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Abstract

This thesis presents an innovative, comprehensive high-school geometry course
whose centerpiece is a direct reading of Book I of Euclid’s Elements. In discussing the
rationale for the course’s development and the principles of its design, the thesis argues
that, especially in comparison with a conventional ‘textbook’ approach, a direct and
active engagement with Euclid’s original propositions will help students develop mature
proof-writing styles that feature modular organization, and will deepen their
understanding of axiomatic systems of reasoning. The thesis proceeds to a detailed
account of the Euclid-centered course’s content, style, and sequence, referring
extensively to a specific implementation of the course that took place in the 2018-19
academic year. The thesis discusses some of the challenges involved in an engagement
with an ancient text that contains theoretical imperfections, and how these challenges
may be met. It discusses specific learning tools and teaching methods designed to make
the study of Euclid more accessible and interactive. It describes how the Euclidean core
of the course may be integrated into a comprehensive curriculum that meets or exceeds
the full range of the Common Core’s standards for a geometry course. The thesis
concludes that the 2018-19 edition of the course was successful by pragmatic measures,
and suggests that it provided students with a richer intellectual experience than a
conventional approach would supply.
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Chapter 1
Introduction

The context of this thesis, which presents an innovative proof-centered course in
Euclidean geometry, is the sector of the American teaching profession that serves highachieving math students at the secondary level. The entire thesis project, which entailed
the development and execution of the course itself, as well as the preparation and
composition of this descriptive paper, may be regarded largely as a response to two
prominent features of that educational landscape. The first is the continuing discourse on
the importance, and the difficulty, of teaching students how to read and write
mathematical proofs (Stylianides, 2007; Weber, 2019). The second is the longstanding
and widespread practice of using high-school geometry courses as the setting for
initiating students into regular proof-writing (Common Core 2019; Herbst, 2002).
Really, it is the interaction between the two conditions that has most precisely
motivated the project. The special role that high-school geometry plays in the
development of students’ proof-writing skills has stimulated the production of a vast
collection of textbooks and other resources intended to make the task maximally
procedural and accessible. Thus there is an easily-recognizable “textbook” approach to
teaching geometric proof, epitomized by the standard strict two-column format and the
pedagogical scaffolding built around it. Both my classroom experience and the research
conducted for this thesis have made me doubt that this approach is optimal for the

1

population I serve. The geometry course that was developed as part of this thesis project,
which engages students in a direct study Book I of Euclid’s Elements (in translation),
may be regarded as the result of my search for an advantageous alternative.
The course was designed with a specific population in mind: advanced eighth
graders at an independent K-8 school in New York City that specializes in the instruction
of accelerated learners. For convenience, the course will be referred to as Math 82, its
administrative name at the school. Math 82’s design was informed by scholarly literature
on the education of gifted math students (for example, Sheffield, 1999), and also by
various works that provide explicit instruction in proof-writing (for example, Krantz,
2011; Velleman, 2006). But Math 82 avoids, as a matter of deliberate choice, formulaic
implementations of the prescriptions found in those sources. To be sure, the course was
made with the primary aim of maximizing educational quality, but it was also made to
investigate a conjecture—that accelerated pre-college students will find instruction in
proof more profitable, more comprehensible, and more meaningful if they study a famous
and cohesive mathematical theory with a clear beginning and end, and that Book I of
Euclid’s Elements, notwithstanding its complications and imperfections, supplies such a
theory. This paper is an account of that investigation.
Chapter 2 of the thesis lays out a rationale for returning to a direct study of Euclid
in the modern classroom. It surveys the quasi-analytic approach to Euclidean geometry
that one finds in typical contemporary textbooks, discussing its historical background at
some length, and pointing out its shortcomings. It argues that a better high-school
geometry curriculum can be achieved through the realization of three key priorities—1) a
synthetic perspective on geometry, 2) a coherent axiomatic theory, and 3) an emphasis on
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hierarchical organization in proof—and concludes that direct study of Euclid is a
favorable way to pursue these priorities. The chapter finally addresses the important
concern that Book I of The Elements comprises only a fraction of the material required in
a comprehensive high-school geometry curriculum (Common Core, 2019). This concern
is addressed by the proposal that Book I be made the centerpiece of a comprehensive
course that also relies heavily on a highly-regarded and unusually rigorous modern
textbook, the Art of Problem Solving’s Introduction to Geometry, which will be cited
henceforth as AOPS (Rusczyk, 2006).
Chapter 3 is a detailed account of the design and implementation of Math 82,
focusing mainly on its Euclidean core. After profiling the introductory phases of the
course, it specifies the customized resources and tactics that Math 82 uses to promote
efficient, active engagement with Euclid’s text. It narrates the process of working through
the text, from the definitions and axioms to the concluding proof of the Pythagorean
theorem. The chapter simultaneously offers a picture of the student experience in the
course, by citing students’ responses to survey questions and adducing examples of their
work. Chapter 3’s last section describes how the Euclidean core is integrated with the
subsequent units of Math 82’s curriculum. In particular, a sequence of proofs involving
similar triangles is presented that aims at a cogent link between Euclid’s mode of
reasoning and the more concise, algebraic proofs that students will write in the largely
AOPS-oriented final months of the school year.
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Chapter 2
How the Textbook Approach to Teaching Geometry Falls Short,
and How Euclid Shows Us a Better Way

The Textbook Style

Math 82 was conceived in a professional context that has long seemed pervaded
by a ‘textbook style’ of teaching geometry. To put Math 82’s unusual approach in proper
perspective, and to elucidate what advantages it might confer, we begin with a
description of what is meant by textbook style, and subject it to a critical assessment.
The focus will primarily be on a particular textbook that serves as a good example of the
style—“good” not only in the sense of “representative”, but also in the sense of denoting
relatively high quality. This textbook, Ray Jurgensen’s Geometry (Jurgensen, Brown, &
Jurgensen, 2000), has a number of substantial virtues. For example, its “level C” practice
problems, which consist of applications and theoretical extensions of the lessons to which
they are attached, provide students with stimulating challenges and meaningful
conceptual enrichment. Furthermore, although the book usually directs students to write
proofs in the familiar two-column format, it occasionally suggests the alternative of a
“paragraph proof”, which includes as an organizational benefit the addition of a little
connective language. If handled carefully, this book could serve as one of the principal
resources in a good geometry course. Its valuable material, however, is subordinated to a
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curricular framework that, as with most other commercial textbooks, is inadequate to the
intellectual drive of students of high ability. It has flaws in its foundation: an incoherent
set of axioms, and a pedantic basic attitude toward proof. These fundamental problems
manifest themselves in unfortunate displays such as the following:

Figure 2-1: Textbook-style proof of the “Midpoint Theorem” (Jurgensen et al.,
2000, p. 42)
Six steps are used here to prove a trivial conclusion that actually follows immediately
from the textbook’s own definition of a midpoint (p. 13). Some teachers might object that
simply citing the definition is not rigorous, but this would be to confuse rigor and
pedantry. It is true that the proof is presented in an introductory section of the book
intended to help students simply understand what a proof looks like and how its
mechanics operate, but this circumstance seems aggravating rather than extenuating: an
introduction of this kind—the inflation of a trifling and instantly obvious deduction into a
plodding multistep procedure—is more likely to encourage a skeptical view of
mathematical proof than to help teach it.
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The proof is unattractive not only because of its needless length, but also because
it exudes an air of stifling formalism. Step 3, for instance, signals that even a simple
partition of a line segment must be regarded as a big enough logical problem to require a
formal appeal to a “Segment Addition Postulate”. More than anything else, it is this sort
of formalism that provokes the ire of Paul Lockhart, author of A Mathematician’s
Lament, who received a PhD in mathematics from Columbia University before becoming
a teacher at a private school in Brooklyn. Lockhart, in a chapter of A Mathematician’s
Lament that stridently criticizes conventional high-school geometry courses, quotes a
textbook-style proof of Thales’ theorem about an angle inscribed in a semicircle. This is
hardly a trivial theorem for a young student, and Lockhart himself grants that that the
proof’s basic idea is elegant. But he finds it utterly spoiled by its form. Here is the proof,
along with his initial comments on it:
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THEOREM 9.5.
%%%% .
Let ABC be inscribed in a semicircle with diameter #&
Then ABC is a right angle.

STATEMENT
1. Draw radius OB. Then '$ =
'& = '#
2. * '$& = * $&#;
* '$# = * $#&

REASON
1. Given

3. * #$& =
* '$# + * '$&
4. * #$& + * $&#
+ * $#& = 180
5. * #$& + * '$&
+ * '$# = 180
6. 2 * #$& = 180
7. * #$& = 90
8. ABC is a right angle

3. Angle Sum Postulate

2. Isosceles Triangle Theorem

4. The sum of the angles of a
triangle is 180
5. Substitution (line 2)
6. Substitution (line 3)
7. Division Property of Equality
8. Definition of Right Angle

Figure 2-2: Two-column proof of Thales’ theorem.
(Lockhart, 2009, "High School Geometry: Instrument of the Devil")
Could anything be more unattractive and inelegant? Could any
argument be more obfuscatory and unreadable? This isn’t
mathematics! A proof should be an epiphany from the gods, not a
coded message from the Pentagon. This is what comes from a
misplaced sense of logical rigor: ugliness. The spirit of the argument
has been buried under a heap of confusing formalism.
No mathematician works this way. No mathematician has ever
worked this way. (Lockhart, 2009)
Lockhart’s language is hyperbolic, and indeed it gives us a taste of what turns out
elsewhere in the book to be a radically anti-curricular attitude toward math education that
many educators do not share (see Lockhart, 2009, "Exultation"). Yet his plangency
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resonates with essential truths about the esthetic aspect of learning math, and the
communicative purpose of proof-writing. If we examine the proof in detail, we find that
“the spirit of the argument”, most detectable in lines 5 and 6, is quite admirable. These
lines contain a beautiful piece of reasoning: the properties of isosceles triangles require
that angle #$& contain exactly half the angle-sum of triangle #$&. This climactic
moment ought to be emphasized; instead it is camouflaged in the monotonous form and
unwieldy symbology. The use of a two-column format, by itself, is not to blame here: the
two-column format can be employed with flexibility, and appears in many proofs of high
quality. The problem is that in this case, the format brings with it a whole pedantic
protocol. The steps are presented merely as a sequence, with no hierarchical arrangement.
It is as though they were all supposed to have equal weight, but any discerning student
would know better: step 3 is perfunctory (not to mention irritating), whereas step 5
represents a critical insight. And it is natural to wonder why the symbology has to be so
cluttered. Leaving aside for the moment the question of how worthwhile it is to denote
angles with three letters (a practice that goes all the way back to Euclid), why should it be
forbidden simply to write sums of angles, without endlessly prefixing little *’s that
assure the reader that we actually mean their numerical measures? This question, as it
turns out, points to significant developments in the teaching of geometric proof-writing
over the last century. In looking into it, we will also illuminate the origins of things like
the “Angle Sum Postulate” and “Segment Addition Postulate” that are ubiquitous in
textbook proofs, even though they never appear in The Elements.
The first postulate to appear in Jurgensen’s book is commonly known as the Ruler
Postulate, which in the book’s phrasing, holds that “[t]he points on a line can be paired
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with the real numbers in such a way that any two points can have coordinates 0 and 1”,
and that “the distance between any two points equals the absolute value of the difference
of their coordinates.” (Jurgensen et al., p. 12) A corresponding Protractor Postulate
follows shortly thereafter. As a result, the geometry in the book is actually analytic
geometry. Mercifully, Jurgensen does not command students to invoke these postulates
explicitly in their proofs, but they are perpetually obliged to refer to them implicitly: this
is what they are doing, for instance, when they restate a given statement ∠#$& ≅ ∠345
as *∠#$& = *∠345 in order to perform operations on the angles. It was George David
Birkhoff who first prescribed that elementary geometry be taught according to these
axioms. In a 1932 article published in the Annals of Mathematics, Birkhoff briefly stated
the motivation for his new system:
Some years ago, in attempting to present the simplest geometric facts
in popular form, I realized how plane geometry might be approached
readily via the facts embodied in the scale and protractor. (Birkhoff,
1932, p. 329)
It is an appealing fact that a mathematician of Birkhoff’s eminence should have felt
moved to formulate, for the purpose of improving math education in his country, a new
axiomatic system for geometry based on simple and familiar instruments that could be
found in countless American classrooms. Birkhoff worked conscientiously: in the same
article, he develops his four axioms, with their corollaries, into an elegant sequence of
proofs of familiar geometric propositions, including the Pythagorean theorem. His
arguments are overtly analytic. For instance, his Pythagorean equation reads
6(#, $): = 6(#, &): + 6(&, $): (p. 340).
Segment-lengths as distance functions first appear in Birkhoff’s statement of his Ruler
Postulate, which includes this corollary:
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if any three distinct points #, $, & of a line are properly ordered the
equation
6(#, &) = 6(#, $) + 6($, &)
holds, but in this order #, $, & or the inverse &, $, # only. (p. 330)
Here we see the origin of the Segment Addition Postulate in Jurgensen’s book (Jurgensen
et al., p. 12), which analogously adds an Angle Addition Postulate after the Protractor
Postulate is stated (p. 18).
Birkhoff does not notate angles using the form *∠#$&, but textbooks that do,
including college-level texts that pursue axiomatic systems with genuine rigor, are clearly
following his lead. Among texts in the latter class, one valuable example is George E.
Martin’s The Foundations of Geometry and the Non-Euclidean Plane. Martin explains
exactly what he means when he prefixes an * to an angle:
Mapping * is called the angle measure function. The measure of
AVB is * #;$… #;$ ≅ &<3 iff * #;$ = * &<3, in
which case we say that #;$ is congruent to &<3. (Martin, 1982,
p. 158)
Martin, like Birkhoff, is openly analytic in his approach. Visualizing figures might play a
critical role in solving the problems he poses, but the logical mechanics are always
algebraic. Martin casts geometry as an analytic system because he seeks stability,
expandability, and airtight symbolic logic. He includes a chapter on Euclid’s Elements
(marked “Optional”) in which, while expressing admiration for the legendary ancient
work, he repeatedly cites the gaps in Euclid’s axiomatic system that make it inadequate to
his needs (pp. 121-129). His book and the students who use it, many of whom will be
aiming to move on promptly to graduate work in mathematics, require a higher level of
technical precision than Euclid provides.
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It would be hard, however, to take seriously a claim that such considerations have
motivated the approach of the typical high-school textbooks. It is an understatement to
observe that the list of postulates in Jurgensen reads as an ad hoc collection rather than an
axiomatic system. The book uses 19 postulates; another popular textbook, Geometry:
Applying, Reasoning, Measuring by Larson et. al., manages to come up with 29 (Larson,
Boswell, & Stiff, 2004, p. 827). Neither of these counts includes the algebraic properties
of equality that the proofs in these books so often depend on. Notably, both classify the
angle-angle similarity law as a postulate, whereas in Euclid it is a theorem (with a
magnificent proof). It is possible that this represents an attempt to follow Birkhoff, whose
fourth postulate establishes conditions for similarity in triangles. If this is so, the
textbooks’ sets of postulates become even less coherent: Birkhoff’s fourth postulate
contains a corollary that defines congruence of triangles (and other figures) as a special
case of similarity in which the proportionality constant = equals 1 (Birkhoff, p. 333).
Thus he does not require the Euclidean congruence postulates (side-angle-side, side-sideside, which Euclid calls theorems on the basis of the faulty Common Notion 4), but
Jurgensen and Larson include them anyway, and begin using them long before they deal
with similarity, in this respect following Euclid. In summary, these books, and others like
them, come across as an awkward compromise between Birkhoff’s analytic mode and
Euclid’s synthetic one. Given the degree to which they are out of line with the
mathematical theories that they are supposed to introduce, a competent teacher need not
hesitate to deviate from their prescriptions, including the proof-writing style that they
promulgate.
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Euclid as an Alternative

