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k ℓ 0 < δ ≤ 1/4 Ik,ℓ

P({1, . . . , k}× {1, . . . , ℓ}) δ

O

(
δ log

(
1

δ

)
+ δ logmin{k, ℓ}

)
.



k ≤ ℓ logmin{k, ℓ} = log k

(X,Y ) (X ′, Y ′) {1, . . . , k} × {1, . . . , ℓ}

δ I(X,Y ) = H(Y )−H(Y |X)

∣∣I(X,Y )− I(X ′, Y ′)
∣∣ ≤

∣∣H(Y )−H(Y ′)
∣∣+

∣∣H(Y |X)−H(Y ′|X ′)
∣∣ .

|H(Y ) − H(Y ′)|

2Hb(2δ) + 3δ log k Hb(·)

Hb(x) ≤ O(x log(1/x)) x O(δ log(1/δ) + δ log k)

px =



P (X = x) p′x = P (X ′ = x)

∣∣H(Y |X)−H(Y ′|X ′)
∣∣ =

∑

x

∣∣pxH(Y |X = x)− p′xH(Y ′|X ′ = x)
∣∣

≤
∑

x

(
px

∣∣H(Y |X = x)−H(Y ′|X ′ = x)
∣∣+

∣∣p′x − px
∣∣H(Y ′|X ′ = x)

)

=
∑

x

px
∣∣H(Y |X = x)−H(Y ′|X ′ = x)

∣∣+
∑

x

∣∣p′x − px
∣∣ log k

≤
∑

x

px
∣∣H(Y |X = x)−H(Y ′|X ′ = x)

∣∣+ δ log k

∑
x |px − p′x| ≤ δ H(Y ′|X ′ = x) ≤ log k

δx+

x δx− x

δx = δx+ + δx−

∑

x

px
∣∣H(Y |X = x)−H(Y ′|X ′ = x)

∣∣ ≤
∑

x

px

(
2Hb

(
2δx
px

)
+ 3

δx
px

log k

)

= 2
∑

x

pxHb

(
2δx
px

)
+ 3

∑

x

δx log k

≤ 2
∑

x

pxHb

(
2δx
px

)
+ 3δ log k

≤ 2Hb(2δ) + 3δ log k



∣∣H(Y |X)−H(Y ′|X ′)
∣∣ ≤ 2Hb(2δ) + 4δ log k

|H(Y )−H(Y ′)| Hb(X) ≤ O(x log(1/x))

x

P(R2) R2

P(R2) m∞ (X,Y ) ,→

M(X,Y )

F

F ′ supg∈A g A ⊂ F

M(X,Y )

F ′

F =

{
(X,Y ) ,→

Ik,ℓ((X,Y )|G)
logmin{k, ℓ} : k, ℓ ∈ Z>1, G ∈ G(k, ℓ)

}
.



F ε > 0

(X ′, Y ′) ε (X,Y ) (X ′, Y ′)|G

ε (X,Y )|G G ε

Ik,ℓ((X ′, Y ′)|G) Ik,ℓ((X,Y )|G)

O (ε log(1/ε) + ε logmin{k, ℓ}) .

O(ε(log(1/ε) + 1))

(X,Y ) ε

F ′ = {(X,Y ) ,→ M(X,Y )k,ℓ : k, ℓ ∈ Z>1} .

F ′ supg∈A g A ⊂ F

ε > 0 δ F

F ′ supg∈A g

ε g ε supg∈A g g

ε δ

F ′

δ F ′ M(X ′, Y ′)

ε M(X,Y )

(X,Y ) ,→ M(X,Y )



N(k, ℓ MN

N

MN (X,Y ) =
I∗((X,Y ), k, ℓ)

N(k, ℓ)
.

N(k, ℓ) = o(logmin{k, ℓ}) N× N MN supMN

P([0, 1]× [0, 1]) ⊂ P(R2)

Z [0, 1/2]2 Z

I∗(Z, k, ℓ) k, ℓ Zε

[0, 1/2]2 1 − ε

(1/2, 1/2) (1, 1) ε

I∗(Zε, k, ℓ) k ≤ ℓ

[0, 1/2]2

[1/2, 1]2 k − 1 k − 1

[1/2, 1]2 ε log(k− 1)

k, ℓ

I∗(Zε, k, ℓ) ≥ ε logmin{k − 1, ℓ− 1}.

MN (Zε) P ∞



MN (Z) MN (Zε)

M Mk,↑

max
P∈P (k)

I(X,Y |P )
log k

P (k) k

M∗
k,↑ = max

P∈P (k)

I(X,Y |P )
log k

.

M∗
k,↑ Mk,↑ Mk,↑ ≤ M∗

k,↑

k ℓ G = (P,Q) P Q

I((X,Y )|G) ≤ I(X,Y |P )

Mk,ℓ ≤ M∗
k,↑ ℓ ≥ k

Mk,↑ = lim
ℓ→∞

Mk,ℓ ≤ M∗
k,↑.

M∗
k,↑ ≤ Mk,↑ P k

Qℓ ℓ

M∗
k,ℓ,P =

I(X|Qℓ , Y |P )
log k

.



