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Ṗobs/Pi = 1.73× 10−12 s−1 dp = 0.09 pc

M ≈ MBH cβ⊥ ∼ 150 km s−1
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Ṗ = 5 ×

10−15 M ≈ MBH

ṖO
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P P̈

P i ∝ B6/P 3
i

PO

Pi
=

GM

c

[
2

r3
cosφ

∂2r

∂t2
+

1

r2
sinφ

∂2φ

∂t2

− 6

r4
cosφ

(
∂r

∂t

)2

+
1

r2
cosφ

(
∂φ

∂t

)2

− 4

r3
sinφ

∂r

∂t

∂φ

∂t

]
,

∂2r

∂t2
= − 2

r2
(d⃗p · v⃗⊥ + rlvl)

∂r

∂t
+

1

r

[
v2⊥ + d⃗p · a⃗⊥ + v2l + rla cosφ

]
,

∂2φ

∂t2
=

∂

∂t

(
−v

r
cos i

)
= cos i

[
v

r2
∂r

∂t
− 1

r

∂v

∂t

]
,

∂v

∂t
=

1

v

[
vla cosφ− a sinφ

d⃗p · v⃗⊥
dp

]
,

a = GM/r2 a⃗⊥

∣∣∣∣
PO

Pi

∣∣∣∣ ≈ 2

[
GM

r4

]
v2

c
≈ 3.1× 10−33 s−3,

0.1



v ∼ 200 km s−1 PO = 1

P̈O PO × (1 ) ≈ 9.4 × 10−26 s−1

P̈

P̈ P
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G = c = 1

RISCO

r ≫ RISCO

(
dr

dτ

)2

=
2M

r
− (1− e2) ;

dt

dτ
=

e

1− 2M/r
,

M e r

t τ

dt/dr



tSch(r) =

∫ r

RISCO

e
(
1− 2M

r′
)√

2M
r′ − (1− e2)

dr′ .

tKerr(r) =

∫ r

RISCO

e

∆

r′2 + a2 + 2a2M
r′√

e2 + 2Ma2e2

r′3 + a2e2

r′2 − ∆
r′2

dr′ ,

a ∆(r) ≡ r2 − 2Mr + a2

t = 10M

e = 2 a = 0.999 0.36M

a = 0

(x, y)



3 4 5 6 7 8 9 10

0

2

4

6

8

10

12

r !M "

t
!M
"

e = 2
a = 0 a = 0.999



θ = 0 θ = π/8

θ = 0

Rring ∼ 5M

a ≈ 1

∼ 40M e = 10



≪

(2MR/r3) R

ξα

ξα =
∂xα

∂s
,

s

ξα

d

dτ
ξα = uβ∇βξ

α − Γα
βγξ

γuβ

= ξβ∇βu
α − Γα

βγξ
γuβ ,



e = 10 M θ = 0 θ = π/8
M

θ = 0



e = 10



uβ∇βξ
α = ξβ∇βu

α

ξβ∇βu
α = ξβ

∂uα

∂xβ
+ Γα

βγu
γξβ ,

d

dτ
ξα = ξβ

∂uα

∂xβ
.

uα =

(
e

1− 2M
r

,−
√

2M

r
− (1− e2), 0, 0

)α

,

ξα = (0, R, 0, 0)α .



1

R

dR

dλ
= − M

r2
√
−1 + e2 + 2M

r

.

t λ

t M/r → ∞ atidal ∼

MR/r3

r λ

∫ R

R0

dR′

R′ = −
∫ r

r0

Mdr′

r′2
(
−1 + e2 + 2M

r′
) ,

R0 ≪ r r0

r0 = 6M a = 0

R

R0
=

[
(−2 + 3e2)r

6M + 3(e2 − 1)r

]2
.

e e

e = 1/
√
1− v2COM

vCOM r ≫ M

e = 1.0001 1.001 1.01 10



0 200 400 600 800 1000

0

2

4

6

8

10

12

r !M "

R
#R

0

e = 1.0001 1.001 1.01 10

e

e e ∼ 1 R/R0 ∼ 10

r = 1000M

R/R0

∼ 25%/
√
N

N

φ̂ θ̂



uα

ut =
e

∆

(
r2 + a2 +

2a2M

r

)
,

ur =

√
e2 +

2M

r3
(ae)2 +

a2e2

r2
− ∆

r2
.

ξα = (0, R, 0, 0)α .

a = 0

R

R0
=

R0

√
a2 (−3 + 4e2)M + 36 (−2 + 3e2)M3r3/2

6M3/2
√
3r2 [2M + (−1 + e2) r] + 3a2 [−r + e2(2M + r)]

.

e

R/R0

a = 0, 0.5, 1

R/R0

a

∼ 0.6/
√
N N



20 40 60 80 100

1.10

1.15

1.20

1.25

1.30

r !M "

R
#R

0

a = 0, 0.5, 1
e = 1.2

a > 0.5
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M J

Q

(t, r, θ,φ)

ds2 = −
(
1− 2Mr

Σ

)
dt2 − 4Mar sin2 θ

Σ
dtdφ+

Σ

∆
dr2

+ Σdθ2 +

(
r2 + a2 +

2Ma2r sin2 θ

Σ

)
sin2 θdφ2 ,

G = c = 1 a = J/M Σ = r2 + a2 cos2 θ ∆ = r2 − 2Mr+ a2

(−,+,+,+)



M J

q

q ≡ c4Q

G2M3
= −

[
cJ

GM2

]2
,

Q

c G





gµν = gKerr
µν + ϵhµν ,

gKerr
µν ϵ hµν

htt = (1− 2M/r)−1
[
(1− 3 cos2 θ)F1(r)

]
,

hrr = (1− 2M/r)
[
(1− 3 cos2 θ)F1(r)

]
,

hθθ = −r−2
[
(1− 3 cos2 θ)F2(r)

]
,

hφφ = −(r sin θ)−2
[
(1− 3 cos2 θ)F2(r)

]
,



(t, r, θ,φ) F1(r)

F2(r)

F1(r) =− 5(r −M)

8Mr(r − 2M)
(2M2 + 6Mr − 3r2)− 15r(r − 2M)

16M2
ln

(
r

r − 2M

)
,

F2(r) =
5

8Mr
(2M2 − 3Mr − 3r2) +

15

16M2
(r2 − 2M2) ln

(
r

r − 2M

)
.

ϵ

Q = −M(a2 + ϵM2) ,

a2

ην ψν

ϵ

O(a2) O(ϵa) O(ϵ2)



∇νF
µν = 0 ,

Fµν

B⃗ = B0ẑ ,

ẑ

F =
1

2
B0 (dψ + 2adη) ,

a dψ dη

ψν ην

η ≡ ηνdx
ν ,

ψ ≡ ψνdx
ν .



Rµν = 0 .

ην =
∂

∂t
,

ψν =
∂

∂φ
.

ην = gνt ,

ψν = gνφ .



dψ dη F

∂αgµν

F

a

Ftr = −B0
4aM(sin2 θ − 1)

r2
.

