring understandings and essential questions for this unit are shown 

below in Table 5.1. These understandings and essential questions focus on several of the 

most important transferrable skills to be learned by students' through their study of proof: 

logical reasoning, clear communication, and critical reasoning. 
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The unit on inductive reasoning deals primarily with defining numerical and 

visual patterns. Through the unit, the students learn to express their reasoning through 

multiple representations, known as “the rule of four”—which is the “balance among the 

algebraic, numerical, graphical, and verbal methods of representing problems” (Demana, 

Waits, Foley, & Kennedy, 2011, p. xv). Panasuk (2010) researched the use of multiple 

representations in mathematics education. She states: 

Undeniably, multiple representations should be an integral part of teaching 
and learning mathematics...multiple external representations presented to 
the students are likely to stimulate in students the development of 
conceptual understanding of mathematics. With the encouragement of and 
support of teachers students will be able to internalize and integrate 
multiple representations into their cognitive structure and use the 
representations as a communication tool (p. 253). 

The unit on inductive reasoning trains students to communicate about patterns 

using the rule of four: to draw the next figure in a sequence, to show the pattern 

numerically with a table of values, to define the pattern algebraically with an equation, 

and to explain the pattern verbally through well-labeled diagrams and a succinct yet clear 

summary. This process cycles through the three pillars of the approach to proof described 

in Chapter 4. Students spend much of their time tinkering and conjecturing through a 

process of guess and check before going on to explain why a pattern works using the rule 

Table 5.1 
Unit 2 Understandings and Essential Questions 
Enduring Understandings: Essential Questions 
1. Mathematical explanations are often 
enhanced by multiple representations (the 
rule of four). 

1. What makes an explanation 
compelling? 

2. Conjectures can be verified using 
counterexamples and deductive proof. 

2. When can you be certain that a 
conjecture is true or false? 

3. Feedback helps us refine our thinking 
and craft clearer, more compelling 
arguments. 

3. Why should feedback be a part of a 
math class? 
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of four. The different representations of each pattern serve as a proof since the 

connections between them effectively “explain why”. Although this unit does not 

introduce deductive proof, it nevertheless lays a foundation by training students to 

support their reasoning in a clear and multifaceted way. 

As an example, the Pattern Block Train task, adapted from a resource created by 

Henri Picciotto (n.d.), asks students to show a pattern in a table, summarize the pattern 

using an equation, and then use a well-labeled diagram to explain the correspondence 

between each, as shown in Figure 5.1. Figure 5.2 shows an exemplar of an explanation 

for one of the "fancy trains" near the end of the task.  

 

Figure 5.1. Pattern Block Train Task: The Triangle Train 

Adapted from Pattern Block Trains created by H. Picciotto (n.d.). Retrieved from 
//www.mathed.page/teachers/trains.pdf 
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Figure 5.2. The Pattern Block Train Task 

 



 

36 

This unit devotes considerable time to defining linear patterns, but non-linear 

patterns are also addressed. One of the learning goals is for students to break complex 

problems into smaller parts so that they are easier to approach. Consider the visual 

pattern shown in Figure 5.3. The pattern becomes easier to define if each of its terms is 

broken into pieces and tracked by color in a table like the one shown in Figure 5.4. 

 

Figure 5.3. A Visual Pattern with Cubic, Linear and Constant Terms 

Adopted from Pattern #23 by D. Wees, 2017. Retrieved from 
//www.visualpatterns.org/21-40.html 

 

Figure 5.4. Numerical representation of the visual pattern in Figure 5.3 

 

 The unit on inductive reasoning is not an end unto itself. It prepares students for 

proof by training them to tinker and conjecture about patterns and then explain the 



 

37 

patterns using multiple representations. In next step towards the first full unit on proof, 

students look at geometric patterns and explain those patterns using the rule of four. The 

investigation of the bisector of an obtuse angle (Serra, 2017, p. 120) is one example of 

such a task. Students use a Geogebra applet pictured in Figure 5.5 to answer the questions 

in Figure 5.6. They tinker with the applet to arrive at their conjecture and consider why 

the conjecture must be true. There are many possible valid explanations, but the best ones 

will make use of the rule of four including: a diagram, an algebraic representation (to 

prove the conjecture generally), a numeric representation (to show the conjecture holds 

for specific cases), and a verbal explanation (to make one’s reasoning clear). Figure 5.7 

shows one such explanation of the conjecture: if an obtuse angle is bisected, the two 

resulting angles must have measures between 45° and 90°.  

 

Figure 5.5. Geogebra Applet: Bisector of an Obtuse Angle Investigation 

 

In this example, the “rule of four” serves as a means of proving. This trains 

students to consider thorough explanations as valid means of proof. In his textbook 
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Geometry, Tanton (2016) states: “A proof is any piece of mathematical writing—clearly 

and succinctly presented—that will convince the reader of the validity of any claim 

made” (p. 192). This straightforward sense of proof aims at training students to explain 

their thinking plainly rather than being tied up with unnecessary formality or structure, 

and this is the direction from which proof will be explored in these units. As mentioned 

before, the format of a proof is of small importance compared to the clarity argument 

(NCTM, 2000). In his Lament, Lockhart (2009) describes the nature of a meaningful 

mathematical proof:  

[A proof’s goal] is to satisfy. A beautiful proof should explain, and it 
should explain clearly, deeply, and elegantly. A well-written, well-crafted 
argument should feel like a splash of cool water, and be a beacon of 
light—it should refresh the spirit and illuminate the mind. And it should 
be charming (p. 18). 

