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Abstract

Point defects in wide-bandgap semiconductors can be used to implement qubits that ex-

ploit spin-dependent fluorescence from electronic transitions. These qubits are the quantum

mechanical analog of classical bits in that they leverage quantum mechanical properties such

as superposition and entanglement and a spin-dependent fluorescence implies the ability to

read out the qubit state optically. Fluorescent defects in wide-bandgap semiconductors such

as diamond have long been studied, but an electronic spin coherence time exceeding one sec-

ond at room temperature for the NV −, a defect in diamond comprised of a substitutional

nitrogen atom adjacent to a carbon vacancy with a single negative charge, has only relatively

recently been demonstrated. The demonstration of long-lived spin memory coupled with the

fact that the NV − exhibits spin-dependent fluorescence spurred research on other point de-

fects in diamond and in related materials such as silicon carbide for applications in quantum

computing and quantum information as well as in magnetometry. However, maximizing the

yield of point defects from the various techniques for creating them such as ion implantation

or chemical vapor deposition is still not perfectly understood. Using density functional theory

and kinetic Monte Carlo and molecular dynamics simulations, we provide an understanding

of the thermodynamics and kinetics of point defect formation and migration that can be used

to predict the annealing regimes that should lead to high yields and we provide a general

framework that can be used to explain relative yields for various Fermi level regimes.
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1
Introduction

1.1 Overview of Point Defects Serving as Qubit Candidates in 4H-SiC

Solid state single photon emitters (SPEs) have become important systems in both basic and

applied research because of their important applications in quantum computing, quantum

metrology, and quantum information processing [1, 2, 3, 4, 5, 6]. In particular, numerous ap-

plications of the nitrogen-vacancy (NV −) center in diamond, for quantum sensing [7] and

information science [8] have sparked interest in defect centers in diamond [9] and other wide-

bandgap semiconductors such as silicon carbide [10]. SiC is particularly interesting, being a

polymorphic material with mature microfabrication and growth techniques [11], which allow

access to a variety of emitters with a broad range of emission wavelengths. Spin active and

optically active defects in SiC include divacancies (VCVSi) in the 4H-, 6H-, and 3C-SiC poly-

types [12, 13], as well as the negatively charged silicon monovacancy (V −
Si ) in 4H-SiC [14].
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These defects have long spin coherence times (the length of time for which the spin state is

preserved) that persist up to room temperature [13, 12, 15]. The zero-phonon lines (ZPL),

the energy of excitation of an emitter in the absence of lattice vibrations, of the various fla-

vors of the divacancy are around 1100 nm [13], while that of the silicon monovacancy lies at

916.5 nm for the cubic (k) site and 861.4 nm for the hexagonal (h) site [16, 17]. Coherent

control of Cr4+ spin ensembles has also been demonstrated in both SiC and GaN [18] and

the carbon antisite-carbon vacancy complex (CSiVC) exhibits a bright and steady photolu-

minescence up to an annealing temperature of 800 ◦C with a ZPL around 700 nm [19]. Our

work principally examines the V −
Si in 4H-SiC, which has optically detected magnetic reso-

nance demonstrated at the ensemble [20] and single-defect level [15], and for which protocols

have been proposed for a spin-photon interface [21] and strain and temperature sensing [22].

As in the case of NV centers in diamond, it is important to increase the photon count rates

for V −
Si , for instance, by using solid immersion lenses to improve collection efficiency [15] or

optical cavities for emission enhancement [16]. Using photonic crystal cavities in 4H-SiC, it

has been demonstrated that it is possible to achieve emission enhancement by a factor of ∼80

of the V −
Si zero-phonon transition [16]. However, even greater enhancement is expected with

improved emitter-cavity coupling. This requires improved control of defect position within a

cavity, which necessitates better understanding of the energetics and kinetics of V −
Si within

4H-SiC, in part the subject of this work.

1.2 Overview of Point Defects Serving as Qubit Candidates in Diamond

As alluded to above, the most studied SPE to date is the negatively charged nitrogen vacancy

(NV −) in diamond, which can be made by replacing one carbon atom with a nitrogen atom,

removing a neighboring carbon atom to form a vacancy, and then adding an electron to the

system. The NV − color center has an electron spin with an excellent spin coherence time

(T2) even at room temperature [23] and this spin state can be prepared, manipulated, and

read out using light and radio-frequency fields. While the spin coherence time of NV − can be
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negatively affected by coupling to the 13C nuclear spins in the local environment of the dia-

mond host material [24], the question of how a NV − center can couple to or decouple from

its neighboring nuclear spins has been studied as a means of implementing multi-qubit regis-

ters [25]. Regarding the optical properties of the NV − center, unfortunately only about 4%

of the fluorescence is found in the ZPL [26]. Another problem with using the NV − color cen-

ter as a viable SPE is that it has an electric dipole moment, making it susceptible to external

noise and local fields that cause time-dependent shifts in ZPL values. One way to solve this

problem is to consider solid state SPEs which have inversion symmetry and therefore lack a

dipole moment making them insensitive to external fields.

In a quest to identify a suitable solid state SPE with inversion symmetry, there has been a

considerable amount of both experimental and theoretical work in the literature on SiV color

centers [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48]. The

SiV centers in diamond can be formed by removing two adjacent carbon atoms along the

[111] lattice direction and inserting an interstitial Si atom midway along this direction be-

tween the two vacant sites. While the fluorescence of the charge state SiV − color center is

quite an improvement from the NV −, with 60% of its luminescence now seen in the ZPL, it

has a much shorter spin coherence time than the NV −. It has been demonstrated that by ap-

plying strain on the SiV − one can enhance its spin coherence time [49]. The neutral charge

state color center SiV 0 has also been extensively studied since it is expected to have an in-

trinsically longer spin coherence time than the SiV − [47, 44].

One can explore other color centers beyond SiV and its various charge states by consid-

ering the general class of XV color centers, where X is a Group IV element (X = Ge, Sn, or

Pb) and V is a carbon vacancy in the diamond structure. Group IV color centers are par-

ticularly interesting choices for solid state SPEs because the selection of heavier elements for

X results in a larger energy split in the ground state for the singly negatively charged color

center which will increase their spin coherence time even at higher temperatures [50]. These

XV color centers would also possess inversion symmetry and thus potentially be better can-

3



didates for SPEs than the NV − in diamond. Recently, a new Group IV color center in di-

amond, the GeV −, has been produced by ion implantation and chemical vapor deposition

techniques [51] and also by using a microwave plasma chemical reactor [52]. The GeV − color

center has a structure very similar to SiV − and it has a sharp and strong ZPL at 602 nm at

room temperature. Subsequent experiments have spectroscopically confirmed that GeV − is

a promising candidate for a SPE [53, 54, 55, 56, 57, 58, 59]. Another recent creation is the

SnV − color center which has been identified at room temperature and has a geometry similar

to GeV − and a photoluminesce spectrum that shows a sharp ZPL at 619 nm [50, 60]. SnV −

centers have also been created under high pressure [61, 62] and can be used in luminescent

thermometry [63]. As demonstrated for NV − centers, it is possible to structurally confine

SnV − color centers to reside within diamond nanopillars and thus enhance their optical prop-

erties [64]. Finally, the PbV − color center has been fabricated recently and characterized as

a SPE with a structure similar to that of the SiV −, GeV − and SnV − centers, though there is

disagreement in the literature as to the value of its ZPL with measured values of 520 nm [65]

or over 550 nm [66] and a predicted value of 517 nm [65, 67].

1.3 Overview of DFT

The theory forming the basis for the vast majority of the calculations in this work is density

functional theory (DFT). In our modeling, we consider a motionless crystalline solid at zero

temperature in its ground state. For such a solid, we use the Born-Oppenheimer approxi-

mation to consider only the electronic degrees of freedom and omit the quantum mechanical

kinetic energy contribution of the ions. We then have the Hamiltonian,

H = −
∑
i

ℏ2

2me
∇2

ri −
∑
i,I

ZIe
2

|RI − ri|
+

1

2

∑
ij(j ̸=i)

e2

|ri − rj |
+

∑
IJ(J ̸=I)

ZIe
2

|RI −RJ |
, (1.1)

where the ri are the coordinates of the electrons, the RI are the coordinates of the ions and

the ZI are the atomic numbers of the ions. The Hamiltonian captures the kinetic energy of
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the electrons and the Coulomb interaction between ions, between electrons and between ions

and electrons. Given the fermionic nature of electrons, an early assumption was to take the

total wavefunction to be a properly antisymmetrized linear combination of products of non-

interacting single-particle states, termed the Hartree-Fock approximation, that is [68],

ΨHF({ri}) =
1√
N !

ϕ1(r1) ϕ1(r2) ... ϕ1(rN )

ϕ2(r1) ϕ2(r2) ... ϕ2(rN )

. . .

. . .

. . .

ϕN (r1) ϕN (r2) ... ϕN (rN )

, (1.2)

where the ϕi are the states in which individual electrons would be if the wavefunction were

an accurate description of reality. The energy is then [69],

EHF =
⟨
ΨHF

∣∣H ∣∣ΨHF
⟩

(1.3)

=
∑
i

⟨ϕi|
−ℏ2

2me
∇2

r + Vion(r) |ϕi⟩ (1.4)

+
e2

2

∑
ij(j ̸=i)

⟨ϕiϕj |
1

|r− r′|
|ϕiϕj⟩ (1.5)

− e2

2

∑
ij(j ̸=i)

⟨ϕiϕj |
1

|r− r′|
|ϕjϕi⟩ , (1.6)

where we have dropped the constant term representing the Coulomb interaction between ions

and

Vion(r) =
∑
I

ZIe
2

|RI − r|
. (1.7)
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A variational argument then yields,

[
− ℏ2

2me
∇2

r + Vion(r) + V H
i (r)

]
ϕi(r)−

e2

2

∑
j ̸=i

⟨ϕj |
1

|r− r′|
|ϕi⟩ϕj(r) = ϵiϕi(r), (1.8)

where the ϵi are Lagrange multipliers capturing the normalization condition, ⟨ϕi|ϕi⟩ = 1, for

the single-particle states ϕi and

V H
i (r) = e2

∫
n(r′)− ni(r

′)

|r− r′|
dr, (1.9)

where we have defined the single-particle and total densities,

ni(r) = |ϕi(r)|2 (1.10)

n(r) =
∑
i

ni(r). (1.11)

The total wavefunction constructed from the single-particle eigenstates exists in 3N -

dimensional space where N is the number of electrons, which represents a significant com-

putational barrier for even just a few electrons. The great insight of Hohenberg, Kohn and

Sham [70, 71] was to formulate the problem in terms of the total density n(r) instead of the

full many-body wavefunction. Starting from the theorem that the density n(r) of electrons

is uniquely defined given an external potential V (r) for the electrons, we can ultimately con-

clude that the total energy of the system is a functional of the density and can be written

as [69],

E[n(r)] = F [n(r)] +

∫
V (r)n(r)dr, (1.12)

where,

F [n(r)] = T [n(r)] +
e2

2

∫ ∫
n(r)n(r′)

|r− r′|
drdr′ + EXC [n(r)]. (1.13)

The first term represents the kinetic energy, the second term is from the Coulomb interaction

and the final term, the exchange-correlation term, captures the effects of the many-body na-
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ture of the system of interacting electrons. A variational argument similar to the one above

yields, [
− ℏ2

2me
∇2

r + Ṽ (r)

]
ϕi(r) = ϵiϕi(r), (1.14)

where,

Ṽ (r) = V (r) + e2
∫

n(r′)

|r− r′|
dr′ +

δEXC [n(r)]

δn(r)
, (1.15)

with the first term being the external potential from above, the second term being the total

Coulomb repulsion potential and the last term being the variational functional derivative of

the exchange-correlation term in the expression for the total energy of the system.

Properly modeling physical systems requires judicious choice of the exchange-correlation

term. Initial proposals used what is termed the Local Density Approximation (LDA), which

for spin-polarized systems becomes the Local Spin Density Approximation (LSD), where

EXC depends on n(r) in a local manner, meaning that different points in space do not cou-

ple in the evaluation of EXC as a functional of n(r). Explicitly for LSD [72],

EXC
LSD[n↑, n↓] =

∫
drnϵXC(n↑, n↓), (1.16)

where the density n = n↑ + n↓ is the sum of the spin densities.

Improvements to the LDA and LSD considered functionals that involved local gradients in

what is termed the Generalized Gradient Approximation (GGA) [73, 74, 75], which have the

explicit form [72]

EXC
GGA[n↑, n↓] =

∫
drf(n↑, n↓,∇n↑,∇n↓). (1.17)

A GGA exchange-correlation functional that we often use in this work is the one devised by

Perdew, Burke, and Ernzerhof (PBE) [72, 76]. It exploits appropriate scaling laws and lim-

iting cases in constructing a functional that tends to outperform the LSD approximation in

the calculation of total energies, atomization energies, energy barriers and structural energy

differences [72]. A general characteristic of GGA functionals, including PBE, is the tendency
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to expand and soften bonds compared to LSD [77], sometimes leading to overcorrections [78].

Hybrid functionals combining the Hartree-Fock exchange functional with a portion of another

functional, which can be either ab initio or empirical, do a better job of localizing the charge

density and often show improved predictive power compared to GGAs [79]. The Hartree-Fock

exchange functional works from the assumption that the wavefunction can be written as a

properly antisymmetrized product of single-particle states as expressed above in Eq. (1.2),

which yields the exchange potential for the ith single-particle state [69]

V X
i = −e2

∫
1

|r− r′|
∑
j ̸=i

ϕi(r
′)ϕ∗i (r)ϕj(r)ϕ

∗
j (r

′)

ϕi(r)ϕ∗i (r)
dr′ (1.18)

and combined with the kinetic energy captures the first two terms in the expansion for the

exact energy of the electron gas in the high-density limit [69]. The hybrid functional we use

in this work is the computationally accurate and efficient HSE06 functional, which mixes the

PBE functional with the Hartree-Fock exchange. Specifically [80],

EXC
HSE = aEX

HF,SR(ω) + (1− a)EX
PBE,SR(ω) + EX

PBE,LR(ω) + EC
PBE, (1.19)

where 0 ≤ a ≤ 1 and ω controls how far the short-range (SR) part of the interaction extends

(LR is for long-range). The C signifies the correlation part of the functional and the X the

exchange part of the functional. For HSE06, a = 1/4 and ω = 0.2.

1.4 Theoretical Challenges for Modeling Defects in Bulk Semicon-

ductors

There are two main computational thrusts in this work, namely the calculation of formation

energies of defects that may be charged and the calculation of the migration rates for those

defects. Regarding the calculation of formation energies, the primary theoretical challenge in

modeling defects in bulk semiconductors is that in order to reduce computational overhead
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by exploiting Bloch’s theorem such that the energy only needs to be sampled in a restricted

region in reciprocal space, periodic boundary conditions must be implemented. The conse-

quence of implementing these periodic boundary conditions is that in order to avoid diverging

energies a neutralizing background charge must be introduced for charged systems, which

adds spurious terms to the total energy of the system [81, 82, 83, 84, 85, 86, 87, 88, 89]. A

number of corrections have been proposed to remedy the issue [90, 86, 88, 91, 81]. The latest

by Vinichenko et al. [81] was proposed to address the shortcomings of the previous methods

and can be outlined as follows.

The formation energy for a charged defect is given by [81],

Ef (q) = Edef
DFT(q)− Est

DFT +
∑
i

µini + q(EVBM + EF ) + Ecorr(q), (1.20)

where Edef
DFT(q) is the total energy of the supercell with a charged defect obtained from DFT,

Est
DFT is the DFT total energy of the stoichiometric supercell, µi is the chemical potential

of the ith added or removed species under appropriate thermodynamic conditions, ni is the

number of added or removed species, EVBM is the valence-band maximum (VBM) energy,

and Ecorr is the correction energy. Intuitively, such a formation energy can be viewed as

the difference in energy between the energy of the desired system with the charged defect

and the energies of the constituent parts. These constituent parts are the stoichiometric sys-

tem, the added or removed atoms and the added or removed electrons, with a correction to

allow for extrapolation to a perfectly isolated defect from a defect periodically repeated in

space. The computation of the correction, Ecorr, involves subtracting the electrostatic energy

of the incorrect model, EPBC, that is the energy of the defect in a finite supercell with peri-

odic boundary conditions, and adding the electrostatic energy of the isolated defect-induced

charge Eiso. The Vinichenko method proceeds by computing EPBC by first solving for the

corresponding electrostatic potential VPBC(r),

ϵ0∇[ϵ∇VPBC(r)] = −ρd(r), (1.21)
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where ϵ0 is the vacuum permittivity, ϵ is the dielectric profile of the model slab and ρd(r) =

|ϕ(r)|2 is the charge induced by the defect level in the bad gap. Integrating over the supercell

volume we then have,

EPBC =
1

2

∫
ρd(r)VPBC(r)dr. (1.22)

The inclusion of the actual defect charge distribution from the DFT calculation and the di-

electric profile in a consistent treatment is the key contribution of the work of Vinichenko et

al. For the isolated charge, the electrostatic potential is also governed by the Poisson equa-

tion, Eq. (1.21), with the boundary condition that the potential decay to zero at infinity,

limr→∞ Viso(r) = 0. Standard discretization methods therefore cannot explicitly solve the

equation and inhomogeneous dielectric profiles make it impossible to use methods such as the

fast multipole method [92, 93]. Vinichenko et al. [81] therefore proceed by extrapolating the

electrostatic energy under periodic boundary conditions to infinite cell size and note that for

convergence of extrapolated energies to the proper limit the original supercell must have a

cubic shape.

We note that cubic supercells do not necessarily respect the symmetry of the point group

associated with an arbitrary defect, which can lead to defect charge densities that break the

point group symmetry. We illustrate such an effect in Figures 1.1 and 1.2, where rectangular

and hexagonal supercells, respectively, were used to model the test case of the boron vacancy

in the h-BN monolayer, which exhibits D3h symmetry. We motivate the shape of the orbitals

as follows. Assigning to each neighboring N atom a pz orbital pointing out of the plane of the

h-BN monolayer as well as an sp2 hybridized orbital pointing in the plane of the h-BN mono-

layer toward the missing B atom, we take a basis consisting of ψ = [σ1, σ2, σ3, σ4, σ5, σ6] =

[p1z, p
2
z, p

3
z, (sp

2)
1
, (sp2)

2
, (sp2)

3
]. The i in piz or (sp2)

i signifies that we are associating the or-

bital with the ith nearest-neighbor N atom.