It would not be fair to blame Birkhoff, and those of his followers who have
faithfully employed his system, for textbooks’ deficient handling of axioms. It is
eminently worth asking why a teacher looking for something better should not simply
turn to Birkhoff, rather than reach all the way back to an ancient theory that lacks his
system’s modern soundness. I myself have no interest in discouraging anyone from
following Birkhoff: there is no reason to doubt that a top-notch geometry course can be
made that way. Math 82, however, takes a different path from Birkhoff’s, and not for
arbitrary reasons. There is a cost to placing Euclidean geometry in an algebraic setting,
cogently described by Robin Hartshorne in an article appearing in the Notices of the
American Mathematical Society. Hartshorne succinctly describes the difference between
the ancient Greek quantitative context and that of the elementary algebra familiar to highschool students:
In classical Greek geometry the numbers were 2,3,4,… and the unity 1.
What we call negative numbers and zero were not yet accepted.
Geometrical quantities such as line segments, angles, areas, and
volumes were called magnitudes. Magnitudes of the same kind could
be compared as to size: less, equal, or greater, and they could be
added or subtracted (the lesser from the greater). They could not be
multiplied, except that the operation of forming a rectangle from two
line segments, or a volume from a line segment and an area, could be
considered a form of multiplication of magnitudes, whose result was a
magnitude of a different kind. (Hartshorne, 2000, p. 461)
Multiplication could also be emulated, in a sense, by repeatedly adding a magnitude to
itself. For instance, when two distinct magnitudes are added to themselves an equal
though unspecified number of times, we arrive at the equimultiples that Euclid cites in his
definition of equivalent ratios. As the definition makes clear, this is not multiplication as
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we know it in elementary algebra. For suppose that we have four magnitudes >, ?, @, 6,
and we wish to establish that >: ? = @: 6. According to Euclid’s definition, we do not do
so by directly showing that ? = => and 6 = =@. Instead, we take equimultiples B> and
B@ of > and @, and equimultiples C? and C6 of ? and 6, and apply the following rule:
>: ? = @: 6 if and only if
B> > C? ⟺ B@ > C6,
B> = C? ⟺ B@ = C6,
B> < C? ⟺ B@ < C6.
Critically, these comparisons are to be made by synthetic geometry: we do not and cannot
measure the objects in the familiar sense. If they are equal, we prove it by showing that
they are composed of identical parts, and if one of them is greater, we prove it by
showing that we could trim something from it to obtain the other, appealing to Common
Notion 5: the whole is greater than the part.
It is this kind of reasoning that Hartshorne has in mind when he refers to “purely
geometrical concepts” (p. 461). Of course we can do the same job by developing a
coordinate system like Birkhoff’s, but “[t]hen geometry as an independent discipline
disappears. It becomes a branch of algebra or real analysis.” (p. 463) The distinctness of
classical geometric reasoning—epitomized by such procedures as the proof of
Proposition 35 in Euclid’s Book I, which demonstrates that parallelograms may be
proved equal in area without any reference to a means of calculating area—offers
students a chance to expand their conception of mathematics. It shows them a logical
mode that is sequential and systematic, but simultaneously is unconcerned with numbers
and measurements.
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Whatever value a geometry course may add by highlighting the distinctness of
synthetic reasoning, one must perpetually return to the course’s critical role as a proofwriting curriculum. The use of synthetic geometry may relieve students of certain
cumbersome details, but this by itself does not effect a sufficient improvement over the
textbook style. A student needs to learn how to organize a proof hierarchically, not only
to improve the readability of the student’s work, but also because identifying a proof’s
principal components may help the student learn to write proofs of greater length and
complexity. In his book How to Prove It, Daniel Velleman critiques the textbook style by
making an analogy to computer programming:
Unfortunately, students in high school geometry are usually taught to think
of a proof as a numbered list of statements and reasons, a view of proofs that
is too restrictive to be very useful. There is a parallel with computer science
here that can be instructive. Early programming languages encouraged a
similar restrictive view of computer programs as numbered lists of
instructions. Now computer scientists have moved away from such languages
and teach programming by using languages that encourage an approach
called “structured programming”…
In structured programming, a computer program is constructed, not
by listing instructions one after another, but by combining certain basic
structures… These structures are combined, not only by listing them one
after another, but also by nesting one within another.
Velleman’s aim is to help students develop an analogous proof-writing style, one that he
calls “structured proving”. In other words, a proof is to have hierarchical organization:
the most mechanical or perfunctory deductions shall be regarded as the sub-steps of a
logical module, and in the end a sequence of modules shall be linked up to compose a
proof. The basic scheme is likely to strike a chord with any teacher who has instructed a
student to outline a lengthy proof before ploughing through the steps. Even the textbooks
show some sensitivity to the advantages of outlining: when a textbook assigns a proof
that it regards as challenging, it will likely include a “Plan for Proof” intended to support
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organized reasoning. Jurgensen’s book, to its credit, goes as far as to enumerate “Key
Steps” for certain longer proofs, leading one to wonder why, if the authors believe it is
good for students to think about proofs this way, they refuse to instruct the students to
write proofs this way.
The answer, I believe, is that textbook authors tend to be encumbered by their
pedagogical inheritance. Textbook-style proofs, like the textbooks’ collections of axioms,
are not faithful derivatives of Birkhoff’s system: Birkhoff’s proofs do not appear in a
two-column format, and they include extensive commentary written in natural language.
The textbooks treat proofs in much the same way as they treat axioms: they refer to some
of Birkhoff’s ideas, but their ultimate product is an awkward hybrid between his system
and other sources—sources that, in this case, have nothing to do with Euclid. Patricio
Herbst, in a 2002 article published in Educational Studies in Mathematics, renders an
illuminating account of them. Herbst shows that the two-column format originates in
American educational reform movements in the late nineteenth and early twentieth
centuries. It was these reformers who decreed that every deduction in a geometry proof
should be labeled with a number and accompanied by a citation in a second column. They
aimed for maximal standardization, so that teachers and students could settle on an
“‘objective’ representation” (p. 306) of what a proof is. This was supposed to make it
easier for students to learn how to write rudimentary proofs, and easier for teachers to
grade them. It is hard to deny that with respect to these objectives alone, textbook-style
proofs are in fact effective: in simple cases, they can reduce proof-writing to little more
than a matter of filling in blanks. (In fact, both Jurgensen and Larson routinely assign
exercises in which the student must ‘finish’ a proof from which a few statements or
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citations are missing—i.e. the student literally fills in the blanks.) The proofs that I
present as examples in my classes include variations of the two-column format. I have
worked with many students who have found the sense of security that they impart a
decisive advantage as they grappled with the disorientation and anxiety that often attend
the initial stages of learning how to prove. Unfortunately, the textbook style’s major
advantage is also a great weakness. Writing a proof is partly an imaginative act, and it is
not merely inconvenient, but often disruptive, to try to force a subtle and creative
argument into a rigid, reductive form. The same students who have benefitted from
working in two columns have eventually needed to adapt their styles to higher-level
organizational schemes. If the experience that I have had teaching proofs has convinced
me of anything, it is that sooner or later, every serious student will need to find a way to
pursue the kind of “structured proving” that Velleman advocates.
This brings us to the question of how Euclid’s own proofs are structured. As an
example, we will look at Proposition 16, one of the high points of Book I. (Unless
otherwise denoted, all Euclidean propositions cited in this paper should be assumed to be
contained in Book I.) Here is Proposition 16 as rendered in Heath’s edition of Euclid:
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Figure 2-3: Euclid’s Elements, Book I, Proposition 16 (Euclid & Heath, 1956)

The means of organization here, apart from the logical sequence itself, are nothing more
than traditional elements of verbal argumentation. The Heath edition cited here achieves
hierarchical arrangement by presenting subordinate constructions and deductions as
clauses separated by semicolons; the conclusion of a principal module of the proof is
indicated by a period. In the free online edition that students in my class use (Joyce,
1998), Heath’s clauses are rendered as short sentences, and Heath’s lengthy sentences as
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paragraphs. Not surprisingly, both Heath and Joyce present more explicit hierarchical
organization than appears in a literal translation of Heiberg’s standard Ancient Greek text
(Euclid, Heiberg, & Fitzpatrick, 2008, pp. 20-21), but apart from discussions intended to
illuminate historical context, this consideration seems to me immaterial for the
classroom. Just as important as the arrangement of the text is the inclusion of familiar
logical rhetoric (“since”, “therefore”), which adds emphasis and stability to deductive
substructures. Yet the most potent rhetorical detail of all is not an instance of logical
vocabulary; it is the appearance of the word “But” on line 25. This one word (which does
appear, as δέ, in Heiberg’s Ancient Greek) activates a whole new dynamic: it marks the
dramatic climax of the reasoning. Surely it is line 25 that makes the reader feel the
“click” of understanding. Beyond any satisfaction it might yield to the reader, it also has
a useful didactic effect. The more sensitive a student becomes to the critical turns in a
proof—the big moves that previous steps serve to set up, and from which subsequent
steps follow relatively mechanically—the more easily the student will begin to develop
the practice of “structured proving”.
Proposition 16, while especially clever, is not unusual for Euclid in the quality of
its execution. The consistent excellence of his proofs is in itself a compelling reason to
study his work. An argument for a dedicated study of all of Book I would remain
incomplete, however, if one merely considered the propositions discretely: one could
hypothetically choose, after all, just to intersperse several of its highlights among elegant
geometric proofs from other sources. A complete rationale requires the observation that
the whole of Book I is something far greater than the sum of its parts. This is largely by
virtue of its coherence as a basic theory of triangles and parallelograms—basic in two
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senses that are discernable and meaningful to students. First, its propositions are easily
visible as the foundations of later topics in the course, especially the centers of a triangle
and the special segments and angles in circles. Book I’s role in these course units is
analogous to the role it plays in Euclid’s Books II-VI, which Math 82 employs à la carte,
selecting propositions of particular significance and appeal. Second, it proceeds directly
from Euclid’s first principles, which are sufficiently lucid and small in number that
students can digest them relatively easily as a coherent set, and refer to them with
corresponding readiness.
It is imperative to concede that Math 82’s Euclidean core is not carried out
entirely on the basis of the assumptions that Euclid actually enunciates: the problematic
Propositions 4 and 8 are replaced by explicit triangle-congruence axioms, and explicit
properties of unequal magnitudes are added. (Chapter 3 discusses this in greater detail,
and provides a complete list of the first principles.) The process of patching up Euclid’s
assumptions, which is done with the students’ participation, is a rich intellectual exercise
in itself, and it scarcely discredits the text as a whole. Even after revision, the set of
assumptions remains manageably small, and retains a strong air of theoretical unity. The
latter condition particularly contrasts with what textbooks tend to impose. Even the
admirable AOPS presents axioms out of context. They are scattered throughout the
volume, and when one of them is stated, it is stated with no regard to the system of
reasoning (synthetic or analytic or other) that it represents. For example, AOPS offers an
intuitive justification for side-side-side congruence that depends on reflection of a
triangle over one of its sides. This seems to require an analytic context in which SSS
congruence ceases to be an axiom—yet it is presented as axiomatic anyway. (See
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Rusczyk, pp. 52-53) Textbooks withhold from students awareness of the theories that
they are studying. A student can only say that he or she is studying “geometry”, relying
on axioms that are summoned to the page, from no place in particular, just before they are
to be used for the first time. This represents a missed opportunity. An active reader of
Euclid’s Book I, on the other hand, is able to say exactly what is going on: the student is
constructing, under the guidance of a world-famous mathematician, a basic theory of
triangles and parallelograms that culminates in a proof of the Pythagorean theorem.
Another essential virtue of Book I is what we might call its narrative quality. Just
as individual propositions in Book I sometimes attain dramatic or poetic characteristics,
the volume as a whole tells, as it were, an exciting mathematical story. To see this
clearly, we can begin by taking a second look at Proposition 16, this time asking (as
indeed is done in a class discussion in Math 82) why the proposition appears at all. It
might be read as a sort of weak prelude to Proposition 32, which proves that an angle
exterior to a triangle is equal to the sum of its remote interior angles (and therefore
greater than either). Proposition 32 could appear much earlier in the book if only Euclid
were to expedite his use of Postulate 5 (the “parallel postulate”); then Proposition 16, and
a few others, could be dropped, with the effect of shortening the volume. But the reason
why Euclid waits to introduce Postulate 5 is in fact one of the most beautiful aspects of
Book I: his aim is not to reach the Pythagorean theorem as quickly as possible, but to
exhaust the logical possibilities of his other axioms before resorting to the use of
parallelism. In other words Euclid, moved by the same spirit that caused other
mathematicians to endeavor vainly to dispense with Postulate 5 altogether (Euclid &
Heath, pp. 202-220), prioritizes minimizing the assumptions used for a given proposition
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over minimizing the number of propositions in the book. Proposition 16 is so satisfying
precisely because it does not require parallelism—and also because it proves that its
consequents, the even more splendid Propositions 18 and 20, do not require parallelism
either. Thus the ‘story’ of Book I features a thrilling pivot when Euclid finally reaches
Proposition 29: the rest of axiomatic system having been stretched to the limit, the
parallel postulate makes a spectacular entrance, and has a breathtakingly propulsive
effect. If a geometry course, while remaining mathematically sound and academically
effective, has the chance to include such excitement—and such a compelling illustration
of the venerable mathematical practice of excluding unnecessary assumptions—why
would it do otherwise?

Supplementing Euclid to Satisfy the Common Core

Euclid’s Book I, together with the other Euclidean propositions (taken mostly
from Books III, V, and VI) that Math 82 addresses directly, provides the center of the
curriculum and epitomizes the spirit of the course, but this work with Euclid does not
occupy the majority of the school year. This is largely because it encompasses only a
minority of the Common Core standards for high-school geometry. Before discussing
them, it seems worthwhile to explain briefly why a teacher in my position should be
obliged to satisfy the Common Core standards—for my school does not officially
recognize them. The school where Math 82 was developed for this thesis project
concludes after eighth grade. In order for the students who take the course to maintain
their academic pace, they need to place out of what would be mostly-redundant math
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courses at their new high schools. A fairly large percentage of the school’s graduates
matriculate at Stuyvesant High School or other specialized public schools in New York
City—in fact Stuyvesant receives more than any other single institution—and public
schools are commanded by the state government to follow the Common Core, although
of course the better schools enable students to move beyond it. Stuyvesant in particular
declares that it will promote to Algebra 2 any student who earns a scaled score of 90 or
above on the state Regents Exam in Geometry (Stuyvesant High School, 2019), which is
a direct application of Common Core priorities (University of the State of New York,
2019). Most of the graduates attend private high schools that are not officially committed
to following the Common Core, but my extensive experience with high-school mathplacement processes leads me to believe that their geometry curricula tend to accord
broadly with its prescriptions.
Studying Book I equips students to meet—indeed to surpass—the Common Core
standards (Common Core, 2019) classified under “Prove geometric theorems” and “Make
geometric constructions”; those classified under “Prove theorems involving similarity”
and “Understand and apply theorems about circles” are covered partly by the propositions
we take from Books III, V, and VI. But there remains much else to tackle. Although
Euclid provides a fine theoretical basis for work with proportions and circles, it is
impractical, if not in fact impossible, to use Euclid alone as the basis for rigorous
problem-solving assignment on these topics, since such problems are so often more
accessible if one approaches them algebraically. More importantly, the Common Core’s
general attitude toward geometry is decidedly analytic: it decrees that geometric
congruence should be understood in terms of “rigid motions” of objects on a Cartesian

22

plane, and that geometric similarity should be understood in terms of dilation.
Accordingly, isometry and dilation are key components of the Common Core skillset that
are very much outside Euclid’s domain. I myself write the required lessons and
assignments on transformation of plane figures, which (perhaps ironically) constitute
Math 82’s first course unit, and which will receive adequate explication in Chapter 3. The
Common Core also requires a fair amount right-triangle trigonometry; for this, I
intersperse original material with examples and problems sets that appear in Michael
Corral’s “open-source” textbook, a work of high quality that is freely available for
download from the web (Corral, 2009). To address other substantial topics for which
Euclid is either inapplicable or impractical—right-triangle applications, centers of a
triangle, proportional segments in circles, analytic geometry—Math 82 relies on The Art
of Problem Solving: Introduction to Geometry as a principal text.
It is interesting to comment on AOPS in the context of this thesis project, because
its attitude toward theoretical coherence is fully antipodal to what has been evinced in the
preceding pages. Its treatment of the theoretical grounding of Euclidean geometry
superficially resembles that of the conventional textbooks: it uses coordinates and
algebraic methods without restriction, so it is essentially analytic; but it also invokes
classical synthetic axioms (as noted above), and frequently reasons in a clearly synthetic
style. In fact, AOPS is so cavalier about symbols that it will make moves like angleaddition without ever bothering to indicate that the angles have been mapped onto a
Birkhoffian protractor, which would be deemed improper in a conventional textbook, and
marked down by many geometry teachers. However, it is exactly this kind of detail that
reveals how profoundly different AOPS’ general attitude is from textbook pedantry.
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Considering the intellectual sophistication of the book, and indeed the exceptional
mathematical proficiency of its author (a math-contest expert who once won the USA
Math Olympiad), one is driven to conclude that AOPS, far from representing a vacillating
or naïve view of theoretical frameworks, simply operates according the idea that formal
study of theory is not very useful for students at the stage of development that it targets.
Clearly I do not agree with this, but I will say without hesitation that AOPS works out to
be a remarkably congenial partner in the classroom. It is incomparably easier for a
theoretically-oriented teacher to cooperate with a text that is indifferent to theory than to
cooperate with one that just gets theory wrong. Even though AOPS does not give students
the sensation of building a theoretical structure that they can cogently describe, the book
is quite exigent in its proof-writing assignments. Here is a fairly typical example of an
AOPS-style proof; it appears in Chapter 7:

