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Abstract

Non-equilibrium stochastic reaction networks are common in biological systems, creating hetero-

geneity in genetically identical populations. Predicting the dynamics of such systems is challenging

because small changes in the type of reaction rates or network topology can dramatically change the

behavior, and becausemost sub-networks of interest are embedded in larger networks that affect their

behavior. This dissertation is therefore dedicated to identifying broader principles for stochastic re-

action networks that hold for large classes of systems where many properties can be left unspecified.

That is possible by focusing on “impossibility proofs”, i.e., not asking not what a particular system

does, but what no member in a broader family of systems could ever do.

By considering various classes of feedback control systems, we identified a new physical limit on

fluctuations in connected components of reaction networks. Specifically, we found that it is impossi-

ble to simultaneously suppress fluctuations in all components of reaction networks, and that depend-

ing on the topology, a number of componentsmust display large fluctuations in order for fluctuations

in other components to be suppressed. In connected reaction networks it is thus impossible to reduce

the statistical uncertainty in all components, regardless of the control mechanisms or energy dissipa-

tion.

Suppressingfluctuations around a target value is important for some control systems, but for others

the challenge is to achieve precise dynamics, such as regular oscillations. Many synthetic oscillators in

biology were mathematically designed to maximize precision, but most still performed much worse

than their natural counterparts, sometimes barely oscillating at all. This discrepancy may reflect the
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fact that most of the theory focused on deterministic conditions for oscillations, failing to account

for intrinsically stochastic effects at low numbers of molecules. Here we propose a metric based on

the integration of the autocovariance function to quantify the quality of oscillations, i.e., how noisy a

stochastic oscillator is, and identify a fundamental limit on the quality of oscillation for a broad class

of oscillator models.
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Listing of figures

1.1 Trade-off for mutual control systems. A) We consider the following generic class of
mutual control systems: each component is assumed to decay with some (unspeci-
fied) half-life but the way in which the two components affect each other’s produc-
tion ratesR+

i is left completely unspecified, see Equation (1.1). B) Analytical results
suggest that no such control system can simultaneously suppress noise in both com-
ponents below their respective Poisson fluctuations (denoted by 100% in the dia-
gram). Wefindnumerically that the bounds derived in the high copynumber regime
(red lines) in fact constrain all tested systems (black dots) regardless of noise levels
and copy numbers. This numerical confirmation suggests that no mutual control
system—regardless of chosen control functions or parameters—can simultaneously
exhibit sub-Poisson fluctuations in both components as indicated by the lack of data
points in the lower left. C) Here we present the analytical bounds (colored lines) of
Equation (1.4) for different life-times together with exact numerical realizations of
systems with nonlinear control systems (dots). The colors correspond to fixed rela-
tive lifetimes, and each dot corresponds to a different system with a different set of
control functions and parameters (see Appendix for numerical details A). For each
ratio of relative life-times none of the tested systems beat the limit of Equation (1.4). 17
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1.2 Trade-offs between pairs of components within a feedback ring. Two-componentmu-
tual control systems can be generalized to amulti-component control feedback loop
in which N-components affect the production rate of the next component within
a ring as defined by Equation (1.6). A) Schematic illustration of a ring-like connec-
tion feedback loop forN = 6. B) Numerical support that feedback rings can only
suppress noise in at most one component. Considering stochastic realizations of
control systems within the class defined by Equation (1.6) for N = 3 we find nu-
merically that the bounds derived in the high copy number regime constrained all
systems regardless of noise levels and copy numbers. Each dot corresponds to the
numerical data for a given system with a specified set of control functions and pa-
rameters (see Appendix A for numerical details). We find numerical confirmation
that no3-component feedback ring can suppress fluctuations inmore thanone com-
ponent. Note, that lower dimensional feedback loops are special cases of the higher
dimensional ones in which some components are infinitely fast with τi → 0. . . . 20

1.3 Trade-off in N-component control networks. Here we consider N-component con-
trol structures of arbitrary topology where each component is allowed to affect any
other component’s production rate (but not its own) as defined in Equation (1.12).
A) Schematic illustration of a maximally connected control network for N = 6.
Since we leave all reaction rates unspecified (here and throughout the paper) any
specific realization of this class may have rates that depend on only a subset of the
other components and may thus be much more sparsely connected than the above
illustration, in particular the ring-like feedback systems of Figure 1.2 are a subset of
the more general class considered here. B) Here we present numerical support for
the constraint of Equation (1.17) in the N = 3 case. We generated an extensive
set of numerical realizations of arbitrarily nonlinear 3-component feedback systems
with arbitrary life-times and abundances. Again, we could not find any system that
violated the bound derived in the high copy number limit, and conclude that the
‘Poisson Cube’ is inaccessible by any three component feedback systems. . . . . . 24

1.4 Networks which have incompatible sets with size 2. Here we list networks where a
Poisson square bounds fluctuations of certain two components. The list on the right
side of each network is all the incompatible sets with size 2. . . . . . . . . . . . . 28
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1.8 Networks which have incompatible sets with size 3. (Continue) . . . . . . . . . . . 33
1.9 Networks which have incompatible sets with size 3. (Continue) . . . . . . . . . . . 34

2.1 The integrated autocovariance scales linearlywith system’s intrinsic noise level. a)Typ-
ical trajectories of the stochastic van der Pol oscillator model (see Table 2.1), with
constant intrinsic noise level ε = 0.001, 0.01, 0.1, 1, respectively. μ = 1. c) Plotting
the integration of autocovariances (termed asK(t)) from the van der Pol model, re-
laxation model (μ = 10), and Stuart-Landau model as functions of ε respectively
in a log-log scale. The parameters used in Stuart-landau model here are: ar = 5
ai = 1, lr = li = 1. The results show a linear relation within each model, where
the slopes of all three models fall into the range α = 1± 0.002. b) Typical trajecto-
ries of the repressillator model, with a geometrically distributed random burst size b
for the production rate. d) Plotting the integrated autocovariance as a function of
average burst size ⟨b⟩ for the repressilator model and a time-delay feedback model,
respectively (see Appendix B.6 for numerical details). For illustrative purposes, we
plot the integrated autocovariance subtracted by 1

2
∫
Ko
X1dt, where K

o
X1 represents

the autocovariance function when ⟨b⟩ = 1. To reduce the noise from simulations,
each of the three models has been simulated 4000 times for each ε, with 108 steps in
each time. The points plotted are the integrated autocovariance averaged from the
4000 repeats for each ε. The error bar is the statistical uncertainty. . . . . . . . . . 40

2.2 Numerical results support Equation (2.15) as the fundamental limit on the qual-
ity of oscillation. a) An illustration of the class of models as described by Equa-
tion (2.1). The feedforward network composed of Xn+1 to XN is illustrated as the
“cloud” allows arbitrary complexities and nonlinearities. B)Numerical results show
that Equation (2.15) is indeed a tight bound—it is possible to construct an oscilla-
tory systemwhich achieves the predictedminimumnoise intensity. The simulations
are all at the level of the Markov jump process, which to some extent supports the
validity of the continuous approximation used for analytical analyses. . . . . . . . 42

2.3 Numerical results support Equation (2.22) as a bound for autocorrelationdrop after
one oscillating period. Here we used the same numerical data obtained from Figure
2.2 to illustrate how the signaling rate bounds the autocorrelation at the first period.
Each point represents a specific realization of Equation (2.1) by choosing a set of
parameters and functions (see Appendix B.6 for details). These results indicate that
Equation (2.22) may not be a tight bound. . . . . . . . . . . . . . . . . . . . . . 50
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A.1 (A)The flowchart of the numerical search in the low copy number limit. Thewhole
process is then repeated for 106 times for a complete search of possible parameters
values. (B) The results show that no parameters can break the bound. Each data
point corresponds to one set of parameters, and the red line depicts the conjectured
bound. The figures contains data points for a 5 × 5 grids, corresponding to the
asymptotic region that bothX1 andX2 only jumpingwithin [0, 3], aswell as a 10×10
grids, corresponding to that bothX1 andX2 only jumpingwithin [0, 8] (the decision
condition then becomes P(x1 = 9) ⩽ 0.001 & P(x2 = 9) ⩽ 0.001). . . . . . . . 62

A.2 Example of how the time series may look like when one component functioning as
a controller the suppress the noise of the other one. Here we used Equation (A.20)
as the control functions, where α = 0.4, β = 1, m2 = 20, m1 = 100, τ1 =
104 and τ2 = 1. The noise σ̄i√

1/⟨xi⟩
is calculated based on the empirical probability

distributions from simulations such that reactions occur 107 time in total. . . . . . 65
A.3 Histogram of the second smallest noise (relative to Poisson fluctuations) for 5× 104

Gillespie simulations of rings withN = 6. It shows that for all nonlinear functions
we tested, the second smallest noise cannot be belowPoisson—whichmeans in such
a ring, only one component can display sub-Poisson fluctuations. Noted here the
shape of distribution is not physically meaningful, since it simply depends on how
we sampled functions and parameters. . . . . . . . . . . . . . . . . . . . . . . . 72

A.4 Different network topologies impose different constraints on suppressing noise. A)
Certain network topologies cannot allow any component displaying sub-Poisson
fluctuation. B) Specifically, a ring-structure allows at most one component display-
ing sub-Poisson fluctuation; C) adding any more edge to the ring allows at most
two components with sub-Poisson fluctuations. From A) to C), the dimensions of
Poisson hypercube is 1, 2, 3, separately. . . . . . . . . . . . . . . . . . . . . . . . 73

A.5 Histogram of the largest noise (relative to Poisson fluctuations) for 105 Gillespie
simulations of general networks with N ⩽ 6. Our analytical result derived from
high copy number limit shows that in any N-component general networks, there
must be at least one component displaying super-Poissonfluctuation. In the chapter
1, we show numerically that this bound is valid also in low copy number regime
(Figure 1.3B) forN = 3. ForN > 3 it is impossible to illustrate in a similarmanner.
Here we plot the histogram of the largest noise for 105 different nonlinear functions
and parameters. It shows that the largest noise cannot be below Poisson—which is
consistent with the analytical result derived from high copy number limit. Again,
here the shape of distribution is not physically meaningful, since it simply depends
on how we sampled functions and parameters. . . . . . . . . . . . . . . . . . . . 77
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A.6 Transient behaviours of fluctuations in two-component feedback systems. A) The
transient behaviour of nonlinear switching system. The system of two components
as defined as Equation (1.1) in the chapter 1 starts from one stationary state with
one set of functions and parameters, and is then altered into another set. The light
gray curves are results from 2000 numerical integration, which starting points are
labelled by a circle. The colored curves are some examples showing what a typi-
cal trajectory may look like. Specifically, the green curve is an example that both
components can display sub-Poisson fluctuations transiently. The green circle is
the starting point (using functions and parameters following Equation (A.51)) and
black circle the ending point (using functions and parameters following Equation
(A.52)). The yellow curve is the result of the same system, but from averaging 105
independent Gillespie simulations. It matches with the green curve very well. The
Gillespie simulations are performed such that 500 reaction events occur. The fluc-
tuations are then calculated by averaging ensembles at each time point. B) The same
data of the yellow curve in part A) is plotted as functions of time in the log-log scale.
Blue and red curve corresponds to the noise ofX1 andX2. It clearly shows that there
is a small timewindow (indicated by light gray) that both noise levels are below their
Poissonian noise levels, respectively. . . . . . . . . . . . . . . . . . . . . . . . . 79
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At each level of complexity entirely new properties appear,

and the understanding of the new behaviors requires re-

search which I think is as fundamental in its nature as any

other.

Philip W. Anderson

0
Introduction

0.1 Overview

The probabilistic nature of single chemical events creates spontaneous fluctuations in molecular con-

centrations. While such stochasticitymaybenegligible in amacroscopicworld,manybiologicalmolecules

are present in sufficiently lownumbers such that the impact of these fluctuations is significant. For ex-

ample, about 60% of the transcription factors inEscherichia coli have fewer than 100 copies per cell on
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average, and formost bacterialmRNAs the copynumber is fewer than 10per cell [1–3]. Furthermore,

the majority of dynamical phenomena in biology do not depend on the expression pattern of any sin-

gle gene on its own, but on the interactions between proteins, RNA, DNA, and other components

in the cells. For example, in Saccharomyces cerevisiae about 85% of the variation in protein expression

can be explained by mRNA fluctuations [4]. This is due not only to the stochastic birth and death

of the mRNA itself, but also to fluctuations in the copy number of transcription factors, enhancers,

regulatory microRNA, or RNA polymerases, each of which can exacerbate fluctuations in the syn-

thesis rate of mRNA [5–13]. Even if there were no noise in the concentrations of these regulatory

molecules, effects such as the degree of supercoiling generated during transcription, the competition

between different genes for resources, and the cellular phenotypic states, etc. can alter gene expression

and lead to noise in mRNA and protein levels [11, 14–19]. Thus fluctuations in each component

may propagate to other components and to the whole genetic regulatory network, including chem-

ical species with high copy numbers. As a consequence, this mesoscopic realm is characterized by

substantial heterogeneity even when genetically identical cells grow in homogeneous environments

[5, 20].

When control of these fluctuations is compromised, many processes within the cell can be dis-

rupted. For example, a loss ofmolecular regulation can cause plasmid loss [21], blurring of cell identity

[22], or the disruption of an otherwise synchronized immune responses [23]. It has also been shown

that fluctuations in gene expression can create different phenotypes in genetically identical bacterial

population inways thatmay increase the survival probability in fluctuating environments [20, 24, 25].

Similarly, non-genetic cell-cell variability in tumors has been shown to facilitate resistance to treatment

[26–28].

However, despite the inherent stochasticity generated fromall levels of intracellular processes,many

biological systems are also capable of carrying out precise and robust functions, such as cell cycle, cir-

cadian clocks, chemotaxis, and replication control of plasmid, mitochondria, etc [21, 29, 30]. Un-
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derstanding how noise propagates through networks and how reliable dynamics can emerge from

stochastic molecular interactions remains a major challenge in systems biology [12]. The central goal

of this dissertation is to identify some of the key principles underlying how cells eliminate, shape, or

exploit such molecular fluctuations. These results contribute to a foundational understanding of the

ways in which biological systems can achieve the incredible precision apparent in the natural world,

despite a high degree of uncertainty in the constitutive biomolecular processes that govern cellular

functions.

The dissertation is structured as follows. In the rest of this chapter, we will summarize recent theo-

retical progress towards understanding intracellular fluctuations, and current theoretical challenges in

this field. In chapter 1, wewill present a novel set of inequalities that bound the pattern of fluctuations

that can arise fromabroad class of stochastic chemical reaction systems. This chapter is composed and

adapted of a reformatted, published article fromPhysical ReviewLetters. These results—whichwe be-

lieve only reveals a tip of iceberg in terms of the broad impossibility proofs that could be derived—hint

at a broader theory for the controllability of fluctuations in stochastic reactionnetworks. Thenwewill

show numerical evidence for similar types of bounds in various networks, and their dependence on

network topology.

After a close interrogation of the stationary fluctuation of stochastic reaction networks with finite

numberof components involved, in chapter 2,wewill turn to studyfluctuations inoscillatory systems.

Specifically, wewill introduce ametric proposed to capture the noise intensity of stochastic oscillatory

trajectories. We will then introduce an approach for stochastic analysis in the frequency domain and

derive a lower bound on the noise intensity of stochastic oscillations.

Because many derivations are lengthy and provide little intuition, details for the mathematical

proofs in chapter 1 are in Appendix A, and proofs for chapter 2 are in Appendix B.
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0.2 Amathematicalframeworkofmodelingstochasticreactionnetworks

In this section, we will introduce the basic mathematical framework used to study stochastic reac-

tion systems, and briefly summarize current theoretical advances to understand fluctuations in cells.

Chemical reaction dynamics in cells are traditionallymodelled using kinetic rate equations—ordinary

differential equations describe the deterministic changes in concentrations over time. This approach,

however, fails to capture the stochastic nature of single chemical events due to random collisions and

reactions, especially when we consider mesoscopic systems with low numbers of molecules. In that

regime, the integer nature ofmolecule numbers can significantly affect fluctuations in concentrations.

We therefore model single chemical events as stochastic births and deaths of molecules.

0.2.1 Introduction toMarkov jump processes

In this dissertation, we mainly focus on systems which are well-mixed, i.e., that the distribution is ef-

fectively homogeneous across the cell. This assumptionmay not always be accurate for fluctuations in

spatially extended systems. However, though technically most of the derivations assume well-mixed

conditions, practically the question is whether the events are well-described as memory-less, or if spa-

tial effects violate that principle. For many of the reactions we consider, such as genetic networks in

bacteria, a protein may diffuse across the whole cell in a second, and yet the time intervals between

events is often on a time scale of minutes and longer. Many reaction systems are then effectively well-

mixed, even if the cell environment is crowded and complex.

We then formally describe chemical events by:

{x1, x2, · · · , xn}
r(x1,x2,··· ,xn,uuu)−−−−−−−−−→ {x1 ± b1, x2 ± b2, · · · , xn ± bn} (1)

where xi is the copy number of species i in a cell, and bi are non-negative integers, representing the
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stoichiometric outcome of the reaction, i.e., how many molecules are added or removed as a conse-

quence of the reaction. The function r is in turn the transition probability, colloquially referred to as

the reaction rate, which in principle could be any function of all species involved collectively captured

by uuu, rather than merely assuming elementary reactions.

In this formulation the probability that a reaction event occurs in an infinitesimal time interval dt is

proportional to the transition probability r. For example consider the simple case where each reaction

only changes one reactant:

x1
r+1 (x1,uuu)−−−−−−−−−→ x1 + 1

x2
r+2 (x1,x2,uuu)−−−−−−−−−→ x2 + 1

x1
r−1 (x1)−−−−−−−−−→ x1 − 1

x2
r−2 (x1)−−−−−−−−−→ x2 − 1

(2)

This representation is used to imply:



P[x1(t+ dt) = x1(t) + 1|x1(t), x2(t)] = r+1 [x1(t),uuu(t)]dt+O(t)

P[x1(t+ dt) = x1(t)− 1|x1(t), x2(t)] = r−1 [x1(t)]dt+O(t)

P[x2(t+ dt) = x2(t) + 1|x1(t), x2(t)] = r+2 [x1(t), x2(t),uuu(t)]dt+O(t)

P[x2(t+ dt) = x2(t)− 1|x1(t), x2(t)] = r+2 [x2(t)]dt+O(t)

(3)

where, e.g. P[x1(t + dt) = x1(t) + 1|x1(t), x2(t)] refers to the probability that x1 increases by 1 at

time t+ dt, given that the system is in state x1(t), x2(t). For example, Equation (2) with rate r+1 = λ,

r−1 = x1/τ1, r+2 = αx1 and r−2 = x2/τ2 is often used to model gene expression, where x1 stands for

the number of anmRNA species and x2 stands for the corresponding protein number. In reality both

transcription and translation are of course composed of a great number of elementary reactions, e.g.

binding of GTP or tRNA to ribosome, and Equation (2) could then only be regarded as “effective”

reactions assuming that those steps can be condensed into complex elementary steps, based on time-

scale separation. Experimental studies tracking individual transcription and translation event indeed
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support this view [31].

