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Photonic crystals with Dirac cone degeneracy

Abstract

In the last decade, intensive investigations have been carried out on photonic crystals because of
their remarkable features. One of these features is the Dirac cone of the photonic crystal band
structure, where two conical bands are touching at a single point. Our study focuses on photonic
crystals with Dirac cone degeneracy at different high symmetry points – Γ point and K point. The
Photonic crystal with Γ point Dirac cone can also be seen as zero-refractive index material, where
light waves propagate with infinite phase velocity. This thesis especially investigated the low-loss
properties and waveguide application of zero-index material. Stacking and twisted two layers of
photonic crystal sheet with K point Dirac cone introduce a special phenomenon of Dirac cones
hybridization. The results of Dirac cones hybridization at a certain small angle are ultra-flat
photonic bands and exhibit extreme slow light behavior.
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Chapter 1
Photonic crystals with Dirac-cone degeneracy at Γ point and K point

1.1

Introduction

The Dirac equation describes relativistic spin 1/2 particles1,2. When the effective mass of the spin
1/2 particle is zero, and the solution to the Dirac equation has a linear dispersion, where the energy
E is linearly proportional to the wave vector k. The resulted Dirac-cone bandstructure also has two
conical bands touching at a single point1,3. The electric band structure of graphene near the Fermi
level can be described by the massless Dirac equation and hence has Dirac-cone degeneracies3-7.
The electronic band dispersion is linear near the six corners of the two-dimensional (2D) hexagonal
Brillouin zone at the K and K' points, and the dispersion close to the Fermi energy at each of these
corner k-points can be visualized as two cones meeting at the Fermi level at one point called the
Dirac point8. The Dirac-cone bandstructure of graphene introduces many unusual transport
properties like the quantum Hall effect7,9,10 , superconductivity11,12, and topological insulator 13-15.
While many of graphene’s unique electronic properties emerge from its Dirac-like electronic
energy spectrum, photonic crystals with Dirac dispersion also open paths to many important
research avenues16-20. Photonic crystals have unique capabilities of controlling light
propagation21,22. Many important applications of photonic crystals depend on the existence of
degeneracy at high symmetry points20,22-28.
The accidental degeneracy of the Dirac cone at the Γ point is related to novel optical material
properties of zero refractive index29-35. Zero-index material is a typical metamaterial with an
effective zero refractive index. In the Dirac-cone zero-index material, the zero-index properties of
1

a PhC originate from a triple mode degeneracy resulting in an accidental Dirac cone located at the
Γ point of the Brillouin zone34,35. The frequency-dependent effective permittivity ( 𝜀𝜀 ) and

permeability (µ) are simultaneously zero at a particular frequency 𝜔𝜔0 , and it can be shown that the
dispersion is linear and cone-like at 𝑘𝑘 = 0 at 𝜔𝜔0 .

The honeycomb photonic crystal slab has Dirac-cone degeneracy at K point, and it has a
bandstructure that looks like graphene17-20,28,36. The topological photonic crystal that are analogs

of conventional crystals with the graphene lattice replaced by a medium of periodic electric
permittivity and/or magnetic permeability is mostly studied in recent years, where the Dirac-cone
degeneracy at K point can be broke by shrink and expand the honeycomb cluster15,17,23,26,28,37-46.
This property yields significant impacts to applications because the resulting robust edge states
protected by bulk topology provide possibilities for spintronics and quantum computation.
Another interesting topic in Dirac-cone quantum material is multilayer graphene sheets, where the
intrinsic electronic properties are primarily dependent on the merging of Dirac-cones that are given
by different layers47-55. Over the past decade, the stacking and twisting of two-dimensional
materials have led to novel materials with remarkable electronic properties. For example, in
twisted bilayer graphene (TBG), an engineered material consisting of two stacked layers of
graphene that are rotated relative to each other. A newly developed area in photonics crystal twisted bilayer honeycomb photonic crystals - has recently been reported and brings new research
opportunities in Dirac-cone photonic crystals, where ultra-flat photonic bands, light localization,
and extreme slow light behavior was observed because of the merging behavior of photonic Dirac
cones38,56,57.
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1.2

Accidental degenerated Dirac cones in zero-index photonic crystals

The interaction of light and matter is parameterized by just two quantities in one equation:
∇2 𝐸𝐸�⃗ −

𝜖𝜖𝜖𝜖 𝜕𝜕 2 𝐸𝐸�⃗
=0
𝑐𝑐 2 𝜕𝜕𝑡𝑡 2

(1.1)

the electric permittivity 𝜖𝜖, which describes the way that materials respond to electric fields, and

the magnetic permeability 𝜇𝜇, which describes the response to magnetic fields. The refractive index

measures the wave speed in a material and is given by 𝑛𝑛 = √𝜖𝜖𝜖𝜖.

The refractive index determines the wavelength of propagating light: when light enters a material
with a high index of refraction, the wavelength shrinks. Conversely, the wavelength is elongated
when passing into a lower index. In the limit where the refractive index approaches zero, the
wavelength becomes infinitely long (see Figure 1. 1). Within the zero-index material, the electric
and magnetic fields are uniform, but they continue to oscillate in time. As the index approaches
zero, the evanescent tail also extends further, ultimately extending to infinity. Phase velocity is
infinite in the zero-index material. Spatial phase is 0, which means no spatial-phase variation.
𝑘𝑘 = 𝜔𝜔�𝜇𝜇𝜇𝜇 = 0
𝜆𝜆 =

2𝜋𝜋
=∞
𝑘𝑘

𝑣𝑣𝑝𝑝 =

𝜔𝜔
=∞
𝑘𝑘

𝜑𝜑 = 𝑘𝑘𝑘𝑘 = 0

The material that has 𝑛𝑛 = √𝜖𝜖𝜖𝜖 = 0 follow the Snell’s law,
𝜃𝜃𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑠𝑠𝑠𝑠𝑠𝑠−1 �

𝑛𝑛𝑖𝑖𝑖𝑖
sin(𝜃𝜃𝑖𝑖𝑖𝑖 )� = 0
𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜

(1.2)
(1.3)
(1.4)
(1.5)
(1.6)

where only normal incident wave couples to zero-index material and the refractive beam is

perpendicular to all of the edges. Light incident at an oblique angle is unable to couple to a zero3

index slab due to total internal reflection. In the zero-index material, the electric field only oscillate
in time but not space because the spatial and temporal terms of the maxwell equation are decoupled
as ∇2 𝐸𝐸�⃗ = 0. The field that oscillates only in time has a wavelength that is stretched beyond the

boundaries of the material. Applications in optical devices require a material with zero indexes
that allow efficient light coupling from free space, which is determined by the impedance
𝜇𝜇

mismatch 𝜂𝜂 = � . In the zero-index material where 𝜖𝜖 = 𝜇𝜇 = 0 simultaneously, there is no
𝜖𝜖

singularity where 𝜂𝜂 = 0. The finite impedance allows light couples from positive index material
to the zero refractive index material.
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Figure 1. 1 As light propagates through dielectric media, the wavelength grows or shrinks
in proportion to the refractive index.
The search for realistic zero-index material is hampered by strict requirements on the material
impedance. The accidental Dirac-cone degeneracy at Γ point in the 2D photonic crystal with C4v
symmetry satisfies the material properties of 𝜖𝜖 = 𝜇𝜇 = 0 and thus finite impedance31,35. In this type

of material, the electric and magnetic response in a 2D dielectric pillar array can be engineered.
The 2D photonic crystal structure are dielectric pillars that support a monopole (TM0) and dipole
(TM1) mode (See Figure 1. 2), and they are represented by three different bands in the photonic
crystal; they also accidentally degenerate together at the gamma point and form a Dirac cone.
5

Figure 1. 2 (a) C4v pillar structure Silicon photonic crystal that supports TM polarized
mode. (b) Accidental Dirac-cone degeneracy that supports one monopole and two dipole
modes.

In this Dirac-cone bandstructure, the top band represents monopole TM response, the middle band
represents longitudinal dipole TM response, and the bottom band represents transverse dipole
response; they degenerate at gamma point where k equals zero. The top monopole response forms
an electric field response so that the 𝜖𝜖𝑒𝑒𝑒𝑒𝑒𝑒 = 0. And the bottom transverse dipole response forms a

magnetic field response so that the 𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒 = 0.

In order to make zero index material on-chip, we can transfer the infinite photonic crystal rods to
airhole photonic crystal slab, where SOI wafer can be used for fabrications58. For example, we can
have a C4v airhole structure that supports TE-like Dirac-cone degeneracy (See Figure 1. 3). The
Dirac-cone dispersion in airhole structure has accidental degeneracy of an E-symmetric mode and
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B2 symmetric mode58-60. From where we can obtain the Dirac-dispersion by diagonalizing the
following matrix59,60,
0
𝐶𝐶𝑘𝑘 = � 0
𝑏𝑏 ∗ 𝑘𝑘𝑦𝑦

0
0
∗
𝑏𝑏 𝑘𝑘𝑥𝑥

𝑏𝑏𝑘𝑘𝑦𝑦
𝑏𝑏𝑘𝑘𝑥𝑥 �
0

(1.7)

where 𝑘𝑘𝑥𝑥 and 𝑘𝑘𝑦𝑦 are the two-dimensional wave vectors. 𝑏𝑏 is the constant determined by the

photonic crystal. Then we obtain the following dispersion relation,
𝜔𝜔𝐷𝐷 ,
|𝑏𝑏|𝑐𝑐 2 𝑘𝑘
𝜔𝜔𝑘𝑘 = �
,
𝜔𝜔𝐷𝐷 ±
2𝜔𝜔𝐷𝐷

(𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)

(𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)

(1.8)

The first and second solutions give the flat band and the Dirac cone in Figure 1. 2(b), respectively.
Figure 1. 4 shows the bandstructure of the airhole zero-index photonic crystal and its quality factor.
We will discuss this type of zero-index material in later section.

Figure 1. 3 (a) Airhole Dirac-cone zero-index photonic crystal. (b) TE-like mode
supported in the airhole Dirac-cone zero-index photonic crystal material.
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Figure 1. 4 (a) A single mode with a 𝐵𝐵1 representation and two double degenerate modes
with 𝐸𝐸 representations and Dirac-cone bandstructure of airhole zero-index photonic
crystal. (b) Quality factor of corresponding three bands.

1.3

Graphene-like K point Dirac-done degeneracy in honeycomb photonic crystal

slabs
Here we introduce a 2D honeycomb photonic crystal inspired by graphene 23. The 2D photonic
crystal is a silicon membrane with 𝐶𝐶6𝑣𝑣 symmetry-protected triangular shape air holes (Figure 1.

5a). We use a finite-element method (COMSOL Multiphysics) to numerically calculate the band
structure. In the monolayer band structure, the lowest singly degenerate quasi-transverse-electric
(quasi-TE) band is well isolated from other higher-order bands (see Figure 1. 5b). The 𝐶𝐶6𝑣𝑣

symmetry of the lattice also protects a Dirac-like crossing at the 𝛫𝛫 point centered at the Dirac cone

frequency (𝑓𝑓𝐷𝐷𝐷𝐷 ), which is equivalent to the Fermi level in graphene. In this graphene-like photonic

crystal, Quasi-TE electromagnetic modes that primarily propagate through air holes are weakly

coupled with neighboring holes, mimicking how electrons hop between carbon atoms in graphene.
8

The nearest- and next-nearest-neighbor coupling strength of electromagnetic modes can be
controlled independently by varying the geometry, providing a platform to implement a broad class
of tight-binding models.

Figure 1. 5 (a) honeycomb photonic crystal dielectric slab. (b) quasi-TE mode at the
Dirac-cone degenerate K point. (c) Dirac-cone bandstructure.

Instead of attempting to solve the Schrödinger equation overall space, as is done in COMSOL or
FDTD, the honeycomb photonic crystal can also be calculated on the basis of “tightly-bound”
pseudo-orbitals. The honeycomb lattice can be regarded as a superposition of two triangular
sublattices (see Figure 1. 6). In the tight-binding model, the Hamiltonian of the system can be
written as,
H = � �𝐶𝐶𝐴𝐴† (𝑟𝑟⃗)𝐶𝐶𝐵𝐵 (𝑟𝑟 + 𝑏𝑏𝑖𝑖 ) + 𝐶𝐶𝐵𝐵† (𝑟𝑟⃗ + 𝑏𝑏𝑖𝑖 )𝐶𝐶𝐵𝐵 (𝑟𝑟) + 𝑚𝑚 �𝐶𝐶𝐴𝐴† (𝑟𝑟⃗)𝐶𝐶𝐴𝐴 (𝑟𝑟⃗) − 𝐶𝐶𝐵𝐵† (𝑟𝑟⃗ + 𝑏𝑏𝑖𝑖 )𝐶𝐶𝐵𝐵 (𝑟𝑟⃗ + 𝑏𝑏𝑖𝑖 )�� (1.9)
𝑟𝑟,𝑖𝑖
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Where 𝐶𝐶𝐴𝐴† (𝐶𝐶𝐴𝐴 ) denotes the creation (annihilation) operator on sublattice A, while 𝐶𝐶𝐵𝐵† (𝐶𝐶𝐵𝐵 ) donates

the creation (annihilation) operator on sublattice B.

Using Fourier transform to solve the above Hamiltonian, we obtain,
1/2

𝐸𝐸(𝑘𝑘) = ±𝑚𝑚 ��𝑒𝑒 𝑖𝑖𝑘𝑘�⃗𝑏𝑏1 + 𝑒𝑒 𝑖𝑖𝑘𝑘�⃗𝑏𝑏2 + 𝑒𝑒 𝑖𝑖𝑘𝑘�⃗𝑏𝑏3 ��

The Dirac cone dispersion relation using MATLAB is shown in Figure 1. 1.

(1.10)

Figure 1. 6 (a) The honeycomb lattice. It is composed of two sublattices denoted as 𝐚𝐚𝐚𝐚
and 𝐚𝐚𝐚𝐚. The two sublattices are connected by 𝐛𝐛𝐛𝐛, 𝐛𝐛𝐛𝐛 and 𝐛𝐛𝐛𝐛. (b) The dispersion relation
of a honeycomb lattice.

1.4

Outlook

In this thesis, we will explore Dirac-cone photonic crystals under three categories: low-loss zeroindex material and zero-index waveguide and twisted bilayer honeycomb photonic crystals.
Zero-index materials have extreme optical properties such as infinite wavelength and phase
velocity; however, large losses in contemporary zero-index material platforms have so far limited
applications of these fascinating properties. In chapter 2, we investigated low-loss in an all10

dielectric silicon photonic crystal with a zero-refractive index by making use of two unique types
of bound states in the continuum. This work presents a novel solution to the long-standing
challenge of losses in zero-index materials and provides a promising path toward zero-index
applications such as enhanced nonlinearities, extreme sensing, and integrated quantum networks.
The modular nature of the CMOS-compatible zero-index material, especially the on-chip airhole
zero-index material, allows for formation into alternative configurations, including a onedimensional variant that more closely resembles a standard silicon waveguide. These zero-index
waveguides are found to support the same zero-index behavior as their larger area counterparts. In
chapter 3, we studied the linear optical properties and nonlinear optical properties of the zero-index
waveguide. Conventional zero-index applications such as supercoupling or beam-steering are also
enabled by these methods and are likely to be explored in the future.
Twisted bilayer honeycomb photonic crystal has unique bandstructure behavior as two Dirac-cone
degeneracy was merged at K point. The rotation in real space results in the moiré pattern and leads
to rotation in k space. Rotation of the Brillouin zones causes the Dirac cones of the two layers to
rotate and intersect with each other. When there is enough photonic mode coupling between two
layers, those Dirac-cone bands further band hybridize with each other. We studied this type of
photonic crystal and Dirac-cone hybridization in Chapter 4. The Twisted bilayer honeycomb
photonic crystal provides access to slow light effects and light localization that conventional
photonic crystals cannot accomplish. Therefore, it will drastically enhance access to optical
nonlinearities and quantum interactions in photonic devices.
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Chapter 2
Low-loss Zero-Index Materials*
* Published work https://doi.org/10.1021/acs.nanolett.0c03575
Zero-index materials have extreme optical properties such as infinite wavelength and phase
velocity; however, large losses in contemporary zero-index material platforms have so far limited
applications of these fascinating properties. In this chapter, we achieve the low loss in an alldielectric silicon photonic crystal with a zero-refractive index by making use of two unique types
of bound states in the continuum. We observe an order-of-magnitude increase in the quality factor
of the zero-index mode over previous dielectric designs. The low-loss zero-index photonic
crystal designs we present support impedance-matched on-chip operation at telecommunication
wavelengths and scalability across the visible and infrared spectrum. By incorporating bound states
in the continuum into a zero-index platform, our work presents a novel solution to the longstanding challenge of losses in zero-index materials and provides a promising path toward zeroindex applications such as enhanced nonlinearities, extreme sensing, and integrated quantum
networks.
Zero index materials have generated substantial interest in recent years because of their
electromagnetic modes that exhibit stationary phase profiles. These modes permit subwavelength
confinement61,62, enhanced nonlinearities63-68, and extended quantum coherence69,70, opening the
door to many interesting applications. Metal oxide films and metal-dielectric metamaterials exhibit
near-zero index behavior at optical and near-infrared wavelength32,71; however, these systems have
large optical losses and high impedance, which hinders the study of near-zero index phenomena
and is detrimental to applications. All-dielectric photonic crystals (PhCs) eliminate metallic
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dissipative losses and can support a zero-index mode at 𝑘𝑘 = 0; in addition they have finite
impedance and are compatible with nanophotonic integrated circuits31,72,73. These properties are

particularly important for on-chip nonlinear and quantum devices where a long-range, stationary
phase profiles are required63,74.
The zero-index properties of a PhC originate from a triple mode degeneracy resulting in an
accidental Dirac cone located at the gamma-point of the Brillouin zone59,72. Although material loss
in an all-dielectric PhC is negligible, the zero-index modes are above the light-line causing
substantial radiative losses both in- and out-of-plane. In-plane radiative losses can be mitigated
using photonic bandgap structures, but earlier attempts31 to reduce out-of-plane radiative losses
using metallic boundaries introduce ohmic dissipation. Consequently, loss appears to be a common
challenge for all zero-index materials, and novel solutions are required for zero-index phenomena
and applications to come to fruition.

