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Also see: Human timeline  and Life timeline

Nature timeline

Template:Nature timeline

 Template documentation

This clickable timeline template, wikilinked to over 30 Wikipedia articles, translated into over 15 languages, edited by over 15

editors, transcluded to over 70 articles, was originally derived from {{Life timeline}} for inclusion in the article "Timeline of

the formation of the Universe". It is not an article!

To use it in an article, use the code {{Nature timeline}}.
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Axis scale: million years 

Also see: Human timeline  and Nature timeline

Life timeline

Template:Life timeline

 Template documentation

This clickable timeline template, wikilinked to over 30 Wikipedia articles, translated into over 15 languages, edited by over 80

editors, transcluded to over 140 articles, was originally designed to be included in the article "Timeline of the evolutionary

history of life". It is not an article!

To use it in an article, use the code {{Life timeline}} 

(replaces the earlier original code {{Life graphical timeline}}).
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Earliest Earth

(−4540)

Earliest water

Earliest life

LHB meteorites

Earliest oxygen

Atmospheric oxygen

Oxygen crisis

Earliest sexual

reproduction

Earliest plants

Ediacara biota

Cambrian explosion

Tetrapoda

Earliest apes

Pongola

Huronian

Cryogenian

Andean

Karoo

Quaternary

ice ages

6B;m`2 RXR, hBK2HBM2b Q7 i?2 T?vbB+�H mMBp2`b2 �M/ HB72 (N)X

q2 ?�p2 H2�`M2/ Km+? �#Qmi i?2 iBK2HBM2 Q7 2pQHmiBQM 7`QK ;2QHQ;B+�H �M/ �`+?2QHQ;B+�H 2pB/2M+2 (Ry)X GB72 Bb

2biBK�i2/ iQ ?�p2 Q`B;BM�i2/ �b 2�`Hv �b key KBHHBQM v2�`b �7i2` i?2 1�`i?X Ai iQQF � 7m`i?2` d3y KBHHBQM v2�`b 7Q`

T?QiQbvMi?2bBb iQ 2pQHp2X q�b 2pQHmiBQM TQBb2/ iQ i�F2 �/p�Mi�;2 Q7 �M 2MpB`QMK2Mi�H +?�M;2 Q` +�M i?2 /Bb+Qp2`v

Q7 MQp2H 7mM+iBQM�HBiB2b i�F2 i?Bb K�;MBim/2 Q7 iBK2\ :2QHQ;B+�H 2pB/2M+2 bm;;2bib i?�i i?2 2pQHmiBQM Q7 2mF�`vQi2b

k



�M/ KmHiB+2HHmH�` HB72 Bb QM � bBKBH�` iBK2b+�H2 iQ T?QiQbvMi?2bBbX >Qr2p2`- i?2 *�K#`B�M 2tTHQbBQM- /m`BM; r?B+? i?2

K�DQ`Biv Q7 �MBK�H T?vH� 2pQHp2/- r�b QMHv 89R KBHHBQM v2�`b �;QX Ab Bi TQbbB#H2 7Q` K�i?2K�iB+�H KQ/2Hb Q7 2pQHmiBQM

iQ 2tTH�BM r?v i?2 iBK2HBM2 Q7 2pQHmiBQM ?�b i?Bb bi`m+im`2\

AKK2/B�i2Hv 7QHHQrBM; i?2 Tm#HB+�iBQM Q7 i?2 P`B;BM Q7 aT2+B2b- Q#D2+iBQMb r2`2 `�Bb2/ i?�i 2pQHmiBQM #v M�im`�H

b2H2+iBQM +QmH/ MQi ?�p2 ?�/ bm{+B2Mi iBK2 iQ T`Q/m+2 i?2 /Bp2`bBiv �M/ +QKTH2tBiv Q7 HB72- ;Bp2M +QMi2KTQ`�`v

2biBK�i2b 7Q` i?2 �;2 Q7 i?2 2�`i? �b �TT`QtBK�i2Hv Ryy KBHHBQM v2�`b (RR)X JQ/2`M T?vbB+b ?�b bBM+2 +H�`B}2/ i?2 �;2

Q7 Qm` TH�M2i �M/ Bi Bb �++2Ti2/ i?�i i?2b2 9X89 #BHHBQM v2�`b �`2 �/2[m�i2 7Q` M�im`�H b2H2+iBQMX >Qr2p2`- r?�i �`2

i?2 T`BM+BTH2 /Bz2`2M+2b BM i?2b2 iBK2b+�H2b 7Q` 2pQHmiBQM (Rk)\

Pm` +m``2Mi K�i?2K�iB+�H KQ/2Hb b�v p2`v HBiiH2 �#Qmi 2pQHmiBQM QM i?2b2 K�+`Qb+QTB+ iBK2b+�H2b �M/ �`2 HBKBi2/

iQ /2b+`B#BM; KB+`Qb+QTB+ 2pQHmiBQM�`v 2p2Mib- HBF2 }t�iBQM- i?�i Q++m` Qp2` `2H�iBp2Hv 72r ;2M2`�iBQMb (R- Rj)X AM

*?�Ti2` k- r2 /Bb+mbb bQK2 Q#b2`p�iBQMb �#Qmi ;2MQivT2 bT�+2b- r?B+? T`QpB/2b i?2 bi�;2 7Q` HQM; i2`K 2pQHmiBQMX

h?2M- BM *?�Ti2` 8- r2 /2b+`B#2 � KQ/2H 7Q` K�+`Qb+QTB+ 2pQHmiBQM i?�i �++mKmH�i2b K�Mv KB+`Qb+QTB+ 2p2Mib- BM i?2

r2�F Kmi�iBQM �M/ r2�F b2H2+iBQM `2;BK2X q2 }M/ i?�i BM i?Bb KQ/2H- 2pQHmiBQM�`v /Bb+Qp2`B2b +�M #2 +QKT�`2/ iQ

b�KTHBM; BM/2T2M/2MiHv 7`QK � bT2+B}2/ /Bbi`B#miBQMX L2ti- r2 /2b+`B#2 � K2+?�MBbK +�HH2/ i?2 `2;2M2`�iBQM T`Q+2bb

i?�i H2�/b iQ 2{+B2Mi 2pQHmiBQM �M/ bm;;2bib ?Qr 2pQHmiBQM KB;?i #2?�p2 �b � iBMF2`2` (R9)X

>Qr2p2`- i?2`2 Bb � T?BHQbQT?B+�H Q#D2+iBQM iQ bim/vBM; i?2 [m2biBQM Q7 ?Qr HQM; 2pQHmiBQM i�F2b iQ /Bb+Qp2` bT2+B}+

7mM+iBQM�HBiB2b (R8)X 1pQHmiBQM #v M�im`�H b2H2+iBQM /Q2b MQi i`v iQ }M/ MQp2H 7mM+iBQM�HBiB2b- Bi K2`2Hv /2b+`B#2b i?2

+QKT2iBiBQM #2ir22M ivT2b rBi? /Bz2`2Mi `�i2b Q7 `2THB+�iBQMX Jmi�iBQMb i?�i ?�TT2M iQ BM+`2�b2 i?Bb `�i2 �`2

b2H2+i2/ 7Q`- #mi 2pQHmiBQM /Q2b MQi i`v iQ }M/ bm+? Kmi�iBQMbX �bFBM; �#Qmi i?2 2pQHmiBQM Q7 bT2+B}+ 7mM+iBQM�HBiB2b-

Bb �M�HQ;Qmb iQ Q#b2`pBM; i?2 rBMMBM; MmK#2`b BM � HQii2`v- i?2M Q#b2`pBM; ?Qr mMHBF2Hv i?Qb2 bT2+B}+ MmK#2`b r2`2

�M/ �bFBM; ?Qr K�Mv `2b�KTH2b Bi rQmH/ i�F2 iQ ;2i i?2 b�K2 MmK#2`b �;�BMX

q2 �`2 bvKT�i?2iB+ iQ i?Bb Q#D2+iBQM- �M/ +2`i�BMHv �`;mK2Mib i?�i mb2 i?2 BM72�bB#BHBiv Q7 }M/BM; bT2+B}+ b2[m2M+2b

BM b2[m2M+2 bT�+2 iQ +QM+Hm/2 2pQHmiBQM #v M�im`�H b2H2+iBQM +�MMQi �++QmMi 7Q` i?2 Q`B;BM Q7 bT2+B2b BM ;2M2`�H �`2

T`2TQbi2`Qmb (Re)X >Qr2p2`- i?2`2 �`2 �i H2�bi i?`22 `2�bQMb [m2biBQMb �#Qmi /Bb+Qp2`v iBK2b �`2 rQ`i? �bFBM;X

6B`bi- i?2 [m2biBQM Q7 ?Qr HQM; QM �p2`�;2 Bi i�F2b 7Q` �M 2pQHpBM; TQTmH�iBQM iQ /Bb+Qp2` � bT2+B}+ 7mM+iBQM�HBiv

Bb � r2HH@/2}M2/ [m2biBQMX aQK2iBK2b i?2b2 [m2biBQM- bm+? �b v2�bi 2pQHpBM; i?2 �#BHBiv iQ �2`Q#B+�HHv K2i�#QHBx2

+Bi`�i2 (Rd-R3)- b22K TQbi ?Q+X q?2`2�b- Qi?2` 7mM+iBQM�HBiB2b HBF2 Q#i�BMBM; 2M2`;v 7`QK i?2 bmMǶb `�vb UMQi M2+2bb�`BHv

mbBM; T?QiQbvMi?2bBbV b22K HBF2 M�im`�H [m2biBQMb iQ �bF � T`BQ`BX a2+QM/- B7 r2 rBb? iQ �++QmMi 7Q` bQK2 Q7 i?2

j



bi�iBbiB+�H T`QT2`iB2b Q7 i?2 iBK2HBM2 Q7 2pQHmiBQM- Bi Bb mM+H2�` ?Qr 2Hb2 iQ �TT`Q�+? i?2 [m2biBQMX h?B`/- bim/vBM;

/Bb+Qp2`v iBK2b 2M�#H2b mb iQ mM/2`bi�M/ r?�i �z2+ib i?2K- HBF2 /Bz2`2Mi K2+?�MBbKb Q7 Kmi�iBQM �M/ `2T`Q/m+iBQMX

JQ`2Qp2`- QM2 +�M i?2M �`;m2 i?�i bm+? K2+?�MBbKb KB;?i #2 b2H2+i2/ 7Q` �M/ i?2B` 2z2+i QM /Bb+Qp2`v iBK2b rQmH/

T2`?�Tb 2tTH�BM r?vX

RXRX PmiHBM2

LQr r2 #`B2~v QmiHBM2 i?2 bi`m+im`2 Q7 i?Bb /Bbb2`i�iBQMX *?�Ti2`b k �M/ j �`2 H�`;2Hv 2tTQbBiQ`v �M/ H�v i?2 ;`QmM/

rQ`F 7Q` i?2 `2K�BMBM; b2+iBQMbX AM *?�Ti2` k- r2 /2}M2 �M/ ;Bp2 b2p2`�H bB;MB}+�Mi 2t�KTH2b Q7 ;2MQivT2 bT�+2bX �

;2MQivT2 bT�+2 /2b+`B#2b i?2 bi�;2 Q7 �M 2pQHmiBQM�`v T`Q+2bb- �M/ ?�b i?`22 +QKTQM2Mib, � b2i Q7 H�#2H2/ ;2MQivT2b-

� `mH2 i?�i /2b+`B#2b ?Qr i?2v `2H�i2 iQ 2�+? Qi?2` i?`Qm;? Kmi�iBQM- �M/ � 7mM+iBQM i?�i �bbB;Mb � }iM2bb iQ 2�+?

;2MQivT2X q2 T�v T�`iB+mH�` �ii2MiBQM iQ ?B;?@/BK2MbBQM�H ;2MQivT2 bT�+2b- �M/ HQQF BM /2i�BH �i i?2 2t�KTH2b Q7

i?2 ?vT2`+m#2 �M/ i?2 bvKK2i`B+ ;`QmTX q2 �`;m2 i?�i i?2`2 �`2 #BQHQ;B+�H `2�bQMb iQ 2tT2+i ;2MQivT2 bT�+2b iQ

#2 ?B;?@/BK2MbBQM�H- �M/ /2KQMbi`�i2 i?�i K�Mv BKTQ`i�Mi K�i?2K�iB+�H T`QT2`iB2b UBM T�`iB+mH�`- `�TB/ KBtBM;V

7QHHQr �b � +QMb2[m2M+2 Q7 i?Bb ?B;?@/BK2MbBQM�HBivX h?2 +?�Ti2` �HbQ +QMi�BMb � HQM; /Bb+mbbBQM QM }iM2bběr?�i r2

+�M H2�`M �#Qmi Bi 7`QK #BQHQ;B+�H KQiBp�iBQMb �M/ ?Qr Bi 2Mi2`b BMiQ KQ/2Hb Q7 ;2MQivT2 bT�+2X

*?�Ti2` j ;Bp2b K�Mv 2t�KTH2b Q7 7mM/�K2Mi�H biQ+?�biB+ KQ/2Hb Q7 2pQHmiBQM�`v /vM�KB+bX q2 mb2 i?2b2 KQ/2Hb

iQ BHHmbi`�i2 i?2 ivTB+�H [m2biBQM i?�i �`2 �bF2/ BM i?2 }2H/ �M/ KQiBp�i2 b2p2`�H bi�iBbiB+b Q7 i?2b2 T`Q+2bb2bX q2 b?Qr

?Qr i?2b2 bi�iBbiB+b- BM+Hm/BM; }t�iBQM T`Q#�#BHBiB2b- �#bQ`TiBQM iBK2b- bi�iBQM�`v /Bbi`B#miBQMb- �M/ Qi?2` HBKBiBM;

#2?�pBQ`b- +�M #2 /BbiQ`i2/ #v TQTmH�iBQM bi`m+im`2X �7i2` i?2b2 2t�KTH2b- r2 /2}M2 � p2`v ;2M2`�H biQ+?�biB+ KQ/2H

Q7 2pQHmiBQM�`v /vM�KB+b- r?B+? BM+Hm/2b i?2 T`2pBQmb 2t�KTH2b �b bT2+B�H +�b2b �M/ BMi2;`�i2b i?2 Kmi�iBQM T`Q+2bb2b

7`QK *?�Ti2` k BMiQ Qmi KQ/2HbX

AM *?�Ti2` 9- r2 mb2 i?2 ;2M2`�H /2}MBiBQM 7`QK *?�Ti2` j iQ ;Bp2 � bBKTH2 +`Bi2`BQM 7Q` �M 2pQHmiBQM�`v T`Q+2bb

iQ /2b+`B#2 M2mi`�H 2pQHmiBQMX AM i?Bb bT2+B�H +�b2 Q7 M2mi`�H 2pQHmiBQM K�Mv BMi2`2biBM; �M�HviB+ [m2biBQMb �#Qmi �

T`Q+2bb #2+QK2 i`�+i�#H2X >2`2 r2 �//`2bb i?2 bi�iBQM�`v /Bbi`B#miBQM- KBtBM; iBK2b- �M/ HQ+�HBx�iBQM BM ;2MQivT2

bT�+2X

*?�Ti2` 8 +QMbB/2`b 2pQHmiBQM�`v /vM�KB+b BM i?2 HQr Kmi�iBQM �M/ r2�F b2H2+iBQM HBKBiX AM i?Bb HBKBi- 2pQHmiBQM

+�M #2 i`�+F2/ Qp2` HQM; iBK2b+�H2b �M/ /2b+`B#2/ �b TQTmH�iBQMb b2�`+?BM; ;2MQivT2 bT�+2X q2 �bF ?Qr HQM; Bi i�F2b

9



i?Bb T`Q+2bb iQ /Bb+Qp2` p�`BQmb bm#b2ib Q7 ;2MQivT2 bT�+2X q2 +QKT�`2 i?Bb iBK2 iQ i?2 iBK2 `�M/QK b�KTHBM; rQmH/

i�F2 iQ }M/ i?2 bm#b2i- �M/ b?Qr i?�i BM bQK2 +�b2b i?2v �`2 2[mBp�H2Mi BM /Bbi`B#miBQMX AM T�`iB+mH�`- r2 �`;m2

i?2`2 Bb � b?�`T +QMi`�bi #2ir22M /Bb+Qp2`v iBK2b i?�i �`2 QM �p2`�;2 2tTQM2MiB�H �M/ i?Qb2 i?�i �`2 TQHvMQKB�HX

q2 �HbQ B/2MiB7v � bBKTH2- #BQHQ;B+�H TH�mbB#H2 K2+?�MBbK- +�HH2/ i?2 `2;2M2`�iBQM T`Q+2bb- i?�i 2M�#H2b /Bb+Qp2`v BM

TQHvMQKB�H iBK2X

6BM�HHv- BM *?�Ti2` e- r2 `2im`M iQ 2pQHmiBQM�`v ;`�T? i?2Q`v- r?B+? mb2b r2B;?i2/- /B`2+i2/ ;`�T?b iQ KQ/2H

i?2 2z2+ib Q7 TQTmH�iBQMb bi`m+im`2X q2 ;2M2`�HBx2 i?2 BbQi?2`K�H i?2Q`2K rBi? � `Q#mbiM2bb `2bmHi �M/ i?2M ;Bp2 �

bm{+B2Mi +QM/BiBQM 7Q` i?Bb `Q#mbiM2bb i?�i +�M #2 p2`B}2/ BM TQHvMQKB�H iBK2 BM i?2 bBx2 Q7 i?2 ;`�T?X q2 T`Qp2 i?�i

`�M/QK TQTmH�iBQM bi`m+im`2b b?Qr #2?�pBQ` i?�i Bb p2`v +HQb2 iQ r2HH@KBt2/ TQTmH�iBQMb rBi? ?B;? T`Q#�#BHBivX

8



2
:2MQivT2 aT�+2

h?2 BMi`Q/m+iBQM BM *?�Ti2` R /2b+`B#2/ � p2`v ;2M2`�H r�v Q7 i?BMFBM; �#Qmi 2pQHmiBQMX �Mv T`Q+2bb r?2`2 BM7Q`K�@

iBQM Bb `2T`Q/m+2/ BKT2`72+iHv �M/ rBi? /Bz2`BM; `�i2b 2pQHp2bX q?BH2 i?Bb T�`�/B;K Bb p2`v ;2M2`�H- r2 ?�p2 iQ bi�`i

#2BM; KQ`2 bT2+B}+ iQ K�F2 i?BM;b BMi2`2biBM;X aQ H2i mb mMT�+F i?Bb T�`�/B;K #v �bFBM; 7Qm` [m2biBQMbX 6B`bi- r2

KB;?i �bF 7Q` T`QT2`iB2b �M/ 2t�KTH2b Q7 i?2 2pQHpBM; BM7Q`K�iBQMX h?�i Bb i?2 ;Q�H Q7 i?Bb +?�Ti2`X h?2 T`QT2`iB2b

r2 /2b+`B#2 +QK2 7`QK i?BMFBM; i?`Qm;? i?2 Qi?2` +QKTQM2Mib Q7 i?2 T�`�/B;K �M/ +�`27mHHv bim/vBM; BKTQ`i�Mi

2t�KTH2b KQiBp�i2/ #v #BQHQ;vX

a2+QM/- r?�i /Q2b Bi K2�M 7Q` BM7Q`K�iBQM iQ `2T`Q/m+2\ P#pBQmbHv- i?2 BM7Q`K�iBQM Bb MQi `2THB+�iBM; Bib2H7ěi?2`2

Kmbi #2 bQK2 K2+?�MBbK i?�i /Q2b i?2 +QTvBM;X h?2 BM7Q`K�iBQM Bb MQi T`QT�;�i2/ BMiQ i?2 7mim`2 BM bQK2 �`#Bi`�`v

r�v- #2+�mb2 Bi Bb HBKBi2/ #v i?2 K2+?�MBbK i?�i +QTB2b BiX P7i2M Bi Bb `2T`Q/m+2/ BM TB2+2b rBi? � bT2+B}+ bi`m+im`2X

h?BMF Q7 ?Qr �HH i?2 .L� BM � TQTmH�iBQM Bb +QMi�BM2/ rBi?BM BM/BpB/m�Hb- �M/ Bi Bb BM/BpB/m�Hb i?�i �+im�HHv /Q i?2

`2T`Q/m+BM;X h?Bb bi`m+im`2 BM7Q`Kb i?2 r�v r2 KQ/2H i?2 2pQHmiBQM Q7 BM7Q`K�iBQMX 6`QK MQr QM r2 `272` iQ i?2b2

TB2+2b Q` +QKTQM2Mib Q7 BM7Q`K�iBQM �b ;2MQivT2b �M/ i?2 bT�+2b Q7 TQbbB#H2 ;2MQivT2b �b � ;2MQivT2 bT�+2X �HH i?2

BM7Q`K�iBQM BM �M 2pQHmiBQM�`v T`Q+2bb Bb i?2M � TQTmH�iBQM Q7 ;2MQivT2bX

e



h?B`/- r?v �M/ ?Qr Bb i?2 BM7Q`K�iBQM `2T`Q/m+2/ BKT2`72+iHv\ h?2 BM7Q`K�iBQM i?�i Bb `2T`Q/m+2/ Kmbi `2b2K#H2

i?2 BM7Q`K�iBQM BM i?2 T�biX h?Bb Bb +�HH2/ ?2`Bi�#BHBiv BM � #BQHQ;B+�H +QMi2ti (RN)X qBi?Qmi i?Bb- i?2 ~Qr Q7 BM7Q`K�@

iBQM Bb Qp2`r?2HK2/ #v Kmi�iBQMb �M/ r2 �`2 H27i rBi? `�M/QK BM7Q`K�iBQM �M/ MQi 2pQHmiBQM (ky)X *QMp2`b2Hv- Bi Bb

2�bv iQ mM/2`bi�M/ r?v BKT2`72+iBQM Bb M2+2bb�`v �b i?Bb Bb i?2 QMHv TQbbB#H2 bQm`+2 Q7 MQp2HivX q?2M BM7Q`K�iBQM Bb

`2T`Q/m+2/ #mi rBi? bQK2 2``Q`- r2 `272` iQ i?Bb �b � Kmi�iBQMX h?2 T�`iB+mH�` bi`m+im`2 i?2b2 Kmi�iBQMb i�F2 Bb �M

BKTQ`i �bT2+i Q7 i?Bb +?�Ti2`X 6Q` 2t�KTH2- i?BMF Q7 i?2 K�Mv TQbbB#H2 2``Q`b i?�i +�M Q++m` r?2M #�+i2`B�H .L�

Bb /mTHB+�i2/ /m`BM; i?2 BMi2`T?�b2 Q7 i?2 +2HH +v+H2, TQBMi Kmi�iBQMb- BMb2`iBQMb- /2H2iBQMb- /mTHB+�iBQMb 7`�K2b?B7ib-

`2p2`b�Hb 2i+X �HH Q7 i?2b2 �`2 � +QMb2[m2M+2 Q7 i?2 K2+?�MBbK Q7 +QTvBM; �M/ T`QpB/2 i?2 }`bi 2Mi`vr�v 7Q` biQ+?�b@

iB+Biv BMiQ i?2 biQ`v (kR)X .2bTBi2 i?Bb TH2i?Q`� Q7 TQbbB#H2 2``�i�- r2 +�M biBHH /2b+`B#2 bQK2 ;2M2`�H T`QT2`iB2b Q7

i?2b2 BKT2`72+iBQMbX

6Qm`i?- r?�i /2i2`KBM2b i?2b2 /Bz2`BM; `�i2b Q7 `2T`Q/m+iBQM\ �b r2 ?�p2 K2MiBQM2/- i?2`2 Bb bQK2 K2+?�MBbK

i?�i +QTB2b i?2 BM7Q`K�iBQMX h?2 �+iBQM Q7 i?Bb K2+?�MBbK Bb BM im`M �z2+i2/ #v i?2 BM7Q`K�iBQM Bi Bb `2T`Q/m+BM;ě

T2`?�Tb BM bQK2 p2`v +QKTH2t r�vX "`BM; iQ KBM/ i?2 `2H�iBQMb?BT #2ir22M �M Q`;�MBbKǶb .L�- r?B+? T`QpB/2b

i?2 #Hm2T`BMi 7Q` i?2 K2+?�MBbK i?�i mHiBK�i2Hv `2T`Q/m+2b i?2 .L� (kR-kk)X h?Bb +QKTH2tBiv Bb Q7i2M #mM/H2/ BMiQ

i?2 UT?BHQbQT?B+�HHv +?�HH2M;BM; #mi K�i?2K�iB+�HHv bBKTH2V MQiBQM Q7 }iM2bb- r?B+? Bb � T�`�K2i2` Q7 2pQHmiBQM�`v

KQ/2Hb (R-kj)X h?2 `�i2b �i r?B+? /Bz2`2Mi BM7Q`K�iBQM Bb `2T`Q/m+2/ Bb r?�i b2H2+iBQM Bb /Bb+`BKBM�iBM;- #mi Bib H�+F

Q7 QKMBb+B2Mi FMQrH2/;2 Q7 }iM2bb p�Hm2b T`QpB/2b � b2+QM/ 2Mi`vr�v 7Q` biQ+?�biB+Biv (Rk- k9)X aQK2iBK2b i?2 `�i2

Q7 `2T`Q/m+iBQM Bb BM/2T2M/2Mi Q7 i?2 BM7Q`K�iBQM #2BM; `2T`Q/m+2/X am+? T`Q+2bb2b �`2 +�HH2/ M2mi`�H 2pQHmiBQM (k8)X

q?BH2 i?Bb �bbmKTiBQM H2�/b iQ � /2+QmTHBM; Q7 i?2 BM7Q`K�iBQM 7QHHQr UT�`iB+mH�`Hv- ?Qr Bi Kmi�i2bV �M/ i?2 K2+?�MBbK

Q7 `2T`Q/m+iBQM Ur?B+? Bb i?mb �#b2Mi Q7 b2H2+iBQMV- Bi biBHH ?�b � `B+? �M/ /2p2HQT2/ i?2Q`v (keĜk3)X

�b � #`B27 �bB/2- i?2 BM7Q`K�iBQM r2 i`�+F BM �M 2pQHmiBQM�`v T`Q+2bb M22/ MQi #2 �HH i?2 BM7Q`K�iBQM Q` +QKTH2i2Hv

/2i2`KBM2 i?2 K2+?�MBbKX h?Bb bBKTHv �//b MQBb2 iQ i?2 T`Q+2bb �M/ bmTTQ`ib i?2 B/2� i?�i b2H2+iBQM Bb MQi �M Q`�+H2

7Q` }iM2bb (Rk)X 6Q` 2t�KTH2- �M 2pQHmiBQM�`v KQ/2H +�M 7Q+mb QM i?2 /vM�KB+b Q7 � T�`iB+mH�` ;2M2 rBi?Qmi `2+Q`/BM;

i?2 `2bi Q7 i?2 ;2MQK2X

�HH i?2 BM7Q`K�iBQM BM Qm` 2pQHmiBQM�`v T`Q+2bb Bb � TQTmH�iBQM Q7 ;2MQivT2b- r?2`2 � ;2MQivT2 Bb bQK2i?BM; HBF2

i?2 bK�HH2bi TB2+2 Q7 `2T`Q/m+BM; BM7Q`K�iBQMX �7i2` Q`;�MBxBM; i?2 BM7Q`K�iBQM BM i?Bb r�v- Bi Bb M�im`�H iQ �bF r?�i

bi�i2b �`2 TQbbB#H2 BM Qm` 2pQHmiBQM�`v T`Q+2bb �M/ ?Qr /Q r2 i`�MbBiBQM 7`QK QM2 bi�i2 iQ �MQi?2`X �HH i?2 T`Q+2bb2b

r2 +QMbB/2` ?2`2 �`2 J�`FQp +?�BMb- bQ BM i?�i i2`KBMQHQ;v, r?�i Bb i?2 bi�i2 bT�+2 �M/ i?2 i`�MbBiBQM F2`M2H\ q2

d



�Mbr2` i?2b2 [m2biBQMb +QKTH2i2Hv BM *?�Ti2` j- #mi �b � T`2+m`bQ` r2 Kmbi �Mbr2` irQ T`2HBKBM�`v [m2biBQMbX q?�i

;2MQivT2b �`2 TQbbB#H2 �M/ ?Qr /Q2b Kmi�iBQM T`Q/m+2 QM2 ;2MQivT2 7`QK �MQi?2`\ h?Bb KQp2b Qm` 7Q+mb 7`QK

;2MQivT2b iQ ;2MQivT2 bT�+2bX

SQi2MiB�HHv- r2 +QmH/ i?BMF Q7 i?2 TQbbB#H2 ;2MQivT2b �b � b2i Γ �M/ �bbB;M H�#2Hb iQ 2�+? ;2MQivT2 α1,α2, . . . ,αnX

h?2M r2 KB;?i i?BMF Q7 i?2 T`Q#�#BHBiv i?�i � T�`iB+mH�` ;2MQivT2 Bb T`Q/m+2/ r?2M Bi Bb +QTB2/ 7`QK �MQi?2` (kNĜjR)X

P7i2M bBKTHv H�#2HBM; i?2K Bb bm;;2biBp2 Q7 ?Qr i?2v b?QmH/ `2H�i2 iQ 2�+? Qi?2` i?`Qm;? Kmi�iBQMX �//BiBQM�HHv- r2

+QmH/ �bbB;M iQ 2�+? ;2MQivT2 α � }iM2bb FpαqX 6Q`K�HHv- r2 ?�p2 i?2 7QHHQrBM; /2}MBiBQMX

.27BMBiBQM kXR U:2MQivT2 bT�+2VX � ;2MQivT2 bT�+2 pΓ,M,Fq Bb � i`BTH2 bm+? i?�i, URV Γ Bb � b2i +QMi�BMBM; �HH

TQbbB#H2 ;2MQivT2bc UkV M Bb � biQ+?�biB+ F2`M2H-

ÿ

βPΓ
Mpα,βq “ 1, UkXyXRV

r?2`2 Mpα,βq /2MQi2b i?2 T`Q#�#BHBiv i?�i ;2MQivT2 β Bb T`Q/m+2/ r?2M ;2MQivT2 α `2T`Q/m+2b Ur?2M Γ Bb mM+QmMi�#H2

i?2 /2}MBiBQM +?�M;2b bHB;?iHv- b22 1[m�iBQM UkX3XRVVc UjV F Bb � 7mM+iBQM F : Γ Ñ R r?2`2 Fpαq Bb i?2 }iM2bb Q7

;2MQivT2 αX q?2M F Bb QKBii2/- Bi Bb �bbmK2/ i?�i i?2 ;2MQivT2b �`2 M2mi`�H- i?�i Bb- Fpαq “ 1 7Q` �HH α P ΓX

.27BMBiBQM kXk UJmi�iBQM T`Q+2bbVX LQi2 i?�i 7Q` � ;2MQivT2 bT�+2 pΓ,M,Fq- i?2 biQ+?�biB+Biv Q7 M BKTHB2b

pΓ,Mq 7Q`Kb � J�`FQp +?�BMX q2 `272` iQ i?Bb J�`FQp +?�BM �b � Kmi�iBQM T`Q+2bbX

_2K�`F kXjX Ai Bb �HbQ TQbbB#H2 iQ mb2 � ;2MQivT2 bT�+2 pΓ,M,Fq iQ /2`Bp2 �M bvbi2K Q7 P.1b +�HH2/ i?2 [m�bB@bT2+B2b

2[m�iBQMb (kN)X h?2b2 2[m�iBQMb ?�p2 K�Mv BKTQ`i�Mi +QMb2[m2M+2b- #mi r2 /Q MQi Tm`bm2 i?2K ?2`2X "2+�mb2 i?2

[m�bB@bT2+B2b 2[m�iBQMb �`2 /2i2`KBMBbiB+- i?2v +�MMQi +�Tim`2 K�Mv BKTQ`i�Mi 2pQHmiBQM�`v T?2MQK2M� (R)X >Qr2p2`-

i?2v +�M #2 mb2/ iQ /2b+`B#2 i?2 2pQHmiBQM Q7 i?2 T`Q#�#BHBiv /Bbi`B#miBQM Q7 +2`i�BM biQ+?�biB+ KQ/2HbX

aQ 7�` �HH r2 ?�p2 �bbmK2/ BM .2}MBiBQM kXR �#Qmi ?Qr ;2MQivT2b `2H�i2 iQ 2�+? Qi?2` Bb i?�i Bi Bb iBK2@?QKQ;2MQmbX

>Qr2p2`- ;Bp2M M b2p2`�H /Bz2`2Mi T2`bT2+iBp2b �`2 mb27mHX �b r2 TQBMi2/ Qmi BM .2}MBiBQM kXk- M /2}M2b � J�`FQp

+?�BM Q`- 2[mBp�H2MiHv- � `�M/QK r�HF QM � r2B;?i2/- /B`2+i2/ ;`�T?X L�im`�H [m2biBQMb i?2M �`Bb2, Ab i?2 +?�BM

B``2/m+B#H2\ Ab Bi `2p2`bB#H2\ q?�i Bb Bib bi�iBQM�`v /Bbi`B#miBQM\ >Qr [mB+FHv /Q2b Bi KBt\ q2 KB;?i �HbQ �bF �#Qmi

i?2 ;2QK2i`v Q7 i?2 ;`�T?, r?�i Bb Bib /BK2MbBQM\ >Qr /Q2b i?Bb `2H�i2/ iQ Qm` T`2pBQmb [m2biBQMb �#Qmi i?2 J�`FQp

+?�BM\ �HH Q7 i?2b2 [m2biBQM ?�p2 #BQHQ;B+�H BMi2`T`2i�iBQMb �M/ Q7i2M i?2v ?�p2 ivTB+�H �Mbr2`bX
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q2 bi�`i #v /2p2HQT �M BMimBiBQM 7Q` K�Mv Q7 i?2b2 [m2biBQMb- #v +QMbB/2`BM; bQK2 bT2+B}+ �M/ BMbi`m+iBp2 2t�KTH2b

Q7 ;2MQivT2 bT�+2bX 6B`bi- r2 +QMbB/2` i?2 ?vT2`+m#2 BM a2+iBQM kXR- r?B+? Bb � KQ/2H 7Q` ;2MQivT2b i?�i biQ`2

BM7Q`K�iBQM �b }t2/- }MBi2 H2M;i? bi`BM;b Q7 H2ii2`b 7`QK bQK2 }MBi2 �HT?�#2iX a2+QM/- r2 +QMbB/2` i?2 bvKK2i`B+

;`QmT BM a2+iBQM kXk- r?2`2 � ;2MQivT2 biQ`2b i?2 Q`/2` Q7 � }t2/- }MBi2 MmK#2` Q7 /BbiBM+i i?BM;bX

AM #Qi? 2t�KTH2b- r2 Q#b2`p2 � MmK#2` Q7 F2v T`QT2`iB2bX h?2 Kmi�iBQM T`Q+2bb2b �`2 B``2/m+B#H2- `2p2`bB#H2- �M/

?�p2 mMB7Q`K bi�iBQM�`v /Bbi`B#miBQMb iQ r?B+? i?2v `�TB/Hv +QMp2`;2X :2QK2i`B+�HHv- i?2 bT�+2b �`2 ?B;?@/BK2MbBQM�H-

r?B+? +QMi`B#mi2b iQ i?2 `�TB/ KBtBM; iBK2b �M/ H2�/b iQ � MmK#2` Q7 #BQHQ;B+�HHv BMi2`2biBM; T`QT2`iB2b r2 QmiHBM2

BM a2+iBQM kX9X h?2 T`QT2`iB2b T`Qp2 +`m+B�H iQ Qm` �M�HvbBb Q7 2pQHmiBQM Qp2` HQM; iBK2b+�H2b BM *?�Ti2` 8X AM a2+iBQM

kX8- r2 b?Qr i?�i i?2b2 T`QT2`iB2b �`2 `Q#mbi iQ � MmK#2` Q7 /Bz2`2Mi ivT2b Q7 /BbQ`/2` �M/ `�M/QK T2`im`#�iBQMX

L2ti- BM a2+iBQM kXe r2 +QMbB/2` }iM2bb (jk)X q2 /Bb+mbb /Bz2`2Mi r�vb iQ bT2+B7v i?2 7mM+iBQM F �M/ ?Qr T?2MQivT2b

�+ib �b �M BMi2`K2/B�`vX AM a2+iBQM kXd- r2 /Bb+mbb T`QD2+iBQMb Q7 i?2 ?B;?@/BK2MbBQM�H ;2MQivT2 bT�+2b i?�i �`2 mb27mH

K�i?2K�iB+�HHv �M/ T`Q/m+2 Qi?2` BMi2`2biBM; ;2MQivT2 bT�+2b BM i?2B` QrM `B;?iX 6BM�HHv- BM a2+iBQM kX3 r2 /2b+`B#2

� HQr /BK2MbBQM�H- +QMiBMmQmb ;2MQivT2 bT�+2 iQ +QMi`�bi rBi? i?2 Qi?2` 2t�KTH2bX

kXRX h?2 ?vT2`+m#2

� 7�KBHB�` 2t�KTH2 Q7 � ;2MQivT2 bT�+2- �M/ QM2 i?�i BM7Q`Kb Qm` H�i2` /2}MBiBQMb �M/ K�Mv ivTB+�H T`QT2`iB2b- Bb

b2[m2M+2 bT�+2X a2[m2M+2 bT�+2 Bb i?2 i?2 b2i Q7 �HH T`Qi2BMb Q7 � ;Bp2M H2M;i? n- r?2`2 irQ b2[m2M+2b �`2 M2B;?#Q`b

B7 i?2v /Bz2` #v � bBM;H2 �KBMQ �+B/X h?2 +QM+2Ti Q7 +QMbB/2`BM; i?Bb bT�+2 BM Bib iQi�HBiv r�b BMi`Q/m+2/ #v CQ?M

J�vM�`/ aKBi? (jj-j9)- #mi Bi ?�b bBM+2 #22M rB/2Hv miBHBx2/ i?2Q`2iB+�HHv (j8Ĝj3) �M/ 2tT2`BK2Mi�HHv (jNĜ9k)X

aQK2 BKK2/B�i2 Q#b2`p�iBQMb �`2 BM Q`/2`X 6Q` 2�+? �KBMQ �+B/ BM i?2 b2[m2M+2 i?2`2 �`2 ky +?QB+2b- K2�MBM; i?�i

�b i?2 b2[m2M+2 BM+`2�b2b BM H2M;i?- i?2 bBx2 Q7 i?2 bT�+2 ;`Qrb 2tTQM2MiB�HHvX aT2+B}+�HHv- i?2 MmK#2` Q7 b2[m2M+2b

Q7 H2M;i? n BM i?2 ;2MQivT2 bT�+2b Bb 20nX J2�MBM; i?�i 7Q` 2p2M KQ/2bi T`Qi2BM H2M;i?b- � p�MBb?BM;Hv bK�HH MmK#2`

Q7 i?2b2 T`Qi2BMb rBHH 2p2` T?vbB+�HHv 2tBbiX

>Qr2p2`- i?Bb b22Kb iQ #2 QM2 Q7 i?2 bi`2M;i?b Q7 `2+Q`/BM; ?2`Bi�#H2 BM7Q`K�iBQM BM i?Bb r�vě� p�bi TQi2MiB�HBiv

+�M #2 /2b+`B#2/ 2ti`2K2Hv bm++BM+iHvX A7 2pQHmiBQM Bb iQ T`Q/m+2 iQ +QKTH2tBiv- i?2M Bi M22/b � p�bi bi�;2 iQ /Q i?Bb

QM- #mi i?2 ?2`Bi�#H2 BM7Q`K�iBQM ?�b iQ `2K�BM K�M�;2�#H2X h?Bb Bb QM2 #BQHQ;B+�H `2�bQM r2 b?QmH/ 2tT2+i ;2MQivT2

bT�+2b iQ #2 ?B;?@/BK2MbBQM�H (9j)X

N



h?2 MQiBQM Q7 M2B;?#Q`b r2 BMi`Q/m+2/ Bb BKK2/B�i2Hv bm;;2biBp2 Q7 i?2 bQ`ib Q7 Kmi�iBQM r2 KB;?i +QMbB/2`, bBM;H2

�KBMQ �+B/ bm#biBimiBQMbX aBM+2 r2 �`2 +QMbB/2`BM; T`Qi2BMb Q7 }t2/ H2M;i?- r2 �`2 `mHBM; Qmi /2H2iBQMb �M/ BMb2`iBQMbX

q2 �HbQ `mH2 Qmi KQ`2 +QKTHB+�i2/ Kmi�iBQMb HBF2 /mTHB+�iBQMb Q7 r?QH2 bm#b2[m2M+2b- `2p2`b�Hb- �M/ `2+QK#BM�iBQMbX

#mi Km+? Q7 i?2 /Bb+mbbBQM biBHH �TTHB2b iQ KQ`2 +QKTHB+�i2/ KQ/2Hb i?�i BM+Hm/2 KQ`2 p�`B2/ Kmi�iBQMbX aBM;H2

�KBMQ �+B/ bm#biBimiBQMb Kmi�iBQMb BMi`Q/m+2 � M�im`�H ;2QK2i`v iQ i?2 bT�+2X L�K2Hv- i?2 /Bbi�M+2 #2ir22M irQ

T`Qi2BM b2[m2M+2b Bb Dmbi i?2 KBMBKmK MmK#2` Q7 Kmi�iBQMb iQ i`�Mb7Q`K QM2 BMiQ �MQi?2`X aBM+2 TQBMi Kmi�iBQMb

�`2 bvKK2i`B+- r2 2M/ mT rBi? � T`QT2` /Bbi�M+2 K2i`B+X q?BH2 i?Bb /Bbi�M+2 B;MQ`2b i?2 bm#iHv Q7 i?2 `�i2 �i r?B+?

i?2b2 Kmi�iBQMb Q++m`- Bi Bb biBHH � mb27mH +QM+2TiX

aQK2 Q#b2`p�iBQMb �#Qmi i?2 ;2QK2i`v Q7 i?Bb bT�+2 �`2 rQ`i? TQBMiBM; QmiX �7i2` BMi`Q/m+BM; � T`2+Bb2 K2i`B+ 7Q`

i?2 bT�+2- r2 +QmH/ ;Q QM iQ �TTHv � K�i?2K�iB+�H /2}MBiBQM Q7 /BK2MbBQMX >Qr2p2`- BM i?Bb +�b2- BMimBiBQM bm;;2bib

i?�i i?2 /BK2MbBQM Q7 i?Bb bT�+2 Bb n- �b Bi Bb � T`Q/m+i Q7 n ǳ+QKTQM2Mib-Ǵ bQ �b r2 bm;;2bi2/ #27Q`2 i?2 /BK2MbBQM Q7

i?Bb bT�+2 +�M ;2i �`#Bi`�`BHv H�`;2 �b i?2 b2[m2M+2 H2M;i? BM+`2�b2bX >B;?@/BK2MbBQM�H bT�+2b ?�p2 bi`�M;2- mMBMimBiBp2

#2?�pBQ` (99) i?�i /B`2+iHv BM~m2M+2b ?Qr 2pQHmiBQM i�F2b TH�+2 BM i?2K (ky- 98Ĝ93)X 1�+? ;2MQivT2 BM i?2 bT�+2 ?�b

K�Mv M2B;?#Q`b- bm;;2biBM; i?�i B7 r2 BK�;BM2 � T�`iB+H2 KQpBM; �`QmM/ #v i`�p2HBM; �HQM; 2/;2b- �i 2�+? TQBMi

i?2`2 �`2 K�Mv /B`2+iBQMb BM r?B+? i?2 T�`iB+H2 +�M KQp2X h?Bb Bb [mBi2 mMHBF2 i?2 7�KBHB�` `�M/QK r�HF BM R- k- Q`

j /BK2MbBQMbX JQ`2Qp2`- B7 i?2 bT�+2 Bb i?2 /QK�BM Q7 bQK2 7mM+iBQM- i?2M i?2 +QM/BiBQM 7Q` � TQBMi iQ #2 � HQ+�H

K�tBKmK Q7 i?2 7mM+iBQM #2+QK2b BM+`2�bBM;Hv bi`BM;2Mi �b i?2 /BK2MbBQM BM+`2�b2b U�b i?2`2 �`2 KQ`2 /B`2+iBQM i?2

7mM+iBQM Kmbi #2 MQMBM+`2�bBM; BMV (9NĜ8R)X �HbQ- +QMiBMmBiv �bbmKTiBQMb QM i?2 7mM+iBQM BKTHv i?�i i?2 7mM+iBQM Bb

�HKQbi +QMbi�Mi �M/ Bib p�Hm2b �`2 ?B;?Hv +QM+2Mi`�i2/ �#Qmi i?2 K2�M p�Hm2 (99)X h?2 BMimBiBQM 7Q` i?Bb Q#b2`p�iBQM

+QK2b 7`QK mM/2`bi�M/BM; ivTB+�H /Bbi�M+2b BM i?Bb bT�+2, 7Q` �HKQbi �HH T�B`b Q7 TQBMib- i?2 /Bbi�M+2 #2ir22M i?2K Bb

19
20n “ O pnq- r?B+? Bb p2`v bK�HH `2H�iBp2 iQ i?2 bBx2 Q7 i?2 bT�+2X AM 7�+i- i?2 /B�K2i2` Q7 i?2 bT�+2 Bb �HbQ n “ O pnq-

bQ i?�i �Mv TQBMi Bb �++2bbB#H2 BM `2H�iBp2Hv 72r Kmi�iBQMbX � 7mM+iBQM Q#2vBM; +QMiBMmBiv �bbmKTiBQMb +�MMQi +?�M;2

Km+? Qp2` bK�HH /Bbi�M+2b BM Qm` K2i`B+X SmiiBM; i?2b2 irQ Q#b2`p�iBQMb iQ;2i?2`- i?�i KQbi TQBMib �`2 `2H�iBp2Hv

+HQb2 �M/ i?�i i?2`2 �`2 HQib Q7 TQBMib �i i?2 b�K2 /Bbi�M+2- bm;;2bib i?�i bBKmHi�M2QmbHv b�iBb7vBM; i?2 +QMiBMmBiv

�bbmKTiBQM 7Q` �HH TQBMib BKTHB2b i?2 7mM+iBQM b?QmH/ #2 `Qm;?Hv +QMbi�MiX

kXRXRX 6Q`K�H /2}MBiBQMbX AMbi2�/ Q7 T`Qi2BMb- r2 +QmH/ ?�p2 +QMbB/2`2/ b2[m2M+2b Q7 .L� Q` _L�- �M/ i?2`2

rQmH/ ?�p2 #22M HBiiH2 +?�M;2 BM Qm` [m�HBi�iBp2 Q#b2`p�iBQMbX aQ KQ`2 �#bi`�+iHv- r2 +�M 7Q`K�HBx2 ;2MQivT2 bT�+2b

Q7 i?Bb ;2M2`�H ivT2X :2MQK2b BM i?2b2 bT�+2b �`2 b2[m2M+2b 7`QK bQK2 }MBi2 �HT?�#2iX qBi?Qmi HQbb Q7 ;2M2`�HBiv-

Ry



r2 mb2 t1, . . . ,κu �b i?2 H2ii2` Q7 Qm` �HT?�#2i �M/ /2}M2 i?2 ;2MQivT2 bT�+2 �b

Γn :“ tα “ pα1, . . . ,αnq : α1, . . . ,αn P t1, . . . ,κuu . UkXRXRV

h?2 K2i`B+ QM Qm` bT�+2 Bb >�KKBM; /Bbi�M+2- i?�i Bb-

D pα,βq :“
nÿ

i“1

1 pαpiq ‰ βpiqq . UkXRXkV

q2 `272` iQ i?Bb bT�+2 �b i?2 ?vT2`+m#2X LQr r2 +�M /2}M2 T`2+Bb2Hv i?2 `�i2b Q7 /Bz2`2Mi Kmi�iBQMb BM i?2 7QHHQrBM;

r�v, q2 biB+F rBi? bBM;H2 TQBMi Kmi�iBQMbX q2 +QMi`QH i?2 `�i2 �i r?B+? bQK2 Kmi�iBQM ?�TT2Mb rBi? � T�`�K2i2`

ε P p0, 1qX A7 � Kmi�iBQM ?�TT2Mb- r2 b�KTH2 � +QQ`/BM�i2 mMB7Q`KHv 7`QK !n" �M/ i?2M `2b�KTH2 i?�i +QQ`/BM�i2 mMB@

7Q`KHv 7`QK !κ"X LQi2 i?�i 2p2M B7 i?2`2 Bb � Kmi�iBQM- Bi Bb TQbbB#H2 iQ `2K�BM �i i?2 b�K2 ;2MQivT2X J�i?2K�iB+�HHv-

r2 ?�p2 i?2 7QHHQrBM; /2}MBiBQMX

.27BMBiBQM kX9 Uh?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 ?vT2`+m#2VX h?Bb T`Q+2bb Bb � J�`FQp +?�BM rBi?

bi�i2 bT�+2 Γn /2}M2/ BM UkXRXRV �M/ i`�MbBiBQM F2`M2H M /2}M2/ #v

M pα,βq :“

$
’’’’’’’’&

’’’’’’’’%

ε
κn B7 D pα,βq “ 1

1´ ε` ε
κ B7 D pα,βq “ 0

0 Qi?2`rBb2

, UkXRXjV

r?2`2 D Bb i?2 /Bbi�M+2 K2i`B+ /2}M2/ BM UkXRXkVX h?Bb T`Q+2bb Bb �HbQ FMQr �b � H�xv `�M/QK r�HF QM i?2 ?vT2`+m#2X

_2K�`F kX8X AMbi2�/ Q7 mbBM; D iQ /2}M2 M- r2 +QmH/ ?�p2 /QM2 i?2 `2p2`b2- i?�i Bb- 7Q` �HH pα,βq bm+? i?�i

M pα,βq ą 0- /2}M2 D pα,βq “ 1X 6Q` �HH `2K�BMBM; T�B`b pα,βq- D pα,βq Bb i?2 KBMBKmK T�i? H2M;i? 7`QK α iQ

β- i?�i Bb-

D pα,βq “ inf
pα0,α1,...,αkq

tk : α0 “ α, αk “ β, D pαi,αi`1q “ 1u . UkXRX9V

h?Bb Bb bBKTHv i?2 ;`�T? /Bbi�M+2- r?2`2 2�+? ;2MQivT2 α Bb � p2`i2t �M/ i?2`2 Bb �M 2/;2 #2ir22M α �M/ β B7

Dpα,βq “ 1X

kXRXkX J�i?2K�iB+�H MQiBQMb Q7 /BK2MbBQM 7Q` }MBi2 /Bb+`2i2 bT�+2bX qBi? i?Bb MQiBQM Q7 /Bbi�M+2- r2 +�M

RR



i`v iQ mM/2`bi�M/ K�i?2K�iB+�HHv ?Qr iQ bT2+B7v i?2 /BK2MbBQM Q7 i?2 bT�+2X q2 7Q+mb QM i?2 +�b2 κ “ 2X 6B`biHv- i?2

?vT2`+m#2 Bb M�im`�HHv /2}M2/ �b � T`Q/m+i bT�+2, t0, 1uˆ ¨ ¨ ¨ ˆ t0, 1uX q2 �`2 mb2/ iQ /BK2MbBQMb �//BM; BM T`Q/m+i

bT�+2b- �M/ 2�+? +QKTQM2Mi BM i?2 T`Q/m+i +H2�`Hv ?�b /BK2MbBQM R- �b r2 M22/ �i H2�bi R /BK2MbBQM iQ /BbiBM;mBb?

#2ir22M i?2 irQ TQBMibX h?Bb rQmH/ bm;;2bi i?�i i?2 bT�+2 ?�b /BK2MbBQM nX

�MQi?2` T`QT2`iv i?�i bm;;2bib i?2 bT�+2 ?�b /BK2MbBQM n Bb ?Qr i?2 pQHmK2 Q7 � #�HH ;`Qrb �b Bib `�/Bmb BM+`2�b2bX

6Q`K�HHv- /2}M2 � +HQb2/ #�HH +2Mi2`2/ �i α Q7 `�/Bmb r #v

Bαprq :“ tβ P Γn : Dpα,βq ď ru . UkXRX8V

h?2M- H2i r “ θn 7Q` bQK2 θ P p0, 1q- bQ r2 ?�p2

|Bαprq| “
truÿ

k“0

˜
n
k

¸
“ Θ

ˆˆ
1

θθp1´ θq1´θ

˙n˙
UkXRXeV

7Q` �HH α P ΓnX LQi2 i?�i i?Bb #2?�pBQ` QMHv Q++m`b �i K2bQb+QTB+ b+�H2b- �b �i KB+`Qb+QTB+ b+�H2b U2X; Km+? H2bb i?�M

i?2 /B�K2i2` Q7 i?2 bT�+2 nV i?2 pQHmK2 ;`Qrb HBF2 Opnrq �M/ �i K�+`Qb+QTB+ b+�H2b U2X;X H�`;2` i?�M i?2 /B�K2i2`

Q7 i?2 bT�+2 nV i?2 #�HHǶb pQHmK2 Bb HBKBi2/ #v i?2 bBx2 Q7 Γn 7Q` }t2/ nX

h?Bb `�Bb2b �M BMi2`2biBM; ;2QK2i`B+ [m2biBQM, bmTTQb2 r2 ?�p2 � b2i S Q7 +�`/BM�HBiv �i H2�bi |Bαprq|- +�M i?2

#QmM/�`v Q7 S #2 bK�HH2` i?�M i?2 #QmM/�`v Q7 |Bαprq|- r?2`2 i?2 #QmM/�`v Q7 � b2i Bb /2}M2/ �b

BpSq :“ tα P S : Dβ R S, Dpα,βq “ 1u? UkXRXdV

h?2 �Mbr2` Bb MQ 7Q` i?2 ?vT2`+m#2X h?Bb Bb � i?2Q`2K /m2 iQ >�`T2` (8k) �M/ `2H�i2b iQ i?2 i?2Q`v Q7 2tT�M/2`b (8j-89)-

r?B+? r2 im`M QM �;�BM BM am#b2+iBQM kX9X8X 1tT�M/2`b �`2 �MQi?2` ?�HHK�`F Q7 ?B;?@/BK2MbBQM�H bT�+2bX

h?2 K2i`B+ /BK2MbBQM Bb /2}M2/ �b i?2 KBMBKmK +�`/BM�HBiv Q7 � `2bQHpBM; b2i S Ď Γn- r?2`2 � b2i S “ tα1, . . . ,αku

Bb `2bQHpBM; B7

pDpα,α1q, . . . ,Dpα,αkqq ‰ pDpβ,α1q, . . . ,Dpβ,αkqq UkXRX3V

7Q` �HH α,β P ΓnX AMimBiBp2Hv- i?2 `2bQHpBM; b2i Bb HBF2 � +QQ`/BM�i2 bvbi2K- r?2`2 2�+? +QQ`/BM�i2 K2�bm`2b i?2

/Bbi�M+2 iQ � TQBMi BM i?2 `2bQHpBM; b2i- �M/ bBM+2 i?2 b2i Bb `2bQHpBM; 2�+? TQBMi BM Γn Bb mMB[m2Hv bT2+B}2/ BM i?2

+QQ`/BM�i2 bvbi2KX Ai Bb FMQrM i?�i i?2 K2i`B+ /BK2MbBQM Q7 i?2 ?vT2`+m#2 Bb 2n{ log n �bvKTiQiB+�HHv (88Ĝ8d)X
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_2K�`F kXeX � +QmMi2`@TQBMi i?�i b?Qrb ?Qr /Bp2`;2Mi /Bz2`2Mi MQiBQMb Q7 /BK2MbBQM +�M #2 Bb 7QmM/ #v +QMbB/2`BM;

i?2 1m+HB/2�M /BK2MbBQM Q7 i?2 ;`�T?X h?2 1m+HB/2�M /BK2MbBQM Q7 i?2 ;`�T? Bb ;Bp2M #v i?2 bK�HH2bi BMi2;2` d

bm+? i?�i i?2 ;`�T? +�M #2 2K#2//2/ BMiQ Rd- i?�i Bb- �HH p2`iB+2b �`2 K�TT2/ iQ � mMB[m2 TQBMi BM Rd bm+? i?2

1m+HB/2�M /Bbi�M+2 #2ir22M TQBMib r?Q �`2 M2B;?#Q`b BM i?2 ;`�T? Bb RX aBM+2 i?2 ?vT2`+m#2 Bb #BT�`iBi2 Bi +�M

+2`i�BMHv #2 2K#2//2/ BMiQ R4, �HH TQBMib i?�i ?�p2 �M 2p2M MmK#2` Q7 1b +�M #2 �``�M;2/ �`#Bi`�`BHv QM i?2 +B`+H2

C0 :“ ␣px, y, z, wq : x2 ` y2 “ 1{2 �M/ z “ w “ 0
(
- �M/ �HH TQBMib rBi? �M Q// MmK#2` Q7 1b +�M #2 �``�M;2/ �`#Bi`�`BHv

QM i?2 +B`+H2 C1 :“ ␣px, y, z, wq : z2 ` w2 “ 1{2 �M/ x “ y “ 0
(
X aBM+2 M2B;?#Q`BM; TQBMib QM i?2 ?vT2`+m#2 ?�p2 �

/Bz2`2Mi T�`Biv Q7 i?2B` MmK#2` Q7 1b- r2 b22 i?�i i?2B` /Bbi�M+2 �T�`i BM i?2 2K#2//BM; Bb

x2 ` y2 ` z2 ` w2 “ 1{2` 1{2 “ 1. UkXRXNV

h?mb- i?Bb MQiBQM Q7 /BK2MbBQM Bb BM�/2[m�i2 7Q` i?2 ?B;?@/BK2MbBQM�H bT�+2b r2 �`2 /Bb+mbbBM; ?2`2X

� +QMb2[m2M+2 Q7 i?2 ?B;?@/BK2MbBQM�HHv Q7 i?2 ?vT2`+m#2 Bb i?�i i?2 /Bbi�M+2 #2ir22M irQ `�M/QK TQBMib /`�rM

7`QK i?2 bT�+2 Bb p2`v HBF2Hv iQ #2 +HQb2 iQ i?2 �p2`�;2 /Bbi�M+2 #2ir22M T�B`b Q7 TQBMibX *�H+mH�iBM; i?2 �p2`�;2

/Bbi�M+2 #2ir22M TQBMib Q7 i?2 ?vT2`+m#2 Bb bBKTH2 mbBM; i?2 bvKK2i`v Q7 i?2 bT�+2X h?2`2 �`2 κ2n T�B`b Q7 TQBMib

BM i?2 ?vT2`+m#2- bQ

1
κ2n

ÿ

α,βPΓn

Dpα,βq “ 1
κn

ÿ

αPΓn

Dp0,αq

“ 1
κn

ÿ

αPΓn

nÿ

i“1

1pαpiq ‰ 1q

“ 1
κn

nÿ

i“1

κn´1pκ´ 1q

“ n
κ´ 1
κ

. UkXRXRyV

>Qr2p2`- i?Bb Bb MQi Dmbi i?2 /Bbi�M+2 QM �p2`�;2ěi?2 /Bbi�M+2 #2ir22M �HKQbi �HH TQBMib Bb rBi?BM O p?nq Q7 i?Bb

p�Hm2X h?Bb +�M #2 2tT`2bb2/ #v +QMbB/2`BM; � mMB7Q`K K2�bm`2 QM Γn �M/ Bb bi�i2/ T`2+Bb2Hv BM i?2 7QHHQrBM; i?2Q`2KX

h?2Q`2K kXdX amTTQb2 i?�i α �M/ β �`2 /`�rM mMB7Q`KHv �M/ BM/2T2M/2MiHv 7`QK Γn- i?2M

P
"∣∣∣∣Dpα,βq ´ n

κ´ 1
κ

∣∣∣∣ ą δ
?
n

*
ď 2e´2δ2 UkXRXRRV

Rj



�M/

P
"
Dpα,βq ď p1´ δqnκ´ 1

κ

*
ď e´

δpκ´1q
2κ n. UkXRXRkV

S`QQ7X LQi2 i?�i �#Qp2 r2 7QmM/ EDpα,βq “ nκ{pκ´ 1qX JQ`2Qp2`- bBM+2

Dpα,βq “
nÿ

i“1

1pαpiq ‰ βpiqq, UkXRXRjV

r2 }M/ i?�i Dpα,βq Bb � bmK Q7 BXBX/X `�M/QK p�`B�#H2bX h?2M- �TTHvBM; G2KK� "Xk- r2 T`Qp2 UkXRXRRVX 1[m�iBQM

UkXRXRkV 7QHHQrb 7`QK G2KK� "XjX !

h?2 #2?�pBQ` /2b+`B#2/ BM h?2Q`2K kXd Bb ivTB+�H Q7 ?B;?@/BK2MbBQM�H bT�+2 Ub22 (99) 7Q` K�Mv KQ`2 2t�KTH2bVX

h?2 /vM�KB+�H T`QT2`iB2b Q7 i?Bb bT�+2 �`2 �HbQ p2`v MB+2 �M/ �K2M�#H2 iQ �M�HviB+ �M�HvbBbĜKm+? Q7 i?Bb Bb /m2

iQ i?2 `2p2`bB#BHBiv Q7 i?2 Kmi�iBQM T`Q+2bb ;Bp2M #v .2}MBiBQM kX9X 6Q` � /Bb+mbbBQM QM `2p2`bB#BHBiv b22 a2+iBQM kXjX

G2KK� kX3X h?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 ?vT2`+m#2 Bb `2p2`bB#H2 rBi? `2bT2+i iQ i?2 mMB7Q`K /Bbi`B#miBQM

�M/ i?mb Bib bi�iBQM�`v /Bbi`B#miBQM Bb mMB7Q`KX

S`QQ7X amTTQb2 α �M/ β /Bz2` BM 2t�+iHv QM2 +QQ`/BM�i2- i?�i Bb- Dpα,βq “ 1X h?2M

Mpα,βq “ ε
1
kn

“ Mpβ,αq. UkXRXR9V

6Q` α �M/ β i?�i /Bz2` BM KQ`2 i?�M QM2 +QQ`/BM�i2- i?2 i`�MbBiBQM T`Q#�#BHBiv Bb y BM #Qi? /B`2+iBQMbX !

