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Jong Yeon Lee

Fractionalization, Emergent Gauge Dynamics, and Topology in
Quantum Matter
Abstract
Quantum phenomena at macroscopic scales are fascinating, given that quantum mechanical
e↵ects usually manifest only at atomic scales due to their fragile nature. Enriched with symmetry, topology, and entanglement, quantum matters exhibit exotic emergent properties that
defy our classical intuitions. This dissertation is devoted to the study of quantum matters,
consisting of three distinct topics. The first part studies quantum phases of matter and their
phase transitions, with an emphasis on the role of symmetry and their exotic natures. Employing both analytical and numerical methods, we study the deconfinement physics in quantum
Hall systems and quantum magnets. The second part focuses on the physics of Moiré systems
in two-dimensional materials that exhibit interesting single-particle as well as correlated manybody physics. Using a continuum model description, we illuminate several recent experimental
findings in twisted double bilayer graphenes. The last part touches on a more unconventional
topic, non-Hermitian systems. We provide mathematical foundations to classify their topological
structure as well as the potential connection to anomalous or driven systems.
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More is di↵erent, Philip W. Anderson [1]

Introduction

Quantum mechanical phenomena are often considered to occur only at atomic scales since macroscopic quantum correlations are extremely fragile against perturbations. Indeed, we do not experience quantum tunneling or superposition in our daily lives1 , where most peculiarities of the
quantum mechanics are blurred under mundane classical camouflage. However, under the right
conditions, particles organize themselves into a macroscopic pattern of quantum entanglements,
exhibiting emergent properties in which we can directly probe their quantumness bearing no
classical analog. Philip W. Anderson said more is di↵erent, and with quantum, more is even
more di↵erent! The most dramatic example is the emergence of quasiparticles carrying a fraction
of an electron charge, the charge of an indivisible fundamental particle.
There were three experimental triumphs in the 1980s leading to the developments of modern condensed matter physics: Integer quantum Hall e↵ect [2], fractional quantum Hall e↵ect
[2, 3], and high-temperature superconductivity [4]. They mark the transition in the framework to
understand phases of matter, from conventional Landau theory to a new territory of exotic quantum phases. Alongside, triggered by the discovery of Shor’s algorithm [5], significant progress
has been made in the theory of quantum information, which has broadened the perspective on
1

Unless you are a hitchhiker traveling around the galaxy
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emergent phenomena in quantum matter. Enriched by symmetry and strong correlation, the
properties of exotic quantum matter has drawn lots of interest from physicists.
In this dissertation, I discuss a variety of topics in the study of quantum matter, each of which
requires a di↵erent approach and technique. To facilitate the understanding of the overarching
theme, I would first review the current understanding of quantum phases of matter, followed by
the outline for the remaining chapters.

0.1

Quantum Phases of Matter

Historically, phases of matter have been classified by di↵erences in their properties that are
robust under small perturbations. We distinguish solid from liquid, as solid has a definite shape
and volume while liquid freely changes its shape, and such properties persist within a reasonable
range of external parameters such as temperature and pressure. More precisely, crystalline
solid breaks continuous translation symmetry while liquid does not, and the distinction can
be mathematically expressed by an order parameter that measures the amount of violation in
symmetry2 . This example nicely fits into the framework of Ginzburg and Landau [6], where
phases are characterized by symmetries and phase transitions are described by spontaneous
symmetry breaking.
Symmetry and order parameters are useful concepts to characterize classical phases of matter. However, to characterize quantum phases of matter, i.e., quantum states at zero temperature, one needs further refinements beyond symmetry properties. When do two quantum states
belong to the same phase, and when do they not? More precisely, how do we define the equivalence relation among quantum phases of matter? Before going into detail, we emphasize that
until now, physicists do not have a complete framework to exhaustively classify all known quantum phases of matter. However, significant progress has been made, and there are useful criteria
to distinguish and classify many known quantum phases. With the attitude of a taxonomist, I
review those criteria and relevant quantum phases in the following.
The most basic criterion is the existence of the gap in energy between the ground state
2

If the symmetry is broken explicitly in the Hamiltonian, there is no distinction between a symmetric
state and non-symmetric state, and they all collapse into a single phase.
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manifold3 and the first excited states of a many-body Hamiltonian4 . Based on the presence of
a gap, we divide quantum phases into two classes: gapped and gapless. In the following, we
highlight the di↵erence between gapped and gapless phases:
• The existence of a gap implies the rigidity of the ground state against small perturbations, granting stability required for a phase to be well-defined. It naturally follows that
two gapped quantum states belong to the same phase if their parent Hamiltonians can
be adiabatically connected without closing the gap. We call such a process as smooth
deformation, in the sense that groundstate wavefunction, which is a vector in the Hilbert
space, is changing smoothly through the deformation that does not close a gap. In fact, a
discontinuous change of the groundstate wavefunction can only occur when the gap closes,
the result of elementary linear algebra. Therefore, defining properties of gapped quantum
phases should be independent of the magnitude of the gap5 . An immediate consequence
of the definition is that two di↵erent gapped phases must be separated by gapless points,
so-called quantum phase transitions [7]. Note that the converse is not true; a gapless state
is not necessarily a phase transition point.
• The absence of a gap, i.e., gaplessness, implies that the system is highly susceptible to
external perturbations. In other words, gaplessness is a fragile property that may easily
disappear under perturbations. Therefore, for a gapless phase to be well-defined as a stable
phase of matter, special constraints or mechanisms are often required. For example, at
charge neutrality, gapless Dirac cones in graphene are protected by the combination of
time-reversal and crystalline symmetries. By breaking those symmetries one can gap out
Dirac cones. However, note that there are some gapless phases that are stable without
any protection mechanism.
• Excitations above the ground state can have a corpuscular nature, referred to as quasiparticles. In a gapped phase, such quasiparticles can be well-defined, facilitating a theoretical
analysis as they govern the low energy physics of a given system. Furthermore, quasi3

We call it a ground state manifold instead of just a ground state as there can be multiple ground
states with degeneracy, forming a manifold for allowed ground states.
4
Thermodynamic limit should be taken, as otherwise there can be a gap that decreases with the size
of a system in a gapless phase.
5
The magnitude of a gap would matter if we discuss the stability of a quantum phase under thermal
fluctuations or external perturbations such as disorder.
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particles are closely related to experimentally measurable quantities such as transport
or spectroscopic data. The success of the Drude model, albeit its simplicity, exemplifies
the advantage of quasiparticle descriptions [8, 9]. On the other hand, quasiparticles may
not be well-defined in a gapless phase as an excitation can always decay into smaller excitations under strong interactions. For example, one-dimensional Luttinger liquids do
not have a quasiparticle pole in the electron Green’s function, implying the absence of
electron-like quasiparticles6 . In a gapless phase, the existence of quasiparticles requires
special mechanism. For example, consider a magnet where the spin-rotation symmetry
is spontaneously broken. Goldstone’s theorem states that there are gapless modes when
continuous global symmetry is spontaneously broken. As a result, the magnet has gapless
quasiparticles called magnons, which are protected by the spin-rotation symmetry [10, 11].
• In a gapped phase, it is proven that correlation functions exponentially decay with distance
and time [12], while in a gapless phase, correlation functions are generally expected to
decay much slower, for example, according to a power-law. The fluctuation-dissipation
theorem makes a direct correspondence between the decaying of correlations and relaxation
towards the equilibrium state (or ground state at zero temperature). In other words, a
system with power-law decaying correlations would relax much slower than a system with
exponentially decaying correlations. As a result, if we attempt to obtain a gapless ground
state starting from a random ansatz, it may take a very long time if the numerical method
utilizes a relaxation or time-evolution based algorithm. Furthermore, slowly decaying
correlations in a gapless phase implies that a gapless phase contains more information
than its gapped counterpart7 . Accordingly, a numerical simulation of a gapless phase
would generally require a lot of computational resources to encode all correlations, which
often go beyond our current capacity.
For these reasons, we have a better understanding of gapped quantum phases. In the following,
6

Under bosonization language, there are still well-defined (free) bosonic quasiparticles that correspond
to phonon-type modes associated with a current or number density. However, they do not serve as
fundamental degrees of freedom which we can use to describe all low energy physics. More precisely,
converting bosonic quasiparticles into fermionic degrees of freedom requires a non-trivial step, involving
non-local transformation.
7
By gapped counterpart, we refer to the gapped phase that can be obtained by applying perturbations
to the gapless phase. Otherwise, a comparison between random gapped and gapless phases would be
inadequate.
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we first elaborate on the study of gapped phases. As discussed, the equivalence relation for
gapped phases is well-defined: two phases belong to the same phase as long as their parent
Hamiltonians are connected by a smooth deformation.8 . Based on this equivalence relation, one
can go further and think about physical properties robust under smooth deformations, which
would provide a necessary condition for the equivalence. If such properties exist, they will allow
one to distinguish one phase from the other without investigating the equivalence under smooth
deformation, which is cumbersome to show in practice.

0.1.1

Viewpoint: Topology

In mathematics, the notion of topology has to do with the properties that are preserved under
continuous deformations. For example, a doughnut and a cup with a handle are topologically
equivalent in a sense that one can be deformed into the other without discontinuous change,
such as tearing or gluing. The definition implies that topological properties are concerned with
some global structure of the physical system, otherwise, the properties can be easily altered by
local perturbations. Therefore, it seems very natural to introduce the notion of topology to
study properties invariant under the deformation of a Hamiltonian that does not close a gap.
Indeed, topology has become such a ubiquitous word in modern condensed matter physics.
However, it does not mean that there is a single theoretical framework in topology that classifies
all gapped quantum phases, and the precise meaning of topology changes depending on the
context. The definition of the equivalence relation can be modified if we impose additional
constraints on the possible space of Hamiltonians. As a result, for each choice of the definition, we
choose di↵erent mathematical machinery among the vast realms of topology (and other branches
of mathematics), each of which gives a di↵erent piece of information of a gapped phase. Such
information is often dubbed as topological invariants. In the following, we summarize known
examples of additional constraints in the classification of gapped quantum phases:
• In the most general case, the equivalence relation is defined under the aforementioned
smooth deformation of a Hamiltonian, which does not close a gap. This definition gives
the classification of topological order (a shorthand for topologically ordered phase), which
8

This condition can be relaxed in some contexts. One may define the equivalence between two phases
modulo addition of trivial structures, which is the essence of the K-theory classification for band topology.
Under the modified equivalence relation, phase boundaries disappear for phases with di↵erent fragile
topology [13].
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are robust against any local perturbations. In this regard, sometimes we refer to topological orders as intrinsic. Here, the notion of topology has to do with algebraic or discrete
topology [14]. Without further equipped with symmetry, properties of topological orders
are rather abstract and lack explicitly measurable signatures, such as topological ground
state degeneracy or topological entanglement entropy. The most noticeable phenomenology of topological orders is the emergence of fractionalized quasiparticles. Emergent quasiparticles behave as if they are attached to invisible strings, i.e., (deconfined) gauge fields,
much like quarks interacting strongly via gluons. Such emergent gauge field dynamics are
responsible for the mentioned properties of topological orders, which will be thoroughly
discussed in Chapters 1-3.
• Symmetry. We can enforce a Hamiltonian to respect a certain set of global symmetries
during smooth deformation. This symmetry constraint adds flavor to the classification
problem. First, this would enrich the previous classification of topological orders, giving
rise to symmetry enriched topological (SET) orders characterized by symmetry fractionalization in topological excitations. Furthermore, the modified equivalence relation leads to
new classes of gapped quantum phases, symmetry protected topological (SPT) and spontaneous symmetry broken (SSB) orders, which are robust against local perturbations that
respect a given symmetry. SPT orders do not have any interesting bulk property, but they
host anomalous surface states– anomalous in a sense that they cannot be realized for the
system with the dimensional of the surface. This phenomena called bulk-boundary correspondence is a defining property of SPT orders. Closely related phenomena is that SPT
orders exhibit characteristic response under the insertion of symmetry flux, i.e., symmetry
defect. Note that both SPT and SSB orders can be smoothly deformed into the trivial
phase if we break the symmetry.
• Interaction. We can constrain terms allowed in a Hamiltonian. If we consider noninteracting systems, Hamiltonians can have only hopping or chemical potential terms,
and any smooth deformation should happen within this structure. For example, in a
non-interacting fermionic systems, K-theory approach can be used to obtain the classification of topological insulators (TI) and superconductors (TSC), exemplified by the
ten-fold way [15, 16]. If we allow local interactions in possible Hamiltonians, we get the
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classification of interacting systems. Under interactions, two things can happen: (i) Some
of the distinct non-interacting phases may become identified since interactions enable a
smooth deformation between without closing a gap. (ii) A new nontrivial gapped phase
may emerge.
• Particle Types (Fermion/Bosons). A Hilbert space for fermions has a structure very
di↵erent from bosons, leading to di↵erent classifications of bosonic and fermionic quantum
phases. For example, the classification of non-interacting bosons is trivial, just forming
a Bose-Einstein condensate while the classification of non-interacting fermions has a rich
structure. One can think of bosonic phases as a subset of fermionic phases since one can
always add local interactions to pair two fermions into a boson (e.g. Cooper pair). In this
case, the symmetry charge of a bosonic degrees of freedom would be the sum of symmetry
charges of two fermions.
We emphasize again that, to the best of our knowledge, there is no mathematical machinery
that captures all possible quantum phases in each modified equivalence relation listed above.
For example, to understand topological orders in two spatial dimensions, one may rely on the
theory of unitary modular tensor category (UMTC). However, the theory does not capture all
distinct quantum phases under the most general equivalence relation. Known examples include
fracton, integer quantum Hall (IQH), and E8 phases [17, 18]. As one can see from our lack
of knowledge, the classification of quantum phases is still an active field that calls for better
understanding. We postpone our discussion on gapless phases to the later section.

0.1.2

Viewpoint: Entanglement

Aside from topology, a complementary perspective can be obtained from quantum entanglement.
Quantum entanglement is one of the essential ingredients that separate quantum from classical.
Being an essential ingredient in the exotic nature of quantum phases, quantum entanglement
is also an obstacle that frustrates physicists to simulate quantum many-body systems. As
the Hilbert space increases exponentially with the system size of a given quantum system,
encoding all entanglements within this exponentially large Hilbert space poses a computational
challenge for numerical simulations. However, it is believed that the entanglement structure of
a sensible quantum phase, i.e., a ground state of a Hamiltonian with local interactions, has a
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simpler structure than a generic random quantum state. In particular, it has been proven that
the entanglement of ground states of gapped local Hamiltonians in one dimension follows an
area law [19], meaning that the entanglement entropy of a certain region is proportional to its
boundary area9 . This is in stark contrast with the entanglement of a generic quantum state,
which follows a volume law. Therefore, the Hilbert space occupied by a gapped ground state (of
a local Hamiltonian) is highly constrained, satisfying a specific entanglement structure. Inspired
by such discoveries, so-called tensor-network formalism has been extensively studied, which
allows one to only explore the aforementioned constrained Hilbert space. In this framework, one
represents a many-body quantum wavefunction as a contraction of tensors or matrices with the
number of parameters much less than what is required to express a generic quantum state. Often,
this results in an efficient description of quantum states, for example, in translationally invariant
systems. In particular, matrix product state (MPS) formalism has been applied to develop the
density matrix renormalization group (DMRG) method, a powerful numerical method to study
one-dimensional and quasi two-dimensional systems–in Chapter 2 and 3, we will use the DMRG
method to study quantum phases and transitions.
Not only providing a numerical method, ideas inspired from quantum information have
provided an analytical approach to study the quantum phase of matter. For example, tensornetwork descriptions naturally introduce the notion of virtual space, where projective representations of symmetry, i.e., fractionalized degrees of freedom, can be embedded. Using such tensornetwork descriptions, one can construct nontrival SPT states, whose fractionalized boundary
degrees of freedom naturally emerge in this formalism. It is worth to remark that entanglement
entropy and spectrum, or other similar quantum informatic measures provide an interesting
way to capture nontrivial behaviors of quantum phases. Furthermore, one may classify di↵erent
quantum phases using the idea of quantum circuits. Consider a local unitary (LU) transformation, a constant depth quantum circuit comprising of local unitary operators. We can show that
two gapped states are in the same phase, if and only if they are related by a LU transformation.
Therefore, if a ground state can be transformed into an unentangled (product) state by some
9

It is believed that a family of gapless phases described by conformal field theory in dimensions higher
than two satisfy an area law of entanglements [20]. In one spatial dimension (two spacetime dimensions),
it is well known that a Luttinger liquid has an entanglement entropy increasing with a log of the size of
a subregion. In a generic gapless phase, there are several examples violating the area law. For example,
a Fermi liquid in dimensions higher than two is not described by a conformal field theory, exhibiting an
entanglement entropy increasing with an area times a log of the ssize of a subregion.
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LU transformation, the state is in the trivial phase, which we refer to as a short-range entangled
state; otherwise, long-range entangled state. This approach provides another way of looking at
the classification problem in the most general case of equivalence relation previously mentioned.
By combining this idea with a tensor-network formalism, it can be proven that there is no topological order in the spatial dimension less than or equal to one, proved in [21, 22] for bosonic
systems10 . Adding symmetry to this framework is straightforward as one can simply enforce LU
transformation to respect a set of symmetry.

0.1.3

Gapless Phases

As discussed earlier, gapless phases are harder to study than gapped phases. The main reason
is that stability as a phase is not automatically given in gapless systems. Therefore, it is crucial
to understand the origin of the implied stability. What can provide the stability of gaplessness?
How can we distinguish a gapless phase from the other? What is an invariant or universal
quantity that would characterize a gapless phase? Addressing those questions often requires a
case by case analysis, resulting in rather a fragmented understanding of gapless quantum phases.
Due to the strongly interacting nature of gapless phases, an e↵ective field theory combined
with the renormalization group is used as a primary theoretical tool to study them. In a plain
word, the renormalization group is the coarse-graining of a system, where we integrate out small
length scale fluctuations and then zoom out to rescale the system back to the original form with
modified parameters. As we repeat this process, i.e., integrating out microscopic fluctuations
and approaching the macroscopic limit, the magnitude of perturbations would change. Based on
behaviors under this RG flow, we can classify perturbations into three cases: relevant, irrelevant,
and marginal. The first two correspond to perturbations either always increasing (relevant) or
always decreasing (irrelevant) under the RG flow. The marginal perturbation is the one whose
magnitude does not change under the RG flow if there does not exist any other perturbations.
However, its fate can change under the presence of other perturbations, ending up being relevant
or irrelevant depending on the situation. In order to understand the macroscopic physics, i.e.,
properties as phases of matter, we only need to focus on relevant and marginal ones. In practice,
there are only a finite number of relevant and marginal perturbations, which simplifies the
10

Generalization to fermionic systems is straightforward in one dimension. Jordan-Wigner transformation gives a one-to-one correspondence between fermionic and bosonic systems. Therefore, the absence
of topological orders in bosonic systems implies the absence in fermionic systems.
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situation. By analyzing them, one can address the stability of gaplessness, justifying the notion
of phase in gapless systems.
Therefore, for the first step, we may characterize each gapless phase by their universality
class, i.e., symmetry groups, relevant and marginal perturbations, and their symmetry charge
and scaling exponents11 . Such properties are universal in the sense that they do not depend
on microscopic details of the system. However, in practice, perturbative calculations of the
RG flow in gapless systems are often extremely difficult. To the best of our knowledge, most
analytical calculations are done with extreme limits, from which physicists infer the behaviors of
physical systems by extrapolation. Still, this approach led to a great advance in our conceptual
understanding of many gapless systems. For a rigorous investigation, often we need to invoke
numerical simulations or apply special techniques if possible, such as quantum Monte Carlo
or conformal bootstrap[23]. They complement the analytical approach, providing an unbiased
result we can rely on. In the following, rather than providing a systematic classification or
framework, we provide an inclusive but not an exhaustive list of gapless phases grouped under
their stability mechanisms.
The simplest kind of gapless phases might be systems with spontaneously broken continuous
symmetry. According to Goldstone’s theorem, such systems should host gapless excitations
called Goldstone modes, which are robust unless an explicit symmetry breaking perturbation
is applied. Note that it is important for the Hamiltonian to be symmetric and local12 . In
this regard, one may argue that the presence of global symmetry protects the gaplessness in
spontaneously symmetry broken phases.
There are a variety of gapless phases whose gaplessness is protected by the presence of global
symmetry. Perhaps, the most experimentally relevant case would be a family of gapless fermionic
systems. Due to Pauli’s exclusion principle, fermionic systems can be nicely described by their
band structures in momentum space13 , which is filled sequentially upon the addition of fermions
starting from the lowest-energy state. At a generic filling, we get a gapless regime in a momentum
space called the Fermi surface. Once formed, the Fermi surface is robust under small perturbations due to the combinations of charge conservation and translation symmetries—topological
11

This also includes the information about how each dimension scale under the RG flow. For example,
time and space may scale di↵erently, represented by a dynamic exponent.
12
Under long-range interactions, Goldstone’s theorem does not apply. For example, superconductors
do not have gapless excitations due to 1/r Coulomb interaction or Anderson-Higgs mechanism.
13
So the translation symmetry is essential. However, it is implicit in the dimensionality of the space.
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Luttinger or generalized Lieb-Schultz-Mattis theorem [24, 25]. The theorem guarantees a robust
Fermi surface except for (i) the formation of topological order or (ii) spontaneous symmetry
breaking of either charge conservation or translation symmetries14 .
One may think of a Fermi liquid as a trivial case of a broader class of topological semimetals where the presence of gapless manifolds in the momentum space is protected by crystalline
symmetries on top of translation and charge conservation. For simplicity, we refer to all kinds
of such gapless manifolds as Fermi surfaces, which can be point or line-like. Famous examples
of topological semimetals are 2D graphenes with Dirac points and 3D semimetals with Weyl
points. They are called topological as their stability is originated from the nontrivial topology
of the crossings in band structures. Accordingly, the classification of non-interacting topological
semimetals is very similar to the classification of non-interacting fermionic systems, the ten-fold
way [27]. A nontrivial topological charge associated with the Fermi surface implies that a topological semimetal can exhibit an anomalous surface state as well, like topological insulators or
superconductors. What about interactions? In spatial dimensions higher than two, interactions
are irrelevant perturbations in fermionic systems. Therefore one may assume the stability of
Fermi surfaces under weak interactions. However, in spatial dimensions equal to or less than
two, interactions are marginal or relevant, and the stability depends on further details.
Another important kind of gapless phases appears as the phase transition between di↵erent quantum phases [7], particularly a continuous (or second-order) transition15 . Dubbed as
quantum critical points16 , such systems fluctuate at all length scales, exhibiting complex entanglement structures with rich physics. The study of quantum critical points is of particular
importance with both theoretical and practical implications, as it can shed light on a unifying
framework to describe nearby phases and their competitions.
Quantum critical points would immediately disappear under relevant perturbations, collapsing into one of the nearby phases. As they require fine-tuning of Hamiltonians, one may point
14

In fact, a Fermi surface is always unstable under attractive pairing interactions, resulting in a superconductor [26].
15
A discontinuous (or first-order) transition has been considered uninteresting since its description is
merely a superposition of two di↵erent phases without unifying framework. Also, a discontinuous phase
transition is not even a semi-stable fixed point under the RG. However, there is a revival of interest due
to the recently proposed idea of weakly first-order transition, or walking behavior, where the physics near
the discontinuous transition is seemingly controlled by neighboring complex fixed points [28–30].
16
More generally, it can be a higher-dimensional manifold in the parameter space of Hamiltonians, but
we refer to it as a critical point.
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out that there is a problem of semantics to call it a gapless phase. However, it is not entirely true
that a quantum critical point does not have any stability. Except for a finite number of relevant
perturbations already fine-tuned, critical points are stable under most irrelevant perturbations
thanks to the scale-invariance. Moreover, adjusting the magnitude of relevant perturbations
does not remove critical points, but rather shift their locations in the parameter space. Note
that SPT phases are also unstable under symmetry breaking perturbations. They are stable
only because we fine-tune the system to respect the corresponding symmetry. This argument
justifies calling a critical point as a gapless phase, whose gaplessness is protected by fine-tuning
and scale-invariance. Furthermore, in some cases, the constraint from fine-tuned perturbations
can be replaced by the constraint from the global symmetry. If this happens, the system becomes
a robust gapless phase rather than a critical point, whose stability is protected by the presence
of the symmetry. For example, a so-called deconfined quantum critical point [31] becomes a
gapless U(1) spin liquid under the presence of additional symmetries [32, 33].
Back to the discussion of quantum criticality, the simplest critical points would be the
spontaneous symmetry breaking transition, which is described by fluctuating local degrees of
freedom— field variables— that carry a nontrivial charge under the symmetry17 . The transition
from the disordered (symmetric) phase to the ordered (symmetry broken) phase happens when
the field acquires a non-zero expectation value, the process called condensation. A dual perspective can be obtained by considering the transition starting from the ordered phase. In this case,
symmetry becomes restored by the condensation of symmetry defects such as domain walls in
Z2 symmetry or vortices in U(1) symmetry. Such transitions has a straightforwarrd description
in Ginzbrug-Landau’s paradigm, which means that the transition is classical in some sense.
We can think about more complicated transitions between aforementioned quantum phases.
For example, consider a continuous phase transition between di↵erent topological orders. There
does not exist an order parameter changing across the critical point unlike symmetry breaking transitions. Note that topological orders are characterized by fractionalized quasiparticles
interacting through emergent gauge fields. Therefore, the transition accompanies the change
in physical properties of fractionalized excitations or the structure of emergent gauge fields.
Naturally, an e↵ective field theory describing the transition would involve fractionalized degrees
17

In more sophisticated language, field variables entering the e↵ective field theory description form a
representation of the symmetry group. Therefore, the expectation value of the field variables also serves
as the order parameter that measures the violation of the symmetry.
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of freedom as well as emergent gauge fields, which might not be directly conceivable from the
microscopic degrees of freedom comprising the system. In Chapter 2, we would elaborate on
this scenario for the transition between fractional quantum Hall and Chern insulators. Another
example is a continuouss transition between two symmetry broken phases, each of which breaks
di↵erent symmetry. In this case, there are two di↵erent order parameters that vanish at the
critical point, but they acquire non-zero expectation values at each side of the phase diagram,
respectively. Note that here we consider such transitions without fine-tuning, meaning that two
order parameters are controlled by a single parameter. This is only possible if somehow two
di↵erent symmetry groups are somehow intertwined, which may happen due to the quantum
correlations [34]. One resolution is introducing fractionalized degrees of freedom, which provides
a unifying description for di↵erent order parameters. Referred to as deconfiend quantum critical
points [35, 36], this scenario would be further examined in Chatper 3.
Finally, we remark that there are gapless systems that are stable without any protection
mechanism (or beyond our conventional understanding). A famous example is a gapless U(1)
quantum spin liquid in three spatial dimensions, which appears in quantum spin ice materials
[37]. One may show that this gapless U(1) photon is the consequence of spontaneous symmetry
breaking of one-form symmetry. However, the one-form symmetry is in fact an emergent symmetry which does not exist at microscopic level, therefore the stability of gaplessness is truly
emergent. Another more theoretical example is an algebraic bose liquid in three spatial dimensions [38], whose description is given by a tensor gauge theory. The stability of the gaplessness
is also emergent in this case.

0.2

Outline

Having reviewed a broad range of quantum phases, we are ready to discuss our findings. The
rest of the dissertation can be divided into three parts. In the first two parts, we study quantum
phases of matter in two spatial dimensions. The first part, comprised of chapters 1 to 3, is
devoted to topological orders and quantum phase transitions. We will find an interesting interplay of microscopic constraints and emergent behaviors. The second part, chapter 4, studies
the physics of Moiré systems, in particular of twisted double bilayer graphenes. The last part,
chapters 5 and 6, touches on the subject of topological bands in non-Hermitian systems.
Chapter 1 deals with the subject of symmetry fractionalization in topological orders in two
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dimensions, with an emphasis on the consequence of the Lieb-Schultz-Mattis (LSM) theorem.
The LSM-type theorem constrains possible phases based on microscopic degrees of freedom and
symmetries, namely the ultraviolet data of the system. The theorem is particularly useful as it
provides a non-perturbative statement on the macroscopic physics of systems of our interest18 .
First, we provide an extensive review of topological order and symmetry fractionalization. Along
with this, we discuss how the LSM theorem can be applied to understand the emergence of
topological orders. Then, we introduce a new method to construct topological orders with desired
symmetry fractionalization patterns within the allowed range of the LSM theorem. Furthermore,
we discuss extensions of the LSM-type theorem by adding more symmetries under the presence
of magnetic flux.
Chapter 2 presents the study on fractional quantum Hall/Chern insulators and their exotic phase transitions. First, we review fractional quantum Hall (FQH) e↵ect, which is one of
the most important topics in modern condensed matter physics. Using composite fermion approach, we will show that one can access a sequence of di↵erent fractional quantum Hall/Chern
insulators by tuning the amplitude of the periodic potential, the technique realized recently in
experiments [39, 40]. Then, we conjecture that the phase transitions between di↵erent fractional states provide a new family of quantum critical points described by QED3-Chern-Simons
theory, protected by magnetic translation symmetry. To support our conjecture, we studied
the specific example for such a transition from a

xy

= 1/3 to 2/3 quantum Hall state using

the infinite density matrix renormalization group (iDMRG) method. Emergent SU(3) symmetry from QED3-Chern-Simons theory predicts an octet of charge density waves with enhanced
susceptibilities, which is verified by the simulation.
Chapter 3 presents the study of a possible deconfined quantum critical phase transition
(DQCP) in a realistic model of a two-dimensional Shastry-Sutherland quantum magnet, using
both numerical and field-theoretic techniques. As the DQCP is believed to provide significant
progress in our understanding in a quantum phase transition, this is of great importance. First,
we review the idea of the DQCP in the original literature. Then, we argue that the quantum
phase transition between the Néel and pVBS orders may be described by a deconfined quantum critical point (DQCP) with an emergent O(4) symmetry. In addition, using the iDMRG
method, we verify the existence of an intermediate plaquette valence bond solid (pVBS) or18

In the field theoretic language, such constraints manifest themselves as anomalies.
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der, with two fold degeneracy, between the dimer and Néel ordered phases. By analyzing the
correlation length spectrum obtained from iDMRG, we provide evidence for the DQCP and
emergent O(4) symmetry in the lattice model. Such a phase transition has been reported in the
recent pressure-tuned experiments in the Shastry-Sutherland lattice material SrCu2 (BO3 )2 [41].
The non-symmorphic lattice structure of the Shastry-Sutherland compound leads to extinction
points in the scattering, where we predict sharp signatures of a DQCP in both the phonon and
magnon spectra associated with the spinon continuum. The e↵ect of weak interlayer couplings
present in the three-dimensional material is also discussed.
Chapter 4 presents the studies of the physics of Moiré materials in twisted bilayer graphene
(TBG) and twisted double bilayer graphene (TDBG). When two graphene monolayers (or
Bernal-stacked bilayers) are twisted by a small magic angle, they exhibit nearly flat bands,
leading to correlated electronic states. We first review on continuum approach on these twisted
materials, and then present calculations of single-particle physics. Then, we discuss correlated
physics via a Hartree-Fock approximation at certain fillings. This is the first calculation of TDBG
with realistic parameters, which provides an excellent agreement with experimental findings.
Chapters 5 and 6 are quite idiosyncratic, covering the physics of topological bands in nonHermitian systems. As non-Hermitian physics has been mostly studied in the context of classical
optics or non-equilibrium open quantum dynamics, this topic may seem disconnected from previous chapters. However, we will show that there are intriguing connections to Hermitian physics
we are familiar with. First, we review the classification of topological bands in conventional
Hermitian systems, nicely captured by the ten-fold way. Then, we discuss how the conventional
approach can be extended to classify the band topology of non-Hermitian systems, presenting
our results on the topological classification of non-Hermitian band structures. Taking one step
further, we provide an interesting correspondence between the classifications of Hermitian and
non-Hermitian systems, showing that for every Hermitian anomalous boundary mode of the ten
Altland-Zirnbauer classes, a non-Hermitian counterpart can be constructed, whose long time
dynamics provides a realization of the anomalous boundary state. This work provides a new
perspective on topological invariants in non-Hermitian systems.
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...we must expect that the flux-tube-particle composites have unusual statistics, interpolating between bosons and fermions. Since interchange of
two of these particles can give any phase, I will
call them generically “anyons”. [42]

1

Frank Wilczek

Topological Order, Anyons, and Symmetry

1.1

Introduction

Symmetry properties of the atoms making up a crystal can a↵ect the statistical properties
of the low-energy excitations in a gapped system, according to the theorem by Hastings and
Oshikawa[24, 43] , which generalizes the work by Lieb, Schultz and Mattis in one dimension[44,
45]. This HOLSM theorem states that if the atoms in the unit cell of a crystal have a net
spin which is a half-integer, then the ground state cannot be gapped and symmetric without
having excitations that behave as anyons. Thus, aside from a gapless ground state, there are
three alternatives: breaking translational symmetry (e.g. singlet bond pairing), breaking the
spin-rotation symmetry, or producing a state which seems not to have any order, but actually
has a hidden topological order consisting of fluctuating gauge field lines which can support anyon
excitations.
Can this theorem be extended to lattices with an even number of spin-1/2s per unit cell when
extra symmetries are added? With a lattice that has two atoms per unit cell, each of spin- 12 ,
one can form a state with spin-rotation and translational symmetries by creating a valence bond
between the atoms in one unit cell. However, rotation, reflection, and more complicated lattice
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symmetries can forbid this construction[46, 47]. In a honeycomb lattice, one can choose to
form valence bonds between pairs of atoms connected by hexagonal edges pointing in any fixed
direction without breaking translational symmetry, but this will break rotational symmetry.
There may be another state with a more complicated pattern of resonating bonds, that has no
broken symmetry or anyons, a so-called featureless state suggested in Ref. [48]. In fact, such a
state has been constructed numerically with the full crystal and spin symmetry group[49, 50].
Our goal in this paper is to understand analytic routes for states such as these.
Essentially, the difficulty of constructing a featureless state for lattice models with specific
values of U (1) charge per unit cell (e.g. spin-1/2 honeycomb lattice) arises from the fact that
there is no known method to distribute U (1) charge symmetrically without creating massive
entanglement which tends to result in a topological order in many cases[51]. On the other hand,
it is well known how to construct a topological order in such models. Thus, it would be useful if
we could access a featureless state from a state with topological order. Therefore, we attempt to
access di↵erent phases such as a featureless state or a new type of topologically ordered phase
starting from well-known states with topological orders.
We will describe a way of forming a state which does not break symmetries that may have
topological order, and then collapse its topological order into a featureless state if possible. The
idea is to decompose the lattice into sublattices and form spin liquid states on the sublattices
which people understand better. (Here, spin liquid (SL) refers to a paramagnetic phase of a spin
system with topological order.) For example, the honeycomb lattice can be formed from two
triangular lattices that have Z2 SLs on each of them. Then, we try to form condensates of some
of the anyons to eliminate the topological order. Similar constructions have been introduced for
systems with on-site symmetries[52, 53], but our construction incorporates spatial symmetries
that can permute anyons, enriching the resulting topologically ordered phase.
To see whether it is possible to condense the anyons, one must confirm that the anyons
transform in a simple way (which means they can form a condensate without breaking any symmetry) or in a fractionalized projective way under crystal symmetries and the other symmetries.
We outline a method for calculating the way anyons transform under the full symmetry group
starting from the smaller group of symmetries of the sublattices.
We will apply these ideas to several examples. The main one is a construction of a state on
the honeycomb lattice that has no topological order or broken symmetry. We will also consider
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cases where the symmetries do forbid a featureless state (as has been shown previously) and
give simple constructions of states with a minimal topological order. The examples include a
system with a glide-reflection or magnetic translation symmetry. We verify that the constructed
topologically ordered phases have non-trivial anyon symmetry fractionalizations, which is closely
related to the absence of a featureless state.
Let us make the statement of the HOLSM theorem more precise. We will first define what
we mean by a featureless state. A two-dimensional gapped and symmetric system with local
interactions can have an intrinsic topological order defined by the existence of anyons, which
are gapped low-energy excitations with non-trivial braiding statistics.[54, 55] Further equipped
with symmetries, an intrinsic topological order becomes a symmetry-enriched topological (SET)
order. A SET order is characterized by symmetry fractionalization, meaning that anyons carry
fractional quantum numbers of the symmetry group. A famous example is the ⌫ = 1/3 fractional
quantum Hall phase with U (1) charge conservation symmetry, where quasi-particles carry 1/3
of the electron charge.[56] Since fractional quantum numbers carried by anyons cannot change
without a quantum phase transition, they have been used to distinguish between quantum phases
with the same intrinsic topological order. [57–62]
When the state is gapped and fully symmetric without any topological order, we call it a
featureless state. A subset of featureless states are called symmetry protected topological (SPT)
phases, which lack any notable physical property in the bulk but exhibit interesting physics at
the boundary[21, 22, 63–70]; however, their topological properties at the boundary disappear
under the absence of symmetries.
The idea of the HOLSM theorem is that microscopic data can constrain the type of gapped
phases that can be realized in a particular lattice model. For example, one can eliminate
featureless states (i.e. SPT phases) for a certain class of lattice models. The HOLSM theorem
states that for a translationally invariant system with a non-integer electron filling or half-odd
integer spin per unit cell, every gapped ground state must have either an intrinsic topological
order or discrete symmetry breaking. Therefore, the theorem can be rephrased as a no-go
theorem for the system to sustain a featureless ground state. This theorem can be made even
more precise—one can show that in the cases where the state does not break symmetry, and has
topological order, the SET properties of it are also constrained. For a given 2D SET order, its
symmetry enriched properties, i.e. symmetry fractionalization of anyons, must be consistent with
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the microscopic data such as a total spin per unit cell or on-site/lattice symmetries[58, 71–74].
It has been recently realized that the no-go theorem for a featureless state can be incorporated
into this framework by viewing a featureless state as a totally trivial SET phase. [75]
However, the absence of a no-go theorem (so far) does not guarantee the existence of a
featureless state, and one has to construct such a state explicitly. This has been done recently
for the honeycomb lattice via a numerical method, so-called tensor network construction[50].
Our method will help to understand such states analytically, and can be generalized to other
cases. (In addition to the tensor network construction, there are also theoretical studies on
(2 + 1)D system in the spin-1/2 honeycomb lattice showing that its field theory description does
not contain any anomaly, suggesting the possibility of the featureless state[76, 77].)
The paper is organized as follows: We begin by outlining the approach of dividing a system up
into sublattices in order to construct states with unbroken symmetry, but maybe with topological
order. In Sec. 1.2, we provide a pedagogical review on symmetry fractionalization and how
to fully characterize symmetry fractionalization class of the topological order In Sec. 1.3, we
describe the procedure for calculating the symmetry fractionalization class of a bipartite lattice,
illustrating this for a lattice with nonsymmorphic group pg. In the Sec. 1.4, we use our method
to construct a featureless state in the spin-1/2 honeycomb lattice. First, we discuss possible
symmetry fractionalization classes of Z2 SLs in a triangular lattice with spin-1/2. By combining
two triangular sublattices, we form a honeycomb lattice. In the Sec. 1.5, we discuss how to
condense anyon bound states W1 = eA eB and W2 = mA mB in the previously constructed Z2 ⇥Z2
SLs on the honeycomb lattice to obtain a featureless ground state. In Sec. 1.6 we study the
intermediate phases that are obtained by condensing just one of the bound states. In particular,
we note that the symmetry of the condensate determines some aspects of the SET order of the
intermediate phases. Finally, in the Sec. 1.7, we illustrate applications of our construction for a
lattice with magnetic translation symmetry. Detailed calculations of symmetry fractionalization
classes will be discussed in the appendices.
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1.2

Review: Obstructions to Featureless States and Symmetry Fractionalization

1.2.1

Attempts to form Featureless States and their Downfall

Is there a generic strategy to build a featureless state for a given physical model? Explicit
constructions like AKLT-type wave functions [78, 79] are only possible in limited cases, and
tensor-network generalized versions of AKLT-type wave functions in a virtual Hilbert space[49,
50, 80, 81] have the disadvantage that one has to do numerical calculations to check whether they
are actually featureless, because a tensor network state that is formally symmetric may actually
have a spontaneously broken symmetry[50]. The most naive attempt would be to construct
a symmetric superposition of all possible valence bond configurations. A famous example is
a resonating valence bond (RVB) state in a spin-1/2 triangular lattice[82], but the RVB state
hosts a Z2 (intrinsic) topological order. Indeed, this must be the case, thanks to the HOLSM
theorem that a featureless state is prohibited.
However, a valence bond state is a good starting point in spite of the topological order,
because the state at least preserves all the symmetries, and there is a method, “condensation of
anyons”, that can sometimes eliminate the topological order, which we will summarize briefly.
Cosider a Z2 spin liquid. There are two types of anyons, an e spinon and an m vison, which are
mutual semions. One can condense e spinons, causing e’s to no longer be well-defined excitations
and causing m’s to be confined because they have a nontrivial statistics with excitations in the
condensate[81, 83]. Thus, one can collapse the topological order by anyon condensation.
In this way, one can try to construct a featureless state. One can start from a spin liquid
state. Then, one tries to choose a type of anyon or bound states of anyons to condense in such a
way that the topological order is eliminated. If the anyons that are chosen do not have fractional
quantum numbers, then it is possible to make a symmetric condensate, so that the symmetries
remain unbroken at the same time as topological order is elminated.
However, if anyons to be condensed carry fractional quantum numbers, one cannot get a
featureless state in this way. For example, in a spin-1/2 triangular lattice (or any lattice with
a half-integer spin per unit cell), the condensation of the anyons cannot work to produce a
featureless state, because the HOLSM theorem forbids it. Indeed, the spinon and vison both
carry fractional quantum numbers (we will explain what is meant by fractional quantum numbers
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below). This implies that condensing one of them would break either the SO(3) spin-rotation or
lattice symmetry. Thus, the HOLSM theorem not only provides a no-go for a featureless state,
but also constrains the symmetry fractionalization for anyons to be non-trivial, as pointed out
in Ref. [75].
In order to construct featureless states by this method, we will therefore need to understand
what it means for anyons to transform in a fractional way.

1.2.2

Fractionalized Symmetries

A two-dimensional intrinsic topological phase is classified by its anyons, their fusion rules, and
their braiding statistics. With a global symmetry G, the system can be further classified into
a symmetry enriched topological (SET) phase, characterized by a symmetry fractionalization
pattern. First, let us define a symmetry fractionalization. In a generic SET phase, we assume
that the action of a symmetry operator can be decomposed into the product of operators, each
of which is supported in a finite region around an anyon excitation. For example, consider a
state with N anyon excitations where each anyon ai is well-separated from the others. For a
symmetry element g 2 G, let Rg be the action of g on the full Hilbert space. Then, Rg can be
decomposed as
Rg | i =

N
Y
i=1

⌦g (ai ) | i

(1.1)

where ⌦g (ai ) is a fractionalized local operator acting on the neighborhood of ai . This is called
symmetry localization hypothesis[57, 58, 84], a central assumption for the classification of SET
phases. With this assumption, an individual anyon can realize a projective representation of
G instead of a linear representation. (We will not usually use distinct symbols like Rg and ⌦g
to distinguish between the full symmetry and the localized action on an anyon.) However, two
di↵erent projective representations may di↵er only by a gauge choice so that they are physically
equivalent. Thus projective representations are organized into equivalence classes, and there
may exist many di↵erent equivalence classes for a given G and anyon contents. In physics,
an equivalence class for an individual anyon is called the fractionalization class. We define
a symmetry fractionalization pattern to be the set of fractionalization classes for all distinct
anyons.
We will illustrate symmetry fractionalization in a physical setting by going through an ex-
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ample of a toric code model with 2D translational symmetry, following the approach in Ref. [57].
The 2D translation symmetries form a group G = {T1n1 T2n2 |n1 , n2 2 Z} ' Z⇥Z. G is completely
characterized by two generators T1 and T2 , translations in x and y directions respectively, and a
relation T1 T2 T1 1 T2 1 , which is identified as an identity element. For later usage, here we remark
that any group can be fully specified by a set of generators S and a set of relations R, where
R contains products of generators, each of which is identified as the identity element. This way
of representing a given group is called the presentation, and we write G = hS | Ri; in this case,
⌦
↵
G = T1 , T2 T1 T2 T1 1 T2 1 .

The toric code model realizes a Z2 topological order[17], the simplest non-trivial topological

order. This topological phase has two distinct anyon excitations labeled by e and m. Because
of a given fusion rule e ⇥ e = 1 and m ⇥ m = 1, they can be created only in pairs. Consider
the action of T1 on a state with a pair of e excitations at the points r and r0 . By the symmetry
localization hypothesis, the action of T1 can be decomposed into
e
e
T1 | i = T1,r
T1,r
0 | i

(1.2)

e and T e are fractionalized operators for T , acting non-trivially only near the neighwhere T1,r
1
1,r 0

borhood of r and r0 . Since the degrees of freedom that constitute the model transform linearly
under the symmetry operators, any identity relation, such as T1 T2 T1 1 T2 1 , must act trivially on
the state. In terms of fractionalized operators, this can be expressed as
Y ⇥

e
e
e
T1,i
T2,i
(T1,i
)

i2{r,r 0 }

1

e
(T2,i
)

1

⇤

=1

e T e (T e )
Thus, for an individual fractionalized operator, T1,i
2,i 1,i

1 (T e ) 1
2,i

(1.3)

does not have to be the

identity, and it may equal a non-trivial phase factor ⌘ e . Since this non-trivial phase factor should
e
be the same for all e excitations, Eq. 1.3 implies (⌘ e )2 = 1. Thus ⌘ e 2 {1, 1} ' Z2 , and T1,i

e do not have to be commutative. Physically, this corresponds to the situation where e
and T2,i

excitation experiences an emergent magnetic ⇡-flux per unit cell.
The constraint on ⌘ e is called a compatibility condition, and is determined by the fusion rules
of underlying anyons. For example, if a fusion rule is given by e ⇥ e ⇥ e = 1 instead of e ⇥ e = 1,

we would have (⌘ e )3 = 1 because Eq. 1.3 would become a product of three equivalent anyons.
Then we get ⌘ e = ei2⇡m/3 2 Z3 for m = 0, 1, 2. This phase factor ⌘ e forms an abelian group,
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called a coefficient group A. The same procedure can be repeated for the m excitations, giving

an additional phase factor ⌘ m . Since Eq. 1.3 is the only nontrivial relation among generators for
the group G, we conclude that a Z2 topological order enriched by the translational symmetry
group G has four distinct SET phases, characterized by (⌘ e , ⌘ m ) 2 Z2 ⇥ Z2 .
In general, symmetry fractionalization manifests itself by how products between group elements that are equal to the identity for the microscopic degrees of freedom (i.e., the relations)
become non-trivial phase factors when applied to anyons. In some cases, there is an additional
subtlety: the phase factors may become dependent upon some arbitrary choices (we call it a
gauge choice). The factorization of the symmetry into parts is ambiguous—a symmetry O acting
on an anyon can be redefined as follows:
O|
for any state

a

ai

7! ei

O (a)

O|

ai

with anyon-charge equal to a. Here the phase

(1.4)
O (a)

can depend on the type of

anyon. Such transformations can change the phase factors appearing in the relations between
fractionalized operators, and in that case, one would regard the new set of phase factors as
being equivalent to the old. Hence SET phases are defined by equivalence classes of projective
representations of a global symmetry group G with phase factors from a coefficient group A,
where A is the set of phase factors consistent with the fusion rules.
How can we find all the equivalence classes for possible projective representations? A mathematical tool called group cohomology allows us to do such a task. The second cohomology group
H 2 (G, A) is an abelian group whose elements have a one-to-one correspondence with equivalence classes of projective representations. We pause to consolidate the physical intuition we
developed via the example of the toric code:
Intuition Consider a group G characterized by a set of free generators S and a set
of relations R. For a given abelian group A, determined by fusion rules of underlying
intrinsic topological order, SET phases with a symmetry G are classified by the distinct
ways to assign elements of A to every relation of R consistently.
The following mathematical lemma (3.16) of Ref. [85] gives a more precise description of the
set of equivalence classes of projective representations.

23

Lemma Consider a discrete group G with presentation G = hS|Ri, where S is a set of
free generators and R is a set of relations of generators in S identified as the identity. For
an abelian group A, there is one-to-one correspondence between H 2 (G, A) and a quotient

group HomZG (R/R0 , A)/Der(S, A), where R/R0 is the abelianization of R and Der(S, A)
is the derivation function[85].
A group of homomorphisms HomZG (R/R0 , A) represents all consistent assignments of ele-

ments of A into elements of abelian group of relations R/R01 , formalizing the idea of ‘di↵erent

ways’ to assign elements of A to distinct relations of R. H 2 (G, A) is the second group cohomology of a group G with an abelian coefficient group A, whose elements directly correspond to
distinct SET phases. Der(S, A) represents a set of redundancies arising from the gauge choices
made for projective representations, thus it makes sense to quotient out HomZG (R/R0 , A) by
Der(S, A) to obtain equivalence classes for projective representations.
By using the lemma, it is possible to understand possible SET phases without sophisticated
mathematics in terms of physically relevant expressions, the way each symmetry relation is
assigned a non-trivial phase factor. For example, let’s classify SET phases for Z2 topological
order with a wallpaper group p4m, which is the symmetry group for a square lattice. The
fusion rules e ⇥ e = m ⇥ m = 1 again imply that the coefficient group is A = Z2 . Gp4m
is fully characterized by generators S = {T1 , T2 , C4 , } with (minimal) seven relations R =
{r1 , r2 , . . . , r7 }. T1/2 are translations, C4 is a four-fold rotation, and

is a reflection with

respect to the y-axis. The seven relations are
r1 = T 1 T 2 T 1 1 T 2
r2 =

1

2

r3 = (C4 )4
r4 = T 1 T 1

1

r5 = T 2 T 2
r6 = C 4 C 4
r7 = T 1 C 4 T 2 C 4 1 .

(1.5)

1 0
R is a commutator subgroup of R. R/R0 , a quotient group of R by R0 gives an abelian group
generated by R
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Based on the toric code example, in this case, one might expect 27 di↵erent fractionalization
classes for each e and m respectively. However, this is wrong. While the first six relations are
invariant under redefining each operator by a multiplicative factor Õi = ⌘i Oi where ⌘i 2 A and
Oi 2 S, r7 changes its sign. If we redefine T̃1 =

T1 , then r̃7 =

r7 . Thus, the phase factor

assignment on r7 is gauge-dependent, and does not have any physical meaning. Mathematically,
r7 is what we quotient out with Der(S, A), which encodes gauge redundancy. Thus, there are
26 fractionalization classes for each e and m, and we get total 212 di↵erent SET phases in this
case, if we have no additional symmetry.
So far, we have discussed only cases where G does not permute anyons. For example, in Wen’s
plaquette model[86] which realizes Z2 topological order, translation symmetry permutes e and
m. In such a case, we need to discuss SET classification in a broader mathematical context, and
the above approach lacks some of the sophistication necessary to enumerate all possible SET
phases. In Appendix A.2, we discuss the classification of SET phases with anyon-permuting
symmetry in detail.
Caveat In this discussion, we simplified the classification by considering only bosonic anyons
(zero topological spin). However, for an anyon with non-zero topological spin, self-statistics can
modify the phase factors with respect to the rotation/reflection symmetries[57, 87, 88]. Since
we are interested in bosonic anyons that can be condensed, we will not have to consider this
complication.

1.3

Fractionalization of Symmetries in Combinations of Lattices

If one would like to make a featureless state on a certain crystal, or at least a state with
the minimum amount of topological order, one can build the crystal out of sublattices whose
symmetry is simpler. For example, to make a featureless state on the honeycomb lattice, one
can divide the honeycomb lattice into two triangular sublattices (called the A and B atoms).
We start with simple resonating valence bond states on each sublattice (e.g., we start with
a symmetric state of free fermions and then project the wave function so that each site has
exactly one fermion on it). This state forms a Z2 ⇥ Z2 spin liquid, because the spinon and vison
excitations on each sublattice are distinct. The visons transform projectively under translations
while spinons transform projectively under spin rotations, so neither of them can be condensed
without breaking a symmetry. However, we can form bound states of the spinon excitations in
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the two sublattices and of the vison excitations in the two sublattices. If we can show that these
transform non-projectively, then they can be condensed without breaking symmetries, and this
would cause all the individual spinons and visons to become confined, removing the topological
order. Such phase transitions triggered by condensation (or proliferation) of spinons has been
well known for Z2 and Z2 ⇥ Z2 topological orders without lattice symmetries. [89–92]. It is
clear that the bound states transform trivially under spin rotations and translations, because
the projective minus-signs for these symmetries are squared when two excitations are present.
However, the behavior of the excitations under other symmetries may be more complicated
because the symmetries can act di↵erently on the two sublattices.
Once one knows the fractionalization of the anyons in one of the sublattices, it is possible to
deduce how they transform under the full symmetries of the combined lattice, including symmetries that exchange the sublattices. In fact, one can prove that the symmetry fractionalization
pattern of the combined lattice is uniquely defined for a given symmetry fractionalization pattern
of anyons in sublattices.
We will describe a general procedure for doing this here. First choose one of the sublattices,
L1 . For each of the other sublattices, Li , choose a symmetry that maps L1 to Li ; we will call this
an identifying map Si : L1 ! Li . Each symmetry U can be expressed in terms of symmetries of
L1 because sublattices are enforced to be equivalent by the symmetry of the combined lattice.
Suppose U maps the lattices to one another according to U : Li ! Lj . Then we will express U ,
when it acts on the ith sublattice, as

U |i = Sj XSi

1

(1.6)

where X is one of the symmetries restricted to L1 , which will usually depend on i. We emphasize
that Si is just a unidirectional map from a specific sublattice (L1 ) to one of the other sublattices.
Before returning to the honeycomb lattice, let us apply this technique to a lattice with the
symmetry group Gpg , see Fig. 1.1. This lattice has two translations Tx and Ty , and glidereflection symmetry g = ⌧x Px , where ⌧x is half of the Tx translation and Px is a reflection with
respect to the x-axis.
Then, consider a spin-model with this symmetry, with a spin- 12 per site. Like in the honeycomb lattice, there are two spins per site, so this system is not forced to break symmetry or have
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Figure 1.1: Simplest lattice structure for non-symmorphic group pg. The black and white
dots form the A/B-sublattices respectively. The black lines are drawn to represent each unit
cell. The dashed lines are separated by a half-lattice vector translation in the x-direction. The
reflection symmetry Px we use in the text is defined with respect to the blue line. The sites
are numbered to help picture the identifying map, S, which is defined as the glide reflection
symmetry g A restricted to the A-sublattice. This maps the black dots labeled by n to the
white dots labeled by n0 . Under g B , n0 7! n + 1, meaning that g B = Tx S 1 .
topological order by translational symmetry alone. We will try to use our method to construct
a featureless state: this system has a bipartite lattice structure, drawn as black and white dots
in the figure, so we can construct a Z2 ⇥ Z2 spin liquid. We will find that one set of anyons

can be condensed, reducing this to a Z2 spin liquid, but no more. This is consistent with the
result of Ref. [46], which shows that there are no featureless states with a half-integer spin in
the reduced unit cell of a crystal with pg symmetry.
When each sublattice is assumed to be in a Z2 spin-liquid phase, the system realizes Z2 ⇥ Z2
topological order with four di↵erent anyons eA /mA and eB /mB , where the A and B lattices are
the black and white dots respectively. How can we classify these anyons? The symmetry group
Gpg is characterized by two generators x = g and y = g

1T

y

together with the single relation

x2 y 2 = 1. In group presentation language, Gpg = hx, y|x2 y 2 i.
There is a complication in determining how anyons transform when lattices are permuted.
In the previous section, we explained that a symmetry fractionalization class can be represented
by a set of phase factors representing the actions of symmetry relations. However, symmetries
such as the glide-reflection g exchange the A and B sublattices, and by extension exchange
anyon types. In the presence of a symmetry that exchanges anyon types, some of the phases
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that are ordinarily gauge invariant become gauge dependent and cannot be used to distinguish
SET phases[58, 93] (See Appendix A.2 for a general framework).
We can see this for the defining relation of this lattice, x2 y 2 = gTy g
1T

up to a sign when it acts on an anyon; e.g., gTy g

y |mA i

1T

y

which is the identity

= sA |mA i. This phase is not gauge

invariant. Note that g takes an mA type anyon to an mB type anyon and vice versa. Hence if we
apply the relation to mA , the first Ty (reading from the right) acts on an anyon of type A and the
second acts on one of type B. We can now pick di↵erent gauge choices for the two Ty ’s according
to Eq. (1.4), meaning that we multiply by

1 to the action of Ty when it acts on mA but not mB .

This changes the sign of sA . However, there is a gauge-invariant phase, because if we consider
also an mB anyon and define gTy g

1T

y |mB i

= SB |mB i, then sA sB is gauge invariant, because

changing the sign of TyA a↵ects both signs in the same way. This is the only gauge-invariant

quantity associated with the space group symmetry for the m’s; there is a similar invariant for
the e’s (as well as parameters associated with time-reversal and spin-rotation symmetry).
Now each sublattice has symmetry Gp1 , which is generated by just the translations Tx ,
Ty . (The lattice itself has rectangular symmetry, but the Hamiltonian is required only to have
symmetries that are part of the symmetry group of the full lattice.) The property of mA on
the A-sublattice is defined by whether Tx and Ty commute or anticommute. Let us take the
A-sublattice as the reference lattice, and define S = g

(See Fig. 1.1), which maps it onto the

A

B-sublattice. (The identifying map for the A-sublattice with itself can be taken as the identity.)
Then, following Eq. (1.6), we express g and Ty as
g (|

1i

⌦|

2 i)

= Tx S

1

Ty (|

1i

⌦|

2 i)

= Ty |

1i

since the full system is a tensor product of states

1

the first equation means that g|B = Tx S

1

|

2i

⌦ S|

⌦ STy 1 S
and

2

1i
1

|

2 i.

(1.7)

on the sublattices. (For example,

and gA = S which follow from the facts that S = gA

and Tx = g 2 .) We can now apply the relation gTy g

1T

y

to the anyons to determine their

fractionalization properties with respect to Gpg . The action of Ty on the B-sublattice could be
represented simply by Ty rather than by STy S

1,

but we write it the latter way, as required by

Eq. (1.6), because then all the S’s will cancel out when we calculate the relations between the
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group elements. We find
gTy g

1

Ty |

1i

⌦|

2i

= (Tx Ty 1 Tx 1 Ty |

So if Tx Ty 1 Tx 1 Ty = ⌘m for an mA anyon, then gTy g

1T

y

1 i)

⌦|

2 i.

(1.8)

applies the sign sA = ⌘m to an

mA excitation, and leaves an mB invariant i.e., sB = 1. Thus the gauge-invariant parameter
sA sB = ⌘m . The two anyon-types seem to behave di↵erently because the way we chose to reduce
the symmetries to the A-sublattice is e↵ectively equivalent to making a choice of gauge for g
and Ty . In general, whenever one builds a state out of disconnected states on sublattices that
are symmetric with one another, the fractionalization of the anyons in the full system (under all
the symmetries) can be reduced to the fractionalization of one of the sublattices, just like this.
What are the implications for featureless states on the pg lattice? If one makes a resonating
valence bond state (spin liquid) on each of the A and B sublattices, the fact that there is a
spin- 12 per unit cell (in the sublattice) partly determines how the spinon and vison transform.
Tx and Ty must anticommute for the vison, m, while the spinon must have a half-integer spin.[94]
Furthermore, we can choose a spin liquid such that Tx and Ty commute for the spinon[95, 96].
Thus the product of gTy g

1T

y

for eA and eB is equal to 1. This implies that a bound state

formed by combining these two particles together transforms trivially under gTy g

1T

y.

(Note

that, unlike for a single anyon, this relation is gauge invariant for the bound state because it
does not change the topological type.) Such a bound state also has an integer spin. Hence
the bound state has non-fractional transformation under the symmetries and can be condensed.
(We will explain below why when a certain anyon has non-fractional transformation properties
then there is a condensate of this anyon that is invariant so that it can be condensed.) This
leaves only the excitations e0 = eA (which is equivalent to eB because of the condensate) and
m0 = mA mB (because mA , mB are now confined).
The remaining excitations have non-trivial quantum numbers—eA transforms projectively
under SO(3) while mA mB acquires a minus sign under gTy g

1T

y

(since Tx and Ty anticommute

for mA ). Thus, condensing e0 will break the SO(3) symmetry and condensing m0 will break the
glide-reflection symmetry. This result is consistent with the extended version of the HOLSM
theorem for nonsymmorphic space groups.[46] In fact, the existence of the two symmetries (i)
U (1) ⇢ SO(3) symmetry and (ii) glide-reflection symmetry is essential in the proof of the
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extended version of the HOLSM theorem, and the fractionalization of these two symmetries is
not just coincidence, as supported by Ref. [75].
A system with the same property, having an integer filling ⌫ = 1 per unit cell and anyons with
non-trivial fractionalization, was constructed previously for the lattice group p4g in Ref. [97].
They first constructed Z4 topological order via a parton-approach and condensed a pair of visons
in the e↵ective theory description to obtain Z2 topological order without breaking any symmetry.

1.4

Bipartite Lattice Construction of a Featureless State on the Honeycomb Lattice

1.4.1

Bipartite Lattice Construction

Consider a honeycomb lattice L and its triangular sublattices LA and LB . Assume the two
sublattices are decoupled from each other, and each sublattice realizes a ground state symmetric
with respect to the underlying triangular lattice symmetry, spin-rotation, and time-reversal
symmetry. The system is defined by the following Hamiltonian:
H = HA ⌦ I B + I A ⌦ H B
where HA,B =

P

i,j2LA,B

(1.9)

Jij S~i · S~j describes a symmetric Hamiltonian for each sublattice and IA

and IB are identity operators acting on sublattice LA and LB . For Hamiltonians with the right
type of frustration, each sublattice has a symmetric and gapped ground state. (It may be helpful
to include “ring exchange” interactions involving several sites simultaneously.) By the HOLSM
theorem, such a ground state of a triangular lattice with a spin-1/2 per site is topologically nontrivial. Thus, it should be a Z2 spin liquid (or something more complicated). Z2 SL states with
di↵erent symmetry fractionalization classes can be accessed by the PSG approach.[98, 99] Later
on, we turn on the interaction between two sublattices so that excitations residing in di↵erent
sublattices can interact with each other.
In the honeycomb lattice formed by combining the two sublattices, the anyons on each
triangular sublattice belong to distinct classes. Therefore, the whole system realizes a Z2 ⇥ Z2
topological order. We have two distinct spinons eA and eB , and two distinct visons mA and mB .
Our goal is to show that there are spin liquid states for the two sublattices such that the bound
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states W1 = eA eB and W2 = mA mB have trivial phase factors. Then condensing them will not
break any symmetry and will lead to a state without topological order.

1.4.2

Parton Construction and Fractionalization on the Triangular Sublattice

Although we can classify entire SET phases via an abstract mathematical machinery, group
cohomology, the machinery does not tell us when a given SET phase can be realized using certain
particles, e.g. spin- 12 particles on every site. To do this, we must construct examples of the
various phases. The most common approach for constructing states with topological order is the
mean-field parton construction.[95, 96, 98–101] In a mean-field parton construction, we explicitly
break a fundamental degree of freedom, such as an electron or spin, into fractional entities
called partons. Assuming certain mean-field configurations, we can write down a quadratic
Hamiltonian for partons, in which the partons can move independently from one another. Then,
this parton ansatz is projected onto the part of the Hilbert space corresponding to physical
states. For a given Hamiltonian, one can obtain many di↵erent ansatzes starting from di↵erent
mean-field configurations; thus, we should evaluate the energy of the projected state for the
given Hamiltonian to determine the true ground state.
To be somewhat more precise, let’s take an example. We first represent the spin operator,
~i = 1 b† ~ ↵,↵0 bi,↵ where ↵ =", #; physical
using Schwinger’s mapping of spins to bosons, as S
2 i,↵
P †
states must satisfy the constraint ↵ b↵ b↵ = 2S, given spin S per site. Although this constraint

seems very strong, a highly frustrated Hamiltonian can have a ground state that is approximately
described by starting with a quadratic Hamiltonian in the bosons, and then implementing the
constraint by just projecting onto the physical states. For certain mean-field configurations, this
state will have physical excitations corresponding to the partons in spite of the constraint. These
excitations have half-integer spin and are the spinons. This state has topological order due to
the fractional nature of these excitations, and must also have vison excitations (excitations that
pick up a phase of

1 when they encircle a spinon).

To further understand a mean-field ansatz for a topological order, we need to determine
the projective transformations of the spinons and visons. The projective representation of the
spinons, as described above, is identical with the “Projective Symmetry Group” of the state
constructed this way[98]. The projective transformation for the visons can be determined by
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Algebraic Identities
T1 T2 T1 1 T2 1 = 1
2
=1
6
(C6 ) = 1
R 2 = ( C6 ) 2 = 1
T1 T2 1 = 1
1
C6 T 2 1 C6 T 1 = 1
C6 1 T 2 1 T 1 C6 T 2 = 1
T1 T T1 1 T 1 = 1
T2 T T2 1 T 1 = 1
T T 1=1
RT R 1 T = 1
R(2⇡) = 1
R(✓)OR 1 (✓)O 1 = 1

bosonic spinon
⌘1 = ( 1)p1
⌘2 = ( 1)p2 +p3
⌘3 = ( 1)p3
⌘4 = ( 1)p2
↵1e
↵2e
↵3e
1
1
⌘2
⌘4
-1
1

vison
-1
1
-1
1
↵1m
↵2m
↵3m
1
1
1
1
1
1

Table 1.1: This shows symmetry fractionalizations in triangular lattice. Here, T is timereversal operator and R(✓) is spin-rotation operator by angle ✓. O in the last row represents
any operator in G ⇥ SO(3) ⇥ Z2 , which means that spin-rotation commutes. Phase factors are
slightly modified compared to Ref. [99] since we use a di↵erent coordinate system.

several approaches: (i ) Adding Z2 gauge fields to the mean-field Hamiltonian and computing
Berry phases[102] (ii ) Requiring that the spin liquid does not support gapless edge states and
deducing the consequence on visons[87, 99, 103] (iii ) Using flux-anomaly arguments to constrain
possible fractionalization pattern for visons.[72, 73].
When we construct a Z2 spin liquid in this way on each sublattice of the honeycomb lattice,
what are the possible choices for its fractionalization pattern? The Hamiltonian has SO(3)
spin-rotation, Z2T time-reversal, and triangular lattice symmetry Gs . The lattice space group
Gs is generated by two translations T1,2 , mirror reflection

, and site-centered ⇡/3 rotation

C6 . We label each lattice site on a triangular lattice by its positional vector r = ma1 + na2 ,
p
where a1 = (1, 0) and a2 = (1/2, 3/2) are Bravais lattice vectors corresponding to translation
T1 and T2 respectively. The reflection generator

is defined in such a way that it exchanges

T1 $ T2 . The fractionalization class of the topological excitations in the parton ansatz hosting
Z2 topological order is classified by projective representations of Gs ⇥ SO(3) ⇥ Z2T with Z2

coefficients. Supposing that we choose to use a state that was constructed by the mean-field
parton construction in Ref. [98], the possible fractionalization patterns are given in TABLE 1.1.
The mean-field parton states come in eight di↵erent classes, labeled by pi = 0, 1 with i =
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1, 2, 3. Each row represents a phase factor acquired by spinons and visons under a symmetry
relation. There are seven relations defining the triangular lattice symmetry group, but only
four of them are gauge-independent. In TABLE 1.1, rows 5-7 give phase factors labeled by ↵i .
These are not meaningful because ↵i are gauge-dependent factors and do not contribute to the
classification of the fractionalization class. In the language introduced earlier, these are exactly
the relations quotiented out by the derivation group Der(S, A). However, we include them
because they will be helpful for understanding the honeycomb lattice. Although not meaningful
individually, products of them on the two sublattices can form an invariant factor.
Note that a similar table in Ref. [99] listed all gauge-dependent factors to be 1. Such gauge
choice is possible, but we have di↵erent choices for translations and reflection operators; in our
choice, we have a constraint ⌘1 ⌘2 ↵1 ↵2 = 1. There is no such constraint on ↵3 , so we can always
take a gauge choice to set ↵3 = 1. Using the PSG solution of Ref. [98], we can actually derive
that for a certain gauge choice, ↵1 = ( 1)p2 +p3 , ↵2 = ( 1)p1 , and ↵3 = 1.
The SO(3) symmetry is continuous, unlike the other symmetries considered so far. There
are two possible projective representations of SO(3), the integer spin representations, and the
familiar half-integer representations where the 2⇡ rotation results in a factor of

1. There are no

additional complications arising from relationships with the discrete symmetries[57], on account
of this result: Whenever a continuous symmetry commutes with all the discrete symmetries,
it also commutes in the projective representation. This is proved by defining a phase factor
⌘(✓) = R(✓)O[R(✓)]

1O 1,

which must be a continuous function of ✓. Since R(0) is the identity

operator, ⌘(0) = 1, and Z2 symmetry fractionalization tells that ⌘(✓) can take only one of two
values, ±1. As ⌘(✓) is a continuous function, we can conclude that ⌘(✓) = 1 for all ✓.[57]

1.4.3

Honeycomb Lattice

We are now prepared to determine the fractionalization pattern of excitations in the honeycomb
lattice, and show that the pair excitations of the underlying triangular lattices W1 = eA eB
and W2 = mA mB are never fractionalized. Therefore, they can be condensed to get out of
the topological order without breaking the symmetry. We will do this in two ways. The first
way uses the method of Sec. 1.3, identifying the two sublattices with one another, so that
any transformation of the honeycomb lattice on the A or B excitations can be reduced to
transformations of the triangular sublattice.

33

Algebraic Identities
1

1

eA (or eB )
p1

eA eB

T1 T2 T1 T2 = 1
2
=1
(C6 )6 = 1
R 2 = ( C6 )2 = 1
R(2⇡) = 1

⌘¯1 = ( 1)
⌘¯2 = ( 1)p2 +p3
gauge-dependent
gauge-dependent
-1

1
1
1
1
1

Algebraic Identities

mA (or mB )

mA mB

T1 T2 T1 1 T2 1 = 1
2
=1
6
(C6 ) = 1
2
R = ( C6 )2 = 1
R(2⇡) = 1

-1
1
gauge-dependent
gauge-dependent
1

1
1
1
1
1

Table 1.2: This shows some of symmetry fractionalizations for Z2 ⇥ Z2 SL constructed from
Z2 SL in triangular sublattice whose symmetry fractionalization is specified in TABLE 1.1 in
terms of pi ’s and ↵i ’s. As symmetry group for honeycomb lattice has exactly the same structure of triangular lattice, the complete pattern would look like TABLE 1.1. However, unlike
the TABLE 1.1 where first four rows give gauge-invariant phase factors, here only first two
rows give gauge-invariant phase factors. The other two rows give gauge-dependent phase factors (See Appendix. A.2). We used bold symbols to distinguish honeycomb lattice symmetries
from triangular sublattice symmetries.

In the limit where two sublattices are decoupled, a wave function of the honeycomb lattice
can be expressed as a tensor product of wave functions on each triangular sublattice. The total
↵
↵
P
wave function is written as | i = i 1i A ⌦ 2i B , where A and B denote each triangular
sublattice. A honeycomb lattice has the same symmetry group as a triangular lattice. We will
distinguish honeycomb lattice symmetry operators using bold letters. The symmetry group of
the honeycomb lattice is again described by two translations T1,2 , mirror reflection

, and six-

fold rotation C6 , but now, the rotation axis is at the center of hexagon not at the site. (It is
not actually necessary to impose the order six symmetry of a sublattice about one of its sites
since this symmetry is broken when the two lattices are combined together. However, since we
already understand the relations and generators for the full symmetry group, we will assume
the additional symmetry to be present.) Here, we define translations of the honeycomb lattice
to coincide with those of triangular sublattice LA . The two translations of LB are then defined
in such a way that C6 T1A C6 1 = T1B and C6 T2A C6 1 = T2B , as in Fig. 1.2.
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Any symmetry operation of the honeycomb lattice can be decomposed into a tensor product
of symmetry operators of individual sublattices and an identifying map S that maps the A
sublattice to the B sublattice. The identifying map S = C6

A

is defined to take T1A ! T1B ,

T2A ! T2B (See Fig. 1.2). This operation is equivalent to a ⇡/3 counter-clockwise rotation with

respect to the center of the hexagon for sublattice A. (Caution: S is one-directional map from
sublattice A to B. C6 |B would be represented as T1 C62 S

1

if one analyzes carefully.)

We can then express all symmetry operators of the honeycomb lattice as follows:
⇣
⌘
⌦ ST2 1 T1 S 1 | 2 i
B
⇣
⌘
⇣
⌘A ⇣
⌘
1
T2 : | 1 i A ⌦ | 2 i B
7!
T2 | 1 i
⌦ ST1 S | 2 i
B
⇣
⌘
⇣
⌘ A ⇣
⌘
2
1
1
: | 1 iA ⌦ | 2 iB
7!
| 1i
⌦ SC6 T1 S | 2 i
A
B
⇣
⌘
⇣
⌘
⇣
⌘
2
1
C6 : | 1 iA ⌦ | 2 iB
7!
T1 C 6 S | 2 i
⌦ S | 1i
T1 :

⇣

|

1 iA

⌦|

2 iB

⌘

7!

⇣

T1 |

1i

⌘

A

B

(1.10)

The other operators, spin-rotation Rh (✓) and time-reversal T , are simply represented by
tensor products. Note, we have chosen an order of multiplication; for example, T1 on sublattice
B is given as (T2B )

1T B
1

rather than T1B (T2B )

1.

At the level of linear representation, they are

equivalent. However, for projective representations, the order matters since commutativity is
not guaranteed. Fortunately, these two definitions di↵er only by phases, just another gauge
choice (as in Eq. 1.4), and the physical gauge-invariant phase factors are una↵ected.
We now determine the symmetry fractionalization classes for bound states W1 and W2 . For
example,
T1 T2 T1 1 T2

1
eA eB

⇣
⌘ T1 T2 T1 1 T2

1
eA

⌘ ⇣
· T2 1 T1 T2 T1

where ⌘1 is from TABLE 1.1. Since (⌘1 )2 = 1, T1 T2 T1 1 T2

1

1
eB

⌘

= (⌘1 )2

(1.11)

acts linearly on the bound state

(trivial fractionalization). We similarly compute all other symmetry relations characterizing the
fractionalization class in Appendix A.1, and find that bound states W1 and W2 always have
trivial symmetry fractionalization classes. See TABLE 1.2, where the gauge-invariant phase
factors characterizing a fractionalization class are listed for eA , eB and eA eB . We can follow the
same procedure for the m-particles.
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Although the method of using identifying maps to reduce the problem to a single sublattice
is systematic, one does not have to hew rigidly to this method. For the honeycomb lattice,
a more creative approach explains why the bound states always transform trivially. We use
symmetry to relate excitations on the two sublattices. We show by symmetry that the eA and
eB always change by the same phase ±1, so their bound state W1 changes by (±1)2 = 1.
The basic idea is to begin with a relation R(g1 , . . . , gk ) = 1 among the symmetries. Suppose
eA transforms projectively, so R|eA i = ⌘A |eA i for any state containing an eA excitation. Then
take a symmetry h that exchanges the A and B sublattices, and apply the relation R to h
giving Rh

1 |e

Bi

= ⌘A h

1 |e

Bi

(since h

1 |e

Bi

1.

B i,

is an excitation on the A-sublattice R picks up

1 |e

the factor of eA ). By multiplying by h, hRh
short for hgi h

1 |e

Bi

= R(g1h , . . . , gkh )|eB i = ⌘A |eB i, where gih is

This shows that the B-excitations transform the same way as the A’s under

the corresponding symmetries; this determines completely the transformation of all excitations
on the B-sublattice once one knows how the excitations on the A-sublattice, since we know how
they transform under a complete set of relations. However this does not immediately imply that
the bound state W1 transforms trivially because a given transformation acts the same way on
both of the excitations in the bound state, but we have determined only how the eB transforms
under conjugated symmetries.
For the honeycomb lattice, let us begin with the translation commutator, which illustrates
the problem of getting conjugate relations:
T1 T2 T1 1 T2 1 |eA i = ⌘¯1A |eA i

(1.12)

where the subscript A implies that ⌘¯1A is the phase for an anyon on sublattice A. Since I = (C6 )3
exchanges the two sublattices, we will use it to determine how eB transforms. From the above
equation (which is true for any state of an eA excitation),
T1 T2 T1 1 T2 1 I

1

|eB i = ⌘¯1A I

1

|eB i.

(1.13)

T1I T2I (T1 1 )I (T2 1 )I |eB i = ⌘¯1A |eB i

(1.14)

Multiplying both sides by I gives
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where we define g h ⌘ hgh

1

for g, h 2 G. Notice that symmetry relations for the honeycomb

lattice give the following expressions at the projective representation level:
IT1 I

1

=

1 T1

1

IT2 I

1

=

2 T2

1

(1.15)

where the ’s are phase factors that can depend on anyons acted on. Therefore, we can replace
the Eq. 1.14 by
T1 1 T2 1 T1 T2 |eB i = ⌘¯1A |eB i
for any state on the B sublattice, where the extra phase factors

(1.16)
1

and

2

are canceled.

Now, this shows that the B-excitations transform the same way as the A-excitations under
the corresponding symmetries, that is Eq. 1.16 translates the B-excitations in the opposite
direction relative to Eq. 1.12. To find how some relation transforms the bound state eA eB we
have to know how the same relation acts on both excitations. We can just replace |eB i in Eq.
1.16 by T2 1 T1 1 |eB i, which is also an eB -type excitation. Then, after simplifying it,
T1 T2 T1 1 T2 1 |eB i = ⌘¯1B |eB i = ⌘¯1A |eB i.