We substantially reduced radiative losses in near-infrared zero-index dielectric photonic crystals
by increasing the quality factor (𝑄𝑄-factor) using two different approaches. The first approach
achieves a high 𝑄𝑄-factor by introducing resonance-trapped75-81 modes with out-of-plane far-field

destructive interference. The second approach realizes a high 𝑄𝑄 via symmetry-protected modes.

Both approaches originate from bound states in the continuum78; however, the on-chip design
breaks the out-of-plane mirror symmetry and the 𝑄𝑄-factor will remain finite81. the devices no
longer have an infinite lifetime. Characterized by an infinite 𝑄𝑄-factor, these states remain bound

despite having an energy-momentum state which exists in the continuum of radiation. We show
an improvement in quality factor and reduction in propagation loss by an order of magnitude over
previous PhC Dirac cone designs. With the appropriate dielectric, our designs operate across a
13

broad range of visible and infrared frequencies, making them versatile designs for realizing lowloss on-chip zero-index applications and devices.

2.1

Designing the low-loss zero-index material

Our previously published, lossy zero-index PhC design consists of a square array with a 738-nm
pitch of air holes of radius 222 nm in a 220-nm-thick silicon film deposited on a silicon oxide
insulator substrate (Figure 2. 1a)73. Using numerical finite element modeling, we determined the
band structure (Figure 2. 1b), the 𝑄𝑄-factor (Figure 2. 1c). The band structure near the Γ-point

consists of three degenerate quasi-TE modes that have approximately linear dispersion and form
an accidental Dirac cone at a wavelength of 1550 nm. At the Γ-point, the modes are classified as

a degenerate pair of dipole modes and a single quadrupole mode. The 𝑄𝑄-factor of the two dipole
modes is 7.3×103 while the 𝑄𝑄-factor of the quadrupole mode is 8.3×108, which shows that the

dipole modes dominate the contribution to the structure’s radiative losses.

To suppress radiative loss of the Dirac-cone modes we used two approaches to increase the 𝑄𝑄-

factor while retaining a Dirac-cone dispersion. The first approach involves increasing the thickness
of the silicon slab to introduce a resonance-trapped dipole mode. The on-resonance condition for
this design corresponds to total destructive interference between the doubly degenerate dipole
modes and additional on-Γ modes radiating from the photonic crystal slab75-77,79,80. We optimized
(see Figure 2. 7 and Figure 2. 8) the airhole radius, array pitch, and slab thickness to obtain both a
Dirac cone and a high-𝑄𝑄 resonance at 1550 nm, yielding a geometry of 𝑟𝑟 = 197 nm; 𝑝𝑝 = 630 nm;

𝑡𝑡 = 570 nm (Figure 2. 1d). The geometry yields a degenerate Dirac cone dispersion at 1550 nm
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(Figure 2. 1e) with a dipole mode 𝑄𝑄-factor of 9.0×104, an order of magnitude larger than that in
the lossy design (Figure 2. 1f).

The second approach involves symmetry-protected modes82,83, obtained in a hexagonal lattice of
flower-shaped air-holes represented by an airhole radius 𝑟𝑟(𝜙𝜙) = 𝑟𝑟𝑜𝑜 + 𝑟𝑟𝑑𝑑 (6𝜙𝜙), with 𝑟𝑟𝑜𝑜 = 226.4

nm and 𝑟𝑟𝑑𝑑 = 109 nm, a unit-cell pitch of 𝑝𝑝 = 740 nm, and a slab thickness of 𝑡𝑡 = 370 nm (Figure
2. 1g). The hexagonal lattice belongs to the 𝐶𝐶6𝜈𝜈 point group and supports an irreducible

representation of quasi-TM modes which do not couple to plane waves at normal incidence
because their symmetry is incompatible with plane waves at the Γ-point.27 Figure 2. 1(h–i) show

the calculated dispersion and 𝑄𝑄-factors for the three modes in this symmetry-protected PhC design

across the relevant portion of the Brillouin zone. The modes form a Dirac cone dispersion with
minimum 𝑄𝑄-factor of 6.0×106, which is three orders of magnitude larger than the lossy design.
Figure 2. 2shows the in-plane and out-of-plane (insets) field profiles of the three zero-index
designs. For each design, the photonic crystal’s interfaces are connected to SU-8 waveguides. We
numerically compute the field profiles by exciting the zero-index mode of the three structures with
in-phase dipole sources located in each unit cell. All three structures support zero-index modes
leading to highly directional in-plane emission into the SU-8 waveguides, facilitated by the nonzero group velocity and finite impedance of Dirac cone structures (see Figure 2. 9 and Figure 2.
10). As expected from the 𝑄𝑄-factor in Figure 2. 1c, the lossy structure shows significant leakage

of radiation in the out-of-plane direction (Figure 2. 2a inset). In the resonance-trapped PhC design,
radiative modes are better suppressed (Figure 2. 2b). Even stronger suppression is observed in the
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symmetry-protected PhC design (Figure 2. 2c). The small amount of leakage radiation visible in
Figure 2. 2b-c is due to direct radiation from the dipole sources.

Figure 2. 1 Reducing radiation losses using resonance-trapped and symmetry-protected
designs. Band structure (left), quality factor (middle) and device geometry (right) for
lossy (top), resonance-trapped (middle) and symmetry-protected (bottom) zero-index
PhC designs. The colors in the band structure and quality factor plots correspond to
distinct modes. For the lossy and resonance-trapped PhC designs, the red curves
correspond to quadrupole modes and the blue ones to dipole modes. For the symmetryprotected PhC design, the modes are more complex (see Supplementary Fig. 2.6).
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Figure 2. 2 Electromagnetic field patterns in zero-index materials. In-plane field patterns
and radiative field patterns (inset) in lossy (left), resonance-trapped (middle) and
symmetry-protected (right) zero-index PhC designs excited by dipole sources. In the inplane direction, the waves are emitted from the PhC slabs into SU-8 waveguides; in the
out-of-plane direction, the waves are radiated into air.

The band structures, 𝑄𝑄-factor, and isofrequency contours were computed using three-dimensional
finite element method simulations (COMSOL Multiphysics 5.4). We first calculated all the modes
in a PhC unit cell with Floquet periodic boundary conditions in the two lattice-vector directions
and perfectly matched layers at the boundaries in the out-of-plane direction. TM/TE-polarized
modes were selected by evaluating the energy ratio of the electric and magnetic fields in all
directions. The field profile, effective index and impedance, propagation loss, and Fano resonance
were computed using 3D finite-difference time-domain simulator (Lumerical FDTD).

2.2

Fabrication of low-loss zero-index material

To verify our numerical findings, we fabricated the lossy, resonance-trapped PhC, and symmetryprotected PhC designs in an SOI wafer with a 220-nm-thick silicon device layer. To obtain the
thicknesses required for the resonance-trapped (570 nm) and symmetry-protected (370 nm)
designs, we used chemical vapor deposition to deposit amorphous silicon on top of the device
layer; the index contrast between the crystalline silicon and deposited amorphous silicon is small
17

(≈ 0.01). The airhole patterns were then defined using conventional electron-beam lithography

methods. Scanning electron images of the resonance-trapped and symmetry-protected PhCs are
shown in Figure 2. 3a-b, respectively.
All devices were fabricated on 220-nm SOI wafers. Using low growth rate PECVD we deposited
additional amorphous silicon to obtain the required thicknesses for the resonance-trapped PhC
(570 nm) and symmetry-protected PhC devices (370 nm). To remove the oxide and enhance Si
quality, we treated the wafer using RCA cleaning processes. The wafer was then coated with the
positive photoresist (ZEP520A) for e-beam writing, followed by reactive ion-beam etching. The
positive photoresist was removed afterwards.

2.3

Characterization of low-loss zero-index material

To determine the zero-index wavelength of our PhC devices, we used the Fourier microscope setup
shown in Figure 2. 3c to image the isofrequency contours84 of our three devices (lossy, resonancetrapped PhC, and symmetry-protected PhC designs). Each device is illuminated with a polarized
and collimated tunable (1500–1630 nm) laser beam using a near-infrared 10X objective. For a
given wavelength, we adjust the incidence angle by L1 to match the momentum of a particular
resonant mode. Light from this resonant mode is then scattered by fabrication disorder into modes
with similar momentum, which then radiate to form isofrequency contours in the far-field.28 We
remove the incident laser beam using a second polarizer (Figure 2. 12) and then image the contours
onto a CCD camera.

Figure 2. 4shows the measured and calculated isofrequency contours of the three samples. The
color scale represents the numerically calculated 𝑄𝑄 -factor of each contour. For clarity, we
18

normalize the intensity of the CCD contour images because the scattered intensity approaches zero
for high-𝑄𝑄 contours. The lossy PhC design supports quasi-TE resonances with low-𝑄𝑄 dipole
modes below the Dirac point wavelength of 1549.0 nm. In the experimental images (Figure 2. 4b),
we see bright contours below 1549.0 nm, a bright large-area contour corresponding to the flat band
at 1548.5 nm, and dark contours above 1549.0 nm. The resonance-trapped PhC design also
supports quasi-TE resonances; however, near the Dirac point wavelength of 1548.0 nm we observe
high 𝑄𝑄-factors and dim scattering contours (Figure 2. 4c-d). For the symmetry-protected PhC, the
resonances are quasi-TM and the 𝑄𝑄-factor peaks sharply near the Dirac point wavelength of 1558.0

nm (Figure 2. 4e). The experimental images (Figure 2. 4f) show darker contours as the wavelength
increases from 1530.0 to 1555.0 nm, indicating progressively smaller radiative losses. Within
experimental resolution, we do not observe a bandgap in our devices. At the Dirac point
wavelength of 1558.0 nm, we observe minimal scattered intensity at the center of the Fourier plane,
indicating the presence of a low-loss mode at the Γ-point. The off-centered bright scattered
intensity corresponds to a lower-𝑄𝑄 flat band. For wavelengths greater than 1558.0, the contour
becomes bright again in good agreement with our numerical calculations.

To measure the 𝑄𝑄-factor of the devices, we placed a pinhole in the Fourier plane following lens

L3 in Figure 2. 3c. The diameter of the pinhole is 200 μm, yielding a momentum resolution of

𝛿𝛿𝛿𝛿 ~ 0.002. The pinhole is mounted on a 2-axis stage to select specific 𝑘𝑘-points of the iso-

frequency contours. We direct the light passing through the pinhole to a photodiode. The
photodiode is connected to a lock-in amplifier which is synchronized with a 1-kHz chopper placed
in the incident laser beam. We then record the scattered light intensity from the lock-in amplifier,
sweeping the laser wavelength and varying the pinhole position to obtain the 𝑄𝑄-factor at various
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𝑘𝑘-values. The normalized intensity measurements for the lossy, resonance-trapped, and symmetryprotected PhC designs are shown in Figure 2. 5 a, c, and e, respectively, and the data collected at

a particular 𝑘𝑘-point is fitted with a Lorentzian. In Figure 2. 5 b, d, and f, the total 𝑄𝑄-factors on the

left vertical axis correspond to the full-width at half-maximum of the Lorentzians. The right
vertical axis shows the absolute value of the index obtained from the measured contour images
(Figure 2. 5 b, d, and f) using the relationship 𝑛𝑛 = 𝑐𝑐𝑘𝑘/𝜔𝜔. Both momentum resolution and the 𝑄𝑄-

factor constraint are effectively a measurement of zero refractive indexes near the Dirac-cone; thus
we could only measure the refractive index and Q-factor nearest to the Dirac-cone. The continuity
of measured contour-derived indexes indicates an absence of bandgap. Our index retrieval
simulations indicate negative indices at larger wavelengths (Figure 2. 11). For the lossy PhC
design (Figure 2. 5 a-b), we find a 𝑄𝑄-factor of 446.6 at the near-zero-index wavelength of 1549.0
nm. At longer wavelength, the 𝑄𝑄-factor substantially increases due to a higher-Q off-Γ mode

(Figure 2. 1b). The resonance-trapped PhC (Figure 2. 5 c-d) has a 𝑄𝑄-factor of 2.6×103 at a near-

zero-index wavelength of 1548.1 nm, while the symmetry-protected PhC (Figure 2. 5 e-f) has a 𝑄𝑄-

factor of 7.8×103 at a near-zero-index wavelength of 1557.0 nm. The results for the resonancetrapped and symmetry-protected PhC design are nearly an order-of-magnitude improvement over
the lossy PhC design.

The measured 𝑄𝑄-factors are lower than the calculated ones because of the finite size of the device

and fabrication disorder (Figure 2. 13). The finite-size of the patterned area breaks the periodicity
of the crystal and Bloch’s theorem is no longer valid in a single unit-cell. However, if we treat the
device as periodic over the length scale of the device and assume a random distribution of disorder,
then we can expand the device’s super-cell mode over the Bloch modes of an ideal photonic crystal
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evaluated at the fractional orders of the wavevector85,86. For the zero-index mode at the Γ-point,

the super-cell mode of our photonic crystal designs contain off-Γ, fractional modes with finite 𝑄𝑄-

factors, and the total 𝑄𝑄-factor is reduced. Our experimental results could therefore be improved by

increasing the device area and reducing fabrication disorder. Radiation leakage into the silicon
oxide substrate also decreases the measured 𝑄𝑄-factors. This loss could be mitigated by using an

index-matching layer or suspending the devices to create a symmetric index profile in the out-ofplane mirror direction (Figure 2. 15).