_2K�`F kXNX LQi2 i?�i r2 M22/ MQi ?�p2 i?2 b�K2 Kmi�iBQM `�i2 ε �i 2�+? +QQ`/BM�i2X AMbi2�/ r2 bT2+B7v �

Kmi�iBQM `�i2 εi 7Q` 2�+? +QQ`/BM�i2- i?2M � Kmi�iBQM Q++m`b rBi? T`Q#�#BHBiv ε �M/ B7 � Kmi�iBQM Q++m`b Bi ?�TT2Mb

�i +QQ`/BM�i2 i rBi? T`Q#�#BHBiv εiX h?Bb biBHH H2�/b iQ � `2p2`bB#H2 T`Q+2bb rBi? `2bT2+i iQ i?2 mMB7Q`K /Bbi`B#miBQMX

.27BMBiBQM kXRy U_�TB/ KBtBM;VX q2 b�v � J�`FQp +?�BM pΓ,Mq Bb `�TB/Hv KBtBM; Q` KBt2b `�TB/Hv B7 Bib KBtBM;

iBK2 tKBt Bb bm+? i?�i

tKBt ď p plog |Γ|q UkXRXR8V

7Q` bQK2 TQHvMQKB�H pX

R9



h?2 M2ti `2bmHib #QmM/b i?2 iBK2 Bi i�F2b i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 ?vT2`+m#2 iQ `2�+? Bib bi�iBQM�`v

/Bbi`B#miBQMX LQi2 ?Qr 7�bi i?2 KBtBM; Bb `2H�iBp2 iQ i?2 bBx2 Q7 i?2 bT�+2ěi?2 Kmi�iBQM T`Q+2bb Bb `�TB/Hv KBtBM;

Ub22 .2}MBiBQM kXRyVX

G2KK� kXRRX h?2 KBtBM; iBK2 Q7 i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 ?vT2`+m#2 Bb #QmM/2/ �#Qp2 #v

n
ε
log n. UkXRXReV

S`QQ7X q2 #QmM/ i?2 KBtBM; iBK2 mbBM; � +QmTHBM; �`;mK2Mi QM irQ T`Q+2bb2b αt �M/ βt i?�i K�`;BM�HHv �`2 #Qi?

b�KTH2b Q7 i?2 Kmi�iBQM T`Q+2bbX G2i α0 ?�p2 �Mv BMBiB�H /Bbi`B#miBQM �M/ bmTTQb2 i?�i β0 Bb b�KTH2/ mMB7Q`KHv �i

`�M/QK 7`QK Γ- i?�i Bb- BM i?2 bi�iBQM�`v /Bbi`B#miBQMX P#pBQmbHv- βt Bb BM i?2 bi�iBQM�`v /Bbi`B#miBQM 7Q` �HH t #v

/2}MBiBQM- bQ QM+2 αt “ βt- αt Kmbi �HbQ #2 BM i?2 bi�iBQM�`v /Bbi`B#miBQMX hQ +QmTH2 i?2 T`Q+2bb2b, a�KTH2 βt`1

MQ`K�HHv 7`QK βtX qBi? T`Q#�#BHBiv ε- αt`1 Bb 2[m�H iQ αt- Qi?2`rBb2 b�KTH2 � +QQ`/BM�i2 i mMB7Q`KHv �i `�M/QK 7`QK

!n" �M/ b2i αt`1piq “ βt`1piq r?BH2 H2�pBM; i?2 Qi?2` +QQ`/BM�i2b mM+?�M;2/X LQi2 i?�i bBM+2 βt Bb BM i?2 bi�iBQM�`v

/Bbi`B#miBQM βtpiq Bb mMB7Q`K QM !κ" �M/ i?mb K�`;BM�HHv αt Bb � b�KTH2 Q7 i?2 Kmi�iBQM T`Q+2bbX

G2i T #2 i?2 +QmTHBM; iBK2 Q7 i?2 irQ T`Q+2bb2b- /2}M2 T :“ min tt : αt “ βtuX q2 r�Mi iQ #QmM/ P tT ą tuX

.2}M2 i?2 +QmTHBM; iBK2 Q7 +QQ`/BM�i2 i #v Ti “ min tt : αtpiq “ βtpiqu- �M/- bBM+2 QM+2 � +QQ`/BM�i2 ?�b +QmTH2/ Bi

bi�vb B/2MiB+�H BM #Qi? T`Q+2bb- r2 ?�p2

P tT ą tu “ P tT1 ą t, . . . , Tn ą tu ď
nÿ

i“1

P tTi ą tu “ n
´
1´ ε

n

¯t
, UkXRXRdV

bBM+2 2�+? +QQ`/BM�i2 +QmTH2b rBi? T`Q#�#BHBiv ε{n �i 2�+? bi2T B7 Bi ?�b MQi �H`2�/vX h?mb-

P
!
T ą n

ε
plog n` cq

)
ď e´c, UkXRXR3V

r?B+? +QKTH2i2b i?2 T`QQ7X

�b �M �bB/2- r2 MQi2 i?�i i?Bb #QmM/ QM T Bb QTiBK�H, 6m`i?2` /2}M2 i?2 `�M/QK iBK2 i?�i 2t�+iHv n´k +QQ`/BM�i2b

�`2 i?2 b�K2 #v

Sk :“ min tt : Dpαt,βtq “ ku UkXRXRNV

LQi2 i?�i T “ S0 �M/ i?�i- bBM+2 QM+2 � +QQ`/BM�i2 ?�b +QmTH2/ Bi bi�vb B/2MiB+�H BM #Qi? T`Q+2bb- i?2 b2[m2M+2

R8



S0, . . . , Sn Bb bi`B+iHv /2+`2�bBM;X JQ`2Qp2`- ;Bp2M Dpαt,βtq “ k- i?2 T`Q#�#BHBiv i?�i Sk´1 “ t ` 1 Bb +QMbi�Mi-

i?�i Bb- Sk´1 ´ Sk Bb � ;2QK2i`B+ `�M/QK p�`B�#H2 rBi? bm++2bb T`Q#�#BHBiv εk{nX h?mb- P tT ą tu Bb H�`;2bi r?2M

Dpαt,βtq “ nX h?2`27Q`2- BM i?Bb +�b2-

ES “
nÿ

k“1

E pSk´1 ´ Skq “
nÿ

k“1

1
ε
n
k

ď C
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J�`FQp +?�BM pxtqtPN mT iQ �Mv }MBi2 iBK2 t �M/ +QMbB/2` i?2 DQBMi /Bbi`B#miBQM Q7 i?2 b�KTH2 px0, . . . , xtq- i?2M Bi

ky



b?QmH/ #2 i?2 b�K2 �b i?2 `2p2`b2 Q7 i?Bb b2[m2M+2 pxt, . . . , x0qX aT2+B}+�HHv- 7Q` t “ 1- 7Q` `2p2`bB#BHBiv r2 `2[mB`2

πpαqMpα,βq “ P tx0 “ αuP tx1 “ β|x0 “ αu “ P tx0 “ α, x1 “ βu “ P tx1 “ α, x0 “ βu “ πpβqMpβ,αq UkXjXRV

7Q` �HH α,β P Γ- r?B+? Bb 2t�+iHv i?2 +QM/BiBQM r2 ?�p2 #22M mbBM; iQ p2`B7v `2p2`bB#BHBiv BM i?2 Kmi�iBQM T`Q+2bb2b

�#Qp2X q2 mb2 +QM/BiBQM UkXjXRV- �b Bi BKTHB2b `2p2`bB#BHBiv 7Q` b2[m2M+2b Q7 �Mv H2M;i?,

P tx0 “ α0, . . . , xt “ αtu “ P tx0 “ α0uP tx1 “ α1|x0 “ α0u ¨ ¨ ¨P txt “ αt|x0 “ α0, . . . , xt´1 “ αt´1u

“ πpα0qM pα0,α1q ¨ ¨ ¨Mpαt´1,αtq

“ M pα1,α0qπpα1qMpα1,α2q ¨ ¨ ¨Mpαt´1,αtq

“ M pα1,α0qMpα2,α1q ¨ ¨ ¨Mpαt,αt´1qπpαtq

“ P txt “ α0, . . . , x0 “ αtu . UkXjXkV

�bbmK2 i?�i i?2 J�`FQp +?�BM Bb B``2/m+B#H2 �M/ �T2`BQ/B+X LQi2 i?�i i?2 bi�iBQM�`Biv Q7 π 7Q` M Bb BKK2/B�i2 7`QK

+QM/BiBQM UkXjXRVěbBKTHv bmK Qp2` α iQ b22

ÿ

αPΓ
πpαqMpα,βq “

ÿ

αPΓ
πpβqMpβ,αq “ πpβq. UkXjXjV

kXjXRX _�M/QK r�HFb QM ;`�T?b �M/ bvKK2i`B+ J�`FQp +?�BMbX � bT2+B�H +�b2 Q7 `2p2`bB#H2 J�`FQp +?�BMb

�`2 i?Qb2 i?�i +�M #2 /2}M2/ �b � `�M/QK r�HF QM � r2B;?i2/ ;`�T?X h?�i Bb +QMbB/2` � ;`�T? rBi? p2`i2t b2i Γ �M/

�bbQ+B�i2 � bvKK2i`B+ r2B;?i Wpα,βq “ Wpβ,αq ě 0 7Q` 2�+? T�B` Q7 p2`iB+2b α,β P ΓX h?2M /2}M2 i?2 7QHHQrBM;

i`�MbBiBQM F2`M2H 7Q` � J�`FQp +?�BM rBi? bi�i2 bT�+2 Γ,

Mpα,βq :“ Wpα,βqř
β1 Wpα,β1q . UkXjX9V

LQi2 i?�i mM/2` i?2 /2}MBiBQM BM UkXjX9V- i?2 J�`FQp +?�BM Bb B``2/m+B#H2 2t�+iHv r?2M i?2 ;`�T? Bb +QMM2+i2/ �M/

�T2`BQ/B+ r?2M Bi Bb MQi #BT�`iBi2X PM2 2�bBHv }M/b i?�i i?2 T`Q+2bb Bb `2p2`bB#H2 rBi? `2bT2+i iQ i?2 /Bbi`B#miBQM

πpαq “
ř

β Wpβ,αq
ř

α1,β Wpα1,βq , UkXjX8V

kR



bBM+2

πpαqMpα,βq “
ř

β Wpβ,αq
ř

α1,β Wpα1,βq
Wpα,βqř
β1 Wpα,β1q “ πpβqMpβ,αq. UkXjXeV

h?Bb bT2+B�H +�b2 BM+Hm/2b i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 ?vT2`+m#2 �M/ i?2 `�M/QK i`�MbTQbBiBQM

Kmi�iBQM T`Q+2bbX AM 7�+i- i?2B` Kmi�iBQM F2`M2Hb �`2 �+im�HHv bvKK2i`B+- i?�i Bb

Mpα,βq “ Mpβ,αq UkXjXdV

7Q` �HH α,β P ΓX avKK2i`B+ Kmi�iBQM F2`M2Hb �`2 � bT2+B�H +�b2 Q7 `�M/QK r�HFb QM ;`�T?b- r?2`2 i?2 [m�MiBiv

ÿ

β

Wpα,βq UkXjX3V

/Q2b MQi /2T2M/ QM αX P#pBQmbHv- i?Bb Bb � bi`QM;2` +QM/BiBQM i?�M `2p2`bB#BHBiv �M/ Bi BKTHB2b `2p2`bB#BHBiv rBi?

`2bT2+i iQ i?2 mMB7Q`K /Bbi`B#miBQMX avKK2i`v Bb � +QKKQM 72�im`2 Q7 KQ/2Hb Q7 ;2MQivT2 bT�+2 #mi i?2`2 Bb MQ

`2�bQM 7Q` i?Bb iQ �Hr�vb #2 bQX

kXjXkX EQHKQ;Q`Qp +QM/BiBQM 7Q` `2p2`bB#BHBivX q?BH2 bvKK2i`B+ Kmi�iBQM F2`M2Hb +�MMQi �Hr�vb #2 2tT2+i2/-

QM2 +�M ;Bp2 �M �`;mK2Mi 7Q` `2p2`bB#BHBiv BM ;2M2`�HX *QMbB/2` � T�i? i?`Qm;? ;2MQivT2 bT�+2 i?�i bi�`ib �M/ 2M/b

�i i?2 b�K2 ;2MQivT2- i?�i Bb- � +v+H2 pα0,α1, . . . ,αk´1,α0qX "v Bi2`�iBM; i?2 `2p2`bB#BHBiv +QM/BiBQM UkXjXRV Qp2` i?2

+v+H2b- r2 Q#i�BM i?2 EQHKQ;Q`Qp +QM/BiBQM 7Q` `2p2`bB#BHBiv,

πpα0qMpα0,α1q ¨ ¨ ¨Mpαk´1,α0q “ Mpα1,α0qπpα1qMpα1,α2q ¨ ¨ ¨Mpαk´1,α0q

“ Mpα1,α0qMpα2,α1q ¨ ¨ ¨Mpα0,αk´1qπpα0q. UkXjXNV

1[mBp�H2MiHv-

Mpα0,α1q ¨ ¨ ¨Mpαk´1,α0q “ Mpα0,αk´1qMpαk´1,αk´2q ¨ ¨ ¨Mpα1,α0q. UkXjXRyV

h?Bb BKTHB2b i?�i B7 r2 �`2 r�i+?BM; � Kmi�iBQM T`Q+2bb Qp2` iBK2- i?2 T`Q+2bb i`�MbBiBQMb i?2 +v+H2 BM QM2 /B`2+iBQM

Dmbi �b 7`2[m2MiHv �b i?2 Qi?2`X

JQ`2Qp2`- i?Bb +QM/BiBQM BKTHB2b i?�i i?2 2tT2+i2/ iBK2 iQ i`�p2H 7`QK bi�i2 α iQ bi�i2 β Bb i?2 b�K2 �b i?2

2tT2+i2/ iBK2 iQ i`�p2H 7`QK bi�i2 β iQ α Ua22 a2+iBQM 8XjVX q2 +�M BMi2`T`2i i?Bb +QM/BiBQM #BQHQ;B+�HHvX � T`BQ`B-

kk



Kmi�iBQM ?�b iQ #B�b 7Q` QM2 ;2MQivT2 Qp2` �MQi?2`X q2 KB;?i i�F2 i?Bb +QM/BiBQM �b � +QKTQM2Mi Q7 i?2 �bbmKTiBQM

i?�i Kmi�iBQM Bb mMbi`m+im`2/X

�HH Q7 i?2 Kmi�iBQM T`Q+2bb2b r2 +QMbB/2` �`2 `2p2`bB#H2 �M/ r2 i�F2 `2p2`bB#BHBiv �b �M �bbmKTiBQM BM K�Mv Q7 Qm`

i?2Q`2KbX Ai Bb F2v iQ K�FBM; Qm` KQ/2Hb i`�+i�#H2- �b Bi �HHQrb i?2 mb2 Q7 K�Mv iQQHb 7`QK i?2 i?2Q`v Q7 J�`FQp

+?�BMbX q2 722H i?Bb �TT`Q�+? Bb DmbiB}2/ QM i?`22 7`QMib, RV `2p2`bB#H2 Kmi�iBQM T`Q+2bb2b BM+Hm/2 K�Mv bB;MB}+�Mi

2t�KTH2b bm+? �b i?2 ?vT2`+m#2 �M/ i?2 bvKK2i`B+ ;`QmTc kV i?2`2 Bb � #BQHQ;B+�H �`;mK2Mi- /2i�BH2/ �#Qp2- 7Q`

`2p2`bB#BHBivc jV `2p2`bB#BHBiv Bb � +QKKQM �bbmKTiBQM BM bm+? #BQHQ;B+�H KQ/2Hb �M/ Bb +QKKQM BM i?2 HBi2`�im`2 /m2

iQ Bib BKTHB+�iBQM QM KQ/2H i`�+i�#BHBiv (d3Ĝ3y)X

>Qr2p2`- i?2`2 �`2 bQK2 BKTQ`i�Mi 2t�KTH2b i?�i �`2 MQi `2p2`bB#H2X PM2 bBKTH2 2t�KTH2 Bb iQ +QMbB/2` Kmi�iBQMb

i?�i /2H2i2 r?QH2 b2;K2Mib Q7 i?2 ;2MQivT2X AM i?Bb +�b2 i?2 T`Q#�#BHBiv Q7 /2H2iBM; bQK2 ;2M2 b�v Bb TQbBiBp2

UMpα,βq ą 0V #mi i?2 T`Q#�#BHBiv Q7 i?Bb ;2M2 �`BbBM; 7`QK MQi?BM; Ub�v i?2`2 Bb MQi �MQi?2` +QTv Q7 i?2 ;2M2 i?�i

+�M �`Bb2 i?`Qm;? ;2M2 /mTHB+�iBQMV Bb x2`Q UMpβ,αq “ 0V- BM r?B+? +�b2 i?2 2[m�iBQM UkXjXRV +�MMQi #2 b�iBb}2/,

πpαqMpα,βq ą 0 “ πpβqMpβ,αq, UkXjXRRV

aQ HQM; �b i?2`2 �`2 Qi?2` Kmi�iBQMb i?�i 2Mbm`2 i?�i i?2 Kmi�iBQM T`Q+2bb Bb B``2/m+B#H2 U�M/ i?mb �bbB;Mb TQbBiBp2

T`Q#�#BHBiv iQ 2�+? ;2MQivT2 BM i?2 bi�iBQM�`v /Bbi`B#miBQM- πpαq ą 0VX

kX9X >B;?@/BK2MbBQM�H bT�+2b

AM i?Bb b2+iBQM- r2 +QMbB/2` �;�BM bQK2 Q7 i?2 T`QT2`iB2b r2 ?�p2 b22M BM i?2 +�b2 Q7 i?2 ?vT2`+m#2 BM a2+iBQM kXR �M/

i?2 bvKK2i`B+ ;`QmT BM a2+iBQM kXkX q2 �`;m2 i?�i i?2`2 �`2 #BQHQ;B+�H `2�bQMb iQ 2tT2+i i?2b2 T`QT2`iB2b BM ;2MQivT2

bT�+2b- �M/ i?�i i?2b2 T`QT2`iB2b �`2 �HH bm;;2biBp2 Q7 ?B;?@/BK2MbBQM�HBivX q2 b�r i?�i mM/2` KQbi mM/2`bi�M/BM;b Q7

/BK2MbBQM�HBiv- i?2 bT�+2b r2 T`2pBQmbHv +QMbB/2`2/ �`2 ?B;?@/BK2MbBQM�HX AM i?2 b2+QM/ T�`i Q7 i?Bb b2+iBQM- r2 `2pB2r

bQK2 ;2QK2i`B+�H i2+?MB[m2b 7Q` #QmM/BM; i?2 KBtBM; iBK2b Q7 � J�`FQp +?�BMX h?2b2 i2+?MB[m2b �`2 T�`iB+mH�`Hv

2z2+iBp2 BM T`Q/m+BM; bK�HH #QmM/b r?2M i?2 J�`FQp +?�BM Bb ?B;?@/BK2MbBQM�HX hQ;2i?2` i?Bb bm;;2bib i?�i r2

b?QmH/ 2tT2+i i?2 Kmi�iBQM T`Q+2bb2b QM ;2MQivT2 bT�+2b iQ #2 `�TB/Hv KBtBM;X

kX9XRX 1�+? ;2MQivT2 ?�b K�Mv M2B;?#Q`bX q2 b�r i?�i #Qi? i?2 bBM;H2@TQBMi Kmi�iBQM T`Q+2bb QM i?2 ?vT2`@

kj



+m#2 �M/ i?2 `�M/QK i`�MbTQbBiBQM Kmi�iBQM T`Q+2bb QM i?2 bvKK2i`B+ ;`QmT vB2H/ K�Mv TQbbB#H2 Kmi�iBQMb 7Q` 2�+?

;2MQivT2X h?2 /2;`22 Q7 i?2 ?vT2`+m#2 Bb n �M/ i?2 /2;`22 Q7 i?2 bvKK2i`B+ ;`QmT Bb npn´1q{2 mM/2` i`�MbTQbBiBQMbX

q?�i Bb BKTQ`i�Mi Bb i?�i i?2 MmK#2` Q7 M2B;?#Q`b ;`Qrb �`#Bi`�`BHv H�`;2 �b i?2 bT�+2 ;2ib H�`;2`X h?Bb Bb � 72�im`2

Q7 ?B;?@/BK2MbBQM�H bT�+2b BM ;2M2`�HX q?BH2 r2 ?�p2 MQi v2i BMi`Q/m+2/ }iM2bb- #BQHQ;B+�HHv Bi +QmH/ #2 �`;m2/ i?�i

?2HTb 2pQHmiBQM �pQB/ #2+QKBM; bim+F BM HQ+�H K�tBK� (9j-3R-3k)X

kX9XkX oQHmK2b ;`Qr `�TB/Hv �b /Bbi�M+2b BM+`2�b2X 6Q` i?2 ?vT2`+m#2- �M 2�bv 2biBK�i2 UkXRXeV b?Qr2/ i?�i

i?2 pQHmK2 Q7 � +HQb2/ #�HH Q7 `�/Bmb r ;`Qrb HBF2 Cn
r r?2M r “ ΘpnqX h?Bb Q`/2` Q7 ;`Qri? 7Q` i?2 pQHmK2 Q7 �

+HQb2/ #�HH Bb 2t�+iHv r?�i r2 }M/ BM n@/BK2MbBQM�H 1m+HB/2�M bT�+2 RnX aQ �;�BM i?Bb bQ`i Q7 T`QT2`iv Bb bm;;2biBp2

Q7 ?B;?@/BK2MbBQM�H bT�+2X � bBKBH�` 2biBK�i2- r?B+? b?Qrb i?2 /BK2MbBQM Q7 i?2 bT�+2 ;`QrBM; rBi? n- Bb TQbbB#H2

7Q` i?2 bvKK2i`B+ ;`QmT mM/2` i`�MbTQbBiBQMbX h?Bb T`QT2`iv �HbQ BKTHB2b i?�i i?2 #QmM/�`v Q7 � +HQb2/ #�HH Bb H�`;2

+QKT�`2/ iQ i?2 iQi�H pQHmK2 Q7 i?2 #�HHX AM i?Bb r�v- i?2 MmK#2` Q7 ;2MQivT2b �++2bbB#H2 #v � }t2/ MmK#2` Q7

Kmi�iBQMb BM+`2�b2b `�TB/Hv rBi? i?2 MmK#2` Q7 Kmi�iBQMX

kX9XjX a?Q`i /Bbi�M+2b #2ir22M TQBMibX � `2H�i2/ T`QT2`iv iQ i?2 ;`Qri? Q7 pQHmK2 Bb i?�i i?2 /Bbi�M+2b #2ir22M

TQBMib Bb bK�HH `2H�iBp2 iQ i?2 bBx2 Q7 i?2 bT�+2X h?2 bBx2 Q7 i?2 ?vT2`+m#2 Bb κn �M/ i?2 bBx2 Q7 i?2 bvKK2i`B+ ;`QmT

Bb n! „
?
2πnpn{eqnX >Qr2p2`- r2 b�r BM i?2 ?vT2`+m#2 i?�i i?2 /Bbi�M+2 #2ir22M KQbi TQBMib Bb pκ ´ 1q{κn BM

h?2Q`2K kXd- �M/ i?�i Bib /B�K2i2` Bb nX aBKBH�`Hv BM i?2 bvKK2i`B+ ;`QmT mM/2` i`�MbTQbBiBQMb- r2 b�r Bib /B�K2i2`

Bb n ´ 1X AM #Qi? +�b2b- i?2 /B�K2i2` Q7 i?2 bT�+2 ;`Qrb HQ;�`Bi?KB+�HHv BM i?2 bBx2 Q7 i?2 bT�+2X h?2 T`QT2`iv i?�i

�HH TQBMib �`2 +HQb2 iQ;2i?2` 2p2M i?Qm;? i?2 bT�+2 Bb H�`;2 Bb �HbQ bm;;2biBp2 Q7 � ?B;?@/BK2MbBQM�H bT�+2X

q2 +�M K�F2 � #BQHQ;B+�H �`;mK2Mi 7Q` r?v r2 KB;?i 2tT2+i i?Bb T`QT2`iv BM ;2MQivT2 bT�+2bX h?2 7m`i?2` irQ

;2MQivT2b �`2 7`QK 2�+? Qi?2` i?2 HQM;2` Bi i�F2b 7Q` Kmi�iBQMb iQ T`Q/m+2 QM2 7`QK i?2 Qi?2`- 2p2M BM i?2 T`2b2M+2

Q7 � bi`QM; b2H2+iBp2 �/p�Mi�;2X �M 2pQHmiBQM�`v bvbi2K i?�i +�M i`�p2H �HQM; i?Bb b2H2+iBp2 ;`�/B2Mi [mB+FHv +QmH/

Qmi+QKT2i2 � /Bz2`2Mi bvbi2K r?Qb2 bT22/ Bb HBKBi2/ #v Kmi�iBQM (3j)X JQ`2Qp2`- BM H�`;2 ;2MQivT2 bT�+2b r?2`2

i?2 K�tBK�H /Bbi�M+2 #2ir22M ;2MQivT2b /Q2b MQi ;`Qr bHQrHv- K�Mv ;2MQivT2b +QmH/ #2 T`�+iB+�HHv BM�++2bbB#H2 iQ

2�+? Qi?2` rBi? Kmi�iBQM BM `2�HBbiB+ iBK27`�K2bX >B;?@/BK2MbBQM�H bT�+2b �`2 i?2 QMHv r�v iQ BM+`2�b2b i?2 TQi2MiB�H

;2MQivT2b i?�i 2pQHmiBQM +�M 2tTHQ`2X AM i?Bb b2Mb2- ?B;?@/BK2MbBQM�H bT�+2b +�M biQ`2 HQib Q7 ;2MQivT2b #mi `2T`2b2Mi

i?2K +QKT�+iHvX

kX9X9X S`Q/m+i bT�+2bX q?BH2 MQi �HH ;2MQivT2 bT�+2b M22/ #2 T`Q/m+i bT�+2b- i?Bb Bb � r�v iQ Q#i�BM ?B;?@

k9



/BK2MbBQM�H bT�+2b- �b i?2 iQi�H /BK2MbBQM Q7 i?2 bT�+2 Bb ;Bp2M #v i?2 bmK Q7 i?2 /BK2MbBQMb Q7 Bib +QKTQM2MibX

JQ`2Qp2`- #BQHQ;B+�HHv i?Bb K�v K�F2 b2Mb2 B7 i?2 ;2MQivT2 ?�b /Bz2`2Mi KQ/mH�` +QKTQM2Mib (39-38)X

kX9X8X JBtBM; iBK2bX AM G2KK�b kXRR �M/ kXR8- r2 7QmM/ i?�i i?2 KBtBM; iBK2 Q7 i?2 ?vT2`+m#2- 7Q` #Qi? i?2

bBM;H2 Ub22 .2}MBiBQM kX9V �M/ BM/2T2M/2Mi Ub22 .2}MBiBQM kXRjV TQBMi Kmi�iBQM T`Q+2bb2b- Bb #QmM/2/ �#Qp2 #v

n log n{εX aBKBH�`Hv- r2 b�r i?�i i?2 bvKK2i`B+ ;`QmT mM/2` `�M/QK i`�MbTQbBiBQMb Ub22 .2}MBiBQM kXRdV ?�b � KBtBM;

iBK2 #QmM/2/ #v 2
εn log n ` Opnq �M/ 7Q` i?2 n@`2p2`b�H +?�BM Ub22 .2}MBiBQM kXR3V- i?2 KBtBM; iBK2 Bb #QmM/2/ #v

O
`
n3 log n

˘
X q?BH2 i?2 #QmM/b p�`v- i?2v biBHH BKTHv `�TB/ KBtBM;X q2 /Q MQi +H�BK i?�i i?2b2 #QmM/b UQ` �Mv r2

Q#i�BM H�i2`V �`2 QTiBK�HX P7i2M QTiBK�H #QmM/b �`2 mMM2+2bb�`v �b i?2 bBx2 Q7 i?2 bT�+2 +QKTH2i2Hv /QKBM�i2b i?2

KBtBM; iBK2X 6BM/BM; QTiBK�H mTT2` �M/ HQr2` #QmM/b QM KBtBM; iBK2b Bb �M �+iBp2 �`2� Q7 `2b2�`+? �M/ Q7i2M `2[mB`2b

�/p�M+2/ �M/ +�`27mH 2biBK�i2b (ed)X q?�i r2 �`2 BMi2`2bi2/ BM �`2 i2+?MB[m2b iQ T`Qp2 mTT2` #QmM/b QM KBtBM; iBK2b

i?�i b?Qr KBtBM; Bb `�TB/- �M/ r2 T`BQ`BiBx2 i?2 ;2M2`�HBiv �M/ `Q#mbiM2bb Q7 i?2b2 i2+?MB[m2b Qp2` i?2B` �#BHBiv iQ

T`Q/m+2 QTiBK�H #QmM/bX q2 722H i?�i ;2M2`�H �M/ `Q#mbi i2+?MB[m2b �`2 2�bB2` iQ BMi2`T`2i �M/ �TTHv #BQHQ;B+�HHvX

AM ;2M2`�H- r2 KB;?i 2tT2+i `�TB/ KBtBM; BM ?B;?@/BK2MbBQM�H ;2MQivT2 bT�+2b (3e)X hQ K�F2 i?Bb BMimBiBQM KQ`2

T`2+Bb2X q2 BMi`Q/m+2 irQ ;2M2`�H #QmM/b QM i?2 KBtBM; iBK2b Q7 J�`FQp +?�BMbX h?2b2 #QmM/b �`2 #Qi? BM i2`Kb

Q7 i?2 2B;2Mp�Hm2b Q7 i?2 J�`FQp +?�BM- bT2+B}+�HHv i?2 bT2+i`�H ;�T- r?B+? +QMi�BM HQib Q7 BM7Q`K�iBQM �#Qmi i?2

;2QK2i`v Q7 i?2 J�`FQp +?�BM (ed)X G2i M #2 i?2 i`�MbBiBQM F2`M2H 7Q` �M B``2/m+B#H2- �T2`BQ/B+- `2p2`bB#H2 J�`FQp

+?�BM rBi? bi�i2 bT�+2 ΓX aBM+2 Bi Bb B``2/m+B#H2 �M/ �T2`BQ/B+ Bi ?�b � mMB[m2 bi�iBQM�`v /Bbi`B#miBQM π rBi? `2bT2+i

iQ r?B+? Bi Bb `2p2`bB#H2X h?2M /2}M2

Qpα,βq :“ πpαqMpα,βq “ πpβqMpβ,αq UkX9XRV

7Q` 2�+? α,β P ΓX G2i λ1, . . . ,λK /2MQi2 i?2 2B;2Mp�Hm2b Q7 M Q`/2`2/ MQMBM+`2�bBM;Hv- r?2`2 K :“ |Γ|X �HbQ /2MQi2

i?2 2B;2Mp2+iQ` �bbQ+B�i2/ iQ λk #v ukX "v i?2 S2``QM@6`Q#2MBmb i?2Q`2K- |λi| ď 1 7Q` �HH iX AM 7�+i- #2+�mb2 M Bb

biQ+?�biB+ λ0 “ 1X A``2/m+B#BHBiv BKTHB2b λi ă 1 7Q` �HH i ă 1X �T2`BQ/B+Biv BKTHB2b λK ą ´1X LQr- /2}M2

λ˚ :“ maxt|λi| : 7Q` i ą 1u UkX9XkV

�M/ /2}M2 i?2 bT2+i`�H ;�T �b γ˚ :“ 1 ´ λ˚X Pm` Q#b2`p�iBQMb �#Qp2 BKTHv i?�i i?2 ;�T Bb TQbBiBp2ěγ˚ ą 0X AM

T�`iB+mH�`- 7Q` `2p2`bB#H2 +?�BMb- /2}M2 γ˚ “ 1 ´ λ2X aT2+i`�H BM7Q`K�iBQM �#Qmi M +�M #2 mb2/ iQ #QmM/ i?2

k8



TQBMi@rBb2 +QMp2`;2M+2 Q7 i?2 /Bbi`B#miBQM Q7 � J�`FQp +?�BMǶb /Bbi`B#miBQM iQ Bib bi�iBQM�`v /Bbi`B#miBQM- bBM+2

Pα tαt “ βu “ Mtpα,βq “ π´1{2pαqπ1{2pβq
nÿ

k“1

uαpkquβpkq. UkX9XjV

h?Bb BKK2/B�i2Hv BKTHB2b

|Pα tαt “ βu ´ πpβq| “ C p1´ λ2qt UkX9X9V

7Q` bQK2 +QMbi�Mi C MQi /2T2M/2Mi QM tX 6Q` `2p2`bB#H2 +?�BMb- Bi Bb 2�bv iQ mb2 i?Bb bT2+i`�H BM7Q`K�iBQM iQ #QmM/

i?2 KBtBM; iBK2X q2 /2MQi2 i?2 `2H�t�iBQM iBK2 Q7 � J�`FQp +?�BM rBi? t`2H :“ 1{γ˚X

h?2Q`2K kXkRX G2i M #2 i?2 i`�MbBiBQM F2`M2H 7Q` �M B``2/m+B#H2- �T2`BQ/B+ J�`FQp +?�BM rBi? bi�i2 bT�+2 ΓX �bbmK2

i?2 J�`FQp +?�BM Bb `2p2`bB#H2 rBi? `2bT2+i iQ πX .2MQi2 i?2 `2H�t�iBQM iBK2 Q7 M #v t`2H- i?2M

t`2H ď tKBt ď t`2H log
1

minαPΓ πpαq . UkX9X8V

6Q` � T`QQ7- b22 (ed)X

LQr r2 im`M iQ i?2 ;2QK2i`B+ #QmM/b QM i?2 bT2+i`�H ;�TX .2}M2 i?2 [m�MiBiv

Φ˚ :“ min
A:πpAqď1{2

QpA,Acq
πpAq , UkX9XeV

r?2`2 πpAq :“ ř
αPA πpαq �M/

QpA,Bq :“
ÿ

αPA

ÿ

βPB
Qpα,βq. UkX9XdV

h?2 [m�MiBiv Φ˚ ?�b K�Mv M�K2běBM+Hm/BM; *?22;2`Ƕb +QMbi�Mi- i?2 #QiiH2M2+F `�iBQ- �M/ i?2 BbQT2`BK2i`B+ `�iBQX

AMimBiBp2Hv- Φ˚ K2�bm`2b i?2 K�tBKmK ~Qr Q7 T`Q#�#BHBiv BM i?2 J�`FQp +?�BM r?2M Bi Bb BM i?2 bi�iBQM�`v /Bbi`B#miBQM

Qmi Q7 �HH bm#b2ib A MQ`K�HBx2/ #v i?2B` bBx2 mM/2` i?2 K2�bm`2 πX A7 i?2 ~Qr Bb H�`;2 7Q` �HH bm#b2ib- i?Bb bm;;2bib

i?�i i?2 T`Q#�#BHBiv ~Qrb `�TB/Hv �`QmM/ i?2 bi�i2b Q7 i?2 J�`FQp +?�BM rBi?Qmi �Mv #QiiH2M2+Fb- BM r?B+? +�b2- i?2

KBtBM; iBK2 b?QmH/ #2 7�biX A7 r2 i?BMF Q7 πpAq K2�bm`BM; i?2 pQHmK2 Q7 A �M/ QpA,Acq K2�bm`BM; i?2 bm`7�+2 �`2�-

i?2M r2 b22 Φ˚ ?�b � ;2QK2i`B+ BMi2`T`2i�iBQM �b � FBM/ Q7 BbQT2`BK2i`B+ [m�MiBivX q2 +�M [m�MiB7v i?Bb �`;mK2Mi

rBi? i?2 7QHHQrBM; i?2Q`2K (ed)X

h?2Q`2K kXkk U*?22;2 ǰ̀b BM2[m�HBivVX G2i M #2 i?2 i`�MbBiBQM F2`M2H 7Q` �M B``2/m+B#H2- �T2`BQ/B+ J�`FQp +?�BM

ke



rBi? bi�i2 bT�+2 ΓX �bbmK2 i?2 J�`FQp +?�BM Bb `2p2`bB#H2 rBi? `2bT2+i iQ πX .2MQi2 i?2 bT2+i`�H ;�T Q7 M #v γ˚ �M/

Φ˚- i?2M
Φ2

˚
2

ď γ˚ ď 2Φ˚. UkX9X3V

AM ?B;?@/BK2MbBQM�H bT�+2b- b�iBb7vBM; 1[m�iBQMb HBF2 UkXRXeV 7Q` ?Qr pQHmK2b ;`Qr 7Q` #�HHb Q7 BM+`2�bBM; `�/Bmb-

#QiiH2M2+Fb �`2 T`2p2Mi2/ �b i?2v rQmH/ /Bb`mTi i?2 ;`Qri?X 6Q` 2t�KTH2- 7Q` i?2 ?vT2`+m#2 r2 �H`2�/v K2MiBQM2/

i?�i #�HHb ?�p2 i?2 KBMBKmK #QmM/�`v bBx2 7Q` � }t2/ pQHmK2 /m2 iQ >�`T2`Ƕb i?2Q`2K (8k)X aQ 7Q` i?2 bBM;H2 TQBMi

Kmi�iBQM T`Q+2bb QM i?2 ?vT2`+m#2 rBi? κ “ 2- r2 ?�p2

Φ˚ “ min
r:rďn{2

1
2n ε

n´r
n

`
n
r

˘

1
2n

řr
k“0

`
n
k

˘ “ ε
n
. UkX9XNV

h?mb- �TTHvBM; h?2Q`2Kb kXkR �M/ kXkk- r2 }M/ tKBt ď O
`
n3{ε˘X h?Bb #QmM/ Bb Km+? rQ`b2 i?�M Qm` #QmM/ 7`QK

G2KK� kXRR- ?Qr2p2`- Bi biBHH BKTHB2b `�TB/ KBtBM;5

h?2Q`2K kXkk Bb QM2 r�v iQ [m�MiB7v i?Bb B/2� i?�i � H�+F Q7 #QiiH2M2+Fb �++2H2`�i2b KBtBM;X LQr r2 BMi`Q/m+2

�MQi?2` �TT`Q�+? i?�i mb2b � [m�MiBiv +�HH2/ i?2 +QM;2biBQM `�iBQX hQ bi�i2 i?Bb #QmM/- r2 }`bi BMi`Q/m+2 � KQ`2

;2M2`�H i2+?MB[m2 +�HH2/ i?2 T�i? K2i?Q/X h?2 T�i? K2i?Q/ Bb � r�v iQ +QKT�`2 i?2 KBtBM; iBK2b Q7 irQ +?�BMb QM

i?2 b�K2 bi�i2 bT�+2- #mi �b � bT2+B�H +�b2 Q7 i?Bb K2i?Q/ r2 Q#i�BM � #QmM/ QM i?2 KBtBM; iBK2 Q7 � bBM;H2 +?�BM BM

i2`Kb Q7 � ;2QK2i`B+ [m�MiBivX

�;�BM rBi? M i?2 i`�MbBiBQM F2`M2H 7Q` �M B``2/m+B#H2- �T2`BQ/B+- `2p2`bB#H2 J�`FQp +?�BM rBi? bi�i2 bT�+2 Γ-

/2}M2 E :“ tpα,βq : Mpα,βq ą 0uX h?2M �M E@T�i? 7`QK α iQ β Bb /2}M2/ �b � b2[m2M+2 Q7 bi�i2b 7`QK Γ- /2MQi2/

φαβ “ pα0, . . . ,αkq bm+? i?�i α “ α0- β “ αk- �M/ pαi,αi`1q P E 7Q` �HH iX h?2 H2M;i? Q7 i?2 E@T�i? φ Bb kX

�HbQ H2i M̃ #2 i?2 i`�MbBiBQM F2`M2H 7Q` �M B``2/m+B#H2- �T2`BQ/B+- `2p2`bB#H2 J�`FQp +?�BM rBi? bi�i2 bT�+2 ΓX

.2}M2 Ẽ :“ tpα,βq : M̃pα,βq ą 0uX h?2M 7Q` 2�+? pα,βq P Ẽ- +?QQb2 �M/ }t bQK2 E@T�i? 7`QK α iQ β Ui?2`2 Kmbi

2tBbi QM2 #v B``2/m+B#BHBivV �M/ /2MQi2 Bi rBi? φαβ X h?2M /2}M2 i?2 +QM;2biBQM `�iBQ

B :“ max
pα,βqPE

¨

˚̋ 1
Qpα,βq

ÿ

α̃,β̃:pα,βqPφα̃β̃

Q̃pα̃, β̃q|φα̃β̃ |

˛

‹‚, UkX9XRyV

r?2`2 i?2 bmK Bb Qp2` �HH T�B`b α̃, β̃ bm+? i?�i i?2 2/;2 pα,βq Q++m`b BM i?2 E@T�i? 7`QK α̃ iQ β̃X _Qm;?Hv bT2�FBM;-

#v �bbB;MBM; �M E@T�i? iQ 2�+? T�B` BM Ẽ- r2 �`2 i`vBM; iQ `2THB+�i2 i?2 ~Qr Q7 T`Q#�#BHBiB2b BM i?2 +?�BM M̃ rBi? i?2

kd



}`bi +?�BM MX h?2 +QM;2biBQM `�iBQ Bb i?2M mb2/ iQ K2�bm`2 ?Qr i?2 ~Qrb /2}M2/ #v i?2 E@T�i?b /2T2M/ QM 2�+?

2/;2 pα,βqX LQr- r2 ?�p2 i?2 7QHHQrBM; i?2Q`2K (ed)X

h?2Q`2K kXkj Uh?2 *QKT�`BbQM h?2Q`2KVX G2i M �M/ M̃ #2 i?2 i`�MbBiBQM F2`M2Hb 7Q` B``2/m+B#H2- �T2`BQ/B+

J�`FQp +?�BMb rBi? bi�i2 bT�+2 ΓX �bbmK2 #Qi? J�`FQp +?�BMb �`2 `2p2`bB#H2 rBi? `2bT2+i iQ π �M/ π̃ `2bT2+iBp2HvX

.2MQi2 i?2 bT2+i`�H ;�Tb Q7 M �M/ M̃ #v γ˚ �M/ γ̃˚ `2bT2+iBp2HvX amTTQb2 i?�i B Bb i?2 +QM;2biBQM `�iBQ /2}M2/ BM

UkX9XRyV 7Q` bQK2 }t2/ +?QB+2 Q7 E@T�i?bX h?2M

γ̃˚ ď
ˆ
max
αPΓ

πpαq
π̃pαq

˙
Bγ˚. UkX9XRRV

6`QK h?2Q`2K kXkj- r2 +�M BKK2/B�i2Hv Q#i�BM i?2 ;2QK2i`B+ #QmM/ r2 T`QKBb2/ �#Qp2 7Q` � bBM;H2 +?�BMX

*Q`QHH�`v kXk9X G2i M #2 i?2 i`�MbBiBQM F2`M2H 7Q` �M B``2/m+B#H2- �T2`BQ/B+ J�`FQp +?�BM rBi? bi�i2 bT�+2 ΓX

�bbmK2 i?2 J�`FQp +?�BM Bb `2p2`bB#H2 rBi? `2bT2+i iQ πX .2MQi2 i?2 bT2+i`�H ;�T Q7 M #v γX 6Q` 2�+? T�B` α,β P Γ

}t bQK2 E@T�i? φαβ �M/ /2}M2

B :“ max
pα1,β1qPE

1
Qpα1,β1q

ÿ

α,β:pα1,β1qPΓα,β

πpαqπpβq|φαβ |, UkX9XRkV

i?2M

γ˚ ě 1{B. UkX9XRjV

S`QQ7 Q7 *Q`QHH�`v kXk9X h?2 T`QQ7 7QHHQrb [mB+FHv #v H2iiBM; Mpα,βq “ πpβq �M/ �TTHvBM; h?2Q`2K kXkjX h?2M

Q#pBQmbHv- M Bb �M B``2/m+B#H2- �T2`BQ/B+ J�`FQp +?�BM i?�i Bb `2p2`bB#H2 rBi? `2bT2+i iQ πX JQ`2Qp2`- i?2 2B;2Mp�Hm2b

Q7 M �`2 2�bBHv +�H+mH�i2/ �b λ1 “ 1 �M/ λi “ 0 7Q` i ą 1X !

AM h?2Q`2K kXkj r2 bT2+B}2/ � }t2/ +?QB+2 Q7 E@T�i?bX h?2 +?QB+2 Q7 i?2b2 E@T�i?b +�M ;`2�iHv �z2+i i?2 [m�HBiv

Q7 i?2 #QmM/ Q#i�BM2/X PM2 mb27mH i2+?MB[m2 7Q` Q#i�BMBM; ;QQ/ #QmM/b r?2M i?2 T�i? +?QB+2 Bb mM+H2�` Bb iQ �p2`�;2

Qp2` K�Mv +?QB+2b 7Q` i?2 T�i?bX aT2+B}+�HHv- H2i ναβ #2 � K2�bm`2 QM i?2 b2i Q7 E@T�i?b 7`QK α iQ βěi?Bb K2�bm`2

2z2+iBp2Hv /2b+`B#2b ?Qr iQ b�KTH2 � `�M/QK T�i? 7`QK α iQ β �M/ H2�/b iQ mb �p2`�;BM; Qp2` �HH Q7 i?2KX LQr- 7Q`

2�+? pα,βq P Ẽ- }t bQK2 /Bbi`B#miBQM ναβ QM i?2 b2i Q7 E@T�i? 7`QK α iQ β- i?2M i?2 +QM;2biBQM `�iBQ Bb ;Bp2 #v

B :“ max
pα,βqPE

¨

˝ 1
Qpα,βq

ÿ

pα̃,β̃qPẼ
Q̃pα̃, β̃q

ÿ

φ
α̃β̃

:pα,βqPφ
α̃β̃

να̃β̃

`
φα̃β̃

˘
|φα̃β̃ |

˛

‚. UkX9XR9V
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qBi? i?Bb M2r /2}MBiBQM Q7 i?2 +QM;2biBQM `�iBQ- r2 Q#i�BM M2r p2`bBQMb Q7 h?2Q`2K kXkj �M/ *Q`QHH�`v kXk9 #v

`2TH�+BM; i?2 +QM;2biBQM `�iBQ rBi? Qm` M2r +QM;2biBQM `�iBQ /2}M2/ BM UkX9XR9VX

�i i?2 #2;BMMBM; Q7 i?Bb b2+iBQM- r2 /Bb+mbb2/ ?Qr b?Q`i T�i?b #2ir22M �HH T�B`b Q7 TQBMib Bb � T`QT2`iv �bbQ+B�i2/

rBi? ?B;?@/BK2MbBQM�H bT�+2b �M/ i?2 bT2+B}+ 2t�KTH2b Q7 ;2MQivT2 bT�+2b r2 ?�p2 ;Bp2MX 1[m�iBQM UkX9XRkV 7Q` i?2

+QM;2biBQM `�iBQ 2tTH�BMb T�`iHv r?v i?Bb Bb � bB;MB}+�Mi T`QT2`iv 7Q` mb, K�Mv b?Q`i T�i?b #2ir22M ;2MQivT2b H2�/b

iQ `�TB/ KBtBM;X �//BiBQM�HHv- BM ?B;?@/BK2MbBQM�H bT�+2b i?2`2 �`2 Q7i2M K�Mv b?Q`i T�i?b 7`QK QM2 TQBMi iQ �MQi?2`X

"v +?QQbBM; i?2b2 b?Q`i T�i?b BMi2HHB;2MiHv Q` `�M/QKBxBM; Qp2` i?2K- QM2 Bb 7m`i?2` �#H2 iQ �pQB/ #QiiH2M2+Fb �M/

T`Qp2 `�TB/ KBtBM;X

6Q` 2t�KTH2- QM i?2 ?vT2`+m#2 i?2`2 Bb � T�i? Q7 /Bbi�M+2 �i KQbi n #2ir22M 2�+? T�B` Q7 TQBMibX AM 7�+i- 7Q`

2�+? T�B` Q7 TQBMib α �M/ β bm+? i?�i Dpα,βq “ k- +QMbB/2` i?2 7QHHQrBM; T�i? φ #2ir22M i?2K, bi�`iBM; 7`QK i?2

H27i@?�M/ bB/2- +?�M;2 �Mv +QQ`/BM�i2 QM2 �i � iBK2 i?�i /Bz2`b BM α �M/ βX *H2�`Hv i?Bb T�i? ?�b H2M;i? �i KQbi nX

h?2M 2�+? 2/;2 pα,βq BM i?2 ?vT2`+m#2 Bb +QMi�BM2/ BM �i KQbi κn`1 T�i?b- #v bmKKBM; Qp2` T�`i Q7 i?2 T�i? #27Q`2

i?2 2/;2 pα,βq �M/ i?2 T�`i �7i2` i?2 2/;2 pα,βqX h?mb- r2 +�M #QmM/ i?2 [m�MiBiv UkX9XRkV #v

B ď max
pα1,β1qPE

κn
ε
κn

ÿ

α,β:pα1,β1qPΓα,β

1
κ2n

n ď κ2n2. UkX9XR8V

aQ �TTHvBM; *Q`QHH�`v kXk9 �M/ h?2Q`2K kXkR- r2 }M/ i?2 KBtBM; iBK2 Q7 i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2

?vT2`+m#2 Bb H2bb i?�M

O
ˆ
n3

ε

˙
. UkX9XReV

�;�BM- rQ`b2 i?�M G2KK� kXRR- #mi biBHH `�TB/ KBtBM;X

h?2 �#Qp2 2t�KTH2 BHHmbi`�i2b ?Qr *Q`QHH�`v kXk9 +�M #2 mb2/ iQ #QmM/ KBtBM; iBK2 7Q` bT�+2b i?�i �`2 ?B;?@

/BK2MbBQM�H BM i?�i i?2v ?�p2 K�Mv b?Q`i T�i?b #2ir22M TQBMibX LQr- r2 ?�p2 ;Bp2M �M 2t�KTH2 Q7 mbBM; h?2Q`2K

kXkj iQ #QmM/ i?2 KBtBM; iBK2b Q7 +?�BMb i?�i �`2 `2H�i2/ iQ bQK2 �H`2�/v mM/2`biQQ/ +?�BMX _2+�HH i?2 `�M/QK

i`�MbTQbBiBQM Kmi�iBQM T`Q+2bb /2}M2/ BM .2}MBiBQM kXRdX AM i?Bb T`Q+2bb- r2 b�KTH2/ T�B`b i, j P !n" mMB7Q`KHv �M/

BM/2T2M/2MiHvX q2 +QmH/ BMbi2�/ `2bi`B+i r?B+? T�B`b �`2 �HHQr2/ �M/ i?2M b�KTH2 mMB7Q`KHv 7`QK i?Bb b2i (3d)X Ai Bb

mb27mH iQ i?BMF Q7 i?Bb b2i Q7 �HHQr�#H2 Kmi�iBQMb 7Q`KBM; i?2 2/;2 b2i E Q7 � ;`�T? G rBi? p2`i2t b2i !n"X h?2M i?2

T`Q+2bb b�KTH2b 2/;2b pi, jq Q7 G mMB7Q`KHv �i `�M/QK �M/ �TTHB2b i?2 T2`Kmi�iBQM σij iQ i?2 T`Q+2bbX LQi2 i?�i G

+�M ?�p2 b2H7 HQQTb �M/ BM 7�+i r2 �bbmK2 2�+? p2`i2t ?�b � b2H7 HQQT iQ �pQB/ T2`BQ/B+BivX q2 �HbQ �bbmK2 i?�i G Bb

kN



+QMM2+i2/ iQ 2Mbm`2 B``2/m+B#BHBivX *H2�`Hv- i?2 KQ/2H r2 T`2pBQmbHv +QMbB/2`2/ +Q``2bTQM/b iQ i?2 +QKTH2i2 ;`�T?X

PM2 Qi?2` BMi2`2biBM; 2t�KTH2 Bb ;Bp2M #v i?2 bi�` ;`�T?- r?2`2 T2`Kmi�iBQMb σ1i �`2 b2H2+i2/ `�M/QKHv- i?�i Bb- i?2

}`bi ;2M2 QM i?2 +?`QKQbQK2 Bb b?m|2/ BMiQ � `�M/QK HQ+�iBQMX � b2+QM/ BMi2`b2+iBM; 2t�KTH2 +QK2b 7`QK i?2 +v+H2

;`�T?- r?2`2 T2`Kmi�iBQMb σipi`1q �`2 b2H2+i2/ `�M/QKHv- i?�i Bb- ;2M2b �`2 QMHv br�TT2/ HQ+�HHvX "Qi? 2t�KTH2b �`2

BMi2`2biBM; #BQHQ;B+�HHvX

lbBM; h?2Q`2K kXkj- r2 +�M #QmM/ �HH T`Q+2bb2b Q7 i?Bb ivT2X LQi2 i?�i �Mv i`�MbTQbBiBQM σij +�M #2 `2THB+�i2/

QM i?2 `2bi`B+i2/ +?�BM �b 7QHHQrb, }M/ �M E@T�i? 7`QK i iQ j- /2MQi2/ φij - i?2M 7Q` 2�+? 2/;2 e BM i?2 T�i? �TTHv

i?2 i`�MbTQbBiBQM σec i?2M �TTHv i?2 b�K2 i`�MbTQbBiBQMb U2t+2Ti i?2 H�biV BM `2p2`b2 Q`/2`X h?mb- i?2 K�tBKmK T�i?

