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Abstract
The physics of strongly interacting particles is often extraordinarily rich, leading to the
emergence of fundamentally new phases and phenomena that cannot exist in the absence of
correlations. This thesis is devoted to the study of different classes of quantum systems with
such strong correlations.
Programmable quantum simulators based on Rydberg atom arrays have recently emerged
as versatile platforms to probe quantum many-body phases and their dynamics. In Chapter
2, we start with theories of quantum phase transitions (QPTs) in one-dimensional chains of
Rydberg atoms. We demonstrate the existence of a novel QPT in the universality class of the
Z3 chiral clock model, calculate its critical exponents, and discuss their measurement with
the quantum Kibble-Zurek mechanism. Proceeding to two dimensions, Chapter 3 describes
the zero-temperature phase diagram of a square-lattice Rydberg atom array, revealing several
experimentally realizable density-wave-ordered phases and QPTs. For a different geometry,
namely, the kagome lattice studied in Chapter 4, we identify a regime that constitutes a
likely candidate for hosting a phase with long-range quantum entanglement and topological
order. Based on mappings to dimer models and gauge theories, we argue for the existence of
a quantum spin liquid phase that has proved elusive in solid-state materials.
In the next part of this thesis, we focus on similarly strongly correlated phases in the realm
of quantum materials. Motivated by recent observations of an enhanced thermal Hall response
in the high-temperature cuprate superconductors, in Chapter 5, we study the thermal Hall
conductivity, κxy , of chiral spin-liquid ansätze on the square lattice, focusing on the contribution from neutral (bosonic or fermionic) spinons. Thereafter, going beyond mean-field theory,
we consider the corrections due to emergent gauge fields, which yield a response of opposite
sign to that of the fermionic matter. We additionally consider the contribution of phonons to
κxy and establish its relation to the spinon Hall viscosity. Thermal Hall measurements also
leave intriguing fingerprints in Kitaev materials like α-RuCl3 , and in this context, Chapter 6
investigates the unquantized κxy obtained in a gapless spinon Fermi surface state.
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1

Introduction

How do 10 23 microscopic degrees of freedom collectively conspire to yield a macroscopic phase
of quantum matter? This is the question that lies at the heart of much of condensed matter
physics. One class of answers is offered by theories of nearly free quasiparticles, the lineage
of which can be traced back to Sommerfeld’s [617] description of metals using independent
electrons. Over the years, these weakly interacting theories have enjoyed remarkable success
in cataloging the properties of metals, insulators, semiconductors, and superconductors. Depending on precise details—such as the interactions being accounted for (if any)—the actual
formulation might involve bare electrons or dressed quasiparticles, but at its core, any such
theory is essentially one of free particles in disguise at best.
However, in the last fifty years, the realm of quantum materials has proffered genuinely new
interacting phases in which the individual constituents are strongly correlated, thus eluding
description in terms of noninteracting entities. This has necessitated the development of new
theories of quantum matter in which the many-particle wavefunction is fundamentally different
from a product of single-particle states [552]. In other words, the particles are entangled, and
the structure of short- or long-ranged quantum entanglement leads to rich new physics.

1

Chapter 1. Introduction

1.1

Symmetry-breaking phases of matter

The identification and classification of different phases frame all of our understanding of
matter. The standard (but incomplete) prescription put forth by Landau [363] to do so is based
on the symmetries of the system. Consider a quantum system described by a Hamiltonian
with a symmetry group G—this implies that the Hamiltonian is invariant under the action of
all elements of the group g ∈ G. In a particular phase of matter, the symmetry of the state
may be less than the full group G. Then, the system is said to be in a symmetry-broken phase,
i.e., it is not invariant under the action of some element g ′ ∈ G. This necessarily implies the
existence of a local observable transformsing nontrivially under g ′ that acquires a nonzero
expectation value only in the symmetry-broken phase. Such an observable is called an order
parameter, and the symmetry-broken phase is characterized by long-range correlations of this
order parameter field.
It is useful to recast these rather abstract definitions in terms of a practical model. Akin
to the humble fruit fly vis-à-vis the field of genetics, the Drosophila of condensed matter
physics is perhaps the transverse-field Ising model (TFIM), also known as the quantum Ising
chain. In this model, the degrees of freedom are individual quantum spin- 12 s positioned on a
one-dimensional lattice, with their dynamics governed by the Hamiltonian

HIsing



∑
∑
= −J 
σiz σjz − g
σix  .
⟨ij⟩

(1.1)

i

As written, J > 0 simply sets the overall energy scale of the problem and the physics is
controlled by the dimensionless parameter g, which represents the transverse field. In Landau’s
formulation, the crucial identification is the symmetry of the problem. In this case, our system
has a global Z2 symmetry, which corresponds to flipping all the spins and is formally given
by σiz → −σiz , σix → σix for all sites i. Focusing on zero temperatures, let us now look at the
ground states of this Hamiltonian.
In the limit g ≫ 1, as a first step, we may ignore the “ferromagnetic” term and just satisfy
the second “transverse-field” piece. This yields a unique ground state, where all the spins
point along the x-direction, that we pictorially represent as |0⟩ =| →→ · · · →⟩. Clearly, this
2

Chapter 1. Introduction
ground state preserves the Z2 symmetry. The excitations above this ground state consist of
spin flips obtained by reversing a single spin at a point i: all these states are degenerate
and cost an excitation energy ∆ = 2gJ. When we move away from the g → ∞ limit,
adding the ferromagnetic term as a perturbation endows the spin flips with a dispersion,
ϵ(k) = 2J(g − cos k) for k ∈ [−π/a, π/a], where a is the lattice spacing. A spin flip thus
behaves like a well-defined particle excitation.
On the other hand, the preferred phase is very different in the weak-coupling limit of g ≪ 1.
At g = 0, the Hamiltonian reduces to just the ferromagnetic term. Then, in the limit when
J → ∞, the spins are either all up or all down, and the Z2 symmetry is spontaneously broken.
The local order parameter that characterizes the broken symmetry is the magnetization m =
⟨σiz ⟩. This quantity transforms nontrivially under the global Z2 transformation, which is
∏
implemented by i σix , and has a nonzero expectation value in the ordered phase. In this
symmetry-broken phase, we find that the lowest-energy excitations on top of the ground state
are not spin flips but rather domain walls that separate regions of up and down spins.
The natures of the ground states in the two limits are thus genuinely distinct, so they
cannot be smoothly connected to each other. In other words, there must be a quantum phase
transition (QPT) [550] between them. For the TFIM, it can be shown that the quantum
critical point is located exactly at g = gc = 1 as a consequence of self-duality. In this thesis,
however, we will encounter several other—more complicated—classes of QPTs, where such a
simple answer cannot be obtained.

1.2

Gauge theories and quantum spin liquids

Our example of the transverse-field Ising model in the previous section underscored the essential aspects of Landau’s paradigm of symmetry breaking and order parameters [363]. In
traditional many-body theory, continuous phase transitions in equilibrium are regarded to
occur due to the onset of symmetry breaking, which is captured by a Landau order parameter. The associated critical phenomena are then governed by the fluctuations of this order
parameter at long wavelengths and time scales, which are described by a continuum quantum
field theory expressed in terms of the order parameter field. This foundation—in combina-
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tion with the renormalization group [693–695]—provides a powerful framework for describing
both classical and quantum phases and phase transitions, driven by thermal and quantum
fluctuations, respectively.
Given its remarkable success, for a long time, it was believed that all quantum orders could
be described by this symmetry-breaking picture. This understanding changed drastically
with the discovery of the fractional quantum Hall effect [644], which led to the realization
that there are fundamentally new states of matter that cannot be described by any local
order parameter, and correspondingly, the lens of symmetry breaking. Today, we understand
that these states are instead characterized by intrinsic topological order, which brings us to
the notion of a quantum spin liquid (QSL).
The idea of “quantum liquid” ground states of antiferromagnets was originally envisioned
by P. W. Anderson [14, 179]. To be precise with our definition of liquidity, consider a generic
spin model with S = 1/2 per unit cell. Then, one can ask, is there a ground state that
i) has an energy gap to all excitations, ii) does not break any symmetries, and iii) has
⟨Siz ⟩ = 0? Anderson answered this question in the affirmative by proposing a resonating
valence bond (RVB) state, the wavefunction for which is given by pairing spins into singlets,
and forming a quantum superposition of all different pairings [15, 47]. In the language of
modern condensed matter physics, we now recognize that the true significance of the RVB
proposal was that it was the first ansatz to realize long-range quantum entanglement. Similarly
long-ranged entangled states were postulated therafter in Laughlin’s celebrated wavefunction
for the fractional quantum Hall state [367] as well as for RVB states in the absence of timereversal symmetry [321]. A theory for a stable, gapped RVB state with time-reversal symmetry
first appeared in Refs. 532, 548, 677, which described a state now called a Z2 quantum spin
liquid that was subsequently identified [594, 595] to be the “deconfined” phase of a Z2 gauge
theory [350, 673].
The possibility of phase transitions without a local order parameter was first noted by
Wegner [350, 673], in the context of a classical Z2 gauge theory on a three-dimensional cubic
lattice: this model was shown to harbor two distinct phases that can only be distinguished
by nonlocal Wegner-Wilson loops and their area-law or perimeter-law behaviors. A natural
route to obtaining the quantum version of such a Z2 gauge theory, now in one lower dimension,
4
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is to consider the dual of the TFIM in d = 2. The duality mapping proceeds by rewriting
the original spins in terms of their associated disorder variables. However, unlike in d = 1,
we observe that the domain walls—the disorder variables of the original theory—now form
closed loops, so the resultant excitations are stringlike objects instead of pointlike [489]. This
feature is reminiscent of the behavior of electric field lines obtained from Maxwell’s equations
in vacua, and the fact that the “field lines” are constrained to form closed loops is already
suggestive of an emergent Gauss law.
Mathematically, the Ising gauge theory is given by

Higt



∏
∑
∑ ∏
τijz  with the constraint
= −J 
τijx + g
τijx = 1 ∀ i,
□ ij ∈ □

⟨i,j⟩

(1.2)

+i

where the τ degrees of freedom reside on the links of a square lattice (which is dual to the
original lattice for the σ spins). Here, □ denotes the plaquettes of the square lattice, while
the four links emanating from a particular site i are represented by +i in the constraint. The
Hamiltonian (1.2) is invariant under local Z2 gauge transformations as
τijx → τijx ,

τijz → ϱi τijz ϱj ,

(1.3)

with ϱi = ±1 being the elements of the Z2 gauge group. The operator Gi that implements
the transformation (1.3) on any given lattice site i necessarily evaluates to the identity, i.e.,
Gi |Ψ⟩ =|Ψ⟩ ∀ i. Hence, the gauge symmetry is not a physical symmetry (which can actually
change states in the Hilbert space) but rather merely reflects a redundancy in our description
and, as such, can never be broken.
What are the phases of the Ising lattice gauge theory (1.2)? To probe this question, we
investigate the behavior of a test “electric charge” e, which corresponds to a local violation
∏
of the Gauss law +i τijx = −1 introduced at some site i. Note that such charges can only be
created in pairs by any local operator. When g ≪ 1, as the two test charges are pulled apart,
the energy cost to separate them diverges linearly with the separation, and as a result the
electric field lines are “confined”—this property is reflected in the conventional nomenclature
of this phase as the “confined” phase of the gauge theory. Here, the electric flux is energetically
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costly, which implies that its conjugate variable, the magnetic field, is rapidly fluctuating
[489]. Contrarily, in the opposite limit of g ≫ 1, the system prefers to have a trivial magnetic
flux through each plaquette. The ground state is then given by a uniform superposition of
all electric field loops, which form a “string condensate”. Intuitively, there is little tension
in the fluctuating electric strings, and upon repeating our earlier calculation with the test
charges, we find that the energy cost of separation remains constant = 2Jg as the string is
lengthened. Therefore, the electric charges are allowed to proliferate, and we refer to this
phase as “deconfined”. This deconfined phase is also topological in the sense that it exhibits a
characteristic ground-state degeneracy when placed on a manifold of nontrivial topology: on a
non-simply-connected manifold on genus G, the degeneracy is 22G . Such a robust dependence
of the spectrum of states on the topology (but not the size) of the manifold on which the
square lattice resides is a manifestation of the long-range entanglement inherent in this phase.
This is in sharp distinction to a product-state wavefunction built of localized single-particle
states, which would be agnostic to the global topology of the manifold [571].
A potential drawback of the Ising gauge theory is that owing to its inbuilt Gauss law
constraint, the physical Hilbert space cannot be written as a tensor product of independent
local degrees of freedom—this renders the model difficult to realize in any physical system of
local spin moments. A workaround to this problem is to construct a model where the Gauss
law manifests as an effective emergent symmetry of the low-energy theory instead of costing
an infinite amount of energy to violate. Such an example is presented by Kitaev’s exactly
solvable “toric code” [344], which has the same topological order as the Z2 quantum spin
liquid.
Even without any reference to gauge theories, one can always view the toric code state
as a topological phase whose minimal data is simply the set of anyons it supports and their
statistics. The quasiparticle content of the toric code (and thus, the Z2 spin liquid) include
particle-like excitations called “spinons” (e and ε) and a flux-like excitation called the “vison”,
which has a more subtle topological character of a vortex in an Ising-like system [594]. These
excitations cannot be created individually from the ground state by any local operator and
are “fractionalized”, i.e., they carry fractional quantum numbers relative to those of any local
excitation. In order to define the phase, we have to specify three pieces of information:
6
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• Self statistics: e and m are bosons, while ε is a fermion.
• Mutual statistics: Any pair of e, m, and ε are mutual semions, i.e., one anyon picks up
a Berry phase factor of (−1) upon encircling any other type of anyon [528].
• Fusion rules: e × m = ε, e × ε = m, m × ε = e, e × e = m × m = ε × ε = 1. These
describe the possible outcomes when two anyons are brought close to each other.
In the field-theoretic formulation, it is believed that any Abelian topological phase in two
dimensions can be represented by a multicomponent Chern-Simons theory in which the socalled “K-matrix” encodes all the information about the quasiparticle content, including its
statistics and fusion rules [408, 409, 681]. These fractionalized anyons, in general, transform
projectively under the action of the lattice symmetries preserved by the QSL state of interest,
which allows for a rich classification of symmetry-enriched topological (SET) phases [170, 279,
432].
Our discussion, which has so far been centered on Z2 gauge theories, can be generalized appropriately to other gauge groups too. The most familiar of such possible extensions
is the U(1) gauge theory, which corresponds to a quantized lattice version of conventional
electromagnetism. Consider a d-dimensional cubic lattice, with its sites labeled by a, b, . . ..
Introducing the field variables as a canonically conjugate pair on each bond as [Aab , Eab ] = i
(where we define Aab = −Aba , Eab = −Eba ), the Hamiltonian reads [571]
H = −K

∑

cos(∇ × A)p + K ′

∑
V ∑ 2
(div E)2a +
Eab .
2
a

(1.4)

⟨ab⟩

p

As the notation suggests, one can regard Aab and Eab as the vector potential and the electric
field, respectively, while the magnetic field on a plaquette p can be defined from the lattice
curl as Bp = (∇ × A)p . It is easy to see that the Hamiltonian (1.4) is gauge invariant under
shifts of the vector potential by some scalar function χ as Aab → Aab + χa − χb , which, of
course, leaves the physical magnetic field unaltered.
In the limit V ≪ K, the Hamiltonian (1.4) exhibits a deconfined phase called the “Coulomb
phase” or the U(1) quantum spin liquid, characterized by the emergence of a gapless, linearly
dispersing photon mode with two transverse polarization states. Thus, the Coulomb phase
7
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is not a topological phase, as it does not satisfy the requirement of having a gap to all
excitations in the bulk. Neither is there a nontrivial ground-state degeneracy on multiply
connected manifolds. Nonetheless, it is still a highly entangled phase of matter and retains
the attribute of supporting nonlocal excitations that cannot be created individually by local
operators. An important result by Polyakov [512] shows that the Coulomb phase of the pure
gauge theory is unstable in two dimensions; however, it is stable in d = 3, so we can once
again ask what is the minimal quasiparticle data that characterizes this phase. Besides the
photon, the gapped excitations of the Coulomb phase include electric (e) and magnetic (m)
charges that interact via a long-range 1/r potential. The fusion of e and m forms a composite
particle called the “dyon”—this object is a fermion. In general, all the excitations above the
gap can be labeled by the number of e (n1 ) and m (n2 ) particles fused; the resultant particle
bears electric and magnetic charge (Q, M ) = (n1 , n2 ) in fundamental units and is a boson
(fermion) if the product n1 n2 is even (odd) [571].
Besides states with bosonic or fermionic excitations, one can also find QSLs which host
particles with fundamentally new anyonic statistics. The classic example in this regard is
the family of chiral spin liquids (CSLs), which are characterized by an even integer k and
correspond to the famous Laughlin states of the fractional quantum Hall effect at filling
fractions ν = 1/k. In the k th state, there are k anyons, which carry a “charge” of n/k and a
“flux” of n, where n = 1, . . . , k. Transporting a charge q clockwise around a flux f yields a
phase factor of ei2πqf ; therefore, the mutual and exchange statistics of anyons with fluxes n,
′

n′ are given by ei2πnn /k and eiπn

2 /k

, respectively [571]. In the course of this thesis, we will

come across chiral spin liquid states in Chapter 5. Of course, there are many other kinds of
quantum spin liquids too, some of which we list in Fig. 1.1. While we have only discussed a
subset of the possibilities here, for completeness, let us quickly mention that in Chapter 6, we
will additionally study the “gapless Z2 ” and “spinon Fermi surface” states listed in this table.
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Table 1. Varieties of quantum spin liquids.

Class

Stability

Excitations

Topological

d⩾2

Gapped anyons

Gapped Z2
FQH/CSL

d = 2a

Laughlin 1/m anyons

Gapless fermions

U(1) QSL
‘Pure’

d⩾3

ASL = U(1)
Dirac

d = 2?b

Spinon Fermi
surface

d ⩾ 2?

Other properties

Toric code, kagomé
Heisenberg?
Semiconductor electron
gases, J1,2,3 kagomé
Heisenberg
Kitaev honeycomb and
generalizations, d-wave
RVB

e, m, ε

d⩾2

Gapless Z2

Models/systems

Gapless photon, electric,
magnetic, and composite
charges
Gapless photon, gapped
charges
Gapless fermions with
electric charge and strongly
coupled gauge field
Gapless fermions with
electric charge and strongly
coupled gauge field

Topological entanglement
entropy γ
γ = ln 2
Broken time-reversal, gapless
1

edge states, γ = − 2 ln m
May convert to non-abelian phase
with appropriate perturbation

Sharp photon pole in S (q, ω ) , T 3
specific heat
Conformal field theory,
emergent SU(N) symmetry.
S (q, ω = 0+) > 0 at isolated q.
Non-trivial power laws, emergent
SU(N) symmetry. Violates area
law. S (q, ω = 0+) > 0 at all q

Compact QED,
quantum spin ice
QED3, kagomé
Heisenberg?
Triangular
Heisenberg+ ring
exchange?

a

Can exist in layered 3D systems.
Stable with N fermion flavors for sufficiently large N.
Note: The acronyms used in this table are: FQH: fractional quantum Hall effect, CSL: chiral spin liquid, RVB: resonating valence bond state, QED: quantum
electrodynamics, ASL: algebraic spin liquid.
b

Figure 1.1: Varieties of quantum spin liquids and their properties. The acronyms used in this
semi-complete
classification
of phases,
which hasHall
become
table
are: FQH:
Fractional
Quantum
effect,
Spin
Liquid,
RVB: Resonating
2. CSL:
HighlyChiral
entangled
quantum
matter
very popular in recent years, as we feel this introduces unnecValence
Bond state, QED: Quantum Electrodynamics, and ASL: Algebraic Spin Liquid. Table
essary formal mathematics. We will describe and review some In this section, we discuss highly entangled quantum phases,
reproduced
from
Ref. [571].
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computational
formalisms which we feel are with a focus on their essential universal properties, with-

most relevant to understanding the current state of QSL theory out regard to their realization in quantum magnets. What is
and future progress within it. In the process, we will highlight quantum entanglement? It is a property of certain quantum
what we view as the most important QSL states: their universal states, that in those states, the result of a measurement of one
1.3
Experimental platforms
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valence bonds, meaning that electrons from neighbouring atoms can form valence bonds to form
pairs that can be doped to form a stable superconducting ground state. Another possibility is that
fluctuations of antiferromagnetism ‘glue’ two electrons together to form Cooper pairs, much as the
phonons do in the conventional pairing mechanism. However, many questions remain unanswered,
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with new ones arising as research continues to discover unconventional superconductors.
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to our previous discussion.
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As the example of the cuprates illustrates, in correlated quantum materials, the interactions
among constituent particles and strong quantum-mechanical effects can lead to a variety of
emergent phenomena: collective macroscopic behaviors that cannot be predicted from the
properties of the individual particles alone. However, this rich physics is a double-edged sword.
On one hand, the emergence of fascinating many-body phases that simply cannot exist without
electronic correlations provides immense opportunity for the design of new technologically
relevant quantum materials. On the other, the same interactions render models of strongly
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correlated systems challenging to tackle theoretically. Recognizing this difficulty, Feynman
[186] proposed a complementary approach to solving these models: quantum simulation,
i.e., directly using a controllable quantum system to emulate and understand another less
accessible one. Recent advances in the coherent manipulation of quantum optical systems
have led to much progress towards building such a simulator, and today, these ultracold
atomic ensembles offer clean, tunable setups to probe several lattice models of condensed
matter physics. For instance, optical lattice platforms can now be used to simulate FermiHubbard models and explore the phase diagram of doped Mott insulators, in analogy to the
cuprates [552]. Of particular interest to us, however, in this thesis are programmable quantum
simulators based on Rydberg atom arrays which have recently emerged as versatile platforms
to realize quantum many-body phases and their dynamics (see Fig. 1.3).

1.4

Organization of this thesis

This thesis is organized as follows. In Chapter 2, we start with theories of phase transitions in one-dimensional Rydberg atom arrays. The one-dimensional Rydberg chain hosts a
unique quantum phase transition (QPT) in the universality class of the Z3 chiral clock model,
which we probe using numerical and analytical techniques. We demonstrate the existence of
an underlying nonconformal critical field theory, calculate its critical exponents, and discuss
their measurement with the quantum Kibble-Zurek mechanism. Proceeding to two dimensions, Chapter 3 describes the zero-temperature phase diagram of a square-lattice Rydberg
atom array, revealing several experimentally realizable density-wave-ordered phases and novel
QPTs. For a different geometry—namely, the kagome lattice—studied in Chapter 4, we identify a regime that constitutes a likely candidate for hosting a phase with long-range quantum
entanglement and topological order. Based on mappings to quantum dimer models and gauge
theories, we argue for the existence of a quantum spin liquid phase that has proved elusive in
solid-state materials. In the second half of this thesis, we focus on the paradigmatic example of correlated quantum materials: the high-temperature cuprate superconductors. Recent
transport experiments in the pseudogap phase of several hole-doped cuprates have identified
an enhanced thermal Hall response that persists even in the undoped system. Motivated by
11
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Figure 1.3: (a) Individual
0
and arranged into defect-free arrays. Coherent interactions Vij between the atoms (arrows)
0.5 them (horizontal blue and red beams) to a Rydberg state, with
are enabled by exciting
strength Ω and detuning
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state |r⟩ = |70S
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Time
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intermediate state |e⟩ = |6P3/2 , F = 3, mF = −3⟩ with detuning δ, using circularly polarized
420 nm and 1013 nm lasers with single-photon Rabi frequencies of ΩB and ΩR , respectively.
Typical experimental values are δ ≈ 2π × 560MHz ≫ ΩB , ΩR ≈ 2π × 60, 36 MHz. (c) A
schematic of the ground-state phase diagram of the Rydberg Hamiltonian displays phases with
various broken symmetries depending on the interaction range Rb /a (Rb , blockade radius; a,
trap spacing) and detuning ∆. Shaded areas indicate potential incommensurate phases. (d)
The build-up of Rydberg crystals on a 13-atom array is observed by slowly changing the
laser parameters, as indicated by the red dashed arrows in (c). The bottom panel shows a
configuration in which the atoms are a = 5.74 µm apart, which results in a nearest-neighbor
interaction of Vi,i+1 = 2π×24 MHz and leads to a Z2 order whereby every other atom is excited
to the Rydberg state |r⟩. The bar plot on the right displays the final position-dependent
Rydberg probability (error bars denote 68% confidence intervals). The configuration in the
middle panel (a = 3.57 µm, Vi,i+1 = 2π × 414.3 MHz) results in Z3 order and the top panel
(a = 2.87 µm, Vi,i+1 = 2π × 1536 MHz) in Z4 order. For each configuration, we show a singleshot fluorescence image before (left) and after (right) the pulse. Red circles highlight missing
atoms, which are attributed to Rydberg excitations. Adapted from Ref. [61].
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these observations, we study the thermal Hall conductivity, κxy , of different chiral spin-liquid
ansätze on the square lattice, focusing on the contribution from neutral spinons, which can
be either bosonic or fermionic. Thereafter, moving beyond mean-field theory, we consider the
corrections due to emergent gauge fields, which yield a response of opposite sign to that of
the fermionic matter. Moreover, we consider the contribution of phonons to κxy and establish
its relation to the spinon Hall viscosity. Thermal Hall measurements also identify intriguing
fingerprints in Kitaev materials like α-RuCl3 , and in this context, Chapter 6 investigates the
unquantized κxy obtained in a gapless spinon Fermi surface state. Various appendices are
listed thereafter.
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2.1

2

Introduction

In recent years, symmetry-breaking quantum phase transitions (QPTs) of bosons and spin
systems have been extensively studied [550], and many experimental realizations have been
found [69, 132, 220, 544]. In all the noted cases, the zero-temperature quantum critical
properties of the transitions are largely well understood.
As described in Chapter 1, a new realization of QPTs was recently found by Bernien et al.
[61] in a one-dimensional chain of trapped alkali atoms, where they observed the onset of modulation in pumped Rydberg states (see Fig. 1.3). A lattice model of “hard-core” bosons [183]
provides a good description of these experiments. Both the experiments and the theoretical
model display a QPT with period-3 ordering. When combined with the requirements of timereversal and spatial-inversion symmetries, the period-3 ordering implies that the QPT should
be in the universality class of the Z3 chiral clock model [23, 181, 236, 270, 288, 290, 291, 480,
756] over a set of parameters (ϕ = 0, θ ̸= 0), which will be specified below. Curiously, while
this clock model has been studied theoretically for over three decades, subtle complications
have often hindered a controlled field-theoretic description for the QPT between a gapped
Z3 -ordered state and a gapped disordered state that preserves translational symmetry. This
14
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chapter will present numerical and analytical results which shed light on the nature of this
novel strongly coupled QPT in 1+1 dimensions. Strong-coupling effects are evidently required
to obtain a direct order–disorder transition, which is the focus of our study.
One of the reasons for the tractability of the previously studied QPTs is that they all
have dynamical critical exponent z = 1. Indeed, their critical theories are relativistically and
conformally invariant, and this large symmetry enables much analytic progress. Our results
here clearly show that the chiral clock transition has dynamical critical exponent z ̸= 1. To
our knowledge, this transition provides the only known strongly coupled critical point for
a generic QPT between gapped states which has z ̸= 1, and so, cannot be described by a
conformal field theory. A prior example [134, 557, 719] of a strongly coupled QPT with z ̸= 1
involved the onset of Ising ferromagnetic order in a one-dimensional quantum spin system with
U(1) spin-rotation symmetry about the Ising axis; however, in this case, the phases flanking
the critical point are both gapless. Nongeneric QPTs with z ̸= 1, and Hamiltonians which
are finely tuned to obtain a known ground-state wavefunction, appear in Refs. 192, 630, 660;
these are described by fixed points which are multicritical. An instance of a generic QPT
that has z ̸= 1, but which is weakly coupled and has a gapless phase next to it, is the
Pokrovsky-Talapov transition [506, 507], with z = 2.
As argued above, generally, QPTs involving Zn (n ≥ 3) translational symmetry breaking
along one spatial direction are expected to be in the universality class of the Zn chiral clock
model [181, 236, 288, 290, 291, 480, 756]. The chirality is a consequence of the structure
of domain walls between Zn -ordered phases: when moving along a fixed spatial direction,
domain walls which move clockwise around the clock have distinct energies from those that
move anticlockwise [Fig. 2.1]. The Z3 chiral clock model (CCM) in one dimension is defined
by the Hamiltonian [181, 479]

Hccm = −f

L
∑

τj† e−i ϕ − J

j=1

L−1
∑

σj† σj+1 e−i θ + h.c.

(2.1)

j=1

acting on a chain of L spins; the Hilbert space is (C3 )
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and σi act locally on the site i, and each satisfy
τ 3 = σ3 = 1 ,

στ = ωτ σ;

ω ≡ exp (2 π i/3) .

(2.2)

For the sake of concreteness, let us also explicitly choose the following representation of the
CCM operators


1

τ =
0

0


0
ω
0

0

0
,

2
ω


0

σ=
0

1


1
0
0

0

1
,

0

(2.3)

reminiscent of the Pauli matrices that measure and shift the spin at a given site. The scalar
parameters f and J determine the on-site and nearest-neighbor couplings, while ϕ and θ
define two chiral interaction phases. For ϕ and θ both nonzero, time-reversal and spatialparity (inversion) symmetries are separately broken, but their product is preserved. This
asymmetry in the Hamiltonian has important ramifications: the spatial chirality (θ ̸= 0)
induces incommensurate (IC) floating phases with respect to the periodicity of the underlying
lattice [142]. For applications to spatially ordered phases, we need ϕ = 0, whereupon time
reversal and spatial parity are both symmetries of the Hamiltonian but the chirality is still
present as a purely spatial one. The initial sections of this chapter are thus restricted to the
ϕ = 0 case, with the chirality quantified by θ [Fig. 2.1(b)].
The three-state CCM also has an explicit global Z3 symmetry. Using density-matrix renormalization group techniques, we study the critical behavior at the direct transition between
the Z3 -ordered and the gapped symmetric phase, with the aim of determining the dynamical
critical exponent z. The achiral ϕ = 0, θ = 0 model has a transition in the universality class
of the three-state Potts conformal field theory with z = 1. We find that away from the special
point θ = 0, the dynamical critical exponent z is larger than 1, indicating that there is no
emergent conformal invariance. For ϕ = 0, θ ̸= 0, our results (see Fig. 2.7) show that the
gapped symmetric phase has spatially incommensurate correlations of the Z3 order parameter.
However, the incommensurability vanishes as the transition is approached and the long-range
Z3 order is eventually commensurate. These results clarify how a direct transition is possible
between the gapped symmetric phase and Z3 order, without an intermediate gapless IC phase.
16
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(a)

(b)

(c)

(e)

(d)

(f)

Figure 2.1: Schematic representation of (a,b) the interactions, and (c) a generic state of the
Z3 chiral clock model. The arrows connote the eigenvalue of the operator σ at each site with
σi = 1, ω, ω 2 represented by the arrow pointing at 12-, 4-, and 8-o’clock, respectively. Owing
to the chirality of the couplings in Eq. (2.1), there are two distinct types of domain walls
(DW) with their associated interaction strengths illustrated in (b). (d) The Rydberg and
ground states of the two-level system defined by Eq. (2.4). The van der Waals interactions
depend on the spacing between Rydberg excitations (e) and thus a representative state (f),
once again, has two kinds of domain walls.
Turning to the recent experiments with trapped Rydberg atoms [61, 360], we consider a
model which is directly related to the microscopic physical realization but the transitions of
which are expected to be in the same universality class as in the corresponding Zn CCM. On
a microscopic level, a one-dimensional array of N atoms is described by the Hamiltonian

HRyd =

N
∑
Ω
i=1

2

(|g⟩i ⟨r| + |r⟩i ⟨g|) − δ |r⟩i ⟨r| +

∑

V|i−j| |r⟩i ⟨r| ⊗ |r⟩j ⟨r| .

(2.4)

i<j

Here, |g⟩i and |r⟩i denote the internal atomic ground state and a highly excited Rydberg state
of the ith atom, which together represent a spin-1/2 system [Fig. 2.1(d–f)]. The parameters
Ω and δ characterize a coherent laser driving field, while Vx = C6 /x6 quantifies the van
der Waals interactions of atoms in Rydberg states. In this study, we focus on a region in
parameter space where this system exhibits a QPT between the Z3 -ordered and the gapped
symmetric phase [181] and provide numerical evidence that the critical behavior parallels that
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of the three-state CCM (2.1). We note that HRyd does not break time-reversal symmetry,
motivating our choice of ϕ = 0 in the study of the quantum clock model (2.1).
Our plan for the chapter is as follows. Beginning with the chiral clock model in Section 2.2,
we outline the approach used to determine the critical exponents of phase transitions for
both Hccm and HRyd in Section 2.2.3. Numerical results are then presented for the CCM in
Section 2.2, and the Rydberg model (which can be mapped to a system of hard-core bosons
[183, 206, 556]) in Section 2.3. The associated exponents, which we compile in Sections 2.2.3
and 2.3.1, respectively, are shown to differ rather nontrivially from the Potts exponents and
underscore the nonconformal nature of the critical field theory. We also appraise the possible
influence of long-range interactions on the nature of the chiral Z3 transition in Section 2.3.3.
Thereafter, in the remainder of the chapter, we systematically develop a field-theoretic description of this transition in Sections 2.4 to 2.8. Lastly, the experimental fingerprints of this
QPT are discussed in Section 2.9.

2.2

Numerical study of the chiral Z3 quantum phase transition

The one-dimensional Zn clock model [288, 290, 291, 480] is a straightforward generalization
of the transverse-field Ising model (TFIM) wherein one replaces the two-state Ising spin at
each site by a variable with n states. However, instead of enlarging the symmetry from Z2
to that of the permutation group Sn (which would result in the n-state Potts model), one
can construct a Hamiltonian such that the interactions are invariant under only the subgroup
Zn . Confining ourselves to n = 3 for now, this leads to the Z3 clock model [181] in Eq. (2.1),
where the three values of the spin at any site are most conveniently labeled by 1, ω, ω 2 . In
this representation, it is not difficult to observe that the Hamiltonian (2.1) is invariant under
a uniform rotation of all the spins as τj → τj , σj → ω σj ∀ j and thereby possesses a global
∏
†
Z3 symmetry implemented by U = L
j=1 τj .
This model’s recent resurgence, some forty years after its original proposal, is closely tied
to the presence of non-Abelian bound states beyond Majorana fermions, after a nonlocal
mapping of the Hilbert space to those of parafermions (described below). Both analytical
[181] and numerical [310] studies confirm this assertion: parafermionic edge zero modes can
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and do exist in this model [450] but only when the interactions are chiral; in contrast, the
more conventionally studied clock models with purely ferromagnetic or antiferromagnetic
interactions do not boast boundary zero modes.
In analogy with the TFIM, the Hamiltonian of the 1D CCM in Eq. (2.1) comprises a spinflip term (f > 0) and a two-site interaction term (J > 0). By continuously varying the phases
ϕ and θ, the effective interaction can be interpolated between ferromagnetic (e.g., f = J = 0.5,
and ϕ = θ = 0) and antiferromagnetic (ϕ = θ = π/3). The CCM is known to be integrable
[24, 56] for a two-parameter family of couplings [23] along the line f cos (3 ϕ) = J cos (3 θ)
and at precisely ϕ = θ = π/6, it is superintegrable [11, 425]. On setting ϕ = θ = 0, it reduces
to just the quantum version of the three-state Potts model.
2.2.1

Parafermionic description

Recalling the reformulation of the TFIM in terms of Majorana fermions, it is natural to
wonder if a similar procedure could be carried out for the Z3 CCM too. As illustrated by
Fendley [181], the answer is indeed in the affirmative: the Fradkin-Kadanoff transformation
[193] maps the model onto a parafermionic chain

H3 = −f

L
∑

ψj† χj e−i ϕ − J ω 2

j=1

L−1
∑

ψj† χj+1 e−i θ + h.c.

(2.5)

j=1

where the two basic parafermions are

χj =

( j−1
∏

)
τk

σj ,

ψj = ω

k=1

( j−1
∏

)
τk

σj τj .

(2.6)

k=1

These operators neither square to one nor commute:
χ3j = τj3 = 1; χ†j = χ2j ; ψj† = ψj2 ; and χj ψj = ω ψj χj .
Additionally, due to to the inherently nonlocal nature of the duality transformation (2.6),
the parafermionic operators at different points also do not commute but instead satisfy the
algebra
χj χk = ω χk χj ; ψj ψk = ω ψk ψj ; χj ψk = ω ψk χj ,
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for j < k. The most striking feature that manifests itself upon this redefinition is the occurrence of edge zero modes characteristic of topological order [181, 182]. These zero-energy
modes, which are robust even with disordered couplings (i.e., spatially varying f and J),
require the interactions to be necessarily chiral, unlike in the usual ferromagnetic and antiferromagnetic cases.
2.2.2

Phase diagram

The exact phase structure of the quantum clock model has been a subject of much debate. Intuitively, one expects to find a disordered (Z3 -symmetric) and an ordered (symmetry-broken)
phase—as is the case with the TFIM—with a transition between the two driven by tuning
the coupling strengths from a regime where f ≫ J to one where f ≪ J. Studies on several
variants of this model, using a multitude of methods spanning from Monte Carlo simulations
to transfer matrix partial diagonalization [172, 589, 662], lent credence to this expectation.
Early analyses of finite-size effects [662] (admittedly, restricted to θ = 0) revealed an additional IC phase absent in the TFIM with chiral interactions [480]. Incidentally, although
it was known that the model has a tricritical Lifshitz point [269, 627] at the intersection of
the three phases, its precise location in parameter space was, until quite recently, ambiguous
[271, 590].
The phase diagram of the Z3 CCM was mapped out as a function of both chiral parameters
(ϕ, θ) and couplings (f , J) by Zhuang et al. [756], who detected three distinct phases from
entanglement entropy (EE) considerations [90, 510]. We show the phase diagram for the
case with ϕ = 0 in Fig. 2.2. For large (small) values of f , the system is generically in
the disordered (ordered) state. In the parafermionic description, these can be designated
trivial and topological, respectively, the latter being characterized by a threefold groundstate degeneracy (ergo, an EE ∼ ln 3). Both these phases are gapped and are separated by an
intermediate IC region when θ is large (≳ π/6). The disorder–IC transition is of the KosterlitzThouless type [356] while the order–IC one is a Pokrovsky-Talapov transition [506, 507]. For
small θ, our results in Section. 2.2.3 support a direct phase transition between the two gapped
phases (shown in Fig. 2.2), as proposed by earlier works [270, 271, 590, 756]. Arguments that a
gapless IC phase must intervene between the gapped phases [236] do not apply near the Potts
20
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Figure 2.2: The three phases of the CCM, adapted from Ref. [756], are schematically limned
in a cross-section of the three-dimensional phase diagram for ϕ = 0, J = 1 − f , and L =
100. P marks the transition point of the three-state Potts model. Blue diamonds indicate
the quantum critical points obtained from finite-size DMRG, which are listed in Table 2.1.
When overlaid with the previously found transition points (solid line), the two datasets agree
perfectly.

point at θ = 0. Little is known about the universality class of the direct Z3 -symmetry-breaking
(or in parafermionic language, direct trivial–topological) transition and hence, understanding
it, in its full generality, is our desideratum in this section. What we do know, however, is
that the clock Hamiltonian (2.1) exhibits a second-order QPT at f = J when θ = ϕ = 0. The
symmetry group for the (achiral) model at this critical point is the full S3 and the underlying
critical conformal field theory is that of the three-state Potts model with central charge 4/5
[207].
Our general strategy is therefore as follows. We sweep across the phase transition, constrained to the subspace f = 1 − J, at several discrete values of θ for ϕ = 0. At each such
point in parameter space, the ground-state eigenvalue E0 and the energy gap to the nearest
level ∆ = E1 − E0 are recorded. Since the form of the Hamiltonian is invariant under either
of the transformations
ϕ′ → ϕ +

2mπ
2nπ
; θ′ → θ +
; ∀ m, n ∈ Z,
3
3
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ϕ′ → −ϕ;

θ′ → −θ,

(2.9)

it suffices to consider only the range ϕ, θ ≤ π/3 and in particular, ϕ, θ < π/6, where a direct
transition has been confirmed [756]. Systematically examining this region enables us to find
the critical exponents of the transition as detailed below.
2.2.3

Critical exponents and finite-size scaling

Of primary interest in characterizing the nature of the Z3 -symmetry-breaking phase transition
are its critical exponents. Specifically, these include the dynamical critical exponent z and
the correlation length exponent ν, which are defined by [160, 550]
ξ ∼ |f − fc |− ν ,

∆ ∼ |f − fc |z ν ;

(2.10)

where ∆ denotes the mass gap and ξ is the correlation length that governs the decay of
G(r) ≡ ⟨Ψ(r) Ψ(0)⟩ − ⟨Ψ(r)⟩⟨Ψ(0)⟩ ∼ exp(−r/ξ) for an order parameter Ψ. In order to
numerically estimate these exponents, we use finite-size scaling (FSS) [187, 239] as described
below.
The FSS approach posits that if some thermodynamic quantity K (f ) diverges in the bulk
system as K (f ) ∼ |f − fc |−κ as f → fc , then, at criticality, it scales as K (fc ) ∼ Lκ/ν on
a lattice of L sites. The exponent κ/ν can therefore be directly determined by plotting K
against the system size. The FSS procedure now hinges on appropriate choices of the variable
K. For instance, near the quantum critical point (QCP), one can assume that the gap obeys
a scaling ansatz of the functional form
(
)
∆ = L−z F L1/ν (f − fc ) ,

(2.11)

with F some universal scaling function. In addition, from a technical perspective, it is also
helpful to define the Callan-Symanzik β function [241]:

β (f ) =

∆ (f )
.
∂ ∆(f )
∆ (f ) − 2
∂ ln f
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Figure 2.3: (a) Scaling of the energy gap ∆ as a function of f for individual system sizes
with ϕ = 0 and θ = π/8. With z = 1.229, all the curves intersect right at the critical point.
The finesse of the crossing depends crucially on the z chosen: on zooming in, the contrast in
sharpness between z = 1 (b) and z = 1.229 (c) is vivid.

From Eqs. (2.11) and (2.12), it follows that these two quantities scale as −z and −1/ν,
respectively, at the QCP thus giving us access to the required exponents.
Alternatively, starting from successive values of K on a sequence of finite lattices of increasing size, one can estimate the ratio κ/ν from the sequence

RK,L =

L [KL (fc ) − KL−2 (fc )]
,
2 KL−2 (fc )

(2.13)

which converges to κ/ν as L → ∞ if there are no other higher-order or offset corrections.
Under this assumption, Eq. (2.13) asserts that in the limit L → ∞, R∆,L → −z. On a finite
lattice, however, this limit is approached only asymptotically, necessitating further extrapolation techniques [240] to accelerate the convergence of the sequences (2.13) and to improve
the estimates of the critical parameters. In this work, wherever applicable, we employ the
BST [87, 256] algorithm to this end.
Our numerical calculations in this section are based on the density-matrix renormalization
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group (DMRG) algorithm [157, 481, 500, 540, 684, 685]. We use finite-system DMRG [579,
580] with a bond dimension m = 150 for a chain of up to L = 100 three-state spins with open
boundary conditions; the first and second energy levels are individually targeted. The energy
eigenvalues were found to be reasonably converged within three sweeps to an accuracy of one
part in 1010 .
First of all, let us inspect the QPT at the Potts point, ϕ = θ = 0 and fc = 0.5. Using
Eq. (2.13) recursively, we compute R∆,100 = 0.9881, whereupon extrapolation to its infinitelattice value yields z = 0.9959. Next, we consider the scaling of the Callan-Symanzik β
function [Eq. (2.12), Fig. 2.5] in connection with extracting the correlation length exponent.
Evaluating the slope of a log-log plot against L, we find that for ϕ = θ = 0, ν −1 = 1.201±0.001
or, in other words, ν = 5/6 as is known independently for the three-state Potts model. It is
to be noted that both values are in excellent agreement with the universality hypothesis [12]
that the three-state Potts model and Baxter’s “hard-hexagon” model [53] should have the
same critical exponents. Reassured by these familiar exponents, we now look into the critical
parameters for nonzero chiral angles.
In the remainder of this section, we focus on the Z3 -symmetry-breaking transition for a
broad range of values of θ, which we adjust here between 0 ≤ θ < π/6 in steps of π/48.
Constrained by the lack of preexisting information about z, we pinpoint the location of the
QPT by plotting Lz ∆L against the tuning parameter f for various lattice sizes (ranging from
L = 60 to L = 100) and values of z [see Fig. 2.17(a)]. Precisely at the QCP f = fc , Eq. (2.11)
predicts that the quantity Lz ∆ is independent of the length of the system L. In other words,
with the correct choice of z, all the curves for Lz ∆ should cross at fc for different values of
L. This allows us to both locate the QCP fc and estimate the value of z simultaneously.
By scanning successively smaller intervals, we are able to determine the intersection point of
the curves for different lengths to an accuracy of 10−4 . Figure 2.17 displays an example of
this method for θ = π/8. The variation of the crossing points with θ is noted in Table 2.1;
the positions of the QPT calculated in this fashion are in exact agreement with the phase
boundaries reported by Ref. 756.
Although the abovementioned approach kills two birds with one stone, one could worry
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Figure 2.4: Log-log plot of the gap ∆ against the lattice size L at the critical point f = fc .
As previously, ϕ = 0, and the different values of θ are labeled. For sufficiently large systems,
the dependence is exactly linear as expected. For reference, the curve for the Potts transition
is indicated by a solid line.
about sensitivity to the range of system lengths over which FSS is applied. To carefully
investigate any such effects, we now turn our attention to the scaling of the mass gap at
precisely f = fc : the gap is presented as a function of the system size in Fig. 2.4. The
deviations from a pure power-law scaling bespeak the presence of corrections that become
important for small spin chains. In order to incorporate corrections to FSS for the datasets,
we use the ansatz
∆ (L) = c0 L−z (1 + c1 L−ζ );

(ζ > z),

(2.14)

that was originally argued for the three-state quantum Potts chain on the premise of conformal
invariance [533, 663]. The coefficients ci as well as the exponents z and ζ are treated as free
parameters for the fit. The values of z thus obtained are enlisted in Table 2.1, which shows
that z > 1 for θ > 0, implying that the underlying field theory breaks Lorentz invariance
and (as hinted at in Section 2.3 as well) is not conformally invariant. Hence, for θ ̸= 0, the
QPT is not in the same universality class as the ordinary order–disorder transition in the
three-state Potts model. Earlier examples of strongly coupled quantum critical theories with
z ̸= 1 are limited to quantum critical metals [378] and the onset of Ising ferromagnetism in
one-dimensional metals [134, 557, 719]. Interestingly, even for the classical asymmetric clock
model in two dimensions, spatial rotational symmetry is not recovered in the scaling limit
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Figure 2.5: The Callan-Symanzik β function plotted on a logarithmic scale against the system
size for ϕ = 0. The slopes of the curves in the linear region, corresponding to large lattices,
give us the respective values of −1/ν for each choice of θ.

(and consequently, it cannot be described by a conformal field theory) [255].
Table 2.1 also lists the correlation length exponents observed for different angles. It is
perhaps not altogether surprising [103] that ν varies continuously with the parameter θ; in
this case, it ranges between 5/6 and (roughly) 5/7, which is in consonance with the exponents
of the Rydberg array model studied in the following section. The robustness of all these
exponents can be independently verified by yet another method. Equation (2.11) stipulates
that on graphing Lz ∆ as a function of the combined scaling variable (f − fc ) L1/ν , all the
data for different values of f and L should collapse onto a single curve [62, 65, 362]. Using the
values of z and ν from Table 2.1, we obtain excellent data collapse as established by Fig. 2.6.
Altogether, the analysis presented here offers strong evidence for a direct second-order
transition from the disordered to the commensurate Z3 -ordered phase. Then, a natural question as regards scaling is whether the direct transition is described by a single fixed point
with a universal set of critical exponents and scaling functions, or whether these exponents
vary continuously. The overwhelming majority of second-order transitions are known to be of
the former kind, with fixed exponents. All familiar examples of the latter are related to the
Kosterlitz-Thouless transition and unfortunately, based on our data, this category cannot be
conclusively ruled out. On the contrary, the variation in the values of z and ν could also be
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θ

fc

z

zζ

1/ν

π/48

0.4990

1.003

1.00(7)

1.20(9)

π/24

0.4961

1.021

1.01(8)

1.21(8)

π/16

0.4913

1.022

1.02(1)

1.22(3)

π/12

0.4842

1.078

1.07(6)

1.25(1)

5π/48

0.4748

1.135

1.13(3)

1.27(7)

π/8

0.4627

1.229

1.22(7)

1.32(4)

7π/48

0.4475

1.368

1.36(6)

1.38(2)

Table 2.1: Calculated dynamical and correlation length critical exponents for ϕ = 0. Two
independent sets of values of z are distinguished: the first series is our estimate from the
crossing points (Fig. 2.17) whereas the second (designated by the subscript ζ) is for the values
after correcting for finite-size effects, as determined from a nonlinear fit to Eq. (2.14). The
evolution of the exponents with θ is quite smooth.

an artifact stemming from finite-size effects.
In order to obtain some further insight into the nature of this phase transition, we probe
the correlation properties of the ground states near the critical point by performing infinitesystem DMRG (iDMRG) [426, 427] calculations. More specifically, we sequentially optimize
the ground-state wavefunction assuming an infinite-size matrix product state (iMPS) that
is invariant under two-site translations, with bond dimensions of up to m = 300. Once the
wavefunction converges1 , we compute the two-site transfer matrix T [see Fig. 2.7(a)] and its
eigenvalues λi with i ∈ 0, 1, 2, . . .. The largest eigenvalue λ0 = 1 dictates the normalization
condition for the wavefunction while subsequent ones characterize any correlations in the
ground state. In particular, the second-largest eigenvalue λ1 encodes the length of the longest
correlations and its wavenumber via the relation
[ (
)]
1
λ1 = exp 2 − + i k .
ξ

(2.15)

1
Our convergence criterion is based on the overlap between the optimized and predicted local wavefunctions
as suggested in Ref. 427. We assume that a wavefunction has converged when the overlap either becomes
smaller than 10−14 or reaches the truncation error.
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Figure 2.6: Data collapse for six different chiral angles based on the critical exponents z
and ν recorded in Table 2.1. The data consists of three different sets, one for each value of
δf ≡ f − fc . Every dataset is, in turn, comprised of 31 points for the differing system lengths
L ranging from 40 to 100, in steps of 2. All the data collapse perfectly onto a single line.
This relation can be explicitly seen by considering the diagram in Fig. 2.7(b): this translates to
any two-point correlator of the form C (2d) = ⟨Oi Oi+2d+1 ⟩ = (L|O T d O|R), where (L| and |R)
are the left and right eigenvectors of T for the largest eigenvalue λ0 , and O corresponds to the
expectation value of an operator O with respect to a local tensor in the MPS representation.
Since any correlation decays as ∼ λdi , at sufficiently large distances, it is dominated by λ1 .
Proceeding along these lines, Fig. 2.7(c) shows the variation of the correlation length ξ
with the parameter f along the two specific cuts L1 (θ = π/16) and L2 (θ = π/8) marked in
Fig. 2.2. In consistency with our previous phase diagram, ξ diverges near the expected critical
points. A particularly interesting feature is captured by Fig. 2.7(d), which plots 2 k (mod 2π)
against the inverse correlation length 2/ξ. For both the lines L1 and L2 , the wavevector k
remains nontrivial even close to the critical point, although it eventually approaches zero as
the correlation length diverges. We fit this data to k ∼ (1/ξ)ℓ and find the best fits ℓ ≈ 0.77
(θ = π/16) and ℓ ≈ 0.64 (θ = π/8) for ξ < 100 [Fig. 2.7(d), inset], whereafter it appears
that the effect of finite bond dimensions becomes significant. The variations in ℓ are likely
a consequence of the proximity of the Potts critical point (which has k = 0), and we do
not appear to have captured the ultimate scaling behavior. Nonetheless, the implications of
this variation in k are twofold. First, they corroborate that the QPT from the disordered
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Figure 2.7: Numerical simulations using iDMRG. Diagrammatic representations of (a) twosite-translation invariant matrix product states and two-site transfer matrix T , and (b) the
two-point correlation function. (c) Correlation lengths ξ along the two lines L1 (θ = π/16)
and L2 (θ = π/8,) indicated in the inset of Fig. 2.2, for three different bond dimensions.
The divergence of the correlation lengths signal the onset of the QPT. (d) The wavevector k,
defined in Eq. (2.15), tends to zero as ξ → ∞. However, the scaling form upon approaching the
critical point is different for different chiral angles. Note that the points at the bottom, along
the x-axis, correspond to values of λ1 inside the symmetry-broken phase; the concomitant
momenta are exactly zero.

to the commensurate Z3 -ordered phase is indeed a direct transition and Fig. 2.7 succinctly
highlights why this is possible: the period of the incommensuration (≡ p ∼ 1/k) diverges as the
correlation length does. Secondly, these observations signify that the diverging correlations in
the vicinity of the critical points may exhibit nontrivial spatial structures such as modulations.

2.3

Rydberg array and constrained hard-boson model

As mentioned in Section 2.1, the universal behavior of the Z3 CCM is also reflected in the
phase diagram of an array of Rydberg atoms described by Eq. (2.4). To see this, we consider
the case when V1 ≫ |Ω|, |δ|, that is, nearest-neighbor interactions are so strong that effectively
no two neighboring atoms can simultaneously be in the Rydberg state. Further, owing to the
rapidly decaying form of the interactions Vx = C6 /x6 , we can approximate the Hamiltonian
by neglecting couplings beyond the third-nearest neighbor: Vx ≈ 0 for x ≥ 3. With this
truncation, we arrive at a toy model of the form

HRyd =

N
∑
Ω
i=1

2

(|g⟩i ⟨r| + |r⟩i ⟨g|) − δ |r⟩i ⟨r| + V2 |r⟩i ⟨r| ⊗ |r⟩i+2 ⟨r|
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with the constraint |r⟩i ⟨r| ⊗ |r⟩i+1 ⟨r| = 0. This model, which also appears in studies of
ultracold atoms in tilted optical lattices [220], has been analyzed in the literature in the
context of interacting bosons [183, 206, 556]. The mapping to bosons (with annihilation
operators bi and number operators ni = b†i bi ) is apparent on identifying the state where the
atom at site i is in the internal state |g⟩ with a vacuum state of a bosonic mode, and the state
with the atom in |r⟩ with the presence of a boson. In the hard-core limit, where no more than
one boson can occupy a single site, the above Hamiltonian can be rewritten as [183, 556]

Hb =

N
∑

−w (b†i + bi ) + U ni + V ni ni+2 ,

(2.17)

i=1

supplemented with the constraint

ni ni+1 = 0.

(2.18)

This condition, that prohibits two bosons from occupying neighboring sites, is referred to
as the one-site blockade constraint. In this work, we refer to this system as the U-V model
for obvious reasons. In order to connect this to previous literature, it is useful to note the
correspondence Ω = −2w, δ = −U , and V2 = V . The equilibrium phase diagram of the
Hamiltonian (2.17) was studied as a function of its parameters in Refs. [183, 206]. Depending
on the couplings, the ground state can exhibit several different kinds of order. For example, if
the chemical potential favors creating particles (U < 0) and there is an attractive (repulsive)
next-nearest neighbor potential set by V < 0 (V > 0), the ground state maximizes the density
of bosons by having a particle on every second (third) site and the consequent ordered phase
spontaneously breaks a Z2 (Z3 ) translational symmetry. More careful considerations show
that when the energies of the two kinds of ordered states are comparable, there also exists a
gapless IC phase [183], similar to the CCM.
In the following discussion, we concentrate on few special points in this phase diagram.
Expressly, we also examine the limiting case V → ∞, which further implies that all states
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obey the two-site blockade constraint

ni ni+2 = 0.

2.3.1

(2.19)

Phase diagram

Transition from disorder to Z2 order
Let us momentarily review the physics when V = 0. In this case, we expect a second-order
QPT from the disordered phase to the Z2 -ordered phase as u = U/w is varied from positive to
negative values. As sketched earlier, we determine the location of the phase transition and its
nature from the aforementioned FSS analysis by numerically computing the gap as a function
of u for varying N , upon which, we find Uc /w = 1.308 and z = 1. Similarly, from previous
data collapse arguments, we know that on plotting N z ∆ against N 1/ν (u − uc ), the resulting
curves should ideally merge into a single one for different system sizes; this occurs for a value
of ν = 1. Ipso facto, this phase transition unequivocally belongs to the Ising universality
class.
Transition from disorder to Z3 order
For finite V /w > 0, we expect a QPT from the gapped disordered state, characterized by
a featureless, low density state at large positive U/w, to the Z3 -ordered phase, which is
a density-wave state of period three at large negative U/w. However, as we demonstrate
below, the transition to this phase with spontaneously broken Z3 symmetry can be of two
fundamentally distinct types. This was originally argued for by Fendley et al. [183] in their
proposal for a continuum quantum field theory description for the onset of Potts order. The
most general effective action for such a theory, constructed in terms of a period-3 densitywave order parameter field, Ψ, is permitted by symmetry to include a linear derivative term
i α Ψ∗ ∂x Ψ, which induces a chirality: as in Fig. 2.1(f), with α ̸= 0, there are two inequivalent
domain wall configurations. For α = 0, the transition is in the conformal three-state Potts
class, as we demonstrate in Section 2.3.2. At the Potts point, α is a relevant perturbation
[97, 183] with scaling dimension 1/5. Consequently, for small nonzero α, the transition turns
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Figure 2.8: [Upper panel]: FSS analysis of the QPT from the disordered to the Z3 -ordered
phase, across the integrable line w2 = U V + V 2 , based on exact diagonalization of the
Hamiltonian (2.17). (a) Plot of the energy gap ∆, rescaled by N −z with z = 1, as a function
of U/w for different system sizes N . The sharp intersection of the different curves at U/w =
−3.029 determines the QCP and conveys that z = 1. The location of the QCP agrees exactly
with the analytically known result Uc /w ≈ −3.0299 [Eq. (2.21)]. (b) Scaling plot of the energy
gap for different system sizes; perfect data collapse is achieved for ν = 5/6. [Lower panel]:
Same as above but in the limit V → ∞. FSS now betokens U/w = −1.949, z ≈ 4/3, and
ν ≈ 5/7.

into the direct chiral Z3 transition with z ̸= 1, as we will see below.
In the phase diagram of Fig. 1 in Ref. 183, a narrow IC phase was indicated immediately on
one side of the Potts critical point, with a direct chiral Z3 transition between gapped phases
on the other. We do not believe the IC phase extends all the way to the Potts point. For
small α ̸= 0, the physics should be the same for both signs of α and hence, the Potts point
should be flanked on both sides by direct chiral transitions from the gapped symmetric phase
to a commensurate Z3 -ordered phase. The latter scenario is the same as that in Fig. 2(a) of
Ref. 290, which indicated immediate direct chiral Z3 transitions on both sides of the Potts
point.
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2.3.2

Critical exponents

Potts criticality on the integrable line
There are two special parameter-space lines in the phase diagram of the U-V model, defined
by

w2 = U V + V 2 ,

(2.20)

along which the system is integrable [53–55, 57, 58, 183, 289]. Along each of these, there is a
quantum (multi)critical point at
(√
)
5 + 1 5/2
V
.
=±
w
2

(2.21)

Our interest lies in the point at positive V /w, which separates the disordered phase from
the Z3 -ordered phase, and is known to be a multicritical point in the universality class of
the three-state Potts model. The same FSS arguments as above confirm the location of this
multicritical point with very high accuracy and the critical exponents, moving across this
integrable line, are found to be z = 1 and ν = 5/6, as expected [see Fig. 2.8(a–b)].
Chiral transition in the two-site blockade limit
The transition away from the integrable line, however, does not belong to the Potts universality class. In this regard, the more interesting case that we now turn to is the limit V → ∞,
|U | ≪ V , where the two-site blockade constraint is enforced. As depicted in Fig. 2.8, the
scaling of the gap once again tells us about the critical point and exponents. With these
parameters, we establish uc = −1.949, z ≈ 1.33, and 1/ν ≈ 1.40. Thus, we indeed recover
(within numerical error estimates) the same critical exponents as for the chiral clock model in
Section 2.2.3. The discrepancies between the two are reasonable given that these models are
equivalent only in the sense of universality (without the requirement of a one-to-one mapping
of their Hilbert spaces).
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Figure 2.9: (a) Phase boundary between the disordered and the Z3 -ordered state above the
Potts critical point [Eq. (2.21)] with nearest-neighbor/next-nearest-neighbor couplings only
(U-V-model, blue) and long-range Rydberg interactions (red). In the latter case, the interaction strength between two spins separated by x sites is given by Vx = C6 /x6 . To plot the
phase boundary on the same scale, we identify V2 = V . (b) The dynamical critical exponent z
when crossing this phase boundary in the U-V model, obtained from FSS with up to N = 21
sites (blue). At the Potts point (green), we find z = 1 as expected. Away from the Potts
point, z increases and for V → ∞, we reckon an asymptotic value of z ≈ 1.33; the crossover
in z between these limits is likely a finite-size effect. The inset shows the analogously extracted value of z for the Rydberg Hamiltonian. Here also, we find that z increases with the
interaction strength, starting from a value close to one—this is consistent with the presence
of a Potts point in the Rydberg model as well. Note that in contrast to the U-V model, here,
increasing V would eventually lead to the appearance of the Z4 phase, which is not discussed
in this work. The FSS analysis for the Rydberg model is limited to comparatively smaller
systems, of up to 18 atoms, owing to the sizeably larger Hilbert space.

Finite-size scaling along the chiral phase boundary
(√
]
One can iterate the same procedure for all values of V /w in the interval ( 5 + 1)/2)5/2 , ∞
and numerically extract the critical parameters and exponents; the results of such a calculation
are showcased in Fig. 2.9. In this fashion, we recover the schematic phase boundary proposed
in Ref. 183. Akin to the CCM in Section 2.2.3, the FSS analysis yields critical exponents that
vary monotonically from z ≈ 1.33 at V → ∞ (i.e., far away from the Potts point) to 1 at the
Potts critical point.
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2.3.3

Effect of long-range interactions

Unlike the idealized models (2.16) and (2.17) considered above, in realistic experiments with
trapped Rydberg atoms [61, 304, 339, 360, 674, 692], the interactions between excited states
have nonzero tails, decaying as Vx = C6 /x6 . In order to probe the physics behind the QPTs
in these systems, one needs to understand the influence of these long-range couplings—it is
not a priori clear whether these corrections to the interactions could change the nature of the
transition or even the topology of the phase diagram. Indeed, for sufficiently large C6 and
|δ| ≫ Ω, it has been previously suggested that the ground states of the Rydberg Hamiltonian
HRyd display a series of new phases with distinct spatial symmetry breaking [505, 588] such
as Z4 , Z5 and the like, in which the Rydberg atoms are arranged regularly across every fourth
or fifth site on the array; this is in contrast to both the CCM and U-V models.
Nevertheless, from numerical simulations combining exact diagonalization and FSS analogous to Section 2.2.3, we find that the system continues to exhibit a direct transition from
the disordered to the Z3 -ordered phase in certain parameter regimes. While both the Potts
and chiral Z3 transitions still persist, the associated phase boundaries and critical exponents
are nontrivially altered as can be seen in Fig. 2.9. In the presence of C6 /x6 couplings, the
critical points are shifted to larger values of U —this is understandable since the long tails
tend to energetically favor the disordered state [309]. Note, however, that in the Rydberg
model, reaching arbitrarily large values of V /w becomes difficult due to the onset of the Z4 ordered phase, which has no counterpart in the U-V model. Likewise, the dynamical critical
exponent z is modified in that it attains its saturation value for smaller V /w. Qualitatively,
this is because the long-range interactions enhance the inequivalence between the two kinds
of domain walls (thereby rendering the system “more chiral” in some sense), which, crudely,
translates to a faster deviation from the Potts exponent. Remarkably, these chiral critical
exponents can actually be observed in the quench dynamics of ultracold atomic systems—such
as Rydberg quantum simulators—through the Kibble-Zurek mechanism [337, 338, 761–763],
which gives one access to the combination ν/(1 + z ν), as illustrated in Section 2.9 below.
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2.4

Towards a quantum field theory for the chiral clock transition

To summarize our discussion so far, we have seen that there has been much theoretical and
numerical work on ZN chiral clock models, both as quantum models in one spatial dimension
(d), and as classical models in two spatial dimensions [11, 23, 23, 24, 56, 97, 142, 181, 236,
270, 288, 290, 291, 425, 480, 562, 756]. These models exhibit a complex phase diagram with
three types of phases:
(i) a gapped phase with long-range ZN order (this phase was referred to as “topological” in
a parafermionic formulation [181, 756]),
(ii) a gapped phase with no broken symmetry and exponentially decaying ZN correlations,
and
(iii) a gapless phase with incommensurate ZN correlations decaying as a power-law.
It is important to note, however, that many of the previous studies are under conditions in
which the Hamiltonian does not preserve time-reversal and/or spatial-inversion symmetries.
Imposing time-reversal and spatial-inversion symmetries will be crucial for our theoretical
analysis, and indeed, such symmetries are present in the Rydberg atom realization [61]. With
these symmetries imposed, we will now examine the direct transition between the two gapped
phases noted above, without an intermediate incommensurate phase. The possibility of such
a direct transition was already noted in early work [288], but was questioned subsequently
[236] (see Appendix A.5). However, the numerical evidence points to a direct transition for
N = 3 [562, 756], as demonstrated in the previous section. The following sections will provide
a field-theoretic renormalization-group analysis of the direct transition, along with additional
numerical density-matrix renormalization group (DMRG) results. Our main theoretical tool
will be a duality mapping of the chiral clock model transition in d = 1 onto that of a Bose gas,
involving the onset of a single-boson condensate in the background of a higher-dimensional
N -boson condensate [143].
We begin by writing down a possible field theory for period-N ordering [183]. Let Φ be the
density wave order parameter, so that Φ → e2πin/N Φ under translation by n lattice spacings,
where n is a positive or negative integer. Using translational and time-reversal symmetries
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Figure 2.10: Zero-temperature phase diagrams of SΦ [Eq. (2.22)] and SΨ [Eq. (2.23)] in spatial
dimensions d > 1. This work studies the transition in SΨ in an expansion in (2 − d). In d > 1,
SΦ and SΨ describe distinct physical phenomena, and are expected to have different phase
diagrams and transitions.
(described in more detail below), we obtain an action defined on continuous d = 1 space (x)
and imaginary time (τ ):
∫
SΦ =

[
(
)]
dx dτ |∂τ Φ|2 + |∂x Φ|2 + iαx Φ∗ ∂x Φ + sΦ |Φ|2 + u|Φ|4 + λ ΦN + (Φ∗ )N .

(2.22)

We show the phase diagram of SΦ in d > 1 in Fig. 2.10, and in d = 1 in Fig. 2.11. The
field theory SΦ also applies to the chiral clock model with order parameter Φ, in which case
Φ → e2πin/N Φ is an internal symmetry of the clock model, without combining with spatial
translations. So in the clock model, a state with ⟨Φ⟩ ̸= 0 has a spatially uniform condensate,
while this state has period N ordering in the boson model of Ref. 183. The term proportional
to the real number αx is crucial, and is responsible for the chirality in both models. A
nonzero αx yields an inverse propagator for Φ which has a minimum at a nonzero wavevector
kI = αx /2, and hence induces incommensurate order parameter correlations. When treated
perturbatively in u and λ, SΦ will lead to condensation of Φ at kI , and hence a to state
with long-range incommensurate order. Taking Φ ∼ eikI x , we see that the phase-locking term
proportional to λ spatially averages to zero. Consequently, although SΦ has only a discrete

37

Chapter 2. Quantum phase transitions of Rydberg atom arrays in (1 + 1)D

Larger N , d = 1
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Figure 2.11: The common zero-temperature phase diagrams of SΦ [Eq. (2.22)] and SΨ
[Eq. (2.23)] in spatial dimension d = 1. There is a Kramers-Wannier duality between SΦ
and SΨ in d = 1, and so the two actions have the same phases and transitions. For larger N
(possibly all N ≥ 4) there is an intermediate gapless phase, while for N = 2, 3 there can be a
direct transition between gapped phases. This thesis describes the direct transition between
gapped phases for N = 3. The transitions out of the gapless Luttinger liquid are in the
Kosterlitz-Thouless [356] (KT) and Pokrovsky-Talapov [506, 507] (PT) classes.
ZN symmetry, the low-energy theory of the incommensurate state has an emergent U(1)
symmetry which leads to a gapless “phason” mode [228] (note that this argument applies also
in spatial dimensions d > 1, as illustrated in Fig. 2.10). This is the reason for the difficulty
in obtaining a theory for the direct transition in the chiral model from a gapped disordered
phase, to a commensurate ZN -ordered phase: the perturbative analysis of the field theory in
Eq. (2.22) implies that such a direct transition does not exist, and there is an intermediate
gapless incommensurate phase. On the other hand, there is ample evidence from numerical
studies for the existence of a direct transition [562, 756] in d = 1.
One of our main results will be an exact duality between models described by SΦ in d = 1,
and a theory of the condensation of a nonrelativistic Bose gas in d = 1. Specifically, we
consider a Bose gas, with Bose field Ψ, which undergoes a condensation transition in the
presence of a higher-dimensional background condensate of a “molecule” of N bosons. This
implies that we always have ⟨ΨN ⟩ ̸= 0. The continuum theory for the onset of a single-boson
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condensate in the presence of a N -boson condensate is [143]
∫
SΨ =

[
]
dx dτ |∂τ Ψ|2 + |∂x Ψ|2 + ατ Ψ∗ ∂τ Ψ + sΨ |Ψ|2 + u|Ψ|4 + λ(ΨN + (Ψ∗ )N ) ,

(2.23)

where ατ (and all other couplings) are real; note that there is no direct relationship between the
values of sΨ,Φ , u, λ between SΦ and SΨ . At first glance, it might appear that the relationship
between SΦ and SΨ is trivial, and they are related simply by a Wick rotation which exchanges
space (x) and imaginary time (τ ). However, that is not the case. There is a crucial difference
in a factor of i between the first-order derivative terms in Eqs. (2.22) and (2.23), and this
difference is required by the unitarity of both theories. A Wick rotation relationship would
imply that the dynamical critical exponent z of SΦ is the inverse of the z of SΨ , and that
the scaling dimensions of Φ and Ψ are equal. The actual relationship between the theories is
a Kramers-Wannier type duality between the Φ and Ψ fields, and one is the ‘disorder’ field
of the other. Furthermore, unlike the N = 2 Ising case, the duality is not a self-duality for
N > 2; consequently the scaling dimensions of Φ and Ψ are not equal to each other for N ̸= 2.
Finally, because the duality does not actually involve a Wick rotation, the values of z of
the theories SΦ and SΨ are equal to each other, as are the values of their correlation length
exponents ν.
The advantage of working with SΨ is that it allows a perturbative study (near two spatial
dimensions) of a direct transition between a phase with ⟨Ψ⟩ = 0, to a phase with a uniform
condensate ⟨Ψ⟩ ̸= 0 (see Fig. 2.10). Under the duality mapping in d = 1, these phases correspond to clock model states with ⟨Φ⟩ ̸= 0 (and spatially uniform) and ⟨Φ⟩ = 0, respectively
(see Fig. 2.11). Note that with a spatially uniform Ψ condensate, the λ term in Eq. (2.23)
does not average to zero, and so there is no emergent U(1) symmetry and the Ψ-condensed
phase is also gapped. A gapless phase of SΨ can appear only in d = 1, and requires nonperturbative effects which are special to d = 1 [316]. The Bose gas formulation of SΨ is naturally
set up to provide a perturbative theory of a transition between two gapped phases, without
an intermediate gapless phase. We shall present a renormalization-group analysis of such a
transition, building upon the analysis in Ref. 143, which examined SΨ in an expansion in
2 − d.
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We reiterate (as illustrated in Figs. 2.10 and 2.11) that the duality mapping between SΦ
and SΨ applies only in d = 1, and their global phase diagrams are expected to coincide only
in d = 1; SΦ can have a gapless incommensurate phase for d ≥ 1, while SΨ has no gapless
phase for d > 1. We will use the direct transition between gapped phases of SΨ , present for
d ≥ 1, to obtain a 2 − d expansion for the transition in d = 1; then, we will employ duality to
map it onto the direct transition of SΦ in d = 1.
The outline of the next few sections is as follows. Section 2.5 first defines the N -state
lattice chiral clock model for generic integers N , and analyzes its symmetries and duality
properties. Section 2.6 contains further discussion of the duality in the context of models
which can be connected to the continuum quantum field theories; we also present a general
discussion on the nature of phases and phase transitions for different values of N . Our
main results on the renormalization-group analysis of SΨ in a (2 − d) expansion appear in
Section 2.7. In Section 2.8, we also examine a lattice discretization of the Bose gas model
SΨ , and determine the exponents of its transition. The appendices contain various technical
details. In particular, Appendix A.4.1 contains further numerical DMRG results: we extend
the above-described numerical results of Ref. 562 on the chiral clock model, and compare
critical exponents between the transitions of the θ ̸= 0, ϕ = 0 and θ = 0, ϕ ̸= 0 models,
which are related by the duality transformation. We also present DMRG results on the CCM
along the self-dual line ϕ = θ; note that this case does not have the requisite parity and
time-reversal symmetries unlike the models studied in the body of this chapter. Here, we find
numerical evidence for an intermediate incommensurate phase.

2.5
2.5.1

ZN chiral clock models for N ≥ 3
Definition of the model

Building upon the Z3 CCM introduced in Eq. (2.1), here, we consider its generalization to
a chiral clock model with N ≥ 3 states. The quantum chiral clock model in d = 1 spatial
dimensions may be defined on an open chain of M sites by [181]

H = −f

M (
∑

M
−1 (
)
)
∑
†
τj eiϕ + τj† e−iϕ − J
σj σj+1
eiθ + σj† σj+1 e−iθ ,

j=1

j=1
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where we conventionally take f, J > 0. As before, the operators τ and σ commute on each
site and obey the algebra
τ N = σ N = I,

τ † = τ −1 ,

σ † = σ −1 ,

(2.25)

σ τ = ω τ σ,

where ω = e2πi/N . An explicit matrix representation of these operators is
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.
. .
0 0 ···

0 1




0 0


0 0
.
.. .. 
. .

1 0

(2.26)

Here, σ measures where on the “clock” the state is, while τ rotates the state clockwise through
the discrete angle 2π/N . This model has a global ZN symmetry implemented by the unitary
operator
G=

M
∏

τj ,

(2.27)

j=1

which acts as G† σj G = ωσj and G† τj G = τj .
For generic values of θ, ϕ, and N , the phase diagram of this model is very intricate and not
well understood. For small values of θ and ϕ, where the interaction is always ferromagnetic,
there will be a disordered ground state with ⟨σi ⟩ = 0 in the J ≪ f limit and a commensurate
ordered ground state with ⟨σi ⟩ ̸= 0 in the J ≫ f limit. For intermediate values of J/f , then
depending on the precise values of θ, ϕ, and N , these two phases may be separated by an
intermediate gapless phase or a direct continuous transition2 . In addition, for large enough
angles θ and ϕ, this model has incommensurate gapless phases persisting for the entire region
0 ≤ J/f ≤ ∞.
In this chapter, we will largely be interested in the cases (θ ̸= 0, ϕ = 0) and (θ = 0, ϕ ̸= 0),
where the model has both time-reversal and spatial-inversion symmetries. Our goal will be to
exploit the duality in this microscopic model (reviewed below) to map out the critical theories
2

For this particular model there are no first-order transitions, but in models with the same symmetry and
different microscopic interactions, a first-order transition between the ordered and disordered phases is possible
[96].
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for these transitions, and thus gain a better understanding of criticality in all systems in the
same universality class. To this end, we review the important symmetries of this model.
2.5.2

Discrete symmetries

We now introduce the operators C, P , and T [756]. Charge conjugation is a unitary operator
defined by the relations
Cσj C = σj† ,

Cτj C = τj† ,

C 2 = I.

The operator C can be explicitly represented in the basis of Eq. (2.26) as C =
Cj acts at each site as


1

0


C=
0
.
 ..

0

0 0 ···
0 0 ···
0 0 ···
.. .. . .
.
. .
1 0 ···

0 0

(2.28)
∏
j

Cj , where




0 1


1 0
.
.. .. 
. .

0 0

(2.29)

Parity is a unitary operator defined as

P σj P = σ−j ,

P τj P = τ−j ,

P 2 = 1,

(2.30)

and time-reversal is an anti-unitary defined as
T σj T = σj† ,

T τj T = τj ,

T 2 = I.

(2.31)

In the particular basis (2.26), we have T = K, where K is complex conjugation.
Considering all three of these transformations, we see that our Hamiltonian in Eq. (2.24)
transforms as
CH(ϕ, θ)C = H(−ϕ, −θ),

P H(ϕ, θ)P = H(ϕ, −θ),

T H(ϕ, θ)T = H(−ϕ, θ).

(2.32)

For θ = ϕ = 0, all three of these discrete transformations are symmetries, and this is the usual
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(achiral) clock model. If θ = 0, we have the discrete symmetries
(CT )−1 H(ϕ, 0)CT = H(ϕ, 0),

P −1 H(ϕ, 0)P = H(ϕ, 0),

(2.33)

(CP )−1 H(0, θ)CP = H(0, θ).

(2.34)

while if ϕ = 0, we have
T −1 H(0, θ)T = H(0, θ),

Therefore, both Hamiltonians H(ϕ, 0) and H(0, θ) have separate time-reversal and parity
symmetries, though their explicit definitions are different because they must be combined
with C in different ways. In contrast, for both ϕ ̸= 0 and θ ̸= 0, it is not possible to define
separate T and P symmetries. The only discrete spacetime symmetry is CP T :
(CP T )−1 H(ϕ, θ)CP T = H(ϕ, θ),

(2.35)

which involves a simultaneous reversal of space and time.
2.5.3

Duality

The reason for our specific choice of the microscopic Hamiltonian of Eq. (2.24) is the existence
of an exact microscopic duality in the thermodynamic limit. Similarly to the Kramers-Wannier
duality in the one-dimensional transverse-field Ising model [350], the duality transformation
proceeds by defining a “disorder operator” σ̃ which creates domain walls. Explicitly, we define
a set of operators on the links of the chain by

τ̃j+1/2 =

†
σj σj+1
,

τ̃M +1/2 = σM ,

σ̃j+1/2 =

j
∏

τk† ,

(2.36)

k=1

which satisfy the same algebra as the original τ and σ. Here, we parametrize the position of
the dual variable σ̃ on the link connecting sites j and j + 1 by σ̃j+1/2 , and similarly for τ̃ .
From Eq. (2.36), the operator σ̃j+1/2 twists all of the states from j = 1, ..., j counterclockwise by an angle 2π/N , creating a domain wall at the link j +1/2. In terms of these operators,

43

Chapter 2. Quantum phase transitions of Rydberg atom arrays in (1 + 1)D
the Hamiltonian takes the form
H = −J

M
−1 (
∑

iθ

τ̃j+1/2 e +

j=1

(

†
e−iθ
τ̃j+1/2

)

−f

M
−1 (
∑

†
†
σ̃j+3/2 e−iϕ
eiϕ + σ̃j+1/2
σ̃j+1/2 σ̃j+3/2

)

j=1

)

†
− f σ̃3/2
eiϕ + σ̃3/2 e−iϕ .

(2.37)

This is the same form as our original Hamiltonian, except that the first term does not include
the operator τ̃M +1/2 , and the last term acts as an external field acting on the first link of
the chain. Ignoring these boundary effects, the bulk part of this model is dual under the
simultaneous transformation
ϕ ←→ θ,

J ←→ f.

(2.38)

This duality will be used in the following sections to obtain quantum field theories for the
critical chiral clock model where the fundamental continuum field represents the disorder
variable σ̃, which will give new insight into these transitions.
We note that the order and disorder operators, σ and σ̃, are both local and will have nontrivial scaling dimensions at criticality. Since the mapping between them is highly nonlocal,
there is no simple relation between the scaling dimensions of these operators for generic θ and
ϕ. An exception is along the self-dual line θ = ϕ, where the two operators must have identical
anomalous dimensions.

2.6

Chiral clock duality in quantum field theory

This section is split into two parts. In Section 2.6.1, we give a heuristic argument for the
duality described in the introduction and then give an overview of the duality in several
cases of interest. Section 2.6.2 contains an explicit derivation of the duality directly from the
microscopic chiral clock model for N = 3 by mapping to a Euclidean lattice field theory. The
more complicated construction for general N is presented in Appendix A.1, which also fills in
some other technical details in constructing the critical continuum field theory.
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2.6.1

General discussion of the duality

We motivate the field-theoretic statement of the duality by considering a family of anisotropic
quantum rotor models whose phase transitions and critical field theories are well-understood.
The derivation of these models from the microscopic Hamiltonian (2.24) will contain some
suspect arguments, but the final critical theories can be rigorously related to the microscopic
model using the methods of Section 2.6.2 and Appendix A.1. This simpler setting is intended
to give an intuitive outline of the duality, after which we make some general statements and
conjectures about the critical behavior of the CCM for various values of θ, ϕ, and N .
We begin by softening the discrete nature of the order parameter, replacing the Hilbert
space of each site by a rotor degree of freedom:
σj |ζi ⟩ = eiζj |ζj ⟩,

(2.39)

where the eigenvalue of ζi can be any real number, but with a 2π redundancy. With this
alteration, the spatial part of the CCM is unchanged,
(
)
†
σj σj+1
eiθ + h.c. = cos ζj − ζj+1 + θ .

(2.40)

Now recall that τ rotates the eigenvalue of σj by an angle 2π/N . Therefore, we can write
τj = e−

2πi
Lj
N

,

(2.41)

where Lj generates infinitesimal rotations of ζj ; e.g., in the ζ basis,
Lj = −i

∂
∂ζj

.

(2.42)

Then, the remainder of the CCM can be written as
(
)
2π
τj e + h.c. = cos − Lj + ϕ .
N
iϕ
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At this point, we replace this operator by the first term in its power series:
(

2π
cos − Lj + ϕ
N

)
−→ const. −

(2π/N )2 2
Lj + hϕ Lj ,
2

(2.44)

where hϕ ∝ ϕ. One may attempt to justify this step by appealing to a large-N limit where N ϕ
remains small, although we will consider all N ≥ 3 below. Alternatively, one may argue that
the term on the right-hand side will have the same disordering effect on the ζ field. In either
case, we may always appeal to the more technical derivation below to justify our conclusions.
Our final rotor representation for the CCM will be

H=

(
)
(
)
∑
∑
∑
f′ ∑ 2
Lj − J
cos ζj − ζj+1 + θ + hϕ
Lj − hN
cos N ζj .
2
j

j

j

(2.45)

j

Here, in addition to the terms described above, we have also added an anisotropic external
field proportional to hN which breaks the U(1) symmetry of the model back down to ZN .
The statement of duality is that the critical properties of this Hamiltonian for (ϕ = 0, θ ̸= 0)
and (ϕ ̸= 0, θ = 0) map onto each other. Such a duality can only be valid at hN > 0, where a
phase with ZN order exists and a corresponding disorder operator can be defined. The action
of the discrete symmetries of the CCM are implemented as
2π
,
N

Lj → Lj ,

G:

ζj → ζj +

C:

ζj → −ζj ,

Lj → −Lj ,

P :

ζj → ζ−j ,

Lj → L−j ,

T :

ζj → ζj ,

Lj → −Lj ,

(2.46)

and T is still anti-unitary, T i T = −i.
Our reason for introducing this model is to utilize the well-known results mapping critical
quantum rotors to quantum field theories [550]. For θ = ϕ = hN = 0, we have a U(1) rotor,
whose critical field theory is the Lorentz and U(1)-invariant theory for a complex field Φ:
∫
S1 =

[
]
dx dτ |∂τ Φ|2 + |∂x Φ|2 + sΦ |Φ|2 + u|Φ|4 + · · · ,
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where the ellipsis denotes all other allowed terms. The main effect of the anisotropic coupling
hN will be to break the U(1) symmetry down to ZN , so we expect the critical theory will be
altered to
∫
S2 =

[
]
(
)
dx dτ |∂τ Φ|2 + |∂x Φ|2 + sΦ |Φ|2 + u|Φ|4 + λ ΦN + (Φ∗ )N + · · · ,

(2.48)

where the ellipsis now also includes all real terms invariant under Φ → e2πi/N Φ. The actions
S1 and S2 are not very useful starting points for studying the critical U(1) rotor model and
achiral clock models in one dimension, where we expect these field theories to be very strongly
coupled, but the critical points of these models have been understood using other methods
(their behavior is reviewed below).
If we add a nonzero θ, we only change the couplings in the spatial direction. In particular,
since θ ̸= 0 breaks parity symmetry, we expect that we should add odd spatial derivative
terms [183]:
∫
SΦ =

]
[
)
(
dx dτ |∂τ Φ|2 + |∂x Φ|2 + iαx Φ∗ ∂x Φ + sΦ |Φ|2 + u|Φ|4 + λ ΦN + (Φ∗ )N + · · · . (2.49)

Finally, we consider the effect of ϕ ̸= 0 and θ = 0, which we have argued should describe the
critical field theory for the disorder operator Ψ that is dual to the clock order parameter Φ
experiencing the chiral transition in Eq. (2.49). From Eq. (2.45), this is equivalent to adding
∑
an external field coupled to the conserved charge Q = j Lj associated with U(1) rotations
of the theory. We do not need to perform a detailed derivation of the field theory in this case;
we simply need to find the corresponding U(1) Noether charge of the action S1 to find the
operator which couples to hϕ . This is equivalent to replacing ∂τ −→ ∂τ + hϕ , and we obtain
the theory
∫
SΨ =

[
]
dx dτ |∂τ Ψ|2 + |∂x Ψ|2 + ατ Ψ∗ ∂τ Ψ + sΨ |Ψ|2 + u|Ψ|4 + λ(ΨN + (Ψ∗ )N ) + · · · (2.50)

as claimed in the introduction.
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Achiral clock model: ϕ = θ = 0
Setting ϕ = θ = 0 in either Eqs. (2.24) or (2.45), we expect the phase diagram to have the
same general structure as the phases mapped out for the discrete planar models studied in
Refs. 167 and 96, which also discuss duality in these and related models. We review these
results, which are useful for what follows. Here, we describe the possible behavior for all
models with the same symmetries as the specific models we gave above.
We first recall the properties of the U(1)-symmetric limit, hN → 0, which has relevance
for the critical properties of the large-N clock models. At hN = 0, the system undergoes a
Kosterlitz-Thouless (KT) transition between a disordered gapped phase and a gapless critical
phase (which we call a KT phase) [356]. The critical phase may be described by a free
bosonic field theory, and the scaling dimensions of physical operators vary continuously with
the couplings. For small hN , the gapless critical phase is always unstable to a gapped phase
with ZN order for small enough f ′ /J. The critical behavior for various values of N are as
follows:
N = 3 : The U(1)-symmetric fixed point is unstable to the perturbation h3 [316]. The Z3
clock model is identical to the three-state Potts model, which realizes the full S3 permutation
symmetry, and there is a direct continuous transition between the disordered and ordered
phases. The critical point is described by the c =

4
5

conformal field theory, and the scaling

dimension of every operator is known exactly [154].

N =4:

There is a direct transition between the Z4 -ordered phase and the disordered phase.

The critical points are in the Ashkin-Teller (AT) universality class, which is really a family
(
)
of universality classes. The AT model may be defined as two copies of the Ising c = 12
conformal field theory which are coupled together by their energy operators. This coupling
is exactly marginal, and the resulting AT model describes a line of fixed points with central
charge c = 1. This line passes through the four-state Potts fixed point, and eventually meets
the U(1)-symmetric Kosterlitz-Thouless point at h4 = 0 [316, 318].
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N ≥5:

In this case, the phase transition will either be first-order or there will be an interme-

diate KT phase. For these larger values of N , we may use intuition from the U(1)-symmetric
limit when describing transitions into this KT phase, where thermodynamic variables diverge
with an essential singularity. We note that the scaling dimension of the order parameter at
the KT transitions will not coincide with the U(1) value ∆σ = 1/8.
Chiral clock model: θ ̸= 0
We now consider the expected critical theories for ϕ = 0 and θ ̸= 0, along with the dual
formulations obtained by applying the θ ↔ ϕ duality.
First, we consider the hN → 0 limit. Although the duality between these theories only
holds at finite N , for N large enough, one expects that the leading operators ΦN + c.c. will
be irrelevant compared to the U(1) invariant part of the action, leading to enlarged U(1)
symmetry in the critical regime (we discuss this point further below). We note that the
N ≥ 5 CCM is expected to always have an incommensurate KT phase separating the ordered
regions of the phase diagram [480].
Using the ϕ ↔ θ duality, we expect that the phase transition from the commensurate
ZN -ordered phase to the incommensurate phase (the C–IC transition) can be described by
∫
SΨ,U(1) =

[
]
dx dτ |∂τ Ψ|2 + |∂x Ψ|2 + ατ Ψ∗ ∂τ Ψ + sΨ |Ψ|2 + u|Ψ|4 + · · · ,

(2.51)

where Ψ creates a domain wall in the ZN -ordered state. Interestingly, the disorder operator
condenses at zero momentum. This is the same critical theory which describes the Bose
superfluid–Mott insulator transition at variable density [550].
In fact, the identification of SΨ,U(1) as a description of the C–IC transition could be argued
along completely different lines. Schulz [583] has shown that the critical Pokrovsky-Talapov
(PT) theory of the C–IC transition can be mapped to that of a one-dimensional spinless
fermion at the bottom of a quadratic band, undergoing an insulator–Luttinger liquid transition
[506, 507]. The equivalence of this theory with the critical theory SΨ,U(1) has also been well
established [558]. Our present derivation of the relation between SΨ and the PT transition
completes this circle of dualities, and gives an interesting interpretation of the field Ψ as the
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operator which creates domain walls in the commensurate phase.
For N = 3, it is known that θ couples to an operator with scaling dimension 9/5, so it
is a relevant perturbation. Recent numerical progress [562, 756] has provided evidence that
the N = 3 theory flows to a new fixed point where there is a direct continuous transition
between the two phases for intermediate θ; for other small values of N , less is known in the
literature. As with the achiral models, it would be interesting to establish a critical value Nc
above which these models cross over to U(1)-symmetric behavior.
As stressed in the introduction, the theory of Eq. (2.49) cannot perturbatively describe
the onset of ZN order at zero momentum, while the dual theory SΨ admits a perturbative
expansion in 2 − d and 4 − N . In doing so, we envision a scenario where the U(1)-symmetric
transition of Eq. (2.51) in d < 2 dimensions is unstable to the addition of the operator
ΨN + c.c., and the theory flows to a fixed point which is smoothly connected to the CCM in
d = 1. However, the precise nature of the renormalization-group flow of these field theories
for general N at d = 1 cannot be addressed by our methods; we cannot rule out the possibility
that our perturbative fixed point is unstable, and the CCM fixed point of interest does not
smoothly connect to the d = 2, N = 4 case where we apply perturbation theory.
If we assume that the critical CCM is smoothly connected to the perturbative fixed point
considered below, we may make some predictions for the value of Nc where the critical CCM
crosses over to a U(1)-symmetric theory. Damle & Sachdev [143] computed the scaling dimension of the operator ΨN + c.c. at the U(1) symmetric fixed point of Eq. (2.51) in an expansion
in 2 − d. Extrapolating their results to d = 1 gave the unusual result that the operator was
relevant for N ≲ 2.6 and N ≳ 5.4, and irrelevant for N between these values. As pointed
out in that work, the predictions for large N are certainly an artifact of the expansion (in
particular, the expansion predicts unphysical negative scaling dimensions for N ≥ 6). In
Section 2.7, we obtain equivalent results to those in Ref. 143 truncated at small 4 − N . There,
we find that the operator ΨN + c.c. is relevant for N < Nc and irrelevant for N > Nc , where
Nc ≈ 3.6.

(2.52)

Here, we have extrapolated to d = 1 and arbitrary N , but Nc is close enough to N = 4 that
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this may be a quantitatively accurate estimate.
Throughout this chapter, we have ignored the N = 2 case. From Eq. (2.24), it is clear that
the lattice CCM reduces to the transverse-field Ising model in this case, and that nonzero
angles θ and ϕ are simply redefinitions of the constants f and J. At the level of our fieldtheory duality, we can see this by the fact that our order parameter can be chosen to be real, so
that the couplings Φ∂x Φ and Ψ∂τ Ψ are total derivatives and do not contribute to the action.
Then, the duality between SΦ and SΨ reduces to the ordinary Kramers-Wannier self-duality
of the Ising model [350]. The exact computations of Ref. 143 show that SΨ flows to the Ising
fixed point for the N = 2 case, which serves as an added verification of our assumption for
the RG flows of these models.
2.6.2

Explicit derivation of the duality for N = 3

We now consider the explicit mapping of the one-dimensional quantum model (2.24) to a
Euclidean lattice field theory using transfer-matrix methods [350]. In this section, we treat
the simplest case, N = 3, and leave the more technically complicated but conceptually similar
N > 3 case for Appendix A.1. We write the partition function as
(
)Mτ
Z = Tr exp (−βH) = lim lim Tr e−aH
,

(2.53)

a→0 Mτ →∞

where aMτ = β. This represents Mτ products of a 3M × 3M transfer matrix e−aH . We first
decompose this into a product,
e−aH = T1 T2 + O(a2 ),

(2.54)

where

T1 = exp aβf

M
∑


τj eiϕ + h.c. ,


T2 = exp aβJ

j

M
∑
j
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We now insert a complete set of states between each factor of the transfer matrix. For the
3M -dimensional Hilbert space defined in the problem, we use the basis |nj ⟩ where
σj |nj ⟩ = e2πinj /3 |nj ⟩

(2.56)

with possible eigenvalues nj = 0, 1, ..., 2. The partition function becomes

Z=

Mτ
∑ ∏

⟨{nj (ℓ)}|T1 T2 |{nj (ℓ + 1)}⟩ .

(2.57)

{nj (ℓ)} ℓ=1

The sum is over the 3M Mτ values of nj (ℓ). The matrix elements of T2 are trivial,

T2 |{nj (ℓ)}⟩ = exp 2aβJ

M
∑
j


]
)
2π (
cos
nj (ℓ) − nj+1 (ℓ) + θ  |{nj (ℓ)}⟩,
3
[

(2.58)

and it remains to evaluate the matrix elements
⟨
⟩
T1 (n, n′ ) ≡ n|T1 |n′ .

(2.59)

For this, we write the eigenbasis |n⟩ in terms of the eigenbasis of τ :
τ |ω⟩ = e2πiω/3 |ω⟩,

(2.60)

where ω = 0, 1, ..., 2. These bases are related by
2
1 ∑ 2πiωn/3
|n⟩ = √
e
|ω⟩.
3 ω=0

(2.61)

Using the above equations, we can evaluate the matrix elements in Eq. (2.57), obtaining an
expression resembling a classical partition function defined on a 2D lattice:

Z =

1
3 Mτ
×

∑


exp 2aβJ

{nj (ℓ)}

Mτ ∏
M ∑
2
∏
ℓ=1 j=1 ω=0

Mτ ∑
M
∑
ℓ=1 j=1

[
cos

2π (
3


]
)
nj (ℓ) − nj+1 (ℓ) + θ 

(
[
])
(
))
2π
2πiω (
.(2.62)
exp 2aβf cos
ω + ϕ exp −
nj (ℓ) − nj (ℓ + 1)
N
3
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Our next step is to evaluate the sum over ω, and then rewrite the resulting terms as a
single exponential. Explicitly, we can write

S3 (∆n) ≡

2
∑
ω=0

(
[
]
))
2π
2πiω (
exp 2aβf cos
ω+ϕ −
nj (ℓ) − nj (ℓ + 1)
N
3

[
(
)]
[
(
)]
2π
2
2π
= A exp B(ϕ) cos
∆n exp iφ(ϕ) √ sin
∆n
3
3
3

(2.63)

with the definitions
[
(√
)]
e2aβf cos ϕ + 2e−aβf cos ϕ cosh
3aβf sin ϕ e−B(ϕ) ,

A =

[
]
( 3aβf cos ϕ
(√
))2
e
+ 2 cosh 3aβf sin ϕ
1
(√
)
( √
)
log
,
3
e6aβf cos ϕ − 2e3aβf cos ϕ cosh 3aβf sin ϕ + 2 cosh 2 3aβf sin ϕ − 1

B(ϕ) =

√

)
3aβf sin ϕ
(√
).
e3aβf cos ϕ − cosh 3aβf sin ϕ

tan φ(ϕ) =

3 sinh

(√

(2.64)

For small a, φ(ϕ) = ϕ; we take this as a strict equality from now on. We can also show that
2
B(ϕ) ≈ − log a
3

(2.65)

for small a, so the ϕ-dependence disappears from the B(ϕ) term.
From this analysis, we expect that the critical behavior of the quantum model is equivalent
to the Euclidean lattice field theory obtained by the partition function
Z=C

∑

e−S

(2.66)

{nx,τ }

with the action
[
]
]
∑
2π
2π
cos
(nx,τ − nx+1,τ ) + θ + Kτ
(nx,τ − nx,τ +1 )
3
3
x,τ
x,τ
]
[
2iϕ ∑
2π
√
(nx,τ − nx,τ +1 ) .
sin
(2.67)
3
3 x,τ

−S = Kx
+

∑

[

cos

53

Chapter 2. Quantum phase transitions of Rydberg atom arrays in (1 + 1)D
Here, the quantum model is obtained in the limit Kx → 0, Ky → ∞ such that Kx e3Ky /2 is
finite and tuned to the phase transition. We have Kx ∼ aβJ and Ky ∼ B = B(a, βf ), but
choose the Kx and Ky as tuning parameters instead of J and f .
For ϕ = 0, the action (2.67) is equivalent to the two-dimensional classical chiral clock model
[290, 480], and this mapping has been known for a long time [103, 270, 271]. For ϕ ̸= 0, there
is a purely quantum term proportional to ϕ contributing complex Boltzmann weights. This
term was noticed in Ref. 270, but the proper interpretation of the term as describing the
Euclidean path integral of a quantum field theory was overlooked. The coefficient of ϕ is such
that each term in the partition sum contributes phases of 1 and e±iϕ , so the model still has
an exact 2π periodicity in ϕ as required. The original θ ↔ ϕ duality of the microscopic model
is invisible here; it is a nontrivial infrared self-duality of the theory which also involves some
nontrivial transformation on Kx and Kτ . The global symmetries of the original quantum
model are now implemented as

G:

nx,τ → nx,τ + 1,

T :

nx,τ → nx,−τ ,

C:

nx,τ → −nx,τ ,

P :

nx,τ → n−x,τ .

(2.68)

In Appendix A.1 we derive an equivalent field theory for this model in the scaling limit in
terms of a complex field Φ(x, τ ), which acts as an order parameter of the spins σ. Our final
field theory in terms of this continuum complex field is
′

S =

(

∫
dτ dx

iαx Φ∗ ∂x Φ + αxx |∂x Φ|2 + ατ Φ∗ ∂τ Φ + ατ τ |∂τ Φ|2
)
( 3
)
2
∗3
4
+ sΦ |Φ| + λ Φ + Φ
+ u|Φ| + · · · ,

(2.69)

where αx goes to zero for θ = 0, and ατ goes to zero for ϕ = 0. The symmetries of the original
model are now implemented by

G:

Φ(x, τ ) → e2πi/3 Φ(x, τ ),
54

Chapter 2. Quantum phase transitions of Rydberg atom arrays in (1 + 1)D
T :

Φ(x, τ ) → Φ(x, −τ ),

C:

Φ(x, τ ), → Φ∗ (x, τ )

P :

Φ(x, τ ) → Φ(−x, τ ).

(2.70)

From Eq. (2.69), we can see that specializing to the case {θ ̸= 0, ϕ = 0} gives the action SΦ
of Eq. (2.22). Then, after applying the duality of Section 2.5.3, and following the same steps
for the disorder parameter Ψ ∼ σ̃, we obtain the dual action SΨ of Eq. (2.23), completing our
proof.

2.7

Renormalization group analysis of the ZN dilute Bose gas

In this section, we will study the renormalization-group (RG) properties of the ZN dilute Bose
gas (DBG) starting from the action
∫
SB =

[
)]
u
λ0 ( N
2
4
∗
2
†N
.
dτ d x Ψ ∂τ Ψ + |∇Ψ| + s|Ψ| + |Ψ| +
Ψ +Ψ
2
N!
d

(2.71)

Here, we have generalized the action SΨ to d spatial dimensions, and truncated the action to
the most relevant terms. We drop the subscript on the “mass” term, sΨ , in the remainder of
this section. The units in the space and imaginary time directions have been chosen such that
the coefficients of the first two terms are unity. At the free theory, u = λ0 = 0, the dynamical
critical exponent is given by z = 2, and the scaling dimensions of the couplings in units of
momentum or inverse length are

dim(s) = 2,

dim(u) = 2 − d,

dim(λ0 ) = 2 + d − N d/2.

(2.72)

Close to the free theory, s is always relevant, identifying it as the coupling which tunes through
the phase transition. We will hereafter always assume this coupling is tuned to criticality,
and define it to vanish at this value: s = sc = 0. The couplings u and λ are both marginal
for d = 2 and N = 4, and there are no additional relevant or marginal operators allowed by
symmetry. This suggests an expansion in both ϵ = 2 − d and δ = 4 − N , so that we may
exhibit a flow to an interacting fixed point which remains perturbatively accessible. We may
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Figure 2.12: The interaction vertices in the diagrammatic expansion of the ZN DBG. Both
of the λ0 vertices have a total of N propagators attached to them.

then perform a diagrammatic expansion on this model, where the free propagator is

G(ω, k) =

1
,
−iω + k 2

(2.73)

and the interaction vertices are pictured in Fig. 2.12.
We now define renormalized fields and couplings,

τ=

Zg µ2−d
Zτ µ−2
Zλ µ2+d−N d/2
τR , ψ = Z 1/2 ψR , u =
g, λ0 =
λ,
N/2−1
Z
ZZτ Sd
Z N/2−1 Zτ Sd

(2.74)

where Sd = (4π)−d/2 is a dimensional factor defined to simplify future expressions. We have
also introduced an arbitrary momentum scale, µ, which renders the renormalized couplings
dimensionless. We renormalize the theory by first computing correlation functions in bare
perturbation theory using the action SB for arbitrary ϵ and δ. These correlation functions
will be divergent in some dimension-one manifold of the ϵ − δ plane, including at the point
ϵ = δ = 0. We then express these correlation functions in terms of the renormalized fields
and couplings specified in Eq. (2.74), and choose the renormalization constants Zi such that
the correlation functions of the renormalized fields are regular in a finite neighborhood of the
origin of the ϵ − δ plane when expressed in terms of the renormalized couplings.
In particular, if we consider the one-particle irreducible (1PI) vertex of n fields in momentum and frequency space, the bare and renormalized quantities are related by
(
(n)
ΓR ({ωRi , ki }, g, λ, µ)

=Z

n/2
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Zτ
Z

)
Γ(n) ({ωi , ki }, u0 , λ0 ),

(2.75)
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where we have defined ωR = Zτ µ−2 ω/Z in congruence with Eq. (2.74), and these vertex
functions are defined without overall delta functions enforcing momentum and frequency
conservation. By the renormalizability of our theory, the constants Zi may be specified by
computing the three 1PI vertices displayed in Fig. 2.13.
Once we have obtained the renormalization constants, we may consider the dependence
of the interaction couplings on our arbitrary momentum scale µ by defining the usual beta
functions,

βg = µ

dg
,
dµ

βλ = µ

dλ
.
dµ

(2.76)

These may be computed directly from the definitions of g and λ in Eq. (2.74). Introducing
the convenient shorthand
(
Zg ≡ log

Zg
ZZτ

)

(
, Zλ ≡ log

hg ≡ 2 − d = ϵ,

)

Zλ
Z N/2−1 Zτ

,

hλ ≡ 2 + d − N d/2 = ϵ + δ − ϵδ/2,

(2.77)

we can write the beta functions as

βg =

βλ =

λ
−hg g − hg gλ dZ
dλ + hλ gλ

1+g

dZg
dg

λ
+ λ dZ
dλ + gλ

dZg dZλ
dg dλ

dZg
dλ

− gλ

dZg dZλ
dλ dg

dZg
dZλ
dg + hg gλ dg
dZ
dZg dZλ
λ
gλ dgg dZ
dλ − gλ dλ dg

−hλ λ − hλ gλ
1+g

dZg
dg

λ
+ λ dZ
dλ +

,

(2.78)

.

The critical points of the system are given by solving βg = βλ = 0.
Once we obtain a fixed point, we compute critical exponents. For example, the scaling of
the dimensionless renormalized coupling τR determines the scaling of the time dimension with
respect to momentum, which gives the dynamical critical exponent z:
dτR
d
µ
≡ zτR ⇒ z = 2 − βg log
dµ
dg

(

Zτ
Z

)

d
− βλ
log
dλ

(

Zτ
Z

)
.

(2.79)

All other critical exponents are related to the scaling dimensions of operators. For example,
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by renormalizing the two-point function, we have effectively computed the scaling dimension
∆Ψ associated with the operator Ψ:

∆Ψ =

d 1 d
1
d
+ βg log Z + βλ
log Z.
2 2 dg
2 dλ

(2.80)

Similarly, by renormalizing the interaction vertices, we have effectively computed the scaling
dimensions of the operators ΨN + c.c. and |Ψ|4 . We will find below that these operators will
generically mix at the interacting fixed point, as they have the same scaling dimension at
ϵ = δ = 0, and they transform identically under the symmetries of SB when λ ̸= 0. The
eigenoperators under dilatations will have scaling dimensions given by


∆Ψ4± = 2d + z + ω±

with

∂βg
∂g
det  ∂β
λ
∂g



∂βg
∂λ 
∂βλ
∂λ


− ω± I = 0,

(2.81)

i.e., the two numbers ω± are the two eigenvalues associated with the matrix formed by linearizing the beta functions at the critical couplings. The eigenvectors of this matrix determine
the precise nature of the operator mixing.
The last operator we are interested in is the leading relevant operator, |Ψ|2 . Since this does
not appear in our action at criticality, we need to define a new renormalization constant,
|Ψ|2 =

Z2 ( 2 )
|Ψ| R ,
Zτ

(2.82)

where Z2 is chosen to cancel divergences upon insertion of this composite operator. With this
particular definition, the 1PI vertex with n insertions of Ψ or Ψ∗ and m insertions of |Ψ|2 is
renormalized as
(n,m)

ΓR

({ωRi , ki }, g, λ, µ) = Z n/2−1 Zτ1−m Z2m Γ(n,m) ({ωi , ki }, u0 , λ0 ).

(2.83)

We will calculate Z2 by renormalizing the vertex Γ(2,1) , pictured in Fig. 2.14. With this
definition, the scaling dimension of |Ψ|2 is

∆|Ψ|2

d
≡ d + βg log
dg

(

Z2
Zτ

58

)

d
+ βλ
log
dλ

(

Z2
Zτ

)
.

(2.84)
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After computing these scaling dimensions, we will obtain the critical exponents of SB .
However, because the field Ψ is the disorder operator of the CCM, many of the critical
exponents will not have a simple relation to the critical exponents associated with the CCM
order parameter Φ, which is a nonlocal operator in this theory. We do expect that |Ψ|2 , as the
lone relevant operator allowed by symmetry at the critical point, will map to the corresponding
relevant operator in the CCM transition. This implies that the critical exponent ν will coincide
at the ZN CCM and DBG critical points. Furthermore, the dynamical critical exponent z is
a property of the exact low-energy dispersion of the quantum critical point rather than any
particular operator, and therefore it should also be the same in both theories.
2.7.1

Diagrammatic expansion

We now outline the diagrammatic expansion for renormalizing SB . The diagrams needed
to renormalize the interactions are pictured in Fig. 2.13. We can immediately identify the
main technical challenge, which is that the loop diagrams are only defined for integer N .
For example, the first correction to Γ(2) pictured in Fig. 2.13 is an (N − 1)-loop diagram,
and a given loop diagram only makes sense for an integer number of loops. However, we are
interested in an analytic expansion in the theory in small δ = 4 − N . This requires finding
an expression for these diagrams for all integers N , analytically continuing this expression to
arbitrary values of N , and then performing the expansion in N = 4 −δ. The method by which
we compute and analytically continue these diagrams is outlined in Appendix A.2, which also
contains derivations of the integrals needed.
(M )

Using the expressions for I1−4 given in Appendix A.2, the bare 1PI vertices pictured in
Figures 2.13 and 2.14 are given by
Γ(2) (ω, k) = − iω + k 2 −
+

λ20 (N −2)
uλ20
(N −1)
I1
(ω, k) +
I
(ω, k)
Γ(N )
2Γ(N − 2) 2

2uλ20
(N −1)
I3
(ω, k),
Γ(N − 1)

(2.85)

λ20
(N −3)
I
(p1 + p2 )
Γ(N − 1) 1
[
]
2uλ20
(1)
(N −3)
3 (1)
2
− 2u I1 (p1 + p2 ) −
I (p1 + p2 )I1
(p1 + p2 )
Γ(N − 1) 1
(1)

Γ(4) = − 2u + 2u2 I1 (p1 + p2 ) +
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Figure 2.13: Diagrams contributing to the 1PI vertices (top) Γ(2) , (middle) Γ(4) , (bottom)
Γ(N ) . The ellipses represent the insertion of propagators required so that each λ0 vertex has
a total of N lines attached.
[
]
uλ20
uλ20
(N −2)
(N −2)
I2
(p1 + p2 ) −
I3
(p1 + p2 , p3 ) + 3 perms.
2Γ(N − 3)
Γ (N − 2)
[
]
2
2uλ0
(N −2)
−
I
(p1 , p3 ) + 3 perms. ,
(2.86)
Γ(N − 1) 4
−

(N )

Γ

(ωi , ki ) = − λ0 + λ0 u

N
∑

(1)
I1 (pi

i<j

− λ0 u2

∑

+ pj ) − λ0 u

2

N
∑

(1)

I1 (pi + pj )2

i<j

[
(1)
(1)
(1)
(1)
I1 (pi + pj )I1 (pk + pℓ ) + I1 (pi + pj )I1 (pk + pℓ )

i<j<k<ℓ

]
(1)
(1)
+ I1 (pi + pj )I1 (pk + pℓ )
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Figure 2.14: Diagrams contributing to the renormalization of Γ(2,1) .

− 2λ0 u (N − 2)
2

N
∑
i<j

Γ(2,1) (ωi , ki ) =1 +

λ20

(N −2)

Γ (N − 1)

I4

(2)
I3 (pi

⌊ N2 ⌋ ( )
λ2 ∑ N (n−1)
(N −n−1)
+ pj ) −
I
(pi )I1
(−pi ),
N!
n 1
n=2

(p1 , p1 + p2 ).

(2.88)

Here, the terms labeled “perm.” denote the same integrals with permutations of the labeled
external momenta. We then apply the renormalization conditions of Eqs. (2.75) and (2.83):
(2)

ΓR (ω, k) = Zτ Γ(2) (ω, k),
(4)

ΓR (ω, k) = Z Zτ Γ(4) (ω, k),
(N )

ΓR (ω, k) = Z N/2−1 Zτ Γ(N ) (ω, k),
(2,1)

ΓR

(ω, k) = Z2 Γ(2,1) (ω, k).

