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Abstract

In the paper, an analytical framework with both increasing returns and transaction costs is

developed to investigate the general equilibrium with endogenous specialization and division of

labor. In this framework, each individual’s optimum decision in choosing her pattern of

specialization is always a corner solution and general equilibrium network of division of labor is

based on one of myriad combinations of corner solutions. We establish the existence and

efficiency theorems of the general equilibrium for large economies. But for a finite economy, the

general equilibrium may fail to exist. It is shown that the function of the market is not only to

allocate resources for a given network structure of division of labor, but also to coordinate all

individuals’ decisions in choosing their patterns of specialization to utilize positive network

effects of division of labor net of transaction costs. With the analytical framework, the spirit of

classical mainstream economics can be resurrected in a modern body of mathematical formalism.
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1. Introduction

The core of classical mainstream economics relates to effects of division of labor on the

wealth of nations (Adam Smith, 1776). But as noted by Allyn Young (1928), economies of

division of labor are network effects rather than economies of scale, “The mechanism of

increasing returns is not to be discerned adequately by observing the effects of variations in the size

of an individual firm or of a particular industry, for the progressive division of labor and

specialization of industries is an essential part of the process by which increasing returns are

realized. What is required is that industrial operations be seen as an interrelated whole.” Young

further elaborated the idea of the classical economists that "the securing of increasing returns

depends on the progressive division of labor"; "Not only the division of labor depends upon the

extent of the market, but the extent of the market also depends upon the division of labor";

"Demand and supply are two sides of the division of labor" (or reciprocal law of demand).

However, this classical idea has received so little formal treatment in the modern general

equilibrium theory that Stigler complained on the 200th anniversary of publication of the Wealth

of Nations as follows.

“The last of Smith’s regrettable failures is one for which he is overwhelmingly famous – the

division of labor. … (A)lmost no one used or now uses the theory of division of labor, for

the excellent reason that there is scarcely such a theory. … (T)here is no standard, operable

theory to describe what Smith argued to be the mainspring of economic progress. Smith gave

the division of labor an immensely convincing presentation – it seems to me as persuasive a

case for the power of specialization today as it appeared to Smith. Yet there is no evidence,

so far as I know, of any serious advance in the theory of the subject since his time, and

specialization is not an integral part of the modern theory of production.” (Stigler 1976, pp.

1209-1210)

According to Yang and S. Ng, (1998), Smith’s failure, technically, was due to the fact that the

formalization of classical ideas about implications for economic development of division of

labor involves corner solutions, with which the marginal analysis does not work. In order to
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avoid corner solutions as to apply marginal analysis of interior solution, Alfred Marshall (1890)

assumed a dichotomy between pure consumers and pure producers (firms), which was then,

unfortunately, taken as granted by his followers. Consequently, in the neoclassical framework

each consumer is not allowed to choose her level of self-sufficiency (or its reciprocal: level of

specialization) and she must buy all goods from the market. Thus, the focus of neoclassical

economic analysis was on resource allocation for an exogenously given pattern of organization

and a given degree of scarcity (or transformation function). In contrast, for classical mainstream,

the focus was on how individuals choose their patterns and levels of specialization. The

aggregate result of individuals' decision of specialization determines the pattern of division of

labor for the society as a whole, while demand and supply are two aspects of division of labor.

As the level of division of labor changes, aggregate demand (extent of the market) and

productivity (or its reciprocal: degree of scarcity) change. Thus, it would be interesting to see

what is going to happen, if we abandon Marshall’s neoclassical framework and use a new

approach to analyze individuals’ decisions in choosing their patterns of specialization. The

general equilibrium based on such decisions will determine the network of division of labor for

the society as a whole.

In the recent two decades, a growing literature on specialization and division of labor

emerges. Representatives in this literature are Rosen (1977, 1983), Becker (1981), Becker and

Murphy (1991), Baumgardner, (1988), Kim (1989), Locay (1990), Yang (1990), and Yang and

Borland (1991) (see Yang and Ng, 1998, for a more complete survey). Although these

contributions provide useful insights into specialization and division of labor, their analysis are

based on very specific models and no existence theorem of general equilibrium network of

division of labor has been established for a general family of models. The current paper shall fill

the gap.

In this paper we consider an economy consisting of many ex ante identical agents,1 each

agent being both a consumer and a producer: she can use her labor to produce various goods for

herself and for sale and she can also choose between self-provision and purchase of each good.