H2M;i? Bb 2D- r?2`2 D Bb i?2 /B�K2i2` Q7 GX *QMbB/2` B 7`QK 2[m�iBQM UkX9XRyV

max
pi,jqPE

1
1
n!

ε
|E|

ÿ

i1,j1:pi,jqPφi1j1

ε
n!n2

2D “ 2D|E|
n2

max
pi,jqPE

ÿ

i1,j1:pi,jqPφi1j1

1. UkX9XRdV

h?2 #QmM/ Q#i�BM2/ BM UkX9XRdV Q#pBQmbHv /2T2M/b QM i?2 bi`m+im`2 Q7 i?2 ;`�T? GX >Qr2p2`- r2 +�M +2`i�BMHv b�v

i?�i D ď n- |E| ď n2- �M/
ř

i1,j1:pi,jqPφi1j1
1 ď n2- i?mb

B ď 2n3. UkX9XR3V

h?mb- h?2Q`2K kXkR BKTHB2b i?�i i?2 KBtBM; iBK2 7Q` i?2 `�M/QK i`�MbTQbBiBQM T`Q+2bb QM G Bb #QmM/2/ #v

4
n4

ε
log n`Opn4q. UkX9XRNV

�;�BM- r?BH2 i?2 #QmM/ Bb MQi QTiBK�H- Bi biBHH BKTHB2b `�TB/ KBtBM;X

_2K�`F kXk8X aQK2 J�`FQp +?�BMb �`2 ?B;?Hv bi`m+im`2/ �M/ 2t?B#Bi BMi2`2biBM; bvKK2i`B2b i?�i +�M #2 2tTHQBi2/

iQ Q#i�BM QTiBK�H #QmM/b QM KBtBM; iBK2b �M/ 2t�+i 2tT`2bbBQMb 7Q` i?2 ;2M2`�iBM; 7mM+iBQMb Q7 ?BiiBM; iBK2bX h?Bb

bi`m+im`2 i�F2b i?2 7Q`K i?�i i?2 bi�i2 bT�+2 Q7 i?2 J�`FQp +?�BM +�M #2 BMi2`T`2i2/ �b � ;`QmT rBi? bQK2 `mH2

7Q` +QKTQbBM; bi�i2b- i?2M i?2 i`�MbBiBQM F2`M2H Bb 2[mBp�H2Mi iQ b�KTHBM; 2H2K2Mib Q7 i?2 ;`QmT rBi? bQK2 }t2/

/Bbi`B#miBQM �M/ +QKTQbBM; i?�i 2H2K2Mi rBi? i?2 +m``2Mi bi�i2X AM i?Bb b2iiBM; Bi Bb TQbbB#H2 iQ mb2 i2+?MB[m2b 7`QK

`2T`2b2Mi�iBQM i?2Q`v iQ ;`2�i 2z2+iX q2 K2MiBQM i?Bb ?2`2 #2+�mb2 #Qi? i?2 ?vT2`+m#2 �M/ bvKK2i`B+ ;`QmT ?�p2

i?Bb ivT2 Q7 bi`m+im`2 (ej)X q2 /Q MQi Tm`bm2 i?2b2 i2+?MB[m2b ?2`2- #2+�mb2 i?2 �`;mK2Mib `2[mB`2 i?2 BMi`Q/m+iBQM

jy



Q7 � HQi Q7 K�i?2K�iB+ K�+?BM2`v �M/ r2 �`2 MQi +QM+2`M2/ rBi? QTiBK�H #QmM/bX JQ`2Qp2`- i?2 ;`QmT bi`m+im`2 Bb

p2`v 7`�;BH2 �M/ /Q2b MQi bm`pBp2 T2`im`#�iBQMX

kX8X �//BM; /BbQ`/2`

aQ 7�` i?2 ;2MQivT2 bT�+2b r2 ?�p2 +QMbB/2`2/ ?�p2 #22M ?B;?Hv bi`m+im`2/ �M/ bvKK2i`B+ Ub22 _2K�`F kXk8VX Ai

Bb mM`2�HBbiB+ iQ 2tT2+i iQ b22 2t�+iHv i?2b2 bi`m+im`2b BM i`m2 #BQHQ;B+�H ;2MQivT2 bT�+2b- bQ r2 /Q MQi r�Mi Qm`

Q#b2`p�iBQMb iQ #`2�F /QrM r?2M i?2b2 bT�+2b �`2 T2`im`#2/ �M/ �`2 MQ HQM;2` bvKK2i`B+X A7 Qm` `2bmHib �`2 `Q#mbi

iQ T2`im`#�iBQM- Bi BM+`2�b2b i?2B` �TTHB+�#BHBiv iQ `2�H bvbi2Kb �M/ 2M+Qm`�;2b mb i?�i Qm` Q#b2`p�iBQMb b?QmH/ �TTHvX

Pm` K�BM 7Q+mb BM i?Bb b2+iBQM Bb iQ /Bb+mbb �M/ �M�Hvx2 /Bz2`2Mi K2i?Q/b 7Q` T2`im`#BM; ;2MQivT2 bT�+2bX h?2

K�BM `2bi`B+iBQM Bb i?�i r2 r�Mi iQ K�BMi�BM `2p2`bB#BHBiv BM i?2 T2`im`#2/ +?�BMX q2 `2[mB`2 i?Bb bQ i?�i i?2 T2`im`#2/

+?�BM Bb i`�+i�#H2 iQ �M�HvbBb �M/ 7Q` �HH i?2 `2�bQMb QmiHBM2/ BM a2+iBQM kXjX q2 T`QpB/2 b2p2`�H /Bz2`2Mi ivT2b Q7

T2`im`#�iBQMb i?�i K�BMi�BM `2p2`bB#BHBivX

1p2M i?Qm;? i?2 T2`im`#�iBQMb K�BMi�BM `2p2`bB#BHBiv Qi?2` F2v T`QT2`iB2b Q7 i?2 +?�BM KB;?i +?�M;2X aQ i?2 K�BM

i�bF Q7 i?Bb b2+iBQM Bb iQ B/2MiB7v ?Qr i?2 T2`im`#�iBQMb +?�M;2 i?2 bi�iBQM�`v /Bbi`B#miBQM �M/ +QMi`QH i?2B` 2z2+i

QM i?2 KBtBM; iBK2X P7i2M i?2 2z2+i QM i?2 bi�iBQM�`v /Bbi`B#miBQM +�M #2 b22M /B`2+iHv 7`QK i?2 +?�M;2 BM i?2

`2p2`bB#BHBiv +QM/BiBQM UkXjXRVX hQ +QMi`QH i?2 KBtBM; iBK2- r2 ?�p2 irQ T`BK�`v �TT`Q�+?2b, RV r2 +�M �M�Hvx2 i?2

KBtBM; iBK2 Q7 i?2 T2`im`#2/ +?�BM /B`2+iHv Q` kV r2 +�M mb2 h?2Q`2K kXkjX

aQK2 Q7 i?2 T2`im`#�iBQMb r2 +QMbB/2` �`2 /2i2`KBMBbiB+ �M/ r2 bBKTHv K�F2 �bbmKTiBQMb QM i?2B` K�;MBim/2X AM

Qi?2` +�b2b- r2 +QMbB/2` `�M/QK T2`im`#�iBQMb iQ ;2i � b2Mb2 Q7 i?2 ivTB+�H 2z2+ib Q7 MQBb2X _�M/QK T2`im`#�iBQMb

K2�M i?�i r2 �`2 /2�HBM; rBi? irQ /Bz2`2Mi bQm`+2b Q7 `�M/QKM2bbc QM2 7`QK i?2 T2`im`#�iBQM UQ` 2MpB`QMK2MiV �M/

QM2 7`QK i?2 biQ+?�biB+ T`Q+2bb Bib2H7 Ui?2 Kmi�iBQM T`Q+2bbVX h?Bb b2imT Bb +QKKQM BM T`Q#�#BHBiv i?2Q`v �M/ i?2`2

Bb � rB/2 �M/ `B+? HBi2`�im`2 QM bm+? T`Q#H2Kb (33ĜNy)X

h?2 MQi�iBQM BM i?Bb b2+iBQM Bb �b 7QHHQrb, H2i M̃ #2 � `2p2`bB#H2 Kmi�iBQM T`Q+2bb QM i?2 ;2MQivT2 bT�+2 Γ rBi?

bi�iBQM�`v /Bbi`B#miBQM π̃ �M/ bT2+i`�H ;�T γ̃- i?2M r2 /2MQi2 i?2 Kmi�iBQM T`Q+2bb Q#i�BM2/ #v T2`im`#BM; M̃ #v M

�M/ Bib bi�iBQM�`v /Bbi`B#miBQM #v π �M/ bT2+i`�H ;�T #v γX

kX8XRX aBKTH2 bvKK2i`B+ `2b+�HBM;bX � p2`v bBKTH2 ivT2 Q7 T2`im`#�iBQM i?�i K�BMi�BMb `2p2`bB#BHBiv Bb iQ bvK@

jR



K2i`B+�HHv `2b+�H2 i?2 i`�MbBiBQM T`Q#�#BHBiB2b- i?�i Bb- /2}M2

Mpα,βq :“ ppα,βqM̃pα,βq UkX8XRV

bm+? i?�i ppα,βq “ ppβ,αq ą 0 7Q` �HH α,β P ΓX P#pBQmbHv- i?2 Kmi�iBQM F2`M2H M biBHH b�iBb}2b +QM/BiBQM UkXjXRVX

>Qr2p2`- �7i2` `2b+�HBM; r2 +�MMQi ;m�`�Mi22 i?�i
ř

β Mpα,βq “ 1 7Q` �HH α P Γ Q` i?�i M̃pα,βqppα,βq P r0, 1sX

h?2`2 �`2 irQ TQbbB#BHBiB2b iQ }t i?Bb, URV MQ`K�HBx2 2�+? `Qr #v /BpB/BM; 2�+? #v � +QMbi�Mi-

Mpα,βq :“ ppα,βqM̃pα,βq
ř

β1 ppα,β1qM̃pα,β1q , UkX8XkV

bQ i?�i Mpα, ¨q Bb �miQK�iB+�HHv � r2HH@/2}M2/ T`Q#�#BHBiv /Bbi`B#miBQM QM Γc UkV �bbmK2 ppα,βq ă 1{M̃pα,βq �M/
řpαq

β ppα,βqM̃pα,βq P p0, 1s- r?B+? Bb TQbbB#H2 r?2M ppα,βq Bb +HQb2 2MQm;? iQ R 7Q` �HH α,β P ΓX h?2M /2}M2 i?2

Qz@/B�;QM�H i2`Kb �b BM UkX8XRV �M/ /2}M2 i?2 /B�;QM�H i2`Kb �b

Mpα,αq :“ 1´
pαqÿ

βPΓ
ppα,βqM̃pα,βq. UkX8XjV

LQi2 i?�i QTiBQM URV +?�M;2b i?2 bi�iBQM�`v /Bbi`B#miBQM iQ

πpαq “
π̃pαqř

β ppα,βqM̃pα,βq
Dp

, UkX8X9V

r?2`2 Dp :“ ř
α,β π̃pαqppα,βqM̃pα,βqX q?2`2�b QTiBQM UkV `2i�BMb i?2 b�K2 bi�iBQM�`v /Bbi`B#miBQM- π “ π̃X h?2

/Bz2`2M+2 #2ir22M π �M/ π̃ BM UkX8X9V Bb 2�bBHv +QMi`QHH2/,

|π̃pαq ´ πpαq| “ πpαq
∣∣∣∣∣
ÿ

β

M̃pα,βq
ˆ
1´ ppα,βq

Dp

˙∣∣∣∣∣

ď
gffe

ÿ

β

∣∣∣M̃pα,βq
∣∣∣
2 ÿ

β

∣∣∣∣1´
ppα,βq
Dp

∣∣∣∣
2

ď
gffe

ÿ

β

M̃pα,βq
ÿ

β

∣∣∣∣1´
ppα,βq
Dp

∣∣∣∣
2

ď
gffe

ÿ

β

∣∣∣∣1´
ppα,βq
Dp

∣∣∣∣
2

UkX8X8V

jk



#v i?2 *�m+?v@a+?r�`x BM2[m�HBivX LQi2 i?�i i?Bb #QmM/ +�M #2 BKT`Qp2/ r?2M M̃pα,βq Bb +HQb2 iQ +QMbi�MiX

hQ +QMi`QH i?2 2z2+i QM i?2 KBtBM; iBK2b- r2 mb2 h?2Q`2K kXkjX LQi2 i?�i i?Bb Bb Qp2`FBHH BM i?Bb bBim�iBQMě�

bBKTH2 +QKT�`BbQM #2ir22M i?2 J�`FQp +?�BMb mbBM; .B`B+?H2i 7Q`Kb rQmH/ bm{+2 Ub22 7Q` 2t�KTH2 G2KK� RjXkk

BM (ed)VX aBM+2 i?2 T2`im`#�iBQM /Q2b MQi �Hi2` r?B+? i`�MbBiBQMb �`2 TQbbB#H2- r2 /2}M2 T�i?b �b φα,β “ pα,βqX h?mb-

i?2 +QM;2biBQM `�iBQ UkX9XRyV Bb

max
α,β:Mpα,βqą0

π̃pαqM̃pα,βq
πpαqMpα,βq . UkX8XeV

6Q` QTiBQM URV- r2 b22

max
α,β:Mpα,βqą0

Dpř
β ppα,βqM̃pα,βq

ř
β1 ppα,β1qM̃pα,β1q

ppα,βq “ max
α,β:Mpα,βqą0

Dp

ppα,βq . UkX8XdV

AM T�`iB+mH�`- B7 maxα,β |1´ ppα,βq| ď ε- i?2M

|1´Dp| ď
ÿ

α

πpaq
ÿ

β

Mpα,βq |1´ ppα,βq| ď ε, UkX8X3V

bQ UkX8XdV Bb #QmM/2/ #v 1`OpεqX AM r?B+? +�b2- γ ě p1`Opεqqγ̃X

� p2`v bBKBH�` �`;mK2Mi +�M #2 mb2/ iQ +QMi`QH i?2 KBtBM; iBK2 7Q` QTiBQM UkVX

kX8XkX aBKTH2 MQMbvKK2i`B+ `2b+�HBM;bX h?Bb T2`im`#�iBQM `2b+�H2b +QHmKMb Q7 i?2 Kmi�iBQM F2`M2H �M/ `2/2}M2b

i?2 /B�;QM�H 2H2K2Mib iQ 2Mbm`2 Mpαq Bb � r2HH@/2}M2/ T`Q#�#BHBiv /Bbi`B#miBQM 7Q` �HH α P ΓX S`2+Bb2Hv- bmTTQb2

ppβq ą 0 �M/
ř

α M̃pα,βqppβq ď 1- i?2M /2}M2

Mpα,βq :“ M̃pα,βqppβq UkX8XNV

�M/

Mpα,αq :“ 1´
ÿ

β

M̃pα,βqppβq UkX8XRyV

7Q` �HH α,β P ΓX h?2M +QM/BiBQM UkXjXRV Bb b�iBb}2/ rBi?

πpαq “ π̃pαqppαqř
β π̃pβqppβq , UkX8XRRV

jj



bBM+2

πpαqMpα,βq “ π̃pαqppαqř
β1 ppβ1qπ̃pβ1qM̃pα,βqppβq “ πpβqMpβ,αq. UkX8XRkV

LQr MQi2 i?�i- bBKBH�`Hv iQ UkX8X8V- r2 ?�p2

∣∣∣∣∣1´
ÿ

β

π̃pβqppβq
∣∣∣∣∣ “

∣∣∣∣∣
ÿ

β

π̃pβq p1´ ppβqq
∣∣∣∣∣ ď

dÿ

β

|1´ ppβq|2. UkX8XRjV

q2 +�M +QMi`QH i?2 /Bbi�M+2 #2ir22M π �M/ π̃ bBKBH�`Hv iQ #27Q`2,

|π̃pαq ´ πpαq| “ |1´ ppαq|`O

¨

˝
dÿ

β

|1´ ppβq|2
˛

‚. UkX8XR9V

6Q` i?2 bT2+i`�H ;�T- r2 �;�BM mb2 i?2 *QKT�`BbQM h?2Q`2K �M/ MQi2 i?2 +QM;2biBQM `�iBQ Bb

max
α,β:Mpα,βqą0

ppαqppβqř
β1 πpβ1qppβ1q , UkX8XR8V

bQ B7 r2 �bbmK2 maxα|1´ ppαq| ď ε- i?2M γ ě p1`Opεqqγ̃X

kX8XjX *QMp2t +QK#BM�iBQMb Q7 +?�BMbX amTTQb2 i?�i M �M/ M̃ �`2 #Qi? `2p2`bB#H2 rBi? `2bT2+i iQ π- i?2M bQ

Bb �Mv +QMp2t +QK#BM�iBQM Q7 i?2 irQ,

Mppα,βq :“ pMpα,βq ` p1´ pqM̃pα,βq UkX8XReV

7Q` p P r0, 1sX P#pBQmbHv- pΓ,Mpq Bb � r2HH@/2}M2/ Kmi�iBQM T`Q+2bb rBi? bi�iBQM�`v /Bbi`B#miBQM π #v 1[m�iBQM

UkX8XReVX 6Q` i?2 KBtBM; iBK2- r2 �;�BM mb2 i?2 +QM;2biBQM `�iBQ UkX9XRyV �M/ +QKT�`2 iQ #Qi? +?�BMb M �M/ M̃X

LQi2
Mpα,βq

pMpα,βq ` p1´ pqM̃pα,βq ď 1
p

UkX8XRdV

�M/ bBKBH�`Hv
M̃pα,βq

pMpα,βq ` p1´ pqM̃pα,βq ď 1
1´ p

, UkX8XR3V

i?mb γp ě max tpγ, p1´ pqγ̃uX

kX8X9X "QM/ T2`+QH�iBQMX AM a2+iBQM kXj- r2 Q#b2`p2/ i?�i `�M/QK r�HFb QM r2B;?i2/ ;`�T?b �`2 �Hr�vb `2p2`bB#H2X

j9



ai�`iBM; rBi? � `�M/QK r�HF QM � r2B;?i2/ ;`�T? i?2`2 Bb � M�im`�H r�v iQ T2`im`# i?2 Kmi�iBQM T`Q+2bběr2 bBKTHv

T2`im`# i?2 r2B;?ib Q7 i?2 ;`�T?X P7 T�`iB+mH�` BMi2`2bi Bb i?2 +�b2 r?2`2 2/;2b �`2 /2H2i2/ 7`QK i?2 ;`�T? UQ`

2[mBp�H2MiHv i?2B` r2B;?ib �`2 b2i iQ yVX "BQHQ;B+�HHv- i?Bb K2�Mb i?�i Kmi�iBQMb i?�i r2`2 T`2pBQmbHv pB�#H2 �`2 MQ

HQM;2` �M QTiBQMX h?2 2/;2b +�M #2 /2H2i2/ BM K�Mv /Bz2`2Mi r�vb- #mi BM i?Bb bm#b2+iBQM r2 7Q+mb QM i?2 +�b2 r?2`2

2/;2b �`2 /2H2i2/ BM/2T2M/2MiHv rBi? T`Q#�#BHBiv 1´ pX AKTQ`i�MiHv- i?2 2/;2b BM i?2 Q`B;BM�H ;`�T? �`2 mM/B`2+i2/-

bQ r?2M � Kmi�iBQM #2+QK2b BMpB�#H2 BM QM2 /B`2+iBQM- Bi �miQK�iB+�HHv /Q2b bQ BM i?2 Qi?2` /B`2+iBQMX

q2 +?QQb2 iQ /2H2i2 2/;2b BM/2T2M/2MiHv �i `�M/QK 7Q` b2p2`�H `2�bQMbX 6B`bi- rBi?Qmi � bT2+B}+ KQ/2H BM KBM/-

+?QQbBM; i?2 bBKTH2bi ivT2 Q7 `�M/QKM2bb Bb Q7i2M `2�bQM�#H2 (NR)X >�pBM; b�B/ i?�i- i?2 bi�iBbiB+�H T`QT2`iB2b Q7

i?2 ;2MQivT2 bT�+2b Q#i�BM2/ rBi? i?Bb ivT2 Q7 `�M/QKM2bb K�i+?2b r2HH rBi? K�Mv Q#b2`p�iBQMb 7`QK #BQHQ;B+�H

2tT2`BK2Mib (RR-j3)X a2+QM/- i?Bb ivT2 Q7 `�M/QKM2bb #`2�Fb i?2 bvKK2i`v Q7 i?2 ;2MQivT2 bT�+2b r2 ?�p2 +QMbB/2`2/-

r?B+? r�b Qm` bi�i2/ ;Q�H �i i?2 bi�`i Q7 a2+iBQM kX8X h?B`/- i?Bb +?QB+2 Q7 `�M/QKM2bb Bb �K2M�#H2 iQ �M�HviB+�H

�M�HvbBb �M/ Tmib mb BMiQ +QMi�+i rBi? i?2 2ti2MbBp2 rQ`F QM T2`+QH�iBQM i?2Q`vX

S2`+QH�iBQM �//b �M �//BiBQM�H bQm`+2 Q7 `�M/QKM2bb iQ i?2 Kmi�iBQM T`Q+2bbX P#pBQmbHv- QM2 +�M �bF [m2biBQMb

i?�i +QM+2`M QMHv i?2 r�v i?�i T2`+QH�iBQM +?�M;2b i?2 ;2QK2i`v Q7 i?2 ;`�T? Q` H�iiB+2X >Qr2p2`- B7 r2 �bF [m2biBQM

�#Qmi � Kmi�iBQM T`Q+2bb QM i?2b2 `�M/QK ;2MQivT2 bT�+2b- r2 �`2 BKK2/B�i2Hv BM i?2 i2``BiQ`v Q7 `�M/QK T`Q+2bb2b

BM `�M/QK 2MpB`QMK2MibX J�Mv /vM�KB+�H [m2biBQM �#Qmi i?2 Kmi�iBQM T`Q+2bb /2T2M/ QM i?2 ;2QK2i`v Q7 i?2

;2MQivT2 bT�+2 Ub22 a2+iBQM kX9V- bQ r2 Q7i2M ?�p2 iQ bim/v ;2QK2i`B+�H [m2biBQM �#Qmi i?2 `�M/QK bT�+2X

h?2 }`bi i2+?MB+�H Bbbm2 rBi? /2H2iBM; 2/;2b Bb i?�i /QBM; bQ +�M /Bb+QMM2+i i?2 ;`�T?X P#pBQmbHv- BM bm+? +�b2b i?2

Kmi�iBQM T`Q+2bb Bb MQ HQM;2` B``2/m+B#H2X h?mb- +QMM2+iBpBiv Bb �M BKTQ`i�Mi +QM+2`M 7Q` mbX h?2 T`Q#�#BHBiv i?�i �

;`�T? Bb /Bb+QMM2+i2/ #v `�M/QK- BM/2T2M/2Mi 2/;2 /2H2iBQMb rBi? T`Q#�#BHBiv 1´p r�b }`bi bim/B2/ QM i?2 +QKTH2i2

;`�T? #v 1`/ǒb �M/ _ûMvB (Nk)- r?Q 7QmM/ � b?�`T i`�MbBiBQM, B7 p ą p1`cq logpnq{n 7Q` bQK2 bK�HH +QMbi�Mi c ą 0- i?2

;`�T? Bb +QMM2+i2/ rBi? T`Q#�#BHBiv 1´op1q �b n Ñ 8c B7 p ă p1´cq logpnq{n 7Q` bQK2 bK�HH +QMbi�Mi c ą 0- i?2 ;`�T?

Bb /Bb+QMM2+i2/ rBi? T`Q#�#BHBiv 1´ op1q �b n Ñ 8X h?mb- logpnq{n Bb � b?�`T i?`2b?QH/ 7Q` +QMM2+i2/M2bb- #mi KQ`2

/2i�BH2/ BM7Q`K�iBQM �#Qmi i?2 ;`�T?Ƕb ;2QK2i`v Bb FMQrM #2HQr i?Bb i?`2b?QH/X A7 np Ñ c 7Q` bQK2 +QMbi�Mi c ą 1-

i?2M i?2 ;`�T? ?�b � mMB[m2 ;B�Mi +QKTQM2Mi i?�i +QMi�BMb Opnq p2`iB+2b- r?2`2�b �HH Qi?2` +QKTQM2Mib +QMi�BM �i

KQbi Oplog nq p2`iB+2bX A7 np Ñ 1- i?2M i?2 ;`�T? ?�b bQK2 +QKTQM2Mi i?�i +QMi�BMb Opn2{3q p2`iB+2bX 6BM�HHv- B7

np Ñ c 7Q` bQK2 +QMbi�Mi c ă 1- i?2M i?2 ;`�T? ?�b MQ +QKTQM2Mi i?�i +QMi�BMb KQ`2 i?�M Oplog nq p2`iB+2bX h?2

2tBbi2M+2 Q7 � ;B�Mi +QKTQM2Mi 7Q` bQK2 p i?�i �`2 #2HQr i?2 b?�`T i?`2b?QH/ 7Q` +QMM2+i2/M2bb bm;;2bib i?�i i?2
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/vM�KB+b Q7 � `�M/QK r�HF biBHH r�``�Mi bim/v B7 r2 bBKTHv `2bi`B+i2/ iQ i?Bb +QKTQM2MiX

h?2 bi�iBQM�`v /Bbi`B#miBQM i�F2b �M 2bT2+B�HHv bBKTH2 7Q`K 7Q` `�M/QK r�HFb QM ;`�T?b Ub22 UkXjX8VV,

πpαq “ dα
2|E| “

dαř
β dβ

, UkX8XRNV

r?2`2 dα Bb i?2 /2;`22 Q7 p2`i2t α �M/ |E| Bb i?2 iQi�H MmK#2` Q7 2/;2b BM i?2 ;`�T?X aBM+2 2/;2b �`2 /2H2i2/

BM/2T2M/2MiHv �i `�M/QK- i?2 [m�MiBiB2b dα �`2 � bmK Q7 BM/2T2M/2Mi `�M/QK p�`B�#H2běi?Bb K2�Mb r2 +�M ;2i ;QQ/

+QMi`QH Qp2` i?2K rBi? +QM+2Mi`�iBQM BM2[m�HBiB2b Ub22 �TT2M/Bt "V- bQ HQM; �b i?2 /2;`22b �`2 H�`;2 #27Q`2 T2`+QH�iBQMX

P#pBQmbHv r?2M +QMbB/2`BM; i?2 +QKTH2i2 ;`�T?- 2�+? p2`i2t ?�b /2;`22 n #27Q`2 T2`+QH�iBQM Ur2 BM+Hm/2 b2H7@HQQTbVX

h?Bb BKTHB2b i?�i �7i2` T2`+QH�iBQM 2�+? p2`i2t ?�b /2;`22 pn BM 2tT2+i�iBQMX JQ`2Qp2`- #v � +QM+2Mi`�iBQM �`;mK2Mi-

r2 +�M +QM+Hm/2/ i?�i 2�+? p2`i2t ?�b /2;`22 pn`Op?nq rBi? p2`v ?B;? T`Q#�#BHBiv 7Q` H�`;2 pX h?2`27Q`2- � bBKTH2

mMBQM #QmM/ BKTHB2b i?�i �HH p2`iB+2b ?�p2 /2;`22 pn`Op?nq rBi? p2`v ?B;? T`Q#�#BHBiv bBKmHi�M2QmbHvX h?2`27Q`2-

πpαq “ 1
n
`O

ˆ
1

n3{2

˙
“ π̃pαq `O

ˆ
1

n3{2

˙
. UkX8XkyV

h?2 KBtBM; iBK2 Q7 � `�M/QK r�HF QM i?2 1`/ǒb@_ûMvB `�M/QK ;`�T? ?�b �HbQ #22M bim/B2/X 6Q` +QKT�`BbQM-

r2 MQi2 i?�i � `�M/QK r�HF QM i?2 +QKTH2i2 ;`�T? `2�+?2b Bi bi�iBQM�`v /Bbi`B#miBQM �7i2` � bBM;H2 bi2T- �M/ i?mb

Bib KBtBM; iBK2 Bb Op1qX J�Mv `2bmHib QM i?2 1`/ǒb@_ûMvB `�M/QK ;`�T? KQ/2H 7Q` H�`;2 p �`2 �HbQ /2KQMbi`�i2/

bBKmHi�M2QmbHv 7Q` i?2 `�M/QK `2;mH�` ;`�T? KQ/2H- r?2`2 � ;`�T? Bb b�KTH2/ mMB7Q`KHv 7`QK �HH i?Qb2 i?�i ?�p2

+QMbi�Mi /2;`22 d- bBM+2 i?2 /2;`22b BM i?2 1`/ǒb@_ûMvB KQ/2H +QM+2Mi`�i2 �`QmM/ pnX h?2 mTT2` #QmM/ H2KK� (ee)

�M/ � +QK#BM�iQ`B�H �`;mK2Mi �`2 mb2/ iQ b?Qr i?2 KBtBM; iBK2 Bb Op1q rBi? ?B;? T`Q#�#BHBiv r?2M i?2 /2;`22b

�`2 � }t2/ TQr2` Q7 n BM (Nj)X h?2 `2bmHib BM (N9) BKT`Qp2 QM i?2 �#Qp2 +QK#BM�iQ`B�H �`;mK2Mi- �M/ 2ti2M/b i?2

KBtBM; iBK2 `2bmHi iQ ;`�T?b rBi? /2;`22 i?�i �`2 Oplog nqc 7Q` c ą 2X 6Q` p #2HQr i?2 b?�`T i?`2b?QH/- i?2 ;`�T? Bb

/Bb+QMM2+i2/ rBi? ?B;? T`Q#�#BHBiv- bQ � `�M/QK r�HF Bb MQ HQM;2` B``2/m+B#H2X >Qr2p2`- B7 i?2 r�HF Bb `2bi`B+i2/ iQ

i?2 mMB[m2 ;B�Mi +QKTQM2Mi Q7 i?2 ;`�T?- (N8) �M/ (Ne) }M/ mbBM; *?22;2` ivT2 #QmM/b i?�i �bvKTiQiB+�HHv �HKQbi

bm`2Hv i?2 KBtBM; iBK2 Bb Θpplog n{dq2q r?2M d “ Op?log nq- �M/ Θplog n{ log dq r?2M d " ?
log nX AMi2`2biBM;Hv

r?2M p Bb BM i?2 }`bi `2;BK2- i?2`2 Bb HQ+�H bi`m+im`2 Q7 i?2 ;`�T? i?�i bHQrb KBtBM;- r?2`2�b r?2M p Bb BM i?2 b2+QM/

`2;BK2 i?2 /B�K2i2` Q7 i?2 ;B�Mi +QKTQM2Mi Bb i?2 H�`;2bi BKT2/BK2Mi iQ KBtBM;X AM (Nd)- i?2 +QMM2+iBQM T`Q#�#BHBiv

Bb HQr2`2/ �HH i?2 r�v iQ i?2 +`BiB+�H p�Hm2 p “ 1{nX h?2 �mi?Q`b }M/ i?�i � `�M/QK r�HF QM i?2 H�`;2bi +QMM2+i2/

je



+QKTQM2Mi Ur?B+? ?�b /B�K2i2` Opn1{3qV ?�b KBtBM; iBK2 Opnq �M/ bQ i?2 r�HF MQ HQM;2` KBt2b `�TB/HvX 6BM�HHv- r2

MQi2 i?�i (N3) }M/b i?2 KBtBM; iBK2 Q7 � `�M/QK r�HF QM � `�M/QK `2;mH�` ;`�T? /BbTH�vb � +miQz �i pd{pd´2q logd´1 n

rBi? rBM/Qr Q`/2`
?
log n �M/ i?�i r?2M d “ nop1q- i?2 KBtBM; iBK2 Bb Op1qX

hm`MBM; Qm` 7Q+mb 7`QK i?2 +QKTH2i2 ;`�T? iQ i?2 ?vT2`+m#2- r2 +�M �bF bBKBH�` [m2biBQMb iQ i?Qb2 r2 ?�p2

/Bb+mbb2/ 7Q` i?2 +QKTH2i2 ;`�T?X LQi2 i?�i KQbi `2bmHib ?�p2 bim/B2/ +�b2 κ “ 2- #mi `2bmHib +�M 2�bBHv #2 2ti2M/2/

iQ ;2M2`�H κ +�b2X h?2 ?vT2`+m#2 ?�b κn TQBMib �M/ 2�+? TQBMi ?�b /2;`22 pκ´1qnX q2 i?2M �TTHv � #QM/ T2`+QH�iBQM

r?2`2 2�+? 2/;2 Bb F2Ti rBi? T`Q#�#BHBiv p BM/2T2M/2MiHvX h�F2 � bBM;H2 TQBMi- i?2M i?2 T`Q#�#BHBiv i?�i i?Bb TQBMi Bb

BbQH�i2/ Ui?�i Bb- ?�b MQ M2B;?#Q`bV Bb 2t�+iHv

p1´ pqpκ´1qn. UkX8XkRV

h?2`27Q`2- r2 +�M HQr2` #QmM/ i?2 T`Q#�#BHBiv i?�i MQ TQBMi Bb BbQH�i2/ #v

1´ κnp1´ pqpκ´1qn “ 1´ `
κp1´ pqκ´1˘n . UkX8XkkV

LQi2 i?�i B7

p ą p+ :“ 1´ κ´1{pκ´1q, UkX8XkjV

i?2M rBi? p2`v ?B;? T`Q#�#BHBiv i?2`2 �`2 MQ BbQH�i2/ p2`iB+2bX AM 7�+i- p+ Bb i?2 +`BiB+�H T`Q#�#BHBiv 7Q` T2`+QH�iBQM

�#Qp2 r?B+? i?2 ;`�T? Bb +QMM2+i2/ rBi? ?B;? T`Q#�#BHBiv (NN)X

q2 MQr bi�i2 `2bmHib 7Q` κ “ 2X 6Q` p #2HQr i?Bb +`BiB+�H i?`2b?QH/ i?2`2 +�M biBHH #2 � ;B�Mi +QKTQM2MiX AM (Ryy)-

i?2 �mi?Q`b }M/ i?�i 7Q` p “ c{n �M/ c ą 1- ;`�T? +QMi�BMb � +QKTQM2Mi Q7 bBx2 Op2nq �M/ i?�i i?2 b2+QM/ H�`;2bi

+QKTQM2Mi Bb bBx2 op2nqX Ai Bb TQbbB#H2 iQ }M/ 2p2M KQ`2 /2i�BH2/ BM7Q`K�iBQM �#Qmi i?2 bBx2 Q7 i?2 +QMM2+i2/ bm#;`�T?b-

�M/ (RyR) bim/B2b i?Bb 2bT2+B�HHv #2HQr i?2 i?`2b?QH/ p “ 1{nX 6Q` HQr p KQbi �`;mK2Mib mb2 �M �TT`QtBK�iBQM iQ �

SQBbbQMB�M #`�M+?BM; T`Q+2bb Ub22 i?2 T`QQ7 Q7 h?2Q`2K jXe 7Q` �MQi?2` 2t�KTH2 Q7 bm+? �M �TT`QtBK�iBQMVX 6Q` �

bm`p2v Q7 T2`+QH�iBQM `2bmHib QM i?2 ?vT2`+m#2 b22 (Ryk) �M/ 7Q` ?B;?@/BK2MbBQM�H bT�+2b BM ;2M2`�H b22 (Ryj)X

6Q`K�HHv- r2 �``Bp2 �i i?2 7QHHQrBM; Kmi�iBQM T`Q+2bbX

.27BMBiBQM kXke UaBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 #QM/ /BbQ`/2`2/ ?vT2`+m#2VX h?Bb T`Q+2bb Bb �

`�M/QK J�`FQp +?�BM pΓppq
n ,Mppqq rBi? bi�i2 bT�+2 Γn “ !κ"n �M/ 2�+? Mppqpα,βq � `�M/QK p�`B�#H2 /2}M2/ �b

jd



7QHHQrb, 7Q`

p P
´
1´ κ´1{pκ´1q, 1

ı
, UkX8Xk9V

�M/ 7Q` e P E H2i xe #2 BXBX/X "2`Mppq- r?2`2 E Bb i?2 2/;2@b2i Q7 i?2 ?vT2`+m#2 ΓnX h?2M

Mppqpα,βq :“

$
’’’’’’’’&

’’’’’’’’%

εxe
κn B7 e “ pα,βq

1´ ř
β̃:pα,β̃qPE Mppqpα, β̃q B7 α “ β

0 Qi?2`rBb2

. UkX8Xk8V

h?2 BMi2`T`2i�iBQM Q7 .2}MBiBQM kXke Bb i?�i Kmi�iBQMb �`2 +?Qb2M �++Q`/BM; iQ .2}MBiBQM kX9- #mi i?2v QMHv Q++m`

B7 i?2v �`2 pB�#H2 �++Q`/BM; iQ i?2 `�M/QKM2bbX q2 ?�p2 b22M i?�i rBi? T`Q#�#BHBiv 1´op1q- i?2 bBM;H2 TQBMi Kmi�iBQM

T`Q+2bb QM i?2 #QM/ /BbQ`/2`2/ ?vT2`+m#2 Bb B``2/m+B#H2X Ai Bb �HbQ �T2`BQ/B+- bBM+2 ε ą 0X _2p2`bB#BHBiv rBi? `2bT2+i

iQ i?2 mMB7Q`K /Bbi`B#miBQM Bb BKK2/B�i2 7`QK i?2 bvKK2i`v Q7 MppqX h?2 r�v r2 /2}M2 Mppq BM .2}MBiBQM kXke

K�F2b i?2 7QHHQrBM; �M�HvbBb 2�bB2`- #2+�mb2 i?2 bi�iBQM�`v /Bbi`B#miBQM `2K�BMb mMB7Q`K- #mi iQ b22 i?2 bBKBH�` `2bmHib

7Q` � i`m2 H�xv `�M/QK r�HF QM i?2 #QM/ T2`+QH�i2/ ?vT2`+m#2 b22 �TT2M/Bt *X

h?2 KBtBM; iBK2b Q7 `�M/QK r�HFb QM bi`m+im`2/ bT�+2b �7i2` T2`+QH�iBQM ?�b #22M H2bb bim/B2/ i?�M i?2 2[mBp�H2Mi

[m2biBQM 7Q` i?2 1`/ǒb@_ûMvB �M/ `�M/QK `2;mH�` ;`�T? KQ/2HbX AM (Ry9)- i?2 H�`;2bi +Hmbi2` Q7 � bmT2` +`BiB+�H #QM/

T2`+QH�iBQM QM i?2 }MBi2 H�iiB+2 !´n, n"d UrBi? d ą 2 �M/ }t2/V Bb bim/B2/X lbBM; � ;2M2`�HBx2/ *?22;2` ivT2 #QmM/

U+�HH2/ i?2 BbQT2`BK2i`B+ T`Q}H2 Q` +QM/m+i�M+2 T`Q}H2 �M/ /2p2HQT2/ BM (Ry8)V- i?2v }M/ i?2 KBtBM; iBK2 Q7 � `�M/QK

r�HF Bb Θpn2qěi?Bb Bb rBi?BM � +QMbi�Mi 7�+iQ` Q7 i?2 KBtBM; iBK2 rBi?Qmi T2`+QH�iBQMX >Qr2p2`- 7Q` i?2 ?vT2`+m#2-

r2 rBb? iQ }t n “ 1 �M/ i�F2 d Ñ 8X

LQr- r2 b?Qr i?�i i?2 KBtBM; iBK2 Q7 i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 #QM/ /BbQ`/2`2/ ?vT2`+m#2 +�M

#2 +QMi`QHH2/ 7Q` p ą p+- i?�i Bb- �#Qp2 i?2 +`BiB+�H i?`2b?QH/ 7Q` +QMM2+i2/M2bbX q2 T`Qp2 i?Bb mbBM; i?2 *QKT�`BbQM

h?2Q`2K kXkjX aBM+2 r2 �`2 `2bi`B+iBM; p ą p+- r2 FMQr i?�i rBi? ?B;? T`Q#�#BHBiv i?2 ;`�T? rBHH #2 +QMM2+i2/X h?Bb

K2�Mb i?�i i?2 J�`FQp +?�BM �7i2` T2`+QH�iBQM ?�b i?2 b�K2 bi�i2 bT�+2 �M/ i?�i Bi `2K�BMb B``2/m+B#H2ě#Qi? Q7

r?B+? �`2 M2+2bb�`v 7Q` h?2Q`2K kXkj iQ �TTHvX JQ`2Qp2`- r2 FMQr i?2 bi�iBQM�`v /Bbi`B#miBQM Bb mMB7Q`KX

h?2Q`2K kXkdX G2i pΓppq
n ,Mppqq #2 i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 #QM/ /BbQ`/2`2/ ?vT2`+m#2 �M/ /2MQi2

j3



Bib KBtBM; iBK2 #v tKBtX amTTQb2

p ą p+-j :“ 3

b
1´ p1{κq1{pκ´1q “ 3

?
pc ě pc, UkX8XkeV

i?2M i?2 T`Q+2bb KBt2b `�TB/HvěbT2+B}+�HHv-

tKBt “ O
ˆ
n2 log n

ε

˙
UkX8XkdV

rBi? T`Q#�#BHBiv 1´ op1qX

S`QQ7X Pm` ;Q�H Bb iQ b?Qr i?�i �7i2` /2H2iBM; 2/;2b 7`QK i?2 ?vT2`+m#2- i?2`2 �`2 biBHH b?Q`i UQ7 H2M;i? �i KQbi

jV T�i?b #2ir22M �HH TQBMib i?�i r2`2 T`2pBQmbHv M2B;?#Q`b #27Q`2 /2H2iBQMbX G2i E Bb i?2 2/;2@b2i Q7 i?2 ?vT2`+m#2X

amTTQb2 7Q` bQK2 2/;2 BM E- /2MQi2/ e “ pα,βq- i?�i xe “ 0X amTTQb2 �HbQ i?�i i?2 +QQ`/BM�i2 i?�i α �M/ β /Bz2`

�i Bb i rBi? βpiq “ kc 7Q` MQi�iBQM- r2 r`Bi2 αi
k iQ bB;MB7v α ?�b #22M +?�M;2/ BM +QQ`/BM�i2 i iQ k- �M/ i?mb β “ αi

k

7Q` bQK2 k P !κ"X h?2M � T�i? Q7 H2M;i? j 7`QK α iQ β BM Γ rQmH/ ?�p2 i?2 7Q`K

ˆ
α,αj

k1 ,
´
αj

k1

¯i

k
,β

˙
UkX8Xk3V

7Q` bQK2 j ‰ i �M/ k1 ‰ αpjq- bBM+2 β “ αi
kX am+? T�i?b TB+F bQK2 Qi?2` +QQ`/BM�i2 j MQi 2[m�H iQ i- +?�M;2 Bi- i?2M

+?�M;2 +QQ`/BM�i2 i iQ K�i+? β- �M/ }M�HHv +?�M;2 +QQ`/BM�i2 j #�+F iQ Bib T`2pBQmb p�Hm2X LQi2 i?�i QM+2 �Mv 2/;2

BM i?2 T�i? Bb /2i2`KBM2/- i?2 T�i? Q7 i?Bb 7Q`K Bb +QKTH2i2Hv /2i2`KBM2/X

6Q` �Mv T�B` Q7 α,β bm+? i?�i Dpα,βq “ 1- i?2`2 �`2 2t�+iHv pκ ´ 1qpn ´ 1q T�i?b Q7 i?Bb 7Q`K #2ir22M i?2KX

JQ`2Qp2`- 2�+? Q7 i?2b2 T�i?b b?�`2b MQ 2/;2b �M/ i?mb i?2 2p2Mib

xpα,αj
k1qx

´
αj

k1 ,pαj
k1qik

¯x´
pαj

k1qik,β
¯ “ 1 UkX8XkNV

7Q` 2�+? T�i? �`2 BM/2T2M/2Mi 7Q` }t2/ α,βX 6Q` }t2/ α,β- i?2 T`Q#�#BHBiv i?�i � bBM;H2 T�i? 2tBbib Bb p3- i?mb i?2

T`Q#�#BHBiv i?�i �i MQ T�i? 2tBbib Bb

p1´ p3qpκ´1qpn´1q. UkX8XjyV

h?2`27Q`2- i?2 T`Q#�#BHBiv i?�i �HH T�B`b α,β bm+? i?�i pα,βq P E ?�p2 �i H2�bi QM2 T�i? Q7 H2M;i? j #2ir22M i?2K

jN



Bb HQr2` #QmM/2/ #v

1´ npκ´ 1qκnp1´ p3qpκ´1qpn´1q, UkX8XjRV

�b i?2`2 �`2 npκ´ 1qκn bm+? T�B`b α,βX LQi2 i?�i i?2 T`Q#�#BHBiv UkX8XjRV Bb p2`v ?B;? ;Bp2M i?�i

p+-j :“ 3

b
1´ p1{κq1{pκ´1q ă p. UkX8XjkV

aQ 7Q` p ą p+-j- i?2`2 Bb bQK2 T�i? rBi? T`Q#�#BHBiv 1 ´ op1q #2ir22M �HH T�B`b α,β bm+? i?�i pα,βq P EX G2i E

/2MQi2 i?2 2p2Mi i?�i i?2`2 Bb � T�i? Q7 H2M;i? �i KQbi i?`22 #2ir22M �HH T�B`b α,β bm+? i?�i pα,βq P EX �#Qp2 r2

?�p2 �`;m2/ i?�i P tEu ě 1´ op1qX

LQr- r2 mb2 i?2 *QKT�`BbQM h?2Q`2K kXkjX q2 +QMbi`m+i T�i?b �b 7QHHQrb +QM/BiBQM�H QM i?2 2p2Mi E , 6Q` �Mv

T�B` α,β bm+? i?�i pα,βq P E r?2`2 xpα,βq “ 1- r2 b2i φα,β “ pα,βqX 6Q` �Mv T�B` α,β bm+? i?�i pα,βq P E r?2`2

xpα,βq “ 0- r2 +?QQb2 φα,β �`#Bi`�`BHv 7`QK T�i?b Q7 i?2 7Q`K UkX8Xk3V- Q7 r?B+? QM2 Bb ;m�`�Mi22/ iQ 2tBbi QM i?2

2p2Mi E X

*QMbB/2` �M �`#Bi`�`v 2/;2 e BM E- i?2`2 �`2 3pκ ´ 1qpn ´ 1q T�i?b Q7 i?2 7Q`K UkX8Xk3V i?�i T�bb i?`Qm;? eX hQ

b22 i?Bb MQi2 i?�i e +�M 2Bi?2` 7Q`K i?2 #2;BMMBM;- KB//H2- Q` 2M/ Q7 � T�i?- �M/ �7i2` e Bb }t2/ i?2`2 �`2 2t�+iHv

pκ´ 1qpn´ 1q T�i?b Q7 i?Bb 7Q`KX �Hi2`M�iBp2Hv- r2 K�v mb2 i?2 bvKK2i`v Q7 i?2 ?vT2`+m#2 iQ MQi2 i?�i i?2 �Mbr2`

b?QmH/ MQi /2T2M/2/ QM i?2 +?QB+2 Q7 eX h?2M � T�i? Q7 i?2 7Q`K UkX8Xk3V Bb /2i2`KBM2/ #v Bib 2M/ TQBMib- Q7 r?B+?

i?2`2 �`2 pκ´ 1qnκn TQbbB#H2 +?QB+2b- �M/ i?2M i?2`2 �`2 pκ´ 1qpn´ 1q T�i?b 7Q` 2�+? T�B` Q7 2M/ TQBMibX JQ`2Qp2`-

2�+? T�i? +QMi�BMb j 2/;2b- bQ i?2 2�+? 2/;2 Kmbi #2 BM+Hm/2/ BM

3pκ´ 1qnpn´ 1qκn

pκ´ 1qnκn
“ 3pn´ 1qpκ´ 1q UkX8XjjV

T�i?bX

G2i E1 :“ ␣pα,βq : xpα,βq “ 1
(
X LQr r2 +�M #QmM/ B 7`QK 1[m�iBQM UkX9XRyV �b 7QHHQrb,

max
pα,βqPE1

¨

˚̋κnκn
ε

ÿ

α̃,β̃:pα,βqPφα̃β̃

ε
κnκn

¨ 3

˛

‹‚ď 9pκ´ 1qpn´ 1q. UkX8Xj9V

h?2M �TTHvBM; h?2Q`2K kXkj- G2KK� kXRR- �M/ h?2Q`2K kXkR +QKTH2i2b i?2 T`QQ7X !
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_2K�`F kXk3X q?BH2 r2 ?�p2 QMHv bim/B2/ i?2 KBtBM; T`QT2`iB2b Q7 i?2 ?vT2`+m#2 �7i2` #QM/ T2`+QH�iBQM BM i?2

bmT2`@+`BiB+�H `2;BK2- i?2`2 �`2 +QMD2+im`2b �#Qmi i?2b2 T`QT2`iB2b /QrM iQ p ą 1{n 7Q` κ “ 2X A7 i?2 `�M/QK r�HF QM

i?2 T2`+QH�i2/ ?vT2`+m#2 Bb `2bi`B+i2/ iQ i?2 mMB[m2 ;B�Mi +QKTQM2Mi Ur?B+? 2tBbib bQ HQM; �b p ą 1{nV- i?2 KBtBM;

iBK2 Bb +QMD2+im`2/ iQ #2 TQHvMQKB�H BM n rBi? ?B;? T`Q#�#BHBiv (Rye)X S2`?�Tb i?2 KBtBM; iBK2 b?QmH/ 2p2M #2 Opn2q-

�b i?Bb Bb r?�i QM2 2tT2+ib 7`QK i?2 1`/ǒb@_ûMvB +�b2X

LQi2 i?�i i?2 �`;mK2Mi BM i?2 T`QQ7 Q7 h?2Q`2K kXkd +�M #2 ;2M2`�HBx2/ iQ #QM/ T2`+QH�iBQM BM Qi?2` ?B;?@

/BK2MbBQM�H bT�+2bX h?2 K�BM `2[mB`2K2Mi Bb i?�i i?2`2 �`2 K�Mv /BbDQBMi b?Q`i T�i?b #2ir22M �HH M2B;?#Q`b BM i?2

Q`B;BM�H bT�+2X

kX8X8X aBi2 T2`+QH�iBQMX AM am#b2+iBQM kX8X9 r2 �//2/ /BbQ`/2` iQ i?2 ?vT2`+m#2 #v K�FBM; bQK2 Kmi�iBQMb

BMpB�#H2 #v bvKK2i`B+�HHv /2H2iBM; 2/;2b 7`QK i?2 ?vT2`+m#2X q2 b�r i?�i i?2 +?�M;2b i?Bb +�mb2/ BM i?2 bi�iBQM�`v

/Bbi`B#miBQM �M/ KBtBM; iBK2 +QmH/ #2 +QMi`QHH2/ 7Q` KQ/2`�i2 H2p2Hb Q7 /BbQ`/2`X AM i?Bb bm#b2+iBQM- r2 +QMbB/2`

� /Bz2`2Mi ivT2 Q7 /BbQ`/2` rBi? � /Bz2`2Mi #BQHQ;B+�H BMi2`T`2i�iBQMX �;�BM- r2 bi�`i rBi? � `�M/QK r�HF QM �

r2B;?i2/ ;`�T?- #mi BM #QM/ T2`+QH�iBQM BMbi2�/ Q7 /2H2iBM; 2/;2b BM/2T2M/2MiHv rBi? T`Q#�#BHBiv 1 ´ p- r2 /2H2i2

p2`iB+2b Q7 i?2 ;`�T?X q?2M � p2`i2t Bb /2H2i2/ �HH 2/;2b BM+B/2Mi iQ i?Bb p2`i2t �`2 �HbQ /2H2i2/X h?Bb b2iiBM; ?�b

�M BMi2`2biBM; #BQHQ;B+�H BMi2`T`2i�iBQM i?�i r2 /Bb+mbb KQ`2 BM a2+iBQM kXe- #mi 7Q` MQr r2 BK�;BM2 /2H2i2/ p2`iB+2b

`2T`2b2Mi ;2MQivT2b i?�i �`2 BMpB�#H2X q?BH2 i?2`2 Bb 2tT2`BK2Mi �M/ i?2Q`2iB+�H rQ`F bim/vBM; ?Qr ;2MQivT2b KB;?i

#2 b2;`2;�i2/ BM i?Bb r�v (RydĜRRR)- r2 H�+F � +QKTH2i2 mM/2`bi�M/BM; Q7 i?2 bi`m+im`2 Q7 i?Bb /BbiBM+iBQMX >Qr2p2`-

bQK2 Q7 i?2 bi�iBbiB+�H BM7Q`K�iBQM- r2 /Q ?�p2 �#Qmi i?2 ;2QK2i`v Q7 i?2 bm#b2i Q7 pB�#H2 ;2MQivT2b BM ;2MQivT2

bT�+2 +�M #2 `2THB+�i2/ rBi? i?Bb bBKTH2 `�M/QK KQ/2H- #mi KQ`2 +QKTH2t KQ/2Hb �`2 `2[mB`2/ iQ K�i+? �HH i?2

2tT2`BK2Mi�H /�i� (Ryd)X h?mb- r2 KB;?i ?QT2 i?�i 2p2M i?Bb bBKTH2 +�b2 +�M BM7Q`K mb �#Qmi 2pQHmiBQM BM `2�H

;2MQivT2 bT�+2bX

h?Bb B/2� Q7 b2T�`�iBM; ;2MQivT2b BMiQ pB�#H2 �M/ BMpB�#H2 bm#b2ib ;Q2b #�+F �i H2�bi iQ (RRk)X *?QQbBM; i?2

pB�#H2 �M/ BMpB�#H2 bm#b2ib mMB7Q`KHv �M/ BM/2T2M/2MiHv �i `�M/QK r�b +QMbB/2`2/ BM (RRj) 7Q` κ “ 2X �b r2 /B/ BM

am#b2+iBQM kX8X9- (RRj) mb2b `2bmHib 7`QK T2`+QH�iBQM i?2Q`v iQ ;2i ;2QK2i`B+ BM7Q`K�iBQM �#Qmi i?2 bm#b2i Q7 pB�#H2

;2MQivT2bX aBKBH�`Hv iQ Qm` +�H+mH�iBQM BM 1[m�iBQM UkX8XkjV- QM2 +�M b?Qr i?�i i?2 bBi2 T2`+QH�i2/ ?vT2`+m#2 Bb

+QMM2+i2/ rBi? ?B;? T`Q#�#BHBiv B7 p ą 1{2X q?BH2 i?2 bBi2 T2`+QH�i2/ ?vT2`+m#2 Bb /Bb+QMM2+i2/ rBi? ?B;? T`Q#�#BHBiv

r?2M p ă 1{2- i?2`2 Bb biBHH � mMB[m2 ;B�Mi +QKTQM2Mi Q7 bBx2 2np 7Q` p ą 1{nX h?2 b2+QM/ H�`;2bi +QKTQM2Mi ?�b

bBx2 �i KQbi OpnqX 6Q` p ă 1{n- i?2`2 �`2 K�Mv +QKTQM2Mib Q7 bBx2 �i KQbi OpnqX AMi2`2biBM;Hv- (RRj) �HbQ }M/b �
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/BbiBM+iBQM BM i?2 MmK#2` Q7 2pQHmiBQM�`v T�i?b #2ir22M ;2MQivT2b 7Q` p �#Qp2 �M/ #2HQr 1{nX �b r2 /Bb+mbb2/ BM

a2+iBQM kX9- i?2 2tBbi2M+2 Q7 K�Mv T�i?b #2ir22M T�B`b Q7 TQBMib BM � bT�+2 Bb � 72�im`2 Q7 ?B;?@/BK2MbBQM�H bT�+2b �M/