M∗
k,ℓ,P ≤ Mk,ℓ ℓ ≥ k P

I(X,Y |P )
log k

= lim
ℓ→∞

M∗
k,ℓ,P ≤ lim

ℓ→∞
Mk,ℓ = Mk,↑

M∗
k,↑ = sup

P

I(X,Y |P )
log k

≤ Mk,↑

(X,Y ) Mk,↑ M↑,ℓ

O(kε log(1/(kε))) + E O(ℓε log(1/(ℓε))) + E

O(kT (E)/ε) O(ℓT (E)/ε) T (E)

E

Mk,↑ 0 < ε < 1

P k I(X,Y |P )

Π Π 1/ε



Π O(kT (E)/ε)

P0 k I (X,Y |P0) P0 ⊂ Π

E

Π O(kε log(1/(kε)))

I (X,Y |P )− I (X,Y |P0) ≤ O(kε)

P

P I (X,Y |P ) ≥ I (X,Y |P0)

P ′ ⊂ Π

(X,Y |P ′) O(kε log(1/(kε)))

(X,Y |P ) P ′ ⊂ Π I (X,Y |P0) ≥ I (X,Y |P ′)

I (X,Y |P )− I (X,Y |P0) O(kε log(1/(kε)))

P ′ P

Π k − 1 P

Π 1/ε

(k − 1)ε

(X,Y |P ′) (X,Y |P ) (k− 1)ε ≤ kε

ε

|I (X,Y |P ′)− I (X,Y |P )| ≤ O

(
kε log

(
1

kε

)
+ kε log

(
1

ε

))



(X,Y ) ∂[M ] = ∂M

[M ]k,↑ = Mk,↑

P Qℓ ℓ

lim
ℓ→∞

I(X|Qℓ , Y |P ) = I(X,Y |P ),

P (k)

k

[M ]k,↑ = max
P∈P (k)

I(X,Y |P )
log k

= Mk,↑



e ∗

e ∗

→ ∗

k ℓ G I(Dn|G)

I((X,Y )|G) Dn

n (X,Y )

Dn n (X,Y )

B(n) = O
(
n1−ε

)
a > 0

n

∣∣∣[̂M ](Dn)k,ℓ − [M ](X,Y )k,ℓ
∣∣∣ ≤ O

(
1

na

)

kℓ ≤ B(n) P (n) = 1− o(1) [̂M ](Dn)k,ℓ k, ℓ

[M ](X,Y )k,ℓ k, ℓ

(X,Y )



m∞

A ri

Ak,ℓ kℓ > i

f : m∞ → R f ◦ ri → f

(X,Y )

(
f ◦ rB(n)

) (
[̂M ](Dn)

)
→ f([M ](X,Y ))

Dn n (X,Y )

ω(1) < B(n) ≤ O(n1−ε) ε > 0

∗

c

(X,Y )

Dn n



(X,Y ) c ≥ 1 {M̂}c(Dn)

rB({M̂}c(Dn))

O(n+B5/2) O(n+ n5(1−ε)/2) B(n) = O(n1−ε)

ẽ,B(·) = max
kℓ≤B(n)

{M̂}c(·)k,ℓ

∗ ω(1) < B(n) ≤ O(n1−ε)

ε > 0

ẽ,B(·) =
∑

kℓ≤B(n)

{M̂}c(·)k,ℓ

ω(1) < B(n) ≤
O(n1−ε) ε > 0

k, ℓ {M̂}c(Dn) k ≤ ℓ, kℓ ≤ B

{M̂}c(Dn) ℓ ≥
√
B

{(2, ℓ), . . . , (B/ℓ, ℓ)}

ℓ <
√
B {(2, ℓ), . . . , (ℓ, ℓ)}

k > ℓ

ℓ ≥
√
B

{(2, ℓ), . . . , (B/ℓ, ℓ)}



O(|Π|2(B/ℓ)ℓ) = O(|Π|2B) O(c2B3/ℓ2) Π

cB/ℓ ℓ =
√
B, . . . , B/2

O(c2B3)

B/2∑

ℓ=
√
B

1

ℓ2
= O

(
c2B3

)
O

(
1√
B

)

= O(c2B5/2)

ℓ <
√
B

{(2, ℓ), . . . , (ℓ, ℓ)} O(|Π|2ℓ2)

O(c2ℓ4) ≤ O(c2B2) Π cℓ

O(
√
B) ℓ ℓ <

√
B O(c2B5/2)

(X,Y ) Dn

n (X,Y ) c ≥ 1

{M̂}c(Dn)

[̂M ]

maxkℓ≤B(n){M̂}c(Dn)k,ℓ ∗(X,Y )

∑
kℓ≤B(n){M̂}c(Dn)k,ℓ

k, ℓ



{M̂}c(Dn)

n k ℓ

(X,Y )

c ≥ 1

I{c∗}((X,Y ), k, ℓ) = max
G

I((X,Y )|G)

k ℓ

c ·max{k, ℓ}

(X,Y ) {M}c(X,Y )

{M}c(X,Y )k,ℓ =
I{c∗}((X,Y ), k, ℓ)

logmin{k, ℓ}

I{c∗} {M}c

I [∗] [M ]



k ℓ G I(Dn|G)

I((X,Y )|G) Dn n (X,Y )

Dn n (X,Y )

B(n) = O
(
n1−ε

)
a > 0

n

∣∣∣{M̂}c(Dn)k,ℓ − {M}c(X,Y )k,ℓ
∣∣∣ ≤ O

(
1

na

)

k, ℓ ≤
√

B(n) P (n) = 1 − o(1) {M̂}c(Dn)

c

Dn

kℓ ≤ B(n)

k, ℓ ≤
√

B(n)

k, ℓ ≤
√
B(n)

k, ℓ ≥ 2 Dn n

(X,Y ) B(n) > ω(1)



{M̂}c(Dn)k,ℓ → {M}c(X,Y )k,ℓ

n {M̂}c(Dn)

c Dn

∗

{M̂}c(Dn) ∗

{M}c

(X,Y )

sup{M}c(X,Y ) = ∗(X,Y )

{M}c = {M}c(X,Y ) M = M(X,Y )

k {M}ck,ℓ ℓ k, ℓ

ℓ > k Pℓ ℓ

Qℓ k Qℓ

cℓ ℓ Pℓ

X|Pℓ → X Qℓ

Q k Qℓ Q



k

{M}ck,↑ = lim
ℓ→∞

{M}ck,ℓ = max
P∈P (k)

I(X,Y |P )
log k

P (k) k

∂{M}c {M}c ∂M M ∗(X,Y ) = sup ∂M

sup{M}c ≥ sup ∂{M}c = sup ∂M = ∗(X,Y ).