(2.89)

Finally, we express the bare couplings appearing on the right-hand side of the equation in terms
of the renormalized 1PI couplings defined in Eq. (2.74), and then choose the renormalization
constants to render these functions finite near ϵ = δ = 0.
Using the above expressions, we will renormalize the theory to second order in the couplings.
We have also obtained the renormalized vertex Γ(2) to third order in the couplings; because
this vertex does not have a contribution at first order, knowing the fixed point to second order
is sufficient to obtain Zτ and Z (and therefore z and ∆ψ ) to third order. The third-order
calculation does not involve any extra difficulty because the diagrams appearing in Γ(2) at
third order involve no new integrals compared to those needed to renormalize the interaction
vertices at second order.
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From the expressions for I1−4 , the bare 1PI vertices have divergences in the form of poles
in the ϵ − δ plane. For example, in the 1PI four-point function we find simple poles of the
form
(4)

ΓR = Zg +

f2 (ϵ, δ)
f1 (ϵ, δ)
+
+ reg.
ϵ
ϵ/2 + δ − ϵδ/2

(2.90)

at leading order, where the fi (ϵ, δ) are complicated functions and “reg.” indicates finite contributions. As usual, there is a large ambiguity in defining the Zg to subtract these poles, and
this ambiguity will not affect universal quantities at the critical point. If we only had simple
poles in ϵ, a common choice is to subtract the poles in ϵ without subtracting any finite part
of the bare vertices. This is the modified minimal subtraction scheme, MS, where “modified”
refers to the extra factors of Sd inserted in the definitions of our couplings in Eq. (2.74).
However, is it not possible to subtract the pole 1/(ϵ/2 + δ − ϵδ/2) without retaining some of
the ϵ or δ dependence in the numerator. One may choose to subtract the pole with the entire
function f2 (ϵ, δ) in the numerator, but instead we have chosen
Zg = 1 −

f1 (0, 0)
f2 (ϵ1 (δ), δ)
−
,
ϵ
ϵ/2 + δ − ϵδ/2

where

ϵ1 (δ) ≡ −

2δ
.
1−δ

(2.91)

One may check that this choice renders Eq. (2.90) a regular function of ϵ and δ wherever the
fi remain regular. Our reason for this choice is that it reduces exactly to the MS scheme in
the δ = 0 limit, allowing us to check the renormalization constants against those of the N = 4
theory in the MS scheme, which are much easier to obtain.
At second order, we find a more complicated pole structure in the ϵ − δ plane, but we
continue to renormalize the theory by demanding that our renormalization scheme reduces to
MS for δ = 0. For example, we find a contribution of the form

Zg +

f3 (ϵ, δ)
.
ϵ(ϵ/2 + δ − ϵδ/2)

(2.92)

f3 (ϵ1 (δ), δ)
f3 (0, δ)
+
,
ϵδ
δ(ϵ − ϵ1 (δ))

(2.93)

We renormalize this by choosing
Zg = 1 −
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which satisfies the two conditions that (i) the resulting expression is regular for all ϵ and δ,
and (ii) the δ → 0 limit of Zg reduces to the MS scheme if we work exactly at N = 4.
2.7.2

RG results and critical exponents

The renormalization constants are tabulated in Appendix A.3. One may check that with
these choices, the ΓR are finite functions of external frequency and momentum for small ϵ and
δ and arbitrary ϵ/δ. We can obtain the beta functions to second order in the couplings using
Eqs. (2.77) and (2.78), and then truncate the resulting expressions by assuming that ϵ and δ
are of the same order as g and λ. The resulting beta functions are

βg

λ2
= −ϵg + g +
(1 + α1 δ) − gλ2
4

(

2

4
38
+ ln
27
3

)
,

βλ = − (ϵ + δ − δϵ/2) λ + 6λg(1 − 7δ/12) − 12g 2 λ ln

4
2
− λ3 .
3 27

(2.94)

Here, α1 = 2 − γE − ln 2. We may obtain higher-order dependence on ϵ and δ using our obtained renormalization constants, but this will not contribute to the perturbative fixed point
to the order that we are working.
Similarly, we can calculate the quantities z, ∆Ψ , and ∆|Ψ|2 directly from Eqs. (2.79), (2.80),
and (2.84), obtaining
4λ2
4 ln 2 2
(1 + αz δ) +
gλ ,
27
9
d λ2
ln 2 2
∆Ψ = −
(1 + αΨ δ) +
gλ ,
2 18
6
8λ2
∆|Ψ|2 = d +
,
27
z =2−

where αz =

9
4

− γE − 21 ln 3 and αΨ =

13
6

(2.95)
(2.96)
(2.97)

− γE − 12 ln 3.

We now consider solutions to the equations βg = βλ = 0. We find the U(1)-symmetric fixed
point at (g ∗ , λ∗ ) = (ϵ, 0). Computing the stability of this fixed point to λ perturbations, we
have:
dim(λ) = δ − 5ϵ + 3ϵδ + 12 log(4/3)ϵ2 ,
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(g, λ) = (ϵ, 0).

(2.98)
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This equation also follows from Eq. (4) in Ref. 143. The U(1) fixed point is stable for small
values of ϵ and δ, but it becomes unstable if we tune them to be large enough. The properties
of this fixed point have been studied in detail, see, e.g., Ref. 550.
For λ ̸= 0, we have the following weak-coupling fixed point:
g∗ =

1
40ϵ2 + 559δ 2 + 113ϵδ + 324 ln(4/3)(ϵ + δ)2
(ϵ + δ) +
,
6
5832

λ∗ =

1√
2360ϵ3 − 1015δ 3 + 4290δϵ2 + 2373δ 2 ϵ + 324(7ϵ − 2δ)(δ + ϵ)2 ln(4/3)
√
(ϵ + δ) (5ϵ − δ) +
3
2916 (ϵ + δ) (5ϵ − δ)

−

α1 δ √
(ϵ + δ) (5ϵ − δ).
6

(2.99)

This fixed point only exists when δ < 5ϵ. We first discuss the stability of this fixed point, and
the possibility that it is a stable endpoint from the free or U(1)-symmetric fixed points. The
condition for stability is that ω+ and ω− , defined by Eq. (2.81), are both positive. Computing
these at the fixed point, we find the two eigenvalues to be

ω± =

1√ 2
1
(δ − 2ϵ) ±
64ϵ − 11δ 2 + 44ϵδ
6
6

(2.100)

+

1063δ 2 − 2480ϵ2 − 1903ϵδ − 648(2ϵ − δ)(ϵ + δ) log 34
5832

±

4960ϵ3 − 2339δ 3 − 13740δϵ2 − 5001ϵδ 2 − 648(ϵ + δ)(14ϵ2 − δ 2 + 22ϵδ) log 34
√
.
5832 64ϵ2 − 11δ 2 + 44ϵδ

To leading order, we find that there is no region where this fixed point exists and is stable.
This is the primary reason we have carried out the present computation to second order.
Using the full expression, we find that there is a region where where the fixed point is stable
and both eigenvalues ω± are positive, although this region does not include ϵ = δ = 1; see
Fig. 2.15. However, we note that the exact results of Ref. 143 imply that for ϵ = 1, δ = 2,
the U(1)-symmetric fixed point flows to the transverse-field Ising fixed point, so this region of
stability presumably continues to increase at higher orders. Therefore, this prediction of an
unstable fixed point may be a failure of our expansion in obtaining quantitatively accurate
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Figure 2.15: Region in ϵ − δ space where the ZN fixed point is stable, evaluated to second
order in an expansion in ϵ = 2 − d and δ = 4 − N . The eigenvalue ω+ is zero along the full
line, and the eigenvalue ω− is zero along the dashed line. The shaded region between these
two lines is the region where both eigenvalues are positive, representing the region of stability
of the fixed point. The dotted line is δ = 5ϵ; the fixed point only exists in the region δ < 5ϵ.
values of the ω± . In what follows, we assume that the region of stability extends to ϵ = δ = 1,
the primary case of interest.
Evaluating z, ∆Ψ , and ∆|Ψ|2 at this fixed point, we find
4(ϵ + δ)(5ϵ − δ)
243

z = 2−

(2.101)

(

)
(
)
−4720 − 4536 log 43 + 2430 log 2 ϵ3 + 2273 + 1782 log 34 − 486 log 2 δ 3
+
59049
(

)
(
)
−3265 − 3402 log 43 + 1458 log 2 δϵ2 − 1906 + 1296 log 43 − 486 log 2 δ 2 ϵ
+
,
19683

∆ψ =

2 − ϵ (ϵ + δ)(5ϵ − δ)
−
2
162

(2.102)

(

)
(
)
−2360 − 2268 log 43 + 1215 log 2 ϵ3 + 1096 + 891 log 43 − 243 log 2 δ 3
+
78732
(

)
(
)
−1565 − 1701 log 43 + 729 log 2 δϵ2 − 899 + 648 log 34 − 243 log 2 δ 2 ϵ
+
,
26244
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Exponent

Leading order

Next-to-leading order

z

1.87

1.57

ν

0.60

N/A

η

0.03

0.11

Table 2.2: Critical exponents predicted for the Z3 DBG in one dimension to leading order
and next-to-leading order. The exponents z and ν of the one-dimensional DBG coincide with
those for the one-dimensional CCM.

∆|ψ|2

= 2−ϵ+

8(ϵ + δ)(5ϵ − δ)
.
243

(2.103)

These expressions are simply related to the critical exponents of the theory. As noted above,
the exponent ν, defined as the exponent characterizing the divergence of the correlation length,
will coincide with the exponent ν for the CCM in one dimension. This exponent is given by
ν −1 = d + z − ∆|Ψ|2 .

(2.104)

We also give the anomalous dimension of the field Ψ, defined as
η = 2∆Ψ + 2 − d − z.

(2.105)

This anomalous dimension will characterize the correlations of the domain walls of the CCM
rather than the order parameter.
We note that all of these exponents lie between those for the one-dimensional 3-state Potts
model and the U(1)-symmetric DBG model. In those cases, the exponents are known exactly:

(z, ν, η) = (2, 1/2, 0)

U(1) DBG,

(z, ν, η) = (1, 5/6, 4/15)

3 - state Potts,

(2.106)

(since the one-dimensional 3-state Potts model is self-dual, the exponent η for Φ and Ψ
coincide). The second-order correction to the exponents z and η is rather large, which may
indicate that the series is already diverging and may require resummation at higher order.
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Finally, we may also compare these results with those recently obtained using exact diagonalization on a lattice boson model in the same universality class as the Z3 CCM [562],

z ≈ 1.33,

ν ≈ 0.71.

(2.107)

Our field-theoretic results do not give precise quantitative matches with these results, but we
do find that the exponents shift in the correct direction for agreement with the CCM.

2.8

Lattice model for the dilute Bose gas

The renormalization-group analysis of the ZN dilute Bose gas (2.71) is complemented by our
DMRG numerics in this section, which focus exclusively on the case N = 3. To this end,
we study a lattice Hamiltonian, which is a variation upon the usual Bose-Hubbard model,
described by a hopping strength t, a chemical potential µ, and an onsite repulsion U . The
only addition is a point-split perturbation which breaks the symmetry down to Z3 . Explicitly,
H = −t

∑(

)
)
)
∑ †
∑ † ( †
∑(
b†i bj + bi b†j −µ
bi bi +U
bi bi bi bi − 1 +λ
bi bi+1 bi+2 + b†i b†i+1 b†i+2 ,

⟨i,j⟩

i

i

i

where bi and b†i are the bosonic annihilation and creation operators, respectively. Taking the
limit U → ∞ imposes a hard-boson constraint, i.e., each site can be occupied by no more
than one boson. With this constraint implicit hereafter, the Hamiltonian reduces to
H = −t

∑(
⟨i,j⟩

)
)
∑
∑(
b†i bj + bi b†j − µ
ni + λ
bi bi+1 bi+2 + b†i b†i+1 b†i+2 ;
i

ni ≤ 1, (2.108)

i

where we have introduced the number operator ni = b†i bi for notational clarity.
With λ = 0, this system exhibits a U(1)-symmetry-breaking QPT: this is the usual Bose
gas transition between a Mott-insulating ground state (t ≪ µ) and a superfluid phase (t ≫ µ),
in which the U(1) symmetry is spontaneously broken. The more interesting case, which we
now turn to, is the ground state of the system for λ > 0; without loss of generality, we set
t = 1 . For |µ/λ| ≫ 1, the ground state is unique and tends towards being entirely empty or
entirely filled depending on the sign of µ. On the other hand, for |µ/λ| ≪ 1, one is in the Z3 67
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λ

µc

z

ν −1

0.2

1.9904

1.956 ± 0.003

1.963(8)

0.4

1.9625

1.894 ± 0.010

1.900(5)

0.6

1.9186

1.887 ± 0.002

1.899(3)

0.8

1.8622

1.847 ± 0.037

1.86(5)

1.0

1.7970

1.779 ± 0.034

1.798(3)

1.5

1.6156

1.641 ± 0.042

1.683(1)

2.0

1.4329

1.511 ± 0.052

1.57(4)

2.5

1.2638

1.387 ± 0.064

1.484(7)

3.0

1.1129

1.272 ± 0.071

1.405(2)

Table 2.3: Numerically calculated dynamical and correlation length critical exponents for the
Z3 dilute Bose gas with t = 1. Upon turning on λ, the exponents start deviating nontrivially
from the values of z = 2, ν = 1/2 of the U(1)-symmetry-breaking transition. The extracted
value of z depends slightly on the range of system sizes considered in the FSS procedure.
Denoting the exponent obtained from FSS over the interval L = a to L = b by za,b , we take
z ≡ z60,100 , and the uncertainty estimate ε ≡ max(|z60,80 − z|, |z80,100 − z|).

allowing for subleading corrections to ensure a more robust fit. The values of ν thus obtained
are compiled in Table 2.3 together with the corresponding exponents for z.
We find that the exponents move in the direction of those for the 3-state Potts model (where
z = 1 and ν −1 = 6/5), in consistency with our RG results. Over the range of couplings we have
accessed, the critical exponents appear to vary continuously. A rather unlikely explanation of
these results, which we cannot rule out, is that λ is exactly marginal, leading to a critical line
with varying exponents. A more generic (and likely) explanation is that the scaling dimension
of λ is parametrically small, and these results are due to crossover behavior between the U(1)
and Z3 DBG fixed points. The latter scenario is consistent with the small region of stability
found in our RG calculation; this explanation amounts to the claim that the point ϵ = δ = 1
lies close to the boundary of the region of stability in Fig. 2.15 in the exact theory.
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fluctuations, and has been experimentally verified in a wide variety of physical systems [93,
469]. Recently, the concepts underlying the Kibble-Zurek description have been extended
to the quantum regime [161, 508, 764]. Here, the typical size of the correlated regions, ξ,
after a dynamical sweep across the QPT scales as a power-law of the sweep rate, s, with
an exponent, µ, determined entirely by the QPT’s universality class. Specifically, QKZM
postulates that when the time scale over which the Hamiltonian changes becomes faster than
the characteristic response time, τ , determined by the inverse of the energy gap between the
ground and excited states, nonadiabatic excitations prevent the continued growth of correlated
regions (Fig. 2.19a, b). The resulting scaling exponent, µ = ν/(1 + νz), is determined by a
combination of the critical exponent ν, that characterizes the divergent correlation length,
and the dynamical critical exponent z, that characterizes the relative scaling of space and
time close to the critical point [550]. While QKZM has many important implications, e.g.,
in quantum information science [177], its experimental verification is challenging due to the
coupling of many-body systems to the environment [203]. Recently, experimental control
over isolated quantum systems enabled the observation of scaling behavior across quantum
phase transitions described by mean-field theories [17, 127]. While important aspects of QPTs
have already been explored in strongly correlated systems [169], experimental observation of
quantum critical phenomena beyond mean-field in real-time dynamics remains an outstanding
challenge [77, 112, 203].
We probe quantum criticality using a reconfigurable 1D array of Rb atoms with programmable interactions [61]. In the experimental setup, 51 atoms in the electronic ground
state |g⟩, evenly separated by a controllable distance, are homogeneously coupled to the excited Rydberg state |r⟩, in which they experience van der Waals interactions with a strength
that decays as V (r) ∝ 1/r6 , where r is the interatomic distance. This system is described by
the many-body Hamiltonian,
∑
∑
Ω∑
H
=
(|gi ⟩ ⟨ri | + |ri ⟩ ⟨gi |) − ∆
ni +
Vij ni nj ,
ℏ
2
i

i

(2.110)

i<j

where ni = |ri ⟩ ⟨ri | is the projector onto the Rydberg state at site i, ∆ and Ω are the detuning
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Figure 2.19: Quantum Kibble-Zurek mechanism (QKZM) and phase diagram. a. Illustration
of the QKZM. As the control parameter approaches its critical value, the response time, τ ,
given by the inverse energy gap of the system, diverges. b. When the temporal distance to the
critical point becomes equal to the response time, as marked by red crosses, the correlation
length stops growing due to nonadiabatic excitations. c. Numerically calculated ground-state
phase diagram. Circles (diamonds) denote numerically obtained points along the phase boundaries calculated using (infinite-size) DMRG techniques. The shaded regions are a guide to the
eye. Dashed lines show the experimental trajectories across the phase transitions determined
by the pulse diagram shown as an inset. d. Measured (circles) density-density Rydberg correlations with fits to the expected ordered pattern (solid lines) consistent with Z4 - (orange),
Z3 - (purple), and Z2 -ordered (green) states. Error bars denote the standard error of the mean
(s.e.m.) and are smaller than the marker size.

and Rabi frequency of the coherent laser coupling between |g⟩ and |r⟩, and Vij is the interaction
strength between atoms in the Rydberg state at sites i and j. For negative values of ∆, the
many-body ground state corresponds to a state in which all atoms are in the electronic
ground state |g⟩, up to quantum fluctuations, and belongs to a so-called “disordered” phase
with no broken spatial symmetry. For ∆ > 0, several spatially ordered phases arise from
the competition between the detuning term, which favors a large Rydberg fraction, and the
Rydberg blockade, which prohibits simultaneous excitation of atoms separated by a distance
smaller than the blockade radius, RB , defined via V (RB ) ≡ Ω. As illustrated in Fig. 2.19c,d,
we probe different QPTs into states breaking various symmetries by choosing the interatomic
spacing, and sweeping the control parameter, ∆, across the phase boundary.
We first focus on the QPT into the antiferromagnetic phase with broken Z2 symmetry,
which is known to belong to the Ising universality class [550]. Using an interatomic spacing,
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Figure 2.20: Quantum Kibble-Zurek mechanism for a quantum phase transition (QPT) into
the Z2 -ordered phase. a. Single-shot images of the atom array before and after a fast (orange
arrow) and a slow (blue arrow) sweep across the phase transition, showing larger average
sizes of correlated domains for the slower sweep. Green spots (open circles) represent atoms
in |g⟩ (|r⟩). Blue rectangles mark the position of domain walls, and the red and gray colored
regions above highlight the extent of the correlated domains. b. Correlation length growth and
saturation as the system crosses the QPT at different rates. The gray dashed line indicates the
critical detuning. c. Dependence of the correlation length on the inverse sweep rate across the
phase transition with experimentally measured (green) and matrix product state-simulated
results (red). The length is extracted from fitting the modulus of the correlation data to an
exponential decay. Error bars denote fit uncertainty. The dashed line indicates a power-law
fit with a scaling exponent µ = 0.50(3) for the experiment.
a, such that RB /a ∼ 1.69, we create an array of 51 atoms in the electronic ground state,
and slowly turn on Ω at ∆ < 0, adiabatically preparing the system in the ground state of
the disordered phase. The detuning is then increased at a constant rate, s, up to a final
value ∆f , at which point Ω is slowly turned off (see inset of Fig. 2.19c), and the state of
every atom is measured. We examine the dynamical development of correlations between the
atoms, characterized by the Rydberg density-density correlation function:

G(r) =

∑

(⟨ni ni+r ⟩ − ⟨ni ⟩⟨ni+r ⟩) /Nr ,

(2.111)

i

where the normalization Nr is the number of pairs of sites separated by distance r. By fitting
an exponential decay to the modulus of the correlation function, we extract the correlation
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length. The experimental results show the growth of the correlation length as the detuning
approaches the critical point, followed by saturation once the detuning is swept past the critical
point into the ordered phase (Fig. 2.20b). From the individual images, it is apparent that,
while for fast sweeps the ordered domains are frequently interrupted by defects (domain walls),
for slow ramps, significantly longer domains are observed (Fig. 2.20a). A systematic analysis
of the final correlation lengths after crossing into the ordered phase shows that a powerlaw scaling model ξ(s) = ξ0 (s0 /s)µ with µ = 0.50(3) accurately describes our measurements
(Fig. 2.20c). These results are consistent with numerical simulations (red points) of the
coherent evolution of the system using Matrix Product States (MPS).
The QPT into the Z2 -ordered phase is in the Ising universality class [550], with critical
exponents in 1D of z = 1, ν = 1, and consequently, µIsing = 0.5. Our observations are consistent
with these quantitative predictions, and are quite distinct from those associated with a meanfield Ising transition, described by z = 1, ν = 1/2, and yielding µmf = 1/3 [17, 550]. These
results offer the first experimental verification of the quantum Kibble-Zurek mechanism in an
isolated quantum system that defies a mean-field description.
A key concept associated with critical phenomena is that of universality, which is manifested
by the collapse of correlations to a universal form when rescaled according to the corresponding
critical exponents [550]. Such a signature is a strong test of an underlying universal scaling
law, and in connection with the QKZM, should appear upon rescaling lengths by (s/s0 )µ [353].
Figure 2.21a shows that the rescaled correlations for RB /a ∼ 1.81 indeed collapse onto two
smooth branches, which in turn collapse on top of each other when the correlations are rectified
as (−1)r G(r) (inset in Fig. 2.21a), according to the Z2 order parameter.
While the quantum Kibble-Zurek mechanism is a coarse-grained description predicting
the mean density of defects, the shape of the correlation function gives further access to
microscopic details of the system. Detailed inspection of the rescaled correlation functions
reveals nontrivial deviations from a simple exponential decay. In particular, the correlations
in Fig. 2.21a become negative for a range of distances, which hint at complex dynamics in the
formation and spreading of defects. The observed corrections to simple QKZM predictions
are consistent with recent theoretical analyses [119, 353] and are in good agreement with
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Figure 2.21: Collapse of the a. measured and c. numerically calculated correlations in the Z2 ordered phase with distances rescaled according to the extracted scaling exponents. The blue
line connects the points of the correlation function corresponding to the slowest sweep rate.
The insets show the staggered rescaled correlations. The negative values of the correlation
function indicate nontrivial correlations between domain walls. Collapse of the b. measured
and d. numerically calculated correlations in the Z3 -ordered phase highlighting the energetic
difference of the different types of defects, as shown by the distinguishability of the two
negative branches, i.e., a deviation from a period-3 density wave. All error bars indicate the
s.e.m.
numerical simulations using MPS (Fig. 2.21c). Finally, applying the universal rescaling to
the correlation growth shown in Fig. 2.20b allows us to independently estimate the values of
critical exponents, showing that our results are consistent with z = ν = 1 associated with the
Ising QPT.
Having established the validity of the QKZM, as well as its limitations, for a QPT in the
Ising universality class, we now explore transitions into more complex ZN -ordered phases,
where Rydberg excitations are evenly separated by N > 2 sites (see Fig. 2.19c). The correlation functions at smaller interatomic spacings after slow detuning sweeps reflect the spatial
ordering of the Z3 - and Z4 -ordered phases (Fig. 2.19d). In addition, we determine the probability of finding two Rydberg excitations separated by N -sites, for each value of N and RB
(Fig. 2.22b). Combining these measurements with the numerically obtained critical points
(see Fig. 2.19c), we experimentally identify approximate boundaries for the regions consistent
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with the Z2 -, Z3 -, and Z4 -ordered phases in Fig. 2.22b. Within these regions, the dominant
type of order is the one associated with the corresponding phase, while the second most prevalent type of order arises from the lowest-energy (most probable) defects. In particular, we
observe that in the Z3 -ordered phase, the most-likely defect changes from Z2 -like for smaller
values of RB /a, to Z4 -like as RB /a increases.
We test for a power-law scaling behavior of the correlation length growth as a function of
ramp speed at different interaction strengths in Fig. 2.22c. To consistently compare the results for all interaction strengths, we fit the correlation function to an exponentially decaying
density wave with a period set by the underlying order (as opposed to the modulus of the correlation function used in Fig. 2.20c). The scaling is extracted through a power-law fit to the
resulting correlation lengths. In parameter regimes far away from regions of competing order,
we observe three stable plateaus for the regions consistent with Z2 , Z3 , and Z4 order, respectively. For interaction strengths where there is a strong competition between different types of
order, we do not observe the formation of long-range correlations (pale points in Fig. 2.22c).
In these cases, the detuning sweeps either do not fully cross the phase boundary into the
ordered phases or potentially enter theoretically predicted incommensurate phases [183, 480].
To understand these observations, we compare them to finite-size scaling analyses of groundstate properties [118, 562, 690], as well as MPS-based numerical simulations of our experimental protocol for the full Hamiltonian (2.110). For the transitions into the Z2 -ordered phase,
some of the extracted values of µ are slightly larger than the expected exponent from the
Ising model µIsing = 0.5. We attribute these deviations, to a combination of the long-ranged
interactions, finite-size and/or time effects, and systematic effects related to the inversion of
the alternating pattern (Fig. 2.21a,c).
As repeatedly underscored by this chapter, quantum phase transitions associated with the
breaking of a Z3 symmetry are more complex due to competition between the different types
of defects that can be formed. In our system, the defects correspond to two different types
of domain walls, where the distance between neighboring Rydberg excitations is 2 sites and
4 sites (see Fig. 2.22a). For the experimentally accessible parameter regimes, the different
associated excitation energies lead, in general, to an asymmetry between these defects (see also
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Figure 2.22: Power-law scaling for different interactions. a. Experimental realization of the
chiral clock model [562]. The top row shows a single fluorescence image of a state in the
Z3 -symmetry-broken phase (RB /a ∼ 2.16), with four Z2 -type defects displacing the Rydberg atoms in one direction (counterclockwise chirality). The bottom rows display a system
with stronger interactions (RB /a ∼ 2.43), where Z4 -type defects are favored, and the Rydberg atoms are displaced in the opposite direction (clockwise chirality). The colored regions
highlight the extent of the correlated domains, labeled by clock orientations in connection
to the chiral clock model. b. Fraction of the final state consistent with the different ZN ordered states observed in the experiment (left, circles) and in numerical simulations (right,
diamonds). Within the Z3 -ordered region, the most dominant type of defect changes from
Z2 - to Z4 -type as the interaction range increases. The higher contrast in the calculated domain probabilities in Fig. 2.22b is due to finite detection fidelity, which does not affect the
extracted value of µ. c. Scaling exponent, µ, as a function of RB /a obtained from experimental data (left, circles), and matrix-product-state simulations (right, diamonds). Pale blue
points indicate instances where the measured correlation lengths do not grow beyond the size
of RB /a. Shaded areas indicate the regions consistent with Z2 - (green), Z3 - (purple), and
Z4 -ordered (orange) phases. The solid green line corresponds to µIsing , the purple dashed
lines represent the upper [562], and lower [690] bounds of µCCM , while the purple dotted line
is the value of µCCM obtained from the best numerical estimates of z [562] and ν [118]. Error
bars represent the 68% confidence interval (in b), and uncertainty of the power-law fit (in c),
which is dominated by systematic effects in the extraction of individual correlation lengths.
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Fig. 2.22b). Correspondingly, the Z3 symmetry breaking is believed to be in the universality
class of the 3-state chiral clock model (CCM) (Fig. 2.22a, and [562]). The numerical studies
of equilibrium scaling properties [118, 562, 690] provided evidence for a direct transition [118]
along some paths across the phase boundary, where the expected range of values of the scaling
exponent is µ < 0.45 [562], and µ > 0.25 [690]. The experimental results are consistent with a
direct CCM phase transition over a range of interaction strengths with µ ∼ 0.38, in agreement
with the theoretical value obtained by combining the results of the most extensive numerical
finite-size scaling studies [118, 562] (dashed line in Fig. 2.22c). Further evidence for a direct
chiral QPT is provided by the universal scaling behavior into the Z3 -ordered phase (see
Fig. 2.21b, d).
The transition into the Z4 -ordered phase is even more involved due to the potential presence
of an intermediate gapless incommensurate phase [236, 480]. The experimental results in
this region are reasonably consistent with power-law scaling with µ ∼ 0.25. While recent
theoretical work shows that QKZM scaling may still hold on quenching through a gapless
phase, albeit with a modified (system-specific) power-law exponent [160], detailed theoretical
understanding of the experimentally observed exponents in the Z4 regime requires further
studies.
Detailed comparison of our experimental results across all phases to the numerical simulation of the Hamiltonian dynamics using MPS are presented in Fig. 2.22. While qualitatively
similar, they display clear discrepancies. Most significant is a systematic offset in the extracted values of µ between experiment, finite-size scaling analysis, and time-dependent MPS
simulations. While it can be potentially attributed to experimental imperfections and subtle
differences between the experimental system and the model used for the numerical simulations, the disagreement of MPS with both experimental results and finite-size scaling analyses
of equilibrium properties highlights the difficulty in approximately modeling complex nonequilibrium dynamics of many-body systems.
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2.10

Conclusions

Motivated by recent experiments observing “Rydberg crystals” [183, 505] in a one-dimensional
chain of ultracold atoms [61], in this chapter, we have examined the direct quantum phase
transition (QPT) between a gapped phase with no symmetry breaking and a Z3 -ordered
phase. Such a quantum phase transition is directly realized in the one-dimensional chiral
clock model (CCM) for three-state spins, Hccm , in Eq. (2.1). The phase transitions of the
quantum (classical) ZN chiral clock model in one (two) spatial dimensions have been the
subject of a number of theoretical and numerical studies [11, 23, 23, 24, 56, 97, 142, 181, 236,
270, 288, 290, 291, 425, 480, 562, 756]. The phase structure in the case where the model with
N = 3 also possesses separate time-reversal and spatial-inversion symmetries was debated in
the early literature: some studies favored a direct transition between a disordered phase and
a gapped phase with broken Z3 symmetry [291, 480], while others predicted the appearance
of a gapless incommensurate phase separating the two gapped ones [236] (we review the
arguments of Ref. 236 in Appendix A.5). Our numerical work provided strong evidence for
the first scenario [562, 756]. The critical exponents for this case are cataloged in Table 2.1;
once we move away from the achiral Potts transition at θ = 0, there is clear evidence for a
dynamical critical exponent of value z > 1. In the same vein, we also studied the lattice boson
model, Hb , in Eq. (2.17) that was first proposed by Fendley et al. [183]. This is expected to
display a lattice-translational-symmetry-breaking QPT in the same universality class as that
in Hccm with the parameters ϕ = 0 and θ ̸= 0. On that account, we presented a numerical
study of the critical properties of this model and obtained confirmation of a continuous phase
transition with z ≈ 1.33 and ν ≈ 0.71—these values are close to the exponents found for Hccm .
Taken together, our results manifestly imply the existence of a strongly coupled critical theory
which is not a conformal field theory, or even relativistic.
Our results also elucidate how a direct transition to a Z3 -ordered phase can occur in a chiral
model, without an intermediate gapless incommensurate phase. With nonzero chirality in the
Hamiltonian, correlations in the gapped disordered phase have an oscillatory character, which
decays exponentially at long length scales. However, the period of the incommensurability
diverges as the transition is approached: this is demonstrated by the results in Fig. 2.7.
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This complex behavior highlights the strong-coupling nature of the direct chiral Z3 quantum
transition, and underlies the difficulty in obtaining a field-theoretic renormalization-group
description.
Circumventing these obstacles, we also developed a quantum field theory for the critical
ZN chiral clock model, which is capable of describing the direct transition described above.
Interestingly, the field theory is written in terms of the disorder parameter Ψ (which creates
domain walls in the ordered phase) rather than the order parameter of the clock degrees
of freedom, Φ. The field theory for Ψ describes the onset of a condensate in a dilute Bose
gas in the background of a static, higher-dimensional N -boson condensate. We performed
a perturbative renormalization-group analysis of this field theory for small ϵ = 2 − d and
δ = 4 − N , where we found a weak-coupling fixed point describing a direct transition with ZN
symmetry breaking. We put forth the first analytical predictions for the critical exponents
of this transition, obtaining ν ≈ 0.60 and z ≈ 1.57. Furthermore, we carried out a numerical
DMRG study of a lattice boson model the order parameter of which, Ψ, is described directly
by our field theory; this provides strong evidence for a direct transition between a gapped
disordered phase and a gapped phase with broken Z3 symmetry. The critical exponents
obtained numerically do not appear to have fully converged to their universal values in the
finite system sizes examined, but their flow is consistent with our field-theoretic results.
Finally, we have also discussed how the critical exponents of such a transition can be
measured experimentally via the quantum Kibble-Zurek mechanism. In the future, the fieldtheoretic advances presented here could be extended to nonequilibrium dynamics, and so,
could address corresponding experimental studies on Rydberg atoms.
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Phases of (2 + 1)D Rydberg quantum simulators on the square lattice

3.1

Introduction

The ability to fully control coherent quantum many-body systems is an exciting frontier.
Apart from quantum information processing, controlled many-body systems can enable new
insights into strongly correlated phases of matter including the realization of exotic orders,
nonequilibrium quantum dynamics, and the role of quantum entanglement. A number of physical platforms, such as cold atoms [61, 70], trapped ions [86], and superconducting qubits [682],
have exhibited these capabilities in systems of small to intermediate sizes. In this regard, arrays of neutral atoms trapped in optical tweezers and interacting via controlled excitations
into atomic Rydberg states provide an especially promising platform, as argued in the previous
chapter. A unique feature of this system is the ability to arrange atoms in arbitrary geometries in one [168], two [44, 85, 150, 379], or three [45, 358] spatial dimensions. Additionally,
strong (potentially direction-dependent) interactions lead to the Rydberg blockade mechanism [304], preventing two nearby atoms to be simultaneously excited to the Rydberg state.
Together, these properties allow for the programmable realization and high-fidelity manipulation of a wide range of effective interacting spin models [149, 360]. Indeed, experiments on
one-dimensional Rydberg atom arrays have already shed light on various phenomena, such as
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the nature of quantum phase transitions (QPTs) [562, 690] and the Kibble-Zurek mechanism
[333], and even uncovered surprising dynamical behavior such as quantum many-body scarring
[267, 647]. The interplay of constraints from the Rydberg blockade and the geometric positions of the atoms in two spatial dimensions implies that a host of richer nontrivial phenomena
can be realized, ranging from phases with competing crystalline orders [369, 501, 515, 574],
to the physics of quantum dimer models and topological phases [102, 149].
Motivated by such possibilities, in this chapter, we study the phases of a fully coherent
collection of Rydberg atoms on the square lattice, using a variety of techniques such as the
density-matrix renormalization group (DMRG), quantum Monte Carlo (QMC), and machine
learning. Along with several density-wave-ordered phases, arising from the densest (constrained) packing of Rydberg excitations, we also find signatures of intrinsically quantum
phases stabilized by quantum fluctuations (Fig. 3.2). We quantitatively determine the phase
boundaries and map out the full phase diagram in detail. Additionally, we comprehensively
examine the nature of the QPTs, based on finite-size scaling analyses and effective Landau
theories. In particular, we demonstrate an instance of a QPT in the 3D Ising universality
class; we thus propose the 2D Rydberg atom array as the first experimental platform to unambiguously observe this transition that has proved elusive in condensed-matter systems to date
[536]. Furthermore, we provide evidence for exotic QPTs—such as those described by theories of three-dimensional O(N )-symmetric vector models with anisotropic perturbations—as
well as fluctuation-induced first-order phase transitions, arising from the inaccessibility of
stable fixed points in the renormalization-group (RG) flow. Additionally, we discover that
systems with open boundary conditions (OBC) can undergo boundary phase transitions independently from the bulk and show how the observed phase diagram is significantly affected
by the presence of a boundary. Over the course of this chapter, we also highlight some recent experimental work, on both fully filled and site-diluted square lattices, that paves the
way for investigations of exotic quantum phases, nonequilibrium entanglement dynamics, and
hardware-efficient realization of quantum algorithms.
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3.2

Emergence of complex density-wave orders

To model our system, we study the following Hamiltonian describing interacting Rydberg
atoms arranged in a 2D square lattice of size N ≡ Lx × Ly , with open (periodic) boundary
conditions in the x (y)-direction:

HRyd =

N
∑
Ω
i=1

2

(|g⟩i ⟨r| + |r⟩i ⟨g|) − δ |r⟩i ⟨r| +

1
2

∑

(
)
V ||xi − xj ||/a |r⟩i ⟨r| ⊗ |r⟩j ⟨r| .

i̸=j
||xi −xj ||≤2a

(3.1)
Here, i labels sites at positions xi of the lattice (with lattice constant a), while |g⟩i and |r⟩i
denote the internal atomic ground state and a Rydberg state of the ith atom, respectively.
The parameters Ω (Rabi frequency) and δ (detuning) characterize a coherent laser driving
field, while V (x) = C6 /x6 quantifies the van der Waals interactions of atoms in Rydberg
states. HRyd can equivalently be parametrized by the Rydberg blockade radius, Rb , defined
by V (Rb /a) ≡ Ω, within which interactions are so strong that effectively no two neighboring
atoms can simultaneously be excited to Rydberg states; the sites are then said to be blockaded
[304]. Note that HRyd maps to a model of hard-core bosons [183, 556]. However, it does not
have a global U(1) symmetry, distinguishing it from related models [253, 705, 706] on the
square lattice that have attracted much attention in the context of supersolidity.
The ground states hosted by the Hamiltonian HRyd depend sensitively on δ/Ω and Rb /a,
which control the density of Rydberg excitations ⟨ni ⟩; ni = |r⟩i ⟨r|. At large negative δ/Ω,
configurations with most atoms in |g⟩ are favoured, resulting in a so-called disordered phase,
which is just a trivial paramagnet. For large positive values of δ/Ω, the density of atoms
in |r⟩ increases, but their geometric arrangement is constrained by the interactions between
proximate Rydberg atoms. This competition between δ and V (or Rb ) leads to ordered
phases with different spatial symmetries, referred to as Rydberg crystals [183, 505], in which
Rydberg atoms are arranged regularly across the array. In two spatial dimensions, classical
combinatorics suggest that a plethora of such crystalline phases can be realized, in close
correspondence with the solutions of the circle packing optimization problem [402], which is
known to be NP-hard [152, 502, 503].
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3.2.1

Methods and observables

We numerically obtain the ground states of HRyd for various values of Rb /a, δ/Ω using DMRG
[684, 685] with a snake-like matrix product state (MPS) ansatz (see Appendix B.1 for details).
Note that we retain interactions between atoms separated by up to two lattice units (thirdnearest-neighbors) in Eq. (3.1): with this truncation, one approximates the physics of HRyd
√
faithfully for Rb /a ≲ 5. The linear dimensions Lx , Ly are chosen be compatible with most
of the possible ordering patterns while respecting the optimal aspect ratio α∗ = Lx /Ly ≃ 1.9
needed to minimize finite-size corrections in 1/Ly and render the bulk of the cylinder a good
approximation of the infinite 2D system [687]. Unless specified otherwise, we choose Lx = 15,
Ly = 8, and work in units of Ω = 1, a = 1.
The properties used to identify the phases and the QPTs between them (Fig. 3.1) are best
illustrated in a context that can be understood analytically. To begin, we scan δ along the line
Rb = 1.2, where only nearest-neighbor sites are blockaded. For small δ, the system is a paramagnet with a unique, featureless ground state containing a low density of Rydberg excitations,
whereas for larger positive δ, the ground state is twofold degenerate, with an antiferromagnetically ordered, checkerboard arrangement of excitations (i.e., a Néel state) [311, 396]. There∑
i
fore, the staggered magnetization [50, 421] ms = ⟨|MN |⟩; MN ≡ N
i=1 (−1) (ni − 1/2)/N , can
serve as an order parameter detecting the Z2 -symmetry breaking QPT. As δ approaches the
quantum critical point (QCP) δc from above, ms vanishes. Moreover, approaching δc from
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Figure 3.1: The observables used to diagnose the Z2 -symmetry-breaking QPT are (a) the
staggered magnetization, the energy gap, and (b) the bipartite entanglement entropy, plotted
here along the line Rb /a = 1.2.
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Figure 3.2: Phase diagram of the 2D Rydberg Hamiltonian (3.1), traced out by the bipartite
entanglement entropy S on a 15 × 8 square lattice on a cylinder. The five density-wave-ordered
phases along the line δ/Ω = 2.7 are sketched in Fig. 3.3, together with the banded phase. The
QPT along the line Rb /a = 1.2 is analyzed in Fig. 3.4. Red (green) dashes mark first-order
(continuous) transitions. The yellow diamonds demarcating the phase boundaries are the
calculated finite-size pseudocritical points [238].

below, the energy gap to the first-excited state ∆ ≡ E1 − E0 closes at the QPT [160, 550].
This behavior is indeed corroborated by our numerics in Fig. 3.1, where the QPT occurs at
δc ≈ 1.3. In Fig. 3.1(a), ∆ is seen to be nearly zero in the ordered phase, which is a numerical
indicator of the ground state being degenerate.
The drawback of using an order parameter such as ms or the gap ∆ to determine the (finitesize) phase boundaries is that the former requires a priori knowledge of the ordering of the
phases and obtaining the latter is computationally expensive. A more unbiased diagnostic is
the half-cylinder bipartite entanglement entropy (EE) of the ground state S ≡ −Tr (ρr ln ρr ),
where ρr is the reduced density matrix of half the cylinder (partitioned along x̂). As seen in
Fig. 3.1, S peaks near the QCP [625] and then drops sharply in the ordered phase (DMRG
selects one of the two symmetry-broken states rather than their superposition, being biased
toward states having low entanglement [626]). This is indeed the quantity we scrutinize to
limn the phases below, and generate the phase diagram of Fig. 3.2.
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3.2.2

Ordered phases at larger blockade radii

Away from the simple case above, we find a number of new phases, with different density-wave
orderings that have no analogue in 1D. Figure 3.2 displays three broad lobes in the (δ/Ω, Rb /a)
parameter space, which, along with the intermediate regions between them, constitute six
ordered phases. Their magnetization profiles as well as their associated Fourier transforms
√
∑
n(k) = i exp(ik · ri ) ⟨ni ⟩/ N are presented in Fig. 3.3.
Consider increasing Rb from the checkerboard phase at Rb ≈ 1.2 while remaining on the line
δ = 2.7 (vertical dashed line in Fig. 3.2). As Rb is increased, the Néel order begins to melt, and
the system transitions into a striated phase [49, 116] characterized by a nonzero row magneti∑N
row(i) ⟨n ⟩ /N. Given that in the classical limit (δ/Ω → ∞, R /a ̸= 0),
zation mr ≡
i
b
i=1 (−1)
the star state (described below) is always energetically favored over one with pure striated
ordering, the appearance of this phase is unexpected. A key role is played here by quantum
fluctuations, which stabilize the striated phase in a narrow window: the system optimizes the
packing fraction by placing Rydberg atoms on one sublattice in the, say, odd rows together
with a small but nonzero density of delocalized excitations on the same sublattice on the
even rows. Smearing out these additional excitations offsets the energy penalty due to V
while maximizing the reduction in energy from δ. Hence, the striated ordering coexists with
a vestigial Néel order.
√
Once Rb ≳ 2, diagonally adjacent sites are also blockaded by the repulsive interactions
and the system enters a so-called star phase [145, 146]; the conventional magnetization
∑
m≡ N
i=1 ⟨ni − 1/2⟩ /N can be used to distinguish this phase from others in its proximity.
Next to the star phase, lies the rhombic phase in which Rydberg excitations are clustered in
a pattern resembling a diamond. Despite the large size of the unit cell, consisting of 40 sites
and nine Rydberg atoms, the rhomboidal crystal is remarkably robust on a wide range of
lattice sizes. This phase is separated from the disordered one by a sliver of the intermediate
(purely quantum) banded phase. Finally, increasing Rb even further, till third-nearest neighbors are blockaded, brings us to the staggered phase where nearest excitations are always a
√
distance of 5 apart, their arrangement being reminiscent of the allowed moves of a knight
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(a) Checkerboard: δ = 2.7, Rb = 1.2

Banded: δ = 1.8, Rb = 1.9

Striated: δ = 2.7, Rb = 1.4

Star: δ = 2.7, Rb = 1.6

Rhombic: δ = 2.7, Rb = 1.9

Staggered: δ = 2.7, Rb = 2.1
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Figure 3.3: Magnetization profiles, ni and |n(k)|, of the six ordered phases in (a) real and
(b) momentum space. In the cases where boundary effects induce defects near the edges, the
bulk (framed) reflects the ideal ordering.
on a chessboard. The salient features of these phases are enlisted in Table 3.1.
At this stage, let us briefly comment on the possibility of probing the abovementioned
phase diagram experimentally. In an adiabatic sweep protocol (where the detuning is ramped
up, driving the system from the disordered to an ordered phase), the time needed to maintain adiabaticity scales as N/Ω. Due to the finite lifetime of Rydberg states, t′ , on average,
N0 ≃ N 2 /(Ω t′ ) atoms will spontaneously emit a photon during this process. For experiments with N = 100 Rb atoms, Rabi frequencies of (2π) ×10 MHz, and t′ ≈ 150 µs for a 70S
Rydberg state, we estimate N0 ∼ 1. Such driving parameters, as well as sweeps over the required detuning range δ ∼ 2–3 Ω have already have already been utilized in one-dimensional
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Phase

â1,2

D

Maxima of |n(k)|

n̄b

Checkerboard

x̂ ± ŷ

2

(π, π)

1
2

Striated

2x̂, 2ŷ

4

(π, 0), (π, π)

–

Star

2x̂ ± ŷ

8

±(π/2, π), (π, 0)

1
4

Banded

ˆ
5x̂, 2y

20

±(2π/5, π)

–

Rhombic

5x̂ ± 4ŷ

80

±(π, π/4), ±(2π/5, π)

9
40

Staggered

2x̂ + ŷ, x̂ − 2ŷ

10

4π
4π 2π
±( 2π
5 , − 5 ), ±( 5 , 5 )

1
5

Table 3.1: Properties of the six ordered phases for infinite system sizes: the primitive lattice
vectors of the density wave â1,2 , the ground-state degeneracy D, the dominant peaks in the
Fourier spectrum, and the density of Rydberg excitations in the classical limit, n̄b . On an
infinite lattice, the ground state also includes Rydberg crystals with C4 -rotated copies of the
lattice vectors and momentum peaks tabulated above, even though the symmetry between
rows and columns is broken by the boundary conditions in a finite-size system.
atom arrays [168] to demonstrate physics originating from coherent many-body dynamics
[61, 333, 384, 478]. Even though a single spontaneous emission event can affect the full
many-body coherence [147, 209, 380, 736], the small number of such expected emission events
points to the promising experimental feasibility of both coherently preparing all the different density-wave-ordered ground states and observing the essential characteristics of these
crystalline phases. Indeed, as highlighted in Section 3.5, recent experiments have realized a
programmable quantum simulator using arrays of up to 256 neutral atoms with tunable interactions, demonstrating several of the abovementioned quantum phases and quantitatively
probing the associated phase transitions.

3.3

Nature of the quantum phase transitions

While the array of ordered phases of the 2D Rydberg Hamiltonian (3.1) are intriguing, equally
interesting are the symmetry-breaking QPTs that engender them in the first place. We first
focus on the continuous transitions—encountered upon going from the disordered phase to
one of the ordered phases—that can be characterized by universal critical exponents [160,
550], which we numerically determine by finite-size scaling (FSS) [187, 239]. The first-order
transitions of the system are addressed thereafter.
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Figure 3.4: (a) Binder cumulant U4 for different lattice sizes; all the curves intersect at
the QCP. Data collapse is obtained for (b) U4 , (c) the squared magnetization, and (d) the
susceptibility using the 3D Ising critical exponents in the FSS ansätze.

3.3.1

(2 + 1)D Ising quantum phase transition

We begin by examining the purportedly simplest QPT from the disordered to the checkerboard
phase on the line Rb = 1.2 (horizontal dotted line in Fig. 3.2). First, we precisely establish the
location of the QCP in the thermodynamic limit for use in all scaling forms, by computing
4 ⟩/⟨M 2 ⟩2 , which is size-independent at the QCP for
the Binder cumulant [64] 2 U4 ≡ 3 − ⟨MN
N

sufficiently large systems. As is visible in Fig. 3.4(a), the cumulants all intersect at one point
for system sizes ranging from Ly = 4 to 10, with fixed aspect ratio α = 2. Crossings of the
curves for pairs of system sizes Ly and Ly + 2 proffer a sequence of finite-size estimates δc (L) of
the critical point, which can be extrapolated to Ly → ∞ [519], yielding δc /Ω = 1.1477 ± 0.0006.
Near the QCP, the correlation length diverges as ξ ∼ |δ − δc |− ν with ν the correlation length
(1)

1/ν

exponent. We can thus posit that U4 satisfies an ansatz of the form U4 = Fα (Ly

(δ − δc )/Ω),

with F some universal scaling function. Indeed, excellent data collapse [62, 65, 362] is achieved
1/ν

upon plotting U4 as a function of the scaling variable Ly

(δ − δc ) for different values of

δ and Ly [Fig. 3.4(b)], using the exponent ν ≈ 0.629 of the 3D (classical) Ising transition
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[165, 245, 355].
Similarly, other critical exponents can be accessed from the squared staggered magneti2 ⟩ − ⟨|M |⟩2 ). These (dimensionful) quantities obey the
zation and susceptibility χs ≡ N (⟨MN
N

ansätze [643]
(
)
2
MN
= L−2β/ν Fα(2) L1/ν
(δ
−
δ
)/Ω
,
c
y
(
)
χs = L2−(η+z) Fα(3) L1/ν
(δ
−
δ
)/Ω
,
c
y

(3.2)
(3.3)

where β, η, and z are the magnetization, anomalous spin scaling, and dynamical critical
exponents, respectively, which are related as β = ν (η+D+z−2) [98]. Once again, the resulting
curves for different system sizes merge into a single one using the exponents β ≈ 0.326,
η ≈ 0.036, and z = 1 (i.e., that of a Lorentz-invariant theory), confirming that the QPT
unequivocally belongs to the 3D Ising universality class.
3.3.2

Fluctuation-induced first-order transitions

In principle, one could carry out a similar analysis for the QPTs to the other ordered phases.
In practice, however, this is computationally intractable with the present DMRG approach.
Over our range of numerically accessible system sizes, it turns out that there does not exist
a sequence {(Lx , Ly ) | Lx /Ly = constant} of length > 2 that is compatible with the magnetization profiles of all the phases, thereby rendering FSS infeasible. We therefore consider an
alternate strategy and employ large-scale Quantum Monte Carlo (QMC) simulations [464] to
investigate the nature of these QPTs in large systems with realistic, long-range interactions.
This is possible only because QMC can reach system sizes large enough for a careful finite-size
scaling analysis under periodic boundary conditions (PBC), which are computationally difficult to realize in tensor-network-based methods [180, 563]. Interestingly, we find that while
the QPTs from the disordered to the checkerboard phase and from the checkerboard to the
striated phase are continuous, the transitions from the disordered to both the striated and
the star phases are first-order.
To introduce our notation for the QMC numerics, we rewrite the Hamiltonian (3.1), describing the interacting array of Rydberg atoms on a square lattice, in a slightly different form
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as
H=Ω

∑(

Rb /Rij

)6

ni nj − ∆

i<j

∑
i

ni +

Ω∑ x
σi ,
2

(3.4)

i

where ni ≡ (σiz + 1)/2 measures the Rydberg excitation density at site i, Rb , as before, is
the blockade radius [84] encapsulating the strength of the interactions, Rij is the distance
between sites i and j, and σix is the Pauli X operator at site i representing a transverse field.
∆ and Ω > 0 denote the detuning from the Rydberg state and the Rabi frequency, respectively.
In practice, we adopt a finite cutoff for the interaction potential such that the interactions
are set to 0 for Rij > R0 . Unlike Eq. (3.1), we systematically investigate different values of
R0 and choose an optimal value, R0 = 4a (where a is the lattice spacing), that maximizes
the computational efficiency without significantly affecting numerical results for given system
sizes (the role of the cutoff distance is elaborated on in Appendix B.2.1).
To characterize the density-wave-ordered phases and the transitions between them, we focus
on the corresponding order parameters, defined by the symmetrized Fourier transform of the
Rydberg density as F (kx , ky ) ≡ [F̃ (kx , ky ) + F̃ (ky , kx )] / 2 at momentum (kx , ky ) [164, 563]
with

F̃ (kx , ky ) =

1 ∑
nj exp [i(kx , ky ) · (xj , yj )] ,
Na

(3.5)

j

where Na is the total number of atoms. The checkerboard, striated, and star order parameters
correspond to F (π, π), F (0, π), and F (π, π/2), respectively. Additionally, we compute the
2

Binder ratio of each order parameter F as U4 (F ) ≡ (3 − ⟨F 4 ⟩ / ⟨F 2 ⟩ )/2 [64], which is systemsize-independent at the quantum critical point of a second-order transition. Another useful
∑
observable is the average Rydberg density n = (1/Na ) i ni —this is a first derivative of the
free energy, so any sharp behavior of this quantity across a phase boundary may signal a
first-order transition.
We begin by numerically examining the QPTs between the four main phases in the phase
diagram: disordered, checkerboard, striated, and star. The disordered phase does not break
any symmetries, while the checkerboard and striated phases break Z2 and Z2 × Z2 translational symmetries, respectively. The star phase breaks both the Z2 symmetry, and the C4
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(a)

(b)

(c)

(d)

Figure 3.5: Phase transitions between the disordered, checkerboard, and striated phases.
Markers correspond to sizes L = 8 (circle), 12 (triangle), 16 (star) with increasing color intensity. The order parameter of the checkerboard (striated) phase across the disordered–
checkerboard (checkerboard–striated) boundary shows a second-order QPT in panel a (b),
with its universal collapse presented in the inset. (c, d) The transition between the disordered
and striated phases shows distinct signatures of a first-order transition: sharp jumps in the
order parameter (c), and the Rydberg density (d) with a double-peaked distribution of QMC
measurements at the transition.

rotational symmetry. For our numerical simulations, we adapt a QMC algorithm, based on the
continuous imaginary-time representation; the algorithm is local in space but nonlocal in the
imaginary-time direction [464]. We found that, for our system, this QMC method performs
better than the conventional stochastic series expansion algorithm with cluster updates [567].
Our full QMC approach is detailed in Appendix B.2.
Firstly, the QMC results [Fig. 3.5(a)] confirm that the transition from the disordered to
the checkerboard phase, which was studied in the previous section, belongs to the (2 + 1)D
Ising universality class. In Fig. 3.5(a) and hereafter, increasing system sizes are denoted by
circles (L = 8), triangles (L = 12), and stars (L = 16). Next, we turn our attention to the
transition between the checkerboard and the striated phase. Even though the two phases
break different symmetries, the latter effectively breaks a second Z2 symmetry on top of the
one already broken by the former. Therefore, a second-order transition is still generically
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allowed. Indeed, on tuning our system across the phase boundary at a constant detuning
∆/Ω = 2.6, we observe a smooth behavior of the Rydberg density, and the order parameter
collapses under universal scaling with the exponents ν ≈ 0.612, β ≈ 0.314 [see Fig. 3.5(b)],
again consistent with the (2 + 1)D Ising universality class.
Next, we investigate the transition from the disordered to the striated phase, keeping the
blockade radius fixed at Rb = 1.45. In Fig. 3.5(c,d), we show the order parameter F (0, π)
and the Rydberg density n across this boundary. Both observables feature a sharp jump at
the critical point, which converges towards a step function for larger system sizes, indicating
a potential first-order transition. To further corroborate this claim, we plot a histogram of
Rydberg densities obtained during the QMC sampling, from multiple random seeds, at the
transition point. This shows a clear double-peaked distribution, conveying a coexistence of
the two phases near the transition. These features, together with the lack of universal scaling,
strongly suggest that this is indeed a first-order QPT.
Finally, we simulate the transition from the disordered phase into the star phase at Rb = 1.7.
In Fig. 3.6, we see a behavior similar to the transition into the striated phase: both the order
parameter and the Rydberg density seem to converge towards a sharp step-like function.
We again plot the histogram of the density sampling [Fig. 3.6(b); inset] and observe a clear
double-peaked distribution, reflecting the first-order nature of the transition.
The star and striated phases break different symmetries; thus, in the absence of any exotic mechanisms such as deconfined quantum criticality [597], the QPT between them must
be first-order. We study this transition numerically and find that our QMC algorithm exhibits diverging equilibration times near the phase boundary, indicating the coexistence of
two incompatible symmetry-breaking patterns. We employ a seeding procedure where the
simulation first equilibrates deep within one of the phases and is then slowly driven towards
the transition point. This method results in a convergence to a sharp jump indicating the
first-order transition, as expected. Further details on extracting the phase boundary are
presented in Appendix B.2.2.
In summary, two of the three possible transitions between the disordered, checkerboard,
and striated phases prove to be second-order while the third is seen to be first-order. The star
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(a)

(b)

Figure 3.6: Transition between the disordered and star phases. (a, b) Both the order parameter and the Rydberg density converge to sharp step functions for increasing system sizes.
(b) Double-peaked distribution of density measurements at the phase boundary indicates a
first-order transition.
phase is connected to the neighboring phases considered here solely through first-order QPTs.
To understand the origins of these differences, we now develop low-energy Landau-GinzburgWilson (LGW) theories describing the QPTs in the system. Our analysis reveals the emergence
of fluctuation-induced first-order transitions, which originate from the inaccessibility of stable
fixed points in the renormalization-group flow.

3.4

Landau-Ginzburg-Wilson theories

Having identified the locations and orders of the various quantum phase transitions from
numerical simulations, we now turn to their theoretical descriptions. More specifically, we
construct effective LGW theories [363] to describe the nature of the phase transitions observed
in the square-lattice Rydberg atom arrays. Here, we present the main results while the detailed
analysis is summarized in Appendix B.3.
The central idea behind this framework is similar to conventional mean-field theory, in which
one represents an exponentially large number of degrees of freedom by an order parameter
expectation value, say, ψ0 ; minimizing the free energy as a function of ψ0 then yields the
optimal equilibrium state. Landau theory builds upon this concept of free energy optimization
by additionally incorporating spatial fluctuations, within the “soft spin” approximation. With
reference to the Rydberg system, this means that the discrete local density ni at each site i
is promoted to a coarse-grained continuous magnetization field ρ (r) ∈ R (whose magnitude
can vary freely), representing an approximate average of ni in the vicinity of r = ri ; the hard
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occupation constraint is thus softened. The underlying assumption is that the important
spatial variations occur on a scale much larger than the lattice spacing [550], so we effectively
focus on long-wavelength and low-energy physics. The field ρ (r) can be expanded in the basis
set of the real-space eigenfunctions of the N lowest-energy modes as
(
ρ(r) = Re

N
∑

)
ψn e

ikn ·r

(3.6)

,

n=1

where ψn ∈ C is the order parameter corresponding to the n-th mode. The positions of these
soft modes in momentum space can be identified from the peaks in the Fourier spectra listed
in Table 3.1. The Landau functional is given by all homogeneous quartic polynomials in
the amplitudes ψn that are invariant under the symmetry transformations of the underlying
square lattice [32, 218, 287, 294].
In this spirit, the Rydberg density in or around the striated phase can be expanded in
terms of three real fields Ψ1 , Ψ2 , and Φ as ρ(r) = Ψ1 ei (π,0)·r + Ψ2 ei (0,π)·r + Φ ei (π,π)·r ; note
that this set already includes the (π, π) Fourier peak of the checkerboard phase as well. The
symmetry properties of the order parameters show that Φ ∼ Ψ1 Ψ2 and the interplay between
the three bears interesting consequences for the Landau theory. Up to quartic order, the most
general effective Hamiltonian is
[

∫
Hlgw =

D

d x

2
∑

(
)
(
)2
(∂µ Ψi )2 + (∂µ Φ)2 + r Ψ21 + Ψ22 + s Φ2 + g Ψ1 Ψ2 Φ1 + u1 Ψ21 + Ψ22

i=1

+ u2 Φ4 + v Ψ21 Ψ22 + w Φ

(
2

)
2

Ψ21 + Ψ2

]
,

(3.7)

where x denotes a D = 2 + 1-dimensional spacetime coordinate, and we have suppressed the
explicit dependence of the Ψ and Φ fields on the continuum position r. We have also rescaled
all the field variables so as to make the coefficients of the gradient terms equal to unity. The
parameters r and s tune the system across the various phase transitions. The cubic coupling
g is allowed by all the symmetries and plays an essential role in establishing the important
features of the phase diagram.
A mean-field analysis of Hlgw leads to the phase diagram in Fig. 3.7, yielding (i) the
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Figure 3.7: Mean-field phase diagram of the low-energy Landau theory in Eq. (3.7), illustrating
the disordered, checkerboard, and striated phases as well as the fields condensed in each. The
black and red lines represent second-order and first-order QPTs, respectively. The black dots
mark the two tricritical points T1 and T2 . The numerical minimization was performed taking
g = −u1 = v = −1, u2 = 0.75, and w = 0.5 in Eq. (3.7).
trivial disordered phase, where no lattice symmetry is broken and ⟨Φ⟩ = ⟨Ψi ⟩ = 0, (ii) the
checkerboard phase, where only the Φ field is condensed, i.e., ⟨Φ⟩ ̸= 0, ⟨Ψi ⟩ = 0, and (iii) the
striated phase, where both the order parameters are nonzero, so ⟨Φ⟩ ̸= 0, ⟨Ψi ⟩ ̸= 0. Although
there can be a second-order QPT between any two of these three phases, the presence of the
cubic term in Eq. (3.7) implies the existence of a line of first-order transitions close to the
origin r = s = 0 [490, 555, 600]. This line terminates in two tricritical points (labeled T1 and T2
in Fig. 3.7), at which the coefficients of both the quadratic and quartic terms of the effective
theory vanish; the theory is then controlled by its sextic term [not shown in Eq. (3.7)].
Let us now address the role of the fluctuations neglected in the mean-field calculation so
far by considering a more careful RG analysis. For the purpose of describing the QPT from
the disordered to the striated phase, the most general Hamiltonian density consistent with
square-lattice symmetries can be written as
2
2
} 1 ∑
)2
(
)
1 ∑ {(
∂µ Ψi + r Ψ2i +
u0 + v0 δij Ψ2i Ψ2j .
2
4!
i=1

i=1
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This theory is known to have four RG fixed points (FPs) [6, 7], but in D = 3, the O(2)symmetric FP describes the generic critical behavior of the system. However, there is an
extended region in the (u0 , v0 ) parameter plane, defined by the wedge {(u0 , v0 )| − v0 /2 <
u0 < 0}, from which the FP is inaccessible, thus rendering the transition first-order [334].
Therefore, there are two possible mechanisms which could lead to the first-order transition
between the disordered and striated phases observed numerically. Firstly, we could have a
scenario where the star phase sets in before the tricritical point T1 in Fig. 3.7, ensuring that
the entire line of transitions between the disordered and the striated phase remains first-order.
Alternatively, if the parameters of our theory place us in the abovementioned swath of (u0 , v0 )
space, one could have a fluctuation-induced first-order transition due to the inaccessibility of
the relevant FP.
On the other hand, the Z2 symmetry-breaking on going from the checkerboard to the
striated phase is described by the standard Φ4 field theory, where, for D < 4, the physics
of the critical point is given by the celebrated Wilson-Fisher FP [693–695]. Therefore, any
second-order QPT between these two phases must be in the universality class of the (2 + 1)D
Ising model.
Having detailed the LGW theory of QPTs in the lower part of the phase diagram, we now
turn to the star phase. The QPT from the disordered to the star phase involves four real
fields and is described by a three-dimensional O(4)-symmetric vector model with anisotropic
perturbations [246]. The effective Hamiltonian, consistent with all symmetries, is (up to
quartic order)
∫
Hϕ =

]
2
2
∑
∑
{
}
(
)
1
1
dD x
(∂µ ϕa,i )2 + rϕ2a,i +
u + v0 δij + w0 δij δab ϕ2a,i ϕ2b,j ,
2
4! 0
[

i,a

(3.8)

ij,ab

where the coefficients u0 , v0 , w0 must satisfy



− (u0 + v0 ) < w0 < −v0 ,
2
u0 > 0 and

− (u + v ) < w < −v ,

0

0

0

0

for w0 > 0

(3.9)

for w0 < 0

to ensure the stability of the theory and the appropriate condensation of fields in the star
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phase. Within the framework of the ε expansion, this so-called tetragonal theory has eight
FPs [458–460]. However, a careful analysis shows that there are only three possible stable
FPs [498]: the cubic one in the v0 = 0 plane as well as its symmetric counterpart, and the
XY FP with u0 = w0 = 0. The cubic FP, which is stable in the v0 = 0 subspace, is unstable
with respect to the quartic interaction associated with the coupling v0 ; similar considerations
apply to the other cubic FP which is stable in the v0 + (3/2)w0 = 0 plane [493]. The XY FP is
stable on the u0 = 0 plane and while its behavior in the full parameter space has been a subject
of much debate [151, 454–457], recent six-loop fixed-dimension expansion calculations [498]
have confirmed its global stability [including on the w0 = 0 plane in Fig. B.5(c)]. Thus,
systems described by the tetragonal Hamiltonian are generically expected to demonstrate XY
critical behavior. Crucially, the XY FP is rendered inaccessible from the allowed region in
the parameter space of our effective theories given by Eq. (3.9) as shown in Appendix B.3.
Therefore, the QPT between the disordered and star phases is a fluctuation-induced first-order
transition.
The Landau functionals for the QPTs to the other ordered phases are presented in Appendix B.3 and summarized in Table B.1 therein. These involve four or more real fields
and are described by three-dimensional O(N )-symmetric vector models (N = 4, 8) [621] with
anisotropic perturbations [246]. While two of these Landau-Ginzburg-Wilson theories have
been studied [91, 498], we also find an exotic theory [Eq. (B.31)] that has not been investigated previously. Experimentally extracting the exponents of the transition, possibly via the
Kibble-Zurek mechanism [337, 338, 761–763], can help reveal the critical properties of this
theory.

3.5

Experiments on a 256-atom programmable quantum simulator

Recent advances in the coherent manipulation of programmable, strongly interacting systems
have established two-dimensional Rydberg atom arrays as a powerful platform for quantum
simulation with hundreds of qubits [44, 61, 83, 84, 360]. In this section, we describe how
large-scale two-dimensional Rydberg atom arrays, consisting of up to 256 neutral atoms, can
be used to experimentally probe the aforementioned quantum phases and phase transitions
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Figure 3.8: Programmable two-dimensional arrays of strongly interacting Rydberg atoms.
a. Atoms are loaded into a 2D array of optical tweezer traps and rearranged into defect-free
patterns by a second set of moving tweezers. Lasers at 420 nm and 1013 nm drive a coherent
two-photon transition in each atom between the ground state |g⟩ = |5S1/2 , F = 2, mF = −2⟩
and the Rydberg state |r⟩ = |70S1/2 , mj = −1/2, mI = −3/2⟩. b. Fluorescence image of initial
random loading of atoms, followed by rearrangement to a defect-free 15×15 (225 atoms) square
array. After this initialization, the atoms evolve coherently under laser excitation according to
the Hamiltonian (3.4) with Rabi frequency Ω(t), detuning ∆(t), and long-range interactions
Vij , realizing a many-body unitary U (t). Finally, the state of each atom is read out, with
atoms excited to |r⟩ detected as loss and marked with red circles. Shown on the far right is
an example measurement following quasi-adiabatic evolution into the checkerboard phase. c,
d. Similar evolution on honeycomb and triangular lattices result in analogous ordered phases
of Rydberg excitations with filling 1/2 and 1/3, respectively.

on the square lattice that have been the focus of this chapter.
3.5.1

Programmable two-dimensional Rydberg arrays

The experiments reported here were carried out on the second generation of an experimental
platform described previously [61]. The new apparatus uses a spatial light modulator (SLM)
to form a large, two-dimensional (2D) array of optical tweezers in a vacuum cell (Fig. 3.8a).
This static tweezer array is loaded with individual

87 Rb

atoms from a magneto-optical trap

(MOT), with a uniform loading probability of 50–60% across up to 1000 tweezers. We rearrange the initially loaded atoms into programmable, defect-free patterns using a second
set of moving optical tweezers that are steered by a pair of crossed acousto-optical deflectors (AODs) to arbitrary positions in 2D (Fig. 3.8a) [44]. A parallel rearrangement protocol
enables rearrangement into a wide variety of geometries including square, honeycomb, and
triangular lattices (left panels in Fig. 3.8b–d). The procedure takes a total time of 50–100 ms
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for arrays of up to a few hundred atoms and results in filling fractions exceeding 99%.
As usual, the qubits are encoded in the electronic ground state |g⟩ and the highly excited
n = 70 Rydberg state |r⟩ of each atom. The entire array is illuminated from opposite sides
with two counter-propagating laser beams at 420 and 1013 nm, shaped into light sheets, to
coherently couple |g⟩ to |r⟩ via a two-photon transition (Fig. 3.8a). The resulting many-body
dynamics U (t) are governed by a combination of the laser excitation and long-range van
der Waals interactions between Rydberg states, described by the Hamiltonian in Eq. (3.4).
After evolution under the Hamiltonian (3.4), the state of each atomic qubit is read out by
fluorescence imaging that detects only atoms in |g⟩, while atoms in |r⟩ are detected as loss.
Detection fidelities exceed 99% for both states.
The Rydberg blockade mechanism [304, 411] is central to understanding the programmable
dynamics driven by the Hamiltonian (3.4). We control the effective blockade range Rb /a by
programming the lattice spacing a for the atom array. Using these control tools, we explore
quantum evolution resulting in a wide variety of quantum phases.
3.5.2

Benchmarking the checkerboard phase

The smallest value of Rb /a that results in an ordered phase for the quantum many-body
ground state of the system corresponds to Rb /a ≈ 1, where only one out of every pair of
nearest-neighbor atoms can be excited to |r⟩. On a square array, this constraint leads to our familiar Z2 -symmetry-broken checkerboard phase with an antiferromagnetic (AF) ground state.
To realize such a state, the array is initialized at Rb /a = 1.15 (a = 6.7 µm, Ω = 2π ×4.3 MHz)
with all atoms in |g⟩. The detuning ∆ is then dynamically swept from negative to positive
values while keeping the Rabi frequency Ω fixed to bring the system quasi-adiabatically into
the checkerboard phase (Fig. 3.8b and Fig. 3.9a). A similar approach can be used to create
analogous ordered phases on other lattice geometries (Fig. 3.8c, d).
We quantify the strength of antiferromagnetic correlations in the checkerboard phase over
many experimental repetitions using the connected density-density correlator G(2) (k, l) =
1 ∑
i,j (⟨ni nj ⟩ − ⟨ni ⟩⟨nj ⟩), where the sum is over all pairs of atoms (i, j) separated by
N
(k,l)

the same relative lattice displacement x = (k, l) sites, normalized by the number of such pairs
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Figure 3.9: Benchmarking the quantum simulator using checkerboard ordering. a. A quasiadiabatic detuning sweep ∆(t) at constant Rabi frequency Ω is used to prepare the checkerboard ground state with high fidelity. b. Two-site correlation function G(2) (k, l), averaged over
all pairs of atoms on a 12×12 array, showing near-perfect alternating correlations throughout
the entire system. c. Top panel: Exponential fits of rectified horizontal and vertical correlations are used to extract correlation lengths in the corresponding directions ξH and ξV .
Bottom panel: Radially averaged coarse-grained correlations as a function of radial distance
used to calculate ξR (error denotes the uncertainty in the fit). d. Histogram of many-body
state occurrence frequency after 6767 repetitions of the experiment on a 12×12 array. The two
most frequently occurring microstates correspond to the two perfect checkerboard orderings,
and the next four most common ones are those with a single defect in one of the corners of
the array. e. Probability of finding a perfect checkerboard ground state as a function of array
size (error bars represent the 68% confidence interval). The slightly higher probabilities in
odd×odd systems is due to commensurate edges on opposing sides of the array. All data in
this figure are conditioned on defect-free rearrangement of the array.
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N(k,l) . The measurement of G(2) (k, l) on a 12×12 system (Fig. 3.9b) yields horizontal, vertical,
and radially averaged correlation lengths of ξH = 11.1(1), ξV = 11.3(1), and ξR = 12.0(1)
respectively (see Fig. 3.9c), showing long-range correlations across the entire 144-atom array.
These exceed the values reported previously for two-dimensional systems [230, 396] by nearly
an order of magnitude.
Single-site readout also allows one to study individual many-body states of our system
(Fig. 3.9d). Out of 6767 repetitions on a 12×12 array, the two perfectly ordered states |AF1 ⟩
and |AF2 ⟩ are by far the most frequently observed microstates, with near-equal probabilities
between the two. We benchmark our state preparation by measuring the probability of observing perfect checkerboard ordering as a function of system size (Fig. 3.9e). We find empirically
that the probability scales with the number of atoms according to an exponential 0.97N ,
offering a benchmark that includes all experimental imperfections such as finite detection
fidelity, nonadiabatic state preparation, spontaneous emission, finite Rydberg-state lifetime,
and residual quantum fluctuations in the ordered state. Remarkably, even for a system size as
large as 15×15 (225 atoms), we still observe the perfect antiferromagnetic ground state with
225 ≈ 1068 .
probability 0.10+5
−4 % within the exponentially large Hilbert space of dimension 2

3.5.3

Experimental observation of the (2 + 1)D Ising transition

We now study the quantum phase transition into the checkerboard phase. The transition
into the checkerboard phase is expected to be in the paradigmatic—but never previously
observed—quantum Ising universality class in (2+1) dimensions [563]. Quantitatively probing
such a transition can be used to benchmark quantum many-body evolution [203].
To explore universal scaling across this phase transition for a large system, we study the
dynamical build-up of correlations associated with the quantum Kibble-Zurek mechanism
[333, 508] on a 16 × 16 (256 atoms) array, at fixed Rb /a = 1.15. Starting at a large negative
detuning with all atoms in |g⟩, ∆/Ω is linearly increased, while stopping at various points to
measure the growth of correlations across the phase transition (Fig. 3.10a, b). Slower sweep
rates s = d∆/dt result in longer correlation lengths ξ, as expected (Fig. 3.10c).
The quantum Kibble-Zurek mechanism predicts a universal scaling relationship between
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the control parameter ∆ and the correlation length ξ. Specifically, when both ∆ and ξ are
rescaled with the sweep rate s (relative to a reference rate s0 )
ξ˜ = ξ(s/s0 )µ ,
˜ = (∆ − ∆c )(s/s0 )κ ,
∆

(3.10)
(3.11)

with exponents µ ≡ ν/(1 + zν) and κ ≡ −1/(1 + zν), then universality implies that the
˜ collapses onto a single curve [333] for any sweep rate s. Figure 3.10d shows
rescaled ξ˜ vs. ∆
a striking collapse of the experimental data demonstrating such a universal scaling.
The underlying class of phase transitions (quantum or classical) is described by Lorentzinvariant field theories [550], resulting in a dynamical critical exponent of z = 1. The correlation length critical exponent ν for the system is experimentally extracted by finding the value
that optimizes universal collapse. To do so, we first independently determine the position of
the critical point ∆c , which corresponds to the peak of the susceptibility χ = −∂ 2 ⟨H⟩/∂∆2 and
is associated with a vanishing gap [550]. For adiabatic evolution under the Hamiltonian (3.4),
the susceptibility χ is related to the mean Rydberg excitation density ⟨n⟩ by χ = ∂⟨n⟩/∂∆
according to the Hellman-Feynman theorem. Measuring ⟨n⟩ vs. ∆ along a slow linear sweep
(to remain as adiabatic as possible) and taking the numerical derivative of the fitted data to
obtain χ, its peak is found to be at ∆c /Ω = 1.12(4).
Having identified the position of the critical point, we now extract the value of ν that optimizes data collapse (inset of Fig. 3.10d). The resulting ν = 0.62(4) rescales the experimental
data to clearly fall on a single universal curve (Fig. 3.10d). This measurement is in good
agreement with the value of ν = 0.629 predicted for the quantum Ising universality class in
(2+1) dimensions [563], and distinct from both the mean-field value [550] of ν = 1/2 and the
previously verified value in (1+1) dimensions [333] of ν = 1 (also corresponding to the 2D classical Ising phase transition). The extracted critical exponent ν is consistent across different
array sizes and has an uncertainty dominated by the precision of our independent measurement of the location of the quantum critical point . This demonstration of universal scaling
constitutes a clear signature of quantum many-body behavior, and highlights opportunities
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Figure 3.10: Observation of the (2+1)D Ising quantum phase transition on a 16×16 array. a. The transition into the checkerboard phase is explored using a linear detuning sweep
∆(t) at constant Ω. The resulting checkerboard ordering is measured at various endpoints.
b. Example of growing correlations G(2) with increasing ∆/Ω along a linear sweep with sweep
rate s = 15 MHz/µs. c. Growth of correlation length ξ for s spanning an order of magnitude
(15, 21, 30, 42, 60, 85, and 120 MHz/µs). ξ used here measures correlations between the
coarse-grained local staggered magnetization. d. For an optimized value of the critical exponent ν, all curves collapse onto a single universal curve when rescaled relative to the quantum
critical point ∆c . Inset: distance D between all pairs of rescaled curves as a function of ν.
The minimum at ν = 0.62(4) (red dashed line) yields the experimental value for the critical exponent (red and gray shaded regions indicate uncertainties) and is consistent with the
theoretical prediction [563] ν = 0.629.
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for quantitative studies of quantum critical phenomena.
3.5.4

Exploring the square-lattice phase diagram

The phase diagram is mapped experimentally by using the Fourier transform of single-shot
∑
measurement outcomes F(k) = | i exp(ik · xi /a)ni /N |, which characterizes long-range order
in the system. For instance, the checkerboard phase shows a prominent peak at k = (π, π),
corresponding to the canonical antiferromagnetic order parameter: the staggered magnetization (Fig. 3.11a). We construct order parameters for all observed phases using the symmetrized Fourier transform F̃(k1 , k2 ) = ⟨F(k1 , k2 ) + F(k2 , k1 )⟩/2, averaged over experimental
repetitions, which takes into account the reflection symmetry in our system.
When interaction strengths are increased such that next-nearest-neighbor excitations are
√
suppressed by Rydberg interactions (Rb /a ≳ 2), translational symmetry along the diagonal
directions is also broken, leading to the appearance of the striated phase (Fig. 3.11b). In
this phase, Rydberg excitations are mostly located two sites apart and hence appear both
on alternating rows and alternating columns. This ordering is immediately apparent through
the observation of prominent peaks at k = (0, π), (π, 0), and (π, π) in the Fourier domain.
As discussed above and explicitly demonstrated below, quantum fluctuations, appearing as
defects in single-shot images (Fig. 3.11b), play a key role in stabilizing this phase.
At even larger values of Rb /a ≳ 1.7, the star phase emerges, with Rydberg excitations placed
every four sites along one direction and every two sites in the perpendicular direction. There
are two possible orientations for the ordering of this phase, so Fourier peaks are observed at k
= (π, 0) and (π/2, π), as well as at their symmetric partners (0, π) and (π, π/2) (Fig. 3.11c).
In the thermodynamic limit, the star ordering corresponds to the lowest-energy classical
configuration of Rydberg excitations on a square array with a density of 1/4.
We now systematically explore the phase diagram on 13×13 (169-atom) arrays, with the
dimensions chosen so as to be simultaneously commensurate with checkerboard, striated,
and star orderings. For each value of the blockade range Rb /a, ∆ is swept linearly (similar to
Fig. 3.10a but with a ramp-down time of 200 ns), stopping at evenly spaced endpoints to raster
the full phase diagram. For every endpoint, we extract the order parameter corresponding
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Figure 3.11: Phase diagram of the two-dimensional square lattice. a. Example fluorescence
image of atoms in the checkerboard phase and the corresponding Fourier transform averaged
over many experimental repetitions ⟨F(k)⟩, highlighting the peak at (π, π) (circled). b. Image
of atoms in the striated phase and the corresponding ⟨F(k)⟩ highlighting peaks at (0, π), (π, 0)
and (π, π) (circled). c. Image of atoms in the star phase with corresponding Fourier peaks
at (π/2, π) and (π, 0) (circled), as well as at symmetric partners (π, π/2) and (0, π). d. The
experimental phase diagram is constructed by measuring order parameters for each of the
three phases for different values of the tunable blockade range Rb /a and detuning ∆/Ω.
Red markers indicate the numerically calculated phase boundaries. e. The order parameters
evaluated numerically for the ground state using DMRG for a 9×9 array; note the different
color scales used for the star phase.
to each many-body phase, and plot them separately to show their prominence in different
regions of the phase diagram (Fig. 3.11d).
We compare our observations with numerical simulations of the ground-state phase diagram
using DMRG on a smaller 9×9 array with open boundary conditions (Fig. 3.11e and red
markers in Fig. 3.11d). Since the dimensions of the systems studied in Fig. 3.11, (13 × 13
(experimentally) and 9 × 9 (numerically), are both of the form (4n+1) × (4n+1), the two phase
diagrams are expected to be similar. In particular, both these system sizes are compatible
with the commensurate ordering patterns of the crystalline phases observed in this work, and
can host all three phases (at the appropriate Rb /a) with the same boundary conditions. Upon
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comparing the numerical and experimental data, we find excellent agreement in the extent
of the checkerboard phase. For the striated and star phases, we also find good similarity
between experiment and theory, although due to their larger unit cells and the existence
of many degenerate configurations, these two phases are more sensitive to both edge effects
and experimental imperfections. We emphasize that the numerical simulations evaluate the
order parameter for the exact ground state of the system at each point, while the experiment
quasi-adiabatically prepares these states via a dynamical process. These results establish
the potential of programmable quantum simulators with tunable, long-range interactions for
studying large quantum many-body systems that are challenging to access with even stateof-the-art computational tools [180].
3.5.5

Characterizing the striated phase

We now systematically explore the nature of the striated phase. In contrast to the checkerboard and star phases, which can be understood from a dense-packing argument [563], this
phase has no counterpart in the classical limit (Ω → 0). Striated ordering allows the atoms to
lower their energy by partially aligning with the transverse field, favoring this phase at finite
Ω. This can be seen by considering the 2 × 2 unit cell, within which one site has a large Rydberg excitation probability [designated the (0,0) sublattice] (Fig. 3.12a). Excitations on its
nearest-neighbor (0,1) and (1,0) sublattices are suppressed due to the strong Rydberg blockade. The remaining atoms on the (1,1) sublattice have no nearest neighbors in the Rydberg
state and experience a much weaker interaction from four next-nearest (diagonal) neighbors
on the (0,0) sublattice, thus allowing the (1,1) atoms to lower their energy by forming a coherent superposition between ground and Rydberg states (Fig. 3.12b). Based on this description,
a mean-field ansatz for the striated phase is constructed in Appendix B.4.
Experimentally, the quantum fluctuations in this phase can be studied by observing the
response of the system to short quenches (with quench times tq < 1/Ωq ). The dependence on
the detuning ∆q and laser phase ϕq of the quench [where Ω → Ωeiϕq in Eq. (3.4))] contains
information about local correlations and coherence, which allows us to characterize the quantum states on the different sublattices. The quench resonance for each site is determined by
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and blue, respectively. The fill shade on each site reflects the mean Rydberg excitation. b. The
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P (d) of an excitation, conditioned on observing no nearest-neighbor excitations, and zero
(red), three (light blue), or four (dark blue) diagonal next-nearest neighbor excitations. P (0)
is plotted for ϕq = π/2, showing resonant de-excitation of the (0,0) sublattice near the bareatom resonance (leftmost vertical line). P (3) and P (4) are plotted for ϕq = −π/2, showing
excitation peaks for the (1,1) sublattice at interaction shifts corresponding to 3 or 4 diagonal
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coherence on both the (0,0) and (1,1) sublattices. Solid line fits are used to extract Blochvector components. Error bars represent one standard deviation.
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the strong interactions with its nearest and next-nearest neighbors, resulting in a large difference between the (0,0) and (1,1) sublattices. Therefore, when one sublattice is resonantly
driven, the other is effectively frozen on the short time scale tq .
The nature of the striated phase is revealed using nine-particle operators to measure the
state of an atom, conditioned on its local environment. Specifically, we evaluate the conditional Rydberg density P (d) , defined as the excitation probability of an atom if all nearest
neighbors are in |g⟩, and exactly d next-nearest (diagonal) neighbors are in |r⟩. For d = 0,
we observe a dip in P (0) near the bare atom resonance (Fig. 3.12c), corresponding to resonant de-excitation of the (0,0) sublattice. Meanwhile, P (3) and P (4) have two separate peaks
that correspond to resonant excitation of the (1,1) sublattice with d = 3 and d = 4 nextnearest-neighbor excitations, respectively (Fig. 3.12c). Remarkably, we find that the quench
response of both the (0,0) and (1,1) sublattices depends on the phase ϕq of the driving field
during the quench (Fig. 3.12d, e). The measured visibilities, together with a simple mean-field
model (see Appendix B.5), enable the estimation of unknown Bloch vector components on the
two sublattices, yielding ⟨σx ⟩(0,0) = −0.82(6), ⟨σy ⟩(0,0) = 0.25(2), and ⟨σx ⟩(1,1) = −0.45(4),
⟨σy ⟩(1,1) = 0.09(1). We emphasize that accurate characterization requires the use of more
sophisticated variational wavefunctions (based on, e.g., tensor networks), and this approach
can also be extended through techniques such as shadow tomography [278].

3.6

Machine-learning discovery of phases in experimental data

The recent advances in realization of programmable quantum simulators—as demonstrated
in the previous section—call for new approaches to analyzing large volumes of data generated by such quantum devices. Remarkably, these simulators can probe states within an
extremely large Hilbert space. For example, in a 13 × 13 system, the quantum states live in a
2169 -dimensional space while each measurement probabilistically projects to just a single dimension. Tomographically [226, 306, 661] inferring the entire many-body wavefunction from
such measurements themselves is a formidable task. While certain types of many-body states
can be easily identified by evaluating simple local observables, many exotic quantum phases
that can be explored on programmable simulators cannot be characterized using conventional
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approaches.
In this section, we introduce a hybrid unsupervised-supervised machine learning approach
to analyze the data generated using our familiar setup of Rydberg atoms arrayed on a square
lattice [164]. While these experiments detected three of the ordered phases predicted in
Section 3.2—namely, the checkerboard, striated, and star—some of the more complex ordered
phases are challenging to detect and analyze directly, especially in light of the finite system
size and experimental imperfections. We show how the machine-learning framework directly
reveals the correct order parameters to diagnose multiple density-wave-ordered phases, thus
providing a route to the construction of (a priori unknown) order parameters for potentially
more complicated symmetry-breaking phases [578]. Additionally, our interpretable analysis
allows us to uncover several new features including: (i) the pattern of quantum correlations
in the striated phase, (ii) the previously undetected rhombic phase, and (iii) a boundaryordering quantum phase transition in which the edge of the system develops long-range order
while the bulk remains trivial.
To address the challenge associated with large volumes of data produced by projective measurements, we introduce an unsupervised-supervised hybrid-correlation convolutional neural
network (Hybrid-CCNN). Reference 440 introduced the CCNN architecture, which modifies
the standard convolutional network to allow direct interpretation of the key-feature correlations of a learned phase. While this interpretability endowed the CCNN with the ability to
reveal new theoretical insights, a direct supervised learning approach is ultimately limited by
the subjective bias entering through training data selection. Increasingly, the community has
made efforts to remove such bias from “phase recognition” [99] algorithms either by using
fully unsupervised learning [19, 133, 221, 275, 282, 322, 357, 399, 399, 401, 653, 683] or by
adopting an element of unsupervised learning [100, 281, 534]. However, discovery of new
phases or fluctuation effects from experimental data through such efforts are rare [653] to
date. Here, we introduce “Hybrid-CCNN” that prefaces CCNN’s supervised learning with
an unsupervised discovery stage and apply the two-stage process shown in Fig. 3.13(f) on
voluminous experimental data to arrive at three discoveries.
At each point in the (∆, Rb ) phase space, the available snapshot data consists of 250 binary
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maps ni (x; {∆, Rb }) ∈ {0, 1}, i ∈ 1, ..., 250 with x ∈ [1, ..., 13]2 . An innovative feature of the
Hybrid-CCNN is the use of different data preprocessing for the unsupervised and supervised
stages to target different facets of the high-dimensional data: average density modulations and
snapshot-to-snapshot fluctuations. For the unsupervised learning stage, we work in Fourierspace and use snapshot-averaged density modulations by constructing a set of Fourier-space
features |n(k)|2 which are invariant to overall density shifts. Beginning the analysis in Fourier
space allows one to benchmark the Hybrid-CCNN findings against results obtained using a
traditional measure of spatially modulated order for finite-size simulations.
On the other hand, much information about the structure of many-body quantum fluctuations captured in each snapshot will be lost upon this averaging. Moreover, the Fourier
basis is noisy in the presence of nonperiodic spatial variations and incommensurate domains.
Hence, in the final supervised phase, the CCNNs are trained to learn phase characteristics
directly from the full density fluctuation maps δni (x) ≡ ni (x) − n̄(x) produced from each
∑
snapshot as independent training data. Here, n̄(x) = i ni (x)/N is the snapshot-averaged
Rydberg excitation density at each site x, where N = 250 is the number of snapshots at each
(∆, Rb ). As detailed later, this normalization allows the CCNN to easily focus on fully connected components of low-order correlation functions and prevents the network from learning
trivial overall excitation densities.
3.6.1

Unsupervised phase discovery

For the unsupervised learning stage, the aim is to form a collection of features and use a clustering algorithm to map out different regions in the (∆, Rb ) space where the features change
dramatically. As we are targeting density-wave orderings, the feature set is built from density
modulations in Fourier space, with care taken to ensure that the feature set is invariant to
overall density shifts. We start by normalizing the snapshots at each (∆, Rb ) by the mean density to obtain ñi (x) = ni (x) − n̄, where n̄ is the average density across all sites and snapshots
at (∆, Rb ). Then, Fourier transforming to |ñi (k)|2 , subtracting the background contribution
∑
∼ k |ñi (k)|2 , and averaging over all snapshots leads us to a density-shift-invariant structure
factor.

112

Chapter 3. Phases of (2 + 1)D Rydberg quantum simulators on the square lattice

(a)

Initialization

Quantum evolution

Readout

(b) Checkerboard

(c)

(d)

(e) Rhombic

Star

Striated

Time

(f)

Unsupervised
Fourier intensities

Dimensionality reduction

Clustering

Principal
Components

Supervised

Detect phase

Key correlations

...

Figure 3.13: (a) Defect-free square lattices of neutral atoms undergo coherent quantum evolution for different values of blockade extent Rb /a and linear detuning sweeps’ endpoints ∆/Ω,
followed by projective readout in which atoms excited to the Rydberg state are detected as
loss (red circles). (b–e) Idealized real-space patterns corresponding to phases predicted to be
present at various regions of parameter space. Dark pink and white sites indicate |r⟩ and
|g⟩ states, respectively, while the light pink sites in the striated phase are in a quantum superposition of |r⟩ and |g⟩. (f) A diagram outlining the Hybrid-CCNN approach. First, an
unsupervised technique is used to generate a rough first-pass phase diagram. Here, we choose
to measure average Fourier amplitudes |n(k)|2 at each (∆, Rb ), perform a dimensionality
reduction using principal component analysis, and finally cluster using a Gaussian mixture
model. The resulting phase diagram informs the starting “seeds” in the parameter space, from
which snapshots are sampled in a second supervised stage. We then learn to distinguish these
snapshots using interpretable classifiers, from which we can extract refined phase boundaries
and key identifying features.
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Figure 3.14: (a–c) Principal components 1, 2, 5 in Fourier space. (d) Results of the GMM
clustering performed in the reduced 10-dimensional PCA space and projected for visualization
into the space spanned by (a–c). (e) The CCNN architecture for the supervised learning stage,
(3)
constructed here up to third order, Cα , with three learned filters fα and a learned spatial
weighting w(x). First, a density-normalized snapshot δn(x) is convolved with the filters fα
(1)
to produce a convolutional map Cα (x). The δn(x) are zero-padded to allow a convolution
of the filters over the entire snapshot. Then, a series of polynomials are applied [Eqs. (3.12),
(m)
(3.13)] to produce maps Cα (x), which measure mth -order correlators near each x. These
(m)
maps are summed with a learned spatial weighting w(x) to produce features cα , which
are used by a final logistic layer for classification. (f) Resulting phase diagram produced
by supervised learning, obtained by cropping the classification confidence maps at level-set
contours ŷ = 0.75 and overlaying them.
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A remaining challenge is that clustering tends to be most robust in low-dimensional feature
spaces. Even with this averaging process performed over the snapshots at each (∆, Rb ), the
full Fourier-space dimension remains considerably large. Specifically, working with a 16 × 16
grid in k-space1 implies a 256-dimensional feature vector associated with each point in (∆, Rb )
space. To make this manageable for clustering, we reduce the dimensionality of the feature
space using principal component analysis (PCA) [68]. PCA identifies vectors called principal
components (PCs) in this 256-dimensional feature space along which the data varies the most
dramatically across the full phase diagram. Specifically, each of the principal components is
a linear combination of multiple points in k-space as visualized in Fig. 3.14(a–c).
The final step of the unsupervised learning stage is to cluster the phase-space points (∆, Rb )
in the reduced feature space spanned by the dominant PCA components. As our clustering
algorithm, we use a Gaussian Mixture Model [68] (GMM) for its robustness and invariance to
the scale of each feature. The two choices to be made are the number of principal components
to keep for the clustering, and the number of clusters to fit. We choose the first by increasing
the number of retained principal components one-by-one until the clusters stabilize, finding
10 to be sufficient for the current data. We then determine the optimal number of clusters to
be six as the Bayesian information criterion [68] plateaus past this number.
The clustering result shown in Fig. 3.13(f) partially resembles the manually obtained phase
diagram based on evaluation of three target order parameters for the checkerboard, striated,
and star phases [164, 563], except that the unsupervised learning indicates that there are five
phases distinct from the disordered phase [shown in grey in Fig. 3.13(f)]. A visualization of
the clusters projected to the subspace spanned by PC1, PC2, and PC5 shows that the clusters
are tightly defined [Fig. 3.14(d)], and notably the red, green, and purple clusters are located
at high values of PC1, PC2, and PC5, respectively. As PC1 and PC2 show considerable
overlap with the theoretical order parameters for checkerboard and star phases, respectively,
this allows us to clearly identify these phases with no prior knowledge. While PC3 and
PC4 do not immediately offer interpretation as an order parameter in Fourier space, possibly
capturing peak broadening, PC5 resembles the Fourier-space order parameter associated with
1
We choose to work with a larger k-space than the minimal 13 × 13 space so that we capture Fourier
amplitudes at wavevectors π and π/2.
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the rhombic phase predicted in DMRG simulations on a cylinder [563]. This is tantalizing
since the previous manual analysis of the data did not report any signature of the rhombic
phase [164]. At this stage, two phases are clearly resolved: the checkerboard (red region and
PC1) and the star phase (green region and PC1); we also have hints at a potential rhombiclike phase (purple region and PC5), and the identities of the orange and blue phases remain
unclear from the unsupervised learning alone.
3.6.2

Supervised phase characterization

Architecture and training
To better characterize each of the phases, we now turn to a supervised-learning stage which
focuses on real-space snapshot-to-snapshot fluctuations, δni (x; ∆, Rb ). In order to learn the
distinct identity of each phase, multiple neural networks are trained, with each given the task
of identifying snapshots of a single phase against the rest through a binary classification; this
is distinct from the common choice of using one neural network with multineuron output for
multiphase detection [73, 534, 652]. For the neural network architecture, the CCNN of Ref. 440
is adapted to learn the spatial structure of correlations specific to each phase [see Fig. 3.14(e)].
As originally designed, CCNNs recognize m-site correlations [440] from site-normalized density
fluctuation snapshots δni (x) through mth -order polynomials of convolutional maps produced
∑
∏
(m)
(m)
with learned filters fα (a), Cα (x), defined by Cα (x) = a1 ̸=···̸=am m
j=1 fα (aj )δn(x + aj ).
(m)

The use of local features Cα (x) allows the CCNN to discover higher-order and spatially
inhomogeneous correlations that are often overlooked, but which can be crucial for identification of a given phase [440]. For the present dataset, we find truncating to m = 3 to be
sufficient. Specifically, we have

Cα(2) (x) =

∑

fα (a1 )fα (a2 )δn(x + a1 )δn(x + a2 ),

(3.12)

a1 ̸=a2

Cα(3) (x) =

∑

fα (a1 )fα (a2 )fα (a3 )δn(x + a1 )δn(x + a2 )δn(x + a3 ).

(3.13)

a1 ̸=a2 ̸=a3

Firstly, for interpretability we fix the filters to be positive definite. Secondly, a new module learns spatial structures beyond the length scale of the filters using a follow-up spatial
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(m)

weighting2 w(x) applied to the correlation maps Cα (x), resulting in scalar features
c(m)
≡
α

∑

w(x)Cα(m) (x).

(3.14)

x
(m)

These cα

(m)

features enter the usual final logistic layer coupled by weights βα

produce the output

[

(

ŷ = 1 + exp −

∑

with bias ϵ to

)]−1
βα(m) c(m)
α

+ϵ

.

(3.15)

α,m

This whole process is pictorially summarized in Fig. 3.14(e).
For training, the snapshots from the target training points are labeled with y = 1 and those
from the remaining training points are labeled with y = 0. During training, the filters fα (a),
(n)

logistic weights βα , bias ϵ, and spatial weighting w(x) are all simultaneously learned by
stochastic gradient descent to minimize the cross-entropy loss, which drives the predicted ŷs
towards their correct labels y.
In order to arrive at a minimally complex set of features describing each phase, we perform
ablation testing [437] and strong regularization to progressively determine the minimal number of components necessary for the CCNN’s successful training. Following training, using
Eqs. (3.12), (3.13) allows one to determine the correlations captured by each filter fα (a),
(m)

while the sign and magnitude of the learned weights βα

reveal the ferromagnetic (+) or

antiferromagnetic (−) nature and significance of the identified correlations. This interpretation process, along with the learned spatial weighting w(x) directly connects the full snapshot
dataset to theoretical insight.
Independent learning of known order parameters
Focusing first on the red and green phase-space regions in Fig. 3.14(f), we find that for these
phases, a fixed uniform spatial weighting, w(x) = 1, and truncation to second-order correlations are sufficient for characterization. By the convolution theorem, a linear combination of
(2)

uniform cα features amounts to a sum of the structure factor |δn(k)|2 weighted by the Fourier
transform of the filters fα (a). Inspecting the learned effective weightings in Fourier space, we
2

We restrict w(x) to be symmetric under reflections and rotations of the spatial coordinates for simplicity
of parametrization.
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Figure 3.15: (a) CCNN-learned region of support for the striated phase, with highlighted boxes
indicating the training points. (b) Previously used approximate order parameter detecting the
striated phase. Red markers indicate phase boundaries obtained from DMRG simulations on
a 9 × 9 array [164]. (c) The filters learned by a third-order nonuniform CCNN to identify the
(2)
(2)
striated phase in (a) and the signs on the βα coefficients connecting the corresponding cα to
the output. For ease of display, the filter weights are normalized such that the maximum is 1
within each filter. (d) The spatial weighting w(x) learned by a third-order CCNN identifying
the striated phase. A single-pixel outer layer, corresponding to where the filter lands on the
zero-padded region, is omitted for clarity. (e) A diagram showing example patches of the
idealized striated phase whose correlations are measured by the CCNN of (c,d).

notice that these CCNNs identify the correct order parameters traditionally used to characterize the respective density-wave orderings. Indeed, comparing these two regions to the earlier
result [164] based on manual evaluation of order parameters in Fourier space, we see that
the red and green regions of Fig. 3.14(f) clearly map to the checkerboard [Fig. 3.13(b)] and
star [Fig. 3.13(d)] phases, respectively. For these phases, the key advantages of CCNN-based
phase recognition are an unbiased discovery of the simplest order parameter suitable for the
complexity of fluctuations present in the data, as well as noticeably sharper phase boundaries
without prior knowledge. We emphasize the nontriviality of the former observation as the
Hybrid-CCNN is able to reveal the correct order parameters without any prior input about
the physics or structure of the density-wave-ordered ground states. This highlights the utility
of our method for applications to potentially more complicated symmetry-breaking phases,
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for which the correct order parameters may not be immediately obvious.
3.6.3

Quantum fluctuations in the striated phase

Next, we turn to the blue region in Fig. 3.14(f). From the CCNN trained to identify this
phase, we produce the confidence map shown in Fig. 3.15(a) via “classifying” each point
(m)

in parameter space by averaging the correlator features cα

across all available snapshots

and then predicting using Eq. (3.15). We find that resulting map overlaps significantly with
the region previously demarcated as the striated phase in Ref. 164 using an approximate
Fourier order parameter [Fig. 3.15(b)]. However, the CCNN confidence map produces a
remarkably sharper region of support for the phase. In the parameter regime of interest, the
striated phase is unique in that it is an intrinsically quantum phase stabilized by the quantum
fluctuations driven by the transverse field ∼ Ω; in fact, the Rydberg interaction term alone
energetically favors star order, so the striated phase does not exist in the classical limit of
Ω/∆ → 0 [563]. Motivated by this, previous work [164] characterized this phase using a
mean-field ansatz consisting of a product of single-particle states in quantum superpositions
of |g⟩ and |r⟩. However, such an ansatz describes a product state. In contrast, the two and
three-site connected correlations that the CCNN learned to recognize using two filters f1 and
f2 [Fig. 3.15(c)], combined with the long-ranged structure learned by the weight map w(x)
[Fig. 3.15(d)], offer a first glimpse at potentially nontrivial quantum many-body correlations
in this region.
First, the weight map w(x) learnt to identify a specific sublattice in the bulk, and correspondingly, activates the filters only when they are centered on this sublattice. As a result,
the CCNN measures correlations within repeating 3 × 3 blocks that span the system [see
(2)

Fig 3.15(e)]. The learned positive sign of the logistic weight β1

associated with the filter

f1 implies that the corner sites will tend to be jointly excited, which matches the expected
pattern of excitations in the striated phase. Moreover, the weight map identifies correlations within this effectively larger unit cell via the filter f2 . Specifically, the learned negative
(2)

logistic weight β2 , combined with the pattern in filter f2 , indicates that the CCNN identified pairwise anticorrelations between three sites in the unit cell as a relevant feature of the
striated phase. Note that such pairwise anticorrelation of three sites is not possible for any
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perfectly polarized product state, in which the atom at each site is exclusively in either |g⟩ or
|r⟩. Rather, Fig. 3.15(c) captures the tomographic information that on each site, the atom is
in the state |g⟩ (|r⟩) with a small admixture of |r⟩ (|g⟩).
The persistence of nonzero second-order connected correlations (which should ideally vanish
deep in an ordered phase) calls for a description beyond a simple product-state ansatz. Quantum correlations and entanglement can arise from two primary sources. Firstly, they might be
present in the ground state itself, particularly in the vicinity of a second-order quantum phase
transition [435]. Second, they might be generated in the dynamical state preparation process
due to the quantum Kibble-Zurek mechanism, where nonadiabatic processes can coherently
generate superpositions including excited states that generically result in entanglement. Our
Hybrid-CCNN approach cannot discern between these scenarios as it is agnostic to the actual
origin of the correlations. Nonetheless, to gain further insight into the potential entanglement
structure, we inspect the bipartite entanglement entropy and correlations within a 9×9 system
using the density-matrix renormalization group (DMRG) in Appendix B.6. We find that the
calculated von Neumann entanglement entropy S peaks sharply along transition lines, before
plateauing to a small but nonzero value within the phase. This is accompanied by anticorrelations between the excited sublattices as found by the CCNN, though the state preparation
process appears to significantly extend the support of these correlations as compared to the
DMRG ground state (see Appendix B.6).
3.6.4

Rhombic phase

Having analyzed the properties of the striated phase, next, we turn to the first of the two
mysterious phases: the purple swath in Fig. 3.16(a). To identify the defining characteristic of
(n)

this phase, we restrict the CCNN to learn positive correlation functions by enforcing βα ≥ 0
during training, increase the filter size to 4 × 4, and fix uniform w(x) = 1 (see Appendix B.7).
The CCNN learns the two filters f1 and f2 shown in Fig. 3.16(b,c) and uses a combination of
(2)

(3)

second- and third-order correlations cα , cα to recognize this phase as shown in Fig. 3.16(d–
i). Remarkably, these learned motifs strongly point towards the rhombic phase from among
the candidate ordering patterns in Fig. 3.13(b–e).
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Figure 3.16: (a) The region of support for the rhombic phase as learned by the full CCNN
model, with 5 × 5 filters and highlighted boxes indicating the training points. (b,c) The two
(n)
learned 4 × 4 convolutional filters for a simplified model [w(x) = 1, βα ≥ 0] trained to identify
the rhombic phase. (d–i) High-weight two- and three-point connected correlators measured by
(2) (3)
(2)
cα , cα resulting from the filters in (a,b). We find β2 to be nearly zero, so we omit two-point
correlators stemming from the filter f2 . Our CCNN is symmetrized and thus measures all
correlators symmetry-equivalent under rotations and flips to those shown. (j) Identification
of these two- and three-point motifs in the idealized rhombic ordering with boundary defects
(light blue). (k) Identification of local occurrences of these motifs in experimental snapshots
sampled from the training set.
The rhombic phase is an intricately patterned density-wave-ordered phase characterized
by Fourier peaks at ±(π, π/4), ±(2π/5, π) (and their C4 -rotated copies) [see Fig. 3.13(e)],
which was originally predicted by Ref. 563. However, given its large unit cell comprising 40
sites, the robustness of this phase in the actual experimental system of Ebadi et al. [164] is
a priori unclear due to both the long-ranged tails of the van der Waals interactions and the
incompatibility of the ideal ordering pattern with the dimensions of the lattices used. Our
results illustrate that, interestingly, we can still find characteristic remnants of this phase. In
particular, the three-point motif of Fig. 3.16(d) provides a unique signature of the rhombic
phase as a fragment of a full rhombic crystal while Fig. 3.16(g) occurs as an edge defect
when the rhombic pattern is embedded in the finite incommensurate system as shown in
Fig. 3.16(j). Additionally, the shorter-range three-point motifs of Fig. 3.16(h) and (i) occur
most frequently in the rhombic phase (see Appendix B.7). The virtue of these motifs is
that they signify the tendency of fluctuations towards rhombic ordering even when extended
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ordered portions cannot form inside a finite system (due to the large and incommensurate
40-site unit cell). Indeed, these motifs are ubiquitous in the experimental snapshots sampled
from this phase region as we showcase in Fig. 3.16(k). Hence, we can unambiguously identify
the first mystery phase to be the finite-size manifestation of the rhombic phase.
3.6.5

Edge-ordered phase

Finally, we examine the other mystery phase identified by the Hybrid-CCNN, depicted in
dark orange in Fig. 3.17(a). The first clue regarding the identity of this phase comes from the
learned weight map w(x), which focuses strongly on the edges of the snapshots. As shown in
Fig. 3.17(b), the CCNN learned to measure the differences in correlations between the bulk
and the boundary by having large w(x) > 0 along the edge and predominantly w(x) < 0 in
the interior. The learned filters focus the CCNN’s attention on specific short-range two-point
correlations that differ significantly between the edge and bulk. Figure 3.17(c) demonstrates
the dramatic performance gain enabled by the learned edge-centered weight map. Inspection
of the experimental snapshots in this orange phase [Fig. 3.17(d)] indeed confirms a regular
occurrence of local Z2 patterns of (• ◦ •) along the edges of the snapshots. In contrast, the
bulk of the snapshots appear disordered, as further evidenced by explicit measurements of
correlation functions along the edge and in the bulk in Fig. 3.17(e).
While the local Z2 pattern is commensurate with the neighboring checkerboard and striated
phases, the reduced energetic cost of having Rydberg excitations along the boundary (relative
to the bulk), due to the presence of fewer neighbors, actually allows the edge to order before
the bulk. Hence, we identify this mystery phase as a boundary-ordered phase characterized
by the edge ordering in the absence of long-range order in the bulk. The subsequent onset
of bulk order, in the presence of preexisting edge order, defines an “extraordinary” boundary
universality class [434]. We highlight that the existence of this boundary-ordered phase is
a new discovery of the machine-learning approach, since this phase cannot be obtained on
geometries with fully periodic or cylindrical boundary conditions, as was used for earlier
DMRG calculations [563]. Critical to the identification of this phase is the real-space nature
of the CCNN analysis as the edge ordering introduces a large number of artifacts into ⟨|n(k)|2 ⟩,
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(c)
Cross Entropy Loss
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Training Epoch

Figure 3.17: (a) CCNN-learned region of support for the edge-ordered phase, with highlighted boxes indicating the training points. (b) The learned spatial weighting and filters for
the model trained to identify the edge-ordered phase, with the spatial extent of the snapshot
indicated by the dashed line. The outermost pixels correspond to where the filter is centered
on zero-padding but “clip” the edge pixels of the snapshot. For display purposes, the filter
weights are normalized such that the maximum is 1 within each filter. (c) Measured performance discrepancy between second-order models with a fixed uniform w(x) = 1 and a freely
learned spatial weighting. The central lines and bands show the mean and standard deviation
across five randomly initialized models of each type, respectively. (d) Experimental snapshots
from the training set, showing • ◦ • motifs primarily only along the single-site border, with
the interior highly disordered. (e) Measurement of the third-nearest-neighbor ⟨δni,j δni+2,j ⟩
connected correlation function within the edge and the bulk (comprising all sites but the
outermost two-site strips) along a cut at Rb = 1.46, averaged across translations and other
symmetries.

which can challenge traditional Fourier-based analysis.
Interestingly, this edge ordering can also be detected in quantum Monte Carlo simulations
of the system with open boundary conditions [320], as we discuss next.

3.7

Boundary criticality

The notion of a QPT is formally defined in the thermodynamic limit. In practice though, one
always considers a finite system, in which case the boundaries may have important effects on
the critical behavior [155]. From large-scale QMC computations, we find that the observed
phase diagram (specifically, the extent of the striated phase) is significantly affected by the
presence of a boundary, as shown in Fig. 3.18 (cf. Fig. 3.2). Additionally, we discover that
systems with open boundary conditions can undergo boundary phase transitions [pink stars
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(a)

(b)

Figure 3.18: (a) Quantum phase diagram: first- and second-order QPTs are denoted by the
circle and star markers, respectively. Purple stars mark boundary transitions in systems with
OBC. The shaded area marks the region where the system lies in the disordered phase when
using PBC but exhibits a boundary-ordered phase with OBC. The gray dashed lines indicate
parameter ranges investigated in Figs. 3.5 and 3.6. (b) Schematic pictures of the density-wave
orders corresponding to the star (orange), striated (green), and checkerboard (blue) phases.
Filled sites denote Rydberg excitations while gray sites represent ground-state atoms.

in Fig. 3.18(a)] independently from the bulk.
Concentrating on the disordered–striated transition in an array endowed with OBC, here,
we address this issue in the context of the experimentally realizable Rydberg phase diagram.
Remarkably, we notice that the boundary itself undergoes a second-order QPT before the bulk
in the thermodynamic limit [top panel of Fig. 3.19(a)]. Intuitively, the boundary transition is
a consequence of the reduced connectivity near the boundary: fewer neighbors result in fewer
interactions or blockade constraints and reduced frustration, allowing for easier ordering. For
a finite-size system, this surface order shifts the onset of bulk ordering towards smaller ∆/Ω
because the boundary “seeds”, or nucleates, the ordering in the interior of the system. Such
an onset of bulk order in the presence of established boundary order defines an extraordinary
boundary universality class [434]. Furthermore, since the Z2 ordering at the boundary is
compatible with the checkerboard and striated phases—but not with the star—the striated
phase is significantly expanded, relative to a system with PBC, at the cost of the shrunken
star phase.
Next, we determine the critical exponents of the boundary transition by calculating the
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(a)

(b)

Theory

Experiment

Figure 3.19: Boundary phase transition and its implications for experiments. (a) Comparison
of the striated order parameter (color map) obtained from our QMC simulation with OBC
against that of the experiment in Ref. [164], showing good agreement. The boundary orders
first (lower ∆/Ω, pink stars) and strongly influences the extent of the striated phase, which is
extended to a wider range of parameters compared to the bulk behavior on a torus. Orange
and green dots denote phase transitions in a system with PBC [Fig. 3.18]. (b) Binder ratio of
the boundary order parameter across the transition marked in gray in (a). The insets show
the boundary ordering (upper left) and universal collapse with 1D exponents (lower right).
boundary order parameter FB ≡ [F̃B (π, π) + F̃B (π, π)]/2 with
F̃B (kx , ky ) ≡

1
NB

∑

nj exp [i(kx , ky ) · (xj , yj )] ,

(3.16)

j∈Boundary

NB being the number of atoms along the boundary. In Fig. 3.19(b), we present the Binder
ratio of FB while the inset illustrates its universal collapse with ν = 1.004(8), consistent with
a (1 + 1)D Ising transition.
The ordering of the boundary has direct implications for quasi-adiabatic state preparation
across a critical point. The presence of first-order phase transitions—in accordance with the
expectations laid out in Section 3.3.2—has significant ramifications for adiabatic state preparation in experiments: since the spectral gap often becomes exponentially small in the system
size at a first-order transition point, it makes all adiabatic processes forbiddingly difficult. This
is in stark contrast to the successful experimental preparation of quantum phases reported
in Section 3.5. We find that this discrepancy is resolved by the boundary phase transition:
for intermediate system sizes, the ordered boundary seeds the bulk order and weakens the
first-order transition, effectively enabling experimental adiabatic state preparation. Moreover,

125

Chapter 3. Phases of (2 + 1)D Rydberg quantum simulators on the square lattice
according to the Kibble-Zurek [333, 337, 338, 761–763] mechanism, the scaling of the density
of defects in the resultant phase after a quench is governed by the universal static critical
exponents of the QPT. Since (1 + 1)D and (2 + 1)D Ising universality classes exhibit scaling
behavior with different critical exponents, the efficiency of adiabatic state preparation may
depend on the interplay between the boundary and the bulk. For example, during dynamical
preparation, the system could undergo a cascade of boundary transitions propagating inwards,
effectively masking the bulk first-order transition.
Apart from understanding the existing experimental observations, an important open question is whether one can leverage the boundary ordering to facilitate improved preparation of
bulk-ordered states in larger systems. Detailed understanding of these processes requires
careful theoretical and experimental studies of real-time quantum dynamics of large systems.