+�M H2�/ iQ `�TB/ KBtBM; Ub22 h?2Q`2K kXkjVX �HH i?2b2 `2bmHib �`2 bmKK�`Bx2/ BM i?2 `2pB2r �`iB+H2 (RR9)- �Hi?Qm;?

i?2`2 Bb � 7Q+mb QM ?Qr i?Bb K�v #2 � K2+?�MBbK 7Q` bT2+B�iBQMX

AM 7�+i- KQiBp�i2/ #v bTBM ;H�bb2b- i?2 `2H�t�iBQM iBK2 Ur?B+? Bb `2H�i2/ iQ i?2 KBtBM; iBK2V Q7 � `�M/QK r�HF

QM � bBi2 T2`+QH�i2/ ?vT2`+m#2 ?�b #22M bim/B2/ #Qi? 2tT2`BK2Mi�HHv �M/ i?2Q`2iB+�HHv (RR8)X Ai Bb 7QmM/ i?�i i?2

`2H�t�iBQM iBK2 Bb 2tTQM2MiB�H r?2M p ą 1{2 �M/ i?�i i?2 #2?�pBQ` b?B7ib iQ � bi`2i+?2/ 2tTQM2MiB�H rBi? 2tTQM2Mi

1{3 r?2M 1{n ă p ă 1{2X "Qi? `2;BK2b bm;;2bi i?�i i?2 KBtBM; iBK2 Q7 � `�M/QK r�HF b?QmH/ #2 7�bi U�Hi?Qm;? 7�bi2`

r?2M p ą 1{2V #2+�mb2 Q7 i?2 ?B;?@/BK2MbBQM�HBiv Q7 bT�+2X

q?BH2 i?2b2 `2bmHib �`2 bm;;2biBp2- i?Bb KQ/2H Q7 /BbQ`/2` T`2b2Mib �//BiBQM�H i2+?MB+�H +?�HH2M;2b �b i?2 bi�i2 bT�+2

Q7 i?2 Kmi�iBQM T`Q+2bb +?�M;2b �7i2` T2`+QH�iBQMX J�Mv Q7 i?2 i2+?MB[m2b 7Q` J�`FQp +?�BMb i?�i +QMi`QH i?2 2z2+ib

Q7 T2`im`#�iBQM- �bbmK2 i?2 T2`im`#2/ +?�BM ?�b i?2 b�K2 bi�i2 bT�+2 Ub22 h?2Q`2K kXkj 7Q` 2t�KTH2VX

LQi2 i?�i i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 � `�M/QK r�HF QM i?2 bBi2 T2`+QH�i2/ ?vT2`+m#2 +�M #2 +QMi`QHH2/ BM i?2

b�K2 r�v �b r2 /B/ BM 1[m�iBQM U*XyXjVX

kX8XeX Pi?2` bm#;`�T?b Q7 i?2 ?vT2`+m#2X AM i?Bb bm#b2+iBQM- r2 ?B;?HB;?i bQK2 p2`v BMi2`2biBM; rQ`F i?�i

bim/B2b i?2 KBtBM; iBK2 Q7 � `�M/QK r�HF QM � bm#b2i Q7 i?2 ?vT2`+m#2X AM i?2 T`2pBQmb bm#b2+iBQM- r2 /B/ 2t�+iHv

i?�i- #mi 7Q` � `�M/QK bm#b2i Q7 i?2 ?vT2`+m#2X Pm` #BQHQ;B+�H KQiBp�iBQM 7Q` i?Bb r�b iQ TQBMi Qmi i?�i bQK2

;2MQivT2b �`2 BMpB�#H2 �M/ i?�i +?QQbBM; i?2 pB�#H2 ;2MQivT2b mMB7Q`KHv �M/ BM/2T2M/2MiHv �i `�M/QK K�i+?2/ i?2

bi�iBbiB+�H ;2QK2i`B+ T`QT2`iB2b 7`QK 2tT2`BK2MibX >Qr2p2`- r2 +QmH/ BMbi2�/ ?�p2 mb2/ bQK2 /2i2`KBMBbiB+ +`Bi2`B� iQ

+?QQb2 i?2b2 pB�#H2 ;2MQivT2bX h?Bb rQmH/ i?2M bT2+B7v i?2 bm#b2i Q7 i?2 ?vT2`+m#2 Qm` `�M/QK r�HF rQmH/ r�HF QMX

6Q` 2t�KTH2- (RRe) mb2 � KQ/2H 7Q` ?Qr _L� b2[m2M+2b 7QH/ iQ T`Q/m+2 b2+QM/�`v bi`m+im`2- i?2M �M _L� b2[m2M+2

Bb +QMbB/2`2/ pB�#H2 B7 Bi ?�b � bT2+B}+ b2+QM/�`v bi`m+im`2X LQi2 i?�i i?Bb +`Bi2`BQM Bb /2i2`KBMBbiB+X

Ai Bb MQi +H2�` BM ;2M2`�H r?�i ivT2b Q7 +`Bi2`B� �`2 #BQHQ;B+�H `2�HBbiB+- #mi (RRd) ;Bp2b �M BMi2`2biBM; 2t�KTH2 7`QK

+QKTmi2` b+B2M+2X h?2 FM�Tb�+F T`Q#H2K Bb � +H�bbB+�H T`Q#H2K BM +QK#BM�iQ`B�H QTiBKBx�iBQM (RR3)X AK�;BM2 vQm

?�p2 � FM�Tb�+F r?Qb2 +�T�+Biv Bb HBKBi2/ #v � K�tBKmK r2B;?i W X h?2M- ;Bp2M � HBbi Q7 n Bi2Kb 2�+? rBi? � r2B;?i

wi �M/ p�Hm2 vi- }M/ i?2 +QK#BM�iBQM Q7 Bi2Kb i?�i +�M }i BM i?2 FM�Tb�+F i?�i ?�b K�tBKmK p�Hm2X J�i?2K�iB+�HHv-
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i?2 K�tBK�H bm#b2i M Ď !n" Bb /2}M2/

M :“ argmaxSĎ!n"

#
ÿ

iPS
vi :

ÿ

iPS
wi ď W

+
. UkX8Xj8V

P#pBQmbHv- �Mv bm#b2i S +�M #2 `2T`2b2Mi2/ #v i?2 TQBMi p1p1 P Sq, . . . ,1pn P Sqq QM i?2 ?vT2`+m#2- �M/ r2 +�M

+QMbB/2` i?2 bm#b2i Q7 i?2 ?vT2`+m#2 +QMi�BMBM; �HH TQBMib i?�i /Q MQi pBQH�i2 i?2 r2B;?i +QMbi`�BMiX

q?BH2 i?2 FM�Tb�+F T`Q#H2K Bb +QKTmi�iBQM�HHv /B{+mHi- �M 2{+B2Mi `�M/QKBx2/ �H;Q`Bi?K Bb 7QmM/ mbBM; � bBKTH2

J2i`QTQHBb +?�BM (ed)X J2i`QTQHBb +?�BMb i�F2 � +m``2Mi bQHmiBQM �b i?2B` +m``2Mi bi�i2- i?2M `�M/QKHv b�KTH2 TQbbB#H2

M2B;?#Q`BM; bQHmiBQMb i?�i �// Q` `2KQp2 QM2 Bi2K 7`QK i?2 FM�Tb�+F- �M/ i?2M i?2v i`�MbBiBQM iQ i?Bb M2B;?#Q`BM;

bi�i2 B7 Bi /Q2b MQi pBQH�i2 i?2 r2B;?i +QMbi`�BMiX "2+�mb2 �Mv bQHmiBQM +�M #2 i`�Mb7Q`K2/ BMiQ �Mv Qi?2` bQHmiBQM #v

�//BM; �M/ `2KQpBM; QM2 Bi2K �i � iBK2- �M/ #2+�mb2 i?2 J2i`QTQHBb +?�BM Bb bvKK2i`B+- i?2 bi�iBQM�`v /Bbi`B#miBQM

Bb mMB7Q`K QM i?2 b2i Q7 TQbbB#H2 bQHmiBQMb iQ i?2 FM�Tb�+F T`Q#H2KX h?mb- r2 +�M b�KTH2 �TT`QtBK�i2Hv mMB7Q`KHv

7Q` i?2 b2i Q7 TQbbB#H2 bQHmiBQMb iQ i?2 FM�Tb�+F T`Q#H2KX h?2 2{+B2M+v Q7 i?2 `�M/QKBx2/ �H;Q`Bi?K Bb i?2M HBMF2/

iQ ?Qr [mB+FHv i?2 +?�BM KBt2bX h?Bb KQiBp�i2b JQ``Bb �M/ aBM+H�B`Ƕb bim/v Q7 i?2 KBtBM; iBK2 (RRd)X aB;MB}+�MiHv-

i?2 KBtBM; iBK2 Bb 7QmM/ iQ #2 Opn9{2`εq 7Q` �Mv ε ą 0- r?B+? K2�Mb i?2 +?�BM KBt2b `�TB/HvX

h?Bb #QmM/ QM i?2 KBtBM; iBK2 2ti2M/b iQ �Mv ?vT2`TH�M2 QM i?2 ?vT2`+m#2X aQ �Mv #BQHQ;B+�H +`Bi2`B� i?�i +�M #2

/2b+`B#2/ #v � ?vT2`TH�M2 QM i?2 ?vT2`+m#2 T`Q/m+2 � b2i Q7 pB�#H2 ;2MQivT2b i?�i ?�p2 `�TB/ KBtBM;X 6Q` 2t�KTH2-

� ?vT2`TH�M2 Bb 7Q`K2/ B7 r2 BK�;BM2 i?2 +QQ`/BM�i2b Q7 i?2 ?vT2`+m#2 `2T`2b2MiBM; i?2 T`2b2Mib Q7 � ;2M2- 2�+? Q7

r?B+? BM+`2�b2 }iM2bb �//BiBp2Hv- �M/ bT2+B7v i?�i � ;2MQivT2 Bb pB�#H2 B7 Bib }iM2bb 2t+22/b � ;Bp2M p�Hm2X

kXeX 6BiM2bb

h?2 Tm`TQb2 Q7 i?Bb b2+iBQM Bb iQ /Bb+mbb ?Qr iQ �bbB;M � MQMM2;�iBp2 `2�H MmK#2`- +�HH2/ }iM2bb- iQ 2�+? ;2MQivT2

BM � ;2MQivT2 bT�+2 (RRN)X h?Bb B/2� ;Q2b #�+F �i H2�bi iQ q`B;?i (Rky- RkR)X q2 T�v bT2+B�H �ii2MiBQM ?2`2 iQ i?2

+�b2 r?2`2 }iM2bb i�F2 p�Hm2b BM t0, 1u iQ /BbiBM;mBb? #2ir22M pB�#H2 �M/ BMpB�#H2 ;2MQivT2b UQ` M2mi`�H `2;BQMb BM

;2MQivT2 bT�+2V (RRk)X

q2 �`2 BKT2HH2/ iQ BMi`Q/m+2 }iM2bb2b- �b i?2b2 p�Hm2b �`2 i?2 �p2Mm2 #v r?B+? b2H2+iBQM 2Mi2`b BMiQ KQ/2Hb Q7

2pQHmiBQM�`v /vM�KB+b �M/ bQ �`2 M2+2bb�`v iQ /2p2HQT i?2 KQ/2Hb BM *?�Ti2`b j �M/ 8X �ii2KTiBM; iQ K�F2 b2Mb2

Q7 }iM2bb #BQHQ;B+�HHv �M/ T?BHQbQT?B+�HHv Bb +?�HH2M;BM;- �M/ r2 /Bb+mbb bQK2 Q7 i?2b2 +?�HH2M;2b ?2`2 (kj)X >Qr2p2`-
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i?BMFBM; �#Qmi i?2 MQiBQM Q7 }iM2bb BM #BQHQ;B+�H 2t�KTH2b b2`p2b iQ KQiBp�i2 �M/ 7Q`K Bi �b � T�`�K2i2` BM Qm`

KQ/2HbX AM/22/- K�i?2K�iB+�H KQ/2Hb T`QpB/2 i?2 +H2�`2bi r�v iQ /2}M2 � +Q?2`2Mi MQiBQM Q7 }iM2bbX

AM i?2 BMi`Q/m+iBQM Q7 i?Bb b2+iBQM- r2 p�;m2Hv K2MiBQM2/ i?�i }iM2bb /2b+`B#2b i?2 �p2`�;2 `�i2 �i r?B+? � ;2MQivT2

Bb `2THB+�i2/ BM i?2 TQTmH�iBQM Q7 ;2MQivT2b i?�i Qm` 2pQHmiBQM�`v T`Q+2bb Bb i`�+FBM;X q?�i /2i2`KBM2b i?Bb `�i2\

aQ 7�` r2 ?�p2 QMHv +QMbB/2`2/ ;2MQivT2b bvMi�+iB+�HHvěH�#2HBM; i?2K �M/ /Bb+mbbBM; ?Qr i?2v `2H�i2 iQ 2�+? Qi?2`

;2QK2i`B+�HHv i?`Qm;? Kmi�iBQMX hQ /Bb+2`M KQ`2 �#Qmi }iM2bb- r2 Kmbi +QMbB/2` ;2MQivT2b b2K�MiB+�HHvX q2 Kmbi

i?BMF +�`27mHHv �#Qmi i?2 K2+?�MBbKb i?�i �+im�HHv `2THB+�i2 i?2 ;2MQivT2bX

*QMbB/2` i?2 7QHHQrBM; bBKTH2 2tT2`BK2Mi i?�i r2 mb2 iQ rQ`F i?`Qm;? i?2 B/2� Q7 }iM2bb �b �p2`�;2 `�i2 Q7

`2THB+�iBQMX AK�;BM2 � S2i`B /Bb? 7mHH Q7 #�+i2`B� �M/ bQK2 K2/B� +QMi�BMBM; 2MQm;? Mmi`B2Mib 7Q` i?2 #�+i2`B� iQ

bm`pBp2X AM i?Bb 2tT2`BK2Mi- r2 i`�+i i?2 ;2MQivT2b Q7 �HH i?2 #�+i2`B� BM i?2 /Bb?X q?2M � #�+i2`BmK mM/2`;Q2b +2HH

/BpBbBQM Bi K�F2b � +QTv Q7 Bib .L�X qQ`FBM; #�+Fr�`/b 7`QK i?Bb 2p2Mi- r2 b22 i?2 K2+?�MBbK 7Q` i?Bb +QTvBM; Bb

/2i2`KBM2/ #v i?2 #�+i2`BmKǶb T?2MQivT2- i?�i Bb- �HH Q7 Bib T?vbBQHQ;B+�H- #2?�pBQ`�H- �M/ #BQ+?2KB+�H T`QT2`iB2b �M/

i`�BibX h?BMF Q7 ?Qr +2HH /2pBbBQM Bb BMBiB�i2/ #v � +QKTH2t BMi2`�+iBQM Q7 `2;mH�iQ` M2irQ`Fb- Q` +QMbB/2` i?2 T?vbB+�H

K�MM2` BM r?B+? .L� biQ`2b i?2 ;2MQivT2 �M/ T`QpB/2b � bT2+B}+ K2+?�MBbK 7Q` Bib `2THB+�iBQM pB� Bib /Qm#H2 ?2HB+�H

bi`m+im`2X "Qi? �`2 T�`i Q7 i?2 T?2MQivT2X q2 KB;?i 2p2M /2}M2 i?2 T?2MQivT2 �b i?2 K2+?�MBbK i?�i `2T`Q/m+2b

i?2 ;2MQivT2X h?Bb K2+?�MBbK KB;?i /Q K�Mv Qi?2` i?BM;b i?�i �`2 b22KBM;Hv mM`2H�i2/ iQ `2THB+�iBQM- #mi 7`QK i?2

T2`bT2+iBp2 Q7 KQ/2HBM; 2pQHmiBQM i?2v �`2 B``2H2p�MiX �HH r2 �`2 +QM+2`M2/ rBi? Bb ?Qr i?2 T?2MQivT2 +�mb2b i?2

`2T`Q/m+iBQM Q7 Bib ;2MQivT2X

aQ i?2 T?2MQivT2 /Q2b i?2 +QTvBM;- #mi i?2 ;2MQivT2 T`QpB/2b i?2 ?2`Bi�#H2 BMbi`m+iBQMb 7Q` i?2 T?2MQivT2X _2@

im`MBM; iQ Qm` 2t�KTH2- i?2 #�+i2`B� M22/ 2M2`;v iQ /Q rQ`F �M/ i?2v ;2i i?Bb 2M2`;v #v HB#2`�iBM; Bi 7`QK i?2 K2/B�

rBi? +?2KB+�H `2�+iBQMbX h?2b2 +?2KB+�H `2�+iBQMb �`2 +�i�Hvx2/ #v T`Qi2BMb i?�i �`2 i`�MbH�i2/- pB� _L�- 7`QK i?2

#�+i2`B�H .L� U�b 2tTH�BM2/ BM i?2 +2Mi`�H /Q;K� Q7 KQH2+mH�` #BQHQ;vVX h?`Qm;? � KmHiBim/2 Q7 BMi2`�+iBQMb Q7 i?Bb

ivT2- i?2 ;2MQivT2 BM~m2M+2b Bib QrM `2THB+�iBQM- #mi }iM2bb Bb QMHv � 7mM+iBQM Q7 ;2MQivT2 i?`Qm;? i?2 T?2MQivT2

�M/ MQi /B`2+iHvX

.2bTBi2 i?2 ;2MQivT2 T`QpB/BM; BMbi`m+iBQMb 7Q` i?2 T?2MQivT2- Bi /Q2b MQi +QKTH2i2Hv /2i2`KBM2 BiX h?2 T?2MQivT2

Bb �HbQ BM~m2M+2/ #v i?2 2MpB`QMK2MiX h?mb- Q`;�MBbKb rBi? B/2MiB+�H ;2MQivT2b +�M ?�p2 /Bz2`2Mi T?2MQivT2b- 2Bi?2`

/m2 iQ p�`B�iBQM BM i?2 2MpB`QMK2Mi Q` MQBb2 BM ?Qr i?2 ;2MQivT2 Bb i`�MbH�i2/ BMiQ i?2 T?2MQivT2X 6Q` 2t�KTH2-

i?2 T`Qi2BMb i?�i Qm` #�+i2`B� T`Q/m+2 K�v 7QH/ /Bz2`2MiHv �b i?2 i2KT2`�im`2 Q7 i?2 K2/B� +?�M;2bX h�FBM; i?Bb iQ
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�M 2ti`2K2- B7 i?2 i2KT2`�im`2 Bb ?B;? 2MQm;?- MQ #�+i2`B� +�M bm`pBp2 H2i �HQM2 `2THB+�i2X aQ }iM2bb �HbQ /2T2M/b

QM i?2 2MpB`QMK2Mi�H +QMi2tiX .Q2b i?Bb K2�M r2 �`2 �bbmKBM; p�`B�#H2b BM i?2 2MpB`QMK2Mi HBF2 i2KT2`�im`2 �`2

+QMbi�Mi Qp2` i?2 iBK2b+�H2b BM Qm` KQ/2Hb\ P`- �b r2 �`2 i�HFBM; �#Qmi �p2`�;2 }iM2bb- �`2 r2 �#H2 iQ �p2`�;2

Qp2` +?�M;2b BM i?2 2MpB`QMK2Mi Qp2` iBK2\ >Qr2p2`- i?2 2MpB`QMK2Mi p�`B2b 2p2M QM KB+`Qb+QTB+ b+�H2bX h?2

#�+i2`B� �i i?2 2/;2 Q7 � ;`QrBM; +QHQMv KB;?i `2THB+�i2 7�bi2` #2+�mb2 Q7 BM+`2�b2/ �p�BH�#BHBiv Q7 Mmi`B2Mib �M/

#2ii2` �++2bb iQ bT�+2 7Q` /BpBbBQMX �;�BM- �`2 r2 �p2`�;BM; Qp2` i?2b2 bT�iB�H p�`B�iBQMb r?2M r2 /2b+`B#2 }iM2bb\ A7

r2 +QMbB/2` i?2 +QKTQbBiBQM Q7 i?2 TQTmH�iBQM �b T�`i Q7 i?2 2MpB`QMK2Mi- i?2M Bi Bb 2�bv iQ BK�;BM2 i?�i i?Bb KB;?i

�HbQ �z2+i }iM2bbX a�v bQK2 #�+i2`B� ?�p2 � Kmi�iBQM i?�i K2�Mb i?2v +�M K2i�#QHBx2 � r�bi2 T`Q/m+i 7`QK i?2

K2i�#QHB+ +v+H2 Q7 i?2 rBH/@ivT2 #�+i2`B�X AM i?Bb +�b2- i?2 �#mM/�M+2 Q7 i?2 rBH/@ivT2 #�+i2`B� +QmH/ BM+`2�b2 i?2

}iM2bb Q7 i?2 Kmi�i2/ #�+i2`B�X Ab i?Bb p�`B�iBQM BM 7`2[m2M+v bQK2i?BM; i?�i +�M #2 �++QmMi2/ 7Q` #v �p2`�;BM; iQQ\

aT2+B}+�HHv- i?2 [m2biBQM Bb +�M i?2 T?2MQK2M� r2 r�Mi iQ /2b+`B#2 #2 +�Tim`2/ BM � KQ/2H r?2`2 }iM2bb /Q2b MQi

/2T2M/ QM bm+? p�`B�iBQMb Q` #mM/H2b i?2K iQ;2i?2` BM bQK2 +QKTH2t r�v\ h?2 2tBbi2M+2 Q7 KQ/2Hb rBi? +?�M;BM;

2MpB`QMK2Mib (Rkk)- bi`m+im`2/ TQTmH�iBQMb Ub22 *?�Ti2` eV (Rkj-Rk9)- �M/ 7`2[m2M+v /2T2M/2Mi b2H2+iBQM (Rk8) bm;;2bi

i?�i i?2`2 �`2 BKTQ`i�Mi T?2MQK2M� i?�i �`2 MQiX

h?2 T`Q#H2Kb r2 ?�p2 /2b+`B#2/ �#Qp2 `2H�i2 iQ r?�i }iM2bb +�M �M/ +�MMQi BM+Q`TQ`�i2- �M/ ?Qr- �b Bib Tm`pB2r

2tT�M/b- Bi #2+QK2b KQ`2 Q#b+m`2 �M/ H2bb BMi2`T`2i�#H2ě�HKQbi iQ i?2 TQBMi Q7 K2�MBM;H2bbM2bb Q` i�miQHQ;vX "v

�HH �++QmMib- }iM2bb b22Kb mM/2i2`KBM2/ #v i?2 ;2MQivT2- #mi T2`?�Tb Bi +�M #2 b�Hp�;2/ �b � `2H�iBp2 `�i?2` i?�M

�M �#bQHmi2 +QM+2TiX AM KQ/2Hb i?�i +QMbB/2` +QKT2iBiBQM #2ir22M irQ ;2MQivT2b i?�i /Bz2` BM bQK2 bK�HH r�v �M/

�`2 Qi?2`rBb2 2[m�H Ub22 JQ`�M T`Q+2bb BM a2+iBQM jXR �M/ q`B;?i@6Bb?2` T`Q+2bb BM a2+iBQM jXkV- }iM2bb BMimBiBp2Hv

b22Kb QM }`K2` ;`QmM/X AM i?2b2 KQ/2Hb- r2 /Q MQi i?BMF Q7 i?Bb /Bz2`2M+2 BM ;2MQivT2 �b `�/B+�HHv �z2+iBM; i?2

K2+?�MBbK Q7 `2THB+�iBQM- QMHv Bib `�i2X q2 �bbmK2 i?�i i?Bb /Bz2`2M+2 BM `�i2 Bb +QMbBbi2Mi Qp2` �HH i?2 +?�M;2b BM

2MpB`QMK2Mi i?�i r2 QmiHBM2/ �#Qp2- �M/ #2+�mb2 i?2 +?�M;2 BM ;2MQivT2 Bb bK�HH- Qm` +2i2`Bb T�`B#mb �bbmKTiBQM

b22Kb `2�bQM�#H2X >Qr2p2`- 7Q` KQ/2Hb i?�i i`v iQ +�Tim`2 HQM;2` iBK2b+�H2b- r?2`2 2pQHmiBQM Bb 2tTHQ`BM; � p�bi

;2MQivT2 bT�+2 �M/ Qm` �BK Bb iQ i�HF �#Qmi K�DQ` 2pQHmiBQM�`v /2p2HQTK2Mib BM i?2 T?2MQivT2 Ub22 Q`B;BM@}t�iBQM

KQ/2Hb BM *?�Ti2` 8V- i?2 +2i2`Bb T�`B#mb �bbmKTiBQM +�MMQi #2 DmbiB}2/ #v i?2 b�K2 �`;mK2MiX

h?2b2 T`Q#H2Kb ?�p2 H2�/ bQK2 iQ bm;;2bi i?2 MQiBQM Q7 }iM2bb Kmbi #2 `2pBb2/ (Rke-Rkd)X >Qr2p2`- Bi Bb /B{+mHi

iQ FMQr ?Qr Bi +�M #2 `2TH�+2/ BM Qm` KQ/2Hb Q7 2pQHmiBQM�`v /vM�KB+bX 1p2M KQ/2Hb i?�i �//`2bb ?Qr }iM2bb

/2T2M/b QM Bib 2MpB`QMK2Mi�H +QMi2ti biBHH ?�p2 bQK2 T�`�K2i2` i?�i +QMi`QHb i?2 `�i2 Q7 `2THB+�iBQM BM bQK2 r�vX
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h?2 �Hi2`M�iBp2 iQ }iM2bb- Q7 KQ/2HBM; i?2 r?QH2 K2+?�MBbK Q7 `2T`Q/m+iBQM- b22Kb mMHBF2Hv iQ H2�/ iQ i`�+i�#H2

KQ/2HbX S2`?�Tb }iM2bb b?QmH/ #2 i?Qm;?i Q7 �b � FBM/ Q7 2K2`;2MB+ T`QT2`ivě�M�HQ;QmbHv iQ ?Qr �iQKb /Q MQi QM

i?2B` QrM ?�p2 i?2 T`QT2`iB2b Q7 ~mB/b- #mi ?Qr i?2B` #2?�pBQ` Bb r2HH T`2/B+i2/ BM i?2 �;;`2;�i2 BM +2`i�BM bBim�iBQMb

#v 2[m�iBQMb i?�i +QMi�BM i2`Kb HBF2 pBb+QbBivX lHiBK�i2Hv- i?2 `QH2 Q7 }iM2bb BM i?2b2 KQ/2Hb rBHH #2 DmbiB}2/ #v r?�i

i?2v i2HH mb �#Qmi 2pQHmiBQMX

Pm` /Bb+mbbBQM ?�b K�/2 i?2 �bbmKTiBQMb i?�i ;Q BMiQ KQ/2Hb Q7 2pQHmiBQM�`v /vM�KB+b KQ`2 �TT�`2Mi �M/ �HbQ

H2�/ mb iQ bQK2 BKTQ`i�Mi +QMbi`�BMib QM }iM2bbX 6B`bi- r2 FMQr i?�i }iM2bb /2T2M/b QM i?2 ;2MQivT2 pB� i?2

T?2MQivT2X a2+QM/- r2 b�r i?�i Bi Bb 2�bB2` iQ mM/2`bi�M/ }iM2bb �b � `2H�iBp2Hv i2`K i?�i +QKT�`2b /Bz2`2M+2b

BM i?2 `�i2 Q7 `2THB+�iBQMX AM i?Bb r�v- r2 /Bb+mbb i?2 2z2+i Q7 � Kmi�iBQM QM }iM2bbX h?2b2 irQ Q#b2`p�iBQMb �`2

2bT2+B�HHv BKTQ`i�Mi 7Q` M2mi`�H 2pQHmiBQMX q2 +�M �`;m2 i?�i B7 ;2MQivTB+ +?�M;2b /Q iQ +?�M;2 i?2 T?2MQivT2- i?Qb2

p�`B�Mib b?QmH/ ?�p2 i?2 b�K2 }iM2bbX J�Mv KQ/2Hb i?�i ;Bp2 bQK2 b2K�MiB+ BMi2`T`2i�iBQM iQ � ;2MQivT2 `2Hv QM

i?Bb �`;mK2Mi- r?B+? T`Qp2b +`m+B�H iQ b�vBM; �Mvi?BM; b2MbB#H2 �#Qmi 2pQHmiBQM QM HQM; iBK2b+�H2bX q2 /Bb+mbb bQK2

Q7 i?2b2 KQ/2Hb MQrX

kXeXRX JQ/2Hb Q7 }iM2bb pB� T?2MQivTB+ 7mM+iBQM�HBivX hQ bi�`i rBi? � p2`v bBKTH2 2t�KTH2- +QMbB/2` � bm#b2@

[m2M+2 Q7 i?2 ;2MQK2 i?�i Bb MQM+Q/BM;- i?�i Bb- � b2[m2M+2 Q7 .L� i?�i Bb M2p2` i`�Mb+`B#2/ BMiQ _L� U�M/ i?mb MQi

i`�MbH�i2/ BMiQ T`Qi2BMVX AKTQ`i�Mi 2t�KTH2b Q7 bm+? bm#b2[m2M+2b BM+Hm/2 Tb2m/Q;2M2bX aBM+2 i?2b2 bm#b2[m2M+2b

�`2 MQi i`�Mb+`B#2/- Bi Bb `2�bQM�#H2 iQ bmTTQb2 i?�i KQbi Kmi�iBQMb BM i?2b2 bm#b2[m2M+2b iQ MQi H2�/ iQ +?�M;2b

BM }iM2bbX AM i?Bb r�v- r2 }M/ � #BQHQ;B+�H KQiBp�iBQM 7Q` � +QKTH2i2Hv M2mi`�H ;2MQivT2 bT�+2 i?�i +QMi�BMb �HH i?2

TQi2MiB�H +QM};m`�iBQMb Q7 i?Bb MQM+Q/BM; bm#b2[m2M+2 Q7 .L�X

AM a2+iBQM kXk- r2 �H`2�/v +QMbB/2`2/ � b2+QM/ bBKTH2 2t�KTH2 BM i?Bb p2BM Q7 M2mi`�H ;2MQivT2 bT�+2bX AM i?Bb

2t�KTH2- � ;2MQivT2 /2b+`B#2/ i?2 Q`/2` Q7 � HBbi Q7 ;2M2b QM � +?`QKQbQK2X �;�BM- Bi Bb `2�bQM�#H2 iQ �bbmK2 i?�i

`2Q`/2`BM; i?2b2 ;2M2b U#mi K�BMi�BMBM; i?2B` +QMi2MiV b?QmH/ ?�p2 MQ Q` p2`v HBiiH2 �z2+i QM }iM2bbX

�b � i?B`/ 2t�KTH2 +QMbB/2` � ;2M2 i?�i ?�b � /mTHB+�i2 +QTv- bQ i?�i i?2 b2+QM/ +QTv Bb 2bb2MiB�HHv `2/mM/�Mi

(R9-Rk3-RkN)X �;�BM r?�i2p2` i?2 2z2+i i?2 }`bi +QTv Q7 i?2 ;2M2 ?�b QM }iM2bb +�M #2 K�BMi�BM r?BH2 i?2 b2+QM/ +QTv

Bb bm#D2+i iQ Kmi�iBQMX *QMbB/2`BM; i?2 b2+QM/ +QTv �b i?2 ;2MQivT2 Bb � 7m`i?2` r�v iQ KQiBp2 � M2mi`�H H�M/b+�T2X

h?2b2 i?`22 2t�KTH2b �`2 7�B`Hv i`BpB�H- #mi i?2`2 �`2 b2p2`�H 2t�KTH2b i?�i mb2 KQ`2 +�`27mH i?Qm;?i �#Qmi ?Qr i?2

;2MQivT2 Bb i`�MbH�i2/ BMiQ i?2 T?2MQivT2X h?2 K�BM �bbmKTiBQM BM i?2b2 2t�KTH2b Bb i?�i }iM2bb- r?B+? Bb /B{+mHi

iQ K2�bm`2 Q` /2}M2- Bb `2H�i2/ iQ bQK2 +QM+`2i2- K2�bm`�#H2 7mM+iBQM- HBF2 +�i�HvxBM; � bT2+B}2/ +?2KB+�H `2�+iBQM Q`
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#BM/BM; bQK2 KQH2+mH2X q?BH2 i?2`2 K�v MQi #2 � /B`2+i BMi2`T`2i�#H2 `2H�iBQMb?BT #2ir22M 7mM+iBQM�HBiv �M/ }iM2bb-

r2 +�M �i H2�bi K�F2 � /BbiBM+iBQM #2ir22M T?2MQivT2b i?�i ?�p2 i?�i 7mM+iBQM�HBiv iQ bQK2 /2;`22 �M/ i?Qb2 i?�i

/Q MQiX

AM Qm` }`bi 2t�KTH2 Q7 i?Bb ivT2- +QMbB/2` � ;2M2 i?�i 2M+Q/2b 7Q` � b2[m2M+2 Q7 �KBMQ �+B/b i?�i 7QH/b BMiQ � T`Qi2BM

i?�i T2`7Q`Kb � T�`iB+mH�` 7mM+iBQM BM i?2 +2HHX h?�i T`Qi2BMǶb 7mM+iBQM UQ` T?2MQivT2V Bb /2i2`KBM2/ #v Bib T?vbB+�H

�M/ +?2KB+�H T`QT2`iB2bX h?2b2 T`QT2`iB2b �`2 b2T�`�i2/ BMiQ i?`22 H2p2Hb, T`BK�`v- b2+QM/�`v- �M/ i2`iB�`v- r?2`2

i?2 7Q`K2` /2i2`KBM2b i?2 bm#b2[m2Mi H2p2HX S`BK�`v bi`m+im`2 +QMbBbib Q7 i?2 b2[m2M+2 Q7 �KBMQ �+B/bX a2+QM/�`v

bi`m+im`2 +QMbBbib Q7 i?2 HQ+�H bi`m+im`2b Q7 i?2 7QH/2/ T`Qi2BM- HBF2 �HT?� ?2HB+2b �M/ #2i� b?22ibX h2`iB�`v bi`m+im`2

Bb i?2 7mHH i?`22@/BK2MbBQM�H b?�T2 Q7 i?2 7QH/2/ T`Qi2BMX

aQ �Mv Kmi�iBQMb i?�i K�BMi�BM i?2b2 T`QT2`iB2b b?QmH/ #2 M2mi`�HX JQH2+mH�` #BQHQ;v i2HHb mb i?�i QM+2 .L� Bb

i`�Mb+`B#2/ iQ _L�- Bi Bb i`�MbH�i2/ BMiQ � bi`BM; Q7 �KBMQ �+B/b i?`22 #�b2 T�B`b �i � iBK2X 1�+? Q7 i?2b2 i?`22 #�b2

T�B`b Bb +�HH2/ � +Q/QM �M/ i?2`2 �`2 43 “ 64 TQbbB#H2 +QK#BM�iBQMb- #mi bBM+2 i?2`2 �`2 QMHv ky �KBMQ �+B/b- i?2`2

�`2 bQK2 +Q/QMb i?�i bT2+B7v i?2 b�K2 �KBMQ �+B/bX AM i?Bb r�v- r2 +�M �`;m2 i?�i Kmi�iBQMb i?�i +?�M;2 QM2 +Q/QM

iQ � bvMQMvKQmb QM2 b?QmH/ #2 M2mi`�H- �b i?2v K�BMi�BM i?2 T`BK�`v bi`m+im`2 Q7 i?2 T`Qi2BM �M/ i?mb �HbQ i?2

?B;? H2p2H T`QT2`iB2b (RjyĜRjj)X q2 +�M i�F2 i?Bb �TT`Q�+? � bi2T 7m`i?2`- �M/ �bF r?�i Bb i?2 b2i Q7 ;2MQivT2b i?�i

i`�MbH�i2 BMiQ T`Qi2BM rBi? � bT2+B}2/ b2+QM/�`v bi`m+im`2\ >Qr �#mM/�Mi �`2 i?2 /Bz2`2Mi b2+QM/�`v bi`m+im`2b BM

;2MQivT2 bT�+2\ q?�i Bb i?2 ;2QK2i`v Q7 i?Bb b2i\

.m2 iQ i?2 K�bbBp2 bBx2 Q7 b2[m2M+2 bT�+2- bim/vBM; i?2b2 [m2biBQMb 2KTB`B+�HHv Bb +?�HH2M;BM;X >Qr2p2`- 2tT2`@

BK2Mib ?�p2 b?QrM i?�i T`Qi2BMb i?�i 7QH/ U`�i?2` i?�M �;;`2;�iBM;V- b?Qr ?2HB+Biv- Q` �`2 bQHm#H2 �`2 �#mM/�Mi BM

b2[m2M+2 bT�+2 (RRR- Rj9- Rj8)X JB`�+mHQmbHv- 2p2M �hS@#BM/BM; T`Qi2BMb +�M #2 7QmM/ #v b�KTHBM; 7`QK � `�M/QK@

b2[m2M+2 HB#`�`v (Rje)X h?Bb Kmbi BM/B+�i2 i?�i i?2 /2MbBiv Q7 bm+? T`Qi2BMb Bb ?B;?- �b B7 i?2 /2MbBiv r2`2 HQr- �M

2tT2`BK2Mi�HHv BM72�bB#H2 MmK#2` Q7 `�M/QK b�KTH2 rQmH/ #2 `2[mB`2/ iQ }M/ QM2X AM/22/- bQK2 2tT2`BK2Mib /Q MQi

bi�`i rBi? mM#B�b2/ `�M/QK T`Qi2BMb- #mi BMbi2�/ bi�`i rBi? � 7mM+iBQMBM; T`Qi2BM �M/ mb2 i�`;2i2/ Kmi�;2M2bBb iQ

2tTHQ`2 ?Qr 7mM+iBQM�HBiv +?�M;2b BM M2B;?#Q`BM; T`Qi2BMb (Rjd-Rj3)X

.m2 iQ i?2 Q#pBQmb 2KTB`B+�H +?�HH2M;2b BM /2�HBM; rBi? bm+? H�`;2 bT�+2b- }M/BM; ;QQ/ T?vbB+�H KQ/2Hb 7Q`

T`2/B+iBM; T`Qi2BM b2+QM/�`v bi`m+im`2 ?�b #22M � T`BQ`BivX aBKTH2 KQ/2Hb Q7 T`Qi2BM 7QH/BM; ?�p2 #22M mb2/ iQ bim/v

i?2 ;2QK2i`B+ T`QT2`iB2b Q7 i?2 b2i Q7 �KBMQ �+B/b i?�i 7QH/ BMiQ � bT2+B}+ bi`m+im`2 (RjN)X lM/2` i?2b2 KQ/2Hb- i?2

b2i Bb 7QmM/ iQ bT`2�/ i?`Qm;?Qmi b2[m2M+2 bT�+2 UMQi +Hmbi2` iQ;2i?2`V rBi? MQ Q#pBQmb b2[m2M+2 ?QKQHQ;v #2ir22M
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T�B`b BM i?2 b2iX >Qr2p2`- /2bTBi2 #2BM; bT`2�/ i?`Qm;?Qmi b2[m2M+2 bT�+2- i?2 bm#b2i 7Q`Kb � M2mi`�H M2iěi?�i Bb-

7Q` 2p2` T�B` Q7 b2[m2M+2b i?2`2 Bb � T�i? Q7 Kmi�iBQMb #2ir22M i?2K i?�i /Q2b MQi H2�p2 i?2 bm#b2iX JQ`2Qp2`- MQM2

Q7 i?2b2 Q#b2`p�iBQMb �TT2�` iQ /2T2M/ QM i?2 bT2+B}+ 7QH/BM; bi`m+im`2 mM/2` +QMbB/2`�iBQMX

JQ`2 +QKTH2t KQ/2Hb Q7 T`Qi2BM 7QH/BM; ?�p2 b?QrM ;`2�i T`Q;`2bb #v 2tTHQBiBM; KmHiBTH2 b2[m2M+2 �HB;MK2Mi

�M/ KQ/2`M K�+?BM2 H2�`MBM; i2+?MB[m2b- rBi? +m``2Mi KQ/2Hb `2�+?BM; Qp2` NyW �++m`�+v BM T`2/B+iBM; b2+QM/�`v

bi`m+im`2 (R9yĜR99)X .2i2`KBMBM; i?2 7mHH i2`iB�`v bi`m+im`2 Q7 T`Qi2BMb 7`QK b2[m2M+2b Bb � MQiQ`BQmbHv /B{+mHi

T`Q#H2K- #mi bi�i2 Q7 i?2 �`i �H;Q`Bi?Kb ?�p2 b?QrM T`QKBb2 (R98ĜR9d)X h?2 +QKTmi�iBQM�H `2bQm`+2b `2[mB`2/ 7Q`

i?2b2 KQ/2Hb Q7i2M K�F2 i?2 /22T 2tTHQ`�iBQM Q7 b2[m2M+2 bT�+2 i?�i Bb `2[mB`2/ iQ /2i2`KBM2 ;2QK2i`B+�H T`QT2`iB2b

/B{+mHiX

aBKBH�` rQ`F ?�b #22M /QM2 QM _L�- r?B+? BMbi2�/ Q7 bBKTHv 2M+Q/BM; 7Q` T`Qi2BMb- +�M ?�p2 7mM+iBQM�H bB;MB}+�M+2

Bib2H7X aBKBH�`Hv- Bi +�M #2 �`;m2/ i?�i i?Bb 7mM+iBQM�HBiv b?QmH/ #2 K2/B�i2/ #v i?2 b2+QM/�`v bi`m+im`2 Q7 i?2 7QH/2/

_L�X a?mbi2` �M/ 6QMi�M�Ƕb rQ`F QM i?Bb iQTB+ Bb 2ti2MbBp2 (Ryd-R93ĜR8R)X h?2v ?�p2 T`Q/m+2/ K�i?2K�iB+�H KQ/2Hb

Q7 _L� b2+QM/�`v bi`m+im`2- r?B+? �`2 H2bb +QKTmi�iBQM�H BMi2MbBp2 i?�M i?Qb2 7Q` T`Qi2BMb- �M/ mb2/ i?2K iQ bim/v

?Qr b2[m2M+2b vB2H/BM; bT2+B}+ b2+QM/�`v bi`m+im`2b �`2 /Bbi`B#mi2/ i?`Qm;?Qmi b2[m2M+2 bT�+2X 6`QK i?2b2 KQ/2Hb-

r2 +�M ;2i BM7Q`K�iBQM �#Qmi i?2 ;2QK2i`v �M/ �#mM/�M+2 Q7 b2+QM/�`v bi`m+im`2b BM b2[m2M+2 bT�+2X hrQ bB;MB}+�Mi

}M/BM;b �`2, URV i?�i i?2 �#mM/�M+2 Q7 b2+QM/�`v bi`m+im`2b b?Qrb � TQr2`@H�r /2+�v, � 72r +QKKQM bi`m+im`2b

�`2 p2`v �#mM/�Mi- �M/ KQbi bi`m+im`2b �`2 [mBi2 `�`2c UkV i?2 ;2QK2i`v Q7 i?2 bm#b2i Q7 b2[m2M+2b rBi? � bT2+B}+

b2+QM/�`v bi`m+im`2 Bb �;�BM /2b+`B#2/ #v � M2mi`�H M2iě2�+? b2[m2M+2 BM i?Bb bm#b2i ?�b M2B;?#Q`b rBi? i?2 b�K2

b2+QM/�`v bi`m+im`2 �M/ b2i Bb +QMM2+i2/ iQ;2i?2` #v bBM;H2 TQBMi Kmi�iBQMb (R8k)X

J2i�#QHB+ `2�+iBQM M2irQ`Fb T`QpB/2 � i?B`/ r�v iQ KQ/2H i?2 `2H�iBQMb?BT #2ir22M i?2 ;2MQivT2- T?2MQivT2- �M/

}iM2bbX h?2 ;2MQivT2 7Q` � K2i�#QHB+ `2�+iBQM M2irQ`F Bb � #BM�`v b2[m2M+2- r?2`2 2�+? #Bi bT2+B}2b i?2 T`2b2M+2

Q` �#b2M+2 Q7 � +�i�HvbBb 7Q` � bT2+B}+ +?2KB+�H `2�+iBQM (RR)X q?2M � +�i�Hvbi Bb T`2b2Mi BM i?2 ;2MQK2- r2 +�M

b�v i?�i `2�+iBQM Bb �p�BH�#H2 iQ i?2 T?2MQivT2X q2 +�M BK�;BM2 �HH i?2 KQH2+mH2b i?�i +�M #2 T`Q/m+2/ 7`QK bQK2

bi�`iBM; bm#bi`�i2b- HBF2 ;Hm+Qb2 Q` 7`m+iQb2- #v +?�BMBM; iQ;2i?2` �p�BH�#H2 `2�+iBQMbX h?2M- 7Q` 2�+? ;2MQivT2- r2 +�M

/2+B/2 r?2i?2` Bi T`Q/m+2b �HH M2+2bb�`v #BQKQH2+mH2b �M/ Bb i?mb � pB�#H2 ;2MQivT2X AM i?Bb r�v- r2 +�M b2T�`�i2 i?2

;2MQivT2 bT�+2 BMiQ irQ /BbDQBMi bm#b2ib Q7 pB�#H2 �M/ BMpB�#H2 ;2MQivT2b 7Q` 2�+? bi�`iBM; bm#bi`�i2X h?2 pB�#BHBiv Q7

� K2i�#QHB+ `2�+iBQM M2irQ`Fb QM � bm#bi`�i2 Bb Bib T?2MQivT2X q�;M2` ?�b 2tTHQ`2/ i?Bb KQ/2H rBi? � `�M/QK r�HF

iQ M2B;?#Q`BM;- pB�#H2 b2[m2M+2b �M/ /Bb+Qp2`2/ K�Mv BMi`B;mBM; T`QT2`iB2b (RyN- RRy- R8j- R89)X h?2v }M/ i?�i KQbi
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`2�+iBQMb +�M #2 bm#biBimi2/- p2`v /Bz2`2Mi ;2MQivT2b +�M #2 pB�#H2 QM i?2 b�K2 bm#bi`�i2- �M/ i?�i i?2 Kmi�iBQM�H

M2B;?#Q`?QQ/ Q7 KQbi b2[m2M+2b +QMi�BMb K�Mv /Bz2`2Mi T?2MQivT2bX h?2 ;2QK2i`v Q7 i?2 bm#b2i Q7 pB�#H2 b2[m2M+2b

Bb �HbQ 7�b+BM�iBM;, Bi ?�b i?2 b�K2 M2mi`�H M2i bi`m+im`2 �b /2b+`B#2/ �#Qp2 7Q` _L�- i?2 K2�M �M/ K�tBKmK

/Bbi�M+2 Q7 T�B`b Q7 b2[m2M+2b 7`QK i?2 bT�+2 �`2 +HQb2 iQ i?Qb2 bi�iBbiB+b 7Q` TQBMib 7`QK i?2 r?QH2 bT�+2- �M/ i?2

pB�#H2 bm#b2i Bb bT`2�/ i?`Qm;?Qmi b2[m2M+2 bT�+2ěMQi +Hmbi2`2/ iQ;2i?2`X

h�F2M iQ;2i?2`- �HH Q7 i?2b2 2t�KTH2b Q7 i?2 `2H�iBQMb?BT #2ir22M ;2MQivT2 �M/ T?2MQivT2 BM7Q`K Qm` 2tT2+i�iBQMb

Q7 i?2 7mM+iBQM F �M/ ?Qr r2 b?QmH/ BMi`Q/m+2 Bi BMiQ Qm` KQ/2HbX AM T�`iB+mH�`- r2 ?�p2 ?B;?HB;?i2/ bQK2 Q#b2`p�iBQMb

�#Qmi i?2 ;2QK2i`v Q7 M2mi`�H `2;BQMb Q7 ;2MQivT2 bT�+2ěQ` �i H2�bi `2;BQMb r?2`2 }iM2bb Bb QMHv p�`vBM; r2�FHvX

q2 MQr im`M iQ bQK2 bi�iBbiB+�H KQ/2Hb i?�i i`v iQ `2THB+�i2 bQK2 Q7 i?2b2 Q#b2`p2/ T`QT2`iB2b rBi?Qmi `2HvBM; QM

+QKTH2t r�vb Q7 /2i2`KBMBM; }iM2bb Q` pB�#BHBiv #v KQ/2HBM; i?2 T?2MQivT2 (R88)X

kXeXkX ai�iBbiB+�H KQ/2Hb Q7 }iM2bbX AM i?Bb bm#b2+iBQM- r2 #`B2~v ?B;?HB;?i bQK2 `�M/QK KQ/2Hb 7Q` i?2 7mM+iBQM

F i?�i ?�p2 #22M /2p2HQT2/ 7Q` Γ “ !κ"n (jk-RRN)X P7i2M i?2 Tm`TQb2 Q7 `�M/QKBxBM; i?2 7mM+iBQM F - Bb i?�i Bb �HHQrb

mb iQ /Bb+Qp2` T`QT2`iB2b Q7 2pQHmiBQM i?�i ?QH/ BM ;2M2`�H Q` �`2 ǳivTB+�HXǴ h?2 LE KQ/2H Bb T`Q#�#Hv i?2 KQbi r2HH

FMQrM- r?B+? T`QpB/2b � r�v Q7 T�`�K2i2`BxBM; i?2 `m;;2/M2bb �M/ +Q``2H�iBQMb BM F (9e)X "`B2~v- i?2 }iM2bb Q7 �

b2[m2M+2 α Bb ;Bp2M #v i?2 bmK Q7 i?2 }iM2bb Q7 2�+? Q7 Bib +QQ`/BM�i2b

Fpαq :“
nÿ

i“1

fipαpiq;αpi1q, . . . ,αpiKqq, UkXeXRV

r?2`2 i?2 p�Hm2b Q7 i?2 7mM+iBQM fi �`2 b�KTH2/ BM/2T2M/2MiHv 7`QK bQK2 /Bbi`B#miBQMX LQi2 i?�i fi i�F2b K Qi?2`

+QQ`/BM�i2b Q7 α �b �M �`;mK2MibX "v BM+`2�bBM; K- i?2 `m;;2/M2bb Q7 i?2 H�M/b+�T2 +�M #2 BM+`2�b2/X h?2 LE KQ/2H

?�b T`Qp2/ T�`iB+mH�`Hv BKTQ`i�Mi BM i?2 +�b2 Q7 bi`QM; b2H2+iBQM �M/ H�`;2 }iM2bb /Bz2`2M+2b #2ir22M ;2MQivT2b- r?B+?

+QMi`�bib rBi? i?2 #BQHQ;B+�H KQiBp�iBQMb r2 /2b+`B#2/ BM am#b2+iBQM kXeXRX AM i?Bb `2;BK2- 2pQHmiBQM i�F2b QM � KQ`2

/2i2`KBMBbiB+ +?�`�+i2` +�HH2/ �/�TiBp2 r�HFb- r?2`2 }iM2bb BM+`2�b2b �i 2�+? bi2TX aQ i?2 MmK#2` �M/ #�bBM Q7

�ii`�+iBQM Q7 i?2 HQ+�H QTiBK� Q7 F �`2 � T�`iB+mH�`Hv BKTQ`i�Mi Q#D2+i Q7 bim/vX

AM +QMi`�bi- i?2 i?2Q`v Q7 ?QH2v H�M/b+�T2b T`QpB/2b � KQ/2H 7Q` M2mi`�H `2;BQMb Q7 }iM2bb (RRj-RR9)X AM i?Bb KQ/2H-

Fpαq „ "2`Mppq UkXeXkV

BM/2T2M/2MiHv �i `�M/QKX LQi2 i?Bb Bb 2t�+iHv i?2 K2i?Q/ r2 /2b+`B#2 iQ /BbQ`/2` � ;2MQivT2 bT�+2 BM am#b2+iBQM
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6B;m`2 kXR, JQbiHv M2mi`�H H�M/b+�T2b #v i`mM+�iBM; }iM2bbX

kX8X8X q2 +�M �HbQ BMi2`T`2i i?Bb H�M/b+�T2 �b � i`mM+�iBQM Q7 i?2 LE KQ/2H r?2M N “ K, H2i F̃ #2 ;Bp2M #v i?2 LE

KQ/2H- i?2M

Fpαq “ 1
´
F̃pαq ě c

¯
UkXeXjV

7Q` bQK2 c ą 0X .2bTBi2 Bib bBKTHB+Biv- i?Bb KQ/2H +�M `2THB+�i2 K�Mv Q7 i?2 bi�iBbiB+�H �M/ ;2QK2i`B+ T`QT2`iB2b r2

QmiHBM2/ �#Qp2 7Q` }iM2bb H�M/b+�T2b i?�i /2`Bp2/ 7`QK bQK2 FBM/ Q7 7mM+iBQM�HBivX aT2+B}+�HHv- r2 +�M `2T`Q/m+2

+QMM2+i2/- M2mi`�H M2ibX >Qr2p2`- MQi �HH T`QT2`iB2b +�M #2 `2T`Q/m+2 BM i?Bb r�v (Ryd)X AM T�`iB+mH�`- }iM2bb2b �`2

mM+Q``2H�i2/ BM ?QH2v H�M/b+�T2b- r?B+? /Q2b MQi �;`22 rBi? Qm` FMQrH2/;2 Q7 #BQHQ;vX q2 +�M biBHH ?QT2 iQ H2�`M

bQK2i?BM; 7`QK i?2b2 H�M/b+�T2b- �b Q7i2M BM/2T2M/2M+2 �bbmKTiBQM �`2 M2+2bb�`v 7Q` �M�HvbBb �M/ ;Bp2 i?2 b�K2

`2bmHib �b KQ/2Hb rBi? r2�F bQm`+2b Q7 +Q``2H�iBQM /m2 iQ bQK2 mMBp2`b�HBiv (R8eĜR83)X AM *?�Ti2` 8- r2 mb2 � `2H�i2/

KQ/2H iQ bim/v 2pQHmiBQM QM HQM; iBK2b+�H2bX LQi2 i?�i /vM�KB+b QM i?2b2 ?QH2v H�M/b+�T2 ?�p2 #22M +QMbB/2`2/

#27Q`2 BM (R8NĜReR)X
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kXdX PM2@/BK2MbBQM�H T`QD2+iBQMb

q?BH2 i?2 ?vT2`+m#2 ?�b K�Mv MB+2 T`QT2`iB2b- Bib ?B;?@/BK2MbBQM�HBiv +�M K�F2 Bi /B{+mHi iQ �M�Hvx2 BM bQK2 +�b2bX

JQ`2Qp2`- 7Q` bQK2 [m2biBQMb- Bi Bb MQi BKTQ`i�Mi iQ FMQr i?2 +QKTH2i2 ;2MQivT2 b2[m2M+2- #mi QMHv � bmKK�`v

bi�iBbiB+ Q7 BiX 6Q` 2t�KTH2- b�v r2 �`2 BMi2`2bi2/ BM ?Qr HQM; Bi i�F2 iQ `2�+? � T�`iB+mH�` ;2MQivT2 BM i?2 bT�+2 BM

i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb U/2MQi2/ #v αtVX J�i?2K�iB+�HHv- r2 r�Mi iQ ;2i BM7Q`K�iBQM �#Qmi i?2 `�M/QK

p�`B�#H2 T :“ min tt : αt “ βu bm+? i?�i α0 “ α 7Q` α,β P ΓX h?2M r2 +�M +QMbB/2` i?2 T`Q+2bb xt :“ D pαt,βqX

h?2 T`Q+2bb xt Bb � T`QD2+iBQM Q7 i?2 T`Q+2bb αt �M/- bB;MB}+�MiHv- i?2 T`Q+2bb xt Bb biBHH � J�`FQp +?�BMX h?2

i`�MbBiBQM T`Q#�#BHBiB2b Q7 i?2 T`Q+2bb �`2 ;Bp2M #v

P txt`1 “ xt ` 1|xtu “ ε pn´ xtq pκ´ 1q
κn

, P txt`1 “ xt ´ 1|xtu “ εxt

κn
, UkXdXRV

�M/ P txt`1 “ xt|xtu “ 1´P txt`1 “ xt ` 1|xtu´P txt`1 “ xt ´ 1|xtuX h?2 `2�bQM i?2 T`Q+2bb xt Bb 2�bB2` iQ �M�Hvx2

Bb i?�i Bi Bb � #B`i?@/2�i? +?�BMX aBM+2 i?2 T`Q+2bb Bb � #B`i?@/2�i? +?�BM- i?2`2 �`2 +HQb2/ 7Q`KmH�2 7Q` bi�iBbiB+b

HBF2 i?2 ET̃ Ur?2`2 T̃ :“ min tt : xt “ 0u Bb bBKTHv T T`QD2+i2/ �M/ /2}M2/ 7Q` i?2 T`Q+2bb xtV �M/ i?2 bi�iBQM�`v

/Bbi`B#miBQM Q7 i?2 T`Q+2bb Ua22 �TT2M/Bt �VX

lbBM; h?2Q`2K �Xk- r2 +�M +�H+mH�i2 ET̃ +QM/BiBQM2/ QM x0 “ i- r?B+? r2 /2MQi2 #v ti,

ti “
iÿ

j“1

n´1ÿ

k“j´1

pκ´ 1qpn´ jq
j

¨ ¨ ¨ pκ´ 1qpn´ kq
k

κn
εpk ` 1q

“
iÿ

j“1

n´1ÿ

k“j´1

pκ´ 1qk`1´j pn´ jq!
pn´ k ´ 1q!

pj ´ 1q!
pk ` 1q!

