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Part 1

Introduction

An abundance of literature considers whether a switch in the exchange rate regime
is predictable when there is depreciative pressure on the currency. The literature is
relatively scarce when it comes to studying the change of exchange rate regimes for
countries whose currencies are under appreciative pressure. Inspired by Switzerland’s
currency crisis in January 2015, the paper examines the strategy that a forward-
looking policy maker would take under appreciative speculative pressure on their
currency. Different from existing literature, my model captures the interaction be-
tween the market and a forward-looking policy maker that is aware of the output cost
following the unpegging of their currency.

This model sheds light on the timing and nature of Switzerland’s unpegging deci-
sion on January 15, 2015 and whether they are consistent with a rational, optimizing
policy maker. It also explains why Denmark, whose currency is also pegged to Euro,
did not experience the speculative pressure that Switzerland went through during the
same period of time. Looking forward, a modified version of this model can also be
applied to understand the exchange rate dynamics of China and Saudi Arabia.

My model captures the short-term output shock following the abandonment of
the exchange rate peg, which is caused by the normal rigidities in prices. Since prices
do not adjust fully in the short term, an appreciation in the exchange rate results in
a hike in the price of the exports, making the manufacturers less competitive. The
cost vanishes in the long run as firms adjust their prices.

Each period the policy maker compares the cost of abandoning the peg to that
of maintaining the peg. Observing the policy maker’s objective function, the traders
in the market would keep purchasing domestic currency until the policy maker is

indifferent between pegging and unpegging. Otherwise there would be an arbitrage



opportunity for the speculators. Since the policy maker is kept indifferent in each
period, it is essentially pursuing a randomized strategy in equilibrium. So instead of
a sudden speculative attack, there is a prolonged period of increased probability for
the policy maker to abandon the peg accompanied by increased speculation in the
market.

My core model contributes to the current literature in the following ways: first, it
bridges the gap in the theoretical literature on exchange rate where currency reval-
uation models are scarce; second, I introduce a short-term output shock caused by
the change in exchange rate after the unpegging occurs, which is also a relatively
underexplored area. This output shock element helps the model better capture the
reality in a currency crisis. For example, in Switzerland’s case, after the unpegging
happened, Swiss GDP suffered tremendously both due to the soaring prices of output
and also the deflationary spiral caused by the public’s delay in purchasing imports
expecting that Swiss Franc would become more expensive in the future; third, the
model is set in continuous time framework rather than discrete time, different from
most other existing models. This change enables me to capture how speculators ad-
just to a policy maker’s decision to unpeg its currency when there is a short-term
output cost. If the model were not continuous, the speculators, whose actions are
governed by Uncovered Interest Rate Parity, would not adjust fully to compensate
for the short-term output cost. (See Proposition 1 of the model).

The policy maker’s objective function includes the cost from output loss and also
the cost of holding excessive reserves. The cost of reserves mainly originates from
the following two sources. First, reserves are low in return and so they generate
opportunity cost. Second, it is empirically documented that countries hold dispro-
portionately high level of reserves in the currency they are pegged to. This behavior
increases their exposure to the risk of the particular country they are pegged to. For
example, Switzerland’s holding of foreign reserves is equivalent to 77% of its GDP

at the end of 2014, among which close to 40% was denominated in Euro. As a re-



sult, for a country like Switzerland, the previous two concerns about high reserve
level have led to another political economy cost of holding excessive reserves; that
is, the so-called gold referendum. Swiss People’s Party initiated the gold referendum
to prevent further accumulation of Swiss foreign reserves. The initiative proposes
that Swiss National Bank hold at least 20% of their foreign reserves in gold and stop
further selling gold. This proposal put the high level of Swiss foreign reserves under
spotlight and reflected the general public’s concern about it. In November 2014, a
voting conducted by all Swiss citizens rejected the proposal by 78%. Although it was
rejected in the end, the referendum still put Switzerland’s high reserve level under
spotlight and the fear of a second gold referendum constitutes yet a third source of
concern about high reserve level.

The basic intuition for the paper is as follows. There is a point T before which the
policy maker would not abandon the fixed exchange rate regime because the reserve
level is not high enough. And there is a period T where the policy maker would
abandon the peg for sure due to excessive accumulation of reserves. Before T reserves
are low enough so that if speculators attacked and drove reserves up to its upper
reserve threshold, forcing a move to a floating exchange rate, they would increase the
domestic money supply to a point where the floating rate would exceed the fixed rate,
which is a loss to the speculators; hence they do not attack. The domestic interest
rate is therefore equal to the world rate.

After T both speculators and the policy maker realize that T is approaching, the
reserve level is high enough that the unpegging would be imminent. Each period, the
government evaluates the cost of remaining the peg versus that of abandoning the
peg. The no arbitrage condition in the market ensures that the speculators always
purchase enough domestic currency (increase Central Bank’s holding of foreign re-
serves) so that the policy maker is indifferent between the two choices. The increased
amount of domestic currency in the hands of the speculators drives down the domestic

interest rate and forward exchange rate premium while driving up the shadow floating



exchange rate. Therefore the opportunity cost of holding foreign currency is decreas-
ing, and the benefit to successful speculation is declining. But the probability that
speculation will be successful is increasing rapidly, ensuring that the expected return
from holding domestic currency remains constant at zero. However, in the event of
a move to floating exchange rates, while there is no sudden increase in Central Bank
reserves, the ex-post profits from holding domestic currency can be substantial, since
the shadow floating exchange rate is below the fixed rate until 7.

The model also intuits how the government’s probability for abandoning the peg
changes with different parameters. Increased output growth results in increased mar-
ket expectation of the unpegging, which in turn leads to higher reserves because spec-
ulators would purchase more domestic currency to earn profit when it appreciates.
The more the output shock is correlated with the magnitude of change in exchange
rate upon unpegging, the less the market expects the policy maker to unpeg, which
in turn results in less accumulation of reserves during the speculation period. This is
intuitive because the greater output shock increases with exchange rate jump upon
unpegging, the more cost that the policy maker incurs, the less likely they would

abandon the peg.

Part 11

Empirical Motivation

In this section, I motivate my model with the evolution of Switzerland’s currency
peg to Euro and show how the market’s expectation for Swiss unpegging moves in
correlation with its foreign reserves level. Switzerland is a small rich country with
real GDP growth whose currency is constantly under appreciative pressure due to its
reputation as a safe haven. To prevent large capital inflow, Switzerland’s currency

peg to Euro was put in place in September 2011. Ever since then, Switzerland’s



foreign reserves has experienced several big jumps since the Central Bank needed to
continuously purchase foreign reserves in order to maintain the peg under appreciative
pressure. March 2013 marks a turning point where the high level of Swiss foreign
reserves started to draw public attention through a proposal filed by Swiss People’s
Party—the proposal received more than 100,000 signatures, which means there would
be a referendum held to determine whether Swiss National Bank (SNB) would hold
twenty percent of its reserve in gold. The main concerns about holding excessive
reserves, as explained in the previous section is first, the low return on reserve assets
and second, the heightened risk exposure of holding large portions of reserve in the
currency that the peg is in, which is the case for Switzerland. This event makes one
ponder the existence of a threshold of the level of foreign reserves a country holds,
upon reaching which the extra amount would impose a cost on the Central Bank.
As the level of excessive reserves increased, the market sentiment leaned towards
betting against the peg. This increased speculation against the Switzerland peg can
be seen in the Euro-Swiss 25-Delta Risk Reversal Data, which reflects the market’s
sentiment towards the future movement of the currency, as will be explained in detail
in the Empitics Section (Section 5). A decrease in the Euro-Swiss Franc risk reversal
data represents the market’s expectation that the currency would appreciate and vice
versa. The following graphs show the accumulation of Swiss foreign reserves and the
downward trend in the risk reversal data after December 19, 2014, signaling increased
speculation against the Swiss peg.

Following the Swiss unpeg on January 15, 2015, Swiss GDP experienced a large
output shock. From 2014 Q4 to 2015 Q1, the GDP growth is -0.3%, while the average
quarterly GDP growth from 2013 Q3 to 2014 Q4 is 0.53%.

Although I can only show correlations rather than causations between risk reversal
and reserve level as well as between unpegging and output shock, these relationships
call for a theoretical model to uncover an underlying mechanism where increased

reserve level potentially causes increased speculation against the peg. The model that



Figure 1: Switzerland foreign reserves as a Share of GDP

)Ji‘
/
: E ———— 2
Spain bailout | =
N Greece election /
[
|
|
o I
’ |
AT
I\ {
| AN |
” —N
~ |
:; =
Euro Crisis [
e
—
01 “"-"’”\'\».:, e ————————— »M"‘ H.;f

200402 200502

Source: World Economic Outlook and SNB

Figure 2: One-Month Euro and Swiss Franc 25-Delta Option Skew
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I introduce below captures a small rich economy whose currency is pegged and under
appreciative pressure. The Central Bank incurs a cost from accumulating excessive
reserves. The speculators in the market, after observing the reserve accumulation and
knowing the fact that after a certain point, foreign reserves would be too costly for the
Central Bank to further accumulate, increasingly bet against the peg by purchasing
domestic currency. The Central Bank incurs a short-term output cost as well as an
additional cost every period after it abandons the currency peg. Each period, the
Central Bank decides between pegging and unpegging after a cost-benefit analysis.
The speculators would purchase domestic currency (and thus increasing the Central
Bank’s holding of foreign reserves), until the Central Bank is indifferent between
pegging and unpegging. Thus in my model, predictable attacks are not possible
because if an attack is expected, the Central Bank would choose to abandon the peg

earlier to avoid the cost from the speculative attack.

Part 111

Literature Review

The seminal work in modeling exchange rate peg and the government’s decision to
abandon it is Krugman’s 1979 paper, “A Model of Balance-of-Payments Crises.” In
Krugman’s model, a balance of payments crisis is generated by a monetary authority
who prioritizes a policy of domestic credit expansion over the fixed exchange rate
regime. Foreign exchange reserves inevitably run out and the fixed rate has to be
abandoned. Krugman shows that the crisis culminates with sudden discrete loss of
reserves in a “speculative attack”. Modified first-generation models include Flood,
Garber and Kramer (1996). Their model adds a bond-based risk premium to the
spread between domestic and foreign-currency intrest rate, thus modifying the Un-

covered Intersest Parity in the standard model. The speculative attack is sterilized.
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Growing domestic credit puts depreciative pressure on the currency. Their model im-
poses the additional condition to prevent domestic-currency interest rate from jump-
ing when there is a predictable attack. It shows that sterilization is compatible with a
fixed exchange rate. First generation models show that an attack need not be caused
by a large shock. However, in real-life crisis uncertainly is a crucial element, since
traders do not know the timing of an attack. One of the papers that capture the
uncertainty element is Flood and Marion (1996). Their model captures a stochastic
environment with full sterilization and a time-varying stochastic risk premium. They
show that currency crises can either be the outcome of inconsistent policies, or some
self-fulfilling prophecies about exchange-market risk fixing the fundamentals.

The second category of models originates from the Obstfeld (1986) model. It dif-
fers from the Krugman model in that the second-generation models do not depend
on a policymaker with noncompatible and thus unsustainable policy goals. Instead
it is the private sectors’ expectations of a loosening of monetary policy after a col-
lapse of the fixed rate regime that causes the speculative attack. The expectation
of a devaluation makes it rational for private sector agents to join an attack when
one occurs. An attack exhausts reserves and forces the authorities to abandon the
fixed rate. If the authorities do in fact then loosen monetary policy the exchange rate
depreciates and the expectations of speculators are fulfilled. Thus a rational expec-
tations equilibrium can exist with a speculative attack even when the initial policy
stance is sustainable. The main takeaway from Obstfeld is that strategic complemen-
tarities generate multiple equilibria, so that speculative attacks can occur irrespective
of fundamentals.

Morris and Shin (1998) presents the idea that strategic uncertainty, which is the
uncertainty about the actions and beliefs of others, can restore a unique equilibrium
that is a function of the underlying fundamentals, while retaining the “coordination”
element of models with multiple equilibria. As such, it can help bridge the gap be-

tween the first and second generation models of speculative attacks. One example
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where extreme beliefs change the market is the 1992-93 currency crisis in Europe.
After each new announcement by the Bundesbank, market participants needed to
consider how others in the market make of the official announcement. And thus a
crisis can be caused by market participants’ expectation of others’ beliefs. Another
explanation for the cause of a speculative attack is information cascades, which is
presented in Banerjee (1992) and Bikhchandani, Hirshleifer and Welch (1992). Their
models rely on what others’ actual actions are rather than the lack of common knowl-
edge about the state of fundamentals, as in Morris and Shin (1998). These models
predict that traders would follow what others are doing rather than using their own
information. Another type of models such as Calvo and Mendoza (2000) consider a
global market with many identical investors forming decisions simultaneously rather
than the sequential decision-making framework in Banerjee (1992). They show that
small rumors can induce herding behavior, which could move the economy from the
no-attack to the attack equilibrium.

Subsequent papers have studied the impact of the level of reserves on government’s
decision to abandon the peg. The Krugman-Flood-Garber (KFG) model of balance
of payment crises considers currency pegs that are under depreciative pressure. It
assumes the existence of a lower threshold for the amount of foreign reserves a Cantral
Bank can hold, upon reaching which the fixed exchange rate must be abandoned.
Rebelo, Sergio, and Carlos A. Végh (2008) modifies this assumption by constructing
a model to explain why many countries abandon the peg with still a considerable
amount of international reserves in the central bank’s vault. In their model, an
unexpected increase in government spending makes the fixed exchange rate regime
unstable. The model predicts that when there are no exit costs, it is optimal for
the government to abandon the exchange rate peg immediately. When there are exit
costs, the optimal abandonment time decreases with the size of the fiscal shock. For
large fiscal shocks, it is optimal for the government to abandon the peg immediately.

Another branch of papers consider the role private information plays in the tim-

13



ing of the currency crisis. Broner (2002) incorporates private information into the
investors’ decision. The model shows that disaggregated information delays the cur-
rency crises, causing discrete devaluations. Regarding policy recommendations, the
model demonstrates that high interest rates can delay (or possibly avoid) the aban-
donment of the peg. In a subsequent paper, Broner (2008) shows that when all
consumers are not perfectly informed about the level of fundamentals, the lack of
perfect information could delay the attack on the currency past the point where the
shadow rate equals the peg, which leads to unpredictable and discrete devaluations.
On a similar note, Minguez-Afonso (2006) incorporates into the model the uncertainty
about the willingness of a Central Bank to defend the peg. Their model predicts a
unique equilibrium where the exchange rate is abandoned and the lack of common
knowledge will lead to a discrete devaluation of the local currency at the unpegging.

Coordination between speculators is also a topic of interest. For example, Chamley
(2003) presents a model in a regime where exchange rate is pegged within a band.
Speculators decide whether their mass is large enough for a successful attack by
observing the exchange rate within the band.

Economists have also modeled forward-looking policy makers with an objective
function. Ozkana and Sutherland (1998) models a currency crisis triggered by an
optimizing policymaker who wants to loosen monetary policy and boost aggregate de-
mand. Agents in the foreign exchange market know the policymaker’s objective func-
tion. And interest differentials signal these agents’ expectations regarding a regime
change. Subsequently, the resulting rise in interest rates affects the policymaker’s
decision to switch regime. In their model, there exists a rational expectations equi-
librium where the fixed rate is abandoned due to adverse demand shocks. Multiple
equilibria could also arise leading to potential self-fulfilling crises.

