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INTEGRATING MACHINE LEARNING AND OPTIMIZATION
WITH APPLICATIONS IN PUBLIC HEALTH AND
SUSTAINABILITY

ABSTRACT

THE FIELD OF ARTIFICIAL INTELLIGENCE (AI) HAS GARNERED INCREASING ATTENTION IN
THE REALMS OF PUBLIC HEALTH AND CONSERVATION DUE TO ITS POTENTIAL TO CHARAC-
TERIZE COMPLEX DYNAMICS AND FACILITATE DIFFICULT DECISION-MAKING. MY RESEARCH
FOCUSES ON DEVELOPING Al SOLUTIONS, UTILIZING MACHINE LEARNING AND OPTIMIZA-
TION TECHNIQUES, TO PROVIDE ACTIONABLE DECISIONS FOR DEPLOYMENT AND CREATE
POSITIVE SOCIAL IMPACT. THIS ENDEAVOR NECESSITATES THE INTEGRATION OF NEW AL-
GORITHMIC AND LEARNING PARADIGMS, COMBINING MACHINE LEARNING TECHNIQUES TO
EXTRACT KNOWLEDGE FROM DATA AND OPTIMIZATION TECHNIQUES TO LEVERAGE DOMAIN
KNOWLEDGE AND SCALE UP TO LARGER PROBLEM SIZES. IN THIS THESIS, I PRESENT METHOD-
OLOGICAL AND THEORETICAL CONTRIBUTIONS IN THE INTEGRATION OF OPTIMIZATION
INTO MACHINE LEARNING PROBLEMS, INCLUDING SUPERVISED LEARNING, ONLINE LEARN-
ING, AND MULTI-AGENT SYSTEMS, WITH THE AIM OF IMPROVING LEARNING PERFORMANCE
AND SCALABILITY BY HARNESSING THE KNOWLEDGE ENCODED IN OPTIMIZATION TASKS. NoO-
TABLY, THIS THESIS INTRODUCES THE FIRST DECISION-FOCUSED LEARNING TO INTEGRATE SE-
QUENTIAL PROBLEMS INTO THE LEARNING PIPELINE TO PROVIDE FEEDBACK FROM DECISION-
MAKING PROCESSES AND SIGNIFICANTLY REDUCE COMPUTATION COSTS, THUS ENABLING
APPLICATIONS IN LARGE-SCALE PUBLIC HEALTH PROBLEMS. THE PROPOSED ALGORITHM
HAS BEEN SUCCESSFULLY APPLIED IN A FIELD STUDY AND DEPLOYMENT IN A MATERNAL AND
CHILD HEALTH PROGRAM, MARKING THE FIRST SUCCESSFUL IMPLEMENTATION OF DECISION-
FOCUSED LEARNING IN THE REAL WORLD. CURRENTLY, THE PROPOSED ALGORITHM IS USED
BY OVER 100,000 BENEFICIARIES IN INDIA TO ENHANCE ENGAGEMENT WITH HEALTH INFOR-
MATION AND TRANSLATE ALGORITHMIC CONTRIBUTIONS INTO TANGIBLE SOCIAL IMPACT.
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INTRODUCTION

WE ARE CONFRONTED WITH NUMEROUS GLOBAL CHALLENGES, PARTICULARLY IN THE AR-
EAS OF PUBLIC HEALTH AND ENVIRONMENTAL SUSTAINABILITY, WHICH DISPROPORTION-
ATELY AFFECT THE MOST VULNERABLE POPULATIONS. FOR INSTANCE, MATERNAL HEALTH
AND MATERNAL MORTALITY DURING PREGNANCY >3*%>, RECOGNIZED AS ONE OF THE UNITED
NATIONS’ SUSTAINABILITY GOALS IN HEALTH, POSES A SIGNIFICANT THREAT TO UNDER-

RESOURCED COMMUNITIES IN THE UNITED STATES '57'39°7 AND THE GLOBAL SOUTH 20©2397



SIMILARLY, ILLEGAL POACHING AND ILLEGAL WILDLIFE TRADE HAVE HAD SEVERE CONSE-
QUENCES ON WILDLIFE POPULATION AND BIODIVERSITY 3%43432816314  A§ THE POACHING
AND SMUGGLING CRISIS CONTINUES TO DEVASTATE POPULATIONS OF ENDANGERED ANIMALS,
THE IMPLEMENTATION OF PROTECTIONS FOR THESE SPECIES BECOMES OF UTMOST IMPOR-
TANCE 832207403

IN ORDER TO ADDRESS THE MAGNITUDE OF LARGE-SCALE SOCIETAL CHALLENGES, SCI-
ENTISTS HAVE INVESTED A SIGNIFICANT AMOUNT OF EFFORT IN FINDING ACTIONABLE SO-
LUTIONS TO ACT ON THE PROBLEMS OF INTEREST. FOR INSTANCE, IN THE FIELD OF MATER-
NAL HEALTH, INTERVENTIONS SUCH AS IRON AND FOLIC ACID SUPPLEMENTS HAVE BEEN
SHOWN TO REDUCE THE RISK OF PREMATURE BIRTH *’7*® AND THE LIKELIHOOD OF HAVING
A CHILD WITH SPINA BIFIDA '3%'°>> N THE REALM OF CONSERVATION, PATROLLING EF-
FORTS IN NATIONAL PARKS SERVE AS A DETERRENT AGAINST POACHING AND SMUGGLING
ACTIVITIES 99**1:336253  A11 OF THESE WORKS SHOWCASE THE POWER OF INTERVENTION AND
PUBLIC POLICY ON PUBLIC HEALTH AND CONSERVATION.

THE AFOREMENTIONED SUCCESS IN CUSTOMIZED INTERVENTION AND PUBLIC POLICY MO-
TIVATES SCIENTISTS TO STUDY HOW TO SCALE UP THE IMPACT USING Al. WE HAVE SEEN
HOW Al HAS BEEN USED IN VARIOUS INDUSTRIAL AND SOCIETAL APPLICATIONS TO SUG-

GEST ACTIONABLE DECISIONS AND MAXIMIZE DESIRED PERFORMANCE. FOR EXAMPLE, Al

HAS BEEN USED IN DIGITAL MARKETING TO DECIDE HOW TO ALLOCATE LIMITED ADVERTISE-
MENT RESOURCES TO MAXIMIZE REVENUE UNDER CONSTRAINTS AND UNCERTAINTY '$$86:61,
Al HAS ALSO BEEN USED IN URBAN PLANNING AND SMART CITIES TO OPTIMIZE TRAFFIC DE-
SIGN AND URBAN DEVELOPMENT DECISIONS UNDER RESOURCE CONSTRAINTS AND REGULA-
TIONS 35*3447¢ THESE Al APPLICATIONS LEVERAGE MACHINE LEARNING TO QUANTIFY UN-
CERTAINTY AND CHARACTERIZE KNOWLEDGE BASED ON AVAILABLE DATA, AND FORMULATE

OPTIMIZATION AND DECISION-MAKING PROCESSES BASED ON DOMAIN EXPERTS’ KNOWLEDGE



TO SUGGEST ACTIONABLE DECISIONS.

HOWEVER, IN PUBLIC HEALTH AND ENVIRONMENTAL SUSTAINABILITY, COLLECTING DATA
IS EXPENSIVE AND TIME-CONSUMING, LEADING TO THE ISSUE OF LIMITED DATA IN MACHINE
LEARNING THAT IS DIFFICULT TO LEARN A MEANINGFUL MODEL AND EXTRACT USEFUL KNOWL-
EDGE. FURTHERMORE, DECISION MAKING IN PUBLIC HEALTH AND ENVIRONMENTAL SUSTAIN-
ABILITY CAN BE ENTANGLED BY CONSTRAINTS AND MULTIPLE SELF-INTERESTED AGENTS IN-
VOLVED, POSING AN ADDITIONAL QUESTION ON HOW TO PROPERLY FORMULATE OPTIMIZA-
TION PROBLEMS TO FIND OPTIMAL DECISIONS USING KNOWLEDGE LEARNED FROM MACHINE
LEARNING. THE COMBINED CHALLENGES OF LIMITED DATA, COMPLEX DECISION-MAKING
PROCESSES, AND THE INVOLVEMENT OF MULTIPLE AGENTS HINDER THE INTEGRATION OF
Al COMPONENTS FOR DESIGNING DATA-DRIVEN DECISION-MAKING SOLUTIONS IN PUBLIC
HEALTH AND ENVIRONMENTAL SUSTAINABILITY. THEREFORE, THE MAIN RESEARCH QUES-

TION OF THIS THESIS IS:

How TO DESIGN Al SOLUTIONS USING MACHINE LEARNING AND OPTIMIZATION

IN PUBLIC HEALTH AND ENVIRONMENTAL SUSTAINABILITY?

INn My THESIS, I DELVE INTO THE STUDY OF MACHINE LEARNING ALGORITHMS TO QUAN-
TIFY UNCERTAINTY AND KNOWLEDGE BASED ON LIMITED DATA USING MACHINE LEARNING
AND DESIGN SCALABLE ALGORITHMS TO TRANSLATE KNOWLEDGE OBTAINED FROM DATA
INTO ACTIONABLE DECISIONS USING OPTIMIZATION. | AIM TO DESIGN EFFECTIVE MACHINE
LEARNING AND OPTIMIZATION ALGORITHMS TO ADDRESS THE CHALLENGES POSED BY UN-
CERTAINTY AND RESOURCE CONSTRAINTS IN TACKLING LARGE-SCALE SOCIETAL ISSUES. AS
SHOWN IN FIGURE I.1, THE PUBLIC HEALTH AND ENVIRONMENTAL SUSTAINABILITY PROB-

LEMS STUDIED IN THIS THESIS INCLUDE:

* MATERNAL HEALTH: | STUDY IMPROVING ACCESS AND ENGAGEMENT TO MATERNAL



HEALTH INFORMATION THROUGH LEARNING MOTHERS’ ENGAGEMENT BEHAVIOR AND
ALLOCATING LIMITED HEALTH WORKERS TO PROVIDE FURTHER ASSISTANCE. MY AL-
GORITHM ON INTEGRATING MACHINE LEARNING AND OPTIMIZATION LED TO A REAL-
WORLD DEPLOYMENT TO THE MOBILE MATERNAL HEALTH PROGRAM IN INDIA USED
BY MORE THAN 100,000 MOTHERS WITH A 30% MORE IMPROVEMENT ON THE ENGAGE-

MENT TO HEALTH INFORMATION.

* WILDLIFE CONSERVATION: ] STUDY PREDICTING POACHING RISK OF DIFFERENT LO-
CATIONS IN NATIONAL PARKS BASED ON TERRAIN FEATURES AND HISTORICAL POACH-
ING DATA TO DETERMINE HOW TO ASSIGN LIMITED PARK RANGERS AND PATROL RE-
SOURCES WITH PATROL ROUTE RECOMMENDATIONS. ] ALSO STUDY COLLABORATION
BETWEEN PARK RANGERS AND PATROL POSTS BY DESIGNING MECHANISM TO INCEN-

TIVIZE COLLABORATION WITHOUT COMMUNICATION.

* EPIDEMIOLOGY AND TUBERCULOSIS ADHERENCE: | STUDY THE PROBLEM OF LEARN-
ING ADHERENCE BEHAVIOR TO TUBERCULOSIS MEDICATION BASED ON HISTORICAL
DATA AND SCHEDULING HEALTH WORKERS TO CALL OR PHYSICALLY VISIT PATIENTS

TO ENCOURAGE ADHERENCE.

1.1 PROBLEM STATEMENT

TO HOLISTICALLY ANSWER THE RESEARCH QUESTION IN PUBLIC HEALTH AND ENVIRONMEN-
TAL SUSTAINABILITY, AS ILLUSTRATED IN FIGURE 1.2, I STUDY THE DATA-TO-DEPLOYMENT
PIPELINE TO DEVELOP DATA-DRIVEN DECISION-MAKING Al SOLUTIONS. THE PIPELINE IN-
VOLVES SEVERAL KEY STEPS. FIRSTLY, DATA RELEVANT TO THE TARGETED PROBLEM IS UTI-

LIZED TO TRAIN MACHINE LEARNING ALGORITHMS, ENABLING THE CONSTRUCTION OF AN
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Figure 1.1: | study maternal health, wildlife conservation, and epidemiology by designing machine learning and optimiza-
tion solutions in the data-to-deployment pipeline.

ACCURATE MODEL TO CHARACTERIZE THE PROBLEM OF INTEREST. SECONDLY, LEVERAGING
THE CONSTRUCTED MODEL AND CONSIDERING LIMITED INTERVENTION RESOURCES, THE RE-
SOURCE ALLOCATION PROBLEM IS FORMULATED AS AN OPTIMIZATION CHALLENGE, AIMED AT
OPTIMIZING THE INTERVENTION PERFORMANCE AND DECISION QUALITY. FINALLY, IN CcOL-
LABORATION WITH DOMAIN EXPERTS AND ORGANIZATIONS, THE SUGGESTED INTERVENTION
DECISION IS THOROUGHLY EXAMINED AND, UPON VALIDATION, DEPLOYED IN THE FIELD WITH
MULTIPLE PARTIES INVOLVED TO CREATE SOCIAL IMPACT.

THIS DATA-TO-DEPLOYMENT PIPELINE IS WIDELY APPLICABLE ACROSS VARIOUS INDUS-
TRIAL AND SOCIETAL DOMAINS. FOR EXAMPLE, IT CAN BE EMPLOYED IN MATERNAL HEALTH
PROGRAMS TO ANALYZE HISTORICAL DATA ON MOTHERS’ ENGAGEMENT BEHAVIOR AND DE-
TERMINE APPROPRIATE INTERVENTIONS *''®'74 ]T CAN ALSO BE UTILIZED IN WILDLIFE
CONSERVATION PROGRAMS TO PREDICT AND ALLOCATE PATROL RESOURCES FOR AREAS AT
RISK OF ILLEGAL POACHING ACTIVITIES >4%%53 IN EPIDEMIOLOGY MODELING, THE PIPELINE
CAN BE USED TO FIT DISEASE MODELS WITH PARAMETERS AND OPTIMIZE INTERVENTION DE-

SIGN 53! 18. ADDITIONALLY, IT CAN AID IN SOLVING ROUTING PROBLEMS BY FITTING TRAFFIC
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Figure 1.2: The data-to-deployment pipeline that is commonly used in Al, data science, and societal challenges.

PREDICTIVE MODELS AND FINDING OPTIMAL ROUTES ?>'7°**?  AS WELL AS IN DESIGNING ADVER-
TISEMENT AND RECOMMENDATION SYSTEMS THAT LEARN USER PREFERENCES AND PROVIDE

SUITABLE RECOMMENDATIONS 75201,

1.2 CHALLENGES

DESIGNING ALGORITHMS AND INDIVIDUAL COMPONENTS FOR THE DATA-TO-DEPLOYMENT
PIPELINE POSES A NUMBER OF TECHNICAL CHALLENGES. ] SUMMARIZE A LIST OF TOPICS STUD-

IED IN THIS THESIS BELOW:

* LEARNING IN THE PRESENCE OF OPTIMIZATION: IN THE REALM OF PUBLIC HEALTH
AND ENVIRONMENTAL CONSERVATION, MACHINE LEARNING AND OPTIMIZATION PLAY
VITAL ROLES IN TRANSFORMING DATA INTO ACTIONABLE DECISIONS FOR IMPLEMENTA-
TION. HOWEVER, TRADITIONAL SUPERVISED LEARNING TECHNIQUES PRIMARILY RELY
ON COMPARING PREDICTIONS WITH GROUND TRUTH LABELS TO DEFINE ACCURACY
METRICS OR LOSS FUNCTIONS. IN CONTRAST, OPTIMIZATION AND DECISION-MAKING
PROCESSES PRIORITIZE THE QUALITY OF PROPOSED DECISIONS THAN ACCURACY MET-
RICS. THIS DISCREPANCY IN OBJECTIVES BETWEEN MACHINE LEARNING AND OPTI-
MIZATION INTRODUCES A POTENTIAL GAP IN THE DATA-TO-DEPLOYMENT PIPELINE.
THis OBJECTIVE MISMATCH ISSUE IS PERVASIVE IN VARIOUS AI AND DATA SCIENCE

CHALLENGES THAT INVOLVE THE JOINT UTILIZATION OF MACHINE LEARNING AND OP-



TIMIZATION TO CONVERT DATA INTO ACTIONABLE DECISIONS.

* DATA EXPLORATION AND EXPLOITATION: IN ADDITION TO MACHINE LEARNING AND
OPTIMIZATION, THERE IS OFTEN AN OPPORTUNITY TO COLLECT NEW DATA DURING
THE DEPLOYMENT OF NEW DECISIONS. THIS ACCESS TO FRESH DATA ENABLES EXPLO-
RATION OF DECISIONS AND FEATURES THAT MAY NOT BE ADEQUATELY REPRESENTED
IN THE TRAINING DATA. HOWEVER, IT IS ALSO ESSENTIAL TO STRIKE A BALANCE BE-
TWEEN EXPLORATION AND EXPLOITATION, AS WE STRIVE TO ENSURE THAT THE SE-
LECTED DECISIONS RESULT IN GOOD OVERALL PERFORMANCE, RATHER THAN BEING
PURELY EXPLORATORY. THIS TRADEOFF BETWEEN EXPLORATION AND EXPLOITATION
ARISES IN THE DATA-TO-DECISION PIPELINE, INVOLVING VARIOUS OPTIMIZATION AND
DECISION-MAKING PROCESSES. OUR OBJECTIVE IS TO COMPREHENSIVELY UNDER-
STAND HOW TO DESIGN ONLINE LEARNING ALGORITHMS THAT EFFECTIVELY INCOR-

PORATE BOTH THE MACHINE LEARNING AND OPTIMIZATION COMPONENTS.

* OPTIMIZATION IN MULTI-AGENT SYSTEMS: IN REAL-WORLD SOCIETAL CHALLENGES,
DECISION-MAKING PROCESSES FREQUENTLY ENTAIL THE INVOLVEMENT OF MULTIPLE
SELF-INTERESTED AGENTS. IT IS CRUCIAL TO THOROUGHLY INVESTIGATE THE INTER-
ACTIONS AMONG THESE AGENTS AND THE OPTIMIZATION PROBLEMS THAT ARISE IN
MULTI-AGENT SYSTEMS. IN PARTICULAR, THE DEVELOPMENT OF SCALABLE SOLUTIONS
TO EFFECTIVELY ADDRESS OPTIMIZATION CHALLENGES IN MULTI-AGENT SYSTEMS IS A

KEY AREA OF FOCUS.

THE MAIN OBJECTIVE OF THIS THESIS IS TO COMPREHENSIVELY INVESTIGATE THE IMPACT
OF OPTIMIZATION ON VARIOUS COMPONENTS WITHIN THE DATA-TO-DECISION PIPELINE, AND
TO DEVELOP SCALABLE ALGORITHMS THAT SEAMLESSLY INTEGRATE OPTIMIZATION WITH

MACHINE LEARNING AND DATA COLLECTION PROCESSES. WHILE INDIVIDUAL ARTIFICIAL



Figure 1.3: | collaborated with ARMMAN to deploy my decision-focused learning algorithm that integrates machine learn-
ing and optimization to the mobile health program with ARMMAN, and the algorithm is used by more than 100,000
people in India with a 30% more improvement in health information engagement. During the field study, | visited the
ARMMAN office (left) and the region where ARMMAN operates the maternal mobile health program to serve under-
resourced communities in Mumbai, India (middle). | followed the health workers to physically visit the families enrolled
in the health program (right). The health workers talked to mothers and provided preventive care information and assis-
tance to increase access to health information and reduce maternal and child mortality/morbidity.

INTELLIGENCE COMPONENTS IN THE DATA-TO-DEPLOYMENT PIPELINE HAVE BEEN THOR-
OUGHLY RESEARCHED IN DIVERSE APPLICATIONS, THE HOLISTIC INTEGRATION OF THESE
COMPONENTS HAS RECEIVED RELATIVELY LESS ATTENTION. BY INCORPORATING OPTIMIZA-
TION INTO MACHINE LEARNING, DATA COLLECTION, AND MULTI-AGENT SYSTEMS, DOMAIN-
SPECIFIC SOLUTIONS CAN BE DESIGNED TO EFFECTIVELY HANDLE DIVERSE CONSTRAINTS AND
KNOWLEDGE IN DIFFERENT APPLICATION DOMAINS, SUCH AS PUBLIC HEALTH AND ENVIRON-
MENTAL SUSTAINABILITY. THIS THESIS ADDRESSES THE POTENTIAL CHALLENGES AND ES-
SENTIAL COMPONENTS INVOLVED IN CREATING DATA-DRIVEN DECISION-MAKING SOLUTIONS
FOR DEPLOYMENT IN THESE FIELDS. FROM A TECHNICAL STANDPOINT, THE INTEGRATION OF
OPTIMIZATION POSES NEW CHALLENGES IN EFFECTIVELY AND EFFICIENTLY BLENDING OPTI-
MIZATION TECHNIQUES WITH MACHINE LEARNING, DATA COLLECTION, AND MULTI-AGENT
SYSTEMS. THIS THESIS ESTABLISHES THE ALGORITHMIC FOUNDATIONS FOR MACHINE LEARN-

ING AND OTHER Al TECHNIQUES IN THE PRESENCE OF VARIOUS OPTIMIZATION PROBLEMS



AND DECISION-MAKING PROCESSES. AS A WHOLE, THIS THESIS SUMMARIZES THE PIVOTAL
ROLE OF OPTIMIZATION IN THE DATA-TO-DEPLOYMENT PIPELINE AND SHOWCASES ITS APPLI-

CATIONS IN PUBLIC HEALTH AND ENVIRONMENTAL SUSTAINABILITY.

1.3 THESIS OUTLINE

THIS THESIS IS DIVIDED INTO THREE PARTS, WHICH CORRESPONDS TO THREE DIFFERENT

GAPS IN THE DATA-TO-DEPLOYMENT PIPELINE IN FIGURE 1.4.

* Parrl (LEARNING IN THE PRESENCE OF OPTIMIZATION) STUDIES THE INTEGRATION
OF MACHINE LEARNING AND OPTIMIZATION PROBLEMS TO PRODUCE ACTIONABLE AND

QUALITY-AWARE SOLUTIONS IN PUBLIC HEALTH AND WILDLIFE CONSERVATION.

¢ PART II (OPTIMIZATION IN ONLINE LEARNING) STUDIES USING OPTIMIZATION TO
DESIGN ONLINE LEARNING ALGORITHMS TO SIMULTANEOUSLY COLLECT DATA AND

ENSURE BETTER THEORETICAL GUARANTEES IN PUBLIC HEALTH CHALLENGES.

¢ PARrT III (OPTIMIZATION IN MULTI-AGENT SYSTEMS) STUDIES DECISION MAKING IN
MULTI-AGENT SYSTEMS VIA STACKELBERG GAMES TO DESIGN SCALABLE AND APPROXI-

MATE SOLUTIONS FOR WILDLIFE CONSERVATION.

THE CHAPTERS IN THIS THESIS ARE BASED ON MATERIALS IN THE PUBLICATIONS 321»323:320:324:327,311,322,325,319,320

EACH CHAPTER INCLUDES A RELATED WORK SECTION TO SUMMARIZE THE PRIOR WORK ON
THE RELATED TOPICS. FIGURE 1.4 AND BELOW SUMMARIZE THE CONTRIBUTIONS OF CHAP-

TERS COVERED IN EACH PART.
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Figure 1.4: The figure summarizes the gaps in the data-to-deployment pipeline. Part | discusses the objective mismatch
gap between machine learning and optimization. Part Il discusses the challenge of using optimization to design data
collection algorithms to improve online learning performance. Part lll discusses the scalability challenges of optimization
in multi-agent systems and how to design scalable approximate algorithms.

1.3.1  PARTI: LEARNING IN THE FACE OF OPTIMIZATION

EFFECTIVE DATA-DRIVEN DECISION MAKING REQUIRES ALIGNMENT OF MACHINE LEARNING
AND OPTIMIZATION IN THE DATA-TO-DECISION PIPELINE, BUT UNFORTUNATELY MOST USE
CASES CONSIDER THE TWO STEPS SEPARATELY. FOR EXAMPLE, IN MY COLLABORATION ON THE
MATERNAL HEALTH CHALLENGE WITH AN INDIAN NON-GOVERNMENT ORGANIZATION ARM-
MAN, WE FIRST PREDICT THE BEHAVIOR OF EXPECTING AND NEW MOTHERS FROM HISTORI-
CAL DATA, AND THEN OPTIMIZE LIMITED NUMBER OF SERVICE CALLS FROM ARMMAN’s caLL
CENTER TO BOOST ENGAGEMENT WITH THEIR HEALTH INFORMATION PROGRAM. HOWEVER,
MACHINE LEARNING AND OPTIMIZATION OPERATE SEPARATELY, AND THEIR OBJECTIVES ARE
OFTEN MISALIGNED: MACHINE LEARNING SEEKS TO MAXIMIZE PREDICTIVE ACCURACY, WHILE
OPTIMIZATION SEEKS TO OPTIMIZE DECISION QUALITY. IMPROVED PREDICTIVE ACCURACY
DOES NOT NECESSARILY RESULT IN BETTER DECISION QUALITY, PRODUCING A MISMATCH, AS
WE TRULY CARE ABOUT PRODUCING THE BEST DECISIONS POSSIBLE. MY RESEARCH FOCUSES
ON FIXING THIS MISALIGNMENT OF OBJECTIVES BY INTEGRATING MACHINE LEARNING AND
OPTIMIZATION PROBLEMS VIA DECISION-FOCUSED LEARNING (DFL) AS SHOWN IN FIGURE I.5.

SPECIFICALLY, (I) CHAPTER 2 AND CHAPTER 3 GENERALIZE DECISION-FOCUSED LEARNING

I0
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Figure 1.5: Decision-focused learning uses the decision quality of the optimization problem to train the machine learn-
ing model.

TO SEQUENTIAL DECISION PROBLEMS, FOLLOWED BY A FIELD STUDY RESULT SUMMARIZED IN
CHAPTER 4, AND (II) CHAPTER S AND CHAPTER 6 HIGHLIGHT AND ALLEVIATE THE SCALA-

BILITY ISSUE IN DECISION-FOCUSED LEARNING.

DECISION-FOCUSED LEARNING IN SEQUENTIAL DECISION PROBLEMS

MANY PUBLIC HEALTH PROBLEMS INVOLVE SEQUENTIAL DECISION MAKING TO MAXIMIZE
LONG-TERM PERFORMANCE. HOWEVER, THE EXISTING DECISION-FOCUSED LEARNING ALGO-
RITHMS ONLY WORK FOR NON-SEQUENTIAL OPTIMIZATION PROBLEMS WITH EXPLICIT OPTI-
MALITY CONDITIONS.

CHAPTER 2 DELVES INTO THE IMPLICIT OPTIMALITY CONDITIONS IN SEQUENTIAL DECI-
SION PROBLEMS, TREATING THEM AS IMPLICIT FIXED-POINT EQUATIONS. THIS LEADS TO A
NOVEL TECHNIQUE FOR DIFFERENTIATING THROUGH OPTIMAL SOLUTIONS OF SEQUENTIAL
DECISION PROBLEMS USING THE IMPLICIT FUNCTION THEOREM AND THE POLICY GRADIENT
THEOREM FROM REINFORCEMENT LEARNING LITERATURE, ESTABLISHING THE DIFFERENTIA-
BILITY OF SEQUENTIAL PROBLEMS AND DECISION-FOCUSED LEARNING IN SUCH SCENARIOS.

CHAPTER 3 FOCUSES ON RESTLESS MULTI-ARMED BANDITS (RMABS), A SPECIFIC CAT-

II



EGORY OF SEQUENTIAL DECISION PROBLEMS USED TO MODEL THE EFFECT OF SEQUENTIAL
TREATMENTS IN PUBLIC HEALTH. INTEGRATING RMABS INTO THE LEARNING TASKS FOR
DECISION-FOCUSED LEARNING IN PUBLIC HEALTH IS CHALLENGING DUE TO THE INHERENT
COMPUTATIONAL COMPLEXITY OF SOLVING RMABs opTIMALLY. HOWEVER, THIS CHAP-
TER RESOLVES THIS COMPUTATIONAL ISSUE BY USING AN APPROXIMATE INDEX-BASED SO-
LUTION THAT CAN BE SOLVED IN POLYNOMIAL TIME. FURTHERMORE, THIS CHAPTER DEMON-
STRATES THE DIFFERENTIABILITY OF THE INDEX-BASED SOLUTION, SUCCESSFULLY ENABLING

DECISION-FOCUSED LEARNING IN RMAB PROBLEMS.

FIELD STUDY IN MATERNAL AND CHILD HEALTH

CHAPTER 4 COVERS THE REAL-WORLD FIELD STUDY RESULT OF DECISION-FOCUSED LEARN-
ING IN THE MATERNAL AND CHILD HEALTH CHALLENGE FORMULATED AS A RESTLESS MULTI-
ARMED BANDIT PROBLEM. | HAVE COLLABORATED WITH ARMMAN TO STUDY THE MATER-
NAL HEALTH CHALLENGE AND BOOST ENGAGEMENT WITH THEIR MOBILE HEALTH INFORMA-
TION PROGRAM BY OPTIMIZING SERVICE CALLS. WE CONDUCTED A FIELD STUDY TO COMPARE
THE PROPOSED DECISION-FOCUSED LEARNING ALGORITHM WITH OTHER NON-DECISION-
FOCUSED LEARNING ALGORITHMS ON A COHORT OF 9000 BENEFICIARIES REGISTERED BE-
TWEEN APRIL 2022 TO JUNE 2022. OUR DECISION-FOCUSED LEARNING ALGORITHM SIGNIFI-
CANTLY OUTPERFORMS THE NON-DECISION-FOCUSED LEARNING ALGORITHM. THIS RESULT
HAS LED TO THE FIRST REAL-WORLD DEPLOYMENT OF DECISION-FOCUSED LEARNING WITH
ARMMAN; WITH ESTIMATED 100,000 BENEFICIARIES IN UNDER-RESOURCED COMMUNITIES
BENEFITING FROM USING DECISION-FOCUSED LEARNING IN BOOSTING ENGAGEMENT WITH

ARMMAN’S HEALTH PROGRAM.
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SCALABILITY OF DECISION-FOCUSED LEARNING

DECISION-FOCUSED LEARNING WAS PREVIOUSLY PROPOSED TO TRAIN PREDICTIVE MODELS
THAT MAXIMIZE DECISION QUALITY IN DOWNSTREAM OPTIMIZATION TASKS. HOWEVER,
INTEGRATING OPTIMIZATION INTO THE LEARNING PROCESS REQUIRES REPEATEDLY SOLV-
ING AND BACKPROPAGATING THROUGH THE OPTIMIZATION PROBLEM AT EVERY GRADIENT
STEP, WHICH CAN QUICKLY BECOME COMPUTATIONALLY INTRACTABLE AS THE PROBLEM SIZE
GROWS EVEN IN THE NON-SEQUENTIAL SETTING.

CHAPTER § PROPOSES SUBSAMPLING DECISION VARIABLES OF OPTIMIZATION PROBLEMS
TO REDUCE THE DIMENSIONALITY OF THE OPTIMIZATION PROBLEM IN DECISION-FOCUSED
LEARNING, WITH AN APPROXIMATION GUARANTEE ON GRADIENT ESTIMATE.

CHAPTER 6 PRESENTS A METHOD THAT USES A LOWER-DIMENSIONAL SURROGATE PROB-
LEM CONSTRUCTED FROM THE ORIGINAL PROBLEM WITH A CLOSED-FORM EXPRESSION TO
REDUCE THE DIMENSIONALITY AND THE OPTIMIZATION COST.

ALL OF THESE METHODS EFFECTIVELY REDUCE THE COMPUTATION COST OF DECISION-
FOCUSED LEARNING, ENABLING REAL-WORLD APPLICATIONS BY ACHIEVING CUBIC REDUC-

TION IN COMPUTATION OVERHEAD.

1.3.2 PARTII: OPTIMIZATION IN ONLINE LEARNING

DATA COLLECTION PLAYS A CRUCIAL ROLE IN THE PERFORMANCE OF WILDLIFE CONSER-
VATION AND PUBLIC HEALTH EFFORTS. IN MY RESEARCH, | INVESTIGATE VARIOUS TYPES
OF MULTI-ARMED BANDIT (MAB) PROBLEMS, WHERE THE LEARNER REPEATEDLY QUERIES
TO LEARN AND OPTIMIZE THE REWARDS FROM INTERACTIONS. SPECIFICALLY, ] FOCUS ON
STOCHASTIC MABS AND RESTLESS MABS, WHICH ARE MOTIVATED BY THE DOMAINS OF

WILDLIFE CONSERVATION AND PUBLIC HEALTH, RESPECTIVELY.

13



CHAPTER 7 INVESTIGATES A STOCHASTIC MAB PROBLEM WITH A FIXED BUDGET, WHERE
MULTIPLE ARMS ARE PULLED TO RECEIVE FEEDBACK AT EACH TIME STEP. UNLIKE STANDARD
COMBINATORIAL MABS, IN THIS SCENARIO, WE OBSERVE ADDITIVE FEEDBACK FROM EACH
ARM, WHICH CONTRIBUTES TO THE FINAL REWARD METRIC. FOR EXAMPLE, IN WILDLIFE CON-
SERVATION, WE OBSERVE REWARDS FROM EACH PATROL LOCATION, OR IN PUBLIC HEALTH,
WE OBSERVE THE TUBERCULOSIS TREATMENT EFFECT IN INDIVIDUAL DISTRICTS OF A LARGE
STATE. |l DEMONSTRATE THAT THE ADDITIVE DECOMPOSED FEEDBACK HELPS REDUCE UN-
CERTAINTY IN GAUSSIAN PROCESS REGRESSION AND ENABLES FASTER CONVERGENCE. THIS
LEADS TO THE DEVELOPMENT OF AN ONLINE ALGORITHM CALLED DECOMPOSED-GP-UCB ror
STOCHASTIC MAB PROBLEMS WITH CONTINUOUS PULLING ACTIONS.

CHAPTER 8 STUDIES RESTLESS MULTI-ARMED BANDITS (RMABS) AS AN EXTENSION OF
MABS TO UNDERSTAND THE IMPACT OF SEQUENTIAL DECISIONS IN PUBLIC HEALTH. ] PRO-
POSE AN ONLINE ALGORITHM THAT LEVERAGES THE TEMPORAL DEPENDENCY IN RMABs TO
LEARN THE UNKNOWN TRANSITION DYNAMICS, SUCH AS TREATMENT EFFECTS AND LONG-
TERM HEALTH IMPACTS. THE ALGORITHM YIELDS A FREQUENTIST REGRET BOUND OF O(+/Tlog T),
WHICH GENERALIZES THE STATE-OF-THE-ART BAYESIAN REGRET BOUND TO A BROADER
RANGE OF RMAB PROBLEMS.

CHAPTER 9 EXTENDS THE CONCEPT OF DECOMPOSED FEEDBACK IN MAB PROBLEMS TO
NON-ADDITIVE DECOMPOSED FEEDBACK IN ONLINE COMBINATORIAL OPTIMIZATION PROB-
LEMS. ] PROPOSE AN ONLINE ALGORITHM THAT USES A PREDICTIVE MODEL TO ACHIEVE A
SUBLINEAR REGRET GUARANTEE IN ONLINE COMBINATORIAL OPTIMIZATION PROBLEMS. THE
RESULT HIGHLIGHTS THE BENEFITS OF UTILIZING DECOMPOSED FEEDBACK IN ONLINE COMBI-
NATORIAL OPTIMIZATION, A GENERALIZED VERSION OF MAB PROBLEMS, TO IMPROVE REGRET

BOUNDS.
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1.3.3 PARTIII: OPTIMIZATION IN MULTI-AGENT SYSTEMS

REAL-WORLD CHALLENGES OFTEN INVOLVE MULTIPLE ROLES WITH DIFFERENT INTERESTS
AND REQUIRE SEQUENTIAL DECISION MAKING. FOR INSTANCE, IN WILDLIFE CONSERVATION,
PATROLLERS IN NATIONAL PARKS MUST CHOOSE A PATROL STRATEGY TO PROTECT ENDAN-
GERED WILDLIFE, WHILE POACHERS RESPOND TO THE PATROL PLAN TO LAUNCH ATTACKS ON
ANIMALS. PART Il FOCUSES ON USING STACKELBERG GAMES TO UNDERSTAND SEQUENTIAL
DECISION MAKING IN MULTI-AGENT SYSTEMS AND DESIGN SCALABLE ALGORITHMS FOR EFFI-
CIENT COMPUTATION OF NEAR-OPTIMAL EQUILIBRIA.

CHAPTER 10 STUDIES STACKELBERG GAMES WITH MULTIPLE FOLLOWERS, EACH HAVING
THEIR OWN INTERESTS. ]| PROPOSE A TECHNIQUE TO DIFFERENTIATE THROUGH THE EQUI-
LIBRIUM REACHED BY MULTIPLE FOLLOWERS, ESTIMATING THE GRADIENT OF THE LEADER’S
PAYOFF OBTAINED FROM THE EQUILIBRIUM. THIS METHOD RESULTS IN THE FIRST GRADIENT-
BASED ALGORITHM FOR SOLVING STACKELBERG GAMES WITH MULTIPLE FOLLOWERS, WHICH
OUTPERFORMS THE STANDARD BILEVEL FORMULATION FOR SOLVING STACKELBERG GAMES.

CHAPTER 11 FOCUSES ON STACKELBERG GAMES WITH DIFFERENT RESPONSE MODELS FOR
THE FOLLOWERS, AND DEVELOPS ALGORITHMS FOR DEFENDING AGAINST ATTACKERS WITH
VARYING BEHAVIORS. | PROPOSE EQUILIBRIUM REFINEMENT ALGORITHMS FOR STACKELBERG
GAMES WITH ARBITRARY RESOURCE CONSTRAINTS, WHICH IDENTIFIES ROBUST SOLUTIONS
AGAINST POTENTIAL UNCERTAINTY IN THE RESPONSE BEHAVIOR OF FOLLOWERS. THIS AL-
GORITHM CAN BE APPLIED TO APPLICATIONS SUCH AS SCHEDULING SECURITY RESOURCES TO

PROTECT VULNERABLE TARGETS.
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Part 1

Decision-focused Learning: Learning in

the Face of Optimization
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DECISION-FOCUSED LEARNING IN

SEQUENTIAL DECISION PROBLEMS

2.1 INTRODUCTION

PREDICT-THEN-OPTIMIZE®"?3 1S A FRAMEWORK FOR SOLVING OPTIMIZATION PROBLEMS

WITH UNKNOWN PARAMETERS. GIVEN SUCH A PROBLEM, WE FIRST TRAIN A PREDICTIVE
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MODEL TO PREDICT THE MISSING PARAMETERS FROM PROBLEM FEATURES. OUR OBJECTIVE
IS TO MAXIMIZE THE RESULTING DECISION QUALITY WHEN THE OPTIMIZATION PROBLEM IS
SUBSEQUENTLY SOLVED WITH THE PREDICTED PARAMETERS */%*37, RECENT WORK ON THE
DECISION-FOCUSED LEARNING APPROACH °33® EMBEDS THE OPTIMIZATION PROBLEM >332
INTO THE TRAINING PIPELINE AND TRAINS THE PREDICTIVE MODEL END-TO-END TO OPTIMIZE
THE FINAL DECISION QUALITY. COMPARED WITH A MORE TRADITIONAL “TWO-STAGE” AP-
PROACH WHICH MAXIMIZES THE PREDICTIVE ACCURACY OF THE MODEL (RATHER THAN THE
FINAL DECISION QUALITY), THE DECISION-FOCUSED LEARNING APPROACH CAN ACHIEVE A
HIGHER SOLUTION QUALITY AND GENERALIZE BETTER TO UNSEEN TASKS.

THIS PAPER STUDIES THE PREDICT-THEN-OPTIMIZE FRAMEWORK IN SEQUENTIAL DECI-
SION PROBLEMS, FORMULATED AS MARKOV DECISION PROCESSES (MDDPs), WITH UNKNOWN
PARAMETERS. IN PARTICULAR, AT TRAINING TIME, WE ARE GIVEN TRAJECTORIES AND EN-
VIRONMENT FEATURES FROM “TRAINING MDPs.” OUR GOAL IS TO LEARN A PREDICTIVE
MODEL WHICH MAPS FROM ENVIRONMENT FEATURES TO MISSING PARAMETERS BASED ON
THESE TRAJECTORIES THAT GENERALIZES TO UNSEEN TEST MDPS THAT HAVE FEATURES, BUT
NOT TRAJECTORIES. THE RESULTING “PREDICTED” TRAINING AND TEST MDPS ARE SOLVED
USING DEEP REINFORCEMENT LEARNING (RL) ALGORITHMS, YIELDING POLICIES THAT ARE
THEN EVALUATED BY OFFLINE OFF-POLICY EVALUATION (OPE) AS SHOWN IN FIGURE 2.1. THIS
FULLY OFFLINE SETTING IS MOTIVATED BY REAL-WORLD APPLICATIONS SUCH AS WILDLIFE
CONSERVATION AND TUBERCULOSIS TREATMENT WHERE NO SIMULATOR IS AVAILABLE. How-
EVER, SUCH DOMAINS OFFER PAST RANGER PATROL TRAJECTORIES AND ENVIRONMENTAL
FEATURES OF INDIVIDUAL LOCATIONS FROM CONSERVATION PARKS FOR GENERALIZATION
TO OTHER UNPATROLLED AREAS. THESE SETTINGS DIFFER FROM THOSE CONSIDERED IN
TRANSFER-RIL >34299:187:276 sNp META-RL 3882199303330 BECAUSE WE GENERALIZE ACROSS

DIFFERENT MDPs BY EXPLICITLY PREDICTING THE MAPPING FUNCTION FROM FEATURES
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TO MISSING MDPS PARAMETERS, WHILE TRANSFER/META RLL ACHIEVE GENERALIZATION BY
LEARNING HIDDEN REPRESENTATION OF DIFFERENT MDPS IMPLICITLY WITH TRAJECTORIES.

THE MAIN CONTRIBUTION OF THIS PAPER IS TO EXTEND THE DECISION-FOCUSED LEARN-
ING APPROACH TO MDPS WITH UNKNOWN PARAMETERS, EMBEDDING THE MDP PROBLEMS
IN THE PREDICTIVE MODEL TRAINING PIPELINE. TO PERFORM THIS EMBEDDING, WE STUDY
TWO COMMON TYPES OF OPTIMALITY CONDITIONS IN MDPs: A BELLMAN-BASED APPROACH
WHERE MEAN-SQUARED BELLMAN ERROR IS MINIMIZED, AND A POLICY GRADIENT-BASED AP-
PROACH WHERE THE EXPECTED CUMULATIVE REWARD IS MAXIMIZED. WE CONVERT THESE
OPTIMALITY CONDITIONS INTO THEIR CORRESPONDING KARUSH-KUHN-TUCKER (KKT)
CONDITIONS, WHERE WE CAN BACKPROPAGATE THROUGH THE EMBEDDING BY DIFFERENTI-
ATING THROUGH THE KKT conNDpITIONS. HOWEVER, EXISTING TECHNIQUES FROM DECISION-
FOCUSED LEARNING AND DIFFERENTIATING THROUGH KKT CONDITIONS DO NOT DIRECTLY
APPLY AS THE SIZE OF THE KKT CONDITIONS OF SEQUENTIAL DECISION PROBLEMS GROW
LINEARLY IN THE NUMBER OF STATES AND ACTIONS, WHICH ARE OFTEN COMBINATORIAL OR
CONTINUOUS AND THUS BECOME INTRACTABLE.

WE IDENTIFY AND RESOLVE TWO COMPUTATIONAL CHALLENGES IN APPLYING DECISION-
FOCUSED LEARNING TO MDPS, THAT COME UP IN BOTH OPTIMALITY CONDITIONS: (I) THE
LARGE STATE AND ACTION SPACES INVOLVED IN THE OPTIMIZATION REFORMULATION MAKE
DIFFERENTIATING THROUGH THE OPTIMALITY CONDITIONS INTRACTABLE AND (II) THE HIGH-
DIMENSIONAL POLICY SPACE IN MDPS, AS PARAMETERIZED BY A NEURAL NETWORK, MAKES
DIFFERENTIATING THROUGH A POLICY EXPENSIVE. TO RESOLVE THE FIRST CHALLENGE, WE
PROPOSE TO SAMPLE AN ESTIMATE OF THE FIRST-ORDER AND SECOND-ORDER DERIVATIVES
TO APPROXIMATE THE OPTIMALITY AND KKT cONDITIONS. WE PROVE SUCH A SAMPLING
APPROACH IS UNBIASED FOR BOTH TYPES OF OPTIMALITY CONDITIONS. THUS, WE CAN DIF-

FERENTIATE THROUGH THE APPROXIMATE KKT CONDITIONS FORMED BY SAMPLE-BASED
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DERIVATIVES. NONETHELESS, THE SECOND CHALLENGE STILL APPLIES—THE SAMPLED KKT
CONDITIONS ARE EXPENSIVE TO DIFFERENTIATE THROUGH DUE TO THE DIMENSIONALITY OF
THE POLICY SPACE WHEN MODEL-FREE DEEP RL METHODS ARE USED. THEREFORE, WE PRO-
POSE TO USE A LOW-RANK APPROXIMATION TO FURTHER APPROXIMATE THE SAMPLE-BASED
SECOND-ORDER DERIVATIVES. THIS LOW-RANK APPROXIMATION REDUCES BOTH THE COMPU-
TATION COST AND THE MEMORY USAGE OF DIFFERENTIATING THROUGH KKT CONDITIONS.
‘WE EMPIRICALLY TEST OUR DECISION-FOCUSED ALGORITHMS ON THREE SETTINGS: A
GRID WORLD WITH UNKNOWN REWARDS, AND SNARE-FINDING AND TUBERCULOSIS TREAT-
MENT PROBLEMS WHERE TRANSITION PROBABILITIES ARE UNKNOWN. DECISION-FOCUSED
LEARNING ACHIEVES BETTER OPE PERFORMANCE IN UNSEEN TEST MDPS THAN TWO-STAGE
APPROACH, AND OUR LOW-RANK APPROXIMATIONS SIGNIFICANTLY SCALE-UP DECISION-

FOCUSED LEARNING.

2.2 RELATED WORK

DIFFERENTIABLE OPTIMIZATION  AMOS ET AL."' PROPOSE USING A QUADRATIC PROGRAM

AS A DIFFERENTIABLE LAYER AND EMBEDDING IT INTO DEEP LEARNING PIPELINE, AND AGRAWAL
ET AL.3 EXTEND THEIR WORK TO CONVEX PROGRAMS. DECISION-FOCUSED LEARNING >335
FOCUSES ON THE PREDICT-THEN-OPTIMIZE®"33 FRAMEWORK BY EMBEDDING AN OPTIMIZA-
TION LAYER INTO TRAINING PIPELINE, WHERE THE OPTIMIZATION LAYERS CAN BE CONVEX °,
LINEAR »3$2°°) AND NON-CONVEX 473>, UNFORTUNATELY, THESE TECHNIQUES ARE OF LIM-
ITED UTILITY FOR SEQUENTIAL DECISION PROBLEMS BECAUSE THEIR FORMULATIONS GROW
LINEARLY IN THE NUMBER OF STATES AND ACTIONS AND THUS DIFFERENTIATING THROUGH
THEM QUICKLY BECOMES INFEASIBLE. AMOS ET AL.'* AVOID THIS ISSUE BY STUDYING MODEL-

PREDICTIVE CONTROL BUT LIMITED TO QUADRATIC-FORM ACTIONS, REDUCING THE DIMEN-
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SIONALITY. KARKUS ET AL. 165 DIFFERENTIATE THROUGH AN ALGORITHM BY UNROLLING AND

RELAXING ALL THE STRICT OPERATORS BY SOFT OPERATORS. FUTOMA ET AL.'"!

DEAL WITH
LARGE OPTIMALITY CONDITIONS BY DIFFERENTIATING THROUGH THE LAST STEP OF THE
VALUE-ITERATION ALGORITHM ONLY. INSTEAD, OUR APPROACH DOES NOT RELY ON ANY MDP
SOLVER STRUCTURE. WE COMBINE SAMPLING AND A LOW-RANK APPROXIMATION TO FORM

AN UNBIASED ESTIMATE OF THE OPTIMALITY CONDITIONS TO DIFFERENTIATE THROUGH, AND

I11

SHOW THAT THE APPROACH OF FUTOMA ET AL. IS INCLUDED IN OURS AS A SPECIAL CASE.

PREDICT-THEN-OPTIMIZE AND OFFLINE REINFORCEMENT LEARNING THE IDEA OF PLAN-
NING UNDER A PREDICTED MDDP ARISES IN MODEL-BASED RL AS CERTAINTY EQUIVALENCE 183
IT HAS BEEN EXTENDED TO OFFLINE SETTINGS '°7355 WHO LEARN A PESSIMISTIC MDP BEFORE
SOLVING FOR THE POLICY. OUR SETTING DIFFERS BECAUSE OF THE PRESENCE OF FEATURES
AND TRAIN-TEST SPLIT—OUR TEST MDPS ARE COMPLETELY FRESH WITHOUT ANY TRAJEC-
TORIES. OUR SETTING ALSO RESEMBLES META RL (E.G.,3'8:82109363:339) sNp TRANSFER RL
(E.G.,>3#299187:270 y M[ETA RL FOCUSES ON TRAINING A “META POLICY” FOR A DISTRIBUTION
OF TASKS (MDPs), LEVERAGING TRAJECTORIES FOR EACH. TRANSFER RL WORKS BY EXTRACT-
ING TRANSFERABLE KNOWLEDGE FROM SOURCE MDPs To TARGET MDPs USING TRAJEC-
TORIES. IN CONTRAST TO THESE TWO PARADIGMS, OURS EXPLICITLY TRAINS A PREDICTIVE
MODEL (WHICH MAPS PROBLEM FEATURES TO MISSING MDP PARAMETERS) TO GENERALIZE
KNOWLEDGE LEARNED FROM THE TRAINING SET TO THE TESTING SET USING PROBLEM FEA-

TURES, NOT TRAJECTORIES.

2.3 PROBLEM STATEMENT

IN THIS PAPER, WE CONSIDER LEARNING A PREDICTIVE MODEL TO INFER THE MISSING PA-

RAMETERS IN A SEQUENTIAL DECISION-MAKING TASK (FORMULATED AS MDPg) USING THE
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Backpropagation (decision-focused)

X 7777777777777 7777777777777
Predictive model - Plannin
Feature vector m, () Prediction - Optimal policy Evaluation
MDP parameter RL solver !
x (to be learned) 8 =m,(x) max J,() Evaly (n (9))
"N T
i i
Backpropagation|| Trajectories T = {(s,a,7)} o
(two-stage) Predictive loss| (@vailable in the training MDP problems only) | Offline off-policy evaluation

Figure 2.1: We consider learning a predictive model to map from features to unknown MDP parameters and obtaining
a policy by solving the predicted MDP with RL. Two-stage learning learns the predictive model by minimizing a predic-
tive loss function, whereas decision-focused learning is trained end-to-end to maximize the final off-policy evaluation

performance.

PREDICT-THEN-OPTIMIZE FRAMEWORK. EACH MDP 1s DEFINED BY A TUPLE (S, 50,4, T, R)
WITH AN INITIAL STATE S, A POSSIBLY INFINITE STATE SPACE S AND POSSIBLY INFINITE AC-
TION SPACE A. WE ASSUME SOME PARAMETERS ARE MISSING IN EACH MDP, WHICH COULD BE
ANY PORTION OF THE TRANSITION FUNCTION 7 AND THE REWARD FUNCTION R. WE DENOTE
THE MISSING PARAMETERS VECTOR BY &°. ADDITIONALLY, WE ASSUME THERE ARE PROBLEM
FEATURES X ASSOCIATED WITH EACH MDP, WHERE (£, x) IS CORRELATED AND DRAWN FROM
THE SAME UNKNOWN, BUT FIXED, DISTRIBUTION".

WE ARE GIVEN A SET OF TRAINING MDPs AND A SET OF TEST MDPSs, EACH WITH MISS-
ING PARAMETERS §#° AND FEATURES x. EACH TRAINING MDP 1S ACCOMPANIED BY A SET OF
TRAJECTORIES 7 PERFORMED BY A BEHAVIOR POLICY 7gpy, CONSISTING OF A SEQUENCE
OF STATES, ACTIONS AND REWARDS. IN THE TEST MDPS, TRAJECTORIES FROM THE BEHAV-
IOR POLICY ARE HIDDEN AT TEST TIME. THESE TESTING MDPS ARE CONSIDERED FRESH IN-
STANCES THAT WE HAVE TO GENERATE A POLICY WITHOUT USING ANY TRAJECTORIES. THUS,

AT TRAINING TIME, WE LEARN A PREDICTIVE MODEL 72, TO MAP FROM FEATURES TO MISSING

“Examples of the missing parameters §" include the poaching risk of different locations in wildlife conser-
vation and the transition probability of patients’ healthiness in healthcare problems, where the corresponding
problem features are terrain features of different locations and the characteristics of different patients that are
correlated to the missing parameters, respectively. These correlated features allow us to predict the missing
parameters even if we do not have any trajectories of the MDP.
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PARAMETERS; AT TEST TIME, WE APPLY THE SAME MODEL TO MAKE PREDICTIONS AND PLAN
ACCORDINGLY WITHOUT USING TRAJECTORIES.

FORMALLY, OUR GOAL IS TO LEARN A PREDICTIVE MODEL 772, TO PREDICT THE MISSING PA-
RAMETERS ¢ = m,,(x). THE PREDICTED PARAMETERS ARE USED TO SOLVE THE TEST MDPs,
YIELDING THE POLICY 7*(1,(x)). LASTLY, WE USE AN OFFLINE EVALUATION METRIC TO
MEASURE THE PERFORMANCE OF THE NEW POLICY. THE EVALUATION METRIC IS KNOWN AS
OFFLINE OFF-POLICY EVALUATION (OPE)*573°3 AND COUNTERFACTUAL INFERENCE IN SE-

85,68

QUENTIAL EXPERIMENTS TO EVALUATE THE TREATMENT EFFECT OF A NEW POLICY. THE

FRAMEWORK OF THE ENTIRE PROCESS IS ILLUSTRATED IN FIGURE 2.1.

OFFLINE OFF-POLICY EVALUATION WE EVALUATE A POLICY 7 IN A FULLY OFFLINE SETTING

WITH TRAJECTORIES T = {7;},7; = (51,44, 71," ** ,5ih, 4ip, 7ip) GENERATED FROM THE MDP
USING BEHAVIOR POLICY Zgry. WE USE AN OPE METRIC USED BY FUTOMA ET AL.""" — WE
EVALUATE A POLICY 77 AND TRAJECTORIES 7 AS:
WPDIS AESS
EvaLy(7) = ye (7) - —— (2.1)
ESS(7)
b > rup,(m) b (Zpy)
WPDIS i 7 . ;
WHERE V€ T) = “——— AND ESS(7) = ———5—, AND p. (7) IS THE RATIO
(7) ;;’ (@ (7) ; A Pir(7)
= : =

7

OF THE PROPOSED POLICY AND THE BEHAVIOR POLICY LIKELIHOODS UP TO TIME T:ﬁ#(%) =

7'[(‘lz'l/ "fz't/ )

J=1 7BEH (az't’ |5z'z’) :

OPTIMIZATION FORMULATION GIVEN A SET OF TRAINING FEATURES AND TRAJECTORIES

Digarn DENOTED BY {(x;, T;) }icIium» OUR GOAL IS TO LEARN A PREDICTIVE MODEL 772, TO
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OPTIMIZE THE TRAINING PERFORMANCE:

max E [EvaLy (7" (my(x)))] (2.2)
w (%, 7)EDrrain

THE TESTING PERFORMANCE IS EVALUATED ON THE UNSEEN TEST SET Dygsr = {(x;, 77) }iclner

WITH TRAJECTORIES HIDDEN FROM TRAINING, AND ONLY USED FOR EVALUATION:  E  [EvaLy(7*(my(x)))].

(va) €Drest

2.4 TWO-STAGE LEARNING

TO LEARN THE PREDICTIVE MODEL My FROM TRAJECTORIES, THE STANDARD APPROACH IS TO
MINIMIZE AN EXPECTED PREDICTIVE LOSS, WHICH IS DEFINED BY COMPARING THE PREDIC-

TION 8 = m,,(x) WITH THE TRAJECTORIES 7 :

min E L9, T) wHERE L(6,T)= E ls(7), 6= myu(x) (2.3)
w (x7T)NDTRAIN o~T

FOR EXAMPLE, WHEN THE REWARDS ARE MISSING, THE LOSS COULD BE THE SQUARED ERROR
BETWEEN THE PREDICTED REWARDS AND THE ACTUAL REWARDS WE SEE IN THE TRAJECTO-
RIES FOR EACH INDIVIDUAL STEP. WHEN THE TRANSITION PROBABILITIES ARE MISSING, THE
LOSS COULD BE DEFINED AS THE NEGATIVE LOG-LIKELIHOOD OF SEEING THE TRAJECTORIES
IN THE TRAINING SET.

IN THE FIRST STAGE, TO TRAIN THE PREDICTIVE MODEL, WE RUN GRADIENT DESCENT TO
MINIMIZE THE LOSS FUNCTION DEFINED IN EQUATION (2..3) AND MAKE PREDICTION ON THE
MODEL PARAMETER § = 7,,(x) OF EACH PROBLEM. IN THE SECOND STAGE, WE SOLVE EACH
MDP PROBLEM WITH THE PREDICTED PARAMETER & USING AN RL ALGORITHM TO GENER-
ATE THE OPTIMAL POLICY 7" (§). HOWEVER, PREDICTIVE LOSS AND THE FINAL EVALUATION

METRIC ARE COMMONLY MISALIGNED ESPECIALLY IN DEEP LEARNING PROBLEMS WITH IMBAL-
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ANCED DATA '4»185:15551 "T'HIS MOTIVATES US TO LEARN THE PREDICTIVE MODEL END-TO-END

AND THEREFORE AVOID THE MISALIGNMENT.

2.5  DECISION-FOCUSED LEARNING IN SEQUENTIAL DECISION PROBLEMS

IN THIS SECTION, WE PRESENT OUR MAIN CONTRIBUTION, DECISION-FOCUSED LEARNING

IN SEQUENTIAL DECISION PROBLEMS, AS ILLUSTRATED IN FIGURE 2.1. DECISION-FOCUSED
LEARNING INTEGRATES AN MDP PROBLEM INTO THE TRAINING PIPELINE TO DIRECTLY OPTI-
MIZE THE FINAL PERFORMANCE. INSTEAD OF RELYING ON A PREDICTIVE LOSS TO TRAIN THE
PREDICTIVE MODEL 772,,, WE CAN DIRECTLY OPTIMIZE THE OBJECTIVE IN EQUATION (2..2) BY
RUNNING END-TO-END GRADIENT DESCENT TO UPDATE THE PREDICTIVE MODEL 72,,.

dEvaL(z*)  dEvar(z*)dz" df (2.4)
dw  dr* df dw 4

WE ASSUME THE POLICY 7 (6) IS EITHER STOCHASTIC AND SMOOTH WITH RESPECT TO THE
CHANGE IN THE PARAMETER 6, WHICH IS COMMON IN SETTINGS WITH CONTINUOUS STATE
OR ACTION SPACES, OR THAT AN APPROPRIATE REGULARIZATION TERM ">7'*% 15 USED TO IM-
PROVE THE SMOOTHNESS OF THE POLICY. MORE DISCUSSIONS ABOUT THE SMOOTHNESS CAN
BE FOUND IN APPENDIX A.2.1.

THIS GRADIENT COMPUTATION REQUIRES US TO BACK-PROPAGATE FROM THE FINAL EVAL-
UATION THROUGH THE MDP LAYER TO THE PREDICTIVE MODEL 72,, THAT WE WANT TO UP-

DATE. THE MAJOR CHALLENGE IN EQUATION (2.4) IS TO COMPUTE d;& > WHICH INVOLVES DIF-

FERENTIATING THROUGH AN MDP LAYER SOLVED BY AN RL ALGORITHM. IN THE FOLLOWING
SECTION, WE FIRST DISCUSS TWO DIFFERENT OPTIMALITY CONDITIONS IN MDPSs, WHICH ARE
LATER USED TO CONVERT INTO KKT CONDITIONS AND DIFFERENTIATE THROUGH TO COM-

*
PUTE ddiﬁ WE THEN DISCUSS TWO COMPUTATIONAL CHALLENGES ASSOCIATED WITH THE
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DERIVATIVE COMPUTATION.

2.5.1  OprTIMALITY CONDITIONS IN MDPs

WHEN THE PREDICTED MODEL PARAMETER § = 7,,(x) IS GIVEN, THE MDP CAN BE SOLVED
BY ANY RL ALGORITHM TO GET AN OPTIMAL POLICY 7*. HERE WE DISCUSS TWO COMMON OP-
TIMALITY CONDITIONS IN MDPs, DIFFERING BY THE USE OF POLICY GRADIENT OR BELLMAN

EQUATION:

Definition 1 (Policy gradient-based optimality condition). Defining Jo(7) to be the expected cumula-

tive reward under policy m, the optimality condition of the optimal policy ©* is:

" :a,rgm;aux]g(ﬁ) where  Jo(w) = E Gg(7) (2.5)

T~T,0

where Gy(7) is the discounted value of trajectory T given parameter 6, and the expectation is taken over

the trajectories following the optimal policy and transition probability (as part of 6).

Definition 2 (Bellman-based optimality condition). Defining J5(7) to be the mean-squared Bellman

error” under policy m, the optimality condition of the optimal policy &* (valuation function) is:
7" = arg min Jp(7) where  Jo(w) = E 535(77 ) (2.6)

where dg(t,w) = Y, Qn(s,a) — Ry(s,a) —y E Qn(s,a") isthe total Bellman error of a tra-
(s,a,8")ET al~w

Jectory 7, and each individual term d9(7, 7) can depend on the parameter 8 because the Bellman errvor
depends on the immediate reward Rg, which can be a part of the MIDP parameter 6. The expectation

in Equation (2.6) is taken over all the trajectories generated from policy w and transition probability

(as part of ).

TWe use the same notation / to denote both the expected cumulative reward and the expected Bellman
error to simplify the later analysis of decision-focused learning.
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2.5.2 BACKPROPAGATING THROUGH OPTIMALITY AND KKT CONDITIONS

TO COMPUTE THE DERIVATIVE OF THE OPTIMAL POLICY 7™ () IN AN MDP WITH RESPECT
TO THE MDP PARAMETER &, WE DIFFERENTIATE THROUGH THE KKT CONDITIONS OF THE

CORRESPONDING OPTIMALITY CONDITIONS:

Definition 3 (KKT Conditions). Given objective J4(7) in an MDP problem, since the policy parame-

ters are unconstrained, the necessary KKT conditions can be written as: V iJg(7*) = 0.

IN PARTICULAR, COMPUTING THE TOTAL DERIVATIVE OF KKT CONDITIONS GIVES:

a 9 9 dr* g
0= 2Vals(7") = %Vafa(w*) + ajrvnfg(w*)d—@ = V2 (") + Vifé’(ﬁ*)c%
d *k
— T =~V V() )
dn*

WE CAN USE EQUATION (2.7) TO REPLACE THE TERM ;- IN EQUATION (2.4) TO COMPUTE
THE FULL GRADIENT TO BACK-PROPAGATE FROM THE FINAL EVALUATION TO THE PREDICTIVE

MODEL PARAMETERIZED BY w:

dEvau(r’) _ dEva(z’ 48
EV;LI;(W ) _ E\;A;*(W )(vile(ﬁ*))—lvéﬂle(ﬁ*)dw (2.8)

2.5.3 COMPUTATIONAL CHALLENGES IN BACKWARD PaAss

UNFORTUNATELY, ALTHOUGH WE CAN WRITE DOWN AND DIFFERENTIATE THROUGH THE
KKT CONDITIONS ANALYTICALLY, WE CANNOT EXPLICITLY COMPUTE THE SECOND-ORDER
DERIVATIVES VZ/p(7*) AND V3 _J(7*) IN EQUATION (2.8) DUE TO THE FOLLOWING TWO

CHALLENGES:
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LARGE STATE AND ACTION SPACES INVOLVED IN OPTIMALITY CONDITIONS THE OBJECTIVES
Jo(7*) IN DEFINITION 1 AND DEFINITION 2 INVOLVE AN EXPECTATION OVER ALL POSSIBLE
TRAJECTORIES, WHICH IS ESSENTIALLY AN INTEGRAL AND IS INTRACTABLE WHEN EITHER THE
STATE OR ACTION SPACE IS CONTINUOUS. THIS PREVENTS US FROM EXPLICITLY VERIFYING

OPTIMALITY AND WRITING DOWN THE TWO DERIVATIVES V2/5(7*) AND V3 _Jo(7*).

HIGH-DIMENSIONAL POLICY SPACE PARAMETERIZED BY NEURAL NETWORKS IN MDPs
SOLVED BY MODEL-FREE DEEP RLL ALGORITHMS, THE POLICY SPACE 7 € I 1S OFTEN PA-
RAMETERIZED BY A NEURAL NETWORK, WHICH HAS A SIGNIFICANTLY LARGER NUMBER OF
VARIABLES THAN STANDARD OPTIMIZATION PROBLEMS. THIS LARGE DIMENSIONALITY MAKES
THE SECOND-ORDER DERIVATIVE V2/5(z*) € Rm(7)xdim(7) ;NTRACTABLE TO COMPUTE,

STORE, OR INVERT.

2.6 SAMPLING UNBIASED DERIVATIVE ESTIMATES

IN BOTH POLICY GRADIENT—BASED AND BELLMAN-BASED OPTIMALITY CONDITIONS, THE OB-
JECTIVE IS IMPLICITLY GIVEN BY AN EXPECTATION OVER ALL POSSIBLE TRAJECTORIES, WHICH
COULD BE INFINITELY LARGE WHEN EITHER STATE OR ACTION SPACE IS CONTINUOUS. THIS
SAME ISSUE ARISES WHEN EXPRESSING SUCH AN MDP AS A LINEAR PROGRAM — THERE ARE
INFINITELY MANY CONSTRAINTS, MAKING IT INTRACTABLE TO DIFFERENTIATE THROUGH.
INSPIRED BY THE POLICY GRADIENT THEOREM, ALTHOUGH WE CANNOT COMPUTE THE EX-
ACT GRADIENT OF THE OBJECTIVE, WE CAN SAMPLE A SET OF TRAJECTORIES 7 = {51, 41,71, . - ., Sp, dp, 7) }
FROM POLICY 77 AND MODEL PARAMETER ¢ WITH FINITE TIME HORIZON h. DENOTING pjy(7, 7)
TO BE THE LIKELIHOOD OF SEEING TRAJECTORY 7, WE CAN COMPUTE AN UNBIASED DERIVA-

TIVE ESTIMATE FOR BOTH OPTIMALITY CONDITIONS:
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Theorem 1 (Policy gradient-based unbiased derivative estimate). We follow the notation of Defini-

h b
tion 1 and define gz, m) = 3 3 ¥ Ro(s;, a;) log m(ajls;). We have:

i=1j=i

Viim) = E V.- Vilogp] + Vi)
Vo) = E [V,P4(r,7)] = ’

.6

(2.9)
ViJi(m) = E_|Vi®s-Vslogp] + V5,04

T~T,0

Theorem 2 (Bellman-based unbiased derivative estimate). We follow the notation in Definition 2 to

define Jo(m) = 3 B [95(r, 7)]. We have:

T~7,6

Vii(m) = E [5V7,3+;32V7[10gp5} — V()= E [vﬁsvﬁsﬂro@)}

T4 om0

V7)) = E [v”fmﬂ + (vﬁ(m log pg + V,log psVsd| + vgns) 5+ 0(92)} (2.10)

T~ 6

FOR THE LATTER, WE APPLY THE FACT THAT AT THE NEAR-OPTIMAL POLICY, THE BELLMAN
ERROR IS CLOSE TO 0 AND THUS EACH INDIVIDUAL COMPONENT (7, 7) IS SMALL TO SIMPLIFY
THE ANALYSIS. REFER TO THE APPENDIX FOR THE FULL DERIVATIONS OF EQUATIONS (2.9)
AND (2.10).

EQUATIONS (2.9) AND (2.10) PROVIDE A SAMPLING APPROACH TO COMPUTE THE SECOND-
ORDER DERIVATIVES, AVOIDING COMPUTING AN EXPECTATION OVER THE LARGE TRAJEC-
TORY SPACE. WE CAN USE THE OPTIMAL POLICY DERIVED IN THE FORWARD PASS AND THE
PREDICTED PARAMETERS  TO RUN MULTIPLE SIMULATIONS TO COLLECT A SET OF TRAJECTO-
RIES. THESE TRAJECTORIES FROM PREDICTED PARAMETERS CAN BE USED TO COMPUTE EACH

INDIVIDUAL DERIVATIVE IN EQUATIONS (2.9) AND (2.10).
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2.7 REsoLvING HIGH-DIMENSIONAL DERIVATIVES BY LOW-RANK APPROXIMATION

SECTION 2.6 PROVIDES SAMPLING APPROACHES TO COMPUTE AN UNBIASED ESTIMATE OF
SECOND-ORDER DERIVATIVES. HOWEVER, SINCE THE DIMENSIONALITY OF THE POLICY SPACE
dim(7) 1S OFTEN LARGE, WE CANNOT EXPLICITLY EXPAND AND INVERT V2/4(7*) TO com-
pUTE V2/y(7*) "'V Jo(7*), WHICH IS AN INEVITABLE STEP TOWARD COMPUTING THE FULL
GRADIENT OF DECISION-FOCUSED LEARNING IN EQUATION (2.8). IN THIS SECTION, WE DIS-
CUSS VARIOUS WAYS TO APPROXIMATE V2/5(7*) AND HOW WE USE LOW-RANK APPROXIMA-
TION AND WOODBURY MATRIX IDENTITY >#° TO EFFICIENTLY INVERT THE SAMPLED HESSIAN
WITHOUT EXPANDING THE MATRICES. LET 2 := dim(7) AND # < 7 TO BE THE NUMBER OF

TRAJECTORIES WE SAMPLE TO COMPUTE THE DERIVATIVES.

2.7.1  FurL HEssiAN COMPUTATION

IN EQUATIONS (2.9) AND (2.10), WE CAN APPLY AUTO-DIFFERENTIATION TOOLS TO COMPUTE
ALL INDIVIDUAL DERIVATIVES IN THE EXPECTATION. HOWEVER, THIS WORKS ONLY WHEN
THE DIMENSIONALITY OF THE POLICY SPACE 7 € I 1S SMALL BECAUSE THE FULL EXPRESSIONS
IN EQUATIONS (2.9) AND (2.10) INVOLVE COMPUTING SECOND-ORDER DERIVATIVES , E.G.,
V2®, 1N EQUATION (2.10), WHICH IS STILL CHALLENGING TO COMPUTE AND STORE WHEN
THE MATRIX SIZE 72 X 72 IS LARGE. THE COMPUTATION cOST 1s O(7%k) + O(n*) DOMINATED BY
COMPUTING ALL THE HESSIAN MATRICES AND THE MATRIX INVERSION WITH 2 < w < 2.373

THE COMPLEXITY ORDER OF MATRIX INVERSION.

2.7.2 APPROXIMATING HESSIAN BY CONSTANT IDENTITY MATRIX

ONE NAIVE WAY TO APPROXIMATE THE HESSIAN V2/5(7*) 1S TO SIMPLY USE A CONSTANT

IDENTITY MATRIX ¢/. WE CHOOSE¢ < 0 FOR THE POLICY GRADIENT—-BASED OPTIMALITY
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IN DEFINITION 1 BECAUSE THE OPTIMIZATION PROBLEM IS A MAXIMIZATION PROBLEM AND
THUS IS LOCALLY CONCAVE AT THE OPTIMAL SOLUTION, WHOSE HESSIAN IS NEGATIVE SEMI-
DEFINITE. SIMILARLY, WE CHOOSE ¢ > (0 FOR THE BELLMAN—-BASED OPTIMALITY IN DEFINI-
TION 2. THIS APPROACH IS FAST, EASILY INVERTIBLE. MOREOVER, IN THE BELLMAN VERSION,
EQUATION (2.8) IS EQUIVALENT TO THE IDEA OF DIFFERENTIATING THROUGH THE FINAL GRA-
DIENT OF BELLMAN ERROR AS PROPOSED BY FUTOMA ET AL.""'¥, HOWEVER, THIS APPROACH
IGNORES THE INFORMATION PROVIDED BY THE HESSIAN TERM, WHICH CAN OFTEN LEAD TO
INSTABILITY AS WE LATER SHOW IN THE EXPERIMENTS. IN THIS CASE, THE COMPUTATION

COMPLEXITY IS DOMINATED BY COMPUTING V3 J5(7*), WHICH REQUIRES O(1k).

2.7.3 LOWw-RANK HESSIAN APPROXIMATION AND APPLICATION OF WOODBURY MATRIX

IDENTITY

A COMPROMISE BETWEEN THE FULL HESSTAN AND USING A CONSTANT MATRIX IS APPROX-
IMATING THE SECOND-ORDER DERIVATIVE TERMS IN EQUATIONS (2.9) AND (2.10) BY CON-

STANT IDENTITY MATRICES, WHILE COMPUTING THE FIRST-ORDER DERIVATIVE TERMS WITH
AUTO-DIFFERENTIATION. SPECIFICALLY, GIVEN A SET OF k¥ SAMPLED TRAJECTORIES {71, 72, - , 7%},

EQUATIONS (2.9) AND (2.10) CAN BE WRITTEN AND APPROXIMATED IN THE FOLLOWING FORM:

k k

V2s(7) ~ %Z <”z’”;’T —i—H,-) ~ %Z <u,-v,T + c]) = UV 4 (2.11)

i=1 i=1

WHERE U = [%17”27”' ’”k]/\//; € Rnxk’ V= [01702,"' avk]/\/% € RnXkAND ui,v; € R”

CORRESPOND TO THE FIRST-ORDER DERIVATIVES IN EQUATIONS (2.9) AND (2.10), AND H;

¥The gradient of Bellman error can be written as V o/5(7*) where the policy 7 is the parameters of the
value function approximator and Jis defined as the expected Bellman error. The derivative of the final gradi-
ent can be written as V, (Vo /o(7*)) = V2 Jo(7*) % by chain rule, which matches the last three terms in
Equation 2.8 when the Hessian is approximated by an identity matrix.
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CORRESPONDS TO THE REMAINING TERMS THAT INVOLVE SECOND-ORDER DERIVATIVES. WE
USE A CONSTANT IDENTITY MATRIX TO APPROXIMATE /;, WHILE EXPLICITLY COMPUTING THE
REMAINING PARTS TO INCREASE ACCURACY.

HOWEVER, WE STILL CANNOT EXPLICITLY EXPAND UV € R”*” SINCE THE DIMENSION-
ALITY IS TOO LARGE. THEREFORE, WE APPLY WOODBURY MATRIX IDENTITY *4° TO INVERT

EqQuaTIioN (2.11):
1 1
(Vi) P (VT +e) =10 - VO (2.12)
¢ <

WHERE V| U € R¥** CAN BE EFFICIENTLY COMPUTED WITH MUCH SMALLER # < 7. WHEN
WE COMPUTE THE FULL GRADIENT FOR DECISION-FOCUSED LEARNING IN EQUATION (2.8), WE
CAN THEN APPLY MATRIX-VECTOR MULTIPLICATION WITHOUT EXPANDING THE FULL HIGH-
DIMENSIONAL MATRIX, WHICH RESULTS IN A COMPUTATION COST OF O(nk + £”) THAT IS
MUCH SMALLER THAN THE FULL COMPUTATION COST O(nzk + n”).

THE FULL ALGORITHM FOR DECISION-FOCUSED LEARNING IN MDDPS 1S ILLUSTRATED IN

ALGORITHM 1%.

2.8 ExaMpPLE MDP PROBLEMS WITH MISSING PARAMETERS

GRIDWORLD WITH UNKNOWN CLIFFS WE CONSIDER A GRIDWORLD ENVIRONMENT WITH A
SET OF TRAINING AND TEST MDPs. EAcH MDP 1S A S X5 GRID WITH A START STATE LOCATED
AT THE BOTTOM LEFT CORNER AND A SAFE STATE WITH REWARD DRAWN FROM N (5,1) Lo-
CATED AT THE TOP RIGHT CORNER. EACH INTERMEDIATE STATE HAS A REWARD ASSOCIATED

WITH IT, WHERE MOST OF THEM GIVE THE AGENT A REWARD DRAWN FROM N/ (0,1) BUT 20%

SThe implementation of Algorithm 1 can be found in https://github.com/guaguakai/
decision-focused-RL
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Algorithm 1: Decision-focused Learning for MDP Problems with Missing Parame-
ters

1 Parameter: Training set Dyyin = { (%7, 7;) }ic /> learning rate , regularization
A=0.1

» Initialization: Initialize predictive model m,, : X — © parameterized by w

for epoch € {1,2, ...}, each training instance (x, T ) € D,yun, do

4 Forward: Make prediction = m,,(x). Compute two-stage loss £(¢, 7). Run

model-free RL to get an optimal policy 7*(6) on MDP problem using

parameter 6.

s Backward: Sample a set of trajectories under 6, 7* to compute

V(). Vi)

¢ | Gradient step: Set Aw = ¢ Evaji;(”*) - ldﬁg’)ﬁr) by Equation (2.8) with

predictive loss £ as regularization. Run gradient ascent to update model:

w— w+alw

7 Return: Predictive model nz,,.

w

OF THE THEM ARE CLIFFS AND GIVE N (—10,1) PENALTY TO THE AGENT. THE AGENT HAS NO
PRIOR INFORMATION ABOUT THE REWARD OF EACH GRID CELL (I.E., THE REWARD FUNCTIONS
OF THE MDPS ARE UNKNOWN), BUT HAS A FEATURE VECTOR PER GRID CELL CORRELATED TO
THE REWARD, AND A SET OF HISTORICAL TRAJECTORIES FROM THE TRAINING MDPs. THE
AGENT LEARNS A PREDICTIVE MODEL TO MAP FROM THE FEATURES OF A GRID CELL TO ITS
MISSING REWARD INFORMATION, AND THE RESULTING MDP IS USED TO PLAN. SINCE THE
STATE AND ACTION SPACES ARE BOTH FINITE, WE USE TABULAR VALUE-ITERATION*?5 TO

SOLVE THE MDPs.

PARTIALLY OBSERVABLE SNARE-FINDING PROBLEMS WITH MISSING TRANSITION FUNCTION
WE CONSIDER A SET OF SyntbKtl.C CONSERVATION PARKS, EACH WITH 20 SITES, THAT ARE VUL-
NERABLE TO POACHING ACTIVITIES. EACH SITE IN A CONSERVATION PARK STARTS FROM A
SAFE STATE AND HAS AN UNKNOWN ASSOCIATED PROBABILITY THAT A POACHER PLACES A

SNARE AT EACH TIME STEP. MOTIVATED BY 4, WE ASSUME A RANGER WHO CAN VISIT ONE
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SITE PER TIME STEP AND OBSERVES WHETHER A SNARE IS PRESENT. IF A SNARE IS PRESENT,
THE RANGER REMOVES IT AND RECEIVES REWARD 1. OTHERWISE, THE RANGER RECEIVES RE-
WARD OF —1. THE SNARE CAN STAY IN THE SITE IF THE RANGER DOES NOT REMOVE 1T, WHICH
MAKES THE SNARE-FINDING PROBLEM A SEQUENTIAL PROBLEM RATHER THAN A MULTI-ARMED
BANDIT PROBLEM. AS THE RANGER RECEIVES NO INFORMATION ABOUT THE SITES THAT THEY
DO NOT VISIT, THE MDP BELIEF STATE IS THE RANGER’S BELIEF ABOUT WHETHER A SNARE IS
PRESENT. THE RANGER USES THE FEATURES OF EACH SITE AND HISTORICAL TRAJECTORIES

TO LEARN A PREDICTIVE MODEL OF THE MISSING TRANSITION PROBABILITY OF A SNARE BE-
ING PLACED. SINCE THE BELIEF STATE IS CONTINUOUS AND THE ACTION SPACE IS DISCRETE,
GIVEN A PREDICTIVE MODEL OF THE MISSING TRANSITION PROBABILITY, THE AGENT USES

DOUBLE DEEP Q-LEARNING (DDQN)*°” TO SOLVE THE PREDICTED MDPs.

PARTIALLY OBSERVABLE PATIENT TREATMENT PROBLEMS WITH MISSING TRANSITION PROBA-
BILITY WE CONSIDER A VERSION OF THE TUBERCULOSIS ADHERENCE PROBLEM EXPLORED
IN*'°, GIVEN THAT THE TREATMENT FOR TUBERCULOSIS REQUIRES PATIENTS TO TAKE MEDI-
CATIONS FOR AN EXTENDED PERIOD OF TIME, ONE WAY TO IMPROVE PATIENT ADHERENCE IS
DIrRECTLY OBSERVED THERAPY, IN WHICH A HEALTHCARE WORKER ROUTINELY CHECKS IN
ON THE PATIENT TO ENSURE THAT THEY ARE TAKING THEIR MEDICATIONS. IN OUR PROBLEM,
WE CONSIDER § synthetic PATIENTS WHO HAVE TO TAKE MEDICATION FOR 30 DAYS. EACH DAY,
A HEALTHCARE WORKER CHOOSES ONE PATIENT TO INTERVENE ON. THEY OBSERVE WHETHER
THAT PATIENT IS ADHERING OR NOT, AND IMPROVE THE PATIENT’S LIKELIHOOD OF ADHER-
ING ON THAT DAY, WHERE WE USE THE NUMBER OF ADHERENT PATIENTS AS THE REWARD

TO THE HEALTHCARE WORKER. WHETHER A PATIENT ACTUALLY ADHERES OR NOT IS DETER-
MINED BY A TRANSITION MATRIX THAT IS RANDOMLY DRAWN FROM A FIXED DISTRIBUTION

INSPIRED BY '7°. THE AIM OF THE PREDICTION STAGE IS TO USE THE FEATURES ASSOCIATED
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Table 2.1: OPE performances of different methods on the test MDPs averaged over 30 independent runs. Decision-
focused learning methods consistently outperform two-stage approach, with some exception using identity matrix
based Hessian approximation which may lead to high gradient variance.

Gridworld Snare Tuberculosis
Trajectories Random Near-optimal Random Near-optimal Random Near-optimal
TS —12.0£1.3 4.2+0.8 0.8 4+0.3 3.7+0.3 35.8 £ 1.5 38.7 £ 1.6
PG-Id —11.7+1.2 5.7+0.8 —0.1£0.3 3.6+ 0.3 38.4+1.5 40.7 £ 1.7
Bellman-1d —9.6+1.4 4.6 £0.7 0.7 +£0.4 3.6 £0.3 39.1£1.7 40.8 + 1.7
PG-W —11.2+1.2 5.5+0.8 1.2+ 0.4 4.8+ 0.3 38.4 + 1.5 40.8 +1.7
Bellman-W —11.3+1.4 4.8+0.8 1.5+ 0.4 43+0.3 38.6 £ 1.6 41.1+1.7

WITH EACH PATIENT, E.G., PATIENT CHARACTERISTICS, TO PREDICT THE MISSING TRANSI-
TION MATRICES. THE AIM OF THE RL STAGE IS THEN TO CREATE AN INTERVENTION STRAT-
EGY FOR THE HEALTHCARE WORKER SUCH THAT THE SUM OF PATIENT ADHERENCE OVER THE
30-DAY PERIOD IS MAXIMISED. DUE TO PARTIAL OBSERVABILITY, WE CONVERT THE PROBLEM
TO ITS CONTINUOUS BELIEF STATE EQUIVALENCE AND SOLVE IT USING DDQN

PLEASE REFER TO APPENDIX A.} FOR MORE DETAILS ABOUT PROBLEM SETUP IN ALL THREE

DOMAINS.

2.9 EXPERIMENTAL RESULTS AND DisCcUSSION

IN OUR EXPERIMENTS, WE COMPARE TWO-STAGE LEARNING (T'S) WITH DIFFERENT VERSIONS
OF DECISION-FOCUSED LEARNING (DF) USING TWO DIFFERENT OPTIMALITY CONDITIONS,
POLICY GRADIENT (PG) AND BELLMAN EQUATION-BASED (Bellman), AND TwO DIFFERENT HEs-
SIAN APPROXIMATIONS (Identity, Woodbury) DEFINED IN SECTION 2.7. COMPUTING THE full
HESSIAN (AS IN SECTION 2.7.1) IS COMPUTATIONALLY INTRACTABLE. ACROSS ALL THREE EX-
AMPLES, WE USE 7 TRAINING MDPs, 1 vVALIDATION MDP, AND 2 TEST MDPs, EACH wITH 100
TRAJECTORIES. THE PREDICTIVE MODEL IS TRAINED ON THE TRAINING MDP TRAJECTORIES

FOR 100 EPOCHS. PERFORMANCE IS EVALUATED UNDER THE OFF-PoLicy EvaLuAaTION (OPE)
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METRIC OF EQUATION (Z.I) WITH RESPECT TO THE WITHHELD TEST TRAJECTORIES. IN THE
FOLLOWING, WE WILL DISCUSS HOW DF VARIANTS WORK COMPARED WITH T'S METHODS,
AND EXPLORE WHY SOME METHODS ARE BETTER. WE USE TWO DIFFERENT TRAJECTORIES, ran-
dom AND near—optimal, IN THE TRAINING MDP TO MODEL DIFFERENT IMBALANCED INFORMA-

TION GIVEN TO TRAIN THE PREDICTIVE MODEL. THE RESULTS ARE SHOWN IN TABLE 2.1.

DECISION-FOCUSED LEARNING WITH THE WOODBURY MATRIX IDENTITY OUTPERFORMS
TWO-STAGE LEARNING TABLE 2.1 SUMMARIZES THE AVERAGE OPE PERFORMANCE ON THE
TEST MDPs. WE CAN SEE THAT IN ALL OF THE THREE PROBLEM SETTINGS, THE BEST PERFOR-
MANCES ARE ALL ACHIEVED BY DECISION-FOCUSED LEARNING. HOWEVER, WHEN HESSIAN
APPROXIMATION IS NOT SUFFICIENTLY ACCURATE, DECISION-FOCUSED LEARNING CAN SOME-
TIMES PERFORM EVEN WORSE THAN TWO-STAGE (E.G., PG-ID AND BELLMAN-ID IN THE SNARE
PROBLEM). IN CONTRAST, DECISION-FOCUSED METHODS USING A MORE ACCURATE LOW-RANK
APPROXIMATION AND WOODBURY MATRIX IDENTITY (L.E., PG-W AND BELLMAN-W), AS D1s-
CUSSED IN SECTION 2.7.3, DOMINATE TWO-STAGE PERFORMANCE IN THE TEST MDDPs ACross

ALL SETTINGS.

Low PREDICTIVE LOSS DOES NOT IMPLY A WINNING POLICY IN FIGURES 2.2(A), 2.3(A), WE
PLOT THE PREDICTIVE LOSS CURVE IN THE TRAINING MDPS OVER DIFFERENT TRAINING
EPOCHS OF GRIDWORLD AND SNARE PROBLEMS. IN PARTICULAR, TWO-STAGE APPROACH IS
TRAINED TO MINIMIZE SUCH LOSS, BUT FAILS TO WIN IN TABLE 2.I. INDEED, LOW PREDICTIVE
LOSS ON THE TRAINING MDPS DOES NOT ALWAYS IMPLY A HIGH OFF-POLICY EVALUATION

ON THE TRAINING MDPs 1IN FIGURE 2.2(B) DUE TO THE MISALIGNMENT OF PREDICTIVE ACCU-
RACY AND DECISION QUALITY, WHICH IS CONSISTENT WITH OTHER STUDIES IN MISMATCH OF

PREDICTIVE LOSS AND EVALUATION METRIC 4>185155:51

36



- TS DF-PG-Identity == DF-Bellman-ldentity = —— DF-PG-Woodbury = —— DF-Bellman-Woodbury O DF-PG-Id = DF-P dbury & DF-PG-Full
g 150 e 8 100
© 40 £~ a
2 125 g
(=) o 173
g 30 g 10.0 ?g_ 10
S20 275 g
(=] = .g 1 = = =l = =
£ £ ]
€10 © 50 s 25 50 75 100 125
© F s # of grid cells in gridworld
= o :
o 20 40 60 80 100 20 40 60 80 100
Training Epochs Training Epochs . . .
(c) Backpropagation runtime per gradi-
(a) Predictive loss in training MDPs (b) Performance in training MDPs ent step per instance

Figure 2.2: Learning curves of Gridworld problem with near-optimal trajectories. Two-stage minimizes the predictive
loss in Figure 2.2(a), but this does not lead to good training performance in Figure 2.2(b). Figure 2.3(c) shows the back-
propagation runtime per gradient step per instance of three Hessian approximations, which becomes intractable when
trained for multiple instances and multiple epochs.
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Figure 2.3: Learning curves of snare finding problems with random trajectories. Two-stage achieves both low predictive
loss in Figure 2.3(a) and high training OPE in Figure 2.3(b), but the test performance is poor in Table 2.1. Figure 2.3(c)
plots the backpropagation runtime per gradient step per instance.

COMPARISON BETWEEN DIFFERENT HESSIAN APPROXIMATIONS IN TABLE 2.1, WE NOTICE
THAT MORE INACCURATE HESSIAN APPROXIMATION (IDENTITY) DOES NOT ALWAYS LEAD

TO POORER PERFORMANCE. WE HYPOTHESIZE THAT THIS IS DUE TO THE NON-CONVEX OFF-
POLICY EVALUATION OBJECTIVE THAT WE ARE OPTIMIZING, WHERE HIGHER VARIANCE MIGHT
SOMETIMES HELP ESCAPE LOCAL OPTIMUM MORE EASILY. THE IDENTITY APPROXIMATION

IS MORE UNSTABLE ACROSS DIFFERENT TASKS AND DIFFERENT TRAJECTORIES GIVEN. IN Ta-
BLE 2.1, THE PERFORMANCE OF BELLMAN-IDENTITY AND PG-IDENTITY SOMETIMES LEAD TO

WINS OVER TWO STAGE AND SOMETIMES LOSSES.
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COMPARISON BETWEEN POLICY GRADIENT AND BELLMAN-BASED DECISION-FOCUSED LEARN-
ING WE OBSERVE THAT THE BELLMAN-BASED DECISION-FOCUSED APPROACH CONSIS-
TENTLY OUTPERFORMS THE POLICY GRADIENT-BASED APPROACH WHEN THE TRAJECTORIES
ARE RANDOM, WHILE THE POLICY GRADIENT-BASED DECISION-FOCUSED APPROACH MOSTLY
ACHIEVES BETTER PERFORMANCE WHEN NEAR-OPTIMAL TRAJECTORIES ARE PRESENT. WE
HYPOTHESIZE THAT THIS IS DUE TO THE DIFFERENT OBJECTIVES CONSIDERED BY DIFFER-
ENT OPTIMALITY CONDITIONS. THE BELLMAN ERROR AIMS TO ACCURATELY COVER ALL THE
VALUE FUNCTIONS, WHICH WORKS BETTER ON RANDOM TRAJECTORIES; THE POLICY GRADI-
ENT AIMS TO MAXIMIZE THE EXPECTED CUMULATIVE REWARD ALONG THE OPTIMAL POLICY
ONLY, WHICH WORKS BETTER WITH NEAR-OPTIMAL TRAJECTORIES THAT HAVE BETTER COV-

ERAGE IN THE OPTIMAL REGIONS.

COMPUTATION COST LASTLY, FIGURES 2.2(C) AND 2.3(C) SHOW THE BACKPROPAGATION
RUNTIME OF THE POLICY-GRADIENT BASED OPTIMALITY CONDITION PER GRADIENT STEP PER
TRAINING INSTANCE ACROSS DIFFERENT HESSIAN APPROXIMATIONS AND DIFFERENT PROB-
LEM SIZES IN THE GRIDWORLD AND SNARE FINDING PROBLEMS. TO TRAIN THE MODEL, WE
RUN 100 EPOCHS FOR EVERY MDP IN THE TRAINING SET, WHICH IMMEDIATELY MAKES THE
FULL HESSIAN COMPUTATION INTRACTABLE AS IT WOULD TAKE MORE THAN A DAY TO COM-
PLETE.

ANALYTICALLY, LET # BE THE DIMENSIONALITY OF THE POLICY SPACE AND k£ < 7 BE THE
NUMBER OF SAMPLED TRAJECTORIES USED TO APPROXIMATE THE DERIVATIVES. AS SHOWN IN
SECTION 2.7, THE COMPUTATION COST OF FULL HEss1AN O(%? + #°) IS QUADRATIC IN 72 AND
STRICTLY DOMINATES ALL THE OTHERS. IN CONTRAST, THE COSTS OF THE IDENTITY MATRIX
APPROXIMATION O(nk) AND THE WOODBURY APPROXIMATION O(nk + £“) ARE BOTH LINEAR

IN 2. THE WOODBURY METHOD OFFERS AN OPTION TO GET A MORE ACCURATE HESSIAN AT
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LOW ADDITIONAL COST.

2.10 CONCLUSION

THIS PAPER CONSIDERS LEARNING A PREDICTIVE MODEL TO ADDRESS THE MISSING PARAM-
ETERS IN SEQUENTIAL DECISION PROBLEMS. WE SUCCESSFULLY EXTEND DECISION-FOCUSED
LEARNING FROM OPTIMIZATION PROBLEMS TO MDP PROBLEMS SOLVED BY DEEP REINFORCE-
MENT LEARNING ALGORITHMS, WHERE WE APPLY SAMPLING AND LOW-RANK APPROXIMATION
TO HESSIAN MATRIX COMPUTATION TO ADDRESS THE ASSOCIATED COMPUTATIONAL CHAL-
LENGES. ALL OUR RESULTS SUGGEST THAT DECISION-FOCUSED LEARNING CAN OUTPERFORM
TWO-STAGE APPROACH BY DIRECTLY OPTIMIZING THE FINAL EVALUATION METRIC. THE IDEA
OF CONSIDERING SEQUENTIAL DECISION PROBLEMS AS DIFFERENTIABLE LAYERS ALSO SUG-
GESTS A DIFFERENT WAY TO SOLVE ONLINE REINFORCEMENT LEARNING PROBLEMS, WHICH

WE RESERVE AS A FUTURE DIRECTION.
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DECISION-FOCUSED LEARNING IN

RESTLESS MULTI-ARMED BANDITS

3.1 INTRODUCTION

RESTLESS MULTI-ARMED BANDITS (RMABs)3343°° ARE COMPOSED OF A SET OF HETEROGE-

NEOUS ARMS AND A PLANNER WHO CAN PULL MULTIPLE ARMS UNDER BUDGET CONSTRAINT
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AT EACH TIME STEP TO COLLECT REWARDS. DIFFERENT FROM THE CLASSIC STOCHASTIC
MULTI-ARMED BANDITS '*"54 THE STATE OF EACH ARM IN AN RMAB CAN CHANGE EVEN
WHEN THE ARM IS NOT PULLED, WHERE EACH ARM FOLLOWS A MARKOVIAN PROCESS TO
TRANSITION BETWEEN DIFFERENT STATES WITH TRANSITION PROBABILITIES DEPENDENT
ON ARMS AND THE PULLING DECISION. REWARDS ARE ASSOCIATED WITH DIFFERENT ARM
STATES, WHERE THE PLANNER’S GOAL IS TO PLAN A SEQUENTIAL PULLING POLICY TO MAX-
IMIZE THE TOTAL REWARD RECEIVED FROM ALL ARMS. RMABS ARE COMMONLY USED TO
MODEL SEQUENTIAL SCHEDULING PROBLEMS WHERE LIMITED RESOURCES MUST BE STRATE-
GICALLY ASSIGNED TO DIFFERENT TASKS SEQUENTIALLY TO MAXIMIZE PERFORMANCE. Ex-

I22

AMPLES INCLUDE MACHINE MAINTENANCE "**, COGNITIVE RADIO SENSING PROBLEM ', AND
HEALTHCARE*'".

IN THIS PAPER, WE STUDY OFFLINE RMAB PROBLEMS WITH UNKNOWN TRANSITION DY-
NAMICS BUT WITH GIVEN ARM FEATURES. THE GOAL IS TO LEARN A MAPPING FROM ARM
FEATURES TO TRANSITION DYNAMICS, WHICH CAN BE USED TO INFER THE DYNAMICS OF
UNSEEN RMAB PROBLEMS TO PLAN ACCORDINGLY. PRIOR WORKS *'"*4 OFTEN LEARN THE
TRANSITION DYNAMICS FROM THE HISTORICAL PULLING DATA BY MAXIMIZING THE PREDIC-
TIVE ACCURACY. HOWEVER, RMAB PERFORMANCE IS EVALUATED BY ITS SOLUTION QUAL-
ITY DERIVED FROM THE PREDICTED TRANSITION DYNAMICS, WHICH LEADS TO A MISMATCH
IN THE TRAINING OBJECTIVE AND THE EVALUATION OBJECTIVE. PREVIOUSLY, DECISION-
FOCUSED LEARNING >*® HAS BEEN PROPOSED TO DIRECTLY OPTIMIZE THE SOLUTION QUALITY
RATHER THAN PREDICTIVE ACCURACY, BY INTEGRATING THE ONE-SHOT OPTIMIZATION PROB-
LEM %>?%7 OR SEQUENTIAL PROBLEMS >*""''" AS A DIFFERENTIABLE LAYER IN THE TRAINING
PIPELINE. UNFORTUNATELY, WHILE DECISION-FOCUSED LEARNING CAN SUCCESSFULLY OPTI-

MIZE THE EVALUATION OBJECTIVE, IT IS COMPUTATIONALLY EXTREMELY EXPENSIVE DUE TO

THE PRESENCE OF THE OPTIMIZATION PROBLEMS IN THE TRAINING PROCESS. SPECIFICALLY,
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FOR RMAB PROBLEMS, THE COMPUTATION COST OF DECISION-FOCUSED LEARNING ARISES
FROM THE COMPLEXITY OF THE SEQUENTIAL PROBLEMS FORMULATED AS MARKOV DECISION
PROCESSES (MDPS), WHICH LIMITS THE APPLICABILITY TO RMAB PROBLEMS DUE TO THE
PSPACE HARDNESS OF FINDING THE OPTIMAL SOLUTION *44,

OUR MAIN CONTRIBUTION IS A NOVEL AND SCALABLE APPROACH FOR DECISION-FOCUSED
LEARNING IN RMAB PROBLEMS USING WHITTLE INDEX POLICY, A COMMONLY USED APPROX-
IMATE SOLUTION IN RMABs. OUR THREE KEY CONTRIBUTIONS ARE (I) WE ESTABLISH THE
DIFFERENTIABILITY OF WHITTLE INDEX POLICY TO SUPPORT DECISION-FOCUSED LEARN-

ING TO DIRECTLY OPTIMIZE THE RMAB SOLUTION QUALITY; (II) WE SHOW THAT OUR AP-
PROACH OF DIFFERENTIATING THROUGH WHITTLE INDEX POLICY IMPROVES THE SCALA-
BILITY OF DECISION-FOCUSED LEARNING IN RMAB; (I11) WE APPLY OUR ALGORITHM TO AN
ANONYMIZED MATERNAL AND CHILD HEALTH RMAB DATASET PREVIOUSLY COLLECTED BY
ARMMAN?° TO EVALUATE THE PERFORMANCE OF OUR ALGORITHM IN SIMULATION.

WE ESTABLISH THE DIFFERENTIABILITY OF WHITTLE INDEX BY SHOWING THAT WHITTLE
INDEX CAN BE EXPRESSED AS A SOLUTION TO A FULL-RANK LINEAR SYSTEM REDUCED FROM
BELLMAN EQUATIONS WITH TRANSITION DYNAMICS AS ENTRIES, WHICH ALLOWS US TO COM-
PUTE THE DERIVATIVE OF WHITTLE INDEX WITH RESPECT TO TRANSITION DYNAMICS. ON
THE OTHER HAND, TO EXECUTE WHITTLE INDEX POLICY, THE STANDARD SELECTION PRO-
CESS OF CHOOSING ARMS WITH TOP-K WHITTLE INDICES TO PULL IS NON-DIFFERENTIABLE.
WE RELAX THIS NON-DIFFERENTIABLE PROCESS BY USING A DIFFERENTIABLE SOFT TOP-K SE-
LECTION TO ESTABLISH DIFFERENTIABILITY. OUR DIFFERENTIABLE WHITTLE INDEX POLICY
ENABLES DECISION-FOCUSED LEARNING IN RMAB PROBLEMS TO BACKPROPAGATE FROM FI-
NAL POLICY PERFORMANCE TO THE PREDICTIVE MODEL. WE SIGNIFICANTLY IMPROVE THE
SCALABILITY OF DECISION-FOCUSED LEARNING, WHERE THE COMPUTATION COST OF OUR AL-

GORITHM O(NAM®T1) SCALES LINEARLY IN THE NUMBER OF ARMS /N AND POLYNOMIALLY IN
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THE NUMBER OF STATES M WITH @ = 2.373, WHILE PREVIOUS WORK SCALES EXPONENTIALLY
O(M®N). THIS SIGNIFICANT REDUCTION IN COMPUTATION COST IS CRUCIAL FOR EXTENDING
DECISION-FOCUSED LEARNING TO RMAB PROBLEMS WITH LARGE NUMBER OF ARMS.

IN OUR EXPERIMENTS, WE APPLY DECISION-FOCUSED LEARNING TO RMAB PROBLEMS TO
OPTIMIZE IMPORTANCE SAMPLING-BASED EVALUATION ON SYNTHETIC DATASETS AS WELL
AS AN ANONYMIZED RMAB DATASET ABOUT A MATERNAL AND CHILD HEALTH PROGRAM
PREVIOUSLY COLLECTED BY *° — THESE DATASETS ARE THE BASIS OF COMPARING DIFFERENT
METHODS IN SIMULATION. WE COMPARE DECISION-FOCUSED LEARNING WITH THE TWO-
STAGE METHOD THAT TRAINS TO MINIMIZE THE PREDICTIVE LOSS. THE TWO-STAGE METHOD
ACHIEVES THE BEST PREDICTIVE LOSS BUT SIGNIFICANTLY DEGRADED SOLUTION QUALITY.
In CONTRAST, DECISION-FOCUSED LEARNING REACHES A SLIGHTLY WORSE PREDICTIVE LOSS
BUT WITH A MUCH BETTER IMPORTANCE SAMPLING-BASED SOLUTION QUALITY EVALUATION
AND THE IMPROVEMENT GENERALIZES TO THE SIMULATION-BASED EVALUATION THAT IS
BUILT FROM THE DATA. LASTLY, THE SCALABILITY IMPROVEMENT IS THE CRUX OF APPLY-
ING DECISION-FOCUSED LEARNING TO REAL-WORLD RMAB PROBLEMS: OUR ALGORITHM CAN
RUN DECISION-FOCUSED LEARNING ON THE MATERNAL AND CHILD HEALTH DATASET WITH
HUNDREDS OF ARMS, WHEREAS STATE OF THE ART IS A 100-FOLD SLOWER EVEN WITH 20 ARMS

AND GROWS EXPONENTIALLY WORSE.