(1.17)

2 = 1.
Hence ⌘¯1B = ⌘¯1A , and W1 changes by ⌘¯1A

For the remaining products of symmetries, there is always an operator that exchanges the
sublattices without changing the operators. Two of the relations (C66 , R2 ) are of the form
M 2n where M is a transformation that exchanges A and B excitations, and one can use M
itself to relate the phases of eA and eB .Suppose for example C66 |eA i =
not gauge-invariant. Redefining |eB i = C6 |eA i, we get C65 |eB i =
C66 |eB i =

A |eB i.

A |eA i,

where

A

is

C6 1 |eB i, which implies

Likewise eA and eB transform with the same phase under R2 , so W1 is

invariant. The time reversal and 360 rotations on the two sublattices are internal symmetries,
so they are exchanged by any of the symmetries that switch A $ B. Finally, one can deduce
that

2

gives the same phase when applied to both eA and eB by using the relation I I

1

/

,

since I exchanges A and B.
These two approaches both show that W1 transforms trivially under all the relations, and
the same arguments apply to W2 . This implies that both bound states they can be condensed
without breaking any symmetry, so that the topological order disappears. A more precise
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T2A
T2B
OA

T1A

T1B

OB

Figure 1.2: Black dots represents sublattice A. White dots represents sublattice B. OA and
OB represent origins (reference points) for each sublattice. Dotted line represents the axis of
reflection symmetry in honeycomb lattice.
argument is that, for any excitation that transforms linearly, there is some state that has trivial
quantum numbers, so it can be condensed. The next section proves this explicitly.
We further confirmed our result by calculating twisted second group cohomology for these
lattices. In Appendix. A.2, the allowed fractionalization classes of Z2 ⇥ Z2 order where C6
exchanges anyons are enumerated using an algorithm associated with group cohomology. We
find that we have indeed obtained all the possibilities, assuming the Z2 ⇥ Z2 order that is
permuted by the symmetries in the way we have assumed.

1.5

Anyon Condensation

In the previous section, we confirmed that the symmetry fractionalizations of the anyons W1 =
eA eB and W2 = mA mB are totally trivial in the absence of inter-sublattice interactions. Since
the fractionalization class is a topological invariant, if we adiabatically turn on some interactions
between sublattices, the symmetry fractionalization class of the bound states should remain the
same, and we will assume this from now on. These bound states are bosonic excitations, since
they are made of bosonic excitations with no mutual statistics, and there is no mutual statistics
between W1 and W2 . Thus, in principle, we can condense these excitations by tuning some
interactions. Condensation of the two bound states will confine all other topological excitations
and give a topologically trivial state. Such phase transitions triggered by condensation (or
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proliferation) of spinons has been well known for Z2 and Z2 ⇥ Z2 topological orders without
lattice symmetries. [89–92].
There are several interesting aspects to the condensation of anyons, so we will describe it
more explicitly. Let us focus on condensing the eA eB anyons. The goal is to start with the
SL wave functions, and introduce anyons into it so that the parity of the number of anyons in
any given region fluctuates strongly. The anyons cannot be correlated in bound pairs, or else
they will not cause the confinement of the anyons that have non-trivial braidings with them.
We will also want to create a condensate of a low density so that the state is not completely
distorted. We will discuss qualitative i) How to choose a Hamiltonian that favors a condensate
ii) Why knowing that the anyons transform non-projectively implies that there is a symmetric
condensate (i.e., a state that does not transform at all ).
First, choose a local configuration with the charge eA eB (see Fig. 1.3), and let W † be an
operator that creates this configuration at a certain position of the lattice. Then the condensed
wave function can be represented schematically as
|

Ci

⇡ e

P

S

SW S †

|spin liquidi

where  is small to keep the density of anyons low. The sum
the lattice, to create a symmetric wave function. In general,
S1

X

S2G

where

[SW † S † ]S1† =

X

ei

(S,S1 )

P

(1.18)

S

is over all the symmetries of

(S1 S)W † (S1 S)†

(1.19)

S

is a phase factor associated with a projective symmetry representation for the anyons,

and G is the total symmetry group. There is no symmetry fractionalization in this case, which
means that one can change the “gauge” of the symmetries so that all the ’s are zero. Then
P
the expression is the same as S SW † S † ; i.e., the condensate is symmetric, hence condensing
it does not break the symmetry. (In the next section, we will see that condensates that change

sign under some of the symmetries actually are allowed as well.) The exponential is not to be
interpreted completely literally: one should expand it in a Taylor series, ignore each odd order
term (because it is not possible to create an odd number of anyons), and then create the even
numbers of anyons in the even-order terms by connecting strings between arbitrary pairs. The
wave function is independent of how the anyons are paired because they do not have any mutual
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statistics. In addition, one can omit terms where two anyons overlap since we have not defined
how to create two anyons at the same point.
There are several issues which we can elaborate on. First of all, a wave function like this,
although it is globally symmetric, may actually represent a cat state formed by superimposing a set of states each separately breaking the symmetry (e.g., dimer-orderings rotated in all
directions).[48–50] This is caused by overlaps between anyons which can lead to correlations, so
it can be avoided by making  small enough that the anyons are far from one another.
Secondly, what Hamiltonian can stabilize this state? To ensure the state is symmetric as
just discussed, we need  to be small. It is difficult to construct a Hamiltonian that produces
a Bose condensate with a small density when the excitations being condensed have Z2 quantum numbers, unlike in ordinary Bose condensation. Suppose one takes a Hamiltonian H =
P
P
†
†
<ij> (Wi Wj + h.c.) +
i ✏ni . The first term both moves single anyons and creates pairs
of anyons and the second term suppresses anyons energetically. As ✏ is lowered, anyons will first
appear only in virtual pairs, which is not a true condensate. The

term must be strong enough

to move anyons apart from one another, but then it will also be strong enough to create a high
density of anyons. However, we can take a Hamiltonian that includes a long-range repulsion beP
P
P
P
†
†
†
tween anyons to keep the density low, i ✏ni
ij ij (Wi Wj +h.c.)
ij tij Wi Wj +U
ij ni nj .
The term Uij is a repulsive interaction between anyons that is large below some distance L. This

allows one to diagonalize the Hamiltonian in a subspace consisting of anyons spaced by at least
this distance. The term

ij

creates anyons in pairs and allows them to move apart. This should

be nonzero for pairs of sites separated by slightly more than L, because otherwise, it will have no
e↵ect on account of the repulsion. The other terms tij and ✏ describe the motion and the energy
cost of an anyon. When ✏, tij ,

ij

⌧ Uij , this system should undergo an ordinary Ising transition

where the anyons condense as ✏ decreases, except with the anyons kept at a low density.
Finally, there is an issue related to symmetry. If W † is not chosen right, and it turns out to
be odd under a reflection or a 180 rotation, the wave-function SW S † would cancel. Consider
trying to make a symmetric state out of a pair of eA and eB anyons. Under both spin and orbital
symmetries, the state must be symmetric. As in atomic physics there is a connection between
these symmetries: because the spin part of the wave-function is antisymmetric, the orbital part
must also be antisymmetric (since the eA and eB act as bosons relative to one another). However
this allows only lattice versions of orbitals of the form px that break rotational symmetry or
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px + ipy that break time-reversal symmetry.
Explicitly, let W † = c†1# c†2"

c†1" c†2# (see Fig. 1.3) where 1 and 2 represent two adjacent sites.
P P
If we symmetrize over the symmetries of this hexagon, 2i=1 6j=1 i C6j W † C6 j i we get zero;

the reflection across the bond changes the sign of the wave function. However, this is not due
to a topological property of the state. The argument that the angular momentum must be odd
does not apply when there are more than two anyons. To see this in a general way, let W † create
any group of anyons that does not have any symmetry (see Fig. 1.3). Then the di↵erent terms of
P
the symmetrized operator
SW † S † are all distinct so they do not cancel. Thus, the proposed

wave function indeed gives rise to a symmetric state where anyon bound states are condensed.
The resulting wave function where both eA eB and mA mB bound states are condensed will be
totally symmetric and topologically trivial, thus featureless.
Actually, rather than changing W † to an asymmetric W † to ensure that the wave-function
does not cancel, we could use the original W † to construct a state that is symmetric under all
transformations up to minus signs. We will see in the next section that condensing such a state
does not break any crystal symmetry either. The argument we have just given is still useful
though because it can be used to show that both symmetric and antisymmetric condensates
exist, and being able to create symmetric as well as antisymmetric condensates leads to a greater
variety in the wave-functions we can construct. We will see that there are four types of wavefunction (depending on which crystal symmetries reverse the sign), and that the intermediate
states (with only a W1 or only a W2 condensate) have di↵erent symmetry fractionalization
patterns for each case.

1.6

Intermediate Phases: Anyon Condensate and Gauge Fixing

In the previous section, we showed that one can construct a symmetric wave function by condensing bound states of W1 = eA eB or W2 = mA mB (or both). Initially, the state was described
by Z2 ⇥ Z2 topological order with the generating set of anyons heA , mA i ⇥ heB , mB i. The generating set can be expressed in more relevant form, hW1 , mA i ⇥ heB , W2 i. Condensation of bosonic
anyons confines all other anyons with non-trivial mutual statistics with the condensed ones.
Thus, if W1 is condensed, the system will be in Z2 topological order generated by heB , W2 i, and
if W2 is condensed, the system will be in Z2 topological order generated by hW1 , mA i. Now, we
can ask what SET phases are realized by these intermediate Z2 topological orders. To answer
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Figure 1.3: Forms of the wave-function of an eA eB pair. (Left) A simple idea for how to
create the eA eB bound state—the oval represents a singlet of excitations on the two lattice
sites. However, the wave-function is odd under reflection in the bond, so there is no way to
create a completely symmetric state starting from this one. (Right) Instead, if one creates
four excitations in a configuration without any symmetry, the configuration can be superimposed with all the symmetric transformations of itself without any cancellation occurring.
Note that there are three anyons on B sites and one on an A site, so the net charge is correct.
Alternatively, one could add some non-topological excitation to the singlet in the left figure, at
a position that breaks the reflection symmetries.
this, we should investigate the symmetry fractionalization classes of the anyons after condensation.

1.6.1

Condensation and Gauge-Fixing

First, let’s generalize our discussion from Sec. 1.4 on symmetry fractionalization to the setting
where symmetry actions permute anyons. When this happens, we may guess intuitively that
there will be fewer classes of symmetry fractionalization types. The symmetry fractionalization
breaks down when anyons are permuted; in general, the symmetry cannot be performed on a
single anyon in a local way as it involves the annihilation of a single anyon and creation of
another anyon with a di↵erent type. Nevertheless, in place of a local operator, we can take an
operator that has two parts: 1) a non-local anyon permutation (for example, an operator that
moves the original anyon o↵ to “infinity” and brings the appropriate new anyon from “infinity”)
2) a local unitary transformation that performs the proper symmetry and it seems reasonable
to use the same formal approach of factoring a symmetry into symmetries acting on individual
anyons.
One intuitively expects that some of the symmetry fractionalization classes will collapse
in this case since the symmetries map between two di↵erent sets—this is somewhat like the
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question of classifying states by whether they are even or odd under a certain operator: the
operator has to map the state back into the same space for this to be defined. For example,
consider the orbital state of an electron whose spin state is up. One can define the parity of the
orbital state under reflection but not under reflection combined with flipping the spin, since one
cannot define the relative phase of spin-up and spin-down states. In the context of symmetry
fractionalization, Z2 symmetries behave in a similar way. If the symmetry does not permute
anyons, then in Z2 topological order we have four symmetry fractionalization classes (based
on how each of e and m transform). However, when the Z2 symmetry does permute e $ m,
these four distinct symmetry fractionalization classes coallesce into one[58]. Conceptually, we
can ascribe such behavior to the fact that the symmetry localization hypothesis, which is the
key assumption for symmetry fractionalization, breaks down when anyons are permuted.
In our case, the phase factor associated with C6 rotation symmetry (i.e., the value of C66 =
= ±1) is not gauge-invariant for a single anyon in the original Z2 ⇥ Z2 topological phase. This
is because C6 exchanges eA $ eB . We have a gauge-freedom to multiply C6 by an additional
phase factor that depends on the type of anyon the symmetry is applied to. If C6 ! C6 ei
where a is the anyon type before the symmetry is applied, then (C6 )6 ! e3i(
can cancel C66 (by taking ei

(eA )

= 1, ei

(eB )

(eA )+ (eB ))

(a)

which

= ). (This does not contradict our claim above

that the bound states eA eB and mA mB have well-defined phase factors C66 (that are equal to
1), since C6 maps the anyon bound states into themselves.)
Now, we can ask the following question: if the anyon bound state eA eB is condensed, what
would we get for symmetry fractionalization classes of eA ? In the eA eB condensed phase, eA
would be identified with eB . Thus, we can just call both eA and eB the same name, the e-particle,
and the action of C6 would map the e-particle into itself, and therefore C66 is well defined in
this phase. A similar question can be asked for the symmetry R =

C6 ; is R2 equal to ±1 for

eA in the intermediate phase? We will focus on C6 for now.
In a more precise statement, when eA eB is condensed, the action of C6 rotation symmetry
can be realized locally. Consider an original ground state wave function with single eA excitation. (There must be another eA excitation as it cannot be created alone) When we apply C6
rotation symmetry, eA at position r would be mapped into eB at position C6 (r). This cannot be
achieved by a local operator since the local operator cannot destroy a single anyon and create
another anyon with a di↵erent type. However, in a condensate wave function, the wave function
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consists of all possible superposition of eA eB excitations, including vacuum. Locally, it has the
↵
cond ⇠ |0i + ↵ |e e i. When we excite e , then it would be |e i + ↵ |e i, which is
form:
A B
A
A
B
r

the superposition of eA and eB excitations. Similarly, when we excite eB , it will still be the
superposition of eA and eB . Thus, macroscopically eA and eB excitations are indistinguishable,
although they are located in di↵erent sublattices. Then, the action of C6 can be realized locally since we do not need to destroy eA and create eB ; we can realize the action of C6 by just
moving eA and eB by local operators as in Ref. [57]. To summarize, the symmetry localization
hypothesis is restored for e-particles under the condition that eA eB is condensed.
A relevant example has been studied in Ref. [93]. In this work, a double-semion (or twisted
Z2 topological order) model is considered, which contains four di↵erent anyons {1, s, s0 , b =

ss0 }. Here, the symmetry fractionalization of time-reversal symmetry is ill-defined because

time-reversal permutes s and s0 . However, when a bosonic excitation b = ss0 is condensed at
the boundary, s and s0 become indistinguishable, and we can define the action of time-reversal
symmetry on the semion and anti-semion properly. Therefore, the symmetry fractionalization
of time-reversal symmetry becomes well-defined at the boundary, either T 2 = 1 or T 2 =

1

depending on the amplitude of the bosonic condensate.

1.6.2

Honeycomb Lattice

Looking back to our case of the Z2 ⇥ Z2 SL in the honeycomb lattice, the action of the ⇡/3
rotation C6 is not well-defined on a single eA or eB before the condensation of the bosonic
particle W1 = eA eB . However, once W1 is condensed, we can define the action of C6 on the
e-particle properly, as eA is identified with eB . The subtlety is, while the amplitude of bosonic
anyons are spatially uniform in the double-semion model, here the amplitudes of bosonic anyons
can have some spatial structure, which is symmetric up to a gauge transformation.
To facilitate the discussion, we define inversion symmetry I = C63 , which is a 180 rotation.
Therefore, we want to figure out the action of I 2 on each anyon after the condensation of W1 .The
condensate wave-function can have either even or odd parity under a I. In fact, Eq. 1.18 describes
only the first possibility; to encompass the second possibility, the equation should be modified
into
†
c

=

X

SW † S † + ✏

S2G1

X

S2G2
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SW † S †

(1.20)

where G1 ⇢ G is the subset which does not exchange sublattices, and G2 ⇢ G is the subset
which exchanges sublattices (G1 [G2 = G). This wave function has a parity ✏ = ±1 with respect
to I, because the composition with the inversion symmetry I exchanges G1 and G2 .
†

Such a state may seem to break rotational symmetry; however, the state is defined as e c |Gi,
where the exponential is projected onto the even-order terms, which all have an even parity.
Actually, this wave-function is not well-defined yet, unless we give a precise definition to the
operators S. They are actually fractionalized symmetries with a gauge ambiguity, because they
act on W † which creates anyons. In particular, although we know that the square of I is fixed
(and equal 1) for bound states, the sign of I itself is ambiguous. However, there is a convention
that allows one to fix the sign: we first consider the actions of I A and I B on single anyons eA , eB
respectively. We choose the relative sign between IA and IB so that I 2 = IB IA = 1; this leaves
only an ambiguity where the sign of both IA and IB are changed. Now when one transforms a
bound state, one has to use both IA and IB , so the transformation is well-defined (it does not
change if one flips the sign of both symmetries). We will call this standard convention for I, I0 ,
and we will assume that I0 is used in the previous equation.
Although we have a convenient convention for fixing the phase of I, this does not mean that
I is an actual symmetry of the system, at least after there is a condensate. We will show that
the physical I, which is the symmetry of the condensate wave function, would have the action
on eA such that I 2

eA

= ✏. To prove this, we have to consider how the

c

transforms under I

for each choice of I’s gauge. Before condensation, one can choose the relative phase between eA
(↵) (↵)

and eB freely; we have two di↵erent gauge choices: IB IA = ↵ 2 {1, 1}. The choice we made
†
c

is I0 = I +1 . We have I (↵) = (↵)NA I0 , where NA is the number of eA excitations.

(When ↵ =

1, this factor switches the sign of IA without switching the sign of IB ; one could

to define

switch the sign of IB instead since only the relative sign of IA and IB matters.)
As we defined,

†
c

has a parity ✏ under I0 :
†
c

=

X

I0† (I0 S)W † (I0 S)† I0

S2G1

+✏

X

I0† (I0 S)(W † )(I0 S)† I0

S2G2

=
=

X

I0† S̃W † S̃ † I0 + ✏

S̃2G2
✏ 1 I0† c† I0 .

X

I0† S̃W † S̃ † I0

S̃2G1

(1.21)
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(b)

(a)

eA

eA

eB

eB

Figure 1.4: The figure represents the mean-field configurations Qij that have the two di↵erent symmetries: (a) C66 e = 1 (b) C66 e = 1 on e-particles. The six-fold rotation exchanges
two anyons eA and eB , thus its action is related to the mean-field amplitudes for anyon bound
states eA eB . Blue lines represent positive Qij , while red lines represent negative Qij . The
right figure is symmetric under C6 only after associated gauge transformation.
The second identity is from the fact that I0 : G1 $ G2 and I02 = 1 for eA and eB in this gauge
choice. Since I↵ I0† = (↵)NA , I↵ I0† W † (I↵ I0† )† = ↵W † . Thus,
I↵
Therefore, the

†
c

† †
c I↵

=✏

1

I↵ I0†

†
†
c I0 I↵

=✏

1

↵·

†
c

(1.22)

is symmetric under I↵ only if ↵ = ✏. To have a symmetric condensate wave

function which does not break the inversion symmetry even locally, we require

†
c

to transform

trivially under I. Since the condensate wave function is symmetric only under I✏ instead of
another I with a di↵erent gauge choice, I✏ is the symmetry for the system, and the gauge
freedom is frozen. Now the action of I 2 on eA is well-defined; it is fixed to be I✏2 , acquiring a
phase factor ✏ under I 2 . (This argument could be made more precise by constructing a local
operator that rotates a specific eA excitation 180 , by using the condensate to convert the eA
into an eB . Given a local realization of I for a specific initial state, one can calculate I 2 in
general, as in Ref. [57].)
In fact, we have been suppressing an additional parity in the definition of the condensate

†
c.

There are two independent symmetry operators which exchange two sublattices, the inversion
symmetry I and the reflection symmetry R =

C6 . The condensate wave-function can have ei-

ther parity under each of R0 and I0 (the standardized forms of R, I that satisfy R02 = 1, I02 = 1).
To display these parities explicitly, note that while I is orientation preserving, R is not. Therefore, we can subdivide the group G into orientation preserving symmetries Go and orientation
reversing Gr , and divide each of them further depending on whether a symmetry exchanges
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sublattices or not (index 1,2). Thus, at full generality, Eq. 1.20 becomes
P
P
= S2Go,1 SW S † + ✏1 S2Go,2 SW S †
h P
i
P
+✏2 ✏1 S2Gr,1 SW S † + S2Gr,2 SW S †

†
condensate

(1.23)

characterized by ✏1 , ✏2 2 {1, 1}. Following the same reasoning, we can conclude that the
condensate wave function is symmetric under I✏1 and R✏2 , meaning that eA ⌘ eB acquires phase
factors ✏1 and ✏2 respectively under I 2 and R2 after the condensation.

This result can also be understood more explicitly by using a PSG representation of the
wave function, as illustrated in Fig. 1.4. The original decoupled states on the two triangular
sublattices is described by a quadratic Hamiltonian with only next-nearest neighbor interactions.
A condensate of bound states can be induced by adding nearest neighbor couplings as well,
leading to the full Hamiltonian:
HM F =

J

X

Qij ✏↵ bi↵ bj + H.c. + . . .

(1.24)

ij

There are two possibilities, depending on whether the Q’s associated with the sides of a hexagon
all have the same signs or alternating signs. C6 symmetry allows only these possibilities. In
the latter case, the Hamiltonian is not immediately symmetric under C6 symmetry, but one can
define C6 bi↵ C6 1 = ±bC6 (i)↵ where the sign is (+) if i is in the A-sublattice and ( ) if it is in the
B-sublattice, and this is a symmetry. The b operators create the emergent spinons; applying C6
six times gives a minus sign because the spinon passes through the B-sublattice an odd number
of times. The idea also works for visons in the exact same manner except they reside on the
dual lattice.

1.6.3

Intermediate Phases

In the following, we describe the two di↵erent intermediate Z2 topological phases accessed by
the condensation of either W1 or W2 from the Z2 ⇥ Z2 topological order.
Scenario 1 Consider a phase with condensation of the bound state W1 . In this phase, the
system has Z2 topological order with anyonic excitations eA and W2 which have a mutual phase
of

1. There is only one type of e excitation because we can identify eA ⌘ eB since they can
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be transformed into one another using local operators in a phase where eA eB is condensed. On
the other hand, unpaired mA and mB are confined, and only the bound state W2 has a finite
energy. We will call eA ⌘ eB a spinon as it carries spin-1/2 and mA mB a vison as it has mutual
⇡ statistics with spinon. The topological properties of the system are fully characterized by
symmetry fractionalization classes of spinons and visons.
Using the flux-anomaly argument[72, 73], we can prove that vison excitations must have a
totally trivial fractionalization class if spinons carry spin-1/2. This agrees with what we have
found about the vison, mA mB . What about the symmetry fractionalization class of spinons?
They are listed in TABLE 1.2, except that the phases that are marked “gauge-dependent”
now become gauge-invariant and can be made to have either sign by choosing a condensate
wave-function with the appropriate symmetry, as described in the previous section.
Although we have found four possibilities for (C6 )6 and R2 , some of these seem likely to
be harder to achieve using local interactions. Condensation of W1 can be achieved in a parton
approach by having some non-zero symmetric mean-fields between sublattice A and B, and the
fields can presumably be adjusted to give all four possibilities. However, assuming non-zero
mean-fields for nearest-neighbors constrains the symmetric mean-field patterns and thus the
fractionalization of (C6 )6 , as we can see from the results of Ref. [101].
In the triangular lattice with non-zero nearest neighbor amplitudes, there are two Z2 SL
↵
T characterized by p = p = p = 1
solutions
p3 (mod 2) in TABLE 1.1. Starting from
1
2
p
↵
↵
T ⌦
T living in honeycomb lattice, we give non-zero mean-fields between sublattices to
p
p
obtain Z2 spin liquids in the honeycomb lattice, while the mean-fields within sublattices are
kept the same. Our discussion above gives these possibilities for the symmetry fractionalization
class of the spinon (See TABLE 1.2)
(¯
⌘1 , ⌘¯2 , ⌘¯3 , ⌘¯4 ) = ( 1)p , 1, ✏1 , ✏2

(1.25)

However, the more conventional mean-field parton approach in Ref. [101] found that there are
↵
H (q = 1, 2) with non-zero nearest neighbor
only two symmetric mean-field configurations
q
and next nearest neighbor mean-fields. These two solutions are characterized by
(¯
⌘1 , ⌘¯2 , ⌘¯3 , ⌘¯4 ) = ( 1)q , 1, ( 1)q+1 , 1 .
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(1.26)

These are the special cases of Eq. (1.25) found by letting p = q and fixing ✏1 = ( 1)p+1 , ✏2 =

1.

Scenario 2 Consider a phase where the bound state W2 is condensed. Although a spinon
condensation has been discussed extensively in mean-field parton approaches, a vison condensation in a Z2 topological order has only been discussed in an e↵ective theory of Ising gauge
theory.[51, 104–107] Similarly, we map our problem into two copies of Ising gauge theory where
spinons are gapped, and then assume the existence of an interaction which prefers condensation
of W2 , implying that the expectation value of the W2 field is non-zero. In this phase, eA and eB
are confined, and the system has a Z2 topological order with anyonic excitations generated by
W1 = eA eB and mA ⌘ mB . mA and mB are identified because W2 is condensed. Here, we call
W1 the spinon and mA ⌘ mB the vison.

A Z2 SL in this scenario is exotic. In this phase, the ‘spinon’ excitation, which is eA eB ,

carries an integer spin instead of a half-integer one because the eA eB bound state has a totally
trivial fractionalization class. In the study of Z2 SLs, the most extensively used approach is the
mean-field parton approach, and in the case of spin-1/2 per site that has been studied via the
parton approach, the spinon always carries a half-odd integer spin. Although it is possible to
modify the parton-approach to one based on spinons with integer spin for a system with spin-1
per site, for the system with spin-1/2 per site, such cases has been thought to be difficult[108].
Since the ‘vison’ excitation also carries an integer (zero) spin, this new phase of Z2 SL does not
have topological excitations with a non-trivial projective representation under SO(3) rotation.
Moreover, its vison excitations can have a non-trivial fractionalization class inherited from the
symmetry of the W2 condensate wave function, as can be shown following the same arguments
we applied to spinons, which is not allowed if the spinon excitations carry spin-1/2.[73]. (The
procedure for forming a vison condensate is exactly the same as the one for forming a spinon
condensate–there is no di↵erence between excitations that are centered on sites or plaquettes
since we can symmetrize both kinds of states under the whole symmetry group.)

1.7

The HOLSM-type constraints and minimal topological orders

Here, we demonstrate applications of our bipartite lattice construction to other systems where
featureless states are guaranteed not to exist by HOLSM-type theorems. There are extensions
of the HOLSM theorem which provide no-go theorems on featureless states for systems with
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“nonsymmorphic” symmetries[46] (such as glide-reflections) or even modified symmetries (magnetic translations[109]). As discussed earlier in the introduction, no-go theorems for featureless
states imply gapped symmetric states must be topological and their symmetry fractionalization
classes are constrained in a certain way.
In Sec. 1.3, we discussed a system with the nonsymmorphic lattice group pg. The system had
two sites with spin-1/2 per unit cell, a net spin-1 per unit cell. However, the topological order
we constructed could not be further reduced unless it breaks spin-rotation or glide-reflection
symmetry. In fact, no other construction can succeed on account of an extension of the HOLSM
theorem[46], which states that if the U (1) charge density per unit cell ⌫ 6⌘ 0 mod S where
S is a certain number measuring how non-symmorphic the group is, there does not exist a
featureless state. One can deduce a no-go theorem for a spin-system from this by regarding
Sz as the charge density. We then find that the sum of the magnitudes of the spins in a unit
P
cell must satisfy
Si ⌘ 0 mod S in order for a featureless state to exist. We observed that

this is indeed the case; the Z2 topological order we constructed has both anyons with nontrivial fractionalization of spin-rotation symmetry and anyons with non-trivial fractionalization
of glide-refection symmetry.
We expect topological orders are constrained in a similar way for any system that has a
no-go theorem ruling out featureless states. We will provide another example of this, a bosonic
system with magnetic translation symmetries, using HOLSM-type arguments to constrain the
possible fractionalization patterns, and then constructing states that have these fractionalization
patterns using the method of sublattices.

1.7.1

HOLSM-type Constraints for Lattices in Magnetic Fields

We will now consider bosons in a lattice with a magnetic field. We will focus on the case of a
system with half-integer filling and half-a-unit of flux, since these favor the type of Z2 order we
have been considering as opposed to chiral states like the Laughlin state.
When a magnetic field is present, new types of fractionalization are possible. When anyons
go around unit cells they can acquire phases in two ways, either from their fractionalized symmetries or from their fractional charge encircling the magnetic flux, and these two e↵ects can
metamorphose into one another in an interesting way. Let us first describe the system using
spin variables. Consider a two-dimensional lattice with spin-1/2 per unit cell, together with a

50

magnetic translation symmetry characterized by
T1 T2 T1 1 T2

1

=

Y

z

ei⇡Si

(1.27)

i

where the bold symbol implies the operators are magnetic translations with ⇡-flux. We will
impose spin-rotation symmetry U (1)z about the z-axis, spin-flip symmetry about the y-axis,
and time-reversal symmetry. If we use the Holstein-Primako↵ transformation to map this to a
model of itinerant bosons, this is equivalent to a (hardcore) bosonic system at half-filling under
magnetic ⇡-flux. Under this mapping, the symmetries are charge conservation symmetry, time
reversal symmetry, and particle-hole symmetry, in addition to the magnetic translations. For
example, the Hofstadter model applied to hard-core bosons (at half-filling and with ⇡-flux) has
all these symmetries. The boson density nb is related to the spin-z components by the following
relation: Sz = nb

1
2

showing that the spin-flip symmetry implies hSz i = 0 or equivalently

nb = 1/2 (See Appendix A.3).
y

A spin-system has a physical time-reversal symmetry given by the product T = ei⇡S K

where K is an antiunitary operator. Since a flux of ⇡ stays the same under T 2 Z2T and maps
into

⇡ ⌘ ⇡ under spin-flip symmetry ei⇡S 2 Z2y , the Hamiltonian has both symmetries Z2T
y

and Z2y . A simple example of a Hamiltonian that realizes these symmetry properties (although
more frustration may be necessary to produce a gapped spin liquid) is an anisotropic Heisenberg
model where the couplings Kij depend on the links:
H=

X

⇣
⌘
JSiz Sjz + Kij Six Sjx + Siy Sjy ;

(1.28)

here Kij =

K for vertical links on the even x-coordinates while Kij = K for the rest. We have
Q
magnetic translation symmetry corresponding to the ⇡-flux since unit cell Kij = |K|4 for any
plaquette. The SO(3) spin-rotation symmetry is broken down to U (1) o Z2y symmetry.

First, let us consider just the U (1) symmetry and translational symmetry, ignoring the others. For a bosonic model at half-filling under ⇡-flux, a featureless state is prohibited by theorems
proven recently[109]. Consider U (1) on-site symmetry along with magnetic translation symmetry. According to Ref. [109], if there exists an SPT phase, the system has a Hall conductance
that satisfies the relation
⇢⌘

xy

·

mod 1
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(1.29)

where

xy

is the Hall conductivity divided by e2 /h,

is the number of flux quanta per unit-

cell (which is 1/2 for ⇡-flux), and ⇢ is the particle number per unit-cell. Regarded as a bosonic
system, our system has ⇢b = 1/2. Eq. 1.29 implies that the Hall conductivity must be odd-integer
multiples of e2 /h. However, a bosonic quantum Hall system can have only a Hall conductivity
that is an even-integer multiple of e2 /h (See Ref. [110]), implying that a featureless state cannot
exist. Eq. 1.29 can be applied more generally as well, for example, for half-filling, what values
of the magnetic field can lead to a featureless state? Eq. 1.29 shows that the flux must be
= 1/(4n) per unit cell, and in this case the Hall conductivity would be

xy

⌘ 2n mod 4n.

These are like integer quantum Hall states of fermions, because the number of particles per unit
flux is an integer, 2n, but they can be stabilized only with the help of interactions. (Without
interactions, a bosonic system cannot have a gap!) A bosonic integer quantum Hall (BIQH) phase
with

xy

= 2 at n = 1 has been reported in the numerical study of lattice models[111, 112].

Thus, for a gapped and U (1) symmetric ground state under ⇡-flux, an intrinsic topological
order is inevitable. What kinds of SET orders would be allowed in this situation? There are
many well-known chiral topological orders with non-zero Hall conductivity for various filling and
flux density (similar to states in the fractional quantum Hall e↵ect), which we will list briefly
at the end of Sec. 1.7.4. However, we would like to focus on cases where there is an additional
time-reversal symmetry besides the U (1) symmetry. For either ⇢ = 1/2 or

= 1/2, we would

have a time-reversal symmetry, which suppress a finite Hall conductivity. Thus, we will consider
non-chiral topological orders, i.e. ones with zero Hall conductivity. For just the U (1) symmetry
group, but at half-filling and ⇡-flux, we may expect toric-code type Z2 topological order. This
is indeed possible, as we will show later on by the anyon condensation from a Z2 ⇥ Z2 SL in
bipartite lattice construction.

1.7.2

Topological orders consistent with Spin-Flip and Time-Reversal
Symmetry

We have seen that the existence of U (1) symmetry together with ⇡-flux and half-filling prohibits
a featureless state, so a gapped and symmetric ground state should have a topological order,
which can be a toric-code type. We did not yet consider additional symmetries such as timey

reversal T or spin-flip ei⇡S . In fact, these additional symmetries impose further constraints on
the topological orders that can be realized (See TABLE 1.3).
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We will consider four di↵erent cases: G1 = U (1) o Z2y , G2 = U (1) o Z2T1 , G3 = U (1) ⇥ Z2T2 ,

and G4 = (U (1)oZ2y )⇥Z2T2 . We will represent the generator of Z2y , the spin-flip transformation,
by P from now on. Z2T1 and Z2T2 are two di↵erent realizations of time-reversal symmetry. There
are two possibilities because time-reversal symmetry can be implemented di↵erently depending
on the microscopic data. The first case is T1 = K, an anti-unitary operator which just involves
complex conjugation. Here, the total symmetry group G = U (1) o Z2T ; while T commutes
with the charge operator T QT
T eiQ✓ T

1

=e

iQ✓ .

1

= Q, it does not commute with an element eiQ✓ 2 U (1) since
y

y

The second case is T2 = ei⇡S K where ei⇡S flips the sign of U (1) charge. In

this case, the total symmetry group G = U (1) ⇥ Z2T2 since T2 commutes with symmetry elements
of U (1).
To proceed, we need to illustrate the most important constraint: for a system with ⇡-flux
at half filling, U (1) symmetry enforces the following: (i) there must be an anyon carrying a
half-odd integer charge (or spin) and (ii) this anyon should be a background anyon. The idea of
a background anyon is originated from the fact that the fractionalized translation symmetry can
be understood as if a background anyon is placed on each unit cell. These constraints can be
seen using the second theorem in Ref. [109]. The filling-enforced constraint for a generic phase
has the following form:
⇢⌘

xy

+

✓F,a
2⇡

mod 1

(1.30)

where ✓F,a is the mutual statistics between a fluxon F and the background anyon a. Also, the
Hall conductivity satisfies the condition,
system,

xy

xy

= ✓F,F /2⇡ mod 1. For a time-reversal symmetric

= 0. Then, since the fluxon is equivalent to the U (1) 2⇡-symmetry defect, Eq. 1.30

implies the existence of a background anyon carrying a half-odd integer U (1) charge. Now, we are
ready to analyze constraints on non-chiral topological orders. We will assume that symmetries
do not permute anyons, except time-reversal. One can also understand the following examples
in a slightly di↵erent perspective (See Appendix. A.4).
Case 1: G = U (1) o Z2y . Assume there exists a toric-code type Z2 topological order, which
is consistent with all symmetries. Since spinons carry Sz = ±1/2, they would see a magnetic
flux of ±⇡/2 due to the magnetic translation symmetry. Due to the Z2 fractionalization, there

may or may not exist an overall additional factor ⌘ = ±1. Consider the following symmetry
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fractionalization for e-particle with Sz :
T1 T2 T1 1 T2

1
e,Sz

= ⌘ei⇡Sz

(1.31)

Under the conjugation of P 2 Z2y , the LHS is transformed to act on the e-particle with an
opposite spin

Sz 2 , while the RHS does not change since it is just a number (Sz should be

evaluated). This implies that it is impossible to write down an (mean-field) e↵ective spinon
Hamiltonian symmetric under Z2y . Therefore, Z2y symmetry is inconsistent with magnetic translation symmetry and Z2 topological order cannot be realized. 3 . Similarly, it can be shown that
Z2 double-semion order does not have a consistent fractionalization pattern.
Case 2: G = U (1) o Z2T1 . We can follow the reasoning similar to the above one. Then, we
can show that the Z2 toric-code order is inconsistent. However, Z2 double-semion order is not
prohibited. Double-semion order has anyons {1, s, s̄, b}, where time-reversal symmetry exchanges
T : s $ s̄. (Because their topological spins are exchanged by complex conjugation.) Here, s
and s̄ carry Sz = ±1/2. Let’s assume the following fractionalization pattern for the magnetic
translation symmetry:
T1 T2 T1 1 T2

1

T1 T2 T1 1 T2

1

s,Sz
s̄,Sz

= ⌘ei⇡S
=

z

z

⌘ei⇡S ,

(1.32)

where ⌘ = ±1 is a phase factor from Z2 fractionalization. This fractionalization pattern is
consistent under the time-reversal T1 since T1 : i 7!

i as well as s $ s̄. Furthermore, it is

consistent with the Eq. 1.30 since this fractionalization pattern corresponds to the background
anyon being either an s or s̄, which carry a half-odd integer U (1) charge. (A trivial anyon or a
bosonic anyon b would not carry a half-odd integer U (1) charge.)
This is interesting, because it was shown that double-semion topological order is not allowed
with U (1) and time-reversal symmetry in the absence of magnetic flux in the unit cell[71]. Let
us interpret Ref. [71] in our framework; when there is no magnetic flux, if s and s̄ have di↵erent
2

To be more precise, we define e-particle to be an unique excitation with a Sz = 1/2, whose creation
operator denoted by b†e . Then, e-particle with a Sz = 1/2 would be expressed as b†e bc where bc is the
annihilation operator for a local physical excitation carrying Sz = 1. Thus, Z2y : b†e 7! b†e bc
3
Y. C. He, Private Communication
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phase factors under translational symmetry like Eq. 1.32, it is inconsistent under time-reversal;
thus, they should have the same phase factor under T1 T2 T1 1 T2 1 . Intuitively speaking, this
implies that either the trivial anyon or the bosonic anyon b = ss̄ is sitting on each unit cell,
neither of which can screen the spin-1/2 projective representation per unit cell. Therefore, it
is impossible to host double-semion order without symmetry breaking here. However, magnetic
translation symmetry invalidates such a picture, opening up a possibility for the double-semion
model to be realized.
Case 3: G = U (1) ⇥ Z2T2 . Unlike the previous cases, the toric code order can have a consistent

fractionalization pattern. Since Z2T2 symmetry flips spins as well as conjugate complex numbers,
inconsistency does not arise. For the double-semion order, the both semions must have the
fractionalization pattern
T1 T2 T1 1 T2
because T2 : s $ s̄, Sz 7!

z

1
s(s̄),Sz

= ⌘ei⇡S ,

(1.33)

Sz . However, this implies that the background anyon is either a

trivial anyon or a bosonic anyon b = ss̄. Since s and s̄ carry U (1) charge opposite to each
other, b = ss̄ must carry an integer charge. This is not allowed due to the Eq. 1.30, which tells
that the background anyon should carry a spin-1/2 (a half U (1) charge). Therefore, this further
consideration shows that the double-semion Z2 order is inconsistent.
Case 4: G = (U (1) o Z2y ) ⇥ Z2T2 In this case, both the toric code and double-semion orders are
ruled out. While the Z2y symmetry is inconsistent with the toric code order, the Z2T2 symmetry
is inconsistent with the double-semion order unless there is a spontaneous symmetry breaking.
Consequently, we can ask what is the minimal topological order with (U (1) o Z2 ) ⇥ Z2T on a
lattice with ⇡-flux. The answer lies in our bipartite lattice construction!

1.7.3

Bipartite Lattice Construction of a Z2 ⇥Z2 Spin Liquid under ⇡-flux

Here, we show that there exists a Z2 ⇥ Z2 topological order consistent with the symmetry group

(U (1) o Z2y ) ⇥ Z2T2 under ⇡-flux. Combine two rectangular sublattices to form a lattice with a
smaller unit cell. (Fig. 1.5) Although we consider rectangular lattices for graphical convenience,
we do not consider crystal symmetries other than translations. As we can see in Fig. 1.5, there
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is one essential subtlety: Hamiltonians for the sublattices are equivalent only up to the following
unitary transformation
G=

Y

z

ei⇡yi Si .

(1.34)

all sites

This choice is required to construct a system with ⇡-flux per unit cell. If we use this symmetry
combined with pure translation in the x-direction as an “identifying map” between the two
sublattices, we find that U (1) o Z2y symmetry acts di↵erently on two sublattices: for R 2
U (1) o Z2y , if U [R] is the symmetry action on the sublattice A, then G · U [R] · G

1

is the

symmetry action on the sublattice B. The U (1) part of the symmetry stays the same under the
Q
y
conjugation by G, but P = ei⇡Si changes to
P̃ =

Y

y

z

ei⇡yi Si ei⇡Si e

i⇡yi Siz

=

i

Y

y

( 1)2S·yi ei⇡Si

(1.35)

i

where S is the spin of the state acted upon. For an operator carrying an integer spin, P̃ = P but
for an operator carrying a half-integer spin, P̃ =
6 P. This can also be understood as following:
Let a ground state of sublattice A be |

0 i.

Then, a ground state of sublattice B would be G |

0 i.

Thus, if the ground state of sublattice A is symmetric under the operator O, then the ground
state of sublattice B is symmetric under the operator GOG
state b† |

0i

1.

Similarly, given a spinon-excited

of sublattice A, a spinon-excited state of sublattice B is G · b† |

0 i.

A ground state

of the combined system is given by
| itot = |

0i

⌦ (G |

0 i)

z S z + (S x S x + S y S y ) for black links, then H
z z
In the Fig. 1.5, if Hint ⇠ SA
int ⇠ SA SB
B
A B
A B

(1.36)
x Sx +
(SA
B

y y
SA
SB ) for red links. Thus, two sublattices are di↵er by the gauge transformation G.

Once two sublattices are combined, we need to introduce an interaction between sublattices.
Spin interaction (hopping for bosons) between sublattices should be uniform so that they are
consistent with ⇡-flux per unit cell. Let them all be positive, as in Fig. 1.5. The system is
not symmetric under naive translation T1 . Rather, the system is symmetric under the following
magnetic translations:
T1 =

"

Y

all sites

e

i⇡yi Siz

#
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· T1

T 2 = T2

(1.37)

T2

(a) sublattice A
T1

(b) sublattice B

Figure 1.5: Black dots represent sublattice A. White dots represent sublattice B. In this
figure, black lines represent hopping terms with the positive sign, and red lines represent hopping terms with the negative sign. Due to the alternating signs, if we translate the system in
x-direction, we should perform gauge transformation at sites on dashed lines (even rows) to go
back to the original Hamiltonian. Figure (a) and (b) show unit cells for sublattice A and B,
which are di↵erent by gauge transformation.
where we use bold symbols to distinguish magnetic translations with pure translations. Now,
T1 , T2 are proper symmetries of the system. They satisfy the relation
T1 T2 T1 1 T2

1

=

Y

z

ei⇡Si

(1.38)

all sites

which defines a system with ⇡-flux per unit cell.
Now, we connect magnetic translation symmetries to sublattice translation symmetries. Let
T̃1 and T̃2 be two translation operators for both sublattice, and G be the aforementioned gauge
transformation. Although G itself is not the symmetry of the system, it will act as an identifying
map in the Sec. 1.4. For a certain gauge choice, we can represent the action of T1 and T2 in the
combined lattice as the following:
⇣
⌘
⇣
⌘
7! T̃1 G 1 | 2 i
⌦ G | 1i
A
⇣
⌘
⇣
⌘ B
T2 : | 1 iA ⌦ | 2 iB 7! T̃2 | 1 i
⌦ T̃2 | 2 i .
T1 : |

1 iA

⌦|

2 iB

A

For the first line, we should act G

1

on |

2i

while G on |

B

1i

(1.39)

to have T12 = T̃1 ⌦ T̃1 . This is

consistent with Eq. 1.37 because T12 = G 2 T12 = T12 = T̃1 ⌦ T̃1 . As G 2 is just an identity, and G

is not a symmetry of the system, we should not consider fractionalization associated with G 2 .
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Based on Eq. 1.39, we can derive the followings:
T1 T2 T1 1 T2
T1 T2 T1 1 T2

1
eA

= T12 T2 T1 2 T2
z

1
eA eB

= ⌘S ei⇡(SeB

1
eA
Sez )
A

= ⌘Se
z

⌘S ei⇡SeA eB .

=

(1.40)
z

because e2⇡iSeA =

1. ⌘S is the phase factor associated with the translation symmetry fraction-

alization of an eA particle in the sublattice A, which is the same for B.
Let us compare Eq. 1.40 with results from generic consideration. In general, the commutator
of the two magnetic translations with respect to an eA or eB spinon excitation with Sz is defined
as
T1 T2 T1 1 T2

z

1
eA /eB

= ⌘A/B · ei⇡S ,

(1.41)

which includes signs ⌘A/B from fractionalization as well as the phase factor due to the magnetic
flux. Using Eq. 1.41, one obtains
T12 T2 T1 2 T2

1

=

eA

T1 · T1 T2 T1 1 T2

1

= ⌘A ⌘B · e
Since 2⇡iS z =

· T2 T1 1 T2

eB
2⇡iS z

1
eA

(1.42)

1 for any spinon, we obtain that
⌘A ⌘B =

⌘Se .

(1.43)

Now to see whether we can form a condensate of eA eB bound states, we combine the fractionalization of the two types of spinons:
T1 T2 T1 1 T2

z

1
eA eB

= ⌘A ⌘B · ei⇡SeA eB

which again agrees with Eq. 1.40 since ⌘A ⌘B =

(1.44)

⌘S . To preserve U (1) symmetry, the bound

state must have SezA eB = 0, and thus for translational symmetry to be preserved, ⌘Se must be
1. This makes sense since after a condensate is created, the eA = eB excitation has a spin
of 1/2 so it must pick up a minus sign when it goes around two unit cells (i.e. the unit cell of
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the sublattice). Now in the uncoupled sublattices, no e↵ects of the magnetic field are felt by
the unfractionalized degrees of freedom (because the unit cell encloses a whole flux quantum).
Hence, the spin liquid state on the sublattice must be chosen so that the “emergent” magnetic
field felt by the spinon agrees with the actual field. Such a spin liquid with the emergent ⇡-flux
exists as a physical mean-field solution[95, 100], which validates our construction. The spin
singlet state is also trivially fractionalized under time-reversal symmetry, T 2 = 1, hence this
symmetry does not have to be broken either.
However, we have to examine other symmetries as well, since our on-site symmetry is no
longer continuous unlike the previous example of the spin-1/2 honeycomb lattice. Indeed, SO(3)
spin-rotation symmetry is broken down into U (1)z o Z2y and we must examine other symmetry
relations, P 2 = 1, T1 P = PT1 and T2 P = PT2 . Examining the relation T2 P = PT2 , we
can notice that this symmetry is fractionalized for the bound-state eA eB . For eA excitation,
T2 P = PT2 holds everywhere, but for eB excitation, the action of P on sublattice B depends
on the location of eB (even-row or odd-row). As T2 translates the location by one lattice site in
y-direction, Eq. 1.35 implies that T2 P =

PT2 for an eB excitation. (This seems to break the

translation symmetry, but one can check that it is actually enforced by the magnetic traslation
symmetry, on account of the Berry phases from the magnetic field.) Thus, for the bound
state eA eB , this symmetry fractionalizes, and the condensation of eA eB must break either Z2y
symmetry or enlarge the unit-cell in T2 direction. This is consistent with the previous analysis
(See TABLE 1.3), where the Z2y symmetry is not consistent with both of the toric code and
double-semion orders. By breaking the Z2y symmetry, we can access the Z2 topological order
without enlarging the unit-cell.
As for visons, we know that ⌘Sm =

1 because they see spin-1/2 per unit cell as ⇡-flux. By

following the procedure as above, we can show that vison bound state mA mB carries non-trivial
m ⌘ m = +⌘ m =
translation symmetry fractionalization, ⌘A
B
S

1. This is because visons do not

carry a U (1) quantum number a↵ected by magnetic translation symmetry. Thus, condensation
of mA mB bound states would break translation symmetry and enlarge the unit cell. We can
conclude that Z2 ⇥ Z2 topological phase cannot be reduced further into a simpler topological
phase without symmetry breaking.
Remark One may wonder–since our construction started from two decoupled Z2 SLs and ⇡flux is manifested only by hoppings between sublattices, does ⇡-flux play any role in the system?
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Microscopic

⇢ = 1/2
= 1/2

⇢ = 1/2
= 1/n
Microscopic
⇢ = 1/n
= 1/2

Symmetry Group

Z2 Toric Code

Z2 Double-Semion

U (1)
U (1) o Z2y
U (1) o Z2T1
U (1) ⇥ Z2T2
(U (1) o Z2y ) ⇥ Z2T2
U (1)
U (1) ⇥ Z2T2

3
7
7
3
7
3
3

3
7
3
7
7
3
7

Symmetry Group

Zn Topo. Order

U (1)
U (1) o Z2T1

3
7(even n), 3(odd n)

U (1)n ⇥ U (1)

n

Z2 ⇥ Z2 Toric Code
3
3
3
3
3
3
3

(Zn Twisted)

3
3(even n), 7(odd n)

Zn ⇥ Zn Topo. Order
3
3

Table 1.3: Summary of non-chiral topological phases for the bosonic systems with di↵erent
microscopic data and on-site symmetry group where a featureless state is prohibited by the
LSM-type theorem. States with a check mark are not ruled out by our arguments, although
we have not constructed all of them explicitly. When G = U (1), there does not exist much
constraint as long as there exists anyon with fractional charge to satisfy Eq. 1.30.
It does as long as hopping terms between sublattices are non-zero. Consider the anyon bound
state eA eB , whose Sz quantum number can be 0 or ±1. Then, under the magnetic translation
around the unit cell, a Sz = ±1 bound state acquires a phase factor of

1 relative to a spin-0

bound state due to the ⇡-flux. Thus, we would observe non-trivial band dispersion for anyon
bound states, which is doubly repeated due to ⇡-flux. This relative phase is invariant under
a di↵erent choice of Z2 SL in sublattice. Moreover, unlike a single anyon excitation whose
translation symmetry fractionalization is gauge-dependent due to the fact that the anyon-type
changes under the symmetry, this phase factor is gauge-invariant, and is a measurable quantity
of the system.

1.7.4

Smaller Fractions for the Flux or Filling

In this subsection, we analyze a constraint on the non-chiral topological order that can be
realized in a bosonic system with magnetic translation symmetry in detail, at generic filling and
flux condition. Consider a bosonic system with U (1) symmetry and magnetic flux

0

per unit

cell such that we can define conserved charge Q and associated magnetic translation symmetry,

T1 T2 T1 1 T2

1

= exp(iQ
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0)

2 U (1)

(1.45)

where Q measures total U (1) symmetry charge of the region where magnetic translation symmetry acts on. Q can be either electric charge or spin Sz components depending on the system
of interest. Assume we have a time reversal symmetry T . As discussed earlier, there are two
ways to realize time-reversal symmetry, T1 = K and T2 = PK where P is an unitary operator
y

reversing the sign of U (1) charge (for a spin model, P = ei⇡S ).

For the first case with G = U (1) o Z2T1 , hQi can take an arbitrary value. However, the

U (1)-flux is reversed under T1 : T1 · exp(iQ

0 ) · T1

1

= exp( iQ

0 ).

Thus, Eq. 1.45, the relation

defining the magnetic translation symmetry, is invariant under T1 only if Q·
generic system made of particles with integer charge, this holds only if

⌘ 0 mod ⇡. For a

= 0, ⇡. For the second

case with G = U (1) ⇥ Z2T2 , the U (1) charge density hQi = N0 /2 2 Z/2 since T2 : Q 7! N0

Q

for some integer N0 2 Z. Thus, it can have either an integer or half-odd integer filling. (We will
focus on a half-filling case as an integer filling does not have a no-go theorem for a featureless
state by the Eq. 1.29.) Since any element of U (1) and T2 commute, exp(iQ
T2 . As a consequence, there is no restriction on the magnetic flux

0.

0)

is invariant under

We will explain possible

constraints for each case in the following. For the summary, see the TABLE 1.3.
Case I: ⇢ = 1/2 and

= 1/n. At half-filling with a generic flux

0

= 2⇡/n (flux density

= 1/n), we can have a time-reversal T2 on top of U (1) symmetry, thus G = U (1) or U (1)⇥Z2T2 .
In this case, the Eq.1.29 implies that a featureless state does not exist unless n = 0 mod 4.
Even if n ⌘ 0 mod 4, a state without topological order must have a nonzero Hall coefficient,
and thus must break time reversal symmetry.
Using the same argument we discussed above, Z2 toric code order has a consistent symmetry
fractionalization pattern with the given microscopic data, but Z2 double semion order does not.
However, an actual parton construction for the toric code is not apparent, and seemingly a
daunting task. To make a start on this issue, we can extend the approach used in the Sec. 1.7.1
to construct a Z⌦n
2 topological order (n copies of toric code), and then condense anyons to access
Z2 topological order. For a given rectangular lattice, we take a sublattice consisting of every
nth site in the x-direction (similar to Fig. 1.5). We can prepare a Z2 SL state |

0i

on the first

sublattice with the Hamiltonian H0 , and then copy it to the other sublattices by using powers
of the gauge transformation
G=

Y

eiyr

r
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z
0 Sr

.

(1.46)

Thus, the nth sublattice has the Hamiltonian G n

1H

0G

(n 1) .

Then, we obtain a lattice with

magnetic translation symmetry, T1 and T2 , where T1 is a pure x-translation (which permutes
sublattices) combined with an associated gauge transformation G, and T2 is a pure y-translation.

Note that T1n becomes equivalent to the translation operator of each sublattice in the x-direction
and the T2 is equivalent to the original translation operator of each sublattice in y-direction.
Therefore, the Hamiltonian for the system is given as
H = H0 ⌦ GH0 G

1

⌦ · · · ⌦ Gn

1

H0 G

(n 1)

(1.47)

0i

(1.48)

Then, the ground state of H is given by
| i=|

0i

⌦G|

0i

⌦ · · · ⌦ Gn

1

|

which is a Z⌦n
2 topological phase. We can add hopping terms between the sublattices to couple
them. Now, condensing pairs of anyons in this case is more complicated than in the cases
we have considered so far. If one tries to condense bound states formed from a pair of e’s
on two sublattices, for example, one breaks the translational symmetry because these e’s are
transformed into a di↵erent topological type by the translation of the lattice along x. However,
it seems likely to be possible to simultaneously introduce several condensates, e.g. a condensate
of the e1 e2 bound state, the e2 e3 bound state,. . . , and the en e1 bound state (where ei represents
an ei excitation on the ith sublattice) which would reduce the topological order to the Z2 toric
code order.
Case II: ⇢ = 1/n and

= 1/2. At a generic filling ⇢ = 1/n with ⇡-flux ( = 1/2), we can have

a time-reversal T1 on top of U (1), thus G = U (1) or U (1) o Z2T1 . In this case, featureless states
are impossible since

xy

2 2N can never satisfy the Eq. 1.29. Eq. 1.30 requires the existence of

an anyon carrying 1/n-charge, which has the braiding statistics 2⇡/n mod 1 with the 2⇡ U (1)
symmetry defect. To accommodate such excitations, we need at least Zn fractionalization.
For a non-chiral topological order, the simplest example is the topological order described
by Zn gauge theory, whose anyon contents are {el1 ml2 |0  l1 , l2 < n}, where ✓e,e = ✓m,m = 0
and ✓e,m = 2⇡/n. Also, without loss of generality, we can set e-particle to carry a U (1)-charge
1
n

and m-particle to be 2⇡-flux F in order to satisfy Eq. 1.30. There is no obstruction for this
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Zn topological order for G = U (1), but for U (1) o Z2T1 , we can show that there is no consistent
symmetry fractionalization pattern that can be assigned to e-particles. First, T1 : e 7! e because

el1 and el2 carry di↵erent U (1) charges even upto a physical unit charge unless l1 = l2 . Then,
since ✓T1 e,T1 m =

✓e,m 4 , we can deduce T1 : m 7! mn

1.

If n is odd, for n = 2l + 1, a consistent

symmetry fractionalization pattern can be written as follows:
T1 T2 T1 1 T2
T1 T2 T1 1 T2

1
e
1
m

= ⌘ l · ei⇡Sz =

1

= ⌘ · ei⇡Sz = e2⇡i/n ,

(1.49)

where ⌘ = e2⇡i/n is the nth root unity–a phase factor coming from Zn fractionalization. As
T : m 7! mn

1,

both equations are symmetric under T1 . This pattern is equivalent to saying

there is a background anyon e · ml . As this background anyon carries charge

1
n,

it is consistent.

On the other hand, if n is even, there is no pattern of fractionalization of the translation
symmetries that is consistent with time-reversal. Combining n e-particles together gives a single
fundamental particle, so it must pick up a minus sign under transport around the unit cell. Thus
one e must acquire a phase that is an nth root of

1, which is complex so it breaks time-reversal

symmetry.
For even n, as we did in the previous section, we can show the existence of Zn ⇥Zn topological
order explicitly through our bipartite lattice construction. Since the flux density

= 1/2, we

can combine two sublattices, each of which does not see any external flux and realizes the Zn
topological order. Thus, Zn ⇥ Zn topological order can be constructed easily.

Another possible non-chiral topological order is a Zn twisted topological order, a Zn analogue

of Z2 double-semion order. There are more than one way to “twist” for n > 2, but the most
representative one is U (1)n ⇥ U (1)
matrix

n 0
0 n

n

non-chiral fractional quantum Hall state described by a K-

. Since we are considering bosonic topological orders, such a state can only exist

for even n. The state contains a set of anyons {sl1 s̄l2 | 0  l1 , l2 < n}, where ✓s,s =

✓s̄,s̄ = 2⇡/n

and ✓s,s̄ = 0. A similar analysis shows that there exists a consistent symmetry fractionalization
pattern, where s (s̄) carries U (1)-charge

1
n

(

1
n)

and 2⇡-flux F = ss̄. Here, T1 : s 7! s̄n

1

+ c,

where c is a local physical excitation carrying charge-1 (should be there to conserve charge).
4

S

Braiding statistics Sab = ei✓ab would become conjugated under time-reversal symmetry.
⇤
⇤
= Sab
. Therefore, ✓T (ab) = ✓ab
. [58]

a 0 b0
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T

(Sab ) =

Then,
T1 T2 T1 1 T2

1

T1 T2 T1 1 T2

1

s

= ei⇡Sz ! ei⇡/n

s̄

= ⌘ · ei⇡Sz ! ei⇡/n

(1.50)

gives a consistent pattern, which can be understood as a background anyon s. However, the
explicit construction of such a phase is unclear unlike the Zn gauge theory from a parton construction.
Remark When the system does not have a time-reversal symmetry (or breaks it spontaneously), a chiral topological order with a finite Hall conductivity can be realized. Consider a
symmetry group U (1) with the particle density ⇢ and flux density . At the half-filling under
⇡-flux (⇢ = 1/2,

= 1/2), we have the ratio between particle density and flux density ⌫ = 1. In

this case, a ⌫ = 1 Moore-Read state[113] is known to exist. In general, there are many explicit
parton constructions available[114] in the lattice model for a generic ⇢ and
shown even numerically[115, 116]. For example, when ⇢ = 1/3 and

, and some are

= 1/2, there is an ex-

plicit parton construction of the chiral topological order with non-abelian statistics[114]. When
⇢ = 1/(4m) and

= 1/2 with m 2 N, the ratio between the boson and flux density ⌫ = 1/2m,

and we expect Laughlin wavefunction for fractional quantum Hall state. For m = 1, it has been
shown numerically that the physical system realizes ⌫ = 1/2 bosonic fractional quantum Hall
state[117], i.e. chiral spin liquid with non-zero magnetization in the spin-model language[118].

1.8

Conclusion and Discussion

In this paper, we proposed a framework to construct a symmetry enriched topological order in a
bipartite lattice. First, we constructed the featureless ground state in the spin-1/2 honeycomb
lattice. we took Z2 SL wave functions of each sublattice, combined them, and condensed some
of the anyons to obtain the featureless state. As an intermediate phase, we obtained an exotic
type of Z2 SLs, where topological excitations do not carry any half-odd integer spin. We want
to emphasize that in the Z2 ⇥ Z2 topological phase, single anyons eA or eB do not have welldefined symmetry fractionalization with respect to the lattice symmetry that permutes anyons.
However, the structure of the condensate of the anyon bound state eA eB fixes the gauge-choice
for a single eA , determining the symmetry fractionalization of eA = eB in the resulting Z2
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topological order.
Next, we applied the proposed framework to understand the connection between extensions
of the HOLSM theorem and the allowed gapped and symmetric phases for a given symmetry. While the HOLSM theorem places constraints on systems with a half-odd integer spin per
unit cell, its extensions can put further constraints based on other microscopic data, such as
nonsymmorphicity of lattice or the U (1)-flux per unit cell, i.e. replacement of translation symmetry by magnetic translation symmetry. We explored cases where the extensions of HOLSM
theorem prevents the existence of a featureless state, and listed SET phases consistent with
given symmetry information. In particular, we constructed SET phases with certain symmetry
fractionalization patterns that are closely related to the HOLSM-type constraints.
One interesting question that can be addressed in a future is the explicit construction of
Z2 double-semion topological order for the system at a half-filling with ⇡-flux with U (1) o Z2T1
symmetry. Although it is proven to be impossible under the absence of ⇡-flux, we showed that
the constraint is circumvented when there is ⇡-flux. Naively, we can combine two sublattices;
one sublattice realizes a Z2 double semion order with broken time-reversal symmetry, and the
other realizes a gauge transformed verion of it like in Sec. 1.7 due to the ⇡-flux. It might be
able to recover time-reversal symmetry after condensing appropriate anyon bound states.
Our approach may be further generalized to give a conceptual route for establishing the
existence of other featureless ground states, such as the one for a square lattice with spin-1 per
site. In this case, the existence of a featureless state is not prohibited by the HOLSM theorem,
and the featureless state was shown numerically using the tensor network state approach. In
Ref. [49], a generalized AKLT-type construction was used with four virtual spin-1/2’s per site,
from which a virtual symmetric Hilbert space was constructed. Then, the virtual state was
projected to the physical Hilbert space with spin-1 per site, and the resulting state was verified
to be topologically trivial and gapped. Simiarly, in our construction, we can think of spin-1
per site as two spin-1/2 per site in a virtual space, later projected into a spin-1 subspace. In
a virtual space, we can form two copies of Z2 SLs in a square lattice with spin-1/2 per site,
and consider bound states eA eB and mA mB . Since phase factors for symmetry fractionalization
class of bound states are just products of phase factors for equivalent anyons, we obtain totally
trivial symmetry fractionalization classes for bound states. Then, we can condense eA eB and
mA mB to obtain a featureless state in the virtual space—followed by the projection, we would

65

obtain a featureless state in the physical system. Of course, we first have to verify whether the
state survive as a featureless state after projection and not as a “cat” state. Then, It would be
interesting to compare a featureless state obtained by our construction to the featureless states
in Ref. [49, 50], and investigate which class of SPT phases they belong to[81].
Finally, we remark that this bipartite construction provides an interesting toy model for
a system where spatial symmetries can exchange anyons. A few models have been suggested,
such as the Wen’s plaquette model[86, 119] or the bilayer toric code[58], but their precise symmetry fractionalization properties remain to be studied. Here we provide an explicit model
where spatial symmetry exchanges anyons and detailed calculations of the twisted second group
cohomology. One interesting question would be to address the issue regarding the condensate
of multiple anyons superposed in a symmetric way. This has a potential application to other
multi-partite lattices, such as a kagome lattice which is made of three triangular sublattices.
Since we can construct new SET orders with additional tunable features from known ones, a
generalization of this approach would be a fruitful direction. A three-dimensional generalization
of this construction also seems to be feasible, where loop-like excitations carry fractionalized
quantum numbers. Recently, an anyon condensation approach was used to derive fracton topological orders in three dimensions[120], and it would be interesting to extend this analysis to
include symmetries as discussed here. These questions are left for future work.
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Atoms, molecules and quantum liquids are made
of elementary particles at very high energies. But
at low energies, they interact strongly with each
other to form quasi-particles, which look very
much like the elementary particles themselves!
[121]

2

Shou-Cheng Zhang

Fractional Chern Insulators
and Emergent Quantum Electrodynamics

Recent experiments in graphene heterostructures have observed Chern insulators–integer and
fractional Quantum Hall states made possible by a periodic substrate potential. Here we study
theoretically that the competition between di↵erent Chern insulators, which can be tuned by the
amplitude of the periodic potential, leads to a new family of quantum critical points described
by QED3 -Chern-Simons theory. At these critical points, Nf flavors of Dirac fermions interact
through an emergent U(1) gauge theory at Chern-Simons level K, and remarkably, the entire
family (with any Nf or K) can be realized at special values of the external magnetic field.
Transitions between particle-hole conjugate Jain states realize “pure” QED3 in which multiple
flavors of Dirac fermion interact with a Maxwell U(1) gauge field. The multi-flavor nature of
the critical point leads to an emergent SU(Nf ) symmetry. Specifically, at the transition from a
⌫ =1/3 to 2/3 quantum Hall state, the emergent SU(3) symmetry predicts an octet of charge
density waves with enhanced susceptibilities, which is verified by DMRG numerical simulations
on microscopic models applicable to graphene heterostructures. We propose experiments on
Chern insulators that could resolve open questions in the study of 2+1 dimensional conformal
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field theories and test recent duality inspired conjectures.

2.1

Introduction

Perhaps the most remarkable example of emergence in condensed matter physics is the appearance of deconfined gauge fields, which by now is well established in the context of the Fractional
Quantum Hall e↵ect, whose low energy physics is captured by a Chern Simons gauge theory.
Here, we discuss a family of quantum phase transitions between di↵erent quantum Hall states
that, owing to the emergent gauge fields, are strikingly di↵erent from conventional phase transitions.
At the same time, recent experimental advances have brought their physical realization
within reach. There has been rapid progress in achieving quantum Hall physics [2, 117, 122]
in the presence of a periodic potential at the scale of the magnetic length. Moire patterns
between boron-nitride and bilayer graphene [123–125] as well as patterned gate electrodes [39]
have been utilized to create a superlattice potential, leading to the realization of integer Chern
Insulator (ICI) phases [126, 127] within the Hofstadter butterfly [128]. While these phenomena
are present even in models of non-interacting electrons, recent experiments on bilayer graphene
have demonstrated the existence of fractional Chern insulators (FCIs) [40], fractional quantum
Hall states that can only occur through the interplay between the periodic potential and electronelectron interactions. While there is a significant theoretical literature on FCI states [129–133]
(also see reviews [134, 135]), recent experimental progress calls for a study of the quantum phase
transitions between the rich variety of phases which can be tuned by the periodic potential, which
have attracted less attention [136].
Phase transitions between distinct quantized Hall states have been studied since the early
days of the quantum Hall e↵ect, typically in the presence of disorder which leads to plateaus
of quantized Hall conductance on changing the magnetic field or electron density [137–141].
Instead of traditional plateau transitions, we will discuss transitions that may be tuned by
the amplitude of the periodic potential at fixed magnetic field and density, which cannot be
realized in the disorder dominated regime [136], and have not been previously discussed. In
particular we will focus on a class of quantum phase transitions which can be approached using
the composite fermion description [142–144], where a new set of fermions are obtained from
electrons (or bosons) by a flux attachment procedure. Microscopically, the periodic potential
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alters the dynamics of the composite fermions, inducing a change in their band topology. At the
critical point, the composite fermions form multiple Dirac cones. This leads to a class of critical
theories in 2+1D which take the form of quantum electrodynamics (QED), with multiple flavors
(Nf ) of Dirac fermions coupled to a U(1) gauge field arising from flux attachment. An additional
Chern-Simons term may also be present. Previous discussions of the plateau transition [137–
140] have typically considered the Chern number of the composite fermions changing by unity
(Nf = 1), in both lattice and disordered systems. This is the only natural scenario for the
disordered case, and is a special case of the more general theory discussed below, where lattice
translations endow the system with larger symmetry leading to several new features, in particular
an enlarged SU (Nf ) flavor symmetry that will have important consequences. There have also
been some studies on the FCI transition with Nf = 2 [145–148], although these apply to FCI
transitions of lattice bosons rather than electronic systems.
The family of critical theories we find are dubbed QED3 -Chern-Simons theory, each of which
is labeled by two numbers: the number of Dirac fermion flavors Nf and the Chern-Simons level
K. It is believed that most (if not all) of these critical theories will flow into 2+1 dimensional
conformal field theories (CFTs) in the infrared. However the properties of those theories are
rather poorly understood. Indeed there has been a large e↵ort to study the IR properties of
pure (K = 0) QED3 [32, 149–161], but calculating properties at small Nf remains an open
issue. Several of these theories have applications to other long-standing problems in condensed
matter physics, for example, the theory with Nf = 4, K = 0 has appeared in theories of
high temperature superconductivity in the cuprates [162] and spin liquid physics in frustrated
magnets [154, 163–166]. They also have interesting duality properties [167–171], and in light
of the duality proposal the self-dual Nf = 2, K = 0 theory [28, 171–174] has a surprising
connection to the “deconfined” critical points that were first discussed in the context of quantum
magnets [175–177].
More generally, understanding the properties of interacting CFTs is a central quest in various
fields of physics. In 2+1 dimensions, there are a few CFTs that are well understood and can
be realized experimentally, such as the Wilson-Fisher theories related to spontaneous symmetry
breaking [178]. The FCI transitions discussed here could significantly expand the list, as the
whole family of QED3 -Chern-Simons theory may be realizable within the experimental scenario
we discuss. For example, we show pure QED3 with arbitrary Nf can be realized at the transitions
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between the particle-hole conjugate partners of the Jain sequence states. From an experimental
point of view, the FCI transitions can be accessed by tuning the strength of periodic potential,
which has already been demonstrated experimentally [39, 179]. Various critical exponents may
also be measurable from the charge density wave susceptibility and tunneling conductance. We
therefore believe that future experimental study may provide new insights on the long-standing
and interdisciplinary problems regarding interacting CFTs in 2+1 dimensions.
The rest of the paper is organized as follows. In Sec. 2.2, we review the basis to understand
the physics of fractional quantum Hall/Chern insulators under periodic potential. In Sec. 2.3,
we review free fermion phase transitions between integer Chern insulators, where multiple Dirac
cones can appear at special values of the magnetic field and electron density where they are
protected by magnetic translation symmetry [180]. The free-fermion physics is an important
building block of our analysis, since a fractional Chern insulator can be understood as an integer
Chern insulator of composite fermions [181, 182]. In Sec. 2.4, we consider a concrete example
of a phase transition between two neighboring FCI phases with

xy

= 1/3 and

xy

= 2/3. We

show that the transition can be realized in an experimentally feasible model, provide numerical
confirmation using iDMRG simulations, and use the composite fermion approach to demonstrate
how pure QED3 arises at the critical point.
In Sec. 2.5, we discuss the general composite fermion construction of FCI transitions: intuitively, they arise as Chern number changing transitions of composite fermions. Therefore,
like the free-fermion case, the magnetic translation symmetry of composite fermions can give
rise to multiple Dirac cones, but with the added physics of an emergent dynamical U(1) gauge
field. We show how the whole family of QED3 -Chern-Simons theory can emerge at such critical
points, and in particular pure QED3 theories can be realized at transitions between particle-hole
conjugate partners of the Jain sequence. In Sec. 2.6, we elaborate on the physical properties of
QED3 -Chern-Simons theories. For example, a critical theory with Nf Dirac fermions will have
an emergent SU(Nf ) flavor symmetry which we show physically correspond to the order parameters of the charge-density-wave at Nf2

1 distinct crystal momenta. The corresponding scaling

dimensions are calculated analytically within a large-Nf expansion. Using iDMRG simulations,
we indeed find evidence for the emergence of SU(3) symmetry at the critical point between
xy

= 1/3 and

xy

= 2/3 phases, implying the emergence of pure Nf = 3 QED3 . We also

discuss the properties of monopole operators, which in this context are nothing but the electron
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creation/destruction operators and their experimental consequences for probes sensitive to the
electronic Greens function. In Sec. 2.7 we point out that the transition of the bosonic ⌫ = 1/2
Laughlin state into a Mott insulator is strongly constrained by the level-rank duality results of
Benini, Hsin and Seiberg [183, 184] and discuss their physical consequences. In Sec. 2.8, we
further discuss the experimental setup for the FCI transitions, including a more experimentally
straightforward transition between a

xy

= 1/3 FQH state and a

xy

= 1 Chern insulator. In

Sec. 2.9, we summarize and discuss future interesting directions. The appendix is devoted to the
details of large-N calculation and generalizations of microscopic models for the phase transitions.

2.2

Basics

Here we review the basics of the phenomenology of integer quantum Hall e↵ects and the e↵ect of
periodic potential. Here we take an extra care to clarify the convention, which is inconsistently
used in other references.

2.2.1

Integer Quantum Hall Effect

Consider a two-dimensional electron with a perpendicular magnetic field along z-direction, B =
B ẑ. The conductivity and resistivity tensor is given by
0

=@
where

xx

=

yy

and

xx
yx

xy

to the z-axis. Note that
xy

xy
yy

1

A,

=
xy

yx

1

⇢=
xx yy

xy yx

0
@

yy
yx

xy
xx

1

A,

(2.1)

if the system has thee rotational invariance with respect

and ⇢xy have opposite signs, thus for electrons while ⇢xy > 0,

< 0. In four-terminal measurements, resistivity is measured instead of conductivity. For

integer quantum Hall (IQH) insulators, the system is at an integer filling fraction ⌫ =

nq
nB

2Z

with
xx

=

yy

= 0,

xy

=

yx

=⌘·⌫

e2
,
h

(2.2)

where ⌘ = sgn(q) is the sign of the charge carrier q (= ±e)1 , ⌫ is the filling fraction, nq is the
p
2 ) is the density of magnetic flux, and l =
density of charge carrier, nB = 1/(2⇡lB
~/eB is
B
the magnetic length. Such an exact quantization of Hall conductivity in the unit of e2 /h is
1

Here we take e = 1.6 ⇥ 10

19

> 0.

71

the hallmark of IQH phenomenology. Note that this convention is consistent with the Streda’s
formula [185], where the Hall conductivity is given as the derivative of charge density along the
insulating regime:
xy

2.2.2

=

@qnq
@nB
e2
= q⌫
=⌘·⌫ .
@B
@B
h

(2.3)

Chern Number

As later discovered by Thouless, Kohomoto, Nightingale and den Nijs [186], the quantization
of

xy

is related to a Chern number, a topological invariant characterizing the band structure.

Although Landau levels are defined for a continuum system, one can imagine a unit cell with an
2 so that it contains a one flux quanta
area 2⇡lB

0

= h/e. Then, each landau level can be folded

into a single band defined with respect to the periodic structure of this virtual unit cell. For a
n-th band with an (cell-periodic) eigenstate |nk i, Chern number Cn is given by the integration
of Berry curvature over the Brillouin zone ⌦:
1
Cn =
2⇡i

Z

dkx dky Fxy
⌦

1
=
2⇡i

Z

⌦

⇥
dkx dky h@x n|@y ni

⇤
h@y n|@x ni ,

(2.4)

where F = d ^ A and Aµ (k) ⌘ hnk | @kµ |nk i. From the Kubo formula, one can show that
xy

=

e2 X
Cn .
h n

(2.5)

Thus, for each Landau level, if we rearrange Landau orbitals into the Brillouin zone, the Chern
number of this Landau band would be

1 in our convention. However, note that people often

use di↵erent conventions, putting a minus factor in front of Eq. (2.4), and equating this modified
Chern number with

yx

instead. In the following chapters, we would use the latter convention,

arguing that each Landau level has a Chern number 1, and when we equate this with , this
would represent

yx

instead of

xy

2.

In practice, we use the discretized version of Eq. (2.4) using a modified Berry curvature [187]:

C̃ =

1 X
1 X ⇥
F̃12 (kl ) =
ln U1 (kl )U2 (kl + 1̂)U1 (kl + 2̂)
2⇡i
2⇡i
l

l

1

U2 (kl )

1

⇤

(2.6)

2
Or we can think di↵erently. Stick to the former convention, and take the charge of the particle to be
a positive unit charge.

72

where µ̂ is a vector in the direction µ with the magnitude Kµ /Nµ if we discretize Brillouin
zone in N1 N2 points. Uµ (kl ) = hn(kl )|n(kl + µ̂)i /|hn(kl )|n(kl + µ̂)i|, and the arguments of log
function is restricted in a range ( ⇡, ⇡). Importantly, this formula can be applied for an arbitrary
discretization of the Brillouin zone. There is another important subtlety for the computation of
Chern number. For the Berry curvature Fxy to be well-defined, we need |nk i to be a smooth
function of k everywhere. We refer to Appendix. B.2 for details.

2.2.3

Landau Level under Lattice Potential

Here, we focus on the e↵ect of lattice potential on landau levels when the magnetic flux density
per unit cell takes a rational form, i.e., nB S = r/s, where S = R1 ⇥ R2 is the area of the unit
cell and r and s are coprime integers (Assume that sgn(R1 ⇥ R2 ) > 0). Without a magnetic
field, a system under periodic potential is invariant under the translation by lattice unit vectors
R:
T̂R ⌘ exp

✓

i
R · p̂
~

◆

!

