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�ॽं [ǦǻȠǶƷȝǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖ ȠȖǦǼǝ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ƷȏȏȓȂΝǦǻƷȝǦȂǼ ॽ ॽ ॽ ॽ ॽ ॽ ॽ अँ
�ॽः CȂǼǶǦǼǐƷȓ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ अइ
�ॽऄ /ǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ आः
�ॽअ �ǼƷǶΞȖǦȖ Ȃǜ ȝǣǐ ȝȓƷǼȖǜǐȓ Ȃǜ ǐǼǐȓǝΞ ǦǼ Ʒ ȝȠȓǅȠǶǐǼȝ ЙȂΘ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ आअ
�ॽआ �ǻǐȓǝǐǼǆǐ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ ǜȓȂǻ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ΘǦȝǣ ǦǼǆȓǐƷȖǦǼǝ XǐΞǼȂǶǌȖ ǼȠǻৄ

ǅǐȓ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ आआ
�ॽइ [ȠȏȏǶǐǻǐǼȝƷǶ ǻȂΗǦǐ ǌǐȖǆȓǦȏȝǦȂǼȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ इऀ

XӏәӏԏӏӹӅӏԓ ईࣿ

Η



=ǦȖȝǦǼǝ Ȃǜ ЖǝȠȓǐȖ

ऀॽऀ �ΝȏǐȓǦǻǐǼȝƷǶ ȖΞȖȝǐǻ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ऀं
ऀॽँ bΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ ǆȂǶǶǦǌǦǼǝ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ऀः
ऀॽं ं� ȓǐǆȂǼȖȝȓȠǆȝǦȂǼ Ȃǜ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ȝΘȂ ǌΞǐǌ ΗȂȓȝǐΝ ǆȂȓǐȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ऀऄ
ऀॽः �Νȝȓǐǻǐ ȖȝȓǐȝǆǣǦǼǝ Ȃǜ Ʒ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ǆȂȓǐ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ऀआ
ऀॽऄ �Ǽ ǦȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐ Ȃǜ ǦǼȖȝƷǅǦǶǦȝǦǐȖ ǶǐƷǌȖ ȝȂ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ऀई
ऀॽऄ ǆȂǼȝǦǼȠǐǌ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ँࣿ
ऀॽअ CȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼ Ȃǜ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ँँ

ँॽऀ qȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ंࣿ
ँॽँ �ǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǦǼ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ंँ
ँॽं $ȂȓǻƷȝǦȂǼ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼ Ʒ ȝΞȏǦǆƷǶ ǐΝȏǐȓǦǻǐǼȝƷǶ ΗȂȓȝǐΝ ȓǦǼǝ

ǆȂǶǶǦȖǦȂǼ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ंः
ँॽः %ǐǼǐȓƷȝǦȂǼ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼ �C[ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ंअ
ँॽऄ bǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ Ʒ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ंइ
ँॽऄ ǆȂǼȝǦǼȠǐǌ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ंई

�ॽऀ qȂȓȝǐΝ ǆƷǼǼȂǼ ƷȖȖǐǻǅǶΞ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ःई
�ॽँ qȂȓȝǐΝ ǆȂȓǐ ȝȓƷǆǴǦǼǝ ǦǼ ँ� ΘǦȝǣ U/q ƷǼǌ ǌΞǐ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ऄऀ
�ॽं qȂȓȝǦǆǦȝΞ ǐΗȂǶȠȝǦȂǼ ǦǼ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȖǦǻȠǶƷȝǦȂǼȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ऄः

�ॽऀ qȂȓȝǐΝ ȓǦǼǝ ȝȓƷǆǴǦǼǝ ƷǼǌ ǻǐƷȖȠȓǐǻǐǼȝ ȝǣȓȂȠǝǣ U/q ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ऄई
�ॽँ qȂȓȝǐΝ ȓǦǼǝ ƷǼǌ ǆȂȓǐ ǝǐȂǻǐȝȓΞ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ अऀ
�ॽं XƷǌǦƷǶ ǝȓȂΘȝǣ ƷǼǌ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȖȏƷǆǦǼǝ ǐΗȂǶȠȝǦȂǼ ǜȂȓ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ ॽ ॽ ॽ अऄ
�ॽः HǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǜȂȓ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ अआ
�ॽऄ $ȂȓǻƷȝǦȂǼ Ȃǜ Ʒ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ अई
�ॽअ �ǶȝǐȓǼƷȝǦǼǝ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ आऀ
�ॽआ �ΗȂǶȠȝǦȂǼ Ȃǜ ǆǦȓǆȠǶƷȝǦȂǼ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ आं
�ॽइ /ǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ आऄ
�ॽई �ǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐ ǐΗȂǶȠȝǦȂǼ ƷǼǌ ǐǼǐȓǝΞ ȖȏǐǆȝȓƷ ǜȂȓ ȖǦǻȠǶƷȝǐǌ ΗȂȓȝǐΝ ȝȠǅǐ ǦǼȝǐȓƷǆȝǦȂǼȖ

Ʒȝ ΗƷȓǦȂȠȖ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ आइ

ΗǦ



�ॽऀࣿ qȂȓȝǦǆǦȝΞ ǐΗȂǶȠȝǦȂǼ ǜȂȓ ȖǦǻȠǶƷȝǐǌ ΗȂȓȝǐΝ ȝȠǅǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ʒȝ ΗƷȓǦȂȠȖ XǐΞǼȂǶǌȖ ǼȠǻৄ
ǅǐȓȖ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ ॽ इऀ

ΗǦǦ



bԀӸԮ әҷӸӢӲԮ ҷӹӋ ԚӏҷӅӟӏԏԓ৭ / ӹӏԪӏԏ ԫԀԞӲӋ ӟҷԪӏ ӸҷӋӏ ӢԚ ԚӟӢԓ әҷԏ ԫӢԚӟԀԞԚ ԮԀԞԏ
ӚԞӢӋҷӹӅӏ৮ ӲԀԪӏ৮ ҷӹӋ ԓԞԌԌԀԏԚ৷

ৗ/ә / ӟҷԪӏ ԓӏӏӹ әԞԏԚӟӏԏ৮ ӢԚ Ӣԓ ӂԮ ԓԚҷӹӋӢӹӚ Ԁӹ Ԛӟӏ ԓӟԀԞӲӋӏԏԓ Ԁә %ӢҷӹԚԓ৷
৳ /ԓҷҷӅ CӏԫԚԀӹ

ΗǦǦǦ



�ǆǴǼȂΘǶǐǌǝǻǐǼȝȖ

bǣǦȖ Uǣ� ǣƷȖ ǅǐǐǼ ȂǼǐ Ȃǜ ȝǣǐ ǻȂȖȝ ǐΝǆǦȝǦǼǝॶ ǆǣƷǶǶǐǼǝǦǼǝॶ ǜȠǶЖǶǶǦǼǝॶ Ʒȝ ȝǦǻǐȖ ǦǼǜȠȓǦƷȝǦǼǝ Ξǐȝ ǻȂȖȝ
ȓǐΘƷȓǌǦǼǝ ǐǼǌǐƷΗȂȠȓ Ȃǜ ǻΞ ǶǦǜǐॽ / ǆƷǻǐ ȝȂ ,ƷȓΗƷȓǌ ǴǼȂΘǦǼǝ ǣȂΘ ȝȂ ƷǼȖΘǐȓ ȒȠǐȖȝǦȂǼȖॶ ƷǼǌ ǼȂΘ /ǻ
ǶǐƷΗǦǼǝ ΘǦȝǣ ȝǣǐ ΘǦȖǌȂǻ Ȃǜ ǴǼȂΘǦǼǝ ȝȂ ƷȖǴ ȝǣǐǻঃ ȖȏǐǆǦЖǆƷǶǶΞॶ ǣȂΘ ȝȂ ƷȖǴ ȝǣǐ ȓǦǝǣȝ ȒȠǐȖȝǦȂǼȖॽ

/ ΘȂȠǶǌ ǶǦǴǐ ȝȂ ЖȓȖȝ ȝǣƷǼǴ ǻΞ ȏƷȓǐǼȝȖ ΘǣȂ ǦǼȖȝǦǶǶǐǌ ΘǦȝǣǦǼ ǻǐ ǻΞ ΘȂȓǴ ǐȝǣǦǆॶ ǻΞ ǌǐȝǐȓǻǦǼƷȝǦȂǼॶ
ƷǼǌ ȝǣǐ ǦǻȏȂȓȝƷǼǆǐ Ȃǜ ǐǌȠǆƷȝǦȂǼॽ / Ʒǻ ȖȂ ǝȓƷȝǐǜȠǶ ǜȂȓ ȝǣǐ ȖƷǆȓǦЖǆǐȖ ȝǣƷȝ ǻΞ ȏƷȓǐǼȝȖ ǻƷǌǐ ȝȂ ȏȓȂৄ
ΗǦǌǐ ǻǐ ΘǦȝǣ Ʒ ǅǐȝȝǐȓ ǶǦǜǐ ȝǣƷǼ ȝǣǐΞ ǣƷǌॽ / ȓǐǆǐǼȝǶΞ ǶȂȂǴǐǌ ǅƷǆǴ Ʒȝ ƷǶǶ ȝǣǐ ȂǶǌ ǜƷǻǦǶΞ ȏǣȂȝȂȖ ȝǣƷȝ /
ǣƷΗǐॶ ƷǼǌ Ǧȝ ǦȖ ǆǶǐƷȓ ȝǣƷȝ ǻΞ ȏƷȓǐǼȝȖ Ʒȓǐ ǣƷȏȏǦǐȖȝ Ʒȝ ǻΞ ƷǼǌ ǻΞ ȖǦǅǶǦǼǝȖ ǝȓƷǌȠƷȝǦȂǼȖ ǅǐǆƷȠȖǐ ǼȂȝǣǦǼǝ
ǻƷǴǐȖ ȝǣǐǻ ǣƷȏȏǦǐȓ ȝǣƷǼ ǣǐǶȏǦǼǝ ȝǣǐǦȓ ǆǣǦǶǌȓǐǼ ȏȠȓȖȠǐ ȝǣǐǦȓ ǌȓǐƷǻȖॽ BȂǻ ƷǼǌ �Ʒǌॶ ΞȂȠ ȝƷȠǝǣȝ ǻǐ
ȝǣƷȝ / Ʒǻ ǆƷȏƷǅǶǐ Ȃǜ ǶǐƷȓǼǦǼǝ ƷǼΞȝǣǦǼǝॽ

/ ȝǣƷǼǴ ǻΞ ȖǦǅǶǦǼǝȖূ�ǣȓǦȖॶ [ǐƷǼॶ ƷǼǌ UƷǦǝǐূƷǼǌ ǻΞ eǼǆǶǐ :ȂǣǼ ǜȂȓ ΞȂȠȓ ǣȠǻȂȓ ƷǼǌ ǜȂȓ ƷǶΘƷΞȖ
ǝǦΗǦǼǝ ǻǐ Ʒ ǣƷȓǌ ȝǦǻǐॽ XǐȖȝ ƷȖȖȠȓǐǌॶ /ǶǶ ǼǐΗǐȓ ǝǐȝ ȝȂȂ ǜȠǶǶ Ȃǜ ǻΞȖǐǶǜ ΘǦȝǣ ΞȂȠ ƷǶǶ ǼǐƷȓǅΞॽ

/ ΘƷǼȝ ȝȂ ȝǣƷǼǴ XȂǌȂǶǜȂ HȖȝǦǶǶƷৄBȃǼǦǆȂॶ �ǶƷǦǼ UȠǻǦȓॶ ƷǼǌBǦǆǣƷǐǶ �ȓǐǼǼǐȓ ǜȂȓ ǅǐǦǼǝ ȝǣǐ ЖǼǐȖȝ
ǝȓȂȠȏ Ȃǜ ǆȂǶǶƷǅȂȓƷȝȂȓȖ ȝǣƷȝ / ǆȂȠǶǌ ǐΗǐȓ ƷȖǴ ǜȂȓॽ sȂȓǴǦǼǝ ΘǦȝǣ ΞȂȠ ƷǶǶ ȂΗǐȓ ȝǣǐ ΞǐƷȓȖ ǣƷȖ ǻƷǌǐ ǻǐ ǜǐǐǶ
ǶǦǴǐ ǼȂ ȂǅȖȝƷǆǶǐ ǦȖ ǦǼȖȠȓǻȂȠǼȝƷǅǶǐॽ yȂȠȓ ǝȠǦǌƷǼǆǐ ƷǼǌ ǻǐǼȝȂȓȖǣǦȏ ǣƷΗǐ ǅǐǐǼ Ʒ ȏȓǦΗǦǶǐǝǐॽ

/ ΘȂȠǶǌ ǶǦǴǐ ȝȂ ƷǶȖȂ ȝǣƷǼǴ ȝǣǐ CƷȝǦȂǼƷǶ [ǆǦǐǼǆǐ $ȂȠǼǌƷȝǦȂǼ ǜȂȓ ǜȠǼǌǦǼǝ ǻΞ ȓǐȖǐƷȓǆǣ ȝǣȓȂȠǝǣ ȝǣǐ
�ǦΗǦȖǦȂǼ Ȃǜ BƷȝǣǐǻƷȝǦǆƷǶ [ǆǦǐǼǆǐȖ ƷǼǌ ȝǣǐ ,ƷȓΗƷȓǌBƷȝǐȓǦƷǶȖ XǐȖǐƷȓǆǣ [ǆǦǐǼǆǐ ƷǼǌ �ǼǝǦǼǐǐȓǦǼǝ
�ǐǼȝǐȓॽ

/ ȝǣƷǼǴ ȝǣǐ ǻǐǻǅǐȓȖ Ȃǜ ȝǣǐ [BX =Ʒǅ ǜȂȓ ǅǐǦǼǝ ǻΞ ȖǐǆȂǼǌ ǜƷǻǦǶΞ ǦǼ ǝȓƷǌȠƷȝǐ ȖǆǣȂȂǶॽ =ǦǴǐ ȝǣǐ
ȓǐȖȝ Ȃǜ ǻΞ ǜƷǻǦǶΞॶ ΞȂȠ ƷǶǶ ǴǼȂΘ ǣȂΘ ȝȂ ǻƷǴǐ ǻǐ ǶƷȠǝǣॶ ǣȂΘ ȝȂ ǝǦΗǐ ǻǐ Ʒ ǣƷȓǌ ȝǦǻǐॶ ƷǼǌ ǣȂΘ ȝȂ
ƷǶΘƷΞȖ ȓǐǻǦǼǌ ǻǐূǦǼ ȂȠȓ ȂΘǼ ǌΞȖǜȠǼǆȝǦȂǼƷǶ ΘƷΞূȝǣƷȝ ΞȂȠȓǐ ƷǶΘƷΞȖ ǶȂȂǴǦǼǝ ȂȠȝ ǜȂȓ ǻǐॽ =ǦȖƷॶ ΞȂȠ
Ʒȓǐ ȂǼǐ Ȃǜ ȝǣǐ ǴǦǼǌǐȖȝॶ ǻȂȖȝ ȖǐǶЙǐȖȖ ȏǐȂȏǶǐ /Ηǐ ǣƷǌ ȝǣǐ ǝȂȂǌ ǜȂȓȝȠǼǐ Ȃǜ ΘȂȓǴǦǼǝ ΘǦȝǣॶ ƷǼǌ /ǻ ȖȂ
ǝȓƷȝǐǜȠǶ ȝǣƷȝ / ǣƷǌ ΞȂȠ ǅΞ ǻΞ ȖǦǌǐ ȝǣȓȂȠǝǣȂȠȝ ǝȓƷǌ ȖǆǣȂȂǶ ƷǼǌ ǅǐΞȂǼǌॽ sǦǶǶॶ ȝǣƷǼǴ ΞȂȠ ǜȂȓ ǅǐǦǼǝ
ȝǣǐ ȂǶǌǐȓ ǅȓȂȝǣǐȓ / ǼǐΗǐȓ ΘƷǼȝǐǌ ǅȠȝ ǌǐЖǼǦȝǐǶΞ Ǽǐǐǌǐǌ ǦǼ ǝȓƷǌ ȖǆǣȂȂǶॽ [Ʒǻॶ ȝǣȓȂȠǝǣȂȠȝ ȂȠȓ ȝǦǻǐ
ǦǼ ǝȓƷǌ ȖǆǣȂȂǶॶ Θǣǐȝǣǐȓ Ǧȝ ΘƷȖ ǦǼ ǶƷǅॶ ǦǼ ȝǣǐ ǆǶƷȖȖȓȂȂǻॶ Ȃȓ ǱȠȖȝ ǝȂȂЖǼǝ ƷȓȂȠǼǌॶ ȝǣƷǼǴ ΞȂȠ ǜȂȓ ƷǶΘƷΞȖ
ǐǻǅȓƷǆǦǼǝ ৗΞǐȖॶ ƷǼǌ ΘǦȝǣ ǻǐঃ ΞȂȠȓǐ Ʒ ȝȓȠǐ ǜȓǦǐǼǌॽ

=ƷȖȝǶΞॶ [ǣǻȠǐǶॵ ǻΞ ƷǌΗǦȖȂȓॶ ǻΞ ǻǐǼȝȂȓॶ ƷǼǌ ǻΞ ǅȂȖȖॽ bǣƷǼǴ ΞȂȠ ǜȂȓ ȝǐƷǆǣǦǼǝ ǻǐ ǣȂΘ ȝȂ ƷȖǴ
ȒȠǐȖȝǦȂǼȖ ȝǣǐ ȓǦǝǣȝ ȒȠǐȖȝǦȂǼȖॶ ǣȂΘ ȝȂ ǌȂ ǆȠȝȝǦǼǝৄǐǌǝǐ ȖǆǦǐǼȝǦЖǆ ȓǐȖǐƷȓǆǣ Ʒȝ Ʒ ΘȂȓǶǌৄǆǶƷȖȖ ǶǐΗǐǶॶ ƷǼǌ
ǣȂΘ ȝȂ ǅǐǆȂǻǐ Ʒ ǻǐǼȝȂȓ ȝȂ ȂȝǣǐȓȖॽ / Ʒǻ ǐȝǐȓǼƷǶǶΞ ǝȓƷȝǐǜȠǶ ǜȂȓ ȝǣǐ ȝǦǻǐ ȝǣƷȝ /Ηǐ ǣƷǌ ȝȂ ǶǐƷȓǼ ǜȓȂǻ
ΞȂȠॽ

ǦΝ



0
/ǼȝȓȂǌȠǆȝǦȂǼ

sǣǐǼ / ЖȓȖȝ ǅǐǝƷǼ ǻΞ ȠǼǌǐȓǝȓƷǌȠƷȝǐ ǐǌȠǆƷȝǦȂǼ ǦǼ ǐǼǝǦǼǐǐȓǦǼǝॶ / ΘƷȖ ȠǼǌǐȓ ȝǣǐ ǦǻȏȓǐȖȖǦȂǼ ȝǣƷȝ

ƷǶǶ Ȃǜ ǆǶƷȖȖǦǆƷǶ ǻǐǆǣƷǼǦǆȖ ǣƷǌ ǅǐǐǼ ǶƷȓǝǐǶΞ ЖǝȠȓǐǌ ȂȠȝॽ sǣǦǶǐ ǼǐΘॶ ȝȓƷǼȖǜȂȓǻƷȝǦΗǐ ǌǐΗǐǶȂȏǻǐǼȝȖ

Θǐȓǐ ǐǻǐȓǝǦǼǝ ǆȂǼȖȝƷǼȝǶΞ ǦǼ ЖǐǶǌȖ ǶǦǴǐ ǅǦȂǶȂǝΞॶ ǐǶǐǆȝȓȂǼǦǆȖॶ ȒȠƷǼȝȠǻǻǐǆǣƷǼǦǆȖॶ ƷǼǌ ƷȖȝȓȂȏǣΞȖǦǆȖॶ

ȝǣǐȓǐ Θǐȓǐ ǼȂ ǌǐǐȏॶ ȂȏǐǼ ȒȠǐȖȝǦȂǼȖ ȝǣƷȝ ȓǐǻƷǦǼǐǌ ƷǅȂȠȝ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ǐΗǐȓΞǌƷΞ ȂǅǱǐǆȝȖॽ bǣǐ

ǜȠǼǌƷǻǐǼȝƷǶ ǐȒȠƷȝǦȂǼȖ Ȃǜ ǻȂȝǦȂǼ ǝȂΗǐȓǼǦǼǝ ȖȠǆǣ ǆǶƷȖȖǦǆƷǶ ȖΞȖȝǐǻȖ Θǐȓǐ ǐȖȝƷǅǶǦȖǣǐǌ ǆǐǼȝȠȓǦǐȖ ƷǝȂ

ǅΞ CǐΘȝȂǼǦƷǼ ǻǐǆǣƷǼǦǆȖ ƷǼǌ Ȃȝǣǐȓ ǆȂǼȖǐȓΗƷȝǦȂǼ ǶƷΘȖ ȓǐǝƷȓǌǦǼǝ ǣȂΘǻǐǆǣƷǼǦǆƷǶ ȖΞȖȝǐǻȖূǌǦȖǆȓǐȝǐ

ऀ



Ȃȓ ǆȂǼȝǦǼȠȂȠȖূȓǐȖȏȂǼǌ ȝȂ ǐΝȝǐȓǼƷǶ ǜȂȓǆǦǼǝॽ ,ȂΘǐΗǐȓॶ ȠȏȂǼ ȝƷǴǦǼǝ ǻΞ ЖȓȖȝ ǆǶƷȖȖ ǦǼ ЙȠǦǌ ǻǐǆǣƷǼǦǆȖॶ

/ ȒȠǦǆǴǶΞ ǅǐǆƷǻǐ ƷΘƷȓǐ Ȃǜ ȝǣǐ ǻƷǦǼ ΗȂǦǌ ȓǐǻƷǦǼǦǼǝ ΘǦȝǣǦǼ ȂȠȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ǆǶƷȖȖǦǆƷǶ ȏǣΞȖǦǆȖॵ

ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ

CǐǐǌǶǐȖȖ ȝȂ ȖƷΞॶ ȝǣǦȖ ΘƷȖ ȖǣȂǆǴǦǼǝ ȝȂ ǶǐƷȓǼॽ [ȠȓǐǶΞॶ ȝǣǐ ȏǣΞȖǦǆȖ Ȃǜ ǣȂΘ ǦǼǆȂǻȏȓǐȖȖǦǅǶǐ ЙȠǦǌȖ ǻȂΗǐ

ƷǼǌ ǦǼȝǐȓƷǆȝ ΘǦȝǣ Ȃȝǣǐȓ ȓǦǝǦǌ ǅȂǌǦǐȖ ǣƷǌ ǅǐǐǼ ǐȖȝƷǅǶǦȖǣǐǌ ƷǼǌ ǆȂȠǶǌ ǅǐ ǻȂǌǐǶǶǐǌ ƷǼǌ ȏȓǐǌǦǆȝǐǌॽ

bǣǦȖ ǦȖ ȝȓȠǐ ȠǼǌǐȓ ǆǐȓȝƷǦǼ ǆƷȖǐȖॶ ǼƷǻǐǶΞ ǶƷǻǦǼƷȓ ЙȂΘȖূΘǣǐǼ ЙȠǦǌ ǐǶǐǻǐǼȝȖ ЙȂΘ ǦǼ Ȃȓǌǐȓǐǌ ȏƷȓƷǶǶǐǶ

ȖȝȓǐƷǻǶǦǼǐȖ ΘǦȝǣȂȠȝ ǻǦΝǦǼǝॽ $ǶȂΘȖ ȓǐǻƷǦǼ ǶƷǻǦǼƷȓ ΘǣǐǼ ȝǣǐ ΗǦȖǆȂȠȖ ǜȂȓǆǐȖ ǅǐȝΘǐǐǼ ЙȠǦǌ ǐǶǐǻǐǼȝȖ

ȝǐǻȏǐȓ ȝǣǐ ǦǼǐȓȝǦƷǶ ǜȂȓǆǐȖ ȝǣƷȝ ǌȓǦΗǐ ȝǣǐǻॶ ȝǣǐȓǐǅΞ ǴǐǐȏǦǼǝ ȝǣǐ ЙȂΘ ȖȝƷǅǶǐॽ ,ȂΘǐΗǐȓॶ ΘǣǐǼ ȝǣǐ ǦǼৄ

ǐȓȝǦƷǶ ǜȂȓǆǐȖ Ȃǜ Ʒ ЙȂΘ Ʒȓǐ ȖȂ ǣǦǝǣ ȝǣƷȝ ȝǣǐΞ ȂΗǐȓȏȂΘǐȓ ȝǣǐ ΗǦȖǆȂȠȖ ǜȂȓǆǐȖॶ ȝǣǐ ȖȝȓǐƷǻǶǦǼǐȖ ǅǐǆȂǻǐ

ȠǼȖȝƷǅǶǐ ƷǼǌ ȝǣǐ ЙȂΘ ǅȓǐƷǴȖ ǌȂΘǼ ǦǼȝȂ Ʒ ǌǦȖȂȓǌǐȓǐǌ ǐǼȖǐǻǅǶǐ Ȃǜ ȖΘǦȓǶǦǼǝ ǐǌǌǦǐȖॶ ǴǼȂΘǼ ƷȖ ȝȠȓৄ

ǅȠǶǐǼǆǐॽ bǣǦȖ ȝȓƷǼȖǦȝǦȂǼ ȝȂ ȝȠȓǅȠǶǐǼǆǐ ΘƷȖ ЖȓȖȝ ǐΝƷǻǦǼǐǌ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ǅΞ HȖǅȂȓǼǐ XǐΞǼȂǶǌȖ ǦǼ

ऀइइंॶ ΘǣȂ ǌǐΗǐǶȂȏǐǌ Ʒ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ǻǐƷȖȠȓǐ Ȃǜ ȝǣǦȖ ǅƷǶƷǼǆǐ ǅǐȝΘǐǐǼ ǦǼǐȓȝǦƷǶ ƷǼǌ ΗǦȖǆȂȠȖ ǜȂȓǆǐȖ ǦǼ

Ʒ ЙȂΘॶ ǐȏȂǼΞǻȂȠȖǶΞ ǴǼȂΘǼ ƷȖ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ Xǐॵअऀ

Xǐ = ǦǼǐȓȝǦƷǶ ǜȂȓǆǐȖ
ΗǦȖǆȂȠȖ ǜȂȓǆǐȖ

=
e=
ܹ ऀ

/Ǽ ȝǣǦȖ ǐȒȠƷȝǦȂǼॶe ǦȖ ȝǣǐ ǆǣƷȓƷǆȝǐȓǦȖȝǦǆ ΗǐǶȂǆǦȝΞ ȖǆƷǶǐ Ȃǜ Ʒ ЙȂΘॶ = ǦȖ Ʒ ǆǣƷȓƷǆȝǐȓǦȖȝǦǆ ǶǐǼǝȝǣ ȖǆƷǶǐ ǦǼ

Ʒ ЙȂΘॶ ƷǼǌ ܹ ǦȖ ȝǣǐ ǴǦǼǐǻƷȝǦǆ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌॽ bǣȂȠǝǣ XǐΞǼȂǶǌȖ ǦǼǦȝǦƷǶǶΞ ȏȓȂȏȂȖǐǌ ȝǣǦȖ ǌǦǻǐǼৄ

ȖǦȂǼǶǐȖȖ ȏƷȓƷǻǐȝǐȓ ǜȂȓ ΘƷȝǐȓ ЙȂΘǦǼǝ ȝǣȓȂȠǝǣ Ʒ ȏǦȏǐॶ ΘǣǐȓǐeΘƷȖ ȝǣǐ ǻǐƷǼ ΗǐǶȂǆǦȝΞ Ȃǜ ȝǣǐ ЙȂΘ ƷǼǌ

=ΘƷȖ ȝǣǐ ǌǦƷǻǐȝǐȓ Ȃǜ ȝǣǐ ȏǦȏǐॶ Ǧȝ ǣƷȖ ǅǐǐǼ ƷȏȏǶǦǐǌ ȂΗǐȓ Ʒ ǻΞȓǦƷǌ Ȃǜ ǌǦЍǐȓǐǼȝ ЙȂΘ ǆȂǼЖǝȠȓƷȝǦȂǼȖॽ

/Ǽ ǐƷǆǣ ǆƷȖǐॶ Ʒ ЙȂΘ ΘǦǶǶ ȝȓƷǼȖǦȝǦȂǼ ȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ȖȝƷȝǐ ΘǣǐǼ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ȓǐƷǆǣǐȖ Ʒ ȝǣȓǐȖǣৄ

ȂǶǌ ΗƷǶȠǐॶ ΘǣǐȓǐǦǼ ȝǣǐ ǦǼǐȓȝǦƷǶ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ ЙȂΘ ǌȂǻǦǼƷȝǐȖॽ bǣǐ ƷȏȏǶǦǆƷǅǦǶǦȝΞ ƷǼǌ ǐΝȝǐǼȖǦǅǦǶǦȝΞ

Ȃǜ ȝǣǦȖ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ȏƷȓƷǻǐȝǐȓ ǦǼ ƷǼΞ ǦǼǆȂǻȏȓǐȖȖǦǅǶǐ ЙȂΘ ǌǐǻȂǼȖȝȓƷȝǐȖ ȝǣǐ ȠǼǦΗǐȓȖƷǶ ǼƷȝȠȓǐ Ȃǜ

ȝȠȓǅȠǶǐǼǆǐॽ

bȠȓǅȠǶǐǼȝ ЙȂΘȖ Ʒȓǐ ȠǅǦȒȠǦȝȂȠȖ ǦǼ ǐΗǐȓΞǌƷΞ ǶǦǜǐॶ ǜȓȂǻ ȝǣǐ ЙȂΘȖ Ȃǜ ȖȝȓǐƷǻȖॶ ȓǦΗǐȓȖॶ ƷǼǌ ȂǆǐƷǼȖॶ

ँ



ȝȂ ȝǣǐ ЙȂΘȖ ȏƷȖȝ ǻȂΗǦǼǝ ǆƷȓȖ ƷǼǌ ȏǶƷǼǐȖॽ bǣǐ ΗǐǶȂǆǦȝΞ ЖǐǶǌȖ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ Ʒȓǐ ǌǦȖȂȓǌǐȓǐǌ ƷǼǌ

ǦȓȓǐǝȠǶƷȓॶ ǻǐƷǼǦǼǝ ȝǣƷȝ ȝǣǐΞ ЙȠǆȝȠƷȝǐ ǅȂȝǣ ȖȏƷȝǦƷǶǶΞ ƷǼǌ ȝǐǻȏȂȓƷǶǶΞॽ bǣǦȖ ǦȖ Ʒ ǆȂǼȖǐȒȠǐǼǆǐ Ȃǜ ȝǣǐ

ǜȂȓǻƷȝǦȂǼ ƷǼǌ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ǐǌǌǦǐȖ ȂΗǐȓ Ʒ ΘǦǌǐ ȓƷǼǝǐ Ȃǜ ȖǆƷǶǐȖॶ ǜȓȂǻ ȝǣǐ ǶƷȓǝǐȖȝ ȖǆƷǶǐȖ Θǣǐȓǐ ǐǼǐȓǝΞ

ǦȖ ǦǼǱǐǆȝǐǌ ǦǼȝȂ ȝǣǐ ЙȂΘॶ ǌȂΘǼ ȝȂ ȝǣǐ ȖǻƷǶǶǐȖȝ ȖǆƷǶǐȖ Θǣǐȓǐ Ǧȝ ǦȖ ǌǦȖȖǦȏƷȝǐǌ ȝǣȓȂȠǝǣ ΗǦȖǆȂȖǦȝΞॽ bǣǐ

ǆȂǻȏǶǦǆƷȝǐǌ ǼƷȝȠȓǐ Ȃǜ ȝǣǐȖǐ ǌΞǼƷǻǦǆȖ ǣƷȖ ǶǦǻǦȝǐǌ ȂȠȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ǣȂΘ ȝȠȓǅȠǶǐǼǆǐ ǐΗȂǶΗǐȖ ȂǼ Ʒ

ǜȠǼǌƷǻǐǼȝƷǶ ǶǐΗǐǶॽ

HȠȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ǣȂΘ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ΗǦȖǆȂȠȖ ЙȠǦǌ ЙȂΘȖ ǐΗȂǶΗǐ ΘƷȖ ǌǐΗǐǶȂȏǐǌ ǦǼ ȝǣǐ ǐƷȓǶΞ

ऀइࣿࣿȖ ΘǦȝǣ ȝǣǐ ǌǐȓǦΗƷȝǦȂǼ ƷǼǌ ǶƷȝǐȓ ǜȂȓǻƷǶǦΣƷȝǦȂǼ Ȃǜ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖॶ ȖǣȂΘǼ ǦǼ �ȒȖॽ ँ

ƷǼǌ ंऀँॽ bǣǐΞ ǆǣƷȓƷǆȝǐȓǦΣǐ ȝǣǐ ǐȒȠƷȝǦȂǼȖ Ȃǜ ǻȂȝǦȂǼ Ȃǜ ƷǼ ǦǼǆȂǻȏȓǐȖȖǦǅǶǐॶ CǐΘȝȂǼǦƷǼ ЙȠǦǌ ΘǦȝǣ

ǌǐǼȖǦȝΞॶ ܽ ƷǼǌ ǴǦǼǐǻƷȝǦǆ ΗǦȖǆȂȖǦȝΞॶ ܹॽ

∂Ƞ
∂ȼ + (Ƞ ·∇) Ƞ = − 

ܽ∇Ȯ+ ǜ+ ܹ∇ࣣȠ ँ

∇ · Ƞ = ࣡ ं

/Ǽ ȝǣǐȖǐ ǐȒȠƷȝǦȂǼȖॶ Ƞ(ͣ, ͤ, ͩ, ȼ) ǦȖ ȝǣǐ ΗǐǶȂǆǦȝΞ ЖǐǶǌ Ȃǜ ȝǣǐ ЙȂΘॶ Ȯ(ͣ, ͤ, ͩ, ȼ) ǦȖ ȝǣǐ ȏȓǐȖȖȠȓǐ ǌǦȖȝȓǦǅȠৄ

ȝǦȂǼॶ ƷǼǌ ǜ(ͣ, ͤ, ͩ, ȼ) ǦȖ ƷǼ ǐΝȝǐȓǼƷǶ ǅȂǌΞ ǜȂȓǆǐ ƷǆȝǦǼǝ ȂǼ ȝǣǐ ЙȠǦǌॽ �Ȓॽ ँ ȓǐȏȓǐȖǐǼȝȖ ȝǣǐ ƷȏȏǶǦǆƷȝǦȂǼ

Ȃǜ CǐΘȝȂǼȖ ȖǐǆȂǼǌ ǶƷΘ Ȃǜ ǻȂȝǦȂǼ ǦǼ Ʒ ǆȂǼȝǦǼȠȠǻ ЙȠǦǌ ǻȂǌǐǶॶ ΘǣǐȓǐǅΞ ȝǣǐ ǻȂǻǐǼȝȠǻ Ȃǜ ǐƷǆǣ

ЙȠǦǌ ǐǶǐǻǐǼȝ ȝǣǐ Ƕǐǜȝ ȖǦǌǐ Ȃǜ ȝǣǐ ǐȒȠƷȝǦȂǼ ǦȖ ǅƷǶƷǼǆǐǌ ǅΞ ȝǣǐ ǜȂȓǆǐȖ ƷǆȝǦǼǝ ȂǼ ǐƷǆǣ ЙȠǦǌ ǐǶǐǻǐǼȝ

ȝǣǐ ȓǦǝǣȝ ȖǦǌǐ Ȃǜ ȝǣǐ ǐȒȠƷȝǦȂǼॽ �Ȓॽ ं ȓǐȖȠǶȝȖ ǜȓȂǻǻƷȖȖ ǆȂǼȝǦǼȠǦȝΞ ǜȂȓ Ʒ ЙȠǦǌ ΘǦȝǣ Ʒ ǆȂǼȖȝƷǼȝ ǌǐǼৄ

ȖǦȝΞॽ sǣǦǶǐ ȝǣǐȖǐ ǐȒȠƷȝǦȂǼȖ ǦǻȏȂȖǐ ǶȂǆƷǶ ǆȂǼȖȝȓƷǦǼȝȖ ȂǼ ȝǣǐ ȝȓƷǼȖǜǐȓ Ȃǜ ǻȂǻǐǼȝȠǻ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ

ЙȠǦǌ ǐǶǐǻǐǼȝȖ ƷǼǌ ǝǶȂǅƷǶ ǆȂǼȖȝȓƷǦǼȝȖ ȂǼ ȝǣǐ ЙȂΘȖ ǦǼǆȂǻȏȓǐȖȖǦǅǦǶǦȝΞॶ ȝǣǐΞ ȏȓȂΗǦǌǐ ǼȂ ǦǼȖǦǝǣȝȖ ȂǼ ȝǣǐ

ȖȝȓȠǆȝȠȓƷǶ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ЙȂΘॽ /Ǽ ȏƷȓȝǦǆȠǶƷȓॶ ȝǣǐ ǼȂǼৄǶǦǼǐƷȓǦȝΞ Ȃǜ ȝǣǐ ƷǌΗǐǆȝǦΗǐ ȝǐȓǻॶ (Ƞ ·∇) Ƞॶ ǣƷȖ

ǻƷǌǐ ȖȂǶΗǦǼǝ ȝǣǐȖǐ ǐȒȠƷȝǦȂǼȖ ǻƷȝǣǐǻƷȝǦǆƷǶǶΞ ǦǼȝȓƷǆȝƷǅǶǐॽ /Ǽ ǜƷǆȝॶ ǌǐȝǐȓǻǦǼǦǼǝ Θǣǐȝǣǐȓ ȝǣǐ CƷΗǦǐȓৄ

[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖ ȓǐǻƷǦǼ ȖǻȂȂȝǣ ǜȂȓ ƷǶǶ ȝǦǻǐ ƷǼǌ ǌȂ ǼȂȝ ǅǐǆȂǻǐ ȖǦǼǝȠǶƷȓ Ȃȓ ৗǅǶȂΘৄȠȏ ȓǐǻƷǦǼȖ ƷǼ

ं



ȠǼȖȂǶΗǐǌBǦǶǶǐǼǦȠǻ UȓǦΣǐ ȏȓȂǅǶǐǻ ΘǦȝǣ Ʒ ǻǦǶǶǦȂǼৄǌȂǶǶƷȓ ȓǐΘƷȓǌऀऄॽ sǦȝǣ ȖȠǆǣ Ʒ ǶǦǻǦȝǐǌ ǻƷȝǣǐǻƷȝৄ

ǦǆƷǶ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ǣȂΘ ȝǣǐ ȖȂǶȠȝǦȂǼȖ ȝȂ ȝǣǐȖǐ ǐȒȠƷȝǦȂǼȖ ǅǐǣƷΗǐॶ ǦȝȖ ǼȂ ΘȂǼǌǐȓ ȝǣƷȝ ȂȠȓ ȏǣΞȖǦǆƷǶ

ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ ǣƷȖ ǅǐǐǼ ǣƷǻȏǐȓǐǌ ǜȂȓ ȖȂ ǶȂǼǝॽ

%ǦΗǐǼ ȝǣǐ ǻƷȝǣǐǻƷȝǦǆƷǶ ǆǣƷǶǶǐǼǝǐȖ Ȃǜ ǆǣƷȓƷǆȝǐȓǦΣǦǼǝ ǣȂΘ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ ǌǐΗǐǶȂȏॶ ȓǐȖǐƷȓǆǣǐȓȖ

ǅǐǝƷǼ ȝȂ ȝƷǆǴǶǐ ȝǣǐ ȏȓȂǅǶǐǻǻȂȓǐ ƷǅȖȝȓƷǆȝǶΞ ǦǼ Ȃȓǌǐȓ ȝȂ ǜȂȓǻȠǶƷȝǐ Ʒ ǻȂȓǐ ǜȠǼǌƷǻǐǼȝƷǶ ȠǼǌǐȓȖȝƷǼǌৄ

ǦǼǝ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼȖ ȝǣƷȝ ǝȂΗǐȓǼ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ bǣǦȖ ΘƷȖ ǦǼǦȝǦƷȝǐǌ ǅΞ =ǐΘǦȖ $ȓΞ

XǦǆǣƷȓǌȖȂǼ ǦǼ ऀईँँॶ ΘǣȂ ȏȂǐȝǦǆƷǶǶΞ ǐǼǆƷȏȖȠǶƷȝǐǌ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ǐǌǌǦǐȖॶ Ȃȓ ΘǣǦȓǶȖॶ ǦǼ ȝȠȓǅȠৄ

ǶǐǼǆǐॵअं

ৗ�Ǧǝ ΘǣǦȓǶȖ ǣƷΗǐ ǶǦȝȝǶǐ ΘǣǦȓǶȖॶ

bǣƷȝ ǜǐǐǌ ȂǼ ȝǣǐǦȓ ΗǐǶȂǆǦȝΞঃ

�Ǽǌ ǶǦȝȝǶǐ ΘǣǦȓǶȖ ǣƷΗǐ ǶǐȖȖǐȓ ΘǣǦȓǶȖॶ

�Ǽǌ ȖȂ ȂǼ ȝȂ ΗǦȖǆȂȖǦȝΞॽ

bǣǦȖ ȖǦǻȏǶǐ ȏȂǐǻ ΘƷȖ ȝǣǐ ǜȂȠǼǌƷȝǦȂǼ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐূȝǣǐ ǻǐǆǣƷǼǦȖǻ ǅΞ ΘǣǦǆǣ

ȝǣǐ ǐǼǐȓǝΞ Ȃǜ Ʒ ȝȠȓǅȠǶǐǼȝ ЙȂΘ ǦȖ ȝȓƷǼȖǜǐȓȓǐǌ ǜȓȂǻ ǶƷȓǝǐ ȝȂ ȖǻƷǶǶ ȖǆƷǶǐȖॽ bǣǦȖ ǻǐǆǣƷǼǦȖǻॶ ȝǣȂȠǝǣ

ΗƷǝȠǐ Ʒȝ ЖȓȖȝॶ ΘƷȖ ȝȓƷǼȖǜȂȓǻƷȝǦΗǐॽ /ȝ ǐȖȝƷǅǶǦȖǣǐǌ ȝǣƷȝ ǶƷȓǝǐ ΗȂȓȝǦǆǐȖ ǦǼ Ʒ ȝȠȓǅȠǶǐǼȝ ЙȂΘ ǦǼȝǐȓƷǆȝ ΘǦȝǣ

ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼ ȝȂ ȖǻƷǶǶǐȓ ΗȂȓȝǦǆǐȖॶ ΘǣǦǆǣॶ ȝǣǐǻȖǐǶΗǐȖॶ ǅȓǐƷǴ ǌȂΘǼ ǦǼ ȝǣǐ ȖƷǻǐ ǻƷǼǼǐȓॽ

bǣǦȖ ȏȓȂǆǐȖȖ ΘȂȠǶǌ ǦȝǐȓƷȝǐ ƷǝƷǦǼ ƷǼǌ ƷǝƷǦǼ ȠǼȝǦǶ ȝǣǐ ΗȂȓȝǦǆǐȖ ǅǐǆȂǻǐ ȖȂ ȖǻƷǶǶ ȝǣƷȝ ȝǣǐǦȓ ǻȂȝǦȂǼ ǦȖ

ǌƷǻȏǐǌ ȂȠȝ ǅΞ ȝǣǐ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌॽ bǣǦȖ ȏȓȂȏȂȖǐǌ ǻǐǆǣƷǼǦȖǻ ǜȂȓ ǐǼǐȓǝΞ ȝȓƷǼȖǜǐȓ Ȗǐǐǻǐǌ ǦǼৄ

ȝȠǦȝǦΗǐॶ ǅȠȝ Ǧȝ ȖȝǦǶǶ ȓǐȒȠǦȓǐǌ Ʒ ǻƷȝǣǐǻƷȝǦǆƷǶ ǅƷȖǦȖ ǅΞ ΘǣǦǆǣ ȝǣǐ ǆƷȖǆƷǌǐ ǆȂȠǶǌ ǅǐ ǆǣƷȓƷǆȝǐȓǦΣǐǌ ƷǼǌ

ǻǐƷȖȠȓǐǌ ǦǼ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ

XǐȖǐƷȓǆǣǐȓȖ ȒȠǦǆǴǶΞ ȓȂȖǐ ȝȂ ȝǣǐ ǆǣƷǶǶǐǼǝǐ ƷǼǌ ǅǐǝƷǼ ȏȓȂȏȂȖǦǼǝ ǻȂȓǐ ȓǦǝȂȓȂȠȖ ǻƷȝǣǐǻƷȝǦǆƷǶ ǜȂȓৄ

ǻȠǶƷȝǦȂǼȖ ȝȂ ȝǐȖȝ ȝǣǐ ΗƷǶǦǌǦȝΞ Ȃǜ XǦǆǣƷȓǌȖȂǼȖ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐॽ sǣǦǶǐ ȖǐΗǐȓƷǶ ǻȂǌǐǶȖ Θǐȓǐ ǌǐΗǐǶȂȏǐǌ

ƷǼǌ ȝǐȖȝǐǌॶ Ǧȝ ΘƷȖǼȝ ȠǼȝǦǶ �ǼǌȓǐΞ <ȂǶǻȂǝȂȓȂΗȖ ȖǐǻǦǼƷǶ ऀईःऀ ΘȂȓǴ ȝǣƷȝ ȝǣǐ ȖȝȠǌΞ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ

ΘƷȖ ǜȂȓǐΗǐȓ ȝȓƷǼȖǜȂȓǻǐǌंःॽ <ȂǶǻȂǝȂȓȂΗȖ ǐǶǐǝƷǼȝ ƷȏȏȓȂƷǆǣ Ȃǜ ǆǣƷȓƷǆȝǐȓǦΣǦǼǝ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ ΘƷȖ

ः



ǅƷȖǐǌ ȂǼ ΗǦǐΘǦǼǝ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ǐǌǌǦǐȖ ȖȝƷȝǦȖȝǦǆƷǶǶΞॶ ƷǅȖȝȓƷǆȝǦǼǝ ƷΘƷΞ ȝǣǐ ǌǐȝƷǦǶȖ

Ȃǜ ȝǣǐǦȓ ȖȝȓȠǆȝȠȓǐॽ <ȂǶǻȂǝȂȓȂΗ ȏȓȂȏȂȖǐǌ ȝǣƷȝ ǜȂȓ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ Ʒȝ ǣǦǝǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ȝǣǐ

ȖǻƷǶǶৄȖǆƷǶǐ ǻȂȝǦȂǼȖ Ȃǜ ǐǌǌǦǐȖ Ʒȓǐ ǣȂǻȂǝǐǼǐȂȠȖ ƷǼǌ ǦȖȂȝȓȂȏǦǆॽ ,ǐ ƷȖȖȠǻǐǌ ȝǣƷȝ ƷȖ ǶƷȓǝǐ ȖǆƷǶǐ ǐǌǌǦǐȖ

ǦǼȝǐȓƷǆȝǐǌ ƷǼǌ ǅȓȂǴǐ ǌȂΘǼ ȝȂ ȖǻƷǶǶǐȓ ȖǆƷǶǐȖॶ ȝǣǐΞ ΘȂȠǶǌ ǶȂȖǐ ȝǣǐǦȓ ƷǼǦȖȂȝȓȂȏǦǆ ȏȓȂȏǐȓȝǦǐȖॶ ǻƷǴǦǼǝ

ȝǣǐǦȓ ǌΞǼƷǻǦǆȖ ȠǼǦΗǐȓȖƷǶ ƷǼǌ ǦǼǌǐȏǐǼǌǐǼȝ Ȃǜ ǦǼǦȝǦƷǶ Ȃȓ ǅȂȠǼǌƷȓΞ ǆȂǼǌǦȝǦȂǼȖॽ <ȂǶǻȂǝȂȓȂΗ ȝǣǐǼ ȏȓȂৄ

ȏȂȖǐǌ ȝΘȂ ȖǦǻǦǶƷȓǦȝΞ ǣΞȏȂȝǣǐȖǐȖ ǜȂȓ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ǐǌǌǦǐȖॽ

bǣǐ ЖȓȖȝ ȖǦǻǦǶƷȓǦȝΞ ƷȖȖȠǻȏȝǦȂǼ ȖȝƷȝǐȖ ȝǣƷȝ ǦǼ ǐΗǐȓΞ ȝȠȓǅȠǶǐǼȝ ЙȂΘॶ Ʒȝ Ʒ ȖȠАǆǦǐǼȝǶΞ ǣǦǝǣ XǐΞǼȂǶǌȖ

ǼȠǻǅǐȓॶ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ǐǌǌǦǐȖ Ʒȓǐ ȠǼǦΗǐȓȖƷǶǶΞ ƷǼǌ ȠǼǦȒȠǐǶΞ ǌǐȝǐȓǻǦǼǐǌ ǅΞ ȝǣǐ ǐǌǌΞ

ȖǦΣǐॶ "ॶ ȝǣǐ ǴǦǼǐǻƷȝǦǆ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌॶ ܹॶ ƷǼǌ ȝǣǐ ȓƷȝǐ Ȃǜ ǐǼǐȓǝΞ ǌǦȖȖǦȏƷȝǦȂǼ ȏǐȓ ȠǼǦȝ ǻƷȖȖॶ ܱॽ

$ȓȂǻ ȝǣǦȖ ƷȖȖȠǻȏȝǦȂǼॶ <ȂǶǻȂǝȂȓȂΗ ΘƷȖ ƷǅǶǐ ȝȂ ǌǐȝǐȓǻǦǼǐ Ʒ ǻǦǼǦǻȠǻ ǆȠȝȂЍ ǐǌǌΞ ȖǦΣǐॶ ܳॶ Ʒȝ ΘǣǦǆǣ

ΗǦȖǆȂȖǦȝΞ ǌȂǻǦǼƷȝǐȖ ƷǼǌ ȝǣǐ ǴǦǼǐȝǦǆ ǐǼǐȓǝΞ Ȃǜ ȝǣǐ ǐǌǌΞ ǦȖ ǌǦȖȖǦȏƷȝǐǌ ƷȖ ǣǐƷȝॵंः

ܳ =
(
ܹࣤ
ܱ

)/ࣥ
ः

bǣǦȖ ǐȖȝƷǅǶǦȖǣǐǌ Ʒ ȓƷǼǝǐ Ȃǜ ȖǆƷǶǐȖ ȂΗǐȓ ΘǣǦǆǣ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐ ǦȖ ǆȂǼЖǼǐǌॽ bǣǐȖǐ ǦǼǐȓৄ

ȝǦƷǶ ǐǌǌǦǐȖ ΘȂȠǶǌ ǣƷΗǐ ȝȂ ǅǐ ǶƷȓǝǐȓ ȝǣƷǼ ȝǣǐ ΗǦȖǆȂȠȖ ȖǆƷǶǐ ǅȠȝ ȖǻƷǶǶǐȓ ȝǣƷǼ ȝǣǐ ǶƷȓǝǐৄȖǆƷǶǐ ǐǌǌǦǐȖ Θǣǐȓǐ

ǐǼǐȓǝΞ ǦȖ ǦǼǱǐǆȝǐǌ ǦǼȝȂ ȝǣǐ ЙȂΘॽ <ȂǶǻȂǝȂȓȂΗ ȏȂȖȝȠǶƷȝǐǌ ȝǣƷȝ ΘǦȝǣǦǼ ȝǣǦȖ ǦǼǐȓȝǦƷǶ ȖȠǅȓƷǼǝǐॶ ȝǣǐ ǌΞৄ

ǼƷǻǦǆȖ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ǐǌǌǦǐȖ Ʒȓǐ ǶƷȓǝǐǶΞ ȠǼƷЍǐǆȝǐǌ ǅΞ ΗǦȖǆȂȖǦȝΞॽ bǣǦȖ Ƕǐǌ ȝȂ <ȂǶǻȂǝȂȓȂΗȖ ȖǐǆȂǼǌ

ȖǦǻǦǶƷȓǦȝΞ ƷȖȖȠǻȏȝǦȂǼॶ ΘǣǦǆǣ ȖȝƷȝǐȖ ȝǣƷȝ ǜȂȓ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ Ʒȝ ȖȠАǆǦǐǼȝǶΞ ǣǦǝǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ

ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ǐǌǌǦǐȖ ΘǦȝǣǦǼ ȝǣǐ ǦǼǐȓȝǦƷǶ ȖȠǅȓƷǼǝǐ Ʒȓǐ ȠǼǦΗǐȓȖƷǶǶΞ ƷǼǌ ȠǼǦȒȠǐǶΞ ǌǐȝǐȓǻǦǼǐǌ ǅΞ ȝǣǐ

ǐǌǌΞ ȖǦΣǐॶ "ॶ ƷǼǌ ȝǣǐ ǐǼǐȓǝΞ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ܱॽ bǣȓȂȠǝǣ ȝǣǐ ȠȖǐ Ȃǜ ǌǦǻǐǼȖǦȂǼƷǶ ƷǼƷǶΞȖǦȖॶ ȝǣǦȖ ƷȖȖȠǻȏৄ

ȝǦȂǼ Ƕǐǌ ȝȂ ȝǣǐ ǆǣƷȓƷǆȝǐȓǦΣƷȝǦȂǼ Ȃǜ ȝǣǐ ǴǦǼǐȝǦǆ ǐǼǐȓǝΞ ȖȏǐǆȝȓȠǻ ΘǦȝǣǦǼ ȝǣǐ ǦǼǐȓȝǦƷǶ ȖȠǅȓƷǼǝǐॶ �(ȓ)ॶ

ǴǼȂΘǼ ƷȖ <ȂǶǻȂǝȂȓȂΗȖ ৄऄं ǶƷΘॵ

�(ȓ) = �ܱࣣ/ࣤȓ−ࣦ/ࣤ ऄ

ऄ



/Ǽ ȝǣǦȖ ȖǆƷǶǦǼǝ ǶƷΘॶ ȓॶ ǦȖ ȝǣǐ ǻǐƷǼ ΘƷΗǐǼȠǻǅǐȓ ǦǼ $ȂȠȓǦǐȓ ȖȏƷǆǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂ ƷǼ ǐǌǌΞ Ȃǜ ȖǦΣǐॶ

"ॶ ȖȠǆǣ ȝǣƷȝ ȓ ∼ "−ॶ ƷǼǌ � ǦȖ Ʒ ǆȂǼȖȝƷǼȝ ȝǣƷȝ ǦȖ ǌǐȝǐȓǻǦǼǐǌ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞऄआॽ bǣǦȖ ȖǆƷǶǦǼǝ ǶƷΘ ǣƷȖ

ȖǦǼǆǐ ǅǐǆȂǻǐ Ʒ ǣƷǶǶǻƷȓǴ Ȃǜ ǆǣƷȓƷǆȝǐȓǦΣǦǼǝ ȝǣǐ ȖȝƷȝǦȖȝǦǆƷǶ ǅǐǣƷΗǦȂȓ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ /ȝ ǣƷȖ ǅǐǐǼ ȓǐৄ

ȏǐƷȝǐǌǶΞ ȂǅȖǐȓΗǐǌ ǦǼ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ ƷȖ ΘǐǶǶ ƷȖ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ǦǼ Ʒ ǻȠǶȝǦȝȠǌǐ Ȃǜ

ȖΞȖȝǐǻȖॶ ǦǼǆǶȠǌǦǼǝ ΘǦǼǌ ȝȠǼǼǐǶȖॶ ƷȝǻȂȖȏǣǐȓǦǆ ЙȂΘȖॶ ƷǼǌ ȝǣǐ ȓȠȖǣǦǼǝ ǆȠȓȓǐǼȝȖ Ȃǜ ȓǦΗǐȓȖऀअॽ ,ȂΘǐΗǐȓॶ

ȝȂ ȝǣǦȖ ǌƷΞॶ ȝǣǐȓǐ ǦȖ ȖȝǦǶǶ ǼȂ ȠǼǦǜΞǦǼǝ ȝǣǐȂȓΞ ǅΞ ΘǣǦǆǣ ȝǣǐ ȖȝƷȝǦȖȝǦǆƷǶ ǅǐǣƷΗǦȂȓ Ȃǜ <ȂǶǻȂǝȂȓȂΗȖ ৄऄं

ǶƷΘ ǆƷǼ ǅǐ ǌǐȓǦΗǐǌ ǜȓȂǻ ȝǣǐ ǝȂΗǐȓǼǦǼǝ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖ ǜȂȓ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ

sǣǦǶǐ <ȂǶǻȂǝȂȓȂΗ ΘƷȖ ƷǅǶǐ ȝȂ ǜȂȓǻƷǶǦΣǐ XǦǆǣƷȓǌȖȂǼȖ ΗǦȖǦȂǼ Ȃǜ ƷǼ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐ ǅΞ ǌǐΗǐǶȂȏৄ

ǦǼǝ Ʒ ȖȝƷȝǦȖȝǦǆƷǶ ǜȓƷǻǐΘȂȓǴ ǜȂȓ ƷǼƷǶΞΣǦǼǝ ȝȠȓǅȠǶǐǼǆǐॶ Ǧȝ ȖȝǦǶǶ ǣƷȖ ǻƷǼΞ ǶǦǻǦȝƷȝǦȂǼȖॽ bǣǦȖ ȖȝƷȝǦȖȝǦǆƷǶ

ƷȏȏȓȂƷǆǣ ǦȖ ƷǼȂȝǣǐȓ ǜȂȓǻ Ȃǜ ƷǅȖȝȓƷǆȝǦȂǼ ȝǣƷȝ ȂǅȖǆȠȓǐȖ ȝǣǐ ǆȂǻȏǶǦǆƷȝǐǌ ǼƷȝȠȓǐ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ

ΗȂȓȝǦǆǐȖ ǦǼ ȝȠȓǅȠǶǐǼǆǐॽ HǼǐ Ȃǜ ȝǣǐ ǻȂȖȝ ǼȂȝƷǅǶǐ ǐΝƷǻȏǶǐȖ Ȃǜ ȝǣǦȖ ǦȖ ȝǣǐ ǦǼȝǐȓǻǦȝȝǐǼǆΞ Ȃǜ ȝȠȓǅȠǶǐǼǆǐॶ

ΘǣǦǆǣ ȓǐǜǐȓȖ ȝȂ ȝǣǐ ȖȏȂȓƷǌǦǆ ƷǼǌ ȠǼȏȓǐǌǦǆȝƷǅǶǐ ৗǅȠȓȖȝȖ Ȃǜ ȝǣǐ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ܱॶ ȝǣƷȝ Ʒȓǐ ǶȂǆƷǶǦΣǐǌ

ǅȂȝǣ ȖȏƷȝǦƷǶǶΞ ƷǼǌ ȝǐǻȏȂȓƷǶǶΞ ǦǼ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖऀअॶँःॽ bǣǐ ȏȓǐΗƷǶǐǼǆǐ Ȃǜ ȝǣǐȖǐ ЙȠǆȝȠƷȝǦȂǼȖॶ ΘǣǦǆǣ

ǣƷΗǐ ǅǐǐǼ ȂǅȖǐȓΗǐǌ ǼȠǻǐȓǦǆƷǶǶΞ ƷǼǌ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞॶ ƷȓǦȖǐȖ ǜȓȂǻ ȝǣǐ ȖȝȓȂǼǝॶ ƷǶǅǐǦȝ ȓƷȓǐ ǦǼȝǐȓƷǆȝǦȂǼȖ

Ȃǜ ǌǦȖǆȓǐȝǐ ΗȂȓȝǦǆǐȖॶ ΘǣǦǆǣ ǌǐΗǦƷȝǐȖ ǜȓȂǻ <ȂǶǻȂǝȂȓȂΗȖ ȖǦǻǦǶƷȓǦȝΞ ƷȖȖȠǻȏȝǦȂǼȖ ƷǼǌ ȓǐȒȠǦȓǐȖ ǣǦǝǣǐȓৄ

Ȃȓǌǐȓ ǆȂȓȓǐǆȝǦȂǼȖ ǜȂȓ ȝǣǐ ȖȝƷȝǦȖȝǦǆƷǶ ǅǐǣƷΗǦȂȓȖ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖऄऀॽ

/ȝ ǦȖ ǼƷȝȠȓƷǶ ȝȂ Ʒȝȝǐǻȏȝ ȝȂ ȏƷȓǐ ǌȂΘǼ ȝǣǐ ǆȂǻȏǶǐΝǦȝΞ Ȃǜ ȖȠǆǣ Ʒ ȖΞȖȝǐǻ ȝǣȓȂȠǝǣ ȖȝƷȝǦȖȝǦǆȖ ǦǼ Ȃȓǌǐȓ

ȝȂ ǅǐȝȝǐȓ ȠǼǌǐȓȖȝƷǼǌ ȝǣǐ ǐǻǐȓǝǐǼȝ ȏȓȂȏǐȓȝǦǐȖ ȝǣƷȝ ƷȓǦȖǐ ǜȓȂǻ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ȝǣǐ ǆȂǼȖȝǦȝȠǐǼȝ

ǆȂǻȏȂǼǐǼȝȖॽ ,ȂΘǐΗǐȓॶ ǅȓȂƷǌǐǼǦǼǝ ȂȠȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ ƷǶȖȂ ȓǐȒȠǦȓǐȖ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ

Ȃǜ Ʒ ǻǐǆǣƷǼǦȖȝǦǆ ǜȓƷǻǐΘȂȓǴ ȝǣƷȝ ǆǣƷȓƷǆȝǐȓǦΣǐȖ ǣȂΘ ΗȂȓȝǦǆǐȖ ǦǼȝǐȓƷǆȝ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼ ǦǼ ȓǐƷǶ ȖȏƷǆǐ ȝȂ

ǌȓǦΗǐ ȝǣǐ ǆƷȖǆƷǌǐ Ȃǜ ǐǼǐȓǝΞ ǌȂΘǼ ȝȂ ȝǣǐ ΗǦȖǆȂȠȖ ȖǆƷǶǐॽ bǣǦȖ ǅȂȝȝȂǻৄȠȏॶ ǻǐǆǣƷǼǦȖȝǦǆ ƷȏȏȓȂƷǆǣ ǆȂȠǶǌ

ǣǐǶȏ ȝȂ ǅȓǦǌǝǐ ȝǣǐ ǆǣƷȖǻ ǅǐȝΘǐǐǼ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖ ƷǼǌ <ȂǶǻȂǝȂȓȂΗȖ ৄऄं ǶƷΘॽ

�ǐΗǐǶȂȏǦǼǝ ƷǼ ǐΝȏǐȓǦǻǐǼȝƷǶ ȖΞȖȝǐǻ ȝȂ ΗǦȖȠƷǶǦΣǐ ƷǼǌ ȏȓȂǅǐ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ

ǦǼ Ȃȓǌǐȓ ȝȂ ȂǅȖǐȓΗǐ ƷǼǌ ǆǣƷȓƷǆȝǐȓǦΣǐ ȖȠǆǣ Ʒ ǻǐǆǣƷǼǦȖǻ ΘƷȖ ȝǣǐ ǻȂȝǦΗƷȝǦȂǼ ȝǣƷȝ ǌȓȂΗǐ ȝǣǐ ȓǐȖǐƷȓǆǣ

ǜȂȓ ȝǣǦȖ ȝǣǐȖǦȖॽ BƷǼΞ ǐΝȏǐȓǦǻǐǼȝƷǶ ǆȂǼЖǝȠȓƷȝǦȂǼȖ ǣƷΗǐ ǅǐǐǼ ǌǐΗǐǶȂȏǐǌ ȂΗǐȓ ȝǣǐ ΞǐƷȓȖ ȝȂ ǆǣƷȓƷǆȝǐȓৄ

अ



ǦΣǐ ƷǼǌ ȒȠƷǼȝǦǜΞ ȝǣǐ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖঃ ȝǣƷȝ ǦȖॶ ΗǦȖȠƷǶǦΣǦǼǝ ȝǣǐ ǦȓȓǐǝȠǶƷȓ ƷǼǌ ǆȂǻȏǶǦǆƷȝǐǌ

ЙȂΘ ȏƷȝȝǐȓǼȖ ȝǣƷȝ ȓǐȖȠǶȝ ǜȓȂǻ ǐǌǌǦǐȖ ǦǼȝǐȓƷǆȝǦǼǝ ȖǦǻȠǶȝƷǼǐȂȠȖǶΞ ȂΗǐȓ ǻƷǼΞ ȖǆƷǶǐȖॽ �ΝȏǐȓǦǻǐǼȝƷǶǶΞ

ǦȖȂǶƷȝǦǼǝ ƷǼǌ ǆƷȏȝȠȓǦǼǝ ȝǣǐȖǐ ǌΞǼƷǻǦǆȖ ǦȖ ǐΝȝȓǐǻǐǶΞ ǆǣƷǶǶǐǼǝǦǼǝ ƷǼǌ ȂǜȝǐǼ ǼǐǆǐȖȖǦȝƷȝǐȖ ȝȓƷǌǐৄȂЍȖ

ǅǐȝΘǐǐǼ ȝǐǻȏȂȓƷǶ ƷǼǌ ȖȏƷȝǦƷǶ ȓǐȖȂǶȠȝǦȂǼॽ $Ȃȓ ǐΝƷǻȏǶǐॶ ǦǼ ΘƷǶǶৄǅȂȠǼǌǐǌ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॶ ǶǦǴǐ ȝǣǐ

ЙȂΘ ȝǣȓȂȠǝǣ Ʒ ȏǦȏǐॶ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǐǌǌǦǐȖ Ʒȓǐ ǜȂȓǻǐǌ ƷǶȂǼǝ ȝǣǐ ΘƷǶǶȖ Ȃǜ ȝǣǐ ǆǣƷǼǼǐǶ ƷǼǌ Ʒȓǐ ȓƷȏǦǌǶΞ

ǆƷȓȓǦǐǌ ƷΘƷΞ ΘǦȝǣ ȝǣǐ ЙȂΘॽ /ȝ ǦȖ ȝǣȠȖ ǌǦАǆȠǶȝ ȝȂ ȝȓƷǆǴ ȝǣǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ǐǌǌǦǐȖ ƷȖ ȝǣǐΞ ǦǼȝǐȓƷǆȝ ΘǦȝǣ