{M}c ≤ M k, ℓ

{M}c k, ℓ M

sup{M}c ≤ supM = ∗(X,Y )

{M̂}c(Dn) {M}c

i j i

j A

a

B



{Aij}∞i,j=1 {Bij}∞i,j=1

{ai}∞i=1

Aij ≤ Bij

i Aij → ai

B′
j = maxi≤j Bij B′

j → sup{ai}

A′
j = maxi≤j Aij sup{ai}

a = sup{ai} a < ∞

ε > 0 0 < p ≤ 1

N P(|A′
j − a| < ε) > p j ≥ N

a k |ak − a| < ε/2

Akj ak m P(|Akj − ak| < ε/2) > 1− p j ≥ m

1− p

|Akj − a| ≤ |Akj − ak|+ |ak − a|

≤ ε

j ≥ m

A′
j ≥ Akj j ≥ k

j ≥ max{m, k} P(A′
j > a− ε) > 1−p A′

j

A′
j ≤ B′

j B′
j → a

N ≥ max{m, k} P(B′
j < a+ ε) > 1− p



j ≥ N B′
j < a+ ε A′

j < a+ ε P(|A′
j − a| < ε) > 1− p

j ≥ N

ẽ,B(·) = max
kℓ≤B(n)

{M̂}c(·)k,ℓ

∗ ω(1) < B(n) ≤ O(n1−ε) ε > 0

{M̂}c(·)

(X,Y ) Dn

n (X,Y ) {(ki, ℓi)}∞i=1 ⊂ Z+ × Z+

B

q(B)

{(ki, ℓi) : i ≤ q(B)} = {(k, ℓ) : kℓ ≤ B} .

Bij = [̂M ](Dj)ki,ℓi Bij ki, ℓi

j Aij = {M̂}c(Dj)ki,ℓi

ai = {M}c(X,Y )ki,ℓi sup ai =

sup{M}c(X,Y ) = ∗

Aij ≤ Bij

Aij → ai e



∗ B′
j = maxi≤j Bij → ∗(X,Y )

A′
j = maxi≤j Aij ∗(X,Y )

A′
q(B(n)) = max

i≤q(B(n))
{M̂}c(Dq(B(n)))ki,ℓi = max

kℓ≤B(n)
{M̂}c(Dq(B(n)))k,ℓ

∗(X,Y ) A′
j

∗

(X,Y )

X Y {M}c(X,Y ) ≡ 0

a > 0 ℓ0 ≥ 2

{M}c(X,Y )k,ℓ ≥
a

logmin{k, ℓ}

k ≥ ℓ ≥ ℓ0 ℓ ≥ k ≥ ℓ0

{M}c = {M̂}c(X,Y ) {M}c

I((X,Y )|G) = 0 G



ℓ0

r > 0 ℓ0

r k (k, ℓ0), (k, ℓ0 + 1), . . . , (k, k)

I [c∗] a = r log ℓ0

{M̂}c(Dn)

{M}c(X,Y )

ẽ,B(·) =
∑

kℓ≤B(n)

{M̂}c(·)k,ℓ

ω(1) < B(n) ≤ O(n1−ε)

ε > 0 {M̂}c(·)

(X,Y ) Dn

n (X,Y )

ẽ,B(Dn) log(B(n))/B(n)

X Y

{M̂}c(Dn) ≤ [̂M ](Dn) 0 ≤ ẽ,B(Dn) ≤ e,B(Dn)

e,B(Dn)/B(n)



e,B(Dn) log(B(n))/B(n) → 0 ẽ,B(Dn) log(B(n))/B(n)

X Y

e

{M̂}c(Dn) {M}c(X,Y ) k, ℓ

k, ℓ ≤
√
B(n)

kℓ ≤ B(n)

ẽ,B(Dn)

ẽ,B(Dn) =
∑

kℓ≤B(n)

{M̂}c(Dn)k,ℓ ≥
∑

k,ℓ≤
√

B(n)

{M̂}c(Dn)k,ℓ.

a > 0 B 1− o(1)

logB(n)

B(n)

⎛

⎜⎝
∑

k,ℓ≤
√

B(n)

{M̂}c(X,Y )k,ℓ − ẽ,B(Dn)

⎞

⎟⎠ ≤ O

(
#n logB(n)

B(n)na

)
= O

(
logB(n)

na

)

#n = B(n) (k, ℓ) k, ℓ ≤
√
B(n)

logB(n)

B(n)
ẽ,B(Dn) ≥

logB(n)

B(n)

∑

k,ℓ≤
√

B(n)

{M̂}c(X,Y )k,ℓ −O

(
logB(n)

na

)



n

∑

k,ℓ≤
√

B(n)

{M}c(X,Y ) ≥ Ω

(
B(n)

logB(n)

)
.

c

c e

c e

c

n = 250 n = 500

5, 000

n = 250 n = 500 c = 1

B(n) = n0.6

B(n) = n0.8

B(n)

c = 1

c ≥ 2



n = 5, 000

n B(n)