Ftθ = B0
8aM cos θ sin θ

r
,

Frφ = 2B0r sin
2 θ + ϵB0

5(M + r) [1 + 3 cos(2θ)]

8M2(2M − r)
sin2(θ)

×
[
2M

(
M2 − 6Mr + 3r2

)
− 3r

(
2M2 − 3Mr + r2

)
log

(
r

−2M + r

)]

Fθφ = 2B0r
2 sin θ cos θ + ϵB0

5r

32M2
[2 sin(2θ)− 3 sin(4θ)]

×
[
2M

(
2M2 − 3Mr − 3r2

)
+ 3r

(
−2M2 + r2

)
log

(
r

−2M + r

)]

a2

a
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0.0

0.5

1.0

1.5

2.0

r !M"

B
Q
K
#Ε
!B

0
"

Bθ̂QK Br̂QK

θ = π/4
ϵ

F

ϵ



2.2 2.4 2.6 2.8 3.0
0.0

0.2

0.4

0.6

0.8

1.0

r !M"

#B
Q
K
$B

K
e
rr
%$
Ε

Bθ̂
QK Br̂

QK
θ = π/4

et̂t =

√
1− 2M

r

+ ϵ
5
[
−1 + 3 cos2(θ)

] [
−2M(M − r)

(
2M2 + 6Mr − 3r2

)
+ 3r2(−2M + r)2 log

(
r

−2M+r

)]

32M2
√
1− 2M

r r2
,



er̂r =

√
r

−2M + r

+ ϵ
5
[
−1 + 3 cos2(θ)

] [
2M(M − r)

[
2M2 + 6Mr − 3r2

)
− 3r2(−2M + r)2 log

(
r

−2M+r

)]

32M2(−2M + r)2
√
1 + 2M

−2M+r

,

eθ̂θ = r − ϵ
5
[
−1 + 3 cos2(θ)

] [
2M

(
2M2 − 3Mr − 3r2

)
+ 3r

(
−2M2 + r2

)
log

(
r

−2M+r

)]

32M2
,

eφ̂t =
2aM sin2 θ

r2

− ϵ
5a

[
−1 + 3 cos2(θ)

] [
2M

(
2M2 − 3Mr − 3r2

)
+ 3r

(
−2M2 + r2

)
log

(
r

−2M+r

)]
sin3 θ

16Mr3
.

eφ̂φ = r sin θ

− ϵ
5
[
−1 + 3 cos2(θ)

] [
2M

(
2M2 − 3Mr − 3r2

)
+ 3r

(
−2M2 + r2

)
log

(
r

−2M+r

)]
sin θ

32M2
,



eα̂β

Fµν

Fµ̂ν̂ = FKerr
µ̂ν̂ + ϵFQK

µ̂ν̂ ,

FQK
µ̂ν̂

FQK

r̂φ̂
= −Bθ̂

QK = −
5B0

√
1

−2M+r [1 + 3 cos(2θ)] sin θ

16M2r3/2
[
2M(M − 3r)

(
5M2 + 3Mr − 3r2

)

+3r
(
−6M3 +M2r + 7Mr2 − 3r3

)
log

(
r

−2M + r

)]
,

FQK

θ̂φ̂
= Br̂

QK =
15B0 cos θ sin2 θ

[
2M

(
2M2 − 3Mr − 3r2

)
+ 3r

(
−2M2 + r2

)
log

(
r

−2M+r

)]

8M2r
,

Bθ̂QK Br̂
QK θ̂ r̂

θ = π/4

5.2



ϵ BQK

ϵhµν gKerr
µν

I ≡ 1

2
FµνFµν = B2 − E2 ,

ϵ

I

∼ ϵ

Fµν
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β

(GM/rc2) M r

M S



−

−



GM/rc2



(GM/rc2)2 (t, r, θ,φ)

gtt = −1 +
2GM

rc2
− 2

(
GM

rc2

)2

+O
[(

GM

rc2

)3
]

,

grr = 1 +
2GM

rc2
+

(
3

2
− 2β + 4β cos2 θ

)(
GM

rc2

)2

+O
[(

GM

rc2

)3
]

,

gφφ = r2 sin2 θ + r2 sin2 θ
2GM

rc2
+ r2 sin2 θ

(
3

2
+ 2β

)(
GM

rc2

)2

+O
[(

GM

rc2

)3
]

,

gφt = −2
a∗GM2

r3c2
r2 sin2 θ

(
1 +

GM

rc2

)
+O

[(
GM

rc2

)3
]

,

gθθ = r2grr

a∗ ≡ cS/(GM2)

β ≡ (1/4) + B̃0/M
2 ,

B̃0



βKerr = a2⋆ .

β βKerr

β

G = c = 1

M

g(1)tt = g(1)xx = g(1)yy = g(1)zz =
2√

x2 + y2 + z2
,

gµν(1) = ηµαηνβg(1)αβ ,



g(2)µν

g(2)tt = − 2

(x2 + y2 + z2)
,

g(2)xt =
2a∗y

(x2 + y2 + z2)3/2
,

g(2)yt = − 2a∗x

(x2 + y2 + z2)3/2
.

g(2)xy = − 4xyβ

(x2 + y2 + z2)2
,

g(2)xx =

[
x2(3− 4β) +

(
y2 + z2

)
(3 + 4β)

]

2 (x2 + y2 + z2)2
,

g(2)yy =

[
y2(3− 4β) +

(
x2 + z2

)
(3 + 4β)

]

2 (x2 + y2 + z2)2
,

g(2)zz =

[
(x2 + y2)(3− 4β) + z2(3 + 4β)

]

2 (x2 + y2 + z2)2
.

gµν(2) = ηµαηνβg(2)αβ + ηµαg(1)αβg
βν
(1)



gtt(2) = − 6

(x2 + y2 + z2)
,

gxt(2) = − 2a∗y

(x2 + y2 + z2)3/2
,

gyt(2) =
2a∗x

(x2 + y2 + z2)3/2
,

gxy(2) = − 4xyβ

(x2 + y2 + z2)2
,

gxx(2) =

[
x2(11− 4β) +

(
y2 + z2

)
(11 + 4β)

]

2 (x2 + y2 + z2)2
,

gyy(2) =

[
y2(11− 4β) +

(
x2 + y2

)
(11 + 4β)

]

2 (x2 + y2 + z2)2
,

gzz(2) =

[(
x2 + y2

)
(11− 4β) + z2(11 + 4β)

]

2 (x2 + y2 + z2)2
.

M M2

a∗ a2∗ β

a∗M



z

x

y
rA

rB

z
rA

rB y − z

z−

y

y − z

rA

rB



a e

ν

rA =
a(1− e2)

1 + e cos ν
,

rA

n̂A ≡ rA
rA

= Rz(Ω)Ry(i)Rz(ν)Rz(ω)Ry(−i) ·

⎛

⎜⎜⎜⎜⎜⎜⎝

0

1

0

⎞

⎟⎟⎟⎟⎟⎟⎠
,

Ry(θ) ≡

⎛

⎜⎜⎜⎜⎜⎜⎝

cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

⎞

⎟⎟⎟⎟⎟⎟⎠
, Rz(θ) ≡

⎛

⎜⎜⎜⎜⎜⎜⎝

cos θ − sin θ 0

sin θ cos θ 0

0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎠
.

ω Ω

i

rA rB

nA · nB nB ≡ rB/rB

y



nA · nB = ŷ · n̂A =

(
0 1 0

)
· n̂A .

rA rB

RAB ≡
√
r2A + r2B − 2rArBnA · nB .

