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Abstract

The field of quantum science and technology has seen tremendous recent

progress. Despite this, building large-scale quantum devices remains daunting

as fault tolerance is a distant goal in all current experimental platforms. This

dissertation discusses two complementary avenues towards practically relevant

quantum technologies.

In the first part, we explore physically inspired quantum algorithms that

run on near-term devices without quantum error correction. We investigate

the robustness of adiabatic quantum algorithms, placing stringent require-

ments on noise induced by the environment. In addition, we construct quan-

tum algorithms that sample from classical Gibbs distributions. These algo-

rithms elucidate connections between computational complexity and phase

transitions and provide physical insight into the origin of quantum speedup.

The second part focuses on novel platforms and optical interfaces for quan-

tum applications. We demonstrate that optical resonances in ordered arrays

of atoms and atomically thin semiconductors offer a powerful tool to con-

trol and manipulate light at both the classical and single-photon level. We

further study interactions between optical excitations and charge carriers in

two-dimensional semiconductors, which give rise to complex quantum many-

body dynamics in a largely unexplored regime.
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Chapter 1

Introduction

1.1 Background

The 20th century was an age of scientific and technological revolution. The

development of quantum mechanics in particular has had far reaching con-

sequences. Despite its oft-noted “weirdness”, quantum mechanics has been

tremendously successful at explaining the world surrounding us as well as

at predicting previously undiscovered phenomena. For example, the newly

gained understanding of materials enabled the development of the transistor,

an essential component of the semiconductor chips now found in every elec-

tronic device. Yet, quantum mechanics is usually hidden from plain view.

Once we take the correct functioning of transistors for granted—they essen-

tially act as electrically controlled switches—we may forget about quantum

mechanics and describe any process inside a conventional electronic device

within the framework of classical physics.

It was not until the 1980s that someone asked what happens when the com-

putation itself proceeds according to the laws of quantum mechanics. While

1



this question may seem obvious from a modern perspective, it required pro-

found insight at a time when quantum mechanics and computer science resided

in largely distinct corners of the academic world. In a now famous keynote

speech at the 1st Conference on Physics and Computation at MIT, Richard

Feynman argued that simulating the dynamics of a quantum system posed a

formidable challenge for a classical computer [9]. At the same time, he showed

that a computer that obeyed the laws of quantum mechanics could solve this

problem efficiently.

Feynman’s results suggested a quantum speedup: It is now widely believed

that quantum computers can perform certain tasks much more efficiently than

classical computers. To compare the run time of algorithms independent of

the detailed specifics of a particular implementation such as the clock speed of

a CPU, computer scientists introduced the concept of time complexity. The

time complexity of an algorithm tells us how the time required to solve a given

problem depends on the input size. For instance, the time to find the prime

factors of a number with d digits using the fastest known classical algorithm

is roughly1 proportional exp
(
αd1/3

)
, where α is an unimportant constant.

Shor’s algorithm, a quantum algorithm constructed by Peter Shor in 1994

to solve the same problem, achieves a time complexity of d2, representing

a significant speedup [10]. Implementing Shor’s algorithm would constitute

much more than a mathematical curiosity since many encryption protocols

rely on the practical intractability of factoring large integers.

Why then, if these ideas date more than 25 years back, are we still not

carrying quantum computers in our pockets? The main reason is that the

1We ignore logarithmic corrections for both the classical and quantum time complexity.
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quantum states required for computation are extremely fragile. The slightest

interaction between the computer and an uncontrolled environment destroys

the delicate quantum superpositions that enable a speedup over classical com-

puters. The adverse effects of the environment can be mitigated by means of

quantum error correction, whose practical overhead is however prohibitively

high for current technology. State-of-the-art error correcting schemes require

several millions of qubits, each of them still isolated from the environment

to an exquisite degree, to implement Shor’s algorithm for a sufficiently large

integer to break common encryption protocols [11]. This is a long way from

the 10s to 100s of qubits available in cutting edge experiments that fill up

entire laboratories [12–14].

It would be incorrect to conclude from the above discussion that we live

in quantum computing stone age. Technology has developed at a staggering

pace over the past years and we have entered an era which John Preskill

has aptly described as NISQ : noisy, intermediate scale, quantum [15]. Noisy

refers to the unavailability of quantum error correction, intermediate scale

stands for 100 or so qubits, and quantum means, well, quantum. It may

seem arbitrary to single out 100 qubits as a special number. The choice is

motivated by the size of the systems whose dynamics can be simulated on

classical computers in a sensible amount of time. While the exact numbers

depend on the specific application, it is generally possible to simulate up to

20 qubits even on a laptop, 50 qubits can sometimes be simulated with heavy

lifting by a supercomputer [16], while 100 qubits are well out of reach in most

cases. Because the computation time depends exponentially on the number

of qubits, we do not expect these numbers to dramatically change over the
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coming years even as the power of classical computers continues to increase.

The existence of NISQ devices prompts the question whether there are

problems that offer a quantum speedup without the need for error correction.

The physicist’s answer to this question is yes, of course, the device can simu-

late its own evolution, which is intractable on a classical computer. This may

seem almost tautological but this so-called quantum simulation is arguably

the most significant current application of NISQ devices. The large degree

of control available in NISQ devices allows us to study quantum many-body

dynamics in a manner that is difficult to replicate in more natural settings

as the properties of real materials cannot be modified at will. The insights

gained are not only of academic interest but may lead to new technology by

an improved understanding of phenomena such as high-temperature supercon-

ductivity [17–19]. The answer is less clear when considering computational

tasks of the kind preferred by computer scientists, namely ones that can be

stated in a device-independent manner. An advantage of quantum devices

over classical computers for such problems is often referred to as quantum

supremacy or quantum advantage [20, 21]. Sampling algorithms have emerged

as an important class of algorithms in this context. In essence, the task is to

sample from a probability distribution that is defined abstractly in terms of

a quantum circuit. In 2019, a team at Google reported on the implementa-

tion of such an algorithm on a device comprising 53 qubits, claiming it would

take a classical supercomputer 10,000 years to run the task completed by the

quantum device in 200 seconds [14, 16]. The drawback of these algorithms is

that they have no known practical application.

Understanding the power and limitation of NISQ devices remains a highly

4



active area of research.2 This dissertation approaches this vast field from a

number of angles, including algorithmic considerations as well as technological

ones. In fact, technological progress has been a major driving force behind

recent progress in the field. NISQ devices have already led to numerous unex-

pected discoveries while simultaneously pushing forward the development of

new theoretical tools. To harness the full power of NISQ devices, experimen-

tal and theoretical communities will have to closely work together to identify

the approaches that are most robust against noise. Progress thus far has been

astounding but many obstacles remain to successfully make the leap from the

age of quantum science into an age of quantum technology.

1.2 Overview of this dissertation

This dissertation consists of two parts. The first two chapters are concerned

with abstract questions related to quantum algorithms, while the remaining

chapters 4–8 focus on more practical considerations. Most of the chapters are

accompanied by an appendix that provides technical details unessential to the

understanding of the main results.

In Chapter 2, we shed light on the mechanisms by which quantum comput-

ers fail in the presence of noise. Using the concrete example of the adiabatic

quantum search algorithm, we show that the environment renormalizes the

spectral gap of the system, resulting in an increase of the computation time.

2One might add that the same is true for fully fledged, fault-tolerant quantum computers.
There are few known algorithms such as Shor’s with a quantum speedup and practical use.
Even fewer algorithms exhibit a provable quantum speedup as the exact relation between
classical and quantum complexity classes remains unknown. While deemed unlikely by most
people in the field, it is even possible that Shor’s algorithm offers no quantum speedup and
we have simply not yet found the fastest classical algorithm for factoring.
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In Chapter 3, we propose a method to construct quantum algorithms for

classical sampling problems.3 We provide a physical explanation for the ob-

served quantum speedup by establishing a novel relation to quantum phase

transition. Both chapters are self-contained.

Light is a central theme for the remainder of the dissertation. Light is

used to probe and manipulate quantum states in many quantum computing

platforms. It can also serve to transmit quantum information for the purposes

of quantum cryptography or to connect distant quantum devices. The latter

is a promising avenue in the pursuit of increasing the number of qubits. In

Chapter 4, we review the basics of light–matter interaction using a Green’s

function formalism. We apply the formalism in Chapter 5 to two-dimensional

arrays of atoms, demonstrating that they interact strongly with light despite

the diluteness and vanishing thickness of the array. The effect is explained in

terms of the collective behavior of the atoms: they are synchronized to form

what is effectively an antenna. The antenna can be engineered to determinis-

tically focus an incoming photon onto a single atom, which is a key ingredient

in many schemes for quantum communication.

We explore related effects in an entirely different platform in Chapters 6

and 7. Chapter 6 introduces the basic optical properties of two-dimensional

semiconductors, drawing close analogies with arrays of atoms. The theoretical

discussion is accompanied by experimental data from the groups of Professor

Hongkun Park and Professor Philip Kim at Harvard University. The experi-

mental results demonstrate the strong interaction of light with monolayers of

transition metal dichalcogenides, a class of two-dimensional semiconductors.

3These sampling problems are distinct from the ones mentioned above.
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We describe how the optical properties of these materials can be modified

by engineering the electromagnetic environment and we propose a number of

applications. These ingredients are combined in Chapter 7, where we show

theoretically that a conventional mirror can enhance the quantum nonlinear

response of a two-dimensional semiconductor. Finally, in Chapter 8 we delve

deeper into the material properties of two-dimensional semiconductors, ana-

lyzing the implications of interactions between optical excitations and charge

carriers. The results highlight the role the complex many-body body dynam-

ics in two-dimensional materials.
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Chapter 2

Adiabatic quantum

computing in the presence of

noise

2.1 Introduction

The adiabatic theorem provides a powerful tool to characterize the evolution

of a quantum system under a time-dependent Hamiltonian. It underlies the-

oretical concepts ranging from Landau–Zener transitions [22] to Berry phase

accumulation and experimental techniques such as adiabatic passage [23].

Adiabatic evolution can also serve as a platform for quantum information

processing [24–29]. This paradigm bears some resemblance to simulated an-

nealing: computation proceeds via smoothly varying a parameter to hone in

on a solution encoded in the ground state of a specific Hamiltonian. Thus,

a generic adiabatic quantum computation (AQC) proceeds in three steps. A

physical system is first prepared in the known ground state of a simple ini-

tial Hamiltonian. The Hamiltonian is then adiabatically transformed into
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the desired one. Finally, the state of the system is measured and, assuming

adiabaticity, represents the solution to the encoded question.

Nearly a decade ago, it was shown that AQC and the canonical circuit

model of quantum computation are equivalent in computational power [30–

32]. While the two models can provably solve the same problems, their phys-

ical implementation and thus their susceptibility to errors differ significantly.

For instance, imperfections of individual gates will reduce the fidelity of a

computation in the circuit model. In AQC, by contrast, errors may arise due

to non-adiabatic transitions. Furthermore, AQC is affected by noise present

in any realistic implementation. It has been suggested that AQC may be

inherently robust against noise [33, 34] and that the presence of an environ-

ment may even improve performance [35]. Adiabatic evolution is particularly

susceptible to noise when the gap between the ground state and the excited

states is small. A thorough understanding of the effect of noise on small gaps

is therefore desirable. In this chapter, we study the effect of an environment on

the adiabatic quantum search (AQS) algorithm [24, 36], the adiabatic equiv-

alent of Grover’s algorithm [37]. While the AQS algorithm in open systems

has been the subject of numerous studies, a complete understanding of its

scalability is missing [35, 38–46].

Although the AQS algorithm involves a highly non-local Hamiltonian, we

utilize it as a convenient example of an algorithm exhibiting a single avoided

level crossing. In realistic systems with k-local interactions (k ≤ 2 typically),

small gaps often arise due to avoided level crossings between macroscopically

distinct states. In this case, an environment that also acts locally is incapable

of inducing transitions between the two states involved in the crossing, and
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it predominantly leads to dephasing. To this end, in our model for the AQS

algorithm, the environment only couples to the dephasing channel. We show

that under these assumptions, the problem of determining the scalability of

the algorithm can be cast into an implementation-independent form, param-

eterized by the minimum gap at the avoided level crossing. Thus, we expect

our conclusions to generalize beyond the AQS algorithm.

2.2 Summary of results

To understand the main result of our work, it is helpful to consider the dif-

ferent ways in which the environment influences the algorithm. One naively

expects that a thermal bath will degrade performance whenever the tempera-

ture exceeds the smallest gap encountered during the computation. However,

this is not necessarily the case if the number of thermally accessible states is

small [35]. In the AQS algorithm, there exist two low-energy states, separated

by a large gap from higher excited states. These two low-lying states undergo

an avoided level crossing (see inset of Figure 2.1). It is thus natural to as-

sume that the environment can thermally mix these two states but does not

give rise to higher excitations. Thermalization may then reduce the success

probability by at most 50%, which can be compensated for by repeating the

algorithm multiple times [35].

Apart from leading to thermalization, the environment also renormalizes

the gap at the avoided crossing. The effect is best understood by appealing

to an analogy with a double-well system. In this picture, the two low-energy

states of the AQS algorithm are spanned by the ground states of two wells,
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Figure 2.1: Qualitative dynamics of the adiabatic quantum search algorithm
in an open system. The evolution of the system is coherent below the critical
temperature T ∗ (indicated by the solid curves) and a quantum speedup is
available in this regime. The three curves correspond to different sizes N of
the search space. The parameter η characterizes the noise spectral density
at low frequency ∝ ωη, with η = 1 corresponding to an ohmic bath. The
dependence of T ∗ on η changes qualitatively at ηc due to scattering processes
contributing significantly when η > ηc. The inset shows the spectrum of the
AQS Hamiltonian for N = 256.

which are detuned from each other by a bias ε and connected by a tunneling

rate ∆. The avoided crossing occurs at zero bias (s = 1/2 in Figure 2.1), for

which the energy gap is equal to the tunneling rate. As mentioned above, a

local environment predominantly gives rise to dephasing between the wells,

whereas environment-induced transitions from one well to another are negli-

gible. This dephasing suppresses coherent tunneling, which in turn results in

a decrease of the minimum gap. Equivalently, this mechanism may be viewed

as a consequence of the quantum Zeno effect, where the environment tends

to localize the system in one of the wells by gaining information about its
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current state [47]. Coherent tunneling may vanish entirely if the coupling

to the environment is sufficiently strong. We refer to this as the incoherent

regime, as opposed to the coherent regime, where tunneling persists. The

terminology reflects the fact that coherent Rabi oscillations can, in principle,

be observed in the coherent regime, whereas the oscillations are overdamped

if the system is incoherent. Any potential quantum speedup is lost in the in-

coherent regime, as discussed in detail below. Conversely, a quantum speedup

is always available in the coherent regime provided the gap retains the same

scaling with problem size as in a closed system.

In order to identify the relevant regimes, we compare the tunneling rate

with the coupling rate to the environment. At zero temperature, the coupling

rate is given by the noise spectral density of the environment, J(ω), evaluated

at the gap frequency. The noise spectral density is assumed to obey a power

law at low frequencies, J(ω) ∝ ωη, where we distinguish between sub-ohmic

(η < 1), ohmic (η = 1), and super-ohmic (η > 1) environments. For a sub-

ohmic environment, the ratio J(∆)/∆ diverges in the limit ∆→ 0, suggesting

that the system is incoherent at the avoided level crossing for large search

spaces. If the environment is super-ohmic, the same reasoning predicts that

even large systems remain coherent. This simple argument is indeed correct

at zero temperature, while at finite temperature, bosonic enhancement and

two-boson processes lead to significant modifications. We demonstrate that

even for a super-ohmic environment, a quantum speedup can only be achieved

below a certain critical temperature, whose dependence on η and the size of

the search space is summarized in Table 2.1 and Figure 2.1. Notably, the

critical temperature decays as a power law with the size of the search space,
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such that the AQS algorithm offers no improvement over a classical algorithm

for large search spaces at finite temperature.

single-boson processes two-boson processes

η < 1 αT ∗ = 0

η > 1 αT ∗ = O(N (η−2)/2) α2/(2η+1)T ∗ = O(N−1/(4η+2))

Table 2.1: Scaling of the critical temperature T ∗ with the size of the search
space N for a given coupling strength α between the system and the environ-
ment. The scaling of T ∗ is evaluated separately for processes involving one
and two bosons of the bath. For a sub-ohmic environment, the one-boson
processes render the dynamics incoherent even at zero temperature such that
two-boson processes are never relevant.

2.3 Model

2.3.1 Closed system

We now proceed with detailed calculations. The AQS algorithm in a closed

system is described by the Hamiltonian H(s) = E0(1 − s) (I− |ψ0〉〈ψ0|) +

E0s (I− |m〉〈m|), where E0 sets the energy scale of the system, the state

|ψ0〉 = 1√
N

∑N
x=1 |x〉 is an equal superposition of all states in the search space,

and |m〉 denotes the marked element to be found. The parameter s is in-

creased monotonically from its initial value s = 0 to its final value s = 1.

The Hamiltonian H(s) can be exactly diagonalized in the two-level subspace

spanned by |m〉 and |m⊥〉 = 1√
N−1

∑
x6=m |x〉, where

H(s) =
E0

2
I− 1

2
[ε(s)τ z + ∆(s)τx] . (2.1)

13



Here, τ i are the Pauli matrices acting on {|m〉, |m⊥〉}, ε(s)/E0 = 2s−1+2(1−

s)/N , and ∆(s)/E0 = 2
√
N−1
N (1− s). The orthogonal subspace is degenerate

with constant energy E0 (see inset of Figure 2.1). The spectrum exhibits an

avoided level crossing at s = 1/2, where the gap is of order O(N−1/2) for large

N . As anticipated, the low-energy Hamiltonian is equivalent to one describing

two wells connected by a tunneling rate ∆ and detuned from each other by

a bias ε. Classically, the computation time scales linearly with the size of

the search space N , whereas both Grover’s algorithm and the AQS algorithm

achieve a quadratic quantum speedup, scaling as O(N1/2). The latter scaling,

set by the inverse of the minimum gap, is provably optimal [36]1.

2.3.2 Environment

To specify the environment, we envision that the AQS Hamiltonian is im-

plemented using L qubits, where N = 2L. Each qubit is coupled to an

independent, bosonic bath. We assume throughout that the temperature

T � E0/L, which ensures that the dynamics of the system are restricted to

the two lowest-lying levels. As derived in Appendix A.1, the environment cou-

ples to the low-energy subspace under these conditions through an effective

interaction of the form

V = τ z
∑
k

gk(bk + b†k) + τ z
∑
k,l

gkgl
E

(bk + b†k)(bl + b†l ), (2.2)

where bk and b†k are bosonic annihilation and creation operators, gk is a cou-

pling strength, and E an energy scale proportional to E0. The first term in

1The proof of optimality in reference [36] straightforwardly generalizes to open systems,
assuming that the environment contains no information about the marked state.
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Equation (2.2) describes absorption or emission of a single boson, while the

second term corresponds to two-boson processes, such as two-boson emission

or boson scattering. Higher-order terms, which depend on specifics of the

higher excited states, have been neglected since they do not affect our results

qualitatively. We have also dropped terms that couple to τx,y, representing

environment induced transitions between |m〉 and |m⊥〉, as they are strongly

suppressed in the limit of large N . Both approximations are formally justified

in Appendix A.1.

The bath is characterized by the noise spectral density J(ω) =
∑

k g
2
kδ(ω−

ωk), which follows a power law at low frequencies, J(ω) = αωη. The parame-

ter α sets the coupling strength to the environment. Our analysis is restricted

to η > 0 because the effective two-level description breaks down otherwise

(see Appendix A.1). Furthermore, we assume that the weak-coupling condi-

tion J(ω) � E0 is satisfied for all ω. We emphasize that coupling is only

weak compared to the overall energy scale of the system but may be strong

compared to the gap between the low-energy states.

2.4 Renormalized tunneling rate

2.4.1 Single-boson processes

In order to explore the coherence properties of the system, we employ a proce-

dure known as adiabatic renormalization, which has been widely put to use in

the context of the spin–boson model [48]. The method is particularly power-

ful as it is valid even for non-perturbative and non-Markovian environments.

Adiabatic renormalization proceeds by eliminating modes of the environment
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that are fast compared to the tunneling rate. To a good approximation these

oscillators adiabatically follow the system thereby reducing the bare tunneling

rate ∆ to a renormalized tunneling rate ∆̃. The case ∆̃ = 0 corresponds to

the incoherent regime introduced above, while in the coherent regime ∆̃ > 0.

To compute ∆̃, we first determine the energy eigenstates in the absence of

tunneling. For the moment, we only consider single-boson processes and limit

ourselves to the region near the avoided crossing, where ε(s) ≈ 0. The eigen-

states are given by |τ,n〉 = e−iτ
zS1 |τ〉

∏
k |nk〉, where S1 = i

∑
k
gk
ωk

(bk − b†k),

τ = m,m⊥ (corresponding to τ z = ±1), and nk are the occupation numbers of

the bosonic modes. Physically speaking, the system is dressed by oscillators,

whose displacements depend on the state of the system. Oscillators with fre-

quencies much greater than the tunneling rate will adjust to the state of the

system almost instantaneously, while slower oscillators must be accounted for

more carefully. We hence define the renormalized tunneling rate between the

states |m,n〉 and |m⊥,n〉 as ∆̃n = ∆ 〈m,n|τx|m⊥,n〉′, where the prime de-

notes that only oscillators with frequencies satisfying ωk > Ω should be taken

into account. Here, Ω is a low-frequency cutoff, which may be self-consistently

determined as Ω = p∆̃n. The exact value of p is irrelevant in what follows,

provided that p � 1. Due to the dependence of ∆̃n on the occupation num-

bers, it is only possible to define a unique renormalized tunneling rate at zero

temperature. Nevertheless, we can define a typical rate ∆̃ by taking a thermal

expectation value, yielding

∆̃ = ∆ exp

[
−2

∫ ∞
Ω

dω
J(ω)

ω2
coth

ω

2T

]
. (2.3)
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We first consider the above expression at T = 0. For a super-ohmic

environment, the integral in the exponent remains finite as Ω → 0. For

large N , we may set Ω to zero to a very good approximation such that ∆̃

is proportional to ∆. If the environment is ohmic or sub-ohmic, the integral

exhibits an infrared divergence. There exists a critical coupling strength α∗ ∝

∆1−η such that ∆̃ = 0 for all α > α∗. For α < α∗, the renormalized tunneling

rate remains finite as shown in Appendix A.2. The critical coupling strength

tends to zero as N → ∞, showing that the dynamics are incoherent in the

limit of large search spaces consistent with the discussion above.

The results at finite temperature can be obtained by very similar argu-

ments. In short, one obtains that ∆̃ is always finite and proportional to ∆

for η > 2, while for 1 < η ≤ 2 there exists a critical coupling strength of the

form α∗ ∝ ∆2−η/T , where we assumed that T � ∆̃. If the coupling con-

stant is fixed, the expression can be interpreted as an expression for a critical

temperature

T ∗ ∝ ∆2−η

α
= O(N (η−2)/2). (2.4)

This is consistent provided η > 1. In the sub-ohmic regime, T ∗ cannot be

taken much greater than ∆̃ and we find instead that the dynamics are always

incoherent for a fixed α in the limit of large search spaces. At η = 1, the

existence of a non-zero critical temperature depends on the value of α. We

note that these results, summarized in the first column of Table 2.1, are in

agreement with previous work by Tiersch and Schützhold [43].
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2.4.2 Two-boson processes

Two-boson processes may be treated similarly although they affect the sys-

tem in a qualitatively different manner [49]. There are two kinds of two-boson

processes: those in which a pair of bosons is absorbed or emitted, and those

in which a boson is scattered between two modes. Conservation of energy

requires that in two-boson emission/absorption processes both modes have

energies . ∆. By contrast, the scattering processes can involve pairs of modes

with arbitrarily high energy, provided their energy difference is small. Cru-

cially, the phase space for boson scattering is independent of ∆ for large N

and remains non-zero as ∆ → 0. The two-boson coupling strength at finite

temperature is thus expected to be always large compared to ∆ for large N.

To support this argument, we again perform adiabatic renormalization,

the detailed steps of which are provided in Appendix A.2. We focus on super-

ohmic environments since single-boson processes already prevent a quantum

speedup in the sub-ohmic case. We further extend the weak coupling approx-

imation to include bosonic enhancement, i.e., J(ω)(1 + N(ω)) � E0 for all

ω, where N(ω) is the Bose–Einstein distribution. Under these assumptions,

two-boson processes only weakly renormalize the tunneling rate at zero tem-

perature and do not render the dynamics incoherent. If T > 0, there exists

a critical coupling strength, which is given by α∗ ∝ E∆1/2/T η+1/2, such that

the dynamics are incoherent for any α > α∗. Clearly, α∗ vanishes as N →∞

regardless of η. This is in stark contrast to the renormalization due to single-

boson processes alone, where the system remains coherent if η > 2. At fixed
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coupling strength, we thus predict a critical temperature

T ∗ ∝ ∆1/(2η+1)

α2/(2η+1)
= O(N−1/(4η+2)) (2.5)

for two-boson processes.

In addition to coherent tunneling, there exist incoherent transitions, dur-

ing which the system exchanges energy with the environment and thermalizes.

We argued above that in the case of the AQS algorithm, these processes merely

give rise to constant overhead. In fact, thermalization may even improve the

performance if it occurs sufficiently fast [35]. By letting the system thermal-

ize, one can obtain the ground state with a probability of at least 50% since

only the lowest two energy states may be significantly populated. In order

to exclude the possibility of a quantum speedup in the incoherent regime, it

is therefore necessary to ensure that the thermalization rate decreases with

system size at least as fast as O(N−1). Indeed, we verify in Appendix A.3

that the the thermalization rate always scales as O(N−1) in the incoherent

regime.

In the coherent regime, the thermalization rate can exceed this scaling near

the avoided level crossing. This is an intriguing result since it implies that

quantum computation can proceed through thermalization alone. This may

be accomplished, for instance, by initializing the system in its ground at s = 0

(large bias) before rapidly decreasing the bias to zero. The system is then left

to thermalize before being measured in the computational basis. Repeating

this procedure several times will yield the ground state with high probability.

We note, however, that this approach does not lead to an improved scaling
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compared to adiabatic evolution, which always offers a quantum speedup in

the coherent regime.

2.5 Outlook

We summarize our results by discussing the combined effect of single-boson

and two-boson processes. We show in Appendix A.2 that for the parameter

regime considered here, the two processes decouple and their combined effect

can be deduced from the results presented above. In particular, for the dy-

namics to be incoherent it is sufficient that one of the processes renormalizes

the tunneling rate to zero. We thus conclude that the system is always inco-

herent at finite temperature in the limit of large N and the algorithm does

not provide a quantum speedup. We observe that the critical temperature

associated with the coherent–incoherent transition scales differently for the

two processes, see Figure 2.2. Only the smaller critical coupling is physically

significant; thus, two-boson processes dominate for η > ηc, and single-boson

processes otherwise. At ηc = (3+
√

17)/4 the critical temperatures scale iden-

tically and model-dependent pre-factors determine which process dominates.

Owing to the generic nature of the system–bath interaction discussed

here, we expect that our results extend to a wide range of adiabatic al-

gorithms involving avoided level crossings. The interaction Hamiltonian in

Equation (2.2), involving only dephasing, arises naturally in such situations

because small gaps generically correspond to macroscopically distinct states

that are not connected by a local environment. The non-local interactions in

the AQS algorithm lead to a spectrum in which the N − 2 states not involved
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Figure 2.2: Dependence of the critical temperature T ∗ on the search space size
N . The critical temperature follows a power law T ∗ = O(N δ). Above T ∗, the
system evolves incoherently, while below, quantum coherence is retained. The
qualitative change at ηc is due to competition between single and two-boson
processes. For η < 1, the dynamics are incoherent even at zero temperature
in the limit of large N .

in the level crossing are extensively separated in energy (i.e., their excitation

gap is proportional to the full energy bandwidth of the system). A more

realistic model with few-body interactions will instead have an intensive exci-

tation gap. As long as the temperature is much lower than this excitation gap,

our reduced model of the avoided crossing continues to apply, and so do our

conclusions. Moreover, our findings should be broadly relevant for adiabatic

quantum algorithms that involve many-body tunneling [50–52]. For the AQS

algorithm we were able to draw a direct correspondence between tunneling

and speedup, whereas the general significance of tunneling in AQC algorithms

is an open question. Future work may explore the applicability of our results

to algorithms offering an exponential speedup, where the role of many-body

tunneling is particularly unclear [53]. Finally, our work highlights the need for

quantum error correction to render AQC scalable at finite temperature [54–

61].
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Chapter 3

Quantum sampling

algorithms for near-term

devices

3.1 Introduction

Efficient solutions of Gibbs sampling problems are of broad practical impor-

tance. The Gibbs distribution is not only at the heart of statistical physics [62],

but it also plays a significant role in a wide variety of other areas such as op-

timization algorithms [63] and machine learning [64]. Quantum systems are

naturally suited for encoding sampling problems: According to the Born rule,

a projective measurement of a quantum state |ψ〉 in a given orthonormal

basis {|s〉} yields a random sample drawn from the probability distribution

p(s) = |〈s|ψ〉|2. This observation underpins recent work aiming to demon-

strate quantum advantage over classical computers by sampling from a prob-

ability distribution defined in terms of a quantum gate sequence [65, 66] or an

optical network [67]. While these efforts have led to impressive experimental
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demonstrations [14, 68], they have limited implications for practically relevant

problems.

Here, we introduce a family of quantum algorithms for sampling from

classical Gibbs distributions. We illustrate our approach with three specific

examples: sampling from the Gibbs distribution corresponding to the Ising

chain and sampling from weighted independent sets of two different graphs.

Sampling from independent sets at low temperature encompasses computa-

tionally hard problems since approximating the size of the maximum inde-

pendent set on a random graph is NP hard [69]. Problems of this type appear

in diverse applications including computer vision [70], biochemistry [71], and

social networks [72]. Before proceeding, we note that various pioneering quan-

tum algorithms for Gibbs sampling have been developed [73–83]. In contrast

to many of these proposals, our approach does not require a large-scale, univer-

sal quantum computer and may be realized and tested on relatively near-term

quantum devices.

The key ideas for our approach are summarized in Figure 3.1. We consider

a system of n classical bits, labeling a complete bit string by s. We focus on

spin models, where s = s1s2 . . . sn with each spin being either up (si = +1)

or down (si = −1). The desired Gibbs distribution pβ(s) = e−βHc(s)/Z

is defined in terms of energies Hc(s) and the inverse temperature β, with

Z =
∑

s e
−βHc(s) denoting the partition function. Sampling from a classical

Gibbs distribution can be reduced to preparing the quantum state

|ψ(β)〉 =
1√
Z

∑
s

e−βHc(s)/2|s〉, (3.1)
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followed by a projective measurement in the orthonormal {|s〉} basis. Al-

though the construction applies more generally, we focus on classical Hamil-

tonians that can be written as a sum of one- and two-body terms, in which case

|ψ(β)〉 is a projected entangled pair state with bond dimension D = 2 [84].

Markov chain sampling problem Hamiltonian
with ground state

construct adiabatic 
path to

preparemeasure to obtain
sample from

Figure 3.1: Construction of quantum algorithms to sample from a Gibbs
distribution. The green boxes constitute the sampling procedure, which is
carried out on a quantum computer.

In order to prepare the Gibbs state, Equation (3.1), we start from a clas-

sical Markov chain Monte Carlo algorithm for sampling from the Gibbs dis-

tribution. Any such Markov chain can be mapped onto a so-called parent

Hamiltonian Hq(β), whose unique ground state is |ψ(β)〉. This construction

directly relates the mixing time of the Markov chain to the ground state gap

of the parent Hamiltonian. For hard problems, where the Markov chain mixes

slowly, the gap vanishes in the thermodynamic limit such that Hq(β) describes

either a gapless phase or a system at a quantum phase transition.

To prepare the state |ψ(β)〉, adiabatic evolution can be used. In this ap-

proach, we identify a sufficiently simple Hamiltonian H0, whose ground state

can be readily prepared. Next, we adiabatically deform H0 into the target

Hamiltonian Hq(β). However, in contrast to prior work [79], we do not restrict

the adiabatic evolution to the one-parameter family of Hamiltonians defined

by Hq(β) for arbitrary β. Instead, as shown below, more general paths exist
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that outperform adiabatic evolution along the one-parameter family and give

rise to an asymptotic speedup over the classical Markov chain. The speedup

can be traced to the distinct nature of the phase transitions encountered by

different paths. The origin of the speedup is quantum mechanical in the

sense that there exists no simple reverse mapping to a classical Markov chain

algorithm.

3.2 Parent Hamiltonian

Our construction of the parent Hamiltonian follows the prescription in refer-

ence [84] (see references [85–87] for related earlier work). We first define a

Markov chain that samples from the desired Gibbs distribution pβ(s). The

Markov chain is specified by the generator matrix Mβ , where the probability

distribution qt(s) at time t evolves according to qt+1(s) =
∑

s′ qt(s
′)Mβ(s′, s).

By assumption, pβ(s) is a stationary distribution of the Markov chain and it

therefore constitutes a left eigenvector of Mβ with eigenvalue unity. We as-

sume in addition that the Markov chain satisfies detailed balance, which can

be expressed as e−βHc(s
′)Mβ(s′, s) = e−βHc(s)Mβ(s, s′). This property implies

that

Hq(β) = n
(
I− e−βHc/2Mβe

βHc/2
)

(3.2)

is a real, symmetric matrix. It can be viewed as a quantum Hamiltonian with

the Gibbs state |ψ(β)〉 being its zero-energy eigenstate. The Gibbs state is

a ground state because the spectrum of Hq(β) is bounded from below by 0.