For these reasons, the form of Equation (1) and its corresponding Equation (3) are widely used

whenmodeling stochastic processes in physics, chemistry, finance, and biology, and arguably themost

standard approach to investigate probabilistic low-number effects in cells.

Equation (3) is called a jump process, and is Markovian if the reaction rate r only depends on the

current state. It is often written in amore concise equation, called the Kolmogorov-forward equation

in mathematics [32, 33], and master equation in the natural sciences [34, 35]. To see how the Kol-

mogorov equation follows, consider a general n-dimensional Markov jump process withm reactions.

Let x⃗ be the vector of {x1, x2, · · · , xn} and b⃗j be the n-dimensional vector for the jump size of the j-th

reaction:

x⃗
r+j (⃗x)

−−−−−−−−−→ x⃗+ b⃗j (4)

Let Pt(⃗x) be the probability distribution of x⃗(t) at time t, conditioned on a given initial state, then

we have:

Pt+dt(⃗x) = Pt(⃗x)[1−
m∑
j=1

rj(⃗x)dt] +
m∑
j=1

Pt(⃗x− b⃗j)rj(⃗x− b⃗j)dt (5)

where 1 −
∑m

j=1 rj(⃗x)dt is the probability that no reaction occurs in the time interval [t, t + dt], and

the second term
∑

j Pt(⃗x− b⃗j)rj(⃗x− b⃗j)dt represents the probability flux from state (⃗x− b⃗j) to x⃗ in

the time interval [t, t+ dt]. Then letting dt → 0, we have:

dPt(⃗x)
dt

= lim
dt→0

Pt+dt(⃗x)− Pt(⃗x)
dt

(6)

=

m∑
j=1

{
rj [⃗x(t)]Pt(⃗x− b⃗j)− rj [⃗x(t)]Pt(⃗x)

}
(7)

6



Equation (7) is the Kolmogorov equation, first derived by Andrey Kolmogorov in 1931 [32] and

rediscovered in the physics community in 1940 [36–38] known as master equation.

0.2.2 Simulation methods

Because the rate r is often a nonlinear function of the state variables x, Equation (7) is usually not

solvable. In fact, even for linear rate functions it is often extremely hard to find stationary distribu-

tions for multivariate systems. Efficient simulation algorithms are therefore key. One approach is to

numerically integrate Equation (7), which mathematically corresponds to a set of ordinary differen-

tial equations for probabilities. Practically, many stochastic processes have infinite support, i.e., the

state space is infinite, and the integration must then be truncated. This method can directly compute

the probability distributions as a function of time but quickly becomes computationally inefficient

as the number of state variables increase since each multivariate combination requires an additional

differential equation.

An alternative algorithm is a Markov ChainMonte Carlo (MCMC) approach, where one specific

realization of the jump process is simulated. This algorithm is known as the Gillespie algorithm [39]

though the idea has been mentioned in Kolmogorov’s original paper [32] and subsequently empha-

sized by Doob [40]. To explain how this algorithm works, we first consider the distribution for when

when the next reaction occurs, and then which reaction that is.

Specifically, start in state x⃗(t), and let Gt(τ) be the probability that no reaction occurs in the time

range [t, t+ τ] conditioned on the current state x⃗(t), then:

Gt(τ+ dτ) = Gt(τ)Gt(dτ) (8)

= Gt(τ)

1− m∑
j=1

rj [⃗x(t)]dτ

 , (9)
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therefore:

dGt(τ)
dτ

= lim
dτ→0

Gt(τ+ dτ)− Gt(τ)
dτ

(10)

= −

 m∑
j=1

rj [⃗x(t)]

Gt(τ) (11)

is an linear ordinary differential equation so its solution is exponential:

Gt(τ) = exp

−τ
m∑
j=1

rj [⃗x(t)]

 . (12)

Therefore, the waiting time, a.k.a. the sojourn time, follows an exponential distribution, with de-

cay rate equal to the sum of all reaction rates. The conditional probability that this event is the j-th

reaction, given that one reaction occurs, simply follows from Bayer’s rule:

rjdt∑m
j=1 rjdt

=
rj∑m
j=1 rj

. (13)

The Gillespie algorithm is therefore very simple: we start from an initial state x⃗0, sample a random

time according to Equation (12), and randomly choose a reaction j according to Equation (13). We

then update the state x⃗ = x⃗0 + b⃗j and iterate. This provides a simple and efficient way to simulate

even ahighdimensional jumpprocess, without approximations beyond the ability to generate random

numbers. Indeed the Gillespie algorithm is not an alternative to the master equation, but simply a

mathematically equivalent algorithmic formulation.

0.2.3 Asymptotic approaches for jump processes

When some transition probability r depends nonlinearly on some state variable x, it is generally not

possible to analytically calculate even averages and variances due to so-called moment closure prob-
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lems. Many approximation methods have been developed to gain an analytical understanding of

moments, e.g., the Ω-expansion [35, 41, 42], the spectral approximation [43], and Mori-Fujisaka-

Shigematsu expansion [44]. The most widely-known are the Ω-expansion and similar Taylor ex-

pansion, where the first and second order terms reproduce the macroscopic rate equations and the

fluctuation-dissipation theorem respectively [35, 45]. The second order term is also called the linear

noise approximation [46, 47], andmakes it possible to derive analytical expressions for the covariance

matrix of stochastic processes. Essentially, linear noise approximations are based on linearizing the

rate function to a linear combination of (⃗x − ⟨⃗x⟩), where ⟨·⟩ stands for ensemble average. Then the

stationary covariance matrix Σ becomes the solution to the following Lyapunov equation[47, 48]:

AΣ+ ΣA⊤ +D = 0 (14)

where

Aij =
∂

∂xj
∂⟨xi⟩
∂t

=

m∑
l=1

bli∂rl
∂xj

∣∣∣⃗
x=⟨⃗x⟩

(15)

Dij =
m∑
l=1

bliblj⟨rl⟩ (16)

and bli is the i-th element of b⃗l. For example, if bli ̸= 0 it means the l-th reaction will alter the abun-

dance of xi. Therefore Aij represents how the change of xj influences the change of xi.

The Lyapunov equation Equation (14) has been studied in control theory for a long time [49]. It

has been shown that Equation (14) always has a unique positive definite solution Σ when and only

when all eigenvalues ofA have negative real part, andD is positive definite. In our case,Dmust by def-

inition always positive definite, and negative real part of eigenvalues forAmeans that themacroscopic

system is stable.
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0.2.4 Current challenges for understanding single cell dynamics

Though themathematical framework introduced in the previous subsection has demonstrated its use-

fulness over the last few decades[29, 47, 50, 51], it has been hard to know how results for toy models

hold up for systems that are embedded within larger networks with unknown details, or howwell the

approximations work. Specifically, is it possible that biological systems under selection for specific

properties could evolve rate functions where the approximations work poorly.

When comparingmodels to data there is also an issue of uniqueness, in the sense thatmanymodels

can be fitted well to the same experimental data. For example, a tour de force study of stochastic gene

expression [52] found that fluctuations of most proteins in E. coli are well approximated by a Gamma

distribution—the continuous approximation for the negative binomial distribution often predicted

from stochasticmodels of gene expressionwhere anmRNAis producedby a constant rate, the protein

is translated constantly per transcript, and both mRNA and protein degrade exponentially. The first

problem is then uniqueness, since the same distribution was predicted for a very wide range of other

models as well. However, by expanding the model to consider classes of systems collectively and then

identifying invariant statistical signatures in the correlation structure, all such models were instead

found to be completely inconsistent with the data [53].

Another approach to modeling in cells is to incorporate as many known or guessed details as pos-

sible, which usually results in high-dimensional models (e.g., [54–56]). The most extreme version of

this approach is whole-cell modeling, which tries to capture kinetic detail of all processes in the cell

[57, 58]. Such a modeling approach requires a great effort in coordinating different modeling meth-

ods (e.g., ODEs, master equations, flux balance analysis), but also faces great challenges in dealing

both with parameters that cannot be measured experimentally, and molecular mechanisms which are

poorly understood.

Froma theoretical perspective, this type ofmodeling approach contributes little to our understand-
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ing of how living systems work [59]. Therefore, if we acknowledge the fact that many aspects of the

system are unknown, and that it is difficult (or impossible) to predict behaviors, such black-box ap-

proaches have limited predictive value. Simple theory seems more valuable when wrong, because the

’if-then’ nature of the approach strengthens our understanding even when the assumptions do not

hold for a particular system.

That being aid, there is yet another alternative theoretical approach, which is to rigorously askwhat

a system cannot do by specifying some of its properties, but leaving the rest unspecified. This creates

an infinite family of models that share the specified parts but vary arbitrarily in the unspecified parts.

Therefore, instead of trying to model the whole system, an alternative approach is to account for the

whole system indirectly, andderive inequalities for systemproperties, rather than equalities, to provide

fundamental limits that an open-ended class of systems cannot overcome.

This philosophyof studying systems that are notwell-characterizedhas appeared innatural sciences

since the time of Kelvin and Clausius, whose contribution on the second law of thermodynamics

are essentially examples of this philosophy. Similar approaches in chemistry and biology came later,

when Feinberg proved that in any (deterministic) chemical reaction network, if a certain criterion

about a network’s topological property is met, then the system cannot display stable oscillations or

bistability [60, 61]. In the past decade, much progress have been made in identifying fundamental

constraints for achieving precision in intracellular phenomena. Lestas et al. identified a hard limit on

noise suppression in terms of signaling rates [62, 63]. Hilfinger et al. in turn demonstrated a series

of bounds on noise suppression in terms of rate variability, assembly efficiency, and time delay of

feedback [64]. Cao et al. showed the accuracy of timing in several biological oscillators is constrained

by the rate of energy consumption [65]. Beyond studying fluctuations in molecule copy number,

fluctuation in flux, e.g., how many molecules are produced per minute, has also been proven to be

bounded by the entropy dissipation rate [66]. In the next chapter, we will try to follow in the same

spirit as those studies, and demonstrate a novel class of universal trade-offs between fluctuations of
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connected species.
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1
Kinetic uncertainty relations for the control

of stochastic reaction systems

Contributions

This chapter is adapted from a published article with permission from Physical Review Letter [? ]

Johan Paulsson, Andreas Hilfinger, Glenn Vinnicombe and I conceived the study. Andreas Hilfinger
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and I performed numerical simulations. I derived the theoretical results.

1.1 Abstract

Non-equilibriumstochastic reactionnetworks are commonly found inbothbiological andnon-biological

systems, but have remained hard to analyze because small differences in rate functions or topology can

change the dynamics drastically. Here we conjecture exact quantitative inequalities that relate the ex-

tent of fluctuations in connected components, for various network topologies. Specifically, we find

that regardless of how two components affect each other’s production rates, it is impossible to sup-

press fluctuations below the uncontrolled equivalents for both components: one must increase its

fluctuations for the other to be suppressed. For systems in which components control each other in

ring-like structures, it appears that fluctuations can only be suppressed in one component if all other

components instead increase fluctuations, compared to the case without control. Even the generalN-

component system—with arbitrary connections and parameters—must have at least one component

with increased fluctuations to reduce fluctuations in others. In connected reaction networks it thus

appears impossible to reduce the statistical uncertainty in all components, regardless of the control

mechanisms or energy dissipation.

1.2 Introduction

From biochemistry to ecology, biological systems can form stochastic interaction networks where

components present in low numbers affect each other’s production or degradation rates. Predict-

ing the dynamical heterogeneity this creates is exceedingly difficult, both because most nonlinear sys-

tems are analytically unsolvable and because even the simplest networks, including those with just

two components, can display oscillations, multimodality, bursting, noise suppression, and a range of

other features depending on exact parameters and connections, which often are unknown [9, 20? ?
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]. However, some general rules apply regardless of parameters and the form of rate functions [60–

62, 64, 66? ? ? ? ]. For example, for deterministic dynamical systems, Bendixson’s criterion states that

there are broad classes of feedback systems that cannot display stable limit cycles [? ]. Herewe consider

similar types of systems but at the level of stochastic birth and death events rather than deterministic

continuous changes, and look for constraints on the pattern of fluctuations that can arise.

1.3 Results

1.3.1 Two-component model

Wefirst askwhether feedback loops between two components can reduce spontaneous fluctuations in

both of them, compared to systems with the same average abundances but constant rates. That is, we

consider if there exist rate functions such that the noise suppression can be mutual, or if one compo-

nentmust display significant fluctuations in order for other components to have reduced fluctuations.

Specifically, we consider the case where components X1 and X2 are present in integer numbers and

change in probabilistic birth and death events:

x1
f(x2)−−−−−−−−−→ x1 + b1

x2
g(x1)−−−−−−−−−→ x2 + b2

x1
x1/τ1−−−−−−−−−→ x1 − 1

x2
x2/τ2−−−−−−−−−→ x2 − 1

. (1.1)

All rates are propensities, i.e., continuous-time transition probabilities for jumps between the integer-

valued states. The τ are average lifetimes and b1 and b2 are integer birth sizes that often equal one

but could be large and randomly distributed, e.g. when components are produced in bursts or litters

[11, 14? ? ]. The reaction rates f(x2), g(x1) are allowed to take any functional form, i.e., the com-

ponents can arbitrarily affect each other’s production rates. This includes oscillatory or multimodal

behavior, and we only exclude systems that cannot become statistically stationary, e.g. due to infinite

lifetimes or absorption at state {x1, x2} = {0, 0} if f(0) = g(0) = 0. We consider more complex
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reaction topologies below, butmany systems selected to suppress noise create minimal feedback loops

to reduce information losses from stochastic signaling events, and models of such systems have often

been similar to special cases of Equation (1.1) [29? ].

Effective noise suppression generally requires fast feedback responses, such that the system can self-

correct existing perturbations before new ones arise. Though the average lifetimes of the two compo-

nents cannot both be short relative to each other, the nonlinear rate functions could amplify even

small changes in one component into large changes in the production rate of the other [64] and thus

in some sense respond quickly to changes. Despite that, we here conjecture that no such systems,

regardless of parameters and rate functions f(x2) and g(x1), could reduce stationary fluctuations in

both components, compared to the corresponding open-loop system where f and g are constant, for

the same averages and burst statistics. In the absence of bursts (bi = 1) this means that X1 andX2 can-

not both display sub-Poisson fluctuations, which we refer to as an inaccessible Poisson square (Figure

1.1).

We first consider the stationary small noise limit at high copy numbers [35, 47] where the normal-

ized co-variance matrix with elements Σij = Cov(xi, xj)/(⟨xi⟩⟨xj⟩) satisfies the Lyapunov equation

AΣ+ ΣAT +D = 0 , (1.2)

HereA is the Jacobianmatrix for the dynamics of the average abundances (normalized by their steady

states) subject to small deviations, and D is the system’s diffusion matrix. For the class of systems

defined in Equation (1.1), Aii = −1/τi while the off-diagonal entries are unknown parameters that

depend on the unspecified control functions. Because here each reaction only changes one compo-

nent, the diffusion matrix is diagonal with entries (see Appendix A):

Dii =
2
τi
⟨si⟩
⟨xi⟩

, (1.3)
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Figure 1.1: Trade-off for mutual control systems. A)We consider the following generic class of mutual control systems: each

component is assumed to decay with some (unspecified) half-life but the way in which the two components affect each

other’s production ratesR+
i is left completely unspecified, see Equation (1.1). B) Analytical results suggest that no such

control system can simultaneously suppress noise in both components below their respective Poisson fluctuations (de-

noted by 100% in the diagram). We find numerically that the bounds derived in the high copy number regime (red lines)

in fact constrain all tested systems (black dots) regardless of noise levels and copy numbers. This numerical confirma-

tion suggests that nomutual control system—regardless of chosen control functions or parameters—can simultaneously

exhibit sub-Poisson fluctuations in both components as indicated by the lack of data points in the lower left. C) Here we

present the analytical bounds (colored lines) of Equation (1.4) for different life-times together with exact numerical real-

izations of systemswith nonlinear control systems (dots). The colors correspond to fixed relative lifetimes, and each dot

corresponds to a different systemwith a different set of control functions and parameters (see Appendix for numerical

details A). For each ratio of relative life-times none of the tested systems beat the limit of Equation (1.4).
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where ⟨si⟩ = (⟨bi⟩+ 1)/2 is the average jump size for component Xi. Solving Equation (1.2) for the

normalized standard deviations σ̄i :=
√
Σii, which we will colloquially refer to as ‘noise’ throughout

this thesis, in terms of the unknown covariance Σ12 gives

τ1σ̄21

(
σ̄22 −

⟨s2⟩
⟨x2⟩

)
+ τ2σ̄22

(
σ̄21 −

⟨s1⟩
⟨x1⟩

)
= (τ1 + τ2)Σ212 ⩾ 0. (1.4)

Because the right hand side of Equation (1.4) cannot be negative we must have

σ̄i ⩾
√

⟨si⟩/⟨xi⟩ for at least one i , (1.5)

where
√

⟨si⟩/⟨xi⟩ corresponds to the noise without control, i.e., for constant rates. Thus no such

system could suppress noise in both components below their uncontrolled levels.

For any finite ratio of life-times, the small-noise approach further predicts that the normalized stan-

dard deviation in X1 cannot be lower than a factor
√
1+ τ1/τ2 below the noise when the rates are

constant, and vice versa for X2. In fact, when one component is arbitrarily short-lived, so that there

can be no limit on noise suppression in the other component, the fast component equilibrates to con-

ditional Poisson distributions for each value of the slow component, even for nonlinear functions f

and g. The law of total variance—without small-noise approximations—then states (see Appendix

A) that Equation (1.5) must again hold. Thus the conjecture holds asymptotically both in the high

abundance limits regardless of time-scales and for separated time scales regardless of abundances. For

intermediate and low abundances without time-scale separation, the exact analytic methods previ-

ously developed to identify bounds on stochastic reaction systems [62, 64, 66] were not helpful for

this system. We therefore performed systematic numerical explorations.