Pastine (2002) also models a forward-looking government that chooses a critical
level of fundamentals to abandon the fixed exchange rate regime and accepting a

speculative attack. The policy maker introduces uncertainty into the decision of the
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speculators in order to make it difficult for speculators to determine when it would
change the exchange rate policy. The model is a single good, small open economy
that is governed by purchasing power parity, uncovered interest rate parity, money
demand, money supply and domestic credit growth function. The model also assigns
an objective function to the policy maker—it prefers more reserves to less, and fixed
exchange rates over floating exchange rates. There is also a cost associated with
abandoning the peg. Pastine uses backward induction to calculate the level of reserve,
output, shadow exchange rate, and the government’s probability of abandoning the
peg. The model finds that before a certain period T the government would not
abandon the peg but after T both the traders and the government realize that the
period when they have to abandon the peg based on fundamentals approaches, and
therefore there is increased speculation that the peg will be abandoned.

My paper extends Pastine’s model in an economy with exchange rate revaluation
pressure. [ also incorporate a short-term output cost that is proportional to the
change in exchange rate after the currency crisis. Under a continuous time framework,
my model predicts that predictable speculative attacks are not possible because the

optimizing policy-maker can avoid it through a randomization strategy.

Part 1V

Model

1 Model with a Myopic Policy Maker

1.1 Basic Setup with a Myopic policy maker

This model considers a single-good, small open economy with real output growth,

adapted from Pastine (2002) to capture an economy experiencing appreciative pres-
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sure in their currency. All equations are in log forms. In this model, I introduce an
output shock that is proportional to the change in exchange rate that lasts exactly
one period after the unpegging happens. The period length is A, A < 1. The reason
I introduce continuous time is that between the time when the peg is abandoned and
the time when the exchange rate no longer affects output, the interest rate would ad-
just in continuous time to ensure the no-arbitrage condition (Uncovered Interest Rate
Parity). In other words, if we only consider discrete time where the period length is
one, then the model fails to capture the exchange rate dynamics between the time T’
and 7'+ 1. Purchasing Power Parity (Equation (1)) and money supply (Equation (4))
are not affected by the switch from discrete to continuous time. Uncovered Interest
Parity, on the other hand, would adjust according to the period length. In the Cagan
model money demand function, i; stands for log(1+14;), which is the change in interest
rate, hence would also vary with period length. Output is assumed to grow linearly,
so it also varies with period length.

Purchasing Power Parity implies

P =€ + p; (1)

at all times ¢, where p;, p; are the logs of domestic- and foreign-currency price of
the consumption basket respectively and we assume here that p; = 0. e, is the log
of nominal exchange rate (foreign in terms of home). Uncovered Interest Rate Parity

holds for each period with length A,

Ait = A" + Etet+A — €t (2)

where i, = log(1 + 4}), i’ being the nominal interest rate on domestic securities
and ©* = log (1 + i;f'), with ¥ being the nominal interest rate on foreign securities,

which is assumed to be constant. It is an approximation in logs of Uncovered Interest

Rate Parity, which is 1 + 4,41 = (1 + i} +1)Et(§g1 ). Money demand is given by
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my — py = —NAiy + Py, (3)

where m; is log of nominal money balances held at the end of period ¢; y; is the
output at the end of period. The real money demand function above is an adaption of
the Cagan Model. The Money Supply consists of the book value of of Central Bank
foreign currency reserves r; and domestic credit d;. In order to simplify the model,
we assume that money supply consists solely of foreign reserves (i.e. d; = 0). In one
of the extensions of the paper, I show that all propositions hold with the addition of

d; in the model.

my =1, (4)

Output grows at a constant rate of Af each period with period length A without
change in exchange rate regimes. The economy experiences an output shock after the
unpegging happens, which lasts exactly one period. Assume 7' is period where the

exchange rate unpegging happens.

Yt = (5)

yr + A0 t>T+1ort<T
Exchange rate appreciation causes a continuous linear fall in output (and vice
versa, depreciation causes a continuous linear increase in output) in the period after
the peg is abandoned. The output shock is caused by short-term price rigidity, while

in the long term, price would adjust accordingly so there should be no long-term cost,

which is why the cost lasts exactly one period after the unpegging.
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1.2 Timing

To fix ideas I will adopt the following timing specification: at the beginning of each
period ¢t where the period length is A, the economy undergoes a shock to its output,

which is A# in normal times and A [# + « (é;.a — €;)] after the peg is abandoned.

1.3 Solving for the Speculators Problem in the Myopic Policy
Maker Case

1.3.1 Equilibrium

First I rule out a case where speculators believe that the fixed regime will never be

abandoned, in which case Fy(e;ya) = € for all ¢. In this case, output growth becomes

Ay =yi—n + A0 (6)

And from Equations 1 - 4 we have

re =€ — A"+ gy, (7)

since (2) implies that Ai; = Ai*. But the log reserve needs to grow at a rate of
¢Af. Hence given the upper threshold on the reserves that the Central Bank can take,
it is not rational for them to think that the bank will never abandon the exchange
rate regime. In fact, the fixed regime will be abandoned at a state 7' defined by the

following equations. Setting money supply equal money demand,

=€ —nAi* + oys (8)

Note that the highest reserve level can go is 7.

e—nAi" + gy =17 9)

18



Rearranging the terms yields,

T+ nAi* —é
F e A —
¢

The intuition for the previous equation is that the more sensitive money demand

(10)

is to output growth (which translates to a higher ¢), the faster speculative attack will
happen. This is intuitive because in the myopic policy maker case, the peg has to be
abandoned when the reserve threshold is hit. So if money demand grows faster since
it is more sensitive to output growth, then the time it would take to hit the threshold
would be shorter.

To solve the speculators’ optimization problem, it is necessary to determine the
exchange rate that will prevail after the fixed rate regime is abandoned. Define the
log of the shadow floating exchange rate, ¢; , as the exchange rate that would prevail
if the exchange rate were floating at ¢. In order for the exchange rate to be floating, in
the myopic policy maker case, it must be that the reserves rose to 7 at one point, and
after that point all foreign currency transactions will take place in private markets so
the money supply will simply be 7 . Solving for é; using Equations (1)—(5):

Here we are asking the question of what would the shadow exchange rate be if
the peg is abandoned in period t and speculators only look out to period A beyond
the current period (rather than 1 period ahead as in discrete time models). First set

money demand to equal money supply

r=¢e — nAi + oy (11)

Defining T as the date of the speculative attack in this traditional version of the

model. In the period right after the unpegging, by Equation (5), y7,a = y7 + A0 +

Aa [Er (Erya) — €7

Er(épin) —ér = —A¢ [0+ a(Er (épia) — €7)] (12)
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Solving for F; (ép1a) — ér yields

) Agh

By (épyn) — €7 = T Ada (13)

Notice that the greater output growth (6) is, the greater shadow exchange rate
would change from period to period. This is because shadow exchange rate essentially
reflects the demand and supply of currency. The demand of currency is positively
affected by economic growth, hence exchange rate would appreciate faster if economic
growth is faster. On the other hand, since output in the short term is negatively

affected by exchange rate by a size of a, and exchange rate is in turn dependent on

output, the change in exchange rate is negatively correlated with a. Let Kk = HATZM,
then shadow exchange rate is
ér =T+ A" —nk — dyr (14)

After period T, the growth rate goes back Af every period. In other words,
Yirn = Yy +AG for t > T+ 1. Solving for the shadow exchange rate! in the same way

yields

& =+ A — A0 — ¢y, t=>T 41 (15)

If the shadow floating exchange rate is more than the fixed exchange rate then
there is clearly no incentive for speculators to engage in a speculative attack. An
attack would cause a breakdown of the exchange rate regime and speculators would
make a loss. Speculators will therefore wait until the post-attack exchange rate equals
the fixed rate. At that point if the breakdown is delayed there will be profits to be
made by speculating in foreign currency. In this model, competition for speculative
profits ensures that a speculative attack occurs the instant they become available.

Therefore the attack must occur at the state where é7 = e so that there is no in-

!Derivation available in Appendix A on page 55.
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stantaneous jump in the exchange rate. The reason that we use é7 instead of é; for
t > T + 1 is that when the speculators make the decision when to attack, they con-
sider the instantaneous profit they can make rather than the shadow exchange rate
in future periods.

Setting é7 = € in Equation (14) yields,

e =T+ A" — oK — dyr (16)
P+ APt — ¢
yr = UT — Nk (17)

Together with Equation (17) and (10), we have

Ad

1+ Aga (18)

yr —yp=-—nk <0, K =

Since output increases with time each period, the speculative attack happens
before the reserve reaches its upper threshold. Initially reserves follow Equation (8),
increasing with the growth of real output. At T, the shadow floating exchange rate
increases to the fixed rate and a sudden speculative attack would increase the reserves
by n¢k, and forcing the reserve level to reach its upper threshold, which forces the

Central Bank to abandon the peg.

2 Model with an Optimizing Policy Maker

2.1 Timing

As in the myopic policy maker case, to fix ideas I will adopt the following timing
specification: although this is a continuous model, again it is helpful to specify the

sequence of action. The economy experiences economic growth (A when it is not the

aAgpl
1+A¢a

period after the peg is abandoned and Af — = Af — a¢r when it is the period

21



after the peg is abandoned) which affects money supply. Given economic growth and
the money demand, the speculators choose how much domestic currency to purchase
based on their belief about the likelihood of the peg being abandoned. In the myopic
policy maker case, the peg is immediately pegged or unpegged depending on whether
the reserve level reaches 7. In the forward looking policy maker case, however, the

policy maker can decide whether to abandon the peg after speculators take action.

2.2 The Policy Maker’s Problem

Each period, the Central Bank incurs a cost 7 for each period when it abandons the
exchange rate. It also immediately experiences a short-term cost to the output after
the abandonment. However, holding on to the peg is costly with the accumulation of
excessive foreign reserves. Disutility increases with the level of foreign reserves due
to two reasons as explained in the Introduction Section. First, the opportunity cost
of holding reserves could be high because foreign reserves are usually held in highly
liquid form that generates low rates of return and second, countries tend to hold
foreign reserves in the currency that they are pegged to. Although one can argue
that countries have the choice of diversifying their reserve portfolio, sometimes they
still accumulate large amounts of reserve in a single currency in order to influence
exchange rate more easily. These concerns about excessive foreign reserves have also
resulted in other political economic considerations. One example of the political
economy concern in Switzerland is the chance of a gold referendum that once passed,
would mandate the Central Bank to hold 20% of their reserves in gold. In fear of
excessive reserve building, especially in Euro, the Central Bank is willing to trade
with the cost of unpegging.

Since the foreign reserves is central to my analysis, I elaborate more on the func-
tions and opportunity cost of reserves to explain why they might be a concern in the
central bank’s objective function. Foreign reserves typically serve the following three

purposes. First, foreign reserves serve as a tool to affect exchange rates. Second,
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reserves could be used to calm disorderly markets. For example, when speculators
are exclusively betting one-sided on the exchange rate (either appreciation or depreci-
ation), the government would be able to make the market believe that there is still a
two-sided risk to the movement of the exchange rate. Third, foreign reserves could be
insurance against liquidity losses and disruptions to capital market access. Although
foreign reserves is an important tool of the Central Bank’s monetary policy, hold-
ing excessive foreign reserves generates opportunity cost. This is mainly due to the
low rate of returns to holding funds in currency and asset portfolios, which are the
common forms of foreign reserves in most industrialized countries. Countries usually
invest reserves in highly liquid assets such as foreign government securities. Due to
their high liquidity, these assets are able to insure a country against a loss of access
to capital markets but meanwhile, they generally yield low rates of returns.

Besides the opportunity cost to holding foreign reserves, they can also be costly
for political economy reasons such as the threat of a gold referendum that could
potentially mandate the government to hold 20% of their reserves in gold. The gold
referendum was organized by Swiss People’s Party, members of which argues that
the gold measures are necessary in face of excessive foreign reserves especially the
proportion denominated in Euro. The actual gold referendum proposal of Switzerland
consists of two parts—the Swiss Central Bank is required to hold a certain proportion
of their reserves in the form of gold and second, they are not allowed to sell that
proportion of gold. The drawbacks to this proposal is significant to economic policies.
First, the illiquidity of gold makes it hard for policy makers to respond to financial
crises using monetary policies. The second part of the proposal which prevents the
Central Bank from selling the gold would be troublesome when the Central Bank
wants to shrink its balance sheet. To hold onto the gold, the Central Bank might
have to sell other assets. Members of Swiss Central Bank have all been vocal about the
negative implications of the gold referendum on future Swiss national policies. Swiss

central banker Thomas Jordan says initiative would have hindered the effectiveness
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of monetary policy, calling it both “unnecessary and dangerous” because there is no
link between price stability and the share of gold in the CB balance sheet.

The Central Bank’s cost objective function consists not only of cost from excessive
foreign reserves but also that from the gap between current output and the ideal
output level. From the basic setup of the model, the economy experiences a short-
term output shock following the unpegging, whose size is proportional to the size of
fluctuation in exchange rate.

Each period, the government has an ideal output level y*, which is constant across
periods. Let y,; denote the output in period b when the peg is abandoned in period
a. Output in this case depends on the period where the peg is abandoned because
the output growth is y; = yyan + A0+ a(e; —er_a)]. So the earlier the peg is
abandoned, the earlier the output will start incurring cost from the appreciation of
exchange rate but also the earlier the output shock terminates because the output
shock lasts exactly one period. The Central Bank incurs a utility cost y* — vy
whenever the output level fails to reach y*. At the beginning of each period after the
output growth is realized, the government compares the cost between unpegging this

period and unpegging in the future.

_ A(ry+71 > P «
Vi = min {1(_t—5A) + E/A Z grat (" = Yera) s Are+ A (Y —ye) + 5AEt(Vt+A)
kA=t
(19)
Each period, the policy maker compares the cost of abandoning the fixed exchange
rate system with the current and expected future cost of maintaining it. Note that
the output only starts changing right after time ¢. Hence the output when the peg is
abandoned at t or t + A are both ;.
This specification implies that if the policy maker is expecting a speculative attack,

it will find it optimal to abandon the fixed exchange rate regime in the period before

the attack; otherwise more reserve would only cause more pain in the future. That is,
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if in the coming period the expected increase in reserves is large, the policy maker will
move to a floating exchange rate regime to avoid the attack. Notice that E;(Viia)
includes the information on the expected level of future reserves. Therefore, for a
given value of Vi A , low current period reserves make abandoning the fixed exchange
rate system more attractive.

Since the policy maker is pursuing a fixed exchange rate policy, it must find it
optimal to do so. This places a lower bound on the value of the parameter 7, the policy
maker’s preference for fixed exchange rates. In other words, the policy maker must
find the cost of abandoning the peg next period smaller than the cost of abandoning
the peg in this period, when there is no speculative attack. Mathematically, it means

the following

Alret7) | p, i AN (Y —yrerra) = A+ A ) =
1- 04 ~ o -
kA=t
A(r +7 = —1)A—t (, *
+5% % + B Y ASFTIDAT (T — g nryka)

kA=t+A

where the left-hand side is the cost of abandoning the fixed rate this period, and
the right hand-side is abandoning the peg next period.

Simplifying Inequality (20) yields the following?:

62 A

1_s4 (re = Tea) + AT > By Z FATEA (Y4168 — Yrra k)
k=t

I then examine the evolutionof output and calculate E; > oo, ¥ 7'A (Y 14kn — YerAsirn)-
I will explain how the output is calculated in terms of y;. Pick N such that
NA =1, and by assumption of the model that output shock lasts exactly one period,
when period length is A the exchange rate would affect output for N periods (with
length A) after the peg is abandoned. By Equation (13), the growth rate of exchange

rate is E; (é4n — €;) = —Qok

2Derivation available in Appendix A on page 57
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Eprprn = Y+ A0+ ks (Crppn — 614

= y+ A0 — adr)

Right after time ¢ + 1, output again grows by A# each period with length A.