3.8

Site-diluted lattices and the Maximum Independent Set problem

Our discussion so far has been centered on the ground states of Rydberg atoms arrayed on
regular lattices with no defects. However, it is also interesting to consider the physics on sitediluted lattices, in which a certain fraction of the atoms are removed relative to the perfect
square lattice. In this case, as we now show, the ground states of the Rydberg Hamiltonian
naturally yield the solution to a paradigmatic optimization problem known as the Maximum
Independent Set, thus opening the door to practical applications of programmable quantum
simulators.
Combinatorial optimization is ubiquitous in many areas of science and technology. Many
such problems have been shown to be computationally hard and form the basis for understanding complexity classes in modern computer science [614]. The use of quantum machines
to accelerate solving such problems has been theoretically explored for over two decades using
a variety of quantum algorithms [10, 175, 177]. Typically, a relevant cost function is encoded
in a quantum Hamiltonian [410], and its low-energy state is sought starting from a generic initial state either through an adiabatic evolution [177] or a variational approach [175], via closed
optimization loops [352, 672]. The computational performance of such algorithms has been
investigated theoretically [10, 39, 40, 176, 178, 348, 730] and experimentally [217, 244, 488] in
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small quantum systems with shallow quantum circuits, or in systems lacking the many-body
coherence believed to be central for quantum advantage [328, 541]. However, these studies offer only limited insights into algorithms’ performances in the most interesting regime
involving large system sizes and high circuit depths [123, 174].
Here, we report on recent experiments [163] which confront this challenge by using a quantum device based on coherent, programmable arrays of neutral atoms trapped in optical
tweezers to investigate quantum optimization algorithms, for systems ranging from 39 to 289
qubits and effective depths sufficient for the quantum correlations to spread across the entire
graph. Specifically, these experiments focus on Maximum Independent Set, an NP-hard optimization problem [204]. It involves finding a largest independent set (MIS) of a graph—a
subset of vertices such that no edges connect any pair in the set. An important class of such
Maximum Independent Set problems involves unit disk graphs, which are defined by vertices
on a two-dimensional plane with edges connecting all pairs of vertices within a unit distance
of one another (Fig. 3.20A, B). Such instances arise naturally in problems associated with
geometric constraints that are important for many practical applications, such as modeling
wireless communication networks [126, 292]. While there exist polynomial-time classical algorithms to find approximate solutions to the Maximum Independent Set problem on such
graphs [650], solving the problem exactly is known to be NP-hard in the worst case [126].
3.8.1

Maximum Independent Set on Rydberg Atom Arrays

The approach outlined here utilizes a two-dimensional atom array described previously in
Ref. 164. Excitation from a ground state |0⟩ into a Rydberg state |1⟩ is utilized for hardwareefficient encoding of the unit disk Maximum Independent Set problem [503]. For a particular
graph, a geometric configuration of atoms is created using optical tweezers such that each
atom represents a vertex. The edges are drawn according to the unit disk criterion for a
unit distance given by the Rydberg blockade radius Rb (Fig. 3.20C), the distance within
which excitation of more than one atom to the Rydberg state is prohibited due to strong
interactions [412]. The Rydberg blockade mechanism thus restricts the evolution primarily to
the subspace spanned by the states that obey the independent set constraint of the problem
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Figure 3.20: Hardware-efficient encoding of the maximum independent set using Rydberg
atom arrays. A. An example of a unit disk graph, with any single vertex (e.g. the blue vertex) being connected to all other vertices within a disk of unit radius. B. A corresponding MIS
solution (denoted by the red nodes). C. The MIS problem is encoded with atoms placed at the
vertices of the target graph and with interatomic spacing chosen such that the unit disk radius
of the graph corresponds to the Rydberg blockade radius. Shown is an example fluorescence
image of atoms, with gray lines added to indicate edges between connected vertices. D. The
system undergoes coherent quantum many-body evolution under a programmable laser drive
(Ω(t), ϕ(t), ∆(t)) and long-range Rydberg interactions Vij . E. A site-resolved projective measurement reads out the final quantum many-body state, with atoms excited to the Rydberg
state (red circles) corresponding to vertices forming an independent set. A classical optimizer uses the results to update the parameters of the quantum evolution {Ω(t), ϕ(t), ∆(t)}
to maximize a figure of merit for finding an MIS.
graph. Quantum algorithms for optimization are implemented via global atomic excitation
using homogeneous laser pulses with a time-varying Rabi frequency (and a time-varying phase)
Ω(t)eiϕ(t) and detuning ∆(t) (Fig. 3.20D). The resulting quantum dynamics is governed by
the Hamiltonian (3.4), which we can rewrite in the form H = Hq + Hcost , with the quantum
driver Hq and the cost function Hcost given by

Hq =

ℏ∑
(Ω(t)eiϕ(t) |0⟩i ⟨1| + h.c.),
2

Hcost = −ℏ∆(t)

i

∑
i

ni +

∑

Vij ni nj ;

(3.17)

i<j

note that the interaction potential sets the blockade radius Rb and determines the connectivity
of the graph. For a positive laser detuning ∆, the many-body ground state of the cost function
Hamiltonian maximizes the total number of qubits in the Rydberg state under the blockade
constraint, corresponding to the MIS of the underlying unit disk graph [503] (Fig. 3.20E).
Remarkably, this Hamiltonian can effectively encode the MIS as the ground state even with
the finite blockade energy and long-range interaction tails [503].
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3.8.2

Closed-loop Variational Optimization

The experiment deterministically prepares graphs with vertices occupying 80% of an underlying square lattice, with the blockade extending across nearest and next-nearest (diagonal)
neighbors (Fig. 3.20C). This allows one to explore a class of nonplanar graphs, for which finding the exact solution of MIS is NP-hard for worst-case instances. To prepare quantum states
with a large overlap with the MIS solution space, we employ a family of variational quantum
optimization algorithms using a quantum-classical optimization loop. We place atoms at positions defined by the vertices of the chosen graph, initialize them in state |0⟩, and implement
a coherent quantum evolution corresponding to the specific choice of variational parameters
(Fig. 3.20D). Subsequently, we sample the wavefunction with a projective measurement and
determine the size of the output independent set by counting the number of qubits in |1⟩,
utilizing classical post-processing to remove blockade violations and reduce detection errors
(Fig. 3.20E). This procedure is repeated multiple times to estimate the mean independent
∑
∑
set size ⟨ i ni ⟩ of the sampled wavefunction, the approximation ratio R ≡ ⟨ i ni ⟩/|MIS|,
and the probability PMIS of observing an MIS (where |MIS| denotes the size of an MIS of
∑
the graph). The classical optimizer tries to maximize ⟨ i ni ⟩ by updating the variational
parameters in a closed-loop hybrid quantum-classical optimization protocol (Fig. 3.20D).
Specifically, we test two algorithm classes, defined by different parametrizations of the
quantum driver and the cost function in Eq. (3.17). The first approach consists of resonant
(∆ = 0) laser pulses of varying durations τi and phases ϕi (Fig. 3.21A). This algorithm closely
resembles the canonical Quantum Approximate Optimization Algorithm (QAOA) [175], but
instead of exact single-qubit rotations, resonant driving generates an effective many-body
evolution within the subspace of independent sets associated with the blockade constraint.
Phase jumps between consecutive pulses implement a global phase gate [428], with a phase
shift proportional to the cost function of the MIS problem in the subspace of independent
sets. Taken together, these implement the QAOA, where each pulse duration τi and phase ϕi
are used as a variational parameters.
The performance of QAOA as a function of depth p (the number of pulses) is shown in
Fig. 3.21B for an instance of a 179-vertex graph embedded in a 15 × 15 lattice. We find
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Figure 3.21: Testing variational quantum algorithms. A. Implementation of the quantum approximate optimization algorithm (QAOA), consisting of sequential layers of resonant pulses
with variable duration τi and laser phase ϕi . B. Variational optimization of QAOA parameters results in a decrease in approximation error 1 − R, up to depth p = 4 (inset: example
performance of quantum-classical closed-loop optimization at p = 5). Approximation error
calculated using the top 50 percentiles of independent set sizes (1 − R0.5 ) is used as the figure
of merit during optimization. C. Quantum evolution can also be parametrized as a variational
quantum adiabatic algorithm (VQAA) using a quasi-adiabatic pulse with a piecewise-linear
sweep of detuning ∆(t) at constant Rabi coupling Ω(t). Ω(t) is turned on and off within τΩ ,
and a low-pass filter with timescale τ∆ is used to smoothen the ∆(t) sweep. D. Performance
of a rescaled piecewise-linear sweep as a function of its effective depth p̃ = (τ1 + ... + τf )/τπ .
Variational optimization of a three-segment (orange) piecewise-linear pulse improves on the
performance of a simple one-segment linear (blue) pulse as well as the best results from QAOA
(inset: detuning sweep profiles for one-segment (blue) and three-segment (orange) optimized
pulses for a total pulse duration of 2.0 µs). Error bars for approximation ratio R are the
standard error of the mean here and throughout the text, and are smaller than the points.
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that the approximation ratio grows as a function of the number of pulses up to p = 4, and
increasing the depth further does not appear to lead to better performance (Fig. 3.21B).
We attribute these performance limitations to the difficulty of finding the optimal QAOA
parameters for large depths within a limited number of queries to the experiment, leakage
out of the independent set subspace during resonant excitation due to imperfect blockade
associated with the finite interaction energy between next-nearest neighbors, as well as laser
pulse imperfections.
The second approach is a variational quantum adiabatic algorithm (VQAA) [177, 577],
related to methods previously used to prepare quantum many-body ground states [164, 578,
592]. In this approach, we sweep the detuning ∆ from an initial negative detuning ∆0 to a
final large positive value ∆f at constant Rabi frequency Ω, along a piecewise-linear schedule
characterized by a total number of segments f , the duration τi of each, and the end detuning
∆i of each segment. Moreover, the experimental sequence turns on the coupling Ω in duration
τΩ and smoothens the detuning sweep using a low-pass filter with a characteristic filter time
τ∆ (Fig. 3.21C), both of which minimize nonadiabatic excitations and serve as additional
variational parameters. For this evolution, we define an effective circuit depth p̃ as the duration
of the sweep (T = τ1 + ... + τf ) in units of the π-pulse time τπ , which is the time required to
perform a spin flip operation.
We find that with only three segments optimized for an effective depth of p̃ = 10 (Fig. 3.21D
inset), the optimizer converges to a pulse that substantially outperforms the QAOA approach
described above. Furthermore, the optimized pulse shows a better performance compared to
a linear (one-segment) detuning sweep of the same p̃ (Fig. 3.21D). We find that similar pulse
shapes produce high approximation ratios for a variety of graphs, consistent with theoretical
predictions of pulse shape concentration [76, 123, 744]. At large sweep times (p̃ > 15), we observe a turn-around in the performance likely associated with decoherence. For the remainder
of this chapter, we focus on the quantum adiabatic algorithm for solving the MIS problem.
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3.8.3

Quantum Optimization on Different Graphs

The experimentally optimized quasi-adiabatic sweep (depicted in Fig. 3.21D) was applied to
115 randomly generated graphs of various sizes (N = 80–289 vertices). For graphs of the same
size (N = 180), the approximation error 1 − R decreases and the probability of finding an MIS
solution PMIS increases with the effective circuit depth at early times, with the former showing
a power-law relation (Fig. 3.22A). We find a strong correlation between the performance of
the quantum algorithm on a given graph and its total number of MIS solutions, which we refer
to as the MIS degeneracy D|MIS| . This quantity is calculated classically using a novel tensor
network algorithm [398] and varies by nine orders of magnitude across different 180-vertex
graphs. We observe a clear logarithmic relation between D|MIS| and the approximation error
1 − R, accompanied by a nearly three-orders-of-magnitude variation of PMIS at a fixed depth
p̃ = 20 (Fig. 3.22B). Note that PMIS does not scale linearly with the MIS degeneracy, as would
be the case for a naive algorithm that samples solutions at random. Figure 3.22C shows the
striking collapse of 1 − R as a function of the logarithm of the MIS degeneracy normalized
by the graph size, ρ ≡ log(D|MIS| )/N . This quantity, a measure of MIS degeneracy density,
determines the hardness in approximating solutions for the quantum algorithm at shallow
depths.
These observations can be modeled as resulting from a Kibble-Zurek-type mechanism where
the quantum algorithm locally solves the graph in domains whose sizes are determined by
the evolution time and speed at which quantum information propagates [395, 764]. In Appendix B.8, we show that the scaling of the approximation error with depth can originate
from the conflicts between local solutions at the boundaries of these independent domains. In
graphs with a large degeneracy density ρ, there may exist many MIS configurations that are
compatible with the local ordering in these domains; this provides a possible mechanism to
reduce domain walls at their boundaries and decrease the approximation error. Such a scenario would predict a linear relation between 1 − R and ρ at a fixed depth, which is consistent
with our observations (Fig. 3.22C).
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Figure 3.22: Quantum algorithm’s performance across different graphs. A. The approximation
error 1−R for an optimized quasi-adiabatic sweep plotted as a function of effective depth p̃ on
four graphs of the same size (N = 180 vertices), showing strong dependence on the number
of MIS solutions (MIS degeneracy) D|MIS| (inset: corresponding MIS probability PMIS vs.
p̃). B. At a fixed depth p̃ = 20, 1 − R and PMIS for various 180-vertex graphs are strongly
correlated with D|MIS| . C. At the same effective depth p̃ = 20, 1−R for 115 graphs of different
sizes (N = 80–289) and MIS degeneracies D|MIS| exhibit universal scaling with the degeneracy
density ρ ≡ log(D|MIS| )/N (inset: data plotted as a function of N ). Error bars for PMIS , here
and throughout the text, denote the 68% confidence interval.

3.8.4

Benchmarking Against Simulated Annealing

To benchmark the results of the quantum optimization against a classical algorithm, we use
simulated annealing (SA), a general-purpose algorithm widely used in solving combinatorial
optimization problems [341]. SA seeks to minimize the energy of a cost Hamiltonian by thermally cooling a system of classical spins while maintaining thermal equilibrium. Our highly
optimized variant of SA stochastically updates local clusters of spins using the MetropolisHastings [436] update rule, rejecting energetically unfavorable updates with a probability
dependent on the energy cost and the instantaneous temperature. We use collective updates
under the MIS Hamiltonian cost function, which applies an optimized uniform interaction en133
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ergy to each edge, penalizing states that violate the independent set criterion. The annealing
depth pSA is defined as the average number of attempted updates per spin.
We compare the quantum algorithm and SA on two metrics: the approximation error
1 − R, and the probability of sampling an exact solution PMIS , which determines the inverse
of time-to-solution. As shown in Fig. 3.23A, for relatively shallow depths and moderately
hard graphs, optimized SA results in approximation errors similar to those observed on the
quantum device. In particular, we find that the hardness in approximating the solution for
short SA depths is also controlled by the degeneracy density ρ. However, some graph instances
appear to be considerably harder for SA compared to the quantum algorithm at higher depths
(see, e.g., gold and purple curves in Fig. 3.23A).
Detailed analysis of the SA dynamics for graphs with low degeneracy densities ρ reveals
that for some instances, the approximation ratio displays a plateau at R = (|MIS| − 1)/|MIS|,
corresponding to independent sets with one less vertex than an MIS (Fig. 3.23A, gold and
purple solid lines). Graphs displaying this behaviour have a large number of local minima with
independent set size |MIS| − 1, in which SA can be trapped up to large depths. By analyzing
the dynamics of SA at low temperatures as a random walk among |MIS| − 1 and |MIS|
configurations (Fig. 3.23D), we find that the ability of SA to find a global optimum is limited by
the ratio of the number of suboptimal independent sets of size |MIS|−1 to the number of ways
to reach global minima, resulting in a “hardness parameter” HP = D|MIS|−1 /(|MIS|D|MIS| )
(Fig. 3.23E). This parameter determines the mixing time for the Markov chain describing the
SA dynamics at low temperatures, and it appears to increase exponentially with the system
size for the hardest graphs. This suggests that a large number of local minima causes SA to
take an exponentially long time to find an MIS for the hardest cases as N grows.
3.8.5

Quantum speedup on the hardest graphs

We now turn to study the algorithms’ ability to find exact solutions on the hardest graphs
(with up to N = 80), chosen from graphs in the top two percentile of the hardness parameter
HP. We find that for some of these graphs (e.g., gold curves in Fig. 3.23A–C), the quantum
algorithm quickly approaches the correct solutions, reducing the average Hamming distance
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Figure 3.23: Benchmarking the quantum algorithm against classical simulated annealing.
A. Performance of the quantum algorithm, and the optimized simulated annealing with the
MIS Hamiltonian, shown as a function of depth (p̃ for quantum algorithm and pSA for simulated annealing) for four 80-vertex graphs. Green (HP = 1.8, ρ = 0.13) and grey (HP = 2.1,
ρ = 0.11) graphs are easy for the quantum and classical algorithm; however, purple (HP = 69,
ρ = 0.08) and gold (HP = 68, ρ = 0.06) are significantly harder and show a plateau at
R = (|MIS| − 1)/|MIS|, i.e., independent sets with one less vertex than an MIS. B, C. One
of the hard graphs (gold) shows much better quantum scaling of average normalized Hamming distance to the closest MIS, and MIS probability (PMIS ) compared to the other graph
(purple). In contrast, the performance of SA (lines) remains similar between the two graphs.
D. Configuration graph of independent sets of size |MIS| and |MIS|−1 for an example 39-vertex
graph (HP = 5), where the edges connect two configurations if they are separated by one or
two steps of simulated annealing. At low temperatures, simulated annealing finds an MIS by
a random walk on this configuration graph. E. − log(1 − PMIS ) for instance-by-instance optimized quantum algorithm (crimson) and simulated annealing (teal) reached within a depth
of 32, for 36 graphs selected from the top two percentile of hardness parameter HP for each
size. Power-law fits to the SA (teal, ∼ HP −1.03(4) ) and the quantum data (dashed crimson
line, ∼ HP −0.95(15) ) are used to compare scaling performance with graph hardness HP. If
only graphs with minimum energy gaps large enough to be resolved in the duration of the
quantum evolution are considered (δmin > 1/T , excluding hollow data points), the fit (solid
crimson line) shows a superlinear speedup ∼ HP −0.63(13) over optimized simulated annealing.
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(number of spin flips normalized by N ) to the closest MIS and increasing PMIS , while SA
remains trapped in local minima at a large Hamming distance from any MIS. For other
instances (e.g., purple curves in Fig. 3.23A–C) both the quantum algorithm and SA struggle
to find the correct solution. Moreover, in contrast to our earlier observations suggesting
variational parameter concentration for generic graphs, we find that for these hard instances,
the quantum algorithm needs to be optimized for each graph individually by scanning the
slow-down point of the detuning sweep ∆(t) to maximize PMIS (Fig. 3.24A, B).
Figure 3.23E shows the resulting highest PMIS reached within a depth of 32 for each hard
graph instance as a function of the classical hardness parameter HP. For simulated annealing,
we find the scaling PMIS = 1 − exp(−C HP −1.03(4) ), where C is a positive fitted constant,
which is in good agreement with theoretical expectations. While for many instances the
quantum algorithm outperforms SA, there are significant instance-by-instance variations, and
on average, we observe a similar scaling PMIS = 1 − exp(−C HP −0.95(15) ) (dashed red line).
To understand these observations, we carried out detailed analyses of both the classical and
quantum algorithms’ performance for hard graph instances. Specifically, for a broad class of
SA algorithms with both single-vertex and correlated updates, the scaling is at best PMIS =
1−exp(−C HP −1 ) (where C generally could have polynomial dependence on the system size),
indicating that the observed scaling of our version of SA is close to optimal. To gain insight
into the origin of the quantum scaling, we numerically compute the minimum energy gap
δmin during the adiabatic evolution using density-matrix renormalization group (Fig. 3.24A).
Figure 3.24C shows that the performance of the quantum algorithm is mostly well-described
by quasi-adiabatic evolution with transition probability out of the ground state governed by
η
the minimum energy gap, according to the Landau-Zener formula PMIS = 1 − exp (−Aδmin
)

for a constant A, and η = 1.2(2) [364] (see also Appendix B.9). This observation suggests
that our quantum algorithm achieves near-maximum efficiency, consistent with the smallest
possible value of η = 1 obtained for optimized adiabatic following Ref. 539.
By focusing only on instances with large enough spectral gaps such that the evolution time
T obeys the “speed limit” determined by the uncertainty principle (δmin > 1/T ) associated
with Landau-Zener scaling [364], we find an improved quantum algorithm scaling PMIS =
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Figure 3.24: Understanding hardness for the quantum algorithm. A. Energy gap between the
ground (black) and first-excited (blue) states, calculated using DMRG for a graph of 65 atoms.
B. To maximize PMIS for hard graphs, the frequency at which the detuning sweep is slowed
down is varied. The largest PMIS corresponds to a slow-down frequency close to the location
of the minimum gap. C. Measured PMIS for a fixed effective depth p̃ = 32 as a function of
the calculated minimum gap δmin . For many instances, the relation is well-described by the
Landau-Zener prediction for quasi-adiabatic ground state preparation. The shaded region
corresponds to when the gap is too small (δmin < 1/T ) to be properly resolved relative to the
quantum evolution time, and points in this region are excluded from the fit both here and in
the solid crimson line in Fig. 3.23E. D. Scaling of − log(1 − PMIS ) observed in the experiment
versus in simulated annealing under the classical Rydberg cost function for best PMIS reached
within a depth of 32. These results are consistent with a nearly quadratic speedup for a subset
of graphs where δmin > 1/T .
1 − exp(−C HP −0.63(13) ) (Fig. 3.23E solid red line). Since 1/(− log(1 − PMIS )) ≈ 1/PMIS is
proportional to the runtime to find a solution by repeating the experiment, the smaller exponent observed in the scaling for quantum algorithm (∼ HP 1.03(4) for SA and ∼ HP 0.63(13)
for the quantum algorithm) suggests a superlinear (nearly quadratic) speedup in the runtime to find an MIS, for graphs where the deep-circuit regime (T > 1/δmin ) is reached. We
emphasize that achieving this speedup requires an effective depth large enough to probe the
lowest-energy many-body states of the system; in contrast, no speedup is observed for graph
instances where this depth condition is not fulfilled.

3.9

Conclusions

Our discussion in this chapter began with a numerical study of the ground-state phase diagram
of interacting Rydberg atoms arranged on a 2D square lattice. We illustrated that even in
this relatively simple geometry, owing to the nontrivial constraints imposed by the Rydberg
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blockade, a variety of intricate competing ordered phases and exotic phase transitions are
realized. This serves as a useful guide to and benchmark for experiments with Rydberg
atoms in 2D, and more generally, highlights the utility of Rydberg quantum simulators in
higher dimensions as fertile test-beds to explore and realize novel physical phenomena. Using
QMC simulations, we further demonstrated the emergence of both first- and second-order
QPTs—in an array with periodic boundary conditions—and presented their unified fieldtheoretic description. Moreover, we identified the crucial role of surface ordering—in systems
with open boundary conditions—which allows one to adiabatically access compatible phases
that are otherwise hidden behind a first-order transition line. Our findings suggest that the
boundary plays a major role in understanding the experimental results of Ebadi et al. [164]
presented in Section 3.5. These remarkable experiments demonstrate that two-dimensional
Rydberg atom arrays constitute a powerful platform for programmable quantum simulations
with hundreds of qubits, and we expect that system size, quantum control fidelity, and degree
of programmability can all be increased considerably via technical improvements.
In order to reveal collective quantum phenomena in voluminous snapshot datasets from
such square-lattice Rydberg simulators, we then employed a supervised-unsupervised hybrid
machine learning approach, the Hybrid-CCNN. The initial unsupervised stage used Fourier
intensities ⟨|n(k)|2 ⟩ and clustering in a low-dimensional feature space obtained using PCA to
yield a rough initial phase diagram. This first pass reveals the number of phases to expect and
informs the initial location of training points for the supervised stage. The phase diagram is
then refined in the second supervised stage by training nonuniform CCNNs to define sharper
phase boundaries and uncover the identities of each phase. The identities revealed in this way
not only confirmed the previously known phases [164, 563] but also shed new light on potential
quantum entanglement structures in the striated phase and resulted in the discovery of two
previously (experimentally) undetected phases: the edge-ordered phase, and the rhombic
phase. The new insights that we gained on the square-lattice Rydberg array using HybridCCNN also have significant theoretical and experimental implications. For instance, the
observation of enhanced quantum correlations in the striated phase raises questions on the
interplay between ground-state entanglement and correlations resulting from the quantum
Kibble-Zurek mechanism [764]. Additionally, the discovery of rhombic-like motifs introduces
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the prospect that phases requiring long-range correlations can be nevertheless detected in
near-term programmable quantum simulators.
Finally, moving to site-diluted lattices, we presented recent experimental results [163]
demonstrating the potential of Rydberg systems for the discovery of new quantum algorithms.
This highlights a number of new scientific directions; in particular, an important open question is to understand the origin of the observed quantum speedup. Several mechanisms for
quantum speedup in combinatorial optimization problems have been previously proposed.
Grover-type algorithms are known to have a quadratic speedup in comparison to brute-force
classical search over all possible solutions [158, 227]. A quadratic quantum speedup has also
been suggested for quantized SA based on discrete quantum walks [616, 634]. However, these
methods utilize specifically constructed circuits and are not directly applicable to the algorithms implemented by Ebadi et al. [163]. Alternatively, the following mechanism could also
contribute to the speedup observed in the system. The quantum algorithm’s performance
in the observed regime appears to be mostly governed by the minimum energy gap δmin
(Fig. 3.24C). Under certain conditions, one can achieve coherent quantum enhancement for
the minimum gap resulting in a quadratic speedup via δmin ∼ HP −1/2 . In practice, however,
we find that the minimum energy gap does not always correlate with the classical hardness
parameter HP, as is evident in the spread of the quantum data in Fig. 3.23E. Some insights
into these effects can be gained by a more direct comparison of the quantum algorithm with
SA using the same cost function as the Rydberg Hamiltonian (Fig. 3.24D). While the observed
power-law scaling supports the possibility of a nearly quadratic speedup for instances in the
deep-circuit regime (δmin > 1/T ), it remains to be seen if such a speedup can be extended,
with a guarantee, to all instances.
Thus, in conclusion, we find that the recent theoretical and experimental advances with
square-lattice Rydberg atom arrays allow for the realization of several new quantum phases
and provide unprecedented insights into quantum phase transitions in two-dimensional systems. This begets the question that lies at the heart of the next chapter: going beyond the
square lattice and considering more complex geometries, where numerical studies become ever
more intractable but which are still within the grasp of a quantum simulator, what exciting
new physics can we observe?
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4.1

4

Introduction

The search for quantum phases with fractionalization, emergent gauge fields, and anyonic
excitations has been a central focus of research in quantum matter for the past three decades
[551, 679]. Such systems feature long-range many-body quantum entanglement, which can, in
principle, be exploited for fault-tolerant quantum computing [344]. The best-studied examples
in this regard are the fractional quantum Hall states found in high magnetic fields [624].
While such states have, by now, been realized in a wide variety of experimental systems,
their intrinsic topological properties, including anyonic statistics, are challenging to detect
and control directly [463]. In the absence of a magnetic field, the simplest anyonic phase
compatible with time-reversal symmetry is the so-called Z2 spin liquid [532, 677], which has
the same topological order as the “toric code” [344]. While there are some indications that
such a phase may be present in electronic systems on the kagome lattice [184, 197, 243], thus
far, these quantum spin liquid (QSL) states have evaded direct experimental detection.
In the search for QSLs, systems with frustration [31, 571]—which can be either of geometric
origin or induced by further-neighbor couplings—constitute a promising avenue of exploration.
Motivated by the variety of interesting symmetry-breaking quantum phases of neutral atom
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arrays observed in one and two dimensions [61, 149, 333, 360, 562, 563, 690], it is thus natural
to wonder if Rydberg quantum simulators can host states beyond Landau’s paradigm that
are characterized by topological order. We investigate this question by examining a realistic
model of Rydberg atoms on the nonbipartite kagome lattice, and performing density-matrix
renormalization group computations to establish its rich phase diagram as a function of laser
parameters and atomic distances. These calculations, presented in Section 4.2, first reveal the
formation of several intricate solid phases with long-range density-wave order. We show that
one of these ordered phases actually emerges from a highly degenerate manifold of classical
states via a quantum order-by-disorder mechanism. We also find a strongly correlated “liquid
regime” of parameter space (identified by the star in Fig. 4.1) where the density of Rydberg
excitations is limited by the interactions, in contrast to the gas-like “disordered regime” where
the laser driving induces independent atomic excitations. While for most interaction strengths,
solid phases appear in such a dense regime, we observe that the liquid regime has no local
order and significant entanglement entropy.
In Section 4.3, we construct a mapping to the triangular-lattice quantum dimer model
[444, 543], which correctly describes the solid phases proximate to this liquid regime in the
Rydberg model. Theories for quantum phase transitions out of these solid phases then suggest
that part of the liquid regime can host states with long-range topological order. Prompted
by this observation, in Section 4.4, we present large-scale quantum Monte Carlo results on a
generalized triangular-lattice quantum dimer model with terms in the Hamiltonian annihilating and creating single dimers. We find two distinct classes of Z2 spin liquids, which differ
in their patterns of translational symmetry fractionalization, along with several phases with
no topological order: a staggered crystal, a nematic phase, and a trivial symmetric phase
with no obvious broken symmetry. We also compute the dynamic spectra of these phases and
note implications for the experiments on Rydberg atom arrays. Next, we establish the origin
of the spin liquid phases in Section 4.5 by demonstrating that the combination of Rydberg
interactions and appropriate lattice geometries naturally leads to emergent Z2 gauge theories
endowed with matter fields; the spin liquid is the deconfined phase of such a gauge theory.
We discuss the natures of the fractionalized excitations of the Z2 spin liquid states using
both fermionic and bosonic parton theories, and illustrate their rich interplay with neighbor141
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ing solid phases. Lastly, in Section 4.6, we report on recent experiments using a 219-atom
programmable quantum simulator to probe quantum spin liquid states, thus enabling the
controlled experimental exploration of topological quantum matter and protected quantum
information processing.

4.2

Quantum phases of Rydberg atoms on a kagome lattice

Our interest lies in studying the phases of neutral atoms arranged on the kagome lattice, as
sketched in Fig. 4.1(a). Each kagome unit cell comprises three sites on a triangular scaffolding
√
and the primitive vectors of this lattice are a1 = (2a, 0) and a2 = (a, 3a), where the lattice
constant a is the spacing between two nearest-neighboring sites. Let us denote the number
of complete unit cells along aµ by Nµ . In a minimal model, each atom can be regarded
as a two-level system with |g⟩i and |r⟩i representing the internal ground state and a highly
excited Rydberg state of the ith atom. As before, the system is driven by a coherent laser
field, characterized by a Rabi frequency, Ω, and a detuning, δ. Putting these terms together,
and taking into account the interactions between atoms in Rydberg states [560], we arrive
at the Hamiltonian HRyd in Eq. (3.1). We determine the quantum ground states of HRyd
for different values of δ/Ω and Rb /a using DMRG [684, 685], which has been extensively
employed on the kagome lattice to identify both magnetically ordered and spin liquid ground
states of the antiferromagnetic Heisenberg model [153, 314, 711]. In particular, we work in
the variational space spanned by matrix product state (MPS) ansätze of bond dimensions
up to d = 3200. Although (i, j) runs over all possible pair of sites in (3.1), this range is
truncated in our computations, where we retain interactions between atoms separated by up
to 2a (third-nearest neighbors), as shown in Fig. 4.1(a). In order to mitigate the effects of
the boundaries, we place the system on a cylindrical geometry by imposing open (periodic)
boundary conditions along the longer (shorter) a1 (a2 )-direction. The resulting cylinders are
labeled by the direction of periodicity and the number of sites along the circumference; for
instance, Fig. 4.1(a) depicts a YC6 cylinder. Since the computational cost of the algorithm
(for a constant accuracy) scales exponentially with the width of the cylinder [393], here,
we limit the systems considered to a maximum circumference of 12 lattice spacings. Unless
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Figure 4.1: Phases of the kagome-lattice Rydberg atom array√
on a cylinder. (a) Geometry of
the kagome lattice; the lattice vectors are a1 = (2, 0), a2 = (1, 3). Periodic (open) boundary
conditions, designated by PBC (OBC), are imposed along the a2 (a1 ) direction. The blue dots
are the sites of the original kagome lattice, where the atoms reside, while the red points outline
the medial triangular lattice formed by connecting the centers of the kagome hexagons. (b–d)
The various possible symmetry-broken ordered phases. Each lattice site is color coded such
that green (red) signifies the atom on that site being in the Rydberg (ground) state. (e) Phase
diagram of the Hamiltonian (3.1) in the δ-Rb plane. The yellow diamonds and the pink circles
are determined from the maxima of the susceptibility at each Rb ; the former correspond to
the finite-size pseudocritical points delineating the boundaries of the ordered phases. The
white bars delimit the extent of the stripe phase. The string phase (see Fig. 4.2) lies at larger
detuning, beyond the extent of this phase diagram, as conveyed by the black arrow. The
correlated liquid regime is marked by a red star. The cuts along the dotted and dashed lines
are analyzed in Figs. C.1 and C.3, respectively.

specified otherwise, we always choose the linear dimensions N1 , N2 so as to yield an aspect
ratio of N1 /N2 ≃ 2, which is known to minimize finite-size corrections and optimize DMRG
results in two dimensions [626, 687].
4.2.1

Phase diagram

We first list the various phases of the Rydberg Hamiltonian that can arise on the kagome
lattice. Without loss of generality, we set Ω = a = 1 hereafter for notational convenience.
At large negative detuning, it is energetically favorable for the system to have all atoms in
the state |g⟩, corresponding to a trivial “disordered” phase with no broken symmetries [473].
As δ/Ω is tuned towards large positive values, the fraction of atoms in |r⟩ increases but the
geometric arrangement of the excitations is subject to the constraints stemming from the
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interactions between nearby Rydberg atoms. As seen for the square lattice in Chapter 3,
this competition between the detuning and the previously identified blockade mechanism
results in so-called Rydberg crystals, in which Rydberg excitations are arranged regularly
across the array, engendering symmetry-broken density-wave-ordered phases [563]. On the
kagome lattice, the simplest such crystal that can be formed—while respecting the blockade
restrictions—is constructed by having an atom in the excited state on exactly one out the
three sublattices in the kagome unit cell. This is the ordering pattern of the “nematic” phase
[Fig. 4.1(c)], which is found in a regime where only nearest-neighbor sites are blockaded. The
nematic order spontaneously breaks the threefold rotational (C3 ) symmetry of the underlying
kagome lattice, so, for an infinite system, the true ground state is triply degenerate within
this phase. Even though HRyd does not conserve the number of Rydberg excitations, the
ordered state can still be characterized by a “filling fraction” upon taking the classical limit
δ/Ω → ∞, Rb /a ̸= 0, which, in this case, leads to a density of ⟨ni ⟩ = 1/3, where ni ≡ |r⟩i ⟨r|.
Curiously, the nematic phase is separated from the trivial disordered one by a sliver of a
quantum solid without any classical analogue, to wit, the stripe phase seen in Fig. 4.1(b). This
state also breaks the C3 symmetry; accordingly, between the disordered and stripe phases, one
encounters a Z3 -symmetry-breaking quantum phase transition (QPT) [550] in the universality
class of the (2+1)D three-state Potts model [307], while the QPT demarcating stripe and
nematic is first-order. Although both phases break the same symmetry, the stripe ordering is
distinguished from the nematic by a substantial and equal density on two sublattices of the
unit cell. The formation of these stripes can be attributed to quantum fluctuations [164, 563],
which help stabilize the phase in a narrow window as follows. The system optimizes the
geometric packing in a configuration where all atoms on one sublattice are in the ground state,
whereas those on the other two sublattices are each in a quantum superposition formed by the
ground state with a coherent admixture of the Rydberg state. These “dressed” atoms assist
in offsetting the energetic penalty due to the interactions, while simultaneously maximizing
the excitation density and therefore, the reduction in energy from δ. The ensuant average
density in the stripe phase is also ⟨ni ⟩ ∼ 1/3, which explains its existence as a precursor to
the nematic ordering. The extent of this phase narrows significantly with increasing Rb , so
it is difficult to ascertain whether the transition between the lattice nematic and disordered
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phases is always a two-step one with the stripe order intervening. Nevertheless, based on our
current data (see also Fig. C.3), we believe it is likely that the stripe phase terminates at a
tricritical point near the tip of the nematic dome instead of surrounding it throughout.
Proceeding to larger blockade radii, we find that the kagome Rydberg array hosts yet
another solid phase with density-wave ordering, namely the “staggered” phase [Fig. 4.1(d)].
This phase, which bears a twelvefold ground-state degeneracy, is realized when interactions
between neighboring Rydberg atoms are sufficiently strong enough to blockade third-nearest√
neighbor sites, so the excitations are positioned a distance of 7 apart. The resultant Rydberg
crystals are formed of a 12-site unit cell with lattice vectors 4a1 and 2a1 + a2 ; the associated
√
classical density is 1/6. The staggered phase remains stable up to Rb ≲ 7, beyond which
fourth-nearest neighbors are also blockaded.
Equipped with the information above, we now turn to assembling the full phase diagram
of HRyd . An unbiased diagnostic to do so is the bipartite von Neumann entanglement entropy (EE) of the ground state SvN ≡ −Tr (ρr ln ρr ), ρr being the reduced density matrix for
each subsystem when the cylinder is partitioned in half along a1 . On going from the disordered phase to an ordered one, SvN gradually increases, peaks near the quantum critical
point (QCP), and then drops sharply inside the solid phase [see also Fig. C.1(c)]. This is
because DMRG prefers states with low entanglement and systematically converges to a socalled Minimal Entropy State (MES) [313, 626], which is simply one of the symmetry-broken
states rather than their superposition. This drastic decline in SvN traces out the two lobes
seen in Fig. 4.1(e), which mark the phase boundaries of the nematic and staggered orders.
In the limit of large detuning, there is another density-wave-ordered phase between these two
lobes, which we christen the “string” phase and discuss next.
4.2.2

Quantum order-by-disorder

In the classical limit of δ/Ω → ∞, the periodic arrangement of Rydberg excitations (or
equivalently, hard-core bosons) on the kagome lattice can result in additional ordered phases
besides the nematic and the staggered at various fractional densities [283]. To see this, one can
simply minimize the classical energy, which is determined solely by the competition between
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Figure 4.2: Crystalline phase at 2/9 filling on the kagome lattice. (a–c) Classically ordered
states at f = 2/9; while we sketch only three configurations here, the number of such states—
with the same filling fraction—scales exponentially with the system size. The Rydberg excitations (red) are arranged in “strings” (yellow) that span the lattice. (d) Comparing the three
possible classical phases, we find that the energy (at Ω = 0) is minimized by the string-ordered
state over a finite region between the nematic and the staggered phases. (e) Rydberg crystal
formed in the string phase at δ = 4.00, Rb = 1.95 on a wide (N1 = 12) YC8 cylinder.
the detuning and the repulsive interactions. In the parameter range of interest (Rb ≲ 2.25), it
is not difficult to observe [Fig. 4.2(d)] that this optimization yields three regions characterized
by classical filling fractions of




1/3;




f=

2/9;






1/6;

V3 /δ < 1/7,
1/7 < V3 /δ < 1/4,

(4.1)

1/4 < V3 /δ,

where V3 represents the strength of the third-nearest-neighbor interactions. Since we have
(temporarily) set Ω = 0, the ratio V3 /δ is the only independent tuning parameter for the
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Hamiltonian in this limit.
The phases at fillings of a third and a sixth can be readily identified as (the classical versions
of) the familiar nematic and staggered orders [Figs. 4.1(c) and (d)], respectively. In between
the two, the system favors a separate highly degenerate classical ground state, forming what
we dub the “string” phase. A few of the possible ordering patterns for a crystal belonging to
this phase, with a filling fraction of f = 2/9, are presented in Fig. 4.2(a–c). The arrangement
of the Rydberg excitations resembles strings—which may be straight or bent—that stretch
across the lattice. Interestingly, there are a macroscopic number of such states, all with the
same classical energy, and this degeneracy grows exponentially with the linear dimensions of
the system. For example, in Fig. 4.2(a), the positions of all the atoms in the Rydberg state
can be uniformly shifted by ±a2 /2 for every other string without affecting the energy, leading
to O(2N1 ) potential configurations. Similarly, when the strings are bent, like in Fig. 4.2(c),
there are O(N2 ) locations where a kink can be formed, and correspondingly, O(2N2 ) states of
this type.
The large classical degeneracy raises the question of the fate of this phase once we reinstate
a nonzero transverse field, Ω. There are two natural outcomes to consider. Firstly, a superposition of the classical ground states can form a quantum “string liquid” [679] with topological
order, as is commonly seen to occur in quantum dimer models [443]. However, a necessary
condition in this regard is the existence of a local operator which can connect one classical
ground state with another. Since the individual ground states are made up of parallel strings,
they are macroscopically far away from each other, and it would take an operator with support of the size of the system length to move between different classical configurations, thus
violating the requirement of locality. This brings us to the second possibility, namely, that
a quantum “order-by-disorder” phenomenon [606, 658] prevails. In this mechanism, quantum fluctuations lower the energy of particular classical states from amongst the degenerate
manifold; the system then orders in a state around which the cost of excitations is especially
cheap. In this case, one could anticipate a string-ordered solid phase, which should be easily
identifiable from the structure factor.
The DMRG numerics confirm our intuition that such a crystal should emerge in the phase
diagram at sufficiently high detunings. On the YC8 cylinder with N1 = 8, the string phase
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appears at detunings beyond the range rendered in Fig. 4.1(e). However, it is manifestly
observed, for a wider geometry, in Fig. 4.2(e), which illustrates the local magnetizations
inside the string phase (at δ = 4.00, Rb = 1.95) on a YC8 cylinder of length N1 = 12 (chosen
so as to be fully compatible with the string order). The ground state found by finite DMRG
is patently ordered with the system favoring a configuration of straight strings that wrap
around the cylinder, thereby lifting the macroscopic classical degeneracy. This is in contrast
to the expectation from naive second-order perturbation theory, which picks out the maximally
kinked classical state.
4.2.3

Signatures of density-wave orders

In totality, we have thus detected four solid phases on the kagome lattice. All these ordered
states can be identified from either their respective structure factors, or the relevant order
parameters, as we now show.
With a view to extracting bulk properties, in the following, we work with the central half of
the system that has an effective size of Nc = 3N22 . Evidence for ordering or the lack thereof can
be gleaned from the static structure factor, which is the Fourier transform of the instantaneous
real-space correlation function

S(q) =

1 ∑ iq·(xi −xj )
e
⟨ni nj ⟩
Nc

(4.2)

i,j

with the site indices i, j restricted to the central N2 × N2 region of the cylinder. At a blockade
radius of Rb = 1.7, which stations one in the nematic phase [Fig. 4.3(b)], the structure factor
has pronounced maxima at the corners of the (hexagonal) extended Brillouin zone, occurring
√
√
at Q = ±b1 , ±b2 , ±(b1 + b2 ), where b1 = (π, −π/ 3) and b2 = (0, 2π/ 3) are the reciprocal
lattice vectors. A subset of these maxima also persists for the stripe phase [Fig. 4.3(a)]—this is
in distinction to the nematic phase wherein the peaks at all six reciprocal lattice vectors are of
equal strength. In the presence of staggered ordering [Fig. 4.3(c)], the peaks are comparatively
√
√
weaker but prominent nonetheless, appearing at Q = ±b1 , ±(π/2, 3π/2), ±(3π/4, π/(4 3)),
√
and ±(−π/4, 5π/(4 3)). Likewise, in the string phase [Fig. 4.3(d)], conspicuous maxima are
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Figure 4.3: Static structure factors of the ordered phases. S(q) displays pronounced and
well-defined peaks for the (a) stripe (δ = 2.20, Rb = 1.20), (b) nematic (δ = 3.30, Rb = 1.70),
(c) staggered (δ = 3.30, Rb = 2.10), and (d) string (δ = 4.00, Rb = 1.95) orders. The dashed
white hexagon marks the first Brillouin zone of the kagome lattice. The structure factor for
the string phase is computed on the cylindrical geometry shown in Fig. 4.2(e).
seen to occur at ±2b1 /3 for the ground-state configuration where straight strings encircle the
lattice. While we list here the ordering wavevectors for a finite system, let us briefly note that
on an infinite lattice, the structure factors, of course, would additionally include C3 -rotated
copies of the above.
One can also directly look at the order parameters that diagnose the possible symmetrybroken ordered states. For the nematic phase, an appropriate definition is
3
Φ=
Nc

(

∑
i∈A

ni + ω

∑
i∈B

ni + ω 2

∑

)
ni

,

i∈C

where ω ≡ exp(2πi/3) is the cube root of unity, and A, B, C denote the three sublattices of
the kagome lattice. Similarly, in the staggered and string phases, one can define the (squared)
2 ≡ S(Q), with Q chosen from among the observed peaks of the
magnetic order parameter MQ
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structure factor. These order parameters are more quantitatively addressed in Fig. C.3(a),
which catalogs the ground-state properties calculated at a fixed detuning of δ = 3.3 [dashed
line in Fig. 4.1(e)]; in particular, we observe that the nematic and staggered order parameters
assume nontrivial values in exactly the regions predicted by the phase diagram.

4.3

Mapping the Rydberg system to quantum dimer models

At large detuning, we can approximately map the Rydberg system to a model of hard-core
bosons at filling f on the kagome lattice. The bosonic system [33, 299, 300, 543, 629, 668]
has an extra U(1) symmetry, which can be spontaneously broken in a superfluid phase; in the
Rydberg model without the U(1) symmetry, the disordered phase is the counterpart of the
superfluid. However, any nonsuperfluid topological states of the boson model are insensitive
to the U(1) symmetry, and can also be present in the Rydberg model.
In the limit of strong interactions, hard-core bosons at filling f = (1/2, 1/3, 1/6) on the
kagome lattice map [33, 299, 300, 504, 543] onto an (odd, even, odd) quantum dimer model
(QDM) [444, 445, 714] on the medial triangular lattice with Nd = (3, 2, 1) dimers per site, with
odd/even referring to the parity of Nd . The triangular lattice of the QDM is formed by joining
the centers of the kagome hexagons, and this correspondence is sketched in Fig. 4.4, which
schematically shows the mapping between the different Rydberg solids and the phases of the
QDM. A key observation here is that both solid phases next to the liquid regime (marked by
the star in Fig. 4.1) are also phases of the QDM: the nematic phase was found in the QDM
with Nd = 2 by Roychowdhury et al. [543], and the staggered phase is present in the QDM
with Nd = 1 [444, 445]. In both cases, a Z2 spin liquid phase with topological order has been
found adjacent to these solid phases [444, 445, 543] in the QDMs. Making the reasonable
assumption that a QDM description for the Rydberg system holds in the vicinity of the phase
boundaries of these solid states, we expect Z2 topological order in the liquid regime of the
Rydberg model in Fig. 4.1, proximate to the nematic and staggered solid phases.
There is a subtle difference between the Z2 spin liquids found in the Nd = 1, 2 QDMs:
the anyonic “vison” excitation picks up a Berry phase of π (2π) upon adiabatic transport
around a site of an odd (even) QDM [170, 305, 444, 445, 447, 514, 548, 551, 559, 594, 733].
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Figure 4.4: Correspondence between the Rydberg and quantum dimer models. In the limit
of large detuning, the Rydberg excitations can be mapped to a system of hard-core bosons,
upon identifying each atom in state |r⟩ (|g⟩) as an occupied (empty) bosonic mode [556]. (a)
The resultant boson model is at a filling of f = 1/3 (1/6) for the nematic (staggered) phase.
A boson on any site of the kagome lattice (red/green points) can now be uniquely associated
with a dimer on the corresponding bond of the medial triangular lattice (blue lines) [543]. The
liquid regime is separated from the nematic (staggered) phase by a continuous (first-order)
QPT. (b) Schematic depiction of a potential Rydberg liquid as a superposition of dimer
configurations; note that, unlike in the QDM, the total number of dimers can fluctuate in the
Rydberg model.

This distinction changes the projective symmetry group of the visons, and also holds for the
Z2 spin liquids expected in the Rydberg model, which must therefore be odd/even as well.
Consequently, the spin liquids proposed to be proximate to the staggered and nematic phases
are not identical; one or both of them could be present in the liquid regime. Moreover,
the vison Berry phase places important constraints on the nontopological states obtained
by condensing visons: for instance, an odd Z2 spin liquid cannot have a vison-condensing
phase transition to a trivial disordered state with no broken lattice symmetry, which is a
manifestation of the Lieb-Schultz-Mattis theorem.
Roychowdhury et al. [543] studied the transition from the even Z2 spin liquid into the
nematic phase. The visons in this Z2 spin liquid have an energy dispersion with minima at
√
√
M1 = (π/2, −π/(2 3)) = b1 /2, M2 = (0, π/ 3) = b2 /2 [543], and their condensation leads to
the nematic ordering for which the dominant wavevectors are b1 , b2 [Fig. 4.3(b)]. The critical
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theory for this transition is an O(3) Wilson-Fisher theory with cubic anisotropy [543], and
this conclusion holds both for the QDM and the Rydberg system. It is interesting to compare
this result to that for the transition from the nematic phase to the disordered phase of the
Rydberg model, which was mentioned above to be in the universality class of the (2+1)D
three-state Potts model and hence, weakly first-order [307]. Therefore, the nematic phase can
melt either by a first-order transition to a trivial disordered phase, or via a second-order one
into a topological phase by fractionalizing the nematic order parameter. So, the observation of
a continuous O(3) transition out of the nematic phase to a phase without symmetry breaking
would constitute nontrivial evidence for the presence of Z2 topological order in the latter. An
apparent second-order transition in the nematic order parameter can be seen in Fig. C.3(b)
below, although our numerical accuracy is not sufficient to determine its universality class.
The transition from the staggered phase to the odd Z2 spin liquid of the Nd = 1 QDM is
first-order [444, 445], and we expect it to be so for the Rydberg model too. This is compatible
with the rapid increase of the staggered order parameter out of the liquid regime shown in
Fig. C.3(b). We also note that the density of Rydberg excitations in the liquid regime (∼ 0.2)
is close to that of the odd QDM (f = 1/6).
For both the even and odd Z2 spin liquids proposed for the liquid regime of the Rydberg
model, there should be a sharp transition to the disordered phase described by the condensation of the bosonic e anyons. Such a transition is not present in the QDMs, because the e
excitations have been projected out by the dimer constraint. This QPT is in the universality
class of the Ising∗ Wilson-Fisher conformal field theory [124, 582, 689], and can, in principle,
be accessible in our system. However, we do not find clear-cut numerical evidence for it below,
for our range of system sizes.
Extending the mapping from the Rydberg model to the QDM further, in Appendix C.1,
we compute the parameters in (δ, Rb )-space where a QSL phase might be expected to exist
for the Rydberg system based on the (previously known) regime of stability of the QDM
spin liquid [444, 445]. This calculation leads to an estimate of (δ = 2.981, Rb = 1.997), which
places us within the so-called liquid regime of our phase diagram. This is an intermediate
correlated regime found at moderately large values of the detuning—designated by the red star
in Fig. 4.1(e)—which lies in between two solid phases but resists categorization as either. The
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nomenclature “liquid”, as defined earlier, connotes that the Rydberg excitations form a dense
state in which the blockade introduces significantly more correlations than in the disordered
regime. Studying its properties in Appendix C.2, we identify that this regime has no broken
lattice symmetries and is characterized by the presence of dense Rydberg excitations even at
detunings where solid phases appear at other interaction strengths. This absence of a local
order parameter, taken together with the large observed entanglement entropy, renders this
regime a promising candidate for hosting a phase with the long-range quantum entanglement
and topological order needed for quasiparticle excitations with anyonic statistics.

4.4

Triangular-lattice quantum dimer model with variable density

Quantum dimer models (QDMs) [443, 538] on nonbipartite lattices have long been known to
host Z2 QSLs. This section investigates an important—but hitherto unexplored—extension of
the quantum dimer model on the triangular lattice [445, 543]. Unlike the more conventionally
studied QDMs, here, the density of dimers is allowed to vary by terms in the Hamiltonian
which can annihilate and create single dimers on each link of the triangular lattice. Such a
dimer-nonconserving term is motivated by our previously established connections to models
of ultracold atoms trapped in optical tweezers, in which each dimer is identified with an atom
excited to a Rydberg state by laser pumping [564, 654].
With a dimer-nonconserving term present, the triangular-lattice quantum dimer model
displays novel features relevant to the Rydberg-atom experiments. When the nonconserving
terms are large, we can obtain a trivial phase with neither topological order nor broken lattice
symmetry. More interestingly, the phase diagram of this extended QDM also harbors both
odd and even Z2 liquids. Note that in early discussions of such QSLs in dimer models, the
distinction between the liquids was tied to whether the number of dimers on each site was
constrained to be odd or even [543]. In the present model, the number of dimers on each site
fluctuates between odd and even values, namely 1 and 2; nevertheless, the distinction between
even and odd QSLs still survives based on the symmetry transformation properties of excitations with magnetic Z2 flux (visons). In the case with a dimer-number constraint on each
site, there is an anomaly relation requiring that odd (even) dimers produce vison translations
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which anticommute (commute) [117, 513]. However, in the case without a dimer-number constraint (or a soft constraint), of interest to us here, microscopic details will determine whether
vison translations anticommute or commute, and we will investigate this fate numerically with
quantum Monte Carlo simulations.
Finally, our study also obtains several phases which break lattice symmetries, but are
topologically trivial. This includes two “staggered” phases [445], a “columnar” phase [521]
and a “nematic” phase [543], and we also discuss their density-wave-ordered counterparts in
the context of experiments on Rydberg quantum simulators.
4.4.1

The model

We investigate the following general dimer Hamiltonian, with one or two dimer(s) per site,
on the triangular lattice,
H =−t

∑(
r

−h

∑(

∑ ( s s⟩ ⟨ s s
)
s s⟩ ⟨ s s
s s⟩ ⟨ s s )
s s

s s + h.c. + V
s s
s s + s s
s s
r

s

s

⟩⟨

s

)

s + h.c. − µ

l

∑(

s

s

⟩⟨

s

s

)

,

(4.3)

l

where the sum on r runs over all plaquettes (rhombi), including the three possible orientations,
and l runs over all links. The different terms in this Hamiltonian are as follows. The kinetic
term (controlled by t) flips the two dimers on every flippable plaquette, i.e., on each plaquette
with two parallel dimers, while the potential term (controlled by the interaction V ) describes a
repulsion (V > 0) or an attraction (V < 0) between nearest-neighbor dimers. The transversefield term of strength h creates/annihilates a dimer at link l, in contrast to the t and V
terms, neither of which change the dimer number. Lastly, µ sets the chemical potential for
the occupation of a link by a dimer. We further impose a soft constraint requiring that
there must be one or two dimer(s) per site. Thus, when µ → ±∞, the model reverts to the
conventional hard-constrained quantum dimer model with exactly two or one dimer(s) per
site—the phase diagrams of both these QDMs have been extensively studied in the literature
[444, 445, 521–523, 543, 714]. Hereafter, we set t = 1 as the unit of energy for the rest of this
section.
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Figure 4.5: Phases of the variable-density triangular lattice QDM. Left panel: The full phase
diagram, spanned by the V and µ axes, is obtained from QMC simulations at h = 0.4. The
phase boundaries between the paramagnetic (PM) phase and the two QSLs along the dashed
line are studied in Fig. 4.7; the phase transitions are first-order. The phase boundaries between
the QSLs and the nematic, columnar, and staggered phases are shown in Appendix C.4.1. The
associated transitions are either continuous (such as the QSL–nematic and QSL–columnar)
or first-order (such as the QSL–staggered). Right panel: Schematic pictures of the four
crystalline phases (nematic, columnar,
√
√ 1/3 staggered, and 1/6 staggered). In the limit of
exactly one dimer per site, a 12 × 12 valence bond solid (VBS) phase is known to exist
between the odd QSL and the columnar phase. However, it is nearly degenerate with the
columnar phase over a large region in our simulations, and we depict this schematically by
using a lighter shading for the columnar phase near the odd QSL.

To solve the model in Eq. (4.3) in an unbiased manner, we employ the recently developed
sweeping cluster quantum Monte Carlo algorithm, which can perform efficient sampling in
the constrained quantum many-body systems [712, 714–716]. By monitoring the behavior
of various physical observables such as dimer correlation functions and structure factors, we
map out the detailed phase diagrams, such as, for instance, in Fig. 4.5. Moreover, in addition
to static observables, we also compute the dynamic dimer correlation functions in imaginary
time and employ the stochastic analytic continuation method [59, 566, 601, 602, 629, 668, 669,
714, 742] to obtain the dynamic dimer spectral functions in real frequencies. Our simulations
are performed on the triangular lattice with periodic boundary conditions and system sizes
N = 3L2 for linear dimensions L = 8, 12, 16, 18, 24, while setting the inverse temperature
β = L (β = 200) for equal-time (dynamical) simulations.
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Figure 4.6: Equal-time dimer structure factors. Here, we illustrate D(k, τ = 0) in the Brillouin zone for the (a) odd Z2 QSL (µ = −3, V = 0.9), (b) PM phase (µ = 0, V = 0.9), (c) even Z2
QSL (µ = 3, V = 0.9), (d) columnar phase (µ = −3, V = −0.5), and (e) nematic phase (µ = 3,
V = −0.5) in the phase diagram of Fig. 4.5. All the data are simulated using β = L = 12.
The upper-right labels in each panel represent the scaling factor of the intensities such that
the five panels can be scaled onto the same colorbar. In addition, the high-symmetry path
for the spectra in Fig. 4.8 are also drawn in (a).

4.4.2

The phase diagram

Although the phase diagrams in the two limits with exactly 1/3 and 1/6 dimer fillings are
well understood, the manner in which they connect to each other in the presence of a nonzero
transverse field h and chemical potential µ is an interesting open question. In particular, one
may ask what happens between the two kinds of Z2 QSLs, i.e., whether they are separated
by a direct phase transition or an intermediate phase. An important reason this question has
remained unaddressed so far is the lack of a suitable algorithm to deal with the soft constraint.
As discussed in detail in Appendix C.4.1, here, we adapt the sweeping cluster Monte Carlo
algorithm used for hard-constrained QDMs [712, 715] to soft ones and use it to map out
the phase diagram of the Hamiltonian in Eq. (4.3). Figure 4.5 shows the full phase diagram
obtained at h = 0.4, which we primarily focus on here, leaving the discussion of similar phase
diagrams with different h to Appendix C.4.1.
The phase diagram exhibits four different symmetry-breaking phases, including the nematic, the columnar, and two staggered phases; the schematic plots of these crystalline phases
are shown in the right panels of Fig. 4.5. Furthermore, we observe two distinct Z2 QSL
phases, which are denoted as “Even QSL” and “Odd QSL” in the figure. Additionally, a
trivial disordered—or paramagnetic (PM)—phase exists in the central region in between the
two QSLs; note that such a PM phase does not arise in the more familiar QDMs where the
dimer number per site is exactly constrained. The phase boundaries between these phases
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are determined by examining various parameter points and paths scanning through the phase
diagram, such as the dashed line in Fig. 4.5.
To characterize this rich variety of phases, we compute the equal-time (τ = 0) dimer structure factor (see Fig. 4.6) as
L
)
1 ∑ ik·rij (
D(k, τ ) =
e
⟨ni,α (τ )nj,α (0)⟩ − ⟨ni,α ⟩⟨nj,α ⟩ ,
N
3

(4.4)

i,j
α=1,2,3

where ni is the dimer number operator on bond i and α stands for the three bond orientations,
at five representative parameter points corresponding to the five different phases in the phase
diagram. Figures 4.6(a), (b), and (c) show D(k, 0) inside the odd QSL, PM, and even QSL
phases, respectively. In the hexagonal Brillouin zone, we observe that there are no peaks
associated with long-range order but only broad profiles signifying different short-range dimer
correlation patterns in real space. In contrast, Figs. 4.6(d) and (e) present the dimer structure
factors inside the columnar and nematic phases, respectively. One now clearly sees the Bragg
peaks at the M points for the columnar phase (there can be three different orientations of
the columnar dimers, corresponding to all the 3 pairs of M points), and at the Γ point in the
nematic phase.
4.4.3

The two Z2 quantum spin liquids

Having established the lack of long-range dimer-dimer correlations in the odd/even Z2 QSLs
and the PM phase, next, we move on to the phase transitions between them. Since all three
of these phases are disordered, care needs to be taken in determining their phase boundaries.
Our results in this regard are summarized in Fig. 4.7, which shows the data along a path with
a fixed V = 0.9 and varying µ in the phase diagram (dashed line in Fig. 4.5).
First, in Fig. 4.7(a), we illustrate the energy density curves, which appear to be smooth
without any obvious turning points along the path as µ is scanned. However, when the
transverse field becomes large, we expect that all the links should be polarized along the
x-axis (if there were no constraints). Since the model in Eq. (4.3) can be regarded as a
spin model with spins on links (occupied/empty links being equivalent to spin up/down), the
157

Chapter 4. Z2 quantum spin liquid phase of Rydberg atoms
0.4

1.0

L=8
L = 12
L = 16

0.5

0.3

Mx

E/N

0.0
-0.5

0.2

-1.0
-1.5
-2.0
0.35

0.1

(a)

0.0

(c)

(d)

0.8

string

0.30

ρ

(b)

0.25

0.4
0.0

-0.4

0.20

-0.8

0.15 -6

-4

-2

0
µ

2

4

6

(e)

-4

-6

-2

0
µ

2

4

6

(f)

Figure 4.7: Phase transitions between QSLs and the PM phase. Data along the QSL–PM–
QSL path, indicated by the dashed line at V = 0.9 in Fig. 4.5. (a) The energy density is
smooth with increasing µ. (b) The polarization Mx reveals the first-order phase transition
between the PM phase and the two Z2 QSLs. (c) The dimer filling remains at approximately
ρ ∼ 1/3 in the even QSL and ρ ∼ 1/6 in the odd QSL. It changes continuously in the PM
phase, and the filling also exhibits a first-order phase transition between the PM phase and
QSLs. (d) The string operator is zero in the trivial PM phase but positive (negative) in the
even (odd) Z2 QSL. All the data are calculated for V = 0.9, β = L, h = 0.4. (e) In a pure
odd Z2 QSL with dimer filling ρ = 1/6, a string operator defined on a rhomboid with odd
linear size (3 in this case) should attain the value −1. (f) In a pure even Z2 QSL with dimer
filling ρ = 1/3, the string operator should always yield 1. The string operators presented in
(d) are measured for a 3 × 3 rhombus averaged over the entire lattice for different L.
polarization
Mx =

1 ∑ ( s s⟩ ⟨ s
N
l

∑
)
s + h.c. ∼ 1
Slx
N

l

can be used to describe the level of polarized links (spins), and thus, to probe the PM phase.
Indeed, as seen in Fig. 4.7(b), Mx helps us to identify a first-order phase transition between the
PM phase and the two Z2 QSLs. In the PM phase, Mx becomes large but is still far from the
classical saturation value of 1; this is because the soft constraint forbids all links from being
fully polarized simultaneously. We can also discover similar first-order phase transitions, at
the same parameter points, independently from the dimer filling ρ shown in Fig. 4.7(c). In the
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even (odd) Z2 QSL phase, the filling is nearly 1/3 (1/6) while the filling changes continuously
in the PM phase.
Additionally, a closed string operator [592], schematically defined as in Figs. 4.7(e) and (f)
as ⟨string⟩ = ⟨(−1)#

cut dimers ⟩

on a rhomboid with odd linear size, can be used to distinguish

the two QSLs and the PM phase. As shown in Figs. 4.7(e) and (f), ⟨string⟩ should be ±1 in
a pure even/odd Z2 QSL without spinons and zero in a PM phase. We measure all the 3 × 3
rhomboids in the lattice to obtain the expectation value ⟨string⟩ along the path scanning µ
at V = 0.9. The resultant data in Fig. 4.7(d) indeed reveal that inside the odd (even) Z2 QSL
phase, ⟨string⟩ ∼ −1 (⟨string⟩ ∼ 1), while inside the PM phase, ⟨string⟩ ≈ 0; the transitions
are also seen to be first-order, in consistency with Figs. 4.7(b) and (c).
4.4.4

Dynamical dimer spectra

One of the hallmarks of a QSL is its ability to support fractionalized excitations that cannot be created individually by any local operator. In this section, we focus on one class
of such fractional excitations with magnetic Z2 flux, i.e., the visons. Naturally, vison configurations with different fluxes will result in different dimer spectral signatures, thus realizing, in particular, the interesting phenomenon of translational symmetry fractionalization
[171, 429, 629, 668, 714], which can be further used to distinguish the PM and the even/odd
Z2 QSLs and make possible connection to experiments. To this end, we compute the dimer
spectra, obtained from stochastic analytic continuation of the Monte-Carlo-averaged dynamic
dimer correlation function D(k, τ ) with τ ∈ [0, β] (which can be viewed as the dynamical
vison-pair correlation functions deep inside the Z2 QSLs [714]). Figure 4.8(a) shows that in
the odd Z2 QSL phase, the gapped dimer (vison-pair) spectrum forms a continuum, and the
dispersion minima are located at both the M and Γ points. On the other hand, Fig. 4.8(c)
illustrates that the dimer (vison-pair) spectrum deep inside the even Z2 QSL is also a continuum but with minima only at Γ. These features are consistent with the expectation that the
visons of the odd Z2 QSL carry a fractional crystal momentum whereas visons of the even
QSL do not [629, 714]. For the even QSL, Ref. 543 found that the minima of the mean-field
vison dispersion occur at the three inequivalent M points in the Brillouin zone. Accordingly,
one would then expect the vison-pair spectrum to exhibit a minimum at Γ (which is equiva159
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Figure 4.8: Dynamical dimer spectra. The dimer spectra in the (a) odd Z2 QSL in the limit
of one dimer per site, corresponding to µ → −∞ and V = 1 in Fig. 4.5, (b) PM phase with
(µ = 0, V = 0.9) and h = 0.4, and (c) even Z2 QSL in the limit of two dimers per site,
corresponding to µ → ∞ and V = 0.5 in Fig. 4.5. The dimer spectra exhibit continua in both
(a) and (c)—conveying the fractionalization of spins into visons. However, the dispersion
minima in the two cases differ, being located at both M and Γ for (a) and only at Γ for (c),
representing the translational symmetry fractionalization in the former and the lack thereof
in the latter. In (b), however, the dimer spectrum is flat and displays less of a continuum in
the frequency domain, consistent with a polarized PM phase. All the data are simulated at
β = 200 on a L = 12 lattice, with the low temperature T = 1/200 being necessary to overcome
the small vison gap and the transverse field h.

lent to 2M modulo a reciprocal lattice vector), in agreement with our numerical results. In
comparison, Fig. 4.8(b) presents the dimer spectrum inside the PM phase; here, there exists no clear continuum in the frequency domain, indicating the lack of fractionalization of
dimers into pairs of visons. Moreover, the overall dispersion is flat, which is consistent with
the dispersionless S z spectrum in an S x -polarized state, such as in the transverse-field Ising
model.

4.5

Emergent Z2 gauge theories and topological excitations

The results of the previous section underscore that a promising playground to look for QSL
phases is given by the family of quantum dimer models [443, 538]. Section 4.3 demonstrated
that the phases of various quantum dimer models can be efficiently implemented using Rydberg atoms arrayed on the sites of a kagome lattice and argued that Rydberg platforms could
be used to realize topological spin liquid states based solely on their native interactions [564].
However, even though numerics [713] (and, as we will show in Section 4.6 below, experiments)
support a Z2 QSL phase, a general understanding of the connection between Rydberg atom
arrays and Z2 QSLs remains to be obtained.
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In this section, we bridge the gap and establish the underlying reason why geometrically
frustrated Rydberg atom arrays host spin liquids. First, we show that the Rydberg Hamiltonian can be mapped to a Z2 gauge theory; the spin liquid phase is the deconfined phase
of such a gauge theory. However, this emergent gauge theory is necessarily endowed with
matter fields. These matter fields are the three distinct anyonic quasiparticle excitations of
the Z2 QSL, which can be either bosonic (e and m) or fermionic (ε). The e and ε anyons
are particle-like excitations, and are collectively referred to as spinons, whereas the m anyon
is a vortex-like excitation called a vison [594]. Constructing detailed parton theories for each
of these excitations, we analyze their static spectra using self-consistent mean-field theory
and illustrate their relation to neighboring nontopological phases in the context of spinon
condensation.
Importantly, as mentioned above, depending on whether elementary translations anticommute or commute when acting on the visons, Z2 spin liquids can be further classified as odd
or even, respectively [305, 447, 559]. In the Z2 gauge theory framework, there is a unit Z2
electric charge on each lattice site of an odd Z2 gauge theory, which is a manifestation of
nontrivial lattice symmetry fractionalization in this phase [41, 115, 170, 636]. The visons see
the spinons as a source of π flux, so the adiabatic motion of a vison around a lattice site
picks up a phase of +1 (−1) in an even (odd) QSL. We highlight how this subtle distinction
is reflected in a parton formulation and adds to the rich variety of possible QSL states.
4.5.1

Model and mapping to Ising gauge theories

It is useful to regard each Rydberg atom in the system as an effective two-level system, where
we identify the atomic ground state |g⟩ with an empty bosonic state |0⟩ and the Rydberg state
|r⟩ with the filled bosonic state B † |0⟩ (Fig. 4.9). By construction, this mapping associates
the states with hard-core bosons, i.e., Nℓ ≡ Bℓ† Bℓ = 0, 1. The full interacting system can be
described by the model originally proposed by Fendley, Sengupta, and Sachdev (FSS) [183]
in a different context [556]. This Hamiltonian is given by

Hfss =

∑ [Ω (
ℓ

2

Bℓ +

Bℓ†

)

]
− δNℓ +

1∑
Vℓ,ℓ′ Nℓ Nℓ′ ,
2
′
ℓ̸=ℓ
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Figure 4.9: Rydberg atoms are positioned on the sites of the ℓ-lattice, which is a kagome
lattice; the associated i-lattice (red dots) is triangular. Here, the two atomic states |g⟩ (gray)
and |r⟩ (blue) are identified with an empty and occupied bosonic mode, respectively. The
lattice spacing is a, and the interaction between pth -nearest neighbors is represented by Vp .
Any configuration of Rydberg excitations can be mapped to a set of dimers that need not
satisfy a close-packing constraint.
where ℓ labels a set points on the kagome lattice with position rℓ and we have defined
Vℓ,ℓ′ ≡ V(rℓ − rℓ′ ) for notational brevity. Throughout this section, we will parametrize the
interaction strength in terms of the (more intuitive) Rydberg blockade radius Rb ≡ (V0 /Ω)1/6 .
The first term in the Hamiltonian (4.5) breaks U(1) symmetry, so the number of B bosons is
not conserved.
At the moment, Hfss is not a lattice gauge theory, and Bℓ is the annihilation operator
of a boson which does not carry gauge charges. We are interested here in configurations
of the FSS model which can realize a Z2 spin liquid. The usual strategy in constructing
nonperturbative theories of such QSLs is to identify hard-core bosons with spin operators
B → S− , fractionalize the spin into spinons, and then study if the spinon theory can have
a deconfined phase [3, 20, 532]. However, as we will see shortly, the (bosonic) spinons in
the FSS model reside at points which do not correspond to the sites of the physical kagome
lattice. Hence, in our approach, we introduce redundant degrees of freedom not for each
spin but rather for each hexagon or triangle of the kagome lattice, in similar spirit to the
fractionalization schemes used for the pyrochlores [377, 570].
To begin, we identify the two bosonic states on each site with the qubits of a Z2 gauge
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theory as
Bℓ + Bℓ† = σℓz ,

Nℓ = (1 − σℓx )/2.

(4.6)

Then, without approximation, one can write the FSS model as a model of interacting qubits:

Hfss =

1∑
1 ∑ Vℓ,ℓ′
[Ω σℓz + δ σℓx ] +
(1 − σℓx )(1 − σℓx′ ) .
2
2
4
′
ℓ

(4.7)

ℓ̸=ℓ

In order to study possible Z2 spin liquid states, we explore making (4.7) gauge invariant by
introducing zero-energy matter fields which carry a Z2 gauge charge. First, we introduce an
“i-lattice” of sites i, j, . . ., such that the centers of the (i, j) links on the i-lattice coincide with
the ℓ sites in Eq. (4.7). Note that the i-lattice has to be defined in a manner which does not
break any symmetries of the ℓ-lattice. Such a construction is feasible for only some lattices—
like the kagome [564] and the ruby [654]—but not others; e.g., the square and honeycomb
ℓ-lattices do not have a corresponding i-lattice.
Having found suitable ℓ- and i-lattices, we place the Rydberg atoms on the ℓ-lattice, and
introduce a new set of qubits on the i-lattice. The i-lattice qubits are acted on by Pauli
matrices τix,y,z , and these transform under Z2 lattice gauge transformations as
σīzj̄ → ϱi σīzj̄ ϱj , σīxj̄ → σīxj̄ , τiz → τiz ϱi , τix → τix .

(4.8)

with ϱi = ±1, where σīzj̄ ≡ σℓz on the ℓ-lattice site between the i and j sites on the i-lattice.
Then, an explicitly Z2 -gauge-invariant form of the FSS Hamiltonian is
Hfss =

Ω ∑ z z z δ ∑ x ∑ Vℓ,ℓ′
τi σīj̄ τj +
σℓ +
(1 − σℓx )(1 − σℓx′ ).
2
2
8
′
⟨īj̄⟩

ℓ

(4.9)

ℓ̸=ℓ

The other canonical terms of Ising gauge theory, which are unessential to our discussion here,
are described in Appendix C.5.
With the introduction of the τ z Ising matter fields, we also introduce an infinite number

163

Chapter 4. Z2 quantum spin liquid phase of Rydberg atoms

of gauge charges Gi that commute with Hfss as
∏

Gi = τix

σℓx ;

(4.10)

ℓ ends on i

we choose Gi = 1, whereupon the Hilbert space of Eq. (4.9) is identical to that of Eq. (4.5).
Without dynamic matter, a state with τix = 1 (−1) will correspond to an even (odd) Z2 spin
liquid; with dynamic matter, these identifications will continue to hold in a phase where τix
has small fluctuations from the matter-free case.
4.5.2

Mean-field theory of bosonic spinons

Focusing hereafter on the case where the ℓ-lattice is the kagome and the i-lattice is triangular
(Fig. 4.9), we formulate a theory for the ground state and its e excitations by returning to the
bosonic description in Eq. (4.6). The τix,z operators can be similarly represented in terms of
hard-core bosons b such that bi + b†i = τiz , b†i bi ≡ ni = (1 ± τix )/2, where the signs correspond to
the odd/even cases, so that ⟨ni ⟩ ≪ 1 for both. Then, the gauge charge operator in Eq. (4.10)
∑
can be rewritten as Gi = exp (iπ [ni + ℓ ends on i Nℓ ]) , so we look for ground states with
ni +

∑

Nℓ = 1, 2.

(4.11)

ℓ ends on i

We can now perform a self-consistent mean-field theory calculation, after expressing Eq. (4.9)
in terms of Bℓ and bi , and imposing the constraint in Eq. (4.11) by a Lagrange multiplier.
In this process, which is described in detail in Appendix C.5.1, we condense Bℓ and replace
it with a real number B. Retaining terms quadratic in bi and diagonalizing the resulting
Bogoliubov Hamiltonian, we arrive at the gapped e-particle spectrum.
The results of such an analysis are presented in Figs. 4.10, C.17, and C.18. In total, we
[+/−]

find four distinct QSL states, which we label as [E/O][Γ/K ] . In this notation, E and O denote
even and odd spin liquids, respectively, the ± in the superscript indicates the sign of B in the
corresponding solution, and the subscript conveys whether the minima of the dispersion in
the Brillouin zone occur at the Γ point or at the K, K′ points. In Fig. 4.10(a), we construct
a mean-field phase diagram by plotting the lowest-energy solution among these four at each
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Figure 4.10: (a) Mean-field phase diagram highlighting the four possible QSL solutions. (b)
Representative energy dispersion of the O−
Γ QSL in the first Brillouin zone. (c) The (approximate) static structure factor of this state displays prominent spectral weight at the Γ point
but is broadly featureless in the extended Brillouin zone (cf. Fig. C.18).
point in parameter space. While mean-field theory is not expected to capture the precise
parameter values for QSL solutions, it does correctly describe the change in the nature of the
QSL state from even to odd as the density of Rydberg excitations decreases with increasing
Rb /a [713].
The representative spectra of the candidate Rydberg QSLs are shown in Fig. 4.10(b) and
Fig. C.18(a–c). While all these states are gapped, one can reach an instability of the QSL state
by tuning some parameter to bring the quasiparticle energy gap to zero. Then, the transition
out of the QSL into the proximate phases can be viewed as a condensation of the bosonic spinon
[30, 548]. For instance, consider the O−
Γ QSL [Fig. 4.10(b)]: since its dispersion minimum
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(a)

(b)

Figure 4.11: (a) Creation and motion of bosonic spinon (e particle) excitations in an even
QSL by the repeated application of σ z , as depicted from left to right. The red plaquettes
identify the defect hexagons on which the spinons reside. (b) Same, but for the visons (m
particles), which live at the centers of the kagome triangles. Both excitations can only be
created in pairs by any local operator acting on the ground state.

occurs at the Γ point, when the bi are also condensed, one obtains a trivial paramagnetic
or “disordered” phase as is commonly observed in the Rydberg phase diagram [564]. This
quantum phase transition [550] belongs to the so-called Ising∗ universality class [124, 582, 689].
Moreover, to investigate spin correlations in the QSL phase, in Figs. 4.10(c) and C.18, we
analytically calculate an approximate static structure factor S̃ zz (q) in Fourier space based on
the two-point functions ⟨Siz Sjz ⟩ for up to third-nearest-neighboring i, j [Eq. (C.35)]. Since it
only requires measurement of local observables, S̃ zz (q) provides a nontrivial experimentally
accessible [592] prediction to probe and distinguish possible spin liquid states.
Pictorially, the Ising electric charge, which sits at the center of the hexagonal plaquettes
∏
of the kagome lattice, is defined by “defect hexagons” [543] such that ℓ ∈ 7 σℓx = −1 (+1) for
an even (odd) QSL, as sketched in Fig. 4.11(a). It is also easy to see from this figure why the
gauge-charged matter fields τ x are gapped. Naively, given the presence of τ z -gapless matter,
one could anticipate that τ z would condense, destroying any possible Z2 QSL phase. However,
from Fig. 4.11(a), we notice that the motion of the Ising matter τ x requires a σ z operation;
by virtue of Eq. (4.6), this can add or remove a Bℓ boson, leading to a large energetic cost
from either V (r) or δ, respectively. Consequently, τ x gauge charge fluctuations are expensive,
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and this could help stabilize a deconfined phase of the Z2 gauge theory (4.9).
4.5.3

Dual theory of visons

The second type of bosonic excitations of the Z2 QSL are the visons, which carry Z2 magnetic
flux [528, 594]. When there exists a conserved U(1) charge, we conventionally regard the e
(m) particle as a boson with charge Q = 1/2 (Q = 0). However, in the absence of a conserved
U(1) charge, as in our case, there is no sharp distinction between the e and m particles, but
despite this nomenclatural ambiguity, the two are (more importantly) still relative semions.
For a full description of the m particles, we perform a duality transformation on Eq. (4.9)
to obtain an Ising gauge theory with Ising matter on the lattice dual to the (triangular) ilattice. This is the medial honeycomb lattice formed by connecting the centers of the kagome
triangles [Fig. 4.11(b)]; on its sites, we define the Ising matter fields µzi′ = ±1, and on its links,
we introduce the gauge fields ηiz′ j ′ = ±1. However, before diving into the mapping pertinent to
Eq. (4.9), it is useful to first recall the standard Wegner duality in d = 2 relating the squarelattice quantum Ising model and pure lattice gauge theory without matter fields [188, 191, 350].
The familiar transverse-field Ising model (TFIM) is defined by the Hamiltonian
Htfim = −J

∑

µzi µzj − γ

⟨i,j⟩

∑

µxj ,

(4.12)

j

where ⟨i, j⟩ denotes nearest neighbors, and µ are Ising spins residing on the sites of a square
lattice (blue circles in Fig. 4.12), which we will hereafter refer to as the direct lattice. The
Pauli operators µzi (µxi ) measure (flip) the state of the qubit at site i. Next, we introduce the
dual lattice located at the centers of plaquettes of the direct lattice as shown by the red sites in
Fig. 4.12. In this case, the dual lattice is also a square lattice, and we label its sites by a primed
index, e.g., s′ . The links of the direct and dual lattices are in one-to-one correspondence, so
without ambiguity, we can use the notation Oīj̄ (Oi¯′ j¯′ ) to denote an operator O living on the
link connecting sites i (i′ ) and j (j ′ ) of the direct (dual) lattice.
In order to proceed with our duality mapping, we introduce the dual variables σ that live
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Figure 4.12: The direct square lattice (solid lines) and its dual (dashed lines), which is also a
square lattice. The qubits µ and η live on the sites (blue circles) and links (white squares) of
the direct lattice, respectively, whereas the variables for the dual theory, τ and σ, reside on
the sites (red circles) and links (white squares) of the dual lattice. Note that the links of the
direct and dual lattices coincide.
on the links of the dual lattice and are defined as

σīxj̄ = µzi µzj ,

z z
µxi = σīḡ
σīh̄ σīzj̄ σīzl̄ .

(4.13)

Thus, σ x measures whether there is a domain wall between two neighboring spins on the direct
lattice, while the second relation shows that flipping a single spin is equivalent to creating
four domain walls along a closed loop. Using this correspondence, the TFIM in Eq. (4.12) is
dual to the Ising gauge theory
Higt = −J

∑

σℓx − γ

∑ ∏

σℓz ,

(4.14)

□i ℓ ∈ □i

ℓ

where the sum on ℓ runs over all links, and we have used the shorthand □i to denote a plaquette
∏
z σz σz σz .
(of the dual lattice) centered on the site i; for instance, in Fig. 4.12, ℓ∈□i σℓz ≡ σīḡ
īh̄ īj̄ īl̄
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This theory is to be supplemented with the local constraint
∏

σℓx = 1 ∀ dual lattice sites s′ ,

(4.15)

ℓ ∈ +s′

where +s′ denotes the set of links that emerge from the dual lattice site s′ ; for example, using
∏
Eq. (4.13), it is easy to see that ℓ ∈ + ′ σℓx ≡ σīxj̄ σj̄xk̄ σk̄xl̄ σl̄xī = 1, by definition, for the sites
i

labeled in Fig. 4.12. Since there are two links for every site of the direct lattice, this constraint
is necessary to recover the correct number of degrees of freedom. Note that Eq. (4.14) is
invariant under the Z2 gauge transformation
σiz¯′ j¯′ → ϱi′ σiz¯′ j¯′ ϱj ′ ,

σix¯′ j¯′ → σix¯′ j¯′ ,

(4.16)

with ϱi′ = ±1 being the elements of the gauge group.
Now, let us consider a system with two sets of Pauli matrices on links ℓ, σℓa , and on sites
s′ , τsa′ with the Hamiltonian
H=−J

∑

σℓx − κ

∑ ∏

σℓz − κ̄

s′

p ℓ ∈ □p

ℓ

∑

τsx′ − K

∑
ℓ

σℓz

∏
s′ ∈ ∂ℓ

τsz′ ,

(4.17)

together with the constraint that

τsx′

∏

σℓx = 1 ∀ dual lattice sites s′ .

(4.18)

ℓ ∈ + s′

Keeping with our earlier notation, we will regard these qubits to be residing on the dual
lattice and we want to find a mapping that gives us the theory defined on the sites and links
of the direct square lattice. Notice that here, we are starting from a gauge theory equipped
with a gauge constraint (4.18), and applying the Wegner duality discussed above in “reverse”.
Introducing qubits µ and η which live on the sites and links of the direct lattice, respectively,
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such a mapping is defined by
∏

z z
µxi = σīḡ
σīh̄ σīzj̄ σīzl̄ =

σīxj̄ = µzi ηīzj̄ µzj ,

σℓz ,

ℓ ∈ □i

ηix¯′ j¯′

=

τiz′

σiz¯′ j¯′ τjz′ ,

τix′

=

ηīzj̄

ηj̄zk̄ ηk̄zl̄ ηl̄zī

∏

=

(4.19)
ηℓz .

ℓ ∈ +i′

For the new variables, η z and µz probe the qubits while η x and µx flip them. Under this
transformation, the Hamiltonian (4.17) reads
H̃ = − J

∑

∏

ηℓz

µzi − κ

∑

i ∈ ∂ℓ

ℓ

µxi − κ̄

∑ ∏

ηℓz − K

p′ ℓ ∈ □p′

i

∑

ηℓx ,

(4.20)

ℓ

i.e., the (2 + 1)D Ising gauge theory with matter fields is self-dual [194, 195]. Note that the
constraint (4.18) has already been absorbed into the definition of τ x in Eq. (4.19) because

τix′

∏

(
)2 ∏ z ∏ z
σℓx = µzi µzj µzk µzl
ηℓ
ηℓ = 1,

ℓ ∈ +i′

ℓ ∈ +i′

ℓ ∈ + i′

so it is identically satisfied in the dual theory. This is in analogy to the Wegner duality
without matter fields, in which Higt was accompanied by a constraint but its counterpart,
Htfim , was not.
With this intuition from the square lattice, we can now construct the duality mapping
between theories on the triangular and honeycomb lattices. Consider a set of qubits {σℓa , τia }
({ηℓa′ , µai′ }) which are situated on links and sites of the triangular (honeycomb) lattice, respectively. As before, we will use the convention that σ and η represent the gauge fields whereas
τ and µ stand for the matter fields. Then, in exact analogy to Eq. (4.19), we define
σix¯′ j¯′ = µzi′ ηiz¯′ j¯′ µzj′ , µxi′ =

∏

σℓz ,

ℓ ∈ △i′

ηīxj̄

=

τiz

σīzj̄ τjz ,

τix

=±

∏

ℓ′ ∈ 9i

(4.21)
ηℓz′ .

Here, △i′ represents the triangular-lattice plaquette centered on the site i′ while 9i denotes
the honeycomb lattice’s hexagon centered on the site i. The ± in the last equation arises from
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Figure 4.13: The direct triangular lattice (solid lines) and its dual honeycomb lattice (dashed
lines). The qubits τ and σ live on the sites (blue circles) and links (white squares) of the
direct lattice, respectively, whereas the variables for the dual theory, µ and η, reside on the
sites (red circles) and links (white squares) of the dual lattice. Note that the links of the
direct and dual lattices once again coincide.

the combination of Eq. (4.10) with the (easily verifiable) relation
∏
ℓ ∈ 9i

σℓx =

∏
ℓ′ ∈ 9i

ηℓz′ ,

(4.22)

so the minus sign holds for the odd QSL. With the mapping (4.21) applied to Eq. (4.9), we
find that the vison excitations of the Z2 spin liquid are described by the theory
H̃fss =

)
Ω ∑ x
δ ∑( z z z
ηi¯′ j¯′ +
µi′ ηi¯′ j¯′ µj ′ − 1
2 ¯′ ¯′
2 ¯′ ¯′
⟨i j ⟩

(4.23)

⟨i j ⟩

+

∑ V (ri¯′ j¯′ − rk¯′ l¯′ ) (

⟨i¯′ j¯′ ⟩̸=⟨k¯′ l¯′ ⟩

8

1 − µzi′ ηiz¯′ j¯′ µzj′

)(

)
1 − µzk′ ηkz¯′ l¯′ µzl′ .

Since the electric charges are gapped, at low energies, there are no spinons at all for the
even Ising gauge theory, while there is a background of exactly one spinon per site in the odd
Z2 gauge theory. By virtue of Eq. (4.22), this requires that
∏
ℓ′

∈ 9i

ηℓz′ =




+1 for an even Z2 QSL,


−1 for an odd Z2 QSL,
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where the product, as earlier, is over all six links of the hexagonal plaquette centered at site
i.
Upon restricting ourselves to only nearest-neighbor blockade interactions for simplicity and
with the appropriate choice of a gauge (in the limit of low spinon densities), the minimal theory
of the visons reduces to an Ising model on the honeycomb lattice [Eq. (C.41)] with first- (J1 )
and second-nearest-neighbor (J2 ) Ising interactions (see Appendix C.5.2). While not explicitly
∑
present in Eq. (4.23), we can also generically have a transverse-field term ∼ −K i′ µxi′ [543]
that arises in perturbation theory [Eq. (C.40)]. For large K, the µ spins are polarized along
the x direction with a finite vison gap ∼ 2K. The underlying µz spins—and consequently, the
boson number per site—are thus fluctuating, and this µ-paramagnet can be identified with
the Z2 QSL [543]. On the other hand, when J1,2 ≫ K, the visons acquire nontrivial dispersion
[444], and if the minima thereof touches zero, they can condense leading to ⟨µzi ⟩ ̸= 0 and
the onset of long-range order [286, 287]. We emphasize, however, that any observable order
parameter has to be composed of a pair of visons.
For the even QSL, Roychowdhury et al. [543] demonstrated that in the presence of a thirdnearest-neighbor interaction J3 (which would arise from the long-ranged Rydberg tails in our
case), there is an extended regime in J1,2,3 parameter space where the minima of the vison
spectra occur at the three inequivalent M points in the Brillouin zone. Pairwise condensation
of these visons would then describe the transition to a threefold-rotational-symmetry-breaking
nematic phase of Rydberg atoms on the kagome lattice [543, 564], characterized by ordering
wavevectors at 2M1,2,3 . Furthermore, in Appendix C.5.2, we show that for the odd QSL, the
minima of the vison dispersion are also consistent with the development of nematic order
by spinon condensation, but can additionally reproduce a subset of the ordering peaks of a
proximate staggered phase [543, 564].
4.5.4

Fermionic spinons

The anyon content of the Z2 QSL also includes a fermionic spinon. In order to obtain a theory
of this ε particle, we use the Abrikosov fermion representation [1, 4, 420], in which the spin
T
⃗ ≡ ⃗σ /2 = (f † ρ
operator at each site is fractionalized as S
ℓ
ℓ
ℓ ⃗ fℓ )/2, with fℓ ≡ (fℓ,1 , fℓ,2 ) being a
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Figure 4.14: (a) Mean-field spectrum of the ε particle and (b) the resultant static structure
factor at δ/Ω = 4.0, Rb /a = 1.60. The qualitative nature of the fermionic band structure is
the same for all (δ/Ω, Rb /a) for which a QSL solution is found.
two-component fermionic spinon operator, and ρ
⃗ denoting the three Pauli matrices.
Writing Hfss in Eq. (4.5) in terms of these fermionic spinons generates four-fermion terms,
†
which we decouple into fermion bilinears by introducing the mean-field parameters tαβ
ℓ,ℓ′ ≡ ⟨fℓ,α fℓ′ ,β ⟩,
αβ
αβ
∆αβ
ℓ,ℓ′ ≡ ⟨fℓ,α fℓ′ ,β ⟩. The expectation values {tℓ,ℓ′ , ∆ℓ,ℓ′ } then collectively define a mean-field

ansatz. The projective action [170, 678] of lattice or time-reversal symmetries on this ansatz
describes the particular QSL state of interest. Unlike systems with SU(2) spin-rotation sym†
metry (for which ⟨fi,α
fj,β ⟩ ∝ δαβ and ⟨fi,α fj,β ⟩ ∝ ϵαβ [407]), in our ansatz, we have to allow

for hopping and pairing terms with all possible combinations of α, β due to the lack of spinrotation invariance in Eq. (4.7). The full theory thus obtained is detailed in Appendix C.5.3
αβ
[see Eq. (C.64)]. Self-consistently solving for {tαβ
ℓ,ℓ′ , ∆ℓ,ℓ′ } then yields the fermionic band struc-

ture. As illustrated in Fig. 4.14(a), we observe that the ε particle is gapped too and that the
minima of its dispersion occur at the K, K′ points. To determine the experimental signatures
of this QSL state, we also calculate its static structure factor in Fig. 4.14(b) and find that
it has broad features located at q = Γ but no sharp Bragg peaks anywhere in the extended
Brillouin zone, indicating the absence of long-range order.
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4.6

Experimental realization

Programmable quantum simulators are well suited for the controlled exploration of strongly
correlated quantum phases [102, 149, 208, 225, 260, 674, 721] such as the Z2 spin liquid. In
this section, we describe a recent experiment [592] using a 219-atom programmable quantum
simulator to probe a dimer spin liquid state of the toric code type in a specific frustrated lattice.
We note that toric code states have been dynamically created in small systems using quantum
circuits [13, 618]. However, some of the key properties, such as topological robustness, are
challenging to realize in such systems. Spin liquids have also been explored using quantum
annealers, but the lack of coherence in these systems has precluded the observation of quantum
features [745]. In the approach outlined herein, arrays of atoms are placed on the links of
a kagome lattice and evolution under Rydberg blockade creates frustrated quantum states
with no local order. The onset of a quantum spin liquid phase of the paradigmatic toric code
type is detected by evaluating topological string operators that provide direct signatures of
topological order and quantum correlations. Its properties are further revealed by using an
atom array with nontrivial topology, representing a first step towards topological encoding.
4.6.1

Kagome-lattice dimer models in Rydberg atom arrays

The key idea of our approach is based on a correspondence [564, 654] between Rydberg atoms
placed on the links of a kagome lattice (or equivalently the sites of a ruby lattice), as shown in
Fig. 4.15A, and dimer models on the kagome lattice [442, 548]. The Rydberg excitations can
be viewed as “dimer bonds” connecting the two adjacent vertices of the lattice (Fig. 4.15B).
Due to the Rydberg blockade [560], strong and properly tuned interactions constrain the
density of excitations such that each vertex is touched by a maximum of one dimer. At 1/4
filling, each vertex is touched by exactly one dimer, resulting in a perfect dimer covering of
the lattice. Smaller filling fractions result in a finite density of vertices with no proximal
dimers, which are referred to as “monomers”. A quantum spin liquid can emerge within this
dimer-monomer model close to 1/4 filling [654], and can be viewed as a coherent superposition
of exponentially many degenerate dimer coverings with a small admixture of monomers [442]
(Fig. 4.15C). This corresponds to the resonating valence bond (RVB) state [14, 538], predicted
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Figure 4.15: Dimer model in Rydberg atoms arrays. A. Fluorescence image of 219 atoms
arranged on the links of a kagome lattice. The atoms, initially in the ground state |g⟩, evolve
according to the many-body dynamics U (t). The final state of the atoms is determined via
fluorescence imaging of ground-state atoms. Rydberg atoms are marked with red dimers on
the bonds of the kagome lattice. B. The blockade radius is adjusted to Rb /a = 2.4, by choosing
Ω = 2π × 1.4 MHz and a = 3.9 µm, such that all six nearest neighbors of an atom in |r⟩ are
within the blockade radius Rb . A state consistent with the Rydberg blockade at maximal filling
can then be viewed as a dimer covering of the kagome lattice, where each vertex is touched by
exactly one dimer. C. The quantum spin liquid state corresponds to a coherent superposition
of exponentially many dimer coverings. D. Detuning ∆(t) and Rabi frequency Ω(t) used for
quasi-adiabatic state preparation. E. (Top) Average density of Rydberg excitations ⟨n⟩ in the
bulk of the system, excluding the outer three layers. (Bottom) Probabilities of empty vertices
in the bulk (monomers), vertices attached to a single dimer, or to double dimers (weakly
violating blockade). After ∆/Ω ∼ 3, the system reaches ∼ 1/4 filling, where most vertices are
attached to a single dimer, consistent with an approximate dimer phase.

long ago but so far still unobserved in any experimental system.
To create and study such states, the experiments by Semeghini et al. [592] utilize twodimensional arrays of 219

87 Rb

atoms individually trapped in optical tweezers [164, 578] and

positioned on the links of a kagome lattice, as shown in Fig. 4.15A. The lattice spacing a and
the Rabi frequency Ω are adjusted such that, for each atom in |r⟩, its six nearest neighbors
are all within the blockade radius (Fig. 4.15B), resulting in a maximum filling fraction of 1/4.
The resulting dynamics corresponds to unitary evolution U (t) governed by the Hamiltonian
(3.4). After the evolution, the state is analyzed by projective readout of ground-state atoms
(Fig. 4.15A, right panel) [164].
To explore many-body phases in this system, we utilize quasi-adiabatic evolution, in which
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A

B

C

D

Figure 4.16: Site-by-site mean Rydberg density. The mean Rydberg excitation density ⟨n⟩
is measured site-by-site in the dimer phase with ∆/Ω = 4 for both A. full arrays as well as
C. arrays with a hole. B, D. We then plot the corresponding mean density layer-by-layer as a
cross-section from the edge into the bulk, showing that within the outer two to three layers,
the bulk settles into the ⟨n⟩ ∼ 1/4 phase.

we slowly turn on the Rydberg coupling Ω and subsequently vary the detuning ∆ from negative
to positive values using a cubic frequency sweep over about 2 µs (Fig. 4.15D). The cubic sweep
is then stopped at different endpoints and the density of Rydberg excitations ⟨n⟩ is measured.
Away from the array boundaries (which result in edge effects permeating just two layers into
the bulk), we observe that the average density of Rydberg atoms is uniform across the array
(see Fig. 4.16). Focusing on the bulk density, we find that for ∆/Ω ≳ 3, the system reaches the
desired filling fraction ⟨n⟩ ∼ 1/4 (Fig. 4.15E, top panel). The resulting state does not have any
obvious spatial order (Fig. 4.15A) and appears as a different configuration of Rydberg atoms
in each experimental repetition (see Fig. 4.17). From the single-shot images, we evaluate the
probability for each vertex of the kagome lattice to be attached to: one dimer (as in a perfect
dimer covering), zero dimers (i.e., a monomer), or two dimers (representing weak blockade
violations). Around ∆/Ω ∼ 4, we observe an approximate plateau where ∼ 80% of the vertices
are connected to a single dimer (Fig. 4.15E), indicating an approximate dimer covering.
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A

B

C

Figure 4.17: Snapshots in the dimer phase. Three sample experimental realizations within the
dimer phase at ∆/Ω = 4.3. The binarized atom readout is shown by small circles on the links
of the kagome lattice, with open circles denoting |g⟩ and filled circles denoting |r⟩. Vertices
of the kagome lattice (large circles) are colored according to the number of adjacent atoms in
|r⟩ to visually accentuate which parts of the system are properly covered with dimers.
4.6.2

Measuring topological string operators

A defining property of a phase with topological order is that it cannot be probed locally.
Hence, to investigate the possible presence of a QSL state, it is essential to measure topological
string operators, analogous to those used in the toric code model [344]. For the present
model, there are two such string operators, the first of which characterizes the effective dimer
description, while the second probes quantum coherence between dimer states [654]. We first
∏
focus on the diagonal operator Z = i∈S σiz , with σiz = 1 − 2ni , that measures the parity of
Rydberg atoms along a string S perpendicular to the bonds of the kagome lattice (Fig. 4.18A).
For the smallest closed Z loop, which encloses a single vertex of the kagome lattice, ⟨Z⟩ = −1
for any perfect dimer covering. Larger loops can be decomposed into a product of small loops
around all the enclosed vertices, resulting in ⟨Z⟩ = (−1)# enclosed vertices (Fig. 4.18B). Note
that the presence of monomers or double-dimers reduces the effective contribution of each
vertex, resulting in a reduced ⟨Z⟩.
To measure ⟨Z⟩ for different loops (Fig. 4.18C), we evaluate the string observables directly
from single-shot images, averaging over many experimental repetitions and over all loops
of the same shape in the bulk of the lattice. In the range of detunings where ⟨n⟩ ∼ 1/4,
we clearly observe the emergence of a finite ⟨Z⟩ for all loops, with the sign matching the
parity of enclosed vertices, as expected for dimer states (Fig. 4.18B). The measured values
are generally |⟨Z⟩| < 1 and decrease with the loop size, suggesting the presence of a finite
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Figure 4.18: Detecting a dimer phase via diagonal string operator. A. The Z string operator
measures the parity of dimers along a string. B. A perfect dimer covering always has exactly
one dimer touching each vertex of the array, so that ⟨Z⟩ = −1 around a single vertex and
⟨Z⟩ = (−1)#enclosed vertices for larger loops. C. Z-parity measurements following the quasiadiabatic sweep of Fig. 4.15D, with the addition of a 200 ns ramp-down of Ω at the end to
optimize preparation. At different endpoints of the sweep and for different loop sizes (inset),
a finite ⟨Z⟩ is measured, consistent with an approximate dimer phase.

density of defects, as discussed below. Nevertheless, these observations indicate that the state
we prepare is consistent with an approximate dimer phase.
We next explore quantum coherence properties of the prepared state. To this end, we
consider the off-diagonal X operator, which acts on strings along the bonds of the kagome
lattice. It is defined in Fig. 4.19A by its action on a single triangle [654]. Applying X on
any closed string maps a dimer covering to another valid dimer covering (see, e.g., Fig. 4.19B
for a loop around a single hexagon). A finite expectation value for X therefore implies that
the state contains a coherent superposition of one or more pairs of dimer states coupled by
that specific loop, a prerequisite for a quantum spin liquid. The measurement of X can be
implemented by performing a collective basis rotation illustrated in Fig. 4.19C. This rotation
is implemented by time-evolution under the Rydberg Hamiltonian (3.4) with ∆ = 0 and
reduced blockade radius Rb /a = 1.53, such that only the atoms within the same triangle
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Figure 4.19: Probing coherence between dimer states via the off-diagonal string operator.
A. Definition of X string operator on a single triangle of the kagome lattice. B. On any
closed loop, the X operator maps any dimer covering into another valid dimer covering, such
that ⟨X⟩ measures the coherence between pairs of dimer configurations. C. The X operator
is measured by evolving the initial state under Hamiltonian (3.4) with ∆ = 0 and reduced
blockade radius to encompass only atoms within each individual triangle, implementing a
basis rotation that maps X into Z. D. In the experiment, after the state preparation, we set
the laser detuning to ∆q = 0 and we increase Ω to 2π × 20 MHz to reach Rb /a = 1.53. E. By
measuring the Z parity on the dual string (red) of a target X loop (blue) after a variable
quench time, we identify the time τ for which the mapping in (C) is implemented. F. We
measure ⟨X⟩ for different final detunings of the cubic sweep and for different loop sizes (inset),
and find that the prepared state has long-range coherence that extends over a large fraction
of the array.
are subject to the Rydberg blockade constraint. Under these conditions, it is sufficient to
consider the evolution of individual triangles separately, where each triangle can be described
√
as a 4-level system (
). Within this subspace, after a time τ = 4π/(3Ω 3), the
collective 3-atom dynamics realizes a unitary Uq which implements the basis rotation that
transforms an X string into a dual Z string (see Appendix C.6).
Experimentally, the basis rotation is implemented following the state preparation by quenching the laser detuning to ∆q = 0 and increasing the laser intensity by a factor of ∼ 200 to
reduce the blockade radius to Rb /a = 1.53 (Fig. 4.19D). τ is calibrated by preparing the state
at ∆/Ω = 4 and evolving under the quench Hamiltonian for a variable time. Upon measuring
the parity of a Z string that is dual to a target X loop, we observe a sharp revival of the
parity signal at τ ∼ 30 ns (Fig. 4.19E). Fixing the quench time τ , ⟨X⟩ is measured for different
values of the detuning ∆ at the end of the cubic sweep (Fig. 4.19F) and we observe a finite
X-parity signal for loops that extend over a large fraction of the array. We emphasize that, in
light of experimental imperfections, the observation of finite parities for string observables of
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up to 28 atoms within µs-long experiments is rather remarkable. These observations clearly
indicate the presence of long-range coherence in the prepared state.
4.6.3

Probing spin liquid properties

The study of closed string operators shows that we prepare an approximate dimer phase
with quantum coherence between dimer coverings. While these closed loops are indicative
of topological order, it is important to compare their properties to those of open strings to
distinguish topological effects from trivial ordering—the former being sensitive to the topology
of the loop [80, 196, 219]. This comparison is shown in Fig. 4.20D, E, indicating several distinct
regimes. For small ∆, we find that both Z- and X-loop parities factorize into the product of
the parities on the half-loop open strings—in particular, the finite ⟨Z⟩ is a trivial result of the
low density of Rydberg excitations. In contrast, loop parities no longer factorize in the dimer
phase (3 ≲ ∆/Ω ≲ 5). Instead, the expectation values for both open string operators vanish
in the dimer phase, indicating the nontrivial nature of the correlations measured by the closed
loops. More specifically, topological ordering in the dimer-monomer model can break down
either due to a high density of monomers, corresponding to the trivial disordered phase at
small ∆/Ω, or due to the lack of long-range resonances, corresponding to a valence bond solid
(VBS). Open Z and X strings distinguish the target QSL phase from these proximal phases:
when normalized according to the definition from Bricmont, Frölich, Fredenhagen and Marcu
[80, 196] (BFFM) (Fig. 4.20B, C), these open strings can be considered as order parameters
for the QSL. In particular, open Z strings have a finite expectation value when the dimers
form an ordered spatial arrangement, as in the VBS phase. At the same time, open X strings
create pairs of monomers at their endpoints (Fig. 4.20A), so a finite ⟨X⟩ can be achieved
in the trivial phase where there is a high density of monomers. Therefore, the QSL can be
identified as the unique phase where both order parameters vanish for long strings.
Figures 4.20F, G show the measured values of these order parameters.