α B(n) = nα

e

e



c n = 250
α = 0.6



c n = 250
α = 0.8



c n = 500
α = 0.6



c n = 500
α = 0.8



c n =
5, 000 α = 0.5



c n =
5, 000 α = 0.7





50
n = 500

R2



R2



(X,Y ) X Y

M(X,Y ) ≡ [M ](X,Y ) ≡ 0

a > 0 ℓ0 ≥ 2

M(X,Y )k,ℓ, [M ](X,Y )k,ℓ ≥
a

logmin{k, ℓ}

k ≥ ℓ ≥ ℓ0 ℓ ≥ k ≥ ℓ0

[M ] = [M ](X,Y )

M(X,Y ) X Y

G (X,Y )|G

I((X,Y )|G) = 0 G [M ]

X Y

[M ]

X Y ∗(X,Y ) > 0

sup ∂[M ] = ∗(X,Y )

[M ]



[M ]↑,ℓ0 = limk→∞[M ]k,ℓ0

k0 ≥ ℓ0 r > 0

[M ]k,ℓ0 ≥ r k ≥ k0 ℓ0

[M ] r

k > k0 k > ℓ0 ℓ {ℓ0, . . . , k}

k > ℓ0 I [∗]((X,Y ), k, ℓ0)

[M ]k,ℓ0 k

ℓ0

ℓ ℓ0 ≤ ℓ ≤ k

I [∗] ℓ

ℓ0 ≤ ℓ ≤ k

I [∗]((X,Y ), k, ℓ) ≥ I [∗]((X,Y ), k, ℓ0).

k ≥ ℓ, ℓ0 [M ]k,ℓ [M ]k,ℓ0 log ℓ

log ℓ0

[M ]k,ℓ ≥ [M ]k,ℓ0
log ℓ0
log ℓ

≥ r log ℓ0
log ℓ

k > k0 a = r log ℓ0



(X,Y ) X Y

SB(M(X,Y )) = SB([M ](X,Y )) = 0 B > 0

SB(M(X,Y )) SB([M ](X,Y )) Ω(B log logB)

M = M(X,Y )

[M ](X,Y )

M ≡ 0

SB(M) = 0 B > 0

a > 0 ℓ0 ≥ 2

Mk,ℓ ≥ a/ log ℓ k ≥ ℓ ≥ ℓ0 SB(M)

k ≥ ℓ ≥ ℓ0 kℓ ≤ B ℓ ℓ0 ≤ ℓ ≤
√
B

(ℓ, ℓ), . . . , (B/ℓ, ℓ) B/ℓ0 − (ℓ0 − 1)



a/ log ℓ SB(M)

SB(A) ≥

√
B∑

ℓ=ℓ0

a

log ℓ

(
B

ℓ
− (ℓ− 1)

)

= aB

√
B∑

ℓ=ℓ0

1

ℓ log ℓ
− a

√
B∑

ℓ=ℓ0

ℓ− 1

log ℓ

= a

⎛

⎝B

√
B∑

ℓ=ℓ0

1

ℓ log ℓ
−O(B)

⎞

⎠

= Ω(B log logB)

(ℓ − 1)/ log ℓ ≤ ℓ

∑n
i=i0

1/(i log i) log log n

B e,B

ω(1) < B(n) ≤ O(n1−ε) ε > 0

e

(X,Y ) Dn

n (X,Y ) M = M(X,Y )

(X,Y ) M̂(Dn)

B(Dn)



B(Dn)/B(n)

∞

M

B(Dn)/B(n) = SB(n)(M̂(Dn))/B(n) SB(M)/B(n)

SB(M)/B(n)

a > 0 B

∣∣∣M̂(Dn)k,ℓ −Mk,ℓ

∣∣∣ ≤ O

(
1

na

)

kℓ ≤ B(n) 1 − o(1) 1 − o(1)

1

B(n)

∣∣
B(Dn)− SB(n)(M)

∣∣ ≤ O

(
#n

B(n)na

)

#n (k, ℓ) kℓ ≤ B(n)

B/x x #n = O(B(n) logB(n))

O(logB(n)/na) = O(1/ (n)) B(n)

SB(n)(M) = 0

B B(Dn)/B(n) → 0



(X,Y )

SB(n)(M)/B(n) > ω(1) B n

r > 0 SB(n)(M)/B(n) > r n

B(Dn)/B(n) → ∞

Π Ψ

Γ (πi) (ψi) P = f(Π)

Q = f(Ψ) f B

εi =
ψi − πi

πi
.

0 < a < 1 A > 0

|H(Q)−H(P )| ≤ (logB)A
∑

i

|εi|

|εi| ≤ 1− a i



(pi) (qi) P Q

ei =
qi − pi
pi

εi

ei =
∑

j∈f−1(i)

πj
pi

εj .

|H(Q)−H(P )| ≤

∣∣∣∣∣
∑

i

(
eipi(1 + ln pi) +

1

2
e2i pi +O

(
e3i
))

∣∣∣∣∣

≤

∣∣∣∣∣
∑

i

eipi

∣∣∣∣∣+

∣∣∣∣∣
∑

i

eipi ln pi

∣∣∣∣∣+
1

2

∣∣∣∣∣
∑

i

e2i pi

∣∣∣∣∣+

∣∣∣∣∣
∑

i

O
(
e3i
)
∣∣∣∣∣

=

∣∣∣∣∣
∑

i

eipi ln pi

∣∣∣∣∣+
1

2

∑

i

e2i pi +

∣∣∣∣∣
∑

i

O
(
e3i
)
∣∣∣∣∣

∑
i eipi =

∑
i qi−

∑
i pi = 0

∣∣∣∣∣
∑

i

eipi ln pi

∣∣∣∣∣ ≤ −
∑

i

|ei|pi ln pi.

