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ABSTRACT

Models of matching with contracts can elegantly capture the discreteness and heterogeneity of

interactions that arise in many real-world markets. However, the indivisibility of contracts makes

the existence of equilibrium in matching models a subtle issue. This dissertation develops new

results on the existence of equilibrium in matching models, as well as other settings with indivisible

goods—with applications to the design of matching markets and auctions.

Chapter 1, which is jointworkwithTamás Fleiner, Zsuzsanna Jankó, andAlexander Teytelboym,

shows how frictions affect equilibria in a model of matching in trading networks. It proves that,

when contracts are fully substitutable for firms, competitive equilibria exist and coincide with

outcomes that satisfy a cooperative solution concept called trail stability. However, competitive

equilibria are generally neither stable nor Pareto-efficient.

Chapter 2, which is joint work with Elizabeth Baldwin, Omer Edhan, Paul Klemperer, and

Alexander Teytelboym, addresses the issue of when competitive equilibria exist in markets for

indivisible goods with income effects. It shows that the existence of equilibrium fundamentally

depends on agents’ substitution effects, not their income effects. One consequence is that net

substitutability—which is a strictly weaker condition than gross substitutability—is sufficient for

the existence of equilibria.

Chapter 3, which is joint work with Karolina Vocke, addresses the issue of the choice of

solution concept in matching markets by considering large markets. In the context of complex,

finite markets, it is generally unclear what solution concept to use, as no general microfoundations

have been given for any of the solution concepts proposed in the matching literature, and most of
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the proposed solution concepts suffer from existence issues. In contrast, Chapter 3 shows that, in

the context of large markets, a solution concept called tree stability has a microfoundation and tree

stable outcomes are guaranteed to exist for arbitrary preferences and network structures.

Chapter 4 simplifies and clarifies the theoretical analysis of the cadet-branch matching problem.

Sönmez (2013) and Sönmez and Switzer (2013) usedmatching theorywith unilaterally substitutable

priorities to propose mechanisms to match cadets to military branches. Chapter 4 shows that

alternatively, the Sönmez and Sönmez–Switzer mechanisms can be constructed as descending

salary adjustment processes in Kelso–Crawford (1982) economies in which cadets are substitutable.
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INTRODUCTION

Models of matching with contracts capture details of real-world markets better than standard

general equilibrium models. To do so, matching frameworks formalize market interactions in

terms of contracts, which can encode the exchange of goods and services as well as contract terms

such as the details of job contracts (Hatfield and Milgrom, 2005). As contracts are indivisible and

counterparty-specific, matchingwith contracts naturally captures the discreteness and heterogeneity

that are present in many real-world markets (Kelso and Crawford, 1982). The assumption that the

matching market has two sides can be relaxed to capture interconnected settings, such as supply

chains and trading networks, in which agents act as both buyers and sellers.

However, the presence of indivisibilities makes the existence of equilibrium a subtle issue

in matching models. Existence results from general equilibrium theory (Arrow and Debreu,

1954; McKenzie, 1954, 1959) do not apply because indivisibilities are a form of non-convexity.

Nevertheless, Kelso and Crawford (1982) showed that equilibria exist in settings with indivisibilities

under a gross substitutability condition. For example, in the setting of a labor market, equilibria do

not exist in general, but, if firms regardworks as gross substitutes, the deferred acceptance algorithm

of Gale and Shapley (1962) calculates a market equilibrium (Kelso and Crawford, 1982). This

result highlights a connection between matching markets and auctions: under gross substitutability,

the deferred acceptance algorithm can be interpreted as a descending auction in workers’ salaries

(Kelso and Crawford, 1982; Hatfield and Milgrom, 2005).

This dissertation studies matching markets, auctions, and other settings with indivisibilities—

focusing on developing new results on the existence of equilibrium. Chapter 1 develops matching

theory in a new setting under gross substitutability, while Chapters 2–4 explore the properties of

matching markets and auctions when the gross substitutability condition fails.
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Previous matching models allowed for fixed costs of moving goods between agents but ruled out

transaction taxes or commissions that make it costly for agents to make payments. While sales taxes

are pervasive, transaction taxes and commissions are both especially relevant in housing markets,

where they take the form of stamp duty land taxes and real estate agent commissions. In Chapter 1,

which is joint work with Tamás Fleiner, Zsuzsanna Jankó, and Alexander Teytelboym, we show

how to leverage taking contracts as the primitive to incorporate frictions into generalized matching

models. Specifically, we develop a model of trading networks that can capture several types of

frictions, including transaction taxes and commissions, in reduced form. Our main result shows that

competitive equilibria exist under version of Kelso and Crawford’s (1982) gross substitutability

condition even in the presence of frictions. One key technical challenge in our analysis is that

standard methods from transferable utility settings do not apply in the presence of frictions; we

therefore develop new methods to allow for frictions.

We also provide cooperative foundations for competitive equilibrium in settings with frictions.

Specifically, we show that a market outcome can be supported in competitive equilibrium if and

only if market outcome is immune to sequences of deviations bymyopic agents—i.e., if the outcome

is trail-stable (Fleiner et al., 2018). This equivalence result provides a cooperative foundation for

competitive equilibrium with frictions, as well as a competitive foundation for trail stability. It

also shows that a market designer can implement competitive equilibrium outcomes as long as

agents evaluate potential deviations myopically. This insight suggests a rationale for designing

market-clearing mechanisms based on competitive equilibrium pricing.

In contexts with income effects, however, the gross substitutability condition is especially

restrictive. For example, if a buyer of multiple, indivisible goods regards the goods as gross

substitutes and the buyer experiences income effects, then the goods must be inferior.1 In Chapter 2,

which is joint workwith Elizabeth Baldwin, Paul Klemperer, andAlexander Teytelboym, we expand

the scope of income effects that can be incorporated inmarket design settingswith indivisible goods.

1 For a detailed discussion, see Remark 1.E.1 in Chapter 1. A similar issue arises for agents who both buy and sell
indivisible goods, even if they buy and sell only single units.
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We leverage a quasilinear interpretation of Hicksian demand to develop an “Equilibrium Existence

Duality” that provides a method to transport results on the existence of competitive equilibrium

with indivisible goods from well-studied settings with transferable utility to settings with income

effects. As an application, we show that competitive equilibria exist whenever goods are net

substitutable—even if goods are gross complementary.

Our existence result has implications for the design of auctions in which bidders can buy

multiple goods. Specifically, the existence result shows that auctions that allocate goods based

on the outcome of a competitive equilibrium between bidders and the seller can be implemented

in settings with net substitutable goods. Examples of auctions that allocate goods based on

competitive equilibrium prices include second price auctions, uniform price auctions, and the

Product Mix Auction (Klemperer, 2010). Previously, it was thought that such auctions relied on

some form of gross substitutability, in which case the auctions are equivalent to versions of deferred

acceptance in that a version of deferred acceptance converges to competitive equilibrium prices (see

Kelso and Crawford (1982), Demange et al. (1986), and Chapter 1). With income effects, however,

net substitutability is generally a different condition than gross substitutability. As we show, net

substitutability is a strictly weaker condition than gross substitutability when goods are indivisible,

so auctions based on deferred acceptance are not generally well-defined under net substitutability.

In the context of production networks, both gross and net substitutability require that inputs be

substitutable in production—an assumption that clearly does not hold in settings in which multiple

inputs are required to produce an output. In Chapter 3, which is joint work with Karolina Vocke, we

revisit the classical issues of the choice of solution concept and existence in matching settings with

complementarities. For sake of tractability, we focus specifically on large markets, which we model

through the presence of a continuum of agents. In this context, we show that Ostrovsky’s (2008)

tree stability concept, which requires that an outcome be immune to deviations by groups of firms

that comprise trees, has a microfoundation and that tree-stable outcomes always exist. Therefore,

unlike in finite markets, complementarities do not preclude the existence of tree-stable outcomes

in large markets. These results suggest that large-market matching models can be used to analyze
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production networks in which many different commodities are assembled to produce final goods.

The final chapter revisits an application of matching with contracts to the market in which

newly graduated cadets are matched with branches in the army. In this market, the matching

process simultaneously determines the matching between cadets and branches and the length of

time that cadets are obligated to serve. Sönmez (2013) and Sönmez and Switzer (2013) proposed

matching mechanisms whose relationship to auctions was unclear. The key technical challenge

was that gross complementarities that arise in branches’ priority orders over cadets. As a result,

while the Sönmez and Sönmez–Switzer mechanisms are based on deferred acceptance, it was not

clear how they related to descending auctions. In Chapter 4, I show that the Sönmez and Sönmez–

Switzer mechanisms can in fact be described ascending auctions in length of service obligations

in a setting in which cadets are gross substitutable to branches that maximize a quasilinear profit

function. This result provides a transparent interpretation of the proposed mechanisms: the lengths

of service obligations serve as inverse-salaries. If the army moves towards implementing the

Sönmez or Sönmez–Switzer mechanisms, then the simplified description of the mechanisms may

help policymakers understand the mechanisms.

This work develops newmodels of matching markets and other markets with indivisibilities and

new methods to analyze these models. The results expands the domain in which matching models

can be used to analyze markets and to design market-clearing mechanisms. My hope is that the

results may inspire further applications of matching models.
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1. TRADING NETWORKS WITH FRICTIONS1

Interdependence and specialization of production are central features of the modern economy.

Many firms have complex, bilateral relationships with dozens of buyers and suppliers. The terms of

these relationships are typically encoded in discrete contracts that specify goods traded or services

rendered, delivery dates, penalties for non-completion, and, of course, prices. Models of matching

with contracts, inspired by Gale and Shapley (1962), elegantly capture discrete interactions in

highly differentiated markets with heterogeneous agents (Crawford and Knoer, 1981; Kelso and

Crawford, 1982; Roth, 1984b; Hatfield and Milgrom, 2005). We focus on matching in trading

networks in order to represent complex production linkages in the economy.

Trading networks can suffer from distortionary frictions, such as transaction taxes and bro-

ker commissions. Distortionary frictions introduce wedges between payments and receipts and

therefore make utility imperfectly transferable between agents. Despite the practical relevance of

distortionary frictions, most previous models of matching in trading networks with continuous

prices assume that utility is perfectly transferable between agents (Hatfield et al., 2013).

In this chapter, we develop a theory of trading networks in which there are continuous transfers

between agents but distortionary frictions make utility imperfectly transferable. We establish two

results. First, we provide sufficient conditions for the existence of competitive equilibria that apply

in the presence of discrete contracts and distortionary frictions. Second, we show that there is

an equivalence between competitive equilibrium and an intuitive cooperative solution concept.

1 This chapter is joint work with Tamás Fleiner, Zsuzsanna Jankó, and Alexander Teytelboym. We would like to
thank Samson Alva, David Delacrétaz, Battal Doğan, Laura Doval, Jeremy Fox, Daniel Gottlieb, Jens Gudmundsson,
Onur Kesten, Maia King, Bettina Klaus, Scott Kominers, Shengwu Li, Michael Ostrovsky, Madhav Raghavan,
Larry Samuelson, Jan Christoph Schlegel, Steven Shadman, Joel Sobel, Fabien Wang, and seminar participants at
CMU/University of Pittsburgh, ETH, Harvard, Oxford, and the NBER Market Design Working Group Meeting for
their valuable comments.
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Our equivalence result is in the spirit of Aumann (1964) but holds for fixed, finite markets and

applies in the presence of frictions. Therefore, as wewill argue, our equivalence result provides new

cooperative foundations for competitive equilibriumand competitive foundations for the cooperative

solution concept that we consider.

To model trading networks, we follow Hatfield et al. (2013, 2020) and assume that agents

interact via an exogenously specified set of bilateral trades. A trade specifies who is trading,

what good or service is being traded, and any non-pecuniary parameters of exchange. Trades also

have directions that correspond to the flow of goods: upstream trades represent purchases and

downstream trades represent sales (Ostrovsky, 2008). In a market outcome, transfers are made for

every realized trade, encapsulating the role of money in the economy. An outcome is summarized

by a set of realized contracts, each of which specifies a trade and a price.

To model distortionary frictions, we introduce a novel ingredient to the trading network frame-

work. Specifically, we allow agents to place different values on transfers associated to different

trades to capture wedges between payments and receipts. This feature allows our model to capture

frictions such as transaction taxes and commissions.

Our first main result provides sufficient conditions for the existence of competitive equilibria.

The key condition for existence is that preferences over contracts are fully substitutable (Ostrovsky,

2008; Hatfield and Kominers, 2012; Hatfield et al., 2013)—i.e., that upstream (resp. downstream)

trades are gross substitutable for each other, and that upstream and downstream trades are gross

complementary to one another. Full substitutability can be regarded as the requirement that the

goods that flow in trades are gross substitutable (Baldwin and Klemperer, 2019; Hatfield et al.,

2019). We show that full substitutability and a mild regularity condition together ensure that

competitive equilibria exist in our model.2

To relate the competitive and cooperative approaches to the analysis of markets with frictions,

we first explore cooperative interpretations of competitive equilibria. Standard solution concepts in

2 As Hatfield and Kominers (2012) (resp. Hatfield et al. (2013)) showed, full substitutability is necessary in a
maximal domain sense for the existence of equilibria in trading networks with discrete and bounded prices (resp. with
transferable utility).
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matching theory are stability (in the sense of Hatfield et al. (2013))—which requires that there is no

group of firms that can commit to recontracting among themselves (possibly while dropping some

existing contracts)—and the core. However, we show that in the presence of frictions, competitive

equilibrium outcomes are generally neither stable nor in the core. Moreover, stable outcomes do

not exist in general even when contracts are fully substitutable.

Therefore, we use a different cooperative solution concept to analyze trading networks with

frictions. An outcome is trail-stable if it is immune to sequential deviations in which a firm that

receives an upstream (resp. downstream) contract offer can either accept the offer outright or make

an additional downstream (resp. upstream) contract offer (Fleiner et al., 2018). Trail stability is an

extension of Gale and Shapley’s (1962) pairwise stability property to trading networks. We show

that competitive equilibrium outcomes are always trail-stable. In particular, trail-stable outcomes

exist even in the presence of frictions whenever competitive equilibria exist.

Trail stability also has a competitive interpretation. We show that trail-stable outcomes can be

supported by competitive equilibrium prices under full substitutability and regularity conditions.

As an outcome is a set of realized contracts, it only specifies the prices of realized trades. Hence,

the crucial part of the proof is to construct equilibrium prices for unrealized trades as well. Our

results show that trail-stable outcomes are essentially equivalent to competitive equilibria—even in

the presence of frictions.

From an applied perspective, ourmodel may be of interest to structural econometricians. Recent

work on estimation in matching markets with transfers has focused on frictionless trading networks

(Fox, 2017, 2018; Fox et al., 2018) and two-sided markets with frictions (Cherchye et al., 2017;

Galichon et al., 2019). Our model allows for both frictions and interconnectedness, which are both

key features of markets such as the real estate market. Structural methods based on our model

would allow the econometrician to partially identify preferences by assuming that the observed

market outcome is trail-stable—or, equivalently, obtained from a competitive equilibrium.

Most previous models of matching in trading networks impose significant additional conditions

on the structure of the trading network, the space of contracts, or preferences. Ostrovsky (2008),
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Westkamp (2010), and Hatfield and Kominers (2012) derived existence and structural results for

acyclic networks, which cannot contain “horizontal" trade between intermediaries. Hatfield et al.

(2020), Fleiner et al. (2018), andAdachi (2017) extended the analysis of Ostrovsky (2008) to general

trading networks. However, Ostrovsky (2008), Westkamp (2010), Hatfield and Kominers (2012),

and Fleiner et al. (2018) all assumed that there are finitely many contracts, ruling out continuous

or unbounded prices and precluding comparisons with competitive equilibrium. Hatfield et al.

(2013) consider general trading networks with continuous prices and technological constraints,

but assume that utility is perfectly transferable, ruling out both distortionary frictions and income

effects.3 Hatfield et al. (2020) introduced continuous prices into discrete models of matching

in trading networks—allowing for technological constraints and without assuming that utility is

transferable. Our model specializes that of Hatfield et al. (2020) to accommodate an analysis of

competitive equilibria. Hatfield et al. (2020) also analyzed the properties of stable outcomes—

which do not generally exist in our model even when competitive equilibria exist. In contrast, we

focus on the existence of trail-stable outcomes and their relationship to competitive equilibria.

Our work also builds on large literatures on one-to-one and many-to-one matching with imper-

fectly transferable utility (see, e.g., Dupuy et al. (2017) and Galichon et al. (2019)). The source

of imperfect transferability—i.e., whether it is due to frictions or income effects—is irrelevant in

both one-to-one and many-to-one matching. In our model, on the other hand, frictions can cause

trail-stable outcomes and competitive equilibria to be Pareto-inefficient, while income effects do

not give rise to Pareto inefficiency.

More broadly, this chapter builds on a rich literature on competitive equilibriumwith indivisible

goods. In that literature, it is typically assumed that utility is perfectly transferable (see, e.g., Gul

and Stacchetti (1999), Sun and Yang (2006), and Baldwin and Klemperer (2019)), ruling out both

distortionary frictions and income effects. Danilov et al. (2001) showed that competitive equilibria

exist for certain classes of preferences with complementarities and income effects, but they rule out

3 Hatfield et al. (2013) allowed for fixed transaction costs, such as shipping costs and lump-sum transaction taxes,
but not for proportional transaction taxes and commissions.
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frictions. We assume a substitutability condition, but allow for both frictions and income effects.

This chapter proceeds as follows. Section 1.1 introduces the model. Section 1.2 explains

how our model captures frictions and describes leading examples. Section 1.3 presents sufficient

conditions for the existence of competitive equilibria. Section 1.4 defines trail stability relates it

to competitive equilibrium. Section 1.5 describes how competitive equilibrium and trail stability

relate to other cooperative solution concepts. (We present the details of these relationships in

Appendix 1.E.) Section 1.6 is a conclusion. Appendix 1.A formulates equivalent definitions of full

substitutability that we use in the proofs of our main results. Appendixes 1.B, 1.C, and 1.D contain

the proofs of the results in the text.

1.1 Model

Our model is based on that of Hatfield et al. (2020) but requires that prices be continuous and

unbounded.

1.1.1 Firms and contracts

There is a finite set F of firms and a finite set Ω of trades. Each trade ω ∈ Ω is associated to

a buyer b(ω) ∈ F and a seller s(ω) ∈ F . Trades specify what is being exchanged as well as any

non-pecuniary contract terms (Hatfield et al., 2013).

A contract is a pair (ω, pω) that consists of a trade ω and a price pω ∈ R for ω . Thus, the set

of contracts is X = Ω×R. For a set of contracts Y ⊆ X , we let

τ(Y ) = {ω ∈ Ω | (ω, pω) ∈ Y for some pω}

denote the set of trades that are associated to contracts inY . An outcome is a set Y ⊆ X of contracts

such that each trade is associated with at most one price in Y—formally, |τ(Y )|= |Y |.

Given a setΞ⊆Ω of trades and a firm f ∈ F, letΞ→ f denote the set of trades inΞ in which f acts

as a buyer, let Ξ f→ denote the set of trades in Ξ in which f acts as a seller, and let Ξ f = Ξ→ f ∪Ξ f→
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denote the set of trades in Ξ in which f is involved (as either a buyer or as a seller). For a set Y ⊆ X

of contracts, we define subsets Y→ f , Yf→, and Y f analogously.

An arrangement is a pair [Ξ; p] of a set of trades Ξ ⊆ Ω and a price vector p ∈ RΩ. Given an

arrangement [Ξ; p] , we define an associated outcome κ([Ξ; p])⊆ X by

κ([Ξ; p]) = {(ω, pω) | ω ∈ Ξ}.

That is, κ([Ξ; p]) is the outcome at which the trades in Ξ are realized at the prices given by p.

Unlike outcomes, arrangements specify prices even for unrealized trades.

1.1.2 Utility functions and transfers

Each firm’s utility depends only on the trades that involve the firm and on the transfers that it

receives. Formally, firm f has a utility function u f : P(Ω f )×RΩ f → R∪{−∞}.4

Three features of our specification of utility functions are worth highlighting. First, the utility

function depends on the entire vector of transfers (as opposed to merely on net transfers). Hence, we

allow firms to place different marginal values on transfers associated to different trades; as we show

in Section 1.2, this feature allows our model to capture distortionary frictions. Second, we allow

the utility function to take value −∞ to capture technological constraints (Hatfield et al., 2013).

Specifically, we set u f (Ξ, t) =−∞ for all transfer vectors t if the set Ξ of trades is technologically

infeasible for f . Last, while utility depends on the transfers associated to unrealized trades, firms

do not receive transfers for unrealized trades in market outcomes.

We assume that u f (Ξ, t) is continuous in t and that

t ≤ t ′ =⇒ u f (Ξ, t)≤ u f (Ξ, t ′)

with equality if and only if u f (Ξ, t) = −∞, so transfers are relevant to firms whenever a set of

trades is feasible. We also assume that u f (∅,0) ∈R, so autarky is feasible. The transferable utility

4 We write P(Z) for the power set of a set Z.
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trading network model of Hatfield et al. (2013) is recovered when

u f (Ξ, t) = v f (Ξ)+ ∑
ω∈Ω f

tω (1.1)

for some valuation function v f : P(Ω f )→ R∪{−∞}.

To analyze competitive equilibria, we need to consider firms’ demands for trades at any given

price vector. Prices give rise to transfers in the following manner. Firms receive no transfer for a

trade if they do not agree to the trade. Firms receive transfers equal to the prices of any realized

sales (downstream trades) and pay transfers equal to the prices of any realized purchases (upstream

trades). Maximizing utility at a price vector p ∈RΩ f gives rise to a collection of sets of demanded

trades

D f (p) = argmax
Ξ⊆Ω f

u f
(

Ξ,
(
pΞ f→ ,(−p)Ξ→ f ,0Ω f∖Ξ

))
.

Thus, D f is the demand correspondence of firm f .

As is typical in matching theory, we also need to consider firms’ choices from sets of available

contracts. Given a firm f and an outcomeY ⊆ X f , the utility ofY for f isU f (Y ) = u f (τ(Y ), t f (Y )),

where t f (Y )ω is the transfer associated with trade ω in Y .5 We define the choice correspondence

C f : P(X f )⇒ P(X f ) by

C f (Y ) = argmax
outcomes Z⊆Y

U f (Z) .

Since prices are continuous, firms may be indifferent between certain outcomes so the choice

correspondence is generally multi-valued.

5 Formally, we write

t f (Y )ω =


0 if ω /∈ τ(Y )
pω if (ω, pω) ∈ Yf→

−pω if (ω, pω) ∈ Y→ f

.
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1.1.3 Competitive equilibrium

In a competitive equilibrium, firms act as price-takers and all markets clear. Here, the market

for a trade clears at a specified price if the trade is either demanded by both the buyer and the seller

or it is demanded by neither. Therefore, in a competitive equilibrium, buyers and sellers demand

the same sets of trades at the prices that they face. As in Hatfield et al. (2013), in order to fully

specify a competitive equilibrium, we need to assign prices to all trades, including ones that are

not realized.

Definition 1.1. An arrangement [Ξ; p] is a competitive equilibrium if Ξ f ∈ D f (pΩ f ) for all f .

As interchangeable tradeswith different counterparties can be priced differently, our competitive

equilibria can have personalized prices (as in Hatfield et al. (2013)).6 We call an outcome A a

competitive equilibrium outcome if A= κ([Ξ; p]) for some competitive equilibrium [Ξ; p].

1.2 Distortionary frictions

In our model, firms may value transfers from different trades differently, so a unit of tω might

be worth less to the firm than a unit of tω ′ .7 This feature allows our model to capture (in a

reduced form) distortionary frictions such as variable transaction taxes and commissions. This

section illustrates exactly how our model can capture transaction taxes and how they in turn affect

competitive equilibria.

1.2.1 Capturing transaction taxes

Suppose, for example, that λ proportion of every transfer must be paid to the government as

a tax. We assume that the recipient of the transfer pays the proportional transaction tax—this

assumption is without loss of generality. Thus, the net-of-tax transfer received or paid by a firm for

6 For example, trades of the same good with different counterparties can have different prices in a competitive
equilibrium.

7 That is, firms can have different marginal rates of substitution between transfers associated to different trades.
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a trade ω is

Tω(tω) =


(1−λ )tω if tω ≥ 0

tω if tω < 0
, (1.2)

where tω is the gross transfer (Dupuy et al., 2017). Hence, when tω ≥ 0, the firm is a recipient

of the transfer and receives (1−λ )tω ; when tω < 0, the firm is a payer and pays tω in full. As a

result, if firm f has quasilinear preferences and valuation v f :P(Ω f )→R∪{−∞}, then the utility

function u f is

u f (Ξ, t) = v f (Ξ)+ ∑
ω∈Ω f

Tω(tω). (1.3)

When λ < 1 and v f (∅) ∈ R, the utility function u f satisfies our conditions on preferences (i.e., it

is continuous and satisfies the requisite monotonicity condition). Note that transaction taxes make

utility imperfectly transferable even if preferences are quasilinear.8

We can model transaction taxes similarly even in the presence of income effects. If firm f has

utility function û f before taxes, then the net-of-tax utility function is

u f (Ξ, t) = û f
(

Ξ,(Tω(tω))ω∈Ω f

)
. (1.4)

More generally, our framework can capture nonlinear transaction taxes and subsidies. If a tax

of Λω(tω) must be paid on a transfer of size tω ≥ 0 for trade ω, then we can take the net-of-tax

transfer function Tω to be

Tω(tω) =


tω −Λω(tω) if tω ≥ 0

tω if tω < 0

in (1.4) to define the net-of-tax utility function. The case of Λω(tω) = λ tω recovers the proportional

transaction tax discussed above. If û f is continuous and satisfies the requisite monotonicity

condition and marginal tax rates are strictly less than 1,9 then u f is continuous and satisfies the

8 We thank a referee for this observation.

9 Formally, we require that Λω be continuous, that Λω(0) = 0, and that x2−Λω(x2)< x1−Λω(x1) for all x1 > x2 > 0
to ensure that the utility functions satisfy the requisite monotonicity condition.
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Figure 1.1: Trades in our examples. Arrows point from sellers to buyers.

requisite monotonicity condition as well. It is straightforward to extend the definition of Tω to

capture direction-dependent transaction taxes.

Commissions that comprise a fraction of sale prices (such as real estate commissions) can be

straightforwardly represented as transaction taxes. More generally, as our framework allows for

imperfectly transferable utility, it can capture settings in which there is a complex set of feasible

surplus distributions between counterparties (Galichon et al., 2019).10 For sake of simplicity, we

focus on transaction taxes as the source of imperfect transferability in our leading examples.

1.2.2 Leading examples

Wenow illustrate how distortionary frictions can affect competitive equilibria. The first example

considers a cyclic economy in which firms have quasilinear preferences and transaction taxes are

incorporated as discussed in Section 1.2.1. We show that competitive equilibria can be Pareto-

inefficient and hence that competitive equilibrium outcomes are generally not in the core.

Example 1.1 (A Pareto-inefficient competitive equilibrium). As depicted in Figure 1.1(a), there

are two firms, f1 and f2, which interact via two trades. There is a proportional transaction tax of

λ = 10%. The firms share the same quasilinear utility function (see (1.2) and (1.3)) with valuation

10 For example, as Galichon et al. (2019) showed, matching models with imperfectly transferable utility can capture
the “collective" model of intra-household bargaining (Chiappori, 1988).

14



v= v f1 = v f2 defined by

v(∅) = 0

v({ζ ,ψ}) = 10

v({ζ}) = v({ψ}) =−∞.

There are two sets of trades that can be supported in competitive equilibria: ∅ and {ζ ,ψ}. For

example, the arrangement [{ζ ,ψ}; p] is a competitive equilibrium if −100≤ pζ = pψ ≤ 100, and

the arrangement [∅; p] is a competitive equilibrium if pζ = pψ ≥ 100 or pζ = pψ ≤−100.11 The

competitive equilibria that support the autarky outcome are all Pareto-inefficient.12

In contrast, in markets without transaction taxes or other distortionary frictions, competitive

equilibria are in the core (and hence Pareto-efficient).

The second example shows that adding an outside option for f1 to Example 1.1 can shut down

trade between f1 and f2 due to pecuniary externalities. In the context of Examples 1.1 and 1.2,

adding an outside option can cause prices to become extreme, inducing heavy trading losses (due

to taxes) that shut down the market.

Example 1.2 (An outside option that shuts down a market). As depicted in Figure 1.1(b), there are

three firms, f1, f2, and f3,which interact via three trades. There is a proportional transaction tax of

λ = 10%. The firms have quasilinear utility functions (see (1.2) and (1.3)), where we let v fi denote

the valuation of firm fi. We let v fi(∅) = 0 for all firms. Extending Example 1.1, firm f1’s valuation

11 In general, [{ζ ,ψ}; p] is a competitive equilibrium if and only if

min{pζ ,0.9pζ}+min{−pψ ,−0.9pψ} ≥ −10 and min{−pζ ,−0.9pζ}+min{pψ ,0.9pψ} ≥ −10.

Similarly, [∅; p] is a competitive equilibrium if and only if

min{pζ ,0.9pζ}+min{−pψ ,−0.9pψ} ≤ −10 and min{−pζ ,−0.9pζ}+min{pψ ,0.9pψ} ≤ −10.

12 This Pareto inefficiency persists even if tax revenue is remitted back to firms in the market, as f1 and f2 fail to
realize any of the potential gains from trade at the autarky outcome.

15



is defined by

v f1({ζ ,ψ}) = v f1({ζ ′,ψ}) = 10

v f1({ζ}) = v f1({ζ ′}) = v f1({ψ}) =−∞

v f1({ζ ,ζ ′}) = v f1({ζ ,ζ ′,ψ}) =−∞.

As in Example 1.1, firm f2’s valuation is defined by

v f2({ζ ,ψ}) = 10

v f2({ζ}) = v f2({ψ}) =−∞.

Firm f3’s valuation is defined by v f3({ζ ′}) = 300.

Trade ζ ′ cannot be realized in equilibrium due to the technological constraints of f1 and f2.13

Hence, we must have that pζ ′ ≥ 300 in every competitive equilibrium, as f3 must weakly prefer ∅

over {ζ ′} in equilibrium. For trade to occur, f1 would have to prefer ζ over ζ ′, and so we would

have that pζ ≥ pζ ′ ≥ 300.With 10% taxation and pζ ≥ 300, at least $30 in taxes would have to be

paid if ζ were realized. But $30 exceeds the gains from trade between f1 and f2, and so trade cannot

occur in any competitive equilibrium despite the fact that there are potential gains from trade. An

example of a competitive equilibrium is [∅; p] , where pζ = pψ = pζ ′ = 350. Thus, introducing an

outside option that is not used in equilibrium can shut down a market when there are distortionary

frictions.

In contrast, without transaction taxes, adding an outside option cannot cause competitive

equilibria to become Pareto-inefficient (by the First Welfare Theorem).

13 To see why, note that if ζ ′ is realized, then ψ must be realized and ζ cannot be realized (due to f1’s preferences).
But f2’s preferences require that ζ be realized whenever ψ is realized.
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1.3 Existence of competitive equilibria

Because trades are indivisible, competitive equilibria need not exist in our model without

further assumptions on preferences. The key condition for our existence result is full substitutability

(Hatfield et al., 2013).14

Intuitively, full substitutability requires that every firm views its upstream trades as gross

substitutes for each other, its downstream trades as gross substitutes for each other, and its upstream

and downstream trades as gross complements for one another.15 More precisely, full substitutability

requires that expansions in the set of upstream (resp. downstream) options and contractions in the

set of downstream (resp. upstream) options only make upstream (resp. downstream) contracts less

attractive and downstream (resp. upstream) contracts more attractive for a firm.

Assumption 1.1 (Full substitutability—FS; Hatfield et al., 2013). For all f ∈ F and all finite sets

of contracts Y,Y ′ ⊆ X f with Yf→ ⊆ Y ′
f→ and Y→ f ⊇ Y ′

→ f , ifC
f (Y ) = {Z} andC f (Y ′) = {Z′}, then

we have that Z′∩Yf→ ⊆ Z and that Z∩Y ′
→ f ⊆ Z′.

Technically, we impose the full substitutability condition only on sets of contracts from which

a firm’s utility-maximizing choice is unique. In Appendix 1.A, we show that full substitutability

is equivalent to a substitutability property that deals with indifferences more explicitly and to the

weak quasisubmodularity of the indirect utility function (in a sense similar to Hatfield, Jagadeesan,

and Kominers (2020)).16

Hatfield et al. (2013) also needed to assume that firms’ valuations of sets of trades are never

+∞ to ensure that competitive equilibria exist. We impose a similar condition that is adapted to

14 Full substitutability generalizes gross substitutability (Kelso and Crawford, 1982; Gul and Stacchetti, 1999). We
use the choice-language full substitutability condition introduced by Hatfield et al. (2013), which extends the same-side
substitutability and cross-side complementarity conditions of Ostrovsky (2008) to choice correspondences.

15 Section IIB in Hatfield et al. (2013) provides a detailed discussion of the full substitutability condition in the
context of trading networks with transferable utility. For example, full substitutability rules out complementarities
between inputs.

16 Our equivalence results are analogues of those in Hatfield et al. (2019) but apply even in environments with
non-quasilinear utility functions. Just as several proofs in Hatfield et al. (2013) use the equivalence between the
definitions of full substitutability proposed by Hatfield et al. (2019), several of our proofs use the equivalence between
the definitions of full substitutability introduced in Appendix 1.A.
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settings in which utility is not perfectly transferable. Our condition requires that the compensating

variations of moving from autarky to trade be bounded below—i.e., that no set of trades is so

desirable that it is preferred to autarky at any level of net transfers. This condition is satisfied in

transferable utility economies when valuations are bounded above.

Assumption 1.2 (Bounded compensating variations—BCV). For all f ∈ F, we have

inf
(Ξ,t)|u f (Ξ,t)≥u f (∅,0)

∑
ω∈Ω f

tω >−∞.

BCV requires that net transfers ∑ω∈Ω f
tω are bounded below over all transfer vectors t that are

acceptable alongside any set of trades Ξ. If a firm is willing to accept some set of trades alongside

arbitrarily negative net transfers, then BCV fails. BCV is a weak assumption that is likely to be

satisfied in any real-world economy.17 In particular, BCV is satisfied in Examples 1.1 and 1.2. Note

that BCV allows for technological constraints, in that it permits sets of trades to be so undesirable

to a firm that they remain less desirable than autarky regardless of how much the firm receives in

net transfers.

Competitive equilibria may not exist under FS if BCV is not satisfied.

Example 1.3 (Competitive equilibria need not exist under FS alone). Consider two firms, b and s,

and one trade ω between them with s(ω) = s and b(ω) = b. Suppose that s is not willing to sell ω

at any (finite) price, but b would buy ω at any (finite) price. Note that the market does not clear at

any price—b always demands ω and s never demands ω. The issue is that the variation needed to

compensate b for going from autarky to trade is −∞. If b’s compensating variation were −p, then

autarky could be sustained in equilibrium at any price above p.

On the other hand, FS and BCV together ensure that competitive equilibria exist.

Theorem 1.1. Under FS and BCV, competitive equilibria exist.

17 If transfers are denominated in different currencies, then BCV may only be satisfied after redenomination. For
example, suppose that some trades are denominated in dollars and others in pounds, and that £1=$2. If there are no
transaction taxes, then firms will be willing to sustain a −$3M alongside a £2M transfer for all M > 0—a violation of
BCV. But BCV can be satisfied once if the pound-denominated trades are redenominated in dollars.

18



Theorem 1.1 generalizes the existence results of Kelso and Crawford (1982) and Hatfield et al.

(2013). Unlike Kelso and Crawford (1982), we allow for a trading network structure. Unlike

Hatfield et al. (2013), we allow utility to be imperfectly transferable between firms.

Our proof of Theorem 1.1 proceeds in three steps. First, we modify firms’ preferences to bound

their willingness to pay for trades. Second, we use BCV to show that every competitive equilibrium

in the modified economy is in fact a competitive equilibrium in the original economy. Third, we

use FS to construct a competitive equilibrium in the modified economy and complete the proof.

Our overall strategy is similar to the strategy that Hatfield et al. (2013) employed to prove their

existence result (Theorem 1 in Hatfield et al. (2013)). However, our arguments for the first and

second steps are novel—we cannot apply the corresponding reasoning from Hatfield et al. (2013)

because utility is imperfectly transferable in our model.

We now describe each of steps in the proof of Theorem 1.1 in more detail.

Step 1: We construct a modified economy by giving all firms options to execute all trades at very

undesirable prices. Specifically, we give every firm the option to execute any trade by paying a cost

of Π. (We choose the value of Π in Step 2.) Hence, firms have bounded willingness to pay for all

trades in the modified economy (in a sense that we make precise in Section 1.4.4). We show that

introducing these options preserves full substitutability.

Hatfield et al. (2013) applied a related—but not analogous—transformation in the proof of their

existence result. Specifically, Hatfield et al. (2013) give firms both the option to execute a trade

by paying a cost of Π and the option to dispose of an undesired trade for a cost of Π. However,

the Hatfield et al. (2013) approach does not generally preserve full substitutability when forms of

transfer are imperfectly substitutable.

Step 2: Using BCV, we choose Π to ensure that all competitive equilibria in the modified economy

are in fact competitive equilibria in the original economy. Specifically, we set

Π = 1− ∑
f∈F

inf
(Ξ,t)|u f (Ξ,t)≥u f (∅,0)

∑
ω∈Ω f

tω ,
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which is finite due to BCV. With this choice of Π, firms do not use the options in any competitive

equilibrium in the modified economy. Indeed, Π exceeds the total surplus in the economy, and

hence if an option were used in a competitive equilibrium, then some firm would have to be worse

off in the equilibrium than under autarky.

In contrast, Hatfield et al. (2013) chose Π to be greater than the sum of the maximum absolute

values of all firms’ valuations. We cannot apply this approach directly because firms’ preferences

cannot generally be described by valuations of bundles of trades in our model.

Step 3: To complete the proof, we show that competitive equilibria exist in the modified economy.

Our argument for this step follows familiar arguments from Crawford and Knoer (1981) and Kelso

and Crawford (1982). Specifically, we discretize prices and use a generalized Deferred Acceptance

algorithm (Ostrovsky, 2008; Hatfield andKominers, 2012; Fleiner et al., 2018) to show the existence

of approximate equilibria in the modified economy, and then take limits to obtain a competitive

equilibrium. This argument rests crucially on the fact (from Step 1) that in the modified economy,

full substitutability is satisfied and firms have bounded willingness to pay for trades.

1.4 Competitive equilibrium and trail stability

We now study the relationships between competitive equilibria and cooperative solution con-

cepts from matching theory. Instead of assuming that firms are price-takers, we allow firms to

recontract while keeping or dropping existing contracts.

A common restriction in cooperative solution concepts in the matching literature is individual

rationality, which requires that no firm wants to unilaterally drop any realized contract.

Definition 1.2 (Roth, 1984b; Hatfield et al., 2013). An outcome A ⊆ X is individually rational if

A f ∈C f (A f ) for all f ∈ F .
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1.4.1 Instability of competitive equilibrium

One cooperative solution concept in the matching literature is stability (Roth, 1984b; Hatfield

and Milgrom, 2005; Hatfield and Kominers, 2012). At a stable outcome, there is no block—i.e.,

no group of firms that can commit to recontracting among themselves while being free to drop any

contracts. Hatfield et al. (2013) extend the definition of stability to settings with indifferences.

Definition 1.3 (Hatfield et al., 2013). A non-empty set of contracts Z ⊆ X∖A blocks an outcome A

if, for all f ∈ F andY ∈C f (A f ∪Z f ),we have that Z f ⊆Y . An outcome is stable if it is individually

rational and unblocked.

Unfortunately, competitive equilibria may be unstable in the presence of frictions; moreover,

stable outcomes need not exist even when competitive equilibria do.

Example 1.4 (Stable outcomes need not exist when competitive equilibria exist). Consider the

trading network from Example 1.2. We claim that there are no stable outcomes. Indeed, note that

the autarky outcome—which is the unique competitive equilibrium outcome—is unstable, because

it is blocked by trade between f1 and f2. Note also that f1 and f3 cannot trade in any individually

rational outcome due to the technological constraints faced by f1 and f2.

On the other hand, every individually rational outcome that involves trade between f1 and f2 is

blocked by trade between f1 and f3. To see why, note that trade ζ cannot be realized at any price

greater than $200 in an individually rational outcome, as the surplus generated by trade between

f1 and f2 is only $20 and making a transfer of more than $200 requires paying a transaction tax of

more than $20. But every outcome in which the trade ζ is realized at a price of at most $200 is

blocked by any contract (ζ ′, pζ ′) with 200< pζ ′ < 300.18

Given the non-existence of stable outcomes and the instability of competitive equilibria, stability

may be too stringent of a solution concept in general networks. We therefore turn to another

cooperative solution concept.

18 An alternative proof that no stable outcomes exist can be given using one of our results—Theorem 1.E.1 in
Appendix 1.E—which guarantees that all stable outcomes are competitive equilibrium outcomes under FS and BCV.
Indeed, note that the autarky outcome is not stable. However, any stable outcome must be a competitive equilibrium
outcome by Theorem 1.E.1, and we showed in Example 1.2 that trade does not occur in any competitive equilibrium.
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1.4.2 Trail stability

Trail stability is an extension of pairwise stability (in the sense of Gale and Shapley (1962)) to

trading networks (Fleiner et al., 2018). A trail is a sequence of contracts such that the buyer of each

contract in the sequence (except for the last) is the seller of the next contract. A trail may involve a

firm more than once and can begin and end with contracts that involve the same firm.

Definition 1.4. A sequence of contracts (x1, . . . ,xn) is a trail if b(xi) = s(xi+1) for all 1≤ i≤ n−1.

Trail-stable outcomes are immune to sequential deviations called locally blocking trails. A

locally blocking trail begins with a firm f1 offering a sale contract z1 that it wishes to sign given its

existing contracts, possibly while dropping some existing contracts. The buyer f2 may accept the

offered contract z1 while dropping some of its existing contracts, in which case a locally blocking

trail is formed. The buyer may also hold the proposal z1 and offer an additional sale contract z2 to

the original proposer or to another firm. This trail of linked offers z1, . . . ,zn continues until a firm

fn+1 accepts an offered contract zn without offering another sale contract, in which case a locally

blocking trail is formed.19

Our formal definition of trail stability extends the definition given by Fleiner et al. (2018) to

settings with indifferences.

Definition 1.5. A trail (z1, . . . ,zn) ∈ (X∖A)n locally blocks an outcome A if:

• z1 ∈ Y ∖A for all Y ∈C f1(A f1 ∪{z1}), where f1 = s(z1);

• for 1≤ i≤ n−1, we have that {zi,zi+1} ⊆ Y ∖A for all Y ∈C fi+1(A fi+1 ∪{zi,zi+1}), where

fi+1 = b(zi) = s(zi+1); and

• zn ∈ Y ∖A for all Y ∈C fn+1(A fn+1 ∪{zn}), where fn+1 = b(zn).

Such a trail is called a locally blocking trail. An outcome is trail-stable if it is individually rational

and there is no locally blocking trail.

19 Note that locally blocking trails can also develop in the reverse direction, with firms making offers to buy instead
of offers to sell.
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A trail locally blocks an individually rational outcome if, at each point at which a trail passes

through a firm, the firm would like the one or two contracts that are available to it locally in the trail

(when given access to the existing contracts). Intuitively, one should think of contracts in a locally

blocking trail as being proposed via telephone by a manager at one firm to a manager at another

(Fleiner et al., 2018). If the sequence of phone conversations returns to a firm, a different manager

(e.g., one from another division) answers the phone and considers the latest offer. Her decisions are

independent of the offers received and made by other managers. Any manager’s unilateral decision

to accept an offered contract completes a locally blocking trail.

1.4.3 A cooperative interpretation of competitive equilibria

The main result of this section provides a cooperative interpretation of competitive equilibrium

that holds even in the presence of frictions.

Theorem 1.2. Every competitive equilibrium outcome is trail-stable.

Theorem 1.2 implies that firms cannot improve upon competitive equilibrium outcomes by

deviating along trails. In light of Theorem 1.2, every prediction of our model that holds in all

trail-stable outcomes must also hold in all competitive equilibria.

To understand the intuition behind Theorem 1.2, consider any competitive equilibrium and any

trail. In order for sellers to want to propose the contracts in the trail, the prices of all trades in the

trail must be greater than their equilibrium prices. But the last buyer will only accept an offer if the

price in the last contract is lower than the equilibrium price of the corresponding trade. Hence, there

cannot be any locally blocking trails. The proof of Theorem 1.2 simply formalizes the preceding

intuition.

As distortionary frictions can make competitive equilibria Pareto-inefficient, trail-stable out-

comes can also be Pareto-inefficient in light of Theorem 1.2—despite being defined cooperatively.20

20 As Blair (1988) showed, (pairwise) stable outcomes can be Pareto-inefficient even in two-sided many-to-many
matching markets.
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Example 1.5 (APareto-inefficient trail-stable outcome). Consider the autarky outcome in the trading

network from Example 1.1. As the autarky outcome is a competitive equilibrium outcome, it must

be trail-stable by Theorem 1.2.

More concretely, we show that there are no locally blocking trails for the autarky outcome.

Consider an arbitrary trail (z1, . . . ,zn). By construction, we must have either that z1 = (ζ , pζ ) or

that z1 = (ψ, pψ). In the former case, note that f1 = s(z1) and that ∅ ∈C f1({z1}) because f1 is

unwilling to trade ζ on its own—at any price. Hence, (z1, . . . ,zn) cannot be a locally blocking

trail. Analogous logic applies if z1 = (ψ, pψ), because f2 is unwilling to trade ψ on its own.

Alternatively, one could note that neither firm would be willing to accept a purchase (downstream)

contract on its own, so ∅ ∈Cb(zn)({zn}) holds for all contracts zn.

But the autarky outcome Pareto-inefficient because there are gains from trade between f1 and

f2. This Pareto inefficiency arises in Example 1.2 as well.

Theorems 1.1 and 1.2 yield sufficient conditions for the existence of trail-stable outcomes:

trail-stable outcomes exist under our conditions for the existence of competitive equilibria.21

Corollary 1.1. Under FS and BCV, trail-stable outcomes exist.

1.4.4 A competitive interpretation of trail stability

We now develop a competitive interpretation of trail stability. Formally, we say that an outcome

A lifts to a competitive equilibrium if A is a competitive equilibrium outcome—that is, if A can be

supported by competitive equilibrium prices. As an outcome specifies prices only for the realized

trades, the non-trivial part of lifting an outcome to a competitive equilibrium is constructing

equilibrium prices for the unrealized trades.

Hatfield et al. (2013) showed that stable outcomes need not lift to competitive equilibria if FS

is not satisfied. Using an example from Hatfield et al. (2013), we show that trail-stable outcomes

do not generally lift to competitive equilibria either when FS is not satisfied—even when frictions

21 Corollary 1.1 is a version of Theorem 1 in Fleiner et al. (2018)—which generalizes Theorem 1 in Ostrovsky (2008)
from supply chains to general networks—for settings with prices that are continuous and potentially unbounded.
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and technological constraints are absent.

Example 1.6 (Trail-stable outcomes need not lift to competitive equilibria without FS). Our example

follows Example 1 in Hatfield et al. (2013). As depicted in Figure 1.1(c), there are two firms, f1 and

f2, which interact via two trades. There are no taxes. The firms have quasilinear utility functions

(see (1.1)) with valuation functions defined by

v f1(∅) = v f2(∅) = 0

v f1({ζ}) = v f1({ψ}) = v f1({ζ ,ψ}) =−4

v f2({ζ}) = v f2({ψ}) = v f2({ζ ,ψ}) = 3.

Hatfield et al. (2013) show that the autarky outcome is stable. We claim that the autarky

outcome is also trail-stable. Indeed, as all trails consist of single contracts, we only need to show

that there are no blocks that consist of one contract. Note that the seller, f1, is only willing to offer

a sale contract at a price above $4, while the buyer, f2, would not accept a single purchase contract

at any price above $3. Hence, there are no blocks that consist of single contracts.

However, the autarky outcome does not lift to a competitive equilibrium, as Hatfield et al.

(2013) show. To see why, consider any arrangement [∅; p]. If ∅ ∈ D f2(p), we must have that

pζ , pψ ≥ 3. But it follows that pζ + pψ > 4, so ∅ /∈ D f1(p).

Note that FS is not satisfied in this example because f1 regards the two trades—which are both

sales for f1—as complements.

It turns out that FS is generally not sufficient for trail-stable outcomes to lift to competitive equi-

libria. Indeed, the following example shows that trail-stable outcomes may not lift to competitive

equilibria even when FS and BCV are satisfied.

Example 1.7 (Trail-stable outcomes need not lift to competitive equilibria under FS and BCV).

Consider the trading network from Example 1.1, but suppose that there are no transaction taxes

(λ = 0%). The argument from Example 1.5 shows that no trail locally blocks the autarky outcome,

and hence the autarky outcome is trail-stable. As there are gains from trade, the autarky outcome is
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Pareto-inefficient. However, as utility is perfectly transferable, all competitive equilibriumoutcomes

are Pareto-efficient. In particular, the autarky outcome cannot lift to a competitive equilibrium.

In Example 1.7, both firms face hard technological constraints: they are unwilling to execute

any trade individually at any finite price, but would like to complete both trades together. The

autarky outcome is trail-stable because neither the buyer nor the seller is willing to offer to buy or

sell a single trade at any finite price.

To ensure that trail-stable outcomes lift to a competitive equilibrium, we impose a different

regularity condition than BCV. Intuitively, we require that firms have bounded willingness to pay

for every trade.

Assumption 1.3 (Bounded willingness to pay—BWP). There existsM such that for all firms f ∈ F

and all finite sets of contracts Y,Z ⊆ X f with Z ∈C f (Y ):

• If (ω, pω) ∈ Z→ f , then pω <M.

• If (ω, pω) ∈ Z f→, then pω >−M.

BWP requires that no firm is willing to payM or more for any trade—i.e., no firm is willing to

buy any trade at a price M or more or sell any trade at a price −M or less. Note that BWP rules

out many forms of technological constraints, including ones that are permitted under BCV and by

Hatfield et al. (2013). In particular, BWP does not allow a firm to require a particular input in order

to produce an output, as such constraints would make a firm willing to pay arbitrarily high prices

for the input if the firm were able to procure arbitrarily high prices for the output. However, BWP

allows for capacity constraints, as they never make trades desirable at extremely unfavorable prices.

BWP helps ensure that trail-stable outcome lift to competitive equilibria.22

Theorem 1.3. Under FS and BWP, trail-stable outcomes lift to competitive equilibria.

Theorem 1.3 provides a competitive interpretation of trail stability: any trail-stable outcome is

consistent with price-taking equilibrium behavior by all firms (at least under FS and BWP). In light

22 Despite the fact that BWP is not satisfied in Examples 1.1 and 1.2, trail-stable outcomes lift to competitive equilibria
in both examples. Thus, BWP is sufficient but not necessary for trail-stable outcomes to lift to competitive equilibria.
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of Theorem 1.3, every prediction of our model that holds in all competitive equilibria must also

hold in all trail-stable outcomes.