There are transaction costs when agents purchase goods from the markets. Production functions

                                                          
1  Our assumption of ex ante identical agents formalizes Smith's notion of endogenous comparative advantage which
implies that differences in productivity between individuals are outcome rather than cause of the division of labor
(Smith 1776, Chapter 2, p.28). In our model, individuals will become ex post different as they choose different
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are individual-specific and there are no collective production activities.2 There exist increasing

returns to specialization, but any such returns are local since each agent’s labor endowment is

fixed. For each agent, the optimal decision involves two parts  what goods and how much of

each good to produce, and what and how much to trade. Hence, each decision-maker must

choose not only her network of trade, but also resource allocation for a given network pattern of

trade. A price vector is a competitive equilibrium if the aggregate optimal trades of all agents

under this price are balanced. At the same time, a competitive equilibrium also determines a

network of division of labor endogenously.3 We show that the general equilibrium network of

division of labor not only exists for such economies but are Paretian efficient. Thus the function

of the market is not only to efficiently allocate resources for a given network pattern of division

of labor, but also to coordinate individuals’ decisions in choosing their patterns of specialization

to fully utilize positive network effects of division of labor net of transaction costs.

The recent two decades indeed have witnessed the emerging literature on the existence and

efficiency problem of the general equilibrium with increasing returns to scale on the one hand

(see, for instance, Quinzii 1992 and Villar 1996 for extensive surveys), and a well established

literature showing that transaction costs could be incorporated in the standard Arrow-Debreu

general equilibrium model in the absence of increasing returns (see, e.g., Hahn 1971, Ulph and

Ulph 1975), on the other. There nevertheless has been no much formal analysis for any general

family of general equilibrium models that allow both increasing returns and transaction costs.4

More importantly, no serious analysis, so far as we know, has been done with regard to the

endogenization of specialization and division of labor in the standard Arrow-Debreu model. One

reason for that maybe that in the standard Arrow-Debreu model, a structure of division of labor

with firms of private ownership is regarded as exogenously given, within which the utility-

maximizing consumers and profit-maximizing producers (firms) interact with each other to result

                                                                                                                                                                                          
occupation configurations.
2  A more general form of production is dealt with in some versions of the model in this paper (Yang and Ng, 1995).
3 Jackson and Wolinsky (1996) and Dutta and Mutuswani (1997) recently developed some strategic game models of
network, following a distinct approach from ours. Furthermore, they do not address the issue of division of labor. A
bit more detailed discussion of Dutta and Mutuswani's (1997) notion of the coalition proof Nash equilibrium network
will be provided in the Appendix of this paper.
4 Jouini and Kallal (1993) is the only one we find in which both increasing returns and transaction costs are allowed.
But they assume that firms follow a pricing rule that “is an upper-semi-continuous convex compact value
correspondence” (p.258), from which immediately follows the existence of the equilibrium and hence the existence
problem of the general equilibrium is not directly attacked. Moreover, their paper does not address the issue of
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in general equilibrium resource allocation. Allocation pattern of labor between different

production activities is not a consumer’s decision variable and each firm is not concerned with

labor allocation pattern among different production activities of its each employee. But as noted

by Coase (1937) half a century ago, it is the existence of social division of labor (associated with

firms, in particular of interest to Coase) itself that is in need of explanation. In this paper, we

replace Arrow-Debreu’s notion of consumers and firms (producers) with consumer-producers,

that is, each agent in our model is both consumer and producer rather than either a consumer or a

producer (firm). By doing so, individuals’ specialization pattern in terms of labor allocation and

the structure of social division of labor can be endogenized in general equilibrium models. Also,

the existence and efficiency theorems can be established for a broad class of equilibrium models

with both increasing returns and transaction costs. Hence, this paper provides a solid theoretical

foundation for a general class of equilibrium models in the growing literature of endogenous

specialization.

As to be further demonstrated in section 5, our model could be seen as a variant of Arrow-

Debreu model in some sense. On the other hand, however, some basic concepts of the standard

Arrow-Debreu framework are in order of re-examination in our model.

The structure of the paper is as follows. Section 2 is devoted to a description of the model.

A simple example is also given in this section to show that general equilibrium may not exist for

a finite economy. The existence and efficiency theorems of the general equilibrium are

established in Section 3. It is shown that an equilibrium network of division of labor results from

the competitive equilibrium. Two examples of the model are considered in Section 4. The paper

is concluded in the final section.

2. The model

2.1 Economy E. Throughout this paper, we consider an economy E = [I, L, M, f, g,u] with a

continuum set of ex ante identical consumer-producers, I.  L={Li=1: i∈I} is the set of labor

endowments. We assume that each individual in I is endowed with 1 unit of labor. M = {1, …,

m} is a set of consumer goods and it is assumed that 2 ≤ m < ∝. Each individual can produce

each good if she allocates some amount of labor to its production. f = (f1, …, fm) is a set of

                                                                                                                                                                                          
endogenous specialization and division of labor.
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production functions for each individual in I, where qj = fj(Lj) is the quantity of good j produced

by an individual who allocates amount Lj of labor to the production of this good. Lj is called a

person’s level of specialization in producing good j. g = (g1, …, gm) is a set of transaction

functions with gj(yj) being the quantity of good j any individual actually receives when she buys

amount yj of good j from the market and gj(yj)≤ yj is assumed, due to transaction costs. Finally u :

Rm
+ →  R is the utility function for any individual.