 

Figure 5.6. Worksheet: Bisector of an Obtuse Angle Investigation 
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Figure 5.7. Rule of Four Explanation: Bisector of an Obtuse Angle 

 

The measures of an explanation’s worth are its clarity, depth, and elegance. An 

explanation’s worth can be judged not only by an instructor, but also by fellow students. 

Throughout this unit, students will share their explanations and give feedback to one 

another about their clarity and validity. This not only gives the student who wrote the 

argument a critique of their deductive reasoning; it’s also an opportunity for the student 

giving the feedback to practice their critical thinking which is another very important 

instructional aim of the proof process (CCSSO, 2018). Students will give positive and 
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constructive feedback using these stems: “I like how you…”, “I don’t follow…”, “I 

disagree with…”, “Have you considered…”. Highlighting the reasoning of the students 

can help set the norms, values, and expectations of the class surrounding proof (Dawkins 

& Weber, 2017, p. 139). The role of this unit is to set expectations of clear, deep, and 

elegant explanations. Later units build upon and solidify these expectations when 

geometric proof is treated more fully. 

Unit 4: Properties of Triangles 

Triangle congruence proofs, a standard high school geometry topic, are the main 

focus of the second unit redesigned for this thesis. During this unit, students pursue a 

considerable number of investigations using manipulatives, patty paper (translucent 

waxed paper primarily used to separate hamburger patties), and Geogebra to address 

pillars 1 and 2 of method of proof—tinkering and conjecturing. Throughout the unit, 

these investigations naturally lead the student to a focus on pillar 3—explaining why. 

However, this unit takes proof one step further in that it provides more structure to proof 

and offers strategies for organizing their thinking. The enduring understandings and 

essential questions for Unit 4 are shown in Table 5.2. 

This unit begins with a discovery of the triangle sum conjecture: the interior 

angles of a triangle add to 180 degrees. Students start with the triangle tearing activity 

and then tinkering with a related Geogebra applet. Then the class undertakes a formal 

proof of the triangle sum conjecture. 

A series of investigations, each involving “rule of four” explanations, focus on the 

triangle inequality conjecture, the exterior angles conjecture, and the base angles 
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conjecture. Of these, the students will only be asked to formally proved the exterior 

angles conjecture.  

Students will next be taught proof strategies similar to the “rule of four” 

explanations they have grown familiar with. These strategies are suggested by James 

Tanton (2016) in his textbook:  

• Read through the givens and mark on the diagram. 

• Look at what you’re being asked to prove. 

• Without writing anything, just “talk” through some ideas to see if 
you can get a feel for what’s going on. 

• Write out exactly what you said in your mind with absolute care. 

• List each step of reasoning one at a time. 

• Use the word “because” in the middle of each sentence you write. 
This will force you to really catch the details and will convince the 
reader that what you are saying is really true. 

Table 5.2 
Unit 4 Understandings and Essential Questions 
Enduring Understandings: Essential Questions 
1. With limited information about 
geometric figures, a considerable amount 
of information can be deduced. 

1. How much information is enough to 
prove two triangles are congruent? 

2. Proof must be based on given 
information, axioms, postulates, or 
previously proved theorems. Clarity of 
thought and expression is imperative in an 
excellent proof. 

2. What makes an excellent proof? 

3. Since proof is often a means of 
explaining "why" and convincing others, 
it is imperative that one's reasoning is 
presented in a format that is easy to 
follow, and that nothing is left unsaid.  

3. How can you make your thinking 
visible? 

4. Investigating specific figures allows 
mathematicians to formulate and refine 
conjectures. 

4. If I can't prove a conjecture by 
example, why is it important to 
investigate specific cases? 
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• Be very clear about what facts from geometry you are using when 
you explain your ideas. (pp. 194-195) 

The proof proposed in Figure 5.8 will be used as an example of how to employ 

these strategies to craft a proof.  

 

Figure 5.8. Proof adapted from Tanton’s Geometry  

Adapted from Geometry, Vol. 1 (p.65) by J. Tanton, 2016, Morrisville, NC: Lulu.  

First, the given information states that two angle measures are equal; those may 

either be marked with angle congruence arcs or labeled with the same variable as has 

been done in the diagram with an x. Once the goal of the proof is considered—to prove 

that —it is natural to suspect that the path to proof may entail the triangle sum 

conjecture. It is therefore helpful to consider the two overlapping triangles separately, as 

in Figure 5.9. So now, as Tanton (2016) suggests, I will, “‘talk’ through some ideas 

∠A ≅ ∠C
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to…get a feel for what’s going on” (p.194). If the two triangles share an angle,  

(labeled with a w), and they have another pair of angles that are congruent, 

 (labeled with x’s), then each of the remaining angles in the triangle 

must be congruent by the triangle sum theorem.  

 

Figure 5.9. Overlapping Triangles from Figure 5.8 Separated 

 

Now, I will follow the next step of Tanton’s (2016) process by carefully writing out what 

was “said” using the word “because” between my statements and their justifications. To 

start the proof, these statements can be made: 

because the interior angles of the triangles sum to 180 degrees. 

