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ABSTRACT

In free space, electromagnetic waves are solutions of Maxwell’s wave equation. A monochro-

matic electromagnetic wave is characterized by its frequency, its amplitude and phase, its di-

rection of propagation and its polarization state. Accordingly, to control the flow of light - ei-

ther to steer a laser beam, to form an image, or to excite an atom in a specific way - requires

the ability to manipulate these electromagnetic degrees of freedom across the wavefront.

However, the set of available functions from conventional optical elements is rather limited.

Recently, metasurfaces - ultrathin planar photonic components consisting of subwavelength-

spaced nanostructures - have emerged as a versatile platform for wavefront shaping. This

thesis explores how to manipulate the various degrees of freedom of light using multifunc-

tional metasurfaces. By engineering the interaction of light with specially designed nanostruc-

tures, we demonstrated metasurfaces with tailored spatial, spectral, angular and polarization

responses. In particular, we developed new dispersion engineering strategies for wavelength-

controllable beam shaping; studied the interplay of the angular and polarization degrees of

freedom using freeform metasurfaces; and last but not least, utilized spatially-interleaved

metasurfaces to enable new methods of efficient depth sensing. These results have expanded

the scope of multifunctional wavefront control techniques, and opened up possibilities for

various applications in science and technology.
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1
Introduction

1.1 Metasurfaces: concept and motivation

Wavefront shaping - controlling the spatial distribution and other degrees of freedom of elec-

tromagnetic waves, plays a role of paramount importance in optics and photonics, and is

fundamental to tasks such as imaging, sensing, optical communication and studies of light-

matter interaction. Ever since the first development of lenses by the ancient Egyptians and

1



Mesopotamians, people have been molding and shaping materials to make optical compo-

nents, refractive, reflective or diffractive, to control the flow of light. In recent years, the ad-

vances in micro and nano-fabrication technologies have led to a fundamental shift in engineer-

ing new optical devices with tailorable responses. As the fabrication of structures with length

scales comparable or smaller than light wavelengths becomes available, metasurfaces100 - ul-

trathin planar nanophotonic components consisting of subwavelength-spaced nanostructures

- have recently emerged as a versatile platform for arbitrary wavefront shaping. They provide

high efficiencies and novel functionalities such as control over the polarization, spectral, and

angular degrees of freedom, enabling a variety of new optical devices with capabilities that

surpass those of conventional refractive or diffractive elements.

From a physical perspective, wavefront transformation via metasurfaces can be formulated

as a generalized boundary condition problem: given the electromagnetic field distribution

in the incident and the transmitted/reflected region, how can one design an artificial inter-

face such that the boundary conditions are satisfied. From this view point, metasurfaces can

be considered as artificial 2D materials exhibiting locally varying tailored optical responses.

Since in general both the electric and magnetic fields are discontinued across the metasur-

face, it is typically required to engineer both the electric admittance and magnetic impedance

tensors25 which relate the equivalent surface currents to the local fields over the surface.

In theory, the surface impedance approach provides a rigorous and systematic treatment of

optically-thin metasurfaces, however, it poses complex challenges in practice. Not only is

it cumbersome to extract the full susceptibility tensor in simulation, but also it is extremely

challenging to find the desired nanostructures that fulfill all the requirements. In addition, the

assumption of an optically thin interface is no longer valid when relatively tall dielectric struc-

tures are used.

The situation is dramatically simplified, however, if the longitudinal electric field compo-
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nents are negligible. In this case, a wavefront can be characterized by the phase and amplitude

of the local transverse electric field components, including their polarization states and disper-

sive responses. Accordingly, instead of a full susceptibility tensor description, metasurfaces

can be approximated as a spatially varying phase and amplitude profile for each polarization

channel. Such devices are typically referred to as gradient metasurfaces100,99,60,24.

Strictly speaking, the transverse field approximation is valid only for small bending an-

gles, i.e. the paraxial regime25. In practice, however, people found that metasurfaces designed

based on the transverse field phase and amplitude maintained a relatively high efficiency up

to around 60 degrees bending angles81, which is more than enough for most practical applica-

tions. For extremely large bending angles, the approximation results in reduced efficiency and

spurious diffraction orders, and more advanced design strategies are required69.

Due to its intuitive physical picture, straightforward implementation, and versatile appli-

cation, gradient metasurfaces - metasurfaces as phase and amplitude profiles, or Jones matrix

profiles if polarization-dependent - have gained a great attention. Many high performance op-

tical devices have been demonstrated, such as diffraction-limited focusing lenses48, vortex

beam generators14, polarization-resolved holograms10 and so on, proving the effectiveness of

this approach.

Formulating metasurface design problems as generalized boundary condition problems

helps in the understanding of the underlying physics and basic assumptions. However, the

main motivation for the development and study of metasurfaces comes from a practical engi-

neering perspective: metasurfaces show promises as a paradigm shifting technology for the

next generation of compact high-performance optical systems. Not only can they reproduce

certain functionalities of existing devices with reduced size and improved performance, but

also they provide new functionalities beyond what is achievable with conventional devices.

Compared to refractive optical elements, metasurfaces are ultrathin and lightweight. De-
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pending on the application, they can realize similar functionalities as their bulkier counter-

parts, but with significantly reduced form factor and weight, often by orders of magnitudes,

allowing for the miniaturization and integration of complex optical systems. Compared to

conventional diffractive optical elements, metasurfaces offer more precise wavefront control

with higher efficiency and minimal spurious orders, thanks to their subwavelength spatial res-

olution and uniform thickness. High numerical aperture metalenses have been demonstrated

with diffraction-limited focusing behavior, outperforming conventional diffractive lenses in

terms of imaging resolution and efficiency48.

Besides just reproducing effects in conventional optics with the practical benefits discussed

above, metasurfaces also open up numerous new possibilities in wavefront control that are

previously unattainable. They offer unprecedented control over different electromagnetic de-

grees of freedom of light, such as wavelength, polarization and angles of incidence, through

the engineering of individual nanostructures. Using these electromagnetic degrees of freedom

as tuning knobs, multiple optical functions can be encoded in parallel in a single metasurface,

controlled by the properties of the incident light. Such multifunctional tasks are typically very

challenging, sometimes impossible, to realize with traditional methods. This is where meta-

surfaces truly go beyond conventional diffractive and refractive optical elements, offering new

ways to manipulate light and bringing new physical insights into wavefront transformation.

1.2 Multifunctional metasurfaces: theory and implementation

Gradient metasurfaces, regardless of the specific implementation, can be described by a trans-

fer function T relating the input and output electric fields.

E⃗out(x, y,ω, k⃗) = T(x, y,ω, k⃗)E⃗in(x, y,ω, k⃗) (1.1)
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In general, T is a function of spatial coordinates (x, y), as well as the frequency ω and the

wave vector k⃗.

As we consider only the transverse field, E⃗ has two components. Accordingly, the transfer

function T is in general a 2-by-2 matrix, also known as the Jones matrix79,4. Each matrix el-

ement represents the transmission coefficient for a specific polarization channel. The spectral

and angular behavior of a metasurface is encoded in the dispersive response of each individual

matrix elements. The polarization response can be tailored by engineering the overall matrix

forms. For example, the diagonal elements correspond to polarization-preserving transmis-

sion, while the off-diagonal elements represent polarization conversion.

T =

t11(x, y,ω, k⃗) t12(x, y,ω, k⃗)

t21(x, y,ω, k⃗) t22(x, y,ω, k⃗)

 (1.2)

Equation (1.2) nicely summarizes the optical response of a metasurface in the most gen-

eral form, highlighting its dependence on multiple optical degrees of freedom: space (x, y),

frequency ω (or equivalently wavelength λ), angle k⃗, and polarization. In comparison, con-

ventional refractive and diffractive optical elements are typically described by a scalar transfer

function T = t(x, y) with limited control over the spectral or angular response.

Now any metasurface design problem can be decomposed into two subproblems: 1) For

a given application, what T profile is required to produce the desired optical function? and

2) For a given T profile, how can we implement it using nanostructures? The first question

considers effects of interference and propagation in free space, and is the subject of Fourier

optics35. Forward propagation can be readily simulated using Fresnel-Kirchhoff integral or

other numerical methods. The inverse problem can be solved using ray tracing, holographic

phase retrieval, or more advanced optimization methods, depending on the specific applica-
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tions considered. The second, more intriguing, subproblem considers the engineering of the

scattering properties of individual nanostructures. To do this, we have to first understand the

different mechanisms of how light interacts with nanostructures.

As the building blocks of metasurfaces, the nanostructures are often referred to as meta-

atoms or phase shifters. They can be divided into two categories: meta-atoms operating near

resonances and off resonances.

Resonant tuning metasurfaces consist of nanostructures operating close to resonances.

Based on the constituent material and geometry of the nanostructures, different types of res-

onances can be utilized. In metasurfaces consisting of metallic meta-atoms, i.e. plasmonic

metasurfaces, the resonances typically come from the resonant scattering of light by oscillat-

ing free electrons at the surface, also known as localized plasmonic resonance32. In dielectric

metasurfaces, the resonances may come from optically induced electric and magnetic Mie res-

onances supported in subwavelength dielectric particles54. When the coupling between neigh-

boring structures is strong, guided mode resonances may occur, resulting from the excitation

of higher order leaky Bloch modes94.

Across a single resonant excitation, the scattering phase undergoes a 0-π phase change54.

This is the basic principle of resonant tuning metasurfaces: by controlling the amount of de-

tuning, the scattered phase can be adjusted. However, it covers only half of the required 2π

phase shift range. The scattering amplitude will also vary significantly across a single reso-

nant condition, which is unwanted for applications that require uniform high efficiency. To

overcome the limitation, Huygens’ metasurfaces were introduced, where two resonances are

spectrally overlapped such that the phase accumulation is doubled while the amplitude modu-

lation is canceled20,52. In dielectric metasurfaces, this can be done by fine tuning the resonant

frequencies of the electric and magnetic dipole modes. Despite their success to achieve full

phase coverage, the resonant nature makes Huygens’ metasurfaces inherently sensitive to fab-
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rication errors and typically have a narrow operating bandwidth.

Metasurfaces operating away from sharp resonances provide a more robust solution to

wavefront control. A typical implementation uses high refractive index nanopillars. Phase

shift is realized through propagation inside the high-index nanopillars, which can be modelled

as truncated waveguides47: incident light couples into the fundamental transverse modes and

acquire a phase shift proportional to the modes’ effective refractive indices and the propaga-

tion distances. By changing the nanopillars’ lateral dimension, one can control the effective

indices of the modes and therefore the phase. The nanopillars are typically thicker than that

in Huygens’ metasurfaces, and thus have higher aspect-ratios (∼ 2-10). Devlin et al. have

developed a new fabrication process to fabricate high-aspect ratio nanostructures with high

quality22.

Due to the light confinement on a subwavelength scale, the nanopillars, as truncated waveg-

uides, exhibit mode birefringence and waveguide dispersion, which can be tailored by engi-

neering the cross-sectional shapes. They behave fundamentally different from bulk materials,

where the birefringent and dispersive response are pre-determined by intrinsic material prop-

erties. They are also distinguished from the zeroth-order effective medium theory, which sim-

ply averages the refractive index according to the filling factors. The ability of metasurfaces to

tailor the polarization and wavelength response is unprecedented.

Depending on their cross-sectional geometry, the nanopillars can be polarization-insensitive

or polarization-dependent. Ignoring the lattice effect, if the nanopillar’s cross-sectional shape

has continuous or discrete rotational symmetry67, then its optical response is polarization-

insensitive, i.e. the imparted phase shift is the same regardless of the polarization of illumi-

nation. For a general cross-sectional shape, however, the effective refractive index, and thus

the imparted phase, will depend on the incident polarization state, i.e. shape birefringence. For

example, rectangular nanopillars are linearly birefringent. The complex transmission coeffi-
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cients along the optical axes of the nanostructures can be independently tuned by changing

their length and width. The orientation can also be adjusted, providing an additional design

degree of freedom. By spatially varying these geometric parameters, novel polarization holo-

grams and other multifunctional polarization components have been demonstrated. Going

beyond the simple regular shapes, more sophisticated polarization response can be achieved

via freeform metasurfaces.

Dispersion describes how the phase velocity of light changes as a function of frequency.

Here, it is manifested by the frequency/wavelength dependence of the complex transmis-

sion coefficients. In bulk materials, dispersion is an intrinsic property. As a result, the opti-

cal function over a broadband spectrum is largely predetermined by its function at a single

wavelength. Metasurfaces, however, provide possibilities to engineer the optical responses

independently as a function of operating wavelengths. Such capabilities are essential to ei-

ther maintaining the same performance, for example, achromatic imaging, over a broad band,

or implementing distinct tasks for various wavelengths. Dispersion engineering can be real-

ized in either resonant or non-resonant metasurfaces. In the former, guided mode resonances,

or other types of resonances, can be used to enhance the dispersive response of nanostruc-

tures50,82,6. In the latter, waveguide dispersion, resulting from the transverse mode confine-

ment, is used to tailor the dispersion15,93.

In addition to polarization and wavelength, another important optical degree of freedom

is the direction of propagation. Traditionally, the angular response of thin diffractive optical

elements is highly correlated - the optical response at an oblique angle of incidence is very

similar to that at normal incidence, up to a lateral shift. In metasurfaces, this correlation can be

lifted such that the optical function can be controlled independently under illumination from

different angles. Angle-dependent multifunctionality not only adds another tuning knob to

wavefront control, but also enables new ways to directly manipulate light in the momentum
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space.

1.3 Thesis outline

The unprecedented control over the spectral, angular and polarization degrees of freedom sets

metasurfaces apart from conventional optical components. As such, my doctoral work has

been focused on the development of multifunctional metasurfaces, exploiting different degrees

of freedom of light to enable new optical functions. The theoretical and experimental results

are summarized in the following chapters.

Chapter 2 deals with the dispersion engineering of metasurfaces. The requirements and

design strategies for multiwavelength operation is explained. The physical mechanism of

guided mode resonances is presented. We have demonstrated achromatic metalenses at both

discrete wavelengths and over a continuous bandwidth. We have also introduced wavelength-

controlled multifunctional metasurfaces, where distinct optical functions can be addressed

independently at various wavelengths. Chapter 3 discusses the interplay between the angular

and polarization degrees of freedom in topology-optimized metasurfaces. A freeform metasur-

face with angle-tunable polarization response is demonstrated. A unique feature of the device

is its ability to address arbitrary (i.e. elliptical) birefringence for oblique angles of incidence.

Here we adopt an inverse design approach - topological optimization of freeform metasur-

faces - to achieve new functionalities. In addition, a systematic study of metasurface shape

birefringence is presented. Symmetry analysis of Jones matrices that considers unitarity, reci-

procity, and geometrical symmetries is explained in detail. Chapter 4 demonstrates a metalens

depth sensor that is compact, single-shot and computationally efficient. The key component

is a spatially multiplexed multifunctional metalens which mimics the eye of jumping spiders.

The integration of nanophotonics and efficient computation establishes a new paradigm for
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designing computational sensors. Chapter 5 concludes the dissertation with a discussion of the

current challenges and future outlooks. In an attempt to keep the individual chapters concise,

supporting data and discussions are often deferred to the appendix.
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2
Dispersion engineering of metasurfaces

2.1 Chromatic dispersion

In general, the function of an optical component depends on the operating wavelength. In

conventional diffractive optics or refractive optics, the spectral response is dominated by ma-

terial dispersion and dispersion from grating effects respectively. In both cases, the device’s

function at one wavelength is predetermined by that at another wavelength and there is no de-
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sign degree of freedom to control the optical responses at different wavelengths separately.

With metasurfaces, however, one can independently implement arbitrary phase profiles as a

function of wavelength, by engineering the dispersive behavior of nanostructures. Such capa-

bility is essential to either accomplishing completely different tasks at a set of wavelengths,

i.e. wavelength-controlled multifunctionality; or maintaining the same optical function over a

substantial bandwidth, such as achromatic imaging.

Previously, high performance monochromatic metasurfaces have been demonstrated, where

the constituent nanostructures are optimized for a specific operating wavelength. Multiwave-

length operation can be achieved by spatially interleaving different sets of nanostructures that

are individually designed for different operating wavelengths59,101,5,91,97,28,8. Usually either

in-plane spatial multiplexing (several subpixels) or vertical stacking of multiple metasurfaces

(several layers) is utilized. Multispectral operation based on the principle of holography and

the broadband property of berry phase has also been reported103. Despite the progress, previ-

ous methods have several intrinsic limitations. The interleaving and cross-talk between struc-

tures designed for different wavelengths can degrade image quality, produce ghost images and

unwanted diffraction orders. In addition, spatial multiplexing sets an inherent limit to their

maximum efficiency. Vertical stacking requires complicated fabrication techniques.

Here, we present a new dispersion engineering method where each individual nanostruc-

ture is designed to simultaneously fulfill the required phases at all wavelengths, without the

need for spatial multiplexing. This is achieved by utilizing the phase folding mechanism and

the guided mode resonances, both of which are essential to the decoupling of realized phases

at different wavelengths. As a proof-of-principle demonstration, we designed and fabricated

achromatic metalenses that work at multiple discrete wavelengths, as well as over a 60 nm

continuous bandwidth in green. We also demonstrated multifunctional metasurfaces that can

impart different orbital angular momenta to light at different wavelengths. Additionally, a
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Figure 2.1: (a) Schema c of an achroma c metalens, as an example of dispersion-engineered metasurfaces.
The metalens focuses a collimated incident light into a spot in reflec on, with a focal length independent
of wavelength from 490 nm to 550 nm. (b) The building block of the metasurface consists of a tanium
dioxide (TiO2) nanopillar, with height H=600 nm, on a substrate. The nanopillar has a square cross-sec on
with width of W. By adjus ng the width, the reflec on phase can be controlled. The substrate is an metal-
coated fused silica with a thin film of silicon dioxide deposited on top. (c) Top-view of the building block
shows the width of TiO2 nanopillar with unit cell size U=480 nm.

full color (RGB) hologram is shown in simulation. The ability to engineer the chromatic dis-

persion of metasurfaces at will enables a wide variety of new applications. In particular, we

envision applications in microscopy, near-eye display and optical communication etc.

2.2 Design principles of dispersion engineering

Figure 2.1 shows the schematic of a dispersion-engineered metasurface and the constituent

phase shifters. The phase shifter consists of a titanium dioxide (TiO2) square nanopillar on top

of a metallic mirror, separated by an intermediate silicon dioxide (SiO2) layer. Two different

choices of metallic layer, aluminum and silver, have been used in different samples. The for-

mer is easier to fabricate, the latter has lower loss. Due to fabrication constraints, the height
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of the nanopillar is kept constant, H = 600nm, while the nanopillar width is allowed to vary

across the metasurface.

A typical metasurface design starts with a series of full wave simulations which compute

the complex transmission spectrum for various choices of nanopillar width, generating a so-

called phase library. The phase library summarizes the available optical responses that can

be physically realized using nanopillars, i.e. realized phases. On the other hand, we have the

target phase profile required for the specific application. The goal is then to choose the proper

nanopillar width according to the phase library such that the realized phase matches the target

phase at each location on the metasurface. For multispectral metasurfaces, the requirement has

to be fulfilled simultaneously for all wavelengths.

We can denote the target phase profile for a general wavelength-dependent metasurface as

φ (x, y, λi) = f (x, y, λi) + C (λi) , i = 1, 2 . . . n (2.1)

where λi is the design wavelength, (x, y) is the spatial coordinates on the metasurface, and n

is the number of operating wavelengths. φ (x, y, λi) consists of two parts: a general function

f (x, y, λi) that depends both on location and wavelength, and a reference phase C (λi) that de-

pends only on wavelength. Notably the functionality at each wavelength is determined only

by f (x, y, λi) . This allows us to use C (λi) as a tuning knob in the design.

To realize a wavelength-dependent target phase profile, the corresponding phase shifter at

each location (x, y) needs to simultaneously fulfill the target phases φ (x, y, λi) for all design

wavelengths λ1, λ2 . . . λn . In many cases, the target phases at two locations can be the same

for one wavelength φ (x1, y1, λ1) = φ (x2, y2, λ1) , but very different at other wavelengths

φ
(
x1, y1, λj=2...n

)
̸= φ

(
x2, y2, λj=2...n

)
. This requires having many phase shifters that imple-

ment similar phases at λ1 , but different phases at λj=2...n . In other words, one needs to build
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a phase library where the realized phases at different wavelengths are effectively decoupled.

In contrast, monochromatic operation needs only one phase shifter for a given realized phase

at λ . In the latter, the realized phases at all other wavelengths are predetermined: one loses

the design degree of freedom to independently implement different phases at different wave-

lengths (Fig. A.11).

To effectively decouple the realized phases at different wavelengths, we utilize the folding

of phases into 0-2π. Essentially, for any given wavelength, the phase shift is defined up to a

modulo of 2π. A nanopillar that imparts a π phase shift can be replaced by another nanopillar

with 3π phase shift, without altering the overall optical function. This offers an extra design

degree of freedom which allows us to have multiple options to fulfill the same target phase.

The effect of phase folding is revealed by comparing Figure 2.2a and Figure 2.2b. In Figure

2.2a, each circular point represents a specific nanopillar, with the marker color indicating the

pillar width. The Cartesian coordinates correspond to the unfolded realized phase at 460 nm,

540 nm and 700 nm. Only three wavelengths are considered here for easier visualization. One

can see that all the points form a continuous curve. The range of the curve is referred to as the

phase coverage. Figure 2.2a is similar to Figure 2.2b , except that the phases are folded into 0-

2π. Now all the data points form a cloud of points spreading out the entire 2π × 2π × 2π cube

(phase space), reflecting the decoupling of realized phases at different wavelengths. Here the

folding process is essentially a nonlinear mapping, which breaks the one-on-one relation of the

unfolded quantities. Importantly the unfolded phases have to cover more than 2π, otherwise

the folding becomes a trivial identity mapping (Fig. A.11).

Phase folding provides a possible mechanism of decoupling realized phases, but it only

works if there is a sufficiently large phase coverage. In general, a larger phase coverage results

in smaller discrepancies between the realized and target phases and thus better performance.

To understand this, consider some target phase φ (x, y, λi=1,2,3), represented as the black star
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Figure 2.2: (a) Unfolded realized phases at 460 nm, 540 nm and 700 nm. Each circular point corresponds
to a specific designed nanopillar (phase shi er). Color map represents the pillar width. (b) Realized phases
at 460 nm, 540 nm and 700 nm folded into 0 - 2π. Each circular point corresponds to a specific designed
nanopillar (phase shi er). Color map represents the pillar width. The black star A represents an arbitrary
target phase point. Point B is the nearest neighbor of A among all realized phase points. (c) Realized phase
as a func on of nanopillar width at wavelengths of 460, 540, and 700 nm. As the pillar width changes from
100 to 400 nm, the corresponding phase undergoes mul ple 0 -2π phase cycles. The sharp phase jumps
reflect the excita on of guided mode resonance (GMR). One example of GMR at wavelength of 540 nm is
marked out explicitly.
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A in Figure 2.2b. We can find its nearest neighbor point (B) in the phase library. The dis-

tance between them reflects the phase error of using B to approximate A. Since in general

the target phase point A can be located anywhere in the phase space, it is necessary to have

a phase library that occupies the entire phase space with a relatively high average local den-

sity of points. A larger phase coverage increases the average local density of points, and thus

reduces the error between the realized and target phases. Therefore, achieving a large phase

coverage is a crucial step in designing wavelength-controlled metasurfaces.