∆(1)(rA, rB) =
1

2
RAB

∫ 1

0

[
g00(1) − 2N i

ABg
0i
(1) +N i

ABN
j
ABg

ij
(1)

]

z+(µ)
dµ ,

N i
AB = (riB − riA)/RAB z+(µ) = rA + µ(rB − rA)



∆(1)(rA, rB) ≡
∫ 1

0

[
g00(1) +N i

ABN
j
ABg

ij
(1)

]

z+(µ)
dµ

= 2 log

(
rA + rB +RAB

rA + rB −RAB

)
,

rA rB rA rB

rc =
rArB
RAB

|nA × nB| .

∆(1)(rA, rB) ≈ 2 log

(
rc + rAnA × nB

rc − rAnA × nB

)
,

rA << rB

rc



∆(2)(rA, rB) =
1

2
RAB

∫ 1

0

{[
g00(2) − 2N i

ABg
0i
(2) +N i

ABN
j
ABg

ij
(2)

]

z+(µ)

+2
[
N j

ABg
ij
(1)

]

z+(µ)

∂∆(1)

∂xi
(xA, z+(µ)) + ηij

[
∂∆(1)

∂xi
∂∆(1)

∂xj

]

(xA,z+(µ))

⎫
⎬

⎭ dµ .

β

β

g00(2)



∆(2)
mass =

1

2
RAB

∫ 1

0

{
g00(2) +N i

ABN
j
ABg

ij
(2),M

2
[
N j

ABg
ij
(1)

]

z+(µ)

∂∆(1)

∂xi
(xA, z+(µ)) + ηij

[
∂∆(1)

∂xi
∂∆(1)

∂xj

]

(xA,z+(µ))

⎫
⎬

⎭ dµ

=
1

2
RAB

[
15 arccos(nA · nB)

2rArB
√

1− (nA · nB)2
− 8

rArB(1 + nA · nB)

]
.

gij(2),M

β

∆(2)
mass =

|nA × nB|
rc

[
15 arccos(nA · nB)

4
√
1− (nA · nB)2

− 4

(1 + nA · nB)

]
,

1/rc



∆ ∆

a = 0.5 a = 1
a = 1

1000M 80
π/2

∆(2)
spin(rA, rB) =

1

2
RAB

∫ 1

0

[
−2N i

ABg
0i
(2)

]

z+(µ)
dµ

= −
∫ 1

0

[
(xB − xA)

2a∗y

(x2 + y2 + z2)3/2
− (yB − yA)

2a∗x

(x2 + y2 + z2)3/2

]
dµ .



y x y = yA + µ(yB − yA) x = xA + µ(xB − xA)

∆(2)
spin(rA, rB) = −

∫ 1

0
a∗

[
−2xByA + 2xAyB
(x2 + y2 + z2)3/2

]
dµ .

rA rB

|z+(µ)| =
√

(x2 + y2 + z2) =
rc

cos(γ − γc)
,

γ rA rB 0 rB γc

dµ =
|z+(µ)|2

rcRAB
dγ ,

∫ 1

0

dµ

(x2 + y2 + z2)3/2
=

∫ 1

0

dµ

|z+|3
=

∫ γB

γA

cos (γ − γc)

r2cRAB
dγ =

rA + rB
r2cR

2
AB

(1− nA · nB) .

∆(2)
spin(rA, rB) = 2a∗(xByA − xAyB)

[
rA + rB
r2Ar

2
B

(1− nA · nB)

|nA × nB|2

]
.



(xByA − xAyB) = rArB[nB − (nB · ẑ)ẑ]× [nA − (nA · ẑ)ẑ] ,

∆(2)
spin(rA, rB) ≈

2a∗
rc

[nB − (nB · ẑ)ẑ]× [nA − (nA · ẑ)ẑ](1− nA · nB)

nA × nB
.

a∗/rc

1000M 80◦

a = −1

a = 0, 0.4, 1.04)

ν = π/2



rc

β

gij(2)

β

1

2
RAB

[
N i

ABN
j
ABg

ij
(2),Q

]

z+(µ)
=

β
(xB − xA)2

RAB

−x2 + y2 + z2

(x2 + y2 + z2)2
+ β

(yB − yA)2

RAB

−y2 + x2 + z2

(x2 + y2 + z2)2

− β
(zB − zA)2

RAB

−z2 + x2 + y2

(x2 + y2 + z2)2
− 8β

(xB − xA)(yB − yA)

RAB

xy

(x2 + y2 + z2)2
,

gij(2),Q β

r = rA + µ(rB − rA)

µ0 µ µ2



A B C

1

2
RAB

∫ 1

0

[
N i

ABN
j
ABg

ij
(2)

]

z+(µ)
dµ

=

∫ 1

0

[
A

(x2 + y2 + z2)2
+ µ

B

(x2 + y2 + z2)2
+ µ2 C

(x2 + y2 + z2)2

]
dµ ,

A ≡ 2[−4xA(xA − xB)yA(yA − yB)− (xA − xB)
2(x2A − y2A − z2a)

+ (yA − yB)
2(x2A − y2A + z2a)− (x2A + y2A − z2a)(za − zB)

2]β

B ≡ 4{x4A − 3x3AxB − xAxB(x
2
B + 3y2A − 4yAyB + y2B − z2a + z2B)

+ x2A(3x
2
B + 2y2A − 3yAyB + y2B − zazB + z2B)

+ (x2B + y2A − 2yAyB + y2B + z2a − 2zazB + z2B)[y
2
A − yAyB+

za(−za + zB)]}β

C ≡ 2{x4A − 4x3AxB + x4B + y4A − 4xAxB[x
2
B + (yA − yB)

2]+

− 4y3AyB2x
2
A[3x

2
B + (yA − yB)

2] + 2x2B(yA − yB)
2

+ 6y2Ay
2
B − 4yAy

3
B + y4B − z4a + 4z3azB − 6z2az

2
B + 4zaz

3
B − z4B}β .

∆(2)
β (rA, rB) = [I0 + I1 + I2]

1
0 ,



I0 ≡
∫

A

r4
dµ ,

I1 ≡
∫

µB

r4
dµ ,

I2 ≡
∫

µ2C

r4
dµ ,

β

β = −0.5, 0.2,

1000M 80◦

β

β



∆

β=0.2

β=0.5

β=−0.5

β
β

1000M 80◦

π/2

∆(2)
β = − β

2RAB

(
r2A − r2B −R2

AB

r2B
+

r2B − r2A −R2
AB

r2A

)
.



rB ≫ rA

∆(2)
β = − β

rA
nA · nB .

β

(GM/rc2)2

β



rB ≫ rA

∆(1) = 2 log

(
rc + rAnA × nB

rc − rAnA × nB

)
,

∆(2)
mass =

nA × nB

rc

[
15 arccos(nA · nB)

4
√

1− (nA · nB)2
− 4

(1 + nA · nB)

]
,

∆(2)
spin =

2a∗
rc

[nB − (nB · ẑ)ẑ]× [nA − (nA · ẑ)ẑ](1− nA · nB)

nA × nB

∆(2)
β = − β

rA
nA · nB .

−

∼ 1

! 0.1



β 

rc 80◦

4.3 × 106M⊙



∝ Menc

M

(
ac2

GM

)
= 4.8× 10−8

(
Menc

106 M⊙

)(
a0
1 pc

)−1( ac2

GM

)2

,

Menc a0

r−2

ac2

GM
! 4500

(
Menc

106 M⊙

)−1( a0
1 pc

)
.