Figure 2-4: AOPS-style proof of a theorem regarding the medians of a triangle.
(Rusczyk, 2006, p. 184)
We see several distinctive characteristics on display here. The proof employs convenient
abbreviations, as exemplified by the use [$H3] to denote the area of triangle $H3, but it

24

is hardly laconic. When convenient, it uses symbolic statements, but mostly it is written
in simple, conversational language. Its style is a world away from the two-column
textbook format, and actually rather close to Euclid’s. Indeed, the theorem that drives the
proof, The area of a triangle (or a parallelogram) is proportional to its base, appears as
Proposition 1 of Book VI. This is one of the last, most challenging, and most powerful
Euclidean propositions that students in Math 82 study explicitly.
By the time the students encounter Chapter 7 of AOPS Geometry, the pure
Euclidean phase of Math 82 has concluded. The means by which the class pivots from
Euclid’s ethereal path to AOPS’ comparatively pragmatic program should be clearly
stated. It would be ridiculous to announce to the students that, having spent months
carefully crafting an axiomatic system, they are now to spend the rest of the year
concentrating only on geometric problem-solving, since it turns out that theory is a waste
of time—but that is what a teacher would risk suggesting if one simply tried to finesse the
transition. Instead, I do what seems to me the obvious thing: on a certain day, I announce
that the time has come to invoke the existence of the Cartesian plane—or more properly
to bring it back, since the students used it heavily in the opening weeks of the course. We
then spend a couple of periods briefly discussing Birkhoff’s axioms. The discussions
emphasize the point—although it is such an obvious point that students rarely need
convincing—that subsuming geometry into algebra is a tremendously potent move. The
students are told that while we will not have time to develop this geometric theory in
detail as we did with synthetic geometry, their background as algebraists will most likely
make the transition highly intuitive. Thus the solution to the problem of the class’s
transition is simply to be transparent about it. The hope is that the students, a few of them
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at any rate, will remember this explicit transition when, a few years down the road, they
take a class like the one envisioned by Hartshorne.
When Math 82 is considered on the whole, ones finds that AOPS functions to give
the course a welcome sense of balance. It is also academically effective. It is worth
mentioning that every student in the 2018-19 implementation of Math 82 who took the
June 2019 Regents Exam earned a scaled score greater than 90.
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Chapter 3
Implementing a Euclid-Centered Geometry Curriculum:
A Detailed Account

This chapter comprises a detailed depiction of the implementation of Math 82, the
Euclid-centered geometry course developed as part of this thesis project. The chapter
opens with an explanation of how the course’s characteristic learning environment relates
to scholarly literature on the education of accelerated learners. It proceeds to an account
of how Math 82 unfolds over a school year, which includes descriptions of learning tools
and teaching methods, and a number of samples of student work. The reader may find it
useful to refer to the concise calendar of course units that appears on the following page.
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Table 3-1: Concise calendar of course units
Unit
1. Transformations on
the Cartesian Plane

Principal Source(s)

Time of Year

Original material

September

2. Complex Numbers

Original material

3. Algebraic Proofs
4. Axiomatic
reasoning; classical
construction;
congruence of
triangles;
properties of
triangles; parallel
lines; properties of
parallelograms; the
Pythagorean
theorem.
5. Transition from
Book I
6. Similar Figures
7. Problems on Right
Triangles
8. Centers of a
Triangle

Original material

SeptemberOctober
October

The Elements,
Book I

NovemberFebruary

Original material

February

AOPS

February-March

AOPS

March

AOPS

April

9. Angles in Circles
10. Special Segments in
Circles
11. Right-Triangle
Trigonometry

AOPS, Original
material
AOPS, Original
material
Corral’s
Trigonometry
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April
April-May
May

Learning Environment, with Input from Scholarly Research

The main principles of the design of Math 82 may be summarized by the following
list of objectives:
1. To introduce the basic elements of Euclidean geometry as an axiomatic system.
2. To cultivate students’ capacity to write lucid, well-organized proofs.
3. To enable students to make meaningful comparisons between synthetic and
analytic approaches to geometry.
4. To make students proficient with a comprehensive high-school geometry
curriculum, as standardized by the Common Core.
5. To achieve the above in a manner that accords with scholarly research on the
particular characteristics of accelerated learners.
Objectives 1, 2, and 4 were extensively discussed in Chapter 1. Objective 3 will be
explicitly addressed in the last section of Chapter 2, which deals with the process of
transitioning from Math 82’s Euclidean core to its last, analytic stages.
Presently, we will proceed to a brief discussion of how the classroom
environment in Math 82 employs the guidance of scholarly literature on the particular
needs of the accelerated cohort for which it is specifically intended. In investigating such
literature, I have found especially informative a compendium published in 2000 by the
National Council of Teachers of Mathematics (NCTM), entitled Developing
Mathematically Promising Students (Sheffield, 1999). The articles in this volume
consistently argue that gifted math students benefit especially from an environment that
deliberately cultivates a spirit of cooperative inquiry and a vigorous mathematical
mindset. One article prescribes the use of “original, open-ended, or complex problems
that encourage them to respond creatively in ways that are original, fluent, flexible and
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elegant.” (p. 46) Another, which concentrates on “Effective Learning Environments for
Promising Elementary and Middle School Students”, argues for the incorporation of the
following “social norms”:
“(1) Students expect to be challenged and develop their own solutions
rather than following a set procedure demonstrated by the teacher;
(2) students expect to construct their own methods and recognize
that different students will carry out an operation in different ways;
(3) students expect to collaborate with other students and serve as a
community of validators; (4) students expect the process of solving a
problem to take time and reflection.” (p. 72)
A third piece, which focuses on the high-school classroom, says that students of high
ability “must be given problems whose solution they cannot readily see. The hints and
stepping-stones to a solution must be spread out widely and doled out frugally. They
must be free to think in many directions, including those not pursued by the teacher.” (pp.
83-84)
The book is just as unequivocal about what a teacher ought to avoid, namely an
environment in which “students see their role as following directions, carrying out
procedures in prescribed ways and relying on the teacher as the source of knowledge.”
This warning has some relevance, because it is not only possible, but was once entirely
normal in American classrooms, to inculcate Euclid through rote memorization and
recitation (Herbst, p. 289). My aim, on the contrary, is to have students read Euclid
actively, to participate in the development of the theory. This is pursued in Math 82 by
the most straightforward of means: the students are encouraged to try, to the best of their
ability, to prove Euclid’s propositions for themselves before consulting his solutions. As
obvious as this approach may seem, it must be carried out carefully. Capable students
certainly like to be challenged, but feeling challenged is quite different from feeling
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defeated. One article in Sheffield advises teachers that “…frustration is not good for any
student, and the teacher must be able to assess the student’s ability to cope with
frustration as the activity proceeds.” (p. 84) Although my experience inclines me to agree
only partly with the first clause, the second seems beyond doubt, and anticipating Euclid
is a sufficiently difficult endeavor that it plausibly threatens to push frustration to
counterproductive levels. In order to encourage active reasoning in a balanced and
supportive way, I composed an Active Reasoning Method (ARM) that is distributed to
the students at the start of our study of Book I. ARM consists of the following steps,
shown here as delivered to the students:

1) Read only the statement of the proposition in your Book I Summary.
Carry out a proof-outlining strategy:
a. If the statement is not in if-then form, recast it into an if-then.
b. Identify the specific givens in the proposition.
c. Identify the goal of a proof.
d. Try to close the gap: How can the givens be brought closer to
the goal?
e. Try to close the gap: What information would enable you to
reach the goal? (How can the goal be brought closer to the
givens?)
Attempt a Proof, OR move on to 2).
2) Look the proposition’s diagram in the Proposition Outline, and carry
out the proof-outlining strategy again.
Attempt a Proof, OR move on to 3).
3) Read the entire Proposition Outline, including the hints.
Attempt a Proof, OR move on to 4).
4) Read Euclid’s proof, and then try to rewrite it without looking at it.
Figure 3-1: The Active Reading Method
The “proof-outlining strategy” is taken from Velleman (Chapter 3), and is delivered
piecemeal to the students in presentations and discussions that take place in the course’s
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opening units, before we begin studying Euclid. The Proposition Outlines will be
addressed when ARM comes up for discussion again in a later section. For the moment, it
will suffice to comment on how ARM fits into Math 82’s general classroom environment.
ARM is predicated on the expectation that students will usually work through a
proposition collaboratively, in groups of two or three. In the 2018-19 school year, in
keeping with my general preference, partnerships were allowed to form organically:
although I might recommend a specific partnership, I intervened only if a group became
too large or lost focus. On a typical day, collaboration was optional, but it was rare for a
student to choose to work in isolation—that is, without even sporadic consultation with
classmates. In most cases, students sorted themselves according to their abilities—or at
any rate, according to the paces of learning that they tended to show. Thus it was normal
for different groups to be engaged with different propositions. But the groups were
roughly aware of each others’ paces, and it regularly happened that two groups working
on the same theorem would come together to compare results, or to try to get help
breaking through an impasse. And since progress was governed by a common schedule,
even though some students operated ahead of it, we were able to maintain a natural
rhythm of presentations to the whole class. Some of these were scheduled ahead of time,
and others arranged on the spot—a condition that applied both to my own presentations
of examples or hints, and to students’ exhibitions of their proofs, or salient variations to
proofs already exhibited.
All in all, the spirit of inquiry and cooperation in our classroom broadly agreed
with recommendations found in pertinent scholarly literature (See also Vidergor, Harris,
& SpringerLink (Online service), 2015, pp. 216-220). It would be misleading, however,
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to suggest that every detail of the learning environment was deliberately engineered in
accordance with research-grounded “best practices”; it was rather that the students
themselves organically displayed preferences that mostly converged with the pertinent
findings of education researchers. It should also be noted this classroom environment did
not apply only to the directly Euclidean phase of the course. It was the norm throughout
the year, including the preliminary course units that preceded our study of Book I, which
are profiled in the following section.

Preliminary Units: Analytic Geometry, Algebra, and Proof Practice

Math 82 opens with a brief study of transformations on the Cartesian plane; it
proceeds to a unit on complex numbers in the context of quadratic equations, and then to
a unit dedicated almost exclusively to training in the composition of (algebraic) proofs.
This opening sequence is motivated by several considerations, some peculiar to the math
program at the school where Math 82 was developed, and others more general. The fairly
extensive treatment of quadratics is related to the final unit of the Algebra-1 course that
precedes Math 82. That unit addresses quadratic equations, and is rigorous in some
ways—it includes comprehensive work on completing the square and a mandatory proof
of the quadratic formula—but it provides only a rudimentary introduction to complex
numbers, focusing on their basic arithmetic properties. It is the geometric effects of
complex arithmetic that, largely on account of their sheer beauty, I was determined to
include in the Math 82 curriculum. But of course those effects are nothing other than the
Cartesian transformations that appear in the Common Core standards (See
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“Supplementing Euclid…” in Chapter 1); thus a brisk examination of the transformations
in themselves is the natural way to open the course. Both these topics are capable of
supplying a little proof-writing practice, which adds to their value. Indeed, the
overarching reason for delaying the study of Euclid at all, which is not necessary from a
theoretical standpoint, is to give students a chance to increase their familiarity with proofwriting, in an algebraic context that makes them relatively comfortable, before
confronting his high demands. The third and final preliminary unit is expressly dedicated
to this purpose.
The work on transformations occupies only a handful of school days. Math 82’s
approach to them is altogether fairly standard, though it is distinctive in a couple of ways.
I introduce symbols like ℛKL , but I identify them only as a convenience and do not
require students to use them, since such symbols (and especially their subscripts) appear
to be poorly standardized at the high-school level. In contrast to most published sources,
Math 82’s approach includes the interpretation of sequences of transformations as
compositions of functions. For instance, students in the course are expected to be able to
compose a translation (>, ?) upon ℛKL , stating a result in the form (M, N) → (−N + >, M +
?). The formal assessment is a problem set, a version of which appears as Appendix A. It
contains an item asking students to prove that ℛKL ≡ (M, N) → (−N, M), which most
students will do using the law of perpendicular slopes. This unit includes a discussion of
how transformation functions might be used to prove the basic triangle-congruence laws
(with students in the class, and many others of their age, will already by passingly
familiar), but not formal proofs.
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The subsequent unit “Complex Solutions” is rich and demanding, but requires
little comment here. It uses problems from The Art of Problem Solving: Introduction to
Algebra (Rusczyk, 2007) as well as a number of original materials. Its expectations for
students are adequately represented by Appendix B, a version of the test that concludes
the unit.
When the work with complex numbers is complete, the students are informed that
the time has arrived for them to gear up for The Elements, by means of a dedicated unit
on algebraic proof-writing. The unit has three key attributes: 1) the introduction of proofs
as a steady diet, rather than an occasional activity, which for all but the students who take
weekend classes is a novel experience; 2) emphasis on proof by contradiction; and 3)
arrangement of the proofs into sequences in which later theorems often depend on the
proofs of earlier ones. The first sequence consists of proofs of divisibility rules: these are
relatively accessible ‘warm-ups’ that enable the students to concentrate on their
symbolic-representation skills. The second sequence, considerably more challenging, is
initiated by a specific example, one of major classics of the math classroom: The square
root of 2 is irrational. The class undertakes a teacher-led collective proof of this theorem,
with the students contributing as much as possible—and the traditional proof is famous
enough that a few students will almost inevitably be familiar with it, so that mainly the
teacher acts as a referee. For reference, here is a rendering of the traditional proof (an
adaptation of a proposition in Euclid’s Book X):
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Suppose that √2 is rational. Then it can be written
U
, where >, ? ∈ ℤ, and > and ? are relatively prime.
V
UY

Then VY = 2, and >: = 2? : .
Now >: is a multiple of 2, so by Euclid’s Lemma, > is a multiple of 2.
So let > = 2@. Then >: = (2@): = 4@ : . Now we have
2? : = 4@ : , so ? : = 2@ : .
Then by the same reasoning as above, ? is a multiple of 2.
But if > and ? are both multiples of 2, then they are not relatively
prime, a contradiction!
Therefore √2 is not rational ∎
Figure 3-2: Traditional (algebraic) proof of the irrationality of √2.
As remote as its subject is from synthetic geometry, the proof provides an excellent
foretaste of the kind of reasoning the students will encounter in Book I. It is a proof by
contradiction with a dramatic turn, signaled as usual by the use of the word “but”. The
least obvious premise used as a justification (Euclid’s Lemma) is explicitly invoked, but
the basic algebraic laws are allowed to remain implicit. A student who imagines trying to
write such a proof as an original work is likely to feel intimidated, but that sensation is in
fact one of the reasons why it is such a good example: intimidating as it initially appears,
its simple opening moves provide hints as to how a thinker might have made its
discovery easier (though by no means easy). The decision to try to prove the theorem by
contradiction (a tactic that students take to readily) immediately results in the statement,
“Suppose √2 is rational.” The next statement is merely a precise invocation of the
definition of a rational number, and the subsequent equation the result of a natural
impulse to rewrite the problem in terms of integers. Now one can begin to search for a
path to contradiction: will it be possible to show that > or ? is RST an integer? Will it be
possible to show that they are not relatively prime?
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The proofs assigned to the students begin with a generalization of the above: If \
is prime, prove that ]\ is irrational. Here are some of the ones that follow:
1) Prove that if ^ is rational and \ is prime, ^]\ is irrational.
2) Prove that the sum of a rational number and an irrational number is irrational.
3) Let \, _ ∈ ℚ: ]\, ]_ ∉ ℚ. Prove that ]\ + ]_ ∉ ℚ.
4) Prove that the multiplicative inverse of a nonzero rational number ^ is rational
and unique.
5) Let \c × \: × … \f be a product of distinct prime numbers. Prove that the square
root of the product is irrational.
6) Prove that if a positive integer is not a perfect square, its square root is irrational.
7) Prove that a quadratic polynomial with integer coefficients >, ?, and @ is
factorable if and only if ? : − 4>@ is a perfect square.
Many of the students in the 2018-19 cohort needed extensive support with this sequence.
Only a minority of them were able to handle (5) and (6) with a substantial degree of
independence. But even when they were unable to complete a proof independently (or
nearly so), they tended to display progress. It was very rare, for instance, for a student to
capitulate without trying some specific moves, and almost as rare for a student to submit
as complete a proof with major logical gaps. This indicated that the students were trying
dutifully to move the givens closer to the goal, and were gaining in their ability to judge a
proof’s validity.
It is pertinent to observe that the collection of assumptions for these proofs was
decidedly ad hoc. I discussed with the students the most obvious premises that they
would be using axiomatically—the field axioms (with special emphasis on the closure
law), the basic properties of exponents, the Fundamental Theorem of Arithmetic—but we
did not pretend that the list was comprehensive. Thus the students did not have the
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sensation of working from first principles. Also, proofs (5) and (6), while nominally
about irrational numbers, actually change the context by requiring much subtler thinking
in number theory. Presumably they would have been more widely accessible if we had
done longer and better-oriented sequences of proofs in number theory than time allowed.
As useful as the algebraic proof-training unit was in 2018-19, its peculiar challenges cast
into clear relief the advantages of using a stable axiomatic system. This underlined the
importance of rendering our Euclidean assumptions as clear and complete as reasonably
possible.