ȝǣǐ ȓǐȖȝ Ȃǜ ȝǣǐ ЙȂΘ ΘǣǦǶǐ ǅǐǦǼǝ ƷǌΗǐǆȝǐǌ ǌȂΘǼȖȝȓǐƷǻॽ $Ȃȓ ǐΝƷǻȏǶǐȖ Ȃǜ ȖȝƷȝǦȂǼƷȓΞ ȝȠȓǅȠǶǐǼǆǐॶ ǶǦǴǐ

ȝǣǐ ЙȂΘ ȝǣƷȝ ȓǐȖȠǶȝȖ ǜȓȂǻ ƷǼ ƷȓȓƷΞ Ȃǜ ǱǐȝȖ ǐǱǐǆȝǦǼǝ ЙȠǦǌ Ʒȝ Ʒ ǶȂǆƷǶǦΣǐǌ ȓǐǝǦȂǼॶ ȝǣǐ ȖƷǻǐ ǆǣƷǶǶǐǼǝǐ Ȃǜ

ǶȂǆƷǶǦΣǦǼǝ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ ƷȓǦȖǐȖॽ bǣǐ ΗȂȓȝǦǆǐȖ ΘȓƷȏ ƷȓȂȠǼǌ ȂǼǐ ƷǼȂȝǣǐȓ ǦǼ

Ʒ ȝƷǼǝǶǐǌ ৗǼǐȖȝ Ȃȓ ৗȖȏƷǝǣǐȝȝǦৄȖȂȠȏ Ȃǜ ȖΘǦȓǶǦǼǝ ǐǌǌǦǐȖॽ bǣǐ ǝǐȂǻǐȝȓǦǐȖ Ȃǜ ȝǣǐȖǐ ΗȂȓȝǦǆǐȖ ȠǼǌǐȓǝȂ

ȓƷȏǦǌ ȝȓƷǼȖǜȂȓǻƷȝǦȂǼȖ ƷȖ ȝǣǐΞ ȖǻƷȖǣ ǦǼȝȂ ǐƷǆǣ Ȃȝǣǐȓॶ ǅȓǐƷǴǦǼǝ ǌȂΘǼ ǦǼȝȂ ȖǻƷǶǶǐȓ ƷǼǌ ȖǻƷǶǶǐȓ ȖǆƷǶǐȖॽ

�ΗǐǼ Ǧǜ ȂǼǐ ǆȂȠǶǌ ǆƷȏȝȠȓǐ ȝǣǐ ǜȠǶǶ ΗǐǶȂǆǦȝΞ ЖǐǶǌ Ȃǜ ȖȠǆǣ Ʒ ȖȝƷȝǦȂǼƷȓΞ ЙȂΘॶ ΘǣǦǆǣ ǦȖ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ

ΗǐȓΞ ǆǣƷǶǶǐǼǝǦǼǝॶ Ǧȝ ǦȖ ǦǻȏȂȖȖǦǅǶǐ ȝȂ ǦȖȂǶƷȝǐ ǐƷǆǣ ǐǌǌΞ ǜȓȂǻ ǦȝȖ ǜȂȓǻƷȝǦȂǼ ƷǼǌ ȝȓƷǆǐ ȂȠȝ ǦȝȖ ǶǦǜǐȝǦǻǐॶ

ǆƷǶǆȠǶƷȝǦǼǝ ǣȂΘ ȝǣǐ ǼǐǦǝǣǅȂȓǦǼǝ ǐǌǌǦǐȖ ǦǼЙȠǐǼǆǐ Ǧȝ ƷǼǌ ǶǐƷǌ Ǧȝ ȝȂ ǅȓǐƷǴ ǌȂΘǼॽ bǣǐ ǌΞǼƷǻǦǆȖ Ʒȓǐ

ȖǦǻȏǶΞ ȝȂȂ ǆȂǻȏǶǦǆƷȝǐǌ ƷǼǌ ȖȏƷǼ ȝȂȂ ΘǦǌǐ Ȃǜ Ʒ ȓƷǼǝǐ Ȃǜ ǶǐǼǝȝǣ ƷǼǌ ȝǦǻǐ ȖǆƷǶǐȖॽ

bǣǐ ΘȂȓǴ ǦǼ ȝǣǦȖ ȝǣǐȖǦȖ ǆǐǼȝǐȓȖ ƷȓȂȠǼǌ Ʒ ȠǼǦȒȠǐॶ ǅȂȝȝȂǻৄȠȏ ƷȏȏȓȂƷǆǣ ȝȂ ȠǼǌǐȓȖȝƷǼǌǦǼǝ ǣȂΘ ȝǣǐ

ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐ ǐΗȂǶΗǐȖ ǦǼ ȓǐƷǶ ȖȏƷǆǐॶ ΘǣǦǆǣ ǐȏǦȝȂǻǦΣǐȖ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ ƷȏȏȓȂƷǆǣ ȝǣƷȝ ȏǣΞȖǦǆǦȖȝȖ

ȝƷǴǐ ǦǼ Ȃȓǌǐȓ ȝȂ ȠǼǌǐȓȖȝƷǼǌ ǆȂǻȏǶǦǆƷȝǐǌ ȖΞȖȝǐǻȖॽ sǣǐǼ ȏƷȓȝǦǆǶǐ ȏǣΞȖǦǆǦȖȝȖ ΘƷǼȝ ȝȂ ǶǐƷȓǼ ǣȂΘǻƷȝȝǐȓ

ǅǐǣƷΗǐȖ ȂǼ Ʒ ǜȠǼǌƷǻǐǼȝƷǶ ǶǐΗǐǶॶ ȝǣǐΞ ȝƷǴǐ ȝǣǐ ȖǦǻȏǶǐȖȝ ǆȂǻȏȂǼǐǼȝȖ Ȃǜ ǻƷȝȝǐȓॶ ȖǻƷȖǣ ȝǣǐǻ ȝȂǝǐȝǣǐȓ

ΗǦȂǶǐǼȝǶΞ ǦǼ ȏƷȓȝǦǆǶǐ ƷǆǆǐǶǐȓƷȝȂȓȖॶ ƷǼǌ ǻǐƷȖȠȓǐ ΘǣƷȝ ȓǐȖȠǶȝȖ ǜȓȂǻ ȝǣǐ ǆȂǶǶǦȖǦȂǼॽ �ǼƷǶȂǝȂȠȖǶΞॶ Θǐ ǣƷΗǐ

ǌǐΗǐǶȂȏǐǌ ƷǼ ǐΝȏǐȓǦǻǐǼȝƷǶ ȖΞȖȝǐǻ ȝȂ ǶǐƷȓǼ ƷǅȂȠȝ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐ ǅΞ ȖǻƷȖǣǦǼǝ

ȝȂǝǐȝǣǐȓ ǦȝȖ ǜȠǼǌƷǻǐǼȝƷǶ ǆȂǻȏȂǼǐǼȝȖॵ ΗȂȓȝǦǆǐȖॽ [ȏǐǆǦЖǆƷǶǶΞॶ Θǐ ǣƷΗǐ ȓǐΗǦȖǦȝǐǌ ȝǣǐ ΘȂȓǴ Ȃǜ =Ǧǻ ƷǼǌ

CǦǆǴǐǶȖःऀ ǅΞ ΗǦȂǶǐǼȝǶΞ ǆȂǶǶǦǌǦǼǝ ȝΘȂ ǦǌǐǼȝǦǆƷǶ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ǣǐƷǌৄȂǼ ǦǼȝȂ ȂǼǐ ƷǼȂȝǣǐȓ ǦǼ ΘƷȝǐȓ ƷǼǌ

ΗǦȖȠƷǶǦΣǦǼǝ ȝǣǐ ǜȠǶǶ ं� ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ȓǐȖȠǶȝǦǼǝ ǅȓǐƷǴǌȂΘǼॽ bǣǐ ȖΞǻǻǐȝȓΞ ƷǼǌ ȓǐȏȓȂǌȠǆǦǅǦǶǦȝΞ

Ȃǜ ȝǣǐȖǐ ǆȂǶǶǦȖǦȂǼȖ ǣƷΗǐ ƷǶǶȂΘǐǌ ȠȖ ȝȂ ȏȓǐǆǦȖǐǶΞ ǶȂǆƷǶǦΣǐ ΘǣǐǼ ƷǼǌ Θǣǐȓǐ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǦǆǐȖ ǅȓǐƷǴ

आ



ǌȂΘǼॽ bǣǦȖ ƷǅǦǶǦȝΞ ȝȂ ǦȖȂǶƷȝǐ ƷǼǌ ȝȓƷǆǴ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǐȖ ǣƷȖ ǐǼƷǅǶǐǌ ȠȖ ȝȂ ȂǅȖǐȓΗǐ ǅΞ

ΘǣƷȝ ǌΞǼƷǻǦǆॶ ȖȝȓȠǆȝȠȓƷǶ ǻǐǆǣƷǼǦȖǻȖ ȝǣǐ ΗȂȓȝǦǆǐȖ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼ ȝȂ ǜȂȓǻ

Ʒ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐॽ

/Ǽ �ǣƷȏȝǐȓ ऀॶ Θǐ ȖǣȂΘ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ƷǼǌ ǼȠǻǐȓǦǆƷǶǶΞ ȝǣƷȝ ǜȂȓ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖ Ʒȝ ǻȂǌǐȓৄ

Ʒȝǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ȝǣǐ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǦǆǐȖ ǆȂǶǶǦǌǐ ΘǦȝǣ ȂǼǐ ƷǼȂȝǣǐȓ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼ ǦǼ ƷǼ

ǦȝǐȓƷȝǦΗǐ ǻƷǼǼǐȓॽ sǣǐǼ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ǆȂǶǶǦǌǐॶ ȝǣǐΞ ǶȂǆƷǶǶΞ ǆȂǼȝƷǆȝ ƷǼǌ ЙƷȝȝǐǼ ǦǼȝȂ ΗȂȓȝǐΝ ȖǣǐǐȝȖॶ

ΘǣǦǆǣ ȖȏǶǦȝ ƷǼǌ ȓȂǶǶ Ƞȏ ǦǼȝȂ ȖǻƷǶǶǐȓ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॽ bǣǐȖǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॶ ȝǣǐǻȖǐǶΗǐȖॶ ǆƷǼ

ƷǶȖȂ ǆȂǶǶǦǌǐ ΘǦȝǣ Ȃȝǣǐȓ ȓǐǻƷǦǼǦǼǝ ΗȂȓȝǦǆǐȖॶ ƷǼǌ ȖȏǶǦȝ ƷǝƷǦǼ ǦǼ ȝǣǐ ȖƷǻǐ ǻƷǼǼǐȓ ȝȂ ǜȂȓǻ ǐΗǐǼ ȖǻƷǶǶǐȓ

ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖॽ bǣǦȖ ǦȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐ ǆȂȠǶǌ ǅǐ ǦǼǌǦǆƷȝǦΗǐ Ȃǜ Ʒ ȏȂȖȖǦǅǶǐ ǻǐǆǣƷǼǦȖǻ ǅΞ ΘǣǦǆǣ ǴǦৄ

ǼǐȝǦǆ ǐǼǐȓǝΞ ǦȖ ǆȂǼΗǐΞǐǌ ȝȂ ȖǻƷǶǶ ȖǆƷǶǐȖ ǦǼ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ bȂȅȵ ǥȂǖȮȼǯȲ ͞ǖȵ ȮȿǤȕȅȵȂǯǫ ȅț UȂͤȵȅǥǖȕ

Xǯ͝ȅǯ͞ $ȕȿȅǫȵ ǖȵ ळ�ǖȵǥǖǫǯ ȕǯǖǫȅțǼ ȼȡ ȼȂǯ ǯȚǯȲǼǯțǥǯ ȡǻ ȵȚǖȕȕ ȵȼȲȿǥȼȿȲǯȵ ȅț ͝ȡȲȼǯͣ ȲȅțǼ ǥȡȕȕȅȵȅȡțȵऴ ȅț

ःऄॽࡡ࡚࡙࡛

/Ǽ �ǣƷȏȝǐȓ ँॶ Θǐ ǌǐǻȂǼȖȝȓƷȝǐ ȝǣǐ ǐΝǦȖȝǐǼǆǐ Ȃǜ Ʒ ǼǐΘ ǻǐǆǣƷǼǦȖǻ ǦǼ ΘǣǦǆǣ ȝΘȂ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ

ΗȂȓȝǦǆǐȖ ΗǦȂǶǐǼȝǶΞ ǆȂǶǶǦǌǐ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼॶ ǶǐƷǌǦǼǝ ȝȂ ȝǣǐ ȓƷȏǦǌ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ Ʒ ȝȠȓǅȠǶǐǼȝ ǐǼǐȓǝΞ

ǆƷȖǆƷǌǐ ǻǐǌǦƷȝǐǌ ǅΞ ǦȝǐȓƷȝǦȂǼȖ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ sǐ ȂǅȖǐȓΗǐ ǣȂΘ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦৄ

ǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǆƷȠȖǐȖ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ȝȂ ǌǐΗǐǶȂȏ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓȝȠȓǅƷȝǦȂǼȖॶ ΘǣǦǆǣ ǝǦΗǐ ȓǦȖǐ ȝȂ ƷǼ

Ȃȓǌǐȓǐǌ ƷȓȓƷΞ Ȃǜ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॶ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ȂȓǦǝǦǼƷǶ ǆȂȓǐȖॽ �ǌǱƷǆǐǼȝ ȏƷǦȓȖ Ȃǜ

ȝǣǐȖǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǆȂȠǼȝǐȓৄȓȂȝƷȝǐ ƷǼǌ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ǦǼ ȝǣǐ ȖƷǻǐ ǻƷǼǼǐȓ ƷȖ ȝǣǐ

ȂȓǦǝǦǼƷǶ ǆȂǼЖǝȠȓƷȝǦȂǼॽ /Ǽ ȝǣǐ ǣǦǝǣৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǶǦǻǦȝॶ Θǐ ȂǅȖǐȓΗǐ ƷǼȂȝǣǐȓ ǦȝǐȓƷȝǦȂǼ Ȃǜ ȝǣǦȖ ǦǼৄ

ȖȝƷǅǦǶǦȝΞॶ ΘǣǐȓǐǅΞ Ʒ ǼǐΘ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖ ǜȂȓǻȖॶ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ Ȗǐǆৄ

ȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॽ bǣǐ ǐǼǐȓǝΞ ȖȏǐǆȝȓȠǻ Ȃǜ ȝǣǦȖ ȝȠȓǅȠǶǐǼȝ ǅȓǐƷǴǌȂΘǼ ǐΝǣǦǅǦȝȖ <ȂǶǻȂǝȂȓȂΗȖ ǐȏȂǼΞৄ

ǻȂȠȖ ȓ−ࣦ/ࣤ ȖǆƷǶǦǼǝॶ Ʒ ǣƷǶǶǻƷȓǴ Ȃǜ ȝȠȓǅȠǶǐǼǆǐॽ sǐ ЖǼǌ ȝǣƷȝ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǻƷΞ ȏǶƷΞ Ʒ ǻƷǱȂȓ

ȓȂǶǐ ǦǼ ȝǣǐ ǜȂȓǻƷȝǦȂǼ ƷǼǌ ȖȠȖȝǐǼƷǼǆǐ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐॽ bȂȅȵ ǥȂǖȮȼǯȲ ͞ǖȵ ȮȿǤȕȅȵȂǯǫ ȅț

[ǥȅǯțǥǯ �ǫ͝ǖțǥǯȵ ǖȵ ळbȿȲǤȿȕǯțǥǯ ǼǯțǯȲǖȼȅȡț ȼȂȲȡȿǼȂ ǖț ȅȼǯȲǖȼȅ͝ǯ ǥǖȵǥǖǫǯ ȡǻ ȼȂǯ ǯȕȕȅȮȼȅǥǖȕ ȅțȵȼǖǤȅȕȅȼͤऴ ȅț

࡛࡙࡛࡙ःआॽ

इ



1
�ƷȖǆƷǌǐ ǶǐƷǌǦǼǝ ȝȂ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȖǻƷǶǶ

ȖȝȓȠǆȝȠȓǐȖ ǦǼ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖ

bȂǯ ǯͣȮǯȲȅȚǯțȼȵ ǻȡȲ ȼȂȅȵ ͞ȡȲȓ ͞ǯȲǯ ǫǯ͝ǯȕȡȮǯǫ Ǥͤ Xͤǖț XࣗBǥ<ǯȡ͞ț ǖțǫ [ȂȚȿǯȕBࣗ XȿǤȅțȵȼǯȅț ǖțǫ

ȮǯȲǻȡȲȚǯǫ Ǥͤ Xͤǖț XࣗBǥ<ǯȡ͞țࣗ bȂǯ ȵȅȚȿȕǖȼȅȡțȵ ͞ǯȲǯ ȮǯȲǻȡȲȚǯǫ Ǥͤ Xȡǫȡȕǻȡ HȵȼȅȕȕǖठBȢțȅǥȡ ǖțǫ

�ȕǖȅț :ࣗ UȿȚȅȲࣗ bȂǯ ǫǖȼǖ ǖțǖȕͤȵȅȵ ǖțǫ ͞ȲȅȼȅțǼ ȡǻ ȼȂȅȵ ͞ȡȲȓ ͞ǖȵ ȮǯȲǻȡȲȚǯǫ Ǥͤ ǖȕȕ ȡǻ ȼȂǯ ǖǤȡ͝ǯ ǖȿȼȂȡȲȵ

ǖțǫBȅǥȂǖǯȕ Uࣗ �ȲǯțțǯȲࣗ bȂȅȵ ͞ȡȲȓ Ȃǖȵ Ǥǯǯț ȮȿǤȕȅȵȂǯǫ ȅț UȂͤȵȅǥǖȕ Xǯ͝ȅǯ͞ $ȕȿȅǫȵࣗ࡞

ई



ऀ৷ऀ /ӹԚԏԀӋԞӅԚӢԀӹ

HȠȓ ΘȂȓǴ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ƷǼǌ ǼȠǻǐȓǦǆƷǶǶΞ ȓǐΗǦȖǦȝȖ Ʒ ǆǶƷȖȖǦǆƷǶ ȖȝȠǌΞ ȓǐȏȂȓȝǐǌ ǦǼ ऀईईँ ǅΞ =Ǧǻ ƷǼǌ

CǦǆǴǐǶȖॶ ΘǣǐȓǐǦǼ ȝǣǐΞ ǦǼΗǐȖȝǦǝƷȝǐǌ ȝǣǐ ǦǼȖȝƷǅǦǶǦȝΞ Ȃǜ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǌȠȓǦǼǝ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ

Ȃǜ ȝΘȂ ǌΞǐǌ ΗȂȓȝǐΝ ȓǦǼǝȖ ःऀॽ bǣǐΞ ǌǐǻȂǼȖȝȓƷȝǐǌ ȝǣƷȝ ȝǣǐ ǆȂǶǶǦȖǦȂǼ Ȃǜ Ʒ ȓǐǌ ΗȂȓȝǐΝ ȓǦǼǝ ΘǦȝǣ Ʒ ǅǶȠǐ

ΗȂȓȝǐΝ ȓǦǼǝ ǝǦΗǐȖ ǅǦȓȝǣ ȝȂ Ʒ ȝǦƷȓƷ Ȃǜ ȖǻƷǶǶǐȓॶ ǣƷǶǜৄȓǐǌॶ ǣƷǶǜৄǅǶȠǐ :ƷǼȠȖ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ǻǐǌǦƷȝǐǌ ǅΞ ȓǐǆȂǼৄ

ǼǐǆȝǦȂǼȖ Ȃǜ ΗȂȓȝǐΝ ǆȂȓǐȖॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ =Ǧǻ ƷǼǌ CǦǆǴǐǶȖ ǦǼȖǦǝǣȝǜȠǶǶΞ ȓǐǻƷȓǴǐǌ ȝǣƷȝ ΘǣǐǼ ȝǣǐ ȝǣǐ

ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖ Ʒȓǐ ǻȂȓǐ ΗǦǝȂȓȂȠȖॶ ǼȂ ȖǐǆȂǼǌƷȓΞ ȓǦǼǝȖ Ʒȓǐ ǆȓǐƷȝǐǌঃ ǦǼȖȝǐƷǌॶ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ

ǜȂȓǻȖ ǼǐƷȓǶΞ ǦǼȖȝƷǼȝƷǼǐȂȠȖǶΞॽ bǣǦȖ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ ǦȖ ǆȂǻȏȂȖǐǌ Ȃǜ Ʒ ǻȠǶȝǦȝȠǌǐ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ЙȂΘ

ȖȝȓȠǆȝȠȓǐȖॶ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ΘǣǦǆǣ Θǐȓǐ ȝȂȂ ȓƷȏǦǌ ȝȂ ǆƷȏȝȠȓǐ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ Ȃȓ ǼȠǻǐȓǦǆƷǶǶΞ Ʒȝ ȝǣƷȝ

ȝǦǻǐॽ

qȂȓȝǐΝ ȝȠǅǐȖ ǆƷǼ ǅǐ ȂǅȖǐȓΗǐǌ ǦǼ ǻƷǼΞ ЙȂΘ ǆȂǼЖǝȠȓƷȝǦȂǼȖॶ ǜȓȂǻ ȝǣǐ ǶƷȓǝǐȖȝ ȖǆƷǶǐȖँॶअऄ ǌȂΘǼ ȝȂ

ȝǣǐ ЖǼǐȖȝ ȖǆƷǶǐȖ ǦǼ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖऀंॶआऀॶँऄॶँंॽ bǣǐǦȓ ǦǼȝǐȓƷǆȝǦȂǼȖ Ʒȓǐ ǻǐǌǦƷȝǐǌ ǅΞ ǻƷǼΞ ǦǼȖȝƷǅǦǶǦȝǦǐȖ

ƷǼǌ ǻƷΞ ǶǐƷǌ ȝȂ ǅȓǐƷǴǌȂΘǼॶ ȓǐǆȂǼǼǐǆȝǦȂǼॶ ƷǼǌ ƷǼǼǦǣǦǶƷȝǦȂǼ Ȃǜ ΗȂȓȝǐΝ ǶǦǼǐȖ ǌȠǐ ȝȂ ΗǦȖǆȂȖǦȝΞॽ qȂȓȝǦǆǐȖ

ǆƷǼ ǅǐ ǆȂǼȖǦǌǐȓǐǌ ȝȂȏȂǶȂǝǦǆƷǶǶΞ ȏȓȂȝǐǆȝǐǌॶ ǦǼ ȝǣǐ ȖǐǼȖǐ ȝǣƷȝ ΘǦȝǣȂȠȝ ΗǦȖǆȂȖǦȝΞॶ Ʒ ΗȂȓȝǐΝ ǶǦǼǐ ǆƷǼǼȂȝ

ǅǐ ǅȓȂǴǐǼ ंऀॶंंॶँआॶःःॽ bǣȠȖॶ ȝǣǐ ƷǼǼǦǣǦǶƷȝǦȂǼ Ȃǜ ΗȂȓȝǐΝ ǶǦǼǐȖ ǦȖ ǦǻȏȂȖȖǦǅǶǐ ǦǼ ȝǣǐ ǦǼЖǼǦȝǐ XǐΞǼȂǶǌȖ

ǼȠǻǅǐȓ ǶǦǻǦȝ Ȃȓ ǐȒȠǦΗƷǶǐǼȝǶΞॶ ǦǼ ȝǣǐ ΣǐȓȂৄΗǦȖǆȂȖǦȝΞ ǶǦǻǦȝॽ �ȝ ǻȂǌǐȓƷȝǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ǶƷǻǦৄ

ǼƷȓ ȓǐǆȂǼǼǐǆȝǦȂǼȖ ǌȂǻǦǼƷȝǐ ΗȂȓȝǐΝ ǶǦǼǐ ǦǼȝǐȓƷǆȝǦȂǼȖ ःऀॶऄअॶअआॶऀॶःईॶअःॶअईॽ ,ȂΘǐΗǐȓॶ Ʒȝ ǣǦǝǣǐȓ XǐΞǼȂǶǌȖ

ǼȠǻǅǐȓȖॶ ǦǼȝǐȓƷǆȝǦȂǼȖ ǅǐǆȂǻǐ ǻȂȓǐ ΗǦȂǶǐǼȝ ƷǼǌ ǶȂȖǐ ȝǣǐǦȓ ǶƷǻǦǼƷȓ ǆǣƷȓƷǆȝǐȓ ःऀॶःࣿॽ bǣǐ ȓƷȏǦǌ ǌǦȖৄ

ǦǼȝǐǝȓƷȝǦȂǼ Ȃǜ ǆȂǣǐȓǐǼȝ ΗȂȓȝǐΝ ȖȝȓȠǆȝȠȓǐȖ ƷǼǌ ǜȂȓǻƷȝǦȂǼ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖ Ʒȓǐ ǶǦǴǐǶΞ ǻǐǌǦƷȝǐǌ

ǅΞ Ʒ ǆȂǻǅǦǼƷȝǦȂǼ Ȃǜ ΗƷȓǦȂȠȖ ΘǐǶǶৄȖȝȠǌǦǐǌ ΗȂȓȝǐΝ ǦǼȖȝƷǅǦǶǦȝǦǐȖ ऀࣿॶआइॶंॶइऀॶँईॶंऄॶंईॽ CǐΗǐȓȝǣǐǶǐȖȖॶ ǻƷǼΞ

ȒȠǐȖȝǦȂǼȖ ȓǐǻƷǦǼ ȓǐǝƷȓǌǦǼǝ ȝǣǐ ǌΞǼƷǻǦǆȖ ȝǣƷȝ ǦǼǦȝǦƷȝǐ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ΗȂȓȝǦǆǐȖ ǜȓȂǻ ǶƷȓǝǐ ȝȂ ȖǻƷǶǶ

ȖǆƷǶǐȖॽ

/Ǽ ȝǣǦȖ ΘȂȓǴॶ Θǐ ǐΝƷǻǦǼǐ ȝǣǐ ǆȂǼǆǐȏȝȠƷǶǶΞ ȖǦǻȏǶǐ ǆȂǼЖǝȠȓƷȝǦȂǼ Ȃǜ ȝΘȂ ǦǌǐǼȝǦǆƷǶ ΗȂȓȝǐΝ ȓǦǼǝȖ ǆȂǶৄ

ǶǦǌǦǼǝ ǣǐƷǌৄȂǼऄऄॽ bǣǐ ǐƷȓǶΞ ǐΝȏǐȓǦǻǐǼȝƷǶ ȓǐȖȠǶȝȖ Ȃǜःऀ ǦǼǌǦǆƷȝǐুǜȂȓ ǆȂǶǶǦȖǦȂǼȖ Ʒȝ ȖȠАǆǦǐǼȝǶΞ ǣǦǝǣ

ऀࣿ



XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖুȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ Ʒ ΗǦȂǶǐǼȝ ǦǼȝǐȓƷǆȝǦȂǼ ǅǐȝΘǐǐǼ ȝǣǐ ȓǦǼǝȖॶ ǆƷȠȖǦǼǝ ȝǣǐǻ ȝȂ

ȓƷȏǦǌǶΞ ǌǦȖǦǼȝǐǝȓƷȝǐ ǦǼȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌॽ �Ƞǐ ȝȂ ȝǣǐ ΗǐȓΞ ȖǻƷǶǶ ȝǐǻȏȂȓƷǶ ƷǼǌ ȖȏƷȝǦƷǶ ȖǆƷǶǐȖ ǦǼৄ

ΗȂǶΗǐǌ ǦǼ ȝǣǦȖ ǦǼȝǐȓƷǆȝǦȂǼ ȏȓȂǆǐȖȖॶ Ǧȝ ǣƷȖ ǼȂȝ ǅǐǐǼ ȏȂȖȖǦǅǶǐ ȝȂ ȖȝȠǌΞ ǦǼ ǌǐȝƷǦǶ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ ȝǣƷȝ ǦǼǦৄ

ȝǦƷȝǐȖ ȝǣǐ ǆȂǻȏǶǐȝǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǐȖॽ �Ξ ȠȖǦǼǝ ȖȝƷȝǐৄȂǜৄȝǣǐ Ʒȓȝ ΗǦȖȠƷǶǦΣƷȝǦȂǼ ȝǐǆǣǼǦȒȠǐȖॶ Θǐ

ǦǼΗǐȖȝǦǝƷȝǐ ΘǦȝǣ ȖȠАǆǦǐǼȝ ȝǐǻȏȂȓƷǶ ƷǼǌ ȖȏƷȝǦƷǶ ȓǐȖȂǶȠȝǦȂǼ ǣȂΘ ȝǣǦȖ ΗǦȂǶǐǼȝ ǦǼȝǐȓƷǆȝǦȂǼ ǅȓǐƷǴȖ ǌȂΘǼ

ȝǣǐ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖॽ

$ȓȂǻ Ʒ ǜȠǼǌƷǻǐǼȝƷǶ ȏȂǦǼȝ Ȃǜ ΗǦǐΘॶ ȠǼǌǐȓȖȝƷǼǌǦǼǝ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ

ȂΗǐȓ ΗǐȓΞ ȖǣȂȓȝ ȝǦǻǐȖ ǦȖ Ʒ ǆǶƷȖȖǦǆƷǶ ȏȓȂǅǶǐǻ ǦǼ ЙȠǦǌ ǻǐǆǣƷǼǦǆȖआआॶ ƷȖ Ǧȝ ǦȖ ǐΝȏǐǆȝǐǌ ȝȂ ȏǶƷΞ ƷǼ ǦǻȏȂȓৄ

ȝƷǼȝ ȓȂǶǐ ǼȂȝ ȂǼǶΞ ǦǼ ΗȂȓȝǐΝ ȓǐǆȂǼǼǐǆȝǦȂǼॶ ǅȠȝ ǻȂȓǐ ǝǐǼǐȓƷǶǶΞ ǦǼ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖऀअॽ /ȝ ǣƷȖ ǅǐǐǼ ȓǐǆৄ

ȂǝǼǦΣǐǌ ȝǣƷȝ ȝǣǐ ǆǶȂȖǐৄȓƷǼǝǐ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ΗȂȓȝǦǆǐȖ ǦȖ ƷǶȖȂ Ʒ ȏȓǦǻǐ ǆƷǼǌǦǌƷȝǐ ǜȂȓ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ

ȖǦǼǝȠǶƷȓǦȝǦǐȖ ǦǼ ȝǣǐ ǦǼΗǦȖǆǦǌ ं� ЙȠǦǌ ǐȒȠƷȝǦȂǼȖॶ ƷǶȝǣȂȠǝǣ ȝǣǐ ǼȠǻǐȓǦǆƷǶ ǐΗǦǌǐǼǆǐ ǜȂȓ Ȃȓ ƷǝƷǦǼȖȝ ȝǣǐ

ǐΝǦȖȝǐǼǆǐ Ȃǜ ȖȠǆǣ ȖȂǶȠȝǦȂǼȖ ǣƷȖ ǅǐǐǼ ƷǻǅǦǝȠȂȠȖईॶऄॶअࣿॶँअॶँँॽ

XǐǆǐǼȝǶΞॶ Ʒ ǼǐΘ ǆǶƷȖȖ Ȃǜ ǻǐǆǣƷǼǦȖǻȖ ǜȂȓ ǐǼǐȓǝΞ ȝȓƷǼȖǜǐȓ ǣƷȖ ǅǐǐǼ ȏȓȂȏȂȖǐǌॶ ǦǼ ΘǣǦǆǣ ȝǣǐ ǴǦǼǐȝǦǆ

ǐǼǐȓǝΞ Ȃǜ Ʒ ЙȂΘ ǦȖ ǆȂǼΗǐΞǐǌ ǜȓȂǻ ǶƷȓǝǐ ȝȂ ȖǻƷǶǶ ȖǆƷǶǐȖ ΗǦƷ ƷǼ ǦȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐॶ ΘǦȝǣ ȝǣǐ ȖƷǻǐ ǐǶǐৄ

ǻǐǼȝƷȓΞ ȏȓȂǆǐȖȖ ȓǐȏǐƷȝǦǼǝ ƷǝƷǦǼ ƷǼǌ ƷǝƷǦǼ ȂǼ ȖǻƷǶǶǐȓ ƷǼǌ ȖǻƷǶǶǐȓ ȖǆƷǶǐȖअॶआःॶ ȓǐǻǦǼǦȖǆǐǼȝ Ȃǜ ǐƷȓǶΞ

ȖǦǻȠǶƷȝǦȂǼȖऄइॶअࣿॶँअॶँइॽ �ǼƷǶȂǝȂȠȖ ǦȝǐȓƷȝǦΗǐ ǦǼȖȝƷǅǦǶǦȝǦǐȖ ǣƷΗǐ ǅǐǐǼ ȏȓǐΗǦȂȠȖǶΞ ȂǅȖǐȓΗǐǌ ǦǼ ȝǣǐ ǅȓǐƷǴǦǼǝ

Ȃǜ ЙȠǦǌ ǱǐȝȖ ǦǼȝȂ ǌȓȂȏǶǐȝȖआॶआࣿॽ bǣǐ ȏǣΞȖǦǆƷǶ ȓǐƷǶǦΣƷȝǦȂǼ Ȃǜ ȝǣǦȖ ǦȝǐȓƷȝǦΗǐ ȏȓȂǆǐȖȖ ǶǐƷǌǦǼǝ ȝȂ ȝǣǐ ǐǻǐȓৄ

ǝǐǼǆǐ Ȃǜ ȖǻƷǶǶ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ǦȖ ǐǼΗǦȖǦȂǼǐǌ ȝǣȓȂȠǝǣ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ ǅǐȝΘǐǐǼ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ

ЖǶƷǻǐǼȝȖआँॶऄईॶ ΘǣȂȖǐ ǆȂǶǶǦȖǦȂǼ ǦȖ ǌǐȖǆȓǦǅǐǌ ǅΞ Ʒ ȠǼǦΗǐȓȖƷǶ ȖǦǻǦǶƷȓǦȝΞ ȖȂǶȠȝǦȂǼअॽ bǣǐ ЖǶƷǻǐǼȝȖ ǅǐǆȂǻǐ

ȏǐȓȝȠȓǅǐǌ ƷǼǌ ǌǐΗǐǶȂȏ ǦǼȝȂ Ʒ ǆǣƷȓƷǆȝǐȓǦȖȝǦǆ ȖǣƷȏǐ ȓǐǻǦǼǦȖǆǐǼȝ Ȃǜ ȝΘȂ ȂȏȏȂȖǦǼǝ ȝǐǼȝȖॽ bǣǐ ǆȂǶǶǦȖǦȂǼ

ǦǼǦȝǦƷȝǐȖ Ʒȝ ȝǣǐ ǼȂȖǐ Ȃǜ ȝǣǐ ȝǐǼȝȖॶ ǶǐƷǌǦǼǝ ȝȂ ΘǣƷȝ ΘǦǶǶ ǅǐ ȓǐǜǐȓȓǐǌ ȝǣȓȂȠǝǣȂȠȝ ȝǣǐ ȝǐΝȝ ƷȖ ȝǐǼȝৄǶǦǴǐ

ȖȝȓȠǆȝȠȓǐȖअॽ �Ȗ Ʒ ȓǐȖȠǶȝ Ȃǜ ȝǣǐ ǆȂǶǶǦȖǦȂǼॶ ȝǣǐ ЖǶƷǻǐǼȝȖ ЙƷȝȝǐǼ ǦǼȝȂ ǐΝȝȓǐǻǐǶΞ ȝǣǦǼ ΗȂȓȝǐΝ ȖǣǐǐȝȖॽ �Ǽ Ǧȝৄ

ǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐ Ȃǜ ǦǼȖȝƷǅǦǶǦȝǦǐȖ ȂǆǆȠȓȖ Ǧǜ ȝǣǐ ȖǣǐǐȝȖॶ ȝǣǐǻȖǐǶΗǐȖॶ ǅȓǐƷǴ Ƞȏ ǦǼȝȂ ȖǻƷǶǶǐȓ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ

ΘǣǦǆǣ ȖȠǅȖǐȒȠǐǼȝǶΞ ǆȂǶǶǦǌǐॶ ЙƷȝȝǐǼǦǼǝ ƷǼǌ ǅȓǐƷǴǦǼǝ ǌȂΘǼ ǦǼȝȂ ǐΗǐǼ ȝǣǦǼǼǐȓ ЖǶƷǻǐǼȝȖॽ �ȖȝǦǻƷȝǐȖ

ȖǣȂΘ ȝǣƷȝ ȝǣǐȖǐ ǌΞǼƷǻǦǆȖ ȂǆǆȠȓ ȂΗǐȓ ЙǐǐȝǦǼǝ ȝǦǻǐৄȖǆƷǶǐȖ ƷǼǌ ǌǦǻǦǼȠȝǦΗǐ ǶǐǼǝȝǣ ȖǆƷǶǐȖअॽ bȂ ǌƷȝǐॶ Ǧȝ

ऀऀ



ǣƷȖ ǼȂȝ ǅǐǐǼ ȏȂȖȖǦǅǶǐ ȝȂ ǌǦȓǐǆȝǶΞ ȂǅȖǐȓΗǐ ȝǣǐ ǐΝȝȓǐǻǐ ЙƷȝȝǐǼǦǼǝ Ȃǜ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ǆȂȓǐȖॶ ǜȂǶǶȂΘǐǌ ǅΞ

ȝǣǐǦȓ ȖȠǅȖǐȒȠǐǼȝ ǅȓǐƷǴǌȂΘǼ ǦǼȝȂ ȖǐǆȂǼǌƷȓΞ ƷǼǌ ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖॶ ƷȖ ǌȂǆȠǻǐǼȝǐǌ ǣǐȓǐॽ

ऀ৷ँ BӏԚӟԀӋԓ ҷӹӋBҷԚӏԏӢҷӲԓ

�ǦȓǐǆȝǶΞ ȂǅȖǐȓΗǦǼǝ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ǶƷȓǝǐ ǆȂǣǐȓǐǼȝ ΗȂȓȝǦǆǐȖ ǦǼȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ ȓǐȒȠǦȓǐȖ ȝǣǐ ΗǦৄ

ȖȠƷǶǦΣƷȝǦȂǼ Ȃǜ ǶƷȓǝǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ǌǦȖǦǼȝǐǝȓƷȝǦǼǝ ȂΗǐȓ ǐȏǣǐǻǐȓƷǶ ȝǦǻǐৄȖǆƷǶǐȖ Ʒ ǜǐΘ ǻǦǶǶǦȖǐǆȂǼǌȖ

ǦǼȝȂ ȝǣǐ ȖǻƷǶǶǐȖȝ ǆȂǼȖȝǦȝȠǐǼȝȖ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘ ǻǦǆȓȂǻǐȝǐȓ ǶǐǼǝȝǣ ȖǆƷǶǐȖॽ bǣǐ ǌǦАǆȠǶȝΞ ȓǐȖȠǶȝȖ

ǜȓȂǻ ȝǣǐ ǆǣƷȂȝǦǆ ȖȏƷȝǦȂȝǐǻȏȂȓƷǶ ǼƷȝȠȓǐ Ȃǜ ȝǣǐȖǐ ȏȓȂǆǐȖȖǐȖॶ ǻƷǴǦǼǝ ȝǣǐǻ ǣƷȓǌ ȝȂ ȏǦǼ ǌȂΘǼॽ /Ǽ Ȃȓৄ

ǌǐȓ ȝȂ ǦȖȂǶƷȝǐ ƷǼǌ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ȏȓȂǅǐ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ ȝǣƷȝ ȓǐȖȠǶȝȖ ǜȓȂǻ ȝǣǐ

ǅȓǐƷǴǌȂΘǼ Ȃǜ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǦǆǐȖॶ Θǐ ǐΝƷǻǦǼǐ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ǦǌǐǼȝǦǆƷǶ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ƷȖ

ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽऀƷ ƷǼǌ ΗǦǌǐȂ ऀःऀॶःअॽ bǣǐ ȏǶƷǼƷȓ ǝǐȂǻǐȝȓΞ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼ ȓǐȖȝȓǦǆȝȖ ƷǶǶ Ȃǜ

ȝǣǐ ǌΞǼƷǻǦǆȖ ȝȂ ȂǆǆȠȓ ΘǦȝǣǦǼ Ʒ ǼƷȓȓȂΘ ΗȂǶȠǻǐ ΘǣȂȖǐ ȏȂȖǦȝǦȂǼ ǦȖ ЖΝǐǌ ǦǼ ȝǣǐ ǶƷǅȂȓƷȝȂȓΞ ǜȓƷǻǐॽ bǣǦȖ

ǆȂǼЖǼǐǻǐǼȝ ƷǶǶȂΘȖ ǜȂȓ ȝǣǐ ȓǐƷǶৄȝǦǻǐॶ ǣǦǝǣ Ȗȏǐǐǌॶ ƷǼǌ ǜȠǶǶΞ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ΗǦȖȠƷǶǦΣƷȝǦȂǼ Ȃǜ ȝǣǐ

ЙȂΘॽ HȠȓ ǐΝȏǐȓǦǻǐǼȝƷǶ ȖǐȝȠȏ ǦȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽऀǅৄǆ ƷǼǌ ǌǐȖǆȓǦǅǐǌ ǦǼ ǌǐȝƷǦǶ ǦǼ �ȏȏǐǼǌǦΝ �ॽऀॽ

bΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ Жȓǐǌ ǣǐƷǌৄȂǼ ȠȖǦǼǝ Ʒ ȏǦȖȝȂǼৄǆΞǶǦǼǌǐȓ ƷȖȖǐǻǅǶΞ ǦǼ Ʒ आऄৄǝƷǶǶȂǼ ΘƷȝǐȓ ƷȒȠƷȓৄ

ǦȠǻ ࣦࣥ × ࣣࣣ × ࣦ࣡ ǆǻࣤॽ bǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼȖ Ʒȓǐ ǆƷȏƷǅǶǐ Ȃǜ ȓǐƷǆǣǦǼǝ Ʒ ǻƷΝǦǻȠǻXǐΞǼȂǶǌȖ ǼȠǻৄ

ǅǐȓॶ Xǐ = e�/ܹॶ Ȃǜ ँऄॶࣿࣿࣿ ƷǼǌ Ʒ ǻƷΝǦǻȠǻ ȖȝȓȂǴǐ ȓƷȝǦȂॶ [X  =/�ॶ Ȃǜ ःऀइॽ e ƷǼǌ = Ʒȓǐ ȝǣǐ ȏǦȖȝȂǼ

ΗǐǶȂǆǦȝΞ ƷǼǌ ȖȝȓȂǴǐ ǶǐǼǝȝǣॶ ȓǐȖȏǐǆȝǦΗǐǶΞॶ ܹ ǦȖ ȝǣǐ ǴǦǼǐǻƷȝǦǆ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌॶ ƷǼǌ� = ࣣ.ࣦࣥ ǆǻ

ǦȖ ȝǣǐ ȝȠǅǐ ǌǦƷǻǐȝǐȓॽ bǣǐ ǆȂȓǐȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖॶ Θǣǐȓǐ ȝǣǐ ΗȂȓȝǦǆǦȝΞ Ȃǜ ȝǣǐ ЙȂΘ ǦȖ ǆȂǼǆǐǼȝȓƷȝǐǌॶ

Ʒȓǐ ǌΞǐǌअआ ΘǦȝǣ Ʒ ЙȠȂȓǐȖǆǐǼȝ ǌΞǐ XǣȂǌƷǻǦǼǐ � ǦǼ Ȃȓǌǐȓ ȝȂ ȝȓƷǆǴ ȝǣǐǦȓ ǻȂȝǦȂǼ ƷǼǌ ǌǐǜȂȓǻƷȝǦȂǼॽ

�ȂǻȏǶǐǻǐǼȝƷȓΞ ȝΘȂৄǌǦǻǐǼȖǦȂǼƷǶ ȏƷȓȝǦǆǶǐৄǦǻƷǝǐ ΗǐǶȂǆǦǻǐȝȓΞ U/q ǻǐƷȖȠȓǐǻǐǼȝȖ Θǐȓǐ ǆȂǼǌȠǆȝǐǌ

ȝȂ ǐǼȖȠȓǐ ȝǣƷȝ ȝǣǐ ǦǼǱǐǆȝǐǌ ǌΞǐ ǆȂǦǼǆǦǌǐȖ ΘǦȝǣ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ǌȠȓǦǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼॶ ƷȖ ǌǦȖǆȠȖȖǐǌ ǜȠȓৄ

ȝǣǐȓ ǦǼ �ȏȏǐǼǌǦΝ �ॽँॽ bǣǐ ǅȓǐƷǴǌȂΘǼ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ǆȂȓǐȖ Ʒȓǐ ǌǦȓǐǆȝǶΞ ΗǦȖȠƷǶǦΣǐǌ ǦǼ ȓǐƷǶ ȝǦǻǐ

ƷǼǌ ǦǼ ǜȠǶǶ ं�ॽ bǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐ ǦȖ ǦǶǶȠǻǦǼƷȝǐǌ ǅΞ Ʒ ȏȠǶȖǐǌ ≈ ࣦ ǼȖॶ ࣣৄsƷȝȝ ǶƷȖǐȓ Ȗǣǐǐȝ [ȏǐǆȝৄ
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Figure 1.1: Experimental system. (a) A montage of images showing the head-on collision of two vortex rings formed
at Re = 8000 and SR = 2.5, where both rings are dyed with food coloring. Upon first colliding, the vortex rings stretch
and grow radially before rapidly breaking down to fine-scale “smoke.” (b) An image and (c) schema c of the two vortex
cannons and high-speed scanning laser sheet fluorescence microscopy setup, which enables each scan of the flow to be
reconstructed into a 3D volume.

ȓƷȏǣΞȖǦǆȖ �ΝȏǶȂȓǐȓ HǼǐ ऄंँৄँsॶ ȖΞǼǆǣȓȂǼǦΣǐǌ ΘǦȝǣ ȝǣǐ ǐΝȏȂȖȠȓǐ ȖǦǝǼƷǶ Ȃǜ Ʒ ǣǦǝǣৄȖȏǐǐǌ ǦǻƷǝǦǼǝ

ȖǐǼȖȂȓ UǣƷǼȝȂǻ qँऄऀऀॽ bǣǐ ǶƷȖǐȓ Ȗǣǐǐȝ ȖǆƷǼȖ ȝǣȓȂȠǝǣ ȝǣǐ ЙȂΘ ȂΗǐȓ Ʒ ǌǦȖȝƷǼǆǐ Ȃǜ Ƞȏ ȝȂ ࣣ.ࣦࣥ ǆǻ Ʒȝ

Ʒ ǜȓǐȒȠǐǼǆΞ Ȃǜ  Ǵ,Σॶ ƷǶǶȂΘǦǼǝ Ʒ ǌƷȝƷ ǆƷȏȝȠȓǐ ȓƷȝǐ Ȃǜ , ࣡࣡࣡ ΗȂǶȠǻǐȖ ȏǐȓ ȖǐǆȂǼǌঃ ȝǣǦȖ ǣǦǝǣ ȖǆƷǼǼǦǼǝ

ȓƷȝǐ ǐǼȖȠȓǐȖ ȝǣƷȝ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ЙȂΘ Ʒȓǐ ǐЍǐǆȝǦΗǐǶΞ ৗǜȓȂΣǐǼ ǦǼ ǐƷǆǣ ǦǼǌǦΗǦǌȠƷǶ ȖǆƷǼॽ bǣǐ ǜȠǶǶ

ं� ȖȏƷȝǦȂȝǐǻȏȂȓƷǶ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ Ʒȓǐ ȓǐǆȂǼȖȝȓȠǆȝǐǌ ΘǦȝǣ �ȓƷǝȂǼЙΞ ΗǦȖȠƷǶǦΣƷȝǦȂǼ ȖȂǜȝৄ

ΘƷȓǐ HǅǱǐǆȝ XǐȖǐƷȓǆǣ [ΞȖȝǐǻȖ Ʒȝ Ʒ ǻƷΝǦǻƷǶ ȖȏƷȝǦƷǶ ȓǐȖȂǶȠȝǦȂǼ Ȃǜ ࣦࣥ ܸǻ ƷǶȂǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐ

ƷǼǌ ࣡࣡ ܸǻ ǦǼ ȝǣǐ ȖǆƷǼǼǦǼǝ ǌǦȓǐǆȝǦȂǼॽ
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Figure 1.2: Two vortex rings colliding. Four consecu ve snapshots simultaneously taken from the front (top) and side
(bo om) showing the progressive stages of the head-on collision between two iden cal vortex rings with Re = 4000 and
SR = 2.5. Both cores are injected with a small volume of fluorescent dye (Rhodamine B) and illuminated from the side by
a scanning green laser sheet, highligh ng the core in bright yellow. (a) As the two cores approach, they stretch radially
but remain circular. (b) With further stretching, the vortex rings develop long-wavelength perturba ons that form tent-
like structures. (Inset) Zoomed-in view of a developing tent-like structure. (c) The ps of the tent-like structures fla en
due to the intense strains exerted by the circula ng cores. (Inset) The fla ened core stretches into a vortex sheet and
splits into two secondary vortex filaments. (d) The ini al breakdown of the vortex cores at these local tent-like struc-
tures propagate along the vortex cores, leading to the annihila on of the vortex rings and the forma on of a turbulent
cloud.

ऀ৷ं qԀԏԚӏԭ XӢӹӚ �ԀӲӲӢԓӢԀӹԓ

bǣǐ ǆȂǶǶǦȖǦȂǼ ǅǐȝΘǐǐǼ ȝΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ ȂǆǆȠȓȖ ȂΗǐȓ ȖǐΗǐȓƷǶ ǌǦȖȝǦǼǆȝ ȖȝƷǝǐȖॶ ȖǣȂΘǼ ǜȂȓ Ʒ ȝΞȏǦǆƷǶ ǐΝƷǻৄ

ȏǶǐ ǦǼ $Ǧǝॽ ऀॽँ ƷǼǌ ΗǦǌǐȂ ँःअॽ �Ȗ ȝǣǐ ȝΘȂ ȓǦǼǝȖ ǦǼǦȝǦƷǶǶΞ ƷȏȏȓȂƷǆǣ ȂǼǐ ƷǼȂȝǣǐȓॶ ȝǣǐΞ ǐΝȏƷǼǌ ȓƷǌǦƷǶǶΞॶ

ȖȝȓǐȝǆǣǦǼǝ ƷǶȂǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽँƷॽ bǣǦȖ ȖȝȓǐȝǆǣǦǼǝ ǦȖ ǦǼǦȝǦƷǶǶΞ ȠǼǦǜȂȓǻॶ ȖȠǆǣ

ȝǣƷȝ ȝǣǐ ȓǦǼǝȖ ǻƷǦǼȝƷǦǼ Ʒ ȝȂȓȂǦǌƷǶ ȖǣƷȏǐॽ �ΗǐǼȝȠƷǶǶΞॶ ǣȂΘǐΗǐȓॶ ƷΣǦǻȠȝǣƷǶ ȠǼǌȠǶƷȝǦȂǼȖ ǌǐΗǐǶȂȏ ǆǦȓৄ

ǆȠǻǜǐȓǐǼȝǦƷǶǶΞ ǦǼȝȂ ȠǼȖȝƷǅǶǐ ȝǐǼȝৄǶǦǴǐ ȖȝȓȠǆȝȠȓǐȖ ƷȓȂȠǼǌ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽँǅৄǆॽ

bǣǐ ȠǼǌȠǶƷȝǦȂǼȖ ǝȓȂΘॶ ǆȂǼȝƷǆȝॶ ƷǼǌ ǦǼǦȝǦƷȝǐ ȝǣǐ ǆȂǻȏǶǐȝǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ȝǣǐ ǆȂǣǐȓǐǼȝ ǆȂȓǐȖ ǦǼȝȂ Ʒ
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ȝǦƷȓƷ Ȃǜ ȝȠȓǅȠǶǐǼȝ ȏȠЍȖॶ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽँǌॽ

bǣǐ ȂǅȖǐȓΗǐǌ ǦǼǦȝǦƷǶ ƷΣǦǻȠȝǣƷǶ ȠǼǌȠǶƷȝǦȂǼȖ Ȃǜ ȝǣǐ ǆȂȓǐ ǆƷǼ ƷȓǦȖǐ ǜȓȂǻ ȝΘȂ ǌǦЍǐȓǐǼȝ ǻǐǆǣƷৄ

ǼǦȖǻȖंईॵ ȝǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞऀࣿ ƷǼǌ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞऄंॶआइॽ bǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞ ǌǐΗǐǶȂȏȖ

ǜȓȂǻ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ȝǣǐ ȝΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ ƷǼǌ ǣƷȖ Ʒ ΘƷΗǐǶǐǼǝȝǣ ȂǼ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ȝǣǐ ǌǦȖȝƷǼǆǐ ǅǐৄ

ȝΘǐǐǼ ȝǣǐ ȓǦǼǝȖॶ ǻȠǆǣ ǶƷȓǝǐȓ ȝǣƷǼ ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖॶ ܿॽ /Ǽ ǆȂǼȝȓƷȖȝॶ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ȂǆǆȠȓȖ ǜȓȂǻ

Ʒ ȓǐȖȂǼƷǼȝ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ Ʒ ȖǦǼǝǶǐ ΗȂȓȝǐΝ ȓǦǼǝ ΘǦȝǣ Ʒ ȖȝȓƷǦǼ ЖǐǶǌॶ ǐǦȝǣǐȓ ǜȓȂǻ ǦȝȖǐǶǜ Ȃȓ ǜȓȂǻ ȝǣǐ Ȃȝǣǐȓ

ΗȂȓȝǐΝॶ ƷǼǌ ǣƷȖ Ʒ ΘƷΗǐǶǐǼǝȝǣ ȂǼ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ȝǣǐ ǆȂȓǐ ȖǦΣǐॽ bǣǐ ǆȠȓȓǐǼȝ ǐΝȏǐȓǦǻǐǼȝ ǣƷȖ ƷǼ ǦǼǦȝǦƷǶ ǦǼৄ

ȖȝƷǅǦǶǦȝΞ ȝǣƷȝ ǦȖ ǆȂǼȖǦȖȝǐǼȝ ΘǦȝǣ ȝǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞॶ ΘǣǦǆǣ ǶǐƷǌȖ ȝȂ ȝǣǐ ǦǼǦȝǦƷǶ ǜȂȓǻƷȝǦȂǼ Ȃǜ ȝǐǼȝৄǶǦǴǐ

ȖȝȓȠǆȝȠȓǐȖॽ �Ȗ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǦǼǆȓǐƷȖǐȖॶ Θǐ ǐΝȏǐǆȝ ȝǣƷȝ ȝǣǐ ǐǼȖȠǦǼǝ ǌΞǼƷǻǦǆȖ ΘǦǶǶ ǅǐǆȂǻǐ

ȓǦǆǣǐȓ ƷǼǌ ǻȂȓǐ ǆȂǻȏǶǦǆƷȝǐǌ ƷȖ Ʒ ȓǐȖȠǶȝ Ȃǜ ȝǣǐ ǦǼȝǐȓȏǶƷΞ ǅǐȝΘǐǐǼ ȝǣǐ ǌǦЍǐȓǐǼȝ ȝΞȏǐȖ Ȃǜ ǦǼȖȝƷǅǦǶǦȝǦǐȖंईॽ

t = 0 ms

(a)

t = 90 ms

(b)
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Figure 1.3: 3D reconstruc on of the breakdown of two dyed vortex cores. Three snapshots showing the late-stage
dynamics of two colliding vortex rings where Re = 4000 and SR = 2.5. (a) The cores deflect toward one another, de-
veloping a tent-like structure. (b) The tent-like structure grows in amplitude, and the lower core fla ens into a vortex
sheet at the region where the two cores are closest. (c) The cores contact and break down. In all panels, the cyan arrows
indicate length scales: (a) .ࣨ mm, (b) .ࣥ mm, and (c) .ࣥ mm.
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Figure 1.4: Extreme stretching of a colliding vortex core. (a) Cross-sec onal slice of a deforming vortex core extracted
from 3D flow visualiza on during the collision of a dyed vortex ring with an invisible, undyed vortex ring. The dyed
vortex core, rota ng in the clockwise direc on, is shown in blue and is stretched by the undyed vortex core, which
rotates in the counter-clockwise direc on. The centerline of the vortex core is indicated by the black dashed line, and
the plane perpendicular to the midpoint of the centerline is shown by the red lines. The grid spacing is 1 mm× 1 mm.
(b) Centerline length vs. me for the dyed core. (c) Core thickness along the midpoint of the centerline vs. me. The
green dashed lines correspond to the mes indicated in (a), the data in both plots is averaged over 10 adjoining slices,
and for this collision, Re = 4000 and SR = 2.5.
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ǻǐǼȝȖॽ bǣǐ ЙȠȂȓǐȖǆǐǼȝ ǌΞǐ ȝǣƷȝ ǦȖ ǦǼǱǐǆȝǐǌ ǦǼȝȂ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ǐЍǐǆȝǦΗǐǶΞ ȝȓƷǆǐȖ ȝǣǐǦȓ ȏȂȖǦȝǦȂǼ

ƷǼǌ ȖǶǦǝǣȝǶΞ ȠǼǌǐȓৄǐȖȝǦǻƷȝǐȖ ȝǣǐǦȓ ȖǦΣǐॶ ǌǐЖǼǐǌ ǅΞ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ ǦǼ ȝǣǐ ǆȂȓǐȖ ǌǐȝƷǦǶǐǌ ǦǼ

�ȏȏǐǼǌǦΝ �ॽँॽ bǣǐ ǻǐƷǼ ȝǣǦǆǴǼǐȖȖ Ȃǜ ȝǣǐ ǦǼǦȝǦƷǶ ȏȓǦǻƷȓΞॶ ȖǐǆȂǼǌƷȓΞॶ ƷǼǌ ȝǐȓȝǦƷȓΞ ǆȂȓǐȖ ǦȖ ƷȏȏȓȂΝǦৄ

ǻƷȝǐǶΞ .࣡±ࣩࣤ. ǻǻॶ ࣡.ࣧ.࣡± ǻǻॶ ƷǼǌ ࣡.ࣣࣣ±࣡. ǻǻॶ ȓǐȖȏǐǆȝǦΗǐǶΞॽ bǣǐ ȖƷǻǐ ǦǼȝǐǼȖǦȝΞ ȝǣȓǐȖǣȂǶǌ

ǦȖ ǻƷǦǼȝƷǦǼǐǌ ǌȠȓǦǼǝ ȝǣǐ ǻǐƷȖȠȓǐǻǐǼȝ Ȃǜ ǐƷǆǣ ǆȂȓǐ ȖǦΣǐॶ ƷǼǌ ȝǣǐ ȝȂȏȂǶȂǝΞ Ȃǜ ȝǣǐ ЖǶƷǻǐǼȝȖ ǦȖ ȒȠǦȝǐ

ȖȝƷǅǶǐ ȂΗǐȓ Ʒ ΘǦǌǐ ȓƷǼǝǐ Ȃǜ ǦǼȝǐǼȖǦȝΞ ȝǣȓǐȖǣȂǶǌȖॽ bǣȠȖॶ Ʒȝ ǐƷǆǣ ǦȝǐȓƷȝǦȂǼ Ȃǜ ȝǣǐ ǅȓǐƷǴǌȂΘǼॶ ȝǣǐ ΗȂȓৄ

ȝǐΝ ǆȂȓǐ ȖǦΣǐ ǌǐǆȓǐƷȖǐȖ ǅΞ Ʒ ǜƷǆȝȂȓ Ȃǜ ȝǣȓǐǐॽ �Ȗ ȝǣǐ ǦȝǐȓƷȝǦΗǐ ǅȓǐƷǴǌȂΘǼ ȏȓȂǆǐȖȖ ǝǐǼǐȓƷȝǐȖ ȖǻƷǶǶǐȓ ƷǼǌ

ȖǻƷǶǶǐȓ ȖǆƷǶǐȖ Ȃǜ ΗȂȓȝǦǆǐȖॶ Ǧȝ ǦȖ ȠǶȝǦǻƷȝǐǶΞ ǣƷǶȝǐǌ ǅΞ ΗǦȖǆȂȖǦȝΞॽ bǣǦȖ ȝǣǐȓǐǜȂȓǐ ȖȠǝǝǐȖȝȖ ȝǣƷȝ ȝǣǐ ǦȝǐȓƷৄ
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Figure 1.5 (following page): An itera ve cascade of instabili es leads to the emergence of small-scale flow structures. 3D
reconstruc on of the breakdown dynamics following the collision of a dyed vortex ring (top) with an invisible undyed
one (bo om). For this typical example, Re = 4000 and SR = 2.5. (a) The upper dyed vortex develops a tent-like perturba-
on that deflects toward the undyed lower vortex. (b) The tent-like structure fla ens into a very thin vortex sheet. Most

of the dye collects at the edges of the sheet. (c) The thin vortex sheet ruptures, and a hole is formed, which extends
down the rest of the core. (d) The vortex sheet splits into two smaller secondary filaments, which unravel the vortex
core at both ends. (e) A secondary vortex splits into smaller ter ary vortex filaments. (f) A complex structure of interact-
ing secondary and ter ary vortex filaments emerges. (Inset) Zoomed-in and contrast-enhanced view showing a network
of interac ng coherent secondary and ter ary vortex filaments. The magnified view is a sub-volume of the main panel
indicated by the dashed box and is viewed through the dashed magenta window. (g-h) Full view of the emerging ter ary
filaments. The contrast is enhanced to highlight the faint ter ary filaments. (i) The essence of the dynamics is captured
en rely in one snapshot, simultaneously showing three genera ons of the itera ve cascade. In every panel, the size of
a dis nct feature is indicated by a cyan scale bar: (a) .ࣤ mm, (b) .ࣣ mm, (c) .ࣣ mm, (d) .ࣨ mm, (e) ࣣ.࣪ mm, (f) ࣣ. mm,
(Inset) . mm, (g) . mm, (h) ࣡.ࣧ mm, and (i) ࣣ.ࣩ mm.
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Figure 1.5: (con nued)
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ȝǦΗǐ ǆƷȖǆƷǌǐ ǆȂȠǶǌ ǆȂǼȝǦǼȠǐ ƷǼǌ ȓǐȏǐƷȝ ǦȝȖǐǶǜ ȝȂ ǐΗǐǼ ȖǻƷǶǶǐȓ ȖǆƷǶǐȖ ǌȠȓǦǼǝ ǣǦǝǣǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ

ǆȂǶǶǦȖǦȂǼȖॽ

CǐΗǐȓȝǣǐǶǐȖȖॶ Ǧȝ ǦȖ ǦǻȏȂȓȝƷǼȝ ȝȂ ȏȂǦǼȝ ȂȠȝ ȝǣƷȝ ΗǦȖǆȂȠȖ ǐЍǐǆȝȖ ȏǶƷΞ Ʒ ǆȓǦȝǦǆƷǶ ȓȂǶǐ ǐΗǐǼ ǦǼ ȝǣǐ ǅȓǐƷǴৄ

ǌȂΘǼ Ȃǜ ȝǣǐ ȏȓǦǻƷȓΞ ΗȂȓȝǐΝ ǆȂȓǐॽ qǦȖǆȂȠȖ ǐЍǐǆȝȖ Ʒȓǐ ȓǐȒȠǦȓǐǌ ǜȂȓ ȝǣǐ ȝȂȏȂǶȂǝǦǆƷǶ ǆǣƷǼǝǐ ǦǼ ΘǣǦǆǣ

ȝǣǐ ΗȂȓȝǐΝ Ȗǣǐǐȝ ȖȏǶǦȝȖ ǦǼȝȂ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॶ ǆǶǐƷȓǶΞ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽऄǅৄǆॽ qǦȖǆȂȖǦȝΞ ƷǆȝȖ ȂǼǶΞ ǜȂȓ

ȖǣȂȓȝ ȝǦǻǐȖ ƷǼǌ ȂǼ ȖǻƷǶǶ ȖǆƷǶǐȖ ΘǣǐǼ ȝǣǐ Ȗǣǐǐȝ ǦȖ Ȗȝȓǐȝǆǣǐǌ ȝǣǦǼǶΞ ƷǼǌ ƷȏȏǐƷȓȖ ȝȂ ȓȠȏȝȠȓǐॽ �ǌǌǦȝǦȂǼৄ

ƷǶǶΞॶ Ǧȝ ǦȖ ǦǻȏȂȓȝƷǼȝ ȝȂ ȖȝȓǐȖȖ ȝǣƷȝ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ǐЍǐǆȝȖ ȏǶƷΞ ƷǼ ǐȖȖǐǼȝǦƷǶ ȓȂǶǐ ǦǼ ȝǣǐ ǅȓǐƷǴǌȂΘǼ

ǌΞǼƷǻǦǆȖॽ sǣǦǶǐ ȝǣǐ ȖȏǶǦȝȝǦǼǝ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ Ȗǣǐǐȝ ǦǼȝȂ ȖǻƷǶǶǐȓ ЖǶƷǻǐǼȝȖ ǻƷΞ Ȗǐǐǻ ȝȂ ǅǐ Ʒ ȒȠƷȖǦৄ

ȝΘȂৄǌǦǻǐǼȖǦȂǼƷǶ ȏǣǐǼȂǻǐǼȂǼॶ ȝǣǐ ȓǐǶƷȝǦΗǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǦȖ ǦǼǌȠǆǐǌ ǅȂȝǣ ǜȓȂǻ

ǦǼǌǦΗǦǌȠƷǶ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॶ ǜȓȂǻ ǦǼȝǐȓƷǆȝǦȂǼȖ ΘǦȝǣ ǼǐǦǝǣǅȂȓǦǼǝ ЖǶƷǻǐǼȝȖॶ ƷǼǌ ΗȂȓȝǐΝ ȖȝȓǐȝǆǣǦǼǝॽ

ऀ৷ऄ �ӢԏӏӅԚ CԞӸӏԏӢӅҷӲ [ӢӸԞӲҷԚӢԀӹԓ

bȂ ȏȓȂǅǐ ȝǣǦȖ ǅȓǐƷǴǌȂΘǼǻǐǆǣƷǼǦȖǻ ǜȠȓȝǣǐȓॶ Θǐ ƷǶȖȂ ǐΝƷǻǦǼǐ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ΗȂȓȝǐΝ

ȓǦǼǝȖ ΘǦȝǣ ǌǦȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ Ȃǜ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖॽ bǐǆǣǼǦǆƷǶ ǌǐȝƷǦǶȖ Ȃǜ ȝǣǐ ȖǦǻৄ