Diagonalizing the corresponding Hamiltonian, we find for the eigenfunctions listed in Fig-
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(a) (b) (c)

(d) (e) (f)

1

23

Figure 1.1: DFT calculated partial charge densities are displayed corresponding to: a) a′′2 : ϕ4, b)
e′′x : ϕ2, c) e′′y : ϕ3, d) a′1 : ϕ1, e) e′x : ϕ5 and f) e′y : ϕ6. Nitrogen atoms are in silver and boron atoms
are in green. The i = 1, 2, 3 nearest-neighbor N atoms have been labeled in a). Results are displayed
for the down spin in a rectangular supercell.

ures 1.1 and 1.2,

a′1 : ϕ1 =
1√
3
(σ4 + σ5 + σ6), (1.23)

e′′x : ϕ2 =
1√
2
(σ2 − σ3), (1.24)

e′′y : ϕ3 =
1√
6
(2σ1 − σ2 − σ3), (1.25)

a′′2 : ϕ4 =
1√
3
(σ1 + σ2 + σ3), (1.26)

e′x : ϕ5 =
1√
2
(σ5 − σ6), (1.27)

e′y : ϕ6 =
1√
6
(2σ4 − σ5 − σ6), (1.28)
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1

23

Figure 1.2: DFT calculated partial charge densities are displayed corresponding to: a) a′′2 : ϕ4, b)
e′′x,y : ϕ2,3, c) e′′x,y : ϕ2,3, d) a′1 : ϕ1, e) e′x,y : ϕ5,6 and f) e′x,y : ϕ5,6. Nitrogen atoms are in silver
and boron atoms are in green. The i = 1, 2, 3 nearest-neighbor N atoms have been labeled in a). Re-
sults are displayed for the down spin in a hexagonal supercell for which we observe mixing of orbitals
corresponding to the components of irreducible representations.

where we have identified the corresponding irreducible representation (or component of the

irreducible representation) of the D3h point group and approximated the σi as orthogonal for

the purpose of normalization of the eigenfunctions.

The key observation is that the charge densities corresponding to two-dimensional irre-

ducible representations of the D3h point group break the point group symmetry for the rect-

angular supercell, but not for the hexagonal supercell, suggesting that faithful representation

of the charge density requires a hexagonal supercell. Effectively, the rectangular supercell

12



lifts degeneracies slightly, allowing the individual components of the two-dimensional irre-

ducible representations to be resolved. We find that for the case of the NV − in diamond,

such symmetry breaking leads to a difference in the electrostatic energy correction of tens

of meV between symmetry respecting and symmetry breaking charge densities. Such a differ-

ence should increase quadratically with the magnitude of the charge of the defect due to the

form of the expression for the electrostatic energy.

We also introduce here the observation that though Vinichenko et al. [81] had moved the

charge density to the center of the supercell by calculating the position of the charge center

of mass and then shifting that center of mass to the center of the supercell, such an approach

will fail if the center of the charge density is located at or near an edge of the supercell and

periodic boundary conditions are used. This becomes of particular importance when changing

from one supercell shape to another, in which case the center of the charge density can often

move from a position that was near the center of the original supercell to a position closer

to an edge of the new supercell. A simple remedy is to iteratively consider grid points where

the absolute value of the charge density is greater than some threshold, which is progressively

lowered, and find the charge center of mass of those grid points and then shift that center

of mass to the center of the supercell. In the first iteration, the grid point with the maxi-

mum absolute value of the charge density would be shifted and, in the last iteration, the step

would be equivalent to the approach used by Vinichenko et al. [81] where the charge cen-

ter of mass of the whole system is moved. A simple script, such as provided in Section A.2,

transforming arbitrarily shaped supercells into rectangular ones and shifting the center of the

charge density to the center of the supercell by the method outlined above suffices to address

the aforementioned issues.

We now turn to the calculation of the migration rates of the defects. For calculating the

barriers for diffusion, either the Nudged Elastic Band (NEB) method [94, 95] or the dimer

method [96, 97] were used. In using the NEB method, one constructs snapshots of the system

at various points in the diffusion pathway, designed to be equidistant along the reaction coor-
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dinate. Effective spring forces are set up between these snapshots and the snapshots are then

allowed to relax such that the sequence of snapshots will prefer to find the minimum energy

pathway between the initial and final points of diffusion, as it will be energetically unfavor-

able for them to simply collapse onto either the initial or the final state. The advantage of

such a method is that the reaction pathway is explicitly constructed. Disadvantages are that

computational requirements increase at least linearly with the number of snapshots.

The dimer method, by contrast, uses two closely spaced snapshots from which are con-

structed forces, torques and a measure of the curvature of the mode along which the dimer is

traveling. The saddle point should have one mode with negative curvature and the remaining

modes with positive curvature. The curvature of the mode on which the dimer travels is an

estimate of the lowest curvature mode so that if the dimer is traveling along a mode of neg-

ative curvature and the magnitude of the force is decreasing, the dimer should be converging

to a saddle point. The dimer method does not suffer from convergence issues of the same na-

ture as the NEB method, but might find inappropriate saddle points and does not have the

same ability to generate the whole reaction pathway. Given that it can find inappropriate

saddle points it is often necessary to have the dimer set off in many directions from an initial

point. Thus, though each individual dimer run is less computationally intensive than the se-

ries of NEB snapshots, the complete calculation may not necessarily result in great savings

without a good guess for the starting dimer.

For quantifying diffusion, the diffusivity, D, is given by

D = ν0d
2e−εb/kBT (1.29)

where ν0 = ν0(T ) is the attempt frequency, d is the migration distance, in the case of VSi
equal to the second-nearest neighbor hop between Si sites, and εb is the activation energy

barrier. Thus, in addition to finding the energy barrier by finding the saddle point of the

reaction pathway using the methods outlined above, one also needs to find the attempt fre-

quency. From harmonic transition-state theory, we calculate the attempt frequency as [98],

14



ν0 =
kBT

h

m′∏
j=1

e−hν′j/2kBT

(1− e−hν′j/kBT )

 m∏
j=1

e−hνj/2kBT

(1− e−hνj/kBT )

−1

, (1.30)

where m, m′ and νj , ν ′j are the corresponding number of normal modes and phonon frequen-

cies, respectively, at the initial (I) and saddle-point (S) configurations (there is one fewer

normal mode at the saddle point than at the equilibrium configuration, m = m′ + 1). To ob-

tain the phonon frequencies, we note that atoms toward the edges of the supercell will move

very little and have a negligible contribution to the attempt frequency. As computations can

be very expensive for large systems, it is useful to lighten the computational load by restrict-

ing the number of atoms involved in the calculation of the attempt frequency to those within

some restricted distance from the most mobile atom in the diffusion pathway. This restricted

distance is at least chosen to avoid interaction with periodic images, which lead to imagi-

nary frequencies, and can further be constrained by setting some threshold for the minimum

distance an atom must travel over the course of the reaction pathway to be involved in the

calculation of the attempt frequency in accordance with the precision desired for the attempt

frequency.

1.5 Organization of Thesis

In Chapter 2, we discuss formation and migration of point defects in 4H-SiC. We conclude

the chapter with simulation results that may be used to guide integration of V −
Si in electronic

and photonic devices based on 4H-SiC.

In Chapter 3, we turn to experiment, giving an overview of the experimental structure

used to house the V −
Si in 4H-SiC and outlining experimental results for the enhanced fluo-

rescence from the V −
Si for laser and thermal annealing. We wrap up the chapter by providing

the theoretical justification for the experimentally observed results.

In Chapter 4, we present results for the formation of VC in diamond as well as the forma-

tion of vacancy-related point defect qubit candidates in diamond. We overview their struc-
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ture and the migration of VC and finish the chapter with a discussion of the formation of

complexes of VC and vacancy-related qubit candidates in diamond and of the effect of VC on

the phonon density of states.

Finally, in Chapter 5, we discuss the formation and structure of the NV and NC and argue

thermodynamically for the expected relative concentration of NV − compared to NV 0. We

end by proposing a Fermi level regime that should optimize the detection of NV −.

The layout of the chapters is designed to first introduce systems and then present our pre-

dictions or explanations of experimental results regarding these systems. The appendices in-

clude a discussion of the numerical methods and codes that allow us to obtain the predictions

and explanations and a discussion of future work.
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2
Energetics and Kinetics of Intrinsic Point

Defects in 4H-SiC

Much work has been done from an experimental and a theoretical standpoint to investigate

intrinsic point defects in SiC. For example, Kraus et al. [20] proposed solid-state masers and

radiofrequency amplifiers based on their experimental observations of optically induced popu-

lation inversion for the silicon monovacancy defect in 6H-SiC, which they determined to have

a S = 3/2 ground state, while as alluded to in Section 1.1 Falk et al. [12] found defects with

room temperature coherences in three polytypes of SiC (4H, 6H and 3C) and Castelletto et

al. [19] found the photostable, ultrabright and room-temperature CSiVC in 4H-SiC. From a

theoretical standpoint, the ordering of defect energy levels and the excitation energies for the

silicon monovacancy [99, 17, 21, 22], divacancy [99, 17] and carbon monovacancy [17] have

been calculated as well as the stability of the silicon antisites, carbon antisites, silicon vacan-
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cies and carbon vacancies in 2H-, 3C and 4H-SiC [100, 101, 102, 103, 104, 105]. We point out

the shortcomings of the latest of these works covering 4H-SiC, namely finding barriers signif-

icantly higher than suggested by experiment [105] and not accounting for inequivalent lattice

sites for the given defects [104].

In this chapter, we discuss calculations of the formation energies of intrinsic point defects

in 4H-SiC and molecular dynamics simulations of their creation through ion implantation.

We also provide migration barriers for the intrinsic point defects in 4H-SiC and use the cal-

culated migration barriers and the results of the molecular dynamics (MD) simulations to

model diffusion with kinetic Monte Carlo (kMC). We conclude with a discussion of the poten-

tial use of the results in guiding integration of V −
Si in electronic and photonic devices based

on 4H-SiC.

2.1 Formation of Intrinsic Point Defects in 4H-SiC

For the structural features of 4H-SiC, we obtain a = 3.094 Å and c = 10.128 Å for the in-

plane and out-of-plane lattice constants, respectively. These theoretical values agree well with

experimental values [106] of a = 3.073 Å and c = 10.053 Å. The structures of the silicon

monovacancy (VSi), the carbon monovacancy (VC), the silicon split interstitial along the [100]

direction (Sisp[100]), which we will often simply refer to as Sii, and the carbon split interstitial

along the [100] direction (Csp[100]), which we will often simply refer to as Ci, are shown in

Figure 2.1.

A key issue in characterizing a system involving lattice defects is the thermodynamic sta-

bility and relative populations of defects which are determined by the defect formation ener-

gies. The formation energies of the defect species considered in our work are summarized in

Figures 2.2 and 2.3. These formation energies show the stability of VSi relative to other com-

plexes, in particular CSiVC, another single photon emitter in 4H-SiC [19] to which the VSi can

transform under certain conditions discussed below. The carbon vacancy (VC), another well-

studied point defect in 4H-SiC [107, 108, 109], has a lower formation energy than VSi. How-
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Figure 2.1: Structure of the atomic neighborhood around: (a) VSi (pink) and VC (silver) defects in
4H-SiC, (b) Sisp[100] (cyan) and Csp[100] (grey) defects in 4H-SiC, where sp[100] denotes a split inter-
stitial along the [100] direction. Otherwise, carbon atoms are indicated in brown and silicon atoms in
blue.

ever, its unfavorable optical properties (lack of optically detected magnetic resonance) limit

its usefulness as a qubit candidate. The formation energies also indicate the likely charge

state of a defect as a function of the Fermi level or doping in the material.

The bandgap used in Figure 2.2 is a value obtained from the PBE functional in DFT and

is therefore an underestimation as DFT is designed to capture a system’s ground state but

does not provide physically justifiable single-particle energies for the excited states [110, 111].

Due to the reduced bandgap, we miss the (0| − 2) charge transition level [112, 113] for VC,

where the occupation level going from q to q′ charge states is labelled as (q|q′). As the focus

of our work is the charge states that can exist with V −
Si and since our computations fully ex-

plore the V −
Si Fermi level regime (which can readily be adjusted from the theoretical to the

experimental gap), we feel that the behavior of the formation energy of VC beyond the DFT

gap is somewhat extraneous to the discussion.

For nonequilibrium processes such as ion implantation discussed below, the relative forma-

tion energies do not give the complete picture for the prevalences of different defect species.

Nonetheless, since the formation energies reflect the energy required to break and form bonds

for defect complexes, the results in Figure 2.2 are consistent with the general trends observed
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Figure 2.2: Formation energy of various defects as a function of the Fermi level in the gap (Eg=
2.23 eV) for the unit cell with 480 atoms: blue lines delineate VSi at cubic (k) sites [results for VSi at
hexagonal (h) sites are not shown given a difference of less than 5%]; green lines delineate formation
energies for CSiVC; red for VC. For VSi and CSiVC the upper (lower) limit of the range corresponds to
Si-rich (C-rich) conditions. The opposite is true for VC. The slopes of the lines denote the charge state
as indicated by the labeled black lines in the legend at the bottom. Dashed lines indicate the regime
where q = −1 is favored for VSi.

in the MD simulations. The formation energies of carbon interstitials and silicon interstitials,

Ci and Sii, in h and k planes in Figure 2.3 uses the experimental gap of 3.23 eV.

In addition to natural incorporation during growth, controlled by the value of the forma-

tion energy, defects may be created in 4H-SiC using electron [15], neutron [114], or proton

[20] irradiation, as well as ion implantation [115, 116, 117]. In particular, focused ion beam

implantation has been used to demonstrate creation of single VSi at deterministic positions

[115, 117], which is needed for their integration within photonic devices. With MD simula-

tions, we observe channeling at high implantation energies and certain angles, as shown in

Figure 2.4, where vx, the velocity along a particular in-plane direction, does not decrease as
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Figure 2.3: Formation energy for: (a) Ci and (b) Sii as a function of the reduced Fermi level for the
experimental gap of Eg = 3.23 eV. These defects were located in either the h (blue) and k (green)
planes. Upper and lower bounding curves denote the limit of either C-rich or Si-rich preparation con-
ditions.

much as the vz, the velocity along the out-of plane direction, over time, suggesting that the

ion is traveling along a channel in the vx direction. This observation demonstrates the useful-

ness of this method over binary collision models, which do not include crystal structure and

hence cannot show effects such as channeling. Channeling can also be useful for the creation

of VSi more deeply within the material, which might have beneficial effects such as improving

emitter-cavity coupling in optical devices.

The number of defects formed, averaged over three trials, can be found in Figure 2.4 (c).

As the ion passes through the cell in the majority of the trials, comparisons are made neglect-

ing defects formed after a cutoff time. This cutoff time is set at the overall minimum time

before an ion exits the cell and thus the number of defects formed represents an underesti-

mation of ultimate yields. In taking averages, we also neglect trials where the ion stopped

in the unit cell and defects formed at the boundary of the cell. In the trial for which the ion

stopped in the unit cell, the number of VSi formed at the aforementioned cutoff was about

24% greater than the average number of VSi formed in the trials where the ion did not stop

in the unit cell. Though the estimates represent underestimations, the yield is still far higher
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Figure 2.4: Sample results of molecular dynamics simulations for trajectories of a Si+2 ion, im-
planted at: (a) 45◦ and (b) 10◦ from the c-axis (in the x-z plane) with kinetic energy 70 keV. (c) Aver-
age defect counts for 45◦ (green) and 10◦ (blue).

than found in experiment [115, 117]. The discrepancy may be explained by the recombination

with Sii, Ci, attachment to VC or charge state variations, due to a Fermi level tuned for ex-

ample to favor neutral VSi. Figure 2.4 (a) shows an ion that stopped in the unit cell. The ac-
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cumulation of defects near the end of the trajectory is consistent with the creation of a Bragg

peak [117]. Further, we see that after an initial nearly stopping collision (at about the posi-

tion (56,33,61) nm), the ion is still able to travel a significant distance in the crystal, due to

the presence of a channel, before actually stopping.

These results show that the implantation angle can affect the absolute number of defects

created, even though the relative ratio is unaffected, and that a large number of defects are

created per incident ion, including through collision cascades. Based on errors calculated

from the spread in the data, we conclude that the difference in the number of vacancies cre-

ated based on implantation angle is indeed significant. However, the limiting case of perfect

channeling would also necessarily imply no defects would be formed, so the implantation

yield cannot be a monotonic function of the angle and must reach some maximum at an an-

gle between 10 and 90◦. The VSi differs from the NV and other substitutional atom-based

qubit candidates in that the emitters are not formed only at the stopping position of the im-

planted ion (e.g. N+), but stochastically along the implantation path. Hence, the large num-

ber of vacancies formed per incident ion necessitates methods to reduce the density of defects

after they are created by ion implantation. Thermal annealing of 4H-SiC is one such method,

which we examine next.

2.2 Migration of Intrinsic Point Defects in 4H-SiC

During high-temperature thermal annealing, VSi defects can recombine with interstitials or

transform into CSiVC, another single photon source [19] in 4H-SiC. Both processes reduce the

total number of VSi, as desired for lowering VSi density. This requires the diffusion of defects

to which we now turn, various pathways for which are indicated in Figure 2.5.

In the high-temperature limit, we obtain an attempt frequency ν0 = 1.7 × 1013 s−1 by tak-

ing into account the degrees of freedom of only the moving Si atom and ν0 = 3.2 × 1013 s−1

by including the nearest-neighbor C atoms. These attempt frequencies agree well with other

results, both theoretical [104], 1.6×1013 s−1, and experimental [106], 2.7×1013 s−1. In the
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Figure 2.5: (a) VSi migration pathways for out-of-plane staggered and eclipsed configurations viewed
along two different directions. (b) Pathway for the conversion of VSi to CSiVC. The labeled arrows
show the crystallographic axes. The initial (I), saddle-point (S) and final (F ) vacancy positions are
identified.

following we employ our own result for the attempt frequency, including its temperature de-

pendence, for the case where C atoms that neighbor the moving Si atom are included.