Two design strategies are utilized to expand the phase coverage. Firstly, we make use of

the reflective configuration to effectively double the propagation phase per pillar compared

with the transmissive case. Secondly, we design the nanopillars to support guided mode res-

onances (GMR). GMR happens when incident light couples to the higher order Bloch modes

of the nanostructure array and re-radiates into free space94,29 (for discussion, see Appendix

A). Rapid phase change occurs around the resonances, contributing to larger phase coverage

and further decoupling of realized phases at different wavelengths. Note that the nanopillar

center-to-center distance (U) has to be larger than all operation wavelengths in TiO2 to sat-

isfy the required coupling condition. In the meantime, U must be smaller than λ/2NA and λ

as well to satisfy the Nyquist sampling criterion and to avoid higher order diffraction, respec-

tively. Figure 2.2c shows the realized phases at a function of pillar width at 460, 540 and 700

nm. Notice the relatively sharp phase jumps corresponding to the GMRs. Through both the

reflective configuration and GMR, a phase coverage as large as 28π is achieved (Fig. 2.2a).

To find the ”best candidate” that minimizes the phase error between the target and realized

phase at the design wavelengths, we perform a particle swarm optimization. To account for

both the amplitude and phase error, the average error is defined as the mean Euclidean dis-
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tance between the target complex field and the realized complex field.

Δ =
1
N
∑
λi

∑
x,y

| tt exp (iφt)− tr exp (iφr) |, i = 1, 2 . . . n (2.2)

where the subscript t and r indicates a target and realized quantity, n is the number of op-

erating wavelengths, and N is a normalization factor. The target amplitude tt is assumed to

be unity in all our designs, and the target phase profile φt is defined in Eq. 2.1. The realized

amplitude and phase are denoted as tr and φr respectively. The summation is taken over all

positions (x, y) on the metasurface and all design wavelengths λi (i = 1, 2 . . . n) . Particle

swarm optimization toolbox (from Matlab) is used to minimize the error function. The ref-

erence phase C (λi) (defined in Eq. 2.1) is utilized as an optimization parameter to offer an

additional degree of freedom. Fresnel-Kirchhoff integration method is then used to evaluate

the performance of the optimized design.

2.3 Optimization, fabrication and characterization methods

To fabricate the device, we first deposited a metallic layer with thickness much larger than the

skin depth of light in the visible. For the continuous bandwidth achromatic metalens, we used

a 110-nm thick layer of Aluminum (Al) deposited on a fused glass substrate using electron

beam deposition. For the other devices, 1100-nm thick Silver (Ag) layer was deposited on a

silicon substrate using the method described in ref42. Then, a 180 nm thick Silicon Dioxide

film was grown via plasma enhanced chemical vapor deposition (PECVD). Finally, Titanium

Dioxide nanopillars were fabricated using the method developed in2. The optical image and

scanning electron microscope image of several fabricated samples are shown in Figure 2.3.

A custom-built setup (Fig. 2.4) is used to characterize the fabricated samples. A laser beam

from a supercontinuum laser (NKT Photonics) is collimated and used to illuminate the meta-
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Figure 2.3: (a-c) Op cal image of the fabricated (a) mul wavelength achroma c metalens, (b) wavelength-
controlled beam generator 1, (c) wavelength-controlled beam generator 2. Scale bar: 100 μm. (d) SEM
image of a fabricated sample. Scale bar: 500 nm.

Figure 2.4: Schema c of a custom-built setup to characterize the metasurface. The metasurface reflects
and focuses the collimated incident light. We cascaded two objec ves to increase the imaging magnifica-

on to 40.
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surface at normal incidence. We inserted a 50:50 beam splitter between the source and the

samples to direct the reflected light to the imaging system. Two sets of objectives with their

tube lenses are cascaded to achieve a magnification of 40. The magnification factor is verified

by imaging a target of known size. A high dynamic range cMOS camera is used to capture

the images. The sample is mounted on a motorized stage with a minimum movement step of

100 nm. During the measurement, the sample is moved along z-axis (propagation direction)

and the images are captured accordingly. The measurement is automated with the help of a

user-customized Labview program that controls the laser, motorized stage and camera simul-

taneously.

To measure the focused power, we placed an iris with adjustable diameter in the image

plane. The iris diameter is used to block out the zeroth order light, and allow the first ring of

Airy disk focal spot passing through. A power meter is placed immediately after the iris to

collect the focused light. To measure the reference power, the sample is replaced by a mirror

of the same size, and the iris is opened. Focusing efficiency is calculated as the ratio of the

focused power and the reference power.

2.4 Achromatic metalenses

Using the design methods introduced in the previous sections, we demonstrated achromatic

metalenses in the visible. Achromatic metalenses aim to tackle the challenge of chromatic

aberration. Previously, high numerical aperture (NA) high efficiency metalenses have been

realized48 at a single wavelength. Diffraction-limited focusing and subwavelength imaging

resolution are achieved at the design wavelength. However, the imaging quality deteriorates

dramatically as the wavelength alters or the bandwidth increases, due to the strong chromatic

aberration. Chromatic aberration is a failure of a lens to focus all wavelengths to the same dis-
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tance. It is detrimental to imaging, and it one of the main reasons that inhibits the wide scale

application of metalenses. Here, by engineering the dispersive response of nanostructures, we

achieved achromatic focusing, both at multiple discrete wavelengths, and over a 60 nm contin-

uous bandwidth, bringing metalenses closer to being used in real-world optical systems such

as cameras and displays.

2.4.1 Multiwavelength achromatic metalens

A multiwavelength achromatic metalens is designed and fabricated to focus achromatically

for blue (B), green (G), yellow (Y), and red (R) light. A schematic is shown in Figure 2.5a. It

has a numerical aperture (NA) of 0.2 and diameter equals 400 μm. The target phase profile is

given by

φ (r, λi) =
2π
λi

(
f−
√
r2 + f2

)
+ C (λi) (2.3)

where f is the focal length. The lens exhibits achromatic focusing at wavelength of 460 nm

(B), 540 nm (G), 567 nm (Y) and 700 nm (R). The measured focal spot images are shown in

Figure 2.5b. Focal length was measured as 0.979, 0.985, 0.976 and 0.982 mm at the B, G, Y,

and R wavelength, respectively (Fig. 2.5c). Near-diffraction-limited focal spots are achieved

with Strehl ratios of 0.86, 0.91, 0.81 and 0.92 (Figs. 2.5b). The measured focusing efficiencies

are 17.7% , 16.0% , 21.4% , 22.6% for B, G, Y, and R. Figure 2.5c shows the intensity pro-

files of the reflected beam in the x-z plane from z = 0.18 to 1.78 mm. The measurement is in

good agreement with simulation (Fig. A.12). Residual unwanted higher order focal spots are

observed, but with intensity much lower than the primary focal spots. A zoom-in view of the

x-z plane propagation profile near the focal plane is illustrated in Figure 2.5d. It is clear that

B, G, Y, and R light all focuses at nearly the same position. A comparison between the target

and realized phase profile is shown in Figure A.6 and Figure A.7.
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Figure 2.5: (a) Schema c of the mul wavelength achroma c metalens. (b) Top row: Focal spot images of
the mul wavelength achroma c metasurface at 460, 540, 567 and 700nm. The corresponding focal length
is 0.979 mm, 0.985 mm, 0.976 mm, 0.982 mm respec vely. Scale bar: 2μm. Bo om row: Blue/red curve:
measured intensity profile along the horizontal (x)/ver cal (y) line cu ng through the center of the focal
spot at 460, 540, 567 and 700nm. Black dashed curve: intensity profile of the diffrac on-limited focal spot
with unity peak intensity. The measured profiles are normalized to yield the same focused power as the
theore cal ones. (c) Measured intensity profiles of the reflected beam in the x-z plane at the wavelength
of 460, 540, 567 and 700 nm from z = 0.18 to 1.78 mm. (d) Magnified measured intensity profile in the x-z
plane from z = 0.901 to 1.057 mm.
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Figure 2.6: (a) Top-view scanning electron microscope (SEM) image of the center por on of the fabricated
achroma c metalens. Scale bar: 200 nm. (b) Side-view SEM image of the metalens. Scale bar: 500 nm. (c)
Op cal image of the metalens. Scale bar: 25 μm.

2.4.2 Continuous bandwidth achromatic metalens

We also designed an achromatic metalens over a continuous bandwidth. It has a diameter of

200 μm, with a focal length of 485 μm, giving an NA=0.2. It works in reflection mode with a

focal length independent of wavelength from 490 nm to 550 nm. Note for this particular de-

sign, we used Aluminum instead of silver as the reflective layer. The optical and SEM images

are shown in Figure 2.6.

Figure 2.7 shows the measured intensity profile of the reflected beam in the xz-plane, il-

lustrating the propagation of light right before and after the focal plane. We see that the focal

length remains unchanged for wavelengths from 490 nm to 550 nm. This becomes clearer if

we look at the measured focal length as a function of wavelength (Fig. 2.8). The measured

focal lengths closely resemble those predicted by the simulation, in particular across the de-

sign bandwidth. In the measured intensity profiles in the xz-plane (Fig. 2.7), one can see sec-

ondary intensity peaks before and after the focal spots, an effect which is more pronounced for

wavelengths at the edge of the bandwidth. The secondary peaks may result from fabrication

imperfections, could be mitigated by further optimizing the fabrication parameters including
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Figure 2.7: Measured intensity profiles of the reflected beam by the achroma c metalens in the xz-plane
at different wavelengths. Wavelength of the incident light is noted in the le side of the plot. Focal spots
at the different wavelengths appear at the same z distance from the metalens. The varia on of focal length
across the wavelength range of 490 nm- 550 nm is negligible with a standard devia on of 2.7 μ m.
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Figure 2.8: AML, simula on: simulated focal length of the achroma c metalens (AML) as func on of wave-
length. AML, experiment: measured focal length of fabricated AML versus wavelength. The measured frac-

onal change of focal length across the bandwidth (490 nm -550 nm) is 1.5% very close to that of pre-
dicted by simula on (1.2% ).The AML has a diameter of 200 μm and focal length of 485 μm at λ=530 nm.
GML, experiment: focal length of a fabricated geometric-phase based metalens (GML). The phase shi is
imparted via the rota on of tanium dioxide nanofins. The use of geometric phase has a high tolerance to
fabrica on errors thus GML can serve as a robust reference.
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Figure 2.9: Top row: intensity profiles of the achroma c metalens at a fixed posi on of z=485 μm at three
wavelengths of 490 nm, 520 nm, and 550 nm. Bo om row: focal spots at three wavelengths of 490
nm, 520 nm, and 550 nm. The ver cal (horizontal) cuts of focal spots have a full-width at half-maximum
(FWHM) of 1.27 μm (1.29 μm), 1.52 μm (1.45 μm), and 1.68 μm (1.59 μm) at wavelength of 490 nm, 520
nm and 550 nm, respec vely. Values of FWHMs from ver cal and horizontal cuts are very close indica ng
the symmetry of the focal spots. Scale bar: 2 μm.

the electron beam lithography dosage.

In addition, the top row in Figure 2.9 shows the intensity profiles in the xy-plane at a fixed

distance of 485 μm from the metalens. These intensity profiles resemble the focal spots (also

shown in Figure 2.9, bottom row), which is consistent with the observed small change in focal

lengths for the different wavelengths. The importance of dispersion engineering becomes evi-

dent when comparing these results with the measured results of a metalens based on geometric

phase48. Since the latter is not corrected for chromatic dispersion, as shown in Figure 2.8, the

focal length monotonically reduces as the wavelength increases.

26



2.5 Wavelength-controlled multifunctional metasurfaces

In the previous section, we utilize dispersion engineering to maintain the same optical function

at different wavelengths. In this section, we go one step further and demonstrate completely

distinct optical functions at a set of design wavelengths. This requires the ability to control in-

dependently the phase profiles at different wavelengths. Such capability is extremely difficult

to achieve with conventional optical elements, and now becomes possible with just a single

layer of metasurface.

As a first demonstration, we designed and fabricated wavelength-controlled beam genera-

tors (WCBG) which generate beams with different orbital angular momentum (OAM) states

at desired wavelengths. They couple the wavelength and OAM degrees of freedom, and may

lead to novel physical phenomena. One can think of it as essentially a counterpart of spin-

orbital angular momentum coupling in the spectral domain. The WCBG can function as a

converter between wavelength and OAM multiplexing schemes (Fig. 2.10a), allowing infor-

mation to be directly transferred from the spectral domain to OAM states, which is difficult to

realize using traditional methods, and could find applications in otical communication. In ad-

dition, the WCBG can be designed to realize a compact stimulated emission depletion (STED)

microscope. In a STED microscope, an excitation spot and a donut-shaped depletion beam are

applied simultaneously to fluorescent samples to achieve super resolution imaging41. Con-

ventional STED microscopes handle the excitation, depletion beam and fluorescent signal

separately, which makes the device bulky and adds complexity to the system alignment. A

WCBG that focuses light at the excitation and signal wavelengths, and simultaneously gen-

erates a focused donut beam at the depletion wavelength (Fig. 2.11a) can integrate the three

required functionalities of STED in a single element, thus greatly reduces the device footprint

and alignment complexity.
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Figure 2.10: (a)-(c) Measured intensity profile of wavelength-controlled beam generator 1 (WCBG1) at
z = 0.98 mm. The device generates (a) a large focused donut beam (l = 2) at 455 nm, (b) a small focused
donut beam (l = 1) at 540 nm, and (c) a focal spot (l = 0) at 700 nm at the same focal plane. Scale bar: 2 μm.
(d)-(f) Blue/red curve: measured intensity profile along the horizontal (x) /ver cal (y) line cu ng through
the center of the beam in the focal plane. Black dashed curve: simulated intensity profile with unity peak
intensity. The measured profiles are normalized to yield the same focused power as the simulated ones.

The target phase profile for WCBGs is given by:

φ (r, θ, λi, li) =
2π
λi

(
f−
√
r2 + f2

)
+ liθ+ C (λi) (2.4)

where (r, θ) is the cylindrical coordinates on the metasurface, li is the OAM quantum

number at λi , and f is the focal length. The phase profile contains an achromatic focusing term

2π
λi

(
f−
√
r2 + f2

)
, a helical phase term liθ , and a reference phase C (λi) . Here we design the

metalenses with NA = 0.2, f = 0.98 mm, and diameter of 400 μm.

If l = 0, then Eq. 2.4 reduces a normal focusing lens. For l ̸= 0, the device generates a

donut-shaped focal spot. The achromatic focusing term (first term on the right side of Eq.

2.4) can be generalized to have wavelength-dependent focal distance or removed if desired.

Note that a rigorous treatment of focused optical vortex beam involves vector diffraction
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Figure 2.11: (a)-(c) Measured intensity profile of wavelength-controlled beam generator 2 (WCBG2) at z =
0.98 mm. The device generates (a) a focused donut beam (l = 1) at 480 nm, a focal spot (l = 0) at (b) 515 nm
and (c) 690 nm at the same focal plane. Scale bar: 2 μm. (d)-(f) Blue/red curve: measured intensity profile
along the horizontal (x)/ver cal (y) line cu ng through the center of the beam in the focal plane. Black
dashed curve: simulated intensity profile with unity peak intensity. The measured profiles are normalized to
yield the same focused power as the simulated ones.

theory. The latter requires considering both polarization effect and spin-orbital angular mo-

mentum conversion, especially in the case of tightly-focused vortex beam102. However, our

design (NA = 0.2) is far from the strongly focused beam regime, and one can safely use scalar

diffraction theory.

Two examples of WCBG are fabricated. Figure 2.10 shows the measured intensity profile

of one device (WCBG1) that generates a focused beam with l = 2, 1, 0 at wavelength 455,

540, and 700 nm respectively with the corresponding efficiency of 31% , 37% , 33% . The

average efficiency of is 34% , comparable to the theoretical upper limit of average efficiency

using spatial multiplexing (33.4%). The experimental results agree well with numerical simu-

lations. The donut beams’ intensity profiles show slight asymmetry due to the imperfection of

phase fitting and optical alignment.
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The measurement results of a different design (WCBG2) that generates a focused beam

with l = 1, 0, 0 at 480, 515, 690 nm respectively at z = 0.98 mm are illustrated in Figure 2.11.

The efficiency is 31% , 32% , 33% at each operating wavelength. With the ability to focus

light at two wavelengths, and generate a focused donut-shaped beam at a third wavelength,

WCBG2 serves as a proof-of-principle prototype for a compact STED microscope. Note how-

ever that a true STED microscope requires high NA, and therefore the polarization effect be-

comes non-negligible. In that case, the design principle remains similar, but a proper incident

polarization and vector diffraction theory need to be considered. Simulation results of a high

NA design (NA=0.8) can be found in the appendix (Fig. A.10).

To demonstrate the versatility of our design approach, we also simulated a full color holo-

gram (Fig. 2.12) operating at 480, 530 and 630 nm. The iterative Fourier transform algorithm

(IFTA) is used to obtain the target phase profile at each wavelength. The optimization method

described in the previous section is then applied to find the optimal choice of phase shifters.

We simulate the reconstructed holographic image using the phase and reflectance of the de-

signed structure via fast Fourier transform. The target image was well-reconstructed, although

the contrast is reduced due to phase fitting error.

2.6 Discussion

Although we emphasize the importance of having multiple 2π phase coverages, our devices

should not be confused with multiorder diffractive (MOD) optical elements90,27. MOD lenses

are diffractive lenses operating at higher diffraction orders. Unlike traditional diffractive

lenses, the phase jump of MOD lenses at the zone boundaries is a multiple of 2π to allow

for higher diffraction orders. With proper engineering, the mth order focal spot at λ1 can co-

incide with the nth order focal spot at λ2 ( λ1 > λ2, m<n ). By tuning the blazing angle, MOD
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Figure 2.12: (a) Target image and (b) the simulated holographic image of a RGB hologram designed at 480,
530, 630 nm.

lenses can achromatically focus light at several wavelengths with high efficiency. Although

the term multiple 2π phase is used in both cases, there are major differences between our

method and MOD designs. First, MOD cannot implement different functionalities at differ-

ent wavelengths. In comparison, in our design the functionality at different wavelengths can

be completely decoupled. Secondly, MOD devices trade achromatism with thickness. The

thickness of visible MOD lenses in general increases with number of wavelengths corrected,

whereas our design does not require adding physical thickness or fabrication complexity. In

addition, the surface configuration of MOD lenses has a zone period that is a common multi-

ple of the period required at different design wavelengths. This multiplied zone period is the

most important feature, and a necessary condition for MOD lenses. In contrast, our design

has an aperiodic surface configuration, and achromatic performance is encoded locally in the

dispersion property of individual phase shifters.

It is also feasible to adapt the proposed design principle to transmissive configurations.

First of all, we believe the basic principles are still applicable. For example, one can use phase

31



folding to decouple the realized phases at different wavelengths, and expand the phase cov-

erage as much as possible to reduce error. Second, the essence of phase shifter design − in-

creasing propagation phase per pillar and incorporating resonances − remains valid, although

the actual implementation may vary. More specifically, rather than doubling the propagation

phase via reflection, one may increase the pillar height instead; moreover, other resonance

mechanisms can be utilized instead of GMR to achieve a more uniform transmission spec-

trum.

Strictly speaking, GMR is a collective phenomenon, and assumes periodic boundary con-

dition. On metasurfaces, the nanopillar width varies across the surface and the system is no

longer periodic. However, we believe the concept of GMR remains a good approximation in

our system. The high index contrast between nanopillars and air leads to strong coupling be-

tween the surface modes and free space radiation. The guided waves are scattered out to free

space rapidly and do not propagate far in the lateral direction. This means the modes are es-

sentially localized, with the reflection property depending only on the local geometry around

each nanopillar31. The agreement between our measured intensity profiles and those simu-

lated via Fresnel-Kirchhoff integration serves as an additional proof of the validity of such

approximation.

Higher efficiency is expected with further improvement in fabrication. To understand what

limits the final efficiency in the current setup, we measured the power of light reflected from

the surface of metalens and a silver mirror of the same size. We found that the former is less

than 30% of the latter, which suggests that reflection loss is a main limiting factor to the total

efficiency. The ratio of the focused power and the total power reflected from the metalens

surface is more than 70% for all wavelengths, indicating good focusing performance. The

reflection loss can result from resonant effect which cause more energy being absorbed by the

metallic mirror. Therefore, by replacing the lossy metallic mirror with dielectric Distributed
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Bragg Reflector (DBR), one can potentially increase the efficiency to around 70% .

In summary, we presented a versatile dispersion engineering strategy which allows one to

control independently the phase profiles at different wavelengths. We theoretically and ex-

perimentally demonstrated a multiwavelength achromatic metalens at a discrete set of wave-

lengths, as well as an achromatic metalens that operates over a continuous bandwidth from

490 to 550 nm. We also designed and fabricated two wavelength-controlled beam generators

that produce focused beams with different amount of orbital angular momentum depending

on wavelength. A full color hologram is also demonstrated in simulation. The efficiency can

be further increased through improvement in design and fabrication. The number of operating

wavelength can also be expanded to accommodate more complex functionality integration.
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3
Freeform metasurfaces with

angle-tunable elliptical birefringence

3.1 Shape birefringence in metasurfaces

Birefringence, defined by the polarization dependence of refractive indices, plays a role of

paramount importance in manipulating the polarization states of light. Traditionally, birefrin-
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Figure 3.1: (a) Material birefringence results from intrinsic material anisotropy, and is usually found in non-
cubic crystals. (b) Regular shape birefringence considers simple symmetric structures at normal incidence.
Their birefringent response is predetermined by geometric symmetries such as mirror symmetries with
respect to the xz and yz plane. The red arrows represent the linearly polarized eigenstates. (c) Arbitrary
shape birefringence u lizes freeform structures to unlock novel polariza on func onali es. In this work, we
demonstrate a device that can be con nuously tuned from linear birefringence to ellip cal birefringence by
varying the angle of incidence. The red arrows represent the ellip cal eigen-polariza on states at oblique
incidence.

gence is considered as an intrinsic property of certain materials (Fig. 3.1a), such as calcite.

Despite their widespread use, these devices are bulky and offer limited control over the angu-

lar or spectral response. Shape birefringence, in contrast, results from the anisotropic shape

of constituting structural elements rather than material anisotropy. It has been investigated

in optical fibers73, waveguides63, and more recently metasurfaces48,99,60,4,10 – planar opti-

cal components consisting of nanostructures patterned at a subwavelength scale. Metasurface

shape birefringence offers a great variety of design degrees of freedom for tailoring devices’

polarization response, and therefore has emerged as a versatile platform for polarization op-

tics21,43,79,80.