3.2 RELATED WoORK

RESTLESS MULTI-ARMED BANDITS WITH GIVEN TRANSITION DYNAMICS THIS LINE OF RE-
SEARCH PRIMARILY FOCUSES ON SOLVING RMAB PROBLEMS TO GET A SEQUENTIAL POL-
1CY. THE COMPLEXITY OF SOLVING RMAB PROBLEMS OPTIMALLY IS KNOWN TO BE PSPACE

HARD ***, ONE APPROXIMATE SOLUTION IS PROPOSED BY WHITTLE 7, WHERE THEY USE LA-
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GRANGIAN RELAXATION TO DECOMPOSE ARMS AND COMPUTE THE ASSOCIATED WHITTLE IN-

6328 GUUARANTEES

DICES TO DEFINE A POLICY. SPECIFICALLY, THE INDEXABILITY CONDITION
THIS WHITTLE INDEX POLICY TO BE ASYMPTOTICALLY OPTIMAL 334, IN PRACTICE, WHITTLE

INDEX POLICY USUALLY PROVIDES A NEAR-OPTIMAL SOLUTION TO RMAB PROBLEMS.

RESTLESS MULTI-ARMED BANDITS WITH MISSING TRANSITION DYNAMICS WHEN THE TRAN-
SITION DYNAMICS ARE UNKNOWN IN RMAB PROBLEMS BUT AN INTERACTIVE ENVIRONMENT
IS AVAILABLE, PRIOR WORKS 3°%2°3241:78 CONSIDER THIS AS AN ONLINE LEARNING PROBLEM
THAT AIMS TO MAXIMIZE THE EXPECTED REWARD. HOWEVER, THESE APPROACHES BECOME
INFEASIBLE WHEN INTERACTING WITH THE ENVIRONMENT IS EXPENSIVE, E.G., HEALTHCARE

211

PROBLEMS . IN THIS WORK, WE CONSIDER THE OFFLINE RMAB PROBLEM, AND EACH ARM
COMES WITH AN ARM FEATURE THAT IS CORRELATED TO THE TRANSITION DYNAMICS AND

CAN BE LEARNED FROM THE PAST DATA.

DECISION-FOCUSED LEARNING THE PREDICT-THEN-OPTIMIZE FRAMEWORK®?' IS COMPOSED
OF A PREDICTIVE PROBLEM THAT MAKES PREDICTIONS ON THE PARAMETERS OF THE LATER
OPTIMIZATION PROBLEM, AND AN OPTIMIZATION PROBLEM THAT USES THE PREDICTED PA-
RAMETERS TO COME UP WITH A SOLUTION, WHERE THE OVERALL OBJECTIVE IS THE SOLUTION
QUALITY OF THE PROPOSED SOLUTION. STANDARD TWO-STAGE LEARNING METHOD SOLVES
THE PREDICTIVE AND OPTIMIZATION PROBLEMS SEPARATELY, LEADING TO A MISMATCH OF
THE PREDICTIVE LOSS AND THE EVALUATION METRIC "4»'85155 [N CONTRAST, DECISION-
FOCUSED LEARNING 33%2°789 | EARNS THE PREDICTIVE MODEL TO DIRECTLY OPTIMIZE THE
SOLUTION QUALITY BY INTEGRATING THE OPTIMIZATION PROBLEM AS A DIFFERENTIABLE
LAYER '"? IN THE TRAINING PIPELINE. OUR OFFLINE RMAB PROBLEM IS A PREDICT-THEN-

OPTIMIZE PROBLEM, WHERE WE FIRST (OFFLINE) LEARN A MAPPING FROM ARM FEATURES TO
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TRANSITION DYNAMICS FROM THE HISTORICAL DATA *'"*24 AND THE RMAB PROBLEM IS

SOLVED USING THE PREDICTED TRANSITION DYNAMICS ACCORDINGLY. PRIOR WORK ***

IS
LIMITED TO USING TWO-STAGE LEARNING TO SOLVE THE OFFLINE RMAB PROBLEMS. WHILE
DECISION-FOCUSED LEARNING IN SEQUENTIAL PROBLEMS WERE PRIMARILY STUDIED IN THE

CONTEXT OF MDPs?*"'"' THEY COME WITH AN EXPENSIVE COMPUTATION COST THAT IMME-

DIATELY BECOMES INFEASIBLE IN LARGE RMAB PROBLEMS.

3.3 RESTLESS MULTI-ARMED BANDIT

AN INSTANCE OF THE RESTLESS MULTI-ARMED BANDIT (RMAB) PROBLEM IS COMPOSED OF A
SET OF N ARMS, EACH IS MODELED AS AN INDEPENDENT MARKOV DECISION PROCESS (MDDP).
THE 7-TH ARM IN A RMAB PROBLEM IS DEFINED BY A TUPLE (S, A, R;, P;). S AND A ARE THE
IDENTICAL STATE AND ACTION SPACES ACROSS ALL ARMS. R;, P; : § X A X § — R ARE THE
REWARD AND TRANSITION FUNCTIONS ASSOCIATED TO ARM 7. WE CONSIDER FINITE STATE
SPACE WITH |S| = M FULLY OBSERVABLE STATES AND ACTION SET .4 = {0,1} CORRESPOND-
ING TO NOT PULLING OR PULLING THE ARM, RESPECTIVELY. FOR EACH ARM 7, THE REWARD IS
DENOTED BY R;(s;,4;,5:) = R(s;), LE., THE REWARD R(s;) ONLY DEPENDS ON THE CURRENT
STATES;, WHERE R : & — RIS A VECTOR OF S1ZE M. GIVEN THE STATE 5; AND ACTION 4;,
Pi(siya;) = [Pi(si, 4, 57)] s DEFINES THE PROBABILITY DISTRIBUTION OF TRANSITIONING TO
ALL POSSIBLE NEXT STATES §; € S.

IN A RMAB PROBLEM, AT EACH TIME STEP # € [7], THE LEARNER OBSERVES §; = [57,];c[n] €
SN, THE STATES OF ALL ARMS. THE LEARNER THEN CHOOSES ACTION &; = [a,];e[n € AN DE-
NOTING THE PULLING ACTIONS OF ALL ARMS, WHICH HAS TO SATISFY A BUDGET CONSTRAINT

>~ a;; < K, LE., THE LEARNER CAN PULL AT MOST K ARMS AT EACH TIME STEP. ONCE THE

i€[N]

ACTION IS CHOSEN, ARMS RECEIVE ACTION 4; AND TRANSITIONS UNDER P WITH REWARDS
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7: = [ry,ilic[N) ACCORDINGLY. WE DENOTE A FULL TRAJECTORY BY 7 = ($1,41, 71, ** , 5T, 4T, 7).
THE TOTAL REWARD IS DEFINED BY THE SUMMATION OF THE DISCOUNTED REWARD ACROSS 1’
T
TIME STEPS AND N ARMS, LE., Y% ' > 7, ;, WHERE 0 < y < 11S THE DISCOUNT FACTOR.
=1 €[N

A POLICY IS DENOTED BY 7, WHERE 7(4 | §) IS THE PROBABILITY OF CHOOSING ACTION 4
GIVEN STATE §. ADDITIONALLY, WE DEFINE 7(2; = 1 | 5) TO BE THE MARGINAL PROBABILITY
OF PULLING ARM 7 GIVEN STATE §, WHERE 7($) = [#(4; = 1 | $)];c[n) IS A VECTOR OF ARM
PULLING PROBABILITIES. SPECIFICALLY, WE USE 7 TO DENOTE THE OPTIMAL POLICY THAT

SOLVER

OPTIMIZES THE CUMULATIVE REWARD, WHILE 7 TO DENOTE A NEAR-OPTIMAL POLICY

SOLVER.

3.4 PROBLEM STATEMENT

THIS PAPER STUDIES THE RMAB PROBLEM WHERE WE DO NOT KNOW THE TRANSITION PROB-
ABILITIES P = {P;};c[n] IN ADVANCE. INSTEAD, WE ARE GIVEN A SET OF FEATURES X =

{x; € A'},c|nj» EACH CORRESPONDING TO ONE ARM. THE GOAL IS TO LEARN A MAPPING

my : X — P, PARAMETERIZED BY WEIGHTS w, TO MAKE PREDICTIONS ON THE TRANSITION
PROBABILITIES P = (%) = {m2,(%;)},c[n). THE PREDICTED TRANSITION PROBABILITIES
ARE LATER USED TO SOLVE THE RMAB PROBLEM TO DERIVE A POLICY 7 = 7°°"VER (7, (x)).
THE PERFORMANCE OF THE MODEL 72 IS EVALUATED BY THE PERFORMANCE OF THE PROPOSED

POLICY 7.

3.4.1 TRAINING AND TESTING DATASETS

TO LEARN THE MAPPING 772,, WE ARE GIVEN A SET OF RMAB INSTANCES AS TRAINING EXAM-
PLES Drpay = {(%,7)}, WHERE EACH INSTANCE IS COMPOSED OF A RMAB PROBLEM WITH

FEATURE X THAT IS CORRELATED TO THE UNKNOWN TRANSITION PROBABILITIES P, AND A SET
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OF REALIZED TRAJECTORIES T = {T(/) }jE] GENERATED FROM A GIVEN BEHAVIOR POLICY 7ggy
THAT DETERMINED HOW TO PULL ARMS IN THE PAST. THE TESTING SET DTEST IS DEFINED

SIMILARLY BUT HIDDEN AT TRAINING TIME.

3.4.2 EVALUATION METRICS

PREDICTIVE LOSS 1O MEASURE THE CORRECTNESS OF TRANSITION PROBABILITIES P =
{P:}c[n)> WE DEFINE THE PREDICTIVE LOSS AS THE AVERAGE NEGATIVE LOG-LIKELIHOOD OF
SEEING THE GIVEN TRAJECTORIES 7, LE., L(P,T) = —logPr(T | P) = — E > log P(s;,as,5:41)-

~T e[T]
THEREFORE, WE CAN DEFINE THE PREDICTIVE LOSS OF A MODEL 72,, ON DATASET D BY:

PoLicY EVALUATION ON THE OTHER HAND, GIVEN TRANSITION PROBABILITIES P, WE

CAN SOLVE THE RMAB PROBLEM TO DERIVE A POLICY 7°°V¥*(P). WE CAN USE THE HIS-
TORICAL TRAJECTORIES 7 TO EVALUATE HOW GOOD THE POLICY PERFORMS, DENOTED BY
EvAL(z*°"VE*(P), T). GIVEN DATASET D, WE CAN EVALUATE THE PREDICTIVE MODEL 772, ON

DATASET D BY:

E Evar(z*""™(mu(x)),T) (3-2)
(x,7)~D

TwO COMMON TYPES OF POLICY EVALUATION ARE IMPORTANCE SAMPLING-BASED OFF-POLICY
POLICY EVALUATION AND SIMULATION-BASED EVALUATION, WHICH WILL BE DISCUSSED IN

SECTION 3.6.
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Two-stage learning [ predictive loss

=== Loss(P,7)
Features | predictive model | Transition prob.

il s P = [my, () liepny I'ngr'ﬁr']‘;”i'r:";‘ﬁ:g Whittle index planning '
Whittle Top k Evaluation

. whittle
Backpropagationm index selection Eval(w )

Figure 3.1: This flowchart visualizes different methods of learning the predictive model. Two-stage learning directly

n.whlttle

compares the predicted transition probabilities with the given data to define a predictive loss to run gradient descent.
Decision-focused learning instead goes through a policy solver using Whittle index policy to estimate the final evalua-
tion and run gradient ascent.

3.4.3 LEARNING METHODS

TwO-STAGE LEARNING 10 LEARN THE PREDICTIVE MODEL My, WE CAN MINIMIZE EQUA—

dL(mw(x),T) .
TION 3.1 BY COMPUTING GRADIENT — dw TO RUN GRADIENT DESCENT. HOWEVER, THIS
TRAINING OBJECTIVE (EQUATION 3.1) DIFFERS FROM THE EVALUATION OBJECTIVE (EQUA-

TION 3.2), WHICH OFTEN LEADS TO SUBOPTIMAL PERFORMANCE.

DECISION-FOCUSED LEARNING IN CONTRAST, WE CAN DIRECTLY RUN GRADIENT ASCENT

dE SOLVER w 7'7—
TO MAXIMIZE EQUATION 3.2 BY COMPUTING THE GRADIENT vaL(z dw(m (x) ) HoWwEVER,

IN ORDER TO COMPUTE THE GRADIENT, WE NEED TO DIFFERENTIATE THROUGH THE POLICY

SOLVER 7°CLVER

AND THE CORRESPONDING OPTIMAL SOLUTION. UNFORTUNATELY, FIND-
ING THE OPTIMAL POLICY IN RMABS 1S EXPENSIVE AND THE POLICY IS HIGH-DIMENSIONAL.
BOTH OF THESE CHALLENGES PREVENT US FROM COMPUTING THE GRADIENT TO ACHIEVE

DECISION-FOCUSED LEARNING.

3.5 DECISION-FOCUSED LEARNING IN RESTLESS MULTI-ARMED BANDITS

IN THIS PAPER, INSTEAD OF GRAPPLING WITH THE OPTIMAL POLICY, WE CONSIDER THE WHIT-
TLE INDEX POLICY ??>7 — THE DOMINANT SOLUTION PARADIGM USED TO SOLVE THE RMAB

PROBLEM. WHITTLE INDEX POLICY IS EASIER TO COMPUTE AND HAS BEEN SHOWN TO PER-
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FORM WELL IN PRACTICE. IN THIS SECTION WE ESTABLISH THAT IT IS ALSO POSSIBLE TO
BACKPROPAGATE THROUGH THE WHITTLE INDEX POLICY. THIS DIFFERENTIABILITY OF WHIT-
TLE INDEX POLICY ALLOWS US TO RUN DECISION-FOCUSED LEARNING TO DIRECTLY MAXIMIZE

THE PERFORMANCE IN THE RMAB PROBLEM.

3.5.1 WHITTLE INDEX AND WHITTLE INDEX PoLICY

INFORMALLY, THE WHITTLE INDEX OF AN ARM CAPTURES THE ADDED VALUE DERIVED FROM
PULLING THAT ARM. THE KEY IDEA IS TO DETERMINE THE WHITTLE INDICES OF ALL ARMS
AND TO PULL THE ARMS WITH THE HIGHEST VALUES OF THE INDEX.

TO EVALUATE THE VALUE OF PULLING AN ARM 7, WE CONSIDER THE NOTION OF ‘PASSIVE
SUBSIDY,, WHICH IS A HYPOTHETICAL EXOGENOUS COMPENSATION‘B REWARDED FOR NOT
PULLING THE ARM (I.E. FOR CHOOSING ACTION 2 = (). WHITTLE INDEX IS DEFINED AS THE
SMALLEST SUBSIDY NECESSARY TO MAKE PULLING AS REWARDING AS NOT PULLING, ASSUM-

ING INDEXABILITY *°4:

Definition 4 (Whittle index). Given stateu € S, we define the Whittle index associated to state u by:

Wiu) = h/}f{wa =0) = (w2 =1)} (33)

where the value functions are defined by the following Bellman equations, angmented with subsidy B

for action a = 0.

Vi(s) = max Q) (s ) (3.4)
Qi(5:a) = flumg + R(5) +7 D 6:(s,a, /) V() (3.5)

K

GIVEN THE WHITTLE INDICES OF ALL ARMS AND ALL STATES W = [W;(u)];c [N],ucS> THE
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WHITTLE INDEX POLICY IS DENOTED BY 7VHTTE : SN [0 1]V, WHICH TAKES THE STATES
OF ALL ARMS AS INPUT TO COMPUTE THEIR WHITTLE INDICES AND OUTPUT THE PROBABILI-
TIES OF PULLING ARMS. THIS POLICY REPEATS FOR EVERY TIME STEP TO PULL ARMS BASED ON

THE INDEX VALUES.

3.5.2 DECISION-FOCUSED LEARNING UsiNG WHITTLE INDEX PoLICY

INSTEAD OF USING THE OPTIMAL POLICY 7* TO RUN DECISION-FOCUSED LEARNING WITH EX-

PENSIVE COMPUTATION COST, WE USE WHITTLE INDEX POLICY 7" HTTLE

TO DETERMINE HOW
TO PULL ARMS AS AN APPROXIMATE SOLUTION. IN THIS CASE, IN ORDER TO RUN DECISION-
FOCUSED LEARNING, WE NEED TO COMPUTE THE DERIVATIVE OF THE EVALUATION METRIC BY

CHAIN RULE:

dEVAL(WWHITTLE7 7-) B dEVAL(W\VHITTLE’ ’T) dﬁWHITTLE deP
dw - A VHITTLE dw  dP dw

WHERE W 1s THE WHITTLE INDICES OF ALL STATES UNDER THE PREDICTED TRANSITION

WHITTLE

PROBABILITIES P. THE POLICY 7 IS THE WHITTLE INDEX POLICY INDUCED BY W. THE

FLOWCHART IS ILLUSTRATED IN FIGURE 3.1.

dEvaAL (ﬁ\VHITTLE 77‘)

THE TERM = Gare - CAN BE COMPUTED VIA POLICY GRADIENT THEOREM 296

, AND

THE TERM Z,%) CAN BE COMPUTED USING AUTO-DIFFERENTIATION. HOWEVER, THERE ARE

STILL TWO CHALLENGES REMAINING: (I) HOW TO DIFFERENTIATE THROUGH WHITTLE INDEX

WHITTLE
dr

POLICY TO GET —aw (II) HOW TO DIFFERENTIATE THROUGH WHITTLE INDEX COMPUTA-

TION TO DERIVE %V

3.5.3 DIFFERENTIABILITY OF WHITTLE INDEX PoLICY

A COMMON CHOICE OF WHITTLE INDEX POLICY IS DEFINED BY:
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Definition s (Strict Whittle index policy).

T (5) = Lippa((i(s)lsepy) € 10 1Y (3.7)

which selects arms with the top-k Whittle indices to pull.

HOWEVER, THE STRICT TOP-K OPERATION IN THE STRICT WHITTLE INDEX POLICY IS NON-
DIFFERENTIABLE, WHICH PREVENTS US FROM COMPUTING A MEANINGFUL ESTIMATE OF
dWWHITTLE
—aw IN EQUATION 3.6. WE CIRCUMVENT THIS ISSUE BY RELAXING THE TOP-K SELECTION
TO A SOFT-TOP-K SELECTION 346, WHICH CAN BE EXPRESSED AS AN OPTIMAL TRANSPORT PROB-

LEM WITH REGULARIZATION, MAKING IT DIFFERENTIABLE. WE APPLY SOFT-TOP-K TO DEFINE

A NEW DIFFERENTIABLE SOFT WHITTLE INDEX POLICY:

Definition 6 (Soft Whittle index policy).

7 s) = softtopk((W;(s))iepny) € 0,11 (8)

USING THE SOFT WHITTLE INDEX POLICY, THE POLICY BECOMES DIFFERENTIABLE AND WE

d”\VHITTLE

CAN COMPUTE I

3.5.4 DIFFERENTIABILITY OF WHITTLE INDEX

THE SECOND CHALLENGE IS THE DIFFERENTIABILITY OF WHITTLE INDEX. WHITTLE INDICES

ARE OFTEN COMPUTED USING VALUE ITERATION AND BINARY SEARCH >>%>'° OR MIXED INTE-

GER LINEAR PROGRAM. HOWEVER, THESE OPERATIONS ARE NOT DIFFERENTIABLE AND WE
aw

CANNOT COMPUTE THE DERIVATIVE i IN EQUATION 3.6 DIRECTLY.
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Transition probabilities Whittle index computation Whittle indices Soft Whittle index policy
. . . Soft top k selection
P = [P(s,a,5")] value iteration + binary search W = [W;(W)]iepvjues n\'j“,)ft

¢ : ¢ :

: express soft top-k selection

N
AW L .
:17 : select equalities in Bellman equation to express W
whittle index as a solution to Equation 11 (Section 4.4) as optimal transport (Section 4.3)

Figure 3.2: We establish the differentiability of Whittle index policy using a soft top-k selection to construct a soft Whit-
tle index policy, and the differentiability of Whittle index by expressing Whittle index as a solution to a linear system in
Equation 3.11.

MAIN IDEA AFTER COMPUTING THE WHITTLE INDICES AND THE VALUE FUNCTIONS OF
EACH ARM 7, THE KEY IDEA IS TO CONSTRUCT LINEAR EQUATIONS THAT LINK THE WHITTLE
INDEX WITH THE TRANSITION MATRIX Pz'~ SPECIFICALLY, WE ACHIEVE THIS BY RESOLVING
THE 1INaxX OPERATOR IN EQUATION 3.4 OF DEFINITION 4 BY DETERMINING THE OPTIMAL AC-
TIONS 4 FROM THE PRE-COMPUTED VALUE FUNCTIONS. PLUGGING BACK IN EQUATION 3.5
AND MANIPULATING AS SHOWN BELOW YIELDS LINEAR EQUATIONS IN THE WHITTLE INDEX
I/Vl(u) AND TRANSITION MATRIX Pz‘: WHICH CAN BE EXPRESSED AS A FULL-RANK LINEAR SYS-
TEM IN P,‘, WITH THE WHITTLE INDEX AS A SOLUTION. THIS MAKES THE WHITTLE INDEX DIF-

FERENTIABLE IN Pl‘.

SELECTING BELLMAN EQUATION LET # AND ARM 7 BE THE TARGET STATE AND TARGET ARM
TO COMPUTE THE WHITTLE INDEX. ASSUME WE HAVE PRECOMPUTED THE WHITTLE INDEX
B = W,(u) FOR STATE # AND THE CORRESPONDING VALUE FUNCTIONS [Vf(.f)];gg FOR ALL
STATES UNDER THE SAME PASSIVE SUBSIDY 8 = I¥;(#). EQUATION 3.5 CAN BE COMBINED

WITH EQUATION 3.4 TO GET:

G+ R(s)+y Z bi(s,a = 0,:’)Vf(:’)
v = ’es (3.9)

R +7 Y 6i(s,a=14)1()

sSeS
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WHERE m = W;(u).

FOREACH s € S, AT LEAST ONE OF THE EQUALITIES IN EQUATION 3.9 HOLDS BECAUSE ONE
OF THE ACTIONS MUST BE OPTIMAL AND MATCH THE STATE VALUE FUNCTION Vf(:) WE caN
IDENTIFY WHICH EQUALITY HOLDS BY SIMPLY PLUGGING IN VALUES OF PRECOMPUTED VALUE
FUNCTIONS [Vf(;)};eg. FURTHERMORE, FOR THE TARGET STATE #, BOTH EQUALITIES MUST
HOLD BECAUSE BY THE DEFINITION OF WHITTLE INDEX, THE PASSIVE SUBSIDY 8 = W;(n)
MAKES BOTH ACTIONS EQUALLY OPTIMAL, L.E. IN EQUATION 3.3, Vl@(u) = Qf(%,ﬂ =0) =
Qf(u,ﬂ = 1) ForRB = W;(u).

THUS EQUATION 3.9 CAN BE WRITTEN IN MATRIX FORM:

Vf > Ly 7Pz'(87ﬂ =0,5) 14 R(S)

> + (3.10)
| o yP(S,a=15)| || |RES)

1

WHERE VZE = [Vf(s)]jeg, R(S) = [R(5)],es, AND Pi(S,4,S) = [Pi(s,a,5)];ves € RMM,
BY THE AFOREMENTIONED DISCUSSION, WE KNOW THAT THERE ARE AT LEAST M + 1
EQUALITIES IN EQUATION 3.10 WHILE THERE ARE ALSO ONLY M + 1 VARIABLES (m € R AND
Vf € RM). THEREFORE, WE REARRANGE EQUATION 3.10 AND PICK ONLY THE ROWS WHERE
EQUALITIES HOLD TO GET:
1 7’Pz'($>éZ =0,8) — Iu 8 —R(S)

=4 (3.11)
Onr yP(S,a=1,8)—Iy| |V —R(S)

z

WHERE WE USE A BINARY MATRIX 4 € {0, 1}(M+1)x2M

WITH A SINGLE 1 PER ROW TO EXTRACT
THE EQUALITY. FOR EXAMPLE, WE CAN SET 4;; = 1 IF THE j-TH ROW IN EQUATION 3.10 CORRE-

SPONDS TO THE EQUALITY IN EQUATION 3.9 WITH THE i-TH STATE IN THE STATE SPACE S FOR

i € [M], AND THE LAST ROW 4 (3711) ; = 1 TO MARK THE ADDITIONAL EQUALITY MATCHED
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BY THE WHITTLE INDEX DEFINITION (SEE APPENDIX B.8 FOR MORE DETAILS). MATRIX A PICKS
M + 1 EQUALITIES OUT FROM EQUATION 3.10 TO FORM EQUATION 3.11.
EQUATION 3.11 IS A FULL-RANK LINEAR SYSTEM WITH 3 = WW;(«) AS A SOLUTION. THIs

AW, (u)
EXPRESSES WW;(#) AS AN IMPLICIT FUNCTION OF P, ALLOWING FOR COMPUTATION OF /5

VIA AUTODIFFERENTIATION, THUS ACHIEVING DIFFERENTIABILITY OF THE WHITTLE INDEX.
WE REPEAT THIS PROCESS FOR EVERY ARM 7 € [N] AND EVERY STATE #. FIGURE 3.2 SUM-
MARIZES THE DIFFERENTIABLE WHITTLE INDEX POLICY AND THE ALGORITHM IS SHOWN IN

ALGORITHM 2.

3.5.5 CoOMPUTATION COST AND BACKPROPAGATION

IT 1S WELL STUDIED THAT WHITTLE INDEX POLICY CAN BE COMPUTED MORE EFFICIENTLY
THAN SOLVING THE RMAB PROBLEM AS A LARGE MDP PROBLEM. HERE, WE SHOW THAT
THE USE OF WHITTLE INDEX POLICY ALSO DEMONSTRATES A LARGE SPEED UP IN TERMS OF
BACKPROPAGATING THE GRADIENT IN DECISION-FOCUSED LEARNING.

IN ORDER TO USE EQUATION 3.11 TO COMPUTE THE GRADIENT OF WHITTLE INDICES, WE
NEED TO INVERT THE LEFT-HAND-SIDE OF EQUATION 3.11 WITH DIMENSIONALITY M + 1,
WHICH TAKES O(M”) WHERE @ ~ 2.373° IS THE BEST KNOWN MATRIX INVERSION CON-
STANT. THEREFORE, THE OVERALL COMPUTATION OF ALL N ARMS AND M STATES 1s O(NM® ™)
PER GRADIENT STEP.

IN CONTRAST, THE STANDARD DECISION-FOCUSED LEARNING DIFFERENTIATES THROUGH
THE OPTIMAL POLICY USING THE FULL BELLMAN EQUATION WITH O(MY) VARIABLES, WHERE
INVERTING THE LARGE BELLMAN EQUATION REQUIRES O(M*N) COST PER GRADIENT STEP.
THUS, OUR ALGORITHM SIGNIFICANTLY REDUCES THE COMPUTATION COST TO A LINEAR DE-
PENDENCY ON THE NUMBER OF ARMS /N. THIS SIGNIFICANTLY IMPROVES THE SCALABILITY OF

DECISION-FOCUSED LEARNING.
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3.5.6 EXTENSION TO PARTIALLY OBSERVABLE RMAB

FOR PARTIALLY OBSERVABLE RMAB PROBLEM, WE FOCUS ON A SUBCLASS OF RMAB PROB-
LEM KNOWN AS COLLAPSING BANDITS *'°, IN COLLAPSING BANDITS, BELIEF STATES *'? ARE
USED TO REPRESENT THE POSTERIOR BELIEF OF THE UNOBSERVABLE STATES. SPECIFICALLY,
FOR EACH ARM 7, WEUSEb; € B = A(S) C [0,1]* TO DENOTE THE POSTERIOR BELIEF
OF AN ARM, WHERE EACH ENTRY &;(5;) DENOTES THE PROBABILITY THAT THE TRUE STATE IS
s; € S. WHEN ARM 7 IS PULLED, THE CURRENT TRUE STATE 5; ~ b; IS REVEALED AND DRAWN
FROM THE POSTERIOR BELIEF WITH EXPECTED REWARD bZTR, WHERE WE CAN DEFINE THE
TRANSITION PROBABILITY ON THE BELIEF STATES. THIS PROCESS REDUCES PARTIALLY OB-
SERVABLE STATES TO FULLY OBSERVABLE BELIEF STATES WITH IN TOTAL M 7T STATES SINCE
THE MAXIMAL HORIZON IS 7. THEREFORE, WE CAN USE THE SAME TECHNIQUE TO DIFFEREN-

TIATE THROUGH WHITTLE INDICES OF PARTIALLY OBSERVABLE STATES.

3.6 Poricy EvaLuaTION METRICS

IN THIS PAPER, WE USE TWO DIFFERENT VARIANTS OF EVALUATION METRIC: IMPORTANCE

SAMPLING-BASED EVALUATION?'96 AND SIMULATION-BASED (MODEL-BASED) EVALUATION.

IMPORTANCE SAMPLING-BASED EVALUATION WE ADOPT CONSISTENT WEIGHTED PER-
DecisioN IMPORTANCE SAMPLING (CWPDIS)3°4 AS OUR IMPORTANCE SAMPLING-BASED
EVALUATION. GIVEN TARGET POLICY 7 AND A TRAJECTORY 7 = {s1,41,71, " ,S$7,4T, 7T}

EXECUTED BY THE BEHAVIOR POLICY 7Tggy, THE IMPORTANCE SAMPLING WEIGHT IS DEFINED
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Algorithm 2: Decision-focused Learning in RMAB

1« Input: training set Dy, learning rate , model 2,
2 forepoch =1,2, -+ and (x,T) € D,y do
3 Predict P = m,,(x) and compute Whittle indices 7 P).

+ | Letz"hile = 7%t and compute Eval (7M7),
dFval whittle whittle .
5 Update w = w + r== d(;vhimc .T) dZW ‘Z—VPV j—i, where %V is computed from

Equation 3.11.

¢ Return: predictive model 2,

13
_ ”(dt/,iht/)
BYp, = || —F*~—. WE EVALUATE THE POLICY 7 BY:
ti TEn (at/’l-\:,/)

=

1 Eont [Vt,if’n'(f)]
Eo~r [/Otl'(f)]

(3.12)

Evars(z, T) = Z ¥~
t€|T],/€[N]

IMPORTANCE SAMPLING-BASED EVALUATIONS ARE OFTEN UNBIASED BUT WITH A LARGER
VARIANCE DUE TO THE UNSTABLE IMPORTANCE SAMPLING WEIGHTS. CWPDIS NORMALIZES

THE IMPORTANCE SAMPLING WEIGHTS TO ACHIEVE A CONSISTENT ESTIMATE.

SIMULATION-BASED EVALUATION AN ALTERNATIVE WAY IS TO USE THE GIVEN TRAJECTO-
RIES TO CONSTRUCT AN EMPIRICAL TRANSITION PROBABILITY j)TO BUILD A SIMULATOR AND
EVALUATE THE TARGET POLICY 7. THE VARIANCE OF SIMULATION-BASED EVALUATION IS
SMALL, BUT IT MAY REQUIRE ADDITIONAL ASSUMPTIONS ON THE MISSING TRANSITION WHEN

THE EMPIRICAL TRANSITION 1_315 NOT FULLY RECONSTRUCTED.

3.7 EXPERIMENTS

WE COMPARE TWO-STAGE LEARNING (TS) WITH OUR DECISION-FOCUSED LEARNING (DF—

Whittle) THAT OPTIMIZES IMPORTANCE SAMPLING-BASED EVALUATION DIRECTLY. WE CON-
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Figure 3.3: Comparison of predictive loss, importance sampling-based evaluation, and simulation-based evaluation

on all synthetic domains and the real ARMMAN dataset. For the evaluation metrics, we plot the improvement against
the no-action baseline that does not pull any arm. Although two-stage method achieves the smallest predictive loss,
decision-focused learning consistently outperforms two-stage method in both solution quality evaluation metrics across
all domains.

SIDER THREE DIFFERENT EVALUATION METRICS INCLUDING PREDICTIVE LOSS, IMPORTANCE
SAMPLING EVALUATION, AND SIMULATION-BASED EVALUATION TO EVALUATE ALL LEARN-

ING METHODS. WE PERFORM EXPERIMENTS ON THREE SYNTHETIC DATASETS INCLUDING
2-STATE FULLY OBSERVABLE, S-STATE FULLY OBSERVABLE, AND 2-STATE PARTIALLY OBSERV-
ABLE RMAB PROBLEMS. WE ALSO PERFORM EXPERIMENTS ON A REAL DATASET ON MATERNAL
AND CHILD HEALTH PROBLEM MODELLED AS A 2-STATE FULLY OBSERVABLE RMAB PROBLEM

WITH REAL FEATURES AND HISTORICAL TRAJECTORIES. For EacH DATASET, WE USE 70%,
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10%, 20% or THE RMAB PROBLEMS AS THE TRAINING, VALIDATION, AND TESTING SETS, RE-

SPECTIVELY. ALL EXPERIMENTS ARE AVERAGED OVER 50 INDEPENDENT RUNS.

SYNTHETIC DATASETS WE CONSIDER RMAB PROBLEMS COMPOSED OF N = 100 ARMS, MM

STATES, BUDGET K = 20, AND TIME HORIZON 7" = 10 WITH A DISCOUNT RATE OF y = 0.99.

i—1
M—1

THE REWARD FUNCTION IS GIVENBY R = | Jie [M]> WHILE THE TRANSITION PROBABILI-
TIES ARE GENERATED UNIFORMLY AT RANDOM BUT WITH A CONSTRAINT THAT PULLING THE
ARM (2 = 1)1 STRICTLY BETTER THAN NOT PULLING THE ARM (2 = () TO ENSURE THE BENE-
FIT OF PULLING. TO GENERATE THE ARM FEATURES, WE FEED THE TRANSITION PROBABILITY
OF EACH ARM TO A RANDOMLY INITIALIZED NEURAL NETWORK TO GENERATE FIXED-LENGTH
CORRELATED FEATURES WITH SIZE 16 PER ARM. THE HISTORICAL TRAJECTORIES 7 WITH

|7| = 10 ARE PRODUCED BY RUNNING A RANDOM BEHAVIOR POLICY Zgpy. T HE GOAL IS TO

PREDICT TRANSITION PROBABILITIES FROM THE ARM FEATURES AND THE TRAINING TRAJEC-

TORIES.

REAL DATASET THE MATERNAL AND CHILD HEALTHCARE MOBILE HEALTH PROGRAM
OPERATED BY ARMMAN *° AIMS TO IMPROVE DISSEMINATION OF HEALTH INFORMATION
TO PREGNANT WOMEN AND MOTHERS WITH AN AIM TO REDUCE MATERNAL, NEONATAL AND
CHILD MORTALITY AND MORBIDITY. ARMMAN SERVES EXPECTANT/NEW MOTHERS IN DIS-
ADVANTAGED COMMUNITIES WITH MEDIAN DAILY FAMILY INCOME OF $3.22 PER DAY WHICH
IS SEEN TO BE BELOW THE WORLD BANK POVERTY LINE 3%+*, THE PROGRAM IS COMPOSED OF
MULTIPLE ENROLLED BENEFICIARIES AND A PLANNER WHO SCHEDULES SERVICE CALLS TO IM-
PROVE THE OVERALL ENGAGEMENT OF BENEFICIARIES; ENGAGEMENT IS MEASURED IN TERMS
OF TOTAL NUMBER OF AUTOMATED VOICE (HEALTH RELATED) MESSAGES THAT THE BENEFI-

CIARY ENGAGED WITH. MORE PRECISELY, THIS PROBLEM IS MODELLED AS AM = 2-STATE
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FULLY OBSERVABLE RMAB PROBLEM WHERE EACH BENEFICIARY’S BEHAVIOR IS GOVERNED
BY AN MDP wWITH TWO STATES - ENGAGING AND NON-ENGAGING STATE; ENGAGEMENT IS DE-
TERMINED BY WHETHER THE BENEFICIARY LISTENS TO AN AUTOMATED VOICE MESSAGE (AV-
ERAGE LENGTH 115 SECONDS) FOR MORE THAN 30 SECONDS. THE PLANNER’S TASK IS TO REC-
OMMEND A SUBSET OF BENEFICIARIES EVERY WEEK TO RECEIVE SERVICE CALLS FROM HEALTH
WORKERS TO FURTHER IMPROVE THEIR ENGAGEMENT BEHAVIOR. WE DO NOT KNOW THE
TRANSITION DYNAMICS, BUT WE ARE GIVEN BENEFICIARIES’ SOCIO-DEMOGRAPHIC FEATURES
TO PREDICT TRANSITION DYNAMICS.

WE USE A SUBSET OF DATA FROM THE LARGE-SCALE ANONYMIZED QUALITY IMPROVEMENT

211

STUDY PERFORMED BY ARMMAN FOR 7" = 7 WEEKS, OBTAINED FROM MATE ET AL.>"", WITH
BENEFICIARY CONSENT. IN THE STUDY, A COHORT OF BENEFICIARIES RECEIVED ROUND-
ROBIN POLICY, SCHEDULING SERVICE CALLS IN A FIXED ORDER, WITH A SINGLE TRAJECTORY
|7| = 1 PER BENEFICIARY THAT DOCUMENTS THE CALLING DECISIONS AND THE ENGAGEMENT
BEHAVIOR IN THE PAST. WE RANDOMLY SPLIT THE COHORT INTO 8 TRAINING GROUPS, 1 VAL-
IDATION GROUP, AND 3 TESTING GROUPS EACH WITH N = 639 BENEFICIARIES AND K = 18

BUDGET FORMULATED AS AN RMAB PROBLEM. THE DEMOGRAPHIC FEATURES OF BENEFICIA-

RIES ARE USED TO INFER THE MISSING TRANSITION DYNAMICS.

DATA USAGE ALL THE DATASETS ARE ANONYMIZED. THE EXPERIMENTS ARE SECONDARY
ANALYSIS USING DIFFERENT EVALUATION METRICS WITH APPROVAL FROM THE ARMMAN
ETHICS BOARD. THERE IS NO ACTUAL DEPLOYMENT OF THE PROPOSED ALGORITHM AT AR-
MMAN. FOR MORE DETAILS ABOUT THE DATASET, CONSENT OF DATA COLLECTION, PLEASE

REFER TO APPENDIX B.2 AND B.3.
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Figure 3.4: Performance improvement of decision-focused v.s. two-stage method with varying number of trajectories.
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Figure 3.5: We compare the computation cost of our decision-focused learning with other baselines and the theoretical
complexity O(NM“H) with varying number of arms /.

3.8 EXPERIMENTAL RESULTS

PERFORMANCE IMPROVEMENT AND JUSTIFICATION OF OBJECTIVE MISMATCH IN FIGURE 3.3,
WE SHOW THE PERFORMANCE OF RANDOM POLICY, TWO-STAGE, AND DECISION-FOCUSED
LEARNING (DF-WHITTLE) ON THREE EVALUATION METRICS - PREDICTIVE LOSS, IMPORTANCE
SAMPLING-BASED EVALUATION AND SIMULATION-BASED EVALUATION FOR ALL DOMAINS. FOR
THE EVALUATION METRICS, WE PLOT THE IMPROVEMENT AGAINST THE NO-ACTION BASELINE
THAT DOES NOT PULL ANY ARMS THROUGHOUT THE ENTIRE RMAB PROBLEM. WE OBSERVE
THAT TWO-STAGE LEARNING CONSISTENTLY CONVERGES TO A SMALLER PREDICTIVE LOSS,
WHILE DF-WHITTLE OUTPERFORMS TWO-STAGE ON ALL SOLUTION QUALITY EVALUATION

METRICS SIGNIFICANTLY (P-VALUE < 0.05) BY ALLEVIATING THE OBJECTIVE MISMATCH IS-
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SUE. THIS RESULT ALSO PROVIDES EVIDENCE OF AFOREMENTIONED OBJECTIVE MISMATCH,
WHERE THE ADVANTAGE OF TWO-STAGE IN THE PREDICTIVE LOSS DOES NOT TRANSLATE TO

SOLUTION QUALITY.

SIGNIFICANCE IN MATERNAL AND CHILD CARE DOMAIN IN THE ARMMAN DATA IN FIG-
URE 3.3, WE ASSUME LIMITED RESOURCES THAT WE CAN ONLY SELECT 18 OUT OF 638 BENEFI-
CIARIES TO MAKE SERVICE CALL PER WEEK. BOTH RANDOM AND TWO-STAGE METHOD LEAD
TO AROUND 15 MORE (IS-BASED EVALUATION) LISTENING TO AUTOMATED VOICE MESSAGES
AMONG ALL BENEFICIARIES THROUGHOUT THE 7-WEEK PROGRAM BY 18 X 7 = 126 SERVICE
CALLS, WHEN COMPARED TO NOT SCHEDULING ANY SERVICE CALL; THIS LOW IMPROVEMENT
ALSO REFLECTS THE HARDNESS OF MAXIMIZING THE EFFECTIVENESS OF SERVICE CALLS. IN
CONTRAST, DECISION-FOCUSED LEARNING ACHIEVES AN INCREASE OF BENEFICIARIES LIS-
TENING TO 50 MORE VOICE MESSAGES OVERALL; DF-WHITTLE ACHIEVES A MUCH HIGHER
INCREASE BY STRATEGICALLY ASSIGNING THE LIMITED SERVICE CALLS USING THE RIGHT
OBJECTIVE IN THE LEARNING METHOD. THE IMPROVEMENT IS STATISTICALLY SIGNIFICANT
(P-VALUE < 0.05).

IN THE TESTING SET, WE EXAMINE THE DIFFERENCE BETWEEN THOSE SELECTED FOR SER-
VICE CALL IN TWO-STAGE AND DF-WHITTLE. WE OBSERVE THAT THERE ARE SOME INTER-
ESTING DIFFERENCES. FOR EXAMPLE, DF-WHITTLE CHOOSES TO DO SERVICE CALLS TO EX-
PECTANT MOTHERS EARLIER IN GESTATIONAL AGE (22% VS 37%), AND TO A LOWER PROPOR-
TION OF THOSE WHO HAVE ALREADY GIVEN BIRTH (2.8% VS 13%) COMPARED TO TWO-STAGE.
IN TERMS OF THE INCOME LEVEL, THERE IS NO STATISTIC SIGNIFICANCE BETWEEN TWO-
STAGE AND DFL (P-VALUE = 0.20 SEE APPENDIX B.2). IN PARTICULAR, 94% OF THE MOTHERS

SELECTED BY BOTH METHODS ARE BELOW THE POVERTY LINE >#*,
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IMmpacT OF LIMITED DATA FIGURE 3.4 SHOWS THE IMPROVEMENT BETWEEN DECISION-
FOCUSED LEARNING AND TWO-STAGE METHOD WITH VARYING NUMBER OF TRAJECTORIES
GIVEN TO EVALUATE THE IMPACT OF LIMITED DATA. WE NOTICE THAT A LARGER IMPROVE-
MENT BETWEEN DECISION-FOCUSED AND TWO-STAGE LEARNING IS OBSERVED WHEN FEWER
TRAJECTORIES ARE AVAILABLE. WE HYPOTHESIZE THAT LESS SAMPLES IMPLIES LARGER PRE-
DICTIVE ERROR AND MORE DISCREPANCY BETWEEN THE LOSS METRIC AND THE EVALUATION

METRIC.

COMPUTATION COST COMPARISON FIGURE 3.5(A), COMPARES THE COMPUTATION COST PER
GRADIENT STEP OF OUR WHITTLE INDEX-BASED DECISION-FOCUSED LEARNING AND OTHER
BASELINES IN DECISION-FOCUSED LEARNING >*"""" BY CHANGING /N (THE NUMBER OF ARMS)
INM = 2-sTATE RMAB PROBLEM. THE OTHER BASELINES FAIL TO RUN WITH N = 30 ARMS
AND DO NOT SCALE TO LARGER PROBLEMS LIKE MATERNAL AND CHILD CARE WITH MORE
THAN 600 PEOPLE ENROLLED, WHILE OUR APPROACH IS 100X FASTER THAN THE BASELINES
AS SHOWN IN FIGURE 3.5(A) AND WITH A LINEAR DEPENDENCY ON THE NUMBER OF ARMS NN.
IN FIGURE 3.5(B), WE COMPARE THE EMPIRICAL COMPUTATION COST OF OUR ALGORITHM
WITH THE THEORETICAL COMPUTATION COMPLEXITY O(NAM“*) IN N ARMS AND M STATES
RMAB PROBLEMS. THE EMPIRICAL COMPUTATION COST MATCHES WITH THE LINEAR TREND
N N. OUR COMPUTATION COST SIGNIFICANTLY IMPROVES THE COMPUTATION cosT O(M*N)

OF PREVIOUS WORK AS DISCUSSED IN SECTION 3.5.5.

3.9 CONCLUSION

THIS PAPER PRESENTS THE FIRST DECISION-FOCUSED LEARNING IN RMAB PROBLEMS THAT
IS SCALABLE FOR LARGE REAL-WORLD DATASETS. WE ESTABLISH THE DIFFERENTIABILITY OF

WHITTLE INDEX POLICY IN RMAB BY PROVIDING NEW METHOD TO DIFFERENTIATE THROUGH
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WHITTLE INDEX AND USING SOFT-TOP-K TO RELAX THE ARM SELECTION PROCESS. OUR AL-
GORITHM SIGNIFICANTLY IMPROVES THE PERFORMANCE AND SCALABILITY OF DECISION-

FOCUSED LEARNING, AND IS SCALABLE TO REAL-WORLD RMAB PROBLEM SIZES.
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DECISION-FOCUSED LEARNING IN

MATERNAL AND CHILD HEALTH"

4.1  INTRODUCTION

NON-PROFITS OFTEN LEVERAGE THE EXTENSIVE CELL PHONE COVERAGE TO FEASIBLY REACH

UNDERSERVED COMMUNITIES FOR INFORMATION DISSEMINATION PROGRAMS. IN PARTICU-
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LAR, NGOS WORKING IN THE MOBILE HEALTH SPACE CAN DELIVER TIMELY AND TARGETED
HEALTH INFORMATION VIA TEXT OR VOICE MESSAGES >5*'%°. UNFORTUNATELY, SUCH PRO-
GRAMS SUFFER FROM A DWINDLING ENGAGEMENT OVER TIME, WITH LARGE NUMBER OF BEN-
EFICIARIES DROPPING OUT FROM THE PROGRAM. NGOS CAN MAKE USE OF HEALTH WORK-
ERS TO PERSONALLY REACH OUT TO BENEFICIARIES THROUGH SERVICE CALLS, ENCOURAGE
THEIR PARTICIPATION AND ADDRESS COMPLAINTS. HOWEVER, HEALTH WORKERS’ AVAIL-
ABILITY AND TIME ARE SCARCE RESOURCES; ONLY A LIMITED NUMBER OF BENEFICIARIES CAN
BE GIVEN A SERVICE CALL EVERY WEEK. IT IS THUS CRUCIAL TO OPTIMIZE WHICH BENEFICIA-
RIES RECEIVE THESE PERSONAL SERVICE CALLS. WE POSE THIS AS OPTIMIZATION PROBLEM OF
CONSTRAINED SEQUENTIAL RESOURCE ALLOCATION SOLVED USING RESTLESS MULTI-ARMED
Banpits (RMAB). EACH BENEFICIARY IS MODELLED AS AN ARM FOLLOWING A MARKOV DECI-
SION PROCESS AND THE ACTION OF WHETHER TO PLACE A SERVICE CALL OR NOT RESULTS IN
STATE CHANGE. THE WHITTLE INDEX HEURISTIC 37 IS THE DOMINANT APPROACH FOR SOLV-
ING RMABs. HOWEVER, FOR COMPUTING WHITTLE INDICES, TRANSITION DYNAMICS OF
EACH ARM MUST BE KNOWN. WHILE MANY PREVIOUS WORKS MAKE THE ASSUMPTION THAT
TRANSITION DYNAMICS PARAMETERS ARE ALREADY KNOWN, IN THE REAL WORLD, THESE PA-
RAMETERS MUST BE INFERRED. WHEN ARM FEATURES ARE CORRELATED WITH TRANSITION
DYNAMICS, HISTORICAL DATA ON ARM PULLS IS LEVERAGED TO LEARN A MAPPING FROM ARM
FEATURES TO TRANSITION DYNAMICS *' >4, THE LEARNT MAPPING FUNCTION IS THEN USED
TO PREDICT THE UNKNOWN PARAMETERS FOR NEW ARMS AND SOLVE THE SUBSEQUENT OPTI-
MIZATION PROBLEM.

THIS APPROACH THUS FALLS UNDER THE PREDICT-THEN-OPTIMIZE °*%7%9 FRAMEWORK,

WHERE AN OPTIMIZATION PROBLEM IS TO BE SOLVED BUT THE PARAMETERS DEFINING THE

"For completion of the decision-focused learning part, this chapter presents the field study result of the
method proposed in Chapter 3. The work was collaborated with and primarily led by Shresth Verma.
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States Covered in 19

India

Partner NGOs 40

Partner Hospitals 97

Health Workers 235K

Trained

Beneficiaries 27.2M
Scale of ARMMAN

Figure 4.1: Beneficiary receiving preventive health information

OPTIMIZATION PROBLEM ARE UNKNOWN. THIS IS A TWO-STAGE APPROACH: THE FIRST STAGE
IS TO LEARN A PREDICTIVE MODEL WHICH MAPS FROM SOME ENVIRONMENT FEATURES TO
THE PARAMETERS. SUBSEQUENTLY, IN THE SECOND STAGE, THE OPTIMIZATION PROBLEM FOR-
MULATED USING THE PREDICTED PARAMETERS IS SOLVED. HOWEVER, THERE IS A KEY SHORT-
COMING IN THIS TWO-STAGE FRAMEWORK. WHILE THE MAPPING FUNCTION MAXIMIZES
FOR THE PREDICTIVE ACCURACY OF PARAMETERS, WE ARE INTERESTED IN THE SOLUTION
QUALITY OF THE OPTIMIZATION PROBLEM PARAMETERIZED BY THE PREDICTED PARAMETERS.
DEecisioN-FocUsED LEARNING (DFL)3%:338:297:323 13 pROPOSED TO ADDRESS THIS MISMATCH
BETWEEN THE TRAINING OBJECTIVE AND THE EVALUATION OBJECTIVE BY EMBEDDING THE
OPTIMIZATION PROBLEM WITHIN THE TRAINING PIPELINE. HOWEVER, UNTIL NOW, DECISION
FocUSED LEARNING HAS ONLY BEEN STUDIED THROUGH SIMULATED EXPERIMENTS.

IN THIS PAPER, WE PRESENT THE FIRST WORK SHOWCASING THE REAL-WORLD IMPACT
oF DFL ForR RMABS THROUGH A LARGE SCALE FIELD STUDY. FOR CONDUCTING THE FIELD
STUDY, WE COLLABORATE WITH ARMMAN, AN NGO IN INDIA WORKING IN MOBILE HEALTH
SPACE FOR MATERNAL AND CHILD HEALTH AWARENESS (FIGURE 4.1). IN PRIOR WORKS, A
RMAB MODEL USING THE PREVIOUSLY MENTIONED TWO-STAGE LEARNING APPROACH HAS

211

BEEN USED FOR OPTIMIZING LIVE SERVICE CALL SCHEDULING IN THE FIELD . WE com-

PARE THIS TWO-STAGE APPROACH WITH A DFL. APPROACH IN OPTIMIZING SERVICE CALLS.
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ENGAGEMENT IS A KEY METRIC THAT CAPTURES BENEFICIARIES’ PARTICIPATION IN THE MO-
BILE PROGRAM. OUR RESULTS SHOW THAT ALLOCATING HEALTH WORKER RESOURCES USING
A DFL POLICY REDUCES DROP IN ENGAGEMENT BY 31% AS COMPARED TO THE NO-SERVICE
CALL BASELINE. ON THE OTHER HAND, THE BENEFIT FROM TS POLICY IS NOT STATISTICALLY
SIGNIFICANT. WE ALSO SHOW THAT LIVE SERVICE CALLS MADE BY HEALTH CARE WORKERS
USING DFL POLICY HAVE HIGHER EFFECTIVENESS THAN TS POLICY RESULTING IN BETTER
SHORT-TERM AS WELL AS LONG-TERM OUTCOMES IN LISTENERSHIP BEHAVIOUR.
FURTHERMORE, WE PERFORM DETAILED POST-HOC ANALYSIS OF THE REAL-WORLD STUDY
AND BACK THE OBSERVATIONS USING SIMULATED EXPERIMENTS TO EXPLAIN HOW DFL 15
MAKING DECISIONS AND WHY THOSE DECISIONS RESULT IN A BETTER PERFORMANCE. OUR

NOVEL CONTRIBUTIONS ARE AS FOLLOWS:

* WE SHOW RESULTS FROM THE FIRST LARGE-SCALE FIELD STUDY OF DECISION FOCUSED

LEARNING BEING APPLIED TO MATERNAL AND CHILD HEALTH DOMAIN.

* WE SHOW THAT BY OPTIMIZING FOR DECISION QUALITY RATHER THAN PREDICTIVE
ACCURACY, DFL RESULTS IN STATISTICALLY SIGNIFICANT IMPROVEMENT IN FINAL DE-
CISION QUALITY MEASURED THROUGH ENGAGEMENT METRIC IN THE MOBILE HEALTH

PROGRAM.

* WE PROVIDE AN INTERPRETATION OF HOW DFL STRATEGICALLY LEARNS TO DISTIN-
GUISH BETWEEN ARMS THAT BENEFIT MOST FROM INTERVENTIONS, RESULTING IN

IMPROVED PARAMETER PREDICTIONS COMPARED TO THE TS MODEL.

OUR POSITIVE RESULTS THUS PAVE THE WAY FOR FUTURE WORKS APPLYING DECISION
FOCUSED LEARNING IN REAL WORLD AGENT-MODELLING TASKS AS WELL AS OPTIMIZATION
PROBLEMS WITH UNKNOWN UNDERLYING PROBLEM PARAMETERS. WE SHALL RELEASE THE

CODE FOR EXPERIMENTS UPON ACCEPTANCE.
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4.2 RELATED WORK

THE OPTIMIZATION PROBLEM OF CONSTRAINED SEQUENTIAL RESOURCE ALLOCATION CAN

BE SOLVED USING RESTLESS MULTI-ARMED BANDITS (RMAB). RMABS HAVE BEEN USED IN
REAL WORLD APPLICATIONS SUCH AS ANTI-POACHING PATROL PLANNING 5%, HEALTHCARE
INTERVENTIONS *'"*'°  AND MACHINE REPAIR AND MAINTENANCE >3, THE COMPLEXITY OF
OPTIMALLY SOLVING RMAB PROBLEMS 1s KNOWN TO BE PSPACE HARD *#. WHITTLE INDEX
APPROACH ?37 IS AN APPROXIMATE SOLUTION TO RMAB PROBLEM WHICH IS AYMPTOTICALLY
OPTIMAL UNDER THE INDEXABILITY CONDITION 3#%328 HOWEVER, FOR COMPUTING THE
WHITTLE INDEX, TRANSITIONS DYNAMICS MUST BE KNOWN. UNDER UNKNOWN SYSTEM DY-
NAMICS,*'"*?* LEVERAGE THE PREDICT-THEN-OPTIMIZE FRAMEWORK FOR LEARNING A PRE-
DICTIVE MODEL OF TRANSITION DYNAMICS FROM FEATURES USING HISTORICAL DATA.

THE PREDICT-THEN-OPTIMIZATION?’ FRAMEWORK (OR TWO-STAGE LEARNING) SOLVES
FOR AN OPTIMIZATION PROBLEM WITH UNKNOWN PARAMETERS BY LEARNING A PREDICTIVE
MODEL OF PARAMETERS FROM ENVIRONMENT FEATURES AND SUBSEQUENTLY SOLVING THE
OPTIMIZATION PROBLEM. HOWEVER, THIS TWO-STAGE PROCESS SEPARATES OUT THE PREDIC-
TION AND OPTIMIZATION PROBLEMS, THEREBY CAUSING A MISMATCH BETWEEN THE PREDIC-
TIVE LOSS THAT IS MINIMIZED AND THE EVALUATION METRIC THAT IS DESIRED TO BE MAX-
IMIZED 485155 DEec1s1oN FOCUSED LEARNING 33829789 OLVES THIS PROBLEM BY EMBED-
DING OPTIMIZATION PROBLEM AS A DIFFERENTIABLE LAYER IN A DEEP LEARNING PIPELINE.
MosT PREVIOUS DFL 8224789207 AppROACHES SOLVE ONE-SHOT OPTIMIZATION PROBLEMS
SUCH AS STOCHASTIC PROGRAMMING AND SECURITY GAMES IN AN END-TO-END MANNER. RE-
CENTLY,3*"""" PROPOSE AN EXTENSION OF DECISION FOCUSED LEARNING FOR SEQUENTIAL
DECISION MAKING PROBLEMS. DECISION FOCUSED LEARNING HAS BEEN APPLIED IN DIRECTLY

OPTIMIZING GAME UTILITIES IN NETWORK SECURITY GAMES 3*° AND STACKELBERG SECU-
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RITY GAMES >#%.3%3 FURTHER EXTEND THE DECISION FOCUSED LEARNING METHODOLOGY
FOR RESTLESS MULTI ARMED BANDIT PROBLEMS FOR GENERALIZED N-STATE MDP As WELL
AS A BELIEF STATE MDP TO OPTIMZE FOR DECISION QUALITY. HOWEVER, NONE OF THESE
WORKS, EITHER IN THE SINGLE SHOT SETTING OR THE SEQUENTIAL DECISION MAKING SET-
TINGS, HAVE EVER BEEN TESTED IN THE REAL WORLD IN THE FIELD; AND HENCE WERE UNABLE
TO THOROUGHLY ANALYZE COMPARATIVE ADVANTAGES OF DECISION FOCUSED LEARNING

OVER BASELINE APPROACHES WITH REAL WORLD DATA.

4.3 MoBILE HEALTH ADHERENCE

4.3.1 MoBILE HEALTH PROGRAM

ARMMAN 1S A NON-GOVERNMENTAL ORGANIZATION IN INDIA FOCUSED ON REDUCING MA-
TERNAL AND NEONATAL MORTALITY AMONG UNDERPRIVILEDGED COMMUNITIES. THE NGO
OPERATES A MOBILE HEALTH SERVICE THAT DISSEMINATES PREVENTIVE HEALTH INFORMA-
TION TO EXPECTANT OR NEW MOTHERS (BENEFICIARIES) ON A WEEKLY BASIS VIA AUTOMATED
VOICE MESSAGES. A LARGE FRACTION (~ 90%) OF MOTHERS IN THE PROGRAM ARE BELOW
THE WORLD BANK INTERNATIONAL POVERTY LINE 34> AND THE PROGRAM HAS SO FAR SERVED
OVER A MILLION MOTHERS. HOWEVER, DESPITE THE SUCCESS OF THE PROGRAM, BENEFICIA-
RIES’ ENGAGEMENT WITH THE VOICE CALLS DWINDLES OVER TIME WITH 22% OF BENEFICIA-
RIES DROPPING OUT OF THE PROGRAM WITHIN JUST 3 MONTHS OF ENROLMENT. LIVE SERVICE
CALLS MADE BY HEALTH WORKERS CAN ENCOURAGE BENEFICIAIRES’ PARTICIPATION. How-
EVER, THE HEALTH WORKERS’ AVAILABILITY IS LIMITED AND THUS, ONLY A FIXED NUMBER OF
LIVE SERVICE CALLS CAN BE MADE EVERY WEEK. THIS CONSTRAINT NECESSITATES A SMART
SCHEDULING STRATEGY OF WHICH BENEFICIARIES TO REACH OUT EVERY WEEK TO BEST UTI-

LIZE HEALTH WORKERS’ EFFORTS.
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4.3.2 RESTLESs MULTI-ARMED BANDITS

WE CONSIDER THE RESTLESS MULTI-ARMED BANDIT MODEL WITH N INDEPENDENT ARMS
EACH CHARACTERIZED BY A 2-ACTION MARKOV DECIs10N PROCESS (MDP) FIGURE 4.2. EAcH
MDP 1s DEFINED USING THE TUPLE {S, A, R, P} WHERE S REFERS TO THE STATE SPACE, A
IS THE ACTION SPACE, WHICH IN OUR CASE IS DISCRETE AND BINARY, A € {0,1}. R 1s THE
REWARD FUNCTION SUCH THAT R : § X A x & — R. P Is THE TRANSITION FUNCTION,

/ /
SUCH THAT P(s,a,s), (s,5') € S,a € A REPRESENTS THE PROBABILITY OF TRANSITIONING
FROM STATE 5 TO s/ UNDER ACTION 4. THE POLICY FUNCTION 7 : S — A IS DEFINED AS THE

MAPPING FROM STATES TO ACTION.

1 - P(NE, a, E)

P(E, a, NE)
P(NE, a, E)

1 - P(E, a, NE)

Figure 4.2: The beneficiary transitions from a current state 5 to a next state 5" under action «, with probability
P(s,a,s).

IN OUR PROBLEM SETUP, WE CONSIDER A 2-STATE 2-ACTION MDDP PROBLEM. BASED ON
OUR DISCUSSIONS WITH THE NGO, STATES ARE DEFINED USING THE ENGAGEMENT MET-
RIC. IF A BENEFICIARY LISTENS TO AT LEAST I CALL FOR MORE THAN 30 SECONDS IN A WEEK,

THEY ARE SAID TO BE IN ENGAGING STATE s = 1. OTHERWISE, THE BENEFICIARY IS IN NON-
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ENGAGING STATE (s = 0. THE TIMESTEP OF THE MDP 1S CHOSEN TO BE A PERIOD OF I WEEK.
THE ACTIONS CORRESPOND TO WHETHER TO DELIVER (ACTIVE) OR NOT DELIVER (PASSIVE)
LIVE SERVICE CALL TO A BENEFICIARY. ADDITIONALLY, THE NGO CAN ONLY DELIVER K LIVE
SERVICE CALLS IN A WEEK. THE REWARD FUNCTION AT ANY GIVEN TIMESTEP IS DEFINED TO
BE SAME AS THE CURRENT STATE R(J, éZ) = 5. THE PLANNER’S GOAL IS THEN TO MAXIMIZE
EXPECTED LONG TERM REWARD (ENGAGEMENT). STARTING FROM A STATE 50, THIS IS DEFINED

USING THE VALUE FUNCTION V AS :

V(SO) = E5z+1~1’ Z }/R(Jtv 7f(5t)a5t+1‘7f7 50) (4'1)

t=0

WHERE Y IS THE DISCOUNT FACTOR FOR REWARDS.

THE WHITTLE INDEX FOR EVERY ARM IS DEFINED USING THE ‘PASSIVE SUBSIDY . THE PAS-
SIVE SUBSIDY IS THE ADDITIONAL REWARD ACCRUED BY AN ARM WHEN THE PASSIVE ACTION
IS CHOSEN. THE WHITTLE INDEX IS THEN DEFINED AS THE PASSIVE SUBSIDY SUCH THAT EX-
PECTED FUTURE VALUE IS IDENTICAL FOR BOTH THE PASSIVE AND ACTIVE ACTIONS. FOR-
MALLY, THE WHITTLE INDEX W[l FOR AN ARM 7 IN STATE 5§ CAN BE DEFINED AS:

Wils) = inf (V' (s.0 = 0) = VP'(s:a = 1)} (42)

2

WHERE Vlm IS SUBSIDIZED VALUE FUNCTION UNDER PASSIVE SUBSIDY 7.

INTUITIVELY, THE WHITTLE INDEX MEASURES THE VALUE OF PULLING AN ARM CONDI-
TIONED ON THE OBSERVED STATE. THEREFORE, AT EVERY TIMESTEP, THE WHITTLE INDEX
PoLICY RANKS ALL ARMS BY THEIR CURRENT STATE WHITTLE INDEX. THE TOP-K ARMS WITH
THE HIGHEST WHITTLE INDICES ARE CHOSEN FOR ACTIVE ACTION TO MAXIMIZE THE TOTAL

PULLING PERFORMANCE.
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4.3.3 MISSING TRANSITION PROBABILITIES IN RMAB

MosT WORKS USING RMABS MAKE THE ASSUMPTION THAT MDP PARAMETERS ARE KNOWN
BEFOREHAND. HOWEVER, IN PRACTICE, WE MAY NOT HAVE ACCESS TO BENEFICIARIES’ TRAN-
SITION PROBABILITIES TO DEFINE THE RMAB MODEL. IN OUR PROBLEM, THE MOBILE HEALTH
PROGRAM RECEIVES NEW SETS OF BENEFICIARIES WITHOUT INFORMATION ABOUT THEIR
TRANSITION BEHAVIOR. THIS PREVENTS US FROM APPLYING TECHNIQUES IN RMAB TO PROP-

ERLY SCHEDULE SERVICE CALLS.

LEARNING CHALLENGE THE SOLUTION WE ADOPT HERE IS TO LEARN A MAPPING FROM THE
BENEFICIARIES’ DEMOGRAPHIC FEATURES AND PRIOR INTERACTION WITH THE PROGRAM TO
FORECAST THE TRANSITION PROBABILITIES. SIMILAR TO PREDICT-THEN-OPTIMIZE FRAME-
WORK’® WE LEARN A PREDICTIVE MODEL AND THEN DETERMINE THE LIVE SERVICE CALL

SCHEDULE USING THE RMAB MODEL.

DATASET WE USE THE HISTORICAL BENEFICIARIES’ LISTENERSHIP BEHAVIOUR BETWEEN
JANUARY 2022 TO MAY 2022 AS THE TRAINING DATASET. SPECIFICALLY, WE HAVE ACCESS TO
STATE TRAJECTORIES OF 19944 (N) BENEFICIARIES OVER A PERIOD OF § WEEKS (1), ALONG
WITH THE ACTION CHOSEN FOR EVERY BENEFICIARY AT EVERY TIMESTEP. NOTE THAT PAS-
SIVE ACTIONS MAKE UP MAJORITY OF THE HISTORICAL DATA WITH ONLY 3% OF TRANSITIONS
HAPPENING UNDER AN ACTIVE ACTION. IN ADDITION TO THE TRAJECTORIES, WE HAVE SOCIO-
DEMOGRAPHIC FEATURES FOR EVERY BENEFICIARY OBTAINED AT REGISTRATION TIME. THESE
FEATURES COVER INFORMATION SUCH AS AGE, GESTATIONAL AGE, INCOME, EDUCATION, PAR-

ITY, GRAVIDITY, LANGUAGE OF AUTOMATED CALL, AND REGISTRATION CHANNEL.
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4.4 COMPARISON OF LEARNING METHODS

IN THIS SECTION, WE SUMMARIZE THE Two-STAGE AND THE DECISION-FOCUSED LEARNING
APPROACHES FOR OBTAINING THE TRANSITION PROBABILITY PARAMETERS OF BENEFICIARIES.
CRUCIALLY, THE TS APPROACH MAXIMIZES FOR THE PREDICTIVE ACCURACY WHILE THE DFL

APPROACHES MAXIMIZES THE DECISION OBJECTIVE.

4.4.1 TWO-STAGE LEARNING

211

IN>"", TS MODEL IS SHOWN TO CUT ~ 28% ENGAGEMENT DROPS AS COMPARED TO A ROUND-
ROBIN BASELINE. IN OUR WORK, WE CONSIDER OUTPERFORMING THE TS BASELINE TO SHOW
APPLICABILITY OF DFL MODEL. THUS WE FOLLOW SIMILAR SETUP OF THE TS MODEL AS DE-
SCRIBED IN*'". A MAPPING FUNCTION /IS LEARNT THAT PREDICTS THE TRANSITION PROBA-
BILITIES GIVEN THE SOCIO-DEMOGRAPHIC FEATURES X; FOR THE 7;, ARM. PREDICTED TRANSI-
TION PROBABILITIES FOR ARM P; CAN THEN BE OBTAINED As P; = f{x’),7 € [N]. SINCE OUR
PROBLEM DOMAIN CONSISTS OF TWO STATES AND TWO ACTIONS, WE HAVE TO PREDICT FOUR
TRANSITION PROBABILITIES. WE MODEL THE MAPPING FUNCTION AS A NEURAL NETWORK

fw PARAMETERIZED BY THE WEIGHTS w. f,, IS DESIGNED USING TWO FULLY CONNECTED LAY-
ERS FOLLOWED BY FOUR OUTPUTS AND FINALLY LOGISTIC FUNCTION IS APPLIED TO OBTAIN
PROBABILITIES. f;, IS LEARNT BY MINIMIZING THE NEGATIVE LOG-LIKLIHOOD OF OBSERVED

TRAJECTORIES 7T UNDER THE PREDICTED TRANSITION PROBABILITIEwa (x) THE LOSS FUNC-

TION L IS THUS GIVEN BY

L(fu(x), T) = ielk[lm —10G(T"[fis(x')) (4.3)
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THE WEIGHTS w OF THE NEURAL NETWORwa ARE OPTIMIZED BY BACKPROPOGATING THE

AL (fu().T)

GRADIENT P
w

4.4.2  DECISION-FOCUSED LEARNING

WE REPLICATE THE DECISION FOCUSED LEARNING PIPELINE FROM >*> WHERE INSTEAD OF
OPTIMIZING FOR PREDICTIVE ACCURACY, THE FINAL DECISION OUTCOME IS OPTIMIZED. OFF-
Poricy Poricy EvaLUATION (OPE) 1S USED TO QUANTIFY THE DECISION OUTCOME. IT MEA-
SURES THE REWARD OBTAINED FROM A LEARNT POLICY GIVEN THE PAST TRAJECTORIES FROM
A DIFFERENT POLICY. THE DFL ARCHITECTURE USES THE SAME PREDICTIVE MODEL f,, As TS,
DESCRIBED IN THE PREVIOUS SECTION. HOWEVER, ONCE TRANSITION PROBABILITIES ARE
PREDICTED AS P = f,,(x), WE COMPUTE WHITTLE INDICES USING A DIFFERENTIABLE FUNC-
TION . THE WHITTLE INDICES W] = J¥(P) PARAMETERIZE A DIFFERENTIABLE POLICY
WHICH WE DENOTE AS 7'7/. FINALLY, THE DIFFERENTIABLE EVALUATION OBJECTIVE IS FOR-
MULATED USING OPE OF LEARNT POLICY UNDER THE OBSERVED TRAJECTORIES 7 WHICH

IS REPRESENTED AS OPE(WWI7 T). THE WEIGHTS OF THE PREDICTIVE MODEL ARE LEARNT

BY MAXIMIZING THE FINAL OBJECTIVE AND BACKPROPOGATING THROUGH THE COMPLETE
PIPELINE. THE GRADIENT IS THUS GIVEN BY %.

In DecisioN FoOCcUSED LEARNING, WE CALCULATE THIS GRADIENT BY USING THE CHAIN

RULE:

d OPE(z"",T)  d OPE(z"",T) dz"" dWIdP
dw N dn"1 dWl dP dw

WE REFER THE READER TO THE APPENDIX FOR MORE DETAILS ON DFL PIPELINE.
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4.5 FIELD STUDY

WE COLLABORATED WITH THE NGO ON THE MATERNAL AND CHILD HEALTH PROBLEM AND
CONDUCTED A SERVICE QUALITY IMPROVEMENT FIELD STUDY TO COMPARE THE PERFOR-
MANCE OF DIFFERENT LEARNING APPROACHES. ALL EXPERIMENTS REPORTED IN THIS PAPER

ARE APPROVED BY AN ETHICS REVIEW BOARD AT THE NGO.

HYPOTHESIS AND RESEARCH QUESTION: THE MAIN GOAL IN THIS PAPER IS TO UNDER-

STAND THE PERFORMANCE OF DECISION-FOCUSED LEARNING IN REAL-WORLD PROBLEMS.
DECISION-FOCUSED LEARNING HAS SHOWN BETTER PERFORMANCE IN MANY APPLICATIONS

BUT ONLY IN SIMULATION. THERE IS NO DEPLOYMENT OR REAL-WORLD EVIDENCES OF WHETHER
DECISION-FOCUSED LEARNING ACTUALLY OUTPERFORMS OTHER LEARNING METHODS IN

PRACTICE.

CONTROL METHODS I[N EARLIER WORK*'*

, THE TWO-STAGE APPROACH WAS SHOWN TO
OUTPERFORM A BENCHMARK OF ROUND RoOBIN PoLicY. THE WORK ALSO PROVIDES STA-
TISTICAL SIGNIFICANCE RESULTS, ILLUSTRATING THE SUPERIORITY OF TWO-STAGE RMAB
POLICY OVER NON-AI BASELINE. THEREFORE OUTPERFORMING THE TWO-STAGE APPROACH IS
IMPORTANT TO SHOW THE UTILITY OF DECISION-FOCUSED LEARNING. IN OUR FIELD STUDY,
WE COMPARE THE FOLLOWING LIVE SERVICE CALL SCHEDULING STRATEGIES: (1) CURRENT
STANDARD OF CARE (CSOC), WHERE NO LIVE SERVICE CALLS ARE DELIVERED TO THE BEN-
EFICIARIES, (II) TWO-STAGE (T'S) APPROACH WHERE BENEFICIARIES ARE CHOSEN FOR LIVE
SERVICE CALLS ACCORDING TO THE WHITTLE INDEX POLICY LEARNT USING TWO-STAGE
LEARNING, AND (111) DECISION-FOCUSED LEARNING (DFL) APPROACH WHERE BENEFICIARIES

ARE CHOSEN FOR LIVE SERVICE CALLS ACCORDING TO THE WHITTLE INDEX POLICY LEARNT

USING DECISION FOCUSED LEARNING. WE USE THE PERFORMANCE OF THE CSOC GROUP
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TO ANCHOR THE PERFORMANCE OF OTHER AI-BASED METHODS. THE PERFORMANCE OF THE
CSOC GROUP ALSO MEASURES THE BASELINE ENGAGEMENT RATE THAT THE MOBILE HEALTH
PROGRAM RECEIVES WITHOUT ANY INTERVENTION. THEREFORE, WE FOCUS ON THE IMPROVE-

MENT OF AI-BASED METHODS AGAINST THE CSOC METHOD.

ELIGIBILITY CRITERION AND RANDOMIZATION WE CONSIDER THE GROUP OF BENEFICIA-
RIES REGISTERED BETWEEN THE MONTHS OF APRIL 2022 TO JUNE 2022. FURTHER, WE FILTER
OUT BENEFICIARIES WHO HAVE NOT LISTENED TO EVEN A SINGLE AUTOMATED VOICE CALL

IN THE TIME PERIOD OF 30 DAYS BEFORE THE STUDY BEGINS. THIS FILTERING IS DONE TO
REMOVE BENEFICIARIES FROM THE COHORT WHO HAVE LONG TERM CONNECTIVITY ISSUES
SUCH AS PHONE NUMBER OUT OF SERVICE OR MISENTRY OF PHONE NUMBER AT ENROLMENT.
LASTLY, WE RANDOMLY SAMPLE 9000 BENEFICIARIES OUT OF THESE ELIGIBLE CANDIDATES TO
FORM OUR STUDY COHORT. WE SPLIT THESE SET OF BENEFICIARIES INTO THREE GROUPS OF
3000 BENEFICIARES EACH - (I) CSOC GroUP, (1) TS GrRoUP, aAND (111) DFL GROUP. WE MAKE
SURE THAT THE DISTRIBUTION OF SOCIO-DEMOGRAPHIC FEATURES AND START-STATE ARE

THE SAME ACROSS THE THREE GROUPS.

EXPERIMENT DESIGN BENEFICIARIES BECOME ELIGIBLE FOR LIVE SERVICE CALLS 2 MONTHS
POST THEIR ENROLMENT INTO THE PROGRAM. WITHIN THE TS AND DFL GROUPS, WE CHOOSE
K = 300 BENEFICIARIES FOR LIVE SERVICE CALL EVERY WEEK BASED ON NGO’s CONSTRAINTS.
THESE LIVE SERVICE CALLS ARE SENT OUT WEEKLY FOR A PERIOD OF 6 WEEKS. WE CONTINUE
TO MONITOR THE COHORT FOR 4 MORE WEEKS EVEN AFTER THE STUDY ENDS TO MEASURE

THE SUSTAINED EFFECT OF LIVE SERVICE CALLS. IT SHOULD BE NOTED THAT, AUTOMATED
VOICE MESSAGES ARE SENT TO ALL GROUPS THROUGHOUT THIS PERIOD AND ONLY THE DELIV-

ERY OF LIVE SERVICE CALLS BY HEALTH WORKERS CHANGES ACROSS THE THREE GROUPS.
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4.6  EXPERIMENT RESULTS

IN THIS SECTION, WE SHOWCASE THE RESULTS FROM THE FIELD STUDY. WE ALSO DEFINE
MULTIPLE EVALUATION METRICS AND DEMONSTRATE HOW THE DIFFERENT POLICIES FARE

AGAINST EACH OTHER.
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Figure 4.3: Weekly Cumulative Engagement Drop Prevented for the DFL and TS groups. Live service calls are only
delivered for the first 6 weeks, after which, all three groups are only passively observed. The DFL group prevents more
Cumulative Engagement Drops as compared to the TS group

4.6.1 WEEKLY AND CUMULATIVE ENGAGEMENT

WE FIRST PRESENT THE RESULTS FROM OUR STUDY USING THE ENGAGEMENT METRICS PRO-

th

> ENGAGEMENT AT TIME ¢ FOR THE 7’ BENEFICIARY, REPRESENTED

POSED BY MATE ET AL.
BY E'(t), IS DEFINED AS I IF THE BENEFICIARY LISTENS TO AT LEAST ONE AUTOMATED CALL IN
A WEEK FOR MORE THAN 30 SECONDS AND 0 OTHERWISE. SINCE THE ENGAGEMENT OF BENE-
FICIARIES DWINDLES OVER TIME, WE CAN MEASURE THE DROP IN ENGAGEMENT RELATIVE TO
THE ENGAGEMENT AT START. THE ENGAGEMENT DROP AND THE CUMULATIVE ENGAGEMENT

DROP ARE DEFINED AS

(=t
Eﬁlrop(ﬁ = E(O) - E(t)7 Eiumu_dmp(t) = Z‘EZVOP(D . (4'5)
=0
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THE CUMULATIVE ENGAGEMENT DROP PREVENTED OVER THE CSOC GROUP IS SIMPLY THE
DIFFERENCE IN CUMULATIVE ENGAGEMENT DROP OF THE POLICY AND THE CSOC GROUP.
FIGURE 4.3 SHOWS THE CUMULATIVE ENGAGEMENT DROPS PREVENTED OVER CSOC GRrROUP
FOR DFL AND TS roricIES. WE SEE THAT DFL PREVENTED MORE DROPS ACROSS ALL WEEKS
AND BY THE END OF STUDY, DFL GROUP HAS §60 MORE ENGAGEMENT DROPS PREVENTED
OoVER THE CSOC GROUP AS COMPARED TO 1S GROUP WHICH ONLY PREVENTS 181 ENGAGE-
MENT DROPS. GIVEN A TOTAL OF 1765 CUMULATIVE ENGAGEMENT DROPS IN THE CSOC
GROUP, DFL GROUP HAS 31% FEWER CUMULATIVE ENGAGEMENT DROPS AS COMPARED TO
CSOC GrROUP WHILE T'S ONLY RESULTS IN 10% REDUCTION IN CUMULATIVE ENGAGEMENT

DROPS.

4.6.2  STATISTICAL SIGNIFICANCE

WE ALSO ESTABLISH STATISTICAL SIGNIFICANCE | OF DFL’S BENEFIT USING REGRESSION
ANALYSIS '8, WE FIT A LINEAR REGRESSION MODEL TO PREDICT THE OUTPUT VARIABLE EZWM drop
BY GIVING BENEFICIARY FEATURES X; AS AN INPUT VECTOR OF LENGTH_/ ALONG WITH AND AN

INDICATOR VARIABLE 'Tl DENOTING WHETHER A BENEFICIARY BELONGS TO DFL (4L; = 1) or

CSOC (T; = 0) GrROUP. THE REGRESSION MODEL CAN THUS BE REPRESENTED AS

J
Y,:/e—i—ﬁT;-l- E }/jx,-J-—i-eEi (46)
Jj=1
WHEREKB IS THE REGRESSION COEFFICIENT OF THE INDICATOR VARIABLE ’Tz MEASURING THE
EFFECT OF TREATMENT, 7/] IS THE REGRESSION COEFFICIENT OF THE]'-TH INPUT FEATURE, k
IS THE CONSTANT TERM OF REGRESSION AND €£; IS THE ERROR. Y; IS THE TARGET VARIABLE

THAT IS FITTED USING THE REGRESSION MODEL AND IS SAME AS E THE REGRESSION

cumu_drop*

See Appendix for erratum
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COEFFICIENT FOR 7'1$ FOUND TO BE 0.19 WITH P-VALUE OF 0.024. ON THE OTHER HAND,
SIMILAR COMPARISON BETWEEN IS (7; = 1)vs CSOC (7; = 0) YIELDS A REGRESSION CO-
EFFICIENT OF 0.06 FOR T'WITH P-VALUE OF 0.48. THUS, BELONGING TO THE DFL GROUP RE-
SULTED IN SIGNIFICANTLY POSITIVE IMPACT ON CUMULATIVE ENGAGEMENT DROPS WHILE
FOR TS, NO SUCH STATISTICAL SIGNIFICANCE COULD BE ESTABLISHED.

Table 4.1: Statistical significance for service call impact tested using a linear regression model

DFL vs CSOC | TS vs CSOC
% reduction in cumula- 31% 10%
tive engagement drops

p-value 0.024 0.48
Coefficient 3 0.19 0.06

4.6.3 PERFORMANCE ON LISTENERSHIP METRICS

WHILE THE WHITTLE INDEX POLICY MAXIMIMIZES THE REWARD, WHICH IS DEFINED USING
THE ENGAGEMENT METRIC, WE ALSO MEASURE IF THE POLICY IMPROVED OTHER METRICS
CHARACTERIZING LISTENERSHIP. THUS, WE DEFINE METRICS QUANTIFYING LISTENERSHIP
BEHAVIOUR OF A BENEFICIARY WITHIN A TIME WINDOW OF 14 DAYS BEFORE AND AFTER RE-

CEIVING A SERVICE CALL.

DEeFINITIONS

1. MEAN DURATION: THE MEAN DURATION OF CALLS LISTENED TO WITHIN THE TIME

WINDOW.

2. No. oF ENGAGEMENTS: THE NUMBERS OF CALLS ENGAGED WITH (30+ SECONDS LIS-

TENED) WITHIN THE TIME WINDOW.
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3. ENGAGEMENTS TO SCHEDULED (E/S) RATI0: THE RATIO OF NUMBERS OF CALLS EN-

GAGED WITH TO NUMBERS OF CALLS SCHEDULED WITHIN THE TIME WINDOW.

REsuLTs WE CALCULATE THE CHANGE IN THESE METRICS BETWEEN THE TIME WINDOW BE-
FORE AND AFTER A LIVE SERVICE CALL. TABLE 4.2 REPORTS THE MEAN CHANGE IN THESE MET-
RICS ACROSS THE THREE EXPERIMENTAL GROUPS. WE OBSERVE THAT ACROSS ALL THE MET-
RicS, DFL GROUP HAS A SIGNIFICANTLY HIGHER CHANGE IN LISTENERSHIP BEHAVIOUR
THROUGH LIVE SERVICE CALLS AS COMPARED TO THE TS GROUP. FOR INSTANCE, WE CAN
INTERPRET THE VALUE OF 17.054 IN MEAN DURATION METRIC FOR DFL AS ACTIVE ACTIONS
IN DFL GROUP RESULTING IN BENEFICIARIES LISTENING TO ON AVERAGE 17 SECONDS MORE
OF AN AUTOMATED CALL. THIS IS IN CONTRAST TO T'S GROUP, WHERE LIVE SERVICE CALLS
ONLY RESULTED IN BENEFICIARIES LISTENING TO 6 SECONDS MORE OF AN AUTOMATED CALL.
NOTE THAT THE AVERAGE DURATION OF AN AUTOMATED MESSAGE IS 60 SECONDS. THUS A
I7 SECONDS IMPROVEMENT IN LISTENERSHIP CORRESPONDS TO AN AVERAGE 28% INCREASE
IN MESSAGE CONTENT LISTENED TO AMONG THOSE TREATED WITH LIVE SERVICE CALLS. Us-
ING T-TEST FOR COMPARISON OF MEANS, WE FIND THAT FOR EACH OF THE PROPOSED MET-
RICS, MEAN CHANGE IS STATISTICALLY HIGHER FOR DFL GROUP AS COMPARED TO TS GROUP
WITH P-VALUE< 0.05.

Table 4.2: Performance of the DFL and TS policies across multiple listenership metrics. DFL policy shows a higher
change in listenership behaviour from a service call as compared to the TS policy.

Policy | Change in Mean Duration | Change in No. of Engagements | Change in E/S

DFL 17.054 0.094 0.20

TS 6.764 0.009 0.07
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Table 4.3: Multiple Error and Rank metrics evaluated for DFL and TS policies. While TS group shows a lower overall
error in predicting transition probabilities, DFL group has lower predictive error in Top-K arms and a higher rank correla-
tion with the optimal ranking.

Rank Metrics Transition Probability Error Metrics
Policy | Precision @K | Spearman’s Correlation | MAEAll | MAE Top-K | Mean NLL All | Mean NLL Top-K
DFL 0.41 0.30 0.31 0.35 0.79 0.62
TS 0.22 0.179 0.25 0.37 0.42 0.69

4.7 UNDERSTANDING DECISION-FOCUSED LEARNING

4.7.1  LEARNINGS FROM REAL WORLD EXPERIMENT

THE DECI1s1oN FOCUSED LEARNING METHOD CONSISTS OF AN END-TO-END PIPELINE START-
ING FROM FEATURES TO PREDICTED TRANSITION PROBABILITIES TO COMPUTED WHITTLE
INDEX AND FINALLY THE DECISION OF WHETHER A BENEFICIARY IS IN TOP-K LIST CHOSEN
FOR LIVE SERVICE CALL. IN THIS SECTION, WE INTERPRET THE DFL’S STRATEGY IN CONTRAST
WITH THE TWO-STAGE POLICY BY PERFORMING POST-HOC ANALYSIS ACROSS ALL THESE
STEPS.

AS A FIRST STEP FOR THIS ANALYSIS, WE COMPUTE THE GROUND TRUTH TRANSITION PROB-
ABILITIES USING THE OBSERVED TRAJECTORIES OF BENEFICIARIES DURING THE TIME PERIOD
OF FIELD STUDY. ONCE GROUND TRUTH TRANSITION PROBABILITIES ARE ESTIMATED, WE
SUBSEQUENTLY COMPUTE THE GROUND TRUTH WHITTLE INDEX AND GROUND TRUTH TOP-

K RANKS.

Tor-K RANK LisTs WE CONSIDER THE ORDERED LIST OF BENEFICIARIES ACCORDING TO
PREDICTED WHITTLE INDEX IN THE Tw0-STAGE AND DFL EXPERIMENT GROUPS. ADDITION-
ALLY, TRUE ToP-K RANK LIST IS ALSO COMPUTED USING THE GROUND TRUTH WHITTLE IN-
DEX. TO MEASURE THE AGREEMENT BETWEEN THE TWO LISTS, WE USE THE FOLLOWING MET-

RICS:

81



1. PRECISION @ K: THIS METRIC COUNTS THE PROPORTION OF RELEVANT BENEFICIARIES
IN THE TOP-K POSITIONS OF THE POLICY RANK LIST AND IS WIDELY USED IN CLASSI-
FICATION >5%?55 AND RANKING PROBLEMS *°%. THE PRECISION @ K IN OUR PROBLEM IS

GIVEN BY:

|Poricy Tor-K ListT N TRUE Tor-K LisT|

Precision @ K =
K

2. SPEARMAN’S RANK CORRELATION: THIS METRIC CALCULATES THE RANK CORRELA-
TION BETWEEN THE PREDICTED WHITTLE INDEX AND GROUND TRUTH WHITTLE IN-

DEX OF PoLricy’s Tor-K RANKED BENEFICIARIES.

IN TABLE 4.3, WE SHOW THE DIFFERENT RANK METRICS FOR THE TWO COMPARISON GROUPS.
IN ALL THE WEEKS, WE FIND THAT THE DFL GROUP HAS A HIGHER AGREEMENT WITH THE

TRUE Tor-K RANKS AS COMPARED TO THE T'WO-STAGE EXPERIMENT GROUP.

WHITTLE INDICES FOR BENEFICIARIES BELONGING TO EACH OF THE EXPERIMENTAL GROUP,
WE HAVE THE CORRESPONDING COMPUTED WHITTLE INDEX FROM PREDICTED TRANSITION
PROBABILITIES. WE CALL IT THE PREDICTED WHITTLE INDEX (NOTE THAT THESE VALUES
ARE NOT DIRECTLY PREDICTED BY THE NEURAL NETWORK MODELS). FIGURE 4.4 SHOWS THE
DISTRIBUTION OF PREDICTED WHITTLE INDEX FOR DFL AND TS EXPERIMENT GROUPS IN
BLUE. WE ALSO MARK THE BENEFICIARIES WHO ARE CHOSEN FOR ACTIVE ACTION WITHIN
EACH EXPERIMENTAL GROUP IN ORANGE.

A STRIKING OBSERVATION IS THAT WITHIN THE DFL GROUP, THE WHITTLE INDICES
HAVE A BIMODAL DISTRIBUTION AS OPPOSED TO A UNIMODAL DISTRIBUTION FOR Two-
STAGE GROUP. THIS SUGGESTS THAT IN DFL, THE MODEL IS TRYING TO LEARN A DECISION

BOUNDARY BETWEEN THE BENEFICIARIES TO DELIVER ACTIVE AND PASSIVE ACTION. THIS
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Figure 4.4: Predicted Whittle index distribution and beneficiaries intervened for TS and DFL groups across all weeks.
The DFL group has a bimodal distribution of predicted whittle index as compared to unimodal distribution in the TS
group. Note that the right peak in DFL is not fully covered due to beneficiaries changing states over the course of study.

CONTRASTS WITH THE TWO-STAGE MODEL WHERE OBJECTIVE IS SOLELY TO LEARN ACCURATE

TRANSITION PROBABILITIES.

PREDICTED TRANSITION PROBABILITIES GIVEN THE GROUND TRUTH AND PREDICTED
TRANSITION PROBABILITIES FOR BOTH DFL AND TS POLICIES, WE COMPUTE FOR THE WHOLE
POPULATION (I) THE MEAN NEGATIVE LoG LiKELIHOOD (NLL) OF OBSERVED TRAJECTORIES
UNDER PREDICTED TRANSITION PROBABILITIES AND (II) THE PREDICTION ERROR USING MEAN
ABSOLUTE ERROR (MAE). IN TABLE 4.3, WE SHOW THAT DFL HAS BOTH HIGHER MAE AND
HIGHER MEAN NLL As coMPARED TO TS. THUS DFL MODEL IS POORER IN PREDICTING THE
TRANSITION PROBABILITIES. HOWEVER, IF WE COMPUTE THESE METRICS FOR JUST THE TRUE
TOP-K BENEFICIARIES (MAE Tor-K AND MEAN NLL Topr-K), WE FIND THAT DFL HAS LOWER
MAE as weLL AS MEAN NLL THAN TS. THIS SUGGESTS THAT THE DFL FOCUSES ON COR-
RECTLY PREDICTING THE TRANSITION PROBABILITIES FOR BENEFICIARIES WHO WILL
ACTUALLY BE PICKED, IN CONTRAST TO THE TS, WHICH OPTIMIZES FOR PREDICTIVE PER-
FORMANCE FOR THE WHOLE POPULATION. IT MUST BE NOTED, THAT THE PREDICTIVE PER-
FORMANCE OF T'S IS IMPACTED DUE TO LIMITED HISTORICAL DATA AROUND ACTIVE ACTIONS

(LIMITED SERVICE CALLS MADE BY THE NGO).
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4.7.2  SHORT-TERM AND LONG-TERM IMPACT OF L1VE SERVICE CALLS

IN FIGURE 4.5, WE PLOT MEAN REWARD ACCRUED BY BENEFICIARIES IN THE NEXT STEP AFTER
AN ACTIVE ACTION FOR BOTH T'wO0-STAGE AND DFL GROUP. THIS QUANTIFIES THE SHORT
TERM IMPACT OF A LIVE SERVICE CALL. INBOTH THE NE AND E STATE, WE OBSERVE THAT

DFL LEADS TO HIGHER REWARD.

s/ I DFL NE-state
[ TS NE-state

4_
'r% A DFL E-state
?, 31 m22 TS E-state
o 5

1-Step 4-Steps 6-Steps
Timesteps After Service Call

Figure 4.5: Mean reward accrued by beneficiaries in short term (1-step lookahead reward) and long term (4-steps and
6-steps lookahead rewards) after given an active action, DFL group has higher reward in both the short-term and the
long term as compared to the TS group.

WHILE SHORT-TERM IMPACT IS ONLY APPLICABLE FOR ONE TIMESTEP AHEAD, THE WHIT-
TLE INDEX POLICY OPTIMIZES FOR LONG-TERM REWARDS. IN FIGURE 4.5, WE ALSO PLOT THE
REWARD OBTAINED IN 4 WEEKS AND 6 WEEKS FOLLOWING THE LIVE SERVICE CALL. WE SHOW
THIS FOR BOTH TS AND DFL GROUP. AGAIN, WE SEE THAT DFL’S LIVE SERVICE CALLS ARE

MORE EFFECTIVE THAN TS POLICY EVEN IN THE LONG TERM.

4.7.3 WHo BENEFITS FROM DFL

IN ORDER TO DETERMINE WHICH BENEFICIARIES BENEFITED THE MOST FROM THE DFL roL-

ICY, WE FIRST OBTAIN THE RATIO OF CALLS ENGAGED WITH OVER TOTAL SCHEDULED CALLS
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(E/S) FOR EVERY BENEFICIARY OVER THE WHOLE DURATION OF STUDY. SUBSEQUENTLY, WE
RANK THE BENEFICIARIES BASED ON THE £/S RATIO AND COMPUTE AVERAGE £/S RATIO FOR
DIFFERENT PERCENTILES. WE CALCULATE THESE NUMBERS FOR ALL THREE POLICIES. IN F1G-
URE 4.6, WE PLOT THE LIFT IN E/S RATIO OVER CSOC FOR DIFFERENT PERCENTILES. WHILE
DFL sHOWS A POSITIVE LIFT IN LISTENERSHIP OVER CSOC ACROSS ALL PERCENTILES, THE
MAXIMUM LIFT IS ACHIEVED IN THE LOWEST PERCENTILES. THIS SHOWS THAT THOSE WITH

LOW LISTENERSHIP ARE THE ONES BENEFITING MOST FROM THE DFL roLiCY.

6_
;| —e— DFL
N TS

Percent Point
Difference over CSOC

10th 20th 30th 40th 50th 60th 70th 80th 90th
Percentile by E/S ratio

Figure 4.6: Lift in E/S ratio over CSOC for different percentiles. The highest lift in E/S ratio is in the lowest percentile
suggesting that beneficiaries with poor listenership of automated voice messages benefited the most from live service
calls.

4.7.4 LEARNINGS FROM SIMULATED EXPERIMENTS

IN THIS SECTION, WE CONDUCT SIMULATED EXPERIMENTS TO IMPROVE OUR UNDERSTANDING
oF THE DFL MODEL AND VERIFY THE OBSERVATIONS MADE FROM THE REAL WORLD EXPER-
IMENT. SPECIFICALLY, WE CONSIDER AN RMAB SYSTEM WITH 100 ARMS SIMULATING BEN-
EFICIARIES ENROLLED IN THE NGO’s PROGRAM. THE MDP PARAMETERS OF EACH ARM ARE
RANDOMLY INITIALIZED. ADDITIONALLY, WE OBTAIN A FEATURE VECTOR CORRESPONDING

TO EVERY ARM SUCH THAT THE FEATURES ARE CORRELATED WITH THE MDP PARAMETERS.
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LASTLY, WE SIMULATED MULTIPLE TRAJECTORIES FOR THE WHOLE SYSTEM AND STORE THAT
AS OFFLINE DATASET FOR OUR EXPERIMENTS. ALL EXPERIMENTAL RESULTS ARE REPORTED BY

AVERAGING OVER FIVE SEED VALUES.

THE EFrFecT OF TRAINING DATA S1zE WHILE DECISION FOCUSED LEARNING OPTIMIZES
FOR THE DECISION OBJECTIVE, A T'S MODEL THAT PERFECTLY PREDICTS THE OPTIMIZATION
PROBLEM PARAMETERS SHOULD ALSO ACHIEVE THE OPTIMAL DECISION OBJECTIVE. How-
EVER, IN THE REAL WORLD, PREDICTIVE MODELS DO MAKE ERRORS. THESE ERRORS CAN BE
DEPENDENT ON THE QUANTITY OF TRAINING DATA THAT IS AVAILABLE TO THE LEARNING
MODEL.

‘WE THUS FORMULATE THE HYPOTHESIS THAT THE GAIN FROM DFL. MODEL SHOULD BE
HIGHER IN LIMITED DATA SCENARIO. AS SIZE OF TRAINING DATA GROWS, DFL AND TS sHOULD
CONVERGE TO SIMILAR DECISION OBJECTIVE. 1’0 TEST THIS HYPOTHESIS, WE RUN A SIM-
ULATED EXPERIMENT WITH VARYING NUMBER OF TRAJECTORIES PER ARM. FIGURE 4.8(a)
sHOWS LIFT IN OFF-PoLricYy Poricy EvALUATION FROM DFL OVER TS WITH INCREASING
TRAINING DATA SIZE. WE OBSERVE THAT THE HIGHEST LIFT IS WITH SMALLEST TRAINING

DATA SIZE AND AS WE INCREASE AVAILABILITY OF TRAINING DATA, LIFT DIMINISHES.

SHIFT IN WHITTLE INDEX DISTRIBUTION OVER TRAINING EPOocHs As DFL LEARNS TO
OPTIMIZE THE DECISION OBJECTIVE DIRECTLY, WE HYPOTHESISE THAT IT SHOULD LEARN A
MODEL WHICH EFFECTIVELY SEPARATES THE TOP RANKED AND BOTTOM RANKED WHITTLE
INDEX ARMS. ON THE OTHER HAND, SINCE TS OPTIMIZES FOR PREDICTIVE ACCURACY, IT HAS
NO INCENTIVE TO LEARN AN OPTIMAL RANKING OF THE ARMS BY WHITTLE INDEX. 1O VERIFY
THIS HYPOTHESIS, WE PLOT THE PREDICTED WHITTLE INDEX DISTRIBUTIONS OF TRUE TOP-K

AND BOTTOM-K ARMS. IN FIGURE 4.7, WE VISUALIZE HOW THESE DISTRIBUTIONS CHANGE
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Figure 4.7: Predicted whittle index distribution for optimal top and bottom arms, across the training epochs. DFL policy
learns whittle indices such that the true top ranked and bottom ranked arms are segregated. TS policy fails to learn
whittle indices following this strategy.

OVER THE TRAINING EPOCHS, GIVING A GLIMPSE INTO THE LEARNING PROCESS OF THE TWO
MODELS. WE OBSERVE THAT BOTH THE TS AND DFL MODEL START WITH NO PRIOR INFOR-

MATION OF THE TRUE TOP-K AND BOTTOM-K ARMS. HOWEVER, OVER THE TRAINING EPOCHS,
DFL LEARNS WHITTLE INDICES SUCH THAT IT SEPARATE THE TWO GROUPS. THE TwO-STAGE

MODEL FAILS TO LEARN SUCH SEGREGATION IN PREDICTED WHITTLE INDEX DISTRIBUTION.

THE EFFecT OF BUDGET-K  THE BUDGET CONSTRAINT IN THE RMAB PROBLEM DEFINES
THE NUMBER OF ARMS CHOSEN FOR ACTIVE ACTION EVERY WEEK. IN A TWO-STAGE MODEL,
THE LEARNING STEP OUTPUTS THE TRANSITION PROBABILITIES IRRESPECTIVE OF THE BUD-
GET VALUE K. HOWEVER, IN DECISION FOCUSED LEARNING, THE MAPPING MODEL WHICH
OUTPUTS THE TRANSITION PROBABILITIES MAXIMIZES FOR THE DECISION OBJECTIVE THAT
RELIES ON THE VALUE OF K. TO SIMULATE THE EFFECT OF MISMATCH IN K, WE TRAIN DFL
MODEL WITH CHANGING K AT TRAIN TIME (K_#7ain), WHILE KEEPING THE K FIXED AT THE
TIME OF EVALUATION (K_eval). SPECIFICALLY, WE NOTE THE OPE AT EVALUATION TIME WITH
K = 20 FOR DIFFERENT TRAINING SCENARIOS WITH K € [2,4,10,16, 20, 30, 40, 60, 80] s

SHOWN IN FIGURE 4.8(B). WE OBSERVE THAT THE PERFORMANCE AT EVALUATION TIME ONLY
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DROPS SLIGHTLY (BY UPTO 6%) IN BOTH THE CASES OF TRAIN TIME BUDGET BEING GREATER
OR LESSER THAN THE EVALUATION TIME BUDGET. THE SENSITIVITY OF THE DFL’S PERFOR-
MANCE TO THE VALUE OF K_¢#74in SUPPORTS THE HYPOTHESIS THAT DFL LEARNS A DECISION
BOUNDARY OPTIMIZED FOR THE EXACT NUMBER OF BENEFICIARIES CHOSEN FOR ACTIVE AC-

TION. FURTHER, KEEPING K _eval = K_train CAN HELP MAXIMIZE THE PERFORMANCE OF DFL.