∆
(π

/2
)−
∆

(−
π/

2)
 

80◦

rc ! 60

80

rc ∼ 60M



β

∫
A

r4
dµ =

(
−4xA(xA − xB)yA(yA − yB)− (xA − xB)

2
(
x2A − y2A − z2A

)

+ (yA − yB)
2
(
x2A − y2A + z2A

)
+
(
x2A + y2A + z2A

)
(zA − zB)

2
)

β
((
−z2A + zAzB + x2A(−1 + µ) + y2A(−1 + µ) + x2Bµ+ y2Bµ+ z2Aµ

− 2zAzBµ+ z2Bµ+xA(xB − 2xBµ)+ yA(yB − 2yBµ)
)
/
((
x2B

(
y2A + z2A

)
+(yBzA − yAzB)

2

− 2xAxB(yAyB + zAzB) + x2A
(
y2B + z2B

))(
z2A + x2A(−1 + µ)2 + y2A(−1 + µ)2 − 2z2Aµ

+2zAzBµ−2xAxB(−1+µ)µ−2yAyB(−1+µ)µ+x2Bµ
2+y2Bµ

2+z2Aµ
2−2zAzBµ

2+z2Bµ
2
))

+

(
(
x2A−2xAxB+x2B+y2A−2yAyB+y2B+z2A−2zAzB+z2B

) {(
−z2A+zAzB+x2A(−1+µ)

+ y2A(−1+µ) + x2Bµ+ y2Bµ+ z2Aµ− 2zAzBµ+ z2Bµ+ xA(xB − 2xBµ) + yA(yB − 2yBµ)
)

/
[
(x2B

(
y2A + z2A

)
+ (yBzA − yAzB)

2 − 2xAxB(yAyB + zAzB) + x2A
(
y2B + z2B

)
)(1/2)

]}
)
/

(
x2B

(
y2A + z2A

)
+ (yBzA − yAzB)

2 − 2xAxB(yAyB + zAzB) + x2A
(
y2B + z2B

))3/2)



∫
µB

r4
dµ = 2

(
2(xA − xB)(yA − yB)(2xAyA − xByA − xAyB)

−
(
x2A − xAxB + y2A − yAyB + zA(zA − zB)

)
(zA − zB)

2

+ (yA − yB)
2
(
−x2A + xAxB + y2A − yAyB + zA(−zA + zB)

)

+ (xA − xB)
2
(
x2A − xAxB − y2A + yAyB + zA(−zA + zB)

))

β
((
x2A(−1 + µ) + y2A(−1 + µ)− xAxBµ− yAyBµ+ zA(zA(−1 + µ)− zBµ)

)
/

((
x2B

(
y2A + z2A

)
+ (yBzA − yAzB)

2 − 2xAxB(yAyB + zAzB) + x2A

(
y2B+z2B

))(
z2A+x2A(−1+µ)2+y2A(−1+µ)2−2z2Aµ+2zAzBµ−2xAxB(−1+µ)µ−2yAyB(−1+µ)µ

+x2Bµ
2+y2Bµ

2+z2Aµ
2−2zAzBµ

2+z2Bµ
2
))

+
((
x2A − xAxB + y2A − yAyB + zA(zA − zB)

)

×
[(
−z2A + zAzB + x2A(−1 + µ) + y2A(−1 + µ) + x2Bµ+ y2Bµ+ z2Aµ− 2zAzBµ+ z2Bµ

+xA(xB − 2xBµ) + yA(yB − 2yBµ)
)
/
(
x2B

(
y2A + z2A

)
+ (yBzA − yAzB)

2

−2xAxB(yAyB + zAzB) + x2A
(
y2B + z2B

))(1/2)])

/
(
x2B

(
y2A + z2A

)
+ (yBzA − yAzB)

2 − 2xAxB(yAyB + zAzB) + x2A
(
y2B + z2B

))3/2)



∫
µ2C

r4
dµ = −2

(
x4A−4x3AxB+x4B+y4A−4xAxB

(
x2B+(yA−yB)

2
)
+2x2A

(
3x2B+(yA−yB)

2
)

+2x2B(yA − yB)
2 − 4y3AyB +6y2Ay

2
B − 4yAy

3
B + y4B − z4A +4z3AzB − 6z2Az

2
B +4zAz

3
B − z4B

)

β
((
−x4A + x3AxB − 2x2Ay

2
A + xAxBy

2
A − y4A + x2AyAyB + y3AyB − 2x2Az

2
A

+ xAxBz
2
A − 2y2Az

2
A + yAyBz

2
A − z4A + x2AzAzB + y2AzAzB + z3AzB + x4Aµ− 2x3A

xBµ+x2Ax
2
Bµ+2x2Ay

2
Aµ−2xAxBy

2
Aµ−x2By

2
Aµ+y4Aµ−2x2AyAyBµ+4xAxByAyBµ−2y3AyBµ

− x2Ay
2
Bµ+ y2Ay

2
Bµ+ 2x2Az

2
Aµ− 2xAxBz

2
Aµ− x2Bz

2
Aµ+ 2y2Az

2
Aµ− 2yAyBz

2
Aµ

−y2Bz
2
Aµ+z4Aµ−2x2AzAzBµ+4xAxBzAzBµ−2y2AzAzBµ+4yAyBzAzBµ−2z3AzBµ−x2Az

2
Bµ−y2Az

2
Bµ

+ z2Az
2
Bµ

)
/
(
2
(
x2A − 2xAxB + x2B + y2A − 2yAyB + y2B + z2A − 2zAzB + z2B

)

(
x2By

2
A − 2xAxByAyB + x2Ay

2
B + x2Bz

2
A + y2Bz

2
A − 2xAxBzAzB − 2yAyBzAzB + x2Az

2
B

+y2Az
2
B

)(
x2A+y2A+z2A−2x2Aµ+2xAxBµ−2y2Aµ+2yAyBµ−2z2Aµ+2zAzBµ+x2Aµ

2−2xAxBµ
2

+ x2Bµ
2 + y2Aµ

2 − 2yAyBµ
2 + y2Bµ

2 + z2Aµ
2 − 2zAzBµ

2 + z2Bµ
2
))

+
((
x2A + y2A + z2A

)

[(
−x2A+xAxB−y2A+yAyB−z2A+zAzB+x2Aµ−2xAxBµ+x2Bµ+y2Aµ−2yAyBµ+y2Bµ+z2Aµ

−2zAzBµ+z2Bµ
)
/
(
(
(
x2By

2
A−2xAxByAyB+x2Ay

2
B+x2Bz

2
A+y2Bz

2
A−2xAxBzAzB−2yAyBzAzB+x2Az

2
B

+y2Az
2
B

))
)1/2

])
/
(
2
(
x2By

2
A−2xAxByAyB+x2Ay

2
B+x2Bz

2
A+y2Bz

2
A−2xAxBzAzB−2yAyBzAzB

+ x2Az
2
B + y2Az

2
B

)3/2))



π/2

π/2



∆PPN = RD
AB

+ 2 log

(
rDA + rDB +RD

AB

rDA + rDB −RD
AB

)

+ 2
RD

AB

|rDB × rDA |
[
(rDB − rDA )2 − (RD

AB)
2
]

+
15

4

RD
AB

|rDB × rDA |
cos−1(nA · nB)

+
1

8

1

RD
AB

[
(rDA )2 − (rDB )2 − (RD

AB)
2

(rDB )2
+

(rDB )2 − (rDA )2 − (RD
AB)

2

(rDA )2

]
,

D

rD rSch

M

rD = rSch

(
1− M

rSch

)
,

r



rSch

r =
rSch
2

[
1− M

rSch
+

(
1− 2

M

rSch

) 1
2

]

≈ rSch

(
1− M

rSch

)
,

M/r r ≈ rD

r rD

r ≈ rD − M2

4(rD)2
.