Previous metasurface shape birefringence devices suffer from two limitations: restricted

choice of eigen-polarization states and lack of angular control. Previous studies mainly con-
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Figure 3.2: (a) The evolu on of polariza on state of a light beam propaga ng through a quarter waveplate
in the real space. (b) The same polariza on evolu on can be represented as a rota on (orange curve) in the
polariza on space (i.e. Poincaré sphere). The rota on axis (red arrow) connects the two eigen-polariza on
states ( |λ±eig ⟩ ), in this case |H⟩ and |V⟩ (red dots). The rota on angle ( Δφ = π

2 ) is determined by the
retardance value ( λ/4 ). (c-e) Polariza on space representa on of linear (c), circular (d) and ellip cal bire-
fringence (e). In general, birefringence induces a rota on of polariza on states on the Poincaré sphere
(along the yellow lines), with the rota on axis (red axis) and rota on angle determined by the device’s
eigen-polariza on states (red dots) and retardance respec vely. The blue arrows show the trajectories
for a quarter-wave retardance assuming a 45◦ linearly polarized incident light. (e) Linear birefringence. The
rota on axis is confined within the equatorial plane (green plane). (d) Circular birefringence. The rota on
axis coincides with the S3 axis, i.e. perpendicular to the equatorial plane (green plane). (e) Ellip cal birefrin-
gence has ellip cally polarized eigenstates. It can have an arbitrary rota on axis and represents the most
general type of unitary polariza on transforma on.
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sider simple symmetric shapes, which fundamentally limits the choice of eigen-polarization

states and thus the devices’ polarization functions4,10,79. Most existing devices are restricted

to be either linearly or circularly birefringent due to symmetry constraints. Despite their

prevalence, they constitute only a small subset of all possibilities. In general, to realize an

arbitrary lossless polarization transformation requires having elliptical birefringence, i.e., bire-

fringent components whose eigen-polarization states are elliptically polarized16,18. Repre-

senting the most general case, it unlocks the full potential of polarization control: a single

elliptically birefringent component is capable of implementing arbitrary unitary polarization

transformation, which otherwise would require cascading multiple linearly or circularly bire-

fringent components16,18,85. This is especially relevant in advanced polarization optics and

quantum optics where compact implementation of versatile polarization control is of vital im-

portance. However, so far the capability to tailor arbitrary elliptical birefringence has not been

explored.

Second, the angular response of shape birefringence, which is an essential degree of free-

dom to manipulate light, has not been well investigated. Engineered angle-dependent optical

response not only enables easy integration of multiple functions in a single device controlled

by the angle of incidence, i.e. angle tunable multi-functionality, but also allows for unconven-

tional light manipulation in momentum (k) space36 (in contrast to the usual real space opera-

tion). However, since previous studies focus primarily on normal incidence operation, the an-

gular dependence is usually ignored or treated as an unwanted artifact. Recently, researchers

have started to investigate the behavior of metasurfaces at oblique angles of incidence. How-

ever, these studies either utilize plasmonic structures that are inherently lossy77, or consider

phase-only holograms that provide no polarization transformation capability46. The interplay

between angle and polarization degrees of freedom in metasurfaces have remained largely

unexplored.
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To address these limitations, we utilize the adjoint-based topological optimization, a pho-

tonic inverse design technique, to engineer the birefringent response of metasurface ele-

ments45,56,69,13,81,26,75. Topological optimization allows the shape of nanostructures to be

varied continuously in the design domain in order to minimize a given cost function subject

to functional and geometrical constraints . Compared with the forward design strategy which

relies on parameter sweeps of simple regular shapes, topological optimization provides a con-

siderably larger design space, allowing searching for non-intuitive structures. This opens new

possibilities to engineering unconventional birefringent response of metasurfaces. It is worth

noting that in principle elliptical birefringence might exist in any structure with broken sym-

metries (Appendix B). However, without optimization, these effects are usually weak and

uncontrollable (Appendix B). Here, with topological optimization, we are able to intentionally

tailor the desired elliptical birefringence as a functional feature.

Using topological optimization, we demonstrate arbitrary shape birefringence (Fig. 3.1c)

that addresses the above-mentioned limitations. It features a freeform shape, tailorable eigen-

polarization states and designed angle tunability. It can be continuously tuned from linear

birefringence to elliptical birefringence for various angles of incidence. At each fixed oblique

angle of incidence, the tailored elliptical birefringence allows for versatile polarization trans-

formation beyond what is achievable with previous single-layer metasurfaces. For a range of

angles of incidence, the designed angle tunability enables multifunctional polarization manip-

ulation in momentum space. Our approach has a wide range of potential applications across

industry and scientific research, such as momentum-space vector beam generation and polar-

ization aberration correction in advanced optical systems.
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3.2 Polarization effects of arbitrary shape birefringence

In the absence of polarization-dependent transmission efficiency difference, any birefrin-

gence breaks the polarization degeneracy of light to produce two orthogonally polarized

modes that travel with different phase velocity. These two special polarization states are the

eigen-polarization states of the device, i.e. the characteristic polarization states that remain

unchanged upon propagation. Any other incident state will, in general, undergo polarization

conversion according to its projection onto the eigen-polarization state basis. Up to an overall

phase, the eigen-polarization states, together with the retardance, defined by the phase differ-

ence between the two eigen-polarization states accumulated during propagation, fully deter-

mine the polarization function of any birefringent device.

Explicitly, the polarization effect of a birefringent component is described by its Jones ma-

trix J , which can be expressed in terms of an overall phase φ , the retardance Δφ , and the

eigen-polarization states |λ±eig ⟩ in bra-ket notation18:

J = eiφ
[
ei

Δφ
2 |λ+eig ⟩⟨λ

+
eig|+ e−i Δφ

2 |λ−eig ⟩⟨λ
−
eig|
]

(3.1)

Among the three quantities, the overall phase φ and retardance Δφ have been widely inves-

tigated and utilized in metasurface design for versatile wavefront shaping99,4,10. They can be

easily adjusted, for example, by changing the length and width of simple rectangular nanopil-

lars. In contrast, despite their fundamental role, the ability to engineer the eigen-polarization

states |λ±eig ⟩ remains elusive, primarily due to the inherent symmetry constraints in previous

designs.

At normal incidence, the symmetry of the geometric shape of the structure elements dic-

tates the eigen-polarization states of the device, regardless of the specific realization67,53 (Ap-
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pendix B). For example, patterns that have mirror symmetry with respect to the xz or yz plane

( Mxz or Myz ) are bound to be linearly birefringent (Fig. 3.1b). Here xy is the metasurface

plane, z is the surface normal direction. This constitutes a majority of previous metasurface

devices. The advantage of such choice is its design simplicity, however, it sacrifices the versa-

tility of achievable polarization operation.

In general, to realize an arbitrary lossless polarization transformation necessitates having

elliptical birefringence, i.e., birefringent components whose eigen-polarization states are el-

liptically polarized16,18. For example, consider a simple task where one wants to convert hor-

izontal polarization to 45◦ linear polarization ( |H⟩ → |45◦⟩ ) and left circular polarization to

horizontal polarization ( |LCP⟩ → |H⟩ ). Here we consider two different input states because

the polarization function is characterized by a 2-by-2 matrix (the Jones matrix) and at least

two input-output mappings are required to characterize the device. This task is impossible

with a single linearly birefringent device. However, with a properly designed elliptical bire-

fringent waveplate, both operations can be fulfilled with a single component (Appendix B).

Therefore, it is critical to have elliptically birefringent devices in order to facilitate compact

implementation of arbitrary polarization control.

For clarity, it is worthwhile mentioning the difference between eigen-polarization states

and operating polarization states, i.e. the designed incident polarization states. A recently pro-

posed class of metasurfaces10 use elliptical polarization as the operating state, but the eigen-

states of each nanopillar are still linear. As a consequence, the output is converted to the con-

jugate of input polarization state10. Such inevitable polarization conversion, which is often

unwanted, is another manifestation of the limitations of previous linear shape birefringence

devices.

To provide an intuitive picture of this concept of arbitrary shape birefringence, we use the

polarization space (Poincaré sphere) representation of birefringent components. Poincaré
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sphere is a graphical tool for visualizing polarization states. Each point on the surface of the

sphere represents a fully polarized state, with the Cartesian coordinates given by the normal-

ized Stokes parameters
(
S1
S0
, S2
S0
, S3
S0

)
18. The north and south pole represent right and left circu-

lar polarization, and points on the equator correspond to linear polarization states. Using this

picture, the polarization effects of birefringence can be elegantly described as a rotation on the

Poincaré sphere, with the rotation axis and rotation angle determined by the eigen-polarization

states |λ±eig ⟩ and retardance Δφ respectively (Fig. 3.2b). As an illustrative example, the po-

larization effects of a conventional quarter waveplate is shown both in real space (Fig. 3.2a)

and on the Poincaré sphere (Fig. 3.2b). In real space, 45◦ linearly polarized incident light is

gradually converted to right circular polarization at the output, |45◦⟩ → |RCP⟩ (Fig. 3.2a). If

we trace the polarization evolution on the Poincaré sphere, it follows a circular trajectory (Fig.

3.2b) that corresponds to a rotation around the S1 axis by π/2 . Note that the rotation axis

connects the two eigen-polarization states, |H⟩ and |V⟩ in this case. The π/2 rotation angle

results from the quarter-wave retardance ( λ/4 ).

This geometrical representation provides a unified picture for visualizing the polarization

effects of different types of birefringence. Linear birefringence is represented by rotations on

the Poincaré sphere around an axis that is limited to be within the equatorial plane (Fig. 3.2c).

Circular birefringence features a rotation axis that coincides with the S3 axis (Fig. 3.2d). De-

spite their prevalence, linear and circular birefringence constitute only a small subset of all

possible birefringence. Elliptical birefringence, in contrast, can take arbitrary rotation axes

(Fig. 3.2e). It represents the most general type of birefringence and allows versatile polariza-

tion transformation beyond what is achievable with single linearly or circularly birefringent

components.
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Figure 3.3: Structures with ver cal sidewalls are approximately mirror symmetric with respect to the xy
plane (Mxy) if the effect of the substrate is small. In this case, the approximate Mxy symmetry connects the
Jones matrices for incidence (a) from the bo om Jbot(θ) and (b) from the top Jtop(θ). Furthermore, Jtop(θ)
is linked to Jbot(−θ) through reciprocity. The local (sp) coordinate systems used to define the Jones vectors
and Jones matrices are shown.

3.3 Topological optimization of freeform structures

3.3.1 Symmetry considerations

To realize arbitrary eigen-polarization states that overcome the previous limitations, we de-

sign a freeform metasurface that has highly non-intuitive shapes and possesses no in-plane

symmetry. However, there remain three constraints on the form of the Jones matrix: (approxi-

mate) unitarity, reciprocity, and approximate Mxy symmetry of the structure (mirror symmetry

with respect to the xy plane). The latter results from the fact that the structures have vertical

sidewalls and that the effect of the substrate is typically small.

The approximate Mxy symmetry relates the Jones matrices for bottom (Fig. 3.3a) and top

(Fig. 3.3b) illumination. Denote the Jones matrix for light incident from the bottom at an an-

gle θ as,

Jbot(θ) =

 A B

C D

 (3.2)

then the Jones matrix for light illuminating from the top is given by (for more discussion, see
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Appendix B),

Jtop(θ) ≃ MxyJbot(θ)M−1
xy =

 A −B

−C D

 where Mxy =

 1 0

0 −1

 (3.3)

Here the subscript top and bot corresponds to incidence from the top (air) and the bottom (sub-

strate) side respectively (Fig. 3.3). The Jones matrices are written in local sp coordinate sys-

tems. The relation is approximate as the Mxy symmetry is not exact.

In addition, reciprocity links Jtop(θ) and Jbot(−θ) according to equation B.5 (Appendix B),

yielding,

Jbot(−θ) ≃

 A C

B D

 (3.4)

Comparing Equation 3.2 and 3.4, we have

J(θ) ≃ J(−θ)T (3.5)

where the subscript has been omitted as the incidence is from the same side.

In addition, if the Jones matrix is unitary, then J(θ) ≃ J(−θ)T implies that the eigenstates at

±θ are complex conjugate to each other, i.e. |λ+(−θ)⟩ ≃ |λ+(θ)⟩∗ and |λ−(−θ)⟩ ≃ |λ−(θ)⟩∗.

In particular, this requires that at normal incidence the eigenstates have to be real, which phys-

ically means that the eigen-polarization states are linearly polarized. Therefore, in the opti-

mization we require the device to have the desired elliptical birefringence at oblique angles of

incidence, but remain linearly birefringent at normal incidence to obey the physical constraint.
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3.3.2 Figure of merit

As a proof-of-principle demonstration, we would like to convert a horizontally polarized inci-

dent light |H⟩ into 45◦ oriented linear polarization |45◦⟩ and right circular polarization |RCP⟩

at ±60◦ respectively, while preserving the polarization states at normal incidence. The figure

of merit (FOM) is defined as the following

FOM = maxmin{|⟨RCP|J(−θ0)|H⟩|2, |⟨H|J(0◦)|H⟩|2, |⟨45◦|J(θ0)|H⟩|2}

where θ0 = 60◦ , and maxmin means maximizing the minimum of the polarization conversion

efficiencies at different design angles.

We argue that the above-defined FOM automatically guarantees elliptical birefringence at

±60◦ incident angles. Due to the condition J(θ) ≃ J(−θ)T , the requirement that J(−θ0)|H⟩ →

|RCP⟩ and J(θ0)|H⟩ → |45◦⟩ is equivalent to

J(θ0)|H⟩ → |45◦⟩, J(θ0)
T|H⟩ → |RCP⟩ (3.6)

Applying the unitary condition J(θ0)
T = (J(θ0)

−1)∗,the second part can be rewritten as

(J(θ0)
−1)∗|H⟩ → |RCP⟩ (3.7)

⇔ J(θ0)
−1|H⟩ → (|RCP⟩)∗ = |LCP⟩ (3.8)

⇔ J(θ0)|LCP⟩ → |H⟩ (3.9)

Therefore, equation (3.6) becomes

J(θ0)|H⟩ → |45◦⟩, J(θ0)|LCP⟩ → |H⟩ (3.10)
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Figure 3.4: Poincaré sphere representa on for J(θ0 = 60◦). The red arrow corresponds to the polariza on
state rota on axis, which is determined by the eigenstate |λeig⟩. The |LCP⟩ (green dot), |H⟩ (blue dot), and
|45◦⟩ (yellow dot) states can be connected through rota ons around this axis.

Using the geometrical representation, we know that J(θ0) induces a rotation on the Poincaré

sphere. To simultaneously satisfy both requirements in equation (3.10), the Poincaré sphere

rotation axis for J(θ0) must be equidistant from |H⟩, |LCP⟩ and |45◦⟩ (Fig. 3.4). One can see

immediately that this corresponds to the case of elliptical birefringence. Therefore, our defini-

tion of FOM automatically guarantees having elliptical birefringence at θ = ±60◦.

3.3.3 Topological optimization

The optimization procedure is similar to that in81. We used the open source Rigorous Coupled

Wave Analysis (RCWA) solver - RETICOLO for electromagnetic simulation44. The optimiza-

tion is implemented using Matlab built-in optimization toolbox. A random continuous initial

refractive index pattern is generated without preset symmetry constraints. For each iteration,

forward and adjoint simulations are performed for θ = 0◦,±60◦ to compute the gradient and
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to update the refractive index profile. Robustness is built in by considering simultaneously

the diluted, intermediate and eroded pattern. Gaussian filters are used to remove small sharp

features and to achieve a connected pattern. A hyperbolic tangent function is applied to grad-

ually push the continuous refractive index profile to discrete structures which contain only

air and silicon. The optimization is performed iteratively and typically converges within 300

iterations.

A schematic of the topology-optimized structure element is shown in Figure 3.5a. It con-

sists of 1.5 m thick silicon nanostructures with optimized cross-sectional shape, on top of

a glass substrate. The center-to-center distance between adjacent structures (U) is 600 nm.

The design operating wavelength is 1550 nm. Here the unit cell size U is chosen to be small

enough to eliminate any higher order diffraction across the entire angular range. A small U is

also critical for obtaining a relatively smooth and continuous angular response, as the number

of guided mode resonances grows rapidly with increasing unit cell size92. On the other hand,

however, given the minimal feature size, larger unit cell size offers a larger design space and

is easier to fabricate. Our choice of unit cell size reflects a balance of the above-mentioned

considerations. Figure 3.5b shows a top-view SEM image of a fabricated sample.

The functionality of our device can be illustrated on the Poincaré sphere (Fig. 3.5c). As

the angle of incidence varies, the eigen-polarization state |λ+eig ⟩ follows a trajectory on the

Poincaré sphere that protrudes from the equator, highlighting the transition from linear to el-

liptical birefringence. It is also convenient to consider the polarization effects from an input-

output point of view, |out⟩ = J|in⟩. For a fixed input polarization state, horizontal linear

polarization |H⟩ , the output polarization state is designed to change continuously from right

circular polarization through horizontal linear polarization to 45◦ linear polarization for var-

ious angles of incidence (Fig. 3.5d). This enables new methods of polarization control in the

momentum space, as the device induces different polarization transformations for different
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Figure 3.5: (a) Schema c of the op mized structure. It consists of freeform amorphous silicon (a-Si) nanos-
tructures pa erned on top of a glass substrate. The a-Si thickness is H = 1500nm . The center-to-center
distance between neighboring elements is U = 600nm . (b) SEM image of a fabricated sample. Scale bar:
1 m. (c) The arrows represent the angle-dependent eigen-polariza on states ( |λ+eig (θ)⟩ ) of the device. Dif-
ferent colors correspond to different angles of incidence ( θ ). As one varies the angle, the device can be
con nuously tuned between linear and ellip cal birefringence. (d) Angle-dependent polariza on genera-

on. For a fixed incident polariza on ( |in⟩ = |H⟩ ), the output polariza on state ( |out (θ)⟩ = J (θ) |H⟩
) changes con nuously from right circular polariza on through horizontal linear polariza on to 45◦ linear
polariza on for varying angle of incidence.
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Figure 3.6: The measurement setup consists of the light source, the polariza on state generator (PSG), the
sample mounted on a rota on state, the polariza on state analyzer (PSA) and the detector.

momentum (angle) components of a light beam.

3.4 Experimental characterization of angle-tunable elliptical birefringence

To fully characterize the device’s polarization response, dual-rotating retarder Mueller ma-

trix polarimetry34 was performed at various angles of incidence (Fig. 3.6). The setup has

five sections: the laser source, the polarization state generator (PSG), the metasurface sam-

ple (mounted on a rotation stage), the polarization state analyzer (PSA), and the detector. An

iris and a lens are used to concentrate light on the sample. The focused beam has a divergence

angle of around 0.3◦, smaller than the angular resolution of the rotation stage (1◦). Both the

PSG and PSA consist of a fixed linear polarizer and a rotating quarter waveplate. Here the two

polarizers are aligned parallel to the horizontal direction and the two waveplates are rotated in

angular increments of five-to-one. The PSG prepares a set of polarization states, which then

pass through the sample and get analyzed by the PSA.

Figure 3.7 shows the measured and simulated polarization states at θ = −60◦, 0◦, 60◦

. The device’s functionality is illustrated using the polarization space (Poincaré sphere) rep-
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Figure 3.7: (a) Polariza on space representa on of the device func onality. At each angle, the device in-
duces a rota on (blue arrows) on the Poincaré sphere, which converts the input polariza on ( |H⟩ , blue
dots) to the output polariza on states ( |out⟩ , green dots). The rota on axis (red arrows) is determined
by the device’s eigen-polariza on states ( |λ±eig⟩ , red dots). (b) Measured (black) and simulated (brown)
eigen-polariza on states ( |λ±eig⟩ ). One can see that at ±60◦ the device is ellip cally birefringent (corre-
sponding to the out-of-equatorial-plane rota on axis in Fig. 3a), whereas at normal incidence the device is
linearly birefringent. At each angle, the two eigen polariza on states, |λ+eig⟩ and |λ−eig⟩, are approximately
orthogonal to each other. Note that the eigen-polariza on states at ±60◦ have opposite handedness. (c)
Measured (black) and simulated (brown) output polariza on states ( |out⟩ ) for a fixed incident polariza on
|H⟩ . By design, the output polariza on becomes right circular polariza on, horizontal linear polariza on
and 45◦ linear polariza on at θ = −60◦, 0◦, 60◦ respec vely. The measured degree of circular polar-
iza on (DOCP) 18 is 0.94 at −60◦ . Measured degree of linear polariza on (DOLP) 18 is 0.99 and 0.96 at
θ = 0◦, 60◦ respec vely.
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resentation for each angle (Fig. 3.7a). Figure 3.7b shows the measured (black) and simu-

lated (brown) eigen-polarization state, |λ±eig ⟩ ∼ J|λ±eig ⟩ . We use the ”∼” symbol instead of

the equals sign because in general the eigenstate will acquire a phase shift. One can see that

at normal incidence, |λ±eig ⟩ are linearly polarized, whereas at oblique incidence, |λ±eig ⟩ be-

come elliptically polarized. Both the ellipticity and the orientation of the eigen-polarization

ellipses differ significantly from that at normal incidence, proving the effectiveness of our de-

sign strategy. As expected from the unitarity of the Jones matrices (Appendix B), |λ+eig⟩ and

|λ−eig⟩ are approximately orthogonal to each other at each angle of incidence. Note that the

eigen-polarization states at ±60◦ have opposite handedness. Figure 3c shows the output po-

larization states for a fixed incident state (horizontal linear polarization |H⟩ ) . By design, the

incident light is converted into right circular polarization |RCP⟩ , horizontal linear polarization

|H⟩ and 45◦ linear polarization |45◦⟩ at θ = −60◦, 0◦, 60◦ respectively (brown polariza-

tion ellipses). The measured output polarization states, |out⟩ = J|H⟩ , are shown in black in

Fig. 3.7c. The measured degree of circular polarization (DOCP)18 is 0.94 at −60◦ . Measured

degree of linear polarization (DOLP)18 is 0.99 and 0.96 at θ = 0◦, 60◦ respectively. The dis-

crepancy between the simulation and measurement could be explained by fabrication errors

such as structure dilation and inaccurate thickness (Appendix B). Despite the difference, the

phenomenon of interest – elliptical birefringence and unconventional angular dependence –

remains robust.