κn
ε
. UkXdXkV

Ai Bb BMbi`m+iBp2 iQ }M/ �bvKTiQiB+b 7Q` i?2b2 iBK2b iQ b?Qr ?Qr H�`;2 i?2v �`2 rBi? `2bT2+i iQ nX lbBM; � bBKTH2

#QmM/ QM
`
n´1
k

˘
- r2 b22

ti ě t1 “
n´1ÿ

k“0

pκ´ 1qk
˜
n´ 1
k

¸
1

k ` 1
κn
ε

ě n
ε

ˆ pn´ 1qpκ´ 1q
k̃

˙k̃

UkXdXjV

7Q` �Mv k̃ P !0, n´ 1"X *?QQbBM; k̃ “ pκ´ 1qpn´ 1q{C 7Q` bQK2 C ą 1 BM i?2 �#Qp2 2tT`2bbBQM �M/ r2 }M/

ti ě 1
ε
C

κ´1
C pn´1q. UkXdX9V
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AM T�`iB+mH�`- r2 b22 i?�i iBK2 iBK2 iQ `2�+? y Bb 2tTQM2MiB�H BM nX h?Bb Bb � T`2Hm/2 iQ K�Mv bBKBH�` `2bmHib r2 }M/

BM *?�Ti2` 8ě }M/BM; T�`iB+mH�` ;2MQivT2b BM ;2MQivT2 bT�+2 +�M i�F2 � p2`v HQM; iBK2X

_2K�`F kXkNX h?2 B/2� Q7 T`QD2+iBM; � `�M/QK r�HF QM i?2 ?vT2`+m#2 BM i?Bb r�v ;Q2b #�+F iQ 1?`2M72bi �M/ Bb

� +QKKQM i2+?MB[m2 iQ �M�Hvx2 J�`FQp +?�BMb (ed- Rek)X q2 �`2 BMi2`2bi2/ BM Bi ?2`2 #2+�mb2 Bi KQiBp�i2b ;2MQivT2

bT�+2b rBi? � /Bz2`2Mi bQ`i Q7 ;2QK2i`vX Ai �HbQ T`Qp2b +`m+B�H BM Qm` �M�HvbBb Q7 i?2 `2;2M2`�iBQM T`Q+2bb BM a2+iBQM

8X9X

qBi? i?Bb BM KBM/- r2 +�M /2}M2 i?Bb �b � ;2MQivT2 bT�+2 BM Bib QrM `B;?i, G2i Γ :“ !0, n" �M/ /2}M2

M pα,βq :“

$
’’’’’’’’’’’’’&

’’’’’’’’’’’’’%

εpn´xtqpκ´1q
κn B7 β “ α` 1

εxt
κn B7 β “ α´ 1

κnp1´εq´pκ´1qnε
κn B7 β “ α

0 Qi?2`rBb2

. UkXdX8V

q?BH2 r2 ?�p2 Q#i�BM2/ i?Bb ;2MQivT2 bT�+2 �b � T`QD2+iBQM Q7 i?2 7�KBHB�` ?vT2`+m#2- Bi Bb TQbbB#H2 iQ i�F2 � KQ`2

�#bi`�+i T2`bT2+iBp2 QM i?2 bT�+2X

.27BMBiBQM kXjyX h?Bb T`Q+2bb Bb � J�`FQp +?�BM pΓ,Mq rBi? bi�i2 bT�+2 Γ :“ !0, n" Q` Γ “ N �M/ i`�MbBiBQM F2`M2H

M /2}M2/ #v

M pα,βq :“

$
’’’’’’’’’’’’’&

’’’’’’’’’’’’’%

m`
α B7 β “ α` 1

m´
α B7 β “ α´ 1

1´m`
α ´m´

α B7 β “ α

0 Qi?2`rBb2

UkXdXeV

7Q` m˘
α P r0, 1s 7Q` �HH α P ΓX

"v +?QQbBM; /Bz2`2Mi p�Hm2b 7Q` i?2 T`Q#�#BHBiB2b m˘
i - r2 +�M Q#i�BM K�Mv /Bz2`2Mi BMi2`T`2i�iBQMb Q7 i?Bb ;2MQivT2

bT�+2X PM2 BMi2`2biBM; 2t�KTH2 Bb iQ +QMbB/2` α P Γ +QmMiBM; i?2 MmK#2` Q7 iBK2b � #�b2 T�B` Bb `2T2�i2/X 6Q` 2t�KTH2-

¨ ¨ ¨�*::::::*hh�¨ ¨ ¨ rQmH/ ?�p2 α “ 6 �M/ ¨ ¨ ¨�*::::*hh�¨ ¨ ¨ rQmH/ ?�p2 α “ 4X o�`B�iBQMb HBF2 i?Bb BM

i?2 ;2MQK2 Q7 +�M+2`Qmb +2HHb �`2 BKTQ`i BM /2i2`KBMBM; i?2 ;2M2�HQ;v Q7 imKQ`b- �b +�M+2`Qmb +2HHb Q7i2M HQQb2 i?2

�#BHBiv iQ +QTv b2[m2M+2b Q7 `2T2�i2/ #�b2 T�B`b rBi? ?B;? }/2HBivX

8k



LQr r2 im`M iQ �MQi?2` BMi2`2biBM; bT�+2 i?�i �`Bb2b #v T`QD2+iBQMX � +QKKQM BMimBiBQM 7Q` i?2 i`�MbBiBQM

T`Q#�#BHBiB2b UkXdXRV- Bb iQ i?BMF Q7 � T�`iB+H2 T2`7Q`KBM; � `�M/QK r�HF BM QM2 /BK2MbBQM rBi? � :�mbbB�M TQi2MiB�H

+2Mi2`2/ �i x “ npκ´1q{κX q2 b�r i?Bb BM h?2Q`2K kXd- #mi BMimBiBp2Hv i?2 i`�MbBiBQM T`Q#�#BHBiB2b ?�p2 i?2 7QHHQrBM;

T`QT2`iv, A7 xt ą npκ´ 1q{κ- i?2M Bi Bb KQ`2 HBF2Hv i?�i xt rBHH /2+`2�b2 BM p�Hm2X A7 xt ă npκ´ 1q{κ- i?2M Bi Bb KQ`2

HBF2Hv i?�i xt rBHH BM+`2�b2 BM p�Hm2X h?2 TQBMi xt “ npκ ´ 1q{κ- Bb r?2`2 i?2 i`�MbBiBQM T`Q#�#BHBiB2b �`2 #�H�M+2/-

bBM+2
ε pn´ xtq pκ´ 1q

κn
“ εxt

κn
UkXdXdV

B7 �M/ QMHv B7 xt “ npκ ´ 1q{κX h?Bb K2�Mb i?�i Kmi�iBQM Tmb?2b i?2 T`Q+2bb xt �r�v 7`QK y p2`v bi`QM;Hv- r?B+?

�b r2 b�r BM UkXdX9V- H2�/b iQ ET̃ ;`QrBM; 2tTQM2MiB�HHv �b n ;2ib H�`;2`X q?�i �`2 TQbbB#H2 K2+?�MBbKb i?�i KB;?i

`2/m+2 i?Bb ?BiiBM; iBK2\ AM am#b2+iBQM 8XjXR- r2 +QMbB/2` ?Qr }iM2bb �z2+ib i?Bb iBK2- #mi ?2`2 r2 r�Mi iQ 7Q+mb QM

Kmi�iBQM �HQM2X

AK�;BM2 i?2`2 Bb bQK2 Kmi�iBQM i?�i 2z2+iBp2Hv `2b2ib i?2 T`Q+2bb αt iQ Bib BMBiB�H +QM/BiBQM α0 �M/ i?�i i?2

/Bbi�M+2 Q7 α0 7`QK Qm` i�`;2i β Bb bK�HH `2H�iBp2 iQ něb�v d “ O p1qX q2 +�HH i?Bb ivT2 Q7 Kmi�iBQM `2;2M2`�iBQM

�M/ �bbmK2 Bi ?�TT2Mb rBi? bQK2 +QMbi�Mi T`Q#�#BHBiv `2;�`/H2bb Q7 i?2 ;2MQivT2X A7 r2 �;�BM T`QD2+i i?2 T`Q+2bb #v

xt :“ D pαt,βq- i?2M i?Bb b2imT H2�/b iQ i?2 7QHHQrBM; ;2MQivT2 bT�+2X

.27BMBiBQM kXjRX h?Bb T`Q+2bb Bb � J�`FQp +?�BM pΓ,Mq rBi? bi�i2 bT�+2 Γ :“ !0, n" �M/ i`�MbBiBQM F2`M2H M /2}M2/

#v

p1´ ε_qM̃pα,βq ` ε_1 pβ “ dq , UkXdX3V

r?2`2 M̃ Bb ;Bp2M #v UkXdX8VX h?2 T�`�K2i2` ε_ P p0, 1q Bb i?2 T`Q#�#BHBiv Q7 `2;2M2`�iBQM iQ i?2 ;2MQK2 d P ΓX

q2 +�M ;2i � +`m/2 mTT2` #QmM/ QM i?2 ?BiiBM; iBK2 Q7 y BM i?Bb KQ/B}2/ T`Q+2bbX 6B`bi- r2 +�H+mH�i2 i?2 T`Q#�#BHBiv

i?�i r2 `2�+? bi�i2 y #27Q`2 bi�i2 d ` 1 r?2M bi�`iBM; BM bi�i2 dĜ/2MQi2/ #v pX q2 �bbmK2 i?�i ε_ ! ε- i?2M MQi2

i?�i
P txt`1 “ xt ` 1|xtu
P txt`1 “ xt ´ 1|xtu “ O

ˆ pκ´ 1qpn´ xq
x

˙
UkXdXNV

bBM+2 d “ O p1qX h?mb-

p “ O
˜

pκ´ 1q´d `n´1
d

˘´1

1` řd
j“1pκ´ 1q´j

`
n´1
j

˘´1

¸
“ O

´
d!pκ´ 1q´dn´d

¯
. UkXdXRyV
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aBM+2 Bi i�F2b 1{p i`B2b iQ ;2i 7`QK d iQ y BM 2tT2+i�iBQM �M/ i?2 i?2 iBK2 #2ir22M i`B2b UQ` `2;2M2`�iBQM Kmi�iBQMbV

Bb 1{ε_- i?2 iQi�H 2tT2+i2/ iBK2 iQ `2�+? bi�i2 y Bb ;Bp2M #v

pκ´ 1qdnd

d!ε_
. UkXdXRRV

LQi2 i?�i i?Bb Bb Km+? H2bb i?�M UkXdX9VX

h�FBM; � KQ`2 �#bi`�+i T2`bT2+iBp2 QM i?2 �#Qp2 T`Q+2bb- r2 +�M +QMbB/2`2/ Kmi�iBQMb i?�i QMHv KQp2 iQr�`/ y

2t+2Ti 7Q` � `2;2M2`�iBQM Kmi�iBQMX h?Bb T`Q+2bb Bb 2�bB2` iQ �M�Hvx2 �M/ biBHH ?�b BMi2`2biBM; T`QT2`iB2bX

.27BMBiBQM kXjk UJmi�iBQM T`Q+2bb QM i?2 HBM2 rBi? `2;2M2`�iBQMVX h?Bb T`Q+2bb Bb � J�`FQp +?�BM pΓ,Mq

rBi? bi�i2 bT�+2 Γ :“ !0, n" Q` Γ “ N �M/ i`�MbBiBQM F2`M2H M /2}M2/ #v

M pα,βq :“

$
’’’’’’’’’’’’’&

’’’’’’’’’’’’’%

m`
α B7 β “ α` 1

1´m`
α ´ ε_

α B7 β “ α

ε_
α B7 β “ 0

0 Qi?2`rBb2

. UkXdXRkV

hQ KQiBp�i2 .2}MBiBQM kXjk- bmTTQb2 i?�i i?2`2 Bb bQK2 M2r 7mM+iBQM�HBiv � +2HH +�M /2p2HQT- #mi iQ /Q i?Bb Bi

Kmbi K�F2 � MmK#2` Q7 M2mi`�H Kmi�iBQMb n iQ `2�+? i?Bb 7mM+iBQM�HBivX amTTQb2 i?�i α P Γ `2+Q`/b i?2 MmK#2` Q7

Kmi�iBQMb � T�`iB+mH�` +2HH ?�b- bQ i?�i α “ 0 Bb i?2 rBH/@ivT2 �M/ α “ n Bb � +2HH rBi? i?2 M2r 7mM+iBQM�HBivX A7 r2

�bbmK2 i?2 Kmi�iBQMb Kmbi #2 /2p2HQT2/ BM bQK2 bT2+B}2/ Q`/2`- r2 rQmH/ b2i

m`
α “ u

n
UkXdXRjV

7Q` bQK2 +QMbi�Mi u P r0, 1sX A7 i?2 Kmi�iBQMb +�M /2p2HQT BM �Mv Q`/2`- r2 ?�p2

m`
α “ u

n´ α
n

. UkXdXR9V

h?2b2 bi2Tb �`2 i?2 7Q`r�`/ Kmi�iBQMb BM i?2 b2�`+? T`Q+2bb iQr�`/ i?2 M2r 7mM+iBQMX h?2 b2�`+? Bb HQbi �i `�i2 v,

2�+? α “ k +2HH UrBi? k ą 0V Kmi�i2b #�+F iQ �M α “ 0 +2HH rBi? `�i2 ε_
α “ vX h?2 Kmi�iBQM `�i2 v +�M `2T`2b2Mi i?2

89



`�i2 Q7 /2H2iBQM 2p2Mib- MQMb2Mb2 Kmi�iBQMb- Q` �Mv KBbb2Mb2 Kmi�iBQM i?�i H2�/b �r�v 7`QK i?2 i�`;2i U#2+�mb2 i?2M

i?2 b2�`+? Bb 2bb2MiB�HHv HQbiVX Ai Bb M�im`�H iQ �bbmK2 i?�i v ą u- K2�MBM; i?�i �i 2�+? bi2T- Bi Bb KQ`2 HBF2Hv i?�i

i?2 b2�`+? Bb HQbi i?�M i?�i � Kmi�iBQM Bb K�/2 BM i?2 /B`2+iBQM Q7 i?2 i�`;2iX h?Bb Kmi�iBQM b+?2K2 Bb FMQrM �b i?2

ǳ`2;2M2`�iBQM T`Q+2bbǴ �M/ r�b BMi`Q/m+2/ BM (k-Ry)X

kX3X *QMiBMmQmb ;2MQivT2 bT�+2b

�HKQbi �HH Q7 i?2 2t�KTH2b Q7 Kmi�iBQM T`Q+2bb2b r2 ?�p2 +QMbB/2`2/ bQ 7�` ?�p2 #22M }MBi2ěrBi? Γ “ N BM .2}MBiBQM

kXjy #2BM; i?2 QMHv 2t+2TiBQMě�M/ �HH ?�p2 #22M /Bb+`2i2 +QmMi�#H2 bT�+2bX 6Q` +QKTH2i2M2bb- BM i?Bb b2+iBQM r2 ;Bp2

�M 2t�KTH2 Q7 �M mM+QmMi�#H2- +QMiBMmQmb ;2MQivT2 bT�+2X

q?2M +QMbB/2`BM; +QMiBMmQmb ;2MQivT2 bT�+2b- i?2`2 Bb � bHB;?i i2+?MB+�H +?�M;2 BM i?2 r�v r2 /2MQi2 i?2 Kmi�iBQM

F2`M2H MX S`2pBQmbHv- r2 +QmH/ mb2 Mpα, ¨q iQ `2T`2b2Mi i?2 TXKX7X Q7 � /Bbi`B#miBQM QM Γ- #mi BM +QMiBMmQmb bT�+2b

i?Bb KB;?i #2 �M mM/2}M2/X aQ BM +QMiBMmQmb ;2MQivT2 bT�+2b- r2 bT2+B7v

Mpα,Aq UkX3XRV

7Q` A P σpΓq- r?2`2 σpΓq Bb � bB;K� �H;2#`� Qp2` ΓX >2`2 r2 �Hr�vb ?�p2 Γ “ R- �M/ bQ Bi bm{+2b iQ bT2+B7v

Mpα, rβ0,β1sq 7Q` �HH BMi2`p�Hb rβ0,β1s Ă RX

G2i i?2 ivT2 Q7 2�+? BM/BpB/m�H #2 � TQbBiBp2 `2�H MmK#2` α P R UQ` T2`?�Tb � p2+iQ` BM Rn 7Q` K�Mv 72�im`2bVX

amTTQb2 i?�i α `2+Q`/b i?2 p�Hm2 Q7 bQK2 KQ`T?QHQ;B+�H 72�im`2 Q` T2`?�Tb i?2 2tT`2bbBQM H2p2H Q7 � ;2M2X � bBKTH2

KQ/2H Q7 Kmi�iBQM BM i?Bb +�b2 Bb KmHiBTHB+�iBQM #v �M BM/2T2M/2Mi `�M/QK p�`B�#H2X

.27BMBiBQM kXjj UAM/2T2M/2Mi KmHiBTHB+�iBp2 Kmi�iBQM T`Q+2bb QM R`VX h?Bb T`Q+2bb Bb � J�`FQp +?�BM pΓ,Mq

rBi? bi�i2 bT�+2 Γ :“ R` �M/ i`�MbBiBQM F2`M2H M /2}M2/ #v

M pα, rβ0,β1sq :“ Mpβ1{αq ´Mpβ0{αq UkX3XkV

r?2`2 rβ0,β1s Bb �M BMi2`p�H BM R` �M/ M Bb i?2 +X/X7X Q7 bQK2 /Bbi`B#miBQM QM R`X

� bBKBH�` /2}MBiBQM +�M #2 K�/2 7Q` Kmi�iBQMb i?�i �//BiBp2Hv +?�M;2 i?2 ;2MQivT2X
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.27BMBiBQM kXj9 UAM/2T2M/2Mi �//BiBp2 Kmi�iBQM T`Q+2bb QM RVX h?Bb T`Q+2bb Bb � J�`FQp +?�BM pΓ,Mq rBi?

bi�i2 bT�+2 Γ :“ R �M/ i`�MbBiBQM F2`M2H M /2}M2/ #v

M pα, rβ0,β1sq :“ Mpβ1 ´ αq ´Mpβ0 ´ αq UkX3XjV

r?2`2 rβ0,β1s Bb �M BMi2`p�H BM R �M/ M Bb i?2 +X/X7X Q7 bQK2 /Bbi`B#miBQM QM RX

8e



3
1pQHmiBQM�`v /vM�KB+b

AM i?Bb +?�Ti2`- r2 BMi`Q/m+2 � MmK#2` Q7 +H�bbB+ biQ+?�biB+ KQ/2Hb Q7 2pQHmiBQM�`v /vM�KB+bX h?2b2 2t�KTH2b b2`p2

iQ KQiBp�i2 i?2 ivTB+�H T`Q#H2Kb r2 bim/v BM 2pQHmiBQM�`v /vM�KB+b- HBF2 /2i2`KBMBM; i?2 HBF2HB?QQ/ �M/ 2tT2+i2/

iBK2 i�F2M 7Q` � Kmi�Mi iQ }t BM � TQTmH�iBQMX G�i2` BM i?2 +?�Ti2`- r2 /2}M2 � p2`v ;2M2`�H biQ+?�biB+ KQ/2H Q7

2pQHmiBQM�`v /vM�KB+b- i?�i ?�b �b � bT2+B�H +�b2 �HH Q7 i?2 T`2pBQmb KQ/2HbX

AM 2pQHmiBQM- i?2 TQTmH�iBQM 2pQHp2b- �M/ bQ Bi 7Q`Kb i?2 ?2�`i Q7 �HH i?2 KQ/2Hb BM i?Bb +?�Ti2`X h?2b2 KQ/2Hb

/Bz2` BM 2t�+iHv ?Qr i?2 BM/BpB/m�Hb BM � TQTmH�iBQM `2T`Q/m+2- /B2- �M/ BMi2`�+i- #mi i?2v �HH ?�p2 bQK2 7mM/�K2Mi�H

bi�iBbiB+b i?�i r2 7Q+mb QM +�H+mH�iBM;X JQ`2 +QKTH2t KQ/2Hb i`v iQ +�Tim`2 i?2 2z2+i Q7 Qi?2` p�`B�#H2b- bm+? �b

TQTmH�iBQM bi`m+im`2- QM i?2b2 bi�iBbiB+bX h?2 KQ/2Hb Q7 i?Bb +?�Ti2` /2b+`B#2 KB+`Qb+QTB+ 2pQHmiBQM�`v +?�M;2X h?2

2p2Mib i?�i +QM+2`M mb ?2`2 �HH Q++m` BM `2H�iBp2Hv 72r ;2M2`�iBQMb +QKT�`2/ iQ i?2 iQi�HBiv Q7 2pQHmiBQM�`v ?BbiQ`vX

1p2M bi�iBbiB+b i?�i �`2 i�F2M r?2M i?2 T`Q+2bb ?�b `2�+?2/ bi�iBQM�`Biv Q` 2[mBHB#`BmK +QM+2`M b?Q`i iBK2b+�H2b- �b

BM KQbi KQ/2Hb bi�iBQM�`Biv Bb `2�+?2/ [mB+FHvX

�b r2 K2MiBQM2/ BM i?2 BMi`Q/m+iBQM i?2`2 �`2 irQ TH�+2b 7Q` biQ+?�biB+Biv iQ 2Mi2` BMiQ 2pQHmiBQM, Kmi�iBQM �M/

i?2 r�v i?�i `2T`Q/m+iBQM �M/ /2�i? 2p�Hm�i2 �M/ /2T2M/ QM }iM2bbX AM+Q`TQ`�iBM; i?Bb `�M/QKM2bb BMiQ 2pQHmiBQM�`v

8d



KQ/2Hb Bb 2bb2MiB�H B7 r2 rBb? iQ +�Tim`2 bQK2 T?2MQK2M� i?�i �`2 7mM/�K2Mi�H iQ 2pQHmiBQM (R)X aQ r2 QKKBi ?2`2

/2i2`KBMBbiB+ KQ/2Hb- bm+? �b i?2 `2THB+�iQ` Q` [m�bB@bT2+B2b P.1bX

jXRX JQ`�M T`Q+2bb

h?2 #�bB+ JQ`�M T`Q+2bb Bb T2`?�Tb i?2 bBKTH2bi biQ+?�biB+ KQ/2H Q7 2pQHmiBQM (Rj-Rej-Re9)X q2 +QMbB/2` � ;2MQivT2

bT�+2 Γ “ tα,βu �M/ �bbQ+B�i2 � }iM2bb R iQ α UrBi?Qmi HQbb Q7 ;2M2`�HBivV �M/ � }iM2bb f iQ β- i?�i Bb- Fpαq “ 1 �M/

Fpβq “ f X q2 +QMbB/2` � TQTmH�iBQM Q7 N BM/BpB/m�Hb- 2�+? Q7 r?B+? Bb 2Bi?2` ivT2 α Q` βX h?Bb KB;?i BM/B+�i2 i?2

�#b2M+2 Q` T`2b2M+2 Q7 � T�`iB+mH�` Kmi�iBQM- 7Q` 2t�KTH2X .m2 iQ i?Bb BMi2`T`2i�iBQM- �M/ #2+�mb2 r2 Q7i2M BMi`Q/m+2

� bK�HH MmK#2` Q7 ivT2 β ;2MQivT2b BMiQ � KQbiHv ivT2 α TQTmH�iBQM- α Bb Q7i2M `272``2/ iQ �b i?2 rBH/@ivT2 �M/ β �b

i?2 Kmi�MiX h?2 bi�i2 Q7 i?2 T`Q+2bb �i iBK2 t +�M #2 `2T`2b2Mi2/ �b � p2+iQ`

xptq P tα,βuN . UjXRXRV

P7i2M i?2 BMBiB�H TQTmH�iBQM +QMbBbib K�BMHv Q7 i?2 rBH/@ivT2 rBi? � bK�HH MmK#2` Q7 Kmi�MibX aT2+B}+�HHv- r2 +�M

+?QQb2 i?2 BMBiB�H bi�i2 Q7 i?2 T`Q+2bb xp0q #v bBKTHv TH�+BM; � Kmi�Mi �i � mMB7Q`KHv `�M/QK HQ+�iBQMX

h?2 T`Q+2bb Bb � J�`FQp +?�BM- r?2`2 i?2 M2ti bi�i2 Bb Q#i�BM2/ 7`QK i?2 T`2pBQmb QM2, 6B`bi- `�M/QKHv +?QQb2

�M BM/BpB/m�H T`QTQ`iBQM�H iQ Bib }iM2bbX h?Bb BM/BpB/m�H MQr `2T`Q/m+2b �M/ `�M/QKHv `2TH�+2b �MQi?2` BM/BpB/m�HX

1t�+iHv ?Qr i?2 BM/BpB/m�H iQ #2 `2TH�+2/ Bb `�M/QKHv +?Qb2M +�M +?�M;2 Ub22 a2+iBQM jXjV- #mi ?2`2 r2 7Q+mb QM �

r2HH@KBt2/ TQTmH�iBQM �M/ i?mb +?QQb2 i?2 BM/BpB/m�H mMB7Q`KHv �i `�M/QKX

_2K�`F jXRX LQi2 i?�i 7Q` i?Bb T`Q+2bb- Bi Bb MQi �+im�HHv M2+2bb�`v iQ F22T i`�+F Q7 i?2 ivT2 Q7 2�+? BM/BpB/m�HX

"v bvKK2i`v- r2 +�M Dmbi T`QD2+i iQ i?2 MmK#2` Q7 Kmi�Mib xt :“
ř

i 1 pxtpiq “ βqX h?2 T`QD2+i2/ T`Q+2bb Bb biBHH �

J�`FQp +?�BM #2+�mb2 i?2 i`�MbBiBQM T`Q#�#BHBiB2b /2T2M/ QMHv QM i?2 MmK#2` Q7 Kmi�Mib �M/ MQi Qi?2` /2i�BHb Q7 i?2

TQTmH�iBQMǶb +QKTQbBiBQMX

q2 KB;?i /2MQi2 i?Bb 2p2Mi- bQK2 BM/BpB/m�H j ;2iiBM; `2TH�+2/ #v bQK2 BM/BpB/m�H i- �b rpjq “ i- bQ i?�i

P trpjq “ i|xtu “ Fpxpiqq
řN

k“1 Fpxpkqq
1
N

“ 1
N

1` pf ´ 1q1 pxtpiq “ βq
fxt `N ´ xt

. UjXRXkV

83



6`QK ?2`2 r2 +�M BKK2/B�i2Hv r`Bi2 i?2 i`�MbBiBQM T`Q#�#BHBiB2b 7Q` i?2 T`Q+2bb xt,

P txt`1 “ xt ` δ|xtu “

$
’’’’’’’’’’’’’&

’’’’’’’’’’’’’%

fxt
fxt`N´xt

N´xt
N B7 δ “ 1

N´xt
fxt`N´xt

xt
N B7 δ “ ´1

fxt
fxt`N´xt

xt
N ` N´xt

fxt`N´xt

N´xt
N B7 δ “ 0

0 Qi?2`rBb2

. UjXRXjV

aQ xt Bb � bBKTH2 #B`i?@/2�i? T`Q+2bb i?�i K�F2b DmKTb Q7 bBx2 �i KQbi RX LQi2 i?�i

P txt`1 “ xt ` 1|xtu
P txt`1 “ xt ´ 1|xtu “ f. UjXRX9V

h?Bb `�iBQǶb BM/2T2M/2M+2 Q7 i?2 +m``2Mi bi�i2 xt- K�F2b �M�HvbBb Q7 i?2 JQ`�M T`Q+2bb p2`v bi`�B;?i7Q`r�`/X

jXRXRX GQM;`mM bi�iBbiB+bX AM i?2 HQM; `mM- i?2 T`Q+2bb ?�b QMHv irQ TQbbB#H2 Qmi+QK2b �b 2t�+iHv irQ Q7 i?2 bi�i2b-

0 �M/ N - �`2 �#bQ`#BM;X 1Bi?2` i?2 Kmi�Mib }t �M/ i?2 rBH/@ivT2 /B2b Qmi Q` i?2 `2p2`b2X q2 +�HH i?2 T`Q#�#BHBiv Q7

i?2 }`bi 2p2Mim�HBiv i?2 }t�iBQM T`Q#�#BHBivX q2 +�M /2b+`B#2 i?Bb 2p2Mi K�i?2K�iB+�HHv mbBM; ?BiiBM; iBK2bX .2}M2

T “ mintt : xt “ 0 Q` xt “ Nu- i?2M i?2 }t�iBQM T`Q#�#BHBiv Bb /2}M2/ #v

ρ :“ P tXT “ Nu “ EXT {N. UjXRX8V

AM i?2 +�b2 Q7 i?2 JQ`�M T`Q+2bb- ρ ?�b � +HQb2/ 7Q`K bQHmiBQMX h?2`2 �`2 K�Mv r�vb iQ +�H+mH�i2 ρ �b i?2 T`Q+2bb Bb

p2`v bBKBH�` iQ i?2 ;�K#H2`Ƕb `mBM T`Q#H2KX h?2 7mM/�K2Mi�H /Bz2`2M+2 #2ir22M i?2 irQ T`Q+2bb2b Bb i?�i i?2 `�i2

�i r?B+? xt +?�M;2b p�Hm2 Bb MQi +QMbi�Mi BM i?2 JQ`�M T`Q+2bbX �b xt ;2ib +HQb2` iQ 0 Q` N i?2 `�i2 Q7 +?�M;2 bHQrb

/QrM- r?2`2�b Bi `2K�BMb +QMbi�Mi BM i?2 ;�K#H2`Ƕb `mBM T`Q+2bbX >Qr2p2`- i?2 p�`vBM; `�i2 Q7 +?�M;2 /Q2b MQi �z2+i

�#bQ`TiBQM T`Q#�#BHBiB2bX S`Q#�#Hv i?2 +H2�M2bi r�v iQ }M/ i?2 }t�iBQM T`Q#�#BHBiv Bb iQ MQi2 i?�i r?2M f ‰ 1- f´xt

Bb � K�`iBM;�H2 rBi? `2bT2+i iQ xt Ur?2M f “ 1- bBKTHv mb2 xt Bib2H7VX

G2KK� jXkX .2}M2 yt :“ f´xt Umb2 yt :“ xt r?2M f “ 1V Bb � K�`iBM;�H2 rBi? `2bT2+i iQ xtX

S`QQ7X Cmbi +�H+mH�i2 �M/ mb2 UjXRX9V iQ b22

E
“
f´xt`1 |xt “ i

‰ “ f´i´1 ` f´i`1P´
i ` f´i `1´ P`

i ´ P´
i

˘ “ f´i “ yt, UjXRXeV

8N



r?2`2 P˘
i /2MQi2b P txt`1 “ xt ˘ 1|xtuX LQi2 i?�i f´xt Bb � K�`iBM;�H2 r?2M2p2` P`

i {P´
i “ f 7Q` �HH iX !

qBi? i?Bb K�`iBM;�H2 BM ?�M/- r2 +�M [mB+FHv }M/ ρX

h?2Q`2K jXjX h?2 }t�iBQM T`Q#�#BHBiv Q7 i?2 JQ`�M T`Q+2bb Bb ;Bp2M #v

ρ “ 1´ f´1

1´ f´N
. UjXRXdV

S`QQ7X G2i T #2 i?2 �#bQ`TiBQM iBK2- i?2M �TTHv QTiBQM�H biQTTBM; iQ i?2 �#Qp2 K�`iBM;�H2,

r´1 “ Ey0 “ EyT “ r´Nρ` r´0p1´ ρq, UjXRX3V

r?B+? `2�``�M;2b iQ

ρ “ 1´ f´1

1´ f´N
. UjXRXNV

LQi2 i?�i QTiBQM�H biQTTBM; Bb bi`QM;2` i?�M M22/2/ ?2`2 �b i?2 bi�i2 bT�+2 Q7 i?2 T`Q+2bb Bb }MBi2ě�HH i?�i Bb `2[mB`2/

Bb i?�i i?2 2tT2+i�iBQM Q7 yt Bb +QMbi�Mi BM iBK2X !

�MQi?2` 7mM/�K2Mi�H bi�iBbiB+ Q7 i?2 T`Q+2bb Bb i?2 2tT2+i2/ �#bQ`TiBQM iBK2- r?B+? Bb /2}M2/ �b

ti :“ E rT |x0 “ is , UjXRXRyV

r?2`2 r2 ?�p2 +QM/BiBQM2/ QM i?2 BMBiB�H p�Hm2 Q7 i?2 T`Q+2bbX q?BH2 1[m�iBQM UjXRXRyV ?�b mMBib Q7 iBK2 bi2Tb- Bi

Bb +QKKQM iQ bi�i2 `2bmHib �#Qmi �#bQ`TiBQM iBK2b BM i2`Kb Q7 MmK#2` Q7 ;2M2`�iBQMb- r?2`2 QM2 ;2M2`�iBQM Bb i?2

MmK#2` Q7 iBK2 bi2Tb `2[mB`2/ 7Q` N `2T`Q/m+iBQM Ur?B+? Bb 2t�+iHv N iBK2 bi2Tb BM i?2 JQ`�M T`Q+2bbVX 6Q` i?2

JQ`�M T`Q+2bb- i?2`2 Bb � +HQb2/@7Q`K bQHmiBQM 7Q` tiX q2 bi�i2 i?2 `2bmHi #2HQr �M/ T`Qp2 Bi BM i?2 bT2+B�H +�b2 f “ 1X

LQi2 i?�i �#bQ`TiBQM i�F2b � +QMbi�Mi MmK#2` Q7 ;2M2`�iBQMb r?2M f ă 1 �M/ � HQ;�`Bi?KB+ MmK#2` r?2M f ě 1X

h?2Q`2K jX9X h?2 2tT2+i2/ �#bQ`TiBQM iBK2 Q7 i?2 JQ`�M T`Q+2bb Bb ;Bp2M #v

t1 “ N
ρ

N´1ÿ

k“1

kÿ

l“1

fl `N ´ l
lpN ´ lq f l´k´1. UjXRXRRV

ey



q?2M f ă 1-

t1 “ O pNq , UjXRXRkV

�M/ r?2M f ě 1-

t1 “ O pN logNq . UjXRXRjV

S`QQ7X 6Q` i?2 ;2M2`�H +�b2- r2 ?�p2 i?2 `2+m``2M+2 2[m�iBQMb

p1´ P txt`1 “ xt|xtuq ti “ 1` P txt`1 “ xt ` 1|xtu ti`1 ` P txt`1 “ xt ´ 1|xtu ti´1, UjXRXR9V

mbBM; i?2 /2}MBiBQM BM UjXRXjVX h?2b2 2[m�iBQMb �`2 bi`�B;?i7Q`r�`/ #mi K2bbv iQ bQHp2X a22 (Re8) 7Q` /2i�BHbX

6Q` i?2 +�b2 f “ 1- Bi Bb 2�bv iQ b22 i?�i yt :“ t` gpxtq Bb � K�`iBM;�H2 rBi? `2bT2+i iQ xt- r?2`2

gpxq :“ N
xÿ

j“1

N ´ x
N ´ j

`N
N´1ÿ

j“x`1

x
j
. UjXRXR8V

>2M+2- #v .QQ#Ƕb QTiBQM�H biQTTBM; i?2Q`2K- r2 b22

N
iÿ

j“1

N ´ x
N ´ j

`N
N´1ÿ

j“i`1

x
j
“ fpiq ` 0 “ Ey0 “ EyT “ 0` ET “ ti. UjXRXReV

LQi2 BM T�`iB+mH�` i?�i r?2M i “ 1- i?2 H27i@?�M/ bB/2 Q7 1[m�iBQM UjXRXReV Bb N iBK2b � }MBi2 ?�`KQMB+ bmKX h?mb-

t1 “ O pN logNqX

� bBKBH�`Hv 2�bv �`;mK2Mi +�M #2 mb2 iQ T`Qp2 UjXRXRjV 7Q` H�`;2 f X 6Q` f " N - Bi Bb p2`v mMHBF2Hv i?�i i?2 MmK#2`

Q7 Kmi�Mib 2p2` /2+`2�b2b- i?mb r2 +�M �TT`QtBK�i2Hv /2+QKTQb2 T �b � bmK Q7 ;2QK2i`B+ `�M/QK p�`B�#H2bX .2}M2

Ti :“ min tt : Xt “ iu- i?2M

ET “ ETN «
N´1ÿ

i“1

ErTi`1 ´ Tis «
N´1ÿ

i“1

N
i

“ O pN logNq , UjXRXRdV

bBM+2 Ti`1 ´ Ti „ :2QppN ´ iq{Nq #2+�mb2 � Kmi�Mi rBHH �Hr�vb #2 b2H2+i2/ 7Q` `2T`Q/m+iBQM #mi QMHv `2TH�+2b �

rBH/@ivT2 rBi? T`Q#�#BHBiv pN ´ iq{N XX

Ai Bb BMi2`2biBM; iQ MQi2 i?�i r2 ;2i i?2 b�K2 `2bmHi 7Q` f “ 1 �b f Ñ 8- #mi 7Q` +QKTH2i2Hv /Bz2`2Mi `2�bQMbX

q?2M f “ 1- ivTB+�HHv i?2 T`Q+2bb Bb �#bQ`#2/ �i y- #mi i?Bb +�M `2[mB`2 xt iQ +?�M;2 Bib p�Hm2 logN iBK2bX JQ`2Qp2`-

eR



BMBiB�HHv xt +?�M;2b p�Hm2 `Qm;?Hv 2p2`v N bi2Tb- H2�/BM; iQ i?2 2tT2+i2/ �#bQ`TiBQM iBK2 Q7 N logN X q?2M f Ñ 8-

i?2 T`Q+2bb Bb �Hr�vb �#bQ`#2/ �i N X h?Bb `2[mB`2b xt iQ +?�M;2 p�Hm2 N iBK2bX AM i?Bb +�b2- xt +?�M;2b p�Hm2 `Qm;?Hv

2p2`v N{pN ´ xtq bi2TbX h?Bb H2�/b iQ i?2 �#bQ`TiBQM iBK2 N logN X

hQ }M/ UjXRXRjV BM ;2M2`�H 7Q` f ą 1- r2 +�M �M�Hvx2 UjXRXRRV /B`2+iHv,

t1 “ O
˜

N´1ÿ

k“1

kÿ

l“1

fl `N ´ l
f l

N
N ´ l

f l´k

¸

“ O
˜
f ´ 1
f

N´1ÿ

k“1

N
N ´ k

` 1
f

N´1ÿ

k“1

N
k

N
N ´ k

¸

“ O pN logNq UjXRXR3V

bBM+2 ρ “ Op1qX

q?2M f ă 1- r2 �M�Hvx2 UjXRXRRV /B`2+iHv �;�BM,

t1 “ O
˜
fN

N´1ÿ

k“1

kÿ

l“1

fl `N ´ l
f l

N
N ´ l

f l´k

¸

“ O
˜
fNN

N´1ÿ

k“1

f´k

¸

“ O pNq , UjXRXRNV

bBM+2 ρ “ O
`
fN

˘
X !

h?2 2tT2+i2/ �#bQ`TiBQM iBK2 +�M #2 /2+QKTQb2/ �b

ET “ p1´ ρqE rT |XT “ 0s ` ρE rT |XT “ N s . UjXRXkyV

h?2 bi�iBbiB+b E rT |XT “ 0s �M/ E rT |XT “ N s �`2 �HbQ Q7 BMi2`2bi �M/ �`2 +�HH2/ i?2 2tT2+i2/ +QM/BiBQM�H 2tiBM+iBQM

iBK2 �M/ 2tT2+i2/ +QM/BiBQM�H }t�iBQM iBK2 `2bT2+iBp2HvX AM bQK2 +�b2b- i?2v +�M #2 bim/B2/ BM � bBKBH�` r�v �b BM i?2

T`QQ7 Q7 h?2Q`2K jX9- bBM+2 mM/2` i?2 K2�bm`2b P t¨|XT “ 0u �M/ P t¨|XT “ Nu i?2 T`Q+2bb Bb biBHH J�`FQpB�M (Rj)X

Ai Bb �HbQ TQbbB#H2 iQ bim/v i?2 /Bbi`B#miBQM Q7 i?2 `�M/QK p�`B�#H2 T X 6Q` �Mv #B`i?@/2�i? +?�BM- i?2 �#bQ`TiBQM

iBK2 iQ �Mv bi�i2 +�M #2 /2+QKTQb2/ BMiQ � bmK Q7 BM/2T2M/2Mi ;2QK2i`B+ `�M/QK p�`B�#H2b /m2 iQ � `2bmHi �ii`B#mi2/

iQ E2BHbQM (Ree-Red) U�HbQ b22 (Re3) 7Q` � T`Q#�#BHBbiB+ T`QQ7VX h?2b2 2tTQM2MiB�H `�M/QK p�`B�#H2b �`2 T�`�K2i2`Bx2/

ek



#v i?2 2B;2Mp�Hm2b Q7 i?2 i`B/B�;QM�H i`�MbBiBQM K�i`BtX

jXRXkX ai�iBQM�`v bi�iBbiB+bX lMHBF2 K�Mv Q7 i?2 ;2MQivT2 bT�+2b r2 +QMbB/2` BM *?�Ti2` k- r2 ?�p2 bQ 7�`

BKTHB+BiHv �bbmK2/ i?�i i?2`2 Bb MQ Kmi�iBQM #2ir22M i?2 ivT2b α �M/ βX h?Bb K2�Mb i?�i i?2 Kmi�iBQM T`Q+2bb QM

Γ Bb B``2/m+B#H2 �M/ i?mb bQ Bb i?2 JQ`�M T`Q+2bb Ub22 h?2Q`2K 9XRVX >Qr2p2`- B7 r2 /2}M2

¨

˚̊
˝

Mpα,αq Mpα,βq

Mpβ,αq Mpβ,βq

˛

‹‹‚:“

¨

˚̊
˝

1´ εα εα

εβ 1´ εβ

˛

‹‹‚, UjXRXkRV

i?2 JQ`�M T`Q+2bb Bb �M B``2/m+B#H2- �T2`BQ/B+ J�`FQp +?�BM QM !N"X Ai Bb 2�bv iQ b?Qr i?�i

πα “ εβ
εα`εβ

�M/ πβ “ εα
εα ` εβ

, UjXRXkkV

r?2`2 π Bb i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 Kmi�iBQM T`Q+2bb UjXRXkRVX

h?2 2Mi`B2b Q7 M bT2+B7v i?2 T`Q#�#BHBiv Q7 2�+? ivT2 #2BM; T`Q/m+2/ /m`BM; `2T`Q/m+iBQM- bQ rBi? i?Bb ;2MQivT2

bT�+2- Bi Bb M�im`�H iQ /2}M2 i?2 7QHHQrBM; i`�MbBiBQM T`Q#�#BHBiB2b 7Q` i?2 JQ`�M T`Q+2bb rBi? Kmi�iBQMX

P txt`1 “ xt ` δ|xtu “

$
’’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’’%

fp1´ εβq xt
fxt`N´xt

N´xt
N ` εα

N´xt
fxt`N´xt

N´xt
N B7 δ “ 1

p1´ εαq xt
fxt`N´xt

N´xt
N ` fεβ

xt
fxt`N´xt

xt
N B7 δ “ ´1

fp1´ εβq xt
fxt`N´xt

xt
N ` p1´ εαq N´xt

fxt`N´xt

N´xt
N B7 δ “ 0

`fεβ
xt

fxt`N´xt

N´xt
N ` εα

xt
fxt`N´xt

N´xt
N

0 Qi?2`rBb2

. UjXRXkjV

LQi2- r2 +�M }M/ i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 JQ`�M T`Q+2bb rBi? Kmi�iBQM mbBM; i?2 7Q`KmH� BM h?2Q`2K

�XRX >Qr2p2`- i?2 2tT`2bbBQM Bb [mBi2 +QKTHB+�i2/- �b i?2`2 Bb p2`v HBiiH2 +�M+2H�iBQM BM i?2 i2`Kb 7`QK 1[m�iBQM

UjXRXkjV- bQ r2 �pQB/ r`BiBM; Bi /QrM ?2`2X

_2K�`F jX8X h?2 T`Q+2bb r2 ?�p2 +QMbB/2`2/ �#Qp2 Bb bQK2iBK2b `272``2/ iQ �b i?2 JQ`�M T`Q+2bb rBi? #B`i?@/2�i?

mT/�iBM;- r?2`2 ǳ#B`i?@/2�i?Ǵ Bb mb2/ iQ `272` iQ i?2 Q`/2` BM r?B+? i?2b2 irQ 2p2Mib Q++m`X �Hi2`M�iBp2Hv- i?2

Q`/2` +�M #2 `2p2`b2/, 6B`bi �M BM/BpB/m�H Bb +?Qb2M mMB7Q`KHv �i `�M/QK 7`QK i?2 TQTmH�iBQMX a2+QM/- i?Bb +?Qb2M

BM/BpB/m�H Bb `2TH�+2/ #v i?2 QzbT`BM; Q7 �MQi?2` BM/BpB/m�H r?Q Bb `�M/QKHv +?Qb2M 7`QK i?2 TQTmH�iBQM T`QTQ`iBQM�H

ej



iQ }iM2bbX q?BH2 BM r2HH@KBt2/ TQTmH�iBQMb i?Bb +?�M;2 ?�b HBiiH2 2z2+i- i?2 /vM�KB+b +�M HQQF [mBi2 /Bz2`2Mi BM KQ`2

+QKTH2t +�b2b (ReN)X

�MQi?2` TQbbB#H2 +?�M;2 Bb iQ +?�M;2 i?2 `�i2 �i r?B+? BM/BpB/m�Hb /B2 UQ` �`2 `2TH�+2/VX AM i?Bb +�b2- BM/BpB/m�Hb

�`2 b2H2+i2/ 7Q` `2TH�+2K2Mi T`QTQ`iBQM�H iQ i?2B` /2�i? `�i2bX AM KQbi +�b2b- i?Bb +?�M;2 Bb KBMQ` �M/ H2�/b iQ bBKBH�`

/vM�KB+b iQ � bi�M/�`/ JQ`�M T`Q+2bb rBi? }iM2bb2b f̃ “ f{d- r?2`2 f Bb i?2 QH/ }iM2bb �M/ d Bb i?2 QH/ /2�i? `�i2X

h?2 JQ`�M T`Q+2bb Bb Q7i2M ;2M2`�HBx2/ iQ KQ/2H Qi?2` KQ`2 +QKTHB+�i2/ bvbi2K Ub22 (d) 7Q` �M 2t�KTH2VX am+?

KQ/2Hb �`2 `272``2/ iQ �b JQ`�M@ivT2 KQ/2Hb- r?2`2 ǳJQ`�M@ivT2Ǵ bBKTHv K2�Mb i?�i � bBM;H2 `2T`Q/m+iBQM �M/ /2�i?

2p2Mi Q++m`b �i 2�+? iBK2 bi2T �M/ i?�i i?2 BM/BpB/m�Hb /vBM; �M/ `2T`Q/m+BM; �`2 b2H2+i2/ `�M/QKHv- T`QTQ`iBQM�H

iQ bQK2 `�i2X

jXkX q`B;?i@6Bb?2` T`Q+2bb

h?2 q`B;?i@6Bb?2` T`Q+2bb Bb �MQi?2` bBKTH2 biQ+?�biB+ KQ/2H Q7 2pQHmiBQM QM b?Q`i iBK2b+�H2bX h?2 K�DQ` /Bz2`2M+2

#2BM; i?�i BM i?2 q`B;?i@6Bb?2` T`Q+2bb i?2 r?QH2 TQTmH�iBQM Bb `2TH�+2/ �i 2�+? iBK2 bi2T `�i?2` i?�M � bBM;H2

BM/BpB/m�H (Rj- Rdy- RdR)X �b r2 /B/ 7Q` i?2 JQ`�M T`Q+2bb BM a2+iBQM jXR- r2 +�M /2p2HQT � bBKBH�` mM/2`bi�M/BM; Q7

K�Mv Q7 i?2 `2H2p�Mi bi�iBbiB+bX

�;�BM- r2 7Q+mb QM i?2 ;2MQivT2 bT�+2 Γ “ tα,βu �M/ �i }`bi �bbmK2 MQ Kmi�iBQM #2ir22M ivT2bX �i 2�+? iBK2

bi2T- i?2 r?QH2 TQTmH�iBQM Bb `2TH�+2/ěr2 +�HH i?Bb � M2r ;2M2`�iBQMX h?2 ivT2 Q7 BM/BpB/m�H i Bb b�KTH2/ 7Q`K i?2

T`2pBQmb ;2M2`�iBQM T`QTQ`iBQM�H iQ }iM2bbX �b BM i?2 JQ`�M T`Q+2bb- Bi Bb MQi M2+2bb�`v iQ FMQr i?2 ivT2 Q7 2�+?

BM/BpB/m�H- �b T`QD2+iBM; iQ bBKTHv i?2 MmK#2` Q7 BM/BpB/m�Hb Q7 ivT2 β biBHH H2�/b iQ � J�`FQpB�M T`Q+2bbX q2 `2+Q`/

i?2 MmK#2` Q7 BM/BpB/m�Hb Q7 ivT2 β �i iBK2 t rBi? xtX h?mb- r2 +�M r`Bi2 i?2 i`�MbBiBQM T`Q#�#BHBiB2b,

P txt`1 “ i|xtu “
˜
N
i

¸ˆ
fxt

fxt `N ´ xt

˙i ˆ N ´ xt

fxt `N ´ xt

˙N´i

, UjXkXRV

7Q` i P !N"X LQi2 i?�i UjXkXRV Bb 2[mBp�H2Mi iQ

pxt`1|xtq „ "BM
ˆ
N,

fxt

fxt `N ´ xt

˙
. UjXkXkV

h?mb- r?2M f “ 1- xt Bb � K�`iBM;�H2 rBi? `2bT2+i iQ Bib2H7X aQ #v i?2 b�K2 �`;mK2Mi �b BM i?2 T`QQ7 Q7 G2KK� jXk-

e9



r2 }M/ ρ “ 1{N r?2M f “ 1X .2}M2 i?2 }t�iBQM T`Q#�#BHBiv +QM/BiBQM�H QM bi�`iBM; rBi? i BM/BpB/m�Hb Q7 ivT2 β �b

ρi :“ P txT “ N |x0 “ iuX q?2M f ‰ 1- MQ +HQb2/ 7Q`K bQHmiBQM Bb FMQrM 7Q` ρ- #mi Bi +�M #2 �TT`QtBK�i2/ rBi? �M

2``Q` i?�i /2+`2�b2b iQ y �b N ;Q2b iQ BM}MBivX h?2`2 �`2 irQ `2;BK2b, URV i?2 }iM2bb Q7 ivT2 β �M/ i?�i i?2 BMBiB�H

MmK#2` Q7 ivT2 β �`2 #Qi? Q`/2` QM2c UkV i?2 }iM2bb Q7 ivT2 β Bb Q`/2` 1{N �M/ i?2 BMBiB�H MmK#2` Q7 ivT2 β Bb Q`/2`

N X AM i?2 b2+QM/ `2;BK2- r2 r`Bi2 ρ̃pi{Nq “ ρi �M/ f̃ “ Npf ´1q �M/ �bbmK2 i?�i ρ̃ ?�b � +QMiBMmQmbHv /Bz2`2MiB�#H2

HBKBi �b N Ñ 8X

h?2Q`2K jXeX AM i?2 }`bi `2;BK2- i?2 }t�iBQM T`Q#�#BHBiv Q7 i?2 q`B;?i@6Bb?2` T`Q+2bb ρ1 Bb ;Bp2M #v 1´ θ UrBi? �M

2``Q` Q7 bBx2 O p1{NqV- r?2`2 θ Bb i?2 KBMBKmK bQHmiBQM Q7 i?2 2[m�iBQM

θ “ efpθ´1q. UjXkXjV

AM i?2 b2+QM/ `2;BK2- i?2 }t�iBQM T`Q#�#BHBiv Q7 i?2 q`B;?i@6Bb?2` T`Q+2bb Bb ;Bp2M #v

ρ̃pxq “ 1´ e´f̃x

1´ e´f̃
`O p1{Nq . UjXkX9V

S`QQ7 UBM7Q`K�HVX lbBM; i?2 J�`FQp T`QT2`iv �M/ +QM/BiBQMBM; QM i?2 M2ti bi2T Q7 i?2 T`Q+2bb- r2 b22

ρi “ EρX , UjXkX8V

r?2`2 X „ "BM
´
N, fi

fi`N´i

¯
X AM i?2 }`bi `2;BK2- MQi2 i?�i �bvKTiQiB+�HHv X „ SQBb pfiqX JQ`2Qp2`- H2i θi “ 1´ ρi-

�M/ MQi2 i?�i BM i?2 H�`;2 TQTmH�iBQM HBKBi θi “ θi1 (Rj)X h?Bb �miQK�iB+�HHv BM+Q`TQ`�i2b i?2 BMBiB�H +QM/BiBQM θ0 “ 1X

h?mb- UjXkX8V #2+QK2

θ1 “
8ÿ

j“0

θj1
f je´f

j!
`O p1{Nq “ efpθ1´1q `O p1{Nq . UjXkXeV

AM i?2 b2+QM/ `2;BK2- r2 h�vHQ` 2tT�M/ ρ̃ �i x “ i{N - �M/ mb2 UjXkX8V iQ b22

ρ̃pxq “ ρ̃pxq ` ρ̃1pxqE
ˆ
X
N

´ x

˙
` ρ̃2pxqE

ˆ
X
N

´ x

˙2

“ ρ̃pxq ` ρ̃1pxq
ˆ
f̃xp1´ xq

N
`O

`
1{N2˘

˙
` ρ̃2pxq

ˆ
xp1´ xq

N
`Op1{N2q

˙
. UjXkXdV

e8



h?mb- f̃ ρ̃1pxq ` ρ̃2pxq “ O p1{Nq- �M/ bQHpBM; i?2 /Bz2`2MiB�H 2[m�iBQM vB2H/b

ρ̃pxq “ 1´ e´f̃x

1´ e´f̃
`O p1{Nq . UjXkX3V

h?Bb i2+?MB[m2 Bb � T`2+m`bQ` iQ /BzmbBQM i?2Q`v (Rj)X !

h?2 7QHHQrBM; h?2Q`2K 2tT�M/b i?2 7Q`KmH� 7Q` ρ1 7`QK h?2Q`2K jXe BM i?2 r2�F b2H2+iBQM HBKBiX h?2 2tT`2bbBQM

r2 Q#i�BM T`Qp2b mb27mH BM *?�Ti2` 8X

h?2Q`2K jXdX amTTQb2 f “ 1` φ{N 7Q` φ ě 0- i?2M i?2 }t�iBQM T`Q#�#BHBiv Q7 i?2 q`B;?i@6Bb?2` T`Q+2bb ρ1 Bb ;Bp2M

#v

ρ1 “ φ
2N

`OpN´2q. UjXkXNV

S`QQ7X h�FBM; HQ;b Q7 1[m�iBQM UjXkXjV- bm#biBimiBM; θ “ 1´ ρ- �M/ h�vHQ` 2tT�M/BM;- r2 b22

ρ` ρ2{2`O
`
ρ3
˘ “ ρ` ρ

φ
N

`O
`
N´2˘ , UjXkXRyV

i?mb �bbmKBM; ρ Bb bK�HH- r2 b22

ρ « φ
2N

. UjXkXRRV

!