Ewpriron = Eyrin + A0 — agk)

= y + 2A0 — 2Aa¢k

Eyiiina = ye + NAO — NAagrk

The same calculation applies to the output path when the peg is abandoned ¢+ A.
This time the effect of exchange rate on output stops at ¢ + (N 4 1)A because it also
starts one period (with length A) late. After period t + (N 4+ 1)A, the differences
between the two output paths goes away. The following is the different paths that

output will follow when the peg is abandoned at t and ¢ + A respectively.

Hence adding in the discount rate and calculate F; Zozt L TAN (Yttrkn — yHA’Hm):?’

S kA—t 0% (1 — 5NA)
E; Z 0 A (Yrprka = Yeratrka) = —TAO@K (21)
k=t

Equation (20) thus turns into

3Derivation available in Appendix A on page 58.
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Table 1: Evolution of Output

Time ‘ t ‘ t+ A ‘ t+2A
Peg abandoned at ¢
output Yt Yt t+A Yt t+2A
output in terms of Yt yt + A0+ a(Errn —et)] Y40 + A [9 +a (ét’t_;'_QA — et’t_,_A)}
previous period
output in terms of y Yt yt + A (0 — agk) yt + 2A0 — 2Aadk
Peg Abandoned at t+1
output Yt Yt+A,t+A Yt+A,t+2A
output in terms of Yt yr + A0 yr + A0 — Aagk
previous period
output in terms of y; Yt yr + A0 yt + 200 — Aagk
Yt,t+nA — Y+ A t+nA 0 —Aagk —Aagk
Time ‘ t ‘ t+ 3A ‘ . until time ¢t + 1
Peg abandoned at ¢
output Yt Yt,t+3A Yt,t+NA
output in terms of Yt A [9 ‘a (gz”:iiﬁ _ €t,t+2A)} Yt t+(N—1)a + A (0 — adk)
previous period
output in terms of y; Yt Yyt + 3A0 — 3Aapk yt + NAO — NAagpk
Peg Abandoned at t+1
output Yt Yt+A,t+3A Yt+At+NA
output in terms of Yt YA 424 + A0 Yera+(N—1)A + A (0 — apr)
previous period
output in terms of y¢ Yt yt + 3A0 — 2Aapk yt + NAO — (N — 1) Aagk
Yt,t4nA — Y+ A t+nA 0 —Aagk —Aagk
Time ‘ t ‘ t+14+A t+1+42A
Peg abandoned at ¢
output Yt Yt t+14+A Yt t+142A
output in terms of Yt Y, e+1 + A0 Yt t+14+A + A0
previous period
output in terms of y; Yt bt t%VA—;;LAQ yt + (N +2) A0 — NAagk
Peg Abandoned at t+1
output Yt Yt+At+14+A Yt+At+142A
output in terms of Yt YA 41 + A0 — agk) Yt t+1+A + A0
previous period
output in terms of y¢ Yt vt t%VA—Z;LAe yt + (N +2) A0 — NAagk
Yt,t+nA — Yt+A t+nA 0 0 0

**N is such that NA = 1.
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§AA = _
1_542 (re = reea) + AT > By Z §ATIA (Yt1+kA — Yt k)
k=t

—_—T > (THA—?})—(l—(; )Oé¢li

(SA

Here we are calculating a lower bound for 7 when there is no speculative attack and
the change in reserve level for times with no speculative attack is given by Equation

(7). It implies that riyn — e = & (Yyren — y:) = AO. And so

Ty A — T = ¢A0 (22)

Hence from Equation (23) and the previous equation, given a period length A,

the lower bound for 7 is becomes

55T > A0 — (1 —6"2) agr (23)
where xk = 7 fja 3 This is Assumption 1 in our model.

2.3 The Speculators’ Problem

The solution to the speculators’ problem is described by Uncovered Interest Parity,
Equation (2). However, speculators will be aware that the policy maker may decide
to allow the exchange rate to float before reserves reaches 7. If it decides to do this
the floating exchange rate will no longer be described by (14).

To describe the shadow floating exchange rate, let ér; denote the exchange rate
that would prevail at t if the exchange rate was first floated in T'. So the first subscript
gives the date the fixed exchange rate was abandoned and the second subscript refers

to the current date. Notice that the interpretation of that shadow floating exchange
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rate in the optimizing model is slightly different than it is in the myopic model. In
the myopic model ¢; is the exchange rate that will prevail if the reserve level reaches
7, which is the only binding criteria used to judge whether the policy maker would
abandon the fixed exchange rate regime. In the optimizing model ér; is the exchange
rate that will prevail at ¢ if the policy maker abandons the fixed exchange rate at
date T'. The difference arises because here the policy maker may choose to abandon
the fixed exchange rate without a speculative attack. In the latter case, after policy
maker abandons the peg at time T, the reserve level will remain at r7, since all later
transactions take place in private markets.

Since all foreign currency transactions in the floating rate period take place in
private markets, the log of money supply will be rr. Here we denote ¢; as the
probability for the Central Bank to abandon the fixed exchange rate. We set E;(e;1a—
er) = q(Ererrn — €;). So when the speculators expect the policy maker to abandon
the peg this period (¢ = 1), Ei(esrn — ;) = Eiepon — €, and the expected change
of exchange rate would be zero if the speculators believe the policy maker does not
abandon the peg this period. Solving for the shadow exchange rate from Equation

(1)—(5) similar to the myopic case.

rp = éry — N[AT" + Erin — éry + oy (24)

The exchange rate dynamics for the period right after the abandonment is different
from the exchange rate dynamics one period after. Between T and T+ 1, output is
linearly affected by change in exchange rate. After T+1, it is not affected by exchange
rate. In order to capture the nuanced dynamics of this one-period output shock, at
time 7', 1 assume the speculators will be concerned with the interest rate change
between time ¢t and t + A, where A < 1. At time T, if the speculators only consider
the exchange rate in one period ahead, then they lose the interest rate dynamics
between T and T + 1 caused by this one period shock to output. And that is why a

continuous time framework is necessary.
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First I calculate the shadow exchange rate between T" and T'+ 1. Here the shadow
exchange rate érri,a, where n € [0, N] (where NA = 1), denotes the exchange rate
that would prevail at time 7'+ A when the peg is abandoned at T" and the speculators

look out to period A ahead.

T = €r14na — NAITina + OYrina (25)

We can derive that *

Apf

E, (e n — erTinA = ————— 26

(enavena) — Errins =~ a (26)
Let k = %, then the change in expected shadow exchange rate

Errena = 17 + DAL —nok — dyrrina N <N (27)

where NA = 1. Otherwise when ¢t > T + 1, output growth returns to be A6 per

period.

ery = rr + A —neAd — ¢y, t>T+1 (28)

If speculators were not holding very much foreign currency at the time of the
abandonment, then the money supply will be relatively high, resulting in a high path
for the floating exchange rate. Thus if reserves are high at the time of the move to a
floating exchange rate then the exchange rate itself will be relatively high as well. In
fact, if speculators did not expect a change in the fixed exchange rate, reserves would

be given by Equation (7), which is obtained by setting F;(e;y1) = € for all t.

€ =1 +nAi* — oy, (29)

If the speculators don’t expect the government to abandon the fixed exchange rate

4Derivation available in Appendix A on page 59.
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(¢ = 0), the shadow exchange rate would be given by setting the period where the
government abandons the peg, T to be t in the expression for shadow exchange rate

(Equation (27))

€t =T+ NAT" — noK — oy (30)

which is because in calculating the shadow rate, we assume that there is no spec-
ulative bubble.
Replacing r;+nAi* — ¢y, with € by Equation (29), we find that the shadow floating

exchange rate in this case would be strictly greater than the fixed rate,

{end E(q) =0} = € —nor (31)
This means that if the speculators does not expect the government to unpeg while

the government does unpeg, then the

Proposition 1. In equilibrium, high probabilities of abandonment will result in high

levels of reserves.’

Intuitively, higher probabilities of abandonment would cause speculators to hold more
domestic currency (with the expectation that it would appreciate once the regime

becomes floating).
Proof

Speculators are still governed by Uncovered Interest Parity. If we are in the fixed
regime in the current period, UIP becomes
Aty = Ai* 4 qy(E40 — €) (32)

where €;,,4a denotes the shadow exchange rate in the next period assuming the

peg is abandoned in this period. Since A < 1, we use the first equation for shadow

Derivation available in Appendix A on page 61.
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exchange rate (Equation (28)), Eié;ryn = 1t + nAi* — nA¢k — ¢yra. Combining it
with Equations (1), (3), (4), (5), we get

_ ) qt I+n
=e—nAi* + oy + PA) | ———
re = € —nAi Ut 1 nqtn L ] (33)

The derivative of r; with respect to ¢; is

ory 1 qin ] { T+n

ory _ _ Ab 4
g L+ng (1+ng)? 1+O¢¢A A0 >0 (39

1
14+nqs

Since ¢;,n < 1 and > 5, we have g—;’z > 0, which completes the proof

1
(1+ngqt)

of Proposition 1. [J

Proposition 2. If ¢ <1 then ¢, <e. If ¢ =1, then &, = e.b

Intuitively, if speculators are certain that the exchange rate will be abandoned they
will continue to buy domestic currency as long as the shadow floating exchange rate
is smaller than the fixed rate. These domestic currency purchases increase the money
supply and hence decrease the shadow floating exchange rate until it equals the fixed
rate. Put another way, the shadow floating exchange rate will always be at most as
high as the fixed rate since otherwise speculators would find it profitable to buy foreign
currency, thereby decreasing the money supply and lowering the shadow floating

exchange rate.
Proof

Setting ¢; = 1 in Equation (33), we get

Angpl

— & — nAQ* =7
ry=e€e—mn Z+¢yt+1+¢aA

And hence € = r; + ni* — ¢y, — nPr. The shadow exchange rate at the time when

the peg is first abandoned is given in (27). Setting 7" = t and set n = 0, we get

SDerivation available in Appendix A on page 63.
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€+ = € when ¢ = 1. To prove the first part, note that the shadow rate is decreasing
in the level of reserves and the level of reserves is increasing in ¢; by Proposition 1.

Hence given that é,, = e when ¢ = 1, we have that ¢,; < e when ¢, < 1.

2.4 Equilibrium

In the standard model where the policy maker remains passive, speculators attack
the fixed exchange rate as soon as the shadow floating exchange rate decreases to
the fixed rate. However, this attack imposes losses on the Central Bank, making it
attractive to abandon the fixed rate just before the attack. By abandoning the fixed
exchange rate regime one period early the policy maker would avoid the speculative
attack. One might presume that this would be an equilibrium, since in the traditional
model with a myopic policy maker, the shadow floating exchange rate does not rise
to the fixed rate until one period later. However, this is not the case. If the policy
maker chooses to abandon the fixed exchange rate when reserves are still below 7,
then the shadow floating exchange rate will be correspondingly lower and speculators

will find it profitable to plan an attack in the beginning of that period.

Proposition 3. If ¢,_n = 0 and ¢, = 1 for any ¢ < T, where T is the period when
the speculative attack takes place in the myopic case, then r; — r;_ A =

nor + ¢A6.7

Intuitively, since reserves increase by ¢A# each period due to real output growth, if
speculators know for sure that the government would abandon the fixed regime in the
next period, they would immediately plan an attack of size n¢x. Note that the size
of the speculative attack is the same as the size of the attack in the myopic case and
it does not depend on the date of the abandonment. In the myopic model the size
of the attack does not depend on the critical level of reserves 7, but the date of the

speculative attack is uniquely determined by 7. Thus in the myopic model there is a

"Derivation available in Appendix A on page 64.
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one-to-one correspondence between i and the date of abandonment, given either, one
can deduce the other. In Proposition 3 the specification of the date of abandonment
(i1 = 0 and ¢, = 1) is therefore tantamount to picking a different critical level of

reserves in the myopic model.

Proof

Trivial application of Equation (33).

Proposition 4. In equilibrium ¢, < 1 for all t < T8

Intuitively, if the policy maker plans to abandon the fixed exchange rate, specula-
tors will try to take advantage of this by purchasing domestic currency, resulting in
high Central Bank foreign reserves. So when the time comes for the policy maker
to actually implement the switch to the floating rate, it will find that reserves are
already quite high and that the damage from speculators has already been done. The
additional damage that they could do if the policy maker waited one more period is
relatively small. So it is in the policy maker’s best interest to continue maintaining
the fixed exchange rate. Therefore switching exchange rate regimes at time t < T
with certainty cannot be part of an equilibrium strategy. This implies that in equilib-
rium the policy maker will not be able to preemptively abandon the fixed rate with

certainty at ¢ in order to avoid a speculative attack in t + A.
Proof

Consider the case where ¢, = 1 while ¢ < T for the sake of contradiction. This
assumption means that the Central Bank must find it optimal to abandon the fixed
exchange rate regime, which means it must find the cost of abandoning the peg this
period would be smaller than the cost of abandoning the peg next period. Their

objective function (19) implies that

8Derivation available in Appendix A on page 65.
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AT+T [e'¢) B ) * N L
1(_t—5A)+EtZ(5kA tA(y —Yrrrkn) < AT +A(y —yt)+5A (lti+§A )

kA=t

+5AE1; Z AgF—DA (V" = Yegrat+rna)
EA=t+A

where the left-hand side is the cost of abandoning the fixed rate this period, and
the right hand-side is abandoning the peg next period. The previous inequality can

be simplified to

1—62
(5A

7 < (Baga—r)— (1- 5NA) apk (35)

Now consider the speculators’ optimal choice. Since ¢, = 1, Proposition 2 implies
that they purchase domestic currency to a point where é;; = e. From Equation (33),

we know the reserve level is

ry = € — NAV + ¢y + ok (36)

The speculative attack in t + A would only continue if the shadow rate is at least
as low as the fixed rate, €4 1+ < €, an inequality since g4 A might be smaller than
or equal to 1. This implies, by the fact that the level of foreign reserves increases
in shadow exchange rate. And we are given that when €y a1 n = €, Eyripn =

e— ni* +ngk+ yira. So when €,4n 114 <€,
Eyryen < € —nAi" + 0ok + 0Ly (37)
Hence (37) -(36) yields

Eryn — 1 < O(Yera — Yt) (38)
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In our derivation of E;r; A, we are assuming that the peg is not abandoned until

time t + A, hence the output y, .4 is not affected by exchange rate yet. Therefore

Eirgon —1m < ¢(yt+A - yt) (39)

= ¢Af (40)

Substitute this into Equation (35),

1— 42
PN — (1 —0N) agr > a7 (41)

But by Assumption 1 in Equation (23), pA0 — (1 — 6V4) agr < 1g§AT. =<
This completes the proof of Proposition 4 that the Central Bank will not pursue

¢: = 1 in any period before T. O

The argument given in the myopic case implies that ¢; = 1 for all t > T. Therefore
an implication of Proposition 4 is that the only remaining potential pure-strategy for
the policy maker involves setting ¢, = 0 for all t < T and ¢ = 1 for all t > T.

Consider in the next proposition what is necessary for this to be an equilibrium.

Proposition 5. If t < T and ¢, > 0, then ¢, = 0 can only be part of an equilib-
rium strategy if (Eyria — 1) < 1E—§AT + (1 — 5NA) apr. As A — 0, in

continuous time framework, such equilibrium doesn’t exist.