The measured eigen-polarization states |λ±eig ⟩ ∼ J|λ±eig ⟩ for a continuous angular range

are shown in Figure 3.8. Each point on the Poincaré sphere corresponds to a polarization state

measured at a specific angle (indicated by the color). To interpret the result, remember that

the latitude and longitude on the Poincaré sphere are related to the ellipticity and orientation

of polarization ellipses respectively. One can see that both the ellipticity and the orientation

of the eigen-polarization states vary significantly as a function of angle. Such strong and ex-
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Figure 3.8: (a-b) Measured eigen-polariza on states |λ±eig⟩ at various angles of incidence. The color repre-
sents the angle of incidence (θ ). Both the ellip city and the orienta on, which is related to the la tude and
longitude the Poincaré sphere respec vely, of the eigen-polariza on states vary significantly as a func on
of the angle of incidence. The solid black line is a fi ed curve of the trajectory. (c) Measured output po-
lariza on states ( |out⟩ ) for a fixed incident polariza on state |H⟩ . As θ angle changes from -60◦ to 60◦

, the output polariza on state follows a non-conven onal trajectory on the Poincaré sphere, which goes
con nuously from nearly right circular polariza on (S3) through horizontal linear polariza on (S1) to nearly
45◦ linear polariza on (S2). The schema c, as well as the measured (black) and simulated (brown) polar-
iza on ellipses at 0◦ and 60◦ are highlighted in the insets. (d) Measured Transmission efficiency for the two
eigen polariza on states |λ+eig⟩ (blue line) and |λ−eig⟩ (red line). The transmission dips result from excita on
of guided mode resonances. (e) Measured retardance. (f) Measured orthogonality of the two eigen polar-
iza on states. It is defined as 1 − |⟨λ+eig|λ

−
eig ⟩|2 . Away from the resonances, the two eigenstates are almost

orthogonal.
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otic angular dependence of eigen-polarization states has not been observed in previous bire-

fringent components. Note that at each angle, the two eigen-polarization states ( |λ+eig⟩ and

|λ−eig⟩ ) are located approximately at opposite points ( (S1, S2, S3) ↔ (−S1,−S2,−S3) ) on

the Poincaré sphere, indicating their orthogonality. Figure 3.8c shows the output polarization

|out⟩ = J|H⟩ as a function of the angle of incidence. It follows an unconventional trajectory

on the Poincaré sphere connecting the north pole |RCP⟩ and the S2 axis |45◦⟩ . The insets

highlight the schematic and measured polarization ellipses at the 0◦ and ±60◦.

From the measured Mueller matrices, we extracted the transmission efficiency for each

eigen-polarization (Fig. 3.8d), as well as the retardance (Fig. 3.8e). The transmission effi-

ciency is around 80% at normal incidence and gradually drops to around 65% for larger an-

gles. The difference between the efficiency for the two eigen-polarizations is small, proving

that the polarization effect is primarily birefringence rather than dichroism. Two pairs of acci-

dental guided mode resonances were observed at ±6◦ and ±26◦. They are responsible for the

data points scattered away from the regression line in Figure 3.8. The guided mode resonances

can be eliminated in future designs by reducing the unit cell size or adding constraints in the

optimization. Compared to the eigen-polarization states, the overall change in retardance (Fig.

3.8e) is less dramatic, maintaining a value around λ/4 ( π/2 ). This is in sharp contrast with

previous studies of metasurfaces’ angular response77,46. There the eigen-polarization states

remain the same regardless of the angle, and the angular dispersion results predominately from

the change of retardance (i.e. phase)77,46. We also computed the orthogonality, 1−|λ+eig|λ
−
eig ⟩|

2

, of the two eigen-polarization states (Fig. 3.8f). One can see that except from the resonances,

the orthogonality remains high and close to one.

To investigate the physical mechanism of the observed unconventional polarization re-

sponse, we analyzed the Bloch modes55 supported in the metasurface layer. Inside the nanos-

tructures, the fields expand into a basis of Bloch modes, the eigen-modes of the nanostructure
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Figure 3.9: (a) Magne c field intensity profiles of propaga ng Bloch modes. The mode profiles are com-
puted for normal propaga on direc on (k̂ = 0). (b) Effec ve refrac ve indices of the Bloch modes. (c-d)
Far-field polariza on states of the two lowest order Bloch modes, M1 (c) and M2 (d). Their angular re-
sponse agrees quan ta vely with that of the device’s eigen polariza on states (Fig. 3.8a-b), indica ng that
they are the main contribu ng Bloch modes away from resonances.
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layer. At the interfaces - the Bloch modes are partially transmitted and reflected. Although

the Bloch modes are eigenmodes inside the nanostructure, in general they mix together upon

reflection. The metasurface can be effectively treated as a Fabry-Perot cavity of the Bloch

modes. When incident light impinges on the metasurface, it couples to the Bloch modes,

which bounce between the interfaces and eventually couple out to free space, contributing ei-

ther to the transmitted or reflected light. The optical response of the metasurface is ultimately

determined by the characteristics and scattering dynamics of these Bloch modes.

Four propagating Bloch modes are identified in our structure (Fig. 3.9a). Among them,

the first two Bloch modes (M1 and M2) dominate the overall optical response, and the other

two higher order modes are responsible for the guided mode excitation at the resonances. The

dominating role of the two lowest order modes becomes evident as one compare their far field

polarization states (Fig. 3.9c-d) with the eigen-polarization states of the metasurface (Fig.

3.8a-b). The overall trend agrees qualitatively, indicating that they are the main contributions

to the observed birefringent response.

3.5 Discussion

In this paper, we realized tailorable elliptical birefringence using artificial metasurfaces. In

nature, there are also a few examples of elliptical birefringence. For instance, alpha-quartz has

a special crystal structure such that it becomes elliptically birefringent along certain crystal

orientations11. Elliptical birefringence has also been observed in spun optical fibers7. In spun

optical fibers, the circular birefringence induced by a fiber twist adds to the intrinsic linear

birefringence of the core, and results in elliptically polarized eigenmodes. However, in these

cases, not only are the effects typically small, but also they are very challenging to design and

control.
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In order to achieve elliptical birefringence, it is critical to break the Mxy symmetry. Here

it is done by using oblique angles of incidence, which has the advantage of versatile angular

tunability and multifunction. Note, however, that the Mxy symmetry can also be broken by

using multilayer metasurfaces, or single-layer metasurfaces with slanted nanostructures. In

these cases, one may realize elliptical birefringence at normal incidence.

In summary, using a photonic inverse design technique, we demonstrated a freeform meta-

surface with angle-tunable elliptical birefringence. It has a wide range of scientific and in-

dustrial applications. For example, it enables new methods of vector beam generation, where

different momentum (angle) components of a light beam can be converted to different polar-

ization states. This corresponds to generating vector beams in momentum space and may find

applications in optical communications18. If combined with a polarization camera79, our de-

vice can also be used for wavefront sensing, where the local momentum (k) direction (angle)

of the wavefront can be determined by observing the local polarization states. Another poten-

tial application is polarization aberration correction. In complex optical systems, significant

aberrations may occur due to accumulated polarization errors. To correct these errors usually

require applying distinct polarization transformations to different field (angle) components16.

In this case, the ability to tailor the polarization response over a range of angles, and in a com-

pact package, becomes essential to reducing the polarization aberration and improving the

imaging quality. Our work significantly expands the scope of metasurface polarization optics

and allows for a wide variety of new polarization-related devices.
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4
Spatially multiplexed metasurfaces for

computational depth sensing

In this chapter, we utilized a spatially interleaved metasurface to demonstrate a compact,

single-shot and computationally efficient depth sensor. The multifunctional metasurface not

only significantly simplifies the optical setup, but also enables the implementation of an effi-

cient depth sensing algorithm.
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4.1 Current depth sensing methods

Visual depth sensors combine cameras, computational algorithms, and sometimes light sources,

to sense the three-dimensional shapes of surrounding objects and scenes. Lidar systems65,

time-of-flight cameras1,38,39,40,83,88,Xu et al., and structured lighting systems33,68 are examples

of depth sensors that use active light sources, whereas binocular stereo systems58 and light

field cameras72,62,61 are examples that are passive, relying solely on the ambient light that

happens to be available. These approaches have found widespread use on autonomous vehi-

cles, drones, mobile phones, and many other platforms. However, they require either active

lighting or iterative computation and optimization, and are thus not well suited to low-power

platforms, such as mobile sensor networks and robotic insectsMa et al.,78,23, which impose much

more severe constraints on size, weight, and power consumption.

Alternative methods that utilize optical defocus to measure depth have been demonstrated

to potentially greatly reduce the amount of depth computation and require no active light-

ing3,Guo et al.. These algorithms3,Guo et al.,89,74,95,30 compute depth by comparing two differently

defocused images of the same scene, and produce a depth map, comprising a depth value at

each pixel. However, one major challenge with this method is the optics. With conventional

optical components, capturing two differently defocused images usually requires making

physical changes to the optical system, such as reducing or enlarging its aperture or deform-

ing its lensGuo et al.. This not only adds significant complexity to the system control, but also

fundamentally limits the depth sensing performance by introducing unwanted delays and mo-

tion artifacts. Some previous algorithms use look-up tables89 or iterative methods95 in their

framework to measure depth. However, these methods are hard to be implemented in a differ-

entiable manner, and rely on exhaustive search, instead of using gradient-based search meth-

ods, to determine the required parameters.
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To address these challenges, we introduce the metalens depth sensor. It is compact, static,

single-shot and requires low computational power. Thanks to the versatile wavefront shaping

capability of metalenses, ultra-thin nanophotonic components that can tailor arbitrary optical

wavefront at a subwavelength scale, our device can simultaneously capture two differently-

defocused images through the same aperture without having to make physical changes to the

optical system. It avoids the artifacts usually incurred by re-imaging over time while changing

a camera’s optics and can potentially improve the depth sensor’s time resolution. Besides, the

image processing algorithm is completely differentiable, which enables data-driven, gradient-

based calibration of the computational parameters comparing to the non-differentiable meth-

ods89,95.

The working principle is inspired by the eyes of jumping spiders (Salticidae), which use

defocus to succeed at sensing depth in spite of the fact that their brains are about as small as

poppy seeds66. Each of the spiders’ principal eyes includes a specialized structure57 with

stacked translucent retinae that simultaneously observe the world with different amounts of

optical defocus (Fig. 4.1A). Behavioral experiments have shown that the input from one prin-

cipal eye suffices for a jumping spider to sense depth accurately enough to leap onto prey

from distances of several body lengths, and that depth perception can be predictably manipu-

lated by changing the ambient light spectrum in a way that distorts the optical defocus71.

Inspired by the specialized compact optical structure of the jumping spider’s principal

eye, we propose to use metasurface technology99,49,48,51,84,98,60,22 to simultaneously collect

a pair of differently-defocused images using the two halves of a single planar photosensor

(Fig. 4.1B). Metasurfaces are ultrathin planar optical components consisting of subwavelength-

spaced nanostructures patterned at an interface 99. By engineering the shape of individual

nanostructures, one can control the phase, amplitude and polarization of the transmitted wave-

front at subwavelength scales, allowing multiple functions to be multiplexed within a single
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Figure 4.1: (A) Jumping spiders can sense depth using either one of their two front-facing principal eyes
(highlighted). Unlike the single re na found in human eyes, jumping spiders have mul ple re nae that are
layered and semi-transparent. The layered-re nae structure can simultaneously measure mul ple images of
the same scene with different amounts of defocus, and behavioral evidence suggests that spiders measure
depth using the defocus cues that are available in these images71. (B) The metalens depth sensor es mates
depth by mimicking the jumping spider. It uses a metalens to simultaneously capture two images with dif-
ferent defocus, and it uses efficient calcula ons to produce depth from these images. The jumping spider’s
depth percep on operates normally under green light71, and we similarly design the metalens to operate
at a wavelength of 532 nm. We couple the metalens with a spectral filter to limit the spectral bandwidth
and with a rectangular aperture to prevent overlap between the two adjacent images. The images depicted
on the photosensor are taken from experiments and show two fruit flies located at different distances.
The corresponding depth map computed by the sensor is shown on the right, with color used to represent
object distance. The closer and farther flies are colored red and blue respec vely.
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device. Metasurfaces have enabled a variety of optical devices with capabilities that surpass

those of conventional refractive or diffractive elements, ranging from high-performance imag-

ing lenses (metalenses)15,48 to novel polarization holograms70. In our prototype sensor, we

encode two complementary lens phase profiles with distinct focal lengths and lateral offsets on

a shared aperture in a single metalens by spatial multiplexing49. In this way, two differently

defocused images can be captured simultaneously side-by-side on the photosensor in a single-

shot. We design the metalens focal lengths together using a depth-reconstruction algorithm,

so that accurate depth maps can be computed from the two simultaneous images with calcu-

lations that are spatially localized and few in number, i.e. depth computations for each image

pixel involve only a small spatial neighborhood of pixels and require no additional correspon-

dence search after initial calibration.

Our prototype produces depth values over a range of 10 cm from single-shot measurements

using a millimeter-scale metalens. Calculating depth at each output pixel of the depth map

requires fewer than 700 floating point operations (FLOPs) and involves the digitized intensity

values in only a 25 × 25 spatial neighborhood of pixels. This integration of nano-photonics

and efficient computation brings artificial depth sensing closer to being feasible on millimeter-

scale, micro-Watts platforms such as micro-robots and micro-sensor networks.

4.2 Bio-inspired depth-from-defocus method

We model the image I(x, y) formed on a photosensor as the convolution of the camera point

spread function (PSF) with the magnified, all-in-focus object pattern, as it would be observed

with a pinhole camera. The camera PSF is the image captured on the photosensor when the

object is a point light source. The width of the PSF depends on the optics and the distance Z

between the object and the lens. For an ideal thin lens camera, depicted in Fig. 4.2A, the PSF
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Figure 4.2: (A) A conven onal thin lens camera, in which the point spread func on (PSF) width σ on the
photosensor is determined by the op cs and the depth Z (the object distance) according to the lens equa-

on (equa on 4.1). Zs is the distance between the lens and the photosensor. Zf is the in-focus distance. Σ
is the entrance pupil (lens) radius. The solid black curve next to the photosensor represents a ver cal cut
of the point spread func on h, which is drawn here with a Gaussian shape. (B) The metalens depth sen-
sor encodes the phase profiles of two thin lenses in one aperture. The two effec ve lenses have dis nct
in-focus distances (Zf+ ,Zf− ) (red and blue) and off-axis alignments that create two adjacent images (I+,I−)
with different PSF widths (σ+,σ−). The effec ve image centers are shi ed from the op cal axis by ±D.
The dashed red and blue curves next to the metalens show the transmi ed wavefronts. Due to spa al
mul plexing, the overall phase profile is highly discon nuous and therefore cannot be easily achieved with
conven onal (Fresnel) diffrac ve op cal elements. (B) From a pair of input images (I+,I−), a small set of
calcula ons are used to produce the depth at each pixel across the image, genera ng a depth map Z(x, y)
according to equa on 4.5. A confidence map C(x, y) that indicates the precision of the depth predic on
at each pixel is computed alongside according to equa on 4.6. The computa on flows from le to right,
beginning with the per-pixel mean I = 1

2 (I+ + I−) and difference δI = I+ − I−; Laplacian of the average
image ∇2I computed by convolving the average image with a discrete Laplacian filter; and convolu on with
a band-pass filter F to a enuate noise and vigne ng. From F ∗ ∇2I and F ∗ δI, the depth and confidence
map Z and C are computed by equa ons 4.5 and 4.6. Parameters α, β, γ1, γ2, and γ3 are determined by the
op cs and are pre-calibrated. To eliminate large errors in the depth map, we threshold it by showing only
pixels with confidence values greater than 0.5.
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width σ is related to object distance Z by the thin lens equation:

σ =
[
(

1
Zf

− 1
Z
)Zs
]
Σ, (4.1)

where Zs is the distance between the lens and the photosensor, Σ is the radius of the entrance

pupil, and Zf is the in-focus distance, i.e. the distance for which the PSF width σ is equal to

zero. (Appendix C) On the right side of equation 4.1, all quantities but the object distance Z

are known quantities determined by the optical system. Thus, for a calibrated camera, deter-

mining the PSF width σ is equivalent to measuring object distance Z.

The PSF width σ determines the amount of image blur. An object appears sharp when its

distance Z is equal to the in-focus distance Zf because then the PSF width σ is zero (under

ray optics approximation). Conversely, when the object distance Z deviates from Zf, the PSF

width σ is non-zero and the image is blurry. Recovering the PSF width (and thus depth) from a

single blurry image is ill-posed without prior information about the underlying object pattern.

However, when a second image of the same scene is captured with a different amount of blur,

the width σ can be determined directly from the contrast change between the two images. One

way to understand this is to assume the PSFs can be approximated as Gaussian functions that

depend on the PSF width σ:

h(x, y) =
1

2πσ2 exp−x2 + y2

2σ2 , (4.2)

where (x, y) is the pixel position on the photosensor. Gaussian functions have the property that

partial derivatives with respect to width σ and location (x, y) satisfy

1
σ
∂h(x, y)

∂σ
= (∂2

x + ∂2
y )h(x, y) ≡ ∇2h(x, y), (4.3)
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and because the defocused image I(x, y) is the convolution of the PSF and the all-in-focus

object pattern (which does not depend on σ), the same relationship between derivatives applies

to the captured image:

1
σ
∂I(x, y)
∂σ

= ∇2I(x, y). (4.4)

Equation 4.4 indicates that σ (and thus depth Z through equation 4.1) can be determined di-

rectly from the spatial Laplacian of the image ∇2I(x, y) and the differential change of intensity

with respect to varying PSF width ∂I(x,y)
∂σ

Guo et al.,3. The latter can be estimated via a finite dif-

ference, i.e. ∂I(x,y)
∂σ ≈ δI(x,y)

δσ , where δI(x, y) is the change of image intensity induced by a

small, known variation of the PSF width (δσ). According to equation 4.1, since in general no

control can be made over the object distance Z, the only way to change the PSF width σ when

shooting an object is to vary the parameters of the optical system, such as the sensor distance

Zs or the in-focus distance Zf.

A jumping spider’s principal eye can use its transparent layered retinae to simultaneously

measure the (minimally) two images that are required to compute the finite difference δI(x, y)

(Fig. 4.1A) because these retinae effectively capture images with different sensor distances

Zs. In contrast, we design a metalens that generates two images (I+(x, y), I−(x, y)) side-by-

side (Fig. 4.1B), with the images being equivalent to images that are captured with different

in-focus distances (Zf+ , Zf−) through the same pupil. We design the in-focus distances so that

the difference in blur between the images, δσ = σ+ − σ− = ΣZs( 1
Zf+

− 1
Zf−

), is small and

approximately differential. From these two images (Fig. 4.2C, left column), we compute the

per-pixel difference δI(x, y) = I+(x, y) − I−(x, y) and the image Laplacian ∇2I(x, y). The

latter is obtained by convolving the averaged image I(x, y) = 1
2(I+(x, y) + I−(x, y)) with

a Laplacian filter, denoted ∇2(x, y). To reduce the effects of sensor noise and optical non-

63



idealities like vignetting, δI(x, y) and ∇2I(x, y) are spatially convolved with a purposefully-

designed linear filter F(x, y). To the lowest order, the filter F(x, y) is similar to a Gaussian

filter that averages over neighboring pixels (SI Appendix, Section 1.3 and 2.2). The filtered

results F(x, y) ∗ δI(x, y) and F(x, y) ∗ ∇2I(x, y) are shown in the middle column in Fig. 4.2C.

Finally, we combine equations 4.4 and 4.1 to calculate the depth Z at each pixel (x, y):

Z(x, y) =
(
α + β

F(x, y) ∗ δI(x, y)
F(x, y) ∗ ∇2I(x, y)

)−1
, (4.5)

with α = 1
2(

1
Zf+

+ 1
Zf−

) and β = −(ΣZsδσ)−1 being constants that are determined by the optics.

The correctness of equation 4.5 follows from the fact that equation 4.4 still holds when values

δI(x, y) and ∇2I(x, y) are replaced by their filtered versions F(x, y) ∗ δI(x, y) and F(x, y) ∗

∇2I(x, y).

In practice, even with filtering, random noise in the captured images (I+(x, y), I−(x, y))

results in errors in the measured depth Z(x, y). The error can be quantified in terms of the

standard deviation of the measured depth at each pixel, which can be approximated by the

measurable quantity

sZ(x, y) =
∣∣∣γ1|F(x, y) ∗ δI(x, y)|+ γ2|F(x, y) ∗ ∇2I(x, y)|−1 + γ3

∣∣∣, (4.6)

with constants γ1, γ2, γ3 that are determined by the optics (Appendix C). This measurable

quantity sZ(x, y) can serve as an indicator of the reliability of the measured depth Z(x, y) at

each pixel (x, y). For convenience, we normalize the values of sZ(x, y) to the range (0, 1),

and define this normalized value as the confidence C(x, y). A higher confidence value C at

pixel location (x, y) indicates a smaller value of sZ and a more accurate depth measurement

Z (Appendix C). Physically, the confidence C(x, y) characterizes the expected accuracy of
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the measurement at each pixel (x, y): A larger confidence value C(x, y) at a pixel indicates a

statistically smaller error in the depth measurement.

Since equation 4.5 calculates depth using simple, local calculations, it fails in regions of the

images that have uniform intensity and thus no measurable contrast for δI(x, y) and ∇2I(x, y).

To automatically identify the locations of these failures, we use the confidence score C(x, y)

as a criterion, and we report depth only at pixels (x, y) whose confidence is above a certain

threshold. The choice of confidence threshold affects the depth resolution, which we define

as the smallest depth difference that can be resolved within a certain confidence range. In this

paper, with a confidence threshold of 0.5 we achieve a depth resolution of about 5% of the

object distance over the distance range [0.3m, 0.4m] (Fig. 4.4B).

The complete sequence of calculations for the depth map and confidence map is depicted

in Fig. 4.2C. For visualization, the depth map is thresholded by confidence to show only the

depth at pixels where the latter is greater than 0.5.

4.3 Metalens design and characterization

The metalens is designed to incorporate phase profiles of two off-axis lenses with different

in-focus distances on a shared aperture. For each off-axis lens, the required phase profile is

an offset convex shape determined by in-focus distances (Zf+ , Zf−), sensor distance Zs, and

transverse displacement of the image center ±D (Fig. 4.2B):

φ±(x, y) = −2π
λ

(√
x2 + y2 + Z2

f± +
√
x2 + (y∓ D)2 + Z2

s −
√
D2 + Z2

s − Zf±
)
. (4.7)

Here (x, y) indicates location on the metalens. The overall phase profile is achieved by spa-

tially interleaving the two, φ+(x, y) and φ−(x, y), on the metalens at a subwavelength scale

(Appendix C).
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Figure 4.3: (A) Transmission efficiency and phase shi as a func on of the nanopillar width. The inset
shows the schema c of the metalens building block: a square tanium dioxide (TiO2) nanopillar on a glass
substrate. Pillar height: H=600 nm. La ce unit cell size (center-to-center distance between neighboring
nanopillars): U=230 nm. By varying the pillar width (W) from 90 nm to 190 nm, the phase shi changes
from 0 to 2π, and the transmission remains high. (B) Top-view SEM image of the right por on of a fabri-
cated metalens. Scale bar: 2 μm. (C) Enlarged view of the highlighted region in (B), with nanopillars corre-
sponding to the two lens phase profiles marked with red and blue. Scale bar: 500 nm. (D) Side-view SEM
image of the edge of the metalens showing that the nanopillars have ver cal sidewalls. Scale bar: 200 nm.