Energy barriers for VC migration and VSi migration and conversion to CSiVC are presented

in Figure 2.6. Our results for the migration barriers for VC are consistent with the anisotropic

migration observed in experiment [118]. We note that the energy barrier is lower when the

charge of the defect species (VSi and CSiVC) involved in the conversion is more positive (see

Figure 2.7). However, considering that the Fermi level has been tuned to the range that fa-

vors the presence of V −
Si defects, the V +1,+2

Si defects will naturally have higher formation

energies in that range than V −
Si and will therefore be present in relatively smaller fraction.

Thus, there is a tradeoff: though the barrier for conversion of VSi to CSiVC decreases for in-

creasing charge, the formation energy of VSi increases as we move farther away from the −1

charge state (assuming we are in the appropriate Fermi level range that favors V −
Si ), lowering

the number of species able to make the transition. The fact that the barrier to diffusion of

VSi decreases as the charge state becomes more negative can be rationalized by passivation

of dangling bonds when electrons are added to the defect. The barriers for diffusion for the

Ci and Sii can be found in Table 2.1 and will be discussed in Section 3.3. Based on Figure

2.3, we use the neutral charge state for both the Ci and the Sii in the barrier calculations as

we are considering the case of intrinsic 4H-SiC. We have also calculated barriers for the +1

charge state, which, again from Figure 2.3, is second in prevalence in the intrinsic material.
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Figure 2.6: The barriers for select transitions between defect states. The abbreviation “stag.” de-
notes staggered and “eclip.” denotes eclipsed configurations, as defined in Figure 2.5. The transition
is in-plane and eclipsed when neither eclipsed nor staggered is indicated for a transition between the
same species. The lattice site for the initial and final species in the transition is indicated as either
hexagonal (h) or cubic (k). The forward (backward) barriers are indicated with filled (empty) sym-
bols. Backward barriers are not shown for differences less than 5%. Black indicates neutral charge,
purple/red indicate ±1 charge and blue/maroon indicate ±2 charge.

In order to gain greater control over the movement and transformation of the VSi defect

during thermal annealing, we explore the dependence of the energy barrier on strain (see Fig-

ure 2.6). Essentially, if we reduce the displacement of VSi from its initial to its final config-

uration, the barrier will be lowered, though this argument is not general and applies specif-

ically to vacancy diffusion. This can be achieved by applying strain such that the final and

initial positions of VSi are brought closer together. If we apply tensile strain parallel to c-axis,

due to the Poisson’s ratio, the barrier for in-plane transitions is reduced while the barrier for

transitions with a significant out-of-plane component is increased. Since the two pathways for

VSi to convert to CSiVC have a significant out-of-plane component, we can similarly reduce

this transformation by applying strain.
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Figure 2.7: Energy pathway for the conversion VSi → CSiVC for the charge states −1 (red) and +2
(blue). The results are for a 480-atom supercell.

The kMC simulations detailed above yield a diffusion length of 8.4 nm·s−1 and a diffusivity

of 1.54×10−17 m2·s−1 at 1300 K. This differs significantly from earlier results [105] of 0.76

nm·s−1 for the diffusion length and 2.9×10−19 m2·s−1 for the diffusivity mainly due to the

lower energy barriers obtained in our calculations.

From the MD simulations for ion implantation, we obtain the characteristic distances be-

tween VSi and interstitial Si atoms, which we used to perform kMC simulations of diffusion

of VSi at various temperatures to assess timescales for recombination. The results are pre-

sented in Figure 2.8. For the fit, we observe that, by the construction of the simulation, each

atom not in equilibrium has a transition rate that is proportional to e∆ϕi/kbT and each atom

in equilibrium has a transition rate that is proportional to e−∆ϕj/kbT , where ∆ϕi, ∆ϕj > 0

are the differences in the Coulomb potential between the current position of a vacancy and

the position one step closer or farther away, respectively, from equilibrium. Here a vacancy

is considered to be moving closer to equilibrium if the Coulomb potential at the new location

is lower than the potential at the present location while higher potential at the new location

implies the vacancy is moving one step farther from equilibrium. We can assume the ∆ϕi are

all equal (∆ϕi = ∆ϕ0 for all i) and let α(T ) = a(T )e∆ϕ0/kbT and that the ∆ϕj are all equal
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Table 2.1: Various barriers for diffusion of the neutral Ci and Sii in eV. Minimum in-plane and out-
of-plane barriers are shown.

Path Energy barrier
Neutral Defects
(Csp[100] → Csp[100])in−plane, h 0.13
(Csp[100] → Csp[100])in−plane, k 0.16
(Csp[100] → Csp[100])out−of−plane from h 0.67
(Csp[100] → Csp[100])out−of−plane from k 0.16
(Sisp[100] → Sisp[100])in−plane, h 0.57
(Sisp[100] → Sisp[100])in−plane, k 0.77
(Sisp[100] → Sisp[100])out−of−plane from h 1.08
(Sisp[100] → Sisp[100])out−of−plane from k 0.77
+1 Defects
(Csp[100] → Csp[100])in−plane, h 0.92
(Csp[100] → Csp[100])in−plane, k 1.19
(Csp[100] → Csp[100])out−of−plane from h 0.99
(Csp[100] → Csp[100])out−of−plane from k 1.40
(Sisp[100] → Sisp[100])in−plane, h 0.19
(Sisp[100] → Sisp[100])in−plane, k 0.29
(Sisp[100] → Sisp[100])out−of−plane from h 0.19
(Sisp[100] → Sisp[100])out−of−plane from k 0.38

(∆ϕj = ∆ϕ1 for all j) and let η(T ) = b(T )e−∆ϕ1/kbT − α, where a(T ) and b(T ) are coefficients

that may depend on temperature and that capture a sum over all i and j, respectively, but

which we will assume do not change significantly with time. The cumulative transition rate

is proportional to α(1 − x) + (η + α)x, where x ∈ [0, 1] is fraction of atoms in equilibrium

and the time is therefore dilated by a factor of 1/(α(1 − x) + (η + α)x) = 1/(ηx + α). As in

any random walk, to first order the time for a particle to have nonzero probability of reach-

ing a given location is linearly proportional to the distance to the location, so t ∝ d; we also

assume that x ∝ t, so that x ∝ d. Rescaling, we have t = d/(ηd + α). We also expect that

VSi would attach to VC as another mechanism for reducing the density of VSi, given that the

process would be electrically favored as suggested by Figure 2.2, where the energetically fa-
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vored VC charge states in the q = −1 regime for VSi (indicated by the dashed vertical lines)

are all positive or zero, therefore they tend to be attracted to the V −
Si . The time scale would

be roughly the same as for recombination as, so results for that specific process are not pre-

sented here. Results for the fraction of remaining VSi as a function of time when Sii are also

allowed to move are presented in Figure 2.9.
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Figure 2.8: Recombination time as a function of interstitial Sii-VSi distance and temperature allow-
ing only VSi to move. The error bars are the standard error from binning the data into 10 bins for
time and distance. The solid-line fit for each temperature is given by t = d/(ηd+ α), where t is the re-
combination time, d is the displacement and η and α are temperature-dependent parameters described
in the text.

2.3 Conclusion

Using first-principles calculations for formation energies, diffusion barriers and attempt fre-

quencies, and MD and kMC simulations, and an analytical model, we have studied the ther-
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Figure 2.9: Ratio of final to initial VSi count as a function of time at room temperature, taken as a
proxy signal-to-noise ratio (SNR). All defects were allowed to move.

modynamics and kinetics of intrinsic monovacancy and single interstitial defects in 4H-SiC,

from the energetics of formation to their creation through ion implantation, to their diffusion

and recombination during high-temperature annealing. The formation energies obtained are

consistent with the relative populations of defects obtained from MD simulations for ion im-

plantation, which also show the influence of implantation angle on the number and types of

defects formed. Diffusion barriers for the charge states −2,−1 and 0 for VSi show a monoton-

ically increasing barrier with increasing charge. We considered isotropic strain of −2, 0,+2%

and +2% along the c-axis, and generally found an increase in the diffusion barrier with in-

creasing strain, though the barrier for in-plane transitions is reduced with tensile strain par-

allel to the c-axis. From these results, we also computed the recombination time of VSi with

interstitial Sii. These computational results cover the range of parameters available in the

experimental efforts to create and position VSi in 4H-SiC. This information can be useful in

guiding integration of V −
Si within electronic and photonic devices based on 4H-SiC, which is

critical for its future applications as a host for solid-state qubits.
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3
Enhancing Fluorescence of the Silicon

Monovacancy in 4H-SiC

In this chapter, we first outline the general theory of an optical cavity and then discuss the

experiments that observed the enhanced fluorescence from the V −
Si for laser and thermal an-

nealing. We end by providing the theoretical justification for the experimentally observed

results.

3.1 Overview of Optical Cavities

Fundamentally, an optical cavity is a region enclosed by mirrors. In such a region, therefore,

propagating light will be reflected back and forth and be confined [119, 120]. Given that pho-

tonic band gaps are invariably characterized by finite gap-midgap ratios (ie. they are finite),
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standing waves will only develop for some finite range of frequencies, corresponding to res-

onant modes in the cavity. If such frequencies are near the ZPL or excitation energy of an

emitter in the cavity, the light will interact resonantly with the emitter, enhancing the emis-

sion. The Purcell factor, F , quantifies the amount by which emission can be enhanced when

the emitter is inside the cavity and can be derived by the following line of reasoning.

The Purcell factor is by definition the ratio of the emission rate of an emitter in a cavity

to the emission rate of an emitter in uniform space [121]. The uniform space density of states

is obtained by counting the cubes of reciprocal space corresponding to a given frequency ω

with a factor of 2 for the polarizations of light, normalizing by the volume of uniform space

being considered and using the linear light dispersion relation to express the density of states

in terms of the given frequency ω. Such a process yields the density of states,

ρ0(ω) =
ω2n3

π2c3
, (3.1)

where n = n(ω) is the index of refraction of the uniform region. Applying Fermi’s golden rule

yields the uniform space emission rate,

Γ =
µ212n

3ω3

3πε0ℏc3
, (3.2)

where µ12 is the matrix element of the electric dipole interaction linking the excited state

to the ground state of the emitter, ε0 is the permittivity of free space, ℏ = h/2π where h is

Planck’s constant and c is the speed of light.

For the cavity density of states, we note that the density of states is defined as,

DOS(ω) =
∑
m

δ(ω − ω(m)), (3.3)

where the sum is over the modes of the system and ω(m) is the frequency of the mth mode.
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Normalizing the electromagnetic eigenfields such that,

⟨
E(m),E(m)

⟩
=

∫
ε(r)|E(m)(r)|2dr = 1, (3.4)

where ε(r) is the dielectric constant, we can define a per-polarization local density of

states [122],

LDOSl(r, ω) =
∑
m

δ(ω − ω(m))ε(r)|E(m)
l (r)|2, (3.5)

where summing over the three polarizations, l, and integrating over all of space gives back

the density of states. The expression for the normalization of the electromagnetic eigenfields

follows naturally from the expanding the E field in harmonic modes, which from Maxwell’s

equations gives the generalized eigenproblem [123]

∇× 1

µ(r)
∇×E(m) =

(
ω(m)

c

)2

ε(r)E(m) (3.6)

for each harmonic mode and where we then use the analogy with quantum mechanics to de-

termine the appropriate normalization expression.

For emission from a cavity with finite loss ∆ωc/2, we rewrite the delta function as its

Lorentzian approximation, taking a single mode or cavity resonant frequency ω(m) = ωc.

We then consider the polarization-averaged LDOS obtained by summing over the three po-

larizations [122],

LDOS(r, ω) =
∆ωc

2π

1

(ω − ωc)2 + (∆ωc/2)2
ε(r)|Ec(r)|2. (3.7)

In Eq. (3.7) we have defined,

|Ec(r)|2 =
3∑

l=1

|E(m)
l (r)|2, (3.8)

where m is the mode corresponding to the cavity resonant frequency ωc. Noting that

ε(r)|Ec(r)|2 has units of inverse volume, since its integral over space has been normalized
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to 1, we can identify a modal volume [122],

V =

∫
ε(r)|Ec(r)|2dr

maxr ε(r)|Ec(r)|2
, (3.9)

which is effectively the volume in which ε(r)|Ec(r)|2 is not small. Define the quality factor,

Q =
ωc

∆ωc
, (3.10)

which characterizes the ability of the cavity to confine a mode with higher Q implying longer

confinement. Evaluating the LDOS at the position, r0, of the maximum of ε(r)|Ec(r)|2 we

have,

LDOS(r0, ω) =
∆ωc

2πV

1

(ω − ωc)2 + (∆ωc/2)2
. (3.11)

Again applying Fermi’s golden rule yields the cavity emission rate,

Γc =
Qµ212
2ℏε0V

ξ2
∆ω2

c

(ω − ωc)2 + (∆ωc/2)2
, (3.12)

where the factor ξ = |µ·E|
|µ||Emax| quantifies the alignment of the emitter dipole and the cavity

electric field. The ratio of the emission rates gives the Purcell factor [124],

F =
Γc

Γ
=

3

4

Q(λ/n)3

π2V
ξ2

ω2
c

4Q2(ω − ωc)2 + ω2
c

. (3.13)

3.2 Experimental Results for Fluorescence Enhancement for Laser

and Thermal Annealing

We provide here some unpublished experimental results obtained by Mina Gadalla in the

group of Professor Hu of Harvard University regarding the fluorescence enhancement for V −
Si

at h sites in 4H-SiC. The experimental structure behaving as an optical cavity to house the

defects is a one-dimensional nanobeam photonic crystal cavity [16] made by alternating holes
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and material with appropriate tapering to bound the central region of the structure with

Bragg mirrors as displayed in Figure 3.1.

1 

Bragg mirrorBragg mirror Tapered region

μm

Figure 3.1: One-dimensional nanobeam photonic crystal cavity with corresponding electric field in-
tensity profile. Taken from a presentation given by David Bracher of the group of Professor Hu at
Harvard University to the group of Professor Kaxiras at Harvard University.

The temperature and laser annealing conditions used are displayed in Figures 3.2-3.4. For

reference, the ZPL of V −
Si at an h site in 4H-SiC is about 861 nm [16, 17]. The temperature

anneals were done at 100 ◦C for 20 minutes, while the laser anneals used a 785 nm laser at a

power of 50 mW. Laser anneals were done until saturation of the fluorescence enhancement,

which could take up to a few hours. Purcell measurements were done at 77 K by first low-

ering the temperature of the sample using liquid nitrogen and then performing nitrogen gas

condensation to redshift progressively through resonance cavities that were designed to be

slightly blueshifted from the resonance wavelength of the emitters [16]. The change in the

signal-to-noise ratio (SNR) was measured at room temperature. The measured spectra all

relate to defects contained within the small volume corresponding to the middle of the red

highlighted areas shown in Figure 3.1. Given the limited volume in which the V −
Si defects ex-

ist of roughly (100 nm)3, if the annealing changes were caused by diffusion of these defects

we would expect to see an increase in the photoluminescence (PL) signal and then a decrease
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in the PL signal as defects encountered the side walls of etched holes. Instead, for both ther-

mal annealing and laser annealing below the bandgap, we see an increase in the PL signal

followed by saturation. Any proposal of diffusion of V −
Si is further complicated by the fact

that the energy of the red laser of 1.58 eV or even of a green laser is too small to induce such

diffusion. We note here that annealing with lasers with energies above the bandgap, where

induced diffusion is possible, does by contrast lead to an eventual decrease in the PL.
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Figure 3.2: Change in the Purcell enhancement and SNR after annealing with a red laser. The ZPL
before the anneal is at λi = 859 nm, while after the anneal it is at λf = 857.5 nm.

We find that the greatest Purcell enhancements occur when the SNR increases more sig-

nificantly than the background near the ZPL wavelength. Differences between observed ZPL

values and the ones calculated and previously measured for the h site V −
Si [16, 17] may be
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Figure 3.3: Change in the Purcell enhancement and SNR again after annealing with a red laser. The
ZPL before the anneal is at λi = 850 nm, while after the anneal it is at λf = 848 nm.

due to interaction with other defects, strain, surfaces or the environment. The change in the

wavelength before and after the thermal and laser anneals is likely due to the fact that the

anneals were carried out in atmosphere so that oxidization of beams, which changes the ge-

ometry of the cavity and therefore the frequency of the cavity mode, becomes a real possibil-

ity. A comment is in order here on the broad accompanying background to the ZPL signal.

This background is due to coupling to phonons, which disperses the energy of a given defect

transition over a wider spectral range. The coupling between the defect and the cavity in-

duces emission on shorter time scales than those of lattice vibrations, thereby diminishing

the background leading to a higher signal to noise at the ZPL. Based on the measurements
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Figure 3.4: Change in the Purcell enhancement and SNR after thermal annealing. The ZPL before
the anneal is at λi = 857.5 nm, while after the anneal it is at λf = 857.5 nm.

displayed and other corroborating measurements, the thermal and laser annealing appear to

operate by different mechanisms as thermal annealing generally shows a smaller increase in

the background than laser annealing. We then turn to detailing proposed mechanisms for the

fluorescence enhancements.

3.3 Theoretical Justification for the Fluorescence Enhancement un-

der Different Experimental Conditions

From Figure 2.2, the silicon monovacancy (VSi) exists in the −1 charge state in intrinsic 4H-

SiC. Therefore, under ion implantation, an initially neutral crystal must give rise to some
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metastable charge states given that combining the charges of V −
Si and Si0i does not yield a

net charge of zero. We propose that laser annealing would help some of the VSi trapped in

metastable charge states to find the ground state by ionizing nearby Si0i .

Given the relative values of the barriers for Ci and Sii from Table 2.1, recombination of the

Sii with VSi should occur on relatively short time scales even at room temperature. Indeed,

the kMC simulations shown in Figure 2.9 indicate that in tens to hundreds of picoseconds

the number of silicon vacancies roughly halves, which could explain low yields from ion im-

plantation. However, if we only consider the movement of the Ci, using the barrier for the

+1 charge state, the signal increases as shown in Figure 3.5. We attribute this result to the

observation that the Ci can principally undergo three processes, namely, recombination with

a VC restoring the stoichiometric lattice, recombination with a VSi creating an anti-site and

decreasing luminescence from V −
Si or recombination with the carbon vacancy in a divacancy

creating an additional VSi and enhancing luminescence from V −
Si . On average Ci are located

closer to VC than to VSi. This result, calculated from MD simulations, is shown in Figure 3.6

and explains why the recombination processes leading to enhanced luminescence are favored.