Intuitively, this means that passively waiting for an attack can only be optimal when
the increase in reserves, and thus disutility, is small relative to the policy maker’s

preference for the exchange rate peg.
Proof

For the choice of ¢, = 0 (not abandoning the peg in period t) to be optimal for the
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policy maker, it must find that abandoning the peg is more costly than continuing

with the fixed regime. In other words,

A(ry+7 - _ . . Eirgon+71
%M@ D IETIAW —pka) = A+ Ay -y + 00—
kA=t
+02F, Z slk—DA—t (V" — Yirnitra)
kA=A
. 00 ekt [ % 00 ch—t [, % 58 (1-6M4)
By Equation (21), 327 67" (4" = Y1) =222 07 (" — yek) = ——15a—Dagk.

Hence the Inequality can be simplified to

14
6A

T = (Erga —1) — (1 - 5NA) Pk (42)

which reduces to

(Eyrion — 1) < 1E§AT + (1 — 5NA) QK (43)

Put in words, maintaining the fixed exchange rate will be optimal as long as in the

next period reserves will not fall by more than 1g§Ar + (1 — 5NA) agk. As A — 0,

1g§Ar + (1 — 6N A) a¢r — 0, which means that in continuous time framework, ¢; = 0

is not an equilibrium for ¢t <7 . [J

Proposition 6. With short period lengths no pure-strategy sub-game-perfect Nash

equilibrium exists for t < T.
Proof

This is the result of Proposition 4 and 5.
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3 Backward Induction

Intuitively, if the policy maker can predict an imminent speculative attack then it
will wish to abandon the fixed exchange rate regime just before the attack. Likewise,
if speculators can predict this preemptive abandonment of the fixed exchange rate
regime, then they will exploit this knowledge by buying foreign currency just before
the abandonment. Thus in order to avoid a speculative attack the policy maker must
introduce uncertainty into the decisions of speculators. It cannot follow a predictable

pure strategy, since such a strategy would result in a speculative attack.

The subgame-perfect Nash equilibrium can be constructed by backward induction.
The argument made in the myopic case implies that in any equilibrium ¢z = 1. Given
this, it is possible to examine the policy maker’s optimal strategy in 7 — A. And from
this it is possible to examine the policy maker’s optimal strategy in 7 — 2A, and so
on.

Consider a time ¢t < T where ¢,; > 0. That is, in the coming period there will
be a positive probability that the policy maker will abandon the fixed exchange rate.
The policy maker must find this optimal in period ¢ 4 1, which implies that it either
strictly prefers to abandon the fixed rate regime in ¢ + 1 or it is indifferent between
abandoning and maintaining the peg. In either case from the their objective function,
Equation (19), the maximized expected present value of its cost function is given by
% + B3 iac O TIA (Y = Yrena)-

From Proposition 4, ¢, = 1 when ¢ < T is not possible. Suppose for a moment
that ¢; € (0,1), which means that the policy maker is indifferent between maintaining

and abandoning the fixed exchange rate regime. From Equation (19), hence

1—62

a7 = (Tt+A—Tt)—(1—5NA)(X¢Ii
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and the Central Bank log reserve value must equal to

Ty =TiA — 6—AT + (1 —0 ) QoK (44)

Working backwards from time T', r5_, = 75 — [1E§AT + (1 — 5NA) o«ém] Since
r¢ = 7, we have

_ 1—42 NA
Tpoa =T — |:5—AT +(1=46"%) 0“?“} (45)

Then working backward from T — A, it is possible to establish T, the earliest
state where abandonment of the fixed exchange rate can be an equilibrium outcome.

Tterating (44) yields®

Te=T— (TA_ t) {15;%7'%— (1—6V%) agr (46)

Equation (46) describes the equilibrium level of reserves as long as it yields reserves
that are greater than those given by Equation (7) because that point and earlier ¢, = 0
is an equilibrium and so reserves will follow Equation (7). After T reserves increase
quickly, but continuously, until they reach their upper bound at 7.

During [T, T], the Central Bank plays a randomized strategy. Since we will be
interested in expressing shadow exchange rate é,; with y7 and 7, and the expression
for shadow exchange rate é;; involves y;;, as shown in Equation (27). Hence here
I derive y;, in terms of y7. According to the output table (where NA = 1), v, =
Yrirn — NAO — NAagr. '

Ytt = Yr — (T - t) 0 — agk (47)

Substituting (47) into the shadow exchange rate in Equation (27), solving for

9Derivation available in Appendix A on page 67.
0Derivation available in Appendix A on page 69.
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)

€t = (F+nAi* —nék — ¢yg) — (T —t) { {%r + (1 - 5NA> agzm} /A — $0 — (%) o«;m} E= g f(w
(48)
According to Equation (16), € = 7 + ni* — n¢x — ¢ys, hence
€t :E—(T—t){[lngT—i- (1—5NA) Oé(bl{| JA — @0 — (Tqit) ocqbn}, K= % (49)

To examine the behavior of the interest rate in equilibrium before the unpegging
happens, note that (1), (3) and (4) yield that,!?
€+ QY — 1

i = Ay (50)

and during ¢t € [T, T], reserves are given by Equation (46) and output before
unpegging is given by y; = yp — (T — t) 0. Plug in y7 from Equation (17) into the

Equation above, ¢pys = 7 + nAi* — € — nok, we have

%T—F (1—oM2) oz<b/f> JA — ¢
An

i =1"—¢r/A+ (T —t) ( (51)

From the definition of T the interest rate is equal to the world rate at T. This is
because T is defined as the period where the reserve level at which the speculators
don’t expect a change in exchange regime (and thus i = i*) equals the reserve level
from backward induction as in Equation (46). Since i; is derived from the period
where the reserve level at which speculators don’t expect a change in exchange rate,
i = i*. It then decreases linearly until it reaches i* — ¢x/A at T. Intuitively it
makes sense for i; to decrease because by UIP, i, = i* + E; (€41 — ¢;) and after T,
there is chance that the government would abandon the peg, and thus the exchange
rate next period experiences appreciative pressure. Hence the term Ej; (6,41 — €;) is

negative and therefore i, < ¢* for t > T.

HDerivation available in Appendix A on page 78.
12Derivation available in Appendix A on page 70.
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The one remaining endogenous variable is ¢;, the probability that the policy maker
abandons the fixed exchange regime. This can be derived by noting that €, ;4 n — €4 =

(Y —yira). From Uncovered Interest Rate Parity (32), i = i*+q;(é;44a —€) yields,'3

vt — iy

(52)

T {[587+ (- 0v) agw| /o - 60— (72) agr} + on

At T, i, = i* and then i, decreases linearly afterwards. So Equation (52) says that
the probability of abandoning the fixed exchange rate is zero at T. It then increases,

at an increasing rate, until it reaches 1 at 7.

3.1 Interpretation

Before the point T, the policy maker would not abandon the fixed exchange rate
regime because the reserve level is not high enough, while at 7" the policy maker
have to abandon the peg due to excessive accumulation of reserves. Before T reserves
are low enough so that if speculators attacked and drove reserves up to its upper
reserve threshold, forcing a move to a floating exchange rate, they would increase the
domestic money supply to a point where the floating rate would exceed the fixed rate,
which is a loss to the speculators; hence they do not attack. The domestic interest
rate is therefore equal to the world rate.

After T both speculators and the policy maker realize that T is approaching, the
reserve level is high enough that the unpegging would be imminent. Each period, the
government evaluates the cost of remaining the peg versus that of abandoning the
peg. The no arbitrage condition in the market ensures that the speculators always
purchase enough domestic currency (increase Central Bank’s holding of foreign re-
serves) so that the policy maker is indifferent between the two choices. The increased

amount of domestic currency in the hands of the speculators drives down the domestic

13Derivation available in Appendix A on page 71.
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interest rate and forward exchange rate premium while driving up the shadow floating
exchange rate. Therefore the opportunity cost of holding foreign currency is decreas-
ing, and the benefit to successful speculation is declining. But the probability that
speculation will be successful is increasing rapidly, ensuring that the expected return
from holding domestic currency remains constant at zero. However, in the event of
a move to floating exchange rates, while there is no sudden increase in Central Bank
reserves, the ex-post profits from holding domestic currency can be substantial, since
the shadow floating exchange rate is below the fixed rate until 7.

The model also intuits how the government’s probability for abandoning the peg
changes with different parameters. Increased output growth results in increased mar-
ket expectation of the unpegging, which in turn leads to higher reserves because spec-
ulators would purchase more domestic currency to earn profit when it appreciates.
The more the output shock is correlated with the magnitude of change in exchange
rate upon unpegging, the less the market expects the policy maker to unpeg, which
in turn results in less accumulation of reserves during the speculation period. This is
intuitive because the greater output shock increases with exchange rate jump upon
unpegging, the more cost that the policy maker incurs, the less likely they would

abandon the peg.

4 Extensions of the Model

In the appendix, I include several variations of my model. Appendix B presents a
discrete-time model where the output grows stochastically each period. The model
is still governed by purchasing power parity, uncovered interest rate parity, money
demand, money supply and domestic credit growth function. In this model, the
economy does not experience a short-term shock upon the onset of a currency crisis.
Each period the policy maker compares the cost of abandoning the peg to that of

maintaining it. The policy maker plays a randomized strategy. If it had a preferred
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strategy, the speculators would find it profitable to purchase more domestic currency
to the extent that no more profit can be earned even if the policy maker decides to
unpeg the fixed exchange rate regime. This purchase of domestic currency increases
the Central Banks’ holding of foreign reserves, which is a cost to the government as
governed by its objective function. However, since the speculators would purchase
domestic currency (and increase foreign reserves) to the level where the government
is indifferent between pegging or unpegging, the loss of increase in reserve (in other
words, the cost of a speculative attack), is already incurred. So the government would
be indifferent between pegging and unpegging.

Appendix C introduces a stochastic shock to the cost of holding foreign reserves
in the policy maker’s objective cost function. This stochastic element aims to capture
events that happen abroad but influence the cost of holding reserves. For example,
Denmark experienced a speculative attack following Switzerland’s unpegging because
traders lost confidence in safe haven countries and noticed that Denmark also accu-
mulated a notable amount of reserves. This spillover effect can either be captured in
a stochastic shock to the money demand function or a stochastic shock to the cost of
holding excessive reserves. The model shows that a big enough shock could force the

policy maker to unpeg is currency.

5 Empirics

This section aims to quantitatively capture the correlation between Switzerland’s re-
serve level and the market’s sentiment towards its unpegging risk during 2011 and
2015. Recall that my model predicts, there exists a point T, after which the spec-
ulation against the peg increases more dramatically with reserve level compared to
before T. The reason is that after T, the Central Bank’s foreign reserves holding is so
costly that unpegging is imminent. In Switzerland’s case, T is March 2013, when the

gold referendum proposal was approved with 100,000 signatures from the Swiss citi-
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zens. According to my model, before March 2013 we should expect a positive but less
significant correlation between foreign reserves level and market speculation against
the peg. After March 2013, the positive correlation between the two should be much
more significant. I use 25-Delta Risk Reversal data from Bloomberg as a proxy for
market’s sentiment towards the unpegging of Swiss Franc. At the end of the section,
I apply the parameters derived in Switzerland’s case to Denmark whose currency is
also pegged to Euro. I argue that since Denmark’s data best fit with the set of pa-
rameters that capture Switzerland’s reserve dynamics before T (i.e. March 2013), in
the context of my model, Denmark is likely to still be in the period before T and
that is potentially why Denmark did not experience speculation when Switzerland
did. However, readers should note that all the empirics in this paper are correlations
rather than causations. My goal in the empirics section is not to prove my model.
Rather it is to show my model could be a potential explanation for the dynamics in
the foreign exchange markets of Switzerland and Denmark.

In order to understand the 25-Delta Option Skew, I first clarify a couple definitions
including that of Delta, implied volatility and risk reversal. First, Delta is the partial
derivative of the value of the option with respect to the value of the underlying asset.
In other words, Delta measures the degree to which an option is exposed to shifts in
the price of the underlying asset (i.e. stock) or commodity (i.e. futures contract).

Implied volatility is derived from an option’s price and shows what the market
“implies” about the stock’s volatility in the future. It acts as a critical surrogate
for option value—specifically, the higher the implied volatility, the higher the option
premium.

For a given maturity, the 25-Delta risk reversal is the implied volatility of the
25-Delta call less the implied volatility of the 25-Delta put. The 25-Delta put is the
put whose strike has been chosen such that the Delta is -25%. Hence the risk reversal
being positive means the underlying asset would have big volatile upward movement

and small and less volatile downward movement. The reasoning is the following—risk
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reversal being positive means the implied volatility of a call option is more than the
implied volatility of a put option. And since larger implied volatility of a call option
means the option premium for a call option is higher, which means the demand for
the option is higher. Further, the reason for the increased call option is that market
thinks the underlying asset would have big volatile upward movement and small and
less volatile downward movement.

One-Month 25-Delta EURCHEF Risk Reversal reflects the difference between the
implied volatility on the 25-delta One-Month Euro call and the implied volatility
of the One-Month Euro put against Swiss Franc. A positive risk reversal means
the market expects the underlying asset (Swiss Franc per Euro) to have big volatile
upward movement and small and less volatile downward movement, which indicates
the depreciation of Swiss Franc. A negative 25-Delta risk reversal would mean that
the market expects the underlying asset (Swiss Franc per Euro) to have small upward
movement and big and more volatile downward movement. In terms of currency, more
volatile downward movement means the appreciation of Swiss Franc.

Almost all major events that potentially impact the price of a currency are re-
flected in its risk reversal market. For example, the following graph shows the Euro-
Swiss One-Month Risk Reversal data between 2007 and 2016. In September 2011
after the peg was established, the market clearly expected Swiss Franc to depreciate
and in December 2014, the gold referendum again is reflected as a decrease in risk
reversal, signaling that the market expected an increase in probability for Switzerland
to unpeg. Then comes the Swiss unpegging on January 15, 2015 that caused Swiss

Franc to appreciate 30% within 13 minutes.

5.1 Switzeralnd Case Study

My theoretical model predicts that before T, which is March 2013 for Switzerland,
there would be a negative correlation between Foreign Reserve-GDP ratio and Euro-

Swiss Franc One-Month 25-Delta Risk Reversal data. After March 2013, 1T expect a
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Figure 3: Three-Month Euro and Swiss Franc 25-Delta Option Skew
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more significant negative correlation between the two.

5.1.1 Data

The data I use for foreign reserves is the monthly foreign currency reserves pub-
lished by SNB. Nominal GDP data come from World Economic Outlook, monthly
CPI data from Bloomberg (indicator name: SZCPIYOY:IND) and Euro-Swiss Franc
One-Month Risk Reversal data from Bloomberg (indicator name: EURCHF25R1M).
Since reserve data are only available monthly, the frequency of my regression data
is monthly. Risk reversal data are available every three days, which are averaged
on a monthly basis before entering into regression. Nominal GDP data is available
annually, and thus to calculate the Foreign Reserve-GDP ratio, I use the same GDP

for every month within the year.

5.1.2 Results

Once we restrict out attention to post-March 2013 data, a one percent increase in
foreign-reserve-GDP ratio is associated with a -20.4 vol decrease in risk reversal,
indicating that increase in reserve is correlated with an increased speculation about
the appreciation of Swiss Franc. Although this regression with limited observations

only shows the correlation between foreign-reserve-GDP ratio and risk reversal, it
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Table 2: Correlation between EUR-CHF Risk Reversal and Swiss Reserve Ratio post
March 2013

OLS Regression
Dependent variable: Monthly Averaged EURCHF Risk Reversal

Reserve-GDP Ratio -20.43%**
(5.996)
GDP Growth 4.195
(6.376)
CPI -1.103*
(0.536)
Constant 14.68***
(4.155)
Observations 22
R-squared 0.446

Standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

qualitatively agrees with the predictions of my theoretical model.