For every eigenvalue n(1 − λ) of Hq(β), there exists an eigenvalue λ of Mβ ,

where λ ≤ 1 because Mβ is a stochastic matrix. If the Markov chain is fully
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mixing and aperiodic, the Perron–Frobenius theorem [88] guarantees that all

other eigenvalues are strictly less than 1 in magnitude such that |ψ(β)〉 is in

fact the unique ground state of Hq(β). The factor of n in the Equation (3.2)

ensures that the spectrum of the parent Hamiltonian is extensive. To account

for the natural parallelization in adiabatic quantum computation, we divide

the mixing time of the Markov chain by n for a fair comparison, denoting

the result by tm. The correspondence between the spectra of Mβ and Hq(β)

establishes the bound tm ≥ 1/∆(β), where ∆(β) is the gap between the ground

state and first excited state of the parent Hamiltonian [89].

3.3 Sampling from the 1D Ising model

We now illustrate this procedure by considering a ferromagnetic Ising model

composed of n spins in one dimension. The classical Hamiltonian is given by

Hc = −
∑n

i=1 σ
z
i σ

z
i+1 with periodic boundary conditions, letting σzn+1 = σz1

and σz0 = σzn. We choose Glauber dynamics as the Markov chain, where at

each time step, a spin is selected at random and its value is drawn from a

thermal distribution with all other spins fixed [90]. Up to a constant, the

parent Hamiltonian takes the form

Hq(β) = −
n∑
i=1

[
h(β)σxi + J1(β)σzi σ

z
i+1 − J2(β)σzi−1σ

x
i σ

z
i+1

]
, (3.3)

where 4h(β) = 1 + 1/ cosh(2β), 2J1(β) = tanh(2β), and 4J2(β) = 1 −

1/ cosh(2β) (see Appendix B.2 for details and references [91, 92] for early

derivations of this result). At infinite temperature (β = 0), we have J1 =

J2 = 0 and h = 1. The ground state is a paramagnet aligned along the
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x-direction, which corresponds to an equal superposition of all classical spin

configurations consistent with the Gibbs distribution at infinite temperature.

When the temperature is lowered, the parameters move along a segment of a

parabola in the two-dimensional parameter space (J1/h, J2/h) shown by the

red curve (ii) in Figure 3.2a. The segment terminates at (J1/h, J2/h) = (2, 1)

for β →∞. We highlight that any point along the segment can be viewed as

a generalized Rokhsar–Kivelson point [86, 93], where the Hamiltonian is by

construction stoquastic and frustration free [87, 94].

To find the optimal adiabatic path with a potential quantum speedup,

it is instructive to determine the quantum phase diagram of the Hamilto-

nian in Equation (3.3) for arbitrary values of h, J1, and J2. As shown in

Appendix B.2, the Hamiltonian can be diagonalized by performing a Jordan–

Wigner transformation that maps it onto a free fermion model. The resulting

quantum phases are displayed in Figure 3.2a, with the black lines indicating

phase transitions. The model reduces to the transverse field Ising model on

the J2/h = 0 axis, where a phase transition from a paramagnet to a fer-

romagnet occurs at J1/h = 1. Along the J1/h = 0 axis, the ground state

undergoes a symmetry-protected topological phase transition at J2/h = ±1

from the paramagnet to a cluster-state-like phase [95, 96]. We note that the

tricritical point between the distinct phases describes the parent Hamiltonian

corresponding to zero temperature.

For the adiabatic preparation of the Gibbs state |ψ(β)〉, one may start from

the HamiltonianHq(0), preparing its ground state of all spins aligned along the

x axis. The parameters (h, J1, J2) are then smoothly varied to transform the

Hamiltonian into its final form at the desired inverse temperature β. States
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Figure 3.2: (a) Quantum phase diagram of the Hamiltonian corresponding to
the Ising chain. The black lines indicate the boundaries between paramagnetic
(PM), ferromagnetic (FM), and cluster-state-like (CS) phases. The curves
labeled (i)–(iv) show four different choices of adiabatic paths. (b) The time
dependence of the parameters for a chain of n = 100 spins according to
Equation (3.4). (c) Fidelity as a function of the total sweep time along these
trajectories. (d) The time ta required to reach a fidelity exceeding 1 − 10−3

as a function of the number of spins, n. The black lines are guides to the eye
showing the expected linear, quadratic, and quartic dependencies of ta on n.
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with finite β can be connected to the infinite temperature state by a path

that lies fully in the paramagnetic phase, where the parent Hamiltonian is

gapped. We expect both adiabatic state preparation and the Markov chain

to be efficient in this case. Indeed, it has been shown that there exists a

general quantum algorithm with run time ∼ log n [83] for gapped parent

Hamiltonians, which is identical to the Markov mixing time tm for the Ising

chain [97]. For the sampling problem at zero temperature, we consider the four

different paths in Figure 3.2a. As shown below, adiabatic state preparation

along path (ii), corresponding to the one-parameter family Hq(β), requires a

time ta ∼ n2. The mixing time of the Markov chain at zero temperature is

similarly bounded by tm & n2. The quadratic scaling with system size is a

consequence of the diffusive dynamics of domain walls. By contrast, domain

walls propagate ballistically at the quantum phase transition between the

paramagnetic and ferromagnetic phases, which results in a quadratic speedup

of paths (iii) and (iv) over path (ii) and the classical Markov chain.

To evaluate the dynamics quantitatively, we choose the rate of change with

the aim of satisfying the adiabatic condition at every point along the path [98,

99]. For general set of parameters λµ, we let

∑
µ,ν

gµν
dλµ
dt

dλν
dt

= ε2, (3.4)

where ε is a small, dimensionless number and

gµν =
∑
k 6=0

〈∂µ0|k〉〈k|∂ν0〉
(Ek − E0)2

. (3.5)

Here the |k〉 and Ek label the eigenstates and corresponding eigenenergies of
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the system with k = 0 denoting the ground state. The notation ∂µ is a short-

hand for d/dλµ. Equations (3.4) and (3.5) ensure that the parameters change

slowly when the gap is small, while simultaneously taking into account the

matrix elements 〈k|∂µ0〉, which determine the coupling strength of nonadia-

batic processes to a particular excited state |k〉. The solution of Equation (3.4)

for λ1 = J1/h is shown in Figure 3.2b. We fix h = 1 since rescaling the entire

Hamiltonian does not induce transitions between the eigenstates and numeri-

cally integrate the Schrödinger equation with the initial state |ψ(0)〉 to obtain

|φ(ttot)〉 after total evolution time ttot, which can be adjusted by varying ε.

Figure 3.2c shows the resulting fidelity F = |〈φ(ttot)|ψ(∞)〉|2 for a chain of

n = 100 spins. As expected, the fidelity is close to zero at short evolution

times and approaches unity for all paths at late times.

To determine the dependence on the number of spins, we extract the

time ta at which the fidelity exceeds 1 − 10−3, Figure 3.2d. (We show in

Appendix B.1 that the total variation distance d = ||p − q|| between the

desired Gibbs distribution and the prepared distribution q(s) = |〈s|φ(ttot)〉|2

is bounded by d ≤
√

1−F .) We find three different scalings of the time ta:

along path (i), it roughly scales as ta ∼ n3, along (ii) as ta ∼ n2, while (iii)

and (iv) exhibit a scaling close to ta ∼ n. As shown in Appendix B.2, the

above scalings follow from the singular properties of gµν at the tricritical point

assuming that a constant fidelity is reached at a value of ε independent of n.

The origin of the different scalings can be understood by considering the

nature of the phase transitions. The dynamical critical exponent at the tricrit-

ical point is z = 2, meaning that the gap closes with system size as ∆ ∼ 1/n2,

which is consistent with the time required along path (ii). The dynamical crit-
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ical exponent at all phase transitions away from the tricritical point is z = 1

and the gap closes as ∆ ∼ 1/n. The paramagnetic to ferromagnetic phase

transition can be crossed adiabatically in a time proportional to n since quan-

tum coherence allows for ballistic propagation of domain walls as opposed to

diffusive propagation in the Markov chain. There is no quadratic slowdown

as paths (iii) and (iv) approach the tricritical point, which we attribute to the

large overlap of the final state with ground states in the ferromagnetic phase.

Path (i) performs worse than path (ii) because the gap between the paramag-

netic and cluster-state-like phases vanishes exactly for certain parameters even

in a finite-sized system (see Appendix B.2). To further support the statement

that the speedup is of quantum mechanical origin, we note that the half-chain

entanglement entropy of the ground state diverges logarithmically with the

number of spins when paths (iii) and (iv) cross from the paramagnetic into

the ferromagnetic phase. Thus it is impossible to find a representation for the

ground state at the phase transition in the form of Equation (3.1) with a local,

classical Hamiltonian Hc since any such representation is a matrix product

state with constant bond dimension and bounded entanglement entropy.

While the example of the Ising chain illustrates a mechanism for quantum

speedup, it has two shortcomings. First, sampling becomes hard only at zero

temperature in the asymptotic limit of infinite system size. This is due to

the absence of long-range correlations at nonzero temperature, which implies

that a Markov chain with local updates mixes fast [100]. Sampling at zero

temperature is equivalent to optimization, for which there may exist more

suitable algorithms. Secondly, the parent Hamiltonian Equation (3.3) does

not have a simple physical realization. The three-body terms can in principle
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be implemented using Hamiltonian simulation [101, 102] but this might be

challenging with near-term devices.

3.4 Weighted independent set problem

We address the above limitations by considering the weighted independent set

problem. An independent set of a graph is any subset of vertices in which no

two vertices share an edge, see Figure 3.3a. We say vertex i is occupied if it

is in the independent set and assign the occupation number ni = 1. All other

vertices are unoccupied with ni = 0. In the weighted independent set problem,

each vertex is in addition assigned a weight wi and we seek to maximize∑
iwini or equivalently minimize the energy Hc = −

∑
iwini subject to the

independent set constraint. The corresponding Gibbs distribution has been

studied extensively in probability theory and computer science [103] as well

as in statistical physics [104–106], where the model is known as the hard-core

lattice gas.

To construct a quantum algorithm, each vertex is associated with a spin

variable σzi = 2ni − 1. Single spin flips with the Metropolis–Hastings update

rule [107] yield the parent Hamiltonian

Hq(β) =
∑
i

Pi [Ve,i(β)ni + Vg,i(β)(1− ni)− Ωi(β)σxi ] , (3.6)

where we only consider the subspace spanned by the independent sets. In

Equation (3.6), Pi =
∏
j∈Ni(1− nj) projects onto states in which the nearest

neighbors Ni of vertex i are all unoccupied. The remaining parameters are

given by Ve,i(β) = e−βwi , Vg,i(β) = 1, and Ωi(β) = e−βwi/2.
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Figure 3.3: (a) Example of an independent set (red vertices) on a unit disk
graph. Two vertices are connected if an only if they are separated by a distance
less than R. (b) Physical realization of the parent Hamiltonian Equation (3.6)
using Rydberg blockade. The Hamiltonian parameters are determined by the
drive amplitudes Ei and E ′i as well as their detuning from resonance. (c) Pa-
rameter space and order parameter of the parent Hamiltonian for a chain of
length n = 30. The order parameter |M2|+ |M3| distinguishes the disordered
phase from the Z2 and Z3 ordered phases. The red curve (i) indicates the
one-parameter family Hq(β), while the blue curve (ii) is an alternative adia-
batic path crossing into the Z2 phase. (d) Adiabatic state preparation time
ta along the two paths in (c). Path (i) terminates at βc = 2 log n while (ii)
continues to β →∞. The threshold fidelity is set to F = 1− 10−3. The black
lines are guides to the eye, showing the scalings ta ∼ n and ta ∼ n4.
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The projectors Pi involve up to d-body terms, where d is the degree of the

graph. Nevertheless, they can be implemented with minimal experimental

overhead for certain classes of graphs. For example, in the case of so-called

unit disk graphs, these operators are naturally realizable using highly excited

Rydberg states of neutral atoms [108]. A unit disk graph is formed by a set

of vertices arranged in a two-dimensional plane where any pair of vertices

is connected by an edge if and only if they are separated by a distance less

than R. As illustrated in Figure 3.3b, the ground state |gi〉 of an atom i

encodes the unoccupied state of a given vertex i. Similarly, the occupied

state is encoded in a Rydberg state |ri〉. We implement the first and last

term in Equation (3.6) by driving a transition from |gi〉 to |ri〉. The value

of Ve,i is determined by the detuning of the drive, whereas Ωi is proportional

to the amplitude of the drive, Ei. The projectors Pi arise due to Rydberg

blockade. If an atom is excited to the Rydberg state, the strong van der

Waals interaction UvdW shifts the Rydberg states of all neighboring atoms

out of resonance, effectively turning off the drive and thereby enforcing the

independent set constraint. The remaining second term in Equation (3.6) can

be realized using a similar approach, combining the Rydberg blockade with an

AC Stark shift induced by an off-resonant drive from the ground state to an

auxiliary Rydberg state |r′i〉. The Rydberg interaction contributes additional

terms to the Hamiltonian that decay as 1/r6 with the distance r between two

atoms. We neglect these terms in what follows, noting that a strategy to

mitigate their role has been proposed in a related context [109].
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3.4.1 Chain graph

As a simple example of a unit disk graph, we again consider a chain of length

n and choose equal weights wi = 1. The resulting parent Hamiltonian has

been studied both theoretically [110, 111] and experimentally using Rydberg

atoms [12]. Its quantum phases can be characterized by the staggered mag-

netization Mk = (1/n)
∑n

j=1 e
2πij/kσzj , with k a positive integer. Figure 3.3c

shows the ground state expectation value of |M2|+ |M3| for n = 30, clearly in-

dicating the presence of three distinct phases. For large Ω/Vg or large, positive

Ve/Vg, assuming Vg > 0 throughout, the ground state respects the full trans-

lational symmetry of the Hamiltonian such that |Mk| vanishes for all k > 1.

When Ve/Vg is sufficiently small, the ground state orders into a state where

every other site is occupied, known as the Z2 ordered phase. Translational

symmetry is broken, resulting in |M2| 6= 0. Owing to next-to-nearest neighbor

repulsive terms in the Hamiltonian, there further exists a Z3 ordered phase,

in which |M3| 6= 0 and the ground state is invariant only under translations

by three lattice sites or multiples thereof.

The one-parameter family Hq(β) is indicated by the red curve (i) in Fig-

ure 3.3c. We note that |ψ(0)〉 is not a product state. However, the Hamil-

tonian Hq(0) can be adiabatically connected to Ω/Vg = 0 and Ve/Vg > 3,

where the ground state is a product state of all sites unoccupied. Since such

a path may lie fully in the disordered phase, adiabatic state preparation of

the zero temperature Gibbs state is efficient. Similarly, the Markov chain at

infinite temperature is efficient as the quantum Hamiltonian is gapped. More

generally, we show numerically in Appendix B.3 that the gap is proportional

to e−2β at high temperature and e−β/n2 at low temperature. The crossover
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between these scalings occurs at around βc = 2 log n, corresponding to the

temperature at which the correlation length is comparable to the system size.

In contrast to the Ising chain, the gap vanishes as β →∞ even for finite sized

systems. The physical reason is that defects in the Z2 ordering must overcome

a potential barrier to propagate. Therefore, the Markov chain is not ergodic at

zero temperature and cannot be used to sample from the Gibbs distribution.

It is nevertheless possible to sample approximately from the ground state by

running the Markov chain at a nonzero temperature β > βc. The gap of the

parent Hamiltonian bounds the mixing time by tm & e2βc ∼ n4. As shown

in Figure 3.3d, the adiabatic state preparation time along the one-parameter

family Hq(β) appears to follow the same scaling.

A quantum speedup is obtained by choosing a different adiabatic path,

along which |ψ(0)〉 can be prepared in finite time. For example, an approxi-

mately linear scaling ta ∼ n, is observed along path (ii) in Figure 3.3c, where

the sweep rate was set according to Equation (3.4). In analogy with the

Ising chain, we attribute the linear scaling to the dynamical critical exponent

z = 1 at the phase transition between the disordered and the Z2 ordered

phases. Note that for the independent set problem the quantum speedup is

quartic owing to the more slowly mixing Markov chain. We remark that it

is possible to improve the performance of the Markov chain by adding simul-

taneous spin flips on neighboring sites. Such an update allows defects of two

adjacent, unoccupied sites to diffuse without an energy barrier, resulting in

a gap ∆ ∼ 1/n2 without the factor e−β at low temperature. In the parent

Hamiltonian, these pair updates give rise to nearest-neighbor hopping, which

could also be implemented by means of a Förster resonance between Rydberg
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states [112]. However, the pair updates are not expected to parametrically

improve the quantum algorithm as the linear scaling obtained without them

is limited by the time required to spread correlations across the entire system.

3.4.2 Star graph

Finally, we consider a graph for which it is hard to sample from its independent

sets even at nonzero temperature. The graph takes the shape of a star with b

branches and two vertices per branch. The weight of the vertex at the center

is b, while all other weights are set to 1. Even though this is not a unit

disk graph, the parent Hamiltonian could potentially be implemented using

anisotropic interactions between Rydberg states [113, 114]. When the central

vertex is unoccupied, each branch can have either zero occupied vertices or one

occupied vertex, leading to 3b allowed configurations. This number is reduced

to 2b when the center is occupied because the independent set constraint

forces the inner vertices of each branch to be unoccupied. The exponential

separation leads to a discontinuous phase transition at βc = logϕ ≈ 0.48,

where ϕ is the golden ratio (see Appendix B.3). Above the phase transition

temperature, the free energy is dominated by the entropic contribution from

the 3b states with the center unoccupied. Below the transition temperature,

it is more favorable to decrease the potential energy by occupying the center

at the cost of reducing the entropy (see Figure 3.4a).

The Markov chain on this graph is severely kinetically constrained. In

order to change the central vertex from unoccupied to occupied, all neigh-

boring vertices must be unoccupied. Assuming that each individual branch

is in thermal equilibrium, the probability of accepting such a move is given
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Figure 3.4: (a) Entropy per branch, S/b, of the Gibbs distribution correspond-
ing to the weighted independent set problem on a star graph with two vertices
per branch. The system exhibits a discontinuous phase transition at βc ≈ 0.48
(dashed, vertical line). The blue curves were obtained for finite-sized systems,
while the black curve indicates the thermodynamic limit. (b) The mixing of
the Markov chain is limited at low temperature by the probability p0→1 to
change central vertex from unoccupied to occupied. The quantum algorithm
achieves a quadratic speedup over the Markov chain by tunneling between
such configurations.

by p0→1 = [(1 + eβ)/(1 + 2eβ)]b. Similarly, the reverse process is energetically

suppressed with an acceptance probability p1→0 = e−bβ . The central vertex

can thus become trapped in the thermodynamically unfavorable configuration,

resulting in a mixing time of the Markov chain that increases exponentially

with b at any finite temperature. At high temperature, the Markov chain will

nevertheless sample efficiently as the probability of initializing the chain with

the central vertex occupied is exponentially small. By the same argument,

the Markov chain almost certainly starts in the wrong configuration in the

low temperature phase and convergence to the Gibbs distribution requires a

time tm & 1/p0→1.

Even though the quantum dynamics are subject to the same kinetic con-

straints, tunneling enables a quadratic speedup (see Figure 3.4b). As shown

in Appendix B.3, the quantum dynamics are captured by a two-state model
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formed by |ψ0(β)〉 and |ψ1(β)〉, which are Gibbs states with the central vertex

fixed to be respectively unoccupied or occupied. The tunneling rate between

these states, i.e. the matrix element 〈ψ0|Hq|ψ1〉, is given by J = Ωcen
√
p0→1,

where Ωcen denotes the coefficient Ωi in Equation (3.6) associated with the

central vertex. The time required to adiabatically cross the phase transition

is bounded by ta & 1/J with J evaluated at the phase transition. Along the

one-parameter family Hq(β), we have Ωcen =
√
p1→0 as well as p0→1 = p1→0 at

the phase transition such that ta & 1/p0→1, yielding the same time complex-

ity as the Markov chain that samples at the phase transition. However, the

square-root dependence of the tunneling rate on p0→1 immediately suggests

that a quadratic speedup may be attainable by crossing the phase transition

with Ωcen = 1. An example of such a path is provided in Appendix B.3.

3.5 Outlook

Our new approach to quantum sampling algorithms unveils a connection be-

tween computational complexity and phase transitions and provides physical

insight into the origin of quantum speedup. The quantum Hamiltonians ap-

pearing in the construction are guaranteed to be local given that the Gibbs

distribution is derived from a local, classical Hamiltonian and that the Markov

chain updates are local. Consequently, time evolution under these quantum

Hamiltonians can be implemented using Hamiltonian simulation [101, 102].

Moreover, a hardware efficient implementation in near-term devices may be

possible for certain cases such as the independent set problem. While the pro-

posed realization utilizing Rydberg blockade is restricted to unit disk graphs,
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a wider class of graphs may be accessible using anisotropic interactions [113,

114] and individual addressing with multiple atomic sublevels [108]. To ad-

dress practically relevant sampling problems, our analysis should be extended

to disordered systems in two or more dimensions, where it may be challeng-

ing to identify an efficient adiabatic path. Hybrid algorithms that combine

quantum evolution with classical optimization offer a potential solution to this

problem. For instance, the energy of the parent Hamiltonian Hq(β) could be

minimized using a variational quantum algorithm, similar to previous pro-

posals that directly minimize the free energy [115, 116], without requiring

complex measurements of the entanglement entropy. Apart from testing such

algorithms on near-terms quantum devices, their novel applications in areas

ranging from physical science to machine learning should be explored.
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Chapter 4

Light–matter interaction

4.1 Introduction

Light is one of the main tools to probe and manipulate matter. Classically,

light–matter interaction is governed by Maxwell’s equations combined with

equations of motion that capture the forces acting on the material. As the

charges in the system produce electromagnetic fields, the coupled dynamics

can give rise to interesting effects even in simple systems such as the sin-

gle dipole discussed in Section 4.2.1. Effects such as radiation reaction [117]

necessitate a careful, self-consistent solution, for which the Green’s function

formalism introduced below is ideally suited. The electromagnetic Green’s

function is the field produced by a point source, in the present case an os-

cillating point dipole. This classical object also features in the description of

the quantized electromagnetic field as we will see in Section 4.3. In fact, the

Green’s function formalism offers a particularly transparent way of quantizing

fields in the presence of matter. Applications of the formalism are discussed

in Chapters 5 and 6.
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4.2 Classical Green’s function formalism

4.2.1 One classical dipole

To introduce our formalism, we consider a single classical dipole. We adopt

the Lorentz oscillator model [118], where the dipole is represented by a point

charge q with mass m attached to a spring. Newton’s equation of motion for

the position r of the charge is given by

d2r

dt2
+ γnr

dr

dt
+ ω2

0r =
q

m
E(r, t), (4.1)

where γnr is the damping rate of the spring, ω0 its resonance frequency, and

E(r, t) the electric field at position r and time t. We note that γnr only

includes the intrinsic damping of the spring, “nr” standing for nonradiative.

There is no need to account for damping due to the energy lost via radiation,

so-called radiation reaction [117], as it will emerge naturally at a later stage.

For a small dipole close to the origin, we may approximate E(r, t) ≈

E(0, t). The equation of motion is readily solved by a Fourier transform in

time:

r(ω) =
q

m(ω2
0 − ω2 − iγnrω)

E(0, ω). (4.2)

Defining the dipole moment p = qr, this result may be written as

p(ω) = α(ω)E(0, ω), (4.3)

where α(ω) is the polarizability of the dipole. If the frequency range of interest

as well as γnr are small compared to ω0, we can let ω2
0 − ω2 ≈ 2ω0(ω0 − ω)
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and approximate the polarizability by the complex Lorentzian

α(ω) ≈ − q2

2mω0

1

ω − ω0 + iγnr/2
. (4.4)

While it is straightforward to proceed without this approximation, it conve-

niently simplifies the discussion. In addition, the approximation is equivalent

to the rotating-wave approximation typically employed in quantum mechan-

ical treatments and thereby facilitates comparison between the classical and

the quantum result.

Solving for the dynamics of the dipole is rather subtle as the dipole in-

teracts with the field produced by itself, giving rise to radiation reaction as

mentioned above. A direct approach to ensure self-consistency is to formally

solve the wave equation

∇×∇×E(r, ω)− ω2

c2
E(r, ω) =

1

ε0

ω2

c2
P(r, ω), (4.5)

where P(r, ω) is the electric polarization. In the present case of a single point

dipole, we have P(r, ω) = p(ω)δ(r). For simplicity, we focus on free space,

although the approach readily generalizes to arbitrary dielectric environments.

The solution of Equation (4.5) can be written as

E(r, ω) = E0(r, ω) +
1

ε0

ω2

c2

∫
dr′ G(r, r′;ω)P(r′, ω), (4.6)

where E0(r, ω) is a homogeneous solution of the wave equation and G(r, r′;ω0)

is the dyadic Green’s function. The Green’s function solves the wave equation
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with a source term. Explicitly,

[
∂α∂ρ − ∂σ∂σδαρ −

ω2

c2
δαρ

]
Gρβ(r, r′;ω) = δαβδ(r− r′). (4.7)

Here, ∂α denotes the derivative with respect to the α component of r and

repeated indices are summed over. We further made use of the identity ∇×

∇ × E = ∇(∇ · E) − ∇2E. In physical terms, Gαβ(r, r′;ω) is proportional

to the α component of the electric field at position r produced by a point

dipole at position r′ oscillating with frequency ω along the β direction. In a

translationally invariant environment, the Green’s function only depends on r

and r′ through r− r′ but we will keep the dependence on both parameters for

generality. The differential equation can be solved analytically in free space

to obtain

Gαβ(r, 0;ω) =
eikr

4πr

[(
1 +

i

kr
− 1

k2r2

)
δαβ −

(
1 +

3i

kr
− 3

k2r2

)
rαrβ
r2

]
− 1

3k2
δαβδ(r), (4.8)

where k = ω/c and r = |r|.

Returning to the point dipole, the electric field can now be written as

E(r, ω) = E0(r, ω) +
1

ε0

ω2

c2
G(r, 0;ω)α(ω)E(0, ω). (4.9)

The term E0(r, ω) is determined boundary conditions. In practice, it is often

specified as an input field used to drive the dipole. We emphasize that the

second term involves the total field E(0, ω) such that the self-interaction of

the dipole is fully taken into account. By evaluating the above equation at
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r = 0, we can solve for E(0, ω) and thus obtain the dipole moment

p(ω) = − q2

2mω0

[(
ω − ω0 +

i

2
γnr

)
I +

q2ω2

2ε0mc2ω0
G(0, 0;ω)

]−1

E0(0, ω).

(4.10)

The isotropy of free space implies that G(0, 0;ω) is proportional to the identity,

allowing us to replace the term in brackets by a scalar. To simplify the result,

we ignore the frequency dependence of the last term between the brackets,

setting ω = ω0. This is know as the Markov approximation, the validity of

which will be discussed below. We introduce the effective polarizability

αeff(ω) = − q2

2mω0

1

ω − (ω0 + ∆) + i(γnr + γr)/2
, (4.11)

where

∆ = − q2ω0

2ε0mc2
ReG(0, 0;ω0), γr =

q2ω0

ε0mc2
ImG(0, 0;ω0), (4.12)

such that p(ω) = αeff(ω)E0(0, ω). Comparing with Equation (4.3), we can

see that the total field E(0, ω) has been replaced by the input field E0(0, ω)

and all effects due to self-interaction have been absorbed into the effective

polarizability.

Self-interaction affects the dipole in two ways: they shift the resonance

frequency by ∆ and induce radiative decay at rate γr. However, the real part of

G(r, 0;ω) diverges as r → 0 such that ∆ is ill defined. This is not particularly

surprising as this term corresponds to the energy of a point dipole interacting

with itself. We should not be disturbed by this since working with a point

dipole is merely a mathematical convenience with which we approximate a
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finite sized system. We may therefore simply deal with this issue by ignoring

∆ entirely and setting ω0 to the experimentally observed resonance frequency.

The decay rate γr, on the other hand, is well defined. One can show from

Equation (4.8) that in free space

ImG(0, 0;ω) =
1

6π

ω

c
(4.13)

and hence

γr =
q2ω2

0

6πε0mc3
. (4.14)

This rate is in perfect agreement with the Larmor formula [117]. The dipole

loses energy with rate γr due to radiation, resulting in the radiated power

P = γrmω
2
0x

2
0/2 = q2〈a2〉/12πε0c

3, where x0 is the amplitude of oscillation

and 〈a2〉 the square of the acceleration averaged over one cycle.

To conclude this section, we comment on the validity of the approximations

made above. First, we let ω + ω0 ≈ 2ω0, which can be justified when the

frequency ranged explored is small compared to ω0. Since the oscillator is

broadened by γnr + γr, this leads us to the condition γnr + γr � ω0. Next,

we made the Markov approximation, which requires that ω2G(0, 0;ω) can be

taken to be a constant. In free space, this is again leads to the constraint

γnr + γr � ω0. However, in a more complex dielectric environment such as a

cavity, the Markov approximation can give rise to more stringent conditions

as the Green’s function may depend strongly on the frequency. Finally, the

discussion is of course only valid for systems that are sufficiently small to be

indistinguishable from a point dipole. This implies that the wavelength 2πc/λ

must be much greater than the largest length scale of the physical dipole.
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4.2.2 Many classical dipoles

We next generalize the approach to multiple dipoles located at positions rn.

As a slight extension of the above discussion, we take the dipoles to be polar-

izable only along the unit vector d̂n. While the orientation may differ from

dipole to dipole, we assume that all their other properties are identical. The

polarizability of dipole n, which is now a tensor, is given by

αn(ω) = − q2

2mω0

1

ω − ω0
d̂nd̂

†
n. (4.15)

The isotropic case can be readily recovered by placing three dipoles with

mutually orthogonal polarizations at the each location.

Following the same steps as for the single dipole and making the same

approximations, we find the polarization of the dipole m to be given by

pm(ω) = − q2

2mω0
d̂m
∑
n

[ωI−H]−1
mn d̂†nE0(rn, ω), (4.16)

where the matrix H is defined by its matrix elements

Hmn = ω0δmn −
q2ω0

2ε0mc2
d̂†mG(rm, rn;ω0)d̂n. (4.17)

For simplicity, we set the γnr = 0 throughout this section.

Equation (4.16) shows that the polarization of dipole m depends not only

on the field at position rm but also at the positions of all other dipoles. This

is of course expected as the dipoles scatter radiation and thereby interact with

each other. The interactions are quantitatively captured by the second term
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in Equation (4.17), which can be separated into a Hermitian part,

∆mn = − q2ω0

2ε0mc2
d̂†m ReG(rm, rn;ω0)d̂n, (4.18)

and an anti-Hermitian part,

Γmn =
q2ω0

ε0mc2
d̂†m ImG(rm, rn;ω0)d̂n. (4.19)

As in the case of a single dipole, we should ignore the divergent terms ∆nn,

which simply renormalize the transition frequency.

Before proceeding to the quantum treatment, we note that the case of

multiple dipoles requires an additional assumption. For the Markov approx-

imation to be valid when rm 6= rn, we need the time for radiation to travel

between the atoms to be small compared to all other time scales. This results

in the condition (γnr + γr)|rm − rn|/c� 1.

4.3 Quantum formalism

So far, our discussion has been entirely classical. A common first step in

a quantum mechanical treatment is to make a semi-classical approximation,

where the matter degrees of freedom are quantized while the electromag-

netic field remains classical. However, as the electromagnetic field mediates

interactions between different dipoles, it may become entangled with them.

The Markov approximation, which already featured in the classical formalism,

turns out to be crucial to be able to neglect this entanglement and to separate

the matter and electromagnetic degrees of freedom.
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Most approaches to derive the semi-classical equations of motion start from

fully quantized fields before eliminating the photonic degrees of freedom [119–

122]. Such an approach has the advantage that the starting point is completely

rigorous and that all approximations can be stated formally. Below, we present

an alternative derivation that emphasizes physical intuition over rigor. We

are able to replicate many steps from the classical formalism by applying the

Markov approximation before quantizing the field. By contrast, approaches

based on quantized electromagnetic modes often lack a transparent connection

to standard classical electromagnetism.

We again consider a set of point dipoles located at positions rn. We showed

above that the classical electromagnetic field for some input field E0(r, ω)

satisfies

E(r, ω) = E0(r, ω) +
1

ε0

ω2

c2

∑
n

G(r, rn;ω)pn(ω). (4.20)

The fact that E(r, t) is real implies that E(r,−ω) = E(r, ω)∗. Therefore, it

suffices to consider the positive frequency part

E+(r, ω) = E(r, ω)Θ(ω) = E+
0 (r, ω) +

1

ε0

ω2

c2

∑
n

G(r, rn;ω)p+
n (ω), (4.21)

where Θ(ω) is the Heaviside step function and E+
0 (r, ω) and p+

n are defined

in an analogous manner. We again assume that the dipoles all have the same

resonance frequency ω0. In this case, the polarization pm(ω) is expected to

be sharply peaked around ω0, as long as the decay rates and the interactions

between dipoles are both small compared to ω0. Assuming that the Green’s

function is roughly constant over the relevant frequency range close to ω0, we
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can approximate the real-time dynamics by

E+(r, t) ≈ E+
0 (r, t) +

1

ε0

ω2
0

c2

∑
n

G(r, rn;ω0)p+
n (t). (4.22)

This is yet again the Markov approximation, valid under the conditions dis-

cussed in the previous sections.

Equation (4.22) can be readily quantized by promoting the electric field

and the dipole moments to operators in the Heisenberg picture. For this

section only, we will put hats on all operators to make clear the distinction

from the classical formalism. The term Ê+
0 (r, t) describes the free evolution of

the input field, as would be the case in the absence of the dipoles. The dipole

moments can further be expressed in terms of the transition dipole moments

dn and the lowering operators σ̂n as

p̂+
n (t) = dnσ̂n(t). (4.23)

There is no need to make any further assumptions about the nature of the low-

ering operators. They could for instance, be associated with a single transition

in an atom or with the entire ladder of states of a harmonic oscillator. While

we consider only a single transition per site, the generalization to multiple

degenerate transitions with differently aligned dipoles is straightforward.