To prove Theorem 1.3, we adapt Kelso and Crawford’s (1982) argument showing that stable

outcomes are competitive equilibrium outcomes in two-sided many-to-one matching markets to

our trading network setting. Kelso and Crawford (1982, p. 1487) set the prices of unrealized

trades at the highest levels at which their sellers remain (weakly) unwilling to supply the trades

given the prices of other trades.23 In two-sided many-to-one matching markets, the prices at which

unit-demand sellers are willing to supply trades depend only on the prices of realized trades. The

difficulty in extending Kelso and Crawford’s argument is that, in trading networks, the prices at

which sellers are willing to supply trades also depend on the prices of unrealized complementary

input trades (which in turn need to be constructed in the course of the proof).

We therefore determine whether a seller s(z) desires a contract z jointly with a trail of proposals

that terminates in an input contract for s(z) that is complementary to z. More precisely, we consider

trails in which sellers are willing to propose each contract (when given access to the preceding

contract in the trail) but where the last contract z in the trail may not be acceptable to its buyer

b(z). We call such a trail locally semi-blocking, as it would be locally blocking if z were desirable

to b(z).24 Note that in two-sided markets, the locally semi-blocking trails are simply the trails

that consist of a single contract that is desirable to its seller. Therefore, analogously to Kelso and

Crawford (1982), we set the price of an unrealized trade to be the highest price at which it does

not appear in any locally semi-blocking trail. We then replace infinite prices by large, finite values

(using BWP) and use FS and trail stability to prove that the constructed prices are competitive

equilibrium prices.25

23 Stability ensures that buyers are (weakly) unwilling to demand the unrealized trades at the constructed candidate
equilibrium prices, as Kelso and Crawford (1982) showed.

24 Fleiner et al. (2018) used the concept of locally semi-blocking trails to provide a correspondence between trail-
stable outcomes and fixed points of a generalized Deferred Acceptance algorithm in trading networks with discrete and
bounded prices.

25 Hatfield et al. (2013) took a different approach to showing that stable outcomes lift to competitive equilibria in
their transferable utility framework (Theorem 6 in Hatfield et al. (2013)). Specifically, they exploit the existence and
efficiency of competitive equilibria in an auxiliary economy. We cannot use their approach because frictions make
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Figure 1.2: Summary of our results. The squiggly arrows represent existence results, the ordinary arrows
represent relationships between solution concepts, and the dashed arrows represent lifting results.
We label arrows by the hypotheses of the corresponding results. The “no frictions" condition is
defined in Appendix 1.E.

Theorems 1.2 and 1.3 imply that competitive equilibria are essentially equivalent to trail-stable

outcomes in our model under FS and BWP.26

Corollary 1.2. Under FS and BWP, competitive equilibrium outcomes and trail-stable outcomes

exist and coincide.

Corollary 1.2 provides competitive foundations for trail stability and cooperative foundations for

competitive equilibrium: the assumption that firms coordinate on a trail-stable outcome produces

the same predictions as the assumption that firms act as price-takers in equilibrium.

1.5 Other cooperative solution concepts

We have thus far focused on competitive equilibria and trail stability in trading networks with

frictions. In addition to stability and trail stability, other cooperative solution concepts for trading

networks that have been proposed in the matching literature include chain stability (Ostrovsky,

2008; Hatfield et al., 2020) and strong group stability (Hatfield et al., 2013). Chain stability

weakens stability by only allowing firms to deviate along blocking chains of contracts, while

competitive equilibria inefficient in general in our model.

26 To derive Corollary 1.2 formally, we need to establish that competitive equilibria exist under FS and BWP, as
Theorem 1.B.1 in Appendix 1.B.
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strong group stability strengthens stability by allowing firms to commit to deviations that are not

individually rational. In this section, we describe the relationships between trail stability, chain

stability, stability, and strong group stability. We present the definitions and results formally in

Appendix 1.E. Figure 1.2 summarizes our results graphically.

First, under FS, every stable or chain-stable outcome is trail-stable (see also Fleiner et al.

(2018)). Therefore, stability and chain stability are strictly stronger cooperative solution concepts

than trail stability under our sufficient conditions for the existence of competitive equilibria and

trail-stable outcomes.27 Furthermore, stable and chain-stable outcomes lift to competitive equilibria

under FS and BCV. Hence, the lifting results of Hatfield et al. (2013, 2020) persist in the presence

of distortionary frictions and income effects—unlike the existence results for stability and chain

stability, which do not generally hold in our model.28

Second, stable and chain-stable outcomes exist and coincide with trail-stable outcomes and

competitive equilibrium outcomes under FS and BCV in vertical supply chains. Hence, the results

of Ostrovsky (2008) and Hatfield and Kominers (2012) on the existence of chain-stable and stable

outcomes in supply chains with discrete and bounded prices extend to our setting—which features

continuous and unbounded prices.

Finally, in trading networks without distortionary frictions, stable, chain-stable, and strongly

group stable outcomes exist and coincide with competitive equilibrium outcomes under FS and

BCV. Hence, the results of Hatfield et al. (2013, 2020) on the equivalence between stability, chain

stability, strong group stability, and competitive equilibrium persist in the presence of income

effects. Under FS and BWP, all of these solution concepts are also equivalent to trail stability.

27 However, stable and chain-stable outcomes are generally not trail-stable without FS.

28 In Section 1.4.1, we showed that there are no stable outcomes in Example 1.2. Similar logic shows that there are
no chain-stable outcomes in that example either.
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1.6 Conclusion

This chapter develops a model of differentiated markets with frictions based on matching in

trading networks. Competitive equilibria exist in our model when trades are fully substitutable

(and mild regularity conditions are satisfied) but may be inefficient.29 In the presence of frictions,

competitive equilibria may be unstable but still essentially coincide with trail-stable outcomes.

Taken as a whole, our results provide a relationship between competitive and cooperative

solution concepts in differentiated markets that applies even in the presence of frictions. Our

competitive interpretation of trail stability guarantees that, as long firms coordinate on a trail-

stable outcome, they act as if they take prices as given. Hence, even if price-taking is not a

reasonable assumption per se (e.g., in thin markets), it is actually a consequence of cooperative

behavior. On the other hand, our cooperative interpretation of competitive equilibrium guarantees

that firms cannot improve upon equilibrium outcomes by deviations along trails. Therefore, even

if it is difficult for firms to coordinate with each other (e.g., in thick markets), any equilibrium

outcome will be trail-stable as long as firms take prices as given. In light of our equivalence result,

equilibrium analysis can be performed using scale-independent solution concepts, even in markets

with frictions.

We conclude by leaving two open questions. First, to what extent can the condition that firms

have bounded willingness to pay for trades be relaxed while still ensuring that trail-stable outcomes

lift to competitive equilibria? Second, can externalities (as analyzed by Pycia and Yenmez (2019)

and Rostek and Yoder (2020)) be incorporated into our analysis?

1.A An equivalent definition of full substitutability

In this appendix, we show that full substitutability is equivalent to full substitutability including

indifferences—a condition that deals with indifferences more explicitly—as well as to the weak

29 Subsequent to our work, Schlegel (2018) establishes results on the lattice structure of the set of competitive
equilibria.
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quasisubmodularity of the indirect utility function. We use the equivalence between full substi-

tutability and full substitutability including indifferences in the proof of Theorem 1.3, and the

equivalence between full substitutability and the weak quasisubmodularity of the indirect utility

function in the proof of Theorem 1.1. Our equivalence result is a version of Theorems 2 and A.1

in Hatfield et al. (2019) that does not that preferences are quasilinear.

Full substitutability including indifferences combines four conditions, which are each similar

to conditions defined in Appendix A in Hatfield et al. (2019). The first condition, increasing-price

full substitutability for sales, requires that sales be substitutable to each other and complementary

to purchases as prices rise (i.e., as the set of available purchases shrinks and the set of available

sales expands). The analogous condition for purchases is decreasing-price full substitutability for

purchases. We also consider two other similar conditions, decreasing-price full substitutability for

sales and increasing-price full substitutability for purchases, which are not exactly analogous to

the first two conditions due to the possibility of income effects.

Assumption 1.A.1 (Full substitutability including indifferences—FSII). Let f ∈ F be a firm and

let Y,Y ′ ⊆ X f be finite sets of contracts. For all Z ∈C f (Y ):

• Increasing-price full substitutability for sales (IFSS) If Y→ f ⊇ Y ′
→ f and Yf→ ⊆ Y ′

f→, then

there exists Z′ ∈C f (Y ′) with Z′∩Yf→ ⊆ Z.

• Decreasing-price full substitutability for purchases (DFSP) If Yf→ ⊇ Y ′
f→ and Y→ f ⊆ Y ′

→ f ,

then there exists Z′ ∈C f (Y ′) with Z′∩Y→ f ⊆ Z.

For all y ∈ Y such that there exists Z ∈C f (Y ) with y ∈ Z:

• Decreasing-price full substitutability for sales(DFSS) IfY→ f ⊆Y ′
→ f andY f→ ⊇Y ′

f→ ∋ y, then

there exists Z′ ∈C f (Y ′) with y ∈ Z′.

• Increasing-price full substitutability for purchases(IFSP) If Y f→ ⊆ Y ′
f→ and Y→ f ⊇ Y ′

→ f ∋ y,

then there exists Z′ ∈C f (Y ′) with y ∈ Z′.
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To define our weak quasisubmodularity condition, we use infinite prices to denote unavailable

trades. Formally, we define a set of prices by

P f = (R∪{−∞})Ω f→ × (R∪{∞})Ω→ f .

Firm f ’s indirect utility function V f : P f → R is defined by

V f (p) = max
Ξ⊆Ω f

u f
(

Ξ,
(
pΞ f→ ,(−p)Ξ→ f ,0Ω f∖Ξ

))
.

Recall that the indirect utility function V f is submodular if the inequality holds

V f (p)+V f (q)≥V f (p∨q)+V f (p∧q)

for all p,q ∈ P f . When utility functions are quasilinear, Hatfield et al. (2019) show that full substi-

tutability is equivalent to the submodularity of the indirect utility function. Without quasilinearity,

full substitutability does not generally entail the submodularity of the indirect utility function,

as Hatfield and Kominers (2012) showed (see also Hatfield, Jagadeesan, and Kominers (2020)).

We therefore adapt the weak quasisubmodularity condition of Hatfield, Jagadeesan, and Kominers

(2020) to obtain a characterization of full substitutability in terms of the indirect utility function.30

Assumption 1.A.2 (Weak quasisubmodularity—WQ). For all f ∈ F and p,q∈ P f , if pΩ f→ ≤ qΩ f→

or pΩ→ f ≤ qΩ→ f , then

V f (p)<V f (p∧q) =⇒ V f (p∨q)<V f (q)

V f (p∨q)>V f (q) =⇒ V f (p)>V f (p∧q).
(1.A.1)

To understand the relationship between weak quasisubmodularity and quasisubmodularity,

recall that quasisubmodularity (in the sense of Milgrom and Shannon (1994)) requires that (1.A.1)

30 Hatfield, Jagadeesan, and Kominers (2020) correct a result of Hatfield and Kominers (2012) that characterizes full
substitutability in terms of the indirect utility function in trading networks with discrete and bounded prices.
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hold for all p,q ∈ P f . Weak quasisubmodularity weakens quasisubmodularity by only requiring

that (1.A.1) hold for price vectors p,q with pΩ f→ ≤ qΩ f→ or pΩ→ f ≤ qΩ→ f .

The main result of this appendix asserts that full substitutability, strong full substitutability, and

weak quasisubmodularity are all equivalent.

Theorem 1.A.1. The conditions FS, FSII, WQ are all equivalent.

We prove Theorem 1.A.1 in Appendix 1.D.

AlthoughHatfield et al. (2019) ruled out income effects, Theorem 1.A.1 is logically independent

of Hatfield et al.’s analogous results (Theorems 2 and A.1 in Hatfield et al. (2019)) as we derive

weaker conclusions.

1.B Proof of Theorem 1.1

In the proof of Theorem 1.1, we need a result on the existence of competitive equilibria under

FS and BWP.

Theorem 1.B.1. Under FS and BWP, competitive equilibria exist.

To prove Theorem 1.1, we first modify utility functions so BWP is satisfied (Lemma 1.B.1),

ensuring that our modification preserves FS (Lemma 1.B.2). We next show that under BCV, every

competitive equilibrium in the modified economy yields a competitive equilibrium in the original

economy (Lemma 1.B.4). We then prove Theorem 1.B.1 and complete the proof of Theorem 1.1

by combining Theorem 1.B.1 with Lemmata 1.B.1, 1.B.2, and 1.B.4.

1.B.1 The modified economy

For f ∈ F, define a quantity

K f =− inf
(Ξ,t)|u f (Ξ,t)≥u f (∅,0)

∑
ω∈Ω f

tω ,

which is finite by BCV. Let Π ≥ 1+∑ f∈F K f be an arbitrary real number.
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We modify the economy by giving firms the option to execute any trade for a cost of Π.31

Formally, for f ∈ F, define û f : P(Ω f )×RΩ f → R∪{−∞} by

û f (Ξ, t) = max
Ξ⊆Ψ⊆Ω f

u f
(

Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ

))
.

The function û f (Ξ, t) is clearly continuous in t and satisfies the requisite monotonicity condition

from Section 1.1.2.

Consider a modified economy in which utility functions are given by û f for f ∈ F ; we show

that it satisfies BWP and FS.32 We first prove that BWP holds.

Lemma 1.B.1. The modified economy satisfies BWP.

Proof. We claim that BWP holds with M = Π+1. Let f ∈ F, let ω ∈ Ω f ∖Ξ, let Ξ ⊆ Ω f , and let

t ∈ RΩ f be such that tω = 0. Note that, for all Ψ ⊇ Ξ with ω ∈ Ψ, because M > Π = Π− tω , we

have that

u f
(

Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ∖{ω} ,−M

))
< u f

(
Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ

))

whenever u f
(

Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ∖{ω} ,−M

))
∈ R. Hence, we have that

û f
(

Ξ∪{ω},
(
tΩ f∖{ω},−M

))
= max

Ξ∪{ω}⊆Ψ⊆Ω f
u f
(

Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ∖{ω} ,−M

))
< max

Ξ∪{ω}⊆Ψ⊆Ω f
u f
(

Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ

))
≤ max

Ξ⊆Ψ⊆Ω f
u f
(

Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ

))
= û f (Ξ, t).

31 Hatfield et al. (2019) showed that such trade endowments preserve full substitutability when preferences are
quasilinear (see Theorem 2 in Hatfield et al., 2019).

32 The arguments that FS and BWP hold in the modified economy apply not only for Π ≥ 1+∑ f∈F K f , but rather
for all Π. The lower bound on Π is used in Lemma 1.B.4 in Appendix 1.B.2 to ensure that competitive equilibria in
the modified economy are in fact competitive equilibria in the original economy. Therefore, BCV is not important for
constructing a modified economy in which FS and BWP hold. Rather, BCV is crucial for constructing such a modified
economy whose competitive equilibria are all competitive equilibria in the original economy.
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Therefore, firm f will never choose a contract (ω, pω) with pω ≥M (resp. pω ≤−M) if ω ∈ Ω→ f

(resp. ω ∈ Ω f→). Since f , ω, Ξ, and t were arbitrary, the claim follows.

We next prove that the modified economy satisfies FS. For this part of the argument, we use the

equivalence between FS and WQ from Theorem 1.A.1.

Lemma 1.B.2. Under FS, the modified economy satisfies FS.

Proof. The proof of this claim is similar to the proof of Theorem 2 in Hatfield et al. (2019). Let

V f ,V̂ f : P f → R∪{−∞} denote the indirect utility functions for the utility functions u f and û f ,

respectively. Note that, for all p ∈ P f , we have that

V̂ f (p) = max
Ξ⊆Ω f

û f
(

Ξ,
(
pΞ f→ ,(−p)Ξ→ f ,0Ω f∖Ξ

))
= max

Ξ⊆Ω f
max

Ξ⊆Ψ⊆Ω f
u f
(

Ψ,
(
pΞ f→ ,(−p)Ξ→ f ,(−Π)Ψ∖Ξ,0Ω f∖Ψ

))
.

Letting Γ = Ψ∖Ξ, we have that

V̂ f (p) = max
Γ⊆Ψ⊆Ω f

u f
(

Ψ,
(
pΨ f→∖Γ,(−p)Ψ→ f∖Γ,(−Π)Ψ∩Γ,0Ω f∖Ψ

))
= max

Ψ,Γ⊆Ω f
u f
(

Ψ,
(
pΨ f→∖Γ,(−p)Ψ→ f∖Γ,(−Π)Ψ∩Γ,0Ω f∖Ψ

))
= max

Γ⊆Ω f
V f (pΩ f∖Γ,ΠΓ f→ ,(−Π)Γ→ f ).

It follows that

V̂ f (p) =V f (max{p,−Π}Ω f→ ,min{p,Π}Ω→ f ). (1.B.1)

We claim that V̂ f must beweakly quasisubmodular. Let p,q∈P f and suppose that pΩ f→ ≤ qΩ f→

or that pΩ→ f ≤ qΩ→ f . Define

p′ =
(
max{p,−Π}Ω f→ ,min{p,Π}Ω→ f

)
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and

q′ =
(
max{q,−Π}Ω f→ ,min{q,Π}Ω→ f

)
.

By construction, we have that p′ω ≤ q′ω whenever pω ≤ qω . Hence, we have that p′Ω f→
≤ q′Ω f→

or

that p′Ω→ f
≤ q′Ω→ f

.

If V̂ f (p)< V̂ f (p∧q) , then (1.B.1) implies that

V f (p′) = V̂ f (p)< V̂ f (p∧q) =V f (p′∧q′).

Theorem 1.A.1 guarantees that WQ holds, and it follows that V f (p′∨q′)<V f (q′). (1.B.1) hence

implies that

V̂ f (p∨q) =V f (p′∨q′)<V f (q′) = V̂ f (q) .

Hence, we have shown that V̂ f (p)< V̂ f (p∧q) =⇒ V̂ f (p∨q)< V̂ f (q) . Similar logic shows

that V̂ f (p∨q)> V̂ f (q) =⇒ V̂ f (p)> V̂ f (p∧q) . Therefore, the modified economy must satisfy

WQ. By Theorem 1.A.1, the modified economy must also satisfy FS.

1.B.2 Outcomes in the modified economy

This subsection shows that competitive equilibria in the modified economy give rise to com-

petitive equilibria in the original economy (Lemma 1.B.4). The following lemma, shows that firm

f can only produce K f units of surplus in the modified economy and that the options to execute

trades can only be used at a social cost of Π. As will be seen in the proof of Lemma 1.B.4, it follows

that the options to execute trades at a cost of Π cannot be used in any competitive equilibria.

Lemma 1.B.3. Let Ξ ⊆ Ω f and let t ∈ RΩ f . Suppose û f (Ξ, t)≥ û f (∅,0). Under BCV:

(a) We have that ∑ω∈Ω f
tω ≥−K f .

(b) If u f (Ξ, t)< û f (Ξ, t), then we have that ∑ω∈Ω f
tω ≥ Π−K f .

Proof. Note that û f (∅,0)≥ u f (∅,0) and hence we have that û f (Ξ, t)≥ u f (∅,0). Let Ξ ⊆ Ψ ⊆ Ω f
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be such that

û f (Ξ, t) = u f
(

Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ

))
.

The definition of K f implies that

−K f ≤ ∑
ω∈Ω f∖Ψ∪Ξ

tω + ∑
ω∈Ψ∖Ξ

(tω −Π) =−Π · |Ψ∖Ξ|+ ∑
ω∈Ω f

tω ,

and hence we have that

Π · |Ψ∖Ξ|−K f ≤ ∑
ω∈Ω f

tω . (1.B.2)

As |Ψ∖Ξ| ≥ 0, Part (a) follows from (1.B.2). If u f (Ξ, t) < û f (Ξ, t), then we must have that

Ψ ̸= Ξ. As |Ψ∖Ξ| ≥ 1 must hold in this case, Part (b) follows from (1.B.2) as well.

We now show that competitive equilibria in the modified economy give rise to competitive

equilibria in the original economy.

Lemma 1.B.4. Under BCV, any competitive equilibrium in the modified economy is a competitive

equilibrium in the original economy.

Proof. Let [Ξ; p] be a competitive equilibrium in the modified economy. For f ∈ F, let t f =(
pΞ f→ ,(−p)Ξ→ f ,0Ω f∖Ξ

)
. Since [Ξ; p] is a competitive equilibrium in the modified economy, we

have that û f (Ξ f , t f )≥ û f (∅,0) for all f ∈ F . Note that

∑
f∈F

∑
ω∈Ω f

t fω = ∑
f∈F

∑
ω∈Ξ f

t fω = ∑
ω∈Ξ

(ts(ω)
ω − tb(ω)

ω ) = ∑
ω∈Ξ

(pω − pω) = 0.

Hence, for all f ∈ F, we have that

∑
ω∈Ω f

t fω =− ∑
f ′∈F∖{ f}

∑
ω∈Ω f ′

t f
′

ω ≤− ∑
f ′∈F∖{ f}

K f ′ ≤ Π−K f −1< Π−K f .

where the first inequality follows from Lemma 1.B.3(a) and the second inequality is due to the

definition of Π. By the contrapositive of Lemma 1.B.3(b), it follows that u f (Ξ f , t f ) ≥ û f (Ξ f , t f )
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for all f ∈ F . As u f (Ξ f , t f )≤ û f (Ξ f , t f ), we must have that u f (Ξ f , t f ) = û f (Ξ f , t f ) for all f ∈ F .

Let f ∈ F be arbitrary. For all Ψ ⊆ Ω f , we have that

u f (Ξ f , t f ) = û f (Ξ f , t f )≥ û f
(

Ψ,
(
pΨ f→ ,(−p)Ψ→ f ,0Ω f∖Ψ

))
≥ u f

(
Ψ,
(
pΨ f→ ,(−p)Ψ→ f ,0Ω f∖Ψ

))
,

where the first inequality holds because [Ξ; p] is a competitive equilibrium in the modified economy

and the second inequality holds due to the definition of û f . It follows that Ξ f ∈ D f (p). As f was

arbitrary, [Ξ; p] must be a competitive equilibrium in the original economy.

1.B.3 Proof of Theorem 1.B.1

Let M be as in BWP. Intuitively, we consider a grid of size ε in [−2M,2M]Ω, chosen so there

are no indifferences. We then use the Gale–Shapley operator of Hatfield and Kominers (2012) and

Fleiner et al. (2018) to produce an ε-equilibrium. Taking limits as ε → 0, we obtain a competitive

equilibrium.

Formally, we say that a vector δ ∈ (−ε,ε)Ω is ε-regular ifD f is single-valued on [−2M,2M]Ω f ∩(
εZΩ f +δΩ f

)
for all f ∈ F . The following claim asserts that the set of regular vectors is dense.

Claim 1.B.1. For all ε > 0, the set of ε-regular vectors is dense in (−ε,ε)Ω.

Proof. For a firm f ∈ F, let

S f =
{
p ∈ RΩ |

∣∣∣D f
(
pΩ f

)∣∣∣= 1
}
.

We claim thatS f is open and dense inRΩ f . The setS f is open becauseD f is upper hemicontinuous

(by Berge’s Maximum Theorem) and non-empty-valued and P(Ω f ) is discrete. To show that S f
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is dense, note that for all Ξ ̸= Ξ′ ⊆ Ω f , the set

TΞ,Ξ′ =

p ∈ RΩ f

∣∣∣∣∣∣∣
u f
(

Ξ,
(
pΞ f→ ,(−p)Ξ→ f ,0Ω f∖Ξ

))
= u f

(
Ξ′,
(
pΞ′

f→
,(−p)Ξ′

→ f
,0Ω f∖Ξ′

)) ̸=−∞


is nowhere dense. Indeed, if p ∈ TΞ,Ξ′ , then we have that

u f
(

Ξ,
(
p′Ξ f→ ,(−p′)Ξ→ f ,0Ω f∖Ξ

))
̸= u f

(
Ξ′,
(
p′Ξ′

f→
,(−p′)Ξ′

→ f
,0Ω f∖Ξ′

))

for all price vectors p′ of the form p′ =
(
pΩ∖{ω}, pω + ε

)
with ε > 0 and ω ∈ (Ξ∖Ξ′)∪ (Ξ′∖Ξ).

Let n =
⌊2M

ε
⌋
+ 1 and let T = ([−n,n]∩Z)Ω. Note that δ is ε-regular if δ + εT ⊆ S f . For

each t ∈ T , the set of vectors δ such that δ + εt ∈S f is open and dense in (−ε,ε)Ω since S f is

open and dense in RΩ f . As T is finite, it follows that the set of ε-regular vectors contains an open

and dense subset of (−ε,ε)Ω.

An arrangement [Ξ; p] is an ε-equilibrium if every firm f demands Ξ f when given access to all

sales and to purchases in Ξ at prices given by the price vector p, and to other purchases at prices

given by the price vector p+ ε .

Definition 1.B.1. An arrangement [Ξ; p] is an ε-equilibrium if p ∈ [−2M,2M]Ω f and Ξ f ∈

D f (p̂ f ,Ξ,ε) for all f , where p̂ f ,Ξ,ε ∈ RΩ f is defined by

p̂ f ,Ξ,ε
ω =


pω if ω ∈ Ξ f or f = s(ω)

pω + ε if ω /∈ Ξ f and f = b(ω)

.

The following claim shows that ε-equilibria exist.

Claim 1.B.2. For all 0< ε <M, under FS and BWP, there exists an ε-equilibrium.

Proof. Let δ be an ε-regular vector, which exists by Claim 1.B.1. Let Pω = [−2M,2M]∩
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(εZ+δω) , and let

X̂ =
∪

ω∈Ω
({ω}×Pω)⊆ X .

Note that C f is single-valued on P(X̂ f ) due to the ε-regularity of δ , and hence we can write

C f (Y ) = {C f (Y )} for Y ⊆ X̂ f .

Following Hatfield and Kominers (2012), we define Φ : P(X̂)2 → P(X̂)2 by

Φ(XB,XS) =
(

ΦB(XB,XS),ΦS(XB,XS)
)

ΦB(XB,XS) = (X̂∖XS)∪
∪
f∈F

C f
(
XB
→ f ∪XS

f→

)
f→

ΦS(XB,XS) = (X̂∖XB)∪
∪
f∈F

C f
(
XB
→ f ∪XS

f→

)
→ f

.

As in Fleiner (2003), Hatfield and Milgrom (2005), Hatfield and Kominers (2012), and Fleiner

et al. (2018), we orderP(X̂)2 by letting (XB,XS)⊑ (X̄B, X̄S) if XB ⊇ X̄B and XS ⊆ X̄S. As Hatfield

and Kominers (2012) and Fleiner et al. (2018) showed, Φ is isotone (with respect to ⊑) under FS.

The Tarski (1955) fixed-point theorem guarantees that Φ has a fixed point (XB,XS).

Given f ∈ F, since (XB,XS) is a fixed-point of Φ, we have that

XB
f→ = (X̂ f→∖XS

f→)∪C f
(
XB
→ f ∪XS

f→

)
f→

. (1.B.3)

Since C f
(
XB
→ f ∪XS

f→

)
f→

⊆ XS
f→, it follows that XB

f→ ∪XS
f→ = X̂ f→. Taking unions over f , we

have that

X̂ =
∪
f∈F

X f→ =
∪
f∈F

(
XB
f→∪XS

f→

)
= XB∪XS. (1.B.4)

(1.B.3) also implies that

XB
f→∩XS

f→ = C f
(
XB
→ f ∪XS

f→

)
f→

.
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Similarly, we have that XB
→ f ∩XS

→ f = C f
(
XB
→ f ∪XS

f→

)
→ f

, and it follows that

(XB∩XS) f = C f
(
XB
→ f ∪XS

f→

)
. (1.B.5)

Let ω ∈ Ω be arbitrary. Since ε <M, we have thatmaxPω >M and thatminPω <−M. Thus,

we have that (ω,maxPω),(ω,minPω) /∈ XB∩XS due to BWP and (1.B.5). If (ω,maxPω) /∈ XB,

then adding (ω,maxPω) to XB and removing it from XS preserves (1.B.4) and (1.B.5) by BWP

for f = s(ω). Thus, we can assume that (ω,maxPω) ∈ XB∖XS. Similarly, we can assume that

(ω,minPω) ∈ XS∖XB.

As Pω is finite and (ω,minPω) ∈ XS, the set
{
p′ω ∈Pω | (ω, p′ω) ∈ XS} is finite and non-

empty. Hence, we can define a price pω to be the minimum

pω =min
{
p′ω ∈Pω | (ω, p′ω) ∈ XS

}
.

We claim that [Ξ; p] is an ε-equilibrium, where Ξ = τ(XB∩XS). As (ω,maxPω) /∈ XS for all

ω ∈ Ω, we have that p̂ f ,Ξ,ε
ω ∈Pω for all ω ∈ Ω and f ∈ F. The definition of pω also ensures that

(ω, p̂b(ω),Ξ,ε
ω ) ∈ XB and (ω, p̂s(ω),Ξ,ε

ω ) = (ω, pω) ∈ XS for all ω ∈ Ω. It follows that
(
XB∩XS)

f ⊆

κ
([

Ω f ; p̂ f ,Ξ,ε]) ⊆ XB
→ f ∪XS

f→ for all f ∈ F . Hence, (1.B.5) implies that Ξ f ∈ D f (p̂ f ,Ξ,ε) for all
f ∈ F, so [Ξ; p] is an ε-equilibrium.

As [−2M,2M] is sequentially compact, Claim 1.B.2 implies that there exists an arrangement

[Ξ; p], a sequence n1 < n2 < · · · of positive integers, and a sequence p1, p2, . . . ∈ [−2M,2M]Ω such

that [Ξ; pk] is a 1
nk
-equilibrium for all k and pk → p. Note that p̂

f ,Ξ, 1
nk

k → pΩ f for all f ∈ F because
1
nk

→ 0. Because Ξ f ∈ D f
(
p̂
f ,Ξ, 1

nk
k

)
for all k and D f is upper hemi-continuous, it follows that

Ξ f ∈ D f
(
pΩ f

)
for all f ∈ F . Thus, [Ξ; p] is a competitive equilibrium.
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1.B.4 Completion of the proof of Theorem 1.1

Theorem 1.B.1 and Lemmata 1.B.1 and 1.B.2 imply that the modified economy has a com-

petitive equilibrium [Ξ; p], which must be a competitive equilibrium in the original economy by

Lemma 1.B.4.

1.C Other proofs omitted from the text

1.C.1 Proof of Theorem 1.2

Competitive equilibrium outcomes are clearly individually rational. It remains to show that no

trail locally blocks a competitive equilibrium outcome. Let [Ξ; p] be a competitive equilibrium and

let A= κ([Ξ; p]). Suppose for the sake of deriving a contradiction that there is a locally blocking

trail (z1, . . . ,zn).

Let zi = (ωi, p′i). Let fi = s(zi) and let fn+1 = b(zn). As z1 ∈ Y for all Y ∈ C f1(A f1 ∪{z1})

and [Ξ; p] is a competitive equilibrium, we must have that p′1 > pω1 . Similarly, as z2 ∈ Y for

all Y ∈C f2(A f2 ∪{z1,z2}), we must have that p′2 > pω2 . A simple inductive argument shows that

p′n > pωn . But wemust have that p′n < pωn as zn ∈Y for allY ∈C fn+1(A fn+1∪{zn})—acontradiction.

Hence, there cannot be any locally blocking trails.

1.C.2 Proof of Theorem 1.3

We follow the proof strategy described in Section 1.4.4.

Definition 1.C.1. A trail (z1, . . . ,zn) ∈ (X∖A)n locally semi-blocks an outcome A if:

• z1 ∈ Y for all Y ∈C f1(A f1 ∪{z1}), where f1 = s(z1); and

• for 1 ≤ i ≤ n− 1, we have that {zi,zi+1} ⊆ Y for all Y ∈ C fi+1(A fi+1 ∪ {zi,zi+1}), where

fi+1 = b(zi) = s(zi+1).
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Let A be an outcome, let Ξ = τ(A), and let M be as in BWP. We define a set33

XB = {z ∈ X | there exists a locally semi-blocking trail (z1, . . . ,zn) with zn = z}.

For ω ∈ Ω, we define

pω =min
{
M, inf

(ω,p′ω )∈XB
p′ω

}
, (1.C.1)

so pω is the minimum ofM and the highest price at which ω is weakly undesirable to its seller. We

prove that κ([Ξ; p]) = A and that [Ξ; p] is a competitive equilibrium.

Claim 1.C.1. Under BWP, if A is individually rational, then we have that κ([Ξ; p]) = A.

Proof. Suppose that (ω, p′ω) ∈ A. BWP implies that p′ω < M. As us(ω) is strictly increasing in

transfers and A is individually rational, we have that (ω, p′′ω) ∈ XB if and only if p′′ω > p′ω . Hence,

we have that pω = p′ω . As τ(A) = Ξ, the claim follows.

Claim 1.C.2. Under FS and BWP, if A is trail-stable, then [Ξ; p] is a competitive equilibrium.

Proof. Suppose for the sake of deriving a contradiction that Ξ f /∈ D f
(
pΩ f

)
. As A is individually

rational, it follows from Claim 1.C.1 that Ξ′ /∈ D f
(
pΩ f

)
for all Ξ′ ⊆ Ξ f .

We first perturb prices to ensure that sellers have strict incentives to propose contracts. Due

to the upper continuity of demand, we can ensure that sufficiently small perturbations of prices

do not affect the property that f demands no subset of Ξ f . Formally, we define a set of price

vectors O = {p′ ∈ RΩ f | D f (p′)∩P(Ξ f ) = ∅}. As D f is upper hemi-continuous (by Berge’s

Maximum Theorem) and P(X f ) is discrete, O must be an open set. Hence, O must contain

an open ball of radius (|Ω|+ 1)ε around pΩ f for some ε > 0. Define a price vector q by q =(
pΞ f∪Ω f→ ,(p+ ε)Ω→ f∖Ξ

)
. By construction, we have that q ∈O, so D f (q)∩P(Ξ f ) =∅. (1.C.1)

ensures that (ω,qω) ∈ XB whenever ω ∈ Ω→ f ∖Ξ is such that pω <M.

By Theorem 1.A.1, FSII must be satisfied. To produce a contradiction, we consider the set of

trades that f could demand at price vector q that contains fewest trades outside Ξ f . Formally, let

33 In the fixed-point interpretation of trail-stable outcomes (Fleiner et al., 2018; Adachi, 2017), XB is the set of
contracts that are available to their buyers.
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Ψ ∈ D f (q) minimize |Ψ′∖Ξ| over all Ψ′ ∈ D f (q). Consider the corresponding set of contracts

W = κ([Ψ;q]). Note thatW ̸⊆ A andW→ f ∖A⊆ XB by construction and BWP. BecauseΨ∈D f (q),

we have thatW ∈C f (W ). Therefore, if Z ∈C f (W ), then we must have that U f (Z) =U f (W ) and

hence that τ(Z) ∈ D f (q). As a result, the choice of Ψ ensures that

Z∖A=W ∖A for all Z ∈C f (W ). (1.C.2)

We divide into cases based on whether f is the seller of any contracts inW ∖A to produce a

contradiction.

Case 1: (W ∖A) f→ ̸=∅. In this case, we either produce a locally blocking trail or show that

each sale inW∖Amust appear in some locally semi-blocking trail. Formally, let z∈Wf→∖A f→

be arbitrary. (1.C.2) implies that z ∈ Z for all Z ∈ C f (W ). By IFSS, it follows that z ∈W ′

for all W ′ ∈ C f (A∪ {z} ∪W→ f ). Let W 0 ∈ C f (A∪ {z} ∪W→ f ) minimize |W ′ ∖ A| over all

W ′ ∈C f (A∪{z}∪W→ f ).

Let {ω}= τ({z}). As qω = pω , the trail ((ω, p′ω)) cannot be locally semi-blocking for any

p′ω < qω by (1.C.1). Hence, we must have that A f ∈C f (A f ∪{z}) due to the continuity of us(ω).

It follows thatW 0
→ f ∖A→ f ̸=∅. SinceW→ f ∖A⊆ XB, there must exist a locally semi-blocking

trail (z1, . . . ,zn) with zn ∈W 0
→ f . By DFSP, we have that zn ∈W ′ for allW ′ ∈C f (A f ∪{zn,z}).

We further divide into cases based on whether there existsW ′′ ∈C f (A f ∪{zn,z}) with z /∈W ′′

to derive contradictions.

Subcase 1.1: There existsW ′′ ∈C f (A f ∪{zn,z}) with z /∈W ′′. Then, the trail (z1, . . . ,zn) is

locally blocking, contradicting the hypothesis that A is trail-stable.

Subcase 1.2: z ∈W ′′ for all W ′′ ∈ C f (A f ∪{zn,z}). Then, (z1, . . . ,zn,z) is a locally semi-

blocking trail. Since u f is continuous, there exists p′ω < pω such that (z1, . . . ,zn,(ω, p′ω))

is a locally semi-blocking trail, contradicting the definition of the price vector p from

(1.C.1).
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Case 2: (W ∖A) f→ = ∅. Let z ∈W ∖A be arbitrary, and let (z1, . . . ,zn) be a locally semi-

blocking trail with zn = z. (1.C.2) implies that z ∈ Z for all Z ∈C f (W ). By DFSP, it follows

that z ∈ Z for all Z ∈C f (A f ∪{z}). Thus, (z1, . . . ,zn) is a locally blocking trail, contradicting

the hypothesis that A is trail-stable.

The cases exhaust all possibilities. We have produced contradictions in all cases, completing the

proof of the claim.

Claims 1.C.1 and 1.C.2 together imply the theorem.

1.C.3 Proof of Corollary 1.2

Competitive equilibrium outcomes exist by Theorem 1.B.1 and are trail-stable by Theorem 1.2.

Trail-stable outcomes lift to competitive equilibria by Theorem 1.3.

1.D Proof of Theorem 1.A.1

It is clear that FSII=⇒ FS. Hence, it suffices to prove that FS=⇒WQ and that WQ=⇒ FSII.

We first extend the demand correspondence to allow for some infinite prices (as in the definition

of WQ in Appendix 1.A) and formulate full substitutability in terms of the (extended) demand

correspondence. We then derive relationships between the (extended) demand correspondence and

the indirect utility function. Finally, we use these relationships to prove the two desired implications.

For the remainder of the proof, we fix a firm f ∈ F whose preferences we analyze.

1.D.1 The extended demand correspondence

Given a price vector p ∈ P f and a set Ξ ⊆ Ω f of trades, let

U f (Ξ|p) = u f
(

Ξ,
(
pΞ f→ ,(−p)Ξ→ f ,0Ω f∖Ξ

))

45



denote f ’s utility of making the trades in Ξ of trades at prices given by p,where we write u f (Ξ, t) =

−∞ if tω =−∞ for any ω ∈ Ω f . Define the extended demand correspondence D f : P f ⇒ P(Ω f )

by

D f (p) = argmax
Ξ⊆Ω f

U f (Ξ|p) .

Note that the restriction of the extended demand correspondence to RΩ f is the demand correspon-

dence D f . Topologizing R∪{−∞} and R∪{∞} with the disjoint union topologies in the definition

of P f , Berge’s Maximum Theorem guarantees that D f is upper hemi-continuous. We can apply a

perturbation argument to show that D f is generically single-valued.

Claim 1.D.1. The set {p ∈ P f | |D f (p)|= 1} is open and dense in P f .

Proof. LetS f = {p∈ P f | |D f (p)|= 1}. The setS f is open becauseD f is upper hemi-continuous

and non-empty-valued andP(Ω f ) is discrete. To see thatS f is dense, note that for allΞ ̸=Ξ′ ⊆Ω f ,

the set

{p ∈ P f |U f (Ξ|p) =U f (Ξ′|p
)
̸=−∞}

is nowhere dense. Indeed, ifU f (Ξ|p) =U f (Ξ′|p) ̸=−∞, we have thatU f (Ξ|p′) ̸=U f (Ξ′|p′) for

all p′ ∈ P f of the form p′ =
(
pΩ∖{ω}, pω + ε

)
with ε > 0 and ω ∈ (Ξ∖Ξ′)∪ (Ξ′∖Ξ).

In the course of the proof of Theorem 1.A.1, it will be useful to express full substitutability as

a condition on the (extended) demand correspondence. We therefore write full substitutability in

demand language similarly to Hatfield et al. (2019).

Assumption 1.D.1 (Full substitutability in demand language—FS-D). For all price vectors p ≤

p′ ∈ P f , if D f (p) = {Ξ} and D f (p′) = {Ξ′}, then we have that

Ξ′∩{ω ∈ Ω f→ | pω = p′ω} ⊆ Ξ

Ξ∩{ω ∈ Ω→ f | pω = p′ω} ⊆ Ξ′
.

We also write the constitutent conditions of full substitutability including indifferences in

demand language similarly to Hatfield et al. (2019).
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Assumption 1.D.2 (Increasing-price full substitutability for sales in demand language—IFSS-D).

For all p≤ p′ ∈ P f and Ξ ∈ D f (p), there exists Ξ′ ∈ D f (p′) with

Ξ′∩{ω ∈ Ω f→ | pω = p′ω} ⊆ Ξ.

Assumption 1.D.3 (Decreasing-price full substitutability for sales in demand language—DFSS-D).

For all p≥ p′ ∈ P f and ψ ∈ Ξ ∈D f (p) with ψ ∈ Ω f→ and pψ = p′ψ , there exists Ξ′ ∈D f (p′) with

ψ ∈ Ξ′.

The substitutability conditions in choice language are equivalent to their demand-language

analogues, as the following result shows formally.

Claim 1.D.2. FS (resp. IFSS, DFSS) is equivalent to FS-D (resp. IFSS-D, DFSS-D).

Proof. Given a finite set of contracts Y ⊆ X , define a price vector p f (Y ) ∈ RΩ f by

p f (Y )ω =


sup

(ω,q)∈Y
q for ω ∈ Ω f→

inf
(ω,q)∈Y

q for ω ∈ Ω→ f

,

so p f (Y )ω is the most favorable price at which ω is available in Y . It follows from the definitions

ofC f and D f that

C f (Y ) =
{{(

ω, p f (Y )ω
)
| ω ∈ Ψ

}
| Ψ ∈ D f (p f (Y )

)}

for all finite sets Y ⊆ X . It follows that FS-D (resp. IFSS-D, DFSS-D) implies FS (resp. IFSS,

DFSS), as claimed. The definitions of C f and D f also imply that

D f (p) =
{

τ(Y ) | Y ∈C f ({(ω, pω) | pω ∈ R})
}

for all p ∈ P f . It follows that FS (resp. IFSS, DFSS) implies FS-D (resp. IFSS-D, DFSS-D), as

claimed.
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1.D.2 Relating the indirect utility function to demand

We next relate the indirect utility function to properties of the (extended) demand correspon-

dence. We use these relationships in the proof of Theorem 1.A.1.

Throughout this section, we use a monotonicity property of the indirect utility function. Specif-

ically, the monotonicity of the utility function in transfers implies that

V f (p)≥V f (q) whenever pΩ f→ ≥ qΩ f→ and pΩ→ f ≤ qΩ→ f . (1.D.1)

Our first claim shows that there is a selection from the (extended) demand correspondence in

which no sale in a set Γ of sales is demanded if and only if some (or equivalently, every) reduction

in the prices of all sales in Γ weakly increases f ’s indirect utility.

Claim 1.D.3. Let p ∈ P f and let Γ ⊆ Ω f→ be such that pω ∈ R for all ω ∈ Γ. The following are

equivalent.

(1) There exists Ξ ∈ D f (p) with Γ∩Ξ =∅.

(2) For all r ∈ P f with rΩ f∖Γ = pΩ f∖Γ, we have that V f (r)≥V f (p).

(3) There exists r ∈ P f such that rΩ f∖Γ = pΩ f∖Γ, rω < pω for all ω ∈ Γ, and V f (r)≥V f (p).

Proof. We first show that (1)=⇒ (2). Suppose that Ξ ∈ D f (p) is such that Γ∩Ξ =∅. Let r ∈ P f

such that rΩ f∖Γ = pΩ f∖Γ. Note that pΞ = rΞ, and hence we have thatU f (Ξ|p) =U f (Ξ|r). By the

definition of V f , it follows that

V f (p) =U f (Ξ|p) =U f (Ξ|r)≤V f (r),

as desired.

It is clear that (2) =⇒ (3). We next show that (3) =⇒ (1). Suppose that r ∈ P f is such that

rΩ f∖Γ = pΩ f∖Γ, rω < pω for all ω ∈ Γ, and V f (r) ≥ V f (p). Let Ξ ∈ D f (r) be arbitrary. Due
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the monotonicity of the utility function in transfers, we must have that U f (Ξ|r) ≤U f (Ξ|p) with

equality if and only if Γ∩Ξ =∅. By the definition of V f , it follows that

U f (Ξ|p)≤V f (p)≤V f (r) =U f (Ξ|r)≤U f (Ξ|p) .

Therefore, we must have that V f (p) =U f (Ξ|p) ≤U f (Ξ|r) , and hence that Ξ ∈ D f (p) and that

Γ∩Ξ =∅. In particular, there exists Ξ ∈ D f (p) with Γ∩Ξ =∅, as desired.

Our second claim shows that a sale ω is demanded in some selection from the (extended)

demand correspondence if and only if every increase in the price of ω raises f ’s indirect utility.

Claim 1.D.4. Let p ∈ P f and let ω ∈ Ω f→ be such that pω ∈ R. The following are equivalent.

(1) There exists Ξ ∈ D f (p) with ω ∈ Ξ.

(2) We have that V f (r)>V f (p) for all p< r ∈ P f with rΩ f∖{ω} = pΩ f∖{ω}.

Proof. We first show that (1)=⇒ (2). Let Ξ ∈D f (p) be such that ω ∈ Ξ. Suppose that p< r ∈ P f

is such that rΩ f∖{ω} = pΩ f∖{ω}. Due to the monotonicity of the utility function in transfers, we

must have thatU f (Ξ|r)>U f (Ξ|p). By the definition of V f , we have that

V f (p) =U f (Ξ|p)<U f (Ξ|r)≤V f (r).

We next show that (2) =⇒ (1). We actually prove the contrapositive. Suppose that ω /∈ Ξ for

all Ξ ∈ D f (p). Due to the upper hemi-continuity of D f and the discreteness of P(Ω f ), there

is an open neighborhood V ⊆ P f of p such that D f (r) ⊆ D f (p) for all r ∈ V. Let ε > 0 be

such that r =
(
pΩ f∖{ω},(p+ ε)ω

)
∈ V, and let Ξ ∈ D f (r) ⊆ D f (p). As ω /∈ Ξ, we have that

U f (Ξ|r) =U f (Ξ|p) . By the definition of V f , it follows that

V f (p) =U f (Ξ|p) =U f (Ξ|r) =V f (r).

In particular, we have that V f (r)≤V f (p).
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1.D.3 Proof that FS=⇒WQ

We first prove that V f (p∨ q) > V f (q) =⇒ V f (p) > V f (p∧ q) whenever p,q ∈ P f are such

that pΩ f→ ≤ qΩ f→ or pΩ→ f ≤ qΩ→ f .We prove the contrapositive. Suppose thatV f (p)≤V f (p∧q);

we prove that V f (p∨q)≤V f (q).

If pΩ f→ ≤ qΩ f→ , then we have that (p∨ q)Ω f→ = qΩ f→ . As p∨ q ≥ q, (1.D.1) implies that

V f (p∨q)≤V f (q), as desired. Hence, we can assume that pΩ→ f ≤ qΩ→ f .

Define a set of trades by

Γ = {ω | pω > qω} ⊆ Ω f→.

Note that

Γ = {ω | pω > (p∧q)ω}= {ω | (p∨q)ω > qω}.

Since V f (p∧ q) ≥ V f (p), the (3) =⇒ (1) implication of Claim 1.D.3 guarantees that there exists

Ξ ∈ D f (p) such that Γ∩Ξ =∅.

To complete the argument, we perturb p and q to move to the locus on which the extended

demand correspondence is single-valued, and then use Claim 1.D.3 and full substitutability in

demand language to conclude that V f (q) ≥ V f (p∨ q). More formally, because D f is upper

hemi-continuous and P(Ω f ) is discrete, there exists ε > 0 be such that D f (p+ s) ⊆ D f (p) and

D f (p∨q+ s)⊆ D f (p∨q) for all s ∈ RΩ f with ∥s∥< 2|Ω f |ε . Consider the price change vector

s=
(
(−ε)Ω f→∖Ξ,0Ω→ f∪Ξ

)
.

The monotonicity of u f in transfers implies that

U f (Ψ|p)≥U f (Ψ|p+ s)

for all Ψ ⊆ Ω f , with equality if and only if Ψ f→ ⊆ Ξ. It follows that Ψ f→ ⊆ Ξ ⊆ Ω f ∖Γ for all

Ψ ∈D f (p+s). Due to Claim 1.D.1 and the upper hemi-continuity ofD f , there exists s′ ∈RΩ f with

∥s′∥< ε such that |D f (p+ s+ s′)|= |D f (p∨q+ s+ s′)|= 1 and D f (p∨q+ s+ s′)⊆ D f (p∨q).
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Let D f (p+ s+ s′) = {Ψ}. By construction, we have that ∥s+ s′∥< 2|Ω f |ε and that Ψ∩Γ =∅.

Let D f (p∨q+ s+ s′) = {Ψ′}. Note that pΓ = (p∨q)Γ by construction. Claim 1.D.2 implies

that FS-D must be satisfied, and FS-D guarantees that Ψ′∩Γ ⊆ Ψ. Hence, we have that Ψ′∩Γ ⊆

Ψ ∩ Γ = ∅. By construction, we have that Ψ′ ∈ D f (p∨ q+ s) ⊆ D f (p). By the (1) =⇒ (2)

implication of Claim 1.D.3, it follows that V f (q)≥V f (p∨q).

Analogous logic shows that V f (p∧ q) > V f (p) =⇒ V f (q) > V f (p∨ q) whenever p,q ∈ P f

are such that pΩ f→ ≤ qΩ f→ or pΩ→ f ≤ qΩ→ f .

1.D.4 Proof that WQ=⇒ FSII

By symmetry, it suffices to prove that WQ implies IFSS and DFSS. In light of Claim 1.D.2, it

therefore suffices to prove that WQ implies IFSS-D and DFSS-D.

We first prove that WQ implies IFSS-D. To prove this implication, we exploit Claim 1.D.3.

Formally, let p≤ p′ ∈ P f and let Ξ ∈ D f (p). Define a set of trades by

Γ = {ω ∈ Ω f→∖Ξ | pω = p′ω ∈ R}.

Define a price change vector s = ((−1)Γ,0Ω f∖Γ). By construction, we have that Γ∩Ξ = ∅ and

that pω ∈ R for all ω ∈ Γ. Therefore, the (1) =⇒ (2) implication of Claim 1.D.3 implies that

V f (p− s) ≥ V f (p). Letting q = p′ − s, we have that p− s = p∧ q and that p′ = p∨ q. As

pΩ→ f ≤ p′Ω→ f
= qΩ→ f , WQ implies that V f (p′ − s) ≥ V f (p′). The (3) =⇒ (1) implication of

Claim 1.D.3 therefore implies that there exists Ξ′ ∈ D f (p′) with Γ∩Ξ′ = ∅. By construction, we

have that ω /∈ Ξ′ for all ω ∈ Ω f with p′ω =−∞. Therefore, we must have that

Ξ′∩{ω ∈ Ω f→ | pω = p′ω} ⊆ Ξ,

as desired.

We next prove that WQ implies DFSS-D. To derive this implication, we exploit Claim 1.D.4.