−
∑

i pi ln pi ≤ lnB



−pi ln pi ≤ lnB

|ei| ≤

∣∣∣∣∣∣

∑

j∈f−1(i)

πj
pi

εj

∣∣∣∣∣∣
≤

∑

j

πj
pi

|εj | ≤
∑

j

|εj |

πj/pi ≤ 1

−
∑

i

|ei|pi ln pi ≤ (lnB)
∑

i

|ei|

≤ (lnB)
∑

i

|εi|

ei εi εi

ei

pi ≤ 1 i

∑

i

e2i pi ≤
∑

i

e2i .

∑

i

e2i =
∑

i

⎛

⎝
∑

j∈f−1(i)

πj
pi

εj

⎞

⎠
2

≤
∑

i

∑

j∈f−1(i)

πj
pi

ε2j

≤
∑

j

ε2j

=
∑

j

O (|εj |)



f(x) = x2

f−1(i) Γ

∣∣∣∣∣
∑

i

O
(
e3i
)
∣∣∣∣∣ ≤

∑

i

O
(
|ei|3

)

f(x) = x3

x ≥ 0

∑

i

O
(
|ei|3

)
≤

∑

i

O
(
|εi|3

)
=

∑

i

O (|εi|)

{wi} ⊂ [0, 1] n
∑

iwi ≤ 1 {ui}

n
∑

i ui = a ui ≤ wi

n∑

i=1

wiHb

(
ui
wi

)
≤ Hb (a)

Hb

X {0, . . . , n}

1−
∑

iwi i wi 0 < i ≤ n



Y {0, 1}

P (Y = 0|X = i) =

⎧
⎪⎪⎨

⎪⎪⎩

0 i = 0

ui/wi 0 < i ≤ n

.

H(Y |X) ≤ H(Y )

n∑

i=1

wiHb

(
ui
wi

)
≤ H(Y ).

P (Y = 0) =
∑

i

P (X = i)
ui
wi

=
∑

i

ui ≤ a.

X k P (X = x) =

px αx ≥ 0
∑

αx = δ X ′

P (X ′ = x) = (px + αx)/(1 + δ)

∣∣H(X ′)−H(X)
∣∣ ≤ Hb(δ) + δ log k

Hb



Z

P
(
Z = 0|X ′ = x

)
=

px
px + αx

, P
(
Z = 1|X ′ = x

)
=

αx

px + αx
.

H(X ′|Z = 0) = H(X)

H(X ′)−H(X)

H(X ′)−H(X) ≤ H(X ′, Z)−H(X)

= H(Z) +P (Z = 0)H(X ′|Z = 0) +P (Z = 1)H(X ′|Z = 1)−H(X)

≤ Hb(δ) + (1− δ)H(X) + δH(X ′|Z = 1)−H(X)

= Hb(δ)− δH(X) + δ log k

≤ Hb(δ) + δ log k

H(X ′|Z = 1) ≤ log k

H(X)−H(X ′)

H(X ′) +H(Z) ≥ H(X ′, Z)

≥ P (Z = 0)H(X ′|Z = 0)

= (1− δ)H(X)



H(X ′) ≥ (1− δ)H(X)−Hb(δ)

H(Z) = Hb(δ)

H(X)−H(X ′) ≤ δH(X) +Hb(δ) ≤ δ log k +Hb(δ).

X k P (X = x) =

px αx ≤ 0
∑

|αx| = δ X ′

P (X ′ = x) = (px + αx)/(1− δ)

∣∣H(X ′)−H(X)
∣∣ ≤ Hb

(
δ

1− δ

)
+

δ

1− δ
log k

Hb δ ≤ 1/3

∣∣H(X ′)−H(X)
∣∣ ≤ Hb(2δ) + 2δ log k.

X ′ X δ/(1− δ)

X k P (X = x) =

px αx
∑

|αx| = δ X ′ P (X ′ = x) =



(px + αx)/(1−
∑

αx) X ′ x

αx δ ≤ 1/4

∣∣H(X ′)−H(X)
∣∣ ≤ 2Hb(2δ) + 3δ log k

Hb

δ+ αx δ−

αx

Hb(δ+) + δ+ log k +Hb

(
2

δ−
1 + δ+

)
+ 2

δ−
1 + δ+

log k

≤ Hb(δ+) + δ+ log k +Hb(2δ−) + 2δ− log k

≤ Hb(2δ) + δ log k +Hb(2δ) + 2δ log k

≤ 2Hb(2δ) + 3δ log k

1 + δ+ ≤ 1 + δ < 2 2δ− ≤ 2δ ≤ 1/2

δ+ ≤ δ < 2δ ≤ 1/2



C

http://www.exploredata.net/ftp/aoas_empirical_supplement.zip

http://www.exploredata.net/ftp/aoas_empirical_supplement.zip


R2

ρ̂2 Q

Q

Q

(X + ε, f(X) + ε′σ) ε = 0 ε′σ ∼ N (0,σ2) f F

X

f R2

ρ̂2 σ f ∈ F

Z = (X, f(X) + ε′σ) n = 500

ρ̂2 Z

Q R2

Q Q

Q



R2 = 1.0 R2 = 10−3

1, 000 n = 500

1, 000

R2

R2

e e

R2 R2



R2

R2 ε

R2 ε ε ∈ {10−3, 10−2.5, 10−2}

ε

R2

R2



{0.01, 0.025, 0.05, 0.1, 0.2, 0.25, 0.5, 1}

SDDP

e

e



50
n = 500

R2



R2 50%

n = 500



Q

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f(X) [E, f(X)]

X [E,X]

f(X) [U, f(X)]

X [U,X]

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

[Ny]

[Nx,Ny]

[Nx]

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

.