Eq. (4.22) allows us to determine the electric field everywhere, provided the

evolution of the atomic polarization is known. In order to derive an equation

of motion for the atoms, we start from the full Hamiltonian

Ĥ = Ĥd + Ĥph −
∑
n

[
d†nÊ

+(rn)σ̂†n + h.c.
]
, (4.24)
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where Ĥd and Ĥph describe the free evolution of the dipoles and the electric

field (photons), respectively. Even though the exact form of these Hamilto-

nians is irrelevant for the present discussion, we should let Ĥd = ω0
∑

n σ̂
†
nσ̂n

to be consistent with the assumption that all dipoles have the same res-

onance frequency ω0. The interaction term is the standard Hamiltonian

for a dipole interacting with the electric field, where we already made the

rotating-wave approximation. The rotating-wave approximation amounts to

neglecting terms that oscillate with frequency 2ω0 and is equivalent to setting

ω2 − ω2
0 ≈ 2ω0(ω − ω0) in Equation (4.4).

The Heisenberg equation of motion for any dipole operator Q̂, that is any

operator that commutes with all photonic operators, is given by (we set ~ = 1

everywhere except for definitions of physically significant quantities)

d

dt
Q̂ =− i

[
Q̂, Ĥa

]
+ i
∑
n

[
Q̂, σ̂†n

]
d†nÊ

+(rn) + i
∑
n

Ê+(rn)†dn

[
Q̂, σ̂n

]
. (4.25)

We have arranged the terms in such a way that the dipole operators stand

to the left of photonic annihilation operators and to the right of creation

operators. This form of normal ordering proves convenient as we substitute

in from Eq. (4.22) to obtain

d

dt
Q̂ =− i

[
Q̂, Ĥa +

∑
m,n

∆mnσ̂
†
mσ̂n

]
+
∑
m,n

Γmn

(
σ̂†mQ̂σ̂n −

1

2

{
σ̂†mσ̂n, Q̂

})
+ i
∑
n

[
Q̂, σ̂†n

]
d†nÊ

+
0 (rn) + i

∑
n

Ê+
0 (rn)†dn

[
Q̂, σ̂n

]
(4.26)
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where we defined

∆mn = − ω2
0

ε0~c2
d†mReG(rm, rn;ω0)dn, (4.27)

Γmn =
2ω2

0

ε0~c2
d†mImG(rm, rn;ω0)dn. (4.28)

While these expressions are already starting to look a lot like their classi-

cal counterparts, we have one final nontrivial step to make before we discuss

the result. In particular, we would like to separate the classical part of the

electric field from its quantum fluctuation. We assume that the dipoles and

the electromagnetic field are initially uncorrelated, i.e. they are in a prod-

uct state. Furthermore, the photons are assumed to be in a coherent state.

These assumptions are necessary for the dipoles and the field to remain largely

uncorrelated at later times, which is commonly referred to as the Born ap-

proximation. To implement these steps, we let

Ê+
0 (r, t) = E+

0 (r, t) + δÊ
+
0 (r, t). (4.29)

Here E+
0 (r, t) is the positive frequency component of the freely evolving clas-

sical field as set by the initial conditions. The term δÊ
+
0 (r, t) captures the

quantum fluctuations. With these definitions, the Heisenberg equation be-
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comes

d

dt
Q̂ =− i

[
Q̂, Ĥa +

∑
m,n

∆mnσ̂
†
mσ̂n −

∑
n

(
d†nE

+
0 (rn, t)σ̂

†
n + h.c.

)]

+
∑
m,n

Γmn

(
σ̂†mQ̂σ̂n −

1

2

{
σ̂†mσ̂n, Q̂

})
+ i
∑
n

[
Q̂, σ̂†n

]
d†nδÊ

+
0 (rn) + i

∑
n

δÊ
+
0 (rn)†dn

[
Q̂, σ̂n

]
(4.30)

The first two lines only depend on classical properties of the electric field.

The third line may be viewed as quantum noise. It is important to remember

that δÊ
+
0 (rn) is an operator evolving in the Heisenberg picture under the free

Hamiltonian Ĥph. Given that the photons are initially in a coherent state,

δÊ
+
0 (r, t) annihilates the state of the entire system at any time. If we trace

out over the photons entirely, the last line in Equation (4.30) will vanish, leav-

ing us with an equation of motion for the dipoles driven by a classical field.

Nevertheless, these terms are important when computing correlation func-

tions and are in fact an inevitable consequence of the fluctuation–dissipation

theorem that states that any damping is necessarily accompanied by noise.

In analogy with classical damped systems, the quantum noise terms are often

referred to as Langevin noise and the full equation of motion is known as the

Heisenberg–Langevin equation [123].

Since the Heisenberg–Langevin equation holds for any atomic operator Q̂,

we can translate it back into the Schrödinger picture. For the density matrix

ρ̂(t) in the Schrödinger picture, we have tr
[
Q̂(t)ρ̂(0)

]
= tr

[
Q̂(0)ρ̂(t)

]
. Hence,
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ρ̂(t) evolves according to the master equation

d

dt
ρ̂(t) = −i

[
Ĥ, ρ̂(t)

]
+D [ρ̂(t)] , (4.31)

where the unitary dynamics are determined by the Hamiltonian

Ĥ = Ĥa +
∑
m,n

∆mnσ̂
†
mσ̂n −

∑
n

[
d†nE

+
0 (rn, t)σ̂

†
n + h.c.

]
, (4.32)

and the dissipator is given by

D[ρ̂] =
∑
m,n

Γmn

(
σ̂nρ̂σ̂

†
m −

1

2

{
σ̂†mσ̂n, ρ̂

})
. (4.33)

We are now in the position to provide a physical interpretation for the

quantities ∆mn and Γmn. The physical picture emerges more naturally than

in the classical discussion because we have succeeded in clearly separating

the dipole degrees of freedom from the photonic degrees of freedom. The off-

diagonal element ∆mn is the rate of an excitation hopping from dipole n to

dipole m as mediated by the exchange of a photon. The diagonal element ∆nn

corresponds to a shift of the resonance frequency of dipole n. The shifts are

divergent as in the classical case for the same reasons. We will ignore them

in what follows. The term involving Γnn describes spontaneous emission from

dipole n, while the off-diagonal elements account for interference between

dipoles, which can enhance or reduce the emission rate.

Comparing the classical expressions Equation (4.18) and Equation (4.19)

for ∆mn and Γmn with their quantum counterparts, Equation (4.27) and Equa-
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tion (4.28), we observe that they are in perfect agreement when

|dn|2 =
~

2mω0
q2. (4.34)

This is indeed the correct expression for the transition dipole moment of a

quantum harmonic oscillator with mass m, frequency ω0, and charge q. For

more general quantum mechanical system, this relation prescribes how to

choose the properties of the Lorentz model that will yield the same decay

rates and interaction strengths between the dipoles. Indeed, the ratio be-

tween the two sides of the equation can be related to the so-called oscillator

strength [124] that quantifies how closely an atomic transition resembles a

classical, harmonic oscillator. More conventionally, the oscillator is defined

in terms of the ratio between the radiative decay rates of the classical and

quantum systems. The classical rate was given in Equation (4.14), while the

quantum result reads

γr =
ω3

0|dn|2

3πε0~c3
. (4.35)

We conclude this section by outlining the general steps to solve a prob-

lem within the quantum framework. First one computes the Green’s function

G(r, r′;ω) for the dielectric environment of interest, which immediately yields

the quantities ∆mn and Γmn. We emphasize that this first step is a purely

classical solution of Maxwell’s equations. Before proceeding, one should verify

that all conditions required for the Markov approximation are satisfied. Next,

one solves for the system dynamics using either the Heisenberg–Langevin

equation, Equation (4.30), or the master equation, Equation (4.31), given

the desired input field. In applications where the scattered field is of interest,
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one finally plugs this result into Equation (4.22) to obtain the (quantized)

total field Ê+(r, t).
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Chapter 5

Ordered arrays of atoms

5.1 Band structure

As a first application of the formalism developed in Chapter 4, we consider

the optical properties of an ordered array of atoms. For concreteness, we focus

on a square lattice with lattice constant a although the results can be readily

generalized to other lattices. At each lattice site, we place an atom with an

isotropic response to the electric field. This can be realized by preparing the

atoms in a J = 0 state and probing close to the resonance of a transition

to a J = 1 state. Hence, there will be three transitions per site with dipole

moments dα, α = 1, 2, 3. Isotropy requires that all dipole moments have

the same magnitude d and that
∑

α dαd
†
α = d2I. We note that we will only

consider linear response such that one could obtain the same results with

classical dipoles instead of atoms.

We assume that all atoms are identical with resonance frequency ω0. In-

stead of the full master equation, we will work with a non-Hermitian Hamil-

tonian. This approach is exactly equivalent when quantum jumps are in-
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cluded [125]. However, quantum jumps are negligible in linear response and

we will therefore not discuss them further. For a monochromatic drive with

frequency ωd, the non-Hermitian Hamiltonian in the rotating frame is given

by

H =
∑

m,n,α,β

[
(ω0 − ωd) δmnδαβ + ∆αβ(rm, rn)− i

2
Γαβ(rm, rn)

]
σ†mασnβ

−
∑
m,α

[
d†αE

+
0 (rm, 0)σ†mα + h.c.

]
, (5.1)

where the sums over m and n run over all lattice sites with corresponding

position vectors rm, rn. The incident field E+
0 (r, z) is evaluated in the plane

of the array, taken to be z = 0. Expressions for the Hermitian matrices ∆

and Γ were derived in Chapter 4. Concisely,

∆αβ(rm, rn)− i

2
Γαβ(rm, rn) = −3πcγ0

ω0
d̂†αG(rm, rn;ω0)d̂β , (5.2)

where γ0 = d2ω3
0/3πε0~c3 is the free-space decay rate of the atoms.

Owing to the discrete translational invariance of the lattice, the Hamilto-

nian is diagonal in momentum space. We define the operators

σkα =
1√
N

∑
m

σmαe
−ik·rm , (5.3)

where N is the number of atoms, which will be taken to infinity at the end.

Momenta that differ by a reciprocal lattice vector yield the same operator

(up to a phase). Unless noted otherwise, we will assume that k is confined to

the first Brillouin zone. The normalization is chosen such that
[
σmα, σ

†
nβ

]
=
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δmnδαβ implies
[
σkα, σ

†
k′β

]
= δkk′δαβ .1 The inverse Fourier transform is given

by

σmα =
1√
N

∑
k

σkαe
ik·rm . (5.4)

Substituting this expression into Equation (5.1) yields

H =
∑
k,α,β

[
(ω0 − ωd)δαβ + ∆αβ(k)− i

2
Γαβ(k)

]
σ†kασkβ

−
∑
k,α

[
Ωα(k)σ†kα + h.c.

]
, (5.5)

where

Ωα(k) =
1√
N

d†α
∑
m

E+
0 (rm, 0)e−ik·rm (5.6)

and

∆αβ(k)− i

2
Γαβ(k) = − 3πγ0

(ω0/c)
d̂†α
∑
R

G(R, 0;ω0)e−ik·Rd̂β . (5.7)

Here, R are lattice vectors and we made use of the fact that because of

translational invariance G(r, r′;ω) only depends on the positions through their

difference, r− r′.

We can see from Equation (5.5) that the eigenvalues of the 3 × 3 matrix

∆αβ(k) determine the energies of the eigenmodes with momentum k. Simi-

larly, the eigenvalues of Γαβ(k) tell us about the dissipative eigenmodes. We

note that ∆αβ(k) and Γαβ(k) do in general not commute and may therefore

not have the same eigenvectors. While Equation (5.7) can be evaluated nu-

merically, it is more convenient to carry out the computation in momentum

1In linear response, it is justified to use the commutation relations of a harmonic oscillator
even for atoms with a single excited state.
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space. We define the Fourier transformed Green’s function

G(k; z, z′;ω) =

∫
d2rG(r, z; 0, z′;ω)e−ik·r. (5.8)

The inverse transform is given by

G(r, z; 0, z′;ω) =
1

NA

∑
B

∑
k

G(k + B; z, z′;ω)ei(k+B)·r, (5.9)

where A is the area a unit cell and B are the reciprocal lattice vectors. The

introduction of reciprocal lattice vectors is convenient as it allows us to again

restrict k to the first Brillouin zone. Equation (5.7) becomes

∆αβ(k)− i

2
Γαβ(k) = − 3πγ0

(ω0/c)A
d̂†α
∑
B

G(k + B; 0, 0;ω0)d̂β . (5.10)

One can show that in free space

G(k; z, z′;ω) =
i

2kz
eikz |s|I (5.11)

− i

2kz(ω/c)2
eikz |s|


k2
x kxky kxkz sgn(s)

kxky k2
y kykz sgn(s)

kxkz sgn(s) kykz sgn(s) k2
z + 2ikzδ(s)

 ,

where s = z − z′ and kz =
√

(ω/c)2 − k2 along with the convention that

sgn(0) = 0. We note that kz is in general complex: The Green’s function

describes propagating modes when k < ω/c and evanescent modes otherwise.

Dropping the delta function, which corresponds to an infinite energy shift of
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the out-of-plane polarized mode, yields

G(k; 0, 0;ω) =
i

2kz(ω/c)2


(ω/c)2 − k2

x −kxky 0

−kxky (ω/c)2 − k2
y 0

0 0 k2

 . (5.12)

We can see that G(k; 0, 0;ω) is anti-Hermitian when k < ω/c and Hermitian

otherwise. To proceed, we assume that the lattice constant a is smaller than

λ0/2, with λ0 = 2πc/ω0 the resonant wavelength. This condition ensures

that there is only a single Bragg scattering order for any incident angle. The

Brillouin zone is separated into two regions by the circle of radius ω0/c, the

so-called light cone, as shown in Figure 5.1. Modes with momenta outside

the light cone do not couple to propagating modes and therefore exhibit no

spontaneous decay.

Figure 5.1: First Brillouin zone of a square lattice showing the location of the
high-symmetry points Γ = (0, 0), X = (π/a, 0), M = (π/a, π/a), where a is
the lattice constant. The dashed circle with radius 2π/λ0 indicates the light
cone. The light cone is fully contained within the first Brillouin zone when
a < λ0/2.

To verify this statement formally, we observe that all terms in Equa-

tion (5.10) with B 6= 0 are Hermitian for any value of k inside the first
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Brillouin zone. Hence, only the B = 0 term contributes to Γ(k), giving

Γ(k) =
3πγ0

kz(ω0/c)3a2
Θ
(ω0

c
− k
)


(ω0/c)
2 − k2

x −kxky 0

−kxky (ω0/c)
2 − k2

y 0

0 0 k2

 . (5.13)

The step function Θ((ω0/c) − k) shows that indeed modes outside the light

cone do not decay. Inside the light cone, the three eigenvalues are

Γ‖(k) =
3πγ0

(ω0/c)2a2
cos θ, (5.14)

Γ⊥(k) =
3πγ0

(ω0/c)2a2

1

cos θ
, (5.15)

Γπ(k) =
3πγ0

(ω0/c)2a2

sin2 θ

cos θ
, (5.16)

where cos θ = ckz/ω0 and sin θ = ck/ω0. The subscripts refer to the polar-

izations of the respective eigenmodes. The eigenmodes associated with Γ‖(k)

and Γ⊥(k) are polarized in the xy plane, parallel and perpendicular to k,

respectively. The subscript π refers to an out-of-plane polarized mode, along

the z axis.

In physical terms, θ is the angle between the z axis and the direction of

propagation of the emitted light. The dependence of the three decay rates on

θ has a simple geometric interpretation. At θ = 0 (k = 0), we have Γ‖ = Γ⊥

as required by the four-fold rotational symmetry of the square lattice.2 Fur-

thermore Γπ = 0 since a dipole polarized along the z axis may not radiate

upwards. An analogous argument explains why Γ‖ = 0 when θ = π/2. The

2The polarizations ‖ and ⊥ are ill defined when k = 0. One may adopt an arbitrary
convention for this case, e.g. ‖ along the x axis and ⊥ along y.
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rates Γ⊥ and Γπ diverge as θ approaches π/2, which is explained by the con-

structive interference of all atoms with the emitted light propagating parallel

to the array.

The expression for ∆(k) involves a sum over an infinite number of lattice

vectors, either in real or reciprocal space, which cannot be evaluated ana-

lytically. In both cases, we have to subtract the divergent self-interaction

term. In real space this is trivially accomplished by dropping the R = 0 term.

To evaluate the sum in momentum space, Equation (5.10), which often con-

verges faster, it is necessary to regularize the Green’s function. We show in

Appendix C.1 how this can be done using a Gaussian regulator that cuts off

high momenta.

The numerical results for the three eigenvalues of ∆ are plotted for a square

lattice with a = 0.2λ0 in Figure 5.2. The π-polarized mode is decoupled from

the in-plane modes since the Green’s function is block diagonal. The in-plane

modes are degenerate at the high-symmetry points Γ and M (see Figure 5.1).

For most points in the Brillouin zone, the in-plane eigenmodes are roughly,

but not exactly, equal to the eigenmodes derived from Γ(k), that is parallel

and perpendicular to k.

5.2 Reflection and transmission

Having described the internal dynamics of the array, we proceed to its optical

properties. After a Fourier transform, the total electric field can be written

as

E+(k, z) = E+
0 (k, z) +

√
N

ε0

ω2
0

c2
G(k; z, 0;ω0)

∑
α

dασk+Bα. (5.17)

63



Figure 5.2: Band structure: Eigenvalues of the matrix ∆ as a function of mo-
mentum for a square lattice with lattice constant a = 0.2λ0. The momentum
follows straight line segments connecting the high symmetry points shown in
Figure 5.1. The vertical dashed lines indicate the location of the light cone.

Since the electric field is defined in the continuum of space, k can take any

value. The reciprocal lattice vector B is chosen such that k+B is in the first

Brioullin zone.

For a monochromatic input field with frequency ωd, the steady state ex-

pectation value of σkα is found from the Heisenberg–Langevin equations to

be given by

〈σkα〉 =
∑
β

[
(ω0 − ωd)I + ∆(k)− i

2
Γ(k)

]−1

αβ

〈Ωβ(k)〉. (5.18)

We can now eliminate the atomic operators to obtain an expression for the

total electric field in terms of the input field. Continuing to assume that the

response of the atoms is isotropic, we obtain

〈E+(k, z)〉 = 〈E+
0 (k, z)〉+

1

ε0A

ω2
0

c2
G(k; z, 0;ω0) (5.19)

×
[
(ω0 − ωd)I + ∆(k)− i

2
Γ(k)

]−1∑
B

〈E+
0 (k + B, 0)〉.
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We only consider the scattered light in the far field such that k can be assumed

to be inside the light cone. Since the wavevector of the incident light is also

restricted to the light cone, we only have to include the B = 0 term when

a < λ/2.

The Green’s function appearing in Equation (5.19) can be concisely writ-

ten as

G(k; z, z′;ω) =
i

2kz
eikz |z−z

′|
(
ŝŝ† + p̂ρp̂

†
ρ

)
, (5.20)

where ρ = sgn(z − z′) and

ŝ =


− sinϕ

cosϕ

0

 , p̂ρ =


ρ cos θ cosϕ

ρ cos θ sinϕ

− sin θ

 . (5.21)

Here, θ is the angle of propagation relative to the z axis, as defined above,

and ϕ denotes the angle between k and the x axis. These unit vectors define

the transverse polarizations of the field as shown in Figure 5.3. The s polar-

ization is perpendicular (“senkrecht”) to the plane of incidence, whereas the

p polarization is parallel. The orientation of the p polarization depends on

the direction of propagation in the z direction.

For an incident field that propagates in the negative z direction, the total

field can now be written as

〈E+(k, z)〉 =
(
e−ikzz + eikz |z|Sρ

)
〈E+

0 (k, 0)〉, (5.22)
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Figure 5.3: The transverse polarization vectors defined in Equation (5.21).
The green circles illustrate the locations of the atoms.

where we recognize the quantity

Sρ =
i

2
Γs(k)

(
ŝŝ† + p̂ρp̂

†
ρ

)[
(ω0 − ωd)I + ∆(k)− i

2
Γ(k)

]−1 (
ŝŝ† + p̂−p̂

†
−

)
(5.23)

as a scattering matrix. We were allowed to insert the projector ŝŝ†+ p̂−p̂
†
− on

the right because the incident field is contained in the transverse plane. The

amplitude reflection and transmission coefficients are obtained by projecting

the matrices

r = S+, t = ŝŝ† + p̂−p̂
†
− + S− (5.24)

onto the polarizations of interest. Since the dynamics are linear, the intensity

reflection and transmission coefficient are found by taking the absolute value

squared.3

We conclude this section by considering the special case of normal inci-

dence, k = 0. We then have ŝŝ†+ p̂−p̂
†
− = ŝŝ†+ p̂−p̂

†
− = x̂x̂†+ ŷŷ† such that

the out of plane polarized mode does not contribute to the scattering. The

3This requires that the expectation values of pairs of operators factorizes, i.e. 〈σ†kασkβ〉 =

〈σ†kα〉〈σkβ〉. This is indeed the case in the absence of nonlinearities and dephasing.
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in-plane modes are degenerate with an energy shift that we will denote by

∆xy, while their linewidth is given by Γxy = 3πγ0/(ω0/c)
2a2. The intensity

reflection coefficient is independent of the polarization of the incident light

and can be written as

R =
(Γxy/2)2

(ωd − ω0 −∆xy)2 + (Γxy/2)2
. (5.25)

These expression is plotted in Figure 5.4 as a function of the lattice constant.

Perfect reflection occurs when ωd = ω0 + ∆xy, which we now understand as

the consequence of a collective resonance, although it may be still seem some-

what peculiar given the diluteness and vanishing thickness of the array. At

oblique incidence, we still observe resonances but the analysis is complicated

by coupling between the s and p polarizations mediated by the array [2].

Figure 5.4: Reflection coefficient at normal incidence as a function of frequency
and lattice constant. The dashed line indicates ωd = ω0 + ∆xy, where perfect
reflection occurs.
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5.3 Deterministic interaction with a single atom

The linear response of the atom array is a classical phenomenon, which could

equally be observed with classical dipoles. At sufficiently strong driving, the

quantum nonlinearity of the atoms will start to play a role, resulting in satu-

ration. The number of photons required to see saturation can be estimated by

the number of atoms within the spot size of the incident light. The diffraction

limit sets a lower bound of order λ2
0 on the spot size. Since the lattice constant

has to be less than a wavelength to observe perfect reflection, the number of

photons at which the quantum nonlinear effects become pronounced is neces-

sarily greater than one.

For many applications in quantum optics, a quantum nonlinearity at the

single photon level is desirable. In the present context, this can be accom-

plished by creating a deterministic interaction of photons with a single atom.

We will show how to achieve this goal by placing an additional impurity atom

in between the lattice sites as shown in Figure 5.5. For simplicity, we assume

that each atom has only a single transition. The atoms making up the array

all have the same resonance frequency ω0, transition dipole d0, and corre-

sponding free-space decay rate γ0. The analogous quantities for the impurity

are denoted by ωs, ds and γs. We assume that ω0 and ωs are sufficiently close

for the Markov approximation to apply, allowing us to evaluate the Green’s

function at a fixed frequency (we pick ω0).

Following the same steps as in Section 5.1, we derive the equations of

motion for the atoms in the array. In momentum space, in the absence of an
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Figure 5.5: An impurity atom (red) is placed at the center of a plaquette of
the square lattice. The black and white colors indicate the two sublattices of
the square lattice that are offset relative to each other by a potential.

input field, we have

d

dt
〈σk〉 = −i

[
ω0 + ∆(k)− i

2
Γ(k)

]
〈σk〉 − i

[
D(k)− i

2
G(k)

]
〈s〉. (5.26)

As above, the quantities

∆(k) = − 3πγ0

(ω0/c)
d̂†0
∑
R

Re[G(R, 0;ω0)]e−ik·Rd̂0 (5.27)

Γ(k) =
6πγ0

(ω0/c)
d̂†0
∑
R

Im[G(R, 0;ω0)]e−ik·Rd̂0, (5.28)

capture the interactions between atoms in the array, where the sums run over

all lattice vectors. Since we are now working with a single transition, ∆(k)

and Γ(k) are scalars. We plot ∆(k) in Figure 5.6a for a circularly polarized

transition, d̂†0 = (1, i, 0)/
√

2, and lattice constant a = 0.2λ0. The dispersive

and dissipative interactions between the atoms in the array and the impurity,

which is associated with the annihilation operator s, are given by

D(k) = − 1√
N

3π
√
γ0γs

(ω0/c)
d̂†0
∑
n

Re[G(rn, rs;ω0)]e−ik·rnd̂s (5.29)

G(k) =
1√
N

6π
√
γ0γs

(ω0/c)
d̂†0
∑
n

Im[G(rn, rs;ω0)]e−ik·rnd̂s. (5.30)
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Here, rn are the positions of the atoms in the array and rs denotes the location

of the impurity.

The equation of motion for the impurity can be derived my similar means,

yielding

d

dt
〈s〉 = −i

(
ωs −

i

2
γs

)
〈s〉 − i

∑
k

[
D(k)∗ − i

2
G(k)∗

]
〈σk〉, (5.31)

where Ωs = d†sE+
s (rs). The equations are readily solved by performing a

Laplace transform, S(q) =
∫∞

0 dt s(t)e−qt and similarly for σk. Assuming

that 〈σk〉 = 0 at t = 0, we can eliminate the array atoms to obtain

〈S(q)〉 = 〈s(0)〉+ i

[
iq − ωs +

i

2
γs − Σ(iq)

]
〈S(q)〉 (5.32)

where

Σ(ω) =
∑
k

[D(k)− iG(k)/2][D(k)∗ − iG(k)∗/2]

ω − ω0 −∆(k) + iΓ(k)/2
(5.33)

is the so-called self-energy. It describes the modification of the internal prop-

erties of the impurity, its resonance frequency and decay rate, due to the

presence of the array. We can remove the frequency dependence of the self-

energy by means of yet another Markov approximation. Since the evolution

of the impurity atom is expected to be peaked around the frequency ωs, we

replace Σ(ω) by the constant value Σ(ωs). We can see from Equation (5.32)

that 〈s(t)〉 then oscillates with frequency ωs+ ReΣ(ωs) with an envelope that

decays at a rate

Γs = γs − 2 ImΣ(ωs). (5.34)

Clearly, the Markov approximation is only justified if Σ(ω) varies little over the
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frequency range between ωs ± |Σ(ωs)|. This condition can always be satisfied

by making γs/γ0 sufficiently small because the magnitude of Σ is proportional

to γs while its frequency dependence scales with γ0.

In Figure 5.6b, we plot Γs as a function of the detuning between the array

atoms and the impurity. The array is the same as in Figure 5.6a, a = λ0

and d̂†0 = (1, i, 0)/
√

2. The transition dipole of the impurity is chosen to be

orthogonal to that of the array atoms, d̂†s = (1,−i, 0)/
√

2. The reason for

this choice is that it maximizes the coupling of the impurity to the band edge,

which is located at the corner of the Brillouin zone (the high symmetry point

M) and has energy ∆ ≈ 1.1γ0.

(a) (b)

Figure 5.6: (a) Band structure of a square lattice of atoms with a single,
circularly polarized optical transition. (b) Decay rate of an impurity placed
inside the array as shown in Figure 5.5. The transition of the impurity has
opposite circular polarization relative to the atoms making up the array. The
lattice constant is a = 0.2λ0 in both cases.

We can see from Figure 5.6b that the emission rate of the impurity is

greatly enhanced when it comes into resonance with the band edge. The en-

hancement is caused by emission of the impurity into the modes of the array,

which themselves do not radiate as they are located outside the light cone.

An excitation that is initially located on the impurity atom can thus become
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delocalized over the entire array. In practice, the excitation will radiate into

the far field when it reaches the edge of the array, giving rise to a complicated

radiation pattern. However, it is possible to modify the emission properties

of the array by applying a weak staggered potential that detunes the two sub-

lattices shown in Figure 5.5 relative to each other. Such a potential provides

momentum kicks to couple the mode at the corner of the Brillouin zone (M)

to the one at the center (Γ). Since the mode at the Γ point emits radiation

perpendicular to the array, we expect that the excitation on the impurity can

be mapped onto a collimated beam.

To verify this idea, we performed a numerical simulation of an array of

30×30 atoms. Figure 5.7a shows the local field intensity in steady state when

the impurity is weakly driven. Within the Markov approximation, this steady

state picture is equivalent to the emission pattern of a single excitation. It

can be seen that the radiation pattern is indeed much more collimated than

the dipole pattern that one would obtain in the absence of array. The radially

indicated power plotted in Figure 5.7 shows that most of the power is emitted

into a cone with half apex angle less than 30 degrees.

The array effectively acts as an antenna in this example. The diffraction

limit, which prevents a single dipole from emitting a collimated beam, is cir-

cumvented by delocalizing the excitation over a large area. This result makes

it possible, in principle, to deterministically couple a single photon to a single

atom using only far-field optics. By simply matching the emission pattern in

Figure 5.7a, the evolution can be time reversed to focus light directly onto

the impurity. The large degree of tunability and dynamic reconfigurability of

the array render it a promising platform for applications in quantum optics.
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(b)(a)

Figure 5.7: (a) Field intensity as a function of position for an array of 30× 30
atoms with lattice constant a/λ0 = 0.2. The impurity is weakly driven at fre-
qeuncy ωd = ω0 + 1.1γ0, corresponding to the band edge. The two sublattices
of the array are detuned relative to each other by 0.2γ0. (b) Radiated power
integrated up to the polar angle θ. The total power is normalized to 1.
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Chapter 6

Two-dimensional

semiconductors

6.1 Introduction

Two-dimensional materials have emerged as an exciting playground for explor-

ing new physics as well as promising systems for a variety of technological ap-

plications [126, 127]. The reduced dimensionality not only allows us to study

phenomena such as the quantum Hall effect, but it also offers unprecedented

control as gate electrodes and probes can be brought into close proximity.

In addition, different two-dimensional materials can be stacked into so-called

heterostructures, enabling the design of entirely novel materials. The building

blocks to choose from include insulators (e.g. hexagonal BN), semiconductors

(transition metal dichalcogenides), semimetals (graphene), magnetic materi-

als (CrI3), superconductors (NbSe2), and topologically nontrivial materials

(WTe2). Here, we explore the optical properties of two-dimensional, direct

band gap semiconductors with a particular focus on transition metal dichalco-
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genides (TMDs).

6.2 Excitons

We start by reviewing the properties of excitons. This is a vast subject with

applications ranging from photovoltaics to quantum dots. We will keep the

discussion at a relatively high level, focusing on models that describe the op-

tical response of Wannier excitons. Readers interested in a more microscopic

description can find more details in Chapter 8 or in the extensive literature

on this topic such as the textbook by Haug and Koch [128].

In many situations, a semiconductor can be thought of as an (almost)

incompressible electron fluid. If an electron is removed from this fluid, it

leaves behind a hole that behaves in many ways similar to a free positive

charge. The electron can be placed in one of the empty bands, the conduction

bands, where it has properties that closely resemble a free negative charge. We

can create an electron-hole pair by promoting an electron from a valence band

into a conduction band. The band gap sets the minimum energy required for

this process, suggesting that the contribution from creating electron-hole pairs

to the polarizability vanishes at low frequency where photons carry insufficient

energy. However, this simple picture neglects an important ingredient: the

Coulomb attraction between electrons and holes. Electrons and holes can form

bound states not dissimilar from the hydrogen atom. Due to the binding

energy, the energy to create an exciton can be smaller than the band gap.

This results in discrete resonance in the polarizability of the semiconductor,

located in energy below the continuum at which it becomes possible to create
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unbound electron-hole pairs.

We pursue a rather phenomenological approach to describe these effects,

though all results can be derived using more rigorous methods [128]. We

associate with each excitonic bound state an annihilation operator xkα, where

α is a discrete index that labels the bound state and k is the center-of-mass

momentum of the exciton. As we are only interested in two-dimensional

semiconductors, we will assume that k is confined to the xy plane. In the

limit that the typical separation between excitons is much greater than the

Bohr radius, that is the typical separation between the electron and the hole

making up the exciton, we can treat xkα as a bosonic operator [129].

An exciton can be created from the semiconductor in its ground state by

absorbing a photon with in-plane momentum k. We denote the corresponding

transition dipole moment and the transition frequency by dα(k) and ωα(k),

respectively. If we assume translational invariance of the entire system, includ-

ing the dielectric environment, in the xy plane, the light–matter interaction

is described by the Hamiltonian1

H =
∑
α,k

ωα(k)x†kαxkα −
∑
α,k

[
d†α(k)E+(k, 0)x†kα + h.c.

]
+Hph, (6.1)

where Hph is the Hamiltonian of the electromagnetic field. Here, we placed the

two-dimensional semiconductor at z = 0 and introduced the in-plane Fourier

1Strictly speaking, a semiconductor is only invariant under discrete translations de-
termined by its crystal structure. Therefore, the momentum of the excitons is a quasi-
momentum that is defined modulo reciprocal lattice vectors. However, the wavelength of
light considered here (several hundreds of nm) is much larger than typical lattice constants
(a fraction of a nm) such that the relevant photon momenta occupy a small region of the first
Brillouin zone. We may therefore neglect these complications and treat the semiconductor
in its continuum limit.
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transform of the electric field,

E+(k, z) =

∫
d2rE+(r, z)e−ik·r. (6.2)

Within the Markov approximation, the total electric field can be written as a

sum of the input field and the field produced by the excitons as

E+(k, z) = E+
0 (k, z) +

1

ε0

ω2
0

c2

∑
α

G(k; z, 0;ω0)dα(k)xkα. (6.3)

The Fourier transformed Green’s function was defined in Equation (5.8). We

assumed that all frequencies ωα(k) are sufficiently similar to replace them by

a single frequency scale ω0. One can now follow the same steps as in Chapter 4

to trace out the photonic degrees of freedom. The resulting non-Hermitian

Hamiltonian is given by

H =
∑
α,β,k

x†kα

[
ωα(k)δαβ + ∆αβ(k)− i

2
Γαβ(k)

]
xkβ

−
∑
α,k

[
E+

0 (k, 0) · dα(k)xkα + h.c.
]
, (6.4)

where

∆αβ(k)− i

2
Γαβ(k) = − ω2

0

ε0~c2
d†α(k)G(k; 0, 0;ω0)dβ(k). (6.5)

To proceed, we have to specify dα(k). We consider Wannier excitons,

for which the center-of-mass coordinates can be separated from the relative

coordinates. The relative motion is described by the wavefunction φα(re−rh),

where re and rh are the positions of the electron and hole, respectively.2 The

2In Chapter 8, we will encounter an example in which the relative and center-of-mass
motion cannot be separated such that φα also depends on k.
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dipole moment is then given by [128]

dα(k) = −erα(k)φα(0), (6.6)

where e is the electron charge and rα(k) the matrix elements of the position

operator between the conduction and valence bands occupied by the exciton in

question. It is usually justified to neglect the dependence on k since the photon

momentum is small compared to typical momentum scales in semiconductors.