Let q ≥ q′ ∈ P f and let Ξ ∈ D f (q). Suppose that ω ∈ Ξ f→ is such that qω = q′ω . By construc-
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tion, we must have that qω ∈ R. By the (1) =⇒ (2) implication of Claim 1.D.4, we have that

V f (qΩ f∖{ω},sω) > V f (q) for all s > qω . Letting p = (q′Ω f∖{ω},sω) and noting pΩ→ f = q′Ω→ f
≤

qΩ→ f , that (qΩ f∖{ω},sω) = p∨q, and that q′ = p∧q,WQ implies that V f (q′Ω f∖{ω},sω)>V f (q′)

for all s> qω = q′ω . The (2)=⇒ (1) implication of Claim 1.D.4 therefore implies that there exists

Ξ′ ∈ D f (q′) with ω ∈ Ξ′, as desired.

1.E Other cooperative solution concepts

In this appendix, we examine the relationships between competitive equilibrium, trail stability

and other cooperative solution concepts for matching in trading networks—formally developing

the results that we described in Section 1.5. We start by deriving general properties of stability

and chain stability: we show that under FS, stable and chain-stable outcomes are trail-stable, and

that under FS and BCV, they lift to competitive equilibria. We then consider vertical supply chain

settings—showing that stable and trail-stable outcomes coincide under FS and obtaining sufficient

conditions for the existence of stable outcomes. Finally, we analyze trading networks without

frictions, providing conditions under which competitive equilibrium outcomes, stable outcomes,

chain-stable outcomes, and strongly group stable outcomes coincide with one another and with

trail-stable outcomes.

1.E.1 Stability and chain stability in trading networks

As we have already defined stability (in Section 1.4.1), we begin by defining chain stability.

Chains are the sets that consist of all of the contracts in a trail. A blocking chain is a blocking set

(in the sense of Definition 1.3) that is a chain. Chain stability rules out the existence of blocking

chains.

Definition 1.E.1 (Ostrovsky, 2008; Hatfield et al., 2020). A chain is a set of contracts of the form

{z1, . . . ,zn}, where (z1, . . . ,zn) is a trail. An outcome is chain-stable if it is individually rational

and there is no blocking chain.
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Under FS, it turns out that stability and chain stability refine trail stability.

Proposition 1.E.1. Under FS, every chain-stable outcome is trail-stable.

Proposition 1.E.1 is a version of Proposition 8 in Fleiner et al. (2018) for settingswith continuous

prices. To prove Proposition 1.E.1, we adapt Fleiner et al.’s (2018) argument to our setting.

Formally, a locally blocking circuit is a circuit in which every pair of adjacent contracts is demanded

by their common firm in every choice set.

Definition 1.E.2. Let Y be an outcome. A sequence of contracts (z1, . . . ,zn) is a locally blocking

circuit if:

• for all 1≤ i≤ n, we have {zi−1,zi} ⊆W for allW ∈C fi
(
Yfi ∪{zi−1,zi}

)
, where fi = s(zi) =

b(zi−1).

Here, we write z0 = zn.

To prove Proposition 1.E.1, we show (as in Fleiner et al., 2018) that every shortest locally

blocking circuit or locally blocking trail gives rise to a blocking chain; Proposition 1.E.1 follows

directly from this claim.

Claim 1.E.1. LetY be an individually rational outcome. Under FS, if (z1, . . . ,zn) is shortest among

all locally blocking circuits and locally blocking trails for Y, then the chain {z1, . . . ,zn} blocks Y .

Proof. We prove the contrapositive of the claim. Suppose that (z1, . . . ,zn) is a locally blocking

circuit or locally blocking trail but that Z = {z1, . . . ,zn} does not block Y . Then, there is a firm

f , a contract z j ∈ Z f , and a setW ∈C f (Yf ∪Z f
)
with z j /∈W . Without loss of generality, we can

assume that f = s(z j), so f = f j. We show that there is a locally blocking circuit or locally blocking

trail that is shorter than (z1, . . . ,zn).

By Theorem 1.A.1, FSII must be satisfied. We divide into cases based on whether j = 1 and

whether we have a trail or a circuit to complete the proof of the claim.
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Case 1: j = 1 and (z1, . . . ,zn) is a locally blocking trail. By IFSS, there existsW ′ ∈C f (Yf ∪

Z f→)with z1 /∈W ′.Among all suchW ′,we takeW tominimize |W ′∖Yf |. AsYf /∈C f (Yf ∪{z1}),

we have that Yf /∈C f (Yf ∪Z f→), and hence thatW ̸⊆ Yf .

Let zk ∈W ∖Y f be arbitrary. The selection of W ensures that W ∖Yf ⊆ Y ′ for all Y ′ ∈

C f (W ∪Y f ), so in particular zk ∈Y ′ for all Y ′ ∈C f (W ∪Yf ). By IFSS, it follows that zk ∈W0 for

allW0 ∈C f (Y f ∪{zk}), so (zk, . . . ,zn) is a shorter locally blocking trail.

Case 2: j ̸= 1 or (z1, . . . ,zn) is a locally blocking circuit. In either case, the contract z j−1 is

well-defined. By IFSS, there existsW ′ ∈C f (Yf ∪{z j−1}∪Z f→) with z j /∈W ′. Among all such

W ′, we takeW to minimize |W ′∖Yf |.

As {z j−1,z j} ⊆ B for all B ∈ C f (Yf ∪ {z j−1,z j}), we have that z j−1 ∈W ′ for all W ′ ∈

C f (Yf ∪{z j−1}∪Z f→) by DFSP. In particular, we have that z j−1 ∈W.

Let zk ∈W ∖Y f be arbitrary. The selection of W ensures that W ∖Yf ⊆ Y ′ for all Y ′ ∈

C f (W ∪Yf ), so in particular zk ∈ Y ′ for all Y ′ ∈ C f (W ∪Y f ). By IFSS, it follows that zk ∈

B for all B ∈ C f (Yf ∪ {z j−1,zk}). If k < j, then (zk, . . . ,z j−1) is a shorter locally blocking

circuit. If k > j and (z1, . . . ,zn) is a locally blocking circuit (resp. locally blocking trail), then

(z1, . . . ,z j−1,zk, . . . ,zn) is a shorter locally blocking circuit (resp. locally blocking trail).

The cases exhaust all possibilities, completing the proof of the claim.

The next example shows that FS is generally needed for stable or chain-stable outcomes to be

trail-stable—even if there are no technological constraints or distortionary frictions.

Example 1.E.1 (Stable outcomes may not be trail-stable without FS). As depicted in Figure 1.1(a),

there are two firms, f1 and f2, which interact via two trades, ζ and ψ . There are no taxes. The
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firms have quasilinear utility functions (see (1.1)) with valuation functions defined by

v f1(∅) = v f2(∅) = 0

v f1({ζ}) = v f1({ψ}) = 1

v f1({ζ ,ψ}) =−100

v f2({ζ}) = v f2({ψ}) =−100

v f2({ζ ,ψ}) = 1.

The autarky outcome is stable, as no non-empty set of contracts is individually rational for both

f1 and f2. However, the trail ((ζ ,0),(ψ,0)) locally blocks the autarky outcome. Thus, the autarky

outcome is stable but not trail-stable.

Note that trades ζ and ψ are not (cross-side) complementary for firm f1, which implies that

f1’s preferences are not fully substitutable.

We next show that stable and chain-stable outcomes lift to competitive equilibria under the

conditions for the existence of competitive equilibria.

Theorem 1.E.1. Under FS and BCV, chain-stable outcomes lift to competitive equilibria.

It follows that stable outcomes lift to competitive equilibria under FS and BCV—generalizing

Theorem 6 in Hatfield et al. (2013) to trading networks with distortionary frictions and income

effects. Note however that stable and chain-stable outcomes do not generally exist in our model

(even under FS and BCV).

To prove Theorem 1.E.1, we consider a chain-stable outcome A. We construct a modified

economy (as in the proof of Theorem 1.1)—in which FS and BWP are satisfied—by giving every

firm the option to execute any trade by paying a large cost Π. Unlike in the proof of Theorem 1.1,

we choose Π to depend the prices in A. We show that A is chain-stable in the modified economy.

Proposition 1.E.1 implies that A is trail-stable in the modified economy, and hence Theorem 1.3

guarantees that A lifts to a competitive equilibrium in the modified economy. To complete the
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proof, we use the result (that we proved in Appendix 1.B) that every competitive equilibrium in the

modified economy is in fact a competitive equilibrium in the original economy under BCV for Π

sufficiently large. We cannot apply the arguments fromHatfield et al. (2013) to prove Theorem 1.E.1

because those arguments rely on the efficiency of competitive equilibria in a modified economy

and frictions generally make competitive equilibria inefficient (see Footnote 25).

Formally, let A be any chain-stable outcome, and let Ξ = τ(A). For ω ∈ τ(A), let pω be the

unique price such that (ω, pω) ∈ A.

As in Appendix 1.B, let

K f =− inf
u f (Ξ,t)≥u f (∅,0)

∑
ω∈Ω f

tω

for f ∈ F, which is finite by BCV. Define a quantity

Π = 1+ ∑
f∈F

K f +2 ∑
ω∈Ξ

|pω |.

Recall the definition of û f : P(Ω f )×RΩ f → R from Appendix 1.B, which is

û f (Ξ, t) = max
Ξ⊆Ψ⊆Ω f

u f
(

Ψ,
(
tΩ f∖Ψ∪Ξ,(t−Π)Ψ∖Ξ

))
.

Consider a modified economy in which utility functions are given by û f for f ∈ F . The following

claim asserts that A is a chain-stable outcome in the modified economy.

Claim 1.E.2. Under BCV, if A is chain-stable in the original economy, then A is chain-stable in

the modified economy.

Proof. The outcome A is clearly individually rational in the modified economy. It remains to prove

that A is not blocked by any chain in the modified economy. Suppose for the sake of deriving a

contradiction that there is a blocking chain Z in the modified economy.

Let Ĉ f and Û
f denote f ’s choice correspondence and utility function over sets of contracts,

respectively, in the modified economy. For f ∈ F and Y f ∈ Ĉ f (A f ∪ Z f ), note that Û f (
Y f ) ≥
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Û
f
(∅). Hence, we have that

−K f ≤ ∑
(ω,p′ω )∈Y

f
f→

p′ω − ∑
(ω,p′ω )∈Y

f
→ f

p′ω ≤ ∑
(ω,p′ω )∈Z f→

p′ω − ∑
(ω,p′ω )∈Z→ f

p′ω + ∑
ω∈Ξ f

|pω |,

where the first inequality is due to Lemma 1.B.3(a). It follows that

∑
(ω,p′ω )∈Z f→

p′ω − ∑
(ω,p′ω )∈Z→ f

p′ω + ∑
ω∈Ξ f

|pω |+K f ≥ 0.

But note that

∑
f∈F

 ∑
(ω,p′ω )∈Z f→

p′ω − ∑
(ω,p′ω )∈Z→ f

p′ω + ∑
ω∈Ξ f

|pω |+K f

= 2 ∑
ω∈Ξ

|pω |+ ∑
f∈F

K f = Π−1.

It follows that

∑
(ω,p′ω )∈Z f→

p′ω − ∑
(ω,p′ω )∈Z→ f

p′ω + ∑
ω∈Ξ f

|pω |+K f ≤ Π−1< Π

for all f ∈ F, so

∑
(ω,p′ω )∈Y

f
f→

p′ω − ∑
(ω,p′ω )∈Y

f
→ f

p′ω ≤−K f +Π−1<−K f +Π.

Hence, the contrapositive of Lemma 1.B.3(b) implies that Û f (
Y f ) ≤U f (Y f ) for all f ∈ F . By

the definition of û f , we must therefore have that Û f (
Y f )=U f (Y f ).

LetW ∈C f (A f ∪Z f ) be arbitrary. In light of the previous paragraph and the fact thatU f (W )≤

Û
f
(W ), we must have thatW ∈ Ĉ f (A f ∪Z f ). Since Z blocks A in the modified economy, we must

have that Z f ⊆W . Hence, Z blocks A in the original economy—contradicting the hypothesis that

A is chain-stable in the original economy.

Proof of Theorem 1.E.1. Claim 1.E.2 guarantees that A is chain-stable in the modified economy.
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By Proposition 1.E.1, A is trail-stable in the modified economy. Lemmata 1.B.1 and 1.B.2 ensure

that FS and BCV are satisfied in the modified economy. Hence, by Theorem 1.3, there exists

a competitive equilibrium [Ξ; p] in the modified economy with κ([Ξ; p]) = A. Lemma 1.B.4

guarantees that [Ξ; p] is a competitive equilibrium in the modified economy.

Hatfield et al. (2013) showed that stable outcomes need not lift to competitive equilibria without

FS (see Example 1 in Hatfield et al. (2013)). It turns out that FS is not sufficient for stable outcomes

to lift to competitive equilibria—essentially for the same reason that FS is not sufficient for the

existence of competitive equilibria.

Example 1.E.2 (Stable outcomes need not lift to competitive equilibria under FS alone). Consider

the trading network from Example 1.3. The autarky outcome is stable, because s is not willing to

sell at any finite price. As there are no competitive equilibria, there is a stable outcome that does

not lift to a competitive equilibrium.

1.E.2 Supply chains

In supply chains, or acyclic trading networks, no firm can be simultaneously upstream and

downstream from another firm even via intermediaries (Ostrovsky, 2008;Westkamp, 2010; Hatfield

and Kominers, 2012).

Assumption 1.E.1 (Acyclicity—AC). There do not exist n ≥ 1 and trades ω1, . . . ,ωn such that

s(ωi) = b(ωi−1) for all 1≤ i≤ n, where ω0 = ωn.

As shown by Ostrovsky (2008) and Hatfield and Kominers (2012), imposing acyclicity can help

ensure the existence of stable outcomes in trading networks with discrete and bounded prices. In

supply chains, trail stability is equivalent to chain stability (see, e.g., Fleiner et al. (2018)). The

following lemma relates stability and chain/trail stability in supply chains.

Lemma 1.E.1. Under FS and AC, every trail-stable outcome is stable.

Proof. The proof is similar to the proof of Theorem 7 in Hatfield and Kominers (2012). By

Theorem 1.A.1 in Appendix 1.A, we can assume that FSII is satisfied.
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We prove the contrapositive. Let A be outcome that is not stable. If A is not individually

rational, then clearly A is not trail-stable. Thus, we can assume that A is blocked by a non-empty

blocking set Z.

Since Z is non-empty and the trading network is acyclic, there is a firm f1 with Z→ f1 =∅ and

Z f1→ ̸= ∅. Let z1 ∈ Z f1→ be arbitrary. By IFSS, we have that z1 ∈ Y for all Y ∈C f1(A f1 ∪{z1}).

Let f2 = b(z1).

If z1 ∈ Y for all Y ∈ C f2(A f2 ∪ {z1}), then (z1) is a locally blocking trail. Hence, we can

assume that z1 /∈ Y for some Y ∈ C f2
(
A f2 ∪{z1}

)
. By revealed preference, we must have that

A f2 ∈C f2(A f2 ∪{z1}). DFSP implies that z1 ∈W ′ for all W ′ ∈C f2(A f2 ∪{z1}∪Z f2→). Let W ∈

C f2(A f2 ∪{z1}∪Z f2→) minimize |W ′∖A| among all W ′ ∈ C f2(A f2 ∪{z1}∪Z f2→). By IFSS, we

must have thatW = {z1,z2} for some z2 ∈ Z f2→. Note that {z1,z2}⊆Y for allY ∈C f2(A f2∪{z1,z2})

by construction.

A similar argument to the previous paragraph shows that (z1,z2) is a locally blocking trail or

there exists z3 ∈ Z with s(z3) = b(z2) such that {z2,z3} ⊆ Y for all Y ∈ C f2(A f2 ∪{z2,z3}). By

induction and due to acyclicity, we obtain a locally blocking trail. Hence, A is not trail-stable.

Proposition 1.E.1 and Lemma 1.E.1 imply that trail-stable, stable, and chain-stable outcomes

coincide in supply chains under FS, yielding a continuous-price version of Theorem 7 in Hatfield

and Kominers (2012).

Corollary 1.E.1. Under FS and AC, trail-stable outcomes, stable outcomes, and chain-stable

outcomes coincide.

Proof. Trail-stable outcomes are stable by Lemma 1.E.1. Stable outcomes are always chain-stable.

Chain-stable outcomes are trail-stable by Proposition 1.E.1.

Combining Corollary 1.E.1 with our results on trading networks with frictions, we obtain that

competitive equilibrium, trail stability, stability, and chain stability are all essentially equivalent in

supply chains (under FS and BCV).
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Corollary 1.E.2. UnderFS, BCV, andAC, competitive equilibriumoutcomes, trail-stable outcomes,

stable outcomes, and chain-stable outcomes exist and coincide.

Proof. Competitive equilibria exist by Theorem 1.1. Competitive equilibrium outcomes are trail-

stable by Theorem 1.2. Trail-stable outcomes, stable outcomes, and chain-stable outcomes coincide

by Corollary 1.E.1. Chain-stable outcomes lift to competitive equilibria by Theorem 1.E.1.

Corollary 1.E.2 in particular entails that stable and chain-stable outcomes exist in supply chains

under FS and BCV. This existence result is a version of Theorem 1 in Ostrovsky (2008) and

Theorem 3 in Hatfield and Kominers (2012) for settings in which prices are continuous. However,

Corollary 1.E.2 holds even when willingness to pay is unbounded (i.e., BWP is not satisfied), unlike

the existence results of Ostrovsky (2008) and Hatfield and Kominers (2012).

1.E.3 Trading networks without frictions

In the presence of distortionary frictions, firms have different marginal rates of substitution

between forms of transfer. For example, in the presence of transaction taxes, all firms find

reductions in outgoing payments more desirable than equal increases in incoming payments.

We formalize “equalization of marginal rates of substitution between forms of transfer" as

“indifference between all forms of transfer" in defining our “no frictions" condition. Intuitively,

if the firms share the same marginal rates of substitution between forms of transfer, then transfers

can be redenominated so that the marginal rates of substitution become 1. The possibility of

redenomination is precisely why, for example, the presence of multiple currencies does not cause

frictions per se.

Assumption 1.E.2 (No frictions—NF). For all f ∈ F and t, t ′ ∈ RΩ f with ∑ω∈Ω f
tω = ∑ω∈Ω f

t ′ω ,

we have that u f (Ξ, t) = u f (Ξ, t ′) for all Ξ ⊆ Ω f .

Recall that, in Examples 1.1 and 1.2, paying one unit is more costly for firms than receiving one

unit (due to transaction taxes). NF rules out these differences in the costs of transfers and requires

that firms only care about the net transfers that they receive or pay. Therefore, NF requires that a
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unit of transfer for one trade be equivalent to a unit of transfer for any other trade. In particular,

any transferable utility economy satisfies NF. Under NF, we can write u f (Ξ, t) = ũ f (Ξ, t̃), where

t̃ = ∑ω∈Ω tω is the net transfer.

While NF rules out distortionary frictions such as variable transaction taxes and commissions,

utility does not need to be perfectly transferable under NF because income effects are still per-

mitted. For example, terminal buyers and sellers (i.e., firms who only buy or only sell) with unit

demand can experience arbitrary income effects under FS and NF because full substitutability holds

automatically for terminal firms that make only trade. Income effects are also possible for terminal

firms with multi-unit demand.

Remark 1.E.1. However, under FS and NF, firms cannot experience income effects along the locus

of prices at which they have multi-unit demand for both upstream and downstream trades. To see

why, note that NF requires that the income effect associated to a small decrease in the price of

a demanded upstream trade ζ equal the income effect associated to a small increase in the price

of a demanded downstream trade ψ . However, FS (or, equivalently, FS-D from Appendix 1.D.1)

requires that the income effect associated to a decrease in the price of ζ reduce demand for other

upstream trades and raise demand for downstream trades. Conversely, FS requires that the income

effect associated to an increase in the price of ψ raise demand for upstream trades and reduce

demand for other downstream trades. When firms have multi-unit demand for both upstream and

downstream trades, there are in fact upstream (resp. downstream) trades other than ζ (resp. ψ)

whose demand can be reduced. Hence, as the two income effects must coincide under NF, the FS

and NF conditions combine to rule out income effects along the locus of prices at which they have

multi-unit demand for both upstream and downstream trades.

We begin our analysis of trading networks without frictions by recalling the definition of strong

group stability, which is the most demanding cooperative solution concept from the literature on

matching with contracts. A strongly group stable outcome is immune to blocks by coalitions of

firms that can commit to better, new contracts and maintain any existing contracts with each other

and with firms outside the blocking coalition.
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Definition 1.E.3 (Hatfield et al., 2013). An outcome A is strongly unblocked if there do not exist

a non-empty set Z ⊆ X ∖ A and sets of contracts Y f ⊆ A f ∪ Z f for f ∈ F such that Y f ⊇ Z f

and U f (Y f ) >U f (A f
)
for all f ∈ F with Z f ̸= ∅. An outcome is strongly group stable if it is

individually rational and strongly unblocked.

In Definition 1.E.3, Y f is the set of contracts that f signs in the block. Note that Y f need not

be f ’s best choice from the set of available contracts. In particular, strong group stability rules out

blocks in which firms only improve their utility by selecting all of the blocking contracts. Hence,

as Hatfield et al. (2013) showed, strong group stability is stronger than stability. Moreover, Y f

can contain existing contracts that the counterparties no longer want. In particular, strong group

stability rules out blocks in which different members of the blocking coalition can make selections

from the set of existing contracts that are incompatible with one another or involve firms outside

the coalition. Hence, strong group stability also refines properties such as (strong) setwise stability

(Echenique and Oviedo, 2006; Klaus and Walzl, 2009) and the core. As pointed out by Hatfield

et al. (2013), strong group stability also refines strong stability (Hatfield and Kominers, 2015) and

group stability (Konishi and Ünver, 2006).

Our next result shows that competitive equilibria are strongly group stable in trading networks

without frictions.

Theorem 1.E.2 (Version of the First Welfare Theorem). Under NF, competitive equilibrium out-

comes are strongly group stable.

Theorem 1.E.2 extends Theorem 5 in Hatfield et al. (2013)—which shows that competitive

equilibrium outcomes are strongly group stable—to settings with income effects. Since strongly

group stable outcomes are stable and in the core, Theorem1.E.2 implies that competitive equilibrium

outcomes are stable and in the core in trading networks without frictions. As core outcomes are

Pareto-efficient, Theorem 1.E.2 is a version of the First Welfare Theorem (Debreu, 1951).

Proof. We prove the contrapositive. Let [Ξ; p] be an arrangement and suppose that A = κ([Ξ; p])

is not strongly group stable. If A is not individually rational, then clearly [Ξ; p] is not a competitive
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equilibrium. Thus, we can assume that A is not strongly unblocked—that is, that there exists a non-

empty set of contracts Z ⊆ X∖A and, for each f ∈ F with Z f ̸=∅, a set of contracts Y f ⊆ Z f ∪A f

with Y f ⊇ Z f andU f (Y f )>U f (A f
)
(see Definition 1.E.3).

We let F ′ = { f ∈ F | Z f ̸=∅}. For each f ∈ F ′, we let

M f = sup

t̃

∣∣∣∣∣∣ ũ f

τ(Y f ), ∑
ω∈τ(Y f ) f→

pω − ∑
ω∈τ(Y f )→ f

pω − t̃

≥U f (A f
)

denote the negative of the compensating variation for f from the change from τ(A f ) to τ(Y f ) at

price vector p. For ω ∈ τ(Z), let qω be the unique price such that (ω,qω) ∈ Z. Define qω = pω for

ω ∈ Ω∖ τ(Z). The definition of Y f ensures that

ũ f

τ(Y f ), ∑
ω∈τ(Y f ) f→

qω − ∑
ω∈τ(Y f )→ f

qω

>U f (A f
)

for all f ∈ F ′. It follows that

M f > ∑
ω∈τ(Y f ) f→

pω − ∑
ω∈τ(Y f )→ f

pω − ∑
ω∈τ(Y f ) f→

qω + ∑
ω∈τ(Y f )→ f

qω

= ∑
ω∈τ(Y f ) f→

(pω −qω)+ ∑
ω∈τ(Y f )→ f

(qω − pω).

Because pω = qω for ω /∈ Z and Z f ⊆ Y f , we have that

M f > ∑
ω∈τ(Z f ) f→

(pω −qω)+ ∑
ω∈τ(Z f )→ f

(qω − pω).

Summing over f ∈ F ′, we have that ∑ f∈F ′ M f > 0. Thus, there exists f ∈ F ′ with M f > 0.
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For such f , we have that

u f
(

τ(Y f ),
(
pτ(Y f ) f→

,(−p)τ(Y f )→ f
,0Ω f∖τ(Y f )

))
>U f (A f

)
= u f

(
Ξ f ,
(
pΞ f→ ,(−p)Ξ→ f ,0Ω f∖Ξ

))
,

so Ξ f /∈ D f
(
pΩ f

)
. Therefore, [Ξ; p] is not a competitive equilibrium.

Combining Theorem 1.E.2 with our results on trading networks with frictions, we obtain that

all of the solution concepts described in this chapter are essentially equivalent in trading networks

without frictions (under FS and BWP).

Corollary 1.E.3. Under FS, BWP, and NF, competitive equilibrium outcomes, trail-stable out-

comes, stable outcomes, chain-stable outcomes, strongly group stable outcomes exist and coincide.

Proof. Competitive equilibrium outcomes exist and coincide with trail-stable outcomes by Corol-

lary 1.2, and are strongly group stable by Theorem 1.E.2. Strongly group stable outcomes are

always stable, and stable outcomes are always chain-stable. Chain-stable outcomes are trail-stable

by Proposition 1.E.1.

Under NF, we can also restate BCV more simply using only net transfers, since firms are

indifferent regarding the sources of transfers.

Assumption 1.2′ (Bounded CVs under NF—BCV-NF). For all f ∈ F, we have

inf
(Ξ,t̃)|ũ f (Ξ,t̃)≥ũ f (∅,0)

t̃ >−∞.

In frictionless markets, under FS and BCV-NF, we obtain an equivalence between competitive

equilibrium, stability, chain stability, and strong group stability.

Corollary 1.E.4. Under FS, BCV-NF, and NF, competitive equilibrium outcomes, stable outcomes,

chain-stable oucomes, strongly group stable outcomes exist and coincide.
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Proof. Competitive equilibria exist by Theorem 1.1. Competitive equilibrium outcomes are

strongly group stable by Theorem 1.E.2. Strongly group stable outcomes are always stable, and

stable outcomes are always chain-stable. Chain-stable outcomes lift to competitive equilibria by

Theorem 1.E.1.

Corollary 1.E.4 generalizes Theorem 5 and the first part of Theorem 9 in Hatfield et al. (2013),

which deals with transferable utility economies. Ikebe et al. (2015), Candogan et al. (2020), and

Hatfield et al. (2020) proved similar equivalence results for transferable utility economies. In

contrast, Corollary 1.E.4 applies in the presence of income effects.
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2. THE EQUILIBRIUM EXISTENCE DUALITY: EQUILIBRIUMWITH

INDIVISIBILITIES & INCOME EFFECTS1

This chapter shows that, when goods are indivisible and there are income effects, the existence

of competitive equilibrium fundamentally depends on agents’ substitution effects—i.e., the effects

of compensated price changes on agents’ demands. We provide general existence results that do

not depend on income effects.

With divisible goods, competitive equilibrium exists under mild regularity conditions on pref-

erences (Arrow and Debreu, 1954; McKenzie, 1954, 1959). With indivisible goods, by contrast,

equilibrium does not exist in general (Henry, 1970). Moreover, most previous results about when

equilibrium does exist with indivisible goods assume that utility is transferable—ruling out income

effects but allowing tractable characterizations of (Pareto-)efficient allocations and aggregate de-

mand that can be exploited to analyze equilibrium.2 But understanding the role of income effects

is important for economies with indivisible goods, as these goods may comprise large fractions

of agents’ budgets. In the presence of income effects, however, the distribution of wealth among

agents affects both Pareto efficiency and aggregate demand, making it necessary to develop new

methods to analyze equilibrium when goods are indivisible.

1 This chapter is joint work with Elizabeth Baldwin, Omer Edhan, Paul Klemperer, and Alexander Teytelboym.
We thank Federico Echenique, Scott Kominers, and seminar audiences at Bristol, Glasgow, Harvard, Innsbruck, the
Lisbon Game Theory Meetings, Melbourne, Royal Holloway, the Simons Institute for the Theory of Computing, and
the UK Matching Workshop, for their valuable comments.

2 For example, methods based on integer programming (see, e.g., Koopmans and Beckmann (1957), Bikhchandani
and Mamer (1997), Ma (1998), Candogan et al. (2015), and Tran and Yu (2019)) rely on characterizations of the set
of Pareto-efficient allocations as the solutions to a welfare maximization problem, while methods based on convex
programming (see, e.g., Murota (2003), Ikebe et al. (2015), and Candogan, Epitropou, and Vohra (2020)) and
tropical geometry (Baldwin and Klemperer, 2014, 2019) rely on representing aggregate demand as the demand of a
representative agent.
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A cornerstone of our analysis is an application of the classic relationship between Marshallian

and Hicksian demand. Recall that Hicksian demand is defined by fixing a utility level and min-

imizing the expenditure of obtaining it. We combine Hicksian demands to construct a family of

“Hicksian economies” in which prices vary, but agents’ utilities—rather than their endowments—

are held constant. Our key result is an Equilibrium Existence Duality: competitive equilibrium

exists for all endowments if and only if equilibrium exists (for all endowments) in the Hicksian

economies for all utility levels.

Preferences in each Hicksian economy reflect agents’ substitution effects. Therefore, by Equi-

librium Existence Duality, the existence of equilibrium fundamentally depends on substitution

effects. Moreover, as Hicksian demands do not experience income effects, agents’ preferences

are quasilinear in each Hicksian economy. Hence, Equilibrium Existence Duality allows us to

transport (and so generalize) any necessary or sufficient condition on equilibrium existence from

a transferable-utility setting to a setting with income effects.3 In particular, our most general

equilibrium-existence result (the Unimodularity Theorem with Income Effects) gives a necessary

and sufficient condition on the pattern of agents’ substitution effects that guarantees existence of

competitive equilibrium in the presence of income effects.

Consider, for example, the case of substitutable goods in which each agent demands at most

one unit of each good. Kelso and Crawford’s (1982) results show that in this case competitive

equilibrium exists in a transferable-utility economy.4 Gul and Stacchetti (1999) then proved that

substitutable preferences form a maximal domain for existence. The Equilibrium Existence Duality

tells us that, in a setting with income effects, equilibrium exists under net substitutes and that net

substitutes also form a maximal domain for existence. Moreover, this result nests existing results:

we show that in this case gross substitutability implies net substitutability; the reverse direction

is not true in the presence of income effects. An implication of our results is that the use of the

3 Outside the case of substitutes which we describe in detail, Bikhchandani and Mamer (1997) and Ma (1998) gave
necessary and sufficient conditions, and Candogan et al. (2015) gave a sufficient condition, on valuations that guarantee
existence of equilibrium in transferable-utility economies.

4 See also Danilov, Koshevoy, and Lang (2003), Milgrom and Strulovici (2009), and Hatfield et al. (2013).
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term “gross substitutes” by the literature subsequent to Kelso and Crawford (1982) is unfortunate.

Indeed later papers restricted to quasilinear preferences, thus removing the income effects, but

maintained the label “gross substitutes.” These later papers therefore also assume net substitutes,

and our work shows that it is net substitutability, not gross substitutability, that is critical to their

existence results.5

To appreciate the distinction between gross and net substitutability, suppose that Martine owns

a house and is thinking about selling her house and buying one of two different other houses: a

spartan one and a luxurious one (Quinzii, 1984). If the price of her house increases, she may wish

to buy the luxurious house instead of the spartan one—exposing a gross complementarity between

her existing house and the spartan one. On the other hand, Martine regards the houses as net

substitutes: the complementarity emerges entirely due an income effect. Equilibrium is guaranteed

if all other agents see the goods as net substitutes, despite the presence of gross complementarities.

Our most general equilibrium-existence theorem characterizes the combinations of substitution

effects which guarantee equilibrium existence. It is based on Baldwin and Klemperer’s (2019)

classification of valuations into “demand types.” A demand type is defined by the set of vectors

that summarize the possible ways in which demand can change in response to a small generic

price change. For example, the set of all substitutes valuations forms a demand type, as does

the set of all complements, etc. Applying Baldwin and Klemperer’s taxonomy to changes in

Hicksian demands, we see that their definition easily extends to general utility functions, capturing

agents’ substitution effects. Examples of demand types in our setting with income effects, therefore

include the set of all net substitutes preferences, the set of all net complements preferences, etc. The

Equilibrium Existence Duality then makes it straightforward that the Unimodularity Theorem6—

5 Exceptions are Chapter 1, Hatfield et al. (2020), and Schlegel (2018), which analyzed gross substitutability in the
presence of income effects and showed that gross substitutability is sufficient for existence of equilibrium.

6 The Unimodularity Theorem states that competitive equilibrium exists for any set of agents of a given demand
type if and only if the demand type is unimodular. A unimodular set of vectors in n dimensions is one for which every
subset of n of them has determinant 0 or±1 (with an additional condition if they are not a spanning set). See Theorem
4.3 of Baldwin and Klemperer (2019); an earlier version was given by Danilov et al. (2001).
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which encompasses many standard results on the existence of equilibrium as special cases7—is

unaffected by income effects.

It follows that cases of quasilinear substitutes preferences, for which equilibrium exists, gener-

alize to cases of net substitutes preferences, for which equilibrium exists. And cases of quasilinear

complements preferences, and of quasilinear preferences which mix substitutes and complements,

generalize in the same way.

Our results might have significant implications for the design of auctions that seek competitive

equilibrium outcomes, and in which bidders face financing constraints. For example, they suggest

that versions of the Product-Mix Auction (Klemperer, 2008), used by the Bank of England since

the financial crisis, may work well in this context.8

Several other papers have considered the existence of competitive equilibrium in the presence

of indivisibilities and income effects. Quinzii (1984), Gale (1984), and Svensson (1984) showed

the existence of competitive equilibrium in a housing market economy in which agents have unit

demand and endowments. Building on those results, Kaneko and Yamamoto (1986), van der Laan

et al. (1997, 2002), and Yang (2000) analyzed settings with multiple goods, but restricted attention

to separable preferences. By contrast, our results—even for the case of substitutes—allow for

interactions between the demand for different goods. We also clarify the role of net substitutability

for the existence of competitive equilibrium.

In a different direction, Danilov et al. (2001) proved a version of the sufficiency direction of the

Unimodularity Theorem for settings with income effects. Danilov et al. (2001) also defined domains

of preferences using an optimization problem that turns out to be equivalent to the expenditure

minimization problem. However, they did not note the connection to the expenditure minimization

problem or Hicksian demand, and, as a result, did not interpret their sufficient conditions in terms

of substitution effects or establish the role of substitution effects in determining the existence of

7 It generalizes the quasilinear case of Kelso and Crawford (1982), and results of Gul and Stacchetti (1999), Sun
and Yang (2006), Milgrom and Strulovici (2009), Hatfield et al. (2013), and Teytelboym (2014).

8 Iceland planned a Product-Mix Auction for bidders with budget constraints (Klemperer, 2018; Baldwin and
Klemperer, 2020), but this was in a setting with divisible goods.
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equilibrium.

We proceed as follows. Section 2.1 describes our setting—an exchange economy with indivis-

ible goods and money. Section 2.2 develops the Equilibrium Existence Duality. Since the existing

literature has focused mostly on the case in which indivisible goods are substitutes, we consider

this case in Section 2.3. Section 2.4 develops the demand type framework of Baldwin and Klem-

perer (2019) and states our Unimodularity Theorem with Income Effects. Section 2.5 remarks on

implications for auction design, and Section 2.6 concludes. Appendix 2.A proves our Equilibrium

Existence Duality. Appendix 2.B proves the connection between gross and net substitutability.

Appendixes 2.C and 2.D adapt the proofs of results from the literature to our setting.

2.1 The setting

Weworkwith amodel of exchange economieswith indivisibilities—adapted to allow for income

effects. Each economy contains a finite set J of agents, a finite set I of indivisible goods, and a

divisible numéraire that we call money. We allow goods to be undesirable, and therefore allow for

“bads." We fix a total endowment yI ∈ ZI of goods in the economy.9

2.1.1 Preferences and Marshallian demand

Each agent j ∈ J has a finite set X j
I ⊆ ZI of feasible consumption bundles of indivisible goods

and a lower bound x j0 ≥ −∞ on consumption of money. The principal cases of x j0 are x j0 = −∞,

in which case all levels of consumption of money are feasible, and x j0 = 0, in which case the

consumption of money must be positive.10 Hence, the set of feasible consumption bundles for

agent j is X j = (x j0,∞)×X j
I . Given a bundle x ∈ X j, we let x0 denote the amount of money in x

and xI denote the bundle of goods specified by x, so x= (x0,xI).

9 In particular, we allow for multiple units of some goods to be present in the aggregate, unlike Gul and Stacchetti
(1999) and Candogan et al. (2015).

10 Our setting also allows for technological constraints (in the sense of Hatfield et al. (2013, 2020) and Chapter 1).
Specifically, we allow for the possibility that some bundles of goods can be infeasible for an agent to consume (see
Example 2.15 in Baldwin and Klemperer (2014)).
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The utility levels of agent j lie in the range (u j,u j), where −∞ ≤ u j < u j ≤ ∞. Furthermore,

each agent j has a utility function U j : X j → (u j,u j) that we assume to be continuous and strictly

increasing in x0, and to satisfy

lim
x0→(x j0)

+
U j (x0,xI) = u j and lim

x0→∞
U j (x0,xI) = u j (2.1)

for all xI ∈ X j
I . Condition (2.1) requires that some consumption of money above the minimum level

x j0 be essential to agent j.11 We let p0 = 1.

Given an endowment w = (w0,wI) ∈ X j of a feasible consumption bundle and a price vector

pI ∈ RI, agent j’sMarshallian demand for goods is

D j
M (pI,w) =

{
x∗I

∣∣∣∣∣x∗ ∈ argmax
x∈X j|p·x≤p·w

U j (x)

}
.

As usual, Marshallian demand is given by the set of bundles of goods thatmaximize an agent’s utility

given a price vector and an endowment. An income effect is a change in an agent’s Marshallian

demand induced by a change in her money endowment, holding prices fixed.

Our setup is flexible enough to capture a wide range of preferences with and without income

effects, as the following two examples illustrate.

Example 2.1 (Quasilinear utility). Given a valuationV j : X j
I →R, letting x j0 = u j =−∞ and u j =∞,

one obtains a quasilinear utility function given by

U j (x0,xI) = x0+V j (xI) .

When agents utility functions are quasilinear, they do not experience income effects. When all

agents have quasilinear utility functions, we say that the economy is a transferable utility economy.

11 Henry (1970, pp. 543–544), Mas-Colell (1977, Theorem 1(i)), and Demange and Gale (1985, Equation (3.1))
make similar assumptions. If consuming money is inessential but consumption of money must be nonnegative, then
it is known that competitive equilibria do not exist in general—even in settings in which agents have unit demand for
goods (see, e.g., Herings and Zhou (2019)). The non-existence persists even with a continuum of agents (Mas-Colell,
1977).
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Example 2.2 (Quasilogarithmic utility). Given a function V j : X j
I → (−∞,0), which we call a

quasivaluation,12 and letting u j = −∞, u j = ∞, and x j0 = 0, there is a quasilogarithmic utility

function given by

U j (x) = logx0− log(−V j (xI)).

Unlike with quasilinear utility functions, agents with quasilogarithmic utility functions exhibit

income effects.

2.1.2 Hicksian demand, Hicksian valuations, and the Hicksian economies

The concept of Hicksian demand from consumer theory plays a key role in our analysis. Given

a utility level u ∈ (u j,u j) and a price vector pI, agent j’s Hicksian demand for goods is

D j
H (pI;u) =

{
x∗I

∣∣∣∣∣x∗ ∈ argmin
x∈X j|U j(x)≥u

p ·x

}
. (2.2)

As in the standard case with divisible goods, Hicksian demand is given by the set of bundles of

goods that minimize the expenditure of obtaining a utility level given a price vector. A substitution

effect is a change in an agent’s Hicksian demand induced by a change in prices, holding her utility

level fixed.

Recall that Marshallian and Hicksian demand are related by the standard duality between the

utility maximization and expenditure minimization problems. Specifically, as agents are (locally)

nonsatiated in money, a bundle of goods is expenditure-minimizing if and only if it is utility-

maximizing.13

Fact 2.1 (Relationship between Marshallian and Hicksian demand). Let pI be a price vector.

12 In this example, we callV j a quasivaluation becauseV j is not the valuation of an agent with quasilinear preferences.

13 Although Fact 2.1 is usually stated with divisible goods (see, e.g., Proposition 3.E.1 and Equations (3.E.4) in Mas-
Colell et al. (1995)), the standard proof applies with multiple indivisible goods and money. For sake of completeness,
we give a proof of Fact 2.1 in Appendix 2.C.
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(a) For all endowments w, we have that D j
M (pI,w) = D j

H (pI;u) , where

u= max
x∈X j|p·x=p·w

U j (x) .

(b) For all utility levels u and endowments w with

p ·w= min
x∈X j|U j(x)≥u

p ·x,

we have that D j
H (pI;u) = D j

M (pI,w) .

If an agent has quasilinear preferences, then as she experiences no income effects, her Mar-

shallian and Hicksian demand coincide and do not depend on endowments or utility levels. Under

quasilinearity, we therefore refer to both Marshallian and Hicksian demand simply as demand,

which we denote by D j (pI).14

We next show that the interpretation of the expenditure minimization problem as a quasilinear

maximization problem persists in the presence of income effects. Specifically, we can rewrite

the expenditure minimization problem (2.2) as a quasilinear optimization problem by using the

constraint to solve for x0 as a function of xI . Formally, for a bundle xI ∈ X j
I of goods and a utility

level u ∈ (u j,u j), we let S j (xI;u) =U j (·,xI)−1 (u) denote the level of consumption of money (or

savings) needed to obtain utility level u given xI,15 we have that

D j
H (pI;u) = argmin

xI∈X j
I

{
S j (xI;u)+pI ·xI

}
.

It follows that the expenditure minimization problem can be written as a quasilinear maximization

problem for the valuation −S j (·;u)—which we therefore call the Hicksian valuation.

Definition 2.1. The Hicksian valuation of agent j at utility level u is V j
H (·;u) =−S j (·;u).

14 Formally, for quasilinear preferences, we have that D j
M (pI ,w) =D j

H (pI ;u) for all endowments w and utility levels
u, and we denote both by D j (pI).

15 The function S j is the compensation function of Demange and Gale (1985) (see also Danilov et al. (2001)).
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Note that S j (·;u) is continuous and strictly increasing in u, and hence V j
H (·;u) is continuous

and strictly decreasing in u. The following lemma formally states that the demand correspondence

for an agent with valuation V j
H (·;u) is agent j’s Hicksian demand at utility level u.

Lemma 2.1. For all price vectors pI and utility levels u, we have that

D j
H (pI;u) = argmin

xI∈X j
I

{
S j (xI;u)+pI ·xI

}
= argmax

xI∈X j
I

{
V j
H (xI;u)−pI ·xI

}
.

Proof. AsU j(x) is strictly increasing in x0, we have that

D j
H (pI;u) =

{
x∗I

∣∣∣∣∣x∗ ∈ argmin
x∈X j|U j(x)=u

p ·x

}
.

Applying the substitution x0 = S j (xI;u) to remove the constraint from the minimization problem

yields the lemma.

It follows from Lemma 2.1 that an agent’s Hicksian valuations at each utility level gives rise

to quasilinear utility functions that reflects the agent’s substitution effects. Lemma 2.1 also yields

a relationship between the family of Hicksian valuations and income effects. Indeed, by Fact 2.1,

income effects correspond to changes in the agent’s Hicksian demand induced by changes in her

utility level, holding prices fixed. By Lemma 2.1, these changes in Hicksian demand reflect

the changes in the Hicksian valuation that are induced by the changes in utility levels. Hence, the

Hicksian valuations at each utility level determine an agent’s substitution effects, while the variation

of the Hicksian valuations with the utility level captures her income effects.

To illustrate how an agent’s family of Hicksian valuations reflects her income effects, we

consider the cases of quasilinear and quasilogarithmic utility.

Example 2.3 (Example 2.1 continued). With quasilinear utility, the Hicksian valuation at utility

level u is V j
H (xI;u) = V j (xI)− u. Changes in u do not affect the relative values of bundles under

V j
H (·;u), so changes in the utility level do not effect Hicksian demand. Indeed, there are no income

effects. By construction, a utility function U j (x) is quasilinear in x0 if and only if S j (xI;u) is
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quasilinear in u—or, equivalently, V j
H (xI;u) is quasilinear in −u.

In general, agent j’s preferences exhibit income effects if and only if S j (xI;u)—or, equivalently,

V j
H (xI;u)—is not additively separable between xI and u.

Example 2.4 (Example 2.2 continued). With quasilogarithmic utility, the Hicksian valuation at

utility level u is V j
H (xI;u) = euV j (xI) . In this case, each Hicksian valuation is a positive affine

transformation of V j. Income effects are reflected by the non-separability between xI and u in

V j
H (xI;u).

We use Lemma 2.1 to convert preferences with income effects into families of valuations. This

reduction is without loss of generality: each continuously decreasing family of valuations is the

family of Hicksian valuations of a utility function.

Fact 2.2 (Duality for preferences). LetV j
H : X j

I ×(u j,u j)→ (−∞,−x j0) be a function. There exists a

utility functionU j : X j → (u j,u j) whose Hicksian valuation at each utility level u is V j
H (·;u) if and

only if for each xI ∈ X j
I , the function V

j
H (xI; ·) is continuous, strictly decreasing, and satisfies16,17

lim
u→(u j)+

V j
H (xI;u) =−x j0 and lim

u→(u j)−
V j
H (xI;u) =−∞ (2.3)

In light of Fact 2.2, utility functions can be represented equivalently by Hicksian valuations,

i.e., valuations over goods at each level of utility.18

Finally, we combine the Hicksian valuations to formHicksian economies, which are transferable

utility economies in which agents choose consumption bundles to minimize the expenditure of

obtaining given utility levels.

16 Danilov et al. (2001) proved a version of Fact 2.2 for the function S j for settings in which utility is increasing in
goods. For sake of completeness, we give a proof of Fact 2.2 in Appendix 2.C.

17 Condition (2.3) is analogous to Condition (2.1) and ensures that the corresponding utility function is defined
everywhere on X j. Note that Condition (2.3) is essentially automatic in the context of Danilov et al. (2001) and
therefore does not appear explicitly in their result (Lemma 1 in Danilov et al. (2001)).

18 Fact 2.2 is also similar to spirit to the duality between utility functions and expenditure functions (see, e.g.,
Propositions 3.E.2 and 3.H.1 in Mas-Colell et al. (1995)). However, the arguments of the expenditure function (at each
utility level) are prices, while the arguments of the Hicksian valuation (at each utility level) are quantities.

75



Definition 2.2. For a profile of utility levels (u j) j∈J, theHicksian economy is the transferable utility

economy in which agent j’s valuation is V j
H
(
·;u j).

The Hicksian economies are “duals" of the original economy in which income effects have

been removed and price effects are given by substitution effects. Like the construction of Hicksian

valuations, the construction of the Hicksian economy allows us to convert economies with income

effects to families of economies with transferable utility—a reduction that we exploit in our analysis.

2.2 Equilibrium Existence Duality

We now turn to the analysis of competitive equilibria.19 An endowment allocation consists of

an endowment w j ∈ X j
I for each agent j such that ∑ j∈Jw

j
I = yI. Given an endowment allocation,

a competitive equilibrium specifies a price vector such that markets for goods clear when agents

maximize utility. By Walras’s Law, it follows that the market for money clears as well.

Definition 2.3. Given an endowment allocation (w j) j∈J , a competitive equilibrium consists of a

price vector pI and a bundle x j
I ∈ D j

M
(
pI,w j) for each agent such that ∑ j∈J x

j
I = yI .

In transferable utility economies, a competitive equilibrium consists of a price vector pI and a

bundle x j
I ∈ D j (pI) for each agent such that ∑ j∈J x

j
I = yI . In this case, the endowment allocation

does not affect equilibrium because endowments do not affect (Marshallian) demand. We therefore

omit the endowment allocation when considering competitive equilibria in transferable utility

economies in which an endowment allocation exists.

Recall that the Hicksian economies have transferable utility. In the Hicksian economy for a

profile (u j) j∈J of utility levels, a competitive equilibrium consists of a price vector pI and a bundle

x j
I ∈ D j

H
(
pI;u j) for each agent such that ∑ j∈J x

j
I = yI . Thus, by Lemma 2.1, agents act as if they

minimize expenditure in equilibrium in the Hicksian economies.20

19 As we work with an exchange economy, the equilibrium concept is also known as Walrasian equilibrium.

20 As a result, competitive equilibria in the Hicksian economies coincide with quasiequilibria with transfers from
the modern treatment of the Second Fundamental Theorem of Welfare Economics (see, e.g., Definition 16.D.1 in
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Building on Fact 2.1 and Lemma 2.1, our Equilibrium Existence Duality connects the equi-

librium existence problems in the original economy (which can feature income effects) and the

Hicksian economy (in which utility is transferable). Specifically, we show that competitive equilib-

ria always exist in the original economy if and only if they always exist in the Hicksian economies.

Theorem 2.1 (Equilibrium Existence Duality). Suppose that an endowment allocation exists.

Competitive equilibria exist for all endowment allocations if and only if competitive equilibria exist

in the Hicksian economies for all profiles of utility levels.

By Lemma 2.1, agents’ substitution effects determine their preferences in each Hicksian econ-

omy. Therefore, Theorem 2.1 tells us that any condition that ensures the existence of competitive

equilibria in an economy for all endowment allocations can be written as a condition on substitution

effects alone. That is, substitution effects fundamentally determine whether competitive equilibria

exist.

Both directions of Theorem 2.1 also have novel implications for the analysis of equilibria in

economies with indivisibilities. As demands in the Hicksian economies are given by Hicksian

demand in the original economy (Lemma 2.1), the “if" direction of Theorem 2.1 implies that every

condition on demand D j that guarantees the existence of competitive equilibria in transferable

utility economies translates into a condition on Hicksian demand D j
H that guarantees the existence

of competitive equilibria in economies with income effects. In Sections 2.3 and 2.4, we use the “if"

direction of Theorem 2.1 to obtain new domains for the existence of competitive equilibria with

income effects from previous results on the existence of competitive equilibria with transferable

utility (Kelso and Crawford, 1982; Milgrom and Strulovici, 2009; Baldwin and Klemperer, 2019).

Conversely, the “only if" direction of Theorem 2.1 shows that if a condition on demand defines

a maximal domain for the existence of competitive equilibria under transferable utility, then the

Mas-Colell et al. (1995)). As the set of feasible levels of money consumption is open, agents always can always
reduce their money consumption slightly from a feasible bundle to obtain a strictly cheaper feasible bundle. Hence,
quasiequilibria with transfers coincide with equilibria with transfers in the original economy (see, e.g., Proposition
16.D.2 in Mas-Colell et al. (1995) for the case of divisible goods). If the endowments of money were fixed in the
Hicksian economies, this concept would coincide with the concept of compensated equilibrium of Arrow and Hahn
(1971) and the concept of quasiequilibrium introduced by Debreu (1962).
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translated condition on Hicksian demand defines a maximal domain for the existence of competitive

equilibria. In Sections 2.3 and 2.4, we also use this implication to derive maximal domain results

for settings with income effects.