0% 1

w
5
E Eg -1% A
© @l o
= = g 3% A
1= gMI_ °
2 S 4% .
g 2w K_train = K_eval
Y 5% " .-
3 X ) —4— With K mismatch
a 6% A
g 24 10 1620 30 40 60 80
2 5 10 100 200 K_train

Number of Trajectorties per arm
(b) Percentage drop in evaluation OPE with budget as 20
(a) Improvement in evaluation OPE of DFL over TS with (K_eval) relative to maximum Eval OPE, across changing
changing number of trajectories per arm. budget at train time (K_train).

Figure 4.8: Off-policy policy evaluation (OPE) of decision-focused learning and two-stage learning with varying number
of trajectories and budget at train time.

4.8 CONCLUSION

SEVERAL APPLICATIONS AT AAMAS FIRST REQUIRE LEARNING A PREDICTIVE MODEL OF
AGENTS’ PARAMETERS AND THEN OPTIMIZING BASED ON RESULT OF SUCH LEARNING. THIS
PAPER PRESENTS KEY RESULTS ON IMPORTANCE OF DECISION FOCUSED LEARNING TO SUCH
APPLICATIONS. WE CONDUCT THE FIRST LARGE-SCALE FIELD STUDY OF DECISION FOCUSED
LEARNING THROUGH AN RMAB PROBLEM IN MATERNAL AND CHILD HEALTH DOMAIN. WE
CONCLUDE THAT LEARNING THE MDP PARAMETERS OF THE RMAB PROBLEM THROUGH DE-
CISION FOCUSED LEARNING RESULTS IN HIGHER PARTICIPATION OF BENEFICIARIES IN THE

PROGRAM (FIGURE 4.3). DFL’S STRATEGIC SELECTION OF ACTIONS ALSO RESULTS IN MORE
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EFFECTIVE LIVE SERVICE CALLS AS DEMONSTRATED IN TABLE 4.2. FROM THE ANALYSIS SHOW-
CASED IN PREVIOUS SECTIONS, WE ATTRIBUTE THE SUCCESS OF DFL. TO THE FOLLOWING:

(1) THE PREDICTED WHITTLE INDEX DISTRIBUTION FROM DFL POLICY IS BIMODAL IN CON-
TRAST TO A UNIMODAL DISTRIBUTION IN T'S (SEE FIGURE 4.4) INDICATING THAT DFL MODEL
LEARNS A DECISION BOUNDARY TO HIGHLY RANK BENEFICIARIES THAT WOULD BENEFIT SIG-
NIFICANTLY MORE FROM RECEIVING THE SERVICE CALL THAN THE REST OF THE POPULATION.
(11) DFL 1S MORE ALIGNED WITH THE OPTIMAL POLICY AS SHOWN BY A HIGHER RANK CORRE-
LATION WITH THE TRUE Tor-K BENEFICIARIES AS COMPARED TO TS (TABLE 4.3). (111) WHILE
TS RESULTS IN A LOWER PREDICTIVE ERROR FOR THE POPULATION AS A WHOLE, DFL BY or-
TIMIZING FOR DECISION QUALITY RESULTS IN IMPROVED TRANSITION PROBABILITY PREDIC-

TION FOR THE TOP-K BENEFICIARIES (TABLE 4.3).

4.9 ETHICS AND DATA USAGE

ACKNOWLEDGING THE RESPONSIBILITY ASSOCIATED WITH REAL-WORLD Al SYSTEMS FOR UN-
DESERVED COMMUNITIES, WE HAVE CLOSELY COORDINATED WITH INTERDISCIPLINARY TEAM
oF ARMMAN'’S FIELD STAFF, SOCIAL WORK RESEARCHERS, PUBLIC HEALTH RESEARCHERS
AND ETHICAL EXPERTS THROUGH ALL MAJOR STEPS OF MODEL ITERATION, DEVELOPMENT
AND EXPERIMENTATION. PARTICULARLY, PRIOR TO ALL EXPERIMENTS, APPROVAL WAS OB-

TAINED FROM ETHICS REVIEW BOARD AT BOTH ARMMAN AND GOOGLE.

CONSENT AND DATA USAGE

THE CONSENT FOR PARTICIPATING IN THE PROGRAM IS RECEIVED FROM BENEFICIARIES. ALL
THE DATA COLLECTED THROUGH THE PROGRAM IS OWNED BY THE NGO AND ONLY THE

NGO 1S ALLOWED TO SHARE DATA. THIS DATASET WILL NEVER BE USED BY GOOGLE FOR ANY
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COMMERCIAL PURPOSES. WE ONLY USE ANONYMIZED DATA AND NO PERSONALLY IDENTIFI-

ABLE INFORMATION (PII) 1S MADE AVAILABLE TO THE Al MODELS. THE DATA EXCHANGE AND
USE WAS THUS REGULATED THROUGH CLEARLY DEFINED EXCHANGE PROTOCOLS INCLUDING
ANONYMIZATION, READ-ACCESS ONLY TO RESEARCHERS, RESTRICTED USE OF THE DATA FOR

RESEARCH PURPOSES ONLY, AND APPROVAL BY ARMMAN'’S ETHICS REVIEW COMMITTEE.

UNIVERSAL ACCESSIBILITY OF HEALTH INFORMATION

OUR SERVICE CALL SCHEDULING MODEL FOCUSES ON IMPROVING QUALITY OF SERVICE CALLS
AND DOES NOT ALTER, FOR ANY BENEFICIARY, THE ACCESSIBILITY OF HEALTH INFORMATION.
ALL PARTICIPANTS WILL RECEIVE THE SAME WEEKLY HEALTH INFORMATION BY AUTOMATED
MESSAGE REGARDLESS OF WHETHER THEY ARE SCHEDULED TO RECEIVE SERVICE CALLS OR
NOT. THE SERVICE CALL PROGRAM DOES NOT WITHHOLD ANY INFORMATION FROM THE
PARTICIPANTS NOR CONDUCT ANY EXPERIMENTATION ON THE HEALTH INFORMATION. THE
HEALTH INFORMATION IS ALWAYS AVAILABLE TO ALL PARTICIPANTS, AND PARTICIPANTS CAN

ALWAYS REQUEST SERVICE CALLS VIA A FREE MISSED CALL SERVICE.
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DECISION-FOCUSED LEARNING IN

NETWORK INTERVENTION

5.1 INTRODUCTION

MANY REAL-WORLD SECURITY PROBLEMS PRESENT THE CHALLENGE OF HOW TO ALLOCATE

LIMITED RESOURCES TO LARGE NUMBER OF IMPORTANT TARGETS, INCLUDING INFRASTRUC-
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I12

TURE ">, TRANSPORTATION SYSTEMS *4°, URBAN CRIME 357, AND WEB SECURITY >°%. STACKEL-
BERG SECURITY GAMES (SSGS) ARE FREQUENTLY USED TO STUDY THE INTERACTION BETWEEN
DEFENDER AND ATTACKER AND OPTIMALLY ALLOCATE THE SECURITY RESOURCES ACCORD-
INGLY. NETWORK SECURITY GAMES (NSGS)33*'°1*7> ' A NATURAL EXTENSION OF SSGS, DE-
SCRIBE A STRATEGIC ADVERSARIAL INTERACTION BETWEEN AN ATTACKER AND A DEFENDER
ON A GRAPH. THE ATTACKER’S GOAL IS TO TAKE A PATH FROM A STARTING LOCATION TO

A TARGET WITHOUT BEING CAUGHT BY THE DEFENDER. THE DEFENDER DECLARES (L.E., AT-
TACKER SURVEILS) A MIXED STRATEGY OF HOW SHE WILL DEPLOY HER SECURITY RESOURCES
TO THE EDGES OF THE NETWORK. NSGS ARE RELEVANT IN MANY REAL-WORLD SETTINGS
SUCH AS WILDLIFE CONSERVATION?%*"3 INFRASTRUCTURE PROTECTION '47) AND NUCLEAR
MATERIAL SMUGGLING *#3*%5,

ONE KEY CHALLENGE IN APPLYING NSGS IN THE REAL WORLD IS LEARNING AN ADVER-
SARY’S BEHAVIOR FROM HISTORICAL DATA. PAST WORKS *""**7°" IN SECURITY GAMES HAVE
SHOWN THAT CONSTRUCTING BOUNDED RATIONALITY ADVERSARY MODELS FROM DATA
GREATLY IMPROVES PERFORMANCE OF DEPLOYED MODELS BECAUSE ATTACKERS OFTEN BE-
HAVE QUITE DIFFERENTLY FROM HOW RATIONAL MODELS WOULD SUGGEST. A PARTICULAR
MOTIVATION FOR THIS PAPER IS WILDLIFE SMUGGLING %$2¢73°1 A NATURAL NSG DOMAIN
WHERE LARGE AMOUNTS OF HISTORICAL ATTACK DATA IS AVAILABLE IN THE FORM OF PAST
SEIZURES.

ALMOST ALL PREVIOUS WORK ON SECURITY GAMES APPROACHES THE PROBLEM OF ADVER-
SARY MODELING BY FIRST BUILDING A FULL ADVERSARY MODEL THAT AIMS TO PREDICT THE
ADVERSARY BEHAVIOR AS ACCURATELY AS POSSIBLE >7%9523° [N EARLY WORK, THE JUDG-
MENTS OF HUMAN EXPERTS WERE USED TO ESTIMATE THE ADVERSARY’S PREFERENCES *%7.,
LATER, IN DOMAINS WHERE HISTORICAL ATTACK DATA WAS AVAILABLE, MACHINE LEARN-

ING WAS USED TO CONSTRUCT MODELS INSTEAD (STARTING FROM LETCHFORD ET AL. '9°).
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IN NSGs, BUILDING AN ADVERSARY MODEL TO MAXIMIZE ACCURACY HAS SEVERAL KEY LIM-
ITATIONS. FIRST, THE MODEL IS SELECTED WITHOUT ANY CONSIDERATION OF THE IMPACT
OF ERRORS DOWNSTREAM. PREDICTION ERRORS ON PATHS THAT ARE FREQUENTLY TAKEN
BY THE ADVERSARY HAVE A LARGE IMPACT ON DEFENDER UTILITY, BUT ARE WEIGHTED THE
SAME AS ERRORS ON PATHS THAT ARE RARELY TAKEN. SECONDLY, STANDARD ADVERSARY
MODELS REQUIRE HUMAN FEATURE ENGINEERING TO APPLY TO NSGS DUE TO A GREAT VA-
RIETY OF PATHS FROM THE ATTACKER’S STARTING LOCATION TO EACH POTENTIAL TAR-

GET 5359125126 ONCE THE ADVERSARY MODEL IS DETERMINED, THE FOLLOWING DEFENDER
UTILITY MAXIMIZATION PROBLEM CAN BE SOLVED BY ANY OPTIMIZATION TECHNIQUES, IN-
CLUDING BILEVEL OPTIMIZATION*'3, BRANCH AND CUT '°*, AND DOUBLE ORACLE "%,

OUR APPROACH REPRESENTS A FUNDAMENTAL SHIFT: WE TAKE AN END-TO-END, GAME-
FOCUSED APPROACH, FOCUSING ON LEARNING A MODEL THAT YIELDS A HIGH DEFENDER
UTILITY. MORE SPECIFICALLY, WE TAKE THE DOWNSTREAM DEFENDER UTILITY MAXIMIZA-
TOIN PROBLEM INTO ACCOUNT WHILE LEARNING THE ADVERSARY MODEL. TO THAT END, WE
USE A GRAPH CONVOLUTIONAL NEURAL NETWORK ARCHITECTURE TO LEARN THE ADVER-
SARY’S BEHAVIOR, WHICH ALLOWS US TO OVERCOME BOTH OF THE ISSUES OF PRIOR WORK.
FIRST, ASSUMING WE CAN DIFFERENTIATE THROUGH THE DEFENDER’S OPTIMIZATION PROB-
LEM, WE CAN TRAIN THE ENTIRE MODEL END-TO-END BECAUSE THE PREDICTIVE MODEL IS
DIFFERENTIABLE, I.E., TO TAKE THE OPTIMIZATION PROBLEM INTO ACCOUNT WHILE TRAIN-
ING. SECOND, THE GRAPH CONVOLUTIONAL NETWORK AUTOMATICALLY EXTRACTS FEATURES
FROM THE GRAPH, MEANING THAT HAND ENGINEERING IS NOT NECESSARY. NEVERTHELESS,
SEVERAL CHALLENGES MUST BE OVERCOME TO IMPLEMENT THIS APPROACH: PRINCIPALLY,
POOR SCALABILITY OF NAIVE END-TO-END TRAINING AND NON-CONVEXITY OF THE GAME-
FOCUSED OBJECTIVE.

A SUMMARY OF OUR CONTRIBUTIONS IS AS FOLLOWS: FIRST, WE CONSTRUCT A GRAPH
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CONVOLUTION-BASED ADVERSARY MODEL FOR NSGs. THIS MODEL IS FULLY DIFFERENTIABLE,
DOES NOT REQUIRE MANUAL SELECTION OF PATH FEATURES, AND TRANSMITS TARGET VALUE
INFORMATION OVER THE NETWORK. SECOND, WE DEVELOP A RANDOMIZED BLOCK UPDATE
SCHEME FOR DIFFERENTIATING THROUGH OPTIMIZATION PROBLEMS, WHOSE COMPUTATION
TIME IS USUALLY MORE THAN QUADRATIC IN TERMS OF THE NUMBER OF VARIABLES DUE TO
THE COMPUTATION OF HESSIAN MATRIX AND MATRIX INVERSION. SUCH COMPUTATIONAL
ISSUE IS ESPECIALLY INFLUENTIAL FOR OPTIMIZATION PROBLEMS WITH A HUGE NUMBER OF
VARIABLES, WHICH IS COMMONLY SEEN IN NSGS AS EVERY EDGE CORRESPONDS TO ONE IN-
DIVIDUAL DECISION VARIABLE. IN THESE CASES, RANDOMIZED BLOCK UPDATE CAN LARGELY
REDUCE THE TIME COMPLEXITY. WE FURTHER PROVIDE AN APPROXIMATION GUARANTEE REL-
ATIVE TO THE COMPLETE DERIVATIVES, AND WE SHOW EMPIRICALLY THAT OUR APPROACH
GREATLY IMPROVES SCALABILITY. WE ALSO SHOW THAT THROUGH JUDICIOUS USE OF THE
STANDARD PREDICTIVE LOSS AS REGULARIZATION, WE CAN ESCAPE LOCAL MINIMA IN THE

END-TO-END LOSS FUNCTION.

5.2 RELATED WORK

THERE IS A RICH LITERATURE ON LEARNING ADVERSARY BEHAVIOR MODELS IN STACKELBERG
SECURITY GAMES (SSGS) (STARTING FROM LETCHFORD ET AL.'?°), BUT LEARNING IN NSGs
HAS RECEIVED MUCH LESS ATTENTION. WHILE SSGSs GENERALIZE NSGS, THE SCALABILITY
CONCERNS ARE QUITE DIFFERENT BECAUSE REDUCING NSGs TO SSGS MAY CREATE EXPONEN-
TIALLY MANY TARGETS—ONE FOR EACH PATH TO THE TARGET IN THE NSG. THUS, APPLY-
ING STANDARD ATTACKER BOUNDED RATIONALITY MODELS, SUCH AS QUANTAL RESPONSE
(QR)*"+*** AND SUBJECTIVE UTILITY QUANTAL RESPONSE (SUQR)236 IS NONTRIVIAL. YANG

ET AL.?5° AND FORD ET AL. "5 REDUCED NSGs T0O SSGS BY CONSIDERING EACH INDIVIDUAL
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PATH AS AN ATTACKER PURE STRATEGY. THEIR APPROACH SCALES POORLY, CREATING EX-
PONENTIALLY MANY PATHS IN MANY NETWORKS. IT ALSO RELIES ON HAND-CRAFTING PATH
FEATURES THAT CAPTURE ADVERSARY BEHAVIOR WELL. OTHER AUTHORS HAVE DEVELOPED
MODELS THAT USE MARKOVIAN DYNAMICS TO MODEL THE ATTACKER. GUTFRAIND ET AL.'*S
AND ABBASI ET AL.> ASSUME THE ATTACKER DOES NOT RECEIVE ANY INFORMATION BEYOND
THE NEIGHBORING NODES—ATTACKERS DO NOT MAKE ANY DECISIONS THAT ARE MORE LONG

TERM THAN A SINGLE TIMESTEP. GUTFRAIND ET AL. 126

TAKES THE OPPOSITE APPROACH: AT-
TACKERS FOLLOW A PATH THAT MINIMIZES SOME COST (SUCH AS THE RISK OF BEING CAUGHT)
WITH RANDOMNESS IN THE INDIVIDUAL DECISIONS. THIS ADDS SOME GLOBAL INFORMA-
TION, BUT REQUIRES THE MODEL DESIGNER TO SPECIFY THE CHOICE OF COST FUNCTION IN
ADVANCE.

PAST WORK IN ADVERSARY MODELING IN SSGS HAS VIEWED THE PROBLEM OF CONSTRUCT-
ING AN ADVERSARY MODEL AND SOLVING THE DEFENDER’S OPTIMIZATION AS COMPLETELY
SEPARATE PROBLEMS AND DOES NOT CONSIDER THE IMPACT OF ERRORS IN THE DEFENDER
MODEL ON THE QUALITY OF THE OPTIMIZATION OUTCOME, WITH A FEW EXCEPTIONS. SINHA
ET AL.>®S AND HAGHTALAB ET AL.'>® RELATE THE PREDICTIVE ACCURACY OF THE LEARNED
MODEL TO THE DEFENDER’S EXPECTED UTILITY. IN THE CASE OF HAGHTALAB ET AL., THIS
VIEW MOTIVATES THE USE OF A NON-STANDARD LOSS FUNCTION TO ACHIEVE BETTER UTIL-
1TY. HOWEVER, EVEN THESE PAPERS TAKE A FUNDAMENTALLY TWO-STAGE APPROACH: THE
MODEL IS TRAINED INDEPENDENTLY OF ANY INFORMATION ABOUT THE GAME ITSELF, SUCH
AS THE DEFENDER’S UTILITIES. PERRAULT ET AL.>*® TAKES A GAME-FOCUSED APPROACH TO
SSGs, BUT THE ISSUES THAT ARISE IN NSGS ARE DIFFERENT AND REQUIRE A GREATER FOCUS
ON SCALABILITY.

A MAJOR CHALLENGE IN OUR WORK IS DIFFERENTIATING THROUGH THE NONCONVEX DE-

FENDER OPTIMIZATION PROBLEM. RECENT WORK HAS DEVELOPED GENERAL APPROACHES
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FOR DIFFERENTIATING CONVEX PROBLEMS*, PERRAULT ET AL. 248 PRESENT AN APPROACH
FOR A LIMITED CLASS OF NONCONVEX PROBLEMS. OUR SETTING IS CHALLENGING IN TWO
WAYS. FIRST, WE HAVE A DECISION VARIABLE FOR EACH EDGE IN THE NETWORK AND THESE
APPROACHES SCALE POORLY (MORE THAN QUADRATICALLY) IN THE NUMBER OF VARIABLES.

SECOND, OUR SETTING IS MORE SEVERELY NONCONVEX THAN THAT OF PERRAULT ET AL.

5.3 BACKGROUND

STACKELBERG SECURITY GAMES A STACKELBERG SECURITY GAME (SSG)35+*97 18 A TWO-
PLAYER SEQUENTIAL GAME. THE DEFENDER AIMS TO PROTECT A SET OF TARGETS 7 WITH
LIMITED BUDGET & WHICH CAN ONLY PROTECT UP TO b TARGETS. EACH TARGET ¢ € T'IS AS-
SOCIATED WITH A DEFENDER PENALTY Ud(t) < 0 AND AN ATTACKER REWARD U(¢) > 0
WHEN THE TARGET IS SUCCESSFULLY ATTACKED. FOR SIMPLICITY, WE ASSUME THERE IS NO
REWARD AND PENALTY WHEN THE ATTACKER IS CAUGHT OR FAILS TO REACH THE TARGET.
ONCE THE DEFENDER COMMITS TO HER MIXED STRATEGY, THE ATTACKER CAN CONDUCT
SURVEILLANCE TO OBSERVE THE DEFENDER’S MIXED STRATEGY AND CHOOSE ONE TARGET TO
ATTACK ACCORDINGLY. WE DENOTE THE DEFENDER’S MIXED STRATEGY BY z € R!”l, wHERE
0 < z; < 1 DENOTES THE MARGINAL PROBABILITY THAT TARGET # 1S PROTECTED. THE BUD-
GET CONSTRAINT CAN BE WRITTEN AS 1! z < 6. ON THE ATTACKER SIDE, WE USE 8(z,x) TO
REPRESENT THE ATTACKER’S BEHAVIOR, WHERE 6,(2, X) (OR §, IF THERE IS NO AMBIGUITY) IS
THE PROBABILITY OF ATTACKING TARGET #, AND X IS THE AVAILABLE FEATURES REVEALED TO
BOTH THE DEFENDER AND THE ATTACKER, E.G., THE ATTACKER PAYOFF VALUE U*(£) V¢t € T
CAN BE CONSIDERED AS A FEATURE. NOTICE THAT & IS A FUNCTION OF THE DEFENDER STRAT-
EGY 2 AND THE FEATURE X, WHICH IMPLIES THAT THE ATTACKER CAN BE REACTIVE TO THE

DEFENDER STRATEGY AND SELECT THE TARGET BASED ON THE UNDERLYING FEATURE. WE
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CAN WRITE THE DEFENDER’S UTILITY FUNCTION AS:

DerU(z;6) = > 6(2,0) U (1)1 — ). (5.1)

el

THIS INCLUDES THE CASE WHERE THE ATTACKER IS FULLY RATIONAL, WHERE 6’t(z, X) =11F

t = argmax(l — z) U*(¢) ELSE 0.
teT

BOUNDED RATIONALITY IN SSGs  QUANTAL RESPONSE (QR)*'* MODELS THE ATTACKER’S
BEHAVIOR BY SETTING THE PROBABILITY THAT EACH TARGET IS ATTACKED TO BE PROPOR-
TIONAL TO THE EXPONENTIAL OF ITS PAYOFF SCALED BY A CONSTANT. SUBJECTIVE UTILITY
QUANTAL RESPONSE (SUQR) 230 WHICH FITS DATA BETTER THAN QR IN PRACTICE, SETS THE
PROBABILITY PROPORTIONAL TO THE EXPONENTIAL OF A SUBJECTIVE UTILITY OR AN ATTRAC-

TIVENESS FUNCTION OF THE ATTACKER:
6;(z,x) o< Exp(—wz; + (2, %)), (5-2)

WHERE @ > 01IS A CONSTANT REPRESENTING THE ATTACKER’S RISK AVERSION AND CD(L‘, .X')

DENOTES THE SUBJECTIVE UTILITY OF TARGET # GIVEN FEATURE X.

NETWORK SECURITY GAMES NETWORK SECURITY GAMES (NSGS)'°"*3* ARE SSGS PLAYED
ON A GRAPH STRUCTURE. GIVEN AN UNDIRECTED (OR DIRECTED) GRAPH G = (V, E), THE
DEFENDER ALLOCATES A LIMITED NUMBER OF CHECKPOINTS ALONG EDGES IN £, WHILE THE
ATTACKER TRIES TO FIND A PATH FROM A SOURCE TO A TARGET WITHOUT BEING CAUGHT.
WE DIVIDE THE SET OF ALL VERTICES JINTO TARGETS T = {1, %, ..., tm} AND NON-TARGETS
S = {51,952, .., 5|5|} (OR POTENTIAL SOURCES). AT EACH TIME, THE ATTACKER APPEARS IN ONE

POTENTIAL SOURCE 5 € .S DRAWN FROM A GIVEN PRIOR DISTRIBUTION 7 € RISl FRom THE
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DEFENDER’S PERSPECTIVE, THE DEFENDER STRATEGY 2, Ve € E'IS THE MARGINAL PROBABIL-
ITY OF COVERING EDGE ¢. SIMILARLY, THE DEFENDER HAS A LIMITED NUMBER OF RESOURCES
bTO PROTECT THE TARGETS.

WEUSEa = {v1, 02, ..., U], } TO DENOTE A PATH WHICH STARTS FROM A SOURCE #; € S AND
ENDS WITH A TARGET 0|,| € 7. WE USE A TO DENOTE THE SET OF ALL POSSIBLE PATHS FROM
ANY SOURCE TO ANY TARGET, WHICH COULD BE EXPONENTIALLY MANY OR INFINITELY MANY
WHEN THE GRAPH CONTAINS ANY CYCLE. SIMILAR TO SSGs, LET " (¢) BE THE DEFENDER’S

PAYOFF WHEN THE TARGET 7 IS ATTACKED SUCCESSFULLY AND Ud BE THE DEFENDER’S

CAUGHT
PAYOFF WHEN THE ATTACKER IS CAUGHT. LET (¥ = {{*(1)), ..., Ud(z‘m), U vonct € RITIH
DENOTE THE DEFENDER’S PAYOFF VECTOR. IN ADDITION, WE ASSUME EACH NODE v € ) HAS
A NODE FEATURE VECTOR &, € R? CONSISTING OF CHARACTERISTICS OF NODE 0, E.G., THE

ATTACKER PAYOFF OF THE CURRENT NODE U#(0) 1Fv € T. WE usEx € RI"1*P 1o pENOTE

ALL THE NODE FEATURES IN GRAPH G.

BoUNDED RATIONALITY IN NSGSs  IN THIS PAPER, WE ASSUME THE ATTACKER TO BE BOUND-
EDLY RATIONAL, WHERE THE ATTACKER’S BEHAVIOR IS CHARACTERIZED BY A FUNCTION
8(z, x), WHERE 0,(2, x) REPRESENTS THE PROBABILITY OF CHOOSING PATH # UNDER COVER-

AGE Z AND FEATURE Xx. GIVEN THE COVERAGE Z, WE CAN COMPUTE THE DEFENDER EXPECTED

UTILITY:
DerU(z;0) = Z 8.(2,%) U (2) H(l — 2), (5-3)
acA e€a
WHERE U”(2) = U%(¢) 1S THE DEFENDER UTILITY WHEN THE ATTACKER SUCCESSFULLY

PASSES THROUGH &« TO ATTACK ITS TARGET £.

THE DIFFERENCE BETWEEN EQUATION §.I AND 5.3 IS THAT THERE ARE MULTIPLE LAYERS
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OF PROTECTION ALONG THE PATH 2. THEREFORE THE PROBABILITY OF SUCCESSFULLY AT-
TACKING A TARGET IS THE PRODUCT OF ALL THE SUCCESS PROBABILITIES OF CROSSING EACH
EDGE ¢ IN THE PATH. THE DEFENDER’S OPTIMIZATION PROBLEM IS GENERALLY HARD. FOR EX-
AMPLE, IF THE FUNCTION #(2, x) IS GIVEN BY FULL RATIONALITY RESTRICTED TO ONLY POLY-
NOMIAL MANY PATHS A, THE DEFENDER OPTIMIZATION PROBLEM IS NP-HARD '47. FURTHER-
MORE, THE SET OF ALL POSSIBLE PATHS A COULD BE EXPONENTIALLY LARGE OR INFINITELY

MANY WHEN THERE IS ANY CYCLE.

GrarPH CONVOLUTIONAL NETWORKS THERE HAS BEEN MUCH RECENT ATTENTION PAID
TO GRAPH CONVOLUTIONAL NETWORKS (GCNs)***'7>13°  GIVEN A GRAPH, THE CONVOLU-
TIONAL LAYERS IN GCNS CAN TRANSMIT INFORMATION THROUGH MESSAGE PASSING, WHICH
ALLOWS INFORMATION TO PROPAGATE TO DISTANT NODES AND BE AGGREGATED IN A NON-
LINEAR FASHION. GCNS ARE MUCH MORE EXPRESSIVE THAN HAND-CRAFTED FEATURES. IN
THIS PAPER, WE APPLY GCNS, PARAMETERIZED BY w, TO MAP EACH NODE v € J/ AND THE EN-
TIRE NODE FEATURES X WITH GRAPH STRUCTURE TO A SCALAR @ (0, x; w), WHICH REPRESENTS
THE EXTENT THAT THE ATTACKER IS “PULLED” TOWARD THAT NODE. THE MESSAGE PASSING
IN GCNs 1S SIMILAR TO THE INFORMATION GATHERING CONDUCTED BY THE ADVERSARY,

WHERE A ROUGH UNDERSTANDING OF FARAWAY TARGETS IS AVAILABLE TO THE ADVERSARY.

5.4 ADVERSARY MODEL

OUR ATTACKER MODEL IS MARKOVIAN—THE PROBABILITY OF USING A PATH « CAN BE DE-

COMPOSED INTO THE PRODUCT OF TRANSITION PROBABILITIES:

9a(z7x) = ng(zvx)‘ (5-4)

cCa
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Input features with Message passing using Make prediction using
graph structure convolutional layers aggregated information

Figure 5.1: The convolutional layers of GCNs can propagate and aggregate information in a non-linear fashion. In NSGs,
such message passing ability corresponds to the attacker’s ability of conducting surveillance to neighbor nodes.

MoT1vATED BY THE SUQR MODEL, WE PROPOSE A local SUQR MODEL, WHICH ASSUMES THE
PROBABILITY THAT THE ATTACKER MOVES FROM # TO v USING EDGE ¢ = (#,v) IS PROPOR-
TIONAL TO exp(—wzy—p — 7ys + P(v,5,w)) Vo € Noyr(#). @ (v, x; w) REPRESENTS THE
SUBJECTIVE UTILITY OR ATTRACTIVENESS OF NODE ¢ PARAMETERIZED BY w, WHICH CAN BE
LEARNED BY GCN. THE VARIABLE y,, WITH A WEIGHT 77 > 0, REPRESENTS THE DOWNSTREAM
FUTURE RISK OR COVERAGE PERCEIVED BY THE ATTACKER AT NODE v. IN OTHER WORDS, THE
ATTACKER TENDS TO MOVE TOWARD THE TARGET WITH HIGHER ATTRACTIVENESS @ (v, x; w),
BUT AVOIDS USING THE EDGE¢ = (#,0) € E WITH HIGHER COVERAGE Z,_,, AND AVOIDS
MOVING TOWARDS NODES ¢ WITH HIGHER FUTURE RISK Y.

GIVEN A DEFENDER COVERAGE STRATEGY, THERE ARE MANY HEURISTIC WAYS TO OBTAIN A
MEASURE OF FUTURE RISK. FOR EXAMPLE, WE CAN FOLLOW THE ABOVE MARKOVIAN BEHAV-
IOR WITHOUT THE EFFECT OF THE FUTURE RISK, WHERE THE PROBABILITY OF BEING CAUGHT
CAN BE ANALYTICALLY COMPUTED EFFICIENTLY. ANOTHER HEURISTIC IS THE SHORTEST DIS-
TANCE TO ANY TARGET, AS SUGGESTED BY GUTFRAIND ET AL.*®. THE ONLY RESTRICTION

PUT ON THE CHOICE OF THE FUTURE RISK IS DIFFERENTIABILITY.
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WE CAN COMPUTE THE TRANSITION PROBABILITY FROM # TO ANY v € Noyr(#) As:

6oz 0) = exp(—w2u—o — 7y0 + (v, 53 w))
uU—v\%y Yy Z exp(—wz”%l,/ _ 77YU’ + (D(Z)/,x; w) .

(s-5)

v €Noyr (1)

UNLIKE PREVIOUS BOUNDEDLY RATIONAL MODELS *5%'°5 WE DO NOT NEED TO ENUMERATE
ALL THE FEASIBLE PATHS, WHICH COULD BE EXPONENTIALLY LARGE. UNLIKE THE NONRE-
ACTIVE MARKOVIAN MODEL'*5, OUR MODEL IS REACTIVE TO THE DEFENDER’S STRATEGY.

UNLIKE GUTFRAIND ET AL."2°

> WE ARE NOT LIMITED TO NOISILY FOLLOWING A SHORTEST
PATH.

INLocAL SUQR, THE PATH STRUCTURE IS AUTOMATICALLY ENCODED IN THE REACTIVE
MARKOVIAN BEHAVIOR. SINCE THE EDGE COVERAGE EFFECT IS INVOLVED IN THE TRANSI-
TION PROBABILITY, THE PROBABILITY OF TAKING A PATH IS ALSO EXPONENTIALLY PROPOR-
TIONAL TO THE TOTAL COVERAGE ALONG THE PATH, WHICH IS ALSO INCLUDED IN OTHER
BOUNDED RATIONAL MODELS 35%'%5, THE FLEXIBILITY AND THE GENERALIZABILITY OF THE
ATTRACTIVENESS FUNCTION ALLOW US TO APPLY ANY GRAPH LEARNING ALGORITHMS TO
EXTRACT THE ADVERSARY BEHAVIOR. COMPARED TO PREVIOUS HYPERPARAMETERS TUNING

MODELS, OUR MODEL IS MORE EXPRESSIVE AND CAN ADAPT TO A BROADER RANGE OF ADVER-

SARY BEHAVIOR.

5.5 PROBLEM STATEMENT

For EACH INSTANCE, A DIRECTED GRAPH G = ( V, E) WITH NODE FEATURES X IS PRESENTED
TO BOTH THE DEFENDER AND THE ATTACKER. THE ATTACKER HAS A HIDDEN RATIONALITY
FUNCTION 19*, WHICH IS A FUNCTION OF NODE FEATURES X AND THE DEFENDER COVERAGE

z. THE DEFENDER FIRST CHOOSES A COVERAGE {2, },c; UNDER THE BUDGET CONSTRAINT
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ITZ < b. THE ATTACKER OBSERVES 2 AND THEN BEHAVES BASED ON HIS OWN RATIONALITY
FUNCTION &*. WE ASSUME THAT THE DEFENDER HAS ACCESS TO HISTORICAL PLAY BETWEEN
THE DEFENDER AND THE ATTACKER, WHICH CAN BE USED TO FORM AN ESTIMATE OF THE AD-

VERSARY BEHAVIOR. THE GOAL OF THE DEFENDER IS TO MAXIMIZE THE RECEIVED EXPECTED

REWARD.

5.6 TwoO-STAGE LEARNING FOR NETWORK SECURITY GAMES

THE MAIN COMPARISON OF THE REMAINDER OF THE PAPER IS BETWEEN OUR GCN-BASED
ADVERSARY MODEL IMPLEMENTED AS TWO-STAGE VS. OUR GAME-FOCUSED METHODS. THUS,

WE BRIEFLY DESCRIBE THE TWO-STAGE APPROACH THAT WE CONSIDER.

PREDICTIVE MODEL A TWO-STAGE APPROACH FITS THE GCN-BASED ATTRACTIVENESS
FUNCTION @ (v, x) FORALLy € V TO MINIMIZE THE DIFFERENCE BETWEEN PREDICTED BE-
HAVIOR & GIVEN BY EQUATION 5.5 AND THE CORRESPONDING TRUE ATTACKER BEHAVIOR &*.
GIVEN THE ATTACKER BEHAVIOR & AND A PREDICTION &, WE CAN DEFINE THE LOSS BY EI-
THER MATRIX NORM OR THE KL-DIVERGENCE OF THE PATH DISTRIBUTION INFERRED BY TWO
BEHAVIORS UNDER PREVIOUS COVERAGE 2 AND FEATURES X. T HESE LOSSES ARE GENERALLY
INFEASIBLE TO COMPUTE SINCE THERE ARE INFINITE MANY POSSIBLE PATHS. IN PRACTICE,
HOWEVER, WE OFTEN HAVE PATHS SAMPLED FROM THE TRUE BEHAVIOR & WE CAN USE TO
APPROXIMATELY COMPUTE THE KL-DIVERGENCE BETWEEN TWO BEHAVIORS. GIVEN THE

CHOICE OF LOSS FUNCTION ﬁ, WE CAN TRAIN A MODEL & BY MINIMIZING THE AVERAGE LOSS:

E(z,x,&*)EDE(e*v 0; z, X) (56)
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PRESCRIPTIVE MODEL  GIVEN A GRAPH G, NODE FEATURES X, AND PREDICTED ATTACKER
BEHAVIOR ¢, THE DEFENDER’S GOAL IS TO CHOOSE AN OPTIMAL COVERAGE 2" SATISFIED THE
BUDGET CONSTRAINT TO MAXIMIZE HER OWN OBJECTIVE VALUE.

WHEN THE DEFENDER STRATEGY 2 IS CHOSEN, THE ATTACKER FOLLOWS HIS OWN MARKO-
VIAN BEHAVIOR 6(z, x). BUT DUE TO THE ALLOCATED COVERAGE, THE ATTACKER WILL BE
CAUGHT WITH PROBABILITY 2, WHEN HE PASSES THROUGH EDGE ¢. THIS CAN BE CAST AS AN
ABSORBING MARKOV CHAIN, WHERE THE PROBABILITY OF CROSSING AN EDGE ¢ IS 6,(z, x)(1 —
%.), AND THE REST OF THE PROBABILITY THE ATTACKER WILL BE CAUGHT AND TURNED INTO
A DUMMY CAUGHT STATE Ucaucur- WE ALSO ASSUME THAT ONCE THE ATTACKER REACHES EI-
THER ANY TERMINAL OR CAUGHT STATE Uc,ycur, THE ATTACKER CANNOT GO BACK TO ANY
OTHER STATES, L.E., THESE ARE ABSORBING STATES. T HEREFORE, GIVEN A COVERAGE 2, WE
CAN MODEL THE ATTACKER’S BEHAVIOR AS AN ABSORBING MARKOV CHAIN. WE CAN ANALYT-
ICALLY COMPUTE THE CORRESPONDING DEFENDER UTILITY. 10 ALIGN WITH THE STANDARD
MINIMIZATION FORMULATION, WE DENOTE THE NEGATIVE DEFENDER UTILITY BY f{2, §). For
EASE OF NOTATION, WE OMIT THE PRESENCE OF NODE FEATURES. THE OPTIMIZATION PROB-

LEM IS GIVEN BY:

mzin Az, 0) (5:7)

sT. 1'2<b, 0<z2 <1 Vee&

UNFORTUNATELY, THE FUNCTION /IS NEITHER CONVEX NOR SUBMODULAR WHEN THE AT-
TACKER IS REACTIVE. THE STANDARD APPROACH IS TO APPLY CONSTRAINED BLACK-BOX
OPTIMIZATION SOLVERS TO SOLVE THE PROBLEM, E.G., SEQUENTIAL LEAST SQUARES Pro-

GRAMMING (SLSQP) 7744,
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5.7 NAIVE GAME-FOCUSED LEARNING FOR NETWORK SECURITY GAMES

Back propagation Optimize resource
Input =~ N allocation z
node | GCN | Predicted b , 0
features behavior 6 [™\[ KL min  f £Z )
X divergence s.t. 1'z<b
Ground truth[ g
Predictive model| behavior 6* Prescriptive model
(a) Two-stage method
_____________ Back propagation
Input " : Optimization RN
node | GCN [ Predicted min f(z 0) Optimal >
; ’ overage z* \
feat)lc,lres behavior 6 S 1Tp < \ - . _
Ground truth ~ emsm*n c:ua Y
behavior 6* f(z",6")

(b) game-focused method
Figure 5.2: Two-stage method trains the behavior model by minimizing the predictive loss, while the game-focused
method trains the behavior model by optimizing the final decision quality.

In GENERAL, A GOOD PREDICTIVE MODEL DOES NOT NECESSARILY IMPLY A HIGH DEFENDER
UTILITY IN THE SECOND STAGE. SOMETIMES A SLIGHTLY INACCURATE PREDICTION MIGHT
LEAD TO A BETTER FINAL DECISION. THIS HAPPENS FREQUENTLY ESPECIALLY WHEN THE
PREDICTIVE MODEL CANNOT PERFECTLY REPRESENT THE GROUND TRUTH. FOR EXAMPLE, IN
OUR CASE, THE MODEL RELIES ON THE MARKOVIAN ASSUMPTION AND SUQR ASSUMPTION IN
EQUATION 5.5, WHICH MIGHT NOT BE ABLE TO FULLY RECOVER THE UNDERLYING ATTACKER
BEHAVIOR.

GAME-FOCUSED LEARNING, INSTEAD, CAN DIRECTLY OPTIMIZE THE FINAL SOLUTION QUAL-
ITY BY BACK-PROPAGATING FROM THE FINAL SOLUTION QUALITY ALL-THE-WAY BACK TO THE

PREDICTIVE MODEL. GAME-FOCUSED LEARNING HAS BEEN PROVEN TO BE ABLE TO OUTPER-
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FORM A STANDARD TWO-STAGE LEARNING APPROACH 248, FINDING A SHORTCUT TO BETTER
FINAL SOLUTION QUALITY. HOWEVER, THE MAJOR ISSUE OF BACK-PROPAGATION IS THE
NON-DIFFERENTIABLE OPTIMIZATION LAYER IN THE PRESCRIPTIVE STATE. AMOS ET AL."'
PROVIDES A METHOD TO DIFFERENTIATE THROUGH THE OPTIMIZATION LAYER WHEN THE
OPTIMIZATION PROGRAM IS CONVEX; PERRAULT ET AL. 248 INSTEAD USED QUADRATIC FUNC-
TION AS A SURROGATE TO DEAL WITH THE CASE WHEN THE OPTIMIZATION PROGRAM IS NON-
CONVEX.

MOoORE SPECIFICALLY, THE IDEA OF TACKLING NON-CONVEX FUNCTION IN PERRAULT ET

248

AL. IS TO APPROXIMATE THE NON-CONVEX FUNCTION BY A QUADRATIC FUNCTION AROUND

A LOCAL MINIMUM 2°"T USING TAYLOR EXPANSION, WHICH CAN BE WRITTEN AS:

fz,0) = flz°7,0) + (Az) ngzf ;(Az)ngj;(Az) (5.8)

WHERE Az = z — z°7". THEY USE THIS APPROXIMATE QUADRATIC PROGRAM (QP) AS A SUR-

ROGATE OF THE NON-CONVEX OPTIMIZATION PROBLEM, WHERE THE OPTIMAL SOLUTION 2*

OF QP MATCHES THE LOCAL OPTIMUM Zopr COMPUTED BEFORE. THIS ALLOWS US TO DIF-

FERENTIATE THROUGH A QP AND COMPUTE THE GRADIENT OF OPTIMAL SOLUTION z* WITH
of

RESPECT TO THE LINEAR COEFFICIENT p = 5 | o= 00

dfiz",6")  dfiz",6") dz* dp ()
dv  det  dpdw >9

d d
ap = p df d® CAN BE DECOMPOSED AND
dw 0 do dw

9]
WHERE p = 8—J;|Z:ZOPT IS A FUNCTION OF  WITH
COMPUTED. EQUATION 5.9 GIVES US THE GRADIENT OF THE FINAL SOLUTION QUALITY WITH
RESPECT TO THE MODEL PARAMETER w, WHICH ALLOWS US TO DIRECTLY RUN STOCHASTIC

GRADIENT DESCENT END-TO-END. WE APPLY THIS APPROACH TO OUR DOMAIN. THE ALGO-
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Algorithm 3: Naive Game-focused Learning *+*
1 Input: Training data D, initialized GCN(-, ;w) : V' x x = R
» while until converge do

3 for (G, 6",x) € Ddo
4 Compute prediction ¢in Eq. 5.5 by ® = GCN(V, & w)
s Find optimum z°P* of Optimization 5.7

0*Az,0 O0Az,0 %
‘ Q=T i, p = LoD oo — Q2
7 Re-solve QP: z* = argmin %ZT Qz+z'p

z feasible
. df(z*,0%) dg* dp

8 i Update w by gradient ~= -~ & dw

o Return: trained model GCN(-, -; w)

RITHM IS SKETCHED IN ALGORITHM 3 AND F1GURE 5.2(B).

IssUEs OF GAME-FOCUSED LEARNING ALTHOUGH GAME-FOCUSED LEARNING IDEALLY CAN
ACHIEVE BETTER FINAL PERFORMANCE COMPARED TO TWO-STAGE LEARNING, IN THIS SEC-
TION, WE POINT OUT TWO MAIN ISSUES THAT ARISE WHEN THIS GAME-FOCUSED LEARNING IS
APPLIED TO NSGS: SCALABILITY AND NON-CONVEXITY.

* SCALABILITY: IN THE FORWARD AND BACKWARD PATHS OF SOLVING QP (EQUATION 5.8),
WE NEED TO SOLVE AND BE ABLE TO BACK-PROPAGATE THROUGH THE QP, WHICH INVOLVES
THE COMPUTATION OF MATRIX INVERSE. TAKING MATRIX INVERSE GROWS BETWEEN QUADRATIC
AND CUBICALLY AS THE SIZE OF THE DECISION VARIABLE 2 GROWS. MOREOVER, IN ORDER TO

62
COMPUTE THE TAYLOR EXPANSION 5.8, WE NEED TO COMPUTE THE HESSIAN 5.z EXPLICITLY,
WHICH IS USUALLY THE MAJOR BOTTLENECK OF THE COMPUTATION COST WHEN THE TARGET
FUNCTION f1S COMPLEX.
* NON-CONVEXITY: IN THE NON-CONVEX SETTING, THE OBJECTIVE FUNCTION f{2, §) CAN

BE NON-CONVEX IN BOTH 2 AND &. THE GRADIENT-BASED APPROACHES RELY ON UPDAT-

ING MODEL PARAMETERS w AND THUS ¢ TO IMPROVE THE SOLUTION QUALITY. HOWEVER,
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SINCE THE /IS NON-CONVEX IN 6, IT COULD CREATE NON-CONVEX SEARCHING SPACE FOR
GRADIENT-BASED APPROACHES, WHICH COULD EASILY GET STUCK IN LOCAL OPTIMUM OR
SADDLE POINTS. T'WO-STAGE METHODS ESCAPE THIS PROBLEM BECAUSE THEIR LOSS FUNC-
TION £(4, ") IN EQUATION 5.6 IS CONVEX, WHICH GRADIENT-BASED APPROACHES CAN MORE

EASILY HANDLE.

5.8 IMPROVING NAIVE GAME-FOCUSED LEARNING

IN THIS SECTION, WE PROVIDE A SCALABLE RANDOMIZED BLOCK UPDATE APPROACH TO
RESOLVE THE SCALABILITY ISSUE, WHICH ALSO SUGGESTS A BLOCK GAME-FOCUSED ALGO-
RITHM AS A SCALABLE VERSION OF GAME-FOCUSED LEARNING APPROACH. TO RESOLVE THE
NON-CONVEXITY ISSUE, WE APPLY THE INTERMEDIATE LOSS AS A REGULARIZATION, WHICH
HELPS GAME-FOCUSED METHODS ESCAPE LOCAL MINIMUMS. WE FURTHER PROVIDE THEORET-
ICAL GUARANTEES TO LINK THE RANDOMIZED BLOCK UPDATE TO THE NAIVE GAME-FOCUSED

LEARNING APPROACH.

5.8.1 BLock GAME-FOCUSED LEARNING

INSTEAD OF USING THE ENTIRE TAYLOR EXPANSION (EQUATION 5.8) TO APPROXIMATE THE
OBJECTIVE FUNCTION LOCALLY, WE CAN USE A PARTIAL TAYLOR EXPANSION WITH RESPECT

TO A SUBSET OF VARIABLES TO APPROXIMATE IT:

of 1 O*f

~ T T

Az, 8) ~ Alz*,6) + (Azc) o + E(Azc) —8ZZC(AzC), (5.10)
wHERE C C {1,2,...,|E|} 1S A SUBSET OF INDICES AND 2z IS THE CORRESPONDING TRUN-

CATION OVER INDICES C OF THE ENTIRE VARIABLES 2. EQUATION §5.101S EQUIVALENT TO

FREEZING THE VARIABLES OUTSIDE OF C AND APPLYING TAYLOR EXPANSION TO THE REST
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Algorithm 4: Block Game-focused Learning

1+ Input: Training data D, initialized GCN(-, -;w) : V" x x — R, block size &
» while until converge do

3 for (G,0",x) € Ddo
4 Compute prediction #in Eq. 5.5 by ® = GCN(V, & w)
s Find optimal solution z° of Optimization 5.7
6 Sample C C {1,2, ..., |E|} with |C| =

2Az 2z %
7 Qce = agzéﬁ) fe=ee, 0 = 22w — Qe
8 Re-solve quadratic program: zj. = argmin %zg Qccze + zgpc

z¢ feasible
. dfiz",8%) da} dpc

9 i Update w by gradient T dE e du

1o Return: trained model GCN(+, -; w)

OF THEM. IN THIS FORMULATION, WE ONLY NEED TO COMPUTE THE HESSIAN WITH RESPECT
TO z¢c. WHEN THE SIZE OF (IS SIGNIFICANTLY SMALLER THAN THE ORIGINAL VARIABLE SIZE
|E|, IT CAN SAVE THE COMPUTATIONAL TIME OF HESSIAN QUADRATICALLY. FURTHERMORE,
WHILE BACK-PROPAGATING THROUGH THE KKT coNDITIONS, THE QP FORMULATION OF
EQUATION 5.10 RESULTS IN A SMALLER SIZE OF QUADRATIC TERM, WHICH CAN REDUCE THE
COMPUTATION OF MATRIX INVERSE. THE BLOCK-WISE CHAIN RULE CAN BE WRITTEN AS:

dflz",6") _ dfiz", &) dzdpc
dv ~ det dpcdw

(s.11)

o) d d
WHERE p = aTJZ |z=z°"> % = % % il% WHEN THE BLOCK SIZE IS SMALLER, THE APPROXI-

MATION CAN BE MORE INACCURATE. BUT WE WILL SHOW IN THE LATER SECTION THAT THE
BLOCK GRADIENT IS AN APPROXIMATION TO THE ENTIRE GRADIENT.
ALL THE ABOVE REASONS SUGGEST A RANDOMIZED BLOCK UPDATE ALGORITHM, WHICH IS

DESCRIBED IN ALGORITHM 4*. THE ALGORITHM RANDOMLY SAMPLES A BLOCK OF VARIABLES

*The implementation of Algorithm 3 and Algorithm 4 can be found in https://github.com/
guaguakai/scalable-game-focused-learning
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TO COMPUTE HESSIAN AND BACK-PROPAGATE ACCORDINGLY. IN COMPARISON, ALGORITHM 3

8f(z€

REQUIRES TO COMPUTE THE ENTIRE HESSIAN MATRIX Q = | s=z0rr, WHICH IS USUALLY

VERY EXPENSIVE. INSTEAD, ALGORITHM 4 ONLY REQUIRES THE COMPUTATION OF A BLOCK

Az,6)
Hess1aN Qcc = ﬂz

|z —zort, WHICH CAN SAVE AT LEAST QUADRATIC AMOUNT OF HEessian
COMPUTATION DEPENDING ON THE BLOCK SIZE. IT CAN ALSO REDUCE THE RUNNING TIME OF

THE FOLLOWING QUADRATIC PROGRAM DUE TO REDUCING THE NUMBER OF VARIABLES.

5.8.2 BLOCK SELECTION

IN ALGORITHM 4, THE IDEA OF BLOCK GAME-FOCUSED LEARNING IS TO RESTRICT THE FOCUS
TO A SUBSET OF VARIABLES AND TO UPDATE ACCORDINGLY. THE CHOICE OF THE SAMPLED
BLOCK COULD AFFECT THE CONVERGENCE RATE. HERE WE PROPOSE THREE BLOCK SELEC-
TION APPROACHES: I) RANDOAM APPROACH SELECTS BLOCK UNIFORMLY AT RANDOM; II) COV-
ERAGE-BASED APPROACH RANDOMLY SELECTS INDICES WITH PROBABILITY PROPORTIONAL TO
Z*, WHICH GUARANTEES THAT THERE IS SPACE FOR THE VARIABLES IN THE BLOCK TO REAL-
LOCATE COVERAGE,; III) DERIVATIVE-BASED APPROACH SELECTS INDICES WITH PROBABILITY

df(z ,0)

PROPORTIONAL TO THE MAGNITUDE OF THE DERIVATIVES > WHICH IS THE WEIGHT PUT

ON THE CHAIN RULE.

5.8.3 REGULARIZATION

ANOTHER ISSUE ASSOCIATED WITH THE NAIVE GAME-FOCUSED LEARNING METHOD IS THE
NON-CONVEX OBJECTIVE FUNCTION, WHERE GRADIENT-BASED APPROACHES CAN ENCOUNTER
ISSUES OF LOCAL OPTIMUMS AND SADDLE POINTS. INSTEAD, THE TWO-STAGE APPROACH OP-
TIMIZES THE INTERMEDIATE LOSS, WHICH IS GENERALLY CONVEX IN THE PREDICTION SPACE.

THEREFORE, WE PROPOSE TO ADD A WEIGHTED TWO-STAGE LOSS AS A REGULARIZATION TO
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SMOOTHIFY THE FINAL OBJECTIVE VALUE. AS THE TRAINING EPOCHS INCREASE, THE WEIGHT
PUT ON THE TWO-STAGE LOSS DROPS EXPONENTIALLY WITH A DECAY RATE 0.95, PULLING THE
LEARNING BACK TO GAME-FOCUSED METHODS. THIS REGULARIZATION TECHNIQUE HELPS RE-
SOLVE THE NON-CONVEXITY ISSUE OF NAIVE GAME-FOCUSED METHOD, WHICH CAN ACHIEVE

BETTER PERFORMANCE AFTERWARD.

5.8.4 APPROXIMATION GUARANTEES

IN THIS SECTION, WE WILL SHOW THAT BOTH ALGORITHM 3 AND 4 HAVE 0 GRADIENT WHEN
THE PREDICTION PERFECTLY MATCHES TO THE GROUND TRUTH, SHOWING THAT BOTH AL-
GORITHMS ARE STABLE AT THE GLOBAL OPTIMUM. LATER ON, WE WILL SHOW THAT ArGo-
RITHM 4 IS AN APPROXIMATE VERSION OF ALGORITHM 3. THIS SHOWS THAT OUR BLOCK
GAME-FOCUSED APPROACH CAN NOT ONLY ACHIEVE SCALABILITY DUE TO THE REDUCTION
IN HESSIAN AND Q_P COMPUTATION, BUT IT IS ALSO ALIGNED WITH THE STANDARD NAIVE

GAME-FOCUSED APPROACH WITH THEORETICAL GUARANTEES.

Theorem 3. When the intermediate prediction matches the ground truth, i.e, 0(-, -, w*) = ", we

have W lw=w+ = 0 for both Algorithm 3 and Algorithm 4 with any block C.

THIS THEOREM IMPLIES THAT IF THE PREDICTIVE MODEL IS RICH ENOUGH AND ABLE TO
REACH THE GROUND TRUTH, THEN THE GRADIENT COMPUTED IN BOTH ALGORITHMS IS
EQUAL TO 0 AT THE GROUND TRUTH. SO IF WE CAN AVOID GETTING STUCK BY LOCAL OPTI-
MUM, THEN BOTH ALGORITHMS WILL BE ABLE TO LEARN THE GROUND TRUTH. THIS IS ALSO

TRUE FOR THE TWO-STAGE LEARNING WHEN THE LOSS IS DEFINED AS ANY CONVEX NORMS.

Theorem 4. The quadratic programs in Algorithm 3 and Algorithm 4 share the same primal solu-
tions on the block C. They also share the same dual solution on the non-degenerate constraints contain-

ing at least one variable in the block.



WHEN RESTRICTING TO VARIABLES INSIDE THE BLOCK, THERE ARE SOME DEGENERATE
CONSTRAINTS CONTAINING ONLY VARIABLES OUTSIDE OF THE BLOCK, WHICH ARE ALWAYS
SATISFIED IN THE BLOCK QP THUS, THERE IS NO RESTRICTION PUT ON THE DUAL VARIABLE
CORRESPONDING TO THESE DEGENERATIVE CONSTRAINTS, WHICH WE HAVE NO CONTROL ON
THEM. BUT IN THIS THEOREM, WE PROVE THAT THE DUAL SOLUTION TO THE OTHER VALID

CONSTRAINTS WILL MATCH TO THE DUAL SOLUTION GIVEN BY THE QP IN ALGORITHM 3.

Theorem s. Given the primal solution z* and the dual solution 2™ of the quadratic program in Al-
2

gorithm 3 with linear constraints G, b, A, b, the Hessian Q = %—zf, linear coefficient p = %, and

the sampled indices C C {1,2, ..., |E|}, the gradient % € RIXI omputed in Algorithm 4 is an

. . . dz* E| x| E] . .
approximation to the block component of the gradient 57 e RIEIxIE computed in Algorithm 3. More

specifically,

A—I—AC

<ot man () | 6

(%),
dp ) cc  dpc

Ac = HQ}—EQCC

definite matrix Q. Kcc is the KT'T matrix given by the quadratic program in Algorithm 4.

where A = HGTG—f—ATA

yandp, . (Q) is the smallest eigenvalue of positive

THE A IN THE NUMERATOR IS A CONSTANT THAT ONLY DEPENDS ON THE CONSTRAINT MA-
TRICES. THE OTHER TERM A DEPENDS ON THE CHOICE OF BLOCK C, WHICH MEASURES THE
MAGNITUDE OF THE OFF-DIAGONAL ELEMENTS OF THE HESSIAN MATRIX Q. THIS IS USUALLY
A SMALL TERM WHEN THE HESSIAN Q) IS DIAGONALLY DOMINANT. ANOTHER INTERESTING
FINDING IS THAT THIS BOUND DEPENDS ON THE CONVEXITY OF THE HEss1aAN Q. WHEN THE
HESSIAN IS MORE CONVEX, THEN THE SMALLEST EIGENVALUE OF (J IS ALSO LARGER, GIVING
A STRONGER BOUND IN THEOREM 5. THE LAST TERM Kgé MEASURES THE STABILITY OF THE
KKT MATRIX K. WE CAN GET A GOOD BOUND IF THE KK'T MATRIX K¢ IS FAR FROM SIN-

GULAR. GREIF ET AL. "> PROVIDES VARIOUS BOUNDS ON THE EIGENVALUES OF THE KK'T MA-



TRIX. HOWEVER, IN GENERAL, POOR CONSTRAINTS CAN STILL LEAD TO A KKT MATRIX CLOSE
TO SINGULAR. IT ALSO INDICATES THAT A GOOD CHOICE OF C CAN IMPLY A MORE STABLE
KKT MATRIX, LEADING TO A BETTER ESTIMATE IN THEOREM S.

THEOREM S ALSO IMPLIES AN ALTERNATIVE EXPLANATION TO ALGORITHM 4, WHERE THE
GRADIENT IN ALGORITHM 4 1S AN APPROXIMATION TO THE PARTIAL GRADIENT WITH INDICES

CIN ALGORITHM 3:

W(f&*) dpe 4,5 dzc dpe (5.13)

dze. \dp ) e dw —  dzt dpc dw

WHICH IMPLIES THAT ALGORITHM 4 CAN BE THOUGHT AS AN APPROXIMATE BLOCK-WISE
GRADIENT DESCENT OF ALGORITHM 3, WHICH RELATES TO THE LITERATURE OF BLOCK COOR-

DINATE GRADIENT DESCENT 395240,

5.9 EXPERIMENTS

IN THIS SECTION, WE COMPARE TWO-STAGE (15), NAIVE GAME-FOCUSED (NAIVE-GF) MEN-
TIONED IN SECTION §.7, BLOCK GAME-FOCUSED (BLOCK-GF), AND REGULARIZED BLOCK GAME-
FOCUSED (REG-BLOCK-GF) METHODS ON SYNTHETIC DATA TO SHOW THAT OUR BLOCK GAME-
FOCUSED AND REGULARIZED BLOCK GAME-FOCUSED METHODS CAN ACHIEVE BETTER PERFOR-
MANCE ESPECIALLY IN LARGER INSTANCES. THESE TWO METHODS ARE ALSO ABLE TO SCALE
UP TO LARGE INSTANCES, WHERE THE NAIVE GAME-FOCUSED METHOD CANNOT. LASTLY, WE
STUDY THE CONVERGENCE AND SCALABILITY OF THE BLOCK GAME-FOCUSED AND REGULAR-
IZED BLOCK GAME-FOCUSED METHODS WITH DIFFERENT BLOCK SIZES AND BLOCK SAMPLING
METHODS. THIS ALLOWS US TO CHOOSE THE RIGHT BLOCK SIZE TO BALANCE BETWEEN SOLU-

TION QUALITY AND SCALABILITY.



5.9.1 SYNTHETIC DATA GENERATION

GRAPH AND FEATURES:

WE FIRST RANDOMLY GENERATE A GRAPH G WITH VARIOUS NODE SIZES, 5 RANDOM SOURCES
WITH UNIFORM INITIAL DISTRIBUTION 7, AND 5 RANDOM TARGETS WITH DEFENDER PENAL-
TIES U () FORALL? € T DRAWN FROM [—10, —5] UNIFORMLY AT RANDOM. WE FOCUS

ON STOCHASTIC BLOCK MODEL 37 AND GEOMETRIC GRAPHS >33, WHICH CAN RESPECTIVELY
MODEL COMMUNITY STRUCTURES AND PHYSICAL ROAD NETWORKS'. FOR EACH NODE IN THE
GRAPH, WE DRAW AN ATTRACTIVENESS VALUE, DEPENDING ON THE SHORTEST DISTANCE TO
THE TARGETS PLUS A UNIFORM NOISE, AS THE ATTACKER’S UNBIASED PREFERENCE. WE ALSO
RANDOMLY GENERATE THE PAST COVERAGE Z SUBJECT TO BUDGET CONSTRAINTS. TO GENER-
ATE THE NODE FEATURES X, WE FEED THE PRIVATE ATTRACTIVENESS VALUES TO A RANDOMLY
INITIALIZED GCN, WHERE THE GCN WILL OUTPUT A FIXED SIZE VECTOR PER NODE AS OUR
NODE FEATURES X. A DIFFERENT LEVEL OF GAUSSIAN NOISE WAS ADDED TO THE FEATURES TO

MODEL THE NOISE IN THE REAL-WORLD SCENARIO.

ATTACKER BEHAVIOR:

WE CHOOSE @ = 4 AS THE RISK AVERSION PARAMETER SUGGESTED BY PERRAULT ET AL.>*®
AND ABBASIET AL.', AND SET # = 0 TO IGNORE THE FUTURE RISK FACTOR FOR THE SAKE OF
SIMPLICITY. FOR EACH INSTANCE WITH GIVEN ATTRACTIVENESS AND THE DEFENDER COVER-
AGE, WE SIMULATE 100 ATTACKS BY INITIALIZING THE ATTACKER AT ONE OF THE SOURCES

AND FOLLOWING THE LOCALIZED SUQR BEHAVIOR DESCRIBED IN SECTION 5.4 UNTIL THE

For stochastic block model, we separate nodes into communities with 10 nodes in each community,
then connect nodes within the same community with probability 0.4 and nodes not in the same community
with probability 0.1. For geometric graph, we randomly places nodes in a unit square and connects nodes
with distance smaller than 0.2.
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ATTACKER REACHES TO ONE OF THE TARGETS. THESE SAMPLED PATHS /A ARE USED TO RE-

‘{f:(uvy)aeeﬂ‘y“EA}| 301
(#,w),e€a,a€ N,wEN(a) }|

CONSTRUCT A MARKOVIAN BEHAVIOR: §,_, (z,x) = = , WHICH IS
e=

THEN USED AS OUR GROUND TRUTH TO EVALUATE THE SOLUTION QUALITY'. EACH INSTANCE

IS COMPOSED OF THE GRAPH G, PAST COVERAGE z, NODE FEATURES X, THE ATTACKER BEHAV-

IOR (9*, AND THE SAMPLED PATHS A (ONLY USED IN TWO-STAGE METHOD,).

TRAINING, VALIDATING, AND TESTING:

WE GENERATE 50 INSTANCES (G, §*, 2%, x) AS OUR ENTIRE DATASET, WHICH ARE RANDOMLY
SEPARATED INTO TRAINING, VALIDATING, TESTING SET WITH SIZE 35, §, 10. ] HE MODEL IS
TRAINED ON THE TRAINING SET FOR 100 EPOCHS, WHERE THE BEST MODEL IS CHOSEN FROM
THE 100 EPOCHS WITH THE HIGHEST SCORE IN THE VALIDATION SET. IN THE FOLLOWING
EXPERIMENTS, TO ACHIEVE STATISTICAL SIGNIFICANCE, FOR EVERY METHOD AND DIFFER-
ENT SETUP, WE RAN 50 INDEPENDENT TRIALS AND RECORDED THE AVERAGE RESULTS ON THE

TESTING SET.

5.9.2 SOLUTION QUALITY

IN THIS SECTION, WE COMPARE THE SOLUTION QUALITY OF ALL METHODS ON STOCHASTIC
BLOCK MODELS AND GEOMETRIC GRAPHS. WE GENERATE A SET OF RANDOM GRAPHS WITH
FEATURES AS DESCRIBED IN SECTION 5.9.1, WHERE GAUSSIAN NOISE WITH STD. OF 0.2 IS
ADDED TO THE FEATURES TO MODEL NOISY REAL-WORLD DATA. WE SET & = 2. AS OUR GOAL

IS EFFICIENT APPROACHES FOR ADVERSARY MODELS IN LARGE-SCALE NSGS, THE FOCUS OF

#The reason of using sampled paths instead of the actual generated attractiveness values as our ground
truth is to align with the real-world data, where it is almost impossible to have access to the underlying at-
tacker preference or Markovian behavior; instead, we generally have access to the paths or edges where illegal
activities have been found, which can be used as sampled paths or edges and used to reconstruct the Marko-
vian behavior as we did here.
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THIS PAPER IS THEN ON EXPERIMENTING WITH MANY DIFFERENT SETTINGS (GRAPH SIZES AND
TYPES), TECHNIQUES (DIFFERENT VARIATIONS OF GAME-FOCUSED LEARNING), NOISE, AND
OTHER VARIABLES IN BUILDING AN ADVERSARY MODEL. IN ADDITION, SINCE WE CARE MORE
ABOUT HOW MUCH DEFENDER UTILITY THAT VARIOUS LEARNING APPROACHES CAN IMPROVE,
WE FOCUS ON THE COUNTERFACTUAL REGRET, WHICH IS DEFINED AS THE GAP BETWEEN THE
DEFENDER UTILITY OF OUR SOLUTION AND THE TRUE OPTIMUM WHEN THE GROUND TRUTH
IS GIVEN IN ADVANCE. SMALLER REGRET IMPLIES THAT THE SOLUTION IS CLOSER TO THE AC-
TUAL OPTIMUM.

IN FIGURE 5.3(A) AND 5.3(B), WE CAN SEE THAT OUR REGULARIZED BLOCK GAME-FOCUSED
METHOD OUTPERFORMS TWO-STAGE METHOD (NOTE THAT ALL OF THE IMPROVEMENTS IN
THE AVERAGE REGRET REPORTED BY THE REG-BLOCK-GF METHOD OVER THE TWO-STAGE
METHOD ARE STATISTICALLY SIGNIFICANT WITHp < 0.05). WHEN THE INSTANCE GETS
LARGER, THE DIFFERENCE BETWEEN TWO APPROACHES ALSO GETS LARGER, SHOWCASING
THE LIMIT OF THE STANDARD TWO-STAGE BEHAVIOR LEARNING APPROACH. IN FIGURE 5.4(A)
AND 5.4(B), WE COMPARE THE SOLUTION QUALITY OF DIFFERENT GAME-FOCUSED METH-
oDs. DUE TO THE COMPUTATIONAL ISSUE, THE NAIVE GAME-FOCUSED METHOD CAN ONLY
SCALE UP TO GRAPHS WITH 40 NODES. THE BLOCK GAME-FOCUSED METHOD CAN SCALE UP TO
LARGER INSTANCES BUT IT SACRIFICES SOME SOLUTION QUALITY COMPARED TO THE NAIVE
GAME-FOCUSED APPROACH. FINALLY, THE REGULARIZED BLOCK GAME-FOCUSED METHOD
CAN ACHIEVE BOTH SCALABILITY AND SOLUTION QUALITY BY USING THE BLOCK UPDATE AND

REGULARIZATION TERM.

5.9.3 THEIMPACT OF NOISE

FIGURE 5.5(A) AND 5.5(B) COMPARE THE PERFORMANCES UNDER DIFFERENT LEVEL OF NOISE,

WHERE A NOISE WITH STD. OF 71S ADDED TO THE NORMALIZED FEATURES. WE CAN SEE THAT
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Figure 5.3: Solution quality comparison between two-stage and regularized block game-focused method. The difference
in solution quality gets larger when the graph size increases.
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Figure 5.4: Solution quality comparison between game-focused methods. Randomized block update can improve scala-
bility while the regularization can improve the solution quality.

THE MORE NOISE IMPLIES LARGER REGRET AND POORER PERFORMANCE. BUT WE CAN ALSO
NOTICE THAT THE GAP BETWEEN REGULARIZED BLOCK GAME-FOCUSED METHOD AND THE
TWO-STAGE METHOD GETS LARGER WHEN MORE NOISE IS INTRODUCED. THIS IS PROBABLY
DUE TO THE MISMATCH BETWEEN THE LOW INTERMEDIATE LOSS AND THE GOOD FINAL SOLU-
TION QUALITY WHEN THE FEATURE IS NOISY. THIS ALSO EXPLAINS WHY REGULARIZED BLOCK
GAME-FOCUSED METHOD CAN OUTPERFORM TWO-STAGE IN FIGURE $5.3 WHEN THE FEATURES

ARE NOISY.
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Figure 5.5: The figures show the effect of noise to all the methods, where regularized block game-focused method is
more resilient to noise in the features.
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Figure 5.6: Naive game-focused method can only scale up to 40 nodes. Instead, block game-focused and regularized
block game-focused can solve larger instances with 80 nodes.

5.9.4 SCALABILITY

FIGURE S.G(A) AND S.G(B) SHOW THE SCALABILITY OF ALL GAME-FOCUSED METHODS. WE

LIMIT THE TRAINING TIME TO BE UP TO 48 HOURS. ANY PROGRAMS LAST MORE THAN THAT
WERE CUT AND THE CORRESPONDING RESULTS WERE RECORDED. NAIVE GAME-FOCUSED
METHOD CAN ONLY HANDLE GRAPHS WITH UP TO 40 NODES AND IT SCALES EXTREMELY POORLY.
OUR PROPOSED METHODS, BLOCK GAME-FOCUSED AND REGULARIZED BLOCK GAME-FOCUSED

WITH A BLOCK SIZE #NODES/Z, CAN SCALE TO MUCH LARGER INSTANCES.
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Figure 5.7: Figure (a) and (b) show the convergence rate of different block sizes. Figure (c) shows the running time of
backward path for different block sizes, which grows significantly more than linear. Figure (d) shows the effect of differ-
ent block sampling methods. All methods converge with slightly different speed, where coverage-based sampling is the
best and it is also what we use in other experiments.

5.9.5 BLOCK S1ZE SELECTION

To STUDY THE EFFECT OF BLOCK SIZE, WE SELECT VARIOUS BLOCK SIZES PROPORTIONAL

TO THE TOTAL NUMBER OF VARIABLES AND RUN THE BLOCK GAME-FOCUSED LEARNING AND
REGULARIZED BLOCK GAME-FOCUSED METHODS TO COMPARE THE CONVERGENCE. IN F1G-
URE §.7(A), WE CAN SEE THAT FOR THE BLOCK-GAME-FOCUSED METHOD, THE CONVERGENCE
AND THE FINAL PERFORMANCE ARE BETTER WHEN THE BLOCK SIZE IS LARGER. FIGURE 5.7(B)
SHOWS THE CONVERGENCE OF REGULARIZED BLOCK GAME-FOCUSED METHOD WITH DIFFER-

ENT BLOCK SIZES. IN THIS CASE, A LARGER BLOCK SIZE STILL HELPS, BUT THE DIFFERENCE IS
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RELATIVELY TINY.

FIGURE 5.7(C) SHOWS THE RUNNING TIME OF THE FORWARD (LINES 4-5) AND BACKWARD
PATH (LINES 6-9 IN ALGORITHM 4) FOR THE BLOCK GAME-FOCUSED METHOD WITH VARIOUS
BLOCK SIZES, WHERE FORWARD PATH SOLVES PRESCRIPTIVE STAGE WITH BLACK-BOX OPTI-
MIZATION AND THE BACKWARD PATH REQUIRES COMPUTING THE HESSIAN AND SOLVING
THE QUADRATIC PROGRAM TO BACK-PROPAGATE. IN PRACTICE, WE WOULD LIKE TO SELECT A
BLOCK SIZE SUCH THAT THE RUNNING TIME OF FORWARD AND BACKWARD PATHS ARE OF THE
SAME ORDER TO BALANCE BETWEEN THE CONVERGENCE AND SCALABILITY, WHICH EXPLAINS
THE REASON THAT WE EVENTUALLY CHOOSE BLOCK SIZE = #NODES/2 FOR ALL OTHER EX-
PERIMENTS. LASTLY, FIGURE 5.7(D) COMPARES DIFFERENT BLOCK SELECTIONS MENTIONED
IN SECTION 5.8.2, WHERE CONVERGENCE SPEED DIFFERS BUT MOSTLY LEAD TO THE SAME
POINT. COVERAGE-BASED SELECTION CONVERGES THE MOST QUICKLY, AND THUS WE USE

IT THROUGHOUT THE OTHER EXPERIMENTS.

5.10 CONCLUSIONS

IN THIS PAPER, WE INTRODUCE A FUNDAMENTALLY DIFFERENT BEHAVIOR LEARNING AP-
PROACH, GAME-FOCUSED LEARNING, TO NETWORK SECURITY GAMES, PLACING THE DOWN-
STREAM DEFENDER UTILITY MAXIMIZATION PROBLEM INTO THE LOOP OF BEHAVIOR LEARN-
ING. WE PROPOSE A NOVEL LOCAL SUQR MODEL AS OUR ADVERSARY MODEL, WHERE GCNs
CAN BE APPLIED TO AUTOMATICALLY HANDLE THE INFORMATION PROPAGATION IN THE
GRAPH. WE FURTHER IDENTIFY TWO EXISTING ISSUES OF GAME-FOCUSED LEARNING METHOD:
SCALABILITY AND NON-CONVEXITY, WHICH ARE ADDRESSED BY OUR BLOCK GAME-FOCUSED
AND BY REGULARIZING RESPECTIVELY. BLOCK GAME-FOCUSED METHOD CAN LARGELY RE-

DUCE THE COMPUTATIONAL COST WHILE MAINTAINING THE FOCUS ON THE FINAL SOLUTION
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QUALITY AS NAIVE GAME-FOCUSED LEARNING DOES. WE ALSO PROVIDE THEORETICAL GUAR-
ANTEES ON THE BLOCK GAME-FOCUSED METHOD. IN THE EXPERIMENTAL SECTION, WE RUN
EXTENSIVE EXPERIMENTS TO VERIFY THE REDUCTION ON THE TRAINING TIME AND SHOW
AN IMPROVEMENT IN TERMS OF SOLUTION QUALITY. THE BLOCK GAME-FOCUSED METHOD
REDUCES THE TRAINING TIME, BUT SACRIFICES A LITTLE SOLUTION QUALITY, WHILE REGU-

LARIZED BLOCK GAME-FOCUSED CAN ACHIEVE BOTH SPEED AND PERFORMANCE.
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AUTOMATICALLY LEARNING
SURROGATES FOR DECISION-FOCUSED

LEARNING

6.1 INTRODUCTION

UNCERTAINTY IS A COMMON FEATURE OF MANY REAL-WORLD DECISION-MAKING PROBLEMS
BECAUSE CRITICAL DATA MAY NOT BE AVAILABLE WHEN A DECISION MUST BE MADE. HERE

IS A SET OF REPRESENTATIVE EXAMPLES: RECOMMENDER SYSTEMS WITH MISSING USER-ITEM
RATINGS "+, PORTFOLIO OPTIMIZATION WHERE FUTURE PERFORMANCE IS UNCERTAIN >°¢,
AND STRATEGIC DECISION-MAKING IN THE FACE OF AN ADVERSARY WITH UNCERTAIN OBJEC-
TIVES '°4. OFTEN, THE DECISION-MAKER HAS ACCESS TO FEATURES THAT PROVIDE INFORMA-
TION ABOUT THE VALUES OF INTEREST. IN THESE SETTINGS, A PREDICT-THEN-OPTIMIZE®°
APPROACH NATURALLY ARISES, WHERE WE LEARN A MODEL THAT MAPS FROM THE FEATURES
TO A VALUE FOR EACH PARAMETER AND OPTIMIZE USING THIS POINT ESTIMATE >®°. IN PRIN-
CIPLE, ANY PREDICTIVE MODELING APPROACH AND ANY OPTIMIZATION APPROACH CAN BE
APPLIED, BUT USING A GENERIC LOSS FUNCTION TO TRAIN THE MODEL MAY RESULT IN POOR
DECISION PERFORMANCE. FOR EXAMPLE, A TYPICAL RATINGS PREDICTION APPROACH IN REC-

OMMENDATION SYSTEM MAY EQUALLY WEIGHT ERRORS ACROSS DIFFERENT ITEMS, BUT IN

THE RECOMMENDATION TASK, MISCLASSIFYING A TRENDY ITEM CAN RESULT IN MORE REV-
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ENUE LOSS THAN MISCLASSIFYING AN ORDINARY ITEM. WE MAY INSTEAD WANT TO TRAIN
OUR MODEL USING A “TASK-BASED” OR “DECISION-FOCUSED” LOSS, APPROXIMATING THE DE-
CISION QUALITY INDUCED BY THE PREDICTIVE MODEL, WHICH CAN BE DONE BY EMBEDDING
THE OPTIMIZATION PROBLEM AS A LAYER IN THE TRAINING PIPELINE. THIS END-TO-END AP-
PROACH IMPROVES PERFORMANCE ON A VARIETY OF TASKS 4233880,

UNFORTUNATELY, THIS END-TO-END APPROACH SUFFERS FROM POOR SCALABILITY BE-
CAUSE THE OPTIMIZATION PROBLEM MUST BE SOLVED AND DIFFERENTIATED THROUGH ON
EVERY TRAINING ITERATION. FURTHERMORE, THE OUTPUT OF THE OPTIMIZATION LAYER MAY
NOT BE SMOOTH, SOMETIMES LEADING TO INSTABILITIES IN TRAINING AND CONSEQUENTLY
POOR SOLUTION QUALITY. WE ADDRESS THESE SHORTCOMINGS THAT ARISE IN THE END-
TO-END APPROACH DUE TO THE PRESENCE OF A COMPLEX OPTIMIZATION LAYER BY REPLAC-
ING IT WITH A SIMPLER SURROGATE PROBLEM. THE SURROGATE PROBLEM IS LEARNED FROM
THE DATA BY AUTOMATICALLY FINDING A REPARAMETERIZATION OF THE FEASIBLE SPACE IN
TERMS OF META-VARIABLES, EACH OF WHICH IS A LINEAR COMBINATION OF THE ORIGINAL
DECISION VARIABLES. THE NEW SURROGATE PROBLEM IS GENERALLY CHEAPER TO SOLVE DUE
TO THE SMALLER NUMBER OF META-VARIABLES, BUT IT CAN BE LOSSY—THE OPTIMAL SOLU-
TION TO THE SURROGATE PROBLEM MAY NOT MATCH THE OPTIMAL SOLUTION TO THE ORIG-
INAL. SINCE WE CAN DIFFERENTIATE THROUGH THE SURROGATE LAYER, WE CAN OPTIMIZE
THE CHOICE OF SURROGATE TOGETHER WITH PREDICTIVE MODEL TRAINING TO MINIMIZE
THIS LOSS. THE DIMENSIONALITY REDUCTION OFFERED BY A COMPACT SURROGATE SIMULTA-
NEOUSLY REDUCES TRAINING TIMES, HELPS AVOID OVERFITTING, AND SOMETIMES SMOOTHS
AWAY BAD LOCAL MINIMA IN THE TRAINING LANDSCAPE.

IN SHORT, WE MAKE SEVERAL CONTRIBUTIONS. FIRST, WE PROPOSE A LINEAR REPARAM-
ETERIZATION SCHEME FOR GENERAL OPTIMIZATION LAYERS. SECOND, WE PROVIDE THEO-

RETICAL ANALYSIS OF THIS FRAMEWORK ALONG SEVERAL DIMENSIONS: (I) WE SHOW THAT
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DESIRABLE PROPERTIES OF THE OPTIMIZATION PROBLEM (CONVEXITY, SUBMODULARITY) ARE
RETAINED UNDER REPARAMETERIZATION; (II) WE PRECISELY CHARACTERIZE THE TRACTABIL-
ITY OF THE END-TO-END LOSS FUNCTION INDUCED BY THE REPARAMETERIZED LAYER, SHOW-
ING THAT IT SATISFIES A FORM OF COORDINATE-WISE QUASICONVEXITY; AND (III) WE PRO-
VIDE SAMPLE COMPLEXITY BOUNDS FOR LEARNING A MODEL WHICH MINIMIZES THIS LOSS.
FINALLY, WE DEMONSTRATE EMPIRICALLY ON A SET OF THREE DIVERSE DOMAINS THAT OUR
APPROACH OFFERS SIGNIFICANT ADVANTAGES IN BOTH TRAINING TIME AND DECISION QUAL-

ITY COMPARED PREVIOUS APPROACHES TO EMBEDDING OPTIMIZATION IN LEARNING.

6.2 RELATED WORK

SURROGATE MODELS '9%:200:186

ARE A CLASSIC TECHNIQUE IN OPTIMIZATION, PARTICULARLY
FOR BLACK-BOX PROBLEMS. PREVIOUS WORK HAS EXPLORED LINEAR REPARAMETERIZATIONS
TO MAP BETWEEN LOW AND HIGH FIDELITY MODELS OF A PHYSICAL SYSTEM 3:265:14 (E.G., FOR
AEROSPACE DESIGN PROBLEMS). HOWEVER, BOTH THE MOTIVATION AND UNDERLYING TECH-
NIQUES DIFFER CRUCIALLY FROM OUR WORK: PREVIOUS WORK HAS FOCUSED ON DESIGNING
SURROGATES BY HAND IN A DOMAIN-SPECIFIC SENSE, WHILE WE LEVERAGE DIFFERENTIATION
THROUGH THE OPTIMIZATION PROBLEM TO AUTOMATICALLY PRODUCE A SURROGATE THAT
MAXIMIZES OVERALL DECISION QUALITY.

OUR WORK IS CLOSEST TO THE RECENT LITERATURE ON DIFFERENTIABLE OPTIMIZATION.
AMOS ET AL."" AND AGRAWAL ET AL.?> INTRODUCED DIFFERENTIABLE QUADRATIC PROGRAM-
MING AND CONVEX PROGRAMMING LAYERS, RESPECTIVELY, BY DIFFERENTIATING THROUGH
THE KKT CONDITIONS OF THE OPTIMIZATION PROBLEM. DONTI ET AL.%° AND WILDER ET

AL. 338 APPLY THIS TECHNIQUE TO ACHIEVE END-TO-END LEARNING IN CONVEX AND DISCRETE

COMBINATORIAL PROGRAMMING, RESPECTIVELY. PERRAULT ET AL.**° APPLIED THE TECH-
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NIQUE TO GAME THEORY WITH A NON-CONVEX PROBLEM, WHERE A SAMPLING APPROACH WAS
PROPOSED BY WANG ET AL.>*° TO IMPROVE THE SCALABILITY OF THE BACKWARD PASS. ALL
THE ABOVE METHODS SHARE SCALABILITY AND NON-SMOOTHNESS ISSUES: EACH TRAINING
ITERATION REQUIRES SOLVING THE ENTIRE OPTIMIZATION PROBLEM AND DIFFERENTIATING
THROUGH THE RESULTING KKT CONDITIONS, WHICH REQUIRES O(73) TIME IN THE NUM-
BER OF DECISION VARIABLES AND MAY CREATE A NON-SMOOTH OBJECTIVE. OUR SURROGATE

APPROACH AIMS TO RECTIFY BOTH OF THESE ISSUES.

6.3 PROBLEM STATEMENT

WE CONSIDER AN OPTIMIZATION PROBLEM OF THE FORM: ZnggLEﬂz, Orrur ). THE OBJECTIVE
FUNCTION DEPENDS ON A PARAMETER Orryr € ©. IF f1qur WERE KNOWN, WE ASSUME THAT
WE COULD SOLVE THE OPTIMIZATION PROBLEM USING STANDARD METHODS. WE CONSIDER
THE CASE THAT PARAMETER Orzyux IS UNKNOWN AND MUST BE INFERRED FROM THE GIVEN
AVAILABLE FEATURES X. WE ASSUME THAT X AND &;zyz ARE CORRELATED AND DRAWN FROM
A JOINT DISTRIBUTION D, AND OUR DATA CONSISTS OF SAMPLES FROM D. OUR TASK IS TO

SELECT THE OPTIMAL DECISION z* (x), FUNCTION OF THE AVAILABLE FEATURE, TO OPTIMIZE

THE EXPECTED OBJECTIVE VALUE:

min E(xngRUE)ND[f(z* (x)7 eTRUE)] (61)

2* FEASIBLE

IN THIS PAPER, WE FOCUS ON A PREDICT-THEN-OPTIMIZE 90,87 FRAMEWORK, WHICH PRO-
CEEDS BY LEARNING A MODEL Wlw(>, MAPPING FROM THE FEATURES X TO THE MISSING PA-

RAMETER Orpys. WHEN FEATURE X IS GIVEN, WE FIRST INFER & = 71,,(x) AND THEN SOLVE THE
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RESULTING OPTIMIZATION PROBLEM TO GET THE OPTIMAL SOLUTION 2™
min  fz,0), sT. b(z) <0, Adz= (6.2)
z

THIS REDUCES THE DECISION-MAKING PROBLEM WITH UNKNOWN PARAMETERS TO A PREDIC-
TIVE MODELING PROBLEM: HOW TO LEARN A MODEL 72,(+) THAT LEADS TO THE BEST PERFOR-
MANCE.

A STANDARD APPROACH TO SOLVE THE PREDICT-THEN-OPTIMIZE PROBLEM IS TWO-STAGE
LEARNING, WHICH TRAINS THE PREDICTIVE MODEL WITHOUT KNOWLEDGE OF THE DECISION-
MAKING TASK (FIGURE 6.1). THE PREDICTIVE MODEL MINIMIZES THE MISMATCH BETWEEN
THE PREDICTED PARAMETERS AND THE GROUND TRUTH: E(y g....)eD £(75(%), Orrue), WITH
ANY LOSS METRIC {. SUCH A TWO-STAGE APPROACH IS EFFICIENT IN TERMS OF TRAINING THE
MODEL, BUT IT MAY LEAD TO POOR PERFORMANCE WHEN A STANDARD LOSS FUNCTION IS
USED. PERFORMANCE CAN BE IMPROVED IF THE LOSS FUNCTION IS CAREFULLY CHOSEN TO
SUIT THE TASK®, BUT DOING SO IS CHALLENGING FOR AN ARBITRARY OPTIMIZATION PROB-
LEM.

GRADIENT-BASED END-TO-END LEARNING APPROACHES IN DOMAINS WITH OPTIMIZATION
LAYERS INVOLVED, E.G., DECISION-FOCUSED LEARNING ****°, DIRECTLY MINIMIZE EQUA-
TION 6.1 AS THE TRAINING OBJECTIVE, WHICH REQUIRES BACK-PROPAGATING THROUGH THE
OPTIMIZATION LAYER IN EQUATION 6.2. THIS END-TO-END APPROACH IS ABLE TO ACHIEVE
BETTER SOLUTION QUALITY COMPARED TO TWO-STAGE LEARNING, IN PRINCIPLE. HOWEVER,
BECAUSE THE DECISION-FOCUSED APPROACH HAS TO REPEATEDLY SOLVE THE OPTIMIZATION
PROGRAM AND BACK-PROPAGATE THROUGH IT, SCALABILITY BECOMES A SERIOUS ISSUE. AD-
DITIONALLY, THE COMPLEX OPTIMIZATION LAYER CAN ALSO JEOPARDIZE THE SMOOTHNESS

OF OBJECTIVE VALUE, WHICH IS DETRIMENTAL FOR TRAINING PARAMETERS OF A NEURAL
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Back propagation [~~~ Loss |« Ground truth 8,
1

— Ootimizati Optimal - -
Model ptimization | s, ion ,* |Solution quality
Feature x —] —= = = min f(z0) [~ " > .
my, () [Prediction 6 z feasible” ~ f(Z", Otrue )

Figure 6.1: Two-stage learning back-propagates from the loss to the model, ignoring the latter effect of the optimization

layer.
Back propagation Ground truth e —]
DR Optimization [«-------- i ;
Feature x Model — min (2 6) |—omima Solutl*on quality
my,(-) |Prediction z feasible’ soIEtion 7 (2", 0rue )

Figure 6.2: End-to-end decision-focused learning back-propagates from the solution quality through the optimization
layer to the model we aim to learn.

NETWORK-BASED PREDICTIVE MODEL WITH GRADIENT-BASED METHODS.

6.4 SURROGATE LEARNING

THE MAIN IDEA OF THE SURROGATE APPROACH IS TO REPLACE EQUATION 6.2 WITH A CARE-
FULLY SELECTED SURROGATE PROBLEM. TO SIMPLIFY EQUATION 6.2, WE CAN LINEARLY REPA-

RAMETERIZE ¢ = Py, WHERE y € R” wITH m < 7 AND P € R"*”,
myin a(9,0) =Py, 0) st1. b(Py) <0, APy=15b (6.3)

SINCE THIS REPARAMETERIZATION PRESERVES ALL THE EQUALITY AND INEQUALITY CON-
STRAINTS IN EQUATION 6.2, WE CAN EASILY TRANSFORM A FEASIBLE LOW-DIMENSIONAL
SOLUTION}/* BACK TO A FEASIBLE HIGH-DIMENSIONAL SOLUTION WITH z* = P_y* THE
LOW-DIMENSIONAL SURROGATE IS GENERALLY EASIER TO SOLVE, BUT LOSSY, BECAUSE WE
RESTRICT THE FEASIBLE REGION TO A HYPERPLANE SPANNED BY P. IF WE WERE TO USE A
RANDOM REPARAMETERIZATION, THE SOLUTION WE RECOVER FROM THE SURROGATE PROB-

LEM COULD BE FAR FROM THE ACTUAL OPTIMUM IN THE ORIGINAL OPTIMIZATION PROBLEM,
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WHICH COULD SIGNIFICANTLY DEGRADE THE SOLUTION QUALITY.

THIS IS WHY WE NEED TO LEARN THE SURROGATE AND ITS REPARAMETERIZATION MA-
TRIX. BECAUSE WE CAN DIFFERENTIATE THROUGH THE SURROGATE OPTIMIZATION LAYER,
WE CAN ESTIMATE THE IMPACT OF THE REPARAMETERIZATION MATRIX ON THE FINAL SOLU-
TION QUALITY. THIS ALLOWS US TO RUN GRADIENT DESCENT TO LEARN THE REPARAMETER-
IZATION MATRIX P. THE PROCESS IS SHOWN IN FIGURE 6.3. NOTICE THAT THE SURROGATE
PROBLEM ALSO TAKES THE PREDICTION & OF THE PREDICTIVE MODEL AS INPUT. THIS IMPLIES
THAT WE CAN JOINTLY LEARN THE PREDICTIVE MODEL AND THE REPARAMETERIZATION MA-

TRIX BY SOLELY SOLVING THE CHEAPER SURROGATE PROBLEM.

. . . 1
Model |Predictiongi Optimization . Solution quality
Feature x — 1 min  f(z6)
my () <" ' ibl AT i (%, 0 )
w ! :__Z_f_e‘_ls_l_f ______ A Opt'imal ’ True
! isolutlol? y
i 7 = Py*
Reparameterization| ! Surrogate Problem | | | Y Ground truth 6y,
P R— min ,6 4
p y feasible gr (‘V )‘

Back propagation

Figure 6.3: Surrogate decision-focused learning reparameterizes Equation 6.2 by z = Py to get a surrogate model in
Equation 6.3. Then, forward and backward passes go through the surrogate model with a lower dimensional input y to
compute the optimal solution and train the model.

DIFFERENTIABLE OPTIMIZATION IN ORDER TO DIFFERENTIATE THROUGH THE OPTIMIZA-
TION LAYER AS SHOWN IN FIGURE 6.2, WE CAN COMPUTE THE DERIVATIVE OF THE SOLUTION
QUALITY, EVALUATED ON THE OPTIMAL SOLUTION 2" AND TRUE PARAMETER 5TRUE5 WITH RE-

SPECT TO THE MODEL’S WEIGHTS w BY APPLYING THE CHAIN RULE:

dﬂZ*u eTRUE) . df(Z*, ﬁTRUE) K%
dw N dz* df dw

*
WHERE [Zze CAN BE OBTAINED BY DIFFERENTIATING THROUGH KKT CONDITIONS OF THE

OPTIMIZATION PROBLEM.
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SIMILARLY, IN FIGURE 6.3, WE CAN APPLY THE SAME TECHNIQUE TO OBTAIN THE DERIVA-

TIVES WITH RESPECT TO THE WEIGHTS w AND REPARAMETERIZATION MATRIX P

df(z*, €TRUE) . dﬂZ*u €TRUE) dz* @ﬁ df(z*, €TRUE) . df(z*; €TRUE) dz* @
dw - dz* dy* df dw’ dP N dz* dy* dP

dy*  dy*
WHERE y* IS THE OPTIMAL SOLUTION OF THE SURROGATE PROBLEM, 2* = Py*, AND 5, 55

CAN BE COMPUTED BY DIFFERENTIATING THROUGH THE KKT CONDITIONS OF THE SURRO-

GATE OPTIMIZATION PROBLEM.

6.5 ANALYSIS OF LINEAR REPARAMETERIZATION

THE FOLLOWING SECTIONS ADDRESS THREE MAJOR THEORETICAL ASPECTS: (I) COMPLEXITY
OF SOLVING THE SURROGATE PROBLEM, (II) LEARNING THE REPARAMETERIZATION, AND (III)

LEARNING THE PREDICTIVE MODEL.

6.5.1 CONVEXITY AND DR-SUBMODULARITY OF THE REPARAMETERIZED PROBLEM

IN THIS SECTION, WE ASSUME THE PREDICTIVE MODEL AND THE LINEAR REPARAMETERI-
ZATION ARE FIXED. WE PROVE BELOW THAT CONVEXITY AND CONTINUOUS DIMINISHING-
RETURN (DR) SUBMODULARITY “° OF THE ORIGINAL FUNCTION /1S PRESERVED AFTER APPLY-
ING THE REPARAMETERIZATION. THIS IMPLIES THAT THE NEW SURROGATE PROBLEM CAN BE
EFFICIENTLY SOLVED BY GRADIENT DESCENT OR BY FRANK-WOLFE#7'451°® \yITH AN APPROXI-

MATION GUARANTEE.

Proposition 1. If fis convex, then gp(y, 0) = f{Py, 0) is convex.

Proposition 2. Iffis DR-submodular and P > 0, then gp(y, ) = f(Py, 8) is DR-submodular.
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6.5.2 CONVEXITY OF REPARAMETERIZATION LEARNING

IN THIS SECTION, WE ASSUME THE PREDICTIVE MODEL 72 IS FIXED. WE WANT TO ANALYZE
THE CONVERGENCE OF LEARNING THE SURROGATE AND ITS LINEAR REPARAMETERIZATION
P. LET US DENOTE THE OPTIMAL VALUE OF THE OPTIMIZATION PROBLEM IN THE FORM OF
EQuaTiON 6.3 TO BE OPT (4, P) = ngigLEgp(y, 9) € R. It wouLDp BE IDEAL IF OPT(6, P)
IS CONVEX IN P SO THAT GRADIENT DESCENT WOULD BE GUARANTEED TO RECOVER THE OP-
TIMAL REPARAMETERIZATION. UNFORTUNATELY, THIS IS NOT TRUE IN GENERAL, DESPITE

THE FACT THAT WE USE A LINEAR REPARAMETERIZATION: OPT(&, P) IS NOT EVEN GLOBALLY

QUASICONVEX IN P.

Proposition 3. OPT(6, P) = }nirbll ¢p(y, 0) is not globally quasiconvex in P.
}/ easioLe

FORTUNATELY, WE CAN GUARANTEE THE PARTIAL QUASICONVEXITY OF OPT (4, P) IN THE

FOLLOWING THEOREM:

Theorem 6. Iff{-, ) is quasiconvex, then OPT(6, P) := Jrfniizl gr(y, 0) is quasiconvex in Py, the i-th
yjeastole

column of matrix P, for anyl < i < m, where P = [Py, Ps, ..., Py).

THIS INDICATES THAT THE PROBLEM OF OPTIMIZING EACH META-VARIABLE GIVEN THE
VALUES OF THE OTHERS IS TRACTABLE, PROVIDING AT LEAST SOME REASON TO THINK THAT
THE TRAINING LANDSCAPE FOR THE REPARAMETERIZATION IS AMENABLE TO GRADIENT DE-
SCENT. THIS THEORETICAL MOTIVATION IS COMPLEMENTED BY OUR EXPERIMENTS, WHICH

SHOW SUCCESSFUL TRAINING WITH STANDARD FIRST-ORDER METHODS.
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6.5.3 SAMPLE COMPLEXITY OF LEARNING PREDICTIVE MODEL IN SURROGATE PROB-

LEM

IN THIS SECTION, WE FIX THE LINEAR REPARAMETERIZATION AND ANALYZE THE SAMPLE COM-
PLEXITY OF LEARNING THE PREDICTIVE MODEL TO ACHIEVE SMALL DECISION-FOCUSED LOSS
IN THE OBJECTIVE VALUE. WE ANALYZE A SPECIAL CASE WHERE OUR OBJECTIVE FUNCTIONf
IS A LINEAR FUNCTION AND THE FEASIBLE REGION SIS COMPACT, CONVEX, AND POLYHEDRON.
GIVEN THE HYPOTHESIS CLASS OF OUR MODEL 2 € H, WE CAN USE RESULTS FROM BAL-
GHITI ET AL. 87 TO BOUND THE RADEMACHER COMPLEXITY AND THE GENERALIZATION BOUND
OF THE SOLUTION QUALITY OBTAINED FROM THE SURROGATE PROBLEM. FOR ANY HYPOTH-
ESIS CLASS WITH A FINITE NATARAJAN DIMENSION, THE SURROGATE PROBLEM PRESERVES
THE LINEARITY OF THE OBJECTIVE FUNCTION. THUS LEARNING IN THE LINEAR SURROGATE
PROBLEM ALSO PRESERVES THE CONVERGENCE OF THE GENERALIZATION BOUND, AND THUS
THE CONVERGENCE OF THE SOLUTION QUALITY. IN THE CASE OF A LINEAR HYPOTHESIS CLASS
H = HLIN, WE CAN DERIVE A CLOSED-FORM BOUND. THE RADEMACHER COMPLEXITY DE-
PENDS ON THE DIMENSIONALITY OF THE SURROGATE PROBLEM AND THE DIAMETER OF THE

FEASIBLE REGION, WHICH CAN BE SHRUNK BY USING A LOW-DIMENSIONAL SURROGATE:

Theorem 7. Let M, be the bypothesis class of all linear function mappings fromx € X C RP to
§ € © € R, and let P € R"*™ be a linear reparameterization used to construct the surrogate. The

expected Rademacher complexity over t i.i.d. random samples drawn from D can be bounded by:

2plog(2mz || P*]| p,(S5)) 1
. =+ o(-) (6.4)

Rad'(Hy,) < 2mC\/

where C = supg(max,f(z,0) — minyfz, 0)) is the gap between the optimal solution quality and the

worst solution quality, p, (S) is the diameter of the set S, and P is the pseudoinverse.
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EQUATION 6.4 GIVES A BOUND ON THE RADEMACHER COMPLEXITY, AN UPPER BOUND ON
THE GENERALIZATION ERROR WITH # SAMPLES GIVEN. ALTHOUGH A LOWER DIMENSIONAL
SURROGATE LEADS TO LESS REPRESENTATIONAL POWER (L.E., LOWER DECISION QUALITY),

IT ALSO LEADS TO BETTER GENERALIZABILITY. THIS IMPLIES THAT WE HAVE TO CHOOSE AN
APPROPRIATE REPARAMETERIZATION SIZE TO BALANCE REPRESENTATIONAL POWER AND GEN-

ERALIZABILITY.

6.6 EXPERIMENTS

WE CONDUCT EXPERIMENTS ON THREE DIFFERENT DOMAINS WHERE DECISION-FOCUSED
LEARNING HAS BEEN APPLIED: (I) ADVERSARIAL BEHAVIOR LEARNING IN NETWORK SECU-

RITY GAMES WITH A NON-CONVEX OBJECTIVE 3*°, (II) MOVIE RECOMMENDATION WITH A
SUBMODULAR OBJECTIVE 3*®, AND (I1I) PORTFOLIO OPTIMIZATION PROBLEM WITH A CON-

VEX QUADRATIC OBJECTIVE?”. THROUGHOUT ALL THE EXPERIMENTS, WE COMPARE THE PER-
FORMANCE AND THE SCALABILITY OF THE SURROGATE LEARNING (SURROGATE), TWO-STAGE
(T'S), AND DECISION-FOCUSED (DF) LEARNING APPROACHES. PERFORMANCE IS MEASURED IN
TERMS OF REGRET, WHICH IS DEFINED AS THE DIFFERENCE BETWEEN THE ACHIEVED SOLU-
TION QUALITY AND THE SOLUTION QUALITY IF THE UNOBSERVED PARAMETERS §* WERE OB-
SERVED DIRECTLY—SMALLER IS BETTER. 1O COMPARE SCALABILITY, WE SHOW THE TRAINING
TIME PER EPOCH AND INFERENCE TIME. THE INFERENCE TIME CORRESPONDS TO THE TIME
REQUIRED TO COMPUTE A DECISION FOR ALL INSTANCES IN THE TESTING SET AFTER TRAIN-
ING IS FINISHED. A SHORT INFERENCE TIME MAY HAVE INTRINSIC VALUE, E.G., ALLOWING THE
APPLICATION TO BE RUN IN EDGE COMPUTING SETTINGS. ALL METHODS ARE TRAINED USING
GRADIENT DESCENT WITH OPTIMIZER ADAM 7" WITH LEARNING RATE 0.01 AND REPEATED

OVER 30 INDEPENDENT RUNS TO GET THE AVERAGE. EACH MODEL IS TRAINED FOR AT MOST
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100 EPOCHS WITH EARLY STOPPING 256 CRITERIA WHEN 3 CONSECUTIVE NON-IMPROVING
EPOCHS OCCUR ON THE VALIDATION SET. THE REPARAMETERIZATION SIZE IS SET TO BE 10%

OF THE PROBLEM SIZE THROUGHOUT ALL THREE EXAMPLES".