We note that unlike the transition dipole of a point dipole, dα has units of

charge. This is a direct consequence of the fact that the exciton operators

xkα describe a polarization wave that is delocalized over the entire plane of

the two-dimensional semiconductor.

At high symmetry points, the orientation of rα can be inferred from group

theory consideration (see Section 6.3.2 for an example). Its magnitude can

be extracted from ab initio calculations or using k · p theory [130]. Typical

values are on the order of the lattice constant. The dimensionless number

℘α = |φα(0)rα| (6.7)

characterizes the strength of the transition. Since |φα(0)| is inversely propor-

tional to the Bohr radius, we generally expect ℘α to be comparable to the

ratio of the lattice constant to the Bohr radius and thus less than unity.

To conclude this section, we consider a material that supports two degener-

ate exciton modes with orthogonal in-plane polarizations and equal transition

strength ℘. This situation will be particularly relevant for the transition metal

dichalcogenides discussed in Section 6.3. Using Equation (5.12), we find that
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the eigenvalues of Γαβ(k) are given by

Γ‖(k) = γ0 cos θΘ
(ω0

c
− k
)
, Γ⊥(k) =

γ0

cos θ
Θ
(ω0

c
− k
)
, (6.8)

where

γ0 =
e2℘2ω0

ε0~c
. (6.9)

As in Section 5.1, cos θ =
√

1− (ck/ω)2 and the labels ‖ and ⊥ refer to

polarizations perpendicular and parallel to k. It is not surprising that these

expressions are formally equivalent to Equation (5.14) and Equation (5.15)

since excitons in two dimensions can be thought of as the continuum limit of

a lattice of point dipoles.

In contrast to the array of atoms, we are able to provide analytic expres-

sions for the eigenvalues of ∆(k) as there are no sums over reciprocal lattice

vectors. ∆(k) vanishes inside the light cone, k < ω0/c. Outside the light cone,

the eigenvectors are also either parallel or perpendicular to k and are given

by

∆‖(k) =
1

2
γ0

√
(ck/ω0)2 − 1 Θ

(
k − ω0

c

)
, (6.10)

∆⊥(k) = − γ0

2
√

(ck/ω0)2 − 1
Θ
(
k − ω0

c

)
, (6.11)

These functions are plotted in Figure 6.1a. They describe the dispersion

relation of polarization waves propagating along the surface not unlike surface

plasmon polaritons. The divergence of ∆⊥ at the edge of the light cone

is an artifact of the Markov approximation. More accurately, the vertical

lines representing the light cone should be replaced by the photon dispersion

79



ω = ck. Hence, we can understand the dispersion of the transverse polarized

mode close to the light cone as an electromagnetic wave that only weakly

interacts with the excitons. The longitudinal mode does not exhibit this

behavior as free space does not support longitudinally polarized plane waves.

The energy of the two modes in the limit of large k can be understood from

the interaction between dipoles as illustrated in Figure 6.1b. Dipoles that are

aligned head to tail, as in the case of the longitudinal polarization, interact

repulsively, which explains the linear increase of ∆‖ when k � ω0/c.

(a) (b)

x

y

parallel

perpendicular

Figure 6.1: (a) Schematic drawing of the dipole waves for the p polarization
(upper band) and s polarization (lower band) for k along the x axis. (b) The
energy shifts ∆‖(k) (solid blue) and ∆⊥(k) (solid red). The dashed lines show
the result from the Coulomb exchange interaction, which excludes retardation.

We note that this result has been discussed in the literature on tran-

sition metal dichalcogenides, although often using an entirely different ap-

proach [131–134].3 The energy shift between longitudinal and transverse po-

larizations can be derived from the long-range Coulomb exchange contribution

to the interaction between electrons and holes. The result is shown by the

dashed lines in Figure 6.1a. It agrees with our result in the limit of large mo-

3A notable exception is reference [135], whose treatment closely resembles our approach.
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mentum but fails to reproduce the correct behavior near the light cone. This

is expected as the exchange interaction neglects the effects of retardation,

which is equivalent to increasing the speed of light to infinity or shrinking the

light cone to zero. It is nevertheless intriguing that a seemingly quantum phe-

nomenon like the exchange interaction can be equivalently described within

the framework of classical electromagnetism.4

6.3 Transition metal dichalcogenide monolayers

6.3.1 Basic properties

Monolayers of transition metal dichalcogenides (TMDs) have emerged as a

class of two-dimensional semiconductors with unique optical properties [136,

137]. The lattice structure of a single layer of the materials considered here

is shown in Figure 6.2a. Metal and chalcogen atoms are arranged in a hexag-

onal lattice. The chalcogen atoms are displaced from the metal atoms out of

the plane. In a bulk material, these layers are stacked with strong covalent

bonding within each layer but only weak van der Waals attraction between

the layers. The hexagonal first Brillouin zone of the monolayer is shown in

Figure 6.2b.

The four most commonly studied TMDs are MoS2, MoSe2, WS2, and

WSe2. They share many of their properties, including a direct band gap at

the K point, the corner of the Brillouin zone. The band structure for MoSe2

is plotted in Figure 6.3. We point that the six corners of the Brillouin zone

correspond to two distinct quasi-momenta. Every other corner is connected

4Even though the discussion of this chapter employed a quantum formalism, we could
have derived the same results classically using the same methods as in Chapter 4.
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metal (Mo, W)

chalcogen (S, Se)

(a) (b)

Figure 6.2: (a) Lattice structure of monolayer TMDs. The left is a top view,
while the right shows the individual layers of chalcogens and metal atoms as
viewed from the side. (b) Brillouin zone associated with the lattice in (a). Γ,
M , K, and K ′ denote high symmetry points.

by a reciprocal lattice vector such that three corners making up an equilateral

triangle are indistinguishable. The remaining two sets of three points are

commonly labeled by K and K ′. They are related by time reversal, which

implies that the energies at K and K ′ are degnerate in the absence of a

magnetic field.

TMDs host tightly bound excitons with a Bohr radius on the order of 1 nm

and a binding energy of several 100 meV. The binding energy is two orders of

magnitude larger compared to conventional direct band gap semiconductors

such as GaAs, which leads to an unusually strong optical response. The strong

binding is a consequence of reduced dielectric screening in two-dimensional

materials and the large effective masses [139].

6.3.2 Selection rules

For the remainder of our discussion of TMDs, we will only consider the lowest

energy excitons. These are excitons where both the hole and the electron oc-

cupy the K or K ′ valley. We further restrict ourselves to direct excitons, that

is excitons for which the electron and hole reside in the same valley. While
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Figure 6.3: Band structure of monolayer MoSe2. The band structure was
computed using the tight-binding model in reference [138]. The valence band
maximum defines the energy zero, while the conduction band minimum is
located at approximately 1.5 eV. The model underestimates the band gap
as the parameters were extracted from density function theory calculations
without GW corrections.

indirect excitons between the K and K ′ valley have a comparable energy, they

are not optically active (often called dark excitons for this reason) because

photons do not carry sufficient momentum to induce transitions between dif-

ferent valleys.

The selection rules at the K point can be derived from simple symmetry

considerations. The full point group of the lattice in Figure 6.2 is D3h, which

is the symmetry group associated with an equilateral, triangular prism. We

remark that TMD monolayers lack inversion symmetry, which allows for a

band gap to exist at the K point in the first place. In materials such as

graphene that have both a hexagonal lattice and inversion symmetry, the

conduction and valence bands are degenerate at the K point, forming a so-

called Dirac point [140]. The symmetry at the K point is further reduced
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from D3h to C3h as the K point is not invariant under certain reflections in

D3h. The group C3h consists of only a three-fold rotation as well as a mirror

plane in the plane of the TMD. Hence, the wavefunctions at the K point

can be classified using two quantum numbers, one for each symmetry. There

is an angular momentum quantum number m, which determines the phase

e−2πim/3 accumulated by the wavefunction when rotated by 120°. In systems

with continuous rotational symmetry, m can be any integer, while here it

is only defined modulo 3. The mirror plane defines the quantum number

σh = ±1, which is the parity of the wavefunction under reflection.

For the angular momentum quantum number to be well defined, it is

necessary to specify the center of rotation. Choosing it to pass through one

of the metal atoms, ab initio calculations show that m = 0 in the conduction

band [138] at both K and K ′. This result has the simple interpretation that

the wavefunction is dominated by d0 orbitals. Similarly, the ab initio results

indicate that the valence band inherits its character from d+2 orbitals at K and

d−2 orbitals at K ′. We hence infer the quantum number m = −1 (equivalent

to m = 2 modulo 3) at K and m = +1 at K ′. The opposite sign is required

by time reversal symmetry. All wavefunctions have even parity with respect

to the mirror plane, σh = +1.

It is now straightforward to deduce the selection rules. A photon with

in-plane, right-handed, circular polarization, denoted by σ+, preserves the

parity σh but changes the angular momentum by +1. Similarly, left-handed,

circularly polarized light, referred to as σ−, decreases m by 1. Hence, to excite

an electron from the valence band into the conduction band at K requires a

σ+ photon. At K ′, the required polarization is σ−, where the opposite sign is
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again a consequence of time reversal symmetry. The quantum numbers and

selection rules are summarized in Figure 6.4.

Figure 6.4: Quantum numbers of the highest valence band and lowest con-
duction band at K and K ′ as well as the resulting selection rules.

So far, we ignored the role of spin. It turns out that spin plays an im-

portant role in TMDs due to the strong spin–orbit coupling originating from

the heavy metal atoms. The two spin components, pointing approximately

up and down along the axis perpendicular to the plane of the TMD, are split

by several hundred meV in the valence band, as schematically sketched in

Figure 6.5. The spin splitting in the conduction band is much smaller, on the

order of 10s of meV, because the diagonal term of the spin–orbit interaction

vanishes for m = 0 orbitals and spin–orbit coupling therefore only enters in

second order perturbation theory [141].

Spin–orbit coupling also affects the selection rules. To zeroth order, the

spin is perfectly aligned with the z axis. A spin that points up or down adds or

removes a half unit of angular momentum, respectively. Hence, the selection

rules for spin conserving transitions are unaffected since the difference between

angular momentum quantum numbers remains unchanged and the electric

field does not couple directly to spin. Spin–orbit coupling mixes different spin
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Figure 6.5: Selection rules of (a) WSe2 and (b) MoSe2 at the K point. The
colored arrays indicate the approximate orientation of the spin. Approxi-
mately spin conserving transitions are circularly polarized, while the spin-flip
transition from the upper valence band is polarized along z. The spin-flip
transition from the lower valence band is dipole forbidden.

orientations via a term proportional to S+L− + S−L+, where S± and L±

are raising and lowering operators for spin and orbital angular momentum.

Similarly, this term mixes different orbital angular momentum states with

opposite parity σh. Since only energetically separated bands are coupled,

these effects are perturbative and we can nevertheless assign an approximate

spin orientation and orbital angular momentum to each band. A detailed

group theoretical analysis carried out in Appendix D.1 indeed confirms that

the selection rules for transitions that conserve the approximate orientation of

the spin are the same as for the spinless case. In addition, spin–orbit coupling

allows for transitions that flip the orientation. As this necessarily requires a

change in parity, these transitions have an out-of-plane (z) polarization. We

demonstrate in the Appendix D.1 that only the upper of the spin-split valence

bands supports such a transition. These results are illustrated in Figure 6.5.

Excitons that can decay via a circularly polarized transition are often re-
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ferred to as bright, while all other excitons are called dark, even the ones with

a dipole allowed, z-polarized transition. The origin of this terminology is that

the z-polarized transition is much weaker than the circularly polarized ones

as it is only introduced perturbatively by spin–orbit coupling. Nevertheless,

the z-polarized transition has been directly observed in photoluminescence

measurements and its emission can be enhanced by suitably engineering the

electromagnetic environment [3]. Figure 6.5 further highlights a significant

distinction between WSe2 and MoSe2: The (approximate) spin orientation of

the lowest conduction band is different for the two materials, which affects

their optical properties. The lowest energy exciton is bright in MoSe2 but not

in WSe2 such that we expect MoSe2 to photoluminesce more brightly at low

temperature. This effect has indeed been experimentally observed [142–144].

6.4 Reflection spectrum

We saw in Section 6.2 that optical resonances in two-dimensional semicon-

ductors can in many ways be thought of as the continuum limit of the arrays

of atoms discussed in Chapter 5. We will strengthen this notion by showing

that excitons also result in high reflection when excited on resonance. The

discussion differs from the atom array in two aspects. First we generalize

our treatment to include an arbitrary number of dielectric or metallic layers.

This consideration is of great practical relevance since two-dimensional semi-

conductors such as TMDs are hardly ever suspended in free space but are

rather placed on a substrate. In addition, they are often stacked with other

two-dimensional materials such as hexagonal to provide a passivating encap-
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sulation, graphene as a gate electrode, or even more complex materials such

as the magnetic material CrI3 [145]. Secondly, we allow for nonradiative decay

and pure dephasing of the excitons, which may occur in a semiconductor due

to phonons. Dephasing in particular requires a slight extension of our pre-

vious calculations because its inherent nonlinearity implies that expectation

values of the form 〈x†kαxkβ〉 no longer factorize.

To reduce clutter, we only consider normally incident light (k = 0) and

drop all momentum labels. We include one bright exciton from each the

K and K ′ valleys, labeled by x±, with opposite transition dipoles d± =

d(1,±i, 0)†/
√

2. The additional dephasing with rate γd is described by the

dissipator

Dd[Q] = 2γd

∑
α=±

(
x†αxαQx

†
αxα −

1

2

{
x†αxαx

†
αxα, Q

})
. (6.12)

We note that dephasing establishes a preferred basis. The choice of dephas-

ing between the valleys is physically motivated as it arises due to phonon

scattering within each valley.

The equations of motion for the two excitons are given by

d

dt
〈xα〉 =− i

∑
β

[(
ωα − ω − i

γnr + 2γd

2

)
δαβ + ∆αβ −

i

2
Γαβ

]
〈xβ〉

+ id†α〈E+
0 (0)〉, (6.13)

where γnr is the nonradiative decay rate. In the absence of a magnetic field, the

excitons are degenerate such that ω+ = ω− = ω0. Rotational symmetry of the

system about the z axis further implies that ∆αβ = ∆δαβ and Γαβ = γrδαβ .
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Defining the detuning δ = ω−ω0−∆, the equation is readily solved in steady

state to give

〈xα〉 = − d†αE
+
0 (0)

δ + i(γr + γnr + 2γd)/2
. (6.14)

Because dephasing is nonlinear, we have to derive separate equations of motion

for 〈x†αxβ〉. We find that

d

dt

(
〈x†αxβ〉+ 〈x†α〉〈xβ〉

)
=− (γr + γnr + 2γd)

(
〈x†αxβ〉+ 〈x†α〉〈xβ〉

)
+ 2γdδαβ〈x†αxβ〉, (6.15)

which has the steady state solution

〈x†αxβ〉 =
γr + γnr + 2γd

γr + γnr + (1− 2δαβ)γd
〈x†α〉〈xβ〉. (6.16)

To find the reflection coefficient, we need to compute the total electric

field, which is given by

E+(z) = E+
0 (z) +

1

ε0

ω2
0

c2
G(z, 0;ω0)

∑
α

dαxα. (6.17)

In addition to the incident field, the free field E+
0 (z) now also includes a

component that is reflected by the substrate. At some position z0 high above

the sample, the reflected field can be written as

E+
r (z0) = r0E

+
i +

1

ε0

ω2
0

c2
G(z0, 0;ω0)

∑
α

dαxα, (6.18)

where r0 is the reflection coefficient of the substrate in the absence of the ex-

citonic resonance and E+
i is the amplitude of the incident field. The reflection
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coefficient can be expressed as

R =
〈E+

r (z0)†E+
r (z0)〉

〈E+†
i E+

i 〉

= |r0|2 +
2

ε0

ω2
0

c2
Re

[
r∗0〈E

+†
i 〉G(z0, 0;ω0)

∑
α dα〈xα〉

|〈E+
i 〉|2

]

+
1

ε2
0

ω4
0

c4

∑
α,β

d†αG(z0, 0;ω0)†G(z0, 0;ω0)dβ
〈x†αxβ〉
|〈E+

i 〉|2
. (6.19)

We made use of the fact that the incident field, which is assumed to be in a

coherent state, factorizes with the atomic operators.

The orientations of the fields and dipole moments are all confined to the

xy plane. Due to rotational symmetry, the Green’s function projected onto

this plane must be proportional to the identity. Introducing the shorthand

gI = −2i
ω0

c
G(z0, 0;ω0) (6.20)

for a scalar g, we obtain

R = |r0|2 + Im

[
r∗0gγ0

δ + i(γr + γnr + 2γd)/2

〈E+†
i 〉〈E

+
0 (0)〉

|〈E+
i 〉|2

]
+

+
γr + γnr + 2γd

γr + γnr

|g|2γ2
0/4

δ2 + (γr + γnr + 2γd)2/4

|〈E+
0 (0)〉|2

|〈E+
i 〉|2

, (6.21)

where we recall that γ0 = |dα|2ω0/ε0c is the decay rate of zero momentum

excitons in free space. Finally, we would like to relate E+
0 (0) to E+

i . It turns

out that

〈E+
0 (0)〉 = g 〈E+

i 〉. (6.22)

To see this, we note that the field E+
0 (0) could in principle be produced by
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placing a dipole source at position z0 far above the TMD. Therefore, for

some constant e, we have E+
0 (z) = G(z, z0;ω0)e. Next, we make use of the

fact that G(z0, z;ω0) = G(z, z0;ω0)T [120]. However, symmetry again al-

lows us to treat the Green’s function as a scalar and implies that in fact

G(z0, z;ω0) = G(z, z0;ω0). The constant e is fixed such that the downward

traveling component of E+
0 (z) equals E+

i when z approaches z0 from below.

Since z0 is assumed to be far away from the TMD and in vacuum, the down-

ward component of the Green’s function is simply given by the free space

Green’s function Equation (5.12), whereby e = −2i(ω0/c)E
+
i .

Combining these results yields the final answer

R = |r0|2 +A
(γr + γnr + 2γd)/2

δ2 + (γr + γnr + 2γd)2/4
+B

δ

δ2 + (γr + γnr + 2γd)2/4
(6.23)

where we defined

A =
γ2

0

2(γr + γnr)
|g|4 − γ0 Re

(
r∗0g

2
)
, B = γ0 Im

(
r∗0g

2
)
. (6.24)

For completeness, we also recall the expression for the radiative decay rate,

γr = −2i
ω0

c
γ0 ImG(0, 0;ω0). (6.25)

In order to observe strong reflection from a TMD monolayer, it is necessary

that radiative decay dominates over both nonradiative decay and dephasing

processes. This can be achieved in high-quality samples as shown in Fig-

ure 6.6. The measured reflectance from a monolayer of MoSe2 close to the

bright exciton resonance is plotted in Figure 6.6a. The reflection spectra are
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Figure 6.6: (a) Measured reflectance from a monolayer of MoSe2 encapsulated
in hexagonal boron nitride and placed on a SiO2/Si substrate. The different
colors correspond to temperatures between 4 K and 300 K as indicated by the
legend. (b) Fitted parameters as a function of temperature. The solid curves
are fits of the function a+ bT + c/[exp(Ω/kT )− 1], which phenomenologically
captures the expected temperature dependence due to coupling to acoustic
and longitudinal optical phonons [146].

highly asymmetric owing to interference between light reflected by the sub-

strate and the TMD. Formally, this asymmetry is captured by a nonzero value

of B in Equation (6.23). To compare the measured spectra with our model,

we first compute the Green’s function evaluted at the points G(z0, 0;ω0) and

G(0, 0;ω0) using the transfer matrix formalism outlined in Appendix D.2 and

the known thicknesses and dielectric constants of the various layers in the

sample. The remaining parameters γ0, γnr, and γd, which are intrinsic prop-

erties of the TMD, can then be determined by fitting the model to the data.

The extracted rates, plotted in Figure 6.6b, indicate that dephasing and non-

radiative decay depend on temperature whereas the vacuum radiative rate γ0

is temperature independent. This observation agrees well with our expecta-

tion that γnr and γd are mediated by phonons, while γ0 is a purely photonic
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process.

The dependence of the radiative decay rate γr on the electromagnetic envi-

ronment offers a unique avenue to control the radiative properties of excitons.

For example, the radiative decay rate γr can be tuned by varying the distance

between the TMD and a mirror. This effect was experimentally observed by

suspending a monolayer of MoSe2 above a thick layer of gold. The distance

between the TMD and the gold mirror could be varied by applying a voltage

between them, resulting in an attractive capacitative force. The measured

reflection spectra are shown in Figure 6.7. By fitting the spectra at different

voltages, it is possible to determine the distance between the TMD and the

mirror as well as the linewidths. A detailed description of the fitting procedure

was published in reference [6].

The strong dependence of the linewidth on the position of the TMD opens

up many exciting avenues in optomechanics and quantum optics. We will

discuss a particular application in detail in Chapter 7, where we show that

a mirror can greatly prolong the exciton lifetime, which in turn enhances

quantum nonlinearities.
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Figure 6.7: (a) Measured reflectance from a monolayer of MoSe2 above a
thick layer of gold. The monolayer is encapsulated in hexagonal boron nitride
and gated with few-layer graphene. The voltage VB is applied between the
gold layer and the graphene bottom gate. (b) Line cuts of (a) at different
voltages. The solid curves show the fit of the theoretical model. (c) Total
linewidth γ = γr + γnr + 2γd as a function of the applied voltage. The inset
shows the fitted distance z between the TMD and the gold mirror. The red
curve was obtained from a finite element simulation of the electromechanical
response. (d) Fitted decay rates as a function of the voltage. The value of γfit

is computed from γ0, γnr, and the distance z, while the total linewidth γ was
obtained by directly fitting the spectra.
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Chapter 7

Quantum nonlinear optics in

atomically thin materials

7.1 Introduction

The realization of strong nonlinear interactions between individual quanta of

light (photons) has been a long-standing goal in optical science and engineer-

ing that is both of fundamental and technological significance [147]. While in

conventional optical materials the nonlinearity at light powers corresponding

to single photons is negligibly weak, remarkable advances have been recently

made towards realizing this goal. One promising approach to quantum nonlin-

ear optics is based on quantum emitters confined to cavities or nanophotonic

structures that greatly enhance light–matter interactions. Proof-of-principle

experiments have been carried out with neutral atoms [148–150], quantum

dots [151], quantum wells [152, 153], and color centers in diamond [154,

155]. At the same time, experiments with cold gases [156], ensembles of solid

state quantum emitters [157], and excitons in transition metal dichalcogenides
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(TMDs) [4, 158] have demonstrated strong light–matter coupling without the

need for nanophotonic structures. This is achieved via spatially delocalized

optical excitation, which, however, reduces the nonlinearity, thereby render-

ing the system effectively linear at the level of individual photons. A number

of solutions to this challenge have been proposed, for example, exploiting

Rydberg blockade to induce strong, nonlocal interactions between ultracold

atoms that result in strong photon–photon interactions [159]. This approach

has been applied to realize photon blockade [160–162], two- and three-photon

bound states [163] and symmetry protected collisions between strongly inter-

acting photons [164]. Extending such techniques to the domain of integrated

solid-state systems is an outstanding challenge.

This chapter describes a novel approach to quantum nonlinear optics,

which makes use of resonant, atomically thin materials. One example of

such a material is a two-dimensional semiconductor such as a TMD mono-

layer, which supports tightly bound, optically active excitons [165]. In free

space, excitons with zero in-plane momentum decay with a radiative rate γ,

emitting a plane wave to either side of the TMD. Interactions between ex-

citons render the system nonlinear, giving rise to a shift of the two-exciton

state relative to the noninteracting case. However, in practice this nonlinear-

ity is very weak, requiring a large number of excitons to create a resolvable

shift. To enhance the nonlinear optical response, in our approach, the TMD

is placed in front of a partially reflecting broadband mirror as shown in Fig-

ure 7.1a. When the separation between the TMD and the mirror is close to a

half-integer multiple of the exciton resonance wavelength, the light emitted by

the TMD towards the left (Figure 7.1a) and the light reflected by the mirror
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Figure 7.1: (a) An atomically thin (2D) emitter is positioned at a distance d
in front of a partially reflecting mirror with reflection and transmission coeffi-
cients r0 and t0, respectively. The free-space radiative decay rate is given by γ,
while γ′ denotes the loss rate. The setup is formally equivalent to (b), where
the two-dimensional emitter is replaced by an atom and a one-dimensional
waveguide takes the role of the free-space plane-wave mode. (c) Transmission
spectrum in the limit γ � νFSR for γ′ = 0 and T0 = 0.1 at various distances d.
(d) Maximum transmission as a function of d. The dashed lines indicate the
distances for which the full spectra are shown in (c). The maximum transmis-
sion is periodic in d with period λ0/2. (e) Transmission at the Fabry–Pérot
resonance (d = dFP, δ = δFP) as a function of the loss rate. Transmission is
high provided γ′ � γFP = T0γ.
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destructively interfere, which leads to significant suppression of the radiative

linewidth, enhancement of the exciton lifetime and an associated enhance-

ment of the optical nonlinearity. This effect can be understood in terms of

the formation of long-lived exciton-polaritons, with a substantial excitonic

component, which become very sensitive to nonlinear frequency shifts arising

from exciton–exciton interactions.

Before proceeding, we note an important connection with the single-atom

system shown in Figure 7.1b, where a point-like emitter is coupled to a one-

dimensional waveguide. Both systems can be thought of as a single-channel

scattering problem with an emission rate γ into the channel of interest and

a loss rate γ′. In the case of a single atom, γ′ is typically dominated by

emission into unconfined free-space modes. By contrast, conservation of in-

plane momentum prevents scattering into undesired channels for a TMD, and

loss only emerges due to nonradiative decay and material imperfections such

as disorder. The relevant condition of low loss, γ′ � γ, has already been

demonstrated in high quality samples [4, 158]. Similar considerations apply

to other two-dimensional systems such as ordered arrays of trapped atoms

with subwavelength spacing [2, 166].

7.2 Linear response

The key idea of this work can be understood by first considering the lin-

ear response of a TMD in free space. The amplitude reflection coefficient

close to an excitonic resonance is given by the complex Lorentzian rTMD(δ) =

−i(γ/2)/[δ+ i(γ+ γ′)/2], where δ denotes the detuning from resonance [167].
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Strikingly, the TMD acts as a perfect reflector at zero detuning in the absence

of losses despite being much less than a wavelength thick. The vanishing trans-

mission is the result of resonant scattering into a single channel, where the

incident field destructively interferes with the scattered field. The effect has

been discussed in a variety of other contexts including a single atom coupled to

a one-dimensional waveguide [168], classical plasmonic resonators [169], and

ordered arrays of atoms [2, 166].

A nearby mirror significantly modifies the optical response. The intensity

transmission coefficient T can be computed by summing over all multiple

reflections between the TMD and the mirror, see Appendix E.1. As shown

in Figure 7.1c and d, the transmission spectrum strongly depends on the

distance d. In particular, perfect transmission is only attainable at specific

distances close to half-integer multiples of the exciton transition wavelength

λ0. This distinction from a conventional Fabry–Pérot resonator originates

from the frequency dependence of the TMD. Perfect transmission through

a Fabry–Pérot resonator occurs when two conditions are met: The round

trip phase is an integer multiple of 2π and the reflection coefficients of the

two mirrors are equal. Applied to our system, the latter condition may be

stated as |rTMD(δ)|2 = |r0|2, which sets the detuning at which the Fabry–

Pérot resonance occurs, δFP = ±(γ/2)
√
T0/R0. The former condition then

determines the allowed distances dFP according to the relation r0e
2ikFPdFP =

−R0± i
√
R0T0, where kFP is the wavenumber corresponding to the resonance

frequency. Here, r0 (assumed to be real and negative) and t0 denote the

amplitude reflection and transmission coefficient of the mirror, while R0 =

|r0|2 and T0 = |t0|2 refer to the respective intensity coefficients. We may
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estimate the width γFP of the high-transmission resonance by considering

the phase accumulated by a photon during N ≈ 1/T0 round trips before

it is transmitted through the mirror. If the photon is detuned by ∆ from

the resonance, it accumulates an additional propagation phase ϕprop(∆) =

2Nd∆/c, where c is the speed of light. Furthermore, the reflection phase

imparted by the TMD is modified by ϕTMD(∆) ≈ 2N∆/γ. The width of the

resonance follows from ϕprop(γFP) + ϕTMD(γFP) ≈ 1. In the limit ϕprop �

ϕTMD, the phase from the TMD can be neglected and the system resembles a

conventional Fabry–Pérot resonator. We are interested in the opposite limit,

ϕprop � ϕTMD, requiring that γ be much smaller than the free spectral range

νFSR = c/(2d), which yields γFP ≈ T0γ. For a highly reflecting mirror, γFP

is much smaller than the free-space linewidth γ. The narrow linewidth can

be physically understood in terms of a long-lived polariton formed by an

exciton and a photon localized between the TMD and the mirror. Spontaneous

emission from the polariton is suppressed because the photonic component

destructively interferes with the field emitted by the exciton [170].

Since the polaritons are predominantly composed of excitonic degrees of

freedom, the interaction between them is comparable to the interaction be-

tween excitons in the absence of a mirror. Yet, polaritons may interact over

a much longer duration owing to their extended lifetime. If we denote the

interaction energy between two excitons by χ, we expect that a strong quan-

tum nonlinearity can be observed if χ > T0γ, corresponding to an effective

enhancement of the nonlinearity by a factor 1/T0 compared to free space.

The quantum nonlinearity results in photon antibunching as the presence of

a single polariton blocks transmission by shifting the Fabry–Pérot resonance
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by more than its width. In what follows, we confirm this simplified analysis

and show that this effect is robust to loss, provided the loss rate γ′ is smaller

than γFP, as is required to maintain near unity transmission (see Figure 7.1e).

7.3 Quantum nonlinear response

The above classical approach fully accounts for the linear response of the sys-

tem but it is insufficient to capture quantum nonlinear effects. To this end,

we quantize both the excitonic degrees of freedom and those of the electro-

magnetic field. The spatial mode of the excitons that couples to the light

field is described by the bosonic annihilation and creation operators a and

a†. The internal dynamics of the excitons are governed by the Hamiltonian

H0 = ω0a
†a+(χ1/2)a†a†aa, where ω0 is the resonant frequency of the excitons

and χ1 is the dispersive nonlinearity due to exciton–exciton interactions. A

level diagram of the the three lowest energy states is shown in Figure 7.2a.

As detailed in Appendix E.2, we employ an input–output formalism to elimi-

nate the photonic degrees of freedom, upon which the equation of motion for

a system operator Q can be expressed in terms of the Heisenberg–Langevin

equation [171]

Q̇ = −i
[
Q,H0 +

γ

2
Im
(
r0e

2ik0d
)
a†a+ Ωa† + Ω∗a

]
+D[Q] + F [Q], (7.1)

where k0 = ω0/c and

Ω =

√
γ

2

(
1 + r0e

2ik0d
)
〈bin,R〉+

√
γ

2
t0e

ik0d〈bin,L〉 (7.2)
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is the Rabi frequency. It is composed of a superposition of the input fields

bin,R and bin,L, illustrated in Figure 7.1a, which evolve as freely propagating

photonic modes (as if the TMD and mirror were absent). The dissipative

dynamics are described by

D[Q] =
[
γ + γ Re

(
r0e

2ik0d
)

+ γ′
](

a†Qa− 1

2

{
Q, a†a

})
+
χ2

2

(
a†a†Qaa− 1

2

{
Q, a†a†aa

})
. (7.3)

In addition to the radiative decay rate γ and the loss rate γ′, we include a

nonlinear decay rate χ2. This rate accounts for the dissipative nonlinearity

that may arise from nonradiative decay involving a pair of excitons, or from

excitons scattering off each other into a spatial mode outside the mode of

interest. Excitons may further be subject to pure dephasing, though the effect

has been excluded here for the sake of clarity. We show in Appendix E.5 that a

pure dephasing rate γd affects the system in a qualitatively and quantitatively

similar fashion to the loss rate γ′. Finally, the term F [Q] in Equation (7.1) is

a Langevin noise operator, an expression for which is given in Appendix E.2.

Equation (7.1) is valid under three assumptions: (i) The Markov approx-

imation applies, requiring that γ � ω0. This is typically justified for optical

transitions and indeed holds for excitons in TMDs. (ii) The photons initially

occupy a coherent state that is uncorrelated with the excitons. (iii) Retar-

dation can be neglected during a round trip of a photon traveling between

the TMD and the mirror. We show in Appendix E.2 that this gives rise to

the conditions γ � νFSR, γ � νFSR

[
1 + Re

(
r0e

2ik0d
)]
/ Im

(
r0e

2ik0d
)
, and

χ1,2 � νFSR

[
1 + Re

(
r0e

2ik0d
)]

, the first one being equivalent to the earlier
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condition that the Fabry–Pérot resonance be dominated by the linewidth of

the TMD. As shown in Appendix E.2, all three inequalities are easily met for

d on the order of an optical wavelength.