T̂R |ri = |r + Ri ,

⇣

T̂R

⌘

(r) = (r

R),

(2.7)

However, for a lattice system under magnetic field, the system is not invariant under the translation symmetry anymore due to the space-dependent vector potential A(r), thus H(r) 6=
H(r + R). Alternately, one can define a magnetic translation MR ⌘ ER TR , where ER is a
gauge transformation given by
✓
◆
iq
ER = exp
r · A(R)
~

(2.8)

Where we assume that the vector potential is the linear function of spatial coordinates. Then,
⇥
MR 1 p

⇤
⇥
⇤
qA(r) MR = p + TR 1 qA(R) qA(r) TR
⇥
⇤
= p + qA(R) qA(r + R) = p

qA(r)

(2.9)

Therefore, the Hamiltonian becomes invariant under magnetic translation symmetries. However,
it is not necessary that arbitrary magnetic translations commute with themselves. For given
MR1 and MR2 , the commutation relation is given by
MR1 MR2 = ei' MR2 MR1 ,

'=

qB · (R1 ⇥ R2 )
2⇡B · (R1 ⇥ R2 )
=⌘
= ⌘ · (2⇡nB S)
~
0
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(2.10)

Two magnetic translations commute only if
B · (R1 ⇥ R2 ) = m

0

h
=m ,
q

m2Z

(2.11)

Therefore, for a given lattice vectors R1 and R2 with nB = r/s, one define a magnetic unit cell
s and M
3
defined by a pair of magnetic translations MR
R2 . The unit cell is enlarged by a factor of
1

s, and accordingly, the magnetic Brillouin zone (MBZ) is reduced by a factor of s. However, there
still does exist a s-fold degeneracy since MR1 is a valid symmetry of the Hamiltonian. Consider
s ,M
a state characterized by (k1 , k2 ), which is the momentum of (MR
R2 ). Let |R1,2 | = a1,2 .
1

Then
i'

MR2 MR1 |k1 , k2 i = e

MR1 MR2 |k1 , k2 i = e

i(k2 a2 +')

MR2 |k1 , k2 i

(2.12)

s , M
Since MR1 commute with the Hamiltonian as well as MR
R1 |k1 , k2 i is another eigenstate
1
⌘
⇣
r
with momentum k1 , ky + 2⇡
a2 s and the same energy. Therefore, the MBZ is s-fold degenerate.

Moreover, as this newly defined unit cell contains r flux quanta, if we fold landau levels into the

MBZ, MBZ would be covered r-times by each landau level. Upon applying a lattice potential,
this would split into r sub-bands with s-fold degeneracy respectively [188, 189]. Note that this
behavior is di↵erent from the tight-binding model under the magnetic flux r/s, which would
exhibit s di↵erent bands with s-fold degeneracy.
To be more concrete, consider a square lattice with a1 = a1 x̂ and a2 = a2 ŷ under B = B ẑ.
Under the Landau gauge A = (0, xB, 0), the system still has a translation symmetry along
y-direction, and the state can be labeled by the momentum ky . Then, the Schrodinger equation
for charge-q object is given by
H

ky (x, y)

=

1
p2 + (~ky
2m x

qBx)2

ky (x, y)

Eigenstates of this equation are labeled by (n, ky ), taking the following form:
hr|n, ky i =

n,ky (x, y)

=e

iky y

Hn x

2
⌘ky lB

exp

✓

(x

2 )2
⌘ky lB
2
2lB

◆

(2.13)

where Hn (x) is the Hermite polynomial. For a finite system size Lx ⇥ Ly , ky takes the discrete
3

s
Alternately, we can choose MR1 and MR
as well.
2
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value with the following constraint:
ky = ⌘

2⇡my
with my 2 Z,
Ly

2
0  ⌘ky lB
 Lx

(2.14)

2 (assume ⌘ > 0). Therefore, each landau level n
since each landau orbital is centered at ⌘ky lB
2 ) = ⇢ L L . The number of unit cell is L L /(a a ).
has the degeneracy of NL = Lx Ly /(2⇡lB
x y
1 2
B x y

Thus, the number of landau orbitals (for fixed n) per unit cell is nB = ⇢B · (a1 a2 ) = r/s. Now,
how can we re-label these landau orbitals in terms of both kx and ky ?
First, as the magnetic unit cell is enlarged by a factor of s along the x-direction. Thus,
magnetic Brillouin zone is defined by
0  kx =

2⇡m1
2⇡ 1

,
Lx
a1 s

0  ky =

2⇡m2
2⇡

.
Ly
a2

The number of discrete momenta within this MBZ is NMBZ =

Lx Ly
a1 a2 s .

(2.15)

Since NL /NMBZ = r, if

we fold landau orbitals within this MBZ, the MBZ would be covered r-times. Second, note
that periodic lattice potential would couple |ky i state with |ky + Ki, where K =

2⇡
a2 .

Therefore,

lattice Bloch state |kx , ky i would be written as the linear combination of |ky + nKi. With this
understanding, we can write down the following ansatz:
|n, , kx , ky i = p
where  = 0, 1, ..., r

1
X
1
2
ei⌘kx lB [ky +(rt+)K] |n, ky + (rt + )Ki
⌦MBZ t= 1

(2.16)

1 and ⌦MBZ is the volume of the MBZ. One can show that
⇥

Msa1
⇥
Ma 2

n,,kx ,ky
n,,kx ,ky

⇤
⇤

(x, y) = e

iky a2

(x, y) = e

ikx sa1

n,,kx ,ky (x, y)
n,,kx ,ky (x, y)

(2.17)

q

Note that for landau gauge A = xB ŷ, Msa1 = ei ~ yB·sa1 Tsa1 , and Ma2 = Ta2 . Thus, landau
orbitals can be recasted into r Bloch bands in the MBZ. A lattice potential is diagonal in
k = (kx , ky ) basis. The matrix element of a lattice potential in this basis would be given as
some Laguerre polynomial, illustrated detail in [190]. Therefore, focusing on a single landau
level (weak potential limit), the problem reduces into diagonalizing r by r matrices.
However, for the calculation of Chern numbers, the above expression has some problem. In
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fact, this basis choice is not fully periodic:
|n, , kx + Kx , ky i = ei⌘(a2 ky +)/r |n, , kx , ky i
|n, , kx , ky + Ky i = |n,  + 1, kx , ky i

(2.18)

where Kx = 2⇡/(sa1 ), Ky = 2⇡/a2 . Therefore, one has to be cautious when it comes to the
calculation of Chern number. In practice, it is convenient to calculate the Berry curvature over
the enlarged MBZ of the size Kx ⇥ rKy , and divide the integrated Berry curvature by r. In this
way, one can still use the basis in Eq. (2.16) while avoiding the problem of non-periodic basis
over the original MBZ.

2.3

Free fermions: a warm up

Here we review transitions between integer Chern insulators at fixed density and flux, since
these form the building block of our later fractionalized analysis. Throughout, we use units in
which the unit cell of the lattice is a2 = 1 and
is
of

0

e2
~

= 2⇡ and the fundamental conductance is

xy ,

we will express it in units of

e2
h

= 1, so that the fundamental flux quantum

e2
h

=

1
2⇡ .

However, when we quote the value

so that the 2⇡ factor drops out. The magnetic field is

measured in terms of the density of flux quanta per unit cell,

=

a2 B
0

. Chern insulators are

best understood through the relation between the electron density per unit cell n and the flux
density : any gapped phase of matter must obey the Diophantine condition [191, 192]
n=C +s

(2.19)

where C, s are invariants which characterize the phase. From the Streda formula [191], the Hall
conductance is

xy

=

dn
dB

= C/2⇡, while s can be thought of as the density of electrons “glued”

to each lattice cell [192]. For any free fermion state, C, s 2 Z, while they may be rational
fractions in an FCI. Galilean invariance requires s = 0, so non-zero s indicates strong lattice
e↵ects - these are the Chern insulators.
Experimentally, C and s can be determined by measuring electrical properties such as the
resistance or compressibility in the plane of n and

(a “Wannier plot”). Gapped FCI and ICI

phases appear as lines of incompressibility in this plane, from which the invariant can be read
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Figure 2.1: In this “Wannier plot”, red and blue lines represent gapped trajectories labeled
by (C, s) and (C 0 , s0 ) respectively, which intersect at (n⇤ , ⇤ ). For a generic value of the tuning parameter m (superlattice potential strength), one type of gap will “win” over the other
at the crossing. At the critical value m = mc , the gap closes and their relative strength is
exchanged; this is the manifestation of a Chern-number changing transition.
o↵ as a slope and intercept (though of course the phases will only extend over a finite range
of

) [40, 123–125]. Importantly, two such lines may cross at some point

⇤ , n⇤ ,

indicating

competition between two di↵erent ICIs or FCIs. In Fig. 2.1, we illustrate how this competition
may evolve as a tuning parameter, such as the lattice potential, changes. The gap at

⇤ , n⇤

closes

and reopens as it transfers between the two di↵erent trajectories, indicating a Chern-number
changing transition.
The Diophantine condition places a constraint on the Chern-number changing transitions
which can occur at fixed density and flux. If C and s change by
we must have 0 =

C

⇤

+

prime, we conclude that

s. Letting

⇤

= pq , this implies p

C,
C=

s across the transition,
q

s. Since p, q are co-

C is an integer multiple of q. Thus while naively one might suppose

only | C| = 1 transitions are generic, fractional flux stabilizes higher Chern number changing
transitions [109, 191, 192].
In the free fermion limit, C-changing transitions arise from gap-closings in the underlying
band theory. The total Chern number of an integer phase is determined by summing up the
Chern numbers of occupied bands. As a parameter such as the lattice potential amplitude
changes, the conductance and valence bands may touch, closing the gap and transferring Chern
number between them. The transfer of Chern number

C between the two is mediated by

the formation of | C| Dirac points, as illustrated in Fig. 2.2. We review the field-theoretic
description of the resulting transition to illustrate the role of the invariant s. The electromagnetic
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response theory for a C, s-insulator is
Le↵ [A] =

C
AdA + sA0 ,
4⇡

(2.20)

where A is the external electromagnetic gauge field, as verified by

L
A0

B
= n = C 2⇡
+ s. Here

(and later) AdA is a short hand notation for the Chern-Simons term A ^ dA. For a transition
between invariants (C2 , s2 ) and (C1 , s1 ) at rational flux
(0, A⇤ ) such that r ⇥ A⇤ = 2⇡
C = C2

⇤

⇤,

we define a vector potential A⇤ =

produces the uniform magnetic field associated to

⇤,

and let

C1 , C̄ = (C2 + C1 )/2. The proposed Lagrangian is

L=

C
X

¯I (i@/ + A
/

I=1

/⇤
A

m)

I

+

C̄
(A
4⇡

A⇤ )d(A

A⇤ ) + n ⇤ A0 .

(2.21)

Subtracting A⇤ ensures that even though the Dirac fermions couple to A, they see no net field at
⇤.

The mass m is a phenomenological parameter which tunes across the transition. When m

is finite, a gap opens and the each Dirac fermion induces a Chern-Simons response proportional
to

1 m
2 |m| .

Integrating out the fermions, we obtain
1
m
C
)(A A⇤ )d(A A⇤ )/4⇡ + n⇤ A0
2
|m|
1 m
1 m
= (C̄ +
C)AdA/4⇡ + (s̄ +
s)A0
2 |m|
2 |m|

L = (C̄ +

where we have used the Diophantine relations

C

⇤

=

s and n⇤ = C̄

(2.22)
(2.23)

⇤

+ s̄. This ensures

we produce the desired response of Eq. 2.20 on either side of the transition.
This leaves open why the mass of the Dirac fermions are identical; in the absence of a
symmetry relating them, the transition would instead occur through a sequence of

C = 1

transitions. The desired symmetry is of course the magnetic algebra. Letting Tx , Ty denote
translations by the Bravais vectors of the lattice,
Tx Ty = e2⇡i Ty Tx

(2.24)

Since the magnetic algebra acts projectively on the fermions, at flux
fold degeneracies, guaranteeing the Dirac points come in groups of

=

p
q

this required q-

C = q. This can be seen

explicitly in k-space [180]. Defining a magnetic Brillouin zone with respect to the commuting
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translations Tx , Tyq , the symmetries act on eigenstates |kx , ky , ji according to Tx |kx , ky , ji =

eikx |kx , ky , ji (j is a band index) and Ty |kx , ky , ji = eiky |kx + 2⇡p/q, ky , ji. The latter relation
cyclically permutes q points in the magnetic Brillouin zone. Therefore if the system has a
Dirac cone (denoted by

1)

at (kx , ky ), another q

1 copies will automatically appear at (kx +

2⇡Ip/q, ky ). Under the translational operation the resulting q-flavors of Dirac fermion transform
as
Ty
Tx

I
I

= eiky
= e

I = 0, · · · , q

I+1 ,

ikx +i2⇡I

p
q

1.
(2.25)

I

This forms a subgroup of SU(q) under which only the singlet mass term m

P¯
is symmetric,

which is the tuning parameter for the phase transition. Other mass terms, i.e.

¯I MIJ

J

(M 6= 1), will break the magnetic translation symmetry.
As the magnetic flux deviates away from
Together they will form

⇤,

the residual field is seen by the Dirac fermions.

C-fold degenerate Landau levels, opening up Hall gaps at total Chern

number C = C̄+(l+ 12 ) C, l 2 Z. These are precisely the trajectories allowed by the Diophantine
condition n = C + s near

⇤,

and correspond to the formation of Chern

C-bands. This makes

precise the sense in which a Chern C-band is like “C-copies” of a Landau level; these copies are
just the valley index of the C-Dirac fermions, which are permuted under the magnetic algebra
as a subgroup of SU(C).

2.3.1

Model realization

Chern number changing transitions can be realized in any model without Galilean invariance,
such as tight-binding models or continuum Landau levels with an additional weak lattice potential. While the former have been the subject of most numerical studies, the latter are most
relevant to recent experiments in graphene heterostructures (see Sec. 2.8), so will be our focus.
In this paradigm, a strong magnetic field applied to a 2DEG first gives rise to flat Landau levels
with a magnetic length `B much larger than the atomic scale, split by a cyclotron energy ~!c .
An additional “superlattice” is then applied (via lithography or a moire pattern) at a length
scale comparable to `B but with an amplitude small compared to ~!c . In this limit, it is justified to project the superlattice into the Landau level(s) closest to the Fermi level. Landau
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Figure 2.2: Landau levels in the presence of a superlattice potential Eq. (2.26). We consider
= 2/3,V1 = V2 = 1, V3 = V4 = 1.4. The superlattice is projected into the N = 1 and N = 2
Landau levels with spacing E12 = 1. Each Landau level splits into 2 sub-bands, so that at
n = 2/3 the 2 lowest sub-bands are filled. (a) Chern number and gap versus potential strength
U0 at n = 2/3. (b) The band structure at the transition (U0 ⇡ 0.79) shows 3 emergent Dirac
cones which mediate the transition between the C=1 and C=-2 insulators.
level projection kills o↵ wavevectors large compared to `B1 , so we consider superlattices of the
general form
µ(r) = U0

Z

dr

X

(Vm eir·Gm nr + h.c.),

(2.26)

m

where Gm are the smallest several reciprocal vectors of the superlattice. Here we consider a
square lattice potential with G1 =

2⇡
a (1, 0),

G2 =

2⇡
a (0, 1),

G3 =

2⇡
a (1, 1),

G4 =

2⇡
a (1,

1), and

V1 = V2 , V3 = V4 , where a is a lattice constant.
In the presence of a finite potential the flat Landau levels broaden and split (and neighboring Landau levels may mix once the potential strength U0 is comparable to the Landau level
splitting). Solving for the band structure via standard methods [180, 193, 194], we see that
Chern-number changing transitions can be induced simply by tuning the potential strength U0
or the lattice shape Vm . At flux

⇤

= p/q per unit cell of the superlattice, a Landau level splits

into p sub-bands each with a q-fold degeneracy. As the U0 , Vm change, the subbands can touch
at q-fold Dirac points. Fig. 2.2 shows an example at
as the total Chern number changes from C = 1 to C =

= 2/3, where three Dirac cones appear
2.

In addition to forming the building block of our subsequent fractional analysis, these integerChern number changing transitions are interesting in their own right. The multi-flavor character
of the Dirac fermions will have several experimental consequences, for example, in Sec.2.6.2 we
will discuss the electrical conductivity of these transitions.
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Figure 2.3: The lowest Landau level (LLL) under the square lattice potential (Eq. (2.26))
with the magnetic flux density = 2 in one unit cell. We take V1 = V2 = 1, (a) V3 = V4 = 0
(b) V3 = V4 = 0.5, (c) V3 = V4 = 1.4. The upper panel shows the potential pattern, and the
lower panel shows the band structure. The LLL splits into two sub-bands, the lowest band has
Chern number C = 1 when V3 = V4 > 0. Tuning the potential pattern gives a nearly flat band
as shown in (c).

2.4

Transition between the

xy

= 1/3 FQH effect and a

xy

= 2/3 FCI

In the presence of strong interactions, gaps can arise at fractional C and s; these are the fractional
quantum Hall e↵ects (C 6= 0, s = 0) and fractional Chern insulators (C 6= 0, s 6= 0). Transitions
between them are the main focus of the rest of the paper.

2.4.1

Model

We begin with a concrete example: the transition between a continuum C = 1/3 Laughlin
state and a C = 2/3 FCI. As before, we consider a flat continuum Landau level with the
addition of square superlattice potential described in Fig. 2.3, but with the addition of a Coulomb
interaction. The transition will be driven by the competition between the lattice amplitude U0
and the Coulomb scale EC . We consider flux density

= 2 and electron density n = 2/3, giving

filling fraction ⌫ = 1/3. At U0 = 0, the electrons fill 1/3 of the LLL, where interactions stabilize
the ⌫ = 1/3 Laughlin state (C = 1/3, s = 0). When U0 > 0, the LLL splits into two subbands,
and when U0 is sufficiently strong, the lower band, which carries C = 1, will be 2/3 filled, while
the upper band, with C = 0, will be empty. For appropriate choices of Vm , the subbands are very
flat (Fig. 2.3), i.e. the bandwidth W of the subbands is small compared with the gap
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Figure 2.4: The DMRG simulation result of the electrons on the infinite cylinder with
circumference size Ly = 31.9lB . We consider the LLL under a square lattice potential
(Eq. (2.26)) with V1 = V2 = 1, V3 = V4 = 1.4, magnetic flux density (per unit cell) = 2,
electron density n = 2/3. We change the strength of lattice potential U0 with a step size
U = 0.001, with strength of the short-ranged coulomb interaction being constant EC = 1.
The blue line represents the change of Hall conductivity, which is measured at bond dimension = 2000. It shows a sharp direct transition between the xy = 1/3 and xy = 2/3
state at U0 ⇠ 0.06. Red lines represent the change of correlation length (in the unit of lattice constant a in y-direction) with di↵erent bond dimensions . At the phase transition point
(U0 ⇠ 0.06), the correlation seems to diverge with the bond dimensions. The truncation error
is ✏trun < 10 6 at U0 = 0, ✏trun ⇠ 6 ⇥ 10 5 at the critical point and ✏trun ⇠ 4 ⇥ 10 5 at the
xy = 2/3 phase.
the subbands. Following the philosophy of earlier lattice FCI studies (e.g. Ref. [130–133]), we
expect an

xy

= 2/3 FCI may appear (C = 2/3, s =

2/3) for an appropriate ratio of U0 /EC .

Consequently U0 /EC may drive a direct phase transition between a
the

xy

2.4.2

xy

= 1/3 FQH state and

= 2/3 FCI.

iDMRG Numerical Simulations

The existence of continuous transition needs further substantiation since there might very well
be a first order transition or an intermediate phase. To this end we use the iDMRG method [195,
196] developed for quantum Hall problems in Refs. [197, 198]. We wrap the 2D system onto a
cylinder which is infinite along x-direction but compact along y-direction, with circumference
Ly . The Coulomb interaction is taken to have the k-space form V (k) = EC 2⇡
k tanh(kd), where
we take into account metallic gates at a distance d which screen the Coulomb interaction, as
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are present in recent experiments [40]. Here we fix d = 2a, twice the lattice spacing. At = 2,
p
a = 4⇡`B , so we consider a cylinder of circumference Ly = 9a ⇡ 31.9lB . The Coulomb
interaction strength EC is fixed to EC = 1 while superlattice amplitude U0 is increased from
zero in increments of

U = 0.001. The Hall conductivity is computed by measuring the change

of the charge polarization charge during adiabatic flux insertion [199].
In Fig. 2.4, we observe a very sharp phase transition between

xy

= 1/3 and

xy

= 2/3

phases driven by U0 . The correlation length peaks at the transition and grows with the DMRG
bond dimension “ .” While finite-circumference and DMRG accuracy e↵ects make it difficult to
conclusively identify whether the phase transition is continuous or first-order, several observations are in favor of a continuous transition. First, there is no discontinuity in the derivative of
energy @E/@U0 across the phase transition. Second, unlike the first order metal-FCI transition
in Ref. [200], the correlation length

4

appears to diverge on both sides of the transition, and at

the transition it increases with the DMRG bond dimension

as would be expected from the

theory of “finite entanglement scaling” [201].
Though we have studied the square lattice potential most extensively due to its numerical
advantages, we note that we observe an analogous transition for a triangular lattice potential,
again at

= 2, n = 2/3. Therefore this type of transition may be observable in the boron-nitride

/ graphene heterostructures realized in Ref. [40].
To further understand the nature of the phase transition, we will first analyze the possible
critical theory using the composite fermion construction, which predicts an emergent SU(3)
symmetry. In Sec. 2.6 we provide numerical evidence for this emergent SU(3) symmetry, which
can only arise if the transition is continuous.

2.4.3

Composite Fermion construction

To understand the two phases, the

xy

= 1/3 FQH state and a

xy

= 2/3 FCI, as well as the

transition between them, we use the composite fermion (CF) construction.[129, 142, 181, 182]
An extension of this theory to the general case is discussed in Section 2.5.1. The composite
fermion is formed by attaching two flux quanta to each electron. The electron and CF Hall
conductivities are related by
xy
4

=

CF
xy /(1

+2

CF
xy ).

(2.27)

As correlation lengths are di↵erent for each charge sector, we pick the largest one among them
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CF
xy

Thus the ⌫ = 1/3 FQH state arises when the CFs form a C =
the

xy

= 1 integer QH state, while

= 2/3 state arises when the CFs have Chern number C =

of CFs, the transition is a C = 1 to C =

2. So from the perspective

2 Chern-number changing transition. This transition

arises for the same reason the lattice potential drives such transitions for electrons: the CFs also
R
P
experience a lattice potential, µCF = UCF dr 4m=1 (VmCF eir·Gm nr +h.c.), where the amplitude
UCF / U0 and the amplitudes VmCF are some e↵ective renormalized constants. Due to flux
attachment, the average flux seen by the composite fermions is

CF

=

2n = 2/3 per unit

cell, e.g., they are at filling 1. Without the potential, the composite fermions fill their LLL
(with C = 1), generating the

xy

= 1/3 FQH state. But once the potential strength UCF is

comparable to the composite fermion cyclotron gap !CF , the CF-bands can touch and the the
Chern number may change to

2, giving the

example discussed in Fig. 2.2. Such a
CF

xy

= 2/3 FCI state, similar to the free fermion

C = 3 transition relies on the fact that the CFs see flux

= 2/3 even while the electron flux is

= 2.

At the transition point, the composite fermions will form three Dirac cones which are protected by the magnetic translation symmetry (since

L=
=

3
X
I=1
3
X
I=1

Here,

I

CF

= 2/3). The critical theory is

¯I (i@/ + a
/)

I

1
1
ada +
(a
8⇡
8⇡

¯I (i@/ + a
/)

I

1
1
Ada +
AdA.
4⇡
8⇡

A)d(a

A)

(2.28)

are the two-component Dirac fermions interacting with a dynamical U (1) gauge field

a which arises from flux attachment. A Maxwell-like term for the gauge field aµ is also present,
which we suppress in the formal Lagrangian for notational convenience. A is the probe (external)
gauge field which couples to the charge of the electrons. For notational simplicity, we implicitly
measure A and the electron density relative to their values at the transition A⇤ , n⇤ ; this could
be made explicit as in Eq. (2.21), to account for the change in “s,” but these terms have no
influence on the dynamics. The first two terms are very similar to the free fermion case in
Eq. (2.21) (with C̄ =

1
2 ),

the only di↵erence being that the Dirac fermions are interacting

with the dynamical U (1) gauge field instead of a static background field. Meanwhile, the third
Chern-Simons term encodes the flux attachment constraint.
The transition theory is a pure QED3 with three flavors of Dirac fermions. and the tuning
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transition parameter is the mass term of composite fermions, m

P ¯
I
I

I.

Once the composite

fermions are gapped, integrating them out gives an e↵ective theory depending on the sign of m:
m 3
ada
|m| 8⇡

L0 =

After integrating out a, we obtain Le↵ =
xy

= 1/3 phase for m > 0 and

xy

1
1
Ada +
AdA.
4⇡
8⇡

3 sign(m) 1
6
4⇡ AdA.

(2.29)

Therefore the theory describes the

= 2/3 phase for m < 0.

Before closing this section we mention a technical aside. Strictly speaking, we should write
Eq. (2.28) a little di↵erently for it to be free of the parity anomaly. First note, the flux attachment
proceedure can be alternatively formulated using a parton construction, writing the electron as
c = b , here b is a gauge charged (and electrically charged) boson. Putting the boson b in the
⌫ = 1/2 Laughlin state is equivalent to attaching two flux quanta to the electron c, and the
fermionic parton

is then nothing but the composite fermion. If we represent the three current

of b as d ^ /2⇡, then we obtain:
L = LCF [a, ] +
Now we put the composite fermions

1
(a
2⇡

2
d
4⇡

A)d

(2.30)

into a Dirac band structure such as Fig. 2.2, we have

LCF [a, ] =

3
X

¯I (i@/ + a
/)

I

I=1

1
ada
8⇡

(2.31)

The theory is now free of parity anomaly, and the Chern-Simons terms are properly quantized.
Finally ‘integrating out’

will lead to Eq. (2.28). The last step requires some care, but those

finer points do not a↵ect the dynamics of the transition.

2.5

A family of QED3-Chern-Simons theory with arbitrary Dirac flavor

2.5.1

Composite fermion construction for the transition

The analysis above can be extended to a more general framework for phase transitions between
FCI states. In general the CF is obtained by attaching k flux quanta to the electrons, with k
odd for bosons and k even for fermions. After flux attachment, the CFs will see an e↵ective flux
density

CF

=

nk, and still have particle density n. FCIs arise when the composite fermions
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form integer Chern-insulators satifying n = CCF

CF + sCF

for CCF , sCF integers.[129, 181] From

these relations the fractional C, s invariants of the electrons are related to those of the CFs by

xy

=C=

CCF
,
kCCF + 1

s=

sCF
.
kCCF + 1

(2.32)

The phase transition between two states in the same Jain sequence, with
and

xy

xy

= C1 /(kC1 + 1)

= C2 /(kC2 + 1), is then understood as a CF Chern-number changing transition from

C1 to C2 . As we discussed before, the Chern-number changing transition will be accompanied
by a gap closing at which |C2

C1 | Dirac cones emerge. The resulting e↵ective theory for a

transition is a straightforward generalization of Eq. (2.28):

L=

|C2 C1 |

X

¯I (i@/ + a
/

m)

I

I=1

1
+
(a
4k⇡

A)d(a

+

C2 + C1
ada
8⇡

A).

(2.33)

In general we have Nf = |C2 C1 | Dirac fermions interacting with a Chern-Simon term at the
level K = (C2 +C1 )/2+1/k. The Chern-Simons term in Eq. (2.33) is not properly quantized when
k 6= 1. As for Nf = 1 QED3 , this can be fixed by declaring that only the monopoles which create
multiples of 2k⇡ flux are allowed in the theory [168, 169]: in a bosonic theory (odd k) the minimal
monopole is a local boson which carries integer Lorentz spin, while in a fermionic theory (even
k), the minimal monopole is a fermion with half integer spin. Alternatively, we may introduce
an auxiliary Chern-Simons field (bµ ) and rewrite

1
4k⇡ (a

A)d(a A) as

1
2⇡ bd(a

A)

k
4⇡ bdb

[170].

This is similar to the parton formulation of flux attachment discussed in previous section. Or
finally, we may redefine the gauge charge of the Dirac fermions, a ! ka [202].
The mass term m is again the tuning parameter for the phase transition. When m
integrating out the

I, a

produces an FCI with

xy

= C2 /(kC2 + 1), while for m ⌧

1,

1,
xy

=

C1 /(kC1 + 1). Tuning m to a critical value (mc ⇠ 0) results in a critical point between two
FCI/FQH phases, which we dub QED3 -Chern-Simons theory. When K = 0, the critical mc
would be pinned to exactly 0 by the emergent time-reversal symmetry (microscopically it is an
emergent particle-hole symmetry). For K 6= 0, the critical mass mc is finite and will depend on
microscopic details.
As we discussed before, a direct transition requires that the other mass terms ¯i Mij
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j

(M 6= Identity) are forbidden by the magnetic translation symmetry arising from the fractional
CF

= p/(C2

C1 ) (with p and C2

C1 being co-prime). In terms of the electron density n and

flux density , this constraint becomes
n = pC2 /(C2
= k·n+
Thus, to recover for example the
gives n = 2p/3 and

C1 )
CF

xy

mod 1,

(2.34)

= p(kC2 + 1)/(C2

C1 )

mod 1.

(2.35)

= 1/3 to 2/3 transition we set C1 = 1 and C2 =

2, which

= p (modulo integers). This is consistent with the situation described in

Section 2.4.1, where n = 2/3 and

= 2.

The other potentially relevant operator is the monopole operator. Due to the mutual ChernSimons term adA, the monopole operator carries non-zero electrical charge. Therefore monopole
operators are forbidden due to charge conservation, leaving the critical point intact.

2.5.2

Pure QED3 theory with Nf flavors

We call theories without a Chern-Simons term for a (K = 0) “pure” QED3 . The family of
critical theories in Eq. (2.33) contains pure QED3 with any number Nf of Dirac fermions, with
Nf both even and odd.
Pure QED3 with odd-Nf = 2N + 1 is realized when k = 2, C1 =

N

1, C2 = N . Therefore

it can appear in a system made of fermions, with critical theory

L=

2N
+1
X

¯I (i@/ + a
/)

1
1
Ada +
AdA.
4⇡
8⇡

I

I=1

This describes the transition between the

xy

= N/(2N + 1) FCI and

(2.36)

xy

= (N + 1)/(2N + 1)

FCI, which are the particle-hole symmetric partners in the fermionic Jain sequence. The required
CF flux is

CF

= p/(2N + 1), where p is co-prime with 2N + 1. Meanwhile, the fermion density

is n ⌘ C2 ·

CF

⌘ pN/(2N + 1) mod 1. Thus, the magnetic flux in the original fermionic system

is

=2·n+

CF

= p mod 1, which is an integer.

When N = 0, the transition is between a

xy

= 0 trivial state and a

xy

= 1 CI. Here

Eq. (2.36) reduces to the vortex dual of a single free Dirac fermion [167–169]. N = 1 gives the
Nf = 3 QED3 discussed in Sec 2.4.
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Pure QED3 with Nf -even is realized when k = 1, C1 =

N

1, C2 = N

1. Therefore it

can appear in a bosonic system, with critical theory

L=

2N
X

¯I (i@/ + a
/)

I

I=1

This describes the transition between a

xy

1
1
Ada +
AdA.
2⇡
4⇡

= (N

1)/N FCI and a

(2.37)

xy

= (N + 1)/N FCI,

which are particle-hole symmetric partners in the bosonic Jain sequence [203, 204]. To protect
the transition the CFs must see flux

CF

boson density should be n ⌘ C2 ·

⌘ p(N

original bosonic system is

CF

=k·n+

= p/(2N ), where p is co-prime to 2N . Meanwhile, the

CF

1)/(2N ) mod 1. Thus, the magnetic flux in the

= 1/2 mod 1.

When N = 1, this theory reduces to the self-dual Nf = 2 QED3 that describes the transition
between the

xy

= 0 (Mott insulating phase) and the

state [146, 147]. This transition can be realized at

xy

= 2 bosonic integer quantum Hall

= 1/2 and n = 1. Another interesting

case is N = 2, which describes the transition between the

xy

= 1/2 FCI and the

xy

= 3/2

FCI. Nf = 4 QED3 also arises as the e↵ective theory of a Dirac spin liquid [163, 164]) . This
transition arises at

= 1/2 and n = 1/4. Such a transition may be possible to realize in a

cold-atomic system (e.g. bosonic Harper-Hofstadter model [129, 205]).

2.6

Physical properties

2.6.1

Critical exponents in large-Nf limit

We now examine some of the physical properties of the resulting critical theory which may be
physically measurable. These properties depend on flavor number of Dirac fermions Nf and the
total Chern-Simons coefficient K for a.
It is interesting to consider some limits of the critical theory Eq. (2.33) in which one can
hope for some quantitative understanding. One familiar limit is the large-Nf limit, in which
Nf ! 1 while the ratio

⌘ 8K/⇡Nf is held fixed. In this limit, one can calculate many critical

exponents and transport properties in a controlled manner. Usually large-Nf is considered
an artificial limit not directly related to any physical system. Here, however, theories with
large Nf correspond to a sequence of quantum critical points that in principle can be realized
in experiments. This opens the possibility of comparing well established large-Nf theoretical
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calculations with future experimental observations.
The scaling dimensions of fermion mass operators, to leading nontrivial order in 1/Nf ,
can be calculated for arbitrary

[140, 154, 155, 162, 206] We find that the scaling dimension

of the SU(Nf ) adjoint mass operators in Eq. (2.45), which correspond microscopically to the
CDW order parameters with momenta given by Eq. (2.46), is given by Eq. (2.46), have scaling
dimension
M

The SU(Nf ) singlet mass
dimension

P ¯
i
i

m

64
+ O(1/Nf2 ).
3⇡ 2 (1 + 2 )Nf

=2
i,

(2.38)

which is the operator one tunes across the transition, has

=2+

128(1 2 2 )
+ O(1/Nf2 ),
3⇡ 2 (1 + 2 )2 Nf

(2.39)

which corresponds to
⌫ =1+

128(1 2 2 )
+ O(1/Nf2 ).
3⇡ 2 (1 + 2 )2 Nf

(2.40)

Some details of the calculation can be found in Appendix B.4. Notice that at O(1/Nf ), for
< 1 the adjoint mass is more relevant, while for

> 1 the singlet mass becomes more relevant.

Of course, translation symmetry prevents the appearance of the adjoint mass terms in the
Lagrangian.
The scaling dimension of monopoles has been calculated at the large-Nf limit for both
= 0 [153, 160] and

6= 0 [207]. In our critical theory, the minimal monopole operator

corresponds to the single electron or boson operator. Therefore, their scaling dimension may be
detected using STM spectroscopy, as will be discussed in more detail in Sec. 2.6.4.

2.6.2

Conductivity tensor

We consider the conductivity tensors

ij

at the critical points, which are expected to take

some universal values. It is easy to calculate

ij

if Nf is large, in which case the gauge field

fluctuation is suppressed and an RPA-type calculation (familiar in the context of composite
fermi liquid [144]) is enough to determine the results to sub-leading order in 1/Nf . The electric
conductivity tensor is given by
=

1
(
k2

Dirac

+ Kˆ
✏)
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1

1
+ ✏ˆ,
k

(2.41)

where

Dirac

is the conductivity tensor of the Dirac fermions, and ✏ˆ is the antisymmetric tensor

with ✏xy = 1 and recall that k is the number of statistical flux quanta attached to the composite
fermion. If we neglect gauge fluctuation beyond the RPA order (justified if Nf is sufficiently
large), then we can replace

Dirac

by its free-fermion value

F D.

The full conductivity (in unit

of e2 /h) tensor will then be

The actual value of

F D,

xx

=

xy

=

Nf F D
1
,
k 2 (Nf F D )2 + K 2
1
1
K
.
2
k k (Nf F D )2 + K 2

(2.42)

in the scaling regime with short-range disorder, is a universal function

of the two ratios !/⌘ and T /⌘, where ⌘ is the e↵ective elastic scattering rate of the Dirac
fermions [208]. In the optical limit !
temperature T ⌧ ⌘,

FD

T

⌘,

FD

= ⇡/8. In the DC limit (! = 0) at low

= 1/⇡ – this result, however, should be taken with caution since at low

temperature, disorder may become relevant and eventually drive the critical point away from
the clean limit (see, for example, Ref. [209]).
Notice that if K = 0, then

xy

= 1/k is an exact result due to an emergent particle-hole (or

time-reversal) symmetry of the critical theory. Finally, notice that at the free fermion transition,

=
where

C

FD

+ C̄ˆ
✏,

(2.43)

C is the change of total Chern number and C̄ is the average of Chern numbers of the

two nearby states.

2.6.3

Emergent SU(Nf ) symmetry and charge-density waves

The Lagrangian in Eq. (2.33) apparently has an emergent SU(Nf ) flavor symmetry which rotates
the Dirac fermions:
I

! UIJ

J,

(2.44)

where U 2 SU(Nf ). Such a symmetry is absent microscopically – the magnetic translation symmetry acts on the continuum fermion fields as a subgroup of the SU(Nf ) flavor group (Eq.(2.25)).
Therefore terms that violate the SU(Nf ) symmetries (but preserve the magnetic translation symmetry) are allowed. Such terms at lowest order contain four-fermion fields. The emergence of the
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flavor SU(Nf ) symmetry at the fixed point requires the irrelevance of such four-fermion terms,
which is true if Nf is sufficiently large [154]. The exact value of a critical Nf (as a function of
K) is not known. In the following, we will assume that Nf is not too small and the SU(Nf )
symmetry does emerge in the deep infra-red, and obtain consequences of this enlarged symmetry.
Following the spirit of Ref. [154], the emergent SU(Nf ) symmetry relates many operators
with very di↵erent microscopic origins. The simplest such gauge-invariant operators are the
fermion mass bilinears that form an SU(Nf ) adjoint representation:
¯I MIJ

J,

(2.45)

where M is an Nf ⇥ Nf invertible traceless Hermitian matrix. There are in total Nf2

1 inde-

pendent mass bilinears in the SU(Nf ) adjoint representation. The emergent SU(Nf ) symmetry
implies they all have the same scaling dimensions

M.

What do these operators correspond

to microscopically? Assuming the CFs transform under translation as in Eq. (2.25) 5 , it is
straightforward to see that these operators transform nontrivially under translation symmetry,
since the Dirac cones are at di↵erent momenta. Notice that since the mass bilinear operators do
not carry a physical electric charge, they do not see any magnetic flux. Thus, they will transform
under the usual translation symmetry (Z ⇥ Z) rather than the magnetic translation symmetry.
Following Eq. (2.25) we find that the bilinears carry lattice momenta
✓

◆
2⇡nx 2⇡ny
(kx , ky ) =
,
,
Nf
Nf
nx , ny 2 {0, 1, ...Nf 1}, (kx , ky ) 6= (0, 0),
and there are exactly Nf2

(2.46)

1 di↵erent momenta of the CDW order parameter, matching the

number of independent SU(Nf ) adjoint mass operators. We therefore interpret the SU(Nf )
adjoint mass operators as charge-density wave (CDW) order parameters ⇢(kx ,ky ) at di↵erent
momenta.

Alternatively, notice that the mass operators preserve translations by Nf unit

lengths in either the x̂ or ŷ direction. So these operators transform under the quotient group
(Z ⇥ Z)/(Nf Z ⇥ Nf Z) = ZNf ⇥ ZNf , for which there are exactly Nf2

1 di↵erent nontriv-

ial representations. The mass matrix for the CDW order parameter indexed by nx , ny is
5

Strictly speaking each symmetry operation on the CFs is ambiguous up to an overall phase, because
they couple to a U(1) gauge field, but this ambiguity cancels for the bilinears.
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MIJ =

I J,nx

exp(iny 2⇡I/N ) in the gauge used in Eq. (2.25).

In principle, one can turn on an additional symmetry-breaking periodic potential V~k at the
special momenta of Eq. (2.46) and measure the resulting response in the CDW order parameter
⇢~k . The emergent SU(Nf ) symmetry implies that near the critical point the universal part of
the response will be identical for all of the Nf2

1 momenta in Eq. (2.46). More specifically,

near the transition we expect a linear response ⇢~k =
as

~k

⇠ |m

mc |

~
k

~k V~k

where the susceptibility

diverges

as one approaches the critical point at mc . From the emergent SU(Nf )

symmetry, the exponents

=

~k

of the special momenta are identical. Exactly at the critical

point, we have ⇢~k ⇠ (V~k )1/ ~k , where the

=

~k

of the special momenta are identical. One

can also measure the response slightly away from the special momenta: ~k =
Then one expects a linear response with
all (nx , ny ), where

~k

M

~k

⇠ | ~k|2

M

3,

2⇡
Nf (nx , ny )

+

~k.

again with identical exponents for

is the scaling dimension of the adjoint mass operator. The standard

scaling relations among these exponents are
the correlation length exponent. If

M

= (3

M )/

M

and

= ⌫(3

2

M ),

where ⌫ is

> 3/2 (as is the case for large Nf ), one should include

a smooth non-universal piece into the susceptibility which may numerically dominate over the
universal singular piece. In this case the smooth part of the response must be subtracted to
probe the universal physics.

Numerical evidence for the emergent symmetry
We return to the iDMRG results of Sec. 2.4 to look for evidence of an emergent SU(Nf ) symmetry. Since Nf = 3, the critical theory will have 8 adjoint mass terms which can be probed by
x
the Fourier-transformed electron density ⇢~k for ~k 2 ⇤, where ⇤ = {( 2⇡n
3 ,

2⇡ny
3 )}

are the special

momenta. To isolate these operators, we suppose the real space density ⇢(r) has a decomposition
P
~
of the form ⇢(r) = ~k2⇤ eik·~r ⇢~k (r) + · · · , where the ⇢~k (r) vary slowly over the lattice scale and
the neglected terms decay more rapidly. In the 2D limit, the emergent SU(3) symmetry can
then be probed by the equal-time correlation function C~k (r) = h⇢
critical point, C~k should show a power-law decay C~k (r) / r
SU(3) symmetry is that the scaling dimensions

~k

2

~
k

~k (r)⇢~k (0)i.

At the putative

. The non-trivial prediction of

of the 8 distinct ~k 6= 0 momenta are identical.

However, the interpretation of our numerics is complicated both by the finite circumference of
the cylinder and the finite accuracy of the DMRG (as characterized by the bond dimension)[210],
introducing a length scale which cuts o↵ the correlations. At long distances along the cylinder,

92

Figure 2.5: Correlation length spectra of operators carrying zero electric charge versus crystal momenta ~k in three di↵erent regimes: (i) xy = 1/3 FQH phase (ii) Critical point (iii)
xy = 2/3 FCI phase. The spectrum is obtained from simulations with DMRG bond dimension = 6000. The color bar represents the inverse of correlation length 1/⇠. Note that we
have a finite circumference size Ly = 9 in the units of the lattice constant, so the ky take discretized values ky = 2⇡n/Ly , n = 0, 1, . . . Ly 1. At the critical point, the correlation lengths
at the eight momenta (kx , ky ) = (2⇡nx /3, 2⇡ny /3) 6= 0 are the largest and identical. These
modes correspond to the eight SU(3) adjoint mass terms. Numerically, correlation lengths at
other k-points have at least twice smaller correlation lengths in this data. The spectra at the
xy = 1/3 and 2/3 phases have no additional symmetries other than two reflections (kx and
ky ) and approximate C4 rotation inherent to the simulation. At xy = 2/3, one may notice
there are also eight points with almost identical correlation lengths near aforementioned eight
special momenta. However, i) they deviate from the exact momenta of SU(3) adjoint mass
terms, and ii) their correlation lengths are not well separated from correlation lengths of other
k-points, e.g. (kx , ky ) ⇠ (±2⇡/3, ±4⇡/9).
the correlation functions will instead decay exponentially with correlation lengths ⇠~k . Luckily we
can also use these correlation lengths to probe the emergent SU(3) symmetry. If the DMRG is
sufficiently accurate, the only length scale at the critical point is the circumference of the cylinder
L, and hence conformal invariance requires ⇠~k = L/↵~k + O(L0 ) for some coefficients ↵~k . Using
the putative conformal invariance (more accurately Lorentz invariance), we can exchange the role
the infinite spatial direction and time (x $ ⌧ ) to reinterpret the equal-time correlation functions
of the cylinder as a two point function in imaginary time, C~k (⌧ = 0, x, y) = C~k (x/v, 0, y), where
v is a velocity. In this alternative view, v⇠~

k

1

is the energy of the lowest-energy excited state

carrying the corresponding quantum number 6 . If there is an emergent SU(3) symmetry, these
On the S 2 ⇥ R geometry, the state-operator correspondence would imply that ⇠~ 1 is the scaling
k
dimension of the most relevant primary operator carrying quantum number ~k, up to a normalization
factor. But here we are simulating a cylinder/torus geometry instead of the sphere, so there is no precise
correspondence of this form. Nevertheless the equality of the ⇠~k will follow from the emergent SU(Nf )
6
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states must transform under the adjoint representation of SU(3), and hence we should find the
“energies” ⇠~k are identical.
One can readily obtain the correlation lengths ⇠~k along the cylinder using the DMRG “transfer matrix technique” [210, 211]. Fig. 2.5 shows the dominant correlation lengths ⇠ of chargeneutral operators that carry the crystal momenta ~k. At the critical point, the eight ~k 6= 0 2 ⇤
are found to have nearly the same correlation length. Microscopically, there are two reflection
symmetries combined with time-reversal, which maps either kx 7!

kx or ky 7! ky . This re-

duces down the number of independent correlation lengths to three. Moreover, approximate
90 rotation symmetry of the square lattice potential would reduce this further down to two,
(2⇡/3, 0) and (2⇡/3, 2⇡/3). Regarding these two points, there is no symmetry reason for ⇠~k to
be the same. These eight points have the smallest ⇠

1

⇠ 0.5 (largest ⇠), with the next smallest

value 1/⇠ ⇠ 1.1 located at ~k = (0, 0), which presumably corresponds to the SU(3) singlet mass
term. (See vertical plots for distributions of correlation length values in Fig. 2.5) We take the
near-equality between the eight ⇠~k6=0 which are nevertheless distinct from ⇠~k=0 as evidence for
the emergence of SU(3) symmetry. Moreover, the large-Nf calculation of the scaling dimensions
in Eq. (2.38),(2.39) agrees with our observation that the SU(3) singlet mass term decays faster
(smaller ⇠) than the SU(3) adjoint mass terms as

m

>

M.

Once we tune away from the

critical point (Fig. 2.5), the correlation length becomes smaller and there is no emergent SU(3)
symmetry.

2.6.4

Magnetic monopoles

In compact QED3 , magnetic monopoles which insert 2⇡ units of flux of the emergent gauge field
represent an fundamental class of local operators which, unlike other gauge invariant operators
such as fermion bilinears, cannot be written as polynomials of the fields. Nevertheless they
correspond to local operators. While we have previously shown that fermion bilinears ¯M
correspond to CDW order at di↵erent wave vectors, in this section we identify the physical
operators corresponding to magnetic monopoles. In fact, for the theory that describes the
1/3 to

xy

xy

=

= 2/3 transition we argue that they correspond to the electron creation/destruction

operator, which can be measured by experimental probes like Scanning Tunneling Microscopy
(STM).
Consider a general strength-q monopole which creates 2q⇡ flux of the U (1) gauge field aµ ,

94

in a theory with Nf massless Dirac fermions and Chern-Simons level K. To avoid the parity
anomaly in conventional QED3-Chern Simons theories, Nf /2 + K must be an integer [153].
However, as discussed at the end of Section 2.4.3, we will discuss seemingly anomalous theories
where Nf /2 + K = 1/k, mod 1, which are consistent as long as the allowed monopoles have
strength that in multiples of k. A particularly simple picture of monopole operators arise in
the large Nf limit in the radial quantization picture, where one considers Dirac fermions on the
surface of a sphere pierced by 2⇡q units of magnetic flux [153, 160, 207]. The magnetic flux
gives rise to q zero modes for each fermion species. If K = 0, gauge invariance demands that we
fill half of these zero modes. Below we will specialize to the case of the

xy

= 1/3 to

xy

= 2/3

transition, for which Nf = 3, K = 0 and the allowed monopoles have strength that are multiples
of k = 2. The generalization to other transitions will be discussed elsewhere.
First, let us determine the spin, statistics and global symmetries transformation properties
of the monopole operators with strength k = 2. Note, this leads to two zero modes (labeled
m = ±1), which transform as spinors under rotation, for each of the Nf = 3 flavors (a = 1, 2, 3).
Filling half of these six zero modes implies there are 6 C3 = 20 monopole operators which can
be written as

†
m 1 a1

†
m 2 a2

†
m3 a3 |vacci.

Importantly, these are fermionic operators as can be

seen from their half integer spin, and as discussed in [168, 169]. Furthermore they carry unit
charge under the global U (1), as can be seen from the mutual Chern-Simons term in Eqn. (2.29).
Clearly, the only physical local operator that is a charged fermion is the electron. Finally let us
discuss the transformation of the monopoles under the SU(Nf = 3) flavor symmetry and Lorentz
spin of the 20 strength 2 monopoles which are determined from the pattern of filling of the zero
modes. After some algebra, the monopoles can be grouped into two categories: i) Adjoint of
SU(3), Lorentz spin S = 1/2; ii) Singlet of SU(3), Lorentz spin S = 3/2. As a consistency check,
note that the SU(3) adjoint rep has dimension D = 8, and the singlet of SU(3) has dimension
D = 1. Combining this with the 2S +1 spin degeneracies, we recover 2⇥8+4 = 20 monopoles in
total. In the large-Nf limit [153, 160], the strength-2 monopole has scaling dimension 0.673Nf .
By naively taking Nf = 3, we get a scaling dimension

⇡ 2.019. The degeneracy between the

16 adjoint and the 4 singlet monopoles will split with higher order correction included. (We
note that the 1/Nf correction obtained in Ref. [160] may not apply here.)
The existence of 16 + 4 electron-like monopole operators has some interesting experimental
consequences, so we analyze their relation to the electron in further detail. The local electron
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operator c should have overlap with all symmetry-allowed local operators of the CFT, leading
to a decomposition of the general form
c(x) =

X
↵

u↵ (x)eik↵ x M↵ (x) + · · ·

(2.47)

Here M↵ (x) runs over the 20 4⇡-monopoles, u↵ (x) is a periodic function within the unit cell, and
k↵ is the lattice momentum of monopole ↵. The lattice symmetries, specifically the magnetic
algebra and a possible Cn symmetry, will place some interesting constraints on the u↵ and k↵ . To
find these constraints we must work out how the lattice symmetries act on the monopoles. The
microscopic lattice symmetries will act as a subgroup of the larger emergent (Lorentz⇥SU(3) ⇥
U (1)flux ) symmetry. Specifically, under a lattice symmetry R, a monopole will transform under
the general form
†
†
R : MS,m,a
! LS,m (R)Ua,b (R)ei✓(R) MS,m,b
.

(2.48)

The monopoles are labeled by their IR quantum numbers, namely Lorentz spin S, the spin index
m=

S, S + 1, · · · , S and SU(3) flavor indices a, b. The first term LS,m represents the Lorentz

transformation, which may depend on the Lorentz spin and spin index. The second term Ua,b
represents the SU(3) transformation. The last term ei✓(R) represents the U (1)flux transformation,
which comes from a Dirac sea contribution [164, 212, 213]. Therefore, it is independent of the
Lorentz spin and SU(3) index.
We will consider the lattice translations along two primitive directions of a lattice (T1 and
T2 ) as well as the lattice rotation Cn . We assume they embed into the Lorentz part as the usual
Euclidean space group,
LS,m (Cn ) = ei2⇡m/n .

LS,m (Ti ) = 1,

(2.49)

For the SU(3) flavor rotation, since we only have SU(3) singlet and adjoint monopoles, they
are in the same SU(3)-reps as the bilinear masses discussed in Sec. 2.6.3. Specifically, we have
U = 1 for the SU(3) singlet monopole, and for the SU(3) adjoint monopole we have
Ua,b (T1 ) =

a,b e

ik1,a

,

Ua,b (T2 ) =

a,b e

ik2,a

,

(2.50)

where the eight members of the adjoint representation are labeled by the “momenta” (k1,a , k2,a ) =
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1 2⇡n2
{( 2⇡n
3 , 3 )} with (n1 , n2 ) 6= 0 and a = 1, 2, · · · , 8. The Cn must act on these just like they

would on momenta in the Brillouin zone. Specifically, for C4 (square lattice) or C6 (triangular
lattice), and an appropriate ordering of a = 1, · · · 8
0

B0
B
B0
B
B
B0
B
B
B1
B
U (C4 ) = B
B0
B
B
B0
B
B
B
B0
@
0
and

0

B0
B
B0
B
B
B0
B
B
B0
B
U (C6 ) = B
B0
B
B
B1
B
B
B
B0
@
0

1
0C
C
0C
C
C
0C
C
C
0C
C
C,
0C
C
C
0C
C
C
C
1C
A
0

(2.51)

1
1 0 0 0 0 0 0C
C
0 1 0 0 0 0 0C
C
C
0 0 1 0 0 0 0C
C
C
0 0 0 1 0 0 0C
C
C,
0 0 0 0 1 0 0C
C
C
0 0 0 0 0 0 0C
C
C
C
0 0 0 0 0 0 1C
A
0 0 0 0 0 1 0

(2.52)

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 1 0 0

At last, we need to work out the phase factor ✓(R) from the U(1)flux rotation. Physically
it comes from the contribution of Dirac sea, which can be determined numerically (e.g. see
Ref. [212, 213]). Usually ✓(R) can only take quantized values due to the symmetry constraint.
Specifically, on the square lattice we have
T2 C 4 = C 4 T1 ,

(2.53)

T1 C 4 = C 4 T2 1 ,

(2.54)

(C4 )4 = 1.

(2.55)
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On the triangular lattice we have,
C 6 T2 = T1 1 C 6 ,

(2.56)

T2 C 6 = C 6 T1 T2 ,

(2.57)

(C6 )6 = 1.

(2.58)

The monopoles are local electron operators seeing integral flux, so they should satisfy the above
algebraic relations. Based on the transformation of the SU(3) singlet monopole, we will have
✓(Ti ) = s⇡,

✓(C4 ) =

(2n + 1)⇡
4

(2.59)

on the square lattice. Here s and n are integers that can be determined numerically. Similarly
on the triangular lattice, we have
✓(Ti ) = 0,

✓(C6 ) =

(2n + 1)⇡
.
6

(2.60)

Experimental consequences
With the symmetry properties of the monopoles in hand, we are ready to discuss their experimental detection. Since the electron can be expanded in monopole operators (See Eq. (2.47)),
any measurement sensitive to the electron Green’s function will probe the two-point function of
the monopoles. For energy resolved spectroscopies, such as STM and ARPES, each monopole
will contribute an energy dependence of the form E 2

↵

1,

where

↵

is its scaling dimension. In

our case, there are two such dimensions, corresponding to SU(3) singlet and adjoint monopoles,
which may be quantitatively similar. So it would be particularly spectacular if symmetry could
be used to impose selection rules whereby the two dimensions can be measured separately.
We first consider a momentum resolved spectroscopy such as ARPES (or more relevant to
heterostructures, planar tunneling [214]), which probes the spectral function A(E, k). Following
Eq. (2.47), A(E, k) will contain a singular component from each monopole with momentum
k = k↵ , which is just the action of T1/2 on the monopole. On the triangular lattice, the low1 2⇡n2
energy spectral weight will peak at (k1 , k2 ) = {( 2⇡n
3 , 3 )}: (n1 , n2 ) = (0, 0) corresponds to

the S = 3/2, SU(3) singlet monopoles, while the other 8 momenta correspond the the S = 1/2,
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SU(3) adjoint monopoles. So momentum perfectly unravels the two exponents: A(E, k = 0) /
E2

S=3/2

1

, while A(E, k↵ 6= 0) / E 2

S=1/2

1

. On the square lattice, the results are similar

except that the relevant momenta may have a shift of (⇡, ⇡) coming from the contribution
✓(Ti ) = ⇡ in Eq. (2.59). The 8 distinct momenta should again be degenerate, giving another
way to detect the emergent SU(3) symmetries.
The second option is to use STM spectroscopy. At a generic point, the STM will couple to
both types of monopoles, so that

dI
dV

⇠ aV 2

1

3/2

+ bV 2

1/2

1

+ · · · . However, if the STM is

above a position with point-group symmetry (a “Wycko↵ position”), then the STM will only
measure monopoles with zero lattice angular momentum about the point (these extinctions
arise from the constraints Cn imposes on the u↵ (x) of Eq. (2.47)). Combining the results of
LS,m (Cn ), U (Cn ) and ✓(Cn ), we find that the 16 SU(3) adjoint monopoles (with S = 1/2) will
always contain both zero and finite angular momentum monopoles, regardless of whether we
consider the triangular or square lattice, so their scaling dimension will always manifest in

dI
dV

.

The 4 SU(3) singlet monopoles (with S = 3/2), on the other hand, may or may not contain zero
angular momentum monopoles - specifically, they will not on the triangular lattice if n = 2, 3
in Eq. (2.60). This case would be particularly convenient as the

3/2

contribution to

dI
dV

would

vanish above these high-symmetry points.
In the presence of dilute impurities, STM can also be used to analyze the wavevectors
present in the resulting Friedel oscillations. Analyzing this “quasiparticle inference”[215] would
be another way to obtain a k-resolved monopole spectroscopy.

2.7

Confinement transition of the 1/2 Laughlin state: application of
level-rank duality

Some of the critical theories in Eq. (2.33) may enjoy a further enhanced symmetry. One example
is the phase transition between the bosonic ⌫ = 1/2 Laughlin state and a trivial insulating
phase. This transition can be described by QED3 -Chern-Simons theory with C1 = 0, C2 = 1
and k = 1 [140, 145],
3
L = ¯(i@/ + a
ada
/) +
8⇡

1
1
Ada +
AdA
2⇡
4⇡
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m¯ .

(2.61)

The critical theory has a bosonic dual [170, 171], which is [139]
L = |(@µ
Here

ibµ ) |2

2
1
bdb +
Adb
4⇡
2⇡

m| |2

u| |4 .

is a O(2) scalar, and b is a U(1) dynamical gauge field. Since

charge of the gauge field b,

(2.62)
itself carries an unit

can be understood as the semionic quasiparticle of the 1/2 Laughlin

state. Tuning the mass term m| |2 gives two phases and transition: i) For the positive mass,
the semions are gapped and we get the 1/2 Laughlin state. ii) For the negative mass, the

are

condensed and the gauge field b is Higgsed, giving rise to a trivial insulating state.
At face value, the above two critical theories only have a U(1) symmetry, the flux conservation
of the dynamical gauge field (microscopically, the number conservation of bosons). However,
it was conjectured that they may have an enlarged SO(3) symmetry [184]. It is based on the
conjectured level-rank duality [183], namely those two theories may be dual to a SU(2) ChernSimons theory,
/
L = ¯ (i@/ + ↵
/ + A/2)

+

1
1
(CS[↵]) +
AdA
8⇡
16⇡

Here we have a SU(2) fundamental Dirac fermion

m¯ .

(2.63)

coupled to a level-1/2 SU(2) Chern-Simons

gauge field ↵µ . Aµ is a U(1) probing field. CS[↵] is a shorthand for ✏µ⌫⇢ tr ↵µ @⌫ ↵⇢ + 23 ↵µ ↵⌫ ↵⇢ ,
which is 4⇡ times the SU(2) Chern-Simons term of ↵µ with level-1. By tuning the mass of Dirac
fermions, one would either get a SU(2)1 Chern-Simons theory or zero Chern-Simons: the former
corresponds to the 1/2 Laughlin state [216] while the latter corresponds to a trivial insulating
phase.
All the three theories can describe the transition from the 1/2 Laughlin state to a trivial
insulator. Therefore, one would conjecture they are dual to each other. Furthermore, one would
expect the first two theories have an enhanced symmetry (rather than a naive U(1) symmetry),
since the last one has a manifest SO(3) symmetry –the Dirac fermion

forms a fundamental

representation of both the SU(2) gauge symmetry and the SO(3) global symmetry. This duality
and symmetry enhancement were already conjectured in Ref. [184], and here we take one step
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further to identify the relation among operators in three di↵erent theories,
¯ ⇠ | |2 ⇠ ¯ ,
r⇥a⇠r⇥b⇠ ¯
Ma

†

⇠ Mb (

⇤ 2

) ⇠

(2.64)
(2.65)

µ
T

(

µ y

⌦ ⌧y )

(2.66)

The Ma (Mb ) is the bare monopole that creates 2⇡ flux of the gauge field aµ (bµ ). Due to
the Chern-Simons term, one should attach

†

((

⇤ )2 )

(gauge neutral) object (for instance see Ref. [207]).

to the monopole in order to have a local
µ=1,2,3

are Pauli matrices acting on the

Dirac index, while ⌧y acts on the gauge index.
The first line (Eq. (2.64)) is the mass term that tunes through the phase transition, and is
a scalar under the SO(3) (and Lorentz) symmetry. The second line identifies the flux in the
U(1) gauge theory with the gauge-invariant density and current of

fermions in the SU(2)

gauge theory. In the third line, we have the monopole operators in the U(1) gauge theory
dual to the pairing amplitude and current of

fermions in the SU(2) gauge theory. To under-

stand the last equation, we should realize that due to the Chern-Simons term, the monopole
operators are carrying Lorentz spin-1 (hence they have three complex components). Moreover,
(r ⇥ a, Re(Ma

† ), Im(M

a

† ))

forms a SO(3) vector, and they are the conserved current of the

conformal field theory, whose scaling dimension is precisely 2.
We expect that the operators in Eq. (2.64)-(2.66) are the ones with lowest scaling dimension. Therefore, they will give the dominate contribution to the physical operator correlation
functions. Since the boson creation (or density) operator has the same global quantum number
as the monopole (or flux) operator, we will have
b†0 br ⇠ 1/r4 ,

n0 nr ⇠ 1/r4 .

(2.67)

Therefore, in a bosonic system with only particle conservation, the critical point would
enjoy an enlarged SO(3) symmetry that makes the boson creation operator to be degenerate
with the boson density operator. The above results may be tested in numerical simulations or
experiments. We remark that the SO(3) symmetry is most transparent in the chiral spin liquid
system [217–221] where it is nothing but the spin rotation symmetry (The SU (2) gauge theory
can be constructed from a SU (2) parton construction [216]). In this context, the spin operator
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~ has scaling dimension 2, while the dimer operator S
~0 · S
~1 corresponds to the mass term in
S
Eq. (2.64).

2.8

Experimental realization

In this section we briefly describe the experimental setup for FCI transitions, and the scenario
we believe is simplest to realize. The required ingredients are Landau levels and a tunable
periodic potential, which are already available in experiments. There is no particular type of
tunability required, e.g., one could change the detailed form of the superlattice Vm , the Landau
level spacing, or various pseudospin Zeeman fields, but conceptually it is simplest to tune the
overall strength of the potential (U0 in our model). Then i) for small potential strength, the
system realizes a conventional FQH state that has electrons partially filling the lowest Landau
level; ii) for large potential strength, the Landau level splits into sub-bands, and the electrons
may partially fill a sub-band, yielding a FCI state. A phase transition between the FQH and
the FCI could then be expected at a critical potential strength, as found in our numerics. An
experimental setup with a tunable potential strength has been realized recently in Refs. [39, 179],
where a range of U0 /Ec can be realized.
The existence of a transition can be diagnosed from the behavior of the gap in a Wannier
plot, as in Fig. 2.1. If two experimentally observed (C, s) trajectories intersect at n⇤ ,

⇤,

one or

both with fractional C, and the pair exchange stability as the potential strength is tuned, then
QED3 may describe the transition. To fall within our QED3 -Chern-Simons analysis, the two
gaps should be attributable to states in the same Jain sequence (e.g., the same k), and for pure
QED3 , the two states should be particle-hole conjugates (
We describe the n⇤ ,

⇤

xy

= p/(2p+1)–

xy

= (p+1)/(2p+1)).

where they might appear in Appendix B.5.2.

While the numerical results we have presented thus far were for a FQH-FCI transition,
experimentally a FQH-ICI (Integer Chern Insulator) transition may be a simpler initial target,
since ICI states are more stable and easy to realize in experiment. For example, consider a
transition between

xy

= 1/3 FQH and

xy

= 1 ICI, which can occur at flux density

⇤

= 3/2

and electron density n⇤ = 1/2, with the same potential as in the FQH-FCI transition of Sec. 2.4.
For small U0 the

xy

= 1/3 FQH state is realized. For large U0 , the LLL splits into three

sub-bands, and the electrons completely fill the lowest sub-band whose Chern number is 1. So
U0 /EC is expected to tune between the two, realizing Nf = 2, K = 1/2 QED3 -Chern-Simons
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Figure 2.6: The DMRG simulation result on infinite cylinder geometry with circumference
size Ly = 24.6lB .
= 3/2, n = 1/2, V1 = V2 = 1, V3 = V4 = 1.6 while changing the
potential strength U0 . Blue line represents the change of Hall conductivity, which is measured
at bond dimension = 2000. Red lines represent the change of correlation length with bond
dimensions = 6000, 7000.
described further in Appendix B.5.1. We have also carried out iDMRG simulations to confirm
the above scenario. In Fig. 2.6, we observe a sharp transition across the value of U0 ⇠ 0.03,
where the Hall conductivity changes from 1/3 to 1 and the correlation length increases with
bond dimension . As in the case of the transition between

xy

= 1/3 FQH and

xy

= 2/3 FCI,

numerical evidence supports a continuous transition.

2.9

Summary and Discussion

Motivated by the recent experimental realization of FCIs in graphene heterostructures, we have
shown how phase transitions between di↵erent FCIs induced by changing the lattice potential
can be used to realize the whole family of QED3 -Chern-Simons theories. A key ingredient is that
the magnetic algebra of the microscopic model can be used to realize multiple symmetry related
Dirac fermion flavors (Nf > 1) without further fine tuning. At the critical point, this leads to an
emergent SU(Nf ) symmetry which can be diagnosed from the electron compressibility at finite
momentum.
We hope our work will stimulate further investigation of QED3 -Chern-Simons theory. For
example, previous literature has mostly focused on the situation where Nf /2 + K is an integer
due to the parity anomaly [153, 207]. Nevertheless, it has now been realized that this con-
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straint can be relaxed: Nf /2 + K can be a half integer, or other fractions. Mathematically, the
parity anomaly can be avoided by either forbidding certain monopole operators [168, 169], by
introducing an auxiliary topological Chern-Simons term [170], or redefining the gauge charge of
Dirac fermions [202]. This new sequences of “pseudo-anomalous” QED3 -Chern-Simons theory
have rarely been investigated [202]. The critical theories which are straightforward within the
proposed experimental realization have Nf /2 + K half integer. For example, the transition we
studied in Sec. 2.4 (between the

xy

= 1/3 state and

xy

= 2/3 state) has Nf = 3 and K = 0.

It will be interesting to have a better theoretical understanding of these theories.
Another interesting direction is to understand the properties of monopoles in QED3 -ChernSimons theory [153, 160, 161, 207]. As discussed, the monopole is nothing but the electron, so
the scaling dimensions of the monopoles can be detected using standard spectroscopic techniques
such as STM. On the other hand, there are also opportunities to explore those critical theories
under the deformation of adding monopole terms. For a given Nf , K QED3 -Chern-Simons theory, if the monopole operators proliferate (condense), will the theory flow to a symmetry breaking
state, a topologically ordered state, or a new CFT [28]? In the context of the FCI transition,
monopole proliferation may be achieved by proximity to a superfluid or superconductor.
In the current work we have not addressed the e↵ect of the long-range Coulomb interaction
and disorder. In graphene heterostructures, the long-range Coulomb tail is screened by the
proximity to metallic gates, so can likely be ignored. Disorder, however, will be present. While
the underlying graphene, as well as moire superlattices, are extremely pristine, the most tunable
superlattice architecture, gate-patterning, [39] will likely prove much dirtier. However, in contrast to the conventional quantum plateau transition, here it is the lattice potential rather than
disorder which enables a direct transition between di↵erent plateaus. Therefore, the disorder
may be ignored when the temperature is larger than the e↵ective scattering rate. Nevertheless
it is physically interesting to consider the e↵ect of Coulomb interactions and/or disorder. These
perturbations may be marginal in the UV, and become either marginally relevant or irrelevant
in the deep IR. Once the perturbations are relevant, the critical theory will lose conformal invariance and flow into another fixed point. The new fixed point could either correspond to a
gapped state or a metallic state. The answer to these questions will depend on the details (i.e.
Nf and K), and our understanding is incomplete even in the large Nf limit [141, 209, 222].
These questions are left for future work.
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The situation reminds us that scientific knowledge, even at its most fundamental, is never
static, and that the world of the mind, like the
physical one on which it is built, is filled with incomprehensible violence that spins out of control
from time to time. [223]

3

The Cup of the Hand, Robert B. Laughlin

Deconfined Quantum Criticality in Quantum

Magnets

We study a possible deconfined quantum phase transition in a realistic model of a two-dimensional
Shastry-Sutherland quantum magnet, using both numerical and field theoretic techniques. Using the infinite density matrix renormalization group (iDMRG) method, we verify the existence
of an intermediate plaquette valence bond solid (pVBS) order, with two fold degeneracy, between the dimer and Néel ordered phases. We argue that the quantum phase transition between
the Néel and pVBS orders may be described by a deconfined quantum critical point (DQCP)
with an emergent O(4) symmetry. By analyzing the correlation length spectrum obtained from
iDMRG, we provide evidence for the DQCP and emergent O(4) symmetry in the lattice model.
Such a phase transition has been reported in the recent pressure tuned experiments in the
Shastry-Sutherland lattice material SrCu2 (BO3 )2 [41]. The non-symmorphic lattice structure of
the Shastry-Sutherland compound leads to extinction points in the scattering, where we predict
sharp signatures of a DQCP in both the phonon and magnon spectra associated with the spinon
continuum. The e↵ect of weak interlayer couplings present in the three dimensional material
is also discussed. Our results should help guide the experimental study of DQCP in quantum
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magnets.

3.1

Introduction

Quantum magnets can host some of the most exotic phenomena in condensed matter physics, due
to the strong quantum fluctuations of the microscopic spin degrees of freedom. Notably, deconfined gauge fluctuations and fractionalized spinon excitations can emerge in quantum magnets,
which bear no analog in classical spin systems. Such behavior can exist either in a quantum spin
liquid, which is a stable phase of matter with topological order [224–226]; or by tuning a single
parameter to a critical point known as the deconfined quantum critical point (DQCP) [35, 36].
The DQCP describes the possible continuous phase transition between two distinct symmetry breaking phases, which is beyond the conventional Landau-Ginzburg paradigm. While the
search for quantum spin liquids is still an ongoing research e↵ort in condensed matter physics
[227], the possibility of observing the DQCP in materials could provide us with an alternative
opportunity to study the properties of deconfined spinons and emergent gauge fields in quantum
magnets, as well as in interacting fermion systems that realizes the DQCP [228–233].
In a recent experiment [41], a phase transition between Néel antiferromagnet and plaquette
valence bond solid (crystal) [234] was observed in a single crystal of SrCu2 (BO3 )2 under pressure.
The material is a layered quantum magnet. Within each two-dimensional layer, the copper ions
carry the spin-1/2 degrees of freedom and are arranged on a Shastry-Sutherland lattice as
shown in Fig. 3.1(a). The spin system was proposed to be e↵ectively described by the ShastrySutherland model [235, 236]
H = J1

X

ij2n.n.

Si · Sj + J2

X

ij2dimer

Si · Sj ,

(3.1)

where the J1 and J2 bonds are specified according to Fig. 3.1(a). The ratio J1 /J2 between the
coupling constants is tunable by pressure in experiments within certain range. In the large J1
(or large J2 ) limit, the model reduces to the square lattice Heisenberg model (or the decoupled
dimerized model), which stabilizes the Néel phase (or the dimer valence bond solid (dVBS)
phase). Between these two limits, numerical [234, 237–240] and theoretical [241] analysis of the
model have revealed an intermediate plaquette valence bond solid (pVBS) phase, as illustrated in
Fig. 3.1(c). Remarkably, the experiment in Ref. [41] seems to confirm this phase diagram. Since
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Figure 3.1: (a) The Shastry-Sutherland lattice of copper sites (small circles) in
SrCu2 (BO3 )2 , on which the spins reside. The spins are coupled across nearest neighbor bonds
(J1 , in blue) and dimer bonds (J2 , in red). Each unit cell contains four sites, as shaded in yellow. The glide reflection Gx , Gy and the diagonal reflection xy , xȳ symmetries are indicated
on the lattice. (b) Di↵raction peaks from copper sites. The darker dot indicates a higher intensity. The extinction points are marked out by red circles. The first Brillouin zone is shaded
in yellow, corresponding to the unit cell in (a). Special momentum points , X, Y, M are defined as labeled. (c) The phase diagram of the spin model Eq. (3.1). The Néel antiferromagnetic and dimer valence bond solid (dVBS) phases are separated by the intermediate plaquette valence bond solid (pVBS) phase upon tuning the J1 /J2 ratio. The critical points are
determined in Tab. 3.1 based on our iDMRG result. The transition between pVBS and Néel
phases is likely to be a DQCP (or weakly first-order proximate to a DQCP).

the pVBS and Néel phases separately break two distinct symmetries, the lattice and the spin
rotation symmetry, a direct second-order transition between them would necessarily go beyond
the Landau-Ginzburg paradigm and point to the possibility of the DQCP. Although the nature
of the pVBS-Néel transition remains unresolved by experiments, there are promising signs for
the exciting opportunity that SrCu2 (BO3 )2 might provide the first experimental platform to
realize DQCP.
Recent studies on di↵erent models with the same symmetry class showed that the transition
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between pVBS and Néel phases could be first-order[242, 243]. However, despite being first-order,
the transition is accompanied with an extended region of quantum-critical-like scaling and an
emergent O(4) symmetry, implying that the transition could be close to a DQCP (possibly as
an avoided criticality). Thus the DQCP is still the best theory to account for these anomalous
features in the critical region, even though it may eventually break down at longest scales. Note
that the J-Q model or loop model studied in Monte Carlo simulations[242, 243] are designed
di↵erently from the original Shastry-Sutherland model to avoid the sign problem. Given that
the first- or second-order nature of the transition can be tuned by model parameters [244–
247] and is therefore a model-dependent property, the fate of the pVBS-Néel transition in the
Shastry-Sutherland model remains to be fully resolved yet.
The goal of this work is to investigate the pVBS-Néel transition in the Shastry-Sutherland
model Eq. (3.1) in more detail using both field theory and the density matrix renormalization
group (DMRG) approach, and to identify the unique signatures of DQCP that can be probed
by inelastic neutron scattering (INS) or resonant inelastic X-ray scattering (RIXS) experiments.
We use the infinite DMRG technique to overcome the sign problem. Our numerical simulation
indicates (i) that the transition between pVBS and Néel phases appears continuous up to the
largest available system size (infinite cylinder with the circumference of 10 lattice sites), although
we can not rule out the possibility of a weakly first-order transition due to our limited system size.
(ii) We also observe the asymptotic degeneracy between spin-triplet and spin-singlet excitations
over a large length scale, demonstrating an approximate emergent O(4) symmetry which rotates
among the Néel and pVBS order parameters. Our theoretical analysis further suggests that (iii)
in the Shastry-Sutherland lattice, in contrast to previous realizations of DQCP, a dangerously
irrelevant operator is absent which has consequences for numerics and that (iv) critical spinon
continua appear at the extinction points of lattice di↵raction peaks (c.f. Fig. 3.1(b)) in both
the magnon and phonon channels at low-temperature around the DQCP. The universal critical
behaviors of these continua are examined as well, which could guide the experimental study of
the candidate DQCP in the SrCu2 (BO3 )2 material.
The rest of the paper is organized as follows. In Sec. 3.2, we perform an infinite DMRG
simulation on the Shastry-Sutherland spin model and discuss the nature of the phase transition
between Néel and VBS phases based on a correlation length spectra. In Sec. 3.3, we analyze
symmetry quantum numbers of a monopole operator whose proliferation induces the transition
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to the VBS phase. By investigating the transformation property of the monopole, we show that
the single-monopole term is suppressed while the double-monopole term can appear in the action
describing the Néel order in the Shastry-Sutherland lattice. We compare the di↵erences among
various microscopic models – easy-plane, rectangular, and Shastry-Sutherland – whose possible
emergent symmetry is all O(4). One distinct feature of the Shastry-Sutherland lattice is the
presence of the relevant anisotropy operator that breaks the four-fold lattice rotation symmetry,
which stabilizes the VBS order and gives rise to a fast-growing spectral gap in the spin-0 channel
as the system enters the VBS phase. In Sec. 3.5, we propose the spectral signatures of DQCP in
the Shastry-Sutherland model, including the SO(4) conserved current fluctuation in the magnon
spectrum and the VBS fluctuation in the phonon spectrum. Both of these features appear at
the extinction point of the Shastry-Sutherland lattice, which is detectable at low energy without
overwhelmed by the elastic scattering signals. We conclude our discussion in Sec. 3.7.

3.2

Numerical Study

In this section, we study the model in Eq. (3.1) using the infinite density matrix renormalization
group (iDMRG) method [195, 196]. We wrap the 2D system onto a cylinder which is infinite along
x-direction but compact along y-direction, with a finite circumference L. In the simulation, spin1/2s are mapped into the hard-core bosons with density hni = 1/2 per site; an antiferromagnetic
spin interaction would then be translated into hopping and density-density interaction terms for
bosons. As the boson number is conserved in the simulation, we have an explicit U(1)z symmetry
which allows us to extract correlation functions for an operator with a specific U(1)z quantum
number. During the simulation, we fixed the value of J2 = 1 and tuned the value of J1 across
the phase transition between the pVBS and Néel order phases. Since the unit cell of ShastrySutherland lattice contains 2 ⇥ 2 square unit cells, the iDMRG unit cell becomes 2 ⇥ (2m) slice
of the infinite cylinder, where the circumference of the cylinder L = 2m.
In the iDMRG simulation, we have two limiting factors to describe the exact two-dimensional
state: the circumference length L and the bond dimension

. Due to limited computational

capacity, it is difficult to conclusively identify whether the phase transition is continuous or
weakly first order in the DMRG simulation. Still, we can extract useful information of the
ground state by simulating the model with increasing values of L and . For the discussionon
bond dimension scaling, see Appendix. C.5. In the DMRG simulation, we measured (i) energy,
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(ii) plaquette order parameter, and (iii) correlation length spectra.