6.6.1 ADVERSARIAL BEHAVIOR LEARNING AND INTERDICTION GAMES

GIVEN A NETWORK STRUCTURE G = (V, E), A NSG (NETWORK SECURITY GAME) ?3»'°%:272
MODELS THE INTERACTION BETWEEN THE DEFENDER, WHO PLACES CHECKPOINTS ON A LIM-
ITED NUMBER OF EDGES IN THE GRAPH, AND AN ATTACKER WHO ATTEMPTS TO TRAVEL FROM
A SOURCE TO ANY OF A SET OF TARGET NODES IN ORDER TO MAXIMIZE THE EXPECTED RE-
WARD. THE NSG IS AN EXTENSION OF STACKELBERG SECURITY GAMES 2%+'3 MEANING THAT
THE DEFENDER COMMITS TO A MIXED STRATEGY FIRST, AFTER WHICH THE ATTACKER CHOOSES
THE PATH (HAVING OBSERVED THE DEFENDER’S MIXED STRATEGY BUT NOT THE SAMPLED
PURE STRATEGY). IN PRACTICE, THE ATTACKER IS NOT PERFECTLY RATIONAL. INSTEAD, THE
DEFENDER CAN ATTEMPT TO PREDICT THE ATTACKER’S BOUNDEDLY RATIONAL CHOICE OF
PATH BY USING THE KNOWN FEATURES OF THE NODES EN ROUTE (E.G., ACCESSIBILITY OR
SAFETY OF HOPS) TOGETHER WITH PREVIOUS EXAMPLES OF PATHS CHOSEN BY THE ATTACKER.

ONCE THE PARAMETERS ¢ OF THE ATTACKER BEHAVIORAL MODEL ARE GIVEN, FINDING
THE OPTIMAL DEFENDER’S STRATEGY REDUCES TO AN OPTIMIZATION PROBLEM max f{z, 6)
WHERE 2, IS THE PROBABILITY OF COVERING EDGE ¢ € E AND f GIVES THE DEFENDER’S EX-
PECTED UTILITY FOR PLAYING MIXED STRATEGY £ WHEN THE ATTACKER’S RESPONSE IS DE-
TERMINED BY 6. THE DEFENDER MUST ALSO SATISFY THE BUDGET CONSTRAINT Y2, < k

eelE

WHERE £ = 3 1S THE TOTAL DEFENDER RESOURCES. WE USE A GCN (GRAPH CONVOLU-

TIONAL NETWORK)**3>'7%13° TO REPRESENT THE PREDICTIVE MODEL OF THE ATTACKER. WE

“The implementation of this chapter can be found in the following link: https://github.com/
guaguakai/surrogate-optimization-learning

133


https://github.com/guaguakai/surrogate-optimization-learning
https://github.com/guaguakai/surrogate-optimization-learning

ASSUME THE ATTACKER FOLLOWS REACTIVE MARKOVIAN BEHAVIOR 3>®'*° MEANING THAT
THE ATTACKER FOLLOWS A RANDOM WALK THROUGH THE GRAPH, WHERE THE PROBABILITY
OF TRANSITIONING ACROSS A GIVEN EDGE (#, v) IS A FUNCTION OF THE DEFENDER’S STRAT-
EGY 2 AND AN UNKNOWN PARAMETER 6, REPRESENTING THE "ATTRACTIVENESS” OF NODE .
THE WALK STOPS WHEN THE ATTACKER EITHER IS INTERCEPTED BY CROSSING AN EDGE COV-
ERED BY THE DEFENDER OR REACHES A TARGET. THE DEFENDER’S UTILITY IS —#(¢) IF THE
ATTACKER REACHES TARGET £ AND 0 OTHERWISE, AND f TAKES AN EXPECTATION OVER BOTH
THE RANDOM PLACEMENT OF THE DEFENDER’S CHECKPOINTS (DETERMINED BY 2) AND THE AT-
TACKER’S RANDOM WALK (DETERMINED BY 2 AND 6). OUR GOAL IS TO LEARN A GCN wHICH

TAKES NODE FEATURES AS INPUT AND OUTPUTS THE ATTRACTIVENESS OVER NODES &.

EXPERIMENTAL SETUP: WE GENERATE RANDOM GEOMETRIC GRAPHS OF VARYING SIZES
WITH RADIUS 0.2 IN A UNIT SQUARE. WE SELECT 5 NODES UNIFORMLY AT RANDOM AS TAR-
GETS WITH PAYOFFS #(#) ~ UNIF(5,10) AND S NODES AS SOURCES WHERE THE ATTACKER
CHOOSES UNIFORMLY AT RANDOM FROM. THE GROUND TRUTH ATTRACTIVENESS VALUE

g, OF NODEv € VIS PROPORTIONAL TO THE PROXIMITY TO THE CLOSEST TARGET PLUS

A RANDOM PERTURBATION SAMPLED AS UNIF(—1,1) WHICH MODELS IDIOSYNCRASIES IN
THE ATTACKER’S PREFERENCES. THE NODE FEATURES X ARE GENERATED As x = GCN(9) +
0.2N(0,1), wHERE GCN 1s A RANDOMLY INITIALIZED GCN WITH FOUR CONVOLUTIONAL
LAYERS AND THREE FULLY CONNECTED LAYERS. THIS GENERATES RANDOM FEATURES WITH
CORRELATIONS BETWEEN X, (THE FEATURES OF NODE 0) AND BOTH ¢, AND THE FEATURES OF
NEARBY NODES. SUCH CORRELATION IS EXPECTED FOR REAL NETWORKS WHERE NEIGHBOR-
ING LOCATIONS ARE LIKELY TO BE SIMILAR. THE DEFENDER’S PREDICTIVE MODEL (DISTINCT
FROM THE GENERATIVE MODEL) USES TWO CONVOLUTIONAL AND TWO FULLY CONNECTED

LAYERS, MODELING A SCENARIO WHERE THE TRUE GENERATIVE PROCESS IS MORE COMPLEX
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THAN THE LEARNED MODEL. WE GENERATE 35 RANDOM (x, §) PAIRS FOR THE TRAINING SET,
5 FOR VALIDATION, AND 10 FOR TESTING. SINCE DECISION-FOCUSED (DF) LEARNING FAILS TO
SCALE UP TO LARGER INSTANCES, WE ADDITIONALLY COMPARE TO A BLOCK-VARIABLE SAM-
PLING APPROACH SPECIALIZED TO NSG3*° (BLOCK), WHICH CAN SPEED UP THE BACKWARD

PASS BY BACK-PROPAGATING THROUGH RANDOMLY SAMPLED VARIABLES.

6.6.2 MOoVIE RECOMMENDATION AND BROADCASTING PROBLEM

IN THIS DOMAIN, A BROADCASTING COMPANY CHOOSES £ MOVIES OUT OF A SET OF 72 AVAIL-
ABLE TO ACQUIRE AND SHOW TO THEIR CUSTOMERS C. ¥ REFLECTS A BUDGET CONSTRAINT.
EACH USER WATCHES THEIR FAVORITE 7 MOVIES, WITH A LINEAR VALUATION FOR THE MOVIES
THEY WATCH. THIS IS A VARIANT OF THE CLASSIC FACILITY LOCATION PROBLEM; SIMILAR
DOMAINS HAVE BEEN USED TO BENCHMARK SUBMODULAR OPTIMIZATION ALGORITHMS 9381,
IN OUR CASE, THE ADDITIONAL COMPLICATION IS THAT THE USER’S PREFERENCES ARE UN-
KNOWN. INSTEAD, THE COMPANY USES USER’S PAST BEHAVIOR TO PREDICT &;; € [0, 1], THE
PREFERENCE SCORE OF USER j FOR MOVIE 7.

THE COMPANY WOULD LIKE TO MAXIMIZE THE OVERALL SATISFACTION OF USERS WITH-
OUT EXCEEDING THE BUDGET CONSTRAINT 4 = 10. THE VARIABLE 2 = {zz'}z‘e{l,z,...,n} REPRE-
SENTS THE DECISION OF WHETHER TO ACQUIRE MOVIE / OR NOT. ONCE THE PREFERENCES &;;

ARE GIVEN, THE COMPANY WANTS TO MAXIMIZE THE OBJECTIVE FUNCTION:

Cp— 2 e T
fz) = E USER /'S SATISFACTION = g ;.g{lgi{}n E 2i8;i0s (6.5)
jec jec s.é.z,’:,-]:T i€{1,2,....,n}
7

WHERE 5 DENOTES THE USER_]',S SELECTION OVER MOVIES.
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EXPERIMENTAL SETUP: WE USE NEURAL COLLABORATIVE FILTERING 3% TO LEARN THE USER
PREFERENCES. COMMONLY USED IN RECOMMENDATION SYSTEMS, THE IDEA IS TO LEARN AN
EMBEDDING FOR EACH MOVIE AND USER. THE RATINGS ARE COMPUTED BY FEEDING THE
CONCATENATED USER’S AND MOVIE’S EMBEDDINGS TO A NEURAL NETWORK WITH FULLY
CONNECTED LAYERS. WE USE MOVIELENS 3! AS OUR DATASET. THE MOVIELENS DATASET
INCLUDES 25M RATINGS OVER 62,000 MOVIES BY 162,000 USERS. WE FIRST RANDOMLY SE-
LECT 72 MOVIES AS OUR BROADCASTING CANDIDATES. WE ADDITIONALLY SELECT 200 MOVIES
AND USE THE USERS’ RATINGS ON THE MOVIES AS THE USERS’ FEATURES. THEN WE SPLIT

THE USERS INTO DISJOINT GROUPS OF SIZE 100 AND EACH GROUP SERVES AS AN INSTANCE OF
BROADCASTING TASK, WHERE WE WANT TO CHOOSE £ = 10 FROM THE 7 CANDIDATE MOVIES
TO RECOMMEND TO THE GROUP MEMBERS. EACH USER CHOOSES 7 = 3 MOVIES. 70% OF THE

USER GROUPS ARE USED FOR TRAINING, 10% FOR VALIDATION, AND 20% FOR TESTING.

6.6.3 STOCK MARKET PORTFOLIO OPTIMIZATION

PORTFOLIO OPTIMIZATION CAN BE TREATED AS AN OPTIMIZATION PROBLEM WITH MISSING
PARAMETERS *>*, WHERE THE RETURN AND THE COVARIANCE BETWEEN STOCKS IN THE NEXT
TIME STEP ARE NOT KNOWN IN ADVANCE. WE LEARN A MODEL THAT TAKES FEATURES FOR
EACH SECURITY AND OUTPUTS THE PREDICTED FUTURE RETURN. WE ADOPT THE CLASSIC
MARKOWITZ *°%*'7 PROBLEM SETUP, WHERE INVESTORS ARE RISK-AVERSE AND WISH TO MAX-
IMIZE A WEIGHTED SUM OF THE IMMEDIATE NET PROFIT AND THE RISK PENALTY. THE IN-
VESTOR CHOOSES A VECTOR 2 > 0 WITH Z Z; = 1, WHERE Z; REPRESENTS THE FRACTION
OF MONEY INVESTED IN SECURITY 7. THE INVESTOR AIMS TO MAXIMIZE THE PENALIZED IM-
MEDIATE RETURN f{z) = pTz —z" Qz, WHERE p IS THE IMMEDIATE NET RETURN OF ALL
SECURITIES AND Q € R”*” 1S A POSITIVE SEMIDEFINITE MATRIX REPRESENTING THE COVARI-

ANCE BETWEEN THE RETURNS OF DIFFERENT SECURITIES. A HIGH COVARIANCE IMPLIES TWO
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Figure 6.4: Experimental results in network security games with a non-convex optimization problem.
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Figure 6.5: Experimental results in movie recommendation with a submodular objective. Surrogate achieves much better
performance by smoothing the training landscape.
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Figure 6.6: Experimental results in portfolio optimization with a convex optimization problem. Surrogate performs
comparably, but achieves a 7-fold speedup in training and inference.
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SECURITIES ARE HIGHLY CORRELATED AND THUS IT IS MORE RISKY TO INVEST IN BOTH. WE

SET THE RISK AVERSION CONSTANT TO BE A = 2.

EXPERIMENTAL SETUP: WE USE HISTORICAL DAILY PRICE AND VOLUME DATA FROM 2004 TO
2017 DOWNLOADED FROM THE QUANDL WIKI DATASET *?. WE EVALUATE ON THE SPs500, A
COLLECTION OF THE 505 LARGEST COMPANIES REPRESENTING THE AMERICAN MARKET. OUR
GOAL IS TO GENERATE DAILY PORTFOLIOS OF STOCKS FROM A GIVEN SET OF CANDIDATES.
GROUND TRUTH RETURNS ARE COMPUTED FROM THE TIME SERIES OF PRICES, WHILE THE
GROUND TRUTH COVARIANCE OF TWO SECURITIES AT A GIVEN TIME STEP IS SET TO BE THE
COSINE SIMILARITY OF THEIR RETURNS IN THE NEXT 10 TIME STEPS. WE TAKE THE PREVI-

OUS PRICES AND ROLLING AVERAGES AT A GIVEN TIME STEP AS FEATURES TO PREDICT THE
RETURNS FOR THE NEXT TIME STEP. WE LEARN THE IMMEDIATE RETURN p VIA A NEURAL NET-
WORK WITH TWO FULLY CONNECTED LAYERS WITH 100 NODES EACH. TO PREDICT THE CO-
VARIANCE MATRIX (), WE LEARN AN 32-DIMENSIONAL EMBEDDING FOR EACH SECURITY, AND
THE PREDICTED COVARIANCE BETWEEN TWO SECURITIES IS THE COSINE SIMILARITY OF THEIR
EMBEDDINGS. WE CHRONOLOGICALLY SPLIT THE DATASET INTO TRAINING, VALIDATION, AND

TEST SETS WITH 70%, 10%, AND 20% OF THE DATA RESPECTIVELY.

6.7 DIiscUssION OF EXPERIMENTAL RESULTS

PERFORMANCE: FIGURES 6.4(A), 6.5(A), AND 6.6(A) COMPARE THE REGRET OF OUR SURRO-
GATE APPROACH TO THE OTHER APPROACHES. IN THE NON-CONVEX (FIGURE 6.4(A)) AND SUB-
MODULAR (FIGURE 6.5(A)) SETTINGS, WE SEE A LARGER IMPROVEMENT IN SOLUTION QUALITY
RELATIVE TO DECISION-FOCUSED LEARNING. THIS IS DUE TO THE HUGE NUMBER OF LOCAL
MINIMA AND PLATEAUS IN THESE TWO SETTINGS WHERE TWO-STAGE AND DECISION-FOCUSED

APPROACHES CAN GET STUCK. FOR EXAMPLE, WHEN AN INCORRECT PREDICTION IS GIVEN
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(a) A NSG instance with 50 nodes, 2 targets (orange stars), and 3 sources (purple triangles).
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(b) 100 candidate movies shown as circles with their average ratings and standard deviations as two axes.

Figure 6.7: These plots visualize how the surrogate captures the underlying problem structure. Both domains use a
reparameterization with 3 meta-variables, each shown in red, blue, and green. The color indicates the most significant
meta-variable governing the edge or circle, while the color intensity and size represent the weights put on it. The left
figure in both domains shows the initial reparameterization, while the right figure shows the reparameterization after 20
epochs of training.
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IN THE MOVIE RECOMMENDATION DOMAIN, SOME RECOMMENDED MOVIES COULD HAVE NO
USERS WATCHING THEM, RESULTING IN A SPARSE GRADIENT DUE TO NON-SMOOTHNESS IN-
DUCED BY THE ImaX IN THE OBJECTIVE FUNCTION. THE SURROGATE APPROACH CAN INSTEAD
SPREAD THE SPARSE GRADIENT BY BINDING VARIABLES WITH META-VARIABLES, ALLEVIATING
GRADIENT SPARSITY. WE SEE RELATIVELY LESS PERFORMANCE IMPROVEMENT (COMPARED TO
DECISION-FOCUSED) WHEN THE OPTIMIZATION PROBLEM IS STRONGLY CONVEX AND HENCE
SMOOTHER (FIGURE 6.6(A)), THOUGH THE SURROGATE APPROACH STILL ACHIEVES SIMILAR

PERFORMANCE TO THE DECISION-FOCUSED APPROACH.

SCALABILITY: WHEN THE OBJECTIVE FUNCTION IS NON-CONVEX (FIGURE 6.4(B), 6.4(C)),
OUR SURROGATE APPROACH YIELDS SUBSTANTIALLY FASTER TRAINING THAN STANDARD
DECISION-FOCUSED LEARNING APPROACHES (DF AND BLOCK). THE BOOST IS DUE TO THE DI-
MENSIONALITY REDUCTION OF THE SURROGATE OPTIMIZATION PROBLEM, WHICH CAN LEAD
TO SPEEDUPS IN SOLVING THE SURROGATE PROBLEM AND BACK-PROPAGATING THROUGH THE
KKT CONDITIONS. WHILE THE TWO-STAGE APPROACH AVOIDS SOLVING THE OPTIMIZATION
PROBLEM IN THE TRAINING PHASE (TRADING OFF SOLUTION QUALITY), AT TEST TIME, IT STILL
HAS TO SOLVE THE EXPENSIVE OPTIMIZATION PROBLEM, RESULTING A SIMILARLY EXPENSIVE
INFERENCE RUNTIME IN FIGURE 6.4(C).

WHEN THE OBJECTIVE FUNCTION IS SUBMODULAR (FIGURE 6.5(B), 6.5(C)), THE BLACKBOX
OPTIMIZATION SOLVER?'?> WE USE IN ALL EXPERIMENTS CONVERGES VERY QUICKLY FOR THE
DECISION-FOCUSED METHOD, RESULTING IN TRAINING TIMES COMPARABLE TO OUR SURRO-
GATE APPROACH. HOWEVER, FIGURE 6.5(A) SHOWS THAT THE DECISION-FOCUSED APPROACH
CONVERGES TO A SOLUTION WITH VERY POOR QUALITY, INDICATING THAT RAPID CONVER-
GENCE MAY BE A SYMPTOM OF THE UNINFORMATIVE LOCAL MINIMA THAT THE DECISION-

FOCUSED METHOD BECOMES TRAPPED IN.
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LASTLY, WHEN THE OPTIMIZATION PROBLEM IS A QUADRATIC PROGRAM (FIGURE 6.6(B), 6.6(C)),
SOLVING THE OPTIMIZATION PROBLEM CAN TAKE CUBIC TIME, RESULTING IN AROUND A CU-
BIC SPEEDUP FROM THE DIMENSIONALITY REDUCTION OFFERED BY OUR SURROGATE. CONSE-

QUENTLY, WE SEE 7-FOLD FASTER TRAINING AND INFERENCE TIMES.

VISUALIZATION: WE VISUALIZE THE REPARAMETERIZATION FOR THE NSG AND MOVIE REC-
OMMENDATION DOMAINS IN FIGURE 6.7. THE INITIAL REPARAMETERIZATION IS SHOWN IN
FIGURE 6.7(A) AND 6.7(B). INITIALLY, THE WEIGHTS PUT ON THE META-VARIABLES ARE RAN-
DOMLY CHOSEN AND NO SIGNIFICANT PROBLEM STRUCTURE—NO EDGE OR CIRCLE COLORS—
CAN BE SEEN. AFTER 20 EPOCHS OF TRAINING, IN FIGURE 6.7(A), THE SURROGATE STARTS
PUTTING EMPHASIS ON SOME IMPORTANT CUTS BETWEEN THE SOURCES AND THE TARGETS,
AND IN FIGURE 6.7(B), THE SURROGATE IS FOCUSED ON DISTINGUISHING BETWEEN DIFFER-
ENT TOP-RATED MOVIES WITH SOME VARIANCE IN OPINIONS TO SPECIALIZE THE RECOM-
MENDATION TASK. INTERESTINGLY, IN FIGURE 6.7(B), THE SURROGATE PUTS LESS WEIGHT

ON MOVIES WITH HIGH AVERAGE RATING BUT LOW STANDARD DEVIATION BECAUSE THESE
MOVIES ARE VERY LIKELY UNDERSAMPLED AND WE DO NOT HAVE ENOUGH PEOPLE WATCHING
THEM IN OUR TRAINING DATA. OVERALL, ADAPTIVELY ADJUSTING THE SURROGATE MODEL
ALLOWS US TO EXTRACT THE UNDERLYING STRUCTURE OF THE OPTIMIZATION PROBLEM US-
ING FEW META-VARIABLES. THESE VISUALIZATIONS ALSO HELP US UNDERSTAND HOW FO-

CUSES ARE SHIFTED BETWEEN DIFFERENT DECISION VARIABLES.

6.8 CONCLUSION

IN THIS PAPER, WE FOCUS ON THE SHORTCOMINGS OF SCALABILITY AND SOLUTION QUAL-
ITY THAT ARISE IN END-TO-END DECISION-FOCUSED LEARNING DUE TO THE INTRODUCTION

OF THE DIFFERENTIABLE OPTIMIZATION LAYER. WE ADDRESS THESE TWO SHORTCOMINGS
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BY LEARNING A COMPACT SURROGATE, WITH A LEARNABLE LINEAR REPARAMETERIZATION
MATRIX, TO SUBSTITUTE FOR THE EXPENSIVE OPTIMIZATION LAYER. THIS SURROGATE CAN
BE JOINTLY TRAINED WITH THE PREDICTIVE MODEL BY BACK-PROPAGATING THROUGH THE
SURROGATE LAYER. THEORETICALLY, WE ANALYZE THE COMPLEXITY OF THE INDUCED SUR-
ROGATE PROBLEM AND THE COMPLEXITY OF LEARNING THE SURROGATE AND THE PREDICTIVE
MODEL. EMPIRICALLY, WE SHOW THIS SURROGATE LEARNING APPROACH LEADS TO IMPROVE-
MENT IN SCALABILITY AND SOLUTION QUALITY IN THREE DOMAINS: A NON-CONVEX ADVER-
SARIAL MODELING PROBLEM, A SUBMODULAR RECOMMENDATION PROBLEM, AND A CONVEX

PORTFOLIO OPTIMIZATION PROBLEM.
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Part 11

Optimization in Online Learning
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IMPROVING GP-UCB ALGORITHM BY

HARNESSING DECOMPOSED FEEDBACK

7.1 INTRODUCTION

MANY CHALLENGING SEQUENTIAL DECISION MAKING PROBLEMS INVOLVE INTERVENTIONS IN

COMPLEX PHYSICAL OR SOCIAL SYSTEMS, WHERE THE SYSTEM DYNAMICS MUST BE LEARNED
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OVER TIME. FOR INSTANCE, A CHALLENGE COMMONLY FACED BY POLICYMAKERS IS TO CON-
TROL DISEASE OUTBREAKS >'®, BUT THE TRUE PROCESS BY WHICH DISEASE SPREADS IN THE
POPULATION IS NOT KNOWN IN ADVANCE. WE STUDY SUCH PROBLEMS FROM THE PERSPEC-
TIVE OF ONLINE LEARNING, WHERE A DECISION MAKER AIMS TO OPTIMIZE AN UNKNOWN
EXPENSIVE OBJECTIVE FUNCTION °>. AT EACH STEP, THE DECISION MAKER COMMITS TO AN
ACTION AND RECEIVES THE OBJECTIVE VALUE FOR THAT ACTION. FOR INSTANCE, A POLICY-
MAKER MAY IMPLEMENT A DISEASE CONTROL POLICY *73**® FOR A GIVEN TIME PERIOD AND
OBSERVE THE NUMBER OF SUBSEQUENT INFECTIONS. THIS INFORMATION ALLOWS THE DECI-
SION MAKER TO UPDATE THEIR KNOWLEDGE OF THE UNKNOWN FUNCTION. THE GOAL IS TO
OBTAIN LOW CUMULATIVE REGRET, WHICH MEASURES THE DIFFERENCE IN OBJECTIVE VALUE
BETWEEN THE ACTIONS THAT WERE TAKEN AND THE TRUE (UNKNOWN) OPTIMUM.

THIS PROBLEM HAS BEEN WELL-STUDIED IN OPTIMIZATION AND MACHINE LEARNING.
WHEN A PARAMETRIC FORM IS NOT AVAILABLE FOR THE OBJECTIVE (AS IS OFTEN THE CASE
WITH COMPLEX SYSTEMS THAT ARE DIFFICULT TO MODEL ANALYTICALLY), A COMMON AP-
PROACH USES A GAUSSIAN PROCESS (GP) AS A NONPARAMETRIC PRIOR OVER SMOOTH FUNC-
TIONS. THIS BAYESIAN APPROACH ALLOWS THE DECISION MAKER TO FORM A POSTERIOR
DISTRIBUTION OVER THE UNKNOWN FUNCTION’S VALUES. CONSEQUENTLY, THE GP-UCB Ar-
GORITHM, WHICH ITERATIVELY SELECTS THE POINT WITH THE HIGHEST UPPER CONFIDENCE
BOUND ACCORDING TO THE POSTERIOR, ACHIEVES A NO-REGRET GUARANTEE *?%,

WHILE GP-UCB AND SIMILAR TECHNIQUES 7?33 HAVE SEEN A GREAT DEAL OF INTEREST
IN THE PURELY BLACK-BOX SETTING, MANY PHYSICAL OR SOCIAL SYSTEMS NATURALLY ADMIT
AN INTERMEDIATE LEVEL OF FEEDBACK. THIS IS BECAUSE THE SYSTEM IS COMPOSED OF MUL-
TIPLE INTERACTING COMPONENTS, EACH OF WHICH CAN BE MEASURED INDIVIDUALLY. FOR
INSTANCE, DISEASE SPREAD IN A POPULATION IS A PRODUCT OF THE INTERACTIONS BETWEEN

INDIVIDUALS IN DIFFERENT DEMOGRAPHIC GROUPS OR LOCATIONS >4, AND POLICYMAKERS
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OFTEN HAVE ACCESS TO ESTIMATES OF THE PREVALENCE OF INFECTED INDIVIDUALS WITHIN
EACH SUBGROUP %339 THE TRUE OBJECTIVE (TOTAL INFECTIONS) IS THE SUM OF INFECTIONS
ACROSS THE SUBGROUPS. SIMILARLY, CLIMATE SYSTEMS INVOLVE THE INTERACTIONS OF
MANY DIFFERENT VARIABLES (HEAT, WIND, HUMIDITY, ETC.) WHICH CAN BE SENSED INDI-
VIDUALLY THEN COMBINED IN A NONLINEAR FASHION TO PRODUCE OUTPUTS OF INTEREST
(E.G., AN INDIVIDUAL’S RISK OF HEAT STROKE)>??>. PRIOR WORK HAS STUDIED THE BENEFITS

101 ' HOWEVER, THEY ONLY EXAMINE THE SPECIAL CASE WHERE

OF USING ADDITIVE MODELS
THE TARGET FUNCTION DECOMPOSES INTO A SUM OF LOWER-DIMENSIONAL FUNCTIONS. Mo-
TIVATED BY APPLICATIONS SUCH AS FLU PREVENTION, WE CONSIDER THE MORE GENERAL
SETTING WHERE THE SUBCOMPONENTS ARE FULL-DIMENSIONAL AND MAY BE COMPOSED NON-
LINEARLY TO PRODUCE THE TARGET. THIS GENERAL PERSPECTIVE IS NECESSARY TO CAPTURE
COMMON POLICY SETTINGS WHICH MAY INVOLVE INTERMEDIATE OBSERVABLES FROM SIMU-
LATION OR DOMAIN KNOWLEDGE.

HOWEVER, TO OUR KNOWLEDGE, NO PRIOR WORK STUDIES THE CHALLENGE OF INTEGRAT-
ING SUCH DECOMPOSED FEEDBACK IN ONLINE DECISION MAKING. OUR FIRST CONTRIBUTION
IS TO REMEDY THIS GAP BY PROPOSING A DECOMPOSED GP-UCB ALGORITHM (D-GPUCB).
D-GPUCB USES A SEPARATE GP TO MODEL EACH INDIVIDUAL MEASURABLE QUANTITY AND
THEN COMBINES THE ESTIMATES TO PRODUCE A POSTERIOR OVER THE FINAL OBJECTIVE. OUR
SECOND CONTRIBUTION IS A THEORETICAL NO-REGRET GUARANTEE FOR D-GPUCB, ENSUR-
ING THAT ITS DECISIONS ARE ASYMPTOTICALLY OPTIMAL. THIRD, WE PROVE THAT THE POS-
TERIOR VARIANCE AT EACH STEP MUST BE LESS THAN THE POSTERIOR VARIANCE OF DIRECTLY
USING A GP TO MODEL THE FINAL OBJECTIVE. THIS FORMALLY DEMONSTRATES THAT MORE
DETAILED MODELING REDUCES PREDICTIVE UNCERTAINTY. FINALLY, WE CONDUCT EXPERI-

MENTS IN TWO DOMAINS USING REAL-WORLD DATA: FLU PREVENTION AND HEAT SENSING. IN

EACH CASE, D-GPUCB ACHIEVES SUBSTANTIALLY LOWER CUMULATIVE REGRET THAN PREVI-
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OUS APPROACHES.

7.2 PRELIMINARIES

7.2.1  NoOIsY BLACK-BOX OPTIMIZATION

GIVEN AN UNKNOWN BLACK-BOX FUNCTION f : X — R wHERE X' C R”, A LEARNER IS ABLE
TO SELECT AN INPUT X € X AND ACCESS THE FUNCTION TO SEE THE OUTCOME f{X) — THIS
ENCOMPASSES ONE EVALUATION. GAUSSIAN PROCESS REGRESSION >4 IS A NON-PARAMETRIC
METHOD TO LEARN THE TARGET FUNCTION USING BAYESIAN METHODS '5%*%%. IT ASSUMES
THAT THE TARGET FUNCTION IS AN OUTCOME OF A GAUSSIAN PROCESS WITH GIVEN KERNEL
k(x,x") (COVARIANCE FUNCTION). GAUSSIAN PROCESS REGRESSION IS COMMONLY USED AND
ONLY REQUIRES AN ASSUMPTION ON THE FUNCTION SMOOTHNESS. MOREOVER, GAUSSIAN
PROCESS REGRESSION CAN HANDLE OBSERVATION ERROR. IT ALLOWS THE OBSERVATION AT

POINT X; TO BE NOISY: y, = f{%,) + &, WHERE &, ~ N(0, 7*1).

7.2.2 DECOMPOSITION

IN THIS PAPER, WE CONSIDER A MODIFICATION TO THE GAUSSIAN PROCESS REGRESSION PRO-
CESS. SUPPOSE WE HAVE SOME PRIOR KNOWLEDGE OF THE UNKNOWN REWARD FUNCTIONﬂx)
SUCH THAT WE CAN WRITE THE UNKNOWN FUNCTION AS A COMBINATION OF KNOWN AND

UNKNOWN SUBFUNCTIONS:

Definition 7 (Linear Decomposition).

J
fx) = g(x)fi(x) (7.1)
j=1

wheref;, gi - R* — R
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HERE g;(¥) ARE KNOWN, DETERMINISTIC FUNCTIONS, BUT f;(X) ARE UNKNOWN FUNCTIONS
THAT GENERATE NOISY OBSERVATIONS. FOR EXAMPLE, IN THE FLU PREVENTION CASE, THE
TOTAL INFECTED POPULATION CAN BE WRITTEN AS THE SUMMATION OF THE INFECTED POP-
ULATION AT EACH AGE”’. GIVEN TREATMENT POLICY X, WE CAN USE f;(X) TO REPRESENT
THE UNKNOWN INFECTED POPULATION AT AGE GROUP j WITH ITS KNOWN, DETERMINISTIC
WEIGHTED FUNCTION gi(%) = 1. THEREFORE, THE TOTAL INFECTED POPULATION f{X) CAN BE

J
SIMPLY EXPRESSED AS ) _ f;(X).

j=1
INTERESTINGLY, ANY DETERMINISTIC LINEAR COMPOSITION OF OUTCOMES OF GAUSSIAN
PROCESSES IS STILL AN OUTCOME OF GAUSSIAN PROCESS. THAT MEANS IF ALL OF THEJ;' ARE
GENERATED FROM GAUSSIAN PROCESSES, THEN THE ENTIRE FUNCTIONfCAN ALSO BE WRIT-
TEN AS AN OUTCOME OF ANOTHER GAUSSIAN PROCESS.

NEXT, WE GENERALIZE THIS DEFINITION TO THE NON-LINEAR CASE, WHICH WE CALL A

GENERAL DECOMPOSITION:

Definition 8 (General Decomposition).

x) = glfi(%),f2(%), ... fi(%)) (7:2)

THE FUNCTION g CAN BE ANY DETERMINISTIC FUNCTION (E.G. POLYNOMIAL, NEURAL NET-
WORK). UNFORTUNATELY, A NON-LINEAR COMPOSITION OF GAUSSIAN PROCESSES MAY NOT
BE A GAUSSIAN PROCESS, SO WE CANNOT GUARANTEE FUNCTIONfTO BE AN OUTCOME OF
A GAUSSIAN PROCESS. WE WILL COVER THE RESULT OF LINEAR DECOMPOSITION FIRST AND

THEN GENERALIZE IT TO THE CASES WITH GENERAL DECOMPOSITION.



7.2.3 GAUSSIAN PROCESS REGRESSION

ALTHOUGH GAUSSIAN PROCESS REGRESSION DOES NOT REQUIRE RIGID PARAMETRIC ASSUMP-
TIONS, A CERTAIN DEGREE OF SMOOTHNESS IS STILL NEEDED TO ENSURE ITS GUARANTEE OF
NO-REGRET. WE CAN MODEL /' AS A SAMPLE FROM A GP: A COLLECTION OF RANDOM VARI-
ABLES, ONE FOREACHX € X. A GP(u(x),k(x,x’)) 1S SPECIFIED BY ITS MEAN FUNCTION
u(x) = E[f(x)] AND COVARIANCE FUNCTION k(x,x’) = E[(f(x) — u(x))(Ax') — u(x'))]. For
GPs NOT CONDITIONED ON ANY PRIOR, WE ASSUME THAT #(x) = 0. WE FURTHER ASSUME
BOUNDED VARIANCE k(x,%) < 1. THIS COVARIANCE FUNCTION ENCODES THE SMOOTHNESS
CONDITION OF THE TARGET FUNCTION f DRAWN FROM THE GP.
FOR A NOISY SAMPLE ¥, = [y, <, y7] | AT POINTS A7 = {%:} e 90 = flo) + &, Ve €

[7] with g, ~ N(0,5%(x;)) GAUSSIAN NOISE WITH VARIANCE ¢ (X;), THE POSTERIOR OVER
/15 STILL A GAUSSIAN PROCESS WITH POSTERIOR MEAN (%), COVARIANCE k7(x, x') AND

VARIANCE 0%(%):

pr(x) = kr(x) K er(x), (7:3)
kr(x,x') = k(x,2') — kr(x) T K k(x)), (7.4)
(%) = kr(x, %) (7.5)

WHERE k7(x) = [k(%1,%), ..., k(x7,%)] ", AND K7 IS THE POSITIVE DEFINITE KERNEL MATRIX

[k(x7 x/>]x,x’€/17 + DIAG([JZ (xt)]te[T] )

Algorithm s: GP Regression

i Input: kernel £(x, x), noise function o(x), and previous samples { (%, 7,) }rc[7
» Return: kr(x,x'), u (%), o7 (x)
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7.2.4 BANDIT PROBLEM WITH DECOMPOSED FEEDBACK

CONSIDERING THE OUTPUT VALUE OF THE TARGET FUNCTION AS THE LEARNER’S REWARD
(PENALTY), THE GOAL IS TO LEARN THE UNKNOWN UNDERLYING FUNCTION /' WHILE OPTI-
MIZING THE CUMULATIVE REWARD. THIS IS USUALLY KNOWN AS AN ONLINE LEARNING OR
MULTI-ARM BANDIT PROBLEM >*. IN THIS PAPER, GIVEN THE KNOWLEDGE OF DETERMINIS-
TIC DECOMPOSITION FUNCTION ¢ (DEFINITION 7 OR DEFINITION 8), IN EACH ROUND 7, THE
LEARNER CHOOSES AN INPUT X; € X AND OBSERVES THE VALUE OF EACH UNKNOWN DECOM-
POSED FUNCTION fj PERTURBED BY A NOISE: ¥, = fi(%:) + €, ~ N(0,07) Vj € [/]. AT THE
SAME TIME, THE LEARNER RECEIVES THE COMPOSED REWARD FROM THIS INPUT X;, WHICH IS
ve = g1, 92,00 -0 V1) = fl%:) + € WHERE €, IS AN AGGREGATED NOISE. THE GOALIS TO
T

MAXIMIZE THE SUM OF NOISE-FREE REWARDS ) . f{X;), WHICH IS EQUIVALENT TO MINIMIZING

=1

T T
THE CUMULATIVE REGRET Ry = )7, = y_ fl&*) — f{x,), WHERE x* = arg maxycx f{x) AND
= =1

=1
INDIVIDUAL REGRET 7; = f(x*) — f(x,).

THIS DECOMPOSED FEEDBACK IS RELATED TO THE SEMI-BANDIT SETTING, WHERE A DECI-
SION IS CHOSEN FROM A COMBINATORIAL SET AND FEEDBACK IS RECEIVED ABOUT INDIVID-
UAL ELEMENTS OF THE DECISION 3?33, QUR WORK IS SIMILAR IN THAT WE CONSIDER AN IN-
TERMEDIATE FEEDBACK MODEL WHICH GIVES THE DECISION MAKER ACCESS TO DECOMPOSED
FEEDBACK ABOUT THE UNDERLYING FUNCTION. HOWEVER, IN OUR SETTING A SINGLE POINT
IS CHOSEN FROM A CONTINUOUS SET, RATHER THAN MULTIPLE ITEMS FROM A DISCRETE ONE.
ADDITIONAL FEEDBACK IS RECEIVED ABOUT COMPONENTS OF THE OBJECTIVE FUNCTION,

NOT THE ITEMS CHOSEN. HENCE, THE TECHNICAL CHALLENGES ARE QUITE DIFFERENT.



7.3 PROBLEM STATEMENT AND BACKGROUND

USING THE FLU PREVENTION AS AN EXAMPLE, A POLICYMAKER WILL IMPLEMENT A YEARLY
DISEASE CONTROL POLICY AND OBSERVE THE NUMBER OF SUBSEQUENT INFECTIONS. A POL-
ICY IS AN INPUT X; € R”, WHERE EACH ENTRY &;; DENOTES THE EXTENT TO VACCINATE THE
INFECTED PEOPLE IN AGE GROUP 7. FOR EXAMPLE, IF THE GOVERNMENT SPENDS MORE EFFORT
X¢; IN GROUP 7, THEN THE PEOPLE IN THIS GROUP WILL BE MORE LIKELY TO GET A FLU SHOT.
GIVEN THE DECOMPOSITION ASSUMPTION AND SAMPLES (PREVIOUS POLICIES) AT POINTS
x,Vt € [T], INCLUDING ALL THE FUNCTION VALUES_f(xt) (TOTAL INFECTED POPULATION) AND
DECOMPOSED FUNCTION VALUEsﬁ(x,) (INFECTED POPULATION IN GROUP /), THE LEARNER
ATTEMPTS TO LEARN THE FUNCTION f WHILE SIMULTANEOUSLY MINIMIZING REGRET. THERE-
FORE, WE HAVE TWO MAIN CHALLENGES: (I) HOW BEST TO APPROXIMATE THE REWARD FUNC-
TION USING THE DECOMPOSED FEEDBACK AND DECOMPOSITION (NON-PARAMETRIC APPROX-
IMATION), AND (II) HOW TO USE THIS ESTIMATION TO MOST EFFECTIVELY REDUCE THE AVER-

AGE REGRET (BANDIT PROBLEM).

7.3.1 REGRESSION: NON-PARAMETRIC APPROXIMATION

OUR FIRST AIM IS TO FULLY UTILIZE THE DECOMPOSED PROBLEM STRUCTURE TO GET A BET-
TER APPROXIMATION OF_f(x). THE GOAL IS TO LEARN THE UNDERLYING DISEASE PATTERN
FASTER BY USING THE DECOMPOSED PROBLEM STRUCTURE. GIVEN THE LINEAR DECOMPOSI-
J
TION ASSUMPTION THAT f{x) = Zg](x)ﬁ(x) AND NOISY SAMPLES AT POINTS {%;},c[7], THE
J=1

LEARNER CAN OBSERVE THE OUTCOME OF EACH DECOMPOSED FUNCTION f;(%;) AT EACH SAM-
PLE POINT X; V¢ € [7]. OUR GOAL IS TO PROVIDE A BAYESIAN UPDATE TO THE UNKNOWN

FUNCTION WHICH FULLY UTILIZES THE LEARNER’S KNOWLEDGE OF THE DECOMPOSITION.



7.3.2  BANDIT PROBLEM: MINIMIZING REGRET

IN THE FLU EXAMPLE, EACH ANNUAL FLU-AWARENESS CAMPAIGN IS CONSTRAINED BY A BUD-
GET, AND WE ASSUME POLICYMAKER DOES NOT KNOW THE UNDERLYING DISEASE SPREAD
PATTERN. AT THE BEGINNING OF EACH YEAR, THE POLICYMAKER CHOOSES A NEW CAMPAIGN
POLICY BASED ON THE PREVIOUS YEARS’ RESULTS AND OBSERVES THE OUTCOME OF THIS NEW
POLICY. THE GOAL IS TO MINIMIZE THE CUMULATIVE REGRET (ALL ADDITIONAL INFECTIONS
IN PRIOR YEARS) WHILE LEARNING THE UNDERLYING UNKNOWN FUNCTION (DISEASE PAT-
TERN).

WE WILL SHOW HOW A DECOMPOSED GP REGRESSION, WITH A GP-UCB ALGORITHM, CAN

BE USED TO ADDRESS THESE CHALLENGES.

7.4 DECOMPOSED GAUSSIAN PROCESS REGRESSION

FIRST, WE PROPOSE A DECOMPOSED GP REGRESSION (ALGORITHM 6). THE IDEA BEHIND DE-
cOMPOSED GP REGRESSION IS AS FOLLOWS: GIVEN THE LINEAR DECOMPOSITION ASSUMP-
TION (DEFINITION 7), RUN GAUSSIAN PROCESS REGRESSION FOR EACHﬁ(x) INDIVIDUALLY,
J
AND GET THE AGGREGATED APPROXIMATION BY f{X) = } ¢;(x)f;(%) (LLUSTRATED IN FIGURE
7=l
7.1).
ASSUMING WE HAVE T PREVIOUS SAMPLES WITH INPUT X, X3, ..., X7 AND THE NOISY OUT-
COME OF EACH INDIVIDUAL FUNCTION = fi(x) + ¢,V € [Jl,t € [T], WHEREE;, ~
J
N(0, ojz), THE OUTCOME OF THE TARGET FUNCTION f{x) CAN BE COMPUTED AS y, = Zlgf(xf)yf»f'
j:
FURTHER ASSUME THE FUNCTION f;(X) IS AN OUTCOME OF GP(0, k;) Vj. THEREFORE THE EN-
J
TIRE FUNCTION fIS ALSO AN OUTCOME OF GP(0, k) WHERE k(x,x') = Zlgj(x)/ej(x, x)gi(«).
J:
WE ARE GOING TO COMPARE TWO WAYS TO APPROXIMATE THE FUNCTION /{X) USING EX-

ISTING SAMPLES. (I) DIRECTLY USE ALGORITHM S WITH THE COMPOSED KERNEL k(x, x’) AND
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(a) Target function /' = £ 4 /5 and its sampled values as (b) Decomposed functions f1, f> and their posteriors of
the observations. GP regression.

oo

-3 Decomposed Gaussian Process Regression
Gaussian Process Regression

(c) The posteriors of decomposed GP regression and GP
regression

Figure 7.1: lllustration of decomposed GP regression (Algorithm 6) and comparison with GP regression (Algorithm 5).
Decomposed GP regression shows a smaller average variance (0.878 v.s. 0.943) and a closer estimation tof

NOISY SAMPLES { (%, ):) }s¢[7] — THE TYPICAL GP REGRESSION PROCESS. (11) FOR EACH € []],
FIRST RUN ALGORITHM 5 WITH KERNEL £;(¥, X') AND NOISY SAMPLES { (%, yj/) },c[7]. THEN
COMPOSE THE OUTCOMES WITH THE DETERMINISTIC WEIGHTED FUNCTION gi(¥) TO GET f{x).
THIS IS SHOWN IN ALGORITHM 6.

IN ORDER TO ANALYTICALLY COMPARE GAUSSIAN PROCESS REGRESSION (ALGORITHM §)
AND DECOMPOSED GAUSSIAN PROCESS REGRESSION (ALGORITHM 6), WE ARE GOING TO COM-
PUTE THE VARIANCE (UNCERTAINTY) RETURNED BY BOTH ALGORITHMS. WE WILL SHOW THAT
THE LATTER VARIANCE IS SMALLER THAN THE FORMER. PROOFS ARE IN THE APPENDIX FOR

BREVITY.
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Algorithm 6: Decomposed GP Regression

r Input: kernel functions k;(, ') to each f;(x) and previous samples

(%, 350) Vj € U], £ € [T]
» forj=1,2..../do
3 L Let [cc].j(x), kj,r(x, %), 7 (%) be the output of GP regression with &;(x, %) and

(%, 9je)-
+ Return: kr(x,x') = igf(x)kj,r(x,x/)gjz-(x/),/lT<x) = égj(x);“j,r(x)’
j=1 J=1
(%) = kr(x, %)

Proposition 4. The variance returned by Algorithm s is
J%W,é’nl’l'}"f( - k x x Z 2; Z DZKZ TDI Z' (76)
where D; = diag([gj(x1), ..., gi(x7)]) and z; = D;k; 7(x)g;(x) € RT.

Proposition s. The variance returned by Algorithm 6 is

é,demmp( ) - k x x E :zl DZKZ TD[) 2 (7'7)
/
IN ORDER THAT OUR APPROACH HAS LOWER VARIANCE, WE FIRST RECALL THE MATRIX-

FRACTIONAL FUNCTION AND ITS CONVEX PROPERTY.

Lemma 1. Matrix-fractional function h(X,y) = y" X 'y is defined and also convex on domf =
{(X,y) € ST xRT}.

NOW WE ARE READY TO COMPARE THE VARIANCE PROVIDED BY PROPOSITION 4 AND Proro-

SITION §.
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Theorem 8. The variance provided by decomposed Gaussian process regression (Algorithm 6) is less
than or equal to the variance provided by Gaussian process regression (Algorithm s ), which implies the

uncertainty by using decompoxed Gaussian process regression is smaller.

Proof sketch. In order to compare the variance given by Proposition 4 and Proposition s, we calcu-
late the difference of Equation 7.6 and Equation 7.7. Their difference can be rearranged as a Jensen
inequality with the form of Matrix-fractional function (Lemma 1), which turns out to be convex.
By Jensen inequality, their difference is non-negative, which implies the variance given by decom-

posed GP regression is no greater than the variance given by GP regression. O

THEOREM 8 IMPLIES THAT DECOMPOSED GP REGRESSION PROVIDES A POSTERIOR WITH
SMALLER VARIANCE, WHICH COULD BE CONSIDERED THE UNCERTAINTY OF THE APPROXIMA-
TION. IN FACT, THE POSTERIOR BELIEF AFTER THE GP REGRESSION IS STILL A GAUSSIAN PRO-
CESS, WHICH IMPLIES THE UNDERLYING TARGET FUNCTION IS CHARACTERIZED BY A JOINT
GAUSSIAN DISTRIBUTION, WHERE A SMALLER VARIANCE DIRECTLY IMPLIES A MORE CONCEN-
TRATED GAUSSIAN DISTRIBUTION, LEADING TO LESS UNCERTAINTY AND SMALLER ROOT-
MEAN-SQUARED ERROR. INTUITIVELY, THIS IS DUE TO ALGORITHM 6 ADOPTS THE DECOM-
POSITION KNOWLEDGE BUT ALGORITHM S DOES NOT. THIS CONTRIBUTION FOR HANDLING
DECOMPOSITION IN THE GP REGRESSION CONTEXT IS VERY GENERAL AND CAN BE APPLIED
TO MANY PROBLEMS. WE WILL SHOW SOME APPLICATIONS OF THIS IDEA IN THE FOLLOWING
SECTIONS, FOCUSING FIRST ON HOW A LINEAR AND GENERALIZED DECOMPOSITIONS CAN BE

USED TO AUGMENT THE GP-UCB ALGORITHM FOR MULTI-ARMED BANDIT PROBLEMS.

7.5 DEcoMPOSED GP-UCB ALGORITHM

THE GOAL OF A TRADITIONAL BANDIT PROBLEM IS TO OPTIMIZE THE OBJECTIVE FUNCTION

ﬂx) BY MINIMIZING THE REGRET. HOWEVER, IN OUR BANDIT PROBLEM WITH DECOMPOSED

IS5



FEEDBACK, THE LEARNER IS ABLE TO ACCESS SAMPLES OF INDIVIDUAL FUNCTIONSﬁ(x). WE
J
FIRST CONSIDER A LINEAR DECOMPOSITION f{X) = ) _ gi(x)f;(%).
j=1

SRINIVAS ET AL. PROPOSED THE GP-UCB ALGORITHM FOR CLASSIC BANDIT PROBLEMS AND
PROVED THAT IT IS A NO-REGRET ALGORITHM THAT CAN EFFICIENTLY ACHIEVE THE GLOBAL
OPTIMAL OBJECTIVE VALUE. A NATURAL QUESTION ARISES: CAN WE APPLY OUR DECOMPOSED
GP REGRESSION (ALGORITHM 6) AND ALSO ACHIEVE THE NO-REGRET PROPERTY? THIS LEADS
TO OUR SECOND CONTRIBUTION: THE DECOMPOSED GP-UCB ALGORITHM, WHICH USES DE-
CcOMPOSED GP REGRESSION WHEN DECOMPOSED FEEDBACK IS ACCESSIBLE. THIS ALGORITHM
CAN INCORPORATE THE DECOMPOSED FEEDBACK (THE OUTCOMES OF DECOMPOSED FUNC-
TION ﬁ-), ACHIEVE A BETTER APPROXIMATION AT EACH ITERATION WHILE MAINTAINING THE

NO-REGRET PROPERTY, AND CONVERGE TO A GLOBALLY OPTIMAL VALUE.

Algorithm 7: Decomposed GP-UCB
1« Input: Inputspace X'; GP priors ;.00 97,05 kN |

» fort=1,2,...do

3 Compute all mean [ and variance Uﬁ;—Nj

J
o (%) = Z}gj(x)#,,t_l(x)
=
J
5 a7y (%) = Zlgjz'(x)aﬁtfl
=
6 Choose x, = arg maXyex 1, (%) ++/B.or—1()

7 Sample y;, = fi(x,) Vj € [/]
8 Perform Bayesian update to obtain Wi 950 Y] € Vi

Theorem 9. Let 9 € (0,1) and B, = 21og(|X | 7* /69). Running decomposed GP-UCB (Algorithm

7) for a composed sample flx) = 3 gi(x)f;(x) with bounded variance k;(x,x) < 1and each f; ~
=

GP(0, kj(x,x')), we obtain a regret bound of (’)(\/ Tlog|X| ijl 8127/ 1) with high probability,

156



where B; = max \gi(%)]. Precisely,

J
Pr{Rr<,|CiTB; Y Bl NT>1} >1-3 (7.8)
j=1

where C; = 8/ log(1 + o 2) with noise variance 7.

WE PRESENT ALGORITHM 7, WHICH REPLACES THE GAUSSIAN PROCESS REGRESSION IN GP-
UCB WITH OUR DECOMPOSED GAUSSIAN PROCESS REGRESSION (ALGORITHM 6). ACCORDING
TO THEOREM 8, OUR ALGORITHM TAKES ADVANTAGE OF DECOMPOSED FEEDBACK AND PRO-
VIDES A MORE ACCURATE AND LESS UNCERTAIN APPROXIMATION AT EACH ITERATION. WE
ALSO PROVIDE A REGRET BOUND IN THEOREM 9, WHICH GUARANTEES NO-REGRET PROPERTY
TO ALGORITHM 7.

ACCORDING TO THE LINEAR DECOMPOSITION AND THE ADDITIVE AND MULTIPLICATIVE
PROPERTIES OF KERNELS, THE ENTIRE UNDERLYING FUNCTION IS STILL AN OUTCOME OF
GP WITH A COMPOSED KERNEL k(x, %) = élgj(x)/ej(x, x')g;(x), wHICH IMPLIES THAT GP-

=
UCB ALGORITHM CAN ACHIEVE A SIMILAR REGRET BOUND BY NORMALIZING THE KERNEL

J
k(x,x) <> BJZ = B%. THE REGRET BOUND OF GP-UCB CAN BE GIVEN BY:
j=1

PHRY <\ T B g VT 2 1} 210 (7.9)

WHERE ¥, 7 IS THE UPPER BOUND ON THE INFORMATION GAIN I(yT; fr) OF THE COM-
POSED KERNEL £(x, x').

But DUE TO THEOREM 8, D-GPUCB CAN ACHIEVE A LOWER VARIANCE AND MORE ACCU-
RATE APPROXIMATION AT EACH ITERATION, LEADING TO A SMALLER REGRET IN THE BANDIT

SETTING, WHICH WILL BE SHOWN TO EMPIRICALLY PERFORM BETTER IN THE EXPERIMENTS.
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7.5.1  NO-REGRET PROPERTY AND BENEFITS OoF D-GPUCB

PREVIOUSLY, IN ORDER TO GUARANTEE A SUBLINEAR REGRET BOUND TO GP-UCB, WE RE-
QUIRE AN ANALYTICAL, SUBLINEAR BOUND ... ;- ON THE INFORMATION GAIN. 9% pPRO-
VIDED SEVERAL ELEGANT UPPER BOUNDS ON THE INFORMATION GAIN OF VARIOUS KERNELS.
HOWEVER, IN PRACTICE, IT IS HARD TO GIVE AN UPPER BOUND TO A COMPOSED KERNEL
k(x,%") AND APPLY THE REGRET BOUND (INEQUALITY 7.9) PROVIDED BY GP-UCB IN THE DE-
COMPOSED CONTEXT.

INsTEAD, D-GPUCB AND THE FOLLOWING GENERALIZED D-GPUCB PROVIDE A CLEARER
EXPRESSION TO THE REGRET BOUND, WHERE THEIR BOUNDS (' HEOREM 9, 10) ONLY RELATE
TO UPPER BOUNDS y; ;- OF THE INFORMATION GAIN OF EACH KERNEL kj(x, x). THIS RESOLVES
THE PROBLEM OF COMPUTING AN UPPER BOUND OF A COMPOSED KERNEL. WE CAN USE THE
VARIOUS SUBLINEAR UPPER BOUNDS OF DIFFERENT KERNELS, WHICH HAVE BEEN WIDELY

STUDIED IN PRIOR LITERATURE *°%,

7.5.2  GENERALIZED DEcomrOSED GP-UCB ALGORITHM

WE NOW CONSIDER THE GENERAL DECOMPOSITION (DEFINITION 8): Ax) = g(fi(%),/2(x), ..., [(%)).
TO ACHIEVE THE NO-REGRET PROPERTY, WE FURTHER REQUIRE THE FUNCTION ¢ TO HAVE

BOUNDED PARTIAL DERIVATIVES

Vig(x)| < B;Vj € [J]. THIS CORRESPONDS TO THE LINEAR
DECOMPOSITION CASE, WHERE |V ¢| = |g;(x)| < B;.

SINCE, A NON-LINEAR COMPOSITION OF GAUSSIAN PROCESSES IS NO LONGER A GAUS-
SIAN PROCESS, THE STANDARD GP-UCB ALGORITHM DOES NOT HAVE ANY GUARANTEES FOR
THIS SETTING. HOWEVER, WE SHOW THAT OUR APPROACH, WHICH LEVERAGES THE SPECIAL

STRUCTURE OF THE PROBLEM, STILL ENJOYS A NO-REGRET GUARANTEE:



Algorithm 8: Generalized Decomposed GP-UCB
1 Input: Input space X's GP priors &, 070, k; Vj € Y

2 fort=1,2,. do
3 Compute the aggregated mean and variance bound:

4 (%) = g(/ﬁ,z—l(x), ---:#j7;_1(x>>
J
| A= )

6 Choose x, = arg maxyex 1, (%) +/B.or—1()

7 | Sampley;, = f;(x,) Vi € |]]
s | Perform Bayesian update to obtain g, , 7;, Vj € [/]

Theorem 10. By running generalized decomposed GP-UCB with 8, = 2log(| X |/ 7> /69) fora

composed sample flx) = g¢(fi(x), ..., f/(x)) of GPs with bounded variance kj(x,x) < 1and each

J; ~ GP(0, ki(x,%")). we obtain a regret bound of O (\/ Tlog | X| Zle 8127]‘, 1) with bigh probability,

where B; = max |V,g(x)|. Precisely,

J
Pr{Rr<,| T8, ) Bly, NT>1} 213 (7.10)
=1

where C; = 8/ log(1 + o= 2) with noise variance 7.

THE INTUITION IS THAT SO LONG AS EACH INDIVIDUAL FUNCTION IS DRAWN FROM A
GAUSSIAN PROCESS, WE CAN STILL PERFORM GAUSSIAN PROCESS REGRESSION ON EACH FUNC-
TION INDIVIDUALLY TO GET AN ESTIMATE OF EACH DECOMPOSED COMPONENT. BASED ON
THESE ESTIMATES, WE COMPUTE THE CORRESPONDING ESTIMATE TO THE FINAL OBJECTIVE
VALUE BY COMBINING THE DECOMPOSED COMPONENTS WITH THE FUNCTION g. SINCE THE
GRADIENT OF FUNCTION ¢ IS BOUNDED, WE CAN PROPAGATE THE UNCERTAINTY OF EACH IN-
DIVIDUAL APPROXIMATION TO THE FINAL OBJECTIVE FUNCTION, WHICH ALLOWS US TO GET A

BOUND ON THE TOTAL UNCERTAINTY. CONSEQUENTLY, WE CAN PROVE A HIGH-PROBABILITY
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BOUND BETWEEN OUR ALGORITHM’S POSTERIOR DISTRIBUTION AND THE TARGET FUNCTION,
WHICH ENABLES US TO BOUND THE CUMULATIVE REGRET BY A SIMILAR TECHNIQUE AS THEO-
REM 9.

THE MAJOR DIFFERENCE FOR GENERAL DECOMPOSITION IS THAT THE USUAL GP-UCB AL-
GORITHM NO LONGER WORKS HERE. I HE UNDERLYING UNKNOWN FUNCTION MAY NOT BE AN
OUTCOME OF GAUSSIAN PROCESS. THEREFORE THE GP-UCB ALGORITHM DOES NOT HAVE
ANY GUARANTEES FOR EITHER CONVERGENCE OR THE NO-REGRET PROPERTY. IN CONTRAST,
D-GPUCB ALGORITHM STILL WORKS IN THIS GENERAL CASE IF THE LEARNER IS ABLE TO AT-
TAIN THE DECOMPOSED FEEDBACK.

OUR RESULT GREATLY ENLARGES THE FEASIBLE FUNCTIONAL SPACE WHERE GP-UCB
CAN BE APPLIED. WE HAVE SHOWN THAT THE GENERALIZED D-GPUCB PRESERVES THE NO-
REGRET PROPERTY EVEN WHEN THE UNDERLYING FUNCTION IS A COMPOSITION OF GAUS-
SIAN PROCESSES. GIVEN THE KNOWLEDGE OF DECOMPOSITION AND DECOMPOSED FEEDBACK,
BASED ON THEOREM 10, THE FUNCTIONAL SPACE THAT GENERALIZED D-GPUCB ALGORITHM
CAN GUARANTEE NO-REGRET IS CLOSED UNDER ARBITRARY BOUNDED-GRADIENT FUNCTION
COMPOSITION. THIS LEADS TO A VERY GENERAL FUNCTIONAL SPACE, SHOWCASING THE CON-

TRIBUTION OF OUR ALGORITHM.

7.5.3 CONTINUOUS SAMPLE SPACE

ALL THE ABOVE THEOREMS ARE FOR DISCRETE SAMPLE SPACES X . HOWEVER, MOST REAL-
WORLD SCENARIOS HAVE A CONTINUOUS SPACE. SRINIVAS ET AL. USED THE DISCRETIZATION
TECHNIQUE TO REDUCE THE COMPACT AND CONVEX CONTINUOUS SAMPLE SPACE TO A DIS-

CRETE CASE BY USING A LARGER EXPLORATION CONSTANT:

B, = 2log(2£7%/(38)) + 2d log(£*dbn/log(4da/$5))
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WHILE ASSUMING PR{sup, y |8f/0x;| > L} < ae~(!/%)° (IN THE GENERAL DECOMPOSITION
cask, 8, = 2log(2/f27*/(39)) + 2dlog(r*dbr/log(4da/?))). ALL OF OUR PROOFS DIRECTLY
FOLLOW USING THE SAME TECHNIQUE. THEREFORE THE NO-REGRET PROPERTY AND REGRET

BOUND ALSO HOLD IN CONTINUOUS SAMPLE SPACES.

7.6 EXPERIMENTS

IN THIS SECTION, WE RUN SEVERAL EXPERIMENTS TO COMPARE DECOMPOSED GAUSSIAN PRO-
CESS REGRESSION (ALGORITHM 6), D-GPUCB (ALGORITHM 7), AND GENERALIZED D-GPUCB
(ALGORITHM 8). WE ALSO TEST ON BOTH DISCRETE SAMPLE SPACE AND CONTINUOUS SAMPLE
SPACE. ALL OF OUR EXAMPLES SHOW A PROMISING CONVERGENCE RATE AND ALSO IMPROVE-
MENT AGAINST THE GP-UCB ALGORITHM, AGAIN DEMONSTRATING THAT MORE DETAILED

MODELING REDUCES THE PREDICTIVE UNCERTAINTY.

7.6.1  DECOMPOSED GAUSSIAN PROCESS REGRESSION

FOR THE DECOMPOSED GAUSSIAN PROCESS REGRESSION, WE COMPARE THE AVERAGE STAN-
DARD DEVIATION (UNCERTAINTY) PROVIDED BY GP REGRESSION (ALGORITHM 5) AND DECOM-
POSED GP REGRESSION (ALGORITHM 6) OVER VARYING NUMBER OF SAMPLES AND NUMBER OF
DECOMPOSED FUNCTIONS. WE USE THE FOLLOWING THREE COMMON TYPES OF STATIONARY

KERNEL >%#:

* THE SQUARE EXPONENTIAL KERNEL IS k(x, &) = exp(—(2/2) 7! |jx — #/||), /15 a

LENGTH-SCALE HYPER PARAMETER.

* THE MATERN KERNEL IS GIVEN BY k(x, ') = (2177 /T ()7 B,(r),r = §/2v/1) ||x — ¥/,
WHERE ¥ CONTROLS THE SMOOTHNESS OF SAMPLE FUNCTIONS AND B, IS A MODIFIED

BESSEL FUNCTION.
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* THE RATIONAL QUADRATIC KERNEL Is k(%, %) = (1 + [x — &/||* /(22/2))~*. IT can
BE SEEN AS A SCALE MIXTURE OF SQUARE EXPONENTIAL KERNELS WITH DIFFERENT

LENGTH-SCALES.

FOR EACH KERNEL CATEGORY, WE FIRST DRAW / KERNELS WITH RANDOM HYPER-PARAMETERS.
WE THEN GENERATE A RANDOM SAMPLE FUNCTION f; FROM EACH CORRESPONDING KERNEL £;
AS THE TARGET FUNCTION, COMBINED WITH THE SIMPLEST LINEAR DECOMPOSITION (DEFI-
NITION 7) WITng(x) = 1V;. FOR EACH SETTING AND EACH 7' < 50, WE RANDOMLY DRAW

T SAMPLES AS THE PREVIOUS SAMPLES AND PERFORM BOTH GP REGRESSION AND DECOM-
POSED GP REGRESSION. WE RECORD THE AVERAGE IMPROVEMENT IN TERMS OF ROOT-MEAN-
SQUARED ERROR (RMSE) AGAINST THE UNDERLYING TARGET FUNCTION OVER 100 INDEPEN-
DENT RUNS FOR EACH SETTING. WE ALSO RUN EXPERIMENTS ON FLU DOMAIN WITH SQUARE
EXPONENTIAL KERNEL BASED ON REAL DATA AND SIR MODEL7?, WHICH IS ILLUSTRATED IN
FIGURE 7.2(D).

EMPIRICALLY, OUR METHOD REDUCES THE RMSE IN THE MODEL’S PREDICTIONS BY 10-
15% COMPARED TO STANDARD GP REGRESSION (WITHOUT DECOMPOSED FEEDBACK). THIS
TREND HOLDS ACROSS KERNELS, AND INCLUDES BOTH SYNTHETIC DATA AND THE FLU DO-
MAIN (WHICH USES A REAL DATASET). SUCH AN IMPROVEMENT IN PREDICTIVE ACCURACY IS
SIGNIFICANT IN MANY REAL-WORLD DOMAINS. FOR INSTANCE, CDC-REPORTED 95% CON-
FIDENCE INTERVALS FOR VACCINATION-AVERTED FLU ILLNESSES FOR 2015 RANGE FROM
3.5M-7M AND AVERTED MEDICAL VISITS FROM 1.7M-3.sM. REDUCING AVERAGE ERROR BY
10% CORRESPONDS TO ESTIMATES WHICH ARE TIGHTER BY HUNDREDS OF THOUSANDS OF
PATIENTS, A SIGNIFICANT AMOUNT IN POLICY TERMS. THESE RESULTS CONFIRM OUR THEO-
RETICAL ANALYSIS IN SHOWING THAT INCORPORATING DECOMPOSED FEEDBACK RESULTS IN

MORE ACCURATE ESTIMATION OF THE UNKNOWN FUNCTION.
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Figure 7.2: Average improvement (with trend line) using decomposed GP regression and GP regression, in RMSE



7.6.2  CoMPARISON BETWEEN GP-UCB anp D-GPUCB
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Figure 7.3: Comparison of cumulative regret: D-GPUCB, GP-UCB, and various heuristics on synthetic (a, b) and real data
(c,d)

WE NOW MOVE THE ONLINE SETTING, TO TEST WHETHER GREATER PREDICTIVE ACCU-
RACY RESULTS IN IMPROVED DECISION MAKING. WE COMPARE OUR D-GPUCB ALGORITHM
AND GENERALIZED D-GPUCB witH GP-UCB, AS WELL AS COMMON HEURISTICS SUCH AS Ex-

218

PECTED IMPROVEMENT (EI)>"® AND MosT PROBABLE IMPROVEMENT (MPI) "4, FOR ALL THE

EXPERIMENTS, WE RUN 30 TRIALS ON ALL ALGORITHMS TO FIND THE AVERAGE REGRET.

SYNTHETIC DATA (LINEAR DECOMPOSITION WITH DISCRETE SAMPLE SPACE):

FOR SYNTHETIC DATA, WE RANDOMLY DRAW] =10 SQUARE EXPONENTIAL KERNELS WITH

DIFFERENT HYPER-PARAMETERS AND THEN SAMPLE RANDOM FUNCTIONS FROM THESE KER-
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Figure 7.4: Comparison of average regret: D-GPUCB, GP-UCB, and various heuristics on synthetic (a, b) and real data (c,
d)

NELS TO COMPOSE THE ENTIRE TARGET FUNCTION. THE SAMPLE NOISE IS SET TO BE 10_4.
THE SAMPLE SPACE X = [0, 1] IS UNIFORMLY DISCRETIZED INTO 1000 POINTS. WE FOLLOW
THE RECOMMENDATION IN*”* TO SCALE DOWN /2, BY A FACTOR 5 FOR BOTH GP-UCB anD D-
GPUCB ALGORITHM. WE RUN EACH ALGORITHM FOR 100 ITERATIONS WITH d = 0.05 FOR 30
TRIALS (DIFFERENT KERNELS AND TARGET FUNCTIONS EACH TRIAL), WHERE THE CUMULATIVE

REGRETS ARE SHOWN IN FIGURE 7.3(A), 7.3(B), AND AVERAGE REGRET IN FIGURE 7.4(A), 7.4(B).

FLu PREVENTION (LINEAR DECOMPOSITION WITH CONTINUOUS SAMPLE SPACE):

WE CONSIDER A FLU AGE-STRATIFIED SIR MODEL7? AS OUR TARGET FUNCTION. THE POP-

ULATION IS STRATIFIED INTO SEVERAL AGE GROUPS: YOUNG (0-19), ADULT (20-49), MIDDLE



AGED (50-64), SENIOR (65-69), ELDER (70+). THE SIR MODEL ALLOWS THE CONTACT MATRIX
AND SUSCEPTIBILITY OF EACH AGE GROUP TO VARY. OUR INPUT HERE IS THE VACCINATION
RATE ¥ € [0, 1]> WITH RESPECT TO EACH AGE GROUP. GIVEN A VACCINATION RATE ¥, THE SIR
MODEL RETURNS THE AVERAGE SICK DAYS PER PERSON f{¥) WITHIN ONE YEAR. THE MODEL
CAN ALSO RETURN THE CONTRIBUTION TO THE AVERAGE SICK DAYS FROM EACH AGE GROUP
5
J> WHICH WE DENOTE AS f;(x). THEREFORE WE HAVE f{x) = }_ f;(¥), A LINEAR DECOMPO-
=
SITION. THE GOAL IS TO FIND THE OPTIMAL VACCINATION POLICY WHICH MINIMIZES THE
AVERAGE SICK DAYS SUBJECT TO BUDGET CONSTRAINTS. SINCE WE DO NOT KNOW THE CO-
VARIANCE KERNEL FUNCTIONS IN ADVANCE, WE RANDOMLY DRAW 1000 SAMPLES AND FIT A
MIXTURE OF SQUARE EXPONENTIAL KERNEL AND MATERN KERNEL BY TUNING THE HYPER-
PARAMETERS. WE RUN ALL ALGORITHMS AND COMPARE THEIR CUMULATIVE REGRET IN FIG-

URE 7.3(C) AND AVERAGE REGRET IN FIGURE 7.4(C).

PERCEIVED TEMPERATURE (GENERAL DECOMPOSITION WITH DISCRETE SAMPLE SPACE):

THE PERCEIVED TEMPERATURE IS A COMBINATION OF ACTUAL TEMPERATURE, HUMIDITY,

AND WIND SPEED. WHEN THE ACTUAL TEMPERATURE IS HIGH, HIGHER HUMIDITY REDUCES
THE BODY’S ABILITY TO COOL ITSELF, RESULTING A HIGHER PERCEIVED TEMPERATURE; WHEN
THE ACTUAL TEMPERATURE IS LOW, THE AIR MOTION ACCELERATES THE RATE OF HEAT TRANS-
FER FROM A HUMAN BODY TO THE SURROUNDING ATMOSPHERE, LEADING TO A LOWER PER-
CEIVED TEMPERATURE. ALL OF THESE ARE NONLINEAR FUNCTION COMPOSITIONS. WE USE
THE WEATHER DATA COLLECTED FROM 2906 SENSORS IN UNITED STATES PROVIDED BY OPEN-
WEATHERMAP. GIVEN AN INPUT LOCATION ¥ € X', WE CAN ACCESS TO THE ACTUAL TEM-
PERATURE fi (%), HUMIDITY /3 (%), AND WIND SPEED f3(%). IN EACH TEST, WE RANDOMLY DRAW
ONE THIRD OF THE ENTIRE DATA TO LEARN THE COVARIANCE KERNEL FUNCTIONS. THEN WE

RUN GENERALIZED D-GPUCB AND ALL THE OTHER ALGORITHMS ON THE REMAINING SEN-
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SORS TO FIND THE LOCATION WITH HIGHEST PERCEIVED TEMPERATURE. THE RESULT IS AV-

ERAGED OVER 30 DIFFERENT TESTS AND IS ALSO SHOWN IN FIGURE 7.3(D) AND FIGURE 7.4(D).

Discussion:

IN THE BANDIT SETTING WITH DECOMPOSED FEEDBACK, FIGURE 7.3 sHOWS A 10% — 20%
IMPROVEMENT IN CUMULATIVE REGRET FOR BOTH SYNTHETIC (FIGURE 7.3(A), 7.3(B)) AND
REAL DATA (FIGURE 7.3(C), 7.3(D)). AS IN THE REGRESSION SETTING, SUCH IMPROVEMENTS
ARE HIGHLY SIGNIFICANT IN POLICY TERMS; A 10% REDUCTION IN SICKNESS DUE TO FLU COR-
RESPONDS TO HUNDREDS OF THOUSANDS OF INFECTIONS AVERTED PER YEAR. THE BENE-

FIT TO INCORPORATING DECOMPOSED FEEDBACK IS PARTICULARLY LARGE IN THE GENERAL
DECOMPOSITION CASE (FIGURE 7.3(D)), WHERE A SINGLE GP IS A POOR FIT TO THE NONLIN-
EARLY COMPOSED FUNCTION. FIGURE 7.4 SHOWS THE AVERAGE REGRET OF EACH ALGORITHM
(AS OPPOSED TO THE CUMULATIVE REGRET). OUR ALGORITHM’S AVERAGE REGRET TENDS

TO ZERO. THIS ALLOWS US TO EMPIRICALLY CONFIRM THE NO-REGRET GUARANTEE FOR D-
GPUCB IN BOTH THE LINEAR AND GENERAL DECOMPOSITION SETTINGS. AS WITH THE CUMU-

LATIVE REGRET, D-GPUCB UNIFORMLY OUTPERFORMS THE BASELINES.

7.7  CONCLUSIONS

WE PROPOSE ALGORITHMS FOR NONPARAMETRIC REGRESSION AND ONLINE LEARNING WHICH
EXPLOIT THE DECOMPOSED FEEDBACK COMMON IN REAL WORLD SEQUENTIAL DECISION
PROBLEMS. IN THE REGRESSION SETTING, WE PROVE THAT INCORPORATING DECOMPOSED
FEEDBACK IMPROVES PREDICTIVE ACCURACY (THEOREM 8). IN THE ONLINE LEARNING SET-
TING, WE INTRODUCE THE D-GPUCB ALGORITHMS (ALGORITHM 7 AND ALGORITHM 8) AND

PROVE CORRESPONDING NO-REGRET GUARANTEES. WE CONDUCT EXPERIMENTS IN BOTH
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REAL AND SYNTHETIC DOMAINS TO INVESTIGATE THE PERFORMANCE OF DECOMPOSED GP RE-
GRESSION, D-GPUCB, AND GENERALIZED D-GPUCB. ALL SHOW SIGNIFICANT IMPROVEMENT
AGAINST GP-UCB AND OTHER METHODS THAT DO NOT CONSIDER DECOMPOSED FEEDBACK,
DEMONSTRATING THE BENEFIT THAT DECISION MAKERS CAN REALIZE BY EXPLOITING SUCH

INFORMATION.
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ONLINE LEARNING FOR RESTLESS

BANDITS"

8.1 INTRODUCTION

RESTLESS MULTI-ARMED BANDITS (RMABS)337 GENERALIZE MULTI-ARMED BANDITS BY IN-
TRODUCING STATES FOR EACH ARM. RMABS ARE COMMONLY USED TO MODEL SEQUENTIAL

312

SCHEDULING PROBLEMS WITH LIMITED RESOURCES SUCH AS IN CLINICAL HEALTH’ “, ONLINE

ADVERTISING 216, AND ENERGY-EFFICIENT SCHEDULING °°. AS WITH STOCHASTIC COMBI-

¢ THE RMAB LEARNER MUST REPEATEDLY PULL K OUT OF N ARMS AT

NATORIAL BANDITS
EACH TIMESTEP. UNLIKE STOCHASTIC BANDITS, THE REWARD DISTRIBUTION OF EACH ARM
IN AN RMAB DEPENDS ON THAT ARM’S STATE, WHICH TRANSITIONS BASED ON A MARKOV
DECISION PROCESS (MDP) DEPENDING ON WHETHER THE ARM IS PULLED. THESE PROBLEMS
ARE CALLED “RESTLESS” AS ARMS MAY CHANGE STATE REGARDLESS OF WHETHER THEY ARE
PULLED. THE REWARD AT EACH TIMESTEP IS THE SUM OF REWARDS ACROSS ALL ARMS, IN-
CLUDING ARMS NOT ACTED UPON.

EVEN WHEN THE TRANSITION DYNAMICS ARE GIVEN, PLANNING AN OPTIMAL POLICY FOR
RMABSs 1s PSPACE-HARD *** DUE TO THE STATE-DEPENDENT REWARD AND COMBINATORIAL

ACTION SPACE. TO COMPUTE AN APPROXIMATE PLANNING SOLUTION TO RMABSs, THE WHIT-

TLE INDEX POLICY *37 DEFINES A “WHITTLE INDEX” FOR EACH ARM AS AN ESTIMATE OF THE

"This work is a joint work with Lily Xu with equal contributions.
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FUTURE VALUE IF ACTED UPON, THEN ACTS ON THE ARMS WITH THE K LARGEST INDICES. THE
WHITTLE INDEX POLICY IS SHOWN TO BE ASYMPTOTICALLY OPTIMAL *3% AND IS COMMONLY
ADOPTED AS A SCALABLE SOLUTION TO RMAB PROBLEMS "4,

HOWEVER, IN MANY REAL-WORLD APPLICATIONS OF RMABS, TRANSITION DYNAMICS ARE
OFTEN UNKNOWN IN ADVANCE. THE LEARNER MUST STRATEGICALLY QUERY ARMS TO LEARN
THE UNDERLYING TRANSITION PROBABILITIES WHILE SIMULTANEOUSLY ACHIEVING HIGH
REWARD. ACCORDINGLY, IN THIS PAPER WE FOCUS ON THE CHALLENGE OF ONLINE LEARNING
IN RMABS WITH UNKNOWN TRANSITIONS. WE FOCUS ON THE WHITTLE INDEX POLICY DUE

TO ITS SCALABILITY AND CONSIDER A FIXED-LENGTH EPISODIC RMAB SETTING.

MAIN CONTRIBUTIONS WE PRESENT UCWHITTLE, AN UPPER CONFIDENCE BOUND (UCB)
ALGORITHM THAT USES THE WHITTLE INDEX POLICY TO ACHIEVE THE FIRST SUBLINEAR FRE-
QUENTIST REGRET GUARANTEE FOR RMABs. OUR ALGORITHM MAINTAINS CONFIDENCE
BOUNDS FOR EVERY TRANSITION PROBABILITY ACROSS ALL ARMS BASED ON PRIOR OBSERVA-
TIONS. USING THESE BOUNDS, WE DEFINE A BILINEAR PROGRAM TO SOLVE FOR OPTIMISTIC
TRANSITION PROBABILITIES — THE TRANSITION PROBABILITIES THAT YIELD THE HIGHEST
FUTURE REWARD. THESE OPTIMISTIC TRANSITION PROBABILITIES ENABLE US TO COMPUTE
AN OPTIMISTIC WHITTLE INDEX FOR EACH ARM TO INFORM A WHITTLE INDEX POLICY. OUR
UCWHITTLE ALGORITHM LEVERAGES THE STRUCTURE OF RMABS AND THE WHITTLE INDEX
SOLUTION TO DECOMPOSE THE POLICY ACROSS INDIVIDUAL ARMS, GREATLY REDUCING THE
COMPUTATIONAL COST OF FINDING AN OPTIMISTIC SOLUTION COMPARED TO OTHER UCB-
BASED SOLUTIONS >5'48,

THEORETICALLY, WE ANALYZE THE FREQUENTIST REGRET OF UCWHITTLE. THE FRE-
QUENTIST REGRET 1S THE WORST-CASE REGRET INCURRED FROM UNKNOWN TRANSITION

DYNAMICS; IN CONTRAST, THE BAYESIAN REGRET 1S THE REGRET AVERAGED OVER ALL POSSI-
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BLE TRANSITIONS FROM A PRIOR DISTRIBUTION. IN THIS PAPER, WE DEFINE REGRET IN TERMS
OF THE RELAXED LAGRANGIAN OF THE RMAB — TO MAKE THE OBJECTIVE TRACTABLE —
WHICH UPPER BOUNDS THE PRIMAL RMAB PROBLEM. WE sHOwW THAT UCWHITTLE ACHIEVES
SUBLINEAR FREQUENTIST REGRET O(H+/Tlog T) WHERE 7'1S THE NUMBER OF EPISODES OF
INTERACTION WITH THE RMAB INSTANCE AND /1S A SUFFICIENTLY LARGE PER-EPISODE
TIME HORIZON. OUR RESULT EXTENDS THE ANALYSIS OF BAYESIAN REGRET IN RMABs '5?

TO FREQUENTIST REGRET BY REMOVING THE NEED TO ASSUME A PRIOR DISTRIBUTION. FI-
NALLY, WE EVALUATE UCWHITTLE AGAINST OTHER ONLINE RMAB APPROACHES ON REAL

211

MATERNAL AND CHILD HEALTHCARE DATA AND TWO SYNTHETIC SETTINGS, SHOWING

THAT UCWHITTLE ACHIEVES LOWER FREQUENTIST REGRET EMPIRICALLY AS WELL.

8.2 RELATED WORK

OFFLINE PLANNING FOR RMABs WHEN THE TRANSITION DYNAMICS ARE GIVEN, AN RMAB
IS AN OPTIMIZATION PROBLEM IN A SEQUENTIAL SETTING. COMPUTING THE OPTIMAL POLICY
IN RMABS 1s PSPACE-HARD *** DUE TO THE STATE-DEPENDENT REWARD DISTRIBUTION AND
COMBINATORIAL ACTION SPACE. THE WHITTLE INDEX POLICY *37 APPROXIMATELY SOLVES
THE PLANNING PROBLEM BY ESTIMATING THE VALUE OF EACH ARM STATE. THE INDEXABILITY

328 GUARANTEES ASYMPTOTIC OPTIMALITY 33# OF THE WHITTLE INDEX POLICY

CONDITION®
WITH AN INFINITE TIME HORIZON. NAKHLEH ET AL.*?' USE DEEP REINFORCEMENT LEARNING
TO ESTIMATE WHITTLE INDICES FOR EPISODIC FINITE-HORIZON RMABS, WHICH REQUIRES

THE ENVIRONMENT TO BE DIFFERENTIABLE AND TRANSITIONS KNOWN.

ONLINE LEARNING FOR RMABs WHEN THE TRANSITION DYNAMICS ARE UNKNOWN, AN
RMAB BECOMES AN ONLINE LEARNING PROBLEM IN WHICH THE LEARNER MUST SIMUL-

TANEOUSLY LEARN THE TRANSITION PROBABILITIES (EXPLORATION) AND EXECUTE HIGH-
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REWARD ACTIONS (EXPLOITATION), WITH THE OBJECTIVE OF MINIMIZING REGRET WITH
RESPECT TO A CHOSEN BENCHMARK. DATET AL.7® ACHIEVE A REGRET BOUND OF O(log 7)
BENCHMARKED AGAINST AN OPTIMAL POLICY FROM A FINITE NUMBER OF POTENTIAL POLI-
CIES. XIONG ET AL.>* USE A LAGRANGIAN RELAXATION AND INDEX-BASED ALGORITHM, BUT
REQUIRE ACCESS TO AN OFFLINE SIMULATOR TO GENERATE SAMPLES FOR ANY GIVEN STATE—
ACTION PAIR. TEKIN & L.1U *°° DEFINE A WEAKER BENCHMARK OF THE BEST SINGLE-ACTION
POLICY — THE OPTIMAL POLICY THAT CONTINUES TO PLAY THE SAME ARM — AND USE A
UCB-BASED ALGORITHM TO ACHIEVE O(log 7)) FREQUENTIST REGRET.

RECENT WORKS INTRODUCE ORACLE-BASED POLICIES FOR THE NON-COMBINATORIAL
SETTING IN WHICH THE LEARNER PULLS A SINGLE ARM IN EACH ROUND, RECEIVING BANDIT
FEEDBACK AND OBSERVING ONLY THE STATE OF THE PULLED ARM. JUNG & TEWARI '3? USE
A THOMPSON SAMPLING-BASED ALGORITHM WHICH ACHIEVES A BAYESIAN REGRET BOUND
O(\/Tlog T) UNDER A GIVEN PRIOR DISTRIBUTION. WANG ET AL.3*° USE SEPARATE EXPLO-
RATION AND EXPLOITATION PHASES TO ACHIEVE FREQUENTIST REGRET O(T2/3). THESE
WORKS ASSUME SOME POLICY ORACLE IS GIVEN, THUS BENCHMARK REGRET WITH THE POLICY
GIVEN BY THE ORACLE WITH KNOWLEDGE OF THE TRUE TRANSITIONS. IN CONTRAST TO THE
META-ALGORITHMS THEY PROPOSE, WE DESIGN AN OPTIMAL APPROACH CUSTOM-TAILORED
TO ONE SPECIFIC ORACLE — BASED ON THE WHITTLE INDEX POLICY — WHICH ENABLES US
TO ACHIEVE A TIGHTER FREQUENTIST REGRET BOUND OF O(Hy/Tlog T) WITH A CONSTANT

HORIZON H.

ONLINE REINFORCEMENT LEARNING RMABS ARE A SPECIAL CASE OF MARKOV DECISION
PROCESSES (MDPS) WITH COMBINATORIAL STATE AND ACTION SPACES. Q-LEARNING AL-
GORITHMS ARE POPULAR FOR SOLVING LARGE MDPs AND HAVE BEEN APPLIED TO STAN-

DARD BINARY-ACTION RMABs 27148 AND EXTENDED TO THE MULTI-ACTION SETTING .
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HOWEVER, THESE WORKS DO NOT PROVIDE REGRET GUARANTEES. SIGNIFICANT WORK HAS
EXPLORED ONLINE LEARNING FOR STOCHASTIC MULTI-ARMED BANDITS 2334319730348 gy
THESE DO NOT ALLOW ARMS TO CHANGE STATE.

SOME PAPERS STUDY ONLINE REINFORCEMENT LEARNING BY USING THE OPTIMAL POL-
ICY AS THE BENCHMARK TO BOUND REGRET IN MDPs>%'4® AND RMABs 4>, THESE WORKS
UstE UCB-BASED ALGORITHMS (UCRL AND UCRL2) TO OBTAIN A REGRET OF O(+/Tlog 7).
HOWEVER, EVALUATING REGRET WITH RESPECT TO THE OPTIMAL POLICY REQUIRES COMPUT-
ING THE OPTIMAL SOLUTION TO THE RMAB PROBLEM, WHICH IS INTRACTABLE DUE TO THE
COMBINATORIAL SPACE AND ACTION SPACES. TO OVERCOME THIS DIFFICULTY, WE RESTRICT
THE BENCHMARK FOR COMPUTING REGRET TO THE CLASS OF WHITTLE INDEX THRESHOLD
POLICIES, AND LEVERAGE THE WEAK DECOMPOSABILITY OF THE WHITTLE INDEX THRESHOLD

POLICY TO ESTABLISH A NEW REGRET BOUND.

FREQUENTIST VERSUS BAYESIAN REGRET THE REGRET DEFINITION THAT WE CONSIDER
IS FREQUENTIST REGRET, MEASURING WORST-CASE REGRET UNDER UNKNOWN TRANSITION
PROBABILITIES. THE OTHER REGRET NOTION IS BAYESIAN REGRET: THE EXPECTED REGRET
OVER A PRIOR DISTRIBUTION OVER POSSIBLE TRANSITION FUNCTIONS. BAYESIAN REGRET,
SUCH AS FROM THOMPSON SAMPLING—BASED METHODS, RELIES ON A PRIOR AND DOES NOT

PROVIDE WORST-CASE GUARANTEES 59158,

8.3 RESTLESS BANDITS AND WHITTLE INDEX PoLICY

AN INSTANCE OF A RESTLESS MULTI-ARMED BANDIT PROBLEM IS COMPOSED OF A SET OF N
ARMS. EACH ARM 7 € [N] IS MODELED AS AN INDEPENDENT MARKOV DECISION PROCESS
(MDP) DEFINED BY A TUPLE (S, A, R, P;). THE STATE SPACE S, ACTION SPACE A, AND RE-

WARD FUNCTION R : § X A — R ARE SHARED ACROSS ARMS; THE TRANSITION PROBABILITY
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P;: S x AxS — [0,1] MAY BE UNIQUE PER ARM 7.
WE DENOTE THE STATE OF THE RMAB INSTANCE AT TIMESTEP b € NBY s, € S, WHERE
5, DENOTES THE STATE OF ARM 7 € |[N]. WE ASSUME THE STATE IS FULLY OBSERVABLE. THE
_ N « »
INITIAL STATE IS GIVEN BY §] = S;qr € S°V. THE ACTION (A SET OF “ARM PULLS”) AT TIME / IS
DENOTED BY A BINARY VECTOR 2, € AV = {0,1}"V AND IS CONSTRAINED BY BUDGET K SUCH
THAT ) ap; < K.
/€[N]

AFTER TAKING ACTION @), ; ON ARM 7, THE STATE 5), ; TRANSITIONS TO THE NEXT STATE 5),4 1,
WITH TRANSITION PROBABILITY P(s), ;, ap. ;,5p+1,;) € [0,1]. WE DENOTE THE SET OF ALL TRAN-
SITION PROBABILITIES BY P = [P;];c(n]. THE LEARNER RECEIVES REWARD R(s), ;, 4, ;) FROM
EACH ARM 7 (INCLUDING THOSE NOT ACTED UPON) AT EVERY TIMESTEP /; WE ASSUME THE
REWARD FUNCTION R IS KNOWN.

THE LEARNER’S ACTIONS ARE DESCRIBED BY A DETERMINISTIC PoLICY 7 @ ST — AN

WHICH MAPS A GIVEN STATES € SV 10 AN AcTiONZ € AYN. THE LEARNER’S GOAL IS TO

OPTIMIZE THE TOTAL DISCOUNTED REWARD, WITH DISCOUNT FACTOR Y S (0, 1)

max E 27/971 Z R(spirap;)

TP e

S.T. Z (z(s)); <K Vse SN (8.1)

i€[N]

WHERE § ~ PINDICATES 5, ; ~ P;(- | sp_1,;, 7i(5)—1)) AND @4 ~ 7 INDICATES a; ~ 7;(5).

8.3.1 LAGRANGIAN RELAXATION

EQUATION 8.1 IS INTRACTABLE TO EVALUATE OVER ALL POSSIBLE POLICIES, THUS A POOR

CANDIDATE OBJECTIVE FOR EVALUATING ONLINE LEARNING PERFORMANCE. INSTEAD, WE
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RELAX THE CONSTRAINTS TO USE THE LAGRANGIAN AS THE EVALUATION METRIC:

S S Rispnan) —z<2<7r<sh>>z~—f<) (5.2)
i€[N]

E
(s,:)~(P.7) | =N i€[N]

WHICH ALSO CONSIDERS ACTIONS THAT EXCEED THE BUDGET CONSTRAINT, SUBJECT TO A
U

GIVEN PENALTY A. THE OPTIMAL VALUE OF EQUATION 8.2, WHICH WE DENOTE U, "", IS AL-

WAYS AN UPPER BOUND TO EQUATION 8.1. THEREFORE, WE SOLVE EQUATION 8.2 FOR CANDI-

. ¥
DATE PENALTY VALUES A AND FIND THE INFIMUM 1™ = arg min, UP* AFTERWARD.

8.3.2  WHITTLE INDEX AND THRESHOLD PoLICY

RELAXING THE BUDGET CONSTRAINT ENABLES US TO DECOMPOSE THE COMBINATORIAL POL-
ICY INTO A SET OF N INDEPENDENT POLICIES FOR EACH ARM. THE DECOUPLED POLICY YIELDS
7(s) = [m:(s:)];e[n), WHERE EACH ARM POLICY 7; : S — A SPECIFIES THE ACTION FOR ARM /

AT STATE ;. THE VALUE FUNCTION IS THEN:

VPR () = E e R@,,-,ab,,»)—z(mw,i)—K) L (s)

(51,1'741,1'7524'742,!'7-'-)N(Pl'vm') bheN

EQUATION 8.3 CAN BE INTERPRETED AS ADDING A PENALTY A TO THE PULLING ACTION
a4 = 1, WHICH MOTIVATES THE DEFINITION OF WHITTLE INDEX >37 AS THE SMALLEST PENALTY

FOR AN ARM SUCH THAT PULLING THAT ARM IS AS GOOD AS NOT PULLING IT:

Definition 9. Given transition probabilities P; and state s;, the Whittle index W, of arm i is defined

as:

WilPrysi) = inf{m; : Q" (s,0) = Q" (s, 1)} (8.4)



where the Q-function Q™ (s;, a;) and value-function V" (s;) are the solutions to the Bellman equation

with penalty m; for pulling action a; = 1:

Q" (s,a) = —mja + R(s,a) + 72 Pi(s,a,s YV (s)
sSeS

P(9) = max Q" (s,a)

WHEN THE WHITTLE INDEX W;(P;,s;) FOR AN ARM IS HIGHER THAN THE CHOSEN GLOBAL
PENALTY 1 — THAT IS, #; > 1 — THE OPTIMAL POLICY FOR EQUATION 8.3 IS TO PULL THAT
ARM, LE., 7;(s;) = 1. WE DENOTE THE WHITTLE INDICES OF ALL ARMS AND ALL STATES BY

W(P) = [Wi(Piy5i)lieines € RNISL
Definition 1o (Whittle index threshold policy). Given a chosen global penalty A and the Whittle

indices W(P) computed from transitions P, the threshold policy is defined by:

Ty (8) = Lwypsaliey € AV, (8.5)

which pulls all arms with Whittle indices larger than J.

THE WHITTLE INDEX THRESHOLD POLICY MAXIMIZES THE RELAXED LAGRANGIAN IN
EQUATION 8.2 UNDER PENALTY A, BUT MAY VIOLATE THE BUDGET CONSTRAINTS IN EQUA-
TION 8.1. IN PRACTICE, WE PULL ONLY THE ARMS WITH THE TOP K WHITTLE INDICES TO RE-

SPECT THE STRICT BUDGET CONSTRAINT.

8.4 DPROBLEM STATEMENT: ONLINE LEARNING IN RMABs

WE CONSIDER THE ONLINE SETTING WHERE THE TRUE TRANSITION PROBABILITIES P* ARE

UNKNOWN TO THE LEARNER. THE LEARNER INTERACTS WITH AN RMAB INSTANCE ACROSS
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MULTIPLE EPISODES, AND ONLY REQUIRES OBSERVATIONS FOR THE FIRST // TIMESTEPS OF
EACH EPISODE TO ESTIMATE TRANSITION PROBABILITIES.

AT THE BEGINNING OF EACH EPISODE ¢ € [7], THE LEARNER STARTS THE RMAB INSTANCE
(TIMESTEP b = 1) FROM §] = S;r AND SELECTS A NEW POLICY 7("). WE CONSIDER THE FOL-

LOWING SETTING:
* EACH EPISODE HAS AN INFINITE HORIZON WITH DISCOUNT FACTOR Y.

* IN EACH EPISODE ¢, THE LEARNER PROPOSES A POLICY 7I(t). THE LEARNER OBSERVES
T UP,A
THE FIRST - TIMESTEPS , BUT RECEIVES THE INFINITE DISCOUNTED REWARD e (.\‘1)

TO ACCOUNT FOR THE LONG-TERM EFFECT OF 7Z‘(t)

e WE ASSUME THE MDDP ASSOCIATED WITH EACH ARM IS ERGODIC. THAT IS, STARTING
FROM THE GIVEN INITIAL STATE, WE ASSUME /{ IS LARGE ENOUGH SUCH THAT AFTER

TIMESTEPS, THERE IS AT LEAST € > () PROBABILITY OF REACHING ANY STATE § € S.

TO EVALUATE THE PERFORMANCE OF OUR POLICY 7Z'(t), WE COMPUTE REGRET AGAINST A
FULL-INFORMATION BENCHMARK: THE WHITTLE INDEX THRESHOLD POLICY WW(P*),Z WITH
KNOWLEDGE OF THE TRUE TRANSITIONS P*. THIS OFFLINE BENCHMARK MEASURES THE AD-

VANTAGE GAINED FROM KNOWING THE TRUE TRANSITIONS P

Definition 11 (Frequentist regret of the Lagrangian objective). Given a penalty A and the true

transitions P*, we define the regret of the policy 79 in episode t relative to the optimal policy m* =

TWw(P)):

Reggt) = Uf: Asy) — U‘: (*132 (s1),

Reg, (1) = Z Reg/({) . (8.6)
r€[T]

In practice, infinite time horizon means a large horizon that is much larger than A.
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HOWEVER, THE RELAXED LAGRANGIAN IN EQUATION 8.2 WITH A RANDOMLY CHOSEN
PENALTY 1 MAY NOT BE A GOOD PROXY TO THE PRIMAL RMAB PROBLEM IN EQUATION 8.1.
THEREFORE, WE DEFINE THE LAGRANGIAN USING THE OPTIMAL LAGRANGIAN MULTIPLIER 1*

AS THE TIGHTEST UPPER BOUND OF EQUATION 8.1.

Definition 12 (Frequentist regret of the optimal Lagrangian objective). Given P*, we denote the
optimal penalty by A* = argmin, U:: A (51). The regret of the optimal Lagrangian objective s
defined by:

Regl) = UBA (1) = UF7 (1),

Reg,«(T) = Z Reg/({*) . (8.7)
[T

THE EXPECTED REGRET IS APPROXIMATED USING THE REGRET FROM THE RELAXED LA-

GRANGIAN IN EQUATION 8.2 AS DEFINED IN DEFINITION 11 AND DEFINITION 12.

8.5 UCWHITTLE: OrTIMISTIC WHITTLE INDEX THRESHOLD PoLrICY

A KEY CHALLENGE TO UCB-BASED ONLINE LEARNING IN RMABS IS THAT THE ESTIMATED
TRANSITIONS IMPACT ESTIMATES OF FUTURE REWARD, SO OPTIMISTIC ESTIMATES OF TRAN-
SITION PROBABILITIES DO NOT CORRESPOND TO OPTIMISTIC ESTIMATES OF REWARD. WE
INTRODUCE A METHOD, UCWHITTLE, TO COMPUTE OPTIMISTIC WHITTLE INDICES THAT AC-

COUNT FOR HIGHEST FUTURE VALUE.

8.5.1 CONFIDENCE BOUNDS OF TRANSITION PROBABILITIES

To COMPUTE CONFIDENCE BOUNDS FOR EVERY UNKNOWN TRANSITION PROBABILITY IN THE

t
RMAB INSTANCE, WE MAINTAIN COUNTS N;( )(s, a, 5’) FOR EVERY STATE, ACTION, AND NEXT
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STATE TRANSITION OBSERVED BY EPISODE £.
GIVEN A CHOSEN SMALL CONSTANT 0 > 0, WE ESTIMATE EACH TRANSITION PROBABILITY

P;(s,a,s') WITH THE EMPIRICAL MEAN

NY(s,a,9)

) n .
P (s,a,s) = (8.8)
N (5,4)
AND CONFIDENCE RADIUS
2|S|log(2|S||AIN%
dl(t) (.S',d) ’ | Og( ’ t|)’ ’ 3) (89)
max{1, N (5, 2)}
WHERE th) (s,a) = > Nl(-t) (s,a,5"). WITH THESE CONFIDENCE BOUNDS, THE BALL B OF

sSes
POSSIBLE VALUES FOR TRANSITION PROBABILITIES P1s

BY — {p\ Hp,-(s,a, ) — P95, a, .)H1 < d¥ (s, 2) Vz’,:,a} .

8.5.2 OprTIMISTIC TRANSITIONS AND WHITTLE INDICES

TO TRANSLATE CONFIDENCE BOUNDS IN TRANSITION PROBABILITIES TO THE ACTUAL RE-
WARD, WE DEFINE AN OPTIMIZATION PROBLEM (PV) TO FIND FOR EACH ARM 7 THE OPTI-
MISTIC TRANSITION PROBABILITY Pj, THE VALUE WITHIN THE CONFIDENCE BOUND THAT

YIELDS THE HIGHEST FUTURE VALUE FROM THE STARTING STATE 5;:

max V(s s.T. V(s) = max Q(s,a) (Pr)
V,QJ);EB,(-Z) acA
Q(s,a) = —da+ R(s,a) + 72 Pi(s,a,sYV(5)
sSeS

WE PROVE EQUATION (P)) TO BE OPTIMAL IN SECTION 8.6.
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Algorithm 9: UCWhittle

1« Input: Narms, budget K, episode horizon A.

» Initialization: counts Nf»t) (s,a,s') = O foralls,a,s. Randomly initialize

penalty 2.
3 for episoder € {1,2,...} do
4 Reset h = 1and s = sy 3 // Reset RMAB instance

5 Pl = PV(J,-,N,@,Z(Z)) forall7 € [N]; // Compute an optimistic transition
for each arm
6 W, = CompuTeWI(P! 5;) forall i € [N]; // Compute Whittle indices
using Def. 9

- Execute 79 for H steps by pulling arms with the top K Whittle indices.
8 Observe transitions (s, 2, s')

9 Update counts Nﬁt), empirical means P(t), and confidence regions BY
10 Set 1Y to be the K-th highest Whittle index. ; // Update penalty

WE USE THE OPTIMISTIC TRANSITION Pj TO COMPUTE THE CORRESPONDING OPTIMISTIC

WHITTLE INDEX VVj = W(Pj,x,»). THE WHITTLE INDEX THRESHOLD POLICY 7rj- = Ty,

7

ACHIEVES THE SAME VALUE FUNCTION DERIVED FROM THE TRANSITION PZT, WHICH MAXI-
MIZES EQUATION (PV) AGGREGATING ALL THE ARMS TOGETHER, OPTIMISTIC POLICY 7[Jr

WITH OPTIMISTIC TRANSITIONS PT MAXIMIZES THE FUTURE VALUE OF THE CURRENT STATE S.