Book I: Definitions, Postulates, and Common Notions

The Euclidean core of Math 82 is initiated with the announcement that, for the
time being, the class is to renounce the number line, and as a consequence, the Cartesian
plane. It will be impossible, for instance, to assign numerical lengths to line segments:
that would require us to know the distance between two points, which would require the
points to have coordinates. Instead of lengths, segments are said merely to have
magnitudes that can be compared to each other: two segments can have equal
magnitudes, or one can be longer than the other. For a modern student (or teacher), it
might feel necessary to add that we know at any rate that a segment’s magnitude is not
zero, but in fact that goes without saying, since zero is a numerical length: it would be
more proper to say simply that a segment consists of more than one point, and has a
magnitude. Compared to the algebraic work that the students have been doing for the past
few years, the announcement amounts to a stunning theoretical reset, but I think it is
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actually better not to labor over it per se. Most of the questions that students might ask,
especially the deeper ones, can be considered much more productively after the class has
looked at Euclid’s definitions and axioms. But there is one critical qualification that
students need to hear. The teacher needs to make it clear that he or she is not claiming
that the ‘empty plane’ is somehow the right way to think about geometry, whereas other
ways are wrong. Coordinate geometry not only works; it is splendid, and monumentally
powerful. In synthetic geometry, we work with an empty plane in order to see how far we
can go with a leaner and narrower set of assumptions.
The students’ first assignment (which they begin in class and continue as
homework) is to read Book I’s definitions, and briefly respond to them in writing. For
each definition, a student may choose to paraphrase it in the student’s own words if he or
she essentially agrees with it, or to try to improve it, or to write down a question about it.
The next day, the class discusses the students’ responses. One may expect especially
lively discourse to emerge from Definition 4: “A straight line is a line [i.e. curve] which
lies evenly with the points on itself”. (Joyce, Book I, Def. 4, bracketed words added.) To
be sure, this was the case in 2018-19: some students gently ridiculed the definition; a few
tried to defend it; others attempted to offer a more sensible one. In the cases where
students try to replace the definition, my inclination is to praise the effort, but respond
basically critically (unless of course someone comes up with something unprecedentedly
convincing). It is almost inevitable that at least one student will advocate a definition to
the effect that a line determines the shortest distance between two points, but for obvious
reasons, that will not work in a synthetic context (although it will begin to make sense, if
modified for magnitude comparisons, after Proposition 20: the Triangle Inequality). On a
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deeper level, the goal of the exercise is for students to glimpse what Birkhoff and so
many other proficient mathematicians have seen: that an a priori definition of a primitive
object like a line is doomed to circularity, and it is better to leave it in a set of “undefined
elements” until its properties are described by the axioms that cite it (Birkhoff, p. 329).
Perhaps the sheer oddity of Euclid’s definition is an indication that he incipiently
perceived that there was an unsolvable problem in what he was trying to do. There are a
few other problematic definitions. Definition 7 (plane surface) is as incomprehensible as
Definition 4. Definitions 2 and 3 hint at a more interesting complication, the lack of an
explicit continuity principle in Euclid’s system, which will receive brief commentary
below. Most of the definitions, however, agree with the students’ intuitions, and
adequately perform their relatively modest role.
The Postulates and Common Notions are the subject of fairly lengthy class
discussions. Students are keen to know, first of all, what distinguishes them from each
other. For the purposes of a course like Math 82, it is not necessary to settle the question
completely. Following Heath, I refer to Aristotle’s stipulation that “some [first principles]
are peculiar to each science and others common (to all)” (p. 117), which would cast the
Postulates as expressly geometric and the Common Notions as pertaining to all studies
involving magnitudes. But we also consider the historical claim that Postulate 4 “should
not be classed as a postulate but as an axiom, since it does not, like the first three
Postulates, assert the possibility of some construction but expresses an essential property
of right angles.” (p. 200) Students are left free to debate the matter, but while the 2018-19
cohort was curious about it, they regarded it (rightly it seems) as not very pressing. The
far more significant point to make about the first three postulates is that they constitute
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the epitome of Euclid’s geometric system. Euclidean geometry can be meaningfully
described as the set of objects that can be constructed by drawing lines and circles, and
letting them intersect. If students have prior experience with compass-and-straightedge
constructions at all, such assignments will have been diversions, or perhaps regarded as
historical exercises that give one a notion of what drafters of diagrams had to do in the
days before computers. In Euclid, however, constructions are not mere applications of
principles; as much as anything else, they are the principles. The operational definition of
a line is directly obtained by reading the word “unique” into Postulates 1 and 2, and there
is no other way to obtain it.
By examining Postulate 4—that is, by considering that this little assertion about
the equality of all right angles, which might seem a minor point at first glance, is in fact
nothing less than the theory’s fundamental means of measuring angles—students get an
idea of just how different synthetic geometry will be from what they are used to. It is here
that they may begin really sensing the difference between measuring objects and
comparing magnitudes.
The famous (or notorious) Postulate 5 is less complicated to address than one
might think. Its phrasing is somewhat challenging for young kids, but there is some value
in that: the students will need to get used to Euclid’s heavy prose. As soon as its phrases
are lined up with the corresponding parts of a diagram, it becomes quite lucid, and only
students who have already become aware of non-Euclidean geometries will see a reason
to dispute it. Naturally, a discussion of this postulate is substantially enriched if one
opens the question of what happens if it is left out, which can be appealingly illustrated
by diagrams of elliptical or hyperbolic spaces. It might also be worthwhile—eventually,
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not immediately—for a class to look into some of the historical attempts to prove
Postulate 5 on the basis of the other axioms, though this inquiry was not included in
2018-19.
Four of the five Common Notions are obvious and intuitive; the other one, which
will be discussed last, is a serious problem. The first one (transitivity of equality)
corresponds to what students accustomed to algebra know as the substitution property,
but that property, at least in its standard expression, cannot stand in for transitivity,
because it refers to functions. The lack of an algebraic framework also explains to
students why Common Notions 2 and 3 (addition and subtraction) have to be stated
separately: we do not have a way to define subtraction in terms of addition. Some
editions of Euclid designed for the classroom include additional axioms for arithmetic
with magnitudes: Byrne’s visually beautiful 1847 edition (Rougeux, 2019), for instance,
adds axioms specifically stipulating that doubling or halving equal magnitudes preserves
equality. I believe that Euclid’s propositions on bisection (9, 10, 34) are sufficient,
rendering such additions unnecessary. Common Notion 5 (whole is greater than part)
merits brief explication in the classroom because it is the synthetic principle by which
different magnitudes are compared—this serves as yet another powerful contrast between
Euclid’s system and elementary algebra.
Common Notion 4 (coinciding figures are congruent) is an unacceptable basis for
Propositions 4 and 8 (SAS and SSS congruence, CPCTC), and may be discarded. Euclid
claims to prove these propositions by describing a process in which one essentially picks
up a triangle, places it on top of another triangle that matches the first according to the
side-angle-side or side-side-side criterion, and then observes that the two triangles
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coincide, which activates Common Notion 4. Bertrand Russell is among many
commentators who have complained about this. He put it bluntly:
Superposition is a logically worthless device; for if our triangles are
spatial, not material, there is a logical contradiction in the notion of
moving them, while if they are material, they cannot be perfectly rigid,
and when superposed they are certain to be slightly deformed from
the shape they had before. (Russell, 1902)
Euclid could escape Russell’s objection if instead of moving it, he mapped the triangle
onto a new set of coordinates—but that would obviously be analytic. In a synthetic space,
we can “move” an object only by copying it, as Euclid does with a line segment in the
exquisite Proposition 2. If Euclid copied a triangle through the procedure of the equally
exquisite Proposition 22, he would have to prove that the new triangle is congruent to the
original—but that would require SSS already to be true. Perhaps the simplest solution to
this predicament is just to assume the conclusions of Propositions 4 and 8, including
“corresponding parts of congruent triangles are congruent”, as additional axioms.
About halfway through Math 82’s study of Book I in 2018-19, a few other
additions were made. The students’ answers to their first test on Euclidean proof-writing
(see pp. 54-56 below) made it seem prudent to make explicit some basic laws for unequal
magnitudes.
There are other logical imperfections in Euclid’s first principles, of course, among
them the lack of explicit principles of continuity and “betweenness”, but for teaching
purposes these flaws seem much milder, and in 2018-19, no axioms were formulated to
remedy them. It bears repeating that the aim of teaching Euclid to eighth graders is not to
supply them with an axiomatic system that meets modern professional standards of rigor,
with the expectation that they will rely on it for the rest of their careers. It is rather to
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enable them to participate in the reconstruction of a theory that changed the world, and is
rigorous on its own terms—by which I mean that it supplies a context in which a group
of students and their teacher can judge, with satisfying clarity, whether a given
proposition’s proof satisfies a reasonable set of conditions (even if those conditions
depend on deeper mechanics that are left to operate implicitly). The choice was made to
fortify the particular weak points cited above not because the theoretical repair is then
complete, but because they are the most prominent, and they can be easily remedied
without altering the spirit of the text.
The full list of Math 82’s explicit axioms for Book I appears on the following
page.
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Postulates:
Post. 1: Any two points may be joined by a straight line.
Post. 2: Any straight line may be indefinitely extended.
Post. 3: A circle may be drawn with any radius, and with any point as its center.
Post. 4: All right angles are equal.
Post. 5, the Parallel Postulate: Let two lines be cut by a transversal. If the interior
angles on one side of the transversal have a sum of less than two right angles, the
lines will eventually meet on that side.
Common Notions: Let g, h, i, j be magnitudes.
CN 1, Transitivity: > = ? ∧ ? = @ ⟹ > = @
CN 2: > = ? ∧ @ = 6 ⟹ > + @ = ? + 6
CN 3: > = ? ∧ @ = 6 ⟹ > − @ = ? − 6
CN 4: If two shapes coincide when one is superimposed on the other, then they are
congruent.
CN 5: The whole is greater than the part.
Congruence:
SAS: If in two triangles, two sides equal two sides, and the angle between the two
sides in the one equals the angle between the two sides in the other, then the
triangles are congruent.
SSS: If each side of one triangle is congruent to a side of another, then the triangles
are congruent.
CPCTC: Corresponding parts of congruent triangles are congruent.
Laws for Unequal Magnitudes:
Transitivity: If > > ? and ? = @, then > > @.
Addition: If > > ?, > + @ > ? + @.
Subtraction: If > > ?, > − @ > ? − @.
Figure 3-3: Math 82’s list of axioms for Book I of Euclid’s Elements.
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Learning Tools: Proposition Outlines and GeoGebra

The Active Reading Method, as stated above, entails a conditional and gradual
administration of aid to a student who is trying to prove a proposition. If the student has a
promising idea of how to prove a proposition given only its statement, she or he need
only refer to a list of the propositions that includes their statements. When more help is
needed, it often makes a big difference simply to supply a labeled diagram; if that does
not suffice, the student can still try to prove the proposition with the help of a couple of
hints before resorting to reading Euclid’s proof. Math 82’s Proposition Outlines,
distributed to the class as both hard and electronic copies, provide such diagrams and
hints. A typical example is shown below; its final portion appears on the following page.
(Appendix C comprises a complete set of proposition outlines.)

Proposition 17: In any triangle, the sum of any two angles is less than
two right angles.

Your main task is to prove that ∠&#$ + ∠&$# < 2 rt. angles.
Figure 3-4: Proposition Outline for Proposition 17, part 1
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You can start with the simple observation that by Prop 16, ∠&$# <
∠&#3. Notice that the angles are subject to the law: If > > ?, then
> + @ > ? + @.
Use this law to write the proof. And to make the proof complete,
consider that we could also have constructed an exterior angle by
extending either of the other two sides…
Figure 3-5: Proposition Outline for Proposition 17, part 2

The diagram itself indicates that the exterior angle ∠&#3 is to be used. The written hint
is designed to stop short of making the proof trivial: the student must still recognize that
the addition law for unequal magnitudes sets up an appeal to Proposition 13 (“If a straight
line stands on a straight line, then it makes either two right angles or angles whose sum
equals two right angles.”), and so on. Proposition Outlines are the principal staple of
Math 82’s study of Euclid. Casual observation suggests that they are a valuable resource
for the students, and there exist some formal data corroborating this claim. In 2018-19, in
support of this thesis project and with the approval of the pertinent IRB, a set of
volunteers from the class was asked to evaluate the effectiveness of the proposition
outlines (and several other resources). All of the volunteers rated the outlines as “very
effective” or “extremely effective”.
Students of Euclid must also have tools for executing constructions. My choice
for this purpose is GeoGebra, a free online resource. Among its enormous array of
features, Geogebra includes an excellent app for classical constructions (GeoGebra,
2019). The app offers vast advantages over a manual compass and straightedge: diagrams
can be composed faster and more clearly, and are incomparably easier to revise or
customize. Students may change the shape or size of objects while preserving the logical
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relations that they have stipulated: if a line bisects an angle, for instance, it will
automatically move in correspondence to alterations to the angle’s position or measure.
Geogebra also offers commands that automate basic constructions like angle bisectors; a
student is permitted to use these shortcuts once he or she has proved the corresponding
proposition. Its role in the course is much wider than that of a high-tech replacement for a
compass and straightedge. Many students in 2018-19 used it to make interactive diagrams
as they searched for proofs of propositions, and it was an essential resource in many
presentations, both mine and the students’. (Geogebra was used to draw the diagrams in
the proposition outlines.)

Direct Instruction in Proof-Writing, and Practice Exercises

Notwithstanding its celebrated role in the education of many famous
mathematicians, The Elements is not a didactic work, in the sense that it does not contain
exercises. This complicates the early stages of studying Book I. The first three
propositions are constructions. If the fourth is assumed as axiomatic, the first pure
theorem that Euclid gives students an opportunity to prove is Proposition 5 (the Isosceles
Triangle theorem), which is too exigent to play an introductory role. Consequently,
Proposition 5 is not assigned to a student until he or she has spent some time—the
duration varies significantly from one student to another—doing practice proofs. The
customized propositions that Math 82 uses for this purpose at least superficially resemble
many exercises that one finds in textbooks or on the web, but they differ from most such
sources in a few of their attributes. Instead of just stating as a given that two segments are
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equal, these exercises tend to use a circle to determine the segments’ equality, which
helps to keep students’ conception of Book I firmly rooted in construction. If a very easy
proof is assigned, it is often cast as part of a longer one: this promotes the objective of
giving students early and frequent training in the compartmentalization of longer proofs.
Before the students tackle the proofs, they are shown examples that offer
guidance as to both logical procedure and style. It is essential to the spirit of the course
that the examples be worked in more than one style: some students, motivated perhaps by
their appreciation of such proofs as that of the irrationality of √2 (see Figure 3-2), will
strongly prefer a ‘discourse style’ that features extensive verbal argumentation, whereas
others, especially (but not exclusively) those who are feeling less confident in their
proving ability and consequently seek the relative comfort and clarity of a repeatable
scheme, will prefer to use a modified version of the two-column format. To elucidate the
differences and commonalities between the two approaches, the instructor may present
two proofs of the same proposition, as shown below:
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In the diagram, two circles, centered respectively at # and &,
intersect at 3 and 4. Prove that #&4 = #&3.

Proof 1:
%%%% are radii of the same circle, as are &4
%%%%
a) Since %%%%
#4 and #3
%%%% is a
and %%%%
&3, #4 = #3 and &4 = &3. Then since #&
common side, u#&4 = u#&3 by SSS.
b) So by CPCTC, #&4 = #&3. QED.
Proof 2:
a) Prove u#&4 = u#&3:
(S) #4 = #3, and
(S) &4 = &3 (def. of circle)
%%%% is common.
(S) #&
∴ u#&4 = u#&3. (SSS)
b)
#&4 = #&3 (CPCTC) ∎
Figure 3-6: Two proofs, in two different forms, of an ‘example theorem’.

In each case, the proof is organized into two modules: the first proves two triangles
congruent, and the second uses the congruence to prove something else. The first module
consists of four logical steps, so that the entire proof has five, but that is incidental. The
goal is to demonstrate that two angles are equal; CPCTC is a standard way of doing that,
and in this case the only way. That is the procedural lesson here—so to portray either
proof as consisting of five equally-weighted steps would be confusing, and quite the
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opposite of structured proving. That is why the individual steps are not numbered, even in
the two-column variation (Proof 2). Instead, the main advantage of the two-column
format, which is to remind students to state (and justify) all necessary premises before
stating a conclusion, is achieved by labeling each identification of a pair of equal sides
with the symbol (S) . Such labeling is optional in Math 82, but many students in 2018-19
found value in continuing to do it. Finally, observe that phase (a) of Proof 2 begins by
stating its conclusion. This is done to emphasize that a module might be the first of
several that combine to compose a long proof, even though that is not the case here.
‘Titled’ modules of this sort enable a lengthy proof to contain its own outline, which not
only helps a student to think through it, but also renders it more readable.
The exercises below are excerpted from a practice set used in 2018-19, which
appears in full as Appendix D. The purpose of the first exercise is to have students
practice identifying a common side in an SSS proof; that of the second is to have them
practice using a CPCTC statement as a premise in an SAS proof.