ȠǶƷȝǦȂǼȖ Ʒȓǐ ǌǐȖǆȓǦǅǐǌ ǦǼ �ȏȏǐǼǌǦΝ �ॽंॽ /Ǽ ȝǣǐ ȖƷǻǐ ǆȂǼЖǝȠȓƷȝǦȂǼ ƷȖ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖॶ ȝǣǐ ǦǼǦȝǦƷǶ

ǆȂǼǌǦȝǦȂǼ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼȖ ǆȂǼȖǦȖȝȖ Ȃǜ ȝΘȂ ǦǌǐǼȝǦǆƷǶ ΗȂȓȝǐΝ ȓǦǼǝȖ ǆȂǶǶǦǌǦǼǝ ǣǐƷǌৄȂǼॽ /Ǽ ȝǣǐ ǆƷǶǆȠৄ

ǶƷȝǦȂǼ ȖǣȂΘǼ ǣǐȓǐॶ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ ǌǐЖǼǐǌ ǅΞ Xǐ۵ = ۵/ܹॶ Θǣǐȓǐ ۵ ǦȖ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ Ȃǜ ȝǣǐ

ȓǦǼǝȖॶ ǦȖ Xǐ۵ = ࣦࣤ࣡࣡ॽ bǣǐ ǦǼǦȝǦƷǶ ǆȂȓǐ ȖǶǐǼǌǐȓǼǐȖȖ ȓƷȝǦȂॶ ۽ = ܿ/Xॶ ǦȖ Ȗǐȝ Ʒȝ ࣿॽंऄॶ ΘǣǐȓǐX ǦȖ ȝǣǐ

ΗȂȓȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖॽ bǣȓȂȠǝǣȂȠȝ ȝǣǐ ȏȓȂǝȓǐȖȖǦȂǼ Ȃǜ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼॶ Θǐ ǆƷǶǆȠǶƷȝǐ ǅȂȝǣ ȝǣǐ ǐΗȂǶȠȝǦȂǼ

Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ ƷȖ ΘǐǶǶ ƷȖ ȝǣǐ ǆȂǼǆǐǼȝȓƷȝǦȂǼ Ȃǜ ƷǼ ƷǌΗǐǆȝǐǌ ǌΞǐ ǦǼ ǅȂȝǣ ΗȂȓȝǐΝ ȓǦǼǝȖॽ

�ȂǻȏȠȝƷȝǦȂǼƷǶ ǶǦǻǦȝƷȝǦȂǼȖ ȏȓȂǣǦǅǦȝ ȠȖǦǼǝ Ʒ ǌΞǐ ǌǦЍȠȖǦΗǦȝΞ ǆȂǻȏƷȓƷǅǶǐ ȝȂ ȝǣƷȝ Ȃǜ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖॶ

≈ ࣡−ࣤ ܹऀआॽ bǣǐ ȖǦǻȠǶƷȝǐǌ ǌΞǐ ǌǦЍȠȖǦΗǦȝΞ ǦȖ ǐȒȠƷǶ ȝȂ ȝǣǐ ǴǦǼǐǻƷȝǦǆ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌॽ bǣǐ ǦǼǦȝǦƷǶ

ǌΞǼƷǻǦǆȖ ǻǦȓȓȂȓ ȝǣȂȖǐ Ȃǜ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽअƷুȝǣǐ ȓǦǼǝȖ ǐΝȏƷǼǌ ȓƷǌǦƷǶǶΞ ƷȖ ȝǣǐΞ

ƷȏȏȓȂƷǆǣ ȂǼǐ ƷǼȂȝǣǐȓ ƷǼǌ ǌǐΗǐǶȂȏ Ʒ ǶȂǼǝৄΘƷΗǐǶǐǼǝȝǣ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞंईॽ
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t = 0 ms t = 83 ms t = 111 ms t = 148 mst = 83 ms

t = 148 ms

 1 cm  2 mm
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(a) (b)

Figure 1.6: Numerical simula on of colliding vortex rings. (a) Volumetric plot of dye concentra on in a simula on of
two colliding vortex rings whose cores are ini ally seeded with red and blue dye, respec vely. As the vortex cores
approach, the blue vortex fla ens into thin vortex sheets, which break down into secondary filaments. (b) Zoomed-in,
cross-sec onal view of the developing secondary filaments indicated by the white box in (a). The top panels plot the dye
concentra on, and the bo om panels plot the vor city modulus. The forma on and rupture of sheets into filaments is
clearly shown by the top (blue) vortex, while the lower vortex shows that if no rupture occurs, the sheet eventually curls
back into a vortex when the strain is released.

bǣǐ ȖǦǻȠǶƷȝǦȂǼȖ ǼǦǆǐǶΞ ǆƷȏȝȠȓǐ ȂǼǐ ǦȝǐȓƷȝǦȂǼ Ȃǜ ȝǣǐ ǆƷȖǆƷǌǐ ǻǐǆǣƷǼǦȖǻॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽअǅ

ƷǼǌ ΗǦǌǐȂ अःअॽ bǣǐ ǌΞǐ ȝȓƷǆǴȖ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌȠȓǦǼǝ ȝǣǐ ǦǼǦȝǦƷǶ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ ǦǼȖȝƷǅǦǶǦȝΞ ƷǼǌ

ǜȂȓǻƷȝǦȂǼ Ȃǜ ȝǣǐ ȝǐǼȝৄǶǦǴǐ ȖȝȓȠǆȝȠȓǐȖॽ bǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼȖ Ʒȓǐ ȒȠƷǶǦȝƷȝǦΗǐǶΞ ȖǦǻǦǶƷȓ ȝȂ

ȝǣȂȖǐ Ȃǜ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖ ƷȖ ȂǼǐ Ȃǜ ȝǣǐ ǌΞǐǌ ΗȂȓȝǐΝ ǆȂȓǐȖ ЙƷȝȝǐǼȖ ǦǼȝȂ Ʒ Ȗǣǐǐȝॶ ΘǣǦǆǣ ȝǣǐǼ ȓȠȏȝȠȓǐȖ

ǦǼȝȂ ȝΘȂ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॽ bǣǐȖǐ ȖƷǻǐ ǌΞǼƷǻǦǆȖ Ʒȓǐ ǻǦȓȓȂȓǐǌ ǦǼ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼॶ ƷȖ

ȖǣȂΘǼ ǦǼ ǝȓǐǐǼ ǦǼ $Ǧǝॽ ऀॽअǅॽ bǣǐ ǆǦȓǆȠǶƷȝǦȂǼ ǦȖ ǌǦȖȝȓǦǅȠȝǐǌ ǅǐȝΘǐǐǼ ȝǣǐ ȝΘȂ ȓȠȏȝȠȓǐǌ ЖǶƷǻǐǼȝȖ ǦǼ

Ʒ ँॵऀ ȏȓȂȏȂȓȝǦȂǼॶ ƷǼǌ ǦȝȖ ȖȠǻ ȓȂȠǝǣǶΞ ǆȂȓȓǐȖȏȂǼǌȖ ȝȂ ȝǣǐ ȏȓǐৄȖȏǶǦȝ Ȗǣǐǐȝ ǆȂǼЖǝȠȓƷȝǦȂǼॶ ΘǦȝǣ ǻǦǼȂȓ

ǶȂȖȖǐȖ < %ॶ ǶǦǴǐǶΞ ǌȠǐ ȝȂ ΗǦȖǆȂȖǦȝΞॽ bǣǐ ǌǦЍȠȖǦΗǐ ǶȂȖȖǐȖ ǜȂȓ ȝǣǐ ǌΞǐ Ʒȓǐ ǶƷȓǝǐȓॵ ≈ ࣥ࣡% Ʒ ȖǦǻǦǶƷȓ

ȏǣǐǼȂǻǐǼƷ ǦȖ ƷǶȖȂ ȖǐǐǼ ǅΞ ȝǣǐ ǐΗƷǼǐȖǆǐǼȝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼ $Ǧǝॽ ऀॽऄǦॶ ǅȠȝ ȝǣǐ ȓƷȝǦȂ ǅǐȝΘǐǐǼ

ȝǣǐ ƷǻȂȠǼȝ Ȃǜ ǌΞǐ ǦǼ ǅȂȝǣ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǻƷȝǆǣǐȖ ȝǣȂȖǐ Ȃǜ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼȖॽ bǣǐ ȖǦǻȠǶƷȝǦȂǼȖ

ȖȠǝǝǐȖȝ ȝǣƷȝ ȝǣǐ ǻǦǼǦǻȠǻ ȝǣǦǆǴǼǐȖȖ Ȃǜ ȝǣǐ Ȗǣǐǐȝ ǱȂǦǼǦǼǝ ȝǣǐ ȝΘȂ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦȖ ǝǦΗǐǼ ǅΞ

ँँ



ȝǣǐ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌॽ /ǜ ܯ̇ ǦȖ ȝǣǐ ȖǣǐƷȓ ȓƷȝǐ ȝǣȓȂȠǝǣ ΘǣǦǆǣ ȝǣǐ Ȗǣǐǐȝ ǦȖ ǅǐǦǼǝ Ȗȝȓǐȝǆǣǐǌॶ ΗǦȖǆȂȠȖ

ǐЍǐǆȝȖ ΘǦǶǶ Ȗǐȝ ǦǼ ΘǣǐǼ ȝǣǐ Ȗǣǐǐȝ ȝǣǦǆǴǼǐȖȖ ǦȖ Ȃǜ Ȃȓǌǐȓ
√

ॽܯ̇/ܹ bǣǦȖ ΗǦȖǆȂȠȖ ǶǐǼǝȝǣ ȖǆƷǶǐ ǦȖ ǆƷǶǆȠǶƷȝǐǌ

ȝȂ ǅǐ ƷȏȏȓȂΝǦǻƷȝǐǶΞ ࣿॽࣿࣿऄX ǜȂȓ ȝǣǐ ΗȂȓȝǐΝ Ȗǣǐǐȝ Ʒȝ ȼ =  ǻȖॶ ȝǣǐ ȖƷǻǐ Ȃȓǌǐȓ ƷȖ ȝǣǐ ȝǣǦǆǴǼǐȖȖ Ȃǜ

ȝǣǐ Ȗǣǐǐȝ (≈ ࣡.࣡X)ॽ bǣǦȖ ǦȖ ƷȏȏȓȂΝǦǻƷȝǐǶΞ ः ǝȓǦǌ ȏȂǦǼȝȖॽ sǣǦǶǐ ȝǣǐ ȓȠȏȝȠȓǐ Ȃǜ ȝǣǐ Ȗǣǐǐȝ ǦȖ ǼȂȝ

ȏȓȂǌȠǆǐǌ ǦǼ Ʒ ȖȝȓǦǆȝ ȖǐǼȖǐুǦॽǐॽ ǼȂ ȓǐǝǦȂǼ ΘǦȝǣ ΣǐȓȂ ΗȂȓȝǦǆǦȝΞ ƷȏȏǐƷȓȖুƷȝ ǶƷȝǐȓ ȝǦǻǐȖॶ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǦǼ

ȝǣǐ Ȗǣǐǐȝ ȓǐǻǼƷǼȝȖ ǅǐǆȂǻǐȖ ΗƷǼǦȖǣǦǼǝǶΞ ȖǻƷǶǶ ƷǼǌ ȝǣǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐ ǆƷǼ ǅǐ ǐЍǐǆȝǦΗǐǶΞ ȝǣȂȠǝǣȝ Ȃǜ ƷȖ

ȝΘȂ ǌǦȖǆȓǐȝǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॽ qȂȓȝǦǆǦȝΞ ƷǻȏǶǦЖǆƷȝǦȂǼ ǦȖ ȏȓǦǻƷȓǦǶΞ ǶȂǆƷǶǦΣǐǌ ȝȂ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ

ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖॶ ΘǣǦǶǐ ȝǣǐ ǻǐƷǼ ΗȂȓȝǦǆǦȝΞ Ȃǜ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼ ǦȖ ƷǻȏǶǦЖǐǌ ȂǼǶΞ ȖǶǦǝǣȝǶΞॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ

ȝǣǐ ΘǣȂǶǐ ǆȂǶǶǦȖǦȂǼ ȏȓȂǆǐȖȖ ȝǐǼǌȖ ȝȂ ǻƷǴǐ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǶȂȖǐ ǦȝȖ ǦǼǦȝǦƷǶǶΞ ȏȓǐǜǐȓǐǼȝǦƷǶ ȂȓǦǐǼȝƷȝǦȂǼ ǦǼ

ȝǣǐ ƷΣǦǻȠȝǣƷǶ ǌǦȓǐǆȝǦȂǼॶ ǦǼǌǦǆƷȝǦǼǝ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ ǶǦǴǐ ǦǼ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖॽ /Ǽ

�ȏȏǐǼǌǦΝ �ॽःॶ Θǐ ȖǣȂΘǻȂȓǐ ǌǐȝƷǦǶȖ ƷǅȂȠȝ ȝǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ΗȂȓȝǦǆǦȝΞ ǦǼ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼȖॽ

ऀ৷अ �ԀӹӅӲԞԓӢԀӹ

qȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖ Ʒȝ ǣǦǝǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ǶǐƷǌ ȝȂ Ʒ ǼǐƷȓৄǦǼȖȝƷǼȝƷǼǐȂȠȖ ǅȓǐƷǴǌȂΘǼ Ȃǜ ȝǣǐ ǦǼǦৄ

ȝǦƷǶ ΗȂȓȝǦǆǐȖ ǦǼȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌॽ sǐ ǣƷΗǐ ȖǣȂΘǼ ȝǣƷȝ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ ȝǣǦȖ ǆǶȂȠǌ ǦȖ ǦǼǦȝǦƷȝǐǌ ǅΞ

ƷǼ ǦȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐ Ȃǜ ǦǼȖȝƷǅǦǶǦȝǦǐȖॵ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǅȓǐƷǴ ǌȂΘǼ ǦǼȝȂ ȖǻƷǶǶǐȓ ȖǐǆȂǼǌƷȓΞ ЖǶƷৄ

ǻǐǼȝȖॶ ΘǣǦǆǣ ȝǣǐǼ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼ ǦǼȝȂ ǐΗǐǼ ȖǻƷǶǶǐȓ ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖॽ bȂ

ȂȠȓ ǴǼȂΘǶǐǌǝǐॶ ȝǣǦȖ ǦȖ ȝǣǐ ЖȓȖȝ ȓǐȏȂȓȝǐǌ ǐΝȏǐȓǦǻǐǼȝƷǶ ȂǅȖǐȓΗƷȝǦȂǼ Ȃǜ Ʒ ǌΞǼƷǻǦǆ ǆƷȖǆƷǌǐ Ȃǜ ǦǼȖȝƷǅǦǶǦৄ

ȝǦǐȖ ǦǼ Ʒ ǅȠǶǴ ЙȠǦǌॽ bǣǐ ǦȝǐȓƷȝǦΗǐ ǻǐǆǣƷǼǦȖǻॶ ΘǣǐȓǐǅΞ ǶƷȓǝǐ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ЙƷȝȝǐǼ ǦǼȝȂ ȖǣǐǐȝȖ ƷǼǌ

ȝǣǐǼ ǅȓǐƷǴ ǌȂΘǼ ǦǼȝȂ ȖǻƷǶǶǐȓ ЖǶƷǻǐǼȝȖॶ ȒȠƷǶǦȝƷȝǦΗǐǶΞ ƷǝȓǐǐȖ ΘǦȝǣ ȓǐǆǐǼȝ ȝǣǐȂȓǐȝǦǆƷǶ ȏȓǐǌǦǆȝǦȂǼȖअॶआःॶ

ƷǶȝǣȂȠǝǣ ȝǣǐ ǻǐǆǣƷǼǦȖǻ ȂǅȖǐȓΗǐǌ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ƷǼǌ ǼȠǻǐȓǦǆƷǶǶΞ ǌǦЍǐȓȖ ǦǼ ǌǐȝƷǦǶȖ ǜȓȂǻ ȝǣǐ ȂǼǐ

ǐǼΗǦȖǦȂǼǐǌ ǦǼअॽ bǣǐ ǌǐǝȓǐǐ ȝȂ ΘǣǦǆǣ ȝǣǐ ΗȂȓȝǦǆǐȖ Ȗȝȓǐȝǆǣ ǌȠȓǦǼǝ ǐƷǆǣ Ȗȝǐȏ Ȃǜ ȝǣǐ ǆƷȖǆƷǌǐ ǦȖ Ʒ ǆȓȠৄ

ǆǦƷǶ ȒȠǐȖȝǦȂǼ ȝȂ ȠǼǌǐȓȖȝƷǼǌ ȝǣǐ ȏȂȖȖǦǅǶǐ ȓǐǶǐΗƷǼǆǐ Ȃǜ ȝǣǐ ȖǆǐǼƷȓǦȂ ǌǦȖǆȂΗǐȓǐǌ ǣǐȓǐ ȝȂ ȝǣǐ ȖǦǼǝȠǶƷȓǦȝΞ

ȏȓȂǅǶǐǻ ǦǼ ȝǣǐ ǦǼΗǦȖǆǦǌ ǐȒȠƷȝǦȂǼȖ Ȃǜ ЙȠǦǌ ǻȂȝǦȂǼईॶऀऄॶऄࣿॽ � ȖǐǻǦৄȒȠƷǼȝǦȝƷȝǦΗǐ ǻȂǌǐǶǶǦǼǝ ƷȏȏȓȂƷǆǣ

ँं



ǻƷΞ ȏȓȂΗǦǌǐ ǻȠǆǣৄǼǐǐǌǐǌ ǦǼȖǦǝǣȝॽ qǦȖǆȂȖǦȝΞ ǻȠȖȝ ȏǶƷΞ ƷǼ ǐȖȖǐǼȝǦƷǶॶ ȝǣȂȠǝǣ ǶǦǻǦȝǐǌॶ ȓȂǶǐ Ʒȝ ǐƷǆǣ Ǧȝৄ

ǐȓƷȝǦȂǼॶ ƷȖ Ǧȝ ǐǼƷǅǶǐȖ ȝǣǐ ȝȂȏȂǶȂǝǦǆƷǶ ȝȓƷǼȖǦȝǦȂǼ ȝǣƷȝ ǶǐƷǌȖ ȝȂ ȝǣǐ ȓȠȏȝȠȓǐ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȖǣǐǐȝȖॽ bǣǐ

ȂǅȖǐȓΗƷȝǦȂǼ ȝǣƷȝ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖ ǶǐƷǌ ȝȂ ȖȠǆǣ ǆȂǻȏǶǦǆƷȝǐǌ ǌΞǼƷǻǦǆȖ ȂǼ ǐΗǐȓ ȖǻƷǶǶǐȓ ǶǐǼǝȝǣ

ȖǆƷǶǐȖॶ ΘǦȝǣ ΗǦȖǆȂȖǦȝΞ ȏǶƷΞǦǼǝ ȖȠǆǣ Ʒ ǆȓǦȝǦǆƷǶ ȓȂǶǐॶ ȝǣǐȓǐǜȂȓǐ ǐΝȏȂȖǐȖ ȝǣǐ ȖȠǅȝǶǐȝΞ Ȃǜ ȠǼǌǐȓȖȝƷǼǌǦǼǝ ȝǣǐ

ȖǦǼǝȠǶƷȓ Ȃȓ ǼǐƷȓৄȖǦǼǝȠǶƷȓ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ �ȠǶǐȓ ƷǼǌ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖॽ

�ǐǆƷȠȖǐ ȝǣǐ ǅȓǐƷǴǌȂΘǼ ǌΞǼƷǻǦǆȖ ȝǣƷȝ ǐǻǐȓǝǐ ǦǼ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ΗȂȓȝǐΝ ȓǦǼǝȖ ȂǆǆȠȓ ǶȂৄ

ǆƷǶǶΞ ȝǣȓȂȠǝǣ ȝǣǐ ǆǶȂȖǐৄȓƷǼǝǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॶ ȂǼǐ ǻƷΞ ȖȏǐǆȠǶƷȝǐ ȝǣƷȝ Ǧȝ ǆȂȠǶǌ ǅǐ

ǐΝȝǐǼǌǐǌ ȝȂ Ȃȝǣǐȓ ǣǦǝǣৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ЙȂΘȖॽ /Ǽ ǜƷǆȝॶ ȝǣǦȖ ǻǐǆǣƷǼǦȖǻ ǆȂȠǶǌ ǆȂǼǆǐǦΗƷǅǶΞ ȖȠȏȏǶΞ

ƷǼ ǐЍǐǆȝǦΗǐ ǻǐƷǼȖ ǜȂȓ Ʒ ЙȂΘ ȝȂ ȓƷȏǦǌǶΞ ǆȂǼΗǐΞ ǐǼǐȓǝΞ ǌȂΘǼ ȝȂ ȝǣǐ ȖǻƷǶǶǐȖȝ ǆȂǼȖȝǦȝȠȝǦΗǐ ȖǆƷǶǐȖॶ ǦǼৄ

ǌǦǆƷȝǦΗǐ Ȃǜ ȝǣǐ ȝΞȏǐ Ȃǜ ǌΞǼƷǻǦǆȖ ȝǣƷȝ ǆȂȠǶǌ ǶǐƷǌ ȝȂ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐ ǦȝȖǐǶǜুȓǐǻǦǼǦȖǆǐǼȝ Ȃǜॶ ǅȠȝ

ȏǐȓǣƷȏȖ ǌǦЍǐȓǐǼȝ ǜȓȂǻ XǦǆǣƷȓǌȖȂǼȖ ǦǼǦȝǦƷǶ ȏȓȂȏȂȖƷǶअंॽ sǣǦǶǐ ȝǣǐ ǻǐǆǣƷǼǦȖǻ ȠǼǆȂΗǐȓǐǌ ǣǐȓǐ ǻƷΞ

ǅǐ ǦǼΗȂǶΗǐǌ ǦǼ ȝǣǐ ȏȓȂǶǦǜǐȓƷȝǦȂǼ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǐΝ ȖȝȓȠǆȝȠȓǐȖ ǦǼ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖুǌȂǆȠǻǐǼȝǐǌ

ǻƷǼΞ ȝǦǻǐȖ ǅȂȝǣ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞऀं ƷǼǌ ǼȠǻǐȓǦǆƷǶǶΞआऀॶँऄॶँंুȂȠȓ ǻǐƷȖȠȓǐǻǐǼȝȖ ȂǆǆȠȓ Ʒȝ ǆȂǻȏƷȓৄ

ƷȝǦΗǐǶΞ ǻȂǌǐȓƷȝǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॽ sǐ ǐΝȏǐǆȝ ȝǣƷȝ ȓǦǆǣǐȓ ǅȓǐƷǴǌȂΘǼ ǌΞǼƷǻǦǆȖ ǣƷΗǐ Ξǐȝ ȝȂ ǅǐ

ȂǅȖǐȓΗǐǌ ǜȂȓ ǆȂǶǶǦȖǦȂǼȖ Ʒȝ ǣǦǝǣǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॽ CǐΗǐȓȝǣǐǶǐȖȖॶ ȂȠȓ ǻȂǌǐǶ ȖΞȖȝǐǻ ȏȓȂΗǦǌǐȖ ƷǼ

ǐΝǆǦȝǦǼǝ ǼǐΘ ǶǐǼȖ ȝǣȓȂȠǝǣ ΘǣǦǆǣ Θǐ ǆƷǼ Ʒȝȝǐǻȏȝ ȝȂ ȂǅȖǐȓΗǐ ƷǼǌ ǆǣƷȓƷǆȝǐȓǦΣǐ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ǆȂǻৄ

ȏǶǐΝॶ ǻȠǶȝǦৄȖǆƷǶǐ ЙȂΘȖ ǦǼ ȓǐƷǶৄȝǦǻǐॽ �Ξ ǦǌǐǼȝǦǜΞǦǼǝ ȝǣǐ ǻǐǆǣƷǼǦȖǻȖ ǅΞ ΘǣǦǆǣ ȝǣǐȖǐ ΗȂȓȝǦǆƷǶ ЙȂΘȖ

ǅȓǐƷǴ ǌȂΘǼ ȝȂ ȖǻƷǶǶ ȖǆƷǶǐȖॶ Θǐ ǣȂȏǐ ȝȂ ǌǐΗǐǶȂȏ Ʒ ǼǐΘ ǜȓƷǻǐΘȂȓǴ ǜȂȓ ΗǦǐΘǦǼǝ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐ

ƷȖ Ʒ ǆȂǶǶǐǆȝǦȂǼ Ȃǜ ǌǦȖǆȓǐȝǐ ǌΞǼƷǻǦǆ ǦǼȖȝƷǅǦǶǦȝǦǐȖॽ HȠȓ ȖȝȠǌΞ ȝǣǐȓǐǜȂȓǐ ǦǼǌǦǆƷȝǐȖ ȝǣƷȝ ȝǣǐ ȓǦǝȂȓȂȠȖ ǦǼৄ

ΗǐȖȝǦǝƷȝǦȂǼ Ȃǜ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖॶ Ʒȝ ǣǦǝǣ ȖȏƷȝǦƷǶ ƷǼǌ ȝǐǻȏȂȓƷǶ ȓǐȖȂǶȠȝǦȂǼॶ ǻƷΞ ȏȂȝǐǼȝǦƷǶǶΞ ȏȓȂΗǦǌǐ

ȏȓȂǜȂȠǼǌ ǦǼȖǦǝǣȝȖ ȂǼ ǅȂȝǣ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ȏǣΞȖǦǆȖ Ȃǜ ΗȂȓȝǐΝ ǅȓǐƷǴǌȂΘǼ ƷǼǌ ȝǣǐ ǌǐǐȏ ȠǼǌǐȓǶΞǦǼǝ

ǻƷȝǣǐǻƷȝǦǆƷǶ ǜȂȠǼǌƷȝǦȂǼȖ ȝǣƷȝ ǝȂΗǐȓǼ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȖǻƷǶǶ ȖǆƷǶǐȖ ǦǼ ΗǦȂǶǐǼȝ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ

ँः



�ӅӯӹԀԫӲӏӋӚӏӸӏӹԚԓ

bǣǦȖ ȓǐȖǐƷȓǆǣ ΘƷȖ ǜȠǼǌǐǌ ǅΞ ȝǣǐ CƷȝǦȂǼƷǶ [ǆǦǐǼǆǐ $ȂȠǼǌƷȝǦȂǼ ȝǣȓȂȠǝǣ ȝǣǐ ,ƷȓΗƷȓǌBƷȝǐȓǦƷǶȖ Xǐৄ

ȖǐƷȓǆǣ [ǆǦǐǼǆǐ ƷǼǌ �ǼǝǦǼǐǐȓǦǼǝ �ǐǼȝǐȓ �BXৄऀःँࣿऄआࣿॶ ƷǼǌ ȝǣȓȂȠǝǣ �ǦΗǦȖǦȂǼ Ȃǜ BƷȝǣǐǻƷȝǦǆƷǶ

[ǆǦǐǼǆǐȖ �B[ৄऀःऀऀअईः ƷǼǌ �B[ৄऀआऀऄःआआॽ BॽUॽ�ॽ ǦȖ ƷǼ ǦǼΗǐȖȝǦǝƷȝȂȓ Ȃǜ ȝǣǐ [ǦǻȂǼȖ $ȂȠǼǌƷȝǦȂǼॽ

[ॽBॽXॽ ƷǆǴǼȂΘǶǐǌǝǐ ȖȠȏȏȂȓȝ ǜȓȂǻ ȝǣǐ �Ƕǜȓǐǌ Uॽ [ǶȂƷǼ $ȂȠǼǌƷȝǦȂǼॽ

ँऄ



2
bȠȓǅȠǶǐǼǆǐ ǝǐǼǐȓƷȝǦȂǼ ȝǣȓȂȠǝǣ ƷǼ ǦȝǐȓƷȝǦΗǐ

ǆƷȖǆƷǌǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ

bȂǯ ǯͣȮǯȲȅȚǯțȼȵ ǻȡȲ ȼȂȅȵ ͞ȡȲȓ ͞ǯȲǯ ǫǯ͝ǯȕȡȮǯǫ Ǥͤ Xͤǖț XࣗBǥ<ǯȡ͞ț ǖțǫ [ȂȚȿǯȕBࣗ XȿǤȅțȵȼǯȅț ǖțǫ

ȮǯȲǻȡȲȚǯǫ Ǥͤ Xͤǖț XࣗBǥ<ǯȡ͞țࣗ bȂǯ ȵȅȚȿȕǖȼȅȡțȵ ͞ǯȲǯ ȮǯȲǻȡȲȚǯǫ Ǥͤ Xȡǫȡȕǻȡ HȵȼȅȕȕǖठBȢțȅǥȡ ǖțǫ

�ȕǖȅț :ࣗ UȿȚȅȲࣗ bȂǯ ǫǖȼǖ ǖțǖȕͤȵȅȵ ǖțǫ ͞ȲȅȼȅțǼ ȡǻ ȼȂȅȵ ͞ȡȲȓ ͞ǖȵ ȮǯȲǻȡȲȚǯǫ Ǥͤ ǖȕȕ ȡǻ ȼȂǯ ǖǤȡ͝ǯ ǖȿȼȂȡȲȵ

ǖțǫBȅǥȂǖǯȕ Uࣗ �ȲǯțțǯȲࣗ bȂȅȵ ͞ȡȲȓ Ȃǖȵ Ǥǯǯț ȮȿǤȕȅȵȂǯǫ ȅț [ǥȅǯțǥǯ �ǫ͝ǖțǥǯȵࣗࡠ

ँअ



ँ৷ऀ /ӹԚԏԀӋԞӅԚӢԀӹ

eǼǌǐȓȖȝƷǼǌǦǼǝ ǣȂΘ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ ǌǐΗǐǶȂȏ ƷǼǌ ȂȓǝƷǼǦΣǐ ǣƷȖ ȏȠΣΣǶǐǌ ȖǆǦǐǼȝǦȖȝȖ ƷǼǌ ǐǼǝǦǼǐǐȓȖ ǜȂȓ

ǆǐǼȝȠȓǦǐȖंअॽ bǣǐ ǜȂȠǼǌƷȝǦȂǼƷǶ ǆǣƷȓƷǆȝǐȓǦΣƷȝǦȂǼ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘ ǅǐǝƷǼ ΘǦȝǣ XǐΞǼȂǶǌȖ ȂΗǐȓ Ʒ ǆǐǼৄ

ȝȠȓΞ ƷǝȂअँ ƷǼǌ ΘƷȖ ȒȠǦǆǴǶΞ ǜȂǶǶȂΘǐǌ ǅΞ ȓǦǝȂȓȂȠȖ ȖȝƷȝǦȖȝǦǆƷǶ ǦǼȝǐȓȏȓǐȝƷȝǦȂǼȖ Ȃǜ ǣȂΘ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ

ǌǐΗǐǶȂȏआऄॶअंॶऀःॽ /Ǽ ऀईंआॶ bƷΞǶȂȓ ƷǼǌ %ȓǐǐǼआअ ǦǼȝȓȂǌȠǆǐǌ ƷǼ ǦǼǦȝǦƷǶ ЙȂΘ ǆȂǼǌǦȝǦȂǼ ΘǣǦǆǣ ȏȓȂǌȠǆǐȖ

Ʒ ǆƷȖǆƷǌǐ Ȃǜ ǐǼǐȓǝΞ ǜȓȂǻ ǶƷȓǝǐ ȝȂ ȖǻƷǶǶ ȖǆƷǶǐȖॽ [ȠǅȖǐȒȠǐǼȝǶΞॶ <ȂǶǻȂǝȂȓȂΗ ȏȂȖȝȠǶƷȝǐǌ ȝǣƷȝ ȝȠȓǅȠǶǐǼȝ

ЙȂΘȖ ǐΝǣǦǅǦȝ ȠǼǦΗǐȓȖƷǶ ǅǐǣƷΗǦȂȓȖ ȂΗǐȓ ǻƷǼΞ ǶǐǼǝȝǣ ȖǆƷǶǐȖॽ <ȂǶǻȂǝȂȓȂΗंः ȏȓǐǌǦǆȝǐǌ ȝǣƷȝ ΘǦȝǣǦǼ ƷǼ

ǦǼǐȓȝǦƷǶ ȖȠǅȓƷǼǝǐॶ ȝǣǐ ǐǼǐȓǝΞ ȖȏǐǆȝȓȠǻ Ȃǜ Ʒ ȝȠȓǅȠǶǐǼȝ ЙȂΘ ǣƷȖ Ʒ ȠǼǦΗǐȓȖƷǶॶ ȖǐǶǜৄȖǦǻǦǶƷȓ ǜȂȓǻ ΘǣǐȓǐǦǼ

ȝǣǐ ǐǼǐȓǝΞ ȖǆƷǶǐȖ ƷȖ ȝǣǐ ǦǼΗǐȓȖǐ ࣦ/ࣤ ȏȂΘǐȓ Ȃǜ ȝǣǐ ΘƷΗǐǼȠǻǅǐȓ ȓॽ <ȂǶǻȂǝȂȓȂΗȖ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐ ǣƷȖ

ǅǐǐǼ ȂǅȖǐȓΗǐǌ ǦǼ Ʒ ȏǶǐȝǣȂȓƷ Ȃǜ ǐΝȏǐȓǦǻǐǼȝƷǶ ȖΞȖȝǐǻȖ ƷǼǌ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖॶ ǜȓȂǻ ΘǦǼǌ ȝȠǼǼǐǶȖ

ȝȂ ȓǦΗǐȓ ǅǐǌȖॶ Ȗǐǐ ǐॽǝॽ $Ǧǝॽऀं Ȃǜ �ǣƷȏǻƷǼइॽ

bǣǐ ǐАǆǦǐǼȝ ǆȂǼΗǐΞƷǼǆǐ Ȃǜ ǐǼǐȓǝΞ ǜȓȂǻ ȝǣǐ ǶƷȓǝǐ ȖǆƷǶǐȖॶ Θǣǐȓǐ Ǧȝ ǦȖ ǦǼǱǐǆȝǐǌॶ ȝȂ ȝǣǐ ȖǻƷǶǶ ȖǆƷǶǐȖॶ

Θǣǐȓǐ Ǧȝ ǦȖ ǌǦȖȖǦȏƷȝǐǌॶ ǦȖ Ʒȝ ȝǣǐ ǣǐƷȓȝ Ȃǜ ǣȂΘ ǆȂǻȏǶǐΝॶ ȝǣȓǐǐ ǌǦǻǐǼȖǦȂǼƷǶ ЙȂΘȖ Ʒȓǐ ǻƷǦǼȝƷǦǼǐǌॽ /ȝ

ǦȖ ȝǣȠȖ ǆȓǦȝǦǆƷǶ ȝȂ ȠǼǌǐȓȖȝƷǼǌ ǣȂΘ ȖǻƷǶǶৄȖǆƷǶǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ Ʒȓǐ ǜȂȓǻǐǌ ƷǼǌ ǻƷǦǼȝƷǦǼǐǌ Ʒȝ ǣǦǝǣ

XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॽ /Ǽ ȖȏǦȝǐ Ȃǜ ǻƷǱȂȓ ȏȓȂǝȓǐȖȖ ǦǼ ȏȓȂΗǦǌǦǼǝ ƷǼ ǐЍǐǆȝǦΗǐ ȖȝƷȝǦȖȝǦǆƷǶ ǌǐȖǆȓǦȏȝǦȂǼ Ȃǜ

ȝȠȓǅȠǶǐǼȝ ЙȂΘȖऄआॶ ȂȠȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ȝǣǐ ǻǐǆǣƷǼǦȖǻȖ ǅΞ ΘǣǦǆǣ ǦǼȝǐȓƷǆȝǦȂǼȖ ǅǐȝΘǐǐǼ ǐǌǌǦǐȖ

Ʒȓǐ ǻǐǌǦƷȝǐǌ ȓǐǻƷǦǼȖ ǶǦǻǦȝǐǌॽ /Ǽ ǜƷǆȝॶ ȝǣǐ ǐΝȏǶƷǼƷȝǦȂǼȖ Ȃǜ ǣȂΘ ȝǣǦȖ ȂǆǆȠȓȖ ǦǼ ȓǐƷǶৄȖȏƷǆǐ Ʒȓǐ ȂǜȝǐǼ

ƷǅȖȝȓƷǆȝ ƷǼǌ ৗȏȂǐȝǦǆअंॶःॶंࣿॽ

bǣǐ ȝǐǻȏȂȓƷǶ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐ ȓǐǻƷǦǼȖ ȂǼǐ Ȃǜ ȝǣǐ ǻȂȖȝ ǦǼȝȓǦǝȠǦǼǝ ǻΞȖȝǐȓǦǐȖ

ǦǼ ЙȠǦǌ ǻǐǆǣƷǼǦǆȖॽ /Ǽ ȏƷȓȝǦǆȠǶƷȓॶ Ǧȝ ǦȖ ǼȂȝ ΘǐǶǶ ȠǼǌǐȓȖȝȂȂǌ ΘǣƷȝ ȖȏǐǆǦЖǆ ǻǐǆǣƷǼǦȖǻȖ ǶǐƷǌ ȝȂ ȝǣǐ ǌǐৄ

ΗǐǶȂȏǻǐǼȝ Ȃǜ ǶƷȓǝǐ ΗǐǶȂǆǦȝΞ ǝȓƷǌǦǐǼȝȖ ǦǼ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ bǣǐȖǐ ǶƷȓǝǐ ΗǐǶȂǆǦȝΞ ǝȓƷǌǦǐǼȝȖॶ ΘǣǦǆǣ ǌǐȓǦΗǐ

ǜȓȂǻ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ȝȠȓǅȠǶǐǼȝ ǐǌǌǦǐȖॶ ƷǻȏǶǦǜΞ ȝǣǐ ǴǦǼǐȝǦǆ ǐǼǐȓǝΞ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ܱॶ ǦǼ Ʒ ǻƷǼǼǐȓ

ȝǣƷȝ ǦȖ ǦǼǌǐȏǐǼǌǐǼȝ Ȃǜ ȝǣǐ ЙȠǦǌ ΗǦȖǆȂȖǦȝΞ ǦǼ ȝǣǐ ǣǦǝǣৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǶǦǻǦȝऀःॶऀअॽ bǣǦȖ ǦǻȏǶǦǐȖ ȝǣǐ

ǐΝǦȖȝǐǼǆǐ Ȃǜ ƷǼ ǦǼǐȓȝǦƷǶ ǻǐǆǣƷǼǦȖǻ ǅΞ ΘǣǦǆǣ ΗȂȓȝǦǆǐȖ ǶȂǆƷǶǶΞ ǦǼȝǐȓƷǆȝ ȝȂ ǆȂǼΗǐΞ ǐǼǐȓǝΞ ƷǆȓȂȖȖ ȖǆƷǶǐȖ

ँआ



ȖȠǆǣ ȝǣƷȝ ȝǣǐ ȖȝƷȝǦȖȝǦǆƷǶ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ ȝǣǐ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐ ǌǐΗǐǶȂȏ ǦǼ ƷǆǆȂȓǌƷǼǆǐ ΘǦȝǣ ȝǣǐ ȖǆƷǶǦǼǝ ǶƷΘȖ

ǐȖȝƷǅǶǦȖǣǐǌ ǅΞ <ȂǶǻȂǝȂȓȂΗॽ CȂȝǐ ȝǣƷȝ ȝǣǐ ǶǦǻǦȝ ȝȂ ǣȂΘ ǜƷȖȝ ƷǼ ǦǼǦȝǦƷǶǶΞ ȓǐǝȠǶƷȓ ЙȂΘǻƷΞ ȏȓȂǌȠǆǐ

ǐΝȝȓǐǻǐǶΞ ǶƷȓǝǐ ΗǐǶȂǆǦȝΞ ǝȓƷǌǦǐǼȝȖ ǦȖ ƷǶȖȂ Ʒ ǆǐǶǐǅȓƷȝǐǌ ǻƷȝǣǐǻƷȝǦǆƷǶ ȏȓȂǅǶǐǻऀऄॽ /ȝ ǦȖ ȝǣǐȓǐǜȂȓǐ Ȃǜ ǝȓǐƷȝ

ǦǼȝǐȓǐȖȝ ȝȂ ǶȂȂǴ ǌǦȓǐǆȝǶΞ ǜȂȓ ǐǶǐǻǐǼȝƷȓΞ ЙȂΘ ǆȂǼЖǝȠȓƷȝǦȂǼȖ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ ȝǣƷȝ ǅǐǝǦǼ ȖǻȂȂȝǣ

ƷǼǌ ȓƷȏǦǌǶΞ ǌǐΗǐǶȂȏ ǦǼȝȂ ȝȠȓǅȠǶǐǼǆǐॽ bǣǦȖ ƷȏȏȓȂƷǆǣ ΘƷȖ ǦǻȏǶǐǻǐǼȝǐǌ ǅΞ =ȠǼǌǝȓǐǼःंॶ ΘǣȂ ƷǼƷৄ

ǶΞȝǦǆƷǶǶΞ ǐΝƷǻǦǼǐǌ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ Ʒ ȖǦǼǝǶǐ ΗȂȓȝǐΝ ȠǼǌǐȓ ƷΝǦƷǶ ȖȝȓƷǦǼॶ ǅȠȓȖȝǦǼǝ ǦǼȝȂ ƷǼ ǐǼȖǐǻǅǶǐ Ȃǜ

ǣǐǶǦǆƷǶ ΗȂȓȝǐΝ ǅȠǼǌǶǐȖॽ sǣǦǶǐ ȝǣǦȖ ǆȂǼЖǝȠȓƷȝǦȂǼ ǣƷȖ ǅǐǐǼ ȂǅȖǐȓΗǐǌ ȝȂ ǶǐƷǌ ȝȂ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ

Ʒ ȝȠȓǅȠǶǐǼȝ ЙȂΘॶ Ǧȝ ȓǐȒȠǦȓǐȖ ȝǣǐ ȏȓǐȖǐǼǆǐ Ȃǜ Ʒ ȏƷȓȝǦǆȠǶƷȓॶ ǶƷȓǝǐৄȖǆƷǶǐ ȖȝȓƷǦǼ ǆȂǼЖǝȠȓƷȝǦȂǼ ƷǆȝǦǼǝ ȂǼ

ƷǼ ǦȖȂǶƷȝǐǌ ΗȂȓȝǐΝऀऀॽ sǐ ǦǻȏǶǐǻǐǼȝ Ʒ ǻȂȓǐ ǝǐǼǐȓƷǶ ЙȂΘ ǆȂǼЖǝȠȓƷȝǦȂǼ ȝǣƷȝ ȝΞȏǦЖǐȖ ȝǣǐ ǜȠǼǌƷǻǐǼৄ

ȝƷǶ ǆȂǻȏȂǼǐǼȝȖ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐॵ ȝǣǐ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ǦǌǐǼȝǦǆƷǶ ΗȂȓȝǦǆǐȖॽ XǐǆǐǼȝ ǼȠǻǐȓǦǆƷǶ

ƷǼǌ ǐΝȏǐȓǦǻǐǼȝƷǶ ΘȂȓǴȖ ǌǐǻȂǼȖȝȓƷȝǐ ȝǣƷȝ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȝ ǦǼȝǐȓǻǐǌǦƷȝǐ

XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ǝǦΗǐȖ ȓǦȖǐ ȝȂ ȖǻƷǶǶৄȖǆƷǶǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖःऄॶ ǻǐǌǦƷȝǐǌ ǅΞ ȝǣǐ ǦȝǐȓƷȝǦΗǐ ЙƷȝȝǐǼǦǼǝ ƷǼǌ

ȖȏǶǦȝȝǦǼǝ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ȝȂ ȖǻƷǶǶǐȓ ƷǼǌ ȖǻƷǶǶǐȓ ЖǶƷǻǐǼȝȖअॶऄईॽ

,ǐȓǐॶ Θǐ ȓǐΗǦȖǦȝ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ Ʒ ȝȠȓǅȠǶǐǼȝ ǅȠȓȖȝ Ȃǜ ЖǼǐৄȖǆƷǶǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ȝǣƷȝ ȓǐȖȠǶȝȖ ǜȓȂǻ

ȝǣǐ ΗǦȂǶǐǼȝॶ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ǆȂǣǐȓǐǼȝ ΗȂȓȝǐΝ ȓǦǼǝȖःऀॶःऄॽ bǣǦȖ ǆǶƷȖȖǦǆƷǶ ǆȂǼЖǝȠȓƷȝǦȂǼ ǦȖ Ʒ

ȠǼǦȒȠǐ ǻȂǌǐǶ ȖΞȖȝǐǻ ǜȂȓ ȏȓȂǅǦǼǝ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ ΘǦȝǣȂȠȝ ƷǼΞ ȓǦǝǦǌ ǅȂȠǼǌƷȓǦǐȖ

Ȃȓ ǶƷȓǝǐৄȖǆƷǶǐ ǆȂǼȖȝȓƷǦǼȝȖॽ sǐ ȖǣȂΘ ȝǣƷȝ ǜȂȓ ǣǦǝǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ȝǣǐ ΗǦȂǶǐǼȝ ǅȓǐƷǴǌȂΘǼ Ȃǜ ȝǣǐ

ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ ǦǼȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ৗȖȂȠȏ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ ǦȖ ǻǐǌǦƷȝǐǌ ǅΞ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ

ǦǼȖȝƷǅǦǶǦȝΞॽ �ȠȓǦǼǝ ȝǣǐ ǶƷȝǐৄȖȝƷǝǐॶ ǼȂǼǶǦǼǐƷȓ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ƷǼ Ȃȓǌǐȓǐǌ

ƷȓȓƷΞ Ȃǜ ƷǼȝǦȏƷȓƷǶǶǐǶ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǐǻǐȓǝǐȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐॽ =Ȃৄ

ǆƷǶǶΞॶ ȝǣǐȖǐ ȏƷǦȓȖ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ȖȏƷΘǼ ƷǼȂȝǣǐȓ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ȝǐȓȝǦƷȓΞ ΗȂȓȝǐΝ

ЖǶƷǻǐǼȝȖॶ ȓǐȖȠǶȝǦǼǝ ǦǼ ȝǣǐ ǐΝȏǐǌǦȝǦȂȠȖ ǜȂȓǻƷȝǦȂǼ Ȃǜ Ʒ ǣǦǐȓƷȓǆǣΞ Ȃǜ ΗȂȓȝǦǆǐȖ ȂΗǐȓ ǻƷǼΞ ȖǆƷǶǐȖॽ HȠȓ

ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ ȖǣȂΘ ȝǣƷȝ Ʒȝ ȝǣǦȖ ȖȝƷǝǐ Ȃǜ ȝǣǐ ǅȓǐƷǴǌȂΘǼॶ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝƷǼǝǶǐ Ȃǜ ΗȂȓȝǦǆǐȖ

ȓǐƷǆǣǐȖ Ʒ ȝȠȓǅȠǶǐǼȝ ȖȝƷȝǐॶ ȖȠǆǣ ȝǣƷȝ ȝǣǐ ǐǼǐȓǝΞ ȖȏǐǆȝȓȠǻ Ȃǜ ȝǣǐ ЙȂΘ ǐΝǣǦǅǦȝȖ <ȂǶǻȂǝȂȓȂΗ ȖǆƷǶǦǼǝॽ

sǐ ȂǅȖǐȓΗǐ ǅȂȝǣ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ƷǼǌ ǼȠǻǐȓǦǆƷǶǶΞ ǣȂΘ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ȏȓǐǆǦȏǦȝƷȝǐȖ ȝǣǐ ȂǼȖǐȝ

ँइ



Ȃǜ ȝȠȓǅȠǶǐǼǆǐॶ ǝǐǼǐȓƷȝǦǼǝ ƷǼǌ ǻƷǦǼȝƷǦǼǦǼǝ ȝǣǐ ǻǐƷǼȖ ǅΞ ΘǣǦǆǣ ȝǣǐ ǐǼǐȓǝΞ Ȃǜ ȝǣǐ ЙȂΘ ǆƷȖǆƷǌǐȖ ǜȓȂǻ

ǶƷȓǝǐ ȝȂ ȖǻƷǶǶ ȖǆƷǶǐȖॽ

ँ৷ँ qԀԏԚӏԭ ԏӢӹӚ ӅԀӲӲӢԓӢԀӹԓ

bǣǐ ǝǐȂǻǐȝȓΞ Ȃǜ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ ȖǐȝȠȏ ǦȖ ǌǐȏǦǆȝǐǌ ȖǆǣǐǻƷȝǦǆƷǶǶΞ ǦǼ $Ǧǝॽ ँॽऀ�ॽ bΘȂ ǦǌǐǼȝǦǆƷǶ

ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ Жȓǐǌ ǣǐƷǌৄȂǼ ǦǼ Ʒ आऄৄǝƷǶǶȂǼ ƷȒȠƷȓǦȠǻ ЖǶǶǐǌ ΘǦȝǣ ǌǐǦȂǼǦΣǐǌ ΘƷȝǐȓॶ

ƷȖ ȖǣȂΘǼ ǦǼBȂΗǦǐ [ऀःइॽ bǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ ǜȂȓǻǐǌ ΗǦƷ Ʒ ȏǦȖȝȂǼৄǆΞǶǦǼǌǐȓ ǆȂǼЖǝȠȓƷȝǦȂǼ ǦǼ ΘǣǦǆǣ

Ʒ ȖǶȠǝ ЙȠǦǌ ΘǦȝǣ ΗǦȖǆȂȖǦȝΞॶ ܹॶ ǦȖ ȏȠȖǣǐǌ ȝǣȓȂȠǝǣ Ʒ ǆΞǶǦǼǌǐȓ Ȃǜ ǌǦƷǻǐȝǐȓॶ � ँॽऄः ǆǻॶ Ʒȝ Ʒ ǆȂǼȖȝƷǼȝ

ΗǐǶȂǆǦȝΞॶ eॶ ΘǦȝǣ Ʒ ȖȝȓȂǴǐॶ =ॽ bǣǐ ȓǐȖȠǶȝǦǼǝ ЙȂΘ ǦȖ ǆȂǼȝȓȂǶǶǐǌ ǅΞ ȝΘȂ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ȏƷȓƷǻǐȝǐȓȖॵ ȝǣǐ

XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ Xǐ  e�ܹॶ ƷǼǌ ȝǣǐ ȖȝȓȂǴǐ ȓƷȝǦȂॶ [X  =�ऀइॽ $ǶȠȂȓǐȖǆǐǼȝ ǌΞǐ XǣȂǌƷǻǦǼǐ �

ǦȖ ǦǼǱǐǆȝǐǌ ǦǼȝȂ ȝǣǐ ǆȂȓǐȖ Ȃǜ ȝǣǐ ȓǦǼǝȖ ƷȖ ȝǣǐΞ Ʒȓǐ ǜȂȓǻǐǌॽ [ǦǼǆǐ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȂǆǆȠȓȖ Ʒȝ Ʒ ЖΝǐǌ ȏǶƷǼǐ

ǦǼ ȝǣǐ ǶƷǅȂȓƷȝȂȓΞ ǜȓƷǻǐॶ ȝǣǦȖ ǆȂǼЖǝȠȓƷȝǦȂǼ ǦȖ ƷȝȝȓƷǆȝǦΗǐ ǜȂȓ ǌǦȓǐǆȝǶΞ ȂǅȖǐȓΗǦǼǝ ȝǣǐ ȓƷȏǦǌ ǜȂȓǻƷȝǦȂǼ

Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖॽ bǣǐ ǌΞǼƷǻǦǆȖ ƷǼǌ ǐΗǐǼȝȠƷǶ ǅȓǐƷǴǌȂΘǼ Ȃǜ ȝǣǐ ǌΞǐǌ ǆȂȓǐȖ Ʒȓǐ ΗǦȖȠৄ

ƷǶǦΣǐǌ ǦǼ ǜȠǶǶ ं� ǅΞ ǦǻƷǝǦǼǝ ȂΗǐȓ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐ ΘǦȝǣ Ʒ ȖǆƷǼǼǦǼǝ ǶƷȖǐȓ Ȗǣǐǐȝ ܷ = ࣦࣣࣤ Ǽǻॶ

ΘǣǦǆǣ ǦȖ ȏȠǶȖǐǌ ȖΞǼǆǣȓȂǼȂȠȖǶΞ ΘǦȝǣ Ʒ ǣǦǝǣৄȖȏǐǐǌ ǆƷǻǐȓƷ UǣƷǼȝȂǻ qँऄऀऀॽ bǣǐ ȝǐǆǣǼǦǆƷǶ ǌǐȝƷǦǶȖ

Ȃǜ ǣȂΘ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ ǜȂȓǻǐǌ ƷǼǌ ΗǦȖȠƷǶǦΣǐǌ ǦǼ ं� Ʒȓǐ ǌǐȖǆȓǦǅǐǌ ǦǼ ȏȓǐΗǦȂȠȖ ΘȂȓǴःऄ ƷǼǌ ǦǼ �ȏৄ

ȏǐǼǌǦΝ �ॽऀॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ Θǐ ȏǐȓǜȂȓǻ ǌǦȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ �C[ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ Ʒȝ

XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ǐȒȠǦΗƷǶǐǼȝ ȝȂ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖ Ȗǐǐ �ȏȏǐǼǌǦΝ �ॽऀৄ �ॽँ ǜȂȓ ǣȂΘ ȝǣǐ ǌǐЖǼǦȝǦȂǼȖ Ȃǜ

ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ǦǼ ȖǦǻȠǶƷȝǦȂǼȖ ƷǼǌ ǐΝȏǐȓǦǻǐǼȝȖ ǆȂǻȏƷȓǐॽ

�Ȗ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǆȂǶǶǦǌǐॶ ȝǣǐΞ ǐΝǐȓȝ ǻȠȝȠƷǶ ȖȝȓƷǦǼȖ ȂǼ ȂǼǐ ƷǼȂȝǣǐȓॶ ǆƷȠȖǦǼǝ ȝǣǐǻ ȝȂ Ȗȝȓǐȝǆǣ ȓƷৄ

ǌǦƷǶǶΞ Ʒȝ Ʒ ǆȂǼȖȝƷǼȝ ΗǐǶȂǆǦȝΞ ǅǐǜȂȓǐ ǅȓǐƷǴǦǼǝ ǌȂΘǼ Ʒȝ Ʒ ȝǐȓǻǦǼƷǶ ȓƷǌǦȠȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऀ�ॽ �ȝ

ǶȂΘ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ Xǐ! ऄࣿࣿࣿॶ ȝǣǐ ǌΞǐǌ ǆȂȓǐȖ ǅȓǐƷǴ ǌȂΘǼॶ ǐǱǐǆȝǦǼǝ Ʒ ȝǦƷȓƷ Ȃǜ ȖǐǆȂǼǌƷȓΞ ΗȂȓৄ

ȝǐΝ ȓǦǼǝȖ Ȃȓ ȖǻȂǴΞ ȝȠȓǅȠǶǐǼȝ ȏȠЍȖःऀॶःऄ Ʒȝ ƷȏȏȓȂΝǦǻƷȝǐǶΞ अ ȝǦǻǐȖ ȝǣǐ ǦǼǦȝǦƷǶ ȓƷǌǦȠȖॶX࣡ॽ bǣǐ ǦǼǦȝǦƷǶ

ΗȂȓȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖ ƷǼǌ ǆȂȓǐ ȓƷǌǦȠȖॶ ܿॶ Θǐȓǐ ǻǐƷȖȠȓǐǌ ȖǐȏƷȓƷȝǐǶΞ ȝǣȓȂȠǝǣ ȏƷȓȝǦǆǶǐ ǦǻƷǝǐ ΗǐǶȂǆǦǻǐৄ

ँई



Figure 2.1: Vortex ring collisions. (A) Schema c side-view showing the forma on and collision of dyed vortex rings
in experiments. Fluorescent dye (Rhodamine B) is injected into the core of the vortex via a thin gap in the orifice of
the vortex cannon. The dashed horizontal line denotes the symmetry axis. (B) Vortex ring radius vs. rescaled me for
collisions at various Reynolds numbers. Both cores are dyed, the core centerlines are extracted from 3D reconstruc ons,
and the centerlines are fi ed to circles with a fixed center point. The ini al me begins when the vortex rings enter the
scanning volume and ends when the vortex cores break down. (inset) All experimental curves shi ed by ȼ̃ to collapse.
The radial growth of the rings coincides with the Biot-Savart predic on.

ंࣿ



ȝȓΞ U/qॶ ƷȖ ǌǐȖǆȓǦǅǐǌ ǦǼ �ȏȏǐǼǌǦΝ �ॽँॽ [ȝȓǦǴǦǼǝǶΞॶ ǜȂȓ ǆȂǶǶǦȖǦȂǼȖ Ʒȝ ǣǦǝǣǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ Xǐ

" ऄࣿࣿࣿॶ ȝǣǐ ǆȂȓǐȖ ৗǅȠȓȖȝ ǦǼȝȂ ƷǼ ƷǻȂȓȏǣȂȠȖ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ Ȃǜ ǌΞǐ Ʒȝ Ʒ ǻƷΝǦǻȠǻ ȓƷǌǦȠȖ Ȃǜ Ʒȏৄ

ȏȓȂΝǦǻƷȝǐǶΞ ऄX࣡ॶ ǦǼǌǦǆƷȝǦǼǝ ȝǣǐ ȂǼȖǐȝ Ȃǜ Ʒ ǌǦЍǐȓǐǼȝ ǅȓǐƷǴǌȂΘǼǻǐǆǣƷǼǦȖǻ Ʒȝ ȝǣǦȖ ǣǦǝǣ XǐΞǼȂǶǌȖ

ǼȠǻǅǐȓ ȓǐǝǦǻǐॽ bǣǐ ǻǐƷǼ ȓƷǌǦƷǶ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ȓǦǼǝȖ ǦȖ ΘǐǶǶ ǌǐȖǆȓǦǅǐǌ ǅΞ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ

ǻȂǌǐǶँॶ ƷȖ ǌǐȖǆȓǦǅǐǌ ǦǼ �ȏȏǐǼǌǦΝ �ॽंॽऀৄ �ॽंॽँॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ ȝǣǐ ȓƷǌǦƷǶ ǐΝȏƷǼȖǦȂǼ Ȃǜ ȝǣǐ ȓǦǼǝȖ ǦȖ

ǐǼǆƷȏȖȠǶƷȝǐǌ ǅΞ Ʒ ȠǼǦΗǐȓȖƷǶ ǜȠǼǆȝǦȂǼƷǶ ǜȂȓǻॶ ƷȖ ȖǣȂΘǼ ǦǼ ȝǣǐ ǦǼȖǐȝ Ȃǜ $Ǧǝॽ ँॽऀ�ॽ

ँ৷ं HӹԓӏԚ Ԁә Ԛӟӏ ӏӲӲӢԌԚӢӅҷӲ ӢӹԓԚҷӂӢӲӢԚԮ৭ qԀԏԚӏԭ ӅԀԏӏ ԌӏԏԚԞԏӂҷԚӢԀӹԓ

sǣǦǶǐ ȝǣǐ ǻǐƷǼ ȓƷǌǦƷǶ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ ǜȂǶǶȂΘȖ ȝǣǐ ȖƷǻǐ ǶǦǼǐƷȓ ǐΗȂǶȠȝǦȂǼ Ʒȝ ƷǼΞ

XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ ȝǣǐ ǆȂȓǐȖ ȝǣǐǻȖǐǶΗǐȖ ǌǐΗǐǶȂȏ ǌǦЍǐȓǐǼȝ ǜȂȓǻȖ Ȃǜ ȏǐȓȝȠȓǅƷȝǦȂǼȖॶ ǌȠǐ ȝȂ ȝǣǐǦȓ ǻȠৄ

ȝȠƷǶ ǦǼȝǐȓƷǆȝǦȂǼॽ bǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ ȝǣǐȖǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǆƷǼ ƷȓǦȖǐ ǜȓȂǻ ȝΘȂ ǌǦЍǐȓǐǼȝ ȝΞȏǐȖ Ȃǜ ǦǼȖȝƷৄ

ǅǦǶǦȝǦǐȖॽ bǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞऀࣿ ǆƷȠȖǐȖ ȝǣǐ ǆȂȓǐȖ ȝȂ ǌǐΗǐǶȂȏ ȖΞǻǻǐȝȓǦǆ ǆǦȓǆȠǻǜǐȓǐǼȝǦƷǶ ȏǐȓȝȠȓǅƷȝǦȂǼȖ

ΘǦȝǣ ǶȂǼǝ ΘƷΗǐǶǐǼǝȝǣȖॶ ǻȠǆǣ ǶƷȓǝǐȓ ȝǣƷǼ ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖॶ ܿॽ bǣǦȖ ǦǼȖȝƷǅǦǶǦȝΞ ȖȝǐǻȖ ǜȓȂǻ ȝǣǐ ǻȠȝȠƷǶ

ƷǌΗǐǆȝǦȂǼ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖंई ƷǼǌ ǝȂΗǐȓǼȖ ȝǣǐ ǅȓǐƷǴǌȂΘǼ ǌΞǼƷǻǦǆȖ ǜȂȓ ǆȂǶǶǦȖǦȂǼȖ Ʒȝ ǶȂΘǐȓ

XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖःऀॶःऄॶंईॽ bǣǐ ǼȂǼǶǦǼǐƷȓ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞ ǆƷȠȖǐȖ ȝǣǐ ȓǦǼǝȖ ȝȂ

ǌǐЙǐǆȝ ǦǼȝȂ ȂǼǐ ƷǼȂȝǣǐȓ ƷǼǌ ǜȂȓǻ ৗȝǐǼȝৄǶǦǴǐ ȖȝȓȠǆȝȠȓǐȖँऀॶअॶःऄॶ ΘǣǦǆǣ ǦǼȝǐȓƷǆȝ ǶȂǆƷǶǶΞ Ʒȝ ȝǣǐ ǆȂǶǶǦȖǦȂǼ

ȏǶƷǼǐॽ

�ȝ ǣǦǝǣǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ǅȂȝǣ ȂȠȓ ǐΝȏǐȓǦǻǐǼȝȖ ƷǼǌ ȖǦǻȠǶƷȝǦȂǼȖ ȖǣȂΘ ȝǣƷȝ ȝǣǐ ǅȓǐƷǴǌȂΘǼ

ǌΞǼƷǻǦǆȖ Ʒȓǐ ǝȂΗǐȓǼǐǌ ǅΞ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ǆƷȠȖǦǼǝ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ȝȂ ǌǐΗǐǶȂȏ ȖǣȂȓȝৄΘƷΗǐǶǐǼǝȝǣ

ȏǐȓȝȠȓǅƷȝǦȂǼȖ ȂǼ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖआइॶऄंॶअअ Ȗǐǐ �ȏȏǐǼǌǦΝ �ॽंॽंॽ bǣǦȖ ǦǼȖȝƷǅǦǶǦȝΞ ȂȓǦǝǦǼƷȝǐȖ

ǜȓȂǻ ȝǣǐ ȏƷȓƷǻǐȝȓǦǆ ǐΝǆǦȝƷȝǦȂǼ Ȃǜ <ǐǶΗǦǼ ǻȂǌǐȖ ǦǼ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ǌȠǐ ȝȂ ȝǣǐ ȓǐȖȂǼƷǼȝ ǦǼȝǐȓƷǆȝǦȂǼ

Ȃǜ ȝǣǐ ȖȝȓƷǦǼ ЖǐǶǌ ǜȓȂǻ ȝǣǐ Ȃȝǣǐȓ ΗȂȓȝǐΝंईॶँईॽ � ǣƷǶǶǻƷȓǴ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ȝǣǐȖǐ ȖǣȂȓȝৄ

ΘƷΗǐǶǐǼǝȝǣ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǝȓȂΘ ȖΞǼǆǣȓȂǼȂȠȖǶΞ ǦǼ ƷǼ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ǻƷǼǼǐȓॶ ƷȖ ȖǣȂΘǼ ǜȂȓ ȝΘȂ ȝΞȏǦৄ

ǆƷǶ ǐΝȏǐȓǦǻǐǼȝƷǶ ƷǼǌ ǼȠǻǐȓǦǆƷǶ ǐΝƷǻȏǶǐȖ ǦǼ $Ǧǝॽ ँॽँ�ৄ�ॽ
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Figure 2.2: An symmetric perturba ons in vortex ring collisions. A montage of core centerline trajectories for vortex
ring collisions in both (A) experiment and (B) direct numerical simula on. The top (ͩ > ࣡) cores are indicated by the red
lines, and the bo om (ͩ < ࣡) cores are indicated by the blue lines. For the experimental collision, Re = 7000, SR = 2,
andX࣡ = 17.5 mm. For the DNS collision, Re۵ = ۵/ܹ = 4500 and ܿ = ࣡.X࣡. The cores are segmented from the 3D
flow visualiza on in the experimental collision and from the pressure distribu on in the simula on. Mean core separa-
on distance vs. rescaled me for the same (C) experimental and (D) numerical collisions. The blue circles correspond

to the trajectories in (A) and (B), and the red dashed lines correspond to the visualiza ons in the insets. (C, inset) 3D
visualiza on of the dyed vortex cores in the experimental collision. (D, inset) 3D visualiza on of the dyed vortex rings in
the simula on, showing both the dye in the cores (dark) and surrounding them (light).
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�Ȗ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǝȓȂΘȖ ȓƷǌǦƷǶǶΞ ƷǶȂǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐॶ ȝǣǐ ǻǐƷǼ ȖȏƷǆǦǼǝ ǅǐȝΘǐǐǼ

ȝǣǐ ǆȂȓǐȖॶ ǫॶ ǌǐǆȓǐƷȖǐȖ ǶǦǼǐƷȓǶΞॽ ,ȂΘǐΗǐȓॶ ȝǣǐ ȖǐȏƷȓƷȝǦȂǼ ǌǦȖȝƷǼǆǐ ǅǐȝΘǐǐǼ ȝǣǐ ǆȂȓǐȖ ȖƷȝȠȓƷȝǐȖ ΘǣǐǼ

ȝǣǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǌǐЙǐǆȝ ȂȠȝৄȂǜৄȏǶƷǼǐॶ ǱȠȖȝ ȏȓǦȂȓ ȝȂ ǅȓǐƷǴǦǼǝ ǌȂΘǼॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽँ�ৄ� ƷǼǌ

BȂΗǦǐ [ँःइॽ bǣǐ ǻǦǼǦǻȠǻǻǐƷǼ ȖȏƷǆǦǼǝ ǅǐȝΘǐǐǼ ȝǣǐ ǆȂȓǐȖ ǦȖ ƷȏȏȓȂΝǦǻƷȝǐǶΞ ǐȒȠƷǶ ȝȂ ȝΘǦǆǐ ȝǣǐ

ǦǼǦȝǦƷǶ ǆȂȓǐ ȓƷǌǦȠȖॶ ܿॽ $Ȃȓ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝॶ ܿ = ࣡.࣡.࣡±ࣥX࣡ॶ ƷǼǌ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼॶ ܿ = ࣡.X࣡ Ȗǐǐ

�ȏȏǐǼǌǦΝ �ॽँॽ �ǜȝǐȓ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǌǐΗǐǶȂȏȖ ƷǼǌ ȝǣǐ ȖΞǻǻǐȝȓΞ Ȃǜ ȝǣǐ ȝΘȂ ǆȂȓǐȖ ǦȖ ǅȓȂǴǐǼॶ

Ʒ ȏǐȓǦȂǌǦǆ ƷȓȓƷΞ Ȃǜ ȖƷȝǐǶǶǦȝǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ǦȖ Ȗǣǐǌ ǜȓȂǻ ǐƷǆǣ ǆȂȓǐॶ ǅȓǦǌǝǦǼǝ ȝǣǐ ǝƷȏ ǅǐȝΘǐǐǼ ȝǣǐǻॶ

ƷȖ ȖǣȂΘǼ ǦǼ ȝǣǐ ǦǼȖǐȝ Ȃǜ $Ǧǝॽ ँॽँ� ƷǼǌBȂΗǦǐ [ंःइॽ CȂȝƷǅǶΞॶ ǦǼ ȂȠȓ ǐΝȏǐȓǦǻǐǼȝȖॶ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ

ȝǣǐȖǐ ȖǐǆȂǼǌƷȓΞ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ǆƷǼ ȂǼǶΞ ǅǐ ȓǐȖȂǶΗǐǌ Ǧǜ ȝǣǐ ЙȠǦǌ ȂȠȝȖǦǌǐ Ȃǜ ȝǣǐ ǆȂȓǐȖ ǦȖ ǌΞǐǌॽ

ँ৷ः =ҷԚӏ৳ԓԚҷӚӏ ӋӏԪӏӲԀԌӸӏӹԚ Ԁә Ԛӟӏ ӏӲӲӢԌԚӢӅҷӲ ӢӹԓԚҷӂӢӲӢԚԮ৭ [ӏӅԀӹӋҷԏԮ әӢӲҷӸӏӹԚԓ

/Ǽ Ȃȓǌǐȓ ȝȂ ǅǐȝȝǐȓ ȓǐȖȂǶΗǐ ȝǣǐ ǶƷȝǐৄȖȝƷǝǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ƷǼǌ ȝǣǐ ȓǐȖȠǶȝǦǼǝ

ǅȓǐƷǴǌȂΘǼॶ Θǐ ǌΞǐ ȝǣǐ ǜȠǶǶ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽं�ৄ$ ƷǼǌBȂΗǦǐ [ःःइॽ HǅȖǐȓΗǦǼǝ ȝǣǐ

ǜȠǶǶΞ ǌΞǐǌ ΗȂȓȝǐΝ ȓǦǼǝȖ ȓǐΗǐƷǶȖ ȝǣǐ ǦǼȝȓǦǆƷȝǐ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȝǣǐ ЙȂΘ ȝǣƷȝ ǌǐΗǐǶȂȏȖ ǦǼ ȓǐȖȏȂǼȖǐ ȝȂ ȝǣǐ ǆȂȓǐ

ǌΞǼƷǻǦǆȖॽ bǣǐ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ǆȂȠȏǶǦǼǝ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǅȓǐƷǴ ȝǣǐ ƷΣǦǻȠȝǣƷǶ ȖΞǻǻǐȝȓΞ Ȃǜ ȝǣǐ

ЙȂΘॶ ǶǐƷǌǦǼǝ ȝȂ ȝǣǐ ǐΝǆǣƷǼǝǐ Ȃǜ ЙȠǦǌ ǅǐȝΘǐǐǼ ȝǣǐ ȝΘȂ ȓǦǼǝȖॽ bǣǦȖ ȏǐȓǦȂǌǦǆ ΘȓƷȏȏǦǼǝ Ȃǜ ǌΞǐ ǆƷȠȖǐȖ

ȝǣǐ ȂȠȝǐȓ ǶƷΞǐȓȖ Ȃǜ ȝǣǐ ȓǦǼǝȖ ȝȂ ǦǼȝǐȓǌǦǝǦȝƷȝǐ ƷȓȂȠǼǌ ȂǼǐ ƷǼȂȝǣǐȓ ƷǶȂǼǝ ƷǶȝǐȓǼƷȝǦǼǝ ৗȝȂǼǝȠǐȖॶःࣿ

ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽं�ৄ�ॽ �ȝ ȝǣǐ ǅȂȠǼǌƷȓǦǐȖ Ȃǜ ƷǌǱƷǆǐǼȝ ȝȂǼǝȠǐȖॶ ȝǣǐ ǌΞǐǌ ЙȠǦǌ ǆȠȓǶȖ ǦǼȝȂ ΗȂȓৄ

ȝǐΝ ЖǶƷǻǐǼȝȖॶ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ǆȂȓǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽं�ॽ bǣǐȖǐ ƷǶȝǐȓǼƷȝǦǼǝ ЖǶƷǻǐǼȝȖ Ʒȓǐ

Ȗȝȓǐȝǆǣǐǌ ǅΞ ȝǣǐ ǆǦȓǆȠǶƷȝǦǼǝ ΗȂȓȝǐΝ ǆȂȓǐȖ ǦǼȝȂ ƷǼ ƷȓȓƷΞ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǦǆǐȖॶ ƷȖ

ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽं�ৄ�ॽ bǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǣƷΗǐ Ʒ ЙǐǐȝǦǼǝ ǶǦǜǐȝǦǻǐ Ȃǜ ȂǼǶΞ ȝǐǼȖ Ȃǜ ǻǦǶǶǦȖǐǆȂǼǌȖ

ǅǐǜȂȓǐ ȝǣǐΞ ǅȓǐƷǴ ǌȂΘǼॽ qǦȂǶǐǼȝ ǦǼȝǐȓƷǆȝǦȂǼȖ ǅǐȝΘǐǐǼ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ƷǼǌ ȏȓǦǻƷȓΞ ǆȂȓǐȖ

ȓǐȖȠǶȝ ǦǼ ȝǣǐ ȓƷȏǦǌ ǐǱǐǆȝǦȂǼ Ȃǜ ЖǼǐৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖ ƷǼǌ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌॶ ƷȖ ȖǣȂΘǼ ǦǼ

$Ǧǝॽ ँॽं$ॽ
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Figure 2.3: Forma on of perpendicular secondary filaments in a typical experimental vortex ring collision. 3D recon-
struc on of two fully-dyed vortex rings colliding head-on, viewed from overhead (top) and from the side (bo om). Re
= ࣧ࣡࣡࣡ and SR = ࣣ.ࣦ. (A-C) As the rings grow, they interdigitate as the dye from the upper ring is wrapped around the
lower ring and vice-versa. (D-E) The colliding rings form an array of secondary vortex filaments that are perpendicular to
the vortex cores. (F) The cores and perpendicular filaments break down into a fine-scale turbulent cloud.