In addition, we need the following

Assumption 1. For every j = 1, …, m, fj: [0,1]→ R+ is continuous, weakly increasing and weakly

convex with fj(0)=0.

Assumption 2. For every j = 1,…,m, gj : R+ →  R+ is continuous, weakly increasing, satisfying

≤0 gj(yj) ≤ yj, and ∞→)( jj yg  as ∞→jy .

Assumption 3. u : Rm
+ →  R is continuous and strictly increasing in each variable.

2.2. Walrasian regime, individual decisions and the general equilibrium

Since each individual can produce each good and production functions and the

endowment constraint are specified for each individual, increasing returns to specialization in

economy E are individual specific and localized. Therefore, increasing returns are compatible

with Walrasian regime in the economy. Assume that a price vector of the consumer goods p =(p1,

…, pm) is announced by the Walrasian auctioneer. Each individual i∈ I chooses a plan for

production and trade:

(Li
1, …, Li

m; xi
1, …,  x

i
m; yi

1, …,  y
i
m)

where Li
j is person i's amount of labor allocated to the production of good j. xi

j is the amount of

good j individual i sells, and yi
j is the amount of good j she buys. Because of the endowment and

budget constraints, these quantities must satisfy

(1) Li
j ≥ 0, ∑m

j=1 L
i
j ≤ 1;

(2)                      0 ≤ xi
j ≤ fj(L

i
j);

(3)     yi
j ≥ 0, ∑m

j=1 pj y
i
j ≤ ∑m

j=1 pjx
i
j.

If the plan of this individual i is realized, then her consumption vector of goods z i =(z i1, …,  z
i
m)

will be given by

(4)       zi
j = fj(L

i
j)- x

i
j + gj(y

i
j).
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The decision problem for this individual is then

(5) Max: u(zi
1, …,  z

i
m)

with respect to (Li
1, …, Li

m; xi
1, …,  x

i
m; yi

1, …,  y
i
m) subject to the constraints (1)-(4).

Defintion 1. Given the economy E as described above, a general equilibrium of E consists of a

price vector p* and a profile of production and trade plans

{(L*i
1,…,L*i

m;x*i
1,…,x*i

m;y*i
1,…,y*i

m) : i ∈ I} such that

(i). for every i ∈ I, (L*i
1,…,L*i

m;x*i
1,…,x*i

m;y*i
1,…,y*i

m) solves the maximization

      problem(5) subject to the constraints (1)-(4) with p being replaced by p*; and

(ii). ∫I y*i
j≤ ∫I x*i

j  ,∀j = 1,…,m.

If such a general equilibrium exists, we will denote it by

G = [p*;{(L*i
1,…,L*i

m;x*i
1,…,x*i

m;y*i
1,…,y*i

m) : i ∈ I}].

Interestingly, as to be shown by some examples below, although all the individuals in our model

are assumed to be ex ante identical, at the general equilibrium different individuals may choose

different production and trade plans. In general the whole population is divided into a number of

different types such that individuals of the same type choose the same strategy. The following

result allows us to characterize each type of individuals by the good they sell.

Wen Theorem (Wen, 1998) As a price taker, any rational consumer-producer does not buy and

sell the same good and sells at most one good, given the assumptions 1-3.

Definition 2: A profile of zero and positive values of decision variables in the decision problem

defined by (1)-(5) is called a configuration if it is consistent with Wen theorem.

2.3. Non-existence of general equilibrium for a finite economy

When I is a finite set, it is possible to exhaust all the structures for the economy E which

may generate an equilibrium. Thus it seems always possible to find a general equilibrium for a

given economy E. However, it is in this regard different from the Arrow-Debreu theory that the

existence of a general equilibrium is not guaranteed.

Let us examine an example with a finite set I = {1,2} and M = {1,2}. Assume that the

production functions are given by fj(Lj) = max {0, Lj – 0.5} and that there are no transaction

costs and that the utility function for any individual is defined by u(z1 z2) = 2
21zz . For the

general equilibrium to exist, the relative price of the two goods must be unitary, which in turn

means that the amount supplied is the same for the two goods. But each person demands more
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x2 than x1 when the relative price equals one, and hence violating the market clearing condition.

Thus, no general equilibrium exists for this economy.

One may think that the cause of non-existence of general equilibrium is that the

requirement of maximal utility equalization is too strong. However, even if this requirement is

replaced by the coalition proof requirement, the existence of a strong Nash equilibrium which is

a concept suggested by Dutta and Mutuswami (1997) is not always guaranteed. To illustrate this

point, let us consider an economy E with the same production functions and transaction

functions as in the preceding example, but with I = {1, 2, 3), M = {1,2}, and utility function u =

z1 z2
1.1. In Appendix, it is shown that for this economy, no coalition proof strong Nash

equilibrium exists.