When we restrict our sample to September 2011 and March 2013, I find statisti-
cally significant correlation and negative correlation between reserve-GDP ratio and
risk reversal, although the magnitude of the correlation is much smaller than the in
the post-March, 2013 data (See Table 3). To be specific, a one percent increase in
reserve-GDP ratio is correlated with a -4.0 vol drop in the EURCHF risk reversal
(compared to -20.3 for post 2013 March regression). These two sets of regression
results confirm the model’s prediction that before T, the market speculation against
the peg would not be as strongly correlated with the increase in reserve level than

after T, where T represents a time after which the unpegging is imminent.

5.2 Denmark Case Study

Denmark’s currency is also pegged to Euro and is often under appreciative pressure.
As T will show, Denmark could be an application of my model whose reserve level is
still at the pre-T level. Overall, Denmark’s Foreign Reserve-GDP ratio is at a much

lower position compared to Switzerland. Even at the highest point, their Foreign
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Table 3: Correlation between EUR-CHF Risk Reversal and Swiss Reserve-GDP Ratio

OLS Regression
Dependent variable: Monthly Averaged EURCHF Risk Reversal

Reserve-GDP Ratio -3.954%**
(1.782)
Nominal GDP Growth -10.81
(11.55)
CPI 4.392%**
(0.824)
Constant 5.207%**
(1.307)
Observations 17
R-squared 0.688

Standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

Reserve-GDP ratio is only 40%, while Switzerland has reached 80% by the end of
2014. The data I use for Denmark foreign reserves is the foreign exchange reserve
published by Denmark NationalBank (See Figure 4).

Given the relatively low foreign-reserve-GDP ratio in Denmark compared to Switzer-
land, my model would predict that Denmark still lies in the pre-T range where the
risk of unpegging is low. To check this, I plug the two sets of coefficients derived from
the two regressions in the Switzerland case (pre-March,2013 and post-March,2013)
to Denmark data and find that the pre-March, 2013 data fit Denmar data much bet-
ter. To be specific, the correlation between the predicted risk reversal values and the
actual values using pre-T coefficients from Switzerland case is 0.4873, whereas the
correlation between the two using the post-T coefficients -0.4387. Again although
all the statistical analysis presented in this section is only correlations rather than
causations, my model at least agrees with the empirics qualitatively.

Next I aim to explain the difference in Denmark and Switzerland’s foreign reserves
level in the context of my model. In the model, the increase in reserve level when there

is no speculative attack depends on GDP growth rate (see Equation (22)). Turning
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Figure 4: Denmark foreign reserves as a Share of GDP
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Source: World Economic Outlook and Denmarks NationalBank

to the statistics of Switzerland and Denmark, note that from 2012 to 2013, when the
reserve difference experienced a major jump, the difference in their real GDP growth
also did experience a big jump (1.32% in 2012 and 2.33% in 2013 compared to 0.01%
in 2011). The gap between the reserve levels of the two countries also widened in 2010
when the difference in real GDP is 1.52%. From 2010 to 2015, the correlation between
the difference in the two countries’ real GDP and the difference in reserve-GDP ratio
is 0.37. Readers should note that these correlations do not prove the correctness of
my model. Rather it verifies again that my model manages to capture this aspect of

the correlation between foreign reserve and real GDP growth.

6 Conclusion

The paper explores the problem of whether countries that chronically resist revalua-
tions are ever vulnerable to speculative attacks the way countries that resist devalua-
tions are. It sheds light on the timing and nature of Switzerland’s unpegging decision

on January 15, 2015 and whether they are consistent with a rational, optimizing pol-
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icy maker. It could also provide one explanation as to why Denmark, whose currency
is also pegged to Euro, did not experience the speculative pressure that Switzerland
went through during the same period of time. Looking forward, a modified version of
this model can also be applied to understand the exchange rate dynamics of China
and Saudi Arabia.

My model captures a forward-looking policy maker that evaluates the costs of
abandoning versus maintaining the peg every period. Excessive reserves impose a
cost for the Central Bank due to their low return and the potential risk they expose
the country to when a large portion of the foreign reserves is in a single currency.
My model captures the short-term output shock following the change in exchange
rate regime, which is caused by the normal rigidities in prices. Observing the policy
maker’s objective function, the traders in the market would keep purchasing domestic
currency until the policy maker is indifferent between pegging and unpegging. Oth-
erwise there would be an arbitrage opportunity for the speculators. Since the policy
maker is indifferent in each period, it is essentially pursuing a randomized strategy
in equilibrium. So instead of a sudden speculative attack, there is a prolonged period
of increased probability for the policy maker to abandon the peg accompanied by
increased speculation in the market.

The basic intuition for the paper is as follows. There is a point T before which the
policy maker would not abandon the fixed exchange rate regime because the reserve
level is not high enough. And there is a period T where the policy maker would
abandon the peg for sure due to excessive accumulation of reserves. Before T reserves
are low enough so that if speculators attacked and drove reserves up to its upper
reserve threshold, forcing a move to a floating exchange rate, they would increase the
domestic money supply to a point where the floating rate would exceed the fixed rate,
which is a loss to the speculators; hence they do not attack. The domestic interest rate
is therefore equal to the world rate. After T both speculators and the policy maker

realize that 7' is approaching, the reserve level is high enough that the unpegging
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would be imminent. The increased amount of domestic currency in the hands of the
speculators drives down the domestic interest rate and forward exchange rate premium
while driving up the shadow floating exchange rate. Therefore the opportunity cost
of holding foreign currency is decreasing, and the benefit to successful speculation is
declining. But the probability that speculation will be successful is increasing rapidly,
ensuring that the expected return from holding domestic currency remains constant
at zero. However, in the event of a move to floating exchange rates, while there is no
sudden increase in Central Bank reserves, the ex-post profits from holding domestic
currency can be substantial, since the shadow floating exchange rate is below the
fixed rate until 7.

The model also intuits how the government’s probability for abandoning the peg
changes with different parameters. Increased output growth results in increased mar-
ket expectation of the unpegging, which in turn leads to higher reserves because spec-
ulators would purchase more domestic currency to earn profit when it appreciates.
The more the output shock is correlated with the magnitude of change in exchange
rate upon unpegging, the less the market expects the policy maker to unpeg, which
in turn results in less accumulation of reserves during the speculation period. This is
intuitive because the greater output shock increases with exchange rate jump upon
unpegging, the more cost that the policy maker incurs, the less likely they would
abandon the peg.

I then confirm the predictions of the model using data from Switzerland and
Denmark. For Switzerland, I consider March 2013 to be the point T in the model
because the gold referendum proposal reflected the public’s concern about the high
foreign reserves level. Running regressions for pre-March,2013 and post-March,2013
data shows that my model is able to qualitatively capture the relationship between
risk reversal data and reserve level. To be specific, in the pre-March, 2013 period, the
speculation against the Swiss peg increased as the reserve-GDP ratio increased. But

the magnitude is much smaller than the post-March, 2013 period.
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Plugging in the two sets of coefficients (pre-March, 2013 and post-March, 2013)
derived in the Switzerland’s case to Denmark data, I find that Denmark data are a
better match with the set of parameters that belong to pre-March, 2013 period. This
illustratively shows that Denmark might still be in the pre-T period in the context of
my model.

This paper is only a first step towards understanding the dynamics of the change
in exchange rate regime that is under appreciative pressure. Moving forward, an
interesting extension to the model would be the introduction of risk premium to cap-
ture scenarios such as spillover effects. One example is that Denmark experienced
appreciative speculation attack against its peg following Switzerland’s unpegging de-
cision, which caused speculators to lose confidence in safe haven currencies. A shock
to the risk premium would be able to model this loss of confidence. Other directions
to pursue includes further research on the existence of the upper reserve threshold, 7.
The literature would also benefit from further exploration of Central Banks’ reserve
portfolio choice; specifically, for a country like Switzerland, why does it choose to

hold a large portion of foreign reserves in Euro instead of diversifying its portfolio.
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Appendix A: Derivations

1. Section 1.3, Model with a Myopic Policy Maker, Solving for shadow exchange

rate

Here we are asking the question of what would the shadow exchange rate be
if the peg is abandoned in period t and speculators only look out to period
A beyond the current period (rather than 1 period ahead as in discrete time

models). First set money demand to equal money supply

T =¢é — nAi + oy (53)

Substitute in the logs of PPP and UIP, then we get

t— AT + Eién — € + oy (54)

QR

r =

or after rearranging terms,

(14+mn)é, =7 + nAi* + nEn — oy (55)

We also know that m® = 7 and so

m = 0 (56)

Taking the time derivative of money demand function, m?¢ = e;— n [i* + é;] + ¢y,

yields,

my =€ — Eé + oy (57)
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If we assume E,é; = 0, then é; = —¢1;. The left hand side equal 0. Hence

Ei (Erva) = € — O (Yern — ) (58)

Defining T as the date of the speculative attack in this traditional version of
the model. In the period right after the unpegging, by Equation (5), y7,n =
yr + A0+ Aa[Ep (epn) — €7]

Er (épia) —ér = —Ad [0 + a(Er (é71a) — €7)] (59)

Solving for F; (ép1a) — €r yields

- . ANOL/
Ei(eria) =1 =~ Ao~ Ada (60)
Let k = %, then shadow exchange rate is
e =T + A" —nok — dyr (61)

After period T, the growth rate goes back Af every period. In other words,
Yien = 4 + A0 for t > T+ 1. Solving for the shadow exchange rate in the same
way by setting money supply (7) equaling money demand, we get the same

Equation (54) and Equation (58). Following Equation (58),

Et (étJrA) - ét - —A(be, t 2 T + 1 (62)

Plug Equation (62) back to Equation (54), we get

F=& — At — A0 + by, t=T+1 (63)
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& =7+ AT — A0 — by, t>T+1 (64)

2. Section 2.2, the policy maker’s problem, deriving the lower bound on 7.

Since the policy maker is pursuing a fixed exchange rate policy, it must find it
optimal to do so. This places a lower bound on the value of the parameter 7, the
policy maker’s preference for fixed exchange rates. In other words, the policy
maker must find the cost of abandoning the peg next period smaller than the
cost of abandoning the peg in this period, when there is no speculative attack.

Mathematically, it means the following

A(re+71)

o8 + Ey Z SRATTA (W —yre4na) = Are+AY —ye)

kA=t

A(r +7 > _ _ .
+62 W-ﬁ-]ﬂt Z ASFTDATE (y* — gy A 1rka)

N VAN
1-46 kA=t+A

where the left-hand side is the cost of abandoning the fixed rate this period,

and the right hand-side is abandoning the peg next period.

Simplifying Inequality (65) as follows:
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Ary +1 > _ N * A(riga+T
1(_t76A)-i-Eth5’CA AW = yirka) = Arc+ Ay —yt)+5A%
=t
oo
+62E A Z sk=DA—tA (V" — yera,ttka)
k=t+A
Ary ATt+A AT T * > — *
T sA _A”_‘SAl_(;A + T—s8 A1—5A > Ay —yt)—EtZ5kA A (Y* = yrirka)
k=t

+52 | By Z s—DA—t A (y*—yt+A,t+kA)

k=t+A ]
SAA(ry —ripn)  1—62 . o kAt (%
ifﬁAH ) 176AAT > Ay *yt)*EtZJkA C(y* = yrena)
k=t
_ . -
+02 | B Z sth=DA—tA (V" — yt4at4ka)
k=t+A ]
SAA (ry — 1 1-64 . > _ "
iidAtJrA) A AT > AW =) _EtZ(SkA tA (y —yt,t+kA)

k=t

+02 | B D dRTDATIA (v — iy aika)

k=t+A
§2A o kAt
T2 (re —=re4a) + AT > By Z AN (V" — yeratka) — (U — Yeirra)]
k=t
§AA > EA
T ga rt—rea) AT > B D FATEA (yriqka — Verairra)
k=t

Section 2.2, The Policy-Maker’s Problem, adding in the discount rate and cal-

culate By 3307, 0" A (Y pka — Yeraira)

oo

Ee > FATIA (yriika — yrraitrka) = We — Ut) + 0% By (Yeara-iraira) + 022 By (yerairoa-eiron) -
k=t

=0 — 0 Aagr — 522 Aagr — 5% Aagk

:_(5A+52A -‘,—(SSA-‘,-"'(SNA)AO[(Z)K (66)
5 (1—oNA
= _%Aaqﬁn (67)

Equation (65) thus turns into
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152 (rt =repn) + AT > By Z SFATEA (Yr kA — Yot A t1kA)
k=t
52 558 (L—sNa
1-sa (re —regn)+717 2 —%0@5
58 (1—6NA
T =2 (rega—Ti) — %o@m
1-62
AT > (reea — 1) — (1—6NA) adk (68)

4. Shadow Exchange Rate with Optimizing Policy Maker

First I calculate the shadow exchange rate between 7" and T+ 1. Here the
shadow exchange rate é7.74,a, where n € [0, N] (where NA = 1), denotes the
exchange rate that would prevail at time T+ A when the peg is abandoned at

T and the speculators look out to period A ahead.

T = €rr4na — NAIpina + OYrina (69)

Substitute in the logs of PPP and UIP, then we get

T = errina — N [A7 + Erimalrrimina — €rrimal + OYrina  (70)

or after rearranging terms,

(L+n)érrina =17 + 0" + NErmalrrime)a — OYrina (71)

We also know that m® = 7 and so

nip =0 (72)

Taking the time derivative of money demand function, m? = ep — n[Ai* +
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éT—i—nA] + ¢yT+nA yieldS,

nir = érina — Eérina + OUrina (73)
If we assume Eperp = 0, then épp = —¢yr. The left hand side equal 0. Hence
Er (érr4na) = érr — ¢ (Yr4na — Y1) (74)

By Equation (5), y = yr + 0 + a[Er (ér41) — ér]

Er (Er,r4(n+1)a) — er,71na = —A¢ [0+ a (Er (Errimina) —énrina)] (m+1)A <1 (75)

Solving for F; (éry1) — er yields

A¢h

E, (e n — €7 TipA = ———————— 76
t (eT,T+( +1)A) €T, T+nA 1+ Aga ( )
Let k = 5 Jie 5 then the change in expected shadow exchange rate

ErTana = 7 + NAT — Ok — dyrrina N < N (77)

where NA = 1. Otherwise when ¢ > T + 1, output growth returns to be Af

per period. Again setting money supply equal money demand,

rp=épy— N[i* + Elria — ery + oy (78)

Assuming that Eier, =0,

Er(érsin) = €rs — & (Yern — Yt) (79)

After T+ 1, (yr41 — y¢) = ¢AH. Hence
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rp = éry — N[AT — A0 + by

éT,t =TT + UAZ* — ngbA@ — ¢yt7 t 2 T + 1

5. Derivation of Proposition 1

(81)

Speculators are still governed by Uncovered Interest Parity. If we are in the

fixed regime in the current period, UIP becomes

A’it = A" + qt(étH_A — é)

(82)

where €, a denotes the shadow exchange rate in the next period assuming the

peg is abandoned in this period. Since A < 1, we use the first equation for

shadow exchange rate (Equation (81)), Eyéi1in = 1t + nAI* — nAGK — dyria.