In conclusion, we demonstrated two approaches to mitigate radiative losses in near-infrared zeroindex photonic crystals. We experimentally demonstrated an order of magnitude increase in the
total quality factor over previous designs, and therefore a ten-fold reduction in loss. The symmetryprotected PhC design has a better performance than the resonance-trapped design in reducing the
optical losses. Losses could be further reduced by improving fabrication and the index profile. The
low-loss zero-index photonic crystal designs we present support on-chip operation, impedance
matching, and scalability across the visible and infrared spectrum, given the appropriate highindex dielectric87. These attributes are beneficial for zero-index applications which require low
loss and long propagation length scales (Figure 2. 16), such as enhanced nonlinear and quantum
interactions in photonic integrated circuits. Our findings open novel routes for the development of
on-chip zero-index devices and applications which have so far remained elusive due to the large
losses in current designs.
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Figure 2. 3 Device and experimental setup. Scanning electron microscopy images of the
(a) resonance-trapped and (b) symmetry-protected PhC devices. The total patterned area
is approximately 500×500 μm2. (c) Setup for measuring iso-frequency contours. A
collimated laser is first polarized and then focused by lens (L1) with focal length 𝑓𝑓 = +15
cm (L1) onto the back focal plane of a 10x infinity-corrected NIR objective, so the sample
is illuminated by a collimated beam. The angle of incidence is controlled by moving L1
in the horizontal plane to achieve resonance coupling at each excitation wavelength. We
image the back focal plane of the objective onto the CCD camera using a 1.67magnifcation 4𝑓𝑓-relay lens system. Lens L4 can be removed to switch the setup to realspace imaging for initial alignment.
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Figure 2. 4 Numerical (a, c, e) and measured (b, d, f) iso-frequency contours of lossy
(top), resonance-trapped (middle), and symmetry-protected (bottom) zero-index PhC
devices. The color scale indicates the calculated 𝑄𝑄-factor. In the measured images the
contrast is normalized to improve visibility. The pair of bright spots visible in many of
the measured images are the laser’s incident and reflected beam.
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Figure 2. 5 Quality factor measurement. Lorentzian fits to the wavelength-dependence of
the normalized scattered-light intensity (a, c, e); each curve represents a different pinhole
position and therefore a different k-vector. The Q-factors (left vertical axis of b, d, f) are
obtained from the Lorentzian line widths on the left. The effective indices (right vertical
axis of b, d, f) are determined from the measured iso-frequency contour. (a–b) Lossy, (c–
d) resonance-trapped, (e–f), and symmetry-protected PhC.
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2.4

Supplementary

The accidental degeneracy at the Γ-point of a Dirac-cone zero-index material (ZIM) photonic

crystal (PhC) slab requires a triple degeneracy between a single mode and two degenerate modes.
The lossy and resonance-trapped ZIM PhC have a 𝐶𝐶4𝜈𝜈 symmetry. The Dirac-cone consists of a

single mode with a 𝐵𝐵1 representation and two double degenerate modes with 𝐸𝐸 representations

(Figure 2. 6 (a-b)). All three modes are quasi-TE modes. The symmetry-protected ZIM PhC has a

𝐶𝐶6𝜈𝜈 symmetry. The Dirac-cone consists of a single mode with 𝐵𝐵1 /𝐵𝐵2 representation and a pair of

double degenerate modes with 𝐸𝐸2 representations (Figure 2. 6 (c)). All three modes are quasi-TM

modes.1
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Figure 2. 6 Modes in Dirac-cone triply degeneracy. Dirac-cone triple degeneracy with
one single degenerate mode (left) and two double degenerate modes (middle and right).
(a-c) Magnetic field 𝑅𝑅𝑅𝑅(𝐻𝐻𝑧𝑧 ) in the unit cell of the lossy ZIM PhC for the quasi-TE modes.
(d-f) Magnetic field 𝑅𝑅𝑅𝑅(𝐻𝐻𝑧𝑧 ) in the unit cell of the resonance-trapped ZIM PhC for the
quasi-TE modes. (g-i) Electric field 𝑅𝑅𝑅𝑅(𝐸𝐸𝑧𝑧 ) in the unit cell of the symmetry-protected
ZIM PhC for the quasi-TM modes.
We vary the height and radius of the ZIM PhC slab to achieve a resonance-trapped mode at the Γ-

point. Figure 2. 7 shows the 𝑄𝑄-factor (color map) over the radius and height parameter space with
the Dirac-cone degeneracy condition indicated by a white line. The maximum 𝑄𝑄-factor along this

line corresponds to the optimal height and radius of ℎ = 570 nm and 𝑟𝑟 = 197 nm, respectively.
Figure 2. 8 shows the numerically calculated (FDTD) normal-incident transmission spectrum of
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our ZIM PhC slab for various height values. The spectrum consists of a Fano line shape over
Fabry-Pérot background oscillations. The Fano line shape arises from the far-field interference
between the radiative dipole resonance and the non-resonant PhC slab. At ℎ = 570 nm the
magnitude of the Fano line shape vanishes which indicates a strong suppression in the dipole
mode’s radiative decay.

Figure 2. 7 Resonance-trapped mode. The quality factor of the dipole mode as a function
of the radius and height of the ZIM PhC (Figure 2. 1(f)). The white line indicates the
triple degeneracy of the dipole modes (Figure 2. 6(e, f)) and quadruple mode (Figure 2.
6(d)). This line crosses the high-𝑄𝑄 region at 𝑟𝑟 = 198 nm and ℎ = 570 nm, indicating a
resonance-trapped ZIM.
Our ZIM designs achieve an effective refractive index of zero along with a finite impedance and
group velocity, allowing for efficient coupling between the device and standard optical
waveguides. The effective index of our devices is calculated using both simulated in-plane
reflection/transmission monitors and dispersion curves. In the first approach, we record the in27

plane transmission and reflection spectrum using Si waveguides coupled to the PhC device
boundaries (Figure 2. 9(a)). The fundamental mode of the Si waveguide is used to excite the zeroindex mode and the effective impedance of our three devices are retrieved using FDTD (Figure 2.
10). The impedances of lossy, resonance-trapped, symmetry-protected ZIM PhCs are 1.0, 1.0, and
0.18, respectively, at the zero-index wavelength of 1550 nm. In addition, we calculate the effective
index from each of the three device’s band structures using 𝑛𝑛𝑒𝑒 = 𝑐𝑐𝑐𝑐/𝜔𝜔𝑘𝑘 (Figure 2. 11(a)). In

addition, we calculate the group index using 𝑛𝑛𝑔𝑔 = 𝑣𝑣𝑔𝑔 /𝑐𝑐 where 𝑣𝑣𝑔𝑔 is the group velocity (Figure 2.

11(b)). The group indices at the zero-index wavelength of lossy, resonance-trapped, and
symmetry-protected ZIM PhC are 7.2, 7.5, and 10.4, respectively. The finite values of impedance
and group index indicate a small impendence mismatch, and thus a good coupling to free space
and to standard optical waveguides, showing the significance for our designs for integrated
photonics circuits.

Figure 2. 8 Vanishing linewidth in transmission spectra. FDTD simulation of out-of-plane
transmission spectra at normal incidence for different height of ZIM PhC (Fig. 2.1 (f)).
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This result shows the vanishing linewidth of the dipole mode at a height of 570 nm
because of resonance trapping.

Figure 2. 9 Out-of-plane and in-plane schematics. Schematics of FDTD (a) out-of-plane
(b) in-plane simulations.

Figure 2. 10 Effective impedance. Effective impedance retrieved from FDTD simulated
in-plane complex reflection and transmission coefficients of (a) lossy, (b) resonancetrapped, and (c) symmetry-protected ZIM PhC designs.

In our measurements, we use two orthogonal polarizers to filter the direct reflection. We then
record the amplitude of light scattered into the orthogonal polarization, which is first normalized
and then fitted to a Lorenz line shape to extract the total 𝑄𝑄-factor. To elucidate the origin of the
Lorentz line shape, we use temporal coupled mode theory80. Let |𝑎𝑎⟩ be the amplitude of a

resonance at frequency 𝜔𝜔𝑜𝑜 with decay constant 𝛾𝛾. The dynamics of the system can be written as
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𝑑𝑑
|𝑎𝑎⟩ = −(𝑖𝑖𝜔𝜔𝑜𝑜 + 𝛾𝛾) + 𝐾𝐾 𝑇𝑇 |𝑠𝑠+ ⟩
𝑑𝑑𝑑𝑑

(2.1)

|𝑠𝑠− ⟩ = 𝐶𝐶|𝑠𝑠+ ⟩ + 𝐷𝐷|𝑎𝑎⟩

(2.2)

The incoming (|𝑠𝑠+ ⟩) and outgoing (|𝑠𝑠− ⟩) waves consist of 𝑠𝑠 and 𝑝𝑝 polarizations; we denote

waves

above

and

below

the

photonic

crystal

interface

respectively:
𝑝𝑝
𝑝𝑝
𝑠𝑠
𝑠𝑠
|𝑠𝑠+ ⟩ = �𝑠𝑠+,1
𝑠𝑠+,2
𝑠𝑠+,1 𝑠𝑠+,2 �
𝑝𝑝
𝑝𝑝
𝑠𝑠
𝑠𝑠
|𝑠𝑠− ⟩ = �𝑠𝑠−,1
𝑠𝑠−,2
𝑠𝑠−,1 𝑠𝑠−,2 �

as

𝑠𝑠1

and

𝑇𝑇

𝑇𝑇

Incoming waves can couple to the resonance mode via the coupling vector 𝐾𝐾 given by,
𝑝𝑝

𝐾𝐾 𝑇𝑇 = �𝑘𝑘1𝑠𝑠 𝑘𝑘2𝑠𝑠 𝑘𝑘1

𝑝𝑝

𝑘𝑘2 �

𝑠𝑠2 ,

(2.3)
(2.4)

(2.5)

in the complimentary process, the resonance mode decays into outgoing waves via the coupling
vector 𝐷𝐷,

𝑝𝑝

𝐷𝐷𝑇𝑇 = �𝑑𝑑1𝑠𝑠 𝑑𝑑2𝑠𝑠 𝑑𝑑1

𝑝𝑝

𝑑𝑑2 �

(2.6)

Incoming and outgoing waves can couple through a direct process which takes a block-diagonal
form when operating at near-normal incidence
𝐶𝐶𝑠𝑠
𝐶𝐶 = � 0

𝑟𝑟𝑠𝑠,𝑝𝑝
0
𝐶𝐶
=
�
�
𝑠𝑠,𝑝𝑝
𝐶𝐶𝑝𝑝
𝑡𝑡𝑠𝑠,𝑝𝑝

′
𝑡𝑡𝑠𝑠,𝑝𝑝
′ �
𝑟𝑟𝑠𝑠,𝑝𝑝

assuming a time-harmonic resonance mode, Eqs. S1 and S2 become
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(2.7)

𝐷𝐷𝐾𝐾 𝑇𝑇
|𝑠𝑠− ⟩ = �𝐶𝐶 +
�
−𝑖𝑖(𝜔𝜔 − 𝜔𝜔𝑜𝑜 ) + 𝛾𝛾

Where

𝑑𝑑1𝑠𝑠
𝑑𝑑1𝑠𝑠 𝑘𝑘1𝑠𝑠
⎛ 𝑑𝑑2𝑠𝑠 ⎞ 𝑠𝑠
⎛ 𝑑𝑑2𝑠𝑠 𝑘𝑘1𝑠𝑠
𝑝𝑝
𝑝𝑝
𝑠𝑠
𝑇𝑇
𝐷𝐷𝐾𝐾 = ⎜ 𝑝𝑝 ⎟ �𝑘𝑘1 𝑘𝑘2 𝑘𝑘1 𝑘𝑘2 � = ⎜ 𝑝𝑝 𝑠𝑠
𝑑𝑑
𝑑𝑑 𝑘𝑘
⎝

1
𝑝𝑝
𝑑𝑑2 ⎠

⎝

1 1
𝑝𝑝
𝑑𝑑2 𝑘𝑘1𝑠𝑠

𝑑𝑑1𝑠𝑠 𝑘𝑘2𝑠𝑠
𝑑𝑑2𝑠𝑠 𝑘𝑘2𝑠𝑠
𝑝𝑝

𝑑𝑑1 𝑘𝑘2𝑠𝑠
𝑝𝑝
𝑑𝑑2 𝑘𝑘2𝑠𝑠

(2.8)
𝑝𝑝

𝑑𝑑1𝑠𝑠 𝑘𝑘1
𝑝𝑝
𝑑𝑑2𝑠𝑠 𝑘𝑘1
𝑝𝑝 𝑝𝑝
𝑑𝑑1 𝑘𝑘1
𝑝𝑝 𝑝𝑝
𝑑𝑑2 𝑘𝑘1

𝑝𝑝

𝑑𝑑1𝑠𝑠 𝑘𝑘2
𝑝𝑝
𝑑𝑑2𝑠𝑠 𝑘𝑘2 ⎞
𝑝𝑝 𝑝𝑝
𝑑𝑑1 𝑘𝑘2 ⎟
𝑝𝑝 𝑝𝑝
𝑑𝑑2 𝑘𝑘2 ⎠

(2.9)

We set the incident light to linear 𝑠𝑠 -polarization using the first polarizer, such that |𝑠𝑠+ ⟩ =
𝑠𝑠
(𝑠𝑠+,1

0

0 0)𝑇𝑇 . Inserting |𝑠𝑠+ ⟩ into Eq. 2.8, we find the outgoing wave amplitude
𝑠𝑠
𝑠𝑠−,1
𝑑𝑑1𝑠𝑠 𝑘𝑘1𝑠𝑠 ⎤
⎡ 𝑟𝑟𝑠𝑠
𝑠𝑠
1
⎛𝑠𝑠−,2 ⎞ ⎢ 𝑡𝑡
⎛ 𝑑𝑑2𝑠𝑠 𝑘𝑘1𝑠𝑠 ⎞⎥ 𝑠𝑠
|𝑠𝑠− ⟩ = ⎜ 𝑝𝑝 ⎟ = ⎢� 𝑠𝑠 � +
𝑠𝑠
𝑝𝑝 𝑠𝑠
0
𝑠𝑠−,1
−𝑖𝑖(𝜔𝜔 − 𝜔𝜔𝑜𝑜 ) + 𝛾𝛾 ⎜ 𝑑𝑑1 𝑘𝑘1 ⎟⎥ +,1
⎢ 0
𝑝𝑝 𝑠𝑠 ⎥
𝑝𝑝
𝑑𝑑
𝑠𝑠
⎣
2
⎝ 𝑘𝑘1 ⎠⎦
⎝ −,2 ⎠

(2.10)

𝑝𝑝

With the second polarizer (analyzer), we select reflected linear 𝑝𝑝-polarized light which is the 𝑠𝑠−,1
component of |𝑠𝑠− ⟩,

𝑝𝑝
𝑠𝑠−,1

𝑝𝑝

𝑑𝑑1 𝑘𝑘1𝑠𝑠
=
𝑠𝑠 𝑠𝑠
−𝑖𝑖(𝜔𝜔 − 𝜔𝜔𝑜𝑜 ) + 𝛾𝛾 +,1

(2.11)

Eq. 2.11 takes the form of a Lorenz function. The measured signal is first normalized and then
fitted to Eq. 2.11 to extract the 𝑄𝑄-factor where 𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡 =
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𝜏𝜏𝜏𝜏𝑜𝑜
2

=

𝜔𝜔𝑜𝑜
2𝛾𝛾

.

Figure 2. 11 Effective index and group index. (a) Effective index and (b) group index
computed from the slope of the Dirac-cone dispersion in Figure 2. 1(a, d, g). Both
effective index and group index are in the Γ- 𝑋𝑋 direction for lossy (green) and resonancetrapped ZIM PhC (orange), and the Γ- 𝑀𝑀 direction for symmetry-protected ZIM PhC
(purple).
We estimate the in-plane propagation losses of the ZIM PhC slab using the cut-back method. In
this simulation, we couple into and out of a PhC slab by a pair of silicon slab waveguides at the
same height (Figure 2. 9(a)). The transmission power of the PhC slab was monitored at different
propagation lengths and the propagation loss was calculated from the slope of transmission versus
propagation length curve. In Figure 2. 13, we propagated the light for 10 µm in the PhC structure.
The in-plane propagation loss of lossy ZIM PhC in Γ-Χ direction is 5.6 dB/mm at the zero-index

wavelength. For the resonance-trapped ZIM PhC design, the propagation loss at the zero-index
wavelength is 0.83 dB/mm in the Γ-Χ direction; for the symmetry-protected ZIM PhC it is 0.23
dB/mm in the Γ-𝑀𝑀 direction. In the resonance-trapped and symmetry-protected ZIM PhCs, the

small oscillations in the propagation loss are caused by reflections at the boundaries and enhanced
field build up inside the PhC.5
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Fabrication disorder decreases the 𝑄𝑄-factor of our devices.3 The deep reactive ion etching process
creates roughness on the structure sidewall. To analyze the degradation of the symmetry-protected

device’s 𝑄𝑄-factor we introduced a triangular sidewall disorder in numerical simulations. The

degree of disorder is characterized by a ratio of triangular height (𝑑𝑑) to unit cell pitch (𝑅𝑅). Figure
2. 14 shows the 𝑄𝑄-factor (the smallest 𝑄𝑄-factor among three modes) drops from 108 to 104 as the

fabrication disorder ( 𝑑𝑑/𝑅𝑅 ) increases from 0.03 to 0.07, while maintaining the accidental
degeneracy of three Dirac-cone modes.

Figure 2. 12 Measurement method. (a) Depiction of the k-space contour of PhC slab with
on resonant scattering. Brighter red dot (right) is the laser pump point, the darker red dot
(left) is the conjugate pump point. (b) Principle of cross-polarization.
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Figure 2. 13 Propagation loss. Lumerical FDTD simulated in-plane propagation losses
for (a) lossy, (b) resonance-trapped, and (c) symmetry-protected ZIM PhC slab designs
along the Γ- 𝑋𝑋 (a, b) and Γ- 𝑀𝑀 (c) directions (Fig. S11(b)). The propagation length of the
simulation domain is 10 µm.