The previous statements can be rearranged algebraically (because of the subtraction 

property of equality):  

∠B

∠BEF ≅ ∠BDF

m∠A+ x + w = 180!

m∠C + x + w = 180!
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Therefore,  because of the transitive property of equality. And if the two 

angles have equal measures, that means that they must be congruent: . 

 Notice that although this proof above is still in the form of an explanation using 

multiple representations (pictorial, algebraic, and verbal representations), it constitutes 

what math educators would classify as a paragraph proof. It will be stressed during class 

that students should not feel anxious if they are unable to recall the correct terminology—

rather, they students should endeavor to explain their reasoning as clearly as they can. If 

for instance they invoke the substitution property of equality instead of the transitive 

property, that will be judged as adequate. Even an explanation as informal as the 

following should be regarded as acceptable: since both  and  equal 

, they must be equal to one another: . 

Next, this unit focuses on proving triangle congruence. Each of the triangle 

congruence “shortcuts” (SSS, SAS, ASA, AAS) will be discovered through 

manipulatives, applets, and constructions; the AAA and SSA cases will be proved as 

invalid shortcuts by counterexample.  

Near the end of this unit, students are taught flowchart proofs in order to make 

their thinking visible while still allowing non-linear thinking. Flowchart proofs, as shown 

in Figure 5.10, will be the standard method of organizing proofs for the second half of 

this unit, that is, for all triangle congruence proofs. Serra (2017) writes: 

 Sometimes a logical argument or a proof is long and complex, and a 
paragraph might not be the clearest way to present all of the steps. A 
flowchart is a visual way to organize all the steps in a complicated 
procedure in proper order. Arrows connect the boxes to show how facts 
lead to conclusions. Flowcharts make your logic visible so that others can 
follow your reasoning (p. 243). 

m∠A = 180! − x − w
m∠C = 180! − x − w

m∠A = m∠C

∠A ≅ ∠C

m∠A m∠C

180! − x − w m∠A = m∠C
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Figure 5.10. Flowchart Proof 

Adopted from Discovering Geometry with Probability, 5th  ed. (p. 244) by M. Serra, 2017, 
Dubuque, IA: Kendall Hunt Publishing Company. 

Unit 5: Polygons, Quadrilaterals and their Properties 

The major difference between unit 4 and unit 5 is that in this unit, students will be 

behaving more like real mathematicians: formulating their own conjectures, deciding 

which ones are worth proving, and then proving those conjectures with deductive proof. 

The enduring understandings and essential questions for unit 5 are shown in Table 5.3. 

The first lessons in this unit deal with the interior and exterior angles of polygons. 

Students will first tinker with Geogebra applets to make observations and conjecture 

about the pattern. Next, they will complete the "polygon tearing" activity where the 

students tear the corners off of premade polygons (quadrilaterals, polygons, and 

hexagons) and then orient those such that the vertices touch in the middle and the sides of 

the angles are adjacent. The corners of the quadrilateral will complete a full rotation, and 
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the corners of the pentagon and hexagon will swirl around such that they will overlap 

other pieces to complete a rotation-and-a-half and two rotations respectively. Through the 

Geogebra applets and polygon tearing activity, students will create a table of values that 

give the sum of the interior angles in terms of the number of sides of a polygon, and 

conjecture possible equations that describe the relationship. The class will then prove 

why the conjecture is true using the “rule of four.” 

Next, students will examine several Geogebra applets to make conjectures 

regarding the sum of the exterior angles of a polygon. They will prove their conjectures 

for quadrilaterals, pentagons, or hexagons. As a class, we will create a proof of the 

conjecture for the sum of the exterior angles of any convex polygon.  

The quadrilateral portion of this unit is the culmination of all of the other work 

done on proof by the students up to this point. This is their opportunity to truly be 

“inducted into the discipline” and feel what it is like to work like a real mathematician 

(Perkins, 1993, p. 10). This portion of the unit will make use of the quadrilateral task 

created by Henri Picciotto (2004), which is quite similar to the approach advocated by 

Table 5.3 
Unit 5 Understandings and Essential Questions 
Enduring Understandings: Essential Questions 
1. Though you may have a notion that a 
property holds true in general based on 
investigations and your inductive 
reasoning, you cannot know it is true 
generally unit it is proved through a 
deductive proof. 

1. When can I be certain that a geometric 
property is true? 

2. Properties of triangles are essential in 
proving properties of quadrilaterals and 
polygons. 

2. What can triangles tell me about 
quadrilaterals and polygons? 

3. With limited information about 
geometric figures, a considerable amount 
of information can be deduced. 

3. If I know a single piece of information 
about a quadrilateral, what else can I infer 
about the figure? 
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Rhonda Cox in her article, “Using Conjectures to Teach Students the Role of Proof” 

(2004). In the teacher notes of the unit, Picciotto (2004) writes:  

Students make conjectures about quadrilaterals, diagram them, and then 
write proofs of these or find counterexamples…[This approach] tries to 
make proof a method to establish truth meaningful to the majority of 
students—instead of proof as something you do because that’s what the 
teacher inexplicably insists on. The key message is that proofs and 
counter-examples are the tools we use to figure out whether conjectures 
are true (p. 1). 

At the beginning of the unit, students are instructed to draw and label two 

examples of each kind of quadrilateral—making sure to draw the “least special drawing 

possible for each example” (e.g. not drawing a square as the example of a parallelogram 

since it is a special type of parallelogram). Once the drawings have been made, students 

make several conjectures using the list of possible statements provided and following the 

conditional statement format: For a quadrilateral, if [statement 1], then [statement 2]. 