Therefore, once the neutral interstitials have been allowed to diffuse for such a period of time

that their average diffusion length exceeds the longest straight path that does not exit the

sample (this diffusion length is obtained in fractions of a second at room temperature), the

remaining Ci interstitials in the +1 charge state when given enough energy to move will lead

to increased luminescence as long as the temperature is not so high that vacancies are acti-

vated to move as well.

To reiterate, low-temperature thermal annealing results in a greater number of VSi created,

while laser annealing below the bandgap could potentially induce charge transfer (a result

supported by experiments by Manson et al. [125]), but not increase the number of VSi. Thus,

laser annealing should only slightly change the SNR in general, as the increase in signal from

VSi trapped in metastable states might be offset by the charge transfer giving rise to other

photo-active impurities that simply increase the overall background. The mechanism for flu-
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Figure 3.5: Ratio of final to initial VSi count for 6 different temperatures, taken as a proxy signal to
noise ratio (SNR). Only the Ci and VSi were allowed to move.
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est VSi. Average minimum distances are also shown.

orescence enhancement by thermal annealing is Ci combining with divacancies to form VSi.
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From our calculations the Ci are largely neutral in the intrinsic material followed by the +1

charge state. The divacancies are largely neutral as well [126, 127], thus any VSi formed by

recombination must also be neutral or have a charge of +1 by charge conservation. It would

therefore appear that thermal annealing should lead to no observable increase in the signal

given that the number of V −
Si should not increase. The reason the signal increase is observed

would then be due to the laser illumination that is part of the detection procedure in a pho-

toluminescence experiment. The mechanism for this fluorescence enhancement by laser an-

nealing is laser excitation of electrons trapped in atoms in metastable charge states, where

these electrons are then captured by neighboring atoms such that the overall energy of the

system is lower in the new electronic configuration. Indeed, energetically, the coexistence of

V −
Si and Si+i is favored over the coexistence of V 0

Si and Si0i based on the results of Figures 2.2

and 2.3 (ie. by summing the appropriate formation energies).

A final note is that we are not the first to propose the general idea of these mechanisms

as Fuchs et al. [114] had already done so. The main novelty of this work is the attribution of

only the changing of the charge state to laser annealing and only the atomic displacements to

the thermal annealing, as well as specific details of the mechanisms.

3.4 Conclusion

In summary, we propose that low temperature annealing may complement laser annealing

as a means of enhancing luminescence from VSi in 4H-SiC. As outlined above, we propose a

mechanism for thermal annealing that involves the motion of atoms, while our mechanism for

laser annealing involves the motion of charge.
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4
Thermodynamics and Kinetics of

Vacancy-Related Point Defect Qubit

Candidates in Diamond

In this chapter, we explore how a single carbon vacancy (VC) can affect the properties of

XV − color centers in diamond. We first discuss transition levels and formation energies of

VC and vacancy-related point defect qubit candidates in diamond. We then overview their

structure and provide migration barriers for VC in various environments. We next discuss the

formation energies of complexes of VC and vacancy-related qubit candidates in diamond as a

function of Fermi level. The results suggest ways to mitigate the formation of VC−XV clus-

ters by simple electromagnetic and chemical considerations under certain doping conditions.

Finally, we address the problem that while acoustic phonons can have a detrimental effect
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on the spin coherence times of XV − color centers this effect can be mitigated by varying the

density of carbon vacancies in the host diamond material.

4.1 Formation of VC and Vacancy-Related Point Defect Qubit Candi-

dates in Diamond

Let us first review how single carbon vacancies can affect NV − color centers in diamond. To

generate these NV − centers, atomic and molecular nitrogen ions (e.g. N+ and N+
2 ) are intro-

duced at low to high energies (2 keV - 2 MeV) in a host diamond material where they substi-

tutionally replace carbon atoms [128, 129, 130, 131, 132, 133, 134]. This process produces a

large number of single carbon vacancies throughout the crystal especially along the pathway

of the implanted nitrogen ions. Subsequent annealing of the host diamond material at high

temperature eliminates many of these newly created carbon vacancies through recombination

with interstitials, while others can diffuse towards the implanted nitrogen atoms to form the

desired NV − color centers. Unfortunately, the remaining single carbon vacancies in the host

material can cause several problems for these newly created NV − color centers. One issue is

that a VC can form a complex with a NV − color center (e.g. VC−NV −), thus affecting its op-

tical properties by quenching its fluorescence (an issue that becomes more prevalent the heav-

ier the color center) [132]. Another problem occurs when single carbon vacancies combine to

form paramagnetic clusters of various shapes and sizes (VC)n=2,3,... which can interfere with

the spin of the NV − centers thus decreasing their spin coherence times [135, 136, 137]. A

clever way of eliminating the formation of vacancy clusters when creating NV − centers in di-

amond has been recently proposed [138]. By charging the vacancies in the space charge layer

of free carriers generated by a boron-doped diamond structure, the formation of thermally

stable paramagnetic divacancy complexes (V2) was suppressed resulting in a tenfold-improved

spin coherence time for the color centers and a twofold-improved formation yield of nitrogen

vacancy centers in diamond. We believe that all of these concerns would also apply for the

carbon vacancies which were generated during the formation of XV color centers.
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We have computed formation energies and charge transition levels for the defects, which

are shown in Figure 4.1(a). Such computations will ultimately allow us to relate the barrier

height as a function of charge of VC to the Fermi level. Formation energies for a representa-

tive case, the NV defect, are shown in Figure 4.1(b). Our results for the formation energy

of the NV defect in diamond are in good agreement with previous results [2] and our results

agree with the charge state of GeV found experimentally for intrinsic diamond [57].
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Figure 4.1: (a) Charge transition levels shown relative to the experimental gap Eg = 5.47 eV [139],
for the unit cell with 216 atoms for VC, NV , SiV , GeV , SnV and PbV . The calculated gap was
EDFT
g = 4.10 eV. (b) Sample formation energy plot for the NV defect, from which charge transition

levels are obtained.

Our formation energy for the neutral VC, shown in Figure 4.2, of 7.00 eV is in good agree-

ment with values from the literature of 6.74 eV and 6.86 eV, using a 128-atom supercell with

the B3LYP functional and using a 456-atom hydrogen-terminated cluster through the CRYS-

TAL code, respectively [140], or 7.01 eV and 6.99 eV using 32- and 64-atom supercells, re-

spectively, with the HSE06 functional [141] or 6.78 eV using Vanderbilt ultra-soft pseudopo-

tentials with a 64-atom supercell [142]. We note that the calculated formation energies for

the VC are consistent with experimental observations of the dependence of the GR1 color cen-

ter (which has been assigned to the neutral defect) on the Fermi level in diamond [143]. We

also note that our transition levels for the SiV are in good agreement with Ref. [30] where
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the charge correction scheme of Lany and Zunger was used [144] as well as the HSE06 func-

tional with a 512-atom supercell. Given the lower order of approximation possible with the

PBE functional, we miss the +1 charge state and our transition levels are shifted slightly.

Using the Kröger-Vink notation to describe a transition level [145, 146], the (−|0) level is at

a reduced Fermi level of 0.21 compared to 0.26 [30] and the (2 − |−) level is at a reduced

Fermi level of 0.45 compared to 0.39 [30]. Thus, we assign an error to our transition levels of

roughly 6% of Eg.
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Figure 4.2: Formation energy for the most stable charge state of the VC as a function of the normal-
ized Fermi level. Vertical dotted lines indicate transitions between charge states.

4.2 Structure of VC and Vacancy-Related Point Defect Qubit Candi-

dates in Diamond

For the structural features of diamond, we obtain a = 3.572 Å for the lattice constant. Our

value agrees well with the experimental value of a = 3.567 Å [106] and with a theoretical

value of a = 3.570 Å [2]. Various structural constants are defined in Figure 4.3 and the values

for the different color centers are presented in Table 4.1, as obtained from our calculations

and from previous theoretical investigations [2, 67].
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Figure 4.3: Structure of (a) NV −, (b) XV − and (c) V −
C defects, with the same orientation, with

distances defined corresponding to the values in Table 4.1. Carbon atoms are indicated in brown.

Table 4.1: Structural constants d1 and d2 (in Å, see Figure 4.3) for XV − centers and corresponding
values from previous work in brackets.

XV d1 d2
NV 1.80 [1.87a] 1.48 [1.42a]
SiV 1.98 [1.96b] 2.69 [2.67b]
GeV 2.03 [2.01b] 2.76 [2.73b]
SnV 2.10 [2.08b] 2.86 [2.83b]
PbV 2.15 [2.12b] 2.92 [2.88b]

a. From Ref. [2]
b. From Ref. [67]
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4.3 Migration of Isolated VC in Diamond

We now turn to the formation of complexes of the VC with XV color centers in diamond. The

first step in our model calculation is to compute the barrier height of diffusion for an isolated

VC in diamond as a function of the charge state of the vacancy q. We used the NEB method

to compute the lowest energy diffusion pathway for an isolated VC in diamond and then cal-

culated the barrier height (EVC
b ) for that particular lowest energy pathway. We hypothesized

that this barrier height would depend on the charge state of the isolated VC.

To test our hypothesis we performed a model calculation in which we computed the barrier

height for diffusion of the VC as a function of the charge state of the vacancy, q. It is impor-

tant to realize that in our actual DFT calculation we cannot directly alter the charge state

of the VC in diamond. We can, however, modulate the total charge of the supercell which

contains the isolated VC and this total charge is redistributed throughout the supercell as a

result of the DFT calculation. We used the DDEC6 method (see Section 3.1) to compute the

charge state of the VC for a particular choice of the total charge of the supercell which con-

tains the isolated VC (we chose nine different values for the total charge of the system from

−6e to +2e). We note that our barriers for the neutral isolated VC and the isolated V −
C of

about 2.6 eV and 3 eV, respectively, are in good agreement with other theoretical values of

2.6 eV and 3.5 eV [2]. The values of Deák et al. were computed using the HSE06 functional

which localizes the charge density to a greater degree than the PBE functional we have used

as pointed out in Section 1.3. We are therefore effectively observing that there appears to

be an equivalence such that the barriers from PBE for a given charge state can be identified

with the barriers for HSE06 as long as the charge state determination is made by physically

measuring the charge in a localized region, independently of the charge assigned to the su-

percell, as for example through the DDEC6 method. Our results for the barrier height for an

isolated VC in diamond as a function of its charge state q are illustrated in Figure 4.4.

The V-shaped behavior of the barrier as a function of charge can be interpreted to first-
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Figure 4.4: Charge dependence of the barrier E(VC)
b for diffusion for the isolated VC (black open

circles) in diamond. The lines between data points are a guide to the eye.

order using very simple chemical and physical ideas. Starting at the right-hand side of Figure

4.4 and moving towards the left corresponds to increasing the Fermi level of the host mate-

rial. From a practical point of view this can be accomplished by doping diamond with elec-

trons thus making more electrons available in the conduction band. These excess electrons

are now available to the VC and stabilize the dangling bonds surrounding it. This results in a

lower barrier height since the presence of the passivating charge reduces the energy required

to break and reform chemical bonds during the diffusion of VC throughout the diamond host

material. As the Fermi level is increased further, a point is reached where the VC becomes

saturated with charge and it can no longer acquire more electrons to passivate the neighbor-

ing dangling bonds. The excess charge interacts with the charge around the VC and the en-

suing Coulomb repulsion causes an increase in the diffusion barrier height. In summary, our

model calculation shows that the charge of the VC must be taken into account to determine

how easy or hard it is for the defect to diffuse. This barrier height is implicitly a function of

the Fermi level of the host semiconductor material since the expected charge state depends

on the Fermi level position which can be altered either by doping or through the application
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of an external bias.

In the high-temperature limit, we obtain an attempt frequency ν0 = 6.4 × 1013 s−1 for

the neutral vacancy and a higher value of ν0 = 16.2 × 1013 s−1 near a DDEC6 charge of

−1e for the vacancy, as expected from consideration of phonons traveling through an ionized

medium [147]. At 1200 ◦C, using d = 1.6 Å, we find a diffusivity of 2.4 × 10−15 m2·s−1 for

the neutral state using a barrier of 2.6 eV, corresponding to a diffusion length of 49 nm·s−1,

and a diffusivity of 2.6× 10−16 m2·s−1 for the −1 charge state using a barrier of 3.0 eV, corre-

sponding to a diffusion length of 16 nm·s−1. Thus, diffusion is important in these systems for

high temperature annealing.

4.4 Migration of VC in the Presence of Vacancy-Related Qubit Candi-

dates in Diamond

We next investigate the ease of diffusion of VC if it is placed near a XV color center. To ad-

dress this question we used a simple model in which both the VC and the XV color center

are placed in a 3 × 3 × 3 supercell in such a manner as to maximize the distance between

them by taking into account the periodicity of the supercell. Once this distance is determined

we calculated the barrier height of diffusion for the VC in the presence of the stationary XV

color center (E(XV )
b ). As previously discussed in Section III-C for the isolated VC, we expect

this barrier height to depend on the charge state. The total charge in the supercell containing

both the XV and the VC was varied from −6e to +1e and these results are shown in Figure

4.5.
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Figure 4.5: Charge dependence of the barrier E(VC)
b for diffusion of the isolated VC (black open cir-

cles) and (colored dots) in the presence of (a) NV , (b) NV ′, (c) SiV , (d) GeV , (e) SnV , and (f) PbV .
The barrier heights for VC near these six latter species are E(XV )

b where X is a particular element. The
horizontal axis is the charge on the VC. For NV ′, the positions of the vacancy and the N atom have
been switched to investigate the effect on the barrier of the orientation of the NV . The lines between
data points are a guide to the eye. The curves at the bottom of each plot are the differences between
the two barriers ∆E

(XV )
b = E

(XV )
b − E

(VC)
b . For the NV (NV ′), the total charge values were extended

down to −8e and −7e, respectively.
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The barrier height for VC in the presence of XV as a function of the charge state of the VC
also has a characteristic V-shaped behavior which is similar to that of the isolated VC for the

reasons previously discussed, but it is always higher than that of the isolated VC. This can

be explained by the fact that the XV acts as a dopant, more precisely an as acceptor, and it

removes charge from the local environment of the VC, thus making it harder to passivate the

dangling bonds surrounding the VC as it diffuses. The net effect is that the diffusion barrier

height for the VC is increased in the presence of the XV .

The results of Figure 4.5 appear to suggest that carbon vacancies should tend to get stuck

as they attempt to approach the XV , as a higher barrier for diffusion at a given location im-

plies that it is harder to move away from that given location, and more so as the charge be-

comes more positive. In Section 4.5, we provide calculations of the thermodynamics of the

relevant systems which outline how isolation of color centers is favored under certain condi-

tions.

We have considered the effect of increasing the size of the supercell from a 3 × 3 × 3 mul-

tiple to a 4 × 4 × 4 multiple of the conventional unit cell which corresponds to an increase

in the distance between defect species from 7.62 Å to 9.18 Å (a change of about 20%). These

larger supercells did not produce any qualitative changes in the observed trends. The results

nonetheless warrant some further discussion as for the case of the 4 × 4 × 4 supercells, where

the different defect species were placed slightly farther away from each other (and from their

periodic images, as well), we found significantly higher barriers to diffusion for the cases with

nonzero total charge than in the 3 × 3 × 3 case. We explain this effect by noting that as de-

fects approach one another their orbitals hybridize thus resulting in lower energies. Having

explored the limiting cases of infinite distance between the species (the isolated case) and

minimal distance between the species (discussed below) and two intermediate cases, we can

conclude that the barrier for diffusion of the VC depends on distance in the following manner:

It increases from roughly zero as the distance between the species is increased until it reaches

a maximum when the species are at the minimum distance where they no longer experience
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hybridization of orbitals, and then decreases until the barrier reaches the value for the iso-

lated VC.

4.5 Formation of Complexes of Qubit Candidates and VC

We now determine the result of the reaction once a VC in diamond reaches a color center (or

is a small, but finite, distance away from one) since, as our calculations show, the VC defects

are quite mobile and can diffuse easily throughout the crystal. Based on the respective for-

mation energies from our calculations, a VC in close proximity to a color center is quite stable

as compared to the case when the two constituents are isolated (a sample complex is shown

for one of the heavier color centers, the GeV , in Figure 4.6), .

[111]

Ge

VC  GeV_

C

GeVVC

Figure 4.6: Structure of the VC defect (left), the isolated GeV center (middle) and the VC−GeV
complex (right). Carbon atoms are indicated in brown and the Ge atom in blue. The associated
charge density for the VC−GeV complex is shown to indicate where bonds are formed.

To understand whether, for example, a VC−GeV complex will spontaneously form if the

GeV and VC species are brought very close together in the crystal, we compare the formation

energy of the VC-GeV complex with the formation energy of a system consisting of the two
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isolated VC and GeV species for the reaction below

VC +GeV → VC −GeV. (4.1)

Thermodynamically, if the formation energy of the system consisting of the two isolated

species is higher than that of the complex, it follows that the complex should form sponta-

neously. Thus, the quantity of interest is ∆Ef for the VC-GeV complex relative to the iso-

lated GeV and VC species,

∆Ef = EVC−GeV
f − EVC

f − EGeV
f , (4.2)

where EVC−GeV
f , EVC

f , and EGeV
f are the formation energies of the respective species indi-

cated by the superscripts. The calculation of this difference is complicated by the fact that

the formation energies on the right side of Eq. (4.2) also depend on the charge states for the

individual species. Specifically,

EVC
f = EVC

f (qVC) (4.3)

EGeV
f = EGeV

f (qGeV ) (4.4)

EVC−GeV
f = EVC−GeV

f (qVC−GeV ) (4.5)

so that Eq. (4.2) becomes

∆Ef = EVC−GeV
f (qVC−GeV )− EVC

f (qVC)− EGeV
f (qGeV ). (4.6)

Our goal is to calculate ∆Ef using Eq. (4.6). The term EVC
f (qVC) is evaluated as follows.

For a fixed value of EF one simply calculates the formation energy for all charge states q and

takes the lowest value. The same procedure is applied for the GeV and the VC−GeV . Let q∗VC
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be the charge state of the VC, q∗GeV be the charge state of the GeV , and q∗VC−GeV be the charge

state of the VC − GeV after this first step. There is no reason why this first step should lead

to charge conservation in Eq. (4.1) as the two isolated species and the complex will necessar-

ily form distinct bonding structures, which suggests different chemical behavior. Indeed, in

general q∗VC−GeV ̸= q∗VC + q∗GeV . To rectify this imbalance, we add free electrons or holes to Eq.