∆(2)
mass =

RD
AB

2rDA rDB

[
15 arccos(nA · nB)

2
√

1− (nA · nB)2
− 8

(1 + nA · nB)

]
.

RD
AB

2
RD

AB

|rDB × rDA |2
[
(rDB − rDA )2 −RD2

AB

]
= −4RD

AB

rDA rDB

1

1 + cos θ
,



15

4

RD
AB

|rDB × rDA |
cos−1(nA · nB) =

15RD
AB

4rDA rDB

1√
1− cos2 θ

,

g(2)zz

(zB − zA)2

β = −1/4

∆(2)
β [I0 + I1 + I2]β=−1/4 =

1

8RAB

(
r2A − r2B −R2

AB

r2B
+

r2B − r2A −R2
AB

r2A

)
.

β

β

∆(2)
β = − β

2RAB

(
r2A − r2B −R2

AB

r2B
+

r2B − r2A −R2
AB

r2A

)
.

g(2)zz

rB ≫ rA β



∆(2)
β |rB≫rA = − β

rA
nA · nB .
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G = c = 1

(−,+,+,+)

gµν = ηµν + hµν ,

ηµν hµν |hµν | ≪ 1

hµν

Γµ
αβ =

1

2
ηµν (∂βhαν + ∂αhβν − ∂νhαβ) ,

Rµν = Rα
µαν = ∂αΓ

α
µν − ∂νΓ

α
µα + Γα

βαΓ
β
µν − Γα

βνΓ
β
µα ,



Rµν =
1

2

(
∂ν∂αh

α
µ + ∂µ∂αh

α
ν − ∂α∂αhµν − ∂µ∂νh

)
,

h ≡ h α
α

ηµν gµν ∂α∂α #η

Gµν = 8πTµν ,

hµν

h̄µν ≡ hµν −
1

2
ηµνh ,

∂αh̄
µα = 0 .

h̄µν

−∂α∂
αh̄µν = 16πTµν .



#ηh̄µν = 0 .

h̄µν = Aµν exp(ikαx
α) ,

kα Aµν

Aµαkα = 0

E = E0e
i(k·r−ωt) ,

E E0

E0 · k = 0

hµν

hTT
0ν = 0 ; ηµνhTT

µν = 0 ; ∂µh
µν
TT = 0 .



hµν

Tµν ≈ 0

h̄TT
µν = hTT

µν .

k

(t, x, y, z) z

kµ = (ω, 0, 0, k) .

kνkν = 0

ω2 = k2 ,

kµ = (ω, 0, 0,ω) .

hTT
0ν = 0

ATT
0ν = 0 .



ATT
µα k

α = 0

ATT
zν = 0 .

Aµν

ATT
xx = −ATT

yy ; ATT
xy = ATT

yx .

h+ ≡ ATT
xx (”plus” polarization) ,

h× ≡ ATT
xy (”cross” polarization) .

#h̄ij = −16πTij ,

h̄ij(t,x) = 4

∫
1

|x− y|Tij(t− |x− y|,y) d3y ,



x y

d3y

f̃(ω,x) =
1

2π

∫
eiωtf(t,x)dt ,

˜̄hµν(ω,x) = 4

∫
eiω|x−y| T̃µν(ω,y)

|x− y| d3y .

x

r x

˜̄hµν(ω,x) = 4
eiωr

r

∫
T̃µν(ω,y)d

3y .

˜̄hµν

˜̄hij = −2ω2 e
iωr

r
Ĩij(ω) ,

Iij(t) =

∫
yiyjT 00(t,y)d3y ,



d3y

˜̄hµν

ω˜̄h0ν = i∂i
˜̄hiν ,

G c

h̄ij(t,x) =
2G

c4r

d2

dt2
[Iij(t− r/c)] .



Ixx =
1

2
µa2[1 + cos(2Ωt)] ,

Iyy =
1

2
µa2[1− cos(2Ωt)]

Ixy =
1

2
µa2 sin(2Ωt) ,

Iiz = 0 ,

µ a Ω

cos(2Ωtr) sin(2Ωtr)

h̄ij =
2

r
µa2Ω2 × [trigonometric factors]ij ,

h̄xx = −h̄yy ∝ − cos 2Ωtr ,

h̄xy ∝ − sin 2Ωtr .



G c

|h̄ij | =
2G

c4r
µa2Ω2 ,

2Ω

Iij

tµν



tµν =
1

32π

〈
∂µh

TT
ρσ ∂νh

ρσ
TT

〉
.

⟨. . .⟩

kν

tµν =
1

64π
kµkνA

TT
ρσ Aρσ

TT .

kν

z ATT
ρσ Aρσ

TT = 2(h2+ + h2×)

tµν

ttt = tzz = −ttz = −tzt =
1

32π
ω2(h2+ + h2×) ,

ω

ω = 2Ω

tµν ttν

A

PA =

∫

A
ttνn

νdA ,



dA nν

⟨P ⟩ =
∫

S∞

ttrr
2dΩ ,

S∞ r → ∞

(t, r, θ,φ) ⟨. . .⟩ P

tµν tµν

⟨P ⟩ = − 32G4

5c5a5
µ2M3 ,

µ M a

G c

⟨. . .⟩

da

dt
= −64G3

5c5
µM2

a3
.



a = ai a = 0 ai

tm =
5c5

256G3

a4i
µM2

.

1/

hij 1/r

|x− y| ∼ r

h̄ij ∝
1

r
.

1/r

1/r

hij

δ

∆xµ = (0, δ, 0, 0)µ .



∆s =
√
gµν∆xµ∆xν ,

=
√
(ηµν + hµν)∆xµ∆xν ,

=
√
(1 + hxx)δ .

hµν

h̄µν = hµν

∆s =
√
(1 + h̄xx)δ .

≈
[
1 +

1

2
h̄xx

]
δ .

hij 1/r

1

2
h̄xx ∝ 1

r
.

1/ 2

1/r



S =
c

4π
E×B ,

1/r2

|S| ∝ |E|2 ∝ 1

r2
.

Ei hij

c 0i

z G c

SGW
z = − t0z

c
=

1

32

c2

G
ω2(h2+ + h2×) ,

tµν ω

+/×

SGW
z z



∼ h̄2

SGW
z ∝ 1

r2
.

1/r2

hij 1/r

1/r 1/r2



8

! 10R⊙



" 10M⊙

M ∼ 40 − 100M⊙





t a

a+ da

dN(a, t) = ρ(a, t)da .