Then, the statements are represented as if-then diagrams as shown below.  

 

Figure 5.11. If-Then Diagram 

 Note: The diagram signifies the conjecture: “For a quadrilateral, if the opposite sides 
are parallel, then the opposite sides are congruent.” 

Here are some other possible statements to be inserted into the if-then format:  

• Opposite sides are parallel 
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• Opposite sides are equal 

• All sides are equal 

• One pair of sides are both parallel and equal 

• Two pairs of consecutive sides are equal 

• Opposite angles are equal 

• Consecutive angles add up to 180 degrees 

Students are then asked to classify conjectures in the following groups, 

conjectures that are: obviously false, probably false, probably true, obviously true. 

Students will investigate the conjectures using Geogebra to verify which conjectures 

seem to be true and which seem to be false. The remainder of the unit is devoted to 

students proving or disproving their conjectures in small groups. They will start off the 

proof process for each conjecture, by following James Tanton's recommendation to "talk 

through ideas to get a sense of what's going on", and then they will construct a formal 

proof of the conjecture.  

 Each day students will present their proofs or counterexamples to the class and be 

given feedback. Alternative approaches to proving the same conjectures will be 

celebrated. All of the valid proofs will be cataloged. In the end, each student will need to 

submit at least five completed proofs of conjectures on the list, and five counterexamples 

disproving conjectures on the list.  

The structure of this task is meant to lead students through each of the levels in 

the van Hiele model of geometric reasoning listed in Table 4.1. Students will first identify 

quadrilaterals visually and draw them, which is level 0, visualization. Then, students will 

conjecture about the properties of quadrilaterals using Geogebra applets, which brings 

them to level 1, analysis. The will informally talk through their conjectures to develop a 
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plan for a formal proof, which takes them to level 2, informal deduction. Finally, students 

will formally prove their conjectures; this step brings them to level 3, formal deduction. 

In a more traditional geometry class, students might simply be asked to complete a proof 

for a particular property of quadrilaterals, dropping them directly in the van Hiele level 3. 

The instructor will keep a list of the original conjectures on a shared Google 

document and will track what has been established by the students and what has yet to be 

proved or disproved. Many of the conjectures that have been proved, will be used to 

prove other conjectures. This brings the students to the final level of the van Hiele model, 

level 4, rigor. Students will have a sense of the systematic nature of proof, and how each 

result enabled other results to be proved. By the end of the unit, students will have a 

fairly comprehensive collection of the properties of quadrilaterals that they have formally 

proved.  

 This approach might be uncomfortable for many students since it is not a 

foregone conclusion that the conjectures they are attempting to prove are actually 

provable. However, this approach enables students to use proof like real 

mathematicians-to be empowered to prove or disprove things for themselves and justify 

and defend their reasoning. If, instead, the teacher gave the students a list of things to 

prove that were already known to be true, the task loses its flavor of authenticity, and the 

purpose for doing the proofs is not as clearly motivated.  

 Although there are other opportunities for proof through the rest of the Geometry 

course, unit five is the last one in the curriculum that includes a substantial focus on 

proof. Though the quadrilateral task outlined above will require a substantial investment 

of time, it is the most important opportunity for students to truly conjecture and prove in 

the entire course.  
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Chapter VI 

Reflection and Next Steps 

When I originally proposed this thesis, I was teaching geometry, and I planned to 

implement these units in my own classes. Unfortunately, it became necessary for me to 

teach other classes during the 2018-2019 school year. The two teachers who took on 

teaching our geometry classes, Jeff Juell and Velvet Dow, were teaching geometry for the 

first time in many years and owing to practical considerations undertook only a partial 

implementation. 

Thankfully, both teachers have been open to the approach advocated in this thesis. 

Juell said, "[Proof] is an embodiment of logical problem solving...it's one of the most 

transferable skills [in mathematics]: to organize your thoughts in an organized, thoughtful 

way...to make an argument." Both teachers completed Unit 2, which deals with inductive 

reasoning and patterns, and they made use of the "rule of four" to describe the patterns 

and explain how they work. Juell, who taught the sections of Regular Geometry, felt that 

the approach helped them make connections, and even created his own graphic organizer 

for students to use. Dow, who taught the section of Honors Geometry, said, “I used the 

rule of four for the visual patterns and inductive reasoning, but sometimes it seemed 

tedious [and redundant] to the students.” 

Both teachers liked the investigative approach to help students make conjectures 

and notice relationships as a precursor to doing proof. However, Dow felt, “the [Serra] 

book does a really slow build to proof. I think it’s too slow particularly for the Honors 

students…I got them working on proofs [earlier] than was outlined by the textbook.” She 

feels that she was able to do so successfully. It seems that her students may have been 
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ready to reason at level 2 and 3 on the van Hiele hierarchy of geometric reasoning 

without being stepped through levels 0 and 1. 

One point where we all agree is that students’ recall of the formal names of 

properties is not as important as their recall of the concepts in plain language. Dow 

explains, “In Geometry, the naming of the postulates, theorems, and conjectures, has 

always been a sticky topic. I want the students to be able to explain the idea rather than 

memorizing the specific names.”  