(4.1). By analogy to the case of a binary compound AB where one must consider A-rich and

B-rich preparation conditions in calculating the formation energy of defects, we determine

whether to add free electrons or holes to the left or the right side of Eq. (4.1) by consider-

ing regimes where no energy is injected into the system (energy poor) or where the supply of

energy is inexhaustible (energy rich). If no energy is injected into the system, the additional

electrons or holes must go to the right side of Eq. (4.1), while if the supply of energy is inex-

haustible the additional electrons or holes go to the left side of Eq. (4.1). We note that the

procedure of adding free electrons or holes may reorder the formation energies, changing the

species charge state corresponding to the minimum formation energy for the system. Thus,

if we consider for example the regime where no energy is injected into the system, we need

to consider all charge states of the VC − GeV from qi = q∗VC−GeV to qi = q∗VC + q∗GeV with

the appropriate addition of free electrons or holes such that charge is always conserved in the

reaction. We then calculate the formation energy of the corresponding systems and take the

minimum of these energies. The procedure therefore ensures charge conservation and that

only the thermodynamically favored systems or lowest energy systems are considered.

We note that an energy poor forward reaction corresponds to the same set of formation

energies as an energy rich reverse reaction and, similarly, an energy rich forward reaction

is equivalent to an energy poor reverse reaction. Thus, if the system is energy poor the for-

ward reaction is modeled with the energy poor forward reaction and the reverse reaction is

modeled with the energy rich forward reaction. We argue that no ambiguity ensues regarding

the results of the reaction as follows. Given an energy poor forward reaction where the prod-

ucts have energy higher than the reactants, the reaction should not proceed and there is no
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need to worry about whether the reverse reaction is energy rich or energy poor. If not, then

the reaction will proceed. Indeed, if in the energy poor forward reaction the forward reaction

product is of lower energy than the forward reaction reactants, it will necessarily be so in the

energy rich forward reaction as well. Also, if the energy difference is quite great it may even

be more correct to model the reverse reaction as an energy rich reaction so again there is ab-

solutely no ambiguity. We then come to the question of energy rich reactions. If the reaction

is energy rich and there is a sign flip in the difference in formation energies for the reaction

when considering the energy poor counterpart (which is equivalent to the energy rich reverse

reaction), then we would expect both forward and reverse reactions to occur (which is indeed

exactly what we should observe if the system has enough energy).

Let us generalize our discussion from the case of GeV to XV and let q3 = q∗VC−XV , q2 = q∗XV

and q1 = q∗VC . Formally, for a given value of the Fermi level in energy poor conditions, let

E
(VC−XV )
f0

= min
q3

[
E

(VC−XV )
f (q3)

]
+ [q3 − (q1 + q2)] · (ECBM − EF) (4.7)

where we are minimizing over the variable q3 in the first term (yielding the charge state la-

beled in the same way), the last term is included to ensure charge conservation for the case

q3 > q1 + q2 by adding the energy of q3 − (q1 + q2) free electrons to the right side of Eq. (4.6)

and ECBM is the absolute position of the conduction band minimum, or

E
(VC−XV )
f0

= min
q3

[
E

(VC−XV )
f (q3)

]
+ [(q1 + q2)− q3] · (EF − EVBM) (4.8)

where the last term is included to ensure charge conservation for the case q3 < q1 + q2 by

adding the energy of (q1 + q2) − q3 free holes to the right side of Eq. (4.6). In energy rich

conditions, let

E
(VC+XV )
f0

= min
q1,q2

[
E

(VC)
f (q1) + E

(XV )
f (q2)

]
+ [(q1 + q2)− q3] · (ECBM − EF) (4.9)
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where we are minimizing over q1 and q2 in the first term (yielding similarly labeled charge

states) and the last term is included to ensure charge conservation for the case q3 < q1+ q2 by

subtracting the energy of (q1 + q2)− q3 free electrons from the right side of Eq. (4.6), or

E
(VC+XV )
f0

= min
q1,q2

[
E

(VC)
f (q1) + E

(XV )
f (q2)

]
+ [q3 − (q1 + q2)] · (EF − EVBM) (4.10)

where the last term is included to ensure charge conservation for the case q3 > q1 + q2 by

subtracting the energy of q3 − (q1 + q2) free holes from the right side of Eq. (4.6). Given

possible reordering of the formation energies with the addition of free electrons or holes, let

i = 0, ...,max [q3 − (q1 + q2), 0] and consider,

E
(VC−XV )
fi

= E
(VC−XV )
f (q3 − i) + [q3 − i− (q1 + q2)] · (ECBM − EF) (4.11)

or let i = 0, ...,max [(q1 + q2)− q3, 0] and consider,

E
(VC−XV )
fi

= E
(VC−XV )
f (q3 + i) + [(q1 + q2)− i− q3] · (EF − EVBM) (4.12)

for energy poor conditions. For energy rich conditions, let i = 0, ...,max [(q1 + q2)− q3, 0] and

consider,

E
(VC+XV )
fi

= min
q′1+q′2=q1+q2−i

[
E

(VC)
f (q′1) + E

(XV )
f (q′2)

]
+ [(q1 + q2)− i− q3] · (ECBM − EF) (4.13)

where we are now minimizing over the variables q′1 and q′2 in the first term or let i =

0, ...,max [q3 − (q1 + q2), 0] and consider,

E
(VC+XV )
fi

= min
q′1+q′2=q1+q2+i

[
E

(VC)
f (q′1) + E

(XV )
f (q′2)

]
+ [q3 − i− (q1 + q2)] · (EF −EVBM). (4.14)
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To ensure we have the lowest energy, for energy rich conditions we take

ε
(VC+XV )
f = min

i

[
E

(VC+XV )
fi

]
, (4.15)

ε
(VC−XV )
f = E

(VC−XV )
f (q3). (4.16)

For energy poor conditions we take

ε
(VC−XV )
f = min

i

[
E

(VC−XV )
fi

]
, (4.17)

ε
(VC+XV )
f = E

(VC)
f (q1) + E

(XV )
f (q2), (4.18)

where a dependence on the Fermi level is implied. Using Eqs. 4.15−4.18 ensures both charge

conservation and the consideration of only the thermodynamically favored products and re-

actants. We have analogously also calculated the quantity ε(VC−−XV )
f for the separation of VC

and XV by a finite distance.

In Figure 4.7 we show the formation energy results for various VC−XV complexes. These

results show that the VC easily forms complexes with the XV for most Fermi level values,

ultimately depleting the yield of isolated XV color centers in diamond. We note that this

spontaneity of complex formation assumes that the two species move from infinity to min-

imal separation without passing through any intermediate separation distances. We have

only displayed results for the limiting regime where no energy is injected into the system,

as that regime demonstrates the best chance of not forming complexes. The limiting regime

where the supply of energy is inexhaustible has uniformly higher formation energies for the

system consisting of the separated XV and VC than for the system of the XV − VC for all

species X and all values of the Fermi level. We explain the propensity to form complexes by

the fact that hybridization is generally energetically favorable process, though, for the atoms

with fewer electronic orbitals such as Si and Ge, the bonding orbitals do not appear to be

extended enough to support the formation of complexes once they have already been satu-
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rated with sufficient negative charge (a non-intuitive result as one might expect complexes to

always form). This inability to support the formation of complexes for high Fermi level val-

ues is reflected in the fact that the solid lines jump above the dashed lines in Figure 4.7(b)

and (c). The significantly larger electronegativity of nitrogen explains its ability to continue

forming complexes at high Fermi level values despite having few electronic orbitals.
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Figure 4.7: Formation energy ε(VC−XV )
f for the VC−XV complex (solid lines), ε(VC+XV )

f for VC and
XV separated by an infinite distance (dashed lines) and ε

(VC−−XV )
f for VC and XV separated by a fi-

nite distance (dotted lines), for (a) X = N, (b) X = Si, (c) X = Ge, (d) X = Sn, (e) X = Pb. Vertical
dotted lines indicate transitions between charge states. Formation energies are shown for the regime
where no energy is injected into the system. The inexhaustible supply of energy regime is not dis-
played.
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Given that the two species must pass through intermediate distances in approaching one

another to minimal separation from infinity, in Figure 4.7 we have also explored the case

of finite separation by a distance of 7.62 Å (the maximum separation between defects in a

3 × 3 × 3 supercell). We emphasize that it is the difference between the lines of interest and

the dashed lines in a given plot that is physically relevant to the process of the XV and VC

approaching each other to some distance given the existence of the XV and VC species at in-

finity. We find a very intuitive result which may explain why we can actually experimentally

observe isolated charged color centers. The result is that for Fermi level values correspond-

ing to two similarly charged species, the energy associated with the system of the two species

increases as the two species approach the finite separation from infinity. We can understand

this result by recognizing the influence of repulsion of similarly charged species. Indeed, for

Fermi level values where one or both of the species are neutral, the energy is no longer higher

as the two species approach the finite separation from infinity. As above, we expect the en-

ergies to increase up until the minimum distance where hybridization of orbitals is no longer

experienced and then decrease thereafter, other than when one or more of the species is neu-

tral in which case polarization effects must be taken into account.

Based on Figure 4.5, the fact that the VC are more likely to get stuck as they approach

the color center for low Fermi level values and thus be impeded in further motion may ex-

plain the ability to form neutral color centers despite thermodynamic results suggesting the

contrary. Given that the justification for the VC getting stuck relates to the removal of the

charge needed to passivate dangling bonds as the VC diffuses, the isolation of negatively

charged color centers near neutral VC should not be as favored as the isolation of neutral

color centers near neutral VC since the negatively charged color centers could donate elec-

trons to passivate the VC during diffusion.
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4.6 Effect of VC on Qubit Candidate Spin State Longevity

We finally turn to the question of how best to deal with a mechanism that can be detrimental

to the performance of XV − color centers in diamond, namely the effect of acoustic phonons.

As the mass of the X element in a XV − color center is increased in going from Si to Ge to

Sn, and finally to Pb, the enhanced spin-orbit coupling of the heavier elements causes a larger

energy level splitting in the ground state [50]. This observation is relevant as it is well known

that acoustic phonons can interact with the lighter XV − color centers on the energy scale of

the ground state or orbital splitting frequency thus disrupting the coherence times of the spin

states of these XV − color centers at higher temperatures [39, 35]. Any proposal to increase

the spin coherence time of color centers must clearly address the matter of the prevalence of

acoustic phonons in the host material. It has been suggested that by decreasing the phonon

density of states (PDOS) g(ω) about the orbital splitting frequency of XV − color centers, one

can enhance their spin coherence times [35]. For the XV − color centers under investigation,

these frequencies lie below 2.5 THz [35, 148, 50, 149, 65].

Let us consider a simple model in which we propose a way to decrease the number of

acoustic phonons in the bulk material by modulating the VC density in the host material.

We will first show that for a simple cubic lattice the PDOS is proportional to the inverse of

the primitive unit cell volume Vpc as the frequency goes to zero. Explicitly, using the Debye

model for a 3D crystal, the PDOS per unit volume g̃(ω) is [69, 150],

g̃(ω) =
3

2π2
ω2

v3
, (4.19)

where v = ωD

(
Ω

2π2Nph

)(1/3)
is the speed of sound, ωD is the Debye frequency, Nph is the

number of available acoustic phonon modes (Nph = 3N , where N is the number of primitive

unit cells in the crystal), and Ω is the volume of the crystal. Upon multiplying Eq. (4.19) by

60



the volume of the crystal Ω, we obtain an expression for the PDOS,

g(ω) = 9N
ω2

ω3
D

. (4.20)

Since the number of primitive unit cells, N , is inversely proportional to Vpc for a fixed crystal

size, we have proved our desired result. We note here that such an approximation is valid for

small frequencies, where the phonon dispersion relation can be approximated as linear.

Then, if the size of the primitive unit cell can be increased relative to the size of the crys-

tal, the density of phonons for low frequencies would decrease. A simple way to increase Vpc

would be to have a diamond lattice with a very small but nonzero number of defects. As the

color center already constitutes one defect, the ideal scenario would be to have no VC. Essen-

tially, if the number of defects were zero, the unit cell would reduce to the proper unit cell

of diamond, but if there is a single defect in the crystal, the unit cell should then increase to

the size of the crystal. Roughly speaking, for uniformly distributed defects in the crystal the

size of the unit cell should be about the size of the crystal divided by the number of defects

and the phonon density of states near zero frequency should then increase or decrease corre-

spondingly. In a different problem entirely equivalent to the one discussed here, it has been

shown that the waves scattered off a system with subwavelength patterning can be solved

with good accuracy by modeling each region of the system as one being reproduced period-

ically throughout the system, solving for the waves from that region, and then stitching the

solutions together [151]. We therefore argue that the phonon behavior should be determined

to acceptable accuracy based on local densities of defects in the physically realized systems.

In Figure 4.8, using the Phonopy code [152], we investigate the effect of changing the den-

sity of the VC in the diamond lattice on the PDOS by considering five different 64-atom su-

percells of varying defect densities: a supercell with no vacancies, two distinct supercells each

containing 16 vacancies located in two different configurations, a supercell with 8 vacancies,

and a supercell with 1 vacancy. For the supercell with 1 vacancy (green), the vacancy was

placed at the carbon site located at (0, 0, 0) in the supercell. For the supercell with 8 vacan-
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cies (red), the vacancies were generated by placing a vacancy at the carbon site located at

the (0, 0, 0) position of the conventional unit cell of diamond which was then periodically

repeated throughout the supercell to generate all eight vacancies. As a representative test

of the idea that it is indeed the size of the smallest effectively periodic unit that affects the

PDOS, we also created two supercells with 16 vacancies. In one, the vacancies were placed

at the carbon sites located at (0, 0, 0) and (0.25, 0.25, 0.25) (purple) positions of the con-

ventional unit cell of diamond and in the other the vacancies were placed at the carbon sites

located at (0, 0, 0) and (0.5, 0.5, 0) (gold) positions of the conventional unit cell of diamond,

both in units of the lattice constant of the conventional unit cell. These two conventional

unit cells were then periodically repeated throughout the supercell to generate two distinct

configurations of 16 vacancies. We see that the phonon density of states is effectively zero

at low frequencies for the smallest nonzero defect density 1 VC
supercell and increases as the den-

sity of defects is increased. The pronounced increase for a curve corresponding to 16 VC
supercell (in

gold) over the other curve corresponding to 16 VC
supercell (in purple) is due to the following effect:

For the latter structure, the second vacancy in a conventional unit cell was placed as close

as possible to the first vacancy resulting in very little change in the effective periodicity of

the cell, while for the former structure it was placed as far as possible from the first vacancy,

thus roughly halving the conventional unit cell along certain directions with a corresponding

increase in the phonon density of states at low frequencies.

In Figure 4.9, again using the Phonopy code [152], we have examined the phonon density

of states using a supercell consisting of either a single SiV − or a single GeV −. We propose

to use the results of Figure 4.9 to explain the fact that the GeV − has a spin coherence time

equal to or less than that of the SiV − despite having a larger ground state splitting [153].

Given that the systems we are dealing with consist of electronic spins, for a total spin S, the

corresponding system will involve a number of entangled electrons ne at least equal to 2S.

Thus, since the Larmor frequency is inversely proportional to the mass of the system, under

an external field the spin of the system will precess with a Larmor frequency suppressed by a

62



0.0 0.5 1.0 1.5 2.0 2.5
Frequency (THz)

0.00

0.04

0.08

0.12

P
D

O
S

(a
rb

.
un

it
s)

1
16'0

16

8

Figure 4.8: Phonon density of states for various VC concentrations and positions in the diamond
lattice, as described in the text. The labels of the various curves correspond to the number of VC de-
fects in a 64-atom supercell. For supercell configurations that have a nonzero density of VC and that
have the VC roughly uniformly distributed in the supercell, we observe an increase in the PDOS at low
frequency as the density is increased. The primed number indicates a configuration where the distri-
bution of VC deviated significantly from uniform.

factor of neme, where me is the mass of the electron. As the total spin increases, ne increases

implying that the spin will rotate out of phase more slowly. Indeed, Childress et al. [154]

found suppressed decoherence when NV − spins were entangled with the much more massive
13C nuclear spins. One might then imagine that for systems with the same total spin and the

same environment, the bulk of the difference in the spin coherence time might be explained

by deferring to ground state splitting. However, as alluded to above, this explanation does

not work for the SiV − and GeV −. We make a further simple observation that for a field that

is periodically varying with frequency ωB, the change in the angle of the spin with time will

be suppressed by a factor of ωB, obtained by integrating the expression for the Larmor fre-

quency. Thus, the fluctuating fields associated with phonons with high enough frequencies

will be unable to rotate the color center spin completely out of phase, suggesting we should

predominantly consider the low frequency regime in comparing the GeV − and SiV − phonon

densities. Indeed, in that regime, GeV − has a higher phonon density than SiV − which we

propose would explain its equal or shorter spin coherence time despite the larger ground state

splitting.

63



0 10 20 30 40 50
Frequency (THz)

−6

−4

−2

0

2
P
D

O
S

(a
rb

.
un

it
s)

0.0 1.0 2.0

0.008

0.004

0.000

GeV

SiV

_

_

Figure 4.9: Difference between the phonon density of states for a 3×3×3 supercell system containing
a single SiV − and for stoichiometric diamond (green) and for a 3 × 3 × 3 supercell system containing
a single GeV − and for stoichiometric diamond (blue). One notes that for the low frequencies (until
roughly 10 THz), the GeV − curve is consistently higher than the SiV − curve.

4.7 Conclusion

Single carbon vacancies can have a deleterious effect on the spin and optical properties of iso-

lated Group IV color centers (XV ) in diamond, where X = Si, Ge, Sn, and Pb and V is a

carbon vacancy. In an effort to understand the thermodynamics and kinetics of how a single

carbon vacancy-XV complex (VC−XV ) is created, we used DFT to compute the formation

energies and charge transition levels for both VC and each the four individual Group IV color

centers, the diffusion barrier height E(VC)
b for isolated VC, and the diffusion barrier E(XV )

b

for VC in the proximity in each of these four XV color centers. We have also demonstrated

the dependence of both E
(VC)
b and E

(XV )
b on the Fermi level of the host diamond material and

have computed the formation energy for a VC−XV complex while conserving charge. All of

this information can be used as an experimental guide on how to dope or apply an electric

bias to samples in order to reversibly tune the Fermi level to the appropriate regime where
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diffusion of VC towards a given color center would be impeded or rendered energetically unfa-

vorable for the formation of a VC−XV complex. By better isolating color centers from the VC
defects and thus reducing the prevalence of acoustic phonons, we expect that the spin coher-

ence times for XV color centers would be enhanced. Finally, we note that all of these results

involving XV color centers similarly affect NV centers in diamond.
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5
Mitigating the Ionization of the Negatively

Charged Nitrogen Vacancy Defect Center in

Diamond

We note that the charge state of a defect is of considerable importance for its potential ap-

plications. For example, the NV 0 center is the corresponding neutral state of the NV defect,

but has none of the applications of the NV − center. Thus, it is of great practical importance

to inhibit the conversion from the NV − state of the defect to the NV 0 sate. We therefore also

investigate the conditions under which this conversion takes place, and how it can be inhib-

ited.