ρ(a, t)

∂ρ(a, t)

∂t
− ∂

∂a

[
K(M1,M2)

ρ(a, t)

a3

]
= S(a, t) ,



M1 M2 S(a, t)

a K

K(M1,M2) ≡
64

5

G3

c5
(M1M2)(M1 +M2) .

S = 0

ρ(a, t) = a3F

[
a4

4K
+ t

]
,

F

∂

∂a

[
K

ρ(a)

a3

]
= 0 .

ρ(a) = C
a3

K
,

C

F = C/K

30M⊙ 2

600 −3 −1

10−2



3 100 −3 −1

∼ 10−5R100

am R a a = am

ρ(am)
K

a3m
= R .

ρ(a) = ρ(am)

[
a

am

]3
=

R

K
a3 ,

ρ(am)

M1 = M2 = 30M⊙

a

≤ a

N(≤ a) ≈ 3× 10−2R100

[
a

R⊙

]4
,

R⊙ R100 100 Gpc−3 yr−1



S = S̃(a)Θ(a− a0)

a0 Θ

S̃(a)

ρ(a, t) = − 1

K
a3

[
AΘ(a− a0)

∫ a

a0

S̃da

]
+ a3F

[
a4

4K
+ t

]
,

S̃(a) a = a0

A n S = AanΘ(a − a0)

ρ(a, t) = − 1

K
a3

[
A
Θ(a− a0)

(n+ 1)
(an+1 − an+1

0 )

]
+ a3F

[
a4

4K
+ t

]
.

a = a0

ρ(a, t) = − 1

K
a3AΘ(a− a0) + a3F

[
a4

4K
+ t

]
.



a < a0

a ≤ a0

S(a) ∝ an n a = 0

n

a

S(a) ∝ an exp

[
− a

ac

]
,

ac

a a0

ac

a



∂ρ(a, t)

∂t
− ∂

∂a

[
K(M1,M2)

ρ(a, t)

a3

]
= K2a

n exp

[
− a

ac

]
,

K2 n

ρ(a, t) = a3F

[
a4

4K
+ t

]
+

a3an+1
c K2

K
Γ

[
1 + n,

a

ac

]
,

F Γ

F C

ρ(a) = a3C +
a3an+1

c K2

K
Γ

[
1 + n,

a

ac

]
.

R a a = am

ρ(am)
K

a3m
+ σ = R ,

σ a ≤ am

σ =

∫ am

0
K2a

n exp

[
− a

ac

]
da

= K2a
n+1
c

[
Γ(1 + n)− Γ

(
1 + n,

am
ac

)]
.



am ≪ ac

C =
R−K2an+1

c Γ (1 + n, am/ac)

K
.

ρ(a) = a3
R

K
+

a3an+1
c K2

K

[
Γ

(
1 + n,

a

ac

)
− Γ

(
1 + n,

am
ac

)]

≈ a3
R

K
,

a/ac am/ac

ρ ∝ a3

K(M1,M2)

K K



K

K K

ρ ρK(a,K)

ρK(a,K)

ρ(a) =

∫ ∞

Kmin

fKρK(a,K)dK ,

fK K

K = K(M1,M2)

fM1

fM2 fM1 = fM2 = ΦM fK

ΦM

fK = K3Km m < −1

∫ ∞

Kmin

fKdK = 1 ,

K3 Kmin

K

∼ 3M⊙

∼ 5M⊙



K ∼ 5M⊙

m < −1

K3 =
|m+ 1|
Km+1

min

= |m+ 1|K |m+1|
min .

a

∫ ∞

Kmin

fKρK(am,K)
K

a3m
dK = R .

ρ(a) = Ca3/K C

fK = K3Km

R =

∫ ∞

Kmin

K3K
m

[
Ca3m
K

]
K

a3m
dK

=
CK3

(m+ 1)
Km+1

∣∣∞
Kmin

.

(m+ 1) < 0

R = − CK3

(m+ 1)
Km+1

min ,

(m+ 1) < 0

ρK(a,K) = −R(m+ 1)

K3K
m+1
min

a3

K
.



ρ(a) = −R(m+ 1)a3

K3K
m+1
min

∫ ∞

Kmin

K3Km

K
dK

=
(m+ 1)

m

Ra3

Kmin
.

≤ a

N(≤ a) =
(m+ 1)

m

Ra4

4Kmin
.

K

Kmin K Kmin ∼ 200

K 30 200

fK

ΦM =

kM−2.3 k

K̃ ≡ 5c5

64G3
K = (M1 +M2)M1M2 ,



fK̃

fK(K) =
5c5

64G3
fK̃

[
5c5

64G3
K

]
.

M1 M2 fK ΦM

M1 M2 K̃ W

W ≡ M1

M2 =
−W 2 +

√
W 4 + 4WK̃

2W
,

W M2 K̃

fK̃W

fK̃W = |J |ΦM (W )× ΦM

[
−W 2 +

√
W 4 + 4WK̃

2W

]
,

|J | = 1√
W 4 + 4WK̃

.

fK̃

fK̃ =

∫ Mmax

Mmin

fK̃WdW ,



100 1000 104 105 106
10-11

10-9

10-7

10-5

0.001

K @Mü3D

k-
2 f

Ké

fK̃ ΦM (m) = km−2.3

AK̃−α A = 159 α = 2.14

fK̃ =

∫ Wmax

Wmin

k2|J |W−2.3

[
−W 2 +

√
W 4 + 4WK̃

2W

]−2.3

dW .

Wmin/max

Wmin ∼ 5M⊙ Wmax ∼ 100M⊙

Wmin Wmax

−α ∼ −2.1

fK̃(K̃) ≈ k2AK̃−α ,



A = 159

fK(K) ≈
[

5c5

64G3

]2/3
k2AK−α

≡ K3K
−α .

Wmax

ρ(a) = Ca3/K

R =

∫ Kmax

Kmin

fKρK(am,K)
K

a3m
dK

=

∫ Kmax

Kmin

CK3K
−αdK

= CK3
(K1−α

max −K1−α
min )

1− α
.

Kmax Kmin

Kmax R



C

ρK(a,K) =
R(1− α)

K3(K
1−α
max −K1−α

min )

a3

K
.

ρ(a) =

∫ Kmax

Kmin

fKρK(a,K)dK

=
(1− α)Ra3

(K1−α
max −K1−α

min )

∫ Kmax

Kmin

K−α

K
dK

=
(1− α)Ra3(K−α

min −K−α
max)

α(K1−α
max −K1−α

min )
.

≤ a

N(≤ a) =
(1− α)Ra4(K−α

min −K−α
max)

4α(K1−α
max −K1−α

min )

≈ 3× 104R100

[
a

10R⊙

]4
.

∼ 50M⊙



a f

≤ amax ≥ fmin

fmin

amax

amax = 10R⊙

5M⊙ fmin = 2× 10−5

≈ 3 × 104R100

2× 10−5

∼

2× 10−5

R100 0.02 6



3× 104R100 a ≤ 10R⊙

30M⊙ a ∼

R⊙

∼ 30M⊙

a ∼ 2.5R⊙

30M⊙ f ∼ 3 × 10−4

n = 2

A ≈ 2.1× 10−20

(
8 kpc

d

)(
Mc

28M⊙

)5/3( f

5× 10−4 Hz

)2/3

,

Mc ≡ (M1M2)3/5(M1 + M2)−1/5

τ

SNR ≈ 70

(
A

2.1× 10−20

)(
h(f)

3× 10−18 Hz−1/2

)−1( τ

3 years

)1/2

,



h(f) ∼ 3 × 10−18 Hz−1/2 0.5

h(f) ∝ f−2

SNR ≈ 70

(
A

2.1× 10−20

)(
f

5× 10−4Hz

)2( τ

3 years

)1/2

≈ 70

(
8 kpc

d

)(
Mc

28M⊙

)5/3( f

5× 10−4 Hz

)8/3( τ

3 years

)1/2

.

d = 20

SNR ≈ 12×
(
20 kpc

d

)(
τ

3 years

)1/2

.