8.5.3 UCWHITTLE ALGORITHM

AFTER COMPUTING OPTIMISTIC TRANSITIONS AND THE CORRESPONDING OPTIMISTIC WHIT-
TLE INDICES (P,,), WE EXECUTE THE OPTIMISTIC WHITTLE INDEX THRESHOLD POLICY. THE
FULL ALGORITHM IS OUTLINED IN ALGORITHM 9, AND IMPLEMENTATION DETAILS — INCLUD-
ING NOVEL TECHNIQUES FOR SPEEDING UP THE COMPUTATION OF THE WHITTLE INDEX —

ARE GIVEN IN APPENDIX F.5.1.
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8.5.4 ALTERNATIVE FORMULATION FOR WHITTLE INDEX UPPER BOUND

EQUATION (Py) PROVIDES OPTIMISTIC TRANSITION PROBABILITIES BUT REQUIRES SEPA-
RATELY SOLVING FOR OPTIMISTIC WHITTLE INDICES AFTERWARDS. COMPUTING A WHITTLE
INDEX INVOLVES BINARY SEARCH, SOLVING VALUE ITERATION AT EVERY STEP, SO IS QUITE
COMPUTATIONALLY EXPENSIVE. WE THUS FORMULATE A HEURISTIC WHICH SOLVES FOR
THE HIGHEST Whittle index DIRECTLY (INSTEAD OF HIGHEST future value) AT THE CURRENT

STATE 5j ;:

max m; (Pn)
mi,V,Q,P;, B
sir. V6) = max Q). Qe =0) = Qe =1
ac
Q(s,a) = —mja + R(s,a) + 72 Pi(s,a,s)V(s)
sSes

SoLvING EQUATION (P,,) DIRECTLY YIELDS THE MAXIMAL WHITTLE INDEX ESTIMATE
WITHIN THE CONFIDENCE BOUND. WE THUS SAVE COMPUTATION COST WHILE MAINTAIN-
ING A VALID UPPER BOUND TO THE OPTIMISTIC WHITTLE INDEX FROM EQuUaTION (Py). THE
THEORETICAL ANALYSIS DOES NOT HOLD FOR (P,,), BUT EMPIRICALLY, WE SHOW THAT THIS
HEURISTIC ACHIEVES COMPARABLE PERFORMANCE WITH SIGNIFICANTLY LOWER COMPUTA-

TION.

8.6 REGRET ANALYSIS

WE ANALYZE THE REGRET OF OUR UCWHITTLE ALGORITHM TO PROVIDE THE FIRST FRE-
QUENTIST REGRET ANALYSIS FOR RMABSs. IN THIS SECTION, WE USE THE LAGRANGIAN OB-

JECTIVE AS A PROXY TO THE REWARD RECEIVED FROM THE PROPOSED POLICY. SECTION 8.6.1
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FIRST ASSUMES AN ARBITRARY PENALTY A IS GIVEN TO DEFINE THE REGRET (DEFINITION I1).
SECTION 8.6.2 GENERALIZES BY DEFINING THE REGRET OF THE OPTIMAL LAGRANGIAN OBJEC-
TIVE BASED ON THE UNKNOWN OPTIMAL PENALTY 1* (DEFINITION 12). SECTION 8.6.3 PRO-

VIDES AN UPDATE RULE FOR UPDATING THE PENALTY /—l(t) AFTER EACH EPISODE. FULL PROOFS

ARE GIVEN IN APPENDIX F 4.

— UCW-value (Py) —— UCW-penalty (P,,) ---- ExtremeWhittle WIQL - random
o
jgb
~
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
(a)) ARMMAN (b) Wide Margin (c) Thin Margin

Figure 8.1: Cumulative discounted regret (lower is better) in each episode (x-axis) incurred by our UCWhittle approaches
compared to baselines across the three domains with N = 8 arms, budget B = 3, episode length H = 20, and
T = 40 episodes.

8.6.1 REGRET BounD wiTH KNOWN PENALTY

By THE CHERNOFF BOUND, WE KNOW THAT WITH HIGH PROBABILITY THE TRUE TRANSITION

P* L1es wiTHIN BY:
Proposition 6. Given 0 > 0 and t > 1, we have: Pr (P* € B(’)> >1-— %.

THIS BOUND CAN BE USED TO BOUND THE REGRET INCURRED, EVEN WHEN THE CONFI-
DENCE BOUND FAILS. IN THE FOLLOWING THEOREM, WE BOUND THE REGRET IN THE CASE

WHERE THE CONFIDENCE BOUND HOLDS AND WHEN THE PENALTY 1 IS GIVEN.

Theorem 11 (Regret decomposition). Given the penalty A and P* € B ®) for all t, we have:

ke () o
Regl(T) = Z U£*7l(-‘l (5 Z L/P(t) * (s1) l/i(t;l<:l) . (8.10)
r€(7]



Proof. By optimality of Equation (Py) to enable (PZ(.t), 7[1@) = arg max Vﬁj’l (s1,7) and the

PeB z,;

()

assumption that the true transition lies within the confidence region P; € B,”, we show that:

. ) ! ),
U ) =Y V) <Y Vj@ (510) = U2y (s1) - O
/€[N] €N

THEOREM 11 ENABLES US TO BOUND OUR REGRET BY THE DIFFERENCE BETWEEN TWO FU-

TURE VALUES UNDER THE SAME POLICY 7T(t).

Definition 13 (Bellman operator). Define the Bellman operator as:
7;11_)" Vis)= E |-a+R(s,a)+y E Pi(s,a,s)V(s)
o sSes
USING THEOREM 11 AND THE BELLMAN OPERATOR, WE CAN FURTHER DECOMPOSE THE

REGRET AS:

Theorem 12 (Per-episode regret decomposition in the fully observable setting). For an arm i fix

P(.t), Py, A, and the initial state sy ;. We bave:

2

T ; 7;

) 7 ) . P P ) 2
Vi ) = V) = B >/ <T(;) ~ 70 V:l(” Gna) | - (8.11)
! Prm” Lh=1 ' i :

THEOREM 12 FURTHER DECOMPOSES THE REGRET IN EQUATION 8.I0 INTO INDIVIDUAL
DIFFERENCES IN BELLMAN OPERATORS. THE NEXT THEOREM BOUNDS THE DIFFERENCES IN

BELLMAN OPERATORS BY DIFFERENCES IN TRANSITION PROBABILITIES.

Theorem 13. Assume the penalty term 20 = s given and the RMAB instance is e-ergodicity after

H timesteps. Then with probability 1 — 9, the cumulative regret in T episodes is:

1 1
Reg, (1) <O <6\S| |4|2 NH+/ T'log T) . (8.12)
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Proof sketch. We focus on bounding the regret when the confidence bounds hold. By Theorem 11
and Theorem 12, we estimate the right-hand side of Equation 8.11 to bound the total regret by the

L-difference in the transition probability:

0o e

B PO P (1) V.
E }/7 ! (7;{,) 7;1@) (,) 517; < hg_ le(t) (Sb,z"ﬂlw'v ) - P;(-Y/?,z'aﬂlﬂl" )Hl max-
(8.13)

We bound the regret outside of the horizon H by the ergodic assumption of the MDPs. For the
regret inside the horizon H, we use the confidence radius to bound the L'-norm of transition prob-
ability differences and count the number of observations for each state—action pair to express the
regret as a sequence of random variables, whose sum can be bounded by Lemma 7 to conclude the

proof. O

WHEN THE PENALTY TERM A IS GIVEN, THEOREM 1 3 BOUNDS THE FREQUENTIST REGRET
WITH A CONSTANT TERM DEPENDING ON THE ERGODICITY € OF THE UNDERLYING TRUE

MDPs.

8.6.2 REGRET BoUND wiTH UNKNOWN OPTIMAL PENALTY

THE ANALYSIS IN THEOREM I1 ASSUMES A FIXED AND GIVEN PENALTY A. NOW, WE GENER-
ALIZE TO REGRET DEFINED IN TERMS OF THE OPTIMAL BUT UNKNOWN PENALTY ),* (DEFINI-
TION 12). WE SHOW THAT UPDATING PENALTY l(t) IN ALGORITHM 9 ACHIEVES THE SAME RE-
GRET BOUND WITHOUT REQUIRING KNOWLEDGE OF THE TRUE TRANSITIONS P* OR OPTIMAL

PENALTY 1™

Theorem 14 (Regret bound with optimal penalty). Assume the penalty 29 in Algorithm g is up-

dated by a saddle point (2, P9 70y = arg min, maxp, . Uub? (s1) subject to constraints in Equa-
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tion (Py). The cumulative regret of the optimal Lagrangian objective is bounded with probability

1— 2
1
Reg,.(t) <O <€\S\ 4|2 NH/Tlog T) . (8.14)

Proof sketch. 'The main challenge of an unknown penalty term 1* is that the optimality of the cho-
sen transition P\ and policy 7% does not hold in Theorem 11 due to the misalignment of the
penalty 1) used in solving Equation (Py) and the penalty 1* used in the regret.
Surprisingly, the optimality of (1), P*), z()) = arg min; maxp UP* (1) and 2* = il)}f U‘Z’l(:l)

is sufficient to show Theorem 11 by:

ljp* 72* < l]P:7l(l) < (}P(l),l(l) < (}P(l),l*
* P =~

T — 72'(’) — 72'(’)

—_———
* e * A 03
A* minimizes Uf:* PO () maximizes Uf,z() 10 minimizes UPZ;,J
([) . *7/1* *72* (t),l* *,2*
— Regl* - l/“;* - 20 S lj;’:(t) - o) . (815)

where we omit the dependency on ;.
After taking summation over # € [7], Equation 8.15 leads to the same result as Theorem 11
without requiring knowledge of the optimal penalty A*. The rest of the proof follows the same

argument in Theorem 12 and Theorem 13 with the same regret bound. O

8.6.3 PENALTY UPDATE RULE

THEOREM 14 SUGGESTS THAT THE PENALTY TERM 1) SHOULD BE DEFINED BY SOLVING A
. A
minimax proBLEM (1), PO 7)) = argmin, maxp, U2 (s,). HOWEVER, THE BILINEAR
)
OBJECTIVE OF Py — WHERE THE TRANSITION PROBABILITY AND VALUE FUNCTION VARI-

ABLES ARE BEING MULTIPLIED TOGETHER — IS DIFFICULT TO SOLVE IN A MINIMAX PROBLEM.
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A HEURISTIC SOLUTION IS TO SOLVE THE MAXIMIZATION PROBLEM USING THE PREVIOUS

pENALTY 2“7V o pETERMINE PO) AND 7() (EQUATION (Py)). WE UPDATE 1) BASED ON

THE CURRENT POLICY, SET EQUAL TO THE KTH LARGEST WHITTLE INDEX PULLED AT TIME ¢
TO MINIMIZE THE LAGRANGIAN. THIS UPDATE RULE MIMICS THE MINIMAX UPDATE RULE RE-

QUIRED BY THEOREM 14.

— UCW-value (Py) —— UCW-penalty (P,,) ---- ExtremeWhittle WIQL - random
30

§ 25 30

oo 20

& 15 20
10 10

Figure 8.2: Varying budget ratio K /N, with N = 15 arms, on the ARMMAN domain. Our UCWhittle approaches
perform stronger than baselines, particularly in the challenging low-budget scenarios.

Regret
N B G\ o

0 100 200 0 50 100 0 10 20 30 0 10 20
(Q)H=5 (b) H = 10 (c) H = 30 (d)H =50
Figure 8.3: Changing episode length - on the ARMMAN domain. We run each setting for 1,200 total timesteps. UCW-

penalty performs best with longer horizons. At shorter horizons, UCW-value converges in fewer timesteps, but more

episodes are necessary: around episode # = 100 with a horizon H = S compared to episode # = 16 with horizon
H = 50.

8.7 EXPERIMENTS

WE sHOwW THAT UCWHITTLE ACHIEVES CONSISTENTLY LOW REGRET ACROSS THREE DO-
MAINS, INCLUDING ONE GENERATED FROM REAL-WORLD DATA ON MATERNAL HEALTH. ADDI-

TIONAL DETAILS ABOUT THE DATASET AND DATA USAGE ARE IN APPENDIX B.}, AND DETAILS
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ABOUT IMPLEMENTATION (INCLUDING NOVEL TECHNIQUES TO SPEED UP COMPUTATION) AND

EXPERIMENTS ARE IN APPENDIX F.5.F

8.7.1 PRELIMINARIES

DomaiNs WE CONSIDER THREE BINARY-ACTION, BINARY-STATE SETTINGS. ACROSS ALL
DOMAINS, THE BINARY STATES ARE GOOD OR BAD, WITH REWARD 1 AND 0 RESPECTIVELY. WE
IMPOSE TWO ASSUMPTIONS: THAT ACTING IS ALWAYS BENEFICIAL (MORE LIKELY TO TRAN-
SITION TO THE GOOD STATE), AND THAT IT IS ALWAYS BETTER TO START FROM THE GOOD
STATE (MORE LIKELY TO STAY IN GOOD STATE).

ARMMAN 1S A NON-PROFIT BASED IN INDIA THAT DISSEMINATES HEALTH INFORMATION
TO PREGNANT WOMEN AND MOTHERS TO REDUCE MATERNAL MORTALITY. TWICE A WEEK,
ARMMAN SENDS AUTOMATED VOICE MESSAGES TO ENROLLED MOTHERS RELAYING CRITI-
CAL PREVENTATIVE HEALTH INFORMATION. TO IMPROVE LISTENERSHIP, THE ORGANIZATION
PROVIDES SERVICE CALLS TO A SUBSET OF MOTHERS; THE CHALLENGE IS SELECTING WHICH
SUBSET TO CALL TO MAXIMIZE ENGAGEMENT. WE USE REAL, ANONYMIZED DATA OF THE EN-
GAGEMENT BEHAVIOR OF 7,656 MOTHERS FROM A PREVIOUS RMAB FIELD sTUDY*''. WE
CONSTRUCT INSTANCES OF RMAB PROBLEM WITH TRANSITION PROBABILITIES RANDOMLY
SAMPLED FROM THE REAL DATASET.

WiDE MARGIN WE RANDOMLY GENERATE TRANSITION PROBABILITIES WITH HIGH
VARIANCE, WHILE RESPECTING THE CONSTRAINTS SPECIFIED ABOVE.

THIN MARGIN FOR A MORE CHALLENGING SETTING, WE CONSIDER A SYNTHETIC DO-
MAIN WITH PROBABILITIES OF TRANSITIONING TO THE GOOD STATE CONSTRAINED TO THE
INTERVAL [0.2,0.4] TO TEST THE ABILITY OF EACH APPROACH TO DISCERN SMALLER DIFFER-

ENCES IN TRANSITION PROBABILITIES.

*Code available at https: //github.com/1ily-x/online-rmab
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ALGORITHMS WE EVALUATE BOTH VARIANTS OF UCWHITTLE (ALGORITHM 9) INTRO-
DUCED IN THIS PAPER. UCWHITTLE-VALUE USES THE VALUE-MAXIMIZING BILINEAR PRO-
GRAM (Py) wHILE UCWHITTLE-PENALTY USES THE PENALTY-MAXIMIZING BILINEAR PRO-
GRAM (P,).

IN THIS PAPER, WE FOCUS ON FREQUENTIST REGRET, THUS WE EXCLUDE THE BAYESIAN
REGRET BASELINES, E.G., THOMPSON SAMPLING "5, BECAUSE THEIR REGRET BOUNDS ARE
AVERAGED OVER A PRIOR. WE CONSIDER THE FOLLOWING THREE REGRET BASELINES: EX-
TREMEWHITTLE 1S SIMILAR TO THE THE APPROACH BY WANG ET AL.3>%: ESTIMATE WHITTLE
INDICES FROM THE EXTREME POINTS OF THE UNKNOWN TRANSITION PROBABILITIES, US-

ING UCBS OF ACTIVE TRANSITION PROBABILITIES AND LOWER CONFIDENCE BOUNDS (LCB)
FOR PASSIVE TRANSITION PROBABILITIES TO ESTIMATE THE GAP BETWEEN THE VALUE OF
ACTING VERSUS NOT ACTING. WE THEN SOLVE A WHITTLE INDEX POLICY USING THESE ESTI-
MATES. WIQL** UsEs Q-LEARNING TO LEARN THE VALUE FUNCTION OF EACH ARM AT EACH
STATE BY INTERACTING WITH THE RMAB INSTANCE. RANDOAM TAKES A RANDOM ACTION
AT EACH STEP, SERVING AS A BASELINE FOR EXPECTED REWARD WITHOUT USING ANY STRATE-
GIC LEARNING ALGORITHM. LASTLY, WE EVALUATE AN OPTIMAL POLICY WHICH COMPUTES A

WHITTLE INDEX POLICY WITH ACCESS TO THE TRUE TRANSITION PROBABILITIES.

EXPERIMENT SETUP WE EVALUATE THE PERFORMANCE OF EACH ALGORITHM ACROSS 1
EPISODES OF LENGTH /. THE PER-EPISODE REWARD IS THE CUMULATIVE DISCOUNTED RE-
WARD WITH DISCOUNT RATE ¥y = 0.9. WE THEN COMPUTE REGRET BY SUBTRACTING THE RE-
WARD EARNED BY EACH ALGORITHM FROM THE REWARD OF THE OPTIMAL POLICY. RESULTS
ARE AVERAGED OVER 30 RANDOM SEEDS AND SMOOTHED USING EXPONENTIAL SMOOTHING
WITH A WEIGHT OF 0.9. WE ENSURE CONSISTENCY BY ENFORCING, ACROSS ALL ALGORITHMS,

IDENTICAL POPULATIONS (TRANSITION PROBABILITIES FOR EACH ARM) AND INITIAL STATE
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FOR EACH EPISODE.

8.7.2 REsuLTSs

THE PERFORMANCE RESULTS ACROSS ALL THREE DOMAINS ARE SHOWN IN FIGURE 8.1. OUR
UCWHITTLE ALGORITHM USING THE VALUE-MAXIMIZING BILINEAR PROGRAM (UCW-VALUE)
ACHIEVES CONSISTENTLY STRONG PERFORMANCE AND GENERALLY CONVERGES BY 600 TIMESTEPS
(ACROSS VARYING EPISODE LENGTHS). IN FIGURES 8.2 AND 8.3 WE EVALUATE PERFORMANCE
WHILE VARYING THE BUDGET K AND EPISODE LENGTH f{, AS THE REGRET OF UCWHITTLE
(THEOREM 13) HAS DEPENDENCY ON BOTH THE BUDGET AS A RATIO OF TOTAL NUMBER OF
ARMS (K/N) AND EPISODE LENGTH /. WE SEE THAT UCW-VALUE PERFORMS COMPARATIVELY
STRONGER THAN THE BASELINES IN THE CHALLENGING LOW-BUDGET SETTINGS, IN WHICH
EACH ARM PULL HAS GREATER IMPACT.

OUR HEURISTIC APPROACH UCW-PENALTY — THE PENALTY-MAXIMIZING BILINEAR PRO-
GRAM WE PRESENT IN EQUATION (P,,) — SHOWS STRONG PERFORMANCE. UCW-PENALTY
PERFORMS EVEN BETTER THAN UCW-VALUE IN SOME SETTINGS, PARTICULARLY IN THE ARM-
MAN poMAIN WITH N = 15 ARMS (FIGURE 8.2). NOTABLY IN TABLE 8.1 WE SEE THIS HEURIS-
TIC APPROACH PERFORMS DRAMATICALLY FASTER THAN UCW-VALUE — A 6.1 X SPEEDUP.
THEREFORE WHILE ARE ABLE TO ESTABLISH REGRET GUARANTEES ONLY FOR UCW-VALUE,
WE ALSO PROPOSE UCW-PENALTY AS A STRONG CANDIDATE FOR ITS STRONG PERFORMANCE
AND QUICK EXECUTION.

IN FIGURES 8.2 AND 8.3 WE SEE EXTREME WHITTLE HAS POOR PERFORMANCE PARTICU-
LARLY IN THE EARLY EPISODES, CONSISTENTLY ACHIEVING HIGHER REGRET THAN THE RAN-
DOM POLICY. ADDITIONALLY, WIQL 1S SLOW TO CONVERGE, PERFORMING SIMILARLY TO THE

RANDOM BASELINE ACROSS THE TIME HORIZONS THAT WE CONSIDER.
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Method Time (s)

UCWhittle-value 1090.92
UCWhittle-penalty 177.57

ExtremeWhittle 109.44
WIQL 3.39
random 1.32

Table 8.1: Average runtime of the different approaches across 500 timesteps with N = 30 arms and budget B = 6

8.8 CONCLUSION

‘WE PROPOSE THE FIRST ONLINE LEARNING ALGORITHM FOR RMABS BASED ON THE WHITTLE
INDEX POLICY, USING AN UPPER CONFIDENCE BOUND—APPROACH TO LEARN TRANSITION DY-
NAMICS. WE FORMULATE A BILINEAR PROGRAM TO COMPUTE OPTIMISTIC WHITTLE INDICES
FROM THE CONFIDENCE BOUNDS OF TRANSITION DYNAMICS, ENABLING ONLINE LEARNING
USING AN OPTIMISTIC WHITTLE INDEX THRESHOLD POLICY. THEORETICALLY, OUR WORK
PUSHES THE BOUNDARY OF EXISTING FREQUENTIST REGRET BOUNDS IN RMABS WHILE EN-
ABLING SCALABILITY USING THE WHITTLE INDEX THRESHOLD POLICY TO DECOMPOSE THE

SOLUTION APPROACH.

191



192



SMOOTHED ONLINE COMBINATORIAL
OrTIMIZATION USING IMPERFECT

PREDICTIONS”

9.1 INTRODUCTION

WE CONSIDER THE smoothed online combinatorial optimization PROBLEM, WHICH IS AN EXTEN-
SION OF ONLINE CONVEX OPTIMIZATION '3»27930%133 AND SMOOTHED ONLINE CONVEX OPTI-
MIZATION 9798 IN THE SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION PROBLEM, AN
ONLINE LEARNER IS REPEATEDLY OPTIMIZING A COST FUNCTION WITH UNKNOWN CHANGING
PARAMETER. IN EVERY TIME STEP, THE LEARNER CHOOSES A FEASIBLE DECISION FROM A COM-
BINATORIAL FEASIBLE REGION BEFORE OBSERVING THE PARAMETER OF THE COST FUNCTION.
AFTER THE LEARNER CHOOSES THE DECISION, THE LEARNER RECEIVES (I) THE COST FUNC-
TION PARAMETER AND THE ASSOCIATED COST (II) AN ADDITIONAL KNOWN SWITCHING COST
FUNCTION DEPENDENT ON THE CHOSEN DECISION AND THE PREVIOUS DECISION. THE GOAL
OF THE LEARNER IS TO MINIMIZE THE CUMULATIVE COST IN 7 TIME STEPS, INCLUDING COST
PRODUCED BY THE COST FUNCTION AND THE SWITCHING COST.

SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION IS COMMONLY SEEN IN APPLICATIONS

WITH ONLINE COMBINATORIAL DECISIONS AND SWITCHING PENALTY, INCLUDING RIDE SHAR-

“This work was done during an internship at Adobe Research.
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ING WITH COMBINATORIAL DRIVER-CUSTOMER ASSIGNMENT '#?, DISTRIBUTED STREAMING
SYSTEM WITH BIPARTITE DATA-TO-SERVER ASSIGNMENT ''73°2 AND A-B TESTING IN ADVER-
TISEMENT#. ALL THESE EXAMPLES INCUR A POTENTIAL SWITCHING COST WHEN THE DECI-
SIONS ARE CHANGED, E.G., REASSIGNING DRIVERS OR DATA TO DIFFERENT LOCATIONS OR
SERVERS IS COSTLY, AND CHANGING ADVERTISEMENT CAMPAIGN REQUIRES ADDITIONAL HU-
MAN RESOURCES. THE CHALLENGE OF ONLINE COMBINATORIAL DECISION-MAKING AND THE
PRESENCE OF HIDDEN SWITCHING COST MOTIVATE THE STUDY OF SMOOTHED ONLINE COMBI-
NATORIAL OPTIMIZATION.

IN THIS PAPER, WE STUDY THE SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION WHERE
AN IMPERFECT PREDICTIVE MODEL IS AVAILABLE. WE ASSUME THAT THE PREDICTIVE MODEL
CAN FORECAST THE FUTURE COST PARAMETERS WITH UNCERTAINTIES, AND THE UNCERTAIN-
TIES CAN EVOLVE OVER TIME. WE MEASURE THE PERFORMANCE OF ONLINE ALGORITHMS BY
dynamic regret, WHICH ASSUMES A DYNAMIC OFFLINE BENCHMARK, LE., THE OPTIMAL PER-
FORMANCE WHEN THE COST FUNCTION PARAMETERS ARE GIVEN A PRIORI AND THE SEQUEN-
TIAL DECISIONS ARE ALLOWED TO CHANGE. THE SAME USE OF PREDICTIONS AND DYNAMIC

REGRET ARE ALSO STUDIED IN RECEDING HORIZON CONTROL 2%

IN SMOOTHED ONLINE
CONVEX OPTIMIZATION UNDER DIFFERENT ASSUMPTIONS ON THE PREDICTIONS ©429:05:194:195
IN OUR CASE, THE CHALLENGES OF BOUNDING DYNAMIC REGRET INHERIT FROM SMOOTHED

ONLINE CONVEX OPTIMIZATION, WHILE THE ADDITIONAL COMBINATORIAL STRUCTURE FUR-

THER COMPLICATES THE ANALYSIS.

MaIN CONTRIBUTION

OUR MAIN CONTRIBUTION IS AN ONLINE ALGORITHM THAT PLANS AHEAD USING THE IMPER-
FECT PREDICTIONS WITHIN A DYNAMIC PLANNING WINDOW DETERMINED BASED ON THE PRE-

DICTIVE UNCERTAINTY OF THE PREDICTIVE MODEL. WE SUMMARIZE OUR CONTRIBUTIONS AS
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FOLLOWS:

* GIVEN IMPERFECT PREDICTIONS WITH UNCERTAINTIES, WE SHOW THAT PLANNING
BASED ON PREDICTIONS WITHIN A FINITE TIME HORIZON LEADS TO A REGRET BOUND
THAT IS AFUNCTION OF THE TOTAL PREDICTIVE UNCERTAINTY WITH AN ADDITIONAL
POTENTIAL SWITCHING COST. THIS BOUND QUANTIFIES ONE SOURCE OF REGRET
CORRESPONDING TO THE IMPERFECTNESS OF THE PREDICTIONS, WHILE THE OTHER

SOURCE COMES FROM THE ADDITIONAL SWITCHING COST (THEOREM 15).

* OUR REGRET BOUND IN FINITE TIME HORIZON SUGGESTS USING A DYNAMIC PLANNING
WINDOW TO OPTIMALLY BALANCE TWO SOURCES OF REGRET COMING FROM PREDIC-
TIVE UNCERTAINTY AND THE SWITCHING COST, RESPECTIVELY. ITERATIVELY SELECT-
ING A DYNAMIC PLANNING WINDOW TO PLAN AHEAD LEADS TO A REGRET BOUND IN

INFINITE TIME HORIZON (THEOREM 16).

® SPECIFICALLY, WHEN THE UNCERTAINTIES CONVERGE TO ) WHEN MORE DATA IS
COLLECTED, WE SHOW THAT THE CUMULATIVE REGRET IS ALWAYS SUBLINEAR (THE-
OREM 17), WHICH GUARANTEES THE NO-REGRETNESS OF ArLGoRITHM 10. WE ALSO
QUANTIFY THE DEPENDENCY OF THE CUMULATIVE REGRET ON THE CONVERGENCE

RATE OF THE UNCERTAINTY IN SOME SPECIAL CASES (COROLLARY I).

° LASTLY, WE SHOW A LOWER BOUND ON THE TOTAL REGRET FOR ANY RANDOMIZED
ONLINE ALGORITHM WHEN PREDICTIVE UNCERTAINTY IS PRESENT. THE ORDER OF
THE LOWER BOUND MATCHES TO THE ORDER OF THE UPPER BOUND IN SOME SPECIAL
CASES, WHICH GUARANTEES THE TIGHTNESS OF OUR ONLINE ALGORITHM AND THE

CORRESPONDING REGRET BOUNDS (COROLLARY 2).

LASTLY, GIVEN PREDICTIONS AND DYNAMIC PLANNING WINDOWS, THE SMOOTHED ON-
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LINE COMBINATORIAL OPTIMIZATION PROBLEM REDUCES TO AN OFFLINE COMBINATORIAL
PROBLEM. WE USE AN ITERATIVE ALGORITHM TO FIND AN APPROXIMATE SOLUTION TO THE
OFFLINE PROBLEM EFFICIENTLY, WHICH LARGELY REDUCES THE COMPUTATION COST COM-
PARED TO SOLVING THE LARGE COMBINATORIAL PROBLEM USING MIXED-INTEGER LINEAR
PROGRAM.

EMPIRICALLY, WE EVALUATE OUR ALGORITHM ON THE ONLINE DISTRIBUTED STREAMING
PROBLEM MOTIVATED FROM APACHE KAFKA WITH SYNTHETIC TRAFFIC. WE COMPARE OUR
ALGORITHM USING PREDICTIONS AND DYNAMIC PLANNING WINDOWS WITH VARIOUS BASE-
LINES. OUR ALGORITHM USING PREDICTIONS OUTPERFORMS BASELINES WITHOUT USING
PREDICTIONS. OUR EXPERIMENTS SHOW AN IMPROVEMENT OF CHOOSING THE RIGHT DY-
NAMIC PLANNING WINDOWS AGAINST ALGORITHMS USING FIXED PLANNING WINDOW, WHICH
DEMONSTRATES THE IMPORTANCE OF BALANCING UNCERTAINTY AND THE SWITCHING COST.
THE USE OF ITERATIVE ALGORITHM ALSO LARGELY REDUCES THE COMPUTATION COST WHILE
KEEPING A COMPARABLE PERFORMANCE, LEADING TO AN EFFECTIVE SCALABLE ONLINE ALGO-

RITHM THAT CAN BE APPLIED TO REAL-WORLD PROBLEMS.

9.2 RELATED WORK

ONLINE CONVEX OPTIMIZATION ONLINE CONVEX OPTIMIZATION '9132:279:362

ASSUMES THE
OBJECTIVE FUNCTION IS CONVEX AND NO SWITCHING COST. IN ONLINE CONVEX OPTIMIZA-
TION, static regret 1S MOST COMMONLY USED, WHICH ASSUMES A STATIC BENCHMARK WITH
FULL INFORMATION BUT THE DECISIONS OVER THE ENTIRE TIME STEPS HAVE TO BE STATIC.
VARIOUS VARIANTS OF ONLINE GRADIENT DESCENTS 30»133134291193 \wERE PROPOSED WITH

BOUNDS ON THE STATIC REGRET. HOWEVER, THE GRADIENT-BASED APPROACHES AND THE

REGRET BOUNDS DO NOT DIRECTLY GENERALIZE TO THE COMBINATORIAL SETTING DUE TO



THE DISCRETENESS OF THE FEASIBLE REGION.

SMOOTHED ONLINE CONVEX OPTIMIZATION WITH PREDICTIONS SMOOTHED ONLINE CON-
VEX OPTIMIZATION GENERALIZES ONLINE CONVEX OPTIMIZATION BY ASSUMING A SWITCH-
ING COST THAT DEFINES THE COST OF MOVING FROM THE PREVIOUS DECISION TO THE CUR-
RENT ONE.'” SHOWED THAT SMOOTHED ONLINE CONVEX OPTIMIZATION CAN ACHIEVE THE
SAME STATIC REGRET BOUND USING THE ALGORITHMS IN ONLINE CONVEX OPTIMIZATION
WITHOUT SWITCHING COST. IN TERMS OF DYNAMIC REGRET, RECEDING HORIZON CON-
TROL>'* WAS PROPOSED TO LEVERAGE THE PREDICTIONS OF FUTURE TIME STEP TO MAKE
DECISION. PERFECT '9%'97 AND IMPERFECT °+05194195 pREDICTIONS ARE USED TO BOUND THE
PERFORMANCE OF RECEDING HORIZON CONTROL WITH FIXED PLANNING WINDOW SIZE. SEP-
ARATELY, CHASING CONVEX BODIES >7%57>5%1°9 SHARES THE SAME CHALLENGE OF SMOOTHED
ONLINE CONVEX OPTIMIZATION BUT FOCUSES ON THE COMPETITIVE RATIO.

NONETHELESS, THE ANALYSES IN THE CONVEX OBJECTIVES AND FEASIBLE REGIONS DO NOT
APPLY TO THE COMBINATORIAL SETTING. THE PLANNING WINDOW IN RECEDING HORIZON

CONTROL IS ALSO RESTRICTED TO BE FIXED ACROSS DIFFERENT TIME STEPS.

ONLINE COMBINATORIAL OPTIMIZATION AND METRICAL TASK SYSTEM ONLINE COMBI-
NATORIAL OPTIMIZATION ASSUMES A DISCRETE FEASIBLE REGION THAT THE LEARNER CAN
CHOOSE FROM before SEEING THE COST FUNCTION. EXISTING RESULTS *»'75 FOCUS ON BOUND-
ING DYNAMIC REGRET IN THE CASE OF LINEAR OBJECTIVES WITHOUT SWITCHING COST. ON
THE OTHER HAND, METRICAL TASK SYSTEM ASSUMES 7 DISCRETE STATES THAT THE LEARNER
CAN CHOOSE 4ffer SEEING THE COST FUNCTION, AND THERE IS A METRICAL SWITCHING COST

ASSOCIATED TO EVERY SWITCH. EXISTING RESULTS FOCUS ON BOUNDING competz'l‘z've ra-

log n

Toglosy) *>® AND UPPER

ti0, WHERE THE COMPETITIVE RATIO IS LOWER BOUNDED BY Q(
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BOUNDED BY O(log? 7) 55. IN CONTRAST, dynamic regret 1S A STRONGER ADDITIVE GUARAN-
TEE AND IS MORE CHALLENGING TO ANALYZE.

OUR WORK SHOWS THAT ANALYZING DYNAMIC REGRET IN AN ARBITRARY SMOOTHED ON-
LINE COMBINATORIAL OPTIMIZATION PROBLEM BECOMES TRACTABLE WHEN AN IMPERFECT

PREDICTIVE MODEL IS GIVEN.

9.3 PROBLEM STATEMENT

AN INSTANCE OF SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION IS COMPOSED OF A
COST FUNCTIONf : Z X ©® — R>() WHEREz € Z DENOTES ALL THE FEASIBLE DECISIONS
THAT CAN BE TAKEN AND § € © DENOTES ALL THE POSSIBLE UNKNOWN PARAMETERS OF THE
COST FUNCTION, AND A METRICd : Z X Z — R>( THAT IS USED TO MEASURE THE DISTANCE
OF DIFFERENT DECISIONS. AT EACH TIME STEP £, THE LEARNER RECEIVES A FEATURE X; €

X THAT IS CORRELATED TO THE UNKNOWN PARAMETERS IN THE FUTURE. BASED ON THE
GIVEN FEATURE X;, THE LEARNER CAN PREDICT THE FUTURE PARAMETERS AND CHOOSE A
FEASIBLE DECISION 2; € Z WITHOUT SEEING THE FUTURE PARAMETER &,. THE PARAMETER &,
IS REVEALED AFTER THE DECISION IS EXECUTED AND THE LEARNER RECEIVES AN OBJECTIVE
COST flz;, ;) WITH A SWITCHING COST d(2;—1,%;) WHICH MEASURES THE MOVEMENT OF THE
DECISIONS MADE BY TIME STEP # AND ¢ — 1. THE TOTAL COST OF AN ONLINE ALGORITHM ALG
UP TO TIME T'IS THE SUMMATION OF BOTH THE OBJECTIVE COST AND THE SWITCHING COST

ACROSS ALL TIME STEPS:
T
cosTr(ALG) = Zf(zf’ 6;) + d(z:,2,-1).

=1

WE WANT TO COMPARE TO THE OFFLINE BENCHMARK OPT IN TIME 7 THAT KNOWS ALL



THE PARAMETERS IN ADVANCE, WHICH MINIMIZES THE TOTAL COST DEFINED BELOW:

T
cosT7(OPT) = zIen;ivat Zf(z,, 0,) + d(z;,2,-1)
! =1

Definition 14. An online algorithm ALG has a dynamic regret p(T) if we bave:
Reg, = cost(ALG) — cost7(OPT) < p(7) VT.

THE GOAL OF THE LEARNER IS TO DESIGN AN ONLINE ALGORITHM WITH A SMALL DYNAMIC

REGRET BOUND p( 7).

9.3.1  EXAMPLE: ONLINE DISTRIBUTED STREAMING SYSTEMS

ONE APPLICATION OF SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION PROBLEMS IS THE
ONLINE LOAD BALANCING PROBLEM IN THE DISTRIBUTED STREAMING SYSTEM KNOWN AS
ArAcCHE KAFKA ''73°*, THE SYSTEM IS COMPOSED OF k£ TOPICS OF STREAMING DATA AND 72
SERVERS AS SHOWN IN FIGURE 9.1. AT EACH TIME STEP #, THE SYSTEM MAINTAINS A BIPAR-
TITE ASSIGNMENT 2; BETWEEN £ TOPICS AND 7 SERVERS SO THAT THE SERVERS CAN PROCESS
THE STREAMING DATA IN REAL TIME. SPECIFICALLY, EACH TOPIC MUST BE ASSIGNED TO EX-

ACTLY ONE SERVER. WEUSEz, € Z, C {0,1}F*7

WITH 2;;; = 1TO DENOTE ASSIGNING
THE TOPIC £ TO SERVER j AT TIME #. THE LEARNER CAN USE THE PARAMETERS IN THE PRIOR
H TIME STEPS AS THE FEATURE X; THAT IS CORRELATED TO THE UNKNOWN FUTURE PARAME-
TERS. AFTER THE ASSIGNMENT IS CHOSEN, A NEW TRAFFIC VECTOR @ c Rk ARRIVES WITH
EACH ENTRY REPRESENTING THE NUMBER OF INCOMING MESSAGES ASSOCIATED TO THE

TOPIC. FIGURE 9.1 ILLUSTRATES HOW THE DATA-TO-SERVER ASSIGNMENT WORKS. A com-

MONLY USED SERVER IMBALANCE COST IS DEFINED AS MAKESPANﬂZt, @) = HZI&IHOO, THE
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Streaming data Kafka cluster Server load

-------- -8

Topic 1 Server 1
OOo0O0| B+ g |0000
Topic 2 plplviugl — N :
____: Server 2 :
Topic 3 "
B 8
Topic k Server m| Cost functions
Parameter 0, Decision z, f(z,,0,),d(z;,2z,_1)

Figure 9.1: Apache Kafka maintains a bipartite assignment 2, between % topics and 7z servers to prepare for processing
the streaming data. The streaming traffic &, comes later and gets routed to the corresponding servers. A server imbal-
ance cost f{z;, 6;) and a switching cost d(z;, 7,1 ) due to assignment change are received.

LARGEST LOAD ACROSS ALL SERVERS.

PAPER STRUCTURE WE FIRST DISCUSS HOW PLANNING BASED ON PREDICTIONS WORKS AND
HOW TO BOUND THE ASSOCIATED DYNAMIC REGRET USING PREDICTIVE UNCERTAINTY. SEC-
OND, WE DISCUSS TWO DIFFERENT SOURCES OF REGRET, PREDICTIVE UNCERTAINTY AND THE
NUMBER OF PLANNING WINDOWS USED. WE PROPOSE TO USE A DYNAMIC PLANNING WINDOW
TO BALANCE THE TRADEOFF WITH A REGRET BOUND DERIVED. THIRD, WE PROPOSE AN ITER-
ATIVE ALGORITHM TO SOLVE AN OFFLINE PROBLEM BY DECOUPLING THE TEMPORAL DEPEN-
DENCY CAUSED BY SWITCHING COST. LASTLY, AN APPLICATION IN DISTRIBUTED STREAMING

SYSTEM AND APACHE KAFKA IS DISCUSSED AND USED IN OUR EXPERIMENTS.

9.4 PLANNING UsING PREDICTIONS

MOTIVATED BY THE USE OF PREDICTIONS IN SMOOTHED ONLINE CONVEX OPTIMIZATION ®519+19,
THIS SECTION STUDIES THE CONNECTION OF PREDICTIONS AND PREDICTIVE UNCERTAINTIES

TO THE DYNAMIC REGRET. TO CONDUCT THE REGRET ANALYSIS BELOW, WE REQUIRE THE
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(d) Given the predictions and the planning window, the planning problem reduces to an offline combinatorial problem.
We can use any combinatorial solver to find a solution to the offline problem. The solution is executed in the planning
window.

Figure 9.2: This flowchart summarizes how predictions are used to derive planning decisions. Fig. 9.2(a) shows the his-
torical data prior to time ¢ as multiple time series. Fig. 9.2(b) visualizes the predictions and uncertainty intervals learned
from the historical parameters. Fig. 9.2(c) demonstrates how to determine the dynamic planning window. Fig. 9.2(d)
solves an offline problem and executes accordingly.

FOLLOWING ASSUMPTIONS TO HOLD:

Assumption 1. The cost function f{z, 0) is Lipschitz in 0 € © with Lipschitz constant L, i.e., || 8ﬂazf) | <

Lforallz € Z and 6 € ©.

Assumption 2. The switching cost is upper bounded in the feasible region Z by B = sup, ¢ z d(z,2').
ASSUMPTION I QUANTIFIES THE CHANGE OF THE COST FUNCTION WITH RESPECT TO THE

PARAMETER. ASSUMPTION 2 QUANTIFIES THE UPPER BOUND OF SWITCHING COST.

9.4.1 PREDICTIONS WITH UNCERTAINTY

Assumption 3. We assume there is a predictive model that is trained based on the revealed parame-

ters prior to time t. At time t, the predictive model takes the feature x; and produces a sequence of pre-
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dicted future parameters {55(’) }seN o> with uncertainty {55([) }seN s> where the distance between the

prediction 89 and the true parameter 6, at time s is bounded by ||6, — 89| < ¥,

t
WE ALSO ASSUME THAT THE PREDICTIVE UNCERTAINTY 8;( ) INCREASES IN s DUE TO THE

DIFFICULTY OF PREDICTING FURTHER FUTURE PARAMETERS, WHILE THE PREDICTIVE UNCER-
TAINTY DECREASES IN f DUE TO MORE TRAINING DATA AVAILABLE TO TRAIN THE PREDICTIVE

MODEL.

9.4.2 PLANNING IN FixeEp TIME HoRIZON

WE FIRST ANALYZE THE REGRET IN FIXED TIME HORIZON WHEN WE USE THE PREDICTIONS
TO PLAN ACCORDINGLY. MORE PRECISELY, AT TIME #, GIVEN THE PREVIOUS DECISION Z;_]
AT TIME ¢ — 1 AND THE PREDICTION {ﬁj(t) }seN,s>; OF THE FUTURE TIME STEPS, THE LEARNER
SELECTS A PLANNING WINDOW S € N TO PLAN FOR THE NEXT S TIME STEPS BY SOLVING A

MINIMIZATION PROBLEM:

=+5—1

{Zs};e{t,z+1,~- gHS—1} = argmin Z f(Zn Q(t)) +d(2; 2-1)- (9.1)

Z€ZVs T,

SOLVING THE ABOVE FINITE TIME HORIZON OPTIMIZATION PROBLEM SUGGESTS A SOLU-
TION {2 }se {141, +5—1} IN THE NEXT S TIME STEPS TO EXECUTE STARTING FROM TIME Z.
THIS PROCESS IS SUMMARIZED IN FIG. 9.2.

HOWEVER, SINCE THE PREDICTIONS ARE NOT PERFECT, THE SUGGESTED SOLUTION MIGHT
NOT BE THE TRUE OPTIMAL SOLUTION WHEN THE TRUE COST FUNCTION PARAMETERS ARE
PRESENT. TO COMPARE WITH THE TRUE OFFLINE OPTIMAL SOLUTION USING THE TRUE COST

FUNCTION PARAMETERS, WE EXPRESS THE OFFLINE SOLUTION BY:

t=HS5—1

{z;}JG{t,tJrl,--- JHS—1} = areg;nivn Z ﬂzfa 6&) + d(zxaz:—l)- (9.2)
2%EZ, Vs

s=t
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THE ONLY DIFFERENCE BETWEEN EQUATION (9.1) AND EQUATION (9.2) 1s THAT EQUa-
TION (9.2) HAS FULL ACCESS TO THE FUTURE COST PARAMETERS, WHILE EQUATION (9.1) USES

THE PREDICTIONS INSTEAD. WE CAN DEFINE THE DIFFERENCE BY THE FOLLOWING REGRET:

+S5—1 +S5—1

REGﬁSil(zt—l) = Z Az, 0) +d(z,21) | — Z A2, 6) +d(z,2) |- (93)
s=t s=t

WE HAVE THE FOLLOWING BOUND ON THE REGRET:

Theorem 15. Under Assumption 1, the regret from time step t tot + S — 1in Equation 9.3 is upper
t+S5—1
bounded by: Reg! ¥ (z,1) < 2L Y e where L is the Lipschitz constant in Assumption 1.

s=t
THEOREM I5 LINKS THE DYNAMIC REGRET WITH THE TOTAL PREDICTIVE UNCERTAINTY
IN FINITE TIME HORIZON. NOTICE THAT THE SWITCHING COST TERMS IN EQUATION (9.3)
ARE MISALIGNED. THEREFORE, THE PROOF REQUIRES NOT ONLY THE LIPSCHITZNESS OF THE
OBJECTIVE FUNCTIONfBUT ALSO THE OPTIMALITY CONDITIONS OF BOTH THE OFFLINE AND

ONLINE PLANNING PROBLEMS TO BOUND THE TOTAL CUMULATIVE REGRET.

9.4.3 INFINITE TIME HORIZON AND DyNAMIC PLANNING WINDOW

IN THE INIFINITE TIME HORIZON PROBLEM, THE MAIN IDEA IS TO REDUCE THE PROBLEM TO
MULTIPLE FINITE TIME HORIZON PROBLEMS WITH DIFFERENT PLANNING WINDOW SIZES.

RECALL THAT THE PREDICTIVE UNCERTAINTY OFTEN INCREASES WHEN WE TRY TO PRE-
DICT THE PARAMETERS IN THE FAR FUTURE, L.E., 8_5[) IS INCREASING IN 5. SINCE THE REGRET IN
THEOREM 1 S DIRECTLY RELATES TO THE PREDICTIVE UNCERTAINTY IN THE PLANNING WIN-
DOW, IT SUGGESTS KEEPING THE PLANNING WINDOW SMALL TO REDUCE THE REGRET.

ON THE OTHER HAND, THEOREM 15 ASSUMES AN IDENTICAL INITIAL DECISION Z;_1 IN

THE ONLINE PROBLEM (EQUATION (9.1)) AND OFFLINE PROBLEM (EQUATION (9.2)). IN THE
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Algorithm ro: Dynamic Future Planning

1« Input: Total time steps 7. Maximal switching cost B. A predictive model that can

produce predictions { 6525}:61\; at time 7.
» Initialization # = 1, # of planning windows / = 0.
3 whilez < T'do
4 Get predictions {6 },en,>, and predictive uncertainty {€},cn >, from the

model.
t+5—1
5 Find the largest Ss.t. 2L Y ¢ < B.

s=t

6 Solve the optimization problem in Equation (9.1) with starting time ¢ and
planning window S'to get {2, }ie {41, ++5-1}-
- Execute z, and receive 6, with cost f{z,, 6,) + d(z,, 2,_1) at time

seft, -, t+S—1}
8 Sett =¢t+S,/=1+1.

INFINITE TIME HORIZON CASE, TWO ALGORITHMS MAY START FROM DIFFERENT INITIAL DE-
CISIONS, WHICH MAY CREATE AN ADDITIONAL REGRET UPPER BOUNDED BY THE MAXIMUM
SWITCHING COST B DUE TO THE MISALIGNMENT OF THE INITIAL DECISION. THIS OBSERVA-
TION SUGGESTS USING LARGER PLANNING WINDOWS TO AVOID CHANGING BETWEEN DIFFER-
ENT PLANNING WINDOWS.

THEREFORE, WE PROPOSE TO BALANCE TWO SOURCES OF REGRET BY CHOOSING THE LARGEST

PLANNING WINDOW .S SUCH THAT:

t+S5—1
2L Y e <B (9-4)
s=t

THE CHOICE OF THE DYNAMIC PLANNING WINDOW CAN ENSURE THAT THE TOTAL EXCES-
SIVE PREDICTIVE UNCERTAINTY IS UPPER BOUNDED BY COST B, WHILE WE ALSO PLAN AS FAR
AS POSSIBLE TO REDUCE THE NUMBER OF PLANNING WINDOWS INCURRED DURING SWITCH-

ING BETWEEN DIFFERENT FINITE TIME HORIZONS. THE ALGORITHM IS DESCRIBED IN ALGO-
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RITHM I0O.

Theorem 16. Given Lipschitzness L in Assumption 1 and the maximal switching cost B in Assump-
tion 2, in T time steps, Algorithm 10 achieves cumulative regret upper bounded by 2B1, where I is the

total number of planning windows used in Algorithm ro.

Proof sketch. The regret of our algorithm comes from two parts: (i) regret from the discrepancy of
the initial decision z;_; and the initial decision of the offline optimal 2}, at time ¢, the start of every
planning window, and (ii) the incorrect predictions used in the optimization, which is bounded by
Theorem 15.

The regret in part (i) is bounded by d(z,—1,2}_;) < B for every planning window because it
would take at most the maximal switching cost B to align different initial decisions before we can
compare. Thus the total regret in part (i) is bounded by B/, where / is the number of planning win-
dows executed in Algorithm 1o.

The regret in part (ii) is bounded by Theorem 15 and the choice of the dynamic planning win-
dow in Equation (9.4). We have Reg/ ™ !(2¥ |) < 2L t+iil e < Bfor the /-th window. We

s=t
I

can take summation over all planning windows to bound the total regret in part (i) by: > S B = BI.
=1

where combining two bounds concludes the proof. ]
THEOREM 16 LINKS THE EXCESSIVE DYNAMIC REGRET TO /, THE NUMBER OF PLANNING
WINDOWS THAT ALGORITHM 10 USES. THE NEXT STEP IS TO BOUND THE NUMBER OF PLAN-
NING WINDOWS / BY THE TOTAL TIME STEPS 7. IN THEOREM 17, WE FIRST SHOW THAT THE
CUMULATIVE REGRET IS ALWAYS SUBLINEAR IN 7 'WHEN THE PREDICTIVE UNCERTAINTY CON-

VERGES TO 0 WHEN MORE DATA IS COLLECTED.
Theorem 17. Under Assumption 1 and 2, if EEQI_I =o(1)intforalls € N, i.e, 652:_1 — 0 when

t — 00, then the cumulative regret of Algorithm 10 is sublinearin T.
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. . . t . . .
Proof. When the predictive uncertainty 55( ) — Owhent — 00, the window size S, that satisfies

t+S5;—1
2L Y, e < Bartimer converges to 00 when # — 00. This suggests that the number of
s=t
windows / required in total number of time steps 7'is strictly smaller than ©(7), i.e., I = o(7). By

Theorem 16, the cumulative regret is upper bounded by 2B/ = o(T), which is sublinear in 7. O

THEOREM 17 GUARANTEES THAT THE CUMULATIVE REGRET OF ALGORITHM 10 IN THE-
OREM 16 IS SUBLINEAR WHEN THE UNCERTAINTY CONVERGES TO 0. THIS ESTABLISHES THE
NO-REGRETNESS OF ALGORITHM 10 IN DYNAMIC REGRET, WHICH IS ONLY KNOWN TO BE POS-
SIBLE IN THE SMOOTHED ONLINE convex OPTIMIZATION BUT NOT KNOWN IN THE SMOOTHED
ONLINE combinatorial OPTIMIZATION.

IN SOME SPECIAL CASES OF THE PREDICTIVE UNCERTAINTY, WE CAN FURTHER PROVIDE A

MORE PRECISE BOUND ON THE CUMULATIVE REGRET IN THE FOLLOWING COROLLARY.

Corollary 1. If the uncertainty satisfies Eiﬂj_l = O(%), Vs,t € Nwitha, b € R, we bhave:
b ,

O™ #1)  ifb<a+1

Reg; < § O(log T) ifb=a+1-

O(loglog T) #fb>a—+1

COROLLARY I IS PROVED BY PROVIDING A MORE CONCRETE BOUND ON THE NUMBER OF
PLANNING WINDOWS / IN THEOREM 16. COROLLARY I ALSO QUANTIFIES THE DEPENDENCY
OF THE CUMULATIVE REGRET ON THE CONVERGENCE RATE OF PREDICTIVE UNCERTAINTY.
WHEN b > 0, THE CUMULATIVE REGRET IS ALWAYS SUBLINEAR, WHICH MATCHES OUR RESULT

IN THEOREM 17.
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9.4.4 LOWER BOUND ON THE CUMULATIVE REGRET

IN THIS SECTION, WE PROVIDE A LOWER BOUND ON THE EXPECTED CUMULATIVE REGRET,
SHOWING THAT NO RANDOMIZED ALGORITHM CAN ACHIEVE AN EXPECTED CUMULATIVE RE-

GRET LOWER THAN A TERM SIMILAR TO THE UPPER BOUND.

Corollary 2. Given Et(i)s—l = (j—;) Sforallt,s € NwithQ < b, there exist instances such that for any

randomized algorithm, the expected regret is at least:

QY difb<1

EReg;] > § Qlog T) ifb=1-

Q1) ifb>1

THE LOWER BOUND SUGGESTS THAT THERE IS NO ONLINE LEARNING ALGORITHM THAT
CAN ACHIEVE A CUMULATIVE REGRET THAT IS SMALLER THAN THE REGRET IN COROLLARY 2.
SPECIFICALLY, WE CAN SEE THAT THE LOWER BOUND MATCHES TO THE UPPER BOUND UP TO
A LOGARITHM FACTOR WHEN 4 = (), WHICH GUARANTEES THE TIGHTNESS OF OUR UPPER

BOUND IN COROLLARY I AND THEOREM 16 IN THE CASE OF 2 = 0.

9.4.5 EXTENSION TO PROBABILISTIC BOUNDS

IN THIS PAPER, WE PRIMARILY FOCUS ON THE DETERMINISTIC UNCERTAINTY BOUNDS OF THE
PREDICTIVE MODEL. THE SAME ANALYSES IN SECTION 9.4 ALSO GENERALIZE TO PROBABILIS-
TIC BOUNDS OF THE PREDICTIVE MODEL THAT HOLD WITH HIGH PROBABILITY, E.G., WITH
PROBABILITY 1 — é\l' FOR EACH PREDICTION IN THE 7-TH PLANNING WINDOW WITH SIZE S,’.
THIS KIND OF PROBABILISTIC BOUNDS IS COMMONLY SEEN IN THE LITERATURE OF PROB-

ABLY APPROXIMATELY CORRECT (PAC) LEARNING, WHERE THE PREDICTIVE ERROR BOUND
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CAN BE BOUNDED BY THE NUMBER OF TRAINING SAMPLES USED IN FITTING THE UNDERLYING
HYPOTHESIS CLASS. IN THIS CASE, THE REGRET ANALYSIS IN THEOREM 15 NEEDS TO ADDI-
TIONALLY CONSIDER THE EVENT WHEN THE UNCERTAINTY BOUNDS DO NOT HOLD, WHICH
LEADS TO AN ADDITIONAL REGRET TERM WITH ORDER O(S;9;) IN THEOREM 15, LEADING TO A
I
LINEAR TERM ) _ S;J; IN THEOREM 16.
=1

FORTUNATELY, WE CAN ALSO SELECT A DECREASING FAILURE PROBABILITY J; IN THE LATER

PLANNING WINDOWS WHEN MORE SAMPLES ARE COLLECTED. AS LONG AS WE CAN GUARAN-
13

TEE THAT THE CHOICE OF UNCERTAINTY BOUND £\") AND THE FAILURE PROBABILITY J; AT
TIME # CONVERGE TO 0 WHEN MORE SAMPLES ARE COLLECTED, WE CAN OBTAIN A SIMILAR RE-

SULT AS THEOREM 17 SHOWING THE CUMULATIVE REGRET BOUND IS SUBLINEAR IN T. THis

GENERALIZES OUR RESULTS OF DETERMINISTIC BOUNDS TO PROBABILISTIC BOUNDS.

9.5 EXPERIMENT SETUP

IN oUr EXPERIMENT, WE USE THE DISTRIBUTED STREAMING SYSTEM PROBLEMS WITH SYN-

THETIC DATA TO COMPARE OUR ALGORITHM WITH OTHER BASELINES.

COST FUNCTION AND SWITCHING COST [N THE DISTRIBUTED STREAMING SYSTEM, THE
LEARNER MAINTAINS A BIPARTITE ASSIGNMENT 2, € 2, C {0,1}¥*” BETWEEN k TOPICS
AND 72 SERVERS AT TIME STEP £ TO PROCESS THE STREAMING DATA, WHERE ztvl‘zf = 1 DENOTES
THAT TOPIC 7 IS ASSIGNED TO SERVER j AT TIME  TO PROCESS THE INCOMING TRAFFIC. ONCE
THE DECISION 2, IS CHOSEN AT TIME #, A TRAFFIC VECTOR §, € ©® C RF 1s REVEALED.

GIVEN TRAFFIC §, AND THE CHOSEN ASSIGNMENT 2;, WE DEFINE THE COST FUNCTION BY
Azs,6;) = |12, 6/]|co AS THE RESULTING SERVER IMBALANCE COST, WHICH IS ALSO KNOWN AS
MAKESPAN, LE., THE MAXIMAL NUMBER OF MESSAGES A SERVER NEEDS TO PROCESS ACROSS

ALL SERVERS. MINIMIZING MAKESPAN IS A WELL-STUDIED STRONGLY NP-COMPLETE PROB-
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¢ \WITH VARIOUS APPROXIMATION ALGORITHMS "3*'9'. ADDITIONALLY, WE DEFINE THE

LEM
SWITCHING COST BY d(2, ) i= 1] |z—y|#, WHERE |s—y| € RY{" REPRESENTS THE NUMBER OF
SWITCHES OF EACH PAIR OF TOPIC AND SERVER, AND EACH ENTRY OF # € R” DENOTES THE

UNIT SWITCHING COST ASSOCIATED TO THE CORRESPONDING SERVER, WHICH IS RANDOMLY

DRAWN FROM A UNIFORM DISTRIBUTION U[0, 2].

DATA GENERATION WE ASSUME THAT THERE ARE £ = 10 TOPICS TO BE ASSIGNED TO 72 = 3
SERVERS. WE GENERATE £ TIME SERIES, WHERE EACH REPRESENTS THE TREND OF INCOMING
TRAFFIC {0, ;},[7) OF TOPICZ € [k] AS THE COST FUNCTION PARAMETER. EACH TIME SE-
RIES IS GENERATED BY A COMPOSITION OF SINE WAVES, AN AUTOREGRESSIVE PROCESS, AND

A GAUSSIAN PROCESS TO MODEL THE SEASONALITY, TREND, AND THE RANDOM PROCESS. WE
USE SINE WAVES WITH PERIODS OF 24 AND 2 WITH AMPLITUDES DRAWN FROM U[1, 2] AND
U[0.5,1] TO MODEL THE DAILY AND HOURLY CHANGES. WE USE AN AUTOREGRESSIVE PRO-
CESS AR(1) THAT TAKES THE WEIGHTED SUM OF 0.9 OF THE PREVIOUS SIGNAL AND A 0.1 OF

A WHITE NOISE TO GENERATE THE NEXT SIGNAL. LASTLY, WE USE A RATIONAL QUADRATIC

KERNEL AS THE GAUSSIAN PROCESS KERNEL.

PREDICTIVE MODEL AT TIME STEP #, TO PREDICT THE INCOMING TRAFFIC §, € © C R¥
FOR ALLS > £, WE COLLECT ALL THE HISTORICAL DATA {6y }y, PRIOR TO TIME # AND APPLY
GAUSSIAN PROCESS REGRESSION USING THE SAME RATIONAL QUADRATIC KERNEL ON THE
HISTORICAL DATA TO GENERATE PREDICTIONS {ﬁft) }s>¢ OF THE FUTURE TIME STEPS. WE USE
THE STANDARD DEVIATION LEARNED FROM GAUSSIAN PROCESS REGRESSION AS THE UNCER-

TAINTY {a(t) b

EXPERIMENTAL SETUP FOR EACH INSTANCE OF THE LOAD BALANCING PROBLEM, WE AS-

SUME 50 HISTORICAL DATA HAVE BEEN COLLECTED A PRIORI TO STABILIZE GAUSSIAN PRO-
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Figure 9.3: We compare the performance of our approaches with various baselines without using predictions. The first
takeaway is that methods using predictions largely outperform the methods without using predictions in Fig. 9.3(a). Sec-
ondly, choosing the right planning window can achieve a better imbalance cost in Fig. 9.3(b) with a small increase in the
amount of switching cost in Fig. 9.3(c). All the algorithms are compared with an offline benchmark with full information.
The shaded area refers to the region within first standard deviation.

CESS REGRESSION. WE RUN DIFFERENT ONLINE ALGORITHMS FOR ANOTHER 100 TIME STEPS
WITH HIDDEN INCOMING TRAFFIC TO MEASURE THE PERFORMANCE OF ONLINE ALGORITHMS.
FOR EACH SETUP, WE RUN 10 INDEPENDENT TRIALS WITH DIFFERENT RANDOM SEEDS TO ES-
TIMATE THE AVERAGE PERFORMANCE. ALL THE RESULTS ARE PLOTTED WITH AVERAGE VALUE

AND THE CORRESPONDING STANDARD DEVIATION.

9.6 EXPERIMENTAL RESULTS

WE COMPARE WITH OUR ALGORITHM WITH BASELINES IN THE LITERATURE OF ONLINE CON-

VEX OPTIMIZATION:

* THE static APPROACH USES THE INITIAL ASSIGNMENT AND NEVER ADJUSTS DYNAMI-

CALLY.

¢ THE ONLINE GRADIENT DESCENT (OGD) UPDATES THE ASSIGNMENT BY RUNNING
GRADIENT DESCENT ON THE COST FUNCTION RECEIVED PREVIOUSLY AND PROJECT

BACK TO THE DISCRETE FEASIBLE REGION.
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Figure 9.4: Comparison of different methods of solving Equation (9.1) and different planning window sizes.

* THE FoLLow-THE-LEADER (FTL) AGGREGATES ALL THE COST FUNCTIONS RECEIVED IN
THE PAST AND FINDS THE OPTIMAL DECISION THAT OPTIMIZES THE HISTORICAL COST

FUNCTIONS WITH SWITCHING COST.

* TaE FoLLow-THE-PREVIOUS (FTP) OPTIMIZES THE COST FUNCTION IN THE LAST TIME

STEP.

* THE short-term ALGORITHM AND THE long-term ALGORITHM BOTH USE PREDICTIONS

BUT WITH DETERMINISTIC PLANNING WINDOW SIZES 1 AND 10, RESPECTIVELY.

* THE dynamic ALGORITHM REFERS TO OUR ALGORITHM USING A DYNAMIC PLANNING

WINDOW DETERMINED BY THE PREDICTIVE UNCERTAINTY.

ALL THE ALGORITHMS COMPARE WITH AN OFFLINE BENCHMARK WITH FULL INFORMA-
TION. SINCE THE OFFLINE PROBLEM IS NP-HARD TO SOLVE, WE SPLIT THE OFFLINE PROBLEM
INTO CHUNKS OF SIZE S AND SOLVE EACH OF THEM OPTIMALLY USING MIXED INTEGER PRO-

GRAM TO GET THE OFFLINE PERFORMANCE.



EFFECT OF PREDICTIONS IN FIG. 9.3, WE COMPARE THE PERFORMANCE OF BASELINES (STATIC,
OGD, FTL, FTP) wITH APPROACHES USING PREDICTIONS WITH DIFFERENT PLANNING WIN-
DOW SIZES (SHORT-TERM, LONG-TERM, DYNAMIC). WE FIRST NOTICE THAT OGD anD FTL
PERFORM WORSE THAN FTP, WHICH SIMPLY FOLLOWS THE PREVIOUS COST FUNCTION TO
UPDATE SOLUTION. DUE TO THE SMOOTHNESS OF THE COST FUNCTION PARAMETERS, OPTI-
MIZING OVER THE PREVIOUS COST FUNCTION CAN BE A STRONG BASELINE.

SECONDLY, THE METHODS USING PREDICTIONS FURTHER IMPROVE THE SOLUTION QUAL-
1TY. USING PREDICTIONS CAN HELP LEVERAGE THE SEASONALITY AND TREND INFORMATION,
AND LEAVE THE UNCERTAINTY TO THE PLANNING PART. ON THE OTHER HAND, THE OGD
AND THE FTL ALGORITHMS ARE DESIGNED TO DEAL WITH THE CASE WITHOUT PREDICTABLE
PATTERN AND SWITCHING COST. THE DIFFERENT PURPOSES OF ALGORITHM DESIGN MAKE
OUR ALGORITHM MORE APPLICABLE TO OUR PROBLEM.

LasTLY, IN FIG. 9.3(A), WE CAN SEE THAT THE DYNAMIC ALGORITHM ACHIEVES THE SMALL-
EST CUMULATIVE REGRET COMPARED TO THE SHORT-TERM ALGORITHM AND THE LONG-
TERM ALGORITHM USING PLANNING WINDOW WITH SIZE 1 AND 10, RESPECTIVELY. FIG. 9.3(B)
AND FIG. 9.3(C) FURTHER COMPARE DIFFERENT PERFORMANCE METRICS. WE CAN SEE THAT
OUR APPROACH OF CHOOSING PROPER PLANNING WINDOW CAN ACHIEVE MUCH SMALLER
SERVER IMBALANCE PERFORMANCE WHILE REQUIRING SLIGHTLY MORE SWITCHING COST
ONLY. METHODS CONSIDERING LESS FUTURE EFFECT (FTL, FTP, SHORT-TERM) CAN BE RELUC-
TANT TO SWITCH AND UNDERESTIMATE THE BENEFIT OF SWITCHING, WHICH RESULTS IN A
SMALLER SWITCHING COST BUT LARGER IMBALANCE COST. IN CONTRAST, THE LONG-TERM
ALGORITHM USING LARGER PLANNING WINDOW INSTEAD CAN BE HARMED BY THE INCREAS-
ING PREDICTIVE UNCERTAINTY, WHICH LEADS TO INCORRECT PLANNING DECISION DUE TO
THE UNCERTAINTY. THIS RESULT JUSTIFIES THE BENEFIT OF PREDICTIONS AND THE RIGHT

PLANNING WINDOW TO BALANCE BETWEEN UNCERTAINTY AND THE SWITCHING COST.



EFFECT OF PLANNING WINDOW SIZE IN FIG. 9.4(A), WE COMPARE THE PERFORMANCE OF
DIFFERENT CHOICES OF PLANNING WINDOW SIZE AND DIFFERENT WAYS OF SOLVING THE OF-
FLINE PROBLEM IN EQUATION (9.1). FIRST, IF WE USE MIXED INTEGER PROGRAM (MIP), WE
CAN SEE A CLEAR IMPROVEMENT BY USING A LARGER PLANNING WINDOW AND A SLIGHTLY DE-
GRADED PERFORMANCE AFTER WINDOW SIZE EXCEEDS 3. THIS EMPIRICAL RESULT MATCHES
TO OUR ANALYSIS OF SHORTER AND LONGER PLANNING WINDOWS, WHERE THE DYNAMIC
PLANNING WINDOW SUGGESTS A PLANNING WINDOW WITH SIZE AROUND 3. WE ALSO COM-
PARE WITH AN iterative ALGORITHM (ALGORITHM 16 IN APPENDIX G.6) THAT IS USED TO
APPROXIMATELY SOLVE THE NP-HARD OFFLINE PROBLEM IN EQUATION (9.1). THE EFFECT

OF PLANNING WINDOW SIZE IS LESS SIGNIFICANT DUE TO THE SUBOPTIMALITY OF THE ITERA-
TIVE ALGORITHM. BUT WE CAN STILL SEE A SIMILAR BENEFIT WHILE USING AN APPROPRIATE
PLANNING WINDOW SIZE.

F1G. 9.4(B) COMPARES THE RUNTIME OF SOLVING EQUATION (9.1) USING DIFFERENT AP-
PROACHES AND PLANNING WINDOW SIZES. RUNTIME OF SOLVING THE OPTIMIZATION PROB-
LEM IS IMPORTANT BECAUSE DECISIONS HAVE TO BE MADE IN REAL TIME. WE CAN SEE THAT
MIP REQUIRES AN EXPONENTIALLY INCREASING RUNTIME BECAUSE THE COMBINATORIAL
STRUCTURE AND THE LINEARLY INCREASING NUMBER OF BINARY VARIABLES WHEN THE WIN-
DOW SIZE GROWS. ON THE OTHER HAND, THE ITERATIVE ALGORITHM SOLVES THE PROBLEM
APPROXIMATELY AND MORE EFFICIENTLY. IN SHORT, THE MIP ALGORITHM ACHIEVES THE
BEST PERFORMANCE BUT WITH AN EXPENSIVE COMPUTATION, WHILE THE ITERATIVE ALGO-

RITHM SCALES BETTER BUT WITH A LOSS IN THE SOLUTION QUALITY.
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9.7 CONCLUSION

THIS PAPER STUDIES THE SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION PROBLEM
WITH SWITCHING COST. WE SHOW THAT WHEN PREDICTIONS WITH UNCERTAINTY ARE
AVAILABLE, WE CAN BOUND THE DYNAMIC REGRET BY THE CONVERGENCE OF THE PREDICTIVE
UNCERTAINTY, WHICH LINKS THE BOUND ON DYNAMIC REGRET TO THE PREDICTABILITY OF
THE INCOMING COST FUNCTION PARAMETERS. OUR ANALYSIS SUGGESTS USING A DYNAMIC
PLANNING WINDOW DEPENDENT ON THE SEQUENCE OF PREDICTIVE UNCERTAINTIES. Our
DYNAMIC PLANNING WINDOW CAN OPTIMIZE THE REGRET, WHERE WE EMPIRICALLY SHOW

IN OUR EXPERIMENTS THAT USING A PREDICTIVE MODEL AND AN APPROPRIATE PLANNING

WINDOW CAN FURTHER IMPROVE THE PERFORMANCE.
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10

END-TO-END GRADIENT DESCENT FOR

STACKELBERG GAMES

10.1 INTRODUCTION

STACKELBERG GAMES ARE COMMONLY ADOPTED IN MANY REAL-WORLD APPLICATIONS, IN-

CLUDING SECURITY *"'# WILDLIFE CONSERVATION’#, AND COMMERCIAL DECISIONS MADE
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BY FIRMS >*$20358 MOREOVER, MANY REALISTIC SETTINGS INVOLVE A SINGLE LEADER WITH
MULTIPLE SELF-INTERESTED FOLLOWERS SUCH AS WILDLIFE CONSERVATION EFFORTS WITH
A CENTRAL COORDINATOR AND A TEAM OF DEFENDERS ' "5*''4; RESOURCE MANAGEMENT IN
ENERGY *° WITH SUPPLIERS, AGGREGATORS, AND END USERS; OR SECURITY PROBLEMS WITH A
CENTRAL INSURER AND A SET OF VULNERABLE AGENTS >*>'5%. SOLVING STACKELBERG GAMES
WITH MULTIPLE FOLLOWERS IS CHALLENGING IN GENERAL??7°, PREVIOUS WORK OFTEN RE-
FORMULATES THE FOLLOWERS’ BEST RESPONSE AS STATIONARY AND COMPLEMENTARITY
CONSTRAINTS IN THE LEADER’S OPTIMIZATION 2824397959 'C ASTING THE ENTIRE STACKEL-
BERG PROBLEM AS A SINGLE OPTIMIZATION PROBLEM. THIS REFORMULATION APPROACH HAS
ACHIEVED SIGNIFICANT SUCCESS IN PROBLEMS WITH LINEAR OR QUADRATIC OBJECTIVES,
ASSUMING A UNIQUE EQUILIBRIUM OR A SPECIFIC EQUILIBRIUM CONCEPT, E.G., FOLLOW-
ERS’ OPTIMISTIC OR PESSIMISTIC CHOICE OF EQUILIBRIUM '#"4*39 THE REFORMULATION
APPROACH THOROUGHLY EXPLOITS THE STRUCTURE OF OBJECTIVES AND EQUILIBRIUM TO
CONQUER THE COMPUTATION CHALLENGE. HOWEVER, WHEN THESE CONDITIONS ARE NOT
MET, REFORMULATION APPROACH MAY GET TRAPPED IN LOW-QUALITY SOLUTIONS.

IN THIS PAPER, WE PROPOSE AN END-TO-END GRADIENT DESCENT APPROACH TO SOLVE
MULTI-FOLLOWER STACKELBERG GAMES. SPECIFICALLY, WE RUN GRADIENT DESCENT BY
BACK-PROPAGATING THROUGH A SAMPLED NASH EQUILIBRIUM REACHED BY FOLLOWERS TO
UPDATE THE LEADER’S STRATEGY. OUR APPROACH OVERCOMES WEAKNESSES OF REFORMU-
LATION APPROACHES AS (I) WE DECOUPLE THE LEADER’S OPTIMIZATION PROBLEM FROM THE
FOLLOWERS’, CASTING IT AS A LEARNING PROBLEM TO BE SOLVED BY END-TO-END GRADIENT
DESCENT THROUGH THE FOLLOWERS’ EQUILIBRIUM; AND (II) BACK-PROPAGATING THROUGH
A SAMPLED NASH EQUILIBRIUM ENABLES US TO WORK WITH ARBITRARY EQUILIBRIUM SELEC-
TION PROCEDURES AND MULTIPLE EQUILIBRIA.

In SHORT, WE MAKE SEVERAL CONTRIBUTIONS. FIRST, WE PROVIDE A PROCEDURE FOR DIF-
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FERENTIATING THROUGH A NASH EQUILIBRIUM ASSUMING UNIQUENESS (LATER WE RELAX
THE ASSUMPTION). BECAUSE EACH FOLLOWER MUST SIMULTANEOUSLY BEST RESPOND TO EV-
ERY OTHER FOLLOWER, THE KARUSH-KUHN-TUCKER (KKT) CONDITIONS %> FOR EACH FOL-
LOWER MUST BE SIMULTANEOUSLY SATISFIED. WE CAN THUS DIFFERENTIATE THROUGH THE
SYSTEM OF KKT CONDITIONS AND APPLY THE IMPLICIT FUNCTION THEOREM TO OBTAIN THE
GRADIENT. SECOND, WE RELAX THE UNIQUENESS ASSUMPTION AND EXTEND OUR APPROACH
TO AN ARBITRARY, POTENTIALLY STOCHASTIC, EQUILIBRIUM SELECTION ORACLE. WE FIRST
SHOW THAT GIVEN A STOCHASTIC EQUILIBRIUM SELECTION PROCEDURE, USING OPTIMISTIC
OR PESSIMISTIC ASSUMPTIONS TO SOLVE STACKELBERG GAMES WITH STOCHASTIC EQUILIB-
RIA CAN YIELD PAYOFF TO THE LEADER THAT IS ARBITRARILY WORSE THAN OPTIMAL. T0O
ADDRESS THE ISSUE OF MULTIPLE EQUILIBRIA AND STOCHASTIC EQUILIBRIA, WE FORMALLY
CHARACTERIZE STOCHASTIC EQUILIBRIA WITH A CONCEPT WE CALL EQUILIBRIUM FLOW,
DEFINED BY A PARTIAL DIFFERENTIAL EQUATION. THE EQUILIBRIUM FLOW ENSURES THE
STOCHASTIC GRADIENT COMPUTED FROM THE SAMPLED NASH EQUILIBRIUM IS UNBIASED,
ALLOWING US TO RUN STOCHASTIC GRADIENT DESCENT TO DIFFERENTIATE THROUGH THE
STOCHASTIC EQUILIBRIUM. WE ALSO DISCUSS HOW TO COMPUTE THE EQUILIBRIUM FLOW
EITHER FROM KKT CONDITIONS UNDER CERTAIN SUFFICIENT CONDITIONS OR BY SOLVING
THE PARTIAL DIFFERENTIAL EQUATION. THIS PAPER IS THE FIRST TO GUARANTEE THAT THE
GRADIENT COMPUTED FROM AN ARBITRARY STOCHASTIC EQUILIBRIUM SAMPLED FROM MUL-
TIPLE EQUILIBRIA IS A DIFFERENTIABLE, UNBIASED SAMPLE. THIRD, TO ADDRESS THE CHAL-
LENGE THAT THE FEASIBILITY OF THE LEADER’S STRATEGY MAY DEPEND ON THE EQUILIBRIUM
REACHED BY THE FOLLOWERS (E.G., WHEN A SUBSIDY PAID TO THE FOLLOWERS IS CONDI-
TIONAL ON THEIR ACTIONS AS IN *79*?*%) \WE USE AN AUGMENTED LAGRANGIAN METHOD TO
CONVERT THE CONSTRAINED OPTIMIZATION PROBLEM INTO AN UNCONSTRAINED ONE. THE

LAGRANGIAN METHOD COMBINED WITH OUR UNBIASED NASH EQUILIBRIUM GRADIENT ES-
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TIMATE ENABLES US TO RUN STOCHASTIC GRADIENT DESCENT TO OPTIMIZE THE LEADER’S
PAYOFF WHILE ALSO SATISFYING THE EQUILIBRIUM-DEPENDENT CONSTRAINTS.

WE CONDUCT EXPERIMENTS TO EVALUATE OUR APPROACH IN THREE DIFFERENT MULTI-
FOLLOWER STACKELBERG GAMES: NORMAL-FORM GAMES WITH A LEADER OFFERING SUB-
SIDIES TO FOLLOWERS, STACKELBERG SECURITY GAMES WITH A PLANNER COORDINATING
MULTIPLE DEFENDERS, AND CYBER INSURANCE GAMES WITH AN INSURER AND MULTIPLE CUS-
TOMERS. ACROSS ALL THREE EXAMPLES, THE LEADER’S STRATEGY SPACE IS CONSTRAINED
BY ABUDGET CONSTRAINT THAT DEPENDS ON THE EQUILIBRIUM REACHED BY THE FOLLOW-
ERS. OUR GRADIENT-BASED METHOD PROVIDES A SIGNIFICANTLY HIGHER PAYOFF TO THE
LEADER EVALUATED AT EQUILIBRIUM, COMPARED TO EXISTING APPROACHES WHICH FAIL
TO OPTIMIZE THE LEADER’S UTILITY AND OFTEN PRODUCE LARGE CONSTRAINT VIOLATIONS.
THESE RESULTS, COMBINED WITH OUR THEORETICAL CONTRIBUTIONS, DEMONSTRATE THE
STRENGTH OF OUR END-TO-END GRADIENT DESCENT ALGORITHM IN SOLVING STACKELBERG

GAMES WITH MULTIPLE FOLLOWERS.

10.2 RELATED WORK

STACKELBERG MODELS WITH MULTIPLE FOLLOWERS MULTI-FOLLOWER STACKELBERG
PROBLEMS HAVE RECEIVED A LOT OF ATTENTION IN DOMAINS WITH A HIERARCHICAL LEADER-
FOLLOWER STRUCTURE >3%358:202:289.280 EQR EXAMPLE, MECHANISM AND AUCTION DESIGN
CAN BE FORMULATED AS A STACKELBERG GAME WHERE THE MECHANISM DESIGN IS THE
LEADER AND ALL THE PARTICIPATING AGENTS ARE THE FOLLOWERS '>>'02359345 'THE LEADER
CAN ALSO LEVERAGE MACHINE LEARNING, DATA, AND PREDICTIONS TO DESIGN STRATEGY

TO PLAY AGAINST THE FOLLOWERS >?%3% AND OPTIMIZE THE LEADER’S PAYOFF. HOWEVER,

ALTHOUGH SINGLE-FOLLOWER NORMAL-FORM STACKELBERG GAMES CAN BE SOLVED IN
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POLYNOMIAL TIME '7®#°, THE PROBLEM BECOMES NP-HARD WHEN MULTIPLE FOLLOWERS
ARE PRESENT, EVEN WHEN THE EQUILIBRIUM IS ASSUMED TO BE EITHER OPTIMISTIC OR PES-
SIMISTIC**7°. EXISTING APPROACHES “**® PRIMARILY LEVERAGE THE LEADER-FOLLOWER
STRUCTURE IN A BILEVEL OPTIMIZATION FORMULATION ®®, WHICH CAN BE SOLVED BY RE-
FORMULATING THE FOLLOWERS’ BEST RESPONSE INTO NON-CONVEX STATIONARY AND COM-
PLEMENTARITY CONSTRAINTS IN THE LEADER’S OPTIMIZATION PROBLEM *%7. VARIOUS OP-
TIMIZATION TECHNIQUES, INCLUDING BRANCH-AND-BOUND’° AND MIXED-INTEGER PRO-
GRAMS #°, ARE ADOPTED TO SOLVE THE REFORMULATED PROBLEMS. HOWEVER, THESE RE-
FORMULATION APPROACHES HIGHLY RELY ON WELL-BEHAVED PROBLEM STRUCTURE, WHICH
MAY ENCOUNTER LARGE MIXED INTEGER NON-LINEAR PROGRAMS WHEN THE FOLLOWERS
HAVE NON-QUADRATIC OBJECTIVES. ADDITIONALLY, THESE APPROACHES MOSTLY ASSUME
UNIQUENESS OF EQUILIBRIUM OR A SPECIFIC EQUILIBRIUM CONCEPT, E.G., OPTIMISTIC OR
PESSIMISTIC, WHICH MAY NOT BE FEASIBLE ''5. PREVIOUS WORK ON THE STOCHASTIC EQUI-
LIBRIUM DRAWN FROM MULTIPLE EQUILIBRIA IN STACKELBERG PROBLEMS '¥? MAINLY FO-
CUSES ON THE EXISTENCE OF AN OPTIMAL SOLUTION, WHILE OUR WORK FOCUSES ON AC-
TUALLY SOLVING THE STACKELBERG PROBLEMS TO IDENTIFY THE BEST ACTION FOR THE
LEADER.

IN CONTRAST, OUR APPROACH SOLVES THE STACKELBERG PROBLEM BY DIFFERENTIAT-
ING THROUGH THE EQUILIBRIUM REACHED BY FOLLOWERS TO RUN GRADIENT DESCENT IN
THE LEADER’S PROBLEM. OUR APPROACH ALSO APPLIES TO ANY STOCHASTIC EQUILIBRIUM
DRAWN FROM MULTIPLE EQUILIBRIA BY ESTABLISHING THE UNBIASEDNESS OF THE GRADIENT

COMPUTED FROM A SAMPLED EQUILIBRIUM USING A PARTIAL DIFFERENTIAL EQUATION.

DIFFERENTIABLE OPTIMIZATION WHEN THERE IS ONLY A SINGLE FOLLOWER OPTIMIZ-

ING HIS UTILITY FUNCTION, DIFFERENTIATING THROUGH A NasH EQUILIBRIUM REDUCES
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TO THE FRAMEWORK OF DIFFERENTIABLE OPTIMIZATION *3%' 332 "WHEN THERE ARE TWO
FOLLOWERS WITH CONFLICTING OBJECTIVES (ZERO-SUM), DIFFERENTIATING THROUGH A
NASH EQUILIBRIUM REDUCES TO A DIFFERENTIABLE MINIMAX FORMULATION *°**°*. LASTLY,

WHEN THERE ARE MULTIPLE FOLLOWERS, LI ET AL. '9*

FOLLOW THE SENSITIVITY ANALYSIS
AND VARIATIONAL INEQUALITIES (VIS) LITERATURE >' 39477245 TO EXPRESS A UNIQUE NASH
EQUILIBRIUM AS A FIXED-POINT TO THE PROJECTION OPERATOR IN VIS TO DIFFERENTIATE

THROUGH THE EQUILIBRIUM. LIET AL.'%°

FURTHER EXTEND THE SAME APPROACH TO STRUC-
TURED HIERARCHICAL GAMES. NONETHELESSJ THESE APPROACHES RELY ON THE UNIQUENESS
oF NASH EQUILIBRIUM. In CONTRAST, OUR APPROACH GENERALIZES TO MULTIPLE EQUILIB-

RIA.

10.3 STACKELBERG GAMES WITH A SINGLE LEADER AND MULTIPLE FOLLOWERS

IN THIS PAPER, WE CONSIDER A STACKELBERG GAME COMPOSED OF ONE LEADER AND 7 FOL-
LOWERS. THE LEADER FIRST CHOOSES A STRATEGY 7 € Il THAT SHE ANNOUNCES, THEN
THE FOLLOWERS OBSERVE THE LEADER’S STRATEGY AND RESPOND ACCORDINGLY. WHEN
THE LEADER’S STRATEGY 7 IS DETERMINED, THE FOLLOWERS FORM AN 7-PLAYER SIMULTANE-
OUS GAME WITH 7 FOLLOWERS, WHERE THE /-TH FOLLOWER MINIMIZES HIS OWN OBJECTIVE
FUNCTION f;(2;, 2—;, 7), WHICH DEPENDS ON HIS OWN ACTION z; € Z;, OTHER FOLLOWERS’
ACTIONS Z_; € Z_,, AND THE LEADER’S STRATEGY 7 € I1. WE ASSUME THAT EACH STRAT-
EGY SPACE IS CHARACTERIZED BY LINEAR CONSTRAINTS: Z; = {z; | 4;z; = b;, Giz; < b;}.
WE ALSO ASSUME PERFECT INFORMATION—ALL THE FOLLOWERS KNOW OTHER FOLLOWERS’

UTILITY FUNCTIONS AND STRATEGY SPACES.
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10.3.1 NASH EQUILIBRIA

WE catLz* = {z],23,...,2,} A NASH EQUILIBRIUM IF NO FOLLOWER HAS AN INCENTIVE TO
DEVIATE FROM THEIR CURRENT STRATEGY, WHERE WE ASSUME EACH FOLLOWER MINIMIZES"

HIS OBJECTIVE:

Vi: fi(z], 25, 7m) < filzs, 25, 7) Vz; € Z,. (10.1)

AS SHOWN IN FIGURE 10.1, WHEN THE LEADER’S STRATEGY 7 IS CHOSEN AND PASSED TO AN
7-PLAYER GAME COMPOSED OF ALL FOLLOWERS, WE ASSUME THE FOLLOWERS CONVERGE TO A
NASH EQUILIBRIUM 2*.

IN THE FIRST SECTION, WE ASSUME THERE IS A UNIQUE NASH EQUILIBRIUM RETURNED BY
AN ORACLE 2* = O(7). WE LATER GENERALIZE TO THE CASE WHERE THERE ARE MULTIPLE
EQUILIBRIA WITH A STOCHASTIC EQUILIBRIUM SELECTION ORACLE WHICH RANDOMLY OUT-
PUTS AN EQUILIBRIUM 2 ~ (O(7) DRAWN FROM A DISTRIBUTION WITH PROBABILITY DENSITY

FUNCTION p(-, 7) : Z — R>,.

10.3.2 LEADER’S OPTIMIZATION PROBLEM

WHEN THE LEADER CHOOSES A STRATEGY 77 AND ALL THE FOLLOWERS REACH AN EQUILIB-

* * k
RIUM 2%, THE LEADER RECEIVES A PAYOFF f{2*, 7) AND A CONSTRAINT VALUE ¢(2*, 7). THE
GOAL OF THE STACKELBERG LEADER IS TO CHOOSE AN OPTIMAL 7 TO MAXIMIZE HER UTILITY

WHILE SATISFYING THE CONSTRAINT.

Definition 15 (Stackelberg problems with multiple followers and unique Nash equilibrium). The

leader chooses a strategy w to maximaize ber utility function fsubject to constraints g evaluated at the

“We use minimization formulation to align with the convention in convex optimization. In our experi-
ments, examples of maximization problems are used, but the same approach applies.
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n-player simultaneous move game

[ Follower 1 Follower 2 ]
min f3(z;,z_4,m)) (min f5(z5,z_5, )
1 7 _
Follower i Follower n ; Constraint
min f;(z;,z_;, ®)) \min f,,(z,,, z_,, T g9(z",m)
N

Figure 10.1: Given leader’s strategy 7, followers respond to the leader’s strategy and reach a Nash equilibrium 2*. The
leader’s payoff and the constraint depend on both the leader’s strategy 7 and the equilibrium z*.

unique equilibrium z* induced by an equilibrium oracle O, i.e.,:
max (2", 7) st. 2°=0(7), g, =) <0. (10.2)

THIS PROBLEM IS HARD BECAUSE THE OBJECTIVE f{2*, 7) DEPENDS ON THE NASH EQUI-
LIBRIUM 2" REACHED BY THE FOLLOWERS. MOREOVER, NOTICE THAT THE FEASIBILITY CON-
STRAINT ¢(2*, 7) ALSO DEPENDS ON THE EQUILIBRIUM, WHICH CREATES A COMPLICATED

FEASIBLE REGION FOR THE LEADER’S STRATEGY 7.

10.3.3 GRADIENT DESCENT APPROACH

TO SOLVE THE LEADER’S OPTIMIZATION PROBLEM, WE PROPOSE TO RUN GRADIENT DESCENT
TO OPTIMIZE THE LEADER’S OBJECTIVE. THIs REQUIRES US TO COMPUTE THE FOLLOWING

GRADIENT:

afiz*, =) dz*

I = fz(2", 7) + fz(2", 7) - e (10.3)

THE TERMSfﬁ,ﬂ ABOVE ARE EASY TO COMPUTE SINCE THE PAYOFF FUNCTION fIS EXPLIC-

ITLY GIVEN. THE MAIN CHALLENGE IS TO COMPUTE [?7; BECAUSE IT REQUIRES ESTIMATING

HOW THE NASH EQUILIBRIUM 2* REACHED BY FOLLOWERS RESPONDS TO ANY CHANGE IN THE

223



LEADER’S STRATEGY 7.

10.4 GRADIENT OF UNIQUE NASH EQUILIBRIUM

IN THIS SECTION, WE ASSUME A UNIQUE NasH EQUILIBRIUM REACHED BY FOLLOWERS. Mo-
TIVATED BY THE TECHNIQUE PROPOSED BY AMOs & KOLTER ' I, WE SHOW HOW TO DIFFER-
ENTIATE THROUGH MULTIPLE KKT CONDITIONS TO DERIVE THE DERIVATIVE OF A NASH

EQUILIBRIUM.

10.4.1 DIFFERENTIATING THROUGH KKT CONDITIONS

GIVEN THE LEADER’S STRATEGY 7T, WE EXPRESS THE KKT CONDITIONS OF FOLLOWER 7 WITH

DUAL VARIABLES 1 AND 7] BY:

vz@ﬁ(z?’Z*—z" 7[) + Gz—rlj +Az—'rV? =0
D1aG(1])(Gzf — b)) =0 (10.4)

Az = b;.

WE WANT TO ESTIMATE THE IMPACT OF 7 ON THE RESULTING NASH EQUILIBRIUM 2*. Sup-
POSING THE OBJECTIVE FUNCTIONSﬁ‘ S C2 ARE TWICE-DIFFERENTIABLE, WE CAN COMPUTE

THE TOTAL DERIVATIVE OF THE THE KK'T SYSTEM IN EQUATION 10.4 WRITTEN IN MATRIX

FORM:
- ” -

vi-z.ﬁ vg_,-z,ﬁ GZT A;I' _v%rz;ﬁd” - dGzT ;lj - dAzT v
dz*

D1aG(4))G; 0 DiaG(Gizf — b)) 0 = | —D1ac(4))(dGzF — db,)
dr;
A; 0 0 0 db; — dA;z;

;.
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Follower 1 Follower 1 Follower 1 Follower 1

«[1]0]0 ~[0]17]0 «[0]0]1 [ C 0 | —¢
Z[o]1]0 Z 01 £[1]0 ElC—<c] 0 0
S1010]1 S11/01]0 210110 = 0 C—¢e| —-C
(a) Strategy 1 payoffs (b) Strategy 2 payoffs (c) Strategy 3 payoffs (d) Leader payoffs

Figure 10.2: Payoff matrices from Theorem 18 where the leader has 3 strategies. Follower payoffs for each strategy
in (a)-(c) where both followers receive the same payoff; leader payoffs in (d).

SINCE WE ASSUME THE CONSTRAINT MATRICES ARE CONSTANT, 4G;, db;,dA;, db; CAN BE

IGNORED. WE CONCATENATE THE LINEAR SYSTEM FOR EVERY FOLLOWER 7 AND MOVE d7 TO

THE DENOMINATOR:

3 G' AT| | & —V.F
* * | =
D1aG(A*)G Diag(Gz* —h) 0 = = 0 (10.5)
dav*
4 0 0| |4 0
wHERE F = [(V,A)T, ..., (V./f) |7 15 A COLUMN VECTOR, AND G = D14G(Gy, G, . .., G,), 4 =
D1aG (A1, 4>, ..., A,) ARE THE DIAGONALIZED PLACEMENT OF A LIST OF MATRICES. IN PAR-

TICULAR, THE KKT MATRIX ON THE LEFT-HAND SIDE OF EQUATION 10.§ MATCHES THE SENSI-

TIVITY ANALYSIS OF NASH EQUILIBRIA USING VARIATIONAL INEQUALITIES 7*77.

Proposition 7. When the Nash equilibrium is unique and the KK'T matrix in Equation 10.5 is

invertible, the implicit function theorem holds and % can be uniquely determined by Equation 10.5.

ProrosiTioN 7 ENSURES THE SUFFICIENT CONDITIONS FOR APPLYING EQUATION 10.5 TO

*
COMPUTE % UNDER THESE SUFFICIENT CONDITIONS, WE CAN COMPUTE EQUATION I10.3

USING EQUATION 10.5.
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10.5 GRADIENT OF STOCHASTIC EQUILIBRIUM

IN THE PREVIOUS SECTION, WE SHOWED HOW TO COMPUTE THE GRADIENT OF A Nasu EQUI-
LIBRIUM WHEN THE EQUILIBRIUM IS UNIQUE. HOWEVER, THIS CAN BE RESTRICTIVE BECAUSE
STACKELBERG GAMES WITH MULTIPLE FOLLOWERS OFTEN HAVE MULTIPLE EQUILIBRIA THAT

THE FOLLOWERS CAN STOCHASTICALLY REACH ONE. FOR EXAMPLE, BOTH SELFISH ROUTING

271 115

GAMES IN THE TRAFFIC SETTING AND SECURITY GAMES WITH MULTIPLE DEFENDERS
CAN HAVE MULTIPLE EQUILIBRIA THAT ARE REACHED IN MULTIPLE INDEPENDENT RUNS.

IN THIS SECTION, WE FIRST DEMONSTRATE THE IMPORTANCE OF STOCHASTIC EQUILIB-
RIUM BY SHOWING THAT OPTIMIZING OVER OPTIMISTIC OR PESSIMISTIC EQUILIBRIUM COULD
LEAD TO ARBITRARILY BAD LEADER’S PAYOFF UNDER THE STOCHASTIC SETTING. SECOND, WE
GENERALIZE OUR GRADIENT COMPUTATION TO THE CASE WITH MULTIPLE EQUILIBRIA, AL-
LOWING THE EQUILIBRIUM ORACLE (O TO STOCHASTICALLY RETURN A SAMPLE EQUILIBRIUM

FROM A DISTRIBUTION OF MULTIPLE EQUILIBRIA. LASTLY, WE DISCUSS HOW TO COMPUTE

THE GRADIENT OF DIFFERENT TYPES OF EQUILIBRIA AND ITS LIMITATION.

10.5.1 IMPORTANCE OF STOCHASTIC EQUILIBRIUM

WHEN THE EQUILIBRIUM ORACLE IS STOCHASTIC, OUR STACKELBERG PROBLEM BECOMES A

STOCHASTIC OPTIMIZATION PROBLEM:

Definition 16 (Stackelberg problems with multiple followers and stochastic Nash equilibria). 7The
leader chooses a strategy m to optimize her expected utility and satisfy the constraints in expectation

under a given stochastic equilibrium oracle O:

max [ 257) st R z,7) <0. 10.6
7 z*~0(7r)ﬂ ) z*~O(7) 4 ) (o)
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In PARTICULAR, WE SHOW THAT IF WE IGNORE THE STOCHASTICITY OF EQUILIBRIA BY
SIMPLY ASSUMING OPTIMISTIC OR PESSIMISTIC EQUILIBRIA, THE LEADER’S EXPECTED PAYOFF

CAN BE ARBITRARILY WORSE THAN THE OPTIMAL ONE.

Theorem 18. Assuming the followers stochastically reach a Nash equilibrium drawn from a distri-
bution over all equilibria, solving a Stackelberg game under the assumptions of optimistic or pessimistic

equilibrium can give the leader expected payoff that is arbitrarily worse than the optimal one.

Proof. We consider a Stackelberg game with one leader and two followers (row and column player)
with no constraint. The leader can choose 3 different strategies, each corresponding to a payoft ma-
trix in Figure 10.2(a)-10.2(c), where both followers receive the same payoft in the entry when they
choose the corresponding row and column. In each payoft matrix, there are three pure Nash equi-
libria; we assume the followers reach any of them uniformly at random. After the followers reach a
Nash equilibrium, the leader receives the corresponding entry in the payoff matrix in Figure ro0.2(d).
Under the optimistic assumption, the leader would choose strategy 1, expecting followers to
break the tie in favor of the leader, yielding payoff C. Instead, the three followers select a Nash equi-
libria uniformly at random, yielding expected payoft %_C = 0. Under the pessimistic assump-
tion, the leader chooses strategy 2, anticipating and receiving an expected payoft of zero. Under the
correct stochastic assumption, she chooses strategy 3 with expected payoft Coetloe—e _ %C —e>

3

0, which can be arbitrarily higher than the optimistic or pessimistic payoft when C — oo. O

THEOREM 18 JUSTIFIES WHY WE NEED TO WORK ON STOCHASTIC EQUILIBRIUM WHEN THE
EQUILIBRIUM IS DRAWN STOCHASTICALLY IN DEFINITION 16. IN THE FOLLOWING SECTION,
WE SHOW HOW TO APPLY GRADIENT DESCENT TO OPTIMIZE THE LEADER’S PAYOFF BY DIFFER-

ENTIATING THROUGH FOLLOWERS’ EQUILIBRIA WITH A STOCHASTIC ORACLE.
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10.5s.2 EQUILIBRIUM FLOW AND UNBIASED GRADIENT ESTIMATE

OUR GOAL IS TO COMPUTE THE GRADIENT OF THE OBJECTIVE IN EQUATION 10.6: - Egn0(n) 125, 7).
HOWEVER, SINCE THE DISTRIBUTION OF THE ORACLE O(7) CAN ALSO DEPEND ON 7, WE CAN-
NOT EASILY EXCHANGE THE GRADIENT OPERATOR INTO THE EXPECTATION.
TO ADDRESS THE DEPENDENCY OF THE ORACLE O(7) ON 7, WE USE (2, ) TO REPRESENT
THE PROBABILITY DENSITY FUNCTION OF THE ORACLE 2 ~ (O(7) FOR EVERY 7. WE WANT TO
STUDY HOW THE ORACLE DISTRIBUTION CHANGES AS THE LEADER’S STRATEGY 77 CHANGES,
WHICH WE DENOTE BY ¢quilibrium flow AS DEFINED BY THE FOLLOWING PARTIAL DIFFEREN-

TIAL EQUATION:

Definition 17 (Equilibrium Flow). We call v(z, 7) the equilibrium flow of the oracle O with proba-

bility density function p(2, ) if v(2, ) satisfies the following equation:

;fp(z, 7) = —V, - (p(z, T)o(z, 7). (107)

THIS DIFFERENTIAL EQUATION IS SIMILAR TO MANY DIFFERENTIAL EQUATIONS OF VARI-
OUS CONSERVATION LAWS, WHERE Z)(Z, 72’) SERVES AS A VELOCITY TERM TO CHARACTERIZE
THE MOVEMENT OF EQUILIBRIA. IN THE FOLLOWING THEOREM, WE USE THE EQUILIBRIUM

FLOW v(2, 7) TO ADDRESS THE DEPENDENCY OF O(7) ON 7.
Theorem 19. Ifv(2*, 7) is the equilibrium flow of the stochastic equilibrinm oracle O(7), we have:

d
s E )f(z*7 7[) =

d?[ Z*No(n' *N%(z) [f”(z*7 7f) +ﬁ(z*7 7[) ’ U(z*, 7[)] . (10.8)

k4
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Proof sketch. To compute the derivative on the left-hand side, we can expand the expectation by:

4 E )ﬂz*,ﬁ) = ;ﬁr/ﬂz, 7)p(2, 7)dz

dnw *~O(m

= /p(z, ”)jﬁﬂz’ ™) + flz, ﬁ)aaﬁp(z, 7)dz
= Z*N[%(”)fﬂ(z*, 7) + /ﬂz, ﬁ)grp(z, 7)dz. (10.9)

We substitute the term (%p = —V, - (p - v) by the definition of equilibrium flow, and apply inte-
gration by parts and Stokes’ theorem" to the right-hand side of Equation 10.9 to get Equation 10.8.

More details can be found in the appendix.

THEOREM 19 EXTENDS THE DERIVATIVE OF Nasu EQUILIBRIUM TO THE CASE OF STOCHAS-
TIC EQUILIBRIUM RANDOMLY DRAWN FROM MULTIPLE EQUILIBRIA. SPECIFICALLY, EQUA-
TION 10.9 OFFERS AN EFFICIENT UNBIASED GRADIENT ESTIMATE BY SAMPLING AN EQUI-
LIBRIUM FROM THE STOCHASTIC ORACLE TO COMPUTE THE RIGHT-HAND SIDE OF EQUA-
TION 10.9. THEOREM 19 ALSO MATCHES TO EQUATION 10.3, WHERE THE ROLE OF EQUILIB-

.
RIUM FLOW v(2", 7) COINCIDES WITH THE ROLE OF % IN EQUATION 10.3.

10.5.3 How To DETERMINE EQUILIBRIUM FLOW

THE ONLY REMAINING QUESTION IS HOW TO DETERMINE THE EQUILIBRIUM FLOW. GIVEN

THE LEADER’S STRATEGY 7, THERE ARE TWO TYPES OF EQUILIBRIA: (I) ISOLATED EQUILIBRIA
AND (II) NON-ISOLATED EQUILIBRIA. WE FIRST SHOW THAT THE SOLUTION TO EQUATION 10.5§
MATCHES THE EQUILIBRIUM FLOW FOR EVERY EQUILIBRIUM IN CASE (I) WHEN THE PROBABIL-

ITY OF SAMPLING THE EQUILIBRIUM IS LOCALLY FIXED.

"The analysis of integration by parts and Stokes’ theorem applies to both Riemann and Lebesgue inte-
gral. Lebesgue integral is needed when the set of equilibria forms a measure-zero set.
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Theorem 20. Given the leader’s strategy mw and a sampled equilibrium 2, if (1) the KK'T matrix at
(2, 7) is invertible and (2) the equilibrinm 2 is sampled with a fixed probability locally, the solution to
Equation 10.5 is a homogeneous solution to Equation 10.7 and matches the equilibrium flow v(7, z)

locally.