First we used the exact Gillespie algorithm [39] to realize the system in Equation (1.1), using a

wide range of functions f(x2), g(x1) and parameters τi, including combinations of sharp and damped
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functions, ratios of polynomials, exponential functions, etc (see Appendix A). For all ratios of life-

times τ1/τ2, some systems could get extremely close to the bounds in Equation (1.4) but we found

none that violate them, suggesting that the inequality is tight and a real physical limit on the system for

all nonlinear functions (see Figure 1.1C). However, it is only possible to sample a subset of possible

functions f(x2) and g(x1), as these lie on an infinite-dimensional Hilbert space. We therefore also

systematically explored systems in the low copy number regime with less than five or less than ten

copies of each type, i.e., with only five or ten values of f(x2) and g(x1) respectively. This allows us to

more densely sample the space of possible functions (see Appendix A). We considered 106 reaction

systems of each type, using many different types of functions, including non-monotonic ones and

randomly generated values. Again, many examples get exceedingly close to the predicted bound but

none break it. Though short of an exact and general proof, this combination of analytical limits and

systematic numerical explorations support the conjecture of a hard trade-off for all systems in which

two components directly control each other. Non-stationary systems can of course start inside the

Poisson square, but that would only reflect the choice of initial conditions, not an ability to suppress

noise. The physically more relevant question is whether a systemmoving from one stationary state to

another—due to some change in parameters or rate functions—could temporarily move through the

Poisson square. This is indeed possible for some special types of systems, but we could only find very

minor violations through the upper right corner of the Poisson square (see Appendix A), potentially

suggesting bounds even on non-stationary dynamics.

1.3.2 Multi-component model

Next we investigate if these principles generalize to multi-component systems. First we consider feed-

back loops in which the components control each other in a ring-like structure (Figure 1.2A) where
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Figure 1.2: Trade-offs between pairs of components within a feedback ring. Two-componentmutual control systems can be

generalized to amulti-component control feedback loop in whichN-components affect the production rate of the next

component within a ring as defined by Equation (1.6). A) Schematic illustration of a ring-like connection feedback loop

forN = 6. B) Numerical support that feedback rings can only suppress noise in at most one component. Considering

stochastic realizations of control systemswithin the class defined by Equation (1.6) forN = 3we find numerically that

the bounds derived in the high copy number regime constrained all systems regardless of noise levels and copy numbers.

Each dot corresponds to the numerical data for a given systemwith a specified set of control functions and parameters

(see Appendix A for numerical details). We find numerical confirmation that no 3-component feedback ring can suppress

fluctuations in more than one component. Note, that lower dimensional feedback loops are special cases of the higher

dimensional ones in which some components are infinitely fast with τi → 0.
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the reactions of component Xi for i = 2, . . . ,N are given by

x1
r1(xN)−−−−−−−−−→ x1 + b1

x2
r2(x1)−−−−−−−−−→ x2 + b2
...

xN
rN(xN−1)−−−−−−−−−→ xN + bN

x1
x1/τ1−−−−−−−−−→ x1 − 1

x2
x2/τ2−−−−−−−−−→ x2 − 1
...

xN
xN/τN−−−−−−−−−→ xN − 1

. (1.6)

This describes systems in which feedback acts indirectly, through a cascade of reactions. The same

combination of approaches as above suggests that in anyN-component feedback ring structure as de-

fined in Equation (1.6), only a single component can exhibit fluctuations below Poisson noise (Figure

1.2B), and that any pair of components Xi, Xj are constrained by

1
τi

(
σ̄i√

⟨si⟩/⟨xi⟩

)−2

+
1
τj

 σ̄j√
⟨sj⟩/⟨xj⟩

−2

⩽ 1
τi

+
1
τj
. (1.7)

ForN = 3 this follows from the Lyapunov approach above Equation (1.2) in the high copy number

limit. The corresponding Amatrix then has the following structure:

A =


−1/τ1 0 A13

A21 −1/τ2 0

0 A32 −1/τ3

 , (1.8)

where A12, A32 and A13 again depend on the unspecified control functions. For stability, all eigenval-

ues ofA should have negative real parts, in which case a unique positive definite solution of Equation

(1.2) exists [49]. Solving Equation (1.2) is then inconclusive with respect to showing Equation (1.7),

since the stability criterion cannot be directly applied. Therefore, instead of solving Equation (1.2)
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for all (co)variances, we looked for a symmetric matrix ψ satisfying the following two conditions:

tr[ψ(AΣ+ ΣAT)] = A11 + A22 (1.9)

ψ11 ⩾ 1/Σ11, ψ22 ⩾ 1/Σ22, ψ33 ⩾ 0 . (1.10)

If such a ψ exists, the bound Equation (1.7) can be shown to follow for i, j = 1, 2 by taking the trace:

tr[ψ(AΣ+ ΣAT +D)] = 0 , (1.11)

andby symmetry the same inequalitywould exist for all i ̸= j. Formatriceswith the structure of Equa-

tion (1.8) we can show that such ψ indeed exists uniquely (see Appendix A). Then left-multiplying by

ψ in Equation (1.2) and taking the trace—with the same diagonal diffusion matrixD as in Equation

(1.3)—we have Equation (1.7) for i, j = 1, 2. However, this approach does not work forN ⩾ 4 since

ψ then is not uniquely determined, but for such higherN the conclusion is still supported by a similar

systematic numerical approach as above. All components except one would then become sacrificial

components to reduce noise in a chosen one.

Next, we consider systems in whichN components control each other’s production rates in arbi-

trary topologies as illustrated in Figure 1.3A and defined by

x1
ri({xj:j ̸=1})−−−−−−−−−→ x1 + b1

x2
ri({xj:j ̸=2})−−−−−−−−−→ x2 + b2

...

xN
ri({xj:j ̸=N})

−−−−−−−−−→ xN + bN

x1
x1/τ1−−−−−−−−−→ x1 − 1

x2
x1/τ2−−−−−−−−−→ x2 − 1
...

xN
xN/τN−−−−−−−−−→ xN − 1

(1.12)

Theproduction rate of each component is allowed to be an arbitrary function of all other components

and the degradation of component number i is assumed to be a first-order reaction with half-life τi
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as above. Because it is rare that components directly affect their own production rates, as opposed to

using chemical intermediates, this should apply to a large number of systems. We then combine the

trace

tr[Σ−1(AΣ+ ΣAT +D)] = 0 . (1.13)

with the general constraint that Σ must always be positive semi-definite so (see Appendix A):

(Σ−1)ii ⩾ 1/Σii (1.14)

Then since

tr[Σ−1D] =
∑
i

Dii(Σ−1)ii (1.15)

⩾
∑
i

Dii/Σii, (1.16)

we obtain:
N∑
i=1

1
τi

(
σ̄i√

⟨si⟩/⟨xi⟩

)−2

⩽
N∑
i=1

1
τi

. (1.17)

This result for the high copy number limit, which again is supported by systematic numerical ex-

plorations at low copy numbers, generalizes the Poisson Square into an N-dimensional Poisson hy-

percube, suggesting that at least one component must display larger fluctuations than Poisson in the

absence of control (Figure 1.3B).While the general feedback topology can improve noise suppression

compared to rings, it thus seems impossible to suppress noise in all components, regardless of topol-

ogy. As above the result also generalizes to production in distributed bursts.

Similar results appear to apply more broadly. For the arbitrary case in which any component can
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Figure 1.3: Trade-off inN-component control networks. Herewe considerN-component control structures of arbitrary

topology where each component is allowed to affect any other component’s production rate (but not its own) as defined

in Equation (1.12). A) Schematic illustration of amaximally connected control network forN = 6. Since we leave all re-
action rates unspecified (here and throughout the paper) any specific realization of this class may have rates that depend

on only a subset of the other components andmay thus bemuchmore sparsely connected than the above illustration, in

particular the ring-like feedback systems of Figure 1.2 are a subset of themore general class considered here. B) Here we

present numerical support for the constraint of Equation (1.17) in theN = 3 case. We generated an extensive set of

numerical realizations of arbitrarily nonlinear 3-component feedback systemswith arbitrary life-times and abundances.

Again, we could not find any system that violated the bound derived in the high copy number limit, and conclude that the

‘Poisson Cube’ is inaccessible by any three component feedback systems.

affect the production or degradation rates of all components including their own

x1
r+1 (x1,...,xN)−−−−−−−−−→ x1 + b1

x2
r+2 (x1,...,xN)−−−−−−−−−→ x2 + b2

...

xN
r+N (x1,...,xN)−−−−−−−−−→ xN + bN

x1
r−1 (x1,...,xN)−−−−−−−−−→ x1 − 1

x2
r−2 (x1,...,xN)−−−−−−−−−→ x2 − 1

...

xN
r−N (x1,...,xN)−−−−−−−−−→ xN − 1

(1.18)

we find (see A) that
N∑
i=1

1
τi

(
σ̄i√

⟨si⟩/⟨xi⟩

)−2

⩽
N∑
i=1

Hi

τi
. (1.19)
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where

Hi =
∂ ln(r−i /r

+
i )

∂ ln xi

∣∣∣∣∣⃗
x=⟨⃗x⟩

(1.20)

are constants that describe how component Xi controls its own production or degradation rates di-

rectly [47]. For example, if one component is produced with rate∼ xmi and degraded with rate∼ xni ,

thenHi = n − m. For all systems in which the linearized system is stable, the stability criterion im-

plies that the right hand side in Equation (1.19) is positive. Thus for any given level of self-control

in such systems, there is again a limit on the noise suppression that could possibly be achieved for

all components. To our knowledge the most common reasons for H ̸= 1 is self-replication or au-

tocatalysis, where the production rate increases with x and the corresponding H-value therefore is

closer to zero, or saturated enzymatic degradation, where the death rate per molecule decreases with x

and theH-value again is closer to zero. Those mechanisms make it even harder to suppress noise. For

auto-dimerization, where twomonomers form a dimer and the degradation rate is approximately pro-

portional to x2, theH can double from 1 to 2. However, even this mechanism would only marginally

reduce the noise, both because the change inH is moderate and because twomolecules are now elimi-

nated in the same reaction,which increases the diffusion terms inD. Thuswebelieve the principle that

chemical reaction networks require some components to fluctuate significantly applies quite broadly.

1.3.3 Systems with co-production events

So farwe assumed that each reaction changes abundances in integer steps, andonly for one component

at a time, as e.g. transcription or translation events change either the number of mRNAor protein re-

spectively, but not both simultaneously. However, similar results can be derived for reaction systems

where the reactions change more than one kind of component, such as systems with complex forma-

tion or conversion reactions. The diffusion matrix D then has non-zero off-diagonal entries and the

relation tr[Σ−1D] =
∑

iDii(Σ−1)ii behind Equation (1.17) no longer holds. However, for stable
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systems where all Hi > 0, the relative noise suppression compared to the non-interacting system is

still bounded by the quadrant of a hypersphere:

N∑
i=1

(
σ̄i√

⟨si⟩/(Hi⟨xi⟩)

)2

⩾ 1 , (1.21)

where
√

⟨si⟩/(Hi⟨xi⟩) is thenoise of thenon-interacting system. For example, adding a co-production

event to our initial example forX1 andX2 in Equation (1.1), e.g. {x1, x2} −→ {x1+1, x2+1}, would

shrink the inaccessible region from the Poisson square of Equation (1.19) into a quadrant of a circle

with unit radius (see Appendix for details A). An intuitive reason is that when feedback acts via a

low-copy component, intrinsic noise in that component makes control less reliable. With stoichio-

metrically coupled production reactions, such signaling noise is reduced, but only to some extent.

1.3.4 Systems near thermoequilibrium

The type of systemswe have considered in this chapter does not have a direct relationwith concepts in

nonequilibrium thermodynamics, such as entropy production rate [107] and the Poisson hypercube

type of bound we identified here is true even for systems with infinite energy dissipation. Therefore

it is natural to ask if limited energy dissipation would create even more severe bounds than Equation

(1.19)? Indeed, whenwe apply our approach to systems that are close to thermodynamic equilibrium,

no component can display variation lower than in a corresponding uncontrolled system:

σ̄i√
⟨si⟩/(Hi⟨xi⟩)

, ∀i ∈ [1,N]. (1.22)

See Appendix A for the full derivation. Briefly, this more severe bound comes from the fact that when

the system is near thermoequilibrium, the Jacobianmatrix is symmetric (under similarity transforma-

tion of a diagonalmatrix) [45, 107]. Equation (1.22) then can be derived from the Lyapunov equation
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Eq (1.2) for symmetric matrices A.

1.4 Numerical evidence indicates a broader rule

In the previous section, we saw a rather intriguing phenomenon, that in any stochastic reaction net-

works, regardless of the type of rate functions and detailed kinetic parameters, it is impossible for all

components to display sub-Poisson fluctuations. Instead the fluctuations are bounded by a “Poisson

hypercube”, summarized by a simple inequality Equation (1.17). This is a broad statement, because

it requires almost no knowledge of the topology of the network, but it only says that one of the N

components must have larger than Poisson fluctuations. Given that the specific topology considered

above shows amuchmore severe constraint, this raises a question of whether it is possible to develop a

broader theory relating the topological properties of stochastic reaction systems to bounds the num-

ber of components that can show noise reduction. Here we provide numerical evidence thatmotivate

us to conjecture such broader bounds.

Specifically, we look for a subset S of components, such that the following inequality holds in 5-

dimensional networks with given topologies:

∑
i∈S

1
τi

(
σ̄i√

⟨si⟩/⟨xi⟩

)−2

⩽
∑
i∈S

1
τi
. (1.23)

It should be noted that there are 5048 different topologies for 5-component networks and it is not

feasible to enumerate all of them. Therefore we focus on strongly connected networks with no more

than 7 control links, of which there are only 65. For each topology, a stable A in Equation (1.2) is

sampled by randomly selecting each non-zero Aij uniformly from -15 to 15, and 1/τi from 0 to 15.

If the resulting A is not stable, then the process is repeated. 107 such stable A are sampled in total for

each topology, and we look for subsets of components which do not break Equation (1.23). Such a

subset is termed as an incompatible set because such a set cannot have fluctuations suppressed in all
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components simultaneously.
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Figure 1.4: Networks which have incompatible sets with size 2. Here we list networks where a Poisson square bounds fluctu-

ations of certain two components. The list on the right side of each network is all the incompatible sets with size 2.

There are 6 out of 65 network topologies for which there exists at least one incompatible set with

size 2, i.e., a Poisson square bounds fluctuations of certain two components. The result is summarized

as Figure 1.4. The results become more complicated and harder to interpret for network topologies

which have incompatible sets with size 3—which account for 38 out of 65 topologies, summarized in

Figs. 1.7-1.9. One observation from these results is that, if {i, j, l} forms an incompatible set, then the

sub-network induced by {i, j, l}, i.e., the network only with component i, j, l and links connecting

them, has an incompatible set with size less than 3. For example, in Figure 1.7e, the sub-network

inducedby{1, 2, 5}has a ring-like structure, therefore any twocomponentswill forman incompatible

set. However, this seems to only be a necessary but not sufficient condition. For a counter example

see Figure 1.7i, where any sub-network with three components satisfies the condition that the sub-

network has an incompatible set with size less than 3, but it is not true that any three components

form an incompatible set.
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There are 12 and 9 topologies which show a Poisson tetracube and pentacube, respectively (see

Figure 1.5 and Figure 1.6). We noticed that all topologies falling into these two categories have three

distinct feedback loops, while some networks in the previous category have only two loops. This

could suggest that to suppress fluctuations inmore than two components, theremust be at least three

feedback loops.

So far we are still far from finding a universal law governing incompatible sets, but we hope these

empirical insights will help to guide future researchers in this field.
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Figure 1.5: Networks which have incompatible sets with size 4. Here we list network topologies where a Poisson tetracube

bounds fluctuations of certain four components. The list on the right side of each network is all the incompatible sets with

size 4.
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Figure 1.6: Networks which have incompatible sets with size 5. Here we list network topologies where no stronger bounds

than the 5-dimensional Poisson hypercube exist. Interestingly, it seems that, to suppress fluctuations of four components,

only three feedback loops will be sufficient.

1.5 Summary

Recent studies have identified many important constraints on the behavior of stochastic systems in

terms of energy-related properties [66, 95, 103? ? ? ? ]. However, many processes in biology are

so strongly driven that energetic constraints cannot easily be invoked. For example, protein degrada-

tion is not protein synthesis in reverse, but a separate energy-consuming process. These processes can

still be subject to other classes of constraints [62? ], for example ones determined by the topology

of the reaction network or individual reaction steps that cause a loss of information transfer. Indeed,

whenwe apply our approach to systems that are close to thermodynamic equilibriumwe identify very

severe bounds. Independent of energy dissipation, we demonstrate broad trade-offs between fluctu-

ations in different components of stochastic reaction networks, governed only by network topology.

Specifically, we find that molecular networks may require ‘sacrificial’ components with large noise to

ensure that others function precisely, which in turn may help to explain both why cells have so many
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dedicated controlmolecules, andwhy somany of them appear to fluctuate substantially [29]. Our sys-

tematic numerical explorations further suggest that the analytical asymptotic limits identify bounds

that are both exact and tight for all parameters and rate functions. Together with the observation that

numerous such bounds exist for different topologies, these results may suggest the existence of more

general laws that govern the behavior stochastic reaction networks far from equilibrium, well beyond

the limits of what is currently understood both in the work presented here and within the field as a

whole.
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Figure 1.7: Networks which have incompatible sets with size 3. Here we list networks where a Poisson cube bounds fluctua-

tions of certain three components. The list on the right side of each network is all the incompatible sets with size 3.
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Figure 1.8: Networks which have incompatible sets with size 3. (Continue)
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Figure 1.9: Networks which have incompatible sets with size 3. (Continue)
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2
Determining limits on the quality of

oscillations in stochastic reaction networks

In the previous chapter we mainly focused on the properties of overall fluctuations, i.e., the variance,

of different components in a stochastic reaction network. Reducing such fluctuations could be im-

portant for many biological functions where precision is needed. However, some other systems rely

on richer temporal dynamics, such as adaptive, oscillatory, excitable, and even chaotic behavior [67–
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71]. For these types of systems, stationary variances say very little, and cannot be easily interpreted

in terms of precision, since even a near-perfect autonomously oscillating system will eventually accu-

mulate phase drift, at which point even normalized variances may reflect high amplitude peaks and

troughs rather than a lack of precision.

For such systems we need other metrics to quantify the quality of behavior, i.e., how noisy the

stochastic trajectory is. Many metrics have been proposed. The main objective of this chapter is to

identify such a metric that does not merely report on precision in dynamics, but also allows us to

derive analytical bounds for a broad class of systems.

We start by showing that the integration of the autocovariance function quantifies an important

aspect of the quality of oscillations. We then introduce a less commonly usedmathematical technique

called the Crámer representation, which enables us to study the fluctuations in each frequency. We

also introduce some concepts from information theory to the frequency domain, and derive explicit

formulae for information transfer at different frequencies. Finally, we derive analytical bounds on

the integration of autocovariances and show their connection to the damping rate of autocorrelation

functions, which captures the system’s ability of maintaining accurate timing. Surprisingly, although

maintaining a precise oscillation is fundamentally different than suppressing fluctuations around a

fixed target value, the boundwe find on the integrated autocovariance is exactly the same as the bound

previously identified on suppressing variance [62]. Various fundamental limits have been derived in

the past decade, but most of them were derived by totally different methods and the results always

seem completely detached from each other. Here we surprisingly find two completely separate classes

of limits that seem to give a unified picture.