[E, f(X),Ny]

f(X)





y = cos(14πx) x ∈ [0, 1]
y = cos(7πx) x ∈ [0, 1]
y = sin(5πx(1 + x)) x ∈ [0, 1]
y = 4x3 + x2 − 4x x ∈ [−1.3, 1.1]
y = 41(4x3 + x2 − 4x) x ∈ [−1.3, 1.1]

10x y = 10x x ∈ [0, 10]
2x y = 2x x ∈ [0, 10]

y =

{
x/99 x ≤ 99

100

1 x > 99
100

x ∈ [0, 1]

y = x x ∈ [0, 1]
y = 1

10 sin(10.6(2x− 1)) + 11
10 (2x− 1) x ∈ [0, 1]

y = 1
5 sin(10.6(2x− 1)) + 11

10 (2x− 1) x ∈ [0, 1]

y = 1
5 sin(4(2x− 1)) + 11

10 (2x− 1) x ∈ [0, 1]
y = sin(10πx) + x x ∈ [0, 1]

y =

⎧
⎪⎨

⎪⎩

200x x < 1
200

−198x+ 199
100

1
200 ≤ x < 1

100

− x
99 + 1

99 x ≥ 1
100

x ∈ [0, 1]

y = 4x2 x ∈ [− 1
2 ,

1
2 ]

y =

⎧
⎪⎨

⎪⎩

0 x ≤ 49
100

50(x− 1
2 ) +

1
2

49
100 ≤ x ≤ 51

100

1 x > 51
100

x ∈ [0, 1]

y = sin(16πx) x ∈ [0, 1]
y = sin(8πx) x ∈ [0, 1]
y = sin(9πx) x ∈ [0, 1]
y = sin(6πx(1 + x)) x ∈ [0, 1]

y =

⎧
⎪⎨

⎪⎩

20 x < 1
20

−18x+ 19
10

1
20 ≤ x < 1

10

−x
9 + 1

9 x ≥ 1
10

x ∈ [0, 1]

[E, f(X)]
[U, f(X)]



y = x x ∈ [0, 1]
y = 4x2 x ∈ [− 1

2 ,
1
2 ]

y = 128(x− 1
3 )

3 − 48(x− 1
3 )

3 − 12(x− 1
3 ) x ∈ [0, 1]

y = sin(16πx) x ∈ [0, 1]
y = sin(4πx) x ∈ [0, 1]

x1/4 y = x1/4 x ∈ [0, 1]

y = ±
√

1− (2x− 1)2 x ∈ [0, 1]

y =

{
0 x ≤ 1

2

1 x > 1
2

x ∈ [0, 1]



Noise (Gaussian)

Even Along    -Noise 0.58 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.98 0.88 0.39 0.45

Even Along    -Noise 0.52 1.00 1.00 1.00 0.99 0.92 1.00 0.98 0.99 0.87 0.35 0.42

Even Along       -Noise 0.63 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.94 0.50 0.55

Even Along       -Noise 0.66 1.00 1.00 1.00 1.00 0.88 1.00 1.00 0.99 0.98 0.63 0.72

Even Along     -Noise 0.64 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.94 0.50 0.55

Even Along     -Noise 0.66 1.00 1.00 1.00 1.00 0.90 1.00 1.00 0.99 0.98 0.63 0.68

Uniform Along    -Noise 0.56 1.00 1.00 1.00 0.65 1.00 1.00 0.98 0.98 0.83 0.43 0.45

Uniform Along    -Noise 0.51 1.00 1.00 1.00 0.59 0.87 1.00 0.98 0.98 0.83 0.42 0.42

Uniform Along       -Noise 0.61 1.00 1.00 1.00 0.69 1.00 1.00 0.98 0.98 0.94 0.50 0.53

Uniform Along       -Noise 0.68 1.00 1.00 1.00 0.76 0.98 1.00 0.98 0.98 0.98 0.65 0.71

Uniform Along     -Noise 0.61 1.00 1.00 1.00 0.70 1.00 1.00 0.98 0.98 0.94 0.50 0.54

Uniform Along     -Noise 0.68 1.00 1.00 1.00 0.81 0.98 1.00 0.98 0.98 0.98 0.64 0.72

Worst Case 0.68 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.98 0.65 0.72

Even Along    -Noise 0.53 1.00 1.00 1.00 0.45 0.75 1.00 0.98 0.98 0.70 0.24 0.27

Even Along    -Noise 0.48 1.00 1.00 1.00 0.43 0.48 1.00 0.97 0.98 0.70 0.21 0.24

Even Along       -Noise 0.59 1.00 1.00 1.00 0.97 0.96 1.00 0.98 0.98 0.77 0.34 0.38

Even Along       -Noise 0.63 1.00 1.00 1.00 0.95 0.84 1.00 0.98 0.98 0.95 0.48 0.51

Even Along     -Noise 0.58 1.00 1.00 1.00 0.97 0.95 1.00 0.98 0.98 0.80 0.35 0.38

Even Along     -Noise 0.63 1.00 1.00 1.00 0.96 0.87 1.00 0.98 0.98 0.95 0.48 0.51

Uniform Along    -Noise 0.52 1.00 1.00 1.00 0.45 0.69 1.00 0.96 0.98 0.68 0.25 0.28

Uniform Along    -Noise 0.48 1.00 1.00 1.00 0.43 0.48 1.00 0.95 0.98 0.68 0.22 0.25

Uniform Along       -Noise 0.59 1.00 1.00 1.00 0.57 0.83 1.00 0.98 0.98 0.74 0.35 0.38

Uniform Along       -Noise 0.65 1.00 1.00 1.00 0.67 0.75 1.00 0.98 0.98 0.93 0.51 0.56

Uniform Along     -Noise 0.59 1.00 1.00 1.00 0.59 0.84 1.00 0.98 0.98 0.75 0.35 0.39