To prove the “only if" direction of Theorem 2.1, we exploit a version of the Second Fundamental

Theorem of Welfare Economics for settings with indivisibilities. To understand connection to the

existence problem for the Hicksian economies, note that the existence of competitive equilibria in

the Hicksian economies is equivalent to the conclusion of the Second Welfare Theorem—i.e., that

each Pareto-efficient allocation can be supported in an equilibrium with endowment transfers—as

the following lemma shows.21

Lemma 2.2. Suppose that an endowment allocation exists. Competitive equilibria exist in the

Hicksian economies for all profiles of utility levels if and only if, for each Pareto-efficient allocation

(x j) j∈J with ∑ j∈J x
j
I = yI , there exists a price vector pI such that x j ∈ D j

M
(
pI,x j) for all agents j.

Intuitively, as utility is transferable in the Hicksian economies, variation in utility levels between

Hicksian economies plays that same role as endowment transfers in the Second Welfare Theorem.

It is well-known that the conclusion of the Second Welfare Theorem holds whenever competitive

equilibria exist for all endowment allocations (Maskin and Roberts, 2008).22 It follows that

competitive equilibria always exist in the Hicksian economies whenever they always exist in the

original economies, which is the “only if" direction of Theorem 2.1.

We use a different argument to prove the “if" direction. Our strategy is to show that there exists

a profile of utility levels and a competitive equilibrium in the corresponding Hicksian economy in

which all agents’ expenditures equal their budgets in the original economy. To do so, we apply

a topological fixed-point argument that is similar in spirit to standard proofs of the existence of

21 Recall that an allocation (x j) j∈J ∈×j∈J X
j is Pareto-efficient if there does not exist an allocation (x̂ j) j∈J ∈

×j∈J X
j with such that

∑
j∈J

x j = ∑
j∈J

x̂ j,

andU j
(
x̂ j
)
≥U j

(
x j
)
for all agents j with strict inequality for some agent.

22 While Maskin and Roberts (2008) assumed that goods are divisible, their arguments apply even in the presence of
indivisibilities—as we show.
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competitive equilibria. Specifically, we consider an auctioneer who, for a given profile of candidate

utility levels, evaluates agents’ expenditures over all possible equilibria in theHicksian economy and

adjusts proposed utility levels upwards (resp. downwards) for agents who under- (resp. over-) spend

their budgets.23 The existence of competitive equilibria in the Hicksian economies ensures that the

process is nonempty-valued, and the transferability of utility in the Hicksian economies ensures

that the process is convex-valued. Kakutani’s Fixed Point Theorem implies the existence of a fixed-

point utility profile. By construction, there exists a competitive equilibrium in the corresponding

Hicksian economy at which agents’ expenditures equal the value of their endowments. Finally, by

Lemma 2.1, agents must be maximizing utility given their endowments at this equilibrium, and

hence once obtains a competitive equilibrium in the original economy.

2.2.1 Examples

We next illustrate the power of Theorem 2.1 using the two examples.

Our first example is a housing market in which agents have unit-demand preferences, may be

endowed with a house, and can experience arbitrary income effects. We can use Theorem 2.1

to reduce the existence problem to the assignment game of Koopmans and Beckmann (1957)—

reproving a result originally due to Quinzii (1984).

Example 2.5 (A housing market—Quinzii, 1984; Gale, 1984; Svensson, 1984). For each agent

j, let X j
I ⊆ {0}∪{ei | i ∈ I} be nonempty. In this case, each Hicksian economy is a transferable

utility economy in which agents have unit demand for the goods. As the distribution of endowments

between agents does not affect equilibriumwhen utility is transferable, the results of Koopmans and

Beckmann (1957) imply that competitive equilibria exist in the Hicksian economies for all profiles

of utility levels. Hence, Theorem 2.1 implies that competitive equilibria exist for all endowment

allocations—even in the presence of income effects.

23 This approach is similar in spirit to Negishi’s (1960) proof of the existence of competitive equilibria with divisible
goods. Negishi (1960) instead applied an adjustment process to the inverses of agents’ marginal utilities of money.
However, Negishi’s (1960) approach does not generally yield a convex-valued adjustment process in the presence of
indivisibilities.
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In the second example, we revisit the quasilogarithmic utility functions from Example 2.2. We

provide sufficient conditions on agents’ quasivaluations for competitive equilibria to exist. These

conditions are related to, but not in general implied by, the conditions developed in Sections 2.3

and 2.4.

Example 2.6 (Existence of competitive equilibriawith quasilogarithmic preferences). For each agent

j, let V j : X j
I → (−∞,0) be a quasivaluation. Let agent j’s utility function be quasilogarithmic

for the quasivaluation V j, as in Example 2.2. In this case, agent j’s Hicksian valuation at each

utility level is a positive linear transformation of V j (Example 2.4). Hence, by Theorem 2.1,

competitive equilibria exist for all endowment allocations as long as competitive equilibria exist in

transferable utility economies (for all endowment allocations) whenever each agent j’s valuation

is an (agent-dependent) positive linear transformation of V j—e.g., if the quasivaluations V j are all

strongly substitutable valuations (Milgrom and Strulovici, 2009), or all valuations of a unimodular

demand type (Baldwin and Klemperer, 2019).

If one unit of each good is available in total (i.e., yi = 1 for all goods i), then competitive

equilibria also exist in transferable utility economies if all agents have sign-consistent tree valuations

(Candogan et al., 2015). Hence, if one unit of each good is available in total, then Theorem 2.1

implies that competitive equilibria exist with quasilogarithmic utility for all endowment allocations

if all agents’ quasivaluations are sign-consistent tree valuations.

In the remainder of the chapter, we use Theorem 2.1 to develop novel conditions on preferences

that ensure the existence of competitive equilibria.

2.3 The case of substitutes

In this section, we apply Equilibrium Existence Duality (Theorem 2.1) to prove a new result

regarding the existence of competitive equilibria with substitutable indivisible goods and income

effects: we show that a form of net substitutability is sufficient for, and in fact defines a maximal

domain for, the existence of competitive equilibria. We begin by reviewing previous results
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on the existence of competitive equilibria under (gross) substitutability. We then derive our

existence theorem for net substitutability, relate it to the previous results, and explore alternative

characterizations of net substitutable preferences. We focus on the case in which each agent

demands at most one unit of each good in this section and extend to the case in which some agents

demand multiple units of some goods in Section 2.4.3.

2.3.1 Gross substitutability and the existence of competitive equilibria

We say that an agent j demands at most one unit of each good if X j
I ⊆ {0,1}I . We first recall a

notion of gross substitutability for preferences over indivisible goods from Chapter 1.

Gross substitutability is a natural extension of the gross substitutability condition from classical

consumer theory to settings with indivisibilities. It requires that uncompensated increases in the

price of a good weakly raise demand for all other goods. With quasilinear utility, the modifier

“gross” can be dropped—as in standard demand theory (see also Footnote 1 in Kelso and Crawford

(1982)).

Definition 2.4 (Gross substitutability). Suppose that agent j demands at most one unit of each

good.

(a) A utility function U j is gross substitutable at endowment wI ∈ X j
I of goods if for all

money endowments w0 > x j0, price vectors pI , and λ > 0, whenever D j
M (pI,w) = {xI}

and D j
M
(
pI+λei,w

)
= {x′I}, we have that x′k ≥ xk for all goods k ̸= i.

(b) A valuation V j is substitutable if the corresponding quasilinear utility function U j is gross

substitutable.24

Technically, Definition 2.4 imposes a substitutability condition on the locus of prices at which

Marshallian demand is single-valued—following Ausubel and Milgrom (2002), Hatfield et al.

24 Our definition of substitutability coincides with Kelso and Crawford’s (1982) definition (Danilov, Koshevoy, and
Lang, 2003).
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(2013), Baldwin and Klemperer (2019), and Chapter 1.25 However, while Definition 2.4 holds the

endowment of goods fixed, it imposes a condition at every feasible endowment of money—unlike

Chapter 1.26

Generalizing results of Kelso and Crawford (1982), Gul and Stacchetti (1999), and Hatfield

et al. (2013), Chapter 1 showed the existence of competitive equilibria under gross substitutability.

Fact 2.3 (Theorem 1.1 in Chapter 1). Let (w j) j∈J be an endowment allocation. If each agent

j demands at most one unit of each good and has preferences that are gross substitutable at

endowment w j
I of goods, then competitive equilibria exist.

The proof of Fact 2.3 uses a deferred acceptance algorithm (Gale and Shapley, 1962) with dis-

crete prices to construct an approximate equilibrium. Specifically, aWalrasian auctioneer initializes

prices at very low levels and raises the prices of over-demanded goods. Gross substitutability en-

sures prices can be raised in a fashion such that no good ever becomes under-demanded (Kelso

and Crawford, 1982). Intuitively, increasing the price of an over-demanded good weakly raises

demand for other goods—so no goods whose price has not changed can become under-demanded.

It follows that the dynamic auction converges monotonically to an approximate equilibrium. A

limiting argument then shows the existence of competitive equilibria (Crawford and Knoer, 1981;

Kelso and Crawford, 1982).

Moreover, the substitutable valuations form a maximal domain for the existence of competitive

equilibria in transferable utility economies. Specifically, if an agent has a valuation that is not

substitutable, then competitive equilibria may not exist when the other agents have substitutable

valuations. Technically, we require that one unit of each good be present among agents’ endowments

(i.e., that yi= 1 for all goods i) as complementarities between goods that are not present are irrelevant

for the existence of competitive equilibria.

25 By contrast, Kelso and Crawford (1982) imposed a substitutability condition at all price vectors. Imposing Kelso
and Crawford’s (1982) condition at every money endowment leads to a strictly stronger condition than Definition 2.4
in the presence of income effects (Schlegel, 2018).

26 Imposing the “full substitutability in demand language” condition from Assumption 1.D.1 in Chapter 1 at every
money endowment is equivalent to our gross substitutability condition.
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Fact 2.4. Suppose that yi = 1 for all goods i. If |J| ≥ 2, agent j demands at most one unit

of each good, and V j is not substitutable, then there exist sets Xk
I ⊆ {0,1}I of feasible bundles

and substitutable valuations V k : Xk
I → R for agents k ̸= j, for which there exists an endowment

allocation but no competitive equilibria.27

While Fact 2.4 shows that there is no domain strictly containing the domain of substitutable

valuations for which the existence of competitive equilibria can be guaranteed in transferable

utility economies, it does not rule out the existence of other domains for which the existence of

competitive equilibria can be guaranteed. For example, Sun and Yang (2006), Teytelboym (2014),

Candogan et al. (2015), and Baldwin and Klemperer (2019) gave examples of domains other than

substitutability for which the existence of competitive equilibria is guaranteed.

2.3.2 Net substitutability and the existence of competitive equilibria

In light of Theorem 2.1 and Fact 2.3, competitive equilibria exist if agents’ Hicksian demands

satisfy an appropriate substitutability condition—i.e., if preferences satisfy a net analogue of the

substitutability condition.

More precisely, we build on Definition 2.4 to define a concept of net substitutability for settings

with indivisibilities. Net substitutability is a version of the net substitutability condition from

classical consumer theory. It requires that compensated increases in the price of a good (i.e., one

that holds utility constant) weakly raise demand for all other goods.

Definition 2.5 (Net substitutability). Suppose that agent j demands at most one unit of each good.

A utility function U j is net substitutable if for all utility levels u, price vectors pI , and λ > 0,

whenever D j
H (pI;u) = {xI} and D j

H
(
pI +λei;u

)
= {x′I}, we have that x′k ≥ xk for all goods k ̸= i.

For quasilinear utility functions, net substitutability coincides with (gross) substitutability (see

also Footnote 1 in Kelso and Crawford (1982)). To understand the difference, we compare gross

and net substitutability in a setting in which agents have unit demand for goods.

27 Fact 2.4 is a version of Theorem 2 in Gul and Stacchetti (1999) and Theorem 7 in Hatfield et al. (2013). For sake
of completeness, we supply a proof in Appendix 2.D.
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Example 2.7 (Example 2.5 continued). Consider an agent, Martine, who owns a house i1 and is

considering selling it to purchase (at most) one of houses i2 and i3. If Martine’s utility function,

when restricted to houses i2 and i3, is not quasilinear (or a monotone transformation of a quasilinear

utility function), then Martine experiences income effects. Martine’s choice between i2 and i3

generally depends on the price she is able to procure for her house i1: if i3 is a more luxurious

house than i2, then Martine may only demand i3 if her effective wealth is sufficiently high—i.e.,

if the price of her house i1 is high enough. As a result, Martine’s preferences are not generally

gross substitutable (when she is endowed with i1): increases in the price of i1 can lower Martine’s

demand for i2. That is, Martine can regard i2 as a gross complement to i1. In contrast, Martine’s

preferences are net substitutable—no compensated increase in the price of i1 could make Martine

stop demanding i2—a property that holds generally in the housing market economy.28 Note also

that, unlike net substitutability, gross substitutability generally depends on endowments: Martine’s

preferences would be gross substitutable if she were not endowed with a house (Kaneko, 1982,

1983; Demange and Gale, 1985).

The preceding example suggests that while net substitutability constrains only substitution

effects, gross substitutability constrains both income and substitution effects. This observation

turns out to persist more generally.

Proposition 2.1. If agent j demands at most one unit of each good and there exists an endowment

wI of goods at whichU j is gross substitutable, thenU j is net substitutable.

Proposition 2.1 and Example 2.7 show that gross substitutability (at any one endowment of

goods) implies net substitutability but places additional restrictions on income effects. Example 2.7

also provides an example of net substitutable preferences. In fact, we can apply Fact 2.2 to construct

large classes of net substitutable preferences with income effects. To do so, we make the following

observation.

28 Danilov et al. (2001, Example 2) also showed the connection between Quinzii’s (1984) and a substitutability
condition, but formulated their discussion in terms of the shape of the convex hull at domains at which demand is
multi-valued instead of net substitutability. Their discussion is equivalent by Fact 2.D.2.
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Remark 2.1. By Lemma 2.1, if an agent demands at most one unit of each good, then her preferences

are net substitutable if and only if her Hicksian valuations are substitutable at all utility levels.

By Fact 2.2 and Remark 2.1, one can construct net substitutable preferences from families

of substitutable valuations. There are several rich families of substitutable valuations, including

endowed assignment valuations (Hatfield and Milgrom, 2005) and matroid-based valuations (Os-

trovsky and Paes Leme, 2015). In light of Fact 2.2, each of these families leads to classes of net

substitutable preferences with income effects. For example, quasilogarithmic preferences are net

substitutable whenever the quasivaluation is substitutable.

By contrast, gross substitutability places substantial restrictions on the form of income effects

(see Remark 1.E.1 in Chapter 1). Nevertheless, the restrictions on substitution effects alone, entailed

by net substitutability, are sufficient for the existence of competitive equilibria.

Theorem 2.2. If all agents demand at most one unit of each good and have net substitutable

preferences, then competitive equilibria exist for all endowment allocations.

Theorem 2.2 is an immediate consequence of Equilibrium Existence Duality and the existence

of competitive equilibria in transferable utility economies under substitutability.

Proof. Remark 2.1 implies that the agents’ Hicksian valuations at all utility levels are substitutable.

Hence, the case of Fact 2.3 for transferable utility economies implies that competitive equilibria

exist in the Hicksian economies for all profiles of utility levels if an endowment allocation exists.

The theorem follows by Theorem 2.1.

As gross substitutability implies net substitutability (Proposition 2.1), the existence of compet-

itive equilibria under gross substitutability is a special case of Theorem 2.2.29 But Theorem 2.2 is

29 In settings in which agents demand at most one unit of each good, Chapter 1 showed the existence of competitive
equilibria under a slightly weaker notion of gross substitutability. Specifically, Chapter 1 only required that goods be
gross substitutable for a fixed endowment of goods and money. Our notion of gross substitutability considers a fixed
endowment of goods but a variable endowment of money, and therefore the existence result of Chapter 1 is not strictly a
special case of Theorem 2.2. Moreover, Chapter 1 also allowed for frictions such as transaction taxes and commissions
in their existence result.
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more general: as Example 2.7 shows, net substitutability allows for forms of gross complementar-

ities between goods in addition to gross substitutability.

Moreover, net substitutability forms a maximal domain for the existence of competitive equi-

libria with indivisibilities. Specifically, if an agent has preferences that are not strongly net

substitutable, then competitive equilibria may not exist when the other agents’ utility functions are

quasilinear and substitutable.

Proposition 2.2. Suppose that yi = 1 for all goods i. If |J| ≥ 2, agent j demands at most one unit

of each good, andU j is not net substitutable, then there exist sets Xk
I ⊆ {0,1}I of feasible bundles

and substitutable valuationsV k : Xk
I →R for agents k ̸= j, and an endowment allocation for which

no competitive equilibria exist.

Proposition 2.2 is an immediate consequence of Equilibrium Existence Duality and the fact

that substitutability defines a maximal domain for the existence of competitive equilibria with

transferable utility.

Proof. By Remark 2.1, there exists a utility level u at which agent j’s Hicksian valuation V j
H (·;u)

is not substitutable. Fact 2.4 implies that there exist feasible sets Xk
I ⊆ {0,1}I and substitutable

valuations V k for agents k ̸= j, for which an endowment allocation exists but no competitive

equilibria would exist with transferable utility if agent j’s valuation were V j
H (·;u). With those sets

Xk
I of feasible bundles and valuations V k for agents k ̸= j, Theorem 2.1 implies that there exists an

endowment allocation for which no competitive equilibria exist.

Intuitively, Proposition 2.2 and Theorem 2.2 suggest that net substitutability is the most general

way to incorporate income effects into substitutability to ensure the existence of competitive equi-

libria. Indeed, Proposition 2.2 entails that any domain of preferences that contains all quasilinear

substitutable preferences and guarantees the existence of competitive equilibria must lie within the

domain of net substitutable preferences. In contrast, the preceding assertion does not hold for gross

substitutability as gross substitutability is a strictly weaker condition than net substitutability.
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2.4 Demand types and the Unimodularity Theorem

In this section, we characterize exactly what conditions on patterns of substitution effects guar-

antee the existence of competitive equilibria. Specifically, we consider Baldwin and Klemperer’s

(2019) classification of valuations into demand types based on sets of vectors that summarize the

possible ways in which demand can change. We first review the definition of demand types from

Baldwin and Klemperer (2019). We then extend the concept of demand types to settings with

income effects, and develop a version of the Baldwin and Klemperer’s (2019) Unimodularity The-

orem that allows for income effects and characterizes which demand types guarantee the existence

of competitive equilibria (see also Danilov et al. (2001)). A special case of the Unimodularity The-

orem with Income Effects extends Theorem 2.2 to settings in which agents can demand multiple

units of some goods.

2.4.1 Demand types and the Unimodularity Theorem with Transferable Utility

We first review the concept of demand types for quasilinear settings, as developed by Baldwin

and Klemperer (2019).

A demand type vector set summarizes the possible ways in which demand can change in

response to a small generic price change. By dividing by common factors, we can restrict to

demand change vectors that are primitive in the sense that the greatest common divisor of their

components is 1. A demand type vector set is a set D ⊆ ZI of primitive integer vectors such that if

d ∈ D then −d ∈ D .

Definition 2.6 (Demand types for valuations). Let V j be a valuation.

(a) A bundle xI is uniquely demanded by agent j if there exists a price vector pI such that

D j (pI) = {xI}.

(b) A pair {xI,x′I} of uniquely demanded bundles are adjacently demanded by agent j if there

exists a price vector pI such thatD j (pI) contains xI and x′I but no other bundle that is uniquely

demanded by agent j.
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Figure 2.1: Depiction of Agent j’s Demand in Example 2.8. The labels indicate demand in regions of price
vectors at which demand is single-valued.

(c) If D is a demand type vector set, then V j is of demand type D if for all pairs {xI,x′I} that are

adjacently demanded by agent j, the difference x′I −xI is a multiple of an element of D .30

To illustrate Definition 2.6, we consider an example.

Example 2.8. Suppose that there are two goods and let

X j
I = {0,1,2,3}2∖{(2,3),(3,2),(3,3)}.

Consider the valuation defined byV j (xI)= x1+x2. As Figure 2.1 illustrates, the uniquely demanded

bundles are (0,0), (0,3), (1,3), (3,0), and (3,1).

When 1 = p1 < p2, agent j’s demand is D j (pI) = {(0,0),(1,0),(2,0),(3,0)}. Hence, as the

bundles (1,0) and (2,0) are not uniquely demanded, the bundles (0,0) and (3,0) are adjacently

demanded. As a result, for V j to be of demand type D , the set D must contain the vector (1,0),

which is the primitive integer vector proportional to the demand change (3,0)− (0,0) = (3,0).

Similarly, the bundles (0,0) and (0,3) are adjacently demanded, and any demand type vector

set D such that V j is of demand type D must include (0,1). When p1 < p2 = 1, demand is

30 Definition 2.6(c) coincides with Definition 3.1 in Baldwin and Klemperer (2019) by Proposition 2.20 in Baldwin
and Klemperer (2019).
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D j (pI) = {(0,3),(1,3)}. Hence, the bundles (0,3) and (1,3) are adjacently demanded. Similarly,

the bundles (3,0) and (3,1) are adjacently demanded.

Last, when p1 = p2 < 1, agent j’s demand is D j (pI) = {(1,3),(2,2),(3,1)}. Hence, as the

bundle (2,2) is not uniquely demanded, the bundles (1,3) and (3,1) are adjacently demanded. As

a result, for V j to be of demand type D , the set D must contain the vector (1,−1), which is the

primitive integer vector proportional to the demand change (3,1)− (1,3) = (2,−2). By contrast,

the bundles (0,0) and (3,1) are not adjacently demanded: the only price vector at which agent j

demands the both is pI = (1,1), but D j (1,1) also contains the uniquely demanded bundles (0,3),

(1,3), and (3,0). Hence, the minimal demand type vector set D such that V j is of demand type D

is

D =±


1
0

 ,
0
1

 ,
 1

−1


 .

Intuitively, this demand type vector set summarizes the possible ways in which agent j’s demand

can change in response to small generic price change.

Now consider any valuation of the same demand type D as in Example 2.8, and a change in

price from pI to p′I = pI +λe1 for some λ > 0. For generic choices of pI and λ , the demand at

any price on the straight line from pI to p′I either is unique, or demonstrates the adjacency of two

bundles uniquely demanded at prices on this line. The change in demand between such bundles

must therefore be a multiple of an element of D (by Definition 2.6). Moreover, since only the

price of good 1 is changing and that price is increasing, the law of demand entails that demand for

good 1 must strictly decrease upon any change in demand.31 Thus, the change in demand between

the two consecutive uniquely demanded bundles must be a positive multiple of either (−1,0) or

(−1,1). Therefore, demand for good 2 must (weakly) increase, reflecting substitutability between

the goods. Indeed, this two-good example is a special case of an important class of demand types.

Example 2.9 (The strong substitutes demand type). The strong substitutes demand type vector set

31 As there are no income effects here, the compensated law of demand (see, e.g., Proposition 3.E.4 in Mas-Colell
et al. 1995) reduces to the law of demand.
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consists of all vectors in ZI with at most one +1 component, at most one −1 component, and no

other nonzero components. As illustrated in Example 2.8, this demand type vector set captures

one-to-one substitution between goods through demand type vectors with one component of 1 and

one component of −1. Furthermore, if an agent k demands at most one unit of each good, then V k

is substitutable if and only if it is of the strong substitutes demand type (see Theorems 2.1 and 2.4

in Fujishige and Yang (2003)).

In settings in which agents can demand multiple units of each good, a form of concavity is

needed to ensure the existence of competitive equilibria. A valuation is concave if, under that

valuation, each bundle of goods that is a convex combination of feasible bundles of goods is

demanded at some price vector. For the formal definition, we let Conv(T ) denote the convex hull

of a set T ⊆ RI.

Definition 2.7 (Concavity). A valuationV j is concave if for each bundle xI ∈Conv(X j
I )∩Zn, there

exists a price vector pI such that xI ∈ D j (pI).

In Section 2.3.1, we discussed that substitutability guarantees the existence of competitive

equilibria in transferable utility economies when agents demand at most one unit of each good.

Generalizing that result, Baldwin and Klemperer (2019) identified a necessary and sufficient

condition to guarantee the existence of competitive equilibria for the concave valuations of a

demand type.

Definition 2.8 (Unimodularity). A set of vectors in ZI is unimodular if every linearly independent

subset can be extended to be a basis for RI , of integer vectors, such that any square matrix whose

columns are these vectors has determinant ±1.

For example, the demand type vector set in Example 2.8 is unimodular, while the demand type

vector set

±


 1

−1

 ,
1
1


 (2.4)
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is not unimodular, because ∣∣∣∣∣∣∣
1 1

−1 1

∣∣∣∣∣∣∣= 2.

The demand type vector set in (2.4) represents the possibility that the two goods can substitutable

or complementary—a possibility that can cause competitive equilibria to fail to exist. Baldwin

and Klemperer (2019) showed that the unimodularity of a demand type vector set is precisely the

condition for the corresponding demand type to guarantee the existence of competitive equilibria.

Fact 2.5 (Unimodularity Theorem with Transferable Utility). Let D be a demand type vector set.

Competitive equilibria exist for all finite sets J of agents with concave valuations of demand type

D for which endowment allocations exist if and only if D is unimodular.32

Danilov et al. (2001) used conditions on the ranges of agents’ demand correspondences to

describe classes of concave valuations, which correspond to the concave valuations of Baldwin and

Klemperer’s (2019) unimodular demand types;33 they formulated a version of the “if" direction of

Fact 2.5 with those conditions.34

As Poincaré (1900) showed, the set of strong substitutes vectors is unimodular. Therefore,

in light of Example 2.9, the existence of competitive equilibria in transferable utility economies

under substitutability if agents demand at most one unit of each good (Fact 2.3) is a special case of

Fact 2.5. Moreover, Fact 2.5 is strictly more general: as Baldwin and Klemperer (2019) show, there

are unimodular demand type vector sets for which the existence of competitive equilibria cannot be

deduced from the corresponding result for strong substitutes by applying a change of basis to the

32 The “if” direction of Fact 2.5 is a case of the “if" direction of Theorem 4.3 in Baldwin and Klemperer (2019). The
“only if” direction of Fact 2.5, which we prove in Appendix 2.D, is a mild strengthening of the “only if" direction of
Theorem 4.3 in Baldwin and Klemperer (2019) that applies in exchange economies.

33 To understand the correspondence, let D be a unimodular demand type vector set. In the notation of Danilov et al.
(2001), a valuationV j is D(Pt(D ,Z))-concave if, for each price vector pI , we have thatD j (pI) = Conv(D j (pI))∩ZI

and each edge of Conv(D j (pI)) is parallel to an element of D (see Definition 4 and pages 264–265 in Danilov et al.
(2001)). It follows from Lemma 2.11 and Proposition 2.16 in Baldwin and Klemperer (2019) that a valuation is
D(Pt(D ,Z))-concave if and only if it is concave and of demand type D .

34 See Definition 4, Theorem 3, and pages 264–265 in Danilov et al. (2001).
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space of bundles of goods.35 To illustrate the additional generality, we discuss an example of such

a demand type.36

Example 2.10. There are five goods. Consider the demand type vector set

D =±





1

0

0

0

0


,



0

1

0

0

0


,



0

0

1

0

0


,



0

0

0

1

0


,



0

0

0

0

1


,



1

−1

1

0

0


,



0

1

−1

1

0


,



0

0

1

−1

1


,



1

0

0

1

−1


,



−1

1

0

0

1




.

Intuitively, this demand type vector set allows for independent changes in the demand for each good

(through the first five vectors), as well as for substitution from a good to the bundle consisting of its

two neighbors if the goods are arranged in a circle (through the last five vectors). This demand type

vector set is unimodular, and cannot be obtained from the strong substitutes demand type vector set

by a change of basis of the space of integer bundles of goods (see, e.g., Section 19.4 of Schrijver

(1998)).

Moreover, the demand types defined by maximal, unimodular demand type vector sets turn out

to define maximal domains for the existence of competitive equilibria under transferable utility.

Fact 2.6. LetD be a unimodular demand type vector set that is maximal in the sense of set inclusion.

If |J| ≥ 2 andV j is non-concave or not of demand typeD , then there exist sets Xk
I of feasible bundles

and concave valuations V k : Xk
I → R of demand type D for agents k ̸= j, for which there exists an

endowment allocation but no competitive equilibria.37

While Fact 2.5 shows that there exist valuations in each non-unimodular demand type for which

competitive equilibria do not exist, Fact 2.6 shows that for every valuation outside a maximal

35 By contrast, the existence results of Sun and Yang (2006) and Teytelboym (2014) can be deduced from Fact 2.3
applying an appropriate change of basis. Those results are also special cases of Fact 2.5.

36 Section 6.1 in Baldwin and Klemperer (2019) provides another example that includes only complements.

37 Fact 2.6 is a version of Proposition 6.10 in Baldwin and Klemperer (2014). For sake of completeness, we supply
a proof in Appendix 2.D.
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unimodular demand type, there exist valuations within the demand type that lead to non-existence.

Hence, the necessity direction of Fact 2.5, together with Fact 2.6, provide complementary views on

the way in which competitive equilibria can fail to exist when we move beyond unimodular demand

types.

2.4.2 Demand types and the Unimodularity Theorem with Income Effects

We now use Fact 2.2 to extend the demand types framework to settings with income effects.

Definition 2.9 (Demand types with income effects). An agent’s preferences are of demand type D

if her Hicksian valuations are of demand type D at all utility levels.

Lemma 2.1 leads to an economic interpretation of Definition 2.9: a utility function is of demand

type D if D summarizes the possible ways in which Hicksian demand for the utility function can

change in response to a small generic price change. In particular, Definition 2.9 extends the

concept of demand types to settings with income effects by placing conditions on substitution

effects. Indeed, Definition 2.9 considers only the properties of Hicksian valuations at each utility

level (which, by Lemma 2.1, reflect substitution effects), and not how an agent’s Hicksian valuation

varies with her utility level (which, by Fact 2.1 and Lemma 2.1, reflects income effects).

Danilov et al. (2001) translated their conditions on the ranges of agents’ demand correspon-

dences from quasilinear settings to ones with income effects by using Fact 2.2 in an analogous

manner (see Assumption 3′ in Danilov et al. (2001)). However, the economic interpretation in

terms of substitution effects that Lemma 2.1 leads to was not clear from Danilov et al.’s (2001)

formulation.

As with the quasilinear case, a concavity condition is needed to ensure the existence of com-

petitive equilibria. With income effects, the relevant condition is quasiconcavity, which we define

based on concavity and duality.

Definition 2.10 (Quasiconcavity). An agent’s utility function is quasiconcave if her Hicksian

valuations are concave at all utility levels.
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As with the case of transferable utility, unimodularity is a necessary and sufficient condition

for the existence of competitive equilibria to be guaranteed for all quasiconcave preferences of a

demand type when income effects are present.

Theorem 2.3 (Unimodularity Theorem with Income Effects). Let D be a demand type vector set.

Competitive equilibria exist for all finite sets J of agents with quasiconcave utility functions of

demand type D and all endowment allocations if and only if D is unimodular.

Theorem 2.3 is an immediate consequence of Equilibrium Existence Duality and the Unimod-

ularity Theorem with Transferable Utility.

Proof. To prove the “if" direction, consider a finite set J of agents with quasiconcave preferences of

demand type D . By definition, the agents’ Hicksian valuations at all utility levels are concave and

of demand type D . Hence, competitive equilibria exist in the Hicksian economies for all profiles

of utility levels and all endowment allocations by Theorem 4.3 in Baldwin and Klemperer (2019).

By Theorem 2.1, competitive equilibria must therefore exist in the original economy.

The “only if" direction follows from Fact 2.5.

Danilov et al. (2001) proved a version of the sufficiency direction of Theorem 2.3 under

the assumptions that utility functions are monotone in goods, that consumption of goods are

nonnegative, and that the total endowment of goods is strictly positive (see Theorems 2 and 4 in

Danilov et al. (2001)).38 Note that they formulated their result in terms of the ranges of the demand

correspondences associated to the agents’ Hicksian valuations instead of in terms of unimodular

demand types.

Danilov et al.’s (2001) approach is to show the existence of competitive equilibria in a convex-

ified economy and that, under unimodularity, competitive equilibria in the convexified economy

give rise to competitive equilibria in the original economy. In contrast, our approach of using

38 Danilov et al. (2001) also allow for production, which can be modeled using agents with the possibility of negative
consumption of goods in our framework (Hatfield et al., 2013; Baldwin and Klemperer, 2019). Danilov et al.’s (2001)
existence result is not formally a special case of ours because they allow for unbounded sets X j

I of feasible bundles of
goods.

94



Equilibrium Existence Duality illuminates the role of substitution effects in ensuring the existence

of competitive equilibria. Moreover, it yields a maximal domain result for unimodular demand

types with income effects.

Proposition 2.3. Let D be a maximal unimodular demand type vector set. If |J| ≥ 2 andU j is not

quasiconcave or not of demand type D , then there exist sets Xk
I of feasible bundles and concave

valuationsV k : Xk
I →R of demand type D for agents k ̸= j, and an endowment allocation for which

no competitive equilibria exist.

Proposition 2.3 is an immediate consequence of EquilibriumExistence Duality and themaximal

domain result for unimodular demand types under the transferability of utility.

Proof. By definition, there exists a utility level u at which agent j’s Hicksian valuation V j
H (·;u) is

non-concave or not of demand type D . Fact 2.6 implies that there exist sets Xk
I of feasible bundles

and concave valuations V k : Xk
I → R of demand type D for agents k ̸= j, for which an endowment

allocation exists but no competitive equilibria would exist with transferable utility if agent j’s

valuation were V j
H (·;u). With those sets Xk

I of feasible bundles and valuations V k for agents k ̸= j,

Theorem 2.1 implies that there exists an endowment allocation for which no competitive equilibria

exist.

Intuitively, Proposition 2.3 and Theorem 2.3 suggest that Definition 2.9 is the most general

way to incorporate income effects into unimodular demand types from the quasilinear setting and

ensure the existence of competitive equilibria. Indeed, Proposition 2.3 entails that any domain of

preferences that contains all quasilinear preferences of a maximal, unimodular demand type and

guarantees the existence of competitive equilibria must lie within the corresponding demand type

constructed in Definition 2.9.

2.4.3 The strong substitutes demand type and net substitutability with multiple units

We now use the case of Theorem 2.3 for the strong substitutes demand type to extend Theo-

rem 2.2 to settings in which agents can demand multiple units of some goods. In such settings, if

95



utility is transferable, the substitutability condition needed to ensure the existence of competitive

equilibria is strong substitutability—the condition requiring that units of goods are substitutable

(Milgrom and Strulovici, 2009). As Shioura and Tamura (2015) and Baldwin andKlemperer (2019)

showed, there is a close relationship between strong (net) substitutability and the strong substitutes

demand type.39

Definition 2.11 (Strong substitutability). A valuation (resp. utility function) is strongly (net) sub-

stitutable if it is (net) substitutable when each unit of each good is regarded as a separate good.

Fact 2.7. A valuation (resp. utility function) is strongly (net) substitutable if and only if it is concave

(resp. quasiconcave) and of the strong substitutes demand type.40,41

As the strong substitutes demand type vector set is unimodular (Poincaré, 1900), the exis-

tence of competitive equilibria under strong net substitutability is therefore a special case of the

Unimodularity Theorem with Income Effects.

Corollary 2.1. If all agents’ preferences are strongly net substitutable, then competitive equilibria

exist for all endowment allocations.

Corollary 2.1 can also be proven directly using Equilibrium Existence Duality and the existence

of competitive equilibria under strong substitutability in transferable utility economies (see, e.g.,

Ikebe et al. (2015)). Theorem 2.2 is the special case of Corollary 2.1 for settings in which

agents demand at most one unit of each good. As there are unimodular demand type vector sets

unrelated to strong substitutes (such as the one in Example 2.10), Theorem 2.3 is strictly more

general than Corollary 2.1 (and hence Theorem 2.2). In particular, Theorem 2.2 also illustrates that

39 Requiring that different goods, rather than different units of goods, be substitutable leads to a condition called
ordinary substitutability. However, ordinary substitutability does not ensure the existence of competitive equilibria
when agents can demand multiple units of some goods (Danilov, Koshevoy, and Lang, 2003; Milgrom and Strulovici,
2009; Baldwin and Klemperer, 2019). Ordinary substitutability in turn corresponds to an “ordinary substitutes demand
type" (see Definitions 3.4 and 3.5 and Proposition 3.6 in Baldwin and Klemperer (2019)).

40 The quasilinear case of this fact is part of Theorem 4.1(i) in Shioura and Tamura, 2015 (see also Proposition 3.10
in Baldwin and Klemperer (2019)). The general case follows from the quasilinear case by Lemma 2.1 and Remark 2.1.

41 In particular, if agent j demands at most one unit of each good, then U j is net substitutable if and only if it is of
the strong substitutes demand type.
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certain patterns of net complementarities can also be compatible with the existence of competitive

equilibria.

As the strong substitutes demand type vector set is maximal as a unimodular demand type

vector set (see, e.g., Example 9 in Danilov and Koshevoy, 2004), Proposition 2.3 yields a maximal

domain result for strong net substitutability.

Corollary 2.2. If |J| ≥ 2 and U j is not strongly net substitutable, then there exist strongly sub-

stitutable valuations V k for agents k ̸= j and an endowment allocation for which no competitive

equilibria exist.

2.5 Auction design

Our work has several implications for auction design.

First, our perspective of analyzing preferences by using the expenditure-minimization problem

may yield new approaches for extending auction bidding languages to allow for income effects.

Second, our equilibrium-existence results suggest that some auctions with competitive equilib-

rium pricing may work well for indivisible goods even in the presence of financing constraints. One

example is the Bank of England’s Product-MixAuction, which implements competitive equilibrium

outcomes assuming that the submitted sealed-bids are bidders’ actual valuations, since truth-telling

is a reasonable approximation when there are sufficiently many bidders.42

However, while we have shown that gross complementarities do not lead to the nonexistence

of competitive equilibria, they do create problems for dynamic auctions: when there are gross

complementarities between goods, increases in the price of an over-demanded good i can lead to

other goods being under-demanded due to an income effect if some agent’s demand for j does

not decrease. So even though competitive equilibria always exist when goods are strongly net

substitutable, it may not be possible to find a competitive equilibrium using a monotone, dynamic

auction. In particular, simple “activity rules” that require bidders to bid on a smaller total number of

42 See Klemperer (2008, 2010, 2018) and Baldwin and Klemperer (2020).
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units of goods as prices increase may result in inefficient outcomes. So the Product-Mix Auction’s

approach of finding competitive equilibrium based on a single round of sealed bids seems especially

useful when income effects are significant.

2.6 Conclusion

Our Equilibrium Existence Duality is potentially a powerful tool for developing the analysis of

economies with indivisible goods. It is based on the relationship betweenMarshallian and Hicksian

demands, and on a quasilinear interpretation of Hicksian demand. The Equilibrium Existence

Duality shows that competitive equilibrium exists (for all endowments) if and only if competitive

equilibrium exists in each of a family of dual transferable-utility economies. An application is that it

is net substitutability, not gross substitutability, that is relevant to the existence of equilibrium. And

extending the “demand types” classification of valuations (Baldwin and Klemperer, 2019) allows

us to state a “Unimodularity Theorem with Income Effects” that gives conditions on the patterns of

substitution effects that guarantee the existence of competitive equilibrium. In short, with income

effects, just as without them, existence does not depend on substitutes; rather substitution effects

are fundamental to our results on equilibrium existence.

Our results point to a number of potential directions for futurework. First, it would be interesting

to investigate further applications of Equilibrium Existence Duality to other results on the existence

of equilibrium with transferable utility—such as those of Bikhchandani and Mamer (1997), Ma

(1998), and Candogan et al. (2015). Second, our results could be used to further develop auction

designs that find competitive equilibrium outcomes given the submitted bids, such as Klemperer’s

(2008) Product-Mix Auction. More broadly, our work may lead to new results about the properties

of economies with indivisibilities and income effects.

2.A Proof of Theorem 2.1 and Lemma 2.2

We prove the following result, which implies both Theorem 2.1 and Lemma 2.2.
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Theorem 2.A.1. Suppose that an endowment allocation exists. The following are equivalent.

(1) Competitive equilibria exist for all endowment allocations.

(2) For each Pareto-efficient allocation (x j) j∈J with ∑ j∈J x
j
I = yI , there exists a price vector pI

such that x j ∈ D j
M
(
pI,x j) for all agents j.

(3) Competitive equilibria exist in the Hicksian economies for all profiles of utility levels.

The remainder of this appendix is devoted to the proof of Theorem 2.A.1.

2.A.1 Proof of the (1) =⇒ (2) implication in Theorem 2.A.1

The proof of this assertion is essentially identical to the proof of Theorem 3 in Maskin and

Roberts (2008). Consider a Pareto-efficient allocation (x j) j∈J with ∑ j∈J x j = yI.

Next, consider the economy in which agent j’s endowment is w j = x j. By hypothesis, there

exists a competitive equilibrium, say comprised of the allocation (x̂ j) j∈J and the price vector

pI . By the definition of competitive equilibrium, we have that x̂ j
I ∈ D j

M

(
pI,x

j
I

)
for all agents

j. In particular, we have that U j (x̂ j) ≥U j (x j) for all agents j. As ∑ j∈J x̂ j = ∑ j∈J x j (by the

definition of competitive equilibrium) and the allocation (x j) j∈J is Pareto-efficient, we must have

thatU j (x̂ j)=U j (x j) for all agents j. It follows that x j
I ∈D j

M
(
pI,x j) for all agents j—as desired.

2.A.2 Proof of the (2) =⇒ (3) implication in Theorem 2.A.1

Let (u j) j∈J be a profile of utility levels and let (w j) j∈J be an endowment allocation. Consider

any allocation (x j
I ) j∈J of goods with ∑ j∈J x

j
I = yI that minimizes

∑
j∈J

S j
(
x j
I ;u

j
)

over all allocations (x̂ j
I ) j∈J of goods with ∑ j∈J x̂

j
I = ∑ j∈Jw

j
I . Such an allocation exists because

each set X j
I is finite. For each agent j, let x j0 = S j

(
x j
I ;u

j
)
—soU j (x j)= u j.

Claim 2.A.1. The allocation (x j) j∈J is Pareto-efficient.
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Proof. Consider any allocation (x̂ j) j∈J with ∑ j∈J x̂
j
I = yI , andU j (x̂ j)≥U j (x j)= u j for all agents

j with strict inequality for j = j0. As S j (x′I;u) is strictly increasing in u, we must have that

x̂ j0 = S j
(
x̂ j
I ;U

j (x̂ j))> S j
(
x̂ j
I ;u

j
)

for all agents j with strict inequality for j = j0. Hence, we have that

∑
j∈J

x̂ j0 > ∑
j∈J

S j
(
x̂ j
I ;u

j
)
≥ ∑

j∈J
S j
(
x j
I ;u

j
)
= ∑

j∈J
x j0,

where the second inequality follows from the definition of (x j
I ) j∈J . Thus, we must have that

∑ j∈J x̂ j ̸= ∑ j∈J x j—the allocation (x j) j∈J cannot be Pareto-dominated.

By Claim 2.A.1 and (2), there exists a price vector pI such that x j
I ∈D j

M
(
pI,x j) for all agents j.

Fact 2.1 implies that x j
I ∈ D j

H
(
pI;u j) for all agents j. By Lemma 2.1, it follows that the allocation(

w j
0−pI · (x j

I −w j
I ),x

j
I

)
j∈J

and the price vector pI comprise a competitive equilibrium given the

endowment allocation (w j) j∈J in the Hicksian economy for the profile (u j) j∈J of utility levels.

2.A.3 Proof of the (3) =⇒ (1) implication in Theorem 2.A.1

Let (w j) j∈J be an endowment allocation. For each agent j, we define a utility level u j
min =

U j (w j) and let
K j = w j

0− min
x j
I∈X

j
I

S j
(
x j
I ;u

j
min

)

which is non-negative by construction. Second, let K = 1+∑ j∈JK j and let

u j
max = max

x j
I∈X

j
I

U j
(
w j
0+K,w j

I

)
.
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Given a profile u= (u j) j∈J of utility levels, let

T (u) =



 S j
(
x j
I ;u

j
)
−w j

0

+pI · (x j
I −w j

I )


j∈J

∣∣∣∣∣∣∣∣∣∣∣∣∣

competitive equilibria
(
pI,(x

j
I ) j∈J

)
given endowment alloc. (w j) j∈J

in the Hicksian economy for the

profile (u j) j∈J of utility levels


denote the set of possible profiles of net expenditures over all competitive equilibria in the Hicksian

economy for the profile (u j) j∈J of utility levels. As discussed in Section 2.2, the strategy of the

proof is to solve for a profile u of utility levels such that 0 ∈ T (u).

We first show that the correspondence T : ∏ j∈J[u
j
min,u

j
max]⇒RJ is upper hemicontinuous and

has compact, convex values. We then apply a topological fixed point argument to show that there

exists a profile u = (u j) j∈J ∈ ∏ j∈J[u
j
min,u

j
max] of utility levels such that 0 ∈ T (u). We conclude

the proof by constructing a competitive equilibrium for the endowment allocation (w j
I ) j∈J in the

original economy from a competitive equilibrium for the same endowment allocation in theHicksian

economy for the profile (u j) j∈J of utility levels.

Proof of regularity conditions for T . We begin by proving that T : ∏ j∈J[u
j
min,u

j
max]⇒RJ is upper

hemicontinuous and has compact, convex values. We actually give explicit bounds for the range of

T . Let

M =max
j∈J

{
S j
(
w j
I ;u

j
max

)
−w j

0

}
and let

M = min
allocations (x̂ j

I ) j∈J with ∑ j∈J x̂
j
I=yI

{
∑
j∈J

(S j
(
x̂ j
I ;u

j
min

)
−w j

0)

}
− (|J|−1)M.

Claim 2.A.2. The correspondence T : ∏ j∈J[u
j
min,u

j
max]⇒ RJ is upper hemicontinuous, has com-

pact, convex values, and has a range contained in [M,M]J .

The proof of Claim 2.A.2 uses the following technical description of T .
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Claim 2.A.3. Let u be a profile of utility levels, and suppose that the allocation (x j
I ) j∈J of goods

with ∑ j∈J x
j
I = yI minimizes

∑
j∈J

S j
(
x̂ j
I ;u

j
)

over all allocations (x̂ j
I ) j∈J with ∑ j∈J x̂

j
I = yI . Then, we have that

T (u) =
{(

S j
(
x j
I ;u

j
)
−w j

0+pI · (x j
I −w j

I )
)
j∈J

∣∣∣∣ pI ∈ P

}
,

where

P =

pI

∣∣∣∣∣∣∣
S j
(
x j
I ;u

j
)
+pI ·x j

I ≤ S j (x′I;u j)+pI ·x′I

for all j ∈ J and x′I ∈ X j
I

 .

Proof. By construction, we have that

P =

pI

∣∣∣∣∣∣∣
(
pI,(x j) j∈J

)
is a competitive equilibrium in the

Hicksian economy for the profile (u j) j∈J of utility levels

 .

A standard lemma regarding competitive equilibria in transferable utility economies shows that in

the Hicksian economy for the profile u of utility levels, if
(
pI,(x̂ j) j∈J

)
is a competitive equilibrium

given the endowment allocation (w j) j∈J , then

(
pI,(w

j
0−pI · (x j

I −w j
I ),x

j
I ) j∈J

)

is a competitive equilibrium for the same endowment allocation.43 In this case, we have that

S j
(
x j
I ;u

j
)
+pI ·x j

I = S j
(
x̂ j
I ;u

j
)
+pI · x̂ j

I ,

43 The lemma is due to Shapley (1964, p. 3); see also Bikhchandani and Mamer (1997), Gul and Stacchetti (1999),
Sun and Yang (2006), and Hatfield et al. (2013). Jagadeesan et al. (2020, Lemma 1) proves the lemma in a setting with
multiple units that allows for non-monotone valuations.
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and hence that

S j
(
x j
I ;u

j
)
−w j

0+pI · (x j
I −w j

I ) = S j
(
x̂ j
I ;u

j
)
−w j

0+pI · (x̂ j
I −w j

I ),

for all agents j. The claim follows.

Proof of Claim 2.A.2. It suffices to show that T has convex values, range contained in [M,M]J , and

a closed graph. We use the notation of Claim 2.A.3 to prove these assertions.

We first show that T is convex-valued. Note that P is the set of solutions to a set of linear

inequalities, and is thus convex. Claim 2.A.3 implies that T (u) is the set of values of a linear

function on P—so it follows that T (u) is convex for all profiles u of utility levels as well.

We next show that T (u)⊆ [M,M]J holds for all u ∈ ∏ j∈J[u
j
min,u

j
max]. Let u ∈ ∏ j∈J[u

j
min,u

j
max]

and t ∈ T (u) be arbitrary. By Claim 2.A.3, there exists pI ∈ P such that

t j = S j
(
x j
I ;u

j
)
−w j

0+pI · (x j
I −w j

I )

for all agents j. Note that for all agents j, we must have that

t j ≤ S j
(
w j
I ;u

j
)
−w j

0 ≤ S j
(
w j
I ;u

j
max

)
−w j

0 ≤M

due to the definition of P . Furthermore, as (x j
I ) j∈J is a feasible allocation of goods, we have that

∑ j∈J x
j
I = ∑ j∈Jw

j
I and hence that

∑
j∈J

t j = ∑
j∈J

(S j
(
x j
I ;u

j
)
−w j

0).
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It follows that

t j = ∑
k∈J

(Sk
(
xkI ;u

k
)
−wk

0)− ∑
k∈J∖{ j}

tk

≥ ∑
k∈J

(Sk
(
xkI ;u

k
min

)
−wk

0)− ∑
k∈J∖{ j}

tk

≥ ∑
k∈J

(Sk
(
xkI ;u

k
min

)
−wk

0)− (|J|−1)M

≥M

for all agents j, where the first inequality holds because Sk
(
xkI ; ·
)
is increasing, the second inequality

holds because tk ≤M, and the third inequality holds due to the definition of M.

Last, we show that T has a closed graph. Our argument uses the following version of Farkas’s

Lemma.

Fact 2.A.1 (Page 200 of Rockafellar, 197044). Let L1,L2 be disjoint, finite sets and, for each

ℓ ∈ L1∪L2, let vℓI ∈ RI be a vector and let αℓ be a scalar. The following are equivalent.

(1) There does not exist a vector pI ∈RI such vℓI ·pI ≤ αℓ for all ℓ ∈ L1∪L2 with equality for all

ℓ ∈ L1.

(2) There exist scalars λℓ for ℓ ∈ L1∪L2 with λℓ ≥ 0 for ℓ ∈ L2 such that

∑
ℓ∈L1∪L2

λℓvℓI = 0 and ∑
ℓ∈L1∪L2

λℓαℓ > 0.

Consider a sequence u(1),u(2), . . . of profiles of utility levels. For each m, let t(m) ∈ T (u(m)).

Suppose that u(m) → u in∏ j∈J(u j,u j) and t(m) → t inRJ asm→∞. We need to show that t ∈ T (u).