Contributions

The work presented in this chapter is unpublished. Johan Paulsson and I conceived the study. I

performed the numerical simulations and derived analytical results.
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2.1 Introduction

Many biological systems are capable of generating robust oscillatory dynamics, despite the inevitable

fluctuations from the stochastic nature of individual chemical reaction discussed in the previous chap-

ters [71–74]. In contrast, while many synthetic biological circuits have been constructed from the

samemolecular building blocks, they often performmuchworse than their natural counterparts [75–

79]. One theoretical challenge when analyzing or rationally designing biochemical/genetic oscillators

is that, in the presence of noise, the notion of oscillatory behavior inherently becomes statistical in na-

ture. For example, a generally non-oscillatory system could by chance oscillate for some time, whereas

anotherwise oscillatory systemcanbe irrevocably degradedbynoise. Thismakes it particularly hard to

distinguish between stable limit cycles and damped oscillations, which serves as the key mathematical

distinction in deterministic analyses [69, 75, 80]. Although there exists extensive theoretical work that

characterizes systems that exhibit deterministic oscillations [72, 81], much less is understood about

what properties determine the quality of oscillations in the low-copy number stochastic regime.

The main obstacle when analyzing stochastic oscillatory systems is that it is not even clear what

statistical property of the system would be an appropriate measure of their quality. The variance or

standard deviation, which measures deviations from the average, does not faithfully represent how

noisy the system is when the process displays non-stationary dynamics in time. For example, if one

were to naively measure the standard deviation of a deterministic sinusoidal oscillation, one would

trivially arrive at a standard deviation which is proportional to the sinusoid’s amplitude. Even if one

were to subtract out the mean from a noisy sinusoid, small shifts in phase would result in large appar-

ent noise in the system.

One commonly used quantity to study oscillations in stochastic systems is the autocorrelation

function, which captures the statistical correlation between values of a single trajectory at two dif-

ferent points in times. The problem with using autocorrelation function is two-fold. First it does
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not capture all aspects of noisy trajectories, such as the fluctuation in amplitude. Second, it is rarely

mathematically possible to derive autocorrelations analytically without assuming an a priori simple

form, such as exp(−t/τc) cos(2πt/T) [65, 82–85].

Another possible metric to evaluate the quality of oscillations is the integration of autocovariances

(un-normalized autocorrelations). Thiswas first proposedbyP.Hänggi to quantify the noise intensity

[86] for systems with colored noise, and we find that it may also be useful for studying oscillatory

systems that arise from stochastic chemical reaction networks. One useful property of this integrated

autocovariance is that, for an almost perfect oscillator, the subsequent peaks of its autocovariance

function cancel each other so the integral asymptotically converges to 0.

Additionally, there is a particularly striking property of the integrated autocovariance. To illus-

trate, we consider three distinct well-known nonlinear deterministic oscillating systems perturbed by

Gaussian white noise with strength ε [87, 88]* (see Table 2.1). ε here represents the intrinsic noise

level of the system. We find within each model, when fixing all other parameters, strikingly the inte-

grated autocovariance is proportional to ε (see Figure 2.1). This linear dependence is very surprising

since all the three models are highly nonlinear, and to our knowledge, other metrics do not show this

proportionality.

A similar proportionality is also found inMarkov jump processes, where we consider two types of

oscillator models and alter the average birth size but keep the average flux the same (see Appendix B

for numerical details). Here we use the average birth size as a way of capturing intrinsic noise in the

system. Our results show that the integrated autocovariance is proportional to the average jump size

within eachmodel. This proportionalitymay indicate that this integral does capture certain nontrivial

aspects of the noise intensity in an oscillatory system, although it is still hard to conceptually interpret

why this metric appears to be particularly good. In the next section we use this metric to quantify the

*The Stuart-Landau model is described in polar coordinate as x1(t) = r(t) cos[2πθ(t)] and x2(t) =
r(t) sin[2πθ(t)]
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van der Pol Oscillator ẋ1 = x2 +
√
2ε ξ1

ẋ2 = −μ(x21 − 1)x2 − x1 +
√
2ε ξ2

Relaxation Oscillator ẋ1 = μ(x2 − x31 + x1) +
√
2ε ξ1

ẋ2 = −x1/μ+
√
2ε ξ2

Stuart-Landau Oscillator ṙ = ar − lr
2 r

2 +
√
2ε ξ1

θ̇ = ai − li
2 r

2 +
√
2ε ξ2

Table 2.1: Models used to find the relation between the integration of autocovariances and the system’s intrinsic noise level.

quality of oscillations and identify a lower bound for the integrated autocovariance in a broad class of

oscillatory systems.

2.2 Fundamental limit of the quality of oscillations

In this section we study how stochasticity limits the quality of oscillations in a general time-delayed

negative-feedback model. Negative feedback and time-delay are two essential requirements for all

known biochemical and genetic oscillators [80]. Where as most prior work focuses on particular

molecular circuits that give rise to oscillations [54, 85, 89], the model we study here includes a great

range of natural and synthetic oscillation systems, allowing our model to capture the qualitative be-

havior of a broad class of circuits.

2.2.1 Model

Specifically, we look at the following “class” of systems modeled as continuous-time jump processes.

Consider one chemical species, X1, that affects the production rate of itself through a series of inter-
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Figure 2.1: The integrated autocovariance scales linearly with system’s intrinsic noise level. a) Typical trajectories of the

stochastic van der Pol oscillator model (see Table 2.1), with constant intrinsic noise level ε = 0.001, 0.01, 0.1, 1, re-
spectively. μ = 1. c) Plotting the integration of autocovariances (termed asK(t)) from the van der Pol model, relaxation

model (μ = 10), and Stuart-Landaumodel as functions of ε respectively in a log-log scale. The parameters used in Stuart-

landaumodel here are: ar = 5 ai = 1, lr = li = 1. The results show a linear relation within eachmodel, where the

slopes of all threemodels fall into the range α = 1±0.002. b) Typical trajectories of the repressillator model, with a geo-

metrically distributed random burst size b for the production rate. d) Plotting the integrated autocovariance as a function
of average burst size ⟨b⟩ for the repressilator model and a time-delay feedbackmodel, respectively (see Appendix B.6 for

numerical details). For illustrative purposes, we plot the integrated autocovariance subtracted by 1
2

∫
Ko

X1dt, whereK
o
X1

represents the autocovariance function when ⟨b⟩ = 1. To reduce the noise from simulations, each of the threemodels

has been simulated 4000 times for each ε, with 108 steps in each time. The points plotted are the integrated autocovari-

ance averaged from the 4000 repeats for each ε. The error bar is the statistical uncertainty.
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mediate species X2,X3, · · · ,Xn, · · · ,XN:



x1
u(xN)−−−−−−−−−→ x1 + 1

x2
α1x1−−−−−−−−−→ x2 + 1

x3
α2x2−−−−−−−−−→ x3 + 1

...
...

...

xn
αn−1xn−1−−−−−−−−−→ xn + 1



xn+1
rn+1(xn)−−−−−−−−−→ xn+1 + 1

xn+2
rn+2(xn,xn+1)−−−−−−−−−→ xn+2 + 1

...
...

...

xN
rN(xn,xn+1,··· ,xN−1)−−−−−−−−−→ xN + 1

(2.1)

xi
xi/τi−−−−−−−−−→ xi − 1 1 ⩽ i ⩽ N (2.2)

where τi is the average lifetime of component Xi, and the rates u and ri are unspecified functions

that may capture arbitrary nonlinear reactions. Feedback is composed of two parts: a simple linear

signaling cascade from X2 to Xn, and an unspecified feedforward network composed of Xn+1 to XN

(N could be arbitrarily large) as illustrated in Figure 2.2a. For Xn+1 to XN, the production rate of

each component is allowed to be an arbitrary function of its upstream components, e.g., rn+i =

ri(xn, xn+1, · · · , xn+i−1), but is independent of all downstream components.

It is important to note that our model does not allow feedback within the second unspecified part

of the network. This is because, given unrestricted reaction rates rn+i, a second feedback loop in

principle is able to generate perfect oscillations and drives the closed-loop system, which trivializes the

problem. Intuitively, this set of assumptions allows us to capture models of arbitrary complexity, but

which we can be certain will not produce autonomous oscillations.

We first start by studying the case where n = 2 and N unrestricted, i.e., when there is only one

intermediate species in the linear signaling cascade, and generalize the results to arbitrary n later. We

note that even the n = 2 includes a broad range of models that have been used for both natural

and synthetic oscillators. For example, in the canonical repressillator model [75], X1 and X2 could

represent the numbers of the mRNA and protein corresponding to the repressor TetR, while λ cI
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Figure 2.2: Numerical results support Equation (2.15) as the fundamental limit on the quality of oscillation. a) An illus-

tration of the class of models as described by Equation (2.1). The feedforward network composed ofXn+1 toXN is illus-

trated as the “cloud” allows arbitrary complexities and nonlinearities. B) Numerical results show that Equation (2.15) is

indeed a tight bound—it is possible to construct an oscillatory systemwhich achieves the predictedminimum noise in-

tensity. The simulations are all at the level of theMarkov jump process, which to some extent supports the validity of the

continuous approximation used for analytical analyses.

and LacI are represented by components in the feedforward network.

In general, with different functions u, rn+i and parameters, Equation (2.1) is able to generate var-

ious complex oscillatory behaviors including both harmonic and non-harmonic oscillations. This

makes it difficult to applyapriori autocorrelation functions such as thedecaying sinusoid e−t/τc cos(2πt/T),

which can only describe a narrow class of systems. This function has beenused successfully in a variety

of previous papers which study systems with oscillations that closely match a pure sinusoid [65, 82–

85, 90]. However, because we hope to study a more general class of oscillations that may be far from

harmonic, we will instead focus on a non-parametric measure.
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2.2.2 Results

Here we derive our first main result, a lower bound on the integration of the autocovariance function

K(t) by an information-theoretic approach. We adapt the notation of noise intensity from P. Hänggi

[86]:

Noise intensity: Dx =
1
2

∫ ∞

−∞
Kx(t)dt (2.3)

In brief, our approach starts from quantifying the information transferred betweenX1 andX2 at each

frequency, and results in a lower bound on the power spectral density (PSD). Then by using the re-

lation that PSD at zero frequency is equal to the integration of K(t), we obtain a lower bound on

the noise intensityD in Equation (2.15). For completeness, the following section includes the precise

technical details of the mathematical tools required for this proof, however it should be possible to

proceed past these sections to the core results if so desired.

As a starting point, we first adapt the continuous approximation [33] to Equation (2.1):



ẋ1(t) = u[xN(t)]− x1(t)/τx +
√
2⟨x1⟩/τ1 ξ1(t)

ẋ2(t) = αx1(t)− x2(t)/τ2 +
√
2⟨x2⟩/τ2 ξ2(t)

ẋ3(t) = r3[x2(t)]− x3(t)/τ3 +
√
2⟨x3⟩/τ3 ξ3(t)

· · ·

ẋN(t) = rN[x3(t), · · · , xN−1(t)]− xN(t)/τN +
√
2⟨xN⟩/τN ξN(t)

(2.4)

where ξi(t) is standard Gaussian white noise with ⟨ξi(t)⟩ = 0 and ⟨ξi(t)ξj(t′)⟩ = δijδ(t − t′). This

approximation is mainly for mathematical convenience. While it does not perfectly capture the dy-

namics seen in a Markov jump process (as described in previous chapters), it is capable of capturing

the statistics such as the second moments [91]. All the numerical simulations in this chapter are still

performed at the level of Markov jump processes without any approximations.
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To quantify the information transfer, we use the Crámer representation, which decomposes a

wide-sense stationary stochastic trajectory xi(t) into an integral (or in the discrete setting, a sum) of a

transform-domain random process x̃i(ω) (see [92] and Appendix B.1 for details):

xi(t) =
∫ ∞

−∞
eiωtdx̃i(ω) (2.5)

where the complex-valued random variables dx̃i(ω) is called the spectral process of xi(t)with:

⟨dx̃i(ω)⟩ = 0 (2.6)

⟨dx̃i(ω)dx̃i(ω′)⟩ = δω,ω′S(ω)dω, (2.7)

where Si(ω) is the PSD of xi(t)†. dx̃i(ω) is often regarded as the “random amplitude” at frequency

range [ω, ω + dω). the Crámer representation is conceptually similar to the Fourier transform, in

that it decomposes a stochastic trajectory into its constituent frequencies with complex-valued ran-

dom amplitudes, and the second moments of these random amplitudes are equal to the PSD of the

original trajectory. Therefore Equation (2.5) then enables us to measure the frequency content of the

stochastic trajectory xi(t). The corresponding spectral process for Equation (2.4) is:

(iω+ 1/τ1)dx̃1(ω) = dũ(ω) +
√
2⟨x1⟩/τ1 dξ̃1(ω) (2.8)

(iω+ 1/τ2)dx̃2(ω) = α dx̃1(ω) +
√
2⟨x2⟩/τ2 dξ̃2(ω) (2.9)

· · ·

where the spectral process dũ(ω) becomes a functional of {dx̃N(ν)}, −∞ < ν < ∞. dξ̃i(ω) is

Gaussian with zero mean and ⟨dξ̃i(ω)dξ̃i(ω′)⟩ = δω,ω′dω since ξi(t) is Gaussian white noise (the

properties of the Crámer representation of Gaussian processes can be found in [92]).
†We assume the PSD exists throughout this chapter.
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We next quantify howmuch information can be transferred at each frequency by considering mu-

tual information in the frequency domain (MI-freq), defined as:

I[dx̃1(ω), dx̃2(ω′)] =
⟨
log

P [dx̃1(ω), dx̃2(ω′)]
P [dx̃1(ω)]P [dx̃2(ω′)]

⟩
, (2.10)

whereP [dx̃1(ω), dx̃2(ω′)] is a four-dimensional joint distribution of dx̃1(ω) and dx̃2(ω) (each dx̃i(ω)

is a two-dimensional randomvariable since it is complex), andP[dx̃i(ω)] is themarginal two-dimensional

distribution of dx̃i(ω). The MI-freq was first proposed by D.R. Brillinger and A. Guha in 2007 to

study the statistical dependence in ambient seismic noise data [93]. It is nearly identical to the normal

mutual information [94] for two complex-valued random variables, but has several unique proper-

ties. We provide a more detailed introduction to mutual information in the frequency domain in

Appendix B.1.

By using rate distortion theory [94], we can show that theMI-freq constrains the PSD from below

by (see Appendix B.1.3 for derivations):

S1(ω)
So1(ω)

⩾ exp {−I[dx̃1(ω), dx̃2(ω)]} (2.11)

where

So1(ω) = 2⟨x1⟩
τ1

1+ (ωτ1)2
(2.12)

is the Lorentzian PSD corresponding to the PSD when there is no feedback loop, i.e., u is constant.

Equation (2.11) shows it is the non-zeroMI-freq that allows the PSD to be lower than the Lorentzian

in each frequency.

On the other hand, the MI-freq is also constrained from above by the channel capacity of Equa-

tion (2.9) which can be shown by classic information-theoretic technique (see Appendix B.1.2 for
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derivations):

I[dx̃1(ω), dx̃2(ω)] ⩽ log

[
1+ α2

S1(ω)
2⟨x2⟩/τ2

]
(2.13)

Then combing Equation (2.13) and Equation (2.11), we obtain:

SX1(ω) ⩾
2⟨x1⟩τ1

1+ (τ1ω)2
2

1+
√
1+ 4N2/N1

1+(τ1ω)2

(2.14)

where N1 = ⟨u⟩τ1 and N2 = α⟨x1⟩τ1 are the average numbers that the species X1 and X2 are pro-

duced during time τ1, respectively. The ratioN2/N1 then represents on average how frequently X2 is

produced relative to X1.

Since the integration of the autocovariance function is equal to SX1(ω = 0), the noise intensityD

is then bounded by:
DX1
Do

X1
⩾ 2
1+

√
1+ 4N2/N1

(2.15)

whereDo
X1 = ⟨x1⟩τ1 corresponds to the noise intensity for a Poisson process with a linear degradation

rate, which does not display any oscillatory behaviors.

The noise intensity is then effectively bounded by the square root of the relative signaling rate

N2/N1. Intuitively, to build a precise oscillatory dynamics, the hypothetical feedforward network

needs to “know” the current and past states of X1 to generate a nonlinear response with time delay.

The finite signaling rate in the intermediate component then inevitably restricts howmuch informa-

tion aboutX1 canpass to the feedforwardnetwork, thus put a hardboundon thequality of oscillations

the system is able to achieve.

Here we assume that the hypothetical feedforward network is capable of implementing arbitrary

functions with accurate time delays, but in many real systems (such as the circadian clock network in

mammalian cells [71]) the timedelay is implementedmainly by a linear signaling cascade, e.g.,multiple

phosphorylation steps. Therefore we next examine the case when n > 2 and ask whether a linear
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cascade imposes a more severe bound than Equation (2.15).

Following the samemethod, we find theMI-freq betweenX1 andXn at zero frequency is bounded

by:

I[dx̃1(0), dx̃2(0)] ⩽ log

[
1+

Neff

N2
α21

S1(0)
2⟨x2⟩/τ2

]
, (2.16)

where

Neff/N2 =
1∑n

i=2 (1/Ni)
. (2.17)

Ni = αi−1⟨xi−1⟩τ1 is again the average number that the species Xi is produced in time τ1. Neff/N2 is

thus the probability that at least one Xn is produced when an X2 is produced [62]. Then combining

with Equation (2.11), we find the noise intensity is bounded by:

DX1
Do

X1
⩾ 2

1+
√
1+ 4Neff/N1

(2.18)

In general Neff < N2 so Equation (2.18) is a more severe bound than Equation (2.15). In a very

special case when all the production rates are similarN2 ≈ N3 · · · ≈ Nn,Neff decreases on the order

of 1/n, which indicates that the noise intensity cannot be suppressed if the oscillatory system has a

long linear cascade.

We note that previous results in [62] show that the same bound also constrains the variance of the

system:
Var[X1]
⟨X1⟩

⩾ 2
1+

√
1+ 4N2/N1

. (2.19)

The close similarity here is quite surprising, since it is not at all obvious that bounds on the variance

of stochastic system should be so closely related to a measure of the quality of oscillations. Naively,

we know that even systems with perfect oscillations (so 0 noise intensity) have variance proportional

to the trajectory’s amplitude, so it is not obvious to us that a bound on noise intensity should look at
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all like a bound on variance. Equation (2.15) tells us that, although maintaining a precise oscillation

is fundamentally different with suppressing fluctuations around a target value, the same fundamental

bound governs both the quality of oscillations and noise suppression.

2.3 Limit of the coherence time

Another important property of oscillatory systems is how quickly oscillations decorrelate, which is

usually quantified by the autocorrelation function γX(t) = KX(t)/Var[X]. In general, for stochastic

oscillatory systems, γ(t) displays a damped oscillation and converge to 0 as t → ∞. The rate of con-

verging to some extent captures the ability of the system tomaintain an accurate timing. This property

is not the same as the noise intensityD discussed in the previous section, which captures the quality

of oscillations. For example, consider a harmonic oscillator X(t) with Gaussian noise and oscillation

period T. Its autocorrelation function is γX(t) = e−t/τc cos(2πt/T), where τc is the coherence time.