In this chapter, we first provide calculations for the formation energies and structure of the

NV and NC. We then provide thermodynamic arguments for the expected relative concentra-
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tion of NV − compared to NV 0 in the presence of NC and determine the optimal Fermi level

regime for the detection of NV −.

In brief, our theoretical argument is the following: The lower the formation energy of a de-

fect in a crystal, the greater the likelihood that it will be found. The simple substitutional ni-

trogen, NC, has lower formation energy than the NV defect. This is true for all charge states

of the two types of defects, essentially for the entire range of doping levels of the host crys-

tal. Thus, the concentration of substitutional N atoms in the lattice will generally be sig-

nificantly higher than that of the NV defects, as concentration is suppressed exponentially

with increasing formation energy. Aslam et al. [155] have shown that under laser excitation

the NV − state can convert to NV 0 resulting in a cap on the steady-state NV − population

of 75% of the the total NV concentration for an excitation wavelength from 450 to 610 nm

in their sample. Manson et al. [125] have provided evidence that this conversion is mediated

by the presence of substitutional N atoms and depends on their proximity to the NV defects

(separations of less than 12 Å lead to complete conversion). As we discuss in more detail be-

low, therein lies a significant issue. In order to produce a large fraction of NV − relative to

NV 0, the Fermi level must be tuned to a high value, so that it favors the negatively charged

state. If the Fermi-level tuning is achieved by increasing the concentration of N atoms, the

relative formation energies suggest that the dominant product will be substitutional defects,

NC. Increasing the concentration of N atoms would then lead to a greater likelihood that NV

defects will be within a few nanometers of a NC defect. The decreased separation between

the NC defects and the NV defects will result in suppressed fluorescence due to conversion of

NV − to the undesirable NV 0 during attempts to excite the NV − by laser illumination.

5.1 Formation and Structure of the NV and NC Defects

We begin by discussing the formation of the NV and NC defects. We provide in Table 5.1

the formation energies evaluated by setting the Fermi level to zero for various defect species.

However, these values depend strongly on the position of the Fermi level in the gap of dia-
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mond. A change in the Fermi level can also result in a change of the defect charge state. The

full picture is captured in Figure 5.1, where we show the formation energy and charge state

for each defect for all possible values of the Fermi level in the band gap of diamond.

Table 5.1: Formation energy (Ef ) at zero Fermi level in eV for various charge states Q using adia-
batic results.

Defect Q Ef

This work Ref. [2]

NV

+1 5.40 5.27
0 6.13 6.21

−1 8.99 8.91
−2 14.92 13.81

NC

+1 0.76 0.42
0 3.92 3.96

−1 10.12 8.56
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Figure 5.1: Formation energy as a function of the Fermi level reduced relative to band gap of 5.34
eV for various charge states for the nitrogen vacancy center in diamond (NV ) and the substitutional
nitrogen atom in diamond (NC). Our results are shown with dotted lines and results from Déak et
al. [2] are shown with solid lines. Detection of NV − is optimized when the Fermi level is within the
range bounded by the two vertical dashed lines, as discussed in the text.
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The formation energies of a species, XQ, were calculated as [156, 146]:

Ef (X
Q) = Edef(X

Q)− E0 −
∑
i

µini +Q · (EVBM + EF +∆Valign) + Ecorr(Q) (5.1)

where Q denotes the charge state, with Q ∈ [−2,+1], Edef(X
Q) is the total energy for the

defect-containing supercell with charge state Q, E0 is the total energy for the stoichiomet-

ric neutral supercell, µi is the chemical potential of atom i, ni is a positive (negative) integer

representing the number of atoms added (removed) from the system relative to the stoichio-

metric cell, EVBM is the absolute position of the valence band maximum, EF is the position

of the Fermi level with respect to the valence band maximum (generally treated as a parame-

ter), ∆Valign is a potential alignment correction and Ecorr(Q) is a correction term to account

for the finite size of the supercell when performing calculations for charged defects, a term

whose importance, and the method for calculating it accurately, was explained by Vinichenko

et al. [81]. Briefly, this correction term does not simply treat the charged defect as a point

charge, but rather considers the extended charge distribution. Finally, the chemical potential

of N was obtained using the β hexagonal close-packed structure, while that of C was obtained

using the bulk diamond structure. As alluded to in Section 1.4, using a defect charge density

that respects the symmetry experimentally associated with the defect results in a change in

the correction energy of tens of meV for the NV −.

Once the NV and NC species have been formed, they adopt the structures shown in Fig-

ure 5.2. The presence of the N substitutional atom and the adjacent C vacancy (V in the

NV − defect) breaks the tetrahedral symmetry of the diamond crystal so that only three-

fold symmetry remains along the N-V direction, which is one of the [111] axes of the origi-

nal crystal. The distance between the N and V positions is longer (1.92 Å) than the three

remaining N-C bonds (1.47 Å) which are slightly shorter than the C-C bonds in the diamond

crystal (1.53 Å). Similar symmetry-breaking and N-C bond lengths apply to the case of the

N0
C defect. Interestingly, even in this case the symmetry is 3-fold rotation around one of the
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originally equivalent four [111] axes of the diamond crystal, because one of the N-C bonds is

significantly longer (1.98 Å) than the other three (1.47 Å). This suggests that the structure

of the N0
C defect is essentially equivalent to that of the NV − defect, both involving 3 strong

N-C bonds and either absence of a fourth bond (in NV −) or a weak N-C bond (in N0
C), the

latter bond being 35% longer than the three strong bonds. These findings are consistent with

previous theoretical work [157].

(a) (b)

N

NV
_

[111]

NC

0

N

1.92 A

1.46 A
o

o

1.98 A
o

C

V C

1.47 A
o

Figure 5.2: Structure of (a) NV − and (b) N0
C defects, with the same orientation.

5.2 Thermodynamic Argument for the Expected Relative Concentra-

tion of NV − Compared to NV 0

We next consider the effect that one defect has on the charge state of the other. When a

NV − defect is separated by a few nanometers from a N{0,+}
C defect, the equilibrium reaction

for its ionization is:

NV − +N
{0,+}
C ⇌ NV 0 +N

{−,0}
C , (5.2)
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where the superscripts denote the possible charge states. We can break up Eq. (5.2) into the

ionization and reduction reactions:

NV − ⇌ NV 0 + e−, N
{0,+}
C + e− ⇌ N

{−,0}
C . (5.3)

The reactions in Eqs. (5.2)-(5.3) are represented schematically in Figure 5.3.

Conduction Band

Valence Band

NV NC NV 0 NC

_ {0,+} {-,0}

(a)
BEFORE AFTER

NV NV 0
_

(b)
BEFORE AFTER

NC NC
{0,+} {-,0}

(c)
BEFORE AFTER

 

Figure 5.3: (a) Schematic representation of Eq. (5.2) for the ionization of NV − from an excited
state, where the electron is ultimately captured by N{0,+}

C to form N{−,0}
C in its ground state. Sub-

figures (b) and (c) are the corresponding ionization and reduction reactions, respectively, of Eq. (5.3).
The relative positions of the defect energy levels in the gap is qualitative.

The equilibrium coefficients for the ionization and reduction reactions in Eq. (5.3) are,

respectively:

[NV −]

[NV 0][e−]ion
=

exp (−µ(NV −)/kBT )

exp (−µ(NV 0)/kBT ) · exp (−µe(NV − → NV 0)/kBT )
. (5.4)

[N
{0,+}
C ][e−]red

[N
{−,0}
C ]

=
exp(−µ(N{0,+}

C )/kBT ) · exp(−µe(N{0,+}
C → N

{−,0}
C )/kBT )

exp(−µ(N{−,0}
C )/kBT )

, (5.5)

where the chemical potentials are defined in detail below.

Taking the product of Eqs. (5.4) and (5.5) yields,

[NV −][N
{0,+}
C ][e−]red

[NV 0][e−]ion[N
{−,0}
C ]

=
exp

{
−
[
µ(NV −) + µ(N

{0,+}
C ) + µe(N

{0,+}
C → N

{−,0}
C )

]
/kBT

}
exp

{
−
[
µ(NV 0) + µe(NV − → NV 0) + µ(N

{−,0}
C )

]
/kBT

} . (5.6)
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Charge conservation requires [e−]red = [e−]ion and thermodynamics dictates,

[N
{0,+}
C ]

[NV −]
=

exp
{
−µ(N{0,+}

C )/kBT
}

exp {−µ(NV −)/kBT}
,

[N
{−,0}
C ]

[NV 0]
=

exp
{
−µ(N{−,0}

C )/kBT
}

exp {−µ(NV 0)/kBT}
, (5.7)

leading to:

[NV −]

[NV 0]
=

exp
{
−
[
µ(NV −) + µe(N

{0,+}
C → N

{−,0}
C )/2

]
/kBT

}
exp {− [µ(NV 0) + µe(NV − → NV 0)/2] /kBT}

. (5.8)

The electronic chemical potentials that appear in Eqs. (5.4)-(5.8) are given by[158, 72,

159],

µe(X
Q1 → XQ2) = (Q1 −Q2) ·

[
Etot(X

Q1)− Etot(X
Q2)
]
, (5.9)

where Etot(X
Q) represents the ground state energy of the electronic Hamiltonian of the XQ

system, taken as the sum of the single particle Kohn-Sham eigenvalues for the electronic

Hamiltonian, and |Q1 −Q2| = 1. We calculate these electronic chemical potentials as the

difference in the formation energies of the appropriate species as the extraneous terms in the

formation energy drop out of the difference. The other chemical potentials appearing in Eqs.

(5.4)-(5.8) are given by [104],

µ(X) = Ef (X) + Uvib(X)− TS(X) + PV, (5.10)

where Ef (X) is the formation energy, Uvib(X) is the vibrational energy, S(X) is the entropy

of X, and PV accounts for changes in pressure and volume, which we can assume is a negligi-

bly small contribution [104]. For Uvib(X) and S(X) we have,

Uvib(X) =
3N∑
i

{
hνi

exp(hνi/kBT )− 1
+

1

2
hνi

}
, (5.11)

S(X) = kB

3N∑
i

{
hνi
kBT

[
exp

(
hνi
kBT

)
− 1

]−1

− ln

[
1− exp

(
−hνi
kBT

)]}
, (5.12)

where νi are the frequencies of the normal modes of the X system.
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To obtain the total energies and vibrational and entropic contributions, we performed

first-principles DFT calculations for the various defects in diamond using the VASP

code [160, 161, 162]. To speed up calculations, atomic structures were first converged us-

ing the generalized gradient approximation (GGA) for the exchange-correlation energy of

electrons, as parametrized by Perdew, Burke and Erzenhof (PBE) [163] and then using the

screened hybrid functional of Heyd, Scuseria and Ernzerhof (HSE) with the original parame-

ters (0.2 Å−1 for screening and 25% for mixing) [80, 164]. The atomic positions were relaxed

until the magnitude of the Hellmann-Feynman forces was smaller than 0.01 eV·Å−1 on each

atom and, for the stoichiometric conventional unit cell, the lattice parameters were concur-

rently relaxed. The wavefunctions were expanded in a plane wave basis with a cutoff energy

of 400 eV and a Monkhorst-Pack grid of 8 × 8 × 8 k-points was used for integrations in re-

ciprocal space for the stoichiometric conventional unit cell. The relaxed lattice parameters

of the conventional unit cell were then used for the supercell structures. Formation energies

were calculated using a supercell of 216 atoms (3 × 3 × 3 multiple of the conventional unit

cell) with appropriately scaled k-point grids. For phonon frequency calculations, atomic po-

sitions were relaxed until the magnitude of the Hellmann-Feynman forces was smaller than

10−4 eV·Å−1 on each atom.

We note that approximating the structure of an isolated defect by a periodic supercell of

limited size (3 × 3 × 3 compared to 4 × 4 × 4 that was used in the work of Déak et al. [2])

fails for the systems with large numbers of electrons per supercell that do not correspond to

a net charge of zero, but gives reasonable results otherwise. We find the lattice constant of

the corresponding conventional unit cell to be a = 3.539 Å in good agreement with previous

theoretical estimates of a = 3.545 Å [2]. Both our work and that of Deák et al. capture the

existence of the NV +, NV 0 and NV − charge states of the NV defect [2, 165, 125].

Given the fact that our smaller supercell than that of Déak et al. [2] captures the correct

energetics for the case of the NV 0 and NV − as mentioned above, we use such a supercell

to obtain the entropy and vibrational energy contributions. Otherwise, where available, we
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use results of Déak et al. [2]. We find Uvib(NV
−) = 9.3754 eV, Uvib(NV

0) = 9.3701 eV,

S(NV −) = 0.001033 eV/K and S(NV 0) = 0.001067 eV/K at a temperature of 300 K. To

avoid interaction with periodic images leading to imaginary frequencies, we have restricted

the number of atoms that are displaced in calculating the Hessian matrix from which the fre-

quencies of the normal modes are obtained to the 50 atoms that are closest to the nitrogen

vacancy in the supercell, a method similar to that found in our earlier work [6]. We arrive at

this number by noting the number of atoms closer to the nitrogen vacancy than to any of its

periodic images, which is not all of the atoms as a result of the defect being displaced from

the center of the supercell and due to the fact that we further restrict the region to a spheri-

cal shell. For more than that number, unphysical imaginary frequencies begin to appear. We

found that the differences [Uvib(NV
−) − Uvib(NV

0)] and [Svib(NV
−) − Svib(NV

0)] converge

well as we approach the 50 atoms size around the defect.

For both N+
C and N0

C on the left hand side of Eq. (5.2), the difference in electronic chemi-

cal potentials

∆µe(X
Q) = µe(X

Q → XQ−1)− µe(NV
− → NV 0), (5.13)

here ∆µe(N
+
C) and ∆µe(N

0
C), obtained from an adiabatic calculation, yields a negative value.

This suggests that neither mechanism favors the adiabatic ionization of NV −, but rather the

reduction of NV 0 is favored adiabatically. This finding, namely that substitutional nitrogen

generally behaves as a donor, is consistent with the literature [143, 166]. The picture changes

somewhat if vertical transitions are considered, where the N+
C mediated ionization becomes

favored. This result can be explained by the fact that the vertical ionization of the N0
C re-

quires more energy than the adiabatic ionization since atomic positions are not allowed to

relax to the lowest energy configuration in a vertical transition. Therefore, the equilibrium of

the reactions for the ionization of N0
C to N+

C and the reduction of N+
C to N0

C will shift in favor

of higher concentrations of N0
C at the expense of neighboring NV −. The chemical potential

differences ∆µe(X
Q) from adiabatic calculations are listed along with the vertical transition

counterparts and with the difference ∆µe(SiV
0), for comparison, in Table 5.2.
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Table 5.2: Adiabatic and vertical chemical potential difference ∆µe(X
Q) defined in Eq. (5.13) in eV.

XQ XQ−1 ∆µe(X
Q)

adiabatic vertical
SiV 0 SiV − 0.90 0.94
N+

C N0
C −0.84a 0.46a

N0
C N−

C −1.90a −2.20a

a. Using results of Ref. [2]

5.3 Optimal Fermi Level Regime for the Detection of NV −

Based on these results, we suggest that the means of obtaining information about the state

of the NV defect may strongly influence the concentration of the NV − defect relative to the

NV 0. In particular, substitutional nitrogen should not ionize the NV − unless the sample is

excited by radiation, consistent with the work of Craik et al. [167]. The species concentra-

tions provided by Craik et al. [167] of [NV −] = 38%, [NV 0] = 62% are easily accounted for

by assuming a Fermi level of EF/Eg = 0.50 (Eg = 5.34 eV). In that Fermi level regime, from

Figure 5.1, the NC will mostly be found as N+
C , which explains the subsequent ionization of

the NV − under applied radiation and suggests that we should initially see little reduction of

NV 0 to NV −. Our results further suggest that if the Fermi level is tuned to the regime where

the substitutional N exists predominantly as N0
C, but before the regime where the NV exists

predominantly as NV 2−, namely in the range 0.66 < EF/Eg < 0.92 using results of Déak et

al. [2], radiation cannot lead to the ionization of the NV − if this ionization is due to a sub-

stitutional N mediated process. The work of Schreyvogel et al. [168] presents a method for

tuning the Fermi level. In that regime, the issue we highlighted in the introduction, namely

that the Fermi level tuning might lead to a high concentration of NC, would no longer be a

problem. Though most of the NV − would be near a substitutional N atom, these NC defects

would be overwhelmingly neutral and unable to ionize the NV − according to the results of

Table 5.2. Regardless of whether the transition is adiabatic or vertical, Table 5.2 shows that

the equilibrium of the reactions for the ionization of N−
C to N0

C and the reduction of N0
C to
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N−
C is shifted in favor of a higher concentration of N0

C, leading to a higher concentration of

neighboring NV − at the expense of NV 0.

We have also calculated the wavefunctions associated with bonding orbitals of the NV −,

NV 0, N−
C , N0

C and N+
C defects, shown in Figure 5.4. We note that the two unpaired electrons

for the NV −, resulting in total spin S = 1, occupy degenerate energy levels. The wavefunc-

tions associated with the energy levels therefore correspond to the x and y component of

the doubly degenerate representation of the C3v point group and cannot be individually re-

solved if the system obeys the C3v symmetry. As the conventional unit cell does not obey

the symmetry, the degeneracy is slightly lifted and the x and y components of the E irre-

ducible representation of the C3v point group corresponding to the degenerate energy levels

can be resolved. The NV 0 has similar structure to the NV −, while the N−
C and N+

C preserve

the tetrahedral symmetry that is broken with the N0
C. We explain the breaking of the tetra-

hedral symmetry by the inability to form equally strong bonds with all neighboring atoms for

a defect with unpaired electrons.