3. General equilibrium and the related network of division of labor:

existence and efficiency

In this section, we prove the existence theorem of general equilibrium for large

economies. A network of the division of labor, based on the general equilibrium, is then defined.

Finally, the general equilibrium network of the division of labor is shown to be efficient.

3.1. Existence of a maximal utility equalization price vector

When I is a continuum, we can then establish the general equilibrium existence theorem

with the help of Brouwer’s fixed point theorem. In this subsection, we first establish the

existence of a maximal utility equalization price vector, defined as follows.

Definition 3 (Maximal Utility Equalization Price Vector, MUEPV hereafter). A  price vector is

called a MUEPV if agents selling different goods (i.e., of different configurations) achieve the

same level of maximal utility under this price.

With p∈R++
m given, the decision set for an individual i selling good i is Ω ≡ {Li

1, …, Li
m, xi

i, y
i
1,

…, yi
m: (1)--(3)}. Clearly, for any given p∈R++

m, Ωi(p) is a compact subset in R+
2m+1. Hence, we

can establish

Lemma 1: Given a price vector p∈R++
m. Then any good i seller can achieve her maximum utility

Ui(p) somewhere in her decision set Ωi(p).
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Proof   Given p∈R++
m. For every ω i(p) ≡ (Li

1, …, Li
m, xi

i, y
i
1, …, yi

m) ∈Ωi(p), let zi
p(ω i(p)) be i's

final consumption vector. Then zi
p: Ωi(p) → R+

m is continuous. This continuity together with the

continuity of u: R+
m → R implies the continuity of the composite function u°z

i
p: Ωi(p) → R. As a

result, the compactness of Ωi(p) thus guarantees the existence of a maximum of u°z
i
p.

Q.E.D.

Note that Ui(p) may be achieved at more than one points in Ωi(p), but the maximal value

of Ui(p) is unique, still denoted by Ui(p).  We now show,

Lemma 2: For any i, the indirect utility function p → Ui(p) is continuous at every point p∈R++
m.

Proof It is easy to verify that the correspondence from any price p>>0 to the feasible sets Ω ≡

{Li
1, …, Li

m, xi
i, y

i
1, …, yi

m: (1), (2), (3)} is continuous and the utility is a continuous function of

the decision variables and the price. But Ωi(p) is a compact set in R+
2m+1 . Thus the maximal

value of the agent who sells good i , Ui(p), by Berge'e Theorem (Hildenbrand 1974, p.30), is

continuous at p.    Q.E.D.

To establish the existence of a strictly positive MUEPV, technically, we deal with a series

of perturbed economies in the following way. For any given price vector p∈P={p=(p1, …,  pm):

pj ≥ 0, ∑j pj = 1}, consider a family of perturbed economy Eε, ε∈(0,1), of E such that in

determining the allocation in Eε, instead of the price vector p, the price vector pε∈R++
m is used,

where the jth component of pε is pj
ε = pj + ε, j=1,…,m. Correspondingly, the indirect utility

function for any individual selling good i in the perturbed economy Eε is Ui(pε). According to

lemma 2, for any given ε>0, p → Ui(pε) is continuous in P. Consider the mapping ψε: P → P

defined by

(6) [ψε(p)]j = [pj+max{0, U(pε)- Uj(pε)}]/[1+∑l max{0, U(pε)- Ul(pε)}], j = 1, 2, …, m

where U(pε)= ∑i U
i(pε)/m. As Ui(p) is a continuous function from R++

m to R as shown above, it is

straightforward to see that for any given ε, ψε(p) is a continuous mapping from the convex

compact set P into itself. By Brouwer’s fixed point theorem (see, for instance, Border 1985) there

exists a p*(ε) ∈ P such that ψε(p*(ε)) = p*(ε), i.e.

(7)  p*(ε)j = [ p*(ε)j +max{0, U(p* (ε))- Uj(p* (ε))}]/[1+∑l max{0, U(p*(ε))-    Ul(p*(ε))}] 
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In order to prove that this price vector is MUEPV, we need

Lemma 3: There exists a real number r > 0 such that for every ε∈(0, 1) and every j, it holds that

p* (ε)j ≥ r.