The quality of oscillations as captured byD isDX = Var[X]2τc/(1 + τ2c /T2). Because both Var[X]

and τc can be independently be large, it is possible to have a long coherence time and large noise inten-

sity simultaneously. Our approach here allows us find an upper bound on the coherence time from

the PSD bound in Equation (2.14).

For systems near equilibrium, where the (matrix) autocorrelation function can be approximated

by a matrix exponential, the autocorrelation function of a single component (e.g., X1) is a linear com-

bination of exponentially damped oscillation γ(t) =
∑

aie−t/τ(i)c cos(2πt/T), which implies the po-

tential for multiple coherence times τ(i)c . By plugging in the PSD obtained from Fourier transform of

the autocorrelation (Equation (B.51) in Appendix B) into Equation (2.15), we obtain a upper bound

on the longest coherence time:

max[τ(i)c ]/T ⩽ T/τ1
4π2

Var[X1]
min{Var[X1]}

(2.20)
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wheremin{Var[X1]} = 2⟨x1⟩/(1+
√
1+ 4Neff/N1) is the theoretical minimum variance in the sys-

tem as predicted byEquation (2.19). Since Equation 2.20 is difficult to interpret on its own, it is useful

to interpret this bound as it applies to an optimal oscillator that exhibits small fluctuations. This gives

us the intuitive result that Var[X1] is bounded by the average amplitude of the oscillation. Specifi-

cally, we can use the law of total variance to show that
√
Var[X1]/⟨x1⟩ ⩽ ⟨A[x1]⟩/2 (see Appendix

B), where ⟨A[x1]⟩ is the average amplitude normalized by ⟨x1⟩:

max[τ(i)c ]/T ⩽ T/τ1
8π2

⟨A[x1]⟩2⟨x1⟩
1+

√
1+ 4Neff/N1

2
(2.21)

We note that it is not necessarily the case that an optimal oscillator will have small fluctuations, as the

optimal design could still be quite bad.

For systems in the class of Equation (2.1), it is not natural to assume that the autocorrelation func-

tion damps exponentially, which is often assumed in previous studies (e.g., [65, 82]). For general sys-

tems the autocorrelation function may display complicated oscillatory modes with non-exponential

damping rates, therefore a single coherence time τc is not easily defined. Ourmethods instead provides

a bound for the autocorrelation at the first peak γ(T) (see Appendix B.5 for derivations):

1− γ(T) ⩾ 8
√
3/π

(T/τ1)⟨A[x1]⟩2
1

⟨x1⟩
2

1+
√
1+ 4Neff/N1

(2.22)

which shows the signaling rate bounds howmuch the system can maintain accuracy after one period

of oscillation (see Figure 2.3). Although the numerical simulations shown in Figure 2.3 indicates

Equation (2.22) may not be a tight bound, it nevertheless puts a necessary condition on how to build

an accurate biological timer.
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Figure 2.3: Numerical results support Equation (2.22) as a bound for autocorrelation drop after one oscillating period.

Here we used the same numerical data obtained from Figure 2.2 to illustrate how the signaling rate bounds the autocor-

relation at the first period. Each point represents a specific realization of Equation (2.1) by choosing a set of parameters

and functions (see Appendix B.6 for details). These results indicate that Equation (2.22) may not be a tight bound.

2.4 Discussions

A great deal of recent work has focused on the relationship between energetic dissipation and a sys-

tem’s ability to maintaining accurate timing. However, the concept of energy is hard to apply to

kinetic models since one needs to carefully write down the equations according to thermodynamic

laws such that the “energy dissipation” calculated from nonzero probability currents [95] is physi-

cally meaningful. Consequently, this type of theoretical result can only be applied to a narrow selec-

tion of model systems, such as the Kai system of cyanobacteria, since it oscillates purely at the level

of post-translational phosphorylation and it is possible to precisely characterize its energy dissipation

[65, 73, 85, 90]. Currently, we still lack a quantitative theory for constructing ultra-reliable gene cir-

cuits that oscillate. In this chapter, we introduce the use of integrated autocovariances, or noise in-

tensity, to quantify the quality of oscillations. We examined a broad class of feedback networks and
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derived exact inequalities that bound the quality of oscillations. Specifically, we find that the square

root of the relative signaling rate bounds the noise intensity. We also find that oscillatory systems with

a long linear cascade in the feedback loop become extremely poor suppressors of noise as the length

of the cascade grows. We thus speculate that our methods and results may provide an alternative per-

spective to the study of biological oscillations.
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Pour l’honneur de l’esprit humain.

For the honor of the human spirit.

Jean Dieudonné

3
Outlook

This dissertation takes a step towards a more unified theory of stochastic reaction systems. Together,

these results show a series of hard constraints on fluctuation levels set purely by network topology,

which cannot be broken by any rate functions or parameters. Most of the time, modeling in biology

starts with a “complete” set of specific assumptions, creating a model that then can be solved analyti-

cally or numerically. Most analytical solutions in turn use approximations thatmay be very inaccurate

and are often highly specific to the system being studied. Generalizing these results often requires ex-
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amining increasing number of examples to try to identify broad principles. Here we instead take a

different approach, considering open-ended classes of processes rather than any single specific model,

and trying to derive exact analytical results that hold for all such systems. This type of theory is not

only more general, but also can lead to direct experimental predictions. This is because these bounds

on variance are expressed in terms of physically observable quantities.

Nevertheless, our results may have only revealed the tip of the iceberg in terms of what can be

done to identify broader principles for fluctuations in cells. Here we point out several possible future

directions and discuss some potential strategies for solving new problems.

In chapter 1 we conjectured exact inequalities that bounds fluctuations in connected components,

demonstratedbothwith an asymptotic theory and extensive numerical simulations. However, though

we believe the inequalities derived holds for all nonlinear functions, we still lack a rigorous proof be-

yond the regime of linear systems. Though in this case, nonlinear systems seem to be bounded by the

same inequality as the linearized systems, it is unclear to what extent a linearized system can capture

the behavior of nonlinear system, and whether severe nonlinearity can lead to significantly better or

worse behavior. These theoretical challenges may require newmathematical tools, as current method

cannot accurately describe the propagation of fluctuations through a nonlinear network. One of the

most commonmathematical frameworks used to ask suchquestions is information theory, which uses

entropy to quantify the statistical uncertainty and mutual information to quantify correlations [94],

but most of the results so far still rely on linearizations or other approximations [62, 96, 97]. Another

possible method for analyzing nonlinear stochastic problems is differential dissipativity theory [98], a

recently-developed theory first proposed for solving nonlinear control problems. This theory focuses

on nonlinear system which has a low-dimensional dominant behavior. The basic strategy is to char-

acterize the property for linear systems which can be described again by a Lyapunov equation, and

then study the nonlinear system “differentially”, that is, along the linearized flow in the tangent bun-

dle. Differential dissipativity theory may then provide an alternative way to solve nonlinear stochastic
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problems ifwe can show that there exists a linear(ized) systemwhich can achieve the sameperformance

for any nonlinear system.

Chapter 1 also indicates that there may exist a more broad theoretical picture connecting a net-

work’s topology and its ability of suppressing fluctuations of some of its components. Specifically we

found fromnumerical results that, formany topologies, the fluctuations of a subset of components—

termed as an incompatible set—cannot be suppressed simultaneously, regardless of functions and pa-

rameters. It is unclear which aspect of this topological information determines the incompatible sets

and their sizes. In flow network, it has been shown that if a sub-network satisfies a particular simple

criterion—similar to zero Euler number—then any perturbation in this sub-network will only propa-

gatewithin it but not influence components outside [99–101]. Though there are several fundamental

differences between flownetworks and stochastic reaction networks, we suspect theremay be a similar

criterion in stochastic reaction networks to identify incompatible sets.

On the other hand, suppressing molecular fluctuation is often not the sole purpose for one bio-

logical network. Biological systems must be able to carry out various functions, such as cell cycle,

chemotaxis, etc, and fluctuations can only be suppressed without compromising these functions. In

chapter 2 we showed a fundamental limit of suppressing noise in a broad class of oscillatory systems,

and recent study also demonstrated that certain network topologies can achieve biochemical adapta-

tion and noise attenuation simultaneously [102], or maintain high sensitivity while suppressing noise

[103]. An interestingdirectionwouldbe looking for trade-offsbetweenother particular functions and

noise suppression, e.g., whether we can design a network for arbitrary given functions while achieving

arbitrary accuracy.

Another future direction is studying fluctuations with spatial effects, such as the fluctuations in

pattern formation. All the results from this dissertation focus on fluctuations in molecule numbers

without considering spatially heterogeneity, i.e., the molecules are uniformly distributed in a homo-

geneous intracellular environment. Recent studies showed separated phase in the cytosol, which may
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provide another mechanism to in suppress fluctuations by locally concentrating molecules [104].

In conclusion, together with the observations that numerous bounds of suppressing molecular

fluctuations exist, we suggest there may exist more general principles for stochastic reaction networks

far from equilibrium waiting for being discovered in the future.
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A
Supplementary information of chapter 1

In this appendix section, we provide detailed derivations of all the results in the chapter 1, including

the following:

1. Derivations of thePoisson square (and its generalizations inmulti-component systems) in three

different asymptotic approaches: in the limit of high copy number by first-order approxima-

tion, in the limit of low copy number by a complete numerical search, in the limit of time-scale

separation. (Section A.1 to Section A.3)
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2. Derivations of Equation (1.19) and Equation (1.21) in the chapter 1. (SectionA.4 and Section

A.5)

3. Derivations of Poisson square in 3-component network with a ring-like structure. (Section

A.6)

4. Proof a more severe bound for systems in thermo-equilibrium. (Section 1.3.4)

5. Details of numerical simulations. (Section A.7)

6. Numerical evidence of that noise in the non-stationary states can transiently exceed the Poisson

square. (Section A.8)

A.1 Deriving Poisson square (hypercube) by first-order approximation of

covariances

In this section we derive the main analytical results in the chapter 1. We start from a general N-

component Markov jump process as illustrated in the Figure 1.3A in the chapter 1:

x1
r1(x2,x3,··· ,xN)−−−−−−−−−→ x1 + b1

x2
r2(x1,x3,··· ,xN)−−−−−−−−−→ x2 + b2

...

xi
ri(x1,·,xi−1,xi+1,··· ,xN)−−−−−−−−−→ xi + bi

...

xN
r2(x1,x2,··· ,xN−1)−−−−−−−−−→ xN + bN

x1
x1/τ1−−−−−−→ x1 − 1

x2
x2/τ2−−−−−−→ x2 − 1
...

xi
xi/τi−−−−−−→ xi − 1
...

xN
xN/τN−−−−−−→ xN − 1

, (A.1)

where each reaction changes the abundance of component Xi by bi with a birth rate ri and one with a

death rate xi/τi. bi is the random birth size with a certain probability distribution, which is assumed
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to be independent of any Xj. Here we only consider the class of jump processes in which one reac-

tion only alters the abundance of one component. For example, translation only changes numbers of

proteins but not mRNA, but dimerization reactions change abundance of at least two components

(monomer and dimer). This restriction is essential for Poisson hypercube, but a slightly different type

of bound can also be derived without this restriction, as further discussed in Section A.5. The evolu-

tion of the probability distribution Pt(xxx) is captured by the Kolmogorov equation, also often referred

as the chemical master equation [33]:

dPt(xxx)
dt

=
N∑
i=1

ri(xxx−ddd+i )Pt(xxx−ddd+i )+
N∑
i=1

(xi+ 1)/τiPt(xxx+ddd−i )−
N∑
i=1

(ri+xi/τi)Pt(xxx) , (A.2)

whereddd±i is the jump size of birth and death event for componentXi, which is aN-dimensional vector

with i-th entry equal to 1 for ddd−i , and bi for ddd
+
i , and all others are 0. As further explained in Section

A.7, all the numerical simulations shown in the figures in the chapter 1 were performed based on the

Equation (A.2) by standard Gillespie algorithm [39].

In the stationary state, the variances and covariances follow (see [47, 64] for detailed derivations):

Cov(xi, rj − xj/τj) + Cov(xj, ri − xi/τi) + δij · (⟨si⟩⟨xi⟩/τi + ⟨sj⟩⟨xj⟩/τj) = 0, ∀i, j, (A.3)

where δij is the Kronecker delta. In the high copy number limit, the covariance then can be approxi-

mated by its first order:

Cov(xj, ri) ≈ Cov
(
xj,

N∑
ℓ=1

∂ri(xxx)
∂xℓ

∣∣∣
xxx=⟨xxx⟩

xℓ
)
=

N∑
ℓ=1

∂ri(xxx)
∂xℓ

∣∣∣
xxx=⟨xxx⟩

Cov(xj, xℓ) , (A.4)

therefore the second moments, or covariance matrix C of {X1,X2, · · · ,XN} in the stationary state,
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can be approximated by the solution of the following Lyapunov equation:

JC+ CJ⊤ + B = 0 , (A.5)

where J is the Jacobian matrix with entries Jij = ∂(ri − xi/τi)/∂xj|xxx=⟨xxx⟩ and

B = 2



⟨s1⟩⟨x1⟩
τ1 0 · · · 0

0 ⟨s2⟩⟨x2⟩
τ2 · · · 0

...
... . . . ...

0 0 · · · ⟨sN⟩⟨xN⟩
τN


(A.6)

is the diffusion matrix, where ‘⟨si⟩’ is the average jump size of both birth and death events, therefore

it is equal to (⟨b1⟩+ 1)/2. LetX be the diagonal matrix of {⟨x1⟩, ⟨x2⟩, · · · , ⟨xN⟩}, and multiplyX−1

from both sides of Equation (A.5):

0 = X−1
(
JC+ CJ⊤ + B

)
X−1 = (X−1JX)(X−1CX−1) + (X−1CX−1)(X−1JX)⊤ + X−1BX−1 ,

(A.7)

Let Σ = X−1CX−1 with Σij = Cij/(⟨xi⟩⟨xj⟩) and

A = X−1JX : Aij =
⟨xj⟩
⟨xi⟩

· Jij =
⟨xj⟩
⟨xi⟩

∂(ri − xi/τi)
∂xj

∣∣∣∣∣
xxx=⟨xxx⟩

, (A.8)

D = X−1BX−1 = 2



⟨s1⟩
τ1⟨x1⟩ 0 · · · 0

0 ⟨s2⟩
τ2⟨x2⟩ · · · 0

...
... . . . ...

0 0 · · · ⟨sN⟩
τN⟨xN⟩


, (A.9)
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we obtained Equation (1.2) in the chapter 1:

AΣ+ ΣA⊤ +D = 0 . (A.10)

Since by our assumption that Xi does not control its own production rate, ∂ri/∂xi = 0, then

though the off-diagonal entries are allow tobe anynumber, the diagonal entries areAii = Jii = −1/τi.

Since we only considered systems which have a stationary distribution, A then must be a Hurwitz

matrix, i.e., all the eigenvalues ofA lie on the left half of the complex plane, therefore Equation (A.10)

has a positive semi-definite (PSD) solution if matrixD is PSD [49], as a covariance matrix should be.

Noted thatA and J has the same eigenvalue, so if J is Hurwitz, so isA. Thus it is equivalent to consider

either Equation (A.5) or Equation (A.10).

Then multiply the matrix inverse Σ−1 from the left, and take the trace:

0 = tr[Σ−1AΣ+ Σ−1ΣA⊤ + Σ−1D] = tr[2A+ Σ−1D] , (A.11)

since tr[Σ−1AΣ] = tr[ΣΣ−1A] = tr[A]. Equation (A.11) is equivalent to:

N∑
i=1

1
τi

=

N∑
i=1

(Σ−1)ii
⟨si⟩
τi⟨xi⟩

. (A.12)

Now let’s prove (Σ−1)ii ⩾ 1/Σii. Rewrite Σ and its inverse into matrix sub-blocks form:

Σ =

Σ11 uuu⊤

uuu VVV

 , Σ−1 =

(Σ−1)11 ûuu⊤

ûuu V̂VV

 . (A.13)

whereuuu is a (N− 1)-dimensional vector andVVV is (N− 1)-dimensional principal submatrix. Then by
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Banachiewicz identity (also called Blockwise inversion):

(Σ−1)11 =
1
Σ11

+ uuu⊤V̂VVuuu/(Σ11)2. (A.14)

Since Σ is PSD, its any principal submatrix shall also be PSD, then bothVVV and V̂VV are also PSD.Thus

uuu⊤V̂VVuuu/(Σ11)2 ⩾ 0, then:

(Σ−1)11 ⩾
1
Σ11

. (A.15)

Therefore applying Equation (A.15) to Equation (A.12), we obtained the Equation (1.17) in the

chapter 1:

N∑
i=1

1
τi

=

N∑
i=1

(Σ−1)ii
⟨si⟩
τi⟨xi⟩

⩾
N∑
i=1

⟨si⟩
τi⟨xi⟩Σii

=

N∑
i=1

1
τi

(
σ̄i√

⟨si⟩/⟨xi⟩

)−2

, (A.16)

where σ̄i =
√
Σii the standard deviation normalized by average is the measure of noise here. Notice

that the derivation above doesn’t dependent on any off-diagonal entries of A. In other words, Equa-

tion (1.17) holds for any off-diagonal entries of A. If we know certain topological information about

the network, i.e., certainAij are 0—whichmeans ri doesn’t depend onXj—then a tighter boundmay

exist. In the Section A.6, we will show that for certain 3-component system, we can have a stronger

bound than Equation (1.17).

A.2 Poisson square in low copy number limit

In this section we explain an alternative numerical methods besides Gillespie algorithm to further

validate the inaccessible Poisson square in the low copy number.

First we limited the systems described by Equation (1.1) in the chapter 1 to those which all the sta-

61



tionary probability mass concentrate on the region of x1, x2 ∈ [0, 3]. Then the 2-component version

of Equation (A.2) can be approximated into a finite stateMarkov process, where the probability state

space becomes a 5×5 grids. In such low copy number region, the nonlinear functions f(x2) and g(x1)

becomes nothing but 10 parameters f(0), f(1), f(2), f(3), f(4) and g(0), g(1), g(2), g(3), g(4).

The numerical search is done by the following process (as shown in Figure A.1A): randomly pick

a set of f and g from R10
+ as well as τ1 and τ2; calculate the stationary distribution by inverting the

transition matrix; if the probability mass P(x1 = 4),P(x2 = 4) ⩽ 0.001, then calculate the empir-

ical variance and average from this stationary distribution. Specifically, each f(i), g(i), τ1 and τ2 are

sampled from a uniform distribution of [0, 1000]. In addition, besides random sampling f and g, we

also focused onmonotonically increasing and decreasing f and g as they are more biologically relevant

and more likely to get close to the bound as well. We also tried fixed τ1/τ2 = 1000, 8, 1, 1/8, 1/1000

and functions in the same form of which in the Section (A.7).