I hope the units I have designed, and more importantly, the philosophical 

approach to teaching proof that I have defined can be realized more fully in the next few 

years at Principia. I whole heartedly believe that the pillars outlined in this thesis embody 

the most effective method of teaching proof in a high school Geometry course (tinkering, 

conjecturing, and explaining why). I intend to continue my pursuit of evidentiary support 

for this claim.  

As mentioned in the introduction, many students deem proofs in geometry 

unimportant, unenjoyable, and very difficult (Senk, 1989), an attitude I have seen in my 

own students regardless of the enthusiasm that I bring to the topic. My motivation for 

conducting this research and writing this thesis was to answer the questions posed in the 

introduction: Should proving in a geometry course remain part of every student’s high 

school experience? Why should students learn proof at all? Can the learning of proof be 

made more relevant, approachable and even enjoyable for students?  

As the thesis has articulated, proof should still be taught in a high school 

geometry class, but it should be taught correctly to be of value. It is imperative that 

geometric proof not simply be a rite of passage, but (like everything students are asked to 
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learn) it must be relevant in order to be meaningful. In other words, the skills learned 

through the study of proof should be clearly transferable.  

Ideally, students will learn that proofs are a crucial part of mathematics: they are 

not exclusively done in high school geometry, nor are they primarily written in a two-

column format. Proofs give mathematics an "unassailable dependability" (Krantz, 2011, 

p. 19). Proofs "explain why" and make one's thinking visible. Students should begin to 

learn how to think like mathematicians: to conjecture and to prove one's conjectures, 

rather than proving self-evident statements. If students miss this opportunity, they are 

missing a key reason for learning about proofs-to be inducted into the mathematical 

discipline.  

More importantly, learning geometrical proofs helps students practice logical 

reasoning, critical reasoning, and clear communication. Too often, the format and formal 

names of theorems get in the way of training students to express their thinking, and 

"proving" becomes an exercise in mindlessly following cues rather than truly thinking 

(Devlin & Lockhart, 2008; Sawyer, 2007). For this reason, the “rule of four” forms a key 

component of this approach by emphasizing student reasoning, rather than the format or 

vocabulary, as the most important part of the proof by highlighting the purpose of proof 

as a means of explanation. 

Teachers have always endeavored to make their subjects interesting (Smith, 1911; 

Wentworth, 1880). It is my hope that teaching proof in the manner laid out in this thesis 

will make it authentic. relevant, and interesting to students. I also hope that this approach 

will help make proof more accessible to all students because they are stepped through the 

van Hiele levels gradually so that they are adequately prepared for each additional level 

of abstraction. Ultimately, I am hopeful that, as I continue to incorporate this approach 
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into my school’s curriculum, there will be a positive effect on student learning and 

achievement in our Geometry classes. 
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Appendix A 

Unit 2: Patterns and Inductive Reasoning 

This unit will train students to communicate about patterns using the rule of four: 

to draw the next figure in a sequence, to show the pattern numerically with a table of 

values, to define the pattern algebraically with an algebraic rule, and to explain the 

pattern verbally through well-labeled diagrams and a succinct yet clear summary. 

Students will also be introduced to the basic concepts used in proof: counterexamples and 

deductive reasoning. 

 

Title of Unit: 

Patterns and Inductive Reasoning 

Duration of Unit: (Timing, date & weeks) 

2 weeks 

 

STAGE 1: DESIRED RESULTS 
 

Unit-long Understandings 

Students will understand that … 

 

Essential Questions: 

 

1.  
1. Mathematical explanations are often 
enhanced by multiple representations--
the rule of four. 

 

1. What makes an explanation 
compelling? 

 

2. Conjectures can be verified using 
counterexamples and deductive proof. 

 

2. When can you be certain that a 
conjecture is true or false? 

 
3. Feedback helps us refine our thinking 
and craft clearer, more compelling 
arguments. 

 

3. Why should feedback be part of a 
math class? 
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Students will know … Students will be skilled at … 

 

Vocabulary: 

- Rule of Four: Algebraic, Numeric, 
Graphical, and Verbal 

- Inductive Reasoning 

- Conjecture 

- Counterexample 

- Deductive Reasoning 

- Proof 

- Recursive and Explicit Rules 

 

 

Making conjectures based on their observations and 
"tinkering" 

 

Using counterexamples to disprove conjectures 

 

Using the rule of four to prove conjectures through 
explaining their reasoning using multiple 
representations. 

 

Expressing patterns algebraically using explicit and 
recursive rules. 

 

STAGE 2: ASSESSMENT EVIDENCE 
 

Understanding Goals Performance Tasks / Evidence 

1, 2, 3 Pattern Block Write-Ups / Feedback 

1, 2 Quiz: Visual and Numeric Patterns 

1, 2 Geometric Patterns Graded Assignment 

1, 2 Test 
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STAGE 3: LEARNING PLAN 
 

What learning activities will you create to develop understanding? 

 

Lesson 1: Numeric and Visual Patterns 

 

Next Two Terms: Use inductive reasoning to find the next two terms in a sequence of numbers, 
and then model the pattern with an explicit or a recursive rule. Test rules by trying to find 
counter-examples. Highlight the rule of four. Stress keys to effective feedback: specific, kind, 
constructive.  

 

Visual Patterns: Use inductive reasoning to find the next term in a visual pattern, and also use 
the rule of four to explain the pattern more clearly. 