THEOREM 20 ENSURES THAT WHEN THE SAMPLED EQUILIBRIUM BEHAVES LIKE A UNIQUE
EQUILIBRIUM LOCALLY, THE SOLUTION TO EQUATION 10.§ MATCHES THE EQUILIBRIUM FLOW
OF THE SAMPLED EQUILIBRIUM. In PARTICULAR, THEOREM 20 DOES NOT REQUIRE ALL EQUI-
LIBRIA ARE ISOLATED; IT WORKS AS LONG AS THE SAMPLED EQUILIBRIUM SATISFIES THE SUF-
FICIENT CONDITIONS. IN CONTRAST, THE STUDY IN MULTIPLE EQUILIBRIA REQUIRES GLOBAL
ISOLATION FOR THE ANALYSIS TO WORK. TOGETHER WITH THEOREM 19, WE CAN USE THE
SOLUTION TO EQUATION I10.5 AS AN UNBIASED EQUILIBRIUM GRADIENT ESTIMATE AND RUN
STOCHASTIC GRADIENT DESCENT ACCORDINGLY.

LASTLY, WHEN THE SUFFICIENT CONDITIONS IN THEOREM 20 ARE NOT SATISFIED, E.G.,
THE KKT MATRIX BECOMES SINGULAR FOR ANY NON-ISOLATED EQUILIBRIUM, THE SOLUTION
TO EQUATION 10.§ DOES NOT MATCH THE EQUILIBRIUM FLOW U(Z, 7[) IN THIS CASE, TO COM-
PUTE THE EQUILIBRIUM FLOW CORRECTLY, WE RELY ON SOLVING THE PARTIAL DIFFERENTIAL
EQUATION IN EQUATION 10.7. IF THE PROBABILITY DENSITY FUNCTIONP(Z, 7[) IS EXPLICITLY
GIVEN, WE CAN DIRECTLY SOLVE EQUATION 10.7 TO DERIVE THE EQUILIBRIUM FLOW. Ir THE
PROBABILITY DENSITY FUNCTIONP(Z, 72') IS NOT GIVEN, WE CAN USE THE EMPIRICAL EQUILIB-
RIUM DISTRIBUTIONp/ (Z, 77) CONSTRUCTED FROM THE HISTORICAL EQUILIBRIUM SAMPLES OF
THE ORACLE INSTEAD.

In PRACTICE, WE HYPOTHESIZE THAT EVEN IF THE EQUILIBRIA ARE NOT ISOLATED AND
THE CORRESPONDING KK'T MATRICES ARE SINGULAR, SOLVING DEGENERATED VERSION
OF EQUATION 10.5 STILL SERVES AS A GOOD APPROXIMATION TO THE EQUILIBRIUM FLOW.

THEREFORE, WE STILL USE THE SOLUTION TO EQUATION I1I0.5 AS AN APPROXIMATE OF THE
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EQUILIBRIUM FLOW IN THE FOLLOWING SECTIONS AND ALGORITHMS.

10.6 GRADIENT-BASED ALGORITHM AND AUGMENTED LAGRANGIAN METHOD

TO SOLVE BOTH THE OPTIMIZATION PROBLEMS IN DEFINITION 15 AND DEFINITION 16, WE
IMPLEMENT OUR ALGORITHM WITH (I) STOCHASTIC GRADIENT DESCENT WITH UNBIASED
GRADIENT ACCESS, AND (II) AUGMENTED LAGRANGIAN METHOD TO HANDLE THE EQUILIBRIUM-
DEPENDENT CONSTRAINTS. WE USE THE RELAXATION ALGORITHM >°7 AS OUR EQUILIBRIUM
ORACLE 0. THE RELAXATION ALGORITHM IS A CLASSIC EQUILIBRIUM FINDING ALGORITHM
THAT ITERATIVELY UPDATES AGENTS’ STRATEGIES BY BEST RESPONDING TO OTHER AGENTS’
STRATEGIES UNTIL CONVERGENCE WITH GUARANTEES 77,

SINCE THE LEADER’S STRATEGY 7 IS CONSTRAINED BY THE FOLLOWERS’ RESPONSE, WE
ADOPT AN AUGMENTED LAGRANGIAN METHOD *> TO CONVERT THE CONSTRAINED PROB-
LEM TO AN UNCONSTRAINED ONE WITH A LAGRANGIAN OBJECTIVE. WE INTRODUCE A SLACK
VARIABLES > 0 TO CONVERT INEQUALITY CONSTRAINTS INTO EQUALITY CONSTRAINTS
Ez~O(x) ¢(2*,m) + s = 0. THUS, THE PENALIZED LAGRANGIAN CAN BE WRITTEN AS:

2
L(m,s5;4)=— E A" 7))+ 2T R g2, 7)) +5)+ s E g, 7)+s
z*~O(7) z*~O(7) 2 z*~O(m)

(10.10)

WE RUN GRADIENT DESCENT ON THE MINIMIZATION PROBLEM OF THE PENALIZED LAGRANGIAN
L(7,s; 1) AND UPDATE THE LAGRANGIAN MULTIPLIERS A EVERY FIXED NUMBER OF ITERA-
TIONS, AS DESCRIBED IN ALGORITHM I11. THE STOCHASTIC STACKELBERG PROBLEM WITH
MULTIPLE FOLLOWERS CAN BE SOLVED BY RUNNING STOCHASTIC GRADIENT DESCENT WITH
AUGMENTED LAGRANGIAN METHODS, WHERE THEOREM 19 ENSURES THE UNBIASEDNESS OF

THE STOCHASTIC GRADIENT ESTIMATE UNDER THE CONDITIONS IN THEOREM 20.
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Algorithm 11: Augmented Lagrangian Method

1 Initialization: 7 = 7, learning rate y, multipliers 1 = 1, slack variable
5> 0,K =100
2 for iteration in {1,2, ... } do
3 Define the objective to be Lagrangian £(7, s; 1) defined in Equation 10.10
4 Compute a sampled gradient of £ by sampling z* ~ O(z). Compute % by
Equation 10.5
5 Update 7 = 7 — y(%5 + 954 s — max{s — y%=, 0}
6 if iteration is a multiple of K then
7 L Update A = 1 — u(g(z*, 7) +5)

s Return: leader’s strategy 7

107 EXAMPLE APPLICATIONS

WE BRIEFLY DESCRIBE THREE DIFFERENT STACKELBERG GAMES WITH ONE LEADER AND MUL-
TIPLE SELF-INTERESTED FOLLOWERS. SPECIFICALLY, NORMAL-FORM GAMES WITH RISK PENALTY

HAS A UNIQUE NasH EQUILIBRIUM, WHILE OTHER EXAMPLES CAN HAVE MULTIPLE.

10.7.1 COORDINATION IN NORMAL-FORM GAMES

A NORMAL-FORM GAME (NFG) IS COMPOSED OF 7z FOLLOWER PLAYERS EACH WITH A PAYOFF
MATRIX U; € R”> %" gOR ALL7 € [n], WHERE THE /-TH PLAYER HAS 772; AVAILABLE PURE
STRATEGIES. THE SET OF ALL FEASIBLE MIXED STRATEGIES OF PLAYER 718 2; € Z;, = {2z €
[0,1]” | 1Tz = 1}. ON THE OTHER HAND, THE LEADER CAN OFFER NON-NEGATIVE SUBSIDIES
T € IR{?OX'"X”‘” TO EACH PLAYER 7 TO REWARD SPECIFIC COMBINATIONS OF PURE STRATE-
GIES. THE SUBSIDY SCHEME IS USED TO CONTROL THE PAYOFF MATRIX AND INCENTIVIZE THE
PLAYERS TO CHANGE THEIR STRATEGIES.

ONCE THE SUBSIDY SCHEME 7 IS DETERMINED, EACH PLAYER 7 CHOOSES A STRATEGY z;

AND RECEIVES THE EXPECTED PAYOFF U;(2) AND SUBSIDY 7;(2), SUBTRACTING A PENALTY
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TERM H(z;) = Zj. 2;10g 2, THE GIBBS ENTROPY OF THE CHOSEN STRATEGY 2; TO REPRE-
SENT THE RISK AVERSION OF PLAYER 7. SINCE THE FOLLOWERS’ OBJECTIVES ARE CONCAVE,
THE RISK AVERSION MODEL YIELDS A UNIQUE NASH EQUILIBRIUM, WHICH IS KNOWN TO BE
QUANTAL RESPONSE EQUILIBRIUM (QRE)*'+*°°. LASTLY, THE LEADER’S PAYOFF IS GIVEN BY
THE SOCIAL WELFARE ACROSS ALL PLAYERS, WHICH IS THE SUMMATION OF THE EXPECTED
PAYOFFS WITHOUT SUBSIDIES: »  U;(2). THE SUBSIDY SCHEME IS SUBJECT TO A BUDGET

i€[n]
CONSTRAINT B ON THE TOTAL SUBSIDY PAID TO ALL PLAYERS.

10.7.2 SECURITY GAMES WITH MULTIPLE DEFENDERS

STACKELBERG SECURITY GAMES (SSGS) MODEL A DEFENDER PROTECTING A SET OF TARGETS
T FROM BEING ATTACKED. WE CONSIDER A SCENARIO WITH A LEADER COORDINATOR AND 7
NON-COOPERATIVE FOLLOWER DEFENDERS EACH PATROLLING A SUBSET 7; C 7 OF THE TAR-
GETS'"S. EACH DEFENDER 7 CAN DETERMINE THE PATROL EFFORT SPENT ON PROTECTING THE
DESIGNATED TARGETS. WE USEQ < z;;, < 1 TO DENOTE THE EFFORT SPENT ON TARGET ¢ € T
AND THE TOTAL EFFORT IS UPPER BOUNDED BY /;. DEFENDER 7 ONLY RECEIVES A PENALTY
U;; < 0 WHEN TARGET ¢ € T; IN HER PROTECTED REGION IS ATTACKED BUT UNPROTECTED
BY ALL DEFENDERS, AND 0 OTHERWISE.

BECAUSE THE DEFENDERS ARE INDEPENDENT, THE PATROL STRATEGIES 2 CAN OVERLAP,
LEADING TO A MULTIPLICATIVE UNPROTECTED PROBABILITY | [(1 — z[,t) OF TARGET ¢. GIVEN

;

THE UNPROTECTED PROBABILITIES, ATTACKS OCCUR UNDER A DISTRIBUTION p € Rm,
WHERE THE DISTRIBUTION p IS A FUNCTION OF THE UNPROTECTED PROBABILITIES DEFINED
BY A QUANTAL RESPONSE MODEL. TO ENCOURAGE COLLABORATION, THE LEADER COORDI-
NATOR CAN SELECTIVELY PROVIDE REIMBURSEMENT 7;; > 0 TO ALLEVIATE DEFENDER 7’S
LOSS WHEN TARGET # IS ATTACKED BUT UNPROTECTED, WHICH ENCOURAGES THE DEFENDER

TO FOCUS ON PROTECTING SPECIFIC REGIONS, REDUCING WASTED EFFORT ON OVERLAPPING
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PATROLS. THE LEADER’S GOAL IS TO PROTECT ALL TARGETS, WHERE THE LEADER’S OBJEC-

TIVE IS THE TOTAL RETURN ACROSS OVER ALL TARGETS » , Up, [[(1 — z;,). LASTLY, THE

eT i
REIMBURSEMENT SCHEME 77 MUST SATISFY A BUDGET CONSTRAINT 5 ON THE TOTAL PAID

REIMBURSEMENT.

10.7.3 CYBER INSURANCE GAMES WITH MULTIPLE CUSTOMERS

WE ADOPT THE CYBER INSURANCE MODEL PROPOSED BY NAGHIZADEH ET AL.>*

AND JOHN-
SON ET AL. "% TO STUDY HOW AGENTS IN AN INTERCONNECTED CYBER SECURITY NETWORK
MAKE DECISIONS, WHERE AGENTS DECISIONS JOINTLY AFFECT EACH OTHER’S RISK. THERE
ARE 77 AGENTS (FOLLOWERS) FACING MALICIOUS CYBERATTACKS. EACH AGENT 7 CAN DEPLOY
AN EFFORT OF PROTECTION g; € R>( TO HIS COMPUTER SYSTEM, WHERE INVESTING IN PRO-
TECTION INCURS A LINEAR COST ¢;2z;. GIVEN THE EFFORTS 2 SPENT BY ALL THE AGENTS, THE

n
JOINT PROTECTION OF AGENT 718 Z Wyiz; WITH AN INTERCONNECTED EFFECT PARAMETER-

j=1
IZED BY WEIGHTS JJ/ = {wl]-},»Je[n]. THE PROBABILITY OF BEING ATTACKED IS MODELED BY
o(— i wiz; + L;), WHERE o' IS THE SIGMOID FUNCTION AND L; REFERS TO THE VALUE OF

j=1
AGENT 7.

THE STACKELBERG LEADER IS AN EXTERNAL INSURER WHO CAN CUSTOMIZE INSURANCE
PLANS TO INFLUENCE AGENTS’ PROTECTION DECISIONS. THE LEADER CAN SET AN INSURANCE
PLAN 7 = {1,-, f’l'}z’e [z] TO AGENT 7, WHERE p, IS THE PREMIUM PAID BY AGENT 7 TO RECEIVE
COMPENSATION /; WHEN ATTACKED. UNDER THE INSURANCE PLANS AND THE INTERCON-
NECTED EFFECT, AGENTS SELFISHLY DETERMINE THEIR EFFORT SPENT ON THE PROTECTION
2 TO MAXIMIZE THEIR PAYOFF. ON THE OTHER HAND, THE LEADER’S OBJECTIVE IS THE TO-
TAL PREMIUM SUBTRACTING THE COMPENSATION PAID, WHILE THE CONSTRAINTS ON THE

FEASIBLE INSURANCE PLANS ARE THE INDIVIDUAL RATIONALITY OF EACH CUSTOMER, L.E.,

THE COMPENSATION AND PREMIUM MUST INCENTIVIZE AGENTS TO PURCHASE THE INSUR-
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Figure 10.3: We plot the solution quality of the Stackelberg problems with multiple followers. In all three domains, our
gradient-based method achieves significantly higher objective than all other approaches. In NFGs and SSGs, the base-
lines cannot meaningfully improve upon the default strategy of the leader’s initialization due to the high dimensionality
of the parameter 7; in cyber insurance games, SLSQP and reformulation both make some progress but still mostly with
lower utility.
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Figure 10.4: We plot the average budget constraint violation. Our gradient-based approach maintains low violation
across all settings. SLSQP produces no violation in the first two domains because it fails to provide any meaningful
improvement against the leader’s initialization. Other baselines violate constraints more despite less performance im-
provement.

ANCE PLAN BY MAKING THE PAYOFF WITH INSURANCE NO WORSE THAN THE PAYOFF WITH-
OUT. THESE CONSTRAINTS RESTRICT THE PREMIUM AND COMPENSATION OFFERED BY THE

INSURER.

10.8 EXPERIMENTS AND DISCUSSION

WE COMPARE OUR GRADIENT-BASED ALGORITHM 11 (gradient) AGAINST VARIOUS BASELINES
IN THE THREE SETTINGS DESCRIBED ABOVE. IN EACH EXPERIMENT, WE EXECUTE 30 INDEPEN-
DENT RUNS (100 RUNS FOR SSGS) UNDER DIFFERENT RANDOMLY GENERATED INSTANCES. WE

RUN ALGORITHM 11 WITH LEARNING RATE Y= 0.01 rFor 5,000 GRADIENT STEPS AND UPDATE
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THE LAGRANGE MULTIPLIERS EVERY K = 100 ITERATIONS. OUR GRADIENT-BASED METHOD
COMPLETES IN ABOUT AN HOUR ACROSS ALL SETTINGS—REFER TO THE APPENDIX FOR MORE

DETAILS.

BASELINES WE COMPARE AGAINST SEVERAL BASELINES THAT CAN SOLVE THE STOCHAS-
TIC STACKELBERG PROBLEM WITH MULTIPLE FOLLOWERS WITH EQUILIBRIUM-DEPENDENT
OBJECTIVE AND CONSTRAINTS. IN PARTICULAR, GIVEN THE NON-CONVEXITY OF AGENTS’ OB-
JECTIVE FUNCTIONS, SSGS AND CYBER INSURANCE GAMES CAN HAVE MULTIPLE, STOCHASTIC
EQUILIBRIA. OUR FIRST BASELINE IS THE LEADER’S initial STRATEGY 7, WHICH IS A NAIVE
ALL-ZERO STRATEGY IN ALL THREE SETTINGS. BLACKBOX OPTIMIZATION BASELINES INCLUDE
SEQUENTIAL LEAST SQUARES PROGRAMMING (SLSQP) 178 AND THE trust-region METHOD 7%,
WHERE THE EQUILIBRIUM ENCODED IN THE OPTIMIZATION PROBLEM IS TREATED AS A BLACK-
BOX THAT NEEDS TO BE REPEATEDLY QUERIED. Reformulation-BASED ALGORITHM #%2° Is
THE STATE-OF-THE-ART METHOD TO SOLVE STACKELBERG GAMES WITH MULTIPLE FOLLOW-
ERS. THIS APPROACH REFORMULATES THE FOLLOWERS’ EQUILIBRIUM CONDITIONS INTO
NON-LINEAR COMPLEMENTARY CONSTRAINTS AS A MATHEMATICAL PROGRAM WITH EQUILIB-
RIUM CONSTRAINTS *°5, THEN SOLVES THE PROBLEM USING BRANCH-AND-BOUND AND MIXED
INTEGER NON-LINEAR PROGRAMMING (WE USE A COMMERCIAL SOLVER, KNITRO 23%). THE
REFORMULATION-BASED APPROACH CANNOT HANDLE ARBITRARY STOCHASTIC EQUILIBRIA
BUT CAN HANDLE OPTIMISTIC OR PESSIMISTIC EQUILIBRIA. WE IMPLEMENT THE OPTIMISTIC
VERSION OF THE REFORMULATION AS OUR BASELINE, WHICH COULD POTENTIALLY SUFFER

FROM A PERFORMANCE DROP AS EXEMPLIFIED IN THEOREM 18.
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10.8.1 SOLUTION QUALITY

IN FIGURE 10.3(A) AND 10.3(B), WE PLOT THE LEADER’S OBJECTIVE ()-AXIS) VERSUS VARIOUS
BUDGETS FOR THE PAID SUBSIDY (¥-AXIS). FIGURE 10.3(C), SHOWS THE TOTAL REVENUE TO
THE INSURER ()-AXIS) VERSUS THE RISK AVERSION OF AGENTS (x-AXIS). DENOTING THE NUM-
BER OF AGENTS BY #Z AND THE NUMBER OF ACTIONS PER AGENT BY m, WEHAVE 7z = 3,5,10
AND m = 10, 50,1 1N NFGs, SSGs, AND CYBER INSURANCE GAMES, RESPECTIVELY.

OUR OPTIMIZATION BASELINES PERFORM POORLY IN FIGURE 10.3(A) AND 10.3(B) DUE TO
THE HIGH DIMENSIONALITY OF THE ENVIRONMENT PARAMETER 7 IN NFGs (dim(7) = nm")
AND SSGs (dim(7r) = mm), RESPECTIVELY. IN FIGURE 10.3(C), THE DIMENSIONALITY OF CY-
BER INSURANCE GAMES (dim(7) = 27)Is SMALLER, WHERE WE CAN SEE THAT SLSQP aND
REFORMULATION-BASED APPROACHES START MAKING SOME PROGRESS, BUT STILL LESS THAN
OUR GRADIENT-BASED APPROACH. THE MAIN REASON THAT BLACKBOX METHODS DO NOT
WORK IS DUE TO THE EXPENSIVE COMPUTATION OF NUMERICAL GRADIENT ESTIMATES. ON
THE OTHER HAND, REFORMULATION METHOD FAILS TO HANDLE THE MIXED-INTEGER NON-
LINEAR PROGRAMMING PROBLEM REFORMULATED FROM FOLLOWERS’ BEST RESPONSE AND

THE CONSTRAINTS WITHIN A DAY.

10.8.2 CONSTRAINT VIOLATION

IN FIGURE 10.4, WE PROVIDE THE AVERAGE CONSTRAINT VIOLATION ACROSS DIFFERENT
SETTINGS. BLACKBOX OPTIMIZATION ALGORITHMS EITHER BECOME STUCK AT THE INITIAL
POINT DUE TO THE INEXACT NUMERICAL GRADIENT ESTIMATE OR CREATE LARGE CONSTRAINT
VIOLATIONS DUE TO THE COMPLEXITY OF EQUILIBRIUM-DEPENDENT CONSTRAINTS. THE
REFORMULATION APPROACH ALSO CREATES LARGE CONSTRAINT VIOLATIONS DUE TO THE

DIFFICULTY OF HANDLING LARGE NUMBER OF NON-CONVEX FOLLOWERS’ CONSTRAINTS UN-
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DER HIGH-DIMENSIONAL LEADER’S STRATEGY. IN COMPARISON, OUR METHOD CAN HANDLE
EQUILIBRIUM-DEPENDENT CONSTRAINTS BY USING AN AUGMENTED LAGRANGIAN METHOD
WITH AN ABILITY TO TIGHTEN THE BUDGET CONSTRAINT VIOLATION UNDER A TOLERANCE
AS SHOWN. ALTHOUGH FIGURE 10.4 ONLY PLOTS THE BUDGET CONSTRAINT VIOLATION, IN
OUR ALGORITHM, WE ENFORCE THAT THE EQUILIBRIUM ORACLE RUNS UNTIL THE EQUILIB-
RIUM CONSTRAINT VIOLATION IS WITHIN A SMALL TOLERANCE 10_6, WHEREAS OTHER ALGO-

RITHMS SOMETIMES FAIL TO SATISFY SUCH EQUILIBRIUM CONSTRAINTS.

10.9 CONCLUSION

IN THIS PAPER, WE PRESENT A GRADIENT-BASED APPROACH TO SOLVE STACKELBERG GAMES
WITH MULTIPLE FOLLOWERS BY DIFFERENTIATING THROUGH FOLLOWERS’ EQUILIBRIUM TO
UPDATE THE LEADER’S STRATEGY. OUR APPROACH GENERALIZES TO STOCHASTIC GRADIENT
DESCENT WHEN THE EQUILIBRIUM REACHED BY FOLLOWERS IS STOCHASTICALLY CHOSEN
FROM MULTIPLE EQUILIBRIA. WE ESTABLISH THE UNBIASEDNESS OF THE STOCHASTIC GRADI-
ENT BY THE EQUILIBRIUM FLOW DERIVED FROM A PARTIAL DIFFERENTIAL EQUATION. To oUur
KNOWLEDGE, THIS WORK IS THE FIRST TO ESTABLISH THE UNBIASEDNESS OF GRADIENT COM-
PUTED FROM STOCHASTIC SAMPLE OF MULTIPLE EQUILIBRIA. EMPIRICALLY, WE IMPLEMENT
OUR GRADIENT-BASED ALGORITHM ON THREE DIFFERENT EXAMPLES, WHERE OUR METHOD

OUTPERFORMS EXISTING OPTIMIZATION AND REFORMULATION BASELINES.
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EQUILIBRIUM REFINEMENT IN SECURITY
GAMES WITH ARBITRARY SCHEDULING

CONSTRAINTS

11.1 INTRODUCTION

STACKELBERG SECURITY GAMES (SSG) HAVE BEEN SUCCESSFULY APPLIED IN A VARIETY OF
DOMAINS TO OPTIMIZE THE USE OF LIMITED SECURITY RESOURCES AGAINST A STRATEGIC AD-
VERSARY, WITH EXAMPLES SUCH AS ARMOR FOR AIRPORT SECURITY ***, IRIS FOR SECURITY

OF FLIGHTS '#°, PORTS *®! AND BORDER ’%'7> PATROLLING, TRAFFIC ENFORCEMENT 09268

AND
TRANSIT NETWORK >'®. IN SSG, THE DEFENDER (SECURITY AGENCIES) PROTECTS TARGETS US-
ING LIMITED SECURITY RESOURCES, BUT ALLOCATION OF RESOURCES TO TARGETS MUST OBEY
MANY SCHEDULING CONSTRAINTS. FOR EXAMPLE, SOME RESOURCES MAY BE PROHIBITED
FROM BEING ASSIGNED TO CERTAIN TARGETS OR MAY BE ABLE TO COVER SEVERAL TARGETS
AT THE SAME TIME. AFTER CONDUCTING SURVEILLANCE OF THE DEFENDER STRATEGY, THE
STRATEGIC ATTACKER (TERRORISTS/CRIMINALS) MAY RESPOND WITH AN OPTIMAL ATTACK.
THE STANDARD SOLUTION CONCEPT ADOPTED BY SSG 1S THE STRONG STACKELBERG EQUI-
LIBRIUM (SSE) 89375 | SIGNIFICANT RESEARCH IN SSG HAS FOCUSED ON PROVIDING EFFICIENT

ALGORITHMS TO COMPUTE SSE UNDER VARIOUS CONSTRAINTS '4>*%>. RECENTLY, SIGNIFI-

CANT RESEARCH EFFORTS HAVE FOCUSED ON DEVISING STRATEGIES THAT PERFORM WELL
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EVEN UNDER UNCERTAINTY IN THE ADVERSARY BEHAVIOR. FOR EXAMPLE, >*3® INVESTIGATE
ADVERSARY BOUNDED RATIONALITY, 5" CONSIDERS EXECUTION UNCERTAINTY, AND 353 FO-
CUSES ON OBSERVATIONAL UNCERTAINTY. IN MOST OF THESE FRAMEWORKS, THE DEFENDER
EITHER PAYS A PRICE OR SLIGHTLY SACRIFICES HER FIRST PRIORITY TARGET TO ENSURE RO-
BUSTNESS AGAINST UNPREDICTABILITY IN THE ADVERSARY’S BEHAVIOR. HOWEVER, EQUILIB-
RIUM REFINEMENT 1S AN ATTRACTIVE ALTERNATIVE TO PROVIDE ROBUSTNESS AT NO COST
BY CHOOSING, AMONG ALL SSES, THE ONE THAT PERFORMS BEST IN ALL POSSIBLE EVENTS
ALTHOUGH IT HAS NOT RECEIVED AS MUCH ATTENTION IN THE SECURITY GAME LITERATURE.
IN MOST REAL-WORLD APPLICATIONS, SECURITY RESOURCES MUST BE ALLOCATED IN THE

PRESENCE OF SCHEDULING CONSTRAINTS. THIS IS THE CASE FOR EXAMPLE OF THE FEDERAL

146 168,272

AIR MARSHAL SERVICE '#°, CYBER SECURITY >335 NETWORK SECURITY , AND MORE
GENERALLY IN DOMAINS WHERE SECURITY RESOURCES EXHIBIT PROTECTION EXTERNALI-
TIES ''3%4. YET, EXISTING ALGORITHMS FOR EQUILIBRIUM REFINEMENT IN SECURITY GAMES
DO NOT APPLY IN THE PRESENCE OF SUCH CONSTRAINTS. THE PRESENCE OF SCHEDULING
CONSTRAINTS COMPLICATES THE PROBLEM OF EQUILIBRIUM REFINEMENT SIGNIFICANTLY,
SINCE MULTIPLE EQUILIBRIA ARE THE NORM FOR SECURITY GAMES WITH SCHEDULES, AND
EVEN FINDING AN ARBITRARY SSE'7° 1S ALREADY A CHALLENGING TASK AND PREVENTS THE
ADOPTION OF EXISTING TECHNIQUES '°> IN OUR PROBLEM. 1O THE BEST OF OUR KNOWL-
EDGE, THE ONLY PAPER TO INVESTIGATE THE PROBLEM OF EQUILIBRIUM REFINEMENT UN-
DER SCHEDULING CONSTRAINTS IS”3, WHEREIN A HEURISTIC ALGORITHM IS PROPOSED TO
CONDUCT EQUILIBRIUM REFINEMENT IN THE SPATIO-TEMPORAL DOMAIN. WHILE THE PAPER
PROVIDES A SIGNIFICANT STEP IN OUR RESEARCH DIRECTION, IT ONLY ADDRESSES A SPECIAL
CASE OF SCHEDULING CONSTRAINTS. IN FACT, WE ARE NOT AWARE OF ANY ALGORITHM THAT

CAN CATER FOR ARBITRARY SCHEDULING CONSTRAINTS IN SECURITY GAMES TO PROVIDE AN

OPTIMAL REFINED EQUILIBRIUM.
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IN THIS PAPER, WE FOCUS ON THE EQUILIBRIUM REFINEMENT ON SECURITY PROBLEMS
wITH ARBITRARY SCHEDULES (SPARS)'4° | WHERE WE ASSIGN EACH RESOURCE TO COVER
ONE SCHEDULE AND EACH SCHEDULE CAN COVER MULTIPLE TARGETS. WE FOLLOW THE SAME
DOMINANCE CRITERIA MENTIONED IN "> AND INTRODUCE A COUNTEREXAMPLE SHOWING
THAT IN THE PRESENCE OF SCHEDULING CONSTRAINTS, THEIR METHOD FAILS TO RETURN A
NON-DOMINATED EQUILIBRIUM. WE PROPOSE A NEW METHOD TO ANALYZE THE TOPOLOGY
OF THE ATTACKER’S BEST RESPONSE. THIS ANALYSIS PROVIDES US WITH KEY INSIGHTS INTO
THE STRUCTURE OF MULTIPLE EQUILIBRIA. LEVERAGING THESE INSIGHTS, WE INTRODUCE
A NEW ITERATIVE (RESP. RECURSIVE) ALGORITHM THAT SUCCESSFULLY RETURNS THE NON-
DOMINATED SOLUTION OF ZERO-SUM (RESP. GENERAL-SUM) SPARS. WE SHOW THAT IN THE
WORST CASE, OUR ITERATIVE ALGORITHM ONLY NECESSITATES O(73) CALLS TO AN LP OR-
ACLE, WHERE 72 CORRESPONDS TO THE NUMBER OF TARGETS AND AN LP ORACLE COULD BE
EITHER A LINEAR PROGRAM SOLVER OR A COLUMN GENERATION METHOD USED TO APPROXI-
MATE THE OPTIMAL SOLUTION. FOR THE GENERAL-SUM GAMES, OUR RECURSIVE ALGORITHM
SUCCESSFULLY PROVIDES THE OPTIMAL SOLUTION WITH O(n3) ORACLE CALLS FOR EACH SUB-
PROBLEM.

OUR EXPERIMENTAL RESULTS DEMONSTRATE SIGNIFICANT IMPROVEMENT ON THE RO-
BUSTNESS OF OUR COMPUTED SOLUTION OVER EXISTING APPROACHES WHICH ALSO SERVES
TO SHOWCASE THE BENEFIT OF EQUILIBRIUM REFINEMENT ON SPARS. MOREOVER, OUR COM-
PUTATIONS SHOW THE AVERAGE NUMBER OF ORACLE CALLS IS O(7%) IN BOTH ZERO-SUM AND

GENERAL-SUM CASES, ILLUSTRATING PRACTICAL SCALABILITY OF OUR APPROACH.
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11.2 SECURITY GAMES WITH ARBITRARY SCHEDULES

IN THIS WORK, WE CONSIDER SPARS 4. THIS Is A TWO-PLAYER STACKELBERG GAME PLAYED
BETWEEN AN ATTACKER AND A DEFENDER. THE ATTACKER’S PURE STRATEGY SPACE IS THE
SET OF TARGETS 7 THAT COULD BE ATTACKED, 7' = {#,...,#,}. THE ATTACKER’S CORRE-
SPONDING MIXED STRATEGY a = <¢z,«>f:1 IS A VECTOR WHERE #; REPRESENTS THE PROBABIL-
ITY OF ATTACKING ?;. TO PROTECT TARGETS, THE DEFENDER HAS AT HER DISPOSAL A COL-
LECTION OF RESOURCES INDEXED BY 77 € R, WHERE THE SET K COLLECTS ALL RESOURCES.
EACH RESOURCE 7 CAN BE ASSIGNED TO A SCHEDULE s C T THAT COVERS MULTIPLE TARGETS.
ASSOCIATED WITH EACH RESOURCE 7 IS THE SET OF ALL POSSIBLE SCHEDULES S, C P(7) TO
WHICH IT CAN BE ASSIGNED. FOR NOTATIONAL CONVENIENCE, WE ASSUME THAT () € S, so
THAT A RESOURCE THAT IS ASSIGNED TO {) IS EFFECTIVELY UNUSED.

THE DEFENDER’S PURE STRATEGY SPACE /IS THE SET OF ALL JOINT SCHEDULES THAT AS-

SIGN EACH RESOURCE TO EXACTLY ONE SCHEDULE. THUS,

j:{]g T:j:Ur€R5r7 -erSV}

AND TARGET # € 7'Is COVERED BY THE JOINT SCHEDULE j € JIF AND ONLY IF # € . FOR ANY
JOINT SCHEDULE, A TARGET CAN BE COVERED BY MORE THAN ONE SCHEDULE, AND A TARGET
IS CONSIDERED COVERED (OR PROTECTED) WHENEVER THE TOTAL NUMBER OF RESOURCES
ALLOCATED TO A SCHEDULE THAT COVERS THE TARGET EQUALS OR EXCEEDS ONE (I).
ASSOCIATED WITH EACH JOINT SCHEDULEj € J1s A VECTOR P; = (P;) € {0,1}", WHERE
P;; INDICATES WHETHER TARGET 7 IS COVERED IN JOINT SCHEDULE , LE., P, = I(z € j).
THE DEFENDER’S MIXED STRATEGY X SPECIFIES THE PROBABILITIES OF PLAYING EACH € J,

— J— n
WHEREX; > 0,3 ;% = 1. LET ¢ = ()L BE THE VECTOR OF COVERAGE PROBABILITIES
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CORRESPONDING TO X, WHERE ¢; = ) _; P}, IS THE MARGINAL PROBABILITY OF COVERING ¢
AND WE CAN WRITE C = P ' x.

THE PAYOFFS OF PLAYERS ARE DECIDED BY THE TARGET CHOSEN BY THE ATTACKER AND
WHETHER THE TARGET IS PROTECTED BY THE DEFENDER. THE DEFENDER’S PAYOFF FOR AN
UNCOVERED ATTACK ON TARGET # IS DENOTED BY U(f) AND FOR A COVERED ATTACK UY(1).
SIMILARLY, U%(#) AND UF,(¢) ARE THE ATTACKER’S PAYOFFS FOR THE UNCOVERED AND COV-
ERED CASES, RESPECTIVELY. A WIDELY ADOPTED ASSUMPTION IN SECURITY GAMES IS THAT
Uy(z) > Uj(t) anp Us(t) > U (z). IN OTHER WORDS, COVERING AN ATTACK IS BENEFI-
CIAL FOR THE DEFENDER, WHILE HURTS THE ATTACKER. GIVEN A STRATEGY PROFILE (X, ),

Cc = PTX, THE EXPECTED UTILITIES FOR BOTH PLAYERS ARE DENOTED AS FOLLOWS:

Uy(c,a) :ZtETﬂtUd(c7 t), WHERE Uy(c, t) =¢,U5(¢)+ (1 — ¢;) Uy(2)

U,(c,a) :ZteTﬂ,Uﬂ(c, £), WHERE U, (c, ) = ¢, U5, (£) 4 (1 — ;) U (2)

WE ADOPT A STACKELBERG MODEL IN WHICH THE DEFENDER ACTS FIRST AND THE AT-
TACKER CHOOSES A STRATEGY AFTER OBSERVING THE DEFENDER’S MIXED STRATEGY. STACK-
ELBERG GAMES ARE COMMON IN SECURITY DOMAINS WHERE ATTACKERS CAN SURVEIL THE
DEFENDER STRATEGY. THE STANDARD SOLUTION CONCEPT Is SSE 89315 IN WHICH THE
LEADER SELECTS AN OPTIMAL MIXED STRATEGY BASED ON THE ASSUMPTION THAT THE FOL-
LOWER WILL CHOOSE AN OPTIMAL RESPONSE, BREAKING TIES IN FAVOR OF THE LEADER.
THERE ALWAYS EXISTS AN OPTIMAL PURE-STRATEGY RESPONSE FOR THE ATTACKER, SO WE

RESTRICT OUR ATTENTION TO THIS SET IN THIS PAPER.
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11.3 REFINEMENT OF STRONG STACKELBERG EQUILIBRIUM IN SECURITY GAMES

A WELL-KNOWN PROPERTY OF SSE 1S THAT ALL SSES GIVE THE SAME EXPECTED PAYOFF FOR
THE LEADER (DEFENDER) >, THE REFINEMENT OF SSES IN SECURITY GAMES IS FIRST DIS-
CUSSED IN 5. THEY INDICATE THAT MULTIPLE EQUILIBRIA EXIST FREQUENTLY (ESPECIALLY
WHEN THERE ARE RESOURCES, SCHEDULING CONSTRAINTS) AND IN MANY OF THESE SOLU-
TIONS, A PORTION OF THE RESOURCES ARE NOT EFFICIENTLY USED SINCE THEY CAN BE ABAN-
DONED WITHOUT AFFECTING THE EXPECTED UTILITY. WE FOLLOW THE SAME DOMINANCE
CRITERIA IN "5, THE DEFENDER ASSUMES THERE IS AN INFINITESIMAL PROBABILITY THAT THE
ATTACKER WILL DEVIATE FROM HIS FIRST CHOICE TO HIS SECOND OR OTHER PREFERABLE
TARGETS DUE TO SOME UNEXPECTED EVENTS. BUT, EVEN WHEN THE ATTACKER IS FORCED
TO DEVIATE, HE STILL BEHAVES INTELLIGENTLY BY CHOOSING THE NEXT-BEST ALTERNATIVE
RATHER THAN ACTING RANDOMLY. THEREFORE, THE DEFENDER WILL STILL NEED TO EFFI-
CIENTLY ARRANGE THE REMAINING RESOURCES TO ACHIEVE HER HIGHEST DEFENDER UTILI-
TIES, SEQUENTIALLY, ON THE SECONDARY TARGETS.

BASED ON THIS MODEL, OUR EQUILIBRIUM CONCEPT CAN BE WRITTEN AS FOLLOWING:
GIVEN AN SSE (X, a) AND ITS COVERAGE VECTOR C, AN ORDERING OVER TARGETS IS DEFINED
SUCH THAT TARGET #(1) IS THE TARGET THAT WILL BE ATTACKED BY THE UNCONSTRAINED
ATTACKER, AND #(7) IS THE TARGET THAT WILL BE ATTACKED BY THE CONSTRAINED AT-
TACKER WHO CANNOT ATTACK TARGETS #(1), ..., #( — 1). UTILITY VECTORV = (v;)",
REPRESENTS THE DEFENDER’S UTILITIES WHERE v; IS THE DEFENDER’S UTILITY IF TARGET
£(£) 1S ATTACKED, LE., v; = ¢;; Uy(#(7)) + (1 — ¢,(;)) Uj(#(¢)). THEY DEFINE A DOMINANCE
RELATION BETWEEN SSES BASED ON THE UTILITY VECTORS (IF THERE IS NO AMBIGUITY, WE

WILL CONSISTENTLY USE COVERAGE VECTOR C TO REFER THE DEFENDER’S STRATEGY X).
Definition 18. Given two SSEs (c,a), (c',a’) and their utility vectors v and v'. We say that SSE

245



(c, a) dominates SSE (c', &') if there exists i such that i) v; > v; and ii) v; = v} for all j such that 1 <

j<i

THERE IS AN ITERATIVE ALGORITHM "> WHICH CAN FIND THE NON-DOMINATED SSE IN THE
SECURITY GAMES WITHOUT SCHEDULING CONSTRAINTS. IN THOSE CASES, THE MULTIPLE
SSES ONLY EXIST WHEN THE BEST RESPONSE TARGET OF THE ATTACKER IS FULLY COVERED.
IN THE SECURITY GAMES WITH SCHEDULING CONSTRAINTS, MULTIPLE SSES ARE MORE COM-
MON WHICH MOTIVATES FURTHER NEEDS FOR REFINEMENT. UNFORTUNATELY, IN THE PRES-
ENCE OF SCHEDULING CONSTRAINTS, THE METHOD IN "> MAY RETURN A DOMINATED SSE, As

ILLUSTRATED BY THE FOLLOWING EXAMPLE.

Example 1 (Dominated SSEs in zero-sum SPARS games). Consider a zero-sum game with one re-

source R = {n}, three targets T = {1, ta, 13}, three schedules Sy = {s1,52,53}:

si=A{t,5}, 5= {0} 5 = {5}
and with the following payoffs: U,(¢t) = Uy(t) = 0Vre T
Ui(n) = 3, U(12) = —3, Us(es) = —6, VL) = —Us() Ve e T

There are infinite SSE solutions. One possible SSE could be x* = (3, %, %) with the corresponding cov-
erage vector ¢! = (3, 3, 3). The unsorted defender’s utility vector is given by d' = (=2, —2,=2) for
targets t1, ty, t3. Accordingly, the sorted utility vector is given by v! = (=2, =2, —2). In this case, v
and A" are the same because the attacker feels indifferent between all of the targets. Applying the iter-
ative algorithm from '3, given the arbitrary SSE Xy, first we fix the coverage of one target among those
with the bighest attacker expected utility (in this case {11, t2, t3}). We assume the algorithm chooses

target ty with ¢ = % fixed and solves it iteratively, which returns the same strategy x'. However, the
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strategy X' is dominated by strategy x* = (3,3, 0) with coverage ¢* = (3,3, 3) providing a bet-
ter defender’s utility vector d*> = (—1,—2,—2) and v* = (=2, -2, —1) sorted by the attacker’s

preference. Both x!, x? provide the bighest defender’s utility d* = —2.

EXAMPLE 1 SHOWS THAT A NON-DOMINATED SOLUTION CAN PERFORM SIGNIFICANTLY
BETTER THAN AN ARBITRARY CHOSEN SSE. IN THIS CASE, IF THE ATTACKER DEVIATES FROM
HIS BEST RESPONSE (TARGET f3, #3) TO THE THIRD PREFERABLE TARGET (TARGET f1), THE DE-

1

FENDER’S UTILITY WILL BE —2 AND —1 FOR STRATEGIES X AND XZ, RESPECTIVELY, YIELDING

A 5S0% DIFFERENCE BETWEEN REFINED AND ARBITRARY SSE.

11.4 ZERO-SUM GAMES

IN THIS PAPER, WE START WITH ZERO-SUM GAMES WHERE THE ATTACKER IS COMPLETELY
OPPOSITE TO THE DEFENDER. WE DEFINE THE IDEA OF MINIMAL ATTACK SET, PROVE ITS
UNIQUENESS, AND SHOW THE SSE WITH MINIMAL ATTACK SET IS BETTER THAN ALL THE

OTHER SSEs. WE ALSO SHOW THAT THE MINIMAL ATTACK SET CAN BE COMPUTED BY A POLY-
NOMIAL NUMBER OF CALLS TO AN ORACLE THAT SOLVES LINEAR PROGRAMS. ACCORDINGLY,

WE PROPOSE AN ALGORITHM WHICH ITERATIVELY SOLVES THE MINIMAL ATTACK SET OF RE-
STRICTED INSTANCE AND FIXES THE COVERAGE ON THE MINIMAL ATTACK SET. WE PROVE

THAT OUR ALGORITHM REQUIRES AT MOST O(7%) ORACLE CALLS AND RETURNS A NON-DOMINATED

SSE.

"One intuitive heuristic algorithm of refinement, in the presence of constraints, is to eliminate those
inefficient schedules**. E.g., in the context of Example 1, schedules; = {#}isdominatedbys; = {#,#}.
However, in the experiment part, we will show that the heuristic method provides only a little improvement
in the zero-sum games and it does not work in the general-sum games.
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11.4.1 UNIQUENESS OF MINIMAL ATTACK SET OF SSE

Definition 19. Given a feasible SSE coverage vector ¢, the Attack Set I'(c) = arg max,cr U,(c, 1)

is the best response of the attacker.

Definition 20. Let ¥ := {T' C T|3SSE (c,a): I'(c) = T'} be the set of all possible attack sets of

SSEs.

IN ZERO-SUM GAMES, THE LESS OPTIMAL CHOICES OF THE ATTACKER (ATTACK SET) IMPLY
THE LESS TARGETS THAT HE CAN ACHIEVE HIS HIGHEST UTILITY. THUS, FOR THE DEFENDER,
THE SSE WITH A SMALLER ATTACK SET IS ALWAYS BETTER THAN THE SSE WITH A LARGER

ATTACK SET.

Definition 21. 4 Minimal Attack Set is a set M € Y such that any proper subset V of M is not an

element of Y, i.e, V&Y forall V-C M.

Example 2. Consider a zero-sum game with one resource R = {n}, T = {t1,t2,13, ta, t5, ts }, and

Sfour schedules Sy = {s1,52,53,54}:

51 = {tl,l'z,f3}, 5y = {Z’z,l‘g,l‘4}, 53 = {l’3,t4,1’5}, S4 = {1‘6}

with the following payoffs: Uy (t) = 0Vt € T

Usln) = —4, Uslez) = —4, Ules) = —12

Us(ts) = —a, Usles) = —2, Us(es) = —4

There are infinite possible SSE solutions. For example, one possible SSE is x' = (%, 4, %, 1) with cover-

agec! = <%, %, %, %, %, %) which gives the defender’s utility vector d' = (—3,—2,—3,—2,—1.5,—3)
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with d* = —3. In this case, the best response of the attacker is T(c') = {t1, 3, t5 }. The following mixed

strategies also apply.
1111 123111
X2:<7777*77>7 C2:<77777777777>
2 612 4 23 4412 4
4 11
d2:< 27 57 37 3>_g7_3>7 r(CZ) = {t37t47t6}
3511 37 3311
X3:<7777777>7 C3:<777a7a7a777>
824 6 4 8'12°4°8 6 4
S )
d3 - <_2 57_37_37 _2'57_37_3>7 F(C3) = {t37t6}
1 11 113111
X4:<7’ 7777>7 C4:<7a7a757a777>
4 2 4 4 4 4 2 24
d4 = <_3?_3>_3a _27 _17 _3>7 F(C4) = {t1>t27t37t6}

Clearly, all the above strategies are SSE solutions. But the strategy x> dominates all the others since
the defender’s utility on the third-preferable target of the attacker is —2.5, which is higher than all the
others’ utility —3. Actually, X3 is the non-dominated strategy.

If we explore all of the possible SSEs in Example 2, we will find that the above attack sets are exactly

all the possible attack sets:

Y = {{t37 t6}7 {tla t37 t6}7 {t37 1’4, té}y {th b, t3a tG}}

Therefore, the only minimal attack set isT(c>) = {t3, t}.

Theorem 21 (Intersection Property in Zero-sum Games). For any two attack sets T, T* € Y, we

have ' N T> #Q and T' N T* €Y.

Proof. Given T' = I'(c), T? = I'(c’), there are two cases:
(1)T(c) NI(c’) # 0. Consider another strategy ¢* = ac + (1 — a)c’ witha € (0,1). Since

¢ =ac+(l—a)c =aP x+ (1—-2)P'x =PT(ax+ (1 — 2)x'), c* isa feasible coverage
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vector of strategy x*. It is easy to verify that I'(c*) = I'(c) N I'(c’) as follows:

=v ifreI(c) =v ifrel(d)
Ua(c,2) Ua(c',1)

< v otherwise < v otherwise

U,(c*,t) = aU,(c,t) + (1 — “)Ud(cl,t) =v ifreT(c)NT(c)

< v otherwise

where v is the expected attacker’s utility. Thus, we obtain an SSE strategy c¢* with a smaller attack set
I'(c) NI(c).

(2)T(c) N I(c") = 0. Similarly, we consider the feasible strategy ¢* = ac + (1 — a)c’ with
a € (0,1). Itis easy to verify that U,(c*,z) < vforanys € T.In other words, Uy(c*,z) > —v
where —v is the highest expected utility of defender in SSE. This contradicts the optimality of SSE.

That means this case will never happen. O

CONSIDER THE SSE STRATEGY X° IN EXAMPLE 2. IT CAN BE WRITTEN AS THE COMBINATION
OF SSE STRATEGIES x!, x> BY X> = % x4 % - x%. As THEOREM 21 STATES, THE ATTACK SET

I(c?) =T(c!) NT(c?).
Theorem 22. The minimal attack set M exists and is unique. Moreover, for each T € Y, M C T'.

Proof. (1) Existence: Clearly, M = (\pcy 7' # 0 is a minimal attack set. (2) Uniqueness: If there
are two different minimal attack sets, then by Theorem 2.1, their intersection will be non-empty and

is a smaller attack set, which is a contradiction. O

IN EXAMPLE 2, THE MINIMAL ATTACK SET 1S EXACTLY ['(¢?) = {#3,%,} WHICH 1S THE AT-

TACK SET OF THE NON-DOMINATED SOLUTION X3.
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11.4.2 AN ITERATIVE ALGORITHM

IN ZERO-SUM GAMES, AN SSE WITH A SMALLER ATTACK SET IS BETTER (FOR THE DEFENDER)
THAN AN SSE WITH A LARGER ATTACK SET. THIS MOTIVATES US TO FIND THE MINIMAL AT-
TACK SET. MOREOVER, THE MINIMAL ATTACK SET IS INCLUDED IN EVERY ATTACK SET, WHICH
IMPLIES THAT WE CAN FIX THE COMMON COVERAGE ON THE MINIMAL ATTACK SET AND SOLVE

THE REMAINING SUBPROBLEM. FOR THIS AIM, WE DEFINE THE RESTRICTED SPARS.

Definition 22. Given a SPARS instance g, we denote by g7 the restricted game with respect to cover-
age vector c and T' C T. The restricted SPARS instance g7 is the same as SPARS instance g except

the following rules:

(R1) The attacker is forbidden to attack targetsin T'.
(Rz) The defender’s coverageont € T' is fixed to be c,.

(R3) The defender must cover targetst € T\T enough such that the attacker utility on these targets is at

most ming cp Uy (c, 7).

THE SSE IN A RESTRICTED GAME FOLLOWS THE SAME DEFINITION AS IN THE ORIGINAL
SPARS. RULE (R1) GUARANTEES THAT THE ATTACKER WILL ONLY FOCUS ON TARGETS T\T.
RULE (R2) GUARANTEES THAT SOLVING THE RESTRICTED SPARS WILL NOT ALTER THE EXIST-
ING COVERAGE ON 7" WHICH IS ALREADY KNOWN. RULE (R3) REQUIRES THE DEFENDER TO
COVER TARGETS ¢ € T\ 7' ENOUGH SUCH THAT THE TARGETS IN 7\ 7' ARE NOT MORE PREFER-
ABLE FOR THE ATTACKER THAN THOSE IN 7’. IN ADDITION, WE DEFINE THE restricted attack
set BY I'(¢’, 7') = argmax,c 7 U, (C', £), WHERE ¢’ IS A FEASIBLE SOLUTION TO 2T . Nore
THAT THE RESTRICTED ATTACK SET IS THE ATTACK SET FOR THE RESTRICTED INSTANCE CvT’,

THUS THEY SHARE THE SAME PROPERTIES OF ATTACK SETS. ACCORDINGLY, WE CAN DEFINE

THE minimal restricted attack set FOR THE RESTRICTED INSTANCE.
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Algorithm 12: Iterative Algorithm for Zero-sum Games

1 Parameter: SPARS instance g, 77" < ), ¢ <— 0

» while | 77| < |7 do

3 c < arestricted SSE strategy in the instance gc’r

4 M < the minimal restricted attack set of instance gcvr
5 T+~ TUM

¢ Return: non-dominated SSE strategy ¢

ALGORITHM 12 DEPICTS THE PROCEDURE OF EQUILIBRIUM REFINEMENT IN ZERO-SUM
GAMES. WE COMPUTE AN ARBITRARY SSE STRATEGY, FIX THE COVERAGE ON THE MINIMAL
RESTRICTED ATTACK SET (WE WILL DISCUSS HOW TO FIND THE MINIMAL ATTACK SET IN SEc-
TION 11.4.3), AND ITERATIVELY SOLVE THE REMAINING RESTRICTED SUBPROBLEM. THE FOL-

LOWING THEOREMS GUARANTEE THE CORRECTNESS OF ALGORITHM I2.

Proposition 8. Given a restricted SPARS instance g& T, its minimal restricted attack set M, and
an SSE c* of gc’r, we have the following statement: the strategy cisa feasible defender coverage of
g T'M (satisfies Rules (Rz), (R3)) if and only if ¢! is an SSE of g7, which provides a mapping

between two different restricted instances.

Proof. (<) Since both ¢’ and c* are SSE strategies and A is the minimal restricted attack set of
gc’r, both ¢’ and ¢* share the same value on 7" U M, which satisfies the Rule (R2) ofgc*’TUM.

Since ¢’ is an SSE of ¢, the attacker’s utility on # € 7T’ with SSE strategy ¢’ must be greater
than all the others# ¢ 7'. By the definition of minimal restricted attack set M4, the best response
of the attacker, it implies that target # € M must have the highest attacker’s utility among 7\ 7".
Therefore, the attacker utility on # € T U M is no less than the others’ utilities, which satisfies Rule
(R3) ofgc*’TUM.

(=) Assume that ¢’ is a solution of gc*’TUM . By the definition of restricted instance gc*’rUM,

the coverage ¢’ on targets in 7" U A1 has been fixed to be the same as ¢*, and Rule (R3) forces all
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the other targets outside of 77 U M to have a smaller attacker’s utility. It implies that the strategy ¢’
achieves the highest attacker’s utility on minimal attack set M in the restricted instance ¢, thus

an SSE in the restricted instance gc’r. ]
Theorem 23. The output of Algorithmiz is a non-dominated SSE.

Proof. Denote the sequences of minimal restricted attack sets and updated coverage in Algorithm

12as My, ..., My and ¢!, ..., cF, respectively (W.L.O.G let My = (),c® = 0). According to Algo-

. F . . o . i—1 X
rithm 12, ¢’ is an SSE, A is the minimal attack set of ¢© AU UM,y

By Proposition 8, V7 € {1,2, ..., k} we have: given a restricted instance g& MMV UMii i

minimal restricted attack set M}, and its SSE ¢t the strategy ¢ is a feasible coverage of the

7H’17M1UM2U---UMIe—i 71’+1,M1UM2U...UM/Q_,'

. k . . . . k
instance ¢© UMi—it1 if and only if ¢’ is an SSE of the instance I's

According to the above argument, Vi € {1,2, ..., k} we have: c* is the non-dominated solu-

k_H_l,MIUMzU...UM/e_ k_’v+1,M1UM2U...UM/€_,- = C/€

tion of ¢© #+1 < ¢ is the non-dominated SSE of g€

ki[,MluMzu...UMk,[ ( k—

is the non-dominated SSE of ¢¢ since ¢~ and c#~"+! share the same coverage
onM; UM, U ...UM,_,) < cFisthe non-dominated solution ofgck_i’MIUMzu'“UM’e—f (non-
dominated solution must be an SSE). When 7 = 1, c* is the only solution (thus non-dominated) so-
lution ofgck’MIUMZU“'UM" (since MiUM,U. . .UM, = T). By induction, c* is the non-dominated

kil‘,MluMzu...UM;e_i

solution of ¢g© . By letting 7 = £, the statement is exactly our conclusion: c is the

non-dominated solution of g. ]

11.4.3 COMPUTING THE MINIMAL ATTACK SET

IN THE PREVIOUS SECTION, WE SHOWED THAT A NON-DOMINATED SSE STRATEGY CAN BE OB-
TAINED BY ITERATIVELY COMPUTING SSE STRATEGIES OF RESTRICTED SPARS INSTANCES AND

THEIR CORRESPONDING MINIMAL RESTRICTED ATTACK SETS. WE NOW PROPOSE A METHOD
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FOR FINDING THE UNIQUE MINIMAL ATTACK SET.

max  Uy(c,t) (r1.12)
S.T. Ui(c,t) > Uye,t) Vi #¢ (r1.1b)
P'x=c (11.10)

Zjejxj =1. (r1.1d)

FirsT, MULTIPLE LPS METHOD 7' IS COMMONLY USED TO COMPUTE AN SSE TO SECURITY
GAMES. EACHLP (11.1) CORRESPONDS TO ONE TARGET # AND MAXIMIZES THE DEFENDER’S EX-
PECTED UTILITY ON THIS TARGET UNDER THE RESTRICTION THAT ¢ IS IN THE BEST RESPONSE

FOR THE ATTACKER.

Definition 23. Given target t, let N, be the smallest tight constraint set with N, :== {/ € T |

VSSE strategies c with t € T(c), U,(c,t) = U,(c,?), Uy(c,t) = Uy(c,?)}.

GIVEN TARGET £ AND ITS LP (11.1), WE ARE INTERESTED IN WHICH CONSTRAINTS ARE NEC-
ESSARY AND ALWAYS ACTIVE FOR ALL OPTIMAL SOLUTIONS (SSES), WHICH IS THE SMALLEST
TIGHT CONSTRAINT SET N;. OUR MAIN IDEA IS TO SLIGHTLY ALTER THE CONSTRAINT OF TAR-
GeT/ INLP (11.1) TO

U,(c,t) > Uyc,t) +¢

WHERE € IS A SMALL POSITIVE NUMBER (E.G., CONSTANT TIMES OF NUMERICAL ERROR). Ir THE
MODIFIED VERSION OF THE LINEAR PROGRAM STILL PROVIDES THE SAME MAXIMUM OBJEC-
TIVE VALUE (UP TO NUMERICAL ERROR), THEN THE CONSTRAINT WITH RESPECT TO 4 IS NOT
ACTIVE, WHICH MEANS tj g ]\[t IF IT PROVIDES A SMALLER OBJECTIVE VALUE OR THE LIN-
EAR PROGRAM IS INFEASIBLE, THAT MEANS THE CONSTRAINT WITH RESPECT TO Y 1S ALWAYS

ACTIVE, WHICH IMPLIES / € N,.

254



THE PROCEDURE OF ALGORITHM I 3 IS TO FIND OUT THE SMALLEST TIGHT CONSTRAINT
SET ]\]t UNDER THE RESTRICTION THAT ¢ IS THE BEST RESPONSE OF ATTACKER. EVERY Nt CAN
BE SOLVED BY AT MOST 7 MODIFIED LINEAR PROGRAMS. WE WILL SHOW THAT THE INTER-

SECTION OF ALL THE SMALLEST TIGHT CONSTRAINT SETS IS EXACTLY THE MINIMAL ATTACK

SET.

Algorithm 13: Algorithm for Finding Minimal Attack Set

1 Parameter: SPARS instance gc’r

2 solve an SSE c¢* using the multiple linear program method and record the primal,
dual solution of each LP

forz € I'(c*) do

4 given the dual solution d’ and primal solution ¢’ of LP (11.1)

5 N, < 4, < {7/ |d, # 0} U{t}, B, < I'(c')\4,

6 for? € B, do

w

7 solve modified LP (11.1) with one more constraint U, (c, z) > U,(c,?)+¢e
8 if the objective value changes then
9 L N, < N, U{7}

1o Return: minimal restricted attack set (1) N, coverage c*
tel(c*)

Proposition 9. Given the dual solution d' of LP (11.1), the set {¢|d}, # 0} is contained in the

smallest tight constraint set N;.

Proposition 10. Given a primal solution ¢’ of LP (11.1), every target t ¢ T(c') is not contained in

the smallest tight constraint set.

ProrosIiTiON 9 AND 10 HELP ELIMINATE UNNECESSARY ENUMERATIONS IN ALGORITHM
13. IN THE AVERAGE CASE, THERE ARE ONLY A CONSTANT NUMBER OF TARGETS IN Bt (IN Ar-
GORITHM 13) NEEDED TO BE ENUMERATED BuT IN THE WORST CASE, WE STILL NEED TO RUN

THROUGH AT MOST 7 TARGETS. THE FOLLOWING THEOREMS GUARANTEE CORRECTNESS OF

ALGORITHM 13.
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Proposition 11. Given targett, N, = ﬂr J—— T'. Moreover, given arbitrary SSE coverage c,

ﬂter(cl) N, = Nypey T'> which is the minimal attack set M.

Proof. First, for each SSE solution c, the targets in I'(c)\ {#} are exactly the targets which make the
constraints (11.1b) tight. Thus, the smallest tight constraints are the same as the intersection of at-
tack sets containing # as the best response for the attacker, which implies N; = [ soy.,c7 L(€).
Second, since I'(c’) contains at least one target # in the minimal attack set, the minimal attack set 4
must appear in one of the 7" € ¥,z € T, which implies (),er(er) N = Nyer(ery Nyrepaer I(€) =

Theorem 24. Algorithm 13 corvectly returns the minimal restricted attack set of g© T

WE CAN EMPLOY ALGORITHM 13 IN ALGORITHM I2 TO FIND THE MINIMAL ATTACK SET.
THIS PROVIDES OUR ITERATIVE ALGORITHM FOR FINDING A NON-DOMINATED SSE STRATEGY
IN ZERO-SUM GAMES. IN ORDER TO FIND EVERY SMALLEST CONSTRAINT SET /N;, WE NEED TO
ENUMERATE ALL TARGET PAIRS (#,7). THEREFORE, THE NUMBER OF ORACLE CALLS OF EACH
ITERATION Is O(7*), WHERE ORACLES ARE USED TO SOLVE VARIANTS OF LP (11.1). THERE ARE

AT MOST 7 ITERATIONS, THUS THE OVERALL RUNTIME IS O(}’l3) ORACLE CALLS.

Theorem 25. Algorithm 12 correctly solves the non-dominated SSE in O(n®) oracle calls.

11.5 GENERAL-SUM GAMES

IN THIS SECTION, WE DISCUSS THE REFINEMENT OF SSES IN GENERAL-SUM GAMES. THE METHOD
IS SIMILAR TO THE ZERO-SUM CASE, BUT ONE OF THE CRUCIAL DIFFICULTIES IS THAT THERE

IS NO LONGER A DIRECT RELATION BETWEEN THE DEFENDER AND ATTACKER UTILITIES. SEV-
ERAL USEFUL PROPERTIES OF ZERO-SUM GAMES DO NOT HOLD EITHER. FOR EXAMPLE, IN THE

GENERAL SETTING THE INTERSECTION OF TWO ATTACK SETS MAY NOT BE AN ATTACK SET,
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LEADING TO NON-UNIQUENESS OF THE MINIMAL ATTACK SET. THIS IMPLIES A SIGNIFICANT

GROWTH OF TIME COMPLEXITY.

11.5.1 NON-UNIQUENESS OF MINIMAL ATTACK SET

IN SECTION 1 1.4, THEOREM 2I TELLS US THAT IN ZERO-SUM GAMES THE INTERSECTION OF
TWO ATTACK SETS IS STILL AN ATTACK SET. THE FOLLOWING EXAMPLE SHOWS THAT IT IS

NOT NECESSARILY TRUE IN GENERAL-SUM GAMES.

Example 3. Consider a game with one resource R = {n}, fivetargets T = {1, t2, 13,24, 15}, and

three schedules Sy = {51, 52,53}

s ={n,0}t,9={n,u}5= {5t}

We bave the following payoffs:

7 Uji(tl) =10, L/ZZ(ll) = —10, U;(l‘l) =10, U:z(fl) = —10

n: Uy(t) =0, Us(tr) = =5, Us(tz) =5, Uy(t2) = =5
3t UZl(t3) =6, UZ(t3) = —4, UZ(%) =3, sz(t3) =7
ty: Uy(ts) =3, Ujlts) = =2, Uj(ts) = 4, U (ts) = =85

ts 2 Uy(ts) = 4, Uy(ss) = —1, U,(ts) =0, U,(ts) = =5

Since the schedule s, is completely contained in the schedule s3, the intuition tells us choosing 53 will
always be better than choosing s,. However, this is wrong in this case. In order to show that, we list some

SSE solutions with unsorted attacker utility £, unsorted defender utility d, and defender utility v
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(a) the set of attack sets ¥ (b) the set of best attack sets N4

Figure 11.1: The attack sets in Example 3

sorted in attacking order:

x! =(0.5,0.1,0.4), f! = (0,0, -2, —2.25, -2)
d' = (0,-2.5,1,0.5,1), vl =(0,-2.5,1,1,0.5)
x? = (0.6,0,0.4), 2= (-2,-1,-1,—1,-2)
d* = (2,-2,0,0,1), v =1(0,0,-2,2,1)
x> = (0.6,0.2,0.2), £ =(-2,-1,-1,-1,-1)
d®> = (2,-2,0,0,0), v3 =1(0,0,0,-2,2)

F(cl) = {tl,tz},l“(cz) = {l‘z,t3,l‘4},r(c3) = {l‘z,l’3,l‘4,l‘5}

It can be verified that these are all the possible attack sets. We have that v3 dominates v and v,
which implies partially using inefficient schedule sy will result in better performance. Figure 11.1(a)
tlustrates all the attack sets in Example 3, which shows that the minimal attack set is not unique in

general-sum games.
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11.5.2 BEST ATTACK SET

WE INTRODUCE THE NOTION OF best attack set. SIMILAR TO SECTION I1.4, WE ITERATIVELY
FIX THE COVERAGE ON THE MINIMAL BEST ATTACK SET: THOSE TARGETS THE ATTACKER WILL

ACTUALLY ATTACK, UP TO BREAKING TIES.

Definition 24. Given an SSE coverage vector c, the Best Attack Set T°(c) is the set of targets in the

best response of the attacker which also achieves the highest defender utility.

IN EXAMPLE 3, AS SHOWN IN FIGURE 1 I1.1(B), THE BEST ATTACK SETS ARE RESPECTIVELY

I’(c) = {a},T%(c?) = {t3, 14}, I%(c?) = {13, 24,55 }.

Definition 25. Let ¥ = {T' C T|3SSE (c,a) : T' = T?(c)} be the set of all possible best attack

sets of SSEs.

Theorem 26 (Intersection Property in General-sum Games). For any two attack sets T(c),I'(c) €

Y (Definition 20), if T*(c) NT(c) # 0, we have T(c) NT(c') € ¥, T (c) NT?(c’) € Y.

Proof. Given two sets I'(c), I[(c’) € ¥, their corresponding SSEs (c, a) and (c’, a’) with I*(c) N
() # W, we follow a similar proof idea as in Theorem 21. Consider another strategy c* =

ac + (1 — a)c’ witha € (0,1). c* is a feasible coverage vector with strategy x* = ax + (1 —
a)x'. Moreover, they share some common targets in their best attack sets and thus the same highest
attacker’s utilities v, and the highest defender’s utility v,. It is easy to verify that I'(c*) = I'(c) N

I'(c"), I*(c*) = I’(c) NI(c) as follows:

=v, ifreI(c) =v, ifrel(cd)
U,(c,?) U,(c,¢)

< v, otherwise < v, otherwise
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=v, ifrel(c)nNI(c)
U,(c*,t) = aU,(c,t) + (1 — a)U,(c’, ¢) (11.2)

< v, otherwise

=y ift€ Fb(c) =y, ift€ rb(cl)
Ud(cvt) Ud(clvt)

<y ifreT(e)\I*(c) <y ifreT()\I(c)

U(e*, ) = aUy(c,2) + (1 — 2) Uy(c, 1)

=, ifreT’(c)NI’(c)
= Uy(c*, 1) (11.3)

<y ifre ((c) NT(c)\(I?(c) NT%(c'))
Equation (11.2) guarantees the attack set of strategy ¢* is I'(¢) N I'(c). Equation (11.3) guar-
antees that among the attack set I'(¢) N I'(c’), strategy c achieves the highest defender’s utility on
target 7 if and only if the target # € I'*(c) N I?(c’) which is non-empty. Thus, the best attack set of

strategy c* is [?(c*) = I'’(c) N T?(c)). O

THEOREM 26 IMPLIES THAT THE INTERSECTION OF ATTACK SETS IS STILL AN ATTACK SET
IF THE INTERSECTION OF THEIR BEST ATTACK SETS IS NON-EMPTY. BUT IF THE INTERSECTION
OF THEIR BEST ATTACK SETS IS EMPTY, THE COMBINING STRATEGY C* IS NO LONGER AN SSE,
AND THUS THE INTERSECTION OF ATTACK SETS MAY NOT BE AN ATTACK SET. BASED ON THE-

OREM 26, WE CAN DEFINE THE MINIMAL BEST ATTACK SET:

Definition 26. A Minimal Best Attack Set is a best attack set M € Y such that any proper subset

V' C M is not an element of Y°, that is V & Y° forall V.C M0 V}.

Proposition 12. Given any SSE strategy c, its attack set I'(c) must contain one of the minimal best

attack sets.
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11.5.3 A RECURSIVE ALGORITHM

BASED ON THE ABOVE THEOREMS AND PARALLELING ALGORITHM 12, ALGORITHM 14 ITER-
ATES THROUGH ALL MINIMAL BEST ATTACK SETS /M AND FINDS THE NON-DOMINATED SSE IN
EACH RESTRICTED INSTANCES gC’TUM. AFTER ENUMERATING ALL THE POSSIBLE SOLUTIONS,

IT RETURNS THE BEST ONE. THE FOLLOWING RESULTS GUARANTEE CORRECTNESS OF ALGO-

RITHM 14.

Algorithm 14: RefinedSSE(g)
1« Function RefinedRestrictedSSE(z,c, T')

2 Parameter: restricted SPARS instance ¢, cList < ]
3 tor each minimal best attack set M of gc’r do

4 c* < an SSE of instance g "M

5 ¢’ < RefinedRestrictedSSE(g,c*, T' U M)

6 add ¢’ into cList

7 return non-dominated coverage vector among cLzst

s return RefinedRestrictedSSE(g,c = 0, T = ()

Proposition 13. Assume M is a minimal restricted best attack set of ¢ and c* is an SSE strategy

0 gc’r containing M in the attack set. Then, strategy c' isan SSE of. gc’T containing M if and only if

¢’ is a solution of ¢ 7M.

Theorem 27. The output of Algorithm 14 is a non-dominated SSE.

PROOFS ARE SIMILAR TO THOSE OF PROPOSITION 8 AND THEOREM 23.

11.5.4 COMPUTING MINIMAL BEST ATTACK SETS

SIMILAR TO SECTION I 1.4, WE NEXT PROPOSE AN EFFICIENT METHOD TO FIND ALL THE MINI-

MAL BEST ATTACK SETS. FOLLOWING THE NOTATIONS IN SECTION I 1.4.3,IT CAN BE SHOWN
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THAT IN GENERAL-SUM GAMES, SOLVING THE MODIFIED LPs (I I.I) WITH RESPECT TO TAR-
GET £ WILL YIELD THE SMALLEST TIGHT CONSTRAINT SET N[. THE FOLLOWING PROPOSITION

GIVES AN ALTERNATIVE EXPRESSION OF N; (THE PROOF IS SIMILAR TO THAT OF THEOREM I1I):
Proposition 14. N; = mTe‘I’b:tET T

THE SET ]\[, PROVIDES THE INFORMATION BETWEEN TARGETS: IF TARGET # 1S INCLUDED
IN THE BEST ATTACK SET T, THEN ALL THE TARGETS IN Nt MUST BE INCLUDED IN THE BEST
ATTACK SET T T0O. WE CAN THEN FOCUS ON THOSE TARGETS WHICH COULD BE IN THE BEST

ATTACK SET.
Definition 27. Let Q be the set of targets which achieve the best defender utility in some SSE strategies.

THE SET Q IS EQUIVALENT TO THE SET OF TARGETS # FOR WHICH LP (11.1) PROVIDES THE
HIGHEST DEFENDER UTILITY AND THAT CAN BE DERIVED WHILE SOLVING THE 72 LINEAR PRO-
GRAMS. WE CONSTRUCT A DIRECTED GRAPH G = (V, E) TO REPRESENT THE RELATIONS
BETWEEN THESE TARGETS. LET J/ = Q BE THE SET OF ALL TARGETS WHICH COULD ACHIEVE
THE HIGHEST DEFENDER’S UTILITY. LET £ = J,co{(¢,5)ls € N5 € Q.5 # r} WHERE (¢,5) 15

THE DIRECTED EDGE FROM £ TO s.

Example 4 (Continued from Example 3). With the belp of Figure 11.1(b), we can visualize the sets

{M‘t € Q} (Q = {tla 3, 14, tS})"
N, =A{n,0}, N, = {t3,24}, N, = {13, 24}, Nyy = {13, 24,85 }.

We can draw a corresponding graph (Figure 11.2(a)) according to these sets. Figure 11.2(b) depicts all
of the minimal best attack sets. Notice that the definition of edges implies the inclusion relationship:

e = (t,5) € Eifand only ift € Q, and any attack set including target t must also include rarget s.
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(a) the corresponding graph (b) Minimal best attack sets

Figure 11.2: The minimal best attack sets in the Example 3

Proposition 15. Directed relations are transitive in graph G = (V, E), i.e, if (¢, u) and (u,v) € E,

then (t,v) € E.

THE TRANSITIVE RULE HAS AN INTUITIVE MEANING: IF A BEST ATTACK SET IS SUCH THAT
IF £ IS INCLUDED, SO MUST #; AND IF # 1S INCLUDED, SO MUST v; THEN IF IT INCLUDES £, IT

MUST ALSO INCLUDE v.

Lemma 2. M is a minimal best attack set if and only if M is a maximal clique without outgoing edge

directed from M ro any other target in Q\M.

Proof. (=) Vt € M, by Theorem 14, N; = (1 cyu.,cpr T'. Notice that the minimal best attack set
M satisfies M € Y?, ¢t € M, thus N; C M. Moreover, by Theorem 26, I\, is the intersection of best
attack sets, which implies that /N, is a best attack set. But we have N, C A4 and A is a minimal best
attack set. By the definition of the minimal best attack set, the only possibility is N, = MV ¢ € M,
which implies that A/ is a maximal clique without outgoing edges. (<) Suppose M is 2 maximal
clique without any outgoing edge. Then N, = MVt € M. Since N is the intersection of best
attack sets, M = N, is also a best attack set. Moreover, if a best attack set Vincludes any vertex

t € M, Vmustinclude N, = M (since N, = m?’e\lf”:zer T', Vsatisfies V € ¥ : ¢ € V). Next, we
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derive a contradiction. Suppose there is a proper subset I C A which is also a best attack set. Then,
there exists # € VN M. By the above argument, we have M = N, C V, which contradicts that

V' C M. We conclude that A/ is a minimal best attack set. O

ALTHOUGH THE MAXIMAL CLIQUE PROBLEM IS GENERICALLY NP-HARD, FORTUNATELY,
THE TRANSITIVE LAW IN PROPOSITION 15 REDUCES THE MAXIMAL CLIQUE PROBLEM TO A
VARIANT OF THE TOURNAMENT PROBLEM G = (V, E) wiTH TIME COMPLEXITY O(| V] + |E|) =
O(n?). IN ALGORITHM 15, WE LEVERAGE THE TRANSITIVE LAW TO PROPOSE A RANDOM WALK

METHOD THAT SUCCESSFULLY DISCOVERS ALL THE MINIMAL BEST ATTACK SETS IN O(ﬂz)

Algorithm 15: Find All the Minimal Best Attack Sets

v Transitive graph G = (V, E), Mlist < [|, V' <~ V,E' < E
» while V' # () do

3 Start random walk in G’ = (77, E’) and record all the nodes we walked through
until we encounter a duplicate node or we cannot move anymore. Let v be the
last node.

4 N, < N(v) U {v} where N(v) is the neighborhood of v
s if N, is a maximal clique without outgoing edges then

6 L add N, into Mlist

” V' < nodes in 7’ that have not been passed by

s | E' + edges in E with both endpoints € 7’

o return Mlist

Theorem 28. Each subproblem in Algorithm 14 correctly returns the non-dominated solution in

O(n®) oracle calls.

BOTH THE WORST-CASE RUNTIME OF ALGORITHM 15 AND THE COMPUTATION OF ALL THE
SETS {N;|t € Q} ARE O(7*) ORACLE CALLS. THEREFORE, THE WORST-CASE RUNTIME OF SOLV-

ING EACH SUBPROBLEM IN THE RECURSIVE ALGORITHM IS STILL O(}’l3) ORACLE CALLS, SAME
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Figure 11.3: Performance of equilibrium refinement in zero-sum Stackelberg security games.

AS THE ZERO-SUM CASES. THE NUMBER OF SUBPROBLEMS DEPENDS ON THE NUMBER OF MIN-
IMAL BEST ATTACK SETS. IN EXAMPLE 3, THERE ARE TWO MINIMAL BEST ATTACK SETS: {11}
AND {L‘g, L‘4}, SO WE NEED TO COMPUTE THE NON-DOMINATED SOLUTIONS FOR BOTH CASES
AND CHOOSE THE BEST ONE. 'HE OVERALL RUNTIME DEPENDS ON THE NUMBER OF SUBPROB-
LEMS THAT NEED TO BE SOLVED. FORTUNATELY, WHILE ITERATIVELY SOLVING THE SUBPROB-
LEMS, RULE (R}) ENABLES US TO FORESEE THE DEFENDER’S UTILITIES ON THE FIRST FEW TAR-
GETS, THUS PRUNE OUT A LARGE NUMBER OF SUBPROBLEMS, WHICH REDUCES THE OVERALL

RUNTIME SIGNIFICANTLY RELATIVE TO THE WORST-CASE (REDUCE FROM EXPONENTIAL TO
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Figure 11.4: Performance of equilibrium refinement in general-sum Stackelberg security games.

POLYNOMIAL MANY ORACLE CALLS IN PRACTICE).

11.6 EXPERIMENTAL RESULTS

WE RUN EXPERIMENTS TO EVALUATE THE SOLUTION QUALITY AND SCALABILITY OF THE RE-
FINED SSE oN SPARS. ALL LPs ARE SOLVED BY CPLEX (VERSION 12.7.1) ON A MACHINE WITH
AN INTEL CORE 15-7200U CPU AND 11.6GB MEMORY. OUR EXPERIMENTS USE 100 SAMPLED

GAME INSTANCES WITH 2 DEFENDER RESOURCES, VARYING THE NUMBER OF TARGETS, AND
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RANDOMLY GENERATED PAYOFFS. IN ZERO-SUM CASES, PAYOFES U (¢) = —U(t), Us(z) =

— U5 () ARE UNIFORMLY DISTRIBUTED IN THE SET {0,1,...,10}. IN GENERAL-SUM CASES,
WE ARE MOTIVATED BY ARMOR *5* AND ADOPT THE FOLLOWING PAYOFF SETTING: U%(#) =
—U’%(¢) UNIFORMLY DISTRIBUTED IN THE SET {0,1,...,10} (COMPLETELY OPPOSITE ON SUC-
CESSFUL ATTACK), U(#) = 0 (ZERO REWARD FOR SUCCESSFUL PROTECT), AND U, () UNI-
FORMLY DISTRIBUTED IN {0,1,..., | U%(¢)/2]}. EACH INSTANCE ALSO ENCOMPASSES O(1)
RANDOMLY GENERATED SCHEDULING CONSTRAINTS WITH EACH SCHEDULE COVERING 2 TO 5
TARGETS DEPENDING ON THE NUMBER OF TARGETS. WE EMPLOY CPLEX AS OUR ORACLE TO
OBTAIN EXACT SOLUTIONS TO LINEAR PROGRAMS. WE COMPARE THE SOLUTION QUALITY OF
OUR REFINED SSE To THE SSES GIVEN BY THE multiple LPs METHOD 7", heuristic METHOD *?,
AND greedy iterative METHOD '57.

SINCE THE DEFENDER UTILITIES ON THE FIRST PREFERABLE TARGET ARE IDENTICAL FOR
ALL SSES, WE DISPLAY THE RESIDUAL EXPECTED UTILITY FOR THE REMAINING TARGETS. SUP-
POSE THE ATTACKER DEVIATES FROM HIS TARGET TO THE SECONDARY TARGET WITH PROB-
ABILITY ¢. FURTHER ASSUME THAT THE ATTACKER DOES NOT ATTACK THE FIRST PREFER-
ABLE TARGET, THEN THE ATTACKER WILL ATTACK THE SECOND PREFERABLE TARGET WITH
PROBABILITY | — ¢, THIRD PREFERABLE TARGET WITH ¢(1 — ¢) AND $O ON. GIVEN THE UTIL-
ITY VECTOR V SORTED BY THE ATTACKING ORDER, THE RESIDUAL VALUE IS EXPRESSIBLE AS
> a<icn(1— e)e v,

FIGURES 11.3(A), 11.3(B), 11.4(A), 11.4(B) ILLUSTRATE THE RESIDUAL EXPECTED UTILITIES
IN ZERO AND GENERAL-SUM GAMES WITH # = 10 AND 20, RESPECTIVELY. WITHOUT SPEND-

ING ADDITIONAL RESOURCES, OUR REFINED SOLUTION OUTPERFORMS THE OTHER SSE soLU-

"The heuristic method starts from an arbitrary SSE and goes through all of the pure strategies. If there
is a strictly better pure strategy than the pure strategy in the current mixed strategy, then move the weight to
the better one. The greedy iterative method adopts the idea of the iterative algorithm ** but without finding
minimal attack sets. It iteratively fixes the coverage of an arbitrary target in the attack set (best attack set).
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TIONS, IMPROVING THE DEFENDER UTILITY BY 10 — 40%. FIGURES 11.3(C), I1.3(D), 11.4(C),
11.4(D) DEPICT THE DEFENDER UTILITIES IN ATTACKING ORDER. THE FIGURES SHOW THAT

(I) THE REFINED SSE AND OTHER SSES PROVIDE THE SAME DEFENDER UTILITY ON THE FIRST
PREFERABLE TARGET; (1II) WHILE THE HEURISTIC AND MULTIPLE LPS METHODS ARE A LOT
FASTER THAN OURS (FIGURES 11.5(A), 11.5(B)), THEY PERFORM SIGNIFICANTLY WORSE SINCE
THEY DO NOT REFINE THE SOLUTION; (177) THE REFINED SSE GIVES A MUCH HIGHER DEFENDER
UTILITY ON THE FOLLOWING FEW TARGETS (SECOND AND THIRD PREFERABLE) BY SACRIFIC-
ING THOSE LESS PREFERABLE TARGETS, WHICH ARE EVEN MORE UNLIKELY TO BE ATTACKED
THAN THE FIRST FEW TARGETS.

FIGURE 11.5(A) (RESP. 11.5(B)) COMPARES THE RUNTIME (RESP. NUMBER OF ORACLE CALLS)
OF OUR ALGORITHM RELATIVE TO OTHER ALGORITHMS IN ZERO-SUM (ZS) AND GENERAL-SUM
(GS) cASES. THE RESULTS SHOW (I) THE RUNTIME OF BOTH ZERO AND GENERAL-SUM CASES
IS OF THE SAME ORDER AS THE RUNTIME OF THE GREEDY ITERATIVE ALGORITHM, WHICH
REQUIRES O(nz) ORACLE CALLS. THUS, THE EMPIRICAL NUMBER OF ORACLE CALLS IS SIGNIFI-
CANTLY LOWER THAN OUR WORST-CASE ESTIMATE OF O(n3). THIS IS DUE TO THE FACT THAT
IN RANDOM SETTINGS, THE CARDINALITY OF () (DEFINITION 27) IS SMALL (USUALLY UNDER
4), RESULTING IN A SMALL NUMBER OF ENUMERATIONS OF N;, ¢ € (; (11) OUR ALGORITHM
FOR ZERO-SUM GAMES IS ALMOST TWO TIMES FASTER THAN THE GREEDY ITERATIVE ALGO-
RITHM BECAUSE FIXING THE MINIMAL ATTACK SET CAN SIGNIFICANTLY REDUCE THE NUMBER
OF ITERATIONS, WHICH SPEEDS UP OUR ALGORITHM AND ALSO BOOSTS SOLUTION QUALITY;
(r1r) FIGURE 11.5(A) ALSO SHOWS THAT THE RUNTIME OF OUR OPTIMAL ALGORITHM IS CLOSE
TO THE RUNTIME OF THE GREEDY ITERATIVE ONE. CONTRARY TO THE GREEDY ITERATIVE
APPROACH, OUR ALGORITHM GUARANTEES OPTIMALITY AND PROVIDES A SIGNIFICANT IM-
PROVEMENT IN DEFENDER UTILITY AND ROBUSTNESS, SEE FIGURES 11.3(C), 11.3(D), 11.4(C),

AND 11.4(D)ATLOW COMPUTATIONAL COST, WHICH PROVIDES A MORE ROBUST SOLUTION
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Figure 11.5: Computation cost of equilibrium refinement with varying problem sizes.

WITH FURTHER SPENDING ONLY LITTLE MORE RUNTIME.

11.7 CONCLUSION

IN SUMMARY, WE SHOW THAT THE REFINEMENT IS CRITICAL IN SECURITY PROBLEMS WITH
ARBITRARY SCHEDULE (SPARS) DOMAIN AND EXISTING ALGORITHMS MAY LEAD TO SUBOP-
TIMAL PERFORMANCE. WE PROVIDE THEORETICAL ANALYSES BY DEFINING MINIMAL ATTACK
SET AND DOMINANCE RELATIONSHIP TO DESIGN ALGORITHMS THAT COMPUTES THE NON-
DOMINATED STRONG STACKELBERG EQUILIBRIUM (SSE) WITH SCALABLE COMPUTATION COST

IN BOTH ZERO-SUM AND GENERAL-SUM GAMES.
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CONCLUSION

THIS THESIS PRESENTS A SET OF ALGORITHMIC, METHODOLOGICAL, AND THEORETICAL CON-
TRIBUTIONS IN THE DATA-TO-DEPLOYMENT PIPELINE TO INTEGRATE OPTIMIZATION AND MA-
CHINE LEARNING PROBLEMS IN PUBLIC HEALTH AND CONSERVATION. ON THE TECHNICAL
LEVEL, THE THESIS PRESENTS TECHNIQUES FOR INTEGRATING KNOWLEDGE FROM OPTIMIZA-
TION AND DIFFERENT DECISION-MAKING PROCESSES TO STRENGTHEN MACHINE LEARNING

PERFORMANCE, INCLUDING SUPERVISED LEARNING, ONLINE LEARNING, AND MULTI-AGENT
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SYSTEMS IN THE FACE OF UNCERTAINTY AND WITH LIMITED DATA.

PART I DISCUSSES THE INTEGRATION OF OPTIMIZATION IN SUPERVISED LEARNING TO
TRAIN MACHINE LEARNING MODELS IN THE PRESENCE OF OPTIMIZATION. CHAPTER 2 AND
CHAPTER 3 STUDY THE INTEGRATION OF SEQUENTIAL PROBLEMS AS A DIFFERENTIABLE LAYER
INTO MACHINE LEARNING TO ENABLE THE FIRST DECISION-FOCUSED LEARNING IN SEQUEN-
TIAL PROBLEMS WITH APPROXIMATE SOLUTIONS TO REDUCE COMPUTATION COSTS. THESE
TWO WORKS SET THE FOUNDATION FOR APPLYING DECISION-FOCUSED LEARNING TO PUB-
LIC HEALTH AND THE DEPLOYMENT TO THE MATERNAL AND CHILD HEALTH PROGRAM AS
SHOWN IN CHAPTER 4. LASTLY, CHAPTER § AND CHAPTER 6 STUDY THE INTEGRATION OF
NON-SEQUENTIAL OPTIMIZATION INTO MACHINE LEARNING BY PROPOSING SAMPLING AND
SURROGATE ALGORITHMS TO REDUCE COMPUTATION COSTS.

PART Il FOCUSES ON USING OPTIMIZATION TO DESIGN ONLINE LEARNING ALGORITHMS
TO COLLECT DATA AND STRENGTHEN THEORETICAL GUARANTEES. CHAPTER 7 STUDIES US-
ING OPTIMIZATION TO HANDLE ADDITIVE AND INDEPENDENT FEEDBACK IN MULTI-ARMED
BANDITS WITH CONTINUOUS ACTION SPACE. CHAPTER 8 STUDIES USING OPTIMIZATION TO
HANDLE ADDITIVE BUT WEEKLY DEPENDENT FEEDBACK IN RESTLESS MULTI-ARMED BANDITS.
CHAPTER 9 STUDIES USING OPTIMIZATION TO LEVERAGE NON-ADDITIVE AND DEPENDENT
FEEDBACK IN ONLINE COMBINATORIAL OPTIMIZATION PROBLEMS. ALL THESE THREE WORKS
USE OPTIMIZATION TO DESIGN ONLINE ALGORITHMS WITH IMPROVED THEORETICAL GUAR-
ANTEES AND EMPIRICAL RESULTS.

PART III FOCUSES ON DESIGNING SCALABLE AND APPROXIMATE SOLUTIONS TO SOLVE OP-
TIMIZATION IN MULTI-AGENT SYSTEMS USING STACKELBERG GAMES. CHAPTER 10 EXTENDS
THE IDEA FROM DECISION-FOCUSED LEARNING TO MULTI-AGENT SYSTEMS AND PROPOSES
THE FIRST GRADIENT-BASED ALGORITHM TO FIND THE BEST EQUILIBRIUM OF STACKELBERG

GAMES WITH MULTIPLE FOLLOWERS. CHAPTER 11 PROPOSES EFFICIENT ALGORITHMS TO
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SOLVE THE EQUILIBRIUM REFINEMENT PROBLEM IN STACKELBERG SECURITY GAMES WITH
ARBITRARY CONSTRAINTS. THESE WORKS FOCUS ON COMPLEXITY AND THE DESIGN OF SCAL-
ABLE ALGORITHMS IN FINDING EQUILIBRIA IN MULTI-AGENT SYSTEMS.

FrROM A PRACTICAL PERSPECTIVE, THIS THESIS INTRODUCES HOW A] ALGORITHMS AND
THEORY CAN BE APPLIED TO PUBLIC HEALTH AND CONSERVATION CHALLENGES. ON THE PUB-
LIC HEALTH FRONT, THE THESIS COVERS MATERNAL HEALTH, TUBERCULOSIS, AND EPIDEMI-
OLOGY USING THE DATA-TO-DEPLOYMENT PIPELINE. SPECIFICALLY, THE MATERNAL HEALTH
APPLICATION INCLUDES A REAL-WORLD FIELD STUDY AND DEPLOYMENT TO A MOBILE HEALTH
PROGRAM WHERE THE PROPOSED DECISION-FOCUSED LEARNING ALGORITHM IS CURRENTLY
USED BY MORE THAN 100,000 PEOPLE TO IMPROVE ENGAGEMENT WITH HEALTH INFORMA-
TION. ON THE CONSERVATION FRONT, THE THESIS COVERS OPTIMIZING PATROL STRATEGIES
IN WILDLIFE CONSERVATION, DETERMINING MECHANISMS TO INCENTIVIZE COLLABORATION
BETWEEN MULTIPLE PATROL TEAMS, AND INTERRUPTING ILLEGAL WILDLIFE TRADE IN A PHYS-
ICAL NETWORK. THESE EXAMPLES DEMONSTRATE THE USE OF MACHINE LEARNING, OPTI-
MIZATION, AND MULTI-AGENT SYSTEMS TO DESIGN AI SOLUTIONS IN PUBLIC HEALTH AND
CONSERVATION.

FROM THE PERSPECTIVE OF USING Al TO CREATE SOCIAL IMPACT, THE THESIS EMPHASIZES
THE IMPORTANCE OF ENGAGING WITH STAKEHOLDERS AND ORGANIZATIONS THAT POSSESS
A DEEP UNDERSTANDING OF SOCIETAL CHALLENGES IN ORDER TO CONSOLIDATE OPTIMIZA-
TION AND DECISION-MAKING PROCESSES TO DESIGN SUITABLE Al sSOLUTIONS. ON ONE HAND,
THESE OPTIMIZATION FORMULATIONS PROVIDE VALUABLE DOMAIN KNOWLEDGE TO EN-
HANCE MACHINE LEARNING APPROACHES. THE OPTIMIZATION PROBLEMS FORMULATED IN
COLLABORATION WITH DOMAIN EXPERTS REVEAL THE CONSTRAINTS AND KNOWLEDGE PER-
TINENT TO THE SOCIETAL CHALLENGES, WHICH ARE CRITICAL FOR EFFECTIVELY CHARACTER-

IZING SOCIETAL ISSUES AND QUANTIFYING UNCERTAINTY, ESPECIALLY IN SCENARIOS WHERE
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DATA IS LIMITED. ON THE OTHER HAND, INVOLVING STAKEHOLDERS IN THE DESIGN OF Al so-
LUTIONS AND THE DATA-TO-DEPLOYMENT PIPELINE HELPS ENSURE THE Al SOLUTIONS MEET
THE NEED OF THE STAKEHOLDERS TO ULTIMATELY CONVERT ALGORITHMIC CONTRIBUTIONS
TO DEPLOYMENT. BY INCORPORATING STAKEHOLDERS’ INPUT, THE DESIGNED Al SOLUTIONS
CAN BETTER REFLECT THE CONSTRAINTS AND REQUIREMENTS FACED IN SOCIETAL CHAL-
LENGES, MAKING THEM MORE SUITABLE FOR DEPLOYMENT. FOR INSTANCE, THE COLLABORA-
TIVE WORK WITH ARMMAN IN CHAPTER 2 AND CHAPTER 3 TO DEFINE MATERNAL HEALTH
DECISION-MAKING PROCESSES WAS INSTRUMENTAL IN THE SUCCESSFUL DEPLOYMENT OF
THE SOLUTIONS, LARGELY BENEFITING FROM THE INVOLVEMENT OF THE ORGANIZATION AND
DOMAIN EXPERTS. IN SUMMARY, THE THESIS ESTABLISHES THE ALGORITHMIC AND THEORET-
ICAL FOUNDATION FOR INTEGRATING OPTIMIZATION OBTAINED FROM STAKEHOLDERS INTO
MACHINE LEARNING TO EFFECTIVELY LEVERAGE KNOWLEDGE FROM DECISION-MAKING PRO-

CESSES IN A COMPUTATIONALLY EFFICIENT MANNER.

FUTURE visiON

A SIGNIFICANT AMOUNT OF WORK REMAINS TO BE DONE IN DEVELOPING Al SOLUTIONS FOR
PUBLIC HEALTH AND CONSERVATION. ALTHOUGH WE HAVE SEEN THE EMPIRICAL AND THEO-
RETICAL SUCCESS OF DECISION-FOCUSED LEARNING IN BOTH SIMULATION AND REAL-WORLD
DEPLOYMENT, THE COMPUTATIONAL COST OF DECISION-FOCUSED LEARNING ALGORITHMS
HAS BECOME A CRITICAL CONCERN. THE INVOLVEMENT OF OPTIMIZATION PROBLEMS IN

THE LEARNING PIPELINE MAKES THE TRAINING PROCESS MUCH MORE EXPENSIVE AND NON-
SMOOTH, HINDERING GRADIENT-BASED APPROACHES FROM WORKING EFFICIENTLY. ApDI-
TIONALLY, OUR CURRENT UNDERSTANDING OF THE DIFFERENTIABILITY OF DIFFERENT OPTI-

MIZATION AND DECISION-MAKING PROCESSES IS ALSO LIMITED TO CONTINUOUS MATHEMAT-
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ICAL OPTIMIZATION AND SEQUENTIAL DECISION PROBLEMS MODELED AS MARKOV DECISION
PROCESSES. MANY SOCIETAL CHALLENGES INVOLVE DECISION-MAKING PROCESSES THAT ARE
MORE COMPLEX THAN OUR ALGORITHMIC FRONTIER, WHICH LIMITS THE APPLICABILITY OF
DECISION-FOCUSED LEARNING. THEREFORE, THE SCALABILITY AND THE APPLICABILITY TO
OTHER DECISION-MAKING PROCESSES REMAIN CHALLENGING FOR INTEGRATING OPTIMIZA-
TION INTO MACHINE LEARNING ALGORITHMS.

FURTHERMORE, OUR CURRENT UNDERSTANDING OF THE KNOWLEDGE EMBEDDED IN OPTI-
MIZATION AND DECISION-MAKING PROCESSES REMAINS LIMITED. THIS LIMITATION SIGNIFI-
CANTLY IMPACTS THE EXPLAINABILITY AND ROBUSTNESS OF DECISION-FOCUSED LEARNING,
WHICH BECOMES INCREASINGLY IMPORTANT AS THE METHODOLOGY OF DECISION-FOCUSED
LEARNING MATURES AND GETS ADOPTED MORE FREQUENTLY. IT 1S UNCLEAR WHETHER IN-
TEGRATING OPTIMIZATION INTO MACHINE LEARNING IS THE ULTIMATE SOLUTION FOR IN-
CORPORATING KNOWLEDGE FROM OPTIMIZATION AND DECISION-MAKING PROCESSES. His-
TORICALLY, MACHINE LEARNING ALGORITHMS USE REGULARIZATION TERMS TO INDIRECTLY
INCORPORATE DOMAIN KNOWLEDGE AND INSIGHTS INTO MACHINE LEARNING OBJECTIVES.
In CONTRAST, DECISION-FOCUSED LEARNING ALGORITHMS INTEGRATE OPTIMIZATION AND
DECISION-MAKING PROCESSES INTO THE LEARNING PIPELINE TO DIRECTLY INCORPORATE
DOMAIN KNOWLEDGE TO DEFINE MACHINE LEARNING OBJECTIVES, BUT IN A COST OF COMPU-
TATION COST AND NON-SMOOTHNESS THAT CAN IMPACT LEARNING PERFORMANCE, EXPLAIN-
ABILITY, AND ROBUSTNESS. FURTHER INVESTIGATION INTO THE CONNECTION BETWEEN REG-
ULARIZATION AND THE INTEGRATION OF OPTIMIZATION IS NEEDED, AND CONSIDERATION OF
THE TRUTHWORHINESS IS ALSO IMPORTANT IN INTEGRATING OPTIMIZATION AND MACHINE
LEARNING.

LASTLY, ON A BROADER LEVEL, THE JOURNEY OF Al FOR SOCIAL IMPACT HAS ONLY JUSsT

BEGUN. THIS THESIS LAYS THE FOUNDATION FOR INTEGRATING OPTIMIZATION, MACHINE
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LEARNING, MULTI-AGENT SYSTEMS, AND STAKEHOLDERS’ INVOLVEMENT TO DESIGN Al so-
LUTIONS FOR DEPLOYMENT. HOWEVER, THERE ARE MUCH MORE Al TECHNIQUES AND WELL-
ESTABLISHED AREAS THAT NEED TO BE STUDIED AND INTEGRATED INTO THE RESEARCH OF
Al FOR SOCIAL IMPACT. AS INTERDISCIPLINARY RESEARCH CONTINUES TO FLOURISH, WE
GAIN A DEEPER UNDERSTANDING OF HOW DIFFERENT Al TECHNIQUES AND DOMAIN KNOWL-
EDGE INTERSECT AND INTERACT. WITH MORE RESEARCH ON Al FOR SOCIAL IMPACT AND THE
APPLICATION OF Al IN VARIOUS FIELDS AND SOCIETAL CHALLENGES, Al AND COMPUTER SCI-
ENCE GRADUALLY DEFINE THEIR UNIQUE POSITION AND RESPONSIBILITY IN WORKING WITH
DOMAIN EXPERTS, NON-GOVERNMENTAL ORGANIZATIONS, AND GOVERNMENTS. THESE EF-
FORTS WILL SERVE AS THE NOURISHMENT THAT FOSTERS ALGORITHMIC CONTRIBUTIONS TO

SOCIAL IMPACT AND PROPELS Al TO THRIVE IN OUR SOCIETIES.
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APPENDIX TO CHAPTER 2

A1 MissiNG PROOFs IN CHAPTER 2

Theorem 1 (Policy gradient-based unbiased derivative estimate). We follow the notation of Defini-

b b
tion 1 and define ®g(z,m) = 3 3 ¥ Ro(s;, a;) log m(ajls;). We have:
i=1j=i

Vi = E_ [vﬂcpe. V. logp) + v},cD&]

ViJo(7) = TNIF;‘;&[V”(Dg(T, )] = , B ' . ,
) V&Jg(ﬁ) = E |V,Dy V510gp5 +V5”q)5

T~ G

(2.9)

First part of the proof (policy gradient theorem). The first part of the proof follows the policy gradi-
ent theorem. We begin with definitions.
Letr = {s1,a1,5,42, - , 5,45} bea trajectory sampled according to policy 7 and MDP

parameter ¢. Define 7; = {s1,41,- - - ,5j,4;} to be a partial trajectory up to time step j for any ; €
h
[h]. Define Go(7) = > 3 Rs(s7,4;) to be the discounted value of trajectory 7. Let ps(7, ) be the
7=1
probability of seeing trajectory 7 under parameter ¢ and policy 7. Given MDP parameter &, we can
compute the expected cumulative reward of policy 7 by:

Jo(m) = E Gy(7)

T~7,6

309



= E Z/Rﬁ 5js 4))

Tzé’

I
M@

}/Rﬁ fjad]) (AI)
j=t TNP&
b

=1 zj~ps(7),7)
h .
-y / Y R(55.47)ps(5, 7).
J=1 7

Equation A.1 to Equation A.2 uses the fact that we only need to sample up to time step 7 in order to
compute ¥ Ry(s;, 4;). Everything beyond time step 7 does not affect the expectation up to time step ;.
We can compute the policy gradient by:

Vils(m) =V, Z/VRe 5, 4;)pe( 7y, 7)d;
= Z//Rﬁ(%ﬂj)vzpﬁ(fja 7)dz; (A.3)
=i

h
=> / ¥ Ro(sj> a)ps(7j, m)V z 10g p(7j, m)dz (A4)
=1y

where Equation A.3 is because only the probability term is dependent on policy 7, and Equation A.4
is by Vps = psV . log ps.