The required phase profile can be wrapped to [0, 2π] (i.e. modulo 2π) without changing

its functionality. Therefore, the key requirement for precise wavefront shaping is to con-

trol locally the phase between 0 and 2π. Here we use titanium dioxide (TiO2) nanopillars as

the building blocks for local phase control. Physically, the nanopillars function as truncated

waveguides and impart a phase shift to the transmitted light. By varying the pillar width, one

can tune their effective refractive index, and thus the phase shift. Fig. 4.3A shows that by

changing the pillar width (W) from 90 nm to 190 nm, one can achieve 0 to 2π phase coverage,

while maintaining a high transmission efficiency. The nanopillars have a uniform height (H)

of 600 nm, and can be fabricated with a single-step lithography. The center-to-center distance

(U) between the neighboring nanopillars is 230 nm, smaller than half the operating wave-

length. This allows us to spatially interleave different phase profiles at a subwavelength scale,

which is essential to eliminating unwanted higher order diffractions.
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The metalens is fabricated with a technique demonstrated by Devlin et al.22. Fig. 4.3B-D

shows the scanning electron microscope (SEM) images of a fabricated sample. The location

of the imaged area on the metalens is in the supporting information ( Appendix C Fig. C.6).

The phase wrapping introduces a discontinuity at locations where the phase profile equals an

integer number of 2π, i.e., the “zone” boundaries. This corresponds to an abrupt change of

nanopillar arrangement, as shown in Fig. 4.3B-D. The phase profiles of two off-axis lenses

have different zone spacing and orientation, corresponding to the two nearly vertical bound-

aries and the diagonal boundary respectively (Fig. 4.3B & Fig. C.6). The spatial multiplexing

scheme is illustrated explicitly in Fig. 4.3C, with nanopillars belonging to different focusing

profiles highlighted in different colors.

4.4 Experimental demonstration of metalens depth sensors

We built a prototype metalens depth sensor by coupling the metalens with off-the-shelf com-

ponents. The sensor’s current size, including mechanical components such as optical mounts,

is 4cm×4cm×10cm, but since the metalens is only 3mm in diameter, the overall size of the as-

sembled sensor could be reduced substantially with a purpose-built photosensor and housing.

We paired a 10nm bandpass filter with the metalens, which is designed for monochromatic op-

eration at 532nm. A rectangular aperture is placed in front of the metalens to limit the field of

view and prevent the two images from overlapping. The blur change between the two images

can be seen in Fig. 4.4A, which shows PSFs for each of the two images (I+(x, y), I−(x, y))

that were measured using a green LED mated to a 10μm-diameter pinhole and placed at dif-

ferent depths Z along the optical axis. The PSFs are more disc-like than Gaussian, and they

are asymmetric due to off-axis chromatic aberration. (Appendix C Fig. C.8 shows that this

asymmetry disappears under monochromatic laser illumination.)
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To suppress the effects of noise and imaging artifacts in images (I+, I−), and to increase

the number of high-confidence pixels in the output maps, we compute nine separate depth and

confidence maps using nine instances of equations 4.5 and 4.6 that have distinct and compli-

mentary spatial filters Fi, and then we fuse these nine “channels” into one. We also design a

calibration procedure that tunes the parameters simultaneously, using back-propagation and

gradient descent (Appendix C). In addition to being user-friendly, this end-to-end calibration

has the effect of adapting the computation to the shapes of the metalens’ point spread func-

tions, which differ substantially from Gaussians.

To analyze the depth accuracy, we measured the depths of test objects at a series of known

distances and compared them with the true object distances. The test objects are textured

planes oriented parallel to the lens plane. At each object distance, the mean deviation of depth,

meanx,y|Z(x, y) − meanx,yZ(x, y)|, is computed using pixels (x, y) that have confidence values

greater than a threshold. Fig. 4.4B shows the measured depth for different confidence thresh-

olds as a function of object distance. For a confidence threshold of 0.5, the measured depth

is accurate to within a mean deviation below or around 5% of the true depth, over a range of

true object distances between 0.3m and 0.4m. Beyond this range, the measured depth defaults

to the extreme depth value that the system can predict, as indicated by plateaus on the left and

right ends. This indicates that the two images are so blurry that there is an insufficient contrast

difference between them.

Fig. 4.5 shows depth maps for a variety of scenes. Because it uses a single shot, the met-

alens depth sensor can measure objects that move, such as the fruit flies and water stream

in Fig. 4.5A and B. It can also measure the depth of translucent entities, such as the candle

flames of Fig. 4.5C, that cannot typically be measured using active sensors like lidar and time-

of-flight. Fig. 4.5D shows a slanted plane with printed text, where the blur change between the

two images is particularly apparent. In general, the sensor reports a larger number depth mea-
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Figure 4.4: (A) Point spread func ons (PSFs) corresponding to the two images (I+, I−), measured using
green LED point light sources placed at different distances Z in front of the metalens. A spectral filter is
used to limit the light bandwidth (10 nm bandwidth centered at 532 nm). The asymmetry in the PSFs re-
sults from chroma c aberra on and can be eliminated by using a monochroma c laser source (SI Appendix,
Fig. S8). (B) Depth Z measured by the metalens sensor as a func on of known object distance. Different
colors correspond to different confidence thresholds. The solid curves are the mean Z̄ of the measured
depth over many different object points that are located at the same known distance. The upper and lower
boundaries of the shaded regions are the corresponding mean devia ons of measured depth |Z− Z̄|. In
obtaining both Z̄ and |Z− Z̄|, only pixels whose confidence values are above the threshold are counted.
The mean devia on is thus smaller for larger confidence threshold. The solid black line represents the ideal
depth measurements (i.e., those equal to the known distances) and the dashed black lines represent ±5%
rela ve differences between the measured depth and the known object distance. Within the distance
range of 0.3-0.4 m, the measured depth is close to the ideal measurements. The mean devia on over this
range is around 5% of the object distances for a confidence threshold of 0.5. Beyond this range, the mea-
sured depth trends toward constant values that do not depend on object distance, as indicated by plateaus
on the le and right. At these distances, the captured images I+, I− are too blurry to provide useful con-
trast informa on for the depth measurement.
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Figure 4.5: The sensor produces real me depth and confidence maps of 400×400 pixels at >100 frames
per second. It can measure fast-moving objects such as fruit flies (A) and water streams (B) because the two
images (I+, I− ) are captured in a single shot instead of sequen ally over me. It can also measure translu-
cent structures such as water streams (B) and flames (C) because it relies only on ambient light instead of
reflec ons from a controlled light source. (D) A slanted plane with text expresses the difference in defo-
cus between the two images (I+, I− ). Color bar is in meters. The images and depth map for scenes (A), (B)
and (D) are produced by illumina ng the scenes with a green LED. Depth maps are thresholded at confi-
dence greater than 0.5, which is the threshold that yields a mean devia on of about 5% of object distance
between 0.3 m and 0.4 m in Fig. 4.4B. Addi onal images and videos are available in the supplement.
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surements near regions with edges and texture, whereas regions with uniform intensity and

low contrast are typically discarded as having low confidence values. Note that the blur differ-

ences between I+ and I− are visually apparent in Fig. 4.5A, B, and D, but that the system still

succeeds in Fig. 4.5C where the differences in blur are hard to discern.

For scenes other than Fig. 4.5C, we used green LED light sources, and the overall trans-

mission efficiency of the metalens plus the bandpass filter is around 15%. For sunlight illu-

mination, the bandpass filter transmits around 4% of the visible light of the solar spectrum.

The absolute irradiance that supports the function of the sensor varies based on the sensitivity

of the photosensor that is used, and can be estimated from specifications including absolute

sensitivity threshold, dynamic range, etc. For our experimental setup, the irradiance at the

aperture is estimated to be between 0.3mW/m2 and 0.5W/m2 within the working bandwidth to

support the function of the sensor.

The sensor generates depth and confidence maps of 400×400 pixels at more than 100 frames

per second using a combined CPU and GPU (Intel i5 8500k and NVIDIA TITAN V). It could

be accelerated substantially by optimizing the code and/or the hardware because the calcula-

tions are spatially-localized and few in number. Producing the depth and confidence values

at each output pixel requires 637 floating point operations (FLOPs) and involves only the 25

× 25 surrounding pixels. For context, an efficient implementation of a binocular stereo algo-

rithm requires about 7000 FLOPs per output pixel and a system-on-chip implementation of the

well-known Lucas-Kanade optical flow algorithm (with spatial dependence similar to that of

our sensor) requires over 2500 FLOPs per pixel9.
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4.5 Discussion

The metalens depth sensor inherits some of the limitations that exist in the vision system of

jumping spiders, such as a limited spectral bandwidth and a limited field-of-view. However,

these limits are not fundamental, and they can be alleviated by more sophisticated metalens

designs. The spectral bandwidth can be expanded using achromatic metalenses82,15,50, which

also improve light efficiency. The field-of-view can be improved, for example, by using met-

alens nano-pillars that are sensitive to polarization to induce two differently-focused images

that are superimposed on the sensor plane with orthogonal polarizations70, and then trans-

ducing the two images with a spatially-multiplexed, polarization-sensitive sensor array. This

would effectively trade spatial resolution and light efficiency for an increase in field-of-view.

The proposed computational algorithm produces a dense field of depth estimates that are

each associated with a confidence value. The confidence is essential for the users of the depth

sensor to remove unreliable predictions. It also uses a multi-scale filtering approach to handle

image textures at different spatial frequency, and takes advantage of the confidence to merge

all different spatial scales together, comparing to previous methods89,95 that only use filters at

a single, pre-determined spatial scale. The proposed algorithm does not incorporate inference-

based methods such as Markov random fields (MRFs) or conditional random fields (CRFs)

that could exploit longer-range coherence between depth values across the field of view. In-

stead, the depth and confidence estimation at each pixel is only based on information of its

spatial neighborhood. The advantages of this design choice are flexibility and generality. For

tasks that require high speeds, the output can be used as-is, with simple thresholding of con-

fidence values. For tasks that require higher accuracy and fewer holes in the depth map, the

current output can be fed into an MRF/CRF (or any other spatial regularizer) that is appropri-

ate for that task. Moreover, because the pipeline is end-to-end differentiable, its parameters
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can be fine-tuned in conjunction with MRF/CRF parameters to optimize performance on the

specific task.

By combining cutting-edge nanotechnology and computer vision algorithms, this work

introduces a passive snapshot depth sensor that mimics some of the capabilities of a jump-

ing spider. The sensor’s small volume, weight, and computation (i.e., power) bring depth

sensing capabilities closer to being feasible on insect-scale platforms, such as micro-robots,

ingestible devices, far-flung sensor networks, and small wearable devices. Combinations of

nano-photonics and efficient computation that are different from the ones in this paper might

lead to other forms of compact visual sensors, and this is an area that remains relatively unex-

plored87.
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5
Conclusion and outlook

By engineering the scattering properties of subwavelength-spaced nanostructures, we have

demonstrated metasurfaces with tailored spatial, spectral, angular and polarization responses,

with potential applications in imaging, sensing and other areas. Not only are they extremely

lightweight and compact, but also they provide previously unattainable new optical functions

beyond conventional diffractive and refractive optical elements.

For future development, there are several key challenges to be addressed. One major chal-
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lenge is the design and fabrication of large area metasurfaces. On the one hand, new simula-

tion tools are needed to connect solvers at different levels, from nanoscale full wave simula-

tion to geometrical optics ray tracing. This is essential to the optimization and performance

evaluation of large scale metasurfaces as functional optical components. On the other hand,

low-cost large-scale fabrication of metasurfaces poses a critical challenge. Currently, a lot of

the metasurfaces are fabricated using electron beam lithography, which is expensive and ex-

tremely time-consuming. To have a significant industrial impact, new fabrication techniques

that are compatible with standard large-scale methods such as deep UV lithography, roll-to-

roll nano-imprint, and soft lithography need to be developed.

In addition, so far the different optical degrees of freedom are addressed individually, and

it remains challenging how to control the various aspects of wavefront simultaneously. For

example, a high performance imaging system requires simultaneous control over the chro-

matic aberration, off-axis aberrations (such as coma), and polarization aberration. New design

strategies are needed to tackle these challenges. One potential solution is to utilize multiple

metasurface profiles. This can be done either by cascading multiple metasurface elements in

free space, or by fabricating multiple pieces of metasurfaces in a single element in a folded

architecture.

It is also desirable to have actively tunable or switchable metasurfaces for applications such

as high-speed beam steering, dynamic holographic displays and reconfigurable wavefront

shaping. Ultimately, this requires developing new material platforms with adjustable optical

properties in response to electrical or thermal tuning.

Looking forward, we envision metasurfaces to serve as an important platform for future

optical design, either to operate as stand-alone devices or to complement conventional optical

systems. Their compactness, precise phase implementation and multifunctionality open up

new possibilities in various applications, and are essential to the realization of the next genera-
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tion of compact high-performance optical systems.
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A
Supplemental material: Dispersion

engineering of metasurfaces

A.1 Guided mode resonances

Figure A.1 show the schematic of a TiO2 array on a metallic mirror with a thin layer of silicon

dioxide (spacer) in-between. Normally incident light (entering from air) can take two possible

77



Figure A.1: Illustra on of the first (a) and second (b) op cal path.

optical paths. In the first optical path (Fig. A.1a), light propagates along z-axis via nanopillars

and the spacer layer and then it is reflected back by the metallic mirror. In general, light can

bounce several times before is coupled out to air. This can be seen as a Fabry-Perot cavity.

In addition, this structure can support waveguide modes with propagation direction in x-y

plane. In the latter, the array of TiO2 nanopillars serves as the core of the waveguide with

air and spacer as the cladding layers. This provides the second optical path (Fig. A.1b). In

order to couple into these guided modes, the phase matching condition must be fulfilled. This

can be done by adjusting the center-to-center distance of the nanopillars (U) such that k0 =

m 2π
U (m : integer) matches the propagation constant of the corresponding guided modes (β ).

Therefore, U should be larger than the effective wavelength inside the waveguide core (TiO2

in our case). Additionally, it should be smaller than free space wavelength to avoid higher

orders diffraction into air. Due to reciprocity, these modes are intrinsically leaky and can be

couple out into the air. The final amplitude and phase of reflected light is superposition of

these optical paths.
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Figure A.2: (a) 2D array of tanium dioxide (TiO2) nanoridges with width W, center to center distance
U=480 nm, and height H=600 nm, on a substrate. The substrate is an aluminum-coated fused silica with
a thin film of silicon dioxide on top. Aluminum and silicon dioxide have thicknesses M=110 nm and S=180
nm, respec vely. (b) TiO2 slab on the substrate, f=1. For both cases, the structures are infinite along y-axis.

Figure A.3: (a)-(b) Intensity (a) and phase (b) of reflected light as a func on of wavelength for f=1. (c)-(d)
Intensity (c) and phase (d) of reflected light as a func on of wavelength for f=0.916. For all simula ons,
polariza on of incident light is along y-axis.
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Figure A.4: Blue circle: frequency of guided mode resonance at different filing factors calculated by FDTD
method. Red cross: frequency of the waveguide modes corresponding to the propaga on constant ( β =
m 2π

U , m : integer) for filing factor f=1. This is calculated by Transfer Matrix method.

Figure A.5: Dispersion rela on of the waveguide modes for the case of f=1. Crosses show frequencies of
the waveguide modes corresponding to the propaga on constant (β = m 2π

U , m: integer), and they are also
shown in Figure A.5.
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To study the guided mode resonance supported by a TiO2 array, we consider a two-dimensional

case (Fig. A.2a) that is periodic along x-axis and infinite along y-axis (TiO2 nanoridge). First,

we assume the width of the TiO2 nanoridge is equal to U (Fig. A.2b), filling factor f=1). In

this case, there is no coupling to guided modes because the phase matching condition can-

not be satisfied. Therefore, light only can take the first optical path. The intensity and phase

of reflected light as a function of wavelength are shown in Figure A.3a and Figure A.3b, re-

spectively. As expected, Fabry-Perot resonances result in several dips in reflection. Next, by

reducing the width, thus introducing periodicity, we can excite guided mode resonances (f

< 1). This is evident in the reflection curve of Figure A.3d, where several sharp resonances

appear at the filing factor of 0.916 (W=0.916U, W=440 nm, U=480 nm). These resonances

also have large effects on the phase compared to the previous case. They not only expand the

phase coverage, but also result in anomalous dispersion, where the first derivative of the phase

with respect to wavelength changes sign around the resonance wavelength. To verify the guide

mode resonance nature of these resonances, we calculate the resonance frequencies for dif-

ferent filling factors using finite difference time domain simulation (Fig. A.4) considering

periodic boundary condition along the x-axis and perfectly matched layer along the z-axis. At

the same time, we calculated the dispersion relation for the case of f=1 using Transfer Matrix

method (Fig. A.5). As expected, the guided mode resonance frequencies in the weak perturba-

tion limit (filling factor approaches unity) approach those of the waveguide modes with prop-

agation constant β = m 2π
U (calculated by Transfer Matrix method, see Fig. A.4 and Fig. A.5).

This confirms the assumption that the resonances seen in simulation come from the excitation

of guided modes.

For simplicity, we consider a 2D case. The extension to 3D is straight forward, and the

physical origin of the resonances are essentially the same. In the 3D case, the structure be-

comes a photonic crystal slab on top of a mirror. Since the Brillouin zone is expanded there

81



is more than one direction that has periodicity. Therefore, coupling into guided modes can

happen in all three directions, giving rise to more complex resonance spectrum.

A.2 Analysis of phase fitting error
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Figure A.6: Histogram of phase error across the mul wavelength achroma c metalens (MAM). Phase error
at each site on the MAM is calculated as the difference between the target phase and the realized phase,
averaged over all design wavelengths. The bar height corresponds to the percentage of sites whose phase
error falls within the bin. (b) Histogram of the calculated nanopillar reflec vity across the MAM. The re-
flec vity of the nanopillar at each site on MAM is averaged over all design wavelengths. The bar height
corresponds to the percentage of sites whose reflec vity falls within the bin. The calculated average re-
flec vity across the en re MAM is 0.76. In comparison, the experimentally measured average reflec vity
is below 30%. The discrepancy indicates unwanted loss in the silver substrate. This may result from the
removal of Aluminum oxide (Al2O3) using HF and the subsequent plasma enhanced chemical vapor depo-
si on (PECVD) of Silicon dioxide (SiO2). (c) Comparison of the realized phase and the target phase of the
mul wavelength achroma c metalens (MAM) at wavelength of 460, 540, 565, and 700 nm. The solid blue
curves represent the target phase profile. The orange circles are the realized phases. Only a small part of
the MAM is shown for best visualiza on, and the full range can be found in Fig. A.7.
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Figure A.7: Comparison of the required and realized phase of the mul wavelength achroma c metalens
(MAM) at 460, 540, 565, and 700 nm. The solid blue curves represent the target phase profiles. The orange
circles are the realized phases. The horizontal axis r is the distance from MAM center.

Figure A.8: Realized (a) phase and (b) reflec vity for varying pillar width over the visible spectrum.
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Figure A.9: Measured focal length of the mul wavelength achroma c metalens (MAM) as a func on of
wavelength. At each design wavelength (460, 540, 567 and 700 nm), the MAM has only one primary focal
spot, and the same focal length. Away from the design wavelengths, there is no single well-defined focal
spot, and several local intensity maximums may exist along the z (propaga on) axis. Here we define the
focal length as the distance between the z posi on with the highest intensity and the MAM surface. This
defini on may cause an apparent discon nuity in the focal length v.s. wavelength curve. For example, at
510 nm, light at 0.87 mm has the highest intensity, with a secondary peak at 1.05 mm. However, at 520
nm, the highest intensity peak appears at 1.03 mm, and the peak at 0.85 nm becomes secondary, as a result
of energy redistribu on among local intensity maximums.

Figure A.10: (a)-(c) Simulated intensity profile of a high NA (NA=0.8) wavelength-controlled beam genera-
tor. The device generates a focal spot (l = 0) at (a) 600 nm and (c) 512 nm, a focused donut beam (l = 1) at
(b) 535 nm at the same focal plane. Scale bar: 0.5 μm. This simula on proves the possibility to achieve high
NA and the flexibility in choosing opera ng wavelengths using our design method.
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Figure A.11: Phase library of a metasurface opera ng at 460 nm. Each point represents a specifically de-
signed nanopillar (phase shi er), with the three coordinates corresponding to the realized phases at 460,
540, 700 nm respec vely. The color map indicates the pillar width. The unit cell size is 160 nm. No guided
mode resonance is excited. As the pillar width varies from 90 nm to 120 nm, the realized phase at 460 nm
changes from 0 to 2π, sa sfying the requirement for full phase control at 460 nm. There is a one-on-one
correspondence among realized phase at different wavelengths. In other words, the realized phases at one
wavelength predetermines the realized phases at all other wavelengths: one loses the degree of freedom to
independently implement different phases at different wavelengths.

Figure A.12: Simulated intensity profiles of the reflected beam by mul wavelength achroma c metalens
(MAM) in the x-z plane (a) from z = 0.18 to 1.78 mm, and (b) from z = 0.901 to 1.057 mm. The simula on is
in good agreement with the measured intensity profile (Fig. 4). Note that the measured result exhibits weak
addi onal secondary peaks that do not show up in the simula on. This may be a result of phase calcula on
error and fabrica on imperfec on.
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Supplemental material: Freeform

metasurfaces with angle-tunable elliptical

birefringence

B.1 Jones matrix analysis

The Jones matrix, i.e. transmission matrix, of a metasurface shape birefringent component

is constrained by three conditions: unitarity, reciprocity, and geometrical symmetries. Here

we assume that all materials are linear and reciprocal, and that absorption is negligible for the

wavelengths of interest. We are going to discuss how these requirements restrict the form of

the Jones matrix and the corresponding eigen-polarization states.

Unitarity: The Jones matrix is proportional to a unitary matrix if there is no dichroism, i.e.

the transmission efficiency is polarization-independent. This is usually a good approximation

for lossless dielectric metasurfaces away from resonances. Note that here we do not require

the system to have unity transmission efficiency, as long as the transmission efficiency is sim-

ilar for different polarization states. A direct consequence of unitarity is the orthogonality of

eigen-polarization states.