Proof  Assume the conclusion is not true. Then there exists a sequence {εn}n=1
∝, which tends to

zero such that

Limn minj {[p*(εn)]j
εn} = 0

By considering some subsequence if necessary, we assume that  {p*(εn)} converges. Define

}0)(*lim{ >= inn piI ε , }0)(*{ →= jnpjJ ε . Assume, w.l.og., I∈1  and individuals selling

good 1 have the highest maximal utility among occupations selling I-type goods for every nε

when n is large enough. Assume further, w.l.o.g., 0)(* →jnp ε  is one of the smallest

components of )(* np ε  when n is large enough. Then, either (1) the optimal amount of good i

persons selling good j  consumed, 0)}({ →∗
in

j
z ε  as n ∞→ , Ii ∈∀ , or (2) ,

~
Ii ∈∃

0)}({ ~~ >→∗ j

iin

j
zz ε . In the case (1), it is easy to verify that there exists 0>δ  such that U1(p*

(ε n ))>
j

U (p* (ε n ))+δ when n is sufficiently large. But that in turn means there exists 0>σ

such that ∑l max{0, U(p*(ε))- Ul(p*(ε))} ≥ σ  as n is large enough. Letting j=1 in (7) yields

0)(* 1 →np ε , a contradiction. In the case of (2), clearly )1()1()}({ jjjn

j
ffz +<∗ ε  for any

.Jj ∈  Suppose, 
j

n

j
zz →

∗

)(ε  as ∞→n . Let 









∈+
∈

=′−
=

Jhff

iIhz

ihz

z

hj

j

h

j

h

h
i

)],1()1([2

}
~

/{,

~
,

}{ '
~

δ
             and           







∈+
∈

=
Jhff

Ihz
z

hj

j

h
h

j

),1()1(

,
}{

'

as u is continuous and strictly increasing , we can choose 'δ  so small as to make )()(
''~ ji zuzu >

hold. Similarly, we construct









∈+
∈

=′−
= ∗

∗

Jhff

iIhz

ihz

z

hj

hn

j
hn

j

hn
i

)],1()1([2

}
~

/{,)}({

~
,)}({

)}({
~

ε
δε

ε      and             






∈+
∈

=
∗

Jhff

Ihz
z

hj

hn

j

hn

j

),1()1(

,)}({
)}({

ε
ε
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It is trivial to show that )}({
~

n
iz ε  becomes feasible for individuals selling good i

~
when n is

sufficiently large, and hence iU
~

(p*(εn)) ≥ )})(({
~

n
izu ε .

Since '
~~

)( i
n

i zz →ε  and 
'

)(
j

n

j
zz →ε , one obtains 0))(())((

~
>− n

j

n
i zuzu εε  for all large n. But

)()(),(
''

~ jij

h zuzuIhzw −≡∈ >0 could be formally seen as a function of ),( Ihz
j

h ∈ . Thus, there

exists a very small closed neighborhood of ),( Ihz
j

h ∈  in IR+ , denoted as )),,(( ττ IhzBB
j

h ∈≡ ,

such that for any τBv ∈ , 0)( >vw  holds. Clearly w(v) is continuous, which in turn means that

there exists a positive number, µ , such that w(v) µ≥  for any τBv ∈ . On the other hand,

),)}(({
*

Ihz hn

j ∈ε falls into )),,(( τIhzB
j

h ∈  as n is large enough and hence

µεε ≥− )})(({)})(({
~

n

j

n
i zzu . But  1U (p*(εn)) ≥  iU

~
(p*(εn)) ≥ )})(({

~

n
izu ε , and

)})(({ n

j
zu ε ≥ j

U (p*(εn)) as n is sufficiently large. Therefore, 1U (p*(εn)) ≥  
j

U (p*(εn)) µ+ . By

the same argument as for case (1), one obtains 0)(* 1 →np ε , a contradiction. Lemma 3 is thus

established. Q.E.D.

By the continuity of p → Ui(pε) in R++
m, both sides of (7) are continuous functions of ε.

Let 0→ε ; we obtain

(8)             pj* = [pj*+Max{0, U(p*)-Uj(p*)}]/[1+∑lmax{0,U(p*)- Ul(p*)}]

where pj* = limε→0 p*(ε)j. Obviously, we have

p*∈ P, pj*≥ r ∀j.

We can then establish the following lemma.

Lemma 4: The price vector p*∈ P given in (8) is an MUEPV.

Proof  Assume that p* is not an MUEPV. Without loss of generality we may assume that U1(p*)

is the largest among the Ui(p*). Then, Max{0, U(p*)-U1(p*)} = 0, ∑l Max{0, U(p*)-Ul(p*)} >

0, contradicting (8). Lemma 4 is thus proved.      Q.E.D.

3.2. Market clearing and the existence of general equilibrium

In the preceding subsection we have established the existence of a MUEPV. In this

subsection, we shall determine a weight vector d* = (d1*, …, dm*) such that p* is market clearing

when the measure of the subset of individuals selling good i equals to di* for i = 1, …, m.
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Suppose that the optimal decision for every individual who chooses selling good I under

p* is5

ω* i(p*) ≡ (Li
1*, …, Li

m*, xi
i*, yi

1*, …, yi
m*, p*)∈Ωi(p*).