We find that

⟨Z⟩BFFM is compatible with zero on the entire range of ∆/Ω where we observed a finite
Z parity on closed loops, indicating the absence of a VBS phase (Fig. 4.20F), consistent with
our analysis of density-density correlations (Fig. 4.21). At the same time, ⟨X⟩BFFM converges

180

Chapter 4. Z2 quantum spin liquid phase of Rydberg atoms

Figure 4.20: String order parameters and quasiparticle excitations. A. An open string operator Xopen acting on a dimer state |D⟩ creates two monomers (e anyons) at its endpoints.
B, C. Definition of the string order parameters ⟨Z⟩BFFM and ⟨X⟩BFFM . D. Comparison between ⟨Zclosed ⟩ and ⟨Zopen ⟩2 measured on the strings shown in the inset. The expectation
value shown for the open string is squared to account for the different length of the strings.
E. Analogous comparison for X. F,G. Zooming in on the range with finite closed loop parities, we measure the BFFM order parameters for different open strings (insets). We find
that ⟨Z⟩BFFM is consistent with zero on the entire range of ∆, while ⟨X⟩BFFM vanishes for
∆/Ω ≳ 3.3, allowing us to identify a range of detunings consistent with the onset of a QSL
phase (shaded area). H. Rescaled parities ⟨Z⟩1/area and ⟨Z⟩1/perim evaluated for ∆/Ω = 3.6,
where area and perimeter are defined as the number of vertices enclosed by the loop and the
number of atoms on the loop, respectively. For small loops, Z scales with an area law, while it
deviates from this behavior for larger loops, converging towards a perimeter law. I. ⟨X⟩1/area
(the area, in this case, is the number of enclosed hexagons) and ⟨X⟩1/perim evaluated for
∆/Ω = 3.5, indicating an excellent agreement with a perimeter-law scaling.
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Figure 4.21: Density correlations between individual Rydberg excitations. Shown here is the
Rydberg density-density correlator ⟨ni nj ⟩ − ⟨ni ⟩⟨nj ⟩ between a central atom and all other
atoms in the system. We observe anticorrelations between the central atom and the other two
atoms in the same triangle, as well as with atoms in the adjacent triangles, given by the choice
of blockade radius Rb . Longer-range correlations vanish. This data was taken at ∆/Ω = 4.3.

towards zero on the longest strings for ∆/Ω ≳ 3.3 (Fig. 4.20G), indicating a transition out
of the disordered phase. By combining these two measurements with the regions of nonvanishing parity for the closed Z and X loops (Figs. 4.18 and 4.19), we conclude that for
3.3 ≲ ∆/Ω ≲ 4.5 our results constitute a direct detection of the onset of a quantum spin
liquid phase (shaded area in Fig. 4.20F, G).
The measurements of the closed loop operators in Figs. 4.18 and 4.19 show that |⟨Z⟩|, |⟨X⟩| <
1 and that the amplitude of the signal decreases with the loop size, which results from a finite density of quasiparticle excitations. Specifically, defects in the dimer covering such as
monomers and double-dimers can be interpreted as electric (e) anyons in the language of
lattice gauge theory. Since the presence of a defect inside a closed loop changes the sign
of Z, the parity on the loop is reduced according to the number of enclosed e-anyons as
|⟨Z⟩| = |⟨(−1)#enclosed e anyons ⟩|. The average number of defects inside a loop is expected to
scale with the number of enclosed vertices, i.e., with the area of the loop, and indeed we
observe an approximate area-law scaling of |⟨Z⟩| for small loop sizes (Fig. 4.20H). However,
for larger loops we notice a deviation towards a perimeter-law scaling, which can emerge if
pairs of anyons are correlated over a characteristic length scale smaller than the loop size.
Pairs of correlated anyons which are both inside the loop do not change its parity since their
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contributions cancel out; they only affect ⟨Z⟩ when they sit across the loop, leading to a
scaling with the length of the perimeter. These pairs can be viewed as resulting from the
application of X string operators to a dimer covering (Fig. 4.20A), originating, e.g., from
virtual excitations in the dimer-monomer model or from errors due to state preparation and
detection. Note that state preparation with larger Rabi frequency (improved adiabaticity)
results in larger Z parity signals and reduced e-anyon density.
A second type of quasiparticle excitation that could arise in this model is the so-called
magnetic (m) anyon. Analogous to e anyons which live at the endpoints of open X strings
(Fig. 4.20A), m anyons are created by open Z strings and they correspond to phase errors
between dimer coverings. These excitations cannot be directly identified from individual
snapshots, but they are detected by the measurement of closed X loop operators. The remarkable perimeter law scaling observed in Fig. 4.20I indicates that m anyons only appear
in pairs with short correlation lengths. These observations highlight the prospects for using
topological string operators to detect and probe quasiparticle excitations in the system.
4.6.4

Towards a topological qubit

To further explore the topological properties of the spin liquid state, we now turn to an
atom array with a small hole by removing three atoms on a central triangle, which creates
an effective inner boundary (Fig. 4.22). This results in two distinct topological sectors for
the dimer coverings, where states belonging to different sectors can be transformed into each
other only via large X loops which enclose the hole, constituting a highly nonlocal process
(involving at least a 16-atom resonance). We define the logical states |0L ⟩ and |1L ⟩ as the
superpositions of all dimer coverings from the topological sectors 0 and 1, respectively. One
can define the logical operator σLz as proportional to any ZL string operator that connects the
hole with the outer boundary, since these have a well-defined eigenvalue ±1 for all dimer states
in the same sector but opposite for the two sectors. The logical σLx is instead proportional
to XL , which is any X loop around the hole. This operator anticommutes with ZL and has
√
√
eigenstates |+⟩ ∼ (|0L ⟩ + |1L ⟩)/ 2 and |−⟩ ∼ (|0L ⟩ − |1L ⟩)/ 2.
We measure ZL and XL on the strings defined in the inset of Fig. 4.22B, following the same
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Figure 4.22: Topological properties in array with a hole. A. A lattice with nontrivial topology
is obtained by removing three atoms at the center to create a small hole. The dimer states can
be divided into two distinct topological sectors 0 and 1. Z strings connecting the hole to the
boundary always have a well-defined expectation value within each sector and opposite sign
between the two sectors, while the correlations between two such strings Z1 Z2 are identical
for both sectors. B. Measured expectation values for the operators ZL and XL defined in
the inset, indicate that in the QSL region (shaded area) we prepare a superposition state of
the two topological sectors (⟨ZL ⟩ = 0) with a finite overlap with the |+⟩ state (⟨XL ⟩ > 0).
C. Finite expectation values for the correlations between pairs of hole-to-boundary Z strings
(inset), consistent with part A.
quasi-adiabatic preparation as in Fig. 4.15D. We find that in the range of ∆/Ω associated with
the onset of a QSL phase, ⟨ZL ⟩ = 0, and ⟨XL ⟩ > 0, indicating that the system is in a superposition of the two topological sectors, with a finite overlap with the |+⟩ state (Fig. 4.22B).
To further support this conclusion, we evaluate correlations ⟨Z1 Z2 ⟩ between hole-to-boundary
strings, which are expected to have the same expectation values for both topological sectors
(Fig. 4.22A). In agreement with this prediction, we find that the correlations between different
pairs of strings have finite expectation values, with amplitudes decreasing with the distance
between the strings (Fig. 4.22C) due to imperfect state preparation. These measurements
represent the first steps towards initialization and measurement of a topological qubit.
A caveat to be noted, however, is that the experimental observations qualitatively disagree
with the ground-state phase diagram obtained from density-matrix-renormalization-group
(DMRG) [248, 684] simulations on infinitely long cylinders. For the largest numerically accessible system sizes, including van der Waals interactions only up to intermediate distances
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(∼ 4a), there exists a Z2 spin liquid in the ground state. However, longer-range couplings
destabilize the spin liquid in the ground state of the Hamiltonian (3.4) on the specific ruby
lattice used in the experiment, leading to a direct first-order transition from the disordered
phase to the VBS phase. In contrast, one experimentally observes the onset of the QSL
phase in a relatively large parameter range, while no signatures of a VBS phase are detected.
This can be understood from time-dependent DMRG calculations [248, 684, 734] simulating
the same state preparation protocol as in the experiment on an infinitely long cylinder with
a seven-atom-long circumference. The results of these simulations are in good qualitative
agreement with the experimental observations: specifically, similar to the results in Fig. 4.20,
the region ∆/Ω ∼ 3.5–4.5 is found to host nonzero signals for closed Z and X loops which
cannot be factorized into open strings, a characteristic fingerprint of spin liquid correlations.
In addition, exact-diagonalization studies of a simplified blockade model reveal how the dynamical state preparation creates an approximate equal-weight and equal-phase superposition
of many dimer states, instead of the VBS ground state. We conclude that quasi-adiabatic
state preparation occurring over a few microseconds is insensitive to longer-range couplings
and generates states that retain the QSL character. While this phenomenon warrants further
theoretical attention, these considerations point towards the creation of a novel metastable
state with key characteristic properties of a quantum spin liquid.

4.7

Conclusions

In summary, this chapter constructs a roadmap for realizing and probing topologically ordered
phases of matter using Rydberg quantum simulators. Based on numerical and theoretical
analyses, we first showed that the kagome-lattice Rydberg atom array constitutes a promising
platform for studying strongly correlated phenomena that supports not only a rich variety of
quantum solids, but also, potentially, a highly entangled liquid regime. We argued that the
liquid region could host a state corresponding to an elusive phase with topological order using
its placement in the global phase diagram of triangular-lattice quantum dimer models, and
theories of their quantum phase transitions.
Motivated by these observations, we then investigated a quantum dimer model with vari-
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able dimer density on the triangular lattice and uncovered a plethora of interesting phases,
including crystalline solids and two distinct classes of highly entangled QSL states hosting
fractionalized excitations. Through detailed quantum Monte Carlo analyses, we explored the
subtle interplay between these different phases and found the unique properties of their static
and dynamic fingerprints. With the remarkable advances in quantum simulation, experimental realization of the dimer model in Eq. (4.3) should provide new probes of novel QSL
phases and their phase transitions. While our extended QDM differs from models of Rydberg
atoms on the sites of the kagome lattice [564] in the precise form of the V interactions, the
two systems bear resemblance in some of their phases. Specifically, the Rydberg model also
displays the 1/6 staggered and nematic phases of Fig. 4.5, separated by a liquid regime with
no broken symmetry. Appealing to the universality of phase transitions [564], possible fates
of the liquid state in the Rydberg model are then one or more of the phases obtained by
interpolating between the 1/6 staggered and nematic phases in Fig. 4.5 for the present quantum dimer model: namely, the odd QSL, the PM, and the even QSL. These considerations
highlight the potential utility of variable-density dimer models in the experimental realm and
provide a pathway to studying their rich physics.
We have also shown how systems of Rydberg atoms arrayed on kagome or ruby lattices
can give rise to emergent Z2 gauge theories with matter fields; the deconfined phase of such
a gauge theory is the Z2 quantum spin liquid. We develop a formalism to systematically
characterize all three classes of topological excitations of this Z2 QSL, evaluate their spectral
properties in a parton description [Eqs. (4.9), (4.23), and (C.64)], and discuss their experimental fingerprints in static structure factors. In particular, we identify a promising QSL
candidate, labeled O−
Γ , which is consistent with observations of neighboring nematic and disordered phases in the framework of spinon/vison condensation [564]. Naturally, these results
bear direct relevance to recent and ongoing experiments on Rydberg quantum simulators.
Even if the exact ground state of the Rydberg system happens to not be a QSL, one can
dynamically prepare such a state in experiments via quasiadiabatic sweeps [592], and our
analysis herein of the quasiparticle spectra and gaps should also help inform the feasibility of
such processes.
Finally, we discussed recent experiments that have yielded signatures of an elusive state
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with topological correlations [592]. The observations of Semeghini et al. [592] are for the
case where the atoms are positioned on the links of the kagome lattice; this connects to the
quantum dimer model on the kagome lattice [654]. Many of the results outlined in this chapter
pertain to the triangular-lattice dimer model, which connects to the case where the atoms are
placed on the sites of the kagome lattice [543, 564]; such a configuration can also be readily
realized in the experiments, and initial explorations of quantum phases in such a lattice have
already been carried out [591]. We expect the phase diagram in Fig. 4.10(e) to serve as a
valuable guide to the detailed experimental studies of these frustrated systems.
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5.1

5

Introduction

The previous chapter focused on the simplest example of a phase with topological order—
namely, the Z2 quantum spin liquid—which preserves time-reversal symmetry. The Z2 QSL
illustrates fractionalization in a “pure” form, where there are no further topological considerations besides those arising from the fractionalization of the lattice degrees of freedom [552].
In this chapter, we turn to a different topological phase: the chiral spin liquid, originally proposed by Kalmeyer & Laughlin [321], which requires breaking time-reversal symmetry. Such
a phase of matter shows a more intricate realization of fractionalization, where the fractionalized particles (“partons”) also have a topological band structure [552]. A quantized thermal
Hall effect is a sharp characteristic of these chiral topological phases, which have gapless edge
states [571, 676]. In this chapter, we will discuss some recent experiments probing the thermal Hall effect in several cuprate compounds, and analyze the potential signatures therein of
proximate topological phases.
The Wiedemann-Franz (WF) law is a paradigmatic property of a metal that relates its
electrical conductivity tensor σ̂ to its thermal conductivity tensor κ̂ at temperature T as
2 /(3e2 ) is the Lorenz number [757]. In 2019, studies by Grisκ̂/T = L0 σ̂, where L0 = π 2 kB
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sonnanche et al. [223] of the metallic state of high-Tc cuprate superconductors, such as
La1.6−x Nd0.4 Srx CuO4 (Nd-LSCO), obtained by suppressing superconductivity using magnetic
fields, revealed an interesting trend in the thermal Hall coefficient as a function of doping.
On the overdoped side, with a hole doping of p > p∗ —where p∗ corresponds to the doping
value where the pseudogap temperature vanishes—the thermal Hall conductivity κxy obeys
the WF law for low T . However, for hole-doping p < p∗ , corresponding to the pseudogap
phase, the thermal Hall conductivity changes sign and becomes negative, while σxy remains
positive. Further, the magnitude of κxy /(T σxy ) at low temperatures significantly exceeds
L0 , thus signaling a comprehensive breakdown of the WF law. Since previous measurements
suggest that the longitudinal thermal and electrical conductivities follow the WF law at all
dopings, including p < p∗ [439], this deviation was quite unexpected.
A possible explanation of this observation is the presence of charge-neutral spin-carrying
excitations in the pseudogap phase. By virtue of being electrically neutral, they do not
couple to the external electromagnetic field and, by association, do not contribute to σxy ;
however, they give rise to a thermal Hall current leading to the violation of the WF law in
Hall conductivities. The large κxy observed at dopings with and without Néel order suggests
that magnons are not responsible for this phenomenon. Further, Grissonnanche et al. [223]
originally argued that the observed magnitude of κxy at low temperatures is too large to
be explained by spin-scattered phonons. This prompted the rather intriguing possibility of
emergent neutral excitations that are responsible for this unusual behavior.
Motivated by these observations, in the first part of this chapter, we investigate the thermal
Hall conductivity (see Fig. 5.1) of phases where the electron fractionalizes into an electrically
charged gapless fermionic chargon and a gapped charge-neutral spin-carrying spinon [551].
Such a phase of matter has topological order [575], and has been previously discussed in the
context of the pseudogap metal [109–111, 554, 576, 701]. Indeed, model calculations of the
longitudinal conductivities and the electrical Hall conductivity in these fractionalized phases
[110] are consistent with experimental observations in the metallic phases of several cuprates.
However, Ref. 223 shows that the large negative κxy persists even in the insulating phase as
the doping p → 0. This is the extreme limit of breakdown of the WF law, as σxy = 0. We
therefore initially restrict our focus to Mott insulators with gapped chargons and topological
189
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Figure 5.1: Schematic depiction of the thermal Hall effect in an insulator with topological
order, where the heat current is carried by fractionalized S = 1/2 spinons.

order, analogous to the phases discussed in Refs. [111, 576], and compute the contribution
to the thermal Hall effect from deconfined, charge-neutral, spinons using Schwinger-boson
mean-field theory.
Our first set of results is related to the thermal Hall conductivity in square-lattice spin⃗i · (S
⃗j × S
⃗k ), where S
⃗i is the spin
liquid states with nonzero scalar spin chiralities, χijk = S
operator on site i = (ix , iy ) ∈ Z2 of the square lattice, but without any spin-orbit coupling;
these results are presented in Section 5.3. Note that, by virtue of being odd under time
reversal and spin-rotation-invariant, χijk can couple to bond-current operators and, hence,
these states are in general associated with nonzero loop currents. A recent work [576] classified
four likely patterns (labeled A,B,C,D) of time-reversal and mirror-plane symmetry breaking
in spin liquids with nonzero χijk and associated loop currents. Among these, only pattern D
has a nonzero κxy , and hence, will be the center of our attention. We find that spin liquids
of pattern D, which breaks square-lattice and time-reversal symmetries down to

4
′ ′
mm m ,

do

2 /ℏ at temperatures above the spin gap; below
indeed lead to values of κxy /T of order kB

the spin gap, κxy /T vanishes exponentially as T → 0 [see Eq. (5.42)]. The reduction of the
symmetry to

4
′ ′
mm m

could either be spontaneous, or simply due to the presence of an applied

magnetic field. We note that, in the latter case, no hysteresis in the thermal Hall conductance
is expected. As we review in Appendix D.1.1, the orbital coupling of the field in a Hubbard-like
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model induces a coupling between the magnetic field and the uniform scalar spin chirality. We
also probe the thermal Hall conductivity of the associated magnetically ordered states which
break spin-rotation symmetry at T = 0. In two spatial dimensions, spin-rotation invariance is
restored at any nonzero temperature by thermal fluctuations, and this allows us to treat such
states with the same formalism as that used for spin liquids. For such thermally disordered
2 /ℏ, but
descendants of magnetically ordered states, we also find values of κxy /T of order kB

κxy /T vanishes as a power of T as T → 0 [see Eq. (5.44)]. Although these results appear to
be an attractive model of the observations on the cuprates, it is important to keep a caveat
in mind. In the limit where full square-lattice and time-reversal symmetries are restored, our
Schwinger boson states can undergo phase transitions to a variety of possible magnetically
ordered states, and the observed Néel state is only one among a continuum of possibilities;
see Appendix D.1.5. At least at the mean-field level, there is no selection mechanism for the
Néel state when the time-reversal symmetry breaking to

4
′ ′
mm m

is turned off. Nevertheless,

a weakly distorted Néel state is indeed one of the possible states leading to a large κxy /T .
Our second set of conclusions in this work pertain to the influence of the spin-orbit coupling,
which induces Dzyaloshinskii-Moriya (DM) terms in the spin Hamiltonian. We study the DM
term in spin liquids connected to the Néel state, and find that it induces a significantly smaller
value of κxy /T , as described in Section 5.3.3.
In previous literature, the thermal Hall effect has been widely investigated on the kagome
[448, 484, 486, 599], pyrochlore [386], and honeycomb [404, 482, 483, 485, 740] lattices for
insulating phases with and without long-range magnetic order and in the presence of additional electric field gradients [467]. However, it is strongly constrained by no-go theorems on
the square lattice owing to the geometry thereof; the fluctuation of the scalar spin chirality
averaged over nearby elementary plaquettes in the square lattice vanishes for a generic phase
[296, 327]. For our model, the discrete broken symmetries are carefully chosen such that the
associated loop-current pattern corresponds to a net addition of spin chirality on neighboring triangular plaquettes [576]. This enables our model to overcome the symmetry barriers
associated with the square lattice. This can be achieved since we consider a Schwinger-boson
mean-field ansatz (illustrated schematically in Fig. 5.3) that is not smoothly connected to
that of the usual Néel state (which has topologically trivial bands). Rather, our ansatz can
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be viewed as a perturbation to the symmetric bosonic π-flux spin-liquid [720]. As we show in
the work, these perturbations can indeed induce nonzero Chern numbers and lead to a much
larger κxy compared to other phases with topologically trivial spinon bands. At the same
time, as already noted above, the associated magnetically ordered phase can still be (a small
deformation of) the Néel state.
We begin in Section 5.2 by setting up the Schwinger-boson mean-field formalism and its
computation of the thermal Hall conductivity. Section 5.3 evaluates the thermal Hall effect
in spin liquids with nontrivial magnetic point groups but full SU(2) spin-rotation invariance
(SRI). The DM term is not included in these analyses, but is considered separately in Section 5.3.3 (without the additional time-reversal-symmetry-breaking terms). In the next part
of this chapter, Section 5.4, we turn to an alternative formulation of the problem, where the
spinonic degrees of freedom are fermionic instead of bosonic. Within this formalism, we study
the quantum phase transition of a square-lattice antiferromagnet from a confining Néel state
to a state with coexisting Néel and semion topological order. The transition is driven by
an applied magnetic field and involves no change in the symmetry of the state. The critical
point is described by a strongly coupled conformal field theory with an emergent global SO(3)
symmetry. The field theory has four different formulations in terms of SU(2) or U(1) gauge
theories, which are all related by dualities; we relate all four theories to the lattice degrees of
freedom. We show how proximity of the confining Néel state to the critical point can explain
the enhanced thermal Hall effect seen in experiments.
The mean-field calculations in Section 5.4, however, neglect the effect of gauge fluctuations, which we subsequently address in Section 5.5. Here, we consider the thermal Hall
effect of fermionic matter coupled to emergent gauge fields in (2 + 1) dimensions. While the
low-temperature thermal Hall conductivity of bulk topological phases can be connected to
chiral edge states and a gravitational anomaly, there is no such interpretation at nonzero
temperatures above (2 + 1)-dimensional quantum critical points. In the limit of a large number of matter flavors, the leading contribution to the thermal Hall conductivity is that of
the fermionic matter. The next-to-leading contribution is from the gauge fluctuations, and
this has a sign which is opposite to that of the matter contribution. We illustrate this by
computations on a Dirac Chern-Simons theory of the quantum phase transition in a square192
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lattice antiferromagnet involving the onset of semion topological order. We find similar results
for a model of the pseudogap metal with Fermi pockets coupled to an emergent U(1) gauge
field. We also highlight the connections to the aforementioned observations on the hole-doped
cuprates: our theory captures the main trends, but the overall magnitude of the effect is
smaller than that observed.
A final wrinkle to the story was added by the more recent set of experiments by Grissonnanche et al. [224], which showed that the thermal Hall conductivity of La2 CuO4 is roughly
isotropic, i.e., it is nearly the same for heat transport parallel and normal to the CuO2 planes.
This conveys that the Hall response must arise from phonons, as they are the only heat carriers that are able to move with the same ease both normal and parallel to the planes. Inside
the pseudogap phase, the phonons must become chiral to generate the Hall response, but the
mechanism by which this happens remains to be identified. Employing our picture in which
the insulating Néel state in the parent compounds of the cuprates is proximate to a quantum
phase transition to a state with coexisting Néel and semion topological orders, we study, in
Section 5.6, the manner in which proximity to this transition can make the phonons chiral,
by inducing a significant phonon Hall viscosity. We describe the spinon-phonon coupling in
a lattice spinon model coupled to a strain field and also using a general continuum theory
constrained only by symmetry. We find a nonanalytic Hall viscosity across the transition,
with a divergent second derivative at zero temperature. Thus, we can indirectly study QSLs
by looking for fingerprints of fractionalization through the interactions of spinons with other
degrees of freedom in the system.

5.2

Schwinger-boson mean-field theory of square-lattice spin liquids

Our starting point is a Mott insulator where the low-energy degrees of freedom are the S = 1/2
spins of the Cu atoms located on a square lattice, with a Hamiltonian of the form
Hspin =

) ∑
1 ∑(
m
⃗ Z · Si + H χ .
⃗ ij
B
Jij Si · Sj + D
· Si × Sj −
2
i,j

(5.1)

i

The Heisenberg couplings Jij are taken to be positive, Jij > 0, and spatially local. The
orientation of the external magnetic field is assumed to be perpendicular to the lattice plane
193

Chapter 5. Chiral spin liquids and their thermal probes
⃗ = B ẑ, where we have absorbed the Bohr
(see Fig. 5.1). For the Zeeman field, we have B
z
Z
magneton µB in the definition of Bz . The associated orbital coupling is described by Hχ
which involves third- (and higher-) order powers in Si (see Appendix D.1.1). We also include
a spin-orbit induced Dzyaloshinskii-Moriya (DM) term, which is allowed when certain spatial
⃗ m will be
symmetries are broken. The precise orientations of the DM coupling vectors D
ij
described below.
To treat Hspin , we adopt a Schwinger-boson mean-field approach, which is capable of describing both spin-liquid phases and ordered antiferromagnets [25, 26]. This approach, as
detailed later, provides us with a mean-field ansatz, and the projective action of lattice or
time-reversal symmetries on the ansatz describes the particular spin-liquid state under consideration [677, 720]. Among the different ansätze we consider, only one, for which all inplane reflection symmetries are broken (pattern D in Ref. 576), leads to spinon bands with
nonzero Chern numbers. In order to compute the thermal Hall conductivity, one needs to
first know the nature of the low-energy excitations above the quantum ground state of Hspin .
An approximate method to treat this problem is provided by Schwinger-boson mean-field
theory (SBMFT) in which the Hamiltonian is written in terms of Schwinger bosons [25, 26],
whereupon an appropriate mean-field decoupling renders it quadratic. We briefly review this
formalism in the context of the thermal Hall effect below.
5.2.1

Schwinger-boson mean-field theory

The spin operator can be represented at each site i = (ix , iy ) ∈ Z2 of the square lattice (we
set a = 1 for the lattice constant) using a pair of bosons (bi↑ , bi↓ ) as

Si =

1∑ †
b ⃗σ ′ b ′ ,
2 ′ iσ σσ iσ

(5.2)

σ,σ

where ⃗σ = (σ1 , σ2 , σ3 )T is a vector of Pauli matrices. These operators satisfy the standard
bosonic commutation relations [biσ , b†jσ′ ] = δij δσσ′ . This construction enlarges the on-site
Hilbert space; to remain within the physical space, Eq. (5.2) has to be supplemented with the
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local holonomic constraint
n̂i =

∑

b†iσ biσ = 2S,

(5.3)

σ

which enforces that S2i = S (S + 1).
In this fashion, the reformulated Hamiltonian Hspin contains only quadratic, quartic, and
sextic terms in the bosonic operators. Now, we perform a mean-field decoupling of Hspin
into quadratic operators. We neglect here the DM interactions, which will be analyzed in
Section 5.3.3 and Appendix D.1.6, and the orbital coupling Hχ , which will be discussed in
Appendix D.1.1; for now, we concentrate on terms that preserve SRI. The only such operators
are the spin singlets
Âi,j =

1∑
biσ (iσ2 )σσ′ bjσ′ ; Âj,i = −Âi,j ,
2 ′

(5.4)

1∑
biσ b†jσ ;
2 σ

(5.5)

σ,σ

B̂i,j =

†
B̂j,i = B̂i,j
,

and their adjoints. Here, and in the remainder of this section, we use i to denote the imaginary
unit. The expectation values, {Ai,j , Bi,j }, of the operators in Eqs. (5.4) and (5.5) collectively
define the parameters of the mean-field ansatz.
First, let us examine the antiferromagnetic Heisenberg exchange term [52] in a simple spin
Hamiltonian.
H (1) =

∑

Jij Si · Sj ;

Jij > 0.

(5.6)

i>j

Using the identity
1
†
†
Si · Sj = : B̂i,j
B̂i,j : −Â†i,j Âi,j = B̂i,j
B̂i,j − Â†i,j Âi,j − n̂i ,
4

(5.7)

with : : denoting normal ordering, Eq. (5.6) can be reduced to a mean-field quadratic bosonic
Hamiltonian preserving SU(2) spin-rotation invariance. This is achieved by neglecting bondoperator fluctuations and replacing ⟨Âi,j ⟩ and ⟨B̂i,j ⟩ by complex bond parameters Ai,j and
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Bi,j , respectively:
(1)
Hmf

=

∑ [ Jij (
i>j,σ

2
+λ

∗
Bi,j
biσ b†jσ

∑(

−

A∗i,j σ biσ bj−σ

)

(

+ h.c. + Jij |Ai,j | − |Bi,j |
2

2

)

]

)
b†iσ biσ − 2S .

(5.8)

i

At the mean-field level, the local constraint (5.3) is enforced only on average—namely, ⟨n̂i ⟩ = κ
via the Lagrange multiplier λ. One could, in principle, search for an optimal Ai,j and Bi,j by
self-consistently solving for the stationary points of the mean-field free energy; however, for
the purpose of the present work, we simply treat them as free (complex) parameters. The
only constraints thereon come from the upper bounds [433] on the moduli |A| ≤ S + 1/2,
|B| ≤ S, which must be obeyed for any self-consistent ansatz in SBMFT.
In the presence of a nonzero transverse magnetic field, spin-rotation invariance is broken
by the additional Zeeman term in the Hamiltonian:
H (2) = −Bz

∑
i

Siz = −

Bz ∑ †
(2)
biσ (σ3 )σσ′ biσ′ = Hmf .
2
′

(5.9)

i σ,σ

This term is already quadratic and thus requires no further decoupling.
Since we will discuss spin liquid phases with certain discrete broken symmetries, to be
precise, let us clarify when a given ansatz breaks a symmetry. The physical spin operator is invariant under a local U(1) gauge transformation bj → eiφ(j) bj . Under such a gauge
transformation, the mean-field ansatz transforms as
Ai,j → ei(φ(i)+φ(j)) Ai,j ,

Bi,j → ei(φ(i)−φ(j)) Bi,j .

(5.10)

Therefore, a symmetry g is preserved as long as there is a gauge transformation, bj → Gg (j)bj ,
Gg (j) = eiφg (j) , that leaves the ansatz invariant when combined with the action of the symmetry operation. Contrarily, if no such gauge transformation exists, or equivalently, there is
some gauge-invariant operator that transforms nontrivially under g and has a finite (nonzero)
expectation value in the phase under consideration, then the symmetry g is broken.
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5.2.2

Diagonalization of bosonic quadratic Hamiltonians

The mean-field Schwinger boson Hamiltonian can be diagonalized by the Bogoliubov-Valatin
canonical transformation [72, 649]. For illustrative purposes, consider a general quadratic
bosonic Hamiltonian

H=

1 †
Ψ M Ψ;
2

(
)
Ψ† = b†1 , . . . , b†N , b1 , . . . , bN .

(5.11)

Generically, the index n = 1, . . . , N on bn and b†n could label momentum, spin, or some
other degrees of freedom. To find the eigenmodes corresponding to M , we introduce new
†
annihilation (creation) operators γm (γm
) such that

Ψ = T Γ;

(
)
†
Γ† ≡ γ1† , . . . , γN
, γ1 , . . . , γ N .

(5.12)

The standard bosonic commutation relations for both the Ψ and Γ fields are conveniently
encapsulated in the matrix equation

[
] [
] ( )
Ψi , Ψ†j = Γi , Γ†j = ρ3 ;
ij



 1N ×N

ρ3 ≡ 


0

0
−1N ×N



.



(5.13)

We choose T such that the Hamiltonian (5.11) becomes


H=

1 † †
Γ T M T Γ;
2








†
T MT =
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ω1

0

···
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ω2 . . .

0
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0

0

···
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ω2N
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(5.14)
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for ωi ∈ R. Meanwhile, to safeguard the bosonic statistics of the system, the transformation
matrix must fulfill the necessary condition
T ρ3 T † = ρ3 ,

(5.15)

or, in other words, T is paraunitary [136]. The elements of the transformation T can be
obtained from the eigenvectors of the dynamic matrix K = ρ3 M , which defines the Heisenberg
equation of motion for Ψ. All the eigenvalues of the dynamic matrix (when diagonalizable)
are real and appear in pairs. Then, T , conventionally referred to as the derivative matrix,
consists of all the eigenvectors of K
T = [V (ω1 ), . . . , V (ωN ), V (−ω1 ), . . . , V (−ωN )] ,

(5.16)

with the eigenvectors V ordered as
V † (ωi ) ρ3 V (ωi ) = 1,

V † (−ωi ) ρ3 V (−ωi ) = −1

(5.17)

for each set (V (ωi ), V (−ωi )). Thus, each eigenvalue of K is counted up to its multiplicity
and the N dynamic mode pairs are separated and arranged sequentially as columns in T
such that its left (right) half is filled with eigenvectors of positive (negative) unit norms [704].
Consequently,
T −1 K T = diag (ω1 , . . . , ωN , −ω1 , . . . , −ωN ) ,
T † M T = diag (ω1 , . . . , ωN , ω1 , . . . , ωN ) ,

(5.18)
(5.19)

i.e., both M and K are simultaneously diagonalized. Borrowing fermionic terminology for
Eq. (5.14), we refer to the bands with indices n = 1, . . . , N (n = N + 1, , . . . , 2N ) as the
particle (hole) bands.
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5.2.3

Berry curvature and thermal Hall conductivity

The prescription outlined above can be straightforwardly applied to the Hamiltonians in
the sections hereafter, the only difference being that the matrices H(k)—associated with the
∑
mean-field Hamiltonian H = k (Ψ†k H(k) Ψk )/2—and Tk therein are momentum-dependent.
Suppose εnk > 0 is the nth band energy after such a diagonalization procedure; accordingly,

H=

N
∑∑

(
εnk

†
γnk
γnk

k n=1

)
1
.
+
2

(5.20)

Then, within SBMFT, the thermal Hall conductivity in the clean limit is given by [423]

κxy

}
N {
2 T ∑∑
kB
π2
c2 [nB (εnk )] −
Ωnk ,
=−
ℏV
3

(5.21)

k n=1

where the sum on n runs only over the particle bands. Here, nB (ε) is the Bose distribution
function, and
∫
c2 (x) ≡
0

x

(
)
(
)
1+t 2
1+x 2
d t ln
= (1 + x) ln
− (ln x)2 − 2 Li2 (−x),
t
x

(5.22)

which is monotonically increasing with x: it has a minimum value of 0 at x = 0 and, in the
opposite limit, tends to π 2 /3 as x → ∞. Ωnk in Eq. (6.36) is the Berry curvature in momentum
space [610], which, for bosonic systems, is given by
[
Ωnk ≡ i ϵµν

∂ Tk†
∂ Tk
ρ3
ρ
∂ k µ 3 ∂ kν

]
;

n = 1, . . . , N.

(5.23)

nn

The integral of the Berry curvature over the Brillouin zone (BZ) is the first Chern integer
[351, 641]
1
Cn =
2π

∫
bz

dk Ωnk ∈ Z.

(5.24)

In addition to being integer-valued, Cn further obeys the constraint
N
∑
n=1

Cn =

2N
∑
n=N +1
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i.e., the sum of the Chern numbers over all particle and hole bands is individually zero [610].
Since the expression in Eq. (6.36) for κxy entails the summation over all particle bands and
the momentum sum (or integral in the thermodynamic limit) is taken over a closed surface
(the first Brillouin zone), Eq. (5.25) dictates that
}
N {
2 T ∑∑
kB
π2
−
−
Ωnk = 0.
ℏV
3
k n=1

For this reason, we can neglect the additional −π 2 /3 piece in the momentum sum in Eq. (6.36)
in the following.
It is worth noting that the derivation of the formula (6.36), with the Berry curvature defined
as in Eq. (5.23), assumes that H(k) has been chosen to satisfy the particle-hole symmetry



ρ1 ≡ 



T

H(k) = ρ1 (H(−k)) ρ1 ;


0
1N ×N

1N ×N 

.


0

(5.26)

As it will be useful below, we point out that, as a consequence, the Berry curvatures of the
particle and hole bands are related as [461]
Ωn+N,−k = −Ωnk ;

1 ≤ n ≤ N.

(5.27)

Before proceeding with the analysis of different spin-liquid states, a few general statements
on the behavior of κxy are in order. First, if the temperature is much larger than the maximum
energy of the mth particle band so that nB (εmk ) ≫ 1, the contribution of this band to
Eq. (6.36) is related to its Chern number Cm as
[

κxy

]
m

2 T
π 2 kB
≈
3ℏ

∫
bz

2 T
π kB
dk
Ω
=
Cm .
mk
4π 2
6ℏ

(5.28)

Conversely, if T lies far below the minimum of the mth band, then nB (εmk ) ≈ 0 and its
contribution to Eq. (6.36) is exponentially small in the spinon gap divided by temperature
(see also Eq. (5.38) below).
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As Ωnk is weighted by c2 [nB (εnk )] in Eq. (6.36), there is a nonvanishing thermal Hall
conductivity at finite temperatures even if all bands have zero Chern numbers. The overall
magnitude of κxy , however, hinges on whether Cn = 0 or Cn ̸= 0. For a trivial band, the
momentum-space average of the Berry curvature is itself zero and we generically expect that
[ ]
[ ]
κxy m| C =0 ≪ κxy m| C ̸=0 . As a result, the total κxy is expected to be much smaller for
m

m

a system with Cn = 0 ∀ n than for one with nonzero Chern numbers. This is evident upon
comparing Figs. 5.5 and 5.8, which correspond to conductivities arising from C ̸= 0 and C = 0
bands, respectively; for a similar set of parameters, the former are a thousandfold larger. We
note that, in principle, it is possible that the Berry curvature has significant energy dependence
and, hence, κxy is large even for Cn = 0; however, such a situation was not realized for any of
the ansätze we considered in this work.

5.3

Spin liquid Ansätze with time-reversal symmetry breaking

Having established the necessity of Chern numbers for a sizable thermal Hall conductivity, we
study spin liquid models that can yield such topologically nontrivial band structures within
SBMFT. Inspired by the recent work of Ref. 576 in the context of possible broken symmetries
in cuprates, we examine states with nontrivial magnetic point groups. By breaking timereversal symmetry while preserving SRI, the ansätze we discuss are naturally associated with
nonzero scalar spin chiralities.
The simplest class of symmetry-breaking spin liquids of Ref. 576 are described by ansätze
that, while preserving all translational symmetries of the square lattice, have magnetic point
group m′ mm; this means that twofold rotation perpendicular to the plane, C2 , and timereversal symmetry, Θ, are broken, but the product ΘC2 is preserved. Depending on whether
the reflection symmetry along a Cu-O bond or along a diagonal Cu-Cu bond is present, these
states are referred to as patterns A and B in Ref. 576; they also appeared in studies of Z2
spin liquids using bosonic [109, 111] and fermionic [640] spinons. However, as will be shown
below, both these ansätze lead to spinon bands which are topologically trivial, prompting the
consideration of other patterns to procure nonzero Chern numbers.
To this end, we analyze a translationally invariant spin liquid phase, referred to as pattern
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D in Ref. 576, that has magnetic point group

4
′ ′
mm m ;

this means that time-reversal symme-

try and the point group C4v have been broken down to the symmetry group generated by
fourfold rotation perpendicular to the plane, C4 , and ΘRx (the product of time-reversal Θ
and reflection symmetry Rx at the xz plane). Unlike the earlier cases, all mirror symmetries
are broken by this ansatz, and the sum of all scalar spin chiralities within the unit cell does
not add up to zero. As evidenced in this section, we find that nonzero Chern integers can
indeed be realized. Note that the magnetic symmetries of the state we consider are the same
as those of an orbital magnetic field. Consequently, if the ansatz emerges spontaneously,
we find an anomalous contribution to κxy , i.e., a thermal Hall response in the absence of an
external magnetic field. This, however, also means that the symmetry-breaking terms of the
ansatz can be induced by the orbital coupling Hχ . In the latter case, there is no anomalous
contribution.
5.3.1

One-orbital model with trivial bands

Throughout this subsection, we direct our attention to the one-orbital model of the cuprate
superconductors, which only involves the Cu-d orbitals forming a square lattice as shown
in Fig. 5.3. The general form of the mean-field Hamiltonian, only involving spin-rotation
invariant terms, reads as

Hmf =

)
)
∑( †
J ∑(
Bi,j b†iσ bjσ − A∗i,j σ biσ bj−σ + h.c. + λ
biσ biσ − S .
2
i,j, σ

(5.29)

iσ

One can write down a suitable ansatz consistent with all the m′ mm symmetries to describe
pattern A as
Ai,i+x̂ = Ai,i+ŷ = A1 ,
Ai,i+x̂+ŷ = Ai,i−x̂+ŷ = A2 ,
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Bi,i+x̂ = Bi,i+ŷ = iB1 ,
(5.30a)

Ai,i+x̂ = Ai,i+ŷ = A1 ,
Ai,i+x̂+ŷ = A2 .

Bi,i+x̂ = Bi,i+ŷ = iB1 ,
(30b)

B.
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= 2A|1 ,toBsufficiently
GTµ (j) = (
i,i+x̂ = Bi,i+ŷ = iB1 ,
the ansätze in Eq. (30) can be brought arbitrarily close
Ai,i+x̂+ŷ = A2 .
to that of the
conventional two-sublattice Néel state and (5.30b) G⇥Rµ (j) = i(
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nonzero
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Since the spectrum for |B1 |, |A2 | 6= 0, illustrated in
magnetically ordered state is a smooth deformation of the Néel state and happens to be a
conical spiral [111, 727].

Since the spectrum for |B1 |, |A2 | ̸= 0, illustrated in Fig. 5.2, retains its gap upon continuously tuning B1 and A2 to zero, the Chern numbers must be Cn = 0 (exactly like those of the
Néel state), wherefore these ansätze are not expected to be a good starting point for obtaining
a sizeable thermal Hall response.
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Figure 5.3: Schwinger-boson mean-field ansatz for the one-orbital model defined by Eqs. (5.31)
and (5.33). The Cu atoms in the CuO2 plane are depicted here as dark blue circles. The
arrows indicate the sign conventions: along the (next-)nearest-neighbor bond from site i to
site j, the bond operators have the expectation values ⟨Âi,j ⟩ = A1(2) , ⟨B̂i,j ⟩ = iB1(2) ; due to
†
Âj,i = −Âi,j and B̂j,i = B̂i,j
, the bonds are directed and associated with blue (red) arrows in
the figure.

5.3.2

Chern numbers and thermal Hall conductivity

The considerations above seem to suggest looking instead at ansätze that are not adiabatically
connected to that of the conventional antiferromagnet with only A1 nonzero. Motivated by
the recent study [576] of spin-liquid states with orbital loop currents, we next consider an
ansatz with magnetic point group

4
′ ′
mm m .

A minimal choice, yielding this point group while

preserving translations, Tx , Ty , is
Ai,i+x̂ = A1 ,

Ai,i+ŷ = (−1)ix +iy A1 ,

Bi,i+⃗ηµ = i sµ (−1)ix +iy B2 ,

(5.31a)
(5.31b)

with second-nearest-neighbor vectors ⃗ηµ = x̂+(−1)µ ŷ. The relative signs of sµ ∈ {+1, −1} can
be read off Fig. 5.3, and are chosen so as to attain the correct magnetic point group. Obviously,
the ansatz is not explicitly invariant under the symmetry generators Tx , Ty , C4 , and ΘRx .
However, since the symmetries act projectively, it is invariant under the respective symmetry
operations when they are applied in conjunction with the following gauge transformations:
GTµ (j) = (−1)jy , ;

µ = x, y,

GΘRµ (j) = i(−1)jx +jy ,
204
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GC2 (j) = (−1)jx ,

(π
)



(j
+
j
)
cos

x
y ;
2
GC4 (j) =
(π
)



sin
(jx + jy ) ;
2

(5.32c)
j ∈ α,
(5.32d)
j ∈ β.

At the same time, one can indeed construct explicit gauge-invariant fluxes which are odd
under Θ or Rµ [576], and our ansatz does break these symmetries.
It turns out that the ansatz of Eq. (5.31a,b) alone proves to be insufficient to yield bands
with nonzero Chern numbers, so we add on top the additional operator expectation values:
Bi,i+x̂ = iB1 ,

Bi,i+ŷ = i(−1)ix +iy B1 ,

Ai,i+⃗ηµ = sµ (−1)ix +iy A2 .

(5.33a)
(5.33b)

It is straightforward to check that Eqs. (5.31) and (5.33), in totality, preserve both translation
and

4
′ ′
mm m

by applying the gauge transformations in Eq. (5.32). From this point onward, the

term “one-orbital model” always implicitly refers to this combined ansatz for pattern D. For
completeness, the three-orbital model of the cuprates, also taking into account the oxygen p
orbitals, is discussed in Appendix D.1.7; the conclusions are similar in spirit.
The generalization in Eq. (5.33) results in topologically nontrivial bosonic bands and, hence,
a considerable thermal Hall response as we show below. As long as the interband gaps remain
open, the Chern integers are invariant under smooth variations of the mean-field parameters
{Aµ , Bµ } in the Hamiltonian. Consequently, this state is not smoothly connected to the
SBMFT of the conventional square-lattice antiferromagnet, for which the Chern numbers of
all the bands are identically zero.
A useful characterization of spin-liquid phases can be obtained by gauge invariant fluxes.
Of particular importance for our study is the flux ϕ = A1,2 A∗2,3 A3,4 A∗4,1 , where 1, 2, 3, and 4
label the four sites of any elementary square plaquette in counterclockwise order. The limiting
case A2 = B1 = B2 = 0 of the ansatz in Fig. 5.3 corresponds to the π-flux states of Yang and
Wang [720], which have full square-lattice and time-reversal symmetries; turning on nonzero
values of A2 , B1 , and B2 reduces the symmetry to
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nonzero Chern numbers. On the other hand, the CP1 model [553], a low-energy effective field
theory of quantum antiferromagnets on a square lattice, describes the more familiar zero-flux
Schwinger boson state [720]. It was shown in Ref. 576 that there is no quadratic perturbation
to the CP1 theory which breaks the symmetry down to

4
′ ′
mm m ,

and we discuss the needed

perturbations further in Appendix D.1.2. Our results here are consistent with these earlier
results: we need to perturb a π-flux state to have nonzero Chern numbers of spinon bands in
SBMFT; such nontrivial bands cannot be obtained as a perturbation of the zero-flux state.
Further, the CP1 theory can naturally describe low-energy excitations close to Q = (0, 0) and
(π, π); in contrast the spin-liquid phase we consider has low energy excitations at (0, π) and
(π, 0) as well.
Yang and Wang [720] also analyzed the magnetic ordered states that appeared upon condensing bosonic spinons from the π-flux state. They found a variety of possibilities with
ordered moments at wavevectors (0, π), (π, 0), and (π, π)—this included cases where the dominant moment was at the (π, π) wavevector of the Néel state. Nonzero values of A2 , B1 , and
B2 distort these states to also allow for a (possibly small) ferromagnetic moment at (0, 0),
leading to a four-sublattice magnetic order of the form (see Appendix D.1.5 for details)
⟨S(j)⟩ = n(0,0) + (−1)jx n(π,0) + (−1)jy n(0,π) + (−1)jx +jy n(π,π) .

(5.34)

Note that this ferromagnetic moment arises without a Zeeman term in the Hamiltonian, and
is a consequence of either spontaneous breaking of the symmetry to

4
′ ′
mm m ,

or one induced

by the orbital coupling to the external field (see Appendix D.1.1).
One might wonder whether adding the orbital coupling of the magnetic field, Hχ , described
in leading order in t/U by terms involving the triple products Si · (Sj × Sk ) [593], can be used
to describe the symmetry reduction to the magnetic point group

4
′ ′
mm m

within SBMFT. We

consider the decoupling of this triple product term in Appendix D.1.1. Although we do not
include this self-consistently in our analysis, we verify that spin-liquid states with symmetry
broken to

4
′ ′
mm m

do indeed lead to a nonzero expectation value for the triple products in the

Hamiltonian, in the quadratic approximation.
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Spectrum and symmetries
In spite of the final thermal Hall conductivity itself being a gauge-invariant quantity, any
intermediate calculations require the explicit choice of a gauge. Owing to the alternating factor
of (−1)ix +iy , the ansatz (5.31) is translationally invariant only modulo a gauge transformation
or, in other words, it is invariant under two-site lattice translations when working in a fixed
gauge. We therefore choose a two-sublattice unit cell with sublattice indices defined by the
parity of ix + iy . In each unit cell, we denote the Schwinger boson operators by α (even
parity) and β (odd parity). The basis vectors for this new bipartite lattice are ⃗ηµ , and the
⃗ µ = π ⃗ηµ , so the BZ can be chosen to be the conventional
reciprocal lattice vectors are G
antiferromagnetic Brillouin zone, {(kx , ky ) | kx , ky ∈ [−π, π); |kx | + |ky | ≤ π}.
As sketched in Appendix D.1.3, the mean-field Hamiltonian can be represented in terms of
the eight-component spinor
)
)
(
∑( †
†
†
†
†
α−k↑ β−k↑ α−k↓ β−k↓ with Hmf =
Ψk H(k) Ψk /2.
βk↓
αk↓
βk↑
Ψ†k = αk↑

(5.35)

k

The associated band structures upon diagonalization are plotted in Fig. 5.4. At each momentum k, the dynamic matrix K has eight eigenvalues, four positive and four negative; we
label the former (latter) by n = 1, . . . , 4 (n = 5, . . . , 8) in ascending (descending) order. The
energies of the actual bosonic bands are simply the absolute values of these and are necessarily
positive.
Additionally, the Hamiltonian H(k) harbors another symmetry that is somewhat less apparent. Although the particle bands are generically distinct, they become pairwise degenerate
when there is no Zeeman field, Bz = 0. We emphasize that this degeneracy is not the same
as the trivial redundancy described in Eq. (5.19), which arises due to the pairwise occurrence
of the eigenvalues of the dynamic matrix. Despite the seeming lack of an a priori reason,
the degeneracy of these eigenvalues stems from an effective antiunitary symmetry, which we
scrutinize more carefully later in Appendix D.1.4.
From the paraunitary matrix Tk , one can calculate the Berry curvatures of the bands.
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However, the Berry connection—defined as
[
(
)]
Aj,µ (k) ≡ i Tr Γj ρ3 Tk† ρ3 ∂kµ Tk ,

(5.36)

where Γj is a diagonal matrix with (Γj )ab = δja δjb —cannot be smoothly specified over the
entire BZ and the phases of the eigenvectors that constitute Tk must be chosen accordingly.
The resolution lies in decomposing the BZ into two overlapping regions H1 and H2 with
H1 ∪ H2 = BZ, and H1 ∩ H2 = ∂H1 = −∂H2 [610]. These regions are chosen such that [Tk ]mν ,j
is never zero within the region Hν , where ν = 1, 2, and mν = 1, . . . , 8. The phase of the j th
eigenvector can then be uniquely defined by choosing a gauge in region H1 (H2 ) such that
[Tk ]m1 ,j ([Tk ]m2 ,j ) is always real and positive. The two gauge choices, which are related by a
U(1) transformation, are patched together to cover the entire BZ. This construction enables
us to unambiguously calculate the Chern number [198, 199] as

Cj =

1
2π

I
∂H1

(
)
(1)
(2)
d k · Aj − Aj ,

(5.37)

(ν)

where (Aj )µ is the gauge field [Eq. (5.36)] of band j in the patch ν. Inspecting the eigenstructure of Tk , we find a suitable partition to be H1 = {k : ky ≤ 0, |kx | + |ky | ≤ π} and
H2 = BZ\H1 . The resultant Berry curvatures for the particle bands are illustrated in
Fig. 5.4(f). The final thermal Hall conductivity, which involves contributions from all four
bands, is plotted in Fig. 5.5.
Parameter dependence of κxy
We now discuss the parameter dependence of the thermal Hall conductivity in Fig. 5.5 in
detail and compare with asymptotic analytical considerations.
First, note that while κxy is always positive in the plots of Fig. 5.5, its sign is actually
determined by that of the parameters Aµ and Bµ of the ansatz; under the simultaneous
reversal of Aµ → −Aµ and Bµ → −Bµ , the Hall conductivity also changes sign as κxy → −κxy .
This is required by symmetry as the global sign reversal of Aµ and Bµ is equivalent (modulo
gauge transformation G(j) = i) to performing a time-reversal transformation.
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for low and high T , we use the asymptotic expansions for the c2 function defined in Eq. (5.22):

( )
1
1
1
π2


 − + 2 +O
; for x → ∞,
3
x 2x
x3
c2 (x) →

(
)

 2 − ln(x) + ln2 (x) x + O(x2 ln(x)); for x → 0.

(5.38)

For simplicity, consider the contribution to κxy for a single pair of particle bands that have
equal Berry curvatures (ergo, Chern numbers)—the existence of such a pair is guaranteed by
the effective antiunitary symmetry in the one-orbital model discussed above. Without loss
of generality, let these be labeled by n = 1, 2; the discussion here can be easily extended to
include the n = 3, 4 bands for the specific case of the one-orbital model. At zero external
magnetic field, the bands in the pair are degenerate energetically, i.e., ε1k = ε2k ≡ Ek , and
have the same curvatures Ω1k = Ω2k . A finite uniform Zeeman field splits their energies to
Ek ± Bz /2. The Zeeman term is proportional to the identity in the dynamical matrix K
of Eq. (D.13). Therefore, it leaves the spinon wavefunctions, which are determined by the
dynamic matrix K rather than the Hamiltonian, unchanged. Hence, the Berry curvature
remains unaffected, whereby we still have Ω1k = Ω2k .
At temperatures much larger than the band maximum, it is reasonable to approximate the
Bose dstribution function by nB (E) ∼ kB T /E for kB T ≫ E. Using Eq. (6.36), the thermal
Hall conductivity then follows as
}
2 ∑ ∑ {
κxy
kB
π2
=−
Ωnk ,
c2 [nB (εnk )] −
T
ℏV
3
k n=1,2
)
(
)
2 ∑(
kB
Ω1k
Ω2k
1
≈
+
+O
ℏV
nB (ε1k ) nB (ε2k )
n2B (εnk )
k
(
) ( )
2 ∑
Ek − Bz /2 Ek + Bz /2
kB
k ζ C1
2 kB ∑
=
Ω1k
+
=
Ω1k Ek ≈ B
, (5.39)
ℏV
kB T
kB T
T ℏV
πℏT
k

k

where C1 is the Chern number of the n = 1 band, and ζ is a measure of the average band
energy without the magnetic field. We stress that Eq. (5.39) is a consequence of the effective
antiunitary symmetry explicated in Appendix D.1.4, and, in particular, of Eq. (D.18), which
ensures the equality of the Berry curvatures for the two bands. Therefore, to first order, κxy is
independent of Bz at high temperatures, in consistency with Fig. 5.5(b). In particular, there
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is an anomalous thermal Hall response, i.e., κxy ̸= 0 for Bz = 0. This is expected based on
the symmetries of the ansatz that are identical to those of the orbital magnetic field.
Going beyond leading order in the 1/T expansion incorporates a subleading term
κxy
k ζ C+
= B
T
πℏT

(

3Bz2 + 4 ζ 2
1−
2 T2
72 kB

)

(
+O

1
T4

)
(5.40)

.

This term is of the opposite sign but it is parametrically small and, being of O(Bz2 /T 3 ),
negligible at high T . Hence, the decrease of κxy with Bz is hardly observable in Fig. 5.5(b).
Note, however, that in reality, the parameters of the ansatz itself might be magnetic field
dependent—this is not accounted for in the present calculation, and might yield a rather
different dependence of κxy on the magnetic field. Equation (5.40) also specifies that κxy /T
goes to zero as 1/T at large temperatures (with 1/T 3 corrections), which is indeed confirmed
by Fig. 5.5(c) for T ≳ 0.5.
On the contrary, at T much smaller than the spinon gap ∆, the bosonic band occupancies
are almost zero, and we can approximate nB (E) ≈ e−E/kB T for all bands. For the leading
contribution, we need only consider the dominant term in the small x expansion of c2 (x) from
Eq. (5.38), which goes as x ln2 (x). The net result in the T ≪ ∆ limit is
κxy
k2 ∑ ∑
=− B
c2 [nB (εnk )] Ωnk
T
ℏV
k n=1,2

≈−

2
kB

ℏV

∑(
k

C1
≈
e−∆/kB T
2π ℏ T 2

)

Ω1k
(kB T )2
(
)
∆2 + e−Bz /kB T (∆ + Bz )2 .

ε21k e−ε1k /kB T

+

ε22k eε2k /kB T

(5.41)

In moderate magnetic fields Bz > T , κxy /T decays exponentially as (∆/T )2 exp(−∆/kB T )
at low temperatures, in agreement with the regime of T ≲ 0.5 in Fig. 5.5(c). Concurrently,
Eq. (5.41) tells us about the dependence of κxy on the external magnetic field. Recognizing
that the spinon gap ∆ at a finite field Bz is related to the zero-field gap ∆0 as ∆ = ∆0 − Bz /2,
we find that
κxy
C1
≈
e−∆0 /kB T
T
2π ℏ T 2

(

∑

)
e−nBz /2kB T (∆0 + nBz /2)2

n=±
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C1
≈
cosh
π ℏT2

(

Bz
2kB T

)

e−∆0 /kB T

(5.42)

for small Bz ≪ ∆0 , thereby justifying the nonlinear behavior observed in Fig. 5.5(a).
Another interesting limit is the intermediate temperature range when ∆ < max ε1,k ≲ T ≲
min ε2,k . From the aforementioned calculations, we notice that the thermal Hall conductivity
is the largest in this two-band picture when the magnetic field splits the particle and hole
bands—both of which have nonzero Chern numbers—such that the temperature T is greater
than the lower-band maximum, but smaller than the upper-band minimum.
With our formalism, we can also study phases with magnetic order at T = 0, but with
restored SRI due to thermal fluctuations at nonzero temperature. To this end, we vary the
gap such that it is exponentially small with temperature; in practice, this is achieved by tuning
the Lagrange multiplier λ. Instead of performing a self-consistent calculation, we assume a
functional form ∆(T ) = T exp(−m/T ), m = 2πρs (with spin stiffness ρs ), in analogy with
the 2D antiferromagnetic Heisenberg model [104, 105, 550]. The variation of κxy /T with this
choice of ∆(T ) is conveyed by Fig. 5.5(d). Despite always being in the regime ∆ < T , κxy /T
does not diverge as T → 0, but instead tends to zero. To understand this, we focus on the
contribution from the lowest band and momenta close to the dispersion minima ±k0 . Near
±k0 , the momentum dependence of the energy is quadratic, while that of the Berry curvature
is empirically observed to be quartic. Accordingly, assuming ∆ = 0,
2 ∑
2 ∫
κxy
kB
kB
Ω1k
≈−
≈−
T
ℏV
nB (ε1k )
ℏ
k

−

2
kB

|k−k0 |<Λ

∫

ℏ

d2 k
Ω0 (k − k0 )4 c2
(2π)2

d2 k
(2π)2

(

4

Ω0 (k + k0 ) c2

|k+k0 |<Λ

(

1

)

e(k−k0 )2 /2m∗ T − 1

(5.43)

)

1
e(k+k0 )2 /2m∗ T − 1

.

√
As T → 0, we may rescale k ± k0 = y 2m∗ T and extend the upper limit of y integration to
infinity, to obtain
κxy
2k 2 (2m∗ T )3 Ω0
=− B
T
ℏ

∫
0

∞

y 5 dy
c2
2π

(

1
2
y
e −1

)
=−

Thus, we find that κxy /T ∼ T 3 as T → 0 with ∆ ≪ T .
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5.3.3

Antiferromagnet with Dzyaloshinskii-Moriya interactions

So far, our discussion has been confined exclusively to spin-rotation-invariant spin liquids. In
this section, we will extend the analysis to include spin-orbit coupling, i.e., spin rotations are
not independent symmetry operations any more, but are coupled with real-space symmetry
transformations. In terms of the underlying spin model, this corresponds to including DM
⃗ m in Eq. (5.1),
interactions [162, 451, 452] as described by the term proportional to D
ij
H (3) =

∑

(
)
⃗m · S ×S .
D
ij
i
j

(5.45)

⟨i,j⟩

The thermal transport properties of a spin Hamiltonian with DM coupling was studied
on the kagomé lattice in Ref. 372 for the magnetically ordered phase using both HolsteinPrimakoff bosons and Schwinger bosons—in particular, the latter approach featured a large
thermal Hall coefficient at Bz , T ∼ J. On the square lattice, however, it is strongly constrained by no-go theorems [296, 327]. In a recent spin-wave analysis, Ref. 332 demonstrated
that a thermal Hall effect can be realized in an inversion-symmetry-broken square-lattice antiferromagnet with DM couplings. Here, we move away from the magnon description, which
necessarily requires long-range magnetic order, and probe the influence of the DM interactions
relevant to the cuprate superconductors in a spin-liquid phase using Schwinger bosons. We
will show that some of these DM vectors can lead to a nonzero Berry curvature, Ωnk ̸= 0,
and, in turn, a nonzero thermal Hall coefficient, albeit with much smaller magnitude than in
the ansatz of Section 5.3.2. This is related to the fact that the Chern number vanishes for
each band in the models with DM interactions that we study here.
We will focus here on the Zeeman coupling of the magnetic field and neglect orbital effects.
In this case, only a certain class of DM coupling vectors can lead to κxy ̸= 0 due to symmetry
constraints. For instance, consider global spin rotations by angle |⃗
φ| along axis φ
⃗ /|⃗
φ|. Under
⃗ m , where Rφ⃗ is
⃗ Z , and D
⃗ m → Rφ⃗ D
⃗ Z → Rφ⃗ B
these transformations, it holds that Jij → Jij , B
ij
ij
the vector representation of the spin rotation. As for any spin-rotation-invariant observable,
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Figure 5.6: Illustration of the DM coupling vectors [130, 131] for (a) orthorhombic La2 CuO4
⃗1 =
and (b) YBCO, where the black dots represent the Cu atoms of the CuO2 planes and D
T
T
T
T
⃗
⃗
⃗
(d1 , d2 , 0) , D2 = (−d2 , −d1 , 0) , D3 = (d3 , 0, 0) , D4 = (0, d3 , 0) with real constants dj (not
⃗ m = −D
⃗ m , the DM coupling vector D
⃗ m corresponds
determined by symmetry). Given that D
ij
ji
ij
to a directed bond, which is indicated by the arrows in the figure. The different DM textures
are due to the different symmetries: in YBCO, the Cu atoms are not centers of inversion, which
allows a spatially constant DM coupling vector; in La2 CuO4 , it must alternate in sign since
the Cu atoms are inversion centers, which is permitted because of the broken translational
symmetry.
the thermal Hall conductivity κxy satisfies
⃗
⃗m
⃗ m, B
⃗ ] = κ [J , R D
κxy [Jij , D
ij
Z
xy ij
⃗ BZ ].
φ
⃗ ij , Rφ

(5.46)

Being odd under time-reversal, it further obeys
⃗ m, B
⃗ ] = −κ [J , D
⃗ m , −B
⃗ ].
κxy [Jij , D
ij
Z
xy ij
ij
Z

(5.47)

⃗ˆ and d⃗ˆ · B
⃗ m ∝ d,
⃗ Z = 0, the
Consequently, if the DM coupling vectors are collinear, i.e., D
ij
⃗ˆ implies κ = 0. To wit, this is the case
⃗ = π d,
combination of Eqs. (5.46) and (5.47), with φ
xy
⃗ m = D x̂, or for the potentially more relevant (spatially alternating) DM coupling vector
for D
0
ij
of the tetragonal phase of La2 CuO4 [131].
It is also easily seen that κxy vanishes for the DM coupling vector in the orthorhombic phase
of La2 CuO4 [Fig. 5.6(a)]: the spatial reflection symmetry Ry with action (x, y) → (−x, y),
not combined with any rotation in spin space, remains a symmetry of the system also in the
presence of Zeeman field along ẑ. Being odd under Ry , κxy has to vanish.
This is different for the DM coupling vector expected to arise in the tetragonal phase of
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YBa2 Cu3 O6+x (YBCO) [131], shown in Fig. 5.6(b), which analytically corresponds to
⃗ m = D∥ dˆij ,
D
ij

dˆij = dij (cos θij x̂ + sin θij ŷ) ,

(5.48)

where dˆij is a unit vector, dij = −dji = ±1 for j = i ± êµ (µ = x, y), and θij = 0 (π/2) on all
⃗ m respects the translational and fourfold-rotational (C )
x (y) bonds. Note that this form of D
4
ij
symmetries of the underlying square lattice (when accompanied by an appropriate rotation in
spin space). It is not collinear and does not break time-reversal symmetry [the argument in
Eqs. (5.46)–(5.47) does not apply]; furthermore, it also breaks all in-plane reflection symmetries in combination with a Zeeman field and will indeed give rise to a nonzero thermal Hall
response as we will show next.
To proceed with the Schwinger-Boson description of the DM interactions, we define the
additional operators
)
1∑ † ( ˆ
i
†
Cˆi,j
=
biµ i dij · ⃗σ
bjν = dij e−i σ θij b†iσ bj−σ ,
2 µν
2
µν
(
)
1∑
i
D̂i,j =
biµ σ2 dˆij · ⃗σ
bjν = − σ dij ei σ θij biσ bjσ ,
2 µν
2
µν
whereupon the DM term can be decomposed as [419]
)
(
) 1(
† ˆ
†
†
†
ˆ
ˆ
dij · Si × Sj =
:B̂i,j Ci,j + Ci,j B̂i,j : +Âi,j D̂i,j + D̂i,j Âi,j .
2

(5.49)

Assuming only SU(2) spin-rotation-invariant operators acquire nontrivial expectation values
† ˆ
†
in the mean-field decoupling (e.g., B̂i,j
Ci,j → ⟨B̂i,j
⟩ Cˆi,j +const.), the SBMFT analysis is carried

out in Appendix D.1.6 to obtain the dispersion of the bosonic bands for a zero-flux ansatz
appropriate to a conventional Néel state [720], Ai,i+µ = A, Bi,i+µ = B ∀ i, µ = x̂, ŷ, taking the
DM coupling vector defined in Eq. (5.48) and Fig. 5.6(b). Note that considering only SU(2)invariant operators does not mean that the resulting mean-field Hamiltonian preserves SRI
since the DM term in Eq. (5.49) couples the operators, Âi,j and B̂i,j , that are spin-rotation
invariant, to Cˆi,j and D̂i,j , which are not.
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Figure 5.8: The thermal Hall conductivity in an antiferromagnetic Heisenberg spin model
with Dzyaloshinskii-Moriya interactions, as a function of magnetic field for different constant
temperatures (top) and as a function of temperature at a constant magnetic field Bz = 0.5
(bottom). Although not clearly visible in the numerical data, κxy has to vanish exactly at
zero field (no anomalous contributions) as dictated by symmetry. The couplings considered
are Jx A = Jy A = 1 (solid lines in both plots) and Jx A = 1.05, Jy A = 0.95 (red dots), with all
other parameters the same as in Fig. 5.7. When Jx ̸= Jy , C4 rotational symmetry is broken.
The Schwinger-boson bands do not acquire nontrivial Chern numbers in the model considered,
and κxy is thus much smaller than for the spin-liquid ansätze in Section 5.3.
Unlike previously, there is no effective antiunitary symmetry and therefore, the bands are
nondegenerate even in zero fields. Nonetheless, in the absence of a magnetic field, the two
particle (and hole) bands intersect at a finite number of points as can be seen in Fig. 5.7(a),
so the Berry curvatures are well-defined only for Bz ̸= 0. These are plotted for the Schwingerboson particle bands in Figs. 5.7(e) and 5.7(f); the curvatures of the hole bands are related
by Eq. (5.27). Despite a nonvanishing Berry curvature, each bands is actually topologically
trivial with zero Chern number.
The ensuing thermal Hall conductivities, which can be calculated directly using the formalism of Section 5.2.3, are found to be more than two orders of magnitude smaller than for
the earlier spin-liquid ansätze that result in nonzero Chern numbers. Although the Hall coefPrinted by Wolfram Mathematica Student Edition

Printed by Wolfram Mathematica Student Edition

ficients are nonzero, as displayed in Fig. 5.8, this is a purely thermal effect in the sense that
the main contribution to κxy comes from asymmetric weighting of the Berry curvature by the
thermal distribution function nB (εnk ) in Eq. (6.36) because the integral of Ωnk over the Brillouin zone alone is identically zero. We also remark that there is no anomalous contribution
as time-reversal symmetry is preserved at zero Zeeman field, guaranteeing that κxy = 0.
Since the CuO2 square plaquettes in YBCO are slightly distorted and form a rectangular
lattice [266, 449], we have also studied the impact of anisotropic Heisenberg exchanges Jx and
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Jy along the x̂ and ŷ directions, respectively—this breaks the C4 rotation symmetry down
to C2 . As demonstrated by Fig. 5.8, even a moderately large anisotropy has no significant
impact on κxy .

5.4

Enhanced thermal Hall effect in the square-lattice Néel state

Our results of the previous section demonstrate that if the insulator is in a conventional
Néel state, as expected, spin-wave wave theory shows that this state has a much smaller
thermal Hall response in an applied magnetic field than that observed. At the same time,
experimentally, there is no sign of a quantized thermal Hall response, so the insulator is not
in a state with topological order and protected edge excitations. In this section, we shall
study the possibility that the orbital coupling of the applied magnetic field can drive the
conventional, confining, Néel insulator to a state which has semion topological order [321]
coexisting with Néel order (see Fig. 5.9). Assuming that the current experiments are at a
field where the ground state is a conventional Néel state whose only low-energy excitations
are spin waves, we shall describe how the proximity to the lower quantum phase boundary in
Fig. 5.9 can enhance the thermal Hall response of even such a conventional state. The applied
field and the Néel order break spin-rotation, time-reversal, and mirror-plane symmetries, and
the states on both sides of the transition have an identical pattern of symmetries. So, the
quantum phase transition only involves the onset of topological order. We shall obtain the
universal critical field theory describing the vicinity of the lower phase boundary in Fig. 5.9
at low temperatures.
Remarkably, we find that the critical theory is one that has been carefully studied [60] in
the context of the recent advances in dualities of non-Abelian conformal gauge theories in 2+1
spacetime dimensions [8, 9, 273]. The theory of interest has four different dual formulations
in terms of relativistic field theories, and we will relate all of them to theories of the lattice
antiferromagnet: the assumption of universality at the quantum phase transition then provides
a new route to obtaining the dualities.
We are interested in spin S = 1/2 antiferromagnets with spin operators Si on the sites, i,
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of the square lattice, and Hamiltonian H = H1 + HB . The first term has the form

H1 =

∑

Jij Si · Sj + . . . ,

(5.50)

i<j

which describes near-neighbor exchange interactions and possible ring-exchange terms, all of
which preserve the global SU(2) spin-rotation, time-reversal, and all square-lattice symmetries.
The second term, induced by the applied magnetic field, is

HB = Jχ

∑

Si · (Sj × Sk ) −

△

∑

B Z · Si .

(5.51)

i

The Jχ term couples to the scalar spin chirality and is induced by the orbital coupling of the
applied magnetic field to the underlying electrons [593]. It preserves lattice translations and
rotations, but explicitly breaks time-reversal and mirror-plane symmetries while preserving
their product. The value of Jχ itself is proportional to the small magnetic flux penetrating the
square lattice. The second term in HB is the Zeeman term, and the electron magnetic moment
has been absorbed in the definition of BZ . We do not include spin-orbit interactions; we note
that with BZ ̸= 0, spin-orbit interactions can enhance the stability of chiral topological phases
similar to those discussed here [342], and we do not expect such interactions to modify the
universal critical theories presented below.
Numerical studies of H at BZ = 0 and Jχ ̸= 0 on the kagome [51, 234, 251] and triangular
[214, 276, 547, 691] lattices have found convincing evidence, above very small values of Jχ
(values as small as Jχ /J1 = 0.0014 in Fig. 19 of Ref. 547) for a chiral spin liquid: a gapped
state with semion topological order, but no antiferromagnetic order. More recently, a study
[633] of the Hubbard model on the triangular lattice found evidence for the same chiral spin
liquid even at Jχ = 0. On the square lattice, Nielsen et al. [472] studied the antiferromagnet
with first (J1 ) and second (J2 ) neighbor exchange and a nonzero Jχ , and found evidence for
the chiral spin liquid at quite small values of Jχ , but in relatively small system sizes. These
strong effects of a small Jχ can be understood by the proximity to a critical spin liquid at
which an infinitesimal Jχ is a relevant perturbation. The phase diagram we propose for the
square lattice J1 -J2 -Jχ antiferromagnet is summarized in Fig. 5.9, and the critical spin liquid
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Figure 5.9: Proposed schematic phase diagram of H1 + HB at BZ = 0 (see Fig. 5.11(a)
for a phase diagram with nonzero BZ ). By varying the first, J1 , and second, J2 , nearest
neighbor exchange interactions and the orbital coupling Jχ in Eq. (5.51), the antiferromagnet
on the square lattice shows phases with combinations of Néel, valence bond solid (VBS), and
chiral spin liquid topological order (CSL). The phase boundaries are presumed to meet at a
SO(5)-symmetric (near) critical point at which Jχ is a relevant perturbation, and the phase
boundaries all scale as Jχ ∼ |J2 − J2c |λχ /λ2 ; we expect λχ /λ2 > 1. In this work, we imagine
starting from the Néel state at zero magnetic field, Jχ = 0, close to the boundary of VBS
order such that a small value of field-induced Jχ can already drive the system close to the
phase boundary with Néel + CSL (indicated by the red arrow). We note that the existence
of a SO(5) critical point is not a precondition for a continuous Néel to Néel + CSL transition.

is realized by the deconfined critical point at Jχ = 0 between the Néel and valence bond solid
(VBS) states. Recent analyses [665] have shown that a relevant Jχ at this critical point does
indeed lead to semion topological order. At such a critical point there is a discontinuous jump
2 /ℏ)
in the thermal Hall conductivity at low T from κxy /T = 0 at Jχ = 0 to |κxy /T | = (π/6)(kB

[95] at infinitesimal Jχ , and we will use proximity to this discontinuity to obtain the enhanced
thermal Hall response in the Néel state. We will show that turning on Jχ at values of J2 /J1
smaller than at the deconfined critical point (e.g., along the red arrow in Fig. 5.9) leads to a
state with coexisting Néel and semion topological order across a novel quantum critical phase
boundary whose universal theory is obtained below. We refer to Appendix D.2.1 for further
discussion of Fig. 5.9.
Our analysis starts from a model [665] of the square-lattice Néel state as the confining phase
of a SU(2) gauge theory of fluctuations about a π-flux mean-field state [3]. In this formulation,
†
the spins are represented by fermionic spinons fiα , (α =↑, ↓) via Si = (1/2)fiα
σαβ fiβ , where
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Figure 5.10: Ansatz and spectrum of the fermionic spinon Hamiltonian. (a) The nearest (t1 ,
black) and second-nearest neighbor (t2 , red) hopping matrix elements for the spinon meanfield Hamiltonian in Eq. (5.52) on the square lattice formed by the Cu atoms (indicated in
brown). The applied magnetic field induces a nonzero hopping it2 and there is a uniform π/2
flux through each elementary triangle. In (b–e), we plot the evolution of the band structure
of the Hamiltonian in Eq. (5.52) along the line ky = 0, with N = 0.5ẑ, t1 = 1, t2 = 0.10,
(c)
upon changing the Zeeman field, which is taken to be |BZ | = (b) 0, (c) 0.4, (d) BZ ≈ 0.6245,
and (e) 0.8. The Chern numbers (indicated in the respective color) of the two lowest bands
switch from {−1, −1} to {−1, 1} as |BZ | is increased across the phase boundary.

σ are the Pauli matrices. This spinon representation induces a SU(2) gauge symmetry [4], and
a full treatment requires careful consideration of the associated SU(2) gauge field. However,
much can be learnt from a mean-field theory in which we ignore the SU(2) gauge fluctuations:
we will analyze such a mean-field theory now, and turn to the gauge fluctuations in the next
chapter.
5.4.1

Mean-field theory

After inserting the spinon representation of Si in H, and a mean-field factorization respecting
lattice and gauge symmetries, we obtain the quadratic spinon Hamiltonian [576, 665, 678, 680]
Hf = −

∑(
i<j

) 1 ∑(
)
†
†
†
tij fiα
fjα + t∗ij fjα
fiα −
BZ + ηi N · fiα
σαβ fiβ .
2

(5.52)

i

The pattern of the tij is shown in Fig. 5.10(a). The first-neighbor hopping, t1 , originates from
the factorization of the exchange couplings in H1 . The second-neighbor hopping, ±it2 , arises
from the scalar spin chirality term Jχ and has the same symmetry as the orbital coupling of
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the underlying electrons to the magnetic field orthogonal to the plane of the square lattice.
We have assumed a nonzero Néel order, and this leads to the N term after factorization of
H1 ; η = ±1 has opposite signs on the two checkerboard sublattices of the square lattice. The
Zeeman term minimizes the energy of the square-lattice antiferromagnet when the Néel order
is orthogonal to the magnetic field, so we take BZ · N = 0; the BZ term is not essential to the
topological and field-theoretic considerations below but can be important in understanding
the experimental role of the applied field, as we will see below.
Many key results follow from a consideration of the topology of the spinon band structure
implied by Hf . Our choice of tij in Fig. 5.10(a) and ηi leads to a unit cell with two sites.
Combined with the spin label α, we obtain a total of four spinon bands, which are half-filled.
The key discriminant is the net Chern number of the occupied bands. When this is zero, there
will be no Chern-Simons term in the theory for gauge fluctuations, leading to confinement and
a conventional Néel state. On the other hand, when the net Chern number is 2, we obtain
a Chern-Simons term and a state with semion topological order (as argued in Ref. 665),
coexisting with the Néel order here, because N ̸= 0; this state has gapped excitations with
semionic statistics, along with the conventional spin-wave modes of the Néel state. In this
manner, we obtain the mean-field phase diagram shown in Fig. 5.11(a).
The evolution of the band structure across the phase boundary in Fig. 5.11(a) is shown
in Fig. 5.10(b–e). Note the appearance of two massless Dirac fermions at the critical point.
Away from the critical point, these fermions acquire a common Dirac mass, which has opposite
signs in the two phases.
Next, we compute the thermal Hall conductivity κxy across the phase boundary in Fig. 5.11(a):
the results are shown in Fig. 5.11(b). Denoting the Berry curvature for each band n = 1, . . . , 4
by Ωnk , the thermal Hall conductivity is given by [517]

κxy
where σxy (ε) = −

∫

2
εnk <ε d k

k2
=− B
ℏT

∫

dε ε2 σxy (ε)f ′ (ε)

(5.53)

Ωnk /(4π 2 ) is ℏ/e2 times the Hall conductivity, and f (ε) is the
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Fermi function. The corresponding Chern number is

Cn =

1
2π

∫
d2 k Ωnk ∈ Z.

As T → 0,
κxy
πk 2
=− B
T
6ℏ

∑

Cn .

(5.54)

(5.55)

n ∈ filled bands

2 /ℏ) as T → 0 in the phase with topological order; quantum
Consequently, κxy /T → (π/3)(kB

gauge fluctuations, to be discussed below, will change the prefactor (π/3) to the exact quantized value (π/6) in this phase. In the other phase, κxy /T varies nonmonotonically as T is
lowered, and eventually vanishes as T → 0 because the occupied bands have opposite Chern
numbers. Note the bifurcation in the T -dependence at the phase boundary. Exactly on the
2 /ℏ) as T → 0: this
phase boundary, the present mean-field theory yields κxy /T → (π/6)(kB

value is expected to have universal corrections from gauge fluctuations by some nonrational
renormalization factor [549].
We plot the field dependence of κxy withing the Néel phase in Fig. 5.11(c–e), along the
dashed lines in Fig. 5.11(a). Note that κxy is a nearly linear function of the field, with a slope
which is enhanced as we approach the phase boundary to the state with semion topological
order.
5.4.2

Gauge theories and dualities

We now discuss universal properties of the quantum phase transition in Fig. 5.11(a), and the
lower phase boundary in Fig. 5.9. This critical theory has four different dual formulations,
summarized in Fig. 5.12. The first of these, labeled SU(2)−1/2 in Fig. 5.12, is obtained by
reinstating gauge fluctuations to the free-fermion mean-field theory described above. The
resulting field theory turns out to have an emergent global SO(3) symmetry, which must then
also be a property of the other dual formulations. We now discuss these field theories, and
their connections to the lattice antiferromagnet, in turn. We refer the reader to recent reviews
[139, 586, 700] for subtle aspects of gauge and gravitational anomalies which we will not enter
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Figure 5.11: Phase diagram and thermal Hall conductivity of spinon mean-field theory. (a)
The two different phases of the fermionic spinon mean-field Hamiltonian Hf in Eq. (5.52)
are shown as a function of the second-nearest-neighbor spinon hopping it2 [see Fig. 5.10(a)]
and the Zeeman field |BZ |. Here, we take the Néel order N = 0.5ẑ and measure all energies
in units of the nearest-neighbor spinon hopping t1 . As discussed in the text, it2 is induced
by the orbital coupling of the magnetic field. Both t2 and |BZ | are linear functions of the
applied magnetic field, and the dashed purple lines show three possible trajectories for which
we plot the field dependence of κxy in (c–e) for different temperatures T . (b) Temperature
dependence of the mean-field κxy as t2 is tuned across the phase boundary; the corresponding
⃗ z | and t are indicated by green dots in (a). The quantized value of the
discrete values of |B
2
ordinate in the topological phase is π/3, and the bifurcation point as T → 0 is at π/6. Both
values are corrected by gauge fluctuations (the exact quantized value in the topological phase
is π/6).

into here.
SU(2)−1/2 with a fermion doublet
Near the phase boundary in Fig. 5.11(a), we can focus on the effective theory of the nearly
massless Dirac fermions. These form a single doublet, ψ, under the SU(2) gauge symmetry
and so, a low energy theory will have a SU(2) gauge field, Aµ , coupled minimally to ψ.
However, we cannot entirely neglect the single filled fermionic band far from the Fermi level,
see Fig. 5.10(b–e). This band has a nonzero Chern number, and integrating out these fermions
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Figure 5.12: Four dual field theories for the antiferromagnet flow to the same fixed point.
Distinct approaches to the lattice antiferromagnet (violet) lead to 4 different continuum field
theories (blue) for the transition from the Néel to the Néel+CSL state (Fig. 5.9). Universality
then implies that these describe the same renormalization-group fixed point (red) with an
emergent global SO(3) symmetry. Adapted from Ref. [60].
yields a Chern-Simons term for Aµ at level −1/2. In this manner, we obtain the low-energy
2+1-dimensional Lagrangian
1
L1 = iψγ µ (∂µ − iAµ )ψ + m ψψ − CS[Aµ ] .
2

(5.56)

Here, γ µ are the Dirac matrices, m is the mass term which changes sign across the phase
transition, and the last term represents the SU(2) Chern-Simons term. When m is nonzero
we can safely integrate the fermions out. For one sign of m, the net Chern-Simons term
vanishes, and we obtain a “trivial” confining phase with κxy = 0. For the other sign of m, we
obtain a Chern-Simons term at level 1, and the SU(2)1 theory describes a chiral spin liquid
2 /ℏ) [95].
with κxy /T = (π/6)(kB

The emergent global SO(3) symmetry of L1 is most easily seen by writing ψ in terms of
Majorana fermions, and then the fermion kinetic term has a global O(4) symmetry. One
SU(2) subgroup of O(4) is the SU(2) gauge symmetry, while the other leads to the global
SO(3) symmetry. There is no global SO(3) symmetry in the lattice Hamiltonian Hf , so this
symmetry is special to the vicinity of the critical point. Further discussion, including an
interpretation of this global symmetry in terms of the microscopic spins, can be found in
Appendices D.2.2 and D.2.3.
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5.4.3

U(1)2 with a charged scalar

The second dual theory has a complex scalar, ϕ, coupled to a U(1)2 gauge field, aµ :
L2 = |(∂µ − iaµ )ϕ|2 − s|ϕ|2 − u(|ϕ|2 )2 +

ϵµνλ
aµ ∂ν aλ .
2π

However, the SO(3) global symmetry is not manifest in this formulation, and its description
requires consideration of monopole operators [8, 9, 60, 273]. The coupling s tunes across the
phase transition at s = sc , while the quartic nonlinearity u is assumed to flow to a fixedpoint value, analogous to that in the Wilson-Fisher theory without the Chern-Simons term.
For s < sc , the ϕ field forms a Higgs condensate, and this quenches aµ and all topological
effects: we thus obtain the conventional Néel state. This maps to the positive-mass phase
of the SU(2)− 1 fermion theory discussed above. For s > sc , we obtain the state with semion
2

topological order: the gapped ϕ quasiparticles have mutual semion statistics which is induced
by the Chern-Simons term. Below the quasiparticle gap, this phase is described by U(1)2 and
so, maps to the negative-mass phase of the SU(2)− 1 fermion theory. We can connect the field
2

theory L2 to the lattice antiferromagnet by viewing the latter as a theory of hard-core bosons
S+ = Sx + iSy ; then, assuming the bosons form a ν = 1/2 fractional quantum Hall state,
as in the chiral spin liquid [321], we identify ϕ as the quasiparticle (vortex) operator in the
Chern-Simons-Landau-Ginzburg theory [373, 738].
U(1)−3/2 with a charged fermion
The third dual theory of Ref. 60 is a theory that had been discussed in Ref. 43: it has a single
Dirac fermion coupled to a U(1)−3/2 gauge field. The SO(3) symmetry is not manifest. Such a
field theory can be related to a fractionalization of the hard-core boson S+ into two fermions
∼ f1 f2 [43]. In the state with topological order, which is a ν = 1/2 fractional quantum
Hall state of the bosons (as above), both fermions fill bands with unit Chern number, as in
composite fermion theory [303]; the phase transition maps to a change of the Chern number
of one band to zero [43, 114, 373].
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SU(2)1 with a scalar doublet
The fourth dual theory [8, 9, 60, 273] has a complex scalar doublet transforming as the
fundamental of a SU(2)1 gauge field. This can be connected to the SU(2) gauge theory
obtained by transforming to a rotating reference frame in spin space [551, 554, 576], in which
we write the electrons as cα = Rαβ ψβ . Here ψβ is a fermion (the “chargon”), and Rαβ is
a SU(2) matrix (R† R = 1), which can be expressed in terms of the aforementioned complex
scalar doublet; in the renormalized continuum theory, the unit-length constraint on the scalar
doublet can be replaced by a quartic self-interaction. The SU(2) gauge symmetry corresponds
to right multiplication of R (and left multiplication of ψ), while the SO(3) global symmetry
corresponds to left multiplication of R. We assume that the band structure of the ψβ fermions
is such that both species are in a filled band with unit Chern number; then, integrating out
these gapped fermions yields the Chern-Simons terms for the SU(2)1 gauge field. Now, the
needed transition is obtained by the Higgs transition of the scalar: the topological phase has R
gapped, while the trivial phase has R condensed. We also need spectator SU(2) gauge-neutral
electrons in filled Chern bands to match the thermal and electrical Hall conductivities of the
two phases.

5.5

Gauge theories for the thermal Hall effect

In the previous section, we considered the thermal Hall effect in the insulator and illustrated
that the proximity to a quantum phase transition—between the Néel state and a state with
coexisting Néel and semion topological orders—could explain the enhanced thermal Hall effect
in the insulator. This enhanced κxy was computed using the gauge theory for the critical point,
which had four different formulations, all dual to each other. As the gauge theory is strongly
coupled, the computation relied on an expansion in 1/Nf , where Nf is the number of flavors of
matter fields. The calculation of κxy at Nf = ∞ was described in Ref. 565, and we will present
further details here. We will also describe the structure of the leading 1/Nf corrections to
κxy ; we argue that an important component of these corrections (resulting from the analog
of the “Aslamazov-Larkin” diagrams) can be interpreted as the contribution of the collective
mode associated with the emergent gauge field to κxy . This interpretation will be useful to
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us when we turn to consideration of the doped case in the latter part of this work.
We now outline the models studied and the main results for the undoped and doped cases
in turn.
5.5.1

Undoped insulator

We focus our attention on one of the four duality-equivalent gauge theories describing the
vicinity of the onset of semion topological order in the Néel state [565]: the SU(2) gauge
theory at Chern-Simons level k = −1/2, coupled to a single flavor (Nf = 1) of a two-component
Dirac fermion Ψ with mass m. We generalize the fermions to Ψℓ with ℓ = 1, . . . , Nf flavors,
and consider the Lagrangian
[
(
)]
LΨ = Ψ̄ℓ iγ µ ∂µ − iAµ Ψℓ + m Ψ̄ℓ Ψℓ + k CS[Aµ ],

(5.57)

where Aµ is the SU(2) gauge field, k is the Chern-Simons level, and Ψ is a continuum field
derived from the lattice model in Appendix D.3.1; Ψ̄ = Ψ† γ 0 . For Nf = 1 and k = −1/2,
the m > 0 phase of Eq. (5.57) is “trivial” and describes the conventional Néel state, while
the m < 0 phase of Eq. (5.57) has semion topological order [565]. The derivation of this field
theory starting from a microscopic lattice model is sketched in Appendix D.3.1.
The thermal Hall conductivity of Eq. (5.57) is expected to obey

κxy =

2T
kB
K(m/T )
ℏ

(5.58)

where K is a dimensionless universal function of m/T , with m the renormalized mass of the
lowest quasiparticle excitations and T the absolute temperature. In the limit |m|/T → ∞,
the exact values of κxy can be deduced from arguments based on gravitational anomalies as
[95, 565, 585]
κxy

[
]
2T
πkB
3|k̂|
=
sgn(k̂) 2|k̂| −
;
6ℏ
|k̂| + 2

|m|
→ ∞,
T

(5.59)

where the integer k̂ is defined by

k̂ = k +

Nf
2
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and the sign function vanishes for zero argument, i.e., sgn(0) = 0. We will obtain the large-Nf
limit of the result (5.59) below in a direct 1/Nf expansion, with k taken to be of order Nf .
Note that the first term in Eq. (5.59) is of order Nf1 , while the second term is of order Nf0 .
Our 1/Nf expansion also yields a simple interpretation of the two terms in Eq. (5.59). The
leading-term of order Nf is the contribution of free Dirac fermions, where we assume that
the Chern-Simons term in Aµ was generated by integrating out massive Dirac fermions. The
contribution to the universal scaling function K by the free Dirac fermions is specified by
Eq. (5.75) and plotted in Fig. 5.14. The subleading term of order Nf0 is the contribution of
the fluctuations of Aµ . We will exploit this interpretation when we consider the doped case.
We also consider the quantum critical limit, |m|/T → 0, when neither an exact computation
2 )) expected to be quantized at a rational value. In
of κxy is possible, and nor is κxy (ℏ/(πkB

this case, we obtain
κxy =

2T [
]
πkB
2k + O(Nf0 )
6ℏ

,

|m|
→ 0.
T

(5.61)

The computation of the O(Nf0 ) number requires a lengthy numerical computation which we
will outline, but not carry out to completion. We note that we do not expect κxy in the
limit |m|/T → 0 to be related to any gravitational anomaly or contact terms [128, 129]; the
latter are evaluated at T = 0, and not in the limit required for a quantum critical transport
coefficient, with frequencies much smaller than T [144, 549].
5.5.2

Pseudogap at nonzero doping

We will describe the pseudogap by essentially the same theory as that used in Ref. 575, which
was successfully compared with numerical studies of the Hubbard model [575, 701, 702] and
photoemission experiments on an electron-doped cuprate [249]. In the limit of the insulating
state, and in the vicinity of the onset of semion topological order in the presence of Néel order
as discussed in Section 5.5.1, this theory can be related [565] to one of the theories which are
equivalent to Eq. (5.57) after duality—a SU(2) gauge theory at Chern-Simons level 1, coupled
to a complex scalar which is a SU(2) fundamental. While the fermionic SU(2) theory at level
−1/2 in Eq. (5.57) was useful in describing κxy in the insulator [565], the complex scalar
SU(2) theory is far more convenient in the doped case. This is because the latter theory has
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fermionic charge carriers, and this allows easy access to a metallic state at nonzero doping.
The pseudogap metal is described by transforming to a rotating reference frame in spin
space [554], which results in a SU(2) gauge theory. The fluctuating spin-density-wave order
acts like a Higgs field, which breaks the SU(2) invariance down to U(1). Coupled to the U(1)
gauge field, aµ , we have bosonic spinons and fermionic chargons fp with U(1) gauge charges
p = ±1. We focus on the fermionic chargons, as they form Fermi pockets with charged gapless
excitations on the Fermi surface. We write down a simple effective theory for these chargons
[374, 575, 701]:
Lf =

∑ ∑

†
fpv

v=1,2 p=±1

(

)
∂
(∇ − ipa − ieAem )2
− µ − ipaτ
+ vdis (r) fpv
∂τ
2m∗

(5.62)

Here, v is a valley index, m∗ is the effective mass of the fermions (we have ignored mass
anisotropies), µ is a chemical potential, aµ = (aτ , ⃗a) is the emergent U(1) gauge field, and
Aem is the fixed background electromagnetic gauge field associated with the applied magnetic
field B = ẑ ·(∇×Aem ). We have included a disorder potential vdis (r), because we will consider
Hall transport in the weak-field regime ωc τ ≪ 1, where ωc is the cyclotron frequency and τ
is the elastic scattering time associated with the disorder.
First, let us ignore the internal gauge field aµ . Then, the f fermions form a conventional
Fermi liquid, and for ωc τ ≪ 1, the electrical and thermal Hall responses are given by familiar
expressions involving the Wiedemann-Franz relation

ρxy

B
=
,
nec

σxy

ρxy
≈ 2 ,
ρxx

κ0xy

π2T
=
3

(

kB
e

)2
σxy ,

(5.63)

where n is the total density of the f fermions. Now, let us consider the contribution of aµ to
the thermal Hall response. We will compute this by a simple Maxwell-Chern-Simons action
for aµ
La =

iσxy
K1
K
(∇ × a)2 + 2 (∇aτ − ∂τ a)2 −
ϵ a ∂ a .
2
2
2e2 µνλ µ ν λ

(5.64)

We assume that the predominant contribution to the Maxwell terms arises from integrating
out the gapped spinons. Integrating out the fermionic chargons introduces the Chern-Simons
term in Eq. (5.64), proportional to the Hall conductivity of the fermions in Eq. (5.63); such
231

Chapter 5. Chiral spin liquids and their thermal probes
a term is also permitted under the symmetry constraints on this gauge theory of doped
antiferromagnets [34, 576]. In general, because of the presence of disorder, the couplings
K1,2 will also be functions of spatial position; we replace them by their spatial average and
do not expect fluctuations to significantly modify the results presented here. The fermions
also introduce singular terms in the transverse gauge field propagator arising from Landau
damping [237], so that a more complete effective action is
∫
Sa =

∫
d2 x dτ La +

d2 k dω
γ |ω| [aT (k, ω)]2 ,
8π 3 k

(5.65)

where γk ∼ 1/k for kvF τ ≫ 1, and γk ∼ constant for kvF τ ≪ 1. Although the term in Eq. (5.65)
could make a significant contribution to the thermal Hall effect, we leave an analysis of its
effects to future work.
Computing the thermal Hall response of the Maxwell-Chern-Simons theory La in Section 5.5.4, we find that it yields a correction κ1xy , which has the opposite sign from κ0xy in
Eq. (5.63). This sign change is similar to that in Eq. (5.59) between the O(Nf ) term (from
the fermions) and the O(Nf0 ) term (from the gauge field). The universal function K in
Eq. (5.58) for the Maxwell-Chern-Simons theory is specified in Eq. (5.104) as a function of
the “topological mass” mt = σxy /(e2 K2 ), and is plotted in Fig. 5.16. Note that the universal
function (5.75) for Dirac fermions in Fig. 5.14 does not reduce to the gauge-field function
in Eq. (5.104) and Fig. 5.16 by a rescaling of axes: this is evidence that the T > 0 thermal
Hall conductivity is a bulk property and is not specified by any topological field theory or
gravitational anomaly.
We begin our analysis by describing the thermal Hall response of two free theories: a free
Dirac fermion in Section 5.5.3, and free Maxwell-Chern-Simons theory in Section 5.5.4. The
results of the Maxwell-Chern-Simons theory apply directly to the effective theory for the
doped pseudogap phase in Eq. (5.64). We will combine Sections 5.5.3 and 5.5.4 to obtain
results for the Dirac Chern-Simons theory (5.57) in the 1/Nf expansion in Section 5.5.5.
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5.5.3

Free Dirac fermion

In order to obtain a finite thermal Hall effect, time-reversal symmetry must be broken: this
can be achieved by either an external magnetic field or intrinsic magnetic ordering [327].
However, initial attempts to calculate this response based on direct application of the Kubo
formula were found to suffer from unphysical divergences at zero temperature [5, 422]. This
is because in a system breaking time-reversal symmetry, a temperature gradient drives not
only the transport (heat) current, but also an experimentally unobservable circulating current
[138, 615]. Both contributions are present in the microscopic current density calculated by
the standard linear response theory, necessitating a proper subtraction of the circulating
component. Qin et al. [517] showed that the electromagnetic and gravitomagnetic energy
magnetizations [413, 545] naturally emerge as corrections to the thermal transport coefficients,
removing the aforementioned divergences in the process. A subtlety pointed out in Ref. 324 is
that the energy magnetization and the thermal Hall coefficient are relative: only the difference
between two systems are physically meaningful. We choose to normalize κxy such that the
κxy /T → 0 as m/T → 0, i.e., the vacuum has zero thermal Hall coefficient.
We now present details of the computation of the thermal Hall coefficient of a free Dirac
fermion with a mass m which can be scanned through zero at T > 0. This is the theory
(5.57) without the gauge field Aµ . While we consider a single two-component Dirac fermion,
note that, because of the SU(2) gauge index, the theory (5.57) has 2Nf such fermions. In
the following, we determine both the Kubo part and the magnetization separately, identifying
precisely what the transport currents and the magnetizations are, and illustrating how they
can be evaluated for a general continuum theory.
Transport contribution from the Kubo formula
The leading contribution to κxy is given by a single fermion polarization bubble shown in
Fig. 5.13.
Summing over the internal momentum k and Matsubara frequency iωn , this diagram eval-
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uates to
Πqxy (q, iϵn ) =

]
1 ∑ [ q
Tr Vx (−q, −iϵn )G(k − q/2, iωn )Vyq (q, iϵn ) G(k + q/2, iωn + iϵn ) ,
βV
k,iωn

(5.66)
where GΨ (k, iωn ) = 1/(−i ωn +σ·k+m σ z ) is the free fermion Green’s function, and Vaq (q, iϵn ) =
σ a (iωn + iϵn /2) is the heat/energy-current vertex, derived in Appendix D.3.2. The response
function is defined as

Lxy =

2kx ky + m ϵn
1 q
T ∑
−(ϵn + 2ωn )2
Πxy (q, iϵn ) =
as q → 0,
2
2
2
2
2
2
ϵn
2ϵn V
kx + ky + m + ωn kx + ky + m2 + (ϵn + ωn )2
k,iωn

specializing to the case of zero external momentum. The numerator of the polarization tensor
Πqµν consists of a part proportional to kµ kν and a term ∼ δµν ; we can drop the former because
it is odd in kx and ky and hence, vanishes upon integration over all momenta. Performing the
Matsubara summation and converting the momentum sum to an integral, we get

Lxy

where ξk =

1
=−
ϵn

∫

d2 k m ϵn
tanh
(2π)2 2 ξk

(

)
βξk
,
2

(5.67)

√
kx2 + ky2 + m2 . Finally, introducing the shorthand u = β ξk , we have
∫
Lxy = −

∞

β|m|

(u)
[
( u )]
du
m
m tanh
ln cosh
=−
4π β
2
2π β
2
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A few comments are in order about this result. First, we have regulated the integral by
introducing a UV cutoff Λ but, as we shall see, this drops out eventually. Further, to obtain
the DC response, we need to analytically continue to real frequencies iϵn → ϵ + i0+ , and then
take the limit ϵ → 0 after q → 0. The thermal Hall coefficient is then [423, 517]
κKubo
xy

Lxy
m
≡
=
T
2π

{

[

(

ln cosh

β |m|
2

)]

[

(

− ln cosh

βΛ
2

)]}
(5.68)

.

Internal magnetization
The second contribution to the conductivity comes from the circulating heat current. The
zero-field heat magnetization can be calculated from the differential equation [517]

2MQ − T

∂MQ
∂T

=

⟨
⟩
1
∇q × K̂−q ; JˆqQ
2i
0

(5.69)

,
q→0

where K̂q is the Fourier transform of K̂(r) = h(r) − µ n̂(r), h and n̂ being the local energy
and number densities, respectively. The correlator on the RHS is evaluated in the static limit,
i.e., q → 0 after ϵ → 0. We also point out to readers that Eq. (5.69), cited from Ref. 517,
only applies to systems whose energy current depends on the gravitational field in a particular
way, while the general formalism is discussed in Ref. 324.
Equipped with the structure of this modified vertex from Appendix D.3.2, we now evaluate
Eq. (5.69) piece by piece. Consider the first term in the curl; retaining only the terms even
in the internal momentum1 , we get
⟨
∂qx

⟩
Q
K̂−q ; Jˆy,q
= ∂qx

(

1 ∑
2i m qx (ϵn + 2ωn )2
1
2
2
2
2
βV
4 (|k − q/2| + m + ωn ) (|k + q/2| + m2 + (ϵn + ωn )2 )
k,iωn

∫
=i
∫

)
ϵn =0

d2 k m (β ξk + sinh (β ξk )) sech2 (β ξk /2)
(2π)2
4 ξk
∞

=i
β|m|

(u)
du
im u
m u (u + sinh(u)) sech2 (u/2) =
tanh
8π β
4π β
2

∞

.

(5.70)

β|m|

In the second line, we evaluate the sum at ϵn = 0 and then take the qx derivative. Similarly,
1
This is allowed since we focus on the limit q = 0. More formally, this corresponds to expanding the
full integrand in powers of qx and qy and then keeping only those terms of O(qx ) that would survive the k
integration.

235

Chapter 5. Chiral spin liquids and their thermal probes

as expected by symmetry,
⟨
∂qy

⟩
(u)
imu
Q
K̂−q ; Jˆx,q
tanh
=−
4π β
2

∞

.

(5.71)

β|m|

Plugging Eqs. (5.70) and (5.71) back into Eq. (5.69), we have

2MQ − T

∂MQ
∂T

(
(
[
)
)]
m
βΛ
β|m|
=
Λ tanh
− |m| tanh
,
4π
2
2

(5.72)

which can be solved for MQ to obtain
)]
[
(
( −Λ/T )
( −|m|/T )
−|m|/T + 1
−e
−e
2Li
2Li
Λ
mT
|m|
−
e
2
2
MQ = c1 T 2 −
,
−
+
+ 2 ln
4π
Λ/T
|m|/T
2T
e−Λ/T + 1
(5.73)
Kubo + 2M /T . Collecting the terms proporwhere c1 is an arbitrary constant. Now, κtr
Q
xy = κxy

tional to Λ, we get
[
]
(
)
(
(
))
(
)
4Li2 −e−β Λ
m
βΛ
m
lim
− 2 ln cosh
+ βΛ −
+ 4 ln e−β Λ + 1
=
ln 2, (5.74)
Λ→∞ 4π
2
βΛ
2π
the first two terms cancel out the UV divergences and all dependencies on the cutoff Λ drop
out. Thus, the physical thermal Hall conductivity is given by

κtr
xy

m
= 2c1 T +
2π

[

]
(
)
(
)
2Li2 −e−|m|/T
−|m|/T
− ln e
+1 ,
|m|/T

(5.75)

where the first part comes from the magnetization and the last piece is the Kubo contribution.
At this point, the constant c1 arising from the solution of the differential equation can be
determined as follows. We have seen above that κxy /T is a function of the dimensionless
variable |m|/T alone. Therefore, taking the limit m → 0 or equivalently, T → ∞ (where we
know a priori that κxy /T should go to zero), Eq. (5.75) reduces to
κtr
xy

sign(m)
= 2c1 T +
2π
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Figure 5.14: The thermal Hall conductivity of a free Dirac fermion of mass m. The values as
T → 0 are ±π/12.
and the last condition implies that c1 = sign(m) π/24. As a result, when T → 0 keeping m ̸= 0
tr
and fixed, we obtain κtr
xy /T = sign(m) π/12. The dependence of κxy on temperature and mass

is shown in Fig. 5.14.
5.5.4

Maxwell-Chern-Simons Theory

In this section, we consider the framing anomaly and thermal Hall response of the U(1)
Maxwell-Chern-Simons theory (5.64). Our discussion will be restricted to the level of an
effective theory and we do not attempt to extract the microscopic values of K1 , K2 . As we
will see, the effective theory already provides a satisfactory interpolation between the two
topological phases.
The Maxwell-Chern-Simons (MCS) theory has a speed of “light” c0 =

√
K1 /K2 . Since

there is no other velocity scale in the theory, we can set c0 = 1 (see also Appendix D.3.4).
The MCS theory (5.64) takes the following relativistic form in real time:
L=

k µρν
1
ε aµ ∂ρ aν − fµν f µν ,
4π
4g

(5.77)

where fµν = ∂µ aν − ∂ν aµ . Here, the coupling g = 1/K2 has dimensions of energy in 2+1D,
and k = 2πσxy /e2 is the Chern-Simons Level. The large-Nf limit of fermion flavor implies
k = O(Nf ) and g = O(1/Nf ). If we are interested in the thermal Hall effect of the gapped
phases, we should take g to be the largest energy scale and send g → ∞.
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Chern-Simons theory has a gravitational anomaly called the framing anomaly. It is well
known that Chern-Simons theory is topological and does not couple to spacetime geometry on
the classical level. Witten [699] pointed out that at the quantum level, the theory inevitably
couples to a metric because of the gauge-fixing procedure. However, this is not adequate for
writing down a sensible stress tensor, because any vertex function due to the gauge-fixing
procedure is longitudinal and thus, vanishes when contracted with the physical transverse
propagator. Here, we will try an alternative method, by considering the Maxwell-ChernSimons theory. The Maxwell term serves as a UV regulator and enables us to write down
a stress-tensor vertex. According to Witten [699], the gravitational anomaly appears as a
gravitational Chern-Simons term
c
CSg [gµν ] =
96π

∫

(
)
2
tr Γ ∧ dΓ + Γ ∧ Γ ∧ Γ ,
3

(5.78)

where Γ is the Christoffel symbol associated with the metric gµν . The prefactor c is the
(chiral) central charge
c=−

dim(G) k
,
(|k| + c2 (G))

(5.79)

where c2 (G) is the dual Coxeter number of the gauge group G.
In what follows, we perturbatively compute the gravitational anomaly and thermal Hall
effect of the above MCS theory in the large-k (k ∝ Nf ) limit. Following Ref. 22, we calculate
the stress tensor-stress tensor correlation function Πµν;ρλ (x, t) = −i⟨T µν (x, t)T ρλ (0, 0)⟩ of the
MCS theory. We can interpret Πµν;ρλ as the effective action (up to a minus sign) Seff [gµν ] of
metric gµν in a weakly curved background gµν = ηµν + hµν , |hµν | ≪ |ηµν |. We will show that
at zero temperature, Πµν;ρλ agrees with the gravitational Chern-Simons term (5.78).
This gravitational anomaly is proportional to the thermal Hall coefficient at the nextleading large-Nf order via the relation
κxy =

π
c T.
6

(5.80)

It is argued in Ref. 623 that a gravitational Chern-Simons term cannot give rise to a thermal
Hall effect from the Kubo formula because it contains three derivatives rather than one. In
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our calculation, we find that the thermal Hall effect actually arises from the finite-temperature
part of Πµν;ρλ , which comes from the same diagrams as the gravitational anomaly and contains
only one derivative.
At the next-leading large-Nf order, our approach works both for Abelian and non-Abelian
theories because c = dim(G) + O(1/Nf ), and we simply include dim(G) copies of gauge fields,
which are noninteracting at this order.
Propagator
We add a gauge fixing term Lgf = (∂µ aµ )2 /(2ξg) and work out the propagator. Some algebra
leads to
∫
S=

(
)
d3 p 1
pµ pν
kg µνρ
µ ν
µν 2
a (−p) p p − η p +
+
ε ipρ aν (p).
(2π)3 2g µ
ξ
2π

The propagator is thus
]
[
−g
ξ
mt µνρ
µν
D (p) = 2
ipρ + 2 2 pµ pν ,
P (p) + 2 ε
2
p
(p )
p − mt
µν

(5.81)

where the topological mass mt = kg/(2π), and P µν (p) = η µν − pµ pν /p2 .
Stress-tensor vertex
Next, we work out the stress-tensor vertex as shown in Fig. 5.15. The stress tensor is given

p+q
µν

α

q
β
Figure 5.15: Left: Vertex diagram of the stress tensor. Right: Diagram of the stress tensorstress tensor correlation function.
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by the Maxwell term, which is

T

µν

[
]
−1 µρ ν
1 µν
αβ
=
.
f f ρ − η fαβ f
g
4

(5.82)

It is worth noticing that the stress tensor above can be derived solely from translation symmetry and gauge invariance, without reference to Lorentz symmetry (see Appendix. D.3.2).
We write the vertex function of Fig. 5.15 as
−Γµν;αβ (p + q, q)/g,

(5.83)

where
(
)
Γµν;αβ (p + q, q) = [(p + q)µ q ν + (p + q)ν q µ − η µν (p + q) · q] η αβ + (p + q) · q η µα η νβ + η µβ η να
]
)
[ (
− q α η βµ (p + q)ν + η βν (p + q)µ + (p + q)β (η αµ q ν + η αν q µ ) − η µν q α (p + q)β .
(5.84)

Stress tensor-stress tensor correlation function
We compute the following stress tensor-stress tensor polarization function:
⟨
⟩
Πµν;ρλ (x, t) = −i T µν (x, t)T ρλ (0, 0) .

(5.85)

In general, the full polarization function should also contain contact terms such as, for instance, ⟨δT µν (x, t)/δhρλ (0, 0)⟩, but those terms are symmetric in µρ and independent of external momentum, so they do not contribute to either the gravitational anomaly or the thermal
Hall effect. We only need to consider the single bubble diagram in Fig. 5.15, which yields
∫
Πµν;ρλ (p) =

d3 q −i ρλ;αβ
′ ′
Γ
(p + q, q)iDα′ α (p + q) × Γµν;β α (q, p + q)iDββ ′ (q),
(2π)3 2g 2

(5.86)

where we have included a symmetry factor of 1/2.
We want to extract the part which is antisymmetric in µρ and symmetric in νλ, which
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should ultimately lead to a gravitational Chern-Simons term and thermal Hall effect:
Πµν;ρλ
=
AS

)
1 ( µν;ρλ
Π
− Πρν;µλ + Πµλ;ρν − Πρλ;µν .
4

(5.87)

Zero temperature: Gravitational Chern-Simons term
At T = 0, the integrand has Lorentz symmetry, and we can evaluate ΠAS using Feynman
parameters:
1
=6
q 2 (p + q)2 (q 2 − m2t )((p + q)2 − m2t )

∫

1

dx1 dx2 dx3 dx4 δ

(∑

x−1

)

0

1
, (5.88)
(l2 − ∆)4

where

(5.89)

l = q + (x1 + x3 )p,
∆ = (x1 + x2 )m2t − (x1 + x3 )(1 − x1 − x3 )p2 .

(5.90)

This results in
∫
Πµν;ρλ
AS (p)

=−ε
∫
×

µρσ

1

pσ (η p − p p ) × 6
νλ 2

ν λ

dx1 dx2 dx3 dx4 δ

(∑

x−1

0

) ( −m )
t

15

d3 l l4 [10 − 63(x1 + x3 )(1 − x1 − x3 )] + O(l2 )
.
(2π)3
(l2 − ∆)4

(5.91)

To obtain the gravitational Chern-Simons term, we isolate the topological contributions by
taking the limit mt → ∞. Note that only the l4 term written above can survive the mt → ∞
limit. The integral can be evaluated using dimensional regularization. The result is
Πµν;ρλ
AS (p) =

(
)
−i
sgn (mt )εµρσ pσ η νλ p2 − pν pλ ,
48π

(5.92)

employing the integral formula
∫

2 )a
Γ(b − a − d2 )Γ(a + d2 )
dd lE (lE
1
=
d .
2
d
d
b
d/2
(2π) (lE + D)
(4π) Γ(b)Γ( 2 ) Db−a− 2
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We can compare the above result to the gravitational Chern-Simons term (5.78), which, to
quadratic order in h, reduces to
c
CSg [h] = −
192π

∫

d3 p
h (−p)εµρσ (ipσ )(p2 η νλ − pν pλ )hρλ (p).
(2π)3 µν

(5.94)

The correlation function is related to CSg by
⟨
⟩
µν
ρλ
Πµν;ρλ
(p)
=
−i
T
(p)T
(−p)
AS

AS

=−

δ 2 CSg [h]
+ (symmetrization).
δhµν (−p) δhρλ (p)

(5.95)

When evaluating the variation, we get a trivial factor of 2 because CSg is quadratic in h.
There is another hidden factor of 2 because, when considering variations, we have to include
all permutations of µ ↔ ν, ρ ↔ λ, which results in four terms. One term is symmetric in µρ
and can be dropped. Another term has an apparent εµρσ ipσ factor. The other two terms
are not totally antisymmetric in µρ, but after antisymmetrization they give another εµρσ ipσ
factor. Therefore, we get a prefactor of c/(48π).
Matching Eq. (5.92) with Eqs. (5.94) and (5.95), we see that the MCS theory has central
charge c = −sgn (mt ) = −sgn (k).
Finite temperature: Thermal Hall Effect
We now evaluate Eq. (5.87) at nonzero T . Since we are interested in the thermal Hall effect,
we will restrict ourselves to the energy-current sector ν = λ = 0.
Following some algebra, we find that the (p + q)2 and q 2 factor in the denominator of ΠAS
cancels out (we only write down the (µ0; ρ0) component here, but the cancellation happens
for all components):
∫
Πµ0;ρ0
AS (p) =

−mt εµρσ uσ (p, q)
d3 q
,
(2π)3 (q 2 − m2t )((p + q)2 − m2t )

(5.96)

where uσ (p, q) are three polynomials in p, q (superscripts denote components, not powers):
u0 =

(
)
(
(
))]
1 [( 1 )2 0
p q + p1 q 1 p0 + 2q 0 + p2 p2 q 0 + q 2 p0 + 2q 0
,
2

242

(5.97)

Chapter 5. Chiral spin liquids and their thermal probes
(
(
)
( )2
(
)
( )2
( )2 )]
1 [( 0 )2 ( 1 )
p
−q + p0 q 0 p1 − 2q 1 + 2 p1 q 1 + p2 q 1 p2 + 2q 2 + p1 p2 q 2 + 2 q 0 + 2 q 1
,
2
(
(
)
( )2
(
)
( )2
( )2 )]
1 [( 0 )2 ( 2 )
p
−q + p0 q 0 p2 − 2q 2 + 2 p2 q 2 + p1 q 2 p1 + 2q 1 + p2 p1 q 1 + 2 q 0 + 2 q 2
u2 =
.
2

u1 =

To proceed, we note that Πµν;ρλ
satisfies the Ward identity from both sides, so we have the
AS
ansatz
µρσ
Πµ0;ρ0
pσ A(p),
AS (p) = mt ε

and
1
A(p) = 2
p

∫

d3 q
−p · u
.
2
3
2
(2π) (q − mt )((p + q)2 − m2t )

(5.98)

(5.99)

We then evaluate the finite-temperature part of A(p) by replacing the frequency integral with
a Matsubara summation

∫

dq 0
→ iT
2π

∑

.

q 0 =2πiT n

The summation can be performed by standard contour methods; the finite-temperature part
is
∫
i
d2 q
1
(
)(
)(
)(
)
Aβ (p) = 2
p
(2π)2 Ep+q − Eq − p0 Ep+q + Eq − p0 Ep+q − Eq + p0 Ep+q + Eq + p0
{
(
)
( )2
nB (Ep+q ) [ 2 4
2
−p Ep+q + Ep+q
Eq2 p2 + p0 (3p · q + 2p2 ) − p · q(p · q + p2 )
×
Ep+q
)]
(
) (( 0 ) 2
+(p · q + p2 ) Eq2 − (p0 )2
p
+p·q
)(
)
( )2 )
nB (Eq ) [( 2 ( 2
2
−
p Eq + p · q + (p · q)2 −Ep+q
+ Eq2 + p0
Eq
}
( 0 )2 ( 2
( 0 )2 )]
2
(5.100)
+ p·q p
Ep+q + 3Eq − p
,
where we have dropped the zero-temperature contribution.
To determine the thermal Hall conductivity, we need to compute the Kubo conductivity
κKubo
and the heat magnetization MQ . As discussed earlier, because the gravitational Chernxy
Simons term has three derivatives, it does not contribute to κKubo
or MQ , so we only need to
xy
consider the finite-temperature contributions. By inspecting (5.100), we see that Aβ (p0 , p =
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Figure 5.16: Thermal Hall conductivity due to the gauge fields, from Eq. (5.104); mt is the
topological mass.