As there are only finitely many feasible allocations of goods, by passing to a subsequence we

can assume that there exists an allocation (x j
I ) j∈J of goods with ∑ j∈J x

j
I = yI that, for each m,

44 Theorem 22.1 in Rockafellar (1970) states the case of Fact 2.A.1 in which L1 =∅. The version of Fact 2.A.1 for
L1 ̸=∅ is left as an exercise on page 200 of Rockafellar (1970).
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minimizes

∑
j∈J

S j
(
x̂ j
I ;u

j
(m)

)
over all allocations (x̂ j

I ) j∈J with ∑ j∈J x̂
j
I = yI. By the continuity of S j

(
x̂ j
I ;u
)
in u, the allocation

(x j
I ) j∈J minimizes

∑
j∈J

S j
(
x̂ j
I ;u

j
)

over all allocations (x̂ j
I ) j∈J with ∑ j∈J x̂

j
I = yI.

Suppose for sake of deriving a contradiction that t /∈ T (u). Let L1 = J, let L2 =
∪

j∈J{ j}×X j
I .

Define vectors vℓI ∈ RI and scalars αℓ for ℓ ∈ L1∪L2 by

vℓI =


x j
I −w j

I for ℓ= j ∈ L1

x′I −x j
I for ℓ= ( j,x′I) ∈ L2

αℓ =


S j
(
x j
I ;u

j
)
−w j

0− t j for ℓ= j ∈ L1

S j (x′I;u j)−S j (x′I;u j) for ℓ= ( j,x′I) ∈ L2

.

By Claim 2.A.3, there does not exist a price vector pI such that vℓI ·pI ≤ αℓ for all ℓ ∈ L1∪L2 with

equality for all ℓ ∈ L1. The (1) =⇒ (2) implication of Fact 2.A.1 therefore guarantees that there

exist constants λℓ for all ℓ ∈ L1∪L2 with λℓ ≥ 0 for all ℓ ∈ L2 such that

∑
ℓ∈L1∪L2

λℓvℓI = 0 and ∑
ℓ∈L1∪L2

λℓαℓ > 0.

By the definition of the scalars αℓ, we have that

∑
j∈J

λ j

(
S j
(
x j
I ;u

j
)
−w j

0− t j
)
+ ∑

j∈J
∑

x′I∈X
j
I

λ j,x′I

(
S j (x′I;u j)−S j

(
x j
I ;u

j
))

> 0.

By the continuity of S j (x̂I;u) in u and because u(m) → u and t(m) → t as m→ ∞, there exists m
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such that

∑
j∈J

λ j

(
S j
(
x j
I ;u

j
(m)

)
−w j

0− t j
(m)

)
+ ∑

j∈J
∑

x′I∈X
j
I

λ j,x′I

(
S j
(
x′I;u

j
(m)

)
−S j

(
x j
I ;u

j
(m)

))
> 0.

Defining scalars α ′
ℓ for ℓ ∈ L1∪L2 by

α ′
ℓ =


S j
(
x j
I ;u

j
(m)

)
−w j

0− t j
(m) for ℓ= j ∈ L1

S j
(
x′I;u

j
(m)

)
−S j

(
x′I;u

j
(m)

)
for ℓ= ( j,x′I) ∈ L2

,

we have that

∑
ℓ∈L1∪L2

λℓvℓI = 0 and that ∑
ℓ∈L1∪L2

λℓα ′
ℓ > 0.

The (2) =⇒ (1) implication of Fact 2.A.1 guarantees that there does not exist a price vector pI

such that vℓI ·pI ≤ α ′
ℓ for all ℓ ∈ L1∪L2 with equality for all ℓ ∈ L1. By Claim 2.A.3, it follows that

t(m) /∈ T (u(m))—a contradiction. Hence, we can conclude that t ∈ T (u)—as desired.

Completion of the proof. We first solve for a profile u of utility levels such that 0 ∈ T (u).

Claim 2.A.4. If competitive equilibria exist for all endowments in the Hicksian economies for all

profiles of utility levels, then there exists a profile u= (u j) j∈J of utility levels such that 0 ∈ T (u).

To prove Claim 2.A.4, we apply a topological fixed point argument.

Proof. Define a compact, convex set

Z = [−M,M]J×∏
j∈J

[u j
min,u

j
max].
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As T (u)⊆ [−M,M]J for all u ∈ ∏ j∈J[u
j
min,u

j
max], we can define a correspondence Φ : Z ⇒ Z by

Φ(t,u) = T (u)× argmin
û∈∏ j∈J [u

j
min,u

j
max]

{
∑
j∈J

t jû j

}
.

Claim2.A.2 guarantees thatT :∏ j∈J[u
j
min,u

j
max]⇒R is upper hemicontinuous and has compact,

convex values. The hypothesis of the claim ensures that the correspondenceT has non-empty values.

Because ∏ j∈J[u
j
min,u

j
max] is compact and convex, it follows that the correspondence Φ is upper

hemicontinuous and has non-empty, compact, convex values as well. Hence, Kakutani’s Fixed

Point Theorem guarantees that Φ has a fixed point (t,u).

By construction, we have that t ∈ T (u) and that

u j ∈ argmin
û j∈[u j

min,u
j
max]

t jû j (2.A.1)

for all agents j. It suffices to prove that t = 0.

Let
(
pI,(x j) j∈J

)
be a competitive equilibrium for the endowment allocation (w j) j∈J in the

Hicksian economy for the profile (u j) j∈J of utility levels with

t j = S j
(
x j
I ;u

j
)
−w j

0+pI · (x j
I −w j

I ) (2.A.2)

for all agents j.

First, we claim that t j ≥ pI · (x j
I −w j

I )−K j for all j ∈ J. Indeed, as u j ≥ u j
min and S

j
(
x j
I ;u
)
is

increasing in u, it follows from (2.A.2) and the definition of K j that

t j = S j
(
x j
I ;u

j
)
−w j

0+pI · (x j
I −w j

I )

≥ S j
(
x j
I ;u

j
min

)
−w j

0+pI · (x j
I −w j

I )

≥ pI · (x j
I −w j

I )−K j. (2.A.3)

Second, we claim that t j ≤ 0 for all agents j. If t j > 0, then (2.A.1) implies that u j = u j
min. But
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as t ∈ T (u), it follows that

t j ≤ S j
(
w j
I ;u

j
min

)
−w j

0+pI · (w j
I −w j

I ) = S j
(
w j
I ;u

j
min

)
−w j

0 = 0,

so we must have that t j ≤ 0.

As (x j
I ) j∈J is a feasible allocation of goods, we have that ∑ j∈J(x

j
I −w j

I ) = 0 hence that

∑
j∈J

pI · (x j
I −w j

I ) = 0≥ ∑
j∈J

t j,

where the inequality holds because t j ≤ 0 for all agents j. It follows that for all agents j, we have

that

t j−pI · (x j
I −w j

I )≤ ∑
k∈J∖{ j}

(pI · (xkI −wk
I )− tk)≤ ∑

k∈J∖{ j}
Kk < K,

where the second inequality follows from (2.A.3). Thus, we have that

S j
(
x j
I ;u

j
)
= w j

0+ t j−pI · (x j
I −w j

I )< w j
0+K

for all agents j. By the definition of u j
max and themonotonicity of S j

(
x j
I ; ·
)
, it follows that u j < u j

max

for all agents j. (2.A.1) then implies that t j ≥ 0 for all agents j so we must have that w j
0 = 0 for all

agents j.

By Claim 2.A.4, there exists a profile u = (u j) j∈J and a competitive equilibrium for the

endowment allocation (w j) j∈J in the corresponding Hicksian economy with

w j
0 = S j

(
x j
I ;u

j
)
+pI · (x j

I −w j
I )

for all agents j. Lemma 2.1 implies that x j
I ∈ D j

H
(
pI;u j) for all agents j, and we have that

U j
(
w j
0−pI · (x j

I −w j),x j
I

)
= u j for all agents j by construction. It follows from Fact 2.1 that

x j
I ∈ D j

M
(
pI,w j) for all agents j, so the allocation (w j

0−pI · (x j
I −w j

I ),x
j
I ) j∈J and the price vector

pI comprise a competitive equilibrium given the endowment allocation (w j) j∈J in the original
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economy.

2.B Proof of Proposition 2.1

We actually prove a stronger statement.

Claim 2.B.1. Suppose that X j
I ⊆ {0,1}I and let wI ∈ X j

I . A utility functionU j is net substitutable

if

• for all money endowments w0, price vectors pI, and 0< µ < λ such that D j
M (pI,w) = {xI},

D j
M
(
pI +λei,w

)
= {x′I}, and {xI,x′I} ⊆ D j

M
(
pI+µei,w

)
, if x′i < xi, then we have that

x′j ≥ x j for all goods k ̸= i.

To prove Claim 2.B.1, we use the following characterization of substitutability.

Fact 2.B.1 (Theorems 2.1 and 2.4 in Fujishige and Yang, 2003; Theorems 3.9 and 4.10(iii) in

Shioura and Tamura, 2015). Suppose that X j
I ⊆ {0,1}I. A valuation V j is substitutable if and only

if for all price vectors pI such that |D j (pI) |= 2, writing D j (pI) = {xI,x′I}, the difference x′I −xI

is a vector with at most one positive component and at most one negative component.

Proof of Claim 2.B.1. Weactually prove the contrapositive. Suppose thatV j is not net substitutable.

We show that there exists a money endowment w0, a price vector pI, price increments 0< µ < λ ,

and goods i ̸= k such that:

• D j
M (pI,w) = {xI},

• D j
M
(
pI +λei,w

)
= {x′I},

• {xI,x′I} ⊆ D j
M
(
pI +µei,w

)
,

• x′i < xi, and

• x′k < xk.
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By Remark 2.1, there exists a utility level u such that V j
H (·;u) is not substitutable. Hence,

by Lemma 2.1 and the “if" direction of Fact 2.B.1 for V j = V j
H (·;u), there exists a price vector

p̂I such that |D j
H (p̂I;u) | = 2, and writing D j

H (p̂I;u) = {xI,x′I}, the difference x′I − xI has at least

two positive components or at least two negative components. Without loss of generality, we can

assume that the difference x′I −xI has at least two negative components. Suppose that x′i < xi and

that x′k < xk, where i,k ∈ I are distinct goods.

Define a money endowment w0 by

w0 = S j (xI;u)+ p̂I · (xI−wI) = S j (x′I;u)+ p̂I · (x′I−wI);

Fact 2.1 implies that D j
M (p̂I,w) = {xI,x′I}. Let µ be such that

D j
M
(
p̂I −µei,w

)
,D j

M
(
p̂I +µei,w

)
⊆ {xI,x′I};

such a µ exists due to the upper hemicontinuity of D j
M. Let pI = p̂I − µei, let λ = 2µ, and let

p′I = pI +λei = p̂I +µei.

By construction, we have that {xI,x′I} ⊆ D j
M
(
pI +µei,w

)
= D j

M (p̂I,w). It remains to show

that D j
M (pI,w) = {xI} and that D j

M (p′I,w) = {x′I}. As X
j
I ⊆ {0,1}I, we must have that xi = 1 and

that x′i = 0. We divide into cases based on wi to show that

U j (w0−pI · (xI −wI),xI)>U j (w0−pI · (x′I −wI),x′I
)

U j (w0−p′I · (x′I −wI),x′I
)
>U j (w0−p′I · (xI −wI),xI

)
.

(2.B.1)

Case 1: wi = 0. In this case, we have that

U j (w0−pI · (xI −wI),xI)>U j (w0− p̂I · (xI −wI),xI)

=U j (w0− p̂I · (x′I −wI),x′I
)

=U j (w0−pI · (x′I −wI),x′I
)
,
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where the inequality holds because pi < p̂i and xi >wi, the first equality holds because {xI,x′I}⊆

D j
M (p̂I,wI) , and the second equality holds because x′i = wi. Similarly, we have that

U j (w0−p′I · (xI−wI),xI
)
<U j (w0− p̂I · (xI −wI),xI)

=U j (w0− p̂I · (x′I−wI),x′I
)

=U j (w0−p′I · (x′I−wI),x′I
)
,

where the inequality holds because p′i > p̂i and xi >wi, the first equality holds because {xI,x′I}⊆

D j
M (p̂I,wI) , and the second equality holds because x′i = wi.

Case 2: wi = 1. In this case, we have that

U j (w0−pI · (x′I−wI),x′I
)
<U j (w0− p̂I · (x′I−wI),x′I

)
=U j (w0− p̂I · (xI−wI),xI)

=U j (w0−pI · (xI−wI),xI)

where the inequality holds because pi < p̂i and x′i <wi, the first equality holds because {xI,x′I}⊆

D j
M (p̂I,wI) , and the second equality holds because xi = wi. Similarly, we have that

U j (w0−p′I · (x′I−wI),x′I
)
>U j (w0− p̂I · (x′I−wI),x′I

)
=U j (w0− p̂I · (xI−wI),xI)

=U j (w0−pI · (xI−wI),xI) ,

where the inequality holds because p′i > p̂i and x′i <wi, the first equality holds because {xI,x′I}⊆

D j
M (p̂I,wI) , and the second equality holds because xi = wi.

As wI ∈ X j
I ⊆ {0,1}I, the cases exhaust all possibilities. Hence, we have proven that (2.B.1) must

hold. As D j
M (pI,w) ,D

j
M (p′I,w) ⊆ {xI,x′I}, we must hence have that D j

M (pI,w) = {xI} and that

D j
M (pI,w) = {x′I}—as desired.
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The proposition follows from Claim 2.B.1.

2.C Proofs of Facts 2.1 and 2.2

2.C.1 Proof of Fact 2.1

We begin by proving two technical claims.

Claim 2.C.1. Let w be an endowment and let u be a utility level. If

u= max
x∈X j|p·x=p·w

U j (x) , (2.C.1)

then we have that

p ·w= min
x∈X j|U j(x)≥u

p ·x

and that D j
M (pI,w)⊆ D j

H (pI;u).

Proof. Letting x′I ∈ D j
M (pI,w) be arbitrary and x′0 = w0−pI · (x′I −wI), we have that U j (x′) = u

and that p ·x′ = p ·w by construction. It follows that

p ·w≥ min
x∈X j|U j(x)≥u

p ·x.

Suppose for the sake of deriving a contradiction that there exists x′′ ∈ X j with p · x′′ < p ·w

and U j (x′′) = u. Then, we have that x′′0 < w0+pI · (x′′I −wI); write x′′′0 = w0+pI · (x′′I −wI), so

x′′′0 > x′′0. SinceU j is strictly increasing in consumption of money, it follows thatU j (x′′′0 ,x′′I )> u—

contradicting (2.C.1) as pI ·x′′I + x′′′0 +pI ·x′′I = p ·w. Hence, we can conclude that

p ·w= min
x∈X j|U j(x)≥u

p ·x.

Since U j (x′) = u and p ·x′ = p ·w, it follows that x′I ∈ D j
H (pI;u). Since x

′
I ∈ D j

M (pI,w) was

arbitrary, we can conclude that D j
M (pI,w)⊆ D j

H (pI;u).
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Claim 2.C.2. Let w be an endowment and let u be a utility level. If

p ·w= min
x∈X j|U j(x)≥u

p ·x, (2.C.2)

then we have that

u= max
x∈X j|p·x=p·w

U j (x)

and that D j
H (pI;u)⊆ D j

M (pI,w).

Proof. Let x′I ∈ D j
H (pI;u) be arbitrary and x′0 = S j (x′I;u). We have that U j (x′) = u and that

p ·x′ = p ·w by construction. It follows that

u≤ max
x∈X j|p·x=p·w

U j (x) .

We next show that

u= max
x∈X j|p·x=p·w

U j (x) .

Suppose for sake of deriving a contradiction that there exists x′′ ∈ X j with p · x′′ = p ·w and

U j (x′′) > u. Thus, by definition of S j, we know that x′′0 > S j (x′′I ;u). Let x′′′0 = S j (x′′I ;u). Since

S j (x′′I ; ·) is strictly increasing, we have that x′′′0 < x′′0 . It follows that x′′′0 +pI · x′′I < p ·w, which

contradicts (2.C.2) asU j (x′′′0 ,x′′I )= u. Hence, we can conclude that

u= max
x∈X j|p·x=p·w

U j (x) .

Since U j (x′I) = u and p ·x′I = p ·w, it follows that x′I ∈ D j
M (pI,w). Since x′I ∈ D j

H (pI;u) was

arbitrary, we can conclude that D j
H (pI;u)⊆ D j

M (pI,w).

Let w be an endowment and let u be a utility level. By Claims 2.C.1 and 2.C.2, the hypotheses

(2.C.1) and (2.C.2) are equivalent, and under these equivalent conditions, we have thatD j
M (pI,w)⊆

D j
H (pI;u) and thatD

j
H (pI;u)⊆D j

M (pI,w). Hence, we have thatD j
M (pI,w) =D j

H (pI;u) under the

equivalent conditions (2.C.1) and (2.C.2)—as desired.
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2.C.2 Proof of Fact 2.2

Proof of the “if" direction. We define a utility functionU j implicitly by

U j (x) =V j
H (xI; ·)

−1 (−x0),

which is well-defined, continuous, and strictly increasing in x0 by the Inverse Function Theorem

because V j
H (xI; ·) is continuous, strictly decreasing, and satisfies (2.3). Condition (2.1) holds

because V j
H is defined over the entirety of X j

I × (−∞,x j0).

Proof of the “only if" direction. We define V j : X j
I × (u j,u j)→ (−∞,−x j0) implicitly by

V j
H (xI;u) =−U j (·,xI)−1 (x0),

which is well-defined, continuous, and strictly decreasing in u by the Inverse Function Theorem

because U j (·,xI) is continuous, strictly increasing, and satisfies (2.1). Condition (2.3) holds

becauseU j is defined over the entirety of X j.

2.D Proofs of the maximal domain and necessity results in the case of

transferable utility

In this appendix, we supply proofs of Facts 2.4 and 2.6, as well as the “only if" direction of

Fact 2.5. We use the concept of a pseudo-equilibrium price vector.

Definition 2.D.1 (Milgrom and Strulovici, 2009). Given an endowment w j for each agent j, a

pseudo-equilibrium price vector is a price vector pI such that

∑
j∈J

w j
I ∈ Conv

(
∑
j∈J

D j
M (pI,w)

)
.

There is a connection between pseudo-equilibrium price vectors, competitive equilibria, and
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the existence problem.

Fact 2.D.1 (Theorem 18 in Milgrom and Strulovici, 2009; Lemma 2.19 in Baldwin and Klemperer,

2019). In transferable utility economies in which competitive equilibria exist, for each pseudo-

equilibrium price vector pI , there exists an allocation (x j
I ) j∈J such that (x j

I ) j∈J and pI comprise a

competitive equilibrium.

In light of Fact 2.D.1, we show the non-existence of competitive equilibria by constructing

pseudo-equilibrium price vectors that cannot be competitive equilibrium price vectors—following

Baldwin and Klemperer (2019).

2.D.1 Proof of Fact 2.4

By Fact 2.B.1, there exist a price vector pI such that D j (pI) = {x′I,x′′I }, where g= x′′I −x′I has

at least two positive components or at least two negative components. Without loss of generality,

we can assume that ∑i∈I x′′i ≥ ∑i∈I x′i—so g has at least two positive components. Let I1 = {i ∈ I |

x′′i > x′i} and I2 = {i ∈ I | x′′i < x′i}. By construction, we have that |I1| ≥ 2 and that

g= ∑
i∈I1

ei− ∑
i∈I2

ei.

Let k ∈ J∖{ j} be arbitrary. For agents j′ ∈ J∖{ j,k}, let X j′
I = {0}, let V j′ be arbitrary, and

let w j′
I = 0. Let

Xk
I =

{
xI ∈ {0,1}I

∣∣∣∣∣∑i∈I1 xi ≤ 1, ∑
i∈I2

xi ≥ |I2|−1, and xi = 0 for i /∈ I1∪ I2

}

V k (xI) = ∑
i∈I1

(pi+1)xi+ ∑
i∈I2

pixi,

let w j
I = x′′I , and let wk

I = ∑i∈I2 e
i.

We first show that V k is substitutable using Fact 2.B.1. Let pI be a price vector such that

|Dk (pI) || = 2. Suppose that Dk (pI) = {xI, x̂I}. By construction, we must have that (xI1 , x̂I∖I1) ∈
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Dk (pI) . Hence, we must have that xI1 = x̂I1 or that xI∖I1 = x̂I∖I1 . In the former case, as xI, x̂I ∈ Xk
I ,

the difference x̂I−xI must have at most one positive component, at most one negative component,

and zero component for all goods i′′ /∈ I2. In the latter case, the difference x̂I−xI is a vector with at

most one positive component, at most one negative component, and zero component for all goods

i′′ /∈ I1. Hence, the difference x̂I −xI is a vector with at most one positive component and at most

one negative component in either case, and it follows from Fact 2.B.1 that V k is substitutable.

By construction, we have that

Dk (pI) =

{
xI ∈ {0,1}I

∣∣∣∣∣∑i∈I1 xi = 1, ∑
i∈I2

xi ≥ |I2|−1, and xi = 0 for i /∈ I1∪ I2

}
.

Letting S=
(

∑ j′∈JD j′ (pI)
)
−xI −wk

I , it follows that

S=
{ei | i ∈ I1}∪{ei− ei′ | i ∈ I1 and i′ ∈ I2}∪

{g+ ei | i ∈ I1}∪{g+ ei− ei′ | i ∈ I1 and i′ ∈ I2}.
.

As |I1| ≥ 2, we have that g /∈ S, i.e., that w j
I +wk

I /∈ ∑ j′∈JD j′ (pI). Hence, there cannot exist an

allocation (x j′
I ) j′∈J and pI comprise a competitive equilibrium. But note that

g=
1

|I1|3 ∑
i∈I1

∑
i′∈I2

(ei− ei
′
)+

|I1|−1
|I1|3 ∑

i∈I1
∑
i′∈I2

(g+ ei− ei
′
)

+
|I1|− |I2|
|I1|3 ∑

i∈I1
ei+

(|I1|− |I2|)(|I1|−1)
|I1|3 ∑

i∈I1
(g+ ei).

As a result, we have that g ∈ Conv(S), i.e., that w j
I +wk

I ∈ Conv
(

∑ j′∈JD j′ (pI)
)
. Hence, pI is a

pseudo-equilibrium price vector. Therefore, by the contrapositive of Fact 2.D.1, no competitive

equilibria can exist.
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2.D.2 Preliminaries on demand types

For the remaining proofs, we need a characterization of demand types in terms of demand sets

when demand is multi-valued.

Fact 2.D.2 (Proposition 2.20 in Baldwin and Klemperer, 2019). Let V j be a valuation and let D

be the minimal demand type vector set such that V j is of demand type D . If d is a primitive integer

vector, then we have that d ∈ D if and only if there exists a price vector pI such that Conv(D j (pI))

is a line segment and, letting xI and x′I denote the extreme points of D j (pI), the difference x′I −xI

is proportional to d.

Fact 2.D.2 extends Fact 2.B.1 to arbitrary demand types. It also leads to a concrete characteri-

zation of the demand type defined by the elementary basis vectors in terms of additive separability.

Fact 2.D.3 (Proposition 4.13 in Baldwin and Klemperer, 2014). A valuation V j is of demand type

{±ei | i ∈ I} if and only if it is concave and additively separable across goods.

We also need a characterization of concave valuations in terms of demand at arbitrary price

vectors.

Fact 2.D.4 (Lemma 2.11 in Baldwin and Klemperer, 2019). A valuation V j is concave if and only

if we have that Conv
(
D j (pI)

)
∩ZI = D j (pI) for all price vectors pI .

2.D.3 Proof of the “only if” direction of Fact 2.5

Let D be a demand type vector set that is not unimodular. We need to show that there exists a

finite set J with concave valuations of demand type D and endowments for which no competitive

equilibria exist.

Let L= {d1, . . . ,dn} ⊆ D be a minimal non-unimodular subset. By construction, L is linearly

independent. Let i1, . . . , in ∈ I be arbitrary, and let I′ = {i1, . . . , in}. By applying a unimodular

change of basis if necessary,45 we can assume that dℓ = eiℓ for 1 ≤ ℓ ≤ n− 1, that dni = 0 for all

i /∈ I′, and that dniℓ > 0 for all 1≤ ℓ≤ n. As L is linearly independent, we must have that dnin > 0.

45 A change of basis is unimodular if it and its inverse send integer vectors to integer vectors.
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Define a transferable utility exchange economy as follows. The set of agents is J = { j,k}.

Letting

P =

{
n

∑
ℓ=1

αℓdℓ
∣∣∣∣∣ 0≤ αℓ ≤ 1

}
denote the parallelepiped spanned by L, we let

X j
I = P ∩ZI

V j (xI) =
n−1

∑
ℓ=1

(
xind

n
iℓ − xiℓd

n
in

)
.

As Conv(X j
I )∩ZI = P ∩ZI = X j

I and

D j (dn−dnine
in
)
= X j

I ,

the valuationV j is concave. We next show thatV j is of demand typeD . LetD ′ denote the minimal

demand type vector set such that V j is of demand type D ′. By Fact 2.D.2, for each d ∈ D ′, there

exists a price vector pI such that Conv(D j (pI)) is a line segment and, letting x′I and x′′I denote

the extreme points of D j (pI), the difference x′′I − x′I is proportional to d. But as V j is linear, if

Conv(D j (pI)) is a line segment with extreme points x′I and x′′I , the difference x′′I − x′I must be

parallel to an edge of P , hence to one of d1, . . . ,dn. It follows that D ′ ⊆ D , so V j is of demand

type D .

We also let

Xk
I =

{
xI | 0≤ xiℓ ≤ 1 for 1≤ ℓ≤ n−1 and xi = 0 for i /∈ I′∖{in}

}
V k (xI) = 0.

As Conv(Xk
I )∩ZI = Xk

I and Dk (0) = Xk
I , the valuation V k is concave. As V k is also additively

separable across goods, it follows from Fact 2.D.3 thatV k is of demand type {±ei | i ∈ I′∖{in}}—

hence of demand type D .
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As L is not unimodular, there exists w j
I = ∑k

ℓ=1βℓdℓ ∈P ∩ZI with 0< βℓ < 1 for all 1≤ ℓ≤ n

(by, e.g., Remark 5.10 in Baldwin and Klemperer (2014)). Let wk
I = 0, so w j

I +wk
I =w j

I . Note that

D j (0) = {0,dn}. As a result, we have that

D j (0)+Dk (0) =

{
n

∑
ℓ=1

αℓdℓ
∣∣∣∣∣ αℓ ∈ {0,1}

}
.

Hence, we have that w j
I ∈ Conv

(
D j (0)+Dk (0)

)
, so 0 is a pseudo-equilibrium price vector.

However, as L is linearly independent and βℓ /∈ {0,1}, we have that w j
I /∈ D j (0)+Dk (0) , there

cannot exist an allocation (x j′
I ) j′∈J such that (x j′

I ) j′∈J and pI comprise a competitive equilibrium.

Therefore, by the contrapositive of Fact 2.D.1, no competitive equilibria can exist.

2.D.4 Proof of Fact 2.6

We first show that D must span RI . Let L⊆D be a maximal, linearly independent set. As D is

unimodular, there exists a set T of integer vectors such that L∩T =∅ and L∪T is a basis ofRI with

determinant ±1. We claim that D0 = D ∪T ∪−T is unimodular. To see why, let L′ ⊆ D ∪{±T}

be a maximal linearly independent set. As D0 spans RI by construction, L′ must span RI . Due to

the maximality of L, we must have that |L′∩ (T ∪−T )| = |T |. It follows that L′∩D is a basis for

the span of D . As D is unimodular, L∩D must be the image of L under a unimodular change of

basis. It follows that L′ is a basis for RI with determinant ±1—so D0 is unimodular. Due to the

maximality of D , we must have that T = ∅, and hence D must span RI . As D is unimodular, it

follows that D must integrally span ZI .

We next divide into cases based on whether V j is non-concave, or concave but not of demand

type D , to construct concave valuationsV k of demand type D for agents k ̸= j and endowments for

which no competitive equilibria exist.

Case 1: V j is not concave. As D integrally spans ZI, we can assume that ei ∈ D for all i ∈ I

by applying a unimodular change of basis if necessary.
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By Fact 2.D.4, there exists a price vector pI such that

D j (pI) ̸= Conv
(
D j (pI)

)
∩ZI.

Let x′I ∈ D j (pI) and

x′′I ∈
(
Conv

(
D j (pI)

)
∩ZI)∖D j (pI)

be arbitrary. By applying a unimodular change of basis if necessary, we can assume that x′′i ≥ x′i

for all i ∈ I. Let w j
I = x′I.

Let k ∈ J∖ { j} be arbitrary. For agents j′ ∈ J∖ { j,k}, let X j′
I = {0}, let V j′ be arbitrary,

and let w j′
I = 0. Let

Xk
I = {xI | 0≤ xi ≤ x′′i − x′i for i ∈ I},

and define V k : Xk
I → R by

V k (xI) = ∑
i∈I

(pi−1)xi.

As Conv(Xk
I )∩ZI = Xk

I and

D j (p′I)= Xk
I ,

where p′I is the price vector defined by p′i = pi−1, the valuation V k is concave. As V k is also

additively separable across goods, Fact 2.D.3 implies that V k is of demand type {±ei | i ∈ I}—

hence of demand type D . By construction, we have that x′′I − x′I ∈ Xk
I . We can therefore let

wk
I = x′′I −x′I, so ∑ j′∈Jw

j′
I = x′′I .

By construction, we have that Dk (pI) = {0}. It follows that

∑
j′∈J

D j′ (pI) = D j (pI) .

Hence, we have that x′′I /∈ ∑ j′∈JD j′ (pI) , so there cannot exist an allocation (x j′
I ) j′∈J such that
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(x j′
I ) j′∈J and pI comprise a competitive equilibrium. But as

x′′I ∈ Conv

(
∑
j′∈J

D j′ (pI)

)
,

the price vector pI is a pseudo-equilibrium price vector. Therefore, by the contrapositive of

Fact 2.D.1, no competitive equilibria can exist.

Case 2: V j is concave but not of demand type D . Let D ′ be the minimal demand type vector

set such that V j is of demand type D ′. By construction, we have that D ′ ̸⊆ D . Let d ∈ D ′∖D

be arbitrary. Due to the maximality of D , the demand type vector set set D ∪{±d} cannot be

unimodular. As D spans RI , there must exist a set L ⊆ D such that L∪{d} is a basis for RI

such that the determinant of the square matrixM whose columns are the elements of L∪{d} is

not ±1.

Let i0 ∈ I be arbitrary. By applying a unimodular change of basis if necessary, we can assume

that L= {ei | i ∈ I∖{i0}}, that ei0 ∈ D , and that di ≥ 0 for all i ∈ I. As the determinant ofM is

not ±1, we must have that di0 > 1.

By Fact 2.D.2, there exists a price vector pI such that Conv(D j (pI)) is a line segment and,

letting x′I and x′′I denote the extreme points of D j (pI), we have that x′′I − x′I = nd for some

positive integer n. As V j is concave, it follows from Fact 2.D.4 that

D j (pI) = {x′I + ℓd | 0≤ ℓ≤ n}.

Let w j
I = x′I .

Let k ∈ J∖{ j} be arbitrary. For agents j′ ∈ J∖{ j,k}, let X j
I = {0}, letV j′ be arbitrary, and

let w j′
I = 0. Let

Xk
I = {xI | −di ≤ xi ≤ 0 for i ∈ I∖{i0} and 0≤ xi0 ≤ 1},
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and define V k : Xk
I → R by

V k (xI) = (pi0 −1)xi0 + ∑
i∈I∖{i0}

pixi.

As Conv(Xk
I )∩ZI = Xk

I and

D j (pI − ei0
)
= Xk

I ,

the valuationV k is concave. AsV k is also additively separable across goods, Fact 2.D.3 implies

that V k is of demand type {±ei | i ∈ I}—hence of demand type D . By construction, we have

that wk
I ∈ Xk

I . We can therefore let wk
I = d− (di0 −1)ei0 , so

∑
j′∈J

w j′
I = x′I + ei0 .

By construction, we have that

Dk (pI) = {xI | 0≤ xi ≤ di for i ∈ I∖{i0} and xi0 = 0}.

and hence that

∑
j′∈J

D j′ (pI) =
n∪

ℓ=0

{x′I+xI | (ℓ−1)di ≤ xi ≤ ℓdi for i ∈ I∖{i0} and xi0 = ℓdi}.

It follows that x′I +mei0 ∈ ∑ j′∈JD j′ (pI) if and only if 0 ≤ m ≤ ndi0 and m is divisible by

di0 . In particular, since di0 > 1, we have that ei0 /∈ ∑ j′∈JD j′ (pI) . Hence, there cannot exist

an allocation (x j′
I ) j′∈J such that (x j′

I ) j′∈J and pI comprise a competitive equilibrium. But as

x′I,x′I+di0ei0 ∈ ∑ j′∈JD j′ (pI) and di0 > 0, we have that

x′I+ ei0 ∈ Conv

(
∑
j′∈J

D j′ (pI)

)
.

Hence, the price vector pI is a pseudo-equilibrium price vector. Therefore, by the contrapositive
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of Fact 2.D.1, no competitive equilibria can exist.

As the cases exhaust all possibilities, we have proven the fact.
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3. STABILITY IN LARGE MARKETS1

Many real-world markets are interconnected and feature differentiation. While interconnect-

edness between markets can be captured by the standard general equilibrium approach, matching

models based on Gale and Shapley (1962) are better suited to analyzing highly differentiated mar-

kets in which agents interact via heterogeneous and personalized contracts (Ostrovsky, 2008). We

focus onmatching in networks to capture the production linkages that are present inmany real-world

markets.

While a number of solution concepts have been proposed in the matching literature,2 it is

generally unclear which one to use in the context of complex, real-world markets. A justification

for a solution concept should ideally include both a behavioral rationale for the concept and a

guarantee of the existence of outcomes that satisfy the solution concept in the most practically

relevant setting. So far, however, no general microfoundation has been given for any of the stability

concepts proposed in the matching literature.3 Furthermore, each of the proposed solution concepts

generally suffers from non-existence issues in the presence of complementarities between potential

contracts.4 Most previous analyses of matching with contracts have therefore either completely

1 This chapter is joint work with Karolina Vocke. We thankMichael Greinecker, Scott Kominers, Alex Teytelboym,
Markus Walzl, and seminar audiences at Harvard and Oxford for their helpful comments.

2 The solution concepts proposed in the matching literature include pairwise stability (Gale and Shapley, 1962),
stability (Roth, 1984b; Hatfield and Milgrom, 2005), group stability (Konishi and Ünver, 2006), versions of setwise
stability (Sotomayor, 1999; Echenique and Oviedo, 2006; Klaus and Walzl, 2009), chain stability (Ostrovsky, 2008),
trail stability (Fleiner et al., 2018), and tree stability (Ostrovsky, 2008).

3 In two-sided many-to-one matching markets, many solution concepts coincide with the core (Echenique and
Oviedo, 2004; Hatfield and Milgrom, 2005). But the proposed solution concepts are different from the core in general
(see, e.g., Blair (1988), Hatfield and Kominers (2012), Hatfield et al. (2013), and Fleiner et al. (2018)).

4 Even pairwise stability—one of the least restrictive stability concepts—suffers from non-existence in finite, two-
sided, many-to-one matching markets with complementarities (see Example 2.7 in Roth and Sotomayor (1990)).
Moreover, as Hatfield and Kominers (2012, 2017) and Hatfield et al. (2013) showed, a form of substitutability is also
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ruled out complementarities, or placed severe restrictions on their form, to ensure the existence of

outcomes that satisfy a stability concept.5 However, complementarities among and between inputs

and technologies are key features of many settings with production—making it problematic from

an applied perspective to rule out complementarities.6

In this chapter, we show that the issue of the choice of solution concept can be addressed

in the context of large markets, both from the perspective of providing a behavioral rationale

and from the perspective of existence. Specifically, we find that one solution concept from the

literature—an adaptation of tree stability (in the sense of Ostrovsky (2008)) to large markets—has

a microfoundation. We then show that tree-stable outcomes are guaranteed to exist in large markets

for arbitrary network structures and arbitrary preferences—including in the presence of arbitrary

forms of complementarities. Our analysis suggests that tree stability in matching models may be

an appropriate framework for the analysis of large, networked markets.

We model largeness using a continuum of agents, following the work of Aumann (1964, 1966)

on general equilibrium theory and of Azevedo and Hatfield (2018) on two-sided matching markets.

We assume that the agents are divided into finitely many types, as in Azevedo and Hatfield (2018).

The types are the nodes of a network, whose edges represent potential primitive interactions. The

network structure that we allow for can capture production linkages in the economy (Ostrovsky,

2008; Hatfield et al., 2013). Agents interact via contracts that are comprised of bundles of primitive

interactions (as in Hatfield and Kominers (2017) and Rostek and Yoder (2019, 2020)). While agents

are indifferent as to whether primitive interactions are bundled, the possibility of bundling allows

agents to make primitive interactions contingent on one another and therefore affects potential

blocks or other deviations.

generally necessary (in a maximal domain sense) for the existence of stable outcomes.

5 For example, Kelso and Crawford (1982), Roth (1984b), Fleiner (2003), Hatfield andMilgrom (2005), and Hatfield
and Kominers (2017) ruled out complementarities; while Ostrovsky (2008), Westkamp (2010), Hatfield and Kominers
(2012), Hatfield et al. (2013), Fleiner et al. (2018), and Chapter 1 all modeled matching in networks but placed
restrictions on preferences that rule out complementarities between inputs in production. One exception is Rostek and
Yoder (2020), who assumed that all contracts are complementary—thereby ruling out all forms of substitutabilities.

6 For example, Fox (2018) showed that complementarities arise in markets for auto parts. See Milgrom and Roberts
(1990) for a discussion of why complementarities in production are a key feature of modern manufacturing.
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To analyze the microfoundations for stability concepts, we develop a simple model of how

agents search for potential deviations from an outcome in large markets. We suppose that agents

coordinate on deviations through sequences of offers of sets of contracts. As we consider markets

with a continuum of agents, we suppose that agents cannot target their offers at any specific agent

within the continuum of agents of a type. Intuitively, we make this assumption because agents in

a continuum are effectively “anonymous" (Aumann, 1964) or “symmetric" (Milnor and Shapley,

1978).

Our first result characterizes the outcomes under which agents do not have incentives to make

offers to construct a deviation from the outcome: these outcomes are precisely the ones that are

tree-stable. Here, tree stability is a version of the concept of stability from the matching literature—

which requires that there be no blocking set of contracts that participants can commit to, possibly

while dropping some existing contracts (Roth, 1984b; Hatfield and Milgrom, 2005; Hatfield and

Kominers, 2012). Specifically, tree stability considers only blocks that are comprised of acyclic

sets of contracts (or trees) and requires that there be no blocking trees (Ostrovsky, 2008). Our

model of the process of searching for deviations provides a microfoundation for tree stability in

large markets and motivates focusing on tree-stable outcomes.

We then show that tree-stable outcomes are guaranteed to exist in our model. This result

applies for arbitrary preferences and network structures, unlike most previous existence results for

finite markets7 and large markets.8 By contrast, Azevedo and Hatfield (2018) showed that stable

outcomes do not generally exist in large markets—even in the two-sided case—in the presence of

complementarities. Our existence result shows that tree stability, unlike stability, is compatible

with all forms of complementarities and rich forms of interconnectedness in large markets.

Taken together, our results suggest that tree stability may be an appropriate solution concept

for matching in large networks. Our results may also be of interest to structural econometricians,

as they provide a rationale for structural methods based on assuming that the observed outcome in

7 See, for example, Ostrovsky (2008), Westkamp (2010), Hatfield and Kominers (2012), Hatfield et al. (2013), and
Fleiner et al. (2018), and Chapter 1.

8 See, for example, Azevedo and Hatfield (2018) and Che et al. (2019a).
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a networked market is tree-stable. Specifically, our microfoundation for tree stability provides a

rationale for using tree stability as an identifying assumption,9 and our existence result is important

to the underlying logic behind structural empirical methods based on this assumption.10

Our work builds on large literatures on markets with a continuum of agents. Our results parallel

results of Aumann (1964, 1966) from general equilibrium theory, which provided a foundation for

general equilibrium analysis in large markets. Specifically, our microfoundation for tree stability

has a similar conceptual role to Aumann’s (1964) foundation for competitive equilibrium in large

markets in terms of the core. Similarly, our existence result parallels Aumann’s (1966) result

on the existence of competitive equilibria in large markets in expanding the class of preferences

for which existence is guaranteed. Mas-Colell (1977), Azevedo et al. (2013), and Azevedo and

Hatfield (2018) demonstrated existence results similar to Aumann’s (1966) result for settings with

indivisibilities. Ellickson et al. (1999) extended Aumann’s (1964, 1966) results to a model of

club formation with a continuum of agents. Unlike general equilibrium analyses with a continuum

of agents, we consider matching settings that allow for rich spaces of potential contracts and for

network-based interactions, and work with stability concepts instead of competitive equilibrium.

A recent strand of the matching literature has developed and analyzed models of two-sided

markets with a continuum of agents. In this strand, Che et al. (2019a) showed the existence of

stable outcomes in large-market many-to-one settings with complementarities.11 Unlike Che et al.

(2019a), we consider network settings in which all agents can sign multiple contracts. Azevedo

and Hatfield (2018) showed that stable outcomes exist in large, two-sided markets in which one

side regards contracts as substitutes. Under those assumptions, however, we show that tree stability

and stability coincide; as a result, our existence result for tree stability is equivalent to Azevedo

and Hatfield’s (2018) existence result for stability under the hypotheses of the latter result, but also

9 This approach would build on the use of pairwise stability as an identifying assumption in two-sided settings by,
for example, Choo and Siow (2006), Fox and Bajari (2013), Cherchye et al. (2017), and Fox et al. (2018).

10 See Section IID of Fox (2017) for a discussion of the role of existence results for the foundations of structural
estimation in matching markets.

11 Che et al. (2019a) considered a setting with finitely many “large" firms.
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guarantees existence more generally.

The remainder of this chapter is organized as follows. Section 3.1 describes our model of

matching in large networks. Section 3.2 defines tree stability. Section 3.3 presents examples that

illustrate our results. Section 3.4 describes our model of the process of searching for deviations

and gives a microfoundation for tree stability. Section 3.5 presents our existence result for tree

stability and relates it to Azevedo and Hatfield’s (2018) existence result. Section 3.6 is a conclusion.

Appendix 3.A presents an example showing how the possibility of bundling primitive interactions

into a contract affects tree stability in our model. Appendix 3.B provides alternative definitions

of tree stability and stability. Appendix 3.C discusses the consequences of our existence result for

stability in supply chains. Appendix 3.D presents the proofs.

3.1 Model

The model is an extension of the model of Azevedo and Hatfield (2018) to networks. There

is a continuum of agents that interact bilaterally with multiple counterparties via an exogenously

specified set of contracts. Unlike in Azevedo and Hatfield (2018), contracts in our model are formed

by an exogenously specified set of possible bundles of primitive interactions (as in Hatfield and

Kominers (2017) and Rostek and Yoder (2019, 2020)).

3.1.1 Agents

There is a finite set I of types. For each type i ∈ I, there is a (homogenous) mass θ i > 0 of

agents of type i in the economy, parameterized by an interval [0,θ i]. The set of agents of type i is

Θi = {i}× [0,θ i], and hence the set of all agents is

Θ =
∪
i∈I

Θi.
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3.1.2 Contracts

Contracts are formed by an exogenously specified set of possible bundles of primitive interac-

tions between two agents.

Primitive interactions. For each pair i ̸= j of distinct types, there is a finite set Ωi, j of possible

primitive interactions between agents of type i and those of type j. Intuitively, a primitive interaction

consists of the basic parameters of an interaction, such as a paragraph in a contract. For example, a

primitive interaction could describe one aspect of a job or specify the delivery of a single good or

service at a particular time and place for a particular price. Primitive interactions are undirected—

i.e., Ωi, j =Ω j,i—and type-specific—i.e., Ωi, j andΩk,ℓ are disjoint whenever {i, j} ̸= {k, ℓ}. Hence,

the set of primitive interactions in which an agent of type i can engage is

Ωi =
∪

j∈I∖{i}
Ωi, j,

and the set of all primitive interactions is

Ω =
∪
i∈I

Ωi.

Bundling primitive interactions to form contracts. For each pair i ̸= j of distinct types, there is a

(finite) set

Xi, j ⊆ {x⊆ Ωi, j | x ̸=∅}

of possible contracts between an agent of type i and an agent of type j. Each contract is a bundle of

primitive interactions. We allow pairs of agents to sign multiple contracts with one another, so they

are not required to bundle all primitive interactions between them into a single contract. Intuitively,

as we allow agents to unilaterally drop contracts, bundling primitive interactions allows agents to

make primitive interactions conditional on one another. Thus, bundling allows agents to combine

primitive interactions that are not desirable to one counterparty to create mutually desirable (and
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individually rational) contracts.12

The primary case of our model is when all bundles are feasible—i.e., Xi, j = P(Ωi, j)∖{∅}.13

Nevertheless, we also allow for the possibility that some sets of primitive interactions between

two types may not be representable as a single contract for exogenous reasons—e.g., due to legal

restrictions on the form of contracts. The case in which no primitive interactions can be bundled is

the one considered in most of the previous literature.14

The set of contracts in which an agent of type i can engage is

Xi =
∪

j∈I∖{i}
Xi, j,

and the set of all contracts is

X =
∪
i∈I

Xi.

Agents can only participate in each primitive interaction once, but can participate in any set

of contracts that does not specify a primitive interaction multiple times. Formally, a set Y ⊆ X of

contracts is nonrepetitive if for all x,y ∈ Y, we have that x∩ y = ∅ as subsets of Ω—that is, the

contracts in Y specify disjoint sets of primitive interactions. Each agent of type i can participate in

any nonrepetitive set Y ⊆ Xi of contracts. We let Ni ⊆ P(Xi) denote the set of nonrepetitive sets

of contracts for i.

3.1.3 Preferences

For each type i, there is a utility function ui : P(Ωi) → R defined over the sets of primitive

interactions that agents of type i can engage in. As each nonrepetitive set of contracts gives rise to a

set of (distinct) primitive interactions, the utility functions extend to nonrepetitive sets of contracts.

12 See, for example, Section 3.2 in Hatfield and Kominers (2017) and Section 5.2 in Rostek and Yoder (2020).

13 We let P(S) denote the power set of a set S.

14 Exceptions are Hatfield and Kominers (2017) and Rostek and Yoder (2019, 2020).
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Specifically, given a nonrepetitive set Y ⊆ Xi, we let

ui(Y ) = ui
(∪

x∈Y
x

)
.

As is standard in matching theory, we consider agents’ choices from sets of available contracts.

Specifically, given a set X ′ ⊆ Xi of contracts, we let

Ci(X ′) = argmax
nonrepetitive Y⊆X ′

ui(Y )

denote the set of utility-maximizing choices of an agent of type i when she is offered the contracts

in X ′.

3.1.4 Outcomes

In an outcome, each agent participates in a (nonrepetitive) set of contracts; these sets must be

compatible across agents. Formally, an outcome consists of a (measurable) set Mi
Y ⊆ Θi of agents

of type i that participate in set Y for each type i and nonrepetitive set Y of contracts such that (1)

each agent is associated to exactly one set of contracts, and (2) contracts are signed by equal masses

of either counterparty.

Definition 3.1. An outcome M consists of a measurable subset Mi
Y ⊆ Θi for each type i and

nonrepetitive set Y ∈ Ni of contracts such that

• (feasibility) for each type i, the sets (Mi
Y )Y∈Ni are disjoint and satisfy

∪
Y∈Ni

Mi
Y = Θi

• (reciprocity) for each pair of distinct types i ≠ j and each contract x ∈ Xi, j, we have that

µ

 ∪
Y∈Ni|x∈Y

Mi
Y

= µ

 ∪
Y∈N j|x∈Y

M j
Y

 .
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In Definition 3.1, feasibility requires that exactly one set of contracts be specified for each agent.

In the reciprocity condition, ∪
Y∈Ni|x∈Y

Mi
Y

is the set of agents of type i that sign contract x. Hence, reciprocity requires that each contract be

signed by equal masses of agents of each counterparty type.

Note that outcomes do not specify matches between agents—rather only which types (and under

which contracts) an agent is matched with.15 This coarse specification of matches is sufficient to

analyze the stability properties of outcomes because there is a continuum of homogeneous agents

of each type.16

3.2 Tree stability

In this section, we define tree stability by adapting Ostrovsky’s (2008) definition to large

markets. Intuitively, an outcome is stable if there is no blocking set of contracts that agents would

desire to add given their current matches, possibly while dropping some existing contracts (Roth,

1984b; Hatfield and Milgrom, 2005; Hatfield and Kominers, 2012). An outcome is tree-stable if

there is no blocking set that is acyclic—i.e., forms a tree (Ostrovsky, 2008). Moving to the context

of large markets, we allow for the possibility of blocking sets of contracts between measure-zero

sets of agents—following Azevedo and Hatfield (2018) and Greinecker and Kah (2019).

The first part of the definition of tree stability rules out deviations by individuals. Formally, indi-

vidual rationality requires that no agents—except those in a measure-zero set—want to unilaterally

drop any contract.

Definition 3.2 (Roth, 1984b; Hatfield et al., 2013; Azevedo and Hatfield, 2018). An outcome M

is individually rational if we have that µ
(
Mi

Y
)
= 0 whenever Y ∈ Ni is such that Y /∈Ci(Y ).

15 Hence, we do not impose reciprocity at the agent level, as is done in finite-market matching models.

16 By construction, relabeling agents in an outcome by applying a measure-preserving permutation of each space Θi
leads to another outcome. These outcomes are equivalent from a distributional perspective.
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Each set of contracts in a network takes the shape of a graph. To define tree stability, we

define blocking sets of contracts with the shape of an arbitrary graph and then restrict attention to

acyclic graphs to define blocking trees. We consider graphs whose set of vertices is {1,2, . . . ,n}

and specify graphs by their sets of edges.

Definition 3.3. Let n be a positive integer.

• A graph with n vertices is a nonempty set of two-element subsets of {1,2, . . . ,n}.

• A tree is an acyclic, connected graph.17

We denote graphs by the letter ν . Intuitively, a block of shape ν for an outcome M consists

of agents a1, . . . ,an and a blocking set of contracts of shape ν such that the participating agents

find the blocking contracts desirable, possibly while dropping some of their existing contracts.

Unlike many models of many-to-many matching (see, e.g., Hatfield and Kominers (2012, 2017)

and Azevedo and Hatfield (2018)), we do not allow for multiple contracts between pairs of agents

in a block, but—as we show in Appendix 3.B.1—this restriction does not affect the definition of

stability in our model.

Instead of identifying the participating agents a1, . . . ,an directly, we specify their types i1, . . . , in

and the (nonrepetitive) sets Y 1, . . . ,Y n of contracts that they participate in at M . A block arises

at M if, at M , positive masses of agents of types i1, . . . , in are assigned to the sets Y 1, . . . ,Y n,

respectively.

Definition 3.4. Let ν be a graph with n vertices.