We can now merge the integral back to an expectation over trajectory 7; by merging the probabil-
ity term py and the integral:

h
Vds(m) =Y E  [/Re(5,4)Vrlogps(z;, 7))

’GNP&(ijﬁ)

Jj=1
b
=3 B [/Reg0)Valogps(z, )]
= fNPa(T”)
h .
= B> /Relsa) Vi logpsl(s, )
TNP&( ) j:l
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- ; }
= :E() ) Z }/Rg(‘g], ﬂ])vﬁ' Z log W(ﬂl- | Si) + Z 1ng€(_yl.’ 41‘751'—&-1) (AS)
~py(7,m — — -
_J_l =1 =1
C ;
— E Z}lR(g(_gj’ pz])zvﬁlog 7;(41. | 51.)
R pa=
C ; -
= E Z Z Y Ro(sj,4;)V 7 log 7(a; | 5;)
~ps(7,7) ==
[ » 7
- E Z Z 7/R9(5j’ dj)vz log 7f(&l;‘ ‘ 51‘)
~ps(7,7) = =
= E [V,.P4(7,7)] (A.6)
pg(7,7)

where Equation A.s is by expanding the probability of secing trajectory 7; when parameter §and
policy 7 are used, where the probability decomposes into the first term action probability 7 (a; | s;),
and the second term transition probability ps(s;, 4, 5;41), which is independent of policy 7 and

thus disappears. The last equation in Equation A.6 connects back to the definition of @ as defined
in the statement of Theorem 1. @ is easy to compute and easy to differentiate through. We can
therefore sample a set of trajectories {7} to compute the corresponding @ and its derivative to get
the unbiased policy gradient estimate. O

Second part of the proof (second-order derivatives). Given the policy gradient theorem as we recall in
the above derivation, we have:

Vie(w) = E [V,04(7,7)] (A7)

T~ps (77 ﬂ')

We can compute the derivative of Equation A.7 by:

Vifg(ﬂ’) = Vﬂ'vm[@(ﬂ:)
=V, E [V,P(7,7)]

T~ps (77 ”)

= Vﬂ/VﬁCDg(T, 7)po(7, w)dr

= / [Vﬂq)g(r, )V aps(z, 7) | + V204(z, 7)ps(z, 7r)] dr (A.8)

_ / Vo 0(z, 1)V log pa(z, )+ V24, 7)| s, m)de

= 2 [V”(Dg(f, 7)Vlog ps(z, 7) | + V20y(x, 7Z‘):| (A.9)
~po(7,m
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where Equation A.8 passes gradient inside the integral and applies chain rule. Equation A.9 provides
an unbiased estimate of the second-order derivative V2/4(7).
Similarly, we can compute:

Vielo(7) = VeV oJs(7)
= V§ E [vﬁq)ﬁ(fv 77)}

T~ps ( 7, 7f)

= Vg/vz@g(f, 7)po(7, w)dr
— / [V,,q)g(r, 7)Veps(7, 7r)—r + Véﬂq)g(f, 7)pe(7, 7f):| dr

= / V047, 7)Vslog ps(z, 7) | + V3 Dy(7, 7[)] po(7, m)dr

- V04, 7 Vslog pa(r, ) + V3, De(r, 7)] (A.10)

7~ps (Tv ”)

Equation A.9 and Equation A.10 both serve as unbiased estimates of the corresponding second-
order derivatives. We can sample a set of trajectories to compute both of them and get an unbiased
estimate of the second-order derivatives. This concludes the proof of Theorem 1. O

Theorem 2 (Bellman-based unbiased derivative estimate). We follow the notation in Definition 2 to

defineJy(z) =3 E , [5\5(7, 7)|. We have:

)

Viso(r)= E [3V7,§+ ié\zvﬁlogpg} = V2j4(z) = E [VWSV”BT + O(é‘)}

T4 [ A7)

V7)) = E [v”fmﬂ + (vﬁ(m logpg + V., log psVsd| + vgns) 5+ 0(92)} (2.10)

A

First part of the proof (first-order derivative). By the definition of J(7) = 1 E [9*(7,7)], we can

T~T,0
compute its first-order derivative by:

ViJo(7) = V”l TN}%& [é‘é(r, 7))
= Vﬁ;/rﬁ(r, 7)pe(7, 7)dr
- / [pg(r, 7)d9(7, m)V 2g(7, ) + %55(7, 7)V po(7, 7Z):| dr

= / [39(7, )V 20s(7, @) + %3;(7, 7)V . log ps(7, 71')] po(z, m)dr
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= E 39(7'7 W)vﬂ";ﬁ('ra W) + %‘%(T’ ”)vﬁ Ingﬁ(Ta 77) (A'II)

T8
O

Second part of the proof (second-order derivative). Given Equation A.11, we can further compute the
second-order derivatives by:

Vijs(m) = V2V fs(m)

= vn E |:96’(Ta ”)Vﬁsﬁ(fa 7f) +

7,0

1

55%(7, 7)V . log ps(z, 71‘):|

35 (7, )V ;- log py(, w)} po(7, w)dr

S

=9, [ |astr eIVt +
1
— / (vﬁsvﬁﬂ +0V23 4 3V log psV 3" + Eszvz log pg) Ps

1
+ <3V7,5(r, 7) + 592V7710g Pe) peV 10g]7; dr

= E [vy,avﬂf V23 + 3V log psV 53" + 3V,0(z, )V log p} + O(5°)

7,6
- E [v,,svﬁf n o(a)}
77,6
Similarly, we have:

Vislo(m) = VsV ofs(7)

= Ve B im0 e ) + 3505Vl )

Tr~T,0
1
= V5/ |:55v7,35 + E(%V,, logpg] pgdf
1
— / (vﬁswﬂ +0V3.0+ 3V log psVed ' + Eazvgﬁ log p§> 6
1
+ <3V7,9+ EBZVW logpg) psVslogp, dr

- E [v,,swf 4 OV2 3+ 3V, log psVsd | + 0V 0V slog pl + 0(52)}

7,6
- ®_ [V,,svgﬂ + (vgﬁs + YV, log pgVed" + V,0V4log p;r) 5+ 0(32)} (A.12)
which concludes the proof. O
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A.2 ADDITIONAL DIsSCUSSIONS OF DECISION-FOCUSED LEARNING

IN THIS SECTION, WE PROVIDE ADDITIONAL DISCUSSIONS OF APPLYING DECISION-FOCUSED
LEARNING TO MDPs PROBLEMS.

A2.1 SMoOOTHNESS OF THE OPTIMAL PoLicy DERIVED FROM REINFORCEMENT LEARN-
ING SOLVER

IN EQUATION 2.8, WE COMPUTE THE GRADIENT OF THE FINAL EVALUATION METRIC WITH
RESPECT TO THE PREDICTIVE MODEL BY APPLYING CHAIN RULE. THIS IMPLICITLY REQUIRES
EACH INDIVIDUAL COMPONENT IN THE CHAIN RULE TO BE WELL-DEFINED. SPECIFICALLY, THE
MAPPING FROM THE MDP PARAMETERS TO THE OPTIMAL POLICY NEEDS TO BE SMOOTH SO
THAT WE CAN COMPUTE A MEANINGFUL DERIVATIVE OF THE POLICY WITH RESPECT TO THE
MDP PARAMETERS. HOWEVER, THIS SMOOTHNESS REQUIREMENT IS ONLY REQUIRED IN THE
TRAINING TIME TO MAKE THE GRADIENT COMPUTATION AVAILABLE. ONCE THE TRAINING
IS FINISHED, THERE IS NO RESTRICTION ON THE POLICY AND THE CORRESPONDING SOLVER.
THIS SMOOTHNESS REQUIREMENT DOES NOT RESTRICT THE KIND OF PROBLEMS THAT WE CAN
SOLVE. WE JUST NEED TO FIND A SOLVER THAT CAN GIVE A SMOOTH POLICY TO ENSURE THE
DIFFERENTIABILITY AT TRAINING TIME, E.G., SOFT ACTOR CRITIC AND SOFT Q LEARNING.
SPECIFICALLY, THE ASSUMPTION ON SMOOTH POLICY IS SIMILAR TO THE IDEA OF SOFT Q-
LEARNING '*7 AND SOFT ACTOR-CRITIC '** PROPOSED BY HAARNOJA ET AL. SOFT Q-LEARNING
RELAXES THE BELLMAN EQUATION TO A SOFT BELLMAN EQUATION TO MAKE THE POLICY
SMOOTHER, WHILE SOFT ACTOR-CRITIC ADDS AN ENTROPY TERM AS REGULARIZATION TO
MAKE THE OPTIMAL POLICY SMOOTHER. THESE RELAXED POLICY NOT ONLY CAN MAKE THE
TRAINING SMOOTHER AS STATED IN THE ABOVE PAPERS, BUT ALSO CAN ALLOW BACK-PROPAGATION
THROUGH THE OPTIMAL POLICY TO THE INPUT MDP PARAMETERS IN OUR PAPER. THESE BEN-
EFITS ARE ALL DUE TO THE SMOOTHNESS OF THE OPTIMAL POLICY. SIMILAR ISSUES ARISE IN
DECISION-FOCUSED LEARNING IN DISCRETE OPTIMIZATION, WITH WILDER ET AL.?*® PROPOS-
ING TO RELAXING THE OPTIMAL SOLUTION BY ADDING A REGULARIZATION TERM, WHICH
SERVES AS THE SAME PURPOSE AS WE RELAX OUR OPTIMAL POLICY IN THE SEQUENTIAL DECI-
SION PROBLEM SETTING.

A.2.2 UNBIASED SECOND-ORDER DERIVATIVE ESTIMATES

As WE DISCUSS IN SECTION 2.7, CORRECTLY APPROXIMATING THE SECOND-ORDER DERIVA-
TIVES IS THE CRUX OF OUR ALGORITHM. INCORRECT APPROXIMATION MAY LEAD TO IN-
CORRECT GRADIENT DIRECTION, WHICH CAN FURTHER LEAD TO DIVERGENCE. SINCE THE
SECOND-ORDER DERIVATIVE FORMULATION AS STATED IN THEOREM I AND THEOREM 2 ARE
BOTH UNBIASED DERIVATIVE ESTIMATE. HOWEVER, THEIR ACCURACY DEPENDS ON HOW
MANY SAMPLES WE USE TO APPROXIMATE THE DERIVATIVES. IN OUR EXPERIMENTS, WE USE
100 SAMPLED TRAJECTORIES TO APPROXIMATE THE SECOND-ORDER DERIVATIVES ACROSS
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THREE DOMAINS. THE NUMBER OF SAMPLES REQUIRED TO GET A SUFFICIENTLY ACCURATE
DERIVATIVE ESTIMATE MAY DEPEND ON THE PROBLEM SIZE. LARGER PROBLEMS MAY REQUIRE
MORE SAMPLES TO GET A GOOD DERIVATIVE ESTIMATE, BUT MORE SAMPLES ALSO IMPLIES
MORE COMPUTATION COST REQUIRED TO RUN THE BACK-PROPAGATION.

In PRACTICE, WE FIND THAT NORMALIZATION EFFECT OF THE HESSIAN TERM AS DIS-
CUSSED IN SECTION 2.7 IS VERY IMPORTANT TO REDUCE THE VARIANCE CAUSED BY THE IN-
CORRECT DERIVATIVE ESTIMATE. ADDITIONALLY, WE ALSO NOTICE THAT ADDING A SMALL
ADDITIONAL PREDICTIVE LOSS TERM TO RUN BACK-PROPAGATION CAN STABILIZE THE TRAIN-
ING PROCESS BECAUSE THE PREDICTIVE LOSS DOES NOT SUFFER FROM SAMPLING VARIANCE.
THIS IS WHY WE ADD A WEIGHTED PREDICTIVE LOSS TO THE BACK-PROPAGATION IN ALGO-
RITHM I.

A.2.3 ImpracT OF OPTIMALITY IN THE FORWARD Pass

IN ORDER TO DIFFERENTIATE THROUGH THE KKT CONDITIONS, WE NEED THE POLICY 7™ RE-
TURN BY THE REINFORCEMENT LEARNING SOLVER TO BE OPTIMAL IN FIGURE 2.1. HOWEVER,
SUB-OPTIMAL SOLUTION IS OFTEN REACHED BY THE REINFORCEMENT LEARNING SOLVER AND
THE OPTIMALITY CAN IMPACT THE GRADIENT COMPUTED FROM DIFFERENTIATING THROUGH
THE KKT coNDITIONS.

IN THIS SECTION, WE ANALYZE THE IMPACT OF A SUB-OPTIMAL POLICY PRODUCED BY THE
REINFORCEMENT LEARNING SOLVER. WHEN THE PROBLEM IS SMOOTH, OR MORE PRECISELY
WHEN THE FUNCTION J5(7) IS SMOOTH AROUND THE OPTIMAL POLICY 7, WE CAN BOUND
THE GRADIENTS V2/p(7') AND V /5(7') COMPUTED IN EQUATION 2.8 USING A SUB-OPTIMAL
POLICY 7/ BY THE GRADIENTS COMPUTED USING THE OPTIMAL POLICY 7. SPECIFICALLY, IF
THE HEsS1AN V2/5(7*) Is SUFFICIENTLY FAR FROM SINGULAR, THE DIFFERENCE BETWEEN
TWO GRADIENTS COMPUTED FROM SUB-OPTIMAL AND OPTIMAL POLICY USING EQUATION 2.8
CAN BE WRITTEN AS:

d 7 g d * dg
L) () i) B2 AT (2 )9 ) B

WHICH CAN BE FURTHER BOUNDED BY APPLYING TELESCOPING SUM TO DECOMPOSE THE DIF-
FERENCE INTO LINEAR COMBINATION OF THE DIFFERENCE IN EACH INDIVIDUAL GRADIENT
TERM. THIS SUGGESTS THAT WHEN THE SMOOTHNESS CONDITION OF THE ABOVE DERIVA-
TIVES IS MET, WE CAN BOUND THE ERROR INCURRED BY SUB-OPTIMAL POLICY.

A.3 EXPERIMENTAL SETUP

IN THIS SECTION, WE DESCRIBE HOW WE RANDOMLY GENERATE THE MDP PROBLEMS AND
THE CORRESPONDING MISSING PARAMETERS.
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FEATURE GENERATION ACROSS ALL THREE DOMAINS, ONCE THE MISSING PARAMETERS ARE
GENERATED, WE FEED EACH MDP PARAMETER INTO A RANDOMLY INITIALIZED NEURAL NET-
WORK WITH TWO INTERMEDIATE LAYERS EACH WITH 64 NEURONS, AND AN OUTPUT DIMEN-
SION SIZE 16 TO GENERATE A FEATURE VECTOR OF SIZE 16 FOR THE CORRESPONDING MDP
PARAMETER. FOR EXAMPLE, IN THE GRIDWORLD EXAMPLE, EACH GRID CELL COMES WITH A
MISSING REWARD. SO THE FEATURE CORRESPONDING TO THIS GRID CELL AND THE MISSING
REWARD IS GENERATED BY FEEDING THE MISSING REWARD INTO A RANDOMLY INITIALIZED
NEURAL NETWORK TO GENERATE A FEATURE VECTOR OF SIZE 16 FOR THIS PARTICULAR GRID
CELL. WE REPEAT THE SAME PROCESS FOR ALL THE PARAMETERS IN THE MDP PROBLEM, E.G.,
ALL THE GRID CELLS IN THE GRIDWORLD PROBLEM. THE RANDOMLY INITIATED NEURAL NET-
WORK USES RELU LAYERS AS NONLINEARITY FOLLOWED BY A LINEAR LAYER IN THE END. THE
GENERATED FEATURES ARE NORMALIZED TO MEAN 0 AND VARIANCE 1, AND WE ADD GAUSs-
SIAN NOISE N (0, 1) TO THE FEATURES, WITH A SIGNAL NOISE RATIO IS | : 3, TO MODEL THAT
THE ORIGINAL MISSING PARAMETERS MAY NOT BE PERFECTLY RECOVERED FROM THE NOISY
FEATURES. THE PREDICTIVE MODEL WE USE TO MAP FROM GENERATED NOISY FEATURES TO
THE MISSING PARAMETERS IS A SINGLE LAYER NEURAL NETWORK WITH 16 NEURONS.

TRAINING PARAMETERS ACROSS ALL THREE EXAMPLES, WE CONSIDER THE DISCOUNTED
SETTING WHERE THE DISCOUNT FACTORIS ¥ = 0.95. THE LEARNING RATE IS SET TO BE® =
0.01. THE NUMBER OF DEMONSTRATED TRAJECTORIES IS SET TO BE 100 IN BOTH THE RANDOM
AND NEAR-OPTIMAL SETTINGS.

REINFORCEMENT LEARNING SOLVERS IN ORDER TO TRAIN THE OPTIMAL POLICY, IN THE
GRIDWORLD EXAMPLE, WE USE TABULAR VALUE-ITERATION ALGORITHM TO LEARN THE Q
VALUE OF EACH STATE ACTION PAIR. IN THE SNARE FINDING AND THE TB PROBLEMS, SINCE
THE STATE SPACE IS CONTINUOUS, WE APPLY DDQN >3 TO TRAIN THE Q FUNCTION AND
THE CORRESPONDING POLICY, WHERE WE USE A NEURAL NETWORK WITH TWO INTERMEDI-
ATE LAYERS EACH WITH 64 NEURONS TO REPRESENT THE FUNCTION APPROXIMATORS OF THE
Q vALUEs. THERE IS ONE EXCEPTION IN THE RUNTIME PLOT OF THE SNARE FINDING PROB-
LEM IN FIGURE 2.3(C), WHERE THE FULL HESSIAN COMPUTATION IS INFEASIBLE WHEN A TWO
LAYER NEURAL NETWORK IS USED. THUS WE USE AN ONE LAYER NEURAL NETWORK WITH 64
NEURONS ONLY TO TEST THE RUNTIME OF DIFFERENT HESSIAN APPROXIMATIONS.

A.3.1  GRIDWORLD ExaMPLE WiTH M1SSING REWARDS

PROBLEM SETUP WE CONSIDER A 5 X 5 GRIDWORLD ENVIRONMENT WITH UNKNOWN RE-
WARDS AS OUR MDP PROBLEMS WITH UNKNOWN PARAMETERS. THE BOTTOM LEFT COR-
NER IS THE STARTING POINT AND THE TOP RIGHT CORNER IS A SAFE STATE WITH A HIGH RE-
WARD DRAWN FROM A NORMAL DISTRIBUTION N/ (5, 1). THE AGENT CAN WALK BETWEEN
GRID CELLS BY GOING NORTH, SOUTH, EAST, WEST, OR DECIDING TO STAY IN THE CURRENT
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GRID CELLS. SO THE NUMBER OF AVAILABLE ACTIONS IS 5, WHILE THE NUMBER OF AVAILABLE
STATESISS X S = 25.

THE AGENT COLLECTS REWARD WHEN THE AGENT STEPS ON EACH INDIVIDUAL GRID CELL.
THERE Is 20% CHANCE THAT EACH INTERMEDIATE GRID CELL IS A CLIFF THAT GIVES A HIGH
PENALTY DRAWN FROM ANOTHER NORMAL DISTRIBUTION N(—IO, 1). ALL THE OTHER 80%
OF GRID CELLS GIVE REWARDS DRAWN FROM /N (0, 1). THE GOAL OF THE AGENT IS TO COL-
LECT AS MUCH REWARD AS POSSIBLE. WE CONSIDER A FIXED TIME HORIZON CASE WITH 20
STEPS, WHICH IS SUFFICIENT FOR THE AGENT TO GO FROM BOTTOM LEFT TO THE TOP RIGHT
CORNER.

TRAINING DETAILS WITHIN EACH INDIVIDUAL TRAINING STEP FOR EACH MDP PrOB-

LEM WITH MISSING PARAMETERS, WE FIRST PREDICT THE REWARDS USING THE PREDICTIVE
MODEL, AND THEN SOLVE THE RESULTING PROBLEM USING TABULAR VALUE-ITERATION. WE
RUN IN TOTAL 10000 ITERATIONS TO LEARN THE Q VALUES, WHICH ARE LATER USED TO CON-
STRUCT THE OPTIMAL POLICY. 1O RELAX THE OPTIMAL POLICY GIVEN BY THE RL SOLVER,
WE RELAX THE BELLMAN EQUATION USED TO RUN VALUE-ITERATION BY RELAXING ALL THE
ARGMAX AND MAX OPERATORS IN THE BELLMAN EQUATION TO SOFTMAX WITH TEMPERATURE
0.1, .., wE USE SOFTMAX(0.1 - Q-VALUES) TO REPLACE ALL THE ARGMAX OVER Q VAL-
UES. THE CHOICE OF THE TEMPRERATUE 0.1 IS TO MAKE SURE THAT THE OPTIMAL POLICY IS
SMOOTH ENOUGH BUT THE RELAXATION DOES NOT IMPACT THE OPTIMAL POLICY TOO MUCH
AS WELL.

RANDOM AND NEAR-OPTIMAL TRAJECTORIES GENERATION 1O GENERATE THE RANDOM
TRAJECTORIES, WE HAVE THE AGENT RANDOMLY SELECT ACTIONS BETWEEN ALL ACTIONS.
TO GENERATE THE NEAR-OPTIMAL TRAJECTORIES, WE REPLACE THE SOFTMAX WITH TEM-
PERATURE 0.1 BY SOFTMAX WITH TEMPERATURE 1 AND TRAIN AN RL AGENT USING GROUND
TRUTH REWARD VALUES BY 50000 VALUE-ITERATIONS TO GET A NEAR-OPTIMAL POLICY. WE
THEN USE THE TRAINED NEAR-OPTIMAL POLICY TO GENERATE 100 INDEPENDENT TRAJECTO-
RIES AS OUR NEAR-OPTIMAL DEMONSTRATED TRAJECTORIES.

A.3.2 SNARE FINDING PROBLEM WITH MISSING TRANSITION PROBABILITY

PROBLEM SETUP IN THE SNARE FINDING PROBLEM, WE CONSIDER A SET OF 20 SITES THAT
ARE VULNERABLE TO POACHING ACTIVITY. WE RANDOMLY SELECT 20% OF THE SITES AS
HIGH-RISK LOCATIONS WHERE THE PROBABILITY OF HAVING A POACHER COMING AND PLAC-
ING A SNARE IS RANDOMLY DRAWN FROM A NORMAL DISTRIBUTION A/ (0.8, 0.1), WHILE THE
REMAINING 80% OF LOW-RISK SITES WITH PROBABILITY N (0.1, 0.05) HAVING A POACHER
COMING TO PLACE A SNARE. THESE TRANSITION PROBABILITIES ARE NOT KNOWN TO THE
RANGER, AND THE RANGER HAS TO RELY ON FEATURES OF EACH INDIVIDUAL SITE TO PREDICT
THE CORRESPONDING MISSING TRANSITION PROBABILITY.
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WE ASSUME THE MAXIMUM NUMBER OF SNARE IS 1 PER LOCATION, MEANING THAT IF THERE
IS A SNARE AND IT HAS NOT BEEN REMOVED BY THE RANGER, THEN THE POACHER WILL NOT
PLACE AN ADDITIONAL SNARE THERE UNTIL THE SNARE IS REMOVED. THE RANGER ONLY OB-
SERVES A SNARE WHEN IT IS REMOVED. THUS THE MDP PROBLEM WITH GIVEN PARAMETERS
IS PARTIALLY OBSERVABLE, WHERE THE STATE MAINTAINED BY THE RANGER IS THE BELIEF
OF WHETHER A SITE CONTAINS A SNARE OR NOT, WHICH IS A FRACTIONAL VALUE BETWEEN 0
AND 1 FOR EACH SITE.

THE AVAILABLE ACTIONS FOR THE RANGER ARE TO SELECT A SITE FROM 20 SITES TO VISIT.
IF THERE IS A SNARE IN THE LOCATION, THE RANGER SUCCESSFULLY REMOVES THE SNARE
AND GETS REWARD 1 WITH PROBABILITY 09, AND OTHERWISE THE SNARE REMAINS THERE
WITH A REWARD —1. [F THERE IS NO SNARE IN THE VISITED SITE, THE RANGER GETS REWARD
—1. THUS THE NUMBER OF ACTIONS TO THE RANGER IS 20, WHILE THE STATE SPACE IS CON-
TINUOUS SINCE THE RANGER USES CONTINUOUS BELIEF AS THE STATE.

TRAINING DETAILS 1O SOLVE THE OPTIMAL POLICY FROM THE PREDICTED PARAMETERS,
WwE RUN DDQN wiTH 1000 ITERATIONS TO COLLECT RANDOM EXPERIENCE AND 10000 1T-
ERATIONS TO TRAIN THE MODEL. WE USE A REPLAY BUFFER TO STORE ALL THE PAST EXPERI-
ENCE THAT THE AGENT EXECUTED BEFORE. 10 SOFTEN THE OPTIMAL POLICY, WE ALSO USE A
RELAXED BELLMAN EQUATION AS STATED IN SECTION A.3.2. BECAUSE THE CUMULATIVE RE-
WARD AND THE CORRESPONDING (Q VALUES IN THIS DOMAIN IS RELATIVELY SMALLER THAN
THE GRIDWORLD DOMAIN, WE REPLACE ALL THE ARGMAX AND MAX OPERATORS BY SOFTMAX
WITH A LARGER TEMPERATURE 1 TO REFLECT THE RELATIVELY SMALLER REWARD VALUES.

RANDOM AND NEAR-OPTIMAL TRAJECTORIES GENERATION ~ SIMILAR TO SECTION A.3.1, WE
GENERATE THE RANDOM TRAJECTORIES BY HAVING THE AGENT CHOOSE ACTION FROM ALL
AVAILABLE ACTIONS UNIFORMLY AT RANDOM. TO GENERATE THE NEAR-OPTIMAL TRAJECTO-
RIES, WE REPLACE ALL THE SOFTMAX WITH TEMPERATURE 1 BY SOFTMAX WITH TEMPERATURE
S, AND WE USE THE GROUND TRUTH TRANSITION PROBABILITIES TO TRAIN THE RL AGENT

BY DDQN UsING 50000 ITERATIONS TO GENERATE A NEAR-OPTIMAL POLICY. THE NEAR-
OPTIMAL TRAJECTORIES ARE THEN GENERATED BY RUNNING THE TRAINED NEAR-OPTIMAL
POLICY FOR 100 INDEPENDENT RUNS.

A.3.3 TuBERCULOSIS WITH MISSING TRANSITION PROBABILITY

PROBLEM SETUP THERE ARE A TOTAL OF S PATIENTS WHO NEED TO TAKE THEIR MEDICA-
TION AT EACH TIME-STEP FOR 30 TIME-STEPS. For EACH PATIENT, THERE ARE 2 STATES —
NON-ADHERING (0), AND ADHERING (I). THE PATIENTS ARE ASSUMED TO START FROM A NON-
ADHERING STATE. THEN, IN SUBSEQUENT TIME-STEPS, THE PATIENTS’ STATES EVOLVE BASED
ON THEIR CURRENT STATE AND WHETHER THEY WERE INTERVENED ON BY A HEALTHCARE
WORKER ACCORDING TO A TRANSITION MATRIX.
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THE RAW TRANSITION PROBABILITIES FOR DIFFERENT PATIENTS ARE TAKEN FROM '7°."
HOWEVER, THESE RAW PROBABILITIES DO NOT RECORD A PATIENT’S RESPONSIVENESS TO AN
INTERVENTION. TO INCORPORATE THE EFFECT OF INTERVENING, WE SAMPLE NUMBERS FROM
U(0,0.4), AND (A) ADD THEM TO THE PROBABILITY OF ADHERING WHEN INTERVENED ON, AND
(B) SUBTRACT THEM FROM THE PROBABILITY OF ADHERING WHEN NOT. FINALLY, WE CLIP THE
PROBABILITIES TO THE RANGE OF [0.05,0.95] AND RE-NORMALIZE. WE USE THE RAW TRAN-
SITION PROBABILITIES AND THE RANDOMLY GENERATED INTERVENTION EFFECT TO MODEL
THE BEHAVIOR OF OUR SYNTHETIC PATIENTS AND GENERATE ALL THE TRAINING TRAJECTO-
RIES ACCORDINGLY. THE ENTIRE TRANSITION MATRIX FOR EACH PATIENT IS THEN FED AS AN
INPUT TO THE FEATURE GENERATION NETWORK TO GENERATE FEATURES FOR THAT PATIENT.
IN THIS EXAMPLE, WE ASSUME THE TRANSITION MATRICES TO BE MISSING PARAMETERS, AND
TRY TO LEARN A PREDICTIVE MODEL TO RECOVER THE TRANSITION MATRICES FROM THE GEN-
ERATED FEATURES USING EITHER TWO-STAGE OR VARIOUS DECISION-FOCUSED LEARNING
METHODS AS DISCUSSED IN THE MAIN PAPER.

GIVEN THE SYNTHETIC PATIENTS, WE CONSIDER A HEALTHCARE WORKER WHO HAS TO
CHOOSE ONE PATIENT AT EVERY TIME-STEP TO INTERVENE ON. HOWEVER, THE HEALTHCARE
WORKER CAN ONLY OBSERVE THE ‘TRUE STATE’ OF A PATIENT WHEN SHE INTERVENES ON
THEM. AT EVERY OTHER TIME, SHE HAS A ‘BELIEF’ OF THE PATIENT’S STATE THAT IS CON-
STRUCTED FROM THE MOST RECENT OBSERVATION AND THE PREDICTED TRANSITION PROBA-
BILITIES. THEREFORE, THE HEALTHCARE WORKER HAS TO LEARN A POLICY THAT MAPS FROM
THESE BELIEF STATES TO THE ACTION OF WHOM TO INTERVENE ON, SUCH THAT THE SUM OF
ADHERENCES OF ALL PATIENTS IS MAXIMISED OVER TIME. THE HEALTHCARE WORKER GETS A
REWARD OF 1 FOR AN ADHERING PATIENT AND () FOR A NON-ADHERING ONE. LIKE PROBLEM
A.3.2, THIS PROBLEM HAS A CONTINUOUS STATE SPACE (BECAUSE OF THE BELIEF STATES) AND
DISCRETE ACTION SPACE.

TRAINING DETAILS SAME AS SECTION A.3.2.

RANDOM AND NEAR-OPTIMAL TRAJECTORIES GENERATION  SIMILAR TO SECTION A.3.2, WE
GENERATE THE RANDOM TRAJECTORIES BY HAVING THE AGENT CHOOSE ACTION FROM ALL
AVAILABLE ACTIONS UNIFORMLY AT RANDOM. TO GENERATE THE NEAR-OPTIMAL TRAJECTO-
RIES, WE REPLACE ALL THE SOFTMAX WITH TEMPERATURE 5 BY SOFTMAX WITH TEMPERATURE
20, AND WE USE THE GROUND TRUTH TRANSITION PROBABILITIES TO TRAIN THE RL AGENT

"The raw transition probabilities taken from '7° are only used to generate synthetic patients.

"The reason that we use a relatively larger temperature is because the range of the cumulative reward
in TB domain is smaller than the previous two domains. In TB domain, the patients could change from
non-adhering back to adhering even if there is no intervention, while in contrast, a snare placed in a certain
location will not be removed until the ranger visits the place. In other words, the improvement that inter-
vention can introduce is relatively limited compared to the snare finding domain. Thus even though the
cumulative reward in TB domain is larger than the previous two domains, the range is smaller and thus we
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Figure A.1: Learning curves of for the TB problem with random trajectories.

BY DDQN UsING 100, 000 ITERATIONS TO GENERATE A NEAR-OPTIMAL POLICY. THE NEAR-
OPTIMAL TRAJECTORIES ARE THEN GENERATED BY RUNNING THE TRAINED NEAR-OPTIMAL
POLICY FOR 100 INDEPENDENT RUNS.

A.4 ADDITIONAL EXPERIMENT RESULTS

TUBERCULOSIS ADHERENCE THE RESULTS FOR THIS PROBLEM CAN BE FOUND IN TABLE
2.1, AND THE TRAINING CURVES CAN BE FOUND IN FIGURE A.1. WHILE THE STANDARD ER-
RORS ASSOCIATED WITH THE RESULTS SEEAM VERY LARGE, THIS IS IN LARGE PART BECAUSE
OF THE WAY IN WHICH WE REPORT THEM. 10 KEEP IT CONSISTENT WITH OTHER PROBLEMS,
WE AVERAGE THE ABSOLUTE OPE SCORES FOR EACH METHOD ACROSS MULTIPLE PROBLEM
INSTANCES. HOWEVER, IN THE TB CASE, EACH PROBLEM INSTANCE CAN BE VERY DIFFERENT
BECAUSE THE PATIENTS IN EACH OF THESE INSTANCES ARE SAMPLED FROM THE TRANSITION
PROBABILITIES PREVIOUSLY STUDIED IN '7° THAT HAVE DIVERSE PATIENT BEHAVIOUR. AS A
RESULT, THE BASELINE OPE VALUES VARY WIDELY ACROSS DIFFERENT PROBLEM INSTANCES,
CAUSING A LARGER VARIATION IN FIGURE A.I(B) AND CONTRIBUTING AS THE MAJOR SOURCE
OF STANDARD DEVIATION.

COMPUTATION COST OF BELLMAN EQUATION-BASED DECISION-FOCUSED METHODS WE
ADDITIONALLY COMPARE THE RUNTIME OF THE OPERATION OF BACKPROPAGATION PER GRA-
DIENT STEP OF BELLMAN EQUATION-BASED DECISION-FOCUSED LEARNING USING DIFFERENT
HESSIAN APPROXIMATIONS. THIS IS THE RUNTIME REQUIRED TO COMPUTE THE GRADIENT
IN THE BACKWARD PASS. WE CAN SEE THAT THE RUNTIME OF METHODS USING IDENTITY AND
WOODBURY METHODS ARE MUCH SMALLER THAN THE RUNTIME OF FULL HESSIAN APPROXI-

need a larger temperature.
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(a) Backpropagation runtime per gradient step of Bell- (b) Backpropagation runtime per gradient step of
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problem. finding problem.

Figure A.2: We compare the backpropagation runtime of decision-focused learning methods using bellman optimality
with different Hessian approximations. We can see that the runtime of both identity and Woodbury methods largely
outperform the runtime of full Hessian computation, demonstrating the importance of the Hessian approximation. Ad-
ditionally, the runtime of Woodbury method using low-rank approximation is similar to the runtime of identity method.
Woodbury method provides a more accurate approximation with a similar runtime.

MATION. THIS MATCHES TO OUR ANALYSIS IN SECTION 2.7 AND THE EXPERIMENTAL RESULTS
IN FIGURE 2.2(C) AND FIGURE 2.3(C).

CHOICE OF REGULARIZER A IN ALGORITHM I AND ABLATION STUDY WE RAN AN ABLA-
TION STUDY BY VARYING THE REGULARIZATION CONSTANT A IN ALGORITHM I USING THE
SNARE-FINDING PROBLEM. THE EXPERIMENTAL RESULT IS SHOWN IN FIGURE A.}. THE ROLE
OF REGULARIZATION IN ALGORITHM I IS TO HELP RESOLVE THE NON-CONVEXITY ISSUE OF
THE OFF-POLICY EVALUATION (OPE) OBJECTIVE. DECISION-FOCUSED LEARNING METHODS
CAN EASILY GET TRAPPED BY VARIOUS LOCAL MINIMA DUE TO THE NON-CONVEXITY OF THE
OPE METRIC. ADDING A SMALL TWO-STAGE LOSS CAN IMPROVE THE CONVEXITY OF THE OPTI-
MIZING OBJECTIVE AND THUS HELP IMPROVE THE PERFORMANCE AS WELL. WE CAN SEE THAT
ADDING SMALL AMOUNT OF REGULARIZATION CAN USUALLY HELP IMPROVE THE OVERALL
PERFORMANCE IN BOTH CASES WITH RANDOM AND NEAR-OPTIMAL TRAJECTORIES. How-
EVER, ADDING TOO MUCH REGULARIZATION IN ALGORITHM I CAN PUSH DECISION-FOCUSED
LEARNING TOWARD TWO-STAGE APPROACH, WHICH CAN DEGRADE THE PERFORMANCE SOME-
TIMES. THE RIGHT AMOUNT OF REGULARIZATION IS CRITICAL TO BALANCE BETWEEN THE
ISSUE OF CONVEXITY AND THE OPTIMIZING OBJECTIVE.

A.s COMPUTING INFRASTRUCTURE

ALL EXPERIMENTS EXCEPT WERE RUN ON A COMPUTING CLUSTER, WHERE EACH NODE IS CON-
FIGURED WITH 2 INTEL XEON CascaDE Lake CPUs, 184 GB or RAM, AND 70 GB oF LOCAL
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Figure A.3: Ablation study of different regularization 1 in Algorithm 1 on the snare-finding problem using different
decision-focused learning methods.

SCRATCH SPACE. WITHIN EACH EXPERIMENT, WE DID NOT IMPLEMENT PARALLELIZATION
NOR USE GPU, SO EACH EXPERIMENT WAS PURELY RUN ON A SINGLE CPU CORE.
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APPENDIX TO CHAPTER 3

B.1 HYPERPARAMETER SETTING AND COMPUTATION INFRASTRUCTURE

WE RUN BOTH DECISION FOCUSED LEARNING AND T'wO-STAGE LEARNING FOR 50 EPOCHS IN
2-STATE AND §-STATE SYNTHETIC DOMAIN PROBLEMS, 30 EPOCHS IN ARMMAN DOMAIN AND
18 EPOCHS IN 2-STATE PARTIALLY OBSERVABLE SETTING. THE LEARNING RATE 7 IS KEPT AT
0.01 AND ¥ = 0.59 1S USED IN ALL EXPERIMENTS. ALL THE EXPERIMENTS ARE PERFORMED ON
AN INTEL XEON CPU WITH 64 CORES AND 128 GB MEMORY.

NEURAL NETWORK STRUCTURE

THE PREDICTIVE MODEL My WE USE TO PREDICT THE TRANSITION PROBABILITY IS A NEURAL
NETWORK WITH AN INTERMEDIATE LAYER OF SIZE 64 WITH RELU ACTIVATION FUNCTION,
AND AN OUTPUT LAYER OF SIZE OF THE TRANSITION PROBABILITY FOLLOWED BY A SOFT-
MAX LAYER TO MATCH PROBABILITY DISTRIBUTION. DROPOUT LAYERS ARE ADDED TO AVOID
OVERFITTING. THE SAME NEURAL NETWORK STRUCTURE IS APPLIED TO ALL DOMAINS AND
ALL TRAINING METHODS.

IN THE SYNTHETIC DATASETS, GIVEN THE GENERATED TRANSITION PROBABILITIES, WE
FEED THE TRANSITION PROBABILITY OF EACH ARM INTO A RANDOMLY INITIALIZED NEURAL
NETWORK WITH TWO INTERMEDIATE LAYERS EACH WITH 64 NEURONS, AND AN OUTPUT DI-
MENSION SIZE 16 TO GENERATE A FEATURE VECTOR OF SIZE 16. THE RANDOMLY INITIATED
NEURAL NETWORK USES RELU LAYERS AS NONLINEARITY FOLLOWED BY A LINEAR LAYER IN
THE END.
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B.2 REarL ARMMAN DATASET

THE LARGE-SCALE QUALITY IMPROVEMENT STUDY CONDUCTED BY ARMMAN *° CONTAINS
7668 BENEFICIRIES IN THE ROUND ROBIN GROUP. OVER A DURATION OF 7 WEEKS, 20% OF
THE BENEFICIARIES RECEIVE AT LEAST ONE ACTIVE ACTION (LIVE SERVICE cALL). WE RAN-
DOMLY SPLIT THE 7668 BENEFICIARIES INTO 12 GROUPS WHILE PRESERVING THE PROPORTION
OF BENEFICIARIES WHO RECEIVED AT LEAST ONE ACTIVE ACTION. THERE ARE 43 FEATURES
AVAILABLE FOR EVERY BENEFICIARY WHICH DESCRIBE CHARACTERISTICS SUCH AS AGE, IN-
COME, EDUCATION LEVEL, CALL SLOT PREFERENCE, LANGUAGE PREFERENCE, PHONE OWNER-
SHIP ETC.

B.2.1 PROTECTED AND SENSITIVE FEATURES

ARMMAN’S MOBILE VOICE CALL PROGRAM HAS LONG BEEN WORKING WITH SOCIALLY DIS-
ADVANTAGED POPULATIONS. ARMMAN DOES NOT COLLECT OR INCLUDE CONSTITUTION-
ALLY PROTECTED AND PARTICULARLY SENSITIVE CATEGORIES SUCH AS CASTE AND RELIGION.
DESPITE SUCH CATEGORIES NOT BEING AVAILABLE, IN PURSUIT OF ENSURING FAIRNESS, WE
WORKED WITH PUBLIC HEALTH AND FIELD EXPERTS TO ENSURE INDICATORS SUCH AS EDUCA-
TION, AND INCOME LEVELS THAT SIGNIFY MARKERS OF SOCIO-ECONOMIC MARGINALIZATION
WERE MEASURED AND EVALUATED FOR FAIRNESS TESTING.

B.2.2 FEATURE LisT

WE PROVIDE THE FULL LIST OF 43 FEATURES USED FOR PREDICTING TRANSITION PROBABIL-
ITY:

* ENROLL GESTATION AGE, AGE (SPLIT INTO § CATEGORIES), INCOME (8 CATEGORIES),
EDUCATION LEVEL (7 CATEGORIES), LANGUAGE (5 CATEGORIES), PHONE OWNERSHIP
(3 CATEGORIES), CALL SLOT PREFERENCE (5 CATEGORIES), ENROLLMENT CHANNEL (3
CATEGORIES), STAGE OF PREGNANCY, DAYS SINCE FIRST CALL, GRAVIDITY, PARITY,
STILLBIRTHS, LIVE BIRTHS

B.2.3 FEATURE EvALUATION

IN oUr SIMULATION, WE FURTHER ANALYZE THE DEMOGRAPHIC FEATURES OF PARTICIPANTS
WHO ARE SELECTED TO SCHEDULE SERVICE CALLS BY EITHER TWO-STAGE LEARNING METHOD
AND DECISION-FOCUSED LEARNING METHOD. THE FOLLOWING TABLES SHOW THE AVERAGE
VALUE OF EACH INDIVIDUAL FEATURE OVER THE SELECTED PARTICIPANTS WITH SCHEDULED
SERVICE CALLS UNDER THE TWO-STAGE OR DECISION-FOCUSED LEARNING METHOD. THE -
VALUE OF THE CONTINUOUS FEATURES IS ANALYZED USING T-TEST FOR DIFFERENCE IN MEAN;
THE P-VALUE OF THE CATEGORICAL VALUES IS ANALYZED USING CHI-SQUARE TEST FOR DIF-
FERENT PROPORTIONS.
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Feature Two-stage | Decision-focused learning | p-value

age (year) 25.57 24.9 0.06
gestation age (week) | 24.28 17.21 0.00

Table B.1: Feature analysis of continuous features. This table summarizes the average feature values of the beneficiaries
selected to schedule service calls by different learning methods. The p-value of the continuous features is analyzed
using t-test for difference in mean.

Feature Two-stage | DFL p-value
income (rupee, averaged over multiple categories) | 10560.0 I1190.0 | 0.20
education (categorical) 3.32 3.16 0.21
stage of pregnancy 0.13 0.03 0.00
language

language (hindi) 0.53 0.6 0.04
language (marathi) 0.45 0.4 0.08
phone ownership

phone ownership (women) 0.86 0.82 0.04
phone ownership (husband) 0.12 0.16 0.03
phone ownership (family) 0.02 0.02 1.00
enrollment channel

channel type (community) 0.7 0.47 0.00
channel type (hospital) 0.3 0.53 0.00

Table B.2: Feature analysis of categorical features. This table summarizes the average feature values of the beneficiaries
selected to schedule service calls by different learning methods. The p-value of the categorical values is analyzed using
chi-square test for different proportions.

IN TABLE B.1 AND TABLE B.Z, WE CAN SEE THAT THERE IS NO STATISTICAL SIGNIFICANCE
(P-VALUE > 0.05S) BETWEEN THE AVERAGE FEATURE VALUES OF INCOME AND EDUCATION,
MEANING THAT THERE IS NO OBVIOUS DIFFERENCE IN THESE FEATURE VALUES BETWEEN
THE POPULATION SELECTED BY TWO DIFFERENT METHODS. WE SEE STATISTICAL SIGNIFI-
CANCE IN SOME OTHER FEATURES, E.G., GESTATION AGE, STAGE OF MATERNAL EVENT, LAN-
GUAGE, PHONE OWNERSHIP, AND CHANNEL TYPE, WHICH MAY BE FURTHER ANALYZED TO
UNDERSTAND THE BENEFIT OF DECISION-FOCUSED LEARNING, BUT THEY DO NOT APPEAR TO
DIRECTLY BEAR UPON SOCIO-ECONOMIC MARGINALIZATION; THESE FEATURES ARE MORE RE-
LATED TO THE HEALTH STATUS OF THE BENEFICIARIES.
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B.3 CoNSENT FOR DATA COLLECTION AND ANALYSIS

IN THIS SECTION, WE PROVIDE INFORMATION ABOUT CONSENT RELATED TO DATA COLLEC-
TION, ANALYZING DATA, DATA USAGE AND SHARING.

B.3.1 SECONDARY ANALYSIS AND DATA USAGE

THIS STUDY FALLS INTO THE CATEGORY OF SECONDARY ANALYSIS OF THE AFOREMENTIONED
DATASET. WE USE THE PREVIOUSLY COLLECTED ENGAGEMENT TRAJECTORIES OF DIFFER-
ENT BENEFICIARIES PARTICIPATING IN THE SERVICE CALL PROGRAM TO TRAIN THE PREDIC-
TIVE MODEL AND EVALUATE THE PERFORMANCE. THE EVALUATION OF THE PROPOSED AL-
GORITHM IS EVALUATED VIA DIFFERENT OFF-POLICY POLICY EVALUATIONS, INCLUDING AN
IMPORTANCE SAMPLING-BASED METHOD AND A SIMULATION-BASED METHOD DISCUSSED IN
SECTION 3.6. THIS PAPER DOES NOT INVOLVE DEPLOYMENT OF THE PROPOSED ALGORITHM
OR ANY OTHER BASELINES TO THE SERVICE CALL PROGRAM.AS NOTED EARLIER, THE EXPERI-
MENTS ARE SECONDARY ANALYSIS USING DIFFERENT EVALUATION METRICS WITH APPROVAL
FROM THE ARMMAN ETHICS BOARD.

B.3.2 CoONSENT FOR DATA COLLECTION AND SHARING

THE CONSENT FOR COLLECTING DATA IS OBTAINED FROM EACH OF THE PARTICIPANTS OF

THE SERVICE CALL PROGRAM. THE DATA COLLECTION PROCESS IS CAREFULLY EXPLAINED TO
THE PARTICIPANTS TO SEEK THEIR CONSENT BEFORE COLLECTING THE DATA. THE DATA IS
ANONYMIZED BEFORE SHARING WITH US TO ENSURE ANONYMITY. DATA EXCHANGE AND USE
WAS REGULATED THROUGH CLEARLY DEFINED EXCHANGE PROTOCOLS INCLUDING ANONYMIZA-
TION, READ-ACCESS ONLY TO RESEARCHERS, RESTRICTED USE OF THE DATA FOR RESEARCH
PURPOSES ONLY, AND APPROVAL BY ARMMAN’S ETHICS REVIEW COMMITTEE.

B.3.3 UNIVERSAL ACCESSIBILITY OF HEALTH INFORMATION

TO ALLAY FURTHER CONCERNS: THIS SIMULATION STUDY FOCUSES ON IMPROVING QUALITY
OF SERVICE CALLS. EVEN IN THE INTENDED FUTURE APPLICATION, ALL PARTICIPANTS WILL
RECEIVE THE SAME WEEKLY HEALTH INFORMATION BY AUTOMATED MESSAGE REGARDLESS
OF WHETHER THEY ARE SCHEDULED TO RECEIVE SERVICE CALLS OR NOT. THE SERVICE CALL
PROGRAM DOES NOT WITHHOLD ANY INFORMATION FROM THE PARTICIPANTS NOR CONDUCT
ANY EXPERIMENTATION ON THE HEALTH INFORMATION. THE HEALTH INFORMATION IS AL-
WAYS AVAILABLE TO ALL PARTICIPANTS, AND PARTICIPANTS CAN ALWAYS REQUEST SERVICE
CALLS VIA A FREE MISSED CALL SERVICE. IN THE INTENDED FUTURE APPLICATION OUR AL-
GORITHM MAY ONLY HELP SCHEDULE *ADDITIONAL* SERVICE CALLS TO HELP BENEFICIARIES
WHO ARE LIKELY TO DROP OUT OF THE PROGRAM.
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B.4 SocieTaL IMPACTS AND LIMITATIONS

B.4.1 SocieTaL IMPACTS

THE IMPROVEMENT SHOWN IN THE REAL DATASET DIRECTLY REFLECTS THE NUMBER OF
ENGAGEMENTS IMPROVED BY OUR ALGORITHM UNDER DIFFERENT EVALUATION METRICS.
ON THE OTHER HAND, BECAUSE OF THE USE OF DEMOGRAPHIC FEATURES TO PREDICT THE
ENGAGEMENT BEHAVIOR, WE MUST CAREFULLY COMPARE THE MODELS LEARNED BY STAN-
DARD TWO-STAGE APPROACH AND OUR DECISION-FOCUSED LEARNING TO FURTHER EXAMINE
WHETHER THERE IS ANY BIAS OR DISCRIMINATION CONCERN.

SPECIFICALLY, THE DATA IS COLLECTED BY ARMMAN, AN INDIA NON-GOVERNMENT OR-
GANIZATION, TO HELP MOTHERS DURING THEIR PREGNANCY. THE ARMMAN DATASET WE
USE IN THE PAPER DOES NOT CONTAIN INFORMATION RELATED TO RACE, RELIGION, CASTE
OR OTHER SENSITIVE FEATURES; THIS INFORMATION IS NOT AVAILABLE TO THE MACHINE
LEARNING ALGORITHM. FURTHERMORE, EXAMINATION BY ARMMAN STAFF OF THE MOTH-
ERS SELECTED FOR SERVICE CALLS BY OUR ALGORITHM DID NOT REVEAL ANY SPECIFIC BIAS
RELATED TO THESE FEATURES. IN PARTICULAR, THE PROGRAM RUN BY ARMMAN TARGETS
MOTHERS IN ECONOMICALLY DISADVANTAGED COMMUNITIES; THE MAJORITY OF THE PARTIC-
IPANTS (94%) ARE BELOW THE INTERNATIONAL POVERTY LINE DETERMINED BY THE WORLD
BANK3%*. TO COMPARE THE MODELS LEARNED BY TWO-STAGE AND DF-WHITTLE APPROACH,
WE FURTHER EXAMINE THE DIFFERENCE BETWEEN THOSE MOTHERS WHO ARE SELECTED FOR
SERVICE CALL IN TWO-STAGE AND DF-WHITTLE, RESPECTIVELY. WE OBSERVE THAT THERE
ARE SOME INTERESTING DIFFERENCES. FOR EXAMPLE, DF-WHITTLE CHOOSES TO DO SER-
VICE CALLS TO EXPECTANT MOTHERS EARLIER IN GESTATIONAL AGE (22% VS 37%), AND TO A
LOWER PROPORTION OF THOSE WHO HAVE ALREADY GIVEN BIRTH (2.8% VS 13%) COMPARED
TO TWO-STAGE, BUT IN TERMS OF THE INCOME LEVEL, 94% OF THE MOTHERS SELECTED BY
BOTH METHODS ARE BELOW THE POVERTY LINE. THIS SUGGESTS THAT OUR APPROACH IS NOT
BIASED BASED ON INCOME LEVEL, ESPECIALLY WHEN THE ENTIRE POPULATION IS COMING
FROM ECONOMICALLY DISADVANTAGED COMMUNITIES. OUR MODEL CAN IDENTIFY OTHER
FEATURES OF MOTHERS WHO ARE ACTUALLY IN NEED OF SERVICE CALLS.

B.4.2 LIMITATIONS

IMPACT OF LIMITED DATA AND THE STRENGTH OF DECISION-FOCUSED LEARNING AS SHOWN
IN SECTION 3.8 AND FIGURE 3.4, WE NOTICE A SMALLER IMPROVEMENT BETWEEN DECISION-
FOCUSED LEARNING AND TWO-STAGE APPROACH WHEN THERE IS SUFFICIENT DATA AVAIL-
ABLE IN THE TRAINING SET. THIS IS BECAUSE THE DATA IS SUFFICIENT ENOUGH TO TRAIN A
PREDICTIVE MODEL WITH SMALL PREDICTIVE LOSS, WHICH IMPLIES THAT THE PREDICTED
TRANSITION PROBABILITIES AND THE TRUE TRANSITION PROBABILITIES ARE ALSO CLOSE
ENOUGH WITH SIMILAR WHITTLE INDICES AND WHITTLE INDEX POLICY. IN THIS CASE WITH
SUFFICIENT DATA, THERE IS LESS DISCREPANCY BETWEEN PREDICTIVE LOSS AND THE EVAL-
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UATION METRICS, WHICH SUGGESTS LESS IMPROVEMENT LED BY FIXING THE DISCREPANCY
USING DECISION-FOCUSED LEARNING. COMPARED TO TWO-STAGE APPROACH, DECISION-
FOCUSED LEARNING IS STILL MORE EXPENSIVE TO RUN. THEREFORE, WHEN DATA IS SUF-
FICIENT, TWO-STAGE MAY BE SUFFICIENT TO ACHIEVE COMPARABLE PERFORMANCE WHILE
MAINTAINING A LOW TRAINING COST.

ON THE OTHER HAND, WE NOTICE A LARGER IMPROVEMENT BETWEEN DECISION-FOCUSED
LEARNING AND TWO-STAGE APPROACH WHEN DATA IS LIMITED. WHEN DATA IS LIMITED, PRE-
DICTIVE LOSS IS LESS REPRESENTATIVE WITH A LARGER MISMATCH COMPARED TO THE EVAL-
UATION METRICS. THEREFORE, FIXING THE OBJECTIVE MISMATCH ISSUE USING DECISION-
FOCUSED LEARNING BECOMES MORE PROMINENT. THEREFORE, DECISION-FOCUSED LEARN-
ING MAY BE ADOPTED IN THE LIMITED DATA CASE TO SIGNIFICANTLY IMPROVE THE PERFOR-
MANCE.

COMPUTATION COST ~AS WE HAVE SHOWN IN SECTION 3.5.5, OUR APPROACH IMPROVES
THE COMPUTATION COST OF DECISION-FOCUSED LEARNING FROM O(M*N) To O(NM*T1),
WHERE /N IS THE NUMBER OF ARMS AND A IS THE NUMBER OF STATES. THIS COMPUTATION
COST IS LINEAR IN THE NUMBER OF ARMS /N, ALLOWING US TO SCALE UP TO LARGE REAL-
WORLD DEPLOYMENT OF RMAB APPLICATIONS WITH LARGER NUMBER OF ARMS INVOLVED
IN THE PROBLEM. NONETHELESS, THE EXTENSION IN TERMS OF THE NUMBER OF STATES M
IS NOT CHEAP. THE COMPUTATION COST STILL GROWS BETWEEN CUBIC AND BIQUADRATIC
AS SHOWN IN FIGURE B.1. THIS IS PARTICULARLY SIGNIFICANT WHEN WORKING ON PAR-
TIALLY OBSERVABLE RMAB PROBLEMS, WHERE THE PARTIALLY OBSERVABLE PROBLEMS ARE
REDUCED TO FULLY OBSERVABLE PROBLEMS WITH LARGER NUMBER OF STATES. THERE IS
ROOM FOR IMPROVING THE COMPUTATION COST IN TERMS OF THE NUMBER OF STATES TO
MAKE DECISION-FOCUSED LEARNING MORE SCALABLE TO REAL-WORLD APPLICATIONS.

B.s CoMrUTATION COST ANALYSIS OF DECISION-FOCUSED LEARNING

WE HAVE SHOWN THE COMPUTATION COST OF BACKPROPAGATING THROUGH WHITTLE IN-
DICES IN SECTION 3.5.5. THIS SECTION COVERS THE REMAINING COMPUTATION COST ASSOCI-
ATED TO OTHER COMPONENTS, INCLUDING THE COMPUTATION COST OF WHITTLE INDICES IN
THE FORWARD PASS, AND THE COMPUTATION COST OF CONSTRUCTING SOFT WHITTLE INDEX
POLICY USING SOFT-TOP-K OPERATOR.

B.s.1  SoLvING WHITTLE INDEX (FORWARD PASS)

IN THIS SECTION, WE DISCUSS THE COST OF COMPUTING WHITTLE INDEX IN THE FORWARD
PASS. IN THE WORK BY QQIAN ET AL. 58 THEY PROPOSE TO USE VALUE ITERATION AND BI-
NARY SEARCH TO SOLVE THE BELLMAN EQUATION WITH M STATES. THEREFORE, EVERY
VALUE ITERATION REQUIRES UPDATING THE CURRENT VALUE FUNCTIONS OF M STATES BY

328



CONSIDERING ALL THE POSSIBLE M? TRANSITIONS BETWEEN STATES, WHICH RESULTS IN A
COMPUTATION COST OF O(M?) PER VALUE ITERATION. THE VALUE ITERATION IS RUN FOR
A CONSTANT NUMBER OF ITERATIONS, AND THE BINARY SEARCH IS RUN FOR O(log é) ITER-
ATIONS TO GET A PRECISION OF ORDER €. IN TOTAL, THE COMPUTATION COST IS OF ORDER
O(M?*log 1) = O(M?*) WHERE WE SIMPLY USE A FIXED PRECISION TO IGNORE THE DEPEN-
DENCY ON €.

ON THE OTHER HAND, THERE IS A FASTER WAY TO COMPUTE THE VALUE FUNCTION BY
SOLVING LINEAR PROGRAM WITH /M VARIABLES DIRECTLY. THE BELLMAN EQUATION CAN
BE EXPRESSED AS A LINEAR PROGRAM WHERE ALL THE /M VARIABLES ARE THE VALUE FUNC-
TIONS. THE BEST KNOWN COMPLEXITY OF SOLVING A LINEAR PROGRAM WITH /M VARIABLES
I O(Mz‘ﬁ) BY JIANG ET AL. "5*. NOTICE THAT THIS COMPLEXITY IS SLIGHTLY LARGER THAN
THE ONE IN VALUE ITERATION BECAUSE (I) VALUE ITERATION DOES NOT GUARANTEE CON-
VERGENCE IN A CONSTANT ITERATIONS (II) THE CONSTANT ASSOCIATED TO THE NUMBER OF
VALUE ITERATIONS IS LARGE.

IN TOTAL, WE NEED TO COMPUTE THE WHITTLE INDEX OF /N ARMS AND FOR /M POSSIBLE
STATES IN S. THE TOTAL COMPLEXITY OF VALUE ITERATION AND LINEAR PROGRAM ARE
O(NM?) WITH A LARGE CONSTANT AND O(NM”% ), RESPECTIVELY. IN ANY CASES, THE
COST OF COMPUTING ALL WHITTLE INDICES IN THE FORWARD PASS IS STILL SMALLER THAN
O(NM'"), THE COST OF BACKPROPAGATING THROUGH ALL THE WHITTLE INDICES IN THE
BACKWARD PASS. THEREFORE, THE BACKWARD PASS IS THE BOTTLENECK OF THE ENTIRE PRO-
CESS.

B.s.2 SofrT-TOP-K OPERATORS

In SECTION B.5.1 AND SECTION 3.5.5, WE ANALYZE THE COST OF COMPUTING AND BACKPROP-
AGATING THROUGH WHITTLE INDICES OF ALL STATES AND ALL ARMS. IN THIS SECTION,

WE DISCUSS THE COST OF COMPUTING THE SOFT WHITTLE INDEX POLICY FROM THE GIVEN
WHITTLE INDICES USING SOFT-TOP-K OPERATORS.

SOFT-TOP-K OPERATORS  XIE ET AL. > REDUCES TOP-K SELECTION PROBLEM TO AN OPTI-
MAL TRANSPORT PROBLEM THAT TRANSPORTS A UNIFORM DISTRIBUTION ACROSS ALL INPUT
ELEMENTS WITH SIZE N TO A DISTRIBUTION WHERE THE ELEMENTS WITH THE HIGHEST-K
VALUES ARE ASSIGNED PROBABILITY 1 AND ALL THE OTHERS ARE ASSIGNED 0.

THIS OPTIMAL TRANSPORT PROBLEM WITH /N ELEMENTS CAN BE EFFICIENTLY SOLVED BY
USING BREGMAN PROJECTIONS #' WITH COMPLEXITY O(LN), WHERE L IS THE NUMBER OF
ITERATIONS USED TO RUN BREGMAN PROJECTIONS. IN THE BACKWARD PASS, XIE ET AL. 34
SHOWS THAT THE TECHNIQUE OF DIFFERENTIATING THROUGH THE FIXED POINT EQUA-
TION?*'" ALSO APPLIES, BUT THE NAIVE IMPLEMENTATION REQUIRES COMPUTATION COST
O(N?). THEREFORE, XIE ET AL. >*® PROVIDES A FASTER COMPUTATION APPROACH BY LEVER-
AGING THE ASSOCIATE RULE IN MATRIX MULTIPLICATION TO LOWER THE BACKWARD COM-
PLEXITY TO O(N).
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Figure B.1: Computation cost comparison of decision-focused learning in restless multi-armed bandits to the theoretical
guarantee with varying number of states /1.

IN SUMMARY, A SINGLE SOFT-TOP-K OPERATOR REQUIRES O(LN) TO COMPUTE THE RESULT
IN THE FORWARD PASS, AND O(NN) TO COMPUTE THE DERIVATIVE IN THE BACKWARD PASS.
IN OUR CASE, WE NEED TO APPLY ONE SOFT-TOP-K OPERATOR FOR EVERY TIME STEP IN 7 AND
FOR EVERY TRAJECTORY IN 7. THEREFORE, THE TOTAL COMPUTATION COST OF COMPUT-
ING A SOFT WHITTLE INDEX POLICY AND THE ASSOCIATED IMPORTANCE SAMPLING-BASED
EVALUATION METRIC IS BOUNDED BY O(LNT7]|T|), WHICH IS LINEAR IN THE NUMBER OF ARMS
N, BUT STILL SIGNIFICANTLY SMALLER THAN O(NM‘”“), THE COST OF BACKPROPAGATING
THROUGH ALL WHITTLE INDICES AS SHOWN IN SECTION 3.5.5. THEREFORE, WE JUST NEED TO
CONCERN THE COMPUTATION COST OF WHITTLE INDICES IN DECISION-FOCUSED LEARNING.

B.s.3 ComruTaTiON COST DEPENDENCY ON THE NUMBER OF STATES

FIGURE B.1 COMPARES THE COMPUTATION COST OF OUR ALGORITHM, DF-WHITTLE, AND
THE THEORETICAL COMPUTATION COST O(NM®T, WE VARY THE NUMBER OF STATES M IN
FIGURE B.1 AND WE CAN SEE THAT THE COMPUTATION COST OF OUR ALGORITHM MATCHES
THE THEORETICAL GUARANTEE ON THE COMPUTATION COST. IN CONTRAST TO THE PRIOR
WORK WITH COMPUTATION COST O(M”N ), OUR ALGORITHM SIGNIFICANTLY IMPROVES THE
COMPUTATION COST OF RUNNING DECISION-FOCUSED LEARNING ON RMAB PROBLEMS.

B.6 IMPORTANCE SAMPLING-BASED EVALUATIONS FOR ARMMAN DATASET WITH SIN-
GLE TRAJECTORY

UNLIKE THE SYNTHETIC DATASETS THAT WE CAN PRODUCE MULTIPLE TRAJECTORIES OF AN
RMAB PROBLEM, IN THE REAL PROBLEM OF SERVICE CALL SCHEDULING PROBLEM OPERATED
BY ARMMAN, THERE IS ONLY ONE TRAJECTORY AVAILABLE TO US FOR EVERY RMAB PrOB-
LEM. DUE TO THE SPECIALTY OF THE MATERNAL AND CHILD HEALTH DOMAIN, IT IS UNLIKELY
TO HAVE THE EXACTLY SAME SET OF THE PREGNANT MOTHERS PARTICIPATING IN THE SER-
VICE CALL SCHEDULING PROGRAM AT DIFFERENT TIMES AND UNDER THE SAME ENGAGEMENT
BEHAVIOR.

GIVEN THIS RESTRICTION, WE MUST EVALUATE THE PERFORMANCE OF A NEWLY PROPOSED
POLICY USING THE ONLY AVAILABLE TRAJECTORY. UNFORTUNATELY, THE STANDARD CW-
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PDIS 1N EQUATION 3.12 DOES NOT WORK BECAUSE THE CWPDIS ESTIMATOR IS CANCELED
OUT WHEN THERE IS ONLY ONE TRAJECTORY:

1 EenT 724 ,'(T) —17t4 Z _
t€[T],/€[N] T i re[T],i€[N] LPil® re[1],i€[N]

(B.1)

WHICH IS FIXED REGARDLESS WHAT TARGET POLICY 7 IS USED AND THE ASSOCIATED IMPOR-

t
7(arlse) _ H ”(‘Z/,i|5t’)

TANCE SAMPLING WEIGHTS ANDﬁ .
WBEH(42,1'|52) t

—_— . THIS IMPLIES THAT WE
L Ty )

CANNOT USE CWPDIS TO EVALUATE THE TARGET POLICY WHEN THERE IS ONLY ONE TRA-
JECTORY.
ACCORDINGLY, WE USE THE FOLLOWING VARIANT TO EVALUATE THE PERFORMANCE:

EvaLg(z, T) = Z y1 Ejﬁ“f[;il)] (B.2)
i€[N],€[T] il

#(adls)

WHERE THE NEW IMPORTANCE SAMPLING WEIGHTS ARE DEFINED BYﬁ/ (T) =
L, TBEH (4z,z‘|5t) ’

WHICH IS NOT MULTIPLICATIVE COMPARED TO THE ORIGINAL ONES.

THE MAIN MOTIVATION OF THIS NEW EVALUATION METRIC IS TO SEGMENT THE GIVEN
TRAJECTORY INTO A SET OF LENGTH-I TRAJECTORIES. WE cAN ArpLY CWPDIS TO THE NEWLY
GENERATED LENGTH-I TRAJECTORIES TO COMPUTE A MEANINGFUL ESTIMATE BECAUSE WE
HAVE MORE THAN ONE TRAJECTORY NOW. THE OPE FORMULATION WITH SEGMENTATION
IS UNDER THE ASSUMPTION THAT WE CAN DECOMPOSE THE TOTAL REWARD INTO THE CON-
TRIBUTION OF MULTIPLE SEGMENTS USING THE IDEA OF TRAJECTORY SEGMENTATION 89203
THIS ASSUMPTION HOLDS WHEN ALL SEGMENTS START WITH THE SAME STATE DISTRIBU-
TION. IN OUR ARMMAN DATASET, THE DATA IS COMPOSED OF TRAJECTORIES OF THE PAR-
TICIPANTS WHO HAVE ENROLLED IN THE SYSTEM A FEW WEEKS AGO, WHICH HAVE (ALMOST)
REACHED A STATIONARY DISTRIBUTION. THEREFORE, THE STATE DISTRIBUTION UNDER THE
BEHAVIOR POLICY, WHICH IS A UNIFORM RANDOM POLICY, DOES NOT CHANGE OVER TIME.
OUR ASSUMPTION OF IDENTICAL DISTRIBUTION IS SATISFIED AND WE CAN DECOMPOSE THE
TRAJECTORIES INTO SMALLER SEGMENTS TO PERFORM EVALUATION. EMPIRICALLY, WE NO-
TICED THAT THIS TEMPORAL DECOMPOSITION HELPS DEFINE A MEANINGFUL IMPORTANCE
SAMPLING-BASED EVALUATION WITH THE CONSISTENCY BENEFIT BROUGHT BY CWPDIS.

B.7 ADDITIONAL EXPERIMENTAL RESULTS
WE PROVIDE THE LEARNING CURVES OF FULLY OBSERVABLE 2-STATE RMAB, FULLY OBSERV-

ABLE 5-STATE RMAB, PARTIALLY OBSERVABLE 2-STATE RMAB, AND THE REAL ARMMAN
FULLY OBSERVABLE 2-STATE RMAB PROBLEMS IN FIGURE B.2, FIGURE B.3, FIGURE B.4, AND
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FIGURE B.5, RESPECTIVELY. ACROSS ALL DOMAINS, TWO-STAGE METHOD CONSISTENTLY CON-
VERGES TO A LOWER PREDICTIVE LOSS FASTER THAN DECISION-FOCUSED LEARNING IN FIG-
URE B.2(A), FIGURE B.3(A), FIGURE B.4(A), AND FIGURE B.5(A). HOWEVER, THE LEARNED MODEL
DOES NOT PRODUCE A POLICY WITH GOOD PERFORMANCE IN THE IMPORTANCE SAMPLING-
BASED EVALUATION METRIC IN FIGURE B.2(B), FIGURE B.3(B), FIGURE B.4(B), AND FIGURE B.5(B),
AND SIMILARLY IN THE SIMULATION-BASED EVALUATION METRIC IN FIGURE B.2(c), F1G-

URE B.3(C), FIGURE B.4(C), AND FIGURE B.5(C).
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Figure B.2: Comparison between two-stage and decision-focused in the synthetic fully observable 2-state RMAB prob-
lems.
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Figure B.3: Comparison between two-stage and decision-focused learning for fully observable 5-state RMAB problems.

B.8 SOLVING FOR AND DIFFERENTIATING THROUGH THE WHITTLE INDEX COMPUTA-
TION

ToO SOLVE FOR THE WHITTLE INDEX FOR SOME STATE # € S, YOU HAVE TO SOLVE THE FOL-
LOWING SET OF EQUATIONS:

V() = R(s) +8,+7Y_ Ps,0,5) - V<)
sSes
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Figure B.5: Comparison between two-stage and decision-focused learning in the real ARMMAN service call scheduling
problem. The pulling action in the real dataset is much sparser, leading to a larger mismatch between predictive loss and
evaluation metrics. Two-stage overfits to the predictive loss drastically with no improvement in evaluation metrics. In
contrast, decision-focused learning can directly optimize the evaluation metric to avoid the objective mismatch issue.

V() =R()+ 7Y Pls,1,5) - V() (B.3)
Ses
V(s) = max [R(s) + (1 —a)8, + 7ZP(5,475’) - V($], VseS —u (B.4)
a€{0,1} s
HERE:
S IS THE SET OF ALL STATES
R(s) IS THE REWARD FOR BEING IN STATE §
P(s,a,s') 1S THE PROBABILITY OF TRANSITIONING TO STATE s WHEN YOU BEGIN IN STATE §
AND TAKE ACTION 4
V(s) IS THE EXPECTED VALUE OF BEING IN STATE §

IS THE WHITTLE INDEX FOR STATE §
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ONE WAY TO INTERPRET THESE EQUATIONS IS TO VIEW THEM AS THE BELLMAN OPTIMAL-
ITY EQUATIONS ASSOCIATED WITH A MODIFIED MDP IN WHICH THE REWARD FUNCTION IS
CHANGED TO R} (s,a) = R(s) 4+ (1 — )8, LE., YOU ARE GIVEN A ‘SUBSIDY’ FOR NOT ACT-
ING (EQUATION B.4). THEN, TO FIND THE WHITTLE INDEX FOR STATE #, YOU HAVE TO FIND
THE MINIMUM SUBSIDY FOR WHICH THE VALUE OF NOT ACTING EXCEEDS THE VALUE OF ACT-
ING 37, AT THIS TRANSITION POINT, THE VALUE OF NOT ACTING IS EQUAL TO THE VALUE OF
ACTING IN THAT STATE (EQUATION B.3), LEADING TO THE SET OF EQUATIONS ABOVE.

Now, THIS SET OF EQUATIONS IS TYPICALLY HARD TO SOLVE BECAUSE OF THE IMax TERMS
IN EQUATION B.4. SPECIFICALLY, KNOWING WHETHER arg max, = 0 OrR argmax, = 1 FOR
SOME STATE § IS EQUIVALENT TO KNOWING WHAT THE OPTIMAL POLICY IS FOR THIS MODI-
FIED MDP; SUCH EQUATIONS ARE TYPICALLY SOLVED USING VALUE ITERATION OR VARIA-
TIONS THEREOF. HOWEVER, THIS PROBLEM IS SLIGHTLY MORE COMPLICATED THAN A STAN-
DARD MDP BECAUSE ONE ALSO HAS TO DETERMINE THE VALUE OF . THE WAY THAT THIS
PROBLEM IS TRADITIONALLY SOLVED IN THE LITERATURE IS THE FOLLOWING:

1. ONE GUESSES A VALUE FOR THE SUBSIDY §3..

2. GIVEN THIS GUESS, ONE SOLVES THE BELLMAN OPTIMALITY EQUATIONS ASSOCIATED
WITH THE MODIFIED MDDP.

3. THEN, ONE CHECKS THE RESULTANT POLICY. IF IT IS MORE VALUABLE TO ACT THAN TO
NOT ACT IN STATE 5, THE VALUE OF THE GUESS FOR THE SUBSIDY IS INCREASED. ELSE, IT
IS DECREASED.

4. GO TO STEP 2 AND REPEAT UNTIL CONVERGENCE.

GIVEN THE MONOTONICITY AND THE ABILITY TO BOUND THE VALUES OF THE WHITTLE IN-
DEX, STEP 3 ABOVE IS TYPICALLY SOLVED USING BINARY SEARCH. HOWEVER, EVEN WITH BI-
NARY SEARCH, THIS PROCESS IS QUITE TIME-CONSUMING.

IN THIS PAPER, WE PROVIDE A MUCH FASTER SOLUTION METHOD FOR OUR APPLICATION OF
INTEREST. WE LEVERAGE THE SMALL SIZE OF OUR STATE SPACE TO SEARCH OVER THE SPACE
OF POLICIES RATHER THAN OVER THE CORRECT VALUE OF §,. CONCRETELY, BECAUSE § =
{0,1} axp 4 = {0, 1}, THE WHITTLE INDEX EQUATIONS FOR STATE S = () ABOVE BOIL DOWN
TO:

7(0) =R(0) + 8, +7>_P(0,0,4) (s

s'ef{o,1}
7(0) =R(0) +7>_P(0,1,5) - Vs
s'ef{o0,1}
V(1) = max [R(1)+ (1-a)8, +7>_ P(l,a,5) V()] (B.s)

ac{0.1} s'e{o,1}

THESE ARE 3 EQUATIONS IN 3 UNKNOWNS (V(0), V(1), 4, ). THE ONLY HICCUP HERE IS THAT
EQUATION B.5 HAS A max TERM AND SO THIS SET OF EQUATIONS CAN NOT BE SOLVED AS
NORMAL LINEAR EQUATIONS WOULD BE. HOWEVER, WE CAN ‘UNROLL’ EQUATION B.5 INTO 2
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DIFFERENT EQUATIONS:

V(1) =R+, +7> P1,0,5)- 1), o (B.6)
se{0,1}
V(1) =R(1) +y> P(1,1,5)- V() (B.7)
s'e{0,1}

EACH OF THESE CORRESPONDS TO EVALUATING THE VALUE FUNCTION ASSOCIATED WITH
THE PARTIAL POLICIESs — 1 — 2 = 0ANDs = 1 — 4 = 1. THEN TO GET THE OPTI-
MAL POLICY, WE CAN JUST EVALUATE BOTH OF THE POLICIES AND CHOOSE THE BETTER OF
THE TWO POLICIES, LE., THE POLICY WITH THE HIGHER EXPECTED VALUE /(1). IN PRACTICE,
WE PRE-COMPUTE THE WHITTLE INDEX AND VALUE FUNCTION USING THE BINARY SEARCH
AND VALUE ITERATION APPROACH STUDIED BY QIAN ET AL. 258 THEREFORE, TO DETER-
MINE WHICH EQUATION IS SATISFIED, WE JUST USE THE PRE-COMPUTED VALUE FUNCTIONS
TO EVALUATE THE EXPECTED FUTURE RETURN OF DIFFERENT ACTIONS, AND USE THE ONE
WITH HIGHER VALUE TO FORM A SET OF LINEAR EQUATIONS.

THIS GIVES US A SET OF LINEAR EQUATIONS WHERE WHITTLE INDEX IS A SOLUTION. WE
CAN THEREFORE DERIVE A CLOSED-FORM EXPRESSION OF THE WHITTLE INDEX AS A FUNC-
TION OF THE TRANSITION PROBABILITIES, WHICH IS DIFFERENTIABLE. THIS COMPLETES THE
DIFFERENTIABILITY OF WHITTLE INDEX. THIS TECHNIQUE IS EQUIVALENT TO SAYING THAT
THE POLICY DOES NOT CHANGE IF WE INFINITESIMALLY CHANGE THE INPUT PROBABILITIES.

B.8.1 WORKED ExaMPLE

0.8,0.2 0.5, 0.5

Figure B.6: An MDP with the probabilities associated with the passive action 2 = 0 in green and active actionz = 1in
red.

LET US CONSIDER THE CONCRETE EXAMPLE IN FIGURE B.6 wiTH ¥ = 0.5. TO CALCULATE
THE WHITTLE INDEX FOR STATE s = 0, WE HAVE TO SOLVE THE FOLLOWING SET OF LINEAR
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EQUATIONS:

V(0) =0+p4, +0.5-[0.87(0) + 0.27(1)]
7(0) = 0+ 0.5 - [0.277(0) + 0.87(1)]
V(1)=1+8_+0.5-[057(0) + 0.5V(1)]

<

(0) 0.65, V(1) ~ 1.45, 4, ~ 0.25

7(0) = 0+8, +0.5-[0.87(0) + 0.2/(1)]
V(0) = 0+ 0.5 - [0.217(0) + 0.87/(1)]
V(1)=1+0.5-[0.57(0) 4 0.5/(1)]

7(0)~ 0.52, V(1) ~ 1.18,4,_~ 0.20

HERE THE LEFT SET OF EQUATIONS CORRESPONDS TO TAKING ACTION 2 = 0IN STATEs = 1
AND THE RIGHT CORRESPONDS TO TAKING THE ACTION 2 = 1. AS WE CAN SEE IN THE ABOVE
CALCULATION, GIVEN SUBSIDY ‘gfo’ IT IS BETTER TO CHOOSE THE PASSIVE ACTION (A=0) ON
THE LEFT TO OBTAIN A HIGHER EXPECTED FUTURE VALUE V(l) ON THE OTHER HAND, THIS
CAN ALSO BE VERIFIED BY PRECOMPUTING THE WHITTLE INDEX AND THE VALUE FUNCTION.
THEREFORE, WE KNOW THAT THE PASSIVE ACTION IN EQUATION B.7 LEADS TO A HIGHER
VALUE, WHERE THE EQUALITY HOLDS. THUS WE CAN EXPRESS THE WHITTLE INDEX AS A SO-

LUTION TO THE FOLLOWING SET OF LINEAR EQUATIONS:

7(0) = R(0) +8, +7>_P(0,0,5)- 1)

sSef{o0,1}
7(0) =R(0) +7>_ P(0,1,5) Vs
sef{o,1}
V(1) =R(1)+ 8, +7> P10,5) V()
sSefo,1}

BY SOLVING THIS SET OF LINEAR EQUATION, WE CAN EXPRESS THE WHITTLE INDEX ‘EJO
AS AFUNCTION OF THE TRANSITION PROBABILITIES. THEREFORE, WE CAN APPLY AUTO-

df
DIFFERENTIATION TO COMPUTE THE DERIVATIVE d};] .
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APPENDIX TO CHAPTER §

C.1 COMPUTATION OF DEFENDER UTILITY

GIVEN COVERAGE 2, IF WE SORT THE VERTICES OUT BY INTERMEDIATE STATES THEN ABSORB-
ING STATES, THEN THE TRANSITION MATRIX INDUCED BY BEHAVIOR ¢(%, x) CAN BE WRITTEN
As: P = [g ];] , WHERE / IS AN IDENTITY MATRIX REPRESENTING ONCE THE ATTACKER
REACHES ANY ABSORBING STATES, HE WOULD NEVER TRANSIT TO OTHER STATES. ), R ARE
BOTH FUNCTIONS OF Z AND X.

THE ABSORBING PROBABILITY CAN BE COMPUTED BY B = (I—Q)"'R € REXUTHD) | \wrErE
THE ENTRY B,; INDICATES THE PROBABILITY THAT THE ATTACKER INITIATES FROM STATE /
AND ENDS UP BEING IN ABSORBING STATE /. SINCE WE ALSO KNOW THE DISTRIBUTION 77 €
RIS THAT THE ATTACKER WILL APPEAR AND THE DEFENDER UTILITY [ € RIT*! incrLupinG
THE REWARD OF CATCHING THE ATTACKER, THE DEFENDER UTILITY CAN BE GIVEN BY 7| BUF,
WHERE THE FUNCTION /IS DEFINED BY THE NEGATIVE DEFENDER UTILITY:

Az, 0) = -7 BU? = —x" (I - Q(2,8)) 'R(z, )" (C.1)

WHICH IS STILL A FUNCTION OF 2 AND . WE CAN ALSO COMPUTE THE DERIVATIVES OF THIS
FUNCTIONf: BUT SINCE THE COMPUTATION OFfINVOLVES MATRIX INVERSION, THE COMPU-
TATION OF DERIVATIVES WILL ALSO INVOLVE MATRIX INVERSIONS AND MULTIPLICATIONS,
WHICH CAN BE VERY EXPENSIVE ESPECIALLY FOR HIGHER ORDER DERIVATIVES.
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C.2 Tue Cuoices or Loss FuncTIiON

GIVEN TWO TRANSITION MATRICES M, M’ € RV W, WE CAN ALIGN WITH THE ANY STAN-
DARD DEFINITION OF MATRIX NORM:

LMM) = |Mm-2| (C2)

ANOTHER CHOICE OF LOSS FUNCTION DEFINITION IS TO COMPUTE THE KL-DIVERGENCE
OR CROSS ENTROPY OF THE PATH DISTRIBUTION INFERRED BY THESE TWO TRANSITION MA-
TRICES. SINCE THERE ARE ABSORBING STATES, THE PATH CAN EVENTUALLY TERMINATE WHEN
IT REACHES TO ANY OF THE ABSORBING STATE. HOWEVER, THERE COULD BE LOOP IN THE
GRAPH, WHICH MIGHT INCUR INFINITELY MANY POSSIBLE PATHS, MAKING THE PATH DIS-
TRIBUTION INFINITELY DIMENSIONAL. ANOTHER ISSUE IS THAT WE DO NOT HAVE A CLOSE
FORM OF THE PATH DISTRIBUTION, WHICH CAN PREVENT US FROM COMPUTING THE KL-
DIVERGENCE BETWEEN TWO IMPLICIT DISTRIBUTIONS.

IN OUR DOMAIN, WE USUALLY HAVE SAMPLES FROM THE GROUND TRUTH MARKOV CHAIN,
WHICH CAN BE USED AS AN EMPIRICAL PATH DISTRIBUTION. BY CONSIDERING THOSE SAM-
PLES AS THE EMPIRICAL DISTRIBUTION /A, WE CAN COMPUTE THE KL-DIVERGENCE BETWEEN
/A AND THE PREDICTED MARKOV CHAIN A/:

PROB(2 € A)

PROB(a € M) (C3)

L(A,M) = ZPROB(&! € A)log

WHICH CAN BE EFFICIENTLY COMPUTED SINCE A IS FINITE AND ALL THE PROBABILITY CAN
BE ANALYTICALLY COMPUTED. THIS SERVES AS AN ALTERNATIVE FOR US TO COMPUTE THE
KL-DIVERGENCE BETWEEN THE GROUND TRUTH AND OUR PREDICTION.

C.3 DiIFFERENTIABLE QUADRATIC PROGRAM

GIVEN A QUADRATIC PROGRAM:

1
min EzTQz —l—pTz (C.4)
z
s.T. Gz<h
Az =10

ACCORDING TO®>"", WE CAN COMPUTE THE DERIVATIVE OF THE OPTIMAL SOLUTION z* WITH
RESPECT TO EACH PARAMETERS IN THE QUADRATIC PROGRAM, E.G., Q,p, G, h, 4, b. IN oUR
CASE, WE ONLY CONSIDER THE DERIVATIVE WITH RESPECT TO p, WHERE G, b, 4, b ARE CON-
STANTS AND WE IGNORE THE DERIVATIVE OF THE HESSIAN Q) SINCE ITS DERIVATIVE IS OF
THIRD ORDER.
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AFTER SOLVING THE QUADRATIC PROGRAM, WE CAN GET THE SOLUTION z* WITH DUAL
VARIABLES A", v* RESPECTIVELY FOR THE INEQUALITY CONSTRAINTS AND EQUALITY CON-
STRAINTS. ALL THE VARIABLES z*, 1*, ¥* ARE ALL FUNCTIONS OF PREDICTION 6. IN%>'! THEY
PROPOSED THAT IF WE WRITE THE KK'T CONDITIONS:

Qe +p+A4" v +G' 2 =0
A7F—b=0
D) (G —h) =0
WHERE D(A1¥) IS THE DIAGONAL MATRIX WITH A* ON THE DIAGONAL. WE CAN CONSIDER THE
TOTAL DERIVATIVE OF THE ABOVE EQUATIONS, WHICH YIELDS:
dQz* 4+ Qdz* +dp+dA v + AT dv* +dGT 2 + GTd)* =0
dAz" + Adz* —db =0
D(Gz* — h)dX* + D(A*)(dGe* + Gdz* — db) = 0
SINCE HERE WE ASSUME Q, G, b, A, b ARE ALL CONSTANTS, SO WE CAN IGNORE THE DERIVA-
TIVES OF THERE TERMS AND GET:
Qdz* +dp+ A" dv + GTdl* =0
Adz* =0
D(Gz* — h)d2* + D(1)Gdz* = 0

WHICH CAN BE FURTHER TURNED INTO MATRIX FORM:

[ 0 G' A" [dz* [—dp
DG DG —h) o | || =] o
4 0 o la*] |0
- - [dz* -
0 G’ AT | % ~1
& DG DG —h) 0| |G| =10 (C.s)
A 0 0 |4 0
. . _dp .
rdz* _
i 0 GT AT 7 -1
& |4 | = P0G DG —h) 0 0
dv* A 0 0 0
L dp

*
THIS ALLOWS US TO COMPUTE THE GRADIENTS % BY SOLVING THE CORRESPONGING LINEAR

EQUATION.
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df _ df dg*

WE CAN ALSO COMBINE THE CHAIN RULE % = I~ E BY:
dz* T daf T \ T T1-1 rdf
df dp. o -1 Q DAHG' 4 £
- = o ol=1]0 G D(G*—h) 0 0
P @ 0 0| |4 0 0 0
dp
Or EQUIVALENTLY, DEFINE
dz Q DONGT AT [-&
d| = |G D(Gz*—h) 0 0 (C.6)

dv A 0 0 0

d
THEN é‘ = dz, WHICH IS THE DERIVATIVE OF THE OBJECTIVE FUNCTIONfWITH RESPECT TO
THE LINEAR COEFFICIENT p OF THE QUADRATIC PROGRAM.

C.4 ProOOF OF THEOREM 3

Theorem 3. When the intermediate prediction matches the ground truth, i.e, 0(-, -, w*) = &*, we
have dﬂz;f ) lw=w* = 0 for both Algorithm 3 and Algorithm 4 with any block C.

Proof. We first prove for the Algorithm 3 case. Our goal is to prove that this j—j: lo—g = d is exactly
0 at &, meaning there is no gradient at the true optimal prediction &*.

To prove this, we directly show thatd, = 0,d; = 1{3=0},4d, = v" isasolution. When the KKT
matrix in Equation C.s is non-singular, this implies that 4, = 0 is the unique solution. When the
KKT matrix is singular, d, = 0 is a subgradient. Furthermore, if we follow the implementation in*°,
they remove the dependent rows of the KK'T matrix C.s such that the matrix is non-singular, which

again implies that d, = 0 is the unique solution. To verify this, we can compute:

Q G'DQ*) 4T 0
G D(Gz* - b) 0 1{2*750}
A 0 0 »*
G'D(A ) poy + AT G2 + 4T
= | D(GZ —h)lgegy | = 0
0 0

Notice that the KKT condition of the quadratic program implies:
Q  +p+A v +G2* =0

0
p=— QZ* + {’22*755* — QZ* +AT’V* + GTQ* = O
Z
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0 *
& 85'222*’9:"* +A4TV+G2* =0

Q G'DQ* 4T 0
G D(Gz* - }J) 0 1{1*#0}
A 0 0 v*
G +4"v _ 4
dz*
0 0

This verifies thatd, = 0,d; = 1{;+4},d, = »" is asolution of Equation C.6. This concludes the
proof of Algorithm 3.
To prove for Algorithm 4, we consider the following equation:

dzc 0 DOYGE Al
dai = GC D(Gczz - bc) 0 0 (C.7)
dv Ac 0 0 0

where G = [GC G(’] A = [AC Ag] that G¢, A¢ correspond to the coefficients of indices C.
hc = b — GgzZ corresponds to the modified linear inequalities without the effect of terms zz.
We can also verify that d%]; l)—g+ = dzc = 0isasolution in Equation C.7. By setting dzc =
0,d = 143+40},d, = v*, we can find that this also satisfies the Equation C.7.
All of these imply that d%j; l)—g+ = 0 (or at least a feasible subderivative). By applying Equa-
A= 6

tion 5.9 of Algorithm 3 or Equation s.11 of Algorithm 4, we can get =7~ |s_s = 0 where £ is

the optimal model parameter that gives the correct prediction g, O

C.s Proor oF THEOREM 4

Theorem 4. The quadratic programs in Algorithm 3 and Algorithm 4 share the same primal solu-
tions on the block C. They also share the same dual solution on the non-degenerate constraints contain-
ing at least one variable in the block.

Proof. Since both algorithms are derived from Taylor expansion around a local optimum, the Hes-
sian is always positive definite. Therefore, the solution given by the quadratic program is exactly the
same as the local optimum previously computed, which is shared for both algorithms. So both of
them share the same primal solutions at indices C.
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For the dual solutions, we can write down the quadratic programs C.4 for Algorithm 3 by:

1
min EzTQz —l—pTz (C.8)
z
st. Gz <bh
Az =15

with Q = g—i{ o=z, p = S—J; |s=z+ — Q2. The KKT stationary condition can be given by:

QF+p+G A+ 4T =0
* 8f * T 4% T x
s Oz +6—|z:z*—Qz +G' A +A4"v=0
Z
19}
o %yZ:Z*JrGTA*JFAU* =0 (C.9)

Similarly for Algorithm 4 in the case there is no degenerative constraint, we have:

. 1
Ir;in EZ—C'—QCCZC +p—gzc (C.10)

S.t. Gczc < bC =h— CfCZ?
ACzC = bC =b _AEZE
0% 0 ” .
where Qce = 8—%|z:z*,pc = ,37];|z=z* — Qcczy, and constraints G = [GC GC} ,A = [AC AE]‘
The KKT stationary condition can be given by:

Qccze+pc+ GLA* + ALV =0

* 9 * * *
= Qcczc + azfc‘"zzz* — Qccze + Ggl +A2v—1/ =0

& g|z:z* + G ALy =0 (C.11)
Oz¢

Comparing Equation C.9 and Equation C.11, we can find that Equation C.11 is just a subset
of Equation C.9, or more specifically the equations at indices C. Similarly, they also share the same
primal, dual feasibility conditions, and complementary slackness conditions. Therefore, the dual
solutions of the KKT conditions of quadratic program C.8 is also a solution of the KKT conditions
of C.10.

When there are degenerative constraints, for example, some rows R of the constraints G are
degenerative and thus be all 0 after truncating by block C, i.e., %7 ¢ = 0. Inthis case, G—CFQ* =
G;’ cAr + G%, AR = G;'i cAr> Where there is no constraint posted on 1%, which can be arbitrary

here. Similarly, some rows L of equality constraints 4 ¢ might also be degenerative, i.c., Arc=0.
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But if we only consider the non-degenerative constraints Gg ¢ and 4y, ¢, we can re-write the KKT
stationary conditions in Equation C.11 by:

6f T 4% T %
aizc|zzz* + Gcl +ACV = 0
0
& —f|z:z* +Gred 4+ A v =0 (C.12)
8ZC ) )

In this case, the entire KKT condition with non-degenerative dual variables is non-singular, which
imposes a unique solution to the dual variables. But we have shown that the dual solution of Equa-
tion C.9 is also a solution to Equation C.11, which is again a solution to Equation C.12. By unique-
ness, this solution of Equation C.12is also a solution of Equation C.11 on the non-degenerative
constraints G ¢, A c, thus a solution to the Equation C.9, which concludes the proof. O

C.6 PrOOF OF THEOREM 5

Theorem s. Given the primal solution z* and the dual solution 1* of the quadratic program in Al-

2
gorithm 3 with linear constraints G, b, A, b, the Hessian Q = %—5, linear coefficient p = g—];, and
the sampled indices C C {1,2, ..., |E|}, the gradient %é € RIVI computed in Algorithm 4 is an
approximation to the block component of the gradient ‘% € REXIE computed in Algorithm 3. More

Speflﬁfﬂlly)
H< ZI ) IC T min Q

where & = | GTG +A47 4|, Ac = || Q7 Qe
definite matrix Q. Kcc is the KTT matrix given by the quadratic program in Algorithm 4.

< A+ Ac

(5.12)

max (2, 1) || K| H (2)

cC

yand . (Q) is the smallest eigenvalue of positive

Q GT AT
Proof: Denote K = |D(1*)G D(Gz* —h) 0 | tobethe KKT matrix C.s5 of the quadratic
A 0 0
Qcc Gl A
program C.8 given by Algorithm 3. We can also denote Ko = | D(1*)Ge  D(Gezg — be) 0
Ac 0 0

to be the KK'T matrix of the quadratic program C. 10 given by Algorithm 4. Notice that K¢ is in
fact a block of K since they share the same primal and dual solution. According to Equation C.s, we
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can write down the gradient ‘% and % respectively in Algorithm 3 and Algorithm 4 by:

dz* ' -1 dzy} ' -1
= |0 K'tlolf, dC: o Kgotlo
? o 0 PC o 0

If we use block form to represent the KK'T matrix K, we can get:

| K K
k= LQ KJ

where we can apply the block matrix inversion technique and get:

KT KUK (K — KK Ko) TUGKT K K (K — KGKEKG) T

1
K —(Ks — KK Ko) KK (Ky — K3Ky'Ko) ™! (C13)
where K7 needs to be invertible here.
T 4T QEC
SetKi = Qe Ko = Qe G Ag] Kz = | D(A")Gg| , Ky = Kee, where Ky = Qe s
Az

positive definite therefore also invertible. We can see that K; € RICI*ICT and the sizes of K>, K3, K4
depend on the size of the block C and the size of the constraints G¢, A ¢, which can probably help
visualize the size of the block matrix.

If we truncate the gradient % to its C block, it is equivalent to remove the C part from K1

which gives us:

T T

i I I I -1
(d ) = 10| (K |0 =10 Ki—-KK'K)™'|0
?/cc o 0 0 0

Therefore, the difference between (%)CC and % can be bounded by:

— - T

dz* dz} I -1 I -1
<d> —dC: 0 (Ku—KK'K)™ | 0| —]0] Koolo
?/)cc 4pc | 0 0 0

Ul -1

= (0| ((Ks = KK 'Ko) ™ = Ke) | O

0 0
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I -1
= |0] (K~ KK 'Ko) ™I — (Ky — K3K ' Ka)Ke) | O
0] 0
1]’ -1
= 0| (Ki— KK 'Kp) M (KK KoK ) | O (C.14)
0 0

where the last equality comes from the choice K4 = K¢, thus the identity matrix is canceled out.
We can then bound the matrix norm of K3K; ' K> K- by:

|k Kok G| < Kkl || ot 1t
max(1*,1) || K] K|

Kl
S (0 K
A+ Ac * 1
< ——F= A1) || K,
B #min(%) maX( ) H CCH
A+ A .
< D K 3

where the second inequality is from the fact that K3 is a matrix multiplication of K, and a diagonal
matrix with 1 and 1" on the diagonal. The matrix norm can be bounded by the matrix norm of

the diagonal matrix, thus max(2*, 1), and the remaining matrix multiplication K, K. The third
inequality is due to the singular value HK;—KZ H = HKZK;— H = HQCZ’QCC + G——CrG? + AgAE <

HQCEQCC +G'G+4"4 H < A + Ac, where the middle inequality is due to the fact that all these
individual terms are positive semi-definite, so adding new postive semi-definite terms such that they

become G' G, A" 4 only increases the norm value.
Taking matrix norm to Inequality C.14 and using Inequality C.15 to substitute | K3K; KoK

b

we can get:
dz* dz: A+ A I -1
(5) ] e
dp ) cc Apell ™ #min(Q) 0 0
A+ A dz*
=2 | (%) (16
(umin(Q) dp cC
which concludes the proof. O
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C.6.1 DiscussioN oF SINGULARITY OF KKT MATRIX

ONE BIGGEST CONCERN Is WHETHER THE KK'T MATRICES K AND K¢ ARE SINGULAR. IF THE
CHOSEN K¢ IS SINGULAR, THEN THE BOUND PROVIDED IN THEOREM 5 BECOMES USELESS.
As DISCUSSED IN THE APPENDIX OF °°, IN EQUATION C.5, DUE TO KK'T CONDITION, AT
LEAST ONE OF 17 AND (Gz* — b),; 18 0. ALSO AS THEY DISCUSSED, WHEN BOTH OF THEM ARE
0, THE WHOLE i-TH ROW IN D(1*)G AND Gz* — /15 ALL 0. WE CAN EITHER IMPOSE NEW CON-
STRAINT OR JUST REMOVE THE ROW TO MAKE THE MATRIX NON-SINGULAR.
I’ = OwrrH (Gz* — b); > 0, THEN IN THE /-TH ROW, THERE IS ONLY THE TERM
(Gz* — b); BEING NONZERO. THUS WE CAN SOLVE THE EQUATION IN THE /-TH ROW BY SET-

* *
TING (%--); = 0 AND REMOVE THE ROW AND THE VARIABLE (%)i FROM THE LINEAR EQUA-

dp
TION. THEREFORE, THE LINEAR EQUATION AND THE MATRIX CAN BE SIMPLIFIED BY:

dz*

Q G/ AT |4 -1

D(2})G; D(Gz* —h); 0 djpf —|o
A 0 0] |2
dp

wHERE ] = {7 : 17 # 0}. BuT NOTICE THAT (Gz* — /); = 0 DUE TO THE KKT CONDITIONS
AND THE ASSUMPTION OF /. SO WE CAN SIMPLY WRITE:

dz*

Q Gl AT] | 4 ~1
DRG0 0| (% =]0 (C.17)
A 0 0] |a
dp

DOY)G;

A :| TO HAVE A FULL ROW RANK NOW. EQUIVALENTLY,
I

WE CAN ALSO ASSUME [G}r A}r] TO HAVE A FULL COLUMN RANK.

NOTICE THAT WE CAN ASSUME |:

C.6.2 SiNGULARITY OF BLock KKT MATRIX

GIVEN A SIMPLIFIED VERSION OF THE NON-SINGULAR FULL KKT maATRIX IN EQUATION C.17,
WE CAN WRITE DOWN THE BLOCK KKT MATRIX AS:

Az
Qe Gle AL | e -1
DO)Ge 0 0| |ZLl =0 (C.18)
Ac 0 0 ﬁ* 0
dpc

WHERE G = [GLC GJ?] VA = [ALC A]E]- IN ORDER TO MAKE THE BLOCK KKT MATRIX

NON-SINGULAR, WE NEED TO SELECT C SUCH THAT |:A
C

:| REMAINS FULL ROW RANK. IN THIS
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CASE, THE BLOCK KK'T MATRIX WILL REMAIN NON-SINGULAR AND THUS INVERTIBLE.

IN PRACTICE, WE CANNOT ACCESS TO THE DUAL VARIALBE 1™ BEFORE SOLVING THE QP
AND CHOOSING THE BLOCK C. BUT WE CAN COMPUTE THE SLACK VARIABLES Gz°°7 — ) SINCE
z°"T 18 GIVEN. WE NEED TO MAKE SURE TO MAKE G/ ¢ NONZEROFOR/ = {7 : A} # 0} C {7 :
(Gz°"™ — b); = 0}, OR EQUIVALENTLY THE INDICES OF TIGHT CONSTRAINTS.

SOME CHOICES OF BLOCK C MIGHT MAKE EQUATION C.18 SINGULAR BUT STILL SOLVABLE.
Gic
Ac
THE RIGHT HAND SIDE IS ALL 0. THIS ALLOWS US TO REMOVE THE REDUNDANT CONSTRAINTS
AND RE-SOLVE THE LINEAR EQUATION BY APPLYING MATRIX INVERSION. BUT IN THIS CASE,
THE BLOCK KK'T MATRIX WILL NOT CONTAIN ALL THE CONSTRAINTS, WHICH LEAVES SOME
CONSTRAINTS OUT OF THE BLOCK. ALGORITHM 4 STILL WORKS BUT THE Kj IN THE PROOF OF
THEOREM § IS NOT JUST Qg BUT CONTAINS SOME ADDITIONAL TERMS FROM CONSTRAINTS
EXCLUDED BY THE BLOCK QUADRATIC PROGRAM. THE BOUND WILL ALSO VARY SINCE WE
NEED TO ESTIMATE THE EIGENVALUE OF K, WHICH DEPENDS ON THE ADDED CONSTRAINTS
AND DOES NOT HAVE A SIMPLE FORM HERE.

THAT IS DUE TO SOME DEPENDENT ROWS IN |: :| > WHICH ADMIT TO EACH OTHERS SINCE
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APPENDIX TO CHAPTER 6

D.1 PRESERVATION OF CONVEXITY AND SUBMODULARITY

Proposition 1. If fis convex, then gp(y, ) = f{Py, 0) is convex.

Proof. The convexity can be simply verified by computing the second-order derivative:

A2 2 2
a8 _ a1y, 9) :pTﬁpi 0
dy? dy? dz?

where the last inequality comes from the convexity of £, i.e., Z—ZF = 0. ]
Proposition 2. If fis DR-submodular and P > 0, then gp(y, 0) == fiPy, 8) is DR-submodular.

Proof. Assume fhas the property of diminishing return submodularity (DR-submodular)*°. Ac-
cording to definition of continuous DR-submodularity, we have:

Vi.vsz(z, 6) <O0Vijen],y
After applying the reparameterization, we can write:

gp()/, 5) :f(zv ‘9)

and the second-order derivative:

Vogr(y,6) = PTV2fp(z,6)P < 0
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Since all the entries of Pare non-negative and all the entries of V2£p(z, 6) are non-positive by DR-
submodularity, the product V§ ¢p(7, 9) also has all the entries being non-positive, which satisfies the
definition of DR-submodularity. U

D.2 QUASICONVEXITY IN REPARAMETERIZATION MATRIX

Proposition 3. OPT(9,P) := ]Ipni%l ¢p(9, 9) is not globally quasiconvex in P.

}’ easioe
Proof. Without loss of generality, let us ignore the effect of §and write gp(y) = f(Pz). In this
proof, we will construct a strongly convex function f where the induced optimal value function
OPT(P) := min, gp(y) is not quasiconvex.

2
1
Consider z = [21,22,23] | € R>. Define f(z) = ||z — | 1 > O forallz € R3. Define P =
1
1 0 0 1 1 1 1 0.5
1 0)Jand?P = 1[0 1 . Apparently, z* = [ 1 :P(O 5> andz* = [1]| =P ( 1 >
0 2 2 0 1 ' 1
are both achievable. So the optimal values OPT(P) = OPT(P) = 0. But the combination P’ =
0.5 0.5
1P+ 4P = | 0.5 0.5 | cannot, which results in an optimal value OPT(P") = min, gp(y) =>
1 1
1
Osince [ 1| ¢ span(P”). Thisimplies OPT(3P + 3P) = OPT(?’) > 0 = JOPT(P) +
1
LOPT(P). Thus OPT(P) is not globally convex in the feasible domain. O

Theorem 6. Iff(-,0) is quasiconvex, then OPT(8, P) := ;nir‘bll 2p(y, 0) is quasiconvex in P;, the i-th
)/ easioie

column of matrix P, for anyl < i < m, where P = [Py, Ps, ..., Py).