�Ξ ȏǐȓǜȂȓǻǦǼǝ ǌǦȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ Ȃǜ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǦǆǐȖॶ Θǐ ƷǌǌǦȝǦȂǼƷǶǶΞ ȏȓȂǅǐ ǣȂΘ

ǐǼǐȓǝΞ ǦȖ ȝȓƷǼȖǜǐȓȓǐǌ ȝǣȓȂȠǝǣ ȝǣǐ ЙȂΘ ΗǦƷ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ [ǦǼǆǐ ȝǣǐ ǅȓǐƷǴǌȂΘǼ

Ȃǜ ȝǣǐ ΗȂȓȝǦǆǐȖ ǦȖ ǶȂǆƷǶǦΣǐǌ ȝȂ ȝǣǐ ƷȓǐƷ ƷȓȂȠǼǌ ȝǣǐ ǆȂȓǐȖॶ Θǐ ǦǻȏǶǐǻǐǼȝ Ʒ ǼǐΘ ǆȂǼЖǝȠȓƷȝǦȂǼ ǜȂȓ ȝǣǐ

ȖǦǻȠǶƷȝǦȂǼȖॶ ΘǣǦǆǣ ǆȂǼȖǦȖȝȖ Ȃǜ ȝΘȂ ǦǼǦȝǦƷǶǶΞ ȏƷȓƷǶǶǐǶॶ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ȝȠǅǐȖ ΘǦȝǣ ǆǦȓǆȠǶƷȝǦȂǼ ۵ॶ

ǦǼǦȝǦƷǶǶΞ ȖȏƷǆǐǌ Ʒ ǌǦȖȝƷǼǆǐॶ Ǥ = ࣣ.ࣦܿॶ ƷȏƷȓȝॽ bǣǐ ЙȂΘ ǦȖ ȖǦǻȠǶƷȝǐǌ ǦǼ Ʒ ǆȠǅǦǆ ǌȂǻƷǦǼ Ȃǜ ȖǦǌǐ ǶǐǼǝȝǣॶ

L = ࣧ.ࣧࣨܿॶ ƷǼǌ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ Ȃǜ ȝǣǦȖ ǆȂǼЖǝȠȓƷȝǦȂǼ ǦȖ ǝǦΗǐǼ ǅΞ Xǐ۵ = ۵/ܹ Ȗǐǐ �ȏৄ

ȏǐǼǌǦΝ �ॽऀॽ $ȓȂǻ U/qǻǐƷȖȠȓǐǻǐǼȝȖॶ Θǐ ЖǼǌ ȝǣƷȝ Xǐ۵ ≈ ࣡.ࣩࣧࣨXǐ ƷȖ ȖǣȂΘǼ ǦǼ �ȏȏǐǼǌǦΝ �ॽँॽ
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bǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ ǦǼ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ЙȂΘ Ʒȓǐ ȒȠƷǶǦȝƷȝǦΗǐǶΞ ǐȒȠǦΗƷǶǐǼȝ ȝȂ ȝǣǐ

ǐΝȏǐȓǦǻǐǼȝƷǶ ЙȂΘ ΗǦȖȠƷǶǦΣƷȝǦȂǼȖॶ ƷȖ ȖǣȂΘǼ ǜȂȓ Ʒ ȝΞȏǦǆƷǶ ǐΝƷǻȏǶǐ Ʒȝ Xǐ۵ = ࣦࣥ࣡࣡ ǦǼ $Ǧǝॽ ँॽः�ৄ� ƷǼǌ

BȂΗǦǐ [ऄःइॽ sǣǐǼ ȝǣǐ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ȓǐȖȠǶȝǦǼǝ ǜȓȂǻ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǻƷȝǐȓǦৄ

ƷǶǦΣǐॶ ȝǣǐ ȝǦȏȖ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅǐǌ ǆȂȓǐȖ ǌǐǜȂȓǻ ǦǼȝȂ ЙƷȝȝǐǼǐǌ ΗȂȓȝǐΝ ȖǣǐǐȝȖॶ ƷȖ ǦǶǶȠȖȝȓƷȝǐǌ ǦǼ $Ǧǝॽ ँॽः�ॽ

bǣǐȖǐ ȖǣǐǐȝȖ Ʒȓǐ Ȗȝȓǐȝǆǣǐǌ ǅΞ ȖȝȓƷǦǼȖ ƷȏȏǶǦǐǌ ǅΞ ȝǣǐ Ȃȝǣǐȓ ǆȂȓǐ ƷǼǌ ȓȂǶǶ Ƞȏ ƷǶȂǼǝ ȝǣǐ ǐǌǝǐȖ ǦǼȝȂ ƷǼ

ƷǶȝǐȓǼƷȝǦǼǝ ȖǐȓǦǐȖ Ȃǜ ǣƷǦȓȏǦǼ ΗȂȓȝǦǆǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽः� ƷǼǌ �ȏȏǐǼǌǦΝ �ॽःॽऀॽ eȏȂǼ ȖȝȓǐȝǆǣǦǼǝ

ƷǆȓȂȖȖ ȝǣǐ ǝƷȏ ȝȂ ȝǣǐ Ȃȝǣǐȓ ȏǐȓȝȠȓǅǐǌ ǆȂȓǐॶ ȝǣǐȖǐ ǣƷǦȓȏǦǼ ΗȂȓȝǦǆǐȖ ǜȂȓǻ ƷǼ Ȃȓǌǐȓǐǌ ƷȓȓƷΞ Ȃǜ ȖǐǆȂǼǌƷȓΞ

ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ǦǼǦȝǦƷǶ ȝȠǅǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽः�ॽ �ǌǱƷǆǐǼȝ ȏƷǦȓȖ Ȃǜ Ȗǐǆৄ

ȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǆȂȠǼȝǐȓৄȓȂȝƷȝǐ ȓǐǶƷȝǦΗǐ ȝȂ ȂǼǐ ƷǼȂȝǣǐȓःࣿॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽः�ॽ /ǼȝǐǝȓƷȝǦǼǝ ȝǣǐ

ȝȓƷǼȖΗǐȓȖǐ ΗȂȓȝǦǆǦȝΞ ƷǶȂǼǝ ȝǣǐ ȖΞǻǻǐȝȓΞ ȏǶƷǼǐॶ Θǐ ЖǼǌ ȝǣƷȝ ƷȖ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ Ʒȓǐ Ȗȝȓǐȝǆǣǐǌॶ

ƷȏȏȓȂΝǦǻƷȝǐǶΞ ࣣࣦ% Ȃǜ ȝǣǐ ȖȝȓǐƷǻΘǦȖǐ ǆǦȓǆȠǶƷȝǦȂǼ ǜȓȂǻ ȝǣǐ ǦǼǦȝǦƷǶ ΗȂȓȝǐΝ ȝȠǅǐȖ ǦȖ ǆȂǼΗǐΞǐǌ ȝȂ ǐƷǆǣ

ЖǶƷǻǐǼȝ Ȗǐǐ �ȏȏǐǼǌǦΝ �ॽःॽँॽ �Ȗ ȝǣǐ ΗȂȓȝǦǆǦȝΞ Ȃǜ ȝǣǐ ȂȓǦǝǦǼƷǶ ȝȠǅǐȖ ǦȖ ȝȓƷǼȖǜǐȓȓǐǌ ȝȂ ȝǣǐ ȖǐǆȂǼǌƷȓΞ

ЖǶƷǻǐǼȝȖॶ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ Ȃǜ ȝǣǐ ЙȂΘ ǦȖ ǆȂǼȖǐȓΗǐǌॽ
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Figure 2.4: Genera on of perpendicular secondary filaments in DNS. (A-C) Vor city modulus for simulated interac ng
tubes where Re۵ = ࣦࣥ࣡࣡, ܿ = ࣡.࣡ࣧL, Ǥ = ࣣ.ࣦܿ, and ȼ∗ = ۵ȼ/Ǥࣣ. The vor city modulus is normalized by
the maximum vor city modulus during the simula on, |݅|max. (A) The ini al an symmetric perturba ons of the cores
develop as the ps of the perturba ons locally fla en (࣡.࣡ࣤ ≤ |݅|/|݅|max ≤ ࣡.ࣨ). (B) At the same me, low-
vor city perpendicular filaments form as a result of the perturba ons (࣡.࣡ࣥࣧ ≤ |݅|/|݅|max ≤ ࣡.ࣣ࣡࣪). (C) Once the
secondary filaments form, their vor city amplifies (࣡.࣡ࣨࣧ ≤ |݅|/|݅|max ≤ ࣡.ࣥ). (D) Vor city distribu on in the
ͩ-direc on along the center plane (ͩ = ࣡) indicated by the dashed line in (C). Adjacent secondary filaments counter-
rotate.
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ँ৷ऄ /ӹԚӏԏҷӅԚӢԀӹԓ Ԁә ԓӏӅԀӹӋҷԏԮ ԪԀԏԚӢӅӏԓ

HǼǆǐ ǜȂȓǻǐǌॶ ǐƷǆǣ ȏƷǦȓ Ȃǜ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǆƷǼ ǅǐ ǶȂǆƷǶǶΞ ΗǦǐΘǐǌ ƷȖ Ʒ ȓǐȏǶǦǆƷ Ȃǜ ȝǣǐ ǦǼǦȝǦƷǶ ЙȂΘ

ǆȂǼЖǝȠȓƷȝǦȂǼ ȂǼ Ʒ ȖǻƷǶǶǐȓ ȖǆƷǶǐ ƷǼǌ ΘǦȝǣ Ʒ ȓǐǌȠǆǐǌ ǆǦȓǆȠǶƷȝǦȂǼॶ ǣǐǼǆǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂ Ʒ ȖǻƷǶǶǐȓ

ǐЍǐǆȝǦΗǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॽ bǣǐ ȓǐȖȠǶȝǦǼǝ ǆǶȂȖǐৄȓƷǼǝǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ǼǐǦǝǣǅȂȓǦǼǝ ЖǶƷǻǐǼȝȖ ǆƷǼ

ǶǐƷǌ ȝȂ ƷǼ ǦȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐ ǅΞ ΘǣǦǆǣ ǐΗǐǼ ǻȂȓǐ ǝǐǼǐȓƷȝǦȂǼȖ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖ Ʒȓǐ ǜȂȓǻǐǌॽ $Ȃȓ

ǆȂǶǶǦȖǦȂǼȖ Ʒȝ ǻȂǌǐȓƷȝǐǶΞ ǣǦǝǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ǐॽǝॽ Xǐ۵ = ࣦࣤ࣡࣡ॶ ȝǣǐ ǆȂǼǆǐǼȝȓƷȝǐǌ ȖȝȓƷǦǼȖ ǐΝǐȓȝǐǌ

ǅΞ ȝǣǐ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǆƷȠȖǐ ȂǼǐ Ȃǜ ȝǣǐǻ ȝȂ ЙƷȝȝǐǼ ǦǼȝȂ ƷǼ ǐΝȝȓǐǻǐǶΞ ȝǣǦǼ

ΗȂȓȝǐΝ Ȗǣǐǐȝ ƷǼǌ ȖȏǶǦȝ ǦǼȝȂ ȝΘȂ ȖǻƷǶǶǐȓ ȝǐȓȝǦƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǦǼBȂΗǦǐȖ [अৄ[आःइ ƷǼǌ

�ȏȏǐǼǌǦΝ �ॽऄॽ bǣǦȖ ǅǐǣƷΗǦȂȓ ǦȖ ǆȂǼȖǦȖȝǐǼȝ ΘǦȝǣ ȝǣǐ ǅȓǐƷǴǌȂΘǼǻǐǆǣƷǼǦȖǻ ȂǅȖǐȓΗǐǌ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ

ǦǼ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȝ ǆȂǻȏƷȓƷȝǦΗǐǶΞ ǶȂΘǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ǻǐǌǦƷȝǐǌ ǅΞ ȝǣǐ

�ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞःऄॽ

/Ǽ ȝǣǐ ǣǦǝǣৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǶǦǻǦȝॶ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǻƷΞ ǝǦΗǐ ȓǦȖǐ ȝȂ ƷǼȂȝǣǐȓ ǝǐǼǐȓƷৄ

ȝǦȂǼ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝǐȓȝǦƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǜȂȓ Ʒ ȝΞȏǦǆƷǶ ǐΝƷǻȏǶǐ Ʒȝ Xǐ۵ = ࣧ࣡࣡࣡ ǦǼ

$Ǧǝॽ ँॽऄ�ৄ$ ƷǼǌBȂΗǦǐȖ [इৄ[ईःइॽ bǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ Ʒȓǐ ǌȓƷΘǼ ǦǼȝȂ ȂǼǐ ƷǼȂȝǣǐȓ ǌȠǐ ȝȂ ȝǣǐǦȓ

ǻȠȝȠƷǶ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦȂǼॶ ƷȖ ȖǣȂΘǼ ǦǼ ȝǣǐ ǆǶȂȖǐৄȠȏȖ ǦǼ $Ǧǝॽ ँॽऄ�ৄ�ॽ bǣǐ ǼƷȓȓȂΘ ǝƷȏ ǅǐȝΘǐǐǼ ȝǣǐȖǐ

ΘȓǦȝǣǦǼǝ ΗȂȓȝǦǆǐȖॶ ΘǣǦǆǣ ǐΝȏǐȓǦǐǼǆǐȖ ǦǼȝǐǼȖǐ ȖȝȓƷǦǼॶ ƷǶǻȂȖȝ ǦǼȖȝƷǼȝƷǼǐȂȠȖǶΞ ǅǐǆȂǻǐȖ ǐǼΗǐǶȂȏǐǌ ǅΞ

ȖǐΗǐȓƷǶ ǣǦǝǣৄΗȂȓȝǦǆǦȝΞ ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऄ�ৄ�ॽ bǣǐȖǐ ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖ ƷǶǦǝǼ

ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ȏȓǐΗǦȂȠȖ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ΗȂȓȝǦǆǐȖॶ ΘȓƷȏȏǦǼǝ ȝǦǝǣȝǶΞ ƷȓȂȠǼǌ ȝǣǐǻॽ bǣǐ ȝǐȓȝǦƷȓΞ

ЖǶƷǻǐǼȝȖ ǌǐΗǐǶȂȏ ǶȂǆƷǶǶΞ ǦǼ ƷǼ Ȃȓǌǐȓǐǌ ǻƷǼǼǐȓ ΘǣǦǶǐ ȝǣǐ ȓǐǻǼƷǼȝȖ Ȃǜ ȝǣǐ ȏȓǦǻƷȓΞ ǆȂȓǐȖ ƷǼǌ Ȗǐǆৄ

ȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǅǐǆȂǻǐ ǦǼǆȓǐƷȖǦǼǝǶΞ ǐǼȝƷǼǝǶǐǌ ǦǼȝȂ Ʒ ǌǦȖȂȓǌǐȓǐǌ ৗȖȂȠȏ Ȃǜ ΗȂȓȝǦǆǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ

$Ǧǝॽ ँॽऄ$ॽ
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Figure 2.5 (following page): The development of a turbulent cascade. (A-F) Vor city modulus for simulated interac ng
tubes where Re۵ = ࣧ࣡࣡࣡, ܿ = ࣡.࣡ࣧL, Ǥ = ࣣ.ࣦܿ, and ȼ∗ = ۵ȼ/Ǥࣣ. Each panel shows the front view of the
full cores (le ) and a close-up top view of the interac ng secondary filaments indicated in the full view (right). (A) The
an symmetric perturba ons of the cores develop. (B) Perpendicular secondary filaments form between the cores. (C)
Secondary filaments begin to interact with each other and break down. (D) Ter ary filaments begin to form perpendicu-
lar to the secondary filaments. (E) Ter ary filaments are fully formed. (F) The flow breaks down into a disordered tangle
of vor ces. The vor city thresholds are ࣡.࣡ࣨ࣪ ≤ |݅|/|݅|max ≤ ࣡.࣡࣪࣪ for (A) and ࣡.࣡ ≤ |݅|/|݅|max ≤ ࣡.ࣣ
for (B-F), where |݅|max is the maximum vor city modulus for the en re simula on. (G) Normalized shell-to-shell en-
ergy transfer spectra indicate whether a mode is an energy source (b(ȓ) < ࣡) or sink (b(ȓ) > ࣡). At early mes
(ȼ∗ = ࣦࣧ.ࣦࣧ, ࣨࣥ.ࣥࣥ), the secondary filaments switch from energy sinks to sources as they are generated and then
interact to form new vor ces. At late mes, the spectra fla en as energy is transferred more uniformly across the scales
of the flow. (G, inset) Normalized kine c energy dissipa on rate as a func on of me. The energy dissipa on rate in-
creases with the development of the secondary filaments and peaks as the secondary filaments and residual cores break
down into a tangle of fine-scale vor ces. (H) Normalized kine c energy spectra show the rapid development of a sus-
tained turbulent state with Kolmogorov scaling–as indicated by the black line–around the peak dissipa on rate.
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Figure 2.5: (con nued)
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ँ৷अ $ԀԏӸҷԚӢԀӹ Ԁә ҷ ԚԞԏӂԞӲӏӹԚ ӅҷԓӅҷӋӏ

bǣǐ ǦȝǐȓƷȝǦΗǐ ǅȓǐƷǴǌȂΘǼ ȏȓȂǆǐȖȖ ȂǆǆȠȓȖ ȂΗǐȓ ǌǦǻǦǼȠȝǦΗǐ ǶǐǼǝȝǣ ȖǆƷǶǐȖ ƷǼǌ ЙǐǐȝǦǼǝ ȝǦǻǐ ȖǆƷǶǐȖॽ bǣǦȖ

ȓƷȏǦǌ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖ ǶǐƷǌȖ ȝȂ Ʒ ǌȓƷǻƷȝǦǆ ǦǼǆȓǐƷȖǐ ǦǼ ȝǣǐ ǐǼǐȓǝΞ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ

ܱॶ ƷȖ ȖǣȂΘǼ ǦǼ ȝǣǐ ǦǼȖǐȝ Ȃǜ $Ǧǝॽ ँॽऄ%ॽ bǣǐ ǦǼǦȝǦƷǶ ǦǼǆȓǐƷȖǐ ǦǼ ܱ ǦȖ ȝȓǦǝǝǐȓǐǌ ǅΞ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶৄ

ǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ƷǼǌ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǦǼ ȝǣǐ ǆȂȓǐȖॽ bǣǐ ǜȂǶǶȂΘǦǼǝ

ȏȓǐǆǦȏǦȝȂȠȖ ȓǦȖǐ ǦǼ ȝǣǐ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐ ǆȂǦǼǆǦǌǐȖ ΘǦȝǣ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ ȝǣǐ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȖǐǆȂǼǌƷȓΞ

ЖǶƷǻǐǼȝȖॽ

bǣǐ ȓƷȝǐ Ʒȝ ΘǣǦǆǣ ǴǦǼǐȝǦǆ ǐǼǐȓǝΞ ǦȖ ȝȓƷǼȖǜǐȓȓǐǌ ƷǆȓȂȖȖ ȖǆƷǶǐȖ ǦȖ ǆƷǶǆȠǶƷȝǐǌ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼ ǦǼ

ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ $ȂȠȓǦǐȓ ȖȏƷǆǐ ȝǣȓȂȠǝǣ ȝǣǐ ǦǼȖȝƷǼȝƷǼǐȂȠȖ ȖǣǐǶǶৄȝȂৄȖǣǐǶǶ ǐǼǐȓǝΞ ȝȓƷǼȖǜǐȓ ȖȏǐǆȝȓȠǻॶ

b(ȓ, ȼ)ॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऄ% ऄआॶःँॽ �ȝ Ʒ ЖΝǐǌ ȝǦǻǐॶ b(ȓ) ǦȖ ȏȂȖǦȝǦΗǐ ǜȂȓ Ʒ ΘƷΗǐǼȠǻǅǐȓॶ ȓॶ ΘǣǐǼ

ǐǼǐȓǝΞ ЙȂΘȖ ȝȂΘƷȓǌ ȝǣǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȖȏƷȝǦƷǶ ȖǆƷǶǐ (∼ ȓ−)ॽ �ȂǼΗǐȓȖǐǶΞॶ Ʒ ǼǐǝƷȝǦΗǐ ΗƷǶȠǐ Ȃǜ b(ȓ)

ǦǼǌǦǆƷȝǐȖ ȝǣǐ ЙȂΘ Ȃǜ ǐǼǐȓǝΞ ƷΘƷΞ ǜȓȂǻ ȝǣƷȝ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȖȏƷȝǦƷǶ ȖǆƷǶǐ ȝȂ Ȃȝǣǐȓ ǻȂǌǐȖ Ȗǐǐ �ȏৄ

ȏǐǼǌǦΝ �ॽअ ǜȂȓ ǌǐȝƷǦǶȖॽ sǣǐǼ ǦǼǦȝǦƷǶǶΞ ǜȂȓǻǐǌॶ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǅǐǆȂǻǐ ȏȓȂǼȂȠǼǆǐǌ ǐǼৄ

ǐȓǝΞ ȖǦǼǴȖॶ ǝǦΗǐǼ ȝǣǐ ǶƷȓǝǐ ȏȂȖǦȝǦΗǐ ΗƷǶȠǐ Ȃǜ b(ȓ) Ʒȝ ȝǣǐ ǦǼȝǐȓǻǐǌǦƷȝǐ ΘƷΗǐǼȠǻǅǐȓ Ȃǜ ƷȏȏȓȂΝǦǻƷȝǐǶΞ

ȓǤ = ࣧ.ࣦࣨॽ bǣǦȖ ǆȂǦǼǆǦǌǐȖ ΘǦȝǣ ȝǣǐǦȓ ƷǅȖȂȓȏȝǦȂǼ Ȃǜ ǐǼǐȓǝΞ ǜȓȂǻ ȝǣǐ ȏȓǦǻƷȓΞ ΗȂȓȝǐΝ ǆȂȓǐȖॽ CǐΝȝॶ ƷȖ

ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǅǐǆȂǻǐ ǜȠǶǶΞ ǌǐΗǐǶȂȏǐǌ ƷǼǌ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓॶ ȝǣǐΞ ǆǣƷǼǝǐ ǅǐǣƷΗǦȂȓ

ƷǼǌ ǅǐǆȂǻǐ ȖȂȠȓǆǐȖ Ȃǜ ǐǼǐȓǝΞॶ ƷȖ ǦǼǌǦǆƷȝǐǌ ǅΞ ȝǣǐ ǼǐǝƷȝǦΗǐ ΗƷǶȠǐ Ȃǜ b(ȓ)ॽ �ȂȠȏǶǐǌ ΘǦȝǣ ȝǣǐ ȖǦǻȠǶৄ

ȝƷǼǐȂȠȖ ǦǼǆȓǐƷȖǐ ǦǼ ȝǣǐ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ȝǣǦȖ ǆǣƷǼǝǐ ǦǼ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǜȓȂǻ ǐǼৄ

ǐȓǝΞ ȖǦǼǴȖ ȝȂ ǐǼǐȓǝΞ ȖȂȠȓǆǐȖ ǦǼǌǦǆƷȝǐȖ ȝǣǐ ǐΝǦȖȝǐǼǆǐ Ȃǜ Ʒ ǆƷȖǆƷǌǐ ǅΞ ΘǣǦǆǣ ǴǦǼǐȝǦǆ ǐǼǐȓǝΞ ǦȖ ǆȂǼΗǐΞǐǌ

ȝȂ ȖǻƷǶǶǐȓ ȖǆƷǶǐȖॽ

bǣȓȂȠǝǣ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ƷǼǌ ȓǐȖǦǌȠƷǶ ΗȂȓȝǐΝ ǆȂȓǐȖ ǦǼȝȂ Ʒ ǌǦȖȂȓǌǐȓǐǌ

ȝƷǼǝǶǐ Ȃǜ ΗȂȓȝǦǆǐȖॶ ȝǣǐ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐ ȓǐƷǆǣǐȖ Ʒ ǻƷΝǦǻȠǻ ΗƷǶȠǐॽ �ȝ ȝǣǦȖ ȏȂǦǼȝॶ ȝǣǐ ЙȂΘ ǦȖ ǻȂȖȝ

ΗǦǝȂȓȂȠȖ ƷǼǌ ȝǣǐ ǐǼǐȓǝΞ ȝȓƷǼȖǜǐȓ ȖȏǐǆȝȓƷ ƷȖΞǻȏȝȂȝǐ ȝȂΘƷȓǌ Ʒ ЙƷȝȝǐǼǐǌ ȏȓȂЖǶǐॶ ǦǼǌǦǆƷȝǦǼǝ ȝǣƷȝ ǐǼৄ

ǐȓǝΞ ǦȖ ǆȂǼΗǐΞǐǌ ǻȂȓǐ ȠǼǦǜȂȓǻǶΞ ƷǆȓȂȖȖ ȝǣǐ ΗƷȓǦȂȠȖ ȖǆƷǶǐȖ Ȃǜ ȝǣǐ ȖΞȖȝǐǻॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऄ%ॽ

ःࣿ



bǣȠȖॶ ǜȂȓ ȝǣǦȖ ǅȓǦǐǜ ȝǦǻǐॶ ܱǻƷǦǼȝƷǦǼȖ ƷǼ ƷȏȏȓȂΝǦǻƷȝǐǶΞ ǆȂǼȖȝƷǼȝ ǻƷΝǦǻȠǻ ΗƷǶȠǐॶ ƷȖ ȝǣǐ ǐǼǐȓǝΞ ǦȖ

ȖǻȂȂȝǣǶΞ ȝȓƷǼȖǜǐȓȓǐǌ ȝȂ ȝǣǐ ȖǻƷǶǶǐȖȝॶ ǌǦȖȖǦȏƷȝǦΗǐ ȖǆƷǶǐॶ ܳ = ܱ−

ࣥ ܹ

ࣤ
ࣥ ॽ <ȂǶǻȂǝȂȓȂΗ ȏȓȂȏȂȖǐǌ ȝǣƷȝ ǜȂȓ

ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ ȠǼǌǐȓ ȖǦǻǦǶƷȓ ǆȂǼǌǦȝǦȂǼȖॶ ȝǣǐ ǴǦǼǐȝǦǆ ǐǼǐȓǝΞ ȖȏǐǆȝȓȠǻ ǜȂǶǶȂΘȖ Ʒ ǌǦȖȝǦǼǆȝ ȖǆƷǶǦǼǝ Ȃǜ

(ȓܳ)−ࣦ/ࣤ ंःॽ [ȝȓǦǴǦǼǝǶΞॶ Θǐ ЖǼǌ ȝǣƷȝ ȝǣǐ ǜȠǶǶΞ ǌǐΗǐǶȂȏǐǌ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ ǜȂȓǻǐǌ ǅΞ ȝǣǐ ǆȂǶǶǦȖǦȂǼ Ȃǜ

ȝǣǐ ȝΘȂ ΗȂȓȝǦǆǐȖॶ ǦǼǌǐǐǌॶ ǐΝǣǦǅǦȝȖ <ȂǶǻȂǝȂȓȂΗ ȖǆƷǶǦǼǝॽ bǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ǼȂȓǻƷǶǦΣǐǌ ǐǼǐȓǝΞ Ȗȏǐǆৄ

ȝȓƷॶ �(ȓ)/(ܳ

ࣥ ܹ

ࣦ
ࣥ )ॶ ǌǐǻȂǼȖȝȓƷȝǐȖ ǣȂΘ ȝǣǐ ЙȂΘ ȓǐƷǆǣǐȖ Ʒ ȖȠȖȝƷǦǼǐǌ ȝȠȓǅȠǶǐǼȝ ȖȝƷȝǐ ƷȓȂȠǼǌ ȝǣǐ ȏǐƷǴ

ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऄ,ॽ bǣǦȖ ȝȠȓǅȠǶǐǼȝ ǐǼǐȓǝΞ ȖȏǐǆȝȓȠǻ ȖǆƷǶǦǼǝ Ʒȝ ȝǣǐ ȏǐƷǴ ǌǦȖȖǦৄ

ȏƷȝǦȂǼ ȓƷȝǐ ƷǶȖȂ ǐǻǐȓǝǐȖ ǌȠȓǦǼǝ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǐΝ ȝȠǅǐȖ ǻǐǌǦƷȝǐǌ ǅΞ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ

ǦǼȖȝƷǅǦǶǦȝΞ Ʒȝ ǶȂΘǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ƷȖ ȖǣȂΘǼ ǦǼ �ȏȏǐǼǌǦΝ �ॽआॽऀॽ [ǦǼǆǐ ȝǣǐ ǐǼǐȓǝΞ ǦǼȏȠȝ Ȃǜ ȝǣǐ

ȖΞȖȝǐǻ ǦȖ ЖǼǦȝǐॶ ȝǣǦȖ ȝȠȓǅȠǶǐǼȝ ȖȝƷȝǐ ǆƷǼǼȂȝ ǅǐ ǻƷǦǼȝƷǦǼǐǌ ǦǼǌǐЖǼǦȝǐǶΞॽ �Ȗ ȝǦǻǐ ȏȓȂǝȓǐȖȖǐȖ ǜȠȓȝǣǐȓॶ

ȝǣǐ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌ ǌƷǻȏȖ ȂȠȝ ȝǣǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǐȖ Ʒȝ ȝǣǐ ȖǻƷǶǶǐȖȝ ȖǆƷǶǐȖॽ sǣǦǶǐ ǻȠǆǣ

ǐǼǐȓǝΞ ȓǐǻƷǦǼȖ Ʒȝ ȝǣǐ ǶƷȓǝǐ ȖǆƷǶǐȖ Ȃǜ ȝǣǐ ЙȂΘॶ Ǧȝ ǦȖ ȠǼƷǅǶǐ ȝȂ ǅǐ ȝȓƷǼȖǻǦȝȝǐǌ ȝȂ ȖǻƷǶǶǐȓ ȖǆƷǶǐȖ ǜȂǶǶȂΘǦǼǝ

ȝǣǦȖ ǦȝǐȓƷȝǦΗǐ ǅȓǐƷǴǌȂΘǼॽ �ǆǆȂȓǌǦǼǝǶΞॶ ȝǣǐ ǐǼǐȓǝΞ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐ ǌǐǆȓǐƷȖǐȖ ƷǼǌ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ȖȝƷȝǐ

ǌǐǆƷΞȖॽ

ँ৷आ �ӢԓӅԞԓԓӢԀӹ

bǣǐ ΗǦȂǶǐǼȝ ǦǼȝǐȓƷǆȝǦȂǼ ǅǐȝΘǐǐǼ ȝΘȂ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǦǆǐȖ ǶǐƷǌȖ ȝȂ ȝǣǐ ȓƷȏǦǌ ǐǻǐȓǝǐǼǆǐ Ȃǜ Ʒ ȝȠȓৄ

ǅȠǶǐǼȝ ǆƷȖǆƷǌǐॶ ȓǐȖȠǶȝǦǼǝ ǦǼ Ʒ ЙȂΘ ΘǦȝǣ ƷǼ ǐǼǐȓǝΞ ȖȏǐǆȝȓȠǻ ȝǣƷȝূǜȂȓ ƷǼ ǐȝǣǐȓǐƷǶ ǻȂǻǐǼȝূȂǅǐΞȖ

<ȂǶǻȂǝȂȓȂΗ ȖǆƷǶǦǼǝॽ sǐ ЖǼǌ ȝǣƷȝ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȝǣǦȖ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐ ǦȖ ǦǼǦȝǦƷȝǐǌ ǅΞ ȝǣǐ ǶƷȝǐৄ

ȖȝƷǝǐॶ ǼȂǼǶǦǼǐƷȓ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ΘǣǦǆǣ ǜȂȓǻȖ ƷǼ Ȃȓǌǐȓǐǌ ƷȓȓƷΞ Ȃǜ ǆȂȠǼȝǐȓৄ

ȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ȏȓǦǻƷȓΞ ǆȂȓǐȖॽ /Ǽ ȝǣǐ ǣǦǝǣৄXǐΞǼȂǶǌȖ ǼȠǻৄ

ǅǐȓ ǶǦǻǦȝॶ ȝǣǐ ǼǐǦǝǣǅȂȓǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǻƷΞ ǦǼȝǐȓƷǆȝ ȝȂ ǜȂȓǻ Ʒ ǼǐΘ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ȏǐȓȏǐǼৄ

ǌǦǆȠǶƷȓ ȝǐȓȝǦƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॽ bǣǐȖǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ

ȝǣǐ ȓǐǻǼƷǼȝȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ǶǐƷǌ ȝȂ ȝǣǐ ȓƷȏǦǌ ǜȂȓǻƷȝǦȂǼ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖॽ bǣǦȖ ǐǼȖǐǻǅǶǐ

ःऀ



Ȃǜ ΗȂȓȝǦǆǐȖ ǦǼȝǐȓƷǆȝǦǼǝ ȂΗǐȓ ȝǣǐ ǜȠǶǶ ȓƷǼǝǐ Ȃǜ ȖǆƷǶǐȖ Ȃǜ ȝǣǐ ȖΞȖȝǐǻ ȏȓȂΗǦǌǐȖ Ʒ ǆȂǼǌȠǦȝ ȝǣȓȂȠǝǣ ΘǣǦǆǣ

ǐǼǐȓǝΞ ǆƷȖǆƷǌǐȖ ǌȂΘǼ ȝȂ ȝǣǐ ǌǦȖȖǦȏƷȝǦΗǐ ȖǆƷǶǐॽ

bǣǐ ǦȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐॶ ΘǣǦǆǣ ǶǐƷǌȖ ȝȂ ȝǣǐ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ΗȂȓȝǦǆǐȖ Ʒȝ ǌǐǆȓǐƷȖǦǼǝǶΞ ȖǻƷǶǶ ǶǐǼǝȝǣ ȖǆƷǶǐȖॶ

ǦȖ ȖȝȓȂǼǝǶΞ ȓǐǻǦǼǦȖǆǐǼȝ Ȃǜ ȝǣǐ ǻǐǆǣƷǼǦȖǻ ȏȓȂȏȂȖǐǌ ǅΞ �ȓǐǼǼǐȓॶ ,ȂȓǻȂΣॶ ƷǼǌ UȠǻǦȓअॽ HǼǐ ǻƷΞ

ȖȏǐǆȠǶƷȝǐ ȝǣƷȝ ȝǣǐ ȖǐǶǜৄȖǦǻǦǶƷȓ ȏȓȂǆǐȖȖ ȖȠǝǝǐȖȝǐǌ ǅΞ ȝǣǦȖ ΘȂȓǴ ǆȂȠǶǌ ǅǐ ǻȂǌǐǶǐǌ ǅΞ ƷȖȖȠǻǦǼǝॶ ǦǼ ȝǣǐ

ȖȏǦȓǦȝ Ȃǜअॶ ȝǣƷȝ Ʒȝ ǐƷǆǣ ǦȝǐȓƷȝǦȂǼॶ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ ǦȖ ǻȠǶȝǦȏǶǦǐǌ ǅΞ Ʒ ǜƷǆȝȂȓ ͣ۵ < ॶ ƷǼǌ ȝǣǐ ǆǣƷȓƷǆȝǐȓৄ

ǦȖȝǦǆ ȖǆƷǶǐ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǐȖ ǅΞ Ʒ ǜƷǆȝȂȓ ͣܰ < ॶ ȓǐȖȠǶȝǦǼǝ Ʒǜȝǐȓ ț ȖȝǐȏȖ ǦǼ Ʒ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ΗȂȓȝǦǆǐȖ ΘǦȝǣ

ǆǦȓǆȠǶƷȝǦȂǼॶ ۵ț = ͣț−
۵ ۵ॶ ƷǼǌ Ʒ ȖȏƷȝǦƷǶ ȖǆƷǶǐॶ ܰț = ͣț−

ܰ ܰॽ bǣǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝǦǻǐ ȖǆƷǶǐ ȂΗǐȓ

ΘǣǦǆǣ ǐƷǆǣ Ȗȝǐȏ ǐΗȂǶΗǐȖ ǆƷǼ ǅǐ ǐȖȝǦǻƷȝǐǌ ƷȖ ȼț ∼ ࣣܰț/۵ț ∼ (ࣣܰ/۵) (ࣣͣܰ/ͣ۵)ț−ॽ bǣǐ ǆƷȖǆƷǌǐ ǆƷǼ

ǝȂ ƷǶǶ ȝǣǐ ΘƷΞ ǌȂΘǼ ȝȂ ΗƷǼǦȖǣǦǼǝǶΞ ȖǻƷǶǶ ȖȏƷȝǦƷǶ ȖǆƷǶǐȖ ǦǼ Ʒ ЖǼǦȝǐ ȝǦǻǐ ȏȓȂΗǦǌǐǌ ࣣͣܰ < ͣ۵ॽ bǣǐ ǼȠৄ

ǻǐȓǦǆƷǶ ȓǐȖȠǶȝȖ ȏȓǐȖǐǼȝǐǌ ǣǐȓǐॶ ǌȠȓǦǼǝ ȝǣǐ ЖȓȖȝ ȖȝǐȏȖ Ȃǜ ȝǣǐ ǆƷȖǆƷǌǐॶ ȖȠǝǝǐȖȝ ȝǣƷȝ ͣ۵ ∼ ࣡.ࣣࣦॶ ƷǼǌ

ͣܰ ∼ ࣡.ࣣ − ࣡.ࣥॶ ƷǼǌ ȝǣǐȓǐǜȂȓǐ ȝǣƷȝ ȝǣǐ ǆƷȖǆƷǌǐ ǻƷΞ ȏȓȂǆǐǐǌ ǦǼ Ʒ ЖǼǦȝǐ ȝǦǻǐॽ /ȝ ΘȂȠǶǌ ǅǐ ǦǼȝǐȓǐȖȝǦǼǝ

ȝȂ ȠǼǌǐȓȖȝƷǼǌ Θǣǐȝǣǐȓ ȝǣǐ ǆƷȖǆƷǌǐ ȖȠǝǝǐȖȝǐǌ ǅΞ ȝǣǦȖ ΘȂȓǴ ȏȓȂǆǐǐǌȖ ǜƷȖȝǐȓ Ȃȓ ȖǶȂΘǐȓ ȝǣƷǼ ȝǣǐ <ȂǶৄ

ǻȂǝȂȓȂΗ ǆƷȖǆƷǌǐॽ sǣǐȓǐƷȖ <ȂǶǻȂǝȂȓȂΗ ȝǣǐȂȓΞ ǦǻȏǶǦǐȖ ȼț/ȼ ∼ (ܰț/ܰ)ࣣ/ࣤ ऀअॶ ȂȠȓ ȓǐȖȠǶȝȖ ǦǻȏǶΞ ȝǣƷȝ

ȼț/ȼ ∼ (ܰț/ܰ)ࣣ−ǶǼ(ͣ۵)/ ǶǼ(ͣܰ)ॽ bǣǐȓǐǜȂȓǐॶ ȝǣǐ ǆƷȖǆƷǌǐ ȏȓȂȏȂȖǐǌ ǦǼ ȝǣǦȖ ΘȂȓǴ ȏȓȂǆǐǐǌȖ ǜƷȖȝǐȓ ȝǣƷǼ ȝǣǐ

<ȂǶǻȂǝȂȓȂΗ ǆƷȖǆƷǌǐ ǜȂȓ ͣܰ < ͣࣤ/ࣥ۵ ॽ HȠȓ ǐȖȝǦǻƷȝǐȖ ȖȠǝǝǐȖȝ ȝǣƷȝ ȝǣǐ ȝΘȂ ǆƷȖǆƷǌǐȖ ǻƷΞ ȏȓȂǆǐǐǌ ƷȖΞǻȏৄ

ȝȂȝǦǆƷǶǶΞ Ʒȝ Ʒ ǆȂǻȏƷȓƷǅǶǐ ȓƷȝǐॽ � ǻȂȓǐ ȏȓǐǆǦȖǐ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ

ǦǼȖȝƷǅǦǶǦȝΞ ǦȖ ǼǐǆǐȖȖƷȓΞ ȝȂ ǌǐȝǐȓǻǦǼǐ ƷǆǆȠȓƷȝǐǶΞ ȝǣǐ ȖǆƷǶǦǼǝ ǜƷǆȝȂȓȖ ͣ۵ ƷǼǌ ͣܰॽ

bǣǐ ǐȖȖǐǼȝǦƷǶ ǐǶǐǻǐǼȝ Ȃǜ ȝǣǐ ǆƷȖǆƷǌǐ ȏȓȂǆǐȖȖ ǦȖ ȝǣƷȝ Ʒȝ ǐƷǆǣ ȖǆƷǶǐॶ ǌǦȖǆȓǐȝǐ ȏƷǦȓȖ Ȃǜ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓৄ

ȝǦǆǐȖ Ʒȓǐ ƷǅǶǐ ȝȂ ǶȂǆƷǶǶΞ ǦǼȝǐȓƷǆȝ ƷǼǌ ȏȓȂǌȠǆǐ Ʒ ȖȠǅȖǐȒȠǐǼȝ ǦȝǐȓƷȝǦȂǼ ΗǦƷ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ qȂȓৄ

ȝǦǆǐȖ Ȃǜ ȖǦǻǦǶƷȓ ȖǦΣǐ ƷǼǌ ǆǦȓǆȠǶƷȝǦȂǼ ǶȂǆƷǶǶΞ ƷǶǦǝǼ ǦǼ ƷǼ ƷǼȝǦȏƷȓƷǶǶǐǶ ǻƷǼǼǐȓ ΘǣǐǼ ȝǣǐΞ ǦǼȝǐȓƷǆȝॽ bǣǦȖ

ǦȖ Ʒ ΘǐǶǶ ǐȖȝƷǅǶǦȖǣǐǌ ǆȂǼȖǐȒȠǐǼǆǐ Ȃǜ �ǦȂȝৄ[ƷΗƷȓȝ ǌΞǼƷǻǦǆȖआँॽ bǣȠȖॶ ȝǣǐ ǶƷȓǝǐȖȝ ȖȝȓƷǦǼȖ ȝǣƷȝ ǌȓǦΗǐ ȝǣǐ

ǆƷȖǆƷǌǐ ΘǦǶǶ ƷȓǦȖǐ ǜȓȂǻ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ǼǐƷȓǅΞ ΗȂȓȝǦǆǐȖॽ Θǐ ȖȠǝǝǐȖȝ ȝǣƷȝ ǦȝǐȓƷȝǦȂǼȖ Ȃǜ ȝǣǦȖ ǆƷȖǆƷǌǐ

ǆȂȠǶǌ ȏȓȂǆǐǐǌ ǌȂΘǼ ȝȂ ǐΗǐȓৄȖǻƷǶǶǐȓ ȖǆƷǶǐȖ ȠǼȝǦǶ ΗǦȖǆȂȠȖ ǐЍǐǆȝȖ ȝƷǴǐ ȂΗǐȓॽ yǐȝॶ ȝǣǐ ȏȓȂǶǦǜǐȓƷȝǦȂǼ Ȃǜ

Ȃȝǣǐȓ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖॶ ǆǶǐƷȓǶΞ ΗǦȖǦǅǶǐ ǦǼ $Ǧǝॽ ऄॶ ǆȂȠǶǌ ǆȂǼǆǐǦΗƷǅǶΞ ȏȓǐΗǐǼȝ ΗȂȓȝǐΝ ȏƷǦȓȖ ǜȓȂǻ ǜȂȓǻৄ

ःँ



ǦǼǝ Ʒȝ ȖȂǻǐ ȖȝƷǝǐ Ȃǜ ȝǣǐ ȏȓȂǆǐȖȖॶ ƷǼǌ Θǐ ǌȂ ǼȂȝ ȓȠǶǐ ȂȠȝ ȝǣƷȝ Ǧȝ ǻƷΞ ǦǼЙȠǐǼǆǐ ȝǣǐ ǌΞǼƷǻǦǆȖॽ sǐ

ȓǐǻƷȓǴॶ ǣȂΘǐΗǐȓॶ ȝǣƷȝ ȝǣǐ ȏȓǐȖǐǼȝ ΘȂȓǴ ȖǣȂΘȖ ȝǣƷȝ ȂǼǶΞ ȝΘȂ ǆǶǐƷȓ ǦȝǐȓƷȝǦȂǼȖ Ȃǜ ȝǣǐ ǆƷȖǆƷǌǐ Ʒȓǐ ȖȠǜৄ

ЖǆǦǐǼȝ ȝȂ ȏȓȂǌȠǆǐ Ʒ <ȂǶǻȂǝȂȓȂΗ ȖȏǐǆȝȓȠǻॽ �ΗǐǼ ǦǼ ȝǣǐ ǣǦǝǣৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǶǦǻǦȝॶ Ʒ ЖǼǦȝǐ Ȗǐȝ Ȃǜ

ǦȝǐȓƷȝǦȂǼȖ ȂǆǆȠȓȓǦǼǝ ȖǦǻȠǶȝƷǼǐȂȠȖǶΞ ǜȂȓ ǻƷǼΞ ǦǼǌǐȏǐǼǌǐǼȝ ȏƷǦȓȖ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ ǻǦǝǣȝ ȖȠАǆǐ

ȝȂ ǐȖȝƷǅǶǦȖǣ ƷǼǌ ȖȠȖȝƷǦǼ Ʒ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐॽ bǣǐ ǌǐȝƷǦǶȖ Ȃǜ ǣȂΘ ȝǣǦȖ ǦȝǐȓƷȝǦΗǐ ȏȓȂǆǐȖȖ ȠǼǜȂǶǌȖ ǦǼ ȝǣǐ

ǶǦǻǦȝ Ȃǜ ǶƷȓǝǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǦȖ ƷǼ ǦǻȏȂȓȝƷǼȝ ȒȠǐȖȝǦȂǼ ǜȂȓ ǜȠȝȠȓǐ ȓǐȖǐƷȓǆǣॽ

bǣǦȖ ǜȓƷǻǐΘȂȓǴ ȖȝȓȂǼǝǶΞ ƷǝȓǐǐȖ ΘǦȝǣ ȓǐǆǐǼȝ ΘȂȓǴȖ ǅΞ %ȂȝȂ ǐȝ ƷǶॽ ǦǼ Ʒ ǜȠǶǶΞ ȝȠȓǅȠǶǐǼȝ ЙȂΘ ȓǐǝǦǻǐॽ

CƷǻǐǶΞॶ ȝǣǐǦȓ ǼȠǻǐȓǦǆƷǶ ȓǐȖȠǶȝȖ ǌǐǻȂǼȖȝȓƷȝǐ ȝǣǐ ǐΝǦȖȝǐǼǆǐ Ȃǜ ǻƷǼΞ ǦǼǌǐȏǐǼǌǐǼȝ ȏƷǦȓȖ Ȃǜ ƷǼȝǦȏƷȓৄ

ƷǶǶǐǶ ΗȂȓȝǦǆǐȖ ǦǼȝǐȓƷǆȝǦǼǝ ƷǼǌ ǶȂǆƷǶǶΞ ǜȂȓǻǦǼǝ ȖǻƷǶǶǐȓ ǝǐǼǐȓƷȝǦȂǼȖ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ

ǦǼ ǅȂȝǣ ǜȠǶǶΞ ǌǐΗǐǶȂȏǐǌ ǣȂǻȂǝǐǼǐȂȠȖ ǦȖȂȝȓȂȏǦǆ ȝȠȓǅȠǶǐǼǆǐ ƷǼǌ ΘƷǶǶৄǅȂȠǼǌǐǌ ȝȠȓǅȠǶǐǼǆǐऀईॶँࣿॶऄःॽ

bǣǐȖǐ ǌǦȖǆȓǐȝǐ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȏƷǦȓȖ ƷȏȏǐƷȓ ȖǦǻȠǶȝƷǼǐȂȠȖǶΞ ȝǣȓȂȠǝǣȂȠȝ %ȂȝȂȖ

ȖǦǻȠǶƷȝǦȂǼȖ ȂΗǐȓ ǜȂȠȓ ǌǦȖȝǦǼǆȝ ȖǆƷǶǐȖँࣿॽ �Ƞǐ ȝȂ ȝǣǐ ȖȝȓǦǴǦǼǝ ȖǦǻǦǶƷȓǦȝǦǐȖ ǅǐȝΘǐǐǼ ȝǣǐ ǦȝǐȓƷȝǦΗǐ ǻǐǆǣƷৄ

ǼǦȖǻ Θǐ ȂǅȖǐȓΗǐ ƷǼǌ ȝǣǐ ȓǐȖȠǶȝȖ Ȃǜ %ȂȝȂॶ Θǐ ȏȓȂȏȂȖǐ ȝǣƷȝ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǦȖ ǶǦǴǐǶΞ ȝǣǐ ǻǐƷǼȖ

ǅΞ ΘǣǦǆǣ ȝǣǐȖǐ ȖȠǆǆǐȖȖǦΗǐ ǝǐǼǐȓƷȝǦȂǼȖ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ЖǶƷǻǐǼȝȖ Ʒȓǐ ǜȂȓǻǐǌॽ �ȖȝƷǅǶǦȖǣǦǼǝ Ʒ ȏȓǐǆǦȖǐ

ǆȂǼǼǐǆȝǦȂǼ ǅǐȝΘǐǐǼ ȂȠȓ ȂΘǼ ȓǐȖȠǶȝȖ ƷǼǌ %ȂȝȂȖ ȂǅȖǐȓΗƷȝǦȂǼȖ ȓǐȒȠǦȓǐȖ Ʒ ǜȠǶǶΞ ȒȠƷǼȝǦȝƷȝǦΗǐ ƷǼƷǶΞȖǦȖॶ

ΘǣǦǆǣ ǦȖ ǅǐΞȂǼǌ ȝǣǐ ȖǆȂȏǐ Ȃǜ ȝǣǐ ȏȓǐȖǐǼȝ ΘȂȓǴॽ

HȠȓ ΘȂȓǴ ȝǣȠȖ ǌǐǻȂǼȖȝȓƷȝǐȖ ǣȂΘ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ȏȓȂΗǦǌǐȖ Ʒ ǶȂǼǝৄȖȂȠǝǣȝৄƷǜȝǐȓ ǻǐǆǣৄ

ƷǼǦȖǻ ǜȂȓ ȝǣǐ ǜȂȓǻƷȝǦȂǼ ƷǼǌ ȏǐȓȏǐȝȠƷȝǦȂǼ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐ ȝǣȓȂȠǝǣ ȝǣǐ ǶȂǆƷǶ ǦǼৄ

ȝǐȓƷǆȝǦȂǼȖ Ȃǜ ΗȂȓȝǦǆǐȖ ȂΗǐȓ Ʒ ǣǦǐȓƷȓǆǣΞ Ȃǜ ȖǆƷǶǐȖॽ [ȠȏȏǶǦǐǌ ǅΞ ȝǣǐ ǦǼǱǐǆȝǦȂǼ Ȃǜ ǐǼǐȓǝΞ Ʒȝ ǶƷȓǝǐ ȖǆƷǶǐȖॶ

ǌǦȖǆȓǐȝǐ ǦȝǐȓƷȝǦȂǼȖ Ȃǜ ȝǣǦȖ ǦǼȖȝƷǅǦǶǦȝΞ ǐЍǐǆȝǦΗǐǶΞ ǆǣƷǼǼǐǶ ȝǣǐ ǐǼǐȓǝΞ Ȃǜ Ʒ ЙȂΘ ǌȂΘǼ ȝȂ ȝǣǐ ǌǦȖȖǦȏƷȝǦΗǐ

ȖǆƷǶǐ ȝǣȓȂȠǝǣ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ ǼǐΘ ΗȂȓȝǦǆǐȖॽ $ȓȂǻ Ʒ ȒȠƷǼȝǦȝƷȝǦΗǐ ȏȂǦǼȝ Ȃǜ ΗǦǐΘॶ ȝǣǐ ƷȏȏȓȂΝǦǻƷȝǐ

ǐȖȝǦǻƷȝǐȖ ȏȓȂΗǦǌǐǌ ǦǼ ȝǣǦȖ ΘȂȓǴ ȖȠǝǝǐȖȝ ȝǣƷȝ ȝǣǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ǆƷȖǆƷǌǐ ȏȓȂǆǐǐǌȖ ǦǼ Ʒ ЖǼǦȝǐ ȝǦǻǐॶ ƷǶৄ

ȝǣȂȠǝǣ Ʒ ȏȓǐǆǦȖǐ ǆȂǻȏƷȓǦȖȂǼ ΘǦȝǣ ȝǣǐ <ȂǶǻȂǝȂȓȂΗ ǆƷȖǆƷǌǐ ȓǐȒȠǦȓǐȖ Ʒ ǅǐȝȝǐȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ȝǣǐ

ǼȂǼǶǦǼǐƷȓ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ sǣǦǶǐ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖ ǶǦǴǐǶΞ ǦǼৄ

ΗȂǶΗǐ Ȃȝǣǐȓ ǻȠǶȝǦৄȖǆƷǶǐ ΗȂȓȝǐΝ ǦǼȝǐȓƷǆȝǦȂǼȖॶ ȝǣǦȖ ǜȠǼǌƷǻǐǼȝƷǶ ǻǐǆǣƷǼǦȖȝǦǆ ǜȓƷǻǐΘȂȓǴ ǆƷǼ ǅǐǝǦǼ ȝȂ

ःं



ȠǼȓƷΗǐǶ ȝǣǐ ǆȂǻȏǶǐΝǦȝΞ ȝǣƷȝ ǣƷȖ ǶȂǼǝ ȂǅȖǆȠȓǐǌ ȂȠȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ȝȠȓǅȠǶǐǼǆǐॽ

ँ৷इ �ӅӯӹԀԫӲӏӋӚӏӸӏӹԚԓ

bǣǦȖ ȓǐȖǐƷȓǆǣ ΘƷȖ ǜȠǼǌǐǌ ǅΞ ȝǣǐ CƷȝǦȂǼƷǶ [ǆǦǐǼǆǐ $ȂȠǼǌƷȝǦȂǼ ȝǣȓȂȠǝǣ ȝǣǐ ,ƷȓΗƷȓǌBƷȝǐȓǦƷǶȖ Xǐৄ

ȖǐƷȓǆǣ [ǆǦǐǼǆǐ ƷǼǌ �ǼǝǦǼǐǐȓǦǼǝ �ǐǼȝǐȓ �BXৄऀःँࣿऄआࣿ ƷǼǌ ȝǣȓȂȠǝǣ ȝǣǐ �ǦΗǦȖǦȂǼ Ȃǜ BƷȝǣǐǻƷȝǦǆƷǶ

[ǆǦǐǼǆǐȖ �B[ৄऀःऀऀअईः ƷǼǌ �B[ৄऀआऀऄःआआॽ BॽUॽ�ॽ ǦȖ ƷǼ ǦǼΗǐȖȝǦǝƷȝȂȓ Ȃǜ ȝǣǐ [ǦǻȂǼȖ $ȂȠǼǌƷȝǦȂǼॽ

XॽHॽBॽ ȝǣƷǼǴȖ ȝǣǐ �Ȃȓǐ ǜƷǆǦǶǦȝΞ ǜȂȓ �ǌΗƷǼǆǐǌ �ȂǻȏȠȝǦǼǝ ƷǼǌ �ƷȝƷ [ǆǦǐǼǆǐ ����[ Ʒȝ ȝǣǐ eǼǦৄ

ΗǐȓȖǦȝΞ Ȃǜ ,ȂȠȖȝȂǼ ǜȂȓ ȏȓȂΗǦǌǦǼǝ ǆȂǻȏȠȝǦǼǝ ȓǐȖȂȠȓǆǐȖॽ

ःः



3
�ȂǼǆǶȠȖǦȂǼ

bǣǐ ǌΞǼƷǻǦǆƷǶ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ ǦȖ ǻǦȓǐǌ ǦǼ ǆȂǻȏǶǐΝǦȝΞ ȝǣƷȝ ƷȓǦȖǐȖ ǜȓȂǻ ȝǣǐ ǦǼȝȓǦǆƷȝǐ ं�

ǻȂȝǦȂǼ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ ȂΗǐȓ Ʒ ΘǦǌǐ ȓƷǼǝǐ Ȃǜ ǶǐǼǝȝǣ ƷǼǌ ȝǦǻǐ ȖǆƷǶǐȖॽ [ȝƷȝǦȖȝǦǆƷǶ ƷȏȏȓȂƷǆǣǐȖ

ǣƷΗǐ ǅǐǐǼ ȠȝǦǶǦΣǐǌ ȝȂ ȂǅȖǆȠȓǐ ȝǣǐ ǌǐȝƷǦǶȖ Ȃǜ ȝǣǐȖǐ ΗȂȓȝǐΝ ǦǼȝǐȓƷǆȝǦȂǼȖ ǦǼ Ȃȓǌǐȓ ȝȂ ǆǣƷȓƷǆȝǐȓǦΣǐ ȝǣǐ

ȂΗǐȓƷǶǶॶ ǐǻǐȓǝǐǼȝ ǅǐǣƷΗǦȂȓ Ȃǜ ȝȠȓǅȠǶǐǼȝ ЙȂΘȖॽ ,ȂΘǐΗǐȓॶ ȂȠȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ǣȂΘ ȝȠȓǅȠǶǐǼǆǐ

ǌǐΗǐǶȂȏȖ ΘǦǶǶ ȓǐǻƷǦǼ ǶǦǻǦȝǐǌ ƷȖ ǶȂǼǝ ƷȖ Θǐ ǆȂǼȝǦǼȠǐ ȝȂ ȠȖǐ ȖȝƷȝǦȖȝǦǆƷǶ ǻǐȝǣȂǌȖ ȝȂ ƷǅȖȝȓƷǆȝ ƷΘƷΞ ǣȂΘ

ȝǣǐȖǐ ǐǼȖǐǻǅǶǐȖ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ ǆȂǼΗǐΞ ȝǣǐ ǐǼǐȓǝΞ Ȃǜ ȝǣǐ ЙȂΘ ǌȂΘǼ ȝȂ ǌǦȖȖǦȏƷȝǦΗǐ ȖǆƷǶǐȖॽ

ःऄ



/Ǽ ȝǣǦȖ ȝǣǐȖǦȖॶ Θǐ ǣƷΗǐ ǅǐǝȠǼ ȝȂ ǐΝƷǻǦǼǐ ȝǣǐ ǻǐǆǣƷǼǦȖȝǦǆ ȠǼǌǐȓȏǦǼǼǦǼǝȖ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǐǼǐȓǝΞ

ǆƷȖǆƷǌǐঃ ȝǣƷȝ ǦȖॶ Θǐ ǣƷΗǐ ǦǼΗǐȖȝǦǝƷȝǐǌ ȝǣȓȂȠǝǣ ΘǣƷȝ ȓǐƷǶৄȖȏƷǆǐ ǆȂǼЖǝȠȓƷȝǦȂǼȖ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓৄ

ȝǦǆǐȖ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼ ȝȂ ȖǻƷǶǶ ȖǆƷǶǐȖॽ sǐ ǣƷΗǐ ȖǣȂΘǼ ȝǣƷȝ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦৄ

ȖǦȂǼ Ȃǜ ΗȂȓȝǐΝ ȓǦǼǝȖ ȏȓȂΗǦǌǐȖ ƷǼ ǐΝǆǐǶǶǐǼȝ ǆƷȖǐ ȖȝȠǌΞ ǦǼ ǻǐƷȖȠȓǦǼǝ ƷǼǌ ǆǣƷȓƷǆȝǐȓǦΣǦǼǝ ȝǣǐ ǻǐǆǣƷǼǦȖȝǦǆ

ৗǅȠǦǶǌǦǼǝ ǅǶȂǆǴȖ ȝǣƷȝ ǶǐƷǌ ȝȂ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ Ʒ ȝȓƷǼȖǦǐǼȝ ȝȠȓǅȠǶǐǼȝ ЙȂΘॽ �ȝ ǻȂǌǐȓƷȝǐ XǐΞǼȂǶǌȖ

ǼȠǻǅǐȓȖॶ ȝǣǐ ǅȓǐƷǴǌȂΘǼ ǦȖ ǻǐǌǦƷȝǐǌ ǅΞ ȝǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞॶ ǦǼ ΘǣǦǆǣ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǦǆǐȖ ǶȂৄ

ǆƷǶǶΞ ǆȂǼȝƷǆȝॶ ЙƷȝȝǐǼॶ ƷǼǌ ȖȏǶǦȝ ǦǼȝȂ Ʒ ǼǐΘॶ ȖǻƷǶǶǐȓ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ �ǣƷȏȝǐȓ ऀॽ �ȝ

ǣǦǝǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ȝǣǐ ǅȓǐƷǴǌȂΘǼ ǦȖ ǌȓǦΗǐǼ ǅΞ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ΘǣǦǆǣ

ǝǦΗǐȖ ȓǦȖǐ ȝȂ ƷǼ ƷȓȓƷΞ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॶ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ȂȓǦǝǦǼƷǶ ǆȂǶǶǦǌǦǼǝ

ΗȂȓȝǦǆǐȖ �ǣƷȏȝǐȓ ँॽ [ȠǆǆǐȖȖǦΗǐ ǦȝǐȓƷȝǦȂǼȖ Ȃǜ ȝǣǐȖǐ ǅȓǐƷǴǌȂΘǼǻȂǌƷǶǦȝǦǐȖ ǣƷΗǐ ƷǶȖȂ ǅǐǐǼ ȂǅȖǐȓΗǐǌॶ

ȖȠǝǝǐȖȝǦǼǝ ȝǣǐ ȏȂȖȖǦǅǶǐ ǐΝȝǐǼȖǦǅǦǶǦȝΞ Ȃǜ ȝǣǐȖǐ ৗǅȠǦǶǌǦǼǝ ǅǶȂǆǴȖ ȝȂ Ȃȝǣǐȓॶ ǻȂȓǐ ǝǐǼǐȓƷǶ ȝȠȓǅȠǶǐǼȝ ЙȂΘ

ǆȂǼЖǝȠȓƷȝǦȂǼȖॽ bǣǐ ƷȏȏǶǦǆƷȝǦȂǼ Ȃǜ ȝǣǐȖǐ ǶȂǆƷǶ ǅȓǐƷǴǌȂΘǼǻǐǆǣƷǼǦȖǻȖ ȝȂ ȝǣǐ ǆȂǻȏǶǦǆƷȝǐǌ ǌΞǼƷǻৄ

ǦǆȖ Ȃǜ ,/b ȏȂȖǐȖ ǻƷǼΞ ǆǣƷǶǶǐǼǝǐȖॶ ƷȖ ȝǣǐȓǐ Ʒȓǐ ǶǦǴǐǶΞ Ȃȝǣǐȓ ǶƷȝǐǼȝ ǻǐǆǣƷǼǦȖǻȖ ǅΞ ΘǣǦǆǣ ΗȂȓȝǦǆǐȖ Ʒȝ

Ʒ ǶƷȓǝǐ ȖǆƷǶǐȖ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ȖǻƷǶǶǐȓ ΗȂȓȝǦǆǐȖॽ CȂǼǐȝǣǐǶǐȖȖॶ ȝǣǐȖǐ ȝȂȂǶȖ ǆȂȠǶǌ ǣǐǶȏ ƷǌΗƷǼǆǐ ȂȠȓ ȠǼǌǐȓৄ

ȖȝƷǼǌǦǼǝ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ ǦǼ Ʒ ǻȂȓǐ ǜȠǼǌƷǻǐǼȝƷǶॶ ǅȂȝȝȂǻৄȠȏ ǻƷǼǼǐȓॶ ǐǼƷǅǶǦǼǝ ȠȖ ȝȂ ƷǼƷǶΞΣǐ ȝȠȓǅȠৄ

ǶǐǼǆǐ ƷȖ Ʒ ǆƷȖǆƷǌǐ Ȃǜ ǌǦȖǆȓǐȝǐ ΗȂȓȝǐΝ ǦǼȝǐȓƷǆȝǦȂǼȖॶ ȓƷȝǣǐȓ ȝǣƷǼ ȖȝƷȝǦȖȝǦǆƷǶǶΞॽ

ःअ



A
[ȠȏȏǶǐǻǐǼȝƷȓΞ BƷȝǐȓǦƷǶॵ �ǣƷȏȝǐȓ ऀ

�৷ऀ �ԭԌӏԏӢӸӏӹԚҷӲ [ӏԚԞԌ ҷӹӋ UԏԀӅӏӋԞԏӏ

bΘȂ ǦǌǐǼȝǦǆƷǶ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ ǶƷȠǼǆǣǐǌ ǣǐƷǌৄȂǼ ǦǼȝȂ ȂǼǐ ƷǼȂȝǣǐȓ ǦǼ Ʒ आऄৄǝƷǶǶȂǼ ΘƷȝǐȓ ƷȒȠƷȓǦȠǻ

ࣦࣥ× ࣣࣣ× ࣦ࣡ ǆǻࣤॽ bǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ ǜȂȓǻǐǌ ȠȖǦǼǝ ȝΘȂ ȏǦȖȝȂǼৄǆΞǶǦǼǌǐȓ ƷȖȖǐǻǅǶǦǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ

$Ǧǝॽ �ॽऀॽ �Ʒǆǣ ȏǦȖȝȂǼ ǦȖ ǌȓǦΗǐǼ ǅΞ ƷǼ ȠǼǌǐȓΘƷȝǐȓ ǶǦǼǐƷȓ ȖǣƷǜȝ ǻȂȝȂȓ CǦȏȏȂǼ UȠǶȖǐ [ऀअࣿ� ȝǣȓȂȠǝǣ

Ʒ ȖȝƷǦǼǶǐȖȖ ȖȝǐǐǶ ȝȠǅǐ ΘǦȝǣ Ʒ ǌǦƷǻǐȝǐȓॶ� = ࣣ.ࣦࣥ ǆǻॶ ǐΝȏǐǶǶǦǼǝ Ʒ ȖǶȠǝ Ȃǜ ЙȠǦǌ Ȃǜ ǶǐǼǝȝǣॶ =ॶ ȝǣȓȂȠǝǣ

ःआ



ȝǣǐ ȝƷȏǐȓǐǌ ǼȂΣΣǶǐॽ bǣǐ ȏǦȖȝȂǼȖ Ʒȓǐ ǦǻȏȠǶȖǦΗǐǶΞ ƷǆǆǐǶǐȓƷȝǐǌ ȝȂ Ʒ ǆȂǼȖȝƷǼȝ Ȗȏǐǐǌॶe ≤  ǻȖॽ bǣǐ

ǌǦȖȏǶƷǆǐǻǐǼȝ Ȃǜ ǅȂȝǣ ȏǦȖȝȂǼȖ ǦȖ ǻǐƷȖȠȓǐǌ ΘǦȝǣ Ʒ ǼȂǼৄǆȂǼȝƷǆȝ ǶǦǼǐƷȓ ǐǼǆȂǌǐȓ XǐǼǦȖǣƷΘ =Bऀऄ ΘǦȝǣ

Ʒ ȓǐȖȂǶȠȝǦȂǼ Ȃǜ ࣦ ܸǻॽ bǣǐ ǶǦǼǐƷȓ ǻȂȝȂȓȖ Ʒȓǐ ȖǐȓΗȂ ǆȂǼȝȓȂǶǶǐǌ ƷǼǌ ǆȂȠȏǶǐǌ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ȝǣȓȂȠǝǣ

�C� ȖȂǜȝΘƷȓǐ bΘǦǼ��bं ȖȂ ȝǣƷȝ ȝǣǐ ЖȓǦǼǝ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǦȖ ȖΞǼǆǣȓȂǼǦΣǐǌॽ �Ʒǆǣ ΗȂȓȝǐΝ ǆƷǼৄ

ǼȂǼ ǦȖ ǆƷȏƷǅǶǐ ǝǐǼǐȓƷȝǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ ΘǦȝǣ Ʒ ǻƷΝǦǻȠǻXǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ Xǐ = e�/ܹॶ Ȃǜ ࣣࣦ, ࣡࣡࣡ॶ

Θǣǐȓǐ ܹ ǦȖ ȝǣǐ ǴǦǼǐǻƷȝǦǆ ΗǦȖǆȂȖǦȝΞ Ȃǜ ΘƷȝǐȓॶ ƷǼǌ Ʒ ǻƷΝǦǻȠǻ ȖȝȓȂǴǐ ȓƷȝǦȂॶ [X  =/�ॶ Ȃǜ ःऀइॽ bǣǐ

ȂȠȝǐȓ ȂȓǦЖǆǐ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼ ǦȖ ǌȂȠǅǶǐৄΘƷǶǶǐǌॶ ƷǼǌ ЙȠȂȓǐȖǆǐǼȝ ǌΞǐ XǣȂǌƷǻǦǼǐ � ǦȖ ǐǱǐǆȝǐǌ

ȝǣȓȂȠǝǣ ȝǣǐ ȝǣǦǼॶ ࣦ࣡ ܸǻॶ ǝƷȏ ǱȠȖȝ ȏȓǦȂȓ ȝȂ ЖȓǦǼǝ ȝǣǐ ȏǦȖȝȂǼȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽऀ ǅअआॽ �Ȗ ȝǣǐ

ǐǱǐǆȝǐǌ ЙȠǦǌ ȖǐȏƷȓƷȝǐȖ Ʒȝ ȝǣǐ ȖǣƷȓȏ ǐǌǝǐ Ȃǜ ȝǣǐ ǼȂΣΣǶǐॶ ȝǣǐ ȓǦǼǝ Ȃǜ ǌΞǐ ǅǐǆȂǻǐȖ ȝȓƷȏȏǐǌ ǦǼ ȝǣǐ ǆȂȓǐ Ȃǜ

ȝǣǐ ΗȂȓȝǐΝॶ ƷǶǶȂΘǦǼǝ ȠȖ ȝȂ ΗǦȖȠƷǶǦΣǐ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖॽ

/Ǽ ƷǶǶ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖ ǌǦȖǆȠȖȖǐǌ ǦǼ ȝǣǦȖ ΘȂȓǴॶ ȝǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼȖ Ʒȓǐ ȖȏƷǆǐǌ Ʒ ǌǦȖȝƷǼǆǐॶ, = ࣩ�ॶ

ƷȏƷȓȝॽ sǐ ȖǦǻȠǶȝƷǼǐȂȠȖǶΞ Жȓǐ ȝΘȂ ǦǌǐǼȝǦǆƷǶ ΗȂȓȝǐΝ ȓǦǼǝȖ ǣǐƷǌৄȂǼ ǦǼȝȂ ǐƷǆǣ Ȃȝǣǐȓॽ �Ȗ ȝǣǐ ǆȂȠǼȝǐȓৄ

ȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ ǦǼǦȝǦƷǶǶΞ ƷȏȏȓȂƷǆǣ ȂǼǐ ƷǼȂȝǣǐȓॶ ȝǣǐΞ ǐΝȏƷǼǌ ȓƷǌǦƷǶǶΞ ƷǼǌ ǅǐǆȂǻǐ ЙƷȝȝǐǼǐǌ

ƷǶȂǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽँ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ sǐ ǌǦȓǐǆȝǶΞ ȂǅȖǐȓΗǐ ȝǣǐ ǅȓǐƷǴǌȂΘǼ

ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǦǼ ȓǐƷǶৄȝǦǻǐ ƷǼǌ ǦǼ ं� ǅΞ ǦǻƷǝǦǼǝ ȝǣǐ ЙȂΘ ȝȂǻȂǝȓƷȏǣǦǆƷǶǶΞ ΘǦȝǣ Ʒ

ȖǆƷǼǼǦǼǝ ǶƷȖǐȓ Ȗǣǐǐȝॽ XǐǆǐǼȝǶΞॶ /ȓΗǦǼǐ ǐȝ ǖȕॽ ȠȖǐǌ Ʒ ȖǦǻǦǶƷȓ ΗǦȖȠƷǶǦΣƷȝǦȂǼ ȝǐǆǣǼǦȒȠǐ ȝȂ ǻǐƷȖȠȓǐ ΗƷȓǦৄ

ȂȠȖ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ ǆȂǣǐȓǐǼȝ ΗȂȓȝǦǆǐȖ ǦǼ ं�ंंॶअइॽ bǣǐΞ ǌǐΗǐǶȂȏǐǌ Ʒ ȏȂΘǐȓǜȠǶ ǻǐȝǣȂǌ ȝȂ ȓǐǆȂΗǐȓ ȝǣǐ

ЙȂΘ ЖǐǶǌ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǐȖ ǅΞ ǻƷȏȏǦǼǝ ȝǣǐ ǆǐǼȝǐȓǶǦǼǐȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖॶ ǅȠȝ ȝǣǦȖ ȓǐȒȠǦȓǐǌ ȝǣƷȝ ȝǣǐ

ǆȂȓǐȖ ȓǐǻƷǦǼ ǶƷȓǝǐǶΞ ȠǼǌǐǜȂȓǻǐǌॽ bǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȂȠȓ ȖΞȖȝǐǻ ǦǼΗȂǶΗǐ ǐΝȝȓǐǻǐ ǆȂǼȝȂȓȝǦȂǼȖ ƷǼǌ ǌǐৄ

ǜȂȓǻƷȝǦȂǼȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖॶ ΘǣǦǆǣ ǆƷǼǼȂȝ ǅǐ ǆƷȏȝȠȓǐǌ ǅΞ ǻǐȓǐǶΞ ȓǐȖȂǶΗǦǼǝ ȝǣǐ ǆǐǼȝǐȓǶǦǼǐȖ Ȃǜ ȝǣǐ

ΗȂȓȝǦǆǐȖॽ [ȝȠǌΞǦǼǝ ȝǣǦȖ ȓƷȏǦǌ ǅȓǐƷǴǌȂΘǼ ȓǐȒȠǦȓǐȖ ǆǶǐƷȓǶΞ ȓǐȖȂǶΗǦǼǝ ȝǣǐ ǜȠǶǶ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ȖȝȓȠǆৄ

ȝȠȓǐ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖॽ

bǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐ ǦȖ ǦǶǶȠǻǦǼƷȝǐǌ ǅΞ Ʒ ȏȠǶȖǐǌ ≈ ࣦ ǼȖॶ ࣣৄsƷȝȝ ǶƷȖǐȓ Ȗǣǐǐȝ [ȏǐǆȝȓƷȏǣΞȖǦǆȖ �Νৄ

ȏǶȂȓǐȓ HǼǐ ऄंँৄँsॶ ΘǣǦǆǣ ǦȖ ȖΞǼǆǣȓȂǼǦΣǐǌ ΘǦȝǣ ȝǣǐ ǐΝȏȂȖȠȓǐ ȖǦǝǼƷǶ Ȃǜ Ʒ ǣǦǝǣৄȖȏǐǐǌ ǦǻƷǝǦǼǝ ȖǐǼȖȂȓ

UǣƷǼȝȂǻ qँऄऀऀॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽऀ ǅৄǆ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ bǣǐ ǶƷȖǐȓ ǅǐƷǻ ǦȖ ǌǐЙǐǆȝǐǌ ǅΞ Ʒ ǻǦȓৄ
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Figure A.1: Vortex cannon assembly. (a) Image and (b) cross-sec onal schema c of the vortex cannon assembly. The
piston sha is loaded with permanent magnets and is impulsively driven by the magne c fields generated by a series of
current-carrying coils in the linear motor. The linear motor is servo controlled, and the feedback posi on of the piston is
measured by a non-contact linear encoder. The core of the vortex ring is dyed by injec ng fluorescent dye at the outer
edge of the nozzle.

ȓȂȓ ǻȂȠǼȝǐǌ ȂǼ Ʒ ȖǐȓΗȂৄǆȂǼȝȓȂǶǶǐǌ ǝƷǶΗƷǼȂǻǐȝǐȓ �ƷǻǅȓǦǌǝǐ bǐǆǣǼȂǶȂǝΞBȂǌǐǶ अँऀࣿ,Bअࣿॶ

ΘǣǦǆǣ ǦȖ ȏǶƷǆǐǌ Ʒȝ ȝǣǐ ǜȂǆƷǶ ȏȂǦǼȝ Ȃǜ Ʒ ȏǶƷǼȂৄǆȂǼΗǐΝ ǶǐǼȖঃ ȝǣȠȖॶ ȝǣǐ ǌǐЙǐǆȝǐǌ ǅǐƷǻ ǦȖ ǆȂǶǶǦǻƷȝǐǌॽ

bǣǐ ǶƷȖǐȓ ǅǐƷǻ ȝǣǐǼ ȏƷȖȖǐȖ ȝǣȓȂȠǝǣ Ʒ ǆΞǶǦǼǌȓǦǆƷǶ ǶǐǼȖ ȝǣƷȝ ȂȏǐǼȖ ǦǼȝȂ ǶƷȖǐȓ Ȗǣǐǐȝ ΘǦȝǣ Ʒ ȝǣǦǆǴǼǐȖȖ

Ȃǜ ࣡࣡ ܸǻॽ bǣǐ ǶƷȖǐȓ Ȗǣǐǐȝ ȖǆƷǼȖ ȂΗǐȓ Ʒ ǌǦȖȝƷǼǆǐ Ȃǜ Ƞȏ ȝȂ ࣣ.ࣦࣥ ǆǻ Ʒȝ Ʒ ǜȓǐȒȠǐǼǆΞ Ȃǜ  Ǵ,Σॶ ǌȓǦΗǐǼ ΗǦƷ

Ʒ ȖƷΘȝȂȂȝǣ ǆȂǻǻƷǼǌ ȖǦǝǼƷǶॽ �ȝ ȝǣǦȖ ȓƷȏǦǌ ȖǆƷǼǼǦǼǝ ȓƷȝǐॶ ȝǣǐ ЙȂΘ ǦȖ ǐЍǐǆȝǦΗǐǶΞ ৗǜȓȂΣǐǼ ǌȠȓǦǼǝ ǐƷǆǣ

ȖǆƷǼॽ bǣǐ ǣǦǝǣৄȖȏǐǐǌ ǆƷǻǐȓƷ ǆƷȏȝȠȓǐȖ ǆȓȂȖȖ ȖǐǆȝǦȂǼȖ Ȃǜ ȝǣǐ ЙȂΘ ǦǶǶȠǻǦǼƷȝǐǌ ǅΞ ȝǣǐ ǶƷȖǐȓ Ȗǣǐǐȝ ƷȖ Ǧȝ

ȖǆƷǼȖ ȝǣȓȂȠǝǣ ȝǣǐ ЙȠǦǌॽ � ȖǐȒȠǐǼȝǦƷǶ ȖǐȓǦǐȖ Ȃǜ ँ� ǦǻƷǝǐ ȖǶǦǆǐȖ ǦȖ ȝǣȠȖ ǆȂǼȝǦǼȠȂȠȖǶΞ ǆƷȏȝȠȓǐǌ ǅΞ ȝǣǐ
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ǣǦǝǣৄȖȏǐǐǌ ǆƷǻǐȓƷॽ ,ǦǝǣৄǦǼȝǐǼȖǦȝΞ ȓǐǝǦȂǼȖ ǦǼ ȝǣǐȖǐ ǦǻƷǝǐ ȖǶǦǆǐȖ ǆȂȓȓǐȖȏȂǼǌ ȝȂ ȝǣǐ ЙȠȂȓǐȖǆǐǼȝ ǌΞǐ

ΘǦȝǣǦǼ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖॽ bǣǐ ȖǣȂȓȝ ȏȠǶȖǦǼǝ Ȃǜ ȝǣǐ ǶƷȖǐȓ ǦȖ ǆȓǦȝǦǆƷǶ ȝȂ ȏȓǐΗǐǼȝ ȝǣǐ ǅǶȠȓȓǦǼǝ Ȃǜ ȝǣǐ ǦǻƷǝǐȖ

ǌȠǐ ȝȂ ȝǣǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ǶƷȖǐȓ Ȗǣǐǐȝॽ bǣǐ ǌΞǼƷǻǦǆȖ ǌǐȖǆȓǦǅǐǌ ǦǼ ȝǣǦȖ ȏƷȏǐȓ ǆƷǼǼȂȝ ǅǐ ȂǅȖǐȓΗǐǌ ΘǦȝǣ

Ʒ ǆȂǼȝǦǼȠȂȠȖ ǶƷȖǐȓॽ

bǣǐ ȝǦǻǦǼǝ Ȃǜ ǐƷǆǣ ǆƷȏȝȠȓǐǌ ǦǻƷǝǐ ǦȖ ǆȂȓȓǐǶƷȝǐǌ ΘǦȝǣ ȝǣǐ ǻǐƷȖȠȓǐǌ ȏȂȖǦȝǦȂǼ Ȃǜ ȝǣǐ ǶƷȖǐȓ Ȗǣǐǐȝॽ

�Ʒǆǣ ȖȝƷǆǴ Ȃǜ ँ� ǦǻƷǝǐ ȖǶǦǆǐȖ ǦȖ ȓǐǆȂǼȖȝȓȠǆȝǐǌ ǦǼȝȂ Ʒ ं� ΗȂǶȠǻǐ ΘǦȝǣ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ँऄअ× ंइः×

ऀऀः ΗȂΝǐǶȖ ȠȖǦǼǝ �ȓƷǝȂǼЙΞ ΗǦȖȠƷǶǦΣƷȝǦȂǼ ȖȂǜȝΘƷȓǐ HǅǱǐǆȝ XǐȖǐƷȓǆǣ [ΞȖȝǐǻȖॽ bǣǐ ȓǐǆȂǼȖȝȓȠǆȝǐǌ

ः� ǌƷȝƷ ǣƷȖ Ʒ ȓǐȖȂǶȠȝǦȂǼ Ȃǜ ࣦࣥ × ࣦࣥ × ࣡࣡ ܸǻࣤ ƷǼǌ  ǻȖǐǆ ǦǼ ȝǣǐ ͣ, ͤ, ͩ ǌǦȓǐǆȝǦȂǼȖ ƷǼǌ ȝǦǻǐॽ

bǣǐ ȓǐȖȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ΗȂǶȠǻǐ ǦǼ ȝǣǐ ΝΞৄȏǶƷǼǐ ǦȖ ǶǦǻǦȝǐǌ ǅΞ ȝǣǐ ǻƷǝǼǦЖǆƷȝǦȂǼ Ȃǜ ȝǣǐ ǶǐǼȖ ȂǼ ȝǣǐ ǣǦǝǣৄ

Ȗȏǐǐǌ ǆƷǻǐȓƷ CǦǴǴȂȓ ǜ= ࣩࣦ ǻǻॶ ǜऀॽःॶ ƷǼǌ ȝǣǐ ȓǐȖȂǶȠȝǦȂǼ ǦǼ ȝǣǐ ͩৄǌǦȓǐǆȝǦȂǼ ǦȖ ǝǦΗǐǼ ǅΞ ȝǣǐ ȖȏƷǆǦǼǝ

ǅǐȝΘǐǐǼ ȝǣǐ ǦǻƷǝǐ ȖǶǦǆǐȖ ƷǼǌ ȝǣǐ ȝǣǦǆǴǼǐȖȖ Ȃǜ ȝǣǐ ǶƷȖǐȓ Ȗǣǐǐȝॽ bǣǦȖ ǦǻƷǝǦǼǝ ȝǐǆǣǼǦȒȠǐ ƷǶǶȂΘȖ ȠȖ ȝȂ

ǌǦȓǐǆȝǶΞ ȂǅȖǐȓΗǐ ƷǼǌ ȏȓȂǅǐ ȝǣǐ ǜȠǶǶ ΗȂǶȠǻǐ ƷǼǌ ȓǐȖȂǶΗǐ ȝǣǐ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ

ȓǦǼǝ ǆȂǶǶǦȖǦȂǼ ΘǦȝǣ ǣǦǝǣ ȖȏƷȝǦƷǶ ƷǼǌ ȝǐǻȏȂȓƷǶ ȓǐȖȂǶȠȝǦȂǼॽ

�৷ँ qԀԏԚӏԭ �Ԁԏӏ bԏҷӅӯӢӹӚԫӢԚӟ U/q ҷӹӋ�Ԯӏ

�ȂǻȏǶǐǻǐǼȝƷȓΞ U/q ǻǐƷȖȠȓǐǻǐǼȝȖ Θǐȓǐ ǆȂǼǌȠǆȝǐǌ ǦǼ Ȃȓǌǐȓ ȝȂ ǌǐȝǐȓǻǦǼǐ ǣȂΘ ΘǐǶǶ ȝǣǐ ЙȠȂȓǐȖǆǐǼȝ

ǌΞǐ ȝȓƷǆǴȖ ȝǣǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ǌȠȓǦǼǝ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼॽ � ǶƷȖǐȓ Ȗǣǐǐȝ ΘƷȖ ȠȖǐǌ ȝȂ ǦǶৄ

ǶȠǻǦǼƷȝǐ Ʒ ँ� ǆȓȂȖȖৄȖǐǆȝǦȂǼ ƷǶǦǝǼǐǌ ƷǶȂǼǝ ȝǣǐ ǆǐǼȝȓƷǶ ƷΝǐȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼȖॶ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ

ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ ȝǣǐ ƷȒȠƷȓǦȠǻ ΘƷȖ Ȗǐǐǌǐǌ ΘǦȝǣ ȏȂǶΞƷǻǦǌǐ ȏƷȓȝǦǆǶǐȖ ΘǦȝǣ Ʒ ǌǦƷǻǐৄ

ȝǐȓ Ȃǜ ऄࣿ ܸǻ ƷǼǌ Ʒ ǌǐǼȖǦȝΞ Ȃǜ ऀॽࣿं ǝǻ= �ƷǼȝǐǆ �ΞǼƷǻǦǆȖॽ [ǐΗǐȓƷǶ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖॶ Θǣǐȓǐ

Xǐःࣿࣿࣿ ƷǼǌ [Xँॽऄॶ Θǐȓǐ ǦǻƷǝǐǌ ΘǦȝǣ Ʒ ǣǦǝǣ Ȗȏǐǐǌ ǆƷǻǐȓƷ ȠȖǦǼǝ Ʒ ΘǦǼǌȂΘ ȖǦΣǐ Ȃǜ इࣿࣿ×ऀँइࣿ

Ʒȝ Ʒ ǻƷΝǦǻȠǻ ǜȓƷǻǐ ȓƷȝǐ Ȃǜ ँࣿࣿࣿ ǜȏȖ ΘǦȝǣ Ʒ ȓǐȖȂǶȠȝǦȂǼ Ȃǜ ࣿॽऀः ǻǻȏǦΝǐǶॽ bǣǐ ΗǐǶȂǆǦȝΞ ЖǐǶǌ ƷǶȂǼǝ

ȝǣǦȖ ँ� ǆȓȂȖȖৄȖǐǆȝǦȂǼ ΘƷȖ ǐΗƷǶȠƷȝǐǌ ȠȖǦǼǝ ȝǣǐ B�b=�� ȏȓȂǝȓƷǻ U/qȖȠǦȝǐॽ bǣǐ ǶȂǆƷȝǦȂǼȖ ƷǼǌ ȖǦΣǐȖ

Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ Θǐȓǐ ȝǣǐǼ ǌǐȝǐǆȝǐǌ ǅΞ ЖȝȝǦǼǝ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ Ȃǜ ǐƷǆǣ ǆȂȓǐ ȝȂ Ʒ ȝΘȂৄ
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Figure A.2: Vortex core tracking in 2D with PIV and dye. (a) Vor city distribu on and core trajectory of two colliding
vortex rings at several me steps obtained via PIV through a 2D cross sec on perpendicular to the collision plane. The
plo ed vor city distribu on is the result of fi ng the raw vor city data to a 2D Gaussian func on for each core. As
the vortex rings collide, they grow radially and the cores contract, amplifying their vor city before breaking down. The
me steps correspond to t=0, 0.225, 0.5, 0.675, 0.8, 0.9, 1, and 1.25 s, and for all data in this figure Re = 4000 and SR

= 2.5. (b) Vortex ring radius vs. me for 10 collisions where the vortex core is tracked from the vor city data via PIV
(black) and from the dyeing the core with fluorescent dye (color). (c) Vortex core radius vs. vortex ring radius for 10
collisions; the core is tracked by fi ng to the vor city data (black) and by injec ng the vortex ring with various amounts
of fluorescent dye: 0.08 mL (red), 0.1 mL (orange), 0.1 mL (green) and 0.12 mL (blue).

ǌǦǻǐǼȖǦȂǼƷǶ %ƷȠȖȖǦƷǼ ǜȠǼǆȝǦȂǼॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽँƷॽ sǣǐǼ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǆȂǶǶǦǌǐॶ ȝǣǐΞ ǝȓȂΘ

ȓƷǌǦƷǶǶΞ ǦǼ ƷǼ ƷΝǦȖΞǻǻǐȝȓǦǆ ǻƷǼǼǐȓॶ ƷǻȏǶǦǜΞǦǼǝ ȝǣǐ ΗȂȓȝǦǆǦȝΞ Ȃǜ ȝǣǐ ǆȂȓǐ ȝǣȓȂȠǝǣ ΗȂȓȝǐΝ ȖȝȓǐȝǆǣǦǼǝॶ

ǅǐǜȂȓǐ ǌǐΗǐǶȂȏǦǼǝ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ƷǼǌ ǅȓǐƷǴǦǼǝ ǌȂΘǼॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽँ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ

�ǌǌǦȝǦȂǼƷǶǶΞॶ ȝǣǐ ȖƷǻǐ ǆȂǶǶǦȖǦȂǼȖ Θǐȓǐ ȏǐȓǜȂȓǻǐǌ ƷǼǌ ΗǦȖȠƷǶǦΣǐǌ ƷǶȂǼǝ ȝǣǦȖ ǦǶǶȠǻǦǼƷȝǐǌ ँ� ȏǶƷǼǐ

ΘǦȝǣ ȂǼǐ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ǌΞǐǌ ȠȖǦǼǝ ЙȠȂȓǐȖǆǐǼȝ ǌΞǐ XǣȂǌƷǻǦǼǐ �ॽ bǣǐ ǆȓȂȖȖৄȖǐǆȝǦȂǼ Ȃǜ ȝǣǐ

ǌΞǐǌ ǆȂȓǐ ΘƷȖ ȖǐǝǻǐǼȝǐǌ ƷǼǌ Жȝȝǐǌ ȝȂ ƷǼ ǐǶǶǦȏȖǐ ǦǼ Ȃȓǌǐȓ ȝȂ ǐΝȝȓƷǆȝ ȝǣǐ ǆǐǼȝȓȂǦǌ Ȃǜ ȝǣǐ ǆȂȓǐॶ ǦȝȖ ȖǐǻǦৄ

ǻƷǱȂȓ ƷΝǦȖ ǶǐǼǝȝǣॶ ǖॶ ƷǼǌ ǦȝȖ ȖǐǻǦৄǻǦǼȂȓ ƷΝǦȖ ǶǐǼǝȝǣॶ Ǥॽ bǣǐ ȝȓƷǱǐǆȝȂȓǦǐȖ Ȃǜ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ǆȂȓǐȖ

ǜȂǶǶȂΘ ȝǣǐ ȖƷǻǐ ǶǦǼǐƷȓ ȝȓǐǼǌ Ȃǜ ȓƷǌǦƷǶ ǝȓȂΘȝǣ ǜȂȓ ǅȂȝǣ ȝǣǐ ǆȂȓǐȖ ȝȓƷǆǴǐǌ ΘǦȝǣ ΗȂȓȝǦǆǦȝΞ ȝǣȓȂȠǝǣ U/q

ƷǼǌ ȝǣȓȂȠǝǣ ǌΞǐǦǼǝ ȝǣǐ ǆȂȓǐॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽँǅॽ bǣǐ ΗȂȓȝǐΝ ǆȂȓǐ ȓƷǌǦȠȖ ΘƷȖ ǆƷǶǆȠǶƷȝǐǌ ƷȖ ȝǣǐ

ƷΗǐȓƷǝǐ Ȃǜ ȝǣǐ ȖȝƷǼǌƷȓǌ ǌǐΗǦƷȝǦȂǼ ǦǼ ȝǣǐ ȝΘȂ ȏȓǦǼǆǦȏƷǶ ǌǦȓǐǆȝǦȂǼȖ ǜȂȓ ȝǣǐ ǆȂȓǐȖ Жȝȝǐǌ ǜȓȂǻ ȝǣǐ ΗȂȓȝǦǆৄ

ǦȝΞ ǌƷȝƷ ƷǼǌ ȝǣǐ ƷΗǐȓƷǝǐ Ȃǜ ǖ ƷǼǌ Ǥ ǜȂȓ ȝǣǐ ǌΞǐǌ ǆȂȓǐȖॽ �ȠȓǦǼǝ ȝǣǐ ȓƷǌǦƷǶ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ ȓǦǼǝȖ ΘǣǐǼ

ȝǣǐΞ ǆȂǶǶǦǌǐॶ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ƷǆǆȂȓǌǦǼǝǶΞ ǆȂǼȝȓƷǆȝ ǌȠǐ ȝȂ ΗȂȓȝǐΝ ȖȝȓǐȝǆǣǦǼǝॶ ƷȖ ȖǣȂΘǼ ǅΞ $Ǧǝॽ �ॽँǆॽ

ऄऀ



CƷȝȠȓƷǶǶΞॶ ȝǣǐ ǻȂȓǐ ǌΞǐ ȝǣƷȝ ǦȖ ǦǼǦȝǦƷǶǶΞ ǦǼǱǐǆȝǐǌ ǦǼȝȂ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝॶ ȝǣǐ ȝǣǦǆǴǐȓ ȝǣǐ ǆȂȓǐ ƷȏȏǐƷȓȖ

ȝǣȓȂȠǝǣȂȠȝ ȝǣǐ ǆȂǶǶǦȖǦȂǼॽ bǣǐ ȓƷǌǦȠȖ Ȃǜ ȝǣǐ ǌΞǐǌ ǆȂȓǐ ǦȖ ȖǻƷǶǶǐȓ ȝǣƷǼ ȝǣƷȝ Ȃǜ ȝǣǐ ǆȂȓǐ ȂǅȝƷǦǼǐǌ ǜȓȂǻ

ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ ǌȠȓǦǼǝ ǐƷǆǣ ȖȝƷǝǐ Ȃǜ ȝǣǐ ǆȂǶǶǦȖǦȂǼॽ ,ȂΘǐΗǐȓॶ ǜȂȓ ΗȂȓȝǐΝ ȓǦǼǝȖ ǦǼǱǐǆȝǐǌ ΘǦȝǣ

Ʒȝ ǶǐƷȖȝ ࣿॽऀ ǻ= Ȃǜ ǌΞǐॶ ǌȠȓǦǼǝ ȝǣǐ ǶƷȝǐȓ ȖȝƷǝǐȖ Ȃǜ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ǱȠȖȝ ȏȓǦȂȓ ȝȂ ǅȓǐƷǴǌȂΘǼুǦॽǐॽ ΘǣǐǼ ȝǣǐ

ं� ΗǦȖȠƷǶǦΣƷȝǦȂǼȖ ǅǐǝǦǼুȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖ ǜȓȂǻ ȝǣǐ ǌΞǐ ȠǼǌǐȓৄǐȖȝǦǻƷȝǐȖ ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖ ǜȓȂǻ ȝǣǐ ΗȂȓৄ

ȝǦǆǦȝΞ ǅΞ ǶǐȖȖ ȝǣƷǼ ࣿॽः ǻǻॽ bǣǦȖ ǌǐǻȂǼȖȝȓƷȝǐȖ ȝǣƷȝ ЙȠȂȓǐȖǆǐǼȝ ǌΞǐ ǐЍǐǆȝǦΗǐǶΞ ȝȓƷǆǴȖ ȝǣǐ ǻȂȝǦȂǼ Ȃǜ

ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ Ȃǜ ȝǣǐ ǆȂȓǐॶ ǐȖȏǐǆǦƷǶǶΞ ΘǣǐǼ ȝǣǐ ΗǦȖȠƷǶǦΣǐǌ ǅȓǐƷǴǌȂΘǼ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ǆȂȓǐ

ǅǐǝǦǼॽ

�৷ं CԞӸӏԏӢӅҷӲ [ӢӸԞӲҷԚӢԀӹ �ӏԚҷӢӲԓ

bǣǐ ǦǼǆȂǻȏȓǐȖȖǦǅǶǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖ Ʒȓǐ ȖȂǶΗǐǌ ȠȖǦǼǝ ƷǼ ǐǼǐȓǝΞৄǆȂǼȖǐȓΗǦǼǝ ȖǐǆȂǼǌৄȂȓǌǐȓ

ǆǐǼȝǐȓǐǌ ЖǼǦȝǐ ǌǦЍǐȓǐǼǆǐ Ȗǆǣǐǻǐ ǦǼ ǆΞǶǦǼǌȓǦǆƷǶ ǆȂȂȓǌǦǼƷȝǐȖ ΘǦȝǣ ǜȓƷǆȝǦȂǼƷǶ ȝǦǻǐৄȖȝǐȏȏǦǼǝॽ � ȝǣǦȓǌ

Ȃȓǌǐȓ XȠǼǝǐৄ<ȠȝȝƷ Ȗǆǣǐǻǐ ǦȖ ȠȖǐǌ ǜȂȓ ȝǣǐ ǼȂǼৄǶǦǼǐƷȓ ȝǐȓǻȖ ƷǼǌ Ʒ ȖǐǆȂǼǌ Ȃȓǌǐȓ �ǌƷǻȖৄ�ƷȖǣΘȂȓȝǣ

Ȗǆǣǐǻǐ ǦȖ ȠȖǐǌ ǜȂȓ ȝǣǐ ΗǦȖǆȂȠȖ ȝǐȓǻȖइࣿॽ bǣǐ ȖȂǶΗǐȓ ȠȖǐȖ ȱȲ = Ȳ͝Ȳ ƷȖ Ʒ ȏȓǦǻǦȝǦΗǐ ΗƷȓǦƷǅǶǐ ȝȂ ƷΗȂǦǌ

ȖǦǼǝȠǶƷȓǦȝǦǐȖ ǼǐƷȓ ȝǣǐ ǆǐǼȝǐȓ ƷΝǦȖॽ bǣǐ ȝǦǻǐৄȖȝǐȏ ΘƷȖ ǌΞǼƷǻǦǆƷǶǶΞ ǆǣȂȖǐǼ ȖȂ ȝǣƷȝ ȝǣǐ ǻƷΝǦǻȠǻ

�ȂȠȓƷǼȝৄ$ȓǦǐǌȓǦǆǣৄ=ǐΘΞ �$= ǆȂǼǌǦȝǦȂǼ ǼȠǻǅǐȓ ΘƷȖ .ࣣॽ � %ƷȠȖȖǦƷǼ =ƷǻǅৄHȖǐǐǼ ΗǐǶȂǆৄ

ǦȝΞ ȏȓȂЖǶǐ ΘƷȖ ȠȖǐǌ ƷȖ ȝǣǐ ǦǼǦȝǦƷǶ ǆȂǼǌǦȝǦȂǼ ǜȂȓ ȝǣǐ ΗǐǶȂǆǦȝǦǐȖ ǦǼȖǦǌǐ ȝǣǐ ȓǦǼǝ ΘǦȝǣ Ʒ ȖǶǐǼǌǐȓǼǐȖȖ Ȃǜ

۽ = ܿ/X = ࣡.ࣦࣤॶ Θǣǐȓǐ ܿ ǦȖ ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖ ƷǼǌX ǦȖ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖॽ bǣǐ XǐΞǼȂǶǌȖ ǼȠǻৄ

ǅǐȓ ǅƷȖǐǌ ȂǼ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼॶ Xǐ۵ॶ ǦȖ Xǐ۵ = ۵/ܹ = ࣦࣤ࣡࣡ॶ Θǣǐȓǐ ۵ ǦȖ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ

ȓǦǼǝॽ =ǐǼǝȝǣ ƷǼǌ ȝǦǻǐৄȖǆƷǶǐȖ Ʒȓǐ ǻƷȝǆǣǐǌ ȝȂ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ ΗƷǶȠǐȖ ǅΞ ȠȖǦǼǝ ȝǣǐ ȓǦǼǝ ǌǦƷǻǐȝǐȓ ƷǼǌ

ǆǦȓǆȠǶƷȝǦȂǼॽ bǣǐ ЖȓȖȝ ǦȖ ǻƷȝǆǣǐǌ ǅΞ ƷȖȖȠǻǦǼǝ ȝǣǐ ȓǦǼǝ ǌǦƷǻǐȝǐȓ ǆȂǦǼǆǦǌǐȖ ΘǦȝǣ ȝǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼ

ȝȠǅǐ ǌǦƷǻǐȝǐȓॶ ƷǼǌ ȝǣǐ ȖǐǆȂǼǌ ǦȖ ǻƷȝǆǣǐǌ ǅΞ ȠȖǦǼǝ ȝǣǐ ȏǦȖȝȂǼ ȖȝȓȂǴǐ ǶǐǼǝȝǣॶ ȝǣǐ ȏǦȖȝȂǼ ΗǐǶȂǆǦȝΞॶ ƷǼǌ

ȝǣǐ ǆȂȓȓǐǶƷȝǦȂǼȖ ǌǐΗǐǶȂȏǐǌ ǅΞ %ǣƷȓǦǅ ૫ [ǣƷȓǦЍऀइॽ � ȏƷȖȖǦΗǐ ȝȓƷǆǐȓॶ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂ Ʒ ǌΞǐॶ ǦȖ ƷǶȖȂ

ȖǦǻȠǶƷȝǐǌॽ �Ƞǐ ȝȂ ǆȂǻȏȠȝƷȝǦȂǼƷǶ ȓǐȖȝȓǦǆȝǦȂǼȖॶ ȝǣǐ [ǆǣǻǦǌȝ ǼȠǻǅǐȓ Ȃǜ ȝǣǐ ǌΞǐ ǦȖ ǶǦǻǦȝǐǌ ȝȂ ȠǼǦȝΞॽ

ऄँ



bǣǐ ȓǦǼǝȖ Ʒȓǐ ǦǼǦȝǦƷǶǶΞ ȏȂȖǦȝǦȂǼǐǌ Ʒȝ Ʒ ǌǦȖȝƷǼǆǐ =ͩ = ࣣ.ࣦX ƷΘƷΞ ǜȓȂǻ ǐƷǆǣ Ȃȝǣǐȓॽ � ȓȂȝƷȝǦȂǼƷǶ

ȖΞǻǻǐȝȓΞॶ țȵͤȚॶ Ȃǜ Ȃȓǌǐȓ ЖΗǐ ΘƷȖ ǜȂȓǆǐǌ ȂǼ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼ ȝȂ ȓǐǌȠǆǐ ǆȂǻȏȠȝƷȝǦȂǼƷǶ ǆȂȖȝȖॽ bǣǐ

ȓǦǼǝȖ ǦǼǦȝǦƷǶ ȏȂȖǦȝǦȂǼ ΘƷȖ ȏǐȓȝȠȓǅǐǌ ƷǆǆȂȓǌǦǼǝ ȝȂ ȝǣǐ ǜȂȓǻȠǶƷX(ܴ) = X࣡ (+ ܱ ȖǦǼ (ȓ[ܴ+ ܴ࣡]))ॶ

Θǣǐȓǐ ܱ ǦȖ ȝƷǴǐǼ ǜȓȂǻ Ʒ ǼȂȓǻƷǶ ǌǦȖȝȓǦǅȠȝǦȂǼ ΘǦȝǣ ΗƷȓǦƷǼǆǐ Ȃǜ ࣡−ࣣ ǜȂȓ ȝǣǐ ЖȓȖȝ ȝΘȂ ΘƷΗǐǶǐǼǝȝǣȖॶ ȝȂ

ƷǆǆȂȠǼȝ ǜȂȓ ȝǣǐ ȓǦǼǝȖ ȖǐǶǜৄǦǼȖȝƷǅǦǶǦȝΞॶ ƷǼǌ ࣡−ࣤ ǜȂȓ ȝǣǐ Ȃȝǣǐȓ ΘƷΗǐǶǐǼǝȝǣȖঃ ܴ࣡ ǦȖ ȝƷǴǐǼ ǜȓȂǻ Ʒ ȠǼǦǜȂȓǻ

ǌǦȖȝȓǦǅȠȝǦȂǼॽ

bǣǐ ǆΞǶǦǼǌȓǦǆƷǶ ǆȂǻȏȠȝƷȝǦȂǼƷǶ ǌȂǻƷǦǼ ΘƷȖ ǅȂȠǼǌǐǌ ǅΞ ȖȝȓǐȖȖৄǜȓǐǐ ΘƷǶǶȖ Ʒȝ Ʒ ȖȠАǆǦǐǼȝ ǌǦȖȝƷǼǆǐ

ǼȂȝ ȝȂ ƷЍǐǆȝ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ЙȂΘॽ /Ǽ ȏȓƷǆȝǦǆǐॶ Θǐ Ȗǐȝ ȝǣǐ ΘƷǶǶȖ Ʒȝ Ʒ ǌǦȖȝƷǼǆǐXॶ ǅǐǶȂΘ ƷǼǌ ƷǅȂΗǐ

ȝǣǐ ǦǼǦȝǦƷǶ ǶȂǆƷȝǦȂǼȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ƷǼǌ Ʒȝ Ʒ ǌǦȖȝƷǼǆǐ Ȃǜ ࣦX ǜȓȂǻ ȝǣǐ ȓǦǼǝ ƷΝǦȖ ǦǼ ȝǣǐ ȓƷǌǦƷǶ ǌǦȓǐǆৄ

ȝǦȂǼॽ UȂǦǼȝȖ Θǐȓǐ ǆǶȠȖȝǐȓǐǌ ǼǐƷȓ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐ ǦǼ ȝǣǐ ƷΝǦƷǶ ǌǦȓǐǆȝǦȂǼॶ ΘǣǦǶǐ ȠǼǦǜȂȓǻ ȓǐȖȂǶȠȝǦȂǼ

ΘƷȖ ȠȖǐǌ ǦǼ ȝǣǐ Ȃȝǣǐȓ ȝΘȂ ǌǦȓǐǆȝǦȂǼȖॽ � ȝȂȝƷǶ Ȃǜ ࣩࣤࣥ × ࣦࣣ × ࣣࣧࣥ ǝȓǦǌ ȏȂǦǼȝȖ Θǐȓǐ ȠȖǐǌ ǦǼ ȝǣǐ ƷΣৄ

ǦǻȠȝǣƷǶॶ ȓƷǌǦƷǶ ƷǼǌ ƷΝǦƷǶ ǌǦȓǐǆȝǦȂǼȖॶ ȓǐȖȏǐǆȝǦΗǐǶΞॽ XǐȖȂǶȠȝǦȂǼ ƷǌǐȒȠƷǆΞ ΘƷȖ ǆǣǐǆǴǐǌ ǅΞ ǻȂǼǦȝȂȓǦǼǝ

ȝǣƷȝ ȝǣǐ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼ ƷǼǌ ȝǣǐ ǐǼǐȓǝΞ ǅƷǶƷǼǆǐ Ʒȓǐ ΘǦȝǣǦǼ ȝǣǐ ƷǆǆǐȏȝƷǅǶǐ ǅȂȠǼǌ Ȃǜ %आईॽ

�৷ः qԀԏԚӢӅӢԚԮ �ԪԀӲԞԚӢԀӹ Ӣӹ [ӢӸԞӲҷԚӢԀӹԓ

bǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǦǼ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǆȂǶǶǦȖǦȂǼ ΘƷȖ ȒȠƷǼȝǦЖǐǌ ȝȂ ǆȂǻȏǶǐǻǐǼȝ ȝǣǐ ǐΝȏǐȓৄ

ǦǻǐǼȝƷǶ ȓǐȖȠǶȝȖॽ $Ǧǝॽ �ॽंƷ ȖǣȂΘȖ ȝǣǐ ƷǻȏǶǦЖǆƷȝǦȂǼ Ȃǜ ȝǣǐ ǻƷΝǦǻȠǻ ƷǼǌ ǻǐƷǼ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ

ǌȠȓǦǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼॽ sǣǦǶǐ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǶȂǆƷǶǶΞ ǝȓȂΘȖ ǅΞ ȂΗǐȓ Ʒ ǜƷǆȝȂȓ Ȃǜ ЖΗǐॶ ȝǣǐ ǻǐƷǼ ΗȂȓȝǦǆǦȝΞ

ǼǐΗǐȓ ǝȓȂΘȖ ǅǐΞȂǼǌ ऀॽऄ ȝǦǻǐȖ ǦȝȖ ȂȓǦǝǦǼƷǶ ΗƷǶȠǐॽ bǣǦȖ ǦȖ ǅǐǆƷȠȖǐॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽऄॶ ǼȂȝ ƷǶǶ ȓǐǝǦȂǼȖ

Ȃǜ ȝǣǐ ȓǦǼǝ ȠǼǌǐȓǝȂ ȝǣǐ ǦȝǐȓƷȝǦΗǐ ǐΗȂǶȠȝǦȂǼ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ऀॽअǅॽ

�ǌǌǦȝǦȂǼƷǶǶΞॶ $Ǧǝॽ �ॽंǅ ȖǣȂΘȖ ǣȂΘ ȝǣǐ ǦǼǦȝǦƷǶǶΞ ǆȂǣǐȓǐǼȝ ΗȂȓȝǐΝ ǆȂȓǐȖॶ ΘǣȂȖǐ ǻǐƷǼ ΗȂȓȝǦǆǦȝΞ ǦȖ

ȏȓǦǻƷȓǦǶΞ ƷǶǦǝǼǐǌ ǦǼ ȝǣǐ ƷΣǦǻȠȝǣƷǶॶ Ȃȓ ˆܴ ǌǦȓǐǆȝǦȂǼॶ ǅǐǆȂǻǐ ǻȂȓǐ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ǌȠȓǦǼǝ ȝǣǐ ǶƷȝǐ

ȖȝƷǝǐȖ Ȃǜ ȝǣǐ ǆȂǶǶǦȖǦȂǼॶ ƷȖ ȖȠǝǝǐȖȝǐǌ ǅΞ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ ȂǅȖǐȓΗƷȝǦȂǼȖॽ /Ǽǌǐǐǌॶ ƷǼ ǦȖȂȝȓȂȏǦǆ ΗȂȓȝǦǆǦȝΞ

ǌǦȖȝȓǦǅȠȝǦȂǼ ǆȂȓȓǐȖȏȂǼǌȖ ȝȂ |ܴ݅|/|݅| Ȃǜ /
√
ࣤ ≈ ࣡.ࣦࣨࣨॶ ΗǐȓΞ ǆǶȂȖǐ ȝȂ ȝǣǐ ΗƷǶȠǐ ƷȝȝƷǦǼǐǌ Ʒȝ ȝǣǐ ǐǼǌ Ȃǜ

ऄं



ȝǣǐ ȖǦǻȠǶƷȝǦȂǼॽ bǣǦȖ ǌǐǻȂǼȖȝȓƷȝǐȖ ȝǣƷȝ ƷȖ ȝǦǻǐ ȏȓȂǝȓǐȖȖǐȖॶ ȝǣǐ ЙȂΘ ǅǐǆȂǻǐȖ ǜȠǶǶΞ ȝǣȓǐǐ ǌǦǻǐǼȖǦȂǼƷǶ

ƷǼǌ ȒȠƷȖǦৄǦȖȂȝȓȂȏǦǆॽ
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Figure A.3: Vor city evolu on in the collision simula ons. (a) Evolu on of the maximum (orange) and mean (blue) vor c-
ity modulus with me, rela ve to the ini al values. (b) Weight of the mean azimuthal component of vor city rela ve to
the mean vor city modulus as a func on of me. A value of /

√
ࣤ ≈ ࣡.ࣦࣨࣨ would correspond to a vor city distribu-

on with no preferen al direc on.

ऄः



B
[ȠȏȏǶǐǻǐǼȝƷȓΞ BƷȝǐȓǦƷǶॵ �ǣƷȏȝǐȓ ँ

�৷ऀ BӏԚӟԀӋԓ ҷӹӋ ӸҷԚӏԏӢҷӲԓ

sǐ ȠȖǐ ǅȂȝǣ ǐΝȏǐȓǦǻǐǼȝȖ ƷǼǌ ȖǦǻȠǶƷȝǦȂǼȖ ȝȂ ȏȓȂǅǐ ȝǣǐ ǌΞǼƷǻǦǆ ǜȂȓǻƷȝǦȂǼ Ȃǜ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǆƷȖǆƷǌǐ

ȓǐȖȠǶȝǦǼǝ ǜȓȂǻ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ ǅǐȝΘǐǐǼ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǦǆǐȖॽ �ΝȏǐȓǦǻǐǼȝƷǶǶΞॶ Θǐ ǐΝƷǻǦǼǐ ȝǣǐ

ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ƷǼǌ ǼȠǻǐȓǦǆƷǶǶΞ Θǐ ǐΝƷǻǦǼǐ ȝǣǐ ǆȂǶǶǦȖǦȂǼ Ȃǜ ΗȂȓȝǐΝ ȓǦǼǝȖ ƷǼǌ ΗȂȓৄ

ȝǐΝ ȝȠǅǐȖॽ /Ǽ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖःऄॶ ЙȠȂȓǐȖǆǐǼȝ ǌΞǐ XǣȂǌƷǻǦǼǐ � ǦȖ ǦǼǱǐǆȝǐǌ ǦǼȝȂ ȝǣǐ ǦǼǦȝǦƷǶǶΞ ǜȂȓǻǐǌ

ऄऄ



ȓǦǼǝȖ ȝȂ ΗǦȖȠƷǶǦΣǐ ȝǣǐ ǆȂȓǐ ǌΞǼƷǻǦǆȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऀ� ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ bΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ

Жȓǐǌ ǣǐƷǌৄȂǼ ǦǼȝȂ ȂǼǐ ƷǼȂȝǣǐȓ ǦǼ Ʒ आऄৄǝƷǶǶȂǼ ƷȒȠƷȓǦȠǻॽ bǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼȖ Ʒȓǐ ȏȂȖǦȝǦȂǼǐǌ Ʒ ǌǦȖৄ

ȝƷǼǆǐ Ȃǜ ࣩ� ƷȏƷȓȝॶ Θǣǐȓǐ� ǦȖ ȝǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼ ǌǦƷǻǐȝǐȓॽ bǣǐ ǜȠǶǶॶ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ǌΞǼƷǻǦǆȖ

Ȃǜ ȝǣǐ ȓǐȖȠǶȝǦǼǝ ǆȂǶǶǦȖǦȂǼ Ʒȓǐ ΗǦȖȠƷǶǦΣǐǌ ǅΞ ȝȂǻȂǝȓƷȏǣǦǆƷǶǶΞ ȖǆƷǼǼǦǼǝ ȂΗǐȓ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐ ΘǦȝǣ Ʒ

ȓƷȏǦǌǶΞ ȝȓƷǼȖǶƷȝǦǼǝ ȏȠǶȖǐǌ ǶƷȖǐȓ Ȗǣǐǐȝ ܷ = ࣦࣣࣤ Ǽǻॽ bǣǐ ȏȠǶȖǦǼǝ Ȃǜ ȝǣǐ ǶƷȖǐȓ [ȏǐǆȝȓƷȏǣΞȖǦǆȖ �Νৄ

ȏǶȂȓǐȓ HǼǐ ऄंँৄँs ǦȖ ȖΞǼǆǣȓȂǼǦΣǐǌ ΘǦȝǣ ȝǣǐ ǐΝȏȂȖȠȓǐ ȖǦǝǼƷǶ Ȃǜ Ʒ ǣǦǝǣ Ȗȏǐǐǌ ǆƷǻǐȓƷ UǣƷǼȝȂǻ

qँऄऀऀॶ ΘǣǦǆǣ ǦǻƷǝǐȖ ȝǣǐ ǦǶǶȠǻǦǼƷȝǐǌ ȏǶƷǼǐ ǣǐƷǌৄȂǼॽ �Ʒǆǣ ǦǻƷǝǐ ȏǶƷǼǐ ȖȏƷǼȖ ƷǶȂǼǝ ȝǣǐ ͣͤৄȏǶƷǼǐॶ

ƷǼǌ ȝǣǐ ǶƷȖǐȓ Ȗǣǐǐȝ ȖǆƷǼȖ ǦǼ ȝǣǐ ͩৄǌǦȓǐǆȝǦȂǼॽ bǣȠȖॶ ǜȂȓ ǐƷǆǣ ȖǆƷǼॶ ȝǣǐ ǦǻƷǝǐ ȖǶǦǆǐȖ Ʒȓǐ ȖȝƷǆǴǐǌ ȝȂǝǐȝǣǐȓ

ȝȂ ǜȂȓǻ Ʒ ं� ȓǐǆȂǼȖȝȓȠǆȝǦȂǼ Ȃǜ ȝǣǐ ǆȂǶǶǦȖǦȂǼॽ bǣǐ ȖȏƷȝǦƷǶ ȓǐȖȂǶȠȝǦȂǼ Ȃǜ ǐƷǆǣ ΗȂǶȠǻǐ ǦȖ ऀःऄ× ऀःऄ

× ऀࣿࣿ ܸǻࣤ ȏǐȓ ΗȂΝǐǶ ǦǼ ͣॶͤॶͩॶ ƷǼǌ ȝǣǐ ȝǦǻǐ ȓǐȖȂǶȠȝǦȂǼ ǦȖ Ƞȏ ȝȂ ࣿॽऄ ǻȖ ȏǐȓ ȖǆƷǼॽ bǣǐ ǼȠǻǅǐȓ Ȃǜ

ΗȂΝǐǶȖ ǦǼ ǐƷǆǣ ȖǆƷǼǼǐǌ ΗȂǶȠǻǐ ǌǐȏǐǼǌȖ ȂǼ ȝǣǐ ǦǻƷǝǦǼǝ ΘǦǼǌȂΘ ȖǦΣǐॶ ȝǣǐ ǆƷǻǐȓƷ ǜȓƷǻǐ ȓƷȝǐॶ ƷǼǌ ȝǣǐ

ȖǆƷǼǼǦǼǝ ȓƷȝǐॽ $Ȃȓ ǐΝƷǻȏǶǐॶ ȝǣǐ ΗȂǶȠǻǐ ȖǦΣǐ ǦȖ ऄऀँ× ऄऀँ× अः ΗȂΝǐǶȖ ǦǼ (ͣ, ͤ, ͩ) ǜȂȓ ȝǣǐ ǌΞǐǌ ǆȂȓǐ

ǆȂǶǶǦȖǦȂǼ ǦǼBȂΗǦǐ [ँ ƷǼǌ ंइः× ँइइ× आऄ ΗȂΝǐǶȖ ǜȂȓ ȝǣǐ ǜȠǶǶΞ ǌΞǐǌ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼ ǦǼBȂΗǦǐ [ःॽ bǣǐ

ȖǐȓǦǐȖ Ȃǜ ΗȂǶȠǻǐȝȓǦǆ ȖǆƷǼȖ Ʒȓǐ ȓǐǆȂǼȖȝȓȠǆȝǐǌ ǦǼ ǜȠǶǶ ं� ΘǦȝǣ ȝǐǻȏȂȓƷǶ ǐΗȂǶȠȝǦȂǼ ȠȖǦǼǝ �ȓƷǝȂǼЙΞ ΗǦৄ

ȖȠƷǶǦΣƷȝǦȂǼ ȖȂǜȝΘƷȓǐ HǅǱǐǆȝ XǐȖǐƷȓǆǣ [ΞȖȝǐǻȖॽ bǣǐ ǦǻƷǝǦǼǝ ƷȏȏƷȓƷȝȠȖ ǆƷǼ ȂǼǶΞ ǌǐȝǐǆȝ ȝǣǐ ǌΞǐǌ

ȓǐǝǦȂǼȖ Ȃǜ ȝǣǐ ЙȠǦǌॶ ȖȂ ƷǼΞ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ȝǣƷȝ ǐǻǐȓǝǐ ǌȠȓǦǼǝ ȝǣǐ ǅȓǐƷǴǌȂΘǼ ȝǣƷȝ Ʒȓǐ ȠǼǌΞǐǌ ǆƷǼৄ

ǼȂȝ ǅǐ ȂǅȖǐȓΗǐǌॽ sǣǐǼ ȂǼǶΞ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ Ʒȓǐ ǌΞǐǌॶ Θǐ ȏȓȂǅǐ ȝǣȓȂȠǝǣ ȝǣǐ ΗȂǶȠǻǐȖ Ȃǜ ǐƷǆǣ ं�

ȖǆƷǼ ƷǶȂǼǝ ȝǣǐ ƷΣǦǻȠȝǣƷǶ ǌǦȓǐǆȝǦȂǼ ȝȂ ǶȂǆƷȝǐ ȝǣǐ ǆǐǼȝȓȂǦǌȖ Ȃǜ ȝǣǐ ǆȂȓǐȖ Ʒȝ ǐƷǆǣ ǆȓȂȖȖ ȖǐǆȝǦȂǼॽ bǣǦȖ ǐǼৄ

ƷǅǶǐȖ ȠȖ ȝȂ ǐΝȝȓƷǆȝ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐ ǆǐǼȝǐȓǶǦǼǐȖॶ ΘǣǦǆǣ Θǐ ȠȖǐ ȝȂ ȝȓƷǆǴ ȝǣǐ ǌǐǜȂȓǻƷȝǦȂǼ Ȃǜ ȝǣǐ ǆȂȓǐȖ ƷǼǌ

ǻǐƷȖȠȓǐ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖॶX(ȼ)ॶ ƷǼǌ ȝǣǐ ƷΗǐȓƷǝǐ ȖȏƷǆǦǼǝ ǅǐȝΘǐǐǼ ȝǣǐ ǆȂȓǐȖॶ ǫ(ȼ)ॽ /Ǽ Ȃȓǌǐȓ ȝȂ

ΗǦȖȠƷǶǦΣǐ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȖǐǆȂǼǌƷȓΞ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ȝǣƷȝ ǐǻǐȓǝǐ ǌȠȓǦǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼȖॶ Θǐ ЖǶǶ ȝǣǐ

ΗȂȓȝǐΝ ǆƷǼǼȂǼȖ ΘǦȝǣ ЙȠȂȓǐȖǆǐǼȝ ǌΞǐ ȏȓǦȂȓ ȝȂ ǌȓǦΗǦǼǝ ȝǣǐ ȏǦȖȝȂǼȖ ȝȂ ǜȂȓǻ ȝǣǐ ȓǦǼǝȖॽ �Ȗ Ʒ ȓǐȖȠǶȝॶ ȝǣǐ

ȓǐǝǦȂǼȖ ƷȓȂȠǼǌ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ Ʒȓǐ ǌΞǐǌॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽं ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ

sǐ ȠȖǐ ǌǦȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ �C[ ȝȂ ǜȠȓȝǣǐȓ ȏȓȂǅǐ ȝǣǐ ȠǼȖȝƷǅǶǐ ǦǼȝǐȓƷǆȝǦȂǼȖ ǅǐȝΘǐǐǼ

ȝǣǐ ΗȂȓȝǦǆǐȖॽ bǣǦȖ ƷǶǶȂΘȖ ȠȖ ȝȂ ǌǦȓǐǆȝǶΞ ǐΝƷǻǦǼǐ ȝǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ЖǐǶǌॶ ȓǐǶƷȝǐ Ǧȝ ȝȂ ǐΝৄ

ऄअ



ȏǐȓǦǻǐǼȝƷǶ ΗǦȖȠƷǶǦΣƷȝǦȂǼȖॶ ƷǼǌ ǆȂǻȏȠȝǐ ȖȝƷȝǦȖȝǦǆƷǶ ȒȠƷǼȝǦȝǦǐȖ ǆǣƷȓƷǆȝǐȓǦΣǦǼǝ ȝǣǐ ЙȂΘॽ sǐ ȖȂǶΗǐ ȝǣǐ

ǦǼǆȂǻȏȓǐȖȖǦǅǶǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖ ȠȖǦǼǝ ƷǼ ǐǼǐȓǝΞৄǆȂǼȖǐȓΗǦǼǝॶ ȖǐǆȂǼǌৄȂȓǌǐȓ ǆǐǼȝǐȓǐǌ ЖǼǦȝǐ

ǌǦЍǐȓǐǼǆǐ Ȗǆǣǐǻǐ ΘǦȝǣ ǜȓƷǆȝǦȂǼƷǶ ȝǦǻǐৄȖȝǐȏȏǦǼǝॽ sǐ ǦǻȏǶǐǻǐǼȝ Ʒ ȝǣǦȓǌৄȂȓǌǐȓ XȠǼǝǐৄ<ȠȝȝƷ Ȗǆǣǐǻǐ

ǜȂȓ ȝǣǐ ǼȂǼৄǶǦǼǐƷȓ ȝǐȓǻȖ ƷǼǌ ȖǐǆȂǼǌৄȂȓǌǐȓ �ǌƷǻȖৄ�ƷȖǣǜȂȓȝǣ Ȗǆǣǐǻǐ ǜȂȓ ȝǣǐ ΗǦȖǆȂȠȖ ȝǐȓǻȖंँॶइࣿॽ sǐ

ȖǦǻȠǶƷȝǐ ǅȂȝǣ ΗȂȓȝǐΝ ȓǦǼǝȖ ƷǼǌ ȝȠǅǐȖॶ ǦǼ ǆΞǶǦǼǌȓǦǆƷǶ ƷǼǌ �ƷȓȝǐȖǦƷǼ ǆȂȂȓǌǦǼƷȝǐȖॶ ȓǐȖȏǐǆȝǦΗǐǶΞॽ bȂ ƷΗȂǦǌ