• A block of shape ν consists of a type i j ∈ I and a nonrepetitive set Y j ∈ Ni j of contracts for

each 1≤ j ≤ n, and a contract x j,k = xk, j ∈ Xi j,ik ∖ (Y j∪Y k) for each { j,k} ∈ ν such that for

all 1≤ j ≤ n and all

Z j ∈Ci j
(
Y j∪{x j,k | { j,k} ∈ ν}

)
,

17 Formally, a graph ν is connected if for all 1 ≤ j < k ≤ n, there exists a unique sequence 1 ≤ j1, . . . , jm ≤ n of
distinct integers such that { jℓ, jℓ+1} ∈ ν for all 0≤ ℓ≤m, where j0 = j and jm+1 = k. A connected graph is acyclic if
such a sequence is always unique.
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we have that x j,k ∈ Z j for all k with { j,k} ∈ ν .

• Such a block arises at an outcome (Mi
Y )i,Y if µ

(
Mi j

Y j

)
> 0 for all j.

As in Hatfield et al. (2013), we require the blocking contracts be chosen at every selection from

participating agents’ possible choices among their existing and blocking contracts.

An outcome is stable if it is individually rational and there is no block, while an outcome is

tree-stable if it is individually rational and no block of the shape of a tree arises. We also consider

pairwise stability (in the sense of Gale and Shapley (1962)): an outcome is pairwise-stable if it is

individually rational and no block of the shape of a single edge arises.

Definition 3.5. An outcome is:

• stable if it is individually rational and no block of any shape arises.18

• tree-stable if it is individually rational and no block of shape ν arises for any tree ν .

• pairwise-stable if it is individually rational and no block of the shape of a graph with two

nodes and one edge arises.

As we show in Appendix 3.B.2, tree stability can equivalently be defined in terms of sets of

contracts (of the shapes of trees) that effect utility improvements. That is, one can define tree

stability without requiring that agents always choose all of the blocking contracts (when given

access to their existing contracts).

When all bundles are feasible, pairwise stability actually rules out the presence of blocks

consisting of any set of contracts between a single pair of agents. Similarly, in this case, tree

stability rules out the presence of blocks that can be transformed into trees by bundling. See

Appendix 3.A for a discussion of how the possibility of bundling affects stability concepts in our

model.

It is clear that stability implies tree stability and that tree stability implies pairwise stability.

In acyclic networks, stability and tree stability coincide; and in markets in which agents are only

18 Our definition of stability coincides Azevedo and Hatfield’s (2018) definition; see Appendix 3.B.1.
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willing to sign one contract, stability, tree stability, and pairwise stability all concide. But, in

general, tree stability is strictly weaker than stability and pairwise stability is strictly weaker than

tree stability, as we show in Section 3.3. Moreover, stability, tree stability, and pairwise stability

are the large-market limits of the corresponding concepts in finite markets (see, e.g., Azevedo and

Hatfield (2018) and Greinecker and Kah (2019)).

Unlike in finite markets, implementing blocks leads to utility improvements for all participating

agents with probability one (Vocke, 2020). Intuitively, due to the presence of a continuum of agents,

blocking sets almost surely do not include pairs of agents that are matched. As a result, in large

markets, stability coincides with weak setwise stability (Klaus and Walzl, 2009) and tree stability

coincides with suitable versions of strong setwise stability, setwise stability, and weak setwise

stability (Sotomayor, 1999; Echenique and Oviedo, 2006; Klaus andWalzl, 2009), as Vocke (2020)

shows.

3.3 Illustrative examples

In this section, we present an example that illustrates the nonexistence issues for pairwise

stability (and hence tree stability and stability) in finite markets. We then present examples that

contrast pairwise stability, tree stability, and stability—including an example that demonstrates that

stable outcomes may not exist, even in large markets.

In all of our examples, we specify types preferences over sets of primitive interactions that are

preferred to the option of remaining unmatched; utility functions are arbitrary representations of

those preferences.

Our first example is the “roommates problem" from Gale and Shapley (1962). In this example,

in finite markets, every outcome is blocked by a set consisting of a single contract—that is, there

are no pairwise-stable outcomes.

Example 3.1 (Nonexistence of pairwise-stable outcomes in finite markets—Gale and Shapley,

1962). As depicted in Figure 3.1(a), there are three types and one primitive interaction between

each pair. Each agent desires to engage in one primitive interaction, and types’ preferences are
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i1

>>
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i2 i3

(a) Example 3.1.

i1 i4

i2 i3

(b) Example 3.2.

i1

>>
>>

>>
>>

>>
>>

>>
i4

i2 i3

(c) Example 3.3.

Figure 3.1: Primitive interactions in our examples. We let α j,k denote the primitive interaction between
types i j and ik—if such a primitive interaction exists—and we let x j,k = {α j,k} denote the
corresponding contract.

given by

i1 : {α1,2} ≻ {α1,3} ≻∅

i2 : {α2,3} ≻ {α1,2} ≻∅

i3 : {α1,3} ≻ {α2,3} ≻∅.

Intuitively, each agent would like to have a roommate, and each agent of type i1 (resp. type i2, type

i3) would prefer to have a roommate of type i2 (resp. type i3, type i1) if possible.

In a finite market in which there is only one agent of each type, every outcome is blocked by

a set consisting of a single contract. Indeed, it is not possible to match all three agents, and the

contract x1,3 (resp. x1,2, x2,3) blocks any outcome in which the agent of type i1 (resp. type i2, type

i3) is unmatched. In particular, no tree-stable or stable outcomes exist.

On the other hand, in a large market with a unit mass of agents of each type, there are outcomes

in which all agents are matched, namely the outcomes in which 1
2 mass of agents of type i1 are

matched to each of types i2 and i3, and 1
2 mass of agents of type i2 and i3 are matched with one
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another.19 These outcomes are pairwise-stable, and in fact even tree-stable and stable.20

Example 3.1 illustrates that in finite markets, even pairwise-stable outcomes do not generally

exist. As Example 2.7 in Roth and Sotomayor (1990) shows, the same non-existence issue can

occur in two-sided many-to-one matching markets when there are complementarities. Hence, for

any concept that refines pairwise stability, one needs either to impose conditions on the structure

of the market and on preferences, or consider a continuum of agents, to guarantee existence.

In Example 3.1, pairwise stability, tree stability, and stability coincide as each agent wants

to participate in only one interaction. Our remaining examples illustrate the distinctions between

pairwise stability, tree stability, and stability. Our second example, which is based on Example 3.1,

shows that tree stability is a strictly stronger condition than pairwise stability in general.

Example 3.2 (Pairwise stability versus tree stability). As depicted in Figure 3.1(b), there are four

types and four primitive interactions. There is a unit-mass continuum of agents of each type. The

types’ preferences are given by21

i1 : {α1,2} ≻ {α1,4} ≻∅

i2 : {α2,3} ≻ {α1,2} ≻∅

i3 : {α3,4} ≻ {α2,3} ≻∅

i4 : {α1,4,α3,4} ≻∅.

Intuitively, this example is a version of the roommates’ problem (Example 3.1) in which type i4 acts

19 An example of such an outcome is the outcome defined by

Mi1
{x1,2}

= {i1}×
[
0,

1
2

)
Mi1

{x1,3}
= {i1}×

[
1
2
,1
]

Mi2
{x2,3}

= {i2}×
[
0,

1
2

)
Mi2

{x1,2}
= {i2}×

[
1
2
,1
]

Mi3
{x1,3}

= {i3}×
[
0,

1
2

)
Mi3

{x2,3}
= {i3}×

[
1
2
,1
]
.

20 These outcomes are the only pairwise-stable (or tree-stable or stable) outcomes.

21 Types’ utility functions are arbitrary representations of these preferences.
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as an intermediary between types i1 and i3. Note that the example can be regarded as a two-sided

many-to-one matching market in which i2 and i4 comprise one side of the market and i1 and i3

comprise the other side.

The outcome in which all agents of types 2 and 3 are matched (via the contract x2,3) is pairwise-

stable.22 Indeed, the only blocks that arise at this outcome require multiple contracts: specifically,

the contracts x1,4 and x3,4. In particular, the outcome is not stable. As the contracts x1,4 and x3,4

comprise a (blocking) tree, the outcome is not even tree-stable.23

Example 3.2 illustrates that pairwise-stable outcomes can be vulnerable to simple deviations

that tree stability and stability rule out.

However, tree stability and stability coincide in Example 3.2 because the market can be regarded

as a two-sidedmarket inwhich one side of themarket (comprised by types i1 and i3) has unit-demand

preferences.24 Our final example illustrates the distinction between tree stability and stability in

22 This outcome is defined formally by

Mi1
∅ = {i1}× [0,1] Mi2

{x2,3}
= {i2}× [0,1]

Mi3
{x2,3}

= {i3}× [0,1] Mi4
∅ = {i4}× [0,1].

23 Despite the presence of pairwise-stable outcomes that are not tree-stable, tree-stable outcomes exist. In fact, there
is essentially a unique tree-stable outcome. Specifically, the tree-stable outcomes in this example are the outcomes in
which 1

2 mass of agents of type 1 sign each of x1,2 and x1,4 (resp. x1,2 and x2,3, x2,3 and x3,4), 1
2 mass of agents of type

4 sign both x1,4 and x3,4, and 1
2 mass of agents of type 4 remain unmatched. An example of such an outcome is the

outcome defined by

Mi1
{x1,2}

= {i1}×
[
0,

1
2

)
Mi1

{x1,4}
= {i1}×

[
1
2
,1
]

Mi2
{x2,3}

= {i2}×
[
0,

1
2

)
Mi2

{x1,2}
= {i2}×

[
1
2
,1
]

Mi3
{x3,4}

= {i3}×
[
0,

1
2

)
Mi3

{x2,3}
= {i3}×

[
1
2
,1
]

Mi4
{x1,4,x3,4}

= {i4}×
[
0,

1
2

)
Mi4

∅ = {i4}×
[
1
2
,1
]
.

These outcomes are even stable.

24 As we show in Section 3.5.2, tree stability and stability coincide more generally in all two-sided markets in which
one side of the market has substitutable preferences.
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general networks. It shows that stable outcomes can fail to exist (even in large markets),25 while

pairwise and tree-stable outcomes are guaranteed to exist (in large markets).

Example 3.3 (Pairwise/tree stability versus stability). As depicted in Figure 3.1(c), there are four

types and five primitive interactions. The types’ preferences are given by

i1 : {α1,2,α1,4} ≻ {α1,3,α1,4} ≻∅

i2 : {α1,2} ≻ {α2,3} ≻∅

i3 : {α1,3,α3,4} ≻ {α2,3} ≻∅

i4 : {α1,4,α3,4} ≻∅.

Intuitively, agents of types i1, i3, and i4 would like to match with each other, i.e., simultaneously

sign the contracts x1,3, x3,4, and x1,4. However, agents of types i1 and i3 also have the possibility of

matching with agents of type i2: agents of type i1 would like to do so only if they can also match

with an agent of type i4, while agents of type i3 would like to do so only if they are unable to match

with agents of types i1 and i4.

There is an essentially unique pairwise-stable outcome. Specifically, the pairwise-stable out-

comes are the outcomes in which mass 1 of agents of types i2 and i3 are matched with each other,

and mass 0 of agents of types i1 and i4 are matched.26,27 These outcomes are also tree-stable.

25 Note that Azevedo and Hatfield (2018) also gave an example of a market with a continuum of agents in which
stable outcomes do not exist.

26 An example of such an outcome is the outcome defined by

Mi1
∅ = {i1}× [0,1] Mi2

{x2,3}
= {i2}× [0,1]

Mi3
{x2,3}

= {i3}× [0,1] Mi4
∅ = {i4}× [0,1].

27 Indeed, it is straightforward to verify that such outcomes are pairwise-stable. Conversely, in any individually
rational outcome, only zero mass of agents can sign x1,2, as if a positive mass of agents were to sign x1,2, a larger
mass of x1,4 would be to be signed than x1,3 in aggregate (in light of type i1’s preferences)—an occurrence that is
incompatible with the preferences of types i3 and i4. However, any outcome in which a positive mass of agents sign
contract x1,3 is not pairwise-stable, as a block involving the single contract x1,2 would arise. Given the preferences
of types i3 and i4, it follows that no outcome in which a positive mass of agents sign contract x1,4 or x3,4 can be
pairwise-stable. Hence, the only contract that a positive mass of agents can sign in a pairwise-stable outcome is x2,3.
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However, the tree-stable outcomes are not stable. Indeed, a block of the shape of a cycle—

involving the contracts x1,3, x3,4, and x1,4—arises. Hence, no stable outcomes exist—even in large

markets.

Example 3.3 shows that nonexistence can arise—even in large markets—if agents can form

blocking cycles. Our microfoundation for tree stability provides an argument as to why agents may

not be able to find blocking cycles in large markets.

3.4 A microfoundation for tree stability

In this section, we show that tree stability has a microfoundation in large markets.

We start by modeling the process by which agents can find deviations from an outcome as an

offer game. In order to coordinate on a block, an agent must identify willing counterparties. To

model the coordination process, we suppose that any agent can choose a set of contracts to offer.

As the market is large, we suppose that agents cannot directly identify specific, willing coun-

terparty agents. That is, we assume that agents of a single type are “anonymous" (a consequence

of the continuum model discussed by Aumann (1964)) or “symmetric" (an interpretation of the

continuum model discussed by Milnor and Shapley (1978)). Formally, we assume that for each

offer, a random agent of the corresponding counterparty type actually receives the offer.

An agent who receives an offer may wish to accept the offer only conditionally on the ability to

obtain certain other contracts. We therefore allow each agent who receives offers to make further

offers in turn. These contingent offers also cannot be targeted directly at agents: as with the

first round of offers, possible counterparties for contingent offers lie within a continuum and are

therefore “anonymous" and “symmetric." Formally, contingent offers are also received by random

agents of the appropriate counterparty types. Eventually, if a block is to be formed, the sequences

of contingent offers must terminate with agents who are willing to accept offers without making

further contingent offers.

As there is a continuum of agents, agents will (almost surely) never receive multiple offers, and

hence blocking cycles will (almost surely) not be found—as we show. Conversely, if the initial
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outcome is not tree-stable, we show that the process will sometimes find a block if agents choose

their sets of offers optimally. Thus, an outcome is tree-stable if and only if, when starting from that

outcome, agents do not have an incentive to make offers in some subgame-perfect equilibrium of

the offer game.

Participation in the process of searching for deviations may be costly to agents, either financially

or cognitively. We therefore introduce a cost ε ≥ 0 of participating in the search process. With

any positive participation costs, tree stability also entails that agents will not have an incentive to

make offers in any subgame-perfect equilibrium of the offer game. If the initial outcome is not

tree-stable, then the process will still sometimes find a block if agents choose their sets of offers

optimally and the cost of participation is sufficiently small.

3.4.1 The offer game

We place an upper bound on the length of the search process by restricting the offer game to N

stages of offers, where N is arbitrary but sufficiently large.28 In Stage 0, an initial agent is selected.

In Stage 1, the agent decides whether to participate in the process of searching for a deviation.

If she participates, then, in Stage 2, the agent chooses which contracts to offer and which of her

existing contracts she would retain if all of her offers are accepted. The agents that receive offers

choose whether to participate in Stage 3, and can make offers in Stage 4. These stages occur until

up to N rounds of offers have been made, and agents who receive offers in the Nth round are not

permitted to make further offers.

To define the game formally, we need notation for the set of contracts assigned to an agent at

an outcome. Formally, we let i(a) ∈ I denote the type of an agent a ∈ Θ. Given an outcomeM and

an agent a, we let YM (a) denote the set of contracts that a signs atM—i.e., the set Y ∈ Ni(a) such

that a ∈Mi(a)
Y .

Definition 3.6. Let N ≥ ∑i∈I |Ni| · |Xi| be a positive integer. For each outcomeM and participation

28 Such a bound could represent, e.g., discounting by agents or a small possibility of offers being revoked for
exogenous reasons if too much time elapses.
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cost ε ≥ 0,wedefine an offer gameGε(M ), which is a finite, dynamic gamewith perfect information

and exogeneous uncertainty. Actions are observed immediately by all other players. The stages of

the game are as follows.

• Stage 0: Nature selects an agent a1 ∈ Θ uniformly at random.

• Stage 1: Agent a1 decides whether to participate. If she decides not to participate, then the

game terminates immediately without a change of matches.

• Stage 2: Agent a1 chooses a set Ya1 ⊆ YM (a1) of existing contracts to retain and a set

Za1 ⊆ Xi(a1)∖YM (a1) of new contracts to offer. For each contract x ∈ Za1 ∩Xi(a1), j nature

selects an agent ω1(a1,x) uniformly at random from Θ j to receive an offer of x from a1—

independently across contracts. The set of agents that receive offers is

A2 = {ω1(a1,x) | x ∈ Za1} .

• Stage 2k− 1 for 2 ≤ k ≤ N: Each agent a ∈ Ak decides whether to participate (the agents

move in an arbitrary order). If any agent a ∈ Ak decides not to participate, then the game

terminates immediately without a change of matches.

• Stage 2k for 2≤ k≤N−1: Each agent a∈ Ak choooses a setYa ⊆YM (a) of existing contracts

to retain and a set Za ⊆ Xi(a)∖YM (a) of contracts to offer (the agents move in an arbitrary

order). For each agent a ∈ Ak and each contract x ∈ Za ∩Xi(a), j, nature selects an agent

ωk(a,x) uniformly at random from Θ j to receive the offer of x from a—independently across

x and a. The set of agents that receive offers is

Ak+1 =
{

ωk(a,x) | a ∈ Ak and x ∈ Za
}
.

• Stage 2N: Each agent a ∈ AN chooses a set Ya ⊆ YM (a) of existing contracts to retain (the

agents move in an arbitrary order).
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With a continuum of agents, no agent is selected more than once by nature almost surely. We

therefore condition on nature never selecting the same agent more than once. The payoff of an

agent a that does not or chooses not to participate is ui(a)(YM (a)). A participating agent a’s new

set of contracts is

Y ′
a =


Ya∪Za if a= a1

Ya∪Za∪{za} if a ∈ Ak for some 2≤ k ≤ N−1

Ya∪{za} if a ∈ AN

,

where we let za denote the contract offered to an agent a ∈ Ak.29 The payoff of an agent a that

chooses to participate if the game terminates without a change of matches is ui(a)(YM (a))−ε. If the

game does not terminate without a change of matches, then the payoff of agent a that participates

is ui(a)(Y ′
a)− ε.

Despite offers being costless to make for participating agents, it is not generally optimal for

agents to make offers of all contracts, as contract offers cannot be revoked and making excessive

offers (even of desirable contracts) can lead to the game terminating without a change of match.

This leads to a trade-off for agents between the potential utility gain from a set of offers and the

probability that the offers will succeed (i.e., the game will not terminate without a change of match).

Note also that the offer game allows an agent to make multiple offers to the same type, but

not to the same agent. If all bundles of primitive interactions between pairs of agents are feasible,

then this assumption is essentially without loss of generality, as it is possible for an agent to bundle

multiple offers into a single contract if she so desires. Conversely, if it is possible to make multiple

offers to a single agent in a setting with a continuum of agents, then it seems likely that bundling

the offers would be feasible in the first place.

29 Formally, for an agent a ∈ Ak with k ≥ 2, we let za be the contract such that there exists an agent pa ∈ Ak−1 such
that a= ωk−1(pa,za).

143



3.4.2 Equilibria in the offer game

For sake of simplicity, we focus on agents’ strategies for Stage 1 in subgame-perfect equilibria.

Technically, as there is a continuum of players, we restrict to strategy profiles that are measurable

(e.g., in the sense of Myerson and Reny (2020)).

It turns out that an outcome is tree-stable if and only if there is a subgame-perfect equilibrium

of the offer game without participation costs in which no agents (except possibly a set of measure

0) choose to participate, or, equivalently, the same property holds for all subgame-perfect equilibria

in the offer game for all positive participation costs. Note that, by construction, the offer game

terminates without a change of matches if the agent a1 chooses not to participate.

Theorem 3.1 (Microfoundation for tree stability). The following are equivalent for an outcomeM .

(1) M is tree-stable.

(2) For each ε > 0 and every subgame-perfect equilibrium of the offer game Gε(M ), all agents

(up to a set of measure 0) choose not to participate in Stage 1.

(3) There exists a subgame-perfect equilibrium of the offer game G0(M ) in which all agents (up

to a set of measure 0) choose not to participate in Stage 1.

Theorem 3.1 provides a foundation for tree stability in large markets in our model of the process

for searching for deviations. The result essentially shows that the offer game can lead to a deviation

if and only if the initial outcome is not tree-stable—regardless of whether participation in the search

process is costly. Intuitively, as no agent will be selected multiple times in the offer game (almost

surely), the only changes of matches that can be identified consist of trees. Conversely, the theorem

show that with sufficiently small participation costs, a change of matches will be identified from

any outcome that is not tree-stable with positive probability in subgame-perfect equilibrium.

To prove Theorem 3.1, we prove the implications (1) =⇒ (2), (2) =⇒ (3), and (3) =⇒ (1)

separately. The proof that (1) =⇒ (2) simply uses the fact that the contracts offered in the offer

game almost surely take the shape of a tree. The proof that (2) =⇒ (3) uses a limiting argument

that takes ε → 0.
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For the (3) =⇒ (1) implication, we prove the contrapositive. That is, we show that if M is

not tree-stable, then in every subgame-perfect equilibrium of G0(M ), a positive mass of agents

choose to participate in Stage 1. We actually show that a change of match will occur with positive

probability in every subgame-perfect equilibrium. The key difficulty is that it is not clear a priori

what change of match will be found in subgame-perfect equilibrium of the offer game. Indeed,

if multiple blocking trees arise, the one that will be selected depends on the relative difficulties

of finding them as well as the relative utility gains that they entail for participating agents. Our

proof circumvents this issue by avoiding characterizing the change of match that will be found.

The bound on N from Definition 3.6 is used to ensure that every minimal blocking tree has depth

at most N, which is essential to constructing changes of match as only trees of depth at most N can

be found in the offer game.

3.5 Existence results

In this section, we show that tree-stable outcomes always exist in large networks and discuss

the implications of our result for the existence of stable outcomes.

3.5.1 Existence of tree-stable outcomes

Tree-stable outcomes do not generally exist in finite networks (Example 3.1), in finite two-sided

many-to-one markets in the presence of complementarities (Roth and Sotomayor, 1990), or in finite

supply chain networks in the presence of complementarities between inputs (Ostrovsky, 2008). By

contrast, tree-stable outcomes exist in large networks for arbitrary preferences.

Theorem 3.2 (Existence for tree stability). Tree-stable outcomes exist.

Theorem 3.2 provides a matching-theoretic analogue of Aumann’s (1966) celebrated result on

the existence of competitive equilibria in markets with a continuum of traders. Unlike previous

results (such as those of Azevedo and Hatfield (2018) and Che et al. (2019a)), no condition on

preferences (such as substitutability or unit-demandedness) is needed.
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To prove Theorem 3.2, we extend Azevedo and Hatfield’s (2018) argument that shows the

existence of stable outcomes in large, two-sided matching markets when one side of the market

has substitutable preferences. Relative to Azevedo and Hatfield (2018), we need to allow for

indifferences and arbitrary preferences, and to consider network settings. First, we construct an

aggregate choice correspondence over masses of contracts.30 Second, we use the aggregate choice

correspondence to construct a generalized Gale–Shapley operator—adapting Che et al.’s (2019b)

construction to a continuum network setting.31 Third, we apply Kakutani’s Fixed Point Theorem

to show that the generalized Gale–Shapley operator must have a fixed point. Fourth, we show that

each fixed point gives rise to a tree-stable outcome.

The fourth step of the argument is the place at which Azevedo and Hatfield (2018) used a

substitutability assumption in their two-sided context to show that, for any block, some participating

agent must be willing to sign a single blocking contract on its own. We instead use the restriction to

blocks of the shape of trees to avoid having to require any substitutability condition for preferences.

Intuitively, for any blocking tree, there are some agents who participate in only one contract in the

block—namely the agents corresponding to the leaves of the tree.

As all tree-stable outcomes are pairwise-stable, Theorem 3.2 implies the existence of pairwise-

stable outcomes.

Corollary 3.1 (Existence for pairwise stability). Pairwise-stable outcomes exist.

3.5.2 Relationship to Azevedo and Hatfield (2018)

We now relate Theorem 3.2 to Azevedo and Hatfield’s (2018) existence result for two-sided

markets. Azevedo andHatfield (2018) showed that stable outcomes exist in large, two-sidedmarkets

if one side of the market has substitutable preferences. In this section, we show that tree stability

30 Here, we extend Azevedo and Hatfield’s (2018) construction to settings with indifferences. Greinecker and Kah
(2019) made a related construction in a one-to-one setting.

31 This approach builds on the operators constructed by Fleiner’s (2003) and Hatfield and Milgrom’s (2005). We
cannot use Azevedo and Hatfield’s (2018) operator (which is based on the operators of Adachi (2000), Echenique and
Oviedo (2004), and Ostrovsky (2008)) due to the presence of indifferences in our setting.
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and stability coincide under Azevedo and Hatfield’s (2018) conditions. Hence, Theorem 3.2 offers

a generalization of Azevedo and Hatfield’s (2018) that applies in the presence of arbitrary forms of

complementarities and general network structures.

To state Azevedo and Hatfield’s (2018) result, we recall the definition of substitutability from

the matching literature (Kelso and Crawford, 1982; Hatfield and Milgrom, 2005).

Definition 3.7 (Hatfield et al., 2019). Type i’s preferences are substitutable if for all sets Z ⊆ Z′ ⊆ X

of contracts and all choices Y ∈Ci(Z), there exists a choice Y ′ ∈Ci(Z′) such that Y ′∩Z ⊆ Y .

Substitutability requires that expanding the set of available contracts from Z to Z′ does not make

any contract in Z more desirable. Due to the presence of indifferences, we technically impose that

for each utility-maximizing choice from Z, there exists a utility-maximizing choice from Z′ that

does not include any previously unchosen contract from Z.32

A market is two-sided if types can be divided into buyer and seller types so each contract is

between a buyer type and a seller type. Formally, for disjoint sets B,S⊆ I of types, we say that the

network is two-sided with buyer types B and seller types S if I = B∪S, Xb,b =∅ for all b ∈ B, and

Xs,s =∅ for all s ∈ S.

Azevedo and Hatfield (2018) showed that stable outcomes exist in two-sided markets if all seller

types have substitutable preferences.33 Under Azevedo and Hatfield’s (2018) conditions, stability

and tree stability in fact coincide.34

Proposition 3.1 (Stability in two-sided markets). Suppose that the network is two-sided with buyer

types B and seller types S. If each seller type s ∈ S has substitutable preferences, then an outcome

is stable if and only if it is tree-stable.

32 Weuse the “expansion substitutability" condition fromAppendixA ofHatfield et al. (2019). See alsoAppendix 1.A
of Chapter 1 and Section 6 of Che et al. (2019b).

33 Azevedo and Hatfield (2018) ruled out indifferences and did not consider the possiblity of bundling. Nevertheless,
their existence result still applies in the presence of indifferences and bundling, as Theorem 3.2 and Proposition 3.1
show.

34 Note, however, that pairwise stability does not generally coincide with tree-stability or stability even under Azevedo
and Hatfield’s (2018) conditions, as Example 3.2 shows.
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To understand Proposition 3.1, note that every stable outcome is clearly tree-stable. For the

converse direction, we show that when sellers have substitutable preferences, any block can be

transformed into a block in which each participating seller signs only one blocking contract—i.e.,

a blocking tree.

Proposition 3.1 tells us that Theorem 3.2 has the same implications as Azevedo and Hatfield’s

(2018) result under the conditions under which Azevedo and Hatfield’s (2018) result applies. But

Theorem 3.2 is more general: it applies in the presence of arbitrary forms of complementarities

and for general network structures. Note that considering tree stability is essential to obtaining the

generalization to arbitrary preferences: as Azevedo and Hatfield (2018) showed, the substitutability

of preferences on one side of the markets is necessary (in a maximal domain sense) for the existence

of stable outcomes in two-sided markets.

In Appendix 3.C, we show that Proposition 3.1 extends to vertical supply chain settings.

Specifically, we show that if each contract is directed from a seller to a buyer to form a vertical

supply chain, and all agents regard potential sale opportunities as substitutes, then tree stability and

stability coincide.35

3.6 Conclusion

We develop a model of matching in trading networks with a continuum of agents. We find that

the concept tree stability has a microfoundation, and that tree-stable outcomes are guaranteed to

exist for arbitrary preferences and network structures. These results suggest that tree stability in

networks can be used as a framework for the analysis of differentiated markets, including in settings

with complementarities and rich spaces of potential contracts.

This chapter leaves several potential directions for future research. First, externalities could

be incorporated into our analysis, as in Greinecker and Kah (2019). Second, the properties of

tree-stable outcomes in our model could be investigated. Third, efficient algorithms to compute

35 It follows that stable outcomes exist in supply chains if potential sale opportunities are substitutable—a supply
chain extension of Azevedo and Hatfield’s (2018) existence result.
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α β
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i2 i3

Figure 3.2: Primitive interactions in Example 3.A.1.

tree-stable outcomes could be explored. Fourth, structural empiricalmethods for networkedmarkets

that use tree stability as an identifying assumption could be developed.

3.A Bundling and (tree-)stability

In this appendix, we illustrate how the possibility of bundling primitive interactions to form

contracts can affect tree-stable outcomes—despite agents being indifferent as to whether primitive

interactions are bundled.

Hatfield and Kominers (2017) and Rostek and Yoder (2020) pointed out that the possibility of

bundling can expand the set of individually rational outcomes, and thereby affect stability concepts.

The following example shows that the possibility of bundling can affect stability concepts even in

markets in which bundling does not essentially affect individual rationality.

Example 3.A.1 (Bundling and (tree-)stability). As depicted in Figure 3.2, there are three types and

three primitive interactions. There is a unit mass of agents of each type. As in Section IV of

Hatfield and Kominers (2012), types’ preferences over sets of primitive interactions are36

i1 : {α,γ} ≻ {α,β} ≻∅

i2 : {α,β} ≻∅

i3 : {γ} ≻∅.

First, suppose that no bundling is allowed—i.e., thatXi1,i2 = {{α},{β}} and thatXi1,i3 = {{γ}}.

36 As in Section 3.3, utility functions are taken to be arbitrary representations of these preferences.
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Then, zero mass of agents can sign {γ} in any individually rational outcome. If a positive mass

of agents sign contract {β}, then a block arises involving the single contract {γ}. Hence, as

pairwise-stable outcomes are individually rational, the mass of agents that sign a nonempty set

of contracts must be 0 in every pairwise-stable outcome; such outcomes are both pairwise-stable

and tree-stable.37 Note that no stable outcomes exist; all pairwise-stable outcomes are blocked by

cycles involving the contracts {α} and {β}.

Second, suppose that bundling is allowed—i.e., that instead Xi1,i2 = {{α},{β},{α,β}}. The

arguments from the previous paragraph show that the contracts {α}, {β}, and {γ} cannot be

signed by positive masses of agents in any pairwise stable outcome. However, if a positive mass

of agents of type i1 is unmatched, then a block arises involving the single contract {α,β}. Hence,

the pairwise-stable outcomes are the outcomes in which mass 1 of agents of each of types i1 and i2

sign the contract {α,β}, and zero mass of agents of type i3 sign contracts; these outcomes are also

tree-stable and stable.38

Example 3.A.1 shows that bundling contracts can affect both the properties of pairwise-stable

and tree-stable outcomes and the existence of stable outcomes. Intuitively, becuase bundling allows

agents to make primitive interactions contingent on one another, it can affect the possible deviations.

3.B Alternative definitions of (tree-)stability

In this appendix, we give equivalent definitions of stability and tree stability.

37 An example of such an outcome is the outcome in which no agents sign any contracts, which is defined formally
by

Mi1
∅ = {i1}× [0,1] Mi2

∅ = {i2}× [0,1] Mi3
∅ = {i3}× [0,1].

38 An example of such an outcome is the outcome defined by

Mi1
{{α,β}} = {i1}× [0,1] Mi2

{{α,β}} = {i2}× [0,1] Mi3
∅ = {i3}× [0,1].
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3.B.1 Relationship of stability to Azevedo and Hatfield’s (2018) definition

We show that stability in the sense of Definition 3.5 actually rules out blocking sets whose

shapes are multigraphs—i.e., feature multiple contracts between some pair of agents. As a result,

stability as defined in Definition 3.5 is equivalent to Azevedo and Hatfield’s (2018) definition of

stability.

Definition 3.B.1. • Let ν be a graph with n vertices. A multiblock of shape ν consists of a

type i j ∈ I and a nonrepetitive set Y j ∈ Ni j of contracts for each 1≤ j ≤ n, and a non-empty

set X j,k = Xk, j ⊆ Xi j,ik ∖ (Y j∪Y k) for each { j,k} ∈ ν such that for all 1≤ j ≤ n and all

Z j ∈Ci j

Y j∪
∪

{ j,k}∈ν
X j,k

 ,

we have that X j,k ⊆ Z j for all k with { j,k} ∈ ν .

• An outcome is multistable if it is individually rational and there is no multiblock of any

shape.

Azevedo and Hatfield’s (2018) definition of stability coincides with our definition of multista-

bility (in Azevedo and Hatfield’s (2018) setting, which does not allow for indifferences between

contracts).

Proposition 3.B.1. Multistability is equivalent to stability.

Proposition 3.B.1 shows that our definition of stability coincides with Azevedo and Hatfield’s

(2018) definition (in Azevedo and Hatfield’s (2018) setting).

3.B.2 An alternative definition of tree stability

In this appendix, we connect tree stability to a stability concept that depends on agents obtaining

increases in utility from blocking contracts (when given access to the existing contracts)—instead

of agents having to choose all blocking contracts (when given access to the existing contracts).
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Definition 3.B.2. • Let ν be a graph with n vertices. A weak block of shape ν consists of a

type i j ∈ I and a nonrepetitive set Y j ∈ Ni j of contracts for each 1 ≤ j ≤ n, and a contract

x j,k = xk, j ∈ Xi j,ik ∖ (Y j ∪Y k) for each { j,k} ∈ ν such that for each 1≤ j ≤ n, there exists a

set

W j ⊆ Y j∪{x j,k | { j,k} ∈ ν}

with ui j(W j)> ui j(Y j).

• An outcome is strongly tree-stable if it is individually rational and there is no weak block of

shape ν for any tree ν .

The difference between the notion of a weak block and the notion of a block is that Defini-

tion 3.B.2 only requires that for each participating agent, there is a set W j (consisting of some

of the existing contracts and some new contracts) that delivers higher utility than the bundle of

existing contracts, while Definition 3.4 requires that each participating agent choose all of the new

contracts (when given access to both the new and the existing contracts). Nevertheless, it turns out

that strong tree stability is equivalent to tree stability.

Lemma 3.B.1. An outcome is strongly tree-stable if and only if it is tree-stable.

We use Lemma 3.B.1 in the proofs of Theorem 3.1 and Proposition 3.C.1.

3.C Stability in supply chains

In this appendix, we relate tree stability to stability in the context of vertical supply chains in

which sale contracts are substitutable. In this context, some (but not all) contracts are required to

be substitutable for each agent. We begin by extending the notion of substitutability of all contracts

to a condition that all contracts in a set are substitutable.

Definition 3.C.1. Let i be a type and let S ⊆ Xi. We say that type i regards S as substitutes if for

all sets Z ⊆ Xi and Z′ ⊆ Z∪S and all choices Y ∈Ci(Z), there exists a choice Y ′ ∈Ci(Z′) such that

Y ′∩Z∩S⊆ Y.
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Intuitively, i regards S as substitutes if gaining access to some elements of S never makes other

elements of S more desirable.

To define vertical supply chains, we direct each contract in a way in which the network becomes

directed acyclic. Here, we interpret contracts as being directed from sellers to buyers. When

contracts can be directed to form a vertical supply chain in which each agent regards sale contracts

as substitutes, it turns out that stability and tree stability coincide.

Proposition 3.C.1 (Stability in supply chains). Suppose that there exists a decomposition Xi, j =

Xi→ j∪X j→i of Xi, j into disjoint subsets Xi→ j,X j→i for each pair of distinct types i, j such that:

• (supply chain condition) there do not exist distinct types i1, . . . , in such that Xik→ik+1 is

nonempty for all 1≤ k ≤ n, where we write in+1 = i1; and

• (substitutability in the sale-direction) each type i regards the set

Xi→ =
∪

j∈I∖{i}
Xi→ j

as substitutes.

Then, an outcome is stable if and only if it is tree-stable.

Proposition 3.C.1 tells us that Proposition 3.1 does not essentially rely on the market having a

two-sided structure. Moreover, combining Theorem 3.2 and Proposition 3.C.1 shows that stable

outcomes exist in vertical supply chains with a continuum of agents in which agents regard sale

opportunities as substitutes.

Corollary 3.C.1. Under the conditions of Proposition 3.C.1, stable outcomes exist.

Corollary 3.C.1 provides an extension of Azevedo and Hatfield’s (2018) result to supply chains.

Note that substitutability in the sale direction allows for complementarities between purchase

contracts for all agents. Hence, Corollary 3.C.1 shows that substitutability of contracts in a

direction—rather than the substitutability of preferences of agents on one side of the market—

drives the existence of stable outcomes under Azevedo and Hatfield’s (2018) conditions.
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3.D Proofs

We define a subtype to be a pair (i,Y ) of a type i and a nonrepetitive setY ∈Ni of contracts. We

say an agent a is of subtype (i,Y ) if a∈Mi
Y . A subtype (i,Y ) arises in an outcomeM if µ(Mi

Y )> 0.

Hence, a (weak) block of shape ν is defined by a subtype for each node of ν and a contract for each

edge of ν that satisfies the conditions of Definition 3.4 (resp. Definition 3.B.2). Moreover, a block

arises at an outcomeM if and only if its constituent subtypes all arise atM .

3.D.1 Proof of Theorem 3.1

To prove the theorem, we prove the contrapositives of the implications (1)=⇒ (2), (2)=⇒ (3),

and (3)=⇒ (1) in turn.

Proof that (1)=⇒ (2). Suppose that there is a subgame-perfect equilibrium σ ofGε(M ), in which

the set A of agents that choose to participate in Stage 1 has positive measure. We prove that M is

not tree-stable.

The expected payoff of the agents in A when participating in Stage 1 must be at least as high as

if they chose not to participate in Stage 1, in which case their payoff would be the utility of their

current match. Since agents experience a cost ε of participating, each agent in Amust have positive

probability of changing her match if she is to participate in Stage 1. We divide into cases based on

whether a positive measure of agents in A offer an empty set of contracts to show thatM cannot be

tree-stable.

Case 1: A positive measure of agents in A offer an empty set of contracts in Stage 1. Let A′

be the set of agents in A that offer an empty set of contracts. Let (i,Y ) be a subtype such that

Mi
Y ∩A′ has positive measure. Then, each agent in Mi

Y ∩A′ must obtain strictly higher utility

by dropping some of their existing contracts than by retaining them all—i.e., we must have that

Y /∈Ci(Y ). Hence,M is not individually rational.

Case 2: Zero measure of agents in A offer an empty set of contracts in Stage 1. As there is a
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continuum of agents, we have that almost surely, no agent is selected multiple times by nature.

Hence, if a change of matches occurs, then the implemented new contracts together with the

subtypes of the involved agents almost surely specify a weak block of the shape of a tree. As

counterparties are selected uniformly at random from the agents of each type, we have that,

almost surely, each of the subtypes involved in the block must arise at M . Hence, M is not

strongly tree-stable. By Lemma 3.B.1 (which we prove independently),M is not tree-stable.

The cases clear exhaust all possibilities, and we can conclude thatM cannot be tree-stable.

Proof that (2) =⇒ (3). Suppose that a positive measure of agents choose to participate in Stage

1 in every subgame perfect equilibrium in G0(M ). We prove that there must exist ε > 0 and a

subgame perfect equilibrium of Gε(M ) in which a positive measure of agents choose to participate

in Stage 1.

As the offer game has perfect information, we can solve the gameG0(M ) by backward induction,

making agents choose not to participate if they are indifferent between participating and not

participating at any time. This procedure yields a subgame perfect equilibrium σ . By hypothesis,

a positive mass of agents must choose to participate in Stage 1 under σ .

We prove that there must exist ε > 0 such that σ is a subgame-perfect equilibrium of Gε(M ).

Let the minimal difference between the expected utility when participating of any participating

agent in the strategy profile σ and their utility of non-participating be γ . This minimum is well-

defined because there are finitely many stages, finitely many contracts, and finitely many subtypes.

The construction of σ ensures that γ > 0. For ε < γ, the strategy profile σ is a subgame perfect

equilibrium of Gε(M )—as desired.

Proof that (3)=⇒ (1). Suppose thatM is not tree-stable. We prove that in every subgame perfect

equilibrium of G0(M ), a positive mass of agents must choose to participate in Stage 1. We prove

this claim by dividing into cases based on whether M is not individually rational or if a block of

the shape of a tree arises atM .
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Case 1: Suppose thatM is not individually rational. Then, there is a subtype (i,Y ) that arises

such thatY /∈Ci(Y ). If an agent of subtype (i,Y ) is selected by nature in Stage 0, then she would

receive a strictly higher expected payoff than the utility of her existing match by participating,

retaining contracts in Z for some Z ∈Ci(Y ), and offering no new contracts. Hence, such agents

must choose to participate in Stage 1 in every subgame-perfect equilibrium of G0(M ).

Case 2: Suppose a block of the shape of a tree arises atM . Consider the smallest n such that

there is a tree ν with n nodes and a block of shape ν that arises at M . Suppose the block is

defined by the subtypes (i j,Y j) j≤n and the contracts x j,k for { j,k} ∈ ν . We choose the node 1

as the root of ν .

The strategy of the proof is to define actions for subtypes that are compatible with implement-

ing the above block with offers that start from node 1 and emanate through the rest of the tree.

We then show that, at any history, if all agents that acted have acted compatibly with implement-

ing the block and nature’s choices have been compatible with implementing the block, then a

change of match must occur with positive probability from the history in every subgame-perfect

equilibrium ofG0(M )). Applying this claim to initial histories, we then conclude that a positive

mass of agents must choose to participate in Stage 1 (in every subgame-perfect equilibrium of

G0(M )).

We begin by implementing modifications to the block to make “compatible actions” well-

defined for agents. For each 2≤ j ≤ n, we let Parent( j) denote the node k such that { j,k} ∈ ν

and k lies on the path from 1 to j in ν . Let

S= {(i j,Y j,x j,Parent( j)) | 2≤ j ≤ n};

intuitively, S is the set of triples that consist of a subtype and a contract that the subtype is offered

when the block is implemented from its root. As n is minimal, for any path 1, j1, . . . , jp in ν ,

the triples (i jℓ ,Y jℓ ,x jℓ,Parent( jℓ)) for 1≤ ℓ≤ pmust be distinct. In particular, the depth of ν must

be at most ∑i∈I |Ni| · |Xi| ≤ N. By copying subtrees along with subtypes and contracts within
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the block, we can assume that if 2 ≤ j, j′ ≤ n satisfy (i j,Y j,x j,Parent( j)) = (i j′ ,Y j′ ,x j′,Parent( j′)),

then we have that {x j,ℓ | { j, ℓ} ∈ ν}= {x j′,ℓ | { j′, ℓ} ∈ ν} and that (iℓ,Y ℓ) = (iℓ′ ,Y ℓ′) whenever

x j,ℓ = x j′,ℓ′ , j = Parent(ℓ), and j′ = Parent(ℓ′). Hence, for each (i,Y,x) ∈ S, there exists a set

Z(i,Y,x)⊆ Xi and, for each y ∈ Z(i,Y,x), a subtype s(i,Y,x,y) such that for all nodes j ≥ 2 with

(i j,Y j,x j,Parent( j)) = (i,Y,x), we have that

Z(i,Y,x) = {x j,k | j = Parent(k)}

and that

s(i,Y,x,x j,k) = (ik,Y k)

for each node k with j = Parent(k). Intuitively, Z(i,Y,x) is the set of contracts that agents of

subtype (i,Y ) is supposed to offer if they receive offers of x, while s(i,Y,x,y) is the subtype that

is supposed to receive an offer of y from an agent of subtype (i,Y ) who themselves received an

offer of x.

We say that a history h is consistent with deviation at a subgame-perfect equilibrium σ of

G0(M ) if, starting from h, a change of match occurs with positive probability when agents play

according to σ . We say that an action by an agent a of subtype (i,Y ) is consistent with the block

at a history h if, at h, agent a:

• participates if a has to decide whether to participate;

• offers exactly the set {x1, j | {1, j} ∈ ν} if (i,Y ) = (i1,Y 1) and a was selected in Stage 0;

• offers exactly the set Z(i,Y,x) of contracts a received an offer of x and (i,Y,x) ∈ S.

We say that a history h is consistent with the block if:

• all actions at histories h′ that precede h are consistent with the block;

• nature selects an agent of subtype (i1,Y 1) in Stage 0;
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• in every history h′ that precedes h in which an agent of subtype (i1,Y 1) offers a contract

x1, j with {1, j} ∈ ν , the offer is received by an agent of subtype (i j,Y j);

• in every history h′ that precedes h at which an agent of subtype (i,Y ) who has received

an offer of x makes an offer of y ∈ Z(i,Y,x), the offer is received by an agent of subtype

s(i,Y,x,y).

We claim that if a history h is consistent with the block, then h is consistent with deviation at

every subgame-perfect equilibrium of G0(M ). We prove this statement by backward induction.

For the base case, if h has no successors and is consistent with the block, then a deviation will

always be found at h since the depth of the ν is at most N.

For the inductive step, suppose that every history h′ that succeeds h and is consistent with

the block is also consistent with deviation at every subgame-perfect equilibrium of G0(M ).

Suppose that h is consistent with the block and that an agent a moves at h. If a acts consistently

with the block, then as the block arises, the induction hypothesis ensures that a change of match

occurs with positive probability starting from h when agents play according to any subgame-

perfect equilibrium σ . This would lead to an expected payoff for a that is strictly greater than

ui(a)(YM (a)). Hence, in every subgame-perfect equilibrium of G0(M ), agent a must make a

choice that ensures a change of match occurs with positive probability starting from h. This

completes the proof of the inductive hypothesis, and hence the proof of the inductive argument.

Applying the claim to histories in Stage 1, we see that at every subgame-perfect equilibrium

of G0(M ), a change of match occurs with positive probability if nature selects an agent of

subtype (i1,Y 1). In particular, all agents of type (i1,Y 1)must choose to participate in Stage 1 in

every subgame-perfect equilibrium of G0(M ). As the subtype (i1,Y 1) arises at M , a positive

measure of agents must choose to participate in Stage 1 in every subgame-perfect equilibrium

of G0(M ).

The cases exhaust all possibilities by the definition of tree stability, and hence we have proved that in

every subgame perfect equilibrium of G0(M ), a positive mass of agents must choose to participate
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in Stage 1.

3.D.2 Proof of Theorem 3.2

Define a set

D=

{
d ∈×

i∈I
[0,θ i]Ni

∣∣∣∣∣ ∑
Y∈Ni

diY = θ i for all i

}
,

which represents the set of possible distributions of subtypes. Here, for d ∈D,wewrite d = (di)i∈I,

where di ∈ [0,θ i]Ni .

For each x ∈ Xi, j, let λx =max{θ i,θ j}. Define a set

O=

{
o ∈×

i∈I
RXi

∣∣∣∣∣ oix ≤ λx for all i ∈ I and x ∈ Xi

}
,

which denotes the set of possible “offer vectors" consisting of masses of contracts offered to each

type. Here, for o ∈ O, we write o= (oi)i∈I, where oi ∈ RXi . Define o ∈ O by oix = λx for i ∈ I and

x ∈ Xi.

There is a natural aggregation operator π : D→ O defined by

π(d)ix = ∑
Y∋x

diY .

We define an aggregate choice correspondence h : O⇒ D by

h(o) = argmax
d∈D|π(d)≤o

∑
i∈I

∑
Y∈Ni

diYu
i(Y ).

That is given an vector o ∈ O of offers of masses of contracts to each type, the operator h returns

the set of all possible utility-maximizing allocations of the masses to agents (in the form of a

distribution of subtypes).

Define an operator ϒ :O→O by ϒ(o)ix = o j
x for all x∈ Xi, j,which exchanges the masses offered

between the counterparty types of each contract. We then define a generalized Gale–Shapley
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operator Φ :C⇒C by

Φ(o) = {ϒ(o−o+π(d)) | d ∈ h(o)} .

We have that Φ(o)⊆ O because 0≤ π(d)≤ o for all d ∈ π(h(o)) by construction.

As h is the solution of a linear optimization problem with compact, convex domain and affine

constraints, the correspondence h is nonempty, compact, convex-valued. It follows from Berge’s

Theorem of the Maximum that h is upper hemicontinuous. As π is linear, the correspondence Φ is

upper hemicontinuous and nonempty, compact, convex-valued as well. Hence, Kakutani’s Fixed

Point Theorem guarantees that Φ has a fixed point.

Let o∈O be a fixed point—i.e., such that o∈ Φ(o). By the definition of Φ, there exists d ∈ h(o)

such that ϒ(o) = o−o+π(d). Note that for all x ∈ Xi j, we have that

π(d)ix = oix+ϒ(o)ix−oix = o j
x+ϒ(o) jx−o j

x = π(d) jx (3.D.1)

by construction.

We construct an outcome from d, which we then show is tree-stable. Specifically, we choose

an arbitrary ordering Ni = {Y 1, . . . ,Y |Ni|} of Ni for each i and define

Mi
Y ℓ =


{i}×

[
∑k<ℓ diY k ,∑k≤ℓ diY k

)
if ℓ < |Ni|

{i}×
[
∑k<|Ni| d

i
Y k ,∑k≤|Ni| d

i
Y k

]
if ℓ= |Ni|

.

The feasibility condition from Definition 3.1 is clearly satisfied and (3.D.1) ensures that the reci-

procity condition from Definition 3.1 is satisfied. Hence, M = (Mi
Y )i∈I,Y∈Ni is an outcome. By

construction, a subtype (i,Y ) arises atM if and only if diY > 0.

We next show that M is individually rational. Let i be a type and let Y ∈ Ni be such that

Y /∈Ci(Y ). Let Z ∈Ci(Y ) be arbitrary. If diY > 0, then letting d̂ ∈D be defined by d̂i′ = di
′ for i′ ̸= i
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and d̂i = (diNi∖{Y,Z},0Y ,(d
i
Y +diZ)Z), we have that π(d̂)≤ π(d)≤ o and that

∑
i′∈I

∑
Y ′∈Ni′

di
′
Y ′ui

′
(Y ′)< ∑

i′∈I
∑

Y ′∈Ni′

d̂i
′
Y ′ui

′
(Y ′).

Hence, by the definition of h, we must have that diY = 0 for all i ∈ Y and Y ∈ Ni with Y /∈Ci(Y ). It

follows that the outcomeM is individual rational.

To show that no block of the shape ν for any tree ν can arise atM , we use the following claim.

Claim 3.D.1. Let o ∈ O be such that o ∈ Φ(o), and let d ∈ h(o) be such that ϒ(o) = o−o+π(d).

Let (i,Y ) be a subtype and let {x1, . . . ,xn} ⊆ Xi∖Y be such that there exists Z ⊆ Y ∪{x1, . . . ,xn}

with ui(Z) > ui(Y ). If diY > 0, then there exists 1 ≤ k ≤ n such that—writing xk ∈ Xi,i′k—we have

that oixk < o
i′k
xk .