Figure 2. 14 Fabrication disorder increases radiative loss. (a) Sidewall roughness
simulated using a triangular saw-tooth pattern of height 𝑑𝑑 to emulate the roughness
introduced with reactive-ion etching. (b) COMSOL simulated Q-factor as a function of
the fabrication disorder 𝑑𝑑/𝑅𝑅 where 𝑅𝑅 is the unit cell pitch.
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The high 𝑄𝑄-factors of our devices originate from a bound state in the continuum; however, the

silicon oxide substrate required in on-chip designs introduces an asymmetry in the out-of-plane
refractive index profile and reduces the total 𝑄𝑄-factor of both resonance-trapped and symmetry-

protected BICs.4 The performance of our devices could be substantially improved by suspending
the structures either in the air or using index matching oil to achieve the out-of-plane mirror
symmetry. Figure 2. 15 shows the band structure and 𝑄𝑄-factors of the resonance-trapped and
symmetry-protected ZIM PhCs when suspended in the air. The modes are true BICs in this

condition and we numerically find the 𝑄𝑄-factor diverges to infinity in both resonance-trapped
and symmetry-protected ZIM designs.
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Figure 2. 15 Bound states in the continuum (BIC) in suspended devices. Band structure
(left) and 𝑄𝑄-factor (right) for (a) resonance-trapped and (b) symmetry-protected ZIM PhC
designs. The colors in the band structure and 𝑄𝑄 -factor plots correspond to distinct modes.
When there is a mirror symmetry in the out-of-plane direction, both resonance-trapped
and symmetry-protected ZIM PhCs show diverging 𝑄𝑄-factors at the Γ point, indicating
the formation of a BIC.
To obtain the angle-resolved transmission/reflection spectra, we simulated a plane wave incident
from the top of the PhC slab for s and p polarizations. Transmission and reflection are monitored
at the bottom and top of the slab (Figure 2. 9 (b)). For all three types of ZIM PhC, the Fano line
shapes at different incident angles (Figure 2. 16) are in good agreement with the Dirac-cone band
structure (left column). S-polarized light excites the upper and lower bands of the Dirac-cone
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dispersion (middle column) while p-polarized light excites the middle band of the Dirac-cone
degeneracy (right column). The peak of a Fano resonance at a certain combination of wavelength
and incident angle is inverse proportional to the 𝑄𝑄 -factor of the mode at the corresponding
wavelength and wavenumber. The modulation in the transmission and reflection curves is caused

by a Fabry–Perot resonance in the PhC slab. Because of the low 𝑄𝑄-factors for the lossy ZIM PhC
design, the Fano resonance peaks have the same amplitude at all incident angles (Figure 2. 16(a-

c)). The Fano resonance peaks vanish as the incident angle approaches zero for both resonancetrapped (Figure 2. 16(d-f)) and symmetry-protected (Figure 2. 16(g-i)) PhCs because the modes
do not interfere in the far-field as a result of the high 𝑄𝑄-factor. Thus, the vanishing of the Fano line

shape at 0° agrees with a high 𝑄𝑄-factor at the Γ point.
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Figure 2. 16 Angle-resolved transmission/reflection spectra. Band structures (left),
transmission/reflection spectra at out-of-plane incidence with s-polarized light (middle)
and p-polarized light (right) for lossy (top), resonance-trapped (middle) and symmetryprotected (bottom) ZIM PhC designs. As the out-of-plane incidence angle varies, the
Fano resonance shifts along with the wavelength. The vanishing of the Fano resonance at
the incident angle of zero indicates high- Q modes at Γ point.
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Figure 2. 17
Pinhole location. Center wavelength and associated pinhole location (in
k-space) for measurements presented in Figure 2. 5 of the main text.
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Chapter 3
Zero-index waveguides
Light propagates without accumulating spatial phases in a zero-index medium, resulting in
complete spatial coherence (See Figure 3. 1). Thus, impedance-matched zero-index material is a
promising platform to achieve integrated applications such as arbitrarily shaped waveguides,
supercoupler, and phase-mismatch-free nonlinear propagation. This chapter introduces the
fabrication, linear characterization, and nonlinear simulation of the zero-index waveguide.
Compared to previous work demonstrated by our group88,89, this word used zero-index photonic
crystal as the zero-index waveguide instead of a 1D fishbone structure.

Figure 3. 1 (a) Schematic of the zero-index waveguide. (b) TM-like mode (Ez)
propagates in the waveguide coherently and radiates to the air.
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3.1

Fabrication of zero index waveguide

The zero-index waveguide is consists of zero-index materials, photonic bandgaps (PBG) that are
made of smaller size rods, tapered silicon waveguide, silicon waveguide, and SU8 waveguide (see
Figure 3. 2). The light couples from the edge of the wafer to the SU8 waveguide, The TM mode
is then selected by the silicon waveguide and couple to the device area through the tapper
waveguide. PBG prevents light leaks to the in-plane area.

The metamaterial is fabricated using an SOI wafer with a 1500-nm-thick silicon top layer. In
Figure 3. 3, first, part of the silicon top layer is oxidized through LPCVD process and is then
removed by BOE 7:1 to reach the ideal thickness of the silicon device layer. Then, the pillar array,
input silicon waveguides, and silicon lip that is beneath the outside edge of the SU-8 slab
waveguide are patterned via electron-beam lithography (EBL) into negative-tone resist (HSQ XR1541 6%, Dow Corning). Reactive ion etching in an SF6: C4F8 atmosphere is then used to remove
the silicon surrounding the waveguides, as shown in Figure 3. 3. The remaining negative-tone
resist is then removed using 7:1 Buffered Oxide Etch (BOE). A 1.5-um-thick SU-8 layer is spincoated and patterned using EBL to form the output slab waveguide, then cured. Finally, a 2-umthick SU-8 waveguide is fabricated using the same method to form the calibration waveguide used
to align images taken with the near-infrared camera.
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Figure 3. 2 (a) Schematic of the zero-index waveguide. (b) The geometry parameters of
zero-index material. (c) SEM image of the zero-index device area. (d) SEM image of the
zero-index waveguide.
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Figure 3. 3 Fabrication process flow of zero-index waveguide. (a) Thermal oxidation
process to fix the height of pillar. (b) Patterning process. (c) Etching process.

3.2

Characterization of linear zero refractive index

In order to demonstrate zero-index applications, linear index characterization is still needed. The
earliest refractive index measurements involved exciting a ZIM prism and measuring the angle of
the refracted beam. In the prism, the light is coupled out of the integrated system through the
process of measuring the refractive index and cannot be used in conjunction with the
demonstration of any zero-index applications. The light is coupled out of the integrated device in
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the prism during the refractive index measurement process, and it cannot be used to demonstrate
any zero-index applications. ZIM waveguides were created and found to have the same zero-index
behavior as their larger-area counterparts88. In this measurement approach, the optical
interferometry measurement scheme that maintains the integrated format of the ZIM for other
experiments. The waveguide design also prevents the use of traditional refractive index
characterization methods that are available for bulk materials. On the other hand, interferometric
methods commonly associated with determining the propagation constant β of a waveguide,
defined as88:
𝛽𝛽 = 2𝜋𝜋𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒

(3.1)

where 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 is the effective refractive index of the waveguide. We built an edge coupling set up for

the linear characterization of the zero-index waveguide (See Figure 3. 4). The Total Magnification
is 170x and the measurement range is 1500 nm ~ 1600 nm. We tune the light to TE-mode and
couple the light to the waveguide device through two lens fiber. In this method, infrared imaging
can be used to observe ZIMs' out-of-plane radiation. Within the ZIM waveguide, two
counterpropagating beams will collide and form a standing wave pattern, with the distance
between adjacent nodes directly corresponding to the effective refractive index (See Figure 3. 5).
Under the infrared imaging microscope, we can see the standing wave is formed.
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Figure 3. 4 Edge fiber coupling setup. (a) Schematic (b) Real setup.

Figure 3. 5 Refractive index characterization through interferometry. (a) light is coupled
into the zero index device from both sides through tapered waveguides. (b) The standing
wave is formed when the effective index is above zero. The standing wave is stretched
when the effective index is zero at 1550 nm.

When the ZIM waveguide is excited from both ends, a standing wave pattern is produced. The
effective index is proportional to the distance between two nodes as
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Δ𝑧𝑧 =

𝜆𝜆0
2𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒

(3.2)

The waveguide we measure usually has a 𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 < 0; thus, the node we observe is below the Abbe
𝜆𝜆

diffraction limit ( ) and can be optically imaged. As the index approaches zero, Δ𝑧𝑧 increases until
2

the measurement limit, which is the waveguide length. Notably, this method is unable to infinite

Δ𝑧𝑧, namely the accurate zero index, because of the measurement limit. The approach is also unable
to distinguish between positive and negative indexes.

To extract the refractive index, we first need to tune the two inputs completely in same phase. A
series of images are then taken for each measured wavelength and used to average the background
noises our and extract the effective refractive index (see Figure 3. 6(a)). Unprocessed images from
the set of 50 random phase variations are taken for each wavelength that can be decomposed into
the background signal by averaging all phase variations, after which the processed standing waves
are clarified by subtracting the background signal from each image (see Figure 3. 6 (b)). The set
of images includes all variations of lateral change in the standing wave pattern, from where the
intensity can be predicted,

𝐼𝐼 ∝ cos(2𝛽𝛽𝛽𝛽 + Δ𝜓𝜓) + cos h(2𝛼𝛼𝛼𝛼)

(3.3)

where 𝑧𝑧 is the propagation distance, 𝛼𝛼 is the propagation loss, 𝛽𝛽 is the propagation constant, Δ𝜓𝜓

is the phase difference between two inputs. We then extract the intensity measurement and fit it to
the cosine function, the period of the function corresponds to half the effective wavelength.
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Figure 3. 6 (a) Standing wave patterns resulting from the interference of two counterpropagating sources in a ZIM waveguide for wavelengths ranging from 1505 nm to 1625
nm. The extension of a node across the entire length of the ZIM waveguide indicates
effectively homogeneous zero-index behavior. (b) The standing wave intensity of each
wavelength.

The zero-index wavelength is observed between 1560 nm and 1590 nm, where a measurement
floor appears because of the finite length of the waveguide (See Figure 3. 7).
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Figure 3. 7 The refractive index that was derived after processing all of the images. Only
the absolute refractive index can be calculated with certainty. Between 1560 nm and 1590
nm, the zero-index wavelength has been observed experimentally (yellow line).
Throughout, there is a linear dispersion. The measurement floor is indicated by the white
shaded area.

3.3

Nonlinearity in the zero-index waveguide: Phase matching property &

Optical switch
Phase matching, the wave equivalent to momentum conservation, is an essential component of all
nonlinear processes. For photonic devices, satisfying this condition represents a continued
significant obstacle and remains an active area of research. However, when employing any
traditional phase matching techniques such as the birefringent phase matching90, quasi-phasematching91, or higher-order-mode phase matching92, the nonlinear signal is strictly generated in
the direction of propagation. This largely limits the potential applications of nonlinear optics,
especially in photonic integrated circuits. Lately, there has been increasing interest in achieving
phase-matching using metamaterials. Since seminal publications by Popov and Shalaev on
negative-index phase matching, in which the generated nonlinear signal propagates in the direction
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counter to the pump93, there has been a great interest to circumvent this limitation in order to
achieve finer control of the nonlinear output.
The zero-index waveguide also has "Relaxed" nonlinear phase-matching properties, where the
pump source excites a medium at its zero-index wavelength: the total incoming momentum is zero;
thus, the total outgoing momentum must necessarily sum up to zero, as well88. The physical
meaning of this is that the generated nonlinear signal is simultaneously phase-matched in all
propagation directions. Zero-index materials intrinsically relax the fundamental constraint of
phase-matching that is required in NLO. The light within such materials exhibits stretched
wavelengths and uniform phase distributions, allowing the constructive accumulation of
nonlinearly generated light regardless of propagation distance24,88, direction, device shape, size,
and excitation direction.

In the four-wave mixing (FWM), a pump beam interacts with a signal (probe) beam, converting
two pump photons of frequency 𝜆𝜆𝑝𝑝 into one signal photon of wavelength 𝜆𝜆𝑠𝑠 , and one idler photon

of wavelength 𝜆𝜆𝑖𝑖 = 2𝜆𝜆𝑝𝑝 −𝜆𝜆𝑠𝑠 94 (see Figure 3. 8). The phase mismatch is given by Δ𝑘𝑘 = 2𝑘𝑘𝑝𝑝 − 𝑘𝑘𝑠𝑠 −

𝑘𝑘𝑖𝑖 , where p, s, and I are pump, single and idler, respectively. In zero index waveguide, because
𝑛𝑛𝑖𝑖 = 𝑛𝑛𝑝𝑝 = 𝑛𝑛𝑠𝑠 = 0, Δ𝑘𝑘 = 0, the phase-matching condition is thus satisfied.
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Figure 3. 8 Phase mismatch is relaxed in degenerate four-wave mixing experiments,
which will allow for efficient nonlinear generation
Novel properties for linear and nonlinear field enhancement have recently been discovered in zeroindex materials. The intensity-dependent index of refraction, which yields a change in refractive
index as a function of third-order nonlinear polarization, is of particular interest. The equation is
as follow,
∆𝑛𝑛 = 𝑛𝑛2 𝐼𝐼 =

3𝜇𝜇0 𝜒𝜒 (3)
𝐼𝐼
4𝑛𝑛2 𝜖𝜖0

(3.4)

where 𝑛𝑛2 is the nonlinear refractive index. While some works claim that zero-index materials have

been shown to possess a large change in nonlinear refractive index due to a zero permittivity, the
validation of this theory in Dirac-cone zero-index material is not investigated.

We used Lumerical FDTD to simulate the nonlinear wavelength conversion of Dirac-cone
metamaterials, where the effective 𝜒𝜒 (3) = 10−19 comes from the dielectric material. We first

constructed a zero-index waveguide and have the electric field propagate to the zero-index

waveguide from the side of the dielectric rods (see Figure 3. 9 (a)); the transmission is measured
at the end of the zero-index waveguide. As the electric field increase, the material gradually works
in the nonlinear regime as,
𝑃𝑃(𝑡𝑡) = 𝜀𝜀𝜒𝜒 (1) |𝐸𝐸(𝑡𝑡)| + 𝜀𝜀𝜀𝜀𝜒𝜒 (3) |𝐸𝐸(𝑡𝑡)|3
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(3.5)

In the linear regime, the zero-index waveguide can is an effective homogenous medium, where no
phase variation appears in the periodic structure (see Figure 3. 9 (b)). This is because the
permittivity and permeability equal to zero at 1548 nm simultaneously (see Figure 3. 9 (c)). When
increasing the input electric field intensity from1 W/mm2 to 100 GW/mm2 , the transmission at

the zero-index wavelength 1548 nm decreased from 0.6 to 0.15 (see Figure 3. 9 (d)). This is
because the effective index of dielectric rods is changed as the input intensity increase. However,
in a photonic bandgap material (ENZ material where the permittivity equals zero), the transmission
at the ENZ wavelength 1500 nm decreased from 0.12 to 0.02 (see Figure 3. 9 (d)). The zero-index
material (permittivity and permeability equal to zero simultaneously) does not necessarily enhance
the 𝜒𝜒 (3) nonlinearity, but it can serve as an optical switch.

Figure 3. 9
(a) Schematic of zero-index waveguide nonlinearity simulation. The
input electric field is coupled to the zero-index material through a silicon waveguide; the
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transmission is measured from a silicon waveguide on another side. (b) The TM-like
mode (Ez) at the zero-index wavelength 1548 nm. (c) The zero-index waveguide has
permittivity and permeability equal to zero at 1548 nm (dashed line) simultaneously. (d)
Transmission spectrum of the zero-index waveguide as the input electric field intensity
increase. The dashed line indicates the zero-index wavelength. (e) Transmission spectrum
of the photonic bandgap waveguide as the input electric field intensity increase. The
dashed line indicates the band edge wavelength.