3.2.1

Detection of the pVBS Phase

Although the matrix product state description of the state is exact in the infinite bond dimension
limit, for a finite bond dimension, the cylindrical geometry of the iDMRG simulation provides
some bias to the preferred entanglement structure for the ground state. As a result, in the
pVBS phase, one of two symmetry broken phases would be automatically chosen and the order
parameter would not vanish in the iDMRG simulation. To characterize the pVBS phase, we
define the plaquette order parameter as follows (See Eq. (3.5) and Eq. (3.6) in Sec. 3.3 for a more
rigors definition),
ImhMi ⇠

X
i

( )x hSi · Si+x̂ i

( )y hSi · Si+ŷ i.

(3.2)

In the pVBS phase, the dimer strengths hSi · Sj i on each bond hiji can be visualized in Fig. 3.2,
which clearly demonstrates the pattern of the pVBS ordering around empty (square) plaquettes.
Indeed, we measured that ImhMi =
6 0 and RehMi = 0 in the paramagnetic regime as expected
for the pVBS phase. (See Fig. 3.4)

Figure 3.2: Visualization of bond strengths hSi · Sj i within the iDMRG unit cell. x̂direction is along the cylinder, and ŷ-direction is around the circumference. The width of the
bond represents the value of S1 · S2 . The line color is black (red) if S1 · S2 is negative (positive). One can notice that the singlet is formed at a plaquette.
Although the plaquette order parameter ImhMi is a useful indicator, it is not precise because
(i) the system size does not reach the thermodynamic limit and (ii) the geometry of the iDMRG
simulation provides some bias toward a specific entanglement structure for the ground state.
Albeit small, it has a non-vanishing value in the Néel phase, see Fig. 3.4. Thus, we use a
discontinuity in the second derivative of the energy @ 2 E/@J12 to locate the pVBS-Néel transition
point. Up to L = 10, the first order derivative of energy is continuous across the phase transition,
implying that the transition is either a weakly first order or second order transition. On the other
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(J1 /J2 )c1
(J1 /J2 )c2

L=6
0.682
0.693

L=8
0.677
0.728

L = 10
0.675
0.762

L = 12
0.675
0.77

Table 3.1: (J1 /J2 )c1 ((J1 /J2 )c2 ) is the transition point between the dVBS and pVBS (pVBS
and Néel) phases. Transition points are extracted from the peak of the energy derivative at
= 4000. At L = 12, the DMRG simulation do not converge for di↵erent initial states at
= 4000, resulting in di↵erent transition points. Thus, the critical point is determined as
the midpoint between two transition points obtained from the VBS-like and Néel-like initial
states.
hand, from the energy plot in Fig. 3.3, the dVBS-pVBS transition point can be easily extracted
because the dVBS state is an exact ground state of Eq. 3.1 with energy per site Esite =

0.375J2 .

As we can see, the first order derivative of the energy is discontinuous here, signaling a clear
first-order phase transition between the two spin singlet dVBS and pVBS phases. For L < 6,
we do not observe the pVBS phase. Transition points for di↵erent system sizes are summarized
in Tab. 3.1.

Figure 3.3: At L = 10, = 4000. (a) Energy (E) per site. The horizontal dotted line represents the exact ground state energy of dimer VBS state, Esite = 0.375. (b) @E/@J1 per site
near the transition between plaquette VBS and Néel order. The continuous first order derivative is a characteristic of the continuous phase transition. Black dashed lines denote phase
boundaries among dimer VBS, plaquette VBS, and Néel order.
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3.2.2

Correlation Length Spectra, Monopole Fluctuations, and Emergent O(4) Symmetry

Here, we present a signature of the DQCP in the correlation length spectrum data obtained
from the iDMRG simulation. A continuous phase transition is characterized by the divergence
of a correlation length, and an equal-time correlation function exhibits the power-law decaying
behavior hO(r)O(0)i / r

2

O

where

O

is a scaling dimension of an operator O. In particular,

if there exists an emergent symmetry, operators unified under the emergent symmetry should
share the same scaling dimension

O

[248]. For example, at the conventional DQCP with the

emergent SO(5) symmetry, the Néel n = (nx , ny , nz ) and VBS v = (vx , vy ) order parameter
should have the same power-law behavior:
hn(r) · n(0)i ⇠ hv(r) · v(0)i ⇠ 1/r1+⌘ ,
where ⌘ = 2

O

(3.3)

1 is the anomalous exponent defined relative to the engineering exponent

in (2+1)D which is 1. However, in the iDMRG simulation, the finite circumference L of the
cylinder and finite bond dimension

introduce a cuto↵ length scale [210], which prevents us from

observing the power-law behavior in the correlation function. Therefore, at long distances along
the cylinder, the DMRG correlation function of an operator O will always decay exponentially
with certain finite correlation length ⇠O in the simulation. Nevertheless, instead of trying to
compare the scaling dimension

O,

we can determine the emergent symmetry by comparing

the correlation lengths ⇠O between Néel (spin-1) and VBS (spin-0) excitations. In Zauner et al.
[211], it has been found that the correlation length spectrum is inversely proportional to the
energy of the excitations that mediate this correlation behavior. Thus, the correlation length
spectra give access to the individual dynamics of di↵erent types of excitations.
Using the DMRG transfer matrix technique, one can readily obtain the correlation lengths
⇠ along the cylinder. Moreover, since our DMRG simulation has an explicit U(1)z symmetry,
extracted correlation lengths are labeled by Sz quantum numbers. Since the microscopic model
has full SO(3) symmetry, there will be an exact degeneracy among correlation lengths with
di↵erent quantum numbers. For example, a three-fold degeneracy among Sz = 0, ±1 would
imply that this correlation length corresponds to the excitation carrying the quantum number
S = 1 of the SO(3) symmetry. In this way, we can identify the SO(3) spin quantum number of
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Figure 3.4: The inverse of the largest correlation length for spin singlet and triplet operators as a function of J1 /J2 at L = 10 and = 4000. Here, the dashed line represents the transition point extracted from the second order energy derivative. The small plot at the top right
shows the plaquette order parameter (Im M) across the transition. Deep in the VBS phase,
the correlation length of a spin-triplet operator is larger than that of a spin-singlet operator as
expected by a mean-field theory. As we approach the critical point, we can observe that the
correlation length of the spin-singlet sector becomes larger than that of the spin-triplet sector.
This behavior agrees with what is expected from the scenario in Fig. 3.8.
each operator appeared in the correlation length spectrum.
In Fig. 3.4, we plot the inverse of the largest correlation lengths for spin-singlet and triplet
operators. The spin-singlet operator corresponds to the pVBS order parameter (or the monopole
operator M) at low-energy. The monopole operator is gapped in both the Néel and pVBS
phases and only become gapless at the critical point. Therefore, the divergence of the spinsinglet correlation length can signal the onset of DQCP in the thermodynamic limit. Indeed, we
identified that the peak of the singlet correlation length exactly coincides with the critical point
extracted from the singularity of the energy derivative (Fig. 3.3). Furthermore, the correlation
length ⇠S=0 at the critical point increases as the bond dimension
we present only the correlation length spectrum at L = 10 and

increases. Although here
= 4000, we also performed

numerical simulations for di↵erent system sizes and obtained the result that the critical point
summarized in Tab. 3.1 coincides with the peak of the spin singlet correlation length. Therefore,
we can infer that the transition is induced by the proliferation of monopoles, consistent with
DQCP physics.
Moreover, to contrast our simulation result in the Shastry-Sutherland lattice with the conventional O(3) Wilson-Fisher transition between an explicitly dimerized VBS and Néel order
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phases [249], we performed the iDMRG simulation for a 2D J1 -J10 model with the antiferromagnetic Heisenberg coupling J1 on nearest neighbor bonds together with the coupling J10 on a fixed
set of dimer covering bonds (See Appendix. C.2), and hence a unique VBS pattern is pinned by
J10 . Indeed, for this model, one can observe that the correlation length of the spin-triplet sector
is always larger than the correlation length of the spin-singlet sector across the phase transition.
This agrees with the picture discussed in Ref. [250, 251], where the transition is triggered by the
condensation of spin-triplet excitations (triplon) from the VBS phase. Within the mean-field
theory framework, it was shown that the energy of the spin-triplet excitation Etriplon is smaller
than the energy of the spin-singlet excitation Esinglon throughout the whole transition. Under
the further assumption that the singlon and triplon have the similar characteristic velocity v
[211], one expect the aforementioned ordering of correlation lengths ⇠ ⇠ (v/E). Thus, the
inversion of the magnitude of correlation lengths for spin singlet and triplet operators at the
transition signifies the unconventional feature of the DQCP in the Shastry-Sutherland lattice.
For a detailed analysis regarding DQCP physics, see Sec. 3.4.
Finally, we remark that the spin-singlet correlation length ⇠S=0 and the spin-tiplet correlation length ⇠S=1 approaches each other at the (finite size) critical point as we increase the system
size. At L = 6 and
⇠S=1 /⇠S=0

crit

= 4000, the ratio ⇠S=1 /⇠S=0

crit

= 0.33, but at L = 10 and

= 4000,

= 0.95. From this trend, we expect to have ⇠S=1 /⇠S=0 = 1 in the thermodynamic

limit, which indicates that the spin-singlet and spin-triplet excitations will become degenerate
at the critical point, forming the four-component vector representation of a larger O(4) symmetry group. Put di↵erently, we can observe that the crossing point of ⇠S=0 = ⇠S=1 in Fig. 3.4
approaches to the critical point as we increase the system size, consistent with the emergent
O(4) symmetry relating Néel and VBS order parameters.

3.3

Symmetry Analysis

The field theory of DQCP, the so called “non-compact” CP1 theory, has the following form
[35, 252]
LCP1 = |(@

ia)z|2 + (r ⇥ a)2 + . . . ,

(3.4)

where a two-component complex spinon z = (z1 , z2 )T is coupled to U(1) gauge field a. On top
of this critical theory, one can have additional terms depending on symmetry of the system.
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The Shastry-Sutherland lattice has a p4g space group symmetry, as shown in Fig. 3.1(a). The
lattice respects two glide reflection Gx , Gy and two diagonal reflection

xy ,

xȳ

symmetries as

illustrated in Fig. 3.1(a). The glide reflections and the (spinful) time-reversal T symmetries can
combine into composite symmetries T Gx , T Gy , dubbed as the time-reversal glide symmetries.
Note that glide-reflection symmetry is also broken in the Néel phase, while the time-reversal
glide is not. Therefore, relative to the Néel phase, it is proper to think about the pVBS phases
as to break the time-reversal glide symmetries.
To define the symmetry transformations more conveniently, we consider an ideal version of
the Shastry-Sutherland lattice on a regular square lattice without distortion, as shown in Fig. 3.5.
This does not change the symmetry group but allows us to label every site by the Cartesian
coordinate (x, y) conveniently (where x, y 2 Z). The length of the nearest Cu-Cu bond is set to 1,
such that the unit cell is of the size 2⇥2 (and hence the lattice constant is 2 here). With this, we
can define the glide reflections Gx : (x, y) ! (x+1, y) and Gy : (x, y) ! ( x, y+1), the diagonal
reflections

xy

: (x, y) ! (y, x) and

xȳ

: (x, y) ! ( y + 1, x + 1), as well as the translations

Tx : (x, y) ! (x + 2, y) and Ty : (x, y) ! (x, y + 2). Together, they generate the p4g space group.
The p4g space group also contains a 90 rotation symmetry C4 : (x, y) ! ( y + 2, x

1) with

respect to the center of the plaquette without a diagonal bond.
On each site i = (x, y), we define the spin operator Si = (Six , Siy , Siz ), whose symmetry
transformations are listed in Tab. 3.2 (assuming the spin rotation is not locked to the spatial
rotation in lack of the spin-orbit coupling). The time-reversal symmetry T is also included,
which can flip all spin components. The Néel order parameter n = (nx , ny , nz ) and VBS order
parameters v = (vx , vy ) are defined as
n ⇠ ( )x+y Si ,
vx ⇠ ( )x ( 14

Si · Si+x̂ ),

vy ⇠ ( )y ( 14

Si · Si+ŷ ),

(3.5)

where each prefactor translates into the momentum (⇡, ⇡), (⇡, 0) and (0, ⇡) respectively in kspace, as marked out in Fig. 3.1(b), and the displacement vectors are defined to be x̂ = (1, 0) and
ŷ = (0, 1). The VBS order parameters vx , vy can be combined to form the following operator
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Figure 3.5: The ideal Shastry-Sutherland lattice, deformed from Fig. 3.1(a). Each site i can
be labeled by a Cartesian coordinate (x, y). The x and y coordinates are calibrated on the
top and right respectively. The displacement vectors x̂ = (1, 0) and ŷ = (0, 1) are defined to
connect nearest neighbor sites. J1 and J2 couplings are assigned to the nearest neighbor (in
blue) and dimer (in red) bonds.

given a certain gauge choice (Appendix.C.1)
1
M† = p (vx + vy ) + i(vx
2

vy ) ,

(3.6)

known as the monopole operator in the literature [35, 253], which corresponds to a hegehogmonopole of the Néel order parameter n in the spacetime. The monopole event changes the
skyrmion number of the n field configuration by +1, and it is equivalent to inserting 2⇡-flux
of U(1) gauge field a in the CP1 theory Eq. (3.4). The symmetry properties of n and M† are
summarized in Tab. 3.2. For a detailed derivation, see Appendix C.1. Apart from these discrete
symmetries, there is also an SO(3) spin rotation symmetry, under which n transforms as a SO(3)
vector.
The expectation value of the monopole operator hMi defined in Eq. (3.6) serves as a unified order parameter for various types of VBS orders. Depending on the phase angle of hMi,
the columnar VBS (cVBS) is described by hMi ⇠ ±e±i⇡/4 and the plaquette VBS (pVBS) is

described by hMi ⇠ ±1 (diamond plaquette) or hMi ⇠ ±i (square plaquette) as illustrated
in Fig. 3.6. On the other hand, hMi 6= 0 could also be interpreted as the condensation of
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Gx
Gy
xy
xȳ

T
T Gx
T Gy

(kx , ky )
(kx , ky )
( kx , ky )
(ky , kx )
( ky , kx )
( kx , ky )
( kx , ky )
(kx , ky )

n
n
n
n
n
n
n
n

M†
M†
M†
M
M
M
M
M

Si
SGx (i)
SGy (i)
S xy (i)
S xȳ(i)
Si
SGx (i)
SGy (i)

fi
( ) fGx (i)
fGy (i)
( )xy f xy (i)
( )x(y+1) f xȳ (i)
Ki 2 fi
( )y Ki 2 fGx (i)
Ki 2 fGy (i)
y

Table 3.2: Symmetry transformation of momentum (kx , ky ), Néel order n, monopole operator M† , spin operator Si and fermionic spinon fi (in the sense of PSG).

2

> 0: square pVBS

2

< 0: diamond pVBS

Figure 3.6: Two types of plaquette valence bond solid (pVBS) phases. Thick purple links
encircle the plaquette on which the spin singlet is formed. A diamond plaquette contains the
diagonal bond, while a square plaquette does not. Each type of the pVBS order induces a corresponding lattice distortion. The undistorted lattice is shown as the background for contrast.
Depending on the sign of 2 , either diamond plaquette or square plaquette pVBS is favored.

monopoles. So the DQCP, as a transition from the Néel phase into the VBS phase, can be
thought as driven by the VBS ordering or equivalently by the monopole condensation (starting
from the Néel phase), which can be tuned by a monopole chemical potential r in the Lagrangian
as rM† M. The transition happens as r changes sign. The condensation of monopole establishes
the VBS order on the one hand and simultaneously destroys the Néel order on the other hand,
due to a nontrivial topological term among the Néel and VBS order parameters, which was
analyzed in details in Ref. [35, 36]. This scenario provides a plausible description of a direct
continuous transition between the Néel and VBS phases.
However, apart from the apparent tuning parameter term rM† M, we must also include other
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symmetry-allowed (multi-)monopole terms in the Lagrangian, which could crucially influence the
properties of the DQCP. On the Shastry-Sutherland lattice, to the leading order, they take the
form of
LM = rM† M +

2 Re M

2

+ ··· .

(3.7)

Here we adopt the short-hand notations Re O = (O + O† )/2 and Im O = (O

O† )/(2i) for

generic operator O. Given the symmetry properties in Tab. 3.2, one can see that the single
monopole term, no matter Re M or Im M, is forbidden by the glide reflection symmetry Gx or

Gy . Furthermore, the imaginary part of the double-monopole term Im M2 is forbidden by the
diagonal reflection symmetry

xy

or

xȳ .

Note that these symmetries exist in the critical theory

as the spontaneous symmetry breaking has not yet occurred and the microscopic model has the
symmetries.
The higher-order monopole terms (M4 , M6 , ...) are expected to be less relevant and are
therefore not included in Eq. (3.7) explicitly. Therefore the double-monopole term

2 Re M

2

is

the most relevant monopole perturbation allowed on the Shastry-Sutherland lattice. Depending
on its sign, the system will favor the square plaquette (or diamond plaquette) VBS order,
described by the order parameter Im M (or Re M), if

2

> 0 (or

2

< 0), as demonstrated in

Fig. 3.6. The square and diamond pVBS orders have distinct symmetry properties. Under the
reflection symmetries

xy

and

xȳ ,

Im M 7!

Im M while Re M stays invariant (see Tab. 3.2),

so the square pVBS spontaneously breaks the reflection symmetries while the diamond pVBS
does not. Additionally, square-plaquette-centered C4 rotation symmetry is spontaneously broken
in the diamond pVBS, while it is not in the square pVBS. Therefore the two di↵erent pVBS
orders will lead to di↵erent lattice distortions that are symmetry-wise distinguishable in the
experiments in the X-ray/neutron di↵raction or NMR [41, 254, 255].
Previous studies [240, 256] as well as our iDMRG data show that the pVBS phase has a
square plaquette order. Thus

2

> 0 should be relevant to our discussion of the pVBS-Néel

transition in the Shastry-Sutherland model Eq. (3.1).

2

> 0 can be also argued based on the

microscopic Hamiltonian in Eq. (3.1). In the analysis of the pVBS phases, there are two types
of singlet plaquette configurations: s-wave and d-wave types [234] represented by the following
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singlet pairing configurations in a plaquette:
s-wave:

+

d-wave:

(3.8)

For simplicity, consider a single plaquette with four spin-1/2s on the corners. For both square
and diamond plaquettes, there is a AFM coupling J1 along plaquette sides; for the diamond
plaquette, there is an additional AFM J2 coupling across one diagonal. Then, the s-wave and dwave singlet configuration has the energy

2J1 +1/4J2 and

3/4J2 respectively for the diamond

plaquette. As the pVBS phase exists at a parameter regime J1 /J2 ⇠ 0.7, an estimation of the
singlet configuration energy as listed in Tab. 3.3 indicates that the s-wave pairing in the square
plaquette has the lowest energy. In the iDMRG simulation, the wavefunction indeed exhibits
the s-wave pairing symmetry in the pVBS phase. A recent exact-diagonalization study [257] on
the small cluster of spins (Ns = 40) also reported that the phase next to the Néel order phase
hosts a spin-spin correlation which contradicts to the d-wave singlet in a diamond plaquette.
Therefore it is natural to have

square
diamond

2

> 0 in the phenomenological field theory.

s-wave
2J1 ⇠ 1.4J2
2J1 + 0.25J2 ⇠ 1.15J2

d-wave
0
0.75J2

Table 3.3: Singlet configuration energy around di↵erent plaquette with di↵erent pairing
symmetry, estimated from J1 /J2 ⇠ 0.7 for the pVBS phase.

At the first glance, it seems that the double-monopole term

2

in Eq. (3.7) is relevant and

may destroy the DQCP. However, it is realized in Ref. [77] that r and

2

actually recombine

into a new tuning parameter r̃ and a new relevant perturbation ˜ 2 . In the case of

2

> 0, the

Lagrangian LM in Eq. (3.7) can be written as
LM = r̃(Im M)2 + ˜ 2 (Re M)2 + · · · ,
with r̃ = r
equivalently r =

2

and ˜ 2 = r +
2 ),

2.

(3.9)

The parameter r̃ still drives a transition at r̃ = 0 (or

as shown in Fig.3.7 with a modified emergent symmetry. At the transition

point, the relevant perturbation ˜ 2 = 2

2

> 0 simply gaps out the diamond plaquette pVBS
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fluctuation Re M from the low-energy sector, leaving the square plaquette pVBS fluctuation
Im M quantum critical. It is further argued that the pVBS fluctuation Im M will become

degenerate with the Néel fluctuation n at the critical point[77], because the perturbations n4 ,
n2 (Im M)2 , (Im M)4 , · · · that can break the symmetry that rotates Néel and pVBS are all rankfour operators, which are expected to be irrelevant at the critical point. Therefore the Néel and
VBS order parameters can be combined into a O(4) vector (n, Im M), manifesting an emergent
O(4) symmetry. The remaining topological O(4) ⇥-term still ensures that the development
of the pVBS order Im M will simultaneously destroy the Néel order n, establishing a direct
pVBS-Néel transition with emergent O(4) symmetry.

O

(4
)

2

(square)
Im
0
pVBS
SO(5)

AFM
=0

r

Re
0
(diamond)

O
)
(4
Figure 3.7: Phase diagram of the appearance of O(4) DQCP on perturbing the SO(5) theory. Arrows indicate the RG flow direction.

3.4

Dangerously Irrelevant Scaling and Its Absence

In this section, we discuss a peculiarity of the DQCP in the Shastry-Sutherland lattice compared
to the other DQCP scenarios that have been extensively discussed.[28, 35, 36, 77, 247, 252,
258, 259] In the presence of the ˜ 2 term in Eq. (3.9), the U(1) symmetry of the monopole
operator (which acts as M ! ei✓ M) is explicitly broken down to Z2 (at the lattice level). This

Z2 symmetry can be identified as the glide reflection symmetry (Gx or Gy ) on the ShastrySutherland lattice, which can be further broken spontaneously in the pVBS phase by its order
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parameter hIm Mi. At the DQCP, this Z2 symmetry will be restored and combined with the
SO(3) spin rotation symmetry to form the larger emergent O(4) symmetry, denoted as SO(3) ⇥

Z2 ! O(4). Although the Z2 symmetry is restored at the DQCP, it is never further enlarged to
the U(1) symmetry of monopole conservation, because the explicit symmetry breaking term ˜ 2

is relevant. The presence of the relevant coupling ˜ 2 leads to an important di↵erence between
the DQCP on the Shastry-Sutherland lattice with the more conventional DQCP on the square
lattice.
To expose the di↵erences and connections, let us briefly mention the other two lattices: the
square lattice and the rectangular lattice. Due to the di↵erent lattice symmetries, the allowed
leading monopole terms will be di↵erent, as summarized in Tab. 3.4. They will lead to di↵erent
VBS orders and di↵erent properties of the DQCP. For example, on a rectangular lattice, the
other double-monopole term

0 Im M2
2

is allowed but

horizontal/vertical cVBS order depending on

0
2

> 0 (or

2 Re M
0
2

2

is forbidden, which favors the

< 0). The DQCP on the rectangular

lattice has a similar emergent O(4) symmetry, which was carefully analyzed in Ref. [77]. However,
on a square lattice, the four-fold rotational symmetry forbids all the double-monopole terms,
leaving the quadruple-monopole term
if

4

> 0 (or

4

4 Re M

4

most relevant, which favors cVBS (or pVBS)

< 0). In the absence of the double-monopole term, the DQCP on the square

lattice has an even larger emergent symmetry SO(3)⇥Z4 ! SO(5). In the easy-plane model, the
lattice symmetry would be that of the square lattice, but the spin-rotation symmetry is reduced
from SO(3) to U(1). Here, the symmetry enhancement would be U(1) ⇥ Z4 ! O(4) [28, 245].

Global Symmetry
Square (p4m)
Easy-plane Square
Rectangular (pmm)
Shastry-Surtherland (p4g)

LM
4
4 Re M
4
4 Re M
0
2
2 Im M
2
2 Re M

Emergent Symmetry
SO(3) ⇥ Z4 ! SO(5)
U(1) ⇥ Z4 ! O(4)
SO(3) ⇥ Z2 ! O(4)
SO(3) ⇥ Z2 ! O(4)

Table 3.4: Symmetry-allowed most-relevant monopole terms (apart from rM† M) and the
corresponding DQCP emergent symmetries on di↵erent lattices
Although the DQCP on the square lattice with the easy-plane deformation has the same
O(4) emergent symmetry as the DQCP on the rectangular or Shastry-Sutherland lattice, there
is a crucial di↵erence between them. On the square lattice, the U(1) ! Z4 symmetry breaking
term

4 Re M

4

is dangerously irrelevant, which enhances Z4 to U(1) at the DQCP. As we move
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Figure 3.8: (a) Renormalization group (RG) flow of the quadrupled monopole term 4 M4
in the square lattice DQCP scenario, which is dangerously irrelevant. For a small deviation of
the tuning parameter J1 /J2 towards the VBS phase, 4 initially decreases under RG flow until
the RG scale reaches the spin-spin correlation length. Only after that, 4 begins to increase
to reach the VBS fixed point. This has noticeable consequences for observables in a finite size
numerical simulation. (b) Schematic plot for the inverse correlation length ⇠ 1 of spin singlet
and triplet operators as a function of tuning parameter for the square lattice DQCP scenario
with either O(4) or SO(5) emergent symmetries. Note that ⇠ 1 is related to the energy (mass
gap) of the associated excitation [211]. Here, the skyrmion corresponds to the Higgsed ‘photon’ excitation in the CP1 theory. In the VBS phase, this photon excitation manifests as a
spin singlet VBS order parameter fluctuation, i.e. the VBS domain wall thickness. Similarly,
the magnon becomes a ‘triplon’ in the VBS phase. The plot assumes the simulation of the
DQCP at the finite circumference L and bond dimension , which prevents ⇠ to diverge at the
DQCP.
away from the DQCP toward the VBS phase, the system will exhibit two di↵erent length scales:
the spin correlation length ⇠spin and the VBS domain wall width ⇠VBS [35, 261]. The system is
critical at the length scale below ⇠spin , meaning that the spin correlation decays in a power-law.
Beyond this length scale, however, the system is still not fully in the VBS phase. Because the
Re M4 operator is irrelevant at the critical point, its coupling coefficient

4

has decreased under

the renormalization group (RG) flow initially, as in Fig. 3.8(a). However, once RG flow goes
beyond the length scale of ⇠spin ,

4

starts to increase with the RG flow until it becomes strong

enough to break the U(1) symmetry down to Z4 at the length scale ⇠VBS [262]. A careful analysis
(

[35] showed that ⇠VBS ⇠ ⇠spin
1.

1)/2

, where

> 3 (irrelevant) is the scaling dimension of Re M4

Thus, ⇠VBS grows more rapidly than ⇠spin as we approach the critical point.
1

Beyond the length scale ⇠spin , the system behaves like XY model with order parameter M. From
1/2
the inspection of the XY model, the domain wall length scale is given by ⇠VBS ⇠ 4 , where 4 is
a renormalized coefficient for Re M4 at that length scale. From the generic scaling argument, we have
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Figure 3.9: The correlation length spectrum for (a) J1 -J2 model in the spin-1/2 square lattice ( = 2000) and (b) the Shastry-Sutherland model ( = 4000). The correlation length
spectrum coincides with the excitation level crossing spectrum in Fig.2 of [260] (After switching J2 /J1 to J1 /J2 ). For the value of J1 /J2 smaller than the range shown in the figure, we
would get the collinear striped AFM order (dVBS) for the square (Shastry-Sutherland) lattice.
The level-crossing behaviors for both models are similar in the Néel ordered side.
However, on the Shastry-Sutherland lattice, there is no symmetry enhancement from Z2
to U(1) at the DQCP because U(1) is already broken down to Z2 by the relevant symmetry
breaking term ˜ 2 (Re M)2 . As a result, there is no dangerously irrelevant RG flow around the

DQCP. As soon as we move away from the critical point, Z2 anisotropy is there to break the
emergent O(4) symmetry down to the microscopic SO(3) ⇥ Z2 symmetry. To better understand,
let us compare the relevant tuning term for two di↵erent cases in the non-linear sigma model
⇠VBS ⇠ Lf ( 4 L3 ), where L can be any length scale within the scaling regime. At the length scale
1/2
L = ⇠spin where the system behaves like XY model, we already know that ⇠VBS ⇠ 4 . Thus, we can
(
1)/2
deduce f (x) ⇠ x 1/2 , and derive that ⇠VBS ⇠ ⇠spin
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(NLSM) description:
Easy-plane Square: ⇠ r(n2x + n2y

vx2

Shastry-Sutherland: ⇠ r̃(n2x + n2y + n2z

vy2 )
(Im M)2 )

(3.10)

For the Easy-plane case, r > 0 is not enough to break the emergent U(1) down to Z4 , calling
for the dangerously irrelevant scaling of

4 Re M

4

term. On the other hand, r̃ > 0 immediately

introduces the negative mass for Im M to develop its ordering, gapping out the associated
fluctuation. Thus, there does not exist a separation of length scales nor scenario expected in
Fig. 3.8. The singlet gap (the gap of pVBS fluctuation) should open up immediately as we tune
r̃ away from the critical point in the thermodynamic limit.
What is the consequence of all these observations? In the study of finite size systems, the
RG flow should stop at a certain point beyond the system size. This means that the dangerously
irrelevant scaling can significantly a↵ect the correlation behavior or excitation spectrum in small
system sizes, as illustrated in Fig. 3.8(b). Due to the dangerously irrelevant scaling, near the
DQCP towards the VBS side, the correlation length of the VBS order parameter fluctuation
(S = 0) should be larger than the correlation length of the Néel order parameter fluctuation
(S = 1). However, in the thermodynamic limit, such a behavior is not guaranteed as the eventual
fate under the RG flow is often difficult to understand. For example, in the mean-field treatment
of the VBS phase, it has been argued that the spin-triplet excitation (triplon) has a lower energy
than the singlet excitation (singlon) [251]. On the other hand, in the finite size systems, the
dangerously irrelevant scaling enforces the region with ⇠S=0 > ⇠S=1 in Fig. 3.8(b) to appear
regardless of the eventual RG behavior in the VBS phase. Moreover, since we consider a quasi
two-dimensional system in the iDMRG simulation, the finite circumference size can also a↵ect
the behavior in Fig. 3.8. In principle, the Mermin-Wagner theorem prevents the spontaneous
symmetry breaking of a continuous symmetry in dimensions D

2 [263]. In other words,

in a quasi two-dimensional system, the strong fluctuation of the continuous order parameter
(e.g. SO(3) spin-rotation) would gap out the system and reduce the correlation length for the
associated Goldstone bosons (e.g. magnons). As the disordering e↵ect would be stronger for the
physical SO(3) spin-rotation symmetry than for the emergent U(1) symmetry enhanced from
Z4 , we would again expect the parameter region of ⇠S=0 > ⇠S=1 to appear near the DQCP.
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By contrast, in the Shastry-Sutherland model, the relevant Z2 perturbation can always gap
out the monopole fluctuation away from the critical point. To confirm this, we performed the
iDMRG simulation on the spin-1/2 J1 -J2 model at the same circumference size L = 10 and
compared the correlation length spectra between two models. In Fig. 3.9(a), we observe that
⇠S=0 , the correlation length of a S = 0 local excitation, is always larger than ⇠S=1 in the entire
VBS phase on the square lattice. However, In Fig. 3.9(b), ⇠S=0 is larger than ⇠S=1 only at the
transition point and immediately becomes smaller than ⇠S=1 as we tune the system away from
the critical point towards the VBS phase. This is one of the non-trivial prediction from the
presence of relevant anisotropy operator at a finite-system size simulation. In the Néel ordered
phase, these two models exhibit very similar correlation length spectra. For more details, see
Appendix. C.2.
Our numerical result for the square J1 -J2 model aligns with the recent work [260] on the
finite-DMRG simulation which calculated first several excited states with di↵erent spin quantum
numbers. If we replace the excitation energy in Ref. [260] with ⇠

1,

we obtain the same crossing

behavior. This can be justified by the fact that when a local excitation has a mass gap m,
the correlation function mediated by the local excitation decays as ⇠ e

mr ,

thus m / ⇠

1.

Therefore, our theoretical scenario explains why a local 2 spin-singlet excitation in the Ref. [260]
has lower energy than a spin-triplet excitation around the critical point. It also elucidates the
reason why the previous DMRG results of the J1 -J2 model on the square lattice [234, 264–268]
were unable to identify the nature of the VBS phase without applying a pinning field. Because
all previous numerics were also performed in the similar system size, they were in the regime
where the VBS order parameter fluctuations were severe, disallowing one to confirm whether
it is a plaquette or columnar VBS. Therefore, we conclude that the absence or presence of an
irrelevant operator is essential to understand physical observables in any finite size system.
In summary, we note that previously the two promising scenarios to realize DQCP with spin
1/2 was either the SO(3) symmetric or easy plane deformations, both with four-fold degenerate
VBS orders. Here, however, we have the two-fold degenerate VBS order. Nevertheless, as
discussed in Ref. [77], the two-fold monopole with SO(3) symmetry is equivalent to the easy plane
deformation, if an enlarged SO(5) symmetry is assumed in the absence of these perturbations.
2

In the VBS phase, there are four degenerate ground states, whose degeneracy is lifted by the finite
system size. These nearly degenerate excited states should be distinguished from the other excitations
that can truly be ‘local’.
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Furthermore, we remark that the scaling behavior of dangerously irrelevant operator enables us
to understand multiple observations made in previous numerical simulations which is absent in
the Shastry-Sutherland model here.

3.5

Spectral Signatures of DQCP

A hallmark of the DQCP is the emergence of deconfined spinons at the critical point, which
entails distinct features in both the magnon and phonon excitation spectra that can be probed
in INS or RIXS experiments. To better appreciate the predicted spectral features at lowtemperature around the pVBS-Néel transition, we need to first understand the background
elastic scattering signal of SrCu2 (BO3 )2 in its high-temperature paramagnetic phase without
any symmetry breaking. We will focus on the scattering of neutrons or photons o↵ of the copper sites. As shown in Fig. 3.1(a), there are four copper sites in each unit cell, coordinated
at rA = (1 + , 1 + )/2, rB = (1

, 3 + )/2, rC = (3 + , 1

respectively, with the distortion parameter given by

)/2, rD = (3

,3

)/2

= 0.544 according to Ref. [236]. In the

high-temperature paramagnetic phase, an elastic scattering experiment will reveal lattice di↵raction peaks at a set of momenta Q = ⇡(H, K) (H, K 2 Z, note that the lattice constant is 2 in
R
P
our convention) with the amplitude given by S(Q) = d2 r⇢(r)eiQ·r ' a=A,B,C,D eiQ·ra , where
⇢(r) can represent either the electron density from Cu orbitals (which scatters X-ray photons)

or the density of Cu nuclear (which scatters neutrons). The corresponding intensity |S(Q)|2 is
plotted in Fig. 3.1(b). Notably, there are extinction points in the di↵raction pattern, protected
by the glide reflection symmetry. Note that the system at the DQCP has the glide-reflection
symmetries Gx and Gy although both the Néel and pVBS phases do not.

3

The glide reflec-

tions Gx and Gy act as lattice translations by a half lattice constant followed by the reflections
about the translation directions, as illustrated in Fig. 3.1(a). The fact that the density distribution ⇢(r) at equilibrium respects all lattice symmetries (including Gx and Gy ) implies that
⇢(x, y) = ⇢(x + 1, y) = ⇢( x, y + 1). They impose the following constraints on the scattering
amplitude
S(Qx , Qy ) = eiQx S(Qx , Qy ) = eiQy S( Qx , Qy ),
3

(3.11)

The Néel ordered phase has the time-reversal glide T Gx,y , while the pVBS phase has the time-reversal
T . At the DQCP, we have both symmetries, thus the composition T T Gx,y = Gx,y should be there.
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which implies the extinction of di↵raction peaks at Q 2 ⇡(2Z + 1, 0) or ⇡(0, 2Z + 1), as marked
out in Fig. 3.1(b). In general, ⇢(r) can describe the spatial pattern of any scatterers that interact
with the probing particle (e.g. X-ray or neutrons). Eq. (3.11) holds under the assumption that
the scatterer field ⇢(r) is even (symmetric) under glide reflection symmetry. This constraint can
be generalized to other type of scatterers including magnetic fluctuations at finite frequency.
For example, the destruction of the scattering amplitude at these extinction points could extend
to finite-frequency inelastic scattering, as long as no scatterer at that energy scale breaks the
glide reflection symmetry. However, as we lower the temperature and approach the pVBSNéel transition, certain glide-reflection-breaking excitations (meaning that the scatterer is odd
under the glide reflection) may emerge at low energy as part of the quantum critical fluctuation.
Indeed, we will show that the emergent SO(4) conserved current fluctuation and the pVBS order
fluctuation are examples of glide-reflection-breaking scatterers, which will become critical at the
DQCP and “light up” the extinction points. They will provide unique signatures of the DQCP
that are also relatively easy to resolve in experiments, as there are no background scattering
signals at the extinction points.

(b) j

(a)

k

l
i
j

l
i

k

Figure 3.10: (a) The ⇡-flux model of fermionic spinons. The spinon hopping on the thick
red bond gets a minus sign, such that each plaquette has a ⇡-flux. Additional spinon interaction terms are applied to blue shaded diamonds. (b) The arrangement of the site indices [ijkl]
around each shaded diamond.

The proposed spectral signatures at the pVBS-Néel transition is most convenient to analyze
using a fermionic spinon theory for the DQCP, which has been shown to be equivalent (dual)
to the conventional CP1 theory[269–272]. In the fermionic spinon theory, the spin operator
Si = 12 fi† fi is fractionalized into fermionic spinons fi = (fi" , fi# )| , which are then placed in
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the ⇡-flux state[154, 172, 273, 274] described by the following mean-field Hamiltonian
HMF =

X

tij (fi† fj + h.c.)

hiji

+g

X

(fi† fj + h.c.)(fk† fk

[ijkl]

fl† fl ) + · · · ,

(3.12)

where hiji runs over all the nearest neighbor bonds and [ijkl] runs over all the shaded diamond
plaquette depicted in Fig. 3.10(a). The spinon hopping amplitude tij takes tij =

t on the bonds

highlighted in red in Fig. 3.10(a) and tij = t on the rest of the bonds, such that the spinon sees ⇡flux threading through each plaquette. The phenomenological parameter t ⇠ J1 sets the energy
scale of the spinon, which is expected to be of the same order as the spin interaction strength
J1 . The ⇡-flux state model Eq. (3.12) was originally proposed as an example of algebraic spin
liquids[154, 172, 273, 274] (including the DQCP as a special case). It is recently confirmed via
quantum Monte Carlo (QMC) simulations[270–272] that the ⇡-flux state actually provides a
pretty good description of the spin excitation spectrum at the DQCP.
The ⇡-flux state mean-field ansatz determines a projective symmetry group (PSG)[275] that
describes how the spinon should transform under the space group symmetry, as concluded in
the last column of Tab. 3.2. It is found that the spinon hopping along the dimer bonds are
forbidden by the

xy ,

xȳ

symmetry, which is not broken at the DQCP. Therefore the e↵ect

of J2 can only enter the Hamiltonian as a four-fermion interaction to the leading order, given
by the g term in Eq. (3.12). The g term describes the spinon interaction around each diamond
plaquette [ijkl] where the site indices i, j, k, l are arranged according to Fig. 3.10(b). It turns out
that the interaction g is directly related to the
M† ⇠ (vx + vy ) + i(vx

2 Re M

2

term given that the monopole operator

xy ) can be written in terms of VBS order parameters vx , vy , which are

†
†
further related to fermionic spinons via vx ⇠ ( )x fi+x̂
fi + h.c. and vy ⇠ ( )x+y fi+ŷ
fi + h.c.,

such that the interaction can be written as gvx vy ⇠ g Re M2 . Therefore g > 0 would correspond
to

2

> 0, which favors the square plaquette VBS order Im M.

Let us ignore the interaction g for a moment. By diagonalizing the spinon hopping Hamilp
tonian, we find the spinon dispersion ✏k = ±2t cos2 kx + cos2 ky , which gives rise to 4 Dirac

fermions (or equivalently 8 Majorana fermions) at momentum (⇡/2, ⇡/2). Note that the distortion parameter

does not a↵ect the spinon band structure. Naively, the spinon mean-field

theory has an emergent SO(8) symmetry rotating among the 8 low-energy Majorana fermions.
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However, a SU(2) gauge structure must be introduced with the fractionalization, which reduces
the emergent symmetry to SO(5). The interaction term g plays an important role to further
break the SO(5) symmetry explicitly to O(4), matching the emergent symmetry observed in the
DMRG simulation.
Based on the fermionic spinon mean-field ground state, the spin excitation spectrum S(!, q)
has been calculated in Ref. [270–272] and is reproduced in Fig. 3.11(a) for illustration, where
the high symmetry points

, X, M are defined in Fig. 3.1(b). The lower edge of the spinon

continuum is given by !min (q) = mink |✏k+q

✏k |, which reads

q
!min (q) = 2t sin2 qx + sin2 qy ,

(3.13)

as shown in Fig. 3.11(a). This provides us a way to estimate the mean-field parameter t from the
experimentally measured spin excitation spectrum, by fitting this lower edge. This is a rather
robust result as its shape is una↵ected by the distortion parameter .
Remarkably, a gapless continuum will appear on top of the extinction point X (as well as Y by
xy

symmetry) as seen in Fig. 3.11(a). As previously analyzed in Eq. (3.11), the spin excitation

at the X point must be odd under the glide reflection symmetry Gx . This symmetry constraint
enforces that the gapless continuum should correspond to the emergent SO(4) conserved current
fluctuation Jy = n@y Im M

Im M@y n which involves both the Néel n and pVBS Im M order

parameters and has been thoroughly studied in Ref. [154, 271, 276]. Since n, @y and Im M
are all odd under the glide reflection Gx (that preserves the extinction point X), the current
operator Jy is also odd under Gx . Therefore Eq. (3.11) does not hold anymore, such that the
fluctuation of Jy can appear at the extinction point X as a spinon continuum in the magnon
channel (as Jy carries spin-1). On the other hand, fluctuations like n Im M is not allowed to
appear at the X point in the spin excitation spectrum because the bound state n Im M is even
under glide reflection (cf. Eq. (3.11)). The Jy continuum will only become gapless if both the
Néel and pVBS fluctuations are gapless, which only happens at the DQCP. Protected by the
emergent O(4), the conserved current operator must have a scaling dimension exactly pinned
at 2, which indicates that the magnon spectral weight at the extinction point X must increase
with the frequency linearly (at below the energy scale of J1 )
Smagnon (!, q = X) / !.
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(3.14)

as shown in Fig. 3.11(b). We propose this as a hallmark feature of the spin fluctuation at the
pVBS-Néel transition in SrCu2 (BO3 )2 . Confirmation of this linear frequency growth of the
spectral weight will provide direct evidence for the emergent O(4) symmetry at the DQCP.
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Figure 3.11: (a) Spin excitation spectrum (dynamical structural factor) Smagnon (!, q) at the
DQCP. Darker color indicates higher intensity. The dashed line trace out the lower-edge of
the continuum which is described by Eq. (3.13). (b) The frequency dependence of the spectral
intensity at the extinction point X. At the low-frequency limit, the spectral intensity grows
with frequency linearly, which manifests the conserved current associated to the emergent
O(4) symmetry. (c) Schematic illustration of the phonon spectrum Sphonon (!, q). The bare
phonon dispersion is inferred from Ref. [277]. The VBS-phonon coupling leads to a continuum
in the phonon spectrum. (d) The frequency dependence of the phonon spectral intensity at
the extinction point X. The intensity falls o↵ in a power-law with frequency, whose exponent
should be the same as that of the spin fluctuation at M point.

Apart from the features in the spin excitation (magnon) spectrum, the DQCP also introduces
new features to the phonon spectrum, due to the pVBS-phonon coupling. The pVBS order has
a linear coupling to the lattice displacement as its representation under the lattice symmetry
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group matches with that of strain fields
LVBS-phonon ⇠ vx ux + vy uy ,

(3.15)

where ux (or uy ) is the lattice displacement in the x (or y) direction with a momentum (⇡, 0)
(or (0, ⇡)). It is crucial that ux and uy here are not acoustic phonon modes of a continuum
theory around momentum (0, 0), otherwise they can only enter the field theory in the form of
derivatives @i uj . The coupling is allowed by lattice symmetry and is evident from the pVBS
induced lattice distortion as demonstrated in Fig. 3.6(a). This leads to a hybridization between
phonon and pVBS fluctuations. As the pVBS fluctuation becomes critical (gapless) at the
DQCP, the quantum critical fluctuation will also appear in the phonon spectrum due to the
hybridization e↵ect, as illustrated in Fig. 3.11(c) (see Appendix C.3 for detailed analysis). As
the pVBS order carries the momentum (⇡, 0) and (0, ⇡), the phonon continuum will also get
softened at these momenta, which happen to be the extinction points X and Y of the lattice
di↵raction pattern. Note that the pVBS fluctuation is odd under glide reflection, therefore
new phonon continuum is allowed to emerge at the extinction points with the spectral weight
diverging at low-frequency following a power-law,
Sphonon (!, q = X) / !

2+⌘.

(3.16)

The anomalous dimension ⌘ should match that of the pVBS order parameter at the DQCP,
which, by the emergent O(4) symmetry, is also the same ⌘ of the Néel order parameter. Based on
the QMC simulations in Ref. [245, 278], ⌘ has been estimated to be ⌘ = 0.13 ⇠ 0.3. Observation
of such critical phonon fluctuations at the extinction points with a power-law divergent spectral
weight as shown in Fig. 3.11(d) will be another direct evidence of DQCP.
In conclusion, extinction points are protected by the glide reflection symmetry, but both
the conserved current and the pVBS order parameter breaks the glide reflection. Their critical
fluctuations are therefore allowed to appear at the extinction point. This is rather a nice property
that there will be no background signals form lattice di↵raction, which makes these spectral
signatures of DQCP more easier to resolve in experiments. Our analysis indicates that the
conserved current fluctuation (which carries spin-1) should appear in the magnon spectrum and
the pVBS fluctuation (which carries spin-0) should appear in the phonon spectrum. Observation
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of these critical fluctuations in the scattering experiment will be strong evidence for the potential
realization of DQCP in SrCu2 (BO3 )2 .

3.6

Effects of Interlayer Coupling

So far, we have discussed the DQCP physics assuming that the system is two-dimensional.
However, the material realization of Eq. (3.1), SrCu2 (BO3 )2 , has a three-dimensional structure
which is a stack of the Shastry-Sutherland lattices with a relative shift given by the lattice vector
(1,1) between neighboring layers. Each layer is separated by the layer of oxygen, but due to
the super-exchange term mediated by the oxygen, there is a small interlayer anti-ferromagnetic
interaction J3 ⇠ 0.1J2 [279] between the spin-1/2s located at the crossed dimers in Fig. 3.12.
Since the stacking structure preserves Gx,y and

xy,xȳ

symmetries, previous monopole analysis

still holds for each two-dimensional layer. Here, we would like to better understand the e↵ect
of the three-dimensional interlayer coupling to the DQCP physics.
To analyze, we first consider coupling layers of spin systems at the conventional DQCP point
with the emergent SO(5) symmetry (other than the O(4) case in the previous discussion). Here,
each layer is described by the following NLSM model in Euclidean spacetime [172, 280]:
(l)
SDQCP

where

(l)

=

Z

d3 x

1
(@µ
2g

(l) 2

) + 2⇡i

WZW [

(l)

]

= (nx , ny , nz , Im M, Re M) is the order parameter of the l-th layer and

(3.17)
WZW [

(l) ]

is a Wess-Zumino-Witten (WZW) term at level k = 1. With the interlayer coupling, the total
action is given by the following general form [281]
S=

X
l

(l)
SDQCP

XZ

d3 x g ab

(l)
a

(l+1)
,
b

(3.18)

l

where the interlayer coupling coefficients g ab can be arranged into a matrix g. Given that
is estimated to be around

' 0.6 in the literature[282–291],

the interlayer coupling is expected to be relevant (as 2

< 3), locking the order parameters

the scaling dimension of

across di↵erent layers. Then, the coefficient matrix g becomes important since the sign of its
determinant det g crucially a↵ects how the topological (WZW) term from each layer will be
added up (cf. [281]). More precisely, if the sign of det g is positive (negative), the WZW terms
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Figure 3.12: (a) Three-dimensional interlayer AFM coupling J3 among spins located at
the cross between upper and lower diagonal bonds, mediated by the interpenetrating oxygen
atom. The other interlayer couplings are negligible. Preferred stacking of (b) the Néel ordered
phase with n(l) = n(l+1) (red and blue dots for opposite spins), (c) and the diamond pVBS
phase with Re M(l) = Re M(l+1) , (d) square pVBS phase with Im M(l) = Im M(l+1) (thick
purple bonds mark singlet plaquettes). For (c) and (d) cases, energetically favorable stacking
can be deduced by the interlayer dimer resonance.
are added up in a uniform (staggered) manner. The reason is that we can always redefine

(l)

in alternate layers to make g positive definite, but the price to pay will be that the WZW term
will change sign alternatively if the original det g is negative. Note that the procedure requires
the topological term to be invariant under the change of origin (translation symmetric), i.e.
Tx,y :

WZW [

] 7!

WZW [

]. Otherwise, the addition or subtraction of topological terms across

layers would not be well-defined due to the arbitrariness of the choice of origin across the layers
for the locked order parameter.
For example, consider coupling the two-dimensional square lattice J-Q models [292] into a 3D
cubic lattice with AFM spin-spin interaction along vertical bonds. Each layer putatively realizes
the DQCP physics with

= (n, vx , vy ) describing Néel and cVBS order parameters. Under the

AFM interlayer coupling, the coupling matrix g has the sign structure of g aa = ( , , , +, +).
This is because the vertical AFM coupling prefers n(l) =
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n(l+1) while the vertical plaquette

ring exchange

4

(l)

(l+1)

favors vx,y = vx,y . In this case, det g < 0, so the WZW terms in neighboring

layers tend to cancel each other. However the cancellation will not be exact, as the

field

still admits (smooth) fluctuation over layers, this results in a residual topological term, namely
a topological ⇥-term. Staggering a WZW-term at level k would give a ⇥-term at ⇥ = ⇡k.
Now the problem of the coupled DQCPs boils down to understand the fate of the SO(5) NLSM
with ⇥ = ⇡ in (3+1)D. There are some hints from the fermionic parton analysis. One can
consider fractionalizing the
⇠ ¯i

a

5 a

vector to the bilinear form of a fermionic parton field

, such that the

following

fermion is in the SO(5) spinor representation (or the Sp(2)

fundamental representation). The emergent gauge structure will be SU(2), which points to the
SU(2) quantum chromodynamics (QCD) model in (3+1)D with Sp(2) flavor symmetry,
L = ¯(

µ

Dµ + m + i

5

a

a

) .

(3.19)

Integrating out the fermion and gauge fluctuation is expected to reproduce the SO(5) NLSM
with ⇥ = ⇡(1 + sgn m), such that ⇥ = ⇡ is realized at m = 0. However, the number of Dirac
fermion flavors (Nf = 2) is not enough to avoid a chiral symmetry breaking in 3D. Therefore,
under the interlayer coupling, it is likely that the SO(5) DQCP flows to a discontinuous transition
point induced by the quantum fluctuation. Considering that the O(4) DQCP from easy-plane
anisotropy or rectangular deformation is descended from the SO(5) DQCP [77], breaking SO(5)
down to O(4) makes the situation worse.
In a similar way, one can analyze the three-dimensional stacking of the Shastry-Sutherland
lattice. If we allow the possibility of the diamond pVBS phases, the order parameter is written
= (n, Re M, Im M) where Re M (Im M) represents the square (diamond) pVBS order

as

parameter. Note that now each layer is shifted by (1, 1) vector (see Fig. 3.5) relative to the layer
below, and the interlayer AFM coupling is given by Fig. 3.12(a) instead of the direct vertical
coupling. In Fig. 3.12(b), we show two identical layers of Néel ordered pattern relatively shifted
by (1, 1). If we focus on the four spins surrounding the diagonal bond crossing, we found that
the two spins from the upper layer and the two spins from the lower layer are aligned oppositely,
which is favored by the AFM interlayer spin exchange J3 . So the interlayer coupling prefers
to lock the Néel order parameter in the same direction across the layer as n(l) = n(l+1) . In
4

The AFM spin-spin interaction along vertical bonds induces the e↵ective vertical plaquette ring
exchange for the low energy subspace.
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Fig. 3.12(c), we show two identical diamond pVBS patterns displaced from each other. This
configuration can gain the e↵ective interlayer ring exchange energy induced by the J3 coupling,
which resonates the nearby dimers across the layer. Thus we conclude that Re M(l) = Re M(l+1)
is more favorable. In Fig. 3.12(d), we show two opposite square pVBS patterns displaced from
each other. This configuration also gains interlayer ring exchange energy by resonating the
dimers lying on top of each other. But this would require the square pVBS order parameter to
be opposite between neighboring layers as Im M(l) =

Im M(l+1) . In conclusion, the interlayer

coupling prefers (n(l) , Re M(l) , Im M(l) ) = (n(l+1) , Re M(l+1) ,

Im M(l+1) ). Here, instead of

using (vx , vy ), we use (Re M, Im M) to parameterize the VBS order parameter, which is a basis
change with a positive determinant. In this basis, the interlayer coupling matrix g takes the
sign structure of g aa = (+, +, +, +, ). As a result, we again have det g < 0, which implies that
SO(5) DQCP would flow to the first order transition point in 3D. Since our O(4) scenario is
considered to be a perturbed SO(5) DQCP (see Fig. 3.7), it is likely that the O(4) DQCP would
also flow to the first order transition point.
If det g happens to be positive, the leading order e↵ect is that the WZW terms would add up
together, as the interlayer coupling g tends to lock the order parameters

(l)

across the layers.

Admittedly, the locking e↵ect will become weaker at longer distance (along the perpendicular
direction of layers), but we can still analyze the problem by first grouping the neighboring layers
to a renormalized layer and then considering the residual coupling between renormalized layers.
Across neighboring layers, the order parameters are expected to bind together, such that the
renormalized model can be viewed as a NLSM with WZW term at large level k. The intuition from (0+1)D O(3) WZW term is that the large level limit corresponds to the large spin
limit, where the quantum fluctuation of the order parameter is suppressed. Coupling spin-1/2
into a spin chain ferromagnetically in Sx,y,z -channels results in the ferromagnetic ground state
with giant spin and classical spin wave excitations. In this limit, the low-energy physics can be
captured within Landau-Ginzberg (LG) theory. Further adding di↵erent easy-axis anisotropies
to the ferromagnetic spin chain will drive first-order transitions between di↵erent Ising ordered
phases according to the LG theory. We conjecture that in higher dimension, similar e↵ect
will render each renormalized layer into a classical magnet which should be described within
Landau-Ginzberg paradigm, such that the DQCP is not available. So in the presence of interlayer coupling, the Néel and VBS phases will likely be separated by a first order transition or
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intermediate coexisting phases. Thus, our analysis shows that in both det g > 0 and det g < 0
cases, the interlayer coupling would ultimately destabilize the DQCP, and drive it, for example, to a first order transition. However, our analysis also indicates that the det g < 0 case,
corresponding to the real material, will have stronger quantum fluctuations, potentially leading
to a weaker first order transition or a smaller region of coexisting order parameters than the
det g > 0 case.
One additional remark is that while the interlayer Néel order coupling enters directly from
the J3 term, the interlayer VBS coupling arises from the higher-order perturbation (resonance)
of the J3 term. As a result, the critical point would be shifted to expand the Néel order phase.
This is consistent with the phase diagram studied in [256], where the interlayer coupling drives
a system into the AFM order and shrink down the VBS region.

3.7

Predictions for Experiment

Before discussing experimental consequences of the DQCP, we will make a few remarks on the
nature of the plaquette VBS phase. In the Sec. 3.3, we discussed two di↵erent possibilities
for the pVBS phases (see Fig. 3.6): the square and diamond pVBS. While the square pVBS
breaks the reflection symmetries

xy

and

xȳ ,

the diamond pVBS breaks the empty-plaquette-

centered C4 rotation symmetry, see Fig. 3.5. As a result, when the system is at the pVBS
phase, magnetic excitations initially degenerate under the p4g symmetry would split di↵erently
depending on whether the plaquette is formed at a square or diamond. While our iDMRG
simulation of the Shastry-Sutherland model points to the square pVBS phase, in the recent
experiments on SrCu2 (BO3 )2 using INS[41] and NMR[254, 255], the magnetic excitations in the
pVBS phase seems to break the C4 rotation symmetry, indicating the diamond pVBS phase.
This discrepancy implies that the e↵ective spin model for the real material could deviate from the
Shastry-Sutherland model studied here. For example, three-dimensional interlayer coupling may
induce some e↵ective further-neighbor couplings beyond Shastry-Sutherland model. Therefore
the type of pVBS phase to be stabilized at low energy is model dependent. Nevertheless, this does
not a↵ect to the DQCP scenario and the emergent O(4) symmetry because it only corresponds
to a di↵erent sign of

2

in Eq. (3.7).

As discussed earlier, the DQCP naturally realizes a quantum spin liquid, a long sought after
state of quantum magnets. Furthermore it realizes a particularly exotic variety - a critical spin
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liquid - with algebraically decaying correlations arising from the gapless emergent degrees of
freedom. Moreover, an experimental realization of the DQCP would be a crucial manifestation
of the many-body Berry phase e↵ect that intertwines di↵erent order parameters. A dramatic
experimental consequence of the DQCP is the emergent symmetry and resultant spectroscopic
signatures expected from INS or RIXS. In particular, the model for SrCu2 (BO3 )2 studied here
exhibits the O(4) emergent symmetry with two promising spectroscopic signatures at X-point
in the Brillouin zone, summarized as the following:
• Magnon (S = 1) Channel: This gives the information about the critical fluctuation of the
emergent O(4) conserved current. As a result, the spectral intensity increases linearly with
the frequency, S ⇠ !. If the emergent symmetry did not exist, there should not exist low
energy spectral weight at this momentum. The deviation from the linear relation would give
us a measure of how accurate the emergent symmetry is.
• Phonon (S = 0) Channel: This gives the information about the pVBS order parameter fluctuation. For a given anomalous dimension ⌘VBS of the pVBS order parameter, the spectral
intensity diverges with the frequency, S ⇠

!2

1

⌘VBS

. The DQCP scenario implies that the VBS

order parameter is fractionalized, resulting in a non-zero ⌘VBS .
Moreover, the emergent symmetry implies that ⌘VBS is equal to the anomalous dimension of
the Néel order parameter fluctuation, ⌘Néel . However, the Néel order parameter fluctuation is
located at the M -point, which has a pronounced Bragg peak in addition. In principle, the Bragg
peak corresponds to spin-0 channel and it must be possible to extract ⌘Néel and compare the
⌘Néel with ⌘VBS to tell whether the emergent O(4) symmetry exits. In the earlier work [279], it
is estimated from the low-T magnetic susceptibility and heat capacity data that J1 ⇡ 4.7 meV,
J2 ⇡ 7.3 meV, and J3 ⇡ 0.7 meV. Moreover, the Debye frequency of the acoustic phonon branch
has been measured to be !D ⇡ 10 meV in Ref. [277]. Therefore, for experiments to confirm the
theoretical predictions, it is required to have the energy resolution smaller than the milli-electron
volt.
According to the present numerical simulation, the phase transition between the pVBS and
Néel order can be a second-order or weakly-first order transition. The result does not contradict
recent numerical work with a similar phase diagram where a first-order transition behavior was
observed, because these models [242, 243] are di↵erent from the microscopic Hamiltonian in
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Eq. (3.1), which is more likely to capture the couplings in the real material. Since the nature of
the phase transition may be tunable, it is possible that the experiments on SrCu2 (BO3 )2 may
realize the transition that is either a second order or a weakly first order with large correlation
length.
Would all these predictions become meaningless if the transition is actually a weakly first
order? In fact, even if the two-dimensional system hosts the DQCP, we argued in the previous
section that the interlayer coupling might drive the system into a first-order transition point
in three-dimension. Indeed, at the weakly first-order transition point, the system would have
a finite excitation gap, and experimental spectroscopic data at zero temperature would deviate
from Fig. 3.11 due to the absence of a gapless critical fluctuation. However, if we examine the
system within the length scale smaller than the (large) correlation length ⇠, the system would
still exhibit the DQCP physics. In other words, if we only examine the system above the energy
scale set by the correlation length ! > !gap ⇠ 1/⇠, we would observe the predicted spectral
intensity trends in Fig. 3.11. It is our hope that future experiments will be able to use these
results to clarify the physics behind the interesting properties of SrCu2 (BO3 )2 .

3.8

Conclusions

We studied a two dimensional S = 1/2 model which captures key features of the ShastrySutherland material SrCu2 (BO3 )2 . We obtained the phase diagram using numerical iDMRG
simulations and observed a potentially continuous transition between a plaquette VBS state
with two-fold degeneracy and a Néel ordered phase. The transition, studied using both numerical and field theoretical techniques, is proposed to be a deconfined quantum critical point, and we
discussed its special features including the lack of a dangerously irrelevant scaling and an emergent O(4) symmetry. Concrete predictions are made for future experiments in SrCu2 (BO3 )2 ,
where a pressure tuned transition between Néel order and a putative plaquette VBS state has
already been reported [41]. The predicted experimental signatures include the form of spectral intensity of spin singlet and spin triplet excitations at extinction points, which should be
accessible in future resonant X-ray and neutron scattering experiments. These can provide a
smoking gun signature of the deconfined criticality and emergent O(4) symmetry. Complications
arising from the coupling between layers in the third dimension of the bulk material are briefly
discussed, although further work in this direction is needed. We hope this study will trigger
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future experimental investigation of this quantum critical point in an interesting material, and
more generally provide a road map for the experimental study of deconfined quantum criticality.

139

4

Moiré Physics in Twisted Graphenes

Two graphene monolayers twisted by a small magic angle exhibit nearly flat bands, leading to
correlated electronic states. Here we study a related but di↵erent system with reduced symmetry
- twisted double bilayer graphene (TDBG), consisting of two Bernal stacked bilayer graphenes,
twisted with respect to one another. Unlike the monolayer case, we show that isolated flat
bands only appear on application of a vertical displacement field. We construct a phase diagram
as a function of twist angle and displacement field, incorporating interactions via a HartreeFock approximation. At half-filling, ferromagnetic insulators are stabilized with valley Chern
number Cv = ±2. Upon doping, ferromagnetic fluctuations are argued to lead to spin-triplet
superconductivity from pairing between opposite valleys. We highlight a novel orbital e↵ect
arising from in-plane fields plays an important role in interpreting experiments. Combined with
recent experimental findings, our results establish TDBG as a tunable platform to realize rare
phases in conventional solids.
The recent discovery of correlated insulating states and superconductivity in twisted bilayer
graphene (TBG) [293–296] has opened a new window to exploring strong correlation e↵ects in
systems whose doping can be easily tuned, enabling the exploration of a rich range of interactiondriven phenomena. Although the underlying reason for the correlated physics is understood
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Figure 4.1: Twisted double BLG model (ABAB stacking) with the gating voltage U across
the system. Throughout this work, we assume the voltage drop across the layers is uniform,
Ui Ui+1 = U/3.

to arise from a relatively narrow electronic bandwidth induced by the long wavelength Moiré
pattern [297, 298], several details, including the symmetry breaking within the insulating phase
and the nature and mechanism of pairing in the neighboring superconductor, remain under
debate [299–311]. One of the difficulties in addressing these questions arises from the complexity
of the theoretical treatment of TBG which involves at least a pair of narrow bands per spin per
valley with a symmetry-protected band touching, leading to 8 bands in total. On top of that,
the limited tunability of the band structure makes it experimentally difficult to explore the
dependence of di↵erent phases on microscopic parameters.
Motivated by recent experimental report [312], we study a related system— twisted double
bilayer graphene (TDBG)— which consists of a pair of bilayer graphene sheets, twisted with
respect to one another with AB-AB stacking structure. Due to the absence of C2 rotation
symmetry, TDBG has a lower symmetry compared to TBG which simplifies the problem by
removing the band touching at the Dirac points, leading to a low energy e↵ective description
involving one rather than two narrow bands per spin and valley. Moreover, the band separation
can be controlled by applying a vertical displacement field enabling the exploration of di↵erent
regimes of band isolation and bandwidth within the same device.
We identify three main ingredients necessary to explain the emergence of insulating and
superconducting behavior in TDBG. First, we perform an accurate calculation of the singleparticle band structure to identify ranges of displacement field and twist angle for which a single
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band is isolated and relatively flat. We show that lattice relaxation, known to be important in
TBG [313, 314], as well as several other e↵ects such as trigonal warping, which are absent in TBG,
significantly influence the band structure in TDBG, in excellent agreement with experiments.
Moreover, we identify a hitherto neglected in-plane orbital e↵ect which is used to explain the
experimentally observed deviation of the in-plane g factor from 2 [312], as well as the e↵ect of
in-plane field on superconducting Tc .
Second, we address the key question of the nature of the interaction-driven insulating state.
The similarity between the phase diagram of TBG to that of cuprates was invoked to argue
that Mott physics is the underlying mechanism responsible for the correlated insulator [293,
299, 304]. On the other hand, a di↵erent route to correlated insulators is observed in graphene
quantum Hall systems, for instance, when the spin and valley degeneracy of the Landau levels
are spontaneously broken by interactions [315]. This usually leads to ferromagnetic insulators,
which are otherwise rare in correlated solids where antiferromagnetic order is the norm. For
similar reasons, in the TDBG with non-zero valley Chern number, ferromagnetism may be
preferred [316] at integer fillings. The situation here is reminiscent of strained graphene, where
a suitably chosen strain profile leads to Landau levels arising from the opposite strain magnetic
fields applied on the two valleys [317]. At partial fillings that are integers, ferromagnetic ground
states were obtained with repulsive interactions [318], and we show that a similar scenario is
likely to occur here in TDBG. Indeed a related ground state with spontaneous quantum Hall
response, although metallic, was observed in the twisted monolayer-monolayer graphene (TBG)
with C2 -breaking substrate potentials [305, 311, 316, 319–321].
Third, we investigate the nature of the superconducting phase by highlighting that the valley
degree of freedom, which behaves as a pseudo-spin, allows for exotic pairing possibilities which
are relatively rare in other materials. In particular, we show that spin-triplet with valley-singlet
pairing, which is momentum-independent within each valley, is favored. We investigate the
consequences of such scenario and show it can be used to explain the measured dependence of
Tc on in-plane field [312].

4.1

Review on Moiré Continuum Model

Before getting into the detailed calculation, here we clarify some subtleties in the Moiré continuum approach and tight-binding parameters. As we will see, this is crucial because it can a↵ect
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the physical band structures of a twisted double bilayer graphene. First, let us fix the lattice
convention. Let a = 1.42 Å be the distance between carbon atoms. The original hexagonal
lattice is defined by
p

a1 = a( 3, 0),

a2 = a(

p

3 3
, )
2 2

p
4⇡ 3 1
G1 =
(
, ),
3a 2 2

,

G2 =

4⇡
(0, 1),
3a

G3 = G2

G1
(4.1)

Here, K± -point is given by

4⇡
p
(±1, 0).
3 3a

Once we twist two layers, Moiré structure is formed

with a spatial modulation given by linear combinations of {R✓/2 G1 , R✓/2 G2 , R

✓/2 G1 , R ✓/2 G2 },

where R✓ rotates a vector by angle ✓ counterclockwise. Periodicity of the given system is then
governed by the smallest reciprocal lattice vector that can be obtained by linear combination.
These are (R✓/2

R

✓/2 )G1

and (R✓/2

vectors. Therefore, we obtain GM
1,2

R

✓/2 )G2 ,

which correspond to Moiré reciprocal lattice
p
✓/2
= 8⇡ sin
( 1/2, ± 3/2). For convenience, use the following
3a

Moiré reciprocal lattice vectors from now on:
GM
1,2

8⇡ sin 2✓
=
3a

p !
1 3
± ,
,
2 2

aM
1,2

p

3a
=
2 sin 2✓

p

3 1
±
,
2 2

!

(4.2)

Before getting into detail, let us fix the Fourier transform convention by c†k =
Here, c†R creates a Wannier orbital W (r

P

Re

ik·R c† .
R

R) centered at R. This is consistent with the other
P
convention used throughout the paper, where | k i = R eik·R |Ri. Under this choice, whenever
there is a hopping from R to R0 in real space, one obtains the term proportional to e

ik·(R0 R)

in the Bloch Hamiltonian. Here, the tight-binding model for bilayer graphene can be fully
characterized by the parameters ( 0 ,
0

all

1, 3, 4,

), where the hopping term for nearest neighbor

is intentionally taken to have an additional minus sign from the hopping integral so that
i ’s

are positive. The sign di↵erence between vertical (Vpp⇡ ) and horizontal hopping (Vpp )

overlap integral is originated from the phase structure of 2pz orbital. (See how Slater-Koster
parameters [322] are calculated) In Ref. [323], the sign of the trigonal warping

3

is taken to be

negative, which is an inaccurate choice of the parameter because di↵erent sign convention would
flip the shape of trigonal warping. Following the DFT result in Ref. [324], positive sign in front
of

3

should be a proper choice for realistic materials.

Under this convention, where the phase structure for 2pz orbitals at every carbon site is
taken to be equivalent, one can derive the Moiré hopping term as the following. Once we have
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Figure 4.2: Real space lattice and Brillouin zone for a single graphene layer, and Brillouin
zone origniated from K+ valley for a twisted (double) bilayer graphene. The figure illustrates
all vectors labeled for the discussion in the manuscript.

a Moiré structure, between momentum points of top and bottom layers, there exists MoiréM
hopping term whose momentum transfer is given by linear combinations of GM
1 and G2 . As we

are interested in a Moiré band structure near charge neutral point, we only consider electron
momenta near Dirac points for top and bottom layers, R±✓/2 K± -points. For example, with
respect to R±✓/2 K+ , the momentum transfer condition can be written as
ktop

kbot ⌘ 0

mod GM
1,2

)

R✓/2 K+ )

(ktop

(kbot

R

✓/2 K+ )

⌘ q1

mod GM
1,2 ,
(4.3)

where q1 = (R
b = R
and K+

✓/2

R✓/2 )K+ = KM (0, 1) with KM =

✓/2 K+

8⇡ sin ✓2
p
3 3a

t = R
. Let us denote K+
✓/2 K+

. The Moiré state with a momentum p is given by a superposition of

M
Bloch states of top and bottom layers with (absolute) momenta {p + n1 GM
1 + n2 G2 |n1 , n2 2 Z}.

b,t
Since we want to solve the equation in terms of Dirac Hamiltonians with respects to K+
-points,
t . Then, the Moiré state with momenta p is
K+

we do the following precedure. Define p̃ = p

t and K b :
composed of the Bloch states with the following momenta defined with respect to K+
+

GM
1 , p̃

Top Layer : {p̃, p̃
Bottom Layer : {p̃

q1 , p̃

GM
2 , p̃

q2 , p̃

q3 , p̃

M
GM
1 + G2 , . . . }

t
with respect to K+

q 2 + GM
2 ,...}

b
with respect to K+

(4.4)

p
p
M
where q2 = (GM
3/2, 1/2). There1 + q1 ) = KM ( 3/2, 1/2) and q3 = (G2 + q1 ) = KM (
t can be solved by considering coupling among
fore, the state with a momentum p = p̃ + K+

bloch states from H(R

✓/2 [p̃

t ]) and H(R
Klat
✓/2 [p̃
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b ]). Here, K t,b is a vector denotKlat
lat

M
ing the location of each lattice point in {n1 GM
1 + n2 G2 : n1,2 2 Z} for the top layer and
M
{q1 + n1 GM
1 + n2 G2 : n1,2 2 Z} for the bottom layer in the k-space.

Let top and bottom layer have relative shift . For convenience, take a frame where the
bottom layer is fixed and the top layer is rotated by ✓. Then, Each original Bloch state is
represented as
t
p,

where ↵,

↵

↵
1 X ip·(R0 +⌧ 0 ) 0
=p
e
R + ⌧0 ,
N R

b
k,↵

E

1 X ik·(R+⌧↵ )
=p
e
|R + ⌧↵ i
N R0

(4.5)

are sublattice indices and ⌧↵ is associated displacement. Here, primed coordinate

R0 = R✓ (R + ) and ⌧ 0 = R✓ ⌧ are for the top layer, meaning that it is rotated by ✓ along
counter-clockwise direction. Here, R = n1 a1 + n2 a2 . The initial displacement

between layers

is not important in the end, as we will see. Let ⌧0 = a(0, 1). In the mono-mono case
A

A stacking and

= ⌧0 for A

B stacking. A

= 0 for

B stacking means that A-site of the top

layer is placed at the location of B-site of the bottom layer.
By definition, A-site is original site spanning the lattice, and B-site is displaced by ⌧0 with
respect to the A-site. In the bilayer(AB)-bilayer(AB) case,
BA stacking. For the following calculation, we take

=

=

⌧0 because between layers it is

⌧0 and d = 0. Now, hopping matrix

element from top second layer to bottom first layer Hb,t can be evaluated by
↵
Tkp
0

=
=

D

b
k↵

t
p0

HT

1 X
e
N
0

↵

=

1 X
e
N
0
R,R

ik(R+⌧↵ )+ip(R0 +⌧ 0 )

R,R

=
=
=

ik(R+⌧↵ )+ip(R0 +⌧ 0 )

· t(R + ⌧↵

X

tk

g1

e

ig1 ·⌧↵ +ig2 ·(⌧ + )

g1 ,g2

=

↵

⌧ )

Z
0
0
1 X ik(R+⌧↵ )+ip(R0 +⌧ 0 ) 1
e
d2 q tq eiq·(R+⌧↵ R ⌧ )
N
⌦
R,R0
Z
X
0
0
1
d2 q
tq e i(k q)·(R+⌧↵ )+i(p q)(R +⌧ )
N⌦
R,R0
X
0
0
0
tq e iG1 ·⌧↵ +iG2 (⌧ + ) non-zero only when k q = G1 2 G and p

q2BZ

=

R0

hR + ⌧↵ | HT R0 + ⌧ 0

X

g1 ,g2

tk+g1 eig1 ·⌧↵

ig2 ·(⌧ + )

·

·

q = G02 2 G 0

p+g1 ,k+g20
p g1 ,k g20
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(4.6)

where we used t(R) =

1
N

P

eiq·R tq ⇡

q

1
⌦

R

d2 q eiq·R tq , and G and G 0 are sets of reciprocal lattice

vectors for original bottom and top lattices, respectively. N is the number of unit cells in the
system. In principle, for a di↵erent gauge choice t(R) depends on ↵,

indices as well, but

since we took the gauge choice where all phase structures for 2pz orbitals are the same, the
dependence will be trivial. In the last line, we just did change of variables. Now we can see that
it is nonvanishing only when
p

R✓ g2

k = g1

for some reciprocal lattice vectors g1 , g2 2 G

(4.7)

Considering that tq is decreasing fast with q, we can only retain most relevant terms where k +g1
t,b
is minimized. In terms of a momentum relative to the K+
points, we have

t
K+
)

(p

(k

b
K+
) = (g1

R ✓ g 2 ) + q1 .

(4.8)

b -point, the most
Naively, when we consider k + g1 , since k does not deviate much from K+
b + g = K b . For cases
relevant tk+g1 would be given when g1 = g2 = 0, G3 , G1 so that K+
1
+

with g1 6= g2 , (i) the energy di↵erence between top and bottom electrons are very large, and (ii)
tk+g1 would be small, and therefore we ignore such cases. In fact, each of these cases corresponds
to when p̃

k̃ = q1 , q2 , q3 :
g1 = 0

! p̃

k̃ = q1

g 1 = G3

! p̃

k̃ = q1 + G3

! p̃

k̃ = q1

g1 =

G1

R ✓ G3 = q 1 + GM
1 = q2

G 1 + R ✓ G1 = q 1 + GM
2 = q3 .

(4.9)

With this understanding, one can write down three hopping matrices as the following:
0
1
1 1
A
T (q1 ) = @
1 1

0

T (q2 ) = @

z

1

z⇤

z

1

A=e

iG3 ·

0
@

0
1
0
1
z⇤ 1
1
z
A T (q3 ) = @
A = eiG1 · @
A
⇤
1
z z
z⇤ 1
(4.10)

1 z⇤
z

1

where z = e2⇡i/3 and since G3 · ⌧0 = G1 · ⌧0 = 2⇡/3. Due to the fact that

=

⌧0 instead of

⌧0 , the form is slightly di↵erent from the TBG case [300, 325]. By proper phase redefinition of
Bloch states represented by momentum lattices (gauge degrees of freedom for Bloch states), we
can absorb z and z ⇤ factors in front of matrices. Thus, the form of the hopping matrices can
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be simplified. Moreover, an initial displacement between two layers is not important. In this
derivation, it is not difficult to notice that diagonal and o↵-diagonal entries for Moiré hopping
matrices can be di↵erent. If there is an additional spatial modulation with a Moiré scale, given
di↵erently between AA(BB) and AB(BA) sites in t(R+⌧↵ R0 ⌧ ), one would obtain a di↵erent
values for tk , as explained in Ref. [314, 326]. Finally, to obtain an energy spectrum at Moiré
momentum k, one needs to diagonalize the following Hamiltonian with a certain cuto↵:
0
1
Ht (k)
T † (qi )
...
B
C
B
C
H = B T (qi ) Hb (k + qi ) ...C
@
A
...
...
...