When these conditions are satisfied, the mirror affects the exciton dy-

namics in a rather simple fashion. It shifts the resonance frequency by

(γ/2) Im
(
r0e

2ik0d
)

and renormalizes the radiative decay rate to γ̃ = γ +

γ Re
(
r0e

2ik0d
)
. As alluded to previously, we may view the changes in energy

and decay rate as a result of the formation of an exciton-polariton, where the

excitonic degrees of freedom hybridize with a photonic mode that occupies

the region between the TMD and mirror. At particular distances, the lifetime

of the polariton can be significantly enhanced compared to an exciton in free

space due to destructive interference between the radiation emitted by the

exciton and the localized photonic mode.

After solving for the exciton dynamics governed by Equation (7.1), we can

obtain the scattered field from the input–output relations [171]

bout,L = t0e
ik0dbin,L + r0e

2ik0dbin,R +

√
γ

2

(
1+r0e

2ik0d
)
a,

bout,R = t0e
ik0dbin,R −

t0
t∗0
r∗0bin,L +

√
γ

2
t0e

ik0da. (7.4)

These expressions, which are derived in Appendix E.2, have the simple inter-

pretation that the output field arises from a superposition of the input fields

with the field emitted by the TMD. Supposing that light is incident from the

left, the reflection and transmission coefficients can be computed according to

R = 〈b†out,Lbout,L〉/〈b†in,Rbin,R〉 and T = 〈b†out,Rbout,R〉/〈b†in,Rbin,R〉. For a weak

input field, the coefficients computed in this manner agree with the classical
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result under the same conditions for which the Heisenberg–Langevin equation

holds. The input–output relations also give us access to higher-order photon

correlation functions such as the normalized two-time correlation function of

the transmitted field,

g
(2)
T (τ) =

〈b†out,R(0)b†out,R(τ)bout,R(τ)bout,R(0)〉

〈b†out,R(0)bout,R(0)〉〈b†out,R(τ)bout,R(τ)〉
. (7.5)

Such correlation functions can be computed by expressing them in terms of

two-time correlation functions of the excitonic operators, which can be related

to one-time expectation values using the quantum regression theorem [123].

Finally, we numerically evaluate the one-time expectation values from Equa-

tion (7.1) in a truncated Fock space. More details on the numerical methods

are provided in Appendix E.4.

7.4 Antibunching

For the remainder of the discussion, we focus on the special case d = dFP,

where the sharp Fabry–Pérot resonance occurs. It is possible to neglect the

difference between kFP and k0 under the same conditions that allowed us

to ignore retardation. Hence, the resonance condition reads r0e
2ik0dFP =

−R0±i
√
R0T0 and the radiative decay rate of the exciton-polariton is given by

γ̃ = T0γ = γFP, consistent with the width of the transmission peak. To quan-

tify the effect of line narrowing on the nonlinear dynamics, we plot g
(2)
T (τ) for

different values of the dispersive nonlinearity χ1 in Figure 7.2b. Both the loss

rate γ′ and the dissipative nonlinearity χ2 are taken to be zero, and we assume

that a weak, monochromatic, coherent state resonant with the transmission
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peak (δ = δFP) is incident on the TMD from the left. The figure clearly shows

that g
(2)
T (0) drops significantly below unity for χ1 > γFP, confirming the pres-

ence a nonclassical state of light with strong photon antibunching [123]. The

effect may be understood by observing that the transmission peak of the sin-

gle and two-exciton transitions are shifted relative to each other by χ1. If this

shift exceeds the peak width γFP, the second photon is reflected with high

probability. The mechanism is closely related to polariton blockade in quan-

tum well cavities, where the presence of a single polariton blocks subsequent

photons from entering the cavity [172]. In the limit χ1 →∞, the transmission

probability of the second photon is given by T0, which explains the small but

nonvanishing value of g
(2)
T (0). By setting χ1 = δFP, it is possible to achieve

g
(2)
T (0) = 0 because the transmission peak of the single exciton transition then

perfectly matches a zero in transmission of the two-exciton transition (cf. Fig-

ure 7.1c at zero detuning). We note that the line narrowing also affects the

time scale over which antibunching is observed, the relevant time scale now

being 1/γFP rather than the free-space lifetime 1/γ.

A dissipative nonlinearity can also give rise to photon antibunching. Fig-

ure 7.2c shows g
(2)
T (0) as a function of either χ1 or χ2, where the other param-

eter is set to zero. The two nonlinearities have a qualitatively similar effect

on photon antibunching with the main difference being that the perfect anti-

bunching dip at χ1 = δFP is absent for the dissipative nonlinearity. While in

both cases antibunching is caused by reduced transmission at the two-exciton

transition, the dissipative nonlinearity accomplishes this by reducing the peak

height rather than by shifting its position.

In order to observe antibunching in the presence of loss, it is necessary
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a

c

b

Figure 7.2: (a) Three lowest energy levels of the anharmonic oscillator used
to model quantum nonlinear effects. Dispersive and dissipative nonlinearities
are denoted by χ1 and χ2, respectively. (b) Second order correlation func-

tion g
(2)
T (τ) of the transmitted light at the Fabry–Pérot resonance (d = dFP,

δ = δFP) for different values of χ1 while χ2 = γ′ = 0. Pronounced photon

antibunching is observed when χ1 > γFP. (c) Dependence of g
(2)
T (0) on the

strength of the nonlinearity. Only χ1 (blue) or χ2 (red) is varied, while the

other parameter is set to zero. (d) g
(2)
T (0) as a function of γ′ and T0. The ex-

perimentally relevant regime to observe strong antibunching is located below
the horizontal dashed line (χ1 > γFP) and above the red line (γFP > γ′).
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that the nonlinearity is large compared to not only γFP but also γ′. This is

illustrated in Figure 7.2d, where we plot g
(2)
T (0) as a function of both γ′ and

T0 for a fixed values of χ1 and χ2. In addition, we still require that γ′ < γFP

to ensure high transmission. These conditions may be summarized as

χ > T0γ > γ′, (7.6)

where χ stands for χ1 or χ2. In Figure 7.2d, these inequalities correspond to

the region below the dashed horizontal line, to the left of the dashed vertical

line, and above the diagonal red line. We point out that strong antibunching

can be observed in the region γFP < γ′ <
√
T0γ below the red line. However,

this region is of little practical relevance as it would be challenging to observe

antibunching given the weak transmitted signal.

7.5 Experimental parameters

We next discuss the feasibility of our scheme with TMDs. Theoretical cal-

culations [173] have estimated the interaction energy between two excitons

delocalized over an area A in WS2 (we expect it to be comparable in other

TMDs) as g ≈ 4 µeV µm2/A 1. The parameter χ1 is obtained by computing

the interaction energy of two excitons whose in-plane wavefunction is propor-

tional to the electric field profile of the incident laser. For a Gaussian beam

with waist w0, we obtain χ1 = g/(πw2
0), where we assumed that the interaction

1We note that this value differs from existing estimates based on prior experimental
measurements [4]. Our current understanding is that the discrepancy is due to dielectric
screening by the substrate used in reference [4], which can be reduced, for instance, by
suspending the samples. However, further work is required for a complete quantitative
understanding of exciton–exciton interactions in TMDs.
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is short ranged. The exciton transition in WS2 occurs at λ0 ≈ 600 nm [139],

which yields χ1 ≈ 13 µeV for a diffraction limited spot (w0 = λ0/2). With

the intrinsic linewidth given by γ ≈ 3 meV [174], the transmission coefficient

of the mirror must therefore satisfy T0 . 1/230, which is experimentally fea-

sible. In order to prevent the photonic mode from diverging over the course

of ∼ 230 roundtrips, the mirror must be curved with a radius of curvature

that matches the incident beam. In practice, the enhancement will be limited

by the loss rate γ′, which depends on the quality of the material. Values of

γ′ < 0.1γ have recently been achieved [4]. While the current limiting factors

are not fully understood, improved exciton properties have been observed in

suspended devices [6], and further advances in material quality will likely re-

sult in an additional decrease of γ′. We note that exciton dispersion places

a lower bound on the loss rate. The bound is determined by the time scale

td = mw2
0/(2~), m being the exciton mass, after which the exciton wave-

function starts to significantly spread out, leading to a reduced overlap with

the photonic mode, and thereby spoiling the Fabry–Pérot resonance. For our

purpose, the effect is expected to negligible since the associated rate ~/td

contributing to γ′ is found to be less than 1 µeV.

7.6 Outlook

The above considerations indicate that TMDs are a promising platform for

exploring quantum nonlinear optical phenomena. In addition, our approach

is compatible with methods that seek to increase the interaction strength

between excitons in order to alleviate the requirements on the loss rate. It
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has been proposed that this may be accomplished using excited states of the

exciton [173] or by exploiting scattering resonances between excitons [175]. In-

terlayer excitons in TMD heterostructures offer an alternative route as their

permanent dipole moment gives rise to much stronger interactions [176]. Fi-

nally, applying a periodic potential to the TMD can enhance the interaction

strength by increasing the local exciton density at the potential minima. The

potential may be implemented with a modulation of the dielectric environ-

ment [177] or via the energy landscape arising from a moiré pattern in a

heterostructure [178].

In summary, we have demonstrated that a partially reflecting mirror can

be used to dramatically enhance the lifetime of polaritons associated with

a resonant two-dimensional material, which in turn enhances the sensitivity

to weak nonlinearities. In contrast to other approaches of generating non-

classical states of light with weak nonlinearities, such as the unconventional

photon blockade [179–182], our scheme does not require fine tuning between

the nonlinearity and the loss rate. While we focused on TMDs, the approach

is applicable to other emitters coupled to a single scattering channel such as

two-dimensional arrays of trapped ultracold atoms [2, 166]. In addition, the

approach may be useful as a spectroscopic tool by narrowing emission lines,

which does not require reaching the quantum nonlinear regime. The scheme

can be naturally extended to multiple emitters such as several closely spaced

layers of TMDs, which could replace the conventional mirror entirely [183].

Furthermore, future work could explore the crossover into the non-Markovian

regime by moving the emitter sufficiently far away from the mirror such that

retardation is no longer negligible [184, 185].
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Chapter 8

Rotons in optical excitation

spectra of monolayer

semiconductors

8.1 Introduction

Rotons are quasiparticles whose dispersion exhibits a minimum at finite mo-

mentum. The concept was first proposed by Landau as an explanation for the

properties of superfluid 4He [186, 187]. More recently, rotons have been pre-

dicted and observed in ultracold Bose gases with long-range interactions [188,

189], engineered spin–orbit coupling [190, 191], and shaken optical lattices [192].

However, the study of rotons and other many-body effects in ultracold gases

is impeded by the weak interactions between neutral atoms. It is therefore

desirable to explore platforms with strong interparticle interactions that simul-

taneously retain a greater degree of tunability than conventional condensed

matter systems such as 4He. Over the past few years, monolayers of semicon-

ducting transition metal dichalcogenides (TMDs) have emerged as promising
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candidates in this respect [136]. TMDs support tightly bound neutral excitons

with binding energies of several hundred meV, which facilitates the optical in-

vestigation of many-body effects. The charge carrier density of TMDs can

be readily tuned with electrostatic gates. It is further possible to modify the

properties of TMDs by stacking them with other van der Waals materials into

heterostructures [126] or by changing the dielectric environment [177].

In this work, we investigate the many-body states formed by excitons in

doped TMD monolayers. For concreteness, we focus on MoSe2, although we

expect our results to qualitatively apply to other TMDs. We first consider

a single exciton in a Fermi sea of electrons, where all electrons, including

the one that makes up the exciton, are spin and valley polarized. This regime

can be accessed experimentally with moderate magnetic fields [193, 194] or by

bringing the TMD in contact with a ferromagnetic material such as CrI3 [145].

The exciton dispersion is significantly altered by the Fermi sea since the con-

stituent electron is restricted to states above the Fermi energy EF . We will

show that as the Fermi energy is increased from zero, the binding energy of

the exciton decreases while its mass increases. At a critical Fermi energy, the

exciton mass diverges and the energy minimum is shifted to a finite momen-

tum prot, which we refer to as a roton minimum. Our results imply that it

is in general not justified to assume a constant exciton mass, independent of

Fermi energy.

In contrast to ultracold gases and 4He, this roton minimum is a conse-

quence of Pauli blocking rather than interparticle interactions. As illustrated

in Figure 8.1(b), the exciton reduces the kinetic energy of the hole by adopting

a nonzero center-of-mass momentum. A closely related effect has been pre-
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dicted for the molecular state of an impurity in an ultracold Fermi gas, where

the roton minimum is associated with the formation of Fulde–Ferrell–Larkin–

Ovchinnikov states [195]. These states have, however, yet to be observed

as they are expected to be unstable over a wide range of parameters [196].

Similar states have been predicted for the indirect exciton states in electron-

hole bilayers in GaAs heterostructures [197–199]. In these systems, as well

as in TMDs considered here, the roton states are more robust owing to the

long-ranged nature of the Coulomb interaction compared to short-range in-

teratomic interactions in ultracold gases.

The treatment of the fully polarized regime serves as a starting point for

the experimentally more relevant case where both valleys are populated. The

exciton, taken to occupy the K valley, now additionally interacts with the

Fermi sea electrons in the opposite K ′ valley. As a result, the exciton is

dressed by electron-hole excitations in the K ′ conduction band, which leads

to the formation of new quasiparticles known as attractive and repulsive po-

larons [200, 201]. We will demonstrate that the attractive polaron inherits

the roton-like dispersion from the exciton. This offers a possible explanation

for the difference between absorption and photoluminescence (PL) spectra of

MoSe2 at finite doping [193, 200, 202].

8.2 Exciton dispersion

We now proceed to a quantitative discussion, starting with the fully polar-

ized case. We are interested in the bound state between an electron in the

conduction band and a hole in the valence band. The Hamiltonian of the
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electron-hole system Hexc = HK + HI can be decomposed into a kinetic

energy part HK and an interaction part HI . The kinetic energy is sim-

ply HK =
∑

k εe(k)e†kek +
∑

k εh(k)h†khk, where e† (h†) creates an elec-

tron in the conduction band (hole in the valence band) with the respec-

tive dispersion εe,h(k) = |k|2/(2me,h). The interaction Hamiltonian is given

by the (attractive) Coulomb interaction between electrons and holes, HI =

−
∑

kk′q V (q)e†k+qh
†
k′−qhk′ek, where V (q) = 1/[2ε0ε(q)|q|] takes into account

nonlocal dielectric screening specific to monolayers with ε(q) = 1 + r0|q| and

r0 ≈ 5 nm in MoSe2 [203]. We neglect electron-electron as well as electron-

hole exchange terms, as they only affect the dispersion of the lowest exciton

branch via a small mass renormalization [131–135, 204].

We calculate the exciton energy variationally. Defining the exciton cre-

ation operator x†p =
∑

k ϕp(k)e†kh
†
p−k for a given total momentum p, we

minimize Wexc(p) = 〈FS|xp[Hexc − Eexc(p)]x†p|FS〉, where |FS〉 denotes the

electron Fermi sea. The electron making up the exciton is thus confined to

states above the Fermi sea (|k| > kF ). The exciton energy Eexc(p) (measured

with respect to the semiconductor band gap at EF = 0) acts as a Lagrange

multiplier to ensure the exciton state is suitably normalized. We solve the

eigenvalue problem corresponding to δWexc(p)/δϕp(k) = 0 numerically using

angular momentum eigenstates on a nonuniform radial grid (see Appendix F.1

for details).

The dispersion thus obtained is shown in Figure 8.1(a) for Fermi energies

between EF = 0 meV and EF = 50 meV. At large doping, the dispersion min-

imum shifts to finite momentum. The schematic illustration in Figure 8.1(b)

provides a qualitative explanation for the emergence of such a roton state.
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With the electron constrained to states above the Fermi sea, an electron-

hole pair with zero total momentum carries a larger kinetic energy than an

electron-hole pair in which the hole occupies a state closer to the valence

band maximum. At small Fermi energies, the Coulomb attraction more than

compensates for the cost in kinetic energy, allowing the lowest energy exci-

ton to remain at zero momentum. The energy cost increases with increasing

Fermi energy such that the excitonic ground state eventually shifts to finite

momentum. While the roton minimum originates from Pauli blocking, the

exact form of the electron-hole interaction plays a crucial role in determining

the Fermi energy at which the roton minimum appears. In our case, using

the dielectrically screened Coulomb potential, the roton minimum develops

at EF ≈ 20 meV ≈ E0/25, where E0 denotes the exciton binding energy at

zero Fermi energy. By contrast, a much greater Fermi energy of EF = E0/2

would be required if the electron and hole interacted via contact interaction

(assuming equal carrier masses) [196]. The Pauli blocking effect is more pro-

nounced for long-range interactions because scattering with large momenta to

accessible states across the Fermi sea is suppressed. It is especially efficient in

monolayer materials due to the short-range dielectric screening which further

suppresses momenta on the order of 1/r0.

The properties of the dispersion are explored more quantitatively in Fig-

ures 8.1(c)–(e). Figure 8.1(c) shows the energy separation between the ex-

citon at zero momentum and the lowest energy state, indicating that the

ground state is no longer at zero momentum when the Fermi energy exceeds

EF ≈ 20 meV. In Figure 8.1(d), we plot the momentum at which the disper-

sion minimum occurs. As expected from the qualitative argument given in
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the context of Figure 8.1(b), the momentum of the roton is on the order of

the Fermi momentum (dashed line). Finally, the effective mass both at zero

momentum and at the roton minimum prot is plotted in Figure 8.1(e). The

effective mass at the roton minimum corresponds to the curvature of the dis-

persion along the radial direction, while the mass in the tangential direction

diverges as a consequence of rotational symmetry.

a b

c

d

e

Figure 8.1: (a) Lower panel: Exciton dispersion at different Fermi energies,
EF . Upper panels: Electron wavefunction |ϕp(k)|2 as a function of (kx, ky)
at three different center of mass momenta p indicated by the red crosses.

The blocked out circle is the Fermi sea. The axis limits are ±0.25�A
−1

. (b)
Schematic drawing illustrating the origin of the roton-like dispersion. As a
function of Fermi energy: (c) Energy difference ∆E = Eexc(0) −minEexc(p)
between the zero momentum exciton and the lowest energy state. (d) Momen-
tum of the lowest energy exciton state (solid) and Fermi momentum (dashed).
(e) Exciton mass at zero momentum (blue) and at the roton minimum (red).
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The above treatment ignores screening by the Fermi sea. A common ap-

proach to include screening for the exciton problem is based on the GW ap-

proximation and the corresponding screened ladder approximation [205, 206].

However, since the plasma frequency [ωpl(q) =
√
ne|q|2V (|q|)/me ≈ 90 meV

at |q| = kF for a Fermi energy of EF = 20 meV] is much smaller than the

exciton binding energy, the electron gas is unable to respond on the time

scales characteristic for the electron-hole interaction. More specifically, the

time scale for the bound electron–hole pair to scatter off each other via the

Coulomb interaction is set by 1/Eexc � 1/ωpl, implying that many scatter-

ing events may occur during the lifetime of a virtual plasmon. This is in

stark contrast to the physical picture of the noncrossing, screened ladder ap-

proximation, in which virtual excitations of the Fermi sea are created and

annihilated sequentially before the bound electron-hole pair scatters again.

Therefore, the aforementioned treatment of screening is likely be valid only

in the limit 1/Eexc � 1/ωpl, while in the opposite limit, the electrons might

prefer to screen the exciton as a whole [200]. The above discussion highlights

that an accurate treatment of screening is challenging and offers an explana-

tion for the observed stability of excitons at high carrier densities [207], which

is unexpected from the screened ladder calculations [206].

In our approach, screening can be taken into account by extending our

ansatz to allow for electron–hole pair excitations in the Fermi sea. Such an

ansatz not only enables a treatment of screening beyond the screened ladder

approximation but it has moreover been shown to increase the robustness of

the roton-like dispersion in ultracold Fermi gases [196, 208]. Translated to

our system, the improvement of the variational ansatz is a consequence of
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the fact that in the original electronic wavefunction, the roton state carries

a large electron momentum of order prot despite its zero group velocity [see

Figure 8.1(a)]. A wavepacket formed by states near the roton minimum would

therefore disperse very quickly, which implies that our ansatz is far from an

energy eigenstate. This argument was used by Feynman to motivate the intro-

duction of backflow corrections in superfluid helium [209], which significantly

lower the variational energy of the roton. A quantitative treatment of these

effects is however beyond the scope of the present work.

8.3 Polaron formation

We next discuss the situation in which the electrons are unpolarized. Since

there exists a trion bound state between the excitons in the K valley and

electrons in the K ′, dressing of the exciton by the electrons in the opposite

valley must be considered. We treat this problem within the rigid exciton

approximation [200, 201], in which the Hamiltonian is given by

Hpol =
∑
k

Eexc(k)x†kxk +
∑
k

εe(k)e′†ke
′
k +

∑
k,k′,q

Uqx
†
k+qe

′†
k′−qe

′
k′xk, (8.1)

where x†k creates an exciton at momentum k in the K valley, and e′†k creates

an electron at K′ + k. We emphasize that due to the important role of Pauli

blocking, we do not take the exciton mass to be independent of the Fermi

energy as in previous works [200, 201] but we instead use the detailed exciton

dispersion Eexc(k) computed above. We further assume a contact interaction

potential between electrons and excitons, Uq = U , where the strength U of

the interaction can be related to the experimentally accessible trion binding
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energy ET , i.e. the binding energy of one exciton and one electron. The use

of contact interaction is justified in the limit of low-energy scattering and has

been shown to accurately reproduce experimental observations [200]. It is

possible to show from Equation (8.1) that 1/U = −
∑
|k|<Λ[ET + Eexc(k) +

εe(k)]−1, at EF = 0, where Λ is a high-momentum cutoff that regularizes

the interaction [196]. For the remaining numerical calculations, we use ET =

30 meV [210] and employ a finite cutoff, Λ = 1 nm−1. The choice of cutoff is

physically motivated by the exciton Bohr radius a ≈ 1 nm, which introduces

a length scale at which the Hamiltonian in Equation (8.1) becomes invalid as

the exciton may no longer be treated as a rigid, point-like object.

The interaction with electrons gives rise to an exciton self-energy Σ(E,p)

and the dressed exciton (or Fermi polaron) energy Epol(p) can be obtained

by solving the equation Epol(p) = Eexc(p) + Re Σ(Epol(p),p). We calcu-

late the self-energy using the non-self-consistent ladder approximation of the

T -matrix [201, 211]. This approach is equivalent to a variational treatment

known as the Chevy ansatz [212], where a polaron with momentum p is associ-

ated with a creation operator of the form b†p = αpx
†
p+
∑

k,q βp,k,qx
†
p+q−ke

′†
ke
′
q.

The polaron dispersion can then alternatively be computed by minimizing the

quantity Wpol(p) = 〈FS|bp[Hpol−Epol(p)]b†p|FS〉. The result is shown in Fig-

ure 8.2(a) at three different Fermi energies, where we plot the exciton spectral

function S(E,p) = −2 Im [E − Eexc(p)− Σ(E,p) + iγ/2]−1 as a function of

energy E and momentum p, having introduced a momentum-independent

broadening γ. The polaron states appear as peaks in the exciton spectral

function, with the lower and higher energy peak corresponding to the attrac-

tive and repulsive polaron, respectively. The attractive polaron is bound to
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a b

Figure 8.2: (a) Spectral function S(E,p) for three different Fermi energies,
EF . The dashed line indicates the exciton dispersion Eexc(p). As a function
of Fermi energy: (b) Momentum of the lowest energy attractive polaron state
(solid) and Fermi momentum (dashed). (c) Mass of the attractive polaron at
zero momentum (blue) and at the roton minimum (red). (d) Optical conduc-
tivity σ(E) according to Equation (8.2). The lowest energy of the attractive
polaron is shown by the dashed line. A linewidth of γ = 3 meV was used.

a dressing cloud of electrons, which lowers the energy below that of the bare

exciton (dashed line). It also inherits the roton minimum from the exciton as

shown in Figures 8.2(b) and (c). We emphasize that the roton minimum in the

exciton spectral function is distinct from the minimum in the trion spectral

function, which occurs even if the exciton mass is assumed to be independent

of Fermi energy [201, 211]. While the range of validity of the approximations

employed here might not extend to the highest electron densities considered,

we expect the roton minimum to be a robust feature of the polaron dispersion.
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8.4 Optical spectra

The reflection, transmission, and absorption by the monolayer is determined

in linear response by the optical conductivity [201]

σ(E) ∝

∣∣∣∣∣∑
k

ϕ0(k)

∣∣∣∣∣
2

S(E, 0). (8.2)

The in-plane momentum is zero since the momentum transferred by a pho-

ton is negligible for all incident angles. The optical conductivity is therefore

insensitive to the presence or absence of the roton state. This is illustrated in

Figure 8.2(d), where we plot the optical conductivity as a function of Fermi

energy. At high doping, the spectral weight is transferred from the repulsive

polaron to the attractive polaron at zero momentum rather than the lowest

energy state corresponding to the roton minimum (dashed line).

In contrast to the optical conductivity, the roton state drastically mod-

ifies the photoluminescence properties of MoSe2. To compute the emission

spectrum and radiative decay rates, we apply Fermi’s golden rule to the fully

quantized light-matter interaction Hamiltonian using the polaronic wavefunc-

tion obtained from the Chevy ansatz as the initial state. This yields the

spectral emission rate Γtot(ν) of a photon with frequency ν, which may be

split into four separate terms, Γtot(ν) =
∑4

i=1 Γi(ν), according to four differ-

ent physical processes (see Appendix F.2). The first rate, Γ1, corresponds to

decay of the pure excitonic component of the polaron (amplitude αp in b†p).

For a zero momentum state, it is sharply peaked at ν = Epol(0) with a mag-

nitude comparable to the decay rate Γ0 of an exciton at zero momentum in

undoped MoSe2. The rate vanishes if |p| > ν/c and the decay is instead deter-
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mined by the remaining three rates, whose underlying process is represented

schematically in Figure 8.3(a). The process associated with Γ2 is similar to Γ1

as it involves the recombination of the correlated electron-hole pair forming

the exciton, but it does so while leaving behind an electron-hole pair in the

opposite Fermi sea. The rates Γ3 and Γ4 result from radiative recombination

of the valence band hole with an electron from the Fermi sea.

a b

c

Figure 8.3: (a) Illustration of different polaron decay channels. (b) Emission
spectra computed for the polaronic roton state at different Fermi energies. The
dashed line indicates the energy of the roton state, where zero energy is defined
by the attractive polaron at zero momentum. (c) Radiative recombination
rates Γi of the polaronic roton state as a function of Fermi energy. Here, Γ0

is the decay rate of an exciton at zero momentum and zero Fermi energy.

In Figure 8.3(b), we plot the emission spectrum Γtot(ν) of the roton-like

polaronic ground state at different Fermi energies. The zero of the frequency

axis is chosen to coincide with the energy of the attractive polaron at zero
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momentum, where maximum absorption is expected. The emission is clearly

redshifted relative to absorption. In fact, the emission peak occurs with an

energy of roughly EF below the roton state (dashed line) as a result of the

electron-hole pair excitations left behind in the Fermi sea. The spectrally

integrated decay rates, defined by Γi =
∫

dν Γi(ν), are shown in Figure 8.3(c).

Phonons may significantly contribute to the decay rate since they offer an

additional pathway for the roton-like state to deposit its excess momentum.

However, we expect that phonon-assisted decay gives rise to a qualitatively

similar redshift and broadening as the decay channels discussed above. A com-

plete calculation of the photoluminescence (PL) spectrum must further take

into account the distribution of occupied states, which depends on pumping

and relaxation mechanisms [213]. A detailed understanding of the relevant

processes in TMDs is currently missing.

8.5 Outlook

Our results offer a potential explanation for experimental observations in ab-

sorption and PL spectra [202]. In particular, at high electron densities, the

emission spectrum begins to redshift relative to the absorption peak and con-

currently broadens and decreases in intensity. Both the energy shift and the

broadening scale linearly with the Fermi energy EF , with a proportionality

constant of order unity. This doping dependent splitting between absorption

and PL with an onset at a finite electron density is consistent with our model,

where absorption probes zero momentum states, while PL can originate from

states close to the lowest energy polaron. Additional experiments may provide
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further verification of the proposed mechanism. A measurement of the sign

change of the polaron mass at zero momentum would provide direct evidence

for the emergence of a roton state. Due to the small photon momentum, such

measurements are challenging although near-field techniques [214] or acoustic

waves [215] could allow one to couple to polaron states with momenta exceed-

ing ν/c. PL lifetime measurements offer a simpler but more indirect probe of

the polaron dispersion. Our above treatment suggests that the PL lifetime is

drastically increased when the roton minimum is fully developed.

In summary, we proposed a mechanism for the formation of roton states

of optical excitations in TMD monolayers. Besides playing an important role

in determining optical properties, the roton states open up exciting avenues

for creating exotic phases of optical excitations such as supersolids [216] or

chiral spin liquids [217]. In particular, if the optical excitations condense

into the roton-like minimum, the exact form of interactions between excita-

tions determines whether it is energetically favorable for the condensate to

occupy a single momentum state or to fragment [216]. The latter scenario

gives rise to a superfluid state with periodic density modulation, correspond-

ing to a supersolid. Future work may extend the quantitative validity of

our approach beyond low electron densities by including backflow corrections,

adding a treatment of dynamical screening, and relaxing the rigid exciton

approximation.
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Appendix A

Supporting material for

Chapter 2

A.1 Derivation of the effective Hamiltonian

In this section, we derive the effective interaction Hamiltonian in Equation (2.2)

from a microscopic model of the system–environment interaction. The Hamil-

tonian of the closed system was described in Section 2.3.1

H(s) = E0(1− s) (I − |ψ0〉〈ψ0|) + E0s (I − |m〉〈m|) , (A.1)

where |m〉 is the marked state and |ψ0〉 = 1√
N

∑N
x=1 |x〉. We assume that

this Hamiltonian is implemented using L qubits, such that the states |x〉 in

the search space are represented by the N = 2L eigenstates of the Pauli

operators
{
σzj

}
, with j = 1, . . . , L, acting on the individual qubits. We

consider the situation where each qubit is coupled to an independent, bosonic
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bath, described by the generic interaction Hamiltonian

V =

L∑
j=1

∑
µ=x,y,z

σµj ⊗
∑
k

gµjk

(
bµjk + bµ†jk

)
. (A.2)

Here bµjk are independent bosonic annihilation operators and gµjk is the cou-

pling strength to a particular mode. We further assume that the baths are

identical such that the bath Hamiltonian is given by

HB =
∑
k

ωk

L∑
j=1

∑
µ=x,y,z

bµ†jkb
µ
jk. (A.3)

We note that many of the present assumptions can be relaxed without affect-

ing our results qualitatively. For instance, our calculation readily carries over

to the situation where all qubits couple to the same environment provided the

interaction remains local.

In a closed system, the excited states at energy E0 are completely decou-

pled from the non-trivial subspace S = span {|m〉, |m⊥〉}. Although this is

not the case in an open system, we can describe the dynamics of the subspace

S near the avoided crossing by an effective Hamiltonian provided the steady-

state population in the excited levels is negligible. In thermal equilibrium

with a bath at temperature T , this gives rise to the condition T � E0/L near

the avoided level crossing. Since E0, the overall energy scale of the system,

is an extensive quantity, this condition can be satisfied by a small but inten-

sive temperature. In this limit, the effective Hamiltonian for the system and

environment can be derived using the general formalism in reference [218],
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yielding

Heff = PH(s)P +HB + PV P

+
1

2

∑
a,b,e

(
1

Ea − Ee
+

1

Eb − Ee

)
|a〉〈a|V |e〉〈e|V |b〉〈b|, (A.4)

where P is the projection operator onto S. In the sum, the indices a, b run

over the eigenstates of H(s) in S (low-energy states), while e refers to the

states in the orthogonal subspace (excited states). There are two contributions

to the interaction of the environment with the low-energy states: a direct

interaction and one that is mediated by the excited states through virtual

processes. We have neglected higher order terms, which include couplings

between different excited states. Such processes cannot be described in terms

of the parameters of the avoided crossing alone and are therefore beyond the

scope of our discussion. Furthermore, these processes do not affect our results

qualitatively as discussed in more detail in Appendix A.2.2.

The quantum speedup in the closed system is enabled by tunneling near

the avoided level crossing. We will therefore restrict ourselves to that region,

which allows us to replace the energy differences in the denominator of the last

term in Equation (A.4) by −E0/2, neglecting terms of order
√
ε2 + ∆2/E0.

This drastically simplifies the expression to

Heff ≈ HS +HB + PV P − 1

2E0
PV (I − P )V P, (A.5)

where

HS(s) = PH(s)P =
E0

2
− 1

2
[ε(s)τ z + ∆(s)τx] . (A.6)
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Here τµ are the Pauli matrices acting on S. In the {|m〉, |m⊥〉} basis, the

projections of the Pauli operators acting on the physical qubits are given by

(see the appendix of reference [219] for details)

Pσxj P =
1

N − 1

 0
√
N − 1

√
N − 1 N − 2

 , (A.7)

PσyjP =
sj√
N − 1

0 −i

i 0

 , (A.8)

PσzjP =
sj

N − 1

N − 1 0

0 −1

 , (A.9)

where sj = 〈m|σ(z)
j |m〉 = ±1. We observe that the off-diagonal terms in these

matrices are of order O(N−1/2) so that coupling between |m〉 and |m⊥〉 is

suppressed in the limit of large N . This fact has the simple physical interpre-

tation that |m〉 and |m⊥〉 are macroscopically distinct, while the environment

acts only locally. In the following, we neglect all terms of order O(N−1/2) and

below.