0) = 0, and therefore, κKubo
= 0. Sending p0 , p → 0 in the static limit, we get
xy

A(p0 = 0, p → 0) =

]
−i [
|mt |nB (|mt |) − T ln(1 − e−|mt |/T ) .
4π

(5.101)

The heat magnetization can be obtained from the differential equation
2MQ − T

∂MQ
∂T

=−

1
0
0
∇p × Πi0;00
AS (p = 0, p → 0) = −imt A(p = 0, p → 0),
2i

where the different prefactor compared to Eq. (5.69) comes from the definition of Πµν;ρλ .
Integrating the above differential equation brings us to
MQ
T2

= C(mt ) −

1
f (mt /T ),
4π

(5.102)

where
f (x) = x ln(1 − e−|x| ) − 2 sgn (x)Li2 (e−|x| ),

(5.103)

and the integration constant C(mt ) is arbitrary function of mt . This leads to the thermal
Hall conductivity
2MQ
κxy
1
= 2C(mt ) −
=
f (mt /T ),
2
T
T
2π
which is plotted in Fig. 5.16.
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π
We choose C(mt ) = − 12
sgn (mt ) such that κxy /T vanishes continuously at mt = k = 0.

The physical motivations for this choice are the following. First, at k = 0, we have the usual
Maxwell theory, which should have no thermal Hall effect at any temperature. Secondly, in
the high-temperature limit T ≫ mt , the system should be insensitive to the ground-state
energy gap (∼ mt ) and the related topological distinctions, so the thermal Hall coefficient
should also vanish. Therefore, κxy /T should disappear continuously at mt = k = 0 and we
fix C(mt ) accordingly. In the mt → ∞ limit, we obtain
π
π
κxy /T = − sgn (mt ) = − sgn (k),
6
6

(5.105)

which, once again, yields central charge c = −sgn (mt ) = −sgn (k).
5.5.5

Dirac Chern-Simons Theory

This section turns to a discussion of the thermal Hall response of the SU(2) Dirac ChernSimons theory in Eq. (5.57) in the 1/Nf expansion. In order to sidestep subtle issues with
gravitational anomalies, we will view Eq. (5.57) as an effective theory, in which the ChernSimons term is obtained by integrating out spectator heavy Dirac fermions. To obtain a
SU(2) Chern-Simons term at level k, we need 2|k| flavors of heavy Dirac fermions with mass
M obeying sgn(M ) = sgn(k). We will always assume |M | ≫ T , while the ratio of the light
Dirac fermion to temperature, m/T , can be arbitrary.
At leading order for large Nf , we ignore gauge fluctuations, and simply add the contributions of the light and heavy Dirac fermions, using the results in Section 5.5.3. Owing to the
SU(2) gauge index carried by the Ψ fermions in Eq. (5.57), we need to multiply the contribution by an additional factor of 2 for each flavor. In this manner, we obtain the thermal Hall
conductivity
κxy = 2Nf κxy,D (m) + 4|k| κxy,D (M )

(5.106)

where κxy,D (m) is the Dirac fermion contribution in Eq. (5.75). We show a plot of Eq. (5.106)
in Fig. 5.17 for Nf = 2|k| = 1. In the limit |M |/T → ∞ and |m|/T → ∞, Eq. (5.106) yields
the first term in the square brackets in Eq. (5.59).
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Figure 5.17: The thermal hall conductivity computed from Eq. (5.106) upon including both
light and heavy fermions of masses m and M = −10, respectively for Nf = 2|k| = 1. The
quantized value in the topological phase at zero temperature is π/3, as expected from meanfield theory. The temperature dependence of κxy /T calculated in this continuum field theory
is in excellent agreement with the results on the lattice model in Ref. [565].
Upon examining the effect of gauge fluctuations in the 1/Nf expansion, we find that there
are Feynman graphs which potentially contribute to the thermal Hall conductivity even at
Nf = ∞. However, evaluation of these graphs shows that they vanish, as we will illustrate in
Section 5.5.5, so no corrections are needed to Eq. (5.106) at this order. We then discuss the
leading 1/Nf corrections in Section 5.5.5.
Gauge fluctuations in the Nf → ∞ limit
Explicitly expanding out the non-Abelian gauge field, the appropriate modification of the
Lagrangian (5.57), for a particular fermion species, reads as

LNf ,SU (2) =

Nf
∑
∑
v=1 b,s,t

(
iΨ̄vs γ

µ

i
b
∂µ − √ abµ τst
Nf

)
Ψvt + mΨ̄vs Ψvs ,

(5.107)

where τ a are the generators of SU(2), Aµ = abµ τ b , and the coupling constant has been scaled
√
by 1/ Nf for normalization. The fermionic field is labeled simultaneously by the flavor index
v = 1, . . . , Nf as well as the color index i = 1, 2, 3; the γ (or σ) and τ Pauli matrices operate
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t

1
a µ
τst
σ .
µ; a ≡ − p
Nf

s

(5.108)

Every fermion loop now bears an extra factor of Nf owing to the summation over flavors,
√
while each interaction vertex carries a factor of 1/ Nf . The diagram in Fig. 5.13 is, therefore,
of O(Nf ). In the limit of large Nf → ∞, the only diagram that contributes at the same order
is shown in Fig. 5.18. One might naively think that there are additional diagrams beyond
Fig. 5.18 because each new fermion bubble within the gluon propagator is of O(1) in this
expansion. Typically, these contributions can be subsumed in a renormalized propagator,
denoted by a cross, by summing up the chain of bubble diagrams in a geometric series as

≡

+

+

+ ··· .

(5.109)
a )2 is thus supHowever, in (2+1)D the Maxwell kinetic term is irrelevant and the bare (Fµν
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pressed by higher energy scales. Indeed, in our formulation, the bare kinetic term comes from
integrating out the heavy fermions, and is proportional to 1/M . The renormalized gluon
propagator should also include the contribution from integrating out light fermions, and in
fact, it is dominated by the light fermion bubble. To derive the renormalized gluon propagator, we build upon the results of Ref. 329 for the photon propagator at nonzero temperatures
in (2+1)D U(1) gauge theories with fermionic and bosonic matter. The full expression for the
gluon propagator is detailed in Appendix D.3.3.
It is now easy to observe the absence of gauge-field corrections at leading order. Figure 5.18
is composed of two fermion bubbles, each of which, following the Feynman rules listed earlier,
translates to
T
V

∑
k,iωn ,s t

(

−τ a
√ st
Nf

)
δ st (iωn + iϵn /2)Tr [G(k + q/2, iωn + iϵn ) σ ν G(k − q/2, iωn ) σ µ ] ,
(5.110)

where the factor of δ st comes from the fact that the thermal vertex conserves color. Resultantly, Eq. (5.110) is just proportional to Tr (τ a ) and hence, is identically zero. By the
same reasoning, the diagram for the magnetization contribution in Fig. 5.19 also vanishes.
Therefore, we conclude that upon taking Nf → ∞, there are no corrections to the thermal
Hall conductivity due to SU(2) gauge-field fluctuations.
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Gauge fluctuations at next-to-leading order
We are now positioned to consider the contributions to κxy of the theory (5.57) at order Nf0 .
The Feynman diagrams which contribute to this order are shown in Figs. 5.20 and 5.21. Given
the complexity of the gluon propagator in Appendix D.3.3, and the differential equation that
has to be solved for the magnetization subtraction, we do not attempt a full numerical evaluation of these graphs for general m/T . Instead, we will be satisfied by examining them in the
limit |m|/T → ∞ (recall that we always take the limit |M |/T → ∞). In this limit, we expect
that a description in terms of the effective Maxwell-Chern-Simons theory in Section 5.5.4
applies, and we can therefore deduce the contribution to κxy from results therein. The MCS
1

theory gives the second term in the bracket of Eq. (5.59).

(a)

(b)

(c)

Figure 5.20: The (a–b) density of states (DOS) and (c) Maki-Thompson [418, 639] diagrams,
which contribute to κxy for the theory (5.57) at O(Nf0 ). Additionally, the magnetization
subtraction requires evaluation of the analogous graphs given by replacing a thermal vertex
with an energy-density vertex, like in Fig. 5.19.
We now argue that the DOS and MT diagrams listed in Fig. 5.20 are not important in
the |m|/T → ∞ limit. The DOS diagram is simply adding self-energy into the fermion
propagator. A standard computation yields a fermion mass correction δm ∝ e2 /Nf in the
zero-momentum limit, where e2 is the coupling constant of the gauge field. The DOS diagram
can also generate fermion anomalous dimension at higher momentum. The MT diagram is
a vertex correction to the stress tensor. Using a gravitational Ward identity [82], it can be
shown that the anomalous dimension from the vertex correction cancels that from the selfenergy, and the net effect is a fermion mass renormalization δm consistent with the self-energy
calculation. We note in passing that similar behaviors have been observed in nonrelativistic
calculations [474]. As a result, a finite renormalization δm (also subleading in large Nf ) can
be ignored in the |m|/T → ∞ limit. Therefore, the important Feynman diagram in this
limit is the “Aslamazov-Larkin” diagram [21] drawn in Fig. 5.21. The triangular vertices in
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Figure 5.21: The Aslamazov-Larkin diagram responsible for the thermal Hall response at
order Nf0 . The red triangles denote the effective stress tensor-gauge field-gauge field vertex
obtained from integrating out fermionic loops in Fig. 5.22.

Fig. 5.21 each reduce to the stress-energy vertex used in Section 5.5.4, as we now show.
Following the discussions of Appendix D.3.2, the gauge-invariant stress tensor of the theory
(5.107) is
−
→
←
−
aνb
i
T µν = Ψ̄γ µ ( ∂ ν − ∂ ν )Ψ + √ Ψ̄γ µ τ b Ψ − η µν LNf ,SU (2) .
2
Nf

(5.111)

For shorter notation, we have suppressed flavor and color indices on the fermions.
Based on the above stress tensor, there are two types of vertices contributing to the triangular vertex, as shown in Fig. 5.22. The first type is a fermion triangle; the corresponding

pαa

pαa

µν

k

µν

qβb

qβb

Figure 5.22: The two types of diagrams for the triangular vertex.
effective vertex function is
{[
]
ν
/ q−p
d3 k
/
µ (2k + q − p)
µν 2k + /
(−1)Tr γ
=
−η (
+ m)
2
(2π)3
2
2
}
i
i
i
α a
β b
+ (pαa ↔ qβb) .
×
iγ τ
iγ τ
k/ − p
k/ + m
k/ + /q + m
/+m

δ
Γµναβ
(p, q)
1

ab

∫
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The second type is a fermion bubble, and the associated effective vertex is
(p, q)
Γµναβ
2

δ ab
=
2

∫

{
}
d3 k
i
i
b µ νβ
β µν
α a
(−1)Tr
τ
(γ
η
−
γ
η
)
iγ
τ
(2π)3
k/ + m
k/ + p
/+m

(5.113)

+ (pαa ↔ qβb) .
In the equations above, we have factored out the color indices on the LHS. Since we are looking
at the |m|/T → ∞ limit, we will only evaluate the above integrals at zero temperature. The
integrals can be performed with the standard Feynman-parameter tricks. While it is possible
to obtain closed-form results for arbitrary momenta and mass, the resultant expressions are
too long and not very enlightening. We expand the result to second order in momenta, and
obtain
Γµναβ
(p, q) + Γµναβ
(p, q) =
1
2

1
Γµναβ (p, q),
12π|m|

(5.114)

where Γµναβ (p, q) is the stress-tensor vertex function defined in Eq. (5.84).
Given the identity of the stress tensor above, we can now use the results of Section 5.5.4 on
the Maxwell-Chern-Simons theory to deduce the 1/Nf correction to the Dirac Chern-Simons
theory in the limit |m|/T → ∞. Each U(1) gauge field yields the contribution in Eq. (5.105);
for a SU(2) gauge field, we have 3 U(1) gauge fields (which can be treated as independent at
this order in 1/Nf ), so we obtain the second term in Eq. (5.59) in the limit of large |k̂|.

5.6

Phonon Hall viscosity from phonon-spinon interactions

Inspired by experimental observations, in this chapter so far, we have proposed that the
insulating Néel state in the parent compounds of the cuprates is proximate to a quantum
phase transition to a state in which the Néel order coexists with semion topological order.
Now, we study the manner in which proximity to this transition can make the phonons of the
system chiral, by inducing a significant phonon “Hall viscosity”. Such a scenario is relevant
to the recent experiments by Grissonnanche et al. [224] and Boulanger et al. [74] suggesting
that chiral phonons are responsible for the large thermal Hall conductivities measured in the
insulating phase of several cuprate superconductors. A nonzero phonon Hall viscosity could
be a mechanism for intrinsic phonon chirality in these systems. In this fashion, the fingerprints
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of the exotic spinon excitations are encoded in the humble phononic degrees of freedom.
In this section, we will study the coupling of spinons of a square-lattice chiral spin liquid to
lattice excitations. Specifically, we will be interested in a response coefficient called the Hall
viscosity [27, 28]. Similar to the Hall conductance, the phonon Hall viscosity can appear for
phonons coupled to a gapped electronic system that breaks time-reversal symmetry. The Hall
viscosity tensor ηijkl characterizes the system’s viscoelastic response to a strain deformation
as
⟨

∂
H
∂ϵij

⟩
= λijkl ϵkl + ηijkl ϵ̇kl ,

(5.115)

where ϵij ≡ (∂i uj + ∂j ui )/2 is the symmetrized strain tensor, and the time derivative is represented by the overdot. In the presence of C4 symmetry in two dimensions (2D), there is only
one independent component of the Hall viscosity tensor, ηxxxy [397]. Contrary to a viscosity
that is dissipative, the Hall viscosity is antisymmetric with respect to the pairs of indices (ij)
and (kl) and hence, nondissipative.
The Hall viscosity was first studied in the context of the quantum Hall effect, in which it
was shown to be proportional to the square of the electron filling density for integer quantum
Hall fluids [27, 42, 75, 200, 272, 284, 285, 491, 492, 527, 530]. In these systems, the Hall
viscosity can be calculated as the response of an appropriate continuum field theory to a
variation of the underlying geometry or spatial metric, gij . This Hall viscosity, which acts as
a Chern-Simons-type term for the frame field, was termed the gravitational Hall viscosity in
Ref. 42. Instead, our focus will be on the response of systems of phonons and the resulting
phonon Hall viscosity. While the Hall viscosity originates from the chiral spinons, we use the
term phonon Hall viscosity to indicate that the stress tensor is coupled to the lattice acoustic
phonons instead of a background spatial metric. This is appropriate because the resulting
equations of motion for the phonons have a corresponding Hall viscosity term.
Theoretically, the phonon Hall viscosity has been studied for electronic systems and topological insulators [42, 122, 272, 603, 611]. For lattice systems, such as discrete tight-binding
models, there are a priori many different ways to model the viscoelastic response, including
coupling to a lattice frame field [603] or using momentum polarization methods [645, 735].
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We will adopt a more physical “geometric bond stretching” approach, realizing the strain as
a modification to the tight-binding overlap integrals originating from the lattice sites being
displaced from their equilibrium positions. This coincides with the approach of viewing the
phonon Hall viscosity as the adiabatic response of a system to acoustic phonons [42], analogous
to the Hall conductance. Using the Kubo formula, the Hall viscosity can also be recognized
as a type of Berry curvature of the ground-state wavefunction.
While a measurement of the Hall viscosity would provide valuable information for identifying phases with topological order, it has been difficult to do so in practice. Nevertheless, it is
possible to experimentally detect the phonon Hall viscosity through other physical quantities
that share the broken symmetries. For example, one such quantity is the phonon thermal
Hall conductivity, which can be nonzero only with broken time-reversal and (in-plane) mirror
symmetries. The phonon Hall viscosity leads to both intrinsic and extrinsic contributions to
the thermal Hall conductivity: the intrinsic contribution is discussed in Section B.8.5, while
the extrinsic contribution is discussed in Ref. 232.
We will study the phonon Hall viscosity induced by lattice strain couplings to a chiral spin
liquid on the square lattice. In particular, we are interested in a spin-liquid ansatz in which the
orbital coupling of the applied magnetic field drives the conventional confining Néel insulator
to a state with semion topological order [565, 665]. Recent optical experiments by de la Torre
et al. [148] indicate the presence of mirror-plane-symmetry breaking which is compatible with
this scenario. In our work, we will analyze the behavior of the Hall viscosity in both the
lattice tight-binding model and the continuum Dirac field theory. We find that the above
mentioned quantum phase transition (QPT) in the spinon sector is reflected by a divergence
in the second derivative of the phonon Hall viscosity.
The rest of the work is organized as follows. We begin in Section 5.6.1 by reviewing
the general definition of the phonon Hall viscosity and linear response theory. Section 5.6.2
introduces the mean-field chiral spin liquid model on the square lattice. We study the spinonphonon interactions in two settings. On the lattice, we consider phonon-fermion coupling by
“bond stretching” in Section 5.6.3, whereas for the continuum field theory, we couple phonons
and spinons based on symmetry considerations in Section 5.6.4. After commenting on some
physical consequences in Section B.8.5, we summarize and discuss our results in Section 6.6.
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5.6.1

Definition of the phonon Hall viscosity

Phonon effective action with broken time-reversal symmetry
For gapped fermionic systems, the low-energy dynamics of acoustic phonons is captured by
an effective action for ⃗u(⃗r), describing the displacement of an atom from its original location.
The effective action obtained by integrating out the fermionic degrees of freedom is
∫
Z=

Dψ̄ Dψ D⃗u e−S(⃗u,ψ̄,ψ) =

∫

D⃗u e−Seff (⃗u) .

(5.116)

In the long-wavelength limit, the phonon effective action is determined by the mass density ρ
and the elastic moduli tensor λijkl ,

Seﬀ

1
=
2

∫

(
)
dd x dt ρu̇j u̇j − λijkl ∂i uj ∂k ul .

(5.117)

For gapless states such as metals, the phonon action will generally be nonlocal and thus cannot
be written as above.
When time-reversal symmetry is broken, there is an allowed, nondissipative Hall viscosity
term [27, 28, 42]
1
δS =
2

∫
dd x dt ηijkl ∂i uj ∂k u̇l ,

(5.118)

with ηijkl = −ηklij antisymmetric under the exchange of pairs of indices. The number of
independent components of ηijkl can, in general, be determined using symmetry. For example,
one can show that ηijkl will always vanish for a three-dimensional isotropic system. As we are
concerned with phonons in a spin-liquid background, we will restrict ourselves to d = 2 in the
subsequent analysis. For simplicity, we will also assume C4 -rotation symmetry, though this
requirement can easily be relaxed.
Following Ref. 42, we can knead the Hall viscosity in Eq. (5.118) into a more convenient form
by defining the strain tensor ϵij and the vorticity (also called rotation) tensor θij according
to
1
ϵij ≡ (∂i uj + ∂j ui ),
2

1
θij ≡ (∂i uj − ∂j ui ).
2
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Dropping boundary terms, Eq. (5.118) can then be rewritten as
∫
δS = 2

[ (
]
)
(
)
d2 x dt η H ϵxx − ϵyy ϵ̇xy + η M ϵxx + ϵyy θ̇xy .

(5.120)

Here, we have defined η H = (ηxxxy + ηxxyx )/2 and η M = (ηxxxy − ηxxyx )/2. While boundary
terms can modify surface phonon dispersions for topological insulators and generate interesting effects such as phonon Faraday rotation [603, 646], we will ignore these phenomena in our
discussion. Finally, it can also be useful to rewrite the action δS in Eq. (5.120) directly in
terms of the deformation field ⃗u. In that case, there ends up being one effective Hall viscosity
coefficient η ≡ ηxxxy = η H + η M ,
∫
δS =

[

]
)
−η ( 2
2
d x dt
∇ ux u̇y − ∇ uy u̇x .
2
2

(5.121)

In the calculations hereafter, however, we will follow Eq. (5.120) and discuss η H and η M
separately.
Definition as a response function
We can also view the Hall viscosity as a response function. To begin, we make the adiabatic
assumption that the time scale of the lattice motion is infinitely slower than that of the
fermions’ motion, so that the electronic configuration is always in its instantaneous ground
state with respect to its lattice configuration. This implies that the electronic quasiparticles
only couple to phonons that are well below their energy gap. The lattice deformation fields ⃗u
then act to modify the effective hopping terms in the tight-binding Hamiltonian Ht.b. for the
electronic system and can be treated as external parameters.
√
∑
In Fourier space, viewing u(⃗q) = n u(⃗r)ei⃗q·⃗r / L as parameters in Ht.b. , we can first define
the two-component Hall tensor from linear response theory through the Kubo formula [42, 75]
1 1
ηab (⃗q) = lim
ω→0 ω Ld

⟨[

∫
dt eiωt

∂Ht.b. (t) ∂Ht.b. (0)
,
∂ua,⃗q
∂ub,−⃗q

]⟩
,

(5.122)

where it is clear that the Hall tensor is, by construction, antisymmetric, i.e., ηab = −ηba . This
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leads to an effective action of the form
1
δS =
2

∫

dd ⃗q dt
η (⃗q)ua (−⃗q, t)u̇b (⃗q, t).
(2π)d ab

(5.123)

From Eq. (5.123), we can obtain the Hall viscosity tensor by taking the appropriate derivatives

ηijkl =

5.6.2

1
∂ ∂
lim
η (⃗q).
q→0
2
∂qi ∂qk jl

(5.124)

Spin liquid ansatz and mean-field theory

Our model of interest, studied in Ref. 565, describes S = 1/2 antiferromagnets on the square
lattice with the spin Hamiltonian Hspin = H0 + HB , where

H0 =

∑

⃗ ·S
⃗ + ··· ,
Jij S
i
j

i<j

HB = Jχ

∑

⃗i · S
⃗j × S
⃗ −
S
k

△

(5.125a)
∑

⃗Z · S
⃗i .
B

(5.125b)

i

H0 describes nearest-neighbor spin interactions and other possible exchange terms that are
invariant under all spacetime symmetries. HB describes the coupling of the electrons to an
applied magnetic field [593]. The Jχ term couples to the scalar spin chirality and is induced
by the orbital coupling of the magnetic field to the electrons. The value of Jχ is proportional
to the small magnetic flux penetrating the square lattice. The second term in HB is the
Zeeman coupling of the magnetic field, with the electron magnetic moment absorbed in the
⃗ Z . Therefore, the physical magnetic field is included in our model through
definition of B
⃗ Z ). While Hspin could, in principle,
both an orbital coupling (Jχ ) and a Zeeman coupling (B
also include Dzyaloshinskii-Moriya exchange terms, we do not consider the effect of spin-orbit
interactions here.
As mentioned earlier, numerical studies of Hspin on the square [472] and other lattices
[51, 214, 234, 251, 276, 547, 691] have found evidence of a chiral spin liquid phase at small
nonzero Jχ , and it was argued in Ref. 565 that near a critical spin liquid, Jχ would be a relevant perturbation leading to semion topological order. Consequently, one finds an enhanced
thermal Hall conductivity κxy even in the antiferromagnetic Néel state [565] stemming from
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t1

Figure 5.23: The mean-field spinon ansatz defined by Eq. (5.127), with nearest (t1 , black) and
second-nearest neighbor (t2 , red) hopping matrix elements. The applied magnetic field induces
an orbital coupling it2 , and there is a uniform π/2 flux through each elementary triangle. The
inset in the bottom-right corner illustrates the bottommost red and yellow atoms with the
dx2 −y2 orbitals deviating from their equilibrium positions by ⃗u(⃗n) and ⃗u(⃗n + ⃗x), respectively.
The result of this deviation can be captured by changing the bond length between the two
atoms from the equilibrium length ⃗r0 to the new length ⃗r0 + (⃗u(⃗n + ⃗x) − ⃗u(⃗n)), as discussed
further in Section 5.6.3.

2 /ℏ)
the discontinuity of the zero-temperature thermal Hall response |∆κxy /T | = (π/6)(kB

between the trivial and topological phases [95]. On the other hand, we will find the phonon
Hall viscosity to be continuous (but nonanalytic) across this QPT.
We begin our mean-field analysis by considering the square-lattice Néel state as the confining phase of an SU(2) gauge theory of fluctuations about a π-flux mean-field state [665].
Transforming to the parton representation [3, 420], the spin operator at each site is decomposed as
1
S⃗i = fi†⃗σ fi .
2

(5.126)

Here, fi ≡ (fi↑ , fi↓ )T represents the two-component fermionic spinon operator while ⃗σ denotes
the Pauli matrices. The mapping from the spin-1/2 Hilbert space to the fermionic one expands
the Hilbert space, and we must impose a single-site occupancy constraint in order to remain
within the physical Hilbert space. Therefore, the fermionic band structure of spinons is always
constrained to be at half-filling. Furthermore, Eq. (6.11) has an SU(2) gauge redundancy
[259, 376] and a full treatment of Hspin would also require analysis of the SU(2) gauge field
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associated with f [4, 16, 135].
In our mean-field treatment, we ignore the SU(2) gauge fluctuations. Instead, we will be
interested in a mean-field saddle point which breaks this SU(2) gauge symmetry down to U(1)
⃗i into Hspin and mean-field factorizing
[675, 678]. Inserting the parton representation of S
while respecting the spacetime and gauge symmetries, we obtain the spinon Hamiltonian
[565, 576, 665, 678, 680]
Ht.b. = −

∑(
i<j

) 1∑
⃗ +ζ N
⃗ ) · f †⃗σ f .
tij fj† fi + t∗ij fi† fj −
(B
i
i
i
Z
2

(5.127)

i

Our ansatz for the spinon hopping terms tij is shown in Fig. 5.23. The nearest-neighbor
hopping terms, t1 , arise from the factorization of the Heisenberg exchange couplings in H0
[Eq. (5.125a)]. The second nearest-neighbor hopping terms, ±it2 , originate from the scalar
spin chirality Jχ in Eq. (5.125b), and they have the same symmetry as the orbital coupling
of the electrons to an applied magnetic field orthogonal to the lattice plane. In particular,
the field-induced couplings t2 break time-reversal and reflection symmetries but preserve their
⃗ , with ζi = ±1 on the two checkercomposition. We have also assumed a nonzero Néel order N
board sublattices (A/B) of the square lattice. The Néel order is temperature-dependent in
general but for simplicity, here, we regard N as fixed. In order to minimize the energy of the
⃗Z · N
⃗ = 0. The Zeeman coupling along
antiferromagnet with a Zeeman coupling, we take B
⃗ lies in the xy-plane.
the ⃗zˆ-axis originates from the perpendicular applied external field, so N
As there is no spin-orbit coupling, we will perform a rotation in spin space for convenience,
ˆ and N
⃗ Z ∝ ⃗x
⃗ ∝ ⃗zˆ. Equation (5.127) can be written in momentum space, with
so that B
√
∑ ⃗
f⃗k ≡ i eik·⃗ri fi / L = (f⃗kA↑ , f⃗kB↑ , f⃗kA↓ , f⃗kB↓ )T , as
Ht.b. = −

∑

f⃗† h⃗k f⃗ ,
k

k

⃗k

h⃗k = 2t1 cos(kx )τ x − 2t1 sin(ky )τ y + 4t2 sin(kx ) cos(ky )τ z +

⃗ |
N z z |B
σ τ + Z σx,
2
2

(5.128)

where the Pauli matrices acting in sublattice and spin spaces are denoted by (τ x , τ y , τ z ) and
(σ x , σ y , σ z ), respectively.
The mean-field phase diagram for this ansatz is sketched in Fig. 5.24. With our choice of a
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two-site unit cell, we obtain a total of four spinon bands, which are half filled. When the net
Chern number of the occupied bands is zero, one obtains a conventional Néel state, and the
theory for the gauge fluctuations will have no Chern-Simons term, leading to confinement.
However, when the net Chern number of the filled bands is two, we obtain a state with semion
topological order coexisting with the Néel order. With a fixed Néel order, one can thus move
⃗ Z ) couplings of an applied
between the two phases by tuning the orbital (t2 ) and Zeeman (B
field. We discuss this point further in Section 5.6.3.
While this specific ansatz may appear to break lattice symmetries at first sight, the representation Eq. (6.11) is invariant under the local gauge transformations
fi → fi eiϑi ,

tij → tij ei(ϑi −ϑj ) .

(5.129)

Accordingly, the representation of lattice symmetries can be supplemented by an appropriate
gauge transformation, so the spinons f form a projective representation of the lattice symmetry group, called the projective symmetry group [63, 675, 678]. With this gauge freedom in
mind, the spinon lattice model Ht.b. in Eq. (5.127) indeed preserves all the symmetries of the
original spin Hamiltonian Hspin , as shown in Ref. 565. We will also consider the projective
symmetries in detail when we analyze the continuum spinon theory in Section 5.6.4.
In what follows, we consider the total spinon-phonon action

Stotal = Ssp + Sph + Ssp−ph

(5.130)

in both the lattice and continuum settings. The first term in Eq. (5.130) is obtained from our
ansatz Ht.b. in Eq. (5.127), while the second term is obtained from the quadratic phonon action
in Eq. (5.117). On the lattice (Section 5.6.3) we deduce the necessary elastic coupling to the
fermions, Ssp−ph , from geometric bond stretching whereas in the continuum (Section 5.6.4),
we will derive the allowed elastic coupling to the fermions from symmetry considerations. Our
goal will be to integrate out the spinon degrees of freedom to obtain an effective theory for
the acoustic phonons (see also Fig. 5.25).
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Figure 5.24: The two phases of the spinon mean-field Hamiltonian Ht.b in Eq. (5.127) are
shown as a function of the second-nearest-neighbor spinon hopping t2 and the strength of the
⃗ Z |. Here, we take the Néel order to be N
⃗ = 0.5⃗zˆ and measure all energies
Zeeman field |B
⃗ Z | are assumed to be
in units of the nearest-neighbor spinon hopping t1 . Both t2 and |B
linear functions of the applied magnetic field. The red dots show the points for which we plot
the temperature dependence of η H in Fig. 5.27(b), and the dashed green line illustrates the
trajectory for which we plot the field dependence of η H in Fig. 5.27(c).

5.6.3

Hall viscosity from spinon couplings to lattice strain fields

Given our tight-binding ansatz in Section 5.6.2, we will model the spinon-phonon coupling
through the microscopic deformation of the hopping amplitudes as the result of lattice strain,
i.e, bond stretching. As mentioned previously, we assume that the spinons only couple to lowenergy phonons with frequencies well below the spinon energy gap. There are two equivalent
ways of computing the resulting response to the lattice distortion by bond stretching. The
first is to compute the one-loop phonon effective action by integrating out the spinons [shown
in Fig. 5.25(b)]; the second is to use the linear response formalism and compute the adiabatic
Berry curvature as the result of the variation of the strain field [42, 603]. We use the first
approach here as it more closely makes contact with our later continuum calculations.
Geometric coupling through bond stretching
To introduce the method of geometric bond stretching, we will consider a generic tight-binding
model

Ht.b. =

∑
ij
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where the hopping amplitude tij represents the overlap integral between the orbitals at site
i and site j with bond length (spatial separation) |⃗r0 |. In models with multiple orbitals with
nontrivial symmetry properties, the change of hopping amplitudes can also have an angular
dependence. In our case here, however, Eq. (5.127) is a model with only one type of orbital
(dx2 −y2 ) on each site of the square lattice, so, to leading order, the hopping amplitude only
depends on the distance between the two sites. Following the approach of Ref. 603, suppose
now that the bond length becomes a variable ⃗r so that we can introduce a bond stretching
of δ⃗r = ⃗r − ⃗r0 , illustrated in the inset of Fig. 5.23. Assuming that tij is a smooth function of
such small deformations, the hopping amplitude then becomes
t(⃗r) ≡ t⃗ri ,⃗rj ≈ t(⃗r0 ) + δ⃗r · ∇t(⃗r)|⃗r0 + O(δ⃗r2 ).

(5.132)

For example, the nearest-neighbor (horizontal) hopping amplitude from site ⃗n to ⃗n + ⃗x is
ˆ. Letting ux (⃗n) and ux (⃗n + ⃗x) be the deformations along the
t⃗n,⃗n+⃗x = t(⃗x) where ⃗x = a⃗x
ˆ-axis of the two sites, the hopping amplitude is approximated as
⃗x
t⃗n,⃗n+⃗x ≈ t(⃗x) +

(
)
(
)
∂
∂
t|⃗x ux (⃗n + ⃗x) − ux (⃗n) + O(δ⃗r 2 ) = t(⃗x) + a t|⃗x ∂x ux ,
∂r
∂r

(5.133)

where, on the second line, we have assumed that the lattice distortion is a smooth function
on the lattice scale. This is consistent with our assumption of considering only adiabatic
spinon-phonon interactions. Carrying out this procedure with our mean-field ansatz defined
in Eq. (5.127), we obtain the modified hopping amplitudes as
|t⃗n,⃗n±⃗x | ≈ t1 + λ1 ϵxx ,

(5.134a)

|t⃗n,⃗n±⃗y | ≈ t1 + λ1 ϵyy ,

(5.134b)

|t⃗n,⃗n±(⃗x+⃗y) | ≈ t2 + λ2 (ϵxx + ϵyy + 2ϵxy ),

(5.134c)

|t⃗n,⃗n±(⃗x−⃗y) | ≈ t2 + λ2 (ϵxx + ϵyy − 2ϵxy ) ,

(5.134d)

expressed in terms of the strain tensor ϵij in Eq. (5.119). The coupling constants λj are
√
formally given by λ1 ≡ a (dt1 /dr)|⃗a and λ2 ≡ (a/ 2)(dt2 /dr)|√2⃗a in the bond-stretching pic-
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(a)

(b)

k + q, ωn + Ωm

k + q, ωn + Ωm
ησ, −q, −Ωm

µν, q, Ωm
k, ωn

γµν,k

µν, q, Ωm

γµν,k

k, ωn

γησ,k+q

Figure 5.25: (a) Spinon-phonon interaction vertex, as defined by Eq. (5.135). (b) The Feynman diagram representing the phonon self-energy, which contributes to the one-loop effective
action and determines the phonon Hall viscosity. Note that we work in the ⃗q = 0 limit when
computing the Hall viscosity on the lattice. For our calculations in the continuum, we also
evaluate the same diagram though the precise notations differ.

ture. Since λj has the same symmetry as tj , we will take the two to be linearly related; their
dimensionless ratio, λj /tj will be treated as an unknown, phenomenological parameter.
Replacing the fixed hopping amplitudes in Eq. (5.127) by their strain-dependent generalizations in Eq. (5.134), one can systematically derive all spinon-phonon coupling terms; for example, the term in Eq. (5.134a) leads to a coupling term of the schematic form f † (λ1 ϵxx )(cos(kx )τ x )f ,
where the cos(kx )τ x piece in sublattice space originates from Eq. (5.128).
Before listing the precise structures of all of these couplings, we comment on furtherneighbor couplings. While we only include terms involving up to second-nearest neighbors
(2NN) in our spinon ansatz, higher-neighbor terms are still allowed by symmetry. Usually,
these couplings are not necessary as they are expected to be weak in magnitude and can
often effectively be taken into account by renormalizing the NN or 2NN terms. However, it
turns out that additional fourth-nearest-neighbour (4NN) terms are crucial for our analysis:
while their coupling strengths may be numerically small, their induced phonon coupling alters
the divergent behavior of η H at the critical point, as we will see below and also consistently
reproduce later in the continuum analysis of Section 5.6.4. To include their effects, we use
the projective symmetry of Eq. (5.127) to find allowed 4NN terms with hopping strength
t4 , as shown in Fig. 5.26. Following the bond-stretching procedure, we define an analogous
√
parameter λ4 ≡ (a/ 5)(dt4 /dr)|√5⃗a . As the t4 coupling will not modify the critical behavior of
the spinon Hamiltonian, we will take t4 → 0 so that it only enters through the spinon-phonon
coupling Hamiltonian.
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Figure 5.26: Spinon ansatz with fourth-nearest-neighbour (4NN) hopping amplitude t4 allowed
by projective symmetry.
Moreover, while it is formally possible to consider time-dependent deformations ⃗u˙ , we will
not include them in our analysis since these terms will be suppressed by the ratio of the sound
velocity to the Fermi velocity (∼ t1 ). We comment on potential interesting effects from these
terms in Appendix D.4.2. Lastly, we note that couplings similar to the ones induced by λ4
can also arise from bond stretching in a multiorbital model; for coupling between s − p and
d − p orbitals, Eq. (5.133) would include terms that take into account the relative rotation
between sites.
Summarizing all the relevant bond stretching coupling terms, we can write the spinonphonon coupling as K⃗k,Ω = γµν,⃗k ϵµν (Ω), which couples the spinon operators:
Ssp−ph =

1 ∑ †
f⃗
K f .
k,ω+Ω ⃗k,Ω ⃗k,ω
L2 β 2

(5.135)

ω,Ω,⃗k

This interaction vertex is displayed in Fig. 5.25(a), but we will take the limit in which the
strain field, ϵ, carries no momentum, as terms dependent on the phonon momentum will lead
to higher-order anharmonic viscosity terms in the phonon effective action. The interaction
∑
vertex γµν,⃗k then reads as γ ⃗ ≡ i γ i ⃗ τ i =
µν,k

µν,k





−2λ1 cos(kx )τ x − 4λ2 sin(kx ) cos(ky )τ z ;





µν = xx,

−2λ1 sin(ky )τ y − 4λ2 sin(kx ) cos(ky )τ z ;
µν = yy, (5.136)






−8λ2 cos(kx ) sin(ky )τ z − 16λ4 [cos(ky ) sin(2kx )τy + sin(2ky ) sin(kx )τx ]; µν = xy,
where γ i

µν,⃗k

defines the coefficient multiplying the Pauli matrix τ i in γµν,⃗k .
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Evaluation of the phonon self-energy
Given the couplings from the previous section, we will now integrate out the spinons (ψ) from
the total partition function [42, 598, 724],
∫
Z=
=

∫

Dψ̄ Dψ Du e−(Sph (u)+Ssp (ψ̄,ψ)+Ssp−ph (ψ̄,ψ,u)) ,
Du e−Seff (u) .

(5.137)

This is equivalent to evaluating the phonon self-energy to lowest-order in the interaction
couplings and leads to a term in the phonon effective action:
δSeﬀ = −

1
2L2 β 2

[
]
Tr K⃗k,iΩ G(⃗k, iωn ) K⃗k,−iΩ G(⃗k, iωn + iΩm ) ,

∑

m

m

(5.138)

ωn ,Ωm ,⃗k

which can be represented by the Feynman diagram in Fig. 5.25(b) with the external momenta
⃗ Z = 0), the two spin sectors are decoupled so
⃗q = 0. In the absence of the Zeeman field (B
we write the block-diagonal spinon Green’s function for the spin up (+) and spin down (−)
sectors as
G± (⃗k, iωn ) =

iωm I + H±,⃗k · τ
(iωm )2 − H2

(5.139)

,

±,⃗k

in which H is defined from the momentum-space Hamiltonian in Eq. (5.128),
H±,⃗k ≡ (−2t1 cos kx , 2t1 sin ky , −4t2 sin kx cos ky ∓

N
).
2

(5.140)

Leaving the details of the derivation to Appendix D.4.1, Eq. (5.138) leads to a Hall viscosity

η

H

(
)
1 ∑ (1 − 2nF (|H± |) + 2|H± |n′F (|H± |))
=− 2
L
4|H± |3
⃗k,±

z x
x y
z y
x z
× [Hy± γxx
γxy + Hz± γxx
γxy − Hx± γxx
γxy − Hy± γxx
γxy ],

(5.141)

where nF (E) = 1/(1 + eE/T ) denotes the Fermi distribution function with chemical potential
at 0, and n′F (E) denotes its first derivative with respect to E. We have also suppressed the
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momentum indices of H±,⃗k and γ i

µν,⃗k

for ease of notation. The terms multiplying the thermal

factor in Eq. (5.141) should be thought of as an effective Berry curvature for the phonon Hall
viscosity, with the summation being over occupied spinon states.
The phonon Hall viscosity is shown in Fig. 5.27(a–e). Let us first concentrate on the zero
⃗ Z = 0 described by Eq. (5.141). Figures 5.27(a) and 5.27(b) show the
Zeeman field limit B
Hall viscosity for λ4 = −0.1 while Figs. 5.27(c) and 5.27(d) display the viscosity for λ4 = 0.1.
Recall, as mentioned previously, that we take λ1 ∝ t1 and λ2 ∝ t2 . We first observe that η H
is an odd function of t2 : this property arises from the second line of Eq. (5.141) via either the
i . The viscosity vanishes when
Green’s function component Hz or the interaction vertex γxy

t2 = 0 in consistency with the fact that it can only be nonzero when time-reversal and mirror
symmetries are broken. The viscosity also monotonically increases with increasing t2 across
the critical points N = ±8t2 . As discussed in Section 5.6.2, t2 originates from the orbital
coupling of the magnetic field, so tuning t2 should be understood as tuning the magnetic
flux threading the square lattice. Furthermore, from Figs. 5.27(a) and 5.27(c), we notice that
although the viscosity is continuous, it exhibits a kink at zero temperature at the quantum
critical point, signaling a discontinuous first derivative. The exact difference in the slope of
η H on either side of the critical point is nonuniversal and depends on the choice of couplings.
In our ansatz, we see that a negative (positive) λ4 leads to a smaller (larger) slope for η H in
the topological phase.
The behavior of η H as a function of temperature is also of experimental relevance. Figures 5.27(b) and 5.27(d) illustrate the temperature dependence of η H for different values of t2
⃗ Z = 0), which are indicated by the red dots in the phase diagram of Fig. 5.24.
(while keeping B
We observe, in both cases, a plateau of η H at small T , which scales with the distance of t2
from the critical point (here, t2,c = N/8 = 0.0625). From the plots, the extent of the plateau
can be seen to be the smallest for t2 = 0.06 and increases with changing t2 in either direction
away from the critical value. The plateau originates from the spinon energy gap, whose scale
is set by |t2 − t2,c |. At temperatures below this gap, thermal excitations fail to excite higher
spinon bands so we expect η H to retain its zero-temperature behavior.
An interesting feature of the temperature dependence sketched in Figs. 5.27(b) and 5.27(d)
is that at intermediate temperatures above the energy gap, there is a peak in the viscosity
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for λ4 = 0.1 but not for λ4 = −0.1. This peak is nonuniversal, being dependent on our choice
of parameters, but its behavior can actually be understood from the behavior of the kink in
η H across the QPT. Intuitively, this can be seen as follows. In passing through the QPT,
the effective Berry curvature is exchanged between the highest occupied and lowest unoccupied bands when the spinon gap closes. This is similar in essence to the process of changing
temperature, which also involves accessing the effective Berry curvature of the lowest-energy
unoccupied spinon bands as η H gains (loses) Berry curvature from the unoccupied (occupied)
bands due to thermal excitations. For the case of λ4 = −0.1, the slope of η H with respect to
t2 decreases across the QPT. At the QPT, Berry curvature is exchanged between the occupied and unoccupied bands, so at a fixed t2 , a similar redistribution of the Berry curvature
between the occupied and unoccupied bands should decrease η H . This is exactly what occurs
at intermediate temperatures because of thermal excitations, and geometrically, this Berry
curvature exchange deforms the viscosity towards the secant through the kink, as illustrated
in Fig. 5.27(a). Therefore, it is expected that η H decreases with increasing temperature. A
similar analysis for λ4 = 0.1 with the kink in Fig. 5.27(c) predicts that η H will increase to
a local maximum at intermediate temperatures as thermal excitations capture larger Berry
curvature contributions from the lowest unoccupied bands. Regardless of our choice of couplings, however, the Hall viscosity will eventually decay to zero at high temperatures because
the Berry curvatures from states at all energies will then contribute, and the net curvature
from all spinon bands is necessarily zero.
Under a nonzero Zeeman coupling, we expect the location of the critical points to be renormalized without any qualitative changes in the nature of the QPT [565]. In Fig. 5.27(e), we
⃗ Z are propor⃗ Z . As discussed below Eq. (5.125a), Jχ and B
turn on the Zeeman coupling B
tional to an externally applied, perpendicular field. Since t2 arises from Jχ , for simplicity,
⃗ Z to be linear functions of the applied out-of-plane magnetic field B, with
we take t2 and B
⃗ Z | = 7t2 , as shown by the dashed trajectory in Fig. 5.24. We find that η H scales linearly
B = |B
with B at small field strengths.
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Figure 5.27: Hall viscosity as functions of t2 , T, B and its derivative with respect to m1 . We
set N = 0.5, λ1 = t1 and λ2 = 0.5t2 . In (a,b) and (e,f), we choose λ4 /t1 = −0.1. In (c,d),
we choose λ4 /t1 = 0.1 for comparison. (a) Hall viscosity as a function of t2 for temperatures
⃗ Z = 0. The dashed lines indicate critical points at N = ±8t2 . The inset
T /t1 = 0, 0.1 and B
shows the kink at T = 0 after zooming in, signaling a QPT. (b) Hall viscosity η H as a function
⃗ Z = 0, shown by the red dots in phase
of temperature for different orbital couplings t2 and B
diagram Fig. 5.24. (c, d) The same as in (a) and (b), respectively, but with the opposite sign
of λ4 . (e) Field dependence of η H for different T . The orbital and Zeeman couplings scale
⃗ Z | = 7t2 , which is shown by
linearly with the applied external field, and here, we take B = |B
the dashed trajectory in phase diagram Fig. 5.24. (f) The divergence in the second derivative
of η H with respect to mass m1 near the critical point. The blue curve shows that the mass
derivative of the Hall viscosity d2 η H /dm21 evaluated at m1 = 0 diverges at T = 0; the yellow
curve demonstrates that d2 η H /dm21 has no true divergence at finite T .
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Hall viscosity near the spinon critical point
Compared to the quantized thermal Hall conductivity or the ordinary Hall conductance, the
Hall viscosity plotted in Fig. 5.27 is continuous and, at first sight, does not seem to encode
any signatures of a QPT. However, as seen in Fig. 5.27(a), it is possible for the derivatives of
the Hall viscosity to have a discontinuity or divergence at the critical point.
In the mean-field ansatz given in Eq. (5.127), by choosing appropriate mean-field orbital
⃗ = N ⃗zˆ, one can tune across the topological phase
coupling parameters t2 and Néel order N
⃗ Z = 0, the critical points at N = ±8t2 describe the transition
transition. In particular, at B
between a confining Néel state and a state where the Néel order coexists with a chiral spin
liquid. At both critical points, the spectra have pairs of Dirac cones at ±Q where Q = (π/2, 0).
For example, when N = 8t2 , fermions in the spin-down (−) sector have a Dirac cone at Q so
that |H−,Q | = 0; a similar statement follows for the spin-up (+) sector. To examine η H near
the QPT, we expand the spinon momentum around −Q as ⃗k = −Q + ⃗q for small momentum
⃗q. Then, we find—to leading order in ⃗q—for η H at T = 0:

λ4 [

(t2 −

N 2
8 )qx λ1

− t1 λ2 q 2

8 |q 2 + 4(t2 −

N 2 3/2
8) |

+

(t2 +

N 2
8 )qx λ1

64 |t2 +

− t1 λ2 q 2
N 3
8|

].

(5.142)

In accordance with our earlier remarks, we observe that the nonvanishing leading terms above
arise from the 4NN spinon-phonon couplings in Eq. (5.136). The second term in Eq. (5.142)
vanishes as we approach −Q. The first term appears divergent but is actually finite when we
take into account the summation over momentum, which comes with measure |⃗q|d|⃗q|.
While η H seems well behaved, its derivatives with respect to the time-reversal-breaking
t2 can have singularities and signal a QPT of the spinons. It is convenient to rewrite our
expression as a function of the Dirac masses m1,2 = 2t2 ∓ N/4, which vanish at the critical
points. For instance, taking the second derivative of η H with respect to m1 at the critical
point m1 = 0 (and ⃗k ≈ −Q + ⃗q) leads to a δ-function divergence
∑ ∂2
∂2 H ∝
q2
2
η ∼ λ4 m2
∼ m2 ∂m
|m1 | −−−−→ ∞,
m1
1
m1 →0
∂m1
∂
|H ⃗ |3
q⃗

(5.143)

+,k

where we have written λ2 ∝ t2 ∝ m1 + m2 . As previously noted, the second derivative’s diver268

Chapter 5. Chiral spin liquids and their thermal probes
gence manifests as a kink in η H at the QPT. Note that without a nonzero λ4 , the singularity
in η H would only show up in its fourth derivative. The divergent behavior of η H is present
only at zero temperature, as illustrated in Fig. 5.27(f). In the limit of N → 0, the two Dirac
masses coincide (m1 = m2 ), and η H is better behaved, with the divergence appearing in the
third derivative. This is actually the behavior seen in previous works [285, 603] that explored
the case of two-orbital Chern insulators on the square lattice; we discuss this point further in
Section 5.6.4.
5.6.4

Hall viscosity from spinon couplings to continuum strain fields

In the previous sections, we studied how phonon chirality could emerge from an underlying
chiral spin liquid on the square lattice. The calculation of the continuum phonon Hall viscosity
is qualitatively the same as that for the lattice phonon Hall viscosity: we begin by defining the
spinon Hamiltonian Hsp and symmetry considerations constrain the allowed spinon-phonon
couplings. However, instead of taking into account lattice displacements through the strain
dependence of tight-binding parameters, we will see how phonon couplings emerge from a
projective symmetry analysis of the underlying spin liquid. In particular, the lattice space
group can have significant effects on the topological quantization of the phonon Hall viscosity.
Our representation-theoretic approach follows Ref. 598. We also note that the symmetrybased approach to electron-phonon interactions has been well studied in the case of graphene
[48, 101, 231, 385, 416, 520].
Continuum low-energy theory
⃗ = N ⃗zˆ,
To define our continuum theory, we begin with our original square-lattice Néel state N
⃗ Z = 0.
given by Ht.b. in Eq. (5.127). We will also work in the regime of no Zeeman coupling, B
While the low-energy theory and projective symmetry group of Ht.b. was already studied in
Ref. 565, we will find it convenient to first perform a local U(1) gauge transformation in
order to match the π-flux ansatz considered in Ref. 598. Our new ansatz, which is nevertheless gauge equivalent to Eq. (5.127), will have different couplings. The resulting projective
symmetries [263] realized on the low-energy continuum fields will dictate the allowed spinonphonon interactions. First, we consider a position-dependent gauge transformation of Ht.b.
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Figure 5.28: The nearest- (t1 , black) and second-nearest-neighbor (t2 , red) hopping matrix
elements for the ansatz in Section 5.6.4. It is gauge equivalent to the mean-field ansatz in
Fig. 5.23 using the transformations outlined in Eqs. (5.144a) and (5.144b).

in Eq. (5.127),
f⃗n → eiπn1 /2 f⃗n

for n2 even,

(5.144a)

f⃗n → eiπ/2 eiπn1 /2 f⃗n

for n2 odd,

(5.144b)

where ⃗n ≡ n1 ⃗x + n2 ⃗y . As a result, our nearest-neighbor spinon-hopping terms are given by

t⃗n,⃗n+⃗x = i,

t⃗n,⃗n+⃗y = (−1)n1 i,

(5.145)

with second-nearest-neighbor chiral couplings

t⃗n,⃗n±⃗x±⃗y = it2 ,

for n1 even,

(5.146a)

t⃗n,⃗n±⃗x±⃗y = −it2 ,

for n1 odd.

(5.146b)

Now, we relabel our unit cell with four sites as in Fig. 5.28. The resulting Bravais lattice
vector is ⃗r = r1⃗a1 + r2⃗a2 , with r1 , r2 ∈ Z labeling the unit cell, and ⃗a1 = 2⃗x, ⃗a2 = 2⃗y . The
full form of the Hamiltonian is given in Appendix D.4.3.
Within the Brillouin zone kx , ky ∈ [−π/2, π/2), our new (but gauge-equivalent) Hamiltonian
has degenerate Dirac points at Γ = (0, 0). Near Γ, the dispersion can be described by four
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s . The four “flavors” (α, σ) are associated with
two-component (s = 1, 2) Dirac fermions ψασ

the two spin polarizations, σ = ↑, ↓, and an additional valley index α = 1, 2. In the following,
s . We can perform an expansion of the
we will suppress the (sublattice) spinor index s of ψασ

momentum-space Hamiltonian [see Eq. (D.135)] around Γ using the continuum spinor fields
ψασ :




 if

⃗k2σ + f⃗k4σ 
1 
⃗

,
ψ1σ (k) ∼ √ 

2

−if⃗ − f⃗
k1σ
k3σ


 if
 ⃗k3σ + f⃗k1σ
1
ψ2σ (⃗k) ∼ √ 
2

−if⃗ − f⃗
k4σ



,



(5.147a)

(5.147b)

k2σ

from which the resulting Dirac Hamiltonian is
∫
HDirac =

(
[
)]
)
(
N z z z
d2⃗k †
x x
y y
z
x
y
−
2t
(k
µ
τ
+
k
µ
τ
)
+
2
2t
τ
−
ψ
v
k
τ
+
k
τ
σ
µ
τ
ψασ ,
2 x
y
2
y
(2π)2 ασ F x
4
(5.148)

where we have labeled vF = 2t1 . We have defined the Pauli matrices τ to act on the spinor
(sublattice) indices, µ to act on the valley indices α, and σ to act on the spin indices. The
continuous fields also realize a projective representation of our lattice symmetries, the details
of which are summarized in Appendix D.4.3. Away from the critical points, the Dirac fermions
ψασ are gapped with a mass m1,2 = 2t2 ∓ N/4 given by a combination of the orbital current
t2 and the Néel order, as in Section 5.6.3. Therefore, when t2 ≈ N/8 close to the critical
point, we can safely integrate out the two higher-energy bands to obtain the effective spinon
Hamiltonian

∫
Hsp = 2

)
d2⃗k † (
Ψa kx τ x + ky τ y + mτ z Ψa ,
2
(2π)
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where we have set t1 = 1 and defined

m ≡ m1 = 2t2 − N/4,

Ψa (k) =




ψ1↑ (⃗k)

a = 1,



ψ2↓ (⃗k)

a = 2.

(5.150)

From here on, we will also denote the higher-energy Dirac mass as M ≡ m2 = 2t2 + N/4.
Interestingly, the effects of the orbital current t2 and Néel order N counteract each other in the
low-energy theory [565], so that even though Hsp explicitly breaks time-reversal symmetry, it
re-emerges in the low-energy theory.
Spinon-phonon coupling vertex
In this section, we will describe a general framework for deriving the spinon-phonon interaction
Hamiltonian from symmetry considerations and then apply it to our model, Eq. (5.149).
Approaches based on symmetry have also been used to find the phonon couplings in graphene
[48, 416], but the main difference in our spin-liquid system is that the analysis needs to account
for the projective symmetry group of our ansatz. A universal procedure that does exactly
this is provided by Serbyn & Lee [598], and we will reproduce their method here to provide
background.
We begin by specifying the form of the spinon-phonon interaction Hamiltonian,
∫
Hsp−ph =

d2⃗k d2 ⃗q † ⃗
Ψ (k + q)hsp−ph (⃗k, ⃗q)Ψa (⃗k).
(2π)4 a

(5.151)

Expanding ⃗k around the Dirac points at Γ, we allow the presence of terms of zeroth or(0)
(1)
der, hsp−ph (⃗q), and linear order, hsp−ph (⃗k, ⃗q), in the spinon momentum ⃗k so that the total

interaction Hamiltonian can be written as
(0)
(1)
hsp−ph (⃗k, ⃗q) = hsp−ph (⃗q) + hsp−ph (⃗k, ⃗q).

(5.152)

(0)

Often, only the zeroth-order contribution hsp−ph (⃗q) needs to be considered, but as we will
(0)

find for the nonchiral π-flux state, hsp−ph (⃗q) = 0 by symmetry. In the case of nonzero t2 ,
there is a single symmetry-allowed zeroth-order phonon coupling. Either way, to obtain a
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(1)
(1)
nonzero η H , it will be necessary to also take hsp−ph (⃗k, ⃗q) into account. The hsp−ph term can

be understood as a deformation of the spinon band structure near the Dirac points at Γ by
acoustic phonons.
Acoustic phonons can only couple to the spinons through spatial derivatives of the phonon
field, so they enter into hsp−ph (⃗k, ⃗q) through the ⃗q Fourier component of ⃗u(⃗r). As in the
previous subsection, we expect couplings to the time derivative of ⃗u to be suppressed by the
ratio of the sound and Fermi velocities, so we will ignore them in our analysis. Since both the
phonon fields and the phonon momenta transform under the vector representation E1 of C4v ,
we can decompose the set of terms ∂i uj (⃗r) ∼ −iqi uj (⃗q) into irreducible representations as
E1ph ⊗ E1ph = ⊕j Djph ,

(5.153)

where Djph labels irreducible representations of C4v . As spinons are fermionic while phonons
are bosonic, the leading-order coupling of phonons must be to bilinears of the continuum
spinon fields ψ. Even though ψ realizes a projective representation of the lattice symmetry
′ , the space of local spinon bilinears,
group C4v

{
}
Gψ† ψ = ψ † Iψ, ψ † τ i ψ, ψ † µi ψ, ψ † (µi τ j )ψ ,

(5.154)

realizes regular representations in our Abelian U(1) spin liquid because the U(1) gauge factors
cancel. For non-Abelian SU(2) spin liquids, as studied in Refs. 261–263, we must restrict
ourselves to spin singlet bilinears to obtain regular representations. We omit the spin degrees
of freedom since we assume that the phonons couple to both ψ↑ and ψ↓ bilinears equally.
In similar fashion to the phonons, we can decompose the representation of all bilinears into
irreducible representations,
†

Gψ† ψ = ⊕j Djψ ψ .

(5.155)

(1)
As hsp−ph includes terms that couple spinon momenta ⃗k (transforming in the vector repre-

sentation) and bilinears, we must also consider
⃗

†

E1sp ⊗ Gψ† ψ = ⊕j Djk,ψ ψ .
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We observe that Hsp−ph , which could possibly contain terms like
∑(

Diph ⊗ Djψ

†ψ

⃗

+ Diph ⊗ Djk,ψ

†ψ

)

(5.157)

ij

must be invariant under all symmetries. This is only possible if the representations are equal,
i.e., Diph = Djψ

†ψ

⃗

†

or Diph = Djk,ψ ψ . Therefore, pairing together basis functions of equivalent

irreducible representations between Eqs. (5.153) and (5.155) and (5.156) will give us all possible couplings in hsp−ph . Furthermore, the additional SU(2) symmetries of time reversal and
charge conjugation will impose further constraints on allowed couplings, as the phonon strain
field ∂i uj is invariant under both symmetries.
Applying this formalism to our lattice symmetry group C4v , the underlying symmetry group
of the phonons, we have
⊕j Djph = A1 ⊕ A2 ⊕ B1 ⊕ B2 ,

(5.158)

in Eq. (5.153), with basis elements ∂x ux + ∂y uy , ∂x uy − ∂y ux , ∂x ux − ∂y uy , and ∂x uy + ∂y ux ,
respectively. For the spinon sector, we can decompose the bilinears into representations of
′ ,
C4v

Gψ† ψ = A1 ⊕ A2 ⊕ · · · ,
E1sp ⊗ Gψ† ψ = A1 ⊕ A2 ⊕ B1 ⊕ B2 ⊕ · · · ,

(5.159)
(5.160)

′ that transform nontrivially
where the ellipsis stands for irreducible representations of C4v

under lattice translations; these cannot be coupled to the phonons, which transform trivially
under translations. The full results and explicit basis elements are tabulated in Section III of
Ref. 598.
The ostensibly allowed couplings between the (A1 , A2 ) components in Gψ† ψ and E1ph ⊗ E1ph
turn out to be forbidden by time-reversal symmetry, as the (A1 , A2 ) components in Gψ† ψ ,
{
}
ψ† ψ
†
=
ψ
Iψ
,
DA
1

{
}
ψ† ψ
† z
=
ψ
τ
ψ
,
DA
2

(5.161)

are both time-reversal odd. However, there is an allowed coupling to the A2 channel through
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the orbital current t2 . Since the orbital current t2 also transforms as A2 , by coupling t2 ∝
†

ψ ψ
(m + M ) and DA
together, we obtain a term that transforms trivially (as A1 ). This term
2
†

†

ψ ψ
ψ ψ
is permitted because DA
, like t2 , is time-reversal odd, so the product t2 · DA
can couple
2
2

to the phonon density fluctuations. Therefore, we find
(0)

hsp−ph (⃗q) = ig0 (m + M )τ z (qx ux + qy uy ),

(5.162)

with g0 labeling some phenomenological coupling coefficient. Note that we cannot couple mτ z
to phonons as m itself is not an irreducible representation (it includes the Néel order), but
the combination m + M = t2 is irreducible.
The bilinears in Eq. (5.160) suffer no such restriction as they are all time-reversal and
charge-conjugation invariant. The basis elements for the irreducible representations in Eq. (5.160)
are analogous to those in Eq. (5.158), with the replacement ui → τ i . Now, we can couple
each of the first four irreducible representations in Eq. (5.160) to its partner in Eq. (5.158).
For example, the A1 spinor-bilinear component is of the form
⃗kψ † ψ
DA
2

{
}
†
x
y
= ψ (kx τ + ky τ )ψ ,

(5.163)

so that the A1 -A1 coupling contribution to hsp−ph will be of the form igA1 (qx ux +qy uy )(kx τ x +
ky τ y ) for some coupling constant gA1 . After some simplification, the end result is
(1)
hsp−ph (⃗k, ⃗q) =i(g1 qx kx τ x + g2 qy ky τ x + g3 qy kx τ y + g4 qx ky τ y )ux + (x ↔ y),

for phenomenological couplings gi . The gi label combinations of irreducible representations,
with g1,4 = gA1 ± gB1 and g2,3 = gB2 ± gA2 .
Evaluation of phonon polarization and Hall viscosity
As in Eqs. (5.137) and (5.138), we will now integrate out the fermion fields to obtain the Hall
viscosity for the phonon fields. From Eqs. (5.162) and (5.164a), we can define our spinon-

275

Chapter 5. Chiral spin liquids and their thermal probes
phonon coupling vertices to be (rewriting in terms of the low-energy Dirac fields Ψ)
∫
Hsp−ph =

d2⃗k d2 ⃗q † ⃗
Ψ (k + q)λik,q ui Ψa (⃗k),
(2π)4 a

(5.164a)

λ⃗xk,⃗q = i(g1 qx kx τ x + g2 qy ky τ x + g3 qy kx τ y + g4 qx ky τ y + g0 qx (m + M )τ z ),

(5.164b)

λ⃗y = i(g1 qy ky τ y + g2 qx kx τ y + g3 qx ky τ x + g4 qy kx τ x + g0 qy (m + M )τ z ).

(5.164c)

k,⃗
q

The last term arising from the coupling of the orbital current t2 = m + M in λx,y
k,q has no dependence on the spinon momentum ⃗k. We can write the phonon self-energy, as in Fig. 5.25(b),
in Matsubara frequency space as
1
Π (⃗q, iΩm ) = −
2

∫

xy

⃗k,ω
n

[
]
2 · Tr λ⃗y G(⃗k, iωn )λ⃗xk+⃗q,−⃗qG(⃗k + ⃗q, iωn + iΩm ) ,
k,⃗
q

(5.165)

where G(⃗k, iωn ) denotes the Dirac fermion Green’s function,
ωI + H⃗k · τ
,
ω 2 − H⃗2

G(k, ω) =

H⃗k ≡ (kx , ky , m).

(5.166)

k

In Eq. (5.165), we define

∫
k,ωn

≡T

∑

∫

ωn

d2⃗k/(2π)2 , and we have also included a factor of

2 to account for the two species of Dirac fermions. The Hall viscosity originates from the
off-diagonal, antisymmetric component of Πxy . In real frequency, Eq. (5.165) contributes a
term to the phonon effective action of the form
∫
Πµν (⃗q, Ω)uµ (−⃗q, −Ω)uν (⃗q, Ω)

δSeﬀ =

(5.167)

q⃗,Ω

from which we can extract
η H = lim lim −
q→0 Ω→0

1 2
∂ Im [Πxy (⃗q, Ω)]
ΩLd q⃗

(5.168)

In our continuum model, we did not consider any coupling to the rotational strain field, so
η M = 0. Other terms in the phonon self-energy, such as the diagonal and symmetric components, will renormalize the real part of the phonon propagator. This is a small effect that
does not contribute to the phonon chirality, so we will not consider it here. As we are only
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interested in the leading-order contributions of q and Ω, we use
λ⃗µ

k+⃗
q ,−⃗
q

= λ⃗µ

k,−⃗
q

+ O(⃗q2 )

(5.169)

and neglect the anharmonic contributions. Relegating the details of the computation to
Appendix D.4.4, we find that
Πxy (⃗q, iΩm ) = ⃗q2 (g1 g2 − g3 g4 )

mΩ
Ω
(Λ − 2|m|) + ⃗q2 g0 (g2 − g3 )(m + M ) (Λ − 2|m|) ,
8π
8π

where Λ is a UV cutoff near the Dirac points. Then, Eq. (5.168) gives us

ηH =

1
[(g g − g3 g4 )m + g0 (g2 − g3 )(m + M )] (Λ − 2|m|),
4πL2 1 2

(5.170)

after analytic continuation to real Ω. To compare the continuum result to the lattice, we need
to extract the leading nonanalytic contribution:
η H ∼ −[g0 (g2 − g3 )(m + M )]|m| ∼ M |m|;

(5.171)

we see that the second derivative ∂ 2 η H /∂ 2 m ∝ δ(m) is divergent in the limit m → 0, in
agreement with what we found in Eq. (5.143) on the lattice.
From Eq. (5.170), we notice that the Hall viscosity η H scales with the two effective couplings
g1 g2 − g3 g4 and g0 (g2 − g3 ). This can be understood in the representation theory framework
presented earlier, as both g1 g2 −g3 g4 and g0 (g2 −g3 ) transform in the A2 channel of C4v , which
descends to the A1 channel of C4 as reflection symmetry is broken in our ansatz. Further
discussions on this point are included at the end of Appendix D.4.4.
Discussion and comparison to the lattice results
Our analysis highlights that the lattice symmetries strongly constrain the allowed spinonphonon couplings. Therefore, though most spin-liquid phases of interest have similar Dirac
excitations and effective theories in the continuum, the allowed spinon-phonon interactions
and resulting Hall viscosity η H in the continuum are sensitive to microscopic information
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about the phase.
We contrast our result with the quantized Hall viscosity found in Refs. 659 and 724 for
Majorana fermions in the gapless B phase of the Kitaev honeycomb model [342]. This is a
special feature of the lattice symmetry group C6v , as in addition to a trivial density fluctuation coupling, the zero-flux phase [48, 598] on a honeycomb lattice allows a spinon-phonon
interaction in the E2 channel of the form
[
]
(0)
hsp−ph (⃗q) ∼ (qx ux − qy uy )τ x − (qx uy + qy ux )τ y µz

(5.172)

to zeroth order in the spinon momentum ⃗k near the Dirac point, where ⃗q is the phonon
momentum. This additional coupling, in which the spinon momentum ⃗k does not appear,
should be understood as a consequence of the special symmetries of the honeycomb lattice.
Integrating out the spinons on the honeycomb lattice then leads to a discontinuous Hall
viscosity [659, 724],
η H ∼ sgn(m),

(5.173)

that depends only on the sign of the Dirac mass m. Moreover, it was found in Ref. 724 that for
the Kitaev spin liquid, η H decreased as the magnitude of the time-reversal-symmetry-breaking
perturbation increased.
In our analysis for the square lattice, we see that the nonanalytic behavior of the continuum
η H agrees with the lattice result, Eq. (5.141), at low energies and near the Dirac point. However, it should be noted that the continuum viscosity is in general regularization-dependent,
and only the difference in η H between two phases is universal [284, 285]. With this in mind,
we observe that the difference in η H across the QPT scales, at leading order, linearly with
the Dirac mass m = 2t2 − N/4 in both the lattice and continuum formulations. This differs
from the Hall viscosity obtained for the Dirac Chern insulator on a square lattice [603] in
which case, the Hall viscosity of the tight-binding Hamiltonian scales quadratically with the
Dirac mass. For the continuum Dirac field theory of the Chern insulator, introducing suitable
Pauli-Villars regulators and counterterms eliminates the dependence of the viscosity on the
UV cutoff Λ and also leads to a quadratic dependence of η H on m [285].
In our chiral spin liquid ansatz in Eq. (5.127), the phonons are coupled directly to the
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Figure 5.29: Finite-temperature scaling of the continuum phonon Hall viscosity from
Eq. (5.174), with F1 = 2F2 = 2 and M = Λ = 5. The inset shows the low-temperature plateaus
of η H with a scale set by m.

orbital current t2 but not the effective Dirac mass m = 2t2 − N/4. This is caused by the
presence of Néel order, which does not couple to lattice distortions as it is purely an onsite term [see Eq. (5.127)]. In the limit N → 0, the two Dirac masses coincide and for our
calculation on the lattice, η H ∼ M |m| = m|m|, as in the case of the Chern insulator. In
the continuum, we reproduce the field theory of the Chern insulator in Refs. 284, 285, and
with further regularization, the same scaling is obtained for the Hall viscosity. In both the
lattice and the continuum, the divergence in η H is then only visible in its third derivative
with respect to m.
Finally, our analysis can be extended to include the finite-temperature result [see Eq. (D.153)
in Appendix D.4.4],
[
]
η H = (F1 M + F2 m)· DΛ (T, m) − 4T log(2 cosh(|m|/2T )) ,

(5.174)

for some function D dependent on m, T , and a UV cutoff Λ. The constants F1 and F2 are
combinations of the spinon-phonon couplings. In the limit that Λ ≫ m, T , we have
[
]
η H = (F1 M + F2 m)· 4T log (2 cosh(Λ/2T )) − Λ − 4T log(2 cosh(|m|/2T )) .
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As the hyperbolic cosine is an even and positive function, we find that the viscosity is smooth
at finite T ; this is expected because the Matsubara summation, at finite temperatures, does
not introduce any nonanalyticities. In the limit of M ≫ m, we see that the Λ-independent part
of η H /(M T ) is only a function of the ratio |m|/T . The temperature and m dependence of η H
arising from Eq. (5.174) is illustrated in Fig. 5.29. The zero-temperature value of η H depends
on the momentum cutoff Λ. We observe, in particular, that η H decays at high temperature
and plateaus near zero temperature, with the size of the plateau dependent on the mass gap
m. These universal features were also present in our lattice calculation, in Figs. 5.27(b) and
5.27(d).
5.6.5

Physical Consequences

For acoustic phonons, the dispersion is assumed to be ωph ∝ |⃗q| + O(⃗q2 ), so, according to
Eq. (5.118), the Hall viscosity’s contribution to the phonon effective action is of order ∂u∂ u̇ ∼
|⃗q|3 u2 . This is more relevant than the leading anharmonic correction, which is of order ⃗q4 .
Note that the other possible O(⃗q3 ) contribution to the phonon action
∫
d2 x dt Dijklm ∂i ∂j uk ∂l um

(5.176)

vanishes in the presence of inversion symmetry. In two-dimensional isotropic systems, it was
found that the Hall viscosity mixes the longitudinal and transverse modes and renormalizes
the phonon spectrum [42, 724],
∆ωph ∼ η 2 q 3 .

(5.177)

However, the exact numerical prefactor of the correction, estimated to be very small by
Barkeshli et al. [42], requires knowledge of the energies associated with the appropriate spinlattice couplings, and the phonon spectrum cannot distinguish the sign of the Hall viscosity.
Another consequence of a Hall viscosity is phonon Faraday rotation, which describes the
rotation of the linear polarization vector of transverse acoustic phonons due to splitting in
the circularly polarized velocities [603, 632, 667].
Recently, the thermal Hall effect has emerged as a powerful probe of neutral excitations such
as spinons, prompting extensive experimental and theoretical studies in a variety of correlated
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quantum materials, including the cuprate superconductors [113, 223, 224, 233, 242, 391, 561,
565] and Kitaev materials like α-RuCl3 [35, 137, 257, 293, 325, 326, 638, 659, 707, 725, 726].
Here, we observe that a phonon Hall viscosity, in general, implies a nonzero phonon thermal
Hall conductivity by imparting a Berry curvature to the phonon energy bands. Moreover,
their relative signs can be determined given the coupling constants. As previously studied, a
phonon thermal Hall response can arise from a coupling of phonons to the magnetization of
the system [737]. More recently, in ferroelectric insulators [113], the flexoelectric coupling of
acoustic phonons to the dipole density was shown to lead to a thermal Hall response. In our
case, the Hall viscosity appears in the phonon effective action as a term analogous to those
flexoelectric couplings. For example, consider isotropic phonons in two dimensions,

Sph

1
=
2

∫
d2 x dt ρ⃗u˙ 2 + µ1 ∇⃗u2 + µ2 (∇ · ⃗u)2 ,

(5.178)

with mass density ρ and elastic constants µi . Assuming the Hall viscosity in Eq. (5.121), the
thermal Hall conductivity [518], in the low-temperature limit, reads
]
3 [
3ζ(3)kB
g1
g2
√
T 2,
= −η
√ −
πℏ2
µ1
µ1 + µ2
4µ1 + 3µ2
4µ1 + µ2
√
; g2 ≡
.
g1 ≡ √
2 µ1 µ2
2µ2 µ1 + µ2

κ2d
xy (T )

(5.179)

Hence, given that η plateaus at low temperature from our analyses in Sections 5.6.3 and 5.6.4,
2
3d
we see that κ2d
xy /T ∝ T as T → 0 (note that we expect that κxy /T ∝ T at low temperature

[518]). While we are unable to make quantitative estimates of the strength of this response,
we have demonstrated that this effect generically exists for both the conventional Néel phase
and the Néel state coexisting with semion topological order in Fig. 5.24, providing an intrinsic
source of phonon chirality. With an eye towards recent experiments on the phonon thermal
Hall response in cuprates [74, 224], our proposal lays the foundation for work on possible
enhancement of heat transport due to extrinsic mechanisms in these topological systems [232].
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5.7

Conclusions

This chapter provided a broad overview of the thermal Hall effect as well as its utility in
detecting and probing chiral topological phases. Our first collection of results concerns the
thermal Hall effect of spin liquids on the square lattice using SBMFT in the absence of spinorbit coupling. We have discussed different spin-rotation- and translation-invariant ansätze
that break time-reversal and certain point group symmetries; these phases exhibit nonzero
scalar spin chiralities. Among the ansätze considered, only one, with magnetic point group
4
′ ′
mm m

and defined in Fig. 5.3, yields spinon bands with nonzero Chern numbers. As seen

in Fig. 5.5, where the Zeeman field, Bz , and temperature, T , dependence of the resulting
thermal Hall conductivity κxy is shown, the nonzero Chern numbers lead to a sizable κxy ,
2 /ℏ. We derived asymptotic expressions for the dependence of κ
of order one in units of kB
xy

on T and Bz , and established that κxy /T vanishes as ∼ exp(−∆0 /T ) at low T for a spin
liquid with a nonzero energy gap ∆0 . Our formalism also enables us to consider states in
which spin-rotation symmetry is broken and there is magnetic order as T → 0. Any broken
spin-rotation symmetry is restored at infinitesimal temperatures in two spatial dimensions,
and within SBMFT, this can be captured by a spin liquid with a gap, ∆, which vanishes as
∆ ∼ exp(−m/T ). In this case, we found that κxy /T acquired similarly large values (Fig. 5.5),
and vanished only as a power of T as T → 0. The spin-liquid states with

4
′ ′
mm m

symmetry

descend from the time-reversal-preserving π-flux SBMFT states of Yang and Wang [720]. As
such, they do not have a special connection to the Néel state in the limit of a vanishing spin
gap. However, our spin liquids do include cases in which they condense to small distortions
of the Néel state, although there is no natural selection mechanism for such states, at least
in mean-field theory. The breaking of square-lattice and time-reversal symmetries to

4
′ ′
mm m

in our states could either be spontaneous, or simply induced by the orbital coupling of the
applied magnetic field (see Appendix D.1.1). Only for the case when the symmetries are spontaneously broken, there is an anomalous contribution to the thermal Hall effect, i.e., κxy ̸= 0
even when Bz = 0. Additionally, we discussed whether the DM interactions relevant to the
cuprates can give rise to a thermal Hall effect within a SBMFT treatment of the spin model in
Eq. (5.1). We identify one DM coupling vector, defined in Eq. (5.48) and in Fig. 5.6(b), which
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not only is expected to be realized in YBCO [131] but also produces a nonzero κxy . However,
as evinced by Fig. 5.8, the thermal Hall conductivity is much weaker than that of the ansatz
in Fig. 5.3 with

4
′ ′
mm m

symmetry, due to the absence of bands with nontrivial Chern numbers.

Employing a fermionic (instead of bosonic) description of the spinons, our main mean-field
results for thermal Hall measurements in the cuprates are in Fig. 5.11. Note the large rise in
the thermal Hall response in the conventional Néel state proximate to the phase boundary,
before it eventually vanishes at low enough T : this rise is one proposed explanation for the
observations of Grissonnanche et al. [223]. The field and temperature dependences of κxy
in Fig. 5.11 match well with observations. It is possible that stronger fields will drive the
cuprates across the quantum phase transition into a state with semion topological order, but
the stronger field also enhances the Zeeman term, and Fig. 5.11(a) shows that this term
is detrimental to such a transition. We also discussed gauge-field-fluctuation corrections to
the results in Fig. 5.11; in the topological phase such corrections renormalize the thermal
2 T /ℏ to (π/6)k 2 T /ℏ as T → 0. Computation of the analogous
Hall conductivity from (π/3)kB
B

corrections at higher T and across the phase boundary in Fig. 5.11 is more challenging. The
critical theory of the phase boundary was shown to be a central actor in recent studies of
dualities of strongly interacting conformal field theories in 2+1 dimensions [8, 9, 60, 273].
The theory of interest has four different formulations which we summarize in Fig. 5.12; we
also provided lattice interpretations of all four field theories in terms of the degrees of freedom
of the square-lattice antiferromagnet. An expansion in the inverse number of matter flavors (in
analogy with Ref. 549) is a promising route to computing the universal nonzero-temperature
thermal Hall effect in these gauge theories near the quantum critical point in Fig. 5.11(a).
Let us also comment on the role of fluctuations of the Néel order parameter. Spin waves make
only a small contribution to the thermal Hall effect [561]. In two spatial dimensions, thermal
fluctuations of the Néel order restore spin-rotation symmetry at all nonzero T [105], but these
classical fluctuations are not expected to significantly modify the quantum criticality of the
topological quantum phase transition in Fig. 5.11(a), which involves no change in symmetry.
Accounting thereafter for the gauge fields, we examined the thermal Hall conductivity in
square-lattice insulators near the quantum phase transition between the Néel state and a
283

Chapter 5. Chiral spin liquids and their thermal probes
state with coexisting Néel and semion topological order. This transition is described by the
Dirac Chern-Simons field theory in Eq. (5.57) for Nf = 1 and k = −1/2. The thermal Hall
conductivity is expected to obey the universal scaling form in Eq. (5.58). In the limit of low T ,
away from the critical point, |m|/T → ∞, we have the exact result in Eq. (5.59) obtained via a
sophisticated mapping to conformal field theories on the boundary of the sample. We obtained
the leading- and next-to-leading-order results of Eq. (5.59) in a direct 1/Nf expansion (with
k taken of order Nf ). These computations can also be applied to other values of m/T , and
results to leading order are in Eq. (5.75) and Fig. 5.17; however, the next-to-leading order
computations are numerically demanding. One of the lessons of this computation is that
the leading contribution can be viewed as that of fermionic matter, while the next-to-leading
order terms arise from the quantum fluctuations of the gauge fields (here we are viewing the
Chern-Simons term in the field theory as arising from integrating out a massive fermionic
matter field). We applied this lesson to a model of the doped antiferromagnet described
by Eq. (5.62). This theory contains fermionic matter forming pocket Fermi surfaces: the
thermal Hall contribution of these pockets is assumed to obey the Wiedemann-Franz law. The
contribution of the gauge field was deduced from the Maxwell-Chern-Simons effective action
in Eq. (5.64), which has the thermal Hall contribution specified by (5.104). Importantly, this
contribution has a sign opposite to that of the Wiedemann-Franz contribution, consistent with
the experimental trends [223]. We note that the Dirac-fermion thermal Hall conductivity in
Eq. (5.75) and the Maxwell-Chern-Simons thermal Hall conductivity in Eq. (5.104) correspond
to distinct universal scaling functions, a consequence of the nontopological nature of the
thermal Hall effect in the quantum-critical crossover regime. The gauge-field contribution
has the correct sign to account for the additional negative contribution to κxy /T in the
pseudogap regime, as observed in Ref. 223. However, its magnitude is bounded by π/6 [see
Eq. (5.104)] for the case of a single U(1) gauge field. The observed magnitude is larger by,
at least, a factor of 2; the coupling constants in Eq. (5.64) only appear in the crossover
energy scale mt = σxy /(e2 K2 ), and not in the overall magnitude of κxy . It is possible that
other models of the pseudogap with additional gauge fields could account for the discrepancy.
Alternatively, the phonon contribution [113] needs to be combined with the emergent gauge
field to understand the observations, and a phonon-emergent photon coupling could provide
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the needed chirality in the phonon transport.
Finally, we analyzed the phonon Hall viscosity arising from the coupling to spin degrees of
freedom on the square lattice in a magnetic field. We employed a fermionic spinon formulation
and obtained a low-energy effective action for the phonon fields by integrating out the spinons.
Two complementary approaches were studied: first, starting from the lattice spinon model of
Ref. 565, we introduced the coupling to lattice vibrations using the physical model of bond
stretching (or equivalently, adiabatic response). In the second approach, only the relevant lowenergy spinon degrees of freedom were retained, and the resulting continuum Dirac theory
was coupled to lattice vibrations purely by symmetry considerations. Even in the continuum
limit, microscopic details about the lattice symmetry were shown to have drastic effects on the
critical behavior of η H : as opposed to the discontinuity of η H when changing the sign of the
effective Dirac mass m at the transition on the honeycomb lattice, we demonstrated that the
symmetries of the square lattice lead to a Hall viscosity that varies linearly with the effective
Dirac mass m, in both the continuum and the lattice theory. We also calculated η H at finite
temperature and determined a scaling form for the ratio η H /(T M ). The Hall viscosity is a
measure of time-reversal symmetry breaking in the spinon sector, and its nonanalyticities can
serve as signatures of the field-driven topological quantum phase transition. We found that
2 η H , diverges at the
the second derivative of the Hall viscosity with respect to the mass, ∂m

transition (m = 0) between the two phases in Fig. 5.24 at zero temperature. This leads to
a kink in the field dependence of η H [see Figs. 5.27(a) and 5.27(c)]. We showed that this
3 ηH
enhanced singular behavior—as compared to the square-lattice Chern insulator where ∂m

diverges [603]—can be traced back to the presence of Néel order. In addition to previous
studies which have proposed measuring the Hall viscosity through various phononic properties
of the material, we have shown how the Hall viscosity also leads to an intrinsic thermal Hall
response. This response can potentially be enhanced by extrinsic scattering mechanisms and
may be detectable in experiments which indicate that phonons are the dominant contribution
to heat transport. As more and more experiments probe the exotic nature of topological
phases and possible spin liquid candidates, we believe that the phonon Hall viscosity can
be a powerful tool for detecting fractionalization and quantum critical phenomena. Lastly,
we note that our computations were carried out in the setting of a spinon mean-field theory.
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Gauge fluctuations can potentially change the spinon phase diagram as well as renormalize the
spinon-phonon couplings [233]. However, we expect the nonanalytic signature of a quantum
phase transition to persist. The exact effects of gauge-field fluctuations on phonon dynamics
remain an open question, and their consequences are avenues for further study.
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6.1

6

Introduction

The zoo of quantum spin liquids includes many more species besides the Z2 spin liquid and
the chiral spin liquid that we have encountered in the last two chapters. Despite the passage
of nearly half a century since their first proposal in the 1970s, such quantum spin liquid
states have eluded conclusive experimental detection in magnetic compounds, and even today,
undisputed material candidates are few and far between [375, 476]. On the theoretical side,
however, models of these enigmatic phases are plentiful. The prototypical example of a system
with an exact spin-liquid ground state is the Kitaev model [342]. When placed in a magnetic
field, this model hosts a gapped phase with topological order, supporting Majorana fermions
and non-Abelian Ising anyons [470], which may be relevant for quantum computation [622].
Despite the seemingly contrived form of the bond-directional interactions in the Kitaev model,
variants thereof can actually be realized in some spin-orbit entangled j = 1/2 Mott insulators
[106, 302, 336]. Among these so-called “Kitaev materials” [258, 526, 642, 697, 698] are layered
iridates such as Na2 IrO3 [125, 612] and La2 IrO3 [613], where the iridium atoms form the sites
of a honeycomb lattice.
Another promising material in this family, which has attracted much attention recently, is
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α-RuCl3 ; here, the Ru3+ ions act as effective localized moments. The ground state of α-RuCl3
is known to be magnetically ordered [190, 349] in the absence of a Zeeman field, with a zigzag
antiferromagnetic pattern [94, 315, 584]. While the system orders, in zero field, at about 7 K
[107, 525], the Kitaev exchange interaction is estimated to be ∼50–90 K. This wide separation
of scales has been interpreted as evidence for proximity to Kitaev’s QSL state. However,
searching for fingerprints of charge-neutral quasiparticles that could unambiguously identify
this state is challenging with the familiar techniques that rely on electrical transport. In this
regard, a powerful probe of unconventional excitations in insulators is the by-now-familiar
thermal Hall effect, also known as the Righi-Leduc effect. As discussed extensively in the
previous chapter, recent measurements of a giant thermal Hall conductivity in several undoped
cuprate superconductors [223, 224] have offered new insights [113, 233, 242, 391, 561, 565] into
their underlying electronic phases.
The thermal Hall effect is especially of relevance to the Kitaev materials because even if the
charge degrees of freedom are frozen out, heat transport [370] can still be facilitated through
charge-neutral modes. In α-RuCl3 , upon applying a Zeeman field, the intrinsic zigzag order
melts [36, 37, 308, 361], driving the system into a paramagnetic phase. If the field induces
the aforementioned topologically ordered phase, which has a chiral Majorana fermion edge
2 /ℏ] thermal Hall response [38] as
state, one would expect a half-quantized [in units of (π/6)kB

T → 0. Claims of such observations [325], suggesting a non-Abelian Ising anyon phase, have
sparked extensive investigation, both experimentally [35, 326, 381, 707, 726] and theoretically
[137, 293, 659, 725]. Curiously enough, a finite but unquantized thermal Hall conductivity was
also measured in α-RuCl3 , over a broad range of temperatures and magnetic fields [257, 326].
This points towards a scenario where the effect of the field yields an additional U(1) QSL
phase [201]. Indeed a plethora of numerical studies [210, 265, 392, 468, 495, 542, 753] indicate
the presence of an intermediate gapless phase with spinon Fermi surfaces (SFS), between the
gapped topological order and the trivial polarized phase at very strong fields.
Motivated by these diverse observations, we examine the thermal Hall response in the
Kitaev model for a wide variety of field strengths and orientations using a parton mean-field
theory [88, 477, 573]. One of our goals will be to understand the half-quantized conductivity—
and its stability—as a function of an applied magnetic field. The quantization ceases to hold
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as the system undergoes a phase transition [550] to a field-induced U(1) spin liquid. We
systematically investigate the thermal Hall signatures of this gapless phase, including its
temperature and field dependence, and show that it is consistent with the behavior seen in
experiments. In particular, we demonstrate that an unquantized response can be obtained
from simply the pure Kitaev model, coupled to a field, without requiring any of the auxiliary
Dzyaloshinskii-Moriya interactions assumed in Ref. 202.
Interestingly, similar gapless QSLs with Fermi surfaces of neutral emergent excitations can
also appear in systems lacking spin-orbit coupling. One of the most commonly studied examples of this type is the Heisenberg model on a triangular lattice. The physical importance
of this simple model is paramount as sundry QSL candidates fall in the category of layered
spin-1/2 triangular-lattice magnets, like the organic salts [359, 609, 708–710] and the transition metal dichalcogenides [345, 368, 535, 732]. In all these materials, which belong to the
family of weak Mott insulators with strong charge fluctuations [71, 250, 441, 453, 607], transport measurements hint at the existence of extensive mobile gapless spin excitations. While,
conventionally, many of the Hamiltonians used to describe these compounds have included
“ring-exchange” couplings involving multiple spins, replacing these with competing two-spin
interactions between different neighboring sites leads to equally rich physics. In fact, such
competition between neighboring couplings has proved to be an essential ingredient in understanding potential QSL states in the triangular-lattice delafossites [141, 319, 340, 587, 723]
and rare-earth compounds [388, 389, 487, 487, 604, 605, 739, 754]. Guided by recent numerical work identifying a gapless chiral spin liquid (CSL) phase on the triangular lattice
[211], we analyze the thermal Hall coefficient in a Heisenberg antiferromagnet with competing exchange terms up to third-nearest neighbors. Furthermore, we compare and contrast this
conductivity to that calculated for α-RuCl3 earlier. Our work highlights how two seemingly
disparate systems—the Kitaev and Heisenberg models—exhibit parallel unquantized thermal
Hall responses, and underscores the generality of the same.
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(a)

(b)

Figure 6.1: (a) The Kitaev model on the honeycomb lattice. Each hexagon has three types
of links, labeled by x, y, or z; the interactions between nearest-neighboring spins are bonddependent, as prescribed by Eq. (6.1). The operations R and C6 designate reflection across
the x = y plane, and sixfold c-axis rotation, respectively. (b) A hexagonal plaquette embedded
in the three-dimensional cubic lattice. The c axis is oriented along the [111] direction. The
lattice plane in (a), c = 0, is shaded in yellow, while the blue shading marks the ac plane
(containing the magnetic field directions studied here).

6.2

The Kitaev honeycomb model

Kitaev’s eponymous model, introduced in Ref. 342, is comprised of S = 1/2 spins arranged on
a honeycomb lattice, with the Hamiltonian:

Hk = Kx

∑
x links

Sjx Sjx + Ky

∑
y links

Sjy Sjy + Kz

∑

Sjz Sjz ,

(6.1)

z links

⃗j = (S x , S y , S z ) represents the spin operator at site j. The spin and orbital degrees
where S
j
j
j
of freedom are locally entangled as the interactions between nearest neighbors depend on the
type of the link. There are three nonequivalent bond directions: the z links are the vertical
bonds of the lattice, whereas the bonds angled at ±π/3 from the vertical constitute the x and
y links (see Fig. 6.1). A remarkable feature of this model is that it is exactly solvable and
hosts different QSL [81, 571, 747] ground states. It has a gapped topological phase (known
as the A phase), which is equivalent to the toric code [344] and supports Abelian anyons.
It also has a gapless phase (the B phase), which morphs to a gapped non-Abelian topological phase, realizing Ising topological order (ITO), under a time-reversal-symmetry-breaking
perturbation. The fractionalized excitations in this gapped QSL are Majorana fermions and
Ising anyons.
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Before studying the Kitaev model in a magnetic field, it is instructive to first consider how
the zero-field model can be solved by writing the spins in terms of Majorana fermions. This
will also help us to draw a distinction with the fermionization procedure employed later in
Section 6.2.2. We first define, for each site j, four Majorana fermions {χµ } such that:
2Sjα = i χαj χ0j ;

α = x, y, z.

(6.2)

This representation induces a redundancy in the description, and in order to correctly reproduce the Hilbert space of a spin-1/2 particle, the constraint
χxi χyi χzi χ0i = 1

(6.3)

has to be implemented ∀ i, wherefore
2S α = iχα χ0 = −i

ϵαβγ β γ
χ χ .
2

(6.4)

In this formulation, the model (6.1) can be kneaded into
Hk = −

)(
)
1 ∑(
α
α
iKαij χi ij χj ij i χ0i χ0j .
4

(6.5)

⟨i,j⟩

Physically, this can be thought of as a simple problem of Majorana fermions {χ0i } that hop
α

α

with a bond-dependent amplitude tij = iKαij χi ij χj ij . A key observation by Kitaev [342] was
that the Z2 flux around each hexagonal plaquette p,

Φp =

∏ (

)
α
α
iχi ij χj ij = ±1,

(6.6)

⟨i,j⟩ ∈ p

is a conserved quantity at zero field. Therefore, Eq. (6.5) can be reinterpreted as describing
Majorana fermions hopping in a background Z2 gauge flux. Conveniently, Lieb’s theorem
[394] then asserts that the ground state is given by a uniform zero-flux state where Φp = +1
∀ p.
Solving the Bogoliubov-de Gennes (BdG) Hamiltonian for {χ0i } in momentum space leads
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to a fermionic band structure, which encodes all the information about the (short-ranged)
spin correlations [46]. The spectrum is fully gapped if |Kz | > |Kx | + |Ky |, which places us in
the A phase. Contrarily, if |Kz | < |Kx | + |Ky |, one finds a graphene-like band structure with
a pair of Dirac points at zero energy, positioned at momenta ± arccos [−Kz /(2K)] (taking
Kx = Ky ≡ K). This corresponds to the phase B, which carries gapped vortices and gapless
fermions. A low-energy description of this phase is thus given by Dirac fermions coupled to a
dynamical Z2 gauge field.
Moving away from the solvable limit, we now add to Hk a Zeeman coupling to the magnetic
field
Hz = −

∑

⃗h · S
⃗j = −

∑(

)
hx Sjx + hy Sjy + hz Sjz ,

(6.7)

i

j

where ⃗h ≡ (hx , hy , hz ) is the applied field, and we have absorbed the Bohr magneton µB in its
definition. Kitaev [342] proved that a generic perturbation of this kind opens up a spectral gap
in the originally gapless B phase. To see this, we can consider the effect of Hz in perturbation
theory within the zero-flux (or vortex-free) sector; for simplicity, let us assume isotropy, i.e.,
Kx = Ky = Kz ≡ K. In this low-energy sector, all perturbations vanish at first order in h,
while the second-order terms simply renormalize the original coupling K between each nearest
neighbor (abbreviated hereafter as NN). The lowest nonzero correction actually arises at third
order in the field, leading to an effective Hamiltonian
H3s ≃ −

hx hy hz ∑ x y z
Sj Sk Sl ,
K2

(6.8)

j,k,l

where the summation runs over two possible configurations of three spins arranged as follows:

(and symmetry-equivalent), or

.
In terms of the Majorana fermions {χ0i }, H3s generates second-NN hopping as well as fourfermion interactions, and introduces a gap in the spectrum.

292

Chapter 6. Kitaev spin liquids and field-induced descendants
Taken together, Hk + Hz + H3s now encompasses all the ingredients for a mean-field Hamiltonian of the pure Kitaev model (6.1) coupled to a magnetic field, which we will construct in
Section 6.2.3. Since H3s is derived above as only a perturbative approximation to Hz , including both these terms in a theory might naively seem redundant. However, at the mean-field
level, we allow for all possible symmetry-permitted terms, so it becomes necessary to separately incorporate the distinct first- and second-NN interactions stemming from Eqs. (6.7)
and (6.8), respectively.
6.2.1

Symmetries

To proceed further, we have to establish the space group symmetries of the Kitaev model
that must be taken into account by our eventual mean-field theory. In this regard, it is
useful to visualize the honeycomb lattice in Fig. 6.1(a) as being embedded within a 3D cubic
lattice [Fig. 6.1(b)], as is indeed the case in material realizations such as the layered iridates
[106, 526, 612, 613]. Given the strong spin-orbit coupling, all symmetry transformations must
act simultaneously on the spin and spatial degrees of freedom, which live in three-dimensional
real space (rather than on the 2D honeycomb lattice alone).
In the absence of a magnetic field, the space group is generated by the following elements.
Firstly, the Hamiltonian enjoys the translational symmetries T1,2 along the two primitive
lattice vectors ⃗n1,2 . One possible set of point-group generators is [729, 759]:
1. Inversion—or twofold rotation—C2 ; the representation of this symmetry is simply
C2 : S⃗rx → SCx 2⃗r , S⃗ry → SCy 2⃗r , S⃗rz → SCz 2⃗r .

(6.9)

2. Pseudo-mirror R∗ , composed of the conventional mirror symmetry (namely, a reflection R
y

z

across the x = y plane) and a spin rotation eiπS ei(π/2)S , which acts as
y
y
x
z
z
R∗ : S⃗rx → −SR⃗
r , S⃗
r → −SR⃗
r.
r , S⃗
r → −SR⃗

(6.10)

3. Improper rotation S6 , defined by a sixfold rotation about the c axis, followed by a reflection across the c = 0 lattice plane i.e., S6 ≡ C6 · ei(2π/3)(S
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This symmetry holds only for the isotropic Kitaev model with a Zeeman field in the [1, 1, 1]
direction.
The components of these three operations acting on the 2D honeycomb lattice are sketched
in Fig. 6.1
In addition, the zero-field Kitaev model naturally possesses time-reversal symmetry. The
antiunitary time-reversal operation (Θ) has no effect on the lattice per se but acts on the spins
as iS y K, where K denotes complex conjugation. Even though Θ2 = −1 for a single spin, note
that we have Θ2 = +1 for the global time-reversal symmetry operation due to the bipartite
nature of the honeycomb lattice.
The time-reversal symmetry will, of course, be broken by a finite magnetic field. Furthermore, a field along a generic direction also breaks the pseudo-mirror symmetry. Both these
properties of the applied field are crucial since the presence of either time-reversal or pseudomirror symmetry prohibits a finite thermal Hall conductivity. We can illustrate this point by
contrasting two specific field directions. Let κxy denote the in-plane thermal Hall conductivity, with both the temperature gradient and the ensuing heat current in the honeycomb-lattice
planes depicted in Fig. 6.1(a). Now, for example, if we take ⃗h ∥ [1̄10], parallel to the b axis,
then κxy must necessarily vanish as a consequence of the R∗ symmetry. On the contrary, if
⃗h ∥ [11x], in the ac plane, then the pseudo-mirror and time-reversal symmetries are individually broken but their combination is preserved; in this case, one can have a nonzero κxy .
Hence, in experiments [325], the Zeeman field is aligned to be on the ac plane. We will begin
by considering a magnetic field along the [111] direction; thereafter, we generalize the orientation to [11x] and observe the change in the thermal Hall response brought about by such a
rotation.
6.2.2

Parton construction

While Kitaev’s original solution of the model (6.1) entailed a rewriting of the spin variables
in terms of Majorana fermions, the correct low-energy degrees of freedom can also be singled
out by a different fermionization procedure using spinful complex fermions [88]. Guided by
this correspondence, we will use the latter formalism to study the Kitaev spin liquid and
proximate phases upon perturbing away from the exactly solvable zero-field limit.
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In the Abrikosov fermion representation [1, 4, 420] motivated above, the spin operator at
each site is decomposed as:
⃗i = 1 c† ⃗σ c ;
S
2 i i

(6.11)

here, ci ≡ (ci,1 , ci,2 )T is a two-component fermionic spinon operator, and ⃗σ denotes the three
usual Pauli matrices. Importantly, the mapping from spin-1/2 to fermions in Eq. (6.11)
expands the Hilbert space and, in order to remain within the physical subspace, we must
restrict ourselves to the fermionic states with single occupation per site. Hence, this decoupling
is to be supplemented with the constraints
c†i ci = 1, c†i,1 c†i,2 = 0, ci,1 ci,2 = 0,

(6.12)

and therefore, any faithful fermionic band structure of the spinons is always constrained to
be at half filling.
Related to this constraint, the parton construction outlined above exhibits an SU(2) gauge
structure [259, 376]. This can be made apparent by defining the matrix




†
 c
 i,1 −ci,2
Ci = 


ci,2 c†i,1







(6.13)

containing the spinon operators on site i. The physical spin operators can now be written in
terms of Ci as

(
)
⃗ = 1 Tr C † ⃗σ C .
S
i
i
i
4

(6.14)

As (6.14) is invariant under a local SU(2) transformation
Ci → C i Wi ,

(6.15)

where Wi is an SU(2) matrix, this parton construction has an SU(2) gauge redundancy. This
leads to a description of the underlying spin model as a theory of fermions coupled to an SU(2)
gauge field [4, 16, 135]. However, the actual residual gauge group can be smaller than the full
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SU(2) depending on the particular phase of interest. For instance, in the SFS state, the SU(2)
symmetry is broken down to the U(1) subgroup—this is an emergent dynamical U(1) gauge
field (as opposed to the conventional U(1) electromagnetic field under which the spinons are
charge-neutral); the associated gauge transformation that leaves the spins invariant reads as
ci → ci eiθi . Moreover, if the spinons are in a superconducting phase (such as in the CSL),
then this gauge symmetry is broken down to Z2 (ci → ±ci ) by the pairing terms.
Owing to the gauge redundancy arising from the Abrikosov fermion representation, a gauge
transformation g ∈ G, with G being the residual gauge group, leaves the Hamiltonian invariant. Any operation—including, in particular, the symmetry transformations listed in Section 6.2.1—can act within this gauge space in addition to the spin degrees of freedom. Hence,
all symmetries act projectively and are defined by the corresponding left (W ) and right (G)
multiplications of the spinon matrix C in Eq. (6.13): this information, known as the projective symmetry group (PSG) [170, 678], characterizes the fractionalized phases. The PSG for
the Kitaev model was worked out by Ref. 729. In a generic gauge, c transforms to a linear
combination of c and c† . Such a description is inconvenient for U(1) SFS spin liquids, as it
would imply that pairing terms (ci cj + h.c.) could be generated from purely hopping terms
(c†i cj + h.c.) due to symmetry transformations alone. This drawback can be circumvented,
however, by choosing a suitable gauge [759]. We define such a gauge in the next subsection
†
and denote the corresponding spinon operators by fiη , fiη
, η = 1, 2, in the following. In that

gauge, the symmetries act as
T1,2 : fi → fi+⃗n ,
1,2

S6 : fi → ei

5π
6

US†6 fC i ,
6

†
ΘR∗ : fi → e−i 4 UΘR
∗ fR i ,
π

(6.16a)

where
US6 ≡

1 + i(σ1 + σ2 + σ3 )
,
2

UΘR∗ ≡ e−iσ3 4 .
π

(6.17a)

Now we can see explicitly that the gauge charge of the spinons is preserved by the symmetry
implementation. This will be very convenient in the following mean-field treatment.
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6.2.3

Mean-field theory

The Kitaev honeycomb-lattice model was studied using the SU(2) fermion formalism by
Ref. 88, which showed that the description of Ref. 342 can be exactly reproduced in this language. To be precise, the physical correlation functions of the true ground state of Eq. (6.1)
are captured by a stable mean-field theory which can be constructed as follows.
Since all the Kitaev interactions in Hk involve two spins, inserting the representation (6.11)
generates terms that are a product of four fermions; the resultant fermionic Hamiltonian is
rather complicated due to the lack of spin-rotation invariance in the model. One way to
proceed is to use a Hubbard-Stratonovich transformation [280] to decouple the four-fermion
interactions, which can be recast into interactions between a pair of fermion operators on the
sites i and j and a bosonic field (which lives on the link between them). At the mean-field level,
these four auxiliary fields assume nonzero expectation values. Imposing the self-consistency
of the expectation values, which can be expressed in terms of Kx,y,z , leads to the coefficients
of the quadratic terms of the Hamiltonian at the saddle point of interest.
However, significant physical insight can be gleaned from a phenomenological analysis of
such a mean-field description without necessarily self-consistently solving the theory. To this
end, we now discuss the representation of the Kitaev model [342] in terms of fermionic spinons,
following closely the analyses of Refs. 729 and 759. Each two-spin term in the original model
(6.1) can be written as a product of four Majorana fermions, as outlined in Eq. (6.5). Carrying
out a systematic mean-field decoupling, the Kitaev model reduces to a quadratic Hamiltonian
of Majorana fermions χαA,B , with α = 0, x, y, z, where A(B) connotes the sublattice index.
This consists of three types of terms:
Hkmf = H1 + H2 + H3
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where H1,3 involve NN couplings while H2 couples next-NNs. These are given by

H1 = 2iJ1

∑
⃗
ri

H2 = 2iJ2

∑

(

)

χ0B (⃗ri )χ0A (⃗ri )

+

χ0B (⃗ri

+ ⃗n2 )χ0A (⃗ri )

+

χ0B (⃗ri

− ⃗n1 )χ0A (⃗ri )

,

(
χ0A (⃗ri + ⃗n1 )χ0A (⃗ri ) + χ0A (⃗ri + ⃗n2 )χ0A (⃗ri ) + χ0A (⃗ri + ⃗n3 )χ0A (⃗ri )

⃗
ri

)

(6.19)

−χ0B (⃗ri + ⃗n1 )χ0B (⃗ri ) − χ0B (⃗ri + ⃗n2 )χ0B (⃗ri ) − χ0B (⃗ri + ⃗n3 )χ0B (⃗ri ,
H3 = 2iJ1′

∑

(

)

χzA (⃗ri )χzB (⃗ri ) + χxA (⃗ri − ⃗n2 )χxB (⃗ri ) + χyA (⃗ri + ⃗n1 )χyB (⃗ri ) ,

⃗
ri

with ⃗n1,2 denoting the lattice vectors along the directions corresponding to translations T1,2
in Fig. 6.1(a). Our focus will be not so much on the precise values of J1 , J2 and J1′ (which
can, in principle, be solved for self-consistently) but rather, on the set of phases that can be
obtained by varying them as free parameters.
Next, we need to specify how the Abrikosov fermions are constructed from the Majoranas
but this mapping is certainly not unique. You et al. [729] relate the spinon c, defined in
Eq. (6.13), to the Majorana fermions via
)
1 (
c1 = √ χ0 + iχz ,
2

1
c2 = √ (iχx − χy ) .
2

(6.20)

However, the SU(2) gauge redundancy (6.15) connotes that we have the freedom to define
another (equally valid) set of partons fi,η , η = 1, 2, which are related to (6.14) by a gauge
transformation





 fi,1 −f †
i,2

Fi = 


†
fi,2 fi,1



 = Ci Wi ,



(6.21)

where we take W to be WA(B) on the A (B) sublattice, such that
WA = a + i(b σ1 + a σ3 ),
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with

√
a=

1
√ ,
6−2 3

√
b = ( 3 − 1) a.

(6.23)

The utility of this exercise lies in that the gauge charge of these new spinons is always preserved
under the symmetry transformations. The Majorana Hamiltonian (6.19) can easily be reexpressed using these modified spinons. We decompose each of the three pieces in (6.18)
individually into hopping and pairing terms, in accordance with the prescription of Zou &
He [759]. In the following, our equations employ the convention that the first lines on the
right-hand-side always contribute to Hhopping only, while the second lines add to Hpairing alone.
When expanded using the transformed spinons, H1 reads as
{
2iJ1 χ0B (⃗rj )χ0A (⃗ri )

[(
)
]
b2
b2
a2 +
+ (a2 − )σ3 + abσ1 + abσ2 fA (⃗ri ) + h.c.
2
2
}
[(
) (
)
]
b2
b2
T
2
2
+fB (⃗rj ) ia +
+ ia −
σ3 + ab(1 + i)σ1 fA (⃗ri ) + h.c. .
2
2

= J1 fB† (⃗rj )

(6.24)
All terms in H2 are of the form 2iJ2 τz χ0 (⃗rj )χ0 (⃗ri ), with τz = +1 (τz = −1) for the A (B)
sublattice:
{

[ (
)
(
)
]
b2
b2
2
2
2iJ2 τz χ (⃗rj )χ (⃗ri ) = J2 f (⃗rj ) i a +
+i a −
σ3 + iabσ1 + iabσ2 τz f (⃗ri ) + h.c.
2
2
}
) (
)
[(
]
2
2
ib
ib
+ a2 +
σ3 + ab(1 − i)σ1 f (⃗ri ) + h.c. .
+f T (⃗rj ) a2 −
2
2
0

†

0

(6.25)
The minus sign between the two sublattices is due to the directed nature of the Majorana
hopping stemming from the effective Hamiltonian (6.8); for details of the derivation, we refer
the interested reader to Eq. (48) of Ref. 342. Finally, the terms in H3 , which depend on the
type of the bond (x, y, or z), have the spinon representation
{
2iJ1′ χxA (⃗rj )χxB (⃗ri )

=

J1′

fA† (⃗rj )

]
) (
)
[(
b2
b2
2
2
+ a −
σ3 − abσ1 + abσ2 fB (⃗ri ) + h.c.
−a −
2
2
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}
[(
) (
)
]
2
2
b
b
+fAT (⃗rj ) −ia2 −
− −ia2 +
σ3 − ab(1 + i)σ1 fB (⃗ri ) + h.c. ,
2
2
(6.26)

{

2iJ1′ χyA (⃗rj )χyB (⃗ri )

=

J1′

[(
) (
)
]
b2
b2
2
2
−a −
+ a −
σ3 + abσ1 − abσ2 fB (⃗ri ) + h.c.
2
2
}
[(
) (
)
]
2
2
b
b
+fAT (⃗rj ) ia2 +
+ −ia2 +
σ3 − ab(1 + i)σ1 fB (⃗ri ) + h.c. ,
2
2
fA† (⃗rj )

(6.27)
[(
)
(
)
]
b2
b2
2iJ1′ χzA (⃗rj )χzB (⃗ri ) = J1′ f † (⃗rj ) −a2 −
− a2 −
σ3 + abσ1 + abσ2 f (⃗ri ) + h.c.
2
2
}
[(
) (
)
]
2
2
b
b
+f T (⃗rj ) −ia2 −
+ −ia2 +
σ3 + ab(1 + i)σ1 f (⃗ri ) + h.c. .
2
2
{

(6.28)
Thus, we arrive at a form of the Kitaev model rewritten in terms of the spinon operators
f as the sum:
Hkmf = Hhopping + Hpairing ,

(6.29)

with the detailed forms of these terms documented above. As the notation suggests, Hhopping
consists solely of hopping operators of the spinons, i.e., each term therein preserves the U(1)
symmetry. Conversely, Hpairing contains purely pairing terms of the spinons that break the
U(1) gauge symmetry down to Z2 . In total, Hkmf is described by two types of first-NN interactions, of strengths J1 and J1′ , and second-NN interactions with a coupling J2 . Equation (6.8)
informs us that such a second-NN term originates from the effect of a magnetic field in thirdorder perturbation theory, so, in principle, J2 should be varied as ∝ hx hy hz . This perturbative
expansion, of course, only holds for small h; in the regime of large magnetic fields, we can
think of a constant J2 as being spontaneously induced by the field.
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6.3

Transition between non-Abelian and gapless U(1) spin liquids

In light of the discussion above, we can construct the mean field Hamiltonians for the two
different phases as
HITO = Hhopping + ξ(⃗h) Hpairing + H⃗h

(6.30a)

HSFS = Hhopping + H⃗h ,

(6.30b)

where
H⃗h = −

∑

(
)
fi† hx σ1 + hy σ2 + hz σ3 fi

(6.31)

i

represents the Zeeman coupling to a magnetic field in the [hx hy hz ] direction. Nevertheless,
H⃗h should not be literally taken as the full effect of a Zeeman field, since the latter can also
renormalize the parameters in the other terms of the Hamiltonian. The strength of the pairing
ˆ
ξ(⃗h) is modulated as ξ(⃗h) = (1 − |⃗h|/hc1(⃗h))1/2 ∈ [0, 1] such that it vanishes at the critical field
ˆ
ˆ
hc1(⃗h), and ξ(⃗h) = 0 for |⃗h| > hc1(⃗h). Since the Higgs mechanism is responsible for the ITO to
SFS phase transition, the choice of a 1/2 power law is in analogy to the pairing amplitude of
a superconductor. In general, the critical field hc1 depends on the direction of the magnetic
ˆ
ˆ
field, ⃗h = ⃗h/|⃗h|. For concreteness, however, we will neglect this anisotropy and set hc1(⃗h) = 0.8
throughout this work. We reiterate that choosing a gauge that does not mix f and f † in the
symmetry transformations (6.16) is essential here since, otherwise, dropping the pairing term
would break the symmetries of the system and, as such, not constitute a proper description
of the ITO to SFS transition. Within our description, Hhopping , Hpairing , and H⃗h separately
preserve all symmetries in Eq. (6.16).
To match the conventions of the literature with the magnetic field along the [111] direction,
we use h not to denote the magnitude of ⃗h, but instead to parameterize it as ⃗h = (h, h, h)T
for this specific orientation of the magnetic field.
Some representative dispersions of this mean-field Hamiltonian are shown in Fig. 6.2. As
the magnetic field is increased, the Fermi pockets emerge, change in size and shape, and
eventually disappear. In this process there can be Dirac crossings of the four bands, but since
such crossings always occur away from the chemical potential, they do not induce a phase
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Figure 6.2: Dispersions of the mean-field spinon Hamiltonian, Eq. (6.29), for the Kitaev model
with J1 = 1 and J1′ = 3.5; plotted here is εn,⃗k ≡ En,⃗k − µ. At low fields (a,b), we take the
3
coefficient
√ of the second-NN hopping to be J2 = −2.5h , in accordance with Eq. (6.8). For
h = 0.7/ 3 (a), the system is in √
the ITO phase; diagonalizing HITO [Eq. (6.30a)] yields eight
fully gapped bands. At h = 0.8/ 3 (b), the band structure clearly displays both electron-like
and hole-like Fermi surfaces as expected in the SFS phase. When h > 1 (c,d), H3s is no longer
perturbative, so we employ an
J2 = −0.75 and constant; the corresponding
√ ansatz in which √
field strengths are (c) h = 4/ 3, and (d) h = 6/ 3. The Fermi surfaces shrink as the field is
increased, eventually leading to the gapped polarized phase (d).

transition [759].
Prior to delving into the thermal Hall response of Hkmf , let us briefly recast the phase
diagram of the finite-field Kitaev model in the language of fermionic spinons. Firstly, the
gapless B phase, within this description, is a p-wave superconducting state of the spinons
with zero-energy excitations at nodal points [88]; these excitations, in turn, constitute a single Dirac fermion. The Majorana fermions of the solution in Section 6.2 appear as the BdG
quasiparticles of the superconducting state. In the presence of a field, the order parameter
acquires an ip component (resulting in a weak-pairing [529] px + ipy chiral topological super-
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Figure 6.3: Phases of the isotropic Kitaev model under a magnetic field in the [111] direction, i.e., hx = hy = hz = h. Starting with the B phase at h = 0, the system transitions from
a non-Abelian chiral QSL with Ising topological order, to a gapless U(1) spin liquid, and
finally, into a trivial polarized state as the field is varied. The three field-induced phases can
also be reinterpreted in terms of the fermiology of the spinons as a px + i py weak-pairing
superconductor, a metal, and a band insulator, respectively, as depicted.

conductor) and the Dirac fermion develops a mass. This leads to a gapped ITO phase—with a
non-Abelian chiral QSL ground state—which remains stable for small magnetic fields ⃗h ∥ [111]
and weak anisotropy, i.e., Kz ≃ Kx = Ky = K. Recognizing the correspondence to a px + ipy
superconductor, it immediately follows that this state must break both time-reversal and
mirror-reflection symmetries as asserted previously.
Bordering the ITO phase is the gapless U(1) spin liquid, which can be interpreted as a
spinon metal. It is characterized by both electron and hole Fermi surfaces of neutral spinons,
coupled to a dynamical U(1) gauge field. This phase persists up to intermediate magnetic
fields and weak anisotropy. Increasing the [111] field further shrinks these pockets, bringing
us to the gapped polarized phase, which is just a band insulator of spinons. This is a partially
polarized magnetic phase [495] that is adiabatically connected to the trivial fully polarized
product state at high fields. As a function of the field, the magnetization monotonically
increases toward its saturation value attained when all the spins are aligned along the [111]
direction.
Finally, in the limit of strong anisotropy, one can also realize the A phase of the Kitaev
model. This gapped Z2 spin liquid corresponds to a trivial strong-pairing p-wave superconductor of the spinons [532, 677]. The state is fully gapped because the nodes in the order
parameter do not intersect the Fermi surface. When h ≪ K, the phase boundary between
the non-Abelian ITO and this Abelian toric phase follows from perturbation theory [312] as
Kz /K ≈ 2 − 38 (h/K)2 + O(h/K)4 . Similarly, analyzing the properties of the toric code
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under a transverse field [159, 656, 657], the phase boundary with the polarized phase can be
analytically determined to be Kz /K ∼ (h/K)−1 . The line Kz /K = 1, which we focus on, does
not cross these boundaries in the (h/K, Kz /K)-plane, so we will never actually encounter the
Abelian phase in our calculations. A schematic phase diagram summarizing the phases that
we probe below is presented in Fig. 6.3.