(4.11)

Now, we want to point out some subtlety for the generic Moiré hopping matrix for TBG
problem:
Tn = w0 + w1 e2⇡n
where the Pauli operator

i

3 /3

1e

2⇡n

3 /3

(4.12)

acts on the sublattice basis. This is the form of the hopping term

written in Ref. [325], where the K and K 0 Dirac Hamiltonian was written as1
0

0

H(K + k) = ~vF @
kx + iky

kx

iky
0

1

H(K 0 + k) =

A

0

~vF @

0
kx

kx + iky
iky

0

1

A. (4.13)

Now, imagine we choose a di↵erent basis choice, for example multiplying ( ) sign for the Bsublattices. This is equivalent to apply

3

transformation to the operators, and as a result,

both H(K + k) and H(K 0 + k0 ) would change its sign. This is the basis chosen in Ref. [300].
Accordingly, interlayer hopping term T0 would change as well, from w0 + w1

1

to w0

w1

1

and

similarly for others.
Here I remark how these details matter. In fact,

should not matter at all since for an

arbitrary value of , there exists a region with the separation
an incommensurate value of ✓

in a twisted heterostructure with

1. However, this is important if we are interested in real-space

wavefunction, i.e., local density of state. Note that if we get eigenstates from the Hamiltonian
using Eq. (4.11), their spatial distribution would have an origin defined by Eq. (4.5). It means
that when we examine the amplitude of wavefunctions at r = 0 point, it may have a di↵erent
1

H(K +k) in the MacDonald’s paper is a Hamiltonian with respect to the K 0 -point in our convention.
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Figure 4.3: Possible di↵erent configurations in TDBG with ABAB stacking at r = 0, depending on the choice of in Eq. (4.5) where R0 = R✓ (R + ). a. = a(0, 1), b. = a(0, 1),
and c. = a(0, 0).

Figure 4.4: Moiré band structures of TDBG. a,b At (✓, U ) = (1.05 , 0). Solid (dotted) line
represents the band originated from K+ (K ) valley. Red, blue and black represent conduction, valence, and the other bands respectively. a, The band structure for the idealized model
with only 0 and 1 being non-zero. The flat band is observed with the bandwidth 0.25 meV.
b, The band structure for the realistic model with overlapping bands. The ‘magic angle’ does
not exist in this case. c, Moiré band structure at (✓, U ) = (1.33 , 60 meV). The first conduction band (red) is isolated and relatively flat.

value depending on the choice of . For example, in TBG,

= ⌧, ⌧ , and 0 correspond to r = 0

being AB, BA, and AA (BB) stacked regions, respectively. In TDBG with ABAB stacking,
= ⌧, ⌧ , and 0 correspond to ABAB, ABCA, and ABBC regions, as illustrated in Fig. 4.3.
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4.2

Methods

Numerical Simulations for Single Particle Now that we examined the continuum model for
twisted bilayer graphene, we proceed to calculate properties of twisted double bilayer graphene.
The generalization is straightforward, although there is a important distinction arising from
extra parameters. First, each bilayer graphene (BLG) layer is modeled by the following Bloch
Hamiltonian:

0

B
B
B
hk = B
B
B
@

U1 +
0f

⇤ (k)

⇤ (k)

0 f (k)

4f

U1

3 f (k)

4 f (k)

⇤
3 f (k)

1

4 f (k)

U2
0f

⇤ (k)

1
4f

1
C

⇤ (k) C
C

C,
C
C
f
(k)
0
A
U2 +

(4.14)

which is labelled in the order of A1 , B1 , A2 , B2 . Here, we consider a realistic model of BLG
illustrated in Fig. 4.1. AB-stacking means that the A-site of the first layer (A1 ) sits on top of
the B-site of the second layer (B2 ). This gives a small on-site energy
for these sites. Here,
p
p
P
f (k) ⌘ l e ik· l , where 1 = a(0, 1), 2 = a(
3/2, 1/2), and 3 = a( 3/2, 1/2) are vectors
p
from B-site to A-sites. One can expand f (k) near K± = ±(4⇡/3 3a, 0) as
3
f (K± + k) = (⌥kx + iky )a,
2

(4.15)

where a is the distance between carbon atoms. Throughout, we will use the phenomenological
parameters extracted from Ref. [327]
( 0,
where

0,1,3,4

and

1, 3, 4,

) = (2610, 361, 283, 138, 15) meV.

(4.16)

are the parameters illustrated in Fig. 4.1. Additionally, the potential

di↵erence between the top and bottom graphene layer, U is an important parameter in the
experiment, which is controlled by the gate voltage di↵erence. For a displacement field strength
D, ABAB system’s dielectric constant ✏ and the thickness of the BLG/BLG system d, U =
✏

1D

· d.

Next, we couple two layers of AB-stacked bilayer graphenes by Moiré hoping terms. As we
are interested in the physics near charge neutrality point, we focus on band structures mostly
originated near K± points. In the continuum model approximation [325], Moiré bands from K±
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valleys decouple; for the Moiré band from K+ valley, the Hamiltonian is given by
H+ =

Xh

ht✓ (K+ + k)c†k,+,t ck,+,t + hb ✓ (K+ + k)c†k,+,b ck,+,b
2

k

+

X⇣

2

Tn c†k+qn ,+,b ck,+,t + Tn† c†k,+,t ck+qn ,+,b

n

⌘i

,

(4.17)

where c†k,+,t/b is a 4-components electron creation operator for top/bottom layer with momentum
K+ + k. Here, h✓ (k) = h(R

✓ k)

with R✓ denoting the counter-clockwise rotation matrix by

angle ✓ relative to the x-axis. The momenta q0,1,2 are given by q0 = R✓/2 K
8⇡ sin(✓/2)
p
(0,
3 3a

1), q1 = R q0 , and q2 = R

q0 where

R

✓/2 K

=

= 2⇡/3. The hopping matrices Tn ,

n = 0, 1, 2 are given by
0

Tn = @

0 1
0 0

1
A

layer

⇣
⌦ w0 + w1 e2⇡n

3 /3

1e

2⇡n

3 /3

⌘

sublattice

,

(4.18)

where w0 , w1 are Moiré hopping parameters. One crucial parameter tunable in experiments
is displacement field U . In Fig. 4.5, we demonstrated how the band structure evolves with
increasing U . One can see that the first conduction band becomes isolated in the range of
U 2 [40, 80]. Furthermore, to illustrate the how the band isolation arises, we plot the energy
gap between di↵erent bands in Fig. 4.6. For a smaller value of r, gapped regimes in Fig. 4.6 a,b,c
expand in the parameter space of (✓, U ), giving arise to a wider band isolation regime (Data
available upon request).
Chern Number In the main text, we presented Chern number carried by Moiré first conduction
bands from K± -valleys. Here, we carefully examine the evolution of Chern. First, at U = 0, the
reflection symmetry My enforces C = 0 for both valleys as My maps the system back to itself
without exchanging valleys, but ky 7!

ky so Berry curvature flips its sign [316]. In the quadratic

band approximation limit of BLG, as we increase U , the band inversion between conduction and
valence bands occurs at the Moiré K2 -point (K1 for negative U ) with a quadratic touching.
Thus, Chern number of ±2 is exchanged.
Next, let us understand the Chern number evolution in the realistic Hamiltonian with parameters of Eq. 4.16 along the dotted line in Fig. 4.7 b. With a trigonal warping term, the
quadratic band touching point splits into four Dirac cones, three with positive and the other
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Figure 4.5: The band structure of the model at ✓ = 1.33 and U = 0, 14, 30, 60, 90, 110. At
U = 14, Chern number is exchanged by 3 between the conduction and valence band at three
momenta which are located not along the symmetric cut. However, at U = 30 and U = 90,
Chern number changes by 1 which can be seen by the gap closing between bands at K2 and
points.

Figure 4.6: The bandgap (meV) for the range of (✓, U ). Uncolored region implies bands being overlapped. a, Gap between the first conduction and valence bands. b, Gap between the
first and second conduction bands. c, Gap between the first and second valence bands.
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with negative chirality. These three Dirac cones are located at generic momenta, thus would not
be observed in the band plot along the high symmetric line. Under the presence of particle-hole
asymmetry terms, the degeneracy between four Dirac cones split, and the band inversion would
happen first at three Dirac cones, exchanging Chern number by ±3. Then, the band inversion
would occur at the center Dirac cone, exchanging Chern number by ⌥1. In total, it will still
change the Chern number by ±2. At larger values of the gate voltage U , the band inversion
happens between first and second conduction band at

point, and the Chern number then

changes by ⌥1 (It can change by ⌥2 for other parameter setting), decreasing the Chern number.
This can be further checked by inspecting symmetry indicators [328–330]. There are three
C3 -invariant momenta

, K, and K 0 . For a Bloch state with these momenta, C3 rotation

symmetry would map the state back to itself with a rotation eigenvalue:
R2⇡/3 |k, ni = e2⇡iLn,k /3 |k, ni ,

k = K1 , K2 ,

(4.19)

where Ln,k is an angular momentum associated with the Bloch state |k, ni. Then, the Chern
number of the n-th band can be determined modulo 3 by
Cn ⌘ Ln, + Ln,K1 + Ln,K2

mod 3

(4.20)

Thus, by tracking how C3 eigenvalues of the three momenta change with the gating voltage U , we
can understand how Chern number transition happens in the system. Indeed, the aforementioned
scenario can be confirmed. For example, consider a Moiré first conduction band for K+ valley
at ✓ = 1.33 . At U = 0 meV, we start with (n , nK1 , nK2 ) = (0, 1, 1). At U = 14 meV,
Chern number changes by +3 but it can be only captured by Berry curvature not by symmetry
indicator. At U = 30 meV, Chern number changes by
U = 90 meV, Chern number again changes by

1, manifested by nK2 :

1, manifested by n : 0 7!

1 7! 1. At

1. See Fig. 4.5 for

the detail.
Magnetic Field E↵ect Under in-plane magnetic field B = (Bx , By , 0), one can choose the
gauge A(z) =

z ⇥ B. Then, the e↵ect of a magnetic field on hopping terms is evaluated via

Peierl’s substitution, where the hopping term from R to R +
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is multiplied by the phase factor

q

ei ~
such that

X
R,

where ↵ =

q
~ A(Rz

+

q

ei ~

z /2)

R R+

dr·A(z)

R

R R+
R

e
~

=

=e

dr·A(z) †
cR+

i ~e

xy ·

cR =

[(Rz + 2z )⇥B ] ,

X

e

i(k+↵)·

(4.21)

c†k ck ,

(4.22)

k,

⇥

Rz +

⇤
⇥ B since A(z) is linear function of z. Hence,

z

2

the e↵ect of in-plane field can be included by simply replacing all k-dependent matrix elements
P
of Bloch Hamiltonians by k + ↵ as follows (we take ck = R e ik·R cR ):
✓

Hl,m (k, B) = Hl,m k

e (l + m)d
ez ⇥ B
~
2

◆

(4.23)

where Hl,m is the matrix element connecting layers l and m (l, m = 0, . . . , 3 from bottom to top)
in Eq. 4.17, d = 3.42Å is the interlayer distance, and ez is the unit vector in the z direction.
Due to its small magnitude relative to the energy gap, it suffices to consider the in-plane
orbital e↵ect to first order in pertrubation theory. This amounts to adding the following in-plane
orbital term to the single particle energies
xy
⇠n,⌧ (k, B) = ⇠n,⌧ (k) + µB gn,⌧
(k) · B

(4.24)

xy
where gn,⌧
(k) is given by

xy
gn,⌧
(k) =

1
h
µB

n,⌧ (k)|rB H⌧ (k, B)|B=0 | n,⌧ (k)i

xy
where ⌧ is the valley index. Time-reversal symmetry implies that gn,⌧
( k) =

(4.25)
xy
gn,
⌧ (k). The

in-plane orbital g-factor transforms under C3 rotation as
xy
xy
gn,⌧
(R±2⇡/3 k) = R⌥2⇡/3 gn,⌧
(k)

(4.26)

xy
provided that the band n is non-degenerate at k. This implies that gn,⌧
(k) vanishes at any

C3 -invariant point. As pointed out in the Results, in general, the in-plane orbital contributions
a↵ects the bands very di↵erently from the Zeeman e↵ect. For example, it can distort the Fermi
surface when the bands are partially filled in an opposite way in the two valleys which can
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influence the physical properties, e.g. superconducting Tc (See supporting material).
The e↵ect of out-of-plane field on the energy bands is generally more complicated since any
gauge choice breaks translation symmetry. As a result, the band picture breaks down for large
enough out-of-plane fields where Landau level physics form instead. In the following, we will
consider the limit of weak out-of-plane fields which can be treated perturbatively. In this case,
the out-of-plane field induces an orbital valley Zeeman e↵ect as pointed out in Ref. [331, 332]
whose g-factor is given by
z
gn,⌧
(k) =

X hn, ⌧ |@kx H⌧ |l, ⌧ ihl, ⌧, |@ky H⌧ |ni
4m
Im
~2
✏n,⌧,k ✏l,⌧,k

(4.27)

l6=n

In summary, the single particle energies has the following dependence on magnetic field
⇠n,
where

,⌧ (k, B)

= ⇠n,⌧ (k) + µB (g · B + gn,⌧ (k) · B),

(4.28)

is the electron spin operator (which is ±1/2 for up/down spins) and ⌧ = ±. The valley

orbital g-factor is defined as
xy
z
gn,⌧ (k) = (gn,⌧
(k), gn,⌧
(k)).

(4.29)

We have also assumed that the spin-quantization axis is parallel to the field.

4.3
4.3.1

Results
Single-particle physics

We consider a system consisting of two AB-stacked graphene bilayers twisted relative to ABAB
stacking by a small angle ✓, illustrated in Fig. 4.1. For a detailed discussion on the Hamiltonian
and model parameters, see Methods. The bottom layer of the top BLG and the top layer of the
bottom BLG are coupled via Moiré hopping between AA and AB sites, parametrized by (w0 , w1 )
[313, 314]. In the original Bistritzer-Macdonald model, w0 and w1 are taken to be equal [325].
However, in a realistic twisted model, the ratio r ⌘ w0 /w1 is smaller than one due to the lattice
relaxation which expands (shrinks) AB (AA) regions. In TBG, r is taken to be around 0.75 for
the first magic angle [313, 314]. Here, we similarly include lattice relaxations by taking r to be
smaller than 1. This is crucial for the existence of a gap between first and second conduction

154

(valence) bands in TDBG which is necessary to explain the band insulator at ⌫ = ±4 filling. In
this work, we take (w0 , w1 ) = (88, 100) meV corresponding to r = 0.88. For di↵erent values of
(w0 , w1 ), we obtained qualitatively similar features (Methods).
Unlike TBG, a realistic description of TDBG does not exhibit magic angle physics whose
origin is the vicinity to a chiral symmetric model with perfectly flat bands at specific angles
[333, 334]. In the quadratic approximation of the bilayer-graphene dispersion, the first conduction and valence bands in TDBG become almost perfectly flat at the angle ✓ ⇡ 1.05 [316].
However, once trigonal warping ( 3 ) and particle-hole asymmetry ( 4 ) terms are included, the
flat-bands acquire a significant dispersion and become overlapped with each other ( Fig. 4.4 a,b).
Theses bands can only be separated by applying a strong enough gate voltage between top and
bottom layers (Fig. 4.4 c). Using numerical simulations, we identify the parameter space of twist
angle ✓ and applied voltage U where the first conduction band is isolated (Fig. 4.7 a). On the
other hand, we find that there is barely any regime where the first valence band is isolated
(Fig. 4.7 c). Such a particle-hole asymmetry in the band structure is originated from

4

and

terms. The results are consistent with the experimental findings [312], showing that the system at charge neutrality remains metallic unless a rather large vertical electric field is applied.
Furthermore, a correlated insulating phase is only observed on electron-doping side, consistent
with the theoretically expected particle-hole asymmetry. Note that the bandwidth is not as flat
as that of magic-angle TBG. However, the bandwidth is still small compared to the interaction
scale which implies that strongly-correlated-physics can still arise. Indeed, there is some debate
regarding the bandwidth of magic angle TBG itself, with reported bandwidths ranging from
10-40 meV [335].
Another crucial di↵erence compared to TBG is the absence of two-fold rotational symmetry,
which protects the Dirac points in TBG. As a result, the physics of TDBG is controlled by a
single narrow band (per spin per valley) rather than two as in TBG. The TDBG Hamiltonian
has the following symmetries (i) three-fold rotation symmetry C3 , (ii) time-reversal symmetry
T , and, (iii) mirror reflection about the x-axis My which only exists in the absence of vertical
electric field, and (iv) SU(2) spin-rotation symmetry. Finally, we assume that in the small angle
limit, there is valley charge-conservation symmetry U (1)v , arising from the decoupling of Moiré
and atomic lattice scale physics.
In addition, the conduction band within each valley carries a non-zero Chern number. In
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Figure 4.7: Summary of single particle calculations of TDBG. a, Isolation region for the
first conduction band (colored) with the bandwith indicated by the color. We observe two
seperate isolation regions for ✓ smaller or larger than 1.1 . The former is not very robust
and is sensitive to fine-tuning of parameters whereas the latter is very robust and is associated with a valley Chern number of 2 (See b). b, The Chern number of the first conduction band from K+ valley. Note, the Chern number is defined as long as a direct band gap is
present. c, A schematic plot for the insulating (black) regions and the first conduction/valence
band isolated region (red/blue) in the TDBG at ✓ = 1.33 . The red dot is charge neutrality point (CNP). In the shaded region, strongly correlated physics is expected near integerfillings. Asymmetry between electron and hole dopings is predicted from the theory. d, e, f,
x (k), g y (k), g z (k), and
g, Color plots for g-factor associated with orbital magnetic e↵ects g+
+
+
single-particle dispersion ⇠+ (k) over the Moiré Brillouin zone for the first conduction band at
(✓, U ) = (1.33 , 60 meV), where the band is isolated. g x,y,z (k) are in the unit of µB , and ⇠(k)
is in the unit of meV. Both g x and g y vanish at high symmetric points , K1 and K2 .

ordinary condensed matter systems, T -symmetry forbids the existence of Chern bands. However,
in Moiré systems, Chern bands carrying opposite Chern numbers for opposite valleys can arise
due to the valley decoupling. The overall system still satisfies T -symmetry which exchanges the
two valleys. Therefore, spontaneous valley polarization would lead to a Chern band without
explicitly breaking T -symmetry [305, 316, 318, 321]. At U = 0, the reflection symmetry My
enforces C = 0 for both valleys. At U 6= 0, the conduction band develops a non-vanishing
Chern number computed numerically in Fig. 4.7 c which is equal to ±2 for the parameter region
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corresponding to band isolation. The evolution of Chern number as a function of U is further
confirmed using symmetry indicator (Methods). This can be also understood from the wellknown behavior of a AB-stacked bilayer graphene under an electric field. Under the electric
field, the bilayer graphene becomes gapped and accumulates opposite Berry curvatures at K+
and K valleys, which amounts to a Chern number Cv = ±2 for each valley. [336–339].
Finally, we discuss the e↵ect of applied magnetic field which influences the single-particle
physics in two distinct ways. First, it couples to the electron spin via Zeeman e↵ect leading to the
splitting of bands with opposite spin by 2µB B. Second, it couples to the electron orbital motion
leading to modifications in the band structure. For out-of-plane field, the orbital e↵ect arises
from the magnetic field coupling to the planar motion of the electron [331, 332]. It leads to an
energy correction of µB g⌧z (k)Bz , with a k-dependent g-factor g⌧z (k) satisfying g z ⌧ ( k) =

g⌧z (k)

due to time-reversal symmetry (⌧ is a valley index). As shown in Fig. 4.7 f, g⌧z (k) can be much
larger than the Zeeman e↵ect. For in-plane field, the orbital e↵ect arises from coupling to the
interlayer motion of electrons. For an in-plane field B, we can choose the gauge A(z) =

z ⇥B

which does not depend on x or y, thus preserving the Moiré translation symmetry. The resulting
change in the hopping parameters is obtained by the Peierl’s substitution, e↵ectively providing
an additional momentum shift of

e (l+m)d
~
2

ez ⇥ B to the hopping connecting layers from l to m,

where d is the interlayer separation (See Methods). This leads to an energy correction of the form
µB (g⌧x (k)Bx + g⌧y (k)By ) to the leading order in B with g x,y⌧ ( k) =

g⌧x,y (k). The orbital e↵ect

due to in-plane field amounts to a very small relative momentum shift ⇠

eda
~

⇡ 10

5.

it cannot be neglected since it is of the same order of magnitude as the Zeeman e↵ect,

However,
evF d
µB

⇠1

(see Fig. 4.7 d,e). In general, the in-plane orbital contribution changes the band dispersion due
to its k-dependence whereas the Zeeman e↵ect shifts the entire band uniformly. Moreover, it
acts oppositely for di↵erent valleys. These properties can be crucial in understanding the e↵ect
of in-plane field on the insulating gap and the superconducting temperature (See Methods and
Supporting material).

4.3.2

Correlated insulating states

In the band isolation regime, the first conduction band carries a non-zero Chern number as
shown in Fig. 4.7 a,b which prevents the existence of exponentially localized Wannier functions
[340]. As a result, one cannot construct a Hubbard model for the band unless valley-symmetry
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Figure 4.8: Results of the Hartree-Fock calculation. a, Color plot (meV) for EIVC EVP
per electron. b, Color plot of self-consistency gap SP/VP for the SP/VP-state in the band
isolated region. (No J-term included) c,d E↵ect of the intervalley Hund’s coupling (J-term)
on the gap for spin and valley polarized phases. at half and quater fillings, respectively. At
half-filling, J-term increases (decreases) SP ( VP ). At quarter-filling, J-term reduces the
gap to the next-excited state, making the quarter-filled insulator (SP+VP) less stable than
the half-filled (SP) one. e, The correlated gap for half-filling insulators (SP,VP) as a function of in-plane Bx -field. (✓, U ) = (1.33 , 60 meV). Solid lines for SP-state and dotted lines for
VP-state. Zeeman e↵ect would increase (decrease)
for the SP (VP) state with increasing B.
The valley orbital e↵ect g x,y (k) leads to a linear decrease in the gap with field, thus e↵ectively
decreasing (increasing) the g-factor for the SPS (VP) state.

is broken or the model is enlarged to include more bands so that the net Chern number is zero.
Instead of seeking a complicated real-space description, we discuss the interaction e↵ects in
the momentum space, as in the case of quantum-Hall-ferromagnetism. One major consequence
of the absence of localized Wannier orbitals is the inadequacy of the Mott picture where the
insulating phase is driven by strong repulsion between localized orbitals. Thus, we will use
the terminology, correlated insulator to refer to the interaction-driven insulating phase for the
following physics.
In order to uncover the nature of the possible correlated insulating states at half and quarter
filling [312], we perform a self-consistent Hartree-Fock mean field theory similar to the one
employed in Ref. [300, 316]. Below, we sketch the derivation from the microscopic theory,
relegating most details to supporting materials. The interacting Hamiltonian in momentum
space is given by
Hint =

1 X
⇢ˆ(q)V (q)ˆ
⇢( q),
2 Vol q

158

(4.30)

where V (q) is the Fourier-transformed screened Coulomb interaction [341, 342]. Since the screening coming from the distance between the system and the gate is comparable to the Moiré length
scale, the screening length can be important for the interaction e↵ects. The density ⇢ˆ(q) consists
of an intravalley part ⇢+ ⇠ c†± c± and an intervalley part ⇢ ⇠ c†± c⌥ , where c†± is the electron
creation operator for K± -valley. The latter contribution arises from the small coupling between
opposite valleys and gives rise to an intervalley Hund’s coupling term.
The resulting Hamiltonian consists of two parts, Hint = H0 + HJ , where H0 contains the

coupling between intravalley densities ⇢+ ⇢+ whereas HJ contains the coupling between intervalley densities ⇢ ⇢ . Rough estimation for the relative energy scales for H0 and HJ gives
V0 ⇠ 35 meV and J ⇠ 0.6 meV for the experimentally relevant regime. Although HJ is significantly smaller than H0 , it breaks the symmetry of the model down from two independent SU(2)
spin-rotation symmetries for each valley to a single SU(2). Thus, it can lift the degeneracy
between some symmetry breaking states which are degenerate on the level of the H0 . Indeed,
we found that HJ favors the spin alignment between opposite valleys and can be written in the
form of inter-valley Hund’s coupling as in [316].
Within the self-consistent Hartree-Fock mean field theory, we consider the order parameter
defined as
hc† ,⌧ (k)c

0 ,⌧ 0

(k0 )i = M

⌧, 0 ⌧ 0 (k) k,k0 .

(4.31)

For a gapped phase, matrix M (k) must be a projector, i.e. M (k)2 = M (k) satisfying tr M (k) =
⌫ for all k. Given that there are four flavors of fermions due to spin ( ) and valley (⌧ ) degeneracies, any possible order parameter M can be expanded in terms of the generators of SU(4)
i

⌦ ⌧j , which can be grouped based on their symmetry breaking into 5 categories: (i) {

only breaks T and corresponds to a valley-polarized (VP) state, (ii) {
rotation symmetry and correspond to a spin-polarized (SP) state. (iii) {

x,y,z ⌧0 }
x,y,z ⌧z }

0 ⌧z }

breaks spinbreaks both

spin-rotation and time-reversal (but preserve some combination of the two) and corresponds to
a spin-valley locked (SVL) state, (iv) {

0 ⌧x,y }

breaks U (1) valley-charge conservation and cor-

responds to an inter-valley coherent (IVC) state, and (v) {

x,y,z ⌧x,y }

breaks both spin-rotation

and U(1)v valley-charge conservation, corresponds to spin-IVC locked (SIVCL) state (see Table
4.1). We note that any of these orders may break or preserve C3 symmetry depending on its k
dependence.
The results of the self-consistent Hartree-Fock calculation are summarized in the following.
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⌫=2

Example of the state

Symmetry

SP

|" K+ i ⌦ |" K i

U (1)z , U (1)v , T

|" K+ i ⌦ |# K i

U (1)z , U (1)v , T 0

VP
SVL

|" K+ i ⌦ |# K+ i

SU (2), T

IVC

|" K+ i + ei✓ |" K i ⌦

SIVCL

|" K+ i + ei✓ |# K i ⌦

⌫ = 1, 3

Example of the state

Symmetry

SVP

|" K+ i

U (1)z , U (1)v

SPIVC
SVLIVC

|# K+ i + ei✓ |# K i
|# K+ i + ei✓ |" K i

i✓

|" K+ i + e |" K i
i✓

|" K+ i + e |# K i

SU (2), T
U (1)z , Zxv
2 , T

U (1)z , T

0
Zzv
2 , T

Table 4.1: Symmetry broken states and the remaining symmetries for all possible
translation-symmetric gapped states at ⌫ = 1, 2, 3. The similar table with the form of M (k)
and symmetry generators is in the Tab. D.1. Here, T is the spinless time-reversal T = ⌧x K
squaring to +1 whereas T 0 is the spinful time-reversal T 0 = i y T squaring to 1 (with K denoting complex conjugation). U (1)✓x,y,z = ei✓ x,y,z /2 denotes spin rotation around the x, y, z
axis by an angle ✓ whereas U (1)✓v = ei✓⌧z /2 denotes rotation in the valley x y plane by an
⇡
⇡
angle ✓. Finally, Zz,v
2 is generated by the combined rotation U (1)z U (1)v .

Restricting ourselves to translation-symmetric gapped states, we find there are five options: SP,
VP, SVL, IVC, and SIVCL at half-filling ⌫ = 2 and three options: spin-valley-polarized (SVP),
spin-polarized-IVC (SPIVC), and spin-valley-locked-IVC (SVLIVC) at quarter-filling ⌫ = 1, 3,
as in Tab. 4.1. By solving the Hartree-Fock self-consistency condition, the ground state energy
E and the correlation gap

are computed for di↵erent states, Fig. 4.8 a. Let us first consider

what happens in the absence of intervalley Hund’s coupling. In this case, we find that the SP
and SVL states at half-filling and similarly the SPIVC and SVLIVC states at quarter-filling are
exactly degenerate since they are related by a spin-rotation in one of the valleys. Similarly, due
to the enlarged symmetry of the mean-field Hamiltonian, the SP and VP states and the IVC
and SIVCL states have the same energy. Thus, we only need to numerically investigate the
competition between SP and IVC at half-filling and SVP and SPIVC at quarter-filling. The
result of such numerical investigation is shown in Fig. 4.8 a where we clearly see that SP has a
lower energy than that of the IVC in most of the parameter regime. Similar results apply for
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the competition between SVP and SPIVC at quarter-filling. The correlation-induced gap

for

the SP state in the band isolation region ranges between 4 and 8 meV, see Fig. 4.8 b.
To understand the reason why IVC order is energetically unfavorable, we can employ the
argument of Ref. [321] as follows. IVC order between two valleys with opposite Chern number C
is equivalent after a particle-hole transformation in one of the valleys to superconducting pairing
between bands with the same Chern number i.e. a superconductor in a background magnetic
field. This means that the order parameter necessarily includes |C| vortices within the Brillouin
zone leading to increased energy. A more detailed analytic treatment of the energy competition
between SP and IVC is provided in the Supplementary Note 4.
The inclusion of the e↵ect of intervalley Hund’s coupling alters the competition between the
phases as follows. First, since the term is ferromagnetic, it lowers the energy of the SP-state,
favoring the SP-state over the VP-state which is in turn favored over the SVL-state. Second,
it lowers the energy of the filled bands for the SP-state at half-filling, thus increasing

SP .

On

the other hand, it reduces the energy of some of the empty bands for the VP-state, reducing
VP

(see Fig. 4.8 c,e). The Hund’s coupling term similarly reduces

SVP

at quarter filling by

lowering the energy of one of the excited states (see Fig. 4.8 d). We note here that the reduction
of the correlated gap at quarter filling relative to that at half-filling may explain why the former
is more difficult to observe experimentally compared to the latter and requires the application
of a magnetic field [312].
In the presence of an in-plane field, the gap of the SP-phase at half-filling is expected
to grow with a slope consistent with the Zeeman g = 2 factor. However, the orbital e↵ect
discussed earlier leads to a reduction in the e↵ective g-factor by 20-50% depending on the band
structure details (Fig. 4.8 e), which is in agreement with the experimental data [312]. From the
numerical calculation, we confirmed that such a reduction in gap also depends on the in-plane
field direction, which exhibits 3-fold periodicity (see Methods). Therefore, the orbital e↵ect can
be directly verified in a rotating in-plane field setup, where we predict the modulation of the
g-factor with period 2⇡/3 in the angle.

4.3.3

Superconductivity

When the correlated insulator is doped away from half-filling, a superconducting phase is observed below 3.5 K [312]. Our proposed scenario for the observed superconductivity is illustrated
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Figure 4.9: Spin-triplet superconductivity. a, Triplet paring between opposite valleys,
c ,+ (k) and c , ( k) with exact energy match. b, Schematic plot for the Tc as a function of
B-field.

in Fig. 4.9 a where pairing takes place between time-reversal partners in opposite valley. Such
an intervalley pairing between time-reversal partners has also been proposed [343–345] and observed in transition metal dichalcogenides (TMD) [346]. However, unlike in TMD, where strong
spin orbit coupling implies a locking between spin and valley, here the proposed pairing takes
place between the electrons with the same spin. To understand this, we first note that doping
a spin-polarized insulator is expected to give rise to a ferromagnetic metal with spin-split Fermi
surface. Similar to other ferromagnetic metals [347–349], ferromagnetic spin fluctuations can act
as a pairing glue responsible for superconductivity [350]. This motivates the following simplified
Hamiltonian,
H=
where the spin operator Sqa =

X

c† ,⌧,k ⇠

,⌧,k c ,⌧,k

g

q

k,⌧,

P

k,⌧, ,

X

0

c† ,⌧,k+q

a
,

0

c

0 ,⌧,k

Sq · S

q,

(4.32)

. This Hamiltonian can be obtained

within an RPA treatment by identifying the ferromagnetic order as the leading instability in
the doped itinerant phase. The ferromagnetic susceptibility is peaked at q = 0 which justifies a
k-independent coupling.
Next, we consider the simplest possible intervalley superconducting pairing function

which

is k-independent (s-wave) within each valley. Note, however, that the overall orbital symmetry incorporating both momentum and valley may still be anti-symmetric, e.g. p-wave. For
the proposed pairing,

is proportional to ⌧x or ⌧y corresponding to valley triplet or singlet,

respectively. The overall antisymmetry of
spin-singlet i

y

implies that the former scenario corresponds to a

whereas the latter corresponds to a spin-triplet i
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yd

· . Here, d is the vector

which captures the direction of the spin state. To see which of these is the dominant pairing
channel, it is useful to decouple the interaction in the pairing channel as
Hint =
We now assume k-independent
triplet/valley singlet

t.

g

t

= 1 and

s

=

tr(

k)

k,q

·(

T

†
k+q )

and decompose it into spin-singlet/velly triplet

(4.33)

s

and spin-

We now use
·(

where

X

t,s

T

)=

t,s

t,s ,

(4.34)

3. This means that the interaction is repuslive in the singlet channel

and attractive in the triplet channel making the latter the dominant pairing channel. A more
detailed discussion of these pairing channels within the linearized BCS equation is provided in
the Supplementary Note 5.
We highlight here that spin-triplet pairing is only known to occur in liquid He3 [351] and
a few Uranium compounds [347–349] as it requires pairing that varies over the Fermi surface
(eg. p-wave) which is likely to be energetically unfavorable in typical solids. The existence of
the valley degree of freedom here enables us to evade this difficulty and obtain a spin-triplet
valley-singlet order parameter even for a k-independent interaction.
The experimental consequences of the proposed spin-triplet valley-singlet superconductivity
can be investigated by writing the Ginzburg-Landau free energy for the order parameter
⌧y

yd

·

=

in the presence of a magnetic field B. Restricting ourselves to terms up to quartic

order in d or B, we can write the following free energy functional

⇥
F =  (T

Tc + b(µB B)2 )d · d⇤ + iaµB B · (d ⇥ d⇤ )
+cµ2B |B · d|2 + ↵(d · d⇤ )4 + ⌘|d · d|4

⇤

(4.35)

Detailed microscopic derivation of the coefficients a, b, c, , ↵, ⌘ is provided in the supporting
material. In the absence of spin-orbit coupling, the order parameter’s spin is expected to align
with the magnetic field. Assuming the magnetic field is parallel to the z-axis, B = Bez , we can
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then write
d=(

""

+
2

##

,

""

##

2i

, 0)

(4.36)

Substituting in the free energy (4.35) and using the fact that ⌘ =
F =

 X
Fs
2

↵/2 yields

s=",#

Fs = |

ss |

2

(T

Tc

s aµB B

+ b(µB B)2 ) +

↵
|
2

ss |

4

(4.37)

One important feature is that ↵ > 0 which implies the stability of the phase considered.
The free energy (4.37) leads to the following dependence of the superconducting Tc on the
applied field
Tc,"/# (B) = Tc ± aµB B

b(µB B)2 .

(4.38)

The most remarkable feature of this result is that, for non-zero a, Tc initially increases upon
the application of magnetic field. This can be understood as follows: for a ferromagnetic metal
with weakly spin-split Fermi surfaces, the application of the Zeeman field increases (decreases)
the density of states for the majority (minority) spin Fermi surface, leading to a linear increase
in Tc for the majority spin with the coefficient
a = 2 Tc

N 0 (0)
⇤
ln
N (0)
Tc

(4.39)

where ⇤ is the bandwidth, N (0) is the density of states at the Fermi energy, and

is the

dimensionless magnetic susceptibility (supporting material). Similar linear field-dependence of
Tc is known in superfluid He3 [351], indicating independent pairing for each spin species. This
behavior is in stark contrast to the monotonic decrease of Tc under increasing B-field in a
spin-singlet superconductor. One crucial observation here is that a seems to depend on several
details and is expected to be very small since Tc ⌧

N (0)
N 0 (0)

⇠ ✏F . Surprisingly, the measured

value of a is of order 1 [312] which suggests the vicinity of a quantum critical point where the
scaling of the susceptibility cancels exactly against the other parameters. Indeed, the scaling
⇠ ✏F /(T log T ) predicted by Herz-Millis theory in the quantum critical regime for an itinerant
ferromagnet [352, 353] leads to such cancellation resulting in a ⇠ 1.
The origin of the quadratic term in Eq. 4.38 can be understood in terms of the in-plane
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orbital e↵ect discussed in Sec. 4.3.1. First, note that Zeeman splitting cannot break Cooper
pairs between aligned spins. Instead, it yields an initial linear increase in Tc (B) followed by
saturation at large fields when all the spins are aligned. On the other hand, the in-plane orbital
e↵ect can induce pair-breaking by mismatching the energies of time-reversal partner states in
opposite valleys, resulting in a quadratic decrease in Tc with the applied field whose coefficient
is given by (see supporting material)
1
b=
Tc

Z

FS

dk(eB · g+,k )2

(4.40)

where eB is the direction of the external magnetic field. The average value of (eB · g+ (k))2
over the Fermi surface depends strongly on the filling and the field direction with typical value
around 1 (cf. Fig. 4.7d-f). Using this value, we can make a rough estimate for the in-plane field
p
needed to destroy superconductivity as µB Bc ⇠ Tc /b yielding a value about 3 Teslas which

compares favorably to the experimental value [312]. Furthermore, if we consider an out-of-plane
field instead, |gz | is on average about 1-2 orders of magnitude larger than |gx,y |, yielding a critical
field of about ⇠ 0.1T which is very close to the experimentally observed result [312].
It is worth noting that the reduction of Tc at large field can also arise from the suppression of
ferromagnetic fluctuations responsible for the pairing, as has been observed in the ferromagnetic
superconductor UCoGe [354]. Such e↵ects are neglected within our simplified analysis (4.32)
which assumes a constant coupling g.

4.4

Discussion

In this work, we theoretically investigated the physics of twisted double bilayer graphene (TDBG),
addressing the experimental observations of correlated insulating phases at integer fillings and
the neighboring superconductor reported in Ref. [312].
First, let us summarize a few important features of the band structure. Due to the absence
of a C2 symmetry in TDBG, isolated conduction and valence bands with non-zero valley Chern
numbers can exist. Moreover, trigonal warping and particle-hole asymmetry in each bilayer
graphene lead to (i) a significant broadening of each band so that they overlap in the absence
of a displacement field, and (ii) asymmetry between electron- and hole- doped systems. As a
result, the parameter space that can host strongly correlated physics is significantly constrained,
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and the tunability from displacement field at a particular filling becomes essential to realizing
correlated states.
Second, we identified an important role played by the coupling of in-plane field to the orbital
motion of the electron in TDBG. Despite being small compared to the bandwidth, this e↵ect is
comparable to Zeeman splitting, leading to a modified g-factor which compares favorably to the
experimental value [312] extracted from the slope of the half-filling gap as a function of in-plane
field. Moreover, in our theory, this e↵ect is responsible for the reduction of Tc under an in-plane
field by providing the main pair breaking mechanism when pairing takes place between aligned
spins in opposite valleys. The resulting decrease in the superconducting Tc with in-plane field
agrees qualitatively with the experimental results.
Furthermore, we have performed a self-consistent Hartree-Fock mean field calculation to
identify the possible symmetry broken correlated insulating states at integer fillings. Our prediction of a spin-polarized ferromagnet at half-filling is consistent with the observed increase in
the gap with in-plane field.
Finally, here we have proposed a pairing mechanism based on ferromagnetic fluctuations,
which is motivated by the evidence for a ferromagnetic parent insulator. Such a mechanism leads
naturally to the spin-triplet pairing suggested by experiments. In addition, we showed that the
experimentally observed dependence of Tc on in-plane field suggests that the superconductor
emerges in the vicinity to a quantum critical point.
In conclusion, our theoretically established phase diagram for twisted double bilayer graphene,
captures all significant observations of the experiments reported in [312]. This includes singleparticle features such as the parameter range for band isolation as well as correlation-induced
features including a ferromagnetic insulator at half-filling which leads to a spin-triplet superconductor upon doping. In addition to deepening our understanding of correlated Moiré materials,
our results highlight how phases which are rare in conventional solids can be readily realized in
this novel and tunable platform.
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5

Non-Hermitian Physics I

5.1

Introduction

Symmetry and topology lie at the heart of modern physics, and systematically understanding
their roles in various physical systems has led to numerous interesting phenomena and potential
applications [27, 355–364]. Systematic classifications of symmetry-protected topological (SPT)
phases, as exemplified by the ten-fold-way [15, 16, 365] for free fermions, have been particularly
important in providing a framework to analyze the topological behavior of systems with different symmetries and expediting the identification of new phases. Indeed, extensions of such
approaches have also been proven to be extremely useful beyond the ten-fold-way, in the classification of topological crystalline insulators and gapless topological materials [366–371]. However,
the majority of these works focus on the case of a closed Hermitian system.
In contrast, many physical systems, particularly in the context of atomic, molecular and optical physics [372–378], may display richer non-Hermitian properties [379, 380] associated with
gain or loss in the system, leading to counter-intuitive phenomena such as unconventional transmission and reflection [381, 382], parity-time symmetry [383–389], as well as laser and sensor
applications [390–399]. Moreover, it has recently been shown that even in solid-state systems
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conventionally described by a Hermitian Hamiltonian, an e↵ective non-Hermitian description
based on quasiparticle lifetimes can also yield new physical insights [400–403]. The topological properties of such non-Hermitian systems are also of great importance, due to both the
fundamental interest of expanding the classes of available topological states [404, 404–435] and
clarifying the roles of bulk-boundary correspondence in such systems [436–440], as well as their
potential applications in e.g. topological lasers [398, 399, 441].
However, systematic classifications of such non-Hermitian SPTs are still in progress. In a
significant step towards this direction, Gong et al. [414] proposed an approach to extend the
Hermitian classification techniques based on K-theory to non-Hermitian systems. However, only
a limited set of symmetries that are directly realized in usual Hermitian systems were considered,
and the classification was considered as an independent extension of Hermitian classes, where
the usual Altland-Zirnbauer (AZ) classes were not directly included in the formalism. This
calls for a systematic e↵ort to analyze all possible symmetries in the non-Hermitian setting, and
determine the allowed topological invariants.
Here, we systematically classify non-Hermitian topological bands in arbitrary spatial dimension, taking into account new types of symmetries that are unique to non-Hermitian systems.
To this end, we make use of the Bernard-LeClair symmetry classes [416, 442–444], based on
four types of fundamental symmetries, which naturally generalize AZ classes into the case of
non-Hermitian random matrix ensembles, resulting in a total of 38 symmetry classes. We find
that in addition to expanding the classes of available symmetries, this approach also leads to
two independent generalizations of Kramers’ relations, which constrain the spectra and lead
to degeneracies for certain symmetry classes, playing an important role in the identification of
topological invariants. We then employ the technique of doubling the Hamiltonian (also known
as Hermitian reduction) [414, 442, 445, 446] to reduce the non-Hermitian classification problem
into a Hermitian classification problem, and apply K-theory techniques to obtain the classifying
space and resultant topological invariants [447]. Our classification scheme naturally includes
previous results on non-Hermitian systems, and also contains Hermitian classifications as a special case, where Hermiticity is viewed as a special case of the more general pseudo-Hermiticity
symmetry. To illustrate the periodic table, we analyze several nontrivial examples of the classification beyond what has been discussed in existing literature, providing detailed analysis of
topological invariants in zero, one and two dimensions that did not appear in the limited symme-
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try classes of previous discussions of non-Hermitian topological phases. Our results thus provide
a framework to analyze topological phases protected by general non-Hermitian symmetries, and
could serve as an important guide for the experimental design of topologically-nontrivial nonHermitian systems based on the novel invariants we have proposed.
This paper is organized as follows: In Sec. 5.2, we briefly review the Hermitian classification
approaches based on K-theory and Cli↵ord algebra extension problems. In Sec. 5.3, we describe
the Bernard-LeClair symmetry classes in detail, which form a natural generalization of the
Altland-Zirnbauer classes to the non-Hermitian setting. Analyzing these symmetry classes in
Sec. 5.4, we find two distinct non-Hermitian generalizations of Kramers degeneracy, one of
which makes use of the biorthogonal properties of the system, and the other leading to spectra
that forms complex-conjugate pairs. We then proceed to present our classification scheme and
results in Sec. 5.5, which are based on a natural generalization of Hermitian gapped topological
phases to non-Hermitian systems, culminating in the periodic table Tab. 5.2. We find that in
addition to reproducing known results, this new classification with more general non-Hermitian
symmetries also provides new classes of topological invariants in non-Hermitian systems, and
we elucidate their physical nature through explicit examples and calculations of topological
invariants in Sec. 5.6, making use of symmetry transformations to Hermitian Hamiltonians, as
well as correspondences between non-Hermitian Hamiltonians and block o↵-diagonal projectors
of Hermitian Hamiltonians with chiral symmetry. We also examine the implications of winding
number topological invariants on the non-Hermitian skin e↵ect. We conclude by some remarks
on di↵erent extensions to the classification scheme in Sec. 5.7. Details of some calculations as
well as additional examples are presented in the appendices.

5.2

Review of Hermitian Classifications

Before presenting our approach to the classification of non-interacting SPTs protected by nonHermitian symmetries, we first review methods to classify non-interacting SPTs in Hermitian
systems, based on K-theory and Cli↵ord algebra extension problems [15, 16, 27, 365, 448–450].
For simplicity, we shall be focusing on the case of internal symmetries only, although spatial
symmetries can also be readily incorporated.
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5.2.1

Hermitian Symmetries

The symmetry classes considered in the Hermitian setting (so-called AZ classes) are combinations
of time-reversal symmetry T , particle-hole symmetry C, and chiral symmetry P, defined as
[H, T ] = {H, C} = {H, P} = 0,

(5.1)

where H is the Hamiltonian, square brackets denote commutation and curly brackets denote anticommutation. Each of these symmetries are involutions, meaning that acting with them twice
gives rise to the same Hamiltonian. T and C are anti-unitary symmetries, while P is unitary. We
assume that we are already operating in the symmetry sectors of any possible unitary, commuting
symmetries such as spin-rotation symmetry, and can thus ignore their e↵ects1 . Since the presence
of two symmetries of the same kind will give rise to a unitary, on-site, and commuting symmetry,
we also assume that only one symmetry operator of each kind is present in this symmetry sector.
Since P is a unitary symmetry, we can multiply a phase such that it satisfies P 2 = I. For anti-

unitary symmetries, we can show that T 2 , C 2 = ±I (see for example appendix E.1). Moreover,
the combination of two of these symmetries will give rise to a symmetry of the other type.
This allows us to enumerate the AZ symmetry classes for Hermitian systems. When H
possesses anti-unitary symmetries, T and C can be either present (with square ±1) or not,
giving rise to 32

1 = 8 classes, where we do not count the case where both anti-unitary

symmetries are not present. When H does not possess any anti-unitary symmetries, there are
2 classes, depending on whether the chiral symmetry is present. Thus, there are a total of 10
possible symmetry classes.

5.2.2

Clifford Algebra

For classifications of Hermitian topological phases, Cli↵ord algebras play an important role.
These are algebras in which the generators anti-commute with each other. When there are antiunitary symmetries present, the complex conjugation involved in the anti-unitary symmetry
requires us to consider real Cli↵ord algebras; otherwise, we consider complex Cli↵ord algebras.
1

However, this strategy only works for internal unitary symmetries, for which we can diagonalize
Bloch basis for a given momentum k. For spatial symmetries, such as rotations or reflections, that mix
di↵erent momenta, special cares have to be taken. One exception is inversion symmetry, which maps
k 7! k. This can be easily incorporated into the framework of the ten-fold way.
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The complex Cli↵ord algebra Cln , with n generators e1 , e2 , ..., en , is formed by taking all
linear combinations of products of generators ep11 ep22 ...epnn (pi = 0, 1) over the complex number
field. In addition, the Cli↵ord algebra generators satisfy the anti-commutation relation
{ei , ej } = 2

ij ,

(5.2)

where we have used the fact that complex numbers can be multiplied to make each generator
square to 1.
The real Cli↵ord algebra Clp,q has n = p + q generators, and is formed by taking all linear
combinations of products of generators ep11 ep22 ...epnn (pi = 0, 1) over the real number field. Since
the underlying number field is real, we can no longer multiply arbitrary complex numbers to
make the generators square to 1. Therefore, the generators are chosen to satisfy the following
relations:
{ei , ej } = 0, j 6= i
8
>
< 1, 1  i  p,
2
ei =
>
:+1, p + 1  i  p + q.

5.2.3

(5.3)
(5.4)

Topological Classification for Hermitian Systems

Having introduced the symmetries and mathematical language that will be employed in the
classification, we can now proceed to discuss the topological classification of Hermitian systems,
following Kitaev’s approach [15]. The results are summarized in Tab. 5.1.
First, we consider a zero-dimensional system. For a generic, gapped Hamiltonian, one first
“flattens” the spectra, keeping the gap open and thus preserving the topological properties, such
that all eigenvalues above the gap are continuously deformed to lie at +1, and all eigenvalues
below the gap lie at

1. The symmetry generators are then written in the form of matrix repre-

sentations of Cli↵ord algebra generators. For the classification to be generic and robust against
the insertion of additional bands, as per Kitaev’s original approach, the matrix representations
should be chosen to be of sufficiently large dimension.
With the symmetry generators written as elements of a Cli↵ord algebra {ei }, the classification then corresponds to determining all possible inequivalent ways to insert the generator

171

e0 , representing the mass term of the Hamiltonian, into the existing Cli↵ord algebra. As an
example with complex classes, when there are n existing generators, this would correspond to
the Cli↵ord algebra extension problem Cln ! Cln+1 . The set of such representations forms the
so-called “classifying space”, denoted Cq or Rq for the complex or real Cli↵ord algebras.
According to K-theory, the classifying spaces for the complex and real Cli↵ord algebra extension problems are
Cln ! Cln+1

, Cn ,

Clp,q ! Clp,q+1

, Rq

Clp,q ! Clp+1,q

, Rp+2

(5.5)
p,

(5.6)
q.

(5.7)

The distinct components are characterized by the zeroth homotopy group ⇡0 (Cq ) or ⇡0 (Rq ),
which are well-known from the explicit forms of the classifying spaces based on the theory of symmetric spaces. Thus, one can determine the topological classification for any zero-dimensional
system with the above symmetries.
A physical interpretation of this mathematical approach based on Cli↵ord algebra extension
problems is that we are seeking all inequivalent ways to insert a mass term and gap out a system,
subject to some symmetry constraints. This interpretation also makes clear the classification
approach in a general dimension d: we can generically consider a massive Dirac Hamiltonian
H(~k) =

X

ki

i

+ m,

(5.8)

i

where ki is the momentum in the ith direction and m is a mass term that gaps out the system.
Similar to the zero-dimensional case, the mass term m should satisfy the commutation relations
Eq. 5.1. However, since anti-unitary operations flip the direction of momenta, the commutation
relations with the

i

matrices become
{T , i } = [C, i ] = {P, i } = 0.

(5.9)

If we take the mass term m to be flattened as in the 0D case, operators in Eq. 5.8 should satisfy
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Class
A
AIII
AI
BDI
D
DIII
AII
CII
C
CI

TRS
0
0
1
1
0
-1
-1
-1
0
1

PHS
0
0
0
1
1
1
0
-1
-1
-1

Chiral
0
1
0
1
0
1
0
1
0
1

Classifying space
C0
C1
R0
R1
R2
R3
R4
R5
R6
R7

0D
Z
0
Z
Z2
Z2
0
Z
0
0
0

1D
0
Z
0
Z
Z2
Z2
0
Z
0
0

2D
Z
0
0
0
Z
Z2
Z2
0
Z
0

3D
0
Z
0
0
0
Z
Z2
Z2
0
Z

Table 5.1: Periodic table for Hermitian topological phases, adapted from Ref. [15, 16, 449].
The columns specify the symmetry class, the square of each symmetry (time-reversal symmetry, particle-hole symmetry, and chiral symmetry), where 0 denotes that this symmetry is not
present, the classifying space for the zero-dimensional Cli↵ord algebra extension problem, and
the topological classification in dimensions 0 to 3.
the commutation relations
{ i,

j}

=2

ij ,

{m, i } = 0,

m2 = I.

(5.10)

The topological classification then proceeds in a similar fashion as before. We classify the
topologically inequivalent ways of adding the mass generator e0 = m to the Cli↵ord algebra
formed by the symmetry generators and the matrices

i.

Thus, with each increase of dimension,

the Cli↵ord algebra extension problem and correspondingly the classifying space is shifted. This
gives rise to the diagonal structure in the periodic table. Due to Bott periodicity in K-theory,
the topological indices have period 2 for complex classes and period 8 for real classes. The
classification results for Hermitian topological phases are summarized in Tab. 5.1.

5.3

Non-Hermitian Symmetry Classes

We now generalize the symmetry classes to the non-Hermitian case, making use of the ideas
of Bernard-LeClair symmetry classes [416, 442–444, 451]. The key di↵erence is that in the
case of non-Hermitian systems, the scope of symmetries is significantly expanded; in particular,
Hermiticity can now be viewed as a special type of non-Hermitian symmetry (type Q). Timereversal symmetry and particle-hole symmetry become equivalent under an imaginary rotation
[418], but can have two independent types (type C and type K) of generalizations to the non-
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Hermitian setting. Combined with chiral symmetries (denoted type P ), this gives rise to four
di↵erent types of symmetries, with certain equivalence relations between di↵erent combinations
of them.

5.3.1

Basic Building Blocks: Bernard-LeClair Symmetry Classes

We first explain the form of the basic symmetries. For unitary, commuting symmetries, the
Hamiltonian can be block-diagonalized into di↵erent symmetry sectors and considered separately. Therefore, we focus on the remaining possible symmetries, restricted on physical grounds
to be involutions, that act on each symmetry sector. From a physics viewpoint, we would like
them to be natural—but complete—generalizations of the Hermitian time-reversal, particle-hole,
and chiral symmetries. Moreover, we would like to directly incorporate Hermitian classifications
into this formalism. This motivates the following forms of symmetries that we consider.
Generically, we may write
h = ✏O uO(h)u

1

,

(5.11)

where u is a unitary matrix implementing the symmetry, the operation O can be identity, Hermitian conjugation, transposition or complex conjugation, labeled as type P, Q, C, K symmetries,
and ✏O is a sign factor ±1, as required for an involution. Since we are already in a fixed symmetry sector, we assume no unitary, commuting symmetries, and therefore must have ✏p =

1,

in analogy to the Hermitian chiral symmetry. Type P and Q symmetries are straightforward
generalizations of chiral symmetry and Hermiticity, while type C and K are two di↵erent generalizations of time-reversal/particle-hole symmetry that coincide in the Hermitian case but can
generically be di↵erent in the non-Hermitian setting.
We note that the presence of some symmetries may imply others. For example, since each
of the symmetries are restricted to be involutions, a combination of two symmetries (specified
by u1 , u2 ) of the same type will result in a unitary commuting symmetry u1 u2 , and thus within
each symmetry sector, we only need to consider at most a single instance of each symmetry.
Moreover, the combination of a type Q and type C symmetry automatically implies a type K
symmetry k = qc; therefore, to enumerate all classes that involve any two or three of type Q,
C, K symmetry, we only need to consider the inclusion of a type Q and a type C symmetry.
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For the two symmetry types Q and K that involve complex conjugation, we may redefine
h ! ih to flip the sign of ✏O , and thus without loss of generality we may choose ✏q = ✏k = 1.
Meanwhile, ✏c = ±1 can take on either sign. Note that care must be taken when both type
Q and type K symmetries are present, since the above redefinitions to make ✏q = ✏k = 1 may
be inconsistent. However, as discussed above, any two of type Q, C, K symmetries will imply
the remaining one; therefore, we can always consider only the corresponding type Q and type
C symmetries in this scenario, and use the consistent sign for the type K symmetry that is
automatically implied. The choice of sign will impact the spectrum, but will not modify the
topological properties that we are interested in.
The condition that the symmetries are involutions also imposes restrictions on the unitary
symmetry implementation u. As is shown in appendix E.1, the unitary implementations p, q, c,
k of type P , Q, C, K symmetries are required to satisfy p2 = q 2 = cc⇤ = kk ⇤ = I. Moreover,
by an appropriate phase choice of p and q, and by further analysis of c and k, we find that we
can choose p2 = q 2 = I and cc⇤ = kk ⇤ = ±I.
Combining all of the preceding considerations, we arrive at the canonical forms for the 4
types of symmetries:
php

1

, p2 = I

(P sym.)

(5.12)

h = qh† q

1

, q2 = I

(Q sym.)

(5.13)

h = ✏c chT c

1

, cc⇤ = ⌘c I

(C sym.)

(5.14)

h = kh⇤ k

1

, kk ⇤ = ⌘k I

(K sym.)

(5.15)

h=

For physical dimensions greater than 0, we also need to specify how the symmetries operate
on the momentum. Since type P and Q symmetries are more analogous to Hermiticity and
chiral symmetry, we expect them to preserve the momentum k ! k, while for type C and K
symmetries, since they are more analogous to time-reversal symmetry and particle-hole symmetry, we expect them to behave similar to anti-linear and anti-unitary symmetries, and should
thus bring k !

k. This is further justified in Sec. 5.5.2, where we discuss the use of doubled

Hamiltonians to perform topological classifications; type P , Q symmetries are mapped to unitary symmetries at the doubled level, while type C, K symmetries are mapped to anti-unitary
symmetries, consistent with the above choice of action on the momentum. This is consistent
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with the AZ symmetry classes, but for other physical situations, e.g. PT symmetry, it may be
desirable to adopt di↵erent momentum transformation rules.

5.3.2

Commutation Relations

To consider the combination of several symmetries, we require that the di↵erent symmetry
transformations specified in Eqs. 5.12-5.15 commute2 . Taking type P and Q symmetries as an
example, this implies
pqh† q † p† =

qph† p† q †

(5.16)

for generic h, which implies that p† q † pq = I, or in other words p = q † pq. Taking the square,
and using the fact that we can choose p2 = I, we find that
p = ✏pq q † pq,

2

= 1. Thus, we find that

✏pq = ±1.

(5.17)

Similarly, we find that
c = ✏pc pcpT ,

k = ✏pk pkpT ,

c = ✏qc qcq T ,

(5.18)

where ✏µ⌫ = ±1 for µ, ⌫ = p, q, c, k.
The types of symmetries considered, combined with the signs of the commutation relation
✏µ⌫ , the sign of the commutation between the type C symmetry and the Hamiltonian ✏c , and the
sign of the symmetry operator involution identity ⌘c , ⌘k , completely specify a symmetry class.
However, some of these symmetry classes can be shown to be equivalent to each other, as we
now discuss.

5.3.3

Equivalence Relations

Similar to how a type Q and a type C symmetry may combine to imply a type K symmetry,
combinations of a type P symmetry and another symmetry may also imply a new symmetry of
the second kind that satisfies a di↵erent commutation relation from the original. This leads to
2

Note that this is slightly di↵erent from requiring the unitaries implementing the symmetry to commute, since the symmetry operation involves a conjugation.
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equivalence relations between di↵erent possible commutation relations and operator identities.
Here, we provide a detailed derivation of such relations.
First, consider a type P and type C symmetry. This implies that there exists an additional
type C symmetry implemented as c̃ = pc. Suppose that the original symmetries have parameters
for the square and commutation relations as specified above, then the corresponding properties
for the new type C symmetry implemented by c̃ can be found to be:
h=

php

1

=

✏c c̃hT c̃

1

) ✏c̃ =

✏c

c̃c̃⇤ = pcp⇤ c⇤ = pcpT cT = ✏cp cc⇤ = ✏cp ⌘c ) ⌘c̃ = ✏cp ⌘c
pc̃pT = cpT = ✏cp pc = ✏cp c̃ ) ✏c̃p = ✏cp
c̃† q † c̃ = c† p† q † pc = ✏pq c† q † c = ✏pq q † ) ✏qc̃ = ✏qp ✏qc .

(5.19)
(5.20)
(5.21)
(5.22)

Similarly, for a type P and type K symmetry, we shall find that an additional type K symmetry
k̃ = pk is implied, and that this symmetry satisfies the condition ⌘k̃ = ✏pk ⌘k , ✏pk̃ = ✏pk . Note
that in this calculation, we have already used the fact, as discussed previously, that for the type
K symmetry, we may redefine the Hamiltonian as h ! ih to get rid of any signs in front of the
symmetry definition.
Finally, we note that combining a type P and type Q symmetry also leads to an additional
type Q symmetry implemented as q̃ = qp. In order to satisfy the square condition for a type Q
symmetry q̃ 2 = I, we should multiply an additional phase factor
q̃ =

p

✏pq qp,

(5.23)

since qpqp = ✏pq . The only commutation relation that can be modified by this redefinition is
between the type Q symmetry and a type C symmetry. In particular, using the identities in
Eq. 5.18, we find that
p
cq̃ ⇤ = ( ✏pq )⇤ cq ⇤ p⇤
p
= ( ✏pq )⇤ ✏qc ✏pc qpc = ✏qc ✏pc ✏pq q̃c,

(5.24)

so that ✏q̃c = ✏qc ✏pc ✏pq .
By enumerating all possible symmetries, signs of the symmetry relations, and their equiva-

177

lence relations, we obtain a total of 38 symmetry classes. Note that this is slightly di↵erent from
the number of classes noted in Ref. [442, 444], since in those works inequivalent representations
of the same symmetry were separated into di↵erent classes, and in Ref. [442] several symmetry classes were accidentally dropped. However, since we are here interested in the topological
classification resulting from the symmetry classes, we are agnostic to the specific unitary implementation of the symmetry, and regard di↵erent representations of the symmetry as belonging
to the same class. Note however that even though inequivalent representations of the same
symmetry will be shown to have an identical topological classification, the precise nature of the
invariant may still be slightly di↵erent, as will be discussed in Sec. 5.6.

5.4

Non-Hermitian Kramers Degeneracy

Before providing the full periodic table for non-interacting SPTs based on these non-Hermitian
symmetry classes, we first comment on the spectral consequences of the non-Hermitian symmetries, which will also play an important role in understanding the nature of topological invariants
for certain models. In particular, we prove the non-Hermitian counterpart of Kramers relations
for type C and type K symmetries, when the symmetries square to -1. In the Hermitian limit,
both of these cases reduce to the Hermitian time-reversal symmetry. However, in the nonHermitian case, the form of the Kramers relation will be considerably di↵erent between the two
types of symmetries, and the spectral consequences of the type C symmetry are more similar to
the Hermitian time-reversal symmetry. Note that our proof does not rely on pseudo-Hermiticity,
in contrast with previous studies of generalized Kramers degeneracies in non-Hermitian systems
[451], where the system has both type K and Q symmetries; in those cases, under the presence
of a type Q symmetry, the problem can be directly transformed to the usual Kramers degeneracy
via the method described in Sec. 5.5.6.

5.4.1

Generalized Kramers Relation for Type K Symmetry

We first prove a generalized Kramers relation for type K symmetries with ⌘k = kk ⇤ =

1. We

will show that as a consequence of the type K symmetry, for ✏k = 1, each eigenstate has an
associated pair with a complex-conjugated eigenvalue. Thus, in this case, the symmetry does
not impose a full degeneracy of the eigenvalue, but only guarantees that the real part of the
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eigenvalues are degenerate.
Using the right eigenvalue equation, we find that

)
where v~k ,

~k

kh⇤ ~k k † v~k = h~k v~k = ~k v~k ,
⇣
⌘
h ~k k T v~k⇤ = ~⇤k (k T v~k⇤ )

(5.25)

are a pair of right eigenvector and eigenvalue. Thus, we find that k T v~⇤ and
k

are also a pair of right-eigenvector and eigenvalue of h
complex conjugate pairs between ~k and

~k .

⇤
~k

This implies that the spectra forms

~k.

At the time-reversal invariant points ~k =

~k, we need to show that the resulting eigenvectors

from this symmetry operation v~k and k T v~⇤ are independent of each other. Suppose they are
k

linearly dependent, then
v~k = ei k T v~k⇤ = ei k T e

i

k † v~k = k T k † v~k ,

which contradicts the fact that ⌘k = kk ⇤ = k T k † =

(5.26)

1. Therefore, the generalized Kramers

relation holds, and each eigenstate has an associated pair with a complex-conjugated eigenvalue.
In the case where ⌘k = kk ⇤ = +1, this relation will only hold for complex eigenvalues, and will
not hold anymore for real eigenvalues at the time-reversal invariant points, in analogy to the
fact that Kramers degeneracy holds for fermionic systems, but not bosonic systems. This result
is consistent with the 2Z invariant found in Ref. [414] for their non-Hermitian class AII/C (see
also class 35 in Tab. E.2).
In the above derivation, we have assumed that the symmetry satisfies h = ✏k kh⇤ k
✏k = +1. Multiplying the Hamiltonian by i, we shall also find that if ✏k =

1

with

1, we can guarantee

spectral degeneracies on the imaginary part but not the real part.

5.4.2

Biorthogonal Kramers Degeneracy for Type C Symmetry

We now prove a generalization of Kramers degeneracy for the type C symmetry with ✏c = +1 and
⌘c = cc⇤ =

1, in which the symmetry is sufficient to guarantee that for each eigenstate, there

is an associated pair with the same complex eigenvalue. This spectral consequence is similar to
time-reversal symmetry in Hermitian systems, indicating that the type C symmetry is the more
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natural non-Hermitian generalization of time-reversal symmetry. This Kramers degeneracy is
directly applied in Sec. 5.6.2, where the type C symmetry provides a robust two-fold degeneracy
for a Hamiltonian in class 7. Since the type C symmetry makes use of a transpose operation, it
is necessary to consider both left and right eigenvectors.
To proceed, let us write left and right eigenvalue equations as vL h =

L vL

and hvR =

R vR ;

it is well-known that the set of left and right eigenvalues must be the same, since both of
them are roots of the determinant equation det(h

I) = 0. However, since h 6= h† , left and

right eigenvectors are no longer related by a conjugate transpose, implying that left (right)
eigenvectors are not orthonormal among themselves anymore. The correct generalization of
m =
orthonormality is that the left and right eigenvectors form a biorthogonal system, where vLn vR
n,m ,

m)
corresponding to the unconjugated inner product between the row (vLn ) and column (vR

vectors being a kronecker delta.
In the presence of a type C symmetry, one can relate left and right eigenvectors. Since this
symmetry maps ~k to

~k, h

~k

= ch~T c† ,
k

v
L,~k L
)
)

= vL h~k = vL chT ~k c†

(v c)
L,~k L,~k
(v c)
L,~k L,~k

T

= (vL,~k c)hT ~k
= h

~k (vL,~k c)

T

(5.27)

Therefore, if vL,~k is a left eigenvector of h~k , then (vL,~k c)T is a right eigenvector of h

~k .

To show the generalized Kramers degeneracy, it is necessary to show that at the timereversal invariant points ~k =

~k, the resulting right eigenvector (v n c)T is di↵erent from the
L

biorthonormal partner of vLn . To proceed, we observe that ⌘c = cc⇤ =

1 implies that cT =

c. Now, suppressing the momentum index for the time-reversal invariant points, let us write
vL (vL c)T = , then
= vL (vL c)T = vL cT vLT
= (vL cT vLT )T
= vL cvLT =
implying that

as it is a number
vL cT vLT =

,

(5.28)

= 0. Thus, vL and (vL c)T are orthogonal, and do not form a biorthonormal pair.
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Figure 5.1: In the non-Hermitian setting, two configurations are equivalent if one can deform
the complex spectra to another, subject to symmetry constraints, while not touching the base
energy EB = 0 (origin in this figure). By this deformation, one can transform the Hamiltonian
into a unitary matrix.
This implies that at the time-reversal invariant point, there exists a pair of independent right
(left) eigenvectors with the same eigenvalue, thus ensuring the generalized Kramers degeneracy.
Combined with the relation between eigenvalues at h~k and h

~k

described above, we also find

that the winding direction of two bands forming a Kramers pair will be opposite from each other
in 1D. This crucial consequence on the spectra will play an important role in our determination
of the Z2 -topological invariant in Sec. 5.6.2.

5.5

Topological Classification for Non-Hermitian Systems

Equipped with an understanding of the non-Hermitian symmetry classes, we now proceed to
classify the topological band structure for each symmetry class. Before providing the full classification, however, we first clarify the type of topology that we are considering here.
In Hermitian systems, the topology of the system is provided by equivalence classes of
Hamiltonians, subject to desired symmetry conditions, where Hamiltonians belonging to di↵erent classes cannot be continuously deformed into each other without closing the band gap [15].
Another way to view this condition is that the energy never crosses a specified value, which is
typically chosen to be the Fermi energy EF and shifted to be set to 0.
In the non-Hermitian setting, the spectra can now be complex, and correspondingly one
natural generalization of the gapped condition is for the spectrum to not touch a complex base
energy EB [414], which we shift to 0 without loss of generality (see Fig. 5.1). This can be viewed
as a dynamical generalization of the gapped condition, where in addition to conditions on the
real part of the energy, the dynamical influence of gain and loss are also important. As we shall
see, such a condition also allows us to directly establish a mapping to Hermitian classification
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problems.
In the following, we discuss in detail the procedure for deriving the classifications for noninteracting SPTs protected by non-Hermitian symmetries. We first perform a unitarization procedure, in analogy to band-flattening in the Hermitian case, in order to bring the non-Hermitian
Hamiltonian into a standard form. The unitarized Hamiltonian is then doubled into a Hermitian
Hamiltonian with an additional chiral symmetry, for which a one-to-one correspondence between
topological classes can be specified. We then proceed to provide the classification for the corresponding Hermitian problem, and use this to obtain the classifications for non-interacting SPTs
protected by non-Hermitian symmetries.

5.5.1

Unitarization of Non-Hermitian Hamiltonians

In analogy to the flattening procedure in Hermitian classification approaches [15], where the
spectrum is deformed to have eigenvalues of ±1, here we perform a unitarization procedure
[414], such that the eigenvalues are brought onto a unit circle centered at the base reference
point, which is here chosen to be 0. This provides a convenient canonical form for the following
classifications.
More specifically, we show that any invertible Hamiltonian h can be continuously deformed
(in a symmetry-respecting way) into a unitary matrix u, where u is given by the unitary matrix
p
in the polar decomposition of h = uP , P = h† h is positive-definite. This decomposition will
always be unique as long as the eigenvalue spectrum does not touch the base point (i.e. it is
invertible), which is our prescribed condition for equivalence classes of Hamiltonians.
To prove the existence of a continuous deformation from h to u, we utilize the following
property of positive-definite matrices: if A and B are positive-definite matrices, and A2 = B 2 ,
then A = B, since a positive-definite matrix has a unique positive-definite square root. Using
this property, we show in appendix E.2 that u respects the same non-Hermitian symmetries as
h. This implies that the path h( ) = h + (1

)u = u[ P + 1

], for

going from 0 to

1, will be a symmetry-respecting continuous path connecting the non-Hermitian Hamiltonian h
and the unitary matrix u defined above, along which the Hamiltonian remains invertible. Thus,
symmetry-respecting unitarization is always possible.
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5.5.2

Doubling the Hamiltonian

With the non-Hermitian Hamiltonian defined with respect to the base energy h

EB now

deformed into a unitary Hamiltonian u, we can make use of previous classification results of
Floquet SPTs [446] by rewriting the unitary matrix as a doubled Hamiltonian [414, 442, 446]
0

Hu = @

0

u

u†

0

1

A,

(5.29)

which by construction is guaranteed to be Hermitian, squares to identity, and automatically
possesses a chiral symmetry of the form ⌃ =

z

⌦ I. As has been shown in Ref. [414, 446],

there is a one-to-one correspondence between the homotopy classes of u with the corresponding
ones of Hu , where Hu is subject to the constraints of the chiral symmetry ⌃, Hermiticity, and a
gapped spectrum. This thus allows us to obtain the topological classification of a non-Hermitian
system from its Hermitian counterpart, for which mature techniques have been developed.
To obtain the corresponding Hermitian classification problem, we also need to understand
how the symmetries are mapped over to the case of the doubled Hamiltonian Hu . Defining
0

P̄ = @

p 0
0 p

1

A,

0
1
0 q
A,
Q̄ = @
q 0

0
1
0 c
A K,
C̄ = @
c 0

0
1
k 0
A K,
K̄ = @
0 k

(5.30)

where K denotes complex conjugation, we find that the original symmetry definitions imply for
the doubled Hamiltonians that
⇥
⇤ ⇥
⇤
P̄ , Hu = Q̄, Hu = K̄, Hu = 0, Hu = ✏c C̄Hu C̄

1

.

(5.31)

Note that the last two “doubled” symmetries C̄ and K̄ are actually anti-unitary and we prescribe
them to send momentum ~k 7!
⇥

~k. In addition, we can directly verify that

⇤ ⇥
⇤
P̄ , ⌃ = K̄, ⌃ = Q̄, ⌃ = C̄, ⌃ = 0,

P̄ 2 = Q̄2 = ⌘c C̄ 2 = ⌘k K̄ 2 = I,

(5.32)
(5.33)

and the commutation relations between the di↵erent types of symmetries carry over to the
doubled Hamiltonian.
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Table 5.2: Periodic table for symmetry-protected topological phases protected by nonHermitian symmetries belonging to the Bernard-LeClair classes. For each symmetry class, we
summarize the symmetries involved, the symmetry generator relations, the classifying space
for a 0D system (the dimensional shift proceeds the same way as the conventional periodic
table), as well as the topological classification in physically relevant dimensions d = 0 ⇠ 3.
Thus, working with the doubled Hamiltonian Hu , the inherent chiral symmetry ⌃, and the
doubled symmetries P̄ , Q̄, C̄, K̄, and having specified their commutation relations and squares,
we can employ standard K-theory techniques to determine the classifying space and resulting
topological classification. In the following, we clarify a few technical points that arise when
performing this procedure.

5.5.3

Unitary, Commuting Symmetries

The combination of several symmetries may give rise to a unitary symmetry, denoted as M ,
which commutes with the Hamiltonian. For the specific Hamiltonians we are considering, there
are only two possibilities: M = Q̄ or M = ⌃P̄ , which both satisfy M 2 = +1.
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Depending on the commutation relations with other symmetries, this may either result in
multiple symmetry sectors, in which we should consider the problem separately in each symmetry
sector, or generate a complex unit J that transforms a real Cli↵ord algebra into a complex one.
When both unitary symmetries exist but do not commute with each other, the results could
also depend on the order of diagonalizing into the symmetry sectors. Here, we choose to always
first go into the symmetry sectors of the symmetry Q̄ first, and then inspect whether a unitary,
commuting symmetry ⌃P̄ still exists within each symmetry sector of Q̄.
In the following, we explain in detail our procedure for dealing with these possibilities.
1. All remaining symmetry generators commute with M . In this case, we can directly separate the problem into two symmetry sectors, with eigenvalues of M being ±1, while
retaining all other symmetries. This will usually result in a doubling of the classification;
however as shown in the next section, in the case of a type Q symmetry, one can show
that this doubling is in fact not physically meaningful, as the two sectors can be directly
related by a symmetry operation.
2. One unitary symmetry generator anti-commutes with M , while the rest commute with M .
In this case, we can still go into the ±1 eigenspace of M , except that now we should drop
the symmetry generator that anti-commutes with M , since it is no longer a symmetry in
each subspace.
3. One anti-unitary symmetry generator anti-commutes with M , while the rest commute with
M . As discussed above, without loss of generality, we only need to consider at most one
anti-unitary symmetry generator at a time. Therefore, the generator JM , where J is
the imaginary unit, actually commutes with all other symmetry generators. However,
since (JM )2 =

1, JM e↵ectively acts as a complex unit “i” and reduces a real Cli↵ord

algebra into a complex one. Thus, we can obtain the classification using all symmetry
generators other than M , and then reduce any real classes into complex classes by the
identity Clp,q ⌦R Cl1,0 ' Clp+q [449].
4. Multiple symmetry generators anti-commute with M . In this case, we take the first unitary
symmetry that anti-commutes with M and multiply it onto the remaining ones that anticommute with M . The resulting generators will now all commute with M , so we have
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reduced the problem to that of case 2, where we simply discard the first non-commuting
generator when we go into each symmetry sector.
This allows us to take care of any unitary, commuting symmetries that may have existed as
a consequence of the symmetries we specified.

5.5.4

Relation between Type Q Symmetry Sectors

For the unitary, commuting symmetry generated by a type Q symmetry, it turns out that the
two symmetry sectors will always be directly related by a transformation, and hence the sectors
are in fact not independent. To see this, consider the doubled Hamiltonian Hu defined above
with symmetry Q̄. The symmetry can be easily block-diagonalized by
0

q
U Q̄U † = @
0

0
q

1

A,

0
I
1
U=p @
2 I

I
I

1

A.

(5.34)

Correspondingly, the doubled Hamiltonian is transformed into

U Hu U † =

0

u+u†
@ 2
u u†
2

u† u
2
u+u†
2

1

A.

(5.35)

We can diagonalize q with a unitary matrix, and this will preserve the structure in Eq. 5.35;
moreover, since q 2 = I, we will only have eigenvalues of ±1. Therefore, without loss of generality,

we assume that q is diagonal with the form q = diag(I1 , I2 ), where I1 and I2 are identity
matrices. We can move to the basis where q is diagonalized and ordered in such a way. Since
qu† q † = u, this implies that if we write u in this basis, we must have
0

u=@

a b
c d

1

0

A ) u† = q † uq = @
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a
c

b
d

1

A,

(5.36)

such that the doubled Hamiltonian now takes the form
0

a 0

B
B
B0 d
†
U Hu U = B
B
B0 b
@
c 0
where the central block corresponds to eigenvalue

0

b

c
a
0

1

C
C
0C
C,
C
0C
A
d

(5.37)

1, while the corner blocks correspond to

eigenvalue +1. On the other hand, we know that
0
10
0 I
a
@
A@
I 0
c

10
1
0 I
A@
A=
d
I 0

0
d
@
b

b

c
a

1

A.