Proof. Letting d̂ ∈ D be defined by d̂i
′
= di

′ for i′ ̸= i and d̂i = (diNi∖{Y,Z},d
i
Y −δ ,diZ +δ ) for any

δ > 0, we have that

∑
i′∈I

∑
Y ′∈Ni′

di
′
Y ′ui

′
(Y ′)< ∑

i′∈I
∑

Y ′∈Ni′

d̂i
′
Y ′ui

′
(Y ′).

Hence, as d ∈ h(o), we must have that π(d̂) ̸≤ o. In particular, there must exist 1≤ k≤ n such that

π(d)ixk = oixk . By (3.D.1), it follows that o
i′k
xk = oixk . As d

i
Y > 0 and xk /∈ Y, we have that π(d)ixk < θ i

and it follows that

oixk = π(d)ixk < θ i ≤ λxk = oixk = o
i′k
xk ,

as desired.

Suppose for sake of deriving a contradiction that there is a tree ν and a block of shape ν that

arises at M . Suppose that the constituent subtypes of the block are (i1,Y 1), . . . ,(in,Y n) and the

constituent contracts are (x j,k){ j,k}∈ν . Construct a directed graph with node set {1, . . . ,n} in which

there is an edge from j to k if and only if oi jx j,k < oikx j,k . By Claim 3.D.1, each node must have

out-degree at least 1. As a result, the directed graph must have a cycle, say given by the nodes

j1, j2, . . . , jp in order. As ν is acyclic, we must have that p = 2. Letting i = i j1 , i
′ = i j2 , and
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x= x j1, j2 , it follows that oix < oi
′
x < oix—a contradiction. Hence, we can conclude that no block of

the shape of a tree arises atM . It follows thatM is tree-stable—as desired.

3.D.3 Proof of Proposition 3.1

Proposition 3.1 is the special case of Proposition 3.C.1 for a two-sidedmarket in which contracts

are directed from sellers to buyers. Specifically, Proposition 3.1 follows from Proposition 3.C.1 in

the case in which

Xi→ j =


Xi, j if j ∈ B

∅ if j /∈ B
.

We prove Proposition 3.C.1 independently.

3.D.4 Proof of Proposition 3.B.1

Every multistable outcome is clearly stable.

To prove the inverse, consider an outcome M that is not multistable. If M is not individually

rational, then clearlyM is not stable. Hence, we can assume that a multiblock of the shape of some

graph ν with n nodes arises inM , say defined by the subtypes (i1,Y 1), . . . ,(in,Y n) and the contract

sets X j,k for { j,k} ∈ ν . We construct a graph ν ′ from ν such that some block of shape ν ′ arises

at M . Intuitively, we define ν ′ to contain enough copies of the nodes in ν to make each edge of

ν ′ associated to only one contract. Specifically, we let q = max{ j,k}∈ν |X j,k| and construct ν ′ by

taking q copies of each node of ν .

Formally, we let (a1,b1), . . . ,(aqn,bqn) be an arbitrary ordering of {1,2, . . . ,n}×{1,2, . . . ,q}.

For each { j,k} ∈ ν , we write

X j,k =
{
x0j,k, . . . ,x

|X j,k|−1
j,k

}
,

where xpj,k = xpk, j for all p. Define a graph ν ′ with qn nodes by letting { j′,k′} ∈ ν ′ if a j′ < ak′

and bk′ −b j′ ≡ p (mod q) for some p with 0 ≤ p ≤ |Xa j′ ,ak′ |− 1, or if a j′ > ak′ and b j′ −bk′ ≡ p

(mod q) for some p with 0≤ p≤ |Xa j′ ,ak′ |−1.
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For each node j′ of ν ′, we define a subtype (i′j′ ,Y
′ j′) = (ia j′ ,Y

a j′ ). For each edge { j′,k′} ∈ ν ′,

supposing that a j′ < ak′ and letting p be such that bk′ − b j′ ≡ p (mod q), we define a contract

x′j′,k′ = xpa j′ ,ak′ . We claim that these subtypes and contracts define a block of shape ν ′. To see this,

note that, for each node j′ of ν ′, we have that

{x′j′,k′ | { j
′,k′} ∈ ν ′}=

∪
{a j′ ,k}∈ν

Xa j′ ,k.

As the subtypes (i j,Y j) arise for 1≤ j ≤ n, this block arises at M . Hence, the outcome M is not

stable.

3.D.5 Proof of Lemma 3.B.1

Every strongly tree-stable outcome is clearly tree-stable.

For the converse direction, note that if an outcome is not individually rational, then it is not

tree-stable. Hence, we can assume that some weak block of the shape of a tree arises; we need

to show that a block of the shape of a tree arises. We actually show that every weak block of the

shape of a tree that is minimal (in the sense of containing the fewest possible number of nodes over

all weak blocks of the shape of a tree that arise) is actually a block of a shape of a tree. To show

this, suppose that ν is a tree with n nodes and (i j,Y j)1≤ j≤n and (x j,k){ j,k}∈ν comprise a weak tree

block of shape ν . If x j,k /∈ Z j for some Z j ∈C j(Y j ∪{x j,k | { j,k} ∈ ν}), then removing the edge

{ j,k} and considering the connected component of the graph that contains j gives rise to a weak

block of the shape of a tree. (Here, the subtypes and contracts in the new weak block are defined

from the corresponding subtypes and contracts in the initial weak block.) If the initial weak block

arises, then so does the new block. Hence, by considering a minimal weak block of the shape of a

tree that arises, we can conclude that a block of the shape of a tree must arise.

3.D.6 Proof of Proposition 3.C.1

Every stable outcome is clearly tree-stable.
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To prove the inverse, consider an outcomeM that is not stable. IfM is not individually rational,

then clearly M is not tree-stable. Hence, we can assume that a block of the shape of some graph

ν with n nodes arises inM , say defined by the subtypes (i1,Y 1), . . . ,(in,Y n) and the contracts x j,k

for { j,k} ∈ ν . We construct a tree ν ′ from ν such that some weak block of shape ν ′ arises atM .

Intuitively, we divide and copy nodes of ν to construct a tree ν ′. More precisely, the nodes of

ν ′ correspond to directed paths in ν that end in a particular node of ν , and two nodes of ν ′ are

connected by an edge if and only if the corresponding paths differ by only one edge. We use the

supply chain condition to show that ν ′ is finite. We then define a subtype for each node of ν ′ to

be the subtype associated to the starting node of the corresponding path in ν , and contracts for

each edge between two nodes of ν ′ to be the contract corresponding to the edge in ν by which the

corresponding paths in ν differ. We then use substitutability in the sale direction to show that this

construction defines a weak block of shape ν ′.

Formally, we direct each edge of ν according to the direction of the corresponding contract,

i.e., we direct an edge { j,k} ∈ ν from j to k if x j,k ∈ Xi j→ik . A node j ∈ ν is terminal if it has

out-degree 0 in the directed graph. Let t ∈ ν be a terminal node. A terminal directed path is a

sequence p= (p1, . . . , pq) of nodes of ν such that pq = t, for each 1≤ ℓ≤ q−1, there is an edge

from jℓ to jℓ+1 in the directed version of ν . We call q = |p| the length of p and, if q ≥ 2, let

End(p) = (p2, . . . , pq). We say that terminal directed paths p and p̃ are adjacent if p= End(p̃) or

p̃= End(p). Note that if p and p̃ are adjacent, then we have that {p1, p̃1} ∈ ν .

The supply chain condition ensures that the directed version of ν has no directed cycles, and

hence that there are only finitely many terminal directed paths. Let p1, p2, . . . , pR denote the distinct

terminal directed paths, where we let p1 = (t) denote the terminal directed path of length 1. We

define a graph ν ′ with R nodes by letting { j′,k′} ∈ ν ′ if and only if p j′ and pk
′ are adjacent paths.

Note that, for each k ̸= 1, there is a path from k to 1 in ν . Specifically, if p j′ = (p j′
1 , . . . , p

j′
q ), then

the path from j′ to 1 in ν ′ is given by j′ = j′1, . . . , j
′
q = 1, where j′ℓ is such that p j′ℓ = (p j′

ℓ , . . . , p
j′
q ).

Hence, ν ′ defines a connected graph. On the other hand, for each j′ ̸= 1, there is a unique k′ such

that |p j′ | > |pk′ | and there is an edge between j′ and k′ (namely, the node k′ is the one such that
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pk
′
= End(p j′)). Hence, ν ′ has exactly R−1 edges, and therefore must be a tree.

For each node j′ of ν ′,we define a subtype (i′j′ ,Y
′ j′) = (i

p j′
1
,Y p j′

1 ). For each edge {k,k′} ∈ ν ′,we

define a contract by x′j′,k′ = x
p j′
1 ,p

k′
1
, wherewe have that {p j′

1 , p
k′
1 }∈ ν because p j′ and pk′ are adjacent.

We claim that these subtypes and contracts define a weak block of shape ν ′. To show this, consider

a node j′ of ν , and let j = p j′
1 . Let E

j = {x j,k | { j,k} ∈ ν} and let F j′ = {x′j′,k′ | { j
′,k′} ∈ ν ′}. By

construction, we have that (i′j′ ,Y
′ j′) = (i j,Y j) and that E j ⊆ Z j for all Z j ∈Ci j(Y j ∪Z j). We let

W j′ ∈Ci′j′ (Y
′ j′ ∪F j′) be arbitrary and divide into cases to show that ui

′
j′ (W j′)> ui

′
j′ (Y

′ j′).

Case 1: j′ = 1. In this case, we have that E j = F j′ . As E j ⊆ Z j for all Z j ∈Ci j(Y j ∪E j), we

have that

Y
′k = Y j /∈Ci j(Y j∪E j) =Ci′j′ (Y

′ j′ ∪F j′).

It follows that ui
′
j′ (W j′)> ui

′
j′ (Y

′ j′).

Case 2: k > 1. In this case, we have that E j ∩Xi j→ = F j′ ∩Xi′
j′→

. Letting k′ be such that

pk
′
=End(p j′),we also have thatF j′∖Xi′k→= {x′j′,k′}∈E j. AsE j ⊆ Z j for allZ j ∈Ci j(Y j∪E j),

substitutability in the sale direction entails that x′j′,k′ ∈ Z for allZ ∈Ci′j′ (Y
′ j′∪F j′). As x′j′,k′ /∈Y

′ j′ ,

we therefore have that Y ′ j′ /∈Ci′j′ (Y
′ j′ ∪F j′), and it follows that ui

′
j′ (W j′)> ui

′
j′ (Y

′ j′).

The cases exhaust all possibilities, and we can conclude that we have defined a weak block of shape

ν ′.

The weak block arises at M because subtypes (i j,Y j) for 1≤ j ≤ n arise at M . Hence, M is

not strongly tree-stable. By Lemma 3.B.1,M is not tree-stable.
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4. CADET-BRANCH MATCHING IN A KELSO-CRAWFORD ECONOMY1

In a pair of recent papers, Sönmez (2013) and Sönmez and Switzer (2013) brought the problem

of cadet-branch matching to market design. Cadets graduating from the United States Military

Academy (USMA) and Reserve Officers Training Corps (ROTC) are required to serve as officers in

the United States Army for three years (for ROTC non-scholarship graduates), four years (for ROTC

scholarship graduates), or five years (for USMA graduates). Until a few years ago, cadets were

ranked in an Order of Merit List (OML) based on performance evaluations and chose branches via

serial dictatorship. In response to low retention of officers after the end of their obligatory service,

the army instituted a branch-of-choice program whereby cadets are allowed to commit to three

additional years of service in exchange for increased priority. The Army attempted to assign cadets

to branches using deferred acceptance, but the army’s implementation caused multiple problems

with cadets’ incentives.2

Sönmez (2013) and Sönmez and Switzer (2013) proposed mechanisms based on deferred

acceptance to match cadets to branches. The bid for your career (BfYC) priorities (Sönmez,

2013), which are the branches’ priorities in the proposed mechanisms,3 sometimes favor long

contracts but sometimes favor short contracts. This inconsistency prevents contracts from being

interpreted as salaries and causes complementarities, in that gaining access to one contract canmake

1 I appreciate the helpful comments of John Hatfield, Scott Kominers, Aaron Landesman, Mike Ostrovsky, Ross
Rheingans-Yoo, Jan Christoph Schlegel, Tayfun Sönmez, Nathaniel Ver Steeg, and Bumin Yenmez. Many of the
results on cadet-branch matching presented in this chapter were discovered independently by Suren Samarchyan in
2012, but never published.

2 Sönmez (2013) and Sönmez and Switzer (2013) showed that the current ROTC and USMA mechanisms are not
strategy-proof. Furthermore, these mechanisms can assignmore desirable branches to weaker cadets, so that the current
mechanisms do not respect unambiguous improvements in priority. As a result, the ROTC and USMA mechanisms
incentivize cadets to fail their exams intentionally, which happens in practice.

3 The USMA priorities (Sönmez and Switzer, 2013) are special cases of the BfYC priorities.
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a branch desire another contract more.4 Complementarities usually preclude the existence of stable

outcomes (Kelso and Crawford, 1982; Hatfield and Kojima, 2008; Hatfield and Kominers, 2017),

but the BfYC priorities satisfy Hatfield and Kojima’s (2010) unilateral substitutability condition,

which guarantees that deferred acceptance produces a stable outcome.

This chapter shows that cadet-branch matching does not formally require matching theory with

weakened substitutability conditions or many-to-many matching. I restore substitutability (in the

sense of Kelso and Crawford (1982) and Hatfield and Milgrom (2005)) by changing priorities to

systematically favor long contracts. This change of priorities does not affect the deferred acceptance

mechanism. Defining the “salary" corresponding to a contract to be any decreasing function of the

service time, the substitutable priorities are quasilinear.5 If cadets prefer short contracts, then the

cadet-branch economy can be regarded as a job market in the Kelso–Crawford (1982) model and

the Sönmez (2013) and Sönmez–Switzer (2013) mechanisms correspond to the descending salary

adjustment process. Thus, the Sönmez and Sönmez–Switzer mechanisms feature cadets bidding

against one another in an ascending auction in service length.

The results of this chapter complement the original constructions of the proposed cadet-branch

matching mechanisms. The branches’ priorities in the Sönmez (2013) and Sönmez–Switzer (2013)

models are as faithful as possible to the exact priorities that are currently used in practice,6 while this

chapter’s approach to the construction of the proposed mechanisms using substitutable priorities

relies on deviation of the branch priorities from the currently-implemented priorities. Hence, the

priorities considered by Sönmez (2013) and Sönmez and Switzer (2013)may be easier to implement

in practice. On the other hand, the priorities considered in this chapter make the deferred acceptance

mechanism the interpretable as an ascending auction in service length. Because the discrepancy

4 Substitutability plays a key role in interpreting contracts as salaries (Echenique, 2012; Kominers, 2012). Schlegel
(2015) interpreted contracts as salaries under weakened substitutability conditions, but without maintaining the natural
monotonicity properties of preferences with respect to salaries.

5 Switzer (2011) pursued a similar approach, but using responsive priorities. Recovering the Sönmez and Sönmez–
Switzer (2013) mechanisms requires the use of non-responsive priorities.

6 Sönmez and Switzer (2013) showed that the currently-implemented USMA priority structure is compatible
with fairness, strategy-proofness, and respect for improvements, while Sönmez (2013) explained how to modify the
currently-implemented ROTC priority structure minimally in order to obtain such compatibility.
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between the Sönmez and Sönmez–Switzer priorities and the ones considered in this chapter does

not affect the proposed matching mechanisms, the auction interpretation applies to the Sönmez and

Sönmez–Switzer mechanisms as well.

Furthermore, this chapter provides a conceptual explanation of why the priorities involved

in cadet-branch matching are unilaterally substitutable. This phenomenon was called “remark-

abl[e]" by Sönmez (2013) and Sönmez and Switzer (2013),7 who used it to derive their stability

and strategy-proofness results. Theorem 4.4 proves the unilateral substitutability of any priority

whose corresponding deferred acceptance mechanism is a descending salary adjustment process

in a Kelso–Crawford economy.8 Combined with the fact that the Sönmez and Sönmez–Switzer

mechanisms are descending salary adjustment processes, it follows that the branches’ priorities

in the Sönmez (2013) and Sönmez–Switzer (2013) models are unilaterally substitutable. Thus,

the framework proposed in this chapter provides a conceptual explanation of why the priorities

proposed by Sönmez and Sönmez–Switzer satisfy this crucial unilateral substitutability condition,

whereas only a technical justification was previously known (Sönmez, 2013; Sönmez and Switzer,

2013).

The isomorphism result proved in this chapter sharpens general results that relate contracts and

salaries. Echenique (2012) showed that any many-to-one matching market (in the sense of Kelso

and Crawford (1982) and Hatfield and Milgrom (2005)) can be embedded into a potentially non-

quasilinear matching market with salaries in which workers are gross substitutable, and Schlegel

(2015) has extended the embedding result to the case when branches’ priorities are unilaterally

substitutable (in the sense of Hatfield and Kojima (2010)) by allowing branches’ priorities to

be only weakly monotone in salary. This chapter proves an isomorphism instead of merely an

embedding and requires branches’ priorities to be quasilinear and strictly monotone in salary, so

that the branches’ priorities can be taken to be the choices of profit-maximizing firms that regard

7 On page 192, Sönmez (2013) wrote “Remarkably, although the substitutes condition fails in my framework, the
unilateral substitutes condition is satisfied." On page 454, Sönmez and Switzer (2013) wrote, “Remarkably, although
the substitutability condition fails in the context of cadet-branch matching, the unilateral substitutability condition is
satisfied."

8 Theorem 4.1 also shows that such priorities satisfy Hatfield and Milgrom’s (2005) law of aggregate demand.
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workers as (gross) substitutes. As discussed in detail in Section 4.5.3, quasilinearity and strict

monotonicity are not only conceptually appealing but also technically useful in proving that the

deferred acceptance mechanism is stable and group strategy-proof.

The example of cadet-branchmatching illustrates a general phenomenon in many-to-one match-

ing with contracts: some priorities that are not substitutable are effectively substitutable from the

perspective of matching mechanisms. More formally, I call a priority DA-substitutable if it induces

the same deferred acceptance mechanism as a substitutable priority. Passing to simpler priorities

without changing the deferred acceptance mechanism may offer insight on general mechanism

design problems in many-to-one matching with contracts.

As Echenique (2012) suggested, it is natural to ask whether the full generality of matching with

contracts is needed in any given application. In cadet-branch matching, cadets are employed by

the military and compensated in terms of education. This chapter shows that regarding the cadet-

branch matching market as a job market and education as a salary offers simpler constructions of

the Sönmez (2013) and Sönmez–Switzer (2013) mechanisms and explains the unilateral substi-

tutability of branch priorities in the original models. In general, changing priority structures may

yield more intuitive descriptions of mechanisms while capturing features of the underlying design

problems.9 Moreover, such simplifications might clarify the role and interpretation of contracts

and substitutability conditions.

The remainder of this chapter is organized as follows. Section 4.1 explains some of the

results of this chapter through an example. Section 4.2 reviews the basic model. Section 4.3

presents necessary and sufficient conditions for two deferred acceptance mechanisms to coincide.

Section 4.4 presents Sönmez’s (2013) model of cadet-branch matching and the substitutable branch

choice functions. Section 4.5 proves that the cadet-branch economy with substitutable choice

functions is isomorphic to a Kelso–Crawford economy. Section 4.6 defines DA-substitutability and

9 The application of substitutable completability to the design of the Israel Psychology Masters’ Match by Hassidim
et al. (2017) cannot be formulated in a substitutable Kelso–Crawford economy. Indeed, note that unilateral substi-
tutability is not satisfied in this setting, and thus the contrapositive of Theorem 4.4 rules out embedding the market
into a quasilinear Kelso–Crawford economy in which students are substitutable.
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gives a conceptual proof that the branches’ priorities in the Sönmez (2013) and Sönmez–Switzer

(2013) models are unilaterally substitutable. Section 4.7 presents an extension, and Section 4.8

concludes. The appendixes contain the proofs that are omitted from the text and present additional

examples.

4.1 An illustrative example

Suppose that the United States Military Academy (USMA) is seeking to assign three cadets

i1, i2, i3 to the aviation branch a and the medical specialist branch m. Contracts can last for five

or eight years. Cadets i1 and i2 would like to serve as little as possible and prefer to serve in the

aviation branch: therefore, their preferences are

i1 : (i1,a,5)≻i1 (i1,m,5)≻i1 (i1,a,8)≻i1 (i1,m,8)

i2 : (i2,a,5)≻i2 (i2,m,5)≻i2 (i2,a,8)≻i2 (i2,m,8).

On the other hand, cadet i3 would like to serve in the aviation branch regardless of the length of his

contract—therefore, his preference is

i3 : (i3,a,5)≻i3 (i3,a,8)≻i3 (i3,m,5)≻i3 (i3,m,8).

Suppose that the order of merit list (OML), which ranks cadets by academic, military, and

physical performance, is

i1 ≻OML i2 ≻OML i3.

The medical specialist branch would like to hire one cadet for a term of five years and prefers cadets

that are high in the order of merit. Following Sönmez and Switzer (2013), the medical specialist

branch prioritizes the short contract over the long contract with each cadet. Therefore, the medical
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specialist branch’s priority is

m : (i1,m,5)≻m (i1,m,8)≻m (i2,m,5)≻m (i2,m,8)≻m (i3,m,5)≻m (i3,m,8).

The aviation branch would like to hire two cadets, one of whom is high in the order of merit and

the other of whom is ideally willing to serve a long term. Following Sönmez and Switzer (2013),

shorter contracts are given priority in the high-OML slot and all cadets are first considered for the

high-OML slot. Therefore, the aviation branch is comprised of two slots with priorities

a1 : (i1,a,5)≻a
1 (i1,a,8)≻a

1 (i2,a,5)≻a
1 (i2,a,8)≻a

1 (i3,a,5)≻a
1 (i3,a,8)

a2 : (i1,a,8)≻a
2 (i2,a,8)≻a

2 (i3,a,8)≻a
2 (i1,a,5)≻a

2 (i2,a,5)≻a
2 (i3,a,5).

The aviation branch’s priority ≻a is defined by filling the first slot with a contract with a cadet

and then filling the second slot with a contract with a different cadet (see Kominers and Sönmez

(2016)).

A priority is substitutable (in the sense of Hatfield and Milgrom (2005)) if having access to

one contract does not make a branch want another contract more.10 Note that the aviation branch’s

priority is not substitutable because there is complementarity between (i1,a,5) and (i3,a,8). Indeed,

the aviation branch chooses (i3,a,5) over (i3,a,8) if no other contracts are available but sometimes

chooses (i3,a,8) over (i3,a,5) when the contract (i1,a,5) is also available. If the aviation branch

instead ranked long contracts above short contracts even in the first slot, its priority would be

substitutable. Indeed, the priority ≻̂a induced by slot priorities

a1 : (i1,a,8) ≻̂
a
1 (i1,a,5) ≻̂

a
1 (i2,a,8) ≻̂

a
1 (i2,a,5) ≻̂

a
1 (i3,a,8) ≻̂

a
1 (i3,a,5)

a2 : (i1,a,8) ≻̂
a
2 (i2,a,8) ≻̂

a
2 (i3,a,8) ≻̂

a
2 (i1,a,5) ≻̂

a
2 (i2,a,5) ≻̂

a
2 (i3,a,5)

is substitutable because the aviation branch always favors long contracts with every cadet (Propo-

10 See Section 4.2.1 for a formal definition of substitutability.
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sition 4.1). For example, the aviation branch always chooses (i3,a,8) over (i3,a,5) under ≻̂a,

regardless of whether (i1,a,5) is available. The medical specialist branch’s priority is already

substitutable but can be modified to encapsulate the intuition that the branch should give priority

to long contracts:

m : (i1,m,8) ≻̂m (i1,m,5) ≻̂m (i2,m,8) ≻̂m (i2,m,5) ≻̂m (i3,m,8) ≻̂m (i3,m,5).

The change of priorities from (≻a,≻m) to (≻̂a,≻̂m) does not affect the deferred acceptance

mechanism (Theorem 4.2).11 Indeed, the deferred acceptance algorithm proceeds as follows

regardless of whether the aviation branch’s priority is taken to be≻a or ≻̂a and whether the medical

specialist branch’s priority is taken to be ≻m or ≻̂m.

• Step 1: For each j, cadet i j proposes contract (i j,a,5) to the aviation branch. From the

proposal set {(i1,a,5),(i2,a,5),(i3,a,5)}, the aviation branch rejects contract (i3,a,5) and

holds contracts (i1,a,5) and (i2,a,5).

• Step 2: Cadet i3 proposes contract (i3,a,8) to the aviation branch. From the proposal

set {(i1,a,5),(i2,a,5),(i3,a,8)}, the aviation branch rejects contracts (i2,a,5) and holds

contracts (i1,a,5) and (i3,a,8).

• Step 3: Cadet i2 proposes contract (i2,m,5) to the medical specialist branch. The medical

specialist branch holds this contract, and no further rejections occur.

The deferred acceptance mechanism cannot distinguish between the priorities ≻m and ≻̂m

because the medical specialist branch is only asked to compare contracts between distinct cadets

during deferred acceptance. Indeed, note that a cadet only proposes a contract after its most recent

proposal is rejected, so that each cadet has at most one active proposal at each step of deferred

acceptance. As the branches together have at most one active proposal from each cadet at a time,

the set of contracts considered by any branch at any stage of deferred acceptance must contain

11 See Section 4.2.3 for a formal description of deferred acceptance.
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at most one contract with each cadet. In the language of Section 4.3, the priorities ≻m and ≻̂m

induce DA-equivalent choice functions. Similarly, deferred acceptance cannot distinguish between

priorities≻a and ≻̂a because they make the same choices from feasible sets of contracts, which are

sets of contracts that contain at most one contract with each cadet (Theorem 4.1). Indeed, the slot

priorities that define≻a and ≻̂a only differ in the relative order of contracts with individual cadets,

and the aviation branch only considers one contract with a given cadet at a time (Theorem 4.2).

Another appeal of the substitutable priorities ≻̂a and ≻̂m is that they are quasilinear in contract

inverse-length (Proposition 4.2). Indeed, let the medical specialist branch value a set A of cadets

by the valuation function

γm(A) =


0 if A=∅

5−mini j∈A j if A ̸=∅.

That is, the medical specialist branch only values the smartest cadet assigned to it. The priority ≻̂m

is represented by the quasilinear utility function induced by γm. More formally, let

i(Y ) = {i j | there exists b ∈ {a,m} and t ∈ {5,8} such that (i j,b, t) ∈ Y}

be the set of cadets associated with contracts in Y . The choice function corresponding to ≻̂m

maximizes the utility function um that is defined by

um(Y ) = γm(i(Y ))− ∑
(i j,m,t)∈Y

1
t

for all sets Y of contracts that involve the medical specialist branch. Similarly, let the aviation
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branch value a set A of cadets by the valuation function

γa(A) =



0 if A=∅

5− j if A= {i j}

6− j+ 1
100k if A= {i j, ik} with j < k

5+ 1
200 if |A|= 3.

That is, the aviation branch only values the smartest two cadets assigned to it and only particularly

cares about the OML rank of the highest-merit cadet assigned to it. The valuation γa induces a

quasilinear utility function that represents the substitutable aviation branch priority ≻̂a.

Thus, cadet-branch economy with branch priority profile
(
≻̂a,≻̂m

)
can be regarded as a Kelso-

Crawford labor market (Theorem 4.3). The cadet-proposing deferred acceptance algorithm cor-

responds to the descending salary adjustment process under this isomorphism. The “salary"

corresponding to a contract (ci,h, t) can be taken 1
t and the branches’ utility functions can be taken

to be quasilinear (Proposition 4.2). A different choice of γa and γn would allow the salary to be

taken to be g(t) for any decreasing function g : R>0 → R>0.

4.2 Model: Matching with contracts

I work with a model of many-to-one matching with contracts (Crawford and Knoer, 1981; Kelso

and Crawford, 1982; Roth, 1984b; Hatfield and Milgrom, 2005; Hatfield and Kominers, 2017). Let

I be a set of cadets i and let B be a set of branches b,12 so that F = B∪ I is the set of agents f .13

There is a fixed set of contracts X , and each contract x ∈ X is between a cadet i(x) and a branch

12 There are alternative terminologies “workers" and “firms" (Kelso and Crawford, 1982; Roth, 1984b) or “doctors"
and “hospitals" (Roth, 1984a; Hatfield and Milgrom, 2005).

13 The sets B and I are assumed to be disjoint.
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b(x). For all agents f ∈ F and all sets of contracts Y ⊆ X , let

Yf = {x ∈ Y | i(x) = f or b(x) = f}

denote the set of contracts in Y that involve f . For ease of notation, I will not distinguish between

singleton sets and their unique elements. A set of contracts A ⊆ X is unfeasible if there exists a

cadet i such that |Ai|> 1, and feasible otherwise.

Each cadet i has a strict preference order ≻i over Xi∪{∅}. Let ≻= (≻i)i∈I denote the cadets’

preference profile. Given a set Y ⊆ X , let

Ci(Y ) =max
≻i

{Y ∪{∅}} .

Note that cadets can only choose at most one contract.

Each branch b has a choice functionCb : P(Xb)→ P(Xb) satisfyingCb(Y )⊆Y for all Y ⊆ X .

Abusing notation, I extend Cb to P(X) by letting Cb(Y ) =Cb(Yb). Let C = (Cb)b∈B denote the

branches’ priority profile. I allow branches to accept more than one contract with each cadet: if a

branches’ choice function only returns feasible sets, then I say that the branch’s choice function is

feasible.14 In the applications to cadet-branch matching, the branches always have feasible choice

functions.

4.2.1 Conditions on choice functions

A choice functionCb is substitutable (Kelso and Crawford, 1982; Hatfield and Milgrom, 2005)

if x /∈Cb(Y ∪{x,y})whenever x /∈Cb(Y ∪{x}). Substitutability requires that access to an additional

contract y does not make bwant a contract xmore. A choice functionCb is unilaterally substitutable

(Hatfield and Kojima, 2010) if x /∈Cb(Y ∪{x,y}) whenever x /∈Cb(Y ∪{x}) and i(x) /∈ i(Y ).

A choice function Cb satisfies the law of aggregate demand (Hatfield and Milgrom, 2005) if

14 In contrast, Hatfield and Milgrom (2005) required that all branches have feasible choice functions. Hatfield and
Kominers (2019) allowed branches to choose unfeasible sets in completed choice functions, and Hatfield and Kominers
(2017) always allowed unfeasible choice functions.
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|Cb(Y )| ≤ |Cb(Y ′)| whenever Y ⊆ Y ′ ⊆ X . The law of aggregate demand requires that b chooses

weakly more contracts as the set of available contracts expands. A choice function Cb satisfies

the irrelevance of rejected contracts condition (Aygün et al., 2012; Aygün and Sönmez, 2013) if

Cb(A) =Cb(A′)wheneverCb(A′)⊆A⊆A′. The irrelevance of rejected contracts condition requires

that rejected contracts not affect b’s choice set.

4.2.2 Stability

An allocation is a set of contracts A ⊆ X . An allocation A ⊆ X is individually rational if

C f (A) = A f for all agents f ∈ F . A non-empty set Z ⊆ X blocks an individually rational allocation

A ⊆ X if Z ∩A = ∅ and Z f ⊆ C f (A f ∪Z f ) for all agents f ∈ F . An allocation is stable if it is

individually rational and unblocked.

4.2.3 Mechanisms

A mechanism is a function from the set of cadets’ preference profiles to the set of feasible

allocations, for fixed branches’ choice functions. A mechanism M is stable if it returns stable

outcomes. A mechanism M is group strategy-proof (for cadets) if for all I′ ⊆ I and all preference

profiles ≻̂= (≻̂i)i∈I′ , there exists i ∈ I′ such that

M (≻)i ⪰i M (≻̂,≻I\I′)i.

Themechanism that I consider is the deferred acceptancemechanism, which returns the outcome

of the deferred acceptance algorithm. I use a simultaneous-proposal deferred acceptance algorithm,

following Gale and Shapley (1962), Crawford and Knoer (1981), Kelso and Crawford (1982), and

Roth (1984b); and I always assume that cadets propose.15 The algorithm proceeds iteratively as

follows.16

15 Note that Crawford and Knoer (1981) and Kelso and Crawford (1982) considered branch-proposing deferred
acceptance algorithms.

16 For a formal definition of deferred acceptance, see Appendix 4.A.1.
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• Step 1: Each cadet proposes his most-preferred contract to the corresponding branch. If no

contracts are proposed, then terminate the algorithm.

Otherwise, each branch holds the set of contracts that it chooses from the proposed contracts.

Each branch then rejects any proposed contract that is not held.

• Step t > 1: Each cadet with whom no branch is holding a contract proposes his most preferred

unrejected contract to the corresponding branch. If no contracts are proposed, then branches

accept the contracts that they are holding and the algorithm is terminated.

Otherwise, each branch holds the set of contracts that it chooses from the proposed contracts

and the previously held contracts. Each branch then rejects any proposed or previously held

contracts that is not held.

Denote the deferred acceptance mechanism with respect to branch priority profileC by DAC.

4.3 Choice functions that induce the equivalent deferred acceptance

mechanisms

This section derives a necessary and sufficient condition for two branch priority profiles to induce

the same deferred acceptance mechanisms. In Section 4.4, I use this condition to compare deferred

acceptance mechanisms for two families of branch priority profiles in cadet-branch matching.

Call a contract available at a step of deferred acceptance if it has been proposed but not rejected.

Note that the set of available contracts is feasible at every step of deferred acceptance, because only

cadets that are rejected are allowed to propose new contracts. Indeed, cadets only propose contracts

after their previous proposals are rejected, so that each cadet has at most one active proposal at a

time. Thus, the deferred acceptance algorithm only ever queries Cb on feasible sets of contracts.

Say that two choice functions (or priority profiles) are DA-equivalent if they agree on all feasible

sets of contracts, formally defined below.

Definition 4.1. Let b be a branch. A choice function Ĉb is DA-equivalent to Cb if Ĉb(Y ) =Cb(Y )
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for all feasible sets Y ⊆ X . A branch priority profile Ĉ is DA-equivalent toC if Ĉb is DA-equivalent

toCb for all branches b.

Deferred acceptance cannot distinguish between priority profiles that agree on all feasible sets

of contracts, because the set of available contracts is feasible at every step of the deferred acceptance

algorithm. As any feasible set of contracts can be the set of available contracts at Step 1 of the

deferred acceptance algorithm, deferred acceptance can distinguish between any pair of priority

profiles that are not DA-equivalent.

Theorem 4.1. A priority profile Ĉ is DA-equivalent toC if and only if DAC =DAĈ.

4.4 Choice functions for cadet-branch matching

As an application of Theorem 4.1, this section explicitly realizes themainmechanisms proposed

by Sönmez (2013) and Sönmez and Switzer (2013) as deferred acceptance mechanisms in matching

markets with feasible, substitutable branch choice functions that satisfy the law of aggregate

demand. Section 4.4.1 reviews the Sönmez’s (2013) priorities and Section 4.4.2 presents the

substitutable branch priorities. Section 4.4.3 discusses the practical advantages and disadvantages

of the two approaches.

4.4.1 Sönmez’s (2013) model of cadet-branch matching

In applications of matching with contracts to cadet-branch matching, additional structure is

present in the branches’ priorities and in the set of contracts. I consider a model of cadet-branch

matching based on that of Sönmez (2013).

Each branch b has a strict priority order ≻b
OML over D∪{∅}, called the order of merit. A

cadet is acceptable for b if it is preferred to ∅ under ≻b
OML.17 Each branch allows k ≥ 1 different

17 Sönmez (2013) and Sönmez and Switzer (2013) assumed that every cadet is acceptable to every branch.
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contract lengths 0< t1 < · · ·< tk ,18 and the set of contracts is

X = I×B×
{
t1, . . . , tk

}
.

An element of X is a contract (i,b, t) for cadet i to serve in branch b for t years. The functions i and

b are given by the projections onto the first and second factors, respectively.

Motivated by the Reserve Officers’ Training Corps’ (ROTC) existing matching mechanism,

Sönmez (2013) defined bid for your career (BfYC) choice functions for cadet-branch matching.

The USMA choice functions described by Sönmez and Switzer (2013) are the special cases of

BfYC choice functions when k = 2.

Each branch b has a capacity vector (q1b,q
2
b) ∈ Z2

≥0, where q1b is the number of contracts with

high order-of-merit that b wants to hire and q2b represents the number of long contracts that b

wants.19 Fix a branch b and a set of contracts Y ⊆ X . The BfYC choice set is defined by selecting

the shortest available contracts with the q1b cadets with contracts in Y that are most preferred under

≻b
OML; and the longest q2b contracts in Y with other cadets, where ties are broken (in the second

step) by ordering the cadets according to ≻b
OML.

More precisely, the BfYC choice set is defined as follows. A contract x is available at some

stage of the choice procedure if x has neither been chosen nor removed from consideration yet. Run

the following iterative procedure to compute Cb
BfYC(Y ).

• Step 1: For j = 1,2, . . . ,q1b:

– Step 1. j: If there are no available contracts in Y with acceptable cadets, then terminate

the process. Otherwise, let i be the cadet with the highest priority under ≻b
OML who

has an available contract in Y . Choose the shortest available contract in Y with i and

remove from consideration all other contracts with i.

• Step 2: For j = 1,2, . . . ,q2b:

18 In Section 4.1, I take k = 2, t1 = 5, and t2 = 8.

19 In Section 4.1, I take q1a = q2a = q1m = 1 and q2m = 0.
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– Step 2. j: If there are no available contracts in Y with acceptable cadets, then terminate

the process. Otherwise, let t be the length of the longest available contract in Y . Let i

be the cadet with the highest priority under ≻b
OML who has an available contract in Y

of length t. Choose contract (i,b, t) and remove from consideration all other contracts

with i.

Note that the choice function Cb
BfYC is feasible by construction and let DABfYC =DACBfYC denote

the corresponding deferred acceptance mechanism.

Unfortunately, the choice functionsCb
BfYC are not substitutable, as Sönmez (2013) and Sönmez

and Switzer (2013) showed (see also Section 4.1). However, the choice functions Cb
BfYC are

unilaterally substitutable and satisfy the law of aggregate demand and the irrelevance of rejected

contracts condition, as shown by Lemma 1 in Sönmez (2013). By Theorem 7 in Hatfield and

Kojima (2010), it follows that the mechanism DABfYC is group strategy-proof (Sönmez, 2013;

Sönmez and Switzer, 2013).

4.4.2 Substitutable BfYC choice functions

This section defines new branch choice functions that are designed to select the longest available

contract with a cadet at each step but be otherwise identical to the BfYC choice functions. More

formally, I define substitutable BfYC choice functions for cadet-branch matching as follows. Fix

a branch b and a set of contracts Y ⊆ Xb and run the following iterative procedure to compute

Cb
sBfYC(Y ).

• Step 1: For j = 1,2, . . . ,q1b:

– Step 1. j: If there are no available contracts in Y with acceptable cadets, then terminate

the process. Otherwise, let i be the cadet with the highest priority under ≻b
OML who

has an available contract in Y . Choose the longest available contract in Y with i and

remove from consideration all other contracts with i.

• Step 2: Run Step 2 of the process defining CBfYC.
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Note that the choice functionCb
sBfYC is feasible by construction and letDAsBfYC =DACsBfYC denote

the corresponding deferred acceptance mechanism.

Intuitively, the choice functionsCb
BfYC andC

b
sBfYC only differ in the relative priorities of contracts

with individual cadets in the first step, and are identical in the second step. Thus,Cb
BfYC andCb

sBfYC

make the same trade-offs in sets of contracts between different cadets. More formally, Cb
BfYC and

Cb
sBfYC are DA-equivalent, and therefore Theorem 4.1 guarantees that they induce the same deferred

acceptance mechanism.

Theorem 4.2. The priority profiles CBfYC and CsBfYC are DA-equivalent, and thus we have that

DABfYC =DAsBfYC.

The choice functions Cb
sBfYC give relatively more priority to long contracts than the choice

functions Cb
BfYC. Theorem 4.2 shows that the use of the cadet-proposing deferred acceptance

mechanism prevents the branches from forcing longer contracts on cadets by giving higher priority

to longer contracts.

One advantage of the choice functions Cb
sBfYC is that they are substitutable.

Proposition 4.1. The choice functions Cb
sBfYC are substitutable and satisfy the law of aggregate

demand. In particular, DAsBfYC is group strategy-proof.

Intuitively, the substitutable BfYC choice functions consistently choose among the longest

available contracts with each cadet. This consistency condition is precisely Pareto separability (in

the sense of Hatfield and Kojima (2010)), which implies substitutability when taken in conjunction

with unilateral substitutability (Hatfield and Kojima, 2010). To prove Proposition 4.1, I follow a

more classical approach using a quasilinear utility representation (Proposition 4.2) and properties

of the choice function of a profit-maximizing firm that regards workers as substitutes (Hatfield and

Milgrom, 2005)—see Section 4.5.20

Theorem 4.2 and Proposition 4.1 show that the main mechanisms proposed by Sönmez (2013)

and Sönmez and Switzer (2013) are deferred acceptance mechanisms with respect to a profile of

20 It is possible to prove Proposition 4.1 directly using the properties of choice functions induced by lexicographic
priorities. I prove Proposition 4.1 using a quasilinear utility representation to illustrate the connection of cadet-branch
matching with the job matching model of Kelso and Crawford (1982).
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branch choice functions that are feasible, substitutable, and satisfy the law of aggregate demand.

That is, matching theory with unilaterally substitutable choice functions (Hatfield and Kojima,

2010) or unfeasible choice functions (Hatfield and Kominers, 2017, 2019) is not needed for cadet-

branch matching.21 It also follows that the Sönmez mechanism DABfYC is group strategy-proof.22

Indeed, Theorem 4.2 shows that the Sönmez mechanism DABfYC coincides with DAsBfYC, which

is in turn group strategy-proof by Proposition 4.1.

Corollary 4.1 (Sönmez, 2013; Sönmez and Switzer, 2013). DABfYC is group strategy-proof.

4.4.3 Practical issues

The BfYC priorities have the practical advantage of being as faithful to the currently-imple-

mented priorities are possible.23 Specifically, the substitutable BfYC priorities differ from the BfYC

priorities and the currently-implemented priorities in how a branch treats the contract lengths are

treated for the first q1b cadets that it selects. The substitutable BfYC priorities select the longest avail-

able contracts with the selected cadets, while the BfYC priorities and the currently-implemented

priorities select the shortest available contracts with the selected cadets. Theorem 4.2 implies that

this difference in priorities does not affect the deferred acceptance mechanism. However, it might

be difficult to persuade policymakers to change the treatment of contract length for the first few

cadets to be selected at each branch, despite the fact that the choice does not affect the outcome of

deferred acceptance.24

21 Results onmatching with weakened substitutability conditions (Hatfield and Kojima, 2010; Hatfield and Kominers,
2019) or unfeasible choice functions (Hatfield and Kominers, 2012, 2017) are not even needed to show that DAsBfYC
is group strategy-proof—group strategy-proofness in Proposition 4.1 follows directly from the main result of Hatfield
and Kojima (2009).

22 Theorem 5 in Hatfield and Kojima (2010) and the unilateral substitutability of Cb
BfYC for all b (Sönmez, 2013;

Sönmez and Switzer, 2013) ensure that the DABfYC coincides with the cumulative offer mechanism with respect to
CBfYC, which was the exact mechanism proposed by Sönmez (2013).

23 In the case of the USMA, the currently-implemented priorities are actually the special case of the BfYC priorities
with two different contract lengths (Sönmez and Switzer, 2013).

24 In other applications, it has proven difficult to get policymakers to change the priorities that are used in deferred
acceptance. For example, it required substantial effort to eliminate “walk zones" in Boston despite their counterintuitive
(and sometimes counterproductive) behavior (Dur et al., 2018).
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On the other hand, the substitutable BfYC priorities have the advantage of making deferred

acceptance become interpretable as a descending salary adjustment process, as I show formally in

Section 4.5. This property maymake deferred acceptance easier to explain to cadets if a mechanism

based on deferred acceptance is adopted for cadet-branch matching. In light of Theorem 4.2, the

salary adjustment process interpretation applies to deferred acceptance with BfYC priorities as

well, although the use of the substitutable BfYC priorities makes the connection more transparent.

4.5 Contracts versus salaries in cadet-branch matching

In this section, I first show that the substitutable BfYC choice functions can be taken to

be the choices of profit-maximizing firms. I then show that the cadet-branch economy with

substitutable branch priorities is isomorphic to a Kelso–Crawford economy and that deferred

acceptance corresponds to a descending salary adjustment process.

4.5.1 Quasilinearity of the substitutable branch choice functions

This section shows that the substitutable BfYC choice functions are quasilinear in “salary,"

where branches value cadets according to assignment valuations (Shapley, 1962). I use assignment

valuations to capture the fact that the branches have several different slots for cadets and the slots

place different values on ranking in the order of merit.

Let branch b have q1b+q2b slots and let αb ∈ RI×{1,...,q1b+q2b} be a matrix of assignment values,

so that αb
i, j is the value that branch b receives if cadet i is assigned to slot j in b. Following Shapley

(1962), define valuation γb : P(I)→R to value (sets of) cadets by assigning cadets to slots in b in

a way that maximizes total value. More formally, let

γb(E) = max
{di1 ,...,dik}⊆E

1≤ j1<···< jk≤q1b+q2b

k

∑
ℓ=1

αb
diℓ , jℓ

.

Let g :R>0 →R>0 be a strictly decreasing function, which converts contract lengths to salaries.
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The requirement that g be decreasing ensures that short contracts correspond to high salaries.25

Define utility function ub : P(X)→ R by

ub(Y ) = γb(i(Yb))− ∑
(i,b,t)∈Y

g(t).

Thus, ub values cadets according to γb and is quasilinear in g(contract length).

Consider an assignment value matrix for b described as follows. Let any difference in values

of doctors to the first q1b slots dominate any difference in salaries. For the last q2b slots, let any

difference in salaries dominate any difference between values of cadets.26 Intuitively, maximizing

utility among subsets of a given set of contracts then selects up to q1b contracts with preferred cadets

and then up to q2b more contracts that are as long as possible. Thus, maximizing ub coincides with

Cb
BfYC for suitably chosen assigment values.

Proposition 4.2. For all branches b and all strictly decreasing g :R>0 →R>0, there exists a matrix

αb ∈ RI×{1,...,q1b+q2b} such that

{Cb
sBfYC(Y )}= argmax

Z⊆Y
ub(Z)

for all sets of contracts Y ⊆ X ,

Proposition 4.2 implies that the substitutable BfYC choice functions can be interpreted as the

choice functions of profit-maximizing firms. In contrast, the original branch choice functionsCb
BfYC

are not the choice functions of profit-maximizing firms. Intuitively, choosing a long contract with

a given cadet sometimes and a short contract at other times when both are available is inconsistent

with profit-maximization.

As I show in Appendix 4.C, Proposition 4.1 follows immediately from the utility representation

of Proposition 4.2 due to general results on quasilinear utility functions induced by assignment

25 Intuitively, short contracts correspond to high salaries because short contracts entail less service received by the
military without change to the cost of educating a cadet.

26 It is possible to choose such assignment values because the set of salaries, i.e.
{
g(t1) , . . . ,g

(
tk
)}

, is finite. See
Appendix 4.C for the details.
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valuations (Shapley, 1962; Hatfield and Milgrom, 2005).

4.5.2 Isomorphism to a Kelso–Crawford economy

This section shows that, under mild conditions, the cadet-branch economy with substitutable

BfYC priorities is isomorphic to a Kelso–Crawford economy.27 More precisely, I take the salary

corresponding to a contract (i,b, t) to be g(t).

Proposition 4.2 shows that the branches’ choice functions can be represented by quasilinear

utility functions. The cadets’ preferences can be represented by utility functions. In order to ensure

that cadets prefer high salaries, I need to assume that all cadets prefer short contracts.28

Definition 4.2. The preference of a cadet i is salary-monotonic if

(i,b, t ′) /∈Ci ({(i,b, t),(i,b, t ′)})
whenever t < t ′ and (i,b, t),(i,b, t ′) ∈ X .

In practice, cadets’ preferences are likely to be salary-monotonic because cadets can choose

to remain in the military after the expiry of their initial contracts. Under the assumption that

cadets’ preferences are salary-monotonic, their preferences can be represented by utility functions

that are strictly increasing in salaries. It follows that the cadet-branch economy is isomorphic to a

Kelso–Crawford economy.

Theorem 4.3 (Informal statement). If all cadets have salary-monotonic preferences, then:

1. The cadet-branch economy with substitutable BfYC choice functions is isomorphic to a

Kelso–Crawford economy.

2. The Kelso–Crawford economy can be chosen so that so that g(t) is the salary corresponding

to contract (i,b, t) for all (i,b, t) ∈ X .

27 I formalize the notion of isomorphism in Appendix 4.C.4.

28 When cadets’ preferences are salary-monotonic and the branches’ priority profile isCsBfYC, every contract is Pareto
optimal in the sense of Roth (1984b) and the generalized salary condition of Roth (1985) is satisfied.
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3. The cadet-proposing deferred acceptance algorithm corresponds to with the descending

salary adjustment process under any isomorphism.

See Appendix 4.C for a formal statement and proof of Theorem 4.3.

In light of Theorems 4.2 and 4.3, themainmechanisms proposed by Sönmez (2013) and Sönmez

and Switzer (2013) are descending salary adjustment processes in Kelso–Crawford economies.

Therefore, cadet-branchmatching does not require even the full generality of many-to-onematching

with contracts and substitutable choice functions—only theKelso–Crawford (1982) theory ofmany-

to-one matching with salaries is needed to match cadets to branches.

4.5.3 Related literature on contracts and salaries

Echenique (2012) showed that if all branches’ choice functions are substitutatable, then a

matching market with contracts can be embedded into a matching market with salaries. The

Echenique (2012) embedding does not guarantee that branches’ utility functions are quasilinear.

Moreover, the firms’ utility functions cannot be quasilinear in general. Indeed, Theorem 7 in

Hatfield and Milgrom (2005) shows that the law of aggregate demand follows from substitutability

and quasilinearity. As the Echenique (2012) embedding preserves the law of aggregate demand

(see Section IIE in Echenique, 2012), the law of aggregate demand is necessary (but not in

general sufficient) for the existence of a quasilinear utility representation in matching with salaries.

Schlegel (2015) has shown that a matchingmarket where branches’ choice functions are unilaterally

substitutable can be embedded (in a weaker sense than Echenique (2012)) into a (potentially non-

quasilinear) matching market with salaries in which firms may be indifferent to paying a worker

more.29 This result applies in particular to the Sönmez (2013) cadet-branch market.

Proposition 4.2 and Theorem 4.3 offer salaries a more realistic interpretation than Echenique

(2012) and Schlegel (2015) because the branches’ utility functions are taken to be quasilinear. Thus,

the substitutable BfYC choice functions are the choices of profit-maximizing firms. Moreover,

29 That is, Schlegel (2015) did not require firms’ utility functions to be strictly decreasing in salaries. This relaxed
interpretation of salaries allows Schlegel (2015) to embed unilaterally substitutable firm preferences.
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quasilinearity is crucial to the proof that the substitutable BfYC choice functions satisfy the law of

aggregate demand (Proposition 4.1). The law of aggregate demand is in turn critical to prove that

the deferred acceptance mechanism is group strategy-proof (Hatfield and Kojima, 2009; Hatfield

and Kominers, 2012) and to give a conceptual proof that the BfYC choice functions are unilaterally

substitutable using Theorem 4.4. Thus, the interpretation of contract lengths as salaries offered by

Theorem 4.3 is both conceptually appealing and technically useful.