Our earlier results [169] showed that Fermi level regimes where both the defect species of

interest and carbon vacancies have nonzero charge of the same sign favor the isolation of that

particular defect species from carbon vacancies; this effect can be understood intuitively as

due to the repulsion of similarly charged defects. We note that the Fermi level regime we

identified here as leading to a higher concentration of NV − at the expense of NV 0, namely

the range 0.66 < EF/Eg < 0.92, also corresponds to a regime where the NV − and the carbon

vacancies would repel.
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Figure 5.4: Squared absolute value of the wavefunction associated with (a) the highest occupied
level of the NV 0 defect, (b) the x component of the two dimensional irreducible representation of the
C3v point group, (c) the y component of the two dimensional irreducible representation of the C3v

point group, both for the NV − defect, (d) the highest occupied level of the N0
C defect, (e) the lowest

unoccupied level of the N+
C defect and (f) the highest occupied level of the N−

C defect. The orientation
is the same for all defects.
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5.4 Conclusion

In summary, our results support the experimental observation that the NV − defect in di-

amond is ionized to NV 0 upon application of radiation in the presence of substitutional

N defects. We find that the position of the Fermi level in the gap strongly affects the bal-

ance of the chemical reaction describing this process, and we identified a Fermi level regime

(0.66 < EF/Eg < 0.92) to mitigate this effect. We argue that this ionization in the pres-

ence of radiation is due to the difference in vertical and adiabatic charge transition levels. We

suggest that the Fermi level values for the experimentally obtained concentrations of NV −

and NV 0 can be used to determine the ease with which the NV − defect can be isolated after

annealing. This implies that care must be taken in determining the relative concentration of

NV − and NV 0 as the simple process of obtaining information about the state of the defects

may significantly alter concentrations.
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A
Computational Tools

A.1 Numerical Details

For the 4H-SiC system, we performed first-principles density functional theory (DFT) cal-

culations for the various defect structures using the VASP code [160, 161, 162]. For the

exchange-correlation energy of electrons we use the generalized gradient approximation

(GGA), as parametrized by Perdew, Burke and Erzenhof (PBE) [72]. The atomic positions

were relaxed until the magnitude of the Hellmann-Feynman forces was smaller than 0.01

eV·Å−1 on each atom and the lattice parameters were concurrently relaxed. The wavefunc-

tions were expanded in a plane wave basis with a cutoff energy of 500 eV and a zone-centered

grid of 12 × 12 × 6 k-points was used for integrations in reciprocal space for the stoichiomet-

ric primitive unit cell. The relaxed lattice parameters of the stoichiometric primitive unit cell

were then used for all other structures. Increasing the grid to 24 × 24 × 12 causes a change
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in the total energy of less than 10−4 eV and a change in the lattice constants of less than

10−5 Å, while increasing the cutoff energy to 600 eV causes a change in the total energy of

less than 10−2 eV and a change in the lattice constants of less than 10−2 Å. Formation ener-

gies and transition states were obtained using a supercells of between 128 (4 × 4 × 1 multiple

of the primitive unit cell) and 480 atoms (5 × 6 × 2 multiple of the primitive unit cell) with

appropriately scaled k-point grids and a cutoff energy of 400 eV.

The formation energies of V (q)
Si , V (q)

C , C(q)
i , Si(q)i and CSiVC

(q) in various charge states were

obtained from [156, 146],

Ef (q) = Edef(q)− E0 −
∑
i

µini + q(EVBM + EF) + Ecor(q) (A.1)

where q denotes the charge state, with q ∈ [−2,+2], Edef(q) is the total energy for the defect

supercell with charge q, E0 is the total energy for the stoichiometric neutral supercell, µi is

the chemical potential of atom i, ni is a positive (negative) integer representing the number

of atoms added (removed) from the system relative to the stoichiometric cell, EVBM is the

absolute position of the valence band maximum, EF is the position of the Fermi level with

respect to the valence band maximum (generally treated as a parameter) and Ecor(q) is a

correction term to account for the finite size of the supercell when performing calculations for

charged defects [81]. Depending on the preparation conditions of 4H-SiC, which may be Si-

rich or C-rich, the chemical potential µX will be given either by µX = µbulkX or µX = µbulkSiC −µY

(X,Y ∈ {C, Si}, X ̸= Y) for X or Y-rich preparation conditions, respectively. These chemical

potentials were obtained from the diamond structures.

To illustrate the level of convergence in our results, in Figure A.1 we show a representative

case, namely the formation energy of the negatively charged Si vacancy, V −
Si , in Si-rich prepa-

ration conditions as a function of supercell size, and the correction energy for the supercell

containing 256 atoms. This comparison shows that the correction brings the result close to

the limit of the infinite size cell, which is represented reasonably well by the 576-atom super-
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Figure A.1: The convergence of the formation energy for V −
Si at the k site as a function of the in-

verse volume of the supercell for sizes of 216, 256, 480 and 576 atoms. The correction for the 256-atom
supercell is indicated by the red dashed line: it gives a value for the formation energy of 8.78 eV. The
smallest size cell (128) result, indicated by an open square, is from earlier work [105].

For calculating the barriers for diffusion, we used the NEB method [94, 95] for all species

except the interstitials where the dimer method was used [96, 97]. For the NEB method,

three images or snapshots of the system between starting and final configurations were used.

Supercells were relaxed until the magnitude of the Hellmann-Feynman forces was smaller

than 0.01 eV·Å−1 on each atom both in constructing the initial and final configurations and

for finding the minimum energy pathway in the NEB method and 0.001 eV·Å−1 on each atom

both for the initial configuration and for converging to a saddle point for the dimer method.

For the NEB method, a spring constant of 5 eV·Å−2 was used so that the relaxation would

occur predominantly in the direction perpendicular to the hypertangent between images thus

ensuring the preservation of equal distances between images.

As a full ab-initio simulation is too computationally intensive for dynamical processes,

we carried out classical molecular dynamics (MD) simulations using the LAMMPS pack-

age [170, 171] with the Tersoff/Ziegler-Biersack-Littmark potential [172, 173] to model the
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implantation of Si+2, the ion species used in the demonstration of controllably positioning

single VSi. Three trials each were done at the angles 10◦ or 45◦ to the c-axis at 70 keV and

defect numbers were obtained from averages over the three trials. The simulation cell size

was 110× 67× 110 nm3 (77 million atoms) for all angles.

For quantifying diffusion, the diffusivity, D, is given by

D = ν0d
2e−εb/kBT (A.2)

where ν0 = ν0(T ) is the attempt frequency, d is the migration distance, in the case of VSi
equal to the second-nearest neighbor hop between Si sites, and εb is the activation energy

barrier. From harmonic transition-state theory, we calculate the attempt frequency as [98],

ν0 =
kBT

h

m′∏
j=1

e−hν′j/2kBT

(1− e−hν′j/kBT )

 m∏
j=1

e−hνj/2kBT

(1− e−hνj/kBT )

−1

, (A.3)

where m, m′ and νj , ν ′j are the corresponding number of normal modes and phonon frequen-

cies, respectively, at the initial (I) and saddle-point (S) configurations (there is one fewer

normal mode at the saddle point than at the equilibrium configuration, m = m′ + 1). To ob-

tain the phonon frequencies, we diagonalize a Hessian matrix, which is symmetric and there-

fore requires (m2 +m)/2 calculations to obtain all independent matrix elements, at each con-

figuration. A similar procedure was also used for the calculation of the diffusivity for struc-

tures in diamond.

Though the energy barriers and attempt frequencies contain all the information necessary

to characterize the kinetics of the system, properly computing the diffusion length and the

diffusivity requires a kinetic Monte Carlo (kMC) simulation. For the simulation, the transi-

tion rates D/d2 were first accumulated in a vector, then a random number was chosen and

the corresponding transition selected. The atomic positions were then updated and a second

random number selected and the time updated according to an exponential distribution con-
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sistent with the memoryless and other physical properties of these transitions.

For the systems in diamond, we again performed first-principles DFT calculations for the

various defect structures using the VASP code [160, 161, 162]. For the exchange-correlation

energy of electrons we use the generalized gradient approximation (GGA), as parametrized by

Perdew, Burke and Erzenhof (PBE) [72]. The atomic positions were relaxed until the mag-

nitude of the Hellmann-Feynman forces was smaller than 0.01 eV·Å−1 on each atom and the

lattice parameters were concurrently relaxed. The wavefunctions were expanded in a plane

wave basis with a cutoff energy of 600 eV and a Monkhorst-Pack grid of 18× 18× 18 k-points

was used for integrations in reciprocal space for the stoichiometric conventional unit cell. The

relaxed lattice parameters of the stoichiometric conventional unit cell were then used for all

other structures. As a test of the level of convergence of energies and structural features, we

checked that the increase in grid size from 12× 12× 12 to 18× 18× 18 and in cutoff size from

400 eV to 600 eV caused a change in the total energy of less than 0.02 eV and a change in the

lattice constants of less than 0.01 Å. Formation energies and transition states were calculated

using a supercell with 216 atoms (3× 3× 3 multiple of the conventional unit cell) with appro-

priately scaled k-point grids and a cutoff energy of 400 eV. Supercells that were a 4 × 4 × 4

multiple of the conventional unit cell were also investigated to check the convergence of the

results.

For the XV defect systems in diamond, the formation energies of XV (q) (X = N, Si, Ge,

Sn, Pb) in various charge states were again calculated according to the formula [156, 146],

Ef (q) = Edef(q)− E0 −
∑
i

µini + q(EVBM + EF) + Ecorr(q) (A.4)

where q denotes the charge state, with q ∈ [−3,+2], Edef(q) is the total energy for the de-

fect supercell with charge state q, E0 is the total energy for the stoichiometric neutral super-

cell, µi is the chemical potential of atom i, ni is a positive (negative) integer representing the

number of atoms added (removed) from the system relative to the stoichiometric cell, EVBM
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is the absolute position of the valence band maximum, EF is the position of the Fermi level

with respect to the valence band maximum (generally treated as a parameter), and Ecorr(q)

is a correction term to account for the finite size of the supercell when performing calcula-

tions for charged defects [81]. This correction term does not simply treat the charged defect

as a point charge, but rather considers the extended charge distribution. The chemical po-

tentials of all the reference elements used in our calculations are listed as follows as a func-

tion of their crystal structure and total energy per atom: N (β hexagonal close-packed struc-

ture, −8.29 eV/atom); C (diamond structure, −9.10 eV/atom); Si (diamond structure, −5.42

eV/atom); Ge (diamond structure, −4.49 eV/atom); Sn (body-centered tetragonal structure,

−3.80 eV/atom); and Pb (face-centered cubic structure, −3.57 eV/atom). For diffusion stud-

ies, all defect atoms were located at the same position in the crystal lattice relative to the VC
with the exception of N, which was considered at two positions such that its average position

in the crystal lattice relative to the VC was the same as that of the other defect atoms.

For calculating the barriers for diffusion, we used the NEB method [94, 95]. The atomic

positions were first relaxed in the initial and final 3 × 3 × 3 supercell configurations until

the threshold of 0.01 eV·Å−1 was reached. Three images between the endpoints were then

constructed by linearly interpolating between the endpoints and each image was relaxed to

the force threshold of less than 0.01 eV·Å−1 on each atom. A spring constant of 5 eV·Å−2

was again used.

The charge at the VC was obtained using the DDEC6 method [174]. These density de-

rived electrostatic and chemical (DDEC) methods for calculating the charge assign to each

atom a charge density. Such charge densities are optimized with respect to distance functions

designed to respect ionic and covalent bonding and with the constraint that the sum of the

atomic charge densities equals the total charge density [175]. The DDEC6 method is prefer-

able to Bader’s quantum chemical topology (QCT) which can lead to non-nuclear attractors

and thereby undefined net atomic charges (NAC) [176]. The DDEC6 method is an improve-

ment from the DDEC3 approach which does not always converge to a unique solution or one
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that respects the symmetries of the system [174]. Finally, the DDEC6 method is also prefer-

able to such methods as the Mulliken population analysis which is not independent of the

chosen basis [177].

As input to our first-principles phonon calculations which were performed using

Phonopy [152], a supercell was constructed containing 64 atoms (2 × 2 × 2 multiple of the

conventional unit cell) with appropriately scaled k-point grids and a cutoff energy of 500 eV.

In constructing the input supercells with defects for Phonopy, the atomic positions were re-

laxed until the magnitude of the Hellmann-Feynman forces was smaller than 10−4 eV·Å−1.

A.2 Script for Reshaping VASP CHGCAR or PARCHG Files

import numpy as np

import sys

file = sys.argv[1]

# number of iterations to use in shifting COM of the charge density

iters = 1

# fraction of the max charge density by which to decrease the threshold

# after each iteration in shifting the COM of the charge density

frac = 0.5

# open file to write new charge density to

f = open('CHGCAR-g','w')

# open file to read charge density from

ff = open(file,"r")

lines = ff.readlines()
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ff.close()

lines_init = lines[:2]

lines_mid = lines[5:8]

# determine the number of atoms

N_atoms = int(np.sum(np.array([int(ii) for ii in lines[6].split()])))

ff2 = open(file+"_temp","w")

for ii in range(N_atoms):

ff2.write(lines[8+ii])

ff2.close()

# load the atomic positions

pos = np.loadtxt(file+"_temp")

# load the charge density

chg = np.loadtxt(file,skiprows = N_atoms+10)

ff2 = open(file+"_temp","w")

for ii in range(3):

ff2.write(lines[2+ii])

ff2.close()

# load the cell lattice vectors

cell = np.loadtxt(file+"_temp")

# define new lattice vectors ai_3 by rotating the supercell so that the
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# first lattice vector lies entirely along the first cartesian coordinate

# apply gram-schmidt to get the orthogonal ai_1

a1_1 = np.array([np.linalg.norm(cell[0,:]),0,0])

a1_2 = cell[0,:]

a1_3 = a1_1[:]

a2_1 = np.array([0,np.linalg.norm(cell[1,:]-\

np.dot(a1_2,cell[1,:])/np.linalg.norm(a1_2)**2*a1_2),0])

a2_2 = cell[1,:]-np.dot(a1_2,cell[1,:])/np.linalg.norm(a1_2)**2*a1_2

a2_3 = np.array([np.dot(a1_2,cell[1,:])/np.linalg.norm(a1_2),\

np.linalg.norm(cell[1,:]-np.dot(a1_2,cell[1,:])/\

np.linalg.norm(a1_2)**2*a1_2),0])

a3_1 = np.array([0,0,np.linalg.norm(cell[2,:]-np.dot(cell[2,:],a1_2)/\

np.linalg.norm(a1_2)**2*a1_2-np.dot(cell[2,:],a2_2)/\

np.linalg.norm(a2_2)**2*a2_2)])

a3_2 = cell[2,:]-np.dot(cell[2,:],a1_2)/np.linalg.norm(a1_2)**2*a1_2-\

np.dot(cell[2,:],a2_2)/np.linalg.norm(a2_2)**2*a2_2

a3_3 = np.array([np.dot(cell[2,:],a1_2)/np.linalg.norm(a1_2),\

np.dot(cell[2,:],a2_2)/np.linalg.norm(a2_2),np.linalg.norm(cell[2,:]-\

np.dot(cell[2,:],a1_2)/np.linalg.norm(a1_2)**2*a1_2-\

np.dot(cell[2,:],a2_2)/np.linalg.norm(a2_2)**2*a2_2)])

# rotated cell lattice parameters

cell_rot = np.array([a1_3,a2_3,a3_3])

# orthorhombic rotated cell lattice parameters
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cell_ort = np.array([a1_1,a2_1,a3_1])

ff2 = open(file+"_temp","w")

for ii in range(1):

ff2.write(lines[N_atoms+9+ii])

ff2.close()

# determine the number of gridpoints along every dimension

gridvals = np.loadtxt(file+"_temp")

lines = []

NXM = int(gridvals[0])

NYM = int(gridvals[1])

NZM = int(gridvals[2])

# define the new numbers of grid points along the second and third

# dimensions

NYM2 = int(np.round(gridvals[1]*np.linalg.norm(cell_ort[1,:])/\

np.linalg.norm(cell_rot[1,:])))

NZM2 = int(np.round(gridvals[2]*np.linalg.norm(cell_ort[2,:])/\

np.linalg.norm(cell_rot[2,:])))

# define array to contain positions in the new supercell

pos2 = np.zeros(pos.shape)

# define array to contain the charge density in the new supercell

# to be used for writing out

chg2 = np.zeros((int(np.round(NXM*NYM2*NZM2/10.)),10))
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# define an array with the size and shape of the original grid

# to facilitate transferring charge from the original supercell

# to the new one

chgprop = np.zeros((NXM,NYM,NZM))

# fill the array chgprop

for kk in range(NZM):

for jj in range(NYM):

for ii in range(NXM):

chgprop[ii,jj,kk] =\

chg[int(np.floor((kk*NXM*NYM+jj*NXM+ii)/10.)),\

((kk*NXM*NYM+jj*NXM+ii)%10)]

# find maximum of charge density

max_chg = np.max(np.absolute(chgprop))

# find the coordinates of the maximum of the charge density

max_coords = np.nonzero(np.absolute(chgprop) == max_chg)

max_coords = np.array([max_coords[ii][0] for ii in range(3)])

gridvals = gridvals.astype(int)

# shift chgprop array so that the maximum of the charge density is

# at the center of the supercell and shift the atomic positions

# correspondingly

for jj in range(3):
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chgprop =\

np.roll(chgprop,int(np.floor(gridvals[jj]/2.)-max_coords[jj]),axis=jj)

pos[:,jj] = (pos[:,jj]+(np.floor(gridvals[jj]/2.)-max_coords[jj])/\

(1.0*gridvals[jj]))%1

# shift the center of mass calculated from the charge density that

# lies above a certain threshold to the center of the cell

# and the atomic positions correspondingly

for ii in range(iters):

indices = np.nonzero(np.absolute(chgprop)>max_chg*(1.-frac*(ii+1.)))