ȖǦǼǝȠǶƷȓǦȝǦǐȖ ǼǐƷȓ ȝǣǐ ƷΝǦȖॶ ȝǣǐ ǆΞǶǦǼǌȓǦǆƷǶ ȖȂǶΗǐȓ ȠȖǐȖ ȱȲ = Ȳ͝Ȳ ƷȖ Ʒ ȏȓǦǻǦȝǦΗǐ ΗƷȓǦƷǅǶǐइࣿॽ bǣǐ ȝǦǻǐৄȖȝǐȏ

ǦȖ ǌΞǼƷǻǦǆƷǶǶΞ ǆǣȂȖǐǼ ȖȠǆǣ ȝǣƷȝ ȝǣǐ ǻƷΝǦǻȠǻ�ȂȠȓƷǼȝৄ$ȓǦǐǌȓǦǆǣৄ=ǐΘΞ �$= ǆȂǼǌǦȝǦȂǼ ǼȠǻǅǐȓ

ǦȖ ऀॽँॽ XǐȖȂǶȠȝǦȂǼ ƷǌǐȒȠƷǆΞ ǦȖ ǆǣǐǆǴǐǌ ǅΞ ȝǣȓǐǐ ǻǐȝǣȂǌȖॵ ǻȂǼǦȝȂȓǦǼǝ ȝǣǐ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼ ƷǼǌ

ȝǣǐ ǐǼǐȓǝΞ ǅƷǶƷǼǆǐॶ ǐΝƷǻǦǼǦǼǝ ȝǣǐ $ȂȠȓǦǐȓ ǐǼǐȓǝΞ ȖȏǐǆȝȓƷॶ ƷǼǌ ȠȖǦǼǝ ȝǣǐ ǦǼȖȝƷǼȝƷǼǐȂȠȖ <ȂǶǻȂǝȂȓȂΗ

ȖǆƷǶǐॽ sǣǦȝǐ ǼȂǦȖǐ ǦȖ Ʒǌǌǐǌ ȝȂ ƷǶǶ ƷǶǶ ǦǼǦȝǦƷǶ ǆȂǼǌǦȝǦȂǼȖ ȝȂ ȝȓǦǝǝǐȓ ȝǣǐ ǻȂȖȝ ȠǼȖȝƷǅǶǐ ǻȂǌǐȖॽ

bǣǐ ȓǦǼǝȖ Ʒȓǐ ǦǼǦȝǦƷǶǦΣǐǌ ƷȖ ȝΘȂ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ %ƷȠȖȖǦƷǼ =ƷǻǅৄHȖǐǐǼ ΗȂȓȝǦǆǐȖॶ ǐƷǆǣ ΘǦȝǣ Ʒ

ǆȂȓǐ ȓƷǌǦȠȖ ܿ ΘȓƷȏȏǐǌ ǦǼȝȂ Ʒ ȝȂȓȠȖ Ȃǜ ȓƷǌǦȠȖX࣡ॽ bǣǐ ǆȂǼȝȓȂǶ ȏƷȓƷǻǐȝǐȓȖ ǜȂȓ ȝǣǦȖ ȖΞȖȝǐǻ Ʒȓǐ ȝǣǐ ǆǦȓৄ

ǆȠǶƷȝǦȂǼ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ Xǐ۵ = ۵/ܹ ƷǼǌ ȝǣǐ ȖǶǐǼǌǐȓǼǐȖȖ ȓƷȝǦȂ Ȃǜ ȝǣǐ ȓǦǼǝȖॶ ۽ = ܿ/X࣡ॽ bǣǐ

ǆǦȓǆȠǶƷȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ۵ॶ ƷǼǌ ȝǣǐ ǦǼǦȝǦƷǶ ȓǦǼǝ ȓƷǌǦȠȖॶX࣡ॶ Ʒȓǐ ȠȖǐǌ ȝȂ ǼȂǼৄǌǦǻǐǼȖǦȂǼƷǶǦΣǐ ȏƷৄ

ȓƷǻǐȝǐȓȖ ǦǼ ȝǣǐ ǆȂǌǐॽ sǐ ȖǦǻȠǶƷȝǐ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ǦǼ Ʒ ǆǶȂȖǐǌ ǆΞǶǦǼǌȓǦǆƷǶ ǌȂǻƷǦǼॶ ǅȂȠǼǌǐǌ ǅΞ ȖȝȓǐȖȖৄǜȓǐǐ

ΘƷǶǶȖ Ʒȝ Ʒ ǌǦȖȝƷǼǆǐ ǜƷȓ ǐǼȂȠǝǣ ȝȂ ǼȂȝ ƷЍǐǆȝ ȝǣǐ ǆȂǶǶǦȖǦȂǼॽ �ǜȝǐȓ ȝǐȖȝǦǼǝ ȖǐΗǐȓƷǶ ǆȂǼЖǝȠȓƷȝǦȂǼȖॶ ȝǣǐ

ǅȂȠǼǌȖ ȂǼ ȝǣǐ ǌȂǻƷǦǼ Θǐȓǐ ȏǶƷǆǐǌ Ʒ ǌǦȖȝƷǼǆǐX࣡ ǅǐǶȂΘ ƷǼǌ ƷǅȂΗǐ ȝǣǐ ȓǦǼǝȖॶ ƷǼǌ ࣦX࣡ ǜȓȂǻ ȝǣǐ ȓǦǼǝ

ƷΝǦȖ ǦǼ ȝǣǐ ȓƷǌǦƷǶ ǌǦȓǐǆȝǦȂǼॽ $Ȃȓ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼ ȏȓǐȖǐǼȝǐǌ ǦǼ ȝǣǦȖ ȏƷȏǐȓॶ Θǐ ȖǐǶǐǆȝǐǌ Ʒ ȓǦǼǝ ȖǶǐǼǌǐȓǼǐȖȖ

Ȃǜ ۽ = ࣡.ॶ Ʒ ǆǦȓǆȠǶƷȝǦȂǼ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ Ȃǜ Xǐ۵ = ࣦࣥ࣡࣡ॶ ƷǼǌ ƷǼ ǦǼǦȝǦƷǶ ȓǦǼǝৄȝȂৄȓǦǼǝ ǌǦȖȝƷǼǆǐ

Ȃǜ ǫ = ࣣ.ࣦX࣡ॽ bǣǐȖǐ ȏƷȓƷǻǐȝǐȓȖ Ʒȓǐ ǆȂǻȏƷȓƷǅǶǐ ȝȂ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ƷȖ ȖǣȂΘǼ ǅΞ ȝǣǐ

ǻǐƷȖȠȓǐǻǐǼȝȖ ǦǼ �ȏȏǐǼǌǦΝ �ॽँॽ UȂǦǼȝȖ Ʒȓǐ ǆǶȠȖȝǐȓǐǌ ǼǐƷȓ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȓǐǝǦȂǼȖ ǦǼ ȝǣǐ ƷΝǦƷǶ ƷǼǌ ȓƷǌǦƷǶ

ǌǦȓǐǆȝǦȂǼȖॶ ΘǣǦǶǐ ȠǼǦǜȂȓǻ ȓǐȖȂǶȠȝǦȂǼ ǦȖ ȠȖǐǌ ǦǼ ȝǣǐ ƷΣǦǻȠȝǣƷǶ ǌǦȓǐǆȝǦȂǼऀइॶःऄॽ � ȓȂȝƷȝǦȂǼƷǶ ȖΞǻǻǐȝȓΞ

Ȃǜ Ȃȓǌǐȓ ЖΗǐ ǦȖ ǜȂȓǆǐǌ ȂǼ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼ ȝȂ ȓǐǌȠǆǐ ǆȂǻȏȠȝƷȝǦȂǼƷǶ ǆȂȖȝȖॽ bǣǐ ΗȂȓȝǐΝ ǆȂȓǐ ǆǐǼȝǐȓǶǦǼǐȖ

Ʒȓǐ ǶȂǆƷȝǐǌ ǅΞ ȖǶǦǆǦǼǝ ƷΣǦǻȠȝǣƷǶǶΞ ȝǣȓȂȠǝǣ ȝǣǐ ȏȓǐȖȖȠȓǐ ЖǐǶǌ Ʒȝ ǐΗǐȓΞ ȝǦǻǐ Ȗȝǐȏ ƷǼǌ ǦǌǐǼȝǦǜΞǦǼǝ ȝǣǐ

ǶȂǆƷǶ ǻǦǼǦǻƷ Ȃǜ ǐƷǆǣ ΗȂȓȝǐΝ ǆȓȂȖȖ ȖǐǆȝǦȂǼॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ Ʒ ȖǦǻȠǶƷȝǐǌ ȏƷȖȖǦΗǐ ȖǆƷǶƷȓ ǦȖ ǦǼǱǐǆȝǐǌ ǦǼȝȂ

ऄआ



ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ȝȂ ΗǦȖȠƷǶǦΣǐ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ƷǼǌ ǆȂǻȏƷȓǐ ΘǦȝǣ ǐΝȏǐȓǦǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ

ǦǼBȂΗǦǐ [ंॽ �Ƞǐ ȝȂ ǆȂǻȏȠȝƷȝǦȂǼƷǶ ȓǐȖȝȓǦǆȝǦȂǼȖॶ ȝǣǐ ǌǦЍȠȖǦΗǦȝΞ Ȃǜ ȝǣǐ ǌΞǐ ǦȖ ǐȒȠƷǶ ȝȂ ȝǣǐ ǴǦǼǐǻƷȝǦǆ

ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌ Ǧॽǐॽ ȝǣǐ [ǆǣǻǦǌȝ ǼȠǻǅǐȓ ǦȖ ȠǼǦȝΞॽ

$Ȃȓ ȝǣǐ ΗȂȓȝǐΝ ȝȠǅǐȖॶ Θǐ ȖǦǻȠǶƷȝǐ Ʒ ȝȓǦȏǶΞ ȏǐȓǦȂǌǦǆ ǆȠǅǦǆ ǌȂǻƷǦǼ Ȃǜ ȏǐȓǦȂǌLॶ ΘǣǦǆǣ ǦȖ ǌǦȖǆȓǐȝǦΣǐǌ

ȠȖǦǼǝ Ʒ ȠǼǦǜȂȓǻ ǝȓǦǌॽ bǣǐ ȝΘȂ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝॶ ȏƷȓƷǶǶǐǶ ȝȠǅǐȖ Ʒȓǐ ǅȂȝǣ ǦǼǦȝǦƷǶǦΣǐǌ ΘǦȝǣ Ʒ %ƷȠȖȖǦƷǼ

=ƷǻǅৄHȖǐǐǼ ΗȂȓȝǦǆǦȝΞ ȏȓȂЖǶǐ Ȃǜ ȓƷǌǦȠȖॶ ܿॶ ƷǼǌ ǆǦȓǆȠǶƷȝǦȂǼॶ ۵ॶ ǦǼǦȝǦƷǶǶΞ ȖǐȏƷȓƷȝǐǌ Ʒ ǌǦȖȝƷǼǆǐॶ Ǥॶ ƷȏƷȓȝॽ

bǣǐ ȖΞȖȝǐǻ ǦȖ ǆǣƷȓƷǆȝǐȓǦΣǐǌ ǅΞ ȝΘȂ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ȏƷȓƷǻǐȝǐȓȖॵ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ

Xǐ۵ॶ ƷǼǌ ȝǣǐ ȓƷȝǦȂ ܿ/Ǥॽ �ǝƷǦǼॶ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼॶ ۵ॶ ǦȖ ȠȖǐǌ ƷȖ Ʒ ǼȂǼৄǌǦǻǐǼȖǦȂǼƷǶ ȏƷȓƷǻǐȝǐȓॶ ƷǶȂǼǝ

ΘǦȝǣ Ǥॽ sǐ Ȗǐȝ ȝǣǐ ǆȂȓǐ ȖǦΣǐ ȝȂ ܿ = ࣡.࣡ࣧLॶ ЖΝ Ǥ/ܿ = ࣣ.ࣦॶ ƷǼǌ ȓȠǼ ȖǦǻȠǶƷȝǦȂǼȖ ΘǦȝǣ Xǐ۵ Ʒȝ ࣣ࣡࣡࣡ॶ

ࣦࣤ࣡࣡ॶ ࣦࣥ࣡࣡ॶ ƷǼǌ ࣧ࣡࣡࣡ॶ ΘǦȝǣ ǝȓǦǌ ȖǦΣǐȖ Ȃǜ ࣣࣦࣧࣤॶ ࣤࣧ࣡ࣤॶ ࣦࣥ࣡ࣤॶ ƷǼǌ ࣦࣥ࣡ࣤॶ ȓǐȖȏǐǆȝǦΗǐǶΞॽ �Ȗ ȝǣǐ ǆȂȠǼȝǐȓৄ

ȓȂȝƷȝǦǼǝ ȝȠǅǐȖ ǦǼȝǐȓƷǆȝ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼॶ ȝǣǐΞ ǼƷȝȠȓƷǶǶΞ ȏȓȂȏƷǝƷȝǐ ȝǣȓȂȠǝǣ ȝǣǐ ȏǐȓǦȂǌǦǆ ǌȂǻƷǦǼॽ $Ȃȓ

ǐƷǆǣ ΗǦȖȠƷǶǦΣƷȝǦȂǼॶ ȝǣǐ ȏȓȂȏƷǝƷȝǦȂǼ Ȃǜ ȝǣǐ ȝȠǅǐȖ ǦȖ ȖȠǅȝȓƷǆȝǐǌ ȖȂ ȝǣƷȝ ȝǣǐ ȝȠǅǐȖ ȓǐǻƷǦǼ ǦǼ ȝǣǐ ǆǐǼȝǐȓ

Ȃǜ ȝǣǐ ǌȂǻƷǦǼॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ ǦǼ ƷǶǶ ं� ΗǦȖȠƷǶǦΣƷȝǦȂǼȖ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖॶ |݅|(ȼ)ॶ ȝǣǐ ΗȂȓȝǦǆǦȝΞ

ǻȂǌȠǶȠȖ Ʒȝ ǐƷǆǣ ΗȂΝǐǶ ǦȖ ǼȂȓǻƷǶǦΣǐǌ ǅΞ ȝǣǐ ǻƷΝǦǻȠǻ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǜȂȓ ƷǶǶ ȝǦǻǐॶ |݅|(ȼ)ǻƷΝ Ȗǐǐ

�ȏȏǐǼǌǦΝ �ॽआॽँॽ

�৷ँ U/q ҷӹҷӲԮԓӢԓ Ԁә ԪԀԏԚӏԭ ԏӢӹӚ ӚӏԀӸӏԚԏԮ

bǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ ǆǣƷȓƷǆȝǐȓǦΣǐǌ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ȝǣȓȂȠǝǣ ँ� ȏƷȝȓǦǆǶǐ ǦǻƷǝǐ ΗǐǶȂǆǦǻǐȝȓΞ U/qॽ

bǣǐ ЙȠǦǌ ǦȖ Ȗǐǐǌǐǌ ΘǦȝǣ ȏȂǶΞƷǻǦǌǐ ȏƷȓȝǦǆǶǐȖ ΘǦȝǣ Ʒ ǌǦƷǻǐȝǐȓ Ȃǜ ࣦ࣡ ܸǻ ƷǼǌ Ʒ ǌǐǼȖǦȝΞ Ȃǜ ऀॽࣿं ǝǻ=

�ƷǼȝǐǆ �ΞǼƷǻǦǆȖॽ � ǶƷȖǐȓ Ȗǣǐǐȝ ǦȖ ȏȂȖǦȝǦȂǼǐǌ ƷǶȂǼǝ ȝǣǐ ǆǐǼȝȓƷǶ ƷΝǦȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼ ǦǼ Ȃȓǌǐȓ

ȝȂ ǦǶǶȠǻǦǼƷȝǐ ȝǣǐ ǆȓȂȖȖ ȖǐǆȝǦȂǼ Ȃǜ ȝǣǐ ǐǱǐǆȝǐǌ ΗȂȓȝǐΝ ȓǦǼǝȖॽ bǣǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ȏƷȓȝǦǆǶǐȖ ǦǼ ȝǣǐ ΗȂȓȝǐΝ

ȓǦǼǝȖ ƷǶȂǼǝ ȝǣǦȖ ǆȓȂȖȖ ȖǐǆȝǦȂǼ ǦȖ ǦǻƷǝǐǌ ΘǦȝǣ Ʒ ǣǦǝǣৄȖȏǐǐǌ ǆƷǻǐȓƷ UǣƷǼȝȂǻ qँऄऀऀ ΘǦȝǣ Ʒ ΘǦǼৄ

ǌȂΘ ȖǦΣǐ Ȃǜ ऀँइࣿ× इࣿࣿ ȏǦΝǐǶȖ Ʒȝ Ʒ ǻƷΝǦǻȠǻ ǜȓƷǻǐ ȓƷȝǐ Ȃǜ ँࣿࣿࣿ ǜȏȖॶ ȖȠǆǣ ȝǣƷȝ ȝǣǐ ȓǐȖȂǶȠȝǦȂǼ ǦȖ ࣿॽऀँ

ǻǻȏǦΝǐǶॽ qȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ ǜȂȓǻǐǌ ȂΗǐȓ Ʒ ȓƷǼǝǐ Ȃǜ ȖȝȓȂǴǐ ȓƷȝǦȂȖ [X  =/� ƷǼǌ XǐΞǼȂǶǌȖ ǼȠǻৄ

ऄइ



ǅǐȓȖ Xǐ= e�/ܹॶ Θǣǐȓǐ = ǦȖ ȝǣǐ ȖȝȓȂǴǐ Ȃǜ ȝǣǐ ȏǦȖȝȂǼॶ� = ࣣࣦ.ࣥ ǻǻ ǦȖ ȝǣǐ ǌǦƷǻǐȝǐȓ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ

ǆƷǼǼȂǼॶe ǦȖ ȝǣǐ ȏǦȖȝȂǼ ΗǐǶȂǆǦȝΞॶ ƷǼǌ ܹ ǦȖ ȝǣǐ ǴǦǼǐǻƷȝǦǆ ΗǦȖǆȂȖǦȝΞ Ȃǜ ΘƷȝǐȓॽ

bǣǐ ΗǐǶȂǆǦȝΞ ЖǐǶǌ ǜȂȓ ǐƷǆǣ ǝǐǼǐȓƷȝǐǌ ΗȂȓȝǐΝ ȓǦǼǝ ǦȖ ǆƷǶǆȠǶƷȝǐǌ ȠȖǦǼǝ B�b=�� U/qȖȠǦȝǐॽ bǣǐ

ǆȂȓǐȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȓǐ ǦǌǐǼȝǦЖǐǌ ǅΞ ǆȂǻȏȠȝǦǼǝ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ЖǐǶǌॶ ƷǼǌ ǐƷǆǣ ǆȂȓǐ ǦȖ Жȝȝǐǌ ȝȂ

Ʒ ȝΘȂৄǌǦǻǐǼȖǦȂǼƷǶ %ƷȠȖȖǦƷǼ ǜȠǼǆȝǦȂǼॶ ƷȖ ȖǣȂΘǼ ǜȂȓ Ʒ ȝΞȏǦǆƷǶ ǐΝƷǻȏǶǐ ǦǼ $Ǧǝॽ �ॽऀ ƷǼǌBȂΗǦǐ [ऀࣿॽ

�ǜȝǐȓ ȏǦǼǆǣǦǼǝ ȂЍॶ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȓǐƷǆǣǐȖ Ʒ ȖȝǐƷǌΞ ȖǦΣǐ ΘǦȝǣ ȓƷǌǦȠȖॶX࣡ॶ ƷȖ Ǧȝ ȏȓȂȏƷǝƷȝǐȖ ǜȂȓΘƷȓǌ

ȝǣȓȂȠǝǣ ȝǣǐ ЙȠǦǌॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽऀ�ॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖॶ ܿॶ ǦȖ ǆƷǶǆȠǶƷȝǐǌ ǅΞ ƷΗǐȓƷǝǦǼǝ

ȝǣǐ ȖȝƷǼǌƷȓǌ ǌǐΗǦƷȝǦȂǼȖ Ȃǜ ǐƷǆǣ %ƷȠȖȖǦƷǼ Жȝॶ ܿͣ ƷǼǌ ܿͤॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽऀ�ॽ

Figure B.1: Vortex ring tracking and measurement through PIV. (A) 2D vor city distribu on and core trajecto-
ries for a vortex ring formed via a piston-cylinder assembly, where Re = ࣨ࣡࣡࣡ and SR = ࣣ.ࣦ. Each vor city distri-
bu on results from fi ng the raw vor city data to a 2D Gaussian func on. The me steps correspond to ȼ =
࣡, ࣡.ࣦࣩ, ࣡.ࣩࣤࣧ, ࣡.ࣦࣩࣨ, and ࣡.ࣩࣩࣨ seconds, and the vortex cannon orifice is located at ͣ = ࣡. (B) Zoomed-in view of
the final vortex core indicated by the dashed gray box. The vortex core is defined by the level curve shown by the black
ellipse, with a center point, (ܸͣ, ܸͤ), a rota on angle, ܴ, and standard devia ons, ܿͣ and ܿͤ.

�Ξ ЖȝȝǦǼǝ ȝȂ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ȝȂ Ʒ %ƷȠȖȖǦƷǼ ǜȠǼǆȝǦȂǼॶ Θǐ ǐΗƷǶȠƷȝǐ ȝǣǐ ǝǐȂǻǐȝȓΞ Ȃǜ ȝǣǐ ȓǦǼǝȖ ȂΗǐȓ

Ʒ ΘǦǌǐ ȓƷǼǝǐ Ȃǜ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ Ʒȝ ΗƷȓǦȂȠȖ ȖȝȓȂǴǐ ȓƷȝǦȂȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽँॽ bǣǦȖ ȏƷȓƷǻǐȝǐȓǦΣƷৄ

ȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ƷǼǌ ȝǣǐǦȓ ǆȂȓǐ ȖȝȓȠǆȝȠȓǐȖ ǐǼƷǅǶǐȖ ȠȖ ȝȂ ǌǦȓǐǆȝǶΞ ȓǐǶƷȝǐ ȝǣǐ ǦǼǦȝǦƷǶ ȖȝƷȝǐ Ȃǜ ȝǣǐ

ΗȂȓȝǐΝ ȓǦǼǝȖ ȠȖǐǌ ǦǼ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ ǆȂǶǶǦȖǦȂǼȖ ȝȂ ȝǣȂȖǐ Ȃǜ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼȖॶ ƷȖ ǌǐȖǆȓǦǅǐǌ ǦǼ ȝǣǐ ǻƷǦǼ

ȝǐΝȝॽ �ǆǆȂȓǌǦǼǝǶΞॶ ƷǶǶ Ȃǜ ȝǣǐ ȏƷȓƷǻǐȝǐȓǦΣƷȝǦȂǼȖ ǜȂȓ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ǝǐȂǻǐȝȓΞ Ʒȓǐ ȏǐȓǜȂȓǻǐǌ ΘǣǐǼ ȝǣǐ

ऄई



ΗȂȓȝǐΝ ȓǦǼǝ ȏȓȂȏƷǝƷȝǐȖ Ʒ ǌǦȖȝƷǼǆǐ ǅǐȝΘǐǐǼ ࣣ� ƷǼǌ ࣥ� ǜȓȂǻ ȝǣǐ ȂȓǦЖǆǐ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆƷǼǼȂǼॽ bǣǦȖ

ǆȂȓȓǐȖȏȂǼǌȖ ȝȂ ȝǣǐ ȓƷǼǝǐ Ȃǜ ǌǦȖȝƷǼǆǐȖ ȓǐȒȠǦȓǐǌ ǜȂȓ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȝȂ ȏǦǼǆǣ ȂЍ ƷǼǌ ȓǐƷǆǣ Ʒ ȖȝǐƷǌΞ

ǻȂȓȏǣȂǶȂǝΞ ȏȓǦȂȓ ȝȂ ȓǐƷǆǣǦǼǝ Θǣǐȓǐ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐ ǦȖ ǶȂǆƷȝǐǌ ǦǼ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝȖ Ʒȝ ࣥ�ॽ

�ȝ ǐΗǐȓΞ ȖȝȓȂǴǐ ȓƷȝǦȂॶ ȝǣǐ ǆȂȓǐ ȖǦΣǐ ǦȖ ǶƷȓǝǐȓ ǜȂȓ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ȏȓȂǌȠǆǐǌ ΘǦȝǣ ǶȂΘǐȓ XǐΞǼȂǶǌȖ

ǼȠǻǅǐȓȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽँ�ॽ ,ȂΘǐΗǐȓॶ ǜȂȓ ΗȂȓȝǐΝ ȓǦǼǝȖ ΘǦȝǣ Ʒ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǝȓǐƷȝǐȓ ȝǣƷǼ

∼ ࣡, ࣡࣡࣡ॶ ȝǣǐ ǆȂȓǐ ȖǦΣǐ ȓǐǻƷǦǼȖ ȓǐǶƷȝǦΗǐǶΞ ǆȂǼȖȝƷǼȝॽ bǣǦȖ ǦȖ ǅǐǆƷȠȖǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǜȂȓǻǐǌ Ʒȝ ǶȂΘǐȓ

XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ Ʒȓǐ ǻȂȓǐ ȖȠȖǆǐȏȝǦǅǶǐ ȝȂ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼ ǜȓȂǻ ȝǣǐ ƷǻǅǦǐǼȝ ЙȠǦǌ ƷȖ ȝǣǐΞ ȏȓȂȏƷৄ

ǝƷȝǐ ǜȂȓΘƷȓǌॽ bǣǦȖ ǌǦȖȖǦȏƷȝǦȂǼ ǶǐƷǌȖ ȝȂ Ʒ ȖȏȓǐƷǌǦǼǝ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ ǦǼ ȝǣǐ ǆȂȓǐȖ ȝǣȓȂȠǝǣ

ȝǣǐ ǌǦЍȠȖǦȂǼ Ȃǜ ǻȂǻǐǼȝȠǻ ΗǦƷ ȝǣǐ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌॶ ȝǣǐȓǐǅΞ ȓǐȖȠǶȝǦǼǝ ǦǼ ȝǣǐ ȝǣǦǆǴǐȓ ǆȂȓǐȖ Ȃǜ ȝǣǐ

ΗȂȓȝǐΝ ȓǦǼǝȖ Ʒȝ ǶȂΘǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॽ bǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖॶX࣡ॶ ȓǐǻƷǦǼȖ ȓȂȠǝǣǶΞ ǆȂǼȖȝƷǼȝ ǜȂȓ

ǐƷǆǣ ȖȝȓȂǴǐ ȓƷȝǦȂ ȂΗǐȓ ȝǣǦȖ ΘǦǌǐ ȓƷǼǝǐ Ȃǜ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽँ�ॽ =ǦǴǐ ΘǦȝǣ ȝǣǐ

ǆȂȓǐ ȖǦΣǐॶ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǜȂȓǻǐǌ ΘǦȝǣ Ʒ ǶƷȓǝǐȓ ȖȝȓȂǴǐ ȓƷȝǦȂ ǼƷȝȠȓƷǶǶΞ ǣƷΗǐ Ʒ ȖǶǦǝǣȝǶΞ ǶƷȓǝǐȓ ȓƷǌǦȠȖॶ ƷȖ

ǻȂȓǐ ЙȠǦǌ ǦȖ ǦǼǱǐǆȝǐǌ ȝȂ ǜȂȓǻ ΗȂȓȝǐΝ ȓǦǼǝȖॽ ,ȂΘǐΗǐȓॶ ǅΞ ǼȂȓǻƷǶǦΣǦǼǝ ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖ ΘǦȝǣ ȝǣǐ ΗȂȓৄ

ȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖ Ʒȝ ǐƷǆǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ȝȂ ǆȂǻȏȠȝǐ ȝǣǐ ȖǶǐǼǌǐȓǼǐȖȖ ȓƷȝǦȂॶ ॶ۽ ȝǣǐ ǌƷȝƷ ǆȂǶǶƷȏȖǐȖॶ ƷȖ

ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽँ�ॽ bǣǦȖ ǆȂǼȖǦȖȝǐǼǆΞ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ƷǼǌ ǆȂȓǐ ǝǐȂǻǐȝȓΞ ƷǆȓȂȖȖ ΗƷȓǦȂȠȖ ȖȝȓȂǴǐ

ȓƷȝǦȂȖ ǦǼǜȂȓǻȖ ȝǣǐ ȖǐǶǐǆȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȏƷȓƷǻǐȝǐȓȖ ǦǼ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǆȂǶǶǦȖǦȂǼȖ ǌǐȖǆȓǦǅǐǌ ǦǼ ȝǣǐ

ǻƷǦǼ ȝǐΝȝॽ /Ǽ ȏƷȓȝǦǆȠǶƷȓॶ ǜȂȓ ƷǶǶ Ȃǜ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖॶ Ʒ ȖǶǐǼǌǐȓǼǐȖȖ ȓƷȝǦȂ Ȃǜ ۽ = ࣡.

ǦȖ ȠȖǐǌॽ

bǣǐ ǆǦȓǆȠǶƷȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖॶ ۵ॶ ǦȖ ǆƷǶǆȠǶƷȝǐǌ ǅΞ ǦǼȝǐǝȓƷȝǦǼǝ ȝǣǐ ȓƷΘ ΗȂȓȝǦǆǦȝΞ ǌƷȝƷ ǜȂȓ ǐƷǆǣ

ǆȂȓǐ ȂΗǐȓ ƷǼ ǐǶǶǦȏȝǦǆƷǶ ǆȂǼȝȂȠȓ ǌǐЖǼǐǌ ǅΞ ȝǣǐ %ƷȠȖȖǦƷǼ Жȝ ȝǣƷȝ ȂΗǐȓǆȂǻȏǐǼȖƷȝǐȖ ȝǣǐ ǆȂȓǐ ȖǦΣǐ ǅΞ Ʒ

ǜƷǆȝȂȓ Ȃǜ ऀॽऄ ǜȂȓ ǅȂȝǣ ȖȝƷǼǌƷȓǌ ǌǐΗǦƷȝǦȂǼȖॽ bǣǐ ǻƷǝǼǦȝȠǌǐ Ȃǜ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ ǦȖ ȝǣǐǼ ǼȂȓǻƷǶǦΣǐǌ ǅΞ

ȝǣǐ ǴǦǼǐǻƷȝǦǆ ΗǦȖǆȂȖǦȝΞ Ȃǜ ȝǣǐ ЙȠǦǌ ǦǼ Ȃȓǌǐȓ ȝȂ ǆȂǻȏȠȝǐ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ Xǐ۵ =

۵/ܹॽ bǣǦȖ ȏƷȓƷǻǐȝǐȓॶ ƷȖ ȏȓǐΗǦȂȠȖǶΞ ǌǦȖǆȠȖȖǐǌ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝ ƷǼǌ ǦǼ �ȏȏǐǼǌǦΝ �ॽऀॶ ǦȖ ȠȖǐǌ ȝȂ ǌǐЖǼǐ

ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǦǼ ȝǣǐ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ Ȃǜ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ ƷǼǌ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ

ΗȂȓȝǐΝ ȝȠǅǐȖॽ bǣǦȖ ǆƷǶǆȠǶƷȝǦȂǼ ȝǣȠȖ ƷǶǶȂΘȖ ȝȂ ȓǐǶƷȝǐ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǜȂȓǻǐǌ

अࣿ



Figure B.2: Vortex ring and core geometry. From the Gaussian fits of the vor city data, the following parameters are
measured as a func on of the Reynolds number across various stroke ra os: (A) vortex core radius, ܿ, (B) vortex ring
radius,X࣡, (C) slenderness ra o, ,۽ and (D) circula on Reynolds number, Re۵. The dashed line in (D) corresponds to the
linear fit to the data: Re۵ = ࣡.ࣩࣧࣨRe. All calcula ons are performed when the vortex rings reach a distance between
ࣣ� and ࣥ� from the vortex cannon orifice.

ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ΘǦȝǣ ȝǣȂȖǐ ǜȂȓǻǐǌ ǼȠǻǐȓǦǆƷǶǶΞॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽँ�ॽ �ǆǆȂȓǌǦǼǝǶΞॶ Θǐ ЖǼǌ ȝǣƷȝ

ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ȖǆƷǶǐȖ ǶǦǼǐƷȓǶΞ ΘǦȝǣ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ ȖȠǆǣ ȝǣƷȝ

Xǐ۵ ≈ ࣡.ࣩࣧࣨXǐॶ ΘǣǦǆǣ ǦȖ ǆȂǼȖǦȖȝǐǼȝ ΘǦȝǣ ȏȓǐΗǦȂȠȖ ǐΝȏǐȓǦǻǐǼȝƷǶ ΘȂȓǴȖ ऀइॽ

अऀ



�৷ं [ӢӸԞӲҷԚӢӹӚ ԪԀԏԚӏԭ ԏӢӹӚ ӅԀӲӲӢԓӢԀӹԓ ԞԓӢӹӚ Ԛӟӏ �ӢԀԚ৳[ҷԪҷԏԚ ҷԌԌԏԀԭӢӸҷԚӢԀӹ

�৷ं৷ऀ �ӢԀԚ৳[ҷԪҷԏԚ ӸԀӋӏӲ ҷӹӋ ԏӏӚԞӲҷԏӢԲҷԚӢԀӹ

/Ǽ ȝǣǦȖ ȖǐǆȝǦȂǼॶ Θǐ ǐȖȝƷǅǶǦȖǣ ȝǣǐ ǆȂǼǌǦȝǦȂǼȖ ȝǣƷȝ ǶǐƷǌ ȝȂ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǦǼ

ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖॶ ǜȂǆȠȖǦǼǝ ȂǼ ȝǣǐ ȓƷǼǝǐ Ȃǜ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ǦǼ ΘǣǦǆǣ ȝǣǦȖ ǦǼȖȝƷǅǦǶǦȝΞ ǦȖ Ȃǅৄ

ȖǐȓΗǐǌॽ HȠȓ ƷȏȏȓȂƷǆǣ ǆȂǼȖǦȖȝȖ Ȃǜ ǻȂǌǐǶǦǼǝ ȝǣǐ ȓǦǼǝȖ ȠȖǦǼǝ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶऄँॶआँॶआं ΘǣǦǶǐ Ʒǆৄ

ǆȂȠǼȝǦǼǝ ǜȂȓ ȝǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ǆȂȓǐ ȖǦΣǐॶ ΘǣǦǆǣ ǦȖ ƷȖȖȠǻǐǌ ȝȂ ǣƷΗǐ Ʒ ǆǦȓǆȠǶƷȓ ǆȓȂȖȖৄȖǐǆȝǦȂǼ ǜȂȓ ƷǶǶ

ȝǦǻǐॽ sǦȝǣ ȝǣǐ ȏƷȓƷǻǐȝǐȓȖ ǝǦΗǐǼ ǅΞ ȝǣǦȖ ǻȂǌǐǶॶ Θǐ ǌǐȝǐȓǻǦǼǐ ȝǣǐ ǝȓȂΘȝǣ ȓƷȝǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷৄ

ǅǦǶǦȝΞॶ ƷȖ ǆƷǶǆȠǶƷȝǐǌ ǦǼंआॽ

XǐǝȠǶƷȓǦΣƷȝǦȂǼ Ȃǜ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶ ǦȖ ȓǐȒȠǦȓǐǌ ǌȠǐ ȝȂ ȝǣǐ ǶȂǝƷȓǦȝǣǻǦǆ ǌǦΗǐȓǝǐǼǆǐ Ȃǜ ȝǣǐ ȏȓǦǼৄ

ǆǦȏƷǶ ǦǼȝǐǝȓƷǶॽ ,ǐȓǐॶ Θǐ ȠȖǐ ȝǣǐ ȓǐǝȠǶƷȓǦΣƷȝǦȂǼ ȠȖǐǌ ǦǼआँॶआंॽ �ǐǼȂȝǦǼǝ ܿȅ(ȼ) ƷȖ ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖ Ȃǜ ǐƷǆǣ

ΗȂȓȝǐΝ ЖǶƷǻǐǼȝॶ ȅॶ Ʒȝ ȝǦǻǐॶ ȼॶ Θǐ ȓǐȏǶƷǆǐ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǦǼȝǐǝȓƷǶ Ƞȏ ȝȂ Ʒ ȏȓǐǜƷǆȝȂȓ ǅΞॵ

∂ȓȅ(ܴ, ȼ)
∂ȼ =

∑

Ȑ

۵Ȑ
ܼࣥ

∫

ǜǦǶƷǻǐǼȝȐ
ǫܴ′

∂ȓȐ
∂ܴ′ × (ȓȅ(ܴ)− ȓȐ(ܴ′))

[(ȓȅ(ܴ)− ȓȅ(ܴ′))ࣣ + ܿȅ(ܴ)ࣣ + ܿȐ(ܴ′)ࣣ]ࣤ/ࣣ
. �ॽऀ

/Ǽ ȝǣǦȖ ǆȂǼЖǝȠȓƷȝǦȂǼॶ Θǐ ǆȂǼȖǦǌǐȓ ȝΘȂ ЖǶƷǻǐǼȝȖॶ ΘǦȝǣ ǦǼǌǦǆǐȖ ȅ =  ƷǼǌ ȅ = ࣣॽ bǣǐ ǆǐǼȝǐȓǶǦǼǐ

ȏȂȖǦȝǦȂǼȖ Ȃǜ ȝǣǐ ЖǶƷǻǐǼȝȖ ΘǦȝǣ ǆǦȓǆȠǶƷȝǦȂǼॶ ۵ȅॶ Ʒȓǐ ǝǦΗǐǼ ǅΞ ȓȅ(ܴ, ȼ)ॽ sǐ ȖȝƷȓȝ ΘǦȝǣ ƷǼ ǦǼǦȝǦƷǶǶΞ ƷΝǦȖΞǻৄ

ǻǐȝȓǦǆ ǆȂǼЖǝȠȓƷȝǦȂǼॶ ǆȂǼȖǦȖȝǦǼǝ Ȃǜ ȝΘȂ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖॶ ȏǐȓǜǐǆȝǶΞ ƷǶǦǝǼǐǌ ƷǶȂǼǝ ȝǣǐ

ȖƷǻǐ ǆǐǼȝȓƷǶ ƷΝǦȖॽ sǐ ȏƷȓƷǻǐȝȓǦΣǐ ȝǣǐ ǆǐǼȝǐȓǶǦǼǐȖ Ȃǜ ȝǣǐ ȝΘȂ ȓǦǼǝȖ ǦǼ ȝǣǐ (Ν̂, Ξ̂, Σ̂) ǌǦȓǐǆȝǦȂǼȖ ǅΞॵ

ȓ(ܴ, ȼ) =





X(ȼ) ǆȂȖ(ܴ)

X(ȼ) ȖǦǼ(ܴ)

−ǫ(ȼ)/ࣣ




ƷǼǌ ȓࣣ(ܴ, ȼ) =





X(ȼ) ǆȂȖ(ܴ)

X(ȼ) ȖǦǼ(ܴ)

+ǫ(ȼ)/ࣣ




, �ॽँ

ΘǣǐȓǐX(ȼ) ǦȖ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖॶ ƷǼǌ ȝǣǐ ƷΣǦǻȠȝǣƷǶ ƷǼǝǶǐ ǦȖ ǝǦΗǐǼ ǅΞ ࣡ ≤ ܴ ≤ ࣣܼॽ bǣǐ ȏǐȓৄ

ȏǐǼǌǦǆȠǶƷȓ ǌǦȖȝƷǼǆǐ ǅǐȝΘǐǐǼ ȝǣǐ ȝΘȂ ȓǦǼǝȖॶ ǫ(ȼ)ॶ ǦȖ ȝƷǴǐǼ ȝȂ ǅǐ ȏȂȖǦȝǦΗǐॶ ƷǼǌ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼȖ Ʒȓǐ

अँ



۵ = −۵ࣣ = ۵ > ࣡ॽ sǦȝǣ ȝǣǐȖǐ ǆȂǼΗǐǼȝǦȂǼȖॶ ЖǶƷǻǐǼȝ ॶ Ʒȝ ͩ = −ǫ(ȼ)/ࣣॶ ǻȂΗǐȖ ȠȏΘƷȓǌॶ

ȝȂΘƷȓǌ ЖǶƷǻǐǼȝ ࣣ Ʒȝ ͩ = ǫ(ȼ)/ࣣॽ

/Ǽ ȝǣǐ ǜȂǶǶȂΘǦǼǝॶ ƷȖ ΘƷȖ ȝǣǐ ǆƷȖǐ ǦǼआँॶआंॶ Θǐ ǦǻȏȂȖǐ ǦǼǆȂǻȏȓǐȖȖǦǅǦǶǦȝΞॶ ǅΞ ǐǼǜȂȓǆǦǼǝ ȝǣƷȝ ȝǣǐ ȝȂȝƷǶ

ΗȂǶȠǻǐ Ȃǜ ȝǣǐ ȓǦǼǝȖ ǦȖ ǆȂǼȖǐȓΗǐǌॵ

X(ȼ)ࣣܿ(ȼ) = Xࣣ࣡ܿ࣡. �ॽं

bǣǐ ǐΗȂǶȠȝǦȂǼ ǐȒȠƷȝǦȂǼȖ ȓǐǌȠǆǐ ȝȂ ȝΘȂ ȖǦǻȏǶǐ ȂȓǌǦǼƷȓΞ ǌǦЍǐȓǐǼȝǦƷǶ ǐȒȠƷȝǦȂǼȖ ǜȂȓX(ȼ) ƷǼǌ ǫ(ȼ)ॶ

ƷȖ ǐΝȏǶƷǦǼǐǌ ǦǼ ȝȠȓǼॽ sǦȝǣ ȝǣǐ ȏƷȓƷǻǐȝǐȓǦΣƷȝǦȂǼ ȏȓȂȏȂȖǐǌ ǦǼ �Ȓॽ �ॽँॶ ƷǼ ǐǶǐǻǐǼȝƷȓΞ ǆƷǶǆȠǶƷȝǦȂǼ

ȖǣȂΘȖ ȝǣƷȝ ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ Ȃǜ ȝǣǐ ЖǶƷǻǐǼȝ  ȝȂ ȝǣǐ ΗǐǶȂǆǦȝΞ Ʒȝ ȝǣǐ ȏȂǦǼȝ ȓ(ܴ) ȓǐǌȠǆǐȖ ȝȂ Ʒ ȠǼǦǜȂȓǻ

ΗǐǶȂǆǦȝΞ ǦǼ ȝǣǐ ȏȂȖǦȝǦΗǐ ͩৄǌǦȓǐǆȝǦȂǼॵ

͝,ȵͩ =
۵
ܼࣥ

∫ ࣣܼ

࣡
ǫܴ′ X(ȼ)ࣣ(− ǆȂȖ(ܴ− ܴ′))

[ࣣX(ȼ)ࣣ(− ǆȂȖ(ܴ− ܴ′)) + ࣣࣣܿ]ࣤ/ࣣ
. �ॽः

bǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ Ȃǜ ЖǶƷǻǐǼȝ ࣣ ȝȂ ȝǣǐ ΗǐǶȂǆǦȝΞ Ȃǜ ЖǶƷǻǐǼȝ  ǆȂǼȖǦȖȝȖ Ȃǜ Ʒ ǆȂǻȏȂǼǐǼȝ ǦǼ ȝǣǐ ȓƷǌǦƷǶ

ǌǦȓǐǆȝǦȂǼॵ

͝,ȚȲ =
۵
ܼࣥ

∫ ࣣܼ

࣡
ǫܴ′ ǫ(ȼ)X(ȼ) ǆȂȖ(ܴ− ܴ′)

[ࣣX(ȼ)ࣣ(− ǆȂȖ(ܴ− ܴ′)) + ǫ(ȼ)ࣣ + ࣣࣣܿ]ࣤ/ࣣ
�ॽऄ

ƷǼǌ Ʒ ǆȂǻȏȂǼǐǼȝ ǦǼ ȝǣǐ ΗǐȓȝǦǆƷǶ ǌǦȓǐǆȝǦȂǼॵ

͝,Țͩ = − ۵
ܼࣥ

∫ ࣣܼ

࣡
ǫܴ′ X(ȼ)ࣣ(− ǆȂȖ(ܴ− ܴ′))

[ࣣX(ȼ)ࣣ(− ǆȂȖ(ܴ− ܴ′)) + ǫ(ȼ)ࣣ + ࣣࣣܿ]ࣤ/ࣣ
. �ॽअ

,ǐǼǆǐॶ ȝǣǐ ǐΗȂǶȠȝǦȂǼ ǐȒȠƷȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖॶX(ȼ) ȓǐǌȠǆǐȖ ȝȂॵ

Ẋ(ȼ) = ͝,ȚȲ =
۵ǫ(ȼ)

ࣣܼX(ȼ)ࣣ ࣣǫ(ȼ))]܉ + ࣣࣣܿ)/(ࣣX(ȼ)ࣣ)], �ॽआ

अं



Θǣǐȓǐ ܉ ǦȖ ǌǐЖǼǐǌ ƷȖॵ

(xࣣ)܉ =

∫ ࣣܼ

࣡
ǫܴ′ ǆȂȖ(ܴ− ܴ′)

[ࣣ(− ǆȂȖ(ܴ− ܴ′)) + ࣣxࣣ]ࣤ/ࣣ
. �ॽइ

[ǦǻǦǶƷȓǶΞॶ ȝǣǐ ǐΗȂǶȠȝǦȂǼ ǐȒȠƷȝǦȂǼ Ȃǜ ȝǣǐ ȖȏƷǆǦǼǝ ǅǐȝΘǐǐǼ ȝǣǐ ȓǦǼǝȖॶ ǫ(ȼ)ॶ ǦȖ ǝǦΗǐǼ ǅΞॵ

ǫ̇(ȼ) = ͝,ȵͩ + ͝,Țͩ =
۵

ࣣܼX(ȼ)

(
ࣣǫ(ȼ))]܇ + ࣣܿ)/(ࣣX(ȼ)ࣣ)]− [ࣣX(ȼ)/ࣣܿ]܇

)
, �ॽई

Θǣǐȓǐ ܇ ǦȖ ǌǐЖǼǐǌ ƷȖॵ

(xࣣ)܇ =

∫ ࣣܼ

࣡
ǫܴ′ (− ǆȂȖ(ܴ− ܴ′))

[ࣣ(− ǆȂȖ(ܴ− ܴ′)) + ࣣxࣣ]ࣤ/ࣣ
. �ॽऀࣿ

/ȝ ǦȖ Ʒ ȖǦǻȏǶǐ ǻƷȝȝǐȓ ȝȂ ǆȂǻȏȠȝǐ ƷȖΞǻȏȝȂȝǦǆ ǐΝȏȓǐȖȖǦȂǼȖ ǜȂȓ ȝǣǐ ǜȠǼǆȝǦȂǼȖ ܇ ƷǼǌ ܉ ΘǣǐǼ xࣣ → ࣡

Ȃȓ xࣣ → ∞ॽ bȂ ǌǐȝǐȓǻǦǼǐ ȝǣǐ ǐΗȂǶȠȝǦȂǼ ȂǜX(ȼ) ƷǼǌ ǫ(ȼ)ॶ Θǐ ǼȠǻǐȓǦǆƷǶǶΞ ǦǼȝǐǝȓƷȝǐ �Ȓॽ �ॽंॶ

�Ȓॽ �ॽआ ƷǼǌ �Ȓॽ �ॽईॽ

�৷ं৷ँ �ԮӹҷӸӢӅ ӏԪԀӲԞԚӢԀӹ Ԁә Ԛӟӏ ԪԀԏԚӏԭ ԏӢӹӚԓ

�Ȓॽ �ॽंॶ �Ȓॽ �ॽआॶ ƷǼǌ �Ȓॽ �ॽई Ʒȓǐ ȠȖǐǌ ȝȂ ǆȂǻȏƷȓǐ ȝǣǐ ȓƷǌǦƷǶ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ ȓǦǼǝȖ

ǜȓȂǻ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶ ΘǦȝǣ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ ǌƷȝƷ ǦǼ ȝǣǐ ǦǼȖǐȝ Ȃǜ $Ǧǝॽ ँॽऀ� ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ

bǣǦȖ ǻȂǌǐǶ ƷǝȓǐǐȖ ΘǐǶǶ ΘǦȝǣ ȝǣǐ ǻǐƷǼ ȓƷǌǦƷǶ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ ȓǦǼǝȖ ȏȓǦȂȓ ȝȂ ǅȓǐƷǴǦǼǝ ǌȂΘǼॶ Ʒȝ ΘǣǦǆǣ

ȏȂǦǼȝ ȝǣǐ ƷȖȖȠǻȏȝǦȂǼȖ Ȃǜ �ǦȂȝৄ[ƷΗƷȓȝ Ʒȓǐ ǆǶǐƷȓǶΞ ΗǦȂǶƷȝǐǌॽ ,ǐȓǐॶ Θǐ ǜȠȓȝǣǐȓ ǆȂǻȏƷȓǐ ȝǣǐ ǻȂǌǐǶ

ƷǝƷǦǼȖȝ ǌǦȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ ΘǣǦǆǣ ǌǐȖǆȓǦǅǐ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ ΘǦȝǣ

ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǦǼǦȝǦƷǶ ǆȂǼǌǦȝǦȂǼȖॵ X(࣡) = X࣡ॶ ǫ(࣡) = ࣣ.ࣦX࣡ॶ ƷǼǌ ܿ(࣡) = ࣡.X࣡ॽ bǣǦȖ ǆǣȂǦǆǐ Ȃǜ ȏƷৄ

ȓƷǻǐȝǐȓȖ ƷǶǶȂΘȖ ǜȂȓ ȝǣǐ ǌǦȓǐǆȝ ǆȂǻȏƷȓǦȖȂǼ Ȃǜ ȝǣǐ ǻȂǌǐǶ ΘǦȝǣ ȝǣǐ �C[ॶ ȖȝƷȓȝǦǼǝ ǜȓȂǻ ȝǣǐ ȖƷǻǐ ǦǼǦȝǦƷǶ

ǆȂǼЖǝȠȓƷȝǦȂǼॽ bǣǐ �C[ ǆȂǶǶǦȖǦȂǼॶ Θǣǐȓǐ Xǐ۵ = ࣦࣥ࣡࣡ॶ ΘƷȖ ƷǶȓǐƷǌΞ ȏȓǐȖǐǼȝǐǌ ǦǼ $Ǧǝॽ ँॽँ�ॶ� Ȃǜ ȝǣǐ

ǻƷǦǼ ȝǐΝȝ ƷǼǌ ǦǼBȂΗǦǐ [ंॽ

अः



Figure B.3: Comparison between the evolu on of the perpendicular spacing between the cores, ǫ(ȼ), and the vortex
ring radius,X(ȼ), obtained from DNS of the Navier-Stokes equa ons where Re۵ = ࣦࣥ࣡࣡ (full lines) and from the
Biot-Savart model (dashed lines). For both configura ons, ǫ(࣡) = ࣣ.ࣦX࣡ and ܿ(࣡) = ࣡.X࣡.

$Ǧǝॽ �ॽं ȖǣȂΘȖ ȝǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝ ȓƷǌǦȠȖॶX(ȼ)ॶ ǅǶȠǐ ǆȠȓΗǐȖ ƷǼǌ ȝǣǐ ȏǐȓȏǐǼǌǦǆȠǶƷȓ

ǌǦȖȝƷǼǆǐ ǅǐȝΘǐǐǼ ȝǣǐ ЖǶƷǻǐǼȝȖॶ ǫ(ȼ)ॶ ȓǐǌ ǆȠȓΗǐȖॽ bǣǐ ȖȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶ ǦȖ ȖǣȂΘǼ

ΘǦȝǣ ǌƷȖǣǐǌ ǶǦǼǐȖॶ ƷǼǌ ȝǣǐ ǜȠǶǶ ǶǦǼǐȖ ǆȂȓȓǐȖȏȂǼǌ ȝȂ ȝǣǐ ȖƷǻǐ ǆȂǼЖǝȠȓƷȝǦȂǼ ǐΗƷǶȠƷȝǐǌ ǼȠǻǐȓǦǆƷǶǶΞ ǅΞ

ȖȂǶΗǦǼǝ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖॽ �Ȗ ȝǣǐ ȝΘȂ ȓǦǼǝȖ ǦǼǦȝǦƷǶǶΞ ƷȏȏȓȂƷǆǣ ȂǼǐ ƷǼȂȝǣǐȓॶ ȝǣǐ ǌǦȖȝƷǼǆǐ

ǅǐȝΘǐǐǼ ȝǣǐǻ ǌǐǆȓǐƷȖǐȖ ǶǦǼǐƷȓǶΞॽ ,ȂΘǐΗǐȓॶ ǦǼ ǅȂȝǣ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶ ƷǼǌ ȝǣǐ �C[ॶ ȝǣǐ ȓǦǼǝȖ

ȓǐƷǆǣ Ʒ ǻǦǼǦǻȠǻ ǌǦȖȝƷǼǆǐ ȂǼ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ȝǣǐ ǆȂȓǐ ȖǦΣǐ ǅǐǜȂȓǐ ǅȓǐƷǴǦǼǝ ǌȂΘǼॽ �ȠȓǦǼǝ ȝǣǐ ǶƷȝǐ ȖȝƷǝǐ

Ȃǜ ȝǣǐ ǆȂǶǶǦȖǦȂǼॶ ȝǣǐ ȓǦǼǝȖ ǝȓȂΘ ȓƷǌǦƷǶǶΞ ȂȠȝΘƷȓǌȖঃ ǣȂΘǐΗǐȓॶ ȝǣǐ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ ȓǦǼǝ ȓƷǌǦȠȖ ȏȓǐǌǦǆȝǐǌ

ǅΞ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶ ȖǦǝǼǦЖǆƷǼȝǶΞ ǐΝǆǐǐǌȖ ȝǣƷȝ Ȃǜ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȂǅȝƷǦǼǐǌ ǜȓȂǻ ȝǣǐ �C[ ǅǐǆƷȠȖǐ

अऄ



ȝǣǐ ǆȂȓǐ ǌΞǼƷǻǦǆȖূƷǼǌ ǣǐǼǆǐ ȝǣǐ ǅȓǐƷǴǌȂΘǼূǦȖ ǼȂȝ ǆƷȏȝȠȓǐǌ ǅΞ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶॽ

�৷ं৷ं �ӲӲӢԌԚӢӅҷӲ ӢӹԓԚҷӂӢӲӢԚԮ

,ǐȓǐ Θǐ ǐΝƷǻǦǼǐ ȝǣǐ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ΘǣǐǼ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǆȂǶǶǦǌǐ ǣǐƷǌৄȂǼॽ

sǐ Ʒȓǐ ȏȓǦǻƷȓǦǶΞ ǦǼȝǐȓǐȖȝǐǌ ǦǼ ȝǣǐ ǝȓȂΘȝǣ Ȃǜ ȖǣȂȓȝৄΘƷΗǐǶǐǼǝȝǣ ǻȂǌǐȖॶ ǆǣƷȓƷǆȝǐȓǦȖȝǦǆ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ

ǦǼȖȝƷǅǦǶǦȝΞःࣿॶंईॽ $Ȃȓ ȝǣǦȖ ȓǐƷȖȂǼॶ Θǐ ǼǐǝǶǐǆȝ ȝǣǐ ǆȠȓΗƷȝȠȓǐ Ȃǜ ȝǣǐ ȓǦǼǝȖ ƷǼǌ ƷȏȏȓȂΝǦǻƷȝǐ ȝǣǐ ЖǶƷǻǐǼȝȖ

ΘǦȝǣ Ʒ ȏƷǦȓ Ȃǜ ȖȝȓƷǦǝǣȝ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǦǆǐȖॶ ǶȂǆƷȝǐǌ Ʒȝ ͩ = ±ǫ(ȼ)/ࣣॶ ΘǦȝǣ ǆǦȓǆȠǶƷȝǦȂǼȖ±۵ॶ ƷǼǌ ǐƷǆǣ

ΘǦȝǣ Ʒ ǆȂȓǐ ȓƷǌǦȠȖ ܿ(ȼ)ॽ bǣǐ ΗƷǶȠǐȖ Ȃǜ ǫ(ȼ) ƷǼǌ ܿ(ȼ) Ʒȓǐ ǌǐȝǐȓǻǦǼǐǌ ǜȓȂǻ ȝǣǐ ȖȂǶȠȝǦȂǼȖ Ȃǜ ȝǣǐ �ǦȂȝৄ

[ƷΗƷȓȝ ǻȂǌǐǶॽ

bǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ȓǐȖȠǶȝȖ ǦǼ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ΘǦȝǣ Ʒ ΘƷΗǐৄ

ǶǐǼǝȝǣ ȂǼ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ȝǣǐ ǆȂȓǐ ȖǦΣǐंईॽ HȠȓ ƷǼƷǶΞȖǦȖ ǦȖ ǅƷȖǐǌ ȂǼ ȝǣǐ ΘȂȓǴ Ȃǜ =ǐ�ǦΣǐȖॶ ΘǣȂ ǐΝƷǻǦǼǐǌ

ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǦǼ ȝǣǐ ȖƷǻǐ ЙȂΘ ǆȂǼЖǝȠȓƷȝǦȂǼ ंआॶंइॽ =ǐ�ǦΣǐȖ ǌǐȓǦΗǐǌ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǐȒȠƷৄ

ȝǦȂǼ ǜȂȓ ȝǣǐ ǝȓȂΘȝǣ ȓƷȝǐॶ ॶܯ Ȃǜ ƷǼ ǦǼЖǼǦȝǐȖǦǻƷǶ ȏǐȓȝȠȓǅƷȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ΘǦȝǣ Ʒ ǶȂǼǝǦȝȠǌǦǼƷǶ

ΘƷΗǐǼȠǻǅǐȓ ȓͩॵ

ܯ = ۵
ࣩܼǫࣣ

√(
ࣤ
ࣥ

)ࣥ
<C=(࣡)ࣣ −

ࣧࣥǫࣥ
ܿࣥ

(

ࣣ
− ǆȂȖ(ܲ(Ț))

)ࣣ
− ࣩܼȓࣣͩǫࣣ

Xǐ۵ ǆȂȖ(ܲ(Ț))
, �ॽऀऀ

Θǣǐȓǐ<C=(࣡) = .ࣦ+ ࣡.ࣩ࣡ࣤ× ࣡.ࣧ−࣪/ࣦ ≈ ࣣ.ࣦࣣॶ ƷǼǌ ǆȂȖ(ܲ(Ț)) =
( 
ࣣ −

(ࣣ.ࣣࣧ+.ࣧ࣪Ț)−ȓͩܿ
ࣥ.ࣩ+࣪Ț

)
ॽ

/Ǽ ȝǣǐ ǐΝȏȓǐȖȖǦȂǼ ǜȂȓ ǆȂȖ(ܲ(Ț))ॶȚ ǦȖ ƷǼ ǦǼȝǐǝǐȓ ȝǣƷȝ ǌǦȖȝǦǼǝȠǦȖǣǐȖ ǅǐȝΘǐǐǼ ȖǐΗǐȓƷǶ ǅȓƷǼǆǣǐȖ Ȃǜ

ȖȂǶȠȝǦȂǼȖॽ sǐ ȂǼǶΞ ǐΝƷǻǦǼǐ ȝǣǐ ǻȂȖȝ ȠǼȖȝƷǅǶǐ ǅȓƷǼǆǣॶ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂȚ = ࣡ॽ bȂ ǐȖȝǦǻƷȝǐ ȝǣǐ

ǝȓȂΘȝǣ ȓƷȝǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ Θǐ ǆȂǼȖǦǌǐȓ ƷǼ ƷΣǦǻȠȝǣƷǶ ȏǐȓȝȠȓǅƷȝǦȂǼ ǻȂǌǐॶ țॶ ƷǶȂǼǝ ȝǣǐ

ȓǦǼǝȖॽ bǣǦȖ ǆȂȓȓǐȖȏȂǼǌȖ ȝȂ Ʒ ΘƷΗǐǼȠǻǅǐȓ ȱț(ȼ) = ț/X(ȼ)ॽ bǣǐ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ ȓƷǌǦȠȖॶX(ȼ)ॶ Ǧǻৄ

ȏǶǦǐȖ ȝǣƷȝ ȝǣǐ ΘƷΗǐǼȠǻǅǐȓ ȱț(ȼ) ǌǐǆȓǐƷȖǐȖ ƷȖ ȝǦǻǐ ȏȓȂǝȓǐȖȖǐȖ ǜȂȓ Ʒ ЖΝǐǌ ΗƷǶȠǐ Ȃǜ țॽ CȂȝǐ ȝǣƷȝ ΘǣǐǼ

ǼǐǝǶǐǆȝǦǼǝ ȝǣǐ ǆȠȓΗƷȝȠȓǐ Ȃǜ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ȓǦǼǝȖॶ ȓͩ = ȱț(ȼ)ॽ

sǐ ǐΗƷǶȠƷȝǐ ȝǣǐ ǝȓȂΘȝǣ ȓƷȝǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ (࣡=Ț)ܯ
ț ॶ ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ȝǦǻǐ ǜȂȓ ț =

अअ



ࣣ࣡, ࣩ࣡, ƷǼǌ ࣣࣥ࣡ॶ ǜȂǆȠȖǦǼǝ ȂǼ ȂǼǶΞ ȝǣǐ ȝǦǻǐȖ ΘǣǐǼ ȝǣǐ ǝȓȂΘȝǣ ȓƷȝǐ ǦȖ ȏȂȖǦȝǦΗǐॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽःॽ

bǣǐȖǐ ΗƷǶȠǐȖ Ȃǜ țΘǐȓǐ ȖǐǶǐǆȝǐǌ ǅǐǆƷȠȖǐ ȝǣǐΞ ǆȂȓȓǐȖȏȂǼǌ ȝȂ ΘƷΗǐǶǐǼǝȝǣȖ ȝǣƷȝ Ʒȓǐ ȂǼ ȝǣǐ Ȃȓǌǐȓ Ȃǜ

ȝǣǐ ǆȂȓǐ ȓƷǌǦȠȖॶ ܿ(ȼ)ॶ ΘǣǐǼ ȝǣǐ ǦǼȖȝƷǅǦǶǦȝΞ ǅǐǝǦǼȖॽ sǐ ǐΝƷǻǦǼǐ ǣȂΘ ȝǣǐ ǝȓȂΘȝǣ ȓƷȝǐȖ Ȃǜ ȝǣǐȖǐ ǻȂǌǐȖ

ǐΗȂǶΗǐ ΘǣǐǼ Xǐ۵ = ࣦࣤ࣡࣡ ǌȂȝȝǐǌৄǌƷȖǣǐǌ ǶǦǼǐȖॶ Xǐ۵ = ࣦࣥ࣡࣡ ǌƷȖǣǐǌ ǶǦǼǐȖ ƷǼǌ Xǐ۵ = ࣦ࣡࣡࣡

ǜȠǶǶ ǶǦǼǐȖॽ bǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǌǐΗǐǶȂȏȖ Ʒȝ ǐƷǆǣ ΗƷǶȠǐ Ȃǜ ț ȂǼǶΞ ȂΗǐȓ Ʒ ȖǣȂȓȝ ȏǐȓǦȂǌ Ȃǜ ȝǦǻǐॽ bǣǐ

ǻƷǝǼǦȝȠǌǐ Ȃǜ ȝǣǐ ǝȓȂΘȝǣ ȓƷȝǐ (࣡=Ț)ܯ
ț ǦǼǆȓǐƷȖǐȖ ƷȖ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǦǼǆȓǐƷȖǐȖॽ

Figure B.4: Onset of the ellip cal instability for colliding vortex rings. The normalized growth rate, ,țܯ of three azimuthal
perturba on modes, ț, is evaluated for the head-on collision of two vortex rings using Eq. �ॽऀऀ. (inset) zoomed-in
view of the plot of the ț = ࣣ࣡ mode indicated by the dashed gray box. The full lines, dashed lines, and dot-dashed
lines correspond to Re۵ = ࣦ࣡࣡࣡, ࣦࣥ࣡࣡, and ࣦࣤ࣡࣡, respec vely. The values ofX(ȼ) and ǫ(ȼ) are calculated from the
Biot-Savart model, shown by the dashed lines in Fig. B.3 above.

bǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶূ�Ȓॽ �ॽंॶ �Ȓॽ �ॽआॶ ƷǼǌ �Ȓॽ �ॽईূȏȓȂΗǦǌǐȖ Ʒ ȖǐǻǦৄȒȠƷǼȝǦȝƷȝǦΗǐ ǌǐৄ

ȖǆȓǦȏȝǦȂǼ Ȃǜ ȝǣǐ ȖȂǶȠȝǦȂǼȖ Ȃǜ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖ ΘǣǐǼ ȝǣǐ ț = ࣣ࣡ ǻȂǌǐ ǅǐǆȂǻǐȖ ȠǼৄ

अआ



ȖȝƷǅǶǐॶ ƷȖ ȖǣȂΘǼ ǦǼ ȝǣǐ ǦǼȖǐȝ Ȃǜ $Ǧǝॽ �ॽःॽ �ȝ ȝǣǦȖ ȝǦǻǐॶ ۵ȼ/Xࣣ
࣡ = ࣦ.࣪ॶ ȝǣǐ ȠǼȖȝƷǅǶǐ ΘƷΗǐǶǐǼǝȝǣ ǦȖ

ܷ ≈ ࣣܼX(ȼ)/ࣣ࣡ ≈ ࣣܿ(ȼ)ॽ bǣǐ ǻȂǌǐǶ ȝǣǐȓǐǜȂȓǐ ȏȓǐǌǦǆȝȖ ȝǣƷȝ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ΘǦȝǣ Ʒ ΘƷΗǐǶǐǼǝȝǣ ȂǼ

ȝǣǐ Ȃȓǌǐȓ Ȃǜ ȝǣǐ ǆȂȓǐ ȖǦΣǐ Ʒȓǐ ȠǼȖȝƷǅǶǐ ǌȠǐ ȝȂ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǻǐǆǣƷǼǦȖǻ ΘǣǐǼ Xǐ۵ = ࣦࣥ࣡࣡ॶ

ǅȠȝ Ʒȓǐ ȖȝƷǅǶǐ ǜȂȓ Xǐ۵ = ࣦࣤ࣡࣡ॶ ǦǼ ȒȠƷǶǦȝƷȝǦΗǐ ƷǝȓǐǐǻǐǼȝ ΘǦȝǣ ȂȠȓ ЖǼǌǦǼǝȖॽ bǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷৄ

ǅǦǶǦȝΞ ǦȖ ȖȝǦǶǶ ȝȓǦǝǝǐȓǐǌ ǜȂȓ ȝǣǐ Xǐ۵ = ࣦࣤ࣡࣡ ǆȂǼЖǝȠȓƷȝǦȂǼॶ ƷǶǅǐǦȝ Ʒȝ ǶƷȝǐȓ ȝǦǻǐȖॽ bǣǐ ǻȂǌǐǶ ƷǶȖȂ

ǌǐǻȂǼȖȝȓƷȝǐȖ ȝǣƷȝ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǜȂȓ Xǐ۵ = ࣦࣥ࣡࣡ ȂǆǆȠȓȖ ΘǣǐǼ ȝǣǐ ȖȏƷǆǦǼǝ

ǅǐȝΘǐǐǼ ȝǣǐ ȓǦǼǝȖॶ ǫ(ȼ)ॶ ȓǐƷǆǣǐȖ ȝǣǐ ǻǦǼǦǻȠǻ ȝǣȓǐȖǣȂǶǌ ȂǼ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ȝǣǐ ǦǼǦȝǦƷǶ ǆȂȓǐ ȝǣǦǆǴǼǐȖȖॶ

ࣣܿ࣡ = ࣡.ࣣX࣡ॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽंॽ bǣǦȖ ǦȖ ǆȂǼȖǦȖȝǐǼȝ ΘǦȝǣ ȝǣǐ ǐΝȏǐȓǦǻǐǼȝƷǶ ƷǼǌ �C[ ȓǐȖȠǶȝȖ ȖǣȂΘǼ

ǦǼ $Ǧǝॽ ँॽँ�ৄ� ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ

�৷ः CԀӹӲӢӹӏҷԏ ӋӏԪӏӲԀԌӸӏӹԚ Ԁә Ԛӟӏ ӏӲӲӢԌԚӢӅҷӲ ӢӹԓԚҷӂӢӲӢԚԮ

�৷ः৷ऀ $ԀԏӸҷԚӢԀӹ Ԁә ԓӏӅԀӹӋҷԏԮ ԪԀԏԚӏԭ әӢӲҷӸӏӹԚԓ

$ȂǶǶȂΘǦǼǝ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ȝǣƷȝ ȓǐȖȠǶȝ ǜȓȂǻ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶৄ

ǦȝΞॶ ƷǼ ƷȓȓƷΞ Ȃǜ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ȖȏȂǼȝƷǼǐȂȠȖǶΞ ǜȂȓǻȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ȂȓǦǝǦǼƷǶ ΗȂȓȝǐΝ

ǆȂȓǐȖॽ bǣǦȖ ǣƷȖ ǅǐǐǼ ǌǦȓǐǆȝǶΞ ȂǅȖǐȓΗǐǌ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ƷǼǌ ǼȠǻǐȓǦǆƷǶǶΞ ǜȂȓ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖॶ ƷȖ

ǌǐȝƷǦǶǐǌ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ bǣǐ ȖƷǻǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖ ǐǻǐȓǝǐ ΗǦƷ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǌȠȓǦǼǝ ȝǣǐ

ǦǼȝǐȓƷǆȝǦȂǼ ǅǐȝΘǐǐǼ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖःࣿॶंऄॽ bǣǦȖ ȂǅȖǐȓΗƷȝǦȂǼ ȖǐǐǻȖ Ʒȝ ЖȓȖȝ ȖȠȓȏȓǦȖǦǼǝॶ

ƷȖ Ǧȝ ǦǼǌǦǆƷȝǐȖ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ Ʒ ǆȂǻȏȂǼǐǼȝ Ȃǜ ǆǦȓǆȠǶƷȝǦȂǼ ǦǼ ȝǣǐ ȏǶƷǼǐ ȖǐȏƷȓƷȝǦǼǝ ȝǣǐ ȝΘȂ ΗȂȓৄ

ȝǦǆǐȖॶ Θǣǐȓǐ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǦȖ ǦǼǦȝǦƷǶǶΞ ΣǐȓȂॽ /ǜ ȝǣǐ ǻǦǌȏǶƷǼǐ ȖǐȏƷȓƷȝǦǼǝ ȝǣǐ ȝΘȂ ΗȂȓȝǦǆǐȖ Ǧॽǐॽ ȝǣǐ ͩ = ࣡

ȏǶƷǼǐ Θǐȓǐ Ʒ ȏǶƷǼǐ Ȃǜ ȖΞǻǻǐȝȓΞূƷȖ ǦȖ ȝǣǐ ǆƷȖǐ ǦǼ ǻƷǼΞ ȖȝȠǌǦǐȖ ǐΝƷǻǦǼǦǼǝ ȝǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞऀࣿ Ȃǜ

ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǐΝ ȝȠǅǐȖअࣿॶँअূȝǣǐ ΗȂȓȝǦǆǦȝΞ ƷǶȂǼǝ ȝǣǦȖ ȏǶƷǼǐ ΘȂȠǶǌ ȓǐǻƷǦǼ ΣǐȓȂ Ʒȝ ƷǶǶ ȝǦǻǐȖॽ bǣǐ ƷǼȝǦৄ

ȖΞǻǻǐȝȓǦǆ ǼƷȝȠȓǐ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅǐǌ ΗȂȓȝǐΝ ǆȂȓǐȖॶ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽँ�ৄ� Ȃǜ ȝǣǐ ǻƷǦǼ ȝǐΝȝॶ ǣȂΘǐΗǐȓॶ

ƷǶǶȂΘȖ ǜȂȓ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ Ʒ ǼȂǼৄΣǐȓȂ ǆǦȓǆȠǶƷȝǦȂǼ ǦǼ ȝǣǐ ǆȂǶǶǦȖǦȂǼ ȏǶƷǼǐॽ ,ǐȓǐॶ Θǐ ǐΝƷǻǦǼǐ ǣȂΘ Ʒ

ȖǦǝǼǦЖǆƷǼȝ ǆȂǻȏȂǼǐǼȝ Ȃǜ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ ǆƷǼ ƷǆǆȠǻȠǶƷȝǐ ȂǼ ȝǣǐ ȏǶƷǼǐ ͩ = ࣡ॶ ȓǐǜǐȓȓǐǌ ȝȂ ǣǐȓǐ ƷȖ ȝǣǐ

अइ



ȏǶƷǼǐ Ȃǜ ȓǐЙǐǆȝǦȂǼॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽः�ৄ� ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ

sǐ ǐΝƷǻǦǼǐ ȝǣǐ ȖƷǻǐ ǌǦȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼ ȏȓǐȖǐǼȝǐǌ ǦǼ $Ǧǝॽ ँॽः ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝ ƷǼǌ

BȂΗǦǐ [ऄॶ ǆȂǼȖǦȖȝǦǼǝ Ȃǜ ȝΘȂॶ ǦǼǦȝǦƷǶǶΞ ȏƷȓƷǶǶǐǶॶ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ȝȠǅǐȖ ΘǦȝǣ Xǐ۵ = ࣦࣥ࣡࣡ॽ

sǐ ǐΝƷǻǦǼǐ ȝǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ǼȂȓǻƷǶ ΗȂȓȝǦǆǦȝΞ ǆȂǻȏȂǼǐǼȝॶ ݅ͣॶ ƷǶȂǼǝ Ʒ ЖΝǐǌ ƷΝǦƷǶ ǆȓȂȖȖৄȖǐǆȝǦȂǼ Ȃǜ

ȝǣǐ ȝȠǅǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽऄॽ bǣǐ Ƞȏȏǐȓ ΗȂȓȝǐΝ ȓȂȝƷȝǐȖ ǦǼ ȝǣǐ ǆǶȂǆǴΘǦȖǐ ǌǦȓǐǆȝǦȂǼॶ ƷǼǌ ȝǣǐ ǶȂΘǐȓ

Figure B.5: Forma on of a secondary vortex filament. Temporal evolu on of the axial vor city distribu on, ݅ͣ(ͤ, ͩ),
along a fixed cross sec on at ͣ/L = ࣡.ࣩࣥ for DNS of counter-rota ng vortex tubes where Re۵ = ࣦࣥ࣡࣡. The black
arrows indicate the propaga on direc on, though a horizontal offset is applied at each me to keep the vor ces in the
center of the domain. (A) The vor city from the two vortex tubes is ini ally separated along the (ͩ = ࣡) reflec on
plane. (B) As the perturba ons develop, the lower core migrates to the leading direc on and the upper core migrates to
the trailing end. (C) The cores fla en into sheet-like structures, and vor city from the upper vortex is advected down to
the lower vortex. (D) The cores contract into highly curved, sheetlike structures where the vor city is concentrated. The
advected vor city forms a secondary vortex filament across the (ͩ = ࣡) reflec on plane. Note: ܿ = ࣡.࣡ࣧL, Ǥ = ࣣ.ࣦܿ,
and ȼ∗ = ۵ȼ/Ǥࣣ.