The direct interaction of the environment with the low-energy subspace is

hence given by

V1 = PV P ≈ 1

2

L∑
j=1

∑
k

[
gxjk (I − τ z)⊗

(
bxjk + bx†jk

)
+gzjksj (I + τ z)⊗

(
bzjk + bz†jk

)]
, (A.10)
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while the excited states mediate a two-boson interaction of the form

V2 = − 1

2E0
PV (I − P )V

≈ −
L∑
j=1

∑
k,l

[
gxjkg

x
jl

4E0
(I + τ z)⊗

(
bxjk + bx†jk

)(
bxjl + bx†jl

)
+
gyjkg

y
jl

2E0
I ⊗

(
byjk + by†jk

)(
byjl + by†jl

)
+
gzjkg

z
jl

4E0
(I − τ z)⊗

(
bzjk + bz†jk

)(
bzjl + bz†jl

)]
. (A.11)

This follows from the observation that Pσµi σ
ν
j P ≈ Pσ

µ
i Pσ

ν
j P when i 6= j. We

note that the field byi only couples to the identity and therefore does not affect

the dynamics of the system. In order to further simplify the expressions, let us

focus on a single x mode and simplify the notation by only retaining a single

subscript for the mode label. The bath plus effective interaction Hamiltonian

involving this mode takes the form

Hx = I ⊗

∑
k

ωkb
†
kbk +

∑
k

gk
2

(
bk + b†k

)
−
∑
k,l

gkgl
4E0

(
bk + b†k

)(
bl + b†l

)−
−τ z ⊗

∑
k

gk
2

(
bk + b†k

)
+
∑
k,l

gkgl
4E0

(
bk + b†k

)(
bl + b†l

) . (A.12)

The terms coupling to the identity can be understood as the back action of the

system on the environment. We account for this effect by diagonalizing these

terms, resulting in a set of renormalized bosonic operators. It is straightfor-

ward to check that the single-boson term can be accounted for by introducing

the shifted operators

ck = bk +
1

1− a
gk

2ωk
, (A.13)
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where

a =
1

E0

∑
k

g2
k

ωk
=

1

E0

∫ ∞
0

dω
J(ω)

ω
. (A.14)

The existence of the integral requires that J(ω) decays sufficiently fast as

ω → ∞. Furthermore, the power-law dependence J(ω) ∝ ωη must satisfy

η > 0. The Hamiltonian Hx can hence be written as

Hx = I ⊗

∑
k

ωkc
†
kck −

∑
k,l

gkgl
4E0

(
ck + c†k

)(
cl + c†l

)− (A.15)

−τ z ⊗

 ε̃
2

+
1− 2a

1− a
∑
k

gk
2

(
ck + c†k

)
+
∑
k,l

gkgl
4E0

(
ck + c†k

)(
cl + c†l

) ,
where we introduced the environment-induced bias

ε̃ =
E0

4

a(3a− 2)

(1− a)2
. (A.16)

This induced bias results in a shift of the avoided level crossing. Since the

location of the avoided level crossing bears no significance, as long as it is

known, we will drop the environment-induced bias in what follows.

The quadratic term coupling to the identity can be diagonalized pertur-

batively using the techniques outlined in Appendix A.4. The result is that

Hx =I ⊗
∑
k

ω̃kd
†
kdk

− τ z ⊗

∑
k

g̃k

(
dk + d†k

)
+
∑
k,l

g̃kg̃l

Ẽ

(
dk + d†k

)(
dl + d†l

) , (A.17)
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where

ω̃k = ωk −
g2
k

2E0
, (A.18)

g̃k =
1− 2a

1− a

1− gk
2E0

∑
l 6=k

gl
ωk − ωl

+
gk

2E0

∑
l

gl
ωk + ωl

 gk
2
, (A.19)

Ẽ =

(
1− a
1− 2a

)2

E0, (A.20)

and dk are new bosonic operators. They can be related to ck by

dk ≈ ck +
gk

2E0

∑
l 6=k

gl
ωk − ωl

cl −
gk

2E0

∑
l

gl
ωk + ωl

c†l . (A.21)

Before proceeding, it is worth verifying the validity of perturbation theory

employed here. The correction of the energy eigenvalues is certainly small

since g2
k is inversely proportional to the volume of the bath. It vanishes entirely

in the thermodynamic limit and we will therefore neglect it below. In addition,

we require that the correction to the bosonic operators be small, i.e.,

g2
k

4E2
0

∑
l 6=k

g2
l

(ωk − ωl)2
+
∑
l

g2
l

(ωk + ωl)2

� 1. (A.22)

Let us consider the first sum by re-writing it in terms of the noise spectral

density J(ω). We introduce the mode spacing ∆ω at frequency ωk such that

g2
k

4E2
0

∑
l 6=k

g2
l

(ωk − ωl)2 =
1

4E2
0

∫ ωk+∆ω

ωk−∆ω
dωJ(ω)

[∫ ωk−∆ω

0
dω′

J(ω′)

(ω − ω′)2

+

∫ ∞
ωk+∆ω

dω′
J(ω′)

(ω − ω′)2

]
. (A.23)
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We are interested in the continuum limit ∆ω → 0, which yields

g2
k

4E2
0

∑
l 6=k

g2
l

(ωk − ωl)2 =
J(ωk)

2E2
0

lim
∆ω→0

∆ω

[∫ ωk−∆ω

0
dω′

J(ω′)

(ωk − ω′)2
(A.24)

+

∫ ∞
ωk+∆ω

dω′
J(ω′)

(ωk − ω′)2

]
=
J(ωk)

2

E2
0

,

where we employed L’Hôpital’s rule to evaluate the limit. This shows that

the first sum in Equation (A.22) is small as long as the weak coupling limit

J(ω)� E0 is satisfied. The second sum can be bounded from above by

g2
k

4E2
0

∑
l

g2
l

(ωk + ωl)2
≤

g2
k

4E2
0

∑
l 6=k

g2
l

(ωk − ωl)2 +
g4
k

16E2
0ω

2
k

≤ J(ωk)
2

E2
0

+ lim
∆ω→0

∆ω2 J(ωk)
2

16E2
0ω

2
k

. (A.25)

The last term is again small in the weak coupling regime since we can al-

ways take ωk ≥ ∆ω without modifying the spectrum of the bath significantly.

Hence, perturbation theory is valid in the weak coupling regime.

The Hamiltonian in Equation (A.17) indeed has the form of the effective

Hamiltonian in Equation (2.2). There will be a similar contribution for each

qubit and polarization of the bath modes. Since these contributions all com-

mute, we expect the dynamics to be well described by a single contribution,

with the only modification being that J(ω) should multiplied by the number

of channels that couple to the environment.
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A.2 Adiabatic renormalization

We argued throughout Chapter 2 that it is possible to treat the fast oscillators

of the environment by introducing a renormalized tunneling rate between the

two well states. More specifically, we consider the system and bath Hamilto-

nian

H = −1

2
(ετ z + ∆τx) +

∑
k

ωkb
†
kbk

+ τ z ⊗

∑
k

gk

(
bk + b†k

)
+
∑
k,l

gkgl
E

(
bk + b†k

)(
bl + b†l

) (A.26)

in the absence of tunneling, ∆ = 0. The eigenstates in this case can be written

as

|τ,n〉 = e−iτ
zS |τ〉 ⊗

∏
k

1√
nk!

(
b†k

)nk
|0〉 = e−iτ

zS |τ〉 ⊗ |n〉 (A.27)

where τ = m,m⊥ labels the two eigenstates of τ z. The unitary S diagonalizes

the system bath interaction,

eiτ
zS

{∑
k

ωkb
†
kbk + τ z ⊗

[∑
k

gk

(
bk + b†k

)

+
∑
k,l

gkgl
E

(
bk + b†k

)(
bl + b†l

) e−iτ
zS =

∑
k

ωkb
†
kbk, (A.28)

where we dropped all terms acting only on the system on the right-hand side

of the equation. We have also neglected corrections to the spectrum of the

environment by the system–environment interaction since they are inversely

proportional to the volume of the bath, as already observed in the derivation

of the effective Hamiltonian in Appendix A.1. The Hamiltonian to be diag-
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onalized here is in fact very similar to that in Appendix A.1 and the same

methods can be applied. We obtain

e−iτ
zS = e−iτ

zS1e−iτ
zS2 (A.29)

where

S1 = i
∑
k

δk

(
bk − b†k

)
, δk =

1

1− a2

gk
ωk
, a =

4

E

∫
dω

J(ω)

ω
(A.30)

effects a displacement to remove the single-boson terms, while

S2 =
∑
k,l

[
Aklb

†
kbl +

i

2
Bkl

(
bkbl − b†kb

†
l

)]
, (A.31)

Akl = − 2i

ωk − ωl
gkgl
E

(1− δkl), Bkl = − 2

ωk + ωl

gkgl
E

(A.32)

diagonalizes the two-boson terms in the weak coupling limit, J(ω)� E. We

point out that we omitted a term proportional to τ z in the expression for

the displacement δk. Such a term merely gives rise to a state-independent

displacement in Equation (A.29), which does not affect the renormalized tun-

neling rate as will be apparent shortly. In addition, we will drop the pre-factor

involving a since we are only interested in the asymptotic scaling with the size

of the search space.

For a given set of occupation number n, the renormalized tunneling rate

can now be expressed as

∆̃n = ∆〈m⊥,n|τx|m,n〉′ = ∆〈n|e−iS2e−2iS1e−iS2 |n〉′. (A.33)
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Here the prime reminds us that we should only consider processes that are

fast compared to the dynamics of the system. At zero bias, the only time

scale of the system is set by the renormalized tunneling rate. Hence, the

renormalized tunneling rate may be determined self-consistently by evaluating

the expectation value in Equation (A.33) with a low-frequency cutoff Ω =

p∆̃n, where p is an unimportant numerical factor as long as p � 1. We

point out this argument readily generalizes to the case of finite bias, where

the cutoff should be taken to be Ω = p
√
ε2 + ∆̃2

n. We do not discuss this

more complicated case here since the transition between the coherent and

incoherent regime first occurs at the smallest gap of the system, that is, at

zero bias. Any potential quantum speedup is lost when the system is rendered

incoherent during any part of the evolution. Thus, the coherence properties

at zero bias fully determine the performance of the algorithm.

The renormalized tunneling rate in Equation (A.33) clearly depends on the

occupation numbers n and it is therefore not unique at finite temperature.

Nevertheless, we can obtain a typical value ∆̃ by taking a thermal expectation

value

∆̃ = ∆ tr
{
ρe−iS2e−2iS1e−iS2

}′
, (A.34)

where ρ = e−
∑
ωkb
†
kbk/T /Z is the thermal state at temperature T .

A.2.1 Single-boson processes

Before we consider Equation (A.34) fully, it is instructive to compute the

renormalized tunneling rate in the absence of two-boson processes, i.e., setting

S2 = 0. The trace in Equation (A.34) is most readily evaluated by observing
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that

∆̃ = ∆〈e−2iS1〉 = ∆ e−2〈S2
1〉, (A.35)

since S1 is linear in the bosonic operators and the expectation value is with

respect to a Gaussian state. Hence

∆̃ = ∆ exp

[
−2
∑′

k

δ2
k(1 + 2N(ωk))

]

= ∆ exp

[
−2

∫ ∞
p∆̃

dω
J(ω)

ω2
coth

ω

2T

]
, (A.36)

where we cut off the integral at p∆̃ in accordance with the prescription of

adiabatic renormalization. At zero temperature, the integral is convergent for

η > 1 and we can safely extend the lower limit to 0:

∆̃ = ∆ exp

[
−2

∫ ∞
0

dω
J(ω)

ω2

]
if η > 1. (A.37)

When η < 1, the integral diverges with small ∆̃ as ∆̃η−1. Thus,

∆̃ ≈ ∆ exp

[
− 2α

1− η

(
p∆̃
)η−1

+ log c

]
, (A.38)

where the constant c depends on the high frequency behavior of the noise

spectrum J(ω). We re-arrange the expression to

z

(
∆̃

c∆

)1−η

log

(
∆̃

c∆

)
= − 2α

1− η

(
1

pc∆

)1−η
. (A.39)
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The expression on the left has a global minimum of −1/e(1− η) such that a

non-zero solution for ∆̃ only exists if

2α

(
1

pc∆

)1−η
<

1

e
, (A.40)

or

α <
1

2e
(pc∆)1−η . (A.41)

This shows that there exists a critical coupling strength

α∗ ∝ ∆1−η = O(N (η−1)/2) (A.42)

above which ∆̃ = 0. Our simple argument does not predict the precise value

of α∗ due to the dependence on p. Nevertheless, more detailed studies have

confirmed that the form of Equation (A.42) is qualitatively correct [220, 221].

This result implies that for a fixed α, the dynamics are incoherent even at

zero temperature for sub-ohmic environments in the limit of large N .

At η = 1, the exponent in Equation (A.36) diverges logarithmically with

∆̃ such that

∆̃ ∝ ∆1/(1−2α) = O(N−1/2(1−2α)). (A.43)

This expression is only valid if ∆̃ < ∆, which implies that α < 1/2. If α > 1/2,

the renormalized tunneling rate vanishes. The critical coupling strength is

therefore independent of N at η = 1, as expected from Equation (A.42).

The above arguments can be readily generalized to the case of finite tem-

perature. Assuming that T � ∆̃, as will be naturally the case for large

systems, we can can approximate cothω/2T ≈ 2T/ω near the lower limit of
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the integral. The integral is convergent for η > 2 and we obtain to a good

approximation

∆̃ = ∆ exp

[
−2

∫ ∞
0

dω
J(ω)

ω2
coth

ω

2T

]
if η > 2. (A.44)

For η > 2, adiabatic renormalization predicts that ∆̃ = 0 unless

α <
1

4eT
(pc∆)2−η . (A.45)

For fixed temperature, there exists a critical coupling strength

α∗ ∝ ∆2−η

T
= O(N (η−2)/2) (A.46)

above which ∆̃ = 0. For fixed α, we can alternatively identify a critical

coupling temperature with the same scaling as the critical coupling strength,

T ∗ ∝ ∆2−η

α
= O(N (η−2)/2). (A.47)

The renormalized tunneling rate vanishes for any T > T ∗. At η = 2, the

renormalized tunneling rate vanishes unless αT < 1/4, showing that the crit-

ical coupling strength and temperature are again independent of the search

space size.

We point out that Equation (A.47) is only valid if η > 1 since otherwise

the assumption that T � ∆̃ cannot be satisfied in the limit of large N . For

η < 1, we found above that the incoherent tunneling rate vanishes even at

zero temperature in the limit of large N and fixed α. This can be summarized
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as

T ∗ =


0, if η < 1

O(N (η−2)/2), if η > 1

. (A.48)

At η = 1, a non-zero critical temperature, which scales as T ∗ = O(N−1/2)

only exists if α < 1/2.

A.2.2 Two-boson processes

We repeat the above analysis for two-boson processes, ignoring single boson

processes for the moment. The expectation value in Equation (A.34) is harder

to compute in this case since S2 is a quadratic operator involving terms of the

form b†kbl, bkbl, and b†kb
†
l . We will only evaluate it perturbatively by expanding

the exponential to the lowest non-trivial order. By ignoring terms that scale

inversely with the volume of the bath, we hence obtain

∆̃ ≈ ∆ exp

−2
∑′

k,l

AklAlkN(ωk) (1 +N(ωl))

−
∑′

k,l

BklBlk [(1 +N(ωk)) (1 +N(ωl))−N(ωk)N(ωl)]


≈ ∆ exp [−φ− χ] , (A.49)

where

φ = 2

∫ ′
dω dω′

J(ω)J(ω′)

(ω − ω′)2
N(ω)

(
1 +N(ω′)

)
, (A.50)

χ =

∫ ′
dω dω′

J(ω)J(ω′)

(ω + ω′)2

[
(1 +N(ω))(1 +N(ω′))−N(ω)N(ω′)

]
. (A.51)
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In both cases, the integral is to be taken over processes that are fast compared

to the low-frequency cutoff p∆̃. For φ, which describes two-boson scattering

processes, this corresponds to |ω−ω′| > p∆̃, stating that the beating frequency

of the two modes is fast. The two-boson absorption and emission processes

are captured by χ, for which we therefore impose that ω + ω′ > p∆̃. We

point out that the above expansion is only justified if Akl and Bkl as well

as
√
N(ωk)N(ωl)Akl and

√
N(ωk)N(ωl)Bkl are small matrices in the sense

that each column forms a vector with magnitude much less than one. This

is indeed the case for Akl and Bkl in the weak coupling limit J(ω) � E, as

shown explicitly in Appendix A.1. A similar treatment can be applied to the

other two matrices, giving rise to the condition

J(ω)N(ω)� E. (A.52)

At high frequencies ω � T , this is trivially satisfied in the weak coupling limit.

At low frequencies ω � T , however, this leads to the additional constraint

J(ω)

ω
� E

T
. (A.53)

It is important to to note that this inequality can only be satisfied as ω → 0 for

ohmic and super-ohmic environments. Restricting ourselves to this particular

parameter regime is not a significant limitation since single-boson processes

alone will render the dynamics incoherent even at zero temperature for sub-

ohmic environments. Therefore, two-boson processes are expected to modify

the dynamics qualitatively only for ohmic and super-ohmic environments.

We now investigate the low-frequency divergences of φ and χ to identify
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the critical coupling strength and temperature as in the case of single-boson

processes. At zero temperature, φ vanishes while χ is always finite. Hence,

two-boson processes only weakly modify the tunneling rate at zero temper-

ature. At non-zero temperatures, χ remains finite whereas φ exhibits an

infrared divergence for any η. The functional form of the divergence with the

low-frequency cutoff p∆̃ can be found to be given by

φ ∝ α2T 2η+1

E2∆̃
. (A.54)

Using similar arguments to the ones for the single-boson processes, this allows

us to identify a critical coupling strength

α∗ ∝ ET−(η+1/2)∆̃1/2 = O(N−1/4) (A.55)

and a critical temperature

T ∗ ∝ α−2/(2η+1)E2/(2η+1)∆̃1/(2η+1) = O(N−1/(4η+2)). (A.56)

The divergence of φ as ∆̃ → 0 originates from the denominator in Equa-

tion (A.50), the form of which is dictated by conservation of energy during

the scattering process. It is for this reason that higher-order terms in the

effective Hamitonian Equation (A.4) are not expected to modify the scaling

of the critical temperature or the critical coupling strength.
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A.2.3 Combined effects

We will now show that the single-boson and two-boson processes approxi-

mately decouple in the regime of interest. We start by expressing Equa-

tion (A.34) in a coherent state basis

∆̃ = ∆

∫
DαDβ 〈α|e−iS2ρe−iS2 |β〉〈β|e−2iS1 |α〉, (A.57)

where we introduced the short-hand notation Dα =
∏
k d2αk/π and |α〉 =∏

k |αk〉. The state |αk〉 is a coherent state of the mode bk and the integral

runs over the entire complex plane for each mode. We note that the matrix

elements may be written as

〈α|e−iS2ρe−iS2 |β〉 = e−f(α∗,β)〈α|β〉, (A.58)

〈β|e−2iS1 |α〉 = eg(β
∗,α)〈β|α〉, (A.59)

where g(β∗, α) is a linear function, while f(α∗, β) contains only quadratic

terms [125]. Computing the function f is rather cumbersome due to the

presence of the squeezing terms bkbl and b†kb
†
l in S2. For our purposes, it

suffices to exploit the general structure of a Gaussian integral over a real

vector v,

∫ (∏
n

dvn√
2π

)
exp

[
−1

2
vTMv + wTv

]
=

1

detM
exp

[
wTM−1w

]
. (A.60)
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Applied to Equation (A.57), we can see that the matrix M is determined by

S2, while the vector w follows from S1. We may thus write

∆̃ = ∆
〈
e−2iS2

〉〈
e−2iS′1

〉
, (A.61)

where the operator S′1 accounts for both single-boson processes and the cou-

pling between single-boson and two-boson processes. Under the same condi-

tions that we were able to expand e−2iS2 in the previous section, we can also

expand S′1 in powers of Akl and Bkl. To leading order, we clearly must have

S′1 ≈ S1, which shows that the single-boson and two-boson processes decouple

under the assumption that J(ω)� E and J(ω)N(ω)� E. The nature of the

dynamics of the system may thus be deduced by considering the two processes

separately.

A.3 Thermalization rates

A.3.1 Incoherent regime

It is necessary to determine the scaling of the thermalization rate in order to

exclude the possibility of a quantum speedup in the incoherent regime. In

particular, a speedup over the classical algorithm is possible if the thermal-

ization rate decays slower with the size of the search space than N−1. In

the incoherent regime, adiabatic renormalization predicts that the system is

localized. However, adiabatic renormalization does not take into account in-

coherent tunneling. To estimate the rate of incoherent tunneling, we perform

perturbation theory in the bare tunneling rate ∆. It is convenient to switch
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to the basis that diagonalizes the Hamiltonian in the absence of tunneling,

eiSHe−iS = −1

2

(
ετ z + ∆eiSτxe−iS

)
+
∑
k

ωkb
†
kbk, (A.62)

where S is given by Equation (A.29). We move to the interaction picture,

where the time-evolution is fully governed by

V (t) = −∆

2
e−iεteiS(t)τ+e−iS(t) + h.c., (A.63)

with τ+ = (τx + iτy)/2 and

S(t) = eit
∑
k ωkb

†
kbkSe−it

∑
k ωkb

†
kbk . (A.64)

Starting with the initial state |ψ(0)〉 = |m⊥,n〉, the probability that the sys-

tem ends up in |m〉 after time t is given to lowest order in perturbation theory

by

p(t) =
∑
n′

∣∣∣∣〈m,n′| ∫ t

0
dt′V (t′)|m⊥,n〉

∣∣∣∣2
=

∫ t

0
dt′
∫ t

0
dt′′〈m⊥,n|V (t′)|m〉〈m|V (t′′)|m⊥,n〉. (A.65)

By expressing eiS in terms of S1 and S2 and taking a thermal average over

the initial state, we obtain

p(t) =

(
∆

2

)2 ∫ t

0
dt′
∫ t

0
dt′′eiε(t

′−t′′)
〈
eiS2(t′)e2iS1(t′)eiS2(t′)

× e−iS2(t′′)e−2iS1(t′′)e−iS2(t′′)
〉

(A.66)
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We note that the expectation value in the integrand is a function of t′ − t′′

only, which allows us to write

p(t) =

∫ t

0
dt′ Γ(t′), (A.67)

where

Γ(t) =

(
∆

2

)2 ∫ t

−t
dt′ eiεt

′
〈
eiS2(t′)e2iS1(t′)eiS2(t′)

× e−iS2(0)e−2iS1(0)e−iS2(0)
〉

(A.68)

is the instantaneous decay rate at time t. Typically, we can extend the limits

of this integral to infinity to obtain a single decay rate Γ = limt→∞ Γ(t). This

is a good approximation for almost all t provided the width over which the

integrand contributes significantly is small compared to 1/Γ. Since the width

of the integrand is independent of N , the decay rate scales as O(N−1), and

thus the condition for extending the limits of the integral is always fulfilled in

the limit of large N . We will not evaluate the above expression any further

as we are only interested in the scaling with the search space size.

A.3.2 Coherent regime

For completeness we briefly discuss the thermalization rate in the coherent

regime, i.e., η > 1 at zero temperature. The thermalization rate in this regime

has no immediate implications for the scalability of the quantum algorithm

since a quantum speedup is always available in the coherent regime. However,

a thermalization rate that exceeds the classical scaling O(N−1) enables a
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quantum speedup by thermalization alone.

In the coherent regime, thermalization occurs via transitions between the

eigenstates of the closed system rather than by incoherent tunneling. The

thermalization rate is readily obtained by applying Fermi’s Golden rule after

adiabatic renormalization. For the single-boson processes, this yields at zero

bias

Γ1 = 2π
∑
k

g2
kδ(ωk − ∆̃) = 2πJ(∆̃) = O(N−η/2). (A.69)

Interestingly, the thermalization rate exceeds the classical limit for 1 < η < 2.

We further remark that the rate drops below the classical scaling for η > 2. In

this regime, incoherent tunneling and processes coupling to τx and τy, which

we have neglected, will dominate the thermalization rate.

For the the two-boson processes, the Golden rule rate is given by

Γ2 =
2π

E2

∫ ∆̃

0
dω J(ω)J(∆̃− ω) = O(N−(η+1/2)). (A.70)

This vanishes parametrically faster than the single-boson decay rate such that

two-boson emission only contributes weakly to the thermalization rate.

A.4 Diagonalization of quadratic Hamiltonians

We briefly review the diagonalization of a general quadratic Hamiltonian of

the form

H = β†Mβ, (A.71)

where M is a Hermitian matrix and β = (b1, b2, . . . , b
†
1, b
†
2, . . . ) is a vector

formed by creation and annihilation operators. We closely follow the notation
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of reference [222], where the diagonalization of both fermionic and bosonic

Hamiltonians is discussed in detail. For the sake of clarity, we focus on bosons

below.

The goal is to introduce new bosonic operators γ = (c1, c2, ..., c
†
1, c
†
2, ...)

such that the Hamiltonian can be written as

H =
∑
i

λic
†
ici (A.72)

up to a constant. The new operators γ are related to the original operators

by a linear transformation

 c

c†

 = T

 b

b†

 . (A.73)

The fact that b† is the adjoint of b implies that T must take the form

T =

 A B

B∗ A∗

 . (A.74)

Furthermore, the conservation of canonical commutation relations leads to

the additional constraint

T−1 = µT †µ, µ =

I 0

0 −I

 . (A.75)

Equation (A.71) can hence be written as

H = γ†µTµMT−1γ. (A.76)
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Assuming that M is positive definite, it is shown in [222] that there exists

a transformation T satisfying Equation (A.74) and Equation (A.75) which

diagonalizes µM to give

TµMT−1 =
1

2

λiδij 0

0 −λiδij

 . (A.77)

This immediately yields the desired result Equation (A.72) up to a constant.

It is often useful to express the transformation described by the matrix T as

a unitary transformation S acting on the creation and annihilation operators,

i.e.

ci = SbiS
†, S†S = SS† = I. (A.78)

The transformation takes the form S = exp
(
iβ†Kβ/2

)
, where K is a Hermi-

tian matrix. By direct substitution into Equation (A.78) and comparison to

Equation (A.73) we obtain

T = e−iµK . (A.79)

Finally, we note that the vacuum |0c〉, where ci|0c〉 = 0 for all i, is related

to the vacuum |0b〉, for which bi|0b〉 = 0, by

|0c〉 = S|0b〉. (A.80)

All other Fock states transform in the same manner.
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Appendix B

Supporting material for

Chapter 3

B.1 Upper bound on total variation distance

In this appendix, we relate the overlap of two quantum states to the total

variation distance between the probability distributions encoded by them.

The desired probability distribution is p(s), encoded in the state

|ψ〉 =
∑
s

√
p(s)eiγ(s)|s〉. (B.1)

The prepared state is

|φ〉 =
∑
s

√
q(s)eiδ(s)|s〉, (B.2)

where q(s) will be the observed probability distribution. In both cases we

allow for arbitrary phases γ(s) and δ(s).
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The total variation distance may be defined as

d = ||p− q|| = 1

2

∑
s

|p(s)− q(s)|. (B.3)

The fidelity between states |ψ〉 and |φ〉 is given by

F = |〈φ|ψ〉|2 =

∣∣∣∣∣∑
s

eiγ(s)−iδ(s)√p(s)q(s)∣∣∣∣∣
2

. (B.4)

The triangle inequality allows us to remove the phases,

1−F ≥ 1−

[∑
s

√
p(s)q(s)

]2

, (B.5)

which can be rewritten as

1−F ≥ 1

4

[∑
s

(√
p(s)−

√
q(s)

)2
][∑

s

(√
p(s) +

√
q(s)

)2
]
. (B.6)

Finally, applying the Cauchy–Schwarz inequality yields

1−F ≥ 1

4

[∑
s

∣∣∣√p(s)−√q(s)∣∣∣ ∣∣∣√p(s) +
√
q(s)

∣∣∣]2

, (B.7)

which is equivalent to

1−F ≥ d2. (B.8)
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B.2 Ising chain

B.2.1 Parent Hamiltonian

Glauber dynamics [90] defines a Markov chain according to the following pre-

scription. We pick a spin at random and draw its new orientation from the

Gibbs distribution with all other spins fixed. Starting from configuration s,

the probability of flipping spin i in the Ising chain is thus given by

pi =
1

2n cosh[β(si−1 + si+1)]
e−βsi(si−1+si+1). (B.9)

By promoting the values of the spins si to operators σzi , we can concisely write

the generator of the Markov chain as

M =
∑
i

piσ
x
i +

(
I−

∑
i

pi

)
. (B.10)

Equation (3.2) immediately gives

Hq =
1

2

∑
i

1

cosh[β(σzi−1 + σzi+1)]

[
e−βσ

z
i (σzi−1+σzi+1) − σxi

]
. (B.11)

Straightforward algebra finally yields

Hq =
n

2
I− 1

4

∑
i

[(
1 +

1

cosh 2β

)
σxi + 2 tanh(2β)σzi σ

z
i+1−(

1− 1

cosh 2β

)
σzi−1σ

x
i σ

z
i+1

]
. (B.12)

In Equation (3.3), we dropped the unimportant constant.
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B.2.2 Free fermion solution

Ground state

The Hamiltonian in Equation (3.3) can be mapped onto a free-fermion model

using a Jordan–Wigner transformation. We define the fermion annihilation

and creation operators ai, a
†
i and relate them to the Pauli matrices according

to

σxi = 2a†iai − 1, (B.13)

1

2
(σzi + iσyi ) = eiπ

∑i−1
j=1 a

†
jajai, (B.14)

1

2
(σzi − iσ

y
i ) = eiπ

∑i−1
j=1 a

†
jaja†i . (B.15)

Equation (3.3) becomes

Hq =− h
n∑
i=1

(2a†iai − 1)−J1

n−1∑
i=1

(a†i − ai)(a
†
i+1 + ai+1)

− J2

n−2∑
i=1

(a†i − ai)(a
†
i+2 + ai+2)

+ eiπN
[
J1(a†n − an)(a†1 + a1) + J2(a†n−1 − an−1)(a†1 + a1)

+J2(a†n − an)(a†2 + a2)
]
, (B.16)

where N =
∑n

i=1 a
†
iai is the total number of fermions. While the fermion

number itself is not conserved, the parity eiπN is, allowing us consider the

even and odd subspaces independently.
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We define the momentum space operators

ak =
1√
n

n∑
j=1

e−ikjaj , (B.17)

which satisfy fermionic commutation relations for suitably chosen k. We let

k =
2π

n
×


(l + 1/2) if N is even

l if N is odd

(B.18)

for l = 0, 1, . . . , n− 1 (modn). With this definition, the inverse Fourier trans-

formed operators have the formal property ai+n = −eiπNai, which accounts

for the boundary terms in Equation (B.16). The Hamiltonian simplifies to

Hq =
∑
k

(
a†k, a−k

)
hk

 ak

a†−k

 , (B.19)

where

hk =

−h− J1 cos k − J2 cos 2k −iJ1 sin k − iJ2 sin 2k

iJ1 sin k + iJ2 sin 2k h+ J1 cos k + J2 cos 2k

 (B.20)

While the above Hamiltonian can be diagonalized by a standard Bogoli-

ubov transformation, it will prove more convenient for our purposes to map
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the Hamiltonian onto non-interacting spins. For 0 < k < π, we define

τxk = a†ka
†
−k + a−kak, (B.21)

τyk = −i(a†ka
†
−k − a−kak), (B.22)

τ zk = a†kak − a−ka
†
−k. (B.23)

It is straightforward to check that these operators satisfy the same commu-

tation relations as Pauli matrices. In addition, operators corresponding to

different values of k commute such that we can think of these operators as

independent spin-1/2 systems, one for each value of k. We restrict the range

of momenta to 0 < k < π due to the redundancy τα−k = −ταk . The cases k = 0

and k = π require a special treatment as both τxk and τyk vanish.

For concreteness, we assume that the number of spins, n, is even. The

special cases k = 0 and k = π are then both part of the odd parity subspace

(eiπN = −1). The Hamiltonian of the even parity subspace is simply

Heven
q = 2

∑
0<k<π

Ek
(
cos θkτ

z
k + sin θkτ

y
k

)
, (B.24)

where

Ek =
√

(h+ J1 cos k + J2 cos 2k)2 + (J1 sin k + J2 sin 2k)2 (B.25)

and the angle θk is defined by

Ek cos θk = −h− J1 cos k − J2 cos 2k, (B.26)

Ek sin θk = J1 sin k + J2 sin 2k. (B.27)
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The ground state is given by

|GS〉even =
∏

0<k<π

eiθkτ
x
k /2|0〉, (B.28)

where |0〉 is the vacuum with respect to the ak operators. It is easy to see

that |GSeven〉 indeed has even parity. The ground state energy is

Eeven
GS = −2

∑
0<k<π

Ek. (B.29)

In the odd parity subspace, we have

Hodd
q = 2

∑
0<k<π

Ek
(
cos θkτ

z
k + sin θkτ

y
k

)
(B.30)

− (h+ J1 + J2)(2a†0a0 − 1)− (h− J1 + J2)(2a†πaπ − 1).

The construction of the ground state is analogous to the even case with the

additional requirement that either the a0 fermion or the aπ fermion, whichever

has the lower energy, be occupied. The resulting energy is gapped above

Eeven
GS when h + J1 + J2 and h − J1 + J2 have the same sign. In the case of

oppositie signs, the even and odd sector ground states are degenerate in the

thermodynamic limit, corresponding to the symmetry breaking ground states

of the ferromagnetic phase.

In Section 3.3, we consider adiabatic evolution starting from the ground

state at J1 = J2 = 0. Following the above discussion, this state is part of

the even subspace. Since the time evolution preserves parity, we may restrict

our discussion to the even subspace, dropping all associated labels in what
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follows.

Excitation spectrum and phase diagram

Excited states can be constructed by flipping any of the τ spins. The singly

excited states are given by

|k〉 = τxk |GS〉, (B.31)

with an energy 4Ek above the ground state. We mention that any spin rotation

commutes with the parity operator, which is in contrast to the Bogoliubov

picture, where it is necessary to excite Bogoliubov fermions in pairs. This

automatic accounting in the spin picture is also reflected by the fact that

there are half as many τ spins as there are Bogoliubov operators or physical

spins.