Questions 3 & 4: In the diagram below, %%%%
&3 and %%%%
&$ are equal, and
tangent to the circle, which is centered at #.

3. Prove that u&3# ≅ u&$#.
4. Continue, proving that &43 =

&4$.

Figure 3-7: Exercises in proof-writing by SSS, SAS, and CPCTC.
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Having finished those proofs, the students move on to a sequence of exercises that refer
to this figure:

Figure 3-8: Diagram for practice proofs related to triangle congruence.

Both circles are centered at #. The students are to prove that u4#$ ≅ u&#3, and then
that u43$ ≅ u&$3. The second is a harder proof that requires a CPCTC citation and a
segment-subtraction. In 2018-19, many of the students needed guidance with the second
proof: suddenly the conclusion seemed more distant from the premises that what they
were used to. The instructor’s tactic in such a situation is to advise a student to think
systematically, and use logical modules. For the time being, only SAS and SSS are
available as means of proving triangles congruent. (Either may be used in this case.) To
obtain the necessary equal sides or angles, the student must use the logical module that he
or she composed in the previous exercise, and cite CPCTC. This yields $4 = 3& and
$43 =

3&$. One of these is necessary, but even taken together they are not
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sufficient:

$43 =

3&$ does not provide equal angles between equal pairs of sides.

So one turns next to the class’s full list of assumptions, looking for a move that will
supply a last critical equation. Common Notion 3 does the job, yielding 43 = &$.
When combined, this pair of exercises reveals a proof of Proposition 5. Students
who have completed the exercises now have an idea of how the whole proof might have
been conceived—not as a sequence of discrete deductions, but as a combination of
modules, each of which contains multiple steps. One of the main priorities of Math 82 is
to train students to express this process in the proofs they write.

Teaching the Propositions, and Assessing Student Progress

Given the extensive commentary on Book I in Heath and Joyce, together with the
Proposition Outlines in Appendix C, this section need not comment on all 48
propositions; it will offer notes on those that are most salient from a teaching perspective.
As a rule, they are assigned to the students at an approximate rate of three per two school
days, with homework consisting of a continuation of the work begun in class. This is only
an average rate, because the propositions vary widely in subtlety and complexity. And as
suggested above, the earliest ones are treated differently from the rest, since students
encounter them at such an early stage in their skill-development.
Once the axioms have been established, the first of Euclid’s problems is
introduced: the students need to find a way to construct an equilateral triangle, and prove
that it is equilateral. This provides the natural occasion for the class’s first substantial
lesson on GeoGebra’s Geometry app. After its essential features have been demonstrated,
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students are left to search for a solution for 15 or 20 minutes, although some of them find
a solution much faster, and a few have already learned the construction. Once students
finish Proposition 1, they can benefit from doing a related construction or two before
attempting Proposition 2 (the Rigid Compass). A good option is to ask them to inscribe
an equilateral triangle in a circle, without worrying about formal proof for the moment.
One efficient solution is the red triangle below:

Figure 3-9: Construction of an equilateral triangle inscribed in a circle.

Students engaged in such a problem show a strong intuition for the constraining
premises: I have never seen a student take advantage of the relaxation of the proof
requirement by just placing three points in a circle that look roughly equidistant from
each other. The teacher may productively ask the student whether the proof would follow
%%%% is
directly from Euclid’s axioms. (It would not; elaboration is required to show that 34
equal to the other segments.) But if a student temporarily reinstates his or her knowledge
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that the angles in an equilateral triangle are 60 degrees each, he or she can prove the
validity of the construction by adding the green triangles, which show that ∠3$&
accounts for exactly one third of a circle. (Indeed the student might have made the red
triangle by first constructing a regular hexagon out of triangles like the green ones.)
Activities of this kind are a good way to highlight the implications of different sets of
assumptions.
The class is brought together for an announcement of the next problem,
Proposition 2. As with the equilateral triangle, they are left to explore a solution
independently for a while. But this is a problem of an entirely different order: I have not
yet had a student who could pull of this construction without any aid. (Perhaps someone
might have done it given unlimited time.) In 2018-19, a few students were able to find a
solution given only the information that an equilateral triangle was involved, but it was
not as elegant as Euclid’s. In the end, the whole class tries to complete the construction
after the teacher begins executing it on a large screen, carrying it to the extent shown
%%%% is the segment to be copied, and & the given point.)
below. (#$

Figure 3-10: First steps in the construction of a
segment equal to %%%%
#$ with arbitrary endpoint &.
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This amount of information leaves a fair degree of difficulty in the problem, and writing
the proof provides valuable training in the use of Common Notions 1 and 3. Another
useful feature of this proposition is the sheer admiration that it inspires in the students. It
is their first opportunity to see how virtuosic Euclid’s work can be, and it emphasizes the
intellectual seriousness of their enterprise. It also grants the kids their first GeoGebra
‘power-up’: from now on, they may freely use Geogebra’s compass tool to copy
segments to locations of their choice.
Proposition 3, as it follows so easily from Proposition 2, is of trivial difficulty.
Proposition 4 is a declared axiom, and the approach to Proposition 5 is discussed above.
Therefore the first of the proposition outlines is the one provided for Proposition 6, the
converse of Proposition 5, which is significant for being the first case in which a converse
is proved by contradiction, and also for its subtlety. The outline is slightly atypical,
because its diagram comes with a tip-off as to the nature of the proof:
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Suppose the contrary: in u#$&, ∠#&$ = ∠#$&, but #& ≠ #$. Then
%%%% , so
one of them is greater. Let the greater side be %%%%
#& , and cut off 3&
that 3& = 3$.

Now we have two overlapping triangles u3&$ and u#$&, with
u3&$ a part of u#$&. If one is only a part of the other, they are not
congruent. How does this lead to a contradiction?
Figure 3-11: Outline for Proposition 6

The tip-off is included because it would be hard to make sense of the diagram without it,
and also because it seems reasonable to provide students a boost the first time they
attempt a converse. It is beneficial to mention to the class in reference to this proposition
that proof by contradiction will be a standard tactic for converses.
Proposition 7 is difficult, and not entirely for welcome reasons. Its subject—the
uniqueness of a point of intersection between two line segments of specified magnitudes
that are drawn from the endpoints of another segment—casts an unusually harsh light on
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Euclid’s unstated assumptions about “the relative positions” (Heath, p. 260) of
constructed objects. As stipulated above, Math 82 passes over some of the theoretical
implications of this proposition, but still, its full demonstration would require proofs of
multiple cases, whereas Euclid addresses only one. One might even be tempted to ignore
Proposition 7, since the assumption of Proposition 8 (SSS congruence) obviates its
principal utility. In the end it seems best to retain it, asking students to prove the same
case that Euclid does. This gives them their first chance to practice using transitivity of
inequalities.
Starting with Proposition 9, the outlines are usually distributed to the class in sets
of three. It is with Propositions 9 through 15 that most students achieve a sense of flow in
their progress. For the most part, these propositions are challenging enough to be
interesting while remaining manageable. Perhaps the most difficult of them, oddly
enough, is number 13 (“If a segment has an endpoint on a line, it forms two adjacent
angles that sum to two right angles”). Few facts from the students’ previous experience
feel more fundamental than this one, yet it is tricky to prove. For some students, even
reading Euclid’s proof does not solve the problem, mainly because the mass of threeletter angle references is somewhat confusing. Especially for these students, it can be
beneficial to write (or rewrite) the proof using a quasi-algebraic style, as suggested in the
outline:
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Proposition 13: If a straight line stands on a straight line, then it makes either two
right angles or angles whose sum equals two right angles.
If we prove this, we will finally be able to make use of the familiar fact that when
lines intersect, they make adjacent angles that are supplementary.

%%%% ⊥ %%%%
First, take care of the trivial case: if, despite appearances, 3&
#$, then obviously
∠3&# and ∠3&$ are right angles.
If the segments are not perpendicular, then use Prop 11 to draw %%%%
4& ⊥ %%%%
#$. Notice
that you could rename ∠3&$ as the sum of two angles, and you could do the same
for the right angle #&4. For convenience, try the following: let ∠#&3 = M, ∠3&4 =
N, and ∠4&$ = y.

Figure 3-12: Outline for Proposition 13

The subtle and beautiful Proposition 16 (“Exterior angle is greater than remote
interior angle”) initiates a class discussion of one of the signal qualities of Book I:
Euclid’s commitment to proving as much as possible before invoking the Parallel
postulate. (See commentary to Figure 2-3.) It leads briskly to Proposition 18 (“Greater
side implies greater opposite angle”), which reveals the true power of the Isosceles
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Triangle theorem, and its subsequent converse, whose proof by contradiction features an
amusing terseness. Up to now, a student’s progress has been evaluated mainly on the
basis of his or her written work according to the principles of ARM, which of course the
students will have carried out largely collaboratively. After Proposition 19, the class has
acquired enough experience and material to take a first proof-writing test. The test, whose
duration is about 60 minutes, consists not of propositions from Book I, but of narrow and
specific “exam theorems” like the ones used for practice proofs. The students are given a
practice test to help them prepare, and additional practice proofs as requested. While they
take the test, they are allowed to refer to a summary handout that lists the axioms and the
statements of Propositions 1-19. The first two questions of the 2018-19 edition are shown
below. (A complete set of the test questions appears as Appendix E. Question 2 is the
item, mentioned above in “Book I: Definitions, Postulates, and Common Notions”, that
ultimately caused a transitivity law for unequal magnitudes to be added to our list of
explicit axioms.)
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Questions 1 & 2: In the diagram, both circles are centered at #.

1. Prove that u$#& ≅ u4#3.
2. Prove that ∠&$# is acute, i.e. less than a right angle.
Figure 3-13: Questions 1 and 2 of the students’ first test on geometric proof-writing.

Let us inspect the responses that one student wrote in 2018-19. Samples of student
work that appear in this paper were collected with the assent of participating students and
the informed consent of their parents, according to an IRB-approved research plan. The
samples were originally hand-written, but are typed here in order to preserve anonymity.
Errors are indicated by red text, and omissions by red text inside brackets. Here are the
responses:
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%%%% and 3#
%%%% are both radii of circle #c , &#
%%%% = %%%%
1. Given that &#
3#.
%%%%
%%%%
%%%%
%%%%.
Also given that $# and 4# are both radii of circle #: , $# = 4#
Finally, &#3 = 4#3 b/c vertical angles (Prop. 15).
Therefore, by SAS, u$#& ≅ u4#3.
2. Assume &$# is obtuse.
Then &$# ≥ rt. .
So, &$# would have to be the greatest angle b/c if there were 2
obtuse angles, their sum > 2 rt. {, defying prop. 17. Thus &$#
is the greatest .
%%%% b/c by def., the size of the
But! We know that in u#$&, %%%%
#$ > #&
radius will scale upwards as the size of the circle increases.
%%%% is the longest in u#$& b/c %%%%
So, #$
#$ is the radius of the largest
circle.
%%%%
But! By prop 18, $&# would have to be the largest, because #$
is the largest side!
But we said that #$& is the greatest! A contradiction!
[Concluding sentence missing.]
QED.
Figure 3-14: Student response to questions appearing in Figure 3-13

The style of these proofs indicates that the student has made promising progress since the
start of Book I. They display extensive use of discourse style (see p. 49 above), and a
number of verbal details clearly show the influence of Euclid’s proofs. One can also
detect echoes of the two-column format: in the first proof, each line consists of a single
statement and a single justification, although not always in the same order. The twocolumn format works well for Question 1, and indeed many of this student’s classmates
chose to hold to it fairly tightly in this case. But it would be an impediment in Question 2.
Students learn from Euclid that, as long as they can do so precisely and with clear
justification, they are allowed simply to say what they mean in a proof, instead of
devoting an undue portion of their time and effort to grappling with formalism.
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The proofs contain a few errors, but they are not grave. The second proof claims
that “obtuse” is the contradiction of “acute”, which neglects the case of a right angle. The
%%%% is an ad hoc assumption, but it would be unfair to blame the
reason it gives for %%%%
#$ > #&
student for it: without an explicit transitivity law for inequalities (it was added after the
test), the desired citation of Common Notion 5 is logically vague. The missing
concluding sentence, while a non-trivial flaw, is a procedural omission rather than a false
deduction. The error in the first proof is essentially orthographic.
Like Propositions 16 and 18, numbers 20 (The Triangle Inequality) and 22
(“Construct a triangle given three segments”) are conspicuous in their beauty. Thus the
sequence from Proposition 16 through number 22 will likely have students feeling visibly
enthusiastic about what they are doing. All the same, a little variety is always welcome,
perhaps especially with younger students, so after proving Triangle Inequality, the class
pivots to a quick interlude—occupying about 70 minutes of classwork and homework—
on the subject of the theorem’s numerical implications. Students are assigned this
problem:

Suppose a triangle has integer side lengths. Let > be the
longest side: another side may equal >, but may not exceed
it. Let C be the number of distinct triangles that can be
constructed given a value for >. (Two triangles are not
considered distinct if they are isometric.)
Write a formula for C in terms of > for the case where > is
odd, and another formula for the case where > is even. Then
try to combine the two formulas into one.
Figure 3-15: A problem based on the Triangle Inequality.
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The two formulas,

(U|c)Y
}

for the odd case, and

U(U|:)
}

for the even, can be found by

testing small values of >, and spotting a pattern. They can be combined as
(U|c|(U|c) ~Ä :)(U|cÅ(U|c) ~Ä :)
}

, where R mod 2 indicates the modulo operation, which

reports the remainder of R ÷ 2. (If > is odd, (> + 1) mod 2 = 0, resulting in the first
formula, and if > is even, (> + 1) mod 2 = 1, resulting in the second.) The interlude is
mentioned in such detail because it is used to test the class against a question, analyzed in
a paper by Andreas Stylianides (Stylianides, 2011), that is relevant to any introductory
course in proof writing: will students who devise a formula based pattern occurring in a
set of examples conclude that the formula is proven? It is tempting to do so on the basis
of a formula’s ostensible generality. Accordingly, the activity concludes by asking the
students whether they believe their work has proved the formula. In 2018-19, it was
reassuring to observe that the class arrived at the unanimous opinion that the formula had
not been proved, although the tightness of the pattern made them pretty sure it was true.
A few of the more experienced students asserted that it could be proved by induction,
which is true, although the inductive step is fairly complicated.
Proposition 26 (Congruence by ASA or AAS) is one of the most challenging in
the volume, not least because of the sheer aggregate length of the two proofs that it
demands. It is good to remind students that it is a culmination, the outer limit of the subtheory that can be established without the use of parallelism. For most students, it
requires more than a school day to deal with, and comes with a detailed outline, shown in
full in the following figure.
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Figure 3-16: Outline for Proposition 26
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The big pivot in Book I is introduced by Propositions 27 (“Equal alternate interior
angles imply parallel lines”) and 28 (“Equal corresponding angles, or supplementary
consecutive interior angles, imply parallel lines”), and formally occurs with Proposition
29, which proves the converses of the previous two by introducing the Parallel Postulate.
At this point, it is useful to review Postulate 5 with the class, now adding the information
that it can be replaced by Playfair’s Axiom: “In a plane, given a line and a point not on it,
at most one line parallel to the given line can be drawn through the point.” For most
students, the principal significance of the discussion will be to add resonance to
Proposition 31 (“Construct a line parallel to a given line through a point not on the line”),
which can now be seen as almost interchangeable with Postulate 5. The most skilled
students, who tend to work ahead of the rest of the class, may attempt to prove Playfair’s
Axiom on the basis of Euclid’s, and vice versa. Both proofs are subtle and rewarding.
Such students may also have time to dip into the question of a hyperbolic surface, whose
properties proceed with such intuitive lucidity from the negation of Playfair’s Axiom.
After Proposition 29, the class in general enjoys a sensation of increased
momentum. The next several propositions seem almost to tumble out of it, yet they
contain a wealth of valuable information. The students know that it is valuable because it
is familiar to them, especially Proposition 32 (The Triangle Angle-Sum, and the Exterior
Angle theorem), which they have used to solve problems in previous years. Thus
Proposition 32 brings with it a special sense of accomplishment—a student can now say,
“now I know exactly why that had to be true the whole time!”—and it is celebrated with
another interlude: a set of “angle-chasing” puzzles. For this activity, students must assign
numerical measures to angles of course, but the temporary context-change does not
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bother them. On the contrary, I have found angle-chasing to be about as consistently
popular a task in the math classroom as any I know. Most of the puzzles in the set, such
as the one shown below, are of a straightforward, familiar type:

Figure 3-17: An angle-chasing puzzle (VDOCUMENTS, 2019)
The last puzzle (Figure 3-18), however, is something rather different. It is a notoriously
difficult problem on the properties of isosceles triangles. Its proper name is Langley’s
Adventitious Angles; it is also widely known as “the [world’s] hardest easy geometry
problem”. (mindyourdecisions.com, 2019) Some members of the 2018-19 cohort were
able to solve the problem with only a slight hint, but no one was able to do it with no aid
at all.
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Figure 3-18: Langley’s Adventitious Angles, the “[world’s] hardest easy geometry
problem.” (mindyourdecisions.com, 2019)

Propositions 33 and 34 stipulate the basic properties of parallelograms. Number
34 has pronounced theoretical significance: its statement that the diagonal of a
parallelogram bisects the area establishes, along with Propositions 9 and 10 (the anglebisector and segment-bisector constructions), the basis by which planar magnitudes may
be multiplied or divided by two.
As mentioned in Chapter 1 (“Euclid as an Alternative”), Proposition 35
(“Parallelograms on the same base and in the same parallels have equal areas”) begins a
sequence that supremely illustrates the capabilities of synthetic geometry. Hartshorne
clearly observes what is distinctive about Euclid’s procedure:
In the theory of area, for example, Euclid’s notion of equal content is
based on cutting up and rearranging a plane figure. The modern
approach is to consider a measure of area [a] function that to each
figure associates a real number, its area. (Hartshorne, 2000, p. 464)
Notably, even educational resources that fundamentally depend on the area function tend
to offer synthetic proofs for the area of an oblique parallelogram. (See, for example,
Basic-mathematics.com, 2018) But the purpose of those proofs is very different: they aim
to justify the results of a numerical calculation, whereas here, such a calculation is neither
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possible nor at all relevant. Heath titles his note on this proposition “Equality in a New
Sense” (p. 327), and says that “[h]itherto, we have had equality in the sense of
congruence only, as applied to angles, straight lines, and even triangles.” Hesitant though
I am to dispute him, and with the acknowledgment that my ability to read Ancient Greek
is limited basically to recognition of individual words, I am not convinced of this. Euclid
does appear to use “equal” (Üáàâ) to refer to line segments and angles that are fully
congruent, but the terms are indistinguishable in those cases. When he needs triangles to
be congruent in Book I, as opposed to merely equal in the sense of Propositions 38
(“Triangles with equal bases and in the same parallels are equal”), he specifies that the
corresponding sides and angles of those triangles are also equal. One can make a case that
Euclid uses “equal” to mean mere equality between the magnitudes (areas) of triangles,
so that for him a congruence statement always entails invocation of what modern
geometry teachers call the CPCTC axiom. In that case, Euclid regards equality as
referring specifically to magnitudes, and his use of the term is consistent.
The theorems on parallelograms and equal areas were especially popular among
the students in 2018-19. Having worked with parallelograms and triangles for so many
years, they found it fascinating that one could unfold their inner properties with such
elegant simplicity. The proofs of Propositions 34 and 35 that appear below were written
by two different students. Both proofs are written in discourse style, but their
implementations of it are easy to tell apart:
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Proposition 34: In a parallelogram, the opposite sides are equal, the opposite angles
are equal, and the area is bisected by a diagonal.
#$&3 is a parallelogram.

Proof:
Draw line segment BC. Because of Prop 29, &$3 = $&# ∧ $&3 = #$&.
Then u#$& ≅ u$&3 because of ASA because they share %%%%
$& . Because of CPCTC,
#$ = 3& ∧ #& = $3 ∧ &3$ = $#&. And because of CN2, &$# + &$3 =
#&$ + $&3. ∴ #&3 = #$3. QED
Figure 3-19: Student proof of Proposition 34.
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Proposition 35: Parallelograms that are on the same base and in the same parallels
are equal to each other (in area).
%%% , and that both of them lie
Given that parallelograms äã@6 and >?@6 share a base 6@
⃖ççç⃗ and ⃖ççç⃗
within the parallel lines 6@
ä? , prove that they are equal in area.
[Shown below is a reproduction of the student’s hand-drawn diagram.]

Proof:
Because äã@6 and >?@6 are both parallelograms, lines äã and >? are both equal
to 6@ and are equal to each other. ä6 = ã@, >6 = ?@, and ä> = ã?. Then triangles
ä6> and ã@? are congruent by SSS. Because triangle ãè> is shared between uä6>
and uã@?, by CN 3, we can subtract the area of uãè> such that äãè6 is equal to
è>?@ in area. Then we can add u6è@ back to both triangles and by CN 2, äã6@ =
>?6@.
Figure 3-20: Student proof of Proposition 35

The first proof is flawless. Proposition 34 is one of the simpler ones, but it is impressive
that the student handles it with such efficiency. The second proof is sloppy in a few
places: it needs tighter justifications in the first sentences, particularly a statement that
4# = 5$ is obtained by adding 5# to segments proved equal; it refers to trapezoids as
triangles; and it states the vertices of parallelograms in the wrong order. Also, using
lower-case letters for points is discouraged. Yet it is, on the whole, an impressive
treatment of a very challenging proposition. The hint in the proposition outline advises a
student to look for congruent overlapping triangles and take advantage of them, but that
is all: the puzzle of dissection and composition remains. This student, moreover, might
not have used the hint. The proof was written on a blank sheet, using a hand-drawn
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diagram. This diagram matches the basic shape of the one on the outline, but the letters
are different (and in lower case); such features are often the result of glancing quickly at
the outline and then hiding it so as not to see the hint. In any case, the insights shown
here are something to be proud of.
Proposition 40 (“Equal triangles which are on equal bases and on the same side
are also in the same parallels”) is notable only for its defects: it fails to stipulate, for
instance, that the triangles’ bases are on the same line (Joyce). Heath (p. 338) says that
“Heiberg has proved by means of [a] papyrus-fragment” that this proposition was not
written by Euclid but is interpolated hackwork, a claim that students find reassuring,
since the quality of the proposition is so substandard.
The stretch run to the Pythagorean theorem begins with Proposition 42
(“Construct a parallelogram containing a given angle that is equal in area to a given
triangle”). Propositions 43 through 45 are all very difficult, and many students in 2018-19
needed help beyond what the outlines provided in order to understand them. Only a few
members of the class were able to handle Proposition 44 (“Apply to a given base an angle
a parallelogram equal in area to a given triangle”) without step-by-step guidance; those
students were excited by the chance to take on a ‘peak challenge’. They presented their
result to the class with the aid of a lovely interactive display on GeoGebra.
Proposition 47 (The Pythagorean theorem) is perhaps even more demanding; it
comes with a customized outline. Students who choose the highest level of challenge
begin with a diagram devoid of any clues besides the application of Proposition 46
(“Construct a square on a given base”) to the sides of a right triangle:
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Figure 3-21: Minimal diagram for Euclid’s proof of the Pythagorean theorem.

In 2018-19, no member of the class was able to do the proof (in the time we had
available) without being given help, but several students completed it after %%%%
4# was
added, along with the suggestion that they think about how u#&4 might relate to other
triangles or parallelograms that they could pick out of the figure. Other students chose to
begin with, or switch over to, a far more informative diagram (Figure 3-22):
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Figure 3-22: Diagram for proof of the Pythagorean theorem with visual hints

The proof from here is accessible, but hardly trivial. And it is exciting, as it includes a
chain of reasoning that extends from a smaller square, to a triangle, to a congruent
triangle, to a component rectangle of the largest square: you can trace it with your finger.
Several students used GeoGebra to produce interactive diagrams—resembling the one
above, but with resizable squares—that they could use to explain the proof to their
families.
Euclid’s proof of Proposition 48 (Converse of the Pythagorean theorem) seems to
me to employ a new implicit axiom: squares equal in magnitude have equal sides. It is
easy enough to accept, and it can also be used to prove the Hypotenuse-Leg theorem
(HL) for congruence between right triangles. That proof is one of the easier practice
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exercises that students are assigned in preparation for the major test (of about 120
minutes’ duration) that concludes Math 82’s study of Book I, and indeed it plays a
significant role in the test.
The plurality of the practice exercises are proofs of additional properties of
parallelograms: the diagonals bisect each other, and are equal in rectangles, and
perpendicular in rhombuses. The full set of exercises, some of which are quite difficult,
appears as Appendix F. The test itself consists of three proofs taken verbatim from the
practice set—the students do not know which ones will be selected—and three novel
ones. Thus it is theoretically possible to memorize the answers to half of the test, but the
viability of that approach is doubtful. To end this section, we will look at a couple of the
questions from the 2018-19 edition (the questions appear in their full number in
Appendix G) and a student response to each.
Question 3 is not taken from the practice set, so students are unlikely to have
rehearsed it (though it is a well-known theorem). It is fairly difficult, but the definition
stated in italics functions as a hint:
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3. In the diagram, %%%%
#3 and %%%%
$3 are angle bisectors.

Assuming that the distance from a point to a line is defined as the magnitude
of a perpendicular segment between the line and the point, prove:
a) 3 is equidistant from the three sides of the triangle.
%%%% is also an angle bisector, so that all three of the angle bisectors
b) &3
intersect at point 3.
Proof:
%%% to
a) Construct perpendicular segments from 3 to all the sides of u#$&. [ 3ê
%%%%
%%%%
side #&, 3ë on side #$, and 3í to side $&.]
By AAS, u#3ê ≅ u#3ë and uë$3 ≅ í$3
(Right angles equal, angle bisector common, angles from bisection equal)
By CPCTC, ê3 = ë3 and ë3 = í3, so ê3 = í3 by C.N. 1,
∴ 3 is equidistant from all 3 sides of u#$&
b) By HL, u3í& ≅ u3ê&.
Therefore, by CPCTC, ∠ê&3 = ∠í&3.
So %%%%
&3 bisects ∠#&$.
Figure 3-23: Question 3 of major test on Euclidean proofs, with student response

This proof contains some imperfections: the justification for the AAS statement in (a) is
far too laconic (and rather cheeky), and in (b), the student needs to name the common
%%%% before citing HL. But in its mode of expression and its insights, it shows the
side 3&
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sense of command that a teacher hopes a student will acquire by the end of the class’s
Euclidean enterprise. The style has progressed beyond concerns about what format to
use: it is natural and individual. The teacher must be sure, in marking such a test paper, to
check the student’s emerging tendency toward excessive abbreviation. In other respects,
however, the proof’s efficiency and air of self-assurance are promising.
Question 4 is one of the problems taken from the practice set, but the required
proof is so long that it would be difficult to reproduce purely by rote.

%%%% ∥ %%%%
4. In the diagram, $3 = &4, and $&
34 .

Prove that u$53 ≅ u&54.
Figure 3-24: Question 4 of major test on Euclidean proofs
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Proof:
1. First prove u$3H ≅ uî4& after drawing H3 ⊥ 34 and î4 ⊥ 34:
H: $3 = &4 (given)
L: H3 = î4 because they are both ⊥ 34 so they are ∥ to each other and
then we use prop 34 to show they are equal.
∴ u$3H ≅ uî4& because of HL.
Then also we can use CPCTC for ∠3$H = ∠4&î *
2. Now we have to prove u$3& ≅ u4$&:
S: BC is a common side
A: 3$H = 4&î (See *)
S: $3 = &4 (given)
∴ u$3& ≅ u4$& because of SAS
3. Now, because of CN3 we can subtract 5$H from 3$H and also
subtract 5&î from 4&î to get 3$5 = 4&5.
4. Now we can say that u$53 ≅ u&54 because of AAS:
A: 3$5 = 4&5 (See 3.)
A: $53 = &54 because of Prop. 15
S: $3 = &4 (given) ∎
Figure 3-25: Student response to test item appearing in Figure 3-24

This proof is a fine illustration of how, over time and with persistent effort, a student can
develop the two-column variation introduced previously in this text (see “Direct
Instruction in Proof-Writing, and Practice Exercises” in this chapter). Each module is
introduced by its conclusion, which is restated at its end (in a manner reminiscent of
Euclid). This student has maintained the practice of labeling individual lines with letters
that remind him or her of the requirements for each of the linked congruency
statements—while this detracts slightly from the proof’s elegance, it also provides the
stability that the student is looking for. The form provides sturdy structure without
constraining verbal expression. If the previous proof is impressive in its air of facility,
this one represents a successful culmination of a different kind: it demonstrates how a
student who values the stability of a set scheme can learn to use it flexibly—avoiding the
formalistic fetters that ultimately negate the utility of the textbook style.
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Transition from Book I, and Final Course Units

When the test is finished, the class celebrates the attainment of the Pythagorean
theorem by examining several other approaches to its proof that have appeared over the
centuries in various parts of the world. One inescapable observation is that Euclid’s proof
is relatively long and complicated—but that does not appear to blunt the students’
enthusiasm for it. By now, it is easy for them to see that the other proofs depend either on
an algebraic framework that has been deliberately abjured, or (in the case of the oldest
ones) on a geometric system whose lack of elaboration prevents them, in spite of their
splendid incisiveness, from being precisely explicated. This activity develops into a short
project: the students pair up, and each pair chooses an item from Proofs Without Words
(Nelsen, 1993) on which to do a classroom presentation after a day or two of research and
preparation. Students may choose a proof on any subject, geometric or not, that they
understand and can elucidate for their peers.
The class then enters a brief transitional phase whereby it departs from strict
classical geometry. This is not because The Elements offers no further material that is
pertinent to high-school geometry; on the contrary, Books III and VI have a wealth of it.
The motive is pragmatism: studying Euclid the way Math 82 does it, while amply
rewarding, is a slow process, and at the conclusion of Book I, there is a lot of material left
to tackle before the end of the school year. One has to face the fact that the current
expectations for geometry classes in the U.S. require ambitious math students to move
fast. Math 82’s tactic for increasing its pace while maintaining rigorous standards is to
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turn to AOPS Geometry (see “Supplementing Euclid to Satisfy the Common Core” in
Chapter 2), beginning with the problem set on similar figures that ends Chapter 5
(Rusczyk, 2006, pp. 126-128). The transitional phase aims to forge a link to this material
that maintains as much continuity as possible with the Euclidean foundations that the
class has built up. The class does so by proving, mostly by synthetic methods, the three
basic similarity theorems: angle-angle, SAS similarity, and SSS similarity.
Proving the theorems requires some preparatory work. The process begins as
purely synthetic, but then abruptly pivots to an invocation of Birkhoff’s Ruler and
Protractor Axioms along with their immediate corollaries, so that the students can use the
laws of elementary algebra to process ratios and proportions. The synthetic alternative is
untenable: it would entail digesting most of Book V, which would devour most of the
remaining calendar. Additional time is saved by doing the proofs mostly as one group,
rather than in small, separate teams. Here is the transition sequence:
1. The Elements, Book V: Definitions 1-6, with special attention to no. 5 (equivalent
ratios).
2. The area of a triangle is proportional to its base. (Book VI: Proposition 1)
3. Assertion of the Ruler and Protractor postulates.
4. Book VI: Definitions 1, 2, 4
5. The “Side-Splitter” theorem: a segment connecting two sides of a triangle, and
parallel to the base, cuts the two sides proportionally. (Book VI: Proposition 2)
6. AA Similarity (Book VI: Proposition 4)
7. SAS Similarity (Book VI: Proposition 5).
8. SSS Similarity (Book VI: Proposition 6).
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Euclid’s definition of equivalent ratios, in itself, easily merits a class discussion. And it
requires one, since at first glance it seems obscure:
Magnitudes are said to be in the same ratio, the first to the second and
the third to the fourth, when, if any equimultiples whatever are taken
of the first and third, and any equimultiples whatever of the second
and fourth, the former equimultiples alike exceed, are alike equal to,
or alike fall short of, the latter equimultiples respectively taken in
corresponding order. (Joyce, V: Def. 5)
As soon as the 2018-19 cohort understood it, with the aid of some symbols and
paraphrases (see “Euclid as an Alternative” in Chapter 2), they evinced admiration for it.
In spite of its antique phrasing, its idea is superbly cogent, and feels thrillingly modern. It
is potent enough to enable a purely synthetic proof of “Area of triangle is proportional to
base” that does not require Book V’s intricate techniques. It is true that the second part of
Euclid’s proof, which extends the proposition to cover parallelograms, cites Book V, but
this part can be omitted for the moment: the case of the parallelogram becomes trivially
easy once the algebraic laws come into play. (Alternately, one could essentially repeat the
first part of the proof, but begin with parallelograms instead of triangles.)
The Birkhoff axioms are invoked at this juncture in order to facilitate the proof of
the Side-Splitter theorem. The axioms are presented to the class in simplified and
paraphrased form, rather than Birkhoff’s heavily technical casting. Under this condition,
they are so intuitive to students who have grown up with number lines that they require
only a modest amount of discussion, in spite of the momentous change that they make to
the class’s theoretical framework. The proof of the Side-Splitter, while subtle, can now be
carried out with pleasing economy. (The proof follows #'ïñ in using [óòô] to mean
“the area of uóòô”.)
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%%%%.
%%%% ∥ #$
a) In Δ#$&, let 43
Δ&4$ and Δ#4$ have the same height, and Δ&3# and Δ$3# have the
same height. (VI: Def. 4)
Therefore, by Area of triangle proportional to base,
[&4$ ]: [#4$] = >: ?, and [&3#]: [$3#] = M: N.
b) [#4$ ] = [$3#], since the triangles are on the same base and in the same
parallels.
And for the same reason, [43$] = [34#]. So add [43&] to each.
Then [&4$] = [&3#]
c) But now by substitution, [&4$]: [#4$] = M: N ,
So >: ? = M: N
Thus a line parallel to a side of a triangle cuts the other sides in the same
proportion ∎
Figure 3-26: Proof of the “Side-Splitter” theorem