6BM�HHv- r2 +QMbB/2` i?2 �#bQ`TiBQM iBK2 7Q` i?2 q`B;?i 6Bb?2` T`Q+2bbX

h?2Q`2K jX3X amTTQb2 f “ 0 �M/ i?�i x “ i{N - i?2M i?2 �#bQ`TiBQM iBK2 T b�iBb}2b

ET “ ´N px log x` p1´ xq logp1´ xqq `Op1q. UjXkXRkV

S`QQ7 UBM7Q`K�HVX �b r2 /B/ 7Q` ρ T`2pBQmbHv- r2 r`Bi2 t̃pi{Nq :“ ti �M/ �bbmK2 i?�i t̃ ?�b � +QMiBMmQmbHv /Bz2`@

2MiB�#H2 HBKBi �b N Ñ 8X G2i X „ "BM
`
N, i

N

˘
X h?2M- mbBM; �M 1[m�iBQM bBKBH�` iQ UjXRXR9V- r2 }M/

t̃pxq “ 1` t̃pxq ` t̃1pxqE
ˆ
X
N

´ x

˙
` t̃2pxqE

ˆ
X
N

´ x

˙2

“ 1` t̃pxq ` t̃2pxq
ˆ
xp1´ xq

N
`Op1{N2q

˙
. UjXkXRjV

ee



#v h�vHQ` 2tT�MbBQMX 6BM�HHv- bQHpBM; i?2 /Bz2`2MiB�H 2[m�iBQM t̃2pxq “ ´ N
xp1´xq ` Op1{N2q �M/ mbBM; i?2 #QmM/�`v

+QM/BiBQM t̃ “ t̃ “ 0- r2 }M/

t̃pxq “ ´N px log x` p1´ xq logp1´ xqq `Op1q. UjXkXR9V

!

LQi2 i?�i r?2M x “ 1{N - r2 ?�p2

ET “ logN ` pN ´ 1q logp1´ 1{Nq “ logN `Op1q UjXkXR8V

7Q` i?2 2tT`2bbBQM BM 1[m�iBQM UjXkXRkVX h?2 2tT`2bbBQM 7Q` i?2 �#bQ`TiBQM iBK2 r?2M f ‰ 1 Bb KQ`2 +QKTHB+�i2/

Ub22 (Rj)V- #mi r2 biBHH ?�p2 ErT |x0 “ 1s “ O plogNqX

jXjX 1pQHmiBQM�`v ;`�T? i?2Q`v

aQ 7�` r2 ?�p2 7Q+mb2/ QM biQ+?�biB+ KQ/2Hb i?�i BKTHB+BiHv �bbmK2 i?�i i?2 TQTmH�iBQM bi`m+im`2 Bb r2HH@KBt2/ěi?�i

Bb- �HH BMi2`�+iBQM #2ir22M T�B`b Q7 BM/BpB/m�Hb �`2 2[m�HX AM T�`iB+mH�`- r2 ?�p2 �bbmK2/ i?�i r?2M bQK2 BM/BpB/m�H

`2T`Q/m+2b- Bi Bb 2[m�HHv HBF2Hv iQ `2TH�+2 �Mv BM/BpB/m�HX AM i?Bb b2+iBQM r2 BMi`Q/m+2 � KQ/2H Q7 2pQHmiBQM�`v /vM�KB+b

BM bi`m+im`2/ TQTmH�iBQMb i?�i KQ/B}2b i?Bb �bbmKTiBQMX

h?2 JQ`�M T`Q+2bb QM ;`�T?b Bb i?2 bi�M/�`/ KQ/2H 7Q` TQTmH�iBQM bi`m+im`2 BM 2pQHmiBQM�`v /vM�KB+bX (R- Rkj)

h?2 T`Q+2bb Bb /2}M2/ 7Q` � /B`2+i2/- r2B;?i2/ ;`�T?- GN “ p!N",WN q- r?2`2 WN Bb � biQ+?�biB+ K�i`Bt Q7 2/;2

r2B;?ibX h?2 K�i`Bt WN /2b+`B#2b i?2 TQTmH�iBQM bi`m+im`2 �M/ i?2 2Mi`v WN pi, jq Bb i?2 T`Q#�#BHBiv i?�i BM/BpB/m�H

i `2TH�+2b BM/BpB/m�H j r?2M Bi `2T`Q/m+2bX h?2 T`Q+2bb- /2MQi2/ #v xt- Bb J�`FQpB�M rBi? bi�i2 bT�+2 tα,βuN - r?2`2

xt Bb � p2+iQ` /2b+`B#BM; i?2 ivT2 Q7 i?2 BM/BpB/m�H HQ+�i2/ �i 2�+? p2`i2t �i iBK2 tX h?2 bi�i2 Q7 i?2 T`Q+2bb +�M �HbQ

#2 `2+Q`/2/ rBi? St :“ ti : xtpiq “ βu- i?�i Bb i?2 bm#b2i Q7 BM/BpB/m�Hb r?Q �`2 Q7 ivT2 β �i iBK2 tX LQi2 i?�i 7Q`

;2M2`�H ;`�T?b- bBKTHv `2+Q`/BM; i?2 MmK#2` Q7 BM/BpB/m�Hb Q7 ivT2 β MQ HQM;2` T`QD2+ib iQ � J�`FQp +?�BMX

�i iBK2 y � Kmi�Mi Bb TH�+2/ �i QM2 Q7 i?2 p2`iB+2b mMB7Q`KHv �i `�M/QK Q` 7Q`K�HHv-

PrS0 “ Ss “

$
’’’&

’’’%

N´1 B7 |S| “ 1

0 Qi?2`rBb2
. UjXjXRV

ed



h?2M �i 2�+? bm#b2[m2Mi iBK2 bi2T 2t�+iHv QM2 p2`i2t Bb +?Qb2M `�M/QKHv- T`QTQ`iBQM�H iQ Bib }iM2bb- 7Q` `2T`Q/m+iBQM,

bQ i?2 T`Q#�#BHBiv Q7 +?QQbBM; � p2`i2t Q7 ivT2 α Bb 1{Ft �M/ i?2 T`Q#�#BHBiv Q7 +?QQbBM; � T�`iB+mH�` Kmi�Mi p2`i2t

Bb f{Ft- r?2`2

Ft “ N ´ |St|` f |St| UjXjXkV

Bb i?2 iQi�H }iM2bb Q7 i?2 TQTmH�iBQM �i iBK2 tX �M 2/;2 Q`B;BM�iBM; 7`QK i?2 +?Qb2M p2`i2t Bb i?2M b2H2+i2/ `�M/QKHv

rBi? T`Q#�#BHBiv 2[m�H iQ Bib 2/;2 r2B;?i- r?B+? Bb r2HH /2}M2/ bBM+2 W Bb biQ+?�biB+- �M/ i?2 p2`i2t �i i?2 /2biBM�iBQM

Q7 i?2 2/;2 i�F2b QM i?2 ivT2 Q7 i?2 p2`i2t �i i?2 Q`B;BM Q7 i?2 2/;2X q2 +�M r`Bi2 i?2 i`�MbBiBQM T`Q#�#BHBiB2b Q7 i?2

T`Q+2bb T`2+Bb2Hv �b

P rSt`1 “ S|Sts “

$
’’’’’’’’’’’’’&

’’’’’’’’’’’’’%

fW pSt, iq{Ft B7 S “ St \ tiu 7Q` bQK2 i R S

W pSc
t , iq{Ft B7 S “ Stztiu 7Q` bQK2 i P S

´
fW pSt, Stq `W pSc

t , S
cq
t

¯
{Ft B7 S “ St

0 Qi?2`rBb2

. UjXjXjV

hvTB+�HHv- i?2`2 �`2 2t�+iHv irQ �#bQ`#BM; bi�i2b- xt “ pα, . . . ,αq �M/ xt “ pβ, . . . ,βq- +Q``2bTQM/BM; iQ i?2 rBH/@

ivT2 }tBM; BM i?2 TQTmH�iBQM �M/ i?2 Kmi�Mib }tBM; BM i?2 TQTmH�iBQM `2bT2+iBp2HvX h?Bb Bb i`m2 r?2M2p2` i?2 ;`�T?

?�b �i KQbi QM2 `QQi �M/ Bb bi`QM;Hv +QMM2+i2/c r2 �bbmK2 i?Bb 7`QK MQr QMX h?mb- �HKQbi bm`2Hv- QM2 Q7 i?2b2 irQ

�#bQ`#BM; bi�i2b Bb `2�+?2/ BM }MBi2 iBK2 T - r?2`2

T :“ min tt : xt “ pα, . . . ,αq �M/ xt “ pβ, . . . ,βqu “ min tt : |St| “ 0 Q` |St| “ Nu UjXjX9V

Bb +�HH2/ i?2 �#bQ`TiBQM iBK2X h?2 T`Q#�#BHBiv i?�i i?2 T`Q+2bb `2�+?2b pβ, . . . ,βq �M/ MQi pα, . . . ,αq Bb +�HH2/ i?2

}t�iBQM T`Q#�#BHBiv �M/ 7Q` � ;`�T? G r2 /2MQi2 Bib }t�iBQM T`Q#�#BHBiv 7Q` � Kmi�Mi Q7 }iM2bb f ą 0 #v

ρG :“ P txT “ pβ, . . . ,βqu . UjXjX8V

� bBKTH2 �`;mK2Mi b?Qrb i?�i ρ “ 1{N 7Q` �HH ;`�T?b r?2M f “ 1, H2i Xi #2 � `�M/QK p�`B�#H2 BM/B+�iBM; i?�i

i?2 HBM2�;2 Q7 BM/BpB/m�H i 2p2Mim�HHv }t2/ BM i?2 TQTmH�iBQMX h?2M MQi2 i?2 2p2Mib tXi “ 1u �`2 Kmim�HHv 2t+HmbBp2-

e3



bQ
Nÿ

i“1

Xi “ 1, UjXjXeV

�b bQK2 HBM2�;2 Kmbi }tX >Qr2p2`- i?2 Kmi�Mi Bb M2mi`�H �M/ bi�`ib �i � mMB7Q`KHv `�M/QK HQ+�iBQM BM i?2 TQTmH�iBQM-

bQ

ρ “
Nÿ

i“1

1
N

P tST “ !N"|S0 “ tiuu “ 1
N

Nÿ

i“1

EXi “ 1
N

. UjXjXdV

aQ ρ �;`22b rBi? Qm` 7Q`KmH� 7Q` }t�iBQM T`Q#�#BHBiv BM i?2 JQ`�M �M/ q`B;?i@6Bb?2` T`Q+2bb2b r?2M f “ 1X q?�i

�#Qmi r?2M f ‰ 1\

� 7mM/�K2Mi�H TQBMi Q7 +QKT�`BbQM Bb i?2 }t�iBQM T`Q#�#BHBiv ρK 7Q` � r2HH@KBt2/ TQTmH�iBQM bi`m+im`2- r?2`2 i?2

;`�T? bi`m+im`2 Bb ;Bp2M #v W pi, jq “ 1{N 7Q` �HH i, j P !N" �M/ J bi�M/b 7Q` ǳJQ`�MǴ Q` ǳKBt2/XǴ q2 +�H+mH�i2/ ρK

BM h?2Q`2K jXjX �M 2�bv r�v iQ BHHmbi`�i2 2pQHmiBQM�`v ;`�T? i?2Q`v Bb i?2 +v+H2X h?2 +v+H2 Bb � ;`�T? rBi? r2B;?i

K�i`Bt ¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˝

0 1{2 0 ¨ ¨ ¨ 0 1{2

1{2 X X X X X X X X X X X X 0

0
X X X X X X X X X X X X

XXX
XXX

X X X X X X X X X X X X 0

0
X X X X X X X X X X X X 1{2

1{2 0 ¨ ¨ ¨ 0 1{2 0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

. UjXjX3V

6`QK �M BMBiB�H bi�i2 Q7 � bBM;H2 ivT2 β- QMHv bi�i2b r?2`2 i?2 β ivT2b �`2 +Hmbi2`2/ iQ;2i?2` +�M #2 `2�+?2/X h?mb-

#v i?2 bvKK2i`v Q7 i?2 ;`�T?- r2 +�M bBKTHv T`QD2+i iQ i?2 MmK#2` Q7 BM/BpB/m�Hb Q7 ivT2 β- /2MQi2/ #v xt- �M/

biBHH ?�p2 � r2HH@/2}M2/ J�`FQp +?�BMX JQ`2Qp2`- i?Bb J�`FQp +?�BM Bb � #B`i?@/2�i? T`Q+2bb QM !N"X �b BM i?2 T`QQ7

Q7 h?2Q`2K jXj- r2 +�M b?Qr i?�i f´xt Bb � K�`iBM;�H2 #v b?QrBM; i?�i i?2 `�iBQ Q7 BM+`2�bBM; Qp2` /2+`2�bBM; i?2

MmK#2` Q7 Kmi�Mib Bb +QMbi�MiX hQ BM+`2�b2 i?2 MmK#2` Q7 Kmi�Mib- r2 Kmbi +?QQb2 � Kmi�Mi iQ `2T`Q/m+2c �HbQ- i?Bb

BM/BpB/m�H Kmbi #2 QM i?2 #QmM/�`v Q7 i?2 +Hmbi2` �M/ Kmbi `2TH�+2 BM i?2 `B;?i /B`2+iBQM- Qi?2`rBb2 Bi rBHH `2TH�+2

�MQi?2` ivT2 Kmi�MiX h?mb-
2f
Ft

1
2

UjXjXNV

eN



Bb i?2 T`Q#�#BHBiv Q7 xt BM+`2�bBM;X "v bBKBH�` `2�bQMBM;- i?2 T`Q#�#BHBiv Q7 xt /2+`2�bBM; Bb

f
Ft

1
2
, UjXjXRyV

�M/ i?mb i?2B` `�iBQ Bb f X h?Bb T`Qp2b i?�i ρ “ ρK �b i?2 K�`iBM;�H2 �`;mK2Mi BM i?2 /2`Bp�iBQM Q7 ρK +�M MQr #2

�TTHB2/X

J�Mv Qi?2` ;`�T?b ?�p2 ρ “ ρK �M/ 7Q` K�Mv v2�`b QMHv bm+? 2t�KTH2b r2`2 FMQrM (Rdk)X h?Bb Bb #2+�mb2 QMHv

bvKK2i`B+ TQTmH�iBQM bi`m+im`2b Ur?2`2 W pi, jq “ W pj, iqV ?�/ #22M +QMbB/2`2/X :`�T?b rBi? 2t�+iHv i?2 b�K2

}t�iBQM T`Q#�#BHBiv �b ρK �`2 +H�bbB}2/ #v i?2 BbQi?2`K�H i?2Q`2K- r?B+? ;Bp2b bm{+B2Mi � +QM/BiBQM 7Q` � ;2M2`�H

;`�T? G iQ ?�p2 i?2 b�K2 }t�iBQM T`Q#�#BHBiv �b ρK (Rkj)X

q2 BMi`Q/m+2 i?2 7QHHQrBM; MQi�iBQM 7Q` bmKb Q7 bm#b2ib Q7 K�i`Bt 2Mi`B2b,

W
`
S, S1 ˘ :“

ÿ

iPS

ÿ

jPS1
W pi, jq, UjXjXRRV

7Q` �M N ˆ N K�i`Bt W �M/ bm#b2ib S, S1 Ď !N"X h?`Qm;?Qmi i?Bb b2+iBQM- r2 b?�HH `2[mB`2 i?�i i?2 K�i`Bt W Bb

biQ+?�biB+ěi?�i Bb- i?2 `Qr bmKb �`2 �HH 2[m�H iQ R,

Nÿ

j“1

W pi, jq “ 1, UjXjXRkV

7Q` �HH i P !N"X �Mv ;`�T? rBi? MQMM2;�iBp2 2/;2 r2B;?ib +�M #2 MQ`K�HBx2/ iQ T`Q/m+2 � ;`�T? rBi? � biQ+?�biB+

W - bQ HQM; �b 2�+? `Qr ?�b � MQMx2`Q 2Mi`v- rBi?Qmi +?�M;BM; i?2 #2?�pBQ` Q7 i?2 T`Q+2bb �b /2}M2/ �#Qp2X aQK2

�mi?Q`b T`272`- T�`iB+mH�`Hv r?2M i?2 TQTmH�iBQM bi`m+im`2 Bb /2b+`B#2/ #v � bBKTH2- mMr2B;?i2/ ;`�T?- iQ �pQB/

2tTHB+BiHv `2[mB`BM; Q` MQ`K�HBxBM; i?2 r2B;?i K�i`Bt iQ #2 biQ+?�biB+- #mi i?Bb Bb biBHH /QM2 BKTHB+BiHv BM i?2 /2}MBiBQM

Q7 i?2 T`Q+2bb (Rdj-Rd9)X

.27BMBiBQM jXN UAbQi?2`K�HBivVX � ;`�T? G Bb +�HH2/ BbQi?2`K�H B7 �HH i?2 +QHmKM bmKb Q7 W �`2 B/2MiB+�Hěi?�i

Bb-

W p!N", iq “ 1 UjXjXRjV

7Q` �HH i P !N"- Q` 2[mBp�H2MiHv- W Bb /Qm#Hv biQ+?�biB+X LQi2 i?�i �HH bvKK2i`B+ TQTmH�iBQM bi`m+im`2b �`2 BbQi?2`K�HX

dy



�M 2�bv +�H+mH�iBQM b?Qrb i?�i � ;`�T? Bb BbQi?2`K�H B7 �M/ QMHv B7

W pS, Scq “ W pSc, Sq UjXjXR9V

7Q` �HH H ‰ S Ĺ !N"- r?2`2 Sc :“ !N"zS Bb i?2 b2i +QKTH2K2MiX h?2 +QM/BiBQM UjXjXR9V �M/ Bib 2[mBp�H2M+2

iQ BbQi?2`K�HBiv Bb �i i?2 +Q`2 Q7 i?2 T`QQ7 Q7 i?2 BbQi?2`K�H i?2Q`2KX h?2 i2`K ǳBbQi?2`K�HǴ Q`B;BM�i2b 7`QK �M

BMi2`T`2i�iBQM Q7 i?2 bmK Q7 i?2 BM;QBM; 2/;2 r2B;?ib �b ?2�i- rBi? ǳ?Qii2`Ǵ p2`iB+2b +?�M;BM; KQ`2 7`2[m2MiHv BM

i?2 JQ`�M T`Q+2bbX h?mb- � ;`�T? b�iBb7vBM; UjXjXR9V Bb BbQi?2`K�H #2+�mb2 i?2 BM;QBM; �M/ Qmi;QBM; ~Qr Q7 ?2�i Bb

2[m�H �M/ �HH bm#b2ib S �`2 BM ǳi?2`K�H 2[mBHB#`BmKXǴ q2 MQr `2bi�i2 i?2 7Q`r�`/ /B`2+iBQM Q7 i?2 Q`B;BM�H BbQi?2`K�H

i?2Q`2KX

h?2Q`2K jXRy UAbQi?2`K�H i?2Q`2KVX amTTQb2 i?�i � ;`�T? G Bb BbQi?2`K�H- i?2M i?2 }t�iBQM T`Q#�#BHBiv Q7 �

`�M/QKHv TH�+2/ Kmi�Mi Q7 }iM2bb f Bb 2[m�H iQ ρKX

S`QQ7X h?2 T`QQ7 Bb p2`v bBKBH�` iQ Qm` /2`Bp�iBQM BM i?2 T`QQ7 Q7 h?2Q`2K jXj, r2 b?Qr i?�i yt :“ f´|St| Bb �

K�`iBM;�H2 rBi? `2bT2+i iQ StX 6B`bi MQi2 i?�i

P t|St`1| “ |St|` 1|Stu “
ÿ

iRSt

fW pSt, iq{Ft “ fW pSt, S
c
t q{Ft, UjXjXR8V

�b +?�M;BM; �Mv BM/BpB/m�H Q7 ivT2 α iQ ivT2 β BM+`2�b2b |St| #v RX aBKBH�`Hv-

P t|St`1| “ |St|´ 1|Stu “ W pSc
t , Stq{Ft. UjXjXReV

LQr r2 T`Qp2 1[m�iBQM UjXjXR9V,

ÿ

iPS

ÿ

jRS
W pi, jq “

ÿ

iPS

˜
1´

ÿ

jPS
W pi, jq

¸

“ |S|´
ÿ

jPS

ÿ

iPS
W pi, jq

“ |S|´
ÿ

jPS

˜
1´

ÿ

iRS
W pi, jq

¸

“
ÿ

jPS

ÿ

iRS
W pi, jq. UjXjXRdV

dR



h?2`27Q`2- +�H+mH�iBM;- r2 b22

E
”
f´|St`1||St

ı
“ f´|St|´1 fW pSt, S

c
t q

Ft
` f´|St|`1W pSc

t , Stq
Ft

` f´|St|
ˆ
1´ fW pSt, S

c
t q

Ft
´ W pSc

t , Stq
Ft

˙

“ f´|St| ` f´|St|W pSt, S
c
t q

Ft
p1` f ´ f ´ 1q

“ f´|St|. UjXjXR3V

LQi2 i?�i BM ;2M2`�H c|St| Bb � K�`iBM;�H2 r?2M2p2`

P t|St`1| “ |St|´ 1|St “ Su
P t|St`1| “ |St|` 1|St “ Su UjXjXRNV

Bb � +QMbi�Mi c 7Q` �HH SX h?2 T`QQ7 Bb i?2M 2�bBHv +QKTH2i2/ rBi? .QQ#Ƕb QTiBQM�H biQTTBM; BM i?2 b�K2 r�v �b i?2

T`QQ7 Q7 h?2Q`2K jXjX !

q2 �bF- +�M r2 `2H�t i?2 �bbmKTiBQMb Q7 h?2Q`2K jXRy\ h?�i Bb- T2`?�Tb �M �TT`QtBK�i2 `2bmHi +�M #2 Q#i�BM2/

7Q` W i?�i �`2 QMHv �TT`QtBK�i2Hv /Qm#Hv biQ+?�biB+ BM i?2 7QHHQrBM; b2Mb2,

|W p!N", jq ´ 1| ď ε UjXjXkyV

7Q` �HH j P !N" �M/ bQK2 bK�HH TQbBiBp2 [m�MiBiv εX >Qr2p2`- i?2 ;`�T? Gε “ pt1, 2, 3, 4u,W q- r?2`2 0 ă ε ă 1 �M/

W “

»

——————————–

0 1´ ε 0 ε

1´ ε 0 ε 0

0 ε2 0 1´ ε2

ε2 0 1´ ε2 0

fi

ffiffiffiffiffiffiffiffiffiffifl

, UjXjXkRV

b?Qrb r2 +�MMQi- bBM+2 �b ε Ñ 0

W pt1, 2u , t3, 4uq
W pt3, 4u, t1, 2uq “ 2ε

2ε2
“ ε´1 Ñ 8. UjXjXkkV

h?�i Bb- W Bb �TT`QtBK�i2Hv /Qm#Hv biQ+?�biB+- #mi i?2 `�iBQ Q7 i?2 Qmi;QBM; �M/ BM;QBM; 2/;2 r2B;?ib Bb mM#QmM/2/

dk



7Q` bQK2 bm#b2i SX JQ`2Qp2`- Bi Bb 2�bv iQ b?Qr i?�i i?2 }t�iBQM T`Q#�#BHBiv Bb bm+? i?�i

lim
εÑ0

ρGεprq “
1
2
1´ r´1

1´ r´2
, UjXjXkjV

r?B+? Bb 7�` 7`QK ρK “ p1´ r´1q{p1´r´4qX *QM/BiBQMBM; QM r?2i?2` i?2 T`Q+2bb bi�`ib �i p2`i2t R Q` j- i?2 /Bz2`2M+2

Bb 2p2M KQ`2 T`QMQmM+2/ �M/ ;Bp2M #v

lim
εÑ0

ρ1Gεprq “
1´ r´1

1´ r´2
�M/ lim

εÑ0
ρ3Gεprq “ 0 UjXjXk9V

`2bT2+iBp2HvX h?mb- r2 M22/ bi`QM;2` �bbmKTiBQMb 7Q` �M �TT`QtBK�i2 i?2Q`2Kěr2 i�F2 mT i?Bb +?�HH2M;2 BM *?�Ti2`

eX

q?BH2 h?2Q`2K jXRy +H�bbB}2b TQTmH�iBQM bi`m+im`2b r?Qb2 }t�iBQM T`Q#�#BHBiv Bb +HQb2 iQ i?�i Q7 i?2 r2HH@KBt2/- i?2

K�BM BMi2`2bi BM bi`m+im`2/ TQTmH�iBQMb Bb ?Qr i?2v +�M +?�M;2 i?2 #2?�pBQ` Q7 2pQHmiBQM�`v /vM�KB+bX hQ BHHmbi`�i2

bQK2 Q7 i?2b2 B/2�b- r2 bim/v irQ bT2+B�H ;`�T?b i?�i /2pB�i2 7`QK i?2 r2HH@KBt2/ BM irQ /Bz2`2Mi /B`2+iBQMbX

*QMbB/2` i?2 7QHHQrBM; ;`�T? rBi? r2B;?i K�i`Bt

¨

˚̊
˚̊
˚̊
˝

0 1{N ¨ ¨ ¨ 1{N
XXX

XXX ¨ ¨ ¨
XXX

0 1{N ¨ ¨ ¨ 1{N

˛

‹‹‹‹‹‹‚
. UjXjXk8V

q2 +�HH i?Bb ;`�T? i?2 i2MMBb `�+F2iX *�H+mH�iBM; i?2 }t�iBQM T`Q#�#BHBiv Q7 i?Bb ;`�T? Bb p2`v 2�bv- �b i?2 bi�i2

pβ, . . . ,βq Bb QMHv �++2bbB#H2 7`QK i?2 BMBiB�H bi�i2 pβ,α, . . . ,αq- i?�i Bb- r?2M i?2 Kmi�Mi �``Bb2b �i p2`i2t RX h?Bb Bb

#2+�mb2 i?2 p2`i2t R Bb � `QQi Q7 i?2 ;`�T?X JQ`2Qp2`- 7`QK i?2 bi�i2 pβ,α, . . . ,αq- i?2 bi�i2 pα, . . . ,αq +�MMQi #2

`2�+?2/ #v i?2 J�`FQp +?�BMX h?mb- i?2 }t�iBQM T`Q#�#BHBiv Bb

ρ “ 1
N

. UjXjXkeV

7Q` �HH f X h?2 BMi2`T`2i�iBQM Q7 1[m�iBQM UjXjXkeV Bb i?�i i?Bb TQTmH�iBQM bi`m+im`2 +QKTH2i2Hv `2KQp2b �Mv /2T2M/2M+2

QM i?2 }iM2bb /Bz2`2M+2 #2ir22M ivT2běBi Bb B/2MiB+�H iQ i?2 }t�iBQM T`Q#�#BHBiv Q7 � M2mi`�H Kmi�Mi BM � r2HH@KBt2/

TQTmH�iBQMX AM i?Bb b2Mb2- Bi bmTT`2bb2b b2H2+iBQM (9)X

dj



h?2 2z2+i Q7 b2H2+iBQM +�M �HbQ #2 �KTHB}2/X h?2 bBKTH2bi 2t�KTH2 Q7 �M �KTHB7vBM; TQTmH�iBQM bi`m+im`2 Bb i?2

bi�`- r?B+? Bb � ;`�T? rBi? p2`i2t b2i !N ` 1" �M/ r2B;?i K�i`Bt

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˝

0 1{N ¨ ¨ ¨ 1{N

1 0 ¨ ¨ ¨ 0

XXX
XXX ¨ ¨ ¨

XXX

1 0 ¨ ¨ ¨ 0

˛

‹‹‹‹‹‹‹‹‹‹‚

. UjXjXkdV

h?2 }t�iBQM T`Q#�#BHBiv 7Q` i?2 bi�` Bb �TT`QtBK�i2Hv

1´ f´2

1´ f´2n´2
. UjXjXk3V

h?2 p2`i2t 1 Bb `272``2/ iQ �b i?2 +2Mi2` �M/ i?2 Qi?2` p2`iB+2b �`2 `272``2/ iQ �b H2�p2bX 6BiM2bb /Bz2`2M+2b �`2

2z2+iBp2Hv b[m�`2/ r?2M +QKT�`2/ iQ i?2 r2HH@KBt2/ TQTmH�iBQM bi`m+im`2X 6Q` 2t�KTH2- � RyW }iM2bb �/p�Mi�;2

QM i?2 bi�` vB2H/b `Qm;?Hv i?2 b�K2 }t�iBQM T`Q#�#BHBiv �b � kRW }iM2bb �/p�Mi�;2 BM i?2 r2HH@KBt2/ TQTmH�iBQM

bi`m+im`2 (9)X

"27Q`2 r2 T`Qp2 UjXjXk3V- r2 #mBH/ bQK2 BMimBiBQM 7Q` i?2 `2bmHiX G2i ct P t0, 1u /2MQi2 r?2i?2` i?2 +2Mi`�H p2`i2t

Bb ivT2 β �M/ lt P t0, 1, . . . , Nu /2MQi2 i?2 MmK#2` Q7 ivT2 β QM i?2 H2�p2bX q2 +QMbB/2` i?2 TQbbB#H2 �+iBQMb i?�i

?�TT2M QM i?2 bi�` �M/ i?2 `�i2b �i r?B+? i?2v Q++m`X AM � ivTB+�H bi2T QM i?2 bi�`- � H2�7 Bb +?Qb2M 7Q` `2T`Q/m+iBQM-

bBM+2 i?2`2 �`2 K�Mv KQ`2 H2�p2b QM � H�`;2 bi�`X h?mb- i?2 +2Mi2` +?�M;2b ivT2 p2`v `�TB/Hv +QKT�`2/ iQ i?2 H2�p2b-

�b i?2v +�M QMHv +?�M;2 r?2M i?2 +2Mi2` `2T`Q/m+2bX G2i mb BK�;BM2 i?�i i?2 +2Mi2` Bb �M BM/2T2M/2Mi T`Q+2bb i?�i

+?�M;2b #2ir22M i?2 bi�i2b y �M/ RX q2 +�M i?2M �bF r?�i Bb i?2 T`Q#�#BHBiv i?�i Bi Bb BM bi�i2 y U/2MQi2/ #v φV\

h?Bb Bb bBKTHv i?2 T`QTQ`iBQM Q7 i?2 `�i2b Q7 i`�MbBiBQM UBM 2t�+iHv i?2 b�K2 r�v iQ i?2 +�H+mH�iBQM BM UjXRXkkVVX >2`2

r2 �`2 2bb2MiB�HHv �bbmKBM; i?�i i?2 iBK2b+�H2b �i r?B+? i?2 +2Mi2` �M/ H2�p2b +?�M;2 �`2 b2T�`�i2/X

q2 }M/ i?2 7QHHQrBM; `�i2b 7Q` i?2 i`�MbBiBQMb Q7 lt �M/ ct,

LQi2 i?�i i?2 iQT irQ `Qrb BKTHv

φ “ flt
flt `N ´ lt

. UjXjXkNV

d9



�+iBQM _�i2 UmT iQ +QMbi�MibV
ct`1 “ ct ` 1 flt

ct`1 “ ct ´ 1 N ´ lt

lt`1 “ lt ` 1 f
N φN´lt

N

lt`1 “ lt ´ 1 1´φ
N

lt
N

h�#H2 jXR, h`�MbBiBQM `�i2b 7Q` i?2 bi�`X

h?mb- HQQFBM; �i i?2 `�iBQ Q7 lt`1 BM+`2�bBM; Qp2` /2+`2�bBM; 7`QK lt- Dmbi �b r2 /B/ BM UjXjXRNV- r2 }M/

f
N φN´L

N
1´φ
N

L
N

“
fpN ´ Lq fL

fL`N´L

L N´L
fL`N´L

“ f2. UjXjXjyV

q?BH2 i?Bb Bb QMHv � ?2m`BbiB+ �M/ r2 +�MMQi mb2 � K�`iBM;�H2 �M/ QTiBQM�H biQTTBM; iQ T`Qp2 UjXjXk3V- Bi /Q2b bm;;2bi

r?v r2 b22 i?Bb #2?�pBQ`X LQr- r2 im`M iQ � `2�H T`QQ7X

h?2Q`2K jXRRX h?2 }t�iBQM T`Q#�#BHBiv 7Q` i?2 bi�` Q7 bBx2 N ` 1 Bb ;Bp2M #v

ρbi�` “ N2
`
f2 ´ 1

˘ pN ` fq ` pNf ` 1q `f2 ´ 1
˘

pN ` 1qpNf ` 1q
ˆ
fpN ` fq ´ pNf ` 1q

´
N`f

Nf2`f

¯N
˙ . UjXjXjRV

AM T�`iB+mH�` -

lim
NÑ8

ρbi�` “ `
1´ f´2˘1pf ě 1q. UjXjXjkV

hQ T`Qp2 i?Bb r2 �;�BM mb2 � K�`iBM;�H2 �TT`Q�+? (9-Rd8-Rde)X

G2KK� jXRkX .2}M2

gpx, yq “
ˆ

fN ` 1
fN ` f2

˙x ˆ N ` f
Nf2 ` f

˙y

, UjXjXjjV

i?2M yt :“ gpct, ttq Bb � K�`iBM;�H2 rBi? `2bT2+i iQ xtX

S`QQ7X h?2 K�`iBM;�H2 +QM/BiBQM Kmbi #2 p2`B}2/ 7Q` �HH bi�i2b- #mi i?2 +�H+mH�iBQMb �`2 bBKBH�` bQ r2 Dmbi b?Qr QM2X

d8



q2 b22

E rgpct`1, lt`1|ct “ 0, lt “ is “ gp1, iq fi
Ft

` gp0, i´ 1q 1
Ft

i
N

` gp0, iq
ˆ
1´ fi

Ft
´ i

FtN

˙

“ gp0, iq ` fi
Ft

ˆ
N ` f

Nf2 ` f

˙i „ fN ` 1
fN ` f2

´ 1

ȷ
` i

FtN

ˆ
N ` f

Nf2 ` f

˙i „Nf2 ` f
N ` f

´ 1

ȷ

“ gp0, iq ` i
Ft

ˆ
N ` f

Nf2 ` f

˙i „
f

1´ f2

fN ` f2
` 1

N
Nf2 ´N
N ` f

ȷ

“ gp0, iq.

!

S`QQ7 Q7 h?2Q`2K jXRRX G2i T #2 i?2 �#bQ`TiBQM iBK2X h?2M r?2M i?2 Kmi�Mi Q`B;BM�i2b QM � H2�7- r2 b22

gp0, 1q “ EY0 “ EYT “ ρHgp1, Nq ` p1´ ρHqgp0, 0q. UjXjXj9V

aQHpBM; 7Q` ρH vB2H/b i?2 }t�iBQM T`Q#�#BHBiv ;Bp2M i?�i i?2 Kmi�Mi Q`B;BM�i2b �i � H2�7-

gp0, 1q ´ gp0, 0q
gp1, Nq ´ gp0, 0q “ N

`
f2 ´ 1

˘ pN ` fq

pNf ` 1q
ˆ
fpN ` fq ´ pNf ` 1q

´
N`f

Nf2`f

¯N
˙ Ñ `

1´ f´2˘1pf ě 1q . UjXjXj8V

aBKBH�`Hv- r2 }M/ i?2 }t�iBQM T`Q#�#BHBiv ;Bp2M i?�i i?2 Kmi�Mi Q`B;BM�i2b �i i?2 +2Mi2`- ρ+-

gp1, 0q ´ gp0, 0q
gp1, Nq ´ gp0, 0q “ f2 ´ 1

fpN ` fq ´ pNf ` 1q
´

N`f
Nf2`f

¯N Ñ 0 . UjXjXjeV

h?mb- i�FBM; �M 2tT2+i�iBQM Qp2` i?2 BMBiB�H +QM/BiBQMb- r2 }M/ i?2 2tT`2bbBQM 7Q` i?2 }t�iBQM T`Q#�#BHBiv

ρbi�` “ N2
`
f2 ´ 1

˘ pN ` fq ` pNf ` 1q `f2 ´ 1
˘

pN ` 1qpNf ` 1q
ˆ
fpN ` fq ´ pNf ` 1q

´
N`f

Nf2`f

¯N
˙ . UjXjXjdV

h�FBM; i?2 HBKBi �b N Ñ 8- r2 b22 UjXjXj8V +QMp2`;2b iQ
`
1´ f´2

˘
1pf ě 1q �M/ UjXjXjeV +QMp2`;2b iQ yX !

jXjXRX �#bQ`TiBQM iBK2b 7Q` 2pQHmiBQM�`v ;`�T? i?2Q`vX �b r2 ?�p2 b22M- TQTmH�iBQM bi`m+im`2 +�M /BbiQ`i

i?2 }t�iBQM T`Q#�#BHBiv- r?B+? Bb � bi�iBbiB+ Q7 T`BK�`v BMi2`2bi- �M/ b?QrM i?�i BM bQK2 +�b2b Bi H2�p2b }t�iBQM

T`Q#�#BHBiB2b mM+?�M;2/X q2 MQr b?Qr i?�i TQTmH�iBQM bi`m+im`2 +�M �HbQ /BbiQ`i �#bQ`TiBQM iBK2b �M/ Bi +�M /Q

de



bQ 2p2M r?2M i?2 }t�iBQM T`Q#�#BHBiv `2K�BMb mM+?�M;2/X q?BH2 bim/vBM; �#bQ`TiBQM iBK2b Bb BMi2`2biBM; 7`QK �

K�i?2K�iB+�H TQBMi Q7 pB2r- Bi �HbQ ?�b `2H2p�Mi #BQHQ;B+�H KQiBp�iBQMbX AM T�`iB+mH�`- i?2 KQH2+mH�` +HQ+F Bb /2}M2/

�b i?2 `�i2 �i r?B+? M2mi`�H Kmi�iBQMb }t BM � TQTmH�iBQMX LQ`K�HHv- i?Bb Bb 2tT`2bb2/ �b

εNρ, UjXjXj3V

i?�i Bb- i?2 T`Q/m+i Q7 i?2 `�i2 �i r?B+? M2mi`�H Kmi�Mib 2Mi2` i?2 TQTmH�iBQM- εN - �M/ i?2 }t�iBQM T`Q#�#BHBiv (Rdd)X

�b r2 b�r- 7Q` f “ 1- ρ “ 1{N - bBKTHB7vBM; UjXjXj3V iQ εX >Qr2p2`- BM KQ/2Hb r?2`2 i?2 }t�iBQM iBK2 �HbQ p�`B2b

bB;MB}+�MiHv i?2 KQH2+mH�` +HQ+F Bb ;2M2`�HBx2/ iQ

1
1

εNρ ` t1
, UjXjXjNV

r?B+? bBKTHB}2b iQ 1{ p1{ε` t1q (Rdd)X h?Bb K2�Mb i?�i r?2M i?2 }t�iBQM iBK2 Bb H�`;2 Bi +�M /QKBM�i2 i?2 KQH2+mH�`

+HQ+FX

�MQi?2` BKTQ`i�Mi �M/ T`�+iB+�H �TTHB+�iBQM Q7 �#bQ`TiBQM iBK2b Bb ?Qr i?2v #�`2 QM i?2 2{+B2M+v Q7 JQMi2 *�`HQ

bBKmH�iBQMb Q7 2pQHmiBQM�`v ;`�T? i?2Q`vX h?2 +QKTmi�iBQM�H +QKTH2tBiv Q7 �TT`QtBK�iBM; i?2 }t�iBQM T`Q#�#BHBiv

?�b #22M 2ti2MbBp2Hv bim/B2/ (Rd9- Rd3ĜR3y)X � p2`v M�im`�H �H;Q`Bi?K iQ �TT`QtBK�i2 i?2 }t�iBQM T`Q#�#BHBiv- Bb

iQ bBKmH�i2 i?2 T`Q+2bb- `2+Q`/ Qmi+QK2b- �M/ i?2M �p2`�;2 i?2b2 Qmi+QK2b iQ 2biBK�i2 ρX h?2 2{+B2M+v Q7 i?Bb

�H;Q`Bi?K Bb /B`2+iHv BKT�+i2/ #v i?2 2tT2+i2/ �#bQ`TiBQM iBK2X

aim/vBM; �#bQ`TiBQM iBK2b BM bi`m+im`2/ TQTmH�iBQMb Bb +2`i�BMHv KQ`2 /B{+mHi i?�M BM mMbi`m+im`2/ TQTmH�iBQMbX

h?Bb Bb #2+�mb2 Q7i2M Bi Bb MQi TQbbB#H2 iQ 2tTHB+BiHv bQHp2 i?2 `2+m``2M+2 2[m�iBQMb �b BM UjXRXR8V Q` iQ 2KTHQv �

/BzmbBQM �TT`QtBK�iBQM �b BM UjXkXdVX >Qr2p2`- r2 +�M T2`7Q`K bQK2 BM7Q`K�H +�H+mH�iBQMb r?2M f “ 1 �M/ �b f Ñ 8

UDmbi �b r2 /B/ BM i?2 T`QQ7 Q7 h?2Q`2K jX9VX q2 �H`2�/v 7QmM/ i?2 �#bQ`TiBQM iBK2 7Q` i?2 r2HH@KBt2/ TQTmH�iBQM BM

h?2Q`2K jX9X aQ r2 bi�`i rBi? i?2 +v+H2 /2}M2/ BM UjXjX3VX

G2i xt #2 i?2 MmK#2` Q7 BM/BpB/m�Hb Q7 ivT2 βX q?2M f “ 1- yt :“ x2
t ´ 2t

N Bb � K�`iBM;�H2 rBi? `2bT2+i iQ xt,

E ryt`1|xts “ pxt ` 1q2 2
N

1
2
` pxt ´ 1q2 2

N
1
2
` x2

t

ˆ
1´ 2

2
N

1
2

˙
´ 2pt` 1q

N
“ x2

t ´
2t
N

“ yt. UjXjX9yV

dd



h?mb- H2i T #2 i?2 �#bQ`TiBQM iBK2X h?2M #v .QQ#Ƕb QTiBQM�H biQTTBM;- r2 b22

1 “ Ey0 “ EyT “ ρN2 ` p1´ ρq ¨ 0` 2
N

ET. UjXjX9RV

_2�``�M;BM; r2 ;2i

t1 “ 1
2
NpN ´ 1q, UjXjX9kV

bBM+2 ρ “ 1{N X LQi2 i?�i r?2M r2 K2�bm`2 t1 BM ;2M2`�iBQM�H iBK2- r2 }M/ Bi i�F2b QM �p2`�;2 OpNq ;2M2`�iBQM 7Q`

�#bQ`TiBQM- r?B+? Bb Km+? HQM;2` i?�M i?2 O plogNq ;2M2`�iBQMb `2[mB`2/ 7Q` r2HH@KBt2/ TQTmH�iBQMbX aQ BM/22/- i?2

`�i2 Q7 2pQHmiBQM BM i?Bb +�b2 Bb

1
1

εNρ ` t1
“ 1

1
εN 1

N
` 1

2NpN ´ 1q “ Θ

ˆ
min

"
ε,

1
N2

*˙
. UjXjX9jV

q?2M f Bb p2`v H�`;2- Bi Bb p2`v mMHBF2Hv i?�i i?2 MmK#2` Q7 Kmi�Mib 2p2` /2+`2�b2b- i?mb r2 +�M /2+QKTQb2 T �b

� bmK Q7 ;2QK2i`B+ `�M/QK p�`B�#H2bX .2}M2 Ti :“ min tt : Xt “ iu- i?2M

ET “ ETN «
N´1ÿ

i“1

ErTi`1 ´ Tis «
N´1ÿ

i“1

i “ N pN ´ 1q
2

“ Θ
`
N2˘ , UjXjX99V

bBM+2 Ti`1 ´ Ti „ :2Q
`
2
i
1
2

˘
X h?Bb Bb �;�BM /Bz2`2Mi i?�M t1 BM � r2HH@KBt2/ TQTmH�iBQMX

LQr r2 im`M iQ i?2 i2MMBb `�+F2iX 6B`bi- H2i f “ 1X q2 ?�p2 iQ +QMbB/2` 7Qm` i?BM;b,

Ç q?2`2 /Q2b i?2 Kmi�Mi Q`B;BM�i2\

Ç >Qr HQM; /Q2b Bi i�F2 i?2 `QQi iQ `2T`Q/m+2 �M/ KB;`�i2 iQ i?2 r2HH@KBt2/ T�`i\

Ç >Qr K�Mv �ii2KTib /Q2b Bi i�F2 7Q` i?2 KB;`�Mi iQ }t BM i?2 r2HH@KBt2/ T�`i\

Ç q?�i Bb i?2 }t�iBQM iBK2 Q7 i?2 r2HH@KBt2/ T�`i\

SmiiBM; i?Bb iQ;2i?2`- r2 }M/ i?2 2tT2+i2/ �#bQ`TiBQM iBK2 iQ #2 �TT`QtBK�i2Hv

1
N

¨N ¨N ¨N logN ` N ´ 1
N

ˆ
1
N

¨N ¨N ¨N logN ` N ´ 1
N

¨N logN

˙
“ Θ

`
N2 logN

˘
. UjXjX98V

a2+QM/- +QMbB/2` f Ñ 8X A7 i?2 Kmi�Mi Q`B;BM�i2b �i i?2 `QQi- Bi KB;`�i2b BM QM2 bi2T �M/ i?2M Bi i�F2 �TT`QtBK�i2Hv

N logN bi2Tb UBM 2tT2+i�iBQMV iQ }t BM i?2 r2HH@KBt2/ T�`i #v h?2Q`2K jX9X >Qr2p2`- B7 i?2 Kmi�Mi Q`B;BM�i2b BM i?2

r2HH@KBt2/ T�`i- Bi }t2b i?2`2- `2K�BMb }t2/- �M/ +�MMQi `2TH�+2 i?2 `QQiX aQ r2 M2p2` `2�+? }t�iBQM Q` 2tiBM+iBQM

d3



Q7 i?2 Kmi�Mi- ?2M+2

t1 “ 1
N

p1`N logNq ` N ´ 1
N

¨ 8. UjXjX9eV

6BM�HHv- +QMbB/2` i?2 bi�` r?2M f “ 1X G2i ti #2 i?2 2tT2+i2/ �#bQ`TiBQM iBK2 bi�`iBM; 7`QK i Kmi�Mib QM i?2

H2�p2bX >2`2 r2 B;MQ`2 i?2 iBK2 i�F2M 7Q` i?2 +2Mi2` iQ i�F2 i?2 +Q``2+i p�Hm2 �M/ +QMbB/2` �#bQ`TiBQM r?2M i?2 H2�p2b

?�p2 y Q` N Kmi�MibX G2i φ #2 i?2 T`Q#�#BHBiv i?�i i?2 +2Mi2` Bb � Kmi�Mi- �b r2 b�r #27Q`2 φ “ i{N X h?2M

P`
i 9 1

N
i
N

N ´ i
N

UjXjX9dV

�M/

P´
i 9 1

N
N ´ i
N

i
N

. UjXjX93V

LQr r2 +�M r`Bi2 /QrM � bBKBH�` `2+m``2M+2 2[m�iBQM 7Q` ti �b r2 /B/ BM i?2 r2HH@KBt2/ +�b2 BM 1[m�iBQM UjXRXR9V,

ti “ 1` 1
N

i
N

N ´ i
N

ti`1 ` 1
N

N ´ i
N

i
N

ti´1 `
ˆ
1´ 1

N
i
N

N ´ i
N

´ 1
N

N ´ i
N

i
N

˙
ti, UjXjX9NV

r?B+? BKTHB2b tbi�`
i “ NtrK

i X

q?2M f Ñ 8- BM � bBKBH�` r�v iQ #27Q`2

Ti`1 ´ Ti „ :2Q
ˆ

1
i` 1

N ´ i
N

˙
, UjXjX8yV

i?mb

t1 “ N
N´1ÿ

i“1

i` 1
N ´ i

« N2 logN. UjXjX8RV

q?2`2 i?2 bmK Bb �TT`QtBK�i2/ rBi? �M BMi2;`�HX

:`�T? t1 Ur “ 1V t1 Ur Ñ 8V
q2HH@KBt2/ N logN N logN

*v+H2 N2{2 N2{2
ai�` N2 logN N2 logN

h2MMBb `�+F2i N2 logN 8

h�#H2 jXk, q2 bmKK�`Bx2 i?2 +�H+mH�iBQMb Q7 �#bQ`TiBQM iBK2b 7`QK i?Bb b2+iBQM mT iQ H2�/BM; Q`/2`bX

q2 ?�p2 bim/B2/ �#bQ`TiBQM iBK2 7Q` b2p2`�H bT2+B�H TQTmH�iBQMb bi`m+im`2b- #mi bQK2 KQ`2 ;2M2`�H `2bmHib �`2

dN



FMQrMX AM (Rd3) � bmT2`K�`iBM;�H2 Bb /2`Bp2/ 7`QK � TQi2MiB�H 7mM+iBQM BM i?2 +�b2 Q7 bBKTH2- mM/B`2+i2/ ;`�T?bX

lbBM; i?Bb bmT2`K�`iBM;�H2- i?2v }M/ i?�i

t1 ď 1
1´ f

N3 UjXjX8kV

r?2M f ă 1-

t1 ď f
f ´ 1

N4 UjXjX8jV

r?2M f ą 1- �M/

t1 ď N4

˜
Nÿ

i“1

1
di

¸2

UjXjX89V

r?2M f “ 1- r?2`2 di Bb i?2 /2;`22 Q7 p2`i2t iX AM (R3y)- i?2 �#bQ`TiBQM iBK2 Q7 bBKTH2- /B`2+i2/- `2;mH�` ;`�T?b Bb

T`Qp2/ iQ #2 ΩpN logNq �M/ OpN2qX h?2v �HbQ /2}M2 �M BM}MBi2 7�KBHv Q7 bBKTH2- /B`2+i2/ ;`�T?b 7Q` r?B+? i?2

2tT2+i2/ �#bQ`TiBQM iBK2 Bb 2tTQM2MiB�H BM N - b?QrBM; i?�i BM ;2M2`�H i?2 �#bQ`TiBQM iBK2 +�M #2 p2`v HQM;X h?2b2

`2bmHib ?�p2 BKK2/B�i2 BKTHB+�iBQM 7Q` JQMi2 *�`HQ �H;Q`Bi?Kb 7Q` �TT`QtBK�iBM; ρc (Rd9) #mBH/b QM i?2b2 `2bmHib �M/

+QMbi`m+ib 2p2M KQ`2 2{+B2Mi �H;Q`Bi?KbX *QKTH2tBiv [m2biBQMb ?�p2 �HbQ #22M +QMbB/2`2/ 7Q` 2pQHmiBQM�`v ;`�T?

i?2Q`v (RdN)- #mi 7Q` � bHB;?iHv /Bz2`2Mi KQ/2H i?�M i?2 #B`i?@/2�i? JQ`�M@ivT2 KQ/2H r2 ?�p2 /2}M2/ ?2`2X 6Q` i?2

T`QQ7b bQK2 MQM@KQMQiQMB+Biv Bb `2[mB`2/- bQ bQK2 bQ`i Q7 7`2[m2M+v /2T2M/2M+2 QM }iM2bb Bb �bbmK2/ěi?2 2t�+i

+QKTH2tBiv Q7 i?2 KQ/2H +QMbB/2`2/ BM i?Bb b2+iBQM `2K�BMb mMFMQrM 7Q` /B`2+i2/- r2B;?i2/ ;`�T?bX

jX9X :2M2`�H 2pQHmiBQM�`v T`Q+2bb2b

AM 2�+? Q7 i?2 �#Qp2 KQ/2Hb- i?2 T`Q+2bb r�b mT/�i2/ �b 7QHHQrb, aQK2 bm#b2i R Q7 i?2 TQTmH�iBQM Bb b2H2+i2/ iQ

#2 `2TH�+2/X 1�+? BM/BpB/m�H i BM i?Bb bm#b2i- Bb `2TH�+2/ #v i?2 QzbT`BM; Q7 bQK2 Qi?2` BM/BpB/m�H jX q2 /2MQi2

i?Bb 2p2Mi rpiq “ jX S`2+Bb2Hv- i?2`2 Bb bQK2 T`Q#�#BHBiv /Bbi`B#miBQM D Qp2` i?2 b2i Q7 pR, rq bm+? i?�i R Ď !N" �M/

r : R Ñ !N"X h?2 T`Q+2bb Bb i?2M mT/�i2/ #v b�KTHBM; 7`QK i?Bb /Bbi`B#miBQM- r?B+? +�M /2T2M/ QM i?2 +m``2Mi bi�i2

Q7 i?2 T`Q+2bb- i?�i Bb-

P
␣
xt`1 “ x1|xt “ x

( “
ÿ

pR,rq
DxpR, rq

ź

iPR
1
`
x1piq “ xprpiqq˘

ź

iRR
1
`
x1piq “ xpiq˘ . UjX9XRV

h?�i Bb- ;Bp2M xt �M/ � b�KTH2 pR, rq- i?2 M2r bi�i2 Bb xt`1piq “ xtprpiqq 7Q` i P R �M/ xt`1piq “ xtpiq 7Q` i R RX

GQQFBM; �i i?2 KQ/2Hb r2 bim/B2/ BM i?2 T`2pBQmb b2+iBQMb- r2 +�M bT2+B7v D BM i?Qb2 +�b2bX 6B`bi- Bi Bb mb27mH iQ

3y



BMi`Q/m+2 bQK2 MQi�iBQMX S`2pBQmbHv- r2 HBKBi2/ Qm`b2Hp2b iQ irQ ivT2b- α �M/ β- #mi r2 ;�p2 b2p2`�H 2t�KTH2 Q7

;2MQivT2 bT�+2b rBi? K�Mv ivT2b BM *?�Ti2` kX AM a2+iBQM kXe- r2 �bbQ+B�i2/ }iM2bb2b rBi? 2�+? ;2MQivT2 BM i?2

;2MQivT2 bT�+2ě/2MQi2/ #v Fpαq 7Q` � ;2MQivT2 αX h?2 TQTmH�iBQM bi`m+im`2 �M/ mT/�i2 `mH2 �`2 }t2/- BM i?�i i?2

`2TH�+2K2Mi 2p2Mib �i /Bz2`2Mi TQBMib BM iBK2 �`2 +?Qb2M BM/2T2M/2MiHv 7`QK i?2 b�K2 /Bbi`B#miBQMX h?Bb 7mM+iBQM Bb

F2v iQ /2}MBM; i?2 /Bbi`B#miBQM D 7Q` K�Mv KQ/2HbX �b #27Q`2- r2 mb2

Fx :“
Nÿ

k“1

Fpxpkqq UjX9XkV

iQ /2MQi2 i?2 �p2`�;2 }iM2bb Q7 � TQTmH�iBQM x �M/ Ft 7Q` i?2 TQTmH�iBQM xt �i iBK2 tX

.27BMBiBQM jXRj UJQ`�M T`Q+2bb BM � r2HH@KBt2/ TQTmH�iBQM rBi? #B`i?@/2�i? mT/�iBM;VX h?2 mT/�i2

/Bbi`B#miBQM Bb ;Bp2M #v

DxpR, rq “

$
’’’&

’’’%

1
N

Fpxprpiqqq
Fx

B7 R “ tiu

0 Qi?2`rBb2
, UjX9XjV

r?2`2 Fpxpkqq Bb Dmbi i?2 }iM2bb Q7 BM/BpB/m�H iX

.27BMBiBQM jXR9 Uq`B;?i@6Bb?2` T`Q+2bb BM � r2HH@KBt2/ TQTmH�iBQMVX h?2 mT/�i2 /Bbi`B#miBQM Bb ;Bp2M #v

DxpR, rq “

$
’’’&

’’’%

F´N
x

śN
i“1 F px prpiqqq B7 R “ !N"

0 Qi?2`rBb2
. UjX9X9V

r?2`2 Fpxpkqq Bb Dmbi i?2 }iM2bb Q7 BM/BpB/m�H iX

.27BMBiBQM jXR8 UJQ`�M T`Q+2bb QM � ;`�T? rBi? #B`i?@/2�i? mT/�iBM;VX h?2 mT/�i2 /Bbi`B#miBQM Bb ;Bp2M #v

DxpR, rq “

$
’’’&

’’’%

FpxprpiqqqW prpiq,iq
Fx

B7 R “ tiu

0 Qi?2`rBb2
. UjX9X8V

r?2`2 G “ p!N",W q Bb � ;`�T? `2T`2b2MiBM; � TQTmH�iBQM bi`m+im`2X

h?2 }iM2bb /2T2M/2M+2 Q7 i?2 i`�MbBiBQM T`Q#�#BHBiB2b Q7 i?2 T`Q+2bb �`2 2M+Q/2/ BM i?2 /2T2M/2M+2 Q7 i?2 /Bbi`B@

#miBQM Dx QM i?2 +m``2Mi bi�i2 x- �b r2 b�r BM i?2 2t�KTH2b �#Qp2X h?2 /Bbi`B#miBQM Dx �HbQ BM+Q`TQ`�i2b �Mv 2z2+ib

3R



Q7 TQTmH�iBQMb bi`m+im`2X lbBM; i?Bb 7Q`K�HBbK- r2 +�M ;Bp2 � bBKTH2 �M/ ;2M2`�H /2}MBiBQM Q7 M2mi`�HBivX � T`Q+2bb

Bb M2mi`�H B7 i?2 /Bbi`B#miBQM Dx /Q2b MQi /2T2M/ QM i?2 +m``2Mi bi�i2 xX q2 bi�i2 i?Bb 7Q`K�HHv BM .2}MBiBQM jXRdX

jX9XRX �//BM; Kmi�iBQMX AM i?2 2t�KTH2b r2 ?�p2 +QMbB/2`2/ bQ 7�`- i?2 ivT2 Q7 i?2 QzbT`BM; Bb �Hr�vb B/2MiB+�H

iQ i?2 ivT2 Q7 i?2 T�`2MiX Jmi�iBQM #`2�Fb i?Bb �bbmKTiBQMc r2 2tTHQ`2/ Kmi�iBQM rBi?Qmi 2pQHmiBQM�`v /vM�KB+b