4.6 DA-equivalence and weakened substitutability conditions

This section studies the general implications of DA-equivalence to a substitutable choice func-

tion. Section 4.6.1 gives a conceptual explanation for the unilateral substitutability of the BfYC

choice functions. Section 4.6.2 formalizes what it means for a choice function to be effectively

substitutable from the perspective of deferred acceptance (DA-substitutable) and discusses the

relationship between DA-substitutability and strategy-proofness results in the literature.

4.6.1 DA-equivalence and unilateral substitutability

This section gives a conceptual proof of Sönmez’s (2013) result that the BfYC choice func-

tions are unilaterally substitutable and satisfy the law of aggregate demand (Lemmata 1 and 2

in Sönmez (2013)). The proof relies on the following theorem, which asserts that feasibility

and DA-equivalence to the choice function of a profit-maximizing firm together imply unilateral

substitutability and the law of aggregate demand.

Theorem 4.4. Let b∈ B and let Ĉb be a choice function that is DA-equivalent toCb. IfCb is feasible

and satisfies the irrelevance of rejected contracts condition and Ĉb is feasible, substitutable, and

satisfies the law of aggregate demand, thenCb is

1. unilaterally substitutable and

2. satisfies the law of aggregate demand.
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In Appendix 4.D, I present examples to show that the hypotheses that Ĉb be feasible and

satisfy the law of aggregate demand are necessary to both conclusions of Theorem 4.4. Intuitively,

feasibility and the law of aggregate demand interact in Theorem 4.4 to constrain the number of

different cadets that are chosen under Ĉb, hence underCb as well.

Theorem 4.4 gives a conceptual explanation of why the BfYC choice functions are unilaterally

substitutable: they induce the same deferred acceptance mechanisms as the substitutable BfYC

choice functions (Theorem 4.2), which are the choice functions of profit-maximizing firms (Propo-

sition 4.1). This unilateral substitutability condition is critical to Sönmez’s (2013) and Sönmez

and Switzer’s (2013) approach to deriving stability and strategy-proofness. Previously, only a

technical justification of this crucial condition was known (Sönmez, 2013; Sönmez and Switzer,

2013). Thus, the approach of constructing the Sönmez and Sönmez–Switzer mechanisms in Kelso–

Crawford economies also helps shed light on the substitutability conditions involved in the Sönmez

and Sönmez–Switzer models.

Corollary 4.2 (Sönmez, 2013; Sönmez and Switzer, 2013). In cadet-branch matching, the choice

functionCb
BfYC is unilaterally substitutable for all b ∈ B.

Remark 4.1. Example 4.D.4 in Appendix 4.D shows that unilateral substitutability and the law

of aggregate demand do not together imply DA-equivalence to a feasible, substitutable choice

function. Thus, the existence of feasible, substitutable priorities that are DA-equivalent to the

BfYC choice functions relies on additional structure present in cadet-branch matching beyond

unilateral substitutability.

4.6.2 Substitutability from the perspective of deferred acceptance

As the example of cadet-branch matching shows, choice functions that exhibit complemen-

tarities may still be DA-equivalent to substitutable choice functions. I call such choice functions

DA-substitutable.

Definition 4.3. A choice functionCb is DA-substitutable if there exists a choice function Ĉb that is

DA-equivalent to Cb and substitutable.
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Substitutability alone is not sufficient to guarantee that the deferred acceptance mechanism is

strategy-proof (Hatfield and Milgrom, 2005)—the law of aggregate demand also plays a key role

in deriving strategy-proofness (Hatfield and Milgrom, 2005; Hatfield, Kominers, and Westkamp,

2020). Theorem 4.4 also illustrates an important interaction between DA-equivalence and the law

of aggregate demand. This motivates the consideration of DA-strategy-proof choice functions,

which are defined to be the choice functions that are DA-equivalent to choice functions that are

substitutable and satisfies the law of aggregate demand.

Definition 4.4. A choice functionCb is DA-strategy-proof if there exists a choice function Ĉb that

is DA-equivalent to Cb, substitutable and satisfies the law of aggregate demand.

Recall that substitutable choice functions that satisfy the law of aggregate demand induce group

strategy-proof deferred acceptance mechanisms (Hatfield and Kominers, 2012). As DA-strategy-

proof choice functions induce the same deferred acceptance mechanisms as certain substitutable

choice functions that satisfy the law of aggregate demand, DA-strategy-proof choice functions

induce group strategy-proof deferred acceptance mechanisms as well.

Theorem 4.5. IfCb is DA-strategy-proof for all b ∈ B, then DAC is group strategy-proof.30

Proof. For each b, let Ĉb be a choice function that is DA-equivalent to Cb, substitutable, and

satisfies the law of aggregate demand. Theorem 4.1 implies that DAC =DAĈ, while Theorem 10

in Hatfield and Kominers (2012) guarantees that DAĈ is group strategy-proof. □

As was shown in Section 4.4, the branches’ choice functions in cadet-branch matching satisfy

a stronger condition than DA-strategy-proofness: the BfYC choice functions are DA-equivalent to

feasible, substitutable choice functions that satisfy the law of aggregate demand (see Theorem 4.2

and Proposition 4.1). Feasibility plays a crucial role in deriving unilateral substitutability—as

was seen in Section 4.6.1—and is necessary to embed a matching market into a Kelso–Crawford

30 DA-strategy-proofness is not in general sufficient to ensure thatDAC is stable even if all branches’ choice functions
satisfy the irrelevance of rejected contracts condition, as Example 4.D.2 in Appendix 4.D shows. However, observable
substitutability (in the sense of Hatfield, Kominers, and Westkamp (2020)) and the irrelevance of rejected contracts
condition together imply that the deferred acceptance mechanism is stable.
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economy—as will be done in Section 4.5. Furthermore, the strategy-proofness results in cadet-

branch matching rely only strategy-proofness results in many-to-one matching with feasible, sub-

stitutable choice functions (Hatfield and Kojima, 2009), while Theorem 4.5 uses results from

many-to-many matching with contracts (Hatfield and Kominers, 2012).

Unlike other weakened substitutability conditions in the literature (see, e.g., Hatfield and

Kojima (2010). Hatfield and Kominers (2019), and Hatfield, Kominers, and Westkamp (2020)),

DA-substitutability and DA-strategy-proofness have interpretations in terms of being effectively

substitutable from the perspective of deferred acceptance. As Theorem 4.4 shows, ideas similar to

DA-substitutability also help provide intuition for unilateral substitutability.

DA-substitutability and DA-strategy-proofness relate to some of the weakened substitutability

conditions in the matching literature. Theorem 4.4 shows that a strengthening of DA-strategy-

proofness implies unilateral substitutability. On the other hand, Appendix 4.E explains that unilat-

eral substitutability and substitutable completability (in the sense of Hatfield and Kominers (2019))

imply DA-substitutability, but not vice versa. Similarly, the existence of a substitutable completion

that satisfies the law of aggregate demand implies DA-strategy-proofness, but not vice versa.

4.7 Extension to slot-specific priorities

The DA-equivalence of Theorem 4.2 extends to the setting of slot-specific priorities (Kominers

and Sönmez, 2016), a class of choice functions that generalizes the branches’ choice functions in

cadet-branch matching. The choice functions associated to slot-specific priorities are defined by

iterative processes that generalize the definitions of Cb
BfYC and Cb

sBfYC. For these choice functions,

changing the relative priorities of contracts with individual cadets at each slot (sub-step) yields a

DA-equivalent choice function. However, unlike in the case of Theorem 4.2, the modified choice

function may be neither feasible nor substitutable. See Proposition 4.B.1 in Appendix 4.B for the
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details.31,32

4.8 Conclusion

Because military positions are jobs, it is natural to regard the cadet-branch matching market as

a job market. This approach requires changes to the branches’ choice functions, but Theorem 4.2

shows that the proposed modification does not affect the deferred acceptance mechanisms. Theo-

rem 4.3 shows that the proposed matching mechanisms are simpler from the job-market viewpoint

and clarifies the role of contracts as salaries. Along the way, Theorem 4.4 shows that the BfYC

choice functions are unilaterally substitutable precisely because the substitutable BfYC choice

functions are substitutable and consistent with profit-maximization.

Substitutability is crucial to matching with contracts (Hatfield and Kojima, 2008; Hatfield and

Kominers, 2012, 2017; Hatfield et al., 2013; Schlegel, 2020). This chapter shows that even choice

functions that exhibit complementarities might be effectively substitutable from the perspective of

matching mechanisms (DA-substitutable). Thus, reformulating a matching problem by modifying

the priorities can simplify the analysis and clarify the roles of contracts, priority structures, and

substitutability conditions.

4.A Proofs of general results on DA-equivalence

4.A.1 Proof of Theorem 4.1

Formal definition of the deferred acceptance algorithm. I use a simultaneous-proposal cadet-

proposing deferred acceptance algorithm, following Gale and Shapley (1962). Initialize the set of

“held" contracts to G(0) = ∅ and the set of “unproposed" contracts to J(0) = X . For t = 1,2, . . . ,

run the following iterative step.

31 I use Proposition 4.B.1 in Appendix 4.B to prove Theorem 4.2 formally (see Appendix 4.C).

32 The same intuition extends to choice functions described by capacity transfers (Aygun and Turhan, 2020), a class
of priorities that generalizes distributional priorities (Kamada and Kojima, 2014) and slot-specific priorities (Kominers
and Sönmez, 2016).
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• Step t. Define the set of participating cadets to be

W (t) =
{
i ∈ I

∣∣∣J(t−1)
i contains a contract that is acceptable to d

}
\ i
(
G(t−1)

)
.

IfW (t) =∅, then terminate the process, set T = t−1, and return G(t−1).

Otherwise, for all d ∈W (t), let x(t)i be the contract in J(t−1)
i that is most preferred by i. Each

cadet d ∈W (t) proposes x(t)i , so that the set of proposed contracts is

P(t) =
{
x(t)i | d ∈W (t)

}
.

The new set of held contracts is

G(t) =
∪
b∈B

Cb
(
G(t−1)∪P(t)

)

and the new set of unproposed contracts is

J(t) = J(t−1) \P(t).

It is straightforward to the verify that the algorithm terminates in T ≤ |X | steps, because at least

one contract is proposed at each step and no contract is proposed more than once.

Preliminaries. The following claim formalizes the intuition that the set of available contracts is

feasible at every step of deferred acceptance.

Claim 4.A.1. For all 1≤ t ≤ T , the sets G(t) and G(t−1)∪P(t) are feasible. Here, we set G(−1) =

P(0) =∅.

Proof. We prove the claim by induction on t. The base case of t = 0 is obvious.

Assume that the claim is true for t = k. If T = k, then there is nothing left to prove. Therefore, we

can assume that T > k. By construction, the set P(k+1) is feasible and P(k+1)
i =∅ for all i∈ i

(
G(k)

)
.
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It therefore follows from the inductive hypothesis that G(k)∪P(k+1) is feasible. Because

G(k+1) =
∪
b∈B

Cb
(
G(k)∪P(k+1)

)
⊆ G(k)∪P(k+1),

the set G(k+1) is also feasible, completing the proof of the inductive step. □

The following claim summarizes the key inductive argument in the proof of the “only if"

direction of Theorem 4.1.

Claim 4.A.2. Let Ĉ be a branch priority profile that is DA-equivalent toC. Denote the analogues of

the sets G(t),J(t),W (t) and P(t) and the integer T in the deferred acceptance algorithm with branch

priority profile Ĉ by Ĝ(t), Ĵ(t),Ŵ (t), P̂(t), and T̂ , respectively. For all 0≤ t ≤ T , we have t ≤ T̂ and(
Ĝ(t), Ĵ(t)

)
=
(
G(t),J(t)

)
. Here, we setW (0) = Ŵ (0) = P(0) = P̂(0) =∅.

Proof. We proceed by induction on t. The base case of t = 0 is obvious.

Assume that the claim is true for t = k. If T = k, then there is nothing left to prove. Therefore,

we can assume that T > k. The inductive hypothesis ensures that
(
Ĝ(k), Ĵ(k)

)
=
(
G(k),J(k)

)
. The

formula for W (k+1) implies that W (k+1) = Ŵ (k+1). Because T ≥ k+ 1, we have W (k+1) ̸= ∅ and

therefore Ŵ (k+1) ̸=∅. As a result, the definition of T̂ ensures that T̂ ≥ k+1.

BecauseW (k+1) = Ŵ (k+1) and J(k) = Ĵ(k), we have that P(k+1) = P̂(k+1). It follows that

Ĵ(k+1) = Ĵ(k) \ P̂(k+1) = J(k) \P(k+1) = J(k+1).

Because Ĝ(k) = G(k) (by the inductive hypothesis), we have that Ĝ(k) ∪ P̂(k+1) = G(k) ∪P(k+1).

Claim 4.A.1 guarantees that G(k)∪P(k+1) is feasible. Because Ĉ is DA-equivalent to C, it follows

that

G(k+1) =
∪
b∈B

Ĉb
(
Ĝ(k)∪ P̂(k+1)

)
=
∪
b∈B

Ĉb
(
G(k)∪P(k+1)

)
=
∪
b∈B

Cb
(
G(k)∪P(k+1)

)
= G(k+1),
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completing the proof of the inductive step. □

Completion of the proof of Theorem 4.1. We first prove the “only if" direction. Assume that Ĉ is

DA-equivalent to C, fix a preference profile for cadets, and work in the notation of Claim 4.A.2.

Claim 4.A.2 guarantees that T ≤ T̂ and, by symmetry, that T̂ ≤ T . Thus, we have that T = T̂ .

Claim 4.A.2 also guarantees that

Ĝ(T̂ ) = Ĝ(T ) = G(T ),

and therefore that the deferred acceptance algorithm with respect to Ĉ returns the same allocation

as the deferred acceptance with respect toC. It follows that DAC =DAĈ.

It remains to prove the “if" direction. Suppose that Ĉ is not DA-equivalent to C. Then, there

exists a branch b and a feasible set Y ⊆ Xb such thatCb(Y ) ̸= Ĉb(Y ). Consider the cadet preference

profile defined by i : Yi ⪰ ∅. The deferred acceptance algorithm returns Ĉb(Y ) when the branch

priority profile is Ĉ and returns Cb(Y ) when the branch priority profile is C. As a result, we can

conclude that DAC ̸=DAĈ.

The contrapositive of the previous paragraph proves the “if" direction of Theorem 4.1.

4.A.2 Proof of Theorem 4.4

Let Y1 ⊆ Y2 ⊆ Xb be sets of contracts. LetWj =Cb(Yj) and let I j = i(Wj) for j = 1,2. Because

Cb is feasible, the setWj is feasible for j = 1,2. Thus, we have that Ĉb(Wj) =Wj for j = 1,2.

We claim that

Ĉb(Wj∪{z}) =Wj for all z ∈ Y j∖
(
Y j
)
I j
and j = 1,2. (4.A.1)

Note thatWj ⊆Wj∪{z} ⊆Yj for all z ∈Yj∖ (Yj)I j . BecauseCb satisfies the irrelevance of rejected

contracts condition, it follows thatCb(Wj∪{z}) =Wj. BecauseWj is feasible and i(z) /∈ I j, the set

Wj∪{z} is feasible. Hence, we have that Ĉb(Wj∪{z}) =Wj sinceCb and Ĉb are DA-equivalent.

Because Ĉb is substitutable, (4.A.1) implies that Ĉb(Y2)I∖I j = ∅. Since Ĉb was assumed to
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be feasible, we have that |Ĉb(Yj)| ≤ |I j| = |Wj|, with equality if and only if i
(
Ĉb(Yj)

)
= I j. As

Ĉb(Wj) =Wj andWj ⊆ Yj, the law of aggregate demand for Ĉb yields that

|Wj|=
∣∣∣Ĉb(Wj)

∣∣∣≤ |Ĉb(Yj)| ≤ |Wj|,

so that the two inequalities must be equalities. Thus, we have that i
(
Ĉb(Y2)

)
= I2 and

∣∣Ĉb(Y2)
∣∣ =

|W2|.

Proof of Theorem 4.4(a). Specialize to the case ofY2 =Y1∪{y} and let x∈Y1 satisfy
∣∣∣(Y1)i(x)∣∣∣= 1.

Suppose that x ∈W2. We divide into cases based on whether i(x) = i(y) to prove that x ∈W1.

Case 1: i(x) = i(y). BecauseCb is feasible, we have y /∈Cb(Y2). By the irrelevance of rejected

contracts, it follows that x ∈Cb(Y2) =Cb(Y1).

Case 2: i(x) ≠ i(y). In this case, note that (Y2)i(x) = {x}. Because i
(
Ĉb(Y2)

)
= I2 and x ∈W2,

it follows that x ∈ Ĉb(Y2). As Ĉb is substitutable, we have x ∈ Ĉb(W1∪{x}). The contrapositive

of (4.A.1) applied to j = 1 and z= x guarantees that i(x) ∈ I1. Because (Y2)i(x) = {x}, it follows

that x ∈W1.

The casework clearly exhausts all possibilities and thus proves that x ∈W1. Taking Y1 = Y ∪{x}

with i(x) /∈ i(Y ) arbitrary yields thatCb is unilaterally substitutable.

Proof of Theorem 4.4(b). As Ĉb(W1) =W1 and W1 ⊆ Y2, the law of aggregate demand for Ĉb

yields that

|W1|=
∣∣∣Ĉb(W1)

∣∣∣≤ |Ĉb(Y2)| ≤ |W2|.

Since Y1 ⊆ Y2 ⊆ Xb were arbitrary,Cb must satisfy the law of aggregate demand.
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4.B DA-equivalence and slot-specific priorities

This section describes a sufficient condition for two slot-specific priorities (in the sense of

Kominers and Sönmez (2016)) to be DA-equivalent. I begin by giving necessary and sufficient

conditions for two unit-demand choice functions to be DA-equivalent and then generalize to slot-

specific priorities, which are obtained by combining unit-demand “slot" priorities. InAppendix 4.C,

I use the sufficient condition to derive Theorem 4.2.

4.B.1 Case of unit-demand choice functions

Two unit demand choice functions are DA-equivalent if they make the same comparisons

between contracts with different cadets. Intuitively, this occurs if and only if the preferences differ

only by permuting consecutive contracts with a single cadet, as swapping the order of acceptable

contracts with different cadets alters a trade-off between contracts with different cadets.

I formalize this intuition in the following lemma. Let C≻b
j
denote the unit-demand choice

function associated to a total order ≻b
j on Xb∪{∅}.

Lemma 4.B.1. Let ≻b
j and ≻̂b

j be priority orders on Xb∪{∅}. The following are equivalent:

(1) The choice functions C≻b
j
andC≻̂b

j
are DA-equivalent.

(2) We have that

x≻b
j ∅ ⇐⇒ x ≻̂b

j ∅

for all x ∈ Xb and that

x≻b
j x

′ and x′ ≻̂b
j x =⇒ i(x) = i(x′)

for all x,x′ ∈ Xb such that x′ ≻b
j ∅.

Proof. First, assume that Condition (1) is satisfied—that is, suppose that C≻b
j
is DA-equivalent to

C≻̂b
j
. For all x ∈ Xb, we have that

x≻b
j ∅ ⇐⇒ C≻b

j
({x}) = {x} ⇐⇒ C≻̂b

j
({x}) = {x} ⇐⇒ x ≻̂b

j ∅
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because {x} is feasible. For all x,x′ ∈ Xb with i(x) ̸= i(x′) and x′ ≻b
j ∅, we have that

x≻b
j ∅ ⇐⇒ C≻b

j
({x,x′}) = {x} ⇐⇒ C≻̂b

j
({x,x′}) = {x} ⇐⇒ x ≻̂b

j x
′

because {x,x′} is feasible. Therefore, Condition (2) is satisfied.

Next, suppose that Condition (2) is satisfied. Let Y ⊆ X be a feasible set of contracts. Define a

set

W =
{
x ∈ Y | x≻b

j ∅
}
=
{
x ∈ Y | x ≻̂b

j ∅
}
.

Note that W is feasible. Condition (2) and the assumption that W is feasible ensure that the

restriction of ≻b
j toW is the same as the restriction of ≻̂b

j toW . Therefore, we have that

C≻b
j
(Y ) =C≻b

j
(W ) =C≻̂b

j
(W ) =C≻̂b

j
(Y ).

Because Y was an arbitrary feasible set of contracts, it follows that C≻b
j
is DA-equivalent to C≻̂b

j
,

which is Condition (1). □

4.B.2 Extension to slot-specific priorities

Kominers and Sönmez (2016) defined a special class of choice functions for branches called

the choice functions associated to slot-specific priorities. Let b be a branch and let ≻b= (≻b
i )i≤k

be a profile of k total orders on Xb∪{∅}. The choice function associated to slot-specific priority

with slot priorities ≻b is the choice function C≻b defined as follows. Fix a set Y ⊆ Xb, and run the

following procedure for 1≤ t ≤ k to computeC≻b(Y ).

• Step t: If no available contract in Y is preferred under≻b
t to∅, then proceed to the next step.

Otherwise, accept the available contract x ∈ Y that is most preferred under ≻b
t and remove

from consideration all other contracts with i(x).

I now prove a sufficient condition for the DA-equivalence of the choice functions associated to

two sequences of slot priorities.
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Proposition 4.B.1. Let b be a branch and let ≻b and ≻̂b be profiles of k total orders on Xb∪{∅}.

IfC≻b
j
andC≻̂b

j
are DA-equivalent for all 1≤ j ≤ k, thenC≻b andC≻̂b are DA-equivalent.

Intuitively, the slot priorities ≻b and ≻̂b only differ in their trade-offs between contracts with

individual cadets. As a result, only comparisons between contracts with individual cadets differ at

each step of the computation of the corresponding slot-specific priorities. Since only comparisons

between contracts with individual cadets differ at each step of the computation, only trade-offs

between contracts with individual cadets differ between C≻b and C≻̂b . Thus, the choice functions

C≻b andC≻̂b are DA-equivalent.

Proof. Let Y ⊆ X be a feasible set of contracts. We prove by induction on t that the first t steps of

the computation of C≻b(Y ) and C≻̂b(Y ) agree. The base case of t ≤ 0 is obvious. Assume that the

first m steps of the computations ofC≻b(Y ) andC≻̂b(Y ) agree, with m< k. Let A⊆ Y be the set of

contracts that are available at Step m+1 in the computation of C≻b(Y ). The inductive hypothesis

guarantees that A is also the set of contracts that are available at Step m+1 in the computation of

C≻̂b(Y ). Because ≻b
m+1 is DA-equivalent to ≻̂

b
m+1, we have that

C≻b
m+1

(A) =C≻̂b
m+1

(A),

Hence, the computations of C≻b(Y ) and C≻̂b(Y ) agree at Step m+1 as well, completing the proof

of the inductive step.

Taking t = k yields thatC≻b(Y ) =C≻̂b(Y ). BecauseY was an arbitrary feasible set of contracts,

it follows that C≻b is DA-equivalent toC≻̂b . □

Theorem 4.1 and Proposition 4.B.1 show that permuting consecutive sequences of contracts

with a single cadet in slot priorities does not affect the deferred acceptance mechanism.
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4.C Proofs of results on cadet-branch matching

4.C.1 Proof of Theorem 4.2

Notice that the choice functions Cb
BfYC are slot-specific with q1b+q2b slots, where each substep

corresponds to a slot (Sönmez and Switzer, 2013; Kominers and Sönmez, 2016). Similarly, the

substitutable choice functions Cb
sBfYC are associated to slot-specific priorities with q1b+ q2b slots,

where each substep corresponds to a slot.

Note that the slot priorities in the first steps of the processes defining Cb
sBfYC and Cb

BfYC differ

only in the relative orders of contracts with a given cadet. It follows from Lemma 4.B.1 and

Proposition 4.B.1 that CsBfYC is DA-equivalent to CBfYC. Theorem 4.1 implies that DABfYC =

DAsBfYC.

4.C.2 Proof of Proposition 4.1

Fix a branch b. Theorem 1 in Shapley (1962) guarantees that ub is a gross substitutable valuation

(see also Theorem 13 in Hatfield and Milgrom, 2005). Theorem 2 in Hatfield and Milgrom (2005)

and Proposition 4.2 show that Cb
sBfYC is substitutable. Because ub is quasilinear and induces a

substitutable choice function CsBfYC, Theorem 7 in Hatfield and Milgrom (2005) guarantees that

Cb
sBfYC satisfies the law of aggregate demand.

The second part of the proposition follows from the first part due to Theorem 1 in Hatfield and

Kojima (2009), which asserts that the deferred acceptance mechanism is group strategy-proof if all

branches’ choice functions are feasible, substitutable, and satisfy the law of aggregate demand.33

33 Aygün et al. (2012); Aygün and Sönmez (2013) showed that the irrelevance of rejected condition is crucial to the
stability and strategy-proofness of deferred acceptance. However, as Aygün et al. (2012); Aygün and Sönmez (2013)
showed, substitutability and the law of aggregate demand together imply the strong axiom of revealed preferences,
which in turn implies the irrelevance of rejected contracts condition. The fact that the substitutable BfYC choice
functions satisfy the strong axiom of revealed preferences can easily be seen directly from Proposition 4.2.

199



4.C.3 Proof of Proposition 4.2

Fix a branch b. To prove Proposition 4.2, we begin by defining amatrixαb of assignment values.

We then prove several properties of value-maximizing assignments. We use these properties to show

that the BfYC choice is the only possible value-maximizing assignment, and it is straightforward

to conclude the proof from this observation.

Definition of the assignment value matrix. In order to define the assignment value matrix, we

need to define a “small" quantity δ and a “large" quantity ∆. Let δ ∈ R>0 be such that

δ < inf
1≤ℓ<ℓ′≤k

1
tℓ
− 1
tℓ′

,

and let ∆ ∈ R>0 be such that

∆ >
1
t1
.

Any difference in contract inverse-lengths dominates a value difference of δ , while a value difference

of ∆ dominates any difference in contract inverse-lengths.34

The assignment values are formally defined as follows. Each branch b has q1b+q2b slots. Let

c1 ≻b
OML c2 ≻b

OML · · · ≻b
OML dcM

be the set of cadets that are acceptable to a branch b in order of merit. For i ∈ I and 1≤ j≤ q1b+q2b,

define the value of i to b in slot j as

αb
i, j =


(M+2− k)∆ if i= ck and j ≤ q1b

∆+ δ
k if i= ck and q1b < j ≤ q1b+q2b

0 if ∅≻b
OML d.

34 In Section 4.1, I take δ = 1
100 and ∆ = 1.
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The first q1b slots give strong priority to cadets that are high on the order of merit, while the next q2b

slots give a slight priority to cadets that are high on the order of merit. All slots strongly disprefer

unacceptable cadets. The remainder of this section is devoted to proving that

argmax
Z⊆Y

ub(Z) =
{
Cb(Y )

}

for all Y ⊆ Xb.

Basic properties of optimal assignments. Note that αb
i, j ≥ αb

i,k for all 1≤ j ≤ k ≤ q1b+q2b and all

cadets i. Therefore, we can assume that only the firstmin{|E|,q1b+q2b} slots are used in an optimal

assignment of a set of cadets in E to slots—we have that

γb(E) = max
{i1,i2,...,im(E)}⊆A

m(E)

∑
j=1

αb
i j, j,

where m(E) = min{|E|,q1b+ q2b}. Note that whenever i ≻b
OML i′, we have that αb

i, j > αb
i′, j for all

1≤ j ≤ q1b+q2b and αb
i, j+αb

i′, j′ ≥ αb
i, j+αb

i′,i for all 1≤ j < j′ ≤ q1b+q2b. As a result, we have that

γb(E) =
m(E)

∑
j=1

αb
i j, j,

where

E = {i1 ≻b
OML i2 ≻b

OML · · · ≻b
OML i|E|}.

Let Ib = {i ∈ I | d ≻b
OML ∅} and define f : Ib → {1, . . . ,M} by f (dk) = k. The discussion of

the previous paragraph and the explicit definition of the assignment values ensure that

γb(E) =min
{
m′(E),q1b+q2b

}
∆+

min{m′(E),q1b}
∑
t=1

(M+1− kt(E))∆+

min{m′(E),q1b+q2b}
∑
t=q1b

δ
kt(E)

,
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where m′(E) = |E ∩ Ib| and

f (E ∩ Ib) = {k1(E)< · · ·< km′(E)(E)}.

We use this formula for γb implicitly during the remainder of the proof of the proposition.

Proof that any maximizer of ub must be the BfYC choice set. Let Y ⊆ X and let xt ∈ Y ∪{∅}

be selected in the tth substep of the process defining Cb
sBfYC. Suppose that A ⊆ Y and that

A ̸=Cb
sBfYC(Y ). We claim that there exists A′ ⊆Y such that ub(A′)> ub(A). First, we show that we

can make three simplifying assumptions.

(A) A⊆ Yb. Indeed, note that ub(A)≤ ub(A∩Yb) with equality if and only if A⊆ Yb.

(B) A is feasible. Let A′ ⊆ A be such that i(A′
b) = i(Ab) and A′ is feasible. Then, γb(i(A′

b)) =

γb(i(Ab)), so that ub(A′)≥ ub(A) with equality if and only if A= A′.

(C) There do not exist (i,b, tℓ) ∈ A and (i,b, tℓ′) ∈ Y \A with ℓ < ℓ′. If such i,b, ℓ,ℓ′ exist, let

A′ = A∪{(i,b, tℓ′)} \ {(i,b, tℓ)}. Then, we have that γb(i(A′
b)) = γb(i(Ab)) and hence that

ub(A′)> ub(A).

We can therefore assume that Conditions (A), (B), and (C) are all satisfied. To prove the claim

in general, we divide into cases based on the first place in the process defining CsBfYC at which A

differs fromCb
sBfYC(Y ).

Case 1: There exists 1≤ t ≤ q1b such that xt /∈ A∪{∅}. Suppose that xt ∈ A∪{∅} for all t ≤ T

and xT+1 /∈ A∪{∅}. The definition of Cb
sBfYC ensures that i(xt) = kt(i(Yb)) and that xt is the

longest contract with kt(i(Yb)) in Y for all 1≤ t ≤ T +1. Condition (C) ensures that no contract

with kT+1(i(Yb)) is in A.

Let A′ = A∪{xT+1}. We claim that ub(A′) > ub(A). If |A| = T, then clearly we have that

γb(i(A′))≥ 2∆+ub(A) and hence that ub(A′)> ub(A)+∆ > ub(A). Therefore, we can assume

that |A|> T .

202



The definition of xT+1 ensures that kT+1(i(Yb)) ≻b
OML kt(i(A)) for all t > T . The definition

of T ensures that kt(i(A)) ≻b
OML kT+1(i(Yb)) for all t ≤ T . It follows that kT+1(i(A′)) ≻b

OML

kT+1(i(A)) and kt(i(A′))≻b
OML kt(i(A)) for all t ≤ |i(A)|. Because T < q1b and due to Condition

(A), it follows that γb(i(A′)) ≥ γb(i(A))+∆. Since ∆ > 1
t1
, it follows that ub(i(A′)) > ub(i(A)),

as desired.

Case 2: xt ∈ A∪{∅} for all 1≤ t ≤ q1b and there exists q
1
b < t ≤ q1b+q2b such that xt /∈ A∪{∅}.

Suppose that xt ∈ A∪{∅} for all t ≤ T +q1b and xT+q1b+1 /∈ A∪{∅}. The definition of Cb
sBfYC

ensures that xT+q1b+1 is the longest contract with i(xT+q1b+1) inY for all 1≤ t ≤ T +1. Condition

(C) ensures that no contract with i(xT+q1b+1) is in A.

We now divide into cases based on the size of A to construct A′.

Subcase 2.1: |A| ≤ T + q1b. Let A′ = A∪{xT+q1b+1}. It is straightforward to verify that

γb(i(A′))> ∆+ub(A) and hence that ub(A′)> ub(A).

Subcase 2.2: |A|> T +q1b. Let

B= A\{xt | 1≤ t ≤ T +q1b}.

Because |A| > T +q1b, the set B is non-empty. Let x′ ∈ B be an arbitrary contract, and

let A′ = A∪{xT+q1b+1}\{x′}.

By assumption we have that

{xt | 1≤ t ≤ T +q1b} ⊆ A.

As a result, we have that kt(i(A)) ̸= i(xT+q1b+1) for all t ≤ q1b. It follows that γb(A′) ≥

γb(A)−δ . If xT+q1b+1 is longer than x
′, then we have that

∑
(i,b,t)∈A

1
t
> δ + ∑

(i,b,t)∈A′

1
t
.
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It follows that

ub(A′)−ub(A)> γb(A′)− γb(A)+δ > 0.

Therefore, we can assume that x′ is at least as long as xT+q1b+1. Conditions (A)

and (B) and the definition ofCb
sBfYC imply that then xT+q1b+1 and x

′ have the same length

and that xT+q1b+1 ≻b
OML x′. It follows that γb(A′)≥ γb(A)+δ and that

∑
(i,b,t)∈A

1
t
= ∑

(i,b,t)∈B

1
t
.

Therefore, we have that

ub(A′)≥ ub(A)+δ > ub(A),

as desired,

In either subcase, we have constructed a set A′ ⊆ Y such that ub(A′) > ub(A). The subcases

clearly exhaust all possibilities in the case under consideration.

Case 3: Cb
sBfYC(Y )⊊ A. The definition ofCsBfYC guarantees that

∣∣∣Cb
sBfYC(Y )

∣∣∣=min{|i(Yb)|,q1b+q2b}.

Conditions (A) and (B) imply that |A|> q1b+q2b. Let E = {k1(A), . . . ,kq1b+q2b
(A)}. There exists

a unique set of contracts A′ ⊂ A with i(A′) = E. We have that γ(i(A′
b)) = γ(i(Ab)) and hence

that ub(A′)> ub(A).

Because

Cb
sBfYC = {xt | 1≤ t ≤ q1b+q2b}\{∅},

Cases 1 and 2 imply the claim ifCb
sBfYC(Y ) ̸⊂ A. Case 3 implies the claim ifCb

sBfYC(Y )⊊ A. These

cases exhaust all possibilities because A ̸=Cb
sBfYC(Y ) by assumption.
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Completion of the proof. We have proven that if

A ∈ argmax
Z⊆Y

ub(Z),

then A=Cb
sBfYC(Y ). Because argmaxZ⊆Y ub(Z) is non-empty, Proposition 4.2 follows.

4.C.4 Formal statement and proof of Theorem 4.3

In order to state Theorem 4.3 formally, I need to define what it means for a matching market to

be isomorphic to a Kelso–Crawford (1982) economy.

Definition 4.C.1. A Kelso–Crawford economy (S ,u) consists of

• a finite set of salaries S ⊆ R>0 with maximum s∞;

• for each cadet i∈ I, a utility function ui : (H×S )∪{∅}→R that is injective and increasing

in salary;

• for each branch b ∈ B, a valuation function γb : P(X) → R, which defines a quasilinear

utility function ub : P(I)×S I → R given by

ub(E,s) = γb(E)− ∑
d∈E

si;

such that the following conditions are satisfied:

• for all branches b, the demand function Db : S I → P(I) defined by

Db(s) = argmax
E⊆D

ub(E,s)

is single-valued and gross substitutable (in the sense of Kelso and Crawford (1982))—if

s≤ s′ and si = s′i, then

i ∈ Db(s) =⇒ i ∈ Db(s′);
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• for all cadets d, branches b, and salary vectors s ∈ S I with si = s∞, we have that d /∈ Db(s).

Thus, a Kelso–Crawford economy is a discrete-salarymarket in the sense of Kelso and Crawford

(1982) where non-integral salaries are allowed. Unlike Echenique (2012), I require cadets’ utility

functions to be strictly increasing in salary and branches’ utility functions to be quasilinear in

salary.35 These two additional requirements were assumed by Kelso and Crawford (1982) and offer

a more realistic interpretation of salaries, as discussed in detail in Section 4.5.3.

The following definition of an isomorphism refines the definition of an embedding of a matching

market with contracts into a matching market with salaries (Echenique, 2012).

Definition 4.C.2. An isomorphism of amatchingmarket (X ,Ĉ,≻)with aKelso–Crawford economy

(S ,u) is a function

s : X → S \{s∞}

such that

• the induced function (i,b,s) : X → I×B× (S \{s∞}), defined by

x 7→ (i(x),b(x),s(x)),

is bijective;

• for all cadets i ∈ I and all sets of contracts Y ⊆ Xi, we have that

Ci(Y ) = argmax
w∈Y ′∪{∅}

ui(x),

where Y ′ is the set of branch-salary pairs defined as

Y ′ = {(b(x),s(x)) | x ∈ Y};

35 Like Echenique (2012), Kominers (2012) and Schlegel (2015) did not require utility to be monotone or quasilinear
in salaries.
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• for all branches b ∈ B and all sets of contracts Y ⊆ Xb, we have that

Cb(Y ) = {(d,si) | i ∈ Db(s)},

where s is the salary vector defined componentwise by

si =min{s∞}∪ s(Yi∩Yb)

for all i ∈ I.

We call s(x) the salary corresponding to contract x.

An isomorphism exhibits a matching market as effectively identical to a Kelso–Crawford

economy. More precisely, an isomorphism between a matching market and a Kelso–Crawford

economy assigns salaries to contracts such that the agents’ choice functions in the matching market

maximize utility in the Kelso–Crawford economy. Moreover, every possible combination of a

cadet, a branch, and a wage in the Kelso–Crawford economy is required to be associated to a unique

contract in the matching market. The precise statement of Theorem 4.3 builds on this formalism.

Theorem 4.C.3 (Formal statement). Let g : R>0 → R>0 be a strictly decreasing function. If all

cadets have salary-monotonic preferences, then there exist a Kelso–Crawford economy (S ,u) and

an isomorphism s of (X ,CsBfYC,≻) with (S ,u) such that s(i,b, t) = g(t) for all (i,b, t) ∈ X . The

cadet-proposing deferred acceptance algorithm corresponds to the descending salary adjustment

process under any such isomorphism

Proof. For all b ∈ B, let γb be the assignment valuation defined an assignment value matrix αb

satisfying the conditions of Proposition 4.2. Let

s∞ > sup
b∈B

sup
I′⊆I

γb(I′)
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and let

S =

{
1
tℓ

∣∣∣∣ 1≤ ℓ≤ k

}
∪{s∞}.

The definition ofS does not depend on b due to the second and third hypotheses of the proposition.

Define s :X →S \{s∞} by s(i,b, t) = 1
t . Fix a cadet i. Because i has a salary-monotonic preference,

there exists a utility function ui : (H×S )∪{∅}→ R such that

• ui is injective;

• ui(h,s(t))< ui(∅) if ∅≻i (i,b, t);

• ui((i,b, tℓ))< ui((i,b, tℓ′)) for all cadets i and 1≤ ℓ < ℓ′ ≤ k ;

• for all Y ⊆ Xi, we have that

Ci(Y ) = argmax
w∈Y ′∪{∅}

ui(w),

where

Y ′ = {(b(x),s(x)) | x ∈ Y}.

The choice of s∞ guarantees that for all cadets i, branches b, and salary vectors s∈S I with si = s∞,

we have i /∈ Db(s). Since γb is an assignment valuation, Theorem 1 in Shapley (1962) guarantees

that the branches’ demand functions Db are gross substitutable. Thus, (S ,u) is a Kelso–Crawford

economy.

The second and third hypotheses of the theorem ensure that the induced function from X to

I×B× (S \ {s∞}) defined by (i,b) 7→ (i,b,s(t)) is bijective. The definition of ui ensures the

compatibility between Ci and ui required by Definition 4.C.2. The definition of the valuations

(γb)b∈B guarantees that for all branches b ∈ B and all sets of contracts Y ⊆ Xb, we have that

Cb(Y ) = {(d,si) | i ∈ Db(s)},
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where s ∈ S I is defined component-wise by

si = max
s∈s(Yi∩Yb)∪{s∞}

s

for all i ∈ I. Therefore, the function s defines an isomorphism from (X ,CsBfYC,≻) to (S ,u).

The last assertion of the theorem is clear, because both the cadet-proposing deferred acceptance

algorithm and the descending salary adjustment process produce the cadet-optimal stable allocation

by Theorem 4 in Hatfield and Milgrom (2005) (see also Section IID in Echenique, 2012). □

4.D DA-equivalence and unilateral substitutability: Examples

The following example shows that the law of aggregate demand for Ĉb is necessary in Theo-

rem 4.4(a).36 The law of aggregate demand is clearly necessary in Theorem 4.4(b).

Example 4.D.1 (Necessity of the law of aggregate demand in Theorem 4.4(a)). Let I = {i, j}, let

B = {b}, and let X = {x,x′,y} with i(x) = i(x′) = d and i(y) = e. Let Cb be the choice function

associated to the priority order

{x′,y} ≻b {x} ≻b {x′} ≻b {y} ≻b ∅,

and let Ĉb be the choice function associated to the priority order

{x} ≻̂b {x′,y} ≻̂b {x′} ≻̂b {y} ≻̂b∅.

It is straightforward to verify that Cb and Ĉb are feasible and DA-equivalent, and that Ĉb is

substitutable. However, Cb is not unilaterally substitutable because y ∈ Cb({x,x′,y}) but y /∈

Cb({x,y}). Note that Ĉb does not satisfy the law of aggregate demand because |Cb({x,x′,y})| =

36 Aygün et al. (2012); Aygün and Sönmez (2013) showed that substitutability and the law of aggregate demand
together imply the irrelevance of rejected contracts condition. Example 4.D.1 shows that, even to deduce only
unilateral substitutability, the hypothesis that Ĉb satisfy the law of aggregate demand cannot be weakened to require
Ĉb to only satisfy the irrelevance of rejected contracts condition.
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|{x}|= 1 while |Cb({x′,y})|= |{x′,y}|= 2.

The following two examples show that the feasibility of Ĉb is necessary in both parts of

Theorem 4.4. In the language of Section 4.6.2, the examples show that DA-strategy-proofness and

the irrelevance of rejected contracts condition do not imply unilateral substitutability or the law of

aggregate demand.

Example 4.D.2 shows furthermore that DA-strategy-proofness and the irrelevance of rejected

contracts condition do not imply that the deferred acceptance mechanism is stable (see also Foot-

note 30). By the contrapositive of Theorem 4 in Hatfield andKojima (2010), DA-strategy-proofness

does not imply unilateral substitutability either.37

Example 4.D.2 (DA-strategy-proofness + irrelevance of rejected contracts does not imply that

deferred acceptance is stable). Let X = {x,x′,y,y′} with B = {b} and I = {i, j}. Define i(x) =

i(x′) = i and i(y) = j. DefineCb to be the choice function induced by the priority order

{x,y′} ≻b {x′,y′} ≻b {y′} ≻b {x′} ≻b {y} ≻b {x} ≻b ∅.

Note that if the preference of i is x≻i x′ and the preference of j is y≻i y′, then deferred acceptance

with respect to Cb returns the allocation {x′,y}, which is blocked by {x}. By the contrapositive of

Theorem 4 in Hatfield and Kojima (2010), Cb is not unilaterally substitutable. More explicitly, we

have that x ∈ {x,y′}=Cb({x,y,y′}) but x /∈ {y}=Cb({x,y}), violating unilateral substitutability.

Let Ĉb be the choice function induced by the priority order

{x′,y′} ≻̂b {y,y′} ≻̂b {x,y′} ≻̂b {y′} ≻̂b {x′} ≻̂b {y} ≻̂b {x} ≻̂b∅.

Clearly Ĉb and Cb are DA-equivalent and Ĉb is substitutable and satisfies the law of aggregate

demand. Hence,Cb is DA-strategy-proof. However, Ĉb is not feasible.

37 Example 1 in Kominers and Sönmez (2016) provides another example of the necessity of feasibility in Theo-
rem 4.4(a), when, as in Example 4.D.4, Ĉb is the substitutable completion of Cb defined in the proof of Theorem F.1
in Hatfield and Kominers (2019).

210



Example 4.D.3 (DA-strategy-proofness + irrelevance of rejected contracts does not imply the law of

aggregate demand). The choice function Cb in this example is taken from Example 2 in Kominers

and Sönmez (2016). Let X = {x,x′,y} with B = {b} and I = {i, j}. Define i(x) = i(x′) = i and

i(y) = j. DefineCb to be the choice function induced by the priority order

{x} ≻b {x′,y} ≻b {y} ≻b {x′} ≻b ∅.

As |Cb({x,x′,y})| = |{x}| < |{x′,y}| = |Cb({x′,y})|, the choice function Cb does not satisfy the

law of aggregate demand.

Let Ĉb be the choice function induced by the priority order38

{x,x′} ≻̂b {x′,y} ≻̂b {x} ≻̂b {y} ≻̂b {x′} ≻̂b∅.

Clearly Ĉb and Cb are DA-equivalent and Ĉb is substitutable and satisfies the law of aggregate

demand. However, Ĉb is not feasible.

The following example shows that one possible converse to Theorem 4.4 is not true. More

precisely, the example shows that feasibility, unilateral substitutability, the law of aggregate de-

mand, and the irrelevance of rejected contracts condition do not together imply DA-equivalence

to a feasible, substitutable choice function. This provides a counterexample to a converse to

Theorem 4.4.

Example 4.D.4 (Unilateral substitutability + law of aggregate demand does not imply DA-e-

quivalence to a feasible, substitutable choice function). Let B = {b}, let I = {i, j,k}, and let

X = {x,x′,y,z} with i(x) = i(x′) = i, i(y) = j, and i(z) = k. Let Cb be the choice function induced

by the priority order

{y,z} ≻b {x′,y} ≻b {y} ≻b {x,z} ≻b {x} ≻b {z} ≻b {x′} ≻b ∅.

38 The choice function Ĉb is the substitutable completion of Cb defined in the proof of Theorem F.1 in Hatfield and
Kominers (2019).
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It is straightforward to verify that Cb is unilaterally substitutable.

However, Cb is not DA-equivalent to a feasible, substitutable choice function that satisfies the

irrelevance of rejected contracts condition. Suppose for the sake of deriving a contradiction that

Cb is DA-equivalent to Ĉb, where Ĉb is feasible, substitutable, and satisfies the irrelevance of

rejected contracts condition. To obtain a contradiction, we divide into cases based on the value of

Ĉb({x,x′}).

Case 1: Ĉb({x,x′}) = {x}. Note that Ĉb({x,y}) = {y} because Ĉb is DA-equivalent toCb. As

Ĉb is substitutable, it follows that Ĉb({x,x′,y})⊆ {y}. By the irrelevance of rejected contracts

condition, we have that Ĉb({x′,y})⊆{y}, contradicting the assumption that Ĉb is DA-equivalent

toCb.

Case 2: Ĉb({x,x′}) = {x′}. Note that Ĉb({x′,z}) = {z} because Ĉb is DA-equivalent toCb. As

Ĉb is substitutable, it follows that Ĉb({x,x′,z}) ⊆ {z}. By the irrelevance of rejected contracts

condition, we have that Ĉb({x,z})⊆ {z}, contradicting the assumption that Ĉb is DA-equivalent

toCb.

Case 3: Ĉb({x,x′}) = ∅. By the irrelevance of rejected contracts condition, we have that

Ĉb({x}) =∅, contradicting the assumption that Ĉb is DA-equivalent toCb.

As Ĉb was assumed to be feasible, the cases exhaust all possible values of Ĉb({x,x′}), and we have

therefore produced the desired contradiction. Thus, we can conclude thatCb is not DA-equivalent to

a feasible, substitutable choice function that satisfies the irrelevance of rejected contracts condition.

Example 4.D.4 and the main result of Kadam (2017) imply that substitutable completability

(in the sense of Hatfield and Kominers (2019)) does not imply DA-equivalence to a feasible,

substitutable choice function either.39

39 The main result of Kadam (2017) asserts that unilateral substitutability implies substitutable completability. See
also Proposition 2 in Zhang (2016).
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4.E DA-substitutability and substitutable completability: Examples

Hatfield and Kominers (2019) introduced a notion of completing a (usually feasible) choice

function to an unfeasible choice function to restore substitutability. Recall that a choice function Ĉb

completesCb if Ĉb(Y ) is unfeasible whenever Ĉb(Y ) ̸=Cb(Y ). A choice functionCb is substitutably

completable ifCb has a completion that is substitutable. The existence of a substitutable completion

ofCb satisfying the law of aggregate demand for all b ∈ B implies that DAC is stable and strategy-

proof (Hatfield and Kominers, 2019).

Clearly, a choice function Ĉb is DA-equivalent to Cb if Ĉb completes Cb. Thus, substitutatable

completability implies DA-substitutability. Similarly, DA-strategy-proofness is implied by the

existence of a completion that is substitutable and satisfies the law of aggregate demand. The

following example shows that DA-strategy-proofness does not imply substitutable completability,

so that DA-strategy-proofness (and hence DA-substitutability) is a strictly weaker condition than

requiring the existence of a completion that is substitutable and satisfies the law of aggregate

demand.

Example 4.E.1 (DA-strategy-proofness does not imply substitutable completability). This example

is Example 2 in Hatfield, Kominers, and Westkamp (2020). Let B = {b}, let I = {i, j,k}, and let

X = {x,x′,y,z,z′} with i(x) = i(x′) = i, i(y) = j, and i(z) = i(z′) = k. LetCb be the choice function

induced by the priority order

{x′,z} ≻b {z′,x} ≻b {z′,y} ≻b {x′,y} ≻b {x,y} ≻b {z,y} ≻b {x′,z′}

≻b {x,z} ≻b {y} ≻b {z′} ≻b {x′} ≻b {x} ≻b {z} ≻b ∅.
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Let Ĉb be the choice function induced by the priority order40

{x,z′} ≻̂b {x,x′} ≻̂b {x,y} ≻̂b {x,z′} ≻̂b {x} ≻̂b {z,z′} ≻̂b {x′,z} ≻̂b {y,z} ≻̂b {z}

≻̂b {y,z′} ≻̂b {x′,y} ≻̂b {y} ≻̂b {x′,z′} ≻̂b {x′} ≻̂b∅.

It is straightforward to verify that Ĉb is DA-equivalent to Cb, substitutable, and satisfies the law of

aggregate demand. Thus,Cb is DA-strategy-proof.

However, as Hatfield, Kominers, and Westkamp (2020) observed, the choice function Cb is

not substitutably completable. I review their argument for the sake of completeness. Suppose

for the sake of deriving a contradiction that C̃b is a substitutable completion of Cb. Clearly C̃b is

DA-equivalent to Cb. Hence, we have that

x′ /∈Cb({x′,y,z}) =⇒ x′ /∈ C̃b({x′,y′,z′})

z /∈Cb({x,y,z}) =⇒ z /∈ C̃b({x,y,z})

y /∈Cb({x′,y,z}) =⇒ y /∈ C̃b({x′,y,z}).

As C̃b is substitutable, it follows that C̃b(X)⊆{x,z′}, contradicting the assumption that C̃b completes

Cb.

40 I could equivalently define C̃b by the following iterative process. Given a set of contracts Y ⊆ X , apply the
following two steps.

• Step 1: If one of x,z,y,x′ is in Y , accept the first one in the list that is available. Regardless, proceed to the next
step.

• Step 2: If one of z′,x′,y,z is in Y and was not selected in the first step, accept the first one in the list that is
available. Regardless, terminate the process.
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