max_coords =\

np.array([np.sum(indices[jj]*np.absolute(chgprop[indices])/\

np.sum(np.absolute(chgprop[indices]))) for jj in range(3)])

for jj in range(3):

chgprop =\

np.roll(chgprop,int(np.floor(gridvals[jj]/2.)-\

max_coords[jj]),axis=jj)

pos[:,jj] = (pos[:,jj]+(np.floor(gridvals[jj]/2.)-max_coords[jj])/\

(1.0*gridvals[jj]))%1

# transform positions of atoms to the positions in the new supecell

for jj in range(len(pos)):

temp_pos = np.matmul(np.transpose(cell_rot),pos[jj,:])

for qq in range(3):

pos2[jj,qq] = temp_pos[qq]/cell_rot[qq,qq]

pos2[jj,qq] = pos2[jj,qq]%1
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# define an array of the new numbers of grid points along each dimension

gridvals_ort = np.array([NXM,NYM2,NZM2]).astype(int)

# define an array with the same shape and size as the new grid

chg2r = np.zeros((NXM,NYM2,NZM2))

# invert the array of lattice parameters of the rotated supercell to use

# in converting indices from one supercell to the other

invcell = np.linalg.inv(np.transpose(cell_rot))

# transfer charge density from the old supercell to the new one

for kk in range(NZM2):

for jj in range(NYM2):

for ii in range(NXM):

temp_pos2 = np.matmul(np.transpose(cell_ort),\

(1.0*np.array([ii,jj,kk]))/gridvals_ort)

temp_pos = np.matmul(invcell,temp_pos2)

poss2 = np.zeros(3)

for qq in range(3):

poss2[qq] = temp_pos[qq]

poss2[qq] = poss2[qq]%1

poss2[qq] = poss2[qq]*gridvals[qq]

poss2 = np.round(poss2)

poss2 = np.array([poss2[ll]%gridvals[ll] for ll in range(3)])

poss2 = poss2.astype(int)

chg2r[ii,jj,kk] += chgprop[poss2[0],poss2[1],poss2[2]]
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# find the maximum of the charge density in the new supercell

max_chg = np.max(np.absolute(chg2r))

# find the coordinates of the maximum of the charge density in the new

# supercell

max_coords = np.nonzero(np.absolute(chg2r) == max_chg)

max_coords = np.array([max_coords[ii][0] for ii in range(3)])

# shift chg2r array so that the maximum of the charge density is at the

# center of the supercell and shift the atomic positions correspondingly

for j in range(3):

chg2r =\

np.roll(chg2r,int(np.floor(gridvals_ort[j]/2.)-max_coords[j]),axis=j)

pos2[:,j] = (pos2[:,j]+(np.floor(gridvals_ort[j]/2.)-max_coords[j])/\

(1.0*gridvals_ort[j]))%1

# shift the center of mass calculated from the charge density that lies

# above a certain threshold to the center of the cell

# and the atomic positions correspondingly

for ii in range(iters):

indices = np.nonzero(np.absolute(chg2r)>max_chg*(1.-frac*(ii+1.)))

max_coords = np.array([np.sum(indices[jj]*np.absolute(chg2r[indices])/\

np.sum(np.absolute(chg2r[indices]))) for jj in range(3)])

for jj in range(3):

chg2r =\

np.roll(chg2r,int(np.floor(gridvals_ort[jj]/2.)-max_coords[jj]),\

axis=jj)
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pos2[:,jj] = (pos2[:,jj]+(np.floor(gridvals_ort[jj]/2.)-\

max_coords[jj])/(1.0*gridvals_ort[jj]))%1

# fill the array that is in the appropriate shape for writing out

for kk in range(NZM2):

for jj in range(NYM2):

for ii in range(NXM):

chg2[int(np.floor((kk*NXM*NYM2+jj*NXM+ii)/10.)),\

((kk*NXM*NYM2+jj*NXM+ii)%10)] = chg2r[ii,jj,kk]

# write output

for line in lines_init:

f.write(line)

for jj in range(len(cell)):

cell_temp = cell_ort[jj,:]

str_out = ''

for kk in range(3):

str_out += ' '+str(cell_temp[kk])

str_out += '\n'

f.write(str_out)

for line in lines_mid:

f.write(line)
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for jj in range(len(pos2)):

str_out = ''

for kk in range(3):

str_out += ' '+str(pos2[jj,kk])

str_out += '\n'

f.write(str_out)

str_out = '\n '

for kk in range(3):

str_out += str(gridvals_ort[kk])+' '

str_out += '\n'

f.write(str_out)

for jj in range(len(chg2)):

str_out = ''

for kk in range(10):

str_out += str(chg2[jj,kk])+' '

str_out += '\n'

f.write(str_out)

f.close()
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B
Future Research

B.1 Electronic Structure of the V −
B and V 0

B in h-BN: The Hole Ap-

proach

A future project involves the calculation of properties of defects in two-dimensional mate-

rials. For example, there has been much excitement about fluorescent defects in hexagonal

boron nitride (h-BN) monolayers [178]. The boron vacancy in h-BN has been proposed to

explain optical signatures in experiment [178]. In this work, we provide density-functional

theory (DFT) calculations and apply group theory to determine the electronic structure of

the singly negatively charged boron vacancy (V −
B ) in h-BN and the ZPL using the approach

of considering holes. For completeness, we also consider the electronic structure of the neutral

boron vacancy (V 0
B).

We use a basis of 6 orbitals to describe the electronic structure associated with the boron
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vacancy in the h-BN monolayer, motivated by assigning to each neighboring N atom a pz or-

bital pointing out of the plane of the h-BN monolayer as well as an sp2 hybridized orbital

pointing in the plane of the h-BN monolayer toward the missing B atom so that our basis

consists of ψ = [σ1, σ2, σ3, σ4, σ5, σ6] = [p1z, p
2
z, p

3
z, (sp

2)
1
, (sp2)

2
, (sp2)

3
], where the i in piz

or (sp2)
i signifies that we are associating the orbital with the ith nearest-neighbor N atom.

Using the fact that the pz and sp2 orbitals are orthogonal, we immediately obtain the Hamil-

tonian,

H =



v0 v2 v2 0 0 0

v2 v0 v2 0 0 0

v2 v2 v0 0 0 0

0 0 0 v1 v3 v3

0 0 0 v3 v1 v3

0 0 0 v3 v3 v1


(B.1)

diagonalizing the Hamiltonian yields the following eigenvalues in order of increasing energy,

where the ordering is obtained from DFT calculations for a hexagonal supercell,

ε1 = v1 + 2v3, (B.2)

ε2,3 = v0 − v2, (B.3)

ε4 = v0 + 2v2, (B.4)

ε5,6 = v1 − v3. (B.5)

The DFT eigenvalues can be found in Table B.1. In order to help identify the partial charge

densities corresponding to the components of certain irreducible representations of the D3h

point group, we have calculated eigenvalues and corresponding partial charge densities for

both hexagonal and rectangular supercells. The rectangular supercells help lift the degener-

acy of the irreducible representation components and thus inhibit the mixing of the partial
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charge densities of the components of the irreducible representations that we observe for the

hexagonal supercell. We note that using a rectangular supercell also causes reordering of the

eigenvalues so that ε4 becomes lower in energy than ε2,3 using a rectangular cell. All partial

charge densities corresponding to the eigenvalues listed above show the expected localization

with the exception of the partial charge density for the lowest band’s majority spin state (up

spin). The value of the valence band maximum (VBM) is −4.479729 eV for the stoichiomet-

ric neutral unit cell. Though the energy eigenvalues listed in Table B.1 are all higher than

that value, the −1 charge of the system will cause the potential alignment to shift the value

of the VBM upwards, which we believe is causing the delocalization of the partial charge den-

sity for the lowest band’s up spin. Effectively, we believe the lowest band’s up spin level is

resonant with the valence band (which is borne out by examining the energies of lower levels

than those displayed in Table B.1). The corresponding calculations for the V 0
B are displayed

in Table B.2.

Table B.1: DFT eigenvalues for the bands of interest for the system with V −
B in eV.

Band Number Hexagonal Cell Rectangular Cell
up spin down spin up spin down spin

251 −4.179905 −3.858396 −4.132873 −3.945701
252 −3.666035 −3.486320 −3.221734 −2.976337
253 −3.665988 −3.486246 −3.203499 −2.960377
254 −3.572813 −3.374169 −3.190974 −2.947633
255 −3.236611 −1.569491 −2.906020 −1.110067
256 −3.236306 −1.569238 −2.905552 −1.108583
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Table B.2: DFT eigenvalues for the bands of interest for the system with V 0
B in eV.

Band Number Hexagonal Cell
up spin down spin

251 −4.723346 −4.706549
252 −4.708060 −4.386633
253 −4.675146 −4.386572
254 −4.675099 −4.366373
255 −4.432794 −2.720394
256 −4.432476 −2.720124

The eigenfunctions are,

a′1 : ϕ1 =
1√
3
(σ4 + σ5 + σ6), (B.6)

e′′x : ϕ2 =
1√
2
(σ2 − σ3), (B.7)

e′′y : ϕ3 =
1√
6
(2σ1 − σ2 − σ3), (B.8)

a′′2 : ϕ4 =
1√
3
(σ1 + σ2 + σ3), (B.9)

e′x : ϕ5 =
1√
2
(σ5 − σ6), (B.10)

e′y : ϕ6 =
1√
6
(2σ4 − σ5 − σ6), (B.11)

where we have identified the corresponding irreducible representation (or component of the

irreducible representation) of the D3h point group and approximated the σi as orthogonal.

The DFT partial charge densities obtained for the down spin of the bands listed in Table B.1

are shown in Figure B.1 for the rectangular supercell and in Figure B.2 for the hexagonal

cell, where the eigenfunctions they correspond to in our simplified basis have also been identi-

fied.

From our DFT calculations, we find that in the ground state the two highest energy levels,

corresponding to orbitals ϕ5,6, are partially filled, shown in Figure B.3. Following the work of
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Top

(a) (b) (c)

(d) (e) (f)

1

23

Figure B.1: DFT calculated partial charge densities are displayed corresponding to: a) a′′2 : ϕ4, b)
e′′x : ϕ2, c) e′′y : ϕ3, d) a′1 : ϕ1, e) e′x : ϕ5 and f) e′y : ϕ6. Nitrogen atoms are in silver and boron atoms
are in green. The i = 1, 2, 3 nearest-neighbor N atoms have been labeled in a). Results are displayed
for the down spin in a rectangular supercell.

Soykal et al. [21], we consider the picture involving the two unpaired holes, which is equiva-

lent to the picture of filling up the six bonding orbitals with ten electrons. These holes can

occupy any state in the set of the {ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, ϕ6} orbitals, though we note that double

occupation of the ϕ1 orbital is equivalent to ionization of the defect given the fact that one

of the spin levels for that orbital lies in the valence band. Following Lenef et al. [179], nota-

tion is simplified by writing Slater determinants in the form
∣∣ϕ1ϕ̄2...ϕn⟩, so that for example∣∣ϕ1ϕ̄1⟩ = 1√

2
[ϕ1(1)ϕ̄1(2) − ϕ1(2)ϕ̄1(1)], with the overbar designating spin-down states. The

99



Side

Top

(a) (b) (c)

(d) (e) (f)

1
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Figure B.2: DFT calculated partial charge densities are displayed corresponding to: a) a′′2 : ϕ4, b)
e′′x,y : ϕ2,3, c) e′′x,y : ϕ2,3, d) a′1 : ϕ1, e) e′x,y : ϕ5,6 and f) e′x,y : ϕ5,6. Nitrogen atoms are in silver
and boron atoms are in green. The i = 1, 2, 3 nearest-neighbor N atoms have been labeled in a). Re-
sults are displayed for the down spin in a hexagonal supercell for which we observe mixing of orbitals
corresponding to the components of irreducible representations.

symmetry of the states is obtained by applying the projection operator for the jth representa-

tion,

P (j) = lj/h
∑
R

χj(R)∗PR, (B.12)

where lj is the degree of the representation, h is the number of elements in the group, χ(R)

is the character for operation R, and PR is the symmetry operation R. States are listed in

Table B.3, though we neglect the transformation of the spin states themselves under the
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Conduction Band

Valence Band

a1'

a2''

ex''
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Conduction Band
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ey'

Rectangular Cell Hexagonal Cell

Figure B.3: Ground state electronic occupation of energy levels is shown for rectangular (left) and
hexagonal (right) supercells. We note that there is a separation in the energies of the up spin and
down spin levels, which our schematic illustration does not capture.

symmetry operations and consider only that of the orbital states. The case of the V 0
B is con-

sidered in Table B.4. We use a three hole picture and the same orbitals as for the V −
B . We

simplify the picture by noting that energy levels corresponding to the states |1⟩ , |1̄⟩ , |2⟩ , |3⟩

and |4⟩ lie in the valence band for the V 0
B and can therefore be neglected as their occupation

would be equivalent to ionizing the defect. This immediately implies that the ground state of

the V 0
B should have total spin S = 1/2 and that it can have no spin conserving excited states.

As alluded to above, we have calculated that the ground state corresponds to a spin polar-

ized state with total spin S = 1 and configuration (e′)2 in the hole picture with a symmetry

of 3A′
2. The lowest energy spin conserving transition is one that results in an a′′2e

′ configura-

tion in the hole picture with a symmetry of 3E′′. The identification of this transition as the

one corresponding to the ZPL is in agreement with the work of Ivády et al. [180]. In the hole

picture, we then calculate a ZPL using the PBE functional in DFT of 1.80 eV in reasonable

agreement with the experimental value of 1.99 eV [178]. More precise calculations are neces-

sary to conclusively identify the defect responsible for the ZPL signature. We note that us-

ing holes removes the need to explicitly calculate excited states using DFT. The calculations
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Table B.3: Spin wavefunctions for the V −
B . The symmetry of each state is given as Γ, its spin pro-

jection as MS and for the doubly degenerate representations, the transformation as either x or y is
indicated.

Configuration Γ MS (x, y) Wave function
(e′)2 3A′

2 1 |5̄6̄⟩
0 1√

2
(|5̄6⟩+ |56̄⟩)

−1 |56⟩
1A′

1 0 1√
2
(|5̄5⟩+ |6̄6⟩)

1E ′ 0 x 1√
2
(|5̄5⟩ − |6̄6⟩)

y 1√
2
(|5̄6⟩ − |56̄⟩)

a′′2e
′ 1E ′′ 0 x 1√

2
(|45̄⟩ − |4̄5⟩)

y 1√
2
(|46̄⟩ − |4̄6⟩)

3E ′′ 1 x |4̄5̄⟩
y |4̄6̄⟩

0 x 1√
2
(|45̄⟩+ |4̄5⟩)

y 1√
2
(|46̄⟩+ |4̄6⟩)

−1 x |45⟩
y |46⟩

e′e′′ 3A′′
2 1 1√

2
(|5̄2̄⟩+ |6̄3̄⟩)

0 1
2
(|5̄2⟩+ |52̄⟩+ |6̄3⟩+ |63̄⟩)

−1 1√
2
(|52⟩+ |63⟩)

1A′′
1 0 1

2
((|6̄2⟩ − |62̄⟩)− (|5̄3⟩ − |53̄⟩))

1E ′′ 0 x 1
2
((|5̄2⟩ − |52̄⟩)− (|6̄3⟩ − |63̄⟩))

y 1
2
((|6̄2⟩ − |62̄⟩) + (|5̄3⟩ − |53̄⟩))

3E ′′ 1 x 1√
2
(|5̄2̄⟩ − |6̄3̄⟩)

y 1√
2
(|6̄2̄⟩+ |5̄3̄⟩)

0 x 1
2
((|5̄2⟩+ |52̄⟩)− (|6̄3⟩+ |6̄3⟩))

y 1
2
(|6̄2⟩+ |62̄⟩+ |5̄3⟩+ |53̄⟩)

−1 x 1√
2
(|52⟩ − |63⟩)

y 1√
2
(|62⟩+ |53⟩)

above also serve as consistency checks for investigations we will perform of defects in the less

well studied SiS2 monolayer. The SiS2 monolayer is of interest as the natural abundance of

isotopes of Si and S with nuclear spin is below about 5% and nuclear spins can in some cases
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Table B.3 (Continued)

Configuration Γ MS (x, y) Wave function
a′1e

′ 1E ′ 0 x 1√
2
(|15̄⟩ − |1̄5⟩)

y 1√
2
(|16̄⟩ − |1̄6⟩)

3E ′ 1 x |1̄5̄⟩
y |1̄6̄⟩

0 x 1√
2
(|15̄⟩+ |1̄5⟩)

y 1√
2
(|16̄⟩+ |1̄6⟩)

−1 x |15⟩
y |16⟩

(a′′2)
2 1A′

1 0 |44̄⟩
a′′2e

′′ 1E ′ 0 x 1√
2
(|42̄⟩ − |4̄2⟩)

y 1√
2
(|43̄⟩ − |4̄3⟩)

3E ′ 1 x |4̄2̄⟩
y |4̄3̄⟩

0 x 1√
2
(|42̄⟩+ |4̄2⟩)

y 1√
2
(|43̄⟩+ |4̄3⟩)

−1 x |42⟩
y |43⟩

(e′′)2 3A′
2 1 |2̄3̄⟩

0 1√
2
(|2̄3⟩+ |23̄⟩)

−1 |23⟩
1A′

1 0 1√
2
(|22̄⟩+ |33̄⟩)

1E ′ 0 x 1√
2
(|22̄⟩ − |33̄⟩)

y 1√
2
(|2̄3⟩ − |23̄⟩)

a′1a
′′
2

1A′′
2 0 1√

2
(|14̄⟩ − |1̄4⟩)

3A′′
2 1 |1̄4̄⟩

0 1√
2
(|1̄4⟩+ |14̄⟩)

−1 |14⟩

cause decoherence of electronic spins that could potentially to serve as qubits [154].
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Table B.3 (Continued)

Configuration Γ MS (x, y) Wave function
a′1e

′′ 1E ′′ 0 x 1√
2
(|12̄⟩ − |1̄2⟩)

y 1√
2
(|13̄⟩ − |1̄3⟩)

3E ′′ 1 x |1̄2̄⟩
y |1̄3̄⟩

0 x 1√
2
(|12̄⟩+ |1̄2⟩)

y 1√
2
(|13̄⟩+ |1̄3⟩)

−1 x |12⟩
y |13⟩

(a′1)
2 1A′

1 0 |11̄⟩

Table B.4: Spin wavefunctions for the V 0
B . The symmetry of each state is given as Γ, its spin pro-

jection as MS and for the doubly degenerate representations, the transformation as either x or y is
indicated.

Configuration Γ MS (x, y) Wave function
(e′)3 2E ′ 1

2
x |6̄65̄⟩
y |5̄56̄⟩

−1
2

x |66̄5⟩
y |55̄6⟩
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