Reciprocity: Reciprocity links the Jones matrix for forward (Jf = J(k̂)) and reverse (Jr =

J(−k̂)) propagation. Here k̂ denotes the light momentum. To understand this, consider time-

reversal situations of light transmitting through an unitary polarization elements (Fig. B.1)76.
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Here a, b and a∗, b∗ are two-component complex polarization vectors. When expressed in a

fixed global coordinate system, a and a∗, (as well as b and b∗), are complex conjugate to each

other. Figure B.1(a) is expressed as

b = J(k̂)a (B.1)

Similarly, Figure B.1(b) is expressed as

a∗ = J(−k̂)b∗ (B.2)

If Jf is unitary, then equation 1 yields

b = J(k̂)a

⇔ (J(k̂))−1b = a

⇔ (J(k̂)T)b∗ = a∗ (B.3)

Compare equation B.3 with equation B.3 , one immediately obtains that

J(−k̂) = (J(k̂))T (B.4)

The above relation is expressed using a fixed global coordinate system (oxyz) for both propa-

gation directions. In many cases, it is convenient to use different coordinate systems for for-

ward (oxyz, Fig. B.1(a)) and reverse (ox′y′z′ , Fig. B.1(b)) propagation so that light always

propagates toward the positive z (z′) direction. Using this convention, the off-diagonal ele-
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Figure B.1: Reciprocity in unitary op cal systems. (a) Forward (k̂) propaga on: the incident polariza on
state denoted by a is transformed into b at the output. (b) The reciprocal situa on is given by phase conju-
ga ng the polariza on state (b → b∗), as well as reversing the propaga on direc on (k̂ → −k̂). Reciprocity
requires that the transmi ed polariza on state should be the phase conjugate of that in the forward prop-
aga on case, i.e. (a → a∗). Note that usually two different sets of coordinate systems oxyz and ox′y′z′ are
used for the forward and backward propaga on.

ments will acquire a minus sign, as shown below

J(k̂) =

 A B

C D

 ; J(−k̂) =

 A −C

−B D

 (B.5)

Geometric symmetries: Any geometric symmetry of the system imposes constraints on the

form of the Jones matrix.

SJS−1 = J (B.6)

where S is some spatial symmetry operation. A comprehensive classification can be found

in67.

Importantly, we emphasize the difference between the symmetries of the structure and
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the system. The latter contains both the structure and the light beam. The key distinction is

whether or not the symmetry operation alters the light propagation direction k̂. If a symme-

try operation S leaves not only the structure but also the original propagation direction k̂ un-

changed, i.e. Sk̂ = k̂, then we say S is a symmetry of the system, and equation (B.6) holds. If S

is a symmetry of the structure but Sk̂ ̸= k̂, then equation (B.6) needs to be modified as

SJ(k̂)S−1 = J(Sk̂) (B.7)

Equation (B.7) links the Jones matrices for different propagation directions, but by itself

does not directly impose any symmetry constraint on J(k̂). Therefore, in general, the sym-

metry of the structures does not necessarily imply any symmetry of the Jones matrix of the

system at an oblique incident angle. In fact, even highly symmetric structures can be slightly

elliptically birefringent at some oblique incident angles. However, these effects are typically

small and uncontrollable.

At normal incidence, the geometrical symmetries of the structures usually directly dictate

the form of the Jones matrices. Some symmetry operations such as rotations around the z axis

(Cn,z) and reflections with respect to the xz or yz plane (Mxz,Myz) leave the light beam propa-

gation direction unchanged, and therefore becomes a symmetry of the system, restricting the

eigen-polarization states to be either linearly or circularly polarized. Other symmetries such as

rotations around x or y axis (Cn,x,Cn,y) and reflections with respect to the zy plane (Mxy) trans-

forms k̂ into −k̂, and can be combined with the reciprocity condition (equation B.5) to derive

the restrictions on the allowable Jones matrices67.
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Figure B.2: Simula on results of the original design. (a) Simulated eigen-polariza on state for various angles
of incidence. (b) Simulated output polariza on states (for |H⟩ incidence) as a func on of angles of inci-
dence. (c) Simulated transmission efficiency for the two eigen-polariza on states. (d) Simulated retardance.
(e) Simulated orthogonality of the eigen-polariza on states.

Figure B.3: Simula on results considering possible fabrica on errors. The simulated structure is dilated by
10 nm in the cross-sec onal shape, and also 100 nm shorter in height compared to the original design. (a)
Simulated eigen-polariza on states for various angles of incidence. (b) Simulated output polariza on states
(for |H⟩ incidence) as a func on of angles of incidence.
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B.2 Simulation results

B.2.1 Simulation results for the optimized design

Figure B.2 shows the simulated eigen-polarization states and output polarization states for

various angles of incidence, as well as the transmission, retardance and orthogonality informa-

tion.

B.2.2 Simulation results considering possible fabrication errors

The difference between the simulation and measurement may be explained by inaccurate ma-

terial refractive indices and fabrication imperfections. Although we implemented robustness

control in the optimization considering structure dilation and erosion, in reality, the fabrication

errors are much more diverse and complex. In figure B.3, we simulated a device that is not

only dilated by 10 nm in the cross-sectional shape, but also 100 nm shorter in height (H=1400

nm) compared to the original design. The simulation results resemble the measurement data,

suggesting that the deviation might result from a combination of lateral size and height differ-

ence.

B.2.3 Comparison with the forward design

In theory, the structure does not have to be freeform to exhibit elliptical birefringence, as long

as it avoids the symmetry constraints discussed in the previous sections. However, without

optimization, these effects are usually small and uncontrollable. Here we simulated a class

of asymmetric U shape structures (Fig. B.4). We did a parameter sweep of the lengths and

widths (labeled in Fig. B.4a) using the traditional forward design method. The simulation re-

sults for the best design is shown in Figure B.4b. One can see that the eigen-polarization states
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Figure B.4: (a) The cross-sec onal pa ern is an asymmetric U shape. The structure height and unit cell size
is fixed at 1500 nm and 600 nm respec vely. (b) Simulated eigen-polariza on states for various angles of
incidence. The eigen-polariza on states become slightly ellip cally polarized at oblique angles of incidence,
however, the change is much smaller than that obtained with topological op miza on. In this design, W1 =
W2 = L3 = 100 nm, W3 = 340 nm, L1 = 200 nm, L2 = 400 nm.

become slightly elliptically polarized at oblique angles of incidence, however, the change is

much smaller than that obtained with topological optimization.
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Supplemental material: Spatially

multiplexed metasurfaces for

computational depth sensing

We propose a depth sensing platform that uses a metalens to form two adjacent images (I+, I−)

with different amounts of defocus, as shown in Figure C.1, and that efficiently computes a

depth map comprising a measurement of the object depth at every pixel, and a confidence map

that conveys the expected level of accuracy in the depth measurement at each pixel.

In theory, when the point spread functions of the two images are scaled Gaussian functions,

and when the change in defocus between the images is small enough to be approximately dif-

ferential, the depth Z is given by the expression:

Z =

(
α + β

F ∗ δI
F ∗ ▽2I

)−1
(C.1)

with δI = I+ − I− and ▽2I = 1
2▽2 (I+ + I−) , respectively, the image contrast difference and

the averaged spatial Laplacians at each pixel. The linear filter F attenuates noise and optical

artifacts. The scalar parameters (α, β) are determined by the dimensions of the optics (see  Fig.

C.1):

α =
Zf− + Zf+
2Zf+Zf−

(C.2)
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Figure C.1: The metalens depth sensor captures two images (I+, I−) through the same aperture that have
different in-focus distances (Zf+, Zf−) . A sequence of calcula ons applied to each local neighborhood of
these images produces a per-pixel depth map Z and a per-pixel confidence map C

β = − 1
(ΣZs)2

(
1
Zf+

− 1
Zf−

)−1
(C.3)

where Zf± are in-focus distances, Zs is the sensor distance, Σ is the entrance pupil size. These

equations are equivalent to equation 4.5 in the main text.

We also design a confidence score to indicate the reliability of the depth measurement at

each pixel:

C = f
(
|γ1δI+ γ2

(
▽2I
)−1

+ γ3|
)
∈ (0, 1) (C.4)

where (γ1, γ2, γ3) are confidence parameters that depend on the dimensions of the optics, and

f () is a nonlinear function that normalizes the confidence value to the range [0, 1]. Low con-

fidence occurs, for example, in regions where the images (I+, I−) have uniform intensity and

low contrast, subjecting the contrast difference δI and second order derivative ▽2I to excessive

noise.

This supplementary material provides details about the system. The calculations for depth

and confidence, as well as the effects of the rectangular aperture are discussed. Details about

the hardware and algorithm are provided. The calibration process and performance evaluation
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are described in detail.

C.1 Analysis

A. Depth from differential defocus. For completeness, we include the following derivation

of the depth equation. It is adapted from Guo et al.Guo et al., who introduced the equation it in

the context of a traditional refractive lens that deforms over time. Consider a thin lens camera

with sensor distance Zs , in-focus distance Zf , and entrance pupil size Σ taking a picture of a

front parallel plane placed at distance Z from the lens. The captured image I (x, y) at sensor

plane location (x, y) is:

I
(
x, y; Z, Zs, Zf,Σ

)
= h

(
x, y; Z, Zs, Zf,Σ

)
∗ T (x, y) (C.5)

where h (x, y, Z) is the point spread function (PSF) that we model as a Gaussian function.

h
(
x, y; Z, Zs, Zf,Σ

)
=

1
2πσ2

(
Z, Zs, Zf,Σ

) exp

(
− x2 + y2

2σ2
(
Z, Zs, Zf,Σ

)) (C.6)

with standard deviation σ , and T is the sharp image of the scene as if the camera is a pin-

hole. See  Fig. C.2. According to the thin-lens equation

1
f
=

1
Zf

+
1
Zs

=
1
Z
+

1
Z′ (C.7)

where f is the focal length of the lens, and Z′ is the distance from the entrance pupil to the

focused light from the object ( Fig. C.2). By similar triangles, the PSF standard deviation σ

and the entrance pupil size Σ are related by:

σ
Zs − Z′ =

Σ
Z′ (C.8)
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Figure C.2: When imaging a front-parallel plane using a wide aperture camera, the image formed on the
photosensor I (x, y) is the convolu on of the point spread func on h (x, y, σ) with the image T (x, y) of the
same scene as if taken by a pinhole camera with the same sensor distance (Eq. C.5).
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Combining equation C.7 and C.8 yields the equation of PSF standard deviation σ :

σ
(
Z, Zs, Zf,Σ

)
=

[(
1
Zf

− 1
Z

)
Zs
]

Σ (C.9)

Taking derivatives of both sides of equation C.5 with respect to the in-focus distances Zf

while keeping other optical parameters fixed yields:

∂I
(
x, y; Z, Zs, Zf,Σ

)
∂Zf

=
∂h
(
x, y; Z, Zs, Zf,Σ

)
∂Zf

∗ T (x, y)

where ∂h/∂Zf is shown in the main paper (Eq. 4.3) to have the following property:

∂h
(
x, y; Z, Zs, Zf,Σ

)
∂Zf

=
∂σ
(
Z, Zs, Zf,Σ

)
∂Zf

σ
(
Z, Zs, Zf,Σ

) [
▽2h

(
x, y; Z, Zs, Zf,Σ

)]
.

The two above equations jointly give

∂I
(
Zf
)

∂Zf
=

∂σ
(
Zf
)

∂Zf
σ
(
Zf
)
▽2I

(
Zf
)

(C.10)

For simplicity, from this point forward we omit notation for the sensor location (x, y) and

for optical parameters that are constants. For any sort of camera that provides control of in-

focus distance Zf while keeping all other optical dimensions fixed, we can measure ∂I(Zf)
∂Zf ,

∂σ(Zf)
∂Zf , and ▽2I

(
Zf
)

in equation C.10 via finite differences:

∂I
(
Zf
)

∂Zf
=

I
(
Zf + δZf

)
− I
(
Zf − δZf

)
2δZf

,

∂σ
(
Zf
)

∂Zf
=

σ
(
Zf + δZf

)
− σ

(
Zf − δZf

)
2δZf

,
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▽2I
(
Zf
)
= ▽2

[
I
(
Zf + δZf

)
+ I
(
Zf − δZf

)
2

]
(C.11)

where I
(
Zf
)

indicates the image taken with in-focus distance Zf , and δZf ≪ Zf is a differ-

ential change of in-focus distance. Using these measurements we can solve for the standard

deviation of the PSF σ , and thus depth Z , via equation C.10 and C.5, in closed form:

Z =

(
1
Zf

+
Z2
f

(ΣZs)2 δZf

I
(
Zf + δZf

)
− I
(
Zf − δZf

)
▽2
[
I
(
Zf + δZf

)
+ I
(
Zf − δZf

)])−1

(C.12)

In this work, we build a metalens imaging system that simultaneously creates a pair of im-

ages of the same scene through a shared aperture with two different in-focus distances Zf ∓ δZf

, and that uses the image pair to compute depth via equation C.12. The system is depicted

in  Fig. C.1. Denoting the image pair as I± = I
(
Zf ∓ δZf

)
and the in-focus distances as

Zf± = Zf ∓ δZf , equation C.12 can be simplified to:

Z =

(
α + β

δI
▽2I

)−1
(C.13)

where α =
Zf−+Zf+
2Zf+Zf− , β = − 1

(ΣZs)2

(
1

Zf+ − 1
Zf−

)−1
, δI = I+ − I− , and ▽2I = 1

2▽2 (I+ + I−)

. Parameters α, β are constants determined by the optics, whereas δI and ▽2I can be measured

from images (I+, I−) .

There is an analogy between this depth from differential defocus equation and the classical

diffusion process. Rewriting equation C.4 in the main text as

∂I
∂σ2 =

1
2
▽2I (C.14)

one recognizes that it is identical to the two-dimensional diffusion equation, ∂u/∂t = D▽2u ,
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where the PSF variance σ2 plays the role of diffusion time t ; the diffusion constant D equals

½; and the image intensity I corresponds to the particle concentration u . The impulse re-

sponse of the 2D diffusion equation is u (t) = 1
4πDt exp

(
− x2+y2

4Dt

)
, which is the same as the

Gaussian PSF in equation C.6. Physically, the analogy reflects the fact that the image blur is

a local averaging process, where local energy conservation and linear restoring flux define the

system dynamics.

Although Gaussian PSFs are required to derive equation C.10 in theory, we experimentally

find that images generated using non-Gaussian PSFs can still be used to predict depth through

equation C.13 following a calibration process. Experimentally, we also find that the system

can handle surfaces that deviate from being front parallel, as long as the PSFs are locally con-

stant across the spatial supports (”receptive fields” ) of the output pixels.

B. Depth error and confidence. If we assume i.i.d. additive Gaussian noise in the cap-

tured images with zero-mean and variance ε2 , the image contrast difference δI and second

order derivative ▽2I are also independent and Gaussian-distributed:

δI ∼ N
(
δI∗, ε2) (C.15)

▽2I ∼ N
(
▽2I∗, ∥▽2∥2ε2) (C.16)

with mean values δI∗ and ▽2I∗ that depend on the object being imaged. In practice we approx-

imate the derivatives with finite differences, thus the symbol ▽2 here represents the second

order differential filter, and the operation ∥▽2∥ computes the two-norm of it. We can use this

model to derive an estimate of the standard deviation of Z that is computed by equation C.1

under the noise model of equations C.15 and C.16, and we can use the inverse of this quan-

tity as our confidence score. A first-order Taylor expansion of equation C.1 gives the standard
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deviation:

StdZ ≈
(
E2

1
E2

2

(
V1

E2
1
+

V2

E2
2
− 2V3

E1E2

)) 1
2

(C.17)

where E1 = F∗▽2I∗ , E2 = αF∗▽2I∗+βF∗δI∗ , V1 = ∥F∗▽2∥2ε2 , V2 =
(
α2∥F ∗ ▽2∥2 + β2∥F∥2) ε2

, V3 = α∥F ∗ ▽2∥2ε2 . Since ▽2 and F are both filters, ∥F ∗ ▽2∥ denotes the 2-norm of their

convolution. We assume F = [1] to be the identity filter here for simplicity.

The measured intensity noise level of the sensor in our system is approximately ε = 0.7LSB

(least significant bit).  Figure C.3a plots the standard deviation of depth Z as a function of mea-

surements |1/▽2I∗| and |δI∗| based on equation (S17) and this measured noise level ε . Given

a scene such as  Figure C.3b, we could compute the standard deviation of Z at every pixel point

by estimating the mean values |1/▽2I∗| and |δI∗| and using  Figure C.3a as a look up table. In

practice, we simply set the mean values |1/▽2I∗| and |δI∗| equal to the measured ones |1/▽2I|

and |δI| . In  Figure C.3b, the colored crosses indicate the standard deviations of depth Z for

three different image points indicated by the corresponding crosses in  Figure C.3a. Textureless

image regions (blue cross in  Figure C.3b) generally have high standard deviation, while those

with substantial contrast have low standard deviation.

The shape of the surface in  Figure C.3a suggests that the standard deviation of depth Z can

be approximated by a linear function of the two variables
(
|1/▽2I|, |δI|

)
. Based on this, we

propose a simple linear function sZ to fit the standard deviation of Z�

sZ = |γ1|δI|+ γ2|
(
▽2I
)−1 |+ γ3| (C.18)

and define our confidence score C as an inversion of this that is normalized to the range (0, 1)

:

C = f (sZ) ∈ (0, 1) (C.19)
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Figure C.3: (a) First-order approxima on of the standard devia on of measured depth sZ of the metalens
sensor as a func on of processed image values

(
|1/▽2I∗|, |δI∗|

)
, based on a simple addi ve Gaussian

model for sensor noise. (b) A sample scene. The standard devia on of measured depth sZ at any pixel can
be es mated using equa on C.17 and for three par cular pixels, is visualized in (a). The blue pixel is in a
low-contrast region where the standard devia on is large (and confidence is low). The orange and green
pixels are in high-contrast regions where standard devia on is small (and thus confidence is high).

The normalization function f is non-parametric. It normalizes the standard deviation sZ to

the range (0, 1) , where a higher confidence score C corresponds to a lower standard deviation

sZ . We choose as the normalization function f (sZ) = 1 − g (sZ) with g (sZ) a piecewise linear

fit to the normalized cumulative histogram of a large set of per-pixel standard deviations
{
siZ
}

that result from applying equation C.18 to a pre-defined dataset of input images.

C. Aperture and Vignetting. As shown in Figure C.1, the sensor incorporates a rectangu-

lar aperture to prevent the two images of I+ and I− from overlapping. Other shapes, such as

circular apertures, could also be used. In addition to preventing overlap, the aperture has the

effect of reducing light collection efficiency for off-axis incident angles. We characterize this

vignetting effect here.

Depending on the location and the size of the aperture, there are two possible scenarios: (1)

the metalens is the entrance pupil of the system ( Fig. C.4a), and there is no additional loss of
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Figure C.4: (a) The metalens func ons as the entrance pupil of the op cal system. In this case, the on-axis
angular acceptance range of the light cone is determined by the metalens, not the rectangular aperture.
(b) The rectangular aperture func ons as the entrance pupil of the op cal system. In this case, the on-axis
angular acceptance range of the light cone is limited by the rectangular aperture.

light collection efficiency due to the aperture for on-axis objects; (2) the rectangular aperture

is the entrance pupil of the system ( Fig. C.4b), and the on-axis light collection efficiency is

limited by the aperture. It is clear that for maximum efficiency, scenario (1) is more desirable.

This is also the case in our system.

Although in scenario (1) there is no additional on-axis loss, the aperture may block some

of the light for off-axis objects ( Fig. C.5a-b). To quantify this effect, we calculated the light

collection efficiency for various field angles.

In our system, the distance Z between the object and the metalens is much larger than the

metalens radius r ( Z ≈ 150mm ≫ r = 3mm ). Therefore, we can use small-angle approxima-

tion and assume that the light intensity is approximately uniform across the metalens without

the aperture. The introduction of the aperture blocks some of the light, leaving a shadow on

the metalens. The shape of the aperture is rectangular, so the shadow has a linear boundary

( Fig. C.5c). The size of the bright area
(
Abright

)
determines the collection efficiency. Note that

due to the rectangular shape of the aperture, the bright area is a circular segment. Its height
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Figure C.5: (a) Part of the metalens is occluded by the rectangular aperture for off-axis incident light. (b)
Side view of op cs. The light collec on efficiency is determined by four angles: η1 and η2 are, respec vely,
the lt angles of the lines connec ng the object point with the top edges of the metalens and the rectan-
gular aperture; ζ1 and ζ2 are the lt angles of the lines connec ng the object point with the bo om edges
of the metalens and the rectangular aperture. The field angle is θ , and ψ is the angular size of the rectan-
gular aperture rela ve to the metalens center. The tangen al angular Δ is the range of light that can be
captured by the system. (c) Front view of the metalens. When light is blocked by the rectangular aperture,
only part of the metalens is illuminated, which is denoted as the bright area. (d) The rela ve light collec on
efficiency as a func on of field angle. Different lines correspond to different distance between the rectan-
gular aperture and the metalens. For this graph, the angular size of the aperture is fixed at ψ = 2.3◦ , which
is approximately the angular size of the aperture in our setup.

(sagitta) is given by

ϱ = ZΔ = Z {min (ζ1, ζ2)− max (η1, η2)} (C.20)

where here again we use the small-angle approximation and drop the factor of cos2 θ , θ being

the field angle. Δ is the tangential angular range of light that can be captured by the system.

The angles ζ1, ζ2 and η1, η2 are as depicted in  Fig. C.5b. It can be shown that,
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η1 = atan
(

Z tanθ− r
Z

)
; η2 = atan

(
Z tanθ− l tanψ

Z− l

)
(C.21)

ζ1 = atan
(

Z tanθ+ r
Z

)
; ζ2 = atan

(
Z tanθ+ l tanψ

Z− l

)
(C.22)

where l is the distance between the rectangular aperture and the metalens, and ψ is half the

angular size of the aperture relative to the metalens center.

Finally, the bright area and collection efficiency are, respectively, given by:

Abright = r2acos
r− ϱ

r
− (r− ϱ)

√
r2 − (r− ϱ)2 (C.23)

χ ≡ Light collection efficiency with aperture
Light collection efficiency without aperture

=
Abright

πr2 (C.24)

If the collection efficiency χ is equal to 1, no areas on the metalens is occluded by the aper-

ture.  Fig. C.5d shows the relative light collection efficiency χ as a function of incident angle.

Each line corresponds to an aperture located at a different distance but with the same angular

size ψ = 2.3◦ , which is similar to the dimensions of our prototype. An aperture placed fur-

ther from the metalens induces less vignetting, and conversely, when the aperture is placed

closer to the metalens, the vignetting effect is more significant. This will add a low frequency,

asymmetrical variation of intensity on the captured image pair (I+, I−) , that can be effectively

removed by our algorithm.
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Figure C.6: (a)-(b) The unwrapped phase for the two off-axis lens phase profiles φ± respec vely, following
equa on C.25. The final metalens phase profile is the spa al interleaving of the two phase profiles. (c)-
(d) Zoom-in view of the wrappedphase for the two off-axis lens phase profiles in the same region on the
metalens (the red highlighted area in (a)-(b)). Note the difference in the orienta on and spacing of Fresnel
zones. (e) The spa al interleaving result of (c) and (d). (f) Zoom-in view of the spa ally interleaved wrapped
phase profile in the highlighted red region in (e).
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C.2 Implementation details

A. Optics. Our prototype consists of a custom-built rectangular aperture that limits the field of

view to avoid overlap between the images (I+, I−) . It also pairs the 3mm-diameter, custom-

built metalens with a bandpass filter (FL532-10, Thorlabs, Inc.) that limits the full-width-at-

half-maximum (FWHM) of the incoming light spectrum to 10nm centered at 532nm, and a

monochrome photosensor (Grasshopper 3 GS3-U3-23S6M-C, FLIR) with a global shutter

and a maximum frame rate of 160 frames-per-second. The dimensions of the system are about

4cm × 4cm × 10cm, but since the diameter of the lens is only 3mm and the thickness of the

metalens (together with the glass substrate) is only 1.5 mm, its size could be substantially

reduced using special-purpose components.