Combining it with Equations (1), (3), (4), (5), we get

re=¢€—nlAi"+ qt(ét,t+A —e)] + oy

re =€ —n[A7" + qi(re + AT — APk — dyrya — €)] + Py

re =€ — A" —ng(re + AT — npAK — dyria — €) + Py

Rearranging the terms above, we have

(L+ng)re = (L+ng) e — (1 +ng) nAi* + 0°qdk + nqdyira + oy
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The expected output in this case would be

Eyin =y + A0+ a(Eéira — €1 (87)
As calculated in Equation (126), E} (6;41n) — €1t = _1f§25a = —A¢k.
Eyiyn =y + A (0 — aAdr) (88)

Equation (86) thus becomes

(L4 ng) re = (L+ ng) e— (1 +ng) ni* +0°@dr+ng:d (ye + A (0 — aAdk))+ oy,

(89)
Plug in k = 1+AAG¢Q,
(T+mng)re = (14ng)e— (1+ng)ni" + (14ngt) dyr + Angepd (1 +nA¢>a Tl-7 fZZA)
(L+mng)re = (L+mnag)e— (1+ng)ni™ + (1+nqe) dyr + Angr¢0 (1 +77A¢a Tl-7 szA>
Solving for r; yields
5 » 4 IL+n
ry = e — A+ ¢y + ———nPAb 90
: U DYt 1+77Qt77¢ {1+¢aA} (90)
The derivative of r; with respect to ¢; is
o _[ 1 am H Hn}n¢A9>o (o1)
O 1+ng  (L+na)?] [1+a0A

1 1
1+nqy > (14nqz)

Since ¢q;,n < 1 and 5, we have g—gi > 0, which completes the proof

of Proposition 1. [
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6. Proof of Proposition 2
Proposition 2. If ¢ <1 theneé;; <e. If ¢ =1, then ¢, =e.

Intuitively, if speculators are certain that the exchange rate will be abandoned
they will continue to buy domestic currency as long as the shadow floating
exchange rate is smaller than the fixed rate. These domestic currency purchases
increase the money supply and hence decrease the shadow floating exchange rate
until it equals the fixed rate. Put another way, the shadow floating exchange
rate will always be at most as high as the fixed rate since otherwise speculators
would find it profitable to buy foreign currency, thereby decreasing the money

supply and lowering the shadow floating exchange rate.
Proof

Setting ¢; = 1 in Equation (92), we get

_ T 1+
re = é&—nAi +¢yt+17zfn {1+¢2A] npAl (92)
o .* Angt
= e—nAi +(byt+m (93)
. Angdo
e = 1 t+m _bet_% (94)
e = r+ni" — oy — ok (95)

The shadow exchange rate at the time when the peg is first abandoned is given

in (96),

erTnA = 17 + DAL — 0K — YT T40A (96)
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Here we are interested in the shadow rate at time ¢t when the peg is abandoned

at time t. Hence set T'=t and set n = 0, we get

€t = Tt + NAT — oK — Y, (97)

Hence € = ¢;; when ¢, = 1.

To prove the first part, note that the shadow rate is decreasing in the level of
reserves and the level of reserves is increasing in ¢, by Proposition 1. Hence

given that €,;, = € when ¢, = 1, we have that ¢;,; < e when ¢, < 1.

. Proof of Proposition 3

Proposition 3. If ¢,_n = 0 and ¢ = 1 for any ¢t < T, where T is the period
when the speculative attack takes place in the myopic case, then
Ty — T = NOK + ¢AH.

Proof

Setting ¢; = 1 and ¢;_a = 0 in Equation (92), r, = é—nAi*+¢yt+lff7qt neAl [ljng} :

we have
rioa =€ — A" + oy;_a (98)

ry = e — nAi* + oy, + nok (99)

Taking the difference,

re —Ti-n = (€ —=nAT + oy +noK) — (€ — NAT + dyi_n)
= oK+ ¢ (Yr — Ye-n)
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Since the peg is only abandoned at time ¢, the exchange rate before time ¢

remains at €. Hence ¢ (y; — yr—n) = PAG.

Tt —Te—n = n(bl‘i -+ gbAH

8. Proof of Proposition 4

Proposition 4. In equilibrium ¢ < 1 for all t < T..

Proof

Consider the case where ¢, = 1 while ¢ < T for the sake of contradiction. This
assumption means that the Central Bank must find it optimal to abandon the
fixed exchange rate regime, which means it must find the cost of abandoning
the peg this period would be smaller than the cost of abandoning the peg next

period. Their objective function implies that

o B . . A(Birign + T
LB, Z ska tA(y —Yrtka) < Are+A(y *yt)Jr‘sA%

kA=t

oo
+62 By Z AsR—DA—t (y* - yt+A,t+kA)
EA=t+A

where the left-hand side is the cost of abandoning the fixed rate this period,

and the right hand-side is abandoning the peg next period. By Equation (66),

oo —t [ % 00 i §A(1-sNA
Zk:t ort W = Yer16) — Zk:t o t(y — Yrk) = —%AO@H- So the pre-
vious inequality can be simplified to

55T < (Birga—r) — (1-0%2) agr (100)
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Now consider the speculators’ optimal choice. Since ¢; = 1, Proposition 2
implies that they purchase domestic currency to a point where €;; = €. From
Equation (92), we know the reserve level is

Ty =€ — A" + ¢y + nok (101)

The speculative attack in t+ A would only continue if the shadow rate is at least
as low as the fixed rate, €;4a 4a < €, an inequality since ¢+ o might be smaller
than or equal to 1. This implies, by the fact that the level of foreign reserves
increases in shadow exchange rate. And we are given that when €44 1+n = €,

Eirygn = € — ni* + 0ok + Qyira. So when €4 4a <€,

Eﬂ"t+A < e — nAZ* + 77¢/ﬁ? + ¢Etyt+A (102)

Hence (102) -(101) yields

Eirgin — 1 < ¢(Z/t+A - yt) (103)

In our derivation of Fyry,a, we are assuming that the peg is not abandoned
until time ¢ + A, hence the output v, is not affected by exchange rate yet.

Therefore

Erpn—1 < 0(Yern — Ye) (104)

= ¢Af (105)

Substitute this into Equation (100),
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NA 1—62
PAY — (1 —6"2) agr > —5 7 (106)

But by Assumption 1 in Equation (23), 9A0 — (1 — 6"2) agk < 152A7'. =<

This completes the proof of Proposition 4 that the Central Bank will not pursue

¢ = 1 in any period before T. O

. Section 3, Backward induction to obtain r; in terms of 7

The subgame-perfect Nash equilibrium can be constructed by backward induc-
tion. The argument made in the myopic case implies that in any equilibrium
g = 1. Given this, it is possible to examine the policy maker’s optimal strategy
in T — A. And from this it is possible to examine the policy maker’s optimal

strategy in T — 2A, and so on.

Consider a time ¢ < T where g, > 0. That is, in the coming period there will
be a positive probability that the policy maker will abandon the fixed exchange
rate. The policy maker must find this optimal in period ¢ 4+ 1, which implies
that it either strictly prefers to abandon the fixed rate regime in ¢ + 1 or it is
indifferent between abandoning and maintaining the peg. In either case from
the their objective function, Equation (19), the maximized expected present

value of its cost function is given by % + Ep > g OFATIA (Y — yrarka)-

From Proposition 4, ¢; = 1 when ¢t < T is not possible. Suppose for a moment
that ¢ € (0,1), which means that the policy maker is indifferent between main-
taining and abandoning the fixed exchange rate regime. From Equation (19),

hence
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A(re+71)

155 TE D ATIA( —yrera) = AreH A —w)

kA=t

A(ripen +7)
+64 (H 1A + E:A Z SETDATE (y* — gy A ryka)
kA=t+A

SAA
ﬁ (7‘,5 — 7‘t+A) + AT

oo
Ky Z SEATIA (Yt,t kA — Yt+A,t4kA)
k=t

Afq1_sSNA
According to Equation (66), E; > pe, 27 A (Y iika — Yerarikn) = %Ao«b/@.
Hence the Equation above reduces to
1—44
YN T o= (reya —7Te) — (1 - 5NA) aPK
and the Central Bank log reserve value must equal to
= Tes = | TR T+ (1-6"%) agr (107)

Working backwards from time T, 74 A = 75— [15—?7 + (1—0M%) oqu/i} . Since

re =7, we have

s =T |t (12 6%) aon] (105)

Then working backward from T — A, it is possible to establish T, the earliest
state where abandonment of the fixed exchange rate can be an equilibrium

outcome. Iterating (109) yields
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_ 1-4% NA
Th_on = 7"—2{ 5A 7‘+(1—5 )ong/f} (109)
(110)
re o= - (T;t> [1 ;A(;ATJF (1 —5NA)04¢/<;] (111)

10. Deriving v+ in terms of y5

11.

During [T, 7], the Central Bank plays a randomized strategy. Since we will
be interested in expressing shadow exchange rate €;; with y7 and 7, and the
expression for shadow exchange rate é;, involves v ;, as shown in Equation (96).
Hence here I derive y;; in terms of y7. According to the output table (where

NA = 1), Yt = Yt t+A — NAO — NAOK(in.

Yt = YittA —7NA9 — NAagk (112)
Yt = Yp — (%A@) — NAO — NAaogk (113)
= yr— (T—t—-1)0—0—apk (114)
= yr— (T —1)0—agr (115)

Deriving €;; in terms of 7 and y7.

Substituting (115) into the shadow exchange rate in Equation (96), solving for

)

re + AT — ok — dyrr n< N (116)

. A i
F—(%) [162 7'+(1—6NA>04¢>5}+77Ai*—nq5n—¢[y~f—(T—t)@—oe¢m] (117)

€t.t

Rearranging the terms yield,
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12.

13.

Set = (F + 1A — nér — dyp)—(T—t {[1_5A (1—5“\) ] A 9—( ¢ ) } -
€t = (T +nAT™ —nok — dyp)—( ) A T+ agk| / @ Ty QK ¢, K= [
(118)

Backward Induction, interest rate

To examine the behavior of the interest rate in equilibrium before the unpegging

happens, note that (1), (3) and (4) yield that,

e+ oy — 1y

it =~ (119)

and during ¢ € [T, T], reserves are given by Equation (109) and output before
unpegging is given by y; = yr — (T — t) 6. So the previous equation can be

expressed as

e+ oyr — 7+ (T —t) [(1g§AT + (1 —6V2) aqm) /A — gb@}
An

iy = (120)

Plug in y¢ from Equation (17) into the Equation above, ¢y = r+nAi*—e—noxk,

we have

e+7+nAi* —e—nok — 7+ (T —t) [<1E2AT+ (1 — (5NA) Oé¢/~i> JA — ¢9]
An

(121)

this can be reduced to

1g§AT+ (1 — 5NA) Ongli) JA — @b

ip =1 —¢r/A+ (T —t) ( Ar

(122)

Backward Induction, Deriving ¢
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The one remaining endogenous variable is ¢;, the probability that the policy
maker abandons the fixed exchange regime. This can be derived in the following

way. Note that from Equation 96,

Ad

Ciira =Ty + 0" — NOK — QYrin, K= T Moo (123)
ét,t =1+ 77'i* — NPk — QY (124)

And so
ét,t—i—A - ét,t = Cb(yt - yt+A) (125)

Here because we are looking at €, and €;;, we are assuming that the peg is
abandoned in period t. y;—yiia = 0+ (Ererin—ert). Same as the calculation
of Equation (126), we know that after the peg is abandoned, the evolution of

exchange rate follows

Agl
E, (e — 6= ————— 126
t (Crara) — Cri 1+ Ada (126)
Therefore we can calculate é; 4, from Equation (49), again set k = HAT%)Q
_5A
Gripn =Erp— ok =¢— (T —1) { [1 52 _— (1 - 5“) a¢m] JA — ¢6 — (%) aqm} — ¢k (127)

Plug Equation (127) into Uncovered Interest Rate Parity (82), i = i*+q: (€ 4+n—

€) yields,
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i = 4 +qt{é—(’f—t){[1gA5AT+ (1—5“\) aqﬁﬁ] /A — ¢ — <l> adm} —¢n—é}(128)

—t
i*+qt{7(’f7t){[lgA6AT+ (175“\) aqﬁﬁ] /A,¢9,<

- t) adm} - qm} (129)

o5

it

st

Rearrange the terms, we have

" —(T—t){[lgﬁArJr (1 —5NA)04¢/@} IA— - (%) O@H} Y (130)
T (131)

BT {[55857 + (1= 0%8) agr] /A — 60 — (72) agn} + o

At T, i; = ¢* and then i, decreases linearly afterwards. So Equation (130) says
that the probability of abandoning the fixed exchange rate is zero at T. It then

increases, at an increasing rate, until it reaches 1 at T
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Appendix B: Basic Model

Basic Setup with a Myopic policy maker

Small open economy with real output growth. I build the model around five equations.

pr =€ + pf (132)

iy = 1" + Eiep — € (133)
my — pr = =Ny + QY (134)
my =1y (135)

Yt = Y1+ 0 (136)

where p;, p; are the logs of domestic- and foreign-currency price of the consumption
basket and we assume here that pf = 0; i; = log(1 + 7;), where ¢’ is nominal interest
rate; e; is the log of nominal exchange rate (foreign in terms of home); m; is log
of nominal money balances held at the end of period t; y; is the output at the end
of period; r; is the log of foreign reserves at period t. Equation 132 is Purchasing
Power Parity and we assume without loss of generality that p; = 0 ; Equation 167

is an approximation in logs of Uncovered Interest Rate Parity, which is 1 + 4,4, =

(1 + i H)Et(g’gl); Equation 134 is the real money demand function, which is an
adaption of the Cagan Model; Equation135 is money supply—we assume for simplicity
that there is no domestic credit but the case with domestic credit is derived in an

extension to this paper. I find that all major implications hold as in this case. Hence

money supply consists only of foreign reserves, although the sterilization case will
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also be discussed in the extension of the paper; Equation 168 says the growth of log

of output is 6 for each period.

Solving for the Speculators Problem in the Myopic Policy Maker

Case

Timing

For now consider the traditional case where the Central Bank abandons the fixed
exchange rate system if, and only if, reserves reaches its upper bound, R. Once the
reserve level reaches R, the Central Bank must leave the foreign exchange market
forever and the exchange rate will float freely. There are at least three reasonable
specifications of the timing in this market which could be adopted. The speculators
could choose their levels of speculative balances first followed by the policy maker’s

move, the policy maker could move first followed by speculators, or the players could

make their decisions simultaneously.

Equilibrium

First I rule out a case where speculators believe that the fixed regime will never be
abandoned, in which case F;(e;y1) = € for all ¢. In this case, from Equations 1 - 4 we

have

ry =€ —ni* + oy (137)

But the log reserve needs to grow at a rate of ¢#, given the upper threshold on
the reserves that the Central Bank can take, it is not rational for them to think that
the bank will never abandon the exchange rate regime.

In fact, the fixed regime will be abandoned at a state T' defined by the following

equations. Setting money supply equal money demand,
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r=e—mnm"+ oy (138)

Note that the highest reserve level can go is 7.

e—ni" +oyp =7 (139)
Rearranging the terms yields,
r+nt—e
V=g (140)

To solve the speculators’ optimization problem, it is necessary to determine the
exchange rate that will prevail after the fixed rate regime is abandoned. Define the
shadow floating exchange rate, ét , as the exchange rate that would prevail if the
exchange rate were floating at t. Let € be the log of this shadow rate. In order for the
exchange rate to be floating, it must be that the reserves rose to 7 at one point, and
after that point all foreign currency transactions will take place in private markets so

the money supply will simply be 7 . Solving for € using Equations (1)—(5):

é =T +ni" —neb — oy, (141)

Defining T as the date of the speculative attack in this traditional version of the

model. Setting é7 = € in Equation 141 yields,

r+mt—e
yr=——"——"10 (142)
¢
Together with Equation 142 and 140, we have
yr —yp = —nf <0 (143)

Hence the speculative attack happens before the reserve reaches its upper thresh-
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Figure 5: Time Evolution of Reserve Accumulation

slope = pf

[~
h‘i

old. Fig. 1 shows the path of reserves. Initially reserves follow Equation 138 |
increasing with the growth of real output. At T, the shadow floating exchange rate
increases to the fixed rate and a sudden speculative attack would increase the reserves
by n¢f, and forcing the reserve level to reach its upper threshold, which forces the

Central Bank to abandon the peg.