(5.38)

Therefore, the two symmetry sectors of the Hamiltonian are directly related by a symmetry
transformation, up to a sign change. This implies that the topological properties of the two
classes will always be locked to be the same.
Thus, we only need to consider one of the symmetry sectors of the doubled Q̄ symmetry.
This also makes the resulting classification consistent with the well-known Hermitian AZ classes;
otherwise, the classification obtained with our method would be doubled compared to the conventional AZ classes.
Here, we would like to remark that even though the inherent chiral symmetry ⌃ does not
always enter as a Cli↵ord algebra generator in these cases (e.g. rows 14-21 in Tab. E.1), it still
plays the important role of restricting the form of the Hamiltonian in Eq. 5.35, which is necessary
for showing that the two sectors are directly related to each other.
Note also that if we repeat the same analysis for the unitary, commuting symmetry ⌃P̄ , we
find that the doubled Hamiltonian is constrained to have the form
0

0

0

0 b

1

B
C
B
C
B 0 0 c 0C
B
C,
Hu = B
C
B 0 c † 0 0C
@
A
b† 0 0 0

(5.39)

such that the two symmetry sectors, formed by the central 2-by-2 and the corner 2-by-2, are
independent from each other. Therefore, we can separately define topological invariants in each
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symmetry sector, and the classification is indeed doubled.

5.5.5

Topological Classification

With the above procedure, we have taken care of any potential unitary, commuting symmetries
in the doubled Hamiltonian. Working in the remaining symmetry sector, the problem has been
reduced to that of classifying a Hermitian Hamiltonian Hu with a set of known symmetries of the
usual form, which allows us to follow standard procedures of constructing the Cli↵ord algebra
extension problem and determining the topological classification, as reviewed in Sec. 5.2.
In our case, at this point of the analysis, there is at most one anti-unitary and one unitary
symmetry generator that must anti-commute with the Hamiltonian. The only remaining step
then is to multiply J to any unitary symmetry generators or Hamiltonian terms that commute
with the anti-unitary symmetry generator ea , so that all the generators anti-commute with each
other. We then also include the anti-unitary symmetry generator Jea , which will automatically
satisfy the desired anti-commutation relations and is independent from ea due to the presence
of the imaginary unit.
Di↵erent topological phases are obtained from distinct ways to gap out the massless Dirac
P
Hamiltonian by Hu = di=1 ki i +e0 , which correspond to inequivalent ways to add the generator

e0 = m or e0 = Jm to the Cli↵ord algebra formed by {s, }, where s are the set of symmetries,
are the set of momentum coefficient matrices, m is the mass term and J the imaginary unit.
The set of representations for e0 form the classifying space, denoted as Ck or Rk for complex
and real classes.
For complex classes, where the Cli↵ord algebra extension problem is from Cln ! Cln+1 , the

classifying space is Cn ; for real classes, if the mass generator takes the form m, then e20 = m2 = 1,
and we have the extension problem Clp,q ! Clp,q+1 , for which the classifying space is Rq
if the mass generator takes the form Jm, then e20 = (Jm)2 =
problem Clp,q ! Clp+1,q , for which the classifying space is Rp+2

p;

1, and we have the extension
q.

The topological classification

is then obtained from counting the connected components of the classifying space, as discussed
in Sec. 5.2.
At this point, we would like to note that since momentum is reversed under time-reversal,

i

and m will always have opposite commutation behavior with an anti-unitary symmetry generator
ea , and thus they must appear either as {J , m} or { , Jm} in the Cli↵ord algebra. From our
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preceding discussion of the classifying space, this shows that as we increase the dimension of
momentum space, the subscript of the classifying space decreases, which is the conventional shift
direction similar to Hermitian AZ classes.
Following through the complete procedure described above, we arrive at the classification
table in Tab. 5.2, where we enumerated each symmetry class with its characterization by the
commutation relations and squaring properties of the symmetry generators. More details are
presented in Tab. E.1, E.2 in the appendix, where we have also provided the Cli↵ord algebra
generators, any commuting unitary symmetries3 , as well as the classifying space and topological
classification in physically-relevant dimensions 0 to 3. We note that the classification for other
dimensions can also be obtained directly from the Bott periodicity [15, 16], e.g. for a system with
classifying space Rq in 0D, its classifying space is Rq

d

in d-dimensions, and the topological

classification can be directly read o↵ from Tab. 5.1. As discussed in Sec. 5.3.3, some of the
symmetry relations are equivalent to each other, and hence belong to the same topological class.
For such cases, we include all equivalent representations in the table.
Moreover, we label the symmetry classes that have been discussed in the literature previously,
such as the standard AZ classes [16, 365] as well as the non-Hermitian classes described in
Ref. [414]. We note that based on our analysis of the spectral consequences of non-Hermitian
symmetries (P, K, Q, C) in Sec. 5.4, the assignment of non-Hermitian AZ class labels in Ref. [414]
is somewhat unnatural: For example, we found above that type C symmetry acts similar to the
usual time-reversal symmetry in terms of guaranteeing spectral degeneracies. In order to avoid
future confusion with the more natural assignment, we use an overline-notation in the table,
e.g. BDI in [414], to indicate these non-Hermitian symmetry classes discussed in Ref. [414]. As
expected, our classification results agree with prior ones where they overlap, but also provide a
broad range of new symmetry classes with nontrivial topological properties.

5.5.6

Obtaining Explicit Topological Invariants for Systems with Type
Q Symmetry

In this section, we present an alternative approach to obtain the classification for symmetry
combinations that contain a type Q symmetry, without resorting to the doubled Hamiltonian.
3

A subscript of the Cli↵ord algebra bracket denotes that the generator commutes with all other
symmetries and give rise to symmetry sectors; a separate bracket indicates that the generator serves as
an imaginary unit.

189

We note that the results here also provide a way to explicitly construct topological invariants for
Hermitian free bosons, which due to their commutation relations, naturally realize band models
with a type Q symmetry implemented by q =

z

⌦ I [417].

Consider a non-Hermitian Hamiltonian h that possesses a type Q symmetry, and possibly
an additional type P symmetry and type C symmetry. We can rewrite the type Q symmetry
condition as
h = qh† q † ) hq = (hq)† ,

(5.40)

where we have used the fact that q 2 = I. Thus, we can directly construct a Hermitian Hamiltonian for these symmetry classes, without resorting to the preceding procedure of doubling the
Hamiltonian.
The other symmetries can be correspondingly adapted for hq. If h possesses a type C symmetry, then hq will also possess a type C symmetry, with the symmetry now being implemented
by cq ⇤ . The parameters for the type C symmetry become
✏0c = ✏c ✏cq ,

⌘c0 = ⌘c ✏cq ,

✏0cp = ✏cp ✏pq .

(5.41)

If h possesses a type P symmetry, then we shall find that
hq =

✏qp p(hq)p† .

(5.42)

Thus, if ✏qp = 1, then the constructed Hermitian Hamiltonian also possesses a chiral symmetry; otherwise, p is a unitary symmetry that commutes with the Hamiltonian. Similar to the
discussion in Sec. 5.5.3, if p commutes with the anti-unitary symmetry cq ⇤ , then we can treat
it as a unitary, commuting symmetry and perform the analysis within each symmetry sector;
otherwise, we multiply p by the imaginary unit J such that it commutes with cq ⇤ , in which case
Jp acts as a complex number that reduces real classes into complex classes.
Since q is invertible, the singular points where h touches the base point EB = 0 will coincide
with those where hq touches the base point, and correspondingly, the topological classification
will be the same between the two Hamiltonians. Thus, we can apply the standard Hermitian classification schemes to hq to extract the topological properties of h. We have confirmed that this
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approach gives results consistent with the preceding classification table. In addition, this explicit
connection also allows us to directly extract the topological invariants of non-Hermitian systems
with type Q symmetry, by simply mapping the Hamiltonian onto its Hermitian counterpart
hq, and using well-known interpretations of topological invariants for Hermitian non-interacting
SPTs. However, such an approach only works for Hamiltonians that possess a type Q symmetry, and the remaining symmetry classes still require the more general approach discussed in the
preceding sections.
We note that more generally, there is another way one can obtain explicit non-Hermitian
topological invariants from known Hermitian invariants. Due to the presence of the inherent
chiral symmetry ⌃ in the doubled Hamiltonian, the non-Hermitian Hamiltonian is precisely the
block o↵-diagonal projector q(k) defined in Ref. [16], and thus methods to obtain topological
invariants for Hermitian Hamiltonians based on generalized winding numbers of the block o↵diagonal projector can be directly applied to the non-Hermitian case.

5.6

Examples of Classification and Construction of Explicit Invariants

We now discuss the preceding classification results in more detail by analyzing some specific
examples, in order to elucidate the nature of the invariants and describe various useful techniques
to directly obtain topological invariants. More specifically, we provide a detailed analysis of 0D
pseudo-Hermitian systems (class 3), which possess a Z classification, and 1D systems with a type
C symmetry (class 7), which possess a Z2 classification, in order to illustrate some nontrivial
examples beyond what has been analyzed before. Finally, we also comment on invariants for 2D
systems, and describe how they can be understood from winding numbers associated with block
o↵-diagonal projectors in chiral Hermitian Hamiltonians. While we illustrate the results for
specific examples, many of the techniques can be readily generalized to other symmetry classes
and dimensions.

5.6.1

Zero-Dimensional Systems with Z Classification

In previous non-Hermitian SPT classification attempts [414], all 0D systems belonged to the
Z2 or trivial classification, and the Z2 topological invariant was interpreted as the parity of
the number of negative real eigenvalues. However, our analysis shows that there exist several
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0D non-Hermitian classes which are classified by a Z invariant. Indeed, a general Hermitian
system without any additional symmetries is expected to possess a Z classification. However,
we also find other classes, with a somewhat di↵erent topological interpretation compared to the
Hermitian case.
First, let us consider a non-Hermitian Hamiltonian possessing a type Q symmetry (class 3
in Tab. 5.2). Without loss of generality, we have two possibilities for q, being either I or
an appropriate basis (

1,2,3

are the Pauli matrices, and below we write

ij

=

i

⌦

j

3

in

etc.). The

former one implies that the system is simply Hermitian h = h† , and the latter one implies that
the system is pseudo-Hermitian, h =

3h

†

3.

In both cases, we obtain a Z classification (see

Tab. 5.2); more precisely, we will show that an N -state system has N + 1 distinct topological
classes of Hamiltonians.
For the former case of a Hermitian matrix, the topological invariant is known to simply count
the number of eigenvalues below zero. The latter case however requires more careful analysis;
consider a two-band model, where we expect three di↵erent classes as in the Hermitian case.
The pseudo-Hermitian model is constrained to have the following form
h = aI + bi
p
where the eigenvalues are a ± d2

b2

1

+ ci

2

+d

3,

a, b, c, d 2 R,

(5.43)

c2 . This implies that the spectra consists of either two

real eigenvalues, or a complex-conjugate pair. Crucially however, the emergence of a complexconjugate pair of eigenvalues from two real eigenvalues requires the two real eigenvalues to
coalesce first.
For this eigenvalue spectrum, unlike the Hermitian case where I ⌧

I, we now have I ⇠

I,

since these two matrices can be connected by taking the following path:
(a, b) : (1, 0) 7! (1, 1) 7! ( 1, 1) 7! ( 1, 0),

(5.44)

with c = d = 0. In terms of eigenvalues, this corresponds to the path shown in Fig. 5.2(a).
However, one can see that h =

3

and h0 =

3

are not connected, since the two eigenvalues

of each matrix lie on the positive and negative real axis, and do not have partners on the same
side to combine and split into the complex plane (see Fig. 5.2(b)). Therefore, in order for the
two eigenvalues to switch places, they must pass through the origin, and must thus go through a
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(a)

Im(E)

Im(E)

Re(E)

Re(E)

Im(E)

Re(E)

(b)

Im(E)

Im(E)

Re(E)

Re(E)

Figure 5.2: Z classification of 0D topological classes with a type Q symmetry z (class 3),
illustrated for the case of a two-band model Eq. 5.43. (a) Two eigenvalues on the negative real
axis can combine, split into the complex plane, and move over to the positive real axis. (b)
In contrast, an eigenvalue on the positive axis cannot swap places with an eigenvalue on the
negative axis, because there are no eigenvalues on the same side to combine and move over in
the complex plane.
topological phase transition. For more than two bands, there is a corresponding generalization of
this intuition, where unlike the Z2 case [414], only certain eigenvalues originating from di↵erent
chiral symmetry sectors are allowed to combine and split into the complex plane and move from
the positive real axis to the negative real axis.
The di↵erent topological classes can also be seen more directly by observing that for a
generic type Q symmetry q, the symmetry condition implies that hq is Hermitian, and since
q is an invertible matrix, there is a one-to-one correspondence between topological equivalence
classes of h and hq (see Sec. 5.5.6). Thus, the topological classes of h are characterized by
the number of negative eigenvalues of the modified Hamiltonian hq. Studying the form of the
doubled Hamiltonian as in Sec. 5.5.4, one obtains similar results.

5.6.2

One-Dimensional Systems with Z2 Classification

In 1D, previous classification results in Ref. [414] described the existence of a Z invariant,
characterizing the winding number of the bands around the origin of the complex energy plane
E = 0. However, we find that our periodic table gives rise to more possibilities when generic
non-Hermitian symmetries are considered. Here, we present a model with a Z2 invariant. This
model does not possess a type Q symmetry, and thus the nature of the invariant cannot be
simply understood from the transformation described in Sec. 5.5.6.
Consider symmetry class 7 in Tab. 5.2, which possesses only a type C symmetry, where
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Im(E)

(a)

Im(E)

(b)

1

1

0

Re(E)

-1

Re(E)

0

-1
-1

0

1

-1

0

1

Figure 5.3: Z2 classification of 1D topological classes with type C symmetry (class 7), for
the case of two copies of the two-band model. (a) Spectra for the model in Eq. 5.45, with two
degenerate bands. One band (red) has winding number +1, and the other (blue) has winding
number 1. (b) Coupling two copies of the model under symmetry-respecting perturbations
as in Eq. 5.47. Here, bands split in such a way that all bands have zero winding number with
respect to the origin.
chT c† = h and cc⇤ =

1. We construct a Hamiltonian realizing this symmetry class by making

use of the following complex representation of the Cli↵ord algebra:
Gen.

⌃

Rep.

30

C̄

J C̄

12 K

i

12 K

x

Jm

21

i

10

where we have satisfied all constraints on the realization of generators, such that ⌃ always takes
the form of

3 ⌦I,

and C̄ takes the form (

1 ⌦M )K

(see Eq. 5.30). Using the given representations

of kinetic and mass terms, one can construct the following non-Hermitian Hamiltonian:
h(kx ) = i sin kx

1

+ (m

cos kx )

0,

where m is a tuning parameter and the symmetry is implemented as c =

(5.45)
2.

Here, in moving

from a low-energy continuum description to a lattice model, we have chosen a momentumdependent coefficient m

cos kx for the mass term, so that the system is gapless only at kx = 0

and m = 1. If the mass term is chosen to be independent of kx , then there will be two Dirac
points at kx = 0, ⇡ that will be gapped out together, corresponding to two topological transitions
happening simultaneously.
There are two bands in the Hamiltonian Eq. 5.45, with energies E± = m

cos kx ± i sin kx .

The E+ and E branches have opposite winding-numbers around the origin, and they are related
by the type C symmetry as E+ ( kx ) = E (kx ). The two di↵erent topological phases (m > 1 or
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m < 1) for this model can then be characterized by the parity of a winding number, defined as
w0 =
0

where ( 1)w =

Z

⇡
⇡

dk
@k (arg E+ (kx )
4⇡i x

arg E (kx )).

(5.46)

0

1 for the topologically non-trivial phase and ( 1)w = 1 for the trivial phase.

This definition can be generalized into any model with 2n bands for this symmetry class, since the
generalized Kramers degeneracy (Sec. 5.4.2) ensures that all bands come in pairs, with opposite
chiralities. Unlike the previously-studied 1D non-Hermitian classes with a Z classification [414],
this symmetry class has a Z2 classification. Thus, we observe robust helical modes with Re(E) =
0 and Im(E) > 0 in Fig. 5.3(a), implying that the physical response of the system at late times
depends on a pair of counter-propagating modes. We remark that this feature is very similar
to the edge of a 2D topological insulator (TI)—class 15 (Hermitian class AII) in our table.
Considering that (i) the symmetry of class 7 gives rise to a non-Hermitian Kramers degeneracy
and (ii) classifications of class 7 in d-dimension and class 15 at (d + 1) dimension exactly match,
one may conjecture that there exists a higher-level of correspondence between non-Hermitian
and Hermitian classifications for these specific cases.
To demonstrate how the classification becomes Z2 instead of Z, let us consider two copies of
the aforementioned system, and analyze the e↵ects of symmetry-preserving perturbations. When
we have two copies of Eq. 5.45, the symmetry action becomes c =

20 .

the following mass terms (coupling between two copies) are allowed:

Under this symmetry,

00 ,

01 ,

12 ,

22 ,

32 ,

03 .

For simplicity, we consider
h0 (kx ) = i sin kx
where the mass term

12

+ 2i

32

10

+ (m

cos kx )

00

+ (

12

+ 2i

32 ),

is chosen to break degeneracies. At m =

(5.47)
= 0, we obtain

Fig. 5.3(a), where four bands are quadruply degenerate, and we have |w0 | = 2. However, at
m = 0 and

= 0.1, the spectra becomes that of Fig. 5.3(b) where the four bands split into

doubly degenerate bands with |w0 | = 0. Thus, this phase coincides with two copies of the
topologically trivial phase (m = 2 and

= 0), demonstrating that the classification is Z2 , and

the newly defined winding number w0 is defined modulo 2.
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5.6.3

Two-Dimensional Systems with Z2 Classification

Moving up another dimension, we provide an example in which the system has a nontrivial
classification in 2D. Note that in previous non-Hermitian classifications [414], all 2D classes
were found to be trivial.
The simplest example is class 3, which possesses a type Q symmetry. For a Hamiltonian
with a type Q symmetry, the invariant can be obtained similarly to the 0D example, in which
we may transform the Hamiltonian by the type Q symmetry to obtain the topological invariant
of the non-Hermitian system from the corresponding Hermitian one.
In the absence of a type Q symmetry, the first non-trivial 2D example is again given by class
7, with a type C symmetry. To illustrate the topological classification for this symmetry class,
we make use of the following complex representation of the Cli↵ord algebra
Gen.
Rep.

⌃

C̄

30

J C̄

12 K

i

12 K

x

y

Jm

11

12

i

20

This gives rise to the following non-Hermitian Hamiltonian on a lattice:
h(kx , ky ) = sin kx

1

+ sin ky

2

i[m + C(cos kx + cos ky )],

(5.48)

with the corresponding doubled Hamiltonian given by
H(kx , ky ) = sin kx

11

+ sin ky

12

+ [m + C(cos kx + cos ky )]

20 .

(5.49)

Upon closer inspection, we find that the doubled Hamiltonian is identical to the 2D class
DIII example described in Sec. 4.1.4 of Ref. [16]. At the doubled level, the Z2 -invariant can be
expressed as the Kane-Mele invariant [452], which can be reduced to the Pfaffian of the sewing
matrix (characterizing the transformation of eigenstates under symmetry operations) at timereversal invariant points [16, 452, 453]. Evaluating the Pfaffian, we find that the Z2 -invariant is
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given by
⌫ =

Y

Pf[w(~k)] =

~k2TRI

Y

~k2TRI
2

m(~k)
m(~k)

= sgn(m + 2C) [sgn(m)] sgn(m

2C),

(5.50)

where m(~k) = m + C(cos kx + cos ky ) and w(~k) is the sewing matrix defined in Ref. [16]. Thus,
the phase with

2C < m < 2C is non-trivial while the phase with m > 2C or m <

2C is

trivial. In Fig. 5.4(a), we plot the dispersion of Eq. 5.48 for m = 0.5, C = 1. As one can see,
there are two ‘holes’ in the two-dimensional dispersion drawn in the complex energy plane. The
system undergoes a topological phase transition as the origin moves into the holes, resulting in
di↵erent topological classes depending on where the origin is located relative to the spectrum.
We can also consider a more generic case in which there is an anisotropy between the x and
y directions. Here, the mass term is given by
m(~k) = m + Cx cos(kx ) + Cy cos(ky ),

(5.51)

where the expression for topological indices is modified accordingly. In this case, there are three
holes in the complex spectra (see Fig. 5.4(b)), the spectra in Fig. 5.4(a) being the special case
where Cx = Cy , so that the middle hole disappears. Black dots in the figure represent Dirac
points in the real part of the spectrum, and the topological transition in this specific model is
also accompanied by a sign change of the imaginary energy of the Dirac point.
We can also directly obtain the invariant of the 2D system by making use of the correspondence between the non-Hermitian Hamiltonian and the block o↵-diagonal projector q(k) [16],
which characterizes one o↵-diagonal sub-block of a Hermitian Hamiltonian with chiral symmetry,
in an appropriate basis. From Tab. 5.2, we observe that the doubled Hamiltonian of symmetry class 7 has a classifying space R3 , which is identical to a Hermitian system of symmetry
class DIII. As discussed in detail in Ref. [16], for Hermitian class DIII, the two-dimensional Z2
invariant is the first descendant of a three-dimensional Z invariant.
Thus, the topological invariant can be obtained by the following general procedure: First,
identify a trivial phase corresponding to non-Hermitian Hamiltonian h0 (k) (or equivalently,
the block o↵-diagonal projector of the doubled Hamiltonian). Then, for a given Hamiltonian
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Figure 5.4: Z2 classification of 2D topological classes with a type C symmetry (class 7).
Since the Brillouin zone is now two-dimensional, the complex spectra is also a two-dimensional
object. The system carries a di↵erent topological index ⌫ depending on where the origin (base
energy) is located at, as labeled. Black dots represent a Dirac cone in the real part of the
spectrum, where topological phase transitions occur. (a) Spectra of Eq. 5.48, where there is
no anisotropy between x and y directions. Here, m = 0.5 and C = 1. (b) Spectra for the
Hamiltonian Eq. 5.51 with a modified mass term. Here, m = 0.5, Cx = 1, and Cy = 2.
h1 (k), its topological invariant relative to the trivial phase can be determined by constructing
a continuous path h(k, t), t 2 [0, ⇡], such that h(k, 0) = h0 (k) and h(k, ⇡) = h1 (k) (the system
must remain gapped throughout the trajectory). This path can then be expanded to a nonHermitian Hamiltonian in one higher dimension h(k, t), with t 2 [0, 2⇡] now regarded as an
additional momentum direction, such that the expanded Hamiltonian satisfies the symmetry
constraint for class DIII h(k, t) =

c̄hT ( k, 2⇡

t)c̄† where c̄ =

1

⌦ c. The winding number of

dh)3 ],

(5.52)

this higher-dimensional Hamiltonian can then be calculated
⌫3 [h(k, t)] =

Z

BZ d=3

1
tr[(h
24⇡ 2

1

and the topological invariant relative to Hamiltonian h0 (k) will be
⌫ = ( 1)⌫3 [h(k,t)] ,

(5.53)

since di↵erent path interpolations [16] between h0 (k) and h1 (k) can be shown to be equivalent
mod 2. Thus, using this procedure, it is possible to provide a topological invariant for a general
2D non-Hermitian Hamiltonian in class 7. As commented in the preceding sections, since the
chiral symmetry is inherent to the doubling procedure, this technique is also applicable to many
non-Hermitian Hamiltonians in other symmetry classes, at least for the ones which contain a
chiral symmetry in the Cli↵ord generator set and do not possess an imaginary unit that reduces
real classes to complex classes (see third column in Tab. E.1, E.2). We note that these techniques
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can also be readily generalized to other symmetry classes or higher-dimensional models, either by
a coupled wire/coupled layer construction or by directly examining higher-dimensional winding
numbers.

5.6.4

Non-Hermitian Skin Effect

Having examined the topological classification and corresponding models for non-Hermitian systems, we now discuss some more physical consequences of the topological invariants in 1D. In
non-interacting Hermitian systems, the bulk topological invariant gives rise to gapless boundary
modes that appear in addition to the bulk spectrum when the system is terminated at a boundary (bulk-boundary correspondence). In the non-Hermitian setting, however, things can be
drastically di↵erent: upon changing from periodic boundary conditions (PBC) to semi-infinite
boundary conditions or open boundary conditions (OBC), the spectrum can be completely modified [414, 436–440]. In addition, the system may manifest a non-Hermitian skin e↵ect [438], in
which an extensive number of eigenmodes pile up at one of the boundaries.
For many models including those considered above, we find that the topological invariant
can be connected to this non-Hermitian skin e↵ect. First, consider 1D systems. For symmetry
class 1 in Tab. 5.2, the topological invariant is defined by the winding number w(EB ) defined
with respect to the base energy EB [414], and it has been shown that if w(EB ) 6= 0 for some EB ,
then the system under OBC exhibits the non-Hermitian skin e↵ect. In the case of symmetry
class 7 considered in Fig. 5.3(a), we numerically find that upon changing to OBC, the complex
spectra collapses to an EP, or to a one-dimensional line of complex eigenvalues for more general
parameters. Inspecting the spatial profile of the eigenmodes, we find that they pile up at both
left and right ends, owing to the opposite winding of the two bands related by type C symmetry.
Now, one may ask what happens if we couple two copies of the same model (Fig. 5.3(b)), as then
the topological invariant would be zero. However, this is only true for w(EB ) defined with respect
to EB = 0. In fact, we immediately notice that w(EB ) of one of the degenerate bands would be
non-zero for EB located inside of the figure 8 shape in Fig. 5.3(b). Accordingly, we find that the
two separated loops again collapse into one-dimensional arcs of complex eigenvalues, with similar
skin-mode localization on the left/right edges. Thus, one can make the following observation:
In 1D, if a complex energy spectrum has a non-trivial winding w for some EB 2 C, then the
corresponding system under OBC exhibits piling of eigenmodes at the left (w > 0) or right
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(w < 0) edge. Note that this is expected to hold only for 1D topological invariants characterized
by a winding number in the complex plane, so that Hermitian topological invariants are excluded.
These features can be understood by an extension of previous arguments [414, 438, 440]
under semi-infinite boundary conditions and open boundary conditions, at least for few-band
models. For simplicity, let us consider a single band belonging to a pair of bands related by
the type C symmetry. For semi-infinite boundary conditions, the winding number around a
given base point EB can be shown to be directly related to the number of eigenmodes localized
at the boundary [414]. Further modifying the boundary conditions to OBC imposes additional
constraints from the other edge, which requires that the absolute value of the spatial decay
factor |

1 |,

|

2|

of the two dominant modes to match, so that there is a nontrivial solution in

the long chain limit [437, 438, 440]. This imposes one additional constraint, which generically
reduces the solutions from filling the interior of the winding band structure to only occupying a
one-dimensional line of eigenmodes.

5.7

Summary and Discussion

In conclusion, we have classified non-Hermitian topological bands in arbitrary spatial dimension,
systematically accounting for the new types of symmetries that are unique to non-Hermitian
systems. Making use of the Bernard-LeClair symmetry classes, we have found that these generic
non-Hermitian symmetries give rise to a wide range of possibilities, where many symmetry classes
that have thus far not been explored possess a nontrivial classification. The entire Hermitian
AZ classification is also naturally incorporated as a special instance of our current classification
scheme [444], since Hermiticity is viewed in this picture as a type Q symmetry, with the symmetry
implemented as the identity matrix.
In addition, by a direct mapping of the non-Hermitian Hamiltonian into a Hermitian one,
we have elucidated how the nature of the topological invariant for symmetry classes with a type
Q symmetry can be understood from well-known examples in Hermitian systems. We have also
provided new topological invariants for classes where such a transformation is not immediately
available. In particular, we find that unlike previous work [414], there do exist non-Hermitian
models in 1D and 2D, with no direct transformation to Hermitian models, that possess a Z2
topological invariant.
Moreover, there seems to be an interesting correspondence between classifications of d-
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dimensional non-Hermitian systems and d + 1-dimensional Hermitian systems, where the long
time behavior of certain classes of non-Hermitian systems resemble the anomalous boundary
of Hermitian systems. Considering that a non-Hermitian Hamiltonian can be regarded as an
e↵ective description of a Hermitian system where the bulk is integrated out, this may hint at the
possibility of non-Hermitian classifications capturing anomalous physics in the same dimension.
Beyond its immediate importance for understanding the topological structure of non-Hermitian
systems, the periodic table we have derived can also guide experimental design, where the symmetries that can give rise to novel topological e↵ects are now known. Such results, in combination
with further understanding of the unconventional bulk-boundary correspondence, may facilitate
experimental studies in atomic and photonic systems. Furthermore, our results may also find
applications in Hermitian systems where the physics may be understood with a non-Hermitian
e↵ective description; this includes non-interacting bosonic Hermitian systems which, due to
their commutation relations, may lead to non-Hermitian dynamical matrices characterizing the
modes [416, 454], as well as geophysical systems, where nonlinearities give rise to e↵ectively
non-Hermitian equations of motion [455]. In addition, the formalism can be readily extended to
include other types of symmetries such as crystalline symmetries [449, 456], as well as studies
of higher-order topological insulators in non-Hermitian systems [457–471]. Finally, we would
like to mention that the current classification makes use of one particular generalization of the
Hermitian notion of a gapped phase, namely the prohibition of touching a base point [414], but
there may also be other generalizations, particularly ones related to spectral degeneracies such
as exceptional points, where symmetry-protected nodal lines and nodal surfaces have been found
in 2D and 3D [424–426].
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6

Non-Hermitian Physics II

The hallmark of symmetry-protected topological (SPT) phases is the existence of anomalous
boundary states, which can only be realized with the corresponding bulk system. In this work,
we show that for every Hermitian anomalous boundary mode of the ten Altland-Zirnbauer
classes, a non-Hermitian counterpart can be constructed, whose long time dynamics provides a
realization of the anomalous boundary state. We prove that the non-Hermitian counterpart is
characterized by a point-gap topological invariant, and furthermore, that the invariant exactly
matches that of the corresponding Hermitian anomalous boundary mode. We thus establish a
correspondence between the topological classifications of (d + 1)-dimensional gapped Hermitian
systems and d-dimensional point-gapped non-Hermitian systems. We illustrate this general
result with a number of examples in di↵erent dimensions. This work provides a new perspective
on point-gap topological invariants in non-Hermitian systems.

6.1

Introduction

In the last few decades, topology has emerged as a central theme in the study of condensed
matter physics. The interplay of symmetry and topology has led to a wide variety of interesting
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phenomena, most notably that of symmetry-protected topological phases (SPTs) [15, 27, 472,
473]. One of the key physical signatures of SPTs are their anomalous boundary states, which
can only be realized as d-dimensional boundary states of a (d + 1)-dimensional topological bulk,
and cannot appear in a d-dimensional bulk model.
Recently, the study of topological phenomena has also been extended to non-Hermitian systems [405–410, 412–414, 416–426, 428–434, 436–440, 459, 474–488], which are naturally realized
in classical optical systems with gain and loss [373, 375, 377, 387, 433, 435, 489], superconducting vortices [405], ring neural networks [490], bosonic superconducting systems [416, 454],
or magnon band structures [491, 492], and has also been proposed to be relevant to electronic
systems with finite quasiparticle lifetime [400, 413, 422, 493]. In particular, with a suitable
generalization of the gap condition [414], SPTs can be generalized to the non-Hermitian setting
and the well-known ten-fold way classification for non-interacting fermionic topological phases
under the Altland-Zirnbauer (AZ) symmetry classes [15, 16, 365] can be extended to the 38 nonHermitian Bernard-LeClair (BL) symmetry classes [416, 442, 451, 494, 495]. Interestingly, the
classification of non-Hermitian SPTs also exhibits a periodic structure similar to Hermitian systems [414, 494, 495], both in symmetry class and spatial dimension, and certain characteristics
of the 1D non-Hermitian models studied are reminiscent of boundary states of 2D Hermitian
models with related symmetries [494, 496]. As an example, the boundary of a 2D quantum
Hall system hosts anomalous chiral edge states, which bears some resemblance to the 1D nonHermitian chiral hopping model, as shown in Fig. 6.1(c). This raises the question of whether
there exists a more general correspondence between the anomalous boundary states of a Hermitian system, and the dynamics of a corresponding non-Hermitian system with one dimension
lower.
In this Letter, we establish a correspondence between the ten-fold-way topological classification of non-interacting Hermitian systems in (d + 1) dimensions and the point-gap topology
of certain non-Hermitian systems in d dimensions, and describe how this gives a possible interpretation to the long-time dynamics of non-Hermitian models as a dynamical anomaly, in
direct relation to the anomalous boundary physics of Hermitian systems. We motivate this
by introducing a 1D chiral hopping non-Hermitian model and examining the relation between
non-Hermitian band topology and anomalous chiral modes in the long-time limit. We then
generalize this to other symmetry classes, and prove the above correspondence in both the
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Figure 6.1: (a) Dispersion for the 1D chiral hopping model in the complex plane. The topological invariant w is defined with respect to EB as in Eq. (6.3). Depending on the value
of EB and other parameters, w can di↵er. In this case, w = 1. (b) Dispersion for the 2D
model in Eq. (6.42) that resembles the surface of a 3D chiral topological insulator. Here,
k = 2 cos kx + cos ky , b1,k = sin kx , b2,k = sin ky , b3,k = 0. Each white dot represents a
Dirac cone with ± chirality. In this case, depending on EB , the topological invariant can be
1, 0, 1. (c) The 1D system characterized by w 2 Z in the chiral hopping model corresponds
to the edge of a 2D system characterized by an integer quantum Hall state with Chern number n = w 2 Z.
topological classification as well as the explicit realization of anomalous dynamics.

6.2

Emergence of chiral fermions in a 1D non-Hermitian system

We start by considering an example to motivate and illustrate the main idea of the correspondence. Consider the following single-band non-Hermitian Hamiltonian in one dimension [405, 414]:
H=

X⇣
r

⌘
tL c†r cr+1 + tR c†r+1 cr ,

where tR 6= tL . Under the Fourier transformation cr =
given by Hk = (tL + tR ) cos k + i(tL

P

k ck e

(6.1)
ikr ,

the k-space Hamiltonian is

tR ) sin k. Thus, the energy dispersion Ek forms an ellipse

in the complex energy plane [Fig. 6.1(a)]. For a positive (negative) tL

tR , the band winds

around the origin in the counterclockwise (clockwise) direction. The group velocity vk of a wave
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Figure 6.2: Diagrams defining (a) Hermitian classes s (b) Non Hermitian real classes s†
(AZ† ). Hermitian AZ classes are defined by time reversal T , particle-hole P and chiral C symmetries. Similarly, non-Hermitian AZ† classes are defined by K, C and Q-type symmetries.
Real (complex) classes are given by blue (red) dots. There are two complex classes (s = 0, 1)
depending on the absence or presence of C or q.
packet centered at k is given by [414]
vk = Re

1 @Ek
=
~ @k

(tL + tR ) sin k,

(6.2)

since the imaginary part of @k Ek does not a↵ect the propagation velocity of the wave packet.
On top of this, there is an additional ingredient that influences the dynamics of a nonHermitian system, the imaginary part of the energy which causes certain eigenstates to grow
or decay with Im Ek = (tL

tR ) sin k. If we inspect the dynamics at real energy near zero,

then there may exist two modes: left and right propagating modes with k = ±⇡/2. While
the left-propagating mode has a positive Im Ek , the right-propagating mode has a negative
Im Ek . Therefore, if we excite the system with a frequency ! ⇠ 0, generically both counterpropagating modes will be excited, but the right-propagating mode will die out after a timescale
⌧0

~/ Im Ek . At long times, we will thus observe chiral dynamics in the system with only a

left-propagating mode, a scenario which cannot be realized in any 1D Hermitian system.

6.3

Non-Hermitian Topology with Complex Point Gap

The above chiral dynamics can be directly connected to the topological properties of the nonHermitian band structure. Here, band topology is defined by the complex point energy gap
constraint: for a given complex base energy EB , two band structures are topologically equivalent
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M
C0
C1
R0
R1
R2
R3
R4
R5
R6
R7

⇡0 (M)
Z
0
Z
Z2
Z2
0
Z
0
0
0

AZ class
A (3)
AIII (4)
AI (14)
BDI (22)
D (16)
DIII (27)
AII (15)
CII (23)
C (17)
CI (26)

NH AZ†
AIII† (3)
A† (1)
BDI† (14)
D† (34)
DIII† (19)
AII† (7)
CII† (15)
C† (35)
CI† (18)
AI† (6)

NH AZ
AIII (3)
A (1)
CI (21)
AI (34)
BDI (16)
D (8)
DIII (20)
AII (35)
CII (17)
C (9)

Table 6.1: Classifying spaces M for Hermitian and non-Hermitian Altland-Zirnbauer (AZ)
classes in 0-dimensional systems. The symmetry classes are defined in Fig. 6.2. For a general
d-dimensional system, the classifying space shifts as Rs 7! Rs d . Thus, the classification of
d-dimensional Hermitian class s is equivalent to that of (d + 1)-dimensional NH s† and NH
(s 2) classes. The numbers in the parenthesis show the label used in Tab. E.1.
if and only if one can be deformed to the other without crossing EB during the deformation [414,
494, 495]. In this context, Re EB and Im EB are the real energy window and overall loss/gain
level we are referenced to, respectively. Note that the choice of point-gap non-Hermitian topology
here, instead of line gaps [495] or band separation [413], plays an important role in establishing
the correspondence.
For the above model, the explicit topological invariant w 2 Z is given by
w=

Z

⇡
⇡

dk
@k ln(Ek
2⇡i

EB ),

(6.3)

which is nothing but the winding number of Ek around the base point EB [Fig. 6.1(a,b)]. As a
consequence, a nontrivial winding number w implies the existence of modes at Re EB , some with
imaginary part above Im EB and others below Im EB . For the base point choice in Fig. 6.1(a),
w = 1 for tL > tR and w =

1 for tL < tR . Examining the expressions for the group velocity and

imaginary part in the preceding section, we see that w directly corresponds to the number of leftpropagating modes minus the number of right-propagating modes, with imaginary part above
Im EB , which in turn characterizes the total chirality of long time dynamics. Therefore, the
non-Hermitian topological invariant w indeed captures the anomalous dynamics of this model.
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6.4

Hermitian-Non-Hermitian correspondence

The preceding 1D chiral hopping model hints at a nontrivial connection between non-Hermitian
band topology and anomalous dynamics. In particular, the model is reminiscent of the anomalous edge states in a two-dimensional integer quantum Hall state, where the topological invariant
n 2 Z characterizes the number of chiral edge modes [Fig. 6.1(c)]. A similar correspondence has
also been pointed out by some of the authors [494] in higher dimensions. Below, we will make
this correspondence more rigorous, proving the following general statement:
Proposition For a given d-dimensional anomalous boundary state of a (d+1)-dimensional
Hermitian system in a symmetry class s, characterized by a topological invariant n, there
exists a corresponding d-dimensional non-Hermitian topological system on a closed manifold in the class s† (and s

2) that realizes the same anomalous physics as its long time

dynamics, characterized by a non-Hermitian topological invariant n defined with respect
to a certain EB .

Note that since the anomalous boundary theory of the Hermitian system in one higher dimension
is defined on a closed manifold, the corresponding non-Hermitian system is also defined on a
closed manifold, thus avoiding the non-Hermitian skin e↵ect [436–440, 474, 479]. The exact
correspondence is summarized in Tab. 6.1. To understand the table, we need to introduce the
following Bernard-LeClair non-Hermitian symmetries [442], which generalize the AZ symmetry
classes:
H(k) = ✏q qH † (k)q

1

H( k) = ✏c cH T (k)c

1

H( k) = ✏k kH ⇤ (k)k
H(k) =

pH(k)p

1

q2 = I

(Q sym.)

(6.4)

,

cc⇤ = ⌘c I

(C sym.)

(6.5)

1

kk ⇤ = ⌘k I

(K sym.)

(6.6)

p2 = I

(P sym.)

(6.7)

,

,

,

where ✏O , ⌘O 2 {1, 1}. These give arise to 38 symmetry classes [494, 495], containing the
famous ten-fold AZ classes (two complex classes s = 0, 1 and eight real classes s = 0, 1, ..., 7, see
Fig. 6.2(a)) as a special case. Instead of dealing with all 38 symmetry classes, we will focus on
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a subset of them, namely the non-Hermitian (NH) AZ† classes, defined by [495]:
kH ⇤ (k)k

1

=

cH T (k)c

1

= H( k)

H( k)

particle-hole P 7! K,

(6.8)

time-reversal T 7! C,

(6.9)

where the Hermitian chiral symmetry C, given by the composition of T and P, is replaced by
a Q-type symmetry with ✏q =

1, given by the composition of C and K. With these basic

symmetries, the complex or real NH classes s† are defined as in Fig. 6.2, which show the same
“Bott clock” structure as the Hermitian case [16].
To see why this is the natural extension of Hermitian AZ classes, we examine how these
non-Hermitian symmetries a↵ect the eigenvalue spectrum. As discussed in Ref. [494], one can
prove that the chosen C and K type symmetries a↵ect the structure of eigenvalues as follows:
• Hermitian systems: P guarantees that eigenvalues appear in a positive and negative pair. T
with T 2 =

1 guarantees the Kramers degeneracy.

• Non-Hermitian systems: K symmetry guarantees that eigenvalues appear in a pair ( , ✏k
In the case of ✏k =

⇤ ).

1, this corresponds to a pair of complex energies with opposite real part.

C symmetry with cc⇤ =

1 guarantees the biorthonormal Kramers degeneracy.

Thus, the spectral consequences of the choice of symmetry in the AZ† classes are consistent
with the Hermitian case, justifying the above generalizations to non-Hermitian systems. Interestingly, this symmetry correspondence also naturally arises in the context of non-Hermitian
transfer matrices describing the decaying boundary modes of one-dimensional SPTs, discussed
in Appendix. E.
We note that one can also define NH AZ classes by switching the roles of complex conjugation
and transpose symmetries:
cH T (k)c

1

=

kH ⇤ (k)k

1

= H( k)

H( k)

particle-hole P 7! C,

(6.10)

time-reversal T 7! K.

(6.11)

Furthermore, a mapping between the classifications of the NH classes s† and s
explicitly constructed, as summarized in Tab. 6.1. For the proof, see 6.4.2.
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2 can be

6.4.1

Proof Part I. Dimensional Ascension

We now move on to prove our main proposition. First, we prove the equivalence of the classifications of Hermitian AZ and NH AZ† classes, making use of the fact that the non-Hermitian
topology of H with respect to the base point EB is equivalent to the Hermitian topology of the
following doubled Hamiltonian H̄ [414] with respect to the zero Fermi energy:
0

H̄ = @
H†

0

H
⇤
EB

EB
0

1

A.

(6.12)

Without loss of generality, we set EB = 0 from now on. H̄ should satisfy the corresponding
doubled symmetries and an additional chiral symmetry:

where k̄ = I ⌦ k, c̄ =

x

⌦ c, ⌃ =

c̄H̄ ⇤ (k)c̄

1

= H̄( k),

k̄ H̄ ⇤ (k)k̄

1

=

H̄( k),

⌃H̄(k)⌃

1

=

H̄(k),

z

(6.13)

⌦ I, k̄ k̄ ⇤ = ⌘k I, c̄c̄⇤ = ⌘c I.

Let us start with the doubled Hamiltonian H̄ of a d-dimensional NH Hamiltonian H in the
class s† . Following Teo and Kane [497], we can construct a (d + 1)-dimensional Hamiltonian by
introducing a new momentum-like parameter

⇡/2  ✓  ⇡/2 1 ,

Hd+1 = cos ✓H̄ + sin ✓⌃.

(6.14)

One immediately sees that this (d + 1)-dimensional Hermitian Hamiltonian belongs to class s,
since
⇤
c̄Hd+1
(k, ✓)c̄

1

= Hd+1 ( k, ✓),

⇤
k̄Hd+1
(k, ✓)k̄

1

=

Hd+1 ( k, ✓),

(6.15)

with c corresponding to time-reversal and k corresponding to particle-hole in the AZ† class. Note
that ⌃ is not a symmetry operator anymore. Since H̄ and ⌃ anticommute, the gap for Hd+1
1

✓ is a latitude for the higher dimensional Brillouin zone given by the suspension of the original one
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closes if and only if the gap for H̄ closes and sin ✓ = 0. Therefore, the classification problems of
the Hermitian class s in (d + 1) dimensions and the NH class s† in d dimensions are equivalent.
From the mapping between NH AZ and AZ† classes, further classification-equivalence with the
NH class s

2 follows.

Mapping between AZ and AZ† classes

6.4.2

In this section, we prove the correspondence between the NH AZ† and NH AZ classes. We will
2 non-Hermitian Hamiltonian to a class s† Hamiltonian

show that we can transform a class s

by multiplying a constant matrix, and vice versa. For the NH AZ class, particle hole symmetry
is given by the C-type transposition symmetry cHkT c

1

= ✏c H

k

with ✏c =

1. Then,

cT H T (k) = ✏c ⌘c H( k)c,

(6.16)

because cT = ⌘c c. Let us define H̃(k) = H(k)cM † , where M is an unitary operator chosen in
such a way that M M ⇤ =

cc⇤ =

⌘c . This is always possible in the classification problem,

where trivial bands (enlarging the Hilbert space) can be added freely. For example, we can take
M=

y

when ⌘c = 1 and M = 1 when ⌘c =
M H̃ T (k)M

1

=

1 We then have
✏c H̃( k),

MM⇤ =

⌘c

(6.17)

Therefore, for example, if H belonged to classes NH C (s = 6) or NH D (s = 2), the new
Hamiltonian H̃ belongs to NH AI† (s = 0) or NH AII† (s = 4).
Next, for NH AZ classes, time reversal symmetry is given by the K-type complex-conjugation
symmetry, kHk⇤ k

1

= ✏k H

k

with ✏k = +1. If this is the only symmetry, it is very easy to change

the sign for ✏ by taking H̃ = iH. Therefore, for example, if H belonged to classes NH AI (s = 0)
or NH AII (s = 4), the new Hamiltonian H̃ belongs to NH D† (s = 2) or NH C† (s = 6).
Finally, consider the case where we have both time reversal and particle hole symmetries.
Define H̃(k) = ei H(k)cM † . First, this newly defined Hamiltonian satisfies the transformation
(✏c , ⌘c ) 7! ( ✏c , ⌘c ). To prove the mapping, we also need to show that (✏k , ⌘k ) 7! ( ✏k , ⌘k ). It
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holds that
k H̃ ⇤ (k)k

1

=e

i

kH ⇤ (k)c⇤ M T k

=e

i

kH ⇤ (k)k

=e

i

✏k ✏kc ✏kM H( k)cM †

=e

2i

1

kc⇤ k

1

1

kM T k

1

✏k ✏kc ✏kM H̃( k),

(6.18)

where ✏kc and ✏kM are defined by
kc⇤ k

1

kM ⇤ k

= ✏kc c,

1

= ✏kM M.

(6.19)

The first relation is specified from the commutation relation between K and C type symmetries
[494]. The second relation specifies our choice of matrix M , such that (i) M M ⇤ =
kM ⇤ k

1

⌘c and (ii)

= ✏kM M for some ✏kM of unit modulus. Then, by choosing a proper , we can always

map ✏k 7!

✏k . This completes the mapping.

At the level of the doubled Hamiltonian, the classification equivalence between NH classes
(s

2) and s† can be easily derived. For the doubled Hamiltonian H̄,
c̄H̄ ⇤ (k)c̄

1

= ✏C H̄( k),

c̄c̄⇤ = ⌘c .

(6.20)

with
0

H̄ = @

0

H

H†

0

1

A,

0
1
0 c
A,
c̄ = @
c 0

0

⌃=@

1
0

0

1

A,
1

(6.21)

where ⌃ is an emergent chiral symmetry satisfying
⌃H̄(k)⌃

1

=

H̄(k),

(6.22)

Then, the doubled Hamiltonian has a C-type symmetry with unitary implementation c̄⌃, with
an opposite signs of ✏c :
(c̄⌃)H̄ ⇤ (k)(c̄⌃)

1

=

✏c H̄( k),
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(c̄⌃)(c̄⌃)⇤ =

⌘c .

(6.23)

Since a doubled Hamiltonian with c̄ and ⌃ symmetries can be regarded as a doubled Hamiltonian
with c̄⌃ and ⌃ symmetries, there is a C-type mapping c̄ $ c̄⌃ with ✏c , ⌘c $

✏c , ⌘c for

doubled Hamiltonians. For K-type mapping, one can show that k̄⌃ satisfies (see Eq. (6.34) for
the definition of k̄)
(k̄⌃)H̄ ⇤ (k)(k̄⌃)

1

=

✏k H̄( k),

(k̄⌃)(k̄⌃)⇤ = ⌘k .

(6.24)

where the di↵erence between the type-C symmetry comes from the fact that k̄ and ⌃ commute
rather than anticommute. Therefore, at the doubled Hamiltonian level, by mapping c̄ 7! c̄⌃
and k̄ 7! k̄⌃, (⌘c , ✏c , ⌘k , ✏k ) 7! ( ⌘c , ✏c , ⌘k , ✏k ), meaning that NH classes s† and s

2 have

the same point-gap classification.

6.4.3

Proof Part II. Dynamical Anomaly

Now that we have established an exact correspondence between Hermitian and non-Hermitian
classifications [Tab. 6.1], we turn to investigate the anomalous behavior, and show how a nonHermitian topological system realizes in its long-time dynamics the anomalous boundary physics
of a corresponding Hermitian system. Since anomalous boundary states of Hermitian systems
appear as Dirac or Weyl fermions 2 , let us consider a boundary state of a topological band
structure characterized by a (positive) unit topological invariant, which is given by the following
Dirac (or Weyl) Hamiltonian
HDirac (k) = k1
where

i=1,...,d

1

+ · · · + kd

d,

are Hermitian matrices that satisfy the Cli↵ord algebra { i ,

(6.25)
j}

=2

ij .

Suppose

that HDirac is in the Hermitian AZ class s. Correspondingly, we can construct a NH Hamiltonian
in the class s† :
H(k) = i (k) + h(k),
h(k) = sin k1

1

+ · · · + sin kd

(k) = cos k1 + · · · + cos kd
2

In crystals at d

(6.26)
d,

m,

4, this does not hold anymore since the Lorentz symmetry is broken.
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with d

2 < m < d, so that (k) is positive at k = 0 and negative at all other time-reversal

invariant momenta (TRIM). Here, type K and C symmetries would imply k
([K,

i]

= 0) and c

T
i

ic

= 0 ({C,

i}

⇤
i

+

ik

= 0

= 0). This Hamiltonian has a finite complex energy

gap over the whole Brillouin zone as long as (k) 6= 0 at TRIMs. Since H is in class s† , and type
K and C symmetries act in the same way as the usual Hermitian symmetries on the Hermitian
component h(k) of H, h(k) is in Hermitian class s. Near a TRIM, h(k) describes a Dirac point.
Among the 2d Dirac points at TRIMs, only the Dirac cone at k = 0 survives at long times
because only (0) is positive and all other (TRIM)s are negative. Thus, at long times, the
non-Hermitian system we have constructed resembles the single Dirac cone anomalous physics
of the Hermitian boundary state.
How can this anomalous physics be associated with the nontrivial topology of a non-Hermitian
Hamiltonian? To illustrate this, it is sufficient to show that the topology of the corresponding
doubled Hamiltonian H̄ is nontrivial:
H̄(k) = ⌧x ⌦ h(k)
= sin k1 ⌧x ⌦

⌧y ⌦ (k)
1

+ · · · + sin kd ⌧x ⌦

⌧y (cos k1 + · · · + cos kd

m),

d

(6.27)

where ⌧x,y,z are Pauli matrices. When d 2 < m < d, this is the Hamiltonian of the d-dimensional
topological insulator in class s with an additional chiral symmetry (⌃ = ⌧z ). To see that this
Hamiltonian has a unit topological invariant, we consider deformations from the phase with
m > d, where (k) is completely negative over the whole Brillouin zone and the system thus
lies in the trivial insulator limit. To reach the range d

2 < m < d, the band gap goes through

the gap closing at m = d at which the system becomes a semimetal with a single Dirac cone at
k = 0. Note that this Dirac cone consists of two copies of the symmetry-protected Dirac cone,
which can only be gapped as a pair. When the sign of the mass term is reversed at m = d, the
topological invariant changes by a single unit, so the phase d

2 < m < d has a unit topological

invariant. Therefore, a non-Hermitian system carrying nontrivial band topology is topologically
equivalent to Eq. (6.26) that exhibits anomalous dynamics. The correspondence can be easily
generalized into an anomalous boundary state with n > 1, for example, by using multiple copies
of Eq. (6.26). Moreover, one can also prove conversely that a non-Hermitian system displaying
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Figure 6.3: This diagram illustrates how we prove the correspondence between (d + 1)dimensional Hermitian system in AZ class s and d-dimensional non-Hermitian system in NH
AZ class s 2. It also provides an indirect way to prove correspondence for NH AZ† classes as
well.
anomalous dynamics of a corresponding Hermitian system must carry nontrivial band topology
(see the Appendix. E). Therefore, there is indeed a rigorous connection between non-Hermitian
band topology and its anomalous dynamics. A similar correspondence between the Hermitian
class s and the NH class s

6.4.4

2 is shown in the following section.

Proof Part I and II For Non-Hermitian AZ classes

In this section, we will prove the correspondence between anomalous boundary states of the
(d + 1)-dimensional Hermitian class s and bulk states of the d-dimensional non-Hermitian class
s

2, as we have done in the main text for non-Hermitian class s† . The procedure is outlined

in Fig. 6.3.
Step I: Let us first recall that the anomalous boundary state of the (d + 1)-dimensional
Hermitian system is described by the d-dimensional Dirac Hamiltonian:
HDirac (k) = k ·

= | k|Hd
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1 (✓1 , ..., ✓d 1 ),

(6.28)

where
dinates

=(

1 , ...,

d)

are d anticommuting gamma matrices and we introduced spherical coor-

⇡  ✓1 < ⇡ and

⇡/2  ✓i=2,...,d
kd = | k| sin ✓d
kd

1

..
.

 ⇡/2:

1

1,

= | k| cos ✓d

1 sin ✓d 2 ,

kn = | k| cos ✓d

1 cos ✓d 2 . . . sin ✓n 1 ,

k2 = | k| cos ✓d

1 cos ✓d 2 cos ✓d 3 . . . sin ✓1 ,

k1 = | k| cos ✓d

1 cos ✓d 2 cos ✓d 3 . . . cos ✓1 .

..
.

(6.29)

We impose T (time-reversal) and P (particle-hole) symmetries on the Dirac Hamiltonian.

Then, we can prove that Hd
(

1 T )|

=

1

⇤
T HDirac
(k)T

1

= HDirac ( k),

⇤
P HDirac
(k)P

1

=

1+

d
X

ki

1

1T )

i

=(

=

i=2

) (

(6.30)

has the following symmetries:

~
k|Hd⇤ 1 (✓)(

k1

HDirac ( k),

⇤
1
1 T )HDirac (k)( 1 T )

| k|Hd

⇤
1
~
1 T )Hd 1 (✓)( 1 T )

=

~
✓),

1(

Hd

1(

~
✓).

(6.31)

Similarly, one can show that
(
where ✓~ = (✓1 , ..., ✓d

1 ),

⇤
1
~
1 P )Hd 1 (✓)( 1 P )

= Hd

1(

~
✓),

(6.32)

and
(

1 T )( 1 T )

⇤

=

(

1 P )( 1 P )

⇤

= +CC ⇤ .
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T T ⇤,
(6.33)

Now

1T

has become the particle-hole symmetry operator, and

1P

has become the time-

reversal symmetry operator. Accordingly, the topological information (anomalousness) of HDirac
in the class s is encoded in a gapped Hamiltonian Hd

1

in the class s

2 and vice versa.

Step II: We have shown that the class s d-dimensional Hermitian Dirac Hamiltonian maps
to a class s
(d

2 (d

1)-dimensional gapped Hamiltonian. Now, we want to reach the class s

2

1)-dimensional gapped Hamiltonian from the other side, a d-dimensional system in the

non-Hermitian class s

2 and establish the correspondence between a Hermitian class s and

non-Hermitian class s

2. Note that the correspondence for class s† in the main text follows

from the aforementioned correspondence by the mapping discussed in 6.4.2. First, we construct
the doubled Hamiltonian H̄ for H:

0

1

0 H
A.
H̄ = @
†
H 0

(6.34)

It satisfies (see main text for the definition of the non-Hermitian AZ class)
k̄ H̄ ⇤ (k)k̄

1

= H̄( k),

c̄H̄ ⇤ (k)c̄

1

=

H̄( k),

⌃H̄(k)⌃

1

=

H̄(k),

(6.35)

where
0

1

0

1

0
k 0
0 c
1
A , c̄ = @
A, ⌃ = @
k̄ = @
0 k
c 0
0
0
1
0
1 0
1
A , c̄c̄⇤ = cc⇤ @
k̄ k̄ ⇤ = kk ⇤ @
0 1
0

0
1
0
1

1

A,
1

A.

(6.36)

We wish to perform a dimensional reduction, meaning that we want to find a (d

1)-

dimensional system that encodes all topological information of the current system. We will
follow the procedure in Ref. [497] to prove the desired result. Let us consider the d-dimensional
Brillouin zone as a d-sphere parametrized by momentum-like spherical coordinates
and

⇡  k1 < ⇡

⇡/2  k2,...,d  ⇡/2, i.e., ones that flip sign under k̄ and c̄. Now, we want to remove

the dimension along kd . Let us introduce ✓ ⌘ kd to emphasize that this is the parameter
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to be reduced. The d-th homotopy class of H̄ is determined by two sectors: one is the (d
1)th homotopy class of it at the ✓ = 0 boundary, and the other is the homotopy class of the
Hamiltonian in the region 0 < |✓| < ⇡/2 with ✓ = 0 identified to a point. Since we want to
encode the full information of the d-dimensional topology in the (d

1)-dimensional manifold,

we remove the contribution from the second sector by minimizing the dispersion along ✓. To do
so, we introduce an artificial action
S=

Z

dkd✓Tr[@✓ H̄@✓ H̄].

(6.37)

If we spectrally flatten H̄ so that H̄2 = 1, the Euler-Lagrange equation becomes
@✓2 H̄ + H̄ = 0,

(6.38)

and the solution is
H̄(k, ✓) = cos ✓H̄d
where k = (k1 , ..., kd

1 ),

1 (k)

+ sin ✓V̄ ,

(6.39)

and V̄ is constant. The above Hamiltonian should satisfy the conditions

in Eq. (6.35). H̄2 = 1 requires that H̄d2

1

= V̄ 2 = 1 and {H̄d

chiral symmetry ⌃ (on top of ¯ ⌘ k̄c̄), ⌃H̄⌃

1

=

o↵-diagonal in the ⌧z eigenbasis. Let us take V̄ =

1 , V̄

} = 0. Due to the additional

H̄, where ⌃ = ⌧z , both H̄d
⌧y , then H̄d

1

1

and V̄ are

takes the form of Hd

1 ⌧x .

Thus, we have continuously deformed H into the form
H(k1 , ..., kd
where Hd

1

1 , ✓)

= cos ✓Hd

1 (k)

is a gapped Hermitian Hamiltonian in (d

+ i sin ✓I,

(6.40)

1) dimensions, and I is the identity

matrix.
As H is in the class s

2, Hd

1 (k)

is also in the class s

2. The Hermitian part of H

vanishes at ✓ = ±⇡/2, so, up to linear order in ✓,
H(k1 , ..., kd
Notice that ✓Hd

1

1 , ±⇡/2

+ ✓) = ⌥ ✓Hd

1 (k)

± iI.

(6.41)

describes a gap-closing point at ✓ = 0 whose winding number n is given
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by the (d

1)th homotopy class of Hd

1.

When Hd

point becomes a n-fold Dirac point. As Hd

1

1

is spectrally flattened, the gap-closing

is in the class s

2, the Dirac Hamiltonian is

in the class s as we have shown above. This shows that each of the two gap-closing points of
the Hermitian part at ✓ = ±⇡/2 corresponds to the anomalous boundary states of a (d + 1)dimensional topological insulator in the class s. Therefore, we can conclude that only the states
with ✓ = ✓0 (✓ =

✓0 ) will survive because of the damping/gain given by the non-Hermitian

term ±iI at long times.
Note that this does not mean that such an anomalous theory interpretation holds for any
realizations of the model. Rather, as we saw in the intermediate step, the statement is that if
the non-Hermitian topology is nontrivial, we can always adiabatically deform the corresponding
system to realize anomalous dynamics at long times.

6.4.5

Proof Part III

In the main text, we have shown by explicit construction that a non-Hermitian system with
nontrivial topology can exhibit emergent anomalous dynamics. Conversely, using the Brouwer’s
fixed-point theorem, one can prove that if a non-Hermitian system exhibits emergent anomalous
dynamics, it necessarily implies a nontrivial non-Hermitian point-gap topology.
Let us consider a Dirac point appearing in the long time scale, i.e., the e↵ective Hamiltonian
Pd
is given by h =
n=1 kn n + i 0 with 0 > 0, where the last term ensures that this Dirac
Hamiltonian dynamics survives at long times. We can assume without loss of generality that

only one Dirac point appears. In this case, we get a nontrivial topological phase if we choose
the complex base point EB on the imaginary axis such that

0

> Im EB and Im EB is larger

than the imaginary energy of any other state on the imaginary axis.
With this choice of the base point, let us deform the doubled Hamiltonian into the massive
P
Dirac form: H̄ = dµ=0 fµ µ (that is, we deform to have only mutually anticommuting gamma

matrix terms). Also, we deform it further so that its eigenvalues are ±1. Then, we have a
P
flattened Hamiltonian Q̄ = (1/|f |) dµ=0 fµ µ . Notice that Q̄(k) : (k1 , ..., kd ) ! (f0 , .., fd )/|f | is
a map from the d-dimensional Brillouin torus to a d-dimensional sphere Q̄ : T d ! S d .
Suppose that the Jacobian determinant of the map, det DQ̄, where DQ̄

ij

= @ Q̄i /@kj ,

is nonvanishing everywhere in the Brillouin zone. Then, the winding number(=degree of the
map=deg Q̄) of such a map can be simply evaluated using the Brouwer fixed-point theorem.
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According to the theorem, the winding number can be obtained by counting the number of k
points at which the flattened doubled Hamiltonian Q̄ is mapped to a Hamiltonian y. More
P
concretely, degy (Q̄) = x2Q̄ 1 (y) sgn det DQ̄(x) . Here, y can be chosen arbitrarily because the
winding number does not depend on this choice. We take y = i
momentum that is mapped to i

0

0.

Recall that there is only one

by construction, and the momentum is the location of the

Dirac point that survives in the long time evolution. Accordingly, we have deg(Q̄) = ±1.
Generically, we must also consider the constraints from time reversal or particle-hole symmetry on the map Q̄. This simply corresponds to considering the homotopy class on half the
Brillouin zone, and will not change the conclusion.

6.5

Example in 2D and General Anomalies

Consider a chiral topological insulator (TI) in 3D belonging to the Hermitian AIII class, characterized by a topological invariant n 2 Z representing the net chirality of boundary Dirac cones.

The corresponding non-Hermitian system is the NH class AIII† in 2D with pseudo-Hermiticity
given by qh† q

1

=

h. The following NH Hamiltonian belongs to NH class AIII† with q =
h(k) = i

where

k , bi,k

k

+ b1,k

1

+ b2,k

2

+ ib3,k

3,

3:

(6.42)

are real functions of k = (kx , ky ). In Fig. 6.1(b), the 2D complex dispersion is

drawn for a specific choice of parameters. Here, white dots represent Dirac cones, and out of
the four Dirac cones, only the one with positive chirality survives at long times in this case,
showing that the model corresponds to the boundary of the n = 1 3D chiral TI. However, the
Dirac cone is not the most general anomalous feature in the non-Hermitian setting for dimension
higher than one. Under non-Hermitian perturbations, it is well known that Dirac cones deform
into an exotic exceptional surface structure [424–426, 478] in d
cones are deformed to nodal exceptional lines. When both
the model also belongs to the class AII† with c =

2,

k

2. Indeed, for b3,k 6= 0, Dirac
and bi,k are odd functions of k,

which corresponds to the boundary of

three-dimensional topological insulators in class AII. In this case, one can show that the number
of Dirac cones above EB is only equivalent modulo two, which agrees with the corresponding
Hermitian physics. For detailed discussions with an explicit model, see the see the Appendix. E.
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6.6

Conclusion and Outlook

In this Letter, we showed that for a given anomalous boundary of a Hermitian ten-fold class, there
is a non-Hermitian bulk system exhibiting the same anomalous dynamics and characterized by a
corresponding nontrivial point-gap topology. Our work is in contrast to recent works exploring
possible bulk-boundary correspondences in non-Hermitian systems [436–440, 474, 479], as we
focus only on the bulk physics of non-Hermitian systems under periodic boundary conditions,
a natural choice due to the correspondence with Hermitian anomalous boundary theories. In
the Hermitian ten-fold way classifications, topologically protected boundary modes result from
multiple bands with non-trivial separations. On the other hand, non-trivial point-gap topology
can be well-defined even for a single band, which cannot give rise to a conventional topologicallyprotected boundary mode. Therefore, instead of point-gap topology, other classes of topology,
such as line-gap topology [495], where the topological constraint implies separation between
bands, may be a more natural setting to generalize the bulk-boundary correspondence to nonHermitian systems. Indeed, if this holds, our work may also have interesting extensions to a
full correspondence between non-Hermitian point-gap topology and boundary modes of line-gap
topology.
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A

Supporting Materials for Chapter 1

A.1

Symmetry Fractionalization of Bound States in the Honeycomb Lattice

Based on Eq. 1.10, symmetry fractionalization phase factors of bound states (and individual
anyons) in the honeycomb lattice can be calculated as the following. For T1 T2 T1 1 T2 1 ,
T1 T2 T1 1 T2

1

=

T1 T2 T1 1 T2

1

⌦ T2 1 T1 T1 T1 1 T2 T1

T1 T2 T1 1 T2

1

⌦ T2 1 T1 T2 T1
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1

1

=

= (⌘1 )2 = 1

(A.1)

Similarly, as

2

=

2

⌦ C 6 2 T1

1

C 6 2 T1

C 6 2 T1

1

C6 2 [↵1

C 6 2 T1
1

↵1 · C6 2

1

1

=

T2 1 ]C6 2 T1
1

2,

for

1

=

[↵3 C6 1 T2 1 T1 ]C6 1 T1

(↵1 ↵3 ) · C6 2

1

(↵1 ↵2 ↵3 ) · C6 2
(↵1 ↵2 ) · C6 2
(↵1 ↵2 ⌘1 ) · C6 2

=

C6 1 T2 1 [↵2 C6 1 T2 ]T1
1

1

1

1

=

C6 1 [↵3 C6 1 T2 1 T1 ]T2 T1

1

=

C6 2 [T2 1 T1 T2 T1 1 ] =
1

C6 2 = (↵1 ↵2 ⌘1 )

(A.2)

where we used the fact that
C6 2

1

C6 2 = C6 1 C6 1

1

= ⌘4 · C6 1 C6 1 = ⌘4 · C6 1
since

1

C6 1
1

C6 1

C6 1

1
1

=1

(A.3)

= ⌘2 and (⌘i )2 = 1. Thus,
2

=

2

⌦ C 6 2 T1

1

C 6 2 T1

1

= ⌘2 · (↵1 ↵2 ⌘1 ) = 1

The last equality seems suspicious, but we can prove that ⌘1 ⌘2 ↵1 ↵2 = 1 indeed. Proof is given
as the following:
T2 = ⌘ 4 · T2 · ⌘4 = ( C 6 C 6 ) · T2 · ( C 6 C 6 )
From definitions, C6 T1 C6 1 = ↵2 T2 and

T2

↵1 ↵2 ⌘2 · T1 . Furthermore, we have C6 T2 C6 1

1
1

1

(A.4)

= ↵1 ⌘2 T1 , which gives ( C6 )T1 ( C6 )

1

=

= ↵3 T2 1 T1 . Then,

T2 = ⌘4 · T2 · ⌘4 = ( C 6 C 6 ) · T2 · ( C 6 C 6 )

1

=

( C6 )↵3 T2 1 T1 ( C6 ) = (⌘1 ↵3 ) · ( C6 )T1 T2 1 ( C6 )
= (⌘1 ↵3 )(↵1 ↵2 ⌘2 · T1 ) (↵3 T2 1 T1 )

1

1

= (↵1 ↵2 ⌘1 ⌘2 ) · T2
(A.5)
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Thus we conclude that ↵1 ↵2 ⌘1 ⌘2 = 1, implying this combination of phase factors becomes
gauge-invariant. For (C6 )6 , we have (C6 )6 = [T1 C62 ]3 ⌦ [T1 C62 ]3 . Therefore, let’s examine
its action on sublattice A first. Since C62 T1 = C6 · [↵2 T2 C6 ] = ↵2 ↵3 · T1 1 T2 C62 , and similarly,
C62 T1

1

= ↵2 ↵3 · T2 1 T1 C62 , we have
T1 C62

3

= (↵2 ↵3 ) · T2 C64 T1 C62 =
T2 C62 T1 1 T2 C64 = (↵2 ↵3 ) · T1 C62 T2 C64 =
↵3 ↵3 · T1 T2 1 T1 1 T2 C66 = ⌘1 ⌘3 ↵3

(A.6)

where we used a relation C62 T2 = C6 [↵3 T1 1 T2 C6 ] = ↵2 ↵3 T2 1 C6 T2 C6 = ↵2 T2 1 T1 1 T2 C62 from
second line to third line. Unlike other cases, we can see that when (C6 )6 acts on a single spinon,
we would get a gauge-dependent factor ⌘1 ⌘3 ↵3 . For a bound state, we get
(C6 )6

= T1 C62

3

⌦ T1 C62

3

= (⌘1 ⌘3 ↵3A ) ⌦ (⌘1 ⌘3 ↵3B ) = ↵3A ↵3B = 1

(A.7)

The last equality comes from the fact that the existence of S 2 = 1 fixes gauge choice such that
↵3A = ↵3B = 1. Finally, for
2

⌦

2

C6 C6 , it is very straightforward to show that it is equivalent to

= (⌘2 )2 = 1. Thus, we showed that all symmetry fractionalization class characterizing

the bound state should be trivial for this gauge choice, and thus belong to the trivial class.

A.2

Group Cohomology Calculation of Symmetry Fractionalization Pattern

In this appendix, we elaborate on the second group cohomology of a symmetry group and how
to generalize it to calculate fractionalization classes when symmetry operators can permute
anyons with trivial mutual statistics between them. (For example, eA and eB have a trivial
mutual statistics and they are permuted to each other under translation in the bipartite lattice
construction.) In the section. 1.2, we gave the intuitive explanation and the lemma on how to
characterize a fractionalization class by phase factors associated with symmetry relations of a
group G. The lemma works similarly regardless of whether a symmetry permutes anyons or not,
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but we need extra care to define a coefficient group A, i.e. a set of allowed phase factors.
First, let us summarize how the second cohomology group is defined in a physical context
is called a linear representation if 8g1 , g2 2 G,

when group elements do not permute anyons.
it satisfies

(g1 ) (g2 ) = (g1 g2 )

(A.8)

On the other hand, ¯ is called a projective representation extended by a coefficient group A if
A is an abelian group (a set of U (1) phase factors) and there exists a map ! : G ⇥ G 7! A,
called a factor set, such that:
¯ (g1 ) ¯ (g2 ) = !(g1 , g2 ) ¯ (g1 g2 )

(A.9)

where !(g1 , g2 ) is the additional phase factor we discussed in the section. 1.2. The factor set
should satisfy a consistency equation for a projective representation to be associative:
!(g1 , g2 )!(g1 g2 , g3 ) = !(g1 , g2 g3 ) g1 !(g2 , g3 )
where

g1 !(g

2 , g3 )

(A.10)

is the image of !(g2 , g3 ) under a certain transformation depending on g1 (the

“action” of g1 ). The action of g1 is often trivial. However for a time-reversal symmetry, which
acts anti-unitarily on complex numbers, T !(g2 , g3 ) = !(g2 , g3 )

1.

The Eq. A.10 is called a

2-cocycle condition, by analogy with a similar formula in topology. Thus, a projective representation is characterized by its factor set !. Projective representations can be redefined by a
gauge transformation

0 (g)

= (g) (g) where

: G 7! A is a map (which does not have to be

a homomorphism) from G to A. If two projective representations can be related by a gauge
transformation, they are called equivalent, and the phase factors are related by,
! 0 (g1 , g2 ) =

(g1 ) g1 (g2 )
!(g1 , g2 )
(g1 g2 )

(A.11)

which we denote as ! ⇠ ! 0 . For a given G and A, projective representations (!) form an abelian
group of equivalence classes, called the second cohomology group of G, H 2 (G, A). Although we
did not write down ¯ when we related symmetry relations and phase factors in the main text,

if g12 = 1 is a symmetry relation and the action of g12 on an anyon gives some phase factor, we
⇥
⇤2
should write it as ¯ (g1 ) = ei✓ . However, for a notational convenience, we often omit writing
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down ¯ .
So far, we have avoided a rigorous discussion on the definition of A. Let I be an algebra

of abelian anyons for a given topological order. For example, in a familiar Z2 topological order,

I = {1, e, m, em | . . . }, where . . . are fusion rules. Then, we define a coefficient group A is defined
as Hom(I, U (1)). Physically, the definition is motivated by the observation that there arises a
gauge redundancy associated with fusion rules for a given topological order, ¯ |a ! f (a) ¯ |a
which can depend on the anyon type a. For example, when a topological excitation a = b ⇥ c,
it means that an anyon a can fractionalize into b and c. While doing so, operators for a,b and
c can be redefined by phase factors consistent with this fusion rule. For any given fusion rule
a ⇥ b = c, f must satisfy
f (a) · f (b) = f (c)

(A.12)

Thus, A is not a set of phase factors (when the anyons are all considered simultaneously), but
rather a set of homomorphisms from anyons to phase factors. By taking into account this
fact, we can represent a factor set as a function ! : G ⇥ G ⇥ I ! U (1) and a phase factor as
: G ⇥ I ! U (1).
Now if the symmetries include crystal symmetries, !(g1 , g2 , a) is not precisely a homomorphism. The symmetry fractionalization patterns can be intertwined with the statistics because
when two anyons are fused and then transformed, they may become braided with one another. In
this situation, the assumption on the coefficient group that !(g, h) 2 Hom(I, U (1)) is wrong. Instead, a factor set !(g, h; a) would satisfy the following equation for a given fusion rule a ⇥ b = c:
!(g, h; a) · !(g, h; b) = ⌦ca,b (g, h) · !(g, h; c)

(A.13)

where the phase factor ⌦ca,b is called “twist factor”[57, 87, 88], that can be determined from
the mutual statistics of the anyons[87]. For many cases, such as Z2 order, we do not need to
consider this complication since we can find a minimal set of anyons each of which has zero
topological spin. As long as these anyons are not permuted, each anyon in the minimal set
of anyons generating the topological order carries an independent fractionalization class, and
classification of a given topological phase would be given as a product of fractionalization classes
of all independent anyons. When anyons are permuted, we factor the group of anyons I into
group of anyons that are exchanged with one another and that have trivial mutual statistics, and
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if this is possible, we do not need to consider topological data. (For example, we can consider
the eA /eB excitations and the mA /mB excitations separately in the toric code model.) Finally,
in the case of the double-semion states, the translation and time-reversal do not seem to have
any interplay with braiding, which still allows us to use Eq. A.12.
Returning to our general discussion, we remark that a coefficient group A is called a Gmodule, which means that a group element g 2 G acts as a function g : A 7! A, either by
a left-action or by a right-action. Previously discussed cases are when g acts as an identity
mapping in A, since they do not act on a phase factor (when it is a time-reversal). However,
when it comes to the case of anyon permuting symmetries, group elements can act on A by
changing anyon arguments of f 2 Hom(I, U (1)). In this case, 2-cocycle condition for factor sets
should be modified as:
!(g1 , g2 ; g3 .a) · !(g1 g2 , g3 ; a)
= !(g1 , g2 g3 ; a) ·

g1

!(g2 , g3 ; a)]

(A.14)

for g1 , g2 , g3 2 G where g3 .a is an anyon transformed from a by a symmetry k. Such a complication arises since the symmetry operator can act on A = Hom(I, U (1)) in two di↵erent ways:
the anyon part I and the phase factor part U (1). Formally, allowing these two possibilities is
equivalent to allow group elements to have both left and right action on elements of A. Similarly,
2-coboundary condition is modified as following:
! 0 (g1 , g2 ; a) =

(g1 ; g2 .a) g1 (g2 ; a)
!(g1 , g2 ; a)
(g1 g2 ; a)

(A.15)

An abelian group formed by equivalence classes of this ! in this case is called a twisted -second
group cohomology Ht2 (G, A), where twisted means that elements of G can act non-trivially on A.
Thus, when G includes time-reversal operator T , it should be called a twisted-group cohomology
in a rigorous sense. However, in the case of Z2 topological order, phase factors are ±1, and T
acts trivially on a coefficient group.
Equation. A.14 defines allowed fractionalization classes, and Equation. A.15 defines equivalence relations between fractionalization classes. Thus, if we give a rule for how G acts on A,
in principle, above two equations define the problem of our interest. Although twisted group
cohomology is very involved to analytically calculate, the calculation can be done computation-
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Group Relations
T1 T2 T1 1 T2 1
2

(C6 )6
R = ( C6 ) 2
2

#1
Ma,1
Ma,1
Ma,1
Ma,1

#2
Ma,1
Ma,mA mB
Ma,1
Ma,mA mB

#3

#4

Ma,mA mB
Ma,1
Ma,1
Ma,1

Ma,mA mB
Ma,mA mB
Ma,1
Ma,mA mB

Table A.1: Representations for four distinct equivalence classes in twisted-second group cohomology calculation Ht2 (Gp6m , Z2 ⇥ Z2 ). Here we just consider e-particles, and full classificaiton should be direct product of this and group cohomology for m-particles, which has the
same structure. In fact, third and fourth rows, phase factors for (C6 )6 and R2 do not contribute to the classification because they are gauge-dependent. Here, ↵ and are generators
of Z2 ⇥ Z2 = {1, Ma,mA } ⇥ {1, Ma,mB }. As discussed, these generators are function from anyon
category I to U (1) phase factors. Ma,mA spits out 1 for input of eA , and Ma,mB spits out
1 for eB . Thus, Ma,mA · Ma,mB = Ma,mA mB spits of +1 for eA eB , implying that the bound
state eA eB have a totally trivial fractionalization class for all cases.
ally using a Homological Algebra Programming (HAP) package of the software called Group
Algebra Programming (GAP)[498] for various groups including space groups.
There is one subtlety. Since the coefficient group A is a group of homomorphisms from
I = heA , eB i to U (1) (which should be {1, 1} due to the fusion rules), we need a way to represent
coefficients and associated group actions in a simple way. This can be done by representing
element of A as a function giving a braiding statistics of a input particle with specific anyons.
For example, let I = h1, e, m, ✏ = emi. If
(✏) =

2 A gives

(1) = 1,

(e) = 1,

(m) =

1,

1, then we can represent
(a) = Ma,e

(A.16)

where Ma,e represents a braiding statistics between an input anyon a and e. Since braiding statistics satisfies group properties under multiplication, this indeed represents A = Hom(I, U (1))
properly.[58]
Now, let us consider the system of honeycomb lattice with Z2 ⇥ Z2 topological order.
Hom(I, U (1)) can be represented by generators, hMa,eA , Ma,eB , Ma,mA , Ma,mB i. As C6 rotational symmetry exchange two sublattices, C6 acts on the coefficient group as
C6 : Ma,mA $ Ma,mB
while the other symmetry operators T1 , T2 , and
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Ma,mA $ Ma,mB

(A.17)

act trivially on coefficients. Consider only

e-particles for now as e and m anyons can be treated independently. Then, Ae = Z2 ⇥ Z2 =

{1, Ma,mA }⇥{1, Ma,mB }. With all this information, we can finally calculate Ht2 (Gp6m , Ae ) using
GAP. The resulting twisted-second group cohomology is isomorphic to Z2 ⇥ Z2 (TABLE A.1).