The aperture is not necessarily rectangular, and can be any shape as long as the image pair

does not overlap. The vignetting effect introduced by the aperture can be effectively removed

using appropriate image filters.

As shown in  Fig. C.1, the metalens uses spatial multiplexing to incorporate two off-axis

lens phase profiles within a shared aperture. Before they are multiplexed, each off-axis lens

phase profile is designed to modulate an incident spherical wavefront, which is at wave-

length λ and is centered along the optical axis at the in-focus plane, so that all light arrive at

the off-axis point of focus on the sensor in phase. Each of the two phase profiles, φ+ (x, y) and

φ− (x, y) , has a distinct in-focus distance, Zf+ and Zf− , respectively, and the points of focus

are at symmetric transverse offsets ±D from the optical axis. The phase profiles that satisfy

these criteria are:

φ± (x, y) = −2π
λ

(√
x2 + y2 + Z2

f± +

√
x2 + (y∓ D)2 + Z2

s −
√
D2 + Z2

s − Zf±
)

(C.25)
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where as shown in  Fig. C.1, Zf± is the designed in-focus distance, Zs is the distance between

the metalens and photosensor, and D is the transverse displacements of the off-axis image cen-

ters. The shapes of φ± are shown in  Fig. C.6a-b. In our design, the dimensions are Zf− =

18cm , Zf+ = 14.4cm , Zs = 4 cm, andD = 1.5mm , and the working wavelength is

λ = 532nm . The overall phase profile is achieved by interleaving the two phase profiles at

a subwavelength scale.

The assembled sensor distance Z′
s can be different from the designed one Zs , which results

in different assembled in-focus distances Z′
f± . All that is required is an adjustment to the two

parameters (α, β) that appear in the equation for depth (equation C.1), so that the depth equa-

tion changes to:

Z =

(
ν1 + ν2

(
α + β

F ∗ δI
F ∗ ▽2I

))−1
(C.26)

with two suitable ”adjustment” parameters (ν1, ν2) . The optical parameters (α, β) are changed

to (ν1 + ν2α, νβ) to accommodate the difference in dimensions between the designed and the

assembled system.

We perform the following calibration steps to crop and align the image pairs (I+, I−) that

are transduced at the photosensor. We place a point light source in front of the camera, which

generates two bright spots on (I+, I−) that are identified by the locations of the centers. By

repeating this as we vary the location of the point light source, we obtain a dense set of cor-

responding 2D points between I+ and I− . Using these correspondences, we can find out a

linear perspective transformation (homography), which is represented by a 3 × 3 invertible

matrix H , that maps each 2D pixel location in I+ to its corresponding point in I− and thereby

aligns the two images. We experimentally find that matrix H does not change with the depth

of the point source, and that overall, the alignment error is less than one pixel. A typical mea-

surement from the photosensor, along with a superimposed visualization of the points used for

110



Figure C.7: We use a shi ing point light source in front of the sensor to produce a dense set of correspond-
ing points between the two adjacent regions of the photo sensor orange and green), and we use these
correspondences to fit a linear projec ve transforma on (homography) that maps pixel loca ons in I− to
corresponding pixel loca ons in I+ . Experimentally we find that the fi ed homography does not change
when the light sources are placed at different depths. A er fi ng, the mean alignment error between I+
and I− (blue) is 0.8 pixels.

alignment, are shown in  Fig. C.7.

B. Computational architecture. The filter F in the depth equation (Eq. C.1) can be used

to improve the quality of the depth measurement by attenuating sensor noise. It is also ben-

eficial to compute separate depth measurements using distinct filters and then merge these

measurements into a final depth map. This is evident from the noise analysis, which implies

that the variances of two depth measurements at a single pixel obtained using two different fil-

ters Fi and Fj will be determined by the values of the filtered contrast differences and second

order derivatives,
(
Fi ∗ δI,Fi ∗ ▽2I

)
and

(
Fj ∗ δI,Fj ∗ ▽2I

)
, which, if the filters are properly

designed, can be complementary: When one depth measurement has high variance (low confi-

dence), the other can have low variance (high confidence).

For the metalens depth sensor, we use a set of nine filters {Fi} (i = 1 . . . 9) having differ-

ent shapes and spatial supports, which provides a balance between depth accuracy and compu-
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tational complexity. The contrast difference and the second order derivative from each filter(
Fi ∗ ▽2I,Fi ∗ δI

)
are used to individually generate an estimate. These estimates are fused

together by probabilistic inference. This computation is end-to-end differentiable, therefore

the parameters in the network can be automatically tuned instead of manual calibration, using

back-propagation and stochastic gradient descent, to optimize the depth accuracy for a simu-

lated set of natural-looking objects. The remainder of this section describes the sequence of

calculations of our algorithm, arranged in a feed-forward computational graph, that compute

depth and confidence using multiple filters; and the next section describes how the parameters

are automatically tuned to optimize depth accuracy.

 Figure C.8a shows the full computational graph of the metalens depth sensor. In addition

to depth map Z , it also produces a confidence map C that indicates the expected accuracy

of the depth at each pixel. For simplicity, the computational graph predicts the inverse depth

P = 1/Z , in the single-filter case using:

P = α + β
F ∗ δI
F ∗ ▽2I

(C.27)

and then calculates the inverse of this to obtain depth Z .

The first operations applied to the (aligned) input images (I+, I−) , are the spatial second

order derivative and the pixel-wise contrast difference:

▽2I =
1
2
▽2 ∗ (I+ + I−) (C.28)

δI = (I+ − I−) (C.29)

112



Figure C.8: (a) Each pair of (aligned) input images (I+, I−) is converted into a per-pixel depth map Z and a
per-pixel confidence map C . In total, there are fewer than 700 floa ng point opera ons (FLOPs) required
for each output pixel, and the spa al support (”recep ve field” ) required to generate one pixel point of
depth and confidence is 25 × 25 pixels (orange box in I+ ). The feed-forward structure of the calcula ons
allows the simultaneous tuning of all parameters by back-propaga on and gradient descent. Most param-
eters are op mized using simulated data, and only two parameters (red) are fine-tuned using captured
measurements. (b) Expanded view of the filter bank F .
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We use this filter to estimate the Laplacian:

▽2 =


lll

0 0.0013

0.0013 0.0377

0.004

0.1162

0.0013 0

0.0377 0.0013

0.004 0.1162 −0.6421 0.1162 0.004

0.0013 0.0377

0 0.0013

0.1162

0.004

0.0377 0.0013

0.0013 0


(C.30)

A bank of nine pre-determined filters Fi are separately convolved with the second order

derivatives ▽2I and the contrast difference maps δI to produce nine tuples of
{(

Fi ∗ ▽2I,Fi ∗ δI
)}

. Each tuple generates an estimate of inverse depth Pi using a robust version of equation C.27:

Pi = αi + βi
(Fi ∗ δI)

(
Fi ∗ ▽2I

)
(Fi ∗ ▽2I)2 + ρ1

(C.31)

with the stabilizing constant set to ρ1 = 10−5 .

For the confidence map, we first calculate an approximation of the standard deviation of

each inverse depth Pi . The first order approximation of equation C.1 along with equation

C.27 yields:

Z ≈ 1
α

(
1 − βδI

α▽2I

)
=

2
α
− P

α2 ∝ P (C.32)

which indicates the standard deviation of inverse depth P is proportional to the standard

deviation of Z . Thus, the approximate standard deviation of P uses a form similar to equation

C.18:

sPi = |γi3 +
9∑

j=1

γij1 |δI
j|+ γij2

1
|▽2Ij|+ ρ2

| (C.33)

where
{(

γi1, γ
ij
2 , γ

ij
3

)}
are tunable coefficients and ρ2 is another stabilizing constant, 0 <

ρ2 ≪ |▽2I| that is set to ρ2 = 10−1 in our implementation.
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Finally, each estimate of inverse depth is interpreted as a Gaussian distribution, with mean

Pi and standard deviation sPi , and the nine estimates are fused into a maximum likelihood

estimate:

P = meanj Pj (C.34)

sP =
(

meanj (sPj)2 + meanj
(
Pj)2 − P2

) 1
2 (C.35)

Two tunable parameters ν1 and ν2 are included to allow adjustment of the effective sensor-

lens distance Zs as described in equation (S25), and thus the final depth is given by:

Z = (ν1 + ν2P)−1 (C.36)

The coefficients ν1 and ν2 can be adjusted whenever the system’s sensor distance is modi-

fied. The final confidence score is:

C = f (sP) (C.37)

The filter banks {Fi} we use in the computational graph is shown in  Figure C.8b. Each

filter in this bank has the analytic form:

F (x, y; κ,m, n) =
∂m+n

∂mx∂ny

(
exp

−
(
x2 + y2)
2κ2

)
∗

(
1 − exp

−
(
x2 + y2)
2κ2

low

)
(C.38)

where κ determines the scale of the filter and m, n control the shape, and the symbol ∗ de-

notes the two dimensional spatial convolution. Each filter is a derivative of Gaussian multi-

plied by a high pass filter with standard deviation κlow that has the effect of eliminating the

low-frequency vignetting effect. Note that the multi-scale Gaussian component of the filter

bank together with the image second order derivative can be efficiently implemented using the
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scheme proposed by Burt and Adelson12.

The full feed-forward computational graph is shown in  Fig. C.8a, and it includes 191 tun-

able parameters:
{
αi, βi

}
,
{(

γi1, γ
ij
2 , γ

ij
3

)}
, ν1, ν2. Since the computational graph is feed-

forward, and since the final depth and confidence values that it produces are differentiable

with respect to each parameter, all of the parameters can be automatically optimized by back-

propagation and gradient descent to optimize the depth prediction accuracy of a dataset of

scenes that have known depth. This property of the computational graph makes calibration

particularly convenient and avoids requiring precise optical positioning of the components.

C.3 Training and Calibration

Training and calibrating the computational graph means finding values for the tunable param-

eters that produce depth measurements that are as accurate and confident as possible. In order

to minimize the workload each time a new system is assembled, we divide the process into

two steps. First we tune the majority of parameters
{
αi, βi

}
,
{(

γi1, γ
ij
2 , γ

ij
3

)}
in simulation.

Then we adjust the rest two parameters (ν1, ν2) using images that are captured by the physical

instantiation of the sensor.

A. Rendering defocused images for training. To perform simulation, we built a rendering

system that simulates defocused image pairs (I+, I−) from a digital description of a virtual

three-dimensional scene. The rendering system represents the metalens by a tabulated set of

measured point spread functions (PSFs), like the ones in  Figure C.9.

 Figure C.10a depicts our rendering process in two dimensions for illustration purposes. In

practice it operates in three dimensions using planar segments instead of linear ones. Our ren-

derer accepts as input a collection of tabulated PSF that are either specified, or measured by

placing a point light source in front of the sensor, at a discrete set of spatial locations {(Xk, Zk)}
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Figure C.9: Point spread func ons of the sensor, measured using LED and laser sources. In general, the
shapes of the PSFs resemble pillboxes, but with ringing. The PSFs from LED sources are subject to chro-
ma c aberra on and are therefore asymmetric.
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Figure C.10: (a) The renderer takes as input a set of tabulated PSFs corresponding to a discrete set of point
source loca ons (X, Z) . To generate an image of the line segment (red), the system first approximates the
PSFs at the ver ces (Xv, Zv) by spa al interpola on (b). Then, it interpolates the PSF at every point in the
line segment using the PSFs at the ver ces, sum the contribu ons from each point weighted by the texture
(emi ed radiance) at that point (c).
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. We denote the PSF for any source location (X, Z) as k (u;X, Z) , where u indexes the pixels

on the photosensor with origin at the chief ray. For simplicity, we describe here the rendering

for a single slanted line segment; more complicated shapes can be decomposed into piecewise

linear segments.

As is shown in  Figure C.10b, our system first approximates the PSF at each vertex (end-

point) of the line segment {(Xv, Zv)}v=0,1 , denoted as k (u;Xv, Zv) , using bilinear interpo-

lation between the grid locations at which the PSF was specified/measured. Then, the PSF

k (u;X, Z) at every point (X, Z) on the segment is approximated using linear interpolation of

PSFs at each vertex (Xv, Zv) with weight wv
(X
Z
)

, as in  Fig. S10c. Finally, the image I (x) is

the summation of the (interpolated) PSFs at all points on the line segment, weighted by the

spatial texture (emitted radiance) pattern that exists on the segment:

I (x) ≈
∑
X,Z

∑
v

k
(
x− X

Z
;Xv, Zv

)
wv

(
X
Z

)
P
(
X
Z

)

=
∑
v

k (x;Xv, Zv) ∗ (wv (x) T (x)) (C.39)

where T (x) denotes the texture (emitted radiance) at the point that projects to (x, 1) on the

image plane. In practice, we enhance the accuracy of this approach by sampling the spec-

ified/measured PSFs more finely, i.e., by using a finer sampling of point source locations

(Xk, Zk) , in regions of the space where the system is more focused and the PSFs are sharper.

As described so far, the rendering process applies to any continuous, piecewise-linear sur-

face. During parameter tuning we also want the computational system to experience scenes

that contain discontinuities in surface depth, so that it can learn to associate the nearby image

points with low predicted confidence values. Depth discontinuities create occlusion events,

meaning that some rays through the metalens aperture see surface points that other rays do
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Figure C.11: Our renderer generates image of foreground (I0) and background (I1) separately using equa-
on C.39, and combine them together using the masks (M0,M1) according to equa on C.40. This scheme

closely approximates the scene at the depth boundaries.

not. These effects are hard to be modeled exactly using only PSFs of the optical system, but

for piece-wise linear scenes, we can simulate a close approximation as follows.

We divide the (possibly discontinuous) scene into piecewise linear segments l = 1, . . . ,N ,

and for each segment l we separately render its image Il (x) on the photosensor using equation

C.39. We also render a blur mask Ml (x) that is an image of segment l with constant texture

T (x) = 1 . Finally, we sum all the images of segments together, weighted by the blur masks of

the foreground segments:

I (x) =
∑
l

Il (x)
∏

s occludes l

(1 −Ms (x)) (C.40)

 Figure C.11 shows a sample image I corresponding to a typical scene shape Ztrue that is

generated by our rendering system. It contains slanted, planar foreground and background
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segments, with depth discontinuities along the foreground-background boundary.  Figure C.11

also shows the segmentation of the shape, the rendered image Il and the blur mask Ml of each

segment l , as well as the final rendered image I . When the system renders the image pairs

(I+, I−) required by the metalens sensor, two tabulated sets of PSFs are provided to separately

render the two differently defocused images for each scene shape. The two sets of provided

PSFs were Gaussian functions that have standard deviations fitted to designed PSFs of the

metalens depth sensor. Experimentally, we observe that our layer-based approximation to the

defocusing effects adjacent to depth discontinuities performs better than alternative approxi-

mations, such as applying blur to an all-in-focus pinhole image86.

B. Training with simulated data. Using the rendering system we generate a dataset of

500 tuples (I+, I−, Ztrue) of randomly-generated, two-layer scenes. For these, we randomize

the slants and tilts of the foreground and background segments, and we randomly generate

triangular foreground boundary shapes. The textures for the foreground and background scene

planes are randomly selected, from a database of calibrated photographs of textures under a

variety of lighting conditions19.

Using this dataset, we perform back-propagation and gradient descent to automatically tune

the values of the computational parameters in order to optimize the 1-norm loss function:

L (Z,C, Ztrue) = mean (err (Z, Ztrue)W (Ztrue)) (C.41)

where err (, ) is an error based on inverse depth,

err (Z, Ztrue) = |1
Z
− 1

Ztrue
| (C.42)

that experimentally results in fewer outliers than using an error based on depth |Z − Ztrue|
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Figure C.12: The training and valida on loss on the simulated dataset.

Figure C.13: (a) The distribu on of measured depth values for each true depth. Ideally all predic ons should
lie on the solid diagonal line. White dashed line indicate 10% rela ve error. (b) Sparsifica on plot created
by sweeping a confidence threshold from 0 to 1 and only repor ng depth at pixels with confidence above
each threshold. For example, a confidence threshold (red curve) value of 0.75 corresponds to depth being
reported at about 25% of pixels (75% sparsity on abscissa) and a mean error (black curve) value of about
0.002m. (c) Mean error as a func on of object distance (”true depth” ), plo ed using three different con-
fidence thresholds that are colored in correspondence with the dashed lines in (b). For object distances
between 0.15m and 0.17m, where the system is most accurate, increasing the confidence threshold (spar-
sity) generally reduces the mean error.
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Figure C.14: The simulator rendered the image pair (I+, I−) given the true shape Ztrue and textures. The
boundary mask W adds weight to the depth boundary in the loss func on in equa on (S42). We demon-
strate the confidence mask C and the es mated depth Z under different confidence threshold/density.

, and W gives higher weights to pixels that are close to depth discontinuities. In practice, we

use:

W (x, y) =

 5, (x, y) is within 9 pixel from a depth boundary

1, otherwise
(C.43)

which is visualized in  Figure C.14.

We use the Adam optimizer, with learning rate 0.001, to train parameters
{
αi, βi

}
and{(

γi1, γ
ij
2 , γ

ij
3

)}
at the same time, while fixing the rest two parameters (ν1 = 0, ν2 = 1) . The

training takes in an image pair (I+, I−) at each iteration (batch size=1). Convergence occurred

after roughly 4000 iteration, and the total training time is 586 secs. The training and the vali-

dation losses across iterations are shown in  Figure C.12. We use 400 out of the 500 simulated

scenes for training, and the rest for validation.

 Figure C.13a-c provides a quantitative analysis of the depth accuracy on the simulated vali-

dation set.  Figure C.13a shows the distribution of depth measurements as a function of object

distance from the sensor (”true depth” ). Most measurements have less than 10% relative er-
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ror (dashed line).  Figure C.13b shows a sparsification plot, which summarizes how well the

system can exploit different confidence thresholds to trade between outputting sparse depth

maps that are accurate and dense depth maps that are less accurate. The abscissa is the spar-

sity, or fraction of output pixels at which depth is reported, and the red curve is the confidence

threshold that produces each sparsity value. Meanwhile, the black curve is the mean error of

the depth measurements that are reported.  Figure C.13c plots the mean error as a function of

object distance for the three different confidence thresholds that are indicated by the vertical

dashed lines in  Figure C.13b.

C. Fine tuning with captured data. Following the initial round of training with rendered

data, we adjust the values of the two coefficients (ν1, ν2) using images (I+, I−) that are cap-

tured by the metalens depth sensor. For this, we fabricate flat, textured, planar objects and

align them in front of the sensor such that the depth Ztrue at every pixel is known. We use grid

search to find the two parameter values that minimize a robust objective:

Lfine tune (Z, Ztrue) =

 err (Z, Ztrue) , err (Z, Ztrue) < 0.02

0.02, otherwise
(C.44)

The textures are randomly drawn from Describable Textures Dataset17 and are printed and

glued onto flat planar objects (see  Fig. C.15 for examples). We use two for training and ten

for testing. For each textured plane, we align it to be parallel to the sensor plane and move it

to different depths Ztrue between 0.1 and 0.4m with step size 0.01m.

Similar to the validation, the quantitative testing result is shown in  Figure C.16 a-c. We

find that the system can predict depths over the interval [0.3m, 0.4m], with depth errors that

are smaller than 10% of the true depth. Increasing the confidence threshold reduces error (in

exchange for lower density), and the overall mean errors of the 50% most confident and the
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Figure C.15: Textures drawn from Describable Textures Dataset17 used in fine tuning and tes ng of the real
prototype.

5% most confident pixels, respectively, are about 0.04m and 0.03m respectively.

 Figure C.17 shows additional examples of depth maps that are produced by the sensor for

different scenes.  Figure C.17a is an ”infinite mirror” consisting of two mirrors that reflect

light from LED light sources. In this case, the sensor recovers the depth of the LED as well as

the depths of all virtual images of that LED.  Figure C.17b shows one view of a finger gesture,

suggesting a possible application to gesture-based human-computer interfaces on small, low-

power platforms like wearables.
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Figure C.16: Similar to  Figure C.13, we provide quan ta ve evalua on of the depth accuracy of the real
prototype, a er fine tuning the parameters, using captured data with known depth. (a) The distribu on
of es mate depth at every true depth. (b) The sparsifica on plot. (c) Mean error at different confidence
thresholds/sparsity indicated by the corresponding color in (b). According to (b) and (c), with the increase
of confidence threshold/sparsity, the mean error reduces monotonically. Using the 50% most confidence
pixels (green in (b) and (c)), the system measures depth throughout a range of 0.3m to 0.4m within 10%
rela ve error.

Figure C.17: (a) Reflec ve objects. The infinite mirror creates many virtual images of the light source at
uniformly-stepped depth by reflec ng the light back-and-forth inside the device. The depth sensor ob-
serves a part of it (black box), and measures the depth of the virtual images. (b) Finger gesture, which sug-
gests use in a gesture-based interface for watches or other small, wearable devices.

126



References

[1] Achar, S., Bartels, J. R., Whittaker, W. L., Kutulakos, K. N., & Narasimhan, S. G.
(2017). Epipolar time-of-flight imaging. ACM Transactions on Graphics (ToG), 36(4),
1–8.

[2] Aieta, F., Kats, M. A., Genevet, P., & Capasso, F. (2015). Multiwavelength achromatic
metasurfaces by dispersive phase compensation. Science, 347(6228), 1342–1345.

[3] Alexander, E., Guo, Q., Koppal, S., Gortler, S. J., & Zickler, T. (2018). Focal flow:
velocity and depth from differential defocus through motion. International Journal of
Computer Vision, 126(10), 1062–1083.

[4] Arbabi, A., Horie, Y., Bagheri, M., & Faraon, A. (2015). Dielectric metasurfaces for
complete control of phase and polarization with subwavelength spatial resolution and
high transmission. Nat Nanotechnol, 10(11), 937–943.

[5] Arbabi, E., Arbabi, A., Kamali, S. M., Horie, Y., & Faraon, A. (2016). Multiwavelength
metasurfaces through spatial multiplexing. Scientific Reports, 6, 32803.

[6] Arbabi, E., Arbabi, A., Kamali, S. M., Horie, Y., & Faraon, A. (2017). Controlling the
sign of chromatic dispersion in diffractive optics with dielectric metasurfaces. Optica,
4(6), 625–632.