 

Pattern Block Train Task: This is an opportunity for students to practice their "Rule of Four" 
skills. Stress the connection between the visual, algebraic and numeric representations. Also, 
have students give each other feedback and allow for revisions. Highlight different 
interpretations and explanations. 

 

More Numeric and Visual Pattern Practice 

 

Quiz 1 

 

Lesson 2: Geometric Patterns 

 

Handshakes Pattern: Act it out and make conjectures in groups. Then, have groups present 
their "Rule of Four" explanations of the pattern. Each group gets feedback from the class. 
 

Bisector of an Obtuse Angle Investigation: Have students investigate using the applet. 
Students should craft conjectures based on their observations, and attempt to explain their 
conjectures using the rule of four. Teacher may choose to scaffold by steering students to first 
approach the "proof" visually, numerically and verbally. Then, once students understand the 
concrete examples, encourage them to draw a generalized diagram with variables and an 
algebraic inequality that models the diagram.  
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Overlapping Segments Investigation: Approach similarly to the previous investigation. 

 

More Geometric Pattern Practice 

 

Graded Assignment - This is a chance for students to use the rule of four to explain geometric 
patterns, but they will get feedback from peers and their teacher prior to a final submission. 

 

Unit Test - In addition to a few opportunities for students to show their mastery of inductive 
reasoning, students will also be asked to demonstrate critical reasoning by scrutinizing false 
claims and providing counterexamples to disprove those claims.  
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Appendix B 

Unit 4: Proving Triangle Properties 

Students will use prior knowledge of angles to discover and prove properties about 

triangles: Triangle Sum Theorem, Base Angles Theorem and its converse, Triangle 

Inequality Theorem, Side Angle Theorem, Exterior Angle Theorem. 

Students will then investigate ways of proving that triangles are congruent using the 4 

main triangle congruency postulate and theorems (SSS, SAS, ASA, AAS), and will be 

able to use that information to generate new information about triangles using the 

definition of congruence (more specifically CPCTC). This is the students’ major 

introduction into proof—particularly flow-proof. Up to now, the students have just been 

explaining and using their inductive and deductive reasoning to casually justify their 

claims. However, in this unit, they will explore triangle properties through investigations 

and activities, they will make conjectures, and they will formally prove some of those 

conjectures. They will use what they discover to complete proofs about triangle 

congruence.   

Title of Unit: 
Proving Triangle Properties  

Duration of Unit: (Timing) 
3 weeks 
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STAGE 1: DESIRED RESULTS 
 

Unit-long Understandings 

Students will understand that … Essential Questions: 
 

1. With limited information about geometric 
figures, a considerable amount of 
information can be deduced. (SMP3, G-
CO10) 

 
1. How much information is enough 
to prove two triangles are 
congruent? 

 
2. Proof must be based on given 
information, axioms, postulates or 
previously proved theorems. Clarity of 
thought and expression is imperative in an 
excellent proof.  (SMP3) 

 
2. What makes an excellent proof?   

 
3. Since proof is often a means of explaining 
“why” and convincing others, it’s 
imperative that one’s reasoning is 
presented in a format that is easy to 
follow, and that nothing is left unsaid. 
(SMP3) 

 
3. How can you make your thinking 
visible? 

 
4. Investigating specific figures allows 
mathematicians to formulate and refine 
conjectures. (SMP2 / 3) 

 
4. If I can’t prove a conjecture with a 
particular example, why is it 
important to investigate specific 
cases? 

 

Students will know … Students will be skilled at … 
 
Triangle Classifications: 
Isosceles, Scalene, Equilateral, 
Acute, Obtuse, Right, 
Equiangular. 
 

1. Triangle sum conjecture 
2.  
3. Exterior angles conjecture 
 
Properties of isosceles and 
equilateral triangles. 
 

1.  
2. Classifying Triangles by angle and by side. 
3.  
4. Apply triangle sum theorem and exterior angles theorem. 
5.  
Making conjectures through explorations of triangle 
properties, and stating those conjectures as a conditional 
statement. (SMP 2) 
 
Proving fundamental conjectures: Triangle Sum Conjecture, 
Exterior Angles Conjecture, Isosceles Triangle Conjecture 
and its Converse. (SMP 2/3) 
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Isosceles Triangle Conjecture 
and Converse 
 
Triangle Inequality Conjecture 
 

4. SSS, SAS, HL, ASA, AAS 
Conjectures. 
 
CPCTC 
  

Using rigid transformations to justify triangle congruence 
conjectures. (G-CO8) 
 

6. Using SSS, SAS, ASA, AAS and HL to prove triangles are 
congruent. (G-CO10) 

7.  
8. Using CPCTC to gain new information about triangles. (G-
CO10) 

9.  
Applying properties of isosceles and equilateral triangles 
(SMP 1 / 8) 
  

 

STAGE 2: ASSESSMENT EVIDENCE 
 

Understanding Goals Performance Tasks / Other Evidence 

2, 3, 4 Quiz 1 

1, 2, 3, 4 Quiz 2, 3 

1, 2, 3, 4 Chapter 4 Test 

1, 3 Indirect Measurement Activity and Write-Up 
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STAGE 3: LEARNING PLAN 
 

What learning activities will you create to develop understanding? 
 