3.4

Quantum material integrated zero-index waveguide

Mazur group will work on low-loss zero-index waveguide and twisted bilayer photonic crystal
materials devices for the quantum emitter and efficient quantum frequency conversion. Mazur’s
group developed an on-chip zero refractive index waveguide with infinite wavelength and phase
velocity and relaxed phase-matching constraint

88,89

. We experimentally demonstrated the ultra-

low loss properties of zero-index material and observed an order-of-magnitude increase in the
quality factor 29. The low-loss zero-index photonic crystal designs we present support impedancematched on-chip operation at telecommunication wavelengths and scalability across the visible
and infrared spectrum. The ultra-low loss property made use of two unique types of bound states
in the continuum – the modes do not radiate to the air because of the trapping resonance or
symmetry protection. The minimum propagation loss of low-loss zero index waveguide is 0.23
dB/mm. It can easily be applied to epsilon-near-zero materials and general photonic crystals. We
also studied a diamond epsilon near-zero metamaterial that generates superradiant enhancement in
both emitted power and decay rate. We proved that the spatially increased wavelength relaxes the
phase matching conditions between quantum emitters, creates superradiant enhancement in decay
rate alongside an already existing spontaneous emission enhancement for single emitters. These
two recent works demonstrated our on-chip zero refractive index material as a novel integrated
quantum photonic platform, which will support future studies combined with vdW quantum
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materials. Our fabrication and measurement eligibility supports the following types of integrated
quantum photonic circuits (see Figure 3. 10 (a-c)): Ultra-low loss zero-index device integrated
with vdW material, ultra-low loss zero-index waveguide couples with quantum emitters, and
Epsilon-near-zero material embedded with dipoles for extended superradiance.
Our very recently developed twisted bilayer photonic crystal (TBPhCs) platform provides access
to slow-light effects and light localization that are far beyond the reach of any conventional
nanophotonic device (see Figure 3. 10 (d)) 56. These materials will therefore greatly enhance access
to quantum interactions in photonic devices and provide increase the efficiency in quantum
frequency conversion. TBPhCs support a flat optical band and ultra-high density-of-states. It
works in the C-band of the telecom window but can also be scaled to the visible range. The
fabrication of such devices is immediately feasible and can be cooperated with vdW materials
synthesis.

Figure 3. 10 (a) Ultra-low loss zero-index device integrated with vdW material, where
vdW material provide single photon emissions. (b) Ultra-low loss zero-index waveguide
couples with quantum emitters. (c) Epsilon-near-zero material embedded with dipoles for
extended superradiance. (d) Twisted bilayer photonic crystal device embedded with 0D,
1D and 2D quantum materials as a platform for efficient quantum frequency conversion.
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Chapter 4
Twisted bilayer honeycomb photonic crystals*
* Published work in arXiv:2103.13600
We demonstrate a photonic analog of twisted bilayer graphene that has ultra-flat photonic bands
and exhibits extreme slow light behavior. Our twisted bilayer photonic device, which has an
operating wavelength in the C-band of the telecom window, uses two crystalline silicon photonic
crystal slabs separated by a methyl methacrylate tunneling layer. We numerically determine the
magic angle using a finite-element method and the corresponding photonic band structure, which
exhibits a flat band over the entire Brillouin zone. This flat band causes the group velocity to
approach zero and introduces light localization in a linear periodic photonic system. Using our
original plane-wave continuum model we find that photonic modes in twisted bilayer photonic
crystals are not as tightly bound as their electronic counterparts in twisted bilayer graphene. In
addition, the photonic system has a larger band asymmetry. The band structure can easily be
engineered by adjusting the device geometry, giving significant freedom in the design of devices.
Our work provides a fundamental understanding of the photonic properties of twisted bilayer
photonic crystals and opens the door to nanoscale-based non-linear enhancement and
superradiance.
Over the past decade the stacking and twisting of two-dimensional materials has led to the
development of novel materials with remarkable electronic properties. For example, in twisted
bilayer graphene (TBG), an engineered material consisting of two stacked layers of graphene that
are rotated relative to each other, at the so-called magic angle of 𝜃𝜃 = 1.1°, the Fermi velocity drops
to zero and the energy bands near the Fermi energy become flat
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95

. These flat bands have high

effective mass and half-filled correlated insulating states, resulting in superconductivity due to the
formation of moiré superlattices and Dirac cone hybridization

48,49

. Exploring these unusual

phenomena is central in the developing field of quantum twistronics

96,97

. The concept of

twistronics has been extended to include the study of nano-light properties in materials like TBG
and twisted 𝛼𝛼-MoO3 38,98-100. Recently it was shown applying the ideas of twistronics to photonic
moiré lattices in dielectric nanophotonic materials lead to light localization and delocalization
phenomena
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. However, the connection between atomic twistronics and its nanoscale photonic

analog has not been thoroughly explored.
Many concepts in condensed matter theory have photonic analogs. For example, photonic systems
with nontrivial topological invariants are the photonic analog of the anomalous quantum hall effect
and the anomalous quantum spin hall effect

25,37,40,41,86,101-104

. The periodic dielectric lattice of

honeycomb lattice photonic crystals with “artificial atoms” (the unit cell in the dielectric structure)
is analogous to the hexagonal atomic lattice of graphene. Indeed, these materials have been shown
to give rise to topological photonics 23,28,43-45,105,106. In this context, it is natural to expect two layers
of twisted honeycomb photonic crystal slabs to have similar physics as TBG. Yet while the
acoustic analog to TBG has recently been demonstrated through phononic crystals 107, and while
tunable light properties have been observed in metamaterials with moiré patterns

57,108-111

, a

nanoscale photonic band structure similar to the band structure in TBG-like systems has not been
reported. Here, we correct that deficit.
In this chapter we report on the modeling of twisted bilayer photonic crystals (TBPhCs) consisting
entirely of dielectric materials. We find that TBPhCs have a photonic band structure that is similar
to the electronic band structure of TBG. At a twist angle of 1.89°, the resulting moiré flat bands

have group velocities (𝑣𝑣𝑔𝑔 ) that vanish at the 𝛫𝛫 point leading to an extreme slow light effect. In
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analogy to the confinement of electronic wavefunctions in magic angle TBG, we observe low-loss
light localization in this linear periodic photonic system. Unlike Anderson localization in optical
quasicrystals, the localization we observe does not require disorder 46,112. Key differences between
TBPhCs and TBG are that photonic states are not as tightly bound as their electronic counterparts
and that the photonic system has a larger band asymmetry. The tunneling layer between the PhC
slabs and the geometry of the slabs provide additional degrees of freedom for engineering the
photonic band structure.
A major advantage of TBPhC over conventional slow-light media is that TBPhCs display slowlight behavior over an extremely narrow bandwidth. We can therefore design versatile TBPhCs
that operate across a broad range of visible and infrared frequencies, which can be used to realize
slow-light and flat band applications. These TBPhCs open the door to studying strong light-matter
interactions, such as nonlinear enhancement and superradiance, where a combination of light
localization, low loss, and slow light is required

21,113-115

. In addition, they can be used to

investigate flat-band phenomena and wave-packet localization in two-dimensional systems at the
nanoscale. Finally, the flexibility in designing TBPhCs permits simulating and exploring the band
structure behavior of their electronic counterparts.

4.1

Designing the twisted bilayer photonic crystals

Here we introduce a dielectric photonic crystal platform that hosts a band structure analogous to
TBG. We start with a monolayer 2D honeycomb photonic crystal inspired by graphene 23. The 2D
photonic crystal is a silicon membrane with 𝐶𝐶6𝑣𝑣 symmetry-protected triangular shape air holes
(Figure 4. 1a). We use a finite-element method (COMSOL Multiphysics) to numerically calculate

the band structure. In the monolayer band structure, the lowest singly degenerate quasi-transverse56

electric (quasi-TE) band is well isolated from other higher-order bands (see Figure 4. 1b). The 𝐶𝐶6𝑣𝑣

symmetry of the lattice also protects a Dirac-like crossing at the 𝛫𝛫 point centered at the Dirac cone
frequency (𝑓𝑓𝐷𝐷𝐷𝐷 ), which is equivalent to the Fermi level in graphene (see Figure 4. 1b). In this

monolayer PhC, Quasi-TE electromagnetic modes that primarily propagate through air holes are
weakly coupled with neighboring holes, mimicking how electrons hop between carbon atoms in
graphene. The nearest- and next-nearest-neighbor coupling strength of electromagnetic modes can
be controlled independently by varying the monolayer geometry, providing a platform to
implement a broad class of tight-binding models. Building off this monolayer band structure, two
sheets of photonic crystals are then coupled by an interlayer tunneling membrane to accurately
recreate the AB- and AA-stacked configurations of bilayer graphene. In the AA-stacked
configuration, two layers of PhCs are exactly aligned, while in the AB-stacked configuration, the
top layer honeycomb center lies over one of the bottom layer’s triangular airhole centers. The band
structure of the AA-stacked configuration looks like two copies of the monolayer bands with a
vertical offset of the Dirac cones at the 𝛫𝛫 point (see Figure 4. 1c). The AB-stacked configuration
has a pair of touching parabolic bands with additional parabolic bands away from the touching

bands (see Figure 4. 1d). Note that the AB- and BA-stacked conﬁgurations give identical band
structures but not identical eigenmodes. The frequency separation between the bands in both
stacking configurations is controlled by the tunneling strength between the two PhC layers, which
is set by properties of both tunneling membranes and the PhC layers.
Next, we consider two adjacent PhC layers twisted by an angle 𝜃𝜃 relative to one another. This

produces a moiré pattern with a macroscopic periodicity of distinct AA and AB/BA stacking
regions that grows in size as the angle decreases (Figure 4. 1e). Because our finite-element
calculation relies on the existence of Bloch waves (see Figure 4. 17), we ensure that the structures
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created by twisting two lattices relative to each other are exactly periodic, or commensurate, by
considering only specific twist angles,116
𝜃𝜃 = 2 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 �

1

� ∀𝑛𝑛 ∈ 𝑍𝑍 +

2√3𝑛𝑛2 +3𝑛𝑛+1

(4.1)

The twist angle 𝜃𝜃 controls the energy scale (𝐸𝐸 = ℎ𝑓𝑓) at which the Dirac cones of the two PhC

layers intersect in momentum space. When this energy scale is comparable to the interlayer
tunneling strength, band hybridization induces moiré flat bands (see Figure 4. 18). The moiré flat
bands are fully compressed around the Dirac cone frequency 𝑓𝑓𝐷𝐷𝐷𝐷 and degenerate at the super

lattice 𝐾𝐾 point (see Figure 4. 1g-h). Our TBPhCs therefore reproduce similar band-flattening
mechanism as TBG, eventually becoming flat with a zero 𝐾𝐾 point group velocity (𝑣𝑣𝑔𝑔 (𝛫𝛫) = 0) at

a ‘magic angle’ of 1.89°.

Figure 4. 1 Twisted bilayer Photonic Crystals (a) Bilayer photonic crystal (BPhC)
consisting of a tunneling layer with low refractive index sandwiched between two twisted
dielectric layers. The 2D photonic crystal is a 𝑑𝑑 = 220 𝑛𝑛𝑛𝑛 thick crystalline silicon
membrane (𝑛𝑛𝑆𝑆𝑆𝑆 = 3.48) with 𝐶𝐶6𝑣𝑣 symmetry-protected triangular shape air holes. The
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triangular holes have a side length of 𝑏𝑏 = 279 𝑛𝑛𝑛𝑛 and the unit cell pitch is 𝑎𝑎 = 478 𝑛𝑛𝑛𝑛.
The interlayer tunneling membrane has a thickness of ℎ = 250 𝑛𝑛𝑛𝑛 and the refractive
index of Polymethyl Metacrylate (PMMA) is 𝑛𝑛𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 1.48 . (b-d) Simulated band
structure of the monolayer (b), AA-stacked (c) and AB-stacked BPhCs (d). In (b-d) the
insets show the respective real space configuration of the crystal unit cells. (e) moiré
pattern for a TBPhC, where the two dielectric layers are rotated by angle 𝜃𝜃 with respect
to each other around the AA-stacked center. In a moiré pattern, lattice structure locally
resembles the regular stacking arrangement such as AA, AB, and BA. Band structure
obtained from finite-element calculation (Black dots) and fitted continuum model band
structure (blue line) of (f) 𝜃𝜃 = 3.89°. (g) 𝜃𝜃 = 2.65°. (h) 𝜃𝜃 = 1.89°. At small angles, the
Dirac cones from each layer are pushed together and hybridize due to the interlayer
tunneling.

4.2

Light localization and quality factors

Quasi-TE modes in the moiré bands have symmetry properties and spatial profiles that agree with
electronic wavefunctions in magic-angle twisted bilayer graphene 117. For large angles, the moiré
quasi-TE modes are located across the entire supercell (Figure 4. 2a-b). At the magic angle 𝜃𝜃 =
1.89°, as 𝑣𝑣𝑔𝑔 (𝛫𝛫) vanishes, the quasi-TE modes become localized around the AA site (Figure 4. 2c).

This type of localization is observed over most of the Brillouin zone except at the 𝛤𝛤 point, where

the AA site has zero mode intensity due to the symmetry (See Figure 4. 19).117 The moiré modes,
including non-flattened moiré modes, are all low-loss modes because their quality factors (𝑄𝑄factors) vary from 2 × 105 to 3 × 107 , while the modes in monolayer or AA/AB stacked photonic

crystals have infinite 𝑄𝑄-factor (See Figure 4. 20). Although the moiré modes have a similar mode
profile as the monolayer eigenmodes, they do not maintain the translational symmetry of the

monolayer eigenmodes because of a gradual change in intensity from AA site to AB/BA stacking
sites. The mode symmetry mismatch explains the slightly lower 𝑄𝑄-factors of the moiré modes

compared to monolayer and AA/AB-stacked modes. The localization and high 𝑄𝑄-factor properties

of the moiré modes is important the realization of device-based nonlinear enhancement and
superradiance.
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Figure 4. 2 (a) For large angles 3.89°, the quasi-TE modes at the 𝛫𝛫 points are itinerant
and persist across the entire supercell. (b) At 2.65° they become localized on the AAstacked region in the center of the supercell as 𝜃𝜃 decreases. (c) The quasi-TE modes are
mostly localized when 𝜃𝜃 = 1.89°.

4.3

Bandstructure behavior

Compared to TBG’s electronic band structure, the Dirac cone frequency 𝑓𝑓𝐷𝐷𝐷𝐷 of the TBPhCs

depends more strongly on twist angle and moves 0.2 THz between 3.48° and 1.89° (0.51% of its’

first nearest-neighbor coupling amplitude, which in TBG would correspond to a roughly 15 meV
variation in Dirac cone energy). Moreover, compared to graphene, the band structure of TBPhCs
has a greater asymmetry in both the moiré band gaps (𝛥𝛥𝑓𝑓𝑔𝑔𝑔𝑔𝑔𝑔 ) and 𝐾𝐾 point group velocities (𝑣𝑣𝑔𝑔 (𝛫𝛫))
(see Figure 4. 1h). The band gap above the flat band is twice as larger as that below the flat band

(see Figure 4. 3a). We also find that at angles larger than 3°, the bottom bands show a much slower
dispersion than the top bands.
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To investigate the origin of these differences, we also calculated the band structure using a planewave continuum model and by considering a low-energy expansion of the TBG’s band structure.
The effective Hamiltonian consists of Dirac Hamiltonians from both layers, sampled on momenta
which are scattered by the moiré reciprocal lattice, and off-diagonal inter-layer tunneling terms.97
We begin with the block diagonal part, which are the Dirac Hamiltonians given in terms of the
relative momentum 𝑞𝑞 away from a 𝛫𝛫 point (𝑂𝑂(𝑞𝑞 2 )):
𝐻𝐻𝑔𝑔𝑔𝑔 (𝛫𝛫 + 𝑞𝑞) ≈

−𝑎𝑎(𝑡𝑡1 −2𝑡𝑡3 )√3
2

𝜎𝜎 ∙ 𝑞𝑞 −

3𝑎𝑎2 𝑡𝑡2
4

𝑞𝑞 2 − 3𝑡𝑡2

(4.2)

where 𝜎𝜎 are the 2 × 2 Pauli matrices and 𝑎𝑎 is the lattice constant. Some of the unconventional
behavior can already be explained by this monolayer Hamiltonian. Due to relatively strong

tunneling between the photonic states of the two layers, if the effective second nearest-neighbor
coupling term (𝑡𝑡2 ) changes by a fraction of a THz as a function of twist angle, then the Dirac cone

frequency 𝑓𝑓𝐷𝐷𝐷𝐷 is affected by the last term in the Dirac Hamiltonian. A large 𝑡𝑡2 also explains the

difference between the top and bottom 𝑣𝑣𝑔𝑔 (𝛫𝛫) at large angles, due to the frequency-asymmetric 𝑞𝑞 2
term.