Similar proofs, employing algebraic properties when necessary but preserving the elegant
synthetic procedures of the Euclidean originals, can be written for the similarity theorems
themselves.
The AOPS chapters that Math 82 uses are listed along with their topics in the
course outline (Table 3-1) that appears at the start of this chapter. AOPS is not used to
provide actual instruction: that is accomplished by brief lectures and class discussions. It
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is the problem sets at the ends of the chapters that the students are concerned with. For
Chapters 5, 6, and 7, the students are asked to do all of the review problems, and a few of
the challenge problems, and to turn in their work for credit. Selections from Chapters 11
through 13 are combined with original material to form two problem sets about circles.
Students tend to collaborate on AOPS problems in the classroom, and work on them
individually at home.
Euclid is directly consulted only a few times during the final months of the year—
most memorably when, in the unit on angles in circles, the class studies his classic proof
of Book III: Proposition 18 (“If a radius intersects a tangent, it is perpendicular to the
tangent”). Yet throughout the AOPS-centered period of the course, and to a fair degree
even in the trigonometry unit that closes the course, his ideas continue to resonate in the
students’ work. His influence shows in the proofs they write for AOPS, and helps them to
structure their answers to the more intricate problems in right-triangle trigonometry. It is
structure, after all, that Euclid ultimately teaches. One can apply what one learns from
him in domains far removed from classical geometry.
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Chapter 4
Assessment of Course Outcomes

However ardent a teacher’s desire to cultivate students’ appreciation of the pure
beauty of mathematics, our profession remains a largely pragmatic enterprise. It is
therefore appropriate to begin an evaluation of Math 82’s efficacy by addressing the
question of demonstrable skill-development. The nationwide pervasiveness of the
Common Core makes it a sensible basis for judging fundamental skills. The
“Congruence” section of its geometry standards places the following items under the
heading “Prove geometric theorems”:
CCSS.MATH.CONTENT.HSG.CO.C.9

Prove theorems about lines and angles. Theorems include: vertical
angles are congruent; when a transversal crosses parallel lines,
alternate interior angles are congruent and corresponding angles are
congruent; points on a perpendicular bisector of a line segment are
exactly those equidistant from the segment's endpoints.
CCSS.MATH.CONTENT.HSG.CO.C.10

Prove theorems about triangles. Theorems include: measures of
interior angles of a triangle sum to 180°; base angles of isosceles
triangles are congruent; the segment joining midpoints of two sides of a
triangle is parallel to the third side and half the length; the medians of a
triangle meet at a point.
CCSS.MATH.CONTENT.HSG.CO.C.11

Prove theorems about parallelograms. Theorems include: opposite sides
are congruent, opposite angles are congruent, the diagonals of a
parallelogram bisect each other, and conversely, rectangles are
parallelograms with congruent diagonals.
(Common Core, "Congruence")

Students in Math 82 prove each of these theorems, with one exception (see below), at
some point in the course. A number of them appeared as test questions (or parts of

84

test questions) in 2018-19, which enables us to assess how well members of the class
handled them without aid. The major test that concluded the class’s study Book I
included a proof of the theorem, “A point on the perpendicular bisector of a line
segment is equidistant from the segment’s endpoints”, which is one half of the last
theorem listed under CCSS.MATH.CONTENT.HSG.CO.C.9. The Common Core states the theorem
so as to include the converse. That converse is the one proposition on the Common
Core’s list that Math 82 did not prove; there is no reason to believe that it would have
been beyond their capabilities.
Here are two student responses to the test item, which had not appeared in the
set of practice exercises (see p. 72), and was stated as follows:

%%%% is defined as a line
5. The perpendicular bisector of a segment #$
%%%% and, perhaps not shockingly, is perpendicular
that bisects #$
to it. The distance between two points is defined as the length
of the line segment between them. Prove that any point on the
%%%% is equidistant from its endpoints.
perpendicular bisector of #$
Figure 4-1: Question 5 of major test on Euclidean proofs
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Proof 1 [includes reproduction of hand-drawn diagram]

Let %%%%
&3 be a perpendicular bisector of %%%%
#$. ë is any point on %%%%
&3.
By SAS ( #& = &$ (def. of bisector), ∠#&ë = ∠$&ë (rt. angles are =), ë& =
ë& ),
u#&ë = u$&ë. ∴ by CPCTC, #ë = $ë, so K is equidistant from # and $.
Figure 4-2: First student response to test item appearing in Figure 4-1

Proof 2 [includes reproduction of hand-drawn diagram]

Given that any point (&) on the perpendicular bisector forms two triangles
u&3$, u#&3, u&3$ ≅ u#&3 regardless of where point & is:
%%%% bisects %%%%
S) %%%%
#3 = %%%%
3$, given that &3
#$ and forms equal parts #3 and 3$.
A) #3& = &3$ given that &3 is the perpendicular bisector of #$ and
therefore forms two right and equal angles.
S) %%%%
&3 is common. (No matter where & is, the two triangles share that length.)
Therefore by SAS u&3$ ≅ u#&3.
%%%% = %%%%
IF u&3$ ≅ u#&3, then, by CPCTC #&
&$ regardless of where & lies. & must
be equidistant from # and $ regardless of its position.

Figure 4-3: Second student response to test item appearing in Figure 4-1
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The first proof, even if superficially it seems less meticulous, has an advantage over the
second: it shows the student’s perception of the fact that the perpendicular bisector needs
to have been constructed before an arbitrary point on it is taken. Strictly speaking, the
proofs should address the trivial case of the point of bisection itself. These students did
not do so, but neither did their instructor: the question was intended as a fairly simple
exercise in the use of triangle congruence, and the students’ omission did not incur a
deduction. In hindsight, one may regard inattention to this detail as a mistake. The trivial
case of a theorem has educational significance precisely because it is easy to neglect.
Since completeness is an essential aspect of the idea of proof, trivial cases should be
treated with greater care than was shown in this instance.
All the students in the cohort were able to prove the perpendicular-bisector
theorem without major errors. Most of them also dealt successfully with the next question
on the test, which also had not appeared in the practice set, and demanded a proof of
greater complexity. The student proof displayed below, like the ones shown in Figures
3-23 through 3-25, gives a fairly representative picture of the sort of skillset the
Euclidean core of Math 82 is designed to help a student develop. As happens in Figure
3-25, this proof contains a stylistic pivot, from the two-column variation to the discourse
style, that demonstrates the student’s growing versatility:
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6. The diagram below shows a kite, a quadrilateral containing two pairs of equal
and consecutive sides. (If all four sides were equal, it would be a rhombus,
and not a kite.)
Given that #3 = #$ and &3 = &$, prove that the diagonals the kite are
perpendicular.

Figure 4-4: Question 6 of major test on Euclidean proofs

Proof:
%%%% and 3$
%%%%. [The student makes them intersect at 4.]
Draw #&
A) u#$& ≅ u3#&
%%%% is common
S) #&
%%%% = #$
%%%% (given)
S) #3
%%%% = &$
%%%% (given)
S) &3
Therefore u#$& ≅ u3#&.
B) u&4$ ≅ u34&
%%%% is common.
S) 4&
A) ∠#&$ = ∠#&3 because u#$& ≅ u3#& so, by CPCTC, ∠#&$ = ∠#&3.
%%%% = &$
%%%% (given)
S) &3
C) u&4$ ≅ u34&, therefore by CPCTC, ∠34& = ∠$4&. ∠34& and ∠$4& are
supplementary and equal, therefore they are both right angles. [This is
true by Euclid’s definition of right angles and perpendicular lines.]
D) Therefore %%%%
#& and %%%%
3$ are perpendicular.

Figure 4-5: Student response to test item appearing in Figure 4-4
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Based on the general quality of the proofs that the students produced at the conclusion of
their study of Book I, one may confidently claim that Math 82’s approach enables
students to exceed the Common Core’s standards for geometric proof-writing.
Another practical concern for students in 2018-19 was the math placements that
they would receive in the high schools that they were about to enter. (See
“Supplementing Euclid…” in Chapter 2) In this regard also, Math 82 seems to have
functioned effectively. It has already been mentioned that all the members of the class
who took the New York State Geometry Regents Exam earned scaled scores above 90,
which qualified them to place out of geometry at the high-school level. (Regents scores
of 85 or more are classified as Performance Level 5, the maximum.) As for the rest of the
class, the majority had received word by the end of the year that they also had placed out
of geometry. Several cases were pending—and given the variety of math programs and
corresponding placement procedures to be found in independent high schools, it would be
mildly surprising to discover in the end that every single member of the class had been
exempted from taking geometry in high school. But there is no reason to expect that more
than one or two students were asked to ‘repeat’ the course. This set of outcomes seems
quite satisfactory, especially given that, although achieving such exemption is one of
Math 82’s objectives, it is not the primary one.
Notwithstanding the sentence that opens this chapter, Math 82 pursues no goal
more directly or more persistently than that of optimizing the students’ intellectual
experiences. Fostering appreciation of mathematical beauty is not only compatible with
pragmatic teaching; it is, according to much of the literature on gifted education,
indispensible to it (Sheffield). No impulse toward the development of the course was
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stronger than the recognition of Euclid’s potential to provide such profound intellectual
experiences as that of Bertrand Russell who, although he was willing to criticize Euclid,
also wrote in his autobiography: “At the age of eleven, I began Euclid, with my brother as
tutor. This was one of the great events of my life, as dazzling as first love. I had not
imagined that there was anything so delicious in the world.” (Russell, 1967, pp. 30-31)
It is not possible to present here a formal account of the 2018-19 cohort’s
subjective views on their study of The Elements. To obtain one would have entailed
asking them to produce evaluations of the centerpiece of their geometry course before
their final grades were calculated, which would have violated ethical guidelines. But
daily observation of their progress made it evident in the winter of 2018-19 that a special
atmosphere had emerged in the classroom. Students seemed aware that they were
working together to build something significant. They regularly expressed admiration for
each other’s finest proofs, as well as for Euclid’s, and vigorously deliberated about
alternative approaches. They looked forward with excitement to the next major turn in
Book I’s line of reasoning. A number of them expressed an exhilarated sense of wonder
at the discovery that the Pythagorean theorem, along with many other elevated ideas,
could be understood as an elaborated consequence of the simple acts of drawing lines and
circles, and making them intersect. It is hoped that impressions of this kind, rather than
any near-term benefits of the course, are what they will principally remember.
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Appendix A
Problem Set: Isometries and Dilations
In all problems that refer to it, !"#$ has vertices ! = !, ! , ! = !, ! ,
! = (!, !).
1. !"#$ is transformed such that !! = 4,1 , !! = 6,1 , ! ! = (6, −3).
a. Is this transformation an isometry? Write at least one sentence, verbal or
symbolic, to justify your answer.
b. Write the term that best describes the transformation. Choose from
{rotation, reflection, glide reflection, dilation}.
c. Write a single function, in the form !, ! → (! ! , ! ! ), that produces the
image.
2. !"#$ is transformed such that !! = 6,2 , !! = 4,2 , ! ! = (4, −2).
a. Write the term that best describes the transformation. Choose from
{rotation, reflection, glide reflection, dilation}.
b. Write a single function, in the form !, ! → (! ! , ! ! ), that produces the
image.
c. (!) If this function is a reflection or glide reflection, name a line of
reflection that could be used, and justify your answer. If it is a rotation,
name the center, and justify your answer.
3. Prove that if a reflection about ! = ! is composed upon a 90-degree rotation,
the result is equivalent to a reflection about the !-axis.
4. !"#$ is dilated by a scale-factor of 2.
a. If the center of dilation is the origin, what are the coordinates of the
vertices of the image?
b. If the center of dilation is (2,2), what are the coordinates of the vertices
of the image?
c. (!) Suppose the image has vertices !! = 1,9 , !! = 1,5 , ! ! = (9,5).
What is the center of dilation?
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Appendix B
Test: Complex Solutions (of Quadratic Equations)
6. Recall that every complex
number ! has a magnitude
(a.k.a. absolute value) that is
denoted |!|.
! = !! + ! ! , i.e. !’s distance
from the origin of the complex
plane.

I. Solve the equation. You may write
your solutions in the form ! ± !", with
! and ! real numbers in simplest form.
1. 8! ! + 49 = 0
2. ! ! + 15 = 6!

A quadratic equation has two
complex solutions, !! and !! . On
the complex plane, the distance
between !! and !! is 18 units. If

3. 5! ! + 4! + 3 = 0
II. Problems
4. Suppose that the quadratic
equation
!! ! + !" + ! = 0 has zero real
solutions (and two complex
solutions). Suppose further
that !, !, ! > 0.

!! !!!
!! !|!! |

7.
!! !
!

!"

,

III. Simplify the expression, given that
! ! = −1. (10 points each, unless
otherwise specified.)

5. If the equation
3! ! − 6! + ! has complex
!! !

!"

what is !! !! ?

Prove that ! < 2 !".

solutions 1 + ! and 1 −
what is the value of !?

=

3 − 5! − (−7 − 6!)

8. (3 − 5!)(−8 + 3!)

,

9.
10.

!!!!
!!!!!
! !" !!! !
!

IV. Solve the equation. (10 points each)
11. 7 − 2! ! = 45 − 28!
12. 6 + 5! ! = 5 + 6!
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V. Problems
13. (4 points) Find one of the square roots of 27 + 36!.
14. Recall that in order to multiply two matrices together, we write the “dot
product” of each row in the matrix on the left and each column in the matrix on
the right, as shown below:
!
!

!" + !"
! !
=
.
!" + !"
! !

The coefficients of a complex number can be placed into a column matrix. For
instance, the coefficients of ! + !" can be written
!
.
!
!
Write a 2 X 2 matrix that, if multiplied by
, will produce the correct real and
!
imaginary coefficients of
(! + !")(! + !") .
Double-Secret Bonus Problem:
Find a square root of the complex number
cos ! + ! sin ! .
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Appendix C
Proposition Outlines
Proposition 6: If in a triangle two angles equal each other, then the sides opposite the equal
angles equal each other.
Suppose the contrary: in !"#$, ∠!"# = ∠!"#, but !" ≠ !". Then one of them is greater.
Let the greater side be !", and cut off !", so that !" = !".

Now we have two overlapping triangles !"#$ and !"#$, with !"#$ a part of !"#$. If one is
only a part of the other, they are not congruent. How does this lead to a contradiction?
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Proposition 7: Given two straight lines constructed from the ends of a straight line and meeting
in a point, there cannot be constructed from the ends of the same straight line, and on the same
side of it, two other straight lines meeting in another point and equal to the former two
respectively, namely each equal to that from the same end.

Euclid’s proof is by contradiction. Suppose that !" = !", !" = !", but ! and ! are distinct
points. Then we have triangles !"# and !"#, both of which are isosceles. Then !"# =
!"#, and !"# = !"#. But notice that !"# contains !"#…
Proposition 9: To bisect a given rectilinear angle.
You can begin by drawing a circle whose center is the angle’s vertex:

From here, find a way to two construct congruent triangles that contain, respectively, the
sides !" and !".
Proposition 10: To bisect a given line segment.
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Suppose the equilateral triangle above were constructed on !". You could then (by Prop 9)
bisect any of the angles in the triangle…
Proposition 11: Given a line and a point on it, construct a line perpendicular to the given line
that passes through the point.
The line is !". We will construct a perpendicular line through !. Start with a circle centered at
!:

Now you have !" with midpoint !. What should you do?
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Proposition 12: Given a line and a point NOT on it, construct a line perpendicular to the given
line that passes through the point.
The line is !", and the given point is !. Begin by centering a circle at ! that intersects the line
twice, as shown.

You have a method for bisecting !". Since this entails drawing a perpendicular bisector, you
might be tempted to claim that the perpendicular bisector must pass through !. It does, of
course, but then you would have to prove that claim. This is harder to do than simply naming
the midpoint of !" and using it to make congruent triangles.
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Proposition 13: If a straight line stands on a straight line, then it makes either two right angles
or angles whose sum equals two right angles.
If we prove this, we will finally be able to make use of the familiar fact that when lines intersect,
they make adjacent angles that are supplementary.