Lesson 1: The Triangle Sum Theorem 

 
AB Pyramid – Since students should already be familiar with the vocab of triangle 
classification, this will be a review. One partner (facing the board) describes the vocab word 
using circumlocution (it’s like Taboo), and the other partner (facing away) must guess the 
word.  
 

Triangle Tearing - Students in the class are each given several triangles of different 
classifications: obtuse, right, acute, scalene, isosceles, equilateral (only one triangle to each 
student). The students tear off the 3 corners and then put the 3 vertices together so that the sides 
of the three angles are adjacent. This will show that in every case, the three angles make a 
straight angle or 180 degrees. Then a Geometry applet can be used to show that the sum of the 
interior angles of a triangle seems to be 180 degrees regardless of how the triangle 
changes.  

 

Geogebra Applet: https://ggbm.at/FzUM9TeD 

 

Proof of the Triangle Sum Theorem - Using an auxiliary line, the alternate interior angles 
theorem 

 

Lesson 2: Properties of Isosceles Triangles 

 
Isosceles Investigation: Geogebra construction (handout – Picciotto). Students create an 
isosceles triangle and discover the Isosceles Triangle Theorem.  
 
 
Lesson 3: Triangle Inequalities 
 
“Four Sticks” (Triangle Inequality Theorem): Students are given 4 sticks of different 
lengths. They are asked to discover which combinations will make a triangle and which ones 
will not.  

- Red: 4 cm 
- Blue: 5 cm 
- Green: 9 cm 
- Yellow: 4 cm 
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Triangle Inequality Theorem Applet: Students are asked to do a notice and conjecture about: 
- For any triangle, how is the third side related to the sizes of the other two sides? 
- For any triangle, how do the sizes of the sides relate to the opposite angles? 

 
Exterior Angles Solving: Solve some problems algebraically to find the exterior angle. Then, 
review the “Triangle Tearing Activity” to conjecture about the exterior angle. 
 
Exterior Angles Theorem: Show https://www.geogebra.org/m/Yf5HV2uK 

(Tim Brzezinki, Jill Casey) 

 

Proof of the Exterior Angles Theorem 

 

Drawing Activity - Developing understanding that all combinations of angle/side 
classifications are not possible. (Draw an isosceles right, draw an equilateral obtuse…?) Focus 
on explaining reasoning (proving) for those that aren’t possible (Moser). 
 

 

Lesson 4: Triangle Congruence (SSS, SAS, SSA?) 

 

Three Sticks and A Piece of Paper - Lesson 4.4 - SSS Congruence: Students make a triangle 
using 3 sticks, trace the triangle onto Patty Paper, see if it’s possible to create a different 
triangle using the same 3 side lengths (Moser). 
 

NCTM Triangle Congruence Activity: Explore SSS, SAS, SSA  
Use this applet to have students discover these  
 
https://www.nctm.org/Classroom-Resources/Illuminations/Interactives/Congruence-Theorems/ 
 
Practice: Notice and Explain with bullet points (1-2 step proofs/explanations). Are the 
triangles congruent? How do you know? 
 
 
Lesson 5: Triangle Congruence Part 2: (ASA, AAS, AAA?) 
 
Patty Paper Construction: Use Patty Paper and segment/angle templates to discover (Serra). 
 
Practice: Notice and Explain with bullet points (1-3 step proofs/explanations). Are the 
triangles congruent? How do you know? 
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Lesson 6: Corresponding Parts of Congruent Triangles / Proof Development 
 
Considerable time will be spent developing and practicing proof strategies: 
- Come up with a plan for the proof (Tanton Suggests):  

a.) Read through the givens and mark on the diagram 
b.) Look at what you’re being asked to prove 
c.) Without writing anything, just “talk” through some ideas to see if you can 
get a feel for what’s going on.  

d.) Write out exactly what you said in your mind with absolute care: 
• List each step of reasoning one at a time. 
• Use the word because in the middle of each sentence you write. This will 
force you to really catch the details and will convince the reader that 
what you are saying really is true. 

• Be very clear about what facts from geometry you are using when you 
explain your ideas. 

- Redrawing diagrams to reduce clutter and see relationships 
- Using Flow-Proof to organize thinking in multistep proofs.  

 
Back-Seat-Driver 
One student will have the pencil, but isn’t allowed to write anything without direction from the 
“driver”. If the student disagrees with the “driver”, he or she will prompt them with questions 
or suggestions allowing the “driver” to really be the one to move the proof forward. 
 
Proof Workshops 
Students will work on proofs and then take turns giving each other feedback or asking 
questions about the proof at different stages of the proof. 
 
Indirect Measurement Activity and Write-Up 
Demonstrate how the width of a river can be measured indirectly using congruent triangles. 
Next, have the students make an indirect measurement of their own using congruent triangles, 
and write up their findings with a diagram.  
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Appendix C 

Unit 5: Polygons, Quadrilaterals, and Their Properties 

Students will make considerable use of their prior knowledge of triangles to make and 

prove conjectures about polygons and quadrilaterals.  

The main difference between the previous unit and this one is that students will be 

operating more like real mathematicians: coming up with conjectures from scratch 

deciding which ones are worth attempting to prove based on investigations, and then 

proving those conjectures using deductive proof. Most of those proofs will leverage their 

prior work with triangle congruence. A few additional points of focus for this unit are 

meaningful group work and peer feedback. They will be crafting proofs in groups, 

presenting, and receiving feedback on their conjectures and their proofs. Each group’s 

contribution will be an essential part of the entire class’ forward progress through the 

unit.  