Fig.1 Reserve level with a myopic policy maker.

Model with an Optimizing Policy Maker

The Policy Maker’s Problem

A similar objective function as the one presented in my core model is used as the policy
maker’s objective function. Here the objective function is simplified to only include

reserve level in order to simplify the model and highlight the impact of reserves.

. e+ T
V, =
f mm{l_é,

re+ (5Et(Vt+1)} (144)

The policy maker compares the cost of abandoning the fixed exchange rate system

with the current and expected future cost of maintaining it.
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Since the policy maker is pursuing a fixed exchange rate policy, it must find it
optimal to do so. This places a lower bound on the value of the parameter 7, the policy
maker’s preference for fixed exchange rates. In other words, the policy maker must
find the cost of abandoning the peg next period smaller than the cost of abandoning

the peg in this period, when there is no speculative attack. Mathematically,

Ty + T
1-96

(145)

Tip1 + T
> 0| ——
Tt+ < 1_5 >

where the left-hand side is the cost of abandoning the fixed rate this period, and
the right hand-side is abandoning the peg next period. The above equation reduces

to

O(repr — 1) < (L =9)7 (146)

The reserve level when there’s no speculative attack is given by Equation 137.
Notice that ;.1 — y = 6; so 11 — 1 = ¢0.

We get Assumption 1
(1 —=0)T = dopb (147)

The Speculators’ Problem

The solution to the speculators’ problem is still described by Uncovered Interest
Parity, Equation 167. However, speculators will be aware that the policy maker may
decide to allow the exchange rate to float before reserves reaches 7. If it decides to
do this the floating exchange rate will no longer be described by 141.

Since all foreign currency transactions in the floating rate period take place in
private markets, the log of money supply will be rr. Here we denote ¢, as the
probability for the Central Bank to abandon the fixed exchange rate. We set E;(e; 11—

er) = qi(eqr1 — e;) in Equation ??. So Ey(e;r1 — ;) = €411 — e; when the speculators
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expect the policy maker to abandon the peg this period (¢; = 1) and the expected
change of exchange rate would be zero if the speculators believe the policy maker
does not abandon the peg this period. Solving for the shadow exchange rate from

Equation (1)—(5) similar to the myopic case.

rr=éry — N[i* + Ef1 — &) + oy (148)

ery = rr +ni" — ned — oy, (149)

If speculators were not holding very much foreign currency at the time of the
abandonment, then the money supply will be relatively high, resulting in a high path
for the floating exchange rate. Thus if reserves are high at the time of the move to a
floating exchange rate then the exchange rate itself will be relatively high as well. In
fact, if speculators did not expect a change in the fixed exchange rate, reserves would

be given by Equation 138

e=ry+ni" — oy (150)

If the speculators don’t expect the government to abandon the fixed exchange
rate (¢, = 0), the shadow exchange rate would be given by the following, which is
essentially setting T' = ¢t in Equation 149 because in calculating the shadow rate, we
assume that there is no speculative bubble. So the shadow rate when there is no
speculative bubble (i.e. speculators do not expect the government to abandon the

peg) would be

ét,t =1+ m’* — el — oy, (151)

Plugging in the expression for e from Equation 150, we find that the shadow

floating exchange rate in this case would be strictly greater than the fixed rate,
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{€i4| E(q:) =0} =€ —negb (152)

Proposition 1. In equilibrium, high probabilities of abandonment will result in high

levels of reserves.

Intuitively, higher probabilities of abandonment would cause speculators to hold more
domestic currency (with the expectation that it would appreciate once the regime

becomes floating).
Proof

The speculators’ problem is still defined by Uncovered Interest Parity. In the fixed
regime, the speculators find out the level of interest rate given the probability that

the policy maker would abandon the peg this period(gq;). It can be written as

it = Z* + qt(ét,t-i-l — é) (153)

where €;,+1 denotes the shadow exchange rate in the next period assuming the
peg is abandoned in this period. By Equation 149, €11 = 1 + nt* — 1oy — dyey1.
Combining it with Equations 132, 134, 135, 168,

_ . qt
rn=e—ni" + oy + 1+ 0 154
! n e 77%( nne (154)
The derivative of r; with respect to ¢; is
0 1
= = L1 (14 n)nge (155)

o [1+na  (1+ng)?

1 1
1+nqe > (14nqt)

Since ¢;,n < 1 and 5, we have g—gz > 0, which completes the proof

of Proposition 1. [J

Proposition 2. If ¢ <1thené;; <e. If ¢ =1, then ¢, =e.
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Intuitively, if speculators are certain that the exchange rate will be abandoned they
will continue to buy domestic currency as long as the shadow floating exchange rate
is smaller than the fixed rate. These domestic currency purchases increase the money
supply and hence decrease the shadow floating exchange rate until it equals the fixed
rate. Put another way, the shadow floating exchange rate will always be at most as
high as the fixed rate since otherwise speculators would find it profitable to buy foreign
currency, thereby decreasing the money supply and lowering the shadow floating

exchange rate.
Proof

Setting ¢; = 1 in Equation 154, we get

e=r, +ni* — ned — oy, (156)

Compare the equation above to the shadow exchange rate in 149, when we set

T =1t and get

Err =T + i — NPl — Py, (157)

We get €, = €, which proves the second part of Proposition 2. To prove the first
part, note that the shadow rate is decreasing in the level of reserves and the level of
reserves is increasing in ¢, by Proposition 1. Hence given that €;; = e when ¢, = 1,

we have that €;; < e when ¢, < 1. O

Equilibrium

Proposition 3. If ¢_; = 0 and ¢, = 1 for any ¢ < T, where T is the period when the

speculative attack takes place in the myopic case, then r,—r;_; = ¢pOn-+¢0.

Intuitively, since reserves increase by ¢f each period due to real output growth, if

speculators know for sure that the government would abandon the fixed regime in the
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next period, they would immediately plan an attack of size ¢fn. Note that the size
of the speculative attack is the same as the size of the attack in the myopic case and
it does not depend on the date of the abandonment. In the myopic model the size
of the attack does not depend on the critical level of reserves 7, but the date of the
speculative attack is uniquely determined by 7. Thus in the myopic model there is a
one-to-one correspondence between 7 and the date of abandonment, given either, one
can deduce the other. In Proposition 3 the specification of the date of abandonment
(¢t—1 = 0 and ¢, = 1) is therefore tantamount to picking a different critical level of

reserves in the myopic model.
Proof

Setting ¢, = 1 and ¢;_1 = 0 in Equation 154, we have

ri1=€e— 1 + oY1 (158)
re=e—ni" +npl + oy (159)
Taking the difference,
Ty — 11 = ¢On + ¢ (160)
OJ

Proposition 4. In equilibrium ¢, < 1 for all ¢t < 7.

Intuitively, if the policy maker plans to abandon the fixed exchange rate, specula-
tors will try to take advantage of this by purchasing domestic currency, resulting in
high Central Bank foreign reserves. So when the time comes for the policy maker

to actually implement the switch to the floating rate, it will find that reserves are
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already quite high and that the damage from speculators has already been done. The
additional damage that they could do if the policy maker waited one more period is
relatively small. So it is in the policy maker’s best interest to continue maintaining
the fixed exchange rate. Therefore switching exchange rate regimes at time t < T
with certainty cannot be part of an equilibrium strategy. This implies that in equilib-
rium the policy maker will not be able to preemptively abandon the fixed rate with

certainty at ¢ in order to avoid a speculative attack in t 4 1.
Proof

Consider the case where ¢, = 1 while ¢t < T for the sake of contradiction. This
assumption means that the Central Bank must find it optimal to abandon the fixed
exchange rate regime, which means it must find the cost of abandoning the peg this
period would be smaller than the cost of abandoning the peg next period. Their

objective function 169 implies that

e+ T Tt+1+7'
< el v
1_5\n+5(1_5> (161)

where the left-hand side is the cost of abandoning the fixed rate this period, and
the right hand-side is abandoning the peg next period. The above equation reduces

to

1-9
Tt+1 — Tt > % (162)

Now consider the speculators’ optimal choice. Since ¢; = 1, Proposition 2 implies
that they purchase domestic currency to a point where €;; = €. From Equation 154,

we know the reserve level is

ry=¢e—ni* +nel+ oy (163)

The speculative attack in £ + 1 would only continue if the shadow rate is at least
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as low as the fixed rate, é,41441 < €, an inequality since ¢;4; might be smaller than
or equal to 1. This implies, by the fact that the level of foreign reserves increases in

shadow exchange rate. And we are given that when €, ,41 =€, 11 =€ — ni* +

not + @yiy1. So when €1q441 < €,
T < €— ni" + 1ol + Qyria (164)

Hence 163 - 164 yields

Tep1r — Tt < O(Yer1 — ye) = PO (165)

In equilibrium, both 162 and 165 hold, which implies that (1—0)7 < 6(rp1 —1) <
0. This contradicts with our assumption in Equation 147. Therefore ¢, = 1 can’t

be an equilibrium. [J

The argument given in the myopic case implies that ¢; = 1 for all t > T. Therefore
an implication of Proposition 4 is that the only remaining potential pure-strategy for

the policy maker involves setting ¢, = 0 for all t < T and ¢ = 1 for all t > T.

Consider in the next proposition what is necessary for this to be an equilibrium.
Proposition 5. If t < T and ¢; > 0, then ¢, = 0 can only be part of an equilibrium

strategy if 141 — 1y < 1%57'.

Intuitively, this means that passively waiting for an attack can only be optimal when
the increase in reserves, and thus disutility, is small relative to the policy maker’s

preference for the exchange rate peg.
Proof

For the choice of ¢, = 0 (not abandoning the peg in period t) to be optimal for the
policy maker, it must be that the cost of abandoning the peg is bigger than the cost

of continuing with the fixed regime. In other words,
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(1-9)
)

T (166)

Tigl — ¢ <

Put in words, maintaining the fixed exchange rate will be optimal as long as in
the next period reserves will not fall by more than @T, which completes the proof

of Proposition 5. [

Proposition 6. With short period lengths no pure-strategy sub-game-perfect Nash

equilibrium exists.
Proof

From Proposition 4 and the argument made in the myopic case, the only potential
pure-strategy remaining for the policy maker involves ¢7_; = 0 and ¢ = 1. By
Proposition 3 this would imply that there would be a speculative attack in T, 7 —
ry_; = ¢n + ¢, the size of the speculative attack being ¢fn. So from Proposition
5 if ¢fn + 00 < @T, this will be an equilibrium. If the expected attack is very
small relative to the policy maker’s preference for fixed exchange rates, then it can
be optimal to deliberately accept the attack rather than to give up even one period
of the fixed exchange rate regime. In this case g7_; = 0 can be part of an equilibrium
strategy. However, we should note that this equilibrium is an artifact of the period
length. If we consider short periods, this equilibrium cannot exist, as derived below.

To examine the possibility that the model might be able to generate Krugman
style speculative attacks with a frequently optimizing policy maker, the analysis is
extended to allow for an arbitrary period length, n. Low values of n imply frequent
decision making on the part of the policy maker and the preceding analysis is a special
case where n = 1. As n — 0 the model approaches continuous time.

Equations 132, 134 and 135 are not dependent on the period length and can be
retained without modification, noting only that it in the money demand Eq.134 refers
to the interest return over calendar time 1. Therefore the per-period interest rate is

given by ni;, so Equation 167 becomes,
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nit =ni* + EteH_l — €¢ (167)

and 168 is

Yi = Yo—1 +nb (168)

From these equations the shadow floating exchange rate in the traditional model
can be derived using the same method to show that 141 still holds. The time of
the speculative attack in the traditional model T is given by é, = € which implies
that reserves increase by at n¢ at T. So the size of the speculative attack in the
traditional model is not dependent on the period length. This is unsurprising since
the model generates attacks in continuous time as well.

Now moving to the problem of the policy maker, the policy maker’s per-period
discount rate is §". Its per-period cost is proportional to the period length: nr; for
fixed exchange rates and n(r; + 7) with floating rates. Therefore the policy maker’s
maximization problem is

V, = min {”(1”_—*;[) s+ 5”Et(1/;+1)} (169)

We are interested here in whether it is optimal for the policy maker to set g7_; = 0

knowing that there will be a speculative attack in the next period. If this is so, then

from the maximization of 169,

n(ry_; +7) nd"(ry + 1)
— - > - -~ - 7
1 —on  ° nry_q + T _4n (170)
which reduces to
e — e < 7'(1 — 5”)/5” (171)

Since reserves increase by n¢f each period just due to real economic growth and
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since there will be a speculative attack boosting reserves by ngd at T, r¢ — rs_| =

nod + neb. Therefore Equation 171 requires

ned < 7(1—0")/0" — neb (172)

This condition must hold for it to be optimal for the policy maker to remain
passive in the face of an expected speculative attack. In the limit as n — 0 the
right-hand side goes to zero and the inequality cannot hold for any set of parameters.
Therefore with short periods there cannot be an equilibrium where the policy maker
remains passive in the face of a predictable speculative attack.

The size and cost of the speculative attack is not dependent on the period length,
but the opportunity cost of abandoning the fixed exchange rate system one period
earlier is. With short enough periods the opportunity cost is negligible. Therefore
if we consider short periods it will not be optimal for the policy maker to remain
passive in the face of a predictable speculative attack. Hence ¢7_; will not be zero
in equilibrium. Thus from Proposition 4, ¢7_; € (0,1) which completes the proof of

Proposition 6. [

Sub-game-Perfect Nash Equilibrium

Intuitively, if the policy maker can predict an imminent speculative attack then it
will wish to abandon the fixed exchange rate regime just before the attack. Likewise,
if speculators can predict this preemptive abandonment of the fixed exchange rate
regime, then they will exploit this knowledge by buying foreign currency just before
the abandonment. Thus in order to avoid a speculative attack the policy maker must
introduce uncertainty into the decisions of speculators. It cannot follow a predictable

pure strategy, since such a strategy would result in a speculative attack.

The subgame-perfect Nash equilibrium can be constructed by backward induction.
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The argument made in the myopic case implies that in any equilibrium ¢z = 1. Given
this, it is possible to examine the policy maker’s optimal strategy in 7' — 1. And from
this it is possible to examine the policy maker’s optimal strategy in 7' — 2, and so on.

Consider a time ¢t < T where ¢, > 0. That is, in the coming period there will
be a positive probability that the policy maker will abandon the fixed exchange rate.
The policy maker must find this optimal in period ¢ 4 1, which implies that it either
strictly prefers to abandon the fixed rate regime in ¢ + 1 or it is indifferent between
abandoning and maintaining the peg. In either case from the their objective function,
Equation 169, the maximized expected present value of its cost function is given by

Vipr = ™57
From Proposition 4, ¢, = 1 when ¢ < T is not possible. Suppose for a moment
that ¢, € (0,1), which means that the policy maker is indifferent between maintaining

and abandoning the fixed exchange rate regime. From Equation 169, hence

Tt+T_ T’t+1+7'

and the Central Bank log reserve value must equal to

re =711 — (1 —0)1/8 (174)

On the other hand, if ¢ = 0, reserves are given by Equation 138 because the
speculators do not expect the peg to be abandoned this period. This can be part of
an equilibrium only if it implies r, > rq — @7’ by Proposition 5.