We remark that (C6 )6 and R2 in the table do not contribute to the classification since they are
gauge-dependent. Under the gauge transformation

0 (C

6)

= Ma,eA (C6 ), the action of (C6 )6

and R2 are multiplied by Ma,mA mB . For example,
⇥

0

(C6 )

⇤6

= [Ma,mA (C6 )]6 = (Ma,mA Ma,mB )3
⇥ [ (C6 )]6 = Ma,mA mB [ (C6 )]6

(A.18)

since (C6 )Ma,mA = Ma,mB (C6 ) and also
⇥

0

(C6 ) 0 ( )

⇤2

= [Ma,mA (C6 ) ( )]2
= Ma,mA Ma,mB [ (C6 ) ( )]2
= Ma,mA mB [ (C6 ) ( )]2

(A.19)

Therefore, if the anyon of our interest is a = eA , the phase factor is not well-defined since it can
be 1 or

1 depending on a gauge choice for these two relations. However, for the bound state

eA eB , since MeA eB ,mA mB = 1, phase factors for eA eB are invariant.
In all four possible symmetry fractionalization classes for eA , eB anyons, the bound state
eA eB have trivial phase factors under symmetry relations, implying that eA eB can be a singlet
of all possible symmetries. For an anyon eA (or eB ), a phase factor for T1 T2 T1 1 T2
±1. A phase factor for

2

1

can be

can be ±1. Such results agree with what we obtained in more direct

approach in the main part of the paper. A phase factor for (C6 )6 has a gauge choice where it is
trivial, which means that the phase factor can be always gauge transformed to be one.
The resulting four symmetry fractionalization classes exactly agree with symmetry fractionalizations we can construct out of triangular sublattices in Equation. 1.25, which is labeled by
(⌘1 , ⌘2 , ⌘1 ⌘3 ↵3 , ⌘2 ), a set of phase factors for a single eA or eB anyon. Here ⌘1 and ⌘2 are determined by which SET phase is realized on triangular sublattices, and the one involving ↵3
is gauge-dependent and does not contribute to the classification. The result further confirms
the validity of our construction and tells us that symmetry fractionalization classes we obtained
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from bipartite construction are robust.
Although here we only discussed symmetry fractionalization class of e-particles, since coefficient group A factorizes into e-particle and m-particle components, full classification can be
obtained by direct-product of individual cohomology group
Ht2 (Gp6m , A) = Ht2 (Gp6m , Ae ) ⇥ Ht2 (Gp6m , Am )

(A.20)

where in fact two cohomology groups Ht2 (Gp6m , Ae ) and Ht2 (Gp6m , Am ) are isomorphic because
a mathematical structure does not change under e $ m. Since Z2 SL we used in the construction

can realize only one fractionalization class for visons as in TABLE 1.1, we do not have a freedom
to realize all four possible classes for mA , mB anyons in this case. Thus, the vison part would
only realize the fractionalization class #3 in TABLE A.1.
It seems interesting that in this calculation we took into account only how the anyons are
acted on by the symmetries; we did not assume the state is made out of disconnected lattices.
Still, possible SET phases we obtained through this general method is same as what we obtained
through the bipartite lattice construction. In principle, one may also expect di↵erent SET
phases where the anyons permute the same way, but it never happens actually, even for more
complicated lattices.
Consider a lattice made from k sublattices, L1 , . . . Lk that are mapped to one another by
symmetry. Suppose that the symmetries on the sublattice L1 form a group H, and let them be
fractionalized:

(h1 )

a

(h2 )

a

= !1 (h1 , h2 ; a) (h1 h2 )

a

for any h1 , h2 2 H for a given anyon a.

Assume that any element h 2 H does not not permute anyons. Can we extend this symmetry
fractionalization pattern of the sublattice to the full system? Suppose that for each anyon a, there
are n distinct copies of them denoted by Ci (a) such that Ci (a) and Cj (a) have no mutual phases
if i 6= j, and that they are permuted the same way as the sublattices, i.e., g(Ci (a)) = Cj (a)
if g : Li ! Lj . Then, we can find all the SETs for this system using cohomology to solve
Eq. A.14—it turns out there is only one that extends !1 of the sublattice. We can see this by
classifying the projective representation of the full lattice group G.
Let Si be a symmetry of the full system that maps L1 ! Li , and choose some projective
representations of H, restricted to the anyons in sublattice L1 . Now this projective representation can be extended to a general symmetry and anyons in other sublattices. For any g 2 G
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that maps Li to Lj , we must define
g = Sj (Sj 1 gSi )Si

1

(g)’s phase for each sublattice Li . Them, the relation

is convenient because the symmetry in the parentheses is an element of H

(it maps L1 to itself). Hence (g) restricted to anyons in L1 is already defined for this symmetry.
One can notice that (g) restricted to Ci (a) can be expressed as
(Sj )|C1 (a) (Sj 1 gSi )|C1 (a) (Si )

1

|Ci (a)

(A.21)

upto a phase factor !(Sj , Sj 1 gSi ; C1 (a))·!(gSi , Si 1 ; Ci (a)), which can be set to be 1 by a proper
gauge choice for (g). Thus, one can express
(g)

Ci (a)

= (Sj )

C1 (a)

(Sj 1 gSi )

C1 (a)

(Si )

1
Ci (a)

,
(A.22)

Then one can work out the product of (g1 ) and (g2 ) for the anyon Ci (a) to find !(g1 , g2 ; Li (a))
because the factors of (S)’s cancel for all identity relations relevant to symmetry fractionalizations. Therefore, the answer is determined just by the symmetries within L1 .
For example, for the pg-group we discussed in the main text, we have two sublattices A
and B. There are two types of symmetries: translational and orientation-reversing symmetries.
The first type preserves the sublattice and the second type exchanges them. Suppose we fix the
phases of

(h) for a translation h and for any anyon in the A-sublattice. Then we can define

the phases of all the other symmetries in the way we described—the Table A.2 summarizes how
the action of any symmetry operator can be expressed in the form of Eq. A.22 given the choice
of S1 = I, S2 = gglide . (Here, h is some properly chosen translation operator.) For example,

1
if g is a symmetry that exchanges A and B, one can either express it as gglide h1 or as h2 gglide
.

To use the Eq. A.22, one should use the first expression if the symmetry is to be applied to an
A-anyon and the second if it is to be applied to a B-anyon, and then replace each element by
the projective representation
symmetry because

corresponding to it. This choice a↵ects only the phase of the

preserves relationships (such as g = gglide h1 ) up to a phase. It is allowed to

choose the phase di↵erently for an A and a B-anyon. One can easily check that when symmetries
are expressed in this form and multiplied together, the form is preserved, and one can extend
symmetry fractionalization of the sublattice into the full system.
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Type of symmetry
Lattice-Fixing
Lattice-Exchanging

A-anyons
(h)
(gglide ) (h)

B-anyons
(gglide ) (h) (gglide )
(h) (gglide ) 1

1

Table A.2: Any symmetry operation can be expressed in the above form. For instance, the
gilde-reflection symmetry in the main text would be expressed as (gglide ) for A-anyons and
(Tx ) (gglide ) 1 for B-anyons, where Tx is translation in x-direction.

A.3

Bosonic System with Magnetic Translation Symmetry

When we map a spin model into a bosonic model with a constraint (nb  2S) by HolsteinPrimako↵ transformation, magnetic translation symmetry gets modified as the following:

T1 T2 T1 1 T2

1

=

Y

z

eiSr

0

=

r

Y

ei(nr

S)

(A.23)

0

r

However, when we think about a bosonic tight-binding model with magnetic flux, it is more
reasonable to write it as the following:

T1 T2 T1 1 T2

1

=

Y

einr

(A.24)

0

r

There comes the di↵erence by the constant phase factor

Q

r

eiS

0

= eiN S

0

. Since this is the

operator equation, the phase factor cannot be removed. One may wonder whether the mapping
can be even well-defined when we have a magnetic field. In fact, if we require the condition
NS

0

⌘ 0 mod 2⇡, then it is possible to properly define the corresponding bosonic model

under Holstein-Primako↵ transformation. Now one can ask: what does spin-flip symmetry
correspond to in the bosonic model? Under P : Sz 7!

Sz , we see that P : nb 7! 2S

nb . Thus,

we see that

P

Y
r

einr

0

P

1

=

Because of the above condition N S

Y

ei(2S

nr )

r

0

0

= e2iSN

0

Y

e

inr

0

(A.25)

r

⌘ 0 mod 2⇡, the prefactor in the Eq. A.25 disappears.

Thus, during the discussion of magnetic translation symmetry, regardless of whether it is a spin
or boson model, we can safely treat the action of P as flipping the U (1) charge. Of course, when
we think about particle density hnb i, we should keep in mind that Pnb P = 2S

nb . Thus, for

a particle-hole symmetric system, we must have a half-filling hnb i = S, where 0  nb  2S. In
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the main text, we ignored this subtlety. For a generic boson model, P : nb 7! N

nb , where

N is an arbitrary integer that one has a freedom to choose. Thus, for nb fractional, there is no
particle-hole symmetry.

A.4

Constraints on Topological Orders

In the main text, we explained why certain SETs cannot be realized for a given symmetry
setting. To do so, we showed that the flux seen by each anyon with a certain quantum number
does not transform properly under the spin-flip/time-reversal symmetry.
In fact, it can be shown in a more compact description of a symmetry fractionalization of
magnetic translation algebra. Assume that anyon does not permute under magnetic translation
symmetries. Our analysis relies on the following formula given in Ref. [109]:
⌦T̃1 ⌦T̃2 ⌦T̃ 1 ⌦T̃ 1 =
1

2

a ⌦U ( )

(A.26)

where ⌦O represents a fractionalized action of a symmetry operator O,
flux per unit cell, and

a

represents magnetic

represents anyon flux of a per unit cell. For a given localized (anyonic)

excitation, Eq. A.26 gives a phase factor acquired when we move the excitation around one unit
cell. Because this phase factor is a physical observable, it should be invariant under the on-site
symmetry action which commutes with magnetic translations. From twisted-group cohomology condition, this condition can be also shown directly. For

= ⇡ flux case, we know that

spin-flip and time-reversal symmetry commutes with magnetic translations. Moreover,

a ⌦U ( )

transforms in the following way under each symmetry action:
P:

a ⌦U (⇡)

7!

aP ⌦U ( ⇡)

T1 :

a ⌦U (⇡)

7!

aT1 ⌦U ( ⇡)

T 2 = P · T1 :

a ⌦U (⇡)

7!

=
=

aP ·F̄ ⌦U (⇡)
aT1 ·F̄ ⌦U (⇡)

aT2 ⌦U (⇡)

(A.27)

where we used the fact that the action of U ( 2⇡) is equivalent to the braiding with anti-fluxon F̄ .
For Z2 toric code order, anyon does not transform but fluxon must be equivalent to a vison. For
Z2 double-semion order, s $ s̄ under time-reversal symmetry, and fluxon must be equivalent
to a bosonic anyon b = ss̄. Using Eq. A.27, one can check whether the RHS of Eq. A.26
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is invariant under symmetry actions, and determine whether the symmetry fractionalization
pattern is consistent. For the generalization to smaller fractions for the flux or filling, we can
apply this analysis in the exact same manner to Zn topological orders, knowing that how anyons
transform under the symmetries.
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B

Supporting Materials for Chapter 2

B.1

Tight-Binding Model

For the Fourier transform of creation/annihilation operators in the tight-binding model, we use
the following convention
c†k,j =

X

eik·(R+⌧j ) c†R,j

(B.1)

R

Here, c†R,j creates a j th Wannier orbital W (r R ⌧j ) ⌘ hr|R, ji centered at Rj ⌘ R + ⌧j
D
E
0
(j = 1, ..., L). We assume that Ri Rj = R,R0 i,j . As a result, the Bloch basis | k,j i under
the atomic gauge 1 becomes
|

k,j i

=

X
R

eik·Rj |R, ji ,

k,j (r)

=

X

eik·Rj W (r

Rj )

(B.2)

R

1

A di↵erent choice of gauge is called lattice gauge, where the exponential part does not contain eik·⌧j .
However, under the lattice gauge, the inner product of eigenvectors of a tight-binding Hamiltonian does
not reproduce the inner product of cell-periodic wavefunctions |unk i. As we latter see, the periodic part
of the Bloch wavefunction is independent of k only if we take atomic gauge. Therefore, we will use the
atomic gauge throughout the paper.
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Under the lattice translation operators, the quantum state transforms as
T ai |

k,j i

=

X
R

eik·Rj |R + ai , ji = e

ik·ai

|

k,j i .

(B.3)

In contrast, wavefunction transforms oppositely under the coordinate translations:
k,j (r

+ ai ) =

X

eik·Rj W (r + ai

Rj ) = eik·ai

X

0

eik·Rj W (r

Rj0 ) = eik·ai

k,j (r).

(B.4)

R0

R

This means that the family of wavefunctions

k (r)

for k 2 ⌦ does not have a definite boundary

conditions. Instead, if we define
uk (r) = e

ik·r

k (r),

(B.5)

all uk (r) satisfy the boundary conditions uk (r + ai ) = uk (r), thus it is cell-periodic. Therefore,
the family of uk belong the the same Hilbert space unlike the family of

k.

This is essential,

as otherwise the inner-product between vectors are not well-defined unless they belong to the
same Hilbert space. For example,
Z

1
1

d

d r

⇤
nk (r) nq (r)

=

Z

1

dd r ei(q

1

k)·r ⇤
unk (r)unq (r)

(B.6)

which is always averaged to be zero if q 6= k. Note that inner-product for unq (r) is defined as
the integral over the unit cell, so it is properly normalized. Since inner-product is the way to
compare two di↵erent vectors, a proper fiber bundle structure is only well-defined for |uk i, not
|

k i.

Tight-binding Hamiltonian in the k-space can be obtained under |

k,j i

basis. In the k-space,

whenever there is a hopping from Ri to Rj0 in real space, one obtains the term proportional to
e

ik·(Rj0 Ri )

in the Bloch Hamiltonian. Note that in the matrix representation of the Hamilto-

nian in k-space, the Hamiltonian is L ⇥ L matrix whose element Ĥij corresponds to the hopping

1 , ..., C L ) be the nth eigenvector of Ĥ . Then the
term from j-site to i-site. Let Ĉn,k = (Cn,k
k
n,k

Bloch wavefunction is given as
|

n,k i

=

X
j

j
Cn,k
|

k,j i

(B.7)

What about cell-periodic version of the Bloch wavefunctions? Note that in the tight-binding
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description, we assume that orbitals are sharply localized at Rj ; in other words, the position
matrix takes hR + ⌧i | r |R0 + ⌧j i = (R + ⌧i )
|un,k i = e

B.2

ik·r

X
j

j
Cn,k
|

k,j i

=e

R,R0 i,j .

ik·Rj

X
j,R

Therefore, |un,k i is given as

j
Cn,k
eik·Rj |R, ji =

X
j,R

j
Cn,k
|R, ji

(B.8)

Calculating Chern Number

In this part, we clarify the subtlety of Chern number calculation. First, note that the Berry
phase and curvature are not calculated in terms of |

nk i

but rather cell-periodic versions of

Bloch functions |unk i. As mentioned above, this is because |unk i with di↵erent k belong to the
same Hilbert space. Therefore, |unk i at di↵erent momenta can be compared, and derivatives
can be also well-defined.
Second, for the tight-binding Hamiltonian in k-space, we have to use

.

Finally, for the Berry phase to be well-defined, |unk i has to be a smooth in the Brillouin zone
including the zone boundary. Usually, we impose that Bloch functions are continuous along the
zone boundary, i.e.

n,k (r)

=

n,k+K (r)

for any r, where K is reciprocal lattice vector. This is

called periodic gauge condition. However, this means that
un,k+K (r) = e

iK·r

un,k (r).

(B.9)

Therefore, |un,k i and |un,k+K i are not equal, but di↵erent by a certain phase factor depending
on the position. This enforces that if we were to calculate Berry curvature in a discretized
setting, we cannot simply replace |un,k+K i with |un,k i, but by e

iK·r u

n,k (r).

In practice, |un,k i

n,k
is denoted by its orbital components, |un,k i = (C1n,k , C2n,k , ..., CN
). Let ti be the location of

each orbital within the unit cell. Then,
Cin,k+K = e

iK·ti

Cin,k

(B.10)

since K · R = 0 mod 2⇡ if R is a lattice vector. This is really essential, as otherwise we would
acquire an incorrect Berry curvature.
Finally, we want to resolve the subtlety related to the tight-binding model. In the tightbinding model calculation, the basis is already in k-space.
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However, note that when we are calculating the Chern number of Landau subbands folded
into the magnetic Brillouin zone,

B.3
B.3.1

Magnetic Translation Symmetry
Continuum Limit

The two-dimensional Hamiltonian of a charged object with mass m and charge q under a vector
potential A is given by
H=

1
(p
2m

qA)2 =

1 2
⇡
2m

(B.11)

where ⇡ is the kinematic momentum, meaning that ⇡ = mv = m[r, H]/i~. Note that
⇥

⇤
⇡x , ⇡y = i~q(r ⇥ A)z = i~qB

(B.12)

Therefore, ⇡ does not commute with the Hamiltonian. However, if magnetic field B = r ⇥ A
is uniform, we can define magnetic momentum operator
qr ⇥ B

K=⇡

)

[K, ⇡x,y ] = 0

as K commutes with ⇡. Note that [Kx , Ky ] =

i~qB =

)

[K, H] = 0

(B.13)

[⇡x , ⇡y ]. Then, we can construct a

magnetic translation operator using K as the generator:
MR ⌘ exp

✓

◆
i
K ·R ,
~

Kx = px

q(Ax + yB),

Ky = py

q(Ay

xB)

(B.14)

For example, let A = (0, xB, 0). For a1 = a1 x̂ and a2 = a2 ŷ, we obtain
Ma 1 ⌘ e

i
(p
~ x

qyB)a1

i

= e ~ qyBa1 Ta1 ,

Ma2 ⌘ e

i
p a
~ y 2

= T a2 ,

(B.15)

which is the relation we used in the main text. Furthermore, it satisfies the following magnetic
translation algebra:
MR 1 M R 2 = e

i
K·(R1 +R2 )
~

1
[K·R1 ,K·R2 ]
2~2

237

= MR1 +R2 e

iqB
(R1 ⇥R2 )z
2~

,

(B.16)

where we used the Baker–Campbell–Hausdor↵ formula. Exploiting this relation, we can reproduce Eq. (2.10)
MR 1 M R 2 = e

iqB
(R1 ⇥R2 )z
~

MR2 MR1 = ei' MR2 MR1 .

(B.17)

Note that this phase factor is di↵erent from the well-known Aharonov-Bohm phase. For the
Aharonov-Bohm e↵ect, when a charged particle go around a flux tube without passing through,
the particle acquires a phase factor i' . However, in this case, we observe that MR21 MR11 MR2 MR1 =
e

i' .

Therefore, we can conclude that this gauge-invariant phase of the magnetic translation

symmetry should be distinguished from the Aharonov-Bohm e↵ect. Note that the AharonovBohm phase is defined for each possible particle trajectory, and it is generated under the timeevolution dictated by a given Hamiltonian. In a path-integral framework, eiS/~ assigns a phase
factor for each trajectory. As the action S is originated from the Hamiltonian, the AharonovBohm phase factor is induced by translations generated by ⇡. In contrast, magnetic translation
symmetries are generated by K, and therefore it should be distinguished from actual dragging of
a particle around the unit cell. Moreover, if we want to obtain an eigenvector of the Hamiltonian
where every term is translated by R except for the original background magnetic field, one has
to use magnetic translations. For example, consider
Ĥ0 =

1 ⇥
p
2m

qA(r)

⇤2

+ Û (r)

(B.18)

where Û is a potential well such that the Hamiltonian Ĥ0 has an eigenstate |

0i

localized at the

origin. Now, assume we adjust the potential Û0 to ÛR so that a new eigenstate is localized at
R. However, we want to keep A invariant under such a change. Applying magnetic translation
operator MR , we get2
ĤR = MR ĤMR 1 =
Therefore, MR |

0i

1 ⇥
p
2m

qA(r)

⇤2

+ Û (r

R)

(B.19)

is the eigenstate of this translated Hamiltonian with the same energy. The

same logic would apply for a fluxon-inserted state, where additional 2⇡-flux is inserted and being
translated [109].
2

If [X, Y ] commute with X and Y , esX Y e

sX

= Y + s[X, Y ].
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B.3.2

Lattice System

In the lattice model, hopping terms can be written as3
ta1 =

X
m,n

|m + 1, ni hm, n| ,

X

ta2 =

m,n

|m, n + 1i hm, n| ,

(B.20)

which is equivalent to the translation symmetry operators when a magnetic field is not present.
Under Peierl’s substitution [128, 499, 500], the hopping in the lattice model can be transformed
into the following way:
t̃a1 =

X
m,n

where
x
✓m,n

q
=
~

x

ei✓m,n |m + 1, ni hm, n| ,

Z

(m+1)a1

Ax (x, na2 )dx,
ma1

t̃a2 =

X

(B.21)

Z

(B.22)

m,n

q
=
~

y
✓m,n

y

ei✓m,n |m, n + 1i hm, n|

(n+1)a2

Ay (ma1 , y)dy,
na2

These hopping terms satisfy the following relation
t̃a21 t̃a11 t̃a2 t̃a1 = ei' ,

'=

q
~

Z

unit cell

A · dl.

(B.23)

Therefore, hopping terms indeed give rise to a familiar Aharonov-Bohm phase. One can further
show that such hopping terms correspond to (p

qA)2 /2m in the continuum Hamiltonian

[500]. However, note that these hopping operators are not the symmetry of the system since
[t̃a1 , t̃a2 ] 6= 0, as was in the contiuum case. Instead, we can also define a lattice version of the
magnetic translation symmetry operators defined as the following:
T̃a1 =

X
m,n

3

x

ei↵m,n |m + 1, ni hm, n| ,

T̃a2 =

X
m,n

y

ei↵m,n |m, n + 1i hm, n|

(B.24)

Note that we use the lower case for t to distinguish hopping operators with translation symmetries.
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x/y

where ↵m,n satisfy the following equation:
x
↵m+1,n

x
x
↵m,n
= ✓m+1,n

x
✓m,n

x
↵m,n+1

y
x
↵m,n
= ✓m+1,n

y
✓m,n

y
↵m,n+1

y
y
↵m,n
= ✓m,n+1

y
✓m,n

y
↵m+1,n

y
x
↵m,n
= ✓m,n+1

x
✓m,n
.

(B.25)

Then, one can show that such definitions of T̃a1 and T̃a2 exactly correspond to the lattice versions
of magnetic translations generated by K.

B.4

Details of the large-Nf calculation

The calculation will largely follow Ref. [154, 155]. The only modification is on the photon
propagator due to the Chern-Simons term.
We assume large Nf and k, with the ratio

=

8k
⇡Nf

fixed. The e↵ective Euclidean Lagrangian

of the the gauge field aµ , at leading order in 1/Nf , is given by
L[aµ ] =

Nf
Nf
k
|q||~a(q)|2 +
✏⇢µ⌫ q⇢ aµ (q)a⌫ ( q) +
(~q · ~a)2 ,
16
4⇡
⇠|q|

(B.26)

where the first term comes from the one-loop contribution from the Dirac fermions, the second
term is the Chern-Simons term, and the last term is a (non-local) gauge-fixing term. The original
Maxwell term is irrelevant and omitted.
We can now choose a convenient ⇠ (Feynman gauge) to make the photon propagator of the
following form:
16
=
Nf (1 +

2)



µ⌫

|q|

q2

q⇢ ✏⇢µ⌫ .

(B.27)

The fermion line and the vertex are standard:

=

240

k/
,
k2

(B.28)

=

µ.

(B.29)

At order O(1/Nf ), fermion self-energy is given by
q

⌃0 (k) =

k+q

=

3⇡ 2 N

8
f (1 +

2)

k/ ln(|k|/⇤),

(B.30)

where only the logarithmically divergent part is kept and ⇤ can be viewed as the UV cuto↵
(the exact meaning depends on regularization scheme and is not important).
Now consider turning on an SU (Nf )-singlet mass perturbation

= im.

(B.31)

The diagrams relevant for calculating its scaling dimension at O(1/Nf ) are

⌃1 (k) =

=

⇡2N

24
f (1 +

2)

(im) ln(|k|/⇤),

(B.32)

and

⌃2 (k) =

=

+

2)
64(1
(im) ln(|k|/⇤).
⇡ 2 Nf (1 + 2 )2
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(B.33)

Table B.1: The summary of interesting sequences of transitions. We consider a transition
from ⌫ = p/(2p + 1) FQH state to a FCI or CI state. We take a simple square lattice potential in Eq. (2.26), and each unit cell has the flux density and the particle density n. The
multi-flavor Dirac fermions are protected by the magnetic translation symmetry of composite
fermions.

Transition to
xy

=

p+1
2p+1

K

n

2p + 1

0

2p
2p+1
p+1
2p+1
p

xy

= 1 ICI

p+1

p/2

xy

= 0 ICI

p

(p + 1)/2

The scaling dimension

ms

FCI

N

=2

ms

2p2
2p+1
p
p+1

1

can then be extracted following standard procedure:
64
64(1
+ 2
2
2
3⇡ (1 + )Nf
⇡ (1 +

2)
2 )2 N

f

+ O(1/Nf2 ).

(B.34)

For the SU (Nf )-adjoint mass, ⌃1 is identical but ⌃2 is absent due to the cancelation in the
fermion loop. The scaling dimension is then

ma

B.5

=2

3⇡ 2 (1

64
+ O(1/Nf2 ).
+ 2 )Nf

(B.35)

Microscopic setting for the transition

In this section, we will describe the microscopic setting for the phase transition. The results are
summarized in Table. B.1.

B.5.1

FQH-ICI transition

Compared with the FCI, integer Chern insulator (ICI) is much easier and robust to realize in
experiments. Therefore, it is interesting to consider the transition from the ⌫ = p/(2p + 1) FQH
phase to a ICI phase. Since the ICI phases with C = 0, 1 also belong to the Jain sequence,
they correspond to composite fermions form the C1 = 0 or C1 =

1 integer state, So the FQH-

ICI transition can be described by our QED3 -Chern-Simons theory Eq. (2.33). Specifically, the
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transition to the C = 0 ICI has the critical theory,
L=

p
X

¯I (@/

i/
a)

I

+

I=1

p+1
1
ada +
AdA
8⇡
8⇡

1
adA.
4⇡

(B.36)

Similarly, the transition to the C = 1 ICI is described by,

L=

p+1
X

¯I (@/

i/
a)

I=1

We don’t write the mass term m

P¯

I

+

p
1
ada +
AdA
8⇡
8⇡

1
adA.
4⇡

(B.37)

explicitly, but we remark that due to the finite Chern-

Simons term the mass m should be tuned in order to hit the criticality.
Microscopically the FQH-ICI transition is indeed straightforward to realize. Again we consider the Landau levels under a weak superlattice potential. For example, suppose we have a
super-lattice with the flux density

= (2p + 1)/p and particle density n = 1 in each unit cell.

When the potential is weak, the ⌫ = p/(2p + 1) FQH is naturally realized. When the potential
is strong compared with the Coulomb energy, the LLL splits into 2p + 1 sub-bands, and the p
lowest sub-bands are filled. By a proper choice of potential pattern, it is not hard to realize
that the p lowest sub-bands has the total Chern number C = 0. Consequently we could imagine
a transition from the ⌫ = p/(2p + 1) FQH to the C = 0 ICI by tuning the potential strength.
Furthermore the composite fermion sees an e↵ective flux

CF

= 1/p, which means that the

magnetic translation symmetry will protect p Dirac cones at the critical point.
Similarly we can construct the model for the transition between the ⌫ = p/(2p + 1) FQH
and the C = 1 ICI state. One way to realize it is to have the flux

= (2p + 1)/(p + 1) and

density n = p/(p + 1) in each unit cell. In the weak potential limit, we have the ⌫ = p/(2p + 1)
FQH state. In the strong potential limit, the Landau level splits into 2p + 1 sub-bands, and the
p lowest sub-bands are filled. The total Chern number of the lowest p sub-bands can be 1 under
a proper choice of potential pattern. Also it is easy to show that the p + 1 Dirac cones at the
critical point is protected by the magnetic translation symmetry since the e↵ective flux of the
composite fermion is

CF

= 1/(p + 1).

Indeed a simple square lattice potential in Eq. (2.26) gives precisely the required free fermion
band structure, namely the lowest p sub-bands has a total Chern number 0 ( = (2p + 1)/p) or
1 ( = (2p + 1)/(p + 1)).
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B.5.2

Odd flavor QED3 transition

The pure QED3 theory describes the transition between the particle-hole conjugate partner of
the Jain sequence states. For the fermionic system, the pure QED3 theory (Eq. (2.36)) has the
odd number (2p + 1) of Dirac fermions, and the transition happens between the
and the

xy

xy

= p/(2p + 1)

= (p + 1)/(2p + 1) states. As we already discussed in Sec. 2.4 , the 1/3

2/3

(i.e. p = 1) transition can be realized in a simple setting. Here we generalize this setting to the
arbitrary p.
We consider a superlattice potential that has the flux

= 2p and the density n = 2p2 /(2p+1)

in each unit cell. The filling factor is ⌫ = n/ = p/(2p+1), thus a FQH state is naturally expected
when the potential is weak. Once the potential is finite, the lowest Landau level splits into 2p
bands. Under a square lattice potential (e.g. Eq. (2.26) with V1 = V2 = 1, 1
the Chern number of the bands is: CI = 0 when I = 1, · · · , p
The electrons completely fill the p

1, p + 1, · · · 2p, and Cp = 1.

1 lowest bands (C = 0), and partially fill (with the filling

factor (p + 1)/(2p + 1)) the C = 1 band (the pth band). Hence the
may appear, and the p/(2p + 1)

V3 = V4 > 0),

xy

= (p + 1)/(2p + 1) FCI

(p + 1)/(2p + 1) transition could be realized by tuning the

potential strength. Furthermore, one can show that the composite fermion has an e↵ective flux
CF

=

2n = 2p/(2p + 1), hence the 2p + 1 Dirac cones of the critical theory are protected

by the magnetic translation symmetry.
To realize the above scenario microscopically, one may need to further adjust the potential
pattern as well as the interaction. If the lattice potential is not adjusted appropriately, we may
fall into a Fermi liquid phase or a CDW phase since these two phases can possibly compete
with a FCI phase when the potential is non-zero. As we discussed in Sec. 2.4, for the case with
p = 1, one needs to adjust the diagonal potential V3 = V4 (⇡ 1.4V1 ) to have a large flatness
ratio in the C = 1 band. The gapped

xy

= 2/3 phase is only observed for the small range of

V3 /V1 near 1.4, and outside of this range, a metallic phase was observed, signaling metal-FCI
transition. We expect that similar tuning of the lattice potential would also be required for a
larger p, whose systematic investigation is left for the future work.
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Figure B.1: The response of the xy = 1/3 – xy = 2/3 transition under the adiabatic flux
insertion from 0 to 6⇡. Through this procedure, we can also calculate the Hall conductance
by measuring the charge transported through the flux insertion, where we changed the flux by
2⇡/10 in each step. Here, the potential strength U0 = 0.6 and the bond dimension = 2000.
Both the energy and correlation length change as a function of with a periodicity of 6⇡,
three flux quanta. Peak structures in both plots reveal the existence of the emergent Dirac
fermions in the low-energy e↵ective theory.

B.6

Miscellaneous in Numerics

When we perform the DMRG simulation for a lattice model with an emergent gauge field and
Dirac fermions, we should be careful about a flux trapped along the cylinder. In such a situation,
gaplessness of the Dirac fermions would be modified because the trapped flux would change the
boundary condition for Dirac fermions along the finite circumference [166]. Thus, to properly
investigate the critical dynamics in a cylinder, we need to address the question of whether there
exists a trapped flux through the cylinder, and what are the momenta of Dirac points. In the
case of fractional quantum Hall problem, the trapped flux is associated with a total momentum
of the topological sector of the system [197, 501]. For the

xy

= 1/3–

xy

= 2/3 we considered in

the main text, the Dirac fermions are hitting gapless momenta points if there is no gauge flux
trapped, which corresponds to Ktot = 0. The e↵ective gauge flux of Dirac fermions can also be
tuned by inserting the flux by hand [166]. Fig. B.1 shows how the system responses under the
flux insertion starting from the Ktot = 0 topological sector. One can see that the correlation
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length and energy are peaked at the zero flux insertion, agrees with our theoretical expectation.
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C

Supporting Materials for Chapter 3

C.1

Monopole Transformation

In this section, we calculate how the monopole operator transforms under the symmetry of
the Shastry-Sutherland lattice. To do this, we think of the Shastry-Sutherland lattice as the
lattice being deformed from the square lattice with spin-1/2 per site. Starting from the 2 + 1D
antiferromagnetic ordered phase (Néel) of the square lattice, one can derive the action in terms
of local Néel order parameter n(rn ) in a path integral formalism,
1
S=
2g

Z

2

d⌧ d r

"✓

@n
@⌧

◆2

2

+ c (rr n)

2

#

+ SB

(C.1)

where n ⇠ ⌘r S is a Néel order parameter, and ⌘r = ( 1)rx +ry is a factor required for an
alternating spin direction. In addition to the continuum action of a classical O(3) nonlinear
-model, there exists a Berry phase contribution due to the quantum nature of spin dynamics,
which manifestly has the lattice origin. [34, 502] Let !(nr ) be a solid angle swept by a local
Néel vector located at r throughout the imaginary time evolution from 0 to , with respect to
P
the reference direction n0 (See Fig. C.1(b)). Then, SB = iS r ⌘r !(nr ) where S is the spin of
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Figure C.1: (a) The monopole operator inserted in the Euclidean spacetime. White arrows
represent spin directions. The imaginary time trajectory of each spin is represented by a colored line. White arrows in the black trajectory shows how the direction of the spin changes
along the imaginary time when the monopole is inserted. (b) The solid angle !(nr ) swept
through the imaginary time with respect to the reference vector n0 . (c) The dual lattice
where a monopole operator resides on. Here, plaquette centers correspond to the spin sites.
The lattice spin acts as an alternating flux pattern ( 1)rx +ry 4⇡S for monopoles. The hopping
amplitude along each black arrow gives a phase factor of ei⇡S = i in our S = 1/2 case.
an each site.
For any spatial slice, one can define the Skyrmion number Q(⌧ ) =

1
4⇡

R

n̂ · (@x n̂ ⇥ @y n̂) ,
⌧

which is a topological invariant. Then, a monopole creation operator is defined as a topological
defect at the spacetime point which changes Q(⌧ ) by +1 across it. By the further duality
mapping, this monopole in the NL M will be mapped into the monopole of the CP1 theory.
As the center of the monopole cannot have a finite spin direction, the monopole is located at
a dual lattice. When we have a monopole event in the spacetime, it must give a branch-cut
structure on the image of !(r) because !(r) must change by 4⇡ around the monopole location
in the space. More intuitively, when monopole residing on the dual lattice encircles a single
site, the imaginary time trajectories of all spins except the one encircled by the monopole would
oscillate just back and forth, while the trajectory for the encircled one would entirely wind its !
by 4⇡ upon the completion of encircling as in Fig. C.1(b). Thus, one can view this problem as
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Symmetries
Tx
Ty
site
R⇡/4
plaq
R⇡/4

Transformations
M 7! iM n 7! n
M† 7! iM n 7! n
M† 7! iM† n 7! n
M† 7! M n 7! n
M† 7! iM n 7! n
M† 7! iM n 7! n
M† 7! M n 7! n
†

x
y

T

Table C.1: Transformation of the monopole operator M and Néel vector n in the field theory of nonlinear sigma model in the Néel order phase.

Gp4g
Tx
Ty
xy
xȳ

gx
gy
R⇡/4
T

Gp4m
Tx2
Ty2
R⇡/2 x
Tx Ty R⇡/2
Tx x
Ty y
plaq
R⇡/4
T

Action
M 7! M† n 7! n
M† 7! M† n 7! n
M† 7! M n 7! n
M† 7! M n 7! n
M† 7! M† n 7! n
M† 7! M† n 7! n
M† 7! M n 7! n
M† 7! M n 7! n
†

y

Table C.2: The table shows the correspondence between the symmetries of the ShastrySutherland lattice (p4g) and square lattice (p4m). Bold symbols are for symmetries of the
Shastry-Sutherland lattice.
a monopole hopping around the dual 2D lattice in which each site in the original lattice gives
a 4⇡S⌘r flux through the plaquettes of the dual lattice. (Monopole is a charged object under
this “flux” emanated from a spin-S.) The associated phase factor is independent of the exact
imaginary time location of the monopole event. Thus for S = 1/2 case, one can fix the system
into a certain gauge and view this as if ±⇡/2 Aharonov-Bohm phase factor gets accumulated
for each hopping process for monopoles.
site is a site (spin) centered
The monopole transformation rule is summarized in Tab. C.1. R⇡/2

rotation. Note that it is important to fix the convention for the rotation center because translation symmetry is projective. Here, we choose a rotation to be defined with respect to the
plaq
black spin in Fig. C.1(a). R⇡/2
is a plaquette centered rotation, which is defined with respect
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to the center of four spins in Fig. C.1(a). Under the unit translations Tx,y , time reversal T ,
plaq
and plaquette centered rotation R⇡/2
, the Néel order changes its sign. It means that the flux

pattern is reversed under such transformations, thus we need to transform a monopole into an
anti-monopole to compensate for the change. For reflections

x,y ,

although n does not flip,

the definition of the Skyrmion number tells that we need to change the sign for the number
of monopoles. Thus, a monopole transforms into an anti-monopole again. After figuring out
whether a monopole transforms into a monopole or anti-monopole, we need to multiply it by an
additional phase factor ↵g to account for the Berry phase e↵ect.
Assume the topological term SB is absent momentarily, which is how CP1 theory in Eq. (3.4)
is derived. This is a usual practice because unlike the first term inside the parenthesis in
Fig. C.1, the second term, SB , cannot be straightforwardly extended to the continuum field
theory description. Under the absence of SB , the monopole insertion operator M† just makes
a global adjustment of the Néel order configuration to increase the Skyrmion number by one,
without any additional phase factor.
However, we know from the existence of SB in the lattice description that the Berry phase
e↵ect is important. In order to take into account the Berry phase e↵ect, we need to examine
how the monopole transforms under each symmetry action. Under the active transformation
where the coordinate system remains the same, we have
g : M†r 7! ↵g · g[M† ]g(r) ,

g[M† ] = M† or M,

(C.2)

where the action of g on M† is determined by the previous argument on whether the monopole
transforms into the monopole or anti-monopole upon the symmetry transformation.
To determine ↵g , we need to fix a gauge first. Fixing a gauge is important because a
monopole is always created in a pair with an anti-monopole. Thus, the monopole event always
has a reference point (anti-monopole) connected by the branch-cut. The Berry phase factor is
independent of the way we draw the branch-cut because going around a single spin-lattice site
gives a 2⇡ phase. Let’s fix the reference gauge such that the monopole created at (0̄, 0̄) gives
a Berry phase . Then, for a generic coordinate r, inserting a monopole would give the Berry
phase factor ⌘(r) where ⌘(r) = 1, i, 1, or

i depending on whether the coordinates (rx , ry )

are (even, even), (odd, even), (odd, odd), (even, odd) [34]. This is shown explicitly in Fig. C.1(c)
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as moving the monopole along the arrow gives an additional phase factor i. Inserting an antimonopole at r gives a phase factor ⌘ ⇤ (r)

⇤

to the Berry phase term by having ! 7!

!. Now, by fixing

since it would give an exactly opposite contribution
= 1, the insertion of the monopole

and anti-monopole at each dual lattice site simply gives a phase ⌘(r) and ⌘ ⇤ (r).
site and T . Under Rsite , a
To illustrate the further procedure, let us consider two examples, R⇡/2
x
⇡/2
site r. By calculating the relative
monopole remains monopole, but its location changes as r 7! R⇡/2
site r, we obtain its transformation rule in
phase factor between the monopole created at r and R⇡/2

the continuum description:
site r)
⌘(R⇡/2

⌘(r)

=i

=)

M† 7! iM† .

(C.3)

In the case of Tx , a monopole transforms into an anti-monopole under the symmetry action.
At the same time, its location changes as r 7! r + x̂. Following the similar procedure, we obtain
the following rule:
⌘ ⇤ (r + x̂)
⌘(r)

⇤

=

i

=)

M† 7!

iM.

(C.4)

Following the similar analysis, we can obtain ↵g for all symmetry transformations summarized in Tab. C.1. In the case of time-reversal symmetry, we do not need an extra phase
factor because time-reversal already complex-conjugates the phase factor of a monopole operator, which matches with the phase factor given by the anti-monopole at the same site.
Moreover, any monopole condensation amplitude would be time-reversal symmetric because
⌦
↵⇤
T : hMi 7! M† = hMi.
So far, we assumed

= 1. However, a di↵erent choice of

can be made, which would

a↵ect to the transformation rule for the symmetries that filps monopole to anti-monopole. In
fact, we can show that this is related to the identification rule between monopole M† and
the VBS order parameters vx and vy . For
Tx : M† 7!

= 1, we get the relation Eq. (3.6); for example,

iM implies that the Tx -invariant monopole condensation corresponds to the

condition that Re M + Im M = 0. However, if

=

= ei⇡/4 , we would get Tx : M† 7!

M,

implying that the Tx -invariant condition is Re M = 0. In such a case, we can deduce that
M† ⇠ vx + ivy .

Once we fix the gauge choice and determine how the monopole transforms under the square
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lattice symmetries (p4m), how the monopole transforms under the Shastry-Sutherland lattice
symmetries (p4g) can be deduced easily. This is because the Shastry-Sutherland lattice symmetries can be expressed in terms of the square lattice symmetries if we take the Shastry-Sutherland
lattice in Fig. 3.5 is deformed from the smaller square lattice. The result is summarized in
Tab. C.2.

C.2

Comparison with a DMRG simulation result of the J1 -J2 model in the
square lattice

In this section, we present our analysis on the square lattice with spin-1/2. Using the iDMRG
simulation, we studied these models on an infinite cylinder with a circumference size up to L = 10
lattice sites. Here, we focused on the correlation length spectra. The simulation is explicitly
U (1)z symmetric, and we can plot the correlation spectra for each U (1)z quantum number, Sz .
Since following models are SO(3) symmetric in the microscopic Hamiltonian, there must exist
some degeneracy between di↵erent Sz sectors, which can be interpreted as the spectrum for a
higher spin.
First, let us consider the case where the square lattice symmetry is broken. The following
model realizes the phase transition between Néel order and dimerized phase:
H = J1

X

hi,ji2blue

Si · Sj + J10

X

hi,ji2red

Si · Sj

(C.5)

where red and blue bonds are shown in Fig. C.2(a). Here, the dimerized phase does not break
any symmetry because the square lattice symmetry is already broken in the model. Therefore,
the transition should be described by the Landau-Ginzburg theory. Indeed, it is known from the
quantum Monte Carlo simulation [249] that the system realizes O(3) Wilson-Fisher critical point
at J1 /J10 = 0.523. In the iDMRG simulation, we also observed that the Néel order parameter
develops at J1 /J10 ⇠ 0.52. At the transition, a single monopole event is not suppressed because
di↵erent configurations for single monopole event cannot exactly cancel each other due to the
absence of symmetries. As a result, the gauge fluctuation (VBS order parameter fluctuation)
becomes confining, and the CP1 theory is no longer valid. Instead, the critical theory is described
by the classical NLsM with O(3) Néel vector. The correlation spectra in Fig. C.2(c) shows that
the spin-triplet correlation length is the largest across the phase transition while the spin-singlet
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correlation length is much smaller than that. This behavior is consistent with the critical theory
described by the classical NLsM.
Next, we study the J1 –J2 Heisenberg model with a square lattice symmetry. The model is
defined by the following Hamiltonian:
H = J1

X
hi,ji

S i · S j + J2

X

hhi,jii

Si · Sj

(C.6)

where Si is a spin-1/2 operator, J1 is the nearest-neighbor AFM coupling, and J2 is the next
nearest-neighbor AFM coupling, see Fig. C.2(b). When J2 = 0 (J1 = 0), the model is known to
realize Néel ordered (conventional AFM stripe) phase. For the intermediate value of J1 /J2 , the
system is frustrated and known to realize the disordered phase.
In accordance with the recent IPEPS study [503], we obtained the Néel, columnar VBS
(cVBS), and conventional stripe phases as we increase J2 /J1 . However, in order to obtain
the VBS order, we had to apply some bias (pinning field). Under the absence of the bias,
the system looks totally symmetric, implying the existence of the symmetric superposition of
symmetry broken states, namely a Cat state. The Cat state can be preferred over the symmetry
broken phase if the circumference size is comparable to the length scale associated with the
fluctuations, which is the size of the monopole in this case.
Before getting into the discussion of the correlation length spectra, we want to elaborate on
some simulation details. In our iDMRG simulation, the iDMRG unit cell consists of two columns
of lattices along the circumference, as otherwise translational symmetry broken phases (AFM
order or VBS order) cannot develop. The price to pay is that kx = 0 and kx = ⇡ momenta
become indistinguishable. (In our simulation, ky cannot be measured) However, at the critical
point where the explicit symmetry breaking order has not developed yet, we can use a single
column to distinguish kx = 0 and kx = ⇡ momenta. Indeed, in the iDMRG simulation of the
single-column unit cell, we observe that the largest correlation length for S = 1 spectra carries
momentum kx = ⇡ in the single-column simulation, which is consistent with the momentum
(⇡, ⇡) of the gapless magnon in Néel order. For S = 0 case, we obtain that the lowest one carries
kx = 0 while the second lowest one carries kx = ⇡, which runs almost parallel to the lowest one.
They correspond to the Z4 VBS order parameter fluctuations (spin-singlet) at (0, ⇡) and (⇡, 0),
but the degeneracy is lifted due to the iDMRG geometry which breaks the C4 -rotation lattice
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Figure C.2: (a) Square lattice J1 -J10 model with a dimer coupling J10 . J10 explicitly breaks
the square lattice symmetry. (b) Square lattice J1 -J2 model. (c,d) Correlation length spectra
for the model in (a,b)

symmetry.
Surprisingly, in this model, we obtained the correlation length spectra that exactly agrees
with the level crossing behavior of the excitation spectrum in the finite DMRG algorithm (Fig.2
in Ref. [260]). Our result is consistent with Ref. [211], which discussed the agreement between
correlation length spectrum and local excitation spectrum in the DMRG simulation. Moreover,
we want to comment on the argument in Ref. [260]. In this previous work, it was argued
that the small region where ⇠S=1 > ⇠S=0 > ⇠S=2 corresponds to the gapless spin liquid phase
[260]. However, this reasoning is inconsistent with the iDMRG simulation result of the ShastrySutherland lattice because this region is clearly a symmetry broken phase with a non-zero Néel
order parameter from the numerics. Thus, we can conjecture that such a region would shrink
into a critical ‘point’ rather than remain as an extended phase of Dirac spin liquid both in
the J1 -J2 square lattice model and Shastry-Sutherland model. Indeed, if we perform a single-
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column iDMRG simulation for the J1 -J2 model, the simulation does not converge well for the
J1 /J2 > 2.0, which means that the hypothesized gapless spin liquid phase is, in fact, more like
the AFM phase where the double-column iDMRG unit cell is required.
Finally, we remark on the evidence that supports our discussion in Sec. 3.4. In the previous
finite DMRG works on this model [264], the plaquette VBS appeared instead of the columnar
VBS. In fact, it was found in Ref. [503] that these two states have almost the same energy
( E/E < 0.1%). This again implies that the dangerously irrelevant operator M4 , which is
responsible for the VBS ordering, has not flowed large enough to condense monopole to a certain
direction. This can be supported by Fig. 3.9(a), where the correlation length for the spin-singlet
operator is smaller than the correlation length of the spin-triplet operator throughout the whole
intermediate regime between the Néel and conventional AFM stripe order.

C.3

VBS-Phonon Coupling and Phonon Spectrum

The square pVBS order breaks the glide reflection symmetries Gx , Gy and the diagonal reflection
symmetries

xy ,

xȳ .

Due to the lattice symmetry breaking, the pVBS order should induce

lattice distortion as shown in Fig. 3.6. Therefore the pVBS fluctuation must couple to the
lattice vibration mode, i.e. the phonon mode. Here we would like to determine the specific form
of the pVBS-phonon coupling.
We will focus on the copper lattice in the following discussion. Although the lattice also
contains other atoms and the phonon spectrum can be complicated, we choose to work on the
symmetry level to demonstrate the universal consequences of pVBS fluctuation on the phonon
spectrum without diving into the details. For this purpose, we first specifies the coordinate of
copper sites in the each unit cell. As shown in Fig. C.3(a), there are four copper sites in each
unit cell. At equilibrium, they locate at
rA = (1 + , 1 + )/2,
rB = (1

where 0 

, 3 + )/2,

rC = (3 + , 1

)/2,

rD = (3

)/2,

,3

(C.7)

< 1 parameterize the deformation of the Shastry-Sutherland lattice from the
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Figure C.3: (a) A, B, C, D label four copper sites in each unit cell (marked out in dashed
lines). k1 , k2 are the sti↵nesses of the two types of bonds (nearest neighbor and dimer). X, Y
label the two types of plaquettes. (b) Schematic illustration of the phonon spectrum. A continuum will emergent at X point due to the VBS-phonon coupling.

square lattice. According to Ref. [236], the lattice constant is 8.995Å, the shortest Cu-Cu bond
is 2.905Åand the second shortest Cu-Cu bond is 5.132Å. This implies that, in unit of the lattice
constant, we have
1+
2.905Å
⇡
,
2
8.995Å
p
1+ 2
5.132Å
AB =
⇡
.
2
8.995Å

AD =

The optimal solution is

(C.8)

⇡ 0.544. Using this deformation parameter, we can write down

equilibrium positions of copper atoms through out the lattice.
Our strategy to figure out the pVBS-phonon coupling is to first investigate the pattern of
lattice distortion induced by the pVBS order. Because the pVBS order does not enlarge the fourcopper unit cell, its induced lattice distortion will also be identical among unit cells. Therefore
the distortion can be described by four displacement vectors uA , uB , uC , uD , translating each
sublattice separately as
ri ! ri0 = ri + ui

(i = A, B, C, D).

(C.9)

The energy cost associated with the distortion can be modeled by summing up the bond energies

Ebond [ui ] =

k1 X
2

(ri0

rj0 )2

(ri

rj )2

2

ij2n.n.

k2
+
2

X

(ri0

ij2dimer
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rj0 )2

(ri

rj )

2 2

(C.10)
,

where ui dependence is implicit in ri0 = ri + ui . The energy will increase whenever a bond is
stretched or compressed. The shape of the potential in Eq. (C.10) captures this physics when
the distortion ui is small. The two sti↵ness coefficients k1 and k2 are expected to be di↵erent
in general. Of course, in the realistic material, Sr, B, O atoms will all be involved and the
bond energy model will be more complicated. However the toy model Eq. (C.10) respects all the
symmetry property and provides the sti↵ness to the copper lattice, which can be used to analyze
the pVBS induced lattice distortion. Finally we note that the energy model Eq. (C.10) written
with respect to a single unit cell with periodic boundary condition (i.e. on a torus geometry), so
for those bond across the unit cell, their bond length must be correctly treated by considering
the periodic boundary condition.
Upon introducing the pVBS order, we will add an additional term to the energy model,
E[ui ] = Ebond [ui ] + EVBS [ui ],
X
X
EVBS [ui ] = Im M
( )p
(ri0 Rp )2 ,
p

(C.11)

i2p

where p denotes the square plaquettes and i 2 p denotes the four corner sites around the
plaquette p. Rp coordinates the plaquette center,
8
< (1, 0) p 2 X,
Rp =
: (0, 1) p 2 Y.

The staggering factor ( )p is +1 for X-type plaquette (yellow) and
(green) as shown in Fig. C.3(a). Im M = vy

(C.12)

1 for Y -type plaquette

vx denotes the square pVBS order parameter. The

physical meaning of EVBS is that the pVBS order will contract one type of the square plaquette
and expand the other type, exerting forces on copper atoms that points towards or away from
the plaquette center.
Given the full energy model in Eq. (C.11), we can expand E[ui ] to the quadratic order of ui .
The linear term will be proportional the pVBS order parameter Im M, as Im M is the force that
distort the lattice. The quadratic term determines how the lattice responses to the distortion
force in the linear response regime. We found that independent of the choice of
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and k2 , the

response is always given by
Im M
( 1, 1),
4k1
Im M
uB =
( 1, 1),
4k1
Im M
uC =
(1, 1),
4k1
Im M
uD =
(1, 1).
4k1
uA =

(C.13)

Under the Fourier transformation to the momentum space
u(q) =

X

ui eiq·ri ,

(C.14)

uy (0, ⇡) / Im M.

(C.15)

i

the solution in Eq. (C.13) corresponds to
ux (⇡, 0) /

Im M,

This calculation indicates that the square pVBS order will lead to a lattice distortion that
corresponds to a the simultaneous condensation of phonon modes ux at momentum (⇡, 0) and
uy at momentum (0, ⇡). Given that Im M = vy

vx , we conclude that there must be a linear

coupling between lattice displacement and the VBS order parameter in the form of
LVBS-phonon = (vx ux + vy uy ),

(C.16)

in order to produce the linear response in Eq. (C.15). The coupling in Eq. (C.16) can be further
justified by symmetry arguments. Tab. C.3 shows the momentum quantum number and the
symmetry transformation of the VBS order parameter v and finite-momentum phonon mode
u. One can see v and u have identical symmetry properties and hence a linear coupling as in
Eq. (C.16) is allowed.
Given the VBS-phonon coupling, we can investigate the e↵ect of low-energy VBS fluctuation
on the phonon spectrum near the DQCP. We first write down the field theory action describing
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q
Gx
Gy
xy
xȳ

vx
(⇡, 0)
vx
vx
vy
vy

vy
(0, ⇡)
vy
vy
vx
vx

ux
(⇡, 0)
ux
ux
uy
uy

uy
(0, ⇡)
uy
uy
ux
ux

Table C.3: Momentum and symmetry transformations of the VBS order parameter v and
finite-momentum phonon mode u.
both degrees of freedom,
1X 2
(!
⌦2q )u( q) · u(q)
2 q
1X
1
GVBS
(q)v( q) · v(q)
2 q
X
+
q v( q) · u(q),

S[u, v] =

(C.17)

q

where q = (!, q) represents the energy-momentum vector. ⌦q describes the phonon dispersion
relation. GVBS is the correlation function of the VBS critical fluctuation, whose low-energy
behavior is given by
GVBS (!, q) =

1
(q

Q)2

!2

1 ⌘/2

,

(C.18)

where ⌘ is the anomalous exponent of the O(4) vector at the O(4) DQCP. Based on the previous
numerical measurements[245, 278], ⌘ is estimated to be ⌘ = 0.13 ⇠ 0.3. Q = (⇡, 0) or (0, ⇡)
denotes the momentum point where the VBS fluctuation gets soften. The VBS-phonon coupling
q is expected to be momentum dependent, because the VBS order parameter only couples to
the high-energy phonon around X and Y points but not the acoustic phonon around
By the acoustic phonon around

point.

point, we mean the low energy part of the phonon, i.e. the

‘segment’ of the acoustic branch around the gapless point, which usually appears in the field
theory description of phonons. Given these setup, we can integrate out the VBS fluctuation and
obtain the dressed propagator of phonon,
D(!, q) =

⌦2q

!2
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1
.
2q GVBS (!, q)

(C.19)

Then the phonon spectral function can be obtained from
S(!, q) = 2 Im D(! + i0+ , q).

(C.20)

The phonon dispersion ⌦q is unknown to us, as we did not have the full model of the lattice
vibration. For demonstration purpose, we can use the following toy model
⌦2q = sin2 (qx /2) + sin2 (qy /2),
which captures the gapless acoustic phonon at the

(C.21)

point and gapped phonons at X and Y

points (see Fig. 3.1(b)). We also take the anomalous exponent ⌘ = 0.13 and use q = 0 ⌦q with
0 = 0.05 so that
lim

q!(0,⇡),(⇡,0)

q = 0 ,

lim q = 0.

q!(0,0)

(C.22)

With these, we show the phonon spectrum calculated from Eq. (C.20) in Fig. C.3(b). The prominent feature is a V-shape continuum at the X point (as well as the Y point) in the Brillouin
zone. This continuum in the phonon spectrum represents the critical fluctuation of the VBS
order parameter at the DQCP. Although the spectral weight is expected to be weak, since the
X point is an extinction point, it is still feasible to collect spectral signals of this continuum. In
particular, the frequency dependence of the spectral weight at the X point is predicted to follow

S(!, q = X) / !

2+⌘

,

(C.23)

which can be checked experimentally. It will be meaningful to compare the measured ⌘ with
large-scale quantum Monte Carlo simulation result.

C.4

Spectral Weight from Green’s Function

For the sake of completeness, here we review how we obtain a dynamic structure factor from
imaginary correlation fuctions, where we refer to [7] for detailed derivations.
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C.4.1

Review

First, note that the imaginary-time correlation functions are time-ordered by its nature. In
spatial coordinate, it is given as the following (0 < ⌧ <
G(r, ⌧ ) = hO(r, ⌧ )O(0, 0)iT =

h
1
Tr e
Z

to omit time ordering):
H

O(r, ⌧ )O(0, 0)

i

(C.24)

where we implicitly used temporal and spatial translational invariance and O(r, ⌧ ) = e⌧ H O(r, 0)e
One can show that imaginary-time correlation functions G in Fourier space can be re-expressed
by spectral representations:
G(k, !
¯) =

Z

1
1

dz ⇢(k, z)
2⇡ z i¯
!

(C.25)

where we used !
¯ notation to emphasize that it is Matsubara frequency. The spectral function is
related to the experimentally accessible quantity called dynamic structure factor S(k, !), which
is nothing but a space-time Fourier transformation of real-time correlation function
S(r, t) = hO(r, t)O(0, 0)iT ,

(C.26)

which measures the fluctuation in the system. The relationship is given as the following:
S(k, !) =

1

2
e

!/T

⇢(k, !),

(C.27)

where T is the temperature of the system (we suppressed ~ and kB ).

This is called the

fluctuation-dissipation theorem because S(k, !) is the power spectrum of correlation functions
while ⇢(k, !) is the quantity that is directly related to the dissipative part of the response
function as we will examine below.
Another interesting experimental quantity is a response function (k, !), which is a retarded
correlation function. When a field coupled to an operator O, is applied, i.e., H ! H

hO, it

induces a response given as hO(k, !)i = (k, !)h(k, !). From the Kubo formula, one can show
that
(r, t) = i✓(t) h[O(r, t), O(0, 0)]iT = i✓(t)
where O(r, t) = eitH O(r, 0)e

itH .

⇣
1
Tr e
Z

H

⌘
[O(r, t), O(0, 0)] ,

(C.28)

This is the result of the Kubo formula. Note that we have a
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⌧H.

commutator in this case. It has an additional factor ✓(t) to enforce causality. As a result, one
has to use ! + i✏+ in its Fourier-transformed form. Interestingly, we can represent the response
function using the aforementioned spectral function:
(k, !) =

Z

1
1

dz
⇢(k, z)
.
2⇡ z (! + i✏+ )

(C.29)

Therefore, the spectral function ⇢(k, z) relates two di↵erent quantities, real-time response (k, !)
and imaginary-time correlation G(k, !
¯ ). Note that one cannot simply relate the real-time and
imaginary-time correlation functions since analytic continuation is not guaranteed to work in
this case. The discrepancy is quite obvious from the fluctuation-dissipation theorem. The
imaginary time correlation function has a branch cut at Im !
¯ = 0 line. When we do the
analytical continuation, we should start from a positive !
¯ so that i¯
! is in the upper complex
plane. As there is no branch cut in the upper complex plane, we can analytically continue the
function into some ! + i✏+ which is still in the upper half plane.
Finally, we can show that ⇢(k, !) is related to the imaginary part of the response function
(k, !):
Im (k, !) = lim Im
✏!0+

where we used that lim✏!0+

1
x+i✏

= P ( x1 )

Z

1
1

dz ⇢(k, z)
1
= ⇢(k, !),
2⇡ z ! i✏
2

i⇡ (x). In other words, lim✏!0+

(C.30)
✏
x2 +✏2

= ⇡ (x).

Therefore,
⇢(k, !) = 2 Im (k, !) =
As Im

1

e
2

!/T

S(k, !).

(C.31)

measures the response that is out of phase with respect to the applied perturbations,

⇢(k, !) indeed measures the amount of dissipation. Assuming T = 0, we observe that S(k, !) ⇠
Im (k, !). Therefore, it is justified to examine the behavior of Im (k, !) to understand dynamic
structure factor S(k, !).
We remark that the response function, i.e. retarded correlation function is nothing but
extra i✏+ in ! term at normal correlation function in Fourier space. Conceptually, ✏ can be
understood as a perturbation to the system that leads to a dissipation process, which has to do
with density of state according to Fermi’s golden rule. Without introducing ✏+ , any quantity
that is proportional to the density of states, like conductivity, susceptibility, and etc. Why is it
so? Everything is real without ✏, i.e., just statistical fluctuations. Adding an epsilon leads to
imaginary part that does not vanish as it goes to zero.
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C.4.2

Conformal Field Theory to Structure Factor

Now, assume that we are in a (D = d+1)-dimensional Euclidean spacetime denoted by ~x = (r, ⌧ ).
Consider a system at a scale-invariant fixed point. For an operator O with the scaling dimension
, its correlation function is given as:
G(r, ⌧ ) = hO(r, ⌧ )O(0, 0)i ⇠

1
|x|

2

=

(r 2

1
,
+ c2 ⌧ 2 )

(C.32)

where c is the velocity. Therefore, its Fourier transformation in D = d + 1 dimensional space is
given as1
G(k, !
¯) =

Z

= |q|

d

d ~rd⌧ G(r, ⌧ )e
2

D

"

⇡ D/2 2D

Z
1
1
=
dD x 2 e iq·x
c
|x|
#
2
1
2
⇠
2
[(ck) + ! 2 ]D/2

i(k·r+¯
!⌧ )
D

2

( )

(C.33)

where x = (r, ⌧˜), ⌧˜ = c⌧ , and q = (k, !
¯ /c). Here, the bar notation above !
¯ implies that we are
working on the Euclidean spacetime, and G instead of G implies that we are working with an
imaginary time Green’s function.
Correlation functions obtained in Euclidean spacetime are imaginary-time Green’s functions.
In order to obtain real-time response functions, i.e., retarded Green’s functions, one can simply
take !
¯ 7!

i(! + i✏+ ) (as ⌧ 7! it) in imaginary Green’s functions:
(k, !) = G(k, i(! + i✏)) = lim

✏!0+

1
[(ck)2

!2

i!✏]D/2

.

(C.34)

Note that there is ! multiplied in front of ✏, therefore it can change the sign of the delta function
at the end. For example, consider free bosons. It is well known that
Therefore, G(k, !) =
Unless D/2

1
,
(ck)2 +! 2

and we see that S(k, !) = ⇡sgn(!) (ck)2

= [O] = (D

2)/2.

!2 .

= 1, the response function would exhibit a branch cut rather than a pole.

1

Fourier transformations of the function 1/ra is not well-defined in general. To carry out the integral,
one has to regularize the integral properly, and then send regularization parameter to either zero or infinity
at the end. Even with that, integral would diverge unless 0 < a < d due to short-range singularity, where
d is the dimension of the integrating space. However, one may try to analytically continue the expression
in Eq. (C.33), which would be well-defined except for discrete values of .
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In such a case, imaginary contribution arises when ! > c|k|. Therefore,
⇢(k, !) = 2 Im (k, !) =

sgn(!)
! 2 |D/2

|(ck)2

sin

✓

◆
D
Arg(k 2
2

!2) .

(C.35)

The sine function enforces the spectral function to vanish if ! < c|k|.
Now, we would like to relate this to the physical systems. Microscopically, k is a momentum
measured with respect to the gapless points (0,0), (0, ⇡), (⇡, 0) and (⇡, ⇡) in the Brillouin zone.
If we measure a global response at such momenta, we would get
⇢(K, !) ⇠ ! 2

D

Therefore, ⇢ ⇠ ! for operators with conserved current (
emergent O(4) symmetry, and ⇢ ⇠ ! ⌘

2

(C.36)
= D

1), such as generators of

for VBS or Neel order parameters (

= (1 + ⌘)/2),

where ⌘ measures the amount of fractionalization.
For local density of state, we are only measuring a temporal correlation, i.e., r = 0 case.
Therefore, we should Fourier transform the following function in imaginary time
G(0, ⌧ ) =

1
⌧2

Therefore, we see that Im

G(¯
!) ⇠ !2

!
⇠ !2

1,

1

!

(!) = ( ! 2 )

1/2

(C.37)

which is the local density of state we would expect to

observe, for example, in STM experiment.

C.5

Detailed Numerical Data

In this appendix, we discuss the evolution of the iDMRG simulations results as we increase
the bond dimension

for system sizes L = 8 and L = 10. Since the accuracy of the iDMRG

simulation is determined by the bond dimension, a reliable analysis requires one to examine
the results as a function of the bond dimension. Here, the iDMRG simulation results of the
Shastry-Sutherland lattice model in Eq.3.1) at L = 10 for a range of bond dimensions are
presented in Fig. C.4. Although the the truncation error ✏trun is very large (> 10
bond dimensions, as we increase the bond dimensison upto

4)

at the low

= 4000, ✏trun goes below 10

5

and

the iDMRG results becomes sensible.
Fig. C.4(b) shows the first derivative of energy, whose change of the slope correspsonds to
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Figure C.4: The iDMRG simulation results with J1 = 0.002 at L = 10, shown for a
range of MPS bond dimension . Bond dimension scalings of (a) energy per site E, (b) energy derivative per site @E/@J1 2 , (c) truncation error p, (d) correlation length of spin-singlet
operator ⇠S=0 , and (e) pVBS order parameters. Here, (c,d,e) share the same labels for different bond dimensions. Note that the correlation length is plotted, not the inverse as in
Fig. 3.4. In (f), we plot pVBS order parameters as functions of truncation erros for a range
of the tuning parameter J1 . Blue dotted line is a linear fitting for the three data points at
= 2000, 3000, 4000.

the transition between the pVBS and Néel ordererd phases. As the bond dimension increases,
the transition point shifts leftward, implying that the parameter regime for the pVBS phase
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Figure C.5: The iDMRG simulation results with J1 = 0.002 (0.001 for = 4000) at L = 8,
shown for a range of MPS bond dimension . Di↵erent observables are labeled as in Fig. C.4.
Here, again (c,d,e) share the same labels for di↵erent bond dimensions. Note that the pVBS
order parameter vanishes at J1 = 0.726, which is smaller than the value for L = 10.

shrinks. The behavior aligns with the intuition that the gapped pVBS phase would be favored
over the the gapless Néel orderd phase for a low entanglement MPS state. Accordingly, the peak
of the spin-singlet correlation length which coincides with the phase transition point also shifts
leftward, presented in Fig. C.4(d). At the same time, the peak of the spin-singlet correlation
length becomes larger and more pronounced as the bond dimension increases, signaling the

266

Figure C.6: Comparison between the L = 8 and L = 10 results at = 4000 for the spinsinglet and triplet correlation lengths. For L = 8, the peak of the ⇠S=0 is located at J1 =
0.727, while for L = 10 the peak is located at J1 = 0.762. Unlike the result at L = 10, the
spin-triplet correlation length at L = 8 does not grow much after the peak.

continuous or weakly first order phase transition.
Although the peak location of the spin-singlet correlation length changes with the bond
dimension, a further indication of the phases boundary can be obtained from the order parameter
plotted versus the truncation error [504, 505]. In principle, the ground state is fully symmetric
and local order parameter cannot be non-zero. However, in the iDMRG simulation, the numerical
process favors a minimally entangled state, giving rise to a non-zero local order parameter in a
spontaneous symmetry breaking phase at finite bond dimensions. This can even happen when
the system is outside but close to the spontaneous symmetry breaking phase, meaning that one
needs to plot the order parameter as a function of the truncation error in order to see whether a
non-zero order parameter is truly physical. In Fig. C.4(f), we plotted the pVBS order parameter
defined in Eq. 3.5 as a function of the truncation error, and extrapolated them. We observe
that the extrapolated order parameter disappears at J1 = 0.76, which agrees well with the peak
location J1 = 0.762 of the spin-singlet correlation length at

= 4000 with L = 10. As mentioned

earlier, this extrapolation method would be benefited a lot if a wider range of bond dimensions
is available. However, at

= 4000, each data point already takes about 50 hours of simulations

times for 12 multi-threads with 80GB RAM, and both the time and RAM scale roughly as

2.

Therefore, a significantly higher bond dimension is currently inaccessible at our capacity.
Finally, we remark the scaling of the result for di↵erent system sizes. In Fig. C.5, we plotted

267

the iDMRG simulation results at L = 8 for a range of MPS bond dimension as in Fig. C.4.
Note that the truncation error is an order of magnitude smaller than the results at L = 10.
Moreover, the value of J1 where the pVBS order parameter disappears is much smaller for the
smaller system size L. However, this does not imply that the Néel ordered phase develops for
J1 > 0.726, as we can see from the correlation length plot in Fig. C.6. In Fig. C.6(a), while
the peak of the spin-singlet correlation length implies that the peak corresponds to the phase
transition point for the pVBS phase, the spin-triplet correlation length remains almost constant,
which implies that the Néel order does not develop, since the Néel order would give rise to the
increase of the spin-triplet correlation length originated from the gapless magnon excitation. On
the other hand, at L = 10, we observe that the peak of the spin-singlet correlation length is
immediately followed by the rise of the spin-triplet correlation length which signals the onset of
the Néel ordered phase. L = 6 behavior is similar to that of L = 8, and the signature of the Néel
ordered phase, such as the staggering magnetization or the rise of the spin-triplet correlation
lengh, is not observed near the pVBS critical point. This is related to the discussion in the main
text. For a quasi one-dimensional system with a finite-size circumference size, the spontaneous
symmetry breaking of the continuous group would be suppressed due to the disordering e↵ect.
As a result, the disappearance of the pVBS ordering is not immediately followed by the Néel
ordering for a finite circumference system.
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D

Supporting Materials for Chapter 4

D.1

Interaction Projection and Intervalley Hund’s Coupling

Here, we provide the details for the procedure of projecting the Coulomb interaction on the isolated flat band and how to derive the intervalley Hund’s coupling. The interaction Hamiltonian
can be written as
Hint

1
=
2

Z

dr1 dr2 ⇢(r)V (r

r 0 )⇢(r 0 ).

(D.1)

Here, r integration is over the whole space not just the unit cell. For the screed Coulomb
interaction, V (r) is given by
V (r) =

e2 e |r|
.
4⇡✏✏0 |r|

(D.2)

where  denotes the inverse screening length. The density operator is given by
⇢ˆ(r) =

X

c†n,

,⌧ (r)cn0 , 0 ,⌧ 0 (r),

(D.3)

n,n0 , , 0 ,⌧,⌧ 0

where ,

0

sum over spin states ", # and ⌧ , ⌧ 0 sum over vallyes ±, and n sums over the relevant

set of bands. In the following, we will restrict ourselves to the isolated Moiré band and drop the
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band index n. Expansion in the Bloch basis is done by writing
c

,⌧ (r)

1 X
=p
N k2BZ

,⌧,k (r)c ,⌧ (k),

(D.4)

where N is the number of momentum point in the first Brillouin zone which equals to the total
number of Moiré unit cells in system, and
eik·R

k (r)

k (r)

are the Bloch states satisfying

k (r

+ R) =

for a given Moiré lattice translation R. We now split the density into intra- and

intervalley components
⇢ˆ(r) =

X

[ˆ
⇢+,⌧ (r) + ⇢ˆ

,⌧ (r)],

(D.5)

,⌧

⇢ˆ±,⌧ (r) =

1 X
N 0

k,k 2BZ

†
†
0
⌧,k (r) ±⌧,k0 (r)c ,⌧ (k)c ,±⌧ (k ).

(D.6)

Here, we used the fact that di↵erent spin states are orthogonal. If valley symmetry is exact,
states belonging to di↵erent valleys would also be orthogonal leading to a vanishing intervalley
density ⇢

,⌧ .

However, valley symmetry is broken on the scale of |K

K 0|

1

leading to a very

small intervalley Hund’s coupling term. This term can be usually neglected since it is much
smaller than the interaction between intravalley densities. Nevertheless, contributions from this
term can lift the degeneracy between di↵erent broken symmetry states which are otherwise
exactly degenerate, which makes it important to include it in our analysis. We note that the
Bloch states are generally vectors with some internal index denoting layer, sublattice, etc which
means that the combination

†

above denotes an inner product in these internal indices.

The Bloch states can be written in terms of the periodic function uk (r) which can be
expanded in a Fourier series in reciprocal lattice vectors G leading to
k (r)

1 X i(G+k)·r
= eik·r uk (r) = p
e
uk (G),
|⌦| G

(D.7)

where G is the Moiré reciprocal lattice vector, and ⌦ is the area of the Moiré unit cell. Here,
P
uk (G) are normalized such that G u†k (G)uk (G) = 1. In addition, we can choose the gauge
such that the Bloch states satisfy

uk+G0 (G) = uk (G + G0 ).
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(D.8)

If the band has a non-vanishing Chern number, it is impossible to choose a smooth and periodic
gauge and there would be an additional phase factor in front of the RHS [506]. In this case, the
condition (Eq. D.8) implies a discontinuity of the phase of uk at the Brillouin zone boundaries.
The interacting Hamiltonian in momentum space is given by
Hint =
where V (q) =

R

drV (r)e

iqr

1 X
⇢ˆ(q)V (q)ˆ
⇢( q)
2 Vol q

(D.9)

and Vol = N ⌦. We note that the Fourier transform of ⇢± (r) is

not restricted to momenta inside the Moiré BZ and it should be expressed in terms of a general
momentum q. The density ⇢ˆ(q) is generally non-periodic in q under reciprocal Moiré lattice
translations since the Bloch states have a non-trivial spatial structure inside the Moiré unit cell.
Instead, it decays over some momentum scale comparable to the Moiré Brillouin zone size. On
the other hand, the Bloch states has no structure inside the unit cell of the original bilayer
graphene where a tight-binding description of the orbitals was employed. Hence, the density
⇢ˆ(q) is periodic under any reciprocal lattice translation for the original system. As a result, ⇢ˆ(q)
consists of several identical narrow peaks centered at reciprocal lattice vectors of the original
bilayer graphene G̃ for the intravalley density ⇢+ or at K

K 0 + G̃ for the intervalley density

⇢ . This poses a problem since it implies that the summation over q in Eq. D.9 diverges.
To resolve this issue, we notice that the periodicity of ⇢ˆ(q) in reciprocal space for the original
lattice is an artifact of the tight-binding approximation, where an atomic orbital is taken to be
point-like. If we instead use the actual shape of the Wannier orbital, the density operator ⇢ˆ(q)
will decay for momenta larger than a certain cuto↵ ⇤ which is given by the inverse size of
the Wannier orbitals. Rather than attempting to precisely determine the value of ⇤ from the
graphene Wannier orbitals, we will consider ⇤ as a phenomenological parameter of the same
order as the size of the original Brillouin zone. This will have the e↵ect of restricting the sum
over momenta in Eq. D.9 to the vicinity of q = 0 for the intravalley density ⇢ˆ+ (q) and the
vicinity of K

K 0 and R±2⇡/3 (K

K 0 ) for the intervalley density ⇢ˆ (q).

Therefore, we restrict ourselves to the vicinity of 0 for ⇢+ (q) and K

K 0 (and its rotation

related points) for ⇢ (q). In the following, we perform Fourier transform in terms of small
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deviations around these momenta by defining ⇢↵,⌧ (q) as(note that ck+G = ck ):
⇢↵,⌧ (q) ⌘

Z

i[q

dre

1 ↵
(K⌧
2

K↵⌧ )]·r ↵

⇢ (r) =

N⌦

X

↵
†
⌧,q (k)c ,⌧ (k)c ,↵⌧ (k+q),

k

Here, we introduced K+ = K and K = K 0 and we used that

⌧,k (r)

=

P

Ge

↵ = ± (D.10)

i(k+K⌧ +G)·r u

⌧,k (G).