We now move to the block off-diagonal terms in the effective Hamiltonian. The interlayer
tunneling in TBG between pairs of orbital types of different layers (say, AA or AB) varies
smoothly with the periodicity of the moiré superlattice. This justifies their parameterization by just
the ﬁrst-order Fourier coeﬃcients, commonly labeled 𝜔𝜔0 for tunneling between orbitals of the
same type (AA and BB) and 𝜔𝜔1 for orbitals of diﬀering types (AB and BA)

95

. To open up

signiﬁcant superlattice gaps, 𝜔𝜔0 must be smaller than 𝜔𝜔1 , with 𝜔𝜔0 = 0 maximizing the

superlattice gap, while 𝜔𝜔1 deﬁnes the eﬀective tunneling strength for the magic-angle condition.118
This simple model produces similar bandgaps above and below the Fermi energy. DFT
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calculations of lithium-intercalated TBG, however, show a large disparity in the top and bottom
gaps.119 This asymmetry was attributed to the Li atoms preferentially enhancing or screening the
tunneling between the layers at different energies, affecting the eﬀective interlayer tunneling
strength for the top and bottom bands differently. As the photonic crystal states are not as tightly
bound as the 𝑝𝑝𝑧𝑧 orbitals in graphene (see our estimations of the monolayer’s 𝑡𝑡𝑖𝑖 values below),

having an asymmetry in the eﬀective interlayer tunneling at high and low frequency is even less
surprising here. Therefore, we ﬁt our continuum model to the TBPhCs band structures obtained by
finite-element modeling by tuning variables in the following manner: for the monolayer model,
we pick ﬁxed values of 𝑡𝑡1 , 𝑡𝑡2 , and 𝑡𝑡3 across all twist angles; for the interlayer tunneling, we pick

𝜔𝜔0 and 𝜔𝜔1 independently for the top and bottom bands, giving four variables: 𝜔𝜔0𝑡𝑡 , 𝜔𝜔1𝑡𝑡 , 𝜔𝜔0𝑏𝑏 , 𝜔𝜔1𝑏𝑏 . In

addition, near the magic-angle these terms should become similar, so we allow them to generically
depend on 𝜃𝜃.

We ﬁnd that [𝑡𝑡1 , 𝑡𝑡2 , 𝑡𝑡3 ] = [−39,17, −5] THz works well for all twist angles. For the low energy

Hamiltonian, 𝑣𝑣𝑔𝑔 (𝛫𝛫) depends on 𝑡𝑡1 − 2𝑡𝑡3 ; the asymmetry in 𝑣𝑣𝑔𝑔 (𝛫𝛫) sets the strength of 𝑡𝑡2 , so we

increase 𝑡𝑡1 and 𝑡𝑡3 together to give a sequence of couplings that show reasonable decay in strength.
In contrast, for TBG the coupling strengths given by DFT simulations decay by roughly a factor

of 10 between 𝑡𝑡1 and 𝑡𝑡2 ,120 indicating that these electronic states are much more tightly bound than
their photonic counterparts.

At the magic angle (𝜃𝜃 = 1.89°) we ﬁnd good agreement when selecting 𝜔𝜔0𝑡𝑡 = 1.43 and 𝜔𝜔1𝑡𝑡 =

1.85 THz for the top-side tunneling (above Dirac frequency) and 𝜔𝜔0𝑡𝑡 = 𝜔𝜔1𝑏𝑏 = 1.85 THz for the
bottom-side tunneling (below Dirac frequency). We obtain a good fit to the bands using a linear
dependence of the tunneling strengths on twist angle
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𝜔𝜔𝑖𝑖𝑡𝑡 (𝜃𝜃) = [1 − 0.15(𝜃𝜃 − 𝜃𝜃𝑚𝑚 )]𝜔𝜔𝑖𝑖𝑡𝑡 (𝜃𝜃𝑚𝑚 )

𝜔𝜔𝑖𝑖𝑏𝑏 (𝜃𝜃) = [1 + 0.15(𝜃𝜃 − 𝜃𝜃𝑚𝑚 )]𝜔𝜔𝑖𝑖𝑏𝑏 (𝜃𝜃𝑚𝑚 )

(4.3)

for 𝜃𝜃 evaluated in degrees. At 𝜃𝜃 = 4°, the tunneling coeﬃcients are roughly 30% weaker for the

top-side and 30% stronger for the bottom-side. The enhancement of the bottom-side tunneling is
counterbalanced by a suppression of the top-side tunneling, implying that the “net” tunneling is
unchanged while its distribution between the relevant orbitals is modiﬁed, in agreement with the
study of Li-intercalated TBG. This unusual interlayer tunneling behavior results in the severe top
band and bottom band asymmetry we observe in the TBPhC’s band structure.
Our model gives a very reliable reproduction of the bands close to the Dirac cone frequency, with
only small disagreements occurring in the top and bottom parts of the ﬂat bands at the magic angle
(see Figure 4. 1f-h). This is due to terms not captured by our simple model. Speciﬁcally, we omit
the momentum-dependence of the interlayer tunneling terms52,53 that provide a more accurate
description of their Fourier transform.

4.4

Slow-light effect

The photonic moiré flat bands exhibit slow-light effects both at the magic-angle 𝜃𝜃 = 1.89° and

at 𝜃𝜃 = 2°. Figure 4. 3b shows the group velocity (𝑣𝑣𝑔𝑔 = 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑) is drastically reduced in the 𝛤𝛤 to

𝛫𝛫 direction. While 𝑣𝑣𝑔𝑔 = 0.2𝑐𝑐 − 0.68𝑐𝑐 in a monolayer PhC, in the TBPhCs at 𝜃𝜃 = 2° 𝑣𝑣𝑔𝑔 is
reduced to 0.005𝑐𝑐 near the 𝛫𝛫 point and never exceeds 0.04𝑐𝑐 over the entire Brioullin zone. At

the magic angle 𝜃𝜃 = 1.89°, 𝑣𝑣𝑔𝑔 is reduced to zero at the 𝛫𝛫 point and never exceeds 0.08𝑐𝑐. Note
that although the magic angle is at 𝜃𝜃 = 1.89°, because of the higher 𝑣𝑣𝑔𝑔 around 𝛤𝛤 point at 1.89°,

the narrowest moiré bandwidth, 𝛥𝛥𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 0.217 THz, is obtained at 𝜃𝜃 = 2° (See Figure 4. 2a).
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The small 𝑣𝑣𝑔𝑔 over the entire Brillouin zone is essential for all-directional photonic devices and any
device-based nonlinear enhancement and superradiance.

Figure 4. 3 (a) Top and bottom band gap 𝛥𝛥𝑓𝑓𝑔𝑔𝑔𝑔𝑔𝑔 (yellow), bandwidth 𝛥𝛥𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (gray),
𝑣𝑣𝑔𝑔 (𝛫𝛫) (black dashed line), and Dirac cone frequency (blue) 𝑓𝑓𝐷𝐷𝐷𝐷 for small commensurate
angles. The narrowest bandwidth is pointed by the black arrow. (b) Group velocity of
monolayer configuration and the small angle configuration, the lines are cut off by the
light-cone, upper part of moiré bands (green) and bottom part of moiré bands (red) has
different group velocity from 𝛤𝛤 to 𝛫𝛫.

4.5

Engineering the bandstructure through geometry parameters

We also studied the dependence of the TBPhC band structure on the geometry parameters. We fix
𝜃𝜃 = 2.13° and individually vary the tunneling layer thickness (ℎ), the refractive index of the

tunneling layer (𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ), and the refractive index of PhC bilayer (𝑛𝑛𝑃𝑃ℎ𝐶𝐶 ). Varying ℎ, we find
that 𝑓𝑓𝐷𝐷𝐷𝐷 remains unchanged and obtain a minimum in 𝑣𝑣𝑔𝑔 (𝛫𝛫) at ℎ = 250 nm and the narrowest
64

bandwidth 𝛥𝛥𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 0.185 THz at ℎ = 240 nm (see Figure 4. 4a). Increasing 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

decreases 𝑓𝑓𝐷𝐷𝐷𝐷 , and 𝑣𝑣𝑔𝑔 (𝛫𝛫) is reduced to zero when 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 1.59 , while the narrowest

bandwidth 𝛥𝛥𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 0.18 THz is obtained at 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 1.55 (see Figure 4. 4b). Decreasing

𝑛𝑛𝑃𝑃ℎ𝐶𝐶 increases 𝑓𝑓𝐷𝐷𝐷𝐷 , and 𝑣𝑣𝑔𝑔 (𝛫𝛫) is reduced to zero when 𝑛𝑛𝑆𝑆𝑆𝑆 = 3.05, while the narrowest bandwidth
𝛥𝛥𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 0.2 THz is obtained at 𝑛𝑛𝑃𝑃ℎ𝐶𝐶 = 3.3 (see Figure 4. 4c). In all three cases, the Dirac cone

frequency 𝑓𝑓𝐷𝐷𝐷𝐷 is modified due to the change in effective refractive index of the TBPhC. To study
how the interlayer tunneling depends on the three geometry parameters, we again ﬁtted the

continuum model to the band structures obtained from finite-element modeling (See Figure 4. 21).
Starting from the original values of ℎ = 250 nm, 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 1.48, and 𝑛𝑛𝑃𝑃ℎ𝐶𝐶 = 3.48, and we

obtain the following dependence of the tunneling parameters 𝜔𝜔0𝑡𝑡 , 𝜔𝜔1𝑡𝑡 , 𝜔𝜔0𝑏𝑏 , 𝜔𝜔1𝑏𝑏 on the three geometry
parameters:

𝜔𝜔1𝑏𝑏 = 𝜔𝜔1𝑏𝑏 (𝜃𝜃𝑚𝑚 )
𝑗𝑗

𝑗𝑗

𝜔𝜔𝑖𝑖 = 𝛽𝛽𝛽𝛽𝑖𝑖 (𝜃𝜃𝑚𝑚 )

(4.4)

with
𝛽𝛽(ℎ) = 1 −

ℎ − 250 𝑛𝑛𝑛𝑛
135 𝑛𝑛𝑛𝑛

𝛽𝛽(𝑛𝑛𝑃𝑃ℎ𝐶𝐶 ) = 1 − 0.85(𝑛𝑛𝑃𝑃ℎ𝐶𝐶 − 3.48)

𝛽𝛽�𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 � = 1 + �𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 − 1.5�

(4.5)

Changing the geometry parameters affects all tunneling parameters except the AA orbital
tunneling represented by 𝜔𝜔1𝑏𝑏 . As ℎ or 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔 increases or 𝑛𝑛𝑃𝑃ℎ𝐶𝐶 decreases, the strength of the

tunneling becomes smaller. It is possible that the change in these parameters modifies not only the
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𝜔𝜔 terms but also the in-plane couplings 𝑡𝑡𝑖𝑖 , but near the magic-angle the band structure is
predominantly defined by a ratio between these two types of model parameters 95, therefore we

consider the 𝑡𝑡𝑖𝑖 fixed for simplicity. The parameter-independence of 𝜔𝜔1𝑏𝑏 is motivated by

observations of the near parameter-independence of the bottom bands, which is likely because the
geometry parameters predominantly modify the higher frequency photonic modes (see Figure 4.
22). Understanding the dependence of the band structure on the geometry parameters provides
additional degrees of freedom in further engineering the optical moiré flat band and indicates the
possibility of having magic angle at higher 𝜃𝜃, where localized modes are closer to each other in
distance.107

Figure 4. 4 (a) Top and bottom band gap 𝛥𝛥𝑓𝑓𝑔𝑔𝑔𝑔𝑔𝑔 (yellow), bandwidth 𝛥𝛥𝑓𝑓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (gray), group
Velocity at 𝛫𝛫 point 𝑣𝑣𝑔𝑔 (𝐾𝐾) (black dashed line), and Dirac cone frequency 𝑓𝑓𝐷𝐷𝐷𝐷 when
changing (a) ℎ (b) 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (c) 𝑛𝑛𝑃𝑃ℎ𝐶𝐶 . The narrowest bandwidth is pointed by the black
arrow and the vanishing 𝑣𝑣𝑔𝑔 (𝐾𝐾) is labeled by the orange dot.
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Our numerical calculations show that the dispersion of electromagnetic waves can be manipulated
dramatically, from highly dispersive to flat, by simply changing the angle between two photonic
crystal slabs. We identified the magic angle where moiré flat bands appear, leading to a large
reduction in group velocity compared to monolayer PhC. At this angle, TBPhCs exhibit slow-light
behavior within an extremely narrow bandwidth and the eigenmodes are highly localized in the
regions exhibiting AA stacking. We studied the photonic band structure behavior using a planewave continuum model and found that TBPhCs differ from TBG both in intralayer coupling and
interlayer tunneling characteristics. We find that interlayer tunneling can be controlled by tuning
the geometry parameters (ℎ, 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , 𝑛𝑛𝑃𝑃ℎ𝐶𝐶 ), facilitating the design of an optical flat band.

The "twisted photonic crystal toolkit" we present here provides access to slow-light effects and
light localization that cannot be accomplished by conventional photonic crystals. Therefore,
TBPhCs will drastically enhance access to optical nonlinearities and quantum interactions in
photonic devices. Because TBPhCs are designed for standard silicon-on-substrate wafers and can
be fabricated by a wafer bonding and transferring technique, the fabrication of such devices is
immediately feasible.

Materials and Methods
Simulation: The finite-element band structure, eigenmode, and 𝑄𝑄 - factor simulations were
computed using three-dimensional finite element methods (COMSOL Multiphysics 5.4). We first

calculated all the modes in a PhC unit cell/super unit cell with Floquet periodic boundary
conditions in the two lattice-vector directions and perfectly matched layers at the boundaries in the
out-of-plane direction. TM/TE-polarized modes were selected by evaluating the energy ratio of
the electric and magnetic fields in all directions. The simulations were carried out on a Dell M630
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computer (2 x Intel Xeon CPU E5-2697 v4 2.30GHz 18 core, 247GB RAM, 1GbE, FDR
Infiniband). The time to calculate the photonic band structure at the magic angle is roughly 24
hours. The plane-wave continuum model is implemented using MATLAB. The estimated
calculation time is a few seconds per band structure.

4.6

Dirac model for stacked bilayer photonic crystal

The low-energy electronic structure of graphene can be understood by simplifying a nearestneighbor tight-binding model. This model consists of two 𝑝𝑝𝑧𝑧 orbitals, each centered on the two
Carbon atoms of the hexagonal lattice of graphene. Assuming a nearest neighbor coupling 𝑡𝑡0 , we
get,

0
𝐻𝐻𝑔𝑔𝑔𝑔 �𝑘𝑘�⃗� = �
(∙)†

𝑡𝑡0 �1 + 𝑒𝑒 𝑖𝑖𝑘𝑘�⃗𝑎𝑎1 + 𝑒𝑒 𝑖𝑖𝑘𝑘�⃗𝑎𝑎2 �
�
0

with ai the primitive lattice vectors of the graphene unit cell.

(4.6)

1

Expanding this equation around 𝐾𝐾 = (𝑏𝑏1 + 𝑏𝑏2 ), and performing some careful algebra, reveals

the famous Dirac equation:

3

�⃗ + 𝑘𝑘�⃗ � ≈ 𝑣𝑣𝐷𝐷 𝜎𝜎 ∙ 𝑞𝑞 ≡ 𝐻𝐻𝐷𝐷 �𝑘𝑘�⃗�
𝐻𝐻𝑔𝑔𝑔𝑔 �𝐾𝐾

(4.7)

where σ are the 2 × 2 Pauli matrices, taken as a rank 3 tensor acting on the vector 𝑘𝑘�⃗, and 𝑣𝑣𝐷𝐷 is the

Dirac velocity (the slope of the low-energy bands). Restricting to in-plane momenta (𝑘𝑘𝑧𝑧 = 0), this

takes the form,

0
𝐻𝐻𝐷𝐷 �𝑘𝑘�⃗� = �
𝑣𝑣𝐷𝐷 �𝑘𝑘𝑥𝑥 − 𝑖𝑖𝑘𝑘𝑦𝑦 �

𝑣𝑣𝐷𝐷 �𝑘𝑘𝑥𝑥 + 𝑖𝑖𝑘𝑘𝑦𝑦 �
0

�

(4.8)

The interlayer coupling between two graphene monolayers can also be highly simplified. We will

assume that the interlayer coupling between two aligned 𝑝𝑝𝑧𝑧 orbitals of Carbon is given by 𝑡𝑡, and
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if they are not aligned they are decoupled. Then the 2 × 2 interlayer coupling Hamiltonian takes
the forms,

𝑡𝑡 0
0
𝐴𝐴𝐴𝐴
� , 𝐻𝐻21
=�
0 𝑡𝑡
0

𝐴𝐴𝐴𝐴
𝐻𝐻21
=�

𝑡𝑡
0
𝐴𝐴𝐴𝐴
� , 𝐻𝐻21
=�
0
𝑡𝑡

0
�
0

(4.9)

where AA, AB, BA correspond to the three high-symmetry stacking configurations of bilayer

graphene. The bilayer Hamiltonian can then be easily formulated by combining these two
simplifications:
𝐻𝐻�𝑘𝑘�⃗� = �

𝐻𝐻𝐷𝐷 �𝑘𝑘�⃗�
†
𝐻𝐻21

𝐻𝐻21
�
𝐻𝐻𝐷𝐷 �𝑘𝑘�⃗�

(4.10)

where 𝑘𝑘�⃗ is understood to be taken relative to the $K$ point of monolayer graphene's Brillouin

Zone.

The band structure of 𝐻𝐻�𝑘𝑘�⃗ � are shown in Figure 4. 5 for both an AA and AB stacking
configuration.