Title of Unit: 

Polygons and Quadrilaterals and their Properties 

Duration of Unit: (Timing, date & weeks) 

3 weeks 
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STAGE 1: DESIRED RESULTS 
 

Unit-long Understandings 

Students will understand that … 

 

Essential Questions: 

 

 
1. Though you may have a notion that a 
property holds true in general based 
on investigations and your inductive 
reasoning, you cannot know it is true 
generally until it is proved through a 
deductive proof. (SMP3) 

 
1.   When can I be certain that a geometric 
property is true? 

2.  
2.   Properties of triangles are essential in 
proving properties of quadrilaterals 
and polygons. (SMP3, G-CO10) 

 

2.   What can triangles tell me about 
quadrilaterals and polygons?  

 

3.   With limited information about 
geometric figures, a considerable 
amount of information can be 
deduced. (SMP3, G-CO10) 

 

3.   If I know a single piece of information 
about a quadrilateral, what else can I 
infer about that figure?  

 

 

Students will know … Students will be skilled at … 

 

Vocabulary: Polygon, Exterior 
Angles, Interior Angles, Regular 
Polygon, Quadrilateral, Kite, 
Trapezoid, Parallelogram, Rhombus, 
Rectangle, Square, Diagonal, 
Midsegment 

 

Polygon Sum Formula 

 

Properties of all quadrilaterals 
involving: opposite sides, 
consecutive angles, opposite angles, 
and diagonals.  

 

Using the polygon sum formula to find the sum of the 
interior angles of a polygon. (SMP - 8) 

 

Use the polygon sum formula, exterior angle conjecture, 
and other angle properties to solve problems. (SMP-1) 

 

Prove properties of quadrilaterals using flow proof or 
paragraph proof. (G-CO11) 

 

Use properties of quadrilaterals to solve problems. 
(SMP-1, 8) 
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Classify quadrilaterals as specifically as possible with 
limited information. (SMP 2, 3) 

 

Use logic to identify statements that are always, 
sometimes, or never true. (SMP 2, 3) 

 

Construct quadrilaterals using patty paper or technology. 
(G-CO12) 

 

Construct regular polygons using technology. (G-CO12) 

 

 

STAGE 2: ASSESSMENT EVIDENCE 
 

Understanding Goals Performance Tasks / Evidence 

2 Quiz 1: Polygons 

1, 2, 3 Quadrilateral Conjectures and Proofs Final Packet 

1, 2, 3 Quiz 2: Quadrilaterals 

1, 2, 3 Test  
 

 

STAGE 3: LEARNING PLAN 
 

What learning activities will you create to develop understanding? 

 

Lesson 1: Polygon Sum Conjecture 

 

Making a Conjecture: Have students create a table for the sum of the interior angles of 
polygons using this series of Geogebra Applets: 
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Quadrilaterals: https://www.geogebra.org/m/vMZNnQV6 

Pentagons: https://www.geogebra.org/m/azDZ4wvw 

Hexagons:  https://www.geogebra.org/m/KambqpJ2 

 

Polygon Tearing:  Give students a collection of quadrilaterals, pentagons (hexagons and 
heptagons are a little tricker). Have students tear the corners off of the polygon, and show that 
the quadrilaterals make a full turn (360 degrees), and the pentagon makes a full turn and 1 half 
of a turn (540 degrees).  

 

Completing the Table, Writing a Rule, and Proving the Conjecture: Use inductive 
reasoning to complete the table, and use the table the write a formula. Then “prove” why the 
formula works by drawing triangles within each polygon  

 

 

Lesson 2: Exterior Angles of a Polygon 

 

Making a Conjecture: Have students use this applet to fill out a table and formulate a 
conjecture regarding the exterior angles of polygons: 

          https://www.geogebra.org/m/mKzJCf5p 

 

Students Prove Conjectures: Have students prove their conjectures for triangles, 
quadrilaterals, pentagons, and hexagons. 

 

Problem Solving: Using Polygon Sum Conjecture and Exterior Angles of a Polygon 
Conjecture 

 

 

Lesson 3: Quadrilaterals 

 

Conjecturing and Proving Theorems About Quadrilaterals 

This portion of the unit is mostly student exploration, conjecture, proof, presentation, and peer 
feedback. 
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Students will explore and make conjectures and then attempt to prove those conjectures. 

 

See Quadrilateral Proof Packet (From Henri Picciotto - The Urban School SF, CA) 

 Each group will need to present one of their proofs each day and get feedback on it. By the end 
of 2 weeks the map of theorems about quadrilaterals will be complete. They should also have 5 
fully completed proofs of conjectures that they’ve made. 

 

Students may need to explore these applets to create their conjectures: 

Parallelogram:  https://www.geogebra.org/m/Bt7U8fXF 

Rhombus: https://www.geogebra.org/m/rgx54F84 

Rectangle: https://www.geogebra.org/m/nyMBHwj9 

Square: https://www.geogebra.org/m/ZJR9QX6X 

 

Problem Solving 

Once the properties of quadrilaterals have been proven, then there is a host of problem solving 
that can be done: at the board in “Back Seat Driver” style, for homework, and as a class. 

 

Constructions 

Students can use the properties of quadrilaterals to construct quadrilaterals using patty paper, 
compass/straightedge, or geogebra. 
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