We have simulated 106 data points and there’s no parameters can break the Poisson square. We

also tested a larger truncation, assuming both X1 and X2 are below 9 copy numbers, and simulated

0% 50% 100% 150%
0%

50

100

150%

Noise in X1

N
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se
 in

X 2

Sample parameters

Calculate variance and average

Calculate probability distribution

Y

N

A) B)

%
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Figure A.1: (A) The flowchart of the numerical search in the low copy number limit. The whole process is then repeated

for 106 times for a complete search of possible parameters values. (B) The results show that no parameters can break the

bound. Each data point corresponds to one set of parameters, and the red line depicts the conjectured bound. The figures

contains data points for a 5 × 5 grids, corresponding to the asymptotic region that bothX1 andX2 only jumping within

[0, 3], as well as a 10× 10 grids, corresponding to that bothX1 andX2 only jumping within [0, 8] (the decision condition
then becomesP(x1 = 9) ⩽ 0.001&P(x2 = 9) ⩽ 0.001).
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another 106 set of parameters, without observing a single set of parameters violating the bound. The

results of both truncation are shown in the Figure A.1B.

A.3 Limit from time-scale separation

Previously approximated results indicate that to approach the Poisson square (hypercube), one com-

ponent has to display ultra-fast dynamics (short life-time τ). In this section we show that without any

approximations, for any nonlinear control functions, if X1 has infinitely short life-time in comparison

to all the other components X2, X3, …, XN, then σ̄1 ⩾
√
1/⟨x1⟩. It means in such time-scale separa-

tion limit, the fastest component cannot display a sub-Poisson fluctuation (assume all jump sizes equal

to 1, similar results can be derivedwith distributed bi), which is consistent with our general conjecture

of Poisson hypercube.

When X1 changes infinitely fast than X2, X3, …, XN, then between every two jumps of X2, X3, …,

XN, component X1 reaches a quasi-stationary distribution P(x1|x2, x3, · · · , xN), according to

x1
r1(x2,x3,··· ,xN)−−−−−−−−−→ x1 + 1 x1

x1/τ1−−−−−−→ x1 − 1 , (A.17)

where r1(x2, x3, · · · , xN) remains as a constant sincewe only look at the interval between two reaction

events of X2, X3, …, XN. Then in the limit of τ1/τ2, τ1/τ3, · · · , τ1/τN → 0, between any two jumps

of X2, X3, …, XN, X1 reaches a conditioned Poisson distribution, resulting from a simple 1 dimen-

sional birth-death process with constant birth rate r1(x2, x3, · · · , xN) and linear death rate. Then the
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variance conditioned on X2 is:

Var[x1|x2, x3, · · · , xN] = ⟨(x1 − ⟨x1|x2, x3, · · · , xN⟩)2|x2, x3, · · · , xN⟩ = ⟨x1|x2, x3, · · · , xN⟩ .

(A.18)

From the law of total variance:

Var[x1] = ⟨(x1 − ⟨x1⟩)2⟩

= ⟨(x1 − ⟨x1|x2, x3, · · · , xN⟩+ ⟨x1|x2, x3, · · · , xN⟩ − ⟨x1⟩)2⟩

= ⟨(x1 − ⟨x1|x2, x3, · · · , xN⟩)2⟩+ ⟨(⟨x1|x2, x3, · · · , xN⟩ − ⟨x1⟩)2

⩾ ⟨(x1 − ⟨x1|x2, x3, · · · , xN⟩)2⟩

= ⟨ ⟨(x1 − ⟨x1|x2, x3, · · · , xN⟩)2|x2, x3, · · · , xN⟩ ⟩

= ⟨ ⟨x1|x2, x3, · · · , xN⟩ ⟩

= ⟨x1⟩ .

Therefore in the limit of τ1/τ2, τ1/τ3, · · · , τ1/τN → 0,

σ̄1 ⩾
√
1/⟨x1⟩. (A.19)

As a concrete example, consider the 2-component case Equation (1.1) with both jump size b1 =

b2 ≡ 1 and the following control functions:

f(x2) =

 α if x2 ⩾ 1 and x2 ⩽ m2

0 otherwise
g(x1) =

 β if x1 ⩽ m1

0 otherwise
(A.20)

A typical time series of X1 and X2 are shown in Figure A.2. This is an example of one noise sup-
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Figure A.2: Example of how the time series may look like when one component functioning as a controller the suppress

the noise of the other one. Here we used Equation (A.20) as the control functions, where α = 0.4, β = 1,m2 = 20,
m1 = 100, τ1 = 104 and τ2 = 1. The noise σ̄i√

1/⟨xi⟩
is calculated based on the empirical probability distributions from

simulations such that reactions occur 107 time in total.

pression mechanism: when the controlled molecules decrease, the controller responses by increasing

the production rate immediately, and when the controlled one increases then, the controller stops its

production. Notice that in this example, in most of the time X2 stays at 0, and ⟨x2⟩ ≈ 0.3163 < 1,

therefore in principle the linear noise approximation in the high copy number limit cannot be applied

here, however, the Poisson square bound is still valid.

A.4 Proof of Equation (1.19) in the chapter 1

Similarly, if we allow each components also self-regulated themselves’ birth rates, or nonlinear death

rates, then Aii = −1/τi doesn’t hold in general. However, defining r±i as the birth/death rate of

component Xi, we can still define the ‘elasticity’Hij as:

Hij =
∂ ln(r−i /r

+
i )

∂ ln(xj)

∣∣∣
xxx=⟨xxx⟩

, (A.21)

which captures the nonlinearity of the rate function [47] and often can be estimated directly from the

reaction rates. For example, if r+i and r−i are of first and second kinetic order in xj, respectively, then
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Hij = 2− 1 = 1. Then applying Little’s Law ⟨r±i ⟩ = ⟨xi⟩/τi [105], we have:

Aij =
⟨xj⟩
⟨xi⟩

∂(r+i − r−i )
∂xj

∣∣∣
xxx=⟨xxx⟩

(A.22)

=
⟨xj⟩
⟨xi⟩

⟨r±i ⟩
⟨xj⟩

⟨xj⟩
⟨r±i ⟩

∂(r+i − r−i )
∂xj

∣∣∣
xxx=⟨xxx⟩

(A.23)

=
⟨xj⟩
⟨xi⟩

1
τi
⟨xi⟩
⟨xj⟩

∂ ln(r+i /r
−
i )

∂ ln(xj)

∣∣∣
xxx=⟨xxx⟩

(A.24)

= −
Hij

τi
. (A.25)

Then specifically, Aii = −Hi/τi (Hi ≡ Hii for simplicity), then by the same derivation in the

previous section, we derived Equation (1.19) in the chapter 1:

N∑
i=1

1
τi

·

(
σ̄i√

⟨si⟩/⟨xi⟩

)−2

⩽
N∑
i=1

Hi

τi
. (A.26)

The stability condition Re[λ(A)] < 0 guaranteed that
∑N

i=1Hi/τi is positive. This bound could

be looked like a rectangle if that all Hi > 0. For example, if H1 = 1 and H2 = 2, then Equation

(A.11) means σ̄1 ⩾
√

⟨s1⟩/⟨x1⟩ or σ̄2 ⩾
√

⟨s2⟩/(2⟨x2⟩).

Onemay also interest in comparing the noise with the non-interacting system, Equation (1.19) can

also be written as the following if the non-interacting system is stable (Hi > 0):

N∑
i=1

Hi

τi
·

(
σ̄i√

⟨si⟩/(Hi⟨xi⟩)

)−2

⩽
N∑
i=1

Hi

τi
, (A.27)

where
√

⟨si⟩/(Hi⟨xi⟩) is the noise of the non-interacting system, thus this inequality is essentially the

same as the Poisson hypercube, i.e., at least one component must display larger noise than its non-

interacting noise.
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A.5 Non-diagonal diffusion matrix

In this sectionwederiveEquation (1.21) in the chapter 1. Herewe consider thenon-diagonal diffusion

matrix D, which results from reactions which alter the number of more than one component. This

type of reaction in general has a form:

{x1, x2}
r+(x1,x2)−−−−−−→ {x1 ± b1, x2 ± b2} . (A.28)

For systems including such type of reactions, the diagonal entries ofA remains the same as before:

Aii = −Hi/τi. Similarly as Equation (A.11), we start from the Lyapunov equation Equation (A.10),

by a re-normalization. LetL be a diagonal matrix with entriesLii > 0. ThenmultiplyL from left and

L⊤ from the right, write Â = LAL−1, Σ̂ = LΣL⊤ and D̂ = LDL⊤, Equation (A.10) will then be

ÂΣ̂+ Σ̂Â⊤ + D̂ = 0.

The corollary 2 from [106] proved:

trΣ̂ ⩾ − trD̂
2trÂ

, (A.29)

therefore if we let Lii =
√

⟨xi⟩/⟨si⟩, then D̂ii = 1/τi and Σ̂ii = Σii · ⟨xi⟩/⟨si⟩, so we have:

N∑
i=1

(
σ̄i√

⟨si⟩/⟨xi⟩

)2

⩾
∑N

i=1 1/τi∑N
i=1Hi/τi

. (A.30)

If allHi > 0—means the self-control alone is stable—then we can compare the noise with to the
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one with only self-control. Let Lii =
√

Hi⟨xi⟩/⟨si⟩, then by the same procedure, we have:

N∑
i=1

(
σ̄i√

⟨si⟩/(Hi⟨xi⟩)

)2

⩾ 1 . (A.31)

Noted Equation (A.30) holds generally true regardless whetherD is diagonal or not. However, the

main results in the paper show that ifD is diagonal, Equation (A.30) is not a tight bound.

In summary, when more than one component are made or degraded in the same reaction, our

hypercube-typeboundonnoise suppressiondoesn’t hold anymore, but instead thenoise is still bounded

by a ‘hyper-sphere’ with unit radius.

A.6 Proof of the Poisson square in a 3-component ring

Wenow turn to the proof of Poisson square betweenX1 andX2 in the three-component systemEqua-

tion (1.6) in the chapter 1. Fromhere, without loss of generality, we assume bi ≡ 1. For such network,

the Amatrix has following structure:

A =


−1/τ1 0 A13

A21 −1/τ1 0

0 A32 −1/τ3

 . (A.32)

In the previous proof of Equation (1.17) in the chapter 1, we multiplied the inverse of covariance

matrix from left and took the trace. Now instead of multiplying Σ−1, we multiply a matrix φ, and

take the trace from both sides, resulting as:

tr[Σ(φ + φ⊤)A] + tr[φD] = 0 . (A.33)
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Let ψ = (φ + φ⊤), then by definition ψ is symmetric:

ψ =


ψ11 ψ12 ψ13

ψ12 ψ22 ψ23

ψ13 ψ23 ψ33

 . (A.34)

First of all, We want to find such a ψ satisfying tr[ΣψA] = A11 + A22, which is Equation (1.9) in

the chapter 1 (its existence is not guaranteed for any matrices). The normalized covariance matrix can

be rewritten as Σ = σ̄σσρσ̄σσ, where ρ is the correlation matrix, and σ̄σσ is a diagonal matrix σ̄σσii =
√
Σi the

normalized standard deviation.

Let ψ̄ = σ̄σσψσ̄σσ, andEquation (1.9) in the chapter 1 is equivalent to the following systemof equations:

[
ψ̄11 ψ̄12 ψ̄13

]
·


1

ρ12

ρ13

 = 1,
[
ψ̄11 ψ̄12 ψ̄13

]
·


ρ13

ρ23

1

 = 0, (A.35)

[
ψ̄12 ψ̄22 ψ̄23

]
·


1

ρ12

ρ13

 = 0,
[
ψ̄12 ψ̄22 ψ̄23

]
·


ρ12

1

ρ23

 = 1, (A.36)

[
ψ̄13 ψ̄23 ψ̄33

]
·


ρ12

1

ρ23

 = 0,
[
ψ̄13 ψ̄23 ψ̄33

]
·


ρ13

ρ23

1

 = 0. (A.37)

If such ψ̄ exists, then Equation (A.33) becomes:

A11 + A22 +
1
2
ψ11D11 +

1
2
ψ22D22 +

1
2
ψ33D33 = 0 . (A.38)
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Fortunately, it is indeed a solution of Equation (A.35 – A.37), and ψ̄ has the following diagonal

entries:

ψ̄11 =
(1− ρ213)(1− ρ223)

(1− ρ12ρ23ρ13) det(ρ)
, (A.39)

ψ̄22 =
(1− ρ213)

2 + ρ213 det(ρ)
(1− ρ12ρ23ρ13) det(ρ)

, (A.40)

ψ̄33 =
(ρ12ρ13 − ρ23)

2

(1− ρ12ρ23ρ13) det(ρ)
. (A.41)

Since ρ is PSD, it is straightforward to see ψ̄33 ⩾ 0. Now we show that the solution also satisfies

the second condition Equation (1.10), which is equivalent to ψ̄11 ⩾ 1 and ψ̄22 ⩾ 1. For ψ̄11:

∵ (1− ρ213)(1− ρ223)− (1− ρ12ρ23ρ13) det(ρ) = ρ212 − ρ12ρ23ρ13(2− det(ρ)) + ρ223ρ
2
13

⩾ (|ρ12| − |ρ23ρ13|)
2 ⩾ 0 ,

∴ ψ̄11 ⩾ 1 .

To prove ψ̄22 ⩾ 1, we consider two situations separately. First let’s consider when ρ12ρ23ρ13 < 0,

then:

(1− ρ213)
2 + ρ213 det(ρ)− (1− ρ12ρ23ρ13) det(ρ)

= 2(ρ12ρ23ρ13)
2 − (ρ12ρ23ρ13)(1− ρ213 + ρ223 + ρ212) + (1− ρ213)(ρ

2
23 + ρ212) ⩾ 0,

so ψ̄22 ⩾ 1 when ρ12ρ23ρ13 < 0.
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Then consider when (ρ12ρ13ρ23) ⩾ 0 and notice that then 1− ρ12ρ13ρ23 ⩽ 1, therefore:

ψ̄22 ⩾
(1− ρ213)

2 + ρ213 det(ρ)
det(ρ)

=
1− ρ213
det(ρ)

(1− ρ213) + ρ213

since (1− ρ213)− det(ρ) = ρ212 − 2ρ12ρ13ρ23 + ρ223 ⩾ 0, we have (1− ρ213)/ det(ρ) ⩾ 1, then:

ψ̄22 =
1− ρ213
det(ρ)

(1− ρ213) + ρ213 ⩾ (1− ρ213) + ρ213 = 1

Therefore ψ̄22 ⩾ 1 also when ρ12ρ23ρ13 ⩾ 0. Together ψ̄11 ⩾ 1 holds true for all PSD ρ. Then

ψ11 = ψ̄11/Σ11 ⩾ 1/Σ11. Similarly, ψ22 ⩾ 1/Σ22 and ψ33 ⩾ 0, from Equation (A.38) we immediately

obtain the inequality of Poisson square, which is Equation (1.7) in the chapter 1:

1
τ1

(
σ̄1√
1/⟨x1⟩

)−2

+
1
τ2

(
σ̄2√
1/⟨x2⟩

)−2

⩽ 1
τ1

+
1
τ2

.

Noted the solution of ψ depends on the structure of A, the Poisson square would still hold if X3

has self-feedback (A33 ̸= −1/τ3 anymore) as the derivation above doesn’t depend on A33. However,

adding anyother control edgewill break thePoisson square. For example, allowingX2 directly controls

X1 meansA12 is not 0 anymore. Then to ensure that tr[ΣψA] only depends on the diagonal entries of

A, there has to be one more equation

[
ψ̄11 ψ̄12 ψ̄13

]
·


ρ12

1

ρ23

 = 0

added into the system of linear equations Equation (A.35 – A.37). Then this linear equations system

becomes inconsistent andhaveno solutions. Thus adding anymore control edge intoEquation (A.32)

will breaks the Poisson square, but the Poisson cube Equation (1.17) still holds (if no direct feedback
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at X3). For 3-component network, we can fully classify all the possible topologies by its dimensions

of Poisson hypercube (see Figure A.4). However, for larger networks it is not clear what topological

properties of the matrix A, i.e., certain entries are 0, determine the dimensions of Poisson hypercube.

For rings withmore than 3 components, we tested the validity of Equation (1.7) numerically up to

N = 6 case confirming that indeed no control system could achieve noise suppression in two compo-

nents simultaneously, see Figure 1.2 in the chapter 1 for the numerical result ofN = 3 and Figure A.3

for the histogram of the second smallest noise for 5× 104 Gillespie simulations of rings withN = 6.

For higher dimensional feedback rings it becomes difficult to reliably explore the parameter space of

control functions and we are presenting the bound of Equation (1.7) as an unproven conjecture.
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Figure A.3: Histogram of the second smallest noise (relative to Poisson fluctuations) for 5 × 104 Gillespie simulations

of rings withN = 6. It shows that for all nonlinear functions we tested, the second smallest noise cannot be below

Poisson—whichmeans in such a ring, only one component can display sub-Poisson fluctuations. Noted here the shape of

distribution is not physically meaningful, since it simply depends on howwe sampled functions and parameters.

The Lyapunov equation Equation (1.2) has beenwidely used in non-equilibrium statistical physics

to determine the fluctuation. Consider variablesxxx of a generic system,which followdtxi = fi(xxx). One

key feature of equilibrium is that it prohibits non-conservative forces, thus ∂ifj = ∂jfi for all i ̸= j

[107]. This leads to a symmetric Jacobian matrix in Equation (A.5):

JC+ CJ+ B = 0 , (A.42)
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Figure A.4: Different network topologies impose different constraints on suppressing noise. A) Certain network topolo-

gies cannot allow any component displaying sub-Poisson fluctuation. B) Specifically, a ring-structure allows at most one

component displaying sub-Poisson fluctuation; C) adding anymore edge to the ring allows at most two components with

sub-Poisson fluctuations. FromA) to C), the dimensions of Poisson hypercube is 1, 2, 3, separately.

where C is again the (un-normalized) covariance matrix. This symmetry can be further relaxed to

those J such that there exists a diagonal matrix U such that Ĵ = UJU−1 is symmetric as we can always

do the congruent transformation on C = U−TĈU−1 and B = U−TB̂U−1 and it results in ĴĈ+ Ĉ̂J+

B̂ = 0 and all the derivations then follow the same way. For simplicity here we just assume J itself is

symmetric.

This symmetry leads to a more severe bound than the hypercube-type bound—for any variable

xi, we have Var[xi] ⩾ Bii/(−2Jii), which corresponding the situation when variable xi ‘decouples’

from others, usually occurs in isolated systems. Without loss of generality, we only need to prove

Var[x1] ⩾ B11/(−2J11).

Similarly to the Section A.6, we want to choose an appropriate matrix ψ such that:

tr(ψJC+ ψCJ) = J11 , (A.43)
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which implies:

C · ψ + ψ · C =



1 0 · · · 0

0 0 · · · 0
...