अई



ΗȂȓȝǐΝ ȓȂȝƷȝǐȖ ǦǼ ȝǣǐ ȂȏȏȂȖǦȝǐ ǌǦȓǐǆȝǦȂǼॶ ȓǐȖȠǶȝǦǼǝ ǦǼ ȝǣǐǦȓ ȏȓȂȏƷǝƷȝǦȂǼ ǦǼ ȝǣǐ ǼǐǝƷȝǦΗǐ ͤ−ǌǦȓǐǆȝǦȂǼॶ

ǦǼǌǦǆƷȝǐǌ ǅΞ ȝǣǐ ǅǶƷǆǴ ƷȓȓȂΘȖॽ /ǼǦȝǦƷǶǶΞॶ ȝǣǐ ΗȂȓȝǦǆǦȝΞ Ȃǜ ȝǣǐ ȝȠǅǐȖ ǶƷȓǝǐǶΞ ȓǐǻƷǦǼȖ ȂǼ ȝǣǐ ȓǐȖȏǐǆȝǦΗǐ

ȖǦǌǐȖ Ȃǜ ȝǣǐ ȏǶƷǼǐ Ȃǜ ȓǐЙǐǆȝǦȂǼॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽऄ�ॽ ,ȂΘǐΗǐȓॶ ȂǼǆǐ ȝǣǐ ȝȠǅǐȖ ǅǐǆȂǻǐ ȏǐȓȝȠȓǅǐǌॶ

ȝǣǐ ǆǐǼȝȓȂǦǌȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ ǌǐǜȂȓǻ ȖȠǆǣ ȝǣƷȝ ȝǣǐ ǶȂΘǐȓ ǆȂȓǐ ǻȂΗǐȖ ǜȂȓΘƷȓǌ ǦǼ ȝǣǐ ȏȓȂȏƷǝƷȝǦȂǼ

ǌǦȓǐǆȝǦȂǼ ƷǼǌ ȝǣǐ Ƞȏȏǐȓ ǆȂȓǐ ǻȂΗǐȖ ǅƷǆǴΘƷȓǌॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽऄ�ৄ�ॽ bǣǦȖ ǆȂǼȝȓƷȓΞ ǻȂȝǦȂǼ Ȃǜ

ȝǣǐ ǆȂȓǐȖ ǦǶǶȠȖȝȓƷȝǐȖ ȝǣǐ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖॶ ƷȖ ȝǣǦȖ ȏƷȓȝǦǆȠǶƷȓ ǆȓȂȖȖ ȖǐǆȝǦȂǼ

ǦȖ ǶȂǆƷȝǐǌ ƷǶȂǼǝ ƷǼ ƷǼȝǦৄǼȂǌǐ Ȃǜ ȝǣǐ ȏƷǦȓॽ sǣǦǶǐ ȝǣǐ ƷǻȏǶǦȝȠǌǐȖ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǝȓȂΘॶ ȝǣǐ ΗȂȓȝǦǆৄ

ǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼȖ Ȃǜ ȝǣǐ ǆȂȓǐȖ ǆȂǼȝȓƷǆȝ ƷǼǌ ƷǻȏǶǦǜΞ ǦǼȝȂ ЙƷȝȝǐǼǐǌॶ ȖǣǐǐȝৄǶǦǴǐ ȖȝȓȠǆȝȠȓǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ

$Ǧǝॽ �ॽऄ� ƷǼǌ $Ǧǝॽ ँॽः� ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ bǣǐ ǆȠȓΗƷȝȠȓǐȖ Ȃǜ ȝǣǐ ǌǐǜȂȓǻǐǌ ǆȂȓǐȖ Ʒȓǐ Ȃǜ ȂȏȏȂȖǦȝǐ

ȖǦǝǼঃ ȝǣǐ ǶǐƷǌǦǼǝ ΗȂȓȝǐΝ ǆȂȓǐ ǦȖ ǆȠȓΗǐǌ ȝȂΘƷȓǌ ȝǣǐ ȏȓȂȏƷǝƷȝǦȂǼ ǌǦȓǐǆȝǦȂǼ ƷǼǌ ΗǦǆǐৄΗǐȓȖƷ ǜȂȓ ȝǣǐ ȝȓƷǦǶৄ

ǦǼǝ ǆȂȓǐॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ ȝǣǐ ǶȂΘǐȓ ǆȂȓǐॶ ΘǣǦǆǣ ǦȖ ǌǐЙǐǆȝǐǌ ȝȂΘƷȓǌ ȝǣǐ ǶǐƷǌǦǼǝ ǐǌǝǐ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ȏƷǦȓॶ

ǣƷȖ Ʒ ǣǦǝǣǐȓ ǆȠȓΗƷȝȠȓǐ ȝǣƷǼ ȝǣƷȝ Ȃǜ ȝǣǐ Ƞȏȏǐȓ ǆȂȓǐॽ bǣǐ ȝǐǼǌǐǼǆΞ Ȃǜ ȝǣǐ ǴǦǼǴǐǌॶ ȏǐȓȝȠȓǅǐǌ ǆȂȓǐȖ ȝȂ

ǶȂǆƷǶǶΞ ЙƷȝȝǐǼ ǦǼȝȂ ΗȂȓȝǐΝ ȖǣǐǐȝȖ ȓǐȖȠǶȝȖ ǜȓȂǻ ȝǣǐ ȖȝȓǐȝǆǣǦǼǝ ЖǐǶǌ ǝǐǼǐȓƷȝǐǌ ǅΞ ǐƷǆǣ ЖǶƷǻǐǼȝॶ ƷȖ ǆǣƷȓৄ

ƷǆȝǐȓǦΣǐǌ ǅΞ ȝǣǐ �ǦȂȝৄ[ƷΗƷȓȝ ǻȂǌǐǶॽ �Ǽ ǐǶǐǻǐǼȝƷȓΞ ǆƷǶǆȠǶƷȝǦȂǼ ȏȓǐǌǦǆȝȖ ȝǣƷȝॶ ȂǼ ȝǣǐ ȂȠȝǐȓ ȖǦǌǐ Ȃǜ Ʒ

ǴǦǼǴǐǌ ЖǶƷǻǐǼȝॶ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǦȖ Ȗȝȓǐȝǆǣǐǌ ƷǼǌ ǝȓȂΘȖॶ ΘǣǦǶǐ ȂǼ ȝǣǐ ǦǼǼǐȓ ȖǦǌǐॶ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǐǆȓǐƷȖǐȖ

Ȗǐǐ $Ǧǝॽ ः Ȃǜअࣿॽ bǣǐ ȝǐǼǌǐǼǆΞ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅǐǌ ΗȂȓȝǐΝ ǆȂȓǐȖ ȝȂ ЙƷȝȝǐǼ ǦǼȝȂ ȖǣǐǐȝȖ ǦȖ ȝǣǐȓǐǜȂȓǐ ȝǣǐ

ȓǐȖȠǶȝ Ȃǜ ȝǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ǴǦǼǴǐǌ ΗȂȓȝǐΝ ȝȠǅǐȖॽ

�ǐǆƷȠȖǐ ȝǣǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖ Ȃǜ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖ Ʒȓǐ ȏǐȓǦȂǌǦǆॶ ȝǣǐ ȓǐǶƷȝǦΗǐ ȏȂȖǦȝǦȂǼȖ Ȃǜ ȝǣǐ ǆȂȓǐȖ ȓǐৄ

Ηǐȓȝ ǐΗǐȓΞ ǣƷǶǜৄΘƷΗǐǶǐǼǝȝǣ ƷǶȂǼǝ ȝǣǐ ƷΝǦƷǶ ǌǦȓǐǆȝǦȂǼ Ȃǜ ȝǣǐ ȝȠǅǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽअॽ bǣǐ ं� ΗǦৄ

ȖȠƷǶǦΣƷȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖॶ |݅|ॶ ȖǣȂΘȖ ǣȂΘ ȝǣǐ ȏǐƷǴȖ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅǐǌ ǆȂȓǐȖ ЙƷȝȝǐǼ ǦǼȝȂ

ǻȠȖǣȓȂȂǻৄǆƷȏ ȖȝȓȠǆȝȠȓǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽअ�ॽ �Ξ ǶȂΘǐȓǦǼǝ ȝǣǐ ȝǣȓǐȖǣȂǶǌ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǻȂǌৄ

ȠǶȠȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽअ�ॶ ȂǼǐ ǆƷǼ ΗǦȖȠƷǶǦΣǐ ǣȂΘ ȝǣǐ ǐǌǝǐȖ Ȃǜ ȝǣǐ ЙƷȝȝǐǼǐǌ ǆȂȓǐȖ ȓȂǶǶ Ƞȏ ǦǼȝȂ

ȝΘȂ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ȝǣƷȝ Ʒȓǐ ȏȠǶǶǐǌ ȝȂΘƷȓǌ ȝǣǐ ȂȏȏȂȖǦȝǐ ΗȂȓȝǐΝ ȝȠǅǐॽ BȂΗǦǼǝ ƷǶȂǼǝ

ȝǣǐ ƷΝǦƷǶ ǌǦȓǐǆȝǦȂǼॶ ȝǣǐ ǶǐƷǌǦǼǝ ΗȂȓȝǐΝ ȖΘǦȝǆǣǐȖ ǜȓȂǻ ȝǣǐ ȝȂȏ ǆȂȓǐ $Ǧǝॽ �ॽअ� ȝȂ ȝǣǐ ǅȂȝȝȂǻ ǆȂȓǐ

$Ǧǝॽ �ॽअ�ॽ �ȝ ȝǣǐ ǼȂǌǐȖ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖॶ ȝǣǐ ǆȂȓǐȖ Ʒȓǐ ƷǶǦǝǼǐǌ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓॶ ƷȖ ȖǣȂΘǼ ǦǼ

आࣿ



Figure B.6: Alterna ng structure of secondary filaments. DNS of counter-rota ng vortex tubes where Re۵=4500 at
a fixed me, ȼ∗ = ۵ȼ/Ǥࣣ = ࣧ࣡.࣡. (A-B) 3D vor city modulus of the simulated flow and (C-E) distribu on of axial
vor city, ݅ͣ(ͤ, ͩ), along cross sec ons of the tubes indicated by the dashed green lines. The black arrows indicate
the propaga on direc on of the vortex pair. (A) The cores fla en into vortex sheets at the ps of each perturba on
(࣡.ࣣ࣡࣪ ≤ |݅|/|݅|max ≤ ࣡.ࣣࣣ). (B) The edges of the each fla ened perturba on roll up into pairs of secondary
filaments (࣡.࣡ࣤ ≤ |݅|/|݅|max ≤ ࣡.ࣦ࣡ࣤ). Due to the an symmetric structure of the perturba ons, the orienta on
of the secondary filament pairs alternates periodically. (C) At an -nodes where the top vortex core leads, the secondary
filament is stretched up from the lower vortex tube. (D) At nodes, neither vortex core leads and no secondary filaments
form. (E) At an -nodes where the bo om vortex core leads, the secondary filament is stretched down from the upper
vortex tube. Note: ܿ = ࣡.࣡ࣧL and and Ǥ = ࣣ.ࣦܿ.

$Ǧǝॽ �ॽअ�ॽ CȂȝƷǅǶΞॶ ȝǣǐ ǦǼǣǐȓǐǼȝ ƷȖΞǻǻǐȝȓΞ Ȃǜ ȝǣǐ ȂЍȖǐȝ ΗȂȓȝǦǆǐȖ ǆƷȠȖǐȖ ȝǣǐ ǣǦǝǣǶΞ ǆȠȓΗǐǌॶ ǶǐƷǌǦǼǝ

ǆȂȓǐ ȝȂ ǶȂǆƷǶǶΞ ƷǌΗǐǆȝ ȝǣǐ ǶȂΘৄΗȂȓȝǦǆǦȝΞ ȓǐǝǦȂǼ Ȃǜ ȝǣǐ ȝȓƷǦǶǦǼǝ ǆȂȓǐ ƷȓȂȠǼǌ ǦȝȖǐǶǜॶ ƷȖ ȏȓǐΗǦȂȠȖǶΞ ȖǣȂΘǼ

ǦǼ $Ǧǝॽ �ॽऄॽ bǣǦȖ ȖǣǐǌǌǦǼǝ Ȃǜ ΗȂȓȝǦǆǦȝΞ ȓǐȏǐƷȝȖ ƷǶȂǼǝ ǐƷǆǣ ƷǼȝǦৄǼȂȝǐ ȏǐƷǴ Ȃǜ ȝǣǐ ȏǐȓȝȠȓǅǐǌ ǆȂȓǐȖॶ ǶǐƷǌৄ

ǦǼǝ ȝȂ ƷǼ ƷǶȝǐȓǼƷȝǦǼǝ ƷȓȓƷΞ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ȝǣƷȝ ȝȓƷΗǐȓȖǐ ȝǣǐ ȏǶƷǼǐ Ȃǜ ȓǐЙǐǆȝǦȂǼॶ

ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽअ�ॽ bǣǐ ƷǶȝǐȓǼƷȝǦȂǼ Ȃǜ ȏƷǦȓȖ Ȃǜ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ƷǆǆȂȠǼȝȖ ǜȂȓ ȝǣǐ ǦǼȝǐȓǌǦǝǦৄ

ȝƷȝǦȂǼ Ȃǜ ȝǣǐ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǦǆǐȖ ΗǦȖȠƷǶǦΣǐǌ ΘǦȝǣ ǌΞǐ ǅȂȝǣ ǐΝȏǐȓǦǻǐǼȝƷǶǶΞ ƷǼǌ ǼȠǻǐȓǦǆƷǶǶΞ ǦǼ ȝǣǐ ǻƷǦǼ

ȝǐΝȝॽ bǣǐ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖȝȓȠǆȝȠȓǐ Ȃǜ ƷǌǱƷǆǐǼȝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽः� ǦǼ ȝǣǐ

आऀ



ǻƷǦǼ ȝǐΝȝॶ ȓǐȖȠǶȝȖ ǜȓȂǻ ȝΘȂ ȖȂȠȓǆǐȖॽ $ǦȓȖȝॶ ȝǣǐ ǐǌǝǐȖ Ȃǜ ǐƷǆǣ ЙƷȝȝǐǼǐǌ ȏǐȓȝȠȓǅƷȝǦȂǼ ȓȂǶǶ Ƞȏ ǦǼȝȂ Ʒ

ȏƷǦȓ Ȃǜ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ȝǣƷȝ ǆȂȠǼȝǐȓৄȓȂȝƷȝǐ ȓǐǶƷȝǦΗǐ ȝȂ ȂǼǐ ƷǼȂȝǣǐȓॽ �ǌǌǦȝǦȂǼƷǶǶΞॶ ȝǣǐ ƷǶȝǐȓǼƷȝৄ

ǦǼǝ ȂȓǦǐǼȝƷȝǦȂǼ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ȏƷǦȓȖ ǆƷȠȖǐ ЖǶƷǻǐǼȝȖ ǜȂȓǻǐǌ ǜȓȂǻ ƷǌǱƷǆǐǼȝ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ȝȂ

ǆȂȠǼȝǐȓৄȓȂȝƷȝǐ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓॽ

�৷ः৷ँ bԏҷӹԓәӏԏ Ԁә ӅӢԏӅԞӲҷԚӢԀӹ

bǣǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝǣǐ ȝǣǦǼ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॶ ȝȓƷǼȖȏȂȓȝǐǌ ƷǆȓȂȖȖ ȝǣǐ ȓǐЙǐǆȝǦȂǼ ȏǶƷǼǐ ͩ = ࣡ॶ ΗƷȓΞ

ƷǶȂǼǝ ȝǣǐ ƷΝǦƷǶ ǌǦȓǐǆȝǦȂǼॽ bǣǦȖ ǦǻȏǶǦǐȖ ȝǣƷȝ ȝǣǐ ƷΝǦƷǶ ǆȂǻȏȂǼǐǼȝ Ȃǜ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ ǦǼ ȝǣǐ ǣƷǶǜৄȏǶƷǼǐॶ
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ǫͩ ݅ͣ(ͣ, ͤ, ͩ, ȼ) �ॽऀँ

ΗƷȓǦǐȖॶ ǅȂȝǣ ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ȝǦǻǐ ƷǼǌ Ȃǜ ͣॽ �Ξ ǦǼȝǐǝȓƷȝǦǼǝ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ ȂǼ ȝǣǐ ǶȂΘǐȓ ǣƷǶǜ

ȏǶƷǼǐ Ʒȝ ȖǐΗǐȓƷǶ ȝǦǻǐȖॶ Θǐ ЖǼǌ ȝǣƷȝ ȝǣǐ ƷΝǦƷǶ ǆȂǻȏȂǼǐǼȝ Ȃǜ ǆǦȓǆȠǶƷȝǦȂǼ ΗƷȓǦǐȖ ȏǐȓǦȂǌǦǆƷǶǶΞ ΘǦȝǣ ͣॶ ƷȖ

ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽआ�ॽ bǣǦȖ ǌǐǻȂǼȖȝȓƷȝǐȖ ǣȂΘ ȝǣǐ ǜȂȓǻƷȝǦȂǼ ƷǼǌ ȖȝȓǐȝǆǣǦǼǝ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷৄ

ǻǐǼȝȖ ǌǐΗǐǶȂȏ Ʒ ȏǐȓǦȂǌǦǆ ȝȓƷǼȖǜǐȓ Ȃǜ ΗȂȓȝǦǆǦȝΞ ǜȓȂǻ ȝǣǐ ȂȓǦǝǦǼƷǶ ȝȠǅǐȖ ȝǣȓȂȠǝǣ ȝǣǐ ȓǐЙǐǆȝǦȂǼ ȏǶƷǼǐॽ

HǼǆǐ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ Ʒȓǐ ǜȠǶǶΞ ǜȂȓǻǐǌ Ʒǜȝǐȓ ȼ∗ " ࣦࣧॶ ǣȂΘǐΗǐȓॶ ȝǣǐ ΗƷȓǦƷȝǦȂǼȖ ǦǼ ȝǣǐ ƷΝǦƷǶ

ǆȂǻȏȂǼǐǼȝ Ȃǜ ǆǦȓǆȠǶƷȝǦȂǼ ȖƷȝȠȓƷȝǐॽ

�ȂǼǆȂǻǦȝƷǼȝǶΞॶ ƷȖ ȝǣǐ ƷΝǦƷǶ ǆȂǻȏȂǼǐǼȝ Ȃǜ ǆǦȓǆȠǶƷȝǦȂǼ ǦȖ ǌȓƷǦǼǐǌ ǜȓȂǻ ȝǣǐ ǶȂΘǐȓ ΗȂȓȝǐΝ ȝȠǅǐॶ ȝǣǐ

ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ȝȓƷΗǐȓȖǐ ȝǣȓȂȠǝǣ ȝǣǐ ȓǐЙǐǆȝǦȂǼ ȏǶƷǼǐॶ ͩ = ࣡ॽ bǣǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ЙȠΝ Ȃǜ ΗȂȓȝǦǆৄ

ǦȝΞ ǦǼ ȝǣǐ ȝȓƷǼȖΗǐȓȖǐ ǌǦȓǐǆȝǦȂǼ ǦȖ ȒȠƷǼȝǦЖǐǌ ǅΞ ǆȂǻȏȠȝǦǼǝ ȝǣǐ ȝȓƷǼȖΗǐȓȖǐ ǆȂǻȏȂǼǐǼȝ Ȃǜ ǆǦȓǆȠǶƷȝǦȂǼ

۵ͩ(ͣ, ȼ) ƷǶȂǼǝ ȝǣǐ ȓǐЙǐǆȝǦȂǼ ȏǶƷǼǐ ȂǼ [࣡, ͣ]ॵ

۵ͩ(ͣ, ȼ) ≡
∫ ͣ

࣡
ǫͣ′

∫ +∞

−∞
ǫͤ′ ݅ͩ(ͣ′, ͤ′, ͩ = ࣡) �ॽऀं

bǣǐ ǌǐȓǦΗƷȝǦΗǐ Ȃǜ ۵ͩ(ͣ, ȼ)ΘǦȝǣ ȓǐȖȏǐǆȝ ȝȂ ͣ ȓǐǌȠǆǐȖ �Ȓॽ �ॽऀं ǦǼȝȂ ȝǣǐ ǼȂȓǻƷǶǦΣǐǌ ȖȠǻ Ȃǜ ȝǣǐ
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Figure B.7: Evolu on of circula on. DNS of counter-rota ng vortex tubes where Re۵ = ࣦࣥ࣡࣡. (A) Evolu on of the
axial component of circula on, ۵ͣ(ͣ, ȼ), in the lower half plane (ͤ, ͩ) for ͩ < ࣡. (inset) Evolu on of the axial and
transverse components of circula on, ۵ͣ(ͣ, ȼ) + ۵ͩ(ͣ, ȼ). (B) Evolu on of the deriva ve of the transverse component
of circula on, ∂۵ͩ/∂ͣ along the reflec on plane (ͩ = ࣡).

ȝȓƷǼȖΗǐȓȖǐ ΗȂȓȝǦǆǦȝΞॶ ݅ͩॶ ƷǶȂǼǝ Ʒ ǶǦǼǐ ǶȂǆƷȝǐǌ Ʒȝ ȝǣǐ ƷΝǦƷǶ ȏȂȖǦȝǦȂǼॶ ͣॶ ȂǼ ȝǣǐ ȓǐЙǐǆȝǦȂǼ ȏǶƷǼǐॶ ƷȖ ȖǣȂΘǼ

ǦǼ $Ǧǝॽ �ॽआ� Ʒȝ ΗƷȓǦȂȠȖ ȝǦǻǐȖॽ bǣǐ ȖǦǼȠȖȂǦǌƷǶ ǼƷȝȠȓǐ Ȃǜ ∂۵ͩ(ͣ, ȼ)/∂ͣ|ͩ=࣡ূƷǅȂȠȝ Ʒ ǻǐƷǼ ΗƷǶȠǐ Ȃǜ

ΣǐȓȂূƷǶȂǼǝ ȝǣǐ ƷΝǦƷǶ ǌǦȓǐǆȝǦȂǼ ȖǣȂΘǆƷȖǐȖ ȝǣǐ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖȝȓȠǆȝȠȓǐ Ȃǜ ƷǌǱƷǆǐǼȝ ȖǐǆȂǼǌƷȓΞ ЖǶƷৄ

ǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽः� ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ

�Ǽ ǦǻȏȂȓȝƷǼȝ ȓǐǶƷȝǦȂǼ ǅǐȝΘǐǐǼ ۵ͩ(ͣ, ȼ) ƷǼǌ ۵ͣ(ͣ, ȼ) ȓǐȖȠǶȝȖ ǜȓȂǻ ȝǣǐ ȂǅȖǐȓΗƷȝǦȂǼ ȝǣƷȝ∇ · ޒ = ࣡ঃ

ȝǣƷȝ ǦȖॶ ȝǣǐ ЙȠΝ Ȃǜ ΗȂȓȝǦǆǦȝΞ Ʒ ȝǣȓȂȠǝǣ Ʒ ǆǶȂȖǐǌ ȖȠȓǜƷǆǐ ǶǦǻǦȝǦǼǝ Ʒ ЖǼǦȝǐ ΗȂǶȠǻǐ Ȃǜ ЙȠǦǌ ǦȖ ǆȂǼȖǐȓΗǐǌॽ

sǐ ǌǐЖǼǐ ȝǣǐ ǣƷǶǜৄȏǶƷǼǐPܭ ǅΞ ȝǣǐ ǆȂǼǌǦȝǦȂǼȖ ͣ = ܭ ƷǼǌ ͩ ≤ ॶܭ ƷǼǌ ȝǣǐ ǅƷǼǌQܮܭ ǜȂȓ ܭ ≤ ܮ ǅΞ

ͩ = ࣡ ƷǼǌ ܭ ≤ ͣ ≤ ॽܮ �ǌǌǦȝǦȂǼƷǶǶΞॶ Θǐ ȠȖǐ ȝǣǐ ȏȓȂȏǐȓȝΞ ȝǣƷȝ∇ · ޒ = ࣡ ȝȂ ȝǣǐ ǌȂǻƷǦǼ ǶǦǻǦȝǐǌ

ǅΞPܭॶQܮܭॶ ƷǼǌPܮॶ ΘǦȝǣ ܭ ≤ ॽܮ �Ǽ ǐǶǐǻǐǼȝƷȓΞ ǆƷǶǆȠǶƷȝǦȂǼ ȖǣȂΘȖ ȝǣƷȝ ȝǣǐ ЙȠΝ Ȃǜ ޒ ȂǼ ȝǣǦȖ ǌȂǻƷǦǼ

ȓǐǌȠǆǐȖ ȝȂ
(
,ܮ)۵ͣ ȼ)+۵ͩ(ܮ, ȼ)

)
−
(
,ܭ)۵ͣ ȼ)+۵ͩ(ܭ, ȼ)

)
ॽ bǣȠȖॶ ȝǣǐ ǆȂǼǌǦȝǦȂǼ ȝǣƷȝ ȝǣǐ ЙȠΝ Ȃǜ ΗȂȓȝǦǆǦȝΞ

ǦȖ ΣǐȓȂ ǦǻȏȂȖǐȖ ȝǣƷȝ ۵ͣ(ͣ, ȼ) + ۵ͩ(ͣ, ȼ) ǌȂǐȖ ǼȂȝ ǌǐȏǐǼǌǐǼȝ ȂǼ ͣॽ sǐ ЖǼǌ ȝǣƷȝ ȂȠȓ ǼȠǻǐȓǦǆƷǶ ȓǐȖȠǶȝȖ

ȖƷȝǦȖǜΞ ȝǣǦȖ ǆȂǼȖǐȓΗƷȝǦȂǼ ȓǐǶƷȝǦȂǼॶ ƷȖ ȖǣȂΘǼ ǦǼ ȝǣǐ ǦǼȖǐȝ Ȃǜ $Ǧǝॽ �ॽआॽ

UǣΞȖǦǆƷǶǶΞॶ ȝǣǐ ȓǐǶƷȝǦȂǼ ∂ͣ
(
۵ͣ(ͣ, ȼ) + ۵ͩ(ͣ, ȼ)

)
= ࣡ ǦǻȏȂȖǐȖ ȝǣƷȝ ȝǣǐ ƷΝǦƷǶ ΗƷȓǦƷȝǦȂǼȖ Ȃǜ ۵ͣ(ͣ, ȼ)ॶ

ǆǶǐƷȓǶΞ ΗǦȖǦǅǶǐ ǦǼ $Ǧǝॽ �ॽआ�ॶ ǼǐǆǐȖȖǦȝƷȝǐ ȝǣǐ ΗƷȓǦƷȝǦȂǼȖ Ȃǜ ȝǣǐ ЙȠΝ ۵ͩ(ͣ, ȼ)ॶ ΘǣǦǆǣ Ʒȓǐ ȏȓȂȏȂȓȝǦȂǼƷǶ

ȝȂ ȝǣǐ ȝȓƷǼȖΗǐȓȖǐ ǆǦȓǆȠǶƷȝǦȂǼ ǦǼ ȝǣǐ ȏǶƷǼǐ ͩ = ࣡ॽ bǣƷȝ ǦȖॶ ǅǐǆƷȠȖǐ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ Ȃǜ ȝǣǐ ȖΞȖȝǐǻ ǦȖ
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ǆȂǼȖǐȓΗǐǌূƷȖǦǌǐ ǜȓȂǻ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼূƷǼΞ ƷΝǦƷǶ ǆǦȓǆȠǶƷȝǦȂǼ ǶȂȖȝ ǜȓȂǻ ȝǣǐ ΗȂȓȝǐΝ ȝȠǅǐȖ ǦȖ ȓǐǌǦৄ

ȓǐǆȝǐǌ ȝȂ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ȝǣȓȂȠǝǣ ȝǣǐ ȝȓƷǼȖǜǐȓ Ȃǜ ȝȓƷǼȖΗǐȓȖǐ ǆǦȓǆȠǶƷȝǦȂǼॽ bǣǐ ЙȠǆȝȠƷȝǦȂǼȖ Ȃǜ

۵ͣ(ͣ, ȼ) ǆȂȓȓǐȖȏȂǼǌ ȝȂ≈ ࣡.ࣣࣦ۵࣡ॶ ǦǻȏǶΞǦǼǝ ȝǣƷȝ ǦǼ ȝǣǐ ǆȂǼЖǝȠȓƷȝǦȂǼ ȖȝȠǌǦǐǌ ǣǐȓǐॶ ȝǣǐ ǆǦȓǆȠǶƷȝǦȂǼ Ȃǜ

ǐƷǆǣ ȝȓƷǼȖΗǐȓȖǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝ ǦȖ ƷȏȏȓȂΝǦǻƷȝǐǶΞ /ࣥ Ȃǜ ȝǣǐ ƷΝǦƷǶ ǆȂǻȏȂǼǐǼȝ Ȃǜ ǆǦȓǆȠǶƷȝǦȂǼ ǦǼ ȝǣǐ

ȂȓǦǝǦǼƷǶ ȝȠǅǐȖॽ

�৷ऄ /ӹԚӏԏҷӅԚӢԀӹԓ Ԁә ԓӏӅԀӹӋҷԏԮ ԪԀԏԚӏԭ әӢӲҷӸӏӹԚԓ

bǣȓȂȠǝǣ ȝǣǐ ǆȓǐƷȝǦȂǼ Ȃǜ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖॶ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ȏȓȂΗǦǌǐȖ Ʒ ǻǐǆǣƷǼǦȖǻ ǅΞ

ΘǣǦǆǣ ȖǻƷǶǶǐȓ ǝǐǼǐȓƷȝǦȂǼȖ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǜȂȓǻ ƷǼǌ ǦǼȝǐȓƷǆȝ ȝȂ ǝǐǼǐȓƷȝǐ ȖǻƷǶǶৄ

ȖǆƷǶǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖॽ �ȠȓǦǼǝ ȝǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ƷǼȝǦȖΞǻৄ

ǻǐȝȓǦǆ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǦǼ ȝǣǐ ǆȂȓǐȖ ǶǐƷǌȖ ȝȂ ȝǣǐ ǜȂȓǻƷȝǦȂǼ Ȃǜ ƷǼ ƷȓȓƷΞ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ

ЖǶƷǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǼȠǻǐȓǦǆƷǶǶΞ ǜȂȓ Ʒ ȝΞȏǦǆƷǶ ǐΝƷǻȏǶǐ ǦǼ $Ǧǝॽ �ॽइ�ॶ BȂΗǦǐ [अॶ ƷǼǌBȂΗǦǐ [आॶ Θǣǐȓǐ

Xǐ۵ = ࣦࣤ࣡࣡ॽ CǐǦǝǣǅȂȓǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ȂǼǐ ƷǼȂȝǣǐȓ ǦǼ ȝǣǐ ȖƷǻǐ ǻƷǼǼǐȓ ƷȖ ȝǣǐ

ǦǼǦȝǦƷǶ ΗȂȓȝǐΝ ȝȠǅǐȖॽ �ǐǆƷȠȖǐ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ Ʒȓǐ ȖǻƷǶǶǐȓ ƷǼǌ ǣƷΗǐ Ʒ ǶȂΘǐȓ ǆǦȓǆȠǶƷȝǦȂǼ ȝǣƷǼ

ȝǣǐ ȂȓǦǝǦǼƷǶ ΗȂȓȝǐΝ ȝȠǅǐȖॶ ȝǣǐΞ ǆƷǼ ǅǐ ΗǦǐΘǐǌ ƷȖ ǣƷΗǦǼǝ Ʒ ǶȂΘǐȓ ǐЍǐǆȝǦΗǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॽ bǣǐȖǐ

ƷǌǱƷǆǐǼȝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ƷǶǦǝǼ ΘǦȝǣ ȂǼǐ ƷǼȂȝǣǐȓ ǦǼ ȏƷǦȓȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽइ�ৄ�ॽ �Ƞǐ ȝȂ ȝǣǐǦȓ

ǆȂȠǼȝǐȓৄȓȂȝƷȝǦȂǼॶ ȝǣǐ ЖǶƷǻǐǼȝȖ ǐΝǐȓȝ ǶƷȓǝǐ ȖȝȓƷǦǼȖ ȂǼ ǐƷǆǣ Ȃȝǣǐȓॶ ΘǣǦǆǣ ǆƷȠȖǐȖ ȂǼǐ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ

ЖǶƷǻǐǼȝȖ ȝȂ ЙƷȝȝǐǼ ǦǼȝȂ Ʒ ΗȂȓȝǐΝ Ȗǣǐǐȝॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽइ�ॽ eȏȂǼ ǜȠȓȝǣǐȓ ȖȝȓǐȝǆǣǦǼǝॶ ȝǣǦȖ ΗȂȓȝǐΝ

Ȗǣǐǐȝ ȖȏǶǦȝȖ ǦǼȝȂ ȝΘȂ ȖǻƷǶǶǐȓ ȝǐȓȝǦƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽइ�ৄ$ॽ bǣǦȖ ǅȓǐƷǴǌȂΘǼ

ǻǐǆǣƷǼǦȖǻ ǦǼ ΘǣǦǆǣ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǦǼȝǐȓƷǆȝॶ ЙƷȝȝǐǼ ǦǼȝȂ ΗȂȓȝǐΝ ȖǣǐǐȝȖॶ ƷǼǌ ȖȏǶǦȝ

ǦǼȝȂ ǐΗǐǼ ȖǻƷǶǶǐȓ ǝǐǼǐȓƷȝǦȂǼȖ Ȃǜ ΗȂȓȝǦǆǐȖ ǣƷȖ ǅǐǐǼ ȏȓǐΗǦȂȠȖǶΞ ȂǅȖǐȓΗǐǌ ǦǼ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖःऄ ƷǼǌ

ǦȖ ƷȝȝȓǦǅȠȝǐǌ ȝȂ ȝǣǐ ǶƷȝǐৄȖȝƷǝǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞऀࣿॽ bǣǦȖ ǦǼȖȝƷǅǦǶǦȝΞ ǌȂǻǦǼƷȝǐȖ ǌȠȓৄ

ǦǼǝ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ΗȂȓȝǦǆǐȖ Ʒȝ ǶȂΘৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॶ ǶǦǴǐ ȝǣƷȝ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝ

ȏƷǦȓॽ
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Figure B.8: Interac ons of secondary vortex filaments. Vor city modulus of a simulated vortex tube interac on where
Re۵ = ࣦࣤ࣡࣡. (A) Array of secondary filaments formed during the late-stage evolu on of the ellip cal instability. (B)
Zoom-in view of two pairs of secondary filaments indicated by the dashed box. (C) Cross-sec onal view of the sec-
ondary filaments through the plane of reflec on (ͩ = ࣡), indicated by the dashed line in (B). Neighboring filaments
counter-rotate and interact with each other. (D) Interac ng secondary filaments deform from the mutual strain and one
of the filaments locally fla ens into a vortex sheet. (E) The fla ened vortex sheet splits into two smaller ter ary vor-
tex filaments. (F) The newly-formed ter ary filaments unravel the secondary filament. For (A-F), the vor cty threshold
is ࣡.ࣣࣣ ≤ |݅|/|݅|max ≤ ࣡.ࣣ࣡ࣧ, where |݅|max is the maximum vor city modulus for the en re simula on. Note:
ܿ = ࣡.࣡ࣧL, Ǥ = ࣣ.ࣦܿ, and ȼ∗ = ۵ȼ/Ǥࣣ.
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�Ȗ ȖǣȂΘǼ ȏȓǐΗǦȂȠȖǶΞॶ ȂǼǶΞ Ʒ ǜȓƷǆȝǦȂǼ Ȃǜ ȝǣǐ ǦǼǦȝǦƷǶ ǆǦȓǆȠǶƷȝǦȂǼ ǦȖ ȝȓƷǼȖǜǐȓȓǐǌ ȝȂ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷৄ

ǻǐǼȝȖॽ �ΗǐǼ ȝǣȂȠǝǣ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǜȠǶǶΞ ǌǐΗǐǶȂȏȖ ǌȠȓǦǼǝ ȝǣǐ Xǐ۵ = ࣦࣤ࣡࣡ ǆȂǼЖǝȠȓƷȝǦȂǼॶ

ȝǣǐ ǐЍǐǆȝǦΗǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦȖ ǼȂȝ ȖȠАǆǦǐǼȝ ǐǼȂȠǝǣ ǜȂȓ

ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ȝȂ ǌǐΗǐǶȂȏ ƷǝƷǦǼॽ /ǼȖȝǐƷǌॶ ȝǣǐ �ȓȂΘ ǦǼȖȝƷǅǦǶǦȝΞ ǌȂǻǦǼƷȝǐȖ ǌȠȓǦǼǝ ȝǣǦȖ ȖǐǆȂǼǌ

ǦȝǐȓƷȝǦȂǼॶ ƷǼǌ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǦǆǐȖ ЙƷȝȝǐǼ ǦǼȝȂ ΗȂȓȝǐΝ ȖǣǐǐȝȖ ƷǼǌ ȖȏǶǦȝ ǦǼȝȂ ȖǻƷǶǶǐȓ ȝǐȓȝǦƷȓΞ ЖǶƷৄ

ǻǐǼȝȖॽ /Ǽ Ȃȓǌǐȓ ǜȂȓ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ȝȂॶ ȝǣǐǻȖǐǶΗǐȖॶ ǦǼȝǐȓƷǆȝ ȝǣȓȂȠǝǣ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ

ƷǼǌ ǜȂȓǻ Ʒ ȝǐȓȝǦƷȓΞ ǝǐǼǐȓƷȝǦȂǼ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ЖǶƷǻǐǼȝȖূƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऄ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝ ƷǼǌ

ǦǼBȂΗǦǐ [ईূȝǣǐ ǦǼǦȝǦƷǶ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ȝȠǅǐȖ ǻȠȖȝ ǣƷΗǐ Ʒ ǣǦǝǣǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॽ

�৷अ �ӹҷӲԮԓӢԓ Ԁә Ԛӟӏ Ԛԏҷӹԓәӏԏ Ԁә ӏӹӏԏӚԮ Ӣӹ ҷ ԚԞԏӂԞӲӏӹԚ әӲԀԫ

bǣǦȖ ȖǐǆȝǦȂǼ ǐΝƷǻǦǼǐȖ ȝǣǐ ǌǐȓǦΗƷȝǦȂǼ ƷǼǌ ǻǐƷǼǦǼǝ Ȃǜ ȝǣǐ ȖǣǐǶǶৄȝȂৄȖǣǐǶǶ ǐǼǐȓǝΞ ȝȓƷǼȖǜǐȓ ȖȏǐǆȝȓȠǻॶ

b(ȓ, ȼ)ॶ ǦǼȝȓȂǌȠǆǐǌ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝ ƷǼǌ ȏǶȂȝȝǐǌ ǦǼ $Ǧǝॽ ँॽऄ%ॽ � ȝΞȏǦǆƷǶ ǻǐȝǣȂǌ ǜȂȓ ǆǣƷȓƷǆȝǐȓǦΣৄ

ǦǼǝ Ʒ ȝȠȓǅȠǶǐǼȝ ЙȂΘॶ ΘǣǦǆǣ ǐǼǆȂǻȏƷȖȖǐȖ Ȃǜ Ʒ ΘǦǌǐ ȓƷǼǝǐ Ȃǜ ǐΝǆǦȝǐǌ ȖǆƷǶǐȖ Ȃǜ ǻȂȝǦȂǼॶ ǦȖ ȝȂ ǐΝƷǻৄ

ǦǼǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ȝǣǐ ǐǼǐȓǝΞ ȖȏǐǆȝȓƷ ǦǼ $ȂȠȓǦǐȓ ȖȏƷǆǐॽ bǣǦȖ ǐǼǐȓǝΞ ȖȏǐǆȝȓȠǻ ǦȖ ǌǐȖǦǝǼƷȝǐǌ ǅΞ ȝǣǐ

ȝǐȓǻ �(ȓ, ȼ)ॶ ȖȠǆǣ ȝǣƷȝ �(ȓ, ȼ) ǫȓ ǦȖ ȝǣǐ ƷǻȂȠǼȝ Ȃǜ ǴǦǼǐȝǦǆ ǐǼǐȓǝΞ Ʒȝ ȝǦǻǐ ȼॶ ǦǼ Ʒ ȖǣǐǶǶ ǦǼ ΘƷΗǐǼȠǻǅǐȓ

ȖȏƷǆǐ ǅǐȝΘǐǐǼ ȓ ƷǼǌ ȓ + ǫȓॽ /Ǽ ȝǣǐ ƷǅȖǐǼǆǐ Ȃǜ ǜȂȓǆǦǼǝॶ ƷǼǌ ǦǼ ȝǣǐ ȖǦǻȏǶǦЖǐǌ ǆƷȖǐ Ȃǜ Ʒ ǣȂǻȂǝǐǼǐȂȠȖ

ǦȖȂȝȓȂȏǦǆ ЙȂΘॶ ȂǼǐ ǆƷǼ ǌǐȓǦΗǐ ǜȓȂǻ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǐǼǐȓǝΞ ǅƷǶƷǼǆǐऄआॶःँॵ

∂�(ȓ, ȼ)
∂ȼ + b(ȓ, ȼ) = −ࣣܹȓࣣ�(ȓ, ȼ). �ॽऀः

bǣǐ ȝǐȓǻȖ ǦǼ ȝǣǦȖ ǐȒȠƷȝǦȂǼ ȖȝƷȝǐ ȝǣƷȝ ǜȂȓ Ʒ ǝǦΗǐǼ ΘƷΗǐǼȠǻǅǐȓॶ ȓॶ ƷǼǌ Ʒȝ ƷǼΞ ȝǦǻǐॶ ȝॶ ȝǣǐ ȓƷȝǐ Ȃǜ

ǆǣƷǼǝǐ Ȃǜ ȝǣǐ ǐǼǐȓǝΞ Ȃǜ ȝǣƷȝ ǻȂǌǐ ȏǶȠȖ ȝǣǐ ȓƷȝǐ Ȃǜ ǐǼǐȓǝΞ ȝȓƷǼȖǜǐȓȓǐǌ ȝȂ Ȃȓ ǜȓȂǻ ȝǣƷȝ ΘƷΗǐǼȠǻǅǐȓ

ΗǦƷ Ȃȝǣǐȓ ǻȂǌǐȖ ǦȖ ǅƷǶƷǼǆǐǌ ǅΞ ȝǣǐ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼ Ȃǜ ȝǣƷȝ ǻȂǌǐॽ /Ǽ ȝǣǦȖ ǐȒȠƷȝǦȂǼॶ b(ȓ, ȼ) ȂȓǦǝǦৄ

आअ



ǼƷȝǐȖ ǜȓȂǻ ȝǣǐ ǼȂǼǶǦǼǐƷȓॶ ƷǌΗǐǆȝǦΗǐ ȝǐȓǻ ǦǼ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖॵ

b(ȓ, ȼ) ǫȓ =
∑

ȓ≤|Ǵ|≤ȓ+ǫȓ
+
(
(Ƞ ·∇)Ƞ(Ǵ) · Ƞ(−Ǵ)

)
. �ॽऀऄ

sǣǦǶǐ �Ȓॽ �ॽऀः ǦȖ ȂǜȝǐǼ ȠȖǐǌ ǦǼ Ʒ ǆȂǼȝǐΝȝ Ȃǜ ЙȠǦǌ ȝȠȓǅȠǶǐǼǆǐॶ Ǧȝ ǆƷǼ ǅǐ ƷȏȏǶǦǐǌ ȝȂ ƷǼΞ ȖȂǶȠȝǦȂǼ

Ȃǜ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖॽ /Ǽ ȂȠȓ ǌǦȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖॶ b(ȓ, ȼ) ǦȖ ǆƷǶǆȠǶƷȝǐǌ ǅΞ Ʒȏৄ

ȏǶΞǦǼǝ Ʒ ǌǦȖǆȓǐȝǐ $ȂȠȓǦǐȓ ȝȓƷǼȖǜȂȓǻ ȝȂ ǅȂȝǣ ȂȠȓ ȖȂǶΗǐǌ ЙȂΘ ЖǐǶǌॶ Ƞ(Ν, ȼ) ƷǼǌ ȝǣǐ ǼȂǼǶǦǼǐƷȓ ȝǐȓǻॶ

(Ƞ ·∇)Ƞ(Ν, ȼ)ॶ ΘǣǦǆǣ Ʒȓǐ ȝǣǐǼ ƷȏȏǶǦǐǌ ȝȂ �Ȓॽ �ॽऀऄॽ

�৷आ �ӸӏԏӚӏӹӅӏ Ԁә ԚԞԏӂԞӲӏӹӅӏ әԏԀӸ Ԛӟӏ ӏӲӲӢԌԚӢӅҷӲ ӢӹԓԚҷӂӢӲӢԚԮ ԫӢԚӟ ӢӹӅԏӏҷԓ৳

ӢӹӚ XӏԮӹԀӲӋԓ ӹԞӸӂӏԏ

�৷आ৷ऀ �ӢԓԓӢԌҷԚӢԀӹ ԏҷԚӏ ӏԪԀӲԞԚӢԀӹ ҷӹӋ ӏӹӏԏӚԮ ԓԌӏӅԚԏҷ

�Ǧȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝॶ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ȝȠǅǐȖ Ʒȓǐ ȏǐȓǜȂȓǻǐǌ Ʒȝ Ʒ

ȓƷǼǝǐ Ȃǜ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ȝȂ ǐΝƷǻǦǼǐ ǅΞ ΘǣƷȝ ǻǐǆǣƷǼǦȖǻ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ

ǶǐƷǌȖ ȝȂ ȝǣǐ ǌǐΗǐǶȂȏǻǐǼȝ Ȃǜ ȝȠȓǅȠǶǐǼǆǐॽ �ȝ ǐƷǆǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ ȝǣǐ ǐǼǐȓǝΞ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ܱॶ

ȒȠƷǶǦȝƷȝǦΗǐǶΞ ǜȂǶǶȂΘȖ ȝǣǐ ȖƷǻǐ ȝǐǻȏȂȓƷǶ ǐΗȂǶȠȝǦȂǼॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽई�ॽ bǣǐ ǆȂǣǐȓǐǼȝ ΗȂȓȝǐΝ

ȝȠǅǐȖ ǦǼǦȝǦƷǶǶΞ ǦǼȝǐȓƷǆȝॶ ƷǼǌ ȝǣǐ ȓƷȏǦǌ ǦǼǆȓǐƷȖǐ ǦǼ ܱ ǦȖ ǦǼǦȝǦƷȝǐǌ ǅΞ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ

Ʒȝ ǐƷǆǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऄ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝॽ bǣǐ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐ ǦȖ ǻƷΝǦǻǦΣǐǌ

ǌȠȓǦǼǝ ȝǣǐ ǶƷȝǐৄȖȝƷǝǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ǦǼ ΘǣǦǆǣ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ

Ȃȝǣǐȓ ƷǼǌ ȝǣǐ ȓǐǻǼƷǼȝȖ Ȃǜ ȝǣǐ ȂȓǦǝǦǼƷǶ ȏȓǦǻƷȓΞ ΗȂȓȝǐΝ ǆȂȓǐȖॽ �Ȗ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǦȖ ǦǼǆȓǐƷȖǐǌॶ

ȝǣǐ ǻƷΝǦǻȠǻ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐ ǦǼǆȓǐƷȖǐȖॽ �ǐǆƷȠȖǐ ȝǣǐ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼ Ȃǜ ǐǼǐȓǝΞ ǦǼ ȝǣǐ ЙȂΘ ȏȓǦৄ

ǻƷȓǦǶΞ ȂǆǆȠȓȖ ȂǼ ȝǣǐ ȖǻƷǶǶǐȖȝ ȖǆƷǶǐȖ Ȃǜ ȝǣǐ ȖΞȖȝǐǻॶ ȝǣǦȖ ǅǐǣƷΗǦȂȓ ǦǼǌǦǆƷȝǐȖ ȝǣƷȝ ȝǣǐ ǣǦǝǣৄXǐΞǼȂǶǌȖ

ǼȠǻǅǐȓ ǆȂǼЖǝȠȓƷȝǦȂǼȖ ǻȂȓǐ ǐЍǐǆȝǦΗǐǶΞ ǆȂǼΗǐΞ ǐǼǐȓǝΞ ǦǼȝȂ ȖǻƷǶǶৄȖǆƷǶǐ ЙȂΘ ȖȝȓȠǆȝȠȓǐȖॽ

�ǌǌǦȝǦȂǼƷǶǶΞॶ Θǐ ǐΝƷǻǦǼǐ ȝǣǐ ǼȂȓǻƷǶǦΣǐǌ ǴǦǼǐȝǦǆ ǐǼǐȓǝΞ ȖȏǐǆȝȓƷॶ �(ȓ)/(ܳ

ࣥ ܹ

ࣦ
ࣥ )ॶ ΘǣǐǼ ȝǣǐ ǌǦȖȖǦৄ

आआ



Figure B.9: Dissipa on rate evolu on and energy spectra for simulated vortex tube interac ons at various Reynolds
numbers. (A) Evolu on of normalized kine c energy dissipa on rate. The markers indicate the maximum energy dis-
sipa on rate. (B) Normalized kine c energy spectra at the peak dissipa on rate, where the black line corresponds to
Kolmogorov scaling. (C-F) Snapshots of the 3D vor city modulus at the mes corresponding to the maximum dis-
sipa on rate for each Reynolds number. The vor city thresholds are ࣡.ࣦࣤ ≤ |݅|/|݅|max ≤ ࣡.ࣦࣤ࣡ for (C) and
࣡.࣡ࣧ ≤ |݅|/|݅|max ≤ ࣡.ࣩࣤ for (D-F). For each simula on, ܿ = ࣡.࣡ࣧL, Ǥ = ࣣ.ࣦܿ, Re۵ = ۵/ܹ, and ȼ∗ = ۵ȼ/Ǥࣣ.
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ȏƷȝǦȂǼ ȓƷȝǐ ǦȖ ǻƷΝǦǻǦΣǐǌ ǜȂȓ ǐƷǆǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽई�ॽ �Ʒǆǣ Ȃǜ ȝǣǐ ǐǼǐȓǝΞ

ȖȏǐǆȝȓƷ ǝǐǼǐȓƷǶǶΞ ǜȂǶǶȂΘ ȝǣǐ∼ (ȓܳ)−ࣦ/ࣤ <ȂǶǻȂǝȂȓȂΗ ȖǆƷǶǦǼǝ Ȃǜ ȝȠȓǅȠǶǐǼǆǐॶ Θǣǐȓǐ ܳ ǦȖ ȝǣǐ ǌǦȖȖǦȏƷȝǦΗǐ

ǶǐǼǝȝǣ ȖǆƷǶǐंःॽ CȂȝƷǅǶΞॶ ȝǣǐ ƷǝȓǐǐǻǐǼȝ Ȃǜ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǐǼǐȓǝΞ ȖȏǐǆȝȓƷ ΘǦȝǣ ȝǣǦȖ ȝȠȓǅȠǶǐǼȝ ȖǆƷǶǦǼǝ

ǦǻȏȓȂΗǐȖ ǜȂȓ ȖǦǻȠǶƷȝǦȂǼȖ ȝǣƷȝ Ʒȓǐ ǆƷȓȓǦǐǌ ȂȠȝ Ʒȝ ǣǦǝǣǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॽ bǣǦȖ ǦȖ ǅǐǆƷȠȖǐ ȝǣǐ ǦǼৄ

ǐȓȝǦƷǶ ȓƷǼǝǐ Ȃǜ ȝǣǐ ǅȓǐƷǴǌȂΘǼ ǦȖ ǻȂȓǐ ǌǐΗǐǶȂȏǐǌ Ʒȝ ǣǦǝǣǐȓ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖূǦॽǐॽ ȝǣǐȓǐ ǦȖ Ʒ ǶƷȓǝǐȓ

ȓƷǼǝǐ Ȃǜ ȖǆƷǶǐȖ ȂΗǐȓ ΘǣǦǆǣ <ȂǶǻȂǝȂȓȂΗȖ ƷΝǦȂǻȖ ǜȂȓ ȝȠȓǅȠǶǐǼǆǐ Ʒȓǐ ΗƷǶǦǌंःॽ bǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȝǣǦȖ

ǻȠǶȝǦৄȖǆƷǶǐ ȝȠȓǅȠǶǐǼȝ ǅǐǣƷΗǦȂȓ ǦȖ ǐǼǆƷȏȖȠǶƷȝǐǌ ǅΞ ȝǣǐ ȖǼƷȏȖǣȂȝȖ ǦǼ $Ǧǝॽ �ॽई�ৄ$ ΘǣǦǆǣ ȖǣȂΘ ȝǣǐ

ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝȠǅǐȖ Ʒȝ ǐƷǆǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ΘǣǐǼ ܱ ǦȖ ǻƷΝǦǻǦΣǐǌॽ

/Ǽ ǐƷǆǣ ǆȂǼЖǝȠȓƷȝǦȂǼॶ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǦȖ ǜȠǶǶΞ ǌǐΗǐǶȂȏǐǌ Ʒȝ ȝǣǐ ȏǐƷǴ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ƷȖ ƷǼ

ƷȓȓƷΞ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǅȓǦǌǝǐȖ ȝǣǐ ǝƷȏ ǅǐȝΘǐǐǼ ȝǣǐ ȂȓǦǝǦǼƷǶ ΗȂȓȝǐΝ ȝȠǅǐȖॽ bǣǐȖǐ

Ȗȝȓǐȝǆǣǐǌॶ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ȝǣǐ ȓǐǻǼƷǼȝȖ Ȃǜ ȝǣǐ

ȂȓǦǝǦǼƷǶ ȝȠǅǐȖ ȝǣȓȂȠǝǣ ǌǦЍǐȓǐǼȝ ǻǐƷǼȖ Ʒȝ ǐƷǆǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॽ $Ȃȓ ȝǣǐ Xǐ۵ = ࣣ࣡࣡࣡ ǆȂǼЖǝȠৄ

ȓƷȝǦȂǼॶ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǌȂ ǼȂȝ ǣƷΗǐ ȖȠАǆǦǐǼȝ ǆǦȓǆȠǶƷȝǦȂǼ ȝȂ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ȂǼǐ ƷǼȂȝǣǐȓ ƷǼǌ

ǅȓǐƷǴ ǌȂΘǼ ǜȠȓȝǣǐȓॶ ƷȖ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼ ȖǐȝȖ ǦǼ Ȗǐǐ BȂΗǦǐ [ऀऀःइॽ sǣǐǼ ȝǣǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ

ǦȖ ȓƷǦȖǐǌ ȝȂ ࣦࣤ࣡࣡ॶ ǼǐǦǝǣǅȂȓǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǶȂǆƷǶǶΞ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ȂǼǐ ƷǼȂȝǣǐȓॶ ЙƷȝȝǐǼ ǦǼȝȂ

ΗȂȓȝǐΝ ȖǣǐǐȝȖॶ ƷǼǌ ȖȏǶǦȝ ǦǼȝȂ ȖǻƷǶǶǐȓ ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǦǼBȂΗǦǐ [अ ƷǼǌBȂΗǦǐ [आःइॽ bǣǐ

ȖƷǻǐ ǦǼȝǐȓƷǆȝǦȂǼȖ ǅǐȝΘǐǐǼ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ȂǆǆȠȓ ǜȂȓ ȝǣǐ Xǐ۵ = ࣦࣥ࣡࣡ ǆȂǼЖǝȠȓƷȝǦȂǼঃ ǣȂΘǐΗǐȓॶ

ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǅǐǆȂǻǐ ǻȂȓǐ ǌǦȖȂȓǌǐȓǐǌ ƷȖ ȝǣǐΞ ȠǼǌǐȓǝȂ ǆȂǻȏǶǐΝ ं�ǻȂȝǦȂǼ ƷǼǌ ǅǐǆȂǻǐ

ΘȓƷȏȏǐǌ ƷȓȂȠǼǌ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ȝǣǐ ȂȓǦǝǦǼƷǶ ȝȠǅǐȖॶ ǅȓǐƷǴǦǼǝ ǌȂΘǼ ǦǼȝȂ ЖǼǐৄȖǆƷǶǐ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ

Ȗǐǐ BȂΗǦǐ [ऄःइॽ =ƷȖȝǶΞॶ ǦǼ ȝǣǐ Xǐ۵ = ࣧ࣡࣡࣡ ǆȂǼЖǝȠȓƷȝǦȂǼॶ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ȓƷȏǦǌǶΞ ǐǻǐȓǝǐॶ

ǦǼȝǐȓƷǆȝॶ ƷǼǌ ΗǦȂǶǐǼȝǶΞ ǅȓǐƷǴ ǌȂΘǼ ƷȖ ȝǣǐΞ ƷǶǻȂȖȝ ǦǼȖȝƷǼȝƷǼǐȂȠȖǶΞ ǅȠȓȖȝ ǦǼȝȂ ƷǼ ǐǼȖǐǻǅǶǐ Ȃǜ ΗȂȓৄ

ȝǦǆǐȖ ǦǼȝǐȓƷǆȝǦǼǝ ȂΗǐȓ Ʒ ΘǦǌǐ ȓƷǼǝǐ Ȃǜ ȖǆƷǶǐȖॶ ƷȖ ȖǣȂΘǼ ǦǼBȂΗǦǐ [इःइॽ CȂȝƷǅǶΞॶ ȝǣǐ ǣǦǝǣৄǆǦȓǆȠǶƷȝǦȂǼ

ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼ ȝǣǦȖ ǆȂǼЖǝȠȓƷȝǦȂǼ ǶȂǆƷǶǶΞ ǦǼȝǐȓƷǆȝ ȝȂ ǜȂȓǻ ǼǐΘ ǝǐǼǐȓƷȝǦȂǼȖ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓ

ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऄ ǦǼ ȝǣǐ ǻƷǦǼ ȝǐΝȝ ƷǼǌ ǦǼBȂΗǦǐ [ईःइॽ sǐ ȏȓȂȏȂȖǐ ȝǣƷȝ ȝǣǐȖǐ

ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖ ǜȂȓǻ ȝǣȓȂȠǝǣ ƷǼȂȝǣǐȓ ǦȝǐȓƷȝǦȂǼ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ
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bǣǐȖǐ ȓǐȖȠǶȝȖ ǌǐǻȂǼȖȝȓƷȝǐ ǣȂΘ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ȏȓȂΗǦǌǐȖ Ʒ ǻǐǆǣƷǼǦȖǻ ǅΞ ΘǣǦǆǣ ǆȂȠǼȝǐȓৄ

ȓȂȝƷȝǦǼǝ ΗȂȓȝǐΝ ȝȠǅǐȖ Ʒȝ ǣǦǝǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖ ǦǼȝǐȓƷǆȝ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼ ȝȂ ǌǐΗǐǶȂȏ Ʒ ȝȠȓǅȠǶǐǼȝ

ǆƷȖǆƷǌǐॽ bǣǦȖ ǦȝǐȓƷȝǦΗǐ ǦǼȖȝƷǅǦǶǦȝΞ ǝǐǼǐȓƷȝǐȖ ǼǐΘ ΗȂȓȝǦǆǐȖ ȝǣƷȝ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ৗǝȓǦǼǌ

ǌȂΘǼ ǦǼȝȂ ȖǻƷǶǶǐȓ ƷǼǌ ȖǻƷǶǶǐȓ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǅǐǜȂȓǐ ǅǐǦǼǝ ǌǦȖȖǦȏƷȝǐǌ ȝǣȓȂȠǝǣ ΗǦȖǆȂȖǦȝΞआअॽ

�৷आ৷ँ qԀԏԚӢӅӢԚԮ ӏԪԀӲԞԚӢԀӹ

bǣǐ ǐΗȂǶȠȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǦǼ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ΗȂȓȝǐΝ ȝȠǅǐ ǦǼȝǐȓƷǆȝǦȂǼȖ ƷǶȖȂ ǦǼǌǦǆƷȝǐȖ ȝǣǐ

ȂǼȖǐȝ Ȃǜ Ʒ ȝȠȓǅȠǶǐǼȝ ȖȝƷȝǐ ǌȠȓǦǼǝ ȝǣǐ ǅȓǐƷǴǌȂΘǼ Ȃǜ ȝǣǐ ȝȠǅǐȖॶ ΘǣǦǆǣ ǦȖ ǐȖȏǐǆǦƷǶǶΞ ȏȓȂǼȂȠǼǆǐǌ ǜȂȓ

ǣǦǝǣৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǆȂǼЖǝȠȓƷȝǦȂǼȖॽ $Ȃȓ ǐƷǆǣ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ ȝǣǐ ǻƷΝǦǻȠǻ ΗȂȓȝǦǆǦȝΞ ǻȂǌৄ

ȠǶȠȖॶ |݅|ǻƷΝॶ ȓǐǻƷǦǼȖ ǦǼǦȝǦƷǶǶΞ ǆȂǼȖȝƷǼȝ ȠǼȝǦǶ Ǧȝ ǦǼǆȓǐƷȖǐȖ ǌȠȓǦǼǝ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ƷȖ

ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽऀࣿ�ॽ $Ȃȓ ȝǣǐ Xǐ۵ = ࣣ࣡࣡࣡ ǆȂǼЖǝȠȓƷȝǦȂǼॶ ȝǣǐ ǻƷΝǦǻȠǻ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǦǼৄ

ǆȓǐƷȖǐȖ ȖǶǦǝǣȝǶΞ ǌȠȓǦǼǝ ȝǣǐ ǜȂȓǻƷȝǦȂǼ ƷǼǌ ȖȝȓǐȝǆǣǦǼǝ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖঃ ǣȂΘǐΗǐȓॶ ǅǐǆƷȠȖǐ

ȝǣǐ ЖǶƷǻǐǼȝȖ ǌȂ ǼȂȝ ǦǼȝǐȓƷǆȝ ǌȠǐ ȝȂ ȝǣǐ ȂǼȖǐȝ Ȃǜ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼॶ ȝǣǐ ǻƷΝǦǻȠǻ ΗȂȓȝǦǆǦȝΞ ǻȂǌৄ

ȠǶȠȖ ǌǐǆȓǐƷȖǐȖॽ $Ȃȓ ȝǣǐ ǣǦǝǣǐȓৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǆȂǼЖǝȠȓƷȝǦȂǼȖॶ ȝǣǐ ǻƷΝǦǻȠǻ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ

ǦǼǆȓǐƷȖǐȖ ȏȓǐǆǦȏǦȝȂȠȖǶΞ ǌȠǐ ȝȂ ȝǣǐ ǜȂȓǻƷȝǦȂǼ ƷǼǌ ȖȝȓǐȝǆǣǦǼǝ Ȃǜ ȝǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ƷǼǌ ȓǐǻƷǦǼȖ

ȖȠȖȝƷǦǼǐǌ Ʒȝ Ʒ ǣǐǦǝǣȝǐǼǐǌ ǶǐΗǐǶ ǅǐǜȂȓǐ ǌǐǆȓǐƷȖǦǼǝ ǌȠǐ ȝȂ ΗǦȖǆȂȠȖ ǌǦȖȖǦȏƷȝǦȂǼॽ bǣǦȖ ǣǐǦǝǣȝǐǼǐǌ ǶǐΗǐǶ

Ȃǜ |݅|ǻƷΝ ǆȂǦǼǆǦǌǐȖ ΘǦȝǣ ȝǣǐ ǻƷΝǦǻǦΣƷȝǦȂǼ Ȃǜ ȝǣǐ ǐǼǐȓǝΞ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ܱॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽई�ॽ

bǣǐ ȖȠȖȝƷǦǼǐǌ ƷǻȏǶǦЖǆƷȝǦȂǼ Ȃǜ ȝǣǐ ǻƷΝǦǻȠǻ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ȝǣȠȖ ȓǐȖȠǶȝȖ ǜȓȂǻ ȝǣǐ ǼǐΘ ǝǐǼǐȓƷৄ

ȝǦȂǼ ƷǼǌ ǶȂǆƷǶ ǦǼȝǐȓƷǆȝǦȂǼȖ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖ ǌȠȓǦǼǝ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǅȓǐƷǴǌȂΘǼॽ bǣǐ ǣǦǝǣǐȓ ȝǣǐ

XǐΞǼȂǶǌȖ ǼȠǻǅǐȓॶ ȝǣǐ ǶȂǼǝǐȓ ȝǣǐ ǻƷΝǦǻȠǻ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ȓǐǻƷǦǼȖ Ʒȝ ȝǣǦȖ ǐǶǐΗƷȝǐǌ ǶǐΗǐǶ ǅǐǜȂȓǐ

ΗǦȖǆȂȖǦȝΞ ǌƷǻȏȖ ȂȠȝ ȝǣǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǐȖॽ

�ǌǌǦȝǦȂǼƷǶǶΞॶ ȝǣǐ ǻǐƷǼ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖॶ |݅|ॶ ǦǼǆȓǐƷȖǐȖ ǌȠȓǦǼǝ ȝǣǐ ȂǼȖǐȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷৄ

ǅǦǶǦȝΞॶ ȓǐƷǆǣǐȖ Ʒ ȏǐƷǴ ΗƷǶȠǐ ƷȏȏȓȂΝǦǻƷȝǐǶΞ ΘǣǐǼ ȝǣǐ ǌǦȖȖǦȏƷȝǦȂǼ ȓƷȝǐॶ ܱॶ ǦȖ ǻƷΝǦǻǦΣǐǌॶ ƷǼǌ ǌǐǆȓǐƷȖǐȖ

ƷȖ ΗǦȖǆȂȖǦȝΞ ǌƷǻȏȖ ȂȠȝ ȝǣǐ ȖǻƷǶǶৄȖǆƷǶǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ЙȂΘॶ ƷȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ �ॽऀࣿ�ॽ bǣǐ ǦǼǆȓǐƷȖǐ ǦǼ

ȝǣǐ ǻǐƷǼ ΗȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǦǼǌǦǆƷȝǐȖ ǣȂΘ ȝǣǐ ǦǼǦȝǦƷǶǶΞ ǶȂǆƷǶǦΣǐǌ ƷǼǌ ǆȂǣǐȓǐǼȝ ЙȂΘ ǅǐǆȂǻǐȖ ǻȂȓǐ
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Figure B.10: Vor city evolu on for simulated vortex tube interac ons at various Reynolds numbers. (A) Maximum
vor city modulus and (B) mean vor city modulus evolu on. Both moduli are normalized by the ini al mean vor city
modulus. For each simula on, ܿ = ࣡.࣡ࣧL, Ǥ = ࣣ.ࣦܿ, Re۵ = ۵/ܹ, and ȼ∗ = ۵ȼ/Ǥࣣ.