ḟ



1 2 5 10 20 50 100

0.1

0.2

0.5

1.0

2.0

5.0

10.0

SNR

N
!!

a
"
R
1
0
0
"
1

30M⊙
d = 20

ḟ =
96π8/3f11/3

5

(
G

c3
Mc

)5/3

∝ M5/3
c .



Ṁ =
4πG2M2

totρw√
(c2w + v2w)

3
,

Mtot = M1 + M2 ρw vw

cw ≡ (5kTw/3mp) Tw

1

0.1

∼ 30

L ≈ 2× 1030
[

l

1AU

]−2

erg s−1 ,

l

LE ≈ 1040
[
Mtot

60M⊙

]
erg s−1 .



Fν0

Fν0 ∝ νβ

Fν = D3−βFν0 ,

Fν D

∆Fν

Fν0
≈ (3− β)

√
GMtot

a

cosφ

c
sin i ,

φ i

30M⊙

∆F ≈ 0.6

[
10R⊙
a

]1/2[pc
d

]2
erg s−1 cm−2 ,

d β ∼ 1

2×10−15 erg cm−2 s−1

a ∼ 10R⊙

d ∼ 10



∆F ≈ 0.1ρw(3− β)c

d2
√
(c2w + v2w)

3

√
G5M5

tot

a
sin i .

d = 1

∆F d ∼ 300 30M⊙

∼ 10−19 erg cm−2 s−1

∼ 30

∼ 1M⊙



fc =

∫ 100M⊙
1M⊙

Tc(M)ΦM (M)dM
∫ 100M⊙
0.07M⊙

THΦM (M)dM
,

ΦM TH ∼ 1.4 × 1010 Tc

Tc = τm−Γ ,

(τ,Γ) = (1010 years, 2.5) 3M⊙ (τ,Γ) = (7.6 ×

109 years, 3.5)

ΦM

fc ∼ 6× 10−2 .

∼ 300 a ≤ 10R⊙

ρw ∝ l−2



mp rp

M

tf ≈ 1.9

(
lp
lt

)6/5( rp
R⊙

)3/5( mp

M⊙

)1/5

×
( ϵ

0.1

)3/5
(

Mtot

106M⊙

)−2/5

yrs ,

lp lt

mp ∼ 1029 rp ∼ 1029 tf ∼ 1.4





S(a) ∝ an

a = 0 ∞

∂ρ(a, t)

∂t
− ∂

∂a

[
K(M1,M2)

ρ(a, t)

a3

]
= K2a

n ,

K2 m

ρ(a, t) = a3F

[
a4

4K
+ t

]
− K2a4+n

K(1 + n)
,

F

F C

ρ(a) = a3C − K2a4+n

K(1 + n)
.



R a a = am

ρ(am)
K

a3m
+ σ = R ,

σ a ≤ am

σ =

∫ am

0
K2a

mda =
K2

n+ 1
a1+n
m .

ρ(am) =
a3mR

K
− K2a4+n

m

K(1 + n)
,

C = R/K

≤ a

N(≤ a) =
a4R

4K
− K2a5+n

K(1 + n)(5 + n)

= Nhom(≤ a)− K2a5+n

K(1 + n)(5 + n)
,

Nhom(≤ a)

K2 = 0

n > 0



R

acrit N(≤ a)

ρK(a,K) = a3
C

K
− K2a4+n

K(1 + n)
,

1/K

C K

R =

∫ ∞

Kmin

K3K
m

[
a3m

C

K
− K2a4+n

m

K(1 + n)

]
K

a3m
dK + σ

= σ +

[
CK3

Km+1

(m+ 1)
− K3K2a1+n

m Km+1

(1 + n)(1 +m)

]∞

Kmin

,



(m+ 1) < 0

R = σ +

[
−C

K3K
m+1
min

(m+ 1)
+

K3K2a1+n
m Km+1

min

(1 + n)(1 +m)

]
.

σ

a ≤ am

K σ

K

σ =

∫ ∞

Kmin

fK
K2

n+ 1
a1+n
m dK

=

∫ ∞

Kmin

K3K
m K2

n+ 1
a1+n
m dK

= K3
K2

(1 + n)(1 +m)
a1+n
m

[
Km+1

]∞
Kmin

.

m+ 1 < 0

σ = −
K3K2a1+n

m Km+1
min

(1 + n)(1 +m)
.



ρ(a,K) = −R(m+ 1)

K3K
m+1
min

a3

K
− K2a4+n

K(1 + n)
,

m < 0 K2 = 0

ρ(a) = ρhom(a) +
K3K2a4+nKm

min

(1 + n)m
,

ρhom(a)

≤ a

N(≤ a) = Nhom +
K3K2a5+nKm

min

(1 + n)(5 + n)m
.

Nhom

N(≤ a)
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5



50 − 130M⊙

M ∼ 40M⊙

M $ 40M⊙



! 100−200

∼ 14− 20M⊙

M ∼ 1.5 − 2M⊙

∼ 20− 40M⊙ M ∼ 5− 10M⊙



∂N(M, t)

∂t
=

1

2

∫ M

0
K(M −M ′,M ′)N(M −M ′, t)N(M ′, t)dM ′

−
∫ ∞

0
K(M,M ′)N(M, t)N(M ′, t)dM ′ − S(M, t) ,

N(M, t)dM ∈ [M,M +

dM) t K(x, y) x

y S(M, t)

< M M

M



NBH Rtot 100 −3 −1 NC fej
100
300
100
300
300
300
100
10

NBH Rtot NC

fej

> M

10 N ∝ Mα α = −2.35

50M⊙ < M < 130M⊙

M < 5M⊙



K(M,M ′) = K

K

RLIGO

RLIGO =

∫ ∞

0

∫ ∞

0
K(x, y)n(x, t)n(y, t)dxdy

= K ×N2
BH ,

NBH

∼ 10−2 3

100 −3 −1

NMWEG ∼

10−5R100 Rtot

RLIGO =
Rtot

NCNMWEG

= 10−5

[
Rtot

100 Gpc−3 yr−1

] [
1

NC

]
yr−1 ,



NC

S(M, t) = 0



10
1

10
2

10
-4

10
-2

10
0

10
2

10
1

10
2

10
-4

10
-2

10
0

10
2

10
1000

100 −3 −1

NC = 100
300 −3 −1 NC = 33

∼ NC



M ∼ 10M⊙

M = 2Mmax LG

Mmax LG = 5M⊙ Mmax LG

M ∼ 60M⊙

Mmin UG < M < (Mmin UG + Mmax LG)

Mmin UG



>LG LG
+ =

>LG

a)

LG LG
+ =

LG<M<LB

b)

LG
Top of IMF

+ =

UG<M<UB

c)

M = 10M⊙

5M⊙ < M < 10M⊙

50M⊙ < M < 60M⊙
M = 60M⊙



K ∝ 1

N2
BH

.