... . . . ...

0 0 · · · 0


≡ Φ . (A.44)

Notice that it’s again a Lyapunov equation, C is PSD, so −C must be Hurwitz, eigen-decompose

C = VΛV⊤, where Λ is a diagonal matrix. The Lyapunov equation above then has a unique PSD

solution [49]:

ψ =

∫ ∞

0
e−CtΦe−Ctdt =

∫ ∞

0
Ve−ΛtV⊤ΦVe−ΛtV⊤dt . (A.45)

∴ ψ11 =
∫ ∞

0
e−λite−λjtV1i(V⊤)i1V1j (V⊤)

j
1dt =

∑
i,j

(V1i)2(V1j)2

λi + λj
, (A.46)

where we used the Einstein notationV1i(V⊤)i1 =
∑

i V1i(V⊤)i1 for simplicity. Note that the solution

ψ is also PSD, so ψii ⩾ 0 for all i. Thus multiply this ψ on both sides of Equation (A.42) from left,

and take the trace:

0 = J11 +
∑
i

Biiψii ⩾ J11 + B11ψ11 . (A.47)

SinceC = V⊤ΛV is the eigen-decomposition andC is symmetric,V is orthonormal, then
∑

i(V1i)2 =

1 and
∑

i(V1i)2λii = C11. Applying the multivariate Jensen’s inequality [108]:

∑
i,j

(V1i)2(V1j)2

λi + λj
⩾ 1∑

i,j(V1i)2(V1j)2(λi + λj)
=
1
2
1
C11

. (A.48)

Therefore from Eq.(A.47) we obtain the result 0 ⩾ J11 + 1
2B11/C11.

For a large class of systems,Bii/(−2Jii) is the fluctuationwhen variable i is uncoupled, which canbe
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regarded as a ‘natural fluctuation’, then the resultwe derived here indicate that in thermo-equilibrium,

no variable can display a smaller fluctuation than its natural one.

If we can plug in Jii = −1/τi and Bii = 2⟨xi⟩/τi, which can be derived from a chemical Langevin

equation, then in equilibrium, no component can have sub-Poisson fluctuation:

1
τi

⩾ 1
τiσ̄2⟨xi⟩

⇐⇒ σ̄i ⩾
√
1/⟨xi⟩ . (A.49)

Noted that a symmetric Jacobian matrix is a necessary but not sufficient for thermo-equilibrium.

A temperature gradient can also break detail balances, yet our result here only requires symmetric

Jacobian matrix, thus in principle it may apply to a more broader class of systems.

A.7 Numerical simulation details

In Figure 1.1 of the chapter 1 we provide simulation data to support our conjecture. The simulation

data are obtained by standardGillespie algorithm [39] implemented byC++which corresponds to an

exact realization of Kolmogorov equation. The simulated reaction systems were run such that each

reaction had occurred at least 106 times.

For the two-component feedback system, the production rate function f(x2) and g(x1) takes the

form of: 

Hill functions: α · Kn

Kn+xn or α · xn
Kn+xn

Polynomial: |αmxm + αm−1xm−1 + · · ·+ α0|,m ⩽ 7

Ratios of Polynomial

Exponential: αe−βx

Form of Equation (A.20).

(A.50)
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The parameters are sampled logarithmically to cover a wide range of parameter space, where α, β :

0.1 → 104, K : 0.1 → 102, n : 1 → 64. The constant in the degradation rate function τi are

sampled in the range of 0.1 → 103 in Figure 1.1 of the chapter 1. The step sizes bi, are sampled from

geometric distribution with mean varying from 1 to 10 and uniform distribution U[1, 10]. We also

did simulations with fixed bi = 1 to 5.

For themulti-component system, the rate functions are sampled as following. For example, if r1 =

r1(x2, x3), then r1 takes form of the polynomials and ratios of them:

3∑
i=0

3∑
j=0

αijxi2x
j
3

Besides, we also tested a broad class of combinations of functions which are often used in modelling

gene regulatory networks: α · f2(x2)f3(x3) or α · [f2(x2) + f2(x3)] [109], where fi(xi) takes forms of

Equation (A.50).

Note that the density of simulation points in Figure 1.1-1.3 doesn’t have any physical interpreta-

tion, since it simply depends on the way we sample the parameters, and different sampling methods

will generate different density of points. The simulation data supports our conjecture in two ways.

First it shows no parameter and functions as we used can break the bound, and second it demonstrates

by construction that there exists system which can get close to the limit, therefore ruling out the pos-

sibility that more severe bounds exist. In the chapter 1, we show the numerical result forN = 3. For

N > 3, it cannot be illustrated in a similarmanner, thereforewe plot the histogramof the largest noise

as shown in Figure A.5 which shows that the largest noise is always greater or equal to Poisson noise.

Deterministic systems can have multiple stable steady states, but for non-absorbing stochastic pro-

cesses there is a single distribution that potentially can have multiple modes (local maxima). The Lya-

punov equation (Equation (1.2) in chapter 1) is a linearization around an approximate average or

mode, and is not expected to work well for multimodal distributions. However, intuitively we would
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expect such systems to only increase noise further, as also supported by the numericalwork herewhich

considers many positive feedback loops and non-monotonic functions.
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Figure A.5: Histogram of the largest noise (relative to Poisson fluctuations) for 105 Gillespie simulations of general net-

works withN ⩽ 6. Our analytical result derived from high copy number limit shows that in anyN-component general

networks, theremust be at least one component displaying super-Poisson fluctuation. In the chapter 1, we show numer-

ically that this bound is valid also in low copy number regime (Figure 1.3B) forN = 3. ForN > 3 it is impossible to

illustrate in a similar manner. Here we plot the histogram of the largest noise for 105 different nonlinear functions and pa-
rameters. It shows that the largest noise cannot be below Poisson—which is consistent with the analytical result derived

from high copy number limit. Again, here the shape of distribution is not physically meaningful, since it simply depends on

howwe sampled functions and parameters.

A.8 Noise in the transient states

Our analytical analysis basedonLyapunov equation andnumerical explorations aremainly for systems

in the stationary states. Here we provide numerical evidence showing that the dynamics of noise may

exceed the Poisson square transiently after switching from one stationary state to another.

First we performed numerical integration of the corresponding Equation (A.2) of systems like

Equation (1.1) in the chapter 1, by truncating the systemat x1, x2 = N (whichmeans settingP(x1, x2) =

0 when x1 or x2 ⩾ N) so that Equation (A.2) becomes anN2-dimensional linear ODE. First, one set

of f(x2), g(x1), τ1 and τ2 (b1 = b2 = 1) is randomly picked and the corresponding stationary probabil-
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ity distribution P0(x1, x2) is obtained by standardGillespie simulation (see Sec. A.7). Then randomly

pick another set of f(x2), g(x1), τ1 and τ2, and numerically integrate the corresponding (truncated)

Equation (A.2) with initial condition P0(x1, x2) to obtain the time-dependent probability distribu-

tion Pt(x1, x2). The time-dependent variance and mean can then be calculated from Pt(x1, x2) at

each time point. At each time point, the marginal distribution Pt(x1) and Pt(x2) at the boundary

x1, x2 = N is checked and only those Pt(x1, x2) which Pt(x1),Pt(x2) ⩽ 10−5 for all time point

are recorded. The numerical integration is implemented by standard Euler method with time step

Δt = 10−5.

We set N = 100, 200, 1000 and performed 2000 such simulations in total with different initial

distributions. Intriguingly, most of the trajectories of relative noise are still bounded by the Poisson

square (see Figure A.6A) but we indeed found several counterexamples that the trajectory transiently

exceeds the bound. Specifically, in one case, the system starts from (b1 = b2 = 1):

f(x2) = 1.5968 x22 τ1 = 25.6372

g(x1) = max[0, 250− 2.8086 x41 ] τ2 = 0.0287
, (A.51)

then it is switched into the following:

f(x2) = 6.2242 x22 τ1 = 10.4098

g(x1) = max[0, 433− 0.5334 x31 ] τ2 = 0.0327
. (A.52)

The time-dependent relative noise is shown as the green curve in Figure A.6A. To further validate

it, we then did 105 independentGillespie simulations of Equation (A.52) with initial condition x1(0),

x2(0) randomly sampled according to P0(x1, x2)—the stationary distribution of Equation (A.51)—

andplot the trajectory of the noise from ensemble averaging. The result is shown as the yellow curve in

Figure A.6), which matches the numerical integration result (green curve) very well. Same data is also
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plotted as a function of time and is shown in Figure A.6B. Together these results show that although

the relative noise of X1 and X2 start and end somewhere above the Poisson square, the trajectory can

transiently exceed it for a very short time window.
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Figure A.6: Transient behaviours of fluctuations in two-component feedback systems. A) The transient behaviour of

nonlinear switching system. The system of two components as defined as Equation (1.1) in the chapter 1 starts from one

stationary state with one set of functions and parameters, and is then altered into another set. The light gray curves are

results from 2000 numerical integration, which starting points are labelled by a circle. The colored curves are some ex-

amples showing what a typical trajectorymay look like. Specifically, the green curve is an example that both components

can display sub-Poisson fluctuations transiently. The green circle is the starting point (using functions and parameters

following Equation (A.51)) and black circle the ending point (using functions and parameters following Equation (A.52)).

The yellow curve is the result of the same system, but from averaging 105 independent Gillespie simulations. It matches

with the green curve very well. The Gillespie simulations are performed such that 500 reaction events occur. The fluctu-
ations are then calculated by averaging ensembles at each time point. B) The same data of the yellow curve in part A) is

plotted as functions of time in the log-log scale. Blue and red curve corresponds to the noise of X1 and X2. It clearly shows

that there is a small timewindow (indicated by light gray) that both noise levels are below their Poissonian noise levels,

respectively.
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B
Supplementary information of chapter 2

In this Appendix we provide the detailed derivations of the main analytical results, the numerical

methods, and a brief introduction to the essential mathematical tools used in the chapter 2.
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B.1 Cramér’s spectral representation and mutual information in the fre-

quency domain

TheoremB.1.1. Spectral RepresentationTheorem (page 380 from [92]). Let x(t),−∞ < t < ∞, be a

wide-sense stationary, MS continuous, zero mean process with power spectral distribution functions

Fx(ω), −∞ < ω < ∞. (B.1)

Then there exists a complex-valued finite-variance process x̃(ω) on the frequency domain−∞ < ω <

∞, called the spectral process of x(t), such that for all−∞ < t < ∞:

x(t) =
∫ ∞

−∞
eiωtdx̃(ω) (B.2)

The spectral process has zero-mean uncorrelated increments dx̃(ω), i.e.:

E[dx̃(ω)] = 0, (B.3)

E[dx̃(ω1)dx̃(ω2)] = 0 if ω1 ̸= ω2, (B.4)

and

E[|dx̃(ω)|2] = dFx(ω) (B.5)

for all frequencies−∞ < ω < ∞. Specifically, if the process x(t) is Gaussian, then so is the spectral

process x̃(ω).
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Furthermore, if the power spectral density (PSD) Sx(ω) exists, then

E[|dx̃(ω)|2] = dFx(ω) = Sx(ω)dω. (B.6)

The spectral process x̃(ω) and its increment dx̃(ω) are in general complex-valued. We can define

the differential entropy and mutual information in the frequency domain by naturally adapting the

definition of joint differential entropy (and mutual information).

Definition B.1.1. Differential Entropy in Frequency. Consider a wide-sense stationary process x(t)

and its spectral process x̃(ω), the differential entropy at frequency ω is defined as

h[dx̃(ω)] = E log
1

P[dx̃(ω)]
, (B.7)

where P[dx̃(ω)] is the joint probability distribution density function ofℜ[dx̃(ω)] andℑ[dx̃(ω)].

Lemma B.1.1. Differential Entropy in frequency of Gaussian Processes. Consider a Gaussian Process

χ(t)with zero mean and power spectral distribution Fχ(ω), then its differential entropy in frequency

is

h[dχ̃(ω)] =
1
2
log
[
(2π)2e|Σdχ̃(ω)|

]
⩽ log

[
π
√
e dFχ(ω)

]
(B.8)

Furthermore, if χ(t) is real-valued, then

h[dχ̃(ω)] = log
[
π
√
e dFχ(ω)

]
(B.9)
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Proof. For simplicity, denote

d⃗χω =

ℜ[dχ̃(ω)]
ℑ[dχ̃(ω)]

 , (B.10)

then by Theorem B.1.1, the two-dimensional random variable d⃗χω is also Gaussian, which then has

the probability distribution density

P(d⃗χω) =
1√

(2π)2|Σdχ̃(ω)|
exp− 1

2
d⃗χ

⊤
ω Σ

−1
dχ̃ (ω)d⃗χω (B.11)

Insert Equation (B.11) into Equation (B.7), we have:

h[dχ̃(ω)] = E
{
log

1
P[dχ̃(ω)]

}
=
1
2
E
{
log
[
(2π)2|Σdχ̃(ω)|

]
+ d⃗χ

⊤
ω Σ

−1
dχ̃ (ω)d⃗χω

}
=
1
2
log
[
(2π)2|Σdχ̃(ω)|

]
+
1
2
E
{
d⃗χ

⊤
ω Σ

−1
dχ̃ (ω)d⃗χω

}
=
1
2
log
[
(2π)2|Σdχ̃(ω)|

]
+
1
2

=
1
2
log
[
(2π)2e|Σdχ̃(ω)|

]
. (B.12)

The covariance matrix Σdχ̃(ω) by definition is positive semidefinite, therefore by the Hadamard

inequality [110] we have

|Σdχ̃(ω)| ⩽ E
{
(ℜ[dχ̃(ω)])2

}
· E
{
(ℑ[dχ̃(ω)])2

}
. (B.13)
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On the other hand, E
{
(ℜ[dχ̃(ω)])2

}
+ E(ℑ[dχ̃(ω)])2 = dFx(ω). Then we can write

|Σdχ̃(ω)| ⩽ α(1− α)dF2x(ω), 0 ⩽ α ⩽ 1. (B.14)

Therefore the h[dχ̃(ω)] is maximized when α = 0.5:

h[dχ̃(ω)] ⩽ 1
2
log
[
(2π)2eα(1− α)dF2x(ω)

]
⩽ log

[
π
√
e dFχ(ω)

]
(B.15)

If χ(t) is real-valued, then its spectral process χ̃(ω) has the property

E{ℜ[dχ̃(ω)]ℑ[dχ̃(ω)]} = 0.

The covariance matrix of d⃗χω is then

Σdχ̃(ω) =

dFχ(ω)/2 0

0 dFχ(ω)/2

 =
dFχ(ω)
2

I, (B.16)

therefore the differential entropy becomes

h[dχ̃(ω)] = log
[
π
√
e dFχ(ω)

]
(B.17)

Another useful property of differential entropy is that multivariate Gaussian distribution maxi-

mizes the entropy over all distributions with the same covariance [94]. This property also applies to

the differential entropy in frequency:

84



Lemma B.1.2. Let the wide-sense stationary process x(t) have the power spectral distribution Fx(ω).

Then

h[dx̃(ω)] ⩽ log
[
π
√
e dFχ(ω)

]
(B.18)

The proof is omitted here since it is the same as the Theorem 8.6.5 of [94].

Definition B.1.2. Mutual Information in the Frequency Domain [93, 111]. Consider dx̃(ωi) and

dx̃(ωj) the increments of the spectral process of x(t) and y(t) at frequency ωi and ωj, respectively. The

mutual information in the frequency domain between x(t) at ωi and y(t) at ωj is defined as:

I[dx̃(ωi), dỹ(ωj)] = E log
P[dx̃(ωi), dỹ(ωj)]
P[dx̃(ωi)]P[dỹ(ωj)]

(B.19)

NotedhereP[dx̃(ωi)] andP[dx̃(ωj)] are two-dimensional jointprobability distributions, andP[dx̃(ωi), dỹ(ωj)]

is a four-dimensional joint probability distribution.

TheoremB.1.2. Channel Capacity in Frequency of aGaussianChannel. Consider aGaussian channel

represented in the frequency domain:

dỹ(ω) = H̃(ω)dx̃(ω) + D̃(ω)dw̃(ω) (B.20)

where dw̃(ω) is the increment of the spectral process of Gaussianwhite noise, {ℜdw̃(ω),ℑdw̃(ω)} ∼

N(0, 12dωI).

The channel capacity at frequency ω under given power spectral density Sx(ω) = dFx(ω)/dω is:

Cxy(ω) = log

[
1+

|H̃(ω)|2

|D̃(ω)|2
Sx(ω)

]
(B.21)

Proof. The channel capacity (at frequency ω) then can be obtained by maximizing the mutual infor-
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mation in the frequency domain:

I[dx̃(ω), dỹ(ω)]

= h[dỹ(ω)]− h[dỹ(ω)|dx̃(ω)]

= h[dỹ(ω)]− h[H̃(ω)dx̃(ω) +Ddw̃(ω)|dx̃(ω)]

= h[dỹ(ω)]− h[Ddw̃(ω)] (B.22)

Now let’s calculate the differential entropy. In general the increments of a spectral process dx̃(ω)

are complex-valued, which can be written as dx̃(ω) = dx̃R(ω) + idx̃I(ω). Since we only consider

real-valued stochastic process x(t), we haveE[dx̃R(ω)dx̃I(ω)] = 0 and

E[|dx̃R(ω)|2] = E[|dx̃I(ω)|2] =
1
2
dFx(ω) (B.23)

Therefore the differential entropy h[dx̃(ω)] in general is a joint entropy. A classic result from infor-

mation theory shows that by given the covariancematrix Σ, the differential entropy reachesmaximum

when it’s a (multivariate) Gaussian distribution.

For simplicity, let Y⃗ be the vector of {dỹR(ω), dỹI(ω)}. Then the channel can be written as Y⃗ =

HX⃗+DW⃗, where the 2× 2 matricesH andD are:

H =

H̃R(ω) −H̃I(ω)

H̃I(ω) H̃R(ω)

 , D =

D̃R(ω) −D̃I(ω)

D̃I(ω) D̃R(ω)

 .

The covariance matrix of the Gaussian channel at frequency ω is

Cov[Y⃗] = HCov[Y⃗]H⊤ +DCov[W⃗]D⊤

=
1
2
dFx(ω)HH⊤ +

1
2
dωDD⊤ (B.24)

86



Therefore

I[dx̃(ω), dỹ(ω)] ⩽ h[dỹ(ω)]− h[Ddw̃(ω)]

⩽ 1
2
log(2πe)2|Σdỹ(ω)| − h[Ddw̃(ω)]

= log
|H̃(ω)|2dFx(ω) + |D̃(ω)|2dω

|D̃(ω)|2dω

= log

[
1+

|H̃(ω)|2

|D̃(ω)|2
dFX(ω)
dω

]
= log

[
1+

|H̃(ω)|2

|D̃(ω)|2
Sx(ω)

]
(B.25)

Another concept essential for the derivation of our results is rate distortion. Briefly, rate distor-

tion theory studies howmuch information is required for transmitting signals with a certain range of

distortion. Specifically, the rate distortion is defined as:

Hε[dx̃(ω)] = min
dη̃(ω)

I[dx̃(ω), dη̃(ω)] (B.26)

while the minimization is taken all dx̃(ω) such that E[|dx̃(ω)− dη̃(ω)|2] ⩽ ε2(ω)dω.