ǌǦȖȝȓǦǅȠȝǐǌ ȝǣȓȂȠǝǣȂȠȝ ȝǣǐ ǌȂǻƷǦǼ ǌȠȓǦǼǝ ȝǣǐ ǅȓǐƷǴǌȂΘǼॽ bǣǐ ƷǻȏǶǦЖǆƷȝǦȂǼ Ȃǜ ȝǣǐ ǻǐƷǼ ΗȂȓȝǦǆৄ

ǦȝΞ ΘǦȝǣ ǦǼǆȓǐƷȖǦǼǝ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǜȠȓȝǣǐȓ ǌǐǻȂǼȖȝȓƷȝǐȖ ǣȂΘ ȝǣǐ ȝȠȓǅȠǶǐǼȝ ǅȓǐƷǴǌȂΘǼ ǦǼ ȝǣǐ

ǣǦǝǣৄXǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǆȂǼЖǝȠȓƷȝǦȂǼȖ ǦȖ ǻȂȓǐ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ƷǼǌ ȒȠƷȖǦৄǦȖȂȝȓȂȏǦǆॽ

�৷इ [ԞԌԌӲӏӸӏӹԚҷӲ ӸԀԪӢӏ ӋӏԓӅԏӢԌԚӢԀӹԓ

BȂΗǦǐ [ऀॽ ,ǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ΗȂȓȝǐΝ ȓǦǼǝȖॽ

eǼǌǐȓΘƷȝǐȓ ΗǦǐΘ Ȃǜ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ ǌΞǐǌ ȖǐȏƷȓƷȝǐǶΞॶ Θǣǐȓǐ Xǐ= e�/ܹ =

ࣧ࣡࣡࣡ ƷǼǌ [X= =/� = ࣣ.ࣦॽ bǣǐ ȓǦǼǝȖ ǐΝȏƷǼǌ ȓƷǌǦƷǶǶΞ ƷȖ ȝǣǐΞ ǆȂǶǶǦǌǐ Ʒȝ ȝǣǐ ǻǦǌȏǶƷǼǐ ǅǐǜȂȓǐ ȓƷȏǦǌǶΞ

ǅȓǐƷǴǦǼǝ ǌȂΘǼ ǦǼȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ Ȃǜ ǌΞǐॽ

BȂΗǦǐ [ँॽ �ΝȏǐȓǦǻǐǼȝƷǶ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼ ΘǦȝǣ ǌΞǐǌ ǆȂȓǐȖॽ

,ǐƷǌৄȂǼ ΗǦǐΘ ȝȂȏ ƷǼǌ ȖǦǌǐ ΗǦǐΘ ǅȂȝȝȂǻ ȖǣȂΘǦǼǝ ȝǣǐ ǆȂȓǐ ǌΞǼƷǻǦǆȖ Ȃǜ ȝΘȂ ǆȂǶǶǦǌǦǼǝ ΗȂȓȝǐΝ

ȓǦǼǝȖॶ Θǣǐȓǐ Xǐ= ࣨ࣡࣡࣡ ƷǼǌ [X= ࣣ.࣡ॽ �Ȗ ȝǣǐ ȓǦǼǝȖ Ȗȝȓǐȝǆǣ ȓƷǌǦƷǶǶΞ ǌȠȓǦǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼॶ ȝǣǐ ǆȂȓǐȖ

ǌǐΗǐǶȂȏ ƷǼȝǦȖΞǻǻǐȝȓǦǆॶ ȖǣȂȓȝ ΘƷΗǐǶǐǼǝȝǣ ȏǐȓȝȠȓǅƷȝǦȂǼȖॶ ǦǼǌǦǆƷȝǦΗǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ HǼǆǐ

इऀ



ǜȠǶǶΞ ǜȂȓǻǐǌॶ ȝǣǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖ ǌǐЙǐǆȝ ȂȠȝৄȂǜৄȏǶƷǼǐ ƷǼǌ ǅȓǐƷǴ ǌȂΘǼ ǦǼȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ Ȃǜ ǌΞǐॽ

BȂΗǦǐ [ंॽ �C[ Ȃǜ ǌΞǐǌ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼॽ

HΗǐȓǣǐƷǌ ΗǦǐΘ ȝȂȏ ƷǼǌ ȖǦǌǐ ΗǦǐΘ ǅȂȝȝȂǻ ȖǣȂΘǦǼǝ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ

ǌΞǐǌ ȓǐǌ ƷǼǌ ǅǶȠǐॶ ȓǐȖȏǐǆȝǦΗǐǶΞ Xǐ۵ = ۵/ܹ = ࣦࣥ࣡࣡ ƷǼǌ ȼ∗ = ۵ȼ/Xࣣ
࣡ॽ bǣǐ ǌΞǐ ǦǼ ȝǣǐ ǆȂȓǐȖ Ȃǜ

ȝǣǐ ȓǦǼǝȖ ǌƷȓǴ ǦȖ ǌǦЍǐȓǐǼȝǦƷȝǐǌ ǜȓȂǻ ȝǣǐ ǌΞǐ ȖȠȓȓȂȠǼǌǦǼǝ ȝǣǐ ǆȂȓǐȖ ǶǦǝǣȝॽ �Ȗ ȝǣǐ ȓǦǼǝȖ ǆȂǶǶǦǌǐॶ ȝǣǐΞ

Ȗȝȓǐȝǆǣ ȓƷǌǦƷǶǶΞ ƷǼǌ ǌǐΗǐǶȂȏ ƷǼȝǦȖΞǻǻǐȝȓǦǆॶ ȖǣȂȓȝৄΘƷΗǐǶǐǼǝȝǣ ȏǐȓȝȠȓǅƷȝǦȂǼȖॶ ǦǼǌǦǆƷȝǦΗǐ Ȃǜ ȝǣǐ ǐǶǶǦȏৄ

ȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ �Ȗ Ʒ ȓǐȖȠǶȝ Ȃǜ ȝǣǐȖǐ ȏǐȓȝȠȓǅƷȝǦȂǼȖॶ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǦǼȝǐȓǌǦǝǦȝƷȝǐॶ ǜȂȓǻǦǼǝ ƷǶȝǐȓǼƷȝǦǼǝ

ȏƷǦȓȖ Ȃǜ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॶ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ǆȂȓǐȖॽ bǣǐ ȓǦǼǝȖ ȝǣǐǼ ȓƷȏǦǌǶΞ ǅȓǐƷǴ ǌȂΘǼ

ǦǼȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ Ȃǜ ǌΞǐॽ

BȂΗǦǐ [ःॽ �ΝȏǐȓǦǻǐǼȝƷǶ ǜȠǶǶΞ ǌΞǐǌ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼॽ

HΗǐȓǣǐƷǌ ΗǦǐΘ ȝȂȏ ƷǼǌ ȖǦǌǐ ΗǦǐΘ ǅȂȝȝȂǻ ȖǣȂΘǦǼǝ ȝǣǐ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖॶ Θǣǐȓǐ Xǐ

= ࣧ࣡࣡࣡ ƷǼǌ [X= ࣣ.ࣦॽ �Ȗ ȝǣǐ ΗȂȓȝǐΝ ȓǦǼǝȖ ǆȂǶǶǦǌǐॶ ȝǣǐΞ ǌǐΗǐǶȂȏ ƷǶȝǐȓǼƷȝǦǼǝ ৗȝȂǼǝȠǐȖ ȝǣƷȝ ǦǼȝǐȓৄ

ǌǦǝǦȝƷȝǐ ƷȓȂȠǼǌ ȂǼǐ ƷǼȂȝǣǐȓॽ bǣǐ ǐǌǝǐȖ Ȃǜ ȝǣǐȖǐ ȝȂǼǝȠǐȖ ȓȂǶǶ Ƞȏ ǦǼȝȂ ƷǼ Ȃȓǌǐȓǐǌ ƷȓȓƷΞ Ȃǜ ȖǐǆȂǼǌƷȓΞ

ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॶ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ΗȂȓȝǐΝ ǆȂȓǐȖॽ bǣǐȖǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼȝǐȓƷǆȝ ƷǼǌ ȓƷȏǦǌǶΞ

ǅȓǐƷǴ ǌȂΘǼ ǦǼȝȂ Ʒ ȝȠȓǅȠǶǐǼȝ ǆǶȂȠǌ Ȃǜ ǌΞǐॽ

BȂΗǦǐ [ऄॽ �C[ Ȃǜ ΗȂȓȝǐΝ ȝȠǅǐ ǦǼȝǐȓƷǆȝǦȂǼॵ Xǐ۵ = ࣦࣥ࣡࣡ॽ

qȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖॶ Θǣǐȓǐ Xǐ۵ =

ࣦࣥ࣡࣡ ƷǼǌ ȼ∗ = ۵ȼ/Ǥࣣॽ �Ȗ Ʒ ȓǐȖȠǶȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ȝǣǐ ǆȂȓǐȖ ǌǐΗǐǶȂȏ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓৄ

ȝȠȓǅƷȝǦȂǼȖॶ ƷǼǌ ƷǼ ƷȓȓƷΞ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǜȂȓǻȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ

ǆȂȓǐȖॽ bǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ȝǣǐ ȓǐǻƷǦǼȖ Ȃǜ ȝǣǐ ǆȂȓǐȖ ǅǐǜȂȓǐ ǅȓǐƷǴǦǼǝ

ǌȂΘǼ ǦǼȝȂ Ʒ ৗȖȂȠȏ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖ ȝǣƷȝ Ʒȓǐ ǌǦȖȖǦȏƷȝǐǌ ǅΞ ΗǦȖǆȂȖǦȝΞॽ bǣǐ ΗȂȓȝǦǆǦȝΞ ȝǣȓǐȖǣȂǶǌ ǦȖ

࣡.࣡ࣨࣧ ≤ |݅|/|݅|ǻƷΝ ≤ ࣡.ࣩ࣪ॶ ƷǼǌ ȝǣǐ ȝȠǅǐȖ ȏȓȂȏƷǝƷȝǐ ǦǼ ȝǣǐ−ͤ ǌǦȓǐǆȝǦȂǼॽ

BȂΗǦǐ [अॽ �C[ Ȃǜ ΗȂȓȝǐΝ ȝȠǅǐ ǦǼȝǐȓƷǆȝǦȂǼॵ Xǐ۵ = ࣦࣤ࣡࣡ॽ

इँ



qȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖॶ Θǣǐȓǐ Xǐ۵ =

ࣦࣤ࣡࣡ ƷǼǌ ȼ∗ = ۵ȼ/Ǥࣣॽ �Ȗ Ʒ ȓǐȖȠǶȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ȝǣǐ ǆȂȓǐȖ ǌǐΗǐǶȂȏ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓৄ

ȝȠȓǅƷȝǦȂǼȖॶ ƷǼǌ ƷǼ ƷȓȓƷΞ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǜȂȓǻȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ

ǆȂȓǐȖॽ bǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǼǌ ȝǣǐ ȓǐǻƷǦǼȖ Ȃǜ ȝǣǐ ǆȂȓǐȖ ǅǐǜȂȓǐ ǅȓǐƷǴǦǼǝ

ǌȂΘǼ ǦǼȝȂ Ʒ ৗȖȂȠȏ Ȃǜ ȖǻƷǶǶৄȖǆƷǶǐ ΗȂȓȝǦǆǐȖ ȝǣƷȝ Ʒȓǐ ǌǦȖȖǦȏƷȝǐǌ ǅΞ ΗǦȖǆȂȖǦȝΞॽ bǣǐ ΗȂȓȝǦǆǦȝΞ ȝǣȓǐȖǣȂǶǌ ǦȖ

࣡.ࣣࣣ ≤ |݅|/|݅|ǻƷΝ ≤ ࣡.ࣣࣦࣨॶ ƷǼǌ ȝǣǐ ȝȠǅǐȖ ȏȓȂȏƷǝƷȝǐ ǦǼ ȝǣǐ−ͤ ǌǦȓǐǆȝǦȂǼॽ

BȂΗǦǐ [आॽ /ǼȝǐȓƷǆȝǦȂǼ ƷǼǌ ȖȏǶǦȝȝǦǼǝ Ȃǜ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॽ

qȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖॶ Θǣǐȓǐ Xǐ۵ =

ࣦࣤ࣡࣡ ƷǼǌ ȼ∗ = ۵ȼ/Ǥࣣॽ CǐǦǝǣǅȂȓǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǆȂȠǼȝǐȓৄȓȂȝƷȝǐ ƷǼǌ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ȂǼǐ

ƷǼȂȝǣǐȓॽ bǣǦȖ ǆǶȂȖǐৄȓƷǼǝǐ ǦǼȝǐȓƷǆȝǦȂǼ ǆƷȠȖǐȖ ȂǼǐ Ȃǜ ȝǣǐ ЖǶƷǻǐǼȝȖ ȝȂ ǅǐǆȂǻǐ ЙƷȝȝǐǼǐǌ ǦǼȝȂ Ʒ ΗȂȓৄ

ȝǐΝ Ȗǣǐǐȝ ǅǐǜȂȓǐ ȖȏǶǦȝȝǦǼǝ ǦǼȝȂ ȖǻƷǶǶǐȓ ȝǐȓȝǦƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॽ bǣǐ ΗȂȓȝǦǆǦȝΞ ȝǣȓǐȖǣȂǶǌ ǦȖ ࣡.ࣣࣣ ≤

|݅|/|݅|ǻƷΝ ≤ ࣡.ࣣ࣡ࣧॽ

BȂΗǦǐ [इॽ �C[ Ȃǜ ΗȂȓȝǐΝ ȝȠǅǐ ǦǼȝǐȓƷǆȝǦȂǼॵ Xǐ۵ = ࣧ࣡࣡࣡ॽ

qȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖॶ Θǣǐȓǐ Xǐ۵ =

ࣧ࣡࣡࣡ ƷǼǌ ȼ∗ = ۵ȼ/Ǥࣣॽ �Ȗ Ʒ ȓǐȖȠǶȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ȝǣǐ ǆȂȓǐȖ ǌǐΗǐǶȂȏ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓৄ

ȝȠȓǅƷȝǦȂǼȖॶ ƷǼǌ ƷǼ ƷȓȓƷΞ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǜȂȓǻȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ

ǆȂȓǐȖॽ bǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ƷǼǌ ȓǐǻƷǦǼǦǼǝ ǆȂȓǐȖ ǦǼȝǐȓƷǆȝ ΗǦȂǶǐǼȝǶΞ ƷǼǌ ȓƷȏǦǌǶΞ ৗǅȠȓȖȝ ǦǼȝȂ Ʒ

ȝȠȓǅȠǶǐǼȝ ЙȂΘ Ȃǜ ΗȂȓȝǦǆǐȖ ǦǼȝǐȓƷǆȝǦǼǝ ȂΗǐȓ ǻƷǼΞ ȖǆƷǶǐȖॽ qǦȖǆȂȖǦȝΞ ǌƷǻȏȖ ȂȠȝ ȝǣǐ ǻȂȝǦȂǼ Ȃǜ ȝǣǐ ȓǐৄ

ǻƷǦǼǦǼǝ ΗȂȓȝǦǆǐȖॽ bǣǐ ΗȂȓȝǦǆǦȝΞ ȝǣȓǐȖǣȂǶǌ ǦȖ ࣡.࣡ࣨࣨ ≤ |݅|/|݅|ǻƷΝ ≤ ࣡.ࣦࣤॶ ƷǼǌ ȝǣǐ ȝȠǅǐȖ ȏȓȂȏƷǝƷȝǐ

ǦǼ ȝǣǐ−ͤ ǌǦȓǐǆȝǦȂǼॽ

BȂΗǦǐ [ईॽ /ȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐ Ȃǜ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝǦǐȖॽ

qȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖॶ Θǣǐȓǐ Xǐ۵ =

ࣧ࣡࣡࣡ ƷǼǌ ȼ∗ = ۵ȼ/Ǥࣣॽ CǐǦǝǣǅȂȓǦǼǝ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ΗǦȂǶǐǼȝǶΞ ǦǼȝǐȓƷǆȝ ƷǼǌ ǜȂȓǻ ƷǼȂȝǣǐȓ ǝǐǼǐȓৄ

इं



ƷȝǦȂǼ Ȃǜ ȏǐȓȏǐǼǌǦǆȠǶƷȓॶ ȝǐȓȝǦƷȓΞ ЖǶƷǻǐǼȝȖ ȝǣȓȂȠǝǣ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ bǣǐ ΗȂȓȝǦǆǦȝΞ ȝǣȓǐȖǣȂǶǌ ǦȖ

࣡.ࣣ࣡࣪ ≤ |݅|/|݅|ǻƷΝ ≤ ࣡.ࣣࣥॽ

BȂΗǦǐ [ऀࣿॽ %ƷȠȖȖǦƷǼ Жȝ ȝȂ ΗȂȓȝǐΝ ǆȂȓǐ U/q ǌƷȝƷॽ

ँ� U/qǻǐƷȖȠȓǐǻǐǼȝ Ȃǜ ȝǣǐ ΗȂȓȝǦǆǦȝΞ ǌǦȖȝȓǦǅȠȝǦȂǼ Ȃǜ Ʒ ǜȂȓǻǐǌ ΗȂȓȝǐΝ ȓǦǼǝॶ Θǣǐȓǐ Xǐ= ࣨ࣡࣡࣡ ƷǼǌ

[X= ࣣ.ࣦॽ bǣǐ ȓƷΘ U/q ΗȂȓȝǦǆǦȝΞ ǌƷȝƷ ǦȖ ȏǶȂȝȝǐǌ ǦǼ ȝǣǐ ȝȂȏ ȏƷǼǐǶ ƷǼǌ ȝǣǐ %ƷȠȖȖǦƷǼ Жȝ Ȃǜ ȝǣǐ ȝȂȏ ƷǼǌ

ǅȂȝȝȂǻ ǆȂȓǐȖ ǦȖ ȏǶȂȝȝǐǌ ǦǼ ȝǣǐ ǅȂȝȝȂǻ ȏƷǼǐǶॽ

BȂΗǦǐ [ऀऀॽ �C[ Ȃǜ ΗȂȓȝǐΝ ȝȠǅǐ ǦǼȝǐȓƷǆȝǦȂǼॵ Xǐ ۵ = ࣣ࣡࣡࣡ॽ

qȂȓȝǦǆǦȝΞ ǻȂǌȠǶȠȖ ǜȂȓ ȝǣǐ ȖǦǻȠǶƷȝǐǌ ǦǼȝǐȓƷǆȝǦȂǼ Ȃǜ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖॶ Θǣǐȓǐ Xǐ۵ =

ࣣ࣡࣡࣡ ƷǼǌ ȼ∗ = ۵ȼ/Ǥࣣॽ �Ȗ Ʒ ȓǐȖȠǶȝ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॶ ȝǣǐ ǆȂȓǐȖ ǌǐΗǐǶȂȏ ƷǼȝǦȖΞǻǻǐȝȓǦǆ ȏǐȓৄ

ȝȠȓǅƷȝǦȂǼȖॶ ƷǼǌ ƷǼ ƷȓȓƷΞ Ȃǜ ǆȂȠǼȝǐȓৄȓȂȝƷȝǦǼǝ ȖǐǆȂǼǌƷȓΞ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖ ǜȂȓǻȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ

ǆȂȓǐȖॽ bǣǐ ȖǐǆȂǼǌƷȓΞ ЖǶƷǻǐǼȝȖ ǣƷΗǐ ǶǦȝȝǶǐ ǆǦȓǆȠǶƷȝǦȂǼ ƷǼǌ ȒȠǦǆǴǶΞ ǌǦȖȖǦȏƷȝǐ ǌȠǐ ȝȂ ΗǦȖǆȂȖǦȝΞॽ bǣǐ

ΗȂȓȝǦǆǦȝΞ ȝǣȓǐȖǣȂǶǌ ǦȖ ࣡.ࣣࣣ࣪ ≤ |݅|/|݅|ǻƷΝ ≤ ࣡.ࣦࣩࣥॶ ƷǼǌ ȝǣǐ ȝȠǅǐȖ ȏȓȂȏƷǝƷȝǐ ǦǼ ȝǣǐ−ͤ ǌǦȓǐǆȝǦȂǼॽ

इः



XǐǜǐȓǐǼǆǐȖ

ফऀব �ȖǣȠȓȖȝॶ sॽ bॽ ૫BǐǦȓȂǼॶ �ॽ /ॽ ऀईइअॽ CȠǻǐȓǦǆƷǶ ȖȝȠǌΞ Ȃǜ ΗȂȓȝǐΝ ȓǐǆȂǼǼǐǆȝǦȂǼॽ UȂͤȵࣗ Xǯࣗ͝
=ǯȼȼࣗॶ ऄइॶ ऀअंँূऀअंऄॽ

ফँব �ƷȝǆǣǐǶȂȓॶ %ॽ <ॽ ऀईआࣿॽ �ț ȅțȼȲȡǫȿǥȼȅȡț ȼȡ $ȕȿȅǫ �ͤțǖȚȅǥȵॽ �ƷǻǅȓǦǌǝǐ eǼǦΗǐȓȖǦȝΞ UȓǐȖȖॽ

ফंব �ƷΞǶΞॶ �ॽ :ॽ ऀईइअॽ bǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ǦǼȖȝƷǅǦǶǦȝΞ Ȃǜ ǐǶǶǦȏȝǦǆ ЙȂΘॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ ऄआॶ ँऀअࣿূ
ँࣿअःॽ

ফःব �ǐȝǆǣȂΗॶ Xॽ ऀईआअॽ HǼ ȝǣǐ ǼȂǼৄǝƷȠȖȖǦƷǼ ƷȖȏǐǆȝȖ Ȃǜ ȝȠȓǅȠǶǐǼǆǐॽ �ȲǥȂȅ͝ ȡǻBǯǥȂǖțȅǥȵ࣐ �ȲǥȂȅठ
͞ȿȚBǯǥȂǖțȅȓȅ [ȼȡȵȡ͞ǖțǯȐॶ ँइॶ इंआূइःऄॽ

ফऄব �ȓƷǆǣǐȝॶ Bॽ �ॽॶ BǐǦȓȂǼॶ �ॽ /ॽॶ HȓȖΣƷǝॶ [ॽ �ॽॶ CǦǆǴǐǶॶ �ॽ %ॽॶ BȂȓǜॶ Xॽ ,ॽॶ ૫ $ȓǦȖǆǣॶ eॽ ऀईइंॽ
[ǻƷǶǶৄȖǆƷǶǐ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȝǣǐ ȝƷΞǶȂȓৄǝȓǐǐǼ ΗȂȓȝǐΝॽ :ࣗ $ȕȿȅǫBǯǥȂࣗॶ ऀंࣿॶ ःऀऀূःऄँॽ

ফअব �ȓǐǼǼǐȓॶ Bॽ Uॽॶ ,ȂȓǻȂΣॶ [ॽॶ ૫ UȠǻǦȓॶ �ॽ ँࣿऀअॽ UȂȝǐǼȝǦƷǶ ȖǦǼǝȠǶƷȓǦȝΞ ǻǐǆǣƷǼǦȖǻ ǜȂȓ ȝǣǐ
ǐȠǶǐȓ ǐȒȠƷȝǦȂǼȖॽ UȂͤȵࣗ Xǯࣗ͝ $ȕȿȅǫȵॶ ऀइॶ ࣿइःऄࣿंॽ

ফआব �ȓǐǼǼǐȓॶ Bॽ Uॽॶ [ǣǦॶ xॽॶ ૫ CƷǝǐǶॶ [ॽ Xॽ ऀईईःॽ /ȝǐȓƷȝǐǌ ǦǼȖȝƷǅǦǶǦȝǦǐȖ ǌȠȓǦǼǝ ǌȓȂȏǶǐȝ ЖȖȖǦȂǼॽ
UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ आंँऄॶ ंंईऀॽ

ফइব �ǣƷȏǻƷǼॶ �ॽ Xॽ ऀईआईॽ �ȂǻȏȠȝƷȝǦȂǼƷǶ ƷǐȓȂǌΞǼƷǻǦǆȖ ǌǐΗǐǶȂȏǻǐǼȝ ƷǼǌ ȂȠȝǶȂȂǴॽ �/��
:ȡȿȲțǖȕॶ ऀआॶ ऀँईंূऀंऀंॽ

ফईব �ȂǼȖȝƷǼȝǦǼॶ Uॽ ँࣿࣿआॽ HǼ ȝǣǐ �ȠǶǐȓ ǐȒȠƷȝǦȂǼȖ Ȃǜ ǦǼǆȂǻȏȓǐȖȖǦǅǶǐ ЙȠǦǌȖॽ �ȿȕȕǯȼȅț ȡǻ ȼȂǯ
�ȚǯȲȅǥǖțBǖȼȂǯȚǖȼȅǥǖȕ [ȡǥȅǯȼͤॶ ःःःॶ अࣿंূअँऀॽ

ফऀࣿব �ȓȂΘॶ [ॽ �ॽ ऀईआࣿॽ [ȝƷǅǦǶǦȝΞ ȝǣǐȂȓΞ ǜȂȓ Ʒ ȏƷǦȓ Ȃǜ ȝȓƷǦǶǦǼǝ ΗȂȓȝǦǆǐȖॽ �/�� ȐȡȿȲțǖȕॶ इऀँॶ
ँऀआँূँऀआईॽ

ফऀऀব �ȠΞȏǐȓȖॶ yॽॶ BƷȠȓǐǶॶ �ॽॶ ૫ UǐȝǦȝǱǐƷǼȖॶ Uॽ ँࣿࣿंॽ qȂȓȝǐΝ ǅȓȠȖȝ ƷȖ Ʒ ȖȂȠȓǆǐ Ȃǜ ȝȠȓǅȠǶǐǼǆǐॽ UȂͤȵࣗ
Xǯࣗ͝ =ǯȼȼࣗॶ ईऀॶ ऀईःऄࣿँॽ

ফऀँব �ƷȓȓǦǝȂǶॶ Hॽ ँࣿࣿँॽ �ǐȝΘǐǐǼ ǣΞǌȓȂǌΞǼƷǻǦǆȖ ƷǼǌ ǐǶƷȖȝǦǆǦȝΞ ȝǣǐȂȓΞॵ ȝǣǐ ЖȓȖȝ ЖΗǐ ǅǦȓȝǣȖ Ȃǜ ȝǣǐ
ǼƷΗǦǐȓৄȖȝȂǴǐȖ ǐȒȠƷȝǦȂǼॽ �ȲǥȂȅ͝ǯ ǻȡȲ ,ȅȵȼȡȲͤ ȡǻ �ͣǖǥȼ [ǥȅǯțǥǯȵॶ ऄअँॶ ईऄূऀऄࣿॽ

इऄ



ফऀंব �ȂȠƷǌΞॶ [ॽॶ �ȂȠǌǐȓॶ yॽॶ ૫ �ȓƷǆǣǐȝॶ Bॽ ऀईईऀॽ �Ǧȓǐǆȝ ȂǅȖǐȓΗƷȝǦȂǼ Ȃǜ ȝǣǐ ǦǼȝǐȓǻǦȝȝǐǼǆΞ Ȃǜ
ǦǼȝǐǼȖǐ ΗȂȓȝǦǆǦȝΞ ЖǶƷǻǐǼȝȖ ǦǼ ȝȠȓǅȠǶǐǼǆǐॽ UȂͤȵȅǥǖȕ Xǯ͝ȅǯ͞ =ǯȼȼǯȲȵॶ अआइॶ ईइंॽ

ফऀःব $ƷǶǴȂΗǦǆǣॶ %ॽ ૫ [ȓǐǐǼǦΗƷȖƷǼॶ <ॽ Xॽ ँࣿࣿअॽ =ǐȖȖȂǼȖ ǜȓȂǻ ǣΞǌȓȂǌΞǼƷǻǦǆ ȝȠȓǅȠǶǐǼǆǐॽ UȂͤȵࣗ
bȡǫǖͤॶ ःःॶ ःंॽ

ফऀऄব $ǐЍǐȓǻƷǼॶ �ॽ =ॽ ँࣿࣿअॽ �ΝǦȖȝǐǼǆǐ ƷǼǌ ȖǻȂȂȝǣǼǐȖȖ Ȃǜ ȝǣǐ CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼॽ bȂǯ
BȅȕȕǯțțȅȿȚ UȲȅͩǯ ȮȲȡǤȕǯȚȵॶ ȏȏॽ ऄआূअआॽ

ফऀअব $ȓǦȖǆǣॶ eॽ ऀईईऄॽ bȿȲǤȿȕǯțǥǯ࣏ ȼȂǯ ȕǯǼǖǥͤ ȡǻ �C<ȡȕȚȡǼȡȲȡ͝ॽ �ƷǻǅȓǦǌǝǐ eǼǦΗǐȓȖǦȝΞ UȓǐȖȖॽ

ফऀआব %ǐǼǌȓȂǼॶ UॽৄHॽॶ �ΗƷǶȝȓȂǼǦॶ $ॽॶ ૫sǦǶǴǦǼȖȂǼॶ <ॽ ँࣿࣿइॽ �ǦЍȠȖǦȂǼ ǆȂǐАǆǦǐǼȝȖ Ȃǜ ȖǐΗǐȓƷǶ
ȓǣȂǌƷǻǦǼǐ ǌǐȓǦΗƷȝǦΗǐȖ ƷȖ ǌǐȝǐȓǻǦǼǐǌ ǅΞ ȏȠǶȖǐǌ ЖǐǶǌ ǝȓƷǌǦǐǼȝূǼȠǆǶǐƷȓ ǻƷǝǼǐȝǦǆ ȓǐȖȂǼƷǼǆǐ
ƷǼǌ ЙȠȂȓǐȖǆǐǼǆǐ ǆȂȓȓǐǶƷȝǦȂǼ ȖȏǐǆȝȓȂȖǆȂȏΞॽ :ȡȿȲțǖȕ ȡǻ ϩȿȡȲǯȵǥǯțǥǯॶ ऀइअॶ ऀࣿईंॽ

ফऀइব %ǣƷȓǦǅॶ Bॽॶ XƷǻǅȂǌॶ �ॽॶ ૫ [ǣƷȓǦЍॶ <ॽ ऀईईइॽ � ȠǼǦΗǐȓȖƷǶ ȝǦǻǐ ȖǆƷǶǐ ǜȂȓ ΗȂȓȝǐΝ ȓǦǼǝ ǜȂȓǻƷৄ
ȝǦȂǼॽ :ȡȿȲțǖȕ ȡǻ $ȕȿȅǫBǯǥȂǖțȅǥȵॶ ंअࣿॶ ऀँऀূऀःࣿॽ

ফऀईব %ȂȝȂॶ [ॽ ँࣿऀँॽ �ȂǣǐȓǐǼȝ ȖȝȓȠǆȝȠȓǐȖ ƷǼǌ ǐǼǐȓǝΞ ǆƷȖǆƷǌǐ ǦǼ ǣȂǻȂǝǐǼǐȂȠȖ ȝȠȓǅȠǶǐǼǆǐॽ
UȲȡǼȲǯȵȵ ȡǻ bȂǯȡȲǯȼȅǥǖȕ UȂͤȵȅǥȵ [ȿȮȮȕǯȚǯțȼॶ ऀईऄॶ ऀंईূऀऄअॽ

ফँࣿব %ȂȝȂॶ [ॽॶ [ƷǦȝȂॶ yॽॶ ૫ <ƷΘƷǣƷȓƷॶ %ॽ ँࣿऀआॽ ,ǦǐȓƷȓǆǣΞ Ȃǜ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖ ǦǼ ȖȏƷȝǦƷǶǶΞ
ȏǐȓǦȂǌǦǆ ȝȠȓǅȠǶǐǼǆǐ Ʒȝ ǣǦǝǣ ȓǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॽ UȂͤȵࣗ Xǯࣗ͝ $ȕȿȅǫȵॶ ँॶ ࣿअःअࣿंॽ

ফँऀব ,ȂȓǻȂΣॶ [ॽ ૫ �ȓǐǼǼǐȓॶ Bॽ Uॽ ँࣿऀँॽ �ǅȖǐǼǆǐ Ȃǜ ȖǦǼǝȠǶƷȓǦȝΞ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॽ
:ࣗ $ȕȿȅǫȵBǯǥȂࣗॶ आࣿआॶ ऀईऀূँࣿःॽ

ফँँব ,ȂȠॶ yॽ bॽ ૫ =Ǧॶ Xॽ ँࣿࣿअॽ �ǅȖǐǼǆǐ Ȃǜ ȖǦǼǝȠǶƷȓ ȖȝȓǐȝǆǣǦǼǝ Ȃǜ ǦǼȝǐȓƷǆȝǦǼǝ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝȖॽ :ࣗ
CȡțȕȅțǯǖȲ [ǥȅࣗॶ ऀअॶ अंईূअअःॽ

ফँंব /ȖǣǦǣƷȓƷॶ bॽॶ %ȂȝȂǣॶ bॽॶ ૫ <ƷǼǐǌƷॶ yॽ ँࣿࣿईॽ [ȝȠǌΞ Ȃǜ ǣǦǝǣূȓǐΞǼȂǶǌȖ ǼȠǻǅǐȓ ǦȖȂȝȓȂȏǦǆ
ȝȠȓǅȠǶǐǼǆǐ ǅΞ ǌǦȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼॽ �țțȿǖȕ Xǯ͝ȅǯ͞ ȡǻ $ȕȿȅǫBǯǥȂǖțȅǥȵॶ ःऀॶ ऀअऄূऀइࣿॽ

ফँःব :ǦǻǑǼǐΣॶ :ॽ ँࣿࣿआॽ /ǼȝǐȓǻǦȝȝǐǼǆΞ ǦǼ ȝȠȓǅȠǶǐǼǆǐॽ /Ǽ UȲȡǥࣗ ȼȂ࡞࡚ ळ�Ȃǖ ,ȿȕȅȓȡऴ ǖsȅțȼǯȲsȡȲȓठ
ȵȂȡȮ࣐ �ͣȼȲǯȚǯ �͝ǯțȼȵ ȏȏॽ इऀূईࣿॽ

ফँऄব :ǦǻǑǼǐΣॶ :ॽॶ sȓƷΞॶ �ॽ �ॽॶ [ƷЍǻƷǼॶ Uॽ %ॽॶ ૫ XȂǝƷǶǶȂॶ Xॽ [ॽ ऀईईंॽ bǣǐ ȖȝȓȠǆȝȠȓǐ Ȃǜ ǦǼȝǐǼȖǐ
ΗȂȓȝǦǆǦȝΞ ǦǼ ǦȖȂȝȓȂȏǦǆ ȝȠȓǅȠǶǐǼǆǐॽ :ȡȿȲțǖȕ ȡǻ $ȕȿȅǫBǯǥȂǖțȅǥȵॶ ँऄऄॶ अऄূईࣿॽ

ফँअব <ǐȓȓॶ Xॽ Bॽ ऀईईंƷॽ �ΗǦǌǐǼǆǐ ǜȂȓ Ʒ ȖǦǼǝȠǶƷȓǦȝΞ Ȃǜ ȝǣǐ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ ǦǼǆȂǻȏȓǐȖȖǦǅǶǐ
�ȠǶǐȓ ǐȒȠƷȝǦȂǼȖॽ UȂͤȵȅǥȵ ȡǻ $ȕȿȅǫȵ �ॶ ऄॶ ऀआँऄূऀआःअॽ

ফँआব <ǐȓȓॶ Xॽ Bॽ ऀईईंǅॽ bȓǐǜȂǦǶ ǴǼȂȝ ȝǦǻǐ ȖǆƷǶǐȖ ǜȂȓ ȓǐǆȂǼǼǐǆȝǦȂǼ ƷǼǌ ǣǐǶǦǆǦȝΞॽ $ȕȿȅǫ �ͤțǖȚȅǥȵ
XǯȵǯǖȲǥȂॶ ऄࣿॶ ࣿऀऀःँँॽ

ফँइব <ǐȓȓॶ Xॽ Bॽ ँࣿऀंॽ bǣǐ ǝȓȂΘȝǣ Ȃǜ ΗȂȓȝǦǆǦȝΞ ǻȂǻǐǼȝȖ ǦǼ ȝǣǐ ǐȠǶǐȓ ǐȒȠƷȝǦȂǼȖॽ UȲȡǥǯǫȅǖ
/eb�Bॶ आॶ ःईূऄइॽ

इअ



ফँईব <ǐȓȖΘǐǶǶॶ Xॽ Xॽ ँࣿࣿँॽ �ǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ �țțȿࣗ Xǯࣗ͝ $ȕȿȅǫBǯǥȂࣗॶ ंःॶ इंূऀऀंॽ

ফंࣿব <ǐΞǶȂǆǴॶ �ॽॶ <ǦǌƷॶ [ॽॶ ૫ UǐȝǐȓȖॶ Cॽ ँࣿऀअॽ :ȖȏȖ ȖȠȏȏȂȓȝǐǌ ȖΞǻȏȂȖǦȠǻ ȂǼ ǦǼȝǐȓȖǆƷǶǐ ȝȓƷǼȖǜǐȓȖ
ƷǼǌ ЙȂΘ ȝȂȏȂǶȂǝΞ ǦǼ ǐȒȠǦǶǦǅȓǦȠǻ ƷǼǌ ǼȂǼৄǐȒȠǦǶǦǅȓǦȠǻ ȝȠȓǅȠǶǐǼǆǐ ȖǣǐАǐǶǌॶ ȠǴॶ Ȗǐȏȝǐǻǅǐȓ
ँࣿऀःॽ $ȕȿȅǫ �ͤțǖȚȅǥȵ XǯȵǯǖȲǥȂॶ ःइँॽ

ফंऀব <ǦǌƷॶ [ॽ ૫ bƷǴƷȂǴƷॶ Bॽ ऀईइआॽ �ȓǦǌǝǦǼǝ ǦǼ ΗȂȓȝǐΝ ȓǐǆȂǼǼǐǆȝǦȂǼॽ UȂͤȵࣗ $ȕȿȅǫȵॶ ंࣿॶ ँईऀऀূ
ँईऀःॽ

ফंँব <Ǧǻॶ :ॽ ૫BȂǦǼॶ Uॽ ऀईइऄॽ �ȏȏǶǦǆƷȝǦȂǼ Ȃǜ Ʒ ǜȓƷǆȝǦȂǼƷǶৄȖȝǐȏ ǻǐȝǣȂǌ ȝȂ ǦǼǆȂǻȏȓǐȖȖǦǅǶǐ
CƷΗǦǐȓৄ[ȝȂǴǐȖ ǐȒȠƷȝǦȂǼȖॽ :ȡȿȲțǖȕ ȡǻ �ȡȚȮȿȼǖȼȅȡțǖȕ UȂͤȵȅǥȵॶ ऄईँॶ ंࣿइূंँंॽ

ফंंব <ǶǐǆǴǼǐȓॶ �ॽ ૫ /ȓΗǦǼǐॶ sॽ bॽ ँࣿऀंॽ �ȓǐƷȝǦȂǼ ƷǼǌ ǌΞǼƷǻǦǆȖ Ȃǜ ǴǼȂȝȝǐǌ ΗȂȓȝǦǆǐȖॽ CǖȼȿȲǯ
UȂͤȵȅǥȵॶ ईःॶ ँऄंূँऄइॽ

ফंःব <ȂǶǻȂǝȂȓȂΗॶ �ॽ Cॽ ऀईःऀॽ bǣǐ ǶȂǆƷǶ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȝȠȓǅȠǶǐǼǆǐ ǦǼ ǦǼǆȂǻȏȓǐȖȖǦǅǶǐ ΗǦȖǆȂȠȖ ЙȠǦǌ
ǜȂȓ ΗǐȓΞ ǶƷȓǝǐ XǐΞǼȂǶǌȖ ǼȠǻǅǐȓȖॽ /Ǽ�ȡȓȕࣗ �ȓǖǫࣗ Cǖȿȓ [[[Xॶ ΗȂǶȠǻǐ ंࣿ ȏȏॽ ँईईূंࣿंॽ

ফंऄব =ƷȏȂȓȝǐॶ $ॽ ૫ �ȂȓǱȂǼॶ �ॽ ँࣿࣿࣿॽ �Ǧȓǐǆȝ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆ ǦǼȖȝƷǅǦǶǦȝΞ Ȃǜ Ʒ
ΗȂȓȝǐΝ ȏƷǦȓॽ UȂͤȵࣗ $ȕȿȅǫȵॶ ऀँॶ ऀࣿऀअূऀࣿंऀॽ

ফंअব =ƷΗǦǼॶ /ॽ ँࣿऀइॽ =ǐȂǼƷȓǌȂȖ ΘƷȝǐȓΞ ǆǣƷȂȖॽ /�[ॶ bǣǐ /ǼȖȝǦȝȠȝǐ =ǐȝȝǐȓॶ [ȏȓǦǼǝ ँࣿऀइॽ

ফंआব =ǐ �ǦΣǗȖॶ [ॽ ૫ =ƷȏȂȓȝǐॶ $ॽ ँࣿࣿँƷॽ bǣǐȂȓǐȝǦǆƷǶ ȏȓǐǌǦǆȝǦȂǼȖ ǜȂȓ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǦǼ Ʒ
ȝΘȂৄΗȂȓȝǐΝ ЙȂΘॽ :ࣗ $ȕȿȅǫBǯǥȂࣗॶ ँࣿऀॶ ऀअईূँࣿऀॽ

ফंइব =ǐ �ǦΣǗȖॶ [ॽ ૫ =ƷȏȂȓȝǐॶ $ॽ ँࣿࣿँǅॽ bǣǐȂȓǐȝǦǆƷǶ ȏȓǐǌǦǆȝǦȂǼȖ ǜȂȓ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞ ǦǼ Ʒ
ȝΘȂৄΗȂȓȝǐΝ ЙȂΘॽ �ȓȓƷȝȠǻॶ ȏȓǦΗƷȝǐ ǆȂǻǻȠǼǦǆƷȝǦȂǼॽ

ফंईব =ǐΘǐǴǐॶ bॽॶ =ǐ �ǦΣǗȖॶ [ॽॶ ૫sǦǶǶǦƷǻȖȂǼॶ �ॽ ,ॽ ँࣿऀअॽ �ΞǼƷǻǦǆȖ ƷǼǌ ǦǼȖȝƷǅǦǶǦȝǦǐȖ Ȃǜ ΗȂȓȝǐΝ
ȏƷǦȓȖॽ �țțȿǖȕ Xǯ͝ȅǯ͞ ȡǻ $ȕȿȅǫBǯǥȂǖțȅǥȵॶ ःइॶ ऄࣿआূऄःऀॽ

ফःࣿব =ǐΘǐǴǐॶ bॽ ૫sǦǶǶǦƷǻȖȂǼॶ �ॽ ,ॽ ऀईईइॽ �ȂȂȏǐȓƷȝǦΗǐ ǐǶǶǦȏȝǦǆ ǦǼȖȝƷǅǦǶǦȝΞ Ȃǜ Ʒ ΗȂȓȝǐΝ ȏƷǦȓॽ :ࣗ
$ȕȿȅǫBǯǥȂࣗॶ ंअࣿॶ इऄূऀऀईॽ

ফःऀব =Ǧǻॶ bॽ ૫CǦǆǴǐǶȖॶ bॽ ऀईईँॽ /ǼȖȝƷǅǦǶǦȝΞ ƷǼǌ ȓǐǆȂǼǼǐǆȝǦȂǼ ǦǼ ȝǣǐ ǣǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ
ΗȂȓȝǐΝ ȓǦǼǝȖॽ CǖȼȿȲǯॶ ंऄआअंआऄॶ ँँऄূँँआॽ

ফःँব =ǦǼॶ �ॽ �ॽ ऀईःआॽ XǐǻƷȓǴȖ ȂǼ ȝǣǐ ȖȏǐǆȝȓȠǻ Ȃǜ ȝȠȓǅȠǶǐǼǆǐॽ /Ǽ UȲȡǥǯǯǫȅțǼȵ ȡǻ ȼȂǯ $ȅȲȵȼ [ͤȚठ
ȮȡȵȅȿȚ ȡǻ �ȮȮȕȅǯǫBǖȼȂǯȚǖȼȅǥȵॽ

ফःंব =ȠǼǌǝȓǐǼॶ bॽ ऀईइँॽ [ȝȓƷǦǼǐǌ ȖȏǦȓƷǶ ΗȂȓȝǐΝ ǻȂǌǐǶ ǜȂȓ ȝȠȓǅȠǶǐǼȝ ЖǼǐ ȖȝȓȠǆȝȠȓǐॽ UȂͤȵࣗ $ȕȿȅǫȵॶ
ँऄॶ ँऀईंূँँࣿंॽ

ফःःব Bǆ%ƷΗǦǼॶ Uॽ ૫ UȂǼȝǦǼॶ �ॽ /ॽ ँࣿऀइॽ qȂȓȝǐΝ ǶǦǼǐ ȝȂȏȂǶȂǝΞ ǌȠȓǦǼǝ ΗȂȓȝǐΝ ȝȠǅǐ ȓǐǆȂǼǼǐǆȝǦȂǼॽ
UȂͤȵࣗ Xǯࣗ͝ $ȕȿȅǫȵॶ ंॶ ࣿऄःआࣿऀॽ

इआ



ফःऄব Bǆ<ǐȂΘǼॶ Xॽॶ HȖȝǦǶǶƷৄBȃǼǦǆȂॶ Xॽॶ UȠǻǦȓॶ �ॽॶ �ȓǐǼǼǐȓॶ Bॽ Uॽॶ ૫ XȠǅǦǼȖȝǐǦǼॶ [ॽ Bॽ ँࣿऀइƷॽ
�ƷȖǆƷǌǐ ǶǐƷǌǦǼǝ ȝȂ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȖǻƷǶǶ ȖǆƷǶǐ ȖȝȓȠǆȝȠȓǐȖ ǦǼ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖॽ UȂͤȵࣗ Xǯࣗ͝
$ȕȿȅǫȵॶ ंऀँॶ ऀँःआࣿँॽ

ফःअব Bǆ<ǐȂΘǼॶ Xॽॶ HȖȝǦǶǶƷৄBȃǼǦǆȂॶ Xॽॶ UȠǻǦȓॶ �ॽॶ �ȓǐǼǼǐȓॶ Bॽ Uॽॶ ૫ XȠǅǦǼȖȝǐǦǼॶ [ॽ Bॽ ँࣿऀइǅॽ
�ƷȖǆƷǌǐ ǶǐƷǌǦǼǝ ȝȂ ȝǣǐ ǐǻǐȓǝǐǼǆǐ Ȃǜ ȖǻƷǶǶ ȖȝȓȠǆȝȠȓǐȖ ǦǼ ΗȂȓȝǐΝ ȓǦǼǝ ǆȂǶǶǦȖǦȂǼȖॽ UȂͤȵȅठ
ǥǖȕ Xǯ͝ȅǯ͞ $ȕȿȅǫȵॶ ंऀँॶ ऀँःआࣿँॽ [ǐǐ [ȠȏȏǶǐǻǐǼȝƷǶ BƷȝǐȓǦƷǶ Ʒȝ http://link.aps.org/
supplemental/࣡.࣡ࣤ/PhysRevFluids.ࣤ.ࣣࣣࣥࣨ࣡ ǜȂȓ ȖȠȏȏǶǐǻǐǼȝƷǶ ΗǦǌǐȂȖॽ

ফःआব Bǆ<ǐȂΘǼॶ Xॽॶ HȖȝǦǶǶƷৄBȃǼǦǆȂॶ Xॽॶ UȠǻǦȓॶ �ॽॶ �ȓǐǼǼǐȓॶ Bॽ Uॽॶ ૫ XȠǅǦǼȖȝǐǦǼॶ [ॽ Bॽ ँࣿँࣿƷॽ
bȠȓǅȠǶǐǼǆǐ ǝǐǼǐȓƷȝǦȂǼ ȝǣȓȂȠǝǣ ƷǼ ǦȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ [ǥȅǯțǥǯ �ǫठ
͝ǖțǥǯȵॶ अईॶ ǐƷƷΣँआऀआॽ

ফःइব Bǆ<ǐȂΘǼॶ Xॽॶ HȖȝǦǶǶƷৄBȃǼǦǆȂॶ Xॽॶ UȠǻǦȓॶ �ॽॶ �ȓǐǼǼǐȓॶ Bॽ Uॽॶ ૫ XȠǅǦǼȖȝǐǦǼॶ [ॽ Bॽ ँࣿँࣿǅॽ
bȠȓǅȠǶǐǼǆǐ ǝǐǼǐȓƷȝǦȂǼ ȝǣȓȂȠǝǣ ƷǼ ǦȝǐȓƷȝǦΗǐ ǆƷȖǆƷǌǐ Ȃǜ ȝǣǐ ǐǶǶǦȏȝǦǆƷǶ ǦǼȖȝƷǅǦǶǦȝΞॽ [ǥȅǯțǥǯ �ǫठ
͝ǖțǥǯȵॶ अईॶ ǐƷƷΣँआऀआॽ [ǐǐ [ȠȏȏǶǐǻǐǼȝƷǶ BƷȝǐȓǦƷǶ Ʒȝ https://advances.sciencemag.org/
content/ࣧ/࣪/eaazࣣࣨࣨ/tab-figures-data ǜȂȓ ȖȠȏȏǶǐǻǐǼȝƷǶ BȂΗǦǐȖॽ

ফःईব BǐǶƷǼǌǐȓॶ Bॽ qॽ ૫,ȠȖȖƷǦǼॶ $ॽ ऀईइईॽ �ȓȂȖȖৄǶǦǼǴǦǼǝ Ȃǜ ȝΘȂ ƷǼȝǦȏƷȓƷǶǶǐǶ ΗȂȓȝǐΝ ȝȠǅǐȖॽ UȂͤȵࣗ
$ȕȿȅǫȵ �ॶ ऀॶ अंंূअंअॽ

ফऄࣿব BȂЍƷȝȝॶ ,ॽॶ <ǦǌƷॶ [ॽॶ ૫ HǣǴǦȝƷǼǦॶ <ॽ ऀईईःॽ [ȝȓǐȝǆǣǐǌ ΗȂȓȝǦǆǐȖূȝǣǐ ȖǦǼǐΘȖ Ȃǜ ȝȠȓǅȠǶǐǼǆǐঃ
ǶƷȓǝǐৄXǐΞǼȂǶǌȖৄǼȠǻǅǐȓ ƷȖΞǻȏȝȂȝǦǆȖॽ :ȡȿȲțǖȕ ȡǻ $ȕȿȅǫBǯǥȂǖțȅǥȵॶ ँऄईॶ ँःऀূँअःॽ

ফऄऀব BȂǦȖΞॶ $ॽ ૫ :ǦǻǑǼǐΣॶ :ॽ ँࣿࣿःॽ %ǐȂǻǐȝȓΞ ƷǼǌ ǆǶȠȖȝǐȓǦǼǝ Ȃǜ ǦǼȝǐǼȖǐ ȖȝȓȠǆȝȠȓǐȖ ǦǼ ǦȖȂȝȓȂȏǦǆ
ȝȠȓǅȠǶǐǼǆǐॽ :ȡȿȲțǖȕ ȡǻ ϩȿȅǫ ȚǯǥȂǖțȅǥȵॶ ऄऀंॶ ऀऀऀॽ

ফऄँব BȂȂȓǐॶ �ॽ sॽ ૫ [ƷЍǻƷǼॶ Uॽ %ॽ ऀईआँॽ bǣǐ ǻȂȝǦȂǼ Ȃǜ Ʒ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝ ΘǦȝǣ ƷΝǦƷǶ ЙȂΘॽ
UȂȅȕȡȵࣗ bȲǖțȵࣗ Xࣗ [ȡǥࣗ =ȡțǫȡț [ǯȲࣗ �ॶ ँआँॶ ःࣿंূःँईॽ

ফऄंব BȂȂȓǐॶ �ॽ sॽ ૫ [ƷЍǻƷǼॶ Uॽ %ॽ ऀईआऄॽ bǣǐ ǦǼȖȝƷǅǦǶǦȝΞ Ȃǜ Ʒ ȖȝȓƷǦǝǣȝ ΗȂȓȝǐΝ ЖǶƷǻǐǼȝ ǦǼ Ʒ ȖȝȓƷǦǼ
ЖǐǶǌॽ UȲȡǥǯǯǫȅțǼȵ ȡǻ ȼȂǯ Xȡͤǖȕ [ȡǥȅǯȼͤ ȡǻ =ȡțǫȡțࣗ �ࣗBǖȼȂǯȚǖȼȅǥǖȕ ǖțǫ UȂͤȵȅǥǖȕ [ǥȅǯțǥǯȵॶ
ंःअऀअःअॶ ःऀंূःँऄॽ

ফऄःব BȂȝȂȂȓǦॶ yॽ ૫ %ȂȝȂॶ [ॽ ँࣿऀईॽ %ǐǼǐȓƷȝǦȂǼ ǻǐǆǣƷǼǦȖǻ Ȃǜ Ʒ ǣǦǐȓƷȓǆǣΞ Ȃǜ ΗȂȓȝǦǆǐȖ ǦǼ Ʒ ȝȠȓǅȠৄ
ǶǐǼȝ ǅȂȠǼǌƷȓΞ ǶƷΞǐȓॽ :ȡȿȲțǖȕ ȡǻ $ȕȿȅǫBǯǥȂǖțȅǥȵॶ इअऄॶ ऀࣿइऄূऀऀࣿईॽ

ফऄऄব HȖǣǦǻƷॶ yॽ ऀईआइॽ ,ǐƷǌৄȂǼ ǆȂǶǶǦȖǦȂǼ Ȃǜ ȝΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖॽ :ࣗ UȂͤȵࣗ [ȡǥࣗ :ǖȮǖțॶ ःःॶ ंँइূंंऀॽ

ফऄअব HȖǣǦǻƷॶ yॽ ૫ �ȖƷǴƷॶ [ॽ ऀईआआॽ /ǼȝǐȓƷǆȝǦȂǼ Ȃǜ ȝΘȂ ΗȂȓȝǐΝ ȓǦǼǝȖ ƷǶȂǼǝ ȏƷȓƷǶǶǐǶ ƷΝǐȖ ǦǼ ƷǦȓॽ :ࣗ
UȂͤȵࣗ [ȡǥࣗ :ǖȮǖțॶ ःँॶ आࣿइূआऀंॽ

ফऄआব UȂȏǐॶ [ॽ �ॽ ँࣿࣿࣿॽ bȿȲǤȿȕǯțȼ ϩȡ͞ȵॽ �ƷǻǅȓǦǌǝǐ eǼǦΗǐȓȖǦȝΞ UȓǐȖȖॽ
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bӟӢԓ ԚӟӏԓӢԓ ԫҷԓ ԚԮԌӏԓӏԚ ȠȖǦǼǝ =�b�xॶ
ȂȓǦǝǦǼƷǶǶΞ ǌǐΗǐǶȂȏǐǌ ǅΞ =ǐȖǶǦǐ =ƷǻȏȂȓȝ
ƷǼǌ ǅƷȖǐǌ ȂǼ �ȂǼƷǶǌ <ǼȠȝǣȖ b�xॽ bǣǐ

ǅȂǌΞ ȝǐΝȝ ǦȖ Ȗǐȝ ǦǼ ऀऀ ȏȂǦǼȝ �ǝǐǼȂǶЍৄ�ǐȓǼǐȓ
%ƷȓƷǻȂǼǌॶ Ʒ ȓǐΗǦΗƷǶ Ȃǜ �ǶƷȠǌǐ %ƷȓƷǻȂǼȝȖ
ǣȠǻƷǼǦȖȝ ȝΞȏǐǜƷǆǐॽ bǣǐ ƷǅȂΗǐ ǦǶǶȠȖȝȓƷȝǦȂǼॶ ৗ[ǆǦৄ
ǐǼǆǐ �ΝȏǐȓǦǻǐǼȝ ࣿँॶ ΘƷȖ ǆȓǐƷȝǐǌ ǅΞ �ǐǼ [ǆǣǶǦȝৄ
ȝǐȓ ƷǼǌ ȓǐǶǐƷȖǐǌ ȠǼǌǐȓ ӅӅ ӂԮ৳ӹӅ৳ӹӋ ं৷ࣿॽ �
ȝǐǻȏǶƷȝǐ ȝǣƷȝ ǆƷǼ ǅǐ ȠȖǐǌ ȝȂ ǜȂȓǻƷȝ Ʒ Uǣ� ȝǣǐৄ
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ǌǐȓ ȝǣǐ ȏǐȓǻǦȖȖǦΗǐ ӸӢԚ ԭऀऀ ǶǦǆǐǼȖǐॶ ƷǼǌ ǆƷǼ ǅǐ
ǜȂȠǼǌ ȂǼǶǦǼǐ Ʒȝ ǝǦȝǣȠǅॽǆȂǻȖȠǆǣȂΘ�ǦȖȖǐȓȝƷȝǐ
Ȃȓ ǜȓȂǻ ǦȝȖ ƷȠȝǣȂȓॶ :ȂȓǌƷǼ [ȠǆǣȂΘॶ Ʒȝ ȖȠৄ
ǆǣȂΘ૪ȏȂȖȝॽǣƷȓΗƷȓǌॽǐǌȠॽ
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