2ti2MbBp2Hv BM *?�Ti2` kX

q?2M r2 /2}M2 i?2 /vM�KB+b 7`QK i?2 /Bbi`B#miBQM D BM UjX9XRV- r2 �bbmK2/ MQ Kmi�iBQMX hQ �// Kmi�iBQM- r2

r`Bi2 i?2 7QHHQrBM;

P
␣
xt`1 “ x1|xt “ x

( “
ÿ

pR,rq
DxpR, rq

ź

iPR
M

`
xprpiqq,x1piq˘

ź

iRR
1
`
x1piq “ xpiq˘ . UjX9XeV

aQ BM ;2M2`�H- r2 ?�p2 bQK2 bT�+2 Q7 ;2MQivT2b Γ �M/ � i`�MbBiBQM F2`M2H M i?�i /2b+`B#2b i?2 T`Q#�#BHBiv Q7 2�+?

ivT2 Q7 Kmi�iBQMX aT2+B}+�HHv- r?2M i?2 MmK#2` Q7 ;2MQivT2 ivT2b Bb }MBi2- Kmi�iBQMb �`2 /2b+`B#2/ #v � J�`FQp

+?�BM pΓ,Mq- i?�i r2 /2}M2/ �b i?2 Kmi�iBQM T`Q+2bb BM .2}MBiBQM kXkX LQi2 i?�i i?2 T`Q+2bb rBi?Qmi Kmi�iBQM

+�M #2 `2+Qp2`2/ #v b2iiBM; M pα,βq “ 1pα,βq 7Q` �HH α,β P ΓX h?Bb H2�/b mb iQ � ;2M2`�H r�v iQ /2}M2 � biQ+?�biB+

2pQHmiBQM�`v T`Q+2bb BM � }MBi2 TQTmH�iBQM Q7 }t2/ bBx2X

.27BMBiBQM jXRe U:2M2`�H 2pQHmiBQM�`v T`Q+2bbVX � ;2M2`�H 2pQHmiBQM�`v T`Q+2bb Bb � i`BTH2
`
Γ,M, pDxqx

˘
-

r?2`2 Γ �M/ M 7Q`K � ;2MQivT2 bT�+2 �b /2}M2/ BM .2}MBiBQM kXR- �M/ Dx Bb � /Bbi`B#miBQM QM i?2 b2i Q7 pR, rq bm+?

i?�i R Ď !N" �M/ r : R Ñ !N" 7Q` 2�+? x P ΓN X h?2 T`Q+2bb Bb � J�`FQp +?�BM rBi? bi�i2 bT�+2 ΓN �M/ Bib p�Hm2 �i

iBK2 t Bb /2MQi2/ #v xtX h?2 i`�MbBiBQM T`Q#�#BHBiB2b Q7 i?2 T`Q+2bb �`2 ;Bp2M #v 1[m�iBQM UjX9XeVX

h?2 r�v BM r?B+? Kmi�iBQMb �`2 BM+Q`TQ`�i2/ ?2`2 Bb 2bb2MiB�HHv i?2 b�K2 �b i?2v �`2 BM (k8)- 2t+2Ti i?�i ?2`2 Γ

�M/ M �`2 Km+? KQ`2 ;2M2`�H �M/ Kmi�iBQMb M22/ MQi #2 bvKK2i`B+ rBi? `2bT2+i iQ i?2 ;2MQivT2bX

.27BMBiBQM jXRd UL2mi`�H 2pQHmiBQM�`v T`Q+2bbVX �M 2pQHmiBQM�`v T`Q+2bb Bb +�HH2/ M2mi`�H B7

Dx “ Dx1 UjX9XdV

7Q` �HH x,x1 P ΓN X

AM i?2 M2ti +?�Ti2`- r2 /2p2HQT K�Mv `2bmHib 7Q` M2mi`�H 2pQHmiBQM�`v T`Q+2bb2b BM i?Bb ;2M2`�H b2iiBM;X
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4
L2mi`�H 2pQHmiBQM

AM i?Bb +?�Ti2`- r2 bim/v � ;2M2`�H b2iiBM; Q7 M2mi`�H 2pQHmiBQM i?�i r�b /2}M2/ BM .2}MBiBQM jXRdX h?Bb /2}MBiBQM

Q7 M2mi`�HBiv `2bmHib BM � +2`i�BM BM/2T2M/2M+2 #2ir22M i?2 2pQHmiBQM�`v /vM�KB+b �M/ i?2 Kmi�iBQM T`Q+2bbX h?Bb

BM/2T2M/2M+2 2M�#H2b HQib Q7 �M�HvbBb i?�i Bb MQi TQbbB#H2 BM i?2 ;2M2`�H +�b2X >Qr2p2`- i?Bb bBKTHB7vBM; �bbmKTiBQM

/Q2b MQi K�F2 i?2 i?2Q`v i`BpB�Hěi?2`2 Bb � `B+? HBi2`�im`2 QM M2mi`�H 2pQHmiBQM�`v i?2Q`v (keĜk3-R3R)X q2 +QMbB/2`

TQTmH�iBQM Q7 }MBi2 bBx2 �M/ i?�i K�v ?�p2 bT�iB�H bi`m+im`2X J�Mv /Bz2`2Mi 7Q`Kb Q7 ;2MQivT2 bT�+2 �`2 +Qp2`2/-

BM+Hm/BM; i?Qb2 /Bb+mbb2/ BM *?�Ti2` k- �M/ #Qi? /Bb+`2i2 �M/ +QMiBMmQmb ;2MQivT2 bT�+2bX

lM/2` KBMBK�H �bbmKTiBQMb- r2 b?Qr i?�i i?2 7`2[m2M+B2b Q7 /Bz2`2Mi ;2MQivT2b BM i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2

2pQHmiBQM�`v T`Q+2bb �`2 BM/2T2M/2Mi Q7 TQTmH�iBQM bBx2- bT�iB�H bi`m+im`2- �M/ 2pQHmiBQM�`v mT/�i2 `mH2X aT2+B}+�HHv-

i?2b2 7`2[m2M+B2b BM i?2 bi�iBQM�`v /Bbi`B#miBQM �`2 ;Bp2M #v i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 Kmi�iBQM T`Q+2bbX

h?mb- r2 /2KQMbi`�i2 i?�i i?2 bi�iBQM�`v 7`2[m2M+B2b Q7 � M2mi`�H 2pQHmiBQM�`v T`Q+2bb +�M �Hr�vb #2 +�H+mH�i2/ #v

2p�Hm�iBM; � bBKTH2 biQ+?�biB+ T`Q+2bb /2b+`B#BM; � TQTmH�iBQM Q7 bBx2 QM2X q2 i?2M +?�`�+i2`Bx2 i?2 +QMp2`;2M+2 Q7

i?2 Kmi�iBQM T`Q+2bb �HQM; i?2 p�`BQmb HBM2�;2b BM i2`Kb Q7 /2KQ;`�T?B+ p�`B�#H2b Q7 i?2 2pQHmiBQM�`v T`Q+2bbX �7i2`

i?�i r2 +QMbB/2` i?2 KBtBM; iBK2 Q7 i?2 2pQHmiBQM�`v T`Q+2bb �b � r?QH2X 6BM�HHv- r2 2t�KBM2 +Q``2H�iBQMb #2ir22M
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BM/BpB/m�Hb BM i?2 bi�iBQM�`v /Bbi`B#miBQM BM bQK2 bT2+B�H +�b2běBM T�`iB+mH�`- r?2i?2` i?2 TQTmH�iBQM Bb HQ+�HBx2/ BM

;2MQivT2 bT�+2X

�b r2 ?�p2 b22M #v +QMbB/2`BM; i?2 JQ`�M T`Q+2bb �M/ i?2 q`B;?i@6Bb?2` T`Q+2bb- 2pQHmiBQM�`v /vM�KB+b �bFb ?Qr

i?2 /2i�BHb Q7 2pQHmiBQM�`v T`Q+2bb2b �z2+i HQM;@`mM �M/ bi�iBQM�`v bi�iBbiB+b Q7 Qm` biQ+?�biB+ KQ/2Hb Q7 2pQHmiBQMX 6Q`

2t�KTH2- KB+`Qb+QTB+ [m�MiBiB2b BM+Hm/BM; Kmi�iBQM `�i2b- }iM2bb /Bz2`2M+2b #2ir22M +QKT2iBM; ivT2b- �M/ TQTmH�iBQM

bi`m+im`2 +�M ?�p2 T`Q7QmM/ 2z2+ib QM i?2b2 bi�iBbiB+b (Rkj-ReN-R3kĜR3e)- #mi i?2 T`2+Bb2 `2H�iBQMb?BTb �`2 Q7i2M /B{+mHi

iQ +�H+mH�i2X � MmK#2` Q7 `2+2Mi bim/B2b ?�p2 �//`2bb2/ i?Bb Bbbm2 mbBM; M2mi`�H TQTmH�iBQMb Ui?Qb2 rBi?Qmi b2H2+iBp2

/Bz2`2M+2b #2ir22M i?2 ;2MQivT2bV �b � #�b2HBM2 +QKT�`BbQM iQ /2i2`KBM2 i?2 2z2+i Q7 � T`QT2`iv HBF2 TQTmH�iBQM

bi`m+im`2 QM M�im`�H b2H2+iBQM (k8- R3dĜRNd)X Pm` K�BM `2bmHib BM i?Bb +?�Ti2`- bim/v i?2 mM/2`HvBM; M2mi`�H T`Q+2bb

mb2/ BM i?Bb +QKT�`BbQM �M/ /2`Bp2 i?2 HQM;@i2`K ;2MQivT2 7`2[m2M+B2b 7Q` �Mv Kmi�iBQM T`Q+2bb- TQTmH�iBQM bBx2-

bi`m+im`2- �M/ 2pQHmiBQM�`v mT/�i2 `mH2X

hQ KQiBp�i2 i?2 /Bb+mbbBQM- +QMbB/2` i?2 JQ`�M T`Q+2bb rBi? � Kmi�iBQM T`Q+2bb pΓ,MqX q2 �bbmK2 i?�i i?2

T`Q+2bb Bb M2mi`�H- r?B+? 7Q` i?2 JQ`�M T`Q+2bb K2�Mb i?�i Fpαq “ 1 7Q` �HH α P ΓX q?2M 2pQHmiBQM Bb M2mi`�H-

i?2`2 Bb � K2�MBM;7mH +QKT�`BbQM #2ir22M i?2 2pQHmiBQM�`v T`Q+2bb �M/ i?2 Kmi�iBQM T`Q+2bb bBM+2 i?2M M2Bi?2` QM2

BMpQHp2b /Bz2`2Mi ivT2b `2T`Q/m+BM; �i /Bz2`2Mi `�i2bX AM 2z2+i- i?2 Kmi�iBQM T`Q+2bb Bb Dmbi �M 2pQHmiBQM�`v T`Q+2bb

BM � TQTmH�iBQM Q7 bBx2 N “ 1X � M�im`�H [m2biBQM iQ �bF Bb r?2i?2` TQTmH�iBQM bBx2- bi`m+im`2- Q` mT/�i2 `mH2 �z2+i

�p2`�;2 ;2MQivT2 7`2[m2M+v `2H�iBp2 iQ i?2 Kmi�iBQM T`Q+2bb, Bb i?2 �p2`�;2 7`2[m2M+v Q7 ;2MQivT2 α BM � TQTmH�iBQM

Q7 �Mv bBx2- N ą 1- /Bz2`2Mi 7`QK i?�i Q7 � TQTmH�iBQM Q7 bBx2 N “ 1\

lM/2` M2mi`�H /`B7i- +QKT2iBM; ivT2b ?�p2 i?2 b�K2 `2T`Q/m+iBp2 `�i2bX amTTQb2 i?�i |Γ| “ n �M/ i?�i

Mpα,βq “ ε
1
n

U9XyXRV

7Q` �HH β ‰ αX aT2+B}+�HHv- rBi? T`Q#�#BHBiv ε � Kmi�iBQM iQ � mMB7Q`KHv `�M/QK ivT2 Q++m`bX h?Bb FBM/ Q7 Kmi�iBQM-

r?B+? Bb +QKKQM BM 2pQHmiBQM�`v ;�K2 i?2Q`v- Bb bvKK2i`B+ BM i?2 b2Mb2 i?�i Bi �+ib QM �HH +QKT2iBM; ivT2b BM i?2

b�K2 r�vX h?mb- r2 b?QmH/ 2tT2+i i?�i 2�+? ;2MQivT2 Bb 2[m�HHv �#mM/�Mi BM i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2

2pQHmiBQM�`v T`Q+2bbX �b r2 b�r BM *?�Ti2` k- rBi? Kmi�iBQMb Q7 i?Bb 7Q`K- �HH ivT2b �`2 2[m�HHv �#mM/�Mi BM i?2

bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 Kmi�iBQM T`Q+2bb (R33- R3N)X h?mb- i?2 7`2[m2M+v Q7 i?2 ;2MQivT2b Bb i?2 b�K2 BM i?2

bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 Kmi�iBQM T`Q+2bb �M/ i?2 2pQHmiBQM�`v T`Q+2bbX >2`2- r2 2ti2M/ i?Bb `2bmHi iQ �Mv
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Kmi�iBQM T`Q+2bb �M/ �Mv M2mi`�H 2pQHmiBQM�`v T`Q+2bbX AM T�`iB+mH�`- r2 b?Qr i?�i i?2 �p2`�;2 7`2[m2M+v Q7 � ivT2

BM � TQTmH�iBQM Q7 �Mv bBx2 Bb i?2 b�K2 �b i?�i BM � TQTmH�iBQM Q7 bBx2 N “ 1X *QMb2[m2MiHv- `2T`Q/m+iBQM- /BbT2`b�H

T�ii2`Mb- �M/ TQTmH�iBQM bBx2 ?�p2 MQ 2z2+i QM i?2 �p2`�;2 7`2[m2M+v Q7 � T�`iB+mH�` ;2MQivT2X

AM bQK2 r�vb- i?Bb `2bmHi Bb MQi bm`T`BbBM;X q?2M i?2`2 �`2 MQ b2H2+iBp2 /Bz2`2M+2b #2ir22M i?2 ;2MQivT2b- i?2`2

Bb 2pB/2MiHv MQi?BM; BM i?2 TQTmH�iBQM i?�i /`Bp2b QM2 ;2MQivT2 iQ � ?B;?2` �p2`�;2 7`2[m2M+v BM � TQTmH�iBQM i?�M

BM i?2 Q`B;BM�H Kmi�iBQM T`Q+2bb Bib2H7X >Qr2p2`- i?Bb ?2m`BbiB+ BMimBiBQM Bb MQi � T`QQ7X :Bp2M i?2 BM+`2�bBM; BMi2`2bi

BM mbBM; M2mi`�H 7`2[m2M+v �b � #�b2HBM2 K2�bm`2 iQ mM/2`bi�M/ bi`�i2;v b2H2+iBQM- r2 T`QpB/2 � ;2M2`�H T`QQ7 ?2`2X

Pm` `2bmHib �TTHv iQ MQi QMHv �Mv TQTmH�iBQM bi`m+im`2 #mi �HbQ iQ �Mv ;2MQivT2 bT�+2- ΓX

Pm` 7Q+mb ?2`2 Bb QM 2pQHpBM; TQTmH�iBQMb Q7 }t2/ bBx2 �M/ bi`m+im`2X h?2b2 �bbmKTiBQMb �`2 MQi bi`B+iHv M2+2bb�`v-

#mi i?2v /Q K�F2 i?2 MQi�iBQM KQ`2 +QMp2MB2Mi bBM+2 �M 2pQHmiBQM�`v T`Q+2bb +�M i?2M #2 /2b+`B#2/ #v � T`Q#�#BHBiv

/Bbi`B#miBQM Qp2` bBKTH2 `2TH�+2K2Mi 2p2Mib (k8)X 1tiBM+iBQM �HbQ #2+QK2b � TQbbB#BHBiv r?2M i?2 TQTmH�iBQM bBx2

~m+im�i2b- r?B+? +�M K�F2 �M�HvxBM; bm+? � T`Q+2bb KQ`2 +QKTHB+�i2/X LQM2i?2H2bb- i?2 BMimBiBQM 7`QK Qm` �M�HvbBb

?2`2 +�``B2b Qp2` iQ Qi?2` bBim�iBQMb, �b HQM; �b �M BM/BpB/m�H �`Bb2b QM � HBM2�;2 rBi? bm{+B2MiHv K�Mv T`BQ` #B`i?

2p2Mib- i?2 Kmi�iBQM T`Q+2bb �HQM; i?Bb HBM2�;2 rBHH +QMp2`;2 iQ Bib bi�iBQM�`v /Bbi`B#miBQM- πX A7 �HH BM/BpB/m�Hb BM i?2

TQTmH�iBQM ?�p2 i?Bb T`QT2`iv bm{+B2MiHv 7�` BMiQ i?2 7mim`2- i?2M π Kmbi /2b+`B#2 i?2 HQM;@i2`K �p2`�;2 ;2MQivT2

7`2[m2M+B2b BM i?2 TQTmH�iBQMX

AM �M/ Q7 i?2Kb2Hp2b- KQ/2Hb rBi? M2mi`�H Kmi�iBQMb 7Q`K �M BKTQ`i�Mi T�`i Q7 2pQHmiBQM�`v i?2Q`v (kd-RN3Ĝkyk)X

h?2B` miBHBiv- ?Qr2p2`- ;Q2b #2vQM/ /2b+`B#BM; bvbi2Kb BM r?B+? i?2`2 �`2 i`mHv MQ b2H2+iBp2 /Bz2`2M+2b #2ir22M

ivT2bX JQ/2Hb rBi? r2�F b2H2+iBQM- r?B+? �bbmK2 i?�i �Mv `2T`Q/m+iBp2 /Bz2`2M+2b #2ir22M ivT2b �`2 bK�HH- K�v

#2 pB2r2/ �b T2`im`#�iBQMb Q7 M2mi`�H T`Q+2bb2bX aim/vBM; M2mi`�H KQ/2Hb Bb i?2`27Q`2 `2H2p�Mi iQ mM/2`bi�M/BM;

2pQHmiBQM�`v /vM�KB+b 2p2M rBi? b2H2+iBQMX q2 ?�p2 +QM+2Mi`�i2/ QM i?2 HBM2�;2b ;2M2`�i2/ #v M2mi`�H 2pQHmiBQM-

r?B+? 2t?B#Bi mMbm`T`BbBM; #2?�pBQ` rBi? `2bT2+i iQ ;2MQivT2 /Bbi`B#miBQMb #mi +�M ?�p2 BMi2`2biBM; 2z2+ib QM KBtBM;

iBK2bX a2H2+iBQM +�M �z2+i i?2b2 /vM�KB+b BM +QKTHB+�i2/ r�vb- �M/ ?Qr Bi +?�M;2b #Qi? K�`;BM�H /Bbi`B#miBQMb �M/

KBtBM; iBK2b Bb �M BMi2`2biBM; [m2biBQM 7Q` 7mim`2 `2b2�`+?X
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(a) (b)

(c) (d)

6B;m`2 9XR, 6Qm` 2t�KTH2b Q7 2pQHpBM; TQTmH�iBQMb- Q`/2`2/ #v BM+`2�bBM; +QKTH2tBiv Q7 i?2 bT�iB�H bi`m+im`2X
AM U�V- i?2 TQTmH�iBQM Bb mMbi`m+im`2/X U#V /2TB+ib � bm#/BpB/2/ UQ` ǳ/2K2@bi`m+im`2/ǴV TQTmH�iBQM i?�i
+QMbBbib Q7 mMbi`m+im`2/ bm#TQTmH�iBQMb U#Hm2V rBi? KB;`�iBQM #2ir22M i?2K U`2/ �``QrbVX U+V b?Qrb �
`2;mH�` ;`B/ Ub[m�`2 H�iiB+2V BM r?B+? �HH TH�v2`b ?�p2 2t�+iHv 7Qm` M2B;?#Q`bX U/V BHHmbi`�i2b � ?2i2`Q;2M2Qmb
;`�T?@bi`m+im`2/ TQTmH�iBQMX 1�+? BM/BpB/m�H `2bB/2b QM i?2 p2`i2t Q7 � ;`�T?- �M/ HBMFb BM/B+�i2 r?Q Bb
� M2B;?#Q` Q7 r?QKX h?2 MmK#2` Q7 M2B;?#Q`b +�M p�`v 7`QK BM/BpB/m�H iQ BM/BpB/m�H- r?B+? `2bmHib BM
bi`m+im`�H �bvKK2i`B2bX AM ;2M2`�H- B7 i?2 ;`�T? BM/B+�i2b �M QzbT`BM;@/BbT2`b�H bi`m+im`2- i?2M DpR, rq ą 0
QMHv B7 α piq Bb � M2B;?#Q` Q7 i r?2M2p2` i P RX

9XRX *Q?2`2M+2 �bbmKTiBQM

h?Bb �bbmKTiBQM 7Q`K�HBx2b i?2 MQiBQM i?�i i?2 TQTmH�iBQM 2pQHp2b �b � +Q?2`2Mi mMBi- �M/ i?�i 2p2`v BM/BpB/m�H +�M

T`Q/m+2 � HBM2�;2 i?�i i�F2b Qp2` i?2 2MiB`2 TQTmH�iBQMX AKTQ`i�MiHv- Bi /Q2b MQi BKTHv i?�i i?2 TQTmH�iBQM bi`m+im`2

Bb i`BpB�HX J�Mv BMi2`2biBM; TQTmH�iBQM bi`m+im`2b- BM+Hm/BM; ?2i2`Q;2M2Qmb ;`�T?b- b2ib- �M/ bm#/BpB/2/ TQTmH�iBQMb

rBi? KB;`�iBQM- b�iBb7v i?2 mMBiv +QM/BiBQMc r2 `272` i?2 `2�/2` iQ (k8) 7Q` 7m`i?2` 2t�KTH2bX AM 1t�KTH2 9Xk #2HQr-

r2 ;Bp2 �M 2t�KTH2 Q7 � TQTmH�iBQM i?�i /Q2b MQi b�iBb7v i?2 mMBiv +QM/BiBQMX

6Q` 2�+? i P !N"- i?2`2 2tBbib � b2[m2M+2 Q7 `2TH�+2K2Mi 2p2Mib- tpRk, rkquℓk“1- bm+? i?�i D ppRk, rkqq ą 0 7Q` 2�+?
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k P !ℓ" �M/ 7Q` 2�+? j

r̃1 ˝ ¨ ¨ ¨ ˝ r̃ℓ pjq “ i, U9XRXRV

r?2`2 i?2 K�TTBM; r̃k : t1, . . . , Nu Ñ t1, . . . , Nu Bb /2}M2/ #v r̃k pmq “ rk pmq 7Q` m P Rk �M/ r̃k pmq “ m 7Q` m R RkX

h?Bb �bbmKTiBQM bi�i2b i?�i 7Q` �Mv T�B` Q7 BM/BpB/m�Hb i �M/ j BM i?2 TQTmH�iBQM- i?2`2 Bb � +?�BM Q7 `2TH�+2K2Mi

2p2Mib rBi? TQbBiBp2 T`Q#�#BHBiv bm+? i?�i BM/BpB/m�H i `2TH�+2b BM/BpB/m�H j BM � }MBi2 MmK#2` Q7 bi2TbX

9XkX ai�iBQM�`v /Bbi`B#miBQM

h?2 /Bbi`B#miBQM tDpR, rqupR,rq ;Bp2b `Bb2 iQ b2p2`�H mb27mH /2KQ;`�T?B+ p�`B�#H2b (k8)- M�K2Hv

eij :“
ÿ

pR,rq
jPR, rpjq“i

DpR, rq; bi :“
Nÿ

j“1

eij ; di :“
Nÿ

j“1

eji. U9XkXRV

eij Bb i?2 T`Q#�#BHBiv i?�i i i`�MbKBib Bib QzbT`BM; iQ jc bi Bb i?2 #B`i? `�i2 Q7 ic �M/ di Bb i?2 /2�i? `�i2 Q7 iX

h?2Q`2K 9XRX A7 i?2 mMBiv +QM/BiBQM U9XRXRV ?QH/b- i?2M pxtqtě0 Bb B``2/m+B#H2 �M/ �T2`BQ/B+ r?2M2p2` i?2 mM/2`HvBM;

Kmi�iBQM T`Q+2bb pΓ,Mq Bb B``2/m+B#H2 �M/ �T2`BQ/B+X

S`QQ7X *QMbB/2` irQ bi�i2b- x,y P ΓN X A7 pΓ,Mq Bb 2`;Q/B+- i?2M i?2`2 2tBbib m0 bm+? i?�i Mmpα,βq ą 0

r?2M2p2` α,β P Γ �M/ m ě m0X "v i?2 mMBiv +QM/BiBQM- r2 +�M }M/ �M Q`/2`2/ b2[m2M+2 Q7 `2TH�+2K2Mi 2p2Mib

pR1, r1q , . . . , pRm0 , rm0q rBi? DpRk,αkq ą 0 7Q` 2�+? k- iQ;2i?2` rBi? � +QHH2+iBQM pi0, i1, . . . , im0q bm+? i?�i rk pik´1q “

ik 7Q` 2�+? k “ 1, . . . ,m0X �7i2` bi�`iBM; BM bi�i2 x- �M/ ;Bp2M i?Bb b2[m2M+2 Q7 `2TH�+2K2Mi 2p2Mib- i?2 T`Q#�#BHBiv

i?�i BM/BpB/m�H i0 ?�b ivT2 α Bb Mm0pxpi0q,αq ą 0X "v i?2 mMBiv +QM/BiBQM- i0 +�M T`QT�;�i2 Bib QzbT`BM; iQ �HH

Qi?2` MQ/2b BM � }MBi2 MmK#2` Q7 bi2Tbc iQ;2i?2` rBi? i?2 7�+i i?�i Mm Bb TQbBiBp2 r?2M2p2` m ě m0- r2 b22 i?�i

i?2`2 Bb � TQbBiBp2 T`Q#�#BHBiv Q7 `2�+?BM; bi�i2 yX h?mb- pxtqtě0 Bb B``2/m+B#H2X �T2`BQ/B+Biv Q7 pxtqtě0 7QHHQrb 7`QK

2bb2MiB�HHv i?2 b�K2 �`;mK2Mi #2+�mb2- �7i2` � bBKBH�`Hv +?Qb2M b2[m2M+2 Q7 `2TH�+2K2Mib- i?2 T`Q#�#BHBiv Q7 bi�vBM;

BM i?2 bi�i2 BM r?B+? i?2 +?�BM bi�`i2/ Bb TQbBiBp2X !

A7 i?2 mMBiv +QM/BiBQM U9XRXRV /Q2b MQi ?QH/- i?2M h?2Q`2K 9XR /Q2b MQi M2+2bb�`BHv ?QH/- �b r2 b22 BM i?2 7QHHQrBM;

2t�KTH2,
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1t�KTH2 9Xk UGBM2 ;`�T?VX �b �M 2t�KTH2 Q7 � T`Q+2bb i?�i /Q2b MQi b�iBb7v i?2 mMBiv +QM/BiBQM- +QMbB/2` �

TQTmH�iBQM �``�M;2/ QM � HBM2X A7 `2T`Q/m+iBQM �M/ `2TH�+2K2Mi ~Qrb BM QMHv QM2 /B`2+iBQM- i?2M BM/BpB/m�H R- i?2

TH�v2` �i i?2 bi�`i Q7 i?2 HBM2- Bb M2p2` `2TH�+2/X h?2`27Q`2- 7Q` 2�+? α P Γ- i?2`2 2tBbib � bi�iBQM�`v /Bbi`B#miBQM- µpαq-

7Q` txtuTě0 rBi? Px„µpαq txp1q “ αu “ 1X AM T�`iB+mH�`- i?2`2 Bb KQ`2 i?�M QM2 bi�iBQM�`v /Bbi`B#miBQM 2p2M r?2M i?2

Kmi�iBQM T`Q+2bb Bb B``2/m+B#H2 �M/ �T2`BQ/B+- bQ h?2Q`2K 9XR M22/ MQi ?QH/ r?2M i?2 mMBiv +QM/BiBQM Bb MQi b�iBb}2/X

q?2M i?2 mMBiv +QM/BiBQM ?QH/b �M/ i?2 Kmi�iBQM T`Q+2bb Bb B``2/m+B#H2 �M/ �T2`BQ/B+- h?2Q`2K 9XR BKTHB2b i?�i

i?2 2pQHmiBQM�`v T`Q+2bb ?�b � mMB[m2 bi�iBQM�`v /Bbi`B#miBQM- µX AM i?2 M2ti b2+iBQM- r2 b?Qr i?�i B7 π Bb i?2

bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 Kmi�iBQM T`Q+2bb �M/ µ i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 2pQHmiBQM�`v T`Q+2bb- i?2M

Px„µ txpiq “ αu “ πα U9XkXkV

7Q` 2�+? α P ΓX q?2M i?2 2pQHmiBQM�`v T`Q+2bb ?�b KQ`2 i?�M QM2 bi�iBQM�`v /Bbi`B#miBQM- Bi M22/ MQi #2 i?2 +�b2

i?�i 2p2`v bm+? /Bbi`B#miBQM b�iBb}2b 1[m�iBQM U9XkXkV- r?B+? r2 BHHmbi`�i2 mbBM; �M B``2/m+B#H2 Kmi�iBQM +?�BM UrBi?

� mMB[m2 bi�iBQM�`v /Bbi`B#miBQMV i?�i Bb T2`BQ/B+,

1t�KTH2 9Xj UA``2/m+B#H2 #mi T2`BQ/B+ Kmi�iBQM T`Q+2bbVX amTTQb2 i?�i Γ “ tα,βu �M/ H2i M #2 i?2 K�i`Bt

M :“

¨

˚̊
˝
0 1

1 0

˛

‹‹‚. U9XkXjV

i?2 Kmi�iBQM T`Q+2bb Bb B``2/m+B#H2 #mi T2`BQ/B+ rBi? T2`BQ/ 2- �M/ Bib UmMB[m2V bi�iBQM�`v /Bbi`B#miBQM Bb π “ p1{2, 1{2qX

*QMbB/2` � #B`i?@/2�i? T`Q+2bb QM � bi�` ;`�T? Ub22 1[m�iBQM UjXjXkdVVX 1�+? TH�v2` Bb +?Qb2M mMB7Q`KHv@�i@`�M/QK iQ

`2T`Q/m+2X A7 � T2`BT?2`�H TH�v2` `2T`Q/m+2b- i?2B` QzbT`BM; Bb bm#D2+i2/ iQ i?2 Kmi�iBQM QT2`�iQ` �M/ T`QT�;�i2/ iQ i?2

+2Mi`�H MQ/2X A7 i?2 TH�v2` �i i?2 +2Mi`�H MQ/2 `2T`Q/m+2b- i?2M i?Bb TH�v2` T`QT�;�i2b �M QzbT`BM; iQ 2p2`v T2`BT?2`�H

HQ+�iBQM U�M/- �;�BM- 2�+? QzbT`BM; Bb bm#D2+i2/ iQ i?2 Kmi�iBQM QT2`�iQ`VX Ai Bb 2�bv iQ b22 i?�i i?2 bi�i2 rBi? ivT2

α �i i?2 +2Mi`�H MQ/2 �M/ ivT2 β �i �HH Q7 i?2 T2`BT?2`�H MQ/2b Bb bi�iBQM�`v Ub22 6B;m`2 9XkVX 6Q` i?Bb bi�iBQM�`v

/Bbi`B#miBQM- 1
N

řN
i“1 Px„µ pxpiq “ αq “ 1{N - r?B+? Bb MQi 2[m�H iQ πpαq “ 1{2 r?2M N ą 2X

h?2 7QHHQrBM; `2bmHi Bb i?2 K�BM iQQH r2 M22/ iQ b?Qr i?�i TQTmH�iBQM bBx2 �M/ bi`m+im`2 /Q MQi BM~m2M+2 bi�iBQM�`v

;2MQivT2 7`2[m2M+B2bX h?2 2bb2M+2 Q7 i?Bb `2bmHi Bb i?�i 7Q` �Mv L ě 0- B7 QM2 HQQFb bm{+B2MiHv 7�` BMiQ i?2 7mim`2-

i?2M 2p2`v BM/BpB/m�H BM i?2 TQTmH�iBQM rBHH #2 �#H2 iQ ?�p2 � HBM2�;2 Q7 H2M;i? �i H2�bi L,
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(a) (b)

6B;m`2 9Xk, � #B`i?@/2�i? T`Q+2bb QM � bi�` ;`�T? Q7 bBx2 N “ 5X q?2M � TH�v2` `2T`Q/m+2b- i?2 QzbT`BM;
?�b i?2 QTTQbBi2 ivT2 Q7 i?2 T�`2Mi UBX2X B7 i?2 T�`2Mi Bb #Hm2- i?2 +?BH/ Bb `2/c B7 i?2 T�`2Mi Bb `2/- i?2 +?BH/ Bb
#Hm2VX q?2M � T2`BT?2`�H BM/BpB/m�H `2T`Q/m+2b- i?2 +2Mi`�H BM/BpB/m�H /B2b �M/ Bb `2TH�+2/ #v i?2 QzbT`BM;X
A7 i?2 +2Mi`�H BM/BpB/m�H `2T`Q/m+2b- i?2M �HH 7Qm` T2`BT?2`�H TH�v2`b /B2 �M/ �`2 `2TH�+2/ #v QzbT`BM; Q7 i?2
+2Mi`�H TH�v2`X U�V �M/ U#V #Qi? ;Bp2 bi�iBQM�`v bi�i2b- r?B+? �`2 mM�z2+i2/ #v i?2 2pQHmiBQM�`v T`Q+2bbX
h?2 7`2[m2M+v Q7 #Hm2 Bb 1{5 BM U�V �M/ 4{5 BM U#V- r?BH2 i?2 7`2[m2M+v Q7 #Hm2 BM i?2 bi�iBQM�`v /Bbi`B#miBQM
Q7 i?2 Kmi�iBQM T`Q+2bb UBX2X BM � TQTmH�iBQM Q7 bBx2 N “ 1V Bb 1{2X h?2`27Q`2- 2p2M i?Qm;? i?2 Kmi�iBQM
T`Q+2bb Bb B``2/m+B#H2- i?2 2pQHmiBQM�`v T`Q+2bb ?�b KmHiBTH2 bi�iBQM�`v /Bbi`B#miBQMb /m2 iQ i?2 T2`BQ/B+Biv Q7
M- �M/ i?2b2 bi�iBQM�`v /Bbi`B#miBQMb M22/ MQi �HH 2t?B#Bi i?2 b�K2 i`�Bi 7`2[m2M+B2b �b i?2 Q`B;BM�H Kmi�iBQM
T`Q+2bbX >Qr2p2`- i?2`2 /Q2b 2tBbi � bi�iBQM�`v /Bbi`B#miBQM 7Q` i?2 #B`i?@/2�i? T`Q+2bb rBi? i`�Bi 7`2[m2M+v
1{2 7Q` 2�+? Q7 #Hm2 �M/ `2/- M�K2Hv i?2 /Bbi`B#miBQM i?�i �bbB;Mb T`Q#�#BHBiv 1{2 iQ bi�i2 U�V �M/ 1{2 iQ
bi�i2 U#VX

G2KK� 9X9X G2i Bpiq
t #2 i?2 MmK#2` Q7 #B`i? 2p2Mib �7i2` t mT/�i2b BM i?2 HBM2�;2 H2�/BM; iQ BM/BpB/m�H i U� `�M/QK

p�`B�#H2VX h?2M- 7Q` �Mv i P !N" �M/ �Mv L ě 0- r2 ?�p2

lim
tÑ8

PtBpiq
t ě Lu “ 1. U9XkX9V

S`QQ7X h?2 T`Q#�#BHBiv i?�i i Bb `2TH�+2/ BM �Mv ;Bp2M mT/�i2 bi2T UBX2X i?2 /2�i? `�i2 Q7 iV Bb di U1[m�iBQM 9XkXRV-

r?B+? Bb i?2 b�K2 �i 2p2`v mT/�i2 bBM+2 i?2 T`Q+2bb Bb M2mi`�HX G2i d˚ :“ min1ďiďN di �M/ d˚ :“ max1ďiďN diX G2i

Bpiq
t #2 i?2 MmK#2` Q7 #B`i? 2p2Mib �7i2` t mT/�i2b BM i?2 HBM2�;2 H2�/BM; iQ BM/BpB/m�H iX

P#pBQmbHv- Bt
˚ :“ mini B

piq
t ď Bpiq

t X LQi2 i?�i r?2M BM/BpB/m�H j Bb `2TH�+2/ #v BM/BpB/m�H i �i iBK2 t- r2 ?�p2

Bt`1
j “ Bt

i ` 1X JQ`2Qp2`- Bt
˚ Bb MQM/2+`2�bBM; rBi? t- mMHBF2 i?2 BM/BpB/m�H Bpiq

t X h?mb- B7 Bt
˚ Bb �+?B2p2/ BM k

BM/BpB/m�Hb- i1, . . . , ik- i?2`2 Bb � T`Q#�#BHBiv Q7 �i H2�bi d˚ i?�i 7Q` QM2 ij - r2 ?�p2 Bt`1
ij

ą Bt
ij X h?mb- BM k bi2Tb i?2
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T`Q#�#BHBiv i?�i Bt`k
˚ ą Bt

˚ Bb HQr2` #QmM/2/ #v dk˚ ě dN˚ ą 0X h?mb-

P
”
BtN

˚ ă L
ı

ď
L´1ÿ

k“0

˜
t
k

¸
p1´ dN˚ qt´k Ñ 0 U9XkX8V

�b t Ñ 8X !

LQr r2 mb2 i?Bb bBKTH2 7�+i iQ /2`Bp2 i?2 HQM;@`mM ;2MQivT2 7`2[m2M+B2bX

q?BH2 i?2 �bbmKTiBQM i?�i Γ Bb }MBi2 Bb `2�bQM�#H2 BM K�Mv +�b2b- i?2`2 �`2 �HbQ b+2M�`BQb BM r?B+? QM2 rQmH/

HBF2 iQ +QMbB/2` +QMiBMmQmb ;2MQivT2 bT�+2b Ub22 *?�Ti2` kVX >2`2 r2 H2i Γ #2 � K2�bm`�#H2 bT�+2- r?B+? +QMi�BMb �b

bT2+B�H +�b2b }MBi2- /2MmK2`�#H2- �M/ mM+QmMi�#Hv BM}MBi2 ;2MQivT2 bT�+2bX

h?`Qm;?Qmi i?2 `2bi Q7 i?Bb b2+iBQM- r2 /2MQi2 #v Pν �M/ Eν i?2 /Bbi`B#miBQM �M/ 2tT2+i�iBQM- `2bT2+iBp2Hv- Q7 �

`�M/QK p�`B�#H2 i?�i /2T2M/b QM �MQi?2` /Bbi`B#miBQM- νX am+? �b i?2 +�b2 r?2M ν Bb i?2 BMBiB�H /Bbi`B#miBQM Q7 �

J�`FQp +?�BM �M/ i?2 `�M/QK p�`B�#H2 mM/2` +QMbB/2`�iBQM Bb i?2 iBK2@t bi�i2 Q7 i?2 +?�BMX �b � b?Q`i?�M/- r2 r`Bi2

Px �M/ Ex 7Q` Pδx �M/ Eδx - r?2`2 δx Bb � /2Hi� K�bb �i α bQ i?�i i?2 +?�BM Kmbi bi�`i �i xX

q?2M /2�HBM; rBi? � ;2M2`�H ;2MQivT2 bT�+2- r2 +�M MQ HQM;2` M2+2bb�`BHv `2T`2b2Mi � Kmi�iBQM +?�BM #v �

i`�MbBiBQM K�i`BtX AMbi2�/- bm+? � Kmi�iBQM T`Q+2bb Bb /2b+`B#2/ #v � i`�MbBiBQM F2`M2HX G2i σ pΓq #2 � σ@�H;2#`� Q7

bm#b2ib QM Γ �M/ /2MQi2 #v ∆ pΓq i?2 bT�+2 Q7 T`Q#�#BHBiv K2�bm`2b QM ΓX � Kmi�iBQM T`Q+2bb QM Γ- tαtutě0- Bb i?2M

/2}M2/ #v � J�`FQp F2`M2H- M : S Ñ ∆ pSq- r?2`2 7Q` α P Γ �M/ E P σ pΓq- M pα, Eq Bb i?2 T`Q#�#BHBiv i?�i i?2

+?�BM Bb BM E �7i2` #2BM; BM bi�i2 αX A7 Γ Bb }MBi2 �M/ i?2 i`�MbBiBQM K�i`Bt 7Q` i?2 Kmi�iBQM T`Q+2bb Bb M̃- i?2M

M̃pα,βq “ M pα, tβuq 7Q` 2�+? α,β P ΓX hQ 2ti2M/ i?2 MQiBQM Q7 2`;Q/B+Biv iQ � J�`FQp +?�BM QM � ;2M2`�H bi�i2

bT�+2- QM2 M22/b i?2 MQiBQM Q7 � >�``Bb +?�BM- r?B+? r2 `2+�HH 7`QK (kyj),

.27BMBiBQM 9X8X � J�`FQp +?�BM- tαtutě0- QM Γ rBi? F2`M2H M Bb � >�``Bb +?�BM B7 i?2`2 2tBbi A,B P σ pΓq- ε ą 0-

� 7mM+iBQM q : AˆB Ñ R rBi? q pα,βq ě ε 7Q` 2�+? α P A �M/ β P B- �M/ ρ P ∆ pBq bm+? i?�i

UBV PstτA ă 8u ą 0 7Q` 2�+? α P Γ- r?2`2 τA “ inf tt ě 0 | αt P Auc
UBBV M pα, Cq ě ş

βPC q pα,βq dρ pβq 7Q` 2�+? α P A �M/ C P σ pBqX

_2+m``2M+2 �M/ �T2`BQ/B+Biv �`2 /2}M2/ BM i?2 b�K2 r�v 7Q` >�``Bb +?�BMb �b i?2v �`2 7Q` J�`FQp +?�BMb QM �

}MBi2 bi�i2 bT�+2X q2 `272` iQ � `2+m``2Mi- �T2`BQ/B+ >�``Bb +?�BM �b 2`;Q/B+X h?2 F2v `2bmHi r2 M22/ Bb i?2 7QHHQrBM;,

Ny



B7 M /2}M2b �M 2`;Q/B+ >�``Bb +?�BM rBi? bi�iBQM�`v /Bbi`B#miBQM π P ∆ pΓq- i?2M

lim
tÑ8

sup
EPσpΓq

ˇ̌
κt pα, Eq ´ π pEq

ˇ̌
“ 0 U9XkXeV

r?2M2p2` α P Γ b�iBb}2b PαtRA ă 8u “ 1- r?2`2 RA “ inf tt ě 1 | αt P AuX AM Qi?2` rQ`/b- Mt pα, ¨q- i?2 t@bi2T

i`�MbBiBQM F2`M2H r?2M bi�`iBM; 7`QK α- +QMp2`;2b BM iQi�H p�`B�iBQM iQ π Ub22 (kyj)VX

Pm` K�BM `2bmHi rBi? `2bT2+i iQ ;2MQivT2 7`2[m2M+v +�M #2 bi�i2/ bm++BM+iHv �b 7QHHQrb,

h?2Q`2K 9XeX 6Q` �Mv i P !N"- BMBiB�H /Bbi`B#miBQM µ0- �M/ E P σ pΓq- r2 ?�p2

lim
tÑ8

Pµ0 txtpiq P Eu “ π pEq . U9XkXdV

S`QQ7X aBM+2 i?2 Kmi�iBQM T`Q+2bb tαtutě0 Bb 2`;Q/B+- 7Q` 2�+? α P Γ �M/ ε ą 0- i?2`2 2tBbib L ě 0 bm+? i?�i

r?2M2p2` ℓ ě L-

sup
EPσpΓq

|Pα tαt P Eu ´ π pEq| ă ε. U9XkX3V

h?mb- 7Q` 2�+? E P σpΓq �M/ ℓ ě L- r2 ?�p2 π pEq ´ ε ă Pα tαt P Eu ă π pEq ` ε- r?B+? ;Bp2b

pπ pEq ´ εqPtBpiq
t ě Lu ă

Tÿ

ℓ“L

Pαtαℓ P EuPtBpiq
t “ ℓu ă pπ pEq ` εqPtBpiq

t ě Lu. U9XkXNV

Ai i?2M 7QHHQrb 7`QK i?2 HBKBi limtÑ8 PtBpiq
t ě Lu “ 1 Ub22 G2KK� 9X9V i?�i

lim
tÑ8

Pµ0txtpiq P Eu “ lim
tÑ8

ÿ

αPΓ

tÿ

ℓ“0

Pαtαℓ P EuPtBpiq
t “ ℓuPx„µ0 txpiq “ αu

“
ÿ

αPΓ

L´1ÿ

ℓ“0

Pαtαℓ P EuPx„µ0 txpiq “ αu lim
tÑ8

PtBpiq
t “ ℓu

` lim
tÑ8

ÿ

αPΓ

tÿ

ℓ“L

Pαtαℓ P EuPtBpiq
t “ ℓuPx„µ0 txpiq “ αu

“
ÿ

αPΓ
Px„µ0 txpiq “ αu lim

TÑ8

tÿ

ℓ“L

Pstαℓ P EuPtBpiq
t “ ℓu

P pπ pEq ´ ε,π pEq ` εq , U9XkXRyV

NR



r?B+? ;Bp2b limtÑ8 Pµ0 txtpiq P Eu “ π pEq bBM+2 ε r�b �`#Bi`�`vX !

h?2 7`2[m2M+v Q7 BM/BpB/m�Hb r?Qb2 ;2MQivT2 HB2b BM E P σ pΓq �i iBK2 t Bb

Eµ0

«
1
N

Nÿ

i“1

1xtpiqptq pEq
ff
“ 1

N

Nÿ

i“1

Pµ0 txtpiq P Eu , U9XkXRRV

r?B+? �TT`Q�+?2b π pEq �b t Ñ 8 #v h?2Q`2K 9Xec i?2`27Q`2- π ;Bp2b i?2 HQM;@i2`K ;2MQivT2 7`2[m2M+B2bX AM i?2

b2iiBM; Q7 h?2Q`2K 9XR- B7 txtutě0 ?�b � mMB[m2 bi�iBQM�`v /Bbi`B#miBQM- µ- i?2M Px„µ txpiq “ αu “ πpαq 7Q` 2�+?

i “ !N" �M/ 2�+? α P Γ- i?�i Bb- i?2 K�`;BM�H /Bbi`B#miBQM Q7 2p2`v BM/BpB/m�H i Bb 2t�+iHv πX

�Hi?Qm;? Qm` 7Q+mb ?�b #22M QM ?�THQB/ BM/BpB/m�Hb- r2 MQi2 i?�i h?2Q`2K 9Xe +�M #2 2ti2M/2/ iQ TQTmH�iBQMb

rBi? /BTHQB/ Q` ?�THQ/BTHQB/ ;2M2iB+b- rBi? 2Bi?2` b2tm�H Q` �b2tm�H `2T`Q/m+iBQM UQ` � +QK#BM�iBQM Q7 #Qi?V �b HQM;

�b i?2`2 Bb MQ `2+QK#BM�iBQM rBi?BM i?2 HQ+mb BM [m2biBQMX h?2 B/2� Q7 i?Bb 2ti2MbBQM Bb iQ H2i i P !N" BM/2t ;2M2iB+

bBi2b `�i?2` i?�M BM/BpB/m�HbX h?2b2 ;2M2iB+ bBi2b �`2 /Bbi`B#mi2/ �KQM; BM/BpB/m�Hb- bQ i?�i 2�+? BM/BpB/m�H ?�b �

MmK#2` Q7 ;2M2iB+ bBi2b 2[m�H iQ Bib THQB/vX 1�+? ;2M2iB+ bBi2 i +QMi�BMb � bBM;H2 �HH2H2 α P Γ- r?2`2 Γ `2T`2b2Mib i?2 b2i

Q7 TQbbB#H2 �HH2H2b QM � T�`iB+mH�` HQ+mbX .m`BM; i`�MbBiBQMb- i?2 �HH2H2b BM � bm#b2i R Q7 ;2M2iB+ bBi2b �`2 `2TH�+2/ #v

UTQbbB#Hv Kmi�i2/V +QTB2b Q7 i?2 �HH2H2b BM Qi?2` ;2M2iB+ bBi2b- �b /2i2`KBM2/ #v i?2 +?Qb2M `2TH�+2K2Mi 2p2Mi pR, rqX

h?2 T`Q#�#BHBiv /Bbi`B#miBQM Qp2` `2TH�+2K2Mi 2p2Mib- tD pR, rqupR,rq- 2M+Q/2b �HH M2+2bb�`v BM7Q`K�iBQM �#Qmi THQB/v-

b2t2b- �M/ K�iBM;X

6Q`K�HHv- i?2 7`�K2rQ`F #�b2/ QM ;2M2iB+ bBi2b Bb K�i?2K�iB+�HHv 2[mBp�H2Mi iQ i?2 7`�K2rQ`F #�b2/ QM ?�THQB/

BM/BpB/m�HbX �HH Q7 Qm` `2bmHib i?2`27Q`2 +�``v Qp2` iQ b2tm�HHv@`2T`Q/m+BM; TQTmH�iBQMb rBi?Qmi �Mv �//BiBQM�H K�i?@

2K�iB+�H �bbmKTiBQMbX AM �TTHvBM; i?2b2 `2bmHib iQ b2tm�HHv@`2T`Q/m+BM; TQTmH�iBQMb- i?2`2 Bb- ?Qr2p2`- �M BKTHB+Bi

#BQHQ;B+�H �bbmKTiBQM i?�i i?2`2 Bb MQ `2+QK#BM�iBQMX h?�i Bb- 2�+? �HH2H2 BM � M2r QzbT`BM; Bb � +QTv Q7 � bBM;H2 �HH2H2

BM QM2 T�`2Mi- MQi � KBtim`2 Q7 irQ UQ` KQ`2V �HH2H2b- r?B+? Bb `2�bQM�#H2 B7 i?2 HQ+mb `2T`2b2Mi2/ #v Γ Bb bK�HH 2MQm;?

i?�i HBMF�;2 rBi?BM i?2 HQ+mb +�M #2 �bbmK2/ +QKTH2i2X

1p2M B7 i?2 Kmi�iBQM T`Q+2bb /Q2b MQi ?�p2 � mMB[m2 bi�iBQM�`v /Bbi`B#miBQM Ubm+? �b r?2M i?2`2 �`2 KmHiBTH2

�#bQ`#BM; bi�i2bV- i?2 T`QQ7 Q7 h?2Q`2K 9Xe +�M biBHH #2 mb2/ iQ /2`Bp2 i?2 K�`;BM�H /Bbi`B#miBQMb Q7 2p2`v BM/BpB/m�H

r?2M i?2 bi�`iBM; +QM/BiBQM Bb KQMQKQ`T?B+X amTTQb2 i?�i 2p2`v BM/BpB/m�H BM i?2 TQTmH�iBQM BMBiB�HHv ?�b ;2MQivT2

α P ΓX h?2`2 rBHH 2p2Mim�HHv #2 2MQm;? #B`i?b �HQM; 2p2`v HBM2�;2 7Q` i?2 Kmi�iBQM T`Q+2bb iQ `2�+? Bib HBKBiBM;

/Bbi`B#miBQM UT`QpB/2/ i?2 HBKBi 2tBbibVX JQ`2Qp2`- bBM+2 i?2 HBM2�;2 H2�/BM; iQ i �i iBK2 t +�M bi�`i �i �Mv j P !N"
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�i iBK2 0- r2 FMQr i?2 BMBiB�H +QM/BiBQM Q7 i?Bb +?�BM UαV T`QpB/2/ i?2 TQTmH�iBQM bi�`ib Qmi KQMQKQ`T?B+X q2 bi�i2

i?Bb Q#b2`p�iBQM �b � T`QTQbBiBQM,

S`QTQbBiBQM 9XdX A7 α P Γ- E P σpΓq- �M/ i P !N"- i?2M- T`QpB/2/ i?2 HBKBib 2tBbi-

lim
tÑ8

Ppα,...,αq txtpiq P Eu “ lim
tÑ8

Pα tαt P Eu . U9XkXRkV

h?2 `2bmHi QM bi�iBQM�`v ;2MQivT2 7`2[m2M+B2b Bb r2HH@2bi�#HBb?2/ BM i?2 bT2+B�H +�b2 Q7 irQ +QKT2iBM; ivT2b QM �

?QKQ;2M2Qmb TQTmH�iBQM bi`m+im`2 (ky9- ky8)X aBKBH�`Hv- BM TQTmH�iBQM ;2M2iB+b- Bi ?�b #22M MQi2/ i?�i i?2 bQ@+�HH2/

ǳ+QKKQM �M+2biQ`Ǵ T`Q+2bb Bb i?2 b�K2 �b i?2 Kmi�iBQM T`Q+2bb r?2M i?2`2 Bb MQ b2H2+iBQM (kye- kyd)X *QKT�`BbQMb

#2ir22M M2mi`�HHv@2pQHpBM; TQTmH�iBQMb �M/ i?2B` Kmi�iBQM T`Q+2bb2b ?�p2 �HbQ #22M mb2/ iQ b?Qr i?�i 2pQHmiBQM

7�pQ`b ;2MQivT2b i?�i �`2 `Q#mbi �;�BMbi Kmi�iBQM (ky3)X :Bp2M i?2 +QmTHBM; Q7 #B`i? �M/ Kmi�iBQM- ?Qr M2mi`�H

2pQHmiBQM �z2+ib ;2MQivT2 7`2[m2M+B2b Bb � M�im`�H [m2biBQM iQ �bFX lM/2` KBH/ �bbmKTiBQMb- r2 ?�p2 b22M i?�i

M2mi`�H 2pQHmiBQM /Q2b MQi +?�M;2 K2�M ;2MQivT2 7`2[m2M+B2b �i �HHX

6B;m`2 9Xj b?Qrb i?�i ?2i2`Q;2M2Biv BM/m+2/ #v TQTmH�iBQM bi`m+im`2 +�M BM~m2M+2 � ;2MQivT2Ƕb ~m+im�iBQM �`QmM/

Bib K2�M- r?B+? Bb `2KBMBb+2Mi Q7 bT�iB�H bi`m+im`2Ƕb 2z2+ib QM i?2 KQH2+mH�` +HQ+F- r?Qb2 `�i2 +�M #2 �Hi2`2/ #v TQT@

mH�iBQM �bvKK2i`B2b (kyN)X AM/22/- K�Mv T`QT2`iB2b /2T2M/ QM � TQTmH�iBQMǶb bi`m+im`2 �M/ mT/�i2 `mH2- 2p2M mM/2`

M2mi`�H 2pQHmiBQMX :2MQK2 7`2[m2M+v Bb 2pB/2MiHv QM2 Q7 i?2 `�`2 [m�MiBiB2b i?�i /Q2b MQiX >Qr2p2`- i?2 7`�K2@

rQ`F r2 mb2 iQ 7Q`K�HHv 2bi�#HBb? i?Bb `2bmHi �HbQ ;Bp2b i?2 HQM;@`mM K�`;BM�H /Bbi`B#miBQMb 7Q` BMBiB�HHv@KQMQKQ`T?B+

TQTmH�iBQMb- 2p2M B7 i?2 Kmi�iBQM T`Q+2bb Bb MQi 2`;Q/B+ US`QTQbBiBQM 9XdVX

h?2 bim/v Q7 ;2MQivT2 /vM�KB+b �HQM; HBM2�;2b H2�/b iQ �M BMi2`2biBM; [m2biBQM, ?Qr /Q2b b2H2+iBQM +?�M;2 i?2

bi�iBQM�`v /Bbi`B#miBQM Q7 BM/BpB/m�H i\ lM/2` M2mi`�H /`B7i- i?Bb /Bbi`B#miBQM Bb Dmbi π- #mi b2H2+iBQM +QmH/ TQi2MiB�HHv

+?�M;2 i?Bb /Bbi`B#miBQM BM +QKTHB+�i2/ r�vbX AM TQTmH�iBQMb rBi? ?2i2`Q;2M2Qmb bi`m+im`2- b2H2+iBQM +QmH/ �HbQ �z2+i

i?2b2 K�`;BM�H /Bbi`B#miBQMb BM /Bz2`2Mi r�vb �i /Bz2`2Mi HQ+�iBQMbX h?2 bi�M/�`/ K2i?Q/ Q7 K2�bm`BM; i?2 2z2+ib