We identify the phase boundaries by looking for parameters for which the

excitation gap vanishes, Ek = 0. In the thermodynamic limit, we can treat k

as a continuous variable to identify the minima of Ek. There are three distinct

cases:

1. The gap vanishes at k = 0 when h+ J1 + J2 = 0.

2. The gap vanishes at k = π when h− J1 + J2 = 0.

3. The gap vanishes at k = π− cos−1 J1
2J2

when h−J2 = 0. A solution only

exits for |J1| < 2|h|.

Based on the identification in Section 3.3, cases 1 and 2 delineate the ferro-

magnetic phase from the paramagnetic and cluster-state-like phase. Case 3

separates the paramagnetic phase from the cluster-state-like phase.
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The dispersion is linear in all three cases, except for the two special points

simulataneously satisfying h = J2 and h = ±J1. These are tricritical points,

where the dispersion minima from case 3 and either case 1 or 2 merge into

a single minimum with quadratic dispersion. Hence, the dynamical critical

exponent is z = 1 at all phase transitions except for the tricritical points,

where z = 2. The gap closes as ∼ n−z, as can be easily seen by considering

the value of k closest to the dispersion minimum for a finite-sized system. We

note that in case 3, the gap displays an oscillatory behavior as a function of

system size for fixed (h, J1, J2) and may even vanish exactly. Nevertheless,

the envelope follows the expected ∼ n−1 scaling.

B.2.3 Numerical details

To compute the fidelity, we numerically integrate the Schrödinger equation

for each spin τk. We work in an the instantaneous eigenbasis |χ±k (t)〉, which

are eigenstates of Hk = 2Ek
(
cos θkτ

z
k + sin θkτ

y
k

)
with energies ±2Ek [see

Equation (B.24)]. It is convenient to parametrize each adiabatic path by a

dimensionless time s running from 0 to 1. Writing the state at time s as

|ψk(s)〉 = ck(s)|χ−k (s)〉+ dk(s)|χ+
k (s)〉, (B.32)

the coefficient ck and dk are determined by the Schrödinger equation

i
d

ds

ck
dk

 =

−2Ek(s)
dt
ds − i

2
dθk
ds

i
2

dθk
ds 2Ek(s)

dt
ds


ck
dk

 (B.33)
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with the initial condition ck(0) = 1, dk(0) = 0. The final fidelity is obtained

by solving this equation for each spin and multiplying the indiviudal fidelities,

F =
∏

0<k<π

|ck(1)|2. (B.34)

We note that all terms in Equation (B.33) can be evaluated without having

to solve for the physical evolution time t(s). The terms Ek(s) and dθk/ds are

readily computed from Equations (B.25)–(B.27), while dt/ds follows from

Equation (3.4):

dt

ds
=

1

ε

√∑
µ,ν

gµν(s)
dλµ
ds

dλν
ds

. (B.35)

Here, λ1 = J1, λ2 = J2, setting h = 1 throughout. To vary the total evolution

time ttot we simply adjust the value of ε. Indeed,

ttot =
1

ε

∫ √∑
µ,ν

gµνdλµλν , (B.36)

where the integral runs along the path of interest.

In practice, it can be challenging to find a suitably accurate discretiza-

tion of the time steps for large systems because ds/dt and dθk/ds are sharply

peaked aroud the phase transitions. We obtained good convergence by evolv-

ing under constant s = sn for an interval ∆sn × 1
2

∣∣∣dθkds

∣∣∣
s=sn

= 10−3 before

incrementing the time to sn+1 = sn+∆sn. The number of steps is independent

of the total time, yet the final fidelity is well estimated since the probability of

leaving the ground state is small in each step. The results for the four paths

in Section 3.3, a parametrization of which is given in Table B.1, are shown

in Figure B.1. We observe that the fidelity follows a universal dependence
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Figure B.1: Fidelity as a function of ε for the four paths discussed in Sec-
tion 3.3. The different colors correspond to the different system sizes. The
black crosses indicate where the infidelity 1 −F crosses 10−3.

on ε, 1 − F ∝ ε2. This can be understood from the fact that the first-order

diabatic correction to the wavefunction is inversely proportional to the total

time [98]. For each path, we extract the value of ε at which 1 − F crosses

10−3, indicated by the crosses in Figure B.1. The dependence of this value

on the system size is weak such that the total adiabatic time scale is largely

determined by the integral in Equation (B.36), which we will analyze in detail

in the next section.
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path J1/h J2/h

(i) 2s s
(ii) 2s s2

(iii) 3(1− s)2s+ 7.5(1− s)s2 + 2s3 1.5(1− s)s2 + s3

(iv) 6(1− s)2s+ 9(1− s)s2 + 2s3 −3(1− s)2s+ 4.5(1− s)s2 + s3

Table B.1: Paramaterization of the four paths discussed in Section 3.3. The
parameter s ranges from 0 to 1.

B.2.4 Adiabatic path length

The above numerical observations suggest that the adiabatic state preparation

time is proportional to the quantity

l =

∫ √∑
µ,ν

gµνdλµdλν , (B.37)

which we will refer to as the adiabatic path length. In the same spirit, we shall

call gµν the adiabatic metric as it endows the parameter space with a distance

measure relevant for adiabatic evolution. We plot the adiabatic path length

as a function of n for the four paths discussed in Section 3.3 in Figure B.2.

As expected, the plot looks almost identical to Figure 3.2d up to an overall

factor.

We may gain an analytic understanding of the adiabatic path length by

considering the metric close to the tricritical point. From Equation (B.28)

and Equation (B.31) it is straightforward to show that

∂µ|GS〉 =
i

2

∑
0<k<π

∂µθk|k〉. (B.38)
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Figure B.2: Adiabatic path length as a function of n. The black lines show
the scalings l ∝ n, n2, n3.

It then follows immediately from the definition in Equation (3.5) that

gµν =
∑

0<k<π

1

64E2
k

(∂µθk)(∂νθk). (B.39)

With λ1 = J1 and λ2 = J2, this result may be written in matrix form as

g =
∑

0<k<π

sin2 k

64E6
k

 (h− J2)2 (h− J2)(2h cos k + J1)

(h− J2)(2h cos k + J1) (2h cos k + J1)2

 .

(B.40)

In the thermodynamic limit, the momentum sum turns into an integral, which

can be evaluated analytically. Setting h = 1 and parametrizing J1 = 2 +

η cosα, J2 = 1 + η sinα, we expand the the result close to the tricritical point
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(small η) to obtain

G =
∑
µ,ν

gµν
dλµ
dη

dλν
dη

(B.41)

≈ 3n

2048
×


1
32

sin2 α
(cosα−sinα)5/2

η−5/2 +O(η−3/2), −3π
4 < α < π

4

1
| sin3 α|η

−5 +O(η−4), π
4 < α < 5π

4

. (B.42)

The first case corresponds to the ferromagnetic phase, while the second case

applies to the paramagnetic and cluster-state-like phases. In both cases, the

adiabatic metric diverges as a power law, G ∼ nη−ρ, with ρ = 5/2 in the

ferromagnetic phase and ρ = 5 otherwise.

For finite sized systems, one can show that exactly at the critical point

G ∼ nσ, where σ = 6, in any direction not parallel to the J1 axis. Based on

finite-sized scaling arguments, we expect that the metric follows the expression

for the infinite system as we approach the tricritical point until it saturates

to the final value G ∼ nσ. We are thus led to define a critical region η < ηc

determined by nη−ρc ∼ nσ, where the metric is approximately constant. These

arguments imply that the path length should scale according to

l ∼ n(2−2σ+ρσ)/(2ρ) ∼


n, −3π

4 < α < π
4

n2, π
4 < α < 5π

4

. (B.43)

The above prediction agrees well with the numerical results for paths (ii)–

(iv) in Figure B.2, however, it fails for path (i), for which a cubic scaling

is observed. Figure B.3 shows that the scaling hypothesis breaks down in

the latter case and oscillatory terms in G contribute significantly to the path
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length l. The oscillatory terms can be attributed to the fact that the dispersion

minimum is neither at k = 0 or k = π as the tricritical point is approached

from the ferromagnetic phase, thereby giving rise to an incommensurate length

scale that breaks scale invariance.

10-8 100

100

1030

1010

1020

10-210-410-610-8 10010-210-410-6

1015

105

10-5

ba

Figure B.3: Adiabatic metric G as a function of the distance η from the
tricritical point when approaching from the ferromagnetic phase (left panel)
and the paramagnetic phase (right panel). The different colors correspond to
the system sizes indicated in the legend in the right panel. The black curves
show the analytic result for an infinite chain.

A similar analysis can be performed at the phase transition between the

paramagnet and the ferromagnet, away from the tricritical point. One finds

that the adiabatic path length defined always scales linearly with the system

size.

B.3 Weighted independent set problem

B.3.1 Parent Hamiltonian

For the weighted independent set problem, we use the Metropolis–Hastings

update rule [107] instead of Glauber dynamics. A move is accepted with
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probability paccept = min(1, e−β∆E), where ∆E is the change in energy. With

single site updates, the probability of changing the occupation of vertex i is

given by

pi = Pie
−βwini , (B.44)

assuming that the weight is nonnegative. The projector Pi =
∏
j∈Ni(1 − nj)

projects onto configurations where the nearest neighbors Ni of vertex i are all

unoccupied. It ensures that the Markov chain never leaves the independent

set subspace. We do not consider the possibility in which the Markov chain

is initialized in a state outside this subspace such that it suffices to consider

transitions within. Following the same steps as in Section B.2.1, we derive

the parent Hamiltonian

Hq =
∑
i

Pi

[
e−βwini − e−βwi/2σxi

]
. (B.45)

This can be brought into the form of Equation (3.6) by expanding e−βwini =

(1− ni) + e−βwini.

B.3.2 Chain graph

The parent Hamiltonian for the (unweighted) maximum independent set prob-

lem on a chain has been previously discussed in a different context [110, 111].

For general parameters, the Hamiltonian is not exactly solvable and we instead

use numerical diagonalization. The complexity of the problem is reduced as

we only need to consider the subspace of independent sets. For a chain of n

vertices with open boundary condition, the dimension of the Hilbert space is

equal to Fn+2, where Fn is the nth Fibonacci number. We consider periodic
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boundary conditions, for which the dimension is Fn−1 + Fn+1. We further

restrict ourselves to states that are invariant under translation (zero momen-

tum). Assuming that the initial state satisfies this condition, the evolution

will be restricted to only these states since the Hamiltonian is translationally

invariant. We find that for n = 24 vertices, the dimension of this subspace

is d = 4341, which is amenable to exact diagonalization with modest compu-

tational effort. For n = 30, we have d = 62075, still allowing us to find the

low-energy states in a short amount of time using a Lanczos type algorithm.

The gap as a function of β along the one-parameter family Hq(β) is shown

in Figure B.4. At high temperature, the gap decays as e−2β , in agreement

with previous analytic results [111]. At low temperature, we observe that the

gap depends on both temperature and system size as e−β/n2. The quadratic

dependence on n is a consequence of the diffusive propagation of domain

walls, i.e. pairs of holes that break up the Z2 ordering. For the domain walls

to propagate, it is necessary to de-excite an adjacent vertex. This results in

an energy barrier, giving rise to the additional factor e−β .

Due to exponentially vanishing gap it is not possible to adiabatically reach

the zero temperature Gibbs state along path (i) discussed in Section 3.4.1. We

therefore only prepare the Gibbs state at βc = 2 log n, whose overlap with the

zero temperature Gibbs state is approximately 90%, almost independent of

n. The constant overlap reflects the fact that the correlation length at βc is a

fixed ratio of the system size. It is possible to increase the overlap by adding a

constant to βc without changing the scaling behavior discussed here. To deter-

mine the state preparation fidelity, we numerically integrate the Schrödinger

equation by exactly diagonalizing the Hamiltonian at discrete time steps ∆t.
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Figure B.4: Gap of the parent Hamiltonian for the maximum independent set
problem on a chain graph along the one-parameter family Hq(β). (a) Gap
for four different system sizes as a function of β. The black lines show the
functions e−2β and e−β up to a constant pre-factor. The dependence e−2β

is theoretically expected at low temperature [111], although we find that in
the zero-momentum subspace, it only holds for large systems at temperatures
satisfying β & 2. (b) Dependence of the gap on the number of vertices n at
β = 8. The black line indicates the power law 1/n2.

The steps are chosen such that ∆t |d|GS〉/dt| = 10−3, where |GS〉 denotes the

instantaneous ground state. The expression is most conveniently evaluated

using the identity |d|GS〉/dt|2 =
∑

n |〈n|dH/dt|GS〉|2/(En−EGS)2, where the

sum runs over all excited states |n〉 with energy En. The time step is related

to the change in the parameters along the path by Equation (3.4). The re-

sulting fidelity as a function of the paramter ε is shown in Figure B.5. As for

the Ising chain, the fidelity satisfies approximately 1−F ∝ ε2, independent of

the number of vertices n. The same is true along path (ii), for which it is in

fact possible to adiabatically reach the zero-temperature Gibbs state in finite

time.

The fact that the fidelity at a fixed value of ε is approximately independent

of n again allows us to understand the adiabatic state preparation time ta in
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Figure B.5: Infidelity 1−F of the adiabatic state preparation as a function of
ε for the two paths (see Table B.2 for an explicit parametrization). Path (i)
terminates at βc = 2 log n, while path (ii) is continued to β →∞. The black
crosses indicate where the indifidely first drops below 10−3.

path Ω/Vg Ve/Vg

(i) e−β/2 e−β

(ii) e−β/2 6e−β − 5e−β/2

Table B.2: The two paths for the independent set problem on the chain graph
discussed in Section 3.4.1. The parameter β ranges from 0 to ∞ and corre-
sponds to the inverse temperature of the Markov chain in the case of path
(i).

terms of the adiabatic path length l in Equation (B.37). The adiabatic path

length from β = 0 to a point along paths (i) and (ii) is plotted in Figure B.6.

For large β, the adiabatic path length diverges as eβ/2L3 along path (i), which

leads to the scaling ta ∼ n4 when setting β = βc = 2 log n. By contrast, l

converges to a finite value as β →∞ along path (ii). The value grows linearly

with n such that ta ∼ n.
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Figure B.6: Adiabatic path length, Equation (B.37), from 0 to β along the
paths (i) and (ii). The dashed lines in (i) show a fit to the function Aeβ/2n3,
with constant A, to the value of l at β = 10. Similarly, in (ii), l at β = 10
was fitted to the linear function Bn+ C.

B.3.3 Star graph

Classical phase transition

The classical phase transition temperature for the model described in Sec-

tion 3.4.2 can be computed exactly. The partition function is given by

Z =
(

1 + 2eβ
)b

+ ebβ
(

1 + eβ
)b
. (B.46)

The two terms correspond to the different configurations of the central vertex.

The probability that the central site is occupied is given by

p1 =
1

Z
ebβ
(

1 + 2eβ
)b

=

[
1 +

(
1 + 2eβ

eβ + e2β

)b]−1

. (B.47)

In the thermodynamic limit b → ∞, this turns into the step function p1 =

Θ(β − βc), where βc = logϕ with ϕ = (
√

5 + 1)/2 being the golden ratio.

From the Helmholtz free energy F = − logZ/β and the total energy U =
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−∂ logZ/∂β, the entropy can be computed as S = β(U − F ).

Two-state model

The star graph described in Section 3.4.2 has three types of vertices: the

vertex at the center and the inner and outer vertices on each branch. If

we maintain the permutation symmetry between the branches, the parent

Hamiltonian takes the general form

Hq =Ve,cenncen + Vg,cenPcen(1− ncen)− ΩcenPcenσ
x
cen (B.48)

+ Ve,in

b∑
i=1

nin,i + Vg,in

b∑
i=1

Pin,i(1− nin,i)− Ωin

b∑
i=1

Pin,iσ
x
in,i

+ Ve,out

b∑
i=1

nout,i + Vg,out

b∑
i=1

Pout,i(1− nout,i)− Ωout

b∑
i=1

Pout,iσ
x
out,i,

where each row relates to a separate type of vertex and the sums run over all

branches. With the weights specified in Section 3.4.2, we have Ve,cen = e−bβ ,

Ve,in = Ve,out = e−β , Vg,cen = Vg,in = Vg,out = 1, Ωcen = e−bβ/2, Ωin = Ωout =

e−β/2 along the one-parameter family Hq(β).

We restrict our analysis to the subspace that is completely symmetric un-

der permutations of the branches. We introduce the total occupation numbers

nin =
∑b

i=1 nin,i and nout =
∑b

i=1 nout,i as well as the number of unoccupied

branches n0. The symmetric subspace is spanned by the states

|ncen, nin, nout, n0〉, (B.49)

where ncen ∈ {0, 1} while the other occupation numbers are nonnegative inte-

gers satisfying nin +nout +n0 = b. If ncen = 1, the independent set constraint
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further requires nin = 0. Each of the states in Equation (B.49) is an equal

superposition of b!/(nin!nout!n0!) independent configurations. The dimension

of the completely symmetric subspace is (b+ 1)(b+ 4)/2.

The permutation symmetry leads to a bosonic algebra. We define the

bosonic annihilation operators bin, bout, and b0, respectively associated with

the occupation numbers nin, nout, and n0, which may be viewed as a general-

ization of Schwinger bosons. We split up the Hamiltonian into blocks where

the central spin is either 0 or 1 as well as an off-diagonal term coupling them.

Explicitly,

Hq = H(0)
q ⊗ (1− ncen) +H(1)

q ⊗ ncen +H(od)
q ⊗ σxcen. (B.50)

In terms of the bosonic operators

H(0)
q =

(
b†in, b†out, b†0

)
Ve,in 0 −Ωin

0 Ve,out −Ωout

−Ωin −Ωout Vg,in + Vg,out



bin

bout

b0


+ Vg,cenP (nin = 0), (B.51)

H(1)
q =

(
b†out, b†0

)Ve,out −Ωout

−Ωout Vg,out


bout

b0

+ Ve,cen, (B.52)

H(od)
q = −ΩcenP (nin = 0), (B.53)
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where P (nin = 0) projects onto states with no occupied inner vertices.

We diagonalize the Hamiltonian by treating the projectors perturbatively.

We focus on the situation where all paremeters follow the one-parameter fam-

ily Hq(β) except for Ωcen and Ve,cen, which may be adjusted freely. By diago-

nalizing the matrices in Equation (B.51) and Equation (B.52), we identify the

lowest energy modes of the quadratic parts of H
(0)
q and H

(1)
q and associate

with them the bosonic annihilation operators c0 and c1, respectively. Both

modes have zero energy while the other modes are gapped at any finite value

of β. We may thus expect the ground state to be well approximated in the

subspace spanned by

|ψ0〉 =
1√
b!
c†b0 |0〉, |ψ1〉 =

1√
b!
c†b1 |0〉, (B.54)

where |0〉 denotes the bosonic vacuum. One can verify that along the one-

parameter family Hq(β), these states correspond to the Gibbs state of the star

with the central spin held fixed.

Next, we perform a Schrieffer–Wolff transformation [223] to project onto

the subspace spanned by |ψ0〉 and |ψ1〉. We arrive at an effective Hamiltonian

Heff =

ε0 + δε0 −J − δJ

−J − δJ Ve,cen + δε1

 , (B.55)
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where the terms

ε0 = 〈ψ0|P (nin = 0)|ψ0〉 =

(
1 + eβ

1 + 2eβ

)b
, (B.56)

J = Ωcen〈ψ1|P (nin = 0)|ψ0〉 = Ωcen

(
1 + eβ

1 + 2eβ

)b/2
(B.57)

are obtained from projecting the full Hamiltonian onto the low-energy sub-

space. The correction from coupling to excited states, as given by the Schrief-

fer–Wolff transformation to lowest nontrivial order, are

δε0 = −ε0

∑
n

1

En
|〈n|σxcen|ψ1〉|2 (B.58)

δε1 = −Ω2
cen

∑
n

1

En
|〈n|σxcen|ψ1〉|2 (B.59)

δJ = −Ωcen
√
ε0

∑
n

1

En
|〈n|σxcen|ψ1〉|2 (B.60)

where we used the relation P (nin = 0)|ψ0〉 =
√
ε0σ

x
cen|ψ1〉, which holds along

the paths of interest. The sums run over all excited states |n〉 of the unper-

turbed part of H
(0)
q with energy En. We further neglected a term Ve,cen in

the energy denominator, which is justified as long as Ve,cen is small compared

to En. The discussion remains valid even if this is not the case because the

shifts from the Schrieffer–Wolff transformation can then be ignored as far as

the ground state is concerned.

The effective Hamiltonian may be written as

Heff =

 (1− f)ε0 −(1− f)J

−(1− f)J Ve,cen − fΩ2
cen

 , (B.61)
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where f =
∑

n |〈n|σxcen|ψ1〉|2 /En. We find numerically that f decays as an

inverse power law in b such that our approximations are well justified in

the thermodynamic limit. Along the one-parameter family Hq(β), we have

Ve,cen = Ω2
cen such that Heff depends on f only through an overall factor

(1 − f), which tends to 1 in the limit of large b. The phase transition of

the underlying classical model manifests itself as a first-order quantum phase

transition from |ψ0〉 to |ψ1〉. The transition occurs when the two states are

resonant, ε0 = Ve,cen, which can be solved to give βc = log(1 +
√

5)/2 as ex-

pected. The tunneling rate at the phase transition point is given by J = ϕ−b,

which bounds both the mixing time of the Markov chain and the time to adi-

abatically cross the phase transition along the one-parameter family Hq(β)

by tm,a & ϕb.

Following the discussion in Section 3.4.2, we expect an improvement of

the adiabatic state preparation time by increasing the value of Ωcen. We first

observe that the Gibbs state at β = 0 can be efficiently prepared as it can

be connected to the product state of all vertices unoccupied by a gapped

path. For instance, one can start with Ve,i = 1 and Vg,i = Ωi = 0. Next,

all Ωi are ramped up to 1 before doing the same for Vg,i. One may then

consider a path where Ωcen is held constant at 1 while all other paramters,

including Ve,cen, are varied according to Hq(β) from β = 0 to the desired final

value of β (assumed to be below the phase transition). The time required

to cross the phase transition is again ta ∼ 1/J , where J is evaluated at the

phase transition. The term fΩ2
cen in the effective Hamiltonian shifts the phase

transition close to β = 0 such that ta ∼ (3/2)b/2. However, this does not yet

result in a speedup for preparing the Gibbs state as one still has to decrease
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Ωcen to its final value e−bβ/2. It turns out that this step requires passing

once again through a critical region, despite not crossing the phase transition

a second time, which causes a slowdown that negates the speedup from the

first segment of the path. In principle, it is possible to cross through this

critical region within the sudden approximation. This will result in a final

state infidelity on the order of 1 − F ∼ f since f quantifies the degree to

which excited states are admixed.

A slight modification of the path achieves a final state infidelity that is not

only polynomially but exponentially small in b: First, Vcen is lowered from its

initial value 1 to −1, which can be done in time ta ∼ (3/2)b/2 as before. Next,

all other parameters are varied along Hq(β) for which only a time polynomial

in b is required. Finally, Ve,cen is ramped to its final value e−bβ . This last step

may in fact be omitted as the overlap of the state at Ve,cen = −1 with the

state at Ve,cen = e−bβ is already exponentially close to unity.
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Appendix C

Supporting material for

Chapter 5

C.1 Regularization of the Green’s function

In this appendix, we discuss how to evaluate the expression for ∆(k) in Equa-

tion (5.10). Numerically, one can in principle evaluate Equation (5.7) directly,

but the sum in momentum space often converges faster. In both cases, we have

to subtract the divergent self-interaction term. More accurately, we should

have defined

∆(k) = − 3πγ0

(ω0/c)

[
1

A

∑
B

ReG(k + B; 0, 0;ω0)− ReG(0, 0;ω0)

]
. (C.1)

The first Green’s function has been Fourier transformed in the x and y coor-

dinate, whereas the second Green’s function is taken to be fully in position

174



space. From Equation (5.11), we have

G(k; 0, 0;ω) =
i

2kz


(ω/c)2 − k2

x −kxky 0

−kxky (ω/c)2 − k2
y 0

0 0 k2
x + k2

y


+

1

(ω/c)2
δ(z = 0)ẑẑ. (C.2)

The delta function corresponds to a self-interaction, which will drop out of

Equation (C.1) and can therefore be safely ignored. We introduce a Gaussian

regulator to define the function

GΛ(k; 0, 0;ω) =
i

2kz
e−k

2/Λ2


(ω/c)2 − k2

x −kxky 0

−kxky (ω/c)2 − k2
y 0

0 0 k2
x + k2

y

 , (C.3)

where Λ is a momentum cutoff. Cutting of high momenta modifies the Green’s

function on short length scales such that the regularized Green’s function

evaluated at the source point,

GΛ(0, 0;ω) =

∫
d2k

(2π)2
GΛ(k; 0, 0;ω), (C.4)
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is now finite. A straightforward calculation yields

ReGΛ(0, 0;ω) = − Λ

32
√
π(ω/c)2

e−(ω/c)2/Λ2
(C.5)

×


Λ2 − 2(ω/c)2 0 0

0 Λ2 − 2(ω/c)2 0

0 0 −2Λ2 − 4(ω/c)2

 .

Equation (C.1) can now be evaluated as

∆(k) = − 3πγ0

(ω0/c)
lim

Λ→∞

[
1

A

∑
B

ReGΛ(k + B; 0, 0;ω0)− ReGΛ(0, 0;ω0)

]
.

(C.6)

Numerically, fast convergence is observed by choosing a large but finite value

of Λ.
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Appendix D

Supporting material for

Chapter 6

D.1 Selection rules

Selection rules in a semiconductor are a consequence of the discrete symmetry

of its crystal lattice [224]. The lattice of TMDs has the symmetry of the point

group D3h. Since we are interested in wavefunctions at the corners of the

Brillouin zone, the relevant subgroup for the selection rules is C3h, which is

an Abelian group with six elements: the identity E, rotations C3 and C2
3

about an axis perpendicular to the plane of the TMD by an angle 2π/3 and

4π/3, respectively, a reflection σh in the plane of the TMD, and the combined

operations S3 = σhC3 and S5
3 = σhC

2
3 .

Since the group is Abelian, the Bloch wavefunctions at the K and K ′

points must be eigenfunctions under these symmetry operations. For each

group operation g, we have ψ(gr) = χgψ(r), where χg is the character of g

in the representation that the wavefunction belongs to. There are six distinct

177



representations of C3h whose characters are given in Table D.1.

C3h E C3 C2
3 σh S3 S5

3

A′ 1 1 1 1 1 1
E′+ 1 ϕ ϕ∗ 1 ϕ ϕ∗

E′− 1 ϕ∗ ϕ 1 ϕ∗ ϕ
A′′ 1 1 1 -1 -1 -1
E′′+ 1 ϕ ϕ∗ -1 -ϕ -ϕ∗

E′′− 1 ϕ∗ ϕ -1 -ϕ∗ -ϕ

Table D.1: Character table of C3h. The leftmost column shows the name of
the six representations. Each number indicates the character associated with
the group operation in the top row. (ϕ = e2πi/3)

A vector v belongs to a reducible representation that can be decomposed

into E′+⊕E′−⊕A′′. The first two representations are associated with the linear

combinations of the components vx ± ivy, while the vz component belongs to

A′′. In-plane, circularly polarized couples a wavefunction in representation R

to only to wavefunctions in representation E′± ⊗ R. Similarly two wavefunc-

tions may have a nonvanishing dipole matrix element along the z axis if their

respective representations R and R′ satisfy R′ = A′′ ⊗R.

A′ E′+ E′− A′′ E′′+ E′′−

A′ A′ E′+ E′− A′′ E′′+ E′′−
E′+ E′− A′ E′′+ E′′− A′′

E′− E′+ E′′− A′′ E′′+
A′′ A′ E′+ E′−
E′′+ E′− A′

E′′− E′+

Table D.2: Multiplication table of C3h. Each entry shows the result of multi-
plying the representations indicated in the leftmost column and top row. The
entries of the lower triangle are equal to the upper triangle as the multiplica-
tion of representations commutes.
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The Bloch wavefunction of the valence band at K is dominated by the

d+2 orbitals of the transition metal atoms. Hence, it belongs to the represen-

tation E′−.1 Due to time reversal symmetry, the representation of the valence

band wavefunction at K ′ must be E′+. In both valleys, the conduction band

wavefunction is made up of d0 orbitals of the metal atoms, which implies

that it belongs to the representation A′. From Table D.2, we can see that

A′ = E′+ ⊗ E′−. Hence, the valence and conduction band are connected by a

circularly polarized dipole transition with opposite handedness for the K and

K ′ valleys.

So far, we ignored the role of spin. To derive the selection rules in the

presence of spin–orbit coupling, it is necessary to consider so-called double

groups [224, 225]. Double groups allow for the possibility that a wavefunc-

tion picks up a negative sign upon rotation by 2π as is the case in systems

with noninteger spin. For C3h, whose double group is denoted by C∗3h, this

introduces six new group operations and six new representations, which are

listed in Table D.3. The representations of a wavefunction with spin can

be found by multiplying its spinless representation (orbital character) by the

representations ±1/2. The relevant multiplication table is given in Table D.4.

For the valence band at the K point, we find that representations of the

spin-split bands are +1/2 ⊗ E′− = +5/2 and −1/2 ⊗ E′− = +3/2. The sign

of the spin–orbit coupling is such that the +5/2 states are higher in energy

as the spin is fully aligned with the orbital angular moment [138]. For the

conduction band, we have ±1/2 ⊗ A′ = ±1/2. It is not possible to decide

the ordering of the spin-split conduction bands because the first-order energy

1A simple description of the symmetries of the bands can be found in reference [138].
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correction from spin–orbit coupling vanishes due to the d0 orbital character

and higher order shifts may have either sign.

The resulting selection rules, which are readily obtained using Table D.4,

are shown in Figure D.1. In addition to a pair of transitions with the same

selection rule as in the spinless case, there is a z polarized transition from the

upper valence band. In the limit, where spin–orbit coupling can be treated

perturbatively, the circularly polarized transitions are approximately spin con-

serving, while the z polarized transition flips the spin. The spin flip is enabled

by spin–orbit coupling, which mixes the A′ orbital, −1/2 spin state of the con-

duction band with E′′− orbital, +1/2 spin states, which are then connected to

the valence band via a z polarized transition. The dipole element of the z

polarized transition is proportional to the spin–orbit coupling strength and

therefore expected to be much weaker than the circularly polarized transi-

tions. The A′ orbital, +1/2 spin state is coupled to E′′+, −1/2 states, which

cannot be connected to the valence band via a dipole transition.

Figure D.1: Representation of the highest valence band and lowest conduction
band at the K valley. The left panel shows the spinless case, while the right
panel includes spin–orbit coupling (SOC). The arrows indicate dipole allowed
transitions and their selection rules.
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D.2 Transfer matrix method

The Green’s function in a layered system with translational invariance in the

xy plane can be computed using a transform matrix method. At normal inci-

dence, we may consider a single polarization of the electric field. The electric

field can be decomposed into upward (+) and downward (−) propagating

components as E(z) = E+(z) + E−(z). The field at some point z can be

related to the field at z′ < z by the transfer matrix T (z′, z) according to

E+(z′)

E−(z′)

 = T (z′, z)

E+(z)

E−(z)

 (D.1)

Any transfer matrix can be decomposed into propagation within layers with

constant permittivity and transfer across interfaces. Propagation in a layer

with permittivity ε is described by the transfer matrix

Tprop(z′, z) =

ei√εk0(z′−z) 0

0 e−i
√
εk0(z′−z)

 (D.2)

where k0 = ω/c. For transfer across an interface from ε above to ε′ below, we

have

Tinterface(ε
′, ε) =

1

2
√
ε′

 √ε+
√
ε′ −

√
ε+
√
ε′

−
√
ε+
√
ε′

√
ε+
√
ε′

 . (D.3)

The reflection coefficient r0 of a stack can be found from the relation

0

t0

 = T (zb, za)

r0

1

 , (D.4)
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where t0 is the transmission coefficient. The coordinate za denotes a position

above the top layer, while zb is located below the bottom layer.

Next, we consider a source at position z. At za the field only propagates

upwards such that

G(z, z) = (1, 1)T (z, za)

G(za, z)

0

 . (D.5)

Here G(z, z′) is a shorthand for one of the diagonal, in-plane components of

G(k = 0; z, z′;ω). If we instead place a source at za, we obtain

G(z, za) =
i

2k0
(1, 1)T (z, za)

r0

1

 . (D.6)

The factor i/2k0 originates from the value of the free space Green’s function

G0(z, z). These equations can be solved for any pair of points by making use

of the fact that G(z, z′) = G(z′, z).

For completeness, we demonstrate explicitly that G(z, za) = G(za, z).

Solving for r0 and plugging the result into Equation (D.6) yields

G(z, za) = − i

2k0

1

T11(zb, za)

× (1, 0)T (zb, za)

 0 1

−1 0

T (z, za)
T

0 −1

1 0


−1

1

 (D.7)
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The transfer matrices have the symplectic properties

 0 1

−1 0

T Tprop(z′, z)

0 −1

1 0

 = T−1
prop(z′, z) (D.8)

and  0 1

−1 0

T Tinterface(ε
′, ε)

0 −1

1 0

 =

√
ε

ε′
T−1

interface(ε
′, ε), (D.9)

from which it follows that 0 1

−1 0

T (z, za)
T

0 −1

1 0

 =
1
√
εs
Ta(z, za)

−1, (D.10)

where εs is the permittivity at the location z. Hence,

G(z, za) = − i

2
√
εsk0

1

T11(zb, za)
(1, 0)T (zb, z)

−1

1

 . (D.11)

By placing a source at z, one can further show that

 0

G(zb, z)

 = T (zb, za)

G(za, z)

0

+
i

2
√
εsk0

T (zb, z)

−1

1

 , (D.12)

which together with Equation (D.11) establishes that G(z, za) = G(za, z).
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Appendix E

Supporting material for

Chapter 7

E.1 Linear response

The reflection and transmission coefficients of a TMD (or any other two-

dimensional, resonant emitter) are given by [167]

rTMD(δ) = − iγ/2

δ + i(γ + γ′)/2
, tTMD(δ) =

δ + iγ′/2

δ + i(γ + γ′)/2
. (E.1)

The transmission and reflection coefficients for the entire system, including

the mirror, can be obtained by summing over all multiple reflection processes:

r(δ) =rTMD(δ) (E.2)

+ tTMD(δ)2r0e
2ikd

[
1 + rTMD(δ)r0e

2ikd + rTMD(δ)2r2
0e

4ikd + · · ·
]
,

t(δ) =tTMD(δ)
[
1 + rTMD(δ)r0e

2ikd + rTMD(δ)2r2
0e

4ikd + · · ·
]
t0e

ikd. (E.3)
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Here, k = k0 + δ/c is the wavenumber of the incident light. By evaluating the

geometric sums, we obtain

r(δ) = r0e
2ikd − iγ/2(1 + r0e

2ikd)2

δ + iγ/2(1 + r0e2ikd) + iγ′/2
, (E.4)

t(δ) =
δ + iγ′/2

δ + iγ/2(1 + r0e2ikd) + iγ′/2
t0e

ikd. (E.5)

It is easily verified that perfect transmission (zero reflection) occurs when

γ′ = 0, δ = ±(γ/2)|t0|/|r0|, and r0e
2ikd = −|r0|2 ± i|r0||t0|.