Note that the AB and BA stacking configurations give identical band structures, but NOT identical
eigenvectors, (important when studying the topologically protected 1D modes that emerge along
AB/BA stacking transitions). The AA stacking looks like two copies of the monolayer Dirac cone,
shifted in energy by ±𝑡𝑡, while AB stacking shows parabolic touching bands with additional
parabolic bands ±𝑡𝑡 away from the touching bands.
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Figure 4. 5 Bands for an effective model of bilayer graphene, with interlayer coupling
strength between aligned Carbon atoms given by 𝑡𝑡. The 𝐴𝐴𝐴𝐴 vs 𝐴𝐴𝐴𝐴 stacking give different
low-energy structures, but both should provide the same estimate for a value of 𝑡𝑡.
Looking at bilayers of “graphitic” photonic crystals, one should also expect to see similar band
structure near the monolayer 𝐾𝐾 point. By ‘’graphitic’’, we mean the crystal has the same space
group symmetry as graphene, 𝑃𝑃6/𝑚𝑚𝑚𝑚𝑚𝑚 (that of the 2D honeycomb lattice).

We can analyze the bands near the 𝐾𝐾 point to quickly see that the same structure as the Dirac

model for bilayer graphene still exists for the four lowest bands. At AA stacking (See Figure 4. 6

and Figure 4. 7), we see a degeneracy pattern of (2,2) (a two-fold band degeneracy followed by
another two-fold band degeneracy).
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Figure 4. 6
The bands extracted from COMSOL simulations of an AA-aligned
‘’graphitic’’ photonic crystal near 𝐾𝐾 is given by the black dots. The bands of the 4-band
TBG model with the given parameters is shown as the grey surfaces.
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Figure 4. 7 Bands extracted from COMSOL simulation of an AA-aligned ”graphitic”
photonic crystal. The effective Fermi energy (𝐸𝐸𝐹𝐹 ) is given by the solid red line, and the
extracted interlayer coupling strength, teff 5.47 THz. A guess of the low-energy bands
(and thus, a possible value of 𝑣𝑣𝐹𝐹 ) is shown in the dashed red lines.
At AB stacking (See Figure 4. 8 and Figure 4. 9) the pattern is (1,2,1) (an isolated band, a two-

fold degeneracy, and then another isolated band).
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Figure 4. 8 The bands extracted from COMSOL simulations of an AB-aligned “graphitic”
photonic crystal near 𝐾𝐾 is given by the black dots. The bands of the 4-band TBG model
with the given parameters is shown as the grey surfaces.
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Figure 4. 9 Bands extracted from COMSOL simulation of an AB-aligned ”graphitic”
photonic crystal. The effective Fermi energy (𝐸𝐸𝐹𝐹 ) is given by the solid red line, and the
extracted interlayer coupling strength, teff 6.39 THz. A guess of the low-energy bands
(and thus, a possible value of 𝑣𝑣𝐹𝐹 ) is shown in the dashed red lines.
We can extract the effective interlayer coupling by taking half of the difference between the lowest
and highest band, in both cases giving an effective coupling of 𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒 ≈ 6 𝑇𝑇𝑇𝑇𝑇𝑇.

To be able to build a complete model for the twisted crystal, we also need an accurate estimation
of the effective Dirac velocity (𝑣𝑣𝐷𝐷 ). The computed bands from a single layer, in Figure 4. 10, is

roughly 95 THz. The velocity of the top and bottom half of the cone are slightly different, which

is analogous to the particle-hole asymmetry in the low-energy bands graphene. In the tight-binding
approximation, this asymmetry arises from second-nearest neighbor couplings in the hexagonal
lattice. There is also some trigonal warping of the monolayer cone, also caused by higher-order
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neighbor couplings in graphene's tight-binding model. The bilayer datasets suggest a larger 𝑣𝑣𝐷𝐷

(102 THz), which is similar to the monolayer value. They also show more extreme trigonal
warping, likely due to an enhancement in long-range in-plane effective couplings for each layer.
We will use the larger value of 𝑣𝑣𝐷𝐷 , and note that the disagreement with the monolayer case is not

too surprising. It is not uncommon for the electrons in van der Waals materials to be modified by
the presence of another layer. Although this effect is very weak in bilayer graphene, it is significant
in bilayers of semiconducting TMDCs.

Figure 4. 10 The bands extracted from COMSOL simulations of a single layer of a
“graphitic” photonic crystal near 𝐾𝐾 is given by the black dots. The bands of the 2-band
graphene model with the given parameters are shown as the grey surfaces.
From 𝑡𝑡 and 𝑣𝑣𝐷𝐷 , we can predict an effective magic-angle. Here we assume the momentum space

has unit-less dimensions, as the data is given in such a way that the reciprocal vectors always have
���⃗𝚤𝚤 � = √3.
norm �𝑏𝑏
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In particular, ����⃗
𝑏𝑏2 = √3𝑦𝑦� , letting us pick 𝐾𝐾 = �1/2, √3/2� with |𝐾𝐾| = 1. Then the separation

between the two-layers Dirac cones when they are twisted by θ is 𝑘𝑘θ = |𝑅𝑅θ 𝐾𝐾| = 2 sin(θ/2) |𝐾𝐾| ≈
α=ω

𝜃𝜃. The parameterless unit introduced by Bistritzer and MacDonald for TBG is (𝑣𝑣

𝐷𝐷 𝑘𝑘𝜃𝜃 )

where 𝜔𝜔 ≡

𝑡𝑡/3. The magic angle occurs when α = 1/√3, which for our model (𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒 = 6 THz, 𝑣𝑣𝐷𝐷 ≈ 102

THz, 𝑘𝑘θ = 𝜃𝜃) provides the equation:
α=

1

√3

=

𝑡𝑡

3𝑣𝑣𝐷𝐷 𝑘𝑘θ

→θ=

𝑡𝑡

√3𝑣𝑣𝐷𝐷

= 1.95∘

(4.11)

4.7 Plane-wave continuum model
The intralayer Bloch Hamiltonian and the interlayer coupling Hamiltonian make up the continuum
model of twisted bilayer graphene. As for the intralayer Hamiltonian, it is often taken to be a Dirac
Hamiltonian,

where 𝑣𝑣𝐹𝐹 is the Fermi velocity.

𝐻𝐻𝐷𝐷 �𝑘𝑘�⃗� = 𝑣𝑣𝐹𝐹 𝜎𝜎 ∙ 𝑘𝑘�⃗

(4.12)

As for the interlayer coupling, we choose the collection of relevant states as:
𝐿𝐿

𝑘𝑘 +𝐺𝐺𝑚𝑚2

𝐿𝐿

𝐿𝐿

�Ψ1 0

𝐿𝐿

𝑘𝑘 +𝐺𝐺𝑛𝑛1

� , � Ψ2 0

�

(4.13)

Where 𝐺𝐺𝑛𝑛 1 �𝐺𝐺𝑛𝑛 2 � is a reciprocal lattice vector of the first (second) layer. By Fourier transforming
a hopping functional, directly projecting from a tight-binding model, or fitting the stacking

dependency of density functional theory band structures, the interlayer coupling between Bloch
states can be computed. We use the first approach to investigate the interlayer coupling between
a Bloch wave of orbital on the first and second layers.
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The Bloch wave of orbital 𝛼𝛼 of the first layer couples with the Bloch wave of 𝛽𝛽 on the second
layer as96,

𝐿𝐿

𝑘𝑘 +𝐺𝐺𝑚𝑚1

𝑡𝑡𝐺𝐺𝑛𝑛 𝐺𝐺𝑚𝑚 = �Ψ2𝛽𝛽0

Where,

𝐿𝐿

𝑘𝑘 +𝐺𝐺𝑚𝑚2

Ψ1𝛼𝛼0

𝐿𝐿

𝑘𝑘 +𝐺𝐺𝑚𝑚1

Ψ2𝛽𝛽0

=
=

1

√𝑁𝑁
1

√𝑁𝑁

𝐿𝐿

𝑘𝑘 +𝐺𝐺𝑚𝑚2

�𝐻𝐻21 �Ψ1𝛼𝛼0

(4.14)

�

𝐿𝐿2

� 𝑒𝑒 𝑖𝑖�𝑘𝑘0+𝐺𝐺𝑚𝑚 �𝑅𝑅1 |𝑅𝑅1 ⟩
𝑅𝑅1

𝐿𝐿1

� 𝑒𝑒 𝑖𝑖�𝑘𝑘0+𝐺𝐺𝑛𝑛
𝑅𝑅2

�𝑅𝑅2

|𝑅𝑅2 ⟩

(4.15)
(4.16)

And 𝐻𝐻21 is defined by spatially dependent interlayer coupling 𝑡𝑡(𝑟𝑟). Bloch phases must rely only

on the lattice position, not the precise position of each orbital. The result is obtained by adding all
lattice points in both layers. Then we obtain the coupling term,
𝑡𝑡𝐺𝐺𝑛𝑛 𝐺𝐺𝑚𝑚 =

𝐿𝐿1
𝐿𝐿2
1
� 𝑒𝑒 𝑖𝑖�𝑘𝑘0 +𝐺𝐺𝑛𝑛 �𝑅𝑅2 𝑡𝑡(𝑅𝑅2 − 𝑅𝑅1 )𝑒𝑒 𝑖𝑖�𝑘𝑘0 +𝐺𝐺𝑚𝑚 �𝑅𝑅1
𝑁𝑁

𝑅𝑅1 ,𝑅𝑅2

=
=

𝐿𝐿2
𝐿𝐿1
1
𝑑𝑑𝑑𝑑 𝑖𝑖𝑖𝑖(𝑅𝑅 −𝑅𝑅 )
� 𝑒𝑒 𝑖𝑖�𝑘𝑘0+𝐺𝐺𝑚𝑚 �𝑅𝑅1 −𝑖𝑖�𝑘𝑘0+𝐺𝐺𝑛𝑛 �𝑅𝑅2 �
𝑒𝑒 2 1 𝑡𝑡̃(𝜉𝜉)
(2𝜋𝜋)2
𝑁𝑁

𝑅𝑅1 ,𝑅𝑅2

𝐿𝐿2
𝐿𝐿1
1
𝑑𝑑𝑑𝑑
�
𝑡𝑡̃(𝜉𝜉) � 𝑒𝑒 𝑖𝑖�𝑘𝑘0+𝐺𝐺𝑛𝑛 −𝜉𝜉�𝑅𝑅1 � 𝑒𝑒 𝑖𝑖�𝑘𝑘0+𝐺𝐺𝑛𝑛 −𝜉𝜉�𝑅𝑅2
2
𝑁𝑁 (2𝜋𝜋)

𝑅𝑅1

𝐿𝐿

𝐿𝐿

= Ω−1 𝑡𝑡̃�𝑘𝑘0 + 𝐺𝐺𝑛𝑛 2 + 𝐺𝐺𝑛𝑛 1 �

𝑅𝑅2

(1.47)

where the normalization of both wave function introduces N, the number of lattice sites in one

layer. The sum in this equation is all zero unless the momentums are reciprocal lattice vector of
that layer. In the final expression, Ωis the area of the monolayer unit cell. If the two atomic orbitals

are shifted by 𝜏𝜏𝛼𝛼 and 𝜏𝜏𝛽𝛽 , the wave function should be written as
𝐿𝐿

𝑘𝑘 +𝐺𝐺𝑚𝑚2

Ψ1𝛼𝛼0

=

1

√𝑁𝑁

𝐿𝐿2

� 𝑒𝑒 𝑖𝑖�𝑘𝑘0+𝐺𝐺𝑚𝑚 �𝑅𝑅1 |𝑅𝑅1 + 𝜏𝜏𝛼𝛼 ⟩
𝑅𝑅1
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(4.18)

𝐿𝐿

𝑘𝑘 +𝐺𝐺𝑚𝑚1

Ψ2𝛽𝛽0

=

1

√𝑁𝑁
𝐿𝐿

𝐿𝐿1

� 𝑒𝑒 𝑖𝑖�𝑘𝑘0+𝐺𝐺𝑛𝑛
𝑅𝑅2

�𝑅𝑅2

|𝑅𝑅2 + 𝜏𝜏𝛽𝛽 �

(4.19)

𝐿𝐿

Therefore, a phase term ex p �𝑖𝑖�𝑘𝑘0 + 𝐺𝐺2 2 + 𝐺𝐺2 1 ��𝜏𝜏𝛼𝛼 − 𝜏𝜏𝛽𝛽 �� should be introduced to the final
expression.

Figure 4. 11 Honeycomb lattice. The red arrow denotes the three nearest neighbors, the
green arrow denotes the second-nearest neighbors, and the blue arrow denotes the thirdnearest neighbors.

1
√3
, − � , 𝑎𝑎2
2
2

The lattice vectors are 𝑎𝑎1 = 𝑎𝑎 �
2𝜋𝜋
𝑎𝑎

�

1

√3

, −1� , 𝑏𝑏2 =

2𝜋𝜋
𝑎𝑎

�

1

√3

, 1�, the Dirac point is

2𝜋𝜋
𝑎𝑎

√3 1
, �
2 2

= 𝑎𝑎 �

2

�0, − �.

and reciprocal vectors 𝑏𝑏1 =

3

In the following derivation, we will take Bloch expansion near the K point. The nearest three
lattices; the distances are,
𝑑𝑑1 = 𝑎𝑎 �

√3
√3 1
√3 1
, 0� , 𝑑𝑑2 = 𝑎𝑎 �−
, − � , 𝑑𝑑3 = 𝑎𝑎 �−
, �
3
6
2
6 2
78

(4.20)

Near the K valley, the wave vector can be expressed as 𝐾𝐾 + 𝑞𝑞, where 𝑞𝑞 ≪ 1. The Hamiltonian

near the K valley is,

𝐻𝐻𝑔𝑔𝑔𝑔 = �

0

ℎ. 𝑐𝑐.

𝑡𝑡1 �𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑1 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑2 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑3 �

Where if we expand the Hamiltonian to the first order,

0

�

(4.21)

𝑡𝑡1 �𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑1 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑2 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑3 �

= 𝑡𝑡1 �𝑒𝑒 𝑖𝑖𝐾𝐾�⃗𝑑𝑑1 (1 + 𝑖𝑖𝑞𝑞⃗𝑑𝑑1 ) + 𝑒𝑒 𝑖𝑖𝐾𝐾�⃗𝑑𝑑2 (1 + 𝑖𝑖𝑞𝑞⃗𝑑𝑑2 ) + 𝑒𝑒 𝑖𝑖𝐾𝐾�⃗𝑑𝑑3 (1 + 𝑖𝑖𝑞𝑞⃗𝑑𝑑3 )�
= 𝑖𝑖𝑖𝑖𝑡𝑡1 �

𝑖𝑖2π
𝑖𝑖2π
1
1
√3
√3
√3
𝑞𝑞𝑥𝑥 + 𝑒𝑒 3 �−
𝑞𝑞𝑥𝑥 − 𝑞𝑞𝑦𝑦 � + 𝑒𝑒 − 3 �−
𝑞𝑞𝑥𝑥 − 𝑞𝑞𝑦𝑦 ��
3
6
6
2
2

=

√3
𝑎𝑎𝑡𝑡 �𝑖𝑖𝑞𝑞 + 𝑞𝑞𝑦𝑦 �
3 1 𝑥𝑥

The second-nearest lattices have distances of,

𝑑𝑑1 = 𝑎𝑎(0,1), 𝑑𝑑2 = 𝑎𝑎 �−

√3 1
√3 1
, � , 𝑑𝑑3 = 𝑎𝑎 � , − �
2 2
2
2

𝑑𝑑4 = 𝑎𝑎(0, −1), 𝑑𝑑5 = 𝑎𝑎 �−

√3 1
√3 1
, − � , 𝑑𝑑5 = 𝑎𝑎 � , �
2
2
2 2

Having the linear term vanished, we expand 𝑞𝑞 to a quadratic term,

(4.23)

(4.24)
(4.25)

𝑡𝑡2 �𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑1 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑2 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑3 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑4 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑5 + 𝑒𝑒 𝑖𝑖�𝐾𝐾�⃗+𝑞𝑞�⃗�𝑑𝑑6 �
= 𝑡𝑡2 �𝑒𝑒 𝑖𝑖𝐾𝐾�⃗𝑑𝑑1 �1 + 𝑖𝑖𝑞𝑞⃗𝑑𝑑1 +