Uniform Along     -Noise 0.65 1.00 1.00 1.00 0.73 0.80 1.00 0.98 0.98 0.94 0.51 0.56

Worst Case 0.65 1.00 1.00 1.00 0.97 0.96 1.00 0.98 0.98 0.95 0.51 0.56

Even Along    -Noise 0.44 1.00 0.98 1.00 0.18 0.08 1.00 -- 0.96 0.44 0.15 0.16

Even Along    -Noise 0.40 1.00 0.98 1.00 0.18 0.07 1.00 -- 0.96 0.43 0.12 0.15

Even Along       -Noise 0.48 1.00 0.98 1.00 0.41 0.32 1.00 -- 0.98 0.50 0.23 0.24

Even Along       -Noise 0.53 1.00 0.98 1.00 0.56 0.49 1.00 -- 0.98 0.69 0.36 0.41

Even Along     -Noise 0.48 1.00 0.98 1.00 0.77 0.37 1.00 -- 0.98 0.51 0.24 0.24

Even Along     -Noise 0.53 1.00 0.98 1.00 0.83 0.58 1.00 -- 0.98 0.69 0.37 0.40

Uniform Along    -Noise 0.44 1.00 0.98 1.00 0.17 0.09 1.00 -- 0.97 0.44 0.16 0.16

Uniform Along    -Noise 0.41 1.00 0.98 1.00 0.18 0.07 1.00 -- 0.97 0.43 0.13 0.15

Uniform Along       -Noise 0.49 1.00 0.98 1.00 0.37 0.30 1.00 -- 0.98 0.50 0.24 0.25

Uniform Along       -Noise 0.54 1.00 0.98 1.00 0.53 0.47 1.00 -- 0.98 0.69 0.39 0.43

Uniform Along     -Noise 0.49 1.00 0.98 1.00 0.41 0.34 1.00 -- 0.98 0.51 0.25 0.25

Uniform Along     -Noise 0.54 1.00 0.98 1.00 0.61 0.55 1.00 -- 0.98 0.70 0.39 0.44

Worst Case 0.54 1.00 0.98 1.00 0.83 0.58 1.00 -- 0.98 0.70 0.39 0.44

TICe MICSample Size

Model
Maximal

Corr. (ACE) dCor HSIC

I  [L2] 
(Kraskov, k=1)Pearson

I  [L2] 
(Kraskov, k=6) MICeS

DDP
HHGRDC

Q

n = 5, 000



Noise (Gaussian)

Even Along    -Noise 0.38 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.45 0.28 0.32

Even Along    -Noise 0.31 0.50 0.50 0.50 0.50 0.49 0.50 0.50 0.50 0.45 0.26 0.30

Even Along       -Noise 0.41 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.49 0.34 0.37

Even Along       -Noise 0.41 0.50 0.50 0.50 0.50 0.48 0.50 0.50 0.50 0.49 0.40 0.43

Even Along     -Noise 0.41 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.49 0.34 0.37

Even Along     -Noise 0.41 0.50 0.50 0.50 0.50 0.49 0.50 0.50 0.50 0.49 0.40 0.43

Uniform Along    -Noise 0.37 0.50 0.50 0.50 0.36 0.50 0.50 0.50 0.50 0.45 0.29 0.32

Uniform Along    -Noise 0.32 0.50 0.50 0.50 0.33 0.48 0.50 0.50 0.50 0.44 0.28 0.30

Uniform Along       -Noise 0.40 0.50 0.50 0.50 0.40 0.50 0.50 0.50 0.50 0.48 0.34 0.37

Uniform Along       -Noise 0.42 0.50 0.50 0.50 0.43 0.49 0.50 0.50 0.50 0.48 0.41 0.43

Uniform Along     -Noise 0.41 0.50 0.50 0.50 0.41 0.50 0.50 0.50 0.50 0.48 0.35 0.37

Uniform Along     -Noise 0.42 0.50 0.50 0.50 0.44 0.49 0.50 0.50 0.50 0.48 0.42 0.43

Average Case 0.39 0.50 0.50 0.50 0.45 0.49 0.50 0.50 0.50 0.47 0.34 0.37

Even Along    -Noise 0.36 0.50 0.50 0.50 0.26 0.46 0.50 0.50 0.49 0.38 0.19 0.21

Even Along    -Noise 0.29 0.50 0.50 0.50 0.24 0.35 0.50 0.49 0.50 0.37 0.17 0.19

Even Along       -Noise 0.39 0.50 0.50 0.50 0.49 0.49 0.50 0.50 0.50 0.45 0.24 0.27

Even Along       -Noise 0.40 0.50 0.50 0.50 0.49 0.47 0.50 0.49 0.50 0.48 0.30 0.32

Even Along     -Noise 0.40 0.50 0.50 0.50 0.49 0.49 0.50 0.50 0.50 0.45 0.24 0.27

Even Along     -Noise 0.40 0.50 0.50 0.50 0.49 0.48 0.50 0.49 0.50 0.48 0.30 0.33

Uniform Along    -Noise 0.36 0.50 0.50 0.50 0.26 0.44 0.50 0.49 0.49 0.38 0.19 0.21

Uniform Along    -Noise 0.30 0.50 0.50 0.50 0.24 0.35 0.50 0.49 0.49 0.37 0.18 0.19

Uniform Along       -Noise 0.39 0.50 0.50 0.50 0.33 0.47 0.50 0.49 0.49 0.44 0.25 0.27

Uniform Along       -Noise 0.41 0.50 0.50 0.50 0.38 0.44 0.50 0.49 0.49 0.48 0.31 0.33

Uniform Along     -Noise 0.40 0.50 0.50 0.50 0.33 0.47 0.50 0.49 0.49 0.44 0.25 0.27