E.2 Heisenberg–Langevin equation

We derive a Heisenberg–Langevin equation for a two-dimensional emitter in

front of a partially reflecting mirror [Equation (7.1)]. If the system is trans-

lationally invariant in the plane of the emitter, conservation of momentum

allows us to consider each in-plane momentum component separately. The

Hamiltonian for the zero-momentum components is given by

H = H0 +
∑
k

ωkd
†
kdk + i

∑
k

gk

(
d†ka− a

†dk

)
, (E.6)

where a is the annihilation operator of a delocalized excitations (excitons in

case of a TMD) and dk is the photon annihilation operators for a plane-wave

mode with momentum k normal to the mirror and the emitter. At this stage,

the Hamiltonian only includes free-space photonic modes. The mirror will be

introduced below by imposing suitable boundary conditions. We expect the

form of the Hamiltonian to remain valid to a good approximation for a finite-

sized system if the incident beam is chosen such that only a single transverse
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mode needs to be taken into account at the location of the emitter. In this

case, the operators a and dk correspond to states whose transverse profile is

determined by the incident light.

Following the input–output formalism in reference [171], we make the

Markov approximation, gk ≈
√
γ/2, within which the evolution of some sys-

tem operator Q may be written as

Q̇ =− i [Q,H0] + γ

(
a†Qa− 1

2

{
Q, a†a

})
(E.7)

+

√
γ

2

(
b†in,R [Q, a]−

[
Q, a†

]
bin,R

)
+

√
γ

2

(
c†in [Q, a]−

[
Q, a†

]
cin

)
,

where the input fields are defined as

bin,R(t) =
∑
k>0

dk(t0)e−iωk(t−t0), cin(t) =
∑
k<0

dk(t0)e−iωk(t−t0) (E.8)

for an early time t0 → −∞. In order to account for the mirror, we apply

boundary conditions to the electric field. The electric field is computed within

the Markov approximation assuming a linear dispersion relation ωk = kc. For

the field propagating to the right, we obtain

E+
R (z, t) ∝

∑
k>0

gkdk(t)e
ikz ∝


bin,R(t− z/c) if z < 0

cout(t− z/c) if 0 < z < d

bout,R(t− (z − d)/c) if d < z

, (E.9)
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while for left-moving modes

E+
L (z, t) ∝

∑
k<0

gkdk(t)e
ikz ∝


bout,L(t+ z/c) if z < 0

cin(t+ z/c) if 0 < z < d

bin,L(t+ (z − d)/c) if d < z

. (E.10)

Here we introduced

cout(t) = bin,R(t) +

√
γ

2
a(t), bout,L(t) = cin(t) +

√
γ

2
a(t). (E.11)

The operators bout,R and bin,L correspond to the field to the right of the mirror.

They are determined by the boundary conditions at the mirror,

cin(t) = r0cout(t− 2d/c) + t0bin,L(t− d/c), (E.12)

bout,R(t) = t0cout(t− d/c)−
t0
t∗0
r∗0bin,L(t), (E.13)

where we used the fact that for a nonabsorbing mirror, the transmission coef-

ficients from both sides are identical, while the reflection coefficient from the

right is −t0r∗0/t∗0, given the reflection coefficient r0 from the left. Figure E.1

illustrates the physical interpretation of the various photon operators.

The dynamics of the system and the electric field are in principle fully de-

termined by Equations (E.7), (E.11), (E.12), and (E.13) along with initial con-

ditions for the input fields bin,R and bin,L. However, the equations are nonlocal

in time, which renders them difficult to solve. To turn them into local equa-

tions, we neglect retardation, a(t−2d/c) ≈ e2ik0da(t), and we assume that the

input field is sufficiently narrow band such that bin,R(t−2d/c) ≈ e2ik0dbin,R(t)
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Figure E.1: Photon operators used in the input–output formalism.

and bin,L(t − 2d/c) ≈ e2ik0dbin,L(t). The validity of these approximations

will be discussed below. Substituting back into Equation (E.7) yields the

Heisenberg–Langevin equation

Q̇ =− i
[
Q,H0 +

γ

2
Im
(
r0e

2ik0d
)
a†a
]

+ γ
[
1 + Re

(
r0e

2ik0d
)](

a†Qa− 1

2

{
Q, a†a

})
−
√
γ

2

([
Q, a†

] (
1 + r0e

2ik0d
)
bin,R + h.c.

)
−
√
γ

2

([
Q, a†

]
t0e

ik0dbin,L + h.c.
)
, (E.14)

which is supplemented by the input–output relations

bout,R(t) = t0e
ik0dbin,R(t)− t0

t∗0
r∗0bin,L(t) +

√
γ

2
t0e

ik0da(t), (E.15)

bout,L(t) = r0e
2ik0dbin,R(t) + t0e

ik0dbin,L(t) +

√
γ

2

(
1 + r0e

2ik0d
)
a(t). (E.16)

For all remaining calculations, we assume that the input fields are prepared

in a coherent states. It is then convenient to write the Heisenberg–Langevin
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equation as

Q̇ =− i
[
Q,H0 +

γ

2
Im
(
r0e

2ik0d
)
a†a− i

(
Ωa† − Ω∗a

)]
+ γ

[
1 + Re

(
r0e

2ik0d
)]
a†Qa− 1

2

[
Q, a†a

]
+ FQ (E.17)

where we defined the Rabi frequency

Ω =

√
γ

2

(
1 + r0e

2ik0d
)
〈bin,R〉+

√
γ

2
t0e

ik0d〈bin,L〉 (E.18)

and the Langevin noise term

FQ =−
√
γ

2

([
Q, a†

] (
1 + r0e

2ik0d
)

(bin,R − 〈bin,R〉) + h.c.
)

−
√
γ

2

([
Q, a†

]
t0e

ik0d(bin,L − 〈bin,L〉) + h.c.
)
. (E.19)

The Langevin noise term has the important property 〈FQ〉 = 0 for any Q. We

have thus arrived at Equation (7.1) up to the additional dissipative terms γ′

and χ2.

We next comment of the validity of the Heisenberg–Langevin equation.

The Markov approximation gk ≈
√
γ/2 requires that gk varies little over the

range ω0 ± γ. In free space, this leads to the conditions γ � ω0, which

is typically satisfied for optical transitions and for TMDs in particular. To

understand the conditions under which it is justified to neglect retardation,

we switch to a frame that rotates according to

a(t) = ã(t)e−iω0t. (E.20)
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We can then expand

a(t− 2d/c) ≈
[
ã(t)− 2d

c
˙̃a(t)

]
e−iω0(t−2d/c). (E.21)

The magnitude of ˙̃a compared to ã is given by 1/τS , where τS denotes the

typical timescale over which the system evolves nontrivially. By following the

derivation that led to the Heisenberg–Langevin equation, we obtain a relative

correction of order γd/cτS . The correction can be certainly neglected if it is

smaller than the decay rate, which leads to the condition

1

τS
�
[
1 + Re

(
r0e

2ik0d
)]
νFSR. (E.22)

There are four frequency scales that determine the time scale of the sys-

tem: the detuning δ, the Lamb shift (γ/2) Im
(
r0e

2ik0d
)
, the decay rate γ +

γ Re
(
r0e

2ik0d
)
, and the nonlinearity χ1,2. By taking the detuning to be com-

parable to the Lamb shift, we obtain the three conditions

γ �
1 + Re

(
r0e

2ik0d
)

| Im (r0e2ik0d)|
νFSR, (E.23)

γ � νFSR, (E.24)

χ1,2 �
[
1 + Re

(
r0e

2ik0d
)]
νFSR. (E.25)

A similar argument can be applied to the input fields, showing that their time

dependence can be approximated as ∼ e−iω0t provided the bandwidth and,

again, the detuning, are small compared to
[
1 + Re

(
r0e

2ik0d
)]
νFSR.

At the Fabry–Pérot resonance, we have r0e
2ik0d = −R0 ± i

√
R0T0, which
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yields two sufficient conditions:

γ �
√
T0

R0
νFSR, χ1,2 � T0νFSR (E.26)

With a wavelength scale separation between the TMD and the mirror (νFSR ∼

ω0), both conditions are readily met for the values of T0 required to achieve

antibunching.

E.3 Photon statistics

We may use the input–output relations to relate expectation values and cor-

relation functions of the output field to functions of system operators. For

simplicity, let us assume that there is no incident field from the right, while the

field incident from the left is in a coherent state. It is convenient to introduce

the scaled operators

aL =
(1 + r0e

2ik0d)2

r0e2ik0d

a

2Ω/γ
, aR = (1 + r0e

2ik0d)
a

2Ω/γ
, (E.27)

where the Rabi frequency Ω is defined in Equation (E.18). The intensity

reflection and transmission coefficients may then be expressed as

R =
〈b†out,Lbout,L〉

〈b†in,Rbin,R〉
=
[
1 + 〈aL〉+ 〈a†L〉+ 〈a†LaL〉

]
R0, (E.28)

T =
〈b†out,Rbout,R〉

〈b†in,Rbin,R〉
=
[
1 + 〈aR〉+ 〈a†R〉+ 〈a†RaR〉

]
T0. (E.29)

It is straightforward to show that these expressions agree with the classi-

cal result in Equation (E.4) and Equation (E.5) in linear response (χ1 =
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χ2 = 0) under the same conditions for which the Heisenberg–Langevin equa-

tion is valid. For higher-order correlation functions, it is helpful to note

that input fields at later times commute with output fields at earlier times,

e.g. [bin,R(t), bout,R(0)] = 0 for t > 0, as a consequence of causality [171]. We

are interested in the normalized two-time correlation function of the trans-

mitted light, which thus evaluates to

g
(2)
T (t) =

〈b†out,R(0)b†out,R(t)bout,R(t)bout,R(0)〉

〈b†out,R(0)bout,R(0)〉〈b†out,R(t)bout,R(t)〉

=

(
T0

T

)2 {
1 + 2 [〈aR(0)〉+ c.c.]

+
[
〈aR(t)aR(0)〉+ 〈a†R(0)aR(t)〉+ 〈a†R(0)aR(0)〉+ c.c.

]
+
[
〈a†R(t)aR(t)aR(0)〉+ 〈a†R(0)aR(t)aR(0)〉+ c.c.

]
+ 〈a†R(0)a†R(t)aR(t)aR(0)〉

}
. (E.30)

E.4 Anharmonic oscillator

Above we have shown how to compute the properties of the scattered field

when the dynamics of the system are known. We now briefly outline how

to obtain the relevant correlation functions for the anharmonic oscillator de-

scribed in Chapter 7. The Hamiltonian in the rotating frame is given by

H = (∆− δ)a†a+
χ1

2
a†a†aa− i

(
Ωa† − Ω∗a

)
. (E.31)
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while the nonunitary evolution is captured by the sum of the three dissipators

D0[Q] = Γ

(
a†Qa− 1

2

{
Q, a†a

})
(linear decay), (E.32)

D1[Q] =
χ2

2

(
a†a†Qaa− 1

2

{
Q, a†a†aa

})
(nonlinear decay), (E.33)

D2[Q] = 2γd

(
a†aQa†a− 1

2

{
Q, a†aa†a

})
(pure dephasing), (E.34)

where we defined

∆ =
γ

2
Im
(
r0e

2ik0d
)
, Γ = γ̃ + γ′ = γ

[
1 + Re

(
r0e

2ik0d
)]

+ γ′. (E.35)

In addition to the linear and nonlinear decay terms, we included the dissipator

D2[Q] corresponding to pure dephasing at rate γd.

The time evolution of the oscillator is fully determined by the normal

ordered expectation values 〈a†man〉. A straightforward calculation yields

d

dt
〈a†man〉 =−

[
i(n−m)(∆− δ) + (n+m)

Γ

2
+ i(n(n− 1)−m(m− 1))

χ1

2

+(n(n− 1) +m(m− 1))
χ2

4
+ (n−m)2γd

]
〈a†man〉

− nΩ〈a†man−1〉 −mΩ∗〈a†m−1an〉

−
[
i(n−m)χ1 + (n+m)

χ2

2

]
〈a†m+1an+1〉. (E.36)

We can cast the above equations of motion into matrix form as

d

dt
〈a†man〉 =

∑
kl

Mmn,kl〈a† kal〉 (E.37)

To find the steady state, we note that 〈a† 0a0〉 = 1, which allows us to re-write
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the equation as

Mmn,00 +
∑

(k,l) 6=(0,0)

Mmn,kl〈a† kal〉 = 0. (E.38)

Assuming that there exists a unique steady state, as is the case for weak driv-

ing, we can numerically solve this equation by matrix inversion in a truncated

Fock space.

Once all the normal ordered expectation values are known, two-time corre-

lation functions can be obtained using the quantum regression theorem (valid

within the Markov approximation) [123]. Applied to our problem, the quan-

tum regression theorem states that

d

dt
〈a†(0)pa†(t)ma(t)na(0)q〉 =

∑
kl

Mmn,kl〈a†(0)pa†(t)ka(t)la(0)q〉, (E.39)

which can be readily integrated in a truncated Fock space with the initial

conditions determined by the steady-state solution. Hence, the two-time cor-

relation functions directly follow from the one-time expectation values.

E.5 Pure dephasing

In Chapter 7, we discussed the role of loss and provided an upper bound on

the loss rate γ′ for the quantum nonlinearity to be observable. In addition

to loss, excitons may also be subject to pure dephasing as described by the

dissipative term Equation (E.34). To explore the impact of pure dephasing, we

show in Figure E.2 plots analogous to Figure 7.1e and Figure 7.2d, replacing

the loss rate γ′ by the dephasing rate γd. The figures clearly indicate that
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a b

Figure E.2: (a) Transmission at the Fabry–Pérot resonance as a function of

the dephasing rate γd, c.f. Figure 7.1e. (b) g
(2)
T (0) as a function of γd and the

transmission coefficient T0 of the mirror in analogy with Figure 7.2d. We set
γ′ = 0 in both cases.

pure dephasing affects the linear and nonlinear response of the system in a

qualitatively and quantitatively similar fashion to loss. Hence, the system

parameters must satisfy

χ > T0γ > γd (E.40)

as well as Equation (7.6) in order to exhibit strong quantum nonlinear dy-

namics.
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Appendix F

Supporting material for

Chapter 8

F.1 Computational details

To compute the exciton energy, we use the dielectrically screened Coulomb

interaction described in Section 8.2 with r0 = 5.17 nm [203]. The Schrödinger

equation is diagonalized numerically in a basis of angular momentum eigen-

states of the electron. We include angular momentum quantum numbers up

to m = 5 and employ a nonuniform grid (quadratically increasing spacing) of

1000 radial momenta from 0 to 0.5�A
−1

. The electron and hole masses used

for the calculation are me = 0.56m0, mh = 0.59m0, where m0 [130] denotes

the mass of a free electron. All numerical integrations were performed using

a trapezoidal rule, adjusting the grid size to reach convergence.
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F.2 Optical decay rates

To compute the emission spectrum and radiative decay rates, we start from

the fully quantized light-matter interaction Hamiltonian [128]

Hγ =
∑

p,pz ,q,λ

µ · êp+pz ,λ

√
νp+pz

2ε0
γ†p+pz ,λ

eqhp−q + h.c. (F.1)

Here, the momenta p and q are confined to the plane of the MoSe2 mono-

layer (xy plane), while pz is perpendicular to it. The operator γ†p,λ creates a

photon with total momentum p and polarization λ, where êp,λ denotes the

associated polarization vector. We further introduced the transition dipole

matrix element between the conduction and the valence band, µ and the pho-

ton dispersion, νp = c|p|. Since the valence band hole is assumed to be in the

K valley, electrons in the K ′ do not participate in the decay process.

The spontaneous emission rate Γ of some initial state |i〉 can be determined

using Fermi’s Golden Rule,

Γ = 2π
∑
f

|〈f |Hγ |i〉|2δ(ωi − ωf ), (F.2)

where the sum runs over all final states |f〉. By assuming that the photonic

part of |i〉 is in the vacuum state, this may be written as

Γ =
π

ε0

∑
p,pz ,λ

|µ · êp+pz ,λ|2νp+pz (F.3)

×
∑
f

∣∣∣∣∣〈f |∑
q

eqhp−q|i〉

∣∣∣∣∣
2

δ(ωi − ωf − νp+pz),
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where the states |i〉 and |f〉 as well as their corresponding energies ωi and ωf

now only include electronic degrees of freedom. We make use of the identity

∑
λ

êpλêpλ = I − 1

p2
pp (F.4)

and employ the fact that µ is in the xy plane to obtain

Γ =
πµ2

ε0

∑
p,pz ,λ

(
1− |µ̂ · p|

2

p2 + p2
z

)
νp+pz (F.5)

×
∑
f

∣∣∣∣∣〈f |∑
q

eqhp−q|i〉

∣∣∣∣∣
2

δ(ωi − ωf − νp+pz),

where µ̂ = µ/|µ|. Next, we switch variables from (p, pz) to (p, ν), where

ν =
√
p2 + p2

z (having set c = 1). This is accomplished in the integrand

Equation (F.3) by letting

∑
p,pz

→ 1

2π

∫ ∞
−∞

dpz
∑
p

→ 1

π

∫ ∞
0

dν
∑
|p|<ν

ν√
1− p2/ν2

. (F.6)

Defining the spectral decay rate

Γ =

∫ ∞
0

dν Γ(ν) (F.7)

thus yields

Γ(ν) =
µ2ν

ε0

∑
|p|<ν

1− |µ̂ · p|2/ν2√
1− p2/ν2

∑
f

∣∣∣∣∣〈f |∑
q

eqhp−q|i〉

∣∣∣∣∣
2

δ(ωi−ωf − ν). (F.8)

As the initial state, we consider the Chevy ansatz, described in Section 8.3,
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with momentum Q and energy Epol(Q):

|i〉 =
(
αQx

†
Q +

∑
|q|<kF
|k|>kF

βQ,k,qx
†
Q+q−ke

′†
ke
′
q

)
|FS〉. (F.9)

The simplest accessible final state is an empty Fermi sea, which gives rise to

the first contribution to the decay rate,

Γ1(ν) =
µ2ν

ε0
|αQ|2|ϕQ(r = 0)|2 1− |µ̂ ·Q|2/ν2√

1− |Q|2/ν2
Θ(ν − |Q|)δ(Epol(Q)− ν),

(F.10)

where ϕQ(r = 0) =
∑

q ϕQ(q) is the exciton wavefunction at vanishing sep-

aration between the electron and the hole. The dependence on the Fermi

energy is implicit. This decay rate is nonzero only if the polaron is inside

the light cone, |Q| < ν. It is therefore only relevant for states close to zero

momentum but not the roton minimum. The expression further allows us to

obtain the decay rate Γ0 of an exciton at zero momentum and zero Fermi

energy by setting Q = 0 and αQ = 1 and integrating over ν. Hence,

Γ0 =
µ2ν

ε0
|ϕ0(r = 0)|2. (F.11)

Next, we consider final states in which an electron-hole pair is left behind

in the K valley but no in the K ′ valley. This corresponds to the physical
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process denoted by Γ3 in Section 8.4. It is straightforward to show that

Γ3(ν) =
µ2ν

ε0
|αQ|2

∑
|p|<ν

1− |µ̂ · p|2/ν2√
1− p2/ν2

(F.12)

×
∑
|q|<kF

|ϕQ(Q + q− p)|2δ(ΩQ − εQ+q−p + εq − ν).

The above expression can be simplified by noting that the in-plane photon

momentum p is bounded by ν, which is small compared to the relevant mo-

mentum scales of the TMD such as the Fermi momentum and the inverse

Bohr radius. This allows us to set p = 0 in the second sum such that the first

sum can be evaluated directly,

1

A

∑
|p|<ν

1− |µ̂ · p|2/ν2√
1− p2/ν2

=
ν2

3π
. (F.13)

yielding

Γ3(ν) ≈ µ2ν3

3πε0
|αQ|2

∑
|q|<kF

|ϕQ(Q + q)|2δ(ΩQ − εQ+q + εq − ν). (F.14)

A similar procedure can be applied to remaining two decay rates. For the

process Γ2, where an electron-hole pair is left behind in K ′ but not in K, we

obtain

Γ2(ν) ≈ µ2ν3

3πε0
|ϕ0(r = 0)|2

∑
|q|<kF

|βQ,q,Q+q|2δ(ΩQ − εQ+q + εq − ν), (F.15)

while for the process that leaves behind an excitation in each Fermi sea, the
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corresponding spectral decay rate is given by

Γ4(ν) ≈ µ2ν3

3πε0

∑
|q|<kF
|k|, |k′|>kF

|βQ,q,k|2|ϕQ−k+q(k′)|2Θ(kF − |Q− k− k′ + q|)

× δ(ΩQ − εk − εk′ + εq + εk+k′−q−Q − ν). (F.16)
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McClean, M. McEwen, A. Megrant, X. Mi, K. Michielsen, M. Mohseni,
J. Mutus, O. Naaman, M. Neeley, C. Neill, M. Y. Niu, E. Ostby, A.
Petukhov, J. C. Platt, C. Quintana, E. G. Rieffel, P. Roushan, N. C.

205

http://dx.doi.org/10.1103/PhysRevLett.121.123606
http://dx.doi.org/10.1103/PhysRevLett.121.123606
http://dx.doi.org/10.1103/PhysRevB.101.205409
http://dx.doi.org/10.1103/PhysRevB.101.205409
http://dx.doi.org/10.1007/bf02650179
http://dx.doi.org/10.1007/bf02650179
http://dx.doi.org/10.1109/sfcs.1994.365700
http://dx.doi.org/10.1109/sfcs.1994.365700
https://arxiv.org/abs/1905.09749
https://arxiv.org/abs/1905.09749
http://dx.doi.org/10.1038/nature24622
http://dx.doi.org/10.1038/nature24654


Rubin, D. Sank, K. J. Satzinger, V. Smelyanskiy, K. J. Sung, M. D.
Trevithick, A. Vainsencher, B. Villalonga, T. White, Z. J. Yao, P. Yeh,
A. Zalcman, H. Neven, and J. M. Martinis, “Quantum supremacy using
a programmable superconducting processor”, Nature 574, 505 (2019)
(cited on pp. 3, 4, 23).

[15] J. Preskill, “Quantum computing in the NISQ era and beyond”, Quan-
tum 2, 79 (2018) (cited on p. 3).

[16] E. Pednault, J. A. Gunnels, G. Nannicini, L. Horesh, and R. Wisni-
eff, “Leveraging secondary storage to simulate deep 54-qubit Sycamore
circuits”, arXiv preprint, arXiv:1910.09534 (2019) (cited on pp. 3, 4).

[17] E. Haller, J. Hudson, A. Kelly, D. A. Cotta, B. Peaudecerf, G. D.
Bruce, and S. Kuhr, “Single-atom imaging of fermions in a quantum-
gas microscope”, Nat. Phys. 11, 738 (2015) (cited on p. 4).

[18] L. W. Cheuk, M. A. Nichols, K. R. Lawrence, M. Okan, H. Zhang,
E. Khatami, N. Trivedi, T. Paiva, M. Rigol, and M. W. Zwierlein,
“Observation of spatial charge and spin correlations in the 2D Fermi–
Hubbard model”, Science 353, 1260 (2016) (cited on p. 4).

[19] M. F. Parsons, A. Mazurenko, C. S. Chiu, G. Ji, D. Greif, and M.
Greiner, “Site-resolved measurement of the spin-correlation function in
the Fermi–Hubbard model”, Science 353, 1253 (2016) (cited on p. 4).

[20] J. Preskill, “Quantum computing and the entanglement frontier”,
arXiv preprint, arXiv:1203.5813 (2012) (cited on p. 4).

[21] C. Palacios-Berraquero, L. Mueck, and D. M. Persaud, “Instead of
‘supremacy’ use ‘quantum advantage’”, Nature 576, 213 (2019) (cited
on p. 4).

[22] S. N. Shevchenko, S. Ashhab, and F. Nori, “Landau–Zener–Stückelberg
interferometry”, Phys. Rep. 492, 1 (2010) (cited on p. 8).

[23] K. Bergmann, H. Theuer, and B. W. Shore, “Coherent population
transfer among quantum states of atoms and molecules”, Rev. Mod.
Phys. 70, 1003 (1998) (cited on p. 8).

206

http://dx.doi.org/10.1038/s41586-019-1666-5
http://dx.doi.org/10.22331/q-2018-08-06-79
http://dx.doi.org/10.22331/q-2018-08-06-79
https://arxiv.org/abs/1910.09534
http://dx.doi.org/10.1038/nphys3403
http://dx.doi.org/10.1126/science.aag3349
http://dx.doi.org/10.1126/science.aag1430
https://arxiv.org/abs/1203.5813
http://dx.doi.org/10.1038/d41586-019-03781-0
http://dx.doi.org/10.1016/j.physrep.2010.03.002
http://dx.doi.org/10.1103/RevModPhys.70.1003
http://dx.doi.org/10.1103/RevModPhys.70.1003


[24] E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser, “Quantum
computation by adiabatic evolution”, arXiv preprint, arXiv:quant-
ph/0001106 (2000) (cited on pp. 8, 9).

[25] E. Farhi, J. Goldstone, S. Gutmann, J. Lapan, A. Lundgren, and D.
Preda, “A quantum adiabatic evolution algorithm applied to random
instances of an NP-complete problem”, Science 292, 472 (2001) (cited
on p. 8).

[26] A. Das and B. K. Chakrabarti, “Colloquium: Quantum annealing and
analog quantum computation”, Rev. Mod. Phys. 80, 1061 (2008) (cited
on p. 8).

[27] V. Bapst, L. Foini, F. Krzakala, G. Semerjian, and F. Zamponi, “The
quantum adiabatic algorithm applied to random optimization prob-
lems: The quantum spin glass perspective”, Phys. Rep. 523, 127 (2013)
(cited on p. 8).

[28] G. E. Santoro and E. Tosatti, “Optimization using quantum mechanics:
Quantum annealing through adiabatic evolution”, J. Phys. A: Math.
Gen. 39, R393 (2006) (cited on p. 8).

[29] C. Laumann, R. Moessner, A. Scardicchio, and S. Sondhi, “Quantum
annealing: The fastest route to quantum computation?”, Eur. Phys. J.
Spec. Top. 224, 75 (2015) (cited on p. 8).

[30] M. S. Siu, “From quantum circuits to adiabatic algorithms”, Phys.
Rev. A 71, 062314 (2005) (cited on p. 9).

[31] D. Aharonov, W. van Dam, J. Kempe, Z. Landau, S. Lloyd, and O.
Regev, “Adiabatic quantum computation is equivalent to standard
quantum computation”, SIAM J. Comput. 37, 166 (2007) (cited on
p. 9).

[32] A. Mizel, D. A. Lidar, and M. Mitchell, “Simple proof of equivalence
between adiabatic quantum computation and the circuit model”, Phys.
Rev. Lett. 99, 070502 (2007) (cited on p. 9).

[33] A. M. Childs, E. Farhi, and J. Preskill, “Robustness of adiabatic quan-
tum computation”, Phys. Rev. A 65, 012322 (2001) (cited on p. 9).

207

http://arxiv.org/abs/quant-ph/0001106
http://arxiv.org/abs/quant-ph/0001106
http://dx.doi.org/10.1126/science.1057726
http://dx.doi.org/10.1103/RevModPhys.80.1061
http://dx.doi.org/10.1016/j.physrep.2012.10.002
http://dx.doi.org/10.1088/0305-4470/39/36/R01
http://dx.doi.org/10.1088/0305-4470/39/36/R01
http://dx.doi.org/10.1140/epjst/e2015-02344-2
http://dx.doi.org/10.1140/epjst/e2015-02344-2
http://dx.doi.org/10.1103/PhysRevA.71.062314
http://dx.doi.org/10.1103/PhysRevA.71.062314
http://dx.doi.org/10.1137/S0097539705447323
http://dx.doi.org/10.1103/PhysRevLett.99.070502
http://dx.doi.org/10.1103/PhysRevLett.99.070502
http://dx.doi.org/10.1103/PhysRevA.65.012322


[34] T. Albash and D. A. Lidar, “Decoherence in adiabatic quantum com-
putation”, Phys. Rev. A 91, 062320 (2015) (cited on p. 9).

[35] M. H. S. Amin, P. J. Love, and C. J. S. Truncik, “Thermally assisted
adiabatic quantum computation”, Phys. Rev. Lett. 100, 060503 (2008)
(cited on pp. 9, 10, 19).

[36] J. Roland and N. J. Cerf, “Quantum search by local adiabatic evolu-
tion”, Phys. Rev. A 65, 042308 (2002) (cited on pp. 9, 14).

[37] L. K. Grover, “Quantum mechanics helps in searching for a needle in
a haystack”, Phys. Rev. Lett. 79, 325 (1997) (cited on p. 9).

[38] N. Shenvi, K. R. Brown, and K. B. Whaley, “Effects of a random
noisy oracle on search algorithm complexity”, Phys. Rev. A 68, 052313
(2003) (cited on p. 9).
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[44] A. Pérez, “Hilbert-space average method and adiabatic quantum
search”, Phys. Rev. A 79, 012314 (2009) (cited on p. 9).

208

http://dx.doi.org/10.1103/PhysRevA.91.062320
http://dx.doi.org/10.1103/PhysRevLett.100.060503
http://dx.doi.org/10.1103/PhysRevA.65.042308
http://dx.doi.org/10.1103/PhysRevLett.79.325
http://dx.doi.org/10.1103/PhysRevA.68.052313
http://dx.doi.org/10.1103/PhysRevA.68.052313
http://dx.doi.org/10.1103/PhysRevA.71.060312
http://dx.doi.org/10.1103/PhysRevA.72.042317
http://dx.doi.org/10.1103/PhysRevA.72.042317
http://dx.doi.org/10.1103/PhysRevA.71.032330
http://dx.doi.org/10.1103/PhysRevA.74.052330
http://dx.doi.org/10.1103/PhysRevA.75.062313
http://dx.doi.org/10.1103/PhysRevA.79.012314


[45] J. E. Avron, M. Fraas, G. M. Graf, and P. Grech, “Optimal time sched-
ule for adiabatic evolution”, Phys. Rev. A 82, 040304 (2010) (cited on
p. 9).
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[152] G. Muñoz-Matutano, A. Wood, M. Johnson, X. V. Asensio, B. Bara-
giola, A. Reinhard, A. Lemaitre, J. Bloch, A. Amo, B. Besga, M.
Richard, and T. Volz, “Emergence of quantum correlations from in-
teracting fibre-cavity polaritons”, Nat. Mater. 18, 213 (2019) (cited on
p. 95).

[153] A. Delteil, T. Fink, A. Schade, S. Höfling, C. Schneider, and A. İmamo-
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Demler, and A. İmamoğlu, “Fermi polaron-polaritons in charge-tunable

224

http://dx.doi.org/10.1103/PhysRevLett.114.105301
http://dx.doi.org/10.1103/PhysRevLett.114.055301
http://dx.doi.org/10.1103/PhysRevLett.118.237404
http://dx.doi.org/10.1103/PhysRevLett.118.237404
http://dx.doi.org/10.1103/PhysRevLett.120.066402
http://dx.doi.org/10.1103/PhysRevLett.120.066402
http://dx.doi.org/10.1088/0034-4885/77/3/034401
http://dx.doi.org/10.1103/PhysRevA.87.033616
http://dx.doi.org/10.1143/JPSJ.79.033001
http://dx.doi.org/10.1143/JPSJ.79.033001
http://dx.doi.org/10.1209/0295-5075/95/27007
http://dx.doi.org/10.1209/0295-5075/95/27007
http://dx.doi.org/10.1103/PhysRevB.90.165430


atomically thin semiconductors”, Nat. Phys. 13, 255 (2016) (cited on
pp. 112, 116–118).

[201] D. K. Efimkin and A. H. MacDonald, “Many-body theory of trion
absorption features in two-dimensional semiconductors”, Phys. Rev. B
95, 035417 (2017) (cited on pp. 112, 117–120).

[202] Z. Wang, L. Zhao, K. F. Mak, and J. Shan, “Probing the spin-polarized
electronic band structure in monolayer transition metal dichalcogenides
by optical spectroscopy”, Nano Lett. 17, 740 (2017) (cited on pp. 112,
122).

[203] T. C. Berkelbach, M. S. Hybertsen, and D. R. Reichman, “Theory of
neutral and charged excitons in monolayer transition metal dichalco-
genides”, Phys. Rev. B 88, 045318 (2013) (cited on pp. 113, 198).

[204] M. M. Glazov, L. E. Golub, G. Wang, X. Marie, T. Amand, and B.
Urbaszek, “Intrinsic exciton-state mixing and nonlinear optical proper-
ties in transition metal dichalcogenide monolayers”, Phys. Rev. B 95,
035311 (2017) (cited on p. 113).

[205] S. Gao, Y. Liang, C. D. Spataru, and L. Yang, “Dynamical excitonic
effects in doped two-dimensional semiconductors”, Nano Lett. 16, 5568
(2016) (cited on p. 116).
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