For Gaussian random variable, we can prove the following relation:

Theorem B.1.3. Consider a Gaussian process x(t), the rate distortion of its spectral process is:

Hε[dx̃(ω)] =

 log Sx(ω)
ε2(ω) Sx(ω) ⩽ ε2(ω)

0 otherwise
(B.27)

Proof. Since x(t) is Gaussian, then by Theorem B.1.1 its increment of spectral process dx̃(ω) is also
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Gaussian. Then the MI-freq:

I[dx̃(ω), dη̃(ω)] = h[dx̃(ω)]− h[dx̃(ω)|dη̃(ω)]

= h[dx̃(ω)]− h[dx̃(ω)− dη̃(ω)|dη̃(ω)]

⩾ h[dx̃(ω)]− h[dx̃(ω)− dη̃(ω)]

⩾ h[dx̃(ω)]− h[dφ̃(ω)] (B.28)

where dφ̃(ω) is a complex-valued Gaussian random variable with (co)-variance equal to E[|dx̃(ω) −

dφ̃(ω)|2].

Then

I[dx̃(ω), dη̃(ω)] = h[dx̃(ω)]− h[dφ̃(ω)]

= log
dFx(ω)

E[|dx̃(ω))− dφ̃(ω)|2]

⩾ log
Sx(ω)
ε2(ω)

(B.29)

Therefore

Hε[dx̃(ω)] =

 log Sx(ω)
ε2(ω) Sx(ω) ⩽ ε2(ω)

0 otherwise
(B.30)

B.2 The lower bound on the noise intensity

In this section, we derive the main results in chapter 2.

We first start by establishing an inequality between PSD andmutual information in the frequency
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domain (MI-freq). From the law of total variance, the PSD is bounded frombelow by the conditional

variance:

S1(ω) = ⟨|dx̃1(ω)|2⟩ ⩾ ⟨|dx̃1(ω)|2|dũ(ω)⟩ (B.31)

Let dz̃(ω) be dx̃1(ω) conditioned on dũ(ω), then by using the information processing inequality,

we have:

I[dx̃1(ω), dz̃(ω)] ⩽ I[dx̃1(ω), dũ(ω)] (B.32)

⩽ I[dx̃1(ω), dx̃n(ω)] (B.33)

⩽ C(ω), (B.34)

whereC(ω) is the channel capacity of Equation (2.9) at frequencyω, which is given byTheoremB.1.2.

On the other hand, it is easy to show that dz̃(ω) follows:

(1/τ1 + iω)dz̃(ω) = dũ(ω) + dξ̃1(ω) (B.35)

which means dz̃(ω) is Gaussian and has a Lorentzian PSD:

Sz(ω) = ⟨|dx̃1(ω)|2|dũ(ω)⟩ =
2⟨x1⟩τ1

1+ (τ1ω)2
(B.36)

Then from the rate-distortion theory (seeTheoremB.1.3),I[dx̃1(ω), dz̃(ω)] is also boundedbelow

by S1(ω):

I[dx̃1(ω), dz̃(ω)] ⩾ log
2⟨x1⟩τ1

1+ (τ1ω)2
− log S1(ω) (B.37)
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Let’s first look at the case where we only have one known intermediate componentX2, by combin-

ing the two inequalities, we have:

log
2⟨x1⟩τ1

1+ (τ1ω)2
− log S1(ω)

⩽ log

[
1+

α2

2⟨x1⟩/τ1
S1(ω)

]
(B.38)

After algebraic manipulation, we obtain:

S1(ω) ⩾
2⟨x1⟩τ1

1+ (τ1ω)2
2

1+
√
1+ 4α τ1

1+(ωτ1)2
. (B.39)

Therefore, by applying the relationDX1 = S1(ω = 0)/2, we obtain Equation (2.15):

DX1
Do

X1
⩾ 2
1+

√
1+ 4N2/N1

. (B.40)

B.2.1 Signaling cascade

In the chapter 2, we also ask howa longer signaling cascade constrains the quality of oscillation. Specif-

ically, the the spectral process for the intermediate components X2,X3, · · · ,Xn is (the second mo-

ment of each dξ̃i(ω) follows ⟨|dξ̃i(ω)|2⟩ = 2⟨xi⟩/τidω):

(1/τ2 + iω)dx̃2(ω) = α1dx̃1(ω) + dξ̃2(ω) (B.41)

(1/τ3 + iω)dx̃3(ω) = α2dx̃2(ω) + dξ̃3(ω) (B.42)
...

(1/τn + iω)dx̃n(ω) = αn−1dx̃n−1(ω) + dξ̃n(ω) (B.43)
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Then we have:

dx̃n(ω) =
n∏

k=2

αk−1
1/τk + iω

dx̃1(ω) +
n∑

k=2

n−2∏
j=n−k

αj−1
1/τj + iω

dξ̃k(ω)
1/τn + iω

(B.44)

which is also a Gaussian channel. Then by the similar method, the upper bound of the MI-freq be-

tween dx̃1(ω) and dx̃n(ω) at zero frequency is:

I[dx̃1(0), dx̃n(0)] ⩽ log

[
1+

Neff

N2

α2

2⟨x1⟩/τ1
S1(0)

]
(B.45)

The rate distortion bound remains the same, then we obtain Equation (2.18) in chapter 2:

DX1
Do

X1
⩾ 2

1+
√
1+ 4Neff/N1

(B.46)

B.3 Bound on the coherence time for near-equilibrium systems

The term “coherence time” is often used colloquially to quantify how long the system can maintain

accurate timing, i.e., how slow the autocorrelation function γ(t) damps to 0. In general γ(t) could

damps in various ways, but exponentially in many real systems[65, 79]. In this section we provide

detailed derivations for the bound of coherence time.

If the autocorrelation function obeys exponentially decay, the autocorrelation function has a fol-

lowing general form:

γ(t) = ζ(t)θ(2πt/T) (B.47)

where ζ(t) is a linear combination of exponentially function et/τ
(i)
c , and θ(2πt/T) is a periodic func-

tion with period T. Since we focus on the damping rate, for simplicity here we let θ(2πt/T) =

cos(2πt/T) (the result will differ up to a constant if there is other oscillating mode). The Wiener-
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Khintchine theorem says:

S(ω) = Var[x]
∫ ∞

−∞
e−iωtγ(t)dt (B.48)

Var[x]γ(t) =
1
2π

∫ ∞

−∞
eiωtS(ω)dω (B.49)

Therefore, the power spectral density at zero-frequency is essentially the integration of autocovari-

ance function:

S(0) = Var[x]
∫ ∞

−∞
γ(t)dt = 2Var[x]

∫ ∞

0
γ(t)dt (B.50)

If γ(t) =
∑

i aie−t/τ(i)c cos(2πt/T) a linear combination of exponential functions, letting ω0 =

2π/T, then its PSD at the zero frequency is

S1(ω = 0)/Var[x1] =
∑
i

ai
2τ(i)c

1+ [τ(i)c ω0]2
⩽ max

i

2τ(i)c
1+ [τ(i)c ω0]2

(B.51)

then by plugging Equation (B.51) to Equation (2.15) and let τc = maxi[τ
(i)
c ] for short:

S1(0) = Var[x1]
2/τc

1/τ2c + ω20
⩾ 2τ1

1
⟨x⟩

2
1+

√
1+ 4N2/N1

(B.52)

therefore

τcω0 ⩽
η̄1
ω0τ1

1+
√
1+ 4N2/N1

2
(B.53)

so we obtain Equation (2.20):

τc/T ⩽ T/τ1
4π2

VarX1
min[VarX1]

(B.54)

wheremin[VarX1] = 2⟨x1⟩/(1+
√
1+ 4N2/N1) is the minimum achievable variance in the system

[62].
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B.4 Variance is bounded by amplitude in the small fluctuation limit

Here we show that in the limit of small fluctuations, the variance of an noisy oscillatory signal is

bounded by its average amplitude.

Let φ be the phase, then by the law of total variance, we have

Var[x] = Var[⟨x|φ⟩] + ⟨Var[x|φ]⟩ (B.55)

the conditional expectation ⟨x|φ⟩ = x̄t is the average by given phase, which can be seen as the deter-

ministic value in given phase. Let the deterministic oscillation (subtracted by mean) be

x̄t
⟨x⟩

=
⟨A[x]⟩
2

∞∑
n=1

an sin
(
2π
T
nt
)

(B.56)

where an are the Fourier series of the deterministic oscillation. Then the variance of x̄t from time

average is

Var[x̄t]
⟨x⟩2

= lim
T→∞

1
T

∫ T

0
x̄2t dt (B.57)

=
⟨A[x]⟩2

4
lim
T→∞

1
T

∫ T

0

∞∑
n=1

a2n sin2
(
2π
T
nt
)
dt (B.58)

=
⟨A[x]⟩2

4

∞∑
n=1

a2n lim
T→∞

1
T

∫ T

0
sin2

(
2π
T
nt
)
dt (B.59)

=
⟨A[x]⟩2

8

∞∑
n=1

a2n ⩽
⟨A[x]⟩2

4
(B.60)

The second term ⟨Var[x|φ]⟩ can be regarded as fluctuation around the “deterministic” closed tra-

jectory. Here considering small fluctuation limit where the average deviation is less then the half of
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the amplitude, we have:
⟨Var[x|φ]⟩

⟨x⟩2
⩽ ⟨A[x]⟩2

4
(B.61)

Therefore

Var[x]/⟨x⟩2 ⩽ ⟨A[x]⟩2/2 (B.62)

B.5 Bound on the autocorrelation function

Here we derive the bound for general autocorrelation function, without assuming an explicit form

(e.g., exponential decay). As shown in Appendix B.3, the power spectral density at zero-frequency is

the integration of autocorrelation:

Sx(0) = Var[x]
∫ ∞

−∞
γx(t)dt = 2Var[x]

∫ ∞

0
γx(t)dt (B.63)

Assume the autocorrelation function γ(t) has a following general form:

γ(t) = ζ(|t|)φ(2πt/T) (B.64)

where ζ(t) ⩾ 0 is a continuous and monotonically decreasing function (t ⩾ 0) with ζ(0) = 1 (not

necessarily to be exponential), and φ(2πt/T) is a periodic function with period T.

First for simplicity, we assume φ(2πt/T) = cos(2πt/T) and let ω0 = 2π/T. Then:

S(0)
Var[x]

=

∫ ∞

−∞
γ(t)dt (B.65)

= 2
∫ ∞

0
ζ(|t|) cos(2πt/T)dt ⩽ 2

∫ T/2

0
ζ(|t|) cos(2πt/T)dt (B.66)

⩽ [1− |γ(T/2)|]T
π
⩽ [1− γ(T)]

T
π

(B.67)
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Therefore we have a lower bound:

[1− γ1(T)]
T
π
⩾ 2⟨x1⟩τ1
Var[x1]

2
1+

√
1+ 4N2/N1

(B.68)

Thus:

[1− γ1(T))] ⩾ 2π
⟨x1⟩τ1/T
Var[x1]

2
1+

√
1+ 4N2/N1

(B.69)

Next we consider general φ(2πt/T). Since φ(2πt/T) is a periodic function, we can use Fourier

decomposition:

φ(2πt/T) =
a0
2

+

∞∑
n=1

an cos
(
2πn
T

t
)

(B.70)

where

|a0| ⩽ 2 (B.71)
∞∑
n=0

an = 1 (B.72)
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We have:

∫ ∞

0
ζ(t)

∞∑
n=1

an cos
(
2πn
T

t
)
dt (B.73)

=
∞∑
n=1

an
∫ ∞

0
ζ(t) cos

(
2πn
T

t
)
dt (B.74)

⩽

√√√√ ∞∑
n=1

|an|2 ·

√√√√ ∞∑
n=1

∣∣∣∣∫ ∞

0
ζ(t) cos

(
2πn
T

t
)
dt
∣∣∣∣2 (B.75)

⩽

√√√√ ∞∑
n=1

|an|2 ·

√√√√ ∞∑
n=1

1
n2

(
T
2π

)2
C2n (B.76)

⩽

√√√√ ∞∑
n=1

|an|2 ·
(

T
2π

)√√√√ ∞∑
n=1

1
n2

max[Cn] (B.77)

=
π√
6
T
2π

√√√√ ∞∑
n=1

|an|2max[Cn] (B.78)

=
T
2
√
6

√
2− a20/2 ·max[Cn] ⩽

1
2
√
3
Tmax[Cn], (B.79)

where

Cn =
2πn
T

∫ ∞

0
ζ(t) cos

(
2πn
T

t
)
dt. (B.80)

In the derivations above we used the Parseval’s identity:

a20
2

+
∞∑
n=1

a2n =
2
T

∫ T/2

−T/2
|φ(2πt/T)|2dt ⩽ 2 (B.81)
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Nowwe look at Cn:

Cn =
2πn
T

∫ ∞

0
ζ(t) cos

(
2πn
T

t
)
dt (B.82)

⩽ 2πn
T

∫ T

0
ζ(t) cos

(
2πn
T

t
)
dt (B.83)

⩽ 1− ζ(
T
2n

) + ζ(
2T
2n

)− · · · − ζ(
(2n− 1)T

2n
) (B.84)

⩽ 1− ζ(T) = 1− γ1(T) (B.85)

Therefore

∫ ∞

0
ζ(t)φ

(
2πn
T

t
)
dt (B.86)

=

∫ ∞

0
ζ(t)

∞∑
n=0

an cos
(
2πn
T

t
)
dt (B.87)

⩽ a0
2

∫ ∞

0
ζ(t)dt+

T
2
√
6
[1− γ1(T)]

√
2− a20

2
(B.88)

For autocorrelations, a0 = 0, then

[1− γ1(T)] ⩾ 4
√
3
τ1/T⟨x1⟩
Var[x1]

2
1+

√
1+ 4N2/N1

(B.89)

Again, in the small fluctuation limit as we try to understand the optimal oscillation, we can apply

Equation (B.62) and obtain Equation (2.22):

(1− γT) ⩾
8
√
3

T/τ1
1

⟨A[x1]⟩2
· 1
⟨x1⟩

2
1+

√
1+ 4N2/N1︸ ︷︷ ︸

minimal noise in the system

(B.90)
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B.6 Numerical simulation details

B.6.1 The integrated autocovariance as the quality of noisy oscillators

Here we provide details on numerical simulations in Section 2.1. The simulations consist of two

part: simulating stochastic differential equations (SDEs) for three different models of oscillation, and

simulating chemical master equations for repressilator and feedback with time-delay.

SDEs as shown in Table 2.1 were simulated by standard Euler method [33]:

x⃗(t+ dt) = x⃗(t) + f⃗[⃗x(t)]dt+
√
2εdt w⃗ (B.91)

where dt = 10−4 and w⃗ is standard two dimensional Gaussian random variables. The simulation has

been run forN = 108 steps each time. The initial condition, which are selected from the stationary

oscillatory trajectory without noise, and parameters used are summarized as following:



van der Pol oscillator: x⃗(0) =

−2
0

 μ = 1

Relaxation oscillator: x⃗(0) =

 1.1126

−0.6850

 μ = 10

Stuart-Landau oscillator:

r(0)
θ(0)

 =

√10
0

 σr = 5, σi = 1, lr = li = 1

(B.92)

After simulation, the PSD is estimated by the definition of periodogram power spectral density. The

integrated autocovariance is then equal to the PSD at zero frequency. To reduce the noise of the

simulation, each model has been simulated 4000 times, with 108 steps each time. The integrated au-

tocovariance shown in Figure 2.1 is the average of the 4000 repeats.

For the master equation simulations, the repressilator model is simulated according the following
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equations[75]:

x1
f(x6)−−−−−−−−−→ x1 + 1

x2
λx1−−−−−−−−−→ x2 + 1

x3
f(x2)−−−−−−−−−→ x3 + 1

x4
λx3−−−−−−−−−→ x4 + 1

x5
f(x4)−−−−−−−−−→ x5 + 1

x6
λx5−−−−−−−−−→ x6 + 1

x1
x1−−−−−−−−−→ x1 − 1

x2
x2/τ−−−−−−−−−→ x2 − 1

x3
x3−−−−−−−−−→ x3 − 1

x4
x4/τ−−−−−−−−−→ x4 − 1

x5
x5−−−−−−−−−→ x5 − 1

x6
x6/τ−−−−−−−−−→ x6 − 1

, (B.93)

where

f(x) = α0 + α
Kn

Kn + xn
. (B.94)

The parameters used in Figure 2.1b) and d) are: α = 0.1, α = 500, λ = 5, K = 40, τ = 8, and

n = 2.1.

The time-delayed feedback model is simulated according the following equations:

x1(t)
f[x2(t−td)]−−−−−−−−−→ x1(t) + 1

x2(t)
x1(t)/τ2−−−−−−−−−→ x2(t) + 1

x1(t)
x1(t)−−−−−−−−−→ x1(t)− 1

x2(t)
x2(t)/τ2−−−−−−−−−→ x2(t)− 1

, (B.95)

where f is the same as before, but with a time delay td = 0.3. Other parameters used in Figure 2.1d)

are: α0 = 0, α = 1000, τ2 = 1/500,K = 400, and n = 8.

B.6.2 Fundamental limit of the qualify of oscillations

The simulation results in Figure (2.2) are from three particular realizations of Equation (2.1), the

repressilator and time-delayed feedback model as described by Equation (B.93) and Equation (B.95),
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respectively, and a negative feedback with a linear cascade, as describe below:

x1
f(x1)−−−−−−−−−→ x1 + 1

x2
λ1x1−−−−−−−−−→ x2 + 1

x3
λ2x2−−−−−−−−−→ x3 + 1

x4
λ3x3−−−−−−−−−→ x4 + 1

x1
x1−−−−−−−−−→ x1 − 1

x2
x2/τ2−−−−−−−−−→ x2 − 1

x3
x3/τ3−−−−−−−−−→ x3 − 1

x4
x4/τ4−−−−−−−−−→ x4 − 1

, (B.96)

where f has a form of Equation (B.94). The simulations for all threemodels were run for 2× 107 steps

each time, and 5000 different set of parameters were sampled for each model. The parameters were

logarithmically sampled from the following range:



α0 ∈ [0.01, 1];

α ∈ [0.01, 1000];

λi ∈ [0.5, 500];

K ∈ [0.5, 500];

τi ∈ [0.001, 100];

n ∈ [1, 10]

(B.97)

Then the x3, · · · , x4/6 are treated as the “arbitrary feedforward network” in the chapter 2.
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