6.4

Thermal Hall response in the field-induced phases

Our computation of the thermal Hall response will be carried out at the parton mean-field
level, and we will not consider the consequences of gauge fluctuations. In the ITO phase, the
gauge fluctuations are fully gapped and only lead to exponentially small corrections to κxy
at low temperatures. On the other hand, the U(1) gauge fluctuations in the gapless Fermi
surface phase can lead to significant corrections: the structure of these corrections has been
discussed elsewhere [233].
6.4.1

Formalism

The thermal Hall conductivity can be computed from the microscopic Hamiltonian using a
linear-response framework. It is, however, well recognized that calculations of κxy based on a
direct application of the Kubo formula are plagued by unphysical divergences at zero temperature [327, 422]. This is known to be a consequence of the broken time-reversal symmetry in
the system. Under such circumstances, a temperature gradient drives not only the transport
current, but also an experimentally unobservable circulating current [138, 615]. While the
microscopic current density calculated by the standard linear response theory encapsulates
both contributions, the circulating component has to be subtracted out for a well-defined
response since it does not facilitate heat transport. As pointed out by Qin et al. [517], this
can be achieved by carefully accounting for the electromagnetic and gravitomagnetic energy
magnetizations [413, 545], which naturally arise as corrections to the thermal transport coefficients.
We now use the formalism of Ref. 517 to first compute κxy in the SFS phase, for which the
Hamiltonian [Eq. (6.30b)] does not involve any pairing terms. Transforming to momentum

304

Chapter 6. Kitaev spin liquids and field-induced descendants

space, we have

1 ∑ −i⃗k·⃗r
fA(B),η (⃗k) = √
e
fA(B),η (⃗r),
N ⃗

(6.32)

k

where A, B stand for the two sublattices, N is the number of unit cells, and η = 1, 2. The
mean-field Hamiltonian can now be expressed as
Hkmf =

∑

(
)T
ψ⃗† H(⃗k) ψ⃗ , ψ⃗ = fA,1 (⃗k), fA,2 (⃗k), fB,1 (⃗k), fB,2 (⃗k) .
k

k

k

(6.33)

⃗k

Diagonalizing H(⃗k) produces the dispersion in Fig. 6.2(b–d); there are four bands, labeled
by n, with the corresponding eigenergies En,k . The thermal transport coefficient is directly
related to the Berry curvature in momentum space [327], which is given by
⟨
Ωn,⃗k = −2 Im

∂u

n,⃗k

∂kx

∂u

⟩
n,⃗k

∂ky

,

(6.34)

un,⃗k being the periodic part of the Bloch wavefunction with band index n = 1, . . . , 4. For
reference, Fig. 6.4 displays Ωn,⃗k for the n = 2 and n = 3 bands (colored yellow and green,
respectively) of Fig. 6.2(b) and (c), corresponding to the SFS phase at two different fields; we
will see shortly how the variations in κxy can be connected to the momentum space distribution
of the Berry curvatures. Defining
∫
σxy (ϵ) = −
En,k <ϵ

d2⃗k
Ω ⃗,
(2π)2 n,k

(6.35)

which is simply ℏ/e2 times the zero-temperature anomalous Hall coefficient for a system with
chemical potential ϵ [317, 703], the thermal Hall conductivity is given by [517]

κxy

k2
=− B
ℏT

∫

dϵ (ϵ − µ)2 σxy (ϵ) f′ (ϵ − µ)

(6.36)

where µ is the chemical potential and f (ϵ) is the Fermi distribution function. Enforcing the
parton constraint in Eq. (6.12) fixes µ so that the system is always maintained at half filling.
For an isolated band separated from all others by an energy gap, the Chern number, which
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Figure 6.4: Berry curvatures Ωn,⃗k for the second, n = 2, and third, n = 3, bands (which cross
T
⃗
the Fermi surfaces)
in Fig. 6.2(b) and
√ (c). The profiles here
√ correspond to h = (h, h,
√h) with
√
(a) h = 0.8/ 3, n = 2, (b) h = 0.8/ 3, n = 3, (c) h = 4/ 3, n = 2, and (d) h = 4/ 3, n = 3.
The integrals of the curvatures over the Brillouin zone [Eq. (6.37)] define the Chern numbers,
which are (a) 2, (b) 0, (c) −1, and (d) 1.
is the integral of the Berry curvature over the Brillouin zone,
1
Cn =
2π

∫
d2 k Ωn,⃗k ∈ Z,

(6.37)

is well-defined and integer-valued. Using the Sommerfeld expansion, it is easy to see that as
T → 0,
κxy
π k2
=− B
T
6ℏ

∑

Cn .

(6.38)

n ∈ filled bands

Consequently, κxy /T is quantized in units of π/6 as T → 0. On the other hand, if either the
occupied bands are all topologically trivial or the net sum of their Chern numbers is zero,
then κxy eventually vanishes at T = 0. Clearly, this analysis is not applicable to the SFS
state, which is gapless, but it will prove to be relevant to the polarized phase, as well as to
Section 6.5.3 below.
The story has to be modified when the Hamiltonian involves spinon pairing terms, such
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as for the ITO phase [Eq. (6.30a)], since the spinor structure in Eq. (6.33) can no longer be
used. Instead, we can manipulate the Hamiltonian into the BdG form,
Hkmf =

1∑ †
Ψ⃗ HBdG (⃗k) Ψ⃗ ,
k
k
2

(
)T
Ψ⃗ = fA (⃗k), fB (⃗k), fA† (−⃗k), fB† (−⃗k)
k

(6.39)

⃗k

where Ψ is an eight-component Nambu spinor; note that we have suppressed the index η =
1, 2 on each of fA,B for brevity of notation. The bands obtained upon diagonalization of
HBdG are plotted in Fig. 6.2(a); we, once again, denote the associated eigenenergies and
wavefunctions by En,⃗k and un,⃗k , respectively, but with the distinction that n = 1, . . . , 8. This
eight-band description necessitates a theory of the thermal Hall effect for superconductors
[475, 623, 648, 671]. The most general formalism in this regard was developed by Ref. 628,
starting from the assumptions that the BdG Hamiltonian is Hermitian and preserves particlehole symmetry, both of which are satisfied by Eq. (6.39). The end result is remarkably simple:
2
1 kB
2 ℏT
κxy
π k2
=− B
lim
T →0 T
12 ℏ

κxy = −

∫

dϵ (ϵ − µ)2 σxy (ϵ) f′ (ϵ − µ),
∑

Cn ,

(6.40)
(6.41)

n | En,⃗k ≤0

where σ and Cn are defined exactly as in Eqs. (6.35) and (6.37), respectively, but for the BdG
spectrum. The crucial difference compared to Eq. (6.38) is the additional factor of 1/2, which
implies that κxy /T is now half-quantized at zero temperature. Nonetheless, if all pairing
terms were to be dropped, Eqs. (6.36) and (6.40) would yield identical answers for κxy .
Notably, the derivation of the quantum thermal Hall conductivity in Ref. 628 relies solely
on the bulk microscopic Hamiltonian without any reference to the edge whatsoever. However,
their final formula [Eq. (6.40)] is in complete agreement with the result in Ref. 529, which
studied the purely edge theory in a spinless chiral p-wave superconductor to show that the
2 /ℏ), where c =
thermal Hall coefficient in the low-temperature limit is precisely c (πT /6)(kB

1/2 is the central charge of the Ising conformal field theory describing the Majorana edge
state.
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Figure 6.5: Thermal Hall conductivity of the Kitaev model (in mean-field theory) as a function
of field strengths and orientations. Gapped (gapless) phases are portrayed as solid (dashed)
lines. (a) For small magnetic fields in the [111] direction, the zero-temperature value of κxy /T
is half-quantized at −π/12, which is indicative of the Majorana edge state. Increasing |⃗h|
leads to the onset of the SFS phase, whereupon we obtain an unquantized coefficient. (b)
The SFS phase transitions to the trivial partially polarized state at high fields; the latter is
characterized by a vanishing thermal Hall response as T → 0. (c) Temperature dependence of
κxy /T for a magnetic field in the [11x] direction with a fixed magnitude |⃗h| = 0.8 but variable
polar angle θ with respect to the c-axis in the ac plane. (d) Scanning the angle from θ = −π/2
to θ = π/2 in increments of π/12 for a magnetic field |⃗h| = 0.6 shows clear anisotropy, with
a change of sign between θ = −π/4 and θ = −π/6. (e–f) Field dependence of κxy /T for a
magnetic field in the [11x] direction with fixed temperatures T /J1 = 0.1 (e) and T /J1 = 0.5
(f).

6.4.2

Results

The thermal Hall conductivity for the parton mean-field theory [Eq. (6.29)] of the Kitaev
model is shown in Fig. 6.5. Let us first concentrate on the low-field regime with ⃗h ∥ [111]:
under these conditions, as discussed earlier, the second-NN interactions can be regarded as
arising from the perturbative three-spin term of Eq. (6.8), so we set J2 = −2.5h3 . Figure 6.5(a)
illustrates that for small h, κxy /T is quantized at precisely −π/12 as T → 0 over a substantial
field range. This plateau, which is at half of the two-dimensional thermal Hall conductance
in integer quantum Hall systems, agrees perfectly with the existence of the Majorana edge
mode in the ITO phase. The negative sign simply follows from Eq. (6.41) as the Chern
numbers of the lowest four bands in Fig. 6.2(a) are {1, −1, 0, 1} and thus, sum to +1. In
the opposite limit of high temperatures (T ≫ J1 ), the bands are all equally populated, as
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determined by the Fermi distribution function; since the net Chern number of all the bands
is necessarily zero, the thermal Hall conductivity also vanishes as T → ∞. The quantization
persists up to |⃗h| ≤ hc1 = 0.8. Increasing the field beyond this critical value results in the
formation of Fermi surfaces, as seen in Fig. 6.2(b), and the response ceases to be pinned at
−π/12. This transition from the ITO to the SFS phase is described by QCD3 -Chern-Simons
theory, which has emergent gapless Dirac fermions (with Nf = 1 flavors) coupled to a U(2)
Chern-Simons gauge field [273, 586, 759]. Once the Fermi surfaces begin to grow, there is
an additional component to the zero-temperature value of κxy /T , which we can quantify as
∆ ≡ limT →0 (κxy /T ) − (−π/12). The sign of this deviation ∆ is positive in Fig. 6.5(a) and
can be understood in terms of the Berry curvatures as follows. As h is increased from hc1 ,
the electron-like Fermi surfaces near the Γ point of the Brillouin zone, as well as the hole-like
pockets near the K and K ′ points, start to expand. In the process, κxy effectively gains (loses)
some contribution from part of the third (second) band. However, from Fig. 6.4(b), we can
see that the Berry curvature of the n = 3 band centered around the Γ point is negative, so,
by Eq. (6.36), the portion of the third band below the Fermi surface contributes to a positive
∆. Analogously, the curvature of the n = 2 band in the vicinity of K and K ′ is positive, and
therefore, given the hole-like nature of the Fermi surfaces concerned, this too leads to a net
positive ∆.
Proceeding to even larger h, one would expect to move beyond the scope of Eq. (6.8);
therefore, we now take the parameter J2 to be a constant (instead of the earlier cubic h
dependence); physically, this amounts to asserting that a finite J2 emerges spontaneously
as the effect of an external magnetic field. Specifically, we set the ratio J2 /J1 = −0.75, as
suggested by the density-matrix renormalization group (DMRG) results of Zou & He [759].
Upon increasing the field, the Fermi surfaces gradually shrink [see Fig. 6.2(c)], and the system
is driven into the field-induced polarized phase. Figure 6.5(b) highlights the thermal Hall
signatures of this quantum phase transition, which can be described by Nf = 2 QCD3 [759].
While we initially observe a nonzero κxy /T at zero temperature for h ≲ hc2 = 5.5, this
disappears in the partially polarized phase, for which limT →0 (κxy /T ) = 0. Intuitively, this
trivial response can be deduced from Eq. (6.38) as the sum of the Chern numbers of the
occupied bands is zero. The trends of κxy /T in Fig. 6.5(b) can once again be understood,
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at least at low temperatures, in terms of the Berry curvatures for the n = 2 and n = 3 bands,
plotted in Figs. 6.4(c) and (d), respectively. Note that the mean-field hc2 does not match the
critical field predicted in numerics, which is unsurprising since we neglect the possibility that
the magnetic field can also nontrivially renormalize the other couplings in the Hamiltonian.
Moreover, while the sum of Chern numbers in the occupied bands is zero in the polarized
state, the Chern number of each individual band is nontrivial. However, because we expect
the excitations in the polarized state are “spin-flips”, which are bound pairs of spinons, the
spinon band topology is not directly relevant.
Thus, we have demonstrated the origin of a large but unquantized thermal Hall conductivity
in Kitaev materials, such as α-RuCl3 , without assuming any spin-orbit coupling terms in the
Hamiltonian beyond those already in the original Kitaev model (6.1). This is to be contrasted
with the scenario proposed by Ref. 202, in which the spinons experience an emergent Lorentz
force in the applied field due to additional Dzyaloshinskii-Moriya (DM) interactions [162, 451].
Such a mechanism relies on the field generating a finite second-NN scalar spin chirality on the
honeycomb lattice through the DM interaction, thereby inducing an internal gauge flux for
the spinons, which gives rise to thermal Hall transport. However, our calculations above show
that the unquantized behavior of the thermal Hall effect does not hinge on DM interactions,
the microscopic forms of which are presently unclear [696], but rather, is a much more general
phenomenon.
2 /ℏ) for a
Recall that we can also obtain a nonzero thermal Hall conductivity of O(kB

generic vector ⃗h ∥ [11x], which lies on the ac plane. A special case of this is, of course, the
[111] direction that we have considered so far. To generalize our previous results, we present
in Fig. 6.5(c) and (d) the temperature dependence of κxy for other polar angles, θ, of the
magnetic field [293], with strengths corresponding to the SFS and ITO phases, respectively.
Note that the variation with θ changes not only the Zeeman term in Eq. (6.31) but also the
coefficient J2 ∝ hx hy hz . Interestingly, we observe in Fig. 6.5(c) that, for small rotation angles
around θ = π/8, the zero-temperature value of κxy /T is enhanced from the quantized value in
the ITO phase. While κxy is almost invariant under change of sign of the angle θ in the SFS
state (not shown for clarity), there is a clear anisotropy in the ITO phase [see Fig. 6.5(d)], as
was noticed earlier [216, 726]; upon increasing θ from −π/2, we see that κxy /T is first half310
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quantized at a positive value, and subsequently changes sign between θ = −π/4 and θ = −π/6
to a negative value.
Finally, in Fig. 6.5(e) and (f), we show the magnetic-field dependence of κxy /T at two
different temperatures for different angles θ. At a low but finite temperature in Fig. 6.5(e),
κxy /T decreases smoothly for small magnetic field. As the field’s magnitude increases to |⃗h| =
0.6, a plateau at −π/12 for θ = 0 and θ = π/24 indicates the ITO phase. We note that for lower
temperatures T /J1 < 0.1 (not shown), the plateau persists for a wider range of fields. Further
increase of the magnitude of the field to |⃗h| = 0.8 shows a phase transition to the SFS phase.
At a higher temperature, Fig. 6.5(f), the thermal Hall conductivity dies off approaching zero
as expected.

6.5

Triangular-lattice Heisenberg antiferromagnet

The Kitaev model, studied in the previous sections, provided a natural platform to probe the
thermal Hall transport in a gapless U(1) spin liquid: associated with the onset of Fermi surfaces, we found an additional zero-temperature contribution to κxy that destroys the original
quantization. To gain more insight into this generic behavior, we now turn to a different class
of spin models: Heisenberg antiferromagnets. Recent numerical evidence [211] suggests that,
on a triangular lattice, the Heisenberg model with competing interactions offers another example of a quantum spin liquid with emergent Fermi surfaces. Importantly for our purposes,
the physics of this system, which is fully spin-rotation invariant, is inherently different from
the Kitaev model that, by construction, relies on spin-orbit coupling.
The Heisenberg model on the triangular lattice has long been the prototype to understand
the effects of competing interactions on magnetic orders [319, 340, 587, 723] and potential
QSL states [487] in several materials. We here consider exchange interactions up to third
NNs with the corresponding Hamiltonian
Hh = J1

∑
⟨i,j⟩

⃗i · S
⃗j + J2
S

∑
⟨⟨i,j⟩⟩

⃗i · S
⃗j + J3
S

∑

⃗i · S
⃗j ,
S

(6.42)

⟨⟨⟨i,j⟩⟩⟩

where Jn > 0 stands for the strength of the nth -NN exchange coupling; in particular, the
inclusion of further interactions beyond NNs alone is believed to be an important ingredient
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in stabilizing QSLs. In such a frustrated system, quantum fluctuations can induce QSL states
in the vicinity of classical phase boundaries between different magnetic orders [532, 548].
Even with J3 = 0, the model in Eq. (6.42) is widely recognized to host a spin-liquid phase.
The nature of this so-called J1 -J2 spin liquid has been a subject of extensive debate, with
several proposed scenarios including a gapless U(1) Dirac spin liquid [274, 298, 323], a gapped
Z2 spin liquid [546, 741, 755], or competing spin liquid states [277] among others. The story
is even richer upon adding the J3 coupling; it is believed that the J1 -J2 spin liquid can then
extend to a larger parameter range [295, 722]. In a recent work, Gong et al. [211] studied the
J1 -J2 -J3 Heisenberg model using the DMRG algorithm. Choosing J1 = 1.0 as the overall
energy scale, they identified a CSL phase in the coupling range 0 ≤ J2 /J1 ≤ 0.7, 0 ≤ J3 /J1 ≤
0.4, in proximity to the previously found J1 -J2 spin liquid and the triple point of the different
magnetic orders. Unlike the gapped CSL phase on the kagomelattice [212, 213, 252], the CSL
phase harbored by the triangular lattice is gapless. This state spontaneously breaks time⃗i · (S
⃗j × S
⃗k )⟩ for the three spins i, j, k on
reversal symmetry with a finite scalar chiral order ⟨S
a triangular plaquette. Moreover, the large central charge estimated numerically is redolent
of a scenario with emergent spinon Fermi surfaces [297, 453, 462, 607]. In light of these
observations, we will now try to understand the thermal Hall effect in this CSL phase and
compare the response to that previously evaluated for the Kitaev model.
6.5.1

Model

In order to explain the abovementioned DMRG results, Ref. 211 proposed a staggered flux
state, which could account for both the Fermi surfaces in the gapless CSL and the observed
coexisting chiral edge modes [156, 387]. As before, we construct a mean-field theory for this
state using the Abrikosov-fermion representation of spin-1/2 operators (6.14). Due to the
SU(2) spin-rotational symmetry, the Hamiltonian simplifies considerably using the identity
1
1
Ŝix Ŝjx + Ŝiy Ŝjy + Ŝiz Ŝjz = − c†iα cjα c†jβ ciβ + c†iα ciα c†jβ cjβ ,
2
4
with repeated indices implicitly summed over. In a U(1) QSL, all spinon pairing terms must
necessarily vanish. Thus, carrying out the mean-field decoupling with the assumption that
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Figure 6.6: Phase diagram of the J1 -J2 -J3 Heisenberg model in mean-field theory [see
Eq. (6.45)]. At J2 = 0, the spectrum is gapless and hosts a pair of Dirac cones. By varying J3 while keeping J2 fixed, the system can be driven from a gapped J1 -J2 spin liquid,
with a quantized zero-temperature κxy /T to a gapless U(1) CSL with emergent spinon Fermi
surfaces and an unquantized response. The red points indicate the values of J3 considered
for computing the thermal Hall conductivity in Fig. 6.9(a).
only fermionic hopping terms acquire nonzero expectation values, the Heisenberg Hamiltonian
∑
H ≃ i,j Jij Si · Sj reads (up to constants) as

Hhmf =

∑ Jij ∑ (
⟨ij⟩

4

α

) ∑J
ij
∗ †
|ζ |2 ;
−ζij
ci,α cj,α + h.c. +
4 ij
⟨ij⟩

ζij ≡

∑ †
∗
⟨ci,α cj,α ⟩ = ζji
.

(6.43)

α

Note that in deriving Eq. (6.43), we have made use of the single-occupancy constraint (6.12)
on the parton Hilbert space to eliminate on-site terms such as ⟨c†iα ciα ⟩ at the mean-field level.
In principle, the ζij can be solved for self-consistently but here, for the sake of generality,
we treat them as free (bounded) parameters. The expectation values {ζij } then collectively
define a mean-field ansatz. The projective action of lattice or time-reversal symmetries on
this ansatz describes the particular spin-liquid state of interest. Specifically, we focus on a
U(1) spin liquid known as the staggered flux state [63, 390, 678]. Its PSG specifies that the
fermionic spinons transform as
T

T

1
2
cα (⃗r) −→
cα (⃗r + a1 ), cα (⃗r) −→
(−)r1 c†α (⃗r + a2 ),

under translations T1 and T2 along the unit vectors a1 = (1, 0) and a2 = (1,
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√
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lattice, respectively. As can be seen from the factor of (−1)r1 in Eq. (6.44), the mean-field
ansatz is translationally invariant only modulo a gauge transformation, thus necessitating
the use of a two-site unit cell when working in a fixed gauge. In spite of the unit cell being
doubled, the projected wavefunction, of course, preserves the lattice translation symmetries
along both a1,2 .
6.5.2

Ansatz for the staggered flux state

In this subsection, we summarize the details for the staggered flux state proposed by Gong
et al. [211] to explain their numerical observation of a gapless CSL in the J1 - J2 - J3 Heisenberg
model.
The structure of the mean-field theory that we study is as follows. Since the underlying
spin model retains couplings up to third-NN sites, it is only natural to allow for all symmetryallowed hopping terms up to the same range in the mean-field ansatz. To wit, we take
Hhmf = J1 H1 + J2 H2 + J3 H3 ,

(6.45)

where Hi describes hopping between ith neighbors.The ground state is always at half filling
of the fermionic spinons. For the purpose of our discussion, it suffices to consider only one of
the two species of spinons; the Hamiltonian for the other species is identical.
To begin, we note that the unit cell is doubled in the mean-field ansatz [524]. Defining the
three NN vectors
(
δ1 = (1, 0) = a1 ,

δ2 =

√ )
1 3
a2
,
= ,
2 2
2

(
δ3 =

√ )
1 3
a2
− ,
− a1 ,
=
2 2
2

(6.46)

the hopping Hamiltonians Hi can be explicitly written as
H1 = ζ

∑(

eiϕ1 c⃗†r c⃗r+δ1 + e−iϕ1 c⃗†r+δ2 c⃗r+δ1 +δ2 + eiϕ2 c⃗†r c⃗r+δ2 − e−iϕ2 c⃗†r+δ2 c⃗r+2δ2

⃗
r

+c⃗†r c⃗r+δ3

H2 = λ

∑(

+

c⃗†r+δ2 c⃗r+δ3 +δ2

)
+ h.c. ,

(6.47)

eiφ1 c⃗†r c⃗r+δ1 +δ2 + e−iφ1 c⃗†r+δ2 c⃗r+δ1 +2δ2 + eiφ2 c⃗†r c⃗r+δ2 +δ3 + e−iφ2 c⃗†r+δ2 c⃗r+2δ2 +δ3

⃗
r
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+eiφ3 c⃗†r c⃗r+δ3 −δ1

H3 = ρ

∑(

−

e−iφ3 c⃗†r+δ2 c⃗r+δ2 +δ3 −δ1

)
+ h.c. ,

(6.48)

eiγ1 c⃗†r c⃗r+2δ1 − e−iγ1 c⃗†r+δ2 c⃗r+δ2 +2δ1 + eiγ2 c⃗†r c⃗r+2δ2 − e−iγ2 c⃗†r+δ2 c⃗r+3δ2

⃗
r

+eiγ3 c⃗†r c⃗r+2δ3

−

e−iγ3 c⃗†r+δ2 c⃗r+δ2 +2δ3

)
+ h.c. .

(6.49)

While we set the NN-hopping strength ζ to unity without loss of generality, the real-valued
amplitudes λ and ρ are still allowed to vary freely. To ensure compatibility with the DMRG results of Ref. 211, we choose λ = 1.0, and ρ = 3.0, with the accompanying phases ϕ1 = ϕ2 = π/2,
φ1 = φ2 = φ3 = 0, and γ1 = γ2 = γ3 = π/2.
The mean-field phase diagram and band structures determined from this ansatz are sketched
in Figs. 6.6 and Fig. 6.7, respectively. On setting ϕ1 = ϕ2 = π/2, the ansatz with NN hopping
alone reduces to the familiar π-flux U(1) QSL state [405], and we see that the spectrum exhibits
a pair of Dirac cones, centered at half filling, for each spinon species as drawn in Fig. 6.7(a).
However, one can also engineer any other value of the flux threading each plaquette through
a suitable choice of the phases ϕ1,2 . Inclusion of the second- (or third-) NN hoppings results
in the opening of a direct gap at each Dirac cone. The resultant (fully gapped) bands are
topologically nontrivial, with Chern numbers C = ±1; from the bulk-boundary correspondence
[247, 641], this gives rise to the chiral edge state. Lastly, the third-NN hoppings split the
degeneracy of the two Dirac cones, generating a particle-like and a hole-like SFS, one around
each Dirac point [blue and red, respectively, in Fig. 6.7(e)]. These terms do not alter any of
the topological properties, which are controlled instead by J2 . Since the mean-field ground
state is, once again, at half filling by virtue of Eq. (6.12), the particle- and hole-like Fermi
surfaces are always perfectly compensated.
So far, we have regarded the couplings Ji as material parameters which are inherent to the
particular quantum magnet under consideration and thus, cannot be easily varied. For the
purpose of tunability, therefore, it is useful to consider the coupling to an external field, as
a function of which, the system can be driven across a phase transition between the J1 -J2
spin liquid and the CSL. Note that time-reversal symmetry is already broken by a nonzero
J2 in Eq. (6.45) (i.e., there does not exist a gauge transformation which, combined with the
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 6.7: Band structure of the staggered flux ansatz [Eq. (6.45)] along high-symmetry lines
with mean-field parameters as follows. The amplitudes of the first-, second-, and third-NN
hoppings are ζ = 1.0, λ = 1.0, and ρ = 3.0; the associated phases are ϕ1 = ϕ2 = π/2, φ1 = φ2 =
φ3 = 0, and γ1 = γ2 = γ3 = π/2, respectively. Each band is doubly degenerate as the two
spinon species have identical energies. (a) At J2 = J3 = 0, there are two Dirac cones in the
spectrum. (b) Adding a nonzero J2 = 0.3 gaps them out. (c) A small J3 = 0.04/ρ shifts the
two cones unequally; note that the state is still gapped at this stage. (d) Finally, beyond a
threshold J3 , Fermi surfaces emerge as plotted here for J3 = 0.16/ρ. (e) The blue and yellow
pockets trace out electron-like and hole-like Fermi surfaces, respectively. Owing to our choice
of a two-site unit cell, the Brillouin zone is defined as the region enclosed by the dashed
rectangle. (f) The Berry curvature is a function of J2 alone; for each of the two bands, its
distribution in momentum space is peaked at the ⃗k-vectors of the original Dirac points.
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action of the TRS operation, leaves the ansatz invariant)—this points toward a natural route
to incorporating the effect of a magnetic field, as in the Kitaev model. However, H2 also
breaks further symmetries, including reflections, C2 rotation, as well as the combination of
reflection and time-reversal: so, as it stands, H2 lacks the correct symmetries to describe
a physical magnetic field perpendicular to the plane of the system. Similar considerations
apply to H3 —which breaks the degeneracy of the Dirac points—as well. In fact, any term
breaking the degeneracy of the Dirac points in this model cannot have the symmetries of a
perpendicular magnetic field.
This immediately implies that a Fermi surface cannot arise from field-induced couplings in
this particular model because in order to have a Fermi surface, the degeneracy of the Dirac
√
√
points at ⃗k = (0, π/2 3) and (π, π/2 3) must be broken; we now prove this statement explicitly. After a Fourier transformation, a general coupling contributes a term to the Hamiltonian
in the form of
∑
⃗k

(
η⃗†
k

v0 (⃗k)I +

3
∑

)
vi (k)σ i

η⃗k ,

(
)T
η⃗k = c⃗k,+ , c⃗k,− ,

(6.50)

i=1

where we have denoted I to be the identity matrix and +, − to be sublattice labels. Under
√
⃗
this coupling, the energy of the (possibly gapped) Dirac points are shifted by v0 (k) − vi (⃗k)2 .
Note that v0 (⃗k) and vi (⃗k) are made up of trigonometric terms with the general form


3
∑
sin 
nj δj · ⃗k + ϑ ,

(6.51)

j=1

for ni ∈ Z. Now, due to the constraints from the projective translation symmetry, any allowed
vi (⃗k) term will end up not breaking the degeneracy of the Dirac points. Therefore, the
condition that the two Dirac points are shifted differently means that we must have a v0 (⃗k)
term that does so. Such terms come from couplings between the same sublattice (+ or −)
and can take the form
eiϕ c⃗†r c⃗r+n1 δ1 +2n2 δ2 + e−iϕ c⃗†r+δ2 c⃗r+δ2 +n1 δ1 +2n2 δ2
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with ϕ ̸= ±π/2 for n1 odd or
eiϕ c⃗†r c⃗r+n1 δ1 +2n2 δ2 − e−iϕ c⃗†r+δ2 c⃗r+δ2 +n1 δ1 +2n2 δ2

(6.53)

with ϕ ̸= 0 or π for n1 even. It can be checked that neither of the terms above have the correct
symmetries of the magnetic field, which breaks time-reversal and reflections but preserves their
composition. Thus, field-induced couplings in this ansatz will not lead to a Fermi surface.
To correct for this shortcoming, we now construct an alternative mean-field Hamiltonian
which resembles Eq. (6.45) but with the minimal modification that the second-NN hopping
term mimics the orbital coupling of a magnetic field [593] from the point of view of symmetries.
The spinons transform as
C

(6.54a)

cα (⃗r) −
→ (−)r1 +r2 cᾱ (⃗r),

Θ

(6.54b)

1
cα (⃗r) −−→
e−i r2 π/2 cα (R1⃗r) ,

R

(6.54c)

R

(6.54d)

2
cα (⃗r) −→
(−)r1 +r2 cα (C2⃗r) ,

2
cα (⃗r) −−→
ei (r1 π−r2 π/2) cα (R2⃗r) ,

where R1 (R2 ) refers to the horizontal (vertical) axis of reflection. The modified term, which
e , breaks time-reversal and both reflections, but preserves C2 and Θ Ri . It is given
we label H
2
by
e2 =
H

)
∑(
iθ1 †
−iθ1 †
iθ2 †
−iθ2 †
e c⃗r c⃗r+δ1 +δ2 + e
c⃗r+δ2 c⃗r+δ1 +2δ2 + e c⃗r c⃗r+δ2 −2δ1 − e
c⃗r+δ2 c⃗r+2δ2 −2δ1 + h.c. ,
⃗
r

(6.55)
in which we set θ1 = π/2, θ2 = 0. This modified second-NN term will open up a direct gap at
each Dirac point, leading to topologically nontrivial bands. We also retain the original H3 ,
which generates a Fermi surface around each Dirac point. Including a coupling to a Zeeman
field in the ẑ direction as well, the combined Hamiltonian assumes the form
∑
e hmf = J1 H1 + Je2 H
e2 + J3 H3 − 1
H
(−)α Bz c†i,α ci,α ,
2
i,α
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(a)

(b)

(c)

(d)

Figure 6.8: Dispersion of the mean-field Hamiltonian (6.56) with the same hopping amplitudes
and phase factors as in Fig. 6.7 for H1 and H3 . The main difference comes from the term
e2 , in which we set θ1 = π/2, θ2 = 0. The remaining parameters (Je2 , J3 ρ, Bz ) are taken
H
to be (a) (0, 0.1, 0), (b) (0.1, 0.1, 0.05), (c) (0.2, 0.1, 0.1), and (d) (0.3, 0.1, 0.15). Since the
modified second-NN hopping in Eq. (6.55) is assumed to originate from the orbital coupling
of a magnetic field, the coupling Je2 is varied proportionally to the Zeeman field Bz .

with Je2 ∝ Bz . The physics of this model, as we will see below, is similar to that of Eq. (6.45).
6.5.3

Thermal Hall conductivity

Since the projective actions of translation symmetries in Eq. (6.44) dictate the use of a twoe hmf can be comsublattice unit cell, the Fourier-transformed counterparts of both Hhmf and H
pactly expressed in momentum space by using a spinor structure identical to Eq. (6.33). This
implies that four bands are obtained upon diagonalization of the respective kernels. With
regard to Hhmf , the bands for the different spinon species are degenerate, as conveyed by
e hmf ; the dispersions of this model
Fig. 6.7. This degeneracy is split by the Zeeman field in H
for relevant parameters are arrayed in Fig. 6.8.
Armed with the band structures, the thermal Hall conductivities of our two mean-field
theories for the J1 -J2 -J3 Heisenberg model can now be computed using Eq. (6.36); the
final results are illustrated in Fig. 6.9. Beginning with Hhmf , at small J3 ≪ J1 , we notice
that κxy /T is quantized for T → 0 [Fig. 6.9(a)], as before. However, the key difference with
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(a)

(b)

(c)

Figure 6.9: Temperature dependence of the thermal Hall conductivity for the J1 -J2 -J3 Heisene mf [Eq. (6.56)].
berg model described by the mean-field theories (a) Hhmf [Eq. (6.45)], and (b) H
h
In both cases, the system can be tuned from the J1 -J2 spin liquid, with a quantized thermal
Hall coefficient of π/3, to a CSL, endowed with spinon Fermi surfaces and an unquantized
response, by varying either (a) the third-NN coupling J3 , or (b) the magnetic field Bz . The
precise mean-field parameters used for the computation of κxy /T are detailed in Figs. 6.7(b–
e hmf for a magnetic field in the z
d) and 6.8, respectively. (c) Field dependence of κxy /T of H
direction. As expected, the thermal Hall conductivity dies off at higher temperatures.
Fig. 6.5 lies in that the plateau occurs at π/3 (gauge fluctuations modify this to π/6 [233]),
as opposed to −π/12 for the Kitaev model. Recognizing that the Chern number of the
lower band in Fig. 6.7(c) is −1, this fourfold-enhanced transport coefficient can be explained
straightforwardly from Eq. (6.38), multiplied by an additional factor of 2 to account for the
two spinon species. As the Fermi surfaces develop for larger J3 , the zero-temperature value
strays from the quantized number; following arguments analogous to Section 6.4.2, the sign of
this deviation can be intuited by inspecting the profiles of the Berry curvatures in the Brillouin
e mf in Fig. 6.9(b), as
zone [Fig. 6.7(f)]. Finally, we also study the thermal Hall response of H
h
a function of the magnetic field Bz , which takes the system from a fully gapped phase to one
with emergent Fermi surfaces. The general features of the conductivity are comparable to
those seen in Fig. 6.9(a), in terms of both the quantization (or lack thereof) as well as the
overall magnitude. It is interesting to note, however, that for any given T , κxy /T is always
monotonically increasing with Bz ; such uniform monotonicity is absent in the case of Hhmf ,
for which κxy /T can either increase or decrease as J3 is tuned, depending on the temperature
range. This effect is also shown in Fig. 6.9(c), which illustrates the thermal Hall response as
a function of the field magnitude Bz .
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6.6

Conclusions

In this chapter, we analyzed the thermal Hall conductivity in two important models of
quantum magnets—the Kitaev honeycomb-lattice model and the J1 -J2 -J3 Heisenberg magnet on the triangular lattice.

We paid special attention to the impact of the magnetic

field, taking into account that it can drive the gapped QSL phases these systems harbor
into gapless QSLs with spinon Fermi surfaces, as indicated by recent numerical studies
[210, 211, 265, 392, 468, 495, 542, 753]. For our computations, we employed a mean-field
description of these phases, based on fermionic spinons, that is constrained by the aforementioned numerics and a PSG analysis.
For the Kitaev honeycomb-lattice model in a magnetic field, Hk + Hz defined in Eqs. (6.1)
and (6.7), our analysis captures three phases: as illustrated in Fig. 6.3, the non-Abelian
ITO phase, which emerges when gapping out the Kitaev B phase by a small magnetic field,
transitions into a gapless U(1) QSL at an intermediate value, hc1 , of the magnetic field. In
the fermionic spinon language, this corresponds to the magnetic-field-induced loss of px +
ipy superconducting pairing; we capture this by the mean-field Hamiltonian in Eq. (6.30)
where the ξ(⃗h) describes the vanishing of the superconducting term. Besides through ξ(⃗h),
the magnetic field also enters as the usual Zeeman term and nonlinearly induces a secondNN hopping J2 ∝ hx hy hz of the spinons. As a result of the finite gap, the thermal Hall
conductivity κxy /T is quantized at zero temperature in the ITO phase [see solid lines in
2 /ℏ at T = 0, resulting from the Chern numbers of
Fig. 6.5(a)]; it reaches −π/12 in units of kB

the BdG spinon bands, and is associated with the presence of Majorana edge modes. When the
superconducting pairing disappears at hc1 , we obtain spinon Fermi surfaces and limT →0 κxy /T
is not quantized any more, but varies continuously with magnetic field [see dashed lines in
Fig. 6.5(a,b)]. We have related its increase with |⃗h| to the distribution of the Berry curvature
and Fermi surfaces of the spinons. For larger magnetic fields, we eventually reach a phase
at |⃗h| = hc2 that is adiabatically connected to the fully polarized state. This corresponds
to a gapped spinon band structure with vanishing net Chern number in the occupied bands
and associated vanishing κxy /T at zero temperature [solid lines in Fig. 6.5(b)]. We have also
studied in detail the predicted dependence as a function of the direction of the magnetic field,
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as summarized in Fig. 6.5(c–f), both for the ITO and SFS phases.
In the second part of the chapter, we have performed a similar analysis for the triangularlattice Heisenberg model with exchange interactions up to third NNs, which is experimentally
relevant as a low-energy description of various QSL candidate materials [141, 319, 340, 345,
359, 368, 388, 389, 487, 487, 535, 587, 604, 605, 609, 708–710, 723, 732, 739, 754]. Motivated
by a recent numerical study [211] indicating that this model can host a gapless spin-liquid
phase with nonvanishing chiral spin correlations, we study two different ansätze, Eqs. (6.45)
and (6.56), that can capture the transition from a gapped to a gapless CSL on the triangular
lattice; see Fig. 6.6. Unlike the Kitaev honeycomb-lattice model, this model does not involve
any spin-orbit coupling; nonetheless, the behavior of κxy /T is qualitatively similar, as can be
seen in Fig. 6.9: in the gapped phase [solid lines in Figs. 6.9(a) and (b)], κxy /T is quantized as
T → 0, albeit with a value four times larger, resulting from the presence of spinful and complex
spinons (as opposed to the nondegenerate bands of Majorana fermions in our description of the
ITO phase of the Kitaev model); in the gapless phase with a spinon Fermi surface, we again
observe that the low-temperature thermal Hall conductivity is not quantized and reduced in
magnitude (see dashed lines).
Taken together, our analysis shows that a proper description of the thermal Hall conductivity in a QSL requires taking into account the effect of the magnetic field on the parameters
of the underlying parton ansatz. We believe that a detailed comparison of our predictions
with future measurements of κxy will help shed light on the possible QSL phases hosted by
“Kitaev materials” and other frustrated magnets.
Finally, we note that our computations were in the context of a spinon mean-field theory.
This yields the correct exact value of the thermal Hall conductivity in the non-Abelian ITO
phase. Gauge fluctuations will be important in the other phases, and some discussion of their
consequences appears elsewhere [233].
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Appendices to Chapter 2

A.1

Derivation of quantum field theory for general N

In Section 2.6.2, we outlined the transfer-matrix calculation of the Euclidean lattice field
theory for the N = 3 chiral clock model, and argued for the form of its continuum limit.
Here, we will generalize this calculation to arbitrary N , and give a direct mapping from
the Euclidean lattice field theory to the continuum quantum field theory of a complex order
parameter field.
Following the derivation in Section 2.6.2, the steps until Eq. (2.62) generalize to arbitrary
N in an obvious way, and we obtain the expression for the partition function

Z=
×

1
N Mτ



∑

exp 2aβJ

{nj (ℓ)}

Mτ ∏
M N
−1
∏
∑
ℓ=1 j=1 ω=0

Mτ ∑
M
∑

[
cos

N

ℓ=1 j=1

(

[

2π (

2π
exp 2aβf cos
ω+ϕ
N

])

)

]



nj (ℓ) − nj+1 (ℓ) + θ 

))
2πiω (
.
exp −
nj (ℓ) − nj (ℓ + 1)
N
(

(A.1)

In this expression, the integers nj (ℓ) are defined modulo N , and live on a rectangular lattice
parametrized by j = 1, 2, ..., M and ℓ = 1, 2, ..., Mτ .
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We now consider the sum over ω, which has the form

SN (∆n) =

N
−1
∑
ω=0

]
)
(
[
2π
2πi∆n
exp 2aβf cos
ω+ϕ −
ω .
N
N

(A.2)

We wish to write this in the form SN (∆n) ∼ ef (∆n) so that we may combine it with the other
exponents in Eq. (A.1), and we are only interested in the a → 0 limit. This sum may be
written

SN (∆n) = exp (2aβf cos ϕ) + δN,2Z exp (−2aβf cos ϕ) cos (π∆n)
−1 {
⌊N
)
(
)}
(
2 ⌋
∑
2πk∆n
2πk∆n
+
+ iα2 (k, N ) sin
, (A.3)
α1 (k, N ) cos
N
N

k=1

where ⌊x⌋ is the floor function, δN,2Z is zero (one) if N is odd (even), and
(
[
]
)
(
[
]
)
2πk
2πk
α1 (k, N ) = 2 exp 2aβf cos
cos ϕ cosh 2aβf sin
sin ϕ ,
N
N
]
)
(
[
]
)
(
[
2πk
2πk
cos ϕ sinh 2aβf sin
sin ϕ .
α2 (k, N ) = 2 exp 2aβf cos
N
N

(A.4)

In the small a limit, SN (0) approaches a constant while the other values of SN (∆n) vanish
linearly with a.
The function SN (∆n) satisfies SN (∆n + N ) = SN (∆n) and SN (−∆n) = SN (∆n)∗ , so we
take the ansatz
(
SN (∆n) = A exp

M
∑

(
Kτ(m) cos

m=1

)
)
2πm
∆n + iφ[∆n] ,
N

(A.5)

where φ[−x] = −φ[x]. By taking the logarithm of the magnitude of both sides of this equation,
we obtain a linear system

log |SN (∆n)| = log A +

M
∑
m=1

(
Kτ(m) cos

)
2πm
∆n .
N

(A.6)

The left-hand side is still a periodic even function of ∆n, so this clearly justifies our ansatz.
Now, if ∆n were a real number, we would need to take M = ∞ to represent the real function
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on the left-hand side. However, we only need this equality to match for the finite set of values
⌊ ⌋
∆n = 0, 1, 2, ..., N2 , so we only need M large enough so that we can solve the linear set of
equations represented in Eq. (A.6). Assuming that the linear system is nonsingular (which
⌊ ⌋
we have checked for N = 3, 4, 5), we can take M = N2 . Additionally, because most of the
(m)

coefficients |SN (∆n)| vanish linearly at small a, the coefficients Kτ

will diverge as log a in

the limit a → 0.
We now consider the complex phase of SN (∆n). For determining this, we turn back to
Eq. (A.2) and write

SN

=

N
−1
∑
ω=0

=

(
[
]
)
2π
2πi∆n
exp 2aβf cos
ω+ϕ −
ω
N
N

∞ N
−1
∑
∑
(2aβf )k

k!

k=0 ω=0

[

2π
cos
ω+ϕ
N

]k

e−

2πi∆n
ω
N

= N eiφ[∆n] .

(A.7)

Since we are taking the a → 0 limit, we determine φ[∆n] from the first nonzero term in the
power series in k. This can be obtained using the identity
N
−1
∑

e−

2πi
ωκ
N

ω=0




N
=

κ = 0 mod N

(A.8)

,



0

else

which can be used to simplify the sum:
N
−1
∑
ω=0

[

2π
cos
ω+ϕ
N

]k

e−

2πi∆n
ω
N

= 2k

N
−1 (
∑

e2πiω/N +iϕ + e−2πiω/N −iϕ

)k

e−

2πi∆n
ω
N

. (A.9)

ω=0

Using the symmetry properties of φ[∆n], it suffices to consider 0 < ∆n < N/2. Then for a
given ∆n, we need to go to the k = ∆n term in this sum before we get a nonzero expression
after summing over ω, which is given by expanding the above binomial and evaluating the
term
2k

N
−1
∑

e2πikω/N +ikϕ e−

2πi∆n
ω
N

ω=0
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= N 2∆n eiϕ∆n .

(A.10)
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Comparing with Eq. (A.7), we find the phase in the small-a limit to be
0 ≤ ∆n < N/2.

φ[∆n] = ϕ∆n,

(A.11)

Together with the relations φ[−∆n] = −φ[∆n] and φ[∆n + N ] = φ[∆n], this completely
determines the function φ[∆n]. For the cases N = 3, 4, we can write
)
(
2ϕ
2π
φ(∆n) = √ sin
∆n ,
3
3
(
)
2π
φ(∆n) = ϕ sin
∆n ,
4

(N = 3),
(A.12)

(N = 4).

For larger values of N , the periodicity and symmetry of φ[∆n] will imply that we can write
it as a Fourier series,
φ[∆n] = ϕ

−1
⌊N
2 ⌋
∑

(
cm sin

m=1

)
2πm
∆n ,
N

(A.13)

where the numerical coefficients cm can be calculated directly from matching this expression
to Eq. (A.11). For N = 3 and 4, we have c1 =

√2
3

and c1 = 1, respectively, and all other

coefficients vanish.
Combining these results, we may now write the partition function in Eq. (A.1) as
Z=C

∑

e−S[nx,τ ] ,

(A.14)

{nx,τ }

with the Euclidean action

−S[nx,τ ] = Kx

∑
x,τ

N
] ∑ ⌊∑
[
]
2 ⌋
2π
2πm
(m)
cos
(nx,τ − nx+1,τ ) + θ +
Kτ cos
(nx,τ − nx,τ +1 )
N
N
x,τ

[

m=0

∑ ⌊∑⌋
N −1
2

+ iϕ

x,τ

m=1

[

]
2πm
cm sin
(nx,τ − nx,τ +1 ) .
N

(A.15)

(m)

Here, the quantum model is obtained in the extreme anisotropic limit Kx → 0, Kτ
(m)

In particular, if the divergence of the coefficients is Kτ
limits such that the combinations Kx e

(m)
−Kτ /ηm
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→ ηm log a at small a, we take the

are finite at a = 0, and the couplings J and
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f are tuned to the phase transition.
Due to universality, we do not expect the details of the nearest-neighbor interactions to
change the critical properties of the phase transition provided the interactions have the same
symmetry properties and remain short-ranged. Thus, for all values of N , it should be valid
to truncate the interactions proportional to Kτ to a single cosine potential:
−S[nx,τ ] = Kx

∑
x,τ

[

]
[
]
∑
2π
2π
cos
(nx,τ − nx+1,τ ) + θ + Kτ
cos
(nx,τ − nx,τ +1 )
N
N
x,τ

2 ⌋
∑ ⌊∑
N −1

+ iϕ

x,τ

m=1

[

]
2πm
cm sin
(nx,τ − nx,τ +1 ) .
N

(A.16)

At this point, the couplings Kx and Kτ are chosen as tuning parameters instead of J and f .
We also assume that the critical region of the phase diagram extend away from the extreme
anisotropic region, so we may take Kx /Kτ ∼ O(1). Since we expect the model to still contain
the same phase structure, this is justified provided the transition remains continuous.
We now turn this into a continuum field theory for a complex scalar. We first simplify our
action (A.16) by taking cm>1 = 0, so that we only keep one of the sine terms. For N > 4
this will ruin the periodicity of the model under ϕ → ϕ + 2π, while for the important cases
N = 3, 4 it is exact; in all cases, the periodicity of ϕ will be obscured by our final expressions
)
( 2π
))
(
(
anyway. We rewrite the fields as a unit vector, vx,τ = cos 2π
N nx,τ , sin N nx,τ ,
−S =

∑

ab a b
Kr,r
′ vr vr′

r,r′

ab
Kr,r
′

(
)
= Kx δr,r+x̂ cos θδ ab + sin θϵab + Kτ δr,r+τ̂ δ ab − i ϕ c1 δr,r+τ̂ ϵab .

(A.17)

Then, the partition function can be written as

∑
ab
Z = exp 
Kr,r
′
r,r′


∂2
∂Xra ∂Xrb′



]
[
])
(
[
−1
∏ 1 N∑
2π
2π
2
1
exp Xr cos
nr + Xr sin
nr
N
N
N
r
nr =0

,
Xr =0

(A.18)
where we have introduced the auxiliary real fields Xr1,2 at each lattice site. Subsequently, we
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work with the complex field Φr = Xr1 + iXr2 . We define the quantities

Gr,r′

)
(
= Kx δr,r′ +x̂ + δr,r′ −x̂ cos θ + Kτ (δr,r+τ̂ + δr,r−τ̂ )
(
)
(
)
+ iKx δr,r′ +x̂ − δr,r′ −x̂ sin θ + ϕ c1 δr,r′ +τ̂ − δr,r′ −τ̂ ,
[

(
)]
N
−1
∗
∑
1
Φ
Φ
V (Φ, Φ∗ ) = − log
exp
ωn +
ω ∗n
,
N
2
2

(A.19)

n=0

where ω = e2πi/N . Then, performing the sum over nr leads to the partition function

Z = exp 2

∑
r,r′


(
)
∑
∂2
 exp −
Gr,r′
V (Φr , Φ∗r )
∂Φ∗r ∂Φr′
r

.

(A.20)

Φr ,Φ∗r =0

At this point, it is noticed that this generates identical diagrams to the theory with interaction
potential V (Φ, Φ∗ ) and Green’s function Gr,r′ [511]. That is, the partition function is identical
to that obtained using the following action for the field Φ:
SΦ =

∑

∑
(
)−1
Φ∗r Gr,r′
Φr +
V (Φr , Φ∗r ) .

r,r′

(A.21)

r

The original ZN symmetry is still present, taking the form Φ → e2πi/N Φ. We will later
expand the potential for small Φ, Φ† , and for now it is useful to pull out the quadratic piece,
U (Φr , Φ∗r ) ≡ V (Φr , Φ∗r ) + 14 |Φ|2 , so the potential U only contains nonlinearities in Φ. We then
have
SΦ =

∑
r,r′

∫
=

BZ

]
∑
1
− δr,r′ Φr +
U (Φr , Φ∗r )
4
r
(
)
2
∑
4 − G(k)
d k
|Φ(k)|2 +
U (Φr , Φ∗r ) ,
(2π)2
4G(k)
r

ψr∗

[

(

Gr,r′

)−1

(A.22)

where
G(k) = 2Kx [cos θ cos kx − sin θ sin kx ] + 2Kτ cos kτ + 2iϕ c1 sin kτ .

(A.23)

This is a formally exact representation of the lattice field theory in Eq. (A.16) except for
having taken cm>1 = 0 for N > 4 (and as promised, the periodicity of our theory under
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ϕ → π + 2π is opaque even in the cases N = 3, 4 where we did not make an approximation).
We now consider the critical regime, where we may expand near k → 0. For the cases of
interest, we have
(

)
4 − G(k)
= r + αx kx + κx kx2 + κτ kτ2 · · ·
4G(k)
(
)
4 − G(k)
= r′ + iατ′ kτ + κ′x kx2 + κ′τ kτ2 · · ·
4G(k)

(ϕ = 0, θ ̸= 0),
(ϕ ̸= 0, θ = 0),

(A.24)
(A.25)

where the coefficients are complicated but generically nonzero real functions of Kx , Kτ , and
either θ or τ . We may also formally write the potential as its power series in Φ and Φ∗ ,
(
)
U (Φr , Φ∗r ) = λ Φ3 + Φ∗3 + u|Φ|4 + · · · .

(A.26)

Going back to position space, kx,τ → i∂x,τ , and in the continuum limit, these become the
theories claimed in Eqs. (2.22) and (2.23).

A.2

M -loop integrals

In the text we need to compute certain M -loop integrals where M needs to be analytically
continued to an arbitrary complex number. We show how to perform these integrals in this
appendix.
Before computing specific integrals, we outline the main steps. We first perform all frequency integrals; due to the structure of the propagator, this will combine most of the denominators. We then combine any remaining denominators, usually by using Feynman parameters.
This will leave us with M integrals over internal momenta of the form

I=

)
∫ (∏
M
dd ki
i=1

(2π)

d

1
,
f (k1 , k2 , ..., kM )γ

(A.27)

where the function f is at most quadratic in the ki , and there may be additional integrations
over Feynman parameters.
We next repeatedly complete the square for all the ki . Focusing on a specific k, the most
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general form for f (k) we encounter is
f (k) = F + ηk 2 + α (k + K1 )2 + β (k + K2 )2

(A.28)

for some constants (which may depend on the other momenta) F , K1 , K2 , η, α, δ. After
writing
(

)
αK1 + βK2 2
f (k) = F + (η + α + β) k +
η+α+β
η
αβ
+
(αK12 + βK22 ) +
(K1 − K2 )2 ,
η+α+β
η+α+β

(A.29)

√
we may shift k → k − (αK1 + βK2 )/(η + α + β) and scale k → k/ η + α + β. Performing
this procedure for all ki , our integral eventually takes the form

I=J

)
∫ (∏
M
dd ki
d

i=1

(2π)

(

k12

+

k22

1
)
2 + ∆2 γ
+ · · · + kM

(A.30)

for some Jacobian J. Applying the identity
)
(
Γ γ − d2
1
Sd
=
d (k 2 + m2 )γ
Γ (γ) (m2 )γ−d/2
(2π)

∫

dd k

(A.31)

iteratively, we have
I = JSdM

Γ (γ − M d/2) ( 2 )M d/2−γ
∆
.
Γ (γ)

(A.32)

In this expression, the dependence on M may be analytically continued to arbitrary values.
A.2.1

(M )

I1

The first integral we encounter is given by the diagram in Figure A.1. Explicitly, this is

(M )
I1 (Ω, K)

≡

)
∫ (∏
M
dωi dd ki
d+1

i=1

(2π)

(

)
(
−iω1 + k12 · · · −iωM
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)
∑M ) (
∑M )2
2
+ kM i Ω + i ωi + K + i ki
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(M )

Figure A.1: Definition of the integral I1

(Ω, K).

After performing each ω integral, all of the denominators combine:

(M )
I1 (Ω, K)

=

)
∫ (∏
M
dd ki
d

i=1 (2π)

(
iΩ +

∑M
i

1
ki2

+ (K +

∑M
i

k i )2

),

(A.33)

which is of the form Eq (A.27). To demonstrate how the steps outlined above look in this
simple case, we now apply Eq. (A.29) iteratively:
)
∫ (∏
M
dd ki
1
2 + (k + k + · · · + k + K)2
(2π)d iΩ + k12 + k22 + · · · + kM
1
2
M
i
)
∫ (∏
M
dd ki
1
=
d
2
2
2
(2π)
iΩ + 2k1 + k2 + · · · + kM + 12 (k2 + k3 + · · · + kM + K)2
i
)
∫ (∏
M
1
dd ki
=
3
d
2
2
2
(2π)
iΩ + 2k1 + 2 k2 + · · · + kM + 13 (k3 + k4 + · · · + kM + K)2
i
= ···

)
∫ (∏
M
1
dd ki
=
3
d
2
2
2 + 1 K2
(2π)
iΩ + 2k1 + 2 k2 + · · · + MM+1 kM
M +1
i
)
∫ (∏
M
1
dd ki
1
.
=
∑
d
d/2
1
2
(2π)
iΩ +
K2 + M
(M + 1)
i ki

(A.34)

M +1

i

Here, we have shifted the integration in each step at will. In the last equality, we rescaled
[( ) ( )
(
)]d/2
the momenta giving the Jacobian 12 23 · · · MM+1
= (M + 1)−d/2 . We may now use
Eq. (A.32), obtaining the final result
(M )
I1 (Ω, K)

=

SdM

Γ (1 − M d/2)
(M + 1)d/2
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(
iΩ +

1
K2
M +1

)M d/2−1
.

(A.35)
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(M )

Figure A.2: Definition of the integral I2

A.2.2

(Ω, K).

(M )

I2

The second integral appears in the diagram in Figure A.2, which is given by

(M )
I2 (Ω, K)

≡

)
∫ (∏
M
dωi dd ki
d+1

i=1

"

(

(2π)

1
[ (
)2 ]
)
(
∑M
∑M
i Ω + ω1 + i=3 ωi + K + k1 + i=3 ki

)
(
−iω1 + k12 · · · −iωM

1
[ (
)2 ] . (A.36)
) (
)
∑M
∑M
2
+ kM i Ω + i=2 ωi + K + i=2 ki

After integrating over all of the frequencies, this becomes

(M )
I2 (Ω, K)

≡

)
∫ (∏
M
dd ki
d

i=1

(2π)

" [
iΩ + k12 +

[
iΩ +

∑M

∑M

2
i=2 ki

1
(

1
(
+ K+

2
i=3 ki + K + k1 +

∑M

∑M

)2 ]

i=2 ki

)2 ] .

(A.37)

i=3 ki

We now integrate over the special momenta k1 and k2 , which combines the two denominators:

(M
)
(
)
2 Γ 1− d 2 ∫
dk
∏
S
d
(M )
i
2
I2 (Ω, K) = d
[
d
2d
(2π)
i=3

1
(
)2 ]2−d .
∑M 2 1
∑M
iΩ + i=3 ki + 2 K + i=3 ki
(A.38)
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(M )

Figure A.3: Definition of the integral I3 (Ω, K, ν3 , K3 ). Here, Ω and K are the total frequency and momentum flowing into the diagram from the left.

The remaining integral is of the form given in Eq. (A.27), so we can perform the steps as
above, obtaining

(M )
I2 (Ω, K)

(
)2
[
]
Γ 1 − d2 Γ (2 − M d/2)
1 2 M d/2−2
=
iΩ +
K
.
Γ (2 − d)
M
(2M )d/2
SdM

(2)

(A.39)

(1)

We can check that I2 (Ω, K) = I1 (−Ω, −K)2 , as can be seen directly from the diagrams.
A.2.3

(M )

I3

The third integral, which is shown in Figure A.3, is

(M )
I3

≡

)
∫ (∏
M
dωi dd ki
d+1

i=1

(2π)

(

−iω1 +

k12

)

1
(
)
2
· · · −iωM + kM

1
][ (
].
" [ (
)
)
(
2
∑M )2
∑M −1
∑M −1
∑M ) (
ki
i Ω+ i
ωi + K + i
i ν3 + i ωi + K3 + i ki
(M )

We first integrate over the frequencies, I3
)
∫ (∏
M
dd ki
d

i=1 (2π)

[
iΩ +

∑M −1
i

ki2

(
+ K+

=

∑M −1
i

1
)2 ] [
ki

iν3 +

∑M
i

ki2

(
+ K3 +

∑M
i

)2 ] ,
ki
(A.40)
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and then combine the denominators using Feynman parametrization,

(M )
I3

∫
=

1

du

)[
∫ (∏
M
dd ki
d

0

i=1

(2π)

(
+u K+

uiΩ + (1 − u)iν3 +

M
−1
∑

2
ki2 + (1 − u)kM

i
M
−1
∑

)2

(
+ (1 − u) p3 +

ki

M
∑

i

)2 ]−2
.

ki

(A.41)

i

We perform the momentum integral using Eq. (A.27), obtaining
(M )
I3

∫
=

SdM Γ (2

1

− M d/2)

du(1 − u)−d/2 [(M + 1) + u(M − 1)]−d/2

0

[
"

uiΩ + (1 − u)iν3 +

u [(M + 1) − u(M − 1)] 2
K
(M + 1) + u(M − 1)

(1 − u) [1 + u(M − 1)] 2
2u(1 − u)(M − 1)
+
K3 −
K · K3
(M + 1) + u(M − 1)
(M + 1) + u(M − 1)

]M d/2−2
(A.42).

We have obtained one pole from the Gamma function sitting out front, but another pole
(which we will see is 1/ϵ) occurs due to the region near u → 1 in the integral; in particular,
due to the factor of (1 − u)−d/2 .
To extract the divergent behavior, let us temporarily assume M = 2 − δ, a case which is
used in the chapter. We write the term in the brackets as
[]M d/2−2

[

1 2
= iΩ +
K
M
[

{[]
M d/2−2

]M d/2−2

1
= iΩ +
K2
2−δ

+
]M d/2−2

(

[

1 2
K
− iΩ +
M

ϵδ
+ ϵ+δ−
2

[

)
log

]M d/2−2 }

[]
iΩ +

1
2
MK

]
+ ··· ,

(A.43)

where we are exploiting the expansion in ϵ = d − 2 and δ = 2 − M in the last line. Now, the
(
)
second term has an overall coefficient ϵ + δ − ϵδ
2 which will cancel the pole in the Gamma
function, and near u → 1, the argument of the logarithm goes to 1, killing the pole in epsilon,
so the latter term is finite. In the chapter, we will also need to evaluate this integral for
M = 3 − δ, where identical steps lead to the same cancellation of divergences.

335

Appendix A. Appendices to Chapter 2

(M )

Figure A.4: Definition of the integral I4 (Ω1 , K1 , ν3 , K3 ), where (Ω1 , K1 ) enters from the
top left and (Ω3 , K3 ) exits from the top right.

In conclusion, we just need the first term, which only depends on Ω and K. This divergent
part of the integral may be written as
(M )
I3

=

SdM

[
]
Γ (2 − M d/2)
1 2 M d/2−2
iΩ +
K
F (d, M ),
M
M

(A.44)

with the special function defined as
∫
F (d, M ) ≡ M

1

du(1 − u)−d/2 [(M + 1) + u(M − 1)]−d/2

0

=

1
+ freg (d, M ).
2−d

(A.45)

Here, freg (d, M ) is regular for d ≤ 2, M > 1. Some explicit values we will use are

freg (2, 2) =

1
log
2

(

16
3

)
,

freg (2, 3) = log 3.

A.2.4

(M )

I4

This integral, shown in Figure A.4, is

(M )
I4

= ≡

)
∫ (∏
M
dωi dd ki
i=1

(2π)

d+1

(

−iω1 +

k12

)

1
(
)
2
· · · −iωM + kM
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1
][ (
].
" [ (
) (
∑M ) (
∑ M )2
∑
∑ M )2
i ν1 + i ωi + K1 + i ki
i ν3 + M
ω
+
K
+
k
i
3
i
i
i

(A.47)

After the frequency integrations, we end up with two denominators. After combining them
with Feynman parameters and performing the momentum integrals, we obtain
(M )

I4

∫
×

(Ω, K) =

1

SdM
(M + 1)d/2

[ (
du u iν1 +

0

Γ (2 − M d/2)

K12
M +1

)

(A.48)

(
+ (1 − u) iν3 +

K32
M +1

)

M u(1 − u)
+
(K1 − K3 )2
(M + 1)

]M d/2−2
.

We will only need this integral near M = 2 where the remaining integral is finite, and the
divergence is entirely due to the gamma function out front. Setting M = 2 − δ and d = 2 − ϵ,
the divergent part of the integral close to ϵ = δ = 0 is
(2−δ)

I4

A.3

=

Sd2−δ
(3 − δ)

1−ϵ/2

1
.
(ϵ + δ − ϵδ/2)

(A.49)

Renormalization constants for the ZN dilute Bose gas

In the chapter, we outlined our method for computing the renormalization constants for
the ZN DBG. In our renormalization convention, we found it useful to define the auxiliary
quantities
2δ
,
1−δ
δ
,
ϵ2 (δ) = −
1 − δ/2
2δ
ϵ3 (δ) = −
,
3−δ
ϵ1 (δ) = −

as well as the functions

α1 (ϵ, δ) =
α2 (ϵ, δ) =
α3 (ϵ, δ) =

4
,
Γ(3 − δ)(2 − δ)1−ϵ/2
2Γ(ϵ/2)
,
Γ(ϵ)Γ(1 − δ)(4 − 2δ)1−ϵ/2
18
,
Γ(4 − δ)(3 − δ)1−ϵ/2
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α4 (ϵ, δ) =
α5 (ϵ, δ) =

3Γ(ϵ/2)2
,
2Γ(2 − δ)(6 − 2δ)1−ϵ/2 Γ(ϵ)2
6
.
Γ(3 − δ)(3 − δ)1−ϵ/2

(A.51)

All of these functions have the simple limit αi (0, 0) = 1.
In terms of these definitions, the explicit expressions for the renormalization constants are

Zg = 1 +

g g2
3(1 − δ/4)(1 − δ/3)α1 (ϵ1 (δ), δ)λ2
α1 (ϵ1 (δ), δ)λ2
+ 2 +
−
ϵ
ϵ
8g (δ + ϵ/2 − ϵδ/2)
2δ(ϵ − ϵ1 (δ))

(A.52)

2λ2
λ2 α(ϵ1 (δ), δ)
α2 (ϵ2 (δ), δ)λ2
+
+
4δ(ϵ − ϵ2 (δ))
δ(ϵ − ϵ2 (δ))Γ(3 − δ)
4ϵδ
[
]
2freg (ϵ2 , 2 − δ)
λ2
α2 (ϵ2 , δ)
4
−
(Γ(ϵ2 /2) − 2/ϵ2 ) +
+
,
δ + ϵ − ϵδ/2
8
Γ(3 − δ)
Γ(3 − δ)(3 − δ)1−ϵ2 /2
+

21g 2
6
Zλ = 1 + g(1 − δ/4)(1 − δ/3) + 2 (1 − δ/4)(1 − δ/3)(1 − δ/2 + δ 2 /14)
ϵ
ϵ
−

6g 2 log(4/3)
3λ2
(1 − δ/4)(1 − δ/3)(1 − δ/2) +
,
ϵ
8ϵy1

Z = 1+

(A.53)

λ2 α3 (ϵ2 , δ)
2α3 (ϵ2 , δ)
α4 (ϵ3 , δ)
− gλ2
(1 − δ/4)(1 − δ/3) + gλ2
18y2
3δ(ϵ − ϵ2 )
3δ(ϵ − ϵ3 )

α4 (ϵ3 , δ)[Γreg (ϵ3 ) − 1/ϵ3 ]
α3 (0, δ)(1 − δ/3)
− gλ2
3δ(ϵ − ϵ3 )
3y3
α
(0,
δ)(1
−
δ/3)f
(ϵ
,
3
−
δ)
3
reg 3
− gλ2
,
3y3
+ gλ2

Zτ =1 −
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λ2 α3 (ϵ2 , δ)
2α3 (ϵ2 , δ)
α4 (ϵ3 , δ)
+ gλ2
(1 − δ/4) − gλ2
54y2 (1 − δ/3)
9δ(ϵ − ϵ2 )
9δ(ϵ − ϵ3 )(1 − δ/3)

− gλ2

α4 (ϵ3 , δ)[Γreg (ϵ3 ) − 1/ϵ3 ]
α3 (0, δ)freg (ϵ3 , 3 − δ)
α3 (0, δ)
,
+ gλ2
+ gλ2
9δ(ϵ − ϵ3 )
9y3 (1 − δ/3)
9y3

Z2 = 1 −

λ2 α5 (ϵ2 , δ)
.
6y2
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Plugging these definitions into Eqs. (2.86)–(2.89), one can check that the resulting renormal338
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ized 1PI vertices are finite for arbitrary external frequency and momentum. One may also
check that the δ → 0 limit of these reduce to simple poles in ϵ with no finite part, which was
our defined renormalization scheme.

A.4

The ϕ ↔ θ duality in the chiral clock model

The ϕ ↔ θ duality, introduced in Section 2.5.3, maps the Hamiltonian of the chiral clock
model onto itself under the simultaneous interchange of both f ↔ J and ϕ ↔ θ. Despite this
mapping, the two sides of the phase diagram are not the same in that the energy levels are
not identical owing to boundary effects.
The critical exponents of the chiral Z3 transition were recently studied for ϕ = 0, θ ̸= 0
by Ref. 562; here, we consider its dual case with θ = 0 and 0 ≤ ϕ < π/6, varied in steps
of π/48, in the subspace J = 1 − f . The precise location of the QPT can be ascertained by
plotting Lz ∆L against the tuning parameter f for various lattice sizes (ranging from L = 60
to L = 100) and values of z. Equation (2.11) asserts that the quantity Lz ∆ is independent
of the length of the system L right at the QCP f = fc . This, in turn, implies that, with the
correct choice of z, all the curves for Lz ∆ should cross at fc for different values of L, thereby
allowing us to determine both fc and z simultaneously. Following this prescription, we are
able to determine the intersection point of the curves for different lengths to an accuracy of
10−4 by scanning progressively finer intervals. The variation of the crossing points with ϕ
(for θ = 0) is noted in Table 2.1, along with the corresponding values for ϕ = 0, θ ̸= 0 (from
Ref. 562). Although the QCPs in the two cases are obtained separately, it is easy to observe
that fc |ϕ=0 = 1 − fc |θ=0 , as predicted by the duality.
The values of z obtained in this fashion can be independently corroborated in order to check
for any dependence (or lack thereof) on the particular system sizes over which FSS is applied.
While our former approach relied on considering ∆ as a function of f , one can alternatively
study the scaling of ∆ as a function of L instead, at f = fc . Using the ansatz ∆ (L) = c L−z ,
we obtain the best functional fit for the gap, treating the coefficient c and the exponent z as
free parameters. Table A.1 lists the values of z thus obtained, together with those for ϕ = 0,
θ ̸= 0. The exponents in these two cases while close, are not exactly the same since they are
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θ

fc |ϕ=0

z

zc

ϕ

fc |θ=0

z̄

z̄ c

π/48

0.4990

1.003

1.00(9)

π/48

0.5010

1.000

1.00(7)

π/24

0.4961

1.021

1.029(6)

π/24

0.5040

1.013

1.01(4)

π/16

0.4913

1.022

1.02(3)

π/16

0.5090

1.047

1.04(8)

π/12

0.4842

1.078

1.078(2)

π/12

0.5161

1.118

1.119(0)

5π/48

0.4748

1.135

1.132(7)

5π/48

0.5257

1.155

1.150(6)

π/8

0.4627

1.229

1.226(8)

π/8

0.5379

1.224

1.216(4)

7π/48

0.4475

1.368

1.366(1)

7π/48

0.5531

1.331

1.324(6)

Table A.1: Calculated dynamical critical exponents for ϕ = 0, θ ̸= 0 (z) and ϕ ̸= 0, θ = 0
(z̄). Two independent sets of values of z are distinguished: the first series is our estimate
from the crossing points whereas the second (designated by the subscript c) is for the values
determined from fitting ∆ to c L−z .

essentially determined from curve-fitting. Nonetheless, the good agreement between the two
serves as a highly nontrivial check of the duality.
A.4.1

The self-dual phase boundary

A second example of a trivial–topological phase transition can be found in the three-state
chiral clock for f = J and ϕ = θ < π/6. The model is self-dual along this line, which
culminates in a tricritical Lifshitz point at ϕ = θ = π/6. Our first line of investigation is to look
at how the gap closes as a function of the detuning from criticality. Figure A.5(a) demonstrates
that the scaling expected from Eq. (2.10) is reasonably well-satisfied for θ ≤ π/12; however, for
larger θ (and ϕ), this relation clearly breaks down. The marked distinction between these two
regimes can be understood based on the onset of Lifshitz oscillations [537] as one approaches
the tricritical point.
Along the self-dual line, the FSS diagrams [Figs. A.5(c) and A.5(d)] bring to light an
interesting feature: the mass gap oscillates as the system size is varied, with a frequency
that increases with θ up to ϕ = θ = π/6, beyond which the oscillation amplitudes die out
as the system transitions to the incommensurate phase. It is perhaps worth mentioning that
oscillatory energy gaps have been known to occur in other three-state [270] and four-state
[254] systems as well. Such features were carefully analyzed [268] for the one-dimensional XY
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for the length scale of the oscillations, L. Above a certain point,

= ✓ > 0.29 to be precise, L

becomes comparable to (or smaller than) our system size L = 100. Hence, despite an immediate
onset on tuning even slightly away from

= ✓ = 0, it is only above ✓ = ⇡/12 (amongst the

discrete values scanned) that the oscillations become manifestly observable. Since this length scale
corresponds to that associated with the incommensurate order [? ], it is reasonable to believe that
the transition between the ordered and disordered
341 phases proceeds through the incommensurate
phase as previously suggested [? ? ]. This constitutes evidence to support that there should
indeed be a narrow sliver of an incommensurate phase extending all the way to

= ✓ = 0 along
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model in a transverse field, where they can be attributed to analytically demonstrable level
crossings. In the CCM, however, the same is owed to different origins. Similar oscillations
were observed in the EE of this model by Zhuang et al. [756] and studying the shapes of the
EE curves, they proposed the empirical relation
L = ϕ−3.75 + 1.16,

(A.57)

for the length scale of the oscillations, L. Above a certain point, ϕ = θ > 0.29 to be precise,
L becomes comparable to (or smaller than) our system size L = 100. Hence, despite an
immediate onset on tuning even slightly away from ϕ = θ = 0, it is only above θ = π/12
(amongst the discrete values scanned) that the oscillations become manifestly observable.
Since this length scale corresponds to that associated with the incommensurate order [756], it
is reasonable to believe that the transition between the ordered and disordered phases proceeds
through the incommensurate phase as previously suggested [11, 23]. This constitutes evidence
to support that there should indeed be a narrow sliver of an incommensurate phase extending
all the way to ϕ = θ = 0 along the f = J = 0.5 line in the phase diagram.

A.5

Analysis as λ → 0

This appendix will review the arguments of Ref. 236 for the presence of an intermediate
incommensurate phase.
In our formalism, these arguments are most easily presented using the Bose gas action
SΨ in Eq. (2.23). We begin with the case λ = 0. Then, SΨ describes a z = 2 quantum
phase transition at T = 0 with decreasing s, associated with a nonanalyticity in the boson
density [550]. Let the transition occur at s = sc . Then, at length scales larger than the
mean-particle spacing ξ ∼ (sc − s)−1/2 , we have a Luttinger-liquid description of this dilute
Bose gas [558]. Such a Luttinger liquid is described by the quantum fields θ and ϕ which obey
the commutation relation (we use the notation of Ref. 550)
π
[ϕ(x), θ(y)] = i sgn(x − y) .
2
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Note that these variables bear no relation to those in the body of the chapter. The boson
field is
Ψ ∼ eiθ
and the action is
Sθ =

K
2πv

∫

(A.59)

[
]
dxdτ (∂τ θ)2 + v 2 (∂x θ)2 ,

(A.60)

where v is the sound velocity, and K is the dimensionless Luttinger parameter. The main
observation we shall need is that the Luttinger parameter K → 1 in the s ↗ sc limit of the
z = 2 quantum phase transition; the dilute Bose gas in this limit is a “Tonks gas”, and is
described as free fermions.
Now, consider turning on a nonzero λ in the Luttinger-liquid regime. Then, the action Sθ
implies the scaling dimension
[
] N2
dim ΨN =
.
4K
So, λ is a relevant perturbation to the Luttinger liquid only if N <

(A.61)
√

8K. For K = 1 and

N = 3, λ is irrelevant, and the Luttinger liquid phase (i.e., the incommensurate phase) is
stable.
The weakness in the above argument is that it applies only to the Luttinger liquid phase
present for s < sc , and not to its z = 2 critical endpoint at s = sc . To examine the stability of
the critical endpoint, we have to study the regime of length scales smaller than ξ ∼ (sc −s)−1/2 ,
where the Luttinger-liquid description is not valid [558]. In other words, there is an important
issue in the order of limits: the arguments above are for λ → 0 before s → sc , but these limits
should be taken in the opposite order.
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B.1

Two-dimensional density-matrix renormalization group algorithm

The primary tool that we employ to find the ground states of HRyd is the finite-system densitymatrix renormalization group (DMRG) [579, 580, 684, 685], implemented using the ITensor
package [189]. The desired wavefunction can be represented as a matrix product state (MPS)
[426, 655] of the form
|Ψ⟩ =

∑

∑

n
|τ1 , . . . , τn ⟩,
Aτb11 Aτb12 b2 Aτb23 b3 · · · Aτbn−1

(B.1)

τ1 ...τn b1 ...bn−1

where the A are matrices with physical indices τ and link indices b. The DMRG algorithm
then presents an efficient method to find the optimal MPS representation of the many-body
state [581].
Unless stated otherwise, we place the system on a cylinder with open boundary conditions
along x̂ but periodic along ŷ, as opposed to fully periodic boundaries, which would necessitate squaring the number of states required for a given accuracy [626]. One of the major
drawbacks of two-dimensional DMRG is that the number of states retained must be increased
exponentially with the width of the system to maintain a constant accuracy [393] and this
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(a)

y

(b)

y

...

x

x

Figure B.1: (a) The real-space geometry of the system used for performing the DMRG computations, illustrating the cylindrical boundary conditions. The x-axis is the direction along
the cylinder, while the y-axis wraps around it. (b) The numbering scheme used to transform
the 2D lattice into a 1D chain results in a so-called snake-like ordering.

constrains the system sizes that can be simulated: in this work, we considered sizes ranging
from Lx = 8–20 and Ly = 4–10 with an associated bond dimension d =200–1600. The system
is regarded to have converged to its true ground state once the truncation error drops below a
certain threshold value (taken to be 10−11 here) and in practice, the convergence criterion was
typically found to be satisfied after performing ∼ O(102 ) successive sweeps. Our sweeping
strategy entails initially performing a large number of sweeps at relatively small bond dimensions before ramping d up progressively at later stages. To help facilitate the proper build-up
of long-range correlations, a small “noise” term [686] is initially added to the density matrix
at each step, but then turned off in later sweeps. Given a ground state |ψ0 ⟩ obtained in this
fashion, we can also target the first-excited state using the Hamiltonian H ′ = HRyd + wP0 ,
where P0 =|ψ0 ⟩⟨ψ0 | is a projection operator and w is an energy penalty.
Particular care must be taken to ensure the compatibility of the density-wave ordering with
the system size and boundary conditions. Since the open boundaries act as effective pinning
fields [688, 711], the ground state can differ nontrivially between lattices with even and odd
lengths. For instance, both the striated and star phases require Lx to be odd—because the
system prefers maximizing Rydberg excitations at the edges—but on such lattices, we cannot
isolate a defect-free state belonging to the rhombic phase due to the very same reason. A
signature of this disagreement with our 15 × 8 system size is seen in the small fluctuations
of the entanglement entropy in the top-right corner of the phase diagram in Fig. 3.2. In the
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same vein, as evidenced by Fig. 3.3(a), the ideal local magnetization pattern of the staggered
phase is not compatible with the combination of cylindrical boundaries and even Ly , so the
numerically calculated ground state will always have a nonzero density of defects. To reduce
these boundary effects, one can either study the central bulk of a given Lx × Ly system
[400, 687] or switch to open boundaries.

B.2

Quantum Monte Carlo simulations

Our algorithm is based on the work in Refs. 464, 465, which we briefly summarize here for
completeness. We found that, for the Rydberg Hamiltonian, this QMC method performs
better than the conventional stochastic series expansion algorithm with cluster updates [567],
which we attribute to the presence of strong nearest-neighbor blockade interactions that
violate the Ising symmetry. Our QMC scheme operates at a finite temperature T , and,
in order to access properties of the ground state, we work at sufficiently low temperatures,
e.g., T /Ω ∼ 0.01 and 0.02.
We write our d-dimensional system’s Hamiltonian as Ĥ = Ĥ0 + Ĥ1 , with

H=

∑

Vij n̂i n̂j − ∆

i<j

∑
i

{z

|

Ω∑ x
σ̂i ,
2
i
} | {z }

n̂i −

(B.2)

Ĥ1

Ĥ0

where Ĥ0 denotes the part diagonal in the z-basis and Ĥ1 is the off-diagonal term proportional
to σ̂ x . In the discrete imaginary-time representation (with NI sites in the imaginary-time
direction), the partition function is

Z = Tr[e−βH ] = lim

NI →∞

I −1
∑ N∏

α
⃗

⟨αa+1 | e−τ Ĥ0 e−τ Ĥ1 |αa ⟩ ,

(B.3)

a=0

where α
⃗ = α0 , α1 , ..., αNI , αi is a state in the computational (z) basis with αNI = α0 due to
the periodicity induced by the trace, and τ = β/M is assumed to be very small such that the
above Suzuki-Trotter decomposition holds. The partition function in Eq. (B.3) can be recast
as a partition function of a (d + 1)-dimensional classical model, with the index a labeling the
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additional dimension:
Zcl =

∑

⟨αcl |e−βHcl |αcl ⟩ ,

(B.4)

αcl

where αcl are computational basis states of NI × Na spins and

Hcl =

N∑
I −1
a=0

(

N
∑
Vij
i<j

NI

n̂a,i n̂a,j

(
)
)
βΩ
N
N
ln
coth
∑
2NI ∑ z
∆
z
−
n̂i −
σ̂a,i σ̂a+1,i
,
NI
2β
i

(B.5)

i

with a labeling the imaginary-time direction. This Hamiltonian is diagonal in the computational basis. In order to avoid errors stemming from the Suzuki-Trotter decomposition, one
has to use large values of M , which makes the simulation inefficient.
To amend this issue, Refs. 464, 465 go to the limit of NI → ∞ directly. This can be
achieved by keeping track of domain walls in the imaginary-time direction, rather than individual spins. Assuming that there are reasonably many clusters, this approach should reduce
the computational complexity by a large factor. Fortunately, cluster lengths obey the Poisson distribution [173]; therefore, in each update step, we can sample potential domain wall
positions accordingly and attempt to flip whole clusters using the usual importance sampling.
This scheme is therefore nonlocal in the imaginary-time direction (cluster update) but local
in space (local update).
We note that an independent work in Ref. 431 developed a similar method, which is local
in space and nonlocal in imaginary time, based on the Stochastic Series Expansion (SSE)
approach. In certain parameter regimes, Merali et al. [431] observe better performance using
this “line method” compared to the usual cluster updates for SSE approach.
B.2.1

Cutoff dependence of the phase diagram

The interaction that we use to study Eq. (3.4) of the chapter is truncated at a finite distance:
(
)
V (R) = Ω Rb6 /|R|6 Θ(R0 − |R|), where Θ(x) is the Heaviside step function with Θ(0) = 1.
In this work, we assumed R0 = 4, in units where we set the lattice spacing to unity (a = 1).
This means that a single atom can interact with up to 48 other atoms. In Fig. B.2, we present
various order parameters across transitions to the star and striated phases with different
interaction cutoffs R0 ∈ {2, 3, 4, 5} for a 16 × 16 lattice with PBC. We observe that setting
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(a)

(b)

(c)

(d)

(e)

(f)

Figure B.2: Effect of truncating interactions at different distances R0 for a system of size
16 × 16. (a,d) Transition to the star phase at Rb = 1.62. The slight discrepancy between
R0 = 4 and R0 = 5 suggests that the transition can be even sharper at R0 = 5, at this value
of the blockade radius. (b,e) Transitions at Rb = 1.45. For R0 = 2, the transition is to the
star phase, while for R0 ∈ {3, 4, 5}, one obtains a striated phase. (c,f) Transition from the
checkerboard to the striated phase for a fixed Ω/∆ = 2.3. Taking R0 = 5 slightly stabilizes
the star phase but does not resolve the difficulty of simulating the interface between these
two phases.

R0 > 3 is important for recovering the detailed features of our phase diagram. For instance,
taking R0 = 2 favors the star phase, since the intra-unit-cell interactions in the star ordering
are omitted; this accounts for the reduced (enhanced) extent of the striated (star) phase
in Ref. 563 compared to our current findings. We also note that R0 = 3 is not sufficient to
capture the full long-tail phase diagram for the star phase [see Fig. B.2(a,b)]. Noticeably, with
increasing cutoff distance, the phase boundaries in Fig. B.2 shift towards larger detunings and
converge for R0 ≥ 4. In Fig. B.2(b), we see that including even longer-ranged tails than those
assumed in this work, i.e., R0 = 5, leads to a sharper (stronger) first-order transition to the
star phase.
B.2.2

Seeding procedure for the striated–star transition

Since the star and striated phases break different symmetries, within the LGW paradigm,
we expect the transition between them to be first-order. We find that the QMC algorithm
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(a)

(c)

(b)

(d)

Figure B.3: Seeding procedure for the interface between striated and star phases. The QMC
algorithm struggles in this regime. To estimate the phase boundary, we resort to phase seeding
from both sides. (a,b) Effect of the seeding procedure and temperature change on the phase
boundary at L = 12. (c,d) Scaling with the system size at T = 0.002. The gray region denotes
our estimate of the location of the transition point.
struggles to converge properly near this star–striated transition. We attribute this to the
local-in-space nature of our QMC update method, wherein it is necessary to reorder the
whole lattice to maintain ergodicity, which is very difficult when two phases coexist.
In order to estimate the location of the transition, we perform a “phase seeding procedure”. First, we equilibrate a QMC realization deep within one of the phases (e.g., striated),
which prepares the initial “seed” for that particular phase. Second, we change the blockade
radius inside the simulation to the desired value and then perform a normal QMC procedure
(equilibration together with sampling) using the previously obtained seed instead of a completely random one. This favors the phase corresponding to the seed. Finally, we repeat this
procedure starting from the other phase.
In Fig. B.3(a), we present the effect of seeding on the behavior of the order parameters;
each order parameter is seeded from its corresponding phase. We estimate the transition
point as the midpoint between the peaks of the two order parameters. Upon decreasing the
temperature, the effect of the seeding procedure becomes more pronounced, as the system is
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progressively more frozen in its initial (seeded) configuration, and the gap between the peaks
becomes narrower. In Fig. B.3(b), we show results for different system sizes at the lowest
temperature considered (T = 0.002) as well as our estimate for the transition point (grey
area). We note that this position does not vary much with the temperature. This approach
to estimating the transition point is heuristic, so we assign a rough error to the position of
the critical point defined by the distance between the peaks at the lowest temperature (width
of the shaded area).

B.3

Details of Landau-Ginzburg-Wilson theories

In order to systematically address fluctuation corrections, it is useful to regard the relevant
Landau theory not as the free energy functional but rather as the Hamiltonian of a classical statistical mechanics problem in which the degrees of freedom are represented by the
field(s) [550]. Landau theory would then simply follow by making the saddle-point approximation to the functional integral for the partition function. Here, we adopt this approach
from the very beginning.
The elements of the space group of the square lattice include single-site translations along
the x (Tx ) and y (Ty ) axes, reflections about the x (Rx ) and y (Ry ) axes, and fourfold rotations
around the out-of-plane z-axis (C4 ). To write down the effective Hamiltonian, such as that in
Eq. (3.7) of the chapter, we need to determine how the low-energy eigenmodes ψn transforms
under these operations. This, in turn, follows from the transformation properties of the
eigenvectors exp(ikn · r), introduced in Eq. (3.6) of the chapter, as
[
Ôρ(r) = Re

∑

]
ψn eikn ·(Ôr) ≡ Re

n

[
∑(
n

Ôψ

]

)
n

eikn ·r .

We outline these symmetry transformations individually for each of the phases in the following.
B.3.1

Checkerboard and striated phases

The minimal set of momenta {kn } required to describe the density-wave ordering ρ(r) in the
striated phase is {(π, 0), (0, π), (π, π)}. The magnetization in or around these phases can thus
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be expressed in terms of three real fields Ψ1 , Ψ2 , and Φ as
ρ(r) = Ψ1 ei (π,0)·r + Ψ2 ei (0,π)·r + Φ ei (π,π)·r .

(B.6)

In the basis (Ψ1 , Ψ2 ), the matrix representations of the symmetry transformations are:
Tx = −σ3 , Ty = σ3 , Rx = Ry = 1, C4 = σ1 ,

(B.7)

where σ denotes the usual 2 × 2 Pauli matrices. The field Φ transforms trivially under all
symmetries except translations (Tx , Ty ), which act as Φ → −Φ. The Landau functional is
given by all homogeneous polynomials that are invariant under the group generated by these
transformations and, up to quartic order, corresponds to Eq. (3.7) of the chapter. Without
loss of generality, we consider g < 0 here. Furthermore, we need v < 0 to ensure that both Ψ1
and Ψ2 condense in the ordered (striated) phase. The stability of the theory also requires
u1 > −v/4 > 0, u2 > 0, and u2 (4u1 + v) > w2 (assuming w < 0).
Mean-field theory for the tricritical points
Neglecting spatial fluctuations, let us first analyze Eq. (3.7) in mean-field theory. The results
of such an analysis are presented in the phase diagram of Fig. 3.7, which illustrates the
checkerboard, striated, and star phases. As indicated in Fig. 3.7, there can be a second-order
phase transition between any two of these three phases. From a conventional Landau theory
analysis, we find that the second-order phase boundary between the disordered phase and
the checkerboard phase is at s = 0, while the line demarcating the disordered phase from the
striated is at r = 0. Finally, the second-order transition from the checkerboard to the striated
is at
1
r=
2

(
−g

√

−s
sw
+
2u2
u2

)
.

(B.8)

Although these three second-order lines would appear to meet at r = s = 0, as noted by Park
& Sachdev [490] this is pre-empted by a line of first-order transitions close to the origin. The
origin of this feature can be seen by integrating out the Φ fluctuations to derive an effective
action for the Ψ. Doing so always induces an effective quartic term Ψ21 Ψ22 with a negative
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coefficient ∼ −g 2 /|s|. Hence, for sufficiently small |s|, the net coefficient of Ψ21 Ψ22 always
becomes negative, thus driving the transitions involving the onset of nonzero Ψi first-order.
This line of first-order transitions terminates in two tricritical points (labeled T1 and T2 in
Fig. 3.7), at which the coefficients of both the quadratic and quartic terms of the effective
theory vanish; the theory is then controlled by its sextic term [not shown in Eq. (3.7)]. The
point T1 is located at r = 0, s = g 2 /(16u1 + 4v) whereas the coordinates of T2 can be found
by solving for s in the equation
g2
− 4g w
s

√

(
)
w2
2
+ 8 4u + v −
=0
−s u2
u2

(B.9)

and then determining r as given by Eq. (B.8) for this value of s. On going across either of
these two tricritical points, the change in the sign of the quartic term is responsible for the
nature of the transition changing from first to second-order.
Next, we address the role of quantum fluctuations.
Disordered to checkerboard
The transition from the disordered to the checkerboard phase is characterized by the onset of a
nonzero order parameter, namely, the staggered magnetization or, equivalently, the amplitude
of the (π, π) Fourier mode. Expanding in powers and gradients of this order parameter, we
obtain the Hamiltonian
∫
HΦ =

[ {
]
} u
)2
1 (
2
0 4
d x
Φ ,
∂µ Φ + r Φ +
2
4!
D

(B.10)

where Φ, as before, is a real, one-component field. The Hamiltonian is invariant under Φ → −Φ
and thus possesses a Z2 (Ising) symmetry. Analyzing the renormalization-group (RG) flow
of this theory, one finds that it has a Guassian fixed point (FP) at r = u0 = 0; however, the
Gaussian FP is stable towards u0 perturbations only for D > 4. More relevantly, the RG
flow has another FP at nonzero values of r and u0 , which is the celebrated Wilson-Fisher
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FP [693–695] located at
ε
r∗ = − + O(ε2 );
6

u∗0 =

2ε
+ O(ε2 ),
3 S4

(B.11)

where ε ≡ 4 − D, and the phase space factor Sd = 2/[Γ(d/2)(4π)d/2 ] denotes the surface
area of a sphere in d dimensions. For D < 4, the physics of the critical point is described
by the field theory of the Wilson-Fisher FP, and the transition from the disordered to the
checkerboard phase in the Rydberg system is in the universality class of the (2+1)D Ising
model.
Disordered to striated
The cubic term in Eq. (3.7) of the chapter implies that if two of the fields (Ψ1 , Ψ2 , Φ) are
condensed, then so must the third [600]. In the striated phase, the Fourier transform of the
Rydberg excitation density |n(k)| thus exhibits peaks not only at (π, 0) and (0, π) but also at
(π, π) = (π, 0) + (0, π). For the purpose of describing the phase transition from the disordered
to the striated phase, therefore, it suffices to focus on the first two momenta alone. In other
words, given two real fields Ψ1 and Ψ2 ,
ρ(r) = Ψ1 ei (π,0)·r + Ψ2 ei (0,π)·r

(B.12)

correctly describes the Z2 × Z2 symmetry-breaking pattern of the striated phase. Using the
matrix representations of the transformations in Eq. (B.7), the most general Hamiltonian
consistent with square-lattice symmetries can be written as
∫
HΨ =

]
N {
N
} 1 ∑
∑
(
)
(
)
1
2
∂µ Ψi + r Ψ2i +
u0 + v0 δij Ψ2i Ψ2j ,
dD x
2
4!
[

i=1

(B.13)

i=1

where N = 2. The cubic-symmetric quartic term

∑

4
i Ψi

breaks the O(N ) invariance of the

model down to a residual discrete D4 symmetry. The relevance of the anisotropic perturbations can be directly understood by classifying them using irreducible representations of the
O(N ) internal group, and computing the RG dimensions of their associated couplings [246].
While the coupling constants r, u0 , and v0 can be varied by tuning the parameters of the mi353
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croscopic Rydberg Hamiltonian, the stability of the theory requires the positivity conditions

u0 + v0 > 0

and

N u0 + v0 > 0

(B.14)

to be satisfied. Rewriting the quartic term as [(u0 + v0 )(Ψ21 + Ψ22 )2 − 2 v0 Ψ21 Ψ22 ]/4!, it follows
that we also need v0 > 0 to ensure that both Ψ1,2 condense in the ordered phase.
The theory defined by the Hamiltonian (B.13) has been extensively studied over the past
few decades and is known to have four FPs [6, 7]:
• The trivial Gaussian one at u0 = v0 = 0.
• The Ising FP with u0 = 0, v0 ̸= 0. At this FP, the Hamiltonian (B.13) corresponds to
that of N Ising systems coupled by the O(N )-symmetric interaction.
• The O(N )-symmetric FP with u0 ̸= 0, v0 = 0.
• The cubic FP with u0 ̸= 0, v0 ̸= 0.
Both the Gaussian and Ising FPs are unstable for any number of components N . For sufficiently small N < Nc , the O(N )-symmetric FP is stable while the cubic one is unstable (this
designation is reversed for N > Nc ) [498]. Importantly, for D = 3, Nc has been shown to
be less than 3 using perturbative expansions [2, 346, 414] and numerical conformal bootstrap [121]. Hence, in our case, with D = 3, N = 2, the O(N )-symmetric FP describes the
generic critical behavior of the system and the resultant RG flow is sketched in Fig. B.4.
In the upper-half plane, the only FP is the Ising one which is unstable. If v0 > 0 (as required
for the simultaneous condensation of Ψ1,2 ) and u0 > 0, at long distances, the theory would
therefore flow to the O(N )-symmetric FP. The transition would be second-order, governed
by this stable FP, and one would expect the emergence of an O(2) symmetry at the critical
point [403]. The cubic term is a “dangerously” irrelevant operator and generates correction to
scaling in the ordered phase [498]. However, even though the RG flow has a stable FP, there
is a region in the (u0 , v0 ) plane, defined by the wedge Ω = {(u0 , v0 ) | −v0 /2 < u0 < 0}, from
which the FP is inaccessible [334]. If u0 were to the left of the separatrix running from the
Gaussian to the Ising FP, the flow could not reach the O(N ) FP as the separatrix marks the
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Ising

Gaussian

Cubic

Figure B.4: RG flow of the theory (B.13) in the (u0 , v0 ) coupling plane for D = 3, N = 2 < Nc .
The blue dot represents the stable O(N )-symmetric FPs whereas the other three unstable
FPs are marked in red. Owing to the positivity (B.14) and condensation conditions, the
parameters of our theory are always constrained to lie in the (green/yellow) region to the
right of v0 = −2 u0 (dashed line) in the upper-half plane. The yellow wedge marks the region
from which the stable FP is inaccessible. Figure adapted from Ref. [498].
boundary of the domain of attraction of the stable FP [29]. Outside the attraction domain
of the FPs, the flow goes away towards more negative values of u0 and/or v0 , eventually
reaching the region where the quartic interaction no longer satisfies the stability condition:
these RG trajectories should be related to first-order phase transitions [498]. This result is to
be contrasted with the mean-field prediction of a continuous transition in the entire stability
wedge defined by Eq. (B.14).
Checkerboard to striated
The broken symmetry in the striated phase is Z2 × Z2 ≃ D2 (which is isomorphic to the Klein
4-group). By itself, the checkerboard phase already breaks a Z2 symmetry. The residual
Z2 symmetry that is further broken on going from the checkerboard to the striated phase is
generated by {1, Td }, where Td ≡ Tx Ty denotes unit translations along the diagonals (Td2 = 1).
Note that both the checkerboard and striated phases preserve fourfold-rotational symmetry,
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so the original D4 symmetry of the Hamiltonian (B.13) is broken down to its subgroup C4 .
The striated phase can be distinguished from the checkerboard by defining the order parameter
m≡

}
∑{
(−1)row(i) + (−1)col(i) ⟨ni ⟩ ,

(B.15)

i

which measures the differential occupation of sites along the diagonals. Now one can write
down a Landau functional in powers and derivatives of the order parameter as usual and the
resultant effective Hamiltonian is given by
∫
Hm =

dD x

[ {
]
} u
)2
1 (
∂µ m + r m2 + 0 m4 ,
2
4!

(B.16)

which is the same as the Φ4 field theory studied above in Eq. (B.10). The Z2 -symmetrybreaking transition from the checkerboard to the striated phase is thus also in the Ising
universality class controlled by the Wilson-Fisher FP.
B.3.2

The star phase

To derive the LGW theory for the quantum phase transition from the disordered to the
star phase, we begin by noting that the Fourier maxima in the star phase are at (π, 0),
(0, π), (π/2, π), and (π, π/2). However, recognizing that (π, 0) = 2 (π/2, π)—and similarly for
(0, π)—we can write the magnetization as simply
)
(
ρ(r) = Re Ψ1 ei (π/2,π)·r + Ψ2 ei (π,π/2)·r ,

(B.17)

with Ψ1 , Ψ2 ∈ C, and the other wavevectors are described by harmonics Ψ21,2 of the order
parameters. Using the basis (Ψ1 , Ψ2 , Ψ∗1 , Ψ∗2 ), the symmetry operations can be represented by
the following matrices:



i

0

0

0



 0 −1 0
0

Tx = 

 0 0 −i 0

0 0
0 −1





,





−1


0

Ty = 

0

0


0

0

0



i 0
0

,

0 −1 0 

0 0 −i
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1


0

Rx = 

0

0


0

0

0

0

0

1

1

0

0



1

,

0

0


0


0

Ry = 

1

0


0

1

1

0

0

0

0

0

0



0

,

0

1


0


1

C4 = 

0

0


0

0

0

0

1

0

0

1

1



0

.

0

0

These five matrices generate a subgroup of O(4) and the effective Hamiltonian composed of
all polynomials invariant under this group (up to quartic order) is
∫
Hs =

[

1 ∑{
d x
∂µ Ψi
2
2

D

2

i=1

+ r |Ψi |

2

}

]
2
∑
[
{ 4
}]
4
∗ 4
2
2
z1 |Ψi | + z3 Ψi + (Ψi )
+ z2 |Ψ1 | |Ψ2 | .
+
i=1

(B.19)
For stability of the theory, the coefficients zi must obey the positivity conditions
z1 − 2|z3 | > 0 and

2z1 + z2 − 4|z3 | > 0.

(B.20)

We further require z2 − 2 (z1 − 2 |z3 |) > 0 to ensure that only one of Ψ1,2 condenses at a time,
as observed in the star phase.
This model is equivalent to the so-called tetragonal theory which is the M = 2 version of
the general three-coupling LGW Hamiltonian
∫
Hϕ =

[

]
∑1{
} ∑ 1 (
) 2 2
2
2
d x
(∂µ ϕa,i ) + rϕa,i +
u + v0 δij + w0 δij δab ϕa,i ϕb,j ,
2
4! 0
D

i,a

(B.21)

ij,ab

where a, b = 1, ...M and i, j = 1, ..., N ; for our purposes, N = 2. For these parameters (M, N = 2)
it corresponds to Eq. (3.8) in the chapter. The theory (B.21) is, of course, constrained to lie
within the region of parameter space where Eq. (B.20) as well as the abovementioned condition for the mutually exclusive condensation of Ψi are both satisfied. The mapping between
the two sets of coefficients is given by u0 = 12 z2 , v0 = 12 (2z1 − z2 − 12z3 ), w0 = 192 z3 , which
implies that the allowed region in (u0 , v0 , w0 ) space is defined by Eq. (3.9) (see Fig. B.6).
Focusing on M = 2, while keeping N (> 1) general, it is instructive to consider certain limits
of the Hamiltonian (B.21). For u0 = 0, the model reduces to N decoupled cubic models with
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(a)

(b)

(c)

Ising

Ising

Cubic
Gaussian
Gaussian

XY

Gaussian

Cubic

XY

Tetragonal

Figure B.5: Schematic RG flow of the tetragonal theory, described by the LGW Hamiltonian
(B.21) with M = 2, N > 1, in the (a) u0 = 0, (b) v0 = 0, and (c) w0 = 0 planes. In the v0 = 0
subspace, the stable FP is the cubic one whereas on the other two planes, the XY FP is
stable. As before, all the stable (unstable) FPs are marked in blue (red). Figure adapted
from Ref. [498].
two-component spins, while for v0 = 0, it describes a cubic model with 2N -component spins.
In the case w0 = 0, the tetragonal Hamiltonian is equivalent to N coupled XY models [7, 79]
(also known as the “M N model” [222]). These limits, and their combinations, are useful in
understanding the different FPs of the theory. Within the framework of the ε expansion, the
tetragonal model has eight FPs [458–460], which are labeled as follows:
• Gaussian: u0 = v0 = w0 = 0,
• Ising: u0 = v0 = 0; w0 ̸= 0,
• Heisenberg [O(2N )-symmetric]: u0 ̸= 0; v0 = w0 = 0,
• XY [O(2)-symmetric]: u0 = w0 = 0; v0 ̸= 0,
• Tetragonal: u0 ̸= 0; v0 ̸= 0; w0 = 0, and
• Cubic: u0 ̸= 0; v0 = 0; w0 ̸= 0.
One thus obtains six FPs. Additionally, the tetragonal Hamiltonian is symmetric under the
transformation [354]
(

)
)
1 (
ϕ1,i , ϕ2,i → √ ϕ1,i + ϕ2,i , ϕ1,i − ϕ2,i ,
2
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Figure B.6: Allowed region in parameter space of the tetragonal theory (B.21), as defined by
Eq. (3.9) for w0 > 0 (green) and w0 < 0 (blue). The two planes v0 = 0 and v0 + (3/2)w0 = 0
(on which the cubic FPs are stable) are shaded in pink. The blue dot represents the globally
stable XY FP; its v0 coordinate is greatly exaggerated here for the sake of visual clarity.

(u0 , v0 , w0 ) →

(
)
3
u0 , v0 + w0 , −w0 .
2

(B.23)

The two remaining fixed points are obtained by applying the transformation (B.23) to the
Ising and cubic FPs listed above, bringing the total to eight. The RG flow of the theory along
three different planes (corresponding to one of the quartic couplings being zero) is shown in
Fig. B.5. As described in the chapter, the generic critical behavior of the tetragonal theory is
described by the XY FP irrespective of N .
Crucially, even though the XY FP is globally stable, it is shielded from our allowed region (3.9) by the v0 = 0 and v0 + (3/2)w0 = 0 planes (see Fig. B.6). We can now extend the
arguments of Kerszberg & Mukamel [334] outlined above to our three-dimensional parameter space. Suppose our initial conditions place the microscopic theory in a regime where
w0 > −(2/3)v0 > 0 (rightmost green region of Fig. B.6). All points in this region are separated
from the XY FP by the v0 = 0 plane. On this plane, we know that the cubic FP is stable
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but its stability matrix possesses a negative eigenvalue in full parameter space [493]. Hence,
given these initial conditions, the RG flow would take one away from the v0 = 0 plane, and
accordingly, the stable XY FP. Using the analogous properties of the v0 + (3/2)w0 = 0 plane,
we can generalize this argument to all possible initial conditions shown in Fig. B.6. As a
result, we can conclude that the stable XY FP is inaccessible starting from our allowed region
of parameter space, rendering the transitions from the disordered to the star phase first-order.
Lastly, let us mention that besides the eight FPs referenced above, the tetragonal theory (B.21)—restricted to the w0 = 0 plane—is believed to have another stable FP in the
region v0 < 0, u0 > 0, the presence of which is not directly predicted by the ε-expansion framework: this is the O(2)×O(2)-symmetric chiral FP [499]. While ε-expansion [331] and fixeddimension [497] calculations disagree on the existence of a stable FP corresponding to this
chiral universality class for N = 2 in D = 3, we note that within the RG approach, fluctuationinduced first-order transitions are always still possible for systems lying outside the attraction
domain of the chiral FP if it exists [92]. Moreover, it is presently unclear whether this chiral
FP is stable in the enlarged tetragonal theory with w0 ̸= 0.
B.3.3

Additional Landau functionals

Disordered to banded
The transition to the banded phase involves the onset of Fourier peaks at ±(2π/5, π), which
continue to persist in the rhombic phase at larger δ/Ω. Accordingly, we write
(
)
ρ(r) = Re ψ1 ei (2π/5,π)·r + ψ2 ei (π,2π/5)·r .