A trivial case occurs when for a particular i0 we have xi0* = 0. In this case every individual in that

configuration chooses autarky. As a result we can choose

di0* = 1, di* = 0 ∀i≠ i0.

Assume now that xi*>0 for every i = 1, …, m. Consider the trading matrix

Lemma 5: For any trade matrix T corresponding to a MUEPV p*, there exists a vector d* ≥ 0

such that Td* = 0, where 0 is the m-dimensional zero column vector.

Proof   Define X ≡ maxi {xi
i*} and B ≡ T + XI. Thus B is a non-negative matrix. Denote by λ  B’s

Frobenius engenvalue and by d* the associated engenvector (see, for instance, Theorem 4B.2 on

page 375, Takayama 1974), i.e, ** dBd λ= . Then from P*T = 0 due to the budget constraint for

each individual (Walras’ law), one obtains 0=p*Td* =p*(Bd*-Xd*) λ(= -X)p*d*, and hence

X=λ . But Td* = Bd*-Xd* = 0, we are done.  Q.E.D.

We may normalize d by defining di* = di/∑jdj, which is the measure of the set of agents

who sell good i on the market. Combining the above two lemmas actually establishes,

Theorem 1: Given an economy E as described in section 2. Assume that I consists of a

continuum of individuals. Assume that assumptions 1, 2, 3 in paragraph 2.2 are all satisfied.

Then there always exists a general equilibrium

                                                          
5 Note that Ui(p) may be achieved at more than one points in Ωi(p). For simplicity, we assume that all individuals
selling the same good choose the same maximum point.
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3.3. A network of the division of labor

3.3.1 Define a network for an equilibrium large economy

As Wen (1998) shows, because of the increasing returns in production, for any given

price, each agent, as a price-taker and utility maximizer, sells at most one good. For the general

equilibrium, we can categorize all the individual in such a way, mixV ii ∈∀>≡ ∗ ,}0{ ωω  and

},0{0 mixV i ∈∀=≡ ∗ωω , i.e., all the agents selling the same goods form a category and those

who choose autarky in the equilibrium form a separate one. Clearly, this classification is both

exclusive and exhaustive. We then can construct a weighted digraph with ( )n + 1  vertices. Define

∗∗
= j

j
iij dyφ , ∀ ≠i j  and ∗∗∗

−= i
i
i

i
iiii dxLf ])([φ , mi ∈∀ .

If φ ij ≠ 0 , we draw a directed arc ij from vertex i to j  and endow the arc ij a weight φ ij , mji ∈, .

Any vertex i n∈{ , , , }0 1 L is given a weight d Vi i≡ µ( ) . Denote by A the arc set and by V the

vertex set. We call the weighted digraph G V A d p( , , , , )φ the network of division of labor

corresponding to the general equilibrium )))((,))((,))((,( III yxlp ∈∈∈ ωωω ωωω . Clearly,

∑∑
∈∈

=
nr

irr
ns

sis pp φφ . The equilibrium uniquely determines a network defined in the above

manner.

3.3.2 Discussion

A general equilibrium network of division of labor in our model is anonymous in the

sense that it is indeterminate who sells a good to or buys a good from whom. Also, in a general

equilibrium it is indeterminate who is specialized in which activity. This anonymity of network

connections is due to the assumption of ex ante identical individuals and the Walrasian regime

prevailing in our model. In other words, not only general equilibrium resource allocation, but

also general equilibrium network structure of division of labor is chosen by the ‘the invisible

hand’.

Once we establish the network of division of labor from general equilibrium, the concepts

of component, spectrum, and connectedness of a network of division of labor could be defined

in the same way as in graph theory (see e.g. Dondran and Minoux, 1984). By doing so, we may

get some new perspectives on the division of labor and economic development.  For example,
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the concept of connectedness in graph theory could be used to describe the extent of market

integration of the equilibrium economy.

More importantly, the implication of transaction condition for the structure and

complexity of the division of labor could be spelt out by focusing on the structural change of the

network of division of labor when studying the comparative statics with respect to transaction

condition, as to be exemplified by Example 2 in Section 4. In fact, the recent decades have

witnessed a rapidly growing literature coming up with some specific models to discuss the

structural change of the specialization and division of labor which is primarily driven by the

improvement of transaction efficiency (for a comprehensive survey, see Yang and Ng 1998).

3.4 Efficiency of the general equilibrium network of division of labor

Given an economy E, we now compare a general equilibrium network structure S of E

with any possible network structure S’ for the same economy E. Assume that in S’ there are m’ ≤

m goods being traded. By re-labeling these goods in case it is necessary we may assume that

these are goods 1, …, m’. Assume that under the price vector p’* = (p’*1,…,p’*m’), every

individual in S’ attains the same maximal utility through production and trade and the market is

cleared. As a result we say that p’* together with the production and trade profile in S’ forms a

possible structure of E. According to the Wen Theorem, at this structure, every individual sells

only one good. We again refer the individuals selling good j as individuals of type j.