Thus, working backward from T — 1, it is possible to establish T, the earliest

state where abandonment of the fixed exchange rate can be an equilibrium outcome.

Iterating 174 yields

ry=7— (T —1t)(1-6)7/6 (175)
Equation 175 describes the equilibrium level of reserves as long as it yields reserves
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that are greater than those given by Equation 138 because that point and earlier ¢, = 0
is an equilibrium and so reserves will follow Equation 138. After T reserves increase
quickly, but continuously, until they reach their upper bound at 7.

Consider the problem of an individual speculator. Suppose that, at the moment,
reserves are low and that in the next period they will be relatively high. The spec-
ulator therefore realizes that the policy maker will prefer to abandon the fixed rate
regime this period rather than permit such a large increase in reserves. So he will
purchase extra domestic currency in this period. This means that the increase in
foreign currency reserves will not be as dramatic in the coming period. Therefore,
the policy maker will no longer be quite as eager to abandon the fixed rate in the
next period.

Speculators will purchase domestic currency as long as the policy maker prefers
to abandon the peg. When it is indifferent between abandoning and maintaining the
fixed rate, speculators will realize that if they purchase additional domestic currency,
the jump in reserves between the current period and the next will be small enough
so that the policy maker will prefer not to abandon. Since speculation increases
the money supply, it decreases domestic interest rate below the foreign rate. Hence
purchasing domestic currency entails an opportunity cost and they will not purchase
additional domestic currency once the threshold is reached.

So optimizing behavior on the part of speculators ensure that reserves are at a
level where the policy maker either strictly prefers maintaining the fixed exchange rate
one more period or is indifferent between abandoning and maintaining the fixed rate.
In other words, optimizing speculators will always ensure that the policy maker does
not strictly prefer to abandon the fixed exchange rate regime. If it did so, speculators
could make profits by purchasing additional domestic currency, making abandonment
less attractive to the policy maker. Since sudden attacks on foreign currency reserves
make preemptive abandonment of the fixed exchange rate attractive, in equilibrium

there can be no such predictable attacks.
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slope = ¢t

I~
Nl

Fig.2 Reserve level with a smart policy maker.

In the range ¢ < T the policy maker prefers to continue maintaining the fixed
exchange rate so reserves increase one for every ¢ percent growth in output (7 = ¢f
in continuous time). In the period ¢t € [T, T), speculators ensure that the policy
maker is indifferent between abandoning an maintaining the fixed rate regime, which
implies that reserves are increasing at a greater rate.

From this information on the path of reserves it is straightforward to determine the
behavior of other variables. Firstly the behavior of all the endogenous variables will
be derived and then the intuition for the results will be discussed. During the period
t < T there is no chance that the fixed exchange rate will be abandoned (g; = 0). This
implies that 7; = ¢* and that the shadow floating exchange rate is given by Equation
152. After T reserves are given by Equation 175 and output growth can always be
written as y; = yp — (T — t)0. The shadow floating exchange rate can be found by

substituting these into 149, é;; = r, + 71" — NPl — Py;.

] —5
Ere = [F+ i — 0ol — dyr] — (T —t) {1 7 - ¢9} (176)
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The first bracketed term in the previous equation is equal to the fixed exchange

rate, according to Equation 142. So the shadow floating exchange rate is simply

ey =e— (T —1) {1g57—¢9} (177)

We also show that epp = € — nod. So the shadow floating exchange rate is
constant and below the fixed rate before T. Then it increases linearly, reaching the
fixed exchange rate at 7.

To examine the behavior of the interest rate in equilibrium before the unpegging,
note that 132, 134 and 135 yield that,

Pk el (178)

n
and during ¢t € [T, T, reserves are given by Equation 175. So the previous equation

can be expressed as

i e+ oyr — 7+ (T —t)[(1 =6)7/6 — @0 (179)
n

Plug in y7 into the Equation above, ¢pys =7 + m* — e — nod

Z,t:é+f+m'*—é—nqb@—f—l—(f—t)[(l—5)7’/5—¢9] (180)
n

this can be reduced to

(1—6)7/5 — 60
n

(181)

iy =1 — o0 + (T — )

From the definition of T the interest rate is equal to the world rate at T. It then
increases linearly until it reaches i* — @@ at T
The one remaining endogenous variable is ¢;, the probability that the policy maker

abandons the fixed exchange regime.
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v — 0y

T 1) [0 1 00 (182)

q: =

At T, i, = ¢* and then ¢* > i; afterwards. So Equation 77 says that the probability
of abandoning the fixed exchange rate is zero at T'. It then increases, at an increasing

rate, until it reaches 1 at 7.

It is also worth noting that if we made the additional assumption of risk neutrality
and perfectly competitive forward markets, the log of the one period ahead forward

exchange rate, F;, would be equal to the expected exchange rate in the next period

fe=arp + (1 —q)e (183)

Combining this with Equation 153 yields,

fi=e+i—1d" (184)
Let F'P, denote the one period ahead forward exchange rate premium, defined as

FP, = Ft; & (185)

and fp; as the log of F'P,. Hence

fpe=fi—e=i—1 (186)

So the forward exchange rate premium is equal to the interest rate differential,

starting at zero at T and dropping linearly to —¢f at T
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Appendix C: Extension of Basic
Model with Stochastic Utility

Function

The main purpose of deriving this extension with stochastic utility is to show that
with either a big enough shock to holding reserves or the expectation of a sudden
increase in the reserve level could initiate an unexpected unpegging. The shock to
reserves is represented in a stochastic element in the government’s objective function

that is distributed exponentially with an unconditional probability density function.

Model with an Optimizing Policy Maker

The Policy Maker’s Problem

The basic setup is the same as before,

pe=er + pf (187)

i =1"+ Eiegpr — e (188)
my—pr = =1t + QY (189)
my =1y (190)

Y =10 (191)
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except now we add a stochastic element to the Central Bank utility function,

T+ €6+ T

Vi =mi
f mm{ 13

, Te e+ 5Et(vt+1>} (192)

where ¢; represents a random disturbance and is distributed exponentially with
an unconditional probability density function. It is a positive disturbance because
as time goes on, the Central Bank would accumulate more and more reserve due to

economic growth, which is worse for the Central Bank.

Aexp(—Ae) € >0
fler) = (193)
0 6 <0

Note that Ei(e1) = 1/

Here we also want to find a lower bound for 7, the benefit to holding fixed ex-
change rate. Previously, we assumed that without a speculative attack, the cost of
abandoning the peg this period would be bigger than the cost of abandoning next
period and thus derived that (1 — d)7 > d¢f. However, here we have a disturbance
term €, every period. Suppose there is a lower level of € called ¢/ > 0 such that for
any € > €&, if there is no speculative attack, the Central Bank would find it optimal

to remain fixed, i.e.,

Tt+eL+T I Tl + €41 + T
_ > 1) 194
1—s e ( 15 (194)
which reduces to
1—-4 1
—( 5)T>X—€L+Tt+1—7”t (195)

The reserve level when there’s no speculative attack is given in the myopic case

in the original model,
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Ty =€—ni" + oy (196)

So 1 — iy = ¢f. Hence Equation 197 becomes our Assumption I

—_— 2z - - 0 197
5 Yot (197)
ér, is still the shadow exchange rate that would prevail at ¢ if the peg is abandoned

at T'. ¢, is the probability that the Central Bank would abandon the peg in period .

The Speculators’ Problem

Same as before, the shadow exchange rate is

éry =17 + i —ned — Py, (198)

If speculators were not holding very much foreign currency at the time of the
abandonment, then the money supply will be relatively high, resulting in a high path
for the floating exchange rate. Thus if reserves are high at the time of the move to a
floating exchange rate then the exchange rate itself will be relatively high as well. In
fact, if speculators did not expect a change in the fixed exchange rate, which means
Ei(et11) = €, so by equating money supply and demand, reserves would be given by
ry =€ —ni* + Oy

Propositions 1-3 still hold as in the original model because the speculators’
problem governed by the UIP doesn’t change. To recap, we have Proposition 1: In
equilibrium, high probabilities of abandonment will result in high levels of reserves.

And the reserve level given ¢; is given by

nq:p(1 +n)

0+ 199
1+ 1g OYi ( )

_ %
Ty =€ — Nl +

Proposition 2: If ¢ < 1 then é;; <e. If ¢ = 1, then &, = €. Hence when ¢ = 1,
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é:+ = ¢; Proposition 3: If ¢, ; = 0 and ¢; = 1 for any ¢t < T, then 7, — r,_y = ¢0n.

Starting from Proposition 4 is where the current extension would differ from

the original one.

Proposition 4. This proposition examines whether there is a period ¢t < T where
the Central Bank would strictly prefer to abandon the peg, ie., ¢ = 1

and if so, under what conditions.

Let’s let ¢¢ = 1 and see what happens. Since the Central Bank strictly prefers to

abandon the peg, we must have

7"t+€t+7'

Tip1 + €41 + 7

s grt+et+5(t“1_”51 ) (200)

The above equation reduces to

1—9)r
Ei(ersr) — €+ reps — 11 > % (201)
Ei(er+1) = 1/A, so
1—-9 1

—( 5 )7 < X_€t+rt+1_rt (202)

Now consider the speculators’ optimal choice. Since ¢; = 1, Proposition 2 implies
that they purchase domestic currency to a point where é;; = €. From Equation 199,

we know

ry=¢€— ni* +nel+ oy (203)

The speculative attack in ¢ + 1 would only continue if the shadow rate is at least
as low as the fixed rate, €,41,+1 < €, an inequality since ¢;; might be smaller than

or equal to 1. And we are given that when ;11,11 =€, 111 = €— 03" +1n00+ Pyiy1.
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From Equation 199the 7411 = €141441 — 0" + 1090 + y;. 141 is increasing in €xyq ¢41.

repn €= Ni + 190 + Gy (204)

Hence 203 - 204 yields

Tep1r — Tt < O(Yer1 — ye) = PO (205)

In equilibrium, both 201 and 205 hold, which implies that @7’ KTy —1e+ % —
€ < of + % — €.

To investigate whether there is a pure Nash equilibrium strategy, we need to
examine two cases:

Case I : If ¢, <€, then ¢f + % —€ = 00+ % — €. ¢, = 1 could happen for some
t < T when

1 1—90)7 1
¢9+X—EL<%<¢9+X—Q (206)
Case II: If ¢, >€", then ¢f + 1 — ¢, < ¢0 + 1 — €“. By Assumption I, @7’ >
o0 + % — ¢l, but here we require that (lf;‘s)T < @b + % — ¢, which is a contradiction.

Hence ¢; would not equal one in any period when ¢, >e’.

In Case I where ¢, <€, the disturbance this period is small enough, which means
the Central Bank would expect the future disturbance E;(e;41) to be greater than
€:, so the expected pain caused by €1 outweighs the benefit of keeping the peg this

period (which is captured by ¢ + % — el < (1_56)7 < ¢f + % — ¢), the Central Bank

would adopt a pure strategy of abandoning the peg.
On the other hand, in Case II where ¢, > €, the magnitude of the disturbance
this period is already high compared to the expected future disturbance (Fy(€41)).

If the Central Bank were to abandon the peg, it would incur 7 in addition to a high
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¢;. Hence the Central Bank wouldn’t strictly prefer to abandon the peg this period.

Notice that if €¥ = 0, then since ¢ > 0 for any t, only Case II exists, i.e., the
Central Bank would never strictly prefer to abandon the peg until T', which is the date
when 7 is reached. Intuitively speaking, this is because the government’s preference
for fixed exchange rate is high enough (7 has a higher lower bound) that however low
the disturbance is this period, although the disturbance can be higher next period,

the Central Bank would not prefer to abandon the fixed rate definitely in any period.
O

Here we consider the other possible pure strategy game for the Central Bank, i.e.,

if ¢ = 0 for any t < T in the discrete time case.

Proposition 5. If t < T and ¢, > 0, then ¢, = 0 can only be part of an equilibrium

strategy if r — 1 < 1T"ST — % In continuous time, this would only be

an equilibrium if e;_; > ngd +

>

Intuitively speaking, passively waiting for an attack can only be optimal when the
increase in reserves is small relative to the policy maker’s preference for the exchange

rate peg.
Proof

For the Central Bank to choose ¢; = 0,

e+ €+ T Tip1 + €41 + T
%213%#5(“11_“51 ) (207)
which reduces to
1—-0)r 1
Tyl — Tt S —( 5 ) - X‘i‘Et (208)
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(1_;% — %, then the Central Bank would choose to remain

Since €,>0, if ry 1 —1rp <
passive, even knowing that there would be a speculative attack in the next period.

In continuous time, Equations 187, 189 and 190 are not dependent on the period
length and can be retained without modification, noting only that it in the money
demand Eq.189 refers to the interest return over calendar time 1. Therefore the

per-period interest rate is given by ni;, so Eq. 188 becomes,

nit+1 =ni* + Et€t+1 — €t (209)

and 191 is

Y = Y—1 +nb (210)

From these equations the shadow floating exchange rate in the traditional model
can be derived using the same method to show that Equation 198 still holds. The
time of the speculative attack in the traditional model T is given by é = &, which
implies that reserves increase by at n¢f at T. So the size of the speculative attack
in the traditional model is not dependent on the period length. This is unsurprising
since the model generates attacks in continuous time as well.

Now moving to the problem of the policy maker, the policy maker’s per-period
discount rate is §". Its per-period cost is proportional to the period length: n(r; + €)
for fixed exchange rates and n(r; + ¢ + 7) with floating rates. Therefore the policy
maker’s maximization problem is

(Tt+€t+7')

. on
Vi = min{ o  n(ry + ) + 0" Ey(Vigr)} (211)

We are interested here in whether it is optimal for the policy maker to set gy_; = 0
knowing that there will be a speculative attack in the next period. If this is so, then

from the maximization of 211,
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n(re_ +eép 1+ 1) no™(r¢ + €p + 1)

5 Zn(rr oy +erg)+ 1_on (212)
which reduces to
1
X —€p_1+rp—1rp_; < 7’(1 — 5”)/(5” (213)

Since reserves increase by n¢f each period just due to real economic growth and
since there will be a speculative attack boosting reserves by néf at T, rq — rs_; =
nod + neb. Therefore Equation 213 requires

ned < 7(1 —0")/0" —npb + e5_, — % (214)

This condition must hold for it to be optimal for the policy maker to remain
passive in the face of an expected speculative attack. In the limit as n — 0

1
er—1 =2 100 + (215)

This is saying that when e7_; is big enough (e7_; > nof + %), then it is sensible
for the Central Bank to remain passive knowing there would be a speculative attack
next period. Intuitively speaking, the left hand side of Equation 213 captures how
much more painful it would be to remain passive this period and wait until next
period to abandon the fixed regime. When ez_; > nof + %, it is already painful this
period, so rather than incurring an additional cost 7 to abandon the peg this period,
the Central Bank will just wait until next period (there is the discount rate ¢ that

makes the Central Bank want to procrastinate) since it won’t be much worse.
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Subgame-Perfect Nash Equilibrium

In our model, there are three cases that could happen before r reaches 7, which is the

upper threshold for reserves:

Case I

If in any period t < T, ¢ < €, then as discussed in Proposition 4, the Central

Bank would abandon the peg in that period (¢; = 1).

Case 11

If in any period t < T, ep_q = nob + %, then the Central Bank would remain passive

(¢ = 0) even when knowing the peg will be abandoned next period.

Case 111

If for all periods t < T, €& < ¢, < 0ol + %, then the Central Bank would adopt play

a mixed-strategy game as in our original model.
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