10 RLIGO NBH = 100

RLIGO 10−5 −1 NC = 10

∼ 1000

S(M, t)

M



10
1

10
2

10
-4

10
-2

10
0

10
2

10
100

100 −3 −1

NC = 100



M

S(M, t) =

− fej
2

∫ M

0
K(M −M ′,M ′)N(M −M ′, t)N(M ′, t)dM ′ ,

fej

fej

fej

fej

fej = 0.5

fej = 0.9

Rtot = 300 −3 −1



fej NBH <

100

∼ 40M⊙

50M⊙ < M < 60M⊙

fej

10



10
1

10
2

10
-4

10
-2

10
0

10
2

10
1

10
2

10
-4

10
-2

10
0

10
2

10
1

10
2

10
-4

10
-2

10
0

10
2

10
1000

300 −3 −1

NC = 33 NC = 1
fej = 0.9 300 −3 −1

10



10
1

10
2

10
-4

10
-2

10
0

10
2

10
1000

100 −3 −1 NC ∼ 100
fej = 0.9

K = K(M,M ′)

M M ′

K ∝ (MM ′)α(M +M ′)β ,



α β

M M ′ K

Kcap ∝ (MM ′)15/14(M +M ′)9/14 .

α β

f

5M⊙ < M < 50M⊙

K3−body ∝ (M +M ′)4 .

(MM ′)α

(MM ′)α



M " 1000M⊙

(MM ′)α Mmax

(Mmax + M ′)4 M > Mmax

Mmax = 100M⊙

50M⊙ < M < 130M⊙

M > 40M⊙



10
1

10
2

10
-4

10
-2

10
0

10
2

10
1000

10
−3 −1 NC ∼ 100

fej = 0.5 Mmax = 100M⊙

5M⊙ < M < 50M⊙



G(M, t) ≡ M ×N(M, t)

∂tG+ ∂MJ(G) = MS

J(G) =

∫ M

0

∫ Mmax

M−u

K(u, v)

v
G(t, u)G(t, v) dv du

G



GN
i (tk)

G(tk,M) [Mi,Mi+1) tk

Mmid(i) JN
1 (tk) = 0

JN
r (tk) xr

Mmid(i) Mmid(j) r i

Mmid(i) < Mr j Mmid(j) ≥ Mr − Mmid(i)

∆xGN
i (tk)

∫ Mj+1

Mj

K(Mmid(i), y)

y
GN

j (tk) dy

j Mmid(j)

Mj

tk tk+1

GN ′
i = GN

i (tk) + (∆t/2)×MiSi(tk, G
N
i (tk))

GN ′′
i = GN ′

i +∆t
JN
i+1 − JN

i (tk)

∆x

GN
i (tk+1) = GN ′′

i + (∆t/2)×MiSi(tk, G
N ′′
i )
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∼ 30M⊙

∼ 30

∼ 1M⊙



98%

200M⊙



η

ds2 = a2
[
− (1 + 2U) dη2 + (1− 2U) dr2

]
,

r U a

gαβ = gBαβ + hµν ,

hµν φ eµν

hµν = φeµν ,

φ

∂µ
(√

−gBgµνB ∂νφ
)
= 0 ,



gB φ̃(f, r)

(
∇2 + ω̃2

)
φ̃ = 4ω̃2U φ̃ ,

ω̃ = 2πf

F (ω, r) φ̃

DS DL

DLS

U

≪ c/f

ξ η

δ



x =
ξ

ξ0
,

y =
DL

DS

η

ξ0
,

d =

(
1− DL

DS

)
∆

ξ0
,

ξ0 ξ0 = DLθE θE

θ2E =
4GM

c2
DLS

DLDS
.

ω =
DSξ20

DLSDL
ω̃ .

ω = 4ML(1 + z)ω̃ ML z

G = c = 1

F (ω,y) =
ω

2πi

∫
d2x exp [iωT (x,y)] ,



T (x,y)

T (x,y) =
1

2
(x− y − d)2 −Ψ(x) ,

Ψ

ω =
4GML(1 + z)

c3
ω̃ ≫ 1 ,

G c

f ∼ 100

ω ≪ 1

η = 0 ψ(x) = log |x|



F (ω) = exp
{πω

4
+ i

ω

2

[
log

(ω
2

)
− 2φm(y)

]}
Γ

(
1− i

2
ω

)

×1 F1

(
i

2
ω, 1;

i

2
ωy2

)
,

φm(y) = (xm − y)2/2− log xm ,

xm =
y +

√
y2 + 4

2
.

ω ∼ 0.01 − 0.1 y

100 1 − 10M⊙

ω



0.02 0.04 0.06 0.08 0.10

1.00

1.02

1.04

1.06

w

F

ω y = 1, 5, 10, 40

y ∼ 1 ∼ ω
ω ∼ 0.01 − 0.1



ML

y′ ≡ yML

hUnlensed(θ⃗)

hLensed(θ⃗,Mlens, y′) =

F (Mlens, y′)hUnlensed(θ⃗) θ⃗

Odds =
P(lens|data)

P(no lens|data) .



15, 30, 60 0, 1, 10, 20, 30, 60

100M⊙ θE

30

> 3σ

∼ 30M⊙

= 60 ∼ 10M⊙

SNR ∝ M5/3
c

Ds
,

Mc Ds

Ds



Nlens D3
s

SNR ∝ M5/3
c

N1/3
lens

.

M = 0

50M⊙



� �� �� �� �� ���
�

��

��

��

��

���

�⊙

��
� �
��
��
�

10, 30, 60 > 1

σ



1M⊙

1M⊙

∼ 30M⊙

q

q =
R3G

RCG

∫∞
1M⊙

m−2.3dm
∫∞
30M⊙

m−2.3dm
≈ R3G

RCG
100 ,

R3G RCG

1M⊙

∼ 1µ



0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50
Lens Mass (M�)

0

100

200

300

400

P

M = 1M⊙
3000



ξ0

P ≈ 1− exp
[
−σπξ20

]
,

σ ∼ 1 g cm−2

N

ψ(x) =
N∑

i

log |x− xi| .

ψ(x)

ψ(x) ≈
N∑

i

H(|x− xi|) log |x− xi| ,

H(|x− xi|) |x− xi|

ψ(r)



∼ 100
∼ 1M⊙



●

●

●

●

●

●

●

●

●

●

■
■

■
■

■
■

■
■

■
■

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

���� ���� ���� ���� ����
���

���

���

���

���

ω

|�
|

ω 1
2 3 10 1M⊙

ω

3 10
(0, 1)

(0, 0) F (ω) ∝ ω



Σmax ∼

1011M⊙/kpc
2

∼ 1M⊙ ∼ 105 pc−2

∼ 1µ

NO

A1 = 1/σ

NO =
π(2ξ0)2

A1
= π(2ξ0)

2σ

= 4.3×
(

σ

105/pc2

)
.

NO σ = 105 pc−2

∼ 1 ∼ 10

F (ω)

2 3 10 1M⊙

F (ω) ω



ω

ω

∼ 30M⊙

∼ 30

1M⊙ 1M⊙ ∼ 30M⊙

ω
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