Now we want to establish

Theorem 2. The maximal utility for every individual in S is greater than or equal to the maximal

utility for every individual in S’.

Proof. Assume that the equilibrium price vector in S is p* = (p*1,…,p*m). Without loss of

generality we may assume that

p*1/p’*1 = max {p*j/p’*j : j = 1,…,m’}

which implies that, for all j = 1,…,m’:

p1*/p*j ≥ p’*1/p’*j

Thus under p* any individual of type 1 in S can do as least as well as those individuals of type 1

under p’* in S’. We thus have U(p*) = U1(p*) ≥ U1(p’*) = U(p’*). Q.E.D.
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4. Two Simple Examples

Two numerical examples are considered in this section to explore the implications of the

simultaneous endogenization of the resource allocation and structure of division of labor.

Example 1. I = [0, 1], m = 2, fi(Lj) = max {0, Lj-0.4}, gj(yj) = 0.1yj, u(x1,x2) = 2ln(1+0.01x1) +

ln(1+0.01x2).

It is easy to see that p* = (1, 10) is a MUEPV. Given p*, the optimal decision of any individual

of type 1 is to allocate all her labor to the production of good 1 and not to trade with any good 2

producer, ending up with a utility of 2ln1.006. On the other hand, the optimal strategy of any

good 2 producer is to allocate all her labor to the production of good 2, exchanging all his

produce for good 1. His amount of good 1 consumed is then g2[(0.6)(10)] = 0.6, ending up with

the same utility of 2ln1.006.

It is interesting to note that the trade required by the individuals of type 2 is actually not possible.

However this is automatically taken care by our weight vector d*. Since the trading matrix









−

=
6.00

60
T  we have d* = (1,0). Thus at the general equilibrium, every individual chooses

autarky and produces good 1 only.

Example 2. Everything is the same as in Example 1, except that gj(yj) = kyj, u = (x1)
2x2.

It is easy to verify that p* = (1,k-1/3) is an MUEPV. Given this price vector, in the case of

specialization, the optimal strategy of any type 1 individual is to allocate all her labor to the

production of good 1, exchanging 0.2 units of good 1 for good 2, consuming 0.4 units of good 1

and 0.2k4/3 units of good 2. On the other hand, the optimal strategy of any type 2 individual is to

allocate all his labor to the production of good 2, exchanging 0.4 units of good 2 for good 1,

consuming 0.4k2/3 units of good 1 and 0.2 units of good 2. Every individual ends up with a utility

of 0.032k4/3. On the other hand, in case of an autarky, the optimal strategy for any individual is to

allocate 8/15 units of labor for the production of good 1, and 7/15 units of labor for the

production of good 2, ending up with a utility of 0.032/27. As a result, as far as k > k0 ≡ (1/27) 3/4,

the general equilibrium is achieved with complete specialization and the, the trading matrix
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k
T  and d* = )

2/1

2/
,

2/1

1
(

3/1

3/1

3/1 k

k

k ++
. The equilibrium network structures

for k < k0 and for k > k0 are as shown in Figure 1(a) and Figure 1(b), respectively. In Figure 1(a),
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each agent chooses autarky. In Figure 1(b), some agents specialize in producing good 1 and

exchange some of his produce for good 2 and the other agents specialize producing good 2 and

exchange for good 1.

X1

( a ) Autarky ( b ) Division of labor

Figure 1: Autarky and Division of Labor

5. Concluding remarks

We have used a framework with consumer-producers, economies of specialization, and

transaction costs to formalize the classical mainstream economics about division of labor. We

have established the general equilibrium existence and efficiency theorems for an economy with

a continuum of ex ante identical individuals and with only consumer goods.  It is shown that the

most important function of the market is to coordinate individuals’ decisions in choosing their

patterns of specialization in order to fully exploit positive network effects of division of labor net

of transaction costs. Also, the invisible hand efficiently allocates resources for a given network

structure of division of labor.

As pointed out in the first section, the following feature distinguishes our model from the

standard Arrow-Debreu one. We replace the dichotomy between firms (producers) and

consumers with consumer-producers, which in turn requires our analysis begin with individuals’

decisions in choosing their patterns of labor allocation among different production activities.