[7] Argyros, A., Pla, J., Ladouceur, F., & Poladian, L. (2009). Circular and elliptical bire-
fringence in spun microstructured optical fibres. Optics Express, 17(18), 15983–90.

[8] Avayu, O., Almeida, E., Prior, Y., & Ellenbogen, T. (2017). Composite functional
metasurfaces for multispectral achromatic optics. Nature Communications, 8(1), 1–7.

[9] Bagni, D., Kannan, P., & Neuendorffer, S. (2017). Demystifying the lucas-kanade
optical flow algorithm with vivado hls. Tech. note XAPP1300. Xilinx.

[10] Balthasar Mueller, J. P., Rubin, N. A., Devlin, R. C., Groever, B., & Capasso, F. (2017).
Metasurface polarization optics: Independent phase control of arbitrary orthogonal
states of polarization. Physical Review Letters, 118(11), 113901.

127



[11] Bass, M., DeCusatis, C., Enoch, J., Lakshminarayanan, V., Li, G., Macdonald, C., Ma-
hajan, V., & Stryland, E. V. (2010). Handbook of Optics, Third Edition Volume II:
Design, Fabrication and Testing, Sources and Detectors, Radiometry and Photometry.
McGraw-Hill, Inc.

[12] Burt, P. & Adelson, E. (1983). The laplacian pyramid as a compact image code. IEEE
Transactions on communications, 31(4), 532–540.

[13] Campbell, S. D., Sell, D., Jenkins, R. P., Whiting, E. B., Fan, J. A., & Werner, D. H.
(2019). Review of numerical optimization techniques for meta-device design. Optical
Materials Express, 9(4), 1842–1863.

[14] Chen, W. T., Khorasaninejad, M., Zhu, A. Y., Oh, J., Devlin, R. C., Zaidi, A., & Ca-
passo, F. (2017). Generation of wavelength-independent subwavelength bessel beams
using metasurfaces. Light: Science & Applications, 6, e16259.

[15] Chen, W. T., Zhu, A. Y., Sanjeev, V., Khorasaninejad, M., Shi, Z. J., Lee, E., & Ca-
passo, F. (2018). A broadband achromatic metalens for focusing and imaging in the
visible. Nature Nanotechnology, 13(3), 220.

[16] Chipman, R. A., Young, G., & Lam, W. S. T. (2018). Polarized light and optical sys-
tems. Optical sciences and applications of light. Boca Raton: Taylor & Francis, CRC
Press.

[17] Cimpoi, M., Maji, S., Kokkinos, I., Mohamed, S., & Vedaldi, A. (2014). Describing
textures in the wild. In Proceedings of the IEEE Conference on Computer Vision and
Pattern Recognition (CVPR) (pp. 3606–3613).

[18] Damask, J. N. (2004). Polarization optics in telecommunications, volume 101.
Springer Science & Business Media.

[19] Dana, K. J., Van Ginneken, B., Nayar, S. K., & Koenderink, J. J. (1999). Reflectance
and texture of real-world surfaces. ACM Transactions On Graphics (TOG), 18(1), 1–
34.

[20] Decker, M., Staude, I., Falkner, M., Dominguez, J., Neshev, D. N., Brener, I., Pertsch,
T., & Kivshar, Y. S. (2015). High-efficiency dielectric huygens’ surfaces. Advanced
Optical Materials, 3(6), 813–820.

[21] Devlin, R. C., Ambrosio, A., Wintz, D., Oscurato, S. L., Zhu, A. Y., Khorasaninejad,
M., Oh, J., Maddalena, P., & Capasso, F. (2017). Spin-to-orbital angular momentum
conversion in dielectric metasurfaces. Optics express, 25(1), 377–393.

[22] Devlin, R. C., Khorasaninejad, M., Chen, W. T., Oh, J., & Capasso, F. (2016). Broad-
band high-efficiency dielectric metasurfaces for the visible spectrum. Proceedings of
the National Academy of Sciences, 113(38), 10473–10478.

128



[23] Erdem, E. Y., Chen, Y.-M., Mohebbi, M., Suh, J. W., Kovacs, G. T., Darling, R. B.,
& Bohringer, K. F. (2010). Thermally actuated omnidirectional walking microrobot.
Journal of Microelectromechanical Systems, 19(3), 433–442.

[24] Estakhri, N. M. & Alù, A. (2016a). Recent progress in gradient metasurfaces. JOSA B,
33(2), A21–A30.

[25] Estakhri, N. M. & Alù, A. (2016b). Wave-front transformation with gradient metasur-
faces. Physical Review X, 6(4), 041008.

[26] Estakhri, N. M., Edwards, B., & Engheta, N. (2019). Inverse-designed metastructures
that solve equations. Science, 363(6433), 1333–1338.

[27] Faklis, D. & Morris, G. M. (1995). Spectral properties of multiorder diffractive lenses.
Applied Optics, 34(14), 2462–2468.

[28] Fan, Q. B., Huo, P. C., Wang, D. P., Liang, Y. Z., Yan, F., & Xu, T. (2017). Visible
light focusing flat lenses based on hybrid dielectric-metal metasurface reflector-arrays.
Scientific Reports, 7, 45044.

[29] Fan, S. H. & Joannopoulos, J. D. (2002). Analysis of guided resonances in photonic
crystal slabs. Physical Review B, 65(23), 235112.

[30] Farid, H. & Simoncelli, E. P. (1998). Range estimation by optical differentiation. JOSA
A, 15(7), 1777–1786.

[31] Fattal, D., Li, J. J., Peng, Z., Fiorentino, M., & Beausoleil, R. G. (2010). Flat dielectric
grating reflectors with focusing abilities. Nature Photonics, 4(7), 466–470.

[32] Genevet, P., Capasso, F., Aieta, F., Khorasaninejad, M., & Devlin, R. (2017). Recent
advances in planar optics: from plasmonic to dielectric metasurfaces. Optica, 4(1),
139–152.

[33] Geng, J. (2011). Structured-light 3d surface imaging: a tutorial. Advances in Optics and
Photonics, 3(2), 128–160.

[34] Goldstein, D. H. (1992). Mueller matrix dual-rotating retarder polarimeter. Appl Opt,
31(31), 6676–83.

[35] Goodman, J. W. (2005). Introduction to Fourier optics. Roberts and Company Publish-
ers.

[36] Guo, C., Xiao, M., Minkov, M., Shi, Y., & Fan, S. (2018). Photonic crystal slab laplace
operator for image differentiation. Optica, 5(3), 251.

129



[Guo et al.] Guo, Q., Alexander, E., & Zickler, T. Focal track: Depth and accommodation
with oscillating lens deformation. In IEEE International Conference on Computer
Vision (ICCV).

[38] Gupta, M., Nayar, S. K., Hullin, M. B., & Martin, J. (2015). Phasor imaging: A gener-
alization of correlation-based time-of-flight imaging. ACM Transactions on Graphics
(ToG), 34(5), 156.

[39] Hansard, M., Lee, S., Choi, O., & Horaud, R. P. (2012). Time-of-flight cameras: princi-
ples, methods and applications. Springer Science & Business Media.

[40] Heide, F., Heidrich, W., Hullin, M., & Wetzstein, G. (2015). Doppler time-of-flight
imaging. ACM Transactions on Graphics (ToG), 34(4), 36.

[41] Hell, S. W. & Wichmann, J. (1994). Breaking the diffraction resolution limit by stimu-
lated emission: stimulated-emission-depletion fluorescence microscopy. Optics Letters,
19(11), 780–782.

[42] High, A. A., Devlin, R. C., Dibos, A., Polking, M., Wild, D. S., Perczel, J., de Leon,
N. P., Lukin, M. D., & Park, H. (2015). Visible-frequency hyperbolic metasurface.
Nature, 522(7555), 192–196.

[43] Huang, Y.-W., Rubin, N. A., Ambrosio, A., Shi, Z., Devlin, R. C., Qiu, C.-W., & Ca-
passo, F. (2019). Versatile total angular momentum generation using cascaded j-plates.
Optics express, 27(5), 7469–7484.

[44] Hugonin, J. & Lalanne, P. (2005). Reticolo code 2d. Institute d’Optique, Palaiseau,
France.

[45] Jensen, J. S. & Sigmund, O. (2011). Topology optimization for nano-photonics. Laser
& Photonics Reviews, 5(2), 308–321.

[46] Kamali, S. M., Arbabi, E., Arbabi, A., Horie, Y., Faraji-Dana, M., & Faraon, A. (2017).
Angle-multiplexed metasurfaces: Encoding independent wavefronts in a single meta-
surface under different illumination angles. Physical Review X, 7(4).

[47] Khorasaninejad, M. & Capasso, F. (2015). Broadband multifunctional efficient meta-
gratings based on dielectric waveguide phase shifters. Nano letters, 15(10), 6709–6715.

[48] Khorasaninejad, M., Chen, W. T., Devlin, R. C., Oh, J., Zhu, A. Y., & Capasso, F.
(2016a). Metalenses at visible wavelengths: Diffraction-limited focusing and sub-
wavelength resolution imaging. Science, 352(6290), 1190–1194.

[49] Khorasaninejad, M., Chen, W.-T., Zhu, A. Y., Oh, J., Devlin, R., Rousso, D., & Ca-
passo, F. (2016b). Multispectral chiral imaging with a metalens. Nano Letters, 16(7),
4595–4600.

130



[50] Khorasaninejad, M., Shi, Z., Zhu, A. Y., Chen, W. T., Sanjeev, V., Zaidi, A., & Capasso,
F. (2017). Achromatic metalens over 60 nm bandwidth in the visible and metalens with
reverse chromatic dispersion. Nano Letters, 17(3), 1819–1824.

[51] Kildishev, A. V., Boltasseva, A., & Shalaev, V. M. (2013). Planar photonics with meta-
surfaces. Science, 339(6125), 1232009.

[52] Kim, M., Wong, A. M., & Eleftheriades, G. V. (2014). Optical huygens’ metasurfaces
with independent control of the magnitude and phase of the local reflection coefficients.
Physical Review X, 4(4), 041042.

[53] Kruk, S. S., Poddubny, A. N., Powell, D. A., Helgert, C., Decker, M., Pertsch, T., Ne-
shev, D. N., & Kivshar, Y. S. (2015). Polarization properties of optical metasurfaces of
different symmetries. Physical Review B, 91(19), 195401.

[54] Kuznetsov, A. I., Miroshnichenko, A. E., Brongersma, M. L., Kivshar, Y. S., &
Luk’yanchuk, B. (2016). Optically resonant dielectric nanostructures. Science,
354(6314), aag2472.

[55] Lalanne, P., Hugonin, J. P., & Chavel, P. (2006). Optical properties of deep lamellar
gratings: A coupled bloch-mode insight. Journal of Lightwave Technology, 24(6),
2442–2449.

[56] Lalau-Keraly, C. M., Bhargava, S., Miller, O. D., & Yablonovitch, E. (2013). Adjoint
shape optimization applied to electromagnetic design. Optics Express, 21(18), 21693–
701.

[57] Land, M. (1969). Structure of the retinae of the principal eyes of jumping spiders (salti-
cidae: Dendryphantinae) in relation to visual optics. Journal of experimental biology,
51(2), 443–470.

[58] Lazaros, N., Sirakoulis, G. C., & Gasteratos, A. (2008). Review of stereo vision algo-
rithms: from software to hardware. International Journal of Optomechatronics, 2(4),
435–462.

[59] Li, K., Guo, Y., Pu, M., Li, X., Ma, X., Zhao, Z., & Luo, X. (2017). Dispersion control-
ling meta-lens at visible frequency. Optics Express, 25(18), 21419.

[60] Lin, D. M., Fan, P. Y., Hasman, E., & Brongersma, M. L. (2014). Dielectric gradient
metasurface optical elements. Science, 345(6194), 298–302.

[61] Lin, H., Chen, C., Bing Kang, S., & Yu, J. (2015). Depth recovery from light field
using focal stack symmetry. In Proceedings of the IEEE International Conference on
Computer Vision (pp. 3451–3459).

131



[62] Lin, R. J., Su, V. C., Wang, S. M., Chen, M. K., Chung, T. L., Chen, Y. H., Kuo, H. Y.,
Chen, J. W., Chen, J., Huang, Y. T., Wang, J. H., Chu, C. H., Wu, P. C., Li, T., Wang,
Z. L., Zhu, S. N., & Tsai, D. P. (2019). Achromatic metalens array for full-colour light-
field imaging. Nature Nanotechnology, 14(3), 227–231.

[63] Liu, P.-L. & Li, B.-J. (1991). Study of form birefringence in waveguide devices using
the semivectorial beam propagation method. IEEE photonics technology letters, 3(10),
913–915.

[Ma et al.] Ma, K. Y., Felton, S. M., & Wood, R. J. Design, fabrication, and modeling of the
split actuator microrobotic bee. In IEEE/RSJ International Conference on Intelligent
Robots and Systems (IROS).

[65] McManamon, P. F. (2015). Field Guide to Lidar. SPIE Press.

[66] Menda, G., Shamble, P. S., Nitzany, E. I., Golden, J. R., & Hoy, R. R. (2014). Visual
perception in the brain of a jumping spider. Current Biology, 24(21), 2580–2585.

[67] Menzel, C., Rockstuhl, C., & Lederer, F. (2010). Advanced jones calculus for the clas-
sification of periodic metamaterials. Physical Review A, 82(5), 053811.

[68] Mirdehghan, P., Chen, W., & Kutulakos, K. N. (2018). Optimal structured light a la
carte. In Proceedings of the IEEE Conference on Computer Vision and Pattern Recog-
nition (CVPR) (pp. 6248–6257).

[69] Molesky, S., Lin, Z., Piggott, A. Y., Jin, W., Vucković, J., & Rodriguez, A. W. (2018).
Inverse design in nanophotonics. Nature Photonics, 12(11), 659–670.

[70] Mueller, J. P. B., Rubin, N. A., Devlin, R. C., Groever, B., & Capasso, F. (2017). Meta-
surface polarization optics: Independent phase control of arbitrary orthogonal states of
polarization. Physical Review Letters, 118(11), 113901.

[71] Nagata, T., Koyanagi, M., Tsukamoto, H., Saeki, S., Isono, K., Shichida, Y., Tokunaga,
F., Kinoshita, M., Arikawa, K., & Terakita, A. (2012). Depth perception from image
defocus in a jumping spider. Science, 335(6067), 469–471.

[72] Ng, R., Levoy, M., Brédif, M., Duval, G., Horowitz, M., & Hanrahan, P. (2005). Light
field photography with a hand-held plenoptic camera. Computer Science Technical
Report CSTR, 2(11), 1–11.

[73] Ortigosa-Blanch, A., Knight, J. C., Wadsworth, W. J., Arriaga, J., Mangan, B. J., Birks,
T. A., & Russell, P. S. (2000). Highly birefringent photonic crystal fibers. Opt Lett,
25(18), 1325–7.

[74] Pentland, A. P. (1987). A new sense for depth of field. IEEE Transactions on Pattern
Analysis and Machine Intelligence, 4, 523–531.

132



[75] Phan, T., Sell, D., Wang, E. W., Doshay, S., Edee, K., Yang, J. J., & Fan, J. A. (2019).
High-efficiency, large-area, topology-optimized metasurfaces. Light: Science & Appli-
cations, 8(1), 1–9.

[76] Potton, R. J. (2004). Reciprocity in optics. Reports on Progress in Physics, 67(5), 717.

[77] Qiu, M., Jia, M., Ma, S., Sun, S., He, Q., & Zhou, L. (2018). Angular dispersions in ter-
ahertz metasurfaces: Physics and applications. Physical Review Applied, 9(5), 054050.

[78] Rubenstein, M., Cornejo, A., & Nagpal, R. (2014). Programmable self-assembly in a
thousand-robot swarm. Science, 345(6198), 795–799.

[79] Rubin, N. A., D’Aversa, G., Chevalier, P., Shi, Z., Chen, W. T., & Capasso, F. (2019).
Matrix fourier optics enables a compact full-stokes polarization camera. Science,
365(6448), eaax1839.

[80] Rubin, N. A., Zaidi, A., Juhl, M., Li, R. P., Mueller, J. B., Devlin, R. C., Leósson, K.,
& Capasso, F. (2018). Polarization state generation and measurement with a single
metasurface. Optics express, 26(17), 21455–21478.

[81] Sell, D., Yang, J., Doshay, S., Yang, R., & Fan, J. A. (2017). Large-angle, multifunc-
tional metagratings based on freeform multimode geometries. Nano Letters, 17(6),
3752–3757.

[82] Shi, Z., Khorasaninejad, M., Huang, Y. W., Roques-Carmes, C., Zhu, A. Y., Chen,
W. T., Sanjeev, V., Ding, Z. W., Tamagnone, M., Chaudhary, K., Devlin, R. C., Qiu,
C. W., & Capasso, F. (2018). Single-layer metasurface with controllable multiwave-
length functions. Nano Letters, 18(4), 2420–2427.

[83] Shrestha, S., Heide, F., Heidrich, W., & Wetzstein, G. (2016). Computational imag-
ing with multi-camera time-of-flight systems. ACM Transactions on Graphics (ToG),
35(4), 33.

[84] Silva, A., Monticone, F., Castaldi, G., Galdi, V., Alu, A., & Engheta, N. (2014). Per-
forming mathematical operations with metamaterials. Science, 343(6167), 160–163.

[85] Sit, A., Giner, L., Karimi, E., & Lundeen, J. S. (2017). General lossless spatial polar-
ization transformations. Journal of Optics, 19(9), 094003.

[86] Srinivasan, P. P., Garg, R., Wadhwa, N., Ng, R., & Barron, J. T. (2018). Aperture su-
pervision for monocular depth estimation. In Proceedings of the IEEE Conference on
Computer Vision and Pattern Recognition (CVPR) (pp. 6393–6401).

[87] Stork, D. G. & Gill, P. R. (2017). Special-purpose optics to reduce power dissipation in
computational sensing and imaging systems. IEEE SENSORS, (pp. 1197–1199).

133



[88] Su, S., Heide, F., Wetzstein, G., & Heidrich, W. (2018). Deep end-to-end time-of-flight
imaging. In Proceedings of the IEEE Conference on Computer Vision and Pattern
Recognition (CVPR) (pp. 6383–6392).

[89] Subbarao, M. & Surya, G. (1994). Depth from defocus: a spatial domain approach.
International Journal of Computer Vision, 13(3), 271–294.

[90] Sweeney, D. W. & Sommargren, G. E. (1995). Harmonic diffractive lenses. Applied
Optics, 34(14), 2469–2475.

[91] Wang, B., Dong, F., Li, Q. T., Yang, D., Sun, C., Chen, J., Song, Z., Xu, L., Chu, W.,
Xiao, Y. F., Gong, Q., & Li, Y. (2016). Visible-frequency dielectric metasurfaces for
multiwavelength achromatic and highly dispersive holograms. Nano Letters, 16(8),
5235–5240.

[92] Wang, S. & Magnusson, R. (1993a). Theory and applications of guided-mode reso-
nance filters. Applied Optics, 32(14), 2606–2613.

[93] Wang, S., Wu, P. C., Su, V.-C., Lai, Y.-C., Chen, M.-K., Kuo, H. Y., Chen, B. H., Chen,
Y. H., Huang, T.-T., Wang, J.-H., et al. (2018). A broadband achromatic metalens in the
visible. Nature nanotechnology, 13(3), 227–232.

[94] Wang, S. S. & Magnusson, R. (1993b). Theory and applications of guided-mode reso-
nance filters. Applied Optics, 32(14), 2606–2613.

[95] Watanabe, M. & Nayar, S. K. (1998). Rational filters for passive depth from defocus.
International Journal of Computer Vision, 27(3), 203–225.

[Xu et al.] Xu, R., Nayar, S. K., & Gupta, M. Trapping light for time of flight. In Proceedings
of the IEEE Conference on Computer Vision and Pattern Recognition (CVPR).

[97] Yang, K., Pu, M., Li, X., Ma, X., Luo, J., Gao, H., & Luo, X. (2016). Wavelength-
selective orbital angular momentum generation based on a plasmonic metasurface.
Nanoscale, 8(24), 12267–71.

[98] Yi, S., Zhou, M., Yu, Z., Fan, P., Behdad, N., Lin, D., Wang, K. X., Fan, S., &
Brongersma, M. (2018). Subwavelength angle-sensing photodetectors inspired by
directional hearing in small animals. Nat Nanotechnol, 13(12), 1143–1147.

[99] Yu, N. & Capasso, F. (2014). Flat optics with designer metasurfaces. Nature Materials,
13(2), 139–150.

[100] Yu, N., Genevet, P., Kats, M. A., Aieta, F., Tetienne, J.-P., Capasso, F., & Gaburro, Z.
(2011). Light propagation with phase discontinuities: Generalized laws of reflection
and refraction. Science, 334(6054), 333–337.

134



[101] Zhao, W. Y., Liu, B. Y., Jiang, H., Song, J., Pei, Y. B., & Jiang, Y. Y. (2016). Full-color
hologram using spatial multiplexing of dielectric metasurface. Optics Letters, 41(1),
147–150.

[102] Zhao, Y. Q., Edgar, J. S., Jeffries, G. D. M., McGloin, D., & Chiu, D. T. (2007). Spin-
to-orbital angular momentum conversion in a strongly focused optical beam. Physical
Review Letters, 99(7), 073901.

[103] Zhao, Z. Y., Pu, M. B., Gao, H., Jin, J. J., Li, X., Ma, X. L., Wang, Y. Q., Gao, P., &
Luo, X. G. (2015). Multispectral optical metasurfaces enabled by achromatic phase
transition. Scientific Reports, 5(1), 1–9.

135


	DAC_Shi_signed (1)
	PhD_thesis
	Introduction
	Metasurfaces: concept and motivation
	Multifunctional metasurfaces: theory and implementation
	Thesis outline

	Dispersion engineering of metasurfaces
	Chromatic dispersion
	Design principles of dispersion engineering
	Optimization, fabrication and characterization methods
	Achromatic metalenses
	Wavelength-controlled multifunctional metasurfaces
	Discussion

	Freeform metasurfaces with angle-tunable elliptical birefringence
	Shape birefringence in metasurfaces
	Polarization effects of arbitrary shape birefringence
	Topological optimization of freeform structures
	Experimental characterization of angle-tunable elliptical birefringence
	Discussion

	Spatially multiplexed metasurfaces for computational depth sensing
	Current depth sensing methods
	Bio-inspired depth-from-defocus method
	Metalens design and characterization
	Experimental demonstration of metalens depth sensors
	Discussion

	Conclusion and outlook
	Appendix Supplemental material: Dispersion engineering of metasurfaces
	Guided mode resonances
	Analysis of phase fitting error

	Appendix Supplemental material: Freeform metasurfaces with angle-tunable elliptical birefringence
	Jones matrix analysis
	Simulation results

	Appendix Supplemental material: Spatially multiplexed metasurfaces for computational depth sensing
	Analysis
	Implementation details
	Training and Calibration

	References

	Blank Page