In addition, we introduced the intra- and intervalley form factors defined by
±
⌧,q (k)

X

=

X

k,k0 2MBZ G,G0

=

X
G

K⌧ +k+G+q,K±⌧ +k0 +G0

· u†⌧,k (G)u±⌧,k0 (G0 )

u†⌧,k (G)u±⌧,p(k+q) (G + G(k + q)) ⌘ hu⌧,k |u±⌧,k+q i

(D.11)

The function p(q) and G(q) are defined to give the projection onto the first BZ and the reciprocal
lattice vector corresponding to q, respectively, such that q = G(q) + p(q). The last equality is
important for the numerical implementation because the summation over q can go outside the
first BZ whereas the numerical calculation is only carried out in the first BZ.
Time-reversal symmetry dictates that
u⌧,k (G) = u⇤ ⌧,

k(

G + G0 ),

(D.12)

for some reciprocal lattice vector G0 . This relation can be exploited for the evaluation of form
factors. In fact, a direct numerical evaluation gives G0 in our setting.
The form factors satisfy the identities
[

±
⇤
⌧,q (k)]

=

±
±⌧, q (k

+ q),

±
⌧,q (k

+ G) =

±
⌧,q (k)

=[

±

⌧, q (

k)]⇤ ,

±
⌧,q (k).

(D.13)

The first identity follows from the definition of the form factor, the second from time-reversal
symmetry (Eq. D.12) and the third from our periodic gauge choice (Eq. D.8).
Finally, the resulting interaction can be expanded as a sum of four terms: ⇢+ ⇢+ containing
intravalley densities, ⇢ ⇢ containing intervalley densities and two cross terms ⇢+ ⇢ . The latter
ones have to vanish since they necessarily involve densities at large momenta q ± (K+
(due to the factor

q

K )

which is assumed to decay with q). The ⇢ ⇢ terms is only non-vanishing
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⌧ 0 . In addition, since q is much smaller than |K+

when ⌧ =

K |, we can ignore the q

dependence in the interaction term and replace it by the constant V (|K+

K |). Thus, the

resulting Hamiltonian consists of two parts
Hint = H0 + HJ ,

(D.14)

H0 contains the coupling between intravalley densities ⇢+ ⇢+ whereas HJ contains the coupling
between intervalley densities ⇢ ⇢ . They are given explicitly by
H0 =
HJ =

3J
2N

V0
2N

X

X

vq

, 0 ,⌧,⌧ 0 ,q k,k0 2BZ

X

X

⌧,q (k)[

+
+
0 ⇤ †
⌧,q (k)[ ⌧ 0 ,q (k )] c ,⌧ (k)c ,⌧ (k
⌧, q (k

0

+ q)]⇤ c† ,⌧ (k)c

, 0 ,⌧,q k,k0 2BZ

, ⌧ (k

+ q)c† 0 ,⌧ 0 (k0 + q)c
+ q)c† 0 ,

⌧ (k

0

+ q)c

0 ,⌧ 0

(k0 ), (D.15)

0 ,⌧

(k0 ).(D.16)

p
All momenta in Eq. D.15 and Eq. D.16 are measured in units of qM = 34⇡✓
with vq =
3a
p
|qM |/ q 2 + 2 denoting the dimensionless screened Coulomb interaction with a screening length

1/. The main source of screening is from the gate, which has the distance about 30-50 nm from
the sample. The distance is comparable to the Moiré length scale, implying that the screening
length can be important. In the following calculation, we would use  = 5 ⇥ 107 m

1.

Rough

estimations for V0 and J provide the scale of the two interaction terms and are given by
e2
e2 ✓
✓o
=
⇡ 176 meV,
2✏✏0 |⌦|qM
4⇡✏✏0 a
✏
2
2
2
e
e ✓
(✓o )2
J=
=
⇡
3.1
meV.
2✏✏0 |⌦||K K 0 |
4⇡✏✏0 a
✏
V0 =

Here, we used |⌦| =

p
3 3a2
2✓ 2

(D.17)

and used ✓o to denote the value of ✓ in degrees. Using a value of ✏

of about 5 at twist angles around 1o yields V0 ⇡ 35 meV and J = 0.6 meV. We see that the J
term is significantly smaller than the V0 term. It can be important, however, since it identifies
the two separate spin-rotation symmetry for K± valleys SU(2)+ ⇥ SU(2)

down to the single

spin-rotation SU(2) symmetry, while preserving valley U(1) symmetry. Thus, it can lift the
degeneracy between some symmetry breaking states which are degenerate on the level of the V0
interaction. The J term generally has the e↵ect of favoring spin alignment and can be written
in the form of inter-valley Hund’s coupling as in [316].
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We notice that the interaction term is invariant under the gauge transformation
c

! ei✓⌧ (k) c

,⌧ (k)

⌧,q (k)

! ei(✓⌧ (k)

,⌧ (k),

✓⌧ (k+q))

(D.18)

⌧,q (k).

(D.19)

Time-reversal symmetry imposes an additional constraint on the gauge transformation, ✓⌧ (k) =
✓⌧ ( k).

D.2

Hartree-Fock calculation

Here, we provide the details for the Hartree-Fock calculation. Throughout this section, we
neglect the Hund’s coupling term which is discussed in the previous section and drop the superscript ± from the form factor

such that

⌧,q (k)

=

+ (k)
⌧,q

since we only consider the intravalley

form factor here.
We now move on to the general setup for the Hartree-Fock mean field theory. Define the
expectation value
M

⌧, 0 ⌧ 0 (k, k

0

) = hc† ,⌧ (k)c

0 ,⌧ 0

which we will assume to be diagonal in k and k0 , M (k, k0 ) =

(k0 )i,

(D.20)

k,k0 M (k).

In the following, we will

introduce the combined index ↵ = ( , ⌧ ) such that M (k) is a matrix with components M↵,↵0 (k).
Next, we expand the interaction (Eq. D.14) in the di↵erence c†↵ c↵0

M↵,↵0 and neglect terms

beyond linear order.
The resulting mean field Hamiltonian has the form

HK

HMF = HK + HV ,
X †
=
ck [⇠(k) + h0 (k) + h1 (k)]ck ,

HV =

k

1X
tr[h0 (k) + h1 (k)]M T (k).
2

(D.21)

k

Here, ck is a column vector in the index ↵, ⇠(k) is a diagonal matrix containing the single
particle energies ⇠"/#,± (k) and h0,1 (k) are 4 ⇥ 4 matrices in ↵ given by
h0 =

V0 X
+
0
0 ⇤
v G ⇤+
G (k) tr M (k )[⇤G (k )]
N
0

+
T
0
⇤
vG+k0 ⇤+
, (D.22)
k0 +G (k)M (k + k )[⇤k0 +G (k)]

G,k
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and
h1 =

3J X
N
0

P⌧ ⇤G (k)⌧x tr P

⌧ ⇤ G (k

0

)⌧x M T (k0 )]

P⌧ ⇤k0 +G (k)⌧x M T (k + k0 )P

⌧ [⇤ k0 G (

G,k ,⌧

(D.23)

The matrix ⇤±
q (k) simply contains the form factors defined in Eq. D.11
[⇤±
q (k)]↵,↵0 =

,

0

±
⌧,⌧ 0 ⌧,q (k),

(D.24)

and P± = 12 (1 ± ⌧z ) is the projector on the ± valley with ⌧x,y,z denoting the Pauli matrices in
the valley space.
In both Eq. D.22 and Eq. D.23, the first term is a Hartree term whereas the second is a
Fock term. Hartree terms were neglected in some of the previous mean-field studies [300, 316]
since they are expected to couple only to the density which is determined by the filling in the
gapped phase and is independent of the symmetry-breaking order. This is, however, not true in
the presence of the form factors which are not the same for the two valleys

±
+,q (k)

6=

±

,q (k).

As a result, the Hartree-term also couples to the valley density and it cannot be neglected.
It is important here to point out one major di↵erence between our approach and the one
employed recently in a self-consistent Hartree-Fock mean field study in twisted bilayer graphen
[305]. In that work, the Hartree-Fock corrections to the flat bands coming from all other (⇠ 150)
bands were taken into account. Here, we will instead make the assumption that the e↵ect of
the Hartree-Fock contributions from the other bands is already included at some level in the
model parameters which should be either fit to experiments or obtained from ab initio studies
at charge neutrality [327, 507]. Thus, we only include the e↵ects arising from filling the isolated
band.
To write the self-consistency condition, we diagonalize h0 (k) + h1 (k) by introducing the variables dk = Uk ck for some unitary Uk . We then impose the constraint M↵,↵0 (k) = hc†↵ (k)c↵0 (k)i.
In the following, we will only consider possible gapped phases at integer fillings ⌫. In this case,
the self-consistency condition has the form
M (k) = UkT Uk⇤ ,
where

(D.25)

is a k-independent matrix containing ⌫ ones along the diagonal and zeroes everywhere
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k)]T ⌧x .

else. This means that M (k) is a projection operator satisfying
M (k)2 = M (k) = M (k)† ,

tr M (k) = ⌫

(D.26)

Our assumption that the phase is gapped has to be checked self-consistently by computing the
mean field band structure
✏k = ⇠k + Uk† hk Uk ,

(D.27)

and ensuring that correlation induced gap for filling ⌫ defined as
= min ✏⌫+1,k
k

max ✏⌫,k

(D.28)

k

is positive. Here, we assumed that the mean field bands ✏↵,k are sorted in order of increasing
energy. (↵ = 1, 2, 3, 4)
We notice that M (k) is, in general, not gauge invariant. Instead it transforms as
M

,⌧ ; 0 ,⌧ 0 (k)

!e

i(✓ (k) ✓ 0 (k))

M

,⌧ ; 0 ,⌧ 0 (k),

(D.29)

under the gauge transformation (Eq. D.19). In the following mean field analysis, we will choose
the gauge such that ✓ (k) = ✓+ (k) which guarantees the gauge independence of M (k).

D.2.1

Half-filling ⌫ = 2

To understand the symmetry breaking at ⌫ = 2, we notice that the order parameter can be
written as
1
M (k) = (1 + Q(k)),
2

Q(k)2 = 1,

Q(k) can then be expanded in terms of the generators

i ⌧j

tr Q(k) = 0

(D.30)

as described in the main text. In

the absence of inter-valley Hund’s coupling, the problem possesses an SU(2)⇥SU(2) symmetry
corresponding to independent spin rotations in each valley which are generated by

x,y,z ⌧0,z

in addition to UV (1) valley charge conservation generated by ⌧z and time-reversal symmetry
given by T = ⌧x K. Inter-valley Hund’s coupling further breaks the SU(2)⇥SU(2) to SU(2)
corresponding to overall rotations. The generators can be grouped into 5 categories according
to the symmetries they break as summarized in Table I. We notice that all these terms commute
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⌫=2

Example of M (k)

Sym. Gen.

SP

(1 +

z ⌧0 )/2

z,

VP

(1 +

0 ⌧z )/2

z,

SVL

(1 +

z ⌧z )/2

z,

IVC

(1 +

0 ⌧x )/2

SIVCL

(1 +

x ⌧x )/2

⌫ = 1, 3

⌧z , ⌧x K

Example of M (k)

x ⌧x K

⌧z ,

z,
x,

⌧x K

x,

x,
z ⌧z ,

⌧x K

⌧x K

Sym. Gen.

SVP

(1 +

z ⌧0 )(1

+

0 ⌧z )/4

z,

SPIVC

(1 +

z ⌧0 )(1

+

0 ⌧x )/4

z,

SVLIVC

(1 +

z ⌧z )(1

+

x ⌧x )/4

z ⌧z ,

⌧z

⌧x K

x ⌧x K

Table D.1: Examples of order parameter M (k) and corresponding independent generators
of preserved symmetries for all possible translation-symmetric gapped states at half ⌫ = 2 and
quarter ⌫ = 1 fillings. Note that the M (k) can take a more general form. For example, in IVC
or SIVCL, ⌧x can be replaced by cx ⌧x + cy ⌧y with c2x + c2y = 1. Also, for any spin-polarized
state, z can be replaced by any
= sin ✓ cos x + sin ✓ sin y + cos ✓ z . Here, ⌧x K is a
spinless time-reversal, where K is an anti-unitary symmetry. Caveat: For SVLIVC (which is
like SVL+SIVCL) state at ⌫ = 1, 3, only a certain product structure (in this case spin Sz locked SVL and spin Sx -locked SIVCL) would be allowed.

or anticommute with the generators of spin rotation

x,z ,

of UV (1) valley-charge conservation ⌧z

and with time-reversal symmetry. In fact, when considering possible symmetry broken states in
the limit of flat bands and decoupled valleys, we can always restrict ourselves to matrices Q(k)
which satisfy this requirement (for some choice of the generators of the symmetries). The reason
is that such order are always energetically more favorable. To see this, consider a ’mixed’ order
given by
Q(k) = cos ✓Q1 (k) + sin ✓Q2 (k),

Q21,2 = 1,

{Q1 , Q2 } = 0

(D.31)

The Fock contribution to the mean-field energy is given by
EHF [Q] = E0 +

V0 X n
+
0
0 †
vG tr ⇤+
G (k)M (k) tr M (k )[⇤G (k )]
N
0

+
0
†
vG+k0 tr ⇤+
k0 +G (k)Q(k + k )[⇤k0 +G (k)] Q(k)

G,k
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(D.32)

o

Substituting the mixed order (D.31), we find that the mixed term containing both Q1 and Q2 has
to vanish since there is some symmetry generator which commutes with Q1 and anticommutes
with Q2 (note that the form factors are invariant under all symmetries). This implies that
EHF [cos ✓Q1 (k) + sin ✓Q2 (k)] = E0 + cos2 ✓EHF [Q1 ] + sin2 ✓EHF [Q2 ]

(D.33)

Since the Hartree-Fock solutions has to be extrema of the Hartree-Fock energy functional, we
conclude that only pure orders which either commute or anticommute with each symmetry
generator are possible self-consistent solution. This justifies restricting ourselves to the list
of orders provided in Table I in the main text: SP, VP, SVL, IVC, and SIVCL (such order
parameters are in general k-dependent and may have more complicated forms than the ones
written in the second column of the figure, but they have to respect the same symmetries).
If we first neglect the intervalley Hund’s coupling, we notice that the mean-field energies of
the SP and SVL are equal as well as the IVC and SIVCL since they are related by rotating the
spin in one of the valleys. Thus, in the following discussion, we can restrict ourselves to VP, SP,
and IVC orders.

Valley polarized (VP) state
A valley polarized states breaks time-reversal but preserves spin rotation and valley charge.
Together with the requirement that the order parameter has the form (D.30), this yields
MVP (k) =

1
2

0 (1

+ ⌧z ).

(D.34)

The eigenvalues of hk are given by
✏

,+,k

V0 X
vG+k0 |
N
0

= ⇠+,k

+,k0 +G (k)|

2

2vG

⇤
0
+,G (k) +,G (k )

,

(D.35)

G,k

✏

, ,k

=⇠

,k

+

2V0 X
vG
N
0

⇤
0
,G (k) +,G (k ).

(D.36)

G,k

We now need to check the correlated gap defined as

VP

⌘ min ✏
k,

, ,k
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max
✏
0 0
k,

0 ,+,k0

> 0,

(D.37)

is positive, so that the fully valley polarized state is a proper gapped state.
The total energy of the valley polarized state is obtained by adding the kinetic energy of the
filled bands and the potential energy leading to
EVP = 2

X

⇠+ (k) +

X
2V0 X
vG
N
G

k

+,G (k)

2

k

V0 X
vq |
N

+,q (k)|

2

.

(D.38)

q,k

Spin polarized (SP) state
Next we assume a spin polarized state along the z-direction in both valleys. Such state breaks
spin-rotation but preserves time-reversal and valley charge conservation with the order parameter
given by
1
MSP (k) = ⌧0 (
2

0

+

z ).

(D.39)

The energy eigenvalues are

✏",⌧,k = ⇠⌧,k

V0 X
N
0
G,k

(

vG+k0 |

✏#,⌧,k = ⇠⌧,k +
We also require the gap

SP

⌧,k0 +G (k)|

V0 X
vG
N

2

vG

⌧,G (k)

X

⇤
0
⌧ 0 ,G (k )

⌧0

)

,

(D.40)

⇤
0
⌧ 0 ,G (k ).

(D.41)

⌧ 0 ,k0

G

= mink,⌧ ✏",⌧,k

⌧,G (k)

X

maxk0 ,⌧ 0 ✏",⌧ 0 ,k0 to be positive so that the spin

polarized state is a proper gapped state.
The total energy of the spin polarized state is given by
ESP =

X
⌧,k

⇠⌧ (k) +

X
V0 X
vG
2N
G

⌧,k

⌧,G (k)

2

V0 X
vq |
2N

⌧,q (k)|

2

.

(D.42)

q,⌧,k

Comparing to the VP state, we find that the two phases have exactly the same ground
state energy. This follows from time-reversal symmetry which implies that ⇠ (k) = ⇠+ ( k)
P
and
,q (k)| = | +, q ( k)|. Using the relation
,G (k) = +,G ( k) as well as |
k +,G (k) =
P
,G (k), one can show that the total energies as well as the gaps are the same for VP and
k
SP states.
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Intervalley coherent (IVC) order
The intervalley coherent order parameter is given by

MIVC (k) =

0
B
B

0@

cos2 ✓2k
1
2

sin ✓k

ei

1
2
k

sin ✓k e

i

k

sin2 ✓2k

1

C
C.
A

(D.43)

We note that it is not possible in general to take the fully polarized limit in the x

y plane

and at the same time fulfill the self-consistency conditions. Hence, we include a small z valley
polarization parametrized by the angle ✓k . We notice that the state (Eq. D.43) will not break
time-reversal symmetry provided that ✓ k = ⇡
P
average valley polarization k cos ✓k vanishes.

✓k and

k

=

which implies that the

k

The mean field Hamiltonian has the form
0

1

Bk
B f k + Ak
C
C,
hk = B
@
A
⇤
Bk
f k Ak

(D.44)

with fk , Ak , Bk given by

fk =

X
⌧

(

1
⇠⌧ (k)
2

8
X <1
Ak =
⌧
⇠⌧ (k)
:2
⌧

V0 X
vq |
4N q

⌧,q (k)|

2

(1 + cos ✓k+q ) +

V0
2N

X

vG

⌧,G (k) ⌧ 0 ,G (k

0

)(1 + ⌧ 0 cos ✓k0 )

G,k0 ,⌧ 0

(D.45)
V0 X
vq |
4N q

⌧,q (k)|

2

(1 + ⌧ cos ✓k+q ) +

V0
2N

X

vG

⌧,G (k) ⌧ 0 ,G (k

0

V0 X
vq
2N q

+,q (k)

⇤

G,k0 ,⌧ 0

,q (k) sin ✓k+k0 e

i

k+k0

.

(D.47)

The self-consistency condition reads
tan

k

=

Im Bk
,
Re Bk

280

tan ✓k =

|Bk |
,
Ak

;

,

)(1 + ⌧ 0 cos ✓k0 )

(D.46)
Bk =

9
=

(D.48)

9
=
;

,

where energy eigenvalues are given by
✏± (k) = fk ±
with the gap given by

IVC

= mink ✏+,k

q
A2k + |Bk |2 ,

maxk0 ✏

,k0

(D.49)

which should be positive for a proper

gapped phase. The results of the energy competition between the VP/SP phase and the IVC
state obtained by numerically solving the self-consistency equation are given in the main text.

Effect of intervalley Hund’s coupling
As we have seen above, the three distinct states with spin polarization, valley polarization or
spin-valley locking are degenerate in the absence of intervalley Hund’s and their energy is always
lower than the energy of the valley o↵-diagonal orders (IVC and SIVCL). In the following, we
want to investigate the e↵ect of intervalley Hund’s coupling on these three states. Since this
term J is much smaller than the main part of the interaction V0 , it suffices to compute it for
the three valley-diagonal orders since the valley o↵-diagonal orders are already energetically
unfavorable on the level of V0 . Substituting in (D.23) we find that

EJ =

8
>
>
>
>
>
<

3J
N

0
>
>
>
>
> 3J P
:
N

D.2.2

P

⌧,k,q

|

⌧,q (k)|

2

: SP
(D.50)

: VP

⌧,k,q

|

⌧,q (k)|

2

: SVL

Quarter-filling ⌫ = 1

At quarter filling, ⌫ = 1 (similarly for ⌫ = 3, with some caveats), we can always write the order
parameter as
1
M (k) = (1 + Q1 (k))(1 + Q2 (k)),
4

Q1,2 (k)2 = 1,

tr Q1,2 (k) = 0,

[Q1 (k), Q2 (k)] = 0
(D.51)

This leads to three distinct possibilities: (i) Q1 =
to a spin and valley polarized state, (ii) Q1 =
spin-polarized IVC, and (iii) Q1 =

z ⌧z

x,y,z ⌧0

x,y,z ⌧0

and Q2 =

281

and Q2 =

and Q2 =

x ⌧x ,

y ⌧y

0 ⌧x,y

0 ⌧z

which corresponds

which corresponds to a

which correspond to a spin-valley

locked IVC.
The SPIVC and SVLIVC are related by a spin rotation in one of the valleys, thus we can
focus only on the competition between SVP and SPIVC. Compared to the VP vs IVC states
at half-filling these di↵er by a factor of 2 in the Fock energy and a factor of 4 in the Hartree
energy. Since the former is the main deciding factor in the competition between the phases, the
results for the gaps and energy di↵erence between SVP and SPIVC at quarter filling are very
similar to those between VP and IVC at half-filling.
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D.3

Perturbative solution and competition between VP/SP and IVC

In this section, we would like to discuss the competition between inter-valley coherent order
and valley/spin polarized order in a more general setting that is not too sensitive to the details
of the model parameters. To this end, it is useful to derive an approximate solution to the
self-consistency equations and compute an analytic expression for the energy di↵erence between
the IVC phase and the VP/SP phase.
In order to make progress analytically, we can write the IVC order parameter as
✓k =
where

k

⇠

k

⇠

⇡
+
2

k,

k

=

k.

(D.52)

⌧ 1. This approximation can be justified as follows: the starting symmetry

of the isolated band is SU(4) which is broken to SU(2) ⇥ SU(2) due to the asymmetry between
the two valley in energies and form factors (⇠+ (k) 6= ⇠ (k),

+,q (k)

6=

,q (k)).

In the following,

we will assume that breaking SU(4) to SU(2) ⇥ SU(2) is not very strong so that the deviation
from the situation where the valleys are identical is weak. This condition can be written more
explicitly as the requirement that

|⇠+ (k) ⇠ (k)|
V0

⇠|

+,q (k)

,q (k)|

⇠

⌧ 1. The first part

is guaranteed by the small bandwidth whereas the second one can be checked numerically and
shown to hold at least for most values of k and q. This is equivalent to expanding in time-reversal
symmetry breaking terms within each valley.
The variables

k

and

k

can be obtained by solving a linearized version of the self-consistency

equation as follows. We start by expanding ✓k and

k

in terms of small deviations

from a

perfect IVC state in the ⌧x as shown in Eq. D.52. Substituting in Eq. D.48 and expanding to
leading order in

yields the following set of linear equations given by
k bk

X

Fk,k0

k0

= ak ,

k bk

k0

X

Fk,k0

k0

=

Im bk ,

(D.53)

k0

where ak is given by
8
X < ⇠⌧ (k)
ak =
⌧
: U
⌧

1 X
vq |
2N q

1 X
2
vG
⌧,q (k)| +
N
0 0
G,k ,⌧
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⌧,G (k) ⌧ 0 ,G (k

0

)

9
=
;

,

(D.54)

and Fk,k0 and bk are given by
Fk,k0 =

1 X
vG+k0
N
G

k | +,G+k0 k (k)|

2

,

bk =

1 X
vq
N q

+,q (k)

⇤

,q (k).

(D.55)

We notice that ak and Im bk are of order . Substituting in the expression for the energy, the
energy di↵erence between the IVC state and the SP/VP state can be written (up to second
order in ) as
EIVC ESP
1 X
=
vq
V0
4N

+,q (k)

,q (k)

2

+

k,q

1X
2 0

k Fk,k0 k0

1X
bk (
2

2
k

+

2
k ),

(D.56)

k

k,k

where Fk,k0 and bk are defined in (D.55). The first term in Eq. D.56 reproduces the non selfconsistent Hartree-Fock energies obtained in Ref. [316] in which case VP/SP is always favored
to IVC.
The second and third terms are corrections coming from solving the self-consistency condition. It is instructive to reproduce the results of Ref. [300] which considers the simplified setting
where all form factors are taken equal to 1. In addition, vq was taken equal to a constant which
V0 P
V0 P
is cuto↵ at large momenta q ⇠ ⇤ yielding the interaction strength g = 2N
|q|<⇤ = 2
|G|<⇤ .
In this case,

k

=

⇠+ (k) ⇠ (k)
2g

and

EIVC

k

= 0 leading to

ESP =

1 X
[⇠+ (k)
4g

⇠ (k)]2 ,

(D.57)

k

which implies that the IVC phase is energetically favored to the VP/SP phase in agreement with
the conclusion of Ref. [300] 1 .
Our result (Eq. D.56) interpolates between these two limits with the first two terms favoring
spin or valley polarization and the last term favoring intervalley coherence. The competition
between SP/VP and IVC is then settled by the details of the band structure, form factors
and interaction. We notice that this expression underestimates the energy of the IVC states
when the bands have non-zero Chern number. In this case, it was shown in Ref. [321] that
vortices in the IVC order parameter are unavoidable. The existence of vortices is neglected in
the expansion (Eq. D.52) which assumes that

k

is small everywhere. This implies that the

expression (Eq. D.56) underestimates the IVC ground state energy for non-zero Chern number.
1

The result di↵ers by a factor of 2 due to the incorrect way the large g limit was implemented [300].
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In order to gain some insights about what parameters control this competition, let us consider
a very simplified setting where the Berry curvature is uniform in momentum space with the form
factor assuming the simple form [316]
±,q (k)

=e

↵ 2
q ±i B
k^q
4
2

,

B=

2⇡C
,
|ABZ |

(D.58)

Here, C is the Chern number for the + valley and the parameter ↵ determines how quickly the
form factor decays with q which we take equal to 2⇡/ABZ to reproduce the Landau level form
factors for C = 1. These form factors would be obtained in a Landau level if it is folded into
a Brillouin zone of the lattice with the flux density one [194]. In addition, we will consider a
very simple form of the dispersion corresponding to nearest neighbour tight-binding model on a
triangular lattice with hopping amplitude te±i for the ± valleys. For C = 0, we know that it is
possible to write such a tight-binding model. For non-zero C, it is generally impossible to write
such tight binding model. However, we can still use the same resulting dispersion and assume
that the non-zero Chern number only a↵ects the form factors. This will enable us to disentangle
the e↵ects of the band dispersion from those related to band topology.
For the form factors given in Eq. D.58, the self-consistency equations can be solved by
performing Fourier transform to real space. Following a series of straightforward steps, we get
EIVC ESP
V0 N

8
>
< 1 X
/
1
>N
:
k

e

B 2 k2
2↵

I0

✓

B2k
2↵

◆
2

⇣

2⇡ 3 1

3↵A2BZ ⌘ 2
e

8⇡ 2
9↵

I0

⇣

8⇡ 2
9↵

9
>
=

⌘⌘2 >
;
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where Ib (x) is the modified Bessel function of the first kind and ⌘ = (t/V0 ) sin . The proporp
tionality here indicates that we have dropped a constant positive factor given by |A⇡BZ | ↵⇡ which
does not influence the competition between the two phases.

The expression (Eq. D.59) depends only on two dimensionless parameters: (i) the Chern
number C and (ii) ⌘ which measures the bandwidth relative to the interaction strength multiplied
by the strength of time-reversal symmetry breaking within each valley. The first term in Eq. D.59
is always positive and favors SP/VP state. It vanishes for zero Chern number and increases as
the Chern number increases. This suggests that increasing the Chern number favors valley/spin
polarization over intervalley coherent order. The second term, on the other hand, favors IVC
and increases with increasing the bandwidth or the time-reversal symmetry breaking within each
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Figure D.1: Illustration of the phase diagram obtained from the perturbative solution to
the self-consistency equation with the simplified form factor (Eq. D.58) as a function of Chern
number and ⌘ = (t/V0 ) sin which corresponds to the product of the bandwidth (relative to
the Coulomb scale) and time-reversal symmetry breaking within each valley. We can see that
any non-zero Chern number favors valley or spin polarization over intervalley coherent order
as long as the bandwidth is not very large.
valley.
The phase diagram for di↵erent values of C and ⌘ is given in Fig. D.1. For C = 0, IVC order
always wins. This is an artifact of our simple choice for the form factors which corresponds
to uniform Berry curvature. In a more realistic model where the Berry curvature vanishes on
average but does not vanish everywhere, we expect some region of VP/SP. This is expected to
be particularly manifest in the vicinity of topological phase transitions where the valley Chern
number changes leading to a large concentration of the Berry curvature at some momenta. For
C 6= 0, we find that VP/SP is always favored for relatively small values of the bandwidth whereas
IVC is favored for relatively large values. Since our approach underestimates the IVC energy for
non-zero Chern number (since it ignores vortices [321]), we expect the transition from VP/SP
to IVC to happen at even larger values of ⌘ implying that VP/SP is the most energetically
favorable insulator at half-filling whenever the bandwidth is relatively narrow.
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D.4

Spin-triplet superconductivity

In the following, we provide some details on the discussion related to spin-triplet superconductivity in the main text. The interaction term
H=

X

; ,

=

P

a

a
↵

a

g

; ,

X

X

c†↵,⌧,k+q c† ,⌧ 0 ,k0

Sq · S

q

(D.60)

0 0
q c ,⌧,k c ,⌧ ,k

(D.61)

q

k,k0 ,⌧,⌧ 0

with g↵,

,⌧,k c ,⌧,k

k,⌧,

can be rewritten as
g↵,

c† ,⌧,k ⇠

. When performing the BCS decoupling, we restrict ourselves to

pairing between time-reversed pairing which corresponds to k0 =
we can define the gap function
BCS equation

X

=

↵, ,⌧,⌧ 0 k

vF (k0 )

1

g↵,

†
†
⌧, ⌧ 0 hc↵,⌧,k c ,⌧ 0 , k i,

, ,⌧,⌧ 0 ,k0

; ,

=

k and ⌧ 0 =

⌧ . In this case,

which satisfies the linearized

↵, ,⌧,⌧ 0 ,k

(D.62)

k0 2FS

where vF (k) is the Fermi velocity at point k on the Fermi s surface vF (k) = |rk ✏k |. Choosing
k

to be k-independent, we can simplify (Eq. D.62)
·(

where ˜ is related to

T

)=˜

(D.63)

by some constant rescaling (coming from the Fermi surface integral),

is the Pauli matrix vector in spin space and

is a matrix in spin and valley spaces. As

discussed in the main text, intervalley pairing is proportional to ⌧x or ⌧y which corresponds to
valley triplet or singlet respectively, which, due to the overall antisymmetry of the gap function,
implies the former scenario corresponds to a spin-singlet i
a spin-triplet i

yd

y

whereas the latter corresponds to

· . Here, d is the vector which captures the direction of the spin state.

The symmetry of the superconducting order parameter is obtained by finding the pairing
channel for which ˜ is positive and maximum. Substituting the spin-singlet and triplet gap
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functions in (Eq. D.63) yields
· (i
· (i

yd

y ⌧x

· ⌧y

T

)=
T

3i

)=i

y ⌧x

yd

! ˜s =

· ⌧y ! ˜ t = +1

which implies a valley-singlet spin-triplet superconductor.
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3

(D.64)
(D.65)

D.5

Dependence of Tc on magnetic field

In the following, we will write a simple mean field theory to relate the parameters in the
Ginzburg-Landau free energy in the main text to the microscopic parameters. We start by
writing the following imaginary time mean-field action
S=

R

d⌧

0

Here,

P h
k

†
k (@⌧

+ ⇠k + µB B · [

+ gk ])
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1
2
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1
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the spin and valley degrees of freedom, respectively.

†
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k

tr

†
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and ⌧ are Pauli matrices for

is dimensionless magnetic susceptibility

and

is a matrix in the valley and spin spaces. Following the discussion of the main text, we

take

k

to be k-independent, spin-triplet and valley singlet

k

=i

yd

· ⌧y .

(D.67)

The magnetic field enters (Eq. D.66) through Zeeman and orbital couplings with the k-dependent
g-factor arising form the orbital e↵ect (see the main text). (In (Eq. D.66), gk is a diagonal
matrix in spin and valley spaces given by

0 diag(g+,k , g ,k )⌧ ).

If the parent state is either a

weak ferromagnet or close to a ferromagnetic quantum critical point which we anticipate to be
the case, then dimensional suscepbtility

can be relatively large and cannot be put to 1.

We can go now to matsubara frequency by writing
1 X i!n ⌧
(⌧ ) = p
e

n,

!n = (2n + 1)⇡/ ,

(D.68)
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Here, we introduced the Green’s function Gp as
1
.
i!n + ⇠k

Gp =

where ⇠k depends on the valley index such that ⇠+,

k

(D.70)

=⇠

,k .

The fermions can be integrated

out leading to a Pfafian which can be written in the exponential as the logarithm of the trace
of some operator. The resulting free energy can be expanded in powers of B and
†

The term proportional to
F

†

=
=

1
2
2d

X

.

provides the standard BCS instability which is given by
tr
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The integral over ⇠ is cut o↵ by the bandwidth ⇤. However, we can choose to perform the ⇠
integral before the frequency sum in which case, the integral is automatically cut o↵ by !n so
that it can be extended to infinity with the cuto↵ ⇤ moved to the !n sum instead. This leads
to

Z

Z ⇤
X ⇡N (0)
1
d⇠N (⇠)f (⇠) =
⇡ N (0)
d! = N (0) log ⇤.
|!n |
!
1/

(D.72)

|!n |<⇤

The final result is given by
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is given by
†

G

pB

·

T

G

d⇠N (⇠)f 0 (⇠) =

The linear term corresponding to the orbital e↵ect
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p
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(D.74)

· g vanishes due to time-reversal

symmetry which can be seen as follows
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The last equality follows from the fact that g⌧,k is odd under time-reversal symmetry g+,
g

=

,k .
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p=(!n ,k)

The first term can be simplified by noting that
X
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whereas the second term can be evaluated as
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leading to
F

† (B·
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=
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B 2 N 00 (0) log ⇤ (d · d⇤ ) + µ2B
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2 2
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(D.79)

† (B

The term proportional to
F

† (B·g)2

=

=

µ2B
2

2

X

tr

Gp

†

· g)2 is given by

G

pB

p=(!n ,k)

·g

kG pB

·g

kG p

+

Gp B · g k Gp

+ Gp B · g k Gp B · g k Gp † G p
X X⇥
(B · g⌧, k )2 Gp G3 p

µ2B (d · d⇤ )

†

G

pB

·g

kG p

p=(!n ,k) ⌧ =±

=

2

+(B · g⌧,k )(B · g ⌧, k )G2p G2 p + (B · g⌧,k )2 G3p G p
X X
⇥
⇤
(B · g⌧,k )2 Gp G3 p G2p G2 p + G3p G p

µ2B (d · d⇤ )

p=(!n ,k) ⌧ =±

=

µ2B (d · d⇤ )(N 00 (0) log ⇤

Here, we used g

=

,k

g

, k

2

N (0))

Z

dk
FS

X

⌧ =±

⇤

(B · g⌧,k )2 .

(D.80)

to go from the second to the third line and (Eq. D.77) and

(Eq. D.78) to go from the third to the fourth line.
†

Finally, we evaluate the quartic term (
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p=(!n ,k)

The summation over p is given by (D.78), whereas the trace can be evaluated as
tr(d ·

d⇤ · )2 = tr(d · d⇤ + i(d ⇥ d⇤ ) · )2 = 4(d · d⇤ )2
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The Free energy now has the form
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We notice that the second derivative of the density of states can be estimated as 1/✏2F which
is much smaller that

2,

thus we can throw away all terms containing N 00 (0). Expanding in T
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close to Tc = ⇤e
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Comparing with Eq. 6 in the main text, we find that the coefficients , a, b, c, ↵, ⌘ are given by
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2⌘ =

where eB is the direction of the external magnetic field. We notice that the term a was obtained
in the description of the superfluid transition in He3 [351].
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E

Supporting Materials for Chapter 5 and 6

E.1

Requirements on Square of Symmetry Operator

As mentioned in the main text, the condition that the symmetries are involutions also imposes
restrictions on the unitary symmetry implementation u. Acting twice with each of the symmetries, one obtains
h=

h = qh† q

1

h = ✏c chT c
h = kh⇤ k

1

1

php

1

= p2 h p2
,
⇣
⌘†
= q qh† q 1 q
1

= c chT c

1 T

= k k ⇤ h⇤ k T k

(E.1)
1

= q2h q2

c

1

1

1

,

(E.2)
1

= (cc⇤ )h(cc⇤ )

= (kk ⇤ )h(kk ⇤ )

1

,

.

(E.3)
(E.4)

where the matrices p, q, c, k are the unitary implementations of type P , Q, C, K symmetries.
Since the symmetry operations are required to be involutions and h can be a generic Hamiltonian,
by Schur’s lemma we must have that p2 = q 2 = cc⇤ = kk ⇤ = I. Moreover, since the matrices
are unitary, | | = 1; for p and q, we can multiply a phase factor to make
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= 1; for c and k, we

can show that

= ±1 as follows:
uu⇤ =

7! u⇤ = u† 7! u =

uu⇤ =

7! u = uT

(
Thus

⇤

⇤ T

u

)uT = 0

(E.5)

is real and being norm 1, must take on values

= ±1. The same argument holds for the

Hermitian anti-unitary symmetries, namely time-reversal symmetry and particle-hole symmetry.

E.2

Details of Unitarization of Non-Hermitian Hamiltonian

We now prove that the unitary matrix u in the polar decomposition h = uP of a non-Hermitian
Hamiltonian has the same symmetry as h, for each of the four symmetry classes. As discussed
in the main text, we will make use of the following property: if A and B are positive-definite
matrices, and A2 = B 2 , then A = B, since a positive-definite matrix has a unique positivedefinite square root.
1. Type P. We know that
hup =

up h , uP up =

up uP,

(E.6)

where we have written the unitary symmetry implementation as up to emphasize its unitary nature. As above, u is also unitary and P Hermitian. Taking the complex conjugate
of the preceding equation and multiplying it from the left on both sides, using the unitarity
of u and up as well as the Hermiticity of P , we have
(u†p P up )2 = P 2 ,

(E.7)

which by virtue of P being positive-definite results in u†p P up = P via the preceding
property. Plugging this back in, we have
uP up = uup P =

up uP ) uup =

up u,

(E.8)

where we have used the positive-definite property of P in the last step. Thus u satisfies
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the same symmetry as h.
2. Type Q. We follow the same recipe:
huq = uq h† , uP uq = uq P u†
) (u†q P uq )2 = (uP u† )2 , u†q P uq = uP u†
) uuq (uP u† ) = uq u† uP u† ) uuq = uq u,

(E.9)

where in the last step we used the fact that uP u† is positive-definite.
3. Type C.
huc = ✏c uc hT , uP uc = ✏c uc P T uT
) (u†c P uc )2 = (u⇤ P T uT )2 , u†c P uc = u⇤ P T uT
) uP uc = uuc (u⇤ P T uT ) = ✏c uc uT (u⇤ P T uT )
) uuc = ✏c uc uT .

(E.10)

4. Type K.
huk = uk h⇤ , uP uk = uk u⇤ P ⇤
) (u†k P uk )2 = (P ⇤ )2 , u†k P uk = P ⇤
) uP uk = uuk P ⇤ = uk u⇤ P ⇤
) uuk = uk u⇤ .

(E.11)

This completes the proof.

E.3

Constructing Concrete Examples of Classification

In this appendix, we provide some more examples to illustrate the construction of non-Hermitian
Hamiltonians from the Cli↵ord algebra approach, and show that the resulting Hamiltonians have
topological characteristics that are consistent with the results of the periodic table.
The general recipe is to start from the Cli↵ord generators in Tab. E.1 and E.2, and iterate
through di↵erent combinations of Pauli operators to find a Cli↵ord algebra realization that
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satisfies the commutation relations, squares, as well as the specified forms of the operators
⌃=

z

⌦ I and Eq. 5.30. This discussion however is only valid within each symmetry sector of

the doubled Hamiltonian, so to construct the full Hamiltonian we write down a model for each
symmetry sector of the unitary commuting symmetry ⌃P , and make use of the relationship
between type Q symmetry sectors (Sec. 5.5.4) to obtain the original non-Hermitian Hamiltonian
with the desired non-Hermitian symmetries.
As an example, let us consider the Hamiltonians for symmetry classes 14 and 18 in 0D. Class
14 corresponds to the Hermitian AI class, while class 18 di↵ers due to the di↵erent commutation relation between q and c. From Tab. E.1, we see that the di↵erent commutation relation
drastically changes the classification, such that the Z classification for the Hermitian AI class
now becomes trivial under class 18.
Using the Cli↵ord algebra generators described in Tab. E.1, we find the simplest realization
for class 14 has generators,
Gen.

C̄

Rep.

1K

J C̄

Jm

1K

i

i

i

0

1

i

2

while for class 18,
Gen.

⌃C̄

Rep.

2K

J⌃C̄
i

m

2K

1

2

3

Since the class 14 Hamiltonian is Hermitian, we can easily right down the Hamiltonian
Class
14

Hamiltonian
m1

0

+ m2

1

+ m3

C sym.
2

1

Q sym.
0

where the mass terms mi are all real. The spectrum for the class 14 Hamiltonian is E = m1 ±
p
m22 + m23 , where the system belongs to di↵erent phases depending on whether m21 > m22 + m23
or m21 < m22 + m23 . Additionally, for m21 > m22 + m23 , the system belongs to two di↵erent
phases depending on whether m1 > 0 or m1 < 0, since a continuous deformation between
them necessarily touches E = 0. Geometrically, the three phases are separated by the double
p
cone m1 = ± m22 + m23 in parameter space. Thus, there are three topological classes for this
two-band model, consistent with the Z classification.
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Now we consider the non-Hermitian Hamiltonian characterizing class 18. We choose the
type Q symmetry to be of the form q =

3.

The doubled
symmetry
Q̄ in Eq. 5.30 will then be
0
1

diagonalized by the Hadamard-like matrix UQ =

p1
2

Q symmetry sectors described in Sec. 5.5.4, we map

0

!

33 ,

1

!

22 ,

2

BI
B
@
I
!

IC
C. Using the relation between type
A
I

21 ,

3

!

30 ,

(E.12)

to obtain the complete Hamiltonian at the doubled level from the Hamiltonian in a single
symmetry sector, in a basis where the type Q symmetry is diagonalized. Conjugating by UQ to
return to the usual basis, which maps the first element in the Pauli string
2

!

2,

1

!

3,

3

!

1,

and taking the upper right block of the doubled Hamiltonian, we find that the

non-Hermitian Hamiltonian and symmetry implementations are
Class
18

Hamiltonian
m3

0

+ im2

The eigenvalue spectrum is E = m3 ± i

1

C sym.

im1

2

1

Q sym.
3

p
m21 + m22 , where a positive value of m3 can easily

be deformed into a negative one simply by choosing a finite value for m21 + m22 and varying
m3 . Thus, all non-singular Hamiltonians belong to the same topological class in this example,
consistent with our general results that gives a trivial classification in this case.

E.4

Symmetries and Spectrum

In this section, we review [425, 494] how non-Hermitian symmetries constrain the eigenvalue
spectrum. First, consider the K-type symmetry defined in Eq. (6.6). Let vk be a right eigenvector with eigenvalue

k.

Then,
hk v k =
)

✏k

)

✏k

= ✏k kh⇤ k k † vk
⇣
⌘
⇣
⌘
†
⇤
†
k
v
=
h
k
v
k
k
k
k
k vk

⇤ T ⇤
k (k vk )
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=h

k

k T vk⇤

(E.13)

Therefore, the K-type symmetry implies that there exists a right eigenvector k T vk⇤ for h
an eigenvalue

k

= ✏k

⇤.
k

k

with

At time reversal invariant momenta (TRIM), it guarantees the

existence of a pair of eigenvalues (

⇤
k , ✏k k ).

Second, consider the C-type symmetry defined in Eq. (6.5). Note that in a non-Hermitian
matrix, for a given set of eigenvalues {

n },

the set of left eigenvectors {un } and the set of right

eigenvectors {vn } are di↵erent in general. Therefore, the appropriate generalization of orthonormality is that the left and right eigenvectors form a biorthonormal system, where un vm =
Again, let vk be a right eigenvector with eigenvalue
k vk

(vkT c⇤ )h

k

Therefore, vkT c⇤ is now a left eigenvector of h

k

)

✏c =

Then,

= ✏c chT k c† vk
⇣
⌘
⇣
⌘
✏ c k c † v k = hT k c † v k

hk v k =
)

k.

n,m .

1, it guarantees a pair of eigenvalues (

= ✏c

T ⇤
k (vk c )

(E.14)

with an eigenvalue

k,

k

= ✏c

k.

At TRIM, if

k ).

However, when ✏c = +1, the two eigenvalues are the same. Therefore, if (vkT c⇤ , vk ) is a
biorthonormal pair of left and right eigenvectors, then the TRIM do not have any degeneracies.
Otherwise, there will be a degeneracy, since the biorthonormal partner of vkT c⇤ , also a right
eigenvector, shares the same eigenvalue as vk but is linearly independent. This condition can
be satisfied when ⌘c =

1. To see this, note that cc⇤ = ⌘c =

1 implies c† =

c⇤ . Now, assume

that (vkT c⇤ , vk ) is a biorthonormal pair. Then, we have
= vkT c⇤ vk = vkT c† vk = vkT ( c⇤ )vk =

,

where we performed a transpose in the second equality and used c† =
Therefore,

(E.15)
c⇤ in the third equality.

= 0, implying that vkT c⇤ and vk are orthogonal to each other. This guarantees the

symmetry protected degeneracy, and constitutes a biorthogonal generalization of the Kramers
degeneracy. Such a degeneracy does not exist when ✏c =

1.

Finally, consider a Q-type symmetry in Eq. (6.4). Its e↵ect is very similar to a K-type
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symmetry:
hk v k =
)

✏q

)

✏q

= ✏q qh†k q † vk
⇣
⌘
⇣
⌘
†
†
†
k q v k = hk q v k
k vk

⇤

(vk† q) = (vk† q)hk

(E.16)

Therefore, the Q-symmetry relates the right and left eigenvectors, and implies that for every
k-point, there is a pair of eigenvalues (

⇤
k , ✏q k ).

In the situation where

not guarantee a degeneracy. For real eigenvalues with ✏q =

k

= ✏q

⇤,
k

this does

1, this acts similar to the chiral

symmetry of a Hermitian system.

E.5

Non-Hermitian Hamiltonian from Lindblad Equation

In this section, we provide a brief review of how a non-Hermitian Hamiltonian emerges as an
e↵ective description of a subsystem in a full quantum system. Consider a system coupled to an
environment. If the total density matrix is ⇢tot , the system density matrix can be obtained by
tracing out the environment, ⇢ = TrE ⇢tot . Then, under the Markovian dynamics assumptions,
one can derive that the system’s density matrix evolves under the following Lindblad (GKSL)
master equation:
d⇢
=
dt
where He↵ = H

(i/2)

P

i⇣
He↵ ⇢
~

†
m Lm Lm ,H

⌘ X
†
⇢He↵
+
Lm ⇢L†m

(E.17)

m

is the system Hamiltonian and Lm are Lindblad (or jump)

operators. Lm is called a quantum jump because it introduces an abrupt collapse of the state,
similar to a measurement. In this form, the second term is often called the recycling term, as
it recycles the population that is lost from certain states due to the non-Hermitian e↵ective
Hamiltonian, placing it in other states. Indeed, if we inspect the last term, its trace is given
⇣
⌘
⇣ P
⌘
P
P
by m tr Lm ⇢L†m = tr ⇢ m L†m Lm > 0 because m L†m Lm and ⇢ are positive semidefinite

operators. This acts to increase the trace of the density matrix, which exactly counteracts the
loss due to the first term, a non-Hermitian time evolution term under He↵ . Here, one can prove
that the imaginary part of the eigenvalues of He↵ are non-positive. If there exists an eigenvalue
with positive imaginary energy, the total trace would not be preserved for a density matrix
P
constructed from the corresponding eigenvector since m L†m Lm is always positive semidefinite.
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Therefore, imaginary parts of eigenvalues of He↵ can only be zero or negative. . Note however
that in the classical context, e.g. non-Hermitian systems arising from photonic crystals with
gain and loss, such a constraint does not exist. In such cases, the equation is written in terms
of the coherent amplitude instead of the wavefunction amplitude, and the coherent amplitude
can grow without bounds unlike the norm of the wavefunction.
As an example, consider a zero-dimensional bosonic system consisting of a single mode of
frequency !. Let H = ~!b† b, and L = b. Then, He↵ = !b† b

2

b† b. For simplicity, assume
p
! = 0 and the initial state was a pure state ⇢0 = | i h | with | i = 1/ 2(|0i + |1i). If we only
i

2

consider the first term in Eq. (E.17), a non-Hermitian time evolution part, we get
| (t)i = e

iHe↵ t

| i 7!

e

2

t/2 |1i + |0i
p
1 + e 2t

(E.18)

where the denominator is introduced to normalize the state, namely a post-selection normalization factor. If we can obtain information about the environment, then we can condition our
analysis to a case where no quantum jump occurs. For example, we can include only the data
where we did not observe an increase of the boson number of the environment. Then, the time
evolution is described by Eq. (E.18). This formalism can be easily generalized to fermionic
systems, as in Ref. [508].
Another example is the non-Hermitian chiral hopping mode, which can arise as an e↵ective
⌘
P ⇣
Hamiltonian as well [414]. If we take H = t n c†n cn 1 + h.c. and Ln = cn + icn 1 , we
obtain

He↵ =

X⇣

ic†n cn + ( t

n

+ ( t + 1/2)c†n

1/2)c†n cn

1

⌘
c
1 n .

(E.19)

Inspecting the spectrum, one can show that the imaginary parts of the eigenvalues are always
less than or equal to zero.

E.6

Non-Hermitian Description of Transfer Matrices

In this section, we discuss how a non-Hermitian matrix arises as the transfer matrix of the boundary zero mode in a one-dimensional SPT. Consider a d-dimensional massive Dirac Hamiltonian
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given by
H=

X

i↵j

j

where ↵j and

@
+ m(x).
@xj

(E.20)

are anticommuting Dirac matrices. Under the presence of other symmetries,

e.g. chiral, particle-hole, and time reversal, the possible topology for the mass-term matrix

is

constrained, and one can classify all topological phases from this.
Here, we are interested in the boundary modes of the case with d = 1. Due to the famous
Jackiw-Rebbi mechanism [509], the boundary between two di↵erent topological phases hosts a
localized zero mode. To solve this, consider the following Hamiltonian:
H=

i↵@x + m ,

H

=E

(E.21)

To obtain the zero energy solution, we take E = 0 such that
i@x
Therefore, the matrix

=

m(x)↵

7! Tx

=

m(x)↵

(E.22)

m↵ describes how the zero-energy solution changes under the transla-

tion Tx 1 . In other words, the matrix ↵ is a transfer matrix along the x-direction.
One can immediately notice that ↵
=

2,

↵ =i

3

can be non-Hermitian. For example, if ↵ =

1

and

which is non-Hermitian. Knowing that non-Hermitian matrices can appear

as a transfer matrix for zero modes, let us analyze possible symmetries of ↵ . As the transfer
matrix is constructed in terms of the original Hamiltonian, it is natural to examine whether
the symmetries of the original Hamiltonian are inherited. Consider a time-reversal symmetry
T = UT K, particle-hole symmetry P = UP K and chiral symmetry C = UC where U matrices are
unitary transformations. In order to be symmetries of the original Hamiltonian in Eq. (E.21),
the matrices U s satisfy
UT ↵ ⇤ UT 1 =

↵

UT

⇤

UT 1 =

UP ↵ ⇤ UP 1 = ↵

UP

⇤

UP 1 =

{UC , ↵} = 0

{UC , } = 0

1

(E.23)

As a physical Hilbert space consists of normalizable wavefunctions, we should only take decaying
solutions.
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Based on these commutation relations, we are now ready to analyze the symmetries of the
“transfer matrix” ↵ . We can show that M transforms in the following way under Hermitian
conjugation, transposition, and complex conjugation with additional unitary transformations
UC,T,K :
UC (↵ )† UC 1 = UC
UT (↵ )T UT 1 = UT

† ↵† U 1
C

T ↵T U 1
T

= UC ↵UC 1 =

= UT

UP (↵ )⇤ UP 1 = UP ↵⇤

⇤ ↵⇤ U 1
T

⇤U 1
P

=

=

↵
↵=↵

↵

(E.24)

where we used the fact that transposition is equivalent to complex conjugation for ↵ and , as
they are Hermitian matrices.
In summary, the symmetries (C, T , P) of the original 1D Hamiltonian give rise to the following non-Hermitian symmetries (Q, C, K) (pseudo-hermiticity, transpose, and complex conjugation) respectively for the transfer matrix of the boundary mode. Therefore, if the original
Hamiltonian (1D) is in the AZ class s, then the non-Hermitian transfer matrix (0D) belongs to
the AZ† class s† . This provides an interesting example where a non-Hermitian matrix naturally
arises with symmetries inherited from the Hermitian system in one higher dimension. Surprisingly, the correspondence exactly agrees with the topological correspondence between Hermitian
and non-Hermitian systems proven in the main text. Note however that this example does not
generalize easily into higher dimensional cases.

E.7

NH classes AII† , AIII† , and CI† in 2D

In this section, we construct a two-dimensional non-Hermitian system in the class AII† , which
corresponds to the boundary of a three-dimensional Hermitian system in class AII (topological
insulator). The NH class AII† has a transpose symmetry with c =

2

so that cc⇤ =

1,

which ensures a generalized Kramers degeneracy. The model is given by the following k-space
Hamiltonian:
Hk = i(

1 cos kx

+

+t1 sin kx
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2 cos ky
1

+ t2 sin ky

0)
2.

(E.25)

The model Hamiltonian in real space looks rather exotic; the schematic hopping structure is
illustrated in Fig. E.1. The real space Hamiltonian is given by
H =

X ⇣

i

r,⌘=A,B

1 †
c⌘,r c⌘,r x̂

2

+i

2

1 †
c⌘,r x̂ c⌘,r

2

2

+i c†⌘,r c⌘,r ŷ + i c†⌘,r ŷ c⌘,r i 0 c†⌘,r c⌘,r
2
2
X⇣
†
+
it1 cA,r cB,r x̂ + it1 c†B,r cA,r x̂
r

+it2 c†A,r cB,r

ŷ

+ it2 c†B,r cA,r

ŷ

+ h.c.

⌘

⌘

(E.26)

The complex dispersion of the system is very similar to Fig. 1(b) of the main text. Note that this
particular model has a pseudo-hermiticity as well, which can be removed by adding additional
terms with the correct symmetries. If the pseudo-hermiticity is preserved, then the model has
also the complex-conjugation symmetry with ⌘k =

1; thus it will belong to class CII† .

Consider the following generic Hamiltonian in k-space:
h(k) = i (k) + f1 (k)

1

+ f2 (k)

2

+ f3 (k)

3.

(E.27)

If fi (k) is an (complex) odd function of k = (kx , ky ) and (k) is an (complex) even function of k,
the Hamiltonian belongs to class AII† . Moreover, as the transpose symmetry does not constrain
the phase factor, (k) and fi (k) can generically be complex-valued. In other words, the entire
spectrum can be rotated by an arbitrary angle in the complex plane, simply by multiplying ei✓
to Eq. (E.25), as in Fig. E.1(c). This is very crucial: it means that the spectrum can be inverted,
implying that the net chirality of the Dirac cones can be flipped to give a di↵erent invariant.
This agrees with the physics of the boundary of a 3D topological insulator, at which the chirality
of the Dirac cone is not well-defined, unlike chiral topological order.
However, for the class AIII† , f1,2 (k) should be real and f3 (k) should be imaginary, due to
the pseudo-hermiticity (q =

3 ).

With this constraint, they can be any function of k. With the

f3 (k) term, the Dirac cone can be deformed into an exceptional ring, as shown in Fig. E.1(d).
To further demonstrate an explicit model and correspondence, consider a non-Hermitian
class CI† , whose two-dimensional classification is given by 2Z. In the table of the main text
(or Tab. E.1), we denoted it by Z, which is isomorphic to 2Z; however, 2Z is more precise since
the system is characterized by an even number of symmetry-protected gapless boundary modes.
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Figure E.1: (a) A non-Hermitian lattice model for the symmetry class NH AII† with nontrivial topology. Here, i or i with directions represents the phase structure of the hopping
terms; the AB-hopping is non-Hermitian while the AA- or BB- hopings are Hermitian, as
one can see from the figure. (b) Real and imaginary part of the dispersion of the model in
Eq. (E.25) for generic parameters around k = (0, 0). (c,d) More generic complex dispersions
for class AII† and AIII† . For AII† , the entire spectrum can be further rotated. For AIII† ,
Dirac cones can be further deformed to exceptional rings.
The system in class CI† has K and C type symmetries with kk ⇤ =
to the K-type symmetry with kk ⇤ =

1 and cc⇤ = 1. Due

1, one can show that the Dirac cone must be doubly

degenerate. This can be achieved by the following two-dimensional quadratic Hamiltonian:
Hherm = (kx2

ky2 )

1

+ 2kx ky

3

with k =

2

and c = 1. Although the system realizes a single

gapless excitation, as the dispersion is quadratic, the net winding number is equivalent to that
of two Dirac cones. A corresponding lattice-regularized non-Hermitian Hamiltonian would be
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given by, for example,
H = i(cos kx + cos ky ) + 2(cos ky
+(cos(kx

ky )

cos kx )

cos(kx + ky ))

1

2.

(E.28)

For this Hamiltonian, quadratic gapless points exist at k = (0, 0) and (⇡, ⇡), but only the one
at (0, 0) survives at long times. There is another way to construct a Hamiltonian with a linear
dispersion, by using a four-dimensional Hamiltonian. Then, the Hermitian part can be written
as Hherm = kx

0

⌦ ⌧1 + k y

0

⌦ ⌧3 with k =

2

and c =

2 ⌧2 .

In either case, one can show that

the gapless modes with net winding number two cannot be gapped out due to the symmetry
(they can however be deformed into exceptional ring, as pointed out in the main text). This
agrees with the boundary of a three-dimensional topological superconductor in Hermitian class
CI, which is characterized by an even number of Dirac cones.

E.8

Non-Hermitian Bernard-LeClair 38 symmetry classes

In the classification framework, we map a non-Hermitian system into a Hermitian one by doubling. Meanwhile, both C and K symmetries become antiunitary symmetries at the doubled
level, which may seem to obscure the distinction between the NH AZ and NH AZ† classes. This
is related to the redundancy associated with the redefinition of the given symmetries [494, 495].
However, the way doubled symmetries are implemented distinguish two classes. At the doubled
level, c̄ = (

x

⌦ c)K and k̄ = (I2 ⌦ k)K, which gives di↵erent commutation relations with an

additional chiral symmetry of the doubled Hamiltonian, ⌃ =

z

⌦ I.

We now discuss how previously-studied non-Hermitian 38-fold Bernard-LeClair symmetry
classes [494, 495] are mapped into NH AZ and AZ† classes. Because complex conjugation
symmetry is defined by k = qc (or cq ⇤ ), we can show that kk ⇤ = ⌘k = ⌘c ✏qc . In Ref. [494], we
always set qh† q

1

= h. Therefore, in this NH AZ† case where kh⇤ k =

h, and qh† q

1

=

h,

we have to map h 7! ih such that ( ) signs are all removed. This would rotate the spectrum,
but would not change its shape. However, since real and imaginary parts of the energy have
totally di↵erent physical meanings, two di↵erent representations with ✏q = +1 and

1 should

be considered di↵erently, as emphasized in Tab. E.1. Indeed, the distinction becomes physically
meaningful if we consider a line-gap topology instead of a point-gap topology. In such a case,
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38-fold classification should be further refined, as the current equivalent classes would not be
considered equivalent anymore as imaginary and real axes become distinguished. In Tab. E.1 and
E.2, we summarize how NH AZ and AZ† classes are mapped to symmetry classes in Ref. [494].
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Sym.

Gen. Rel.

1,
2, P
✏q = 1

3, Q

✏q =

4, PQ

✏pq =

6, C

✏c = 1, ⌘c =

8, C

✏c =

9, C

✏c =
✏c =
✏c =
✏c =

17, QC
18, QC

1, ⌘c =

✏c = 1, ⌘c =
✏c =

1

1, ✏pc =

1

1, ⌘c = 1, ✏pc =

1

1, ✏c = 1, ⌘c = 1, ✏qc = 1

✏q = 1, ✏c =
✏q =

✏q = 1, ✏c =
✏q =

1, ✏c =

1, ✏qc = 1
1, ✏qc = 1

1, ⌘c = 1, ✏qc = 1

1, ✏c =

1, ⌘c = 1, ✏qc = 1
1, ⌘c =
1, ⌘c =

1, ✏qc = 1
1, ✏qc = 1

✏c = 1, ⌘c = 1, ✏qc =

19, QC

✏c = 1, ⌘c =

20, QC

✏c =

21, QC

1

1, ✏pc =

1, ✏c = 1, ⌘c =

✏c =

1

1, ✏qc =

1

1, ⌘c = 1, ✏qc =

1

1, ⌘c =

Known Class

{ , m, ⌃}

0

Z

0

Z

NH A(†)

{ , m, ⌃}⌃P

C1

C1⇥2

0

{ , m}Q

C1

1, ✏qc =

1

Z

Z

⇥2

⇥2

0

0

Z

0

Z

A
NH AIII(†)

0

Z

0

Z

{ , m}Q,⌃P

C0⇥2

Z⇥2

0

Z⇥2

0

0

0

0

Z

NH AI†

{ , Jm, ⌃, C, JC}

R7
R3

0

Z2

Z2

Z

NH AII†

R3

0

Z2

Z2

Z

NH D

R7

0

0

0

Z

NH C

C1

0

Z

0

Z

C1

0

Z

0

Z

R⇥2
7

0

0

0

Z⇥2

R⇥2
3

0

Z⇥2
2

Z⇥2
2

Z⇥2

{ , Jm, C, JC}Q

R0

Z

0

0

0

{ , Jm, C, JC}Q

R4

Z

0

Z2

Z2

{J , m, C, JC}Q

R2

Z2

Z2

Z

0

{J , m, C, JC}Q

R6

0

0

Z

0

{J , m, ⌃C, J⌃C}Q

R6

0

0

Z

0

NH CI†

R2

Z2

Z2

Z

0

NH DIII†

{ , Jm, ⌃C, J⌃C}Q

R4

Z

0

Z2

Z2

NH DIII

R0

Z

0

0

0

NH CI

{J , m, ⌃, C, JC}, [J⌃P ]

1, ✏pc = 1

✏q = 1, ✏c = 1, ⌘c =
✏q =

3

{ , Jm, ⌃, C, JC}, [J⌃P ]

✏q = 1, ✏c = 1, ⌘c = 1, ✏qc = 1
✏q =

2

{J , m, ⌃, C, JC}

1, ✏pc = 1

✏c = 1, ⌘c = 1, ✏pc =

13, PC

16, QC

1, ⌘c =

1

{J , m, ⌃, C, JC}

1

1, ⌘c = 1, ✏pc = 1

✏c = 1, ⌘c =

11, PC

15, QC

1

1, ⌘c = 1
1, ⌘c =

d=0

{ , Jm, ⌃, C, JC}

✏c = 1, ⌘c = 1, ✏pc = 1

10, PC

14, QC

1

✏c = 1, ⌘c = 1

7, C

Cl. Sp. 0D

{ , m, P }Q

✏pq = 1

5, PQ

12, PC

1

Cli↵ord Generators

{ , Jm, ⌃, C, JC}, [J⌃P ]
{J , m, ⌃, C, JC}, [J⌃P ]
{ , Jm, ⌃, C, JC}⌃P
{J , m, ⌃, C, JC}⌃P
{ , Jm, ⌃, C, JC}⌃P
{J , m, ⌃, C, JC}⌃P

{J , m, ⌃C, J⌃C}Q
{ , Jm, ⌃C, J⌃C}Q

C1

AIII

AI
NH BDI†
AII
NH CII†
D
NH BDI
C
NH CII

Table E.1: First half of the periodic table with symmetries, commutation relations, Clifford algebra generators (a subscript indicates a commuting unitary symmetry, while a bracket
indicates a unitary symmetry that squares to -1 and thus acts as an imaginary unit), classifying space, topological classification in low dimensions, as well as corresponding known classes.
Note that depending on the commutation relations, equivalent representations can be physically distinct. To emphasize this, ✏q or ✏k is explicitly written when the value is important to
distinguish di↵erent labels.
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Sym.
22, PQC
23, PQC

Gen. Rel.

Cli↵ord Generators

✏c = 1, ⌘c = 1, ✏pq = 1, ✏pc = 1, ✏qc = 1

{ , Jm, JP, C, JC}Q

✏c =

24, PQC

✏c = 1, ⌘c = 1, ✏pq =
✏c =
✏c =

1, ⌘c =

✏c = 1, ⌘c =
✏c =

1, ✏pc = 1, ✏qc = 1

1, ✏pq =

1, ✏pc = 1, ✏qc =

1, ⌘c =

1, ✏pq =

26, PQC

✏c =

1, ⌘c =

27, PQC

1, ⌘c =

1, ✏pq = 1, ✏pc =

1, ✏qc =

1, ✏pq = 1, ✏pc =

1, ✏qc = 1

1, ⌘c = 1, ✏pq = 1, ✏pc =

1, ✏qc = 1

✏c = 1, ⌘c =
✏c =

28, PQC
29, PQC
30, PQC
31, PQC
32, PQC
33, PQC
34, K
35, K
36, PK
37, PK
38, PK

✏c =

1

1, ⌘c = 1, ✏pq = 1, ✏pc =

1, ✏qc =

1

1, ⌘c =

1, ✏pq =

✏c = 1, ⌘c =

1, ✏pq =

✏c =
✏c =
✏c =

1, ⌘c =

1, ✏pq =

✏c = 1, ⌘c = 1, ✏pq =

1, ✏qc =

1, ✏pc =

1, ✏pc =

1, ✏qc = 1

1, ⌘c = 1, ✏pq = 1, ✏pc = 1, ✏qc =

✏c = 1, ⌘c =
✏c =

1, ✏pq = 1, ✏pc = 1, ✏qc =

1, ⌘c =

1, ✏pq = 1, ✏pc = 1, ✏qc =
✏k = 1, ⌘k = 1
✏k =

1, ⌘k = 1

✏k = 1, ⌘k =
✏k =

1

1, ⌘k =

1

⌘k = 1, ✏pk = 1
⌘k =

1, ✏pk = 1

⌘k = 1, ✏pk =
⌘k =

1, ✏pk =

1
1

1

1, ✏qc =

✏c = 1, ⌘c = 1, ✏pq = 1, ✏pc = 1, ✏qc =
✏c =

1

1, ✏qc = 1

1, ✏pc =

0

Z2

CII

C0

Z

0

Z

0

C0

Z

0

Z

0

R7

0

0

0

Z

CI

R3

0

Z2

Z2

Z

DIII

R⇥2
0

Z⇥2

0

0

0

R⇥2
4

Z⇥2

0

Z⇥2
2

Z⇥2
2

R⇥2
2

Z⇥2
2

Z⇥2
2

Z⇥2

0

R⇥2
6

0

0

Z⇥2

0

R5

0

Z

0

Z2

R1

Z2

Z

0

0

{ , Jm, J⌃, K, JK}

R1

Z2

Z

0

0

{ , Jm, J⌃, K, JK}

R5

0

Z

0

Z2

{ , Jm, J⌃, K, JK}⌃P

R⇥2
1

Z⇥2
2

Z⇥2

0

0

R⇥2
5

0

Z⇥2

0

Z⇥2
2

C1

0

Z

0

Z

{ , Jm, C, JC}Q , [J⌃P ]

{ , Jm, ⌃C, J⌃C}Q , [J⌃P ]

{J , m, P, ⌃C, J⌃C}Q
{ , Jm, P, ⌃C, J⌃C}Q

{ , Jm, P, ⌃C, J⌃C}Q
1

1, ✏qc =

1, ✏pc =

1, ✏pq =

Z

{J , m, P, C, JC}Q

1, ✏qc = 1

1, ✏pc =

1, ⌘c = 1, ✏pq =

✏c = 1, ⌘c =

1, ✏qc =

1, ✏pc =

1, ⌘c = 1, ✏pq =

0

{J , m, P, ⌃C, J⌃C}Q

1, ✏qc = 1

1, ✏pc =

R5

{ , Jm, P, C, JC}Q

1, ✏qc =

1, ✏pc =

BDI

{J , m, P, C, JC}Q

1

1, ✏pq = 1, ✏pc =

✏c = 1, ⌘c = 1, ✏pq =

0

{ , Jm, P, C, JC}Q

1

✏c = 1, ⌘c =
✏c =

0

{J , m, C, JC}Q , [J⌃P ]

1, ✏qc = 1

1, ✏qc =

Z

{J , m, ⌃C, J⌃C}Q , [J⌃P ]

1

1, ✏qc = 1

1, ✏pq = 1, ✏pc =

✏c = 1, ⌘c = 1, ✏pq = 1, ✏pc =
✏c =

1

1, ✏pc = 1, ✏qc = 1

✏c = 1, ⌘c = 1, ✏pq = 1, ✏pc =

Z2

{J , m, C, JC}Q , [J⌃P ]

1, ✏pc = 1, ✏qc = 1

1, ✏pc = 1, ✏qc =

R1

{J , m, ⌃C, J⌃C}Q , [J⌃P ]

1

1, ✏pq =
1, ✏pq =

Known Class

{ , Jm, ⌃C, J⌃C}Q , [J⌃P ]

1

1, ✏pc = 1, ✏qc =

1, ⌘c = 1, ✏pq =

✏c = 1, ⌘c =
25, PQC

1, ✏pc = 1, ✏qc =

3

{ , Jm, C, JC}Q , [J⌃P ]

1, ✏pc = 1, ✏qc = 1

1, ⌘c = 1, ✏pq =

2

{J , m, JP, C, JC}Q

1, ✏pq = 1, ✏pc = 1, ✏qc = 1

✏c = 1, ⌘c = 1, ✏pq =
✏c =

1

{ , Jm, JP, C, JC}Q

1, ✏pq = 1, ✏pc = 1, ✏qc = 1

1, ⌘c =

d=0

{J , m, JP, C, JC}Q

1, ⌘c = 1, ✏pq = 1, ✏pc = 1, ✏qc = 1

✏c = 1, ⌘c =
✏c =

Cl. Sp. 0D

1
1
1
1
1

{ , Jm, C, JC}Q,⌃P

{ , Jm, ⌃C, J⌃C}Q,⌃P
{ , Jm, C, JC}Q,⌃P

{ , Jm, ⌃C, J⌃C}Q,⌃P
{J , m, C, JC}Q,⌃P

{J , m, ⌃C, J⌃C}Q,⌃P
{J , m, C, JC}Q,⌃P

{J , m, ⌃C, J⌃C}Q,⌃P

{J , m, JP, ⌃C, J⌃C}Q
{ , Jm, JP, ⌃C, J⌃C}Q
{J , m, JP, ⌃C, J⌃C}Q
{ , Jm, JP, ⌃C, J⌃C}Q

{ , Jm, J⌃, K, JK}⌃P

{ , Jm, J⌃, K, JK}, [J⌃P ]
{ , Jm, J⌃, K, JK}, [J⌃P ]

Table E.2: Second half of the periodic table (continued from the previous one).
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NH AI
NH D†
NH AII
NH C†
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Hélène Bouchiat, Sophie Guéron, Ali Yazdani, B Andrei Bernevig, and Titus Neupert.
Higher-order topology in bismuth. Nature Physics, 14(9):918–924, 2018.
[472] Andreas P. Schnyder, Shinsei Ryu, Akira Furusaki, and Andreas W. W. Ludwig. Classification of topological insulators and superconductors in three spatial dimensions. Phys.
Rev. B, 78:195125, Nov 2008.
[473] T Senthil. Symmetry-protected topological phases of quantum matter. Annu. Rev. Condens. Matter Phys., 6(1):299–324, 2015.
[474] V. M. Martinez Alvarez, J. E. Barrios Vargas, M. Berdakin, and L. E. F. Foa Torres. Topological states of non-Hermitian systems. The European Physical Journal Special Topics,
227(12):1295–1308, dec 2018.
[475] Kohei Kawabata, Ken Shiozaki, and Masahito Ueda. Anomalous helical edge states in a
non-Hermitian Chern insulator. Physical Review B, 98(16):165148, oct 2018.
[476] Kohei Kawabata, Sho Higashikawa, Zongping Gong, Yuto Ashida, and Masahito Ueda.
Topological unification of time-reversal and particle-hole symmetries in non-Hermitian
physics. Nature Communications, 10(1):297, dec 2019.
[477] Zhesen Yang and Jiangping Hu. Non-Hermitian Hopf-link exceptional line semimetals.
Physical Review B, 99(8):081102, feb 2019.
[478] Ryo Okugawa and Takehito Yokoyama. Topological exceptional surfaces in non-hermitian
systems with parity-time and parity-particle-hole symmetries. Phys. Rev. B, 99:041202,
Jan 2019.
[479] Dan S. Borgnia, Alex Jura Kruchkov, and Robert-Jan Slager. Non-Hermitian Boundary
Modes. arXiv preprint arXiv:1902.07217, feb 2019.
[480] Heinrich-Gregor Zirnstein, Gil Refael, and Bernd Rosenow. Bulk-boundary correspondence
for non-Hermitian Hamiltonians via Green functions. arXiv preprint arXiv:1901.11241,
jan 2019.

344

[481] Loı̈c Herviou, Jens H. Bardarson, and Nicolas Regnault. Defining a bulk-edge correspondence for non-Hermitian Hamiltonians via singular-value decomposition. Physical Review
A, 99(5):052118, may 2019.
[482] Zi-Yong Ge, Yu-Ran Zhang, Tao Liu, Si-Wen Li, Heng Fan, and Franco Nori. Topological
band theory for non-Hermitian systems from a quantum field viewpoint. arXiv preprint
arXiv:1903.09985, mar 2019.
[483] Stefano Longhi. Topological phase transition in non-Hermitian quasicrystals.
preprint arXiv:1905.09460, May 2019.

arXiv

[484] Ya-Jie Wu and Junpeng Hou. Symmetry-protected localized states at defects in nonHermitian systems. arXiv preprint arXiv:1905.09346, May 2019.
[485] C. Yuce. Non-Hermitian anomalous skin e↵ect. arXiv preprint arXiv:1905.09328, May
2019.
[486] Kazuki Yamamoto, Masaya Nakagawa, Kyosuke Adachi, Kazuaki Takasan, Masahito
Ueda, and Norio Kawakami. Theory of Non-Hermitian Fermionic Superfluidity with a
Complex-Valued Interaction. arXiv preprint arXiv:1903.04720, Mar 2019.
[487] Tian-Shu Deng and Wei Yi. Non-Bloch topological invariants in a non-Hermitian domainwall system. arXiv preprint arXiv:1903.03811, Mar 2019.
[488] Konstantin Y. Bliokh, Daniel Leykam, Max Lein, and Franco Nori. Topological nonHermitian origin of surface Maxwell waves. Nature Communications, 10(1):580, dec 2019.
[489] Ramy El-Ganainy, Konstantinos G. Makris, Mercedeh Khajavikhan, Ziad H. Musslimani,
Stefan Rotter, and Demetrios N. Christodoulides. Non-Hermitian physics and PT symmetry. Nature Physics, 14(1):11–19, jan 2018.
[490] Ariel Amir, Naomichi Hatano, and David R. Nelson. Non-Hermitian localization in biological networks. Physical Review E, 93(4):042310, apr 2016.
[491] Fuyan Lu and Yuan-Ming Lu. Magnon band topology in spin-orbital coupled magnets:
classification and application to ↵-RuCl3 . arXiv preprint arXiv:1807.05232, Jul 2018.
[492] Hiroki Kondo, Yutaka Akagi, and Hosho Katsura. z2 topological invariant for magnon
spin hall systems. Phys. Rev. B, 99:041110, Jan 2019.
[493] Tsuneya Yoshida, Robert Peters, and Norio Kawakami. Non-Hermitian perspective of the
band structure in heavy-fermion systems. Physical Review B, 98(3):035141, jul 2018.
[494] Hengyun Zhou and Jong Yeon Lee. Periodic table for topological bands with nonHermitian symmetries. Physical Review B, 99(23):235112, jun 2019.

345

[495] Kohei Kawabata, Ken Shiozaki, Masahito Ueda, and Masatoshi Sato. Symmetry and
Topology in Non-Hermitian Physics. arXiv preprint arXiv:1812.09133, dec 2018.
[496] Michael DeMarco and Xiao-Gang Wen. A Single Right-Moving Free Fermion Mode on an
Ultra-Local $1+1$d Spacetime Lattice. arXiv preprint arXiv:1805.03663, May 2018.
[497] Je↵rey C.Y. Teo and C. L. Kane. Topological defects and gapless modes in insulators and
superconductors. Physical Review B, 82(11):115120, sep 2010.
[498] The GAP Group. GAP – Groups, Algorithms, and Programming, Version 4.8.7, 2017.
[499] R. Peierls. Zur theorie des diamagnetismus von leitungselektronen. Zeitschrift für Physik,
80(11):763–791, Nov 1933.
[500] J. M. Luttinger. The e↵ect of a magnetic field on electrons in a periodic potential. Phys.
Rev., 84:814–817, Nov 1951.
[501] Scott D. Geraedts, Michael P. Zaletel, Roger S. K. Mong, Max A. Metlitski, Ashvin
Vishwanath, and Olexei I. Motrunich. The half-filled landau level: The case for dirac
composite fermions. Science, 352(6282):197–201, 2016.
[502] N. Read and Subir Sachdev. Spin-peierls, valence-bond solid, and néel ground states of
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