Proof: Letusassume P = [p1,p2, ..., pm| and P = [p{,ph, ..., pl,), where p; = pl Vi # 1with
only the first column different. In the optimization problem parameterized by P, there is an optimal
solutionz = Y py;, 7, > 0 V. Similarly, there is an optimal solution 2’ = Y plyl, 5, > 07

: =1

=1

for the optimization problem parameterized by . Denote h(P) := OPT(6, P). We know that
fAz) = b(P),A(Z) = h(P).Denote 7" = P+ (1 —c)P = [p{,p},.... p] to be a convex
combination of Pand P'. Clearly, p' = ¢p1 + (1 — ¢)p; and p/ = p; = p; Vi # 1. Then we can
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construct a solution

I 1 c l1—¢,

7= (2t ——7)
W + N N
1 (c i[’
- 11—\ z'yz'
}'L1+7( N i=1 =1
1 yl .yz
= e+ (L= op) + C+1[Zp
n A nt oy = N

€ Span(P’)

Thus, 2" is a feasible solution in the optimization problem parameterized by 2. By the convexity of
/> we also know that

WP+ (1—)P) = h(P') < f(z”)
=Nz o+ yl Y

< max(f(z SZ))
= max(h(P), h(P))

When one of yi, yi is 0, without loss of generality we assume y; = 0. Then we can construct a
solution 2 = z which is still feasible in the optimization problem parameterized by 7" = ¢P+ (1 —
¢)P'. Then we have the following:

h(P") < fl") = flz) = b(P) < max(h(P), h(P'))

which concludes the proof. O

D.3 SampPLE COMPLEXITY OF LEARNING PREDICTIVE MODEL IN SURROGATE PROBLEM

Theorem 7. Let Hy;, be the hypothesis class of all linear function mappings fromx € X C RP to
g € © € R, and let P € R"*™ be a linear reparameterization used to construct the surrogate. The
expected Rademacher complexity over t i.i.d. random samples drawn from D can be bounded by:

2plog(2me || Pt p,(S)) 1
p 2= 4 0(;) (6.4)

Rad' (M) < 2mC\/

where C = supg(max,f(z,0) — minflz, 0)) is the gap between the optimal solution quality and the
worst solution quality, p, (S) is the diameter of the set S, and P is the pseudoinverse.

THE PROOF OF THEOREM 7 RELIES ON THE RESULTS GIVEN BY BALGHITI ET AL. 87. Bar-
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GHITI ET AL. ANALYZED THE SAMPLE COMPLEXITY OF PREDICT-THEN-OPTIMIZE FRAMEWORK
WHEN THE OPTIMIZATION PROBLEM IS A CONSTRAINED LINEAR OPTIMIZATION PROBLEM.

THE SAMPLE COMPLEXITY DEPENDS ON THE HYPOTHESIS CLASS 7, MAPPING FROM THE
FEATURE SPACE X’ TO THE PARAMETER SPACE ©. 2§(6) = argmin,cgf(z, ) CHARACTERIZES
THE OPTIMAL SOLUTION WITH GIVEN PARAMETER § € © AND FEASIBLE REGION S. THIS CAN
BE OBTAINED BY SOLVING ANY LINEAR PROGRAM SOLVER WITH GIVEN PARAMETERS §. THE
OPTIMIZATION GAP WITH GIVEN PARAMETER P IS DEFINED AS wg(f) = max,esf(2,0) —
min,eg fz, 0), AND wg(©) = Supgcg ws(f) IS DEFINED AS THE UPPER BOUND ON OPTIMIZA-
TION GAP OF ALL THE POSSIBLE PARAMETER § € ©.z"(H) = {x — 2*(D(x))|P € H}
IS THE SET OF ALL FUNCTION MAPPINGS FROM FEATURES X TO THE PREDICTIVE PARAMETERS
§ = ®(x) AND THEN TO THE OPTIMAL SOLUTION z*(§).

Definition 28 (Natarajan dimension). Suppose that S is a polybedron and & is the set of its extreme
points. Let F € S bea hypothesis space of function mappings from X to S, and let A C X to be
given. We say that F shatters A if there exists g1, go € F such that

* g(x) # goo(x) Vx € A

* Forall B C A, thereexistsg € F such that (i) forall x € B, g(x) = g1(x) and (i1) for all
x € A\B,¢(¥) = £2(3)
The Natarajan dimension of F, denoted by dn(F), is the maximum cardinality of a set N-shattered
by F.

WE FIRST STATE THEIR RESULTS BELOW:

Theorem 29 (Balghiti et al.*” Theorem 2). Suppose that S is a polybedron and S is the set of its
extreme points. Let H be a family of functions mapping from features X to parameters ® € R” with
decision variable z € R” and objective function f(z, 0) = 8" z. Then we have that

Rad'(H) < w§(®)\/ 24z (H)g log(SP) (D.1)

where Rad’ denotes the Radamacher complexity averaging over all the possible realization of t i.i.d.
samples drawn from distribution D.

THE FOLLOWING COROLLARY PROVIDED BY BALGHITI ET AL. 87 INTRODUCES A BOUND ON
NATARAJAN DIMENSION OF LINEAR HYPOTHESIS CLASS H, MAPPING FROM X € R’ To ® €
R”:

Corollary 3 (Balghiti et al.®” Corollary 1). Suppose that S is a polybedron and & is the set of its ex-
treme points. Let Hjy, be the bypothesis class of all linear functions, i.e, My, = {x — Bx|B € R**?}.
Then we have

dn(2" (Miin)) < np (D.2)
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Avrso ’6| CAN BE ESTIMATED BY CONSTRUCTING AN £-COVERING OF THE FEASIBLE REGION
BY OPEN BALLS WITH RADIUS €. LET 65 BE THE CENTERS OF ALL THESE OPEN BALLS. WE CAN
CHOOSE € — % AND THE NUMBER OF OPEN BALLS REQUIRED TO COVER .S CAN BE ESTIMATED
BY

62| < (200,(S)v/n)" (D.3)

CoMBINING EQUATION D.1, D.2, AND D.3, THE RADAMACHER COMPLEXITY CAN BE BOUNDED
BY:

Corollary 4 (Balghiti et al.*” Corollary 2).

2plog(2ntp,(S)) 1
. 2 +0(;) (D.4)

Rad' (Hy;,) < anS(G))\/

NOW WE ARE READY TO PROVE THEOREM 7:

Proof of Theorem 7. Now let us consider our case. We have a linear mapping from featuresx €
X C R? to the parameters = Bx € © € R” with B € R**?. The objective function is formed by

gr(3,0) =fIPy,0) =6"Py=(P'6) y= (P Bx) "y (Dss)

This is equivalent to have a linear mapping fromx € X C R? to ¢ = P" Bxwhere PTB € R"*?,
and the objective function is just gp(y, &) = &Ty. This yields a similar bound but with a smaller
dimension 7 < 7 as in Equation D.6:

2plog(2mip,(5)) 1
p . +0(2) (D.6)

Rad’(Hpin) < 2mw5(®)\/

where wg(©) is unchanged because the optimality gap is not changed by the reparameterization.
The only thing changed except for the substitution of 7 is that the feasible region S is now defined
in a lower-dimensional space under reparameterization P. But since Vy € S, we have Py € Stoo. So
the diameter of the new feasible region can also be bounded by:

A(S) = max,, ey [y — ||
= max,yes |[PTP(y =)
= max, yeg HP+ (Py—Py) H
PHz—2)|
< [P maves
= [[PT][£(S)

< maxs ./ cs

/
z— 7|
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where P € R™*" is the pseudoinverse of the reparameterization matrix Pwith PTP = [ €
R”*™ (assuming the matrix does not collapse). Substituting the term p(S") in Equation D.6, we

can get the bound on the Radamacher complexity in Equation 6.4, which concludes the proof of
Theorem 7. O

D.4 NON-LINEAR REPARAMETERIZATION

THE MAIN REASON THAT WE USE A LINEAR REPARAMETERIZATION IS TO MAINTAIN THE CON-
VEXITY OF THE INEQUALITY CONSTRAINTS AND THE LINEARITY OF THE EQUALITY CONSTRAINTS.
INSTEAD, IF WE APPLY A CONVEX REPARAMETERIZATION z = P(), E.G., AN INPUT CONVEX
NEURAL NETWORK '3, THEN THE INEQUALITY CONSTRAINTS WILL REMAIN CONVEX BUT THE
EQUALITY CONSTRAINTS WILL NO LONGER BE AFFINE ANYMORE. SO SUCH CONVEX REPARAM-
ETERIZATION CAN BE USEFUL WHEN THERE IS NO EQUALITY CONSTRAINT. LASTLY, WE CAN
STILL APPLY NON-CONVEX REPARAMETERIZATION BUT IT CAN CREATE NON-CONVEX INEQUAL-
ITY AND EQUALITY CONSTRAINTS, WHICH CAN BE CHALLENGING TO SOLVE. ALL OF THESE
IMPLY THAT THE CHOICE OF REPARAMETERIZATION SHOULD DEPEND ON THE TYPE OF OPTI-
MIZATION PROBLEM TO MAKE SURE WE DO NOT LOSE THE SCALABILITY WHILE SOLVING THE
SURROGATE PROBLEM.

D.s COMPUTING INFRASTRUCTURE

ALL EXPERIMENTS WERE RUN ON THE COMPUTING CLUSTER, WHERE EACH NODE CONFIG-
URED WITH 2 INTEL XEON CAascADE LAkE CPUs, 184 GB oF RAM, AND 70 GB oF LoCAL
SCRATCH SPACE. WITHIN EACH EXPERIMENT, WE DID NOT IMPLEMENT PARALLELIZATION.

SO EACH EXPERIMENT WAS PURELY RUN ON A SINGLE CPU CORE. THE MAIN BOTTLENECK OF
THE COMPUTATION IS ON SOLVING THE OPTIMIZATION PROBLEM, WHERE WE USE Scipy?"?
BLACKBOX OPTIMIZATION SOLVER USING SLSQP METHOD. No GPU WAS USED TO TRAIN THE
NEURAL NETWORK AND THROUGHOUT THE EXPERIMENTS.
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APPENDIX TO CHAPTER 7

E.1 PRroOOFS OF PROPOSITION 4

AND PROPOSITION §

Proposition 4. The variance returned by Algorithm s is

UZT,mtz’re(x) - k(x7 x) - ZZZT(Z DZKZ,TD1>7lzj (76)
iy /

where D; = diag([g/(%1), ..., g/(x7)]) and z; = D;k; r(x)g;(x) € RT.

Proof of Proposition 4. According to Equation (7.4), the posterior covariance &7 engire (%, %) in Algo-
rithm 5 can be written as:

kT entire (%, x/) = k(x, x’) — kT(x)TKT*IIeT(x) (E.1)

J
By the decomposition assumption (Equation (7.1)), we have k(x, ') = 3 gi(x)k;(x, ') g;(«').

=
Moreover,
kr(x) = [k(x,x), ..., k(xT, x)]T
J
= lgi()ki(x1, 2)gy(x), ..., g )y (o, %)gy(%)] |
j=1
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J
= Dk 7(x)gi(x)
J=1

— T

where k; 7(x) = [k;(x1,%), ..., ki(x7,%)] .
The variance function o%(x) is just the value of covariance function with &’ = x. Therefore,
combining Equation (E.1) and (E.2), the variance can be written as:

with z; =

a%kntire (x) = /eT,entire (x> x)
— xx) — krlx )TrlkT( )
= k(x,x) — Zgl TDTK_DIe 7(x)gi(%)

= k(x,x) — ZzZ-TK}lzj
'y
- Z zzT(Z DK, D))" 'z
i /
Di;kj 7gi(x) € R” and equation (E.3) to (E.4) is coming from:
Kr = [k(x,%)]xwear + diag([o® (2)]en))
= lg(®)ki(x, &) g+ ) v,

+ diag(ng(x )Ujg(xt)]tem)
= ZD (x,x) Jexedr + d1ag([02(x,)]t€m))D

= Z DiK; 1D
j

(E.3)

(E.4)

(E.s)

(E.6)

where the first kernel term from Equation (E.s) to (E.6) is derived by from definition. And in the

latter term, from the decomposition assumption (7.1), the noise variance o> (x) of the target func-
tion fat point x is the cumulative variance of the noise variance JJZ (x) of each individual function f;,

ie.

Zgj x)Vx e X.je ]

which explains the derivation from Equatlon E.sto E.6.
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Proposition s. The variance returned by Algorithm 6 is

J%,dc’comp( ) - /6 x x Zzl DZKI TDI) 2 (7'7)
!

Proof of Proposition 5. In Algorithm 6, it runs GP regression to each function f;(x) respectively. We
can compute the corresponding posterior covariance function &; 7 by:

k; 7(%, X)) = k;(x, X)) — k;, T(x)TK]T }/ej,T(x)

By Algorithm 6, the synthetic covariance of the target function f{x) is:

deecomp X, x Zg] x x g]( )

JZT decomp (%) = k7 \decomp (x, %)

—Zg] i, 7(%, %) g;(%)

—ng (%, %) g;(x Zg] K 1y r(x)g(x)

= k(x,x) ZzTD_lK_TD z;

J
J
= kx.x) = >z (DK;rD)) 5
-

E.2 ProoF oF THEOREM 8

Theorem 8. The variance provided by decomposed Gaussian process regression (Algorithm 6) is less
than or equal to the variance provided by Gaussian process regression (Algorithm s ), which implies the
uncertainty by using decomposed Gaussian process regression is smaller.

Proof. 1f we write B; = D;K; 1D, B is positive definite since it is the multiplication of positive def-
inite matrix K; 7-and two D; identical diagonal matrices. Using Proposition 4 and s, the difference
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between Equation (7.6) and (7.7) can be written as:

J%“entire (x) - a%*decomp (x)
= Z zl D[K[ TD[ z[ Z Z; Z D[K[ TD/ z]

—ZzZTB 2 — Zz ZB; z;

Zzl Zzi
DELEN <Z}Bf> )

—ZI’J.B[,ZZ ]bBZ)

2B 2%

andz =

where B = are the average value. The last inequality comes from Jensen inequal-
ity and Lemma 1, which says the matrix-fractional function 4 is convex. O

E.3 PRrROOF OF THEOREM 9

IN ORDER TO PROVE THIS, WE FOLLOW THE SIMILAR TECHNIQUES As GPUCB?**, WHICH Is
ILLUSTRATED AS FOLLOWS:

Lemma 3 (Modified version of Lemma 5.1 from Srinivas et al.). Given flx) = Z gi(x)fi(x) (Def-

inition 7), deterministic known functions g; and unknown f; ~ GP(0, k;(x, ' )) ])zck J € (0,1)
and set 8, = 21og(|X|m,/9), where Y w7t = 1,m, > 0. Then, the t, (%), o1—1(x) returned by
>1

Algorithm 7 satisfy:
[f(x)_z“f 1( )|<1@1/20't 1(x) Vxe X, t>1
with probability 1 — 9.

Proof. Fixt > landx € X, Conditioned on sampled points {#, ..., ¥,—; } and sampled values
{1ys -5 921,57 € []]}, the Bayesian property of decomposed GP regression (Algorithm 6) implies
that the function value at point x forms a Gaussian distribution with mean ¢, | (x) and variance

o7y (x),ie. flx) ~ N(u, ,(x),07_(x)). Now, if » ~ N(0,1), then

Prir>c} = 6_52/2(2%)_1/2/e_(’_f)z/z_f(r_[)dr < e_CZ/ZPr{r >0} = (1/2)6‘_[2/2 (E.7)
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forc > 0,since ="~ < 1for» > c. Therefore, Pr{|flx) — p,_,(%)| > ‘81/20},1(36)} < e_f@i/z,

t

using 7 = (A(x) — p,_,(x))/1-1(x) and c = /Zi/z. Then apply the union bound to all x € A”:
%) = 1, ()] < 20 (x) Ve € X

holds with probability > 1 — | X \e‘ﬂ}/z. Choosing | X |€_ﬁ:/2 = 9/, and using the union bound for
t € N, the statement holds. For example, we can use 7, = 22 /6. ]

THE PROOF IS ALMOST THE SAME AS THEOREM S.IIN SRINIVAS ET AL. *°* EXCEPT THE
BAYESIAN PROPERTY OF DECOMPOSED GAUSSIAN PROCESS, WHERE THE BAYESIAN PROPERTY
OF DECOMPOSED GAUSSIAN PROCESS CAN BE GOTTEN FROM THE BAYESIAN PROPERTY OF
EACH INDIVIDUAL FUNCTIOij" AND THE LINEAR COMBINATION OF GAUSSIAN DISTRIBUTIONS
IS STILL A GAUSSIAN DISTRIBUTION, WHICH IMPLIES THE POSTERIOR BELIEF AFTER PERFORM-
ING DECOMPOSED GP REGRESSION AT A GIVEN POINT X STILL FORM A GAUSSIAN DISTRIBU-
TION WITH COMPOSED MEAN AND VARIANCE.

Lemma 4 (Modified version of Lemma 5.2 from Srinivas et al. >*). Fixz > 1. If |flx) — ¢, (x)| <

i/ 20, 1(%) forallx € X, then the regret r, is bounded by Zﬂi/ 20,_1(%,), where x, is the t-th choice of

Algorithm 7.

Proof. By definition of x,: ¢, (%) + (Ei/ 20 1(%) > u, (x%) + ﬁi/ 25, 1(x*) > flx*). Therefore,

re=fx") — fla) < /Zi/z‘ft—l(xt) + (“;_1(’@) — flx) < Zﬁi/zar—l(xt)
O

Lemma 5 (Modified version of Lemma 5.3 from Srinivas et al. *°*).  The information gain for the
. . .. . T
points selected can be expressed in terms of the predictive variances. If f},T = {fi(%) }ern) € R and

Yr = Uichen € RT:

T
1
[O'j,T :f]",T) =5 Zlog(l + Vizaﬁza(xt))
=1

where f5(%,), Y15 ait_l follow the definition and derivation in Algorithm ;.

Proof. Directly follow by replacing all the £, y, by £}, 3, ; in the proof of Theorem 5.3 from Srini-

vas et al. 292, OJ

Theorem 9. Let d € (0,1) and B, = 21og(|X|*7* /69). Running decomposed GP-UCB (Algorithm
7) for a composed sample fx) = 3, g;(x)f;(x) with bounded variance k;(x,x) < 1and each f; ~
=1
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GP(0, k;(x,x')), we obtain a regret bound of (’)(\/ Tlog | X| Zle sz;/j 1) with bigh probability,

where B = max \gi(%)]. Precisely,

J
Pr{Rr<,|CiTB; Y Bl (NT>1} >1-3 (7.8)
j=1

where C; = 8/ log(1 + o 2) with noise variance 7.
Proof. According to Lemma s, we can take advantage of the individual information gain of each
f;(x), which is
1z
]JO'JT7fJ) = 5 Z log(1 + aiizajz',l‘fl(xt))
=1
Y = max (i fj)

Besides, we can also bound the total regret by the individual information gains as following:

J N
1 _
2 Bhlyrif) = 3 2B 3 los(l+ 7], (x)
= 7=1 =1
J T

v

1 -
B G )
j=1 t=1

J T

LYY R e ()

=1 =1

v

T
1 1 _—-2 Vtz
G Zfﬁ[

=1

Clo 2 T
> 2 2
— SrgT Z t

=1

v

where C; = 072/ log(1 4+ ¢72) > 1,5> < Cylog(1 + 5?) fors € [0,02] and a‘zaﬁtfl(xt) <
o 2kj(%,%,) < o2 Let C; = 87°C, = 8/log(1 + o 2). Applying Cauchy inequality gives us:

T

J
CETY BLrif) = (Y n)’ = Ry

j=1 =1
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which implies a similar upper bound

J
Ry < \|GTBr ) By,
j=1

E.4 ProOF oF THEOREM 10

ALL THE PROOFS IN THEOREM 9 APPLY EXCEPT LEMMA 3. SINCE THE DECOMPOSITION HERE

IS NON-LINEAR, THEREFORE THE COMPOSITION OF OUTCOMES OF GAUSSIAN PROCESSES IS NO
LONGER AN OUTCOME OF GAUSSIAN PROCESS, WHICH PROHIBITS US TO HAVE A NICE GAUs-
SIAN PROCESS PROPERTY: FUNCTION VALUE_f(x) DOES NOT FORM A GAUSSIAN DISTRIBUTION.
DUE TO THE NON-LINEARITY, THE DISTRIBUTION GETS DISTORTED, LOSING ITS ORIGINAL
FORM WITH GAUSSIAN DISTRIBUTION. FORTUNATELY, IF THE PARTIAL DERIVATIVES OF FUNC-
TIONZ Rj - R (DEFINITION 8) ARE BOUNDED, THEN WE CAN STILL PERFORM A SIMILAR
ESTIMATION AND BOUND THE DISTRIBUTION BY A LARGER GAUSSIAN DISTRIBUTION, WHICH
ENABLES US TO HAVE A SIMILAR RESULT.

Lemma 6 (General Version with Definition 8 and Algorithm 8). Given flx) = g(fi(x), ..., f7(x))
(Definition 8), deterministic known functions g and unknown f; ~ GP(0,k;(x,x')), pick & € (0,1)
and set §, = 210g(| X |Jz,/d), where > w; ' = 1,7, > 0. Further assume the function g has bounded

>1
partial derivatives B; = max \Vig(%)| V) € []]. Then, the u,_,(x), 7,—1(x) returned by Algorithm 8
xc
satisfy:
|Ax) — g, (x)] < B0, 1 (x)Vx € X 1> 1
with probability 1 — 9.

Proof. The main problem here is the posterior distribution of f{x) is not a Gaussian distribution.
But fortunately, the posterior distribution of each f;(x) is still a Gaussian distribution with mean
i1 (x) and variance aitfl (x) for any given x € X Then,

%) =, (%)] = lg(A®), - fi(x)) = glery,_y (%), sy, (2))]
J

<> Bl — gy, () (ES)
j=1
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Applying the same argument in Lemma 3 to function f;:

1/2

PrIf(x) — y,,(0)] > 80 (0)}) < P

Then applying the union bound on; € [/], we get

V( fuzl ’<ZBV‘ lujtl

ZB 12, Gie

J
< ﬂi/ZJJ(Z B}, (x))

=1

= 8%, (x)

with probability 1 — ]e_ﬁ;/z, where the last inequality is from Cauchy’s inequality. Then apply union
bound again to all x € X, the above inequality yields:

%) =, (%) < £/%0r1(x) Vx € X

with probability 1 — | X [[e_ﬁi/z. Choosing | X [[e_ﬂi/z = /7, and using the union bound forz € N,
the statement holds, i.e. 8, = 2log(|X|/z;/9). Specifically, if we choose 7, = 7#*/6, then it
implies 8, = 2 log(|X |/ 7% /69). O

Theorem 1o0. By running genemlz'zed decomposed GP-UCB with 8, = 2log(|X|Jt*7*/69) fora
composed sample f(x) = g(f1(x), ..., f1(x)) of GPs with bounded variance kj(x,x) < 1and each
Ji~ GP(0, k;(x,x')). we obtain a regret bound of O \/ Tlog | X| Zle 377, 1) with high probability,
where B; = max |Vig(%)|. Precisely,

X<

J
Pr{Ry <\ICIT/ZTZBJZ;/].TVT>1} >1-9 (7.10)
j=1

where C; = 8/ log(1 + o 2) with noise variance 7.

Proof. Directly follow by the same proofs of Theorem 9 with Lemma 4, Lemma 5, and Lemma
6. O
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Remark 1. In inequality (E.8), if we write Z; = |f;(x) — [ (x)|, where f;(x) — i1 (x) is sampled
from a normal distribution with 0 mean and aﬁt_l (%) (due to Gaussian process property). Then this
Z; is a random variable drawn from a half-normal distribution with parameter 7;(x) (no longer the
variance bere).

The summation of half-normal distributions can still be computed and bounded by a similar in-
equality like inequality (E.7). This can provide a constant ratio of improvement to the B, exploration
parameter, thus the regret bound as well. However it does not change the order of regret and sample
complexity. Therefore we are not going to cover this here.
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APPENDIX TO CHAPTER 8

F.1 NotaTION OF CHAPTER 8

ALL THE NOTATIONS USED IN THE PROBLEM STATEMENT, RESTLESS MULTI-ARMED BANDITS,
AND REGRET ANALYSIS ARE SHOWN IN TABLE F.1 AND TABLE F.2.

Problem instantiation

Symbol Definition

Budget in each timestep

Number of arms. Each arm indexed by 7 € [IV]
Episode

Number of episodes

Timestep within a single episode

Horizon length for a single episode

Discount factor, with y € (0,1)

TEITNTZA

Table F.1: List of common notations in the online restless multi-armed bandit problem
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Restless bandit notation

Symbol Definition

P Set of transition probabilities across all arms, with P; as transitions for a
single arm

P True transition probabilities

S Set of finitely many possible states with |S| = A possible states

$) State of the RMAB instance at timestep b, withs;, € SN and initial state
Sinit

Shi State of arm 7 € [N] at timestep b

A Set of possible actions. We consider {0, 1}

a, Action at time b, with 2, € AN

ap; Action taken on arm 7 at timestep A

R Given reward function as a function of the state and actionR : & x A —
R.

7 Learner’s policy in episode ¢, where 79 SN 5 AN

T The optimal policy that maximizes the total future reward.

P, The optimization problem defined to maximize the optimistic Whittle
index value.

Py The optimization problem defined to maximize the optimistic future value.

Q" (s,a) Q-value in Bellman equation. The Q-value is defined as the future value
associated to the current state and action.

R(spsran;) Reward from arm 7 at timestep / with action ), ,

UPA(s1) Lagrangian relaxation of learner’s objective, with optimal value UP*

Vf; A(514) Value for being in state s;

A Global penalty for taking actionz =1

£ Whittle index penalty for arm 7

Wi(P;,s;) Whittle index of arm 7 with transitions P; and state s;

D Dataset of historical transitions

Table F.2: List of common notations in the online restless multi-armed bandit regret analysis

F.2 Socierar IMPACTS

RESTLESS BANDITS HAVE BEEN INCREASINGLY APPLIED TO SOCIALLY IMPACTFUL PROBLEMS
INCLUDING HEALTHCARE AND ENERGY DISTRIBUTION. IN THESE SETTINGS, WE WOULD LIKELY
NOT KNOW THE TRANSITION DYNAMICS IN ADVANCE, PARTICULARLY IF WE ARE WORKING
WITH A NEW PATIENT POPULATION (FOR HEALTHCARE) OR NEW RESIDENTIAL COMMUNITY
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(FOR ENERGY). EVEN PAST WORK ON STREAMING BANDITS *°° WHICH ALLOW FOR NEW MOTH-
ERS TO ENROLL OVER TIME ASSUME THAT THE TRANSITION PROBABILITIES ARE FULLY KNOWN
IN ADVANCE, WHICH IS NOT REALISTIC. OUR UCWHITTLE APPROACH ENABLING ONLINE
LEARNING FOR RMABS HAS THE POTENTIAL TO GREATLY BROADEN THE APPLICABILITY OF
RMABS FOR SOCIAL IMPACT, PARTICULARLY AS OUR THEORETICAL RESULTS GUARANTEE
LIMITED REGRET.

F.3 LIMITATIONS

ONE CHALLENGE WITH OUR UCWHITTLE APPROACH IS THAT ONLINE LEARNING OFTEN
CONVERGES SLOWER THAN OFFLINE LEARNING THAT REUSES ALL THE DATA TO TRAIN FOR
MANY EPOCHS. IN ORDER TO ACCOMMODATE NEW DATA COMING IN, ONLINE LEARNING AP-
PROACHES OFTEN TAKE A SINGLE UPDATE WHEN EACH NEW DATA ARRIVES. IN CONTRAST,
OFFLINE LEARNING CAN ITERATE THROUGH THE SAME DATA FOR MANY TIMES, WHICH AL-
LOWS OFFLINE LEARNING APPROACHES TO FIT THE DATA REPEATEDLY. THEREFORE, ONLINE
LEARNING APPROACHES OFTEN REQUIRE MORE DATA TO REACH THE SAME PERFORMANCE AS
OFFLINE LEARNING APPROACHES.

HOWEVER, THIS SLOWER LEARNING BEHAVIOR ALSO ALLOWS ONLINE LEARNING APPROACHES
TO BE LESS BIASED TO THE EXISTING DATASET. ONLINE LEARNING APPROACHES ARE INCEN-
TIVIZED TO EXPLORE AND UPDATE DATA THAT IS LESS QUERIED PREVIOUSLY, WHICH ALSO EN-
COURAGES EXPLORING UNDERREPRESENTED GROUPS. THIS PROPERTY ENCOURAGES THE EX-
PLORATION PROCESS AND REDUCE BIAS TO THE LEARNED MODEL. THIS IS PARTICULARLY IM-
PORTANT WHEN THERE ARE FEATURES INVOLVED IN THE LEARNING PROCESS. ONLINE LEARN-
ING APPROACHES ARE ABLE TO EXPLORE UNSEEN FEATURES MORE, WHILE OFFLINE LEARNING
APPROACHES OFTEN RELY ON EXTRAPOLATION AND ARE UNABLE TO HANDLE UNSEEN FEA-
TURES. OUR WORK FURTHER EXTENDS RESEARCH IN ONLINE LEARNING IN RMABS, WHICH
ALSO HELPS EXPLORE MORE POSSIBILITY TO ACCOMMODATE NEW DATA AND NEW FEATURES
THAT ARE UNSEEN IN THE EXISTING DATASET.

F.4 FuLrProors
F.4.1 CoNrIDENCE BoUND
Proposition 6. Given 9 > 0 and t > 1, we have: Pr (P* € B([)> >1— g,

Proof. Generally, the L1-deviation of the true distribution and the empirical distribution over 7
distinct events from # samples is bounded according to*3 by:

2

Pr(|p—pll; > €) < (2" = 2) exp~ ) (F.1)
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This result can be applied to our case to compare Pl([) (s5,a,-) € RS with P*(s, 4, -) € Rl for every
state s and action 4. We have:

Pr (HPZ(-I)(S,a, ) = P (s, a, )Hl > 6) < (2‘5‘ - 2) exp(f%> (F.2)

By choosing ¢ = \/i log (2‘3‘ N ‘A|N§) < \/Zf log (2|S! \A|N§), we have:

4 log(2!8! &
" (‘ z- <s,a7->—P*<s,a»->H12\/ 2 1oy <2|S||A|N3>> < 2 exp o8 (2145
n

B )
ISl

Set n = max{l, Nl(-t) (s,a)} for each pair of (s, 2). Taking union bound over all states s € S, actions

a € A,andarms 7 € [N] yields:

(F.3)

Pr (P* ¢ B<f>) <% — pr (P* c B(‘)) S0 (F.4)

t4

]

O]

F.4.2 REGRET DECOMPOSITION

Theorem 12 (Per-episode regret decomposition in the fully observable setting). For an arm i, fix
PZ(-t), Py, A, and the initial state s ;. We bhave:

(f)72 ’-(,l
Vj)l(t) (5171‘) - 7;(2) 511 =

(£) (£)
7 : 2
Z ;/g < (r) - (x)) VP(;) (519,1‘)] . (8.11)
Proof. Since the value function is a fixed point to the corresponding Bellman operator, we have:
0 _ O
pr;(” (1) = VS’> (51,0) = (T ® Vp}(z) (z) Vp(:)) 51,)
P<t P* V.P(t) Vp(’) *

’EZ—T@ b@z+7w (51,1) (F.s)

7

(t)

where the second term in Equation (F.s) can be further expanded by the Bellman operator:

k (£)
P VP Vp:,) 511 = (l

(t) (t)

(l) *
}/ZP leyﬂ 5 (z) (5) VJ;Z:) (S/))]

sSes
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P52 = V5 52) F6)

7, ;

=yE B
7 XZ,IINP;7”[

We can repeatedly apply the decomposition process in Equation (F.s) to the value function differ-
ence in Equation (F.6) to get Equation (8.11), which concludes the proof. O

F.4.3 REGRET BoUND wWITH GIVEN PENALTY

Theorem 13. Assume the penalty term 20 =2 given and the RMAB instance is e-ergodicity after
H timesteps. Then with probability 1 — 9, the cumulative regret in T episodes is:

1
Reg, (1) <O (6‘5‘ |A‘%NH\/ Tlog T> . (8.12)

Proof. We can write

T T
Reg(7) = Z Regl) = Z (Reg(’) Lpegpt + Reg1,. eB(z))
=1 =1
T T
= Z Reg(t) Lpegp) + Z Reg(t) Lpe g0 (F.7)
=1 t=1

We will analyze both terms separately and combine them together in the end.

REGRET WHEN THE CONFIDENCE BOUNDS DO NOT HOLD

T VT T
Z Reg(l‘) 1P* ng = Z Reg(t‘) lP* €B<’> + Z Reg(l‘) lP* QB(“)
=1 =1 [:\/7*+1
T
NRmax
< 1 VT+ Z Reg(t)lp*éB(,) (F.8)

t=v/T+1
where we use the trivial upper bound of the individual regret Reg(t ) < Aikf';jx for all z, where R, is
the maximal reward per time step.
Notice that the second term vanishes with probability:

Pr ({p* e BOWT << T}) >1- Y Pr ({P* e B@})

VT<t<T

VT<t<T



VT<t<T
o [,
VTt
)
=l-5n (F.9)

Therefore, the regret outside of confidence bounds is upper bounded by O(v/7T) with probability at

least1 — — /2 We can apply union bound to all possible 7" € N, which holds with high probability:

1—2%:1—0(;). (F.10)
=1

REGRET WHEN THE CONFIDENCE BOUNDS HOLD  Notice that

(f) P*
<7'(,) - 7'(,)> (s)

- E(t) (R(J,él) + sz(’t) (57475/) V(S,)> - <R(57ﬂ) * ZPNJ?&Z’J/)) V(Sl)
anm, sSesS =

- E(f) [Z( (l‘)(‘f a 5) P;(Jvﬂaj/))V(‘f/)
anvT; 'eS

When the confidence bound holds P* € B, we can bound the regret at round / by:

(t) *
Reg!) = <z) (1) — U (1)

(£)

—Z VP(:) (s1,0) = (r) (s1,1)
©)
_ZEP* ) [Z?/) P - (r) VPW@ %z]

0
—ZEP* mzz;’b Y (spsy apind) = P(spnanin )V 00 ()

h=1s€S i
< ZEP* (f) Z}/I P() 5/9 i Ahis ) - P;(Jb,z'adb,iy )Hl Vmax
<2 Z EP;,WO) Z ;/7715[;(0 (519,1'7 ‘Zb,i) Viax (FI I)
=1 h=1
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Next, we split the term into regret within /A horizon and the regret outside of A horizon. By
applying Theorem 30 with the assumption (Assumption 4) of the H-step ergodicity € of MDP
associated to arm 7, we can bound the regret outside of A horizon by the regret at / time step:

oo
h—1 4(2)
EP;J(Z) § V4 dl(' (5b,z‘7ﬂb,z')Vmax
h=H+1

o0
_ Z -1 Q]
- 7%, E&h,z’yﬂli,l'NP;vﬂz(t) |:dl (Ib’i’ de) Vmaxi|

h=H+1
00

1
z ' -1 (®)
S ;/7 EEJH 1Al [NP’.( 7r<t) |:dl (51971‘7 dbyl') Vmax:|
It 1 ) s [

7H

:5(1 - 7’) EJHMHJNI?%

? [dl(t) (Sp,irani) Vmax} (F.12)

Now, we can further bound the contribution of arm 7 in Equation F.11 by substituting the regret
after H steps by Equation F.12 to get:

[o¢]
Ep 077 (5001 Vi

h=1
E : () i )
<E ‘ h_ld't / )+ drt 7 7 max
> Pz'kﬂff‘) (bZI Y i (-%,zy ﬂh,z) 3(1 7) ; (.\‘H7 yAH, ) V

al 0
1+ E (2) dl't Shyis Ah,i Vmax
O (E —
;/H
- (1 V21 Tog(2IAINO) Vi B
( Jr6(1—7’) S| tog(2}4IN) Pt

=l 1

>
h=1 \/max{l, Nl(.t) (s,a)}

0
< (1+ (f )> V2IST0g RIAINT VB 0 | S0  64)
€ /4 T \seSaea \/max{l,Nl(-t) (s,2)}

(F.13)

()

where v, (s, 2) is a random variable denoting the number of visitations to the pair (s,4) atarm 7

that the policy 7rl(-t) visits within / steps under the transition probability ;.

-1 . )
Recall that ) | vl(-]) (s,a) = Nl@ (5,4). We also know that 0 < vl(]) (s,4) < H. Applying Lemma 7,
J=1
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we have:

T

(0
v, (s,a) £)

3 < (VET1+1) /N9, a) (F.14)
=1 \/max{l,Nf»z)(:,d)} ( )

Taking summation over all the (s, 2) pairs and applying Jensen inequality give us:

(\/fm + 1) Z \/ NZ@ (s,a)

s€S,uc A

N (s,a)
s€S,ac A
<(VAE+1+1) 1314 e

= (VH+1+1) VISIl4ITH (F.x5)

t . . . . o .
where > Nl( )(s, a) = TH is the total number of state-action pairs visited in 7"rounds.
s€S,uc A

Lastly, using the trivial upper bound Vi < R"“; , we can take summation over the regret from

1_
all T'rounds. This give us:

T
Z Reg(t)lp*eB(t) (F.16)
=1

N
<) 2 <1+ 7 ) V2|8 10g (2| A|NT) Vipa (\/H+1+1) VIS4 TH

e1-y)

1
<0 (\S| 4|2 NH\/Tlog T) (F.17)
g

T
COMBINING EVERYTHING TOGETHER  In the first part, we show that Z:l Reg1,, ¢p® is upper
=
bounded by O(v/T) forall T € N with probability 1 — O(3). In the second part, we show that
T
S Reg¥1, e = O(IS||4 \% V/Tlog T). Therefore, we can conclude that the total regret
=1

Reg(T) is upper bounded by O(|S]|4| 2Ny/TTog T) forall T € N with probability1 — O(9). O

F.4.4 SUPPLEMENTARY LEMMA AND THEOREM

Assumption 4 (Ergodic Markov chain). We denote uf"* "™ t0 be the state distribution of Markov
chain induced by the MDP with transition probability P; and policy 7; after b time steps. We assume
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Prom;

) (5) > e > 0forallentrys € S, all armi € [NJ, b > H, and all policy 7;. In other words, the
state distribution after H steps is universally lower-bounded by e > 0, which we say that the MDZP is
H-step e-ergodic.

ASSUMPTION 4 CAN BE ACHIEVED WHEN BOTH THE MDP 1s ERGODIC AND THE HORIZON H
IS LARGE ENOUGH.

Theorem 30 (Regret outside of H steps). When the Markov chain induced by transition P; and
policy m is H-step € ergodic, we have:

1
By, s impr afhis ani) < By apymors a5ty a ) (F.18)

for all non-negative function f and h > H.

Proof.
Eih,;',ﬂb,;'NPf7ﬁﬂ5b,l'v‘Zh,i) = Z Pr(m;(s) = a)uy(s)f(s, a)
s~S,a~4
< Y Pr(mls) = a)fis,a)
s~S,a~vA
up(s)
< Z Pr(m;(s) = a) fs,a)
s~S,a~A
1
== Z Pr(7;:(s) = a)up(s)f(s,a)
s~S,a~A
1
:EEJH’[,dH,,'NPf,Wf‘(SH,i) ﬂH,l') (FI9)
O
t
Lemma 7. For any sequence of numbers zy, - - - ,zrwith0 < z; < Hand Z, = max{l, ) z;}, we
j=1
have:
Lo
— < (VH+1+1)VZy
t:Zl \/Zt—l B
(F.20)
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Proof. Proof by induction. Assume that Equation F.20 holds for 7" — 1. We have:

Z\/ﬁ (\/ +)\/Z

(F.21)

. .. 2T .
Adding an additional term 7 we get:
—1

Z \/ﬁ ZT—

=1

(\/ +)\/Z+\/%

2
1) ZT_1+2(\/ +1)zT+Z
T—1

(v
</ (varTi +1)ZZT_1+2(¢HT1+1)ZT+HZT
(

2

\/ \/7—#1) ZT_1+(m+1)2zT

< (VA+1+1) VZr o+
= <\/Hi+1+ 1) VZr (F.22)

which implies the Equation F.20 also holds for 7.
The initial case with 7" = 1 holds trivially. Therefore, by induction, we conclude the proof. O

F.4.3 REGRET BoUND wiTH UNKNOWN OPTIMAL PENALTY

Theorem 14 (Regret bound with optimal penalty). Assume the penalty 29 in Algorithm g is up-
dated by a saddle point (l(t) ., PO 7)) = argmin, maxp , Uf;’l (s1) subject to constraints in Equa-
tion (Py). The cumulative regret of the optimal Lagrangian objective is bounded with probability

1— 0

1
Reg,.(t) < O <\S\ 4|2 NH/Tlog T) . (8.14)
9

Proof. The main challenge of an unknown penalty term A* is that the optimality of the chosen
transition P and policy 7 does not hold in Theorem 11 due to the misalignment of the penalty
29 used in solving the optimization in Equation (P)/) and the penalty 2* used in computing the
regret.

The optimality of 20 (minimizing Ug’l) and the optimality of PO 7 (maximizing Uf,”l) are
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given by:

20, PO 20 = arg mlin max UbA

which give us, respectively:

(5) 1) () () (2) ()
L/J)t7lt SL]PZ,A*’ (f;:7)'t Sl}f{)z’lt (thg)

7 z(®) (2)

Similarly, the optimality of A* can be written as:

2= aurgmginl]“P A

b
7f*
which gives us

* * 1 (2)
v < B (F.24)

Combining Inequality F.23 and Inequality F.24, we can bound:

 2* *720) (t)’l(f) (f)7l*
URA < U <UE T < U
This implies that:

(t) . * 2* * 2* (t>7/1* >
Regys = Ui;* - Ui(:) < Uiu) R0 (F.2s)

which is exactly the same result as shown in Equation 8.10. The rest of the proof follows the same

argument of Theorem 12 and Theorem 13, which concludes the proof. [

F.4.6 Cuoick oF HorizoN AND ErRGoDICITY CONSTANT €

FOR A GIVEN MARKOV CHAIN, WE NEED / TO BE SUFFICIENTLY LARGE TO ENSURE THE PROB-
ABILITY OF VISITING ANY STATE AFTER / STEPS IS AT LEAST A POSITIVE CONSTANT € > 0.
THE CHOICE OF H DEPENDS ON THE MDDP; WE ELABORATE BELOW HOW TO SELECT /{ AND €.

WE FOLLOW A SIMILAR ANALYSIS OF MARKOV CHAIN CONVERGENCE FROM CHAPTER 10
IN *?° BY DEFINING:

wy = max o, (Py)
rell

WHERE 0, (P) IS THE MAGNITUDE OF THE SECOND LARGEST EIGENVALUE OF THE RANDOM
WALK MATRIX P, INDUCED BY THE POLICY 7. IN PRACTICE, w; CAN BE UPPER BOUNDED BY I
IF THE MDDP SATISFIES SOME PROPERTIES, E.G., LAZINESS OF THE MARKOV CHAIN INDUCED
FROM THE MDP (CHAPTER 10.2 IN>%°),
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LET v BE THE CORRESPONDING STATIONARY DISTRIBUTION OF THE RANDOM WALK MA-
TRIX P, WITH THE POLICY 7 THAT MAXIMIZES THE SECOND LARGEST EIGENVALUE. WE KNOW
THAT v IS STRICTLY POSITIVE BY ERGODICITY. WHEN ¢ < 1, WE CAN WRITE » = min; v; > 0
AND CHOOSE € = %r > 0.

LET w BE AN ARBITRARY INITIAL DISTRIBUTION. BY APPLYING THEOREM 10.4.1 FROM *°
(THE DIRECTED GRAPH VERSION), FOREVERY £ > H = log, (3//2) = log, (v2e/2), we
HAVE:

1

_r <
lo = Prwh < min; v;

; v
wy < =

2
WHICH IMPLIES THAT THE MINIMUM VALUE OF P w AND THE MINIMUM VALUE OF 0, L.E., 7,
DIFFER BY AT MOST % THIS IMPLIES THAT THE MINIMUM VALUE OF /% w IS AT LEAST % =&
FOR ANY INITIAL DISTRIBUTION w. THIS CHOICE OF € AND H SATISFIES OUR REQUIREMENT

MENTIONED IN APPENDIX F.4.4.

F.s ExpErRIMENT DETAILS

F.s.1  WHITTLE INDEX IMPLEMENTATION SPEEDUPS

WE INTRODUCE A NUMBER OF IMPLEMENTATION-LEVEL IMPROVEMENTS TO SPEED UP THE
COMPUTATION OF WHITTLE INDICES. 1O OUR KNOWLEDGE THESE APPROACHES ARE NOVEL
FOR WHITTLE INDEX COMPUTATION.

EARLY TERMINATION THE KEY INSIGHT IS THAT THE WHITTLE INDEX THRESHOLD POLICY
WILL PULL THE ARMS WITH THE K LARGEST WHITTLE INDICES. AS WE COMPUTE WHITTLE IN-
DICES FOR EACH OF THE NARMS, AFTER WE HAVE COMPUTED THE FIRST K WHITTLE INDICES,
ANY FUTURE ARM SELECTED WOULD HAVE TO HAVE WHITTLE INDEX AT LEAST AS HIGH AS
THE K-TH LARGEST SEEN SO FAR IN ORDER TO BE PULLED. LET US NOTATE THE K-TH LARGEST
VALUE SEEN SO FAR AS top-k.

WHITTLE INDICES ARE COMPUTED USING A BINARY SEARCH PROCEDURE > WHICH AT
EACH ITERATION TRACKS THE UPPER BOUND j AND LOWER BOUND & OF THE INDEX. ONCE
THE UPPER BOUND FALLS BELOW THAT OF THE MINIMUM VALUE OF THE K LARGEST INDICES
SO FAR j < top-k, THEN WE CAN TERMINATE THE BINARY SEARCH PROCEDURE AS WE ARE
GUARANTEED THAT WE WOULD NOT ACT ON THAT ARM ANYWAYS. WE IMPLEMENT THE
TRACKING OF THE K LARGEST INDICES SO FAR WITH A PRIORITY QUEUE.

SIMILARLY, WE IMPLEMENT EARLY TERMINATION TO SOLVE THE BILINEAR PROGRAMS (PV)
AND (Pm) AS CALLBACKS IN THE GUROBI SOLVER, IN WHICH WE CHECK THE VALUE OF THE
CURRENT OBJECTIVE BOUND.

258
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MEMOIZATION WE MEMOIZE EVERY WHITTLE INDEX RESULT COMPUTED THROUGHOUT
EXECUTION TO TRACK THE INDEX RESULTING FROM EACH PAIR OF PROBABILITIES P; AND
CURRENT STATE 5; AS WE PERFORM CALCULATIONS FOR EACH ARM 7. WE IMPLEMENT THIS
MEMOIZER AS A DICTIONARY WHERE THE KEY IS A TUPLE (P, s;) WITH P; RECORDED TO FOUR
DECIMAL PLACES.

TO IMPLEMENT THE BILINEAR PROGRAMS (Py) AND (P,,), WE SIMILARLY MEMOIZE USING
THE LOWER CONFIDENCE BOUND (LCB) AND UPPER CONFIDENCE BOUND (UCB) THAT COM-
PRISE THE SPACE BZ(.I).

F.s.2 SyNTHETIC DATA

THE SYNTHETIC DATASETS ARE CREATED BY GENERATING TRANSITION PROBABILITIES ]); sl
biad)

SAMPLED UNIFORMLY AT RANDOM FROM THE INTERVAL [0, 1] FOR EACH ARM 7, STARTING

STATE 5, ACTION 4, AND NEXT STATE .Y/. SPECIFICALLY WE SELECT TRANSITION PROBABILITIES

FOR THE PROBABILITY OF TRANSITIONING TO A GOOD STATE Pfﬂ 1> THEN SET Pjﬂ 70
1—-F

s,a,s'=1"
TO ENSURE THE VALIDITY CONSTRAINTS THAT ACTING IS ALWAYS HELPFUL AND STARTING

IN THE GOOD STATE IS ALWAYS HELPFUL, WE APPLY THE FOLLOWING: FOR ALL ARMS 7 € [M

* ACTING IS ALWAYS HELPFUL: IF THIS REQUIREMENT IS VIOLATED WITH P _,; <
W4

P, 0 THENP o, = I, X 7 WHERE 7 IS UNIFORM NOISE SAMPLED BETWEEN

[0,1].

* STARTING FROM GOOD STATE IS ALWAYS HELPFUL: IF THIS REQUIREMENT IS VIOLATED
WITH Py o1 < P, THEN P, = P

141 X 7 WHERE 7 IS UNIFORM NOISE
SAMPLED BETWEEN [0, 1].

THE THIN MARGIN DATASET IS CREATED BY MIRRORING THE PROCEDURE DESCRIBED
ABOVE BUT THEN CONSTRAINING THE PROBABILITY OF TRANSITIONING TO A GOOD STATE
P ,_, TO THE INTERVAL [0.2, 0.4]. THUS THE PROBABILITIES OF TRANSITIONING TO THE

¥y —

BAD STATE

% a./—0 ARE ALL BETWEEN [0.6, 0.8].

F.5s.3 AcTING IN Low-BUDGET SETTINGS

THE POTENTIAL IMPACT OF EFFECTIVELY ALLOCATING ONE RESOURCE IS GREATER IN LOW-
BUDGET SETTINGS. AS ONE EXAMPLE, THE ARMMAN SETTING FROM OUR EXPERIMENTS
HELPS DISTRIBUTE A SMALL NUMBER OF HEALTHCARE WORKERS ACROSS A GROUP OF PREG-
NANT WOMEN FOR PREVENTATIVE HEALTH CARE. WE STUDY REAL DATA FROM ARMMAN
TO SHOW THAT THE PERFORMANCE GAP BETWEEN APPROACHES IS WIDER IN LOW-BUDGET
SETTINGS.

USING ONE ACTUAL INSTANCE FROM ARMMAN, WE CONSIDER DISTRIBUTING HEALTH-
CARE WORKERS ACROSS MOTHERS (ARMS). USING THE TRUE TRANSITION PROBABILITIES, WE
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CALCULATE THE (SORTED) WHITTLE INDICES OF AN OPTIMAL POLICY AS: 0.42, 0.39, 0.28, 0.2.3,
0.19,0.11, 0.07, O.

IN THE TABLE BELOW, WE FIRST SHOW THE EXPECTED REWARD OF THE OPTIMAL ACTION
AND A RANDOM ACTION (BASELINE) AS WE INCREASE BUDGET IN THE ARMMAN PROBLEM.
WE THEN CALCULATE THE DIFFERENCE IN REWARD BETWEEN THE OPTIMAL ACTION AND RAN-
DOM ACTION FOR EACH BUDGET LEVEL, NORMALIZED PER WORKER. IT IS CLEAR THAT THE PO-
TENTIAL IMPACT OVER THE BASELINE OF EFFECTIVELY ALLOCATING ONE WORKER IS GREATER
IN LOW BUDGET SETTINGS.

Reward Reward gap per worker
K Optimal Random  (Opt — Random)/K
I 0.42 0.211 0.209
2, 0.81 0.423 0.194
3 1.09 0.634 0.152
4 1.32 0.845 0.119
5 1.51 1.056 0.091
6 1.62 1.268 0.059
7 1.69 1.479 0.030
8 1.69 1.690 0.000

Table F.3: Average reward contribution from each health worker in the online learning restless multi-armed bandit prob-
lem analysis.

F.5.4 COMPUTATION INFRASTRUCTURE

ALL RESULTS ARE AVERAGED OVER 30 RANDOM SEEDS. EXPERIMENTS WERE EXECUTED ON A
CcLUSTER RUNNING CENTOS wITH INTEL(R) XEON(R) CPU E5-2683 v4 @ 2.1 GHz wiTH 8GB
oF RAM USING PYTHON 3.9.12. THE BILINEAR PROGRAM SOLVED USING GUROBI OPTIMIZER

9.5.1.
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APPENDIX TO CHAPTER 9

G.1 COMPUTATION INFRASTRUCTURE

ALL THE EXPERIMENTS WERE RUN ON INSTANCES WITH 8 CPUS USING 2ND GENERATION IN-
TEL XEON PLATINUM 8000 SERIES PROCESSOR (SKYLAKE-SP OR CASCADE LAKE) WITH A SUS-
TAINED ALL CORE TURBO CPU CLOCK SPEED OF UP TO 3.6 GHz. ALL ALGORITHMS DO NOT
REQUIRE GPU TO RUN. THE IMPLEMENTATION WILL BE MADE AVAILABLE WHEN ACCEPTED.

G.2 SocIieTalL IMracT

THE IDEA OF SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION IS NOT RESTRICTED TO
DISTRIBUTED STREAMING SYSTEMS. ANYTHING WITH A SWITCHING COST CAN BE BENE-
FITED FROM THE STUDY OF SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION, INCLUD-
ING PUBLIC POLICY WITH A SWITCHING COST96, MEDICATION AND WIRELESS SCHEDULING
PROBLEMS ISI, WHERE BOTH OF THESE CAN IMPACT THE PROCESS OF POLICY MAKING AND
SCHEDULING ALGORITHMS. INCLUDING THE DISTRIBUTED STREAMING SYSTEM PROBLEM,
THESE ARE ALL APPLICATIONS OF SMOOTHED ONLINE COMBINATORIAL OPTIMIZATION THAT
CAN LEAD TO CHANGE OF THE CURRENT ALGORITHM DESIGN IN OUR DAILY LIFE WITH IM-

PACT TO THE SOCIETY.
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G.3 PrOOFS OF THEOREM 15 AND THEOREM 16

Theorem 15. Under Assumption 1, the regret from timestepttot + S — 1in Equation 9.3 is upper
t+5—1
bounded by: Reg! ™1 (z,_1) < 2L Y e where L is the Lipschitz constant in Assumption 1.

s=t

Proof. For simplicity of the proof, we define function g(x, y, z) as follows:

g(x,,2) := flx, ) + dlx, 2)

which includes both the cost from the cost function fand the switching cost d.
Let {2/} e {141, ++5—1) be the optimal solutions when the full information of the cost function
parameters {6, }se {741, +-5—1} 18 given. Let {2} e (s, 141,... +45-1} be the optimal solutions using

the predicted parameters {Q(t) Foe 41, 51} Without loss of generality, we let 2, = 2,1 to be
the same initial decision at the time step # — 1. We have:

gﬁ” ! (20-1)

=+S5—1
= ( Z g(Z57 (95,%71) _g(z;a 65,Z§_1)>
s=t
+S5—1 t+S5—1
- ( Z g(Z57 5;,%_1) _g(zﬁey(t)vzi—l)) + ( Z g(zﬁey(t)vzi—l) _g(zivgs([)vz;—l)>

s=t S=t

t+5—1
+ ( Z g(z§7 ex(t)vz;fl) _g(zia @,Zfl)) (G-I)

s=t

Z

Lg%

t+S 1

t=+5—1

<aL ) el
s=t

The first term in Equation (G.r1) can be bounded by (similar the third term):

(20, 0 71) — g(2, 89 2, 1) = fze 6y 21) + d(z5,261) — e, 09, 20-1) — d(25,201)
:f(zxaexyz:fl _ﬂzxaej ,ijl SLH@_‘%I)

The second term in Equation (G.1) is non-positive because the optimality of the sequence {z, } ;¢ {141,
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when using the predictions as the parameters, i.e.,

t+S5—1 t+S5—1

Z g(zj,ﬁj(t),zf 1) Z a(z], Qt) z )
S=t

O]

Theorem 16. Given Lipschitzness L in Assumption 1 and the maximal switching cost B in Assump-
tion 2, in T time steps, Algorithm 10 achieves cumulative regret upper bounded by 2B1, where 1 is the
total number of planning windows used in Algorithm ro.

Proof. In the offline setting, given all the traffic up to time 7, we can solve the optimization problem
in Equation (9.1) to get the optimal solution z*. We use cost(z*, §) to denote the optimal offline
cost.

On the other hand, we assume that Algorithm 10 runs with 7 restarts and each restart runs S;
time steps using the predictions to plan ahead foreach 7 € [J]. Let 7; = Zl;i S; + 1 be the start
time of the 7-th planning window. We can split the decisions into chunks — {27+ }sef0,1,. .51}
for each 7 € [1] that correspond to the decisions obtained in the 7-th planning window.

Now we would like to compare the cost of the offline optimal solution {z; },c[7) with the online
solution {2, },e[7) within the /-th chunk {77, T;+1, - - - , T;+S;—1}. Since the initial point 2% _; of
the offline optimal solution and the initial point z7,_; of the online solution are difterent, we cannot
directly apply the result in Theorem 15 to bound the regret.

To resolve the misalignment, we additionally define {2;},c {7;, 7,41, ,7;4-5,—1} to be a new offline
optimal solution starting from 7; till 7; 4- S; — 1with 2%, _; = 27, being the initial point. z;
serves as an intermediate to link 2} and z,. Compare to this new offline solution with the same initial
decision, the corresponding regret becomes:

T+S Tz‘+S[*1
Reg%”f RegTJrSl (z7,-1) Z (A2, 0) + d(z,20-1)) — Z (A=, 6:) + d(2),2_1))
=1, A
(G.2)
Therefore, we can write:
T,-‘rS,—l
Z QC(ZU ‘91?) + d(ztp Zt—l)) (G-3)
t=T;
Ti+85:—1
= Reg;frs"_1 + Z (A=, 6,) + d(z),2,_1)) (G.4)
t=T;

Ti+85:—1
< Regl ™ 4 fley, 0r) + d(z 2 1) + Y (A&, 6) +d(=] 7)) (G.s)

t=T;+1
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T+8—1
< Regh™ 7 4 B+ iz}, 0r) +d(zh. 250 + Y (A, 6) +d(z).25,)  (G.6)

t=T;+1
= Regii ™+ B+ Y (A7,6) + 43,2 )) (G7)
t=1;

First, from Equation (G.3) to Equation (G.4) is by the definition of I{ezc:{YTEJrS"*1 in Equation (G.2).

Second, Equation (G.4) to Equation (G.s) is due to the optimality of z:

{2t} ieqn, 141, T4 5—1) = AT min > (Ao 6) +d(e 1)) whereyr, 1 = 21,1
t=1;

Therefore, plugging in the original optimal solution z* results in a larger cost in Equation (G.s).
Lastly, Equation (G.s) and Equation (G.6) only difter by the initial point at time step 77, where
Equation (G.s) uses z7;,—1 and Equation (G.6) uses z7._;. Thus the difference is bounded by the
maximal switching cost B.
We can reorganize the inequality in Equation (G.7) to get:

Ti45;-1 Ti48i—1
> (A b) +dana) = Y, (Az,6) +d(, 7))
=T; t=T;

< Regy ™! (z1,11) + B
Ti+Si—1

<20 Y V4B
s=T;

= 2B

where the last inequality is by the choice of the dynamic planning window S; such that 2. ZJT:}?*I 8;(t) <

B. Lastly, we can take summation over all the 7 € [/] to get:

T T
Reg, = Z (A2, 0,) + d(2,2-1)) — Z (A=, 6:) +d(zf, 7))
=1 =1
1 Ti+S—1 Ti+8—1
=> ( Yo (Aanb) +d(nza) — Y (Ae6) + d(z::z:_o))
i=1 =T =T;
I
<> 2B
=1
= 2Bl
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G.4 Proof oF COROLLARY I
Corollary 1. If the uncertainty satisfies Egﬂj_l = O(%), Vs,t € Nwitha, b € R, we have:

O(T"#)  ifb<a+l
Reg, < ¢ O(log T) fb=a+1.
O(loglog T) ifb>a+1

To PROVE COROLLARY I, WE NEED THE FOLLOWING LEMMAS:
Lemma 8. Given any fixed 0 < a and the following recursive formula:

71 =1
Ty > Ti+A- T2 Vi > 1.

We can show:
c-f ifa <1
;> A+ dfa=1
A+1)"" ifa>1

where § = T ifa < 1. The constant c € R satisfiesc < (é)l_“ =ed* tandc < 1.
WE PROVE THREE DIFFERENT CASES SEPARATELY.
* Case 1 (¢ < 1) (THIS IS DEFERRED TO THE END).
* Case2(az=1).
* Case3 (« >1).

Proof of Case 2. The recursive formula reduces to 7;41 > (4 + 1) T;, where we can easily show that
T, > (A4+1)~L O

Proof of Case 3. The recursive formula can be written as 7341 > 77 and 75 > A4 + 1. Thus we can
simply unroll the recursion to get

Ti>T, >TC, > > T;(’”) . l)a(’*”
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Proof of Case 1. We prove by induction.
Base case: Since ¢ < 1, the base case is automatically satisfied by 1 = 77 > c = ¢ - 1€.

Inductive step: By induction, assume 7; > ¢ - . By our choice of ¢, we can see that Ac1 > &,
which implies:

AT > E L = P (G.8)

where the second step follows from 2 = £ — 1.
Therefore, we can lower bound 7} by:

Tip1 > T; + AT?

> (c- &)+ A(c- ) by 7; > o
= (F + A7)
>c- (F 4+ EF by Equation (G.8)
>c- (i + 1), by Lemma 9
where we can apply Lemma 9 because § = ;== > 1foralla € [0,1). O
Lemma 9.
FrFET S v+ 1D Ve >1Lk>1 (G.9)

Proof. Define a function g(x, k) = ¥ + =1 — (x + 1)*. We can check that g(x,1) = x + ¢ —
(x + 1) > 0. Next, we show that g(x, ) is an increasing function in # when x > 1. Notice that the

. . d .
derivative d—i can be written as:

2 | i=logs o 4 A logs- 6~ log(e+1) - (s 1)

14+ x

=logx- & + 1 floga- bt —loga- (x+1)% — log( ) (x+1)F
=logx- (o +FF T — (x 4+ 1)F) + £ — log(1 + %) S(x+1)*
>logx- g(x, k) + (ekxkl - alc (x+ 1)k> (G.10)

where the last inequality is due to log(1 + 91? ) < i
The second term in Equation (G.10) can be written as:

k1 — 91; a1k = ;c ((e‘x)k — (x+ l)k) >0 (G.11)

which is always satisfied because ex > x + 1Vx > 1.
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Therefore, Equation (G.10) and Equation (G.11) together guarantee that if the value g(x, &) > 0,
then its derivative is positive % | > 0 because every term in Equation (G.10) is positive. So now

we have ¢g(x,1) > 0 and the derlvatlve 7 o> 0if g(x, k) > 0.

Lastly, we just need to ensure that the function is always non-negative. Given fixed x, define U =
{k > 1 g(x,k) < 0}. We will prove by contradiction by assuming U'is non-empty. Given that Uis
not empty, we can choose # = inf{k : k¥ € U}. By the continuity of function g, g(x, #) < 0. Since
¢(x,1) > 0and the continuity of g, we can find g(x,1 + €) > O foralle € B(0, ) in a small open
ball. Thus# > 1+ € > 1. Now by the mean value theorem applied on g(x,1) > 0 and g(x, %) < 0,

g(x7”) —g(x,l)
u—1

we can find avalue v € (1, %) such that g(x, ) = < 0. However, we have proven that

if g(x, k) > 0 then we know j—i x> 0. Since we have g(x, v) < 0, this implies g(x, v) < 0 as well
with v € (1, %) and thus v € U, which contradicts to the definition of #, i.e., the infimum of the set
U. Thus the assumption that U is non-empty is incorrect. We conclude that Uis empty. Thus for
any given x, we have g(x, #) > 0 for all £, which implies the original inequality.

O

NOW WE ARE READY TO PROVE COROLLARY I.

Proof of Corollary 1. First, let S; denote the size of the 7-th planning window in Algorithm ro for
eachi € [[]. Let T; = Z’ b S; + 1 denote the start time of the 7-th planning part.
In the /-th iteration of Algorlthm 10 starting at time 77, S; is chosen such that S; is the largest

TS (g LS (1
integer* satistying 2. > & < B.This implies 2L > &"" > Band we can estimate S; by:
s=1; s=T;
Sz+1 Sz+1

(T) & 2LD (S; +2)*t!
B<2LE 6T+51<2LDE ?Sﬂ—’_l 7{7
s=1 "¢ z

for some constant D > 0. This suggests:

a+1 B 4
T <542 <38, AT <5,
(p ) ( 1) + A
where 4 = 1(&H) e o (%) = o((%) #1) is a constant dependent on the maximal switching cost

Band the Llpschltzness L.
Therefore, we have

b
=1, Tm=T+S8>T,+AT;"

(T)

“We need B > E(T ) to ensure that we can at least choose S; > 1. In the extreme case where B < ep’,it
implies that the uncertainty is too large while the switching cost is relatively small. Thus it is ideal to re-plan
every time step because switching is cheap. The analysis of balancing switching cost and future planning does

not apply.
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where Lemma 8 can be applied to get:

cz’aﬂib ifb<a+1

T, > (4+1)1 ifb=a+1
(i—2)

A+1)F  ifb>atl

. a+1—b .
with the choice of the constant ¢ = min(1,e4 «1 ). Lastly, since 77 < T, we can bound the total

iteration / by:
a+1
cla=b+1 iftb<a-+1
T>T; > (4+1)71 ifb=a+1
(-2
A+Da ifb>atl
which gives:
a—b+1
(£) = O(T#1)  ifb<atl
I<<log,  T+1 =4 O(log 7) ifb=a+1
log 441 10gfil T+2 O(loglogT) ifb>a+1

By applying Theorem 16 and substituting the total number of iterations / by the above inequal-
ity, we get:

O(T#1)  ifb<atl
Reg, < ©(BI) = { O(log T) ifb=a+1
O(loglogT) ifb>a+1

G.s Proor oF COROLLARY 2

Corollary 2. Given 552:_1 = Q(g) forallt,s € Nwith 0 < b, there exist instances such that for any

randomized algorithm, the expected regret is at least:

QY ifb<1
E[Reg,] > ¢ Q(logT) ifb=1.
Q(1) ifb>1
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Proof. Let 55@ = ﬁ = O(%)forallz,s € Nwith % < % We construct a sequence of one-
_'_

&

dimensional incoming traffic §, = and a one-dimensional feasible set Z = {0,1}. The

ISTE ST
= =

prediction given by the predictive model is ﬁj(t) = % forallz,5 € N, whose predictive error satisfies
the bound |6, — 49| < %b = £, Assume that the cost function is defined by Az, 0) = L]z — 4

and there is no switching cost d(z, y) = 0.

Under this construction, if all the incoming traffics are given in advance, the optimal cost within
T'time steps is:

LT 1 —b

T T
1 1 LT b T .
LE (2_1‘1’)_2_L§ t7 <% —logT itb=1
=1 =1 r— o) ifb > 1

where we can just choose z; = 1if ¢, is closer to 1 and 0 otherwise.

On the other hand, if the incoming traffics are not given in advance, any decision made at time
step ¢ produces cost L(§ + %) with probability 4 and cost L(§ — #) with probability 1, which
gives expected cost ]E‘ and a cumulative cost %T . Therefore, the expected cumulative regret is at least

o7t ifb<1

O(log7) ifb=1. O

e(1) ifo>1

G.6 ITERATIVE ALGORITHM FOR OFFLINE PROBLEM WITH SWITCHING COST
GIVEN IMPERFECT PREDICTIONS AND THE PLANNING WINDOWS, WE CAN REDUCE THE ONLINE

PROBLEM TO AN OFFLINE PROBLEM. THIS SECTION FOCUSES ON SOLVING THE FOLLOWING
OFFLINE COMBINATORIAL OPTIMIZATION PROBLEM WITH SWITCHING COST.

2€Z

S
min Zf(zt, 0,) + d(zs,2—1)- (G.12)
=1

SoLVING EQUATION (G.12) IS CHALLENGING BECAUSE THE COMBINATORIAL STRUCTURE
OF THE DECISION z; € Z; AND THE ADDITIONAL TEMPORAL DEPENDENCY CAUSED BY THE
SWITCHING COST d(z;, 2—1).
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Algorithm 16: Iterative algorithm for offline problems

1 Initialization: Let/ = 10 and z, = z, forallz € [S].

2 forj e [J]do

3 forz € [S] do

4 Letc = 0.5ifj < Jotherwise c = 1.

5 Solve Equation (G.13) with 2;_1, 2,41, ¢ to update z,.

DECOMPOSITION AND ITERATIVE ALGORITHM

IF WE FIX THE ASSIGNMENTS 21, 2s+1, FINDING THE OPTIMAL SOLUTION AT TIME STEP # RE-
DUCES TO THE FOLLOWING PROBLEM WITH ¢ = 1:

z, = argmin fz, 6,) + c(d(z,z,—1) + d(z, z41))- (G.13)
2€Z;

CoMPARED TO EQUATION (G.12), EQUATION (G.13) AVOIDS THE TEMPORAL DEPENDENCY
ACROSS MULTIPLE TIME STEPS AND LARGELY REDUCES THE NUMBER OF BINARY VARIABLES. IN
PRACTICE, SOLVING EQUATION (G.13) IS MORE TRACTABLE THAN SOLVING EQUATION (G.12).

THIS OBSERVATION MOTIVATES THE IDEA OF ITERATIVELY FIXING THE NEIGHBOR DECI-
SIONS 2,1, 2,1 AND UPDATING THE DECISION AT TIME STEP  FOR ALL? € [§]. WE USE z, = 20
TO INITIALIZE ALL DECISIONS. THEN WE CAN ITERATIVELY SOLVE EQUATION (G.13) WITH
DIFFERENT # TO UPDATE THE DECISION 2;. | HIS METHOD DECOUPLES THE TEMPORAL DE-
PENDENCY AND REDUCES THE PROBLEM TO A STANDARD COMBINATORIAL OPTIMIZATION
OF FUNCTION /' WITH ADDITIONAL REGULARIZATION TERMS. WE CAN USE MIXED INTEGER
LINEAR PROGRAM OR ANY OTHER APPROXIMATION ALGORITHMS TO SOLVE EQUATION (G.13).

MOREOVER, WE CAN NOTICE THAT ANY IMPROVEMENT MADE BY SOLVING EQUATION (G.13)
WITH ¢ = 1 PROVIDES THE SAME IMPROVEMENT TO EQUATION (G.12). THIS SUGGESTS THAT
THE OPTIMAL DECISION OF EQUATION (G.12) IS A FIXED POINT OF EQUATION (G.13) WHEN
c=1.

Theorem 31. The optimal sequence {2} },¢(s) of Equation (G.12) is a fixed point of Equation (G.13)
withc = 1.

Proof. Suppose that {2} } (s optimizes Equation (G.12). Forany ¢ € [S], if we can find z; gets a
positive improvement in Equation (G.13) with ¢ = 1:

0< 9= (f(z;kv et) + d(z;k? z;k—l + d(z;ka z;k—i—l)) - (f(zzl‘a §t> + d(éa z;k—l) + d(z;7 z:—&—l))
Then the new sequence {z{, - -+ ,%/_,2,,2,, - , 25} gets the same improvement with:

COSt({Z;k}JG[S]) - COSt<{zik7 U ,Z;(,I,Z;,Z;ll, o ,Z;}) =9>0 (G'I4)
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where cost({2], - - , 2/, 2}, 2}y, - ,25}) is strictly smaller than the optimal value cost({z} }c[s])s
which violates the optimality assumption of {2} }[s]. This implies that we cannot find z; that gives
a strictly smaller objective in Equation (G.13), which also implies that g} is a fixed point to Equa-
tion (G.13) with ¢ = 1 using z;_; and 2, ; as the neighbor decisions. ]

THEOREM 31 ENSURES THAT THE ITERATIVE PROCESS IN EQUATION G.13 STOPS UPDAT-
ING AT THE OPTIMAL SOLUTION. HOWEVER, IN PRACTICE, THERE COULD BE MULTIPLE FIXED
POINTS AND SUBOPTIMAL POINTS DUE TO THE COMBINATORIAL STRUCTURE. THIS CAN BE
PROBLEMATIC BECAUSE THE ITERATIVE PROCESS IN EQUATION G.1 3 CAN STOP AT MANY DIF-
FERENT SUBOPTIMAL SOLUTION WITHOUT FURTHER IMPROVING THE SOLUTION QUALITY. To
AVOID GETTING STUCK BY SUBOPTIMAL SOLUTIONS, WE USE A SMALLER SCALING CONSTANT
¢ = 0.5 TO RELAX THE ITERATIVE UPDATE, AND USE ¢ = 1 IN THE FINAL STEP TO STRENGTHEN
THE SOLUTION. THE ITERATIVE ALGORITHM IS DESCRIBED IN ALGORITHM 16, WHICH CAN BE
USED TO REPLACE LINE 6 IN ALGORITHM I0.
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APPENDIX TO CHAPTER 10

H.1 IMPLEMENTATION DETAILS

‘WE IMPLEMENT A DIFFERENTIABLE PYTORCH MODULE TO COMPUTE A SAMPLE OF THE FOL-
LOWERS’ EQUILIBRIA. THE MODULE TAKES THE LEADER’S STRATEGY AS INPUT AND OUTPUTS
A NasH EQUILIBRIUM COMPUTED IN THE FORWARD PASS USING THE RELAXATION ALGO-
RITHM. WE USE A RANDOM INITIALIZATION TO RUN THE RELAXATION ALGORITHM, WHICH
CAN REACH TO DIFFERENT EQUILIBRIA DEPENDING ON DIFFERENT INITIALIZATION. GIVEN
THE SAMPLED EQUILIBRIUM 2* COMPUTED IN THE FORWARD PASS, THE BACKWARD PASS IS
IMPLEMENTED BY PYTORCH AUTOGRAD TO COMPUTE ALL THE SECOND-ORDER DERIVATIVES
TO EXPRESS EQUATION I0.5§. THE BACKWARD PASS SOLVES THE LINEAR SYSTEM IN EQUA-
lilz; AS AN APPROXIMATE OF THE EQUILIBRIUM FLOW.
Tu1is PYTORCH MODULE IS USED IN ALL THREE EXAMPLES IN OUR EXPERIMENT. THE IM-
PLEMENTATION IS FLEXIBLE AS WE JUST NEED TO ADJUST THE FOLLOWERS’ OBJECTIVES AND
CONSTRAINTS, THE RELAXATION ALGORITHM AND THE GRADIENT COMPUTATION ALL DI-
RECTLY APPLY.

TION 10.§ ANALYTICALLY TO DERIVE

H.2 Proors oF THEOREM 19 AND THEOREM 20

Theorem 19. Ifv(2*, 7) is the equilibrium flow of the stochastic equilibrinm oracle O(7), we have:

d

— E 7)) =
dﬁz*wo(n)ﬂ ) z

*NI(Ej(ﬁ) [fz(2", ) + f2(2", 7) - (2", 7)] . (10.8)
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Proof. To compute the derivative on the left-hand side, we have to first expand the expectation
because the equilibrium distribution is dependent on the environment parameter 7:

4
dm ZNO(W

Az, 7) ddﬂ / Az, m)p(z, 7)dz

— /zez <p(z, W)aiﬁﬂz, 7) + 2, 7[)%])(2, 7[)) dz
= fﬁ(z ™) + zezﬂz, 71’)%]7(2, 7)dz (H.1)

z~(’)

We further define ®(2, 7) = p(z, 7)v(2, ). By the equilibrium flow definition in Equa-
tion 10.7, we have

%p(z, 7)=—V, O(z,7)

Therefore, the later term in Equation H.1 can be computed by integration by parts and Stokes’
theorem:

zezﬂz, ) %p(z, 7)dz

=— Az, 7))V, O(z,7)dz
2€Z

=— Ve (Az,7)0(2, 7))dz + [f2(2,7)D(2, 7)dz
2€EZ 2EZ

= - ﬂz, W)q)(z, 7Z’)dS+ ﬁ(z, ﬁ)q)(z’ 7;)0[2
0z 2€Z

Therefore, we have

:z~(9 fr(z,7) 7{ Az, 7)D(z, 7)dS + fz(z, 7)0(z, 7)dz
= E fﬁ z,7) 7{ Az, 7)p(z, w)v(z, 7)dS + f(2,7)p(2, )v(2, 7)dz
2~O(7w €2

— %(”) [fr(z, 7) + f2(2, 7)ov(z, )]

I~

where the term ¢, > Az, 7)p(z, 7)v(2, 7)dS = 0 because p(2, ) = 0 at the boundary Z. This
concludes the proof of Theorem 19. O
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NOTICE THAT IN THE PROOF OF THEOREM 19, WE ONLY USE INTEGRATION BY PARTS AND
STOKES’ THEOREM, WHERE BOTH OF THEM APPLY TO RIEMANN INTEGRAL AND LEBESGUE
INTEGRAL. THUS, THE PROOF OF THEOREM 19 ALSO WORKS FOR ANY MEASURE ZERO JUMPS IN
THE PROBABILITY DENSITY FUNCTION.

Theorem 20. Given the leader’s strategy w and a sampled equilibrium 2, if (1) the KK'T matrix at
(2, 7) is invertible and (2) the equilibrinm 2 is sampled with a fixed probability locally, the solution to
Equation 10.5 is a homogeneous solution to Equation 10.7 and matches the equilibrium flow v(7, z)

locally.

Proof. Since the KKT conditions hold for all equilibria, the given 7 and 2 must satisfy KK7(z, 7) =
0. The KKT matrix in Equation 10.5 is given by <5 = 3KK I the Jacobian matrix of the function KK 7(z, 7)
with respect to 2. If the KKT matrix is invertible, by 1mplicit function theorem, there exists an open
set U containing 7 such that there exists a unique continuously differentiable function b : U — Z

such that h(7) = zand KKT(h(7'),7’) = Oforallz’ € U. Moreover, the analysis in Equa-

tion r1o.5 applies, where dZ(Z) jz matches the solution of Equation 10.5.

Lastly, the condition that the equilibrium 2 is sampled with a fixed probability density ¢ locally
implies the corresponding probability density function must satisfy p(2', 7') = clxir(y »y=0 =
Ly — () forall 7/ € Uin an open set locally”.

Now we can verify whether p(2’, 7’) and v(2’, 7’) = dh(” ) (independent of 2/) satisfy the partial
differential equation of equilibrium flow as defined in Deﬁnltlon 17. We first compute the left-hand
side of Equation 10.7 by:

872'p Z 7/ Clz/ =h(x') = C(; =h(x) g (HZ)

where Equation H.2 is derived by fixing 2/, the derivative of a jump function 1,/ h(x) is a Dirac
delta function located at 2’ = h(7’) multiplied by a Jacobian term dbd(;r/) .

We can also compute the right-hand side of Equation r0.7 by:

V. (&, 7)oz, 7)) =0(2, ﬁ')aazp(z/, ) +p(2, n’)iv(z/, ) (H.3)
dh(©) 0
== d7z‘ a Cl / — 19(7[’)
dh(7’
=€y =(n) d(z ) (H.4)
where the second term in Equation H.3 is 0 because we define v(2/, 7’) = dbﬂg;[/) , which is indepen-

dent of 2. Equation H.4 is derived by fixing 7, the derivative of a jump function is a Dirac delta
function located at 2’ = 7.

"We can choose the smaller subset U'such that both the implicit function theorem and the locally fixed
probability ¢ both hold.
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(a) Normal-form games with z = 3 (b) Stackelberg security games with (c) Cyber insurance games with m =
followers and varied m strategies per 7 = S followers and varied 72 1 dimensional investment decision and
follower. strategies per follower. varied 7.

Figure H.1: We compare the computation cost of equilibrium computation (forward) and the gradient access (backward)
per iteration. Backward pass is cheaper than forward pass in all three domains. Gradient-based method runs a forward
pass and a backward pass per iteration, while gradient-free method requires many forward passes to perform one step
of local search.

The above calculation shows that Equation H.2 is identical to Equation H.4, which implies the
left-hand side and the right-hand side of Equation 10.7 are equal. Therefore, we conclude that the

choice of v(2/,7) = ‘% = dbi;z,) is a homogeneous solution to differential equation in Equa-
tion 10.7 locally in 7/ € U. By the definition of the equilibrium flow, v(2’, ) = % is a solution
to the equilibrium flow because we can subtract the homogeneous solution and define a new partial
differential equation without region U to compute the solution outside of U. O

H.3 LIMITATION OF THEOREM 19 AND THEOREM 20

ALTHOUGH THEOREM 19 ALWAYS HOLDS, THE MAIN CHALLENGE PREVENTING US FROM DI-
RECTLY APPLYING THEOREM 19 IS THAT WE DO NOT KNOW THE EQUILIBRIUM FLOW IN AD-
VANCE. GIVEN THE PROBABILITY DENSITY FUNCTION OF THE EQUILIBRIUM ORACLE, WE CAN
COMPUTE THE EQUILIBRIUM FLOW BY SOLVING THE PARTIAL DIFFERENTIAL EQUATION IN
EQUATION 10.7. HO\WEVERJ THE PROBABILITY DENSITY FUNCTION IS GENERALLY NOT GIVEN.

THEOREM 20 TELLS US THAT THE DERIVATIVE COMPUTED IN EQUATION 10.5 IS EXACTLY
THE EQUILIBRIUM FLOW DEFINED BY THE PARTIAL DIFFERENTIAL EQUATION WHEN THE SAM-
PLED EQUILIBRIUM ADMITS TO AN INVERTIBLE KKT MATRIX AND IS LOCALLY SAMPLED WITH
A FIXED PROBABILITY. THAT IS TO SAY, WHEN THESE CONDITIONS HOLD, WE CAN TREAT THE
EQUILIBRIUM SAMPLED FROM A DISTRIBUTION OVER MULTIPLE EQUILIBRIA AS A UNIQUE
EQUILIBRIUM TO DIFFERENTIATE THROUGH AS DISCUSSED IN THE SECTION OF UNIQUE NasH
EQUILIBRIUM. THESE CONDITIONS ARE ALSO SATISFIED WHEN THE SAMPLED EQUILIBRIUM IS
LOCALLY STABLE WITHOUT ANY DISCONTINUOUS JUMP, GENERALIZING THE DIFFERENTIABIL-
ITY OF UNIQUE Nasu EQUILIBRIUM AND GLOBALLY ISOLATED Nasu EQUILIBRIA TO THE CASE
WITH ONLY CONDITIONS ON THE SAMPLED NASH EQUILIBRIUM.
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H.4 DiMENSIONALITY AND COMPUTATION COST

H.4.1 DIMENSIONALITY OF CONTROL PARAMETERS

WE DISCUSS THE SOLUTION QUALITY ATTAINED AND COMPUTATION COSTS REQUIRED BY DIF-
FERENT OPTIMIZATION METHODS. TO UNDERSTAND THE RESULTS, IT IS USEFUL TO COMPARE
THE ROLE AND DIMENSIONALITY OF THE ENVIRONMENT PARAMETER 7 IN EACH SETTING.

* NORMAL-FORM GAMES: PARAMETER 7/ CORRESPONDS TO THE NON-NEGATIVE SUB-
SIDIES PROVIDED TO EACH FOLLOWER FOR EACH ENTRY OF ITS PAYOFF MATRIX. WE
n

HAVE d1m(7r) =n H m; = nm”, WHERE FOR SIMPLICITY WE SET 7; = 7 FOR ALL 7.
=1
* STACKELBERG SECURITY GAMES: PARAMETER 7 REFERS TO THE NON-NEGATIVE SUB-
SIDIES PROVIDED TO EACH FOLLOWER AT EACH AVAILABLE TARGET. BECAUSE EACH
n

FOLLOWER 7 CAN ONLY COVER TARGETS 7; C T, we HAVEdim(7) = Y |T;| = nm,
=1
WHERE WE SET | 7;| = 7 FOR ALL 7.

* CYBER INSURANCE GAMES: EACH INSURANCE PLAN IS COMPOSED OF A PREMIUM AND A
COVERAGE AMOUNT. THEREFORE IN TOTAL, dim(7) = 27, THE SMALLEST OUT OF THE
THREE TASKS.

H.4.2 ComruraTioN CoST

IN FIGURE H.1, WE COMPARE THE COMPUTATION COST PER ITERATION OF EQUILIBRIUM-
FINDING ORACLE (FORWARD) AND THE GRADIENT ORACLE (BACKWARD). DUE TO THE HARD-
NESS OF THE NASH EQUILIBRIUM-FINDING PROBLEM, NO EQUILIBRIUM ORACLE IS LIKELY TO
HAVE POLYNOMIAL-TIME COMPLEXITY IN THE FORWARD PASS (COMPUTING AN EQUILIBRIUM).
WE INSTEAD FOCUS MORE ON THE COMPUTATION COST OF THE BACKWARD PASS (DIFFERENTI-
ATING THROUGH AN EQUILIBRIUM).

As WE CAN SEE IN EQUATION 10.5, THE COMPLEXITY OF GRADIENT COMPUTATION IS DOM-
INATED BY INVERTING THE KKT MATRIX WITH SIZE L = O(7nm) AND THE DIMENSIONALITY
OF ENVIRONMENT PARAMETER 7 SINCE THE MATRIX - 1s OF s1ZE L X dim(7). THEREFORE,
THE COMPLEXITY OF THE BACKWARD PASS IS BOUNDED ABOVE BY O(L%) + O(L* dim(7)) =
O(n*m*) + O(n*m? dim(7)) wiTH 2 = 2.373.

* IN FIGURE H.1(A), THE COMPLEXITY IS GIVEN BY O(n*m? dim(7)) = O(n’m"*?) =
O(m>) WHERE WE SET 7 = 3 WITH VARIED /7, NUMBER OF ACTIONS PER FOLLOWER,
SHOWN IN THE X-AXIS.

¢ IN FIGURE H.1(B), THE COMPLEXITY 1S O(2?m? dim(7)) = O(m?) wiTH#z = 5 AND
VARIED 72, NUMBER OF ACTIONS PER FOLLOWER, SHOWN IN THE X-AXIS.
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* InF1cUure H.1(c), THE compLEXITY 1S O(2*m? dim(7)) = O(n3) witH m = 1 AND
VARIED NUMBER OF FOLLOWERS 72 SHOWN IN THE X-AXIS. THE RUNTIME OF THE FOR-
WARD PASS INCREASES DRASTICALLY, WHILE THE RUNTIME OF THE BACKWARD PASS
REMAINS POLYNOMIAL.

IN ALL THREE EXAMPLES, THE GRADIENT COMPUTATION (BACKWARD) HAS POLYNOMIAL COM-
PLEXITY AND IS FASTER THAN THE EQUILIBRIUM FINDING ORACLE (FORWARD,). NUMERICAL

GRADIENT ESTIMATION IN GRADIENT-FREE METHODS REQUIRES REPEATEDLY ACCESSING THE
FORWARD PASS, WHICH CAN BE EVEN MORE EXPENSIVE THAN OUR GRADIENT COMPUTATION.

H.s OprTIMIZATION REFORMULATION OF THE STACKELBERG PROBLEMS WITH MULTI-
PLE FOLLOWERS

IN THIS SECTION, WE DESCRIBE HOW TO REFORMULATE THE LEADER’S OPTIMIZATION PROB-
LEM WITH MULTIPLE FOLLOWERS INVOLVED INTO AN SINGLE-LEVEL OPTIMIZATION PROBLEM
WITH STATIONARY AND COMPLEMENTARITY CONSTRAINTS. NOTICE THAT THIS REFORMU-
LATION REQUIRES THE ASSUMPTION THAT ALL FOLLOWERS BREAK TIES IN FAVOR OF THE
LEADER, WHILE OUR GRADIENT-BASED METHOD CAN DEAL WITH ARBITRARY ORACLE ACCESS
NOT LIMITED TO ANY TIE-BREAKING RULES.

H.s.1 NorMmAL-FOrRM GAMES WITH Risk PENALTY
IN THIS EXAMPLE, THE FOLLOWERS, OBJECTIVES ARE DEFINED BY:
fi(z, ) = Ui(z) + m:(2) — H(z)/2, (H.s)

WHERE l]l IS THE GIVEN PAYOFF MATRIX AND 7; IS THE SUBSIDY PROVIDED BY THE LEADER. H
1S THE GIBBS ENTROPY DENOTING THE RISK AVERSION PENALTY.
THE LEADER’S OBJECTIVE AND THE CONSTRAINT ARE RESPECTIVELY DEFINED BY:

fa.m) =3 Ulz)

i€[n]

gzm)=|> mz) | —B<o0.
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BILEVEL OPTIMIZATION FORMULATION WE CAN WRITE THE FOLLOWERS’ BEST RESPONSE
INTO THE LEADER’S OPTIMIZATION PROBLEM:

max Az) = Z Ui(z) = U(z)

i€[n]
s.T. 2 €[0,1],17 ;=1 Vi € [n]
z; = arg max f;(z;, z—;, 7) Vi € [n]
2€EZ;
7(z) < B

WHEREﬁ IS DEFINED IN EQUATION H.S. BY CONVERTING THE INNER-LEVEL OPTIMIZATION
PROBLEM TO ITS KKT CONDITIONS, WE CAN REWRITE THE OPTIMIZATION PROBLEM AS:

min — fAz) = —U(z)

T2y

ST. 7z, 1lz=1 Vi € [n]
A, € RZ, v € R Vi € [n]
ijai; =0 Vi€ [n],j € [m)]
luz',j(l —2;j) =0 Vi e [n],j € [m,]
—Vofi—=ditu,+vl=0 Vi € [n]
7(z) < B

WE ADD DUAL VARIABLES /;, #; TO THE INEQUALITY CONSTRAINTS z;; > O ANDz;; < 1
RESPECTIVELY. WE ALSO ADD DUAL VARIABLES ¥; TO THE EQUALITY CONSTRAINTS 17z, =1
WE CAN EXPLICITLY WRITE DOWN THE GRADIENT:

Veofi(zi,z—iyw) = (Ui + m;) (2—;) — E (1+4logz;)/2 (H.6)
F
WHERE /A HERE IS A SPECIFIC CONSTANT (DIFFERENT FROM THE LAGRANGIAN MULTIPLIERS),
WHICH IS CHOSEN TO BE 1 IN OUR IMPLEMENTATION.

H.s.2 STACKELBERG SECURITY GAMES WITH MULTIPLE DEFENDERS

THE FOLLOWERS’ OBJECTIVES ARE DEFINED BY:

filz,m) = Z(Ui,t + 7)1 = ye)p, (H.7)

teT;

WHERE (Jz‘,t IS THE LOSS RECEIVED BY DEFENDER 7 WHEN TARGET # IS SUCCESSFULLY AT-
TACKED, AND 7; ; IS THE CORRESPONDING REIMBURSEMENT PROVIDED BY THE LEADER TO
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REMEDY THE LOSS. WE DEFINE y, := 1 — [[(1 — 2,,) TO DENOTE THE EFFECTIVE COVERAGE OF

i
TARGET £, REPRESENTING THE PROBABILITY THAT TARGET IS PROTECTED UNDER THE OVER-
LAPPING PROTECTION PATROL PLAN 2. GIVEN THE EFFECTIVE COVERAGE OF ALL TARGETS, WE

ASSUME THE ATTACKER ATTACKS TARGET # WITH PROBABILITY p, = ¢~ 14 /(Y™ g @ytas),

seT
WHERE 4; € R 1S A KNOWN ATTRACTIVENESS VALUE AND @ 2 0 IS A SCALING CONSTANT.

THE LEADER’S OBJECTIVE AND CONSTRAINT ARE RESPECTIVELY DEFINED BY:

Az, m) = Z U1 = yo)pr

el

g(z7 7[) = Z ”z',t(l _}’t)pt —B S O,
it

WHERE (]; < 0 IS THE PENALTY FOR THE LEADER WHEN TARGET ¢ IS ATTACKED WITHOUT ANY
COVERAGE.

BILEVEL OPTIMIZATION FORMULATION SIMILARLY, WE CAN ALSO WRITE DOWN THE BILEVEL
OPTIMIZATION FORMULATION OF THE STACKELBERG SECURITY GAMES WITH MULTIPLE DE-
FENDERS AS:

max fle) =Y Ul =)

teT
S.T. 2 € [0,1] Vi€ [n],reT;
Jepr €R Vie T
Zzi,t =b; Vi € [n]
tel;
ye=1— ] (=2 Vee T
i€ T;
e Wtar
pr= W Vee T
seT
% = argmax fi(zi,25-s, ) Vi € [n]
2€2;

Z (”?,t(l — Ye)pe + ”i,t)’f]’t) <B

it

WHERE p; IS THE PROBABILITY THAT ATTACKER WILL ATTACK TARGET / UNDER PROTECT
SCHEME 2 AND THE RESULTING ). THE FUNCTIONﬁ' IS DEFINED IN BY:

file,m) =) (Ui + 7)1 = pi)p. (H.8)

teT;
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THIS BILEVEL OPTIMIZATION PROBLEM CAN BE REFORMULATED INTO A SINGLE LEVEL OPTI-
MIZATION PROBLEM IF WE ASSUME ALL THE INDIVIDUAL FOLLOWERS BREAK TIES (EQUILIBRIA)

IN FAVOR OF THE LEADER, WHICH IS GIVEN BY:

max Z U(1 = y.)p:

T2, Aoy Y

teT
S.T. 2 € [0,1] Vi€ [n],t € T;
_ytubl‘ S R Vt' & T
Zzi,t = bi Vi e [}’l]

tel;
ye=1— ] 02 VieT

e T;
e @tar
pt — 72 e*w}’;‘i’d; vt S T
seT

Aigst;, € R>0,7 € R>o Vi€ [n],t € T;
lz’,tzz',t =0 Vi e [ﬂ], reT;
#, (1= 21e) = 0 Vi€ ln),teT;
R T vie

Z (7, (1= yo)pe + 7 ipe) < B

it
SIMILARLY, WE ADD DUAL VARIABLES A, , 4, ,»7i TO CONSTRAINTS 2;, > 0,z;; < 1, AND
b

Z Zit — bz’-

teT;

H.s.3 CyYBERINSURANCE GAMES

THE FOLLOWERS’ OBJECTIVES ARE DEFINED BY:

ﬁ(za ™) = —cz; —Pi (L: = I)qi — y|Li — L|y/9:(1 — q.), (H.9)

WHERE ¢; IS THE UNIT COST OF THE PROTECTION Z; AND L; IS THE LOSS WHEN THE COMPUTER

IS ATTACKED. THE INSURANCE PLAN OFFERED TO AGENT 7 IS DEFINED AS 2; ‘= (/ol., 1;), WHERE
P, IS THE FIXED PREMIUM PAID TO ENROLL IN THE INSURANCE PLAN AND /; IS THE COMPENSA-
TION RECEIVED WHEN THE COMPUTER IS ATTACKED.

n
WE ASSUME THE COMPUTER IS ATTACKED WITH A PROBABILITY ¢;, WHERE g; = o(— Y wj;z;+
J=1

vL;) WITH 0 BEING SIGMOID FUNCTION, A MATRIX /W = {w;; > 0}, jc[,) TO REPRESENT THE
INTERCONNECTEDNESS BETWEEN AGENTS, ¢ > 0 TO REFLECT THE ATTACKER’S PREFERENCE
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OVER HIGH-VALUE TARGETS, AND LASTLY IT DEPENDS ON THE LOSS Ll' INCURRED BY AGENT 7
WHEN ATTACKED. THIS ATTACK PROBABILITY IS A SMOOTH NON-CONVEX FUNCTION, WHICH
MAKES THE REFORMULATION APPROACH HARD AND THE NON-CONVEXITY CAN LEAD TO MUL-
TIPLE EQUILIBRIA REACHED BY THE FOLLOWERS.

THE LAST TERM IN EQUATION H.9 IS THE RISK PENALTY TO AGENT 7. THIS TERM IS THE
STANDARD DEVIATION OF THE LOSS RECEIVED BY AGENT 7. WE ASSUME THE AGENT IS RISK
AVERSE AND THUS PENALIZED BY A CONSTANT TIME OF THE STANDARD DEVIATION.

ON THE OTHER HAND, THE LEADER’S OBJECTIVE IS DEFINED BY:

n

fam) =D ~Lgi+p,

=1

WHERE THE LEADER’S OBJECTIVE IS SIMPLY THE TOTAL REVENUE RECEIVED BY THE INSURER,
WHICH INCLUDES THE PREMIUM COLLECTED FROM ALL AGENTS AND THE COMPENSATION
PAID TO ALL AGENTS.

THE CONSTRAINTS ARE THE INDIVIDUAL RATIONALITY OF EACH AGENT, WHERE THE CUS-
TOMIZED INSURANCE PLAN NEEDS TO INCENTIVIZE THE AGENT TO PURCHASE THE INSURANCE
PLAN. IN OTHER WORDS, THE COMPENSATION [z‘ AND PREMIUM_pZ. MUST INCENTIVIZE AGENTS
TO PURCHASE THE INSURANCE PLAN BY MAKING THE PAYOFF WITH INSURANCE NO WORSE
THAN THE PAYOFF WITHOUT.

gi(z,m) = (—c,-zl- —Lig; — 7/@@) — fi(z,m) < 0.

BILEVEL OPTIMIZATION REFORMULATION THE BILEVEL OPTIMIZATION FORMULATION FOR
THE CYBER INSURANCE DOMAIN WITH AN EXTERNAL INSURER IS GIVEN BY:

n

max fz) = Z —Lg;: +p,

=1

S.T. z; € [0,00) Vi € [n]
gi=0o | = wyz+ oL, Vi € []

7=l
z; = arg max f(z}, z—;, 7) Vi € [n]

ez

7

— ¢z — Ligi — yLiy [/ q:(1 — 4:) < fi(z, 7) vi €[]

WHERE f;(2, 7) = —¢iz; — p; — (L — L)qi — y | L — Ll \/q:(1 — 4:).
REFORMULATING THIS BILEVEL PROBLEM INTO A SINGLE LEVEL OPTIMIZATION PROBLEM,
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WE HAVE:

n

max f(z) = Z —Ligi +p;

7,2, -
=1

s.T. z;€1[0,00),1; € [0,00) Vi € [n]

gi=o|— Z w;z; + vL; Vi € [n]
j=1

2l =0 Vi € [n]
—¢zr — Lig; — yLin/q:(1 — q;) < fi(z, 7) Vi € [n]
—Vofi— =0 Vi € [n]

WITH DUAL VARIABLES A; FOR THE 2; > 0 CONSTRAINT.

H.6 EXPERIMENTAL SETUP

FOR REPRODUCIBILITY, WE SET THE RANDOM SEEDS TO BE FROM 1 TO 30 FOR NSGs AND cY-
BER INSURANCE GAMES, AND FROM 1 TO 100 FOR SSGs.

H.6.1 NormMmaL-ForM GAMES

IN NFGS, WE RANDOMLY GENERATE THE PAYOFF MATRIX U; € R"1X72X" XM o p0LLOWER
{ WITH EACH ENTRY OF THE PAYOFF MATRIX RANDOMLY DRAWN FROM A UNIFORM DISTRIBU-
T10N U(0,10). WE ASSUME THERE ARE # = 3 FOLLOWERS. EACH FOLLOWER HAS THREE PURE
STRATEGIES TO USE 7; = m = 3 FOR ALL 7. I HE RISK AVERSION PENALTY CONSTANT IS SET
TOBEA = 1.

H.6.2 STACKELBERG SECURITY GAMES

IN SSGs, WE RANDOMLY GENERATE THE PENALTY U;; < 0 OF EACH DEFENDER 7 ASSOCIATED
TO EACH TARGET? € 7; C TFROM A UNIFORM DISTRIBUTION U;, ~ U(—10,0). THE
LEADER’S PENALTY U, < 0 IS ALSO GENERATED FROM THE SAME UNIFORM DISTRIBUTION

U, ~ U(—10,0). WE ASSUME THERE ARE 7 = 5 FOLLOWERS IN TOTAL. THERE ARE |7] = 100
TARGETS AND EACH FOLLOWER IS ABLE TO PROTECT |7;| = m = 50 TARGETS RANDOMLY
SAMPLED FROM ALL TARGETS. EACH FOLLOWER CAN SPEND AT MOST b; = 10 EFFORT ON THE
AVAILABLE TARGETS. THE ATTRACTIVENESS VALUES 4; USED TO DENOTE THE ATTACKER’S
PREFERENCE IS RANDOMLY GENERATED FROM A NORMAL DISTRIBUTION 2, € N(0,1) wITH 0
MEAN AND STANDARD DEVIATION 1. THE SCALING CONSTANT IS SET TO BE®w = 5.
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H.6.3 CyYBERINSURANCE GAMES

IN CYBER INSURANCE GAMES, FOR EACH FOLLOWER 7, WE GENERATE THE UNIT PROTECTION
COST ¢; FROM A UNIFORM DISTRIBUTION ¢; ~ U(5,10) , AND THE INCURRED LOSS L; FROM

A UNIFORM DISTRIBUTION L, ~ U(50,100). WE ASSUME THERE ARE IN TOTAL #z = 10 FOL-
LOWERS. EACH FOLLOWER CAN ONLY DETERMINE THEIR OWN INVESTMENT AND THUS 7 = 1.
THE ENTRY OF THE CORRELATION MATRIX W € R”*” Is GENERATED FROM UNIFORM DIS-
TRIBUTIONS W;; ~ U(0,1) 1F 7 # j, AND W;; ~ U(1,2) IF / = j TO REFLECT THE HIGHER
DEPENDENCY ON THE SELF INVESTMENTS. WE CHOOSE THE RISK AVERSION CONSTANT ¥ TO
BEy = 0.0L

H.7 COMPUTING INFRASTRUCTURE

ALL EXPERIMENTS EXCEPT VI EXPERIMENTS WERE RUN ON A COMPUTING CLUSTER, WHERE
EACH NODE IS CONFIGURED WITH 2 INTEL XEON CascADE LAke CPUs, 184 GB or RAM,
AND 70 GB OF LOCAL SCRATCH SPACE. VI EXPERIMENTS REQUIRE A KNITRO LICENSE AND
WERE RUN ON A MACHINE WITH 19-7940X CPU @ 3.10GHZ WITH 14 CORES AND 128 GB OF
RAM. WITHIN EACH EXPERIMENT, WE DID NOT IMPLEMENT PARALLELIZATION, SO EACH EX-
PERIMENT WAS PURELY RUN ON A SINGLE CPU CORE.
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