Uniform Along     -Noise 0.41 0.50 0.50 0.50 0.39 0.46 0.50 0.49 0.49 0.48 0.31 0.33

Average Case 0.38 0.50 0.50 0.50 0.37 0.45 0.50 0.49 0.49 0.43 0.24 0.26

Even Along    -Noise 0.30 0.50 0.48 0.50 0.11 0.07 0.491 -- 0.478 0.254 0.106 0.11

Even Along    -Noise 0.23 0.50 0.48 0.50 0.10 0.06 0.491 -- 0.478 0.247 0.0937 0.10

Even Along       -Noise 0.33 0.50 0.48 0.50 0.25 0.22 0.49 -- 0.478 0.344 0.164 0.17

Even Along       -Noise 0.34 0.50 0.48 0.50 0.32 0.29 0.488 -- 0.478 0.424 0.228 0.24

Even Along     -Noise 0.33 0.50 0.48 0.50 0.42 0.24 0.491 -- 0.479 0.352 0.166 0.17

Even Along     -Noise 0.35 0.50 0.48 0.50 0.43 0.32 0.488 -- 0.478 0.427 0.228 0.24

Uniform Along    -Noise 0.31 0.50 0.48 0.50 0.11 0.07 0.497 -- 0.478 0.255 0.109 0.11

Uniform Along    -Noise 0.23 0.50 0.48 0.50 0.10 0.06 0.497 -- 0.478 0.247 0.0962 0.11

Uniform Along       -Noise 0.34 0.50 0.48 0.50 0.23 0.20 0.498 -- 0.478 0.345 0.168 0.17

Uniform Along       -Noise 0.35 0.50 0.48 0.50 0.30 0.28 0.497 -- 0.477 0.425 0.236 0.25

Uniform Along     -Noise 0.34 0.50 0.48 0.50 0.24 0.21 0.498 -- 0.478 0.352 0.171 0.18

Uniform Along     -Noise 0.35 0.50 0.48 0.50 0.33 0.30 0.495 -- 0.477 0.427 0.237 0.25

Average Case 0.32 0.50 0.48 0.50 0.25 0.19 0.49 -- 0.48 0.34 0.17 0.17

Sample Size

Model
Maximal

Corr. (ACE) dCor HSIC

I  [L2] 
(Kraskov, k=6)Pearson TICe MICe MICS

DDP
RDC HHG

I  [L2] 
(Kraskov, k=1)

Q

n = 5, 000



(X, f(X) + ε′)
ε′

Φ = R2

Q



∗

∗

Q



Φ = R2





R2



R2 R2 50%

R2

50%



e n = 250
500 5, 000 α

e α

e α
c c c 1 2 3 5 10 15 c =
10 c = 15 n = 5, 000 α

Q



(Sx, Sy)

(σx,σy)

{0−, 25−, 50−, 75−, 100−}

k = 10

k = 1 k = 6 k = 10 k = 20

SDDP m > 3

e n = 250 500 5, 000 α

{0.60, 0.65, ..., 0.80, 0.85} {0.25, 0.30, ..., 0.85, 0.90} {0.35, 0.40, ..., 0.70, 0.75}

e e SDDP

α c α c m k Sx, Sy k σx,σy

250
500

5, 000

50



e e SDDP

α c α c α c m k Sx, Sy k σx,σy

100
500

e e SDDP

α c α c α c m k Sx, Sy k σx,σy

100
500

R2

50

k = 6 (Sx, Sy)

(σx,σy)

k = 10

e/ e



α c α c α c

50
100
500
1, 000
5, 000
10, 000

e

e

α

SDDP

SDDP m = 2, 3, 4

SDDP



e

O(n2)

O(n log n)

n = 100 n = 500

e/ e e

e e α = 0.5

α = 0.38 n = 100 n = 500

10 α logn 10



k 13 n = 100 50 n = 500 0.1n

k = 0.1n

σx σy 45 n = 100

60 n = 500

n = 100

SDDP n = 100

n = 500 m = 3 SDDP 5

k = 6 n = 250

e/ e e α = 0.75

n = 250 e



e

e c = 5 c = 15

e/ e

e/ e

X Y e e

≤ 5.96× 10−7

< 9.53× 10−6

≤ 5.96× 10−7

≤ 5.96× 10−7

≤ 5.96× 10−7

e/ e



e/ e



e/ e



e e

e e

α

B(n) B(n) = nα c

α

α

e e

α

α

α

α



α

e e

α B(n) = nα 4

12

α 0.5 n

0.75 n

n

n B(n) = nα

n = 5, 000 B(n) = 70

α = logn 70 n ≥ 5, 000 B(n) = 70

e O(n5α/2) O(n)

B(n)

e e B(n) > ω(1)
B(n) =

4



α = 0.4

α n α = 0.4

0.4

n = 40, 000 e α = 0.4

α n c

α

e

e

c

c

e c

c e

c = 5

c = 1

c

α n c



e

X [0, 1]

f(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−1 x ∈ [0, 1/2]

1 x ∈ (1/2, 1]

.

ε ≥ 0 Sε = (X, f(X) + Uε) Uε [−ε, ε]

X

Sε

R2
∗ I C

e

ε < 1 Sε ∗(Sε) = 1 I(Sε) = 1

C(Sε) = 1



ε < 1 Sε

x ∈ [0, 1/2]

x ∈ (1/2, 1]

∗(Sε) ≥ 1 ε < 1

∗ ≤ 1

∗(Sε) = 1

I(Sε) = 1 I(X;Y ) = H(X) − H(X|Y ) H

Sε H(X) = log2(1−0) = log2(1) = 0 X|Y

1/2 H(X|Y ) = log2(1/2) = −1

C ε < 1

g(y) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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