Thus, each agent’s decision involves both production that might be associated with nonconvexity

and trade with transaction cost. Correspondingly, at the competitive equilibrium of the present

model, each agent’s production and trade decisions are made jointly to maximize her utility. But

in a standard general equilibrium model, firms’ production decisions and consumers’ trade

decisions are made separately. Someone may argue that an economy of our type is also an

Arrow-Debreu production economy in which each agent owns one firm. But such “firms”, in our

A X2

X2/X1X1/X2

X1 X2
X1
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models, follow totally different behavior rules from what they do in the Arrow-Debreu one,

because profit-maximization generally does not lead to utility maximization of agents in our

framework with consumer-producers due to transaction costs in trade (see, e.g., Wen, 1998 for

some examples). Consequently, our concept of competitive equilibrium is quite different from

others in the general equilibrium literature. In the latter, “Walrasian equilibrium” is used to

describe a state in which firms produce at levels that maximize profits, and consumers, having

received their shares of firms’ profits, choose trades that maximize utilities.6,7

An extension of the paper is to introduce producer goods into the model. Yang and Ng

(1995) use a specific model to show that the theory of the firm developed by Cheung (1983) and

Coase (1937) can be formalized by introducing producer goods into such a model of endogenous

specialization. The theory predicts that the institution of the firm emerges from the division of

labor if transaction conditions for labor are better than that for producer goods. The second

direction to extend the model is to well define equilibrium with unemployment in an economy

with a finite set of individuals and then to identify the conditions for the existence of such

equilibria.

Finally, from a retrospective point of view, what we have done in this paper could be justly

seen as a response not only to Stigler (1976) quoted at the beginning of this article, but also to

another voice dating back to 1975 (Ulph and Ulph 1975, p.355, italics added),

“In Wealth of Nations Smith argues that the division of labor (the economies of scale to be

reaped through specialization) is limited by “the extent of market”, which can in turn be

determined by such factors as transportation costs. Thus the examination of certain costs of

transaction would be part of any explanation of the degree of specialization exhibited by an

economy. In particular, the argument suggests that we ought to be able to use transaction costs to

explain the existence of competitive equilibrium in the presence of certain forms of increasing

returns, a task that modern general equilibrium theory cannot claim to have tackled with great

success.”

                                                          
6 Interestingly, Walras (1926) himself, in analyzing production equilibrium, distinguishes the role undertaken by
entrepreneurs, providers of products (with “the desire to avoid losses and to make profits”) , from roles by laborers,
landowners and capitalists, providers of productive services (with “the desire to obtain maximum satisfaction”), on
the one hand; and goes on to argue that “in a state of equilibrium of production, entrepreneurs make neither profit
nor loss. They make their living not as entrepreneurs, but as land-owners, labourers or capitalists in their own or
other business” (p.225, our italics), on the other.  The competitive equilibrium, in which the decentralized pricing
mechanism results, in both the standard Arrow-Debreu model with dichotomy between firms and consumers and ours
with consumer-producers, could be justly termed as “Walrasian Euilibrium”.
7 By the way, it seems worthy noting that Walras undervalued the scientific achievements of Smith’s political
economy as a whole, as correctly noted by Jeffé (1977).
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Appendix

In this appendix, we show by an example that the strong Nash equilibrium, which is a

concept suggested by Dutta and Mutuswami (1997), is not always guaranteed. Consider an

economy E with the same production functions and transaction functions as in the example of

subsection 2.3, but with I = {1, 2, 3), M = {1,2}, and utility function u = z1 z2
1.1. All possible

structures are shown in Fig A.1, where we assume that each vertex represents an individual to

keep consistency with the definition of a graph in Dutta and Mutuswami (1997). It is easy to

verify that at the Walrasian equilibrium, the following hold.

(i) If every individual chooses an autarky structure, then every one has a utility of 0.

(ii) If each of the two individuals specializes in producing a good and then trades with the

other of the two individuals, and the third individual chooses autarky configuration.

Then the market clearing price vector for the 2-person trade structure is p = (1. 1.1), and

the maximal utilities for the person selling good 1 and the person selling good 2 are 1.1-

1.1(10/42)(11/42)1.1 and 1.1(10/42)(11/42)1.1, respectively, and the third person has a

utility of 0.

(a) Case (i) (b) Case (ii) (c) Case (iii)

Figure A.1: Non-Existence of Coalition Proof Equilibrium

 (iii) There are two different 3-person structures. The first one is with one individual producing

good 1 and two persons producing good 2, and the second one the other way round. In the

first structure, the market clearing price vector is (1, 0.55), and as a result an individual

producing good 2 obtains a utility of 0.55(10/42)(11/42)1.1. In the second structure, the

market clearing price vector is (0.5, 1.1), and as a result an individual producing good 2

obtains a utility of 0.55-1.1(10/42)(11/42)1.1.
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Thus, the network structure in (i) is not coalition proof, because two individuals can form a

coalition as 2-person structure in (ii) to make every member better off. The structure in (iii) is not

coalition proof, because the two individuals producing the same good can form a coalition as the

2-person structure (ii) to make each of its members better off. Finally, the structure in (ii) is not

coalition proof, because the isolated individual and the producer of good 1 in the 2-person trade

structure can form a coalition as the 2-person trade structure in (ii) to make each of its members

better off. Hence, there is no coalition proof network structure for this simple economy.
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