+ 𝑒𝑒 𝑖𝑖𝐾𝐾�⃗𝑑𝑑3 �1 + 𝑖𝑖𝑞𝑞⃗𝑑𝑑3 +
= −3𝑡𝑡2 +

(𝑖𝑖𝑞𝑞⃗𝑑𝑑1 )2
(𝑖𝑖𝑞𝑞⃗𝑑𝑑2 )2
� + 𝑒𝑒 𝑖𝑖𝐾𝐾�⃗𝑑𝑑2 �1 + 𝑖𝑖𝑞𝑞⃗𝑑𝑑2 +
�+⋯
2
2

(𝑖𝑖𝑞𝑞⃗𝑑𝑑3 )2
(𝑖𝑖𝑞𝑞⃗𝑑𝑑6 )2
� + 𝑒𝑒 𝑖𝑖𝐾𝐾�⃗𝑑𝑑6 �1 + 𝑖𝑖𝑞𝑞⃗𝑑𝑑6 +
��
2
2

3𝑎𝑎𝑡𝑡2 2
3𝑎𝑎𝑡𝑡2 2
�𝑞𝑞𝑥𝑥 + 𝑞𝑞𝑦𝑦2 � = −3𝑡𝑡2 +
𝑞𝑞
4
4
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(4.26)

Similarly, we can calculate the third-nearest neighbor. The third-nearest neighbor term only differs
from the first-nearest neighbor term by -2. Finally, we obtain the low-energy Hamiltonian by,
−𝑎𝑎(𝑡𝑡1 − 2𝑡𝑡3 )√3
3𝑎𝑎2 𝑡𝑡2 2
𝐻𝐻𝑔𝑔𝑔𝑔 (𝐾𝐾 + 𝑞𝑞) ≈
𝜎𝜎 ∙ 𝑞𝑞 −
𝑞𝑞 − 3𝑡𝑡2
2
4

(4.27)

The Dirac Hamiltonian for a layer rotated by an angle is,
ℎ𝑘𝑘 (𝜃𝜃) = −𝑣𝑣𝑣𝑣 �

0

𝑒𝑒 −𝑖𝑖(𝜃𝜃𝑘𝑘−𝜃𝜃)

𝑒𝑒 𝑖𝑖(𝜃𝜃𝑘𝑘−𝜃𝜃) �
0

According to our previous calculations, the Dirac velocity is
total interlayer Hamiltonian is,
𝐻𝐻 ≈

−𝑎𝑎(𝑡𝑡1 − 2𝑡𝑡3 )√3
𝑞𝑞 � −𝑖𝑖(𝜃𝜃0 −𝜃𝜃)
𝑘𝑘
2
𝑒𝑒

−𝑎𝑎(𝑡𝑡1 −2𝑡𝑡3 )√3
2

2

𝜔𝜔0 𝜔𝜔1
𝜔𝜔 𝜓𝜓 ∗ 𝜔𝜔1
∗
𝑇𝑇1 = �𝜔𝜔 𝜔𝜔 � , 𝑇𝑇2 = � 0
∗ � , 𝑇𝑇3 = 𝑇𝑇2
𝜔𝜔
𝜓𝜓
𝜔𝜔
𝜓𝜓
1
0
1
0
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. Consider 𝑡𝑡1 , 𝑡𝑡2 , 𝑡𝑡3 , the

𝑒𝑒 𝑖𝑖(𝜃𝜃𝑘𝑘−𝜃𝜃) � − 3𝑎𝑎 𝑡𝑡2 𝑞𝑞 2 �1
0
4
0

As for the intralayer coupling, we firstly introduce three 2 × 2 matrices,
where, 𝜓𝜓 = 𝑒𝑒 𝑖𝑖2𝜋𝜋/3 .

(4.28)

0
�
−1

(4.29)
(4.30)

1 √3
�,
2 2

Then we generate a hexagonal table based on lattice vector 𝐺𝐺1 = (1,0), 𝐺𝐺2 = � ,
draw a simple picture of the momentum lattice.

Here, we

Figure 4. 12 Illustration of hexagonal lattice in momentum space
In Figure 4. 12, the black dots denote the momentum lattices of the first layer and the green dots
denote the momentum lattices of the second layer. Three blue arrows 𝑞𝑞1 , 𝑞𝑞2 , 𝑞𝑞3 represent three
nearest coupling between the first layer and the second layer. If we label these momentum
lattices as 1, 2 and 3, then the relations between these lattices are
𝐿𝐿2 = 𝐿𝐿3 + 𝐺𝐺2 , 𝐿𝐿1 = 𝐿𝐿3 − 𝐺𝐺1 + 𝐺𝐺2

(4.31)

We then create connection matrices. The total Hamiltonian is a block diagonal matrix, which can
be generally written as,
𝐻𝐻𝑡𝑡𝑡𝑡𝑡𝑡 = �

𝐻𝐻𝑡𝑡𝑡𝑡𝑡𝑡
U†

U
�
𝐻𝐻1

(4.32)

To illustrate this total Hamiltonian, we assume there are 59 lattices under consideration. The

connection matrices are named as 𝑀𝑀1 , 𝑀𝑀2 , 𝑀𝑀3 … where 𝑀𝑀1 is an identity matrix. The coupling

term U is the Kronecker tensor product of 𝑇𝑇𝑖𝑖 and 𝑀𝑀𝑖𝑖 which is a 118 × 118 matrix in our case.

For a certain k, the total Hamiltonian can be explicitly written as,
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The eigenvalues and eigenstates can be then calculated. The band structure can be obtained by
changing the value of k.
A momentum cutoff is imposed for the momentum lattice, so we need to firstly guarantee that 1,
2 and 3 are not cut off. If we mark the central green dot in the second layer as 3 for example, we
can mark the connections by using three connection matrices, the elements of which are
𝑀𝑀1 (3,3) = 1, 𝑀𝑀2 (3,2) = 1, 𝑀𝑀3 (3,1) = 1

(4.33)

Go through all the momentum lattices that are not cut off, we obtain the connection matrices
𝑀𝑀1 , 𝑀𝑀2 , and 𝑀𝑀3 . 𝑇𝑇𝑖𝑖 are the coupling matrices of nearest neighbor 𝑞𝑞𝑖𝑖 . So the coupling term is
∑𝑖𝑖 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘(𝑇𝑇𝑖𝑖 , 𝑀𝑀𝑖𝑖 ).

In short, the connection matrices are used to mark the three nearest inter-layer coupling, which
corresponds to three coupling matrices 𝑇𝑇1 , 𝑇𝑇2 and 𝑇𝑇3 . The entire coupling term is the Kronecker

tensor product of 𝑇𝑇𝑖𝑖 and 𝑀𝑀𝑖𝑖 .
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4.8

Fabrication and measurement of twisted bilayer photonic crystals

Our goal is to produce TBPC metasurfaces that have a flat band useful for photonic applications.
Going one step further, we want to demonstrate on-chip TBPC devices with multiple applications
such as diffractionless ultra-narrow bandwidth filters and a full momentum space nonlinearenhancement flat-band laser. The fabrication of TBPhCs is difficult because current photonic
devices are usually manufactured in single-layer planar layouts.

We developed a fabrication method that transfers one layer of photonic crystal membrane to
another. Figure 4. 13 illustrates the photonic crystal membrane fabrication and transfer. Following
conventional electron-beam patterning of silicon air-holes, we etch the silicon oxide directly
underneath the photonic crystal to form a suspended membrane. We then perforate the boundaries
of the membrane using directed laser writing. Next, we subsequently spin-coat and bake a film of
PMMA onto the sample. The PMMA layer is then mechanically peeled from the Silicon-on-Oxide
(SOI) wafer and the attached photonic crystal membrane. Another Silicon photonic crystal layer
is then prepared on the SOI. Then we transfer the photonic crystal membrane to another photonic
crystal on SOI with a small twisted angle. To remove the PMMA, we transfer the film to an acetone
bath. As a proof-of-principle, we have fabricated silicon TBPC metasurfaces that stack two
honeycomb lattice silicon photonic crystals without an intermediate PMMA layer. A limitation in
our current preliminary approach is the lack of optical alignment. To resolve this, we propose to
build an optical imaging system that will accurately align the two layers of photonic crystals. Our
preliminary results showing the Moiré pattern of TBPC metasurfaces (Figure 4. 14) strongly
suggest our fabrication is robust and versatile.
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We are developing another fabrication method using origami technique (Figure 4. 15). After
conventional electron-beam patterning of silicon air-holes, we etch the silicon oxide and perforate
the boundaries of the membrane. We then transfer the membrane to another substrate, mask the
substrate area with capstone tape, and spin-coat it with a PMMA. We hold one side of the capstone
tape and fold the photonic crystal. This approach allows us to control the twisted angle precisely.

Figure 4. 13 Schematic of photonic crystal slabs transferring. (a) A photonic crystal is
fabricated on silicon-on-oxide, HF is used the etch away the oxide under the Si structured
layer. (b) The edge of the Si structured is cut through a laser. A PMMA film is then placed
on the top of the silicon photonic crystal. (c)The PMMA is used to pick up the Silicon
metasurface. (d) The PMMA and photonic crystal are rotated and aligned to another
silicon photonic crystal. (e) The PMMA is pressed onto the bottom Silicon photonic
crystal. (d) The PMMA is then removed by acetone.
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Figure 4. 14 (a) Moiré patterns of two layers of silicon photonic crystals. (b) Two layers
of Silicon photonic crystals on top of each other. (c) Microscope image of transferred
photonic crystal slabs.
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Figure 4. 15 Origami process of bilayer photonic crystals. (a-b) A Silicon photonic crystal
slab is pealed from the original substrate and transferred to another substrate; the dashed
line indicates the folding edge. (c) We mask the substrate area with capstone type, a
PMMA layer is then spin-coated on the top of the photonic crystal; the PMMA is then
flipped and folded from one side. (d) The photonic crystal and PMMA are folded at a
twisted angle.

The sample characterization aiming to provide information include: Iso-frequency contour, 𝑄𝑄factor, diffractionless in-plane propagation and transmission.

86

Again, we measure the bandstructure (iso-frequency contour) using our home-built Fourier
microscope. The preliminary result of monolayer honeycomb lattice is shown in Figure 4. 16.

Figure 4. 16 Iso-frequency contour of monolayer honeycomb photonic crystal.

4.9

Supplementary

A simplified continuum model of bilayer graphene can be understood by beginning with a nearestneighbor tight-binding model. This model consists of two Carbon atoms of the honeycomb lattice
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, 1�. The 𝐴𝐴 and 𝐵𝐵 sublattice atoms are positioned at 0 and (𝑎𝑎1 + 𝑎𝑎2 ),
3

respectively. Assuming a nearest neighbor coupling 𝑡𝑡1 , a second-nearest neighbor coupling of 𝑡𝑡2 ,
and a third-nearest neighbor coupling of 𝑡𝑡3 , the low-energy Hamiltonian for a momentum 𝐾𝐾 + 𝑞𝑞
near the Dirac cone 𝐾𝐾 =

𝑏𝑏1 −𝑏𝑏2
3

=

2𝜋𝜋
𝑎𝑎

𝐻𝐻𝑔𝑔𝑔𝑔 (𝐾𝐾 + 𝑞𝑞) ≈

(0, −2/3) is, up to (𝑂𝑂(𝑞𝑞 2 )):

−𝑎𝑎(𝑡𝑡1 − 2𝑡𝑡3 )√3
3𝑎𝑎2 𝑡𝑡2 2
𝜎𝜎 ∙ 𝑞𝑞 −
𝑞𝑞 − 3𝑡𝑡2
2
4

(4.34)

where 𝜎𝜎 are the 2 × 2 Pauli matrices, taken as a rank 3 tensor acting on the momentum vector 𝑞𝑞.
The group velocity at 𝐾𝐾 (slope of the bands at the cone) is 𝑉𝑉𝑔𝑔 (𝐾𝐾) =
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𝑎𝑎(𝑡𝑡1 −2𝑡𝑡3 )√3
2

. There is also a top-

bottom band symmetry-breaking term of strength

3𝑎𝑎2 𝑡𝑡2
4

, which goes like 𝑞𝑞 2 along the diagonal of

𝐻𝐻, causing both top and bottom levels away from 𝐾𝐾 point to be pushed in the same direction.

The interlayer coupling between two graphene monolayers can also be highly simplified. The
coupling between any pair of interlayer orbital types can be represented with a first-order Fourier
expansion, consisting of three plane-waves of equal strength summed together, and with the
relative phases of each term chosen appropriately such that the maxima are centered at the
appropriate location in the moiré superlattice. This introduces 2 × 2 scattering matrices with

specific phases for the three-fold related scattering momenta, namely, 95

for 𝜓𝜓 = 𝑒𝑒 𝑖𝑖2𝜋𝜋/3 .

𝜔𝜔0 𝜔𝜔1
𝜔𝜔 𝜓𝜓 ∗ 𝜔𝜔1
𝑇𝑇1 = �𝜔𝜔 𝜔𝜔 � , 𝑇𝑇2 = � 0
� , 𝑇𝑇3 = 𝑇𝑇2 ∗
𝜔𝜔1 𝜓𝜓 𝜔𝜔0 𝜓𝜓 ∗
1
0

(4.35)

The bilayer Hamiltonian can then be easily formulated by combining these two simplifications:
𝐻𝐻(𝑘𝑘) = �

𝐻𝐻𝐷𝐷 (𝑞𝑞) 𝛴𝛴𝑇𝑇𝑖𝑖
�
𝛴𝛴𝑇𝑇𝑖𝑖† 𝐻𝐻𝐷𝐷 (𝑞𝑞)

(4.36)

where 𝑘𝑘 is taken nearby the 𝐾𝐾 point of monolayer graphene’s Brillouin zone. The 𝑇𝑇𝑖𝑖 scatter from

the given 𝑘𝑘 to nearby, but different 𝑞𝑞 , determined by the reciprocal vectors of the moiré
superlattice ( 𝑞𝑞1 = 0 , 𝑞𝑞2 = 𝐺𝐺2 , and 𝑞𝑞3 = −𝐺𝐺1 , for 𝐺𝐺𝑖𝑖 the reciprocal vectors of the moiré
supercell given in Figure 4. 17)).
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Figure 4. 17 (a) Photonic crystal structure and moiré pattern of TBPhCs with 𝜃𝜃 = 1.89°
, the top(bottom) layer is blue(red). AA and AB (or BA), are indicated by triangles and
circles, respectively. The triangular superlattice vectors 𝑎𝑎1 and 𝑎𝑎2 are triangular
superlattice vectors. (b)The super lattice Brillouin zone is constructed from the wave
vectors of the two photonic crystals layers. and the small hexagon is the moiré Brillouin
zone of TBPhCs with reciprocal vectors 𝑏𝑏1 and 𝑏𝑏2 .

Figure 4. 18 Rotation of the Brillouin zones causes the Dirac cones of the two layers to
rotate and intersect with each other. (a) The hybridization strength is 𝜔𝜔 = 0 (b) When
there is enough electronic tunneling between the two layers, the Dirac-cone bands
hybridize with each other. Here, 2𝜔𝜔 ≪ 𝑣𝑣𝑔𝑔 𝑘𝑘𝜃𝜃 /2 (c) Finally, the Dirac cone bands get
closer to each other and their hybridization becomes flat at 2𝜔𝜔 ∼ 𝑣𝑣𝑔𝑔 𝑘𝑘𝜃𝜃 /2. The flattening
of the bands near the magic angle can be understood as a compensation between the
kinetic energy and the interlayer hybridization energy.
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Figure 4. 19 Eigenmode localization at (a)𝐾𝐾 (b)0.8𝐾𝐾 and (c) 𝛤𝛤point. At small angles, the
modes are localized around the AA stacked region. Due to symmetry, the AA site has
zero weight from the 𝛤𝛤 wavefunction.
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Figure 4. 20 (a)The quality factors (𝑄𝑄-factor) of the monolayer PhC, AA-stacked PhCs
and AB-stacked PhCs are very high over the entire Brillouin zone and is infinite near the
𝐾𝐾point. (b) The quality factors (𝑄𝑄-factor) of the TBPhCs are high (2 × 105 to 3 × 107 )
over the entire Brillouin zone but not infinite. (c) A monolayer eigenmode at 𝐾𝐾point and
a moiré eigenmode at 𝐾𝐾point have the same mode configuration but different symmetry
due to the different intensities at triangular airhole sites. The magnitude of the moiré mode
in one hexagonal cluster (dash line) has a gradual change from AA to AB/BA stacked
region. This explains why some of the moiré eigenmodes leaks to the air and results in a
lower 𝑄𝑄-factor.
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Figure 4. 21 (a) Fitting of the continuum model (lines) to the FEM results (black dots) for
changes in (a) ℎ (b)𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 , and (c) 𝑛𝑛𝑃𝑃ℎ𝐶𝐶
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Figure 4. 22 Geometry parameters like the thickness of the tunneling layer mostly modify
the higher frequency photonic modes in the top part of moiré bands. Changing the
geometry parameters does not modify the mode configuration of the bottom part of the
moiré bands very much.
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