(B.24)

In the basis, Ψ ≡ (ψ1 , ψ2 , ψ1∗ , ψ2∗ ), the representations of the symmetries are



ζ 0
0
0
−1






0 −1 0
0
0



Tx = 
 , Ty = 



0 0 ζ 4 0 
0



0 0
0 −1
0


0

0

0



ζ 0
0

,

0 −1 0 

0 0 ζ4
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1
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0
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0

0



0

0

0

0

0

1

1

0

1

0

0

0

0

0

0

1


0




0
1


 , Ry = 


0
1


0
0


0
0




0
0


 , R d′ = 


1
0


1
0
0


0

1

1

0

0

0

0

0

0

0

0

1

1

0

0

0

0



0

,

0

1


0
1




1
0


 , C4 = 


0
0


0
0


0

0

0

0

1

0

0

1

1



0

,

0

0

employing the shorthand ζ = exp(2πi/5). Repeating the same procedure as above leads to
the Landau functional
L̄3 =

2
∑

u |ψn |4 + v |ψ1 |2 |ψ2 |2 ,

(B.26)

n=1

where we have suppressed the trivial quadratic and derivative terms. Once again, we have
to ensure that only one of ψ1,2 condenses in the banded state. This is a particular case of
the M N model [7, 222] [the Hamiltonian for which is given by Eq. (B.21) for w0 = 0], with
M = 2 and N = 2, or equivalently, of the O(2) × O(2) chiral model [330, 331],
∫
H=

dd x

]}
] 1 (∑ )2
{ 1 ∑[
1 ∑[
(∂µ ϕa )2 + rϕ2a + u0
(ϕa · ϕb )2 − ϕ2a ϕ2b ,
ϕ2a + v0
2 a
4!
4!
a
a,b

which is related to the former by an exact mapping of the fields. It has two stable fixed
point in different regions of the quartic parameters, divided by a separatrix, and the RG flow
leading to the “chiral” fixed point was studied in Ref. 91. One can show that this theory also
has a XY fixed point in another region of the quartic couplings.
Banded to rhombic
Going into the rhombic phase, |n(k)| develops additional maxima at ±(π, π/4). Focusing on
these dominant peaks, we formulate the field as
(
)
ρ(r) = Re ψ1 ei (π/4,π)·r + ψ2 ei (π,π/4)·r .
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As before, the matrix representations of the symmetries, in the basis, Ψ ≡ (ψ1 , ψ2 , ψ1∗ , ψ2∗ ),
are



λ 0
0
0
−1






 0 −1 0
0
0



Tx = 
 , Ty = 



 0 0 λ∗ 0 
0



0 0
0 −1
0



0
1
0
0
0






0
0
0
0
1



Rx = 
 , Ry = 



0
1
0
1
0



0
0
1
0
0



0
1
0
0
0






1
0
0
0
0



Rd = 
 , R d′ = 



0
0
1
0
0



0
0
1
0
1


0

0

λ

0

0 −1
0

0

0

1

1

0

0

0

0

0

0

0

0

1

1

0

0

0

0



0

,

0

λ∗

0


0

,

0

1


1
0




1
0


 , C4 = 


0
0


0
0
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0

0

0

0

1

0

0

1

1



0

,

0

0

where λ denotes exp(iπ/4). The final form of the quartic polynomial obtained by imposing
invariance under these symmetries is exactly the same as Eq. (B.26).
Disordered to staggered
Table 3.1 arrays a set of four independent Fourier peaks for the staggered phase in terms of
which, the magnetization field is
(
)
i (2π/5,6π/5)·r
i (4π/5,2π/5)·r
i (6π/5,2π/5)·r
i (2π/5,4π/5)·r
ρ(r) = Re ψ1 e
+ ψ2 e
+ ψ3 e
+ ψ4 e
.
(B.29)
For notational brevity, we refrain from expressing the symmetry transformations as explicit
8 × 8 matrices, and instead just list their operations on the ψn :
Tx : ψ1 → ζψ1 , ψ2 → ζ 2 ψ2 ,ψ3 → ζ 3 ψ3 ,ψ4 → ζψ4 ;
Ty : ψ1 → ζ 3 ψ1 ,ψ2 → ζψ2 , ψ3 → ζψ3 , ψ4 → ζ 2 ψ4 ;
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Rx : ψ1 → ψ4 , ψ2 → ψ3∗ , ψ3 → ψ2∗ , ψ4 → ψ1 ;
Ry : ψ1 → ψ4∗ , ψ2 → ψ3 , ψ3 → ψ2 , ψ4 → ψ1∗ ;
Rd : ψ1 → ψ3 , ψ2 → ψ4 , ψ3 → ψ1 , ψ4 → ψ2 ;
Rd′ : ψ1 → ψ3∗ , ψ2 → ψ4∗ , ψ3 → ψ1∗ , ψ4 → ψ2∗ ;
C4 : ψ1 → ψ2∗ , ψ2 → ψ1 , ψ3 → ψ4 , ψ4 → ψ3∗ .

(B.30)

The most general quartic polynomial consistent with these transformations is

L̄4 =

4
∑

(
)
(
)
u |ψn |4 + v1 |ψ1 |2 |ψ2 |2 + |ψ3 |2 |ψ4 |2 + v2 |ψ1 |2 |ψ3 |2 + |ψ2 |2 |ψ4 |2

(B.31)

n=1

[
]
(
)
+ v3 |ψ1 |2 |ψ4 |2 + |ψ2 |2 |ψ3 |2 + w ψ1 (ψ2∗ )3 + ψ13 ψ2 + ψ33 ψ4 + ψ3 (ψ4∗ )3 + c.c .
While the critical exponents of N -vector models have been estimated for large N using 1/N
expansions and RG techniques [18, 89, 758], the quartic terms listed above break the O(8)
symmetry in the present case. The resultant model of Eq. (B.31) has not been analyzed
previously in the literature and its critical behavior remains an open question, which we leave
for future work.
Finally, we close by recapitulating our results of this section in Table B.1 for convenience
of reference.
Phase

Landau theory

Fixed points

Striated

2-vector model with D4 symmetry

Ref. [246]

Star

Tetragonal theory [498]

Refs. [458–460, 499]

Banded

M N model (M = N = 2) [7, 222]/
O(2) × O(2) chiral model [330, 331]

Ref. [91]

Staggered

3D O(8) model + anisotropic perturbations

—

Table B.1: Summary of the Landau theories for the QPTs from the disordered phase to
the various ordered phases, and the studies that describe their fixed points. Note that the
transition from the banded to the rhombic phase is described by the same theory as that from
the disordered to the banded, and is, therefore, omitted above.
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B.4

Mean-field wavefunction for the striated phase

To understand the origin of the striated phase, it is instructive to start from a simplified model
in which we assume that nearest-neighbor sites are perfectly blockaded. Since we always work
in a regime where Rb /a > 1, this model should also capture the essential physics of the full
Rydberg Hamiltonian.
In the classical limit of Ω = 0, the perfect checkerboard state has an energy per site of
√
−∆/2 + V ( 2a) + V (2a), with V (x) being the interaction between sites at a distance x,
whereas the corresponding energy for the star-ordered state is −∆/4 (neglecting interactions
for x > 2a). Accordingly, there is a phase transition between the checkerboard and star
√
phases when ∆ = 4[V ( 2a) + V (2a)]. On the other hand, for the same density of Rydberg
excitations, the striated phase has a classical energy per site of −∆/4 + V (2a)/2, which is
always greater than that of the star phase; hence, striated ordering never appears in the
classical limit.
At finite Ω, however, the striated phase emerges due to a competition between the thirdnearest-neighbor interactions and the second-order energy shift upon dressing a ground-state
atom off-resonantly with the Rydberg state. We can thus model the ground state of the
striated phase as a product state, where (approximately) 1/2 of the atoms are in the ground
state, 1/4 of the atoms are in the Rydberg state, and the remaining 1/4 are in the ground
state with a weak coherent admixture of the Rydberg state. A general mean-field ansatz for
a many-body wavefunction of this form is given by
|Ψstr (a1 , a2 )⟩ =

⊗
i∈A1

(cos a1 |g⟩i + sin a1 |r⟩i )

⊗
i∈A2

(cos a2 |g⟩i + sin a2 |r⟩i )

⊗

|g⟩j ,

(B.32)

j∈B

where A1 and A2 represent the two sublattices of the (bipartite) A sublattice, and a1,2 are
variational parameters. If a1 = a2 , then our trial wavefunction simply represents a checkerboard state, but if a1 ̸= a2 , this state is not of the checkerboard type, and leads to the striated
phase.
Based on this ansatz, we can now explicitly see how the striated phase may become energetically favorable in the presence of a nonzero Ω. Consider the atoms on the partially excited
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√
sublattice to be in the superposition |g⟩ + [Ω/{4V ( 2a) − ∆}]|r⟩; this describes the state of
the atoms on the (1, 1) sublattice in the notation of Fig. 3.12. The net energy per site of the
system is then
√
∆ V (2a)
Ω2
Ω2 V ( 2a)
√
√
− +
−
+
4
2
4 (4V ( 2a) − ∆) 2 (4V ( 2a) − ∆)2
where the third and fourth terms are the second-order energy shift and mean-field interaction
shift, respectively. From this expression, we observe that if the energy gained from the dressing
(these last two terms) is larger than V (2a)/2, then the striated phase prevails over the star
phase.

B.5

Dynamical probe of the striated phase

The striated ordering is prepared using an optimized cubic spline sweep along Rb /a = 1.47,
ending at ∆/Ω = 2.35. Immediately after this sweep, the system is quenched to detuning ∆q
and relative laser phase ϕq . Quenching at a lower Rabi frequency Ωq = Ω/4 ≈ 2π × 1 MHz
improves the resolution of this interaction spectroscopy. For the chosen lattice spacing, the
interaction energy between diagonal excitations is 2π × 5.3 MHz. The reference phase for the
atoms ϕ = 0 is set by the instantaneous phase of the Rydberg coupling laser at the end of the
sweep into striated ordering. In the Bloch sphere picture, ϕ = 0 corresponds to the +x-axis,
so the wavefunctions on (0,0) and (1,1) sublattices correspond to vectors pointing mostly up
or mostly down with a small projection of each along the +x-axis. In the same Bloch sphere
picture, quenching at ϕq = π/2 or −π/2 corresponds to rotations around the +y- or −y-axes
(Fig. 3.12a).
To resolve the local response of the system, we use high-order correlators which are ex(d)

tracted from single-shot site-resolved readout. In particular, we define an operator Ôi

on

the eight atoms surrounding site i. This operator projects the neighboring atoms into configurations in which all four nearest atoms are in |g⟩ and exactly d of the diagonal neighbors are in
(d)

|r⟩. Specifically, the operator Ôi
(d)

decomposes into a projector Âi on the four nearest neigh(d)

on the four diagonal neighbors, according to Ôi

(d)

= Âi B̂i . Defining
∏
n̄i = |g⟩i ⟨g| and ni = |r⟩i ⟨r|, the nearest neighbor projector is written as Âi = ⟨j,i⟩ n̄j , where

boring atoms and B̂i
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(d)

⟨.⟩ denotes nearest neighbors. The projector B̂i

sums over all configurations of the diagonal

neighbors (indexed k1 , k2 , k3 , k4 ) with d excitations:
(4)

= nk1 nk2 nk3 nk4 ,

(B.33)

(3)

= n̄k1 nk2 nk3 nk4 + nk1 n̄k2 nk3 nk4 + . . . ,

(B.34)

(2)

= n̄k1 n̄k2 nk3 nk4 + n̄k1 nk2 n̄k3 nk4 + . . .

B̂i
B̂i
B̂i

.

(B.35)

These operators are used to construct the conditional Rydberg density
∑

P

(d)

(d)

⟨ni Ôi ⟩
= ∑i
,
(d)
i ⟨Ôi ⟩

which measures the probability of Rydberg excitation on site i surrounded by neighboring(d)

atom configurations for which Ôi

= 1.

To quantify coherences, we measure these conditional probabilities on their corresponding
resonances, after a fixed quench with variable quench phase ϕq . For a single particle driven by
the Hamiltonian H = Ω(cos ϕq σx + sin ϕq σy )/2 + ∆σz /2 for time τ , the resulting Heisenberg
evolution is given by σz′ = U † σz U , where U = e−iHτ . The resulting operator can be expressed
as
˜ Ω̃ sin2 α(σx cos ϕq + σy sin ϕq )
σz′ = Ω̃ sin 2α(−σx sin ϕq + σy cos ϕq ) + 2∆

(B.36)

˜ 2 ) sin2 α)σz ,
+ (cos2 α − (1 − 2∆
√
√
√
˜ = ∆/ ∆2 + Ω2 , Ω̃ = Ω/ ∆2 + Ω2 , and α = 1 τ ∆2 + Ω2 .
where ∆
2
We fit the conditional probabilites P (0) and P (4) as a function of ϕq (Fig. 3.12d,e), taking ∆
as the effective detuning from interaction-shifted resonance, and measuring ⟨σz′ ⟩ as a function
of ϕq to extract the Bloch vector components ⟨σx ⟩, ⟨σy ⟩, ⟨σz ⟩ on the two respective sublattices.
For the (1,1) sublattice response, we model the evolution averaged over random detunings, due
to ∼ 15% fluctuations of the interaction shifts associated with thermal fluctuations in atomic
positions, which broaden and weaken the spectroscopic response. For both sublattices we also
include fluctuations in the calibrated pulse area (∼ 10% due to low power used). The extracted
(0,0)

(1,1)

fit values are σx,y,z = −0.82(6), 0.25(2), −0.32(4), and σx,y,z = −0.46(4), 0.01(1), 0.91(5).
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B.6

Entanglement generated by Rydberg interactions

The Rydberg blockade effect can generate entanglement between interacting atoms [560, 674,
692]. Here, we perform simple calculations to examine the interplay between entanglement
and correlations in the vicinity of the transition to the striated phase and draw connections to
the correlations in the experimental data uncovered by our CCNN analysis. To this end, we
perform density-matrix renormalization group (DMRG) calculations using a “snakelike” matrix product state ansatz for a 9 × 9 system with open boundaries. The Rydberg Hamiltonian
realized by the experiment examined in this work is given by Eq. (3.4), and for notational
ˆ and V̂ , respecsimplicity, we will refer to the first, second, and third terms therein as Ω̂, ∆,
tively. Entanglement can be generated in the ground state of Ĥ(≡ H/ℏ) due to energetic
competition between these terms. For any two sites, the interaction term V̂ prefers small
ˆ desires large overlap with all of |gr⟩ , |rg⟩,
overlap with basis states containing |rr⟩, while ∆
and |rr⟩. Crucially, Ω̂ favors weight to be present with opposite phase between basis states
with a single site flipped as |g⟩ ↔ |r⟩. As a result, for a two-site system, the ground state as
Rb /x12 → ∞ places weight across all of the |gg⟩ , |rg⟩ , |gr⟩ basis states, but not |rr⟩, resulting
in an entangled, anticorrelated state.
To examine this behavior more closely, we now turn to the results of the DMRG computations. In Fig. B.7, we show the bipartite entanglement entropy between two halves of
the system. Within the disordered phase (∆ ≲ 1), the entanglement entropy of the ground
state increases monotonically as one approaches the quantum critical points, and, at large Rb ,
the density on any site is anticorrelated with that of its next-nearest neighbors in the corners
[Fig. B.7(d)]. As we transition deep into the classically ordered phases, both the entanglement
and the connected correlations vanish due to the density on each site approaching either 0
or 1 [Fig. B.7(b,c)]. However, in a narrow region at Rb /a ≈ 1.4 where quantum fluctuations
stabilize a significant density on the (1, 1) sublattice [see Fig. B.7(d)], both entanglement and
diagonal anticorrelations survive. We emphasize that this entanglement is dependent on the
state on each sublattice remaining in a quantum superposition of |g⟩ and |r⟩, as is uniquely
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Figure B.7: DMRG results for a 9 × 9 system. (a) Bipartite entanglement entropy S between
two halves of the system. (b,c) Average density on (0, 0) and (1, 1) sublattices, respectively.
(d) Average connected density-density correlator between next-nearest-neighboring sites on
the so-called (0, 0) and (1, 1) sublattices, marked in pink and purple in the inset, respectively.

characteristic of the striated phase.
Indeed, as shown in Fig. B.8, in the experiment, the connected part of many short-range
correlations remains finite and negative upon transitioning into the striated phase. In particular, all nearest-neighbor correlators remain anticorrelated, along with next-nearest-neighbor
correlators between the two excited sublattices. However, there are many confounding effects
which make it difficult to pinpoint with certainty the origin of these correlations. First, due
to decoherence and experimental noise, the experiment, in principle, produces a mixed rather
than a pure state. Given a mixed state ρ, nonzero connected correlations can emerge either
by entanglement, or by “classical” correlations between the pure states comprising ρ [651].
Efficient means for unambiguously revealing entanglement in experimental settings without
full tomography is an active field of research [166, 278, 335, 347, 471, 731, 748].
Moreover, quasiadiabatic sweeps across phase boundaries produce final states which are not
perfect ground states but are dependent on the original state starting from which the phase
boundary was crossed. As the system is theoretically transitioning from a region of high
entanglement, where nearby neighbors have anticorrelated densities, it is likely that some of
the magnitude of correlations captured by the CCNN is not directly representative of the true
ground state, instead having been “frozen in” from before the transition [764]. Nevertheless,
the nature (and, in particular, the signs) of these correlations still reveals qualitative structures
of each identified phase.
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Figure B.8: (a–c) Measurements of connected correlations from the striated experimental
training dataset, performed on each individual nearest-neighbor (NN), next-nearest-neighbor
(NNN), or next-to-next-nearest-neighbor (NNNN) bond, respectively. The colors of each site
are for visual aid, showing the sites expected to be in the mostly excited (pink), mostly
ground (purple), and entirely ground (black) states in the ideal striated limit. (d,e) Averaged
correlations across all bonds of different symmetry classes, tracked as a function of ∆/Ω for
a cut at Rb = 1.56.

B.7

Sign structures of third-order correlators in the rhombic phase

To uncover what is being learned by the second-order CCNN in the rhombic phase, we produce
the Fourier-space order parameter shown in Fig. B.9(a). We see that the learned order parameter attempts to identify Fourier intensity along the diagonals connecting the (±2π/5, 0)
and (0, ±π/2) peaks (and symmetry equivalents), as the intensity uniquely appears here only
in this phase. Due to broadening resulting from experimental noise and the finite-size system,
the CCNN does not attempt to directly measure the rhombic (±2π/5, 0) peaks as these blur
too strongly into the star phase’s (±π/2, 0) peaks. Nevertheless, these peaks can be visually
resolved when averaging over a large number of snapshots as in Fig. B.9(c).
(2)

Manual inspection of the learned filters and βα coefficients reveals that the rhombic CCNN
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Figure B.9: (a) Fourier intensity weighting map derived from a second-order model trained to
identify the rhombic phase. (b) Symmetrized Fourier intensities resulting from the densitynormalized ideal long-range rhombic ordering. (c–g) Fourier intensities of per-site densitynormalized experimental data δn̂(k) sampled deep in each of the identified phases.

(2)

obtains this order parameter by placing negative βα

on filters which contain short-range

patterns. This makes intuitive sense, as density fluctuations between nearby sites are anticorrelated at high Rb . However, this does not give us clear insight into the actual Rydberg
crystal being realized, other than that it is constructed from longer-range displacements. This
(m)

motivated our choice of investigating third-order models which enforce βα

> 0 to ensure

that the rhombic CCNN must rely on positive correlations to identify the phase. Due to threepoint correlators having a nontrivial sign structure, the CCNN still measures some short-range
patterns, but also learns several key longer-range patterns uniquely characterizing the phase.
(3)

By inspecting the learned βα and the patterns in the learned associated filters fα , we can
determine which three-point correlations are being measured for a target phase, and whether
they should be positive or negative within the phase. However, the sign on a three-point
contribution can be somewhat confusing to interpret, as there are multiple ways to obtain
positive/negative three-point correlations. The CCNN itself does not inherently point out
how to interpret these correlators—simply that they are strongly positive/negative within the
phase. Manual follow-up and investigation is always necessary to understand the underlying
physics. We now clarify the subtleties of these measured three-point correlators and present
explicit measurements thereof from the data to confirm that the CCNN’s identification was
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Figure B.10: (a–e) The three-point connected correlators identified from the third-order
CCNN trained to identify the rhombic phase (a–d) in the chapter, along with another notable correlations characterizing the star and rhombic phases (e). For each, we show the
contributions to the correlator from three-site density fluctuation patterns of different sign
configurations, measured from the snapshots in the rhombic training dataset. Contributions
are summed across all 8 reflection/rotation-transformed correlators, and averaged across all
translations which leave all three sites within the snapshot. Red bars show magnitudes of
positive contributions, while blue bars correspond to negative contributions. For simplicity,
the bar graph shows the (++−) and (+−−) contributions averaged over all three possible sign
combinations. Above each bar graph, we show the total value of the correlator, obtained by
summing all contributions with the appropriate sign and multiplying the averaged mixed-sign
contributions by 3.

meaningful.
Within this subsection, for notational brevity, spatial indices are written as (vector) subscripts. Given density-normalized snapshots δni ≡ ni − ⟨ni ⟩, uniform third-order CCNN
features measure weighted sums of connected three-point correlation functions, averaged over
all spatial translations:

⟨c(3)
α ⟩

=

∑ (Lf −1,L
∑f −1)
x

⟨
⟩
fi fj fk δnx+i δnx+j δnx+k ,

(B.37)

ijk=(0,0)

where the inner sum runs over all configurations of displacements (i, j, k) within the spatial
extent of the filter f of length Lf . Due to the symmetrization process used, this must also be
averaged over all rotations and flips of the three-point pattern.
In terms of individual density configurations, each of these correlators acquire positive
contributions either when all of (δni , δnj , δnk ) are positive (+++), or when only one is
(+−−), (−+−), (−−+). The CCNN does not directly inform us as to how the correlator
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Figure B.11: Connected three-point correlators that were discovered by the CCNNs to capture
the rhombic phase, used in tandem with other two- and three-point correlators not shown. All
correlators are summed across all 8 reflection/rotation-transformed versions and averaged over
all translations which leave all three sites within the snapshot. At low Rb , these correlators
become positive again due to different sign contributions [(+−−) for the top two and (+++)
for the bottom two].
became positive—manual follow-up is necessary to uncover this information. As an example,
in Fig. B.10, we show the statistics of these different sign contributions for the dominant
three-point correlators learned by the CCNN within the rhombic phase. For conciseness, the
heights of the bars corresponding to mixed-sign contributions are averaged over all configurations which produce the same sign. In Fig. B.11, we show the value of a handful of these
key correlators across the (∆/Ω, Rb /a) parameter space in the data.
From this, we can see that the short-range patterns learned by the CCNN are actually
producing positive signals due to a large number of (+−−) density configurations, as shown
in Fig. B.10(a,b). This points to the longer-range packing of Rydberg excitations within this
phase—if one the sites in the indicated triples is excited, it is more likely that the other two
are in the ground state. Meanwhile, the patterns of Fig. B.10(c,d) are positive dominantly due
to (+++) configurations, indicating that these motifs signal actual common configurations of
joint Rydberg excitations. Figure B.10 highlights that the star-like configurations also have
a large (+++) signal in this phase, as expected from the idealized pattern, but the other
sign contributions cause this correlator to turn negative and not be picked up by the CCNN.
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Together, we can infer from these correlations that we are probing a rhombic-like phase which
is failing to develop long-range order due to the incommensurate geometry of the system.
In Fig. B.11, we show the extent in parameter space of the key connected three-point correlators identified, and observe that the region colored by the CCNN as the rhombic phase does
indeed correspond to the region where the long-range three-point motifs uniquely produce a
positive signal. Further theoretical and numerical analysis is needed to confirm that this phase
exists in the thermodynamic limit and that the rough region of parameter space identified by
our CCNN corresponds to the true region hosting this phase, as well as to determine if these
higher-order signals remain good indicators of the phase in the thermodynamic limit.

B.8
B.8.1

Scaling of quantum approximation error
Basic formalism

In this section, we present a theory which describes the scaling behavior of the defect density
in the Rydberg simulator’s solution to the Maximum Independent Set problem and accounts
for the main experimental observations. Based on generic ordering dynamics in (2+1)D, our
starting point is the natural ansatz that after crossing the quantum critical point, the size
of correlated regions grows with time as R(t) ∼ t µ . This dynamic growing correlation length
R(t) will be a central player in our story. The exponent µ and the prefactor of the growth
law are a priori unknown and are governed by a combination of the quantum Kibble-Zurek
mechanism [508, 764], early-time coarsening [120], and “standard” late-time coarsening [67].
The implications of this scaling hypothesis for the state(s) obtained as a solution to the
Maximum Independent Set problem are straightforward. At an intermediate time t, the number of domains formed is given by N (t) ≡ A/(πR2 (t)), where A is the geometric area of the
graph. Then, the local deviations from the perfect solution (referred to as defects hereafter)
arise from the boundaries where the different domains meet due to the possibly conflicting
ordering between individual regions. Accordingly, the number of defects per domain scales as
πR(t) because the error accumulates proportionately to the length of the domain wall. The
total number of defects is therefore roughly N R ∼ 1/R(t). Taking R(t) ∼ t µ as above, the
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High-Symmetry phase

Protodomains

ξ

Figure B.12: Domain formation in 1D. Schematic representation of domain formation in 1D.
In the course of the ordering dynamics, the system is partitioned into protodomains of the
size of the characteristic length scale. At the interface between adjacent protodomains, kinks
are spontaneously formed with probability p, resulting in true domains. An analogous picture
holds for 2D as well. Figure adapted from Ref. [424].

approximation error 1 − R at the time of measurement, T , should go as
1 − R ≃ N (T ) R(T ) ≃

1
∼ T −µ .
R(T )

(B.38)

Since T is directly related to the evolution time, this simple calculation predicts a power-law
decay of the error with the total sweep time, in agreement with the basic dependence seen
experimentally. Physically, the healing process is driven by the interaction of the long domain
walls with the bulk gapped quasiparticles about the ordered state within each domain [108].
B.8.2

Degeneracy-dependent corrections

We now turn to a more systematic calculation of the total number of defects 1 − R. To
generalize the mechanism described above, we consider that the effect of the ordering dynamics
is to initially partition a system of a given size into “protodomains” (see Fig. B.12) of the
same length scale over which the order parameter stabilizes [424]. At the boundary between
adjacent domains, kinks form with a given probability p. Conversely, with probability (1 − p),
no kink is formed and the two adjacent protodomains coalesce to form a larger domain. Given
N protodomains, the number of boundaries between them (which determines the number of
stochastic events for kink formation) is ZN /2, where Z is the average coordination number
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A

B

...
...
Figure B.13: Origin of degeneracy. A. Principal component analysis (PCA) on experimental
outcomes of a 51-atom graph shows the regions that change most between snapshots. Here,
the top six principal components highlight distinct 1D regions which contribute most to the
degeneracy. B. Removing a vertex from a fully filled background lattice introduces degenerate
linear regions emanating from the hole. This is due to the ability to freely slide excitations
along columns and rows of the graphs in the vicinity of a hole.

of each protodomain. Note that here and henceforth, we have suppressed the explicit time
dependence of N and related variables. Assuming that the success probability p is the same
at different locations of the graph, the probability distribution for the number of kinks, k,
takes the binomial form
(
P (k) =

)
ZN /2 k
p (1 − p)ZN /2−k .
k

(B.39)

The number of actual domains with k kinks is n = k/(Z/2). However, every time a kink fails
to form, the average length of the domain walls decreases as

r=

πN R − ( ZN
2 − k) L
,
n

(B.40)

L being the length of the boundary between the two coalescing protodomains. In order
to determine the number of errors, we have to calculate the average ⟨nr⟩ subject to the
distribution (B.39).
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B.8.3

Degeneracy of MIS solutions

Before proceeding further, let us make a few observations about the degeneracy of the MIS
solution space. From the principal component analysis shown in Fig. B.13A, we know that the
degeneracy primarily originates from one-dimensional regions of the graph. One of the mechanisms by which such one-dimensional degeneracy can arise is via the presence of holes, defined
as regions that have atoms missing compared to the perfect square lattice [see Fig. B.13B].
For instance, if a hole is located at a site (x1 , y1 ) in a L × L lattice, it contributes to a “sliding
degeneracy” [185] of approximately [x(L − x) + y(L − y)]/4. A direct generalization of this
argument shows that if there are two holes at positions (x1 , y1 ) and (x1 , y2 ), the degeneracy
of the line segment between them is ∼ |y2 − y1 |. We emphasize though that the 1D “strings”
of degeneracy need not always terminate in holes; in practice, their extent is also restricted
by the interactions between multiple holes. However, the precise microscopic origin of these
strings will not be important for our discussion. The key property of interest is that the
existence of holes induces degeneracies along one-dimensional lines, and the degeneracy of
each such segment is proportional to its linear length.
While the exact distribution of holes (or larger vacancies) is a property of the individual
√
graph, on average, the spacing between them is 2/ πρ ≡ ζ for a given density of holes ρ. For
simplicity, we will also take ζ to be the characteristic length of the 1D strings due to reasons
motivated above. Now, consider two protodomains, say, i and j, as shown in Fig. B.14:
we will compute the degeneracy of the domain i ∪ j if the protodomains were to coalesce
without kink formation. First, there will be a contribution from strings that lie entirely
within each protodomain (such as the rightmost one in Fig. B.14) given by δi δj , where δµ
denotes the intrinsic degeneracy in region µ. Additionally, there is a second piece to the
degeneracy stemming from the boundary between the two protodomains: this is determined
by the product of the degeneracies of all the strings crossing the interface of length ℓ sites.
Hence, the total degeneracy of the region i ∪ j is, to a good approximation, di,j ≃ (ζ)γ ℓ δi δj ,
for some graph-dependent constant γ. Averaging over all such protodomains, we replace the
di,j , δi by their averaged values and drop the associated site indices, leading to the useful
estimate ℓ = [log d − 2 log δ]/(γ log ζ).
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A

B

k
j

i

Figure B.14: A potential mechanism for healing domain walls. A. Schematic illustration
of one-dimensional strings which contribute to the degeneracy. These strings may either
traverse the boundary between two (or more) protodomains (shaded in differing colors) or be
confined to exclusively one protodomain. B. An example depicting how domain walls between
independently seeded domains can be partially healed by sliding excitations along 1D lines.

B.8.4

Scaling of the defect density

Substituting this result in Eq. (B.40), we find
ZN /2 (

⟨nr⟩ =

∑
k=0

=

)
(
)
(
)
πN R − ΓR (log d − 2 log δ) ZN
ZN /2 k
k
ZN /2−k
2 −k
p (1 − p)
k
Z/2
k/(Z/2)

NR
[2π − (1 − p) Γ Z (log d − 2 log δ) ] ,
2

(B.41)

where we have encapsulated all the nonuniversal graph-dependent properties in the coefficient
Γ and also reinstated a factor of R in the first line for dimensional consistency (since L grows
with R). Intuitively, the correction term means that when the degeneracy is higher, there
are more ways for two protodomains, that may have been seeded independently, to merge
smoothly without generating a domain wall—this is also one reason why graphs with large
degeneracy are generically “easier” to solve. We now recognize that the total MIS degeneracy
D|MIS| is
∏

D|MIS| ≃

therefore

⟨i,j⟩ di,j
∏
( i δi )Z−1

so,

log D|MIS|

ZN
≃
2

(
)
Z −1
ZN
log d − 2
log δ ≃
(log d − 2 log δ) ,
Z
2
(B.42)

[

log D|MIS|
⟨nr⟩ = N R π − (1 − p) Γ
N
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Figure B.15: Effect of degeneracy density on scaling dynamics. A. Behavior of the approximation error 1 − R as a function of degeneracy density ρ ≡ (log D|MIS| )/N for a fixed sweep
duration, as predicted by the theoretical model of Eq. (B.44) with the parameters therein determined from a fit to experimental data. B. Effective power-law exponent α (corresponding
to the effective time-scaling observed in Fig. 3.22A) for graphs with different ρ. This scaling
behavior is captured by the theoretical model of Eq. (B.44) with a phenomenological value of
µ = 0.48(2) obtained from a fit as shown by the solid black line (the errors in µ are calculated
through a bootstrap method). The grey shaded regions for both plots show the lower and
upper bounds given the errors of the fit.

Noting that N ∼ 1/R2 , we can express the final result for the scaling of the net defect density
as
1−R∼T

−µ

[
]
log D|MIS| 2µ
1 − (1 − p) Γ
T
,
N

(B.44)

where N is the total number of atoms and the (redefined) coefficient Γ also absorbs the
geometric factors relating N and A.
B.8.5

Comparison to the experiment

Assuming a phenomenological value of the exponent µ, the scaling form (B.44) potentially
describes two key experimental observations:
• For a fixed time, the error decreases linearly with degeneracy density ρ ≡ (log D|MIS| )/N
(Fig. B.15A). The coefficient of this linear term (i.e., the slope obtained on plotting the
approximation error 1 − R as a function of ρ) becomes more negative with increasing T
for short depths.
• For varying sweep times, the correction from the term proportional to ρ contributes an
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additional time dependence, so Eq. (B.44) does not describe a pure power law. However,
one can still fit the data to a single effective power law T −α ; the exponent α thus obtained
for different graphs increases with ρ (Fig. B.15B).
A similar mechanism, albeit with different exponents, could potentially apply to the classical
simulated annealing data as well.

B.9
B.9.1

Landau-Zener mechanism and quantum scaling
Effect of finite blockade and long-ranged interactions

Employing the abovementioned DMRG procedure, we now calculate the minimum energy
gaps for three different Hamiltonians.
First, in Fig. B.16A, we present the minimum quantum gap calculated for a “hard-blockade”
Hamiltonian without long-ranged tails, in which both the first- and second-nearest neighbors
are strongly blockaded:

H̃ =

∑ (Ω
i

)
∑
1 ∑
1∑
|0⟩i ⟨1|i + h.c. − ∆
V0 ni nj +
V0 ni nj ,
ni +
2
2
2
⟨i,j⟩

i

(B.45)

⟨⟨i,j⟩⟩

where ⟨· · · ⟩ and ⟨⟨· · · ⟩⟩ represent nearest and next-nearest neighbors, respectively, and we have
set ℏ = 1. For this Hamiltonian, which may be regarded as an approximation to the hardcore, infinite Rydberg blockade for V0 = V1 ≈ 27, Ω = 1, we find that the quantum hardness
(the inverse gap) correlates well with the classical hardness parameter HP, consistent with a
scaling of gap ∼ 1/HP.
Next, we show the minimum energy gap for a more realistic “soft-blockade” Hamiltonian
without long-ranged tails in Figure B.16B:

H̃ =

∑ (Ω
i

)
∑
1∑
1 ∑
|0⟩i ⟨1|i + h.c. − ∆
ni +
V0 ni nj +
V1 ni nj ,
2
2
2
⟨i,j⟩

i

(B.46)

⟨⟨i,j⟩⟩

where now V0 and V1 are the interaction energies between nearest and next-nearest neighbors
in the Rydberg Hamiltonian, but all longer-range interactions are removed. This is an “intermediate” model between the hard-blockade model described above and the full Rydberg
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Figure B.16: Minimum energy gap versus hardness parameter. The minimum quantum gap
calculated using DMRG for A. the “hard-blockade” model of the Hamiltonian in Eq. (B.46)
with first- and second-nearest neighbors strongly blockaded and no tails beyond them; B. the
realistic Rydberg Hamiltonian, but with the interaction truncated to only first- and secondnearest neighbors and no tails beyond them; and C. the realistic Rydberg Hamiltonian with
long-ranged tails described in Eq. (3.17).

Hamiltonian. Notably, for many instances the adiabatic gap becomes larger in this model
compared to the hard blockade model, with most instances falling in between 1/HP and
√
1/ HP scaling.
Lastly, we consider the full Rydberg Hamiltonian introduced in Eq. (3.17); for this case,
we retain the long-ranged tails of the 1/r6 van der Waals interaction up to a distance of 4a,
which was shown to be sufficient for convergence of phase boundaries on the square lattice
[320]. Figure B.16C shows the minimum quantum gap plotted as a function of the classical
hardness parameter HP. The significant scatter precludes the observation of any meaningful
trend based on this data alone. However, the comparison also shows that the a combination
of soft blockade and long-ranged tails help facilitate a better performance for many instances.
B.9.2

Sufficient conditions for quadratic speedup

Although the numerics discussed above do not provide a definitive conclusion for the scaling
of the gaps with hardness parameter, it is interesting to consider the conditions under which
they scale as O(poly(1/N )HP −1/2 ), realizing a Grover-like speedup over SA, up to polynomial
factors in the system size. To this end, we denote the instantaneous eigenstates of the system
as |1⟩ , . . . , |2N ⟩ ordered by eigenenergies (E1 ≤ E2 ≤ · · · ≤ E2N ), so that the minimum
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Figure B.17: Landau-Zener physics in many-body systems. A level anticrossing, where the
instantaneous eigenstates swap at the gap-closing point, is illustrated.

adiabatic gap is
δmin = min (E2 (t) − E1 (t)) .

(B.47)

t∈[0,T ]

The adiabaticity criterion is then that the total evolution time T satisfies T ≫ 1/δmin .
For some hard combinatorial optimization problems, in the limit of large system sizes, this
minimum gap is expected to coincide with a first-order phase transition, where the ground
state suddenly changes character across the transition point [730]. We will assume that this is
the case and parametrize the adiabatic ramp by the drive-to-detuning ratio λ =

Ω
2δ ,

denoting

its value at this phase transition as λcrit .
We will also assume that the two lowest eigenstates are energetically well-isolated from
higher excited states (E2 − E1 ≪ E3 − E2 near the gap-closing point). In this case, the
system’s dynamics near the gap closing are well-described [up to corrections of order (E2 −
E1 )/(E3 −E2 )] by a process with Landau-Zener physics between the lowest two eigenstates, |1⟩
and |2⟩. Figure B.17 shows such a scenario, where the lowest two eigenstates |1⟩i , |2⟩i before
the level crossing swap places at λcrit , such that the states after the crossing are |1⟩f = |2⟩i and
|2⟩f = |1⟩i . For λ = λcrit , the eigenstates are the hybridized states |1⟩ =
√1 (|1⟩
i
2

√1 (|1⟩
i
2

+ |2⟩i ), |2⟩ =

− |2⟩i ). The system’s dynamics in the |1⟩i , |2⟩i subspace are governed by an effective
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Landau-Zener Hamiltonian

HLZ = δeﬀ (λ) σzeﬀ + Ωeﬀ (λ) σxeﬀ ,

(B.48)

where σxeﬀ = |1⟩i ⟨2|i +h.c., σzeﬀ = |1⟩i ⟨1|i −|2⟩i ⟨2|i , and δeﬀ (λ), Ωeﬀ (λ) are unknown functions,
such that δeﬀ (λcrit ) = 0.
Under these assumptions, we find the adiabatic gap as

δmin

)]
[
(
E2 − E1
= Ωeﬀ (λcrit ) 1 + O
E3 − E2

(B.49)

with
)]
[
(
E2 − E1
,
Ωeﬀ (λcrit ) = ⟨1|i HLZ (λcrit ) |2⟩i = ⟨1|i H (λcrit ) |2⟩i 1 + O
E3 − E2

(B.50)

where H(λ) is the system Hamiltonian, and the corrections in the rightmost expression appear because HLZ only approximately represents H in the |1⟩i , |2⟩i subspace. Ignoring these
corrections, we see that the size of the gap is determined by the overlap of the two asymptotic
Landau-Zener states of the bare system Hamiltonian H at the critical point. This Hamiltonian is just a sum of local one- and two-body terms, while the asymptotic Landau-Zener states
|1⟩i , |2⟩i can be highly entangled superpositions of many independent sets. The size of the
gap is thus controlled mainly by how much population in |1⟩i is close in Hamming distance
to population in |2⟩i , rather than by the operators appearing inside the matrix element.
We can now envision a concrete situation where the adiabatic algorithm exhibits a quadratic
speedup over SA. For hard instances, the minimum gap typically occurs close to the end of
the adiabatic evolution. The ground state after the critical point (|1⟩f ) is composed of mostly
a superposition of the MISs and the first excited state (|2⟩f ) is a superposition of independent
sets of size |MIS|−1. Suppose these asymptotic Landau-Zener states form equal superpositions
of the respective independent set states:
1
|1⟩i = |2⟩f = √
D|MIS|−1

∑
i ∈ {IS of size |MIS|−1}
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|i⟩ ,

(B.51)
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1
|2⟩i = |1⟩f = √
D|MIS|

∑

|i⟩ .

(B.52)

i ∈ {MIS}

In this situation, the gap that results from the above formula is
√
δmin = Ω (λcrit ) |MIS|

D|MIS|
.
D|MIS|−1

(B.53)

Here, only the driver terms in H contribute to the matrix element, since |1⟩i and |2⟩i have
different Hamming weights. The factor of |MIS| appears because the driver connects every
independent set of size |MIS| in |2⟩i to |MIS| independent sets of size |MIS| − 1 in |1⟩i . The
factor under the square root comes partly from the normalization of the two wavefunctions,
√
which contributes 1/ D|MIS| D|MIS|−1 , and also from the fact that there are D|MIS| nonzero,
equal magnitude terms that add constructively. This last effect is a coherent enhancement of
δmin which stems from the coherence of the superpositions |1⟩i , |2⟩i that we have assumed. If
we assume further that λcrit scales polynomially or slower with system size, then the gap would
go as poly(1/N )HP −1/2 . In this hypothetical case, the adiabatic algorithm would exhibit a
quadratic speedup in HP over SA, which has a spectral gap of poly(N )HP −1 .
For any particular graph instance, the two lowest eigenstates at the gap-closing point
are unlikely to exactly equal the fully symmetric superpositions assumed above because the
Hamiltonian is not symmetric among the MISs or the independent sets of size |MIS| − 1. It is
evident, however, that the gap is mainly determined by the extent to which |2⟩i is “delocalized”
across the space of MISs, and by how much overlap the state |1⟩i = |2⟩f has with the states
immediately accessible from |2⟩i via the driver. Therefore, a speedup over SA is possible if the
eigenstates involved in the gap closing of the adiabatic algorithm are sufficiently delocalized
across the solution space, or if |1⟩i is localized near nonmaximal independent sets of size
|MIS| − 1. Assessing whether this type of speedup can be obtained requires further theoretical
analysis of the low-energy states of this Hamiltonian.
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C.1

Bosonic models with ring exchange

In this section, we demonstrate that the Rydberg Hamiltonian on the kagome lattice can
be related, at least perturbatively, to certain well-studied models of hard-core bosons with
“ring-exchange” interactions [33, 300, 543, 670], which have previously been identified to host
a QSL phase.
The mapping to hard-core bosons proceeds straightforwardly by associating each atom in
the Rydberg (ground) state with the presence (absence) of a boson [556] on the corresponding
lattice site. In the bosonic language, HRyd can be reformulated as
HRyd ≡ H0 + H1 ;
H0

= V1

∑
⟨i,j⟩

ni nj + V2

(C.1)
∑
⟨⟨i,j⟩⟩

ni nj + V 3

∑
⟨⟨⟨i,j⟩⟩⟩

ni nj − δ

∑
i

ni ,

H1 =

Ω∑ †
(bi + bi ),
2
i

where b†i (bj ) is the boson creation (annihilation) operator, ni = b†i bi is the number operator,
and Vi stands for the repulsion strength between ith -nearest-neighbors with V1 = 27 V2 = 64 V3
owing to the van-der-Waals nature of the interaction. While this Hamiltonian does not con-
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serve the total number of bosons, we first derive an effective Hamiltonian that recovers the
global U(1) symmetry broken by the (b†i + bi ) terms in Eq. (C.1). This is motivated by considering the limit of large positive detuning such that boson number is effectively conserved.
Using the symbols α, β to label sectors with a fixed number of bosons, and m, n to denote
states within each group, the matrix elements of the effective Hamiltonian are given by [550]
⟨m, α|Heﬀ |n, α⟩ = Em,α δm,n + ⟨m, α|H1 |n, α⟩
)
∑ ⟨m, α|H |l, β⟩⟨l, β|H |n, α⟩ (
1
1
1
1
+
+
,
2
Em,α − El,β
En,α − El,β

(C.2)

l,β̸=α

where E is the (purely classical) energy of a given configuration as determined by H0 alone.
Let us now evaluate Eq. (D.53) term by term. Consider a second-order hopping process where
an existing boson on a given site, say i′ , is annihilated first, followed by the creation of a boson
on an adjacent site j ′ . Crucially, owing to the Rydberg blockade, the hopping amplitude will
be severely reduced if any of the three nearest-neighboring sites of j ′ (besides i′ ) are occupied.
Treating this effect probabilistically, we replace the energy denominators in Eq. (D.53) by
their configurational averages
⟨

1
Em,α − El,β

⟩

⟨
=

1
En,α − El,β

⟩
=

1 3
3
P +
P 2 (1 − P),
−δ
V1 − δ

neglecting terms with p V1 (p > 1) in their denominators. Here, P is the probability of finding
an unoccupied site; recognizing that the Rydberg liquid appears in proximity to a phase with
a filling fraction of one-third, we set P = 2/3. With this assumption, the leading-order matrix
elements of Heﬀ —from the hopping described above—are given by
(Ω/2)2
2

(

1
1
+
−δ −δ

)
P 3.

(C.3)

Next, we consider the reverse process in which a boson is first created on a given site and
then an existing boson is annihilated on a neighboring site. Likewise, the approximate matrix
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elements of Heﬀ in this case are
(Ω/2)2
2

(

1
1
+
δ − V1 δ − V1

)
P 3.

(C.4)

Note that Eq. (C.4) is already of order 1/V1 and can be neglected in comparison to Eq. (C.3)
since V1 ≫ δ.
Naively, the analysis above suggests that there are processes by which a particle can hop
arbitrary distances, but these cancel between the contributions of the N − 1- and N + 1-boson
subspaces [550] at this order, and the only surviving hopping terms connects adjacent sites.
This leads us to the effective Rydberg Hamiltonian
Heﬀ = −

)
∑ ( †
∑
∑
∑
∑
t bi bj + H.c. + V1
ni nj + V2
ni nj + V 3
ni nj − δ
ni , (C.5)
⟨i,j⟩

⟨i,j⟩

⟨⟨i,j⟩⟩

⟨⟨⟨i,j⟩⟩⟩

i

with t = Ω2 P 3 /(4 δ). The reason behind this formal manipulation is that it allows us to
rewrite

Heﬀ = −t

∑(



∑
∑
∑
∑
b†i bj + H.c. + 2V 
ni nj +
ni nj +
ni nj  − δ
ni + Hdef
)

⟨i,j⟩

= −t

∑(
⟨i,j⟩

⟨i,j⟩

b†i bj

)

+ H.c. + V

∑ [(
7

⟨⟨i,j⟩⟩

⟨⟨⟨i,j⟩⟩⟩

i

]
µ2
µ )2
−
+ Hdef ≡ Hb + Hdef ,
n7 −
4V
16V 2

(C.6)

where Hb only includes homogeneous interactions while Hdef can be viewed as a deformation
thereof that encompasses all the distance-dependent nonuniformity in Heﬀ . In Eq. (C.6),
n7 is the number of particles in each of the hexagons of the kagome lattice, µ = δ + 2V
is the effective chemical potential, and V is a single short-range repulsion strength that we
will specify shortly. It is easy to see that for µ = (4, 8, 12)V, the second term of Eq. (C.6)
is minimized by having (1, 2, 3) bosons per hexagon respectively or equivalently, a filling
fraction of f = (1/6, 1/3, 1/2). The undeformed model Hb , at half-filling, is known to exhibit
a superfluid-insulator transition at (V/t)c ≈ 19.8, and the insulating phase is a topologically
ordered Z2 Mott insulator [300]. However, at both 1/3 and 1/6 fillings, the model also has a
Z2 spin liquid regime as shown by Ref. 543 following a mapping onto the triangular-lattice
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quantum dimer model. As the ratio V/t has to exceed a certain critical value to obtain the
QSL phase, one should compare V in Heﬀ to the smallest interaction scale in Eq. (C.5);
accordingly, we identify 2V = V3 . Supplementing this equation with the relation δ = 6V and
the derived expression for t, one can easily solve for {δ/Ω, V3 }. Roychowdhury et al. [543]
showed that the parameter ranges realizing the spin liquids at 1/2 and 1/3 filling are nearly
identical, which enables us to use the previously stated estimate of (V/t)c by Isakov et al.
[300] in our calculation. Taking, for instance, V/t = 20 ≳ (V/t)c , we find Rb /a = 1.997 and
δ/Ω = 2.981, which is reasonably close to the region observed numerically for the Rydberg
liquid regime.

C.2

Properties of the liquid regime

Prompted by the considerations described in Section 4.3, we first attempt to uncover the
existence of any phase transitions in the vicinity of the liquid regime. To that end, we
temporarily focus on a specific blockade radius, Rb = 1.9 [dotted white line in Fig. 4.1(e)], and
look at variations of the ground-state properties along this one-dimensional cut.
The first such observable is the susceptibility, defined as the second derivative of the groundstate energy, E0 , with respect to the detuning, i.e., χ = −∂ 2 E0 /∂ δ 2 . On finite systems, the
maxima of the susceptibility can often be used to identify possible QCPs, which are slightly
shifted from their locations in the thermodynamic limit. In particular, for Rb = 1.9, χ is plotted
in Fig. C.1(a), where a single peak in the response is visible at approximately δ = 2.9. This
susceptibility peak—which is recorded by the pink circles in Fig 4.1(e)—is also reproduced in
exact diagonalization calculations on a 48-site torus (refer to Section C.3 below).
A similar signature can be discerned in the quantum fidelity |⟨Ψ0 (δ)|Ψ0 (δ + ε)⟩| [140, 743],
which measures the overlap between two ground-state wavefunctions Ψ0 computed at parameters differing by ε. The fidelity serves as a useful tool in studying QPTs because, intuitively,
it quantifies the similarity between two states, while QPTs are necessarily accompanied by
an abrupt change in the structure of the ground-state wavefunction [229]. Zooming in on a
narrower window around the susceptibility peak, we evaluate the fidelity susceptibility [728],
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Figure C.1: Signatures of a crossover into the liquid regime. Along a line where the blockade radius is held constant at Rb = 1.90, both (a) the susceptibility χ and (b) the fidelity
susceptibility F exhibit a single peak at δ ≈ 2.90. (c) The behavior of the EE over the same
detuning range, however, is distinct from the sharp drop observed across the QPTs into any
of the ordered phases. On going to higher δ, the system eventually transitions into either the
nematic or the string phase depending on the blockade radius (or potentially, the boundary
conditions).
which, in its differential form, is given by
[

]
1 − |⟨Ψ0 (δ)|Ψ0 (δ + ε)⟩|
F ≡2
.
ε2

(C.7)

The fidelity susceptibility also displays a local maximum at δ ≈ 2.9, indicating some change
in the nature of the ground state as we pass into the liquid regime. Unlike the QPTs into the
ordered phases, the EE [Fig. C.1(c)] does not drop as we cross this point but rather, continues
to increase; however, its first derivative is nonmontonic at δ ≈ 2.9. This suggests that the
final liquid state is likely highly entangled, and is not a simple symmetry-breaking ground
state.
Given that we always work on cylinders of finite extent, we cannot exclude the possibility
that the peaks in Fig. C.1(a,b) are due to surface critical phenomena [66, 155] driven by a
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Figure C.2: Disentangling bulk and boundary behaviors. (a) Within the liquid regime, depicted here at δ = 3.50, Rb = 1.95, the real-space magnetization profile communicates the
absence of density-wave order; note that the edge-induced ordering does not permeate into
the bulk, which remains uniform. (b,c) Bulk susceptibilities: by construction, χb should be
insensitive to edge effects. In the left panel (b), χb is determined from the second derivative of
the difference between the energies of two YC6 cylinders with lengths N1 = 12 and N1 = 9. As
in Fig. C.1(a), with Rb set to 1.90, a clear local maximum appears at δ ≈ 3.09, heralding the
liquid regime. On YC8 cylinders (c), the bulk susceptibility, shown here along Rb = 1.95, is
calculated by applying the subtraction method to two systems of lengths N1 = 12 and N1 = 8.
phase transition at the edge. Indeed, in Fig. C.2(a), which shows a profile of the liquid regime
on a wide cylinder at δ = 3.50, Rb = 1.95, we notice that the edges seek to precipitate the
most compatible density-wave order at these fairly large values of the detuning. Nonetheless,
the bulk resists any such ordering tendencies and the central region of the system remains
visibly uniform, with only slight perturbations from the open boundaries. In fact, the bulk
fails to order despite being at a detuning for which the system energetically favors a maximal
(constrained) packing of Rydberg excitations, as is also evidenced by the nearby staggered and
nematic phases above and below the liquid regime, respectively. It is perhaps worth noting
that in one spatial dimension, the comparable regions lying between the different Zn -ordered
states at large detuning are known to belong to a Luttinger liquid phase [183].
In order to eliminate end effects, it is often useful to first evaluate the ground-state en389
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Figure C.3: Properties of the liquid regime. Here, we focus on the line δ = 3.3 while varying
the blockade radius. (a) The structure factor S(q), at Rb = 1.95, is featureless with no
2 characterizing the nematic
discernible ordering peaks. (b) The order parameters |Φ|2 and MQ
and staggered phases, respectively. Both develop a clear trough in the liquid region between
the two phases, indicating the lack of symmetry-breaking order therein. (c) The correlation
lengths calculated from Eq. (4.2): for 1.9 ≤ Rb ≤ 2.0, ξ is smaller than one lattice spacing, so
all correlations are short-ranged.

ergy per site for an infinitely long cylinder by subtracting the energies of finite cylinders of
different lengths but with the same circumference [626, 711, 751, 752]. Such a subtraction
scheme cancels the leading edge effects, leaving only the bulk energy of the larger system.
In particular, this procedure enables us to quantify the influence of the boundaries on thermodynamic properties of the system such as the susceptibility. Using two cylinders of fixed
width, an estimate of the bulk energy can be found by subtracting the energy of the smaller
system from that of the larger. The (negative of the) second derivative of this quantity with
respect to the detuning defines the bulk susceptibility χb —this gives us the susceptibility in
the center of the cylinder with minimal edge effects. Figure C.2(b) presents the variation
of χb with detuning at Rb = 1.90 for the YC6 family: we see that the local maximum of the
susceptibility reported in Fig. C.1(a) is still identifiable, but its precise location is shifted to
slightly higher δ. Analogously, we study the bulk susceptibility for wider YC8 cylinders and
find, once again, a distinct peak corresponding to the onset of the liquid regime. Although
this peak persists in a purely bulk observable, its magnitude is diminished: for example, the
relative change between the local maximum and the minimum (shoulder) immediately adjacent to it on the right (left) differs by approximately a factor of four (ten) between χb and
χ for the YC8 cylinder. Hence, the behavior of the susceptibility could be indicative of an
edge phase transition but whether this is accompanied by, or due to, a change in the bulk
wavefunction is presently unclear.
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Next, we investigate the properties of this liquid regime in more detail and demonstrate
that—as preempted by its name—it does not possess any long-range density-wave order. This
diagnosis of liquidity is best captured by the static structure factor. In stark contrast to the
panels in Fig. 4.3, S(q) is featureless within the liquid regime [Fig. C.3(a)] with the spectral
weight distributed evenly around the extended Brillouin zone.
This unordered nature is reflected in [Fig. C.3(b)], where we plot the order parameters
characterizing the surrounding symmetry-broken states. The order parameters defined earlier
are found to be nonzero in both the nematic and staggered phases but are smaller by an order
2 in the
of magnitude in the liquid regime; this is compatible with a vanishing |Φ|2 and MQ

thermodynamic limit. In the process, we also find that the transition from the nematic (staggered) phase to the liquid regime appears to be second-order (first-order), which is consistent
with the expectations for the QPT into a Z2 QSL in the dimer models, as we have discussed
previously. We do not observe any signatures of a phase transition within the liquid regime.
Moreover, one can also define a correlation length from the structure factor as [568]
√
ξ(Q, qmin ) =

1
|qmin |

S(Q)
− 1,
S(Q + qmin )

(C.8)

where Q + qmin is the allowed wavevector immediately adjacent to the peak at Q. The
correlation lengths obtained in the liquid are found to be smaller than the lattice constant, as
plotted in Fig. C.3(c), thus highlighting the lack of order. The qualitative behavior of ξ is the
same along both directions on the cylinder and mirrors that of the order parameter. On either
side of the liquid region, the correlation lengths follow an increasing trend as long-range order
develops deep in the solid phases. We have further verified that the bond-bond correlation
functions
C(i,j),(k,l) = 4[⟨(ni · nj )(nk · nl )⟩ − ⟨ni · nj ⟩⟨nk · nl ⟩]
are also short-ranged in the liquid regime.
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C.3

Exact diagonalization studies on the kagome lattice

In this section, we supplement the DMRG simulations with exact-diagonalization (ED) studies
of the kagome-lattice Rydberg Hamiltonian. While ED techniques are restricted to system
sizes smaller than those accessible with DMRG, they are completely unbiased and offer a
complementary viewpoint as one is able to probe features that are harder to extract using
DMRG, such as spectral gaps to higher excited states as well as the full distribution of the
ground-state wavefunction over the computational basis states. Furthermore, with ED, one
has the ability to impose arbitrary boundary conditions such as toroidal ones, which help
circumvent edge effects that are challenging to handle with tensor-network methods. We find
that the ED numerics confirm the existence of at least four phases (see Fig. C.5), as well as
the natures of the ordered phases. However, we do not exactly observe the fourfold neardegeneracy of the ground state that one would expect for a topological Z2 liquid—this is not
surprising given the large finite-size effects known to affect ED studies of spin systems on the
kagome lattice [365, 366].
We consider here a 48-site cluster of linear dimensions N1 = N2 = 4 with fully periodic
boundary conditions such that an atom located at position r is identified with those at
positions r + Nµ aµ (µ = 1, 2). The full Hilbert space is of (a rather intractable) dimensionality
248 ≈ 2.8 × 1014 , so we instead operate in the so-called “Rydberg-blockaded” space, where no
two neighboring atoms on the lattice are allowed to be simultaneously excited. This leads to
an effective Hamiltonian

Heff =

∑
i

Ω

∏(

∑
)
1 − nj Six − δ
ni +

⟨i,j⟩

i

∑

Vij ni nj ,
a<||xi −xj ||≤2a

(C.10)

(
)
where Six = (|r⟩i ⟨g| + H.c.)/2, and Vij ≡ V ||xi − xj ||/a ; hereafter, we will set Ω = a = 1 as
before. The first term describes a spin-flip in the blockaded space, and the relation ⟨i, j⟩
in the projector specifies that sites i and j are nearest neighbors (NNs). In the last term,
we sum over pairwise interactions of Rydberg atoms with mutual distances corresponding to
second- and third-NNs; the first-NN repulsion strength is formally infinite due to the hard
blockade constraint. The distance between any two sites is taken to be the shortest one on
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Figure C.4: Spectral gaps of low-lying eigenstates. Using ED, we trace the evolution of the
gaps Ei − E0 (in units of Ω) for the first few states, with energies Ei , of the effective Hamiltonian (C.10) as a function of Rb at fixed δ = 3.8 on a 48-site torus; the ground-state energy is
E0 . Note that the lowest blue curve is twofold degenerate. The region Rb < 1.85 corresponds
to the nematic phase with threefold ground-state degeneracy, whereas the staggered phase
prevails for Rb > 2.0 with twelvefold degeneracy. In between, we clearly see the appearance
of a distinct phase.

the torus. For Rb ≳ 1, the effective model (C.10) captures the essential physics of the Rydberg
Hamiltonian as NN interactions in the latter are so strong that there is an enormous energetic
penalty for the simultaneous excitation of two neighboring atoms. In particular, as the liquid
regime occurs at Rb ∼ 1.9, the effective model should presumably bring out its existence as
well as its universal properties.
It is useful to note that the Hamiltonian Heff is also invariant upon translations in the a1 and
a2 directions, and the spectrum can therefore be decomposed into momentum sectors. For concreteness, let T1 and T2 represent the operators implementing such shifts in the respective diN

rections. Given that Tµ µ = 1 and Nµ = 4, the eigenvalues of Tµ = eikµ range across kµ = 2πnµ /4
with nµ = 1, 2, 3, 4. It turns out that there are four sectors whose spectra are not unitarily
related to one another: these are labeled by (k1 , k2 ) = (π/2, π/2), (π/2, π), (π, π), (2π, 2π), and
have Hilbert space dimensions of 7587799, 7587792, 7590567, and 7590689, respectively. In
total, six sectors are equivalent to (π/2, π/2), six others to (π/2, π), three to (π, π), and one
to (2π, 2π). This momentum resolution is crucial for our ability to numerically treat a system
of 48 spins with ED.
In Fig. C.4, we display the low-lying gaps Ei − E0 between eigenstates with energy Ei and
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the ground state, which has energy E0 , working at a fixed detuning, δ = 3.8. For Rb < 1.85,
there are two eigenstates with minuscule energy differences (∼ 10−6 in units of Ω) above the
ground state. This implies that we should consider the first three states of the system as
belonging to a “ground-state manifold”. Indeed, it is easy to check that the decomposition of
the ground-state wavefunction in terms of the computational basis states in the z-direction
at Rb = 1.8 is dominated by the three configurations of nematic ordering. On the other hand,
for larger Rb > 2.0, the system, once again, possesses many low-lying eigenstates with small
energy splittings (∼ 10−5 – 10−4 Ω). In this case, we predominantly find the classical configurations corresponding to staggered order in the wavefunction decomposition, in alignment
with the predictions from DMRG. However, for intermediate values of the blockade radius,
where 1.9 ≲ Rb ≲ 2.0, we notice a markedly different spectra, clearly showing the presence of
an intervening phase.
We now investigate the various phases realized on the 48-site kagome lattice in further
detail. In parallel with Section C.2, we first plot, for three different values of the blockade
radius, the susceptibility χ = −∂ 2 E0 /∂ δ 2 , which can serve as a convenient probe to hunt for
quantum phase transitions (QPTs). In the thermodynamic limit, the susceptibility diverges
at a quantum critical point but on a finite lattice, this divergence is inevitably rounded off
and manifests itself as a local maximum of χ. Focusing on this diagnostic, in Fig. C.5(b), we
see a peak occurring around δ ∼ 3.2 at Rb = 1.975. Since the phase at small δ is expected to
be trivially disordered, we infer, albeit indirectly, that the region on the other side of the peak
is possibly the correlated liquid regime—we will verify this hypothesis shortly. We emphasize,
however, that a scaling analysis of the height of the peak with the system size is necessary to
confirm whether this signal is due to a genuine QPT. At even larger δ, the system undergoes
two successive transitions into first the string phase and thereafter, the nematic.
Figure C.6 collates the momentum-resolved energy spectrum, the ground-state decomposition, and the structure factor in each of the four regions identified from the susceptibility.
Inspecting the ground-state wavefunction at δ = 3.8 [Fig. C.6(b)] reveals that the distribution
over computational states is rather spread out, with no particular configuration dominating
the decomposition, in distinction to the discernible peaks for the string (δ = 5.25) and nematic
(δ = 6.00) phases seen in Figs. C.6(c) and (d), respectively. One can also generate represen394
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Figure C.5: Susceptibilities observed in ED simulations. The variation of χ = −∂ 2 E0 /∂ δ 2 with
the detuning δ at a constant Rb = (a) 1.95, (b) 1.975, and (c) 2.00, brings out several noticeable
local maxima, which could be indicative of quantum phase transitions. The shorthand labels
N , S, and 2/9 denote the extents of the nematic, staggered, and string phases, respectively.
The susceptibility betokens that the QPT between the staggered phase and the liquid regime
is first-order, in agreement with DMRG.

tative classical configurations constituting the ground-state wavefunctions by sampling these
distributions: from such snapshots, we find that the microstates in the liquid regime do not
bespeak any particular order, whereas for the string and nematic phases, the ideal densitywave ordering is readily visible in local patches. This liquidity is also reflected in the static
structure factor, which is mostly uniform in Fig. C.6(b) but develops prominent features for
higher values of δ. Taken together, these three pieces of information indicate that the liquid
state is not ordered. Finally, let us mention that the dimer-dimer correlator [Eq. (C.9)] is
zero by construction (since we work in the blockaded space), thereby ruling out any valence
bond crystal phases.
The energy spectra arrayed above present another independent method to potentially distinguish between the disordered and liquid regimes: for instance, in the zero-momentum
sector, the first-excited state is always doubly degenerate in the former but unique in the
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(a)

(b)

(c)

(d)

Figure C.6: Excitation spectra and ground-state properties at Rb = 1.975. Three of the chosen
points in parameter space belong to the (a) disordered, (c) string, and (d) nematic phase,
whereas (b) lies within the liquid regime. The leftmost column shows the low-lying spectrum.
If two states are degenerate within machine precision, they are plotted as concentric circles; for
the sake of visual resolution, if two levels are spaced less than 10−4 apart, they are depicted
as being split horizontally. The central column illustrates the ground-state decomposition
(GSD) in the zero-momentum sector of the state circled in red in the left panels—the blue
bars represent the probability for each classical configuration, indexed along the horizontal
axis. In the solid phases (c, d), the classical density-wave-ordered configurations have the
maximum weights ∼ O (10−2 ); the magnitudes of these peaks are much larger than any in
the disordered or liquid regimes. The presence or absence of ordering is also registered in the
associated static structure factors (right).
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(a)

(b)

(c)

(d)

Figure C.7: Excitation spectra and ground-state properties at Rb = 2.0. Here, we plot the
same quantities as in Fig. C.6, but for a higher blockade radius. On increasing detuning, the
sequence of phases now encountered in going from the disordered to the ordered side is slightly
different: from the staggered phase (b), the system enters the liquid regime (c), followed by
a transition into the string phase(d). This suggests a scenario where the tip of the staggered
lobe bends downwards in the phase diagram and is briefly intersected by the Rb = 2.0 line.
All the features discussed previously for the liquid state remain unaltered. Note that the
structure factor of the staggered phase shown here appears different from that in Fig. 4.3(c);
the former is the sum of C3 -rotated copies of the latter.
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latter. For a trivial paramagnet, the lowest-energy translationally invariant excitation should
be a superposition of spin flips, which is a property that holds throughout the phase. Therefore, the change in the character of the excitations between Figs. C.6(a) and (b), conveyed
by the differing k = 0 spectra, suggests that the two regimes could be of different natures.
Another nontrivial distinction pertains to which six states in the (k1 , k2 ) sectors constitute
the lowest-lying ones (above the ground state at the Γ point): in the disordered phase, these
are the states in the (k1 , k2 ) = (0, π), and equivalent, sectors but, for the liquid, they belong
to the (k1 , k2 ) = (0, π/2) and associated sectors.
Similar considerations apply for the Rb = 2.0 line scrutinized in Fig. C.7, in exact analogy
to Fig. C.6. In the liquid regime [Fig. C.7(c)], we notice that the energy splitting between
the absolute ground state and the first few low-lying eigenstates, Ei − E0 , is very small at
∼ 0.05 Ω. In the thermodynamic limit, three of these excited states could, in principle, have
energies that approach that of the ground state with the rest remaining gapped, thereby
forming the expected ground-state manifold of a Z2 spin liquid wherein each of the four states
corresponds to an anyon type in the theory. While we are unable to conclusively detect
whether this scenario occurs based on our ED simulations, we note that such a drawback is
also present for several other ED studies [365, 366, 371, 382, 466, 664] of kagome systems
such as the spin-1/2 Heisenberg antiferromagnet [430] (which is believed to host a spin liquid
phase), where it has been attributed to nontrivial finite-size effects.
In summary, our ED calculations provide a comprehensive picture of the low-energy physics
of the kagome-lattice Rydberg atom array. Our numerics on a 48-site cluster are broadly
consistent with the results reported by DMRG, thus lending support to and strengthening
the conclusions of Chapter 4.

C.4

Numerical investigation of extended quantum dimer models

C.4.1 Sweeping cluster Monte Carlo algorithm
The original sweeping cluster quantum Monte Carlo (QMC) method [712, 715] was designed
for hard-constraint models, i.e., models in which the number of dimer(s) per site is fixed.
To solve the model introduced in Chapter 4, we further improve upon the prior methods to
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Figure C.8: For the soft constraint of 1 or 2 dimer(s) per site, we have to consider all the
neighbors when creating/annihilating a dimer on the central link. (a) When both the A and
B sites have one dimer, it is allowable to create/annihilate a dimer on the center link. (b)
It is forbidden to create a dimer on the center link when either A or B site already has two
dimers. (c) It is forbidden to annihilate a dimer on the center link when either the A or the
B site has only one dimer.

be able to simulate a soft-constrained dimer model. In particular, the Hamiltonian that we
consider is given by Eq. (4.3), supplemented with the “soft” constraint that there can only be
either one or two dimer(s) per site.
Similar to the practice in Stochastic Series Expansion types of quantum Monte Carlo methods [568], we separate the Hamiltonian into diagonal and off-diagonal parts. It is obvious that
the t and V terms will not change the number of dimer(s) per site, but both the chemical potential µ and the transverse-field term h would. Therefore, the Monte Carlo update will need
to obey the soft constraint when we deal with the µ and h terms. We write the h off-diagonal
term and the µ diagonal term as,

Hd,l = µ
Ho,l = h

(
(

s

s

s

s

⟩⟨
⟩⟨

)

s

s

s

s + h.c. ,

(C.11)

+ C,
)

(C.12)

where C is a constant to ensure that the corresponding matrix elements are positive. The
label “d/o indicates whether the operator is diagonal or off-diagonal, and l labels the links
of the lattice. Although these two terms are single-link operators, they may break the soft
constraint when considering neighbors, so we have to regard the single-link operator as a
multi-link operator instead with all closest neighbors as shown in Fig. C.8.
We can design the Monte Carlo algorithm to update vertices according to the soft constraint
on the cells as shown in Fig. C.8. There are three possibilities to bear in mind during the
update:
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(a) When both the A and B sites have one dimer each, it is allowable to create/annihilate a
dimer on the center link.
(b) It is forbidden to create a dimer on the center link when either the A or the B site has
two dimers.
(c) It is forbidden to annihilate a dimer on the center link when either the A or the B site
has only one dimer.
Since the original sweeping cluster Monte Carlo method always obeys the constraints without
changing the number of dimers per site, adding such considerations for the terms in Eq. (C.12)
makes all samplings satisfy the soft constraint.
C.4.2 Stochastic analytic continuation
The main idea of the stochastic analytic continuation (SAC) method [59, 566, 631] is to
obtain the optimal solution of the inverse Laplace transform via sampling dependent on
importance of goodness. A set of imaginary-time correlation functions G(τ ) can be obtained through the sweeping cluster QMC method first. The real-frequency spectral function
and the imaginary time correlation function have the Laplace-transformation relationship as
∫∞
G(τ ) = 0 dω(e−τ ω + e−(β−τ )ω )S(ω)/π. We can inversely solve this equation by fitting a bet∑
ter spectral function. Assume the spectral function has a general form, S(ω) = i ai δ(ω −ωi ).
We can obtain the optimal spectral function, i.e., the optimal choice of the set {ai , ωi } in the
ansatz, numerically through sampling according to the importance of goodness of fit, with a
simulated-annealing approach and with respect to the QMC errorbars of the imaginary-time
correlation data G(τ ). The reliability of such a QMC-SAC scheme has been extensively tested
in various quantum many-body systems.
C.4.3 Phase diagram at h = 0
Besides the phase diagram with h = 0.4 presented earlier, we also study the phase diagram
at h = 0 described by the Hamiltonian,
H = −t

∑(
r

∑ ( s s⟩ ⟨ s s
)
s s⟩ ⟨ s s
s s⟩ ⟨ s s )
(C.13)
s s
s s + h.c. + V
s s
s s + s 
s
s 
s
r
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Figure C.9: The phase diagram, spanned by the V and µ axes, obtained from QMC simulations
at h = 0. The QSL–nematic and QSL–columnar transitions are continuous, and√the QSL–
√
staggered transition is first-order. In the limit of exactly one dimer per site, a 12 × 12
valence bond solid (VBS) phase is known to exist between the odd QSL and the columnar
phase. However, it is nearly degenerate with the columnar phase over a large region in our
simulations—especially for larger sizes—and we depict this schematically by using a lighter
shading for the columnar phase near the odd QSL.

−

µ

∑(

s

s

⟩⟨

s

s

)

(C.14)

,

l

where the sum on r runs over all plaquettes (rhombi) including the three possible orientations.
The kinetic term t, the potential term V , and the chemical potential µ are the same as before;
we set t = 1 as the unit of energy. As in the finite-h case, we impose a soft constraint requiring
either one or two nearest-neighbor dimer(s) per site.
Since the Hamiltonian cannot flip single dimers on a bond in the absence of an h term, the
dimer filling becomes a conserved quantity. First, we note that with V = 1 but varying µ, the
system is described by the Rokhsar-Kivelson (RK) wavefunction of an equal superposition of
dimer coverings [538], thus forming a QSL ground state. Moreover, the ground-state energy
of the Hamiltonian (C.14) at the RK point, without the µ term, is identically zero for a fixed
filling ρ. A nonzero µ trivially makes the ground state favor one (two) dimers per site when
µ < 0 (> 0). Similarly, the 1/6- and 1/3-filling staggered phases are degenerate when µ = 0.
Hence, the (first-order) phase transition line separating these two staggered phases remains
at µ = 0.
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Figure C.10: (a) Energy density E/N , and (b) dimer filling ρ for different V while scanning
µ at a fixed size L = 12. The phase transition line progressively shifts towards more negative
values of µ as V is decreased.
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Figure C.11: At V = 0.9, the energy densities for different system sizes exhibit similar behaviours as a function of µ. The dimer filling ρ becomes sharper while the size increases. This
data confirms an obvious first-order phase transition between the odd and even QSLs.

For the phase boundaries determined by fixing µ and varying V , if the phases have the same
filling, the chemical potential µ will not change their energy difference but just impart equal
energy shifts. Therefore, in the vertical direction, the phase boundaries are just straight lines.
Likewise, the horizontal phase boundaries, which separate phases of two different fillings, are
also straight. Together, they give rise to the entire phase diagram in Fig. C.9.
In the limit of large, negative V , the kinetic term becomes irrelevant. The Hamiltonian
then becomes a classical one with the competing terms µ and V . It is not hard to see that the
phase transition line between the columnar and nematic phases is simply given by V = µ/3
in this classical limit.
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Figure C.12: (a) The string operator ⟨string⟩ and (b) the dimer filling ρ as a function of µ
for different values of h = 0.4, and V = 0.8, 0.5, 0, −0.5, −0.8 in a system of size L = 16.
The system size simulated for V = 1.2 is L = 12 due to the unit cell of the staggered order.

To understand the phase diagram at a quantitative level, we simulate the model at a fixed
system size of L = 12. Clear first-order phase transitions arise between the columnar and
nematic, the columnar and even QSL, and the odd and even QSL phases, as can be seen from
the energy density E and the dimer filling ρ (Fig. C.10). We have also studied the system-size
dependence of the odd and even QSL transition at V = 0.9 with L = 12, 18 and 24. As shown
in Fig. C.11, the first-order phase transition also becomes more obvious as the system size
increases, and there is no PM phase between the two QSLs unlike for the finite-h cases we
now turn to discuss.
C.4.4 Additional data for the phase diagram at h = 0.4
In this subsection, we provide the detailed data used to construct the phase diagram sketched
in Fig. 4.5.
First, the string operator ⟨string⟩ and the dimer filling ρ are used to distinguish between
the PM and other phases. In Fig. C.12, we present these observables as a function of µ for
fixed V = 0.8, 0.5, 0, −0.5, −0.8. They clearly show the vanishing of the PM region as V is
varied from positive to negative values. At V = −0.8, a clear first-order transition between
the nematic phase (with ρ ∼ 1/3) and the columnar phase (with ρ ∼ 1/6) is manifest.
Moreover, starting from h = 0, we found that the extent of the PM phase increases with
increasing h. To demonstrate this behavior, we measure the string operator at h =0.1, 0.2,
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Figure C.13: The string operator as function of µ for h = 0.1, 0.2, 0.4, with V = 0.9 and a
system size of L = 16.

0.4 for a fixed V =0.9 and varying µ. The results are shown in Fig. C.13. It is clear that
at h = 0.1, ⟨string⟩ jumps from −1 to 1 at µ ∼ 0, close to the odd QSL to even QSL firstorder transition observed at h = 0 for the phase diagram of Fig. C.8 in the previous section.
However, as h increases, to 0.2 and 0.4, the intermediate PM phase, with ⟨string⟩ = 0,
separating the two QSLs becomes clearer.
Going back to the h = 0.4 phase diagram, on the positive- (negative-) µ side, one finds the
1/3 (1/6) staggered phase and the even (odd) QSL near V = 1. As V approaches negative
values, the phase transition between the QSL and the valence bond solid (VBS) phase is
proposed to be continuous and in the O(3)∗ (O(4)∗ ) universality class [543, 714] with large
anomalous dimension exponents [301, 670]. However, we note that the precise nature of this
topological transition is still largely unknown; here, we use the energy differences between
different sectors to roughly estimate the position of the phase transition, following previous
examples [521]. The basic idea is that the VBS state belongs to the (0,0) sector of dimer
coverings on the torus geometry, and the other sectors such as (1,1) with two topological
defects along the x, y-axes will cost more energy [712, 717, 749, 750] as they create global
domain walls. On the other hand, these sectors are topologically degenerate in the Z2 QSL
phase. In the QMC simulation, we can prepare the dimer state in these different sectors, as
shown in Fig. C.14, and monitor their energy difference as we scan through the transition from
the VBS to the Z2 QSL phase. As the system size increases, the energy difference vanishes
inside the QSL and saturates to a finite value (note that the difference is scaled such that it
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(0,0)

(1,0)

(1,1)

(0,0)

(1,0)

(1,1)

Figure C.14: The winding number is well-defined on a lattice with periodic boundary conditions. The number of dimers cut (modulo 2) along the two directions, as shown by the
dashed lines, yields the winding number (x, y). The upper (lower) row arrays a few examples
of dimer configurations with different winding numbers in the 1- (2)-dimer-per-site limit.

is intensive) inside the VBS phase. The boundary between these two behaviors is then taken
to be the boundary of the two phases.
The results of such an analysis are shown in Fig. C.15, where we scan V for two different
chemical potentials, µ = 3 and µ = 6. As the linear system size increases from L = 12 to
16, the energy difference (E/N on the y-axis) between the topological sectors (0, 0) and (1, 1)
remains nonzero in the nematic phase but becomes vanishingly small in the Z2 QSL phase.
We use the vertical dashed lines to denote the transition points determined in this fashion,
and these are the phase boundaries presented in the phase diagram of Fig. 4.5.
Lastly, we discuss the phase transition between the 1/3- or 1/6-staggered VBS phases
at large positive V and the corresponding QSL phases. In the phase diagram without h
(Fig. C.8), the staggered phases at both 1/3 and 1/6 fillings are separated from their proximate
QSLs by first-order phase transitions. This behavior persists in the case of h = 0.4 as well,
as illustrated by Fig. C.16. Here, we plot the energy densities, with the initial configuration
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Figure C.15: The energy difference per site in different topological sectors as we scan V
through the nematic VBS to even Z2 QSL phase transition for µ = 3 (a), and µ = 6 (b). The
two sectors (0, 0) and (1, 1) have a finite energy difference in the nematic VBS and become
degenerate in the QSL, especially as the system sizes increases. The vertical dashed lines
denote the transition point within our simulation’s resolution. A similar approach is used to
distinguish the columnar VBS and the odd QSL roughly at µ = −4 (c), and µ = −6 (d).
chosen to be either the QSL or the staggered state, and find that the two different energy
curves cross each other at the first-order transition point ∼ 0.98 for two values of µ. The
phase boundaries in the chapter are determined by this procedure.

C.5

Rydberg gauge theories

In this section, we systematically derive the different canonical terms of an Ising gauge theory
with matter fields [350] in the context of the Rydberg system. To briefly review our previous
discussion, we have seen that an explicitly Z2 -gauge-invariant form of the FSS Hamiltonian
describing the Rydberg atom array is given by
Hfss =

Ω∑ z z z δ∑ x
1 ∑ V (rℓ1 − rℓ2 )
(1 − σℓx1 )(1 − σℓx2 ).
τi σīj̄ τj +
(σℓ − 1) +
2
2
2
4
⟨īj̄⟩

ℓ

ℓ1 ̸=ℓ2
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Figure C.16: The staggered phases belongs to different topological sectors than the QSL
phases. The staggered-to-QSL phase transitions are found to be first-order by examining the
energy-density curves at (a) µ = 3 and (b) µ = −3. Clearly, the lines for the staggered and
QSL phases cross at ∼ 0.98, which is close to the V = 1 QSL–staggered phase transition point
of the original dimer models (cf. Fig. C.9).
Here, the relevant qubits lie on two distinct lattices, with the “ℓ-lattice” hosting the σ (gauge)
z to denote
fields and the “i-lattice” the τ (matter) fields. As before, we use the notation σij

σℓz on the ℓ-lattice site between the i and j sites on the i-lattice. Upon introducing matter
fields, we now have an infinite number of gauge charges Gi that commute with Hfss as
∏

Gi = τix

σℓx .

(C.16)

ℓ ends on i

We pick a set of charges such that Gi = 1 ∀ i; in other words, we define τix = ±1 as the Ising
matter vacuum, and τix = ∓1 as the spinon excitation for the even/odd gauge theory, respectively. Then, to enforce the condition that the ground state has no Ising matter, we can add
a gauge-invariant term to the Hamiltonian
Hτ = ∓γ

∑

τix ,

(C.17)

i

with γ > 0, and study the theory in the limit γ → 0.
It is also useful to recall that we have already argued for τ x gauge charge fluctuations being
expensive [Fig. 4.11(a)], which could help stabilize a deconfined phase of the Z2 gauge theory
(C.15). Consequently, we can eliminate the τ z matter fields in an expansion in Ω, and this
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will induce terms involving the gauge-invariant product of σℓz around closed loops:
Hloop = −

∑

Kloop

loops

∏

σℓz1 σℓz2 σℓz3 . . .

.

(C.18)

ℓ1 ,ℓ2 ,ℓ3 ...∈ loop

Such terms suppress fluctuations in Z2 flux, and thus, stabilize a deconfined phase. Interestingly, this term also has an important interpretation in a picture where each Rydberg
excitation (i.e., σℓx = +1) is identified with a dimer on the triangular lattice (Fig. 4.9)1 ; in this
language, the Z2 -flux terms of Eq. (C.18) are then the dimer-flipping terms of the resultant
quantum dimer model.
Putting together these individual ingredients, the sum Hfss + Hτ + Hloop in Eqs. (C.15),
(C.17), and (C.18) contains all the canonical terms of Z2 gauge theory with Ising matter,
along with the additional interaction terms ∝ Vℓ,ℓ′ .
C.5.1 Bosonic spinon excitations
Using the framework of self-consistent mean-field theory, in this section, we compute the
spectrum of the bosonic spinon, i.e., the e particle, and classify the different possible QSL
states. Our starting point is the gauge-invariant form of the FSS model in Eq. (C.15). For
concreteness, we focus here on the case where the ℓ-lattice is a kagome lattice, on which
the actual Rydberg atoms are positioned, whereas the i-lattice is triangular and hosts the
e spinons. However, we note that for a kagome ℓ-lattice, it is also consistent to choose a
honeycomb i- lattice. It remains an interesting and open question to see whether the theory
for the e particles on the honeycomb lattice could lead to any new states beyond those obtained
here for the triangular lattice.
With the correspondence between spin and boson operators introduced in the chapter
Bℓ + Bℓ† = σℓz ,

Bℓ† Bℓ = (1 − σℓx ) /2,

(C.19)

bi + b†i = τiz ,

b†i bi = (1 ± τix ) /2,

(C.20)

1

Note that this quantum dimer model does not satisfy a dimer close-packing constraint since the σℓz term
in Eq. (4.7) can annihilate or create a dimer on site ℓ independent of the occupation of neighboring sites. In
the language of the Z2 gauge theory, this is related to the fact that Hfss is not invariant under the Z2 gauge
transformation in Eq. (4.8).
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the model of Eq. (4.9) can be written, without approximation as
Hfss =

)(
)(
) 1 ∑ (
)(
)
)(
Ω ∑ (
bi + b†i Bℓ + Bℓ† bj + b†j +
V rℓ1 − rℓ2 Bℓ†1 Bℓ1 Bℓ†2 Bℓ2
2
2
ℓ1 ̸=ℓ2

ℓ
i,j ∈ ∂ℓ

−δ

∑

Bℓ† Bℓ

+λ

∑

(
b†i bi

)
Bℓ† Bℓ

−Q .

(C.21)

ℓ | i ∈ ∂ℓ

i

ℓ

+

∑

In the last line, we have introduced a Lagrange multiplier λ (with Q = 1, 2) to enforce the
constraint on the gauge charges in Eq. (4.10) of the chapter, and the notation i ∈ ∂ℓ conveys
that the link ℓ terminates on the site i. To proceed with our mean-field description, we
first condense Bℓ , and replace it with a real number B = ⟨B⟩ = ⟨B † ⟩. This results in the
Hamiltonian
He = Ω B

∑(

) ∑
bi bj + b†i b†j + b†i bj + bi b†j +
λ b†i bi + C(λ),

⟨i,j⟩

(C.22)

i

with the constant C given by
(
)
C(λ) = Nℓ B 4 (2V1 + 2V2 + 3V3 ) − δNℓ B 2 + λ Ns 6B 2 − Q ,
where Nℓ and Ns are the number of sites on the kagome and triangular lattices, respectively
(Nℓ = 3 Ns ). The coefficients Vp represent the strengths of the pth -nearest-neighbor van der
Waals interactions, which we truncate beyond p = 3. At this point, it is convenient to switch
to Fourier space as

1 ∑ −ik·ri
e
bk .
bi = √
Ns k

(C.23)

The triangular lattice has a lattice constant of 2a, where a is the spacing between adjacent
Rydberg atoms on the kagome lattice; thus, k lies in a hexagonal Brillouin zone defined by the
√
√
reciprocal lattice vectors b1 = (1, −1/ 3)(π/a) and b2 = (0, 2/ 3)(π/a). Henceforth, we will
work in units where a = 1 unless specified otherwise. Substituting Eq. (C.23) in Eq. (C.22),
the momentum-space Hamiltonian reads
He =

]
∑ †
ΩB ∑ [
γ(k) bk b−k + γ(k) b†k b†−k + 2γ(k) b†k bk + λ
bk bk + C(λ),
2
k

k
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where

(
(√ )
)
γ(k) = 2 2 cos(kx ) cos
3ky + cos(2kx ) = γ(−k)

(C.25)

is the structure factor of the triangular lattice. This Hamiltonian can now be straightforwardly
diagonalized by a Bogoliubov transformation. Introducing new creation and annihilation
operators according to the relation
b†k = uk βk† + v−k β−k ;

[βk , βk† ] = δk,k′ ,

(C.26)

for uk = cosh(αk ), v−k = sinh(αk ), and choosing αk judiciously, the Hamiltonian reduces to
He =

∑
k

(
)
(
)
1
1
†
2
+ λNs 6B − Q −
+ Nℓ B 4 (2V1 + 2V2 + 3V3 ) − δNℓ B 2
ω(k) βk βk +
2
2
(C.27)

with the dispersion relation ωe (k) =

√
λ [λ + 2Ω B γ(k)].

Self-consistent spin-liquid solutions
Let us first look at the case with Q = 1, which corresponds to the odd Z2 spin liquid. At zero
temperature, minimizing E0 = ⟨He ⟩ with respect to λ, we obtain the self-consistency condition
1 ∑
λ + Ω B γ(k)
√
= 1 − 4B 2 .
2
3 Ns
λ + 2λ Ω B γ(k)
k

(C.28)

As λ → ±∞, we see that the left-hand side of this equation tends to ±1/3 from above/below;
this caps the possible values of 1 − 4B 2 for which a solution can exist as
B2 <

1
if λ > 0,
6

or B 2 >

1
if λ < 0.
3

(C.29)

√
However, for |B| > 1/ 3, the constraint in Eq. (4.10), ni + 6B 2 = Q, cannot be satisfied
for positive ni , so any such solutions should be discarded. At the same time, we must have
λ2 +2λ Ω B γ(k) > 0 ∀ k in order for the left-hand side of Eq. (C.28) to be real, which imposes
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Figure C.17: The energy gap as a function of the boson condensate B for the four possible QSL
solutions. As B is varied, one can transition out of a given QSL ground state when either the b
boson condenses (i.e., the gap vanishes) or the self-consistency conditions in Eqs. (C.28, C.31)
break down.

the conditions
λ < −12 B

or

λ > 6B

if B > 0,

λ < 6B

or

λ > −12 B

if B < 0,

(C.30)

bounding the regions in (B, λ)-parameter space where a self-consistent solution may be found.
On combining the equations (C.29) and (C.30), we arrive at the two QSL solutions listed in
Table C.1. Note that the Hamiltonian (C.27) is not invariant under B → −B, so solutions
with different signs of B are indeed distinct.
Similarly, in the case of the even Z2 spin liquid for which Q = 2, we find the consistency
condition

1 ∑
λ + Ω B γ(k)
√
= 5 − 12B 2 .
2 + 2λ Ω B γ(k)
Ns
λ
k

(C.31)

As before, we will have one set of constraints arising from the upper or lower bounds of the
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QSL

Constraint on B

Constraint on λ

O−
Γ

1
−√ < B < 0
6
1
0 < B < +√
6
1
−√ < B < 0
3
1
0 < B < +√
3

λ < −12 B

O+
K
E−
Γ
E+
K

λ > 6B
λ < −12 B
λ > 6B

Table C.1: Summary of the four self-consistent QSL solutions, and their regimes of existence
in (B, λ)-parameter space.

left-hand side of this equation:

B2 <

1
if λ > 0,
3

or B 2 >

1
if λ < 0,
2

(C.32)

√
but solutions with |B| > 1/ 2 violate the constraint (4.10) and are unphysical; the requirements stemming from the reality of the energy denominator remain unchanged from
Eq. (C.30). This defines a further two even QSL solutions (see Table C.1), thus bringing the
total to four.
For each of these QSL states, we compute the energy gap ∆e and the full dispersion of
the lowest bosonic band, which are illustrated in Figs. C.17 and C.18, respectively. As noted
in the chapter, the minima of the dispersion always occur at either the Γ point or the K, K′
points, and this information is conveyed in our labeling of the different states.
Correlation functions
A common observable to fingerprint different types of QSL states is the static structure factor.
One can define such a quantity from the Fourier-transformed two-point correlation functions
as
S zz (q) =

1 ∑ iq.(rℓ −rℓ ) ⟨ z z ⟩
1
2
e
σℓ1 σℓ2 ,
Nℓ

(C.33)

ℓ1 ,ℓ2

where, for the Rydberg system, the expectation value is computed in the ground state of the
FSS Hamiltonian.
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Figure C.18: Left: Energies of the lowest bosonic band in the first Brillouin zone for the three
−
+
zz
QSLs (a) O+
K , (b) EΓ , and (c) EK . Right: the approximate structure factors S̃ (q) plotted
over an extended region in reciprocal space; the white hexagons mark the dimensions of the
first Brillouin zone. In each case, the value of B is chosen such that the gap equals one (in
units of Ω).
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Identifying the action of the Rydberg σ z operator on the gauge and matter fields from
Fig. 4.11(a), we see that in the gauge-theory language, the structure factor (C.33) can be
evaluated as
S zz (q) =

1 ∑ iq.(rij −rcd ) ⟨ z z z z z z ⟩
e
τi σij τj τc σcd τd ,
2 Nℓ

(C.34)

⟨i,j⟩
⟨c,d⟩

wherein ⟨i, j⟩ and ⟨c, d⟩ denote nearest-neighbor pairs on the triangular lattice, and the expectation value is now calculated with respect to the Bogoliubov vacuum; note that the operator
enclosed within ⟨· · · ⟩ is gauge invariant. When expressed in terms of the b bosons, in general,
this expression involves 16 four-boson terms and is challenging to evaluate. However, we can
define an approximate structure factor by restricting the sum in Eq. (C.33) to first-, second-,
and third-nearest-neighbor correlators, i.e.,
S̃ zz (q) ≡

1
2 Nℓ

∑

⟩
⟨
z z z z z
eiq.(rij −rcd ) τiz σij
τj τc σcd τd .

(C.35)

⟨i,j⟩, ⟨c,d⟩
||rij −rcd ||≤2a

Then, Eq. (C.34) simplifies to the form
S̃

zz

]
[
∑ iq.(r −r )/2
∑ iq.(r −r )/2
(2B)2 ∑ iq.(ri −rj )/2 z z
z
z
z
z
i
j
i
j
2
e
⟨τi τj ⟩ + 2
e
⟨τi τj ⟩ +
e
⟨τi τj ⟩ ,
=
Nℓ
⟨i,j⟩

⟨⟨i,j⟩⟩

⟨⟨⟨i,j⟩⟩⟩

(C.36)
which can be evaluated exactly in the bosonic formulation to obtain
S̃

zz

[
∑
) ∑ −iq·∆1 /2
4B 2 ∑ (
2
=
|vk | + uk vk 2
e
cos(k ·∆1 ) + 2
e−iq·∆2 /2 cos(k ·∆2 )
3 Ns
∆1
∆2
k
]
∑
(C.37)
e−iq·∆3 /2 cos(k ·∆3 ) ,
+
∆3

with the summation on ∆p running over all pth -nearest-neighbor lattice vectors. The quantity
S̃ zz (q) thus encodes information about the equal-time correlations and can be useful as an
experimental probe to distinguish the various QSL phases. Specifically, in Figs. 4.10(c) and
C.18, we notice that the approximate structure factor exhibits broad features located at the
−
K, K′ points of the second Brillouin zone for the E/O+
K QSLs, whereas for the E/OΓ spin
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liquids, the spectral weight is mostly concentrated around the Γ point in the first Brillouin
zone.
Mean-field phase diagram
So far, we have regarded B as a free parameter. However, in reality, the value of B is set
by some combination of the external parameters, δ/Ω and Rb /a, and for each such point in
parameter space, there exists an optimal B. On minimizing the ground-state energy E0 with
respect to B, we find the condition
(
)
1 ∑
λΩ γ(k)
√
= B δ − 2λ − 2VB 2 ,
12 Ns
λ2 + 2λ Ω B γ(k)
k
using the shorthand V = 2V1 + 2V2 + 3V3 . For every value of δ and Rb (which fixes the
interaction strengths Vp ), this equation is to be solved for a self-consistent value of B, which
in turn determines λ(B) according to Eq. (C.28) or (C.31). Depending on the resultant
combination of B and λ(B), there may exist one, multiple, or no QSL solutions; putting
together this information allows one to construct a phase diagram in (δ/Ω, Rb /a)-space, as
shown in Fig. 4.10(a). Of course, we also have to account for the possibility that the true
ground state for a given (δ/Ω, Rb /a) may not be a QSL (depending on the energetics of the
competing phases), which lies beyond the scope of such a phase diagram.
C.5.2 Vison dispersion and condensation
As seen from the last term in Eq. (4.23), the theory H̃fss involves interactions between six
qubits. In order to make analytical progress, let us focus on only nearest-neighbor interactions,
which is a reasonable approximation since the dominant energy scale of the problem is set by
the Rydberg blockade. This brings Eq. (4.23) to the form (up to constants)
(
) ∑
Ω ∑ x
δ
V ∑ z z z
H̃0 =
ηi¯′ j¯′ +
µzi′ ηiz¯′ j¯′ µzj′ + 1
µi′ ηi¯′ k¯′ ηk¯′ j¯′ µzj′ ,
− V1
2 ′ ′
2
4
′ ′
′ ′
⟨i ,j ⟩

⟨i ,j ⟩

(C.38)

⟨⟨i ,j ⟩⟩

where k ′ is the intermediate honeycomb vertex on the shortest path connecting second-nearest
neighbors i′ and j ′ . On the second line, the additional factor of 2 multiplying V1 vis-à-vis
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Eq. (4.23) is because ⟨⟨i′ , j ′ ⟩⟩ represents the sum over all unordered next-nearest-neighbor
pairs (and likewise for ⟨i′ , j ′ ⟩).
As it currently stands, H̃0 is bereft of terms containing µx , which generates fluctuations of
µz . However, such a term does arise from Hloop in Eq. (C.18). Physically, Hloop describes a
process where a spinon located at some site on the triangular lattice is taken around a loop
by the repeated application of σ z [see Fig. 4.11(a)] and brought back to its starting point.
Importantly, since the hopping parameter is parametrically small in Ω/δ, Kloop falls off quickly
for larger loops. Hence, the leading contribution in the sum (C.18) comes from the shortest
possible loop—this is constituted by the three spins forming a triangle on the kagome lattice.
Thus, to a good approximation,
Hloop ≈ −K△

∑

∏

i′

ℓ1 ,ℓ2 ,ℓ3 ∈ △i′

σℓz1 σℓz2 σℓz3 ,

(C.39)

which, by Eq. (4.21), is dual to
H̃field = −K△

∑

µxi′ .

(C.40)

i′

Taken together, H̃fss + H̃field describes the full theory for the visons.
Even Z2 spin liquid
Owing to the no-spinon constraint in Eq. (4.24), we can now choose a gauge where ηℓz′ =
+1 ∀ ℓ′ . With this choice, the Hamiltonian for the visons is simply an Ising model with firstand second-nearest-neighbor couplings (J1,2 ) and a transverse-field term given by Eq. (C.40)
[543]. When J1,2 ≫ K△ , the visons gain dispersion, and for sufficiently large J1,2 , there may
be an ordering transition associated with the macroscopic occupation of the softest modes
[444]. Neglecting constants, to zeroth order in (K△ /J1,2 ), Eq. (C.38) reduces to
H̃0even = J1

∑

µzi′ µzj′ + J2

⟨i′ ,j ′ ⟩

∑
⟨⟨i′ ,j ′ ⟩⟩
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where J1 ≡ δ/2 − V1 , J2 ≡ V1 /4. At large blockade radii, the competing ferromagnetic (J1 > 0)
and antiferromagnetic (J2 < 0) couplings induce frustration in this classical model [760].
In order to determine the soft modes corresponding to the vison condensation transition,
let us work in momentum space with
1 ∑ −ik·ri z
µzi,α = √
e
µk,α ,
2Ns k

(C.42)

where α = A, B is an index labeling the two sublattices of the honeycomb lattice. Introducing
Ψk = (µzk,A , µzk,B )T , Eq. (C.38) can be compactly written as

H̃0even (k) = Ψ†k h(k) Ψk ,

V1

γ(k)

8
with h(k) = 
(
)
 δ
− V1 ζ(k)∗
2

(


)
δ
− V1 ζ(k)

2



V1
γ(k)
8

where γ(k) is defined in Eq. (C.25) and
ζ(k) ≡

√
1
+ ei 3ky cos(kx ).
2

(C.43)

Diagonalizing Eq. (C.43) yields the band structure for the visons. We find that, for the
lower of the two bands, the location of the dispersion minima in the Brillouin zone changes
smoothly as the parameters (δ/Ω, Rb /a) are varied, as plotted in Fig. C.19—however, this is
likely an artifact of our simplistic model (C.41). In fact, retaining the second-nearest-neighbor
(V2 ) interactions in the six-qubit term of Eq. (C.38) would—at the mean-field level—lead to
an Ising model with third-nearest-neighbor couplings, J3 , and renormalized values of J1 and
J2 . Roychowdhury et al. [543] showed that in such a model with a nonzero J3 on top of J1 and
J2 , there is an extended region in parameter space where the minima of the spectrum occur
at the three inequivalent M points defined by Mi = bi /2. Therefore, pairwise condensation of
the visons can result in a solid phase with ordering wavevectors at bi , which is nothing but
the nematic phase of Rydberg atoms [564].
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2.0
1.5
1.0
0.5
0

Figure C.19: Absolute value of the wavevector corresponding to the dispersion minima of the
J1 -J2 Ising model [Eq. (C.43)] as a function of δ/Ω and Rb /a. While a smoothly varying
kmin seemingly suggests that vison condensation would lead to incommensurate ordering, this
picture changes upon inclusion of a finite J3 , resulting in a nematic ordered phase.
Odd Z2 spin liquid
The condition

∏

ℓ′ ∈ 9i

ηℓz′ = −1 ∀ i in Eq. (4.24) constrains any choice of a gauge for the odd

QSL. However, in a suitably chosen gauge, we can write the Hamiltonian as
H̃0odd = J1

∑

Mi′ j ′ µzi′ µzj′ + J2

∑

Mi′ j ′ µzi′ µzj′ ,

(C.44)

⟨⟨i′ ,j ′ ⟩⟩

⟨i′ ,j ′ ⟩

where Mi′ j ′ = −1 if there exists a link ℓ′ on the shortest path along the edges of the honeycomb lattice connecting i′ and j ′ such that ηℓ′ = −1; otherwise, Mi′ j ′ = +1. The final
theory for the visons thus resembles the fully frustrated Ising magnet on the honeycomb
lattice [446] but with added interactions beyond nearest neighbors. One possible gauge
choice is sketched in Fig. C.20(a); since the ηℓ′ are now nonuniform, our unit cell has to
be expanded to four sites. In units where a = 1, the new lattice vectors are d1 = (4, 0),
√
d2 = (1, 3), and we define d3 = −d1 + d2 . The corresponding reciprocal lattice vectors are
√
√ )
(
given by g1 = π 1/2, −1/(2 3) and g2 = π(0, 2/ 3). Using the shorthand ξj = exp (ik · dj ),
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(a)

(b)

A

B

C

(c)

(d)

p1

D

p2
Max

p3

Min

Figure C.20: (a) The gauge chosen in writing the odd Z2 QSL Hamiltonian in Eq. (C.45): here,
ηℓ′ = −1 on all links marked by the gray squares and equals +1 everywhere else. The resultant
unit cell is composed of four sites (labeled by A, B, C, D), as indicated by the shaded box.
(b–d) Dispersion of the lowest vison band for δ/Ω = 4.0, with (b) Rb /a = 1.2, (c) Rb /a = 1.3,
and (d) Rb /a = 1.6, showing the three types of spectra and the locations of their minima in
the Brillouin zone.
Eq. (C.44) can be expressed as
H̃0odd (k) = Ψ†k h̃(k) Ψk ;

Ψk = (µzk,A , µzk,B , µzk,C , µzk,D )T ,

where

0

h̃(k) =

+

1
2

1 + ξ2∗

ξ1∗

0






)
1 + ξ
0
1
0 
δ
2


− V1 



2
1
0
1 − ξ2∗ 
 0


ξ1
0
1 − ξ2
0


ξ2 + ξ2∗
0
1 + ξ1∗ + ξ2∗ − ξ3
0




∗
∗
∗

0
ξ2 + ξ2
0
1 + ξ1 − ξ2 + ξ3 



 . (C.45)


0
−ξ2 − ξ2∗
0
1 + ξ1 + ξ2 − ξ3∗



0
1 + ξ1 − ξ2 + ξ3∗
0
−ξ2 − ξ2∗

(

V1
8

On diagonalizing this Hamiltonian, we find that the minima of the lowest vison band
remain pinned to certain points in the Brillouin zone over extended regions of the (δ/Ω, Rb /a)parameter space. In particular, we observe that for reasonable values of δ/Ω and Rb /a, the
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dispersion can only be of one of three types—as illustrated in Fig. C.20(b–d)—with their
respective minima located at
(
)
π
g
g
0, √
, p1 + g1 , p1 + 2 , p1 + g1 + 2 ;
2
2
2 3
( √ )
π
g
3π
g
g
g
II. p2 ≡
, p2 + 1 , p2 + 2 , p2 + 1 + 2 ;
,
8 8
2
2
2
2
(
)
π π
g
, √
III. p3 ≡
, p3 + 2 .
4 4 3
2

I.

p1 ≡

(C.46)

As mentioned earlier, the momenta of these soft modes bear interesting consequences for the
neighboring ordered phases. For instance, let us focus on the type-III spectrum of Fig. C.20(d).
Then, from Eq. (C.46), we notice that
(

g2 )
+ p3 = b1 + ( g2 − g1 ) ,
2
(
g )
p3 + 2 + p3 = b2 + ( g1 ) ,
2
(
g )
p3 + 2 + p3 = b3 + (− g1 ) .
2
p3 +

(C.47)

Since the right-hand sides of the equations above are simply the ordering peaks of the nematic
solid (modulo the reciprocal lattice vectors indicated in brackets), the odd Z2 spin liquid can
exhibit a transition into the nematic phase driven by the condensation of visons. Combinations
of the form of Eq. (C.47) that lead to nematic ordering can also be constructed from the
momenta of the soft modes in the type-I spectrum.
Interestingly, we find that some other pairings of momenta, such as
(

)
3π π
p2 + p2 =
, √
(− g1 ) ,
4 4 3
( √ )
(
g2 )
π
3π
,
p3 +
+ p3 =
,
2
2 2

(C.48)

reproduce a subset of the ordering wavevectors of a symmetry-breaking staggered phase [564].
However, it is believed that the transition between the odd Z2 QSL and the staggered solid
is first-order, so a vison-condensation picture does not hold [444].
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C.5.3 Fermionic spinon excitations
The only quasiparticle excitation of the Z2 spin liquid that remains to be addressed is the
fermionic spinon, which we now turn to in an Abrikosov-fermion mean-field description. Starting with the familiar Rydberg Hamiltonian describing N interacting atoms,

HRyd =

N [
∑
Ω
i=1

2

]
(|g⟩i ⟨r| + |r⟩i ⟨g|) − δ|r⟩i ⟨r| +

1∑
Vi,j |r⟩i ⟨r| ⊗ |r⟩j ⟨r|,
2
i,j

we rewrite the two-level system in terms of conventional spin-1/2 operators {S x , S y , S z } as

H=

N [
∑

ΩSiz

i=1

(
)]
(
)(
)
1
1∑
1
1
x
x
x
− δ Si +
+
Vi,j Si +
Sj +
.
2
2
2
2

(C.49)

i,j

The atoms—or equivalently, the spins S a —reside on the sites of the kagome lattice. Thus,
despite our use of the indices i, j to refer to the degrees of freedom in this subsection, we will
be working on the ℓ-lattice of our earlier discussion.
Formalism
In the Abrikosov fermion representation [1, 4, 420], each spin is decomposed into fermions as
1 † a
Sia = fi,α
ραβ fi,β ,
2

∑

†
fi,α
fi,α = 1 ,

fi,α fi,β ϵαβ = 0,

(C.50)

α

where {ρa } are the usual Pauli matrices. In terms of these fermions, we obtain the following
Hamiltonian:

H = H0 + H2 + H4 + Hλ ,
H0 = −

H2 =

δN ∑ Vi,j
+
,
2
8

N [
∑
Ω
i=1

H4 = −

(C.51)

with

2

i,j

† z
fi,α
ραβ fi,β

(C.52)
] ∑
]
Vi,j [ † x
δ † x
†
− fi,α ραβ fi,β +
fi,α ραβ fi,β + fj,α
ρxαβ fj,β ,
2
8

(C.53)

i,j

]
∑ Vi,j (
)[ † †
†
†
1 − δαβ fi,α
fj,α fi,β fj,β + fi,α
fj,β
fi,β fj,α ,
8
i,j
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Hλ =

) (
)]
∑[ ( †
λ1 fi,α fi,α − 1 + λ2 fi,α fi,β ϵα,β + H.c. ,

(C.55)

i

where λ1 and λ2 are Lagrange multipliers to impose the constraint introduced by the last two
equations in (C.50). Next, we decouple the quartic term to obtain a mean-field theory; this
can be done as follows:
⟩ ⟨
⟩
⟨
⟩
⟨
⟩⟨
†
†
†
†
†
†
†
†
fi,α
fj,α
fi,β fj,β = fi,α
fj,α
fi,β fj,β + fi,α
fj,α
fi,β fj,β − fi,α
fj,α
fi,β fj,β
⟨
⟩ ⟨
⟩
⟨
⟩⟨
⟩
†
†
†
†
†
†
+ fi,α
fj,β fj,α
fi,β + fi,α
fj,β fj,α
fi,β − fi,α
fj,β fj,α
fi,β
⟨
⟩ ⟨
⟩
⟨
⟩⟨
⟩
†
†
†
†
†
†
− fi,α
fi,β fj,α
fj,β − fi,α
fi,β fj,α
fj,β + fi,α
fi,β fj,α
fj,β ,
⟨
⟩ ⟨
⟩
⟨
⟩⟨
⟩
†
†
†
†
†
†
†
†
fi,α
fj,β
fi,β fj,α = fi,α
fj,β
fi,β fj,α + fi,α
fj,β
fi,β fj,α − fi,α
fj,β
fi,β fj,α
⟨
⟩ ⟨
⟩
⟨
⟩⟨
⟩
†
†
†
†
†
†
+ fi,α
fj,α fj,β
fi,β + fi,α
fj,α fj,β
fi,β − fi,α
fj,α fj,β
fi,β
⟩
⟨
⟩⟨
⟩ ⟨
⟩
⟨
†
†
†
†
†
†
fj,α .
fj,α + fi,α
fi,β fj,β
fj,α − fi,α
fi,β fj,β
− fi,α
fi,β fj,β

(C.56)

(C.57)

For simplicity, let us introduce the notation
⟨
⟩
∆αβ
=
f
f
ij
i,α j,β ,

⟨
⟩
†
tαβ
=
f
f
ij
i,α j,β ,

(C.58)

to represent the pairing and hopping amplitudes, respectively, in terms of which,
†
tαβ
ii fj,α fj,β

†
†
fi,α
fj,β
fi,β fj,α

αβ αβ
αβ αβ
αα ∗
+ ∆ββ
(C.59)
ij (∆ij ) − tij tji + tii tjj ,
)
(
†
βα †
ββ †
βα †
†
= − tβα
ii fj,α fj,β − tjj fi,α fi,β + tji fi,α fj,α + ∆ij fi,α fj,β + H.c.

+

†
tαβ
ji fi,α fj,β

αβ ∗
αβ βα
αα ββ
+ ∆βα
ij (∆ij ) − tij tji + tii tjj .

+

†
†
∆ββ
ij fi,α fj,α

)

=−

−

†
tαβ
jj fi,α fi,β

(

†
†
fi,α
fj,α
fi,β fj,β

+ H.c.

(C.60)

Consequently, Eq. (C.54) then reads

H4 = H̄0 + H̄2 ,
H̄0 = −

∑ Vi,j
i,j

8

with

(C.61)
[
]
) ββ αα ∗
(
αβ αβ
αβ αβ
βα
αβ ∗
αβ βα
αα ββ
1 − δαβ ∆ij (∆ij ) − tij tji + tii tjj + ∆ij (∆ij ) − tij tji + tii tjj ,
(C.62)
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H̄2 = −

(
)
∑ Vi,j (
)[
†
αβ †
αβ †
ββ †
†
1 − δαβ − tαβ
f
f
−
t
f
f
+
t
f
f
+
∆
f
f
+
H.c.
ii j,α j,β
jj i,α i,β
ji i,α j,β
ij i,α j,α
8
i,j
)]
(
†
βα †
ββ †
βα †
†
+
H.c.
,
− tβα
f
f
−
t
f
f
+
t
f
f
+
∆
f
f
ii j,α j,β
jj i,α i,β
ji i,α j,α
ij i,α j,β
(C.63)
(C.64)

H = H0 + H̄0 + H2 + H̄2 + Hλ .

Now, we only have a bilinear Hamiltonian to deal with in Eq. (C.64). Before proceeding
further, however, we have to specify the action of lattice translation symmetries on the exαβ
pectation values tαβ
ij and ∆ij —this defines a mean-field ansatz. Here, we consider a simple

ansatz with only nearest-neighbor mean-field bonds, chosen such that there is no flux piercing
either the triangular or the honeycomb plaquettes of the kagome lattice [407, 718].