First, take care of the trivial case: if, despite appearances, !" ⊥ !", then obviously
!"# are right angles.

!"# and

If they are not, then use Prop 11 to draw !" ⊥ !". Notice that you could rename !"# as
the sum of two angles, and you could do the same for the right angle !"#. For convenience, try
the following: let !"# = !, !"# = !, and !"# = !.
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Proposition 14: If with any straight line, and at a point on it, two straight lines not lying on the
same side make the sum of the adjacent angles equal to two right angles, then the two straight
lines are in a straight line with one another.
i.e. Suppose that !" and !" intersect !", but are not on the same side of !". If the angles
that !" and !" make with !" are supplementary, then the two segments fall into a straight
line.

The proof is by contradiction. If !" does not fall into a straight line with !", then some other
segment does. Call it !". Now appeal to prop 13, and CN 5.
Proposition 15: If two straight lines cut one another, then they make the vertical angles equal to
one another.

This follows directly from prop 13. !"# and !"# must sum to two right angles. But
!"# and !"# must also sum to two right angles.
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Proposition 16: In any triangle, if one of the sides is produced (i.e. extended), then the exterior
angle is greater than either of the interior and opposite angles.
i.e. In the diagram,

!"# >

!"# and

!"# >

!"#

In the diagram, side !" has been bisected. A circle has been drawn with center ! and radius
!". This will allow you to construct !"#$ ≅ !"#$ (by vertical angles and SAS).
Now ask yourself: why construct these congruent triangles? What parts do they have that are
equal to important parts of the original !"#$? The proof is finished by an appeal to CN 5.
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Proposition 17: In any triangle, the sum of any two angles is less than two right angles.

Your main task is to prove that ∠!"# + ∠!"# < 2 rt. angles.
You can start with the simple observation that by Prop 16, ∠!"# < ∠!"#. Notice that the
following law applies to the angles:
If ! > !, then ! + ! > ! + !.
Use this law to write the proof. And to make the proof complete, consider that we could also
have constructed an exterior angle by extending either of the other two sides…

101

Proposition 18: In any triangle, the angle opposite the greater side is greater.

In the diagram, !" > !". !" has been cut off from !" so that !" = !", forming an
isosceles triangle. Notice that !"# is exterior to !"#$. We have studied a couple of
propositions about exterior angles…
Proposition 19: In any triangle, the side opposite the greater angle is greater.

Let

!"# >

!"#.

Euclid’s proof is by contradiction. Suppose that !" is not greater than !". Then it either equals
!", or is less than !". Your job is to prove both of those claims impossible.
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Proposition 20, the Triangle Inequality: In any triangle, the sum of any two sides is greater than
the remaining one.

To begin this (superb) proof, Euclid extends side !" to ! such that !" = !". Now we have an
isosceles triangle adjacent to the original one (which remains the ‘target’ of the proof). We also
have a larger triangle, !"#. Notice that in !"#$, the side !" just so happens to equal the sum
of !" + !"…
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Proposition 21: Paraphrase: If point ! is chosen arbitrarily inside !"#$, then
!" + !" > !" + !", and ∠!"# > ∠!"#.

!" has been extended to meet side !" at !. This has been done to activate the Triangle
Inequality.
This proof uses the Triangle Inequality in a complicated way. I think it might be easiest to begin
with the statements below. (Remember to take over the proof as soon as you feel able.)
!" + !" > !" (Tri. Inequality). Now we can add inequalities: !" + !" + !" > !" + !",
which simplifies to !" + !" > !" + !". Notice that !" + !" is one of the segment-sums
that we are looking for!
Now if we can prove that !" + !" > !" + !", we have the first part of the proposition.
The second part is easier, fortunately. My approach (different from Euclid’s, which you might
prefer) is to draw a segment from ! through ! to side !". Then prop 16, together with
another sum of inequalities, will give us a quick proof.
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Proposition 22: Construct a triangle out of three given segments. Thus it is necessary that the
sum of any two sides of a triangle be greater than the third.

Prop 2, the “compass theorem” enables us to draw a circle with radius !" = ℎ very easily.
Then at one end of !" we draw a circle with radius !" = !. Then…
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Proposition 23: Construct an angle equal to a given angle on a given straight line and at a point
on it.
The diagram shows the given angle, and an
arbitrary point and line to use for the copy.

The first key move is very simple: place
points, wherever you like, on the sides of the
given angle:

Now, if we copy !"#$, we will also be
copying ∠!"#. How would you copy the
triangle?
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Proposition 24: If two triangles have two sides equal to two sides, respectively, but have
one of the angles contained by the sides greater than the other, then the base opposite
the greater angle is greater.
The triangles in question are !"# and !"#. !" = !" and !" = !", but !"# >
!"#. The goal is to prove that !" > !". !"#$ is a copy of !"#$ (prop 23).

If we can prove that !"# > !"#, then by prop 19, !" > !", and of course
!" = !". We will take advantage of the fact that !"#$ is isosceles.
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Proposition 25 (Converse of 24): If two triangles have two sides equal to two sides, but
one base is greater than the other, then the angle opposite the greater base is greater.
In the diagram !" = !" and !" = !", but !" > !". We will prove that
!"#.

!!" >

As often happens with the converses, the proof is by contradiction. Suppose that !"#
is NOT greater than !"#. Then it is either equal or it is less. Given that we have just
proven prop 24, is either condition possible?
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Proposition 26. Congruence by ASA or AAS.
1. If two triangles have two angles equal to two angles, respectively, and the sides
between the angles equal to each other, then the triangles are congruent.
2. If two triangles have two angles equal to two angles, respectively, and ANY pair
of CORRESPONDING sides equal to each other, then the triangles are congruent.
1 (ASA): In the diagram,

!"# =

!"#, !" = !", and

!"# =

!"#.

We can show that the triangles are congruent by SAS if we show, for instance, that
!" = !".
We can do this by contradiction. Suppose that !" ≠ !". Then one of them is greater. So
let !" > !". Now draw !" such that !" = !". Then since !" = !", !"# = !"#,
and !" = !", !"#$ ≅ !"#$ by SAS. But that is impossible because…
2. (AAS): In the diagram, once !"# =
given equal sides are !" and !".

!"# and

!"# =

!"#. But this time, the

This time we will prove !" = !". Again we will prove by contradiction. If !" ≠ !",
then one of them is greater. Suppose that !" is greater. So draw !" such that !" =
!". From here the proof will proceed as above for a little while, but the cause of the
contradiction will change.
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Name:
Proposition Outlines: 27 – 29
Proposition 27: If a straight line falling on two straight lines makes the alternate
(interior) angles equal to each other, then the lines are parallel.
In the diagram, ∠!"# = ∠!"#. The task is to prove that !" ∥ !".

The proof is by contradiction. If the lines are not parallel, they meet at some point,
either in the direction of ! and !, or in the direction of ! and !. We’ll suppose the first
case, and have the lines meet at some point !.
Then we have made a triangle (that looks just like a pentagon). Where can we find the
contradiction?
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Proposition 28: [paraphrase] If a transversal cuts two lines such that corresponding
angles are equal, or interior angles on the same side are supplementary, then the lines
are parallel.
Case 1, corresponding angles: !"# = !"#.
Case 2, same-side interior angles: !"# + !"# = 2 rt. angles.

In each case, your job is simply to show that the given relationship between two angles
causes alternate interior angles to be equal.
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Proposition 29: CONVERSE of 27 & 28: [paraphrase] If a transversal cuts two parallel
lines, the alternate interior angles are equal, the corresponding angles are equal, and
the same-side interior angles are supplementary.
In the diagram, !" ∥ !"

The proof is by contradiction. Suppose that !" ∥ !", but
!"# + !"# ≠ 2 rt. angles . Then postulate 5, the ‘parallel postulate’ that is
invoked here for the first time, has something critical to say about the consequences.
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Proposition 30: Two lines that are parallel to a third line are parallel to each other.
In the diagram, !" ∥ !" and !" ∥ !".

Draw a transversal across all three lines. Recall that our theorems about parallel lines
and angles go in both directions…
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Proposition 31: Construct a line parallel to a given line through a given point not on the
line.
Use Geogebra for this. Use proposition 23 as the basis for your reasoning…

Proposition 32: In any triangle, if one of the sides is produced, then the exterior angle
equals the sum of the two interior and opposite angles, and the sum of the three interior
angles of the triangle equals two right angles.
In the diagram, !! ∥ !".

Can you find three angles in the diagram that certainly sum to two right angles? Each of
these angles has a relationship with one of the angles in the triangle.

114

Proposition 33: Segments that join the endpoints of equal and parallel segments are
themselves equal and parallel.
!" and !" are equal and parallel.

Drawing the diagonal !" will give you two triangles congruent by SAS.
Proposition 34: In a parallelogram, the opposite sides are equal, the opposite angles are
equal, and the area is bisected by a diagonal.
!"#$ is a parallelogram.

Draw the diagonal !".
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Proposition 35: Parallelograms that are on the same base and in the same parallels are
equal to each other (in area).
Given that parallelograms !"#$ and !"#$ share a base !", and that both of them lie
within the parallel lines !" and !" , prove that they are equal in area.

If you could prove two overlapping triangles in this diagram congruent, how could you
take advantage?
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Proposition 36: Parallelograms that have equal bases and in the same bases are equal
to each other.
Given that parallelograms !"#$ and !"#$ have equal bases !" and !", and that
they both lie within the parallel lines !" and !", prove that they have equal areas.

Various proofs are possible; Euclid’s is appealingly simple. Begin by drawing !"
and !". Since !" and !" are both equal and parallel, you can prove that !"#$ is a
parallelogram. Then you can lean on prop 35.
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Proposition 37: Triangles that share a base and lie within the same parallels are equal in
area.
!" ∥ !". Prove that !"# = [!"#].

If you draw a line parallel to !" through !, you will construct a parallelogram. You will
construct another if you draw a line parallel to !" through D. What is true of these two
parallelograms?
Proposition 38: Triangles with equal bases that lie within the same parallels are equal in
area.
!" ∥ !", and !" = !". Prove that !"# = [!"#].

If you draw a line parallel to !" through !, you will construct a parallelogram. You will
construct another if you draw a line parallel to !" through F. What is true of these two
parallelograms?
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Proposition 39: If two triangles share a base and both lie on the same side of that base,
and if they are equal in area, then they lie between the same parallels.
!"# = [!"#]. The two triangles share base !", and lie on the same side of it. Prove
that !" ∥ !".

This is very close to being the converse to Proposition 371, so it is not a surprise that
Euclid’s proof is by contradiction.
Suppose that !" is not parallel to !". Then some other line is parallel to !". Call it !",
and place ! on !!. Then triangles !"# and !"# would share a base, and lie within the
same parallels. This leads to a contradiction.

1

But it is not the exact converse of prop 37. Why not?
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Proposition 40:2 If two triangles have equal, collinear bases, and lie on the same side of
those bases, then they lie within the same parallels.
!"# = [!"#]. !" = !", and the two segments are collinear. Prove that !" ∥ !".

The proof is almost identical to that of proposition 39.

This outline is actually a correction of the original Proposition 40, which is
defective. It does not bother to specify, for instance, that the equal bases are on the
same line! Dr. Joyce, the editor of our online edition of the Elements, says that Euclid
might not have written this proposition at all: it might have been added later on. You
should read prop 40 in Joyce’s edition, just to observe how substandard it is.
2
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Proposition 41: If a parallelogram shares a base with a triangle, and lies within the same
parallels, then it has twice the area of the triangle.
Given that !" ∥ !" , prove that !"#$ = 2 × [!"#].

You can make short work of this proposition by drawing a new segment !", such
that !" ∥ !".
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Proposition 42: Construct a parallelogram equal to a given triangle and containing a
given angle.

This construction will combine skills and material from several propositions. For
instance, you will use prop 31 (construct a parallel line) and prop 23 (make a clone of an
angle using a given line as one of its arms).
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Proposition 43: “In any parallelogram, the complements about the diameter equal one
another.”
Here’s what that means:
Parallelogram !"#$ was constructed. Then diagonal !" was drawn. Then a point !
was placed on the diagonal in an arbitrary position. Your job is to prove that !"#$ =
[!"#$].

The proof depends on three pairs of congruent triangles. Can you find three such pairs?
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Proposition 44: To a given line segment which is one side of a given angle, apply a
parallelogram that is equal in area to a given triangle.
Let !"#$ be the given triangle, !" the given line, and

!"# the given angle.

As the lowest diagram indicates, Prop 43 is the key to this construction.
Parallelogram !"#$ was constructed to contain !"# = !"#, and to equal !"#$
in area (Prop 42). !", an extension of !", was made equal to !". Point ! was
determined as the intersection of !" and !". Then by Prop 43, !"#$ = [!"#$].
Try doing the construction yourself on GeoGebra. (How exactly were points ! and !
determined?) Then try to prove that it is valid.
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Proposition 45: To construct a parallelogram containing a given angle that is equal to a
given polygon.

Let !"#$ be an arbitrary polygon. Notice that it has been dissected into triangles. Try
to outline an informal proof that this could be done with any polygon. (This is difficult,
though not impossible, to prove formally.)
Once a polygon has been dissected into triangles, how could the construction be
accomplished?

125

Proposition 46: To apply a square to a given line segment.

Use the fact that a parallelogram with four equal sides and four right angles is a square.
(Remember: you have to prove that all the sides and angles are equal.)
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Diagram 1: Use this one if you want to try the proof without hints.
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Diagram 2: A couple of critical moves:
Prove that the red triangles are congruent, because a red triangle is equal in area to the
smallest square. (Can you say why?)
Prove that the green triangles are congruent, because a green triangle is equal in area to
the middle-sized square.
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Appendix D
Practice Proofs: SAS, SSS, CPCTC
1. In the diagram below, the two circles are centered at ! and !, respectively.
!" = !".

Prove that !"#$ ≅ !"#$. Then continue, proving that

!"# =

!"#.

2. In the diagram below, ∠!"# = ∠!"#, and the two circles are centered at A and
B, respectively.

Prove that ∠!"# ≅ ∠!"#. Then continue, proving that ∠!"# ≅ ∠!"#.
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Questions 3-5: In the diagram below, the circle has center !, and !" = !".

3. Prove that !"#$ ≅ !"#$

4. Continue, proving that !"#$ ≅ !"#$.

5. Prove that !"#$ ≅ !"#$.
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Questions 6-7: In the diagram below, the circles are centered at A.

6. Prove that !"#$ ≅ !"#$.

7. (!) Prove that ∠!"# ≅ ∠!"#.
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Appendix E
Test Questions for Propositions 1-19
Questions 1 & 2: In the diagram, both circles are centered at !.

1. Prove that !"#$ ≅ !"#$.
2. Prove that ∠!"# is acute, i.e. less than a right angle.
Questions 3 & 4: In the diagram, the circles are centered at ! and !, respectively. Each
vertex of !"#$ lies on one (or both) of the circles.

3. Prove that !"#$ ≅ !"#$.
4. Continue, proving that !" > !", and !" > !".
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Appendix F
Practice Exercises for Major Test on Book I
1. Prove that if two right triangles have equal hypotenuses, and a leg in one
equals a leg in the other, then the triangles are congruent. This useful theorem
is popularly called Hypotenuse-Leg (HL).
2. Prove that the diagonals of any parallelogram bisect each other.
3. Prove that the diagonals of a rectangle are equal.
4. Prove that the diagonals of a rhombus are perpendicular.
5. (!) In the diagram, !" ∥ !" and !" = !". Prove that !"#$ = !"#$.

6. In the diagram, three blue squares have been drawn on the three sides of right
triangle !"#. Prove that triangles !"# and !"# are equal in area.
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Appendix G
Major Test on Book I
Questions 1 & 2: !"#$ is a rhombus.

1. Without assuming that the diagonals of a parallelogram always bisect each
other, prove that ! bisects !" and !".
2. Prove that !" ⊥ !".
Questions 3 & 4: Only ONE of the following proofs is required. If you have time, you
may write the other proof for a bonus point (but not for extra credit).
3. In the diagram, !" and !" are angle bisectors.

Assuming that the distance from a point to a line is defined as the magnitude of
a perpendicular segment between the line and the point, prove:
a) ! is equidistant from the three sides of the triangle.
b) The three angle bisectors of the triangle intersect at point !.
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4. In the diagram, !" = !", and !" ∥ !".

Prove that !!"# ≅ !"#$.
5. The perpendicular bisector of a segment !" is defined as another segment
that bisects !" and, perhaps not shockingly, is perpendicular to it. Prove
that any point on this perpendicular bisector is equidistant from ! and !.
6. The diagram below shows a kite, a quadrilateral containing two pairs of equal
and consecutive sides. (If all four sides were equal, it would be a rhombus,
and not a kite.)
Given that !" = !" and !" = !", prove that the diagonals of the kite are
perpendicular.
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