At this stage, it is convenient to transform our Hamiltonian to Fourier space using
1 ∑
fi,α = √
f e−ik·ri .
N k k,α

(C.65)

√
Note that the kagome lattice is generated by R1 = (2a, 0) and R2 = (a, 3a), where a is the
√
lattice spacing, so in momentum space, the reciprocal lattice vectors are b1 = (1, −1/ 3)(π/a)
√
and b2 = (0, 2/ 3)(π/a). The bilinear Hamiltonian, H2 + H̄2 + Hλ , can be expressed as

H2k =

1∑ †
Ψk Mk Ψk ,
2

(C.66)

k

where Ψ†k =

(

)
†
†
†
†
†
†
fkA,↑
fkA,↓
fkB,↑
fkB,↓
fkC,↑
fkC,↓
f−kA,↑ f−kA,↓ f−kB,↑ f−kB,↓ f−kC,↑ f−kC,↓ , with

A, B, and C being the labels for the three sublattices. Here, Mk is a 12×12 matrix formed using two 6×6 matrices, Tk and ∆k , which contain the hopping and pairing parts, respectively.
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The Tk and ∆k matrices are in turn composed of 2×2 matrices each:



Tk

∆k



Mk = 
,
†
T
∆k −T−k




TAA TAB

TAC





 †

with Tk = TAB
,
TBB TBC 




†
†
TAC
TBC
TCC




∆AA
k

∆AB
k




∆k = −∆AB
∆BB
−k
k


BC
−∆AC
−k −∆−k

∆AC
k




BC
.
∆k 


∆CC
k
(C.67)

The individual entries are
δ
V z + V2 z2 x
V z + V2 z2 ↑↓
Ω
x
ρ + λ1 1 + 1 1
(t0 + t↓↑
TAA = TBB = TCC = ρz − ρx + 1 1
0 )ρ ,
2
2
8
8




↓↓
↑↓
↓↓∗
↓↑∗
t1  V2
t
t2 
V
t1
′  2
(C.68)
TAB = − 1 (2 cos k2 ) 
 − (2 cos k2 ) 
,
↑↓∗
↑↑
↑↑∗
8
8
t↓↑
t
t
t
1
1
2
2




↓↓∗
↓↓
↓↑∗
↑↓
t1  V2
t
t2 
V1
t1
′  2
TAC = − (2 cos k1 ) 
(C.69)
 − (2 cos k1 ) 
,
↑↓∗
↑↑∗
↓↑
↑↑
8
8
t1
t1
t2
t2




↑↓
↓↑∗
↓↓
↓↓∗
t1  V2
t2 
t
V
t1
′  2
TBC = − 1 (2 cos k3 ) 
(C.70)
 − (2 cos k3 ) 
,
↑↑
↑↓∗
↑↑∗
8
8
t↓↑
t
t
t
1
1
2
2
∗ y
BB
= ∆CC
∆AA
k = 2i λ2 ρ ,
k = ∆k


↑↓
↓↓
V1
−∆1 −∆1 
(2 cos k2 ) 
∆AB
−
k =−
↑↑
8
−∆↓↑
−∆
1
1


↓↑
↓↓
∆1 
V1
 ∆1
∆AC
(2 cos k1 ) 
−
k =−
↑↑
8
∆
∆↑↓
1
1


↓↓
↑↓
V1
−∆1 −∆1 
∆BC
(2 cos k3 ) 
−
k =−
↑↑
8
−∆
−∆↓↑
1
1





∆↓↑
∆↓↓
V2
2 
2
′ 
(2 cos k2 ) 
,
↑↑
8
∆↑↓
∆
2
2


↑↓
↓↓
V2
−∆2 −∆2 
(2 cos k1′ ) 
,
↑↑
8
−∆
−∆↓↑
2
2


↓↓
↓↑
∆2 
V2
 ∆2
(2 cos k3′ ) 
.
↑↑
8
∆
∆↑↓
2
2

(C.71)
(C.72)

(C.73)

(C.74)

Let us briefly review the notation employed in the equations above. Here, z1 and z2 are the
number of nearest and next-nearest neighbors, respectively. Additionally,
⟨
⟩ ⟨
⟩ ⟨
⟩
†
†
†
tαα
0 = fA,α fA,α = fB,α fB,α = fC,α fC,α ,
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is the onsite mean-field parameter,
⟨
⟩ ⟨
⟩ ⟨
⟩
†
†
†
=
f
f
tαβ
=
f
f
=
f
f
1
B,α A,β
A,α C,β
C,α B,β ,
⟨
⟩ ⟨
⟩ ⟨
⟩
∆αβ
=
f
f
=
f
f
=
f
f
1
B,α A,β
A,α C,β
C,α B,β ,

(C.76)
(C.77)

are the mean-field parameters defined on nearest-neighbor bonds, while
⟨
⟩ ⟨
⟩ ⟨
⟩
†
†
†
tαβ
=
f
f
=
f
f
=
f
f
2
A,α B,β
B,α C,β
C,α A,β ,
⟨
⟩ ⟨
⟩ ⟨
⟩
∆αβ
=
f
f
=
f
f
=
f
f
2
A,α B,β
B,α C,β
C,α A,β ,

(C.78)
(C.79)

are defined on next-nearest-neighbor bonds. All these parameters are further constrained by
the imposition of time-reversal symmetry. Lastly, we have also introduced the shorthand,
√
√
3ky
3ky
kx
kx
k1 ≡ k · a1 = kx , k2 ≡ k · a2 =
+
, k3 ≡ k · a3 = − +
,
2
2 √
2
2 √
√
3ky
3ky
3k
3k
, k3′ ≡ k · a′3 = x +
.
k1′ ≡ k · a′1 = 3ky , k2′ ≡ k · a′2 = − x +
2
2
2
2

(C.80)

The vectors a1 , a2 and a3 connect nearest neighbors A–C, A–B and C–B, respectively, while,
a′1 , a′2 and a′3 connect the next-nearest neighbors A–C, A–B and C–B, respectively.

With these definitions aside, we now briefly describe the procedure to diagonalize the
matrix Mk in Eq. (C.66) and obtain a self-consistent solution for a quantum spin liquid
state. To start, we initialize the mean-field parameters t and ∆ with random values. The
actual diagonalization is implemented via a unitary transformation:

Ψk = Up Φk ,



U V 
Up = 
,
V ∗ U∗

Ωk = Up† Mk Up ,

(C.81)

where Φk encapsulates the Bogoliubov operators as
)
(
† † † † † †
τk2 τk3 τk4 τk5 τk6 τ−k1 τ−k2 τ−k3 τ−k4 τ−k5 τ−k6 ,
Φ†k = τk1
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Up is a 12×12 unitary matrix consisting of two 6×6 matrices (U and V ), and Ωk is the diagonal matrix composed of the eigenvalues of Mk . As is easily seen from the definition (C.81),
the matrix Up contains the eigenvectors of Mk as column vectors. Using the relations above,
we can calculate the mean-field parameters ⟨f † f ⟩ and ⟨f f ⟩. We then iterate this procedure
till we achieve convergence for the mean-field parameter values. Note that in this process, we
also have to optimize for the self-consistent values of the chemical potentials such that the
constraint (C.50) is satisfied.

The key step in going from one iteration to the next is evaluating the different expectation
values ⟨f † f ⟩ and ⟨f f ⟩. In practice, using the explicit expressions for the f fermions in terms
of the τ operators,

fkA,↑ =
fkB,↑ =

6 [
]
∑
†
,
u1i (k)τk,i + v1i (k)τ−k,i
i=1
6 [
∑

fkA,↓ =

]

†
,
u3i (k)τk,i + v3i (k)τ−k,i

fkB,↓ =

]
†
,
u2i (k)τk,i + v2i (k)τ−k,i

i=1
6 [
∑

]
†
,
u4i (k)τk,i + v4i (k)τ−k,i

i=1

i=1

fkC,↑

6 [
∑

6 [
]
∑
†
=
u5i (k)τk,i + v5i (k)τ−k,i
,

fkC,↓ =

i=1

6 [
∑

]
†
u6i (k)τk,i + v6i (k)τ−k,i
,

i=1

we can efficiently compute all the mean-field parameters in terms of the Bogoliubov coefficients
as,
t↑↑
0
t↓↓
0
t↑↑
1

t↓↓
1

( 6
)
( 6
)
( 6
)
1 ∑ ∑
1 ∑ ∑
1 ∑ ∑
2
2
2
=
|v1i (k)|
=
|v3i (k)|
=
|v5i (k)|
,
N
N
N
i=1
i=1
i=1
k
k
k
( 6
( 6
( 6
)
)
)
∑ ∑
∑ ∑
1 ∑ ∑
1
1
=
|v2i (k)|2 =
|v4i (k)|2 =
|v6i (k)|2 ,
N
N
N
i=1
i=1
i=1
k
k
k
( 6
)
( 6
)
∑
∑
∑
1 ∑
1
∗
∗
=
cos k2
v3i
(k)v1i (k) =
cos k1
v1i
(k)v5i (k)
N
N
i=1
i=1
k
k
( 6
)
∑
1 ∑
∗
cos k3
=
v5i (k)v3i (k) ,
N
i=1
k
( 6
( 6
)
)
∑
∑
∑
∑
1
1
∗
∗
cos k2
cos k1
=
v4i
(k)v2i (k) =
v2i
(k)v6i (k)
N
N
i=1
i=1
k
k
( 6
)
∑
1 ∑
∗
cos k3
=
v6i (k)v4i (k) ,
N
k

i=1
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t↑↓
1

1 ∑
cos k2
=
N
k

=

1 ∑
cos k3
N
k

t↓↑
1

1 ∑
=
cos k2
N
k

1 ∑
=
cos k3
N
k

∆↑↑
1

1 ∑
cos k2
=
N
k

1 ∑
=
cos k3
N
k

∆↓↓
1

1 ∑
=
cos k2
N
k

1 ∑
=
cos k3
N
k

∆↑↓
1

1 ∑
=
cos k2
N
k

1 ∑
=
cos k3
N
k

∆↓↑
1

1 ∑
=
cos k2
N
k

1 ∑
cos k3
=
N

( 6
∑

)

i=1

( 6
∑
i=1
( 6
∑

i=1
( 6
∑
i=1

( 6
∑
i=1
( 6
∑
i=1
( 6
∑
i=1
( 6
∑
i=1
( 6
∑
i=1

( 6
∑
i=1
( 6
∑

k

( 6
∑

∗
v5i
(k)v4i (k)

)
∗
v1i
(k)v6i (k)

i=1

k

)

,
)

1 ∑
=
cos k1
N

∗
v4i
(k)v1i (k)

i=1

( 6
∑

1 ∑
cos k1
=
N

∗
v3i
(k)v2i (k)

( 6
∑

k

)
∗
v6i
(k)v3i (k)

)
∗
v2i
(k)v5i (k)

i=1

,
)

u3i (k)v1i (−k)
)
u5i (k)v3i (−k)
)
u4i (k)v2i (−k)
)
u6i (k)v4i (−k)
)
u3i (k)v2i (−k)
)
u5i (k)v4i (−k)
)
u4i (k)v1i (−k)
)
u6i (k)v3i (−k)

1 ∑
=
cos k1
N

(

6
∑

)
u1i (k)v5i (−k)

i=1

k

,
1 ∑
=
cos k1
N

(

6
∑

)
u2i (k)v6i (−k)

i=1

k

,
1 ∑
=
cos k1
N

(

6
∑

)
u1i (k)v6i (−k)

i=1

k

,
1 ∑
cos k1
=
N
k

(

6
∑

)
u2i (k)v5i (−k)

i=1

.

i=1

As an example, we tabulate here the mean-field parameters obtained self-consistently at
δ/Ω = 4.0, Rb /a = 1.6, which were used to generate the fermionic spectrum in Fig. 4.14(a).
We observe that the non-SU(2)-symmetric terms are generically small for hoppings but can
be significant for pairings.
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Parameter

Real part

Imaginary part

t↑↑
1

−0.1178

0

t↓↓
1

−0.1287

0

t↑↓
1

+3.5605 × 10−5

0

t↓↑
1

+3.6064 × 10−5

0

∆↑↑
1

−1.1263

+9.0143 × 10−2

∆↓↓
1

+1.1770

−9.4206 × 10−2

∆↑↓
1

−7.9412 × 10−3

+6.3559 × 10−4

∆↓↑
1

−7.9412 × 10−3

+6.3559 × 10−4

Static structure factor
In order to determine an experimental signature of the fermionic quasiparticles, we now compute the static structure factor,
S(q) =

1 ∑ ⟨ ⃗ ⃗ ⟩ −iq·(ri −rj ) ⟨ ⃗ ⃗ ⟩
Si · Sj e
= Sq · S−q .
N

(C.83)

ij

Recall that there are three sublattices on the kagome lattice, in terms of which,
⟨

⟩
⃗ ·S
⃗
S
q
−q =

∑

⟨
⟩
⃗ ·S
⃗
S
−q,m .
q,l

(C.84)

l,m ∈ A,B,C

Furthermore, using the relation
1 ∑1 †
a
Sq,l
=√
f
ρaαβ f(k1 −q)l,β ,
N k 2 k1 l,α

(C.85)

1

we have
⟨

⟩
⟩
⟩
3 ∑⟨ †
1 ∑ ⟨ †
⃗ ·S
⃗
S
fk1 l,α fk1 m,α δl,m −
fk1 l,α fk†2 m,β f(k1 −q)l,β f(k2 +q)m,α
−q,m =
q,l
4N
2N
k1

k1 ,k2
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+

⟩
1 ∑ ⟨ †
fk1 l,α fk†2 m,β f(k1 −q)l,α f(k2 +q)m,β .
4N

(C.86)

k1 ,k2

At this stage, we evaluate the quartic terms in mean-field fashion using all possible decompositions, just as we did when solving the original Hamiltonian. Concisely, the expectation
values listed above will depend on the Bogoliubov coefficients that were obtained earlier.
Compiling these pieces, we obtain the static structure factor shown in Fig. 4.14(b). Note that
S(q) exhibits sixfold rotational symmetry and does not have any sharp Bragg peaks (indicating the absence of long-range order)—this may be regarded as the hallmark of a quantum
spin liquid.

C.6

Basis rotation for X- and Z-parity loops

The basis rotation used to measure X-parity loops is applied with a reduced blockade radius
which, in the ideal limit, removes interactions between separate triangles while maintaining
a hard blockade constraint on Rydberg excitations within single triangles. The rotation can
therefore be understood by its action on individual fully blockaded triangles. The Hilbert
space for each triangle is four-dimensional, allowing for either zero Rydberg excitations, or
one Rydberg excitation on any of the three links. Taking

as the basis states, the

Hamiltonian for the quench in the limit of perfect intratriangle blockade is described by the
following matrix:




0 −i −i −i





0
0
Ω i 0

H= 


2 i 0
0
0




i 0
0
0

(C.87)

The basis rotation shown in Fig. 4.19, which relates X and Z parities under evolution
through this quench Hamiltonian (C.87), was proven in Ref. 654 by direct computation. Here,
we provide an alternative derivation. Firstly, we note that the Z operator acting on the upper
two edges of a triangle (

) and the X operator acting on the lower edge of a triangle (
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defined in Figs. 4.18 and 4.19, are given by:

1


0

=

0

0




0

0

0

0



−1

=

0

0



1 0
0

,

0 −1 0 

0 0 −1

−1 0 0
0
0
0





0 0



0 1

1 0

(C.88)

The X and Z parity operators can be mutually diagonalized by changing to an appropriate
symmetrized basis:
Basis state
|0⟩ =

+

+1

-1

|1⟩ =

+

-1

+1

|2⟩ =

−

+1

+1

|3⟩ =

−

-1

-1

In this basis, the quench Hamiltonian (C.87) is expressed as:

0


Ω
−i
H= 
2i


0

i −i 0





0 −i 0



i 0 0

0 0 0

(C.89)

This Hamiltonian generates cyclic permutations among the basis states |0⟩ , |1⟩, and |2⟩, while
leaving |3⟩ invariant. The permutation |0⟩ → |1⟩ → |2⟩ → |0⟩ maps the

eigenvalue to the

eigenvalue for each initial state. Moreover, the invariant state |3⟩ has both

=

=

−1, so it automatically satisfies the target eigenvalue mapping. Thus, after an appropriate
evolution time corresponding to a single cyclic permutation (τ =
have been mapped to

4π
√
),
3 3Ω

all

eigenvalues

eigenvalues, which is diagonal in the measurement basis. Formally,

this can be expressed as:
= eiHτ
430

e−iHτ

(C.90)
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Figure C.21: Examples of Z loops (dashed lines) dual to closed X loops (solid lines).

We further note that this relationship also holds for parity operators defined on other sides of
the triangle, e.g.,

= eiHτ

e−iHτ . Large X-parity strings or loops can be decomposed in

terms of their action on individual triangles, and since the basis rotation acts on each triangle
individually, this extends the mapping from X strings to corresponding dual Z strings in the
rotated basis, as illustrated in Fig. C.21.
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D.1

Bosonic spinon theory

D.1.1

Coupling to an orbital magnetic field

Besides the Zeeman coupling (5.9), which we focused on in the chapter, there is also an orbital
coupling of the magnetic field. Being odd under time reversal and spin-rotation invariant, its
leading contribution in a t/U expansion of the underlying Hubbard model involves the triple
product of neighboring spins and is of order t3 /U 2 . Explicitly, it reads as [593]
Hχ = −Υ

∑

sin(Φ) Si · (Sj × Sk ),

△

Υ=

24t2 t′
,
U2

(D.1)

where the sum involves the triangular plaquettes △ formed by nearest- (with hopping t)
and next-nearest-neighbor bonds (hopping t′ ), and Φ is the flux of an applied magnetic field
through a single triangular plaquette. We see from Eq. (D.1) that this orbital coupling induces
uniform scalar spin chiralities and, as mentioned earlier, breaks the symmetry of the system
down to

4
m

m′ m′ .

In this appendix, we prove that the different terms in Eq. (D.1) cancel out exactly on
the square lattice after performing a Schwinger-boson mean-field decoupling, as long as there
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2

4

3

1

5

6

Figure D.1: Convention for the spin chirality term Si · (Sj × Sk ) in the Hamiltonian. For
each triangular plaquette, the sites i, j, and k are the vertices of the corresponding dashed
triangle, taken succesively in a clockwise fashion. The net interaction Hχ involves the sum
over all C4 rotated copies of such triangles.

exists a gauge where the ansatz is explicitly translation invariant. This is certainly the case
for the conventional ansatz of the antiferromagnetic state (with only Ai,i+x̂ = Ai,i+ŷ = A1 ),
but not for the one with

4
m

m′ m′ symmetry defined in Section 5.3.2. As we outline below, Hχ

in Eq. (D.1) will lead to a nonzero contribution at the mean-field level when decoupled with
the parameters in Eqs. (5.31) and (5.33).
As a means of decoupling Hχ within SBMFT, we use the identity [433],
4 : B̂i,j B̂j,k B̂k,i : =

n̂i n̂j n̂k
1
(n̂i Sj · Sk + n̂j Sk · Si + n̂k Si · Sj ) +
− i Si · (Sj × Sk ) , (D.2)
2
8

from which, it follows that
(
)
†
†
†
Si · (Sj × Sk ) = 2i B̂i,j B̂j,k B̂k,i − B̂k,i
B̂j,k
B̂i,j
.

(D.3)

In a mean-field approximation,
B̂i,j B̂j,k B̂k,i ≃ ⟨B̂i,j ⟩ ⟨B̂j,k ⟩ B̂k,i + ⟨B̂i,j ⟩ B̂j,k ⟨B̂ki, ⟩ + B̂i,j ⟨B̂j,k ⟩ ⟨B̂k,i ⟩ − 2⟨B̂i,j ⟩ ⟨B̂j,k ⟩ ⟨B̂k,i ⟩.
(D.4)
Based off this simplification, we can now evaluate the quadratic terms for each individual
433

Appendix D. Appendices to Chapter 5
bond. As an example, consider a bond linking sites i and i + x̂; following the labeling scheme
of Fig. D.1, let this be numbered 1–3. The only spin chirality terms in the Hamiltonian that
involve this bond are
S1 · [(S2 × S3 ) + (S4 × S3 ) + (S3 × S6 ) + (S3 × S5 )]
[
)
(
)]
† ( 2
≈ B̂1,3 B ∗ 2 + |B|2 + B̂1,3
B + |B|2 − h.c. + . . . ,

(D.5)

where we have isolated the terms proportional to B̂1,3 or B̂3,1 , and those from all other bonds
are grouped together in the ellipsis. However, the term enclosed in the brackets is already
Hermitian so the total contribution from the 1–3 (and more generally, any horizontal or
vertical) edge is always zero. An analogous statement holds for any bond in the diagonal
direction as well. In this regard, let us survey the 1–4 link, which connects sites i and
i + x̂ + ŷ. The relevant spin interactions in which this bond participates are S3 · (S1 × S4 ),
and S2 · (S4 × S1 ), and collecting the quadratic terms for Eq. (D.4), we finally have
†
B̂1,4 B ∗ 2 + B̂1,4
B 2 − h.c. = 0.

(D.6)

Since this cancellation occurs on any bond on the square lattice, Hχ in Eq. (D.1) does not
contribute to the Hamiltonian to quadratic order and the orbital coupling to the magnetic
flux necessarily vanishes in the mean-field framework.
If, instead, we use the parameters of the ansatz with symmetry

4
m

m′ m′ in Eqs. (5.31) and

(5.33), there is no cancellation using SBMFT. In fact, as expected from a symmetry point of
view, the resultant mean-field contribution of Hχ can be absorbed by rescaling of the ansatz
per se as
B1

−→

B1 − 4Υ sin Φ B1 B2 ,

(D.7)

B2

−→

B2 − 2Υ sin Φ B12 .

(D.8)

This conveys that the parameters B1 and B2 can also be induced or enlarged by the orbital
coupling to the external magnetic field.
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D.1.2

Perturbations in the CP1 theory

Quantum fluctuations about the conventional square-lattice Néel state are conveniently described in the Schwinger boson theory using a continuum formulation based on the CP1 model
[531]. Here, we discuss, following Ref. 576, the additional perturbations that are introduced
into this theory from the three-spin interactions in Eq. (D.1), which are induced by the orbital
effect of the applied magnetic field.
The CP1 model is expressed in terms of a bosonic spinor zσ which is coupled to a U(1)
gauge field aµ (µ = τ, x, y) with the Lagrangian
LCP =

1
|(∂µ − iaµ )zσ |2
g

(D.9)

Perturbations with the symmetry of Hχ are most conveniently expressed in terms of the
gauge field aµ . In a relativistic formulation, the leading perturbation is the term ϵµνλ fµν ∂ρ fρλ
[576, 665]. More generally, without relativistic invariance, there are two independent terms
which are expressed in terms of the internal electric and magnetic fields derived from aµ (these
are unrelated to the applied external electromagnetic field):
ei = ∂τ ai − ∂i aτ ,

b = ∂x ay − ∂y ax .

(D.10)

Analysis of symmetries leads to the perturbation
Lχ = iλ1 (ex ∂τ ey − ey ∂τ ex ) + iλ2 b ∂i ei

(D.11)

with couplings λ1,2 , which are expected to be proportional to Υ sin(Φ) in Eq. (D.1).
In terms of the underlying spin-wave fluctuations, the gauge field aµ involves terms with one
gradient, so Lχ has five spatiotemporal gradients [576]. As such, its effects can be expected
to be quite weak.
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D.1.3

Mean field Hamiltonian for the one-orbital model

The mean-field Hamiltonian for the one-orbital model presented in Section 5.3 is described by
Eq. (5.29). First, we expand out the different terms therein with the ansatz of Eqs. (5.31) and
(5.33). Labeling the two kinds of sites for a fixed gauge choice by α and β, we then transform to
√
∑
momentum space, with the Fourier conventions biσ = k bkσ exp(i k · ri )/ N . The resultant
∑
mean-field Hamiltonian can be expressed in the form Hmf = k (Ψ†k H(k) Ψk )/2, where Ψ
†
†
†
†
is the eight-component spinor defined as Ψ†k = (αk↑
βk↑
αk↓
βk↓
α−k↑ β−k↑ α−k↓ β−k↓ ). This

can be diagonalized in accordance with the process sketched in Section 5.2.2 to calculate
the Berry curvatures and conductivities. More compactly though, Hmf can equivalently be
†
†
expressed using the reduced four-component spinor ψ † = (αk↑
βk↑
α−k↓ β−k↓ ). Denoting the

Pauli matrices acting in spin and sublattice space by σ and τ , respectively, up to a constant,
the bosonic mean-field Hamiltonian reads
H = λσ0 τ0 + Jσ2 (A1 Sx τ1 + A1 Cy τ2 − 2A2 Cx Sy τ3 ) −

B
σ τ − Jσ3 (B1 Sx τ1 + B1 Cy τ2 − 2 B2 Cx Sy τ3 ),
2 3 0
(D.12)

where we have adopted the shorthand Cµ ≡ cos(kµ ), and Sµ ≡ sin(kµ ). This form of the kernel
H contains the same information as the 8 × 8 matrix for the full spinor Ψ but is much more
amenable to analytical calculations. On grounds of simplicity, it is therefore convenient to
frame the discussion in the following subsections in terms of the 4 × 4-matrix description of
the mean-field Hamiltonian H(k). In this language, the dynamic matrix K = ρ3 H = σ3 τ0 H
is
K =−

B
σ τ − JB1 Sx σ0 τ1 − JB1 Cy σ0 τ2 + 2JB2 Cx Sy σ0 τ3 − iJA1 Sx σ1 τ1
2 0 0

− iJA1 Cy σ1 τ2 + 2iJA2 Cx Sy σ1 τ3 + λσ3 τ0 .

(D.13)

Diagonalizing this dynamic matrix results in two particle bands, which we list as m = 1, 2,
and two hole bands (m = 3, 4). Note that one could just as well have elected to work with Ψ
instead of ψ and the correspondence between these bands and our previous indexing scheme
is m = {1, 2, 3, 4} ↔ n = {1, 3, 6, 8}. For the remaining n bands, associated with n =
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{2, 4, 5, 7} ≡ n′ , the energies and curvatures are simply related as εn′ ,k = ε(n′ +4) mod 8 ,k and
Ωn′ ,k = −Ω(n′ +4) mod 8 ,−k , but (n′ + 4) mod 8 ∈ {1, 3, 6, 8}, closing the loop between the fourand eight-component formulations.
D.1.4

Effective antiunitary symmetry

As mentioned in Section 5.3.2, the pairwise degeneracy of the particle bands in the one-orbital
model (at zero Zeeman field) is due to an effective symmetry of the Hamiltonian, which we
single out here. To begin with, we identify an anti-unitary operator O = U C, where U is
unitary and C is complex conjugation such that
O K(k) O† = −K(k) =⇒ U K ∗ (k) U † = −K(k).

(D.14)

This implies that if Φm is an eigenvector of K with eigenvalue ωm , then so is U Φ∗m but with
eigenvalue −ωm , which is precisely the particle-hole symmetry that must be broken to lift the
degeneracy of the bosonic bands. The only such operator (unique up to an additional phase
factor) is O = σ2 τ2 C, i.e., U = σ2 τ2 . Equation (D.14) then states that
σ3 U σ3 H∗ (k) U † = −H(k).

(D.15)

As σ3 and U = σ2 τ2 anticommute, this yields an effective “time-reversal symmetry”, i.e., H(k)
and the anti-unitary operator O commute,
O H(k) O† = H(k).

(D.16)

Since O2 = +1, this does not translate to a Kramers degeneracy (in general, all eigenvalues of
H are indeed nondegenerate) whereas Eq. (D.14) does force the spectrum of K to be symmetric
with respect to zero energy. It then follows that the resulting degenerate bands have opposite
Chern numbers. The wavefunctions are the eigenvectors of K, and by virtue of Eq. (D.14),
may be grouped according to the eigenvalues as Tk = [v1 (k) v2 (k) (U v1∗ (k)) (U v2∗ (k))]. More
concisely,
Tk = U Tk∗ σ1 ;
437

U = σ2 τ2 .

(D.17)
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The implication for the Berry curvature is that
[
Ωmk = i ϵµν
[

∂ Tk†
∂ Tk
σ3
σ3
∂ kµ
∂ kν

= i ϵµν σ3

TkT

]

[
= i ϵµν
mm

]
Tk∗

∂
∂
σ3
∂ kµ
∂ kν

∂ Tk∗
∂ TkT †
σ3 σ1
U σ3 U
σ1
∂ kµ
∂ kν

= −Ω∗mk = −Ωmk ,

]
mm

(D.18)

mm

where m = 3 (m = 4) for m = 1 (m = 2), and we have used the fact that Ωmk is real in the
last step. Translating back to the band index n, this proves that the pairs n = (1, 2) and (3, 4)
are indeed degenerate and also have the same curvatures modulo k → −k. The degeneracy is
⃗ Z , which creates a constant gap between
split at any temperature by a uniform Zeeman field B
the two bands at each momentum.
D.1.5

Magnetic order

Within the Schwinger boson framework, magnetic order is obtained via the condensation of
bosons, which occurs when the bosonic modes have at least one zero eigenvalue [548, 569].
The minima of the spinon bands are found from diagonalizing K = σ3 τ0 H(k), with H(k)
as in Eq. (D.12), and lie at ±k0 , where k0 = (π/2, 0). Without an external magnetic field
(Bz = 0), the eigenvalues, each doubly degenerate at these momenta, are

ε± =

√
√
λ2 − 2A21 J 2 ± 2B1 J .

For B1 > 0, the spinon gap is set by ε− and closes when

√

λ2 − 2A21 J 2 =

(D.19)
√

2B1 J; B2 appears

neither in this equation nor in the eigenstates below. Eliminating B1 in favor of A1 , λ, and set√
ting ξ ≡ λ/( 2A1 J) for notational convenience, we find that the two zero-energy eigenvectors
at k = k0 = (π/2, 0) are
(
)T
√
Ψ1 = eiπ/4 ξ, i ξ 2 − 1, 0, 1 ,

(√
)T
Ψ2 = i ξ 2 − 1, −e−iπ/4 ξ, 1, 0 ,
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where the superscript T denotes transpose. Likewise, at k = −k0 = (−π/2, 0), there are two
degenerate eigenvectors when the gap closes:
(
)T
√
Ψ3 = e−iπ/4 ξ, i ξ 2 − 1, 0, 1 ,

(√
)T
Ψ4 = i ξ 2 − 1, −eiπ/4 ξ, 1, 0 .

(D.21)

The condensate in real space is a linear combination of those at ±k0 . Introducing arbitrary
complex numbers zi to represent the strength thereof, we have


⟨α ⟩
 r↑ 


 ⟨βr↑ ⟩ 



 = (z1 Ψ1 + z2 Ψ2 )eik0 ·r + (z3 Ψ3 + z4 Ψ4 )e−ik0 ·r ,
 † 
⟨αr↓ ⟩


†
⟨βr↓
⟩

(D.22)

whereafter the condensate on each sublattice can be written as










√
√
⟨αr↑ ⟩ eiπ/4 z1 ξ + iz2 ξ 2 − 1 e−iπ/4 z3 ξ + iz4 ξ 2 − 1  eik0 ·r 

 


=

,
Xα = 

 



 


∗
∗
−ik
·r
0
⟨αr↓ ⟩
z4
z2
e


 

√
√
⟨βr↑ ⟩ iz1 ξ 2 − 1 − e−iπ/4 z2 ξ iz3 ξ 2 − 1 − eiπ/4 z4 ξ   eik0 ·r 


 


=
.
Xβ = 


 



 

∗
∗
−ik
·r
0
z3
z1
⟨βr↓ ⟩
e

(D.23)

The spinor (eik0 ·r , e−ik0 ·r )T is proportional to (1, 1)T for even x, whereas for odd x coordinate,
it is ∝ (1, −1)T (the overall U(1) phase is redundant for calculating physical spin expectation
values). This calls for further classification of the sites on the α and β sublattices—defined by
(−1)jx +jy = 1 and −1, respectively—according as whether x is even (e) or odd (o), creating
a four-sublattice structure for the magnetic order. The expectation value of the spin at each
†
site can then be evaluated as ⟨Sµa (r)⟩ = Xµa
σXµa for µ = {α, β} and a = {e, o}.

At this point, we note that the spin-liquid state described by the ansatz (5.31) has a gaugeinvariant flux ϕ of π (modulo 2π) through each elementary square plaquette [637]. Similar
π-flux states on the square lattice were studied by Yang & Wang [720]; the latter states
are all identical in the limit of only A1 ̸= 0. The corresponding magnetically ordered state
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was found to be a subset of the classical ground state for the J2 /J1 = 1/2-Heisenberg model,
and, in general, quite distinct from Néel order. A formal route to draw a connection to the
Yang-Wang π-flux ansatz is to construct a local gauge transformation mapping the one-orbital
model onto it. Recall that under such a transformation, one generically has
bjσ → eiφ(j) bjσ ,

Ai,j → ei(φ(i)+φ(j)) Ai,j

Bi,j → ei(φ(i)−φ(j)) Bi,j .

(D.24)

The ansatz (5.31) is characterized by Ai,i+x̂ = A1 and Ai,i+ŷ = (−1)ix +iy A1 , whereas that of
Ref. 720 has Ai,i+x̂ = (−1)iy A1 and Ai,i+ŷ = −A1 . If the two are to be related by a gauge
transformation, then the phase φ(j) must satisfy

φ(jx , jy ) + φ(jx + 1, jy ) = πjy ,

φ(jx , jy ) + φ(jx , jy + 1) = π(jx + jy + 1).

(D.25)

(
)
Both these equations hold modulo 2π and their solution is φ(jx , jy ) = π −2jx2 + 2jy + 1 /4.
Applying this transformation shifts the one-orbital dispersion minima, which are inherently
gauge dependent: with the earlier gauge choice, the minima were positioned at (±π/2, 0) but
in the new gauge, they are at ±(π/2, π/2), as expected from Ref. 720 in the limit where all
terms but A1 are zero. Proceeding beyond this special case, we can similarly transform the
remaining (A2 , B1 , B2 ) terms in Eq. (5.33) according to Eq. (D.24), and the minimal ansatz
which gives quantized Chern bands in this gauge reads:
Ai,i+x̂ = (−1)iy A1 , Ai,i+ŷ = −A1 ,
Bi,i+x̂ = −(−1)ix B1 , Bi,i+ŷ = B1 (−1)ix +iy , Bi,i+x̂+ŷ = Bi,i+x̂−ŷ = −iB2 (−1)iy .

(D.26)

As Fig. D.2 corroborates, the minima for the lowest-energy spinon band remain at ±(π/2, π/2)
even on turning on B1 and B2 [cf. Fig. 5.4(e)].
We return to our original gauge choice where the computation of magnetic order is more
tractable. Noting that the spin-liquid state for the one-orbital model reduces to that in
Ref. 720 in the limit of only A1 ̸= 0, we first set ξ = 1 (as dictated by the gap-closing condition
with B1 = 0). Upon calculating the spin expectation values using the boson-condensation

440

Appendix D. Appendices to Chapter 5

19

(b)

(c)

(d)

(e)

(a)

FIG. 10. (a) Dispersion of the n = 1 spinon band corresponding to the Schwinger boson ansatz for the one-orbital model in
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(C19)
µ=↵, a=e,o

procedure, we find that the ordered moments on the four sites of a plaquette add to zero, i.e.,

which is precisely the four-sublattice ordered state in Ref. 14. A particular instance thereof is the Néel state which is
obtained when the coefficients are chosen such that only one of the four zi is nonzero. For general ⇠ > 1, the spinors
∑ ∑
Xµa are
i⇡/4

i⇡/4

p

⟨Sµa ⟩ = 0,

(D.27)

p
◆
⇠(e
z1 + e
z3 ) + i ⇠ 2
⇠(e
z1 e
z3 ) + i ⇠ 2 1(z2 z4 )
X↵e =
, X↵o =
, (C20)
z4⇤ + z2⇤
z4⇤ z2⇤
p
p
✓
◆
✓
◆
i⇡/4
which is ⇠(e
precisely
four-sublattice
state in⇠(Ref.
720.
particular
z2 +the
ei⇡/4
z4 ) + i ⇠ 2 1(z1ordered
+ z3 )
e i⇡/4
z2 +Aei⇡/4
z4 ) + i ⇠ 2instance
1(z1 zthereof
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⇤
⇤
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z3 z1⇤
✓

◆
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1(z2µ=α,β
+ z4 )
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i⇡/4

i⇡/4

is the Néel state which is obtained when the coefficients are chosen such that only one of the

Akin to the analysis above, we again compute the values of the ordered moment at each site but the analytical
z
expressions in this case prove to be unwieldy. Specifically, Sµa
takes the form
z
S↵e
= ⇠ 2 |z1

iz3 |2 + |z2 + z4 |2

2|z2 + z4 |2 + 2⇠

p
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⇠2

h
1 Im (z2⇤ + z4⇤ )(z1 ei⇡/4 + z3 e

i⇡/4

i
) ,

(C21)
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four zi is nonzero. For general ξ > 1, the spinors Xµa are

√
ξ(eiπ/4 z1 + e−iπ/4 z3 ) + i ξ 2 − 1(z2 + z4 )


,
=




∗
∗
z4 + z2


√
ξ(eiπ/4 z1 − e−iπ/4 z3 ) + i ξ 2 − 1(z2 − z4 )


,
=




∗
∗
z4 − z2


√
−ξ(e−iπ/4 z2 + eiπ/4 z4 ) + i ξ 2 − 1(z1 + z3 )


,
=




∗
∗
z 3 + z1


√
ξ(−e−iπ/4 z2 + eiπ/4 z4 ) + i ξ 2 − 1(z1 − z3 )


.
=




∗
∗
z 3 − z1


Xαe

Xαo

Xβe

Xβo

(D.28)

(D.29)

(D.30)

(D.31)

Akin to the analysis above, we again compute the values of the ordered moment at each site
z takes the
but the analytical expressions in this case prove to be unwieldy. Specifically, Sµa

form
√
)
(
z
Sαe
= ξ 2 |z1 − iz3 |2 + |z2 + z4 |2 − 2|z2 + z4 |2 + 2ξ ξ 2 − 1
√
(
)
z
Sαo
= ξ 2 |z1 + iz3 |2 + |z2 − z4 |2 − 2|z2 − z4 |2 + 2ξ ξ 2 − 1
√
(
)
z
Sβe
= ξ 2 |z2 + iz4 |2 + |z1 + z3 |2 − 2|z1 + z3 |2 + 2ξ ξ 2 − 1
√
(
)
z
Sβo
= ξ 2 |z2 − iz4 |2 + |z1 − z3 |2 − 2|z1 − z3 |2 + 2ξ ξ 2 − 1

[
]
Im (z2∗ + z4∗ )(z1 eiπ/4 + z3 e−iπ/4 ) ,
[
]
Im (z2∗ − z4∗ )(z1 eiπ/4 − z3 e−iπ/4 ) ,
[
]
Im (z1 + z3 )(z2∗ eiπ/4 + z4∗ e−iπ/4 ) ,
[
]
∗ iπ/4
∗ −iπ/4
Im (z1 − z3 )(z2 e
− z4 e
) .

As can be seen, for general complex values zi , there is no simple relation between the zcomponents. Further,
∑ ∑

z
⟨Sµ,a
⟩ = 4(ξ 2 − 1)

µ=α,β a=e,o

4
∑

|zi |2 + 4ξ

[
]
√
ξ 2 − 1 Im z1 z2∗ eiπ/4 + z3 z4∗ e−iπ/4

(D.32)

i=1

vanishes only for ξ = 1. Therefore, the sum of ordered moments on the four sites of a plaquette
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is nonzero, and the spin order parameter can be parametrized as
⟨S(j)⟩ = n(0,0) + (−1)jx n(π,0) + (−1)jy n(0,π) + (−1)jx +jy n(π,π) ,

(D.33)

where we have defined

n(0,0)
n(0,π)

(
)
1
⟨Sαe ⟩ + ⟨Sαo ⟩ + ⟨Sβe ⟩ + ⟨Sβo ⟩ ,
=
4
(
)
1
=
⟨Sαe ⟩ − ⟨Sαo ⟩ − ⟨Sβe ⟩ + ⟨Sβo ⟩ ,
4

(
)
1
n(π,0) =
⟨Sαe ⟩ − ⟨Sαo ⟩ + ⟨Sβe ⟩ − ⟨Sβo ⟩ ,
4
(
)
1
n(π,π) =
⟨Sαe ⟩ + ⟨Sαo ⟩ − ⟨Sβe ⟩ − ⟨Sβo ⟩ .
4
(D.34)

It is noteworthy that n(0,0) = 0 exactly corresponds to the solution of Ref. 720 with zero average
moment on a plaquette. The most general ordered state breaks C4 and lattice translation
(Tx and Ty ) symmetries but preserves the reflections Rx and Ry ; of course, it also breaks
time reversal and SRI. While the moments on the four sites of each plaquette are generically
distinct, previously studied states on the square lattice, like the Néel, the canted Néel, or
the tetrahedral umbrella state [264] are not necessarily ruled out. If the structure of the
condensate is such that n(π,π) is large in magnitude compared to n(0,0) , n(π,0) , and n(0,π) , the
magnetically ordered state can be thought of as a perturbation to the Néel state, an example
of which is sketched in Fig. D.2(c) for zi = 0 ∀ i ̸= 1. The magnitude of the ordered moments
†
Xµa = constant, if we choose such a solution for the
is uniform at all lattice sites, i.e., Xµa

zi . One can also impose this requirement of uniformity when more than one coefficient is
nonzero. Endowed with this constraint, there are four solutions, which are {z1 , z2 , z3 , z4 } =
{z, ±iz, 0, 0} or {0, 0, z, ±iz}. The two associated symmetry-inequivalent ordered states are
shown in Figs. D.2(d) and D.2(e).
D.1.6

Dzyaloshinskii-Moriya interactions

In this subsection, we continue along the lines of Section 5.3.3 to develop the mean-field Hamiltonian for the nearest-neighbor Heisenberg antiferromagnet with additional DzyaloshinskiiMoriya couplings. Pursuant to Eq. (5.49), the mean-field approximation for the in-plane DM
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term is
(3)

Hmf =

)
D∥ ∑ ( ∗
†
†
Bi,j Cˆi,j + Cˆi,j
Bi,j + A∗i,j D̂i,j + D̂i,j
Ai,j
2
⟨i,j⟩

)
(
D∥ ∑ i
∗ †
bj−σ biσ + σA∗i,j biσ bjσ + h.c..
− dij eiσθij Bi,j
=
2
2

(D.35)

⟨i,j⟩

The total mean-field Hamiltonian Hmf is now a sum of Eqs. (5.8), (5.9), and (D.35). All
things considered, Hspin bears the mean-field momentum-space representation:
(1)

Hmf =

)
]
( ∗
∑[
B †
A∗
Jµ e−ikµ
bkσ bkσ − σ
bkσ b−k−σ + h.c. + λ b†kσ bkσ
2
2

kσµ

(2)

Hmf

(3)

Hmf

(
)
− 2Ns λS + 2Ns J |A|2 − |B|2 ,
B∑ †
=−
σ bkσ bkσ ,
2
kσ
(
)
]
Dm ∑ [
=
−i Ēσ B ∗ b†k−σ bkσ + σ A∗ bkσ b−kσ + h.c. .
4

(D.36)

kσ

For the sake of notational brevity, we work with the shorthand Eσ ≡ (ei kx + i σ ei ky ) and
overhead bars connote the same expressions but with the replacement k → −k; thus, (E+ )∗ =
Ē− . Upon expanding and explicitly summing over σ =↑, ↓ in Eq. (D.36), the full Hamiltonian is
(
)
∑
expressible, as before, as Hmf = k (Ψ†k H(k) Ψk )/2 with the spinor Ψ†k ≡ b†k↑ b†k↓ b−k↑ b−k↓ ,
and the kernel H(k) =


(

)r

(

)
B

(



)

i
i
∗
 B Jµ eikµ + λ −

−J A E+


2
4 D∥ B E− − B Ē−
2 D∥ A E −






(
) (
)r (
)
B
i
ik
 i D∥ B E+ − B ∗ Ē+

µ
B
J
e
+
λ
+
JA
E
−
D
A
E
+
+
µ
∥
 4

2
2

,



(
)r (
) i
(
) 
B
i
−ik
∗
∗
∗


µ
B Jµ e
+ λ− 2
− 2 D∥ A Ē+
J A E+


4 D∥ B Ē+ − B E+






(
)
(
)
(
)
r
i
i
B
∗
∗
∗
−ik
−J A E +
B Jµ e µ + λ + 2
2 D∥ A Ē−
4 D∥ B Ē− − B E−

(D.37)
where the superscript r stands for the real part; Hmf further includes another constant piece,
which we ignore. Diagonalizing with the paraunitary matrix Tk gives the full information of
the dispersions for the volume-mode bands and some representative energy dispersions are
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The three-orbital CuO2 model—with the broken time-reversal and reflection symmetries of pattern D—allows for
nonzero loop currents unlike its one-orbital counterpart [9] studied in Sec. III, and o↵ers the added advantage of
an explicitly translation-invariant ansatz. In this appendix, we illustrate that the three-orbital model also shows a
large thermal Hall conductivity in the presence of a magnetic field, analogous to the one-orbital model, with identical
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field Hamiltonian (29), the only bond operator expectation values are
Aj,j± êµ = ±A1 ,
2

Bj,j± êµ = ±i B1 ,

shown in Fig. 5.7.
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2
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2

ŷ
2

= A2 ,

Bj± x̂ ,j+ ŷ = Bj± x̂ ,j
2
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2

ŷ
2

= i B2 ,

(E1)

where Aj,k , iBj,k 2 R. The basis vectors of the direct lattice are êµ ; µ = x, y, and we adopt the convention that
integer-valued (half-integer-valued) lattice indices refer to copper (oxygen) sites (see Fig. 11(b)). The state with only
A1 (or also
B1 ) Three-orbital
nonzero has the full
symmetries of the square lattice but turning on B2 (and/or A2 ) breaks the
D.1.7
model
4
symmetries down to m
m0 m0 . Denoting the three sites of a unit cell, at position (u, v), as ↵(u,v) , (u,v) , (u,v) and

The three-orbital CuO2 model—with the broken time-reversal and reflection symmetries of
pattern D—allows for nonzero loop currents unlike its one-orbital counterpart [576] studied
in Section 5.3, and offers the added advantage of an explicitly translation-invariant ansatz.
In this section, we illustrate that the three-orbital model also shows a large thermal Hall
conductivity in the presence of a magnetic field, analogous to the one-orbital model, with
identical broken symmetries as in Section 5.3.2.
Let us consider the Schwinger-boson ansatz for this model, illustrated in Fig. D.3(a). More
explicitly, in the mean-field Hamiltonian (5.29), the only bond operator expectation values
are
Aj,j± êµ = ±A1 , Bj,j± êµ = ±i B1 , Aj± x̂ ,j+ ŷ = Aj± x̂ ,j− ŷ = A2 , Bj± x̂ ,j+ ŷ = Bj± x̂ ,j− ŷ = i B2 ,
2

2

2

2

2

2

2

2

2

2

(D.38)
where Aj,k , iBj,k ∈ R. The basis vectors of the direct lattice are êµ ; µ = x, y, and we adopt
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the convention that integer-valued (half-integer-valued) lattice indices refer to copper (oxygen)
sites [see Fig. D.3(b)]. The state with only A1 (or also B1 ) nonzero has the full symmetries
of the square lattice but turning on B2 (and/or A2 ) breaks the symmetries down to

4
′ ′
mm m .

Denoting the three sites of a unit cell, at position (u, v), as α(u,v) , β(u,v) , γ(u,v) and expanding,
the mean-field Hamiltonian can be obtained straightforwardly. After a Fourier transform to
momentum space, this reads (up to constants)

Hmf =

∑[

(
− JB1

kσ

+ 2J Cx Cy

(

†
αkσ
βkσ

†
i B2 βkσ
γkσ

Sx +

−

†
αkσ
γkσ

)
Sy

A∗2 σ βkσ γ−k−σ

+

i JA∗1 σ

(
)
αkσ β−k−σ Sx + αkσ γ−k−σ Sy + h.c.

(
)]
)
†
†
†
+ h.c. + λ αkσ αkσ + βkσ βkσ + γkσ γkσ − 3S ,
(D.39)

where we use the shorthand Cµ (Sµ ) ≡ cos (sin)

kµ
2 .

Adding on an external magnetic field in-

troduces the Zeeman term of Eq. (5.9) and subsequently, the Hamiltonian can be expressed
as
Hmf =

∑

)
(
†
†
†
α−k↑ β−k↓ γ−k↓ ,
γk↑
βk↑
Ψ†k H(k) Ψk ; Ψ†k ≡ αk↑

(D.40)

k

with the kernel




 2λ − Bz −2J B1 Sx −2J B1 Sy
0
−2i J A1 Sx −2i J A1 Sy 








 −2J B1 Sx 2λ − Bz 4i J B2 Cx Cy −2i J A1 Sx
0
−4J A2 Cx Cy 








 −2J B1 Sy −4i J B2 Cx Cy 2λ − Bz −2i J A1 Sy 4J A2 Cx Cy

0

1

.
H(k) = 

2


0
2iJ A1 Sx
2i J A1 Sy Bz + 2λ
2J B1 Sx
2J B1 Sy 








 2i J A1 Sx
0
4J A2 Cx Cy 2J B1 Sx
Bz + 2λ −4i J B2 Cx Cy 








2i J A1 Sy −4J A2 Cx Cy
0
2J B1 Sy 4i J B2 Cx Cy Bz + 2λ
(D.41)
This mean-field Hamiltonian can now be easily diagonalized, employing the standard methods
formulated above—the resultant band structure is sketched in Fig. D.4.
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H(k) =

1B
B 2J B1 Sy
0
2B
B
@ 2i J A1 Sx
2i J A1 Sy

4i J B2 Cx Cy
2
Bz
2iJ A1 Sx
2i J A1 Sy
0
4J A2 Cx Cy
4J A2 Cx Cy
0
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FIG. 12. Schwinger boson band structure for three of the six di↵erent particle bands with J = 1, A1 = 1, B1 = 0.5, = 2.5,
Figure D.4: Schwinger boson band structure for three of the six different particle bands with
and Bz = 0; the other bands are degenerate at zero field and are not shown. The remaining parameters are chosen as follows:
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In like manner, from the paraunitary matrix Tk , one can once again calculate the Berry
curvature for these bands [Fig. D.5(a)] using the partition H1 = {k : ky < 0} and H2 = {k :
ky ≥ 0}. The caveat is that the expression for the thermal Hall conductivity in Eq. (6.36)
is formulated exclusively in terms of particle bands whereas our choice of the six-component
spinor in Eq. (D.40) eliminates the trivial particle-hole duplication, leaving us with three
particle and three hole bands. Exploiting the relation (5.27) between the curvatures of the
particle and hole bands, Eq. (6.36) can be brought to the more implementable form

κxy


2 T ∑
kB

=−
ℏV
k

∑

n ∈ particle

{

π2
c2 [nB (εnk )] −
3

}
Ωnk −

∑ {
n ∈ hole

π2
c2 [nB (εn−k )] −
3

}


Ωn−k  .
(D.42)

Summing over all six bands, the net conductivity in Fig. D.5 is observed to be three orders
of magnitude greater than in the model with Dzyaloshinskii-Moriya interactions alone. The
behaviors at both high and low temperatures resemble that for the one-orbital model in
Fig. 5.5 and is owed to origins similar to the discussion in Section 5.3.2. Furthermore, we
again find an anomalous contribution.
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symmetry between the Néel and VBS orders [620] over this scaling region, as is expected for
the deconfined critical theory [596, 635, 665]. The ultimate fate of the phase transition at the
longest distances remains unsettled, but it is plausible that it is described by a complex fixed
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point, very close to the real physical axis [215, 415, 665].
It is useful to now consider the phase diagram of the J1 -J2 -Jχ antiferromagnet on the
square lattice by starting from a theory in which the SO(5) symmetry is initially explicit.
This is just the fermionic spinon representation used in Eq. (5.52). In the absence of Néel
order (N = 0) and an applied field (BZ = 0), the continuum limit of Eq. (5.52) yields two
flavors of two-component Dirac fermions, which are then coupled to a SU(2) gauge field; so
instead of Eq. (5.56), we now have [665]
LSO(5) = iψ a γ µ (∂µ − iAµ )ψa + mχ ψ a ψa

(D.43)

where a = 1, 2 is the flavor index.
The SO(5) symmetry is apparent after we express LSO(5) in terms of Majorana fermions.
The fermion mass mχ ∝ Jχ is also SO(5) invariant, and is a perturbation on the putative
SO(5)-invariant Néel-VBS critical point at mχ = 0. It is plausible that mχ is a relevant
perturbation on such a critical point (with scaling dimension λχ > 0), and then an infinitesimal
Jχ will be sufficient to drive the critical antiferromagnet into the chiral spin liquid phase.
Should the Néel–VBS transition be weakly first-order, then a very small value of Jχ will be
sufficient. Tuning away from the critical point by changing the value of J2 /J1 yields a second
relevant perturbation to the critical point (with scaling dimension λ2 > 0) which explicitly
breaks SO(5) symmetry, but is allowed by the symmetries of the underlying antiferromagnet.
We obtain the phase diagram proposed in Fig. 5.9 upon considering the interplay of these
perturbations; all phase boundaries scale as Jχ ∼ |J2 − J2c |λχ /λ2 for a SO(5) critical point at
Jχ = 0, J2 = J2c , so for λχ > λ2 , we obtain the onset of semion topological order at small
values of Jχ even away from the SO(5) point. In the limit of a large number of fermion flavors,
λχ = 1 and λ2 = −1, and λχ > λ2 is thus plausible. This phase diagram is compatible with
the small system size studies of Ref. 472. We emphasize that the existence of a SO(5) critical
point is not a requirement for the existence of a continuous Néel to Néel+CSL transition with
SO(3) symmetry described in the main part of the chapter.
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D.2.2

SO(3) symmetry on the lattice

We investigate the emergent global SO(3) symmetry at the critical point by explicitly computing the order parameter that transforms as a vector under this SO(3) symmetry in terms
of the low-energy fermionic degrees of freedom, starting with the lattice-scale Hamiltonian
Hf in Eq. (5.52). For simplicity and to obtain a transparent physical picture of this vector
order parameter, we first set BZ = 0 in Hf , and later discuss the generalization to BZ ̸= 0.
The hopping part of Hf (obtained by setting N = 0 = BZ ) describes a chiral spin liquid,
and is symmetric under square-lattice translations Ti (with i = x, y), C4 rotations about a
site, time reversal accompanied by reflections ΘRi , and global SU(2) spin rotations [576].
Turning on a nonzero Néel order parameter N ̸= 0 breaks time-reversal, spin-rotation and
translation symmetries explicitly, and results in a reduced set of symmetries generated by:
Tx+y : (x, y) → (x + 1, y + 1)

(D.44)

T−x+y : (x, y) → (x − 1, y + 1)

(D.45)

C4 : (x, y) → (−y, x)

(D.46)

3 θ/2

(D.47)

Us (ẑ, θ) = eiσ

Σx ≡ Us (x̂, π)Tx = iσ 1 Tx

(D.48)

In Eq. (D.48), Us (ẑ, θ) is the remaining U(1) spin-rotation symmetry about the z-axis, and
Σx denotes a spin-rotation about an axis perpendicular to the Néel vector, accompanied
by unit lattice translation Tx (Σy = Σx T−x+y is not an independent generator). Note that
Hf is invariant under any lattice symmetry operation S only up to an additional gauge
transformation fiσ → eiϕS [S(i)] fS(i),σ ; in other words, the lattice symmetries act projectively
and the combination of S and eiϕS leaves Hf invariant. For the set of symmetries in Eq. (D.48),
the required gauge transformations are ϕTx+y = ϕT−x+y = 0, while ϕC4 = π(x + y)(x + y − 1)/2
and ϕΣx = πy.
Now, we turn to diagonalizing Hf in Eq. (5.52) with BZ = 0 and finding the relevant lowenergy fermionic modes. Defining a two-site unit cell along the x̂-direction with sublattices
A (even parity of ηi ) and B (odd parity of ηi ), the Hamiltonian from Eq. (5.52) is given in
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momentum space by (setting the lattice spacing a = 1):

H=

∑

fk† hk fk ;

(
)T
fk = fkA↑ fkB↑ fkA↓ fkB↓ ,

k





(D.49)




h̃k (N )

 N − 4t2 sin kx cos ky −2t1 (cos kx + i sin ky )
0



 2


.

hk = 
,
h̃
(N
)
=

 k





N
−2t1 (cos kx − i sin ky ) − 2 + 4t2 sin kx cos ky
0
h̃k (−N )
The critical point, with Dirac cones at ±Q, appears at N = ± 8t2 . In our gauge choice, it
holds that Q = (π/2, 0). For concreteness, let us focus on the critical point at N = 8t2 . Then,
the low-energy bands at valley Q are entirely in the spin-up sector; the remaining (spin-down)
bands can be integrated out without renormalizing the low-energy bands. A similar picture
holds for the valley −Q, where the low-energy bands are tied to the spin-down sector, as shown
by the linearized Hamiltonian near −Q. Therefore, the effective low-energy Hamiltonian is
given by

∑

Heff = 2t1

)
(
†
ψq,a
qx τ 1 + qy τ 2 ψq,a ,

(D.50)

q≤Λ

where Λ is some UV momentum cutoff, the matrices τ α act in sublattice space, and

ψq,a






fQ+q,A,↑ 



 for a = (Q, ↑),







 fQ+q,B,↑


=




f−Q+q,A,↓ 

2

 for a = (−Q, ↓).
−iτ







f−Q+q,B,↓

(D.51)

For our analysis, it is useful to revert to real space and define fermionic spinors ψ+↑ (r) and
ψ−↓ (r) that vary slowly on the lattice scale by projecting the lattice fermions fiσ onto the
low-energy bands:

ψi↑







f   f

 iA↑   +A↑ (r)  iQ·r
i
≈
e
= 
≡ ψ+↑ (r)eiQ·ri ,

 


 

fiB↑
if+B↑ (r)
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ψi↓







f   f

 iA↓   −A↓ (r)  −iQ·r
i

e


≡ iτ 2 ψ−↓ (r)e−iQ·ri .
= 
≈


 

−if−B↓ (r)
fiB↓

In Eq. (D.52) and henceforth, we will denote each two-site unit cell by i, which is also the
location of the basis site A (hence, ηi = 1). Therefore, the low-energy Hamiltonian takes the
following form in real space:
∫
Heff = −ivF

d2 r ψa† (r)(τ · ∇)ψa (r), with vF = 2t1 .

(D.53)

It is evident from this formulation that the low-energy Hamiltonian is invariant under SU(2)
rotations in the combined spin-valley space (denoted by a). This is the emergent global SO(3)
symmetry at the critical point. One crucial point to note is that time-reversal symmetry Θ
re-emerges in the low-energy Hamiltonian Heff in Eq. (D.53), although it is broken explicitly
in the lattice Hamiltonian Hf in Eq. (5.52) as
Θ : ψ+↑ (r) → iτ 2 ψ−↓ (r), ψ−↓ (r) → iτ 2 ψ+↑ (r),
ΘHeff Θ−1 = Heff with Θ2 = −1.

(D.54)

Intuitively, this happens because time-reversal simultaneously flips spin and valley; Heff is
invariant under such a transformation. The effect of t2 (that creates a local orbital magnetic
field) and the Néel order parameter N (that acts as a local Zeeman field) thus counteract
each other in the low-energy effective field theory.
Next, we write down a manifestly gauge-invariant fermion bilinear order parameter in terms
of the low-energy field operators, which transforms as a vector under this SO(3) symmetry,
and evaluate its transformation under the operations in Eq. (D.48) in order to determine its
physical interpretation. To do so, it is useful to construct the following matrix of low-energy
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Observable

Tx+y

T−x+y

C4

Σx

Σy

Us (ẑ, θ)

Θ

O1

−O1

−O1

O2

−O1

O1

cos θ O1 + sin θ O2

O1

O2

−O2

−O2

−O1

O2

−O2

− sin θ O1 + cos θ O2

O2

O3

O3

O3

O3

−O3

−O3

O3

−O3

Table D.1: Transformation of the components of the gauge-invariant fermion-bilinear SO(3)
vector under the symmetries of Hf (for BZ = 0) and the emergent time-reversal symmetry
Θ.

spinors, in analogy with Ref. 665:



 ψ (r)eiQ·ri
 +↑
Xi = 


ψ−↓ (r)e−iQ·ri

†
−ψ−↓
(r)eiQ·ri 

.


†
−iQ·r
i
ψ+↑ (r)e

(D.55)

The local SU(2) gauge transformation Ug,i and global SU(2) spin rotation Us act on Xi by
right and left multiplications, respectively, as
†
SU (2)g : Xi → Xi Ug,i
,

SU (2)s : Xi → Us Xi

(D.56)

Therefore, the manifestly gauge-invariant order parameter that is constructed entirely out
of the low-energy degrees of freedom, and transforms as a vector under the emergent global
SO(3), is given by
Oa =

1 ∑ a
1 ∑
O (ri ) ≡
Tr(Xi† ρa Xi ),
Ns
Ns
i

(D.57)

i

where ρa are the Pauli matrices in the mixed spin-valley space labeled by a = {1, 2, 3}; the
division by the number of lattice sites Ns is simply to make Oa intensive. The symmetry
transformations of Oa can be worked out by considering their (projective) action on the realspace lattice-scale spinors in Eq. (D.52) and subsequently deducing their action on ψa (r) and
hence, on Oa (ri ). The results are presented in Table D.1.

Next, we construct a representation of Oa in terms of the microscopic spin operators Si .
453

Appendix D. Appendices to Chapter 5
The rotation of O1 into O2 under either a C4 rotation or a spin-rotation Us (ẑ, π/2) indicates
that these must be spin-orbit coupled. Indeed, one can check that the following representatives
satisfy all the symmetry constraints in Table D.1 (the indices 1, 2 indicate directions in spin
space, while x, y denote directions in real space):
1 ∑
(−1)ix (Si × Si+ŷ )1 + (−1)iy (Si × Si+x̂ )2 ,
Ns
i
∑
1
(−1)ix (Si × Si+ŷ )2 − (−1)iy (Si × Si+x̂ )1 ,
O2 =
Ns
i
∑
1
(Si )3 .
O3 =
Ns

O1 =

(D.58)

i

Thus, O1 and O2 can be interpreted as bond-direction-dependent spin projections of a vectorspin chirality operator Si × Sj , which is even under time-reversal Θ; related operators were
discussed in Ref. 406. The final component O3 is unchanged under the action of Us (ẑ, θ), but
is odd under unit lattice translations accompanied by spin flips and also under time reversal;
therefore, it can be interpreted as an Ising ferromagnetic order parameter. The operators in
Eq. (D.58) are illustrated graphically in Fig. D.6.
Lastly, we comment on the addition of an external Zeeman field BZ perpendicular to the
Néel order parameter N , which gets rid of the residual U(1) spin-rotation symmetry generated
by S z in Hf . In this case, the only leftover symmetry generators at the lattice scale are Tx+y ,
T−x+y , C4 , and Σx (for BZ = B x̂, Σi = Us (x̂, π)Ti remains a symmetry for each i = x, y).
In the low-energy Hamiltonian Heff , we see that SO(3) valley rotation and time reversal Θ
emerge as symmetries just as in the previous case. Consequently, one can label the low-energy
fermions by their valley indices (a = +Q or −Q) and carry out an analogous construction of
a gauge-invariant order parameter Oa (r) that transforms as a vector under this emergent
valley-SO(3). For i = 1, 2, Oi breaks Tx+y , T−x+y , Σi and C4 . While O3 is invariant under
all lattice symmetries that do not involve spin flips, it breaks both Σi (for i = x, y) and time
reversal Θ, which is emergent at the critical point. We conclude that the results in Table
D.1 are still valid for BZ ̸= 0, modulo the column Us (ẑ, θ). The lattice symmetry C4 and
Σx (or Σy ) symmetry together can be embedded into group O(2) = SO(2) ⋊ Z2 (the explicit
symmetry of two of the four dual field-theory descriptions), which is a subgroup of SO(3).
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O1

y

O2

y

x

O3

y

x

x

Figure D.6: Pictorial representation of the components of the SO(3) vector Oa defined in
Eq. (D.58). For O1 and O2 , we plot the corresponding spin-chirality vector Si × Sj on each
bond ⟨ij⟩. For O3 , we plot Si3 on each lattice site i.

Eventually, we expect that the symmetry in the infrared limit is enlarged to SO(3).
D.2.3

SO(3) symmetry generators in the continuum

Another way to investigate the nature of the global SO(3) symmetry is to connect its generators to those of the SO(5) symmetry of the π-flux state described in detail in Ref. 665.
The Néel and valence bond solid (VBS) order parameters combine to form a fundamental 5vector of this SO(5) symmetry. Note that in the considerations here, we are not assuming the
existence of a conformal field theory with SO(5) symmetry describing the Néel-VBS critical
point; the emergent SO(5) symmetry is already a property of the mean-field π-flux state, and
that is sufficient for our purposes.
The SO(5) symmetry is most explicit in the Majorana fermion basis, and the Majorana
fermion χ is introduced as ψ = χ1 + iχ2 . We choose a basis such that the Dirac matrix
γ 0 = σ 2 ; the spin chirality then becomes χ̄χ = χt γ 0 χ. Then, in addition to the Dirac index,
the Majorana fermion still carries three extra indices; each represents a two-component space,
which, in total, hosts a SO(8) transformation that includes both the SU(2) gauge and the
SO(5) global symmetries. After choosing an appropriate basis [665], the generators of the
SU(2) gauge group are
G1 = σ 230 , G2 = σ 210 , G3 = σ 020 ;
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the generators of the SU(2) spin group are

S 1 = σ 120 , S 2 = σ 200 , S 3 = σ 320 .

(D.60)

Here, σ abc = σ a ⊗ σ b ⊗ σ c , and σ 0 = 12×2 . The Néel and valence bond solid (VBS) operators
form an SO(5) vector
Na = χ̄Γa χ Γ1 = σ 322 , Γ2 = σ 122 , Γ3 = σ 202 , Γ4 = σ 003 , Γ5 = σ 001 .
One may check that [Ga , S b ] = 0, and [Ga , Γb ] = 0 for all a, b. The ten SO(5) generators can
be obtained by the commutators of the five Gamma matrices: Γab =

1
2i [Γa , Γb ].

If we turn on

a background Néel order parameter, say ⟨χ̄Γ3 χ⟩ ̸= 0, the SO(5) symmetry is broken down to
SO(4), which is generated by six out of the ten generators of SO(5):
Γ14 = σ 321 , Γ15 = −σ 323 , Γ45 = σ 002 , Γ24 = σ 121 , Γ25 = −σ 123 , Γ12 = σ 200 .

(D.61)

We can construct two sets of independent SU(2) generators out of the six generators:

TA1 =
TA3 =
TB1 =
TB3 =

1
(Γ15 + Γ24 ), TA2 =
2
1
(Γ12 + Γ45 );
2
1
(Γ15 − Γ24 ), TB2 =
2
1
(Γ12 − Γ45 ).
2

1
(−Γ14 + Γ25 ),
2
1
(Γ14 + Γ25 ),
2
(D.62)

Now, let us turn on two fermion mass terms simultaneously: m1 χ̄Γ3 χ + m2 χ̄χ. Then, the TAi
(TBi ) are the needed SO(3) generators that operate on the massless fermion subspace when
m1 = −m2 (m1 = m2 ). We have not included the influence of the Zeeman term here, which
has a weak effect near the SO(5)-symmetric point.
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D.3
D.3.1

Analysis of the gauge theory
Low-energy field theory

The form of the continuum field theory is clear: upon inspection of the spectrum of the
lattice model in Ref. 565 close to the phase transition, we observe two Dirac cones (of complex
fermions) that result from the two sublattices of our ansatz. Accordingly, the (2 × 2) Dirac
matrices, γµ , will act in sublattice space. From the lattice theory, with spinon operators fiσ ,
σ =↑, ↓, we know that there will be an SU(2) gauge field. The lattice gauge transformations
act locally in the lattice model,








f † 
f † 
 i↓ 
 i↓ 

 
SU(2)g : 
  −→ Ug (i)   ,
 
 
fi↑
fi↑

Ug (i) ∈ SU(2);

(D.63)

as such, they cannot mix different sublattices in the continuum model. It will therefore have
the Lagrangian

(
)
1
LD = iΨ̄γ µ ∂µ − iAµ Ψ + mΨ̄Ψ − CS[Aµ ],
2

(D.64)

with Ψ̄ = Ψ† γ 0 . As usual, the Dirac matrices satisfy the Clifford algebra, {γ µ , γ ν } = 2η µν
with η = diag(+, −, −). The Chern-Simons term is an obvious consequence of the additional
massive fermions and will be omitted in the following. To set up the notation, let us write
Eq. (D.64) more explicitly,
]
[
LD = iΨ†sα (γ 0 γ µ )ss′ ∂µ − i(Aµ )αα′ Ψs′ α′ + m Ψ†sα (γ 0 )ss′ Ψs′ α ,

(D.65)

with sublattice and gauge indices s and α, respectively. Here, the gauge transformations act
as

SU(2)g :

Ψsα → (Ug )αα′ Ψsα′ ;

Aµ → Ug Aµ Ug† − i(∂µ Ug )Ug† .

(D.66)

In the remainder of this section, we will derive Eq. (D.65) from the lattice model and thereby
relate Ψ explicitly to the lattice fermions. We note that the lattice model also contains
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monopole operators, but we assume that these are irrelevant at the critical point [619].
For simplicity, let us focus on the case without a Zeeman field, BZ = 0, and use the same
gauge as in Ref. 565. We define the Fourier transform as
1 ∑ ik·xi
fiσ = √
e
fkσs(i) ,
N k


A, i + i even,

x
y
s(i) =


B, ix + iy odd.

xi = (ix , iy ),
(D.67)

The spectrum of the lattice model has minima at Q and −Q, where Q = (π/2, 0)T , with
spin polarization ↑ and ↓, respectively. Let us expand around these minima by defining new
“slow”, low-energy fields
cq,s,v=+ := fQ+q,↑,s , cq,s,v=− := f−Q+q,↓,s , |q| ≪ 1/a,

(D.68)

for each of the two “valleys” v = ± and sublattices s = A, B. Equivalently, this corresponds
to
fi↑ ∼ eiQxi cs(i)+ (xi ), fi↓ ∼ e−iQxi cs(i)− (xi )
in real space, i.e., cs,v (r) := N −1/2

∑Λ
q

(D.69)

eiqr cq,s,v with some cutoff Λ ≪ 1/a. With these

definitions, the mean-field Hamiltonian can be written as
∫
HMF ∼ − ivF

dr c†s,v

∫
[
]
′
v(τx )ss ∂x + (τy )ss′ ∂y cs′ ,v + m dr c†s,v v(τz )ss′ cs′ ,v

(D.70)

at low energies. Here, vF = 2t1 (which we will set to 1 in the following) and m = −(4t2 +Nz /2),
where, as in Ref. 565, t1 , t2 , and Nz are the nearest-, next-nearest-neighbor hopping, and the
Néel order parameter, respectively; furthermore, τj denote Pauli matrices in sublattice space.
As follows from a comparison of Eqs. (D.63) and (D.69), gauge transformations act as

SU(2)g : Cs (r) →

Ug(s) (r)Cs (r),
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c† (r)
 s,− 

Cs (r) := 




cs,+ (r)

(D.71)
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in the low-energy theory. Naively, one might think that the gauge transformations in the two
sublattices are independent as they were in the lattice model. However, this would enhance
the gauge symmetry to SU(2) × SU(2) in the continuum model which is not the case; the
reason is that not all gauge transformations allowed on the lattice act entirely in the lowenergy field theory. In fact, we will see that UgA (r) and UgB (r) are related by a similarity
transformation within the continuum field theory,
UgA (r) = V † UgB (r)V,

V ∈ SU(2).

(D.72)

This means that there is a gauge, reached by performing a gauge transformation with Ug (i) =
V † for ix +iy even and Ug (i) = 1 for ix +iy odd, where the gauge transformation is independent
of s in the continuum model. To see this, we just note that the new field after the gauge
transformation,
es = Vs Cs ,
C

V A = V †,

V B = 1,

(D.73)

es (r) → Vs† Ug (r)Vs C
es (r); with the above choice for Vs , it holds that Vs† Ug (r)Vs =
transforms as C
(s)

(s)

UgB (r), independent of s.
In order to add gauge-field fluctuations to the mean-field Hamiltonian (D.70), we rewrite
the latter in terms of the Nambu field Cs . Denoting Pauli matrices in Nambu/valley space
by ηj , we get
∫
HMF ∼ i

dr Cs†

∫
]
[
(τx )ss′ ∂x + (τy )ss′ ∂y ηz Cs′ + m dr Cs† (τz )ss′ η0 Cs′ .

(D.74)

To bring the theory to the form of Eq. (D.65), we have to transform ηz into η0 in the first
es as defined in Eq. (D.73) with
term. This can be done by the introduction of a new field C
V = −iη3 ; we get
∫
HMF ∼ i

∫
[
]
†
e
e
es† (τz ) ′ η C
e
dr Cs (τy )ss′ ∂x − (τx )ss′ ∂y η0 Cs′ + m dr C
ss 0 s′ .

(D.75)

es (r) → U
eg(s) (r)C
es (r),
In this form, it becomes apparent that only gauge transformations, C
eg(s) (r) = U
eg (r), can appear in the low-energy theory. Based on
that are independent of s, U
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our discussion above, we see that this indeed corresponds to Eq. (D.72) with V = −iη3 .
To match the common conventions for the Dirac matrices, (γ 0 , γ x , γ y ) = (τy , iτz , iτx ), we
perform yet another unitary transformation in sublattice space only (which, thus, does not
affect the gauge-transformation properties),
( π
)
π
Ψs (r) = ei 4 τx ei 4 τz

ss′

es′ (r),
C

(D.76)

leading to
∫
HMF ∼ i

dr Ψ†s

[

]

(τx )ss′ ∂x − (τz )ss′ ∂y Ψs′ + m

∫

dr Ψ†s (τy )ss′ Ψs′ .

(D.77)

As Ψsα (r) → (Ug (r))αα′ Ψsα′ (r) under gauge transformations, adding gauge fluctuations to
Eq. (D.77) in the action formalism leads precisely to Eq. (D.65). We now know the relation
between the field Ψ and the lattice degrees of freedom.
D.3.2

Derivation of heat current and the associated Feynman rules

Since our eventual interest lies in the (thermal) current-current correlation functions, our first
step is to compute the associated heat current vertex. There are two approaches as described
below.
Equation-of-motion approach
To develop the formalism, we begin with a generalized Hubbard-like model on a lattice described by the Hamiltonian
H=

∑
ijµν

†
tµν
ij ψiµ ψjν ≡

∑
i

hi ;

hi =

)
1 ∑ ( µν †
†
tij ψiµ ψjν + tνµ
ψ
ψ
ji
jν iµ ,
2

(D.78)

jµν

for which we shall evaluate the thermal current using the equation-of-motion technique [417].
We emphasize that H and the ψ fermions need not be the same as those of the lattice model
in Ref. 565; in practice, we extract H solely from the effective theories such as Eq. (D.86)
below. In the equation above, hi stands for the local energy density; i, j are the lattice sites,

460

Appendix D. Appendices to Chapter 5
whereas µ, ν connote any other degrees of freedom. It readily follows [496] that
)]
)
(
1 ∑ [ µν ( †
†
νµ
†
†
ḣi =
tij ψiµ ψ̇jν − ψ̇iµ ψjν + tij ψ̇jν ψiµ − ψjν ψ̇iµ ,
2

(D.79)

jµν

where Ȯ = i[H, O]. From the continuity equation for the energy current [138, 324, 438],
ḣi + ∇ · Jie = 0, we find
Jqe

)
µν (
1 ∑ −iq·ri e
i ∑ ∂hk
†
†
=√
e
Ji = √
ψk−q/2,µ ψ̇k+q/2,ν − ψ̇k−q/2,µ ψk+q/2,ν , (D.80)
V i
2 V kµν ∂k

where hµν
k is the second-quantized Hamiltonian and we have used the approximation hk+q/2 −
hk−q/2 ≈ (∂hk /∂k) · q, concentrating on the small-q limit. Using the Heisenberg equation of
motion, this simplifies to
( µρ
)
∂hρν
1 ∑ ∂hk ρν
†
k
Jqe = − √
hk+q/2 + hµρ
ψk−q/2,µ
ψk+q/2,ν .
k−q/2 ∂k
∂k
2 V k,µνρ

(D.81)

In this notation, it is clear that the indices µ, ν keep track of the component of the Dirac
fermion under consideration. The heat current (J q ) is related to the energy current by
J q = J e − µJ . Switching to frequency domain from Eq. (D.80), at µ = 0, we obtain,
J q (q, iϵn ) =

1
√

β V

∑(

)
†
∂k hµν
(iωn + iϵn /2) ψk−q/2,µ
(iωn ) ψk+q/2,ν (iωn + iϵn ),
k

(D.82)

k,iωn

where ωn and ϵn are fermionic and bosonic Matsubara frequencies, respectively. This defines 1
the heat/energy-current vertex
Ψ

ηa ≡ Vaq (q, in ) = σ a (iωn + in /2),

Ψ

(D.83)
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supplemented with a factor of 1/(βV ) for each internal three-momentum. Likewise, recognizing that
)
1
1 ∑ ( µν †
†
h(q) = √ e−iq.ri hi = √
ψ
ψ
hk+q ψk,µ ψk+q,ν + hνµ
k
k,ν k+q,µ ,
V
2 V k,µν

(D.84)
1

we have, for K̂q as defined in Eq. (5.69), the second vertex:
µ

ηa ≡ Ka (q, in ) =


1  µν
hk+q/2 + hµν
.
k−q/2
2

ν

(0.1)

(D.85)

On top, for each independent momentum, a factor 1/(β V ) remains from the corresponding
Fourier transform.
Lastly, since there is no specific advantage in using the conventional relativistically invariant
notation of Eq. (5.57) at T ̸= 0, in some convenient situation, we use the following equivalent
form of the fermion action
(
)
L = Ψ†α ∂τ − iAτ − iσ · (∇ − iA) Ψα + m Ψ†α σ z Ψα .

(D.86)

Then, it is not difficult to see that propagator for the fermions is simply
≡ GΨ (k, iωn ) =

1
.
−i ωn + σ · k + m σ z

(D.87)

The action and propagator for the light and heavy fermions are exactly analogous, up to an
appropriate substitution of mℓ or M for m in Eq. (D.87).
Noether procedure
Since, most of the time, we are dealing with a continuum field theory, it is also beneficial to
directly write down the energy current or stress tensor of the field theory. In this section, we
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will use the Noether procedure to derive the stress tensor.
First, we point out that our situation is different from the standard relativistic field theory
because the spacetime is not Lorentzian. For example, the Dirac-Chern-Simons theory (5.57)
comes from the underlying lattice model in Appendix. D.3.1, and the gamma matrices in
(5.57) act on the band index instead of the physical spin index. Therefore, under spacetime
rotation, the fermions transform as spinless fields, and we have an explicitly broken spinstatistics relation. The consequence of non-Lorentzian spacetime is that it is not always
possible to covariantly couple the theory to the conventional Riemannian metric and the
stress tensor does not have to be symmetric. While it is possible to couple the theory to
Newton-Cartan or Bargmann spacetime [205], we shall derive the stress-tensor in a simpler
approach by using the Noether procedure.
Next, we review the conventional Noether procedure for the stress tensor. We first apply
a gauged spacetime translation xµ → xµ + εµ (x) to the system. As the system is translation
invariant, the leading-order response to ε should be ∂ε, and the coefficient is defined to be
the stress tensor:

∫
δS = −

d3 xT µν ∂µ εν .

(D.88)

If we assume all fields transform as ϕa (x) → ϕ′a (x) = ϕa (x) − εµ ∂µ ϕa (x), we get
(T µν )incor. =

∂L
∂ν ϕa − δνµ L.
∂(∂µ ϕa )

(D.89)

Here, ϕa denotes all the field contents of the theory.
The formalism above needs further improvement because it does not respect gauge invariance, as can be seen by applying (D.89) to a Maxwell theory. The conventional Belinfante
improvement (see, for example, Ref. 154) is not applicable because it requires Lorentz symmetry. The spacetime-independent improvement is pointed out in Ref. 78 by requiring the
gauge field to transform correctly as a one-form:
δaaµ = −εν ∂ν aaµ − ∂µ εν aaν .

(D.90)

The additional term only depends on ∂ε, so it does not modify the global symmetry. The
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improved stress tensor is therefore
(
T µν

=

(T µν )incor.

+

∂L
∂L
− ∂α
a
∂aµ
∂(∂α aaµ )

)
aaν .

(D.91)

Applying the above formalism to the Dirac-Chern-Simons theory (5.57), we get
−
→
←
−
1
T µν = Ψ̄l iγ µ ( ∂ ν − ∂ ν )Ψl + Ψ̄l γ µ aν Ψ̄l − δνµ LΨ .
2

(D.92)

For the Maxwell-Chern-Simons theory (5.64), with K1 and K2 being constant, we get
1
T µν = −f¯µρ f νρ + η µν f¯αβ f αβ ,
4

(D.93)

where f¯0i = −f¯i0 = K2 f0i and f¯ij = −f¯ji = K1 fij . For the special case K1 = K2 = 1/g, we
get back to the standard result

T

D.3.3

µν

[
]
−1 µρ ν
1 µν
αβ
=
f f ρ − η fαβ f
.
g
4

(D.94)

Gluon propagator

The first component required to stitch together the diagram 5.18 is the gauge boson propagator. In this subsection, we extend the calculations of Ref. 329 to the case of massive fermions
interacting with a SU(2) gauge field. The general structure of the gluon’s effective action at
large-N follows from the Ward identity and is given by
[
(
)
]
∫
)2 D (q, ϵ )
q
q
T ∑ d2 q (
i
j
n
1
SA =
+ Ai Aj δij − 2 D2 (q, ϵn ) ,
qi Aτ − ϵn Ai
2 ϵ
4π 2
q2
q

(D.95)

n

where D1 and D2 are functions that can be evaluated at large N by perturbatively integrating
out both the fermions starting from the action S in Eq. (D.86). In the Coulomb gauge
qi Ai = 0, this yields the nonzero elements of the propagator to be
ab
D00
(q, ϵn ) =

4 δ ab
D1 (q, ϵn )

(D.96)

,
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(
)
qi qj
4 δ ab
δij − 2
,
q
D2 (q, ϵn ) + (ϵ2n /q 2 )D1 (q, ϵn )

ab
Dij
(q, ϵn ) =

where i, j run over the spatial indices only. The matrix structure in color space comes from
inverting the product of Pauli matrices associated with the fermion loops in the functions
∑ a b
D1,2 as st τst
τts = Tr (τ a τ b ) = δ ab /4. No fermions remain in the action SA and all their
effects are encapsulated in Eq. (D.95) through these two functions alone.
Let us begin by calculating D1 , which is defined as:
∫
D1 (q, ϵn ) = −N
∫

ωn (ωn + ϵn ) − m2 − k · (k + q)
,
(ωn2 + k2 + m2 )((ωn + ϵn )2 + (k + q)2 + m2 )

= 2N
k,ωn

where we use

∫

=T

k,ωn

∫

∑

Tr [G(k, ωn ) G(q + k, ωn + ϵn )]
k,ωn

ωn

(D.97)

d2 k/(4π 2 ) to signify a summation on the internal frequencies

and momenta. Using the Passarino-Veltman reduction formula [494], this can be manipulated
into
[

∫
D1 (q, ϵn ) = N

k,ωn

]
(2ωn + ϵn )2 + q 2
−2
+
.
ωn2 + k2 + m2 (ωn2 + k2 + m2 )((ωn + ϵn )2 + (k + q)2 + m2 )
(D.98)

For the first of the two integrals here, the UV divergence is linear, so it is most convenient to
use ζ-function regularization [608] in which
∫

∫

∞

∞

dx = 0,
0

1

1
dx = arbitrary.
x

(D.99)

Then, within this scheme,
∫
N
k,ωn

ωn2

−2
= −N
+ k2 + m2

∫

(
d2 k
4π 2

tanh

1
2β

√

√

k 2 + m2

)
=

k2 + m2
[
(
(
))]
β |m|
NT
ln 2 + ln cosh
.
=
π
2

N
2π

∫

)
( √
k tanh 21 β k 2 + m2

√
dk 1 −
k 2 + m2


(D.100)

The second integral in Eq. (D.98) can be evaluated by introducing Feynman parameters and
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shifting the loop momentum k → k − uq:
∫

∫

1

(2ωn + ϵn )2 + q 2

(D.101)
[u (ωn + ϵn )2 + (1 − u) ωn2 + (k + uq)2 + u(1 − u) q 2 + m2 ]2
∫ 1
∑[
] (0)
1
2
2
(0)
(2ωn + ϵn ) + q In ; with In =
du
2
u (ωn + ϵn ) + (1 − u) ωn2 + u(1 − u) q 2 + m2
0
ωn
( 2
)}
∑{(
) 1
2m + q 2 + 2ωn2 + ϵ2n + 2ωn ϵn + An
2
2
(2ωn + ϵn ) + q
ln
,
(D.102)
An
2m2 + q 2 + 2ωn2 + ϵ2n + 2ωn ϵn − An
ω
du

N
0

=

NT
4π

=

NT
4π

k,ωn

n

where An ≡

√
(0)
4m2 q 2 + (q 2 + ϵ2n ) (q 2 + (2ωn + ϵn )2 ). We shall encounter the integral In

in multiple contexts later so it is handy to define it separately. The summation over the
fermionic Matsubara frequencies can only be performed numerically, and in this regard, it is
useful to establish the large-ωn behavior of the terms since ωn is not bounded above. After
symmetrizing over positive and negative frequencies and subtracting the divergent piece using
a ζ regulator, the 1/ωn expansion for the terms within the curly braces in Eq. (D.102) stands
as
(
)
−12m2 + q 2 + ϵ2n 120 m4 + 10m2 q 2 − 15ϵ2n − q 4 + 8q 2 ϵ2n + 9ϵ4n
(D.103)
+
+
3 ωn2
30 ωn4
[
]
)( 4
)
( 2
)
)
1
1 ( 2
1 2( 4
2
2 2
4
6
4
2
2 2
4
q
+
ϵ
q
−
19q
ϵ
+
50ϵ
−
4m
−
m
q
−
15ϵ
−
m
q
−
14q
ϵ
+
105ϵ
n
n
n
n
n
n
ωn6 210
15
followed by terms of O(1/ωn8 ). Note that Eq. (D.103) reduces correctly to the expressions
documented in Ref. 329 in the limit m → 0. This asymptotic behavior can then be summed
by using the identities
∞
∑
n=M +1
∞
∑
n=M +1
∞
∑
n=M +1

1
(2n − 1)2

=

1
1
7
−
+
+ ...,
3
4M
48M
960M 5

1
(2n − 1)4

=

1
1
−
+ ...,
48M 3 96M 5

1
(2n − 1)6

=

1
+ ...,
320M 5

(D.104)

while retaining the exact functional dependence of Eq. (D.102) for small ωn up to 2π (±M +
1/2)T .
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We can employ a similar procedure for the second function in Eq. (D.97):
q2
D2 (q, ϵn ) = −
N
qx qy
2 q2
=−
N
qx qy
q2

=

NT
2π qx qy

=

N T q2
2π qx qy

∫
Tr [σ x G(k, ωn ) σ y G(q + k, ωn + ϵn )]

(D.105)

k,ωn

∫

2
k,ωn (ωn
∫
∑ 1

+

2kx ky + kx qy + ky qx + m ϵn
+ m2 )((ωn + ϵn )2 + (k + q)2 + m2 )

k2

2 qx qy u (1 − u) − m ϵn
u (ωn + ϵn )2 + (1 − u) ωn2 + u(1 − u) q 2 + m2
ωn 0
]
∑[
2 qx qy In(2) − m ϵn In(0) ,
(D.106)
du

ωn

(0)

(2)

where In has already been calculated earlier and In is defined as the integral
∫

In(2)

u (1 − u)
(D.107)
,
u (ωn + ϵn + (1 − u) ωn2 + u(1 − u) q 2 + m2
0
[
(
)
( 2( 2
)
( 2
))
(Cn − q 2 )2 − (ϵ2n + 2ωn ϵn )2
2
2
= 2q m + ωn + ϵn (2ωn + ϵn ) q + 2ϵn ωn + ϵn ln
(Cn + q 2 )2 − (ϵ2n + 2ωn ϵn )2
)
)]
(
( 2
2
1
m + (ωn + ϵn )
+ 2q 2
(D.108)
+ Cn ϵn (2ωn + ϵn ) ln
2
2
m + ωn
2 Cn q 4
1

=

with Cn ≡

du

)2

√
4q 2 (m2 + ωn2 ) + (q 2 + ϵn (2ωn + ϵn ))2 . The full expression for Eq. (D.106) is

forbiddingly complex and is also not particularly insightful. Instead, akin to Eq. (D.103), we
can symmetrize over the frequencies and write out D2 for large ωn in a series expansion as
(
)
(
)
[
N T q 2 ∑ qx qy − 3mϵn 5mϵn 6m2 + q 2 − 2qx qy 5m2 + q 2 − 25mϵ3n + 7qx qy ϵ2n
D2 (q, ϵn ) =
+
2π ω
3 qx qy ωn2
30 qx qy ωn4
n
{
(
( 2
)
( 2
)
1
5
4
3
2
2
2
+
210m
ϵ
−
70m
q
q
+
70m
ϵ
q
−
9ϵ
−
14m
q
q
2q
−
13ϵ
n
x
y
n
x
y
n
n
210 qx qy ωn6
}
( )]
(
)
( 2 2
))
1
2 2
4
4
4
4
+ 7mϵn −13ϵn q + q + 16ϵn + qx qy 34ϵn q − 3q − 13ϵn
+O
,
ωn8
(D.109)
which is convergent at large ωn . Once again, when m = 0, this correctly reproduces the results
of Kaul & Sachdev [329].
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Limit of zero external momentum
While the propagator derived above holds for all momenta, the q = 0 limit, in particular, involves some subtleties and must be dealt with care. In the limit where the external momentum
is zero, D1 is finite, and according to Eq. (D.102), goes to
( 2
)
2m + ωn2 + (ϵn + ωn )2 + |ϵn ||2ωn + ϵn |
N T ∑ |2ωn + ϵn |
ln
,
4π ω
|ϵn |
2m2 + ωn2 + (ϵn + ωn )2 − |ϵn ||2ωn + ϵn |

(D.110)

n

ab , is nonzero. The more nontrivial
so the temporal component of the gluon propagator, D00

part is the spatial component

Dij (q, ϵn ) =

q 2 δij − qi qj
q 2 D2 (q, ϵn ) + ϵ2n D1 (q, ϵn )

,

(D.111)

and specifically, the behavior of D2 (q, ϵn ) as q → 0:
[
( 2
)
m + (ωn + ϵn )2
NT ∑
ϵn (2ωn + ϵn ) ln
lim q D2 (q, ϵn ) =
(D.112)
q→0
2π ω
m2 + ωn2
n
{
( 2
)
( 2
)} ]
2m q 4 ϵn
ϵn + 2ωn ϵn
ϵn − 2ωn ϵn
−1
−1
−
tanh
+ tanh
.
qx qy |ϵn ||2ωn + ϵn |
|ϵn ||2ωn + ϵn |
|ϵn ||2ωn + ϵn |
2

Rewriting this in polar coordinates, and assuming cos, sin θ ̸= 0, we find
(
)
q 4 δij − cos4−i−j θ sini+j−2 θ cos θ sin θ
q 2 δij − q 2 (cos4−i−j θ sini+j−2 θ)
Dij (q, θ, ϵn ) ∼
=
= 0,
q4
q 4 χ0 (ϵn ) + q 2 cos θ sin θ χ1 (ϵn )
χ (ϵ ) + χ1 (ϵn )
q 2 cos θ sin θ 0 n
where the χ are functions of ϵn alone, independent of q. Thus, the spatial components of the
gluon propagator are zero when the external momentum is zero. The same result can be proved
even when the assumption above is relaxed by successively taking the limits qx → 0, qy → 0.
D.3.4

Framing anomaly in the “wrong” metric

Previously, we have calculated the framing anomaly using a metric compatible with the speed
√
of “light” c0 = K1 /K2 . It would also be interesting to put the theory in an incompatible
metric whose speed of “light” is different from c0 and redo the computation. We expect the
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result to be essentially the same as the one obtained from a compatible metric.
Let us assume we are in a spacetime with metric ηµν = (1, −1, −1), and the MCS theory
√
(5.64) has a speed of light c0 = K1 /K2 ̸= 1.
In momentum space, the MCS theory has the following form (we have included a gaugefixing term)
∫
S=

(
)
d3 p K2
pµ pν
µν
2 µν
µνρ
aµ (−p)aν (p) c0 P1 (p) + P2 (p) +
+ mt ε ipρ .
(2π)3 2
ξ

(D.113)

Here P1 , P2 are the transverse projectors corresponding to B 2 , E 2 respectively:



P1µν

0

0


,

= 



i
j
ij
2
0 p p −δ p


P2µν



 p2
p0 pj 


.
=




0
i
0
2
ij
p p (p ) δ

(D.114)

Inverting the matrix in the parenthesis of Eq. (D.113), we obtain the gauge field propagator
(in the ξ = 0 gauge)
Dµν (p) = A1 P1µν + A2 P2µν + A3 εµνρ ipρ ,

(D.115)

where

A1 =

1
(2 − c20 )(p0 )2 − p2
,
p2
K2 p2 (p̃2 − m2t )

A2 =

1
p̃2
,
K2 p2 (p̃2 − m2t ) p2

A3 =

K2

−mt
,
− m2t )

p2 (p̃2

and p̃2 = (p0 )2 − c20 p2 .
Next, we discuss the stress tensor T µν . Since K1 ̸= K2 , there is no natural way to couple the
system to a background metric, so we have to use Noether’s theorem to derive T µν . To ensure
gauge invariance, we use a modified Noether procedure which is described in Appendix. D.3.2.
Using the transformation law (D.90), we can write down the stress tensor
1
T µν = −f¯µρ f νρ + η µν f¯αβ f αβ ,
4

(D.116)

where f¯0i = −f¯i0 = K2 f0i and f¯ij = −f¯ji = K1 fij . This result agrees with the energymomentum tensor of classical electrodynamics in a medium.
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The computation of the gravitational Chern-Simons term and the thermal Hall effect can
now be carried out in the same way as in the main chapter. In this calculation, the cancellation
of the p2 factors seen in (5.96) also occurs. Therefore, the denominator of the integrand is
now (p̃2 − m2t )((p̃ + q̃)2 − m2t ). At zero temperature, the momentum integral can be performed
in standard ways after rescaling the zeroth component, yielding the following gravitational
Chern Simons term:
−c
CSg [h] =
192π

∫

d3 p
h (−p)εµρσ (ipσ )P̃Tνλ hρλ (p),
(2π)3 µν

(D.117)

where P̃T is a transverse projector in the compatible metric:

η̃µν = (c20 , −1, −1),

P̃T µν = η̃µν

p̃2
− pµ pν .
c20

(D.118)

A subtlety here is that all indices are raised and lowered with the incompatible metric ηµν =
(1, −1, −1).
As for the thermal hall effect, we compute the antisymmetrized polarization analogous to
(5.96), which now becomes
∫
Πµ0;ρ0
AS

=

−mt εµρσ ũσ
d3 q
,
(2π)3 (q̃ 2 − m2t )((p̃ + q̃)2 − m2t )

(D.119)

and the ũσ s are related to the uσ s in the main chapter by simple scaling:
ũ0 (p0 , q 0 , p, q) = c20 u0 (p0 , q 0 , c0 p, c0 q)

(D.120)

ũi (p0 , q 0 , p, q) = c0 ui (p0 , q 0 , c0 p, c0 q).

(D.121)

Carrying out the integration, we found that (5.101) is not altered, and therefore the thermal
Hall coefficient remains
κxy =

π
c T.
6
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D.4

Phonon Hall viscosity and self-energy

D.4.1

Hall viscosity in the absence of a Zeeman field

To evaluate the effective action, we have to compute (using Tr[τ α τ β τ δ ] = 2iεαβδ , ε being the
Levi-Civita tensor) the trace

Tr[τ G(⃗k, iωn )τ α G(⃗k, i(ωn + Ωm ))] =
β

=

2εαβδ Ωm Hδ

∑

±,⃗k

(H2 ⃗ + ωn2 )(H2 ⃗
±
±,k
±,k
αβδ
δ
∑ 2ε Ωm H±,⃗k
±

(H2

±,⃗k

+ ωn2 )2

+ (ωn + Ωm )2 )

+ O(Ω2m ),

(D.123)

where we have only kept the terms antisymmetric and linear in Ω since these are the only
ones that will contribute to the Hall viscosity. This approximation is valid because we are
only extracting the first-order (in Ω) contribution to the effective action. The Matsubara
summation yields

T

∑
ωn

1 − 2nF (|H ⃗ |) + 2|H ⃗ |n′F (|H ⃗ |)
1
±,k
±,k
±,k
=
.
2
3
2
2
4|H ⃗ |
(H ⃗ + ωn )

(D.124)

±,k

±,k

Therefore, we can extract from
Seff = −

1
2L2 β 2

∑

Tr[K⃗k,iΩ G(⃗k, iωn )K⃗k,−iΩ G(⃗k, i(ωn + Ωm ))]
m

m

(D.125)

ωn ,Ωm ,⃗k

the Hall viscosity

η

H

1 − 2nF (|H ⃗ |) + 2|H ⃗ |n′F (|H ⃗ |)
1 ∑ ∑ αβδ α β δ
±,k
±,k
±,k
=− 2
.
ε γxx γxy H±,⃗k ·
L
4|H ⃗ |3

(D.126)

±,k

αβδ ⃗k,±

Writing out the summation over α, β, δ explicitly leads to Eq. (5.141).
D.4.2

Rotational strain field coupling

The rotational strain field θij = (∂i uj − ∂j ui )/2, representing a vorticity, is ordinarily not
considered in geometric treatments of phonon interactions. However, given the symmetries of
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our ansatz, we can couple the time derivative of ∂θij /∂t to the orbital current t2 [576, 593]:
t⃗n,⃗n±(⃗x+⃗y) = t⃗n,⃗n±(⃗x−⃗y) ≈ t2 + λ3

∂
t.
∂θxy

(D.127)

Since the rotational strain field has only one polarization θxy , this yields an additional interaction term in Eq. (5.136) that couples to θ̇xy ,
z
γ̃µν
(Ω)τ z = 4Ωλ3 sin(kx ) cos(ky )τ z ,

µν = xy.

(D.128)

This additional coupling is interesting to consider since it can, in principle, lead to a finite
Hall viscosity. Following the same procedure for calculating η H , the analytic answer for η M
is

ηM

[
y
x
z
x
x
2
2
z
2 z
1 ∑ z 2H±,⃗k H±,⃗k γxx + (−(H±,⃗k ) − (H±,⃗k ) + (H±,⃗k ) )γxx
= 2
γ̃xy
L
4|H ⃗ |3

(D.129)

±,k

⃗k,±

× [1 − 2nF (|H±,⃗k |) + 2H±,⃗k n′F (|H±,⃗k |)]

]
z
γxx
[−1 + 2nF (|H±,⃗k |) + 2|H±,⃗k |n′F (|H±,⃗k |)] .
+
4|H ⃗ |

(D.130)

±,k

This expression simplifies at T = 0 to

η

M

y
x
z
x
x
2
2 z
1 ∑ z H±,⃗k H±,⃗k γxx − ((H±,⃗k ) + (H±,⃗k ) )γxx
2γ̃xy
.
= 2
L
|H ⃗ |3

(D.131)

±,k

⃗k,±

At the critical point, where m1 = 0, expanding for momenta ⃗q near the Dirac point at Q =
( π2 , 0), we have
η M |m1 =0 ∼

∑ m2
2

q⃗

|⃗q|

.

(D.132)

Although this term seems to have a singularity, it is remedied by the integration measure
d2 ⃗q ∼ |⃗q|d|⃗q|. Therefore, η M goes to a finite value as ⃗q → 0. Just as for η H , we can analyze
η M near the critical point. As we tune towards the quantum phase transition, the second
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derivative of η M is δ-function divergent,
∑ ∂2
∂2
q2
2
m
m
|
∼
∼ ∂m
|m1 | −−−−→ ∞,
1
m
=0
1
1
1
m1 →0
∂η M
∂
|H ⃗ |3

(D.133)

+,k

q⃗

with essentially the same behavior as η H .
D.4.3

Hamiltonian and projective symmetry of the chiral π-flux state

From the couplings given by Eqs. (5.145, 5.146a, 5.146b), we obtain the Hamiltonian for the
gauge-transformed ansatz in momentum space as (labeling the sublattices by indices m, n)
Ht.b. = −

∑

f⃗†

⃗

(D.134)

h (k, σ)f⃗ ,
kmσ mn
knσ

⃗k,σ

where the 4 × 4 matrix h is given by





0
−1 + K2∗
0
−1 + K1∗




 1−K
0
−1 − K2∗
0
1

h(⃗k, σ) = it1 



0
−1 + K2
0
1 − K1




1 − K2
0
−1 + K1∗
0


 1 0 0 0




 0 −1 0 0
Nσ 

+
2 

 0 0 1 0




0 0 0 −1






 0
0
K̃A 0









 0
0
0 K̃B


 + it2 





 −K̃ ∗
0
0
0


A






∗
0
0
0
−K̃B








.
























(D.135)

For the equations above, we have defined
⃗

K1,2 ≡ eik·⃗a1,2 ,

K̃A ≡ −1 − K1∗ − K2∗ − K1∗ K2∗ ,
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K̃B ≡ 1 + K1 + K2∗ + K1 K2∗ .

(D.136)
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Expanding the Hamiltonian Ht.b. around the Dirac points at Γ then leads to the effective
Dirac Hamiltonian given in Eq. (5.148).
To specify the projective symmetry of the continuous spinor fields ψασ defined in Eq. (5.147),
we need to know how the spinons transform under the relevant symmetry group generators.
Following closely the analyses of Ref. 598, we begin by specifying the projective action of
the symmetry operations on the lattice fermions. The symmetries of the π-flux ansatz, as
ˆ, Tx : ⃗r → Tx⃗r = (rx + a, ry ); reflecin Section 5.6.4, are generated by translation by a⃗x
tion about the x-axis, Rx : ⃗r → Rx⃗r = (−rx , ry ); and rotation by π/2, C4 : ⃗r → C4⃗r = (ry , −rx );
′ . Furthermore, there are two additional
together, these make up the symmetry group C4v

SU(2) symmetries of our ansatz, given (in momentum space) by time-reversal T : f⃗

kiσ

and charge-conjugation C : f⃗

kiσ

→

f†⃗
−ki−σ

→ f⃗†

kiσ

symmetries. Note that T is also accompanied by

⃗i = 1 f †⃗σ f , C leaves it invariant. To
complex conjugation. While T flips the spin operator S
i
2 i
keep the Hamiltonian invariant under these symmetry operations, we may need to supplement
the symmetries with additional gauge transformations; hence, the symmetry is implemented
projectively. For a U(1)-symmetric ansatz, the gauge factors can be conveniently chosen to
be ±1. For example, Tx is implemented as
Tx : f⃗r,1 → −fT −1⃗r,2 ,
x

f⃗r,4 → fT −1⃗r,3 ,

f⃗r,2 → −fTx⃗r,1 ,

x

f⃗r,3 → fTx⃗r,4

(D.137)

and the other transformations can be found similarly:
Rx : f⃗r,1,3 → fRx⃗r,2,4 ,

f⃗r,2,4 → −fRx⃗r,1,3

(D.138a)

C4 : f⃗r,1 → −fC4⃗r,2 ,

f⃗r,2,3,4 → fC4⃗r,3,4,1

(D.138b)

f⃗k2,4 → f⃗†

(D.138c)

T : f⃗k1,3 → f⃗†

k1,3

,

k2,4

f⃗kn↓ → −f † ⃗

C : f⃗kn↑ → f † ⃗ ,
−kn↓

−kn↑

(D.138d)

From the form of Eq. (5.147), we can now deduce the action of a symmetry generators on the
continuous fields:

Tx = µy ,

Rx = iµz τ y ,

1
C4 = (µx + µy )(1 + iτ z ).
2
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(D.139a)
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For example, under Tx , we have ψ → Tx ψ. Likewise, for time-reversal and charge-conjugation
symmetries, we find
T : ψ → −µz τ z (ψ † )T ,

C : ψ → σ y µx τ x (ψ † )T .

(D.140a)

With the symmetries now defined, we can determine how the fermion bilinears split into
irreducible representations. Further details, including background on representation theory
′ , can be found in Ref. 598.
and the structure of C4v

D.4.4

Continuum phonon self-energy

In order to find
∫
]
[
1
2 · Tr λ⃗y G(⃗k, iωn )λ⃗xk+⃗q,−⃗qG(⃗k + ⃗q, iωn + iΩm )
Π (⃗q, iΩm ) = −
k,⃗
q
2 ⃗k,ωn
∫
[
]
1
=−
2 · Tr λ⃗y G(⃗k, iωn )λ⃗xk,−⃗qG(⃗k + ⃗q, iωn + iΩm ) + O(q 3 ),
k,⃗
q
2 ⃗k,ωn
xy

(D.141)

it will be convenient to first define
e αβ (⃗q, iΩm ) =
Π
γδ···

∫
⃗k,ωn

[
]
Tr (kγ kδ · · · )τ α G(⃗k, iωn )τ β G(⃗k + ⃗q, iωn + iΩm )

(D.142)

e As with the vertex in
because Πxy (⃗q, iΩm ) is a linear combination of terms of the form q 2 Π.
Eq. (5.169), we can make simplifications based on the fact that we are working in the linearresponse regime. We only consider terms of order Ωm and ⃗q2 in Πxy for the Hall viscosity,
e We can also observe that of the
so we just have to keep terms of order O(Ω1m ), O(q 0 ) in Π.
25 possible contractions of terms between λy and λx , most will not contribute to the Hall
viscosity, either because they will be symmetric or because they contain spinon momentum
terms like kx ky , which vanish after integrating over ⃗k. The end result is that
e 21 − ⃗q2 g (g − g )(m + M )Π
e 31 .
Πxy (⃗q, iΩm ) = ⃗q2 (g1 g2 − g3 g4 )Π
xx
0 2
3
y
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α β γ
αβγ to simplify the result. Including only the
e αβ
e αβ
Here, we used Π
xx = Πyy and Tr[τ τ τ ] = 2iε

e 21
antisymmetric terms (under 2 ↔ 1) and terms of order O(Ω1m q 0 ), we can evaluate Π
xx as
e 21
Π
q , iΩm ) =
xx (⃗

∫

2mΩm kx2

(D.144)
(ωn2 + k 2 + m2 )[(ωn + Ωm )2 + (⃗k + ⃗q)2 + m2 ]
∫
2mΩm kx2
du
+ O(q 2 ),
2
2
2
2
2
2
[u(ω
+
Ω
)
+
(1
−
u)ω
+
k
+
u(1
−
u)q
+
m
]
⃗k,ωn
n
m
n

⃗k,ω
n
∫ 1

=
0

where we have introduced Feynman parameters in the second line and shifted ⃗k → ⃗k − u⃗q.
Due to the Pauli matrix contractions, we have
e 31
Π
q , iΩm )
y (⃗

∫

∫

1

=−

du
⃗k,ω
n

0

e 21
2Ωm ky2
Π
q , iΩm )
xx (⃗
=
−
.
2
2
2
2
2
2
[u(ωn + Ωm ) + (1 − u)ωn + k + u(1 − u)q + m ]
m

Continuing, we define ∆(u) = u(ωn + Ωm )2 + (1 − u)ωn2 + u(1 − u)q 2 + m2 , so that
∫
Π̃21
q , iΩm )
xx (⃗

∫

1

= 2mΩm

du
0

ωn

dkx dky
kx2
.
4π 2 [k 2 + ∆]2

(D.145)

Imposing a UV cutoff Λ and taking the limit T → 0, we obtain
Π̃21
q , iΩm )
xx (⃗

∫

mΩm
=
8π

(

1

du

Λ−2

)
√
u(1 − u)q 2 + m2 + O(Ω2m ).

(D.146)

0

Now taking the q → 0 limit, we get
Π̃21
q , iΩm ) =
xx (⃗

mΩm
(Λ − 2|m|) ,
8π

(D.147)

so that, using Eq. (5.168),
Πxy (⃗q, iΩm ) = ⃗q2 (g1 g2 − g3 g4 )
=⇒ η H =

mΩm
Ω
(Λ − 2|m|) + ⃗q2 g0 (g2 − g3 )(m + M ) m (Λ − 2|m|)
8π
8π

1
[(g g − g3 g4 )m + g0 (g2 − g3 )(m + M )] (Λ − 2|m|).
4πL2 1 2

(D.148)

Now, to obtain the finite-temperature result, we go back to Eq. (D.145) to calculate
∫
Π̃21
q , iΩm )
xx (⃗

= 2mΩm

∫

1

du
0

ωn

dkx dky
kx2
4π 2 [k 2 + ∆]2
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∫
= 2mΩm

∫

1

du
0

dkx dky kx2
· [1 − 2nF (ξk ) + 2ξk n′F (ξk )] + O(q, Ω2m ), (D.150)
4π 2 4ξk3

where we have evaluated the Matsubara sum, which is of the same form as for the lattice
√
calculation, and defined ξk ≡ k 2 + m2 . Proceeding with the integral over u, we arrive at
∫

Π̃21
q , iΩm )
xx (⃗

dk · 2πk k 2
· [1 − 2nF (ξk ) + 2ξk n′F (ξk )]
16π 2 ξk3
0
(
)) mΩ
mΩm (
m
=
−|m| − 2T log 1 + e−|m|/T
DΛ (m, T ),
+
4π
8π
Λ

= mΩm

(D.151)
(D.152)

where we have defined the function
[ (
)
]
( √ 2 2
)
Λ +m
1
2
2
2
√
DΛ (m, T ) ≡ √
Λ
+1 .
− 3 − 2m + 4T log e T
Λ2 +m2
Λ2 + m2
T
e
+1
This brings us to Πxy (⃗q, iΩm ) =
(
))
Ωm (
· DΛ (m, T ) − 2|m| − 4T log 1 + e−|m|/T
,
8π
(
(
))
[(g1 g2 − g3 g4 )m + g0 (g2 − g3 )(m + M )] · DΛ (m, T ) − 2|m| − 4T log 1 + e−|m|/T
.

⃗q2 [(g1 g2 − g3 g4 )m + g0 (g2 − g3 )(m + M )]
ηH =

1
4πL2

(D.153)
(
)
In the limit m, T ≪ Λ, DΛ (m, T ) → Λ + 4T log 1 + e−Λ/T , and we can write the expression
for η H in the continuum, at finite temperature, as
1
[(g g − g3 g4 )m + g0 (g2 − g3 )(m + M )]
4πL2 1 2
(
(
)
(
))
,
× Λ + 4T log 1 + e−Λ/T − 2|m| − 4T log 1 + e−|m|/T

ηH =

(D.154)

the zero-temperature limit of which is in agreement with Eq. (D.148). The finite-temperature
continuum result allows us to rewrite the cutoff independent part of η H as
(
)
η H ∼ |m| + 2T log 1 + e−|m|/T = |m| + 2T log(2e−|m|/2T cosh(|m|/2T ))
(D.155)

= 2T log(2 cosh(|m|/2T )),
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which leads to Eq. (5.175). We observe that η H is analytic at all T > 0 as cosh is an analytic
and even function.
From Eq. (D.153) above, we see that η H scales with the effective couplings g1 g2 − g3 g4 and
g0 (g2 − g3 ). This can be understood in the representation-theoretic framework. Writing out
the gi s in terms of irreducible representations as defined at the end of Section 5.6.4, we find
that both combinations g1 g2 − g3 g4 ∝ gA1 gA2 + gB1 gB2 , g0 (g2 − g3 ) ∝ gA1 gA2 transform under
the A1 ⊗ A2 = B1 ⊗ B2 = A2 representation of C4v . Now, we expect η H to transform trivially
under all symmetries (under A1 ) as the phonon effective action must be invariant under all
symmetries. This still holds true because η H can only exist in the presence of broken reflection
symmetry, in which case, the symmetry of the phonon action is reduced as C4v → C4 , and
the A2 of C4v descends to the trivial A1 of C4 . As a result, η H has only one independent
component with C4 symmetry. More precisely, as the four-indexed Hall viscosity tensor is
antisymmetric upon exchanging pairs of indices (phonon modes) while it is symmetric for
exchange within each pair, we know that it has to transform under the antisymmetric A1
tensor representation, which we denote Aa1 . Since the phonon field transforms under the
vector representation E1 , this means that the independent component(s) of η H correspond to
∧
∧
the component(s) of Aa1 within 2 Sym2 (E1 ) (with Sym2 and 2 denoting the symmetrized
and antisymmetrized tensor product, respectively). In our ansatz, we can illustrate this
algebraically as
∧2

Sym2 (E1 ) =

∧2

(A1 ⊕ B1 ⊕ B2 ) = Aa2 ⊕ B1a ⊕ B2a ,

(D.156)

in C4v , which descends to Aa1 ⊕ 2B1a in C4 , so the Hall viscosity has one component. This
procedure can also be carried out for other lattices. For example, as was shown for phonons
with C6v symmetry [724] on the honeycomb lattice, we have
∧2

Sym2 (E1 ) =

∧2

(A1 ⊕ E2 ) = Aa2 ⊕ E2a ,

(D.157)

which descends to Aa1 ⊕ E2a in C6 , giving one independent component of η H . As Aa2 originated
2 .
from E2 ⊗ E2 , we know that η H must scale as gE
2
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