Q7 b2H2+iBQM QM Qp2`�HH ;2MQivT2 7`2[m2M+v /Q2b MQi M2+2bb�`BHv +�Tim`2 i?2b2 bm#iH2iB2bX L2p2`i?2H2bb- mM/2`bi�M/BM;

i?2 HQ+�iBQMb �i r?B+? � ;Bp2M ;2MQivT2 Bb KQ`2 HBF2Hv iQ #2 7QmM/ BM � TQTmH�iBQM Bb ?B;?Hv `2H2p�Mi iQ i?2 bim/v Q7

?Qr bT�iB�H bi`m+im`2 BM~m2M+2b 2pQHmiBQM�`v /vM�KB+bX

J�i`Bt ;�K2b �M/ i?2 `2;2M2`�iBQM T`Q+2bb ?�p2 }MBi2Hv K�Mv TQbbB#H2 ivT2b- #mi Qm` `2bmHi QM HQM;@i2`K ;2MQivT2

7`2[m2M+v ?QH/b 7Q` Kmi�iBQM T`Q+2bb2b rBi? +QMiBMmQmb bi�i2 bT�+2b �b r2HH Ub22 *?�Ti2` kVX � ivT2 Q7 i?Bb 7Q`K
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+QmH/ #2 �M 2H2K2Mi Q7 �M BMi2`p�H bm+? �b r0, 1s- 7Q` 2t�KTH2- `2T`2b2MiBM; T�`iB�H 2tT`2bbBQM Q7 � i`�Bi Q` i?2 i2M/2M+v

iQ #2 Q7 � T�`iB+mH�` #BM�`v ivT2X Jmi�iBQMb +�M �HbQ #2 bmTTQ`i2/ QM mM+QmMi�#Hv BM}MBi2Hv K�Mv TQBMib BM i?2

;2MQivT2 bT�+2- QM2 2t�KTH2 #2BM; r?2M �M BM/BpB/m�H rBi? ivT2 x P r0, 1s Kmi�i2b iQ � M2�`#v ivT2 rBi? T`Q#�#BHBiv

/2i2`KBM2/ #v � :�mbbB�M /Bbi`B#miBQM +2Mi2`2/ �i x (kRy-kRR)X PM � ;2M2`B+ bi�i2 bT�+2- i?2 i2+?MB+�H +QM/BiBQM r2

`2[mB`2 Bb i?�i i?2 Kmi�iBQM T`Q+2bb #2 �M 2`;Q/B+ >�``Bb +?�BM (kyj)X
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6B;m`2 9Xj, h?2 7`2[m2M+v Q7 i?`22 +2HH ivT2b BM � TQTmH�iBQM Q7 bBx2 N “ 104X h?2 K2�M 7`2[m2M+v Q7 2�+?
ivT2 U7Q` � TQTmH�iBQM Q7 �Mv bBx2V Bb BM/B+�i2/ #v � /�b?2/ HBM2X Jmi�iBQMb BM #Qi? T�M2Hb �`2 ;Qp2`M2/
#v i?2 `2;2M2`�iBQM T`Q+2bb rBi? m “ 103 �M/ Kmi�iBQM `�i2b w “ 0.01- u “ 0.02- �M/ v “ 0.03X AM U�V-
i?2 TQTmH�iBQM Bb mT/�i2/ �++Q`/BM; iQ � q`B;?i@6Bb?2` `mH2X U#V BHHmbi`�i2b � KQ/B}2/ U�M/ �bvKK2i`B+V
q`B;?i@6Bb?2` `mH2 BM r?B+? i?2`2 2tBbib � bBM;H2 +2HH BM 2p2`v ;2M2`�iBQM i?�i Bb KQ`2 HBF2Hv iQ `2T`Q/m+2
i?�M i?2 Qi?2`b UBM/2T2M/2Mi Q7 +2HH ivT2VX AM U�V- 2�+? QzbT`BM; +?QQb2b � T�`2Mi mMB7Q`KHv@�i@`�M/QK 7`QK
i?2 T`2pBQmb ;2M2`�iBQM UBX2X 2�+? rBi? T`Q#�#BHBiv 1{N “ 10´4VX AM U#V- QM2 K�`F2/ BM/BpB/m�H Bb +?Qb2M
�b i?2 T�`2Mi rBi? T`Q#�#BHBiv 0.05 �M/ 2�+? Q7 i?2 N ´ 1 `2K�BMBM; BM/BpB/m�Hb Bb +?Qb2M rBi? T`Q#�#BHBiv
p1´ 0.05q { pN ´ 1q ! 0.05X .2bTBi2 i?2 ?2i2`Q;2M2Biv BM U#V- i?2 �p2`�;2 i`�Bi 7`2[m2M+B2b �`2 i?2 b�K2c QMHv
i?2 ~m+im�iBQMb +?�M;2X

9XjX J�`;BM�H KBtBM; iBK2b

lMiBH i?Bb TQBMi- r2 ?�p2 7Q+mb2/ QM M2mi`�H ;2MQivT2 7`2[m2M+B2b- r?B+? �`2 MQi �z2+i2/ #v i?2 /Bbi`B#miBQM Qp2`

`2TH�+2K2Mi 2p2Mib- tD pR, rqupR,rqX q2 MQr im`M iQ `�i2 Q7 +QMp2`;2M+2 iQ i?2b2 2[mBHB#`BmK 7`2[m2M+B2b �HQM; i?2

HBM2�;2b- +?�`�+i2`Bx2/ BM i2`Kb Q7 KBtBM; iBK2bX h?2 T`QQ7 Q7 h?2Q`2K 9Xe Bb #�b2/ QM i?2 7�+i i?�i- 2p2Mim�HHv- �HH
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HBM2�;2b rBHH +QMi�BM bm{+B2MiHv K�Mv #B`i? 2p2Mib 7Q` i?2 Kmi�iBQM T`Q+2bb iQ KBtX >2`2- r2 +QMbB/2` i?2 �KQmMi Q7

iBK2ĜK2�bm`2/ BM mT/�i2 bi2TbĜ7Q` i?Bb KBtBM; iQ Q++m` �HQM; � ;Bp2M HBM2�;2X LQi2 i?�i i?Bb Bb � /Bz2`2Mi +QM+2Ti

i?�M i?2 KBtBM; iBK2 Q7 i?2 2pQHmiBQM�`v T`Q+2bb- r?B+? Bb +QMbB/2`2/ H�i2`X

G2i π P ∆ pΓq #2 i?2 bi�iBQM�`v /Bbi`B#miBQM 7Q` i?2 Kmi�iBQM T`Q+2bbX G2i tKBt pεq #2 i?2 MmK#2` Q7 bi2Tb BM i?2

Kmi�iBQM T`Q+2bb mMiBH i?2 +?�BM Bb rBi?BM � /Bbi�M+2 Q7 ε Q7 π BM iQi�H p�`B�iBQMX 6Q`K�HHv- H2i

ψt :“ sup
αPΓ

sup
EPσpΓq

|Pα tαt P Eu ´ π pEq| . U9XjXRV

h?2 ε@KBtBM; iBK2 Q7 i?2 Kmi�iBQM T`Q+2bb Bb i?2M tKBt pεq :“ min tt ě 0 : ψt ă εuX q2 mb2 i?2 bvK#QH ψ iQ /2MQi2

i?Bb /Bbi�M+2 `�i?2` i?�M i?2 mbm�H d BM Q`/2` iQ �pQB/ +QM7mbBQM rBi? /2�i? `�i2bX

�i i?2 TQTmH�iBQM H2p2H- r2 +�M +QMbB/2` �M �M�HQ;m2 Q7 KBtBM; iBK2 �HQM; HBM2�;2bX _2+�HH i?�i Bpiq
t Bb i?2 MmK#2`

Q7 #B`i? 2p2Mib BM i?2 HBM2�;2 H2�/BM; iQ BM/BpB/m�H i �7i2` t mT/�i2 bi2TbX aBM+2 i?2 K�`;BM�H /Bbi`B#miBQMb �HH +QMp2`;2

iQ π- i?2 /Bbi�M+2 #2ir22M /Bbi`B#miBQM Q7 iǶb ;2MQivT2 �i iBK2 t �M/ i?2 bi�iBQM�`v /Bbi`B#miBQM Bb

Ψpiq
t “ sup

xPΓN

sup
EPσpΓq

|Px txtpiq P Eu ´ π pEq| . U9XjXkV

h?2 �M�HQ;m2 Q7 tKBt pεq BM i?Bb +�b2 Bb tpiqKBt :“ min
!
t ě 0 : Ψpiq

t ă ε
)

- r?B+? Bb i?2 ε@KBtBM; iBK2 Q7 i?2 T`Q+2bb

�HQM; i?2 HBM2�;2 H2�/BM; iQ BM/BpB/m�H iX q2 ?�p2 i?2 HQr2` #QmM/ tpiqKBt pεq ě tKBtpεq 7Q` �HH i P !N"X

1t�KTH2 9X3 ULQM@Qp2`H�TTBM; ;2M2`�iBQMbVX A7 ;2M2`�iBQMb /Q MQi Qp2`H�T U7Q` 2t�KTH2 q`B;?i@6Bb?2` mT/�iBM;V-

i?2M P
!
Bpiq

t “ t
)
“ 1 7Q` �HH i P !N"X h`BpB�HHv- i?2M- r2 ?�p2 Ψpiq

t “ ψt �M/ tpiqKBtpεq “ tKBtpεq 7Q` 2p2`v i P !N"X

amTTQb2- 7Q` BMbi�M+2- i?�i i?2 /2�i? `�i2 Bb +QMbi�Mi �M/ 2[m�H iQ d P p0, 1q bQ i?�i 2�+? BM/BpB/m�H Bb mT/�i2/

2p2`v 1{d mT/�i2 bi2Tb UQM �p2`�;2VX aBM+2 2p2`v BM/BpB/m�H ?�b i?2 b�K2 T`Q#�#BHBiv Q7 #2BM; `2TH�+2/- tpiqKBt pεq Bb

BM/2T2M/2Mi Q7 iX A7 tKBt Bb i?2 KBtBM; iBK2 Q7 i?2 Kmi�iBQM T`Q+2bb- i?2M � M�im`�H ;m2bb 7Q` tpiqKBt Bb bBKTHv tKBt{d

bBM+2- QM �p2`�;2- i?2 HBM2�;2 2tT2`B2M+2b � Kmi�iBQM UBX2X � bi2T BM i?2 Kmi�iBQM +?�BMV QMHv 2p2`v 1{d mT/�i2bX

>Qr2p2`- Bi im`Mb Qmi i?�i tKBt{d Bb ;2M2`�HHv � #�/ �TT`QtBK�iBQM Q7 tpiqKBt #2+�mb2 Bi /Q2bMǶi i�F2 BMiQ �++QmMi

2MQm;? BM7Q`K�iBQM �#Qmi i?2 /Bbi`B#miBQM Q7 HBM2�;2 H2M;i?X AM 7�+i- QM2 +�MMQi 2p2M mb2 tKBt{d iQ 2bi�#HBb? � ;2M2`�H

mTT2` Q` HQr2` #QmM/ QM tpiqKBtX 6B;m`2 9X9 BHHmbi`�i2b i?Bb +QKT�`BbQM 7Q` /2�i?@#B`i? mT/�iBM; rBi? d “ 1{N - r?2`2

N Bb i?2 TQTmH�iBQM bBx2X
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AMbi2�/- r2 +�M #QmM/ Ψpiq
t #v i?2 �p2`�;2 Q7 ψ

B
piq
t

- r?B+? r2 bi�i2 �b � bBKTH2 H2KK�,

G2KK� 9XNX 6Q` 2p2`v i P !N" �M/ t ě 1- r2 ?�p2

Ψpiq
t ď E

”
ψ

B
piq
t

ı
. U9XjXjV

S`QQ7X aBM+2 Px txtpiq P Eu “ řt
L“0 P

!
Bpiq

t “ L
)
Px tαL P Eu- r2 b22 i?�i 7Q` 2p2`v x P ΓN �M/ E P σpΓq-

|Ps txtpiq P Eu ´ π pEq| ď
tÿ

L“0

P
!
Bpiq

t “ L
)
|Px tαL P Eu ´ π pEq|

“ E
”ˇ̌
ˇPx

!
α
B

piq
t

P E
)
´ π pEq

ˇ̌
ˇ
ı

ď E
”
ψ

B
piq
t

ı
. U9XjX9V

h�FBM; i?2 bmT`2KmK Qp2` �HH E P σpΓq �M/ x P ΓN ;Bp2b Ψpiq
t ď E

”
ψ

B
piq
t

ı
X !

hQ +�H+mH�i2 E
”
ψ

B
piq
t

ı
- r2 MQi2 i?�i P

!
Bpiq

t “ L
)

b�iBb}2b i?2 KmHiBp�`B�i2 `2+m``2M+2 `2H�iBQM-

P
!
Bpiq

t “ L
)
“ P

!
Bpiq

T´1 “ L
)
p1´ diq `

Nÿ

j“1

P
!
Bpjq

T´1 “ L´ 1
)
eji, U9XjX8V

rBi? #QmM/�`v +QM/BiBQMb P
!
Bpiq

t “ 0
)
“ p1´ diqt 7Q` i P !N"X 1tTHB+BiHv- 7Q` 1 ă L ď t- r2 ?�p2

P
!
Bpiq

t “ L
)
“

ÿ

k0,...,kLě1
k0`¨¨¨`kL“T

p1´ diqkL´1
Nÿ

jL´1“1

`
1´ djL´1

˘kL´1´1
ejL´1,jL ¨ ¨ ¨

Nÿ

j0“1

p1´ dj0qk0´1 ej0,j1 . U9XjXeV

q?BH2 i?2 ;2M2`�H 2tT`2bbBQM 7Q` P
!
Bpiq

t “ L
)

1[m�iBQM U9XjXeV +�M �TT2�` +QKTHB+�i2/ U/2T2M/BM; QM i?2 `2@

TH�+2K2Mi `mH2- tD pR, rqupR,rq- �M/ i?2 `2bmHiBM; /2KQ;`�T?B+ p�`B�#H2bV- r2 +�M 7m`i?2` bBKTHB7v i?2 #QmM/ ;Bp2M #v

G2KK� 9XN B7 bQK2 �//BiBQM�H T`QT2`iB2b ?QH/X q2 +QMbB/2` irQ +�b2b BM r?B+? QM2 +�M #2 KQ`2 2tTHB+BiX

9XjXRX 6BMBi2- 2`;Q/B+ Kmi�iBQM +?�BMbX A7 Γ Bb }MBi2 �M/ i?2 Kmi�iBQM T`Q+2bb tαtutě0 Bb B``2/m+B#H2 �M/

�T2`BQ/B+- i?2M i?2`2 2tBbib C ą 0 �M/ c P p0, 1q bm+? i?�i ψ pLq ď CcL 7Q` 2p2`v L ě 1 (ed-kyj)X aQ 7`QK G2KK� 9XN-

Ψpiq
t ď CE

”
αBt

i

ı
. U9XjXdV

Ne
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(a): '() = 0.9, ')( = 0.1 (b): '() = ')( = 0.8

6B;m`2 9X9, AMi`�@HBM2�;2 KBtBM; iBK2- tpiqKBt- `2H�iBp2 iQ i?2 KBtBM; iBK2 Q7 i?2 mM/2`HvBM; Kmi�iBQM T`Q+2bb-
tKBt- 7Q` /2�i?@#B`i? mT/�iBM; Ub?QrM ?2`2 7Q` ε “ 10´3VX 1p2`v BM/BpB/m�H ?�b QM2 Q7 irQ ;2MQivT2b- α Q` β-
�M/ mTQM `2T`Q/m+iBQM α Kmi�i2b iQ β rBi? T`Q#�#BHBiv uαβ �M/ β Kmi�i2b iQ α rBi? T`Q#�#BHBiv uβαX h?2
bi�iBQM�`v /Bbi`B#miBQM Q7 i?Bb T`Q+2bb Tmib T`Q#�#BHBiv uβα

uαβ`uβα
QM bi�i2 α �M/ T`Q#�#BHBiv uαβ

uαβ`uβα
QM bi�i2

βX aBM+2 i?2 /2�i? `�i2 Bb +QMbi�Mi �M/ 2[m�H iQ 1{N U`2;�`/H2bb Q7 i?2 TQTmH�iBQMǶb bT�iB�H bi`m+im`2V- 2�+?
BM/BpB/m�H Bb mT/�i2/ 2p2`v N bi2Tb UQM �p2`�;2VX >Qr2p2`- tpiqKBtpεq /Bz2`b bB;MB}+�MiHv 7`QK i?2 `2b+�H2/
KBtBM; iBK2 Q7 i?2 Kmi�iBQM T`Q+2bb- NtKBt pεqX AM 7�+i- NtKBt pεq M2Bi?2` � ;2M2`�H mTT2` MQ` HQr2` #QmM/
QM tpiqKBt pεq- r?B+? +�M #2 b22M #v bBKTHv p�`vBM; uαβ �M/ uβαX

1t�KTH2 9XRy U*QMbi�Mi /2�i? `�i2VX A7 i?2 /2�i? `�i2 Bb +QMbi�Mi- K2�MBM; i?2`2 2tBbib d rBi? di “ d 7Q` i P !N"-

i?2M P
␣
BT

i “ L
( “ `

T
L

˘ p1´ dqT´L dL Ub22 1[m�iBQM 9XjXeVX 6`QK 1[m�iBQM U9XjXdV- r2 ?�p2 i?2 mTT2` #QmM/

Ψpiq
t ď C p1´ d p1´ cqqt , U9XjX3V

r?B+? /2+�vb 2tTQM2MiB�HHv iQ yX lM/2` /2�i?@#B`i? mT/�iBM;- 7Q` 2t�KTH2- i?2 /2�i? `�i2 Bb +QMbi�Mi �M/ 2[m�H iQ 1{N X

h?2 /2�i? `�i2 Bb �HbQ +H2�`Hv +QMbi�Mi r?2M ;2M2`�iBQMb �`2 MQM@Qp2`H�TTBM;- �M/ BM i?Bb +�b2 1´ d p1´ cq “ c- r?B+?

;Bp2b #�+F i?2 b�K2 mTT2` #QmM/ Q7 CαtX PM i?2 Qi?2` ?�M/- r?2M d ă 1 r2 ?�p2 1´ d p1´ cq ą c- �M/ bQ i?2 #QmM/

QM KBtBM; Bb bHQr2` i?�M Qm` �bbmKTiBQM CctX

9XjXkX _2p2`bB#H2 Kmi�iBQM +?�BMb �M/ bT2+i`�H i?2Q`vX amTTQb2 i?�i i?2 Kmi�iBQM T`Q+2bb- M- Bb `2p2`bB#H2

rBi? `2bT2+i iQ πX h?2 K�i`Bt M̃ /2}M2/ #v M̃pα,βq “ πpαq1{2Mpα,βqπpβq´1{2 Bb i?2M bvKK2i`B+ rBi? �HH Q7 Bib

Nd



2B;2Mp�Hm2b `2�H- 1 “ λ1 ą λ2 ě ¨ ¨ ¨ ě λ|Γ| ě ´1X h?2b2 2B;2Mp�Hm2b �`2 i?2 b�K2 �b i?Qb2 Q7 M bBM+2 M �M/ M̃

`2T`2b2Mi i?2 b�K2 HBM2�` i`�Mb7Q`K�iBQMX G2i π˚ :“ minαPΓ πpαqX "v bi�M/�`/ `2bmHib QM KBtBM; iBK2b BM `2p2`bB#H2

J�`FQp +?�BMb (kRk)- r2 ?�p2

ψt ď 1
2

c
1´ π˚
π˚

max
␣|λ2| ,

ˇ̌
λ|Γ|

ˇ̌(t
. U9XjXNV

hQ b22 ?Qr i?2 2pQHmiBQM�`v T`Q+2bb �z2+ib KBtBM; �HQM; Bib HBM2�;2b- r2 +�M �;�BM +QMbB/2` i?2 +�b2 Q7 � +QMbi�Mi

/2�i? `�i2 7Q` bBKTHB+BivX A7 d Bb i?2 /2�i? `�i2 7Q` 2p2`v BM/BpB/m�H- i- i?2M i?2 Kmi�iBQM T`Q+2bb �HQM; �Mv HBM2�;2 Bb

� J�`FQp +?�BM rBi? i`�MbBiBQM K�i`Bt Md :“ p1´ dq I ` dMX JQ`2Qp2`- M Bb `2p2`bB#H2 rBi? `2bT2+i iQ π bBM+2 M

Bb Ub22 a2+iBQM kX8XjVX G2iiBM; M̃d :“ p1´ dq I ` dM̃- r2 b22 i?�i B7 M̃v “ λv- i?2M

M̃dv “ p1´ d p1´ λqqv. U9XjXRyV

aBM+2 i?2 K�T λ ÞÑ 1´ d p1´ λq b2M/b 2B;2Mp�Hm2b Q7 M̃ iQ 2B;2Mp�Hm2b Q7 M̃d- �M/ bBM+2

max
2ďiď|Γ|

|1´ d p1´ λiq| “ max
␣|1´ d p1´ λ2q| ,

ˇ̌
1´ d

`
1´ λ|Γ|

˘ˇ̌(
, U9XjXRRV

r2 ?�p2

Ψpiq
t ď 1

2

c
1´ π˚
π˚

max
␣|1´ d p1´ λ2q| ,

ˇ̌
1´ d

`
1´ λ|S|

˘ˇ̌(t
. U9XjXRkV

PM i?2 Qi?2` ?�M/- B7 i?2 /2�i? `�i2 /2T2M/b QM i- r2 +�MMQi M2+2bb�`BHv i`�Mb7Q`K i?2 Kmi�iBQM T`Q+2bb BMiQ QM2

Q7 i?2 7Q`K Mε “ p1´ εq I ` εM 7Q` bQK2 ε P p0, 1sX AMbi2�/- bi�`iBM; �i HQ+�iBQM i- QM2 M22/b iQ F22T i`�+F Q7 r?2`2

BM i?2 TQTmH�iBQM 2�+? �M+2biQ` �`Bb2bX aBM+2 M Bb `2p2`bB#H2- Bib iBK2@`2p2`b�H Bb �;�BM Dmbi MX *QMbB/2` i?2 2M`B+?2/

J�`FQp +?�BM yt QM !N" ˆ Γ- tαtutě0- r?2`2 i?2 }`bi +QQ`/BM�i2 `2+Q`/b i?2 �M+2biQ`- rBi? i`�MbBiBQMb ;Bp2M #v

T ppi,αq , pj,βqq “

$
’’’&

’’’%

ejiMpα,βq i ‰ j Q` α ‰ β,

eiiMα,α ` 1´ di i “ j �M/ α “ β.

U9XjXRjV

ai�`iBM; �i HQ+�iBQM i- QM2 +�M i?2M �bF ?Qr K�Mv bi2Tb Bb `2[mB`2/ 7Q` i?2 K�`;BM�H ;2MQivT2 /Bbi`B#miBQM iQ #2 +HQb2

N3



iQ π UBM iQi�H p�`B�iBQMVX 6`QK i?2 /2}MBiBQM Q7 Ψpiq
t - Bi Bb 2�bBHv b22M i?�i

Ψpiq
t “ sup

αPΓ
sup

EPσpΓq

ˇ̌
Ppi,αq tyt P !N" ˆ Eu ´ π pEq

ˇ̌
. U9XjXR9V

�b � `2bmHi- i?2 KBtBM; iBK2 Q7 i?2 K�`;BM�H ;2MQivT2 /Bbi`B#miBQM Q7 tytutě0 bi�`iBM; 7`QK i Bb tpiqKBtpεqX

q2 ?�p2 b22M i?Bb 7`�K2rQ`F +�M �HbQ #2 mb2/ iQ +?�`�+i2`Bx2 +QMp2`;2M+2 iQ i?2 bi�iBQM�`v /Bbi`B#miBQM �HQM; i?2

HBM2�;2bX aBM+2 2�+? HBM2�;2 +�M +QMi�BM �i KQbi QM2 #B`i? 2p2Mi T2` mT/�i2 bi2T- i?2 HBM2�;2b KBt �i H2�bi �b bHQrHv

�b /Q2b i?2 Q`B;BM�H Kmi�iBQM T`Q+2bbX AM ;2M2`�H- B7 Ψpiq
t Bb i?2 /Bbi�M+2 #2ir22M i?2 bi�iBQM�`v /Bbi`B#miBQM �M/ i?2

HBM2�;2 H2�/BM; iQ BM/BpB/m�H i- i?2M Ψpiq
t ď E

”
ψ

B
piq
t

ı
- r?2`2 ψt Bb i?2 /Bbi�M+2 #2ir22M i?2 Kmi�iBQM T`Q+2bb �M/

i?2 bi�iBQM�`v /Bbi`B#miBQM �7i2` t bi2Tb �M/ Bpiq
t Bb � `�M/QK p�`B�#H2 ;BpBM; i?2 MmK#2` Q7 #B`i? 2p2Mib �HQM; i?2

HBM2�;2 H2�/BM; iQ i �i iBK2 tX h?2 /Bbi`B#miBQM Q7 Bpiq
t +�M #2 ;Bp2M 2tTHB+BiHv BM i2`Kb Q7 i?2 /2KQ;`�T?B+ p�`B�#H2b

Q7 i?2 mT/�i2 `mH2 U1[m�iBQM U9XjXeVV- r?B+? ;Bp2b � #QmM/ QM Ψpiq
t i?�i Bb bi`�B;?i7Q`r�`/ iQ +�H+mH�i2 U�Hi?Qm;? i?2

2tT`2bbBQM Bib2H7 Bb MQi M2+2bb�`BHv bBKTH2VX

9X9X JBtBM; iBK2b

AM i?Bb b2+iBQM- r2 im`M iQ i?2 KBtBM; iBK2 Q7 i?2 r?QH2 2pQHmiBQM�`v T`Q+2bb txtutě0- MQi QMHv i?2 K�`;BM�HbX �;�BM-

H2i pΓ,Mq #2 i?2 Kmi�iBQM T`Q+2bbX G2i D /2}M2 � M2mi`�H `2TH�+2K2Mi /Bbi`B#miBQMX h?2 M2ti h?2Q`2K #QmM/b

i?2 KBtBM; iBK2 Q7 i?2 2pQHmiBQM�`v T`Q+2bb BM i2`Kb Q7 � T`QT2`iv Q7 i?2 Kmi�iBQM T`Q+2bb �M/ i?2 `2TH�+2K2Mi

/Bbi`B#miBQMX

h?2Q`2K 9XRRX .2}M2

φ :“ max
α,βPΓ

∥Mpα, ¨q ´Mpβ, ¨q∥ip �M/ R :“ min
iP!N"

Nÿ

j“1

peji ´ φeijq , U9X9XRV

i?2M

tKBtpεq ď ´ log pεq ` logN
R

. U9X9XkV

S`QQ7X G2i x,y P ΓN #2 bi�i2b Q7 i?2 2pQHmiBQM�`v T`Q+2bbX h?2M r2 /2}M2 i?2 i`�MbTQ`i�iBQM K2i`B+

ρpx,yq :“
Nÿ

i“1

1 pxpiq ‰ ypiqq , U9X9XjV

NN
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6B;m`2 9X8, h?2 /Bbi�M+2 #2ir22M BM/BpB/m�H iǶb ;2MQivT2 �M/ i?2 bi�iBQM�`v /Bbi`B#miBQM �7i2` T mT/�i2
bi2Tb- Ψ pT q- mM/2` /2�i?@#B`i? mT/�iBM;X �HH Q7 i?2 K�`;BM�H /Bbi`B#miBQMb +QMp2`;2 iQ π �b T Ñ 8- #mi
i?2v /Q bQ �i /Bz2`2Mi `�i2b /2T2M/BM; QM i?2 TQTmH�iBQM bBx2- bi`m+im`2- �M/ mT/�i2 `mH2X � TQTmH�iBQM
Q7 bBx2 N “ 1 Bb i?2 b�K2 �b i?2 mM/2`HvBM; Kmi�iBQM T`Q+2bb Bib2H7- �M/ BM i?Bb +�b2 Ψ pT q “ ψ pT q ď CcT

7Q` bQK2 C ą 0 �M/ c P p0, 1qX h?2 Kmi�iBQM T`Q+2bb /2TB+i2/ ?2`2 Bb `2p2`bB#H2 rBi? |Γ| “ 3 ;2MQivT2b-
bQ r2 +�M b2i C “ 1

2

b
1´π˚
π˚

�M/ c “ max t|λ2| , |λ3|u Ub22 1[m�iBQM U9XjXNVVX A7 i?2 TQTmH�iBQM ?�b bBx2 N -
i?2M r2 FMQr i?�i Ψ pT q ď C

`
1´ 1

N p1´ cq
˘T bBM+2 /2�i? `�i2 7Q` �HH BM/BpB/m�Hb Bb 1{N mM/2` /2�i?@#B`i?

mT/�iBM;X aBM+2 Ψ pT q +QMp2`;2b `�TB/Hv iQ 0 BM �HH +�b2b- r2 b?Qr #Qi? i?2 T`2/B+i2/ mTT2` #QmM/b UbQHB/
HBM2bV �M/ i?2 �+im�H p�Hm2b Q7 Ψ pT q U/QibV QM � HQ;�`Bi?KB+ b+�H2X

i?�i Bb- i?2 MmK#2` Q7 BM/BpB/m�Hb i?�i ?�p2 /Bz2`2Mi ;2MQivT2b BM bi�i2b x �M/ yX .2}M2 � ;`�T? r?Qb2 p2`iB+2b �`2

i?2 2H2K2Mib Q7 ΓN �M/ r?2`2 tx,yu Bb �M 2/;2 B7 ρpx, yq “ 1- i?�i Bb- i?2v /Bz2` 7Q` 2t�+iHv QM2 BM/BpB/m�HX LQi2 i?�i

i?Bb ;`�T? Bb � ?vT2`+m#2 rBi? �HT?�#2i Γ �M/ i?2 /B�K2i2` Q7 i?Bb ;`�T? Bb N X q2 r�Mi iQ b?Qr i?�i ρ +QMi`�+ib

QM M2B;?#Q`b Q7 i?2 ;`�T? Ub22 *?�Ti2` R9 Q7 (ed)VX

.2}M2 i?2 7QHHQrBM; +QmTHBM; 7Q` i?2 /Bbi`B#miBQM Q7 i?2 M2ti bi2T Q7 i?2 2pQHmiBQM�`v T`Q+2bb x1 �M/ y1- r?2M

i?2v �`2 +QM/BiBQM2/ bm+? i?�i x0 “ x �M/ y0 “ yX h?2 `2TH�+2K2Mi b�KTH2 Bb B/2MiB+�H 7Q` #Qi? T`Q+2bb2b �M/ Bb

b�KTH2/ �++Q`/BM; iQ DX h?Bb Bb +Q``2+i K�`;BM�HHv 7Q` #Qi? T`Q+2bb2b- �b i?2 T`Q+2bb Bb M2mi`�H �M/ i?2 /Bbi`B#miBQM

Q7 i?2 `2TH�+2K2Mi /Q2b MQi /2T2M/ QM i?2 +m``2Mi bi�i2X h?2M 7Q` 2�+? `2TH�+2K2Mi i P R- r2 /Q i?2 7QHHQrBM;,

.2MQi2 i?2 `2TH�+2K2Mi #v rpiq “ j �M/ bmTTQb2 i i�F2b QM ivT2 α �7i2` `2TH�+2K2Mi- i?�i Bb- x1piq “ αX LQi2 i?�i

Ryy



i?Bb α Bb b�KTH2/ MQ`K�HHv �++Q`/BM; iQ Mpxpjq, ¨qX

LQr r2 /2b+`B#2 ?Qr iQ b�KTH2 y1X A7 xpjq “ ypjq- i?2 Kmi�iBQM Bb i?2 b�K2 BM #Qi? T`Q+2bb2b �M/ x1piq “

y1piq “ αX Pi?2`rBb2 xpjq ‰ ypjqX h?2`2 �`2 irQ +�b2b, URV B7 Mpypjq,αq ě Mpxpjq,αq- i?2M b2i y1piq “ αc UkV

B7 Mpypjq,αq ă Mpxpjq,αq- i?2M rBi? T`Q#�#BHBiv Mpypjq,αq{Mpxpjq,αq- ypiq “ α �M/ Qi?2`rBb2 ypiq Bb b�KTH2/

7`QK Mpypjq, ¨q +QM/BiBQM�H QM MQi #2BM; αX

LQi2 i?�i mM/2` i?Bb +QmTHBM;- B7 i /Bz2`b BM x �M/ y- i?2M i?2 T`Q#�#BHBiv i?�i iǶb +?BH/ /Bz2`b Bb

ÿ

αPΓ
Mpxpiq,αq

ˆ
1´min

"
1,

Mpypiq,αq
Mpxpiq,αq

*˙
“

ÿ

αPΓ
Mpxpiq,αq ´min tMpxpiq,αq,Mpypiq,αqu

ď ∥Mpxpiq, ¨q ´Mpypiq, ¨q∥ip. U9X9X9V

amTTQb2 x �M/ y /Bz2` QMHv #v BM/BpB/m�H i Ui?�i Bb ρpx,yq “ 1V- i?2M

Ex,yρpX1, Y1q ď P ti R Ru ` ∥Mpxpiq, ¨q ´Mpypiq, ¨q∥ip

Nÿ

j“1

P trpjq “ iu

ď 1` φ
Nÿ

j“1

eij ´
Nÿ

j“1

eji

ď 1´R

ď exp p´Rq . U9X9X8V

h?2`27Q`2- #v *Q`QHH�`v R9Xd Q7 (ed)- i?2 KBtBM; iBK2 Q7 i?2 2pQHmiBQM�`v T`Q+2bb Bb #QmM/2/ #v

tKBtpεq ď ´ log pεq ` logN
maxt0, Ru . U9X9XeV

!

6Q` i?2 JQ`�M T`Q+2bb- r2 ?�p2

R “ 1´ φ
N

, U9X9XdV

bBM+2 eij “ 1{N2X 6Q` i?2 q`B;?i@6Bb?2` T`Q+2bb- r2 ?�p2

R “ 1´ φ, U9X9X3V

RyR



bBM+2 eij “ 1{N X

>Qr2p2`- i?2 [m�MiBiv φ /Q2b MQi +�Tim`2 i?2 KBtBM; iBK2 Q7 i?2 Kmi�iBQM T`Q+2bb BM ;2M2`�HX AM 7�+i- Bi +�M #2

i?�i φ “ 1X JQ`2Qp2`- Bi Bb TQbbB#H2 i?�i R ď 0- BM r?B+? +�b2- i?2 #QmM/ QM tKBt Bb p�+mQmbX

9X8X *Q``2H�iBQMb BM i?2 bi�iBQM�`v /Bbi`B#miBQMb

aQ 7�` r2 ?�p2 +?�`�+i2`Bx2/ i?2 K�`;BM�Hb Q7 i?2 bi�iBQM�`v /Bbi`B#miBQMX AM i?Bb b2+iBQM- r2 i`v iQ }M/ KQ`2 /2i�BH2/

BM7Q`K�iBQM �#Qmi i?2 bi�iBQM�`v /Bbi`B#miBQM �M/ BM T�`iB+mH�` ?Qr ;2MQivT2b Q7 BM/BpB/m�Hb �`2 +Q``2H�i2/ BM i?2

bi�iBQM�`v /Bbi`B#miBQMX hQ /Q i?Bb r2 ?�p2 iQ bim/v i?2 +Q�H2b+2M+2 T`Q#�#BHBiB2b ;2M2`�i2/ #v i?2 2pQHmiBQM�`v

T`Q+2bbX h?2 #�bB+ B/2� Bb i?�i �7i2` i?2 +Q�H2b+2M+2- i?2 Kmi�iBQM T`Q+2bb �HQM; i?2 HBM2�;2b Q7 irQ BM/BpB/m�Hb

�`2 �HKQbi BM/2T2M/2Mi +QTB2b Q7 i?2 Kmi�iBQM T`Q+2bbX h?mb- �7i2` ;2iiBM; i?2 /Bbi`B#miBQM Q7 i?2 +Q�H2b+2M+2 iBK2-

r2 +�M �bF ?Qr K�Mv `2T`Q/m+iBQMb Q++m``2/ �HQM; 2�+? HBM2�;2X �7i2` i?�i- r2 bBKTHv bim/v ?Qr i?2 +Q``2H�iBQM

#2ir22M irQ BM/2T2M/2Mi +QTB2b Q7 i?2 Kmi�iBQM T`Q+2bb /2+�vb Qp2` iBK2X

h�F2 irQ BM/BpB/m�Hb i �M/ j BM � TQTmH�iBQMX AK�;BM2 i?2 7�KBHv i`22 Q7 2�+? BM/BpB/m�H �M/ 2p2Mim�HHv- r?2M

i`�+2/ 7�` 2MQm;? #�+Fr�`/ BM iBK2- i?2 irQ i`22b Kmbi DQBMX h?Bb 7QHHQrb /B`2+iHv 7`QK i?2 +Q?2`2M+2 �bbmKTiBQM Ub22

a2+iBQM 9XRVX q2 +�HH i?Bb 2p2Mi +Q�H2b+2M+2 (kRj)X q?2`2 i?2b2 i`22b DQBM Bb i?2 KQbi `2+2Mi +QKKQM �M+2biQ` UK`+�V

�M/ r2 K�v �bF- ?Qr 7�` #�+F BM iBK2 Bb i?Bb K`+�\ J�Mv BMi2`2biBM; [m2biBQMb +�M #2 �Mbr2`2/ mbBM; BM7Q`K�iBQM

�#Qmi i?Bb iBK2- bm+? �b i?2 pB�#BHBiv Q7 +QQT2`�iBQM BM bi`m+im`2/ TQTmH�iBQMb �M/ HQ+�HBx�iBQM Q7 � TQTmH�iBQM BM

;2MQivT2 bT�+2 (kR9ĜkRe)X q2 i�F2 mT HQ+�HBx�iBQM BM ;2MQivT2 bT�+2 BM a2+iBQM 9XeX

AM `2�H TQTmH�iBQMb i?2 +Q�H2b+2M+2 iBK2 ?�b � /2}MBi2 �Mbr2`- #mi Bi Bb Q7i2M BKTQbbB#H2 iQ Q#i�BMX h?mb- K�i?2@

K�iB+�H KQ/2Hb �`2 mb27mH iQ bim/v i?2 bi�iBbiB+b Q7 i?2 iBK2X *QMbB/2`BM; i?2 bBKTH2bi +�b2- i?2 q`B;?i@6Bb?2` T`Q+2bb,

� TQTmH�iBQM Q7 N ?�THQB/ BM/BpB/m�HbX q2 b�KTH2 i?2 T�`2Mib Q7 i?2 M2ti ;2M2`�iBQM rBi? `2TH�+2K2Mi 7`QK i?2

T`2pBQmb ;2M2`�iBQM �M/ 2�+? iBK2 � T�`2Mi Bb b2H2+i2/- Bi T`Q/m+2b QM2 QzbT`BM; (Rky- kRd)X q?�i Bb i?2 +Q�H2b+2M+2

iBK2- r?B+? r2 /2MQi2 T\ h?2 T`Q#�#BHBiv i?�i �Mv irQ BM/BpB/m�Hb ?�p2 i?2 b�K2 T�`2Mi Bb bBKTHv 1{Něi?�i Bb-

i?2 T`Q#�#BHBiv i?�i T “ 1X A7 i?2v /Q MQi ?�p2 i?2 b�K2 T�`2Mi- i?2M i?2 QMHv r�v i?2 irQ Q`B;BM�H BM/BpB/m�H +�M

+Q�H2b+2 BM i?2 M2ti ;2M2`�iBQM- Bb B7 i?2B` T�`2Mib ?�p2 i?2 b�K2 T�`2Mi- r?B+? �;�BM ?�b T`Q#�#BHBiv 1{N X *QMiBMmBM;

Ryk



i?2 �`;mK2Mi #�+Fr�`/- r2 }M/ i?2 T`Q#�#BHBiv i?�i T “ t Bb 2t�+iHv

1
N

ˆ
1´ 1

N

˙t´1

U9X8XRV

Q` T Bb /Bbi`B#mi2/ ;2QK2i`B+�HHv rBi? � K2�M Q7 N ;2M2`�iBQMbX LQi2 i?�i i?2 /Bbi`B#miBQM Q7 T /Q2b MQi /2T2M/ QM

i?2 BM/BpB/m�Hb i?�i �`2 +Q�H2b+BM;X

AM i?2 JQ`�M T`Q+2bb- r2 }M/ � bBKBH�` /Bbi`B#miBQM 7Q` i?2 iBK2 iQ i?2 K`+�X h?2 QMHv r�v irQ BM/BpB/m�Hb +�M

+Q�H2b+2 BM i?2 JQ`�M T`Q+2bb Bb 7Q` QM2 iQ `2TH�+2 i?2 Qi?2`X 1Bi?2` BM/BpB/m�H i +�M `2TH�+2 j Q` j +�M `2TH�+2 iX

1�+? 2p2Mi ?�TT2Mb rBi? T`Q#�#BHBiv 1{N2- �b i?2 T`Q+2bb Bb M2mi`�HX h?2M BKTQ`i�MiHv- B7 +Q�H2b+2 /Q2b MQi Q++m`-

r2 �`2 2z2+iBp2Hv BM i?2 b�K2 bBim�iBQMX h?mb-

T „ Geo

ˆ
2
N2

˙
. U9X8XkV

�;�BM- i?2 /Bbi`B#miBQM Q7 T /Q2b MQi /2T2M/ QM i?2 BM/BpB/m�Hb i?�i �`2 +Q�H2b+BM;X

h?Bb �`;mK2Mi +�M #2 ;2M2`�HBx2/X .2}M2 i?2 7QHHQrBM; /2KQ;`�T?B+ p�`B�#H2b

cij :“ PD trpiq “ j, j R Ru ` PD trpjq “ i, i R Ru `
ÿ

kP!N"
PD trpiq “ rpjq “ ku . U9X8XjV

�b r2 ?�p2 b22M �#Qp2 cij “ 1{N BM i?2 q`B;?i@6Bb?2` T`Q+2bb �M/ cij “ 2{N2 BM i?2 JQ`�M T`Q+2bbX

h?2Q`2K 9XRkX amTTQb2 i?�i 7Q` �HH i, j P !N" r2 ?�p2 cij “ c 7Q` bQK2 +QMbi�Mi c P r0, 1sX h?2M i?2 iBK2 iQ i?2

K`+� Q7 �Mv irQ BM/BpB/m�Hb i �M/ j Bb /Bbi`B#mi2/ �b

T „ Geo pcq . U9X8X9V

S`QQ7X 6Q` �Mv irQ BM/BpB/m�Hb i �M/ j iQ +Q�H2b+2 BM i?2 M2ti iBK2 bi2T- i?2`2 �`2 i?`22 Kmim�HHv 2t+HmbBp2 TQbbB@

#BHBiB2bX RV i `2TH�+2b j �M/ i Bb MQi `2TH�+2/c kV j `2TH�+2b i �M/ j Bb MQi `2TH�+2/c jV bQK2 BM/BpB/m�H k `2TH�+2b i �M/

jX h?2 T`Q#�#BHBiv Q7 �Mv Q7 i?2b2 TQbbB#BHBiB2b Q++m``BM; Bb cij X "v �bbmKTiBQM- i?Bb /Q2b MQi /2T2M/ QM i Q` jX h?mb-

B7 i?2`2 Bb MQ +Q�H2b+2M+2- r2 �`2 BM 2z2+iBp2Hv i?2 b�K2 bBim�iBQMX aQ T „ Geo pcqX !

q?BH2 T Bb MQi �Hr�vb ;2QK2i`B+- r2 +�M HQr2` #QmM/ T #v � ;2QK2i`B+ `�M/QK p�`B�#H2X h?2 7QHHQrBM; i?2Q`2K
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;2M2`�HBx2b h?2Q`2K 9XRkX

h?2Q`2K 9XRjX .2}M2 c˚ :“ mini,j:i‰j cij �M/ c˚ :“ maxi,j:i‰j cij X h?2M i?2 iBK2 iQ i?2 K`+� Q7 �Mv irQ BM/BpB/m�Hb

i �M/ j b�iBb}2b

p1´ c˚qt ď P tT ě tu ď p1´ c˚qt. U9X8X8V

S`QQ7X .2+QKTQb2 P tT ě tu �b 7QHHQrb

P tT ě tu “ P tT ‰ 1uP tT ‰ 2|T ‰ 1u ¨ ¨ ¨P tT ‰ t|T ‰ 1, . . . , T ‰ t´ 1u . U9X8XeV

G2i Apiq
t /2MQi2 i?2 �M+2biQ` Q7 i �i iBK2 tX LQr- MQi2

P tT ‰ t|T ‰ 1, . . . , T ‰ su “
ÿ

k‰l

p1´ cklqP
!
Apiq

t “ k,Apjq
t “ j|T ‰ 1, . . . , T ‰ t´ 1

)
ď p1´ c˚q, U9X8XdV

bBM+2 i?2 mMBQM Q7 i?2 2p2Mib
!
Apiq

t “ k,Apjq
t “ j

)
Bb i?2 r?QH2 T`Q#�#BHBiv bT�+2 X h?2 HQr2` #QmM/ Bb bBKBH�`X

SHm;;BM; i?2 #QmM/ 7`QK 1[m�iBQM U9X8XdV BMiQ 1[m�iBQM U9X8XeV +QKTH2i2b i?2 T`QQ7X !

9X8XRX CQBMi /Bbi`B#miBQM 7`QK +Q�H2b+2M+2 bi�iBbiB+bX G2i π #2 i?2 bi�iBQM�`v /Bbi`B#miBQM �M/ tKBtpεq #2 i?2

KBtBM; Q7 i?2 Kmi�iBQM T`Q+2bb pΓ,MqX �b #27Q`2- r2 H2i T #2 i?2 iBK2 iQ i?2 KQbi `2+2Mi +QKKQM �M+2biQ` Q7

/BbiBM+i BM/BpB/m�Hb i �M/ j mM/2` i?2 M2mi`�H mT/�i2 /Bbi`B#miBQM DX G2i i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 2pQHmiBQM�`v

T`Q+2bb #2 µX

h?2 7QHHQrBM; i?2Q`2K Bb �M�HQ;Qmb iQ i?2 2tT`2bbBQM U9XkXkV- #mi 7Q` i?2 DQBMi /Bbi`B#miBQM Q7 i?2 ;2MQivT2 Q7 irQ

BM/BpB/m�Hb `�i?2` i?�M i?2 K�`;BM�H Q7 � bBM;H2 BM/BpB/m�HX

h?2Q`2K 9XR9X _2+�HH i?�i d˚ :“ mini diX �bbmK2 i?�i 7Q` �HH δ, t ą 0- i?2`2 2tBbib N H�`;2 2MQm;? bm+? i?�i

P tT ă t{d˚u ă δ- i?2M

lim
NÑ8

Pµ tpxpiq,xpjqq “ pα,βqu “ πpαqπpβq U9X8X3V

7Q` �HH /BbiBM+i i, j P !N"X h?�i Bb- i?2 DQBM /Bbi`B#miBQM Q7 irQ BM/BpB/m�Hb Bb �TT`QtBK�i2Hv BM/2T2M/2MiX

S`QQ7X 6B`bi- /2}M2 Ti �M/ Tj �b i?2 MmK#2` Q7 `2T`Q/m+iBp2 bi2Tb BM i?2 HBM2�;2b Q7 BM/BpB/m�Hb i �M/ j bBM+2 iBK2
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T X h?2M MQi2

Pµ tpxpiq,xpjqq “ pα,βqqu “
8ÿ

t,t1,t2“1

ÿ

α1PΓ
Pα1 tαt1 “ αuPα1 tβt2 “ βu

¨ P ␣
αK`+� “ α1|T “ t, Ti “ t1, Tj “ t2

(
P tT “ t, Ti “ t1, Tj “ t2u , U9X8XNV

r?2`2 αt �M/ βt �`2 BM/2T2M/2Mi +QTB2b Q7 i?2 Kmi�iBQM T`Q+2bbX LQi2 i?�i 7Q` t ą t1- r2 ?�p2

P tTi ă t1|T “ tu ď
tt1uÿ

i“0

˜
t
i

¸
p1´ d˚qt´i ď Cp1´ d˚qt´tt1uttt1u U9X8XRyV

7Q` bQK2 +QMbi�Mi C ą 0X LQr }t δ �M/ +?QQb2 t H�`;2 2MQm;? bm+? i?�i Cp1´d˚qt´tt1uttt1u ď δ1- r?B+? Bb 2[mBp�H2Mi

iQ

t ě C
d˚

logpC{δ1q U9X8XRRV

7Q` bQK2 H�`;2 +QMbi�Mi C ą 0X LQi2 i?�i #v �bbmKTiBQM- r2 +�M +?QQb2 N H�`;2 2MQm;? bQ i?�i

P
"
T ă C

d˚
logpC{δ1q

*
ď δ. U9X8XRkV

h?2`27Q`2- 7Q` i?Bb +?QB+2 Q7 N �M/ t- r2 b22

P tTi ă t1u “ P tTi ă t1|T ă tuPtT ă tu ` P tTi ă t1|T ě tuPtT ě tu

ď δ ` Cp1´ d˚qt´tt1uttt1u

ď δ ` δ1. U9X8XRjV

aBKBH�`Hv- r2 +�M +?QQb2 N H�`;2 2MQm;? bm+? i?�i P tTi ă tKBtpεq Q` Tj ă tKBtpεqu ă δ- i?2M r2 +�M #QmM/ i?2

Ry8



H27i@?�M/ bB/2 Q7 2[m�iBQM U9X8X3V #v

P tTi ă tKBtpεq Q` Tj ă tKBtpεqu `
8ÿ

t,t1,t2“tKBtpεq

ÿ

α1PΓ
|Pα1 tαt “ αuPα1 tβt “ βu ´ πpαqπpβq|

¨ P ␣
xK`+� “ α1|T “ t, Ti “ t1, Tj “ t2

(
P tT “ t, Ti “ t1, Tj “ t2u

ď δ ` `
µpαqε` πpβqε` ε2

˘ 8ÿ

t,t1,t2“tKBtpεq
P tT “ t, Ti “ t1, Tj “ t2u

ÿ

α1PΓ
P

␣
αK`+� “ α1|T “ t, Ti “ t1, Tj “ t2

(

ď δ ` `
µpαqε` µpβqε` ε2

˘
. U9X8XR9V

a2M/BM; ε, δ Ñ 0 +QKTH2i2b i?2 T`QQ7X !

h?2Q`2K 9XRj BKTHB2b i?2 7QHHQrBM; #QmM/

P tT ă t{d˚u “ 1´ PtT ě r{d˚u ď 1´ p1´ c˚qt{d˚ . U9X8XR8V

Ai Bb 2�bv iQ b22 mbBM; i?2 mMBQM #QmM/ i?�i c˚ ď 2d˚ �M/ c˚ ď 2d˚X >Qr2p2`- i?2 �bbmKTiBQM i?�i P tT ă t{d˚u Ñ 0

7Q` �HH t /Q2b MQi 7QHHQr 7`QK i?Bb #QmM/X h?2 �bbmKTiBQM Bb b�iBb}2/ r?2M2p2` c˚ ! d˚X h?Bb Bb i?2 +�b2 7Q` #Qi?

i?2 q`B;?i@6Bb?2` �M/ JQ`�M T`Q+2bb2bX

_2K�`F 9XR8X qBi? � #�bB+�HHv B/2MiB+�H �`;mK2Mi- Bi Bb TQbbB#H2 iQ 2ti2M/ i?Bb BM/2T2M/2M+2 Q7 i?2 DQBMi /Bbi`B#miBQM

iQ H�`;2` bm#b2ib Q7 BM/BpB/m�Hb T`QpB/2/ i?2 iBK2 iQ i?2 }`bi +Q�H2b+2 BM+`2�b2b mM#QmM/2/Hv �b N #2+QK2b H�`;2X

9XeX GQ+�HBx�iBQM BM ;2MQivT2 bT�+2

AM i?Bb b2+iBQM- r2 +QMbB/2` ?Qr TQTmH�iBQMb bT`2�/ Qmi Qp2` ;2MQivT2 bT�+2 7Q` bQK2 bT2+B}+ M2mi`�H 2pQHmiBQM�`v

T`Q+2bb2b (kR3)X q2 `2+Qp2` bQK2 FMQr `2bmHib �#Qmi �p2`�;2 T�B`rBb2 >�KKBM; /Bbi�M+2 #2ir22M ;2MQivT2b BM i?2

JQ`�M �M/ q`B;?i@6Bb?2` T`Q+2bb2b (kR9)X hvTB+�HHv- i?2`2 Bb � b?�`T i?`2b?QH/ 7Q` HQ+�HBx�iBQM, A7 i?2 Kmi�iBQM `�i2

ε Bb bm+? i?�i ε ! 1{N - i?2M i?2 �p2`�;2 /Bbi�M+2 #2ir22M ;2MQivT2b Bb op1qc B7 i?2 Kmi�iBQM `�i2 ε Bb bm+? i?�i

ε " 1{N - i?2M i?2 �p2`�;2 /Bbi�M+2 #2ir22M ;2MQivT2b Bb QM i?2 Q`/2` Q7 i?2 /B�K2i2` Q7 i?2 ;2MQivT2 bT�+2X

h?Bb i`�MbBiBQM Bb iQ #2 2tT2+i2/ #�b2/ QM Qm` `2bmHib 7`QK i?2 T`2pBQmb b2+iBQMX q?2M i?2 �bbmKTiBQMb Q7 h?2Q`2K

9XR9 ?QH/- bi�iBbiB+b /2T2M/BM; QM i?2 �p2`�;2 Q7 T�B`rBb2 7mM+iBQMb Qp2` i?2 TQTmH�iBQMb �`2 +HQb2 iQ 2p�Hm�iBM; i?2

b�K2 7mM+iBQM QM irQ TQBMib /`�rM BM/2T2M/2MiHv �++Q`/BM; iQ i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 Kmi�iBQM T`Q+2bb πX
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h?�i Bb-

Eµxgpxpiq,xpjqy « Eπgpα,βq, U9XeXRV

r?2`2 x „ µ- α,β „ π BM/2T2M/2MiHv- �M/ x¨, ¨y `2T`2b2Mib �M 2KTB`B+�H �p2`�;2 Qp2` i, j P !N"X h?2 K�BM TQBMi Q7

i?Bb b2+iBQM Bb i?�i vQm +�M Q#i�BM 2t�+i 7Q`KmH�2 7Q` i?2b2 bi�iBbiB+b BM K�Mv BMi2`2biBM; +�b2bX

9XeXRX q`B;?i@6Bb?2` T`Q+2bb rBi? i?2 BM/2T2M/2Mi TQBMi Kmi�iBQM T`Q+2bb QM i?2 κ@?vT2`+m#2X q2

+QMbB/2` i?2 Kmi�iBQM T`Q+2bb /2}M2/ BM .2}MBiBQM kXRj �M/ q`B;?i@6Bb?2` T`Q+2bb /2}M2/ BM .2}MBiBQM jXR9X h?2

J�`FQp +?�BM pΓ,Mq Bb `2p2`bB#H2 rBi? `2bT2+i iQ i?2 mMB7Q`K /Bbi`B#miBQM- bBM+2 M Bb bvKK2i`B+- i?mb r2 FMQr i?�i

b�KTHBM; i?2 ivT2 Q7 �Mv bBM;H2 BM/BpB/m�H 7`QK i?2 bi�iBQM�`v /Bbi`B#miBQM Bb �HbQ mMB7Q`K QM Γ #v h?2Q`2K 9XeX AM

T�`iB+mH�`- i?2 �p2`�;2 �#mM/�M+2 Q7 2�+? ivT2 Qp2` � HQM; T2`BQ/ Q7 iBK2 Bb �HbQ mMB7Q`KX q2 MQr �bF �#Qmi i?2

bi`m+im`2 Q7 i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 i?2 2pQHmiBQM�`v T`Q+2bb µX lM/2` µ- Bb i?2 TQTmH�iBQM +QM+2Mi`�i2/ BM �

bK�HH 7`�+iBQM Q7 b2[m2M+2 bT�+2 Q` Bb i?2 TQTmH�iBQM /Bzmb2/ i?`Qm;?Qmi i?2 bT�+2\ PM2 K2�bm`2 Q7 i?Bb [m�MiBiv Bb

i?2 K2�M@b[m�`2 /Bbi�M+2 Q7 i?2 TQTmH�iBQM Q` 2[mBp�H2MiHv Bib p�`B�M+2X >2`2 /Bbi�M+2 Bb K2�bm`2/ �++Q`/BM; iQ i?2

>�KKBM; /Bbi�M+2X h?mb- 7Q` x P ΓN - /2}M2

D̄ :“ 1
NpN ´ 1q{2

Nÿ

i“1

ÿ

j:iăj

Dpxpiq,xpjqq “ 1
NpN ´ 1q

Nÿ

i“1

piqÿ

j

D̄pxpiq,xpjqq . U9XeXkV

q2 +QMbB/2` D̄ �b � `�M/QK p�`B�#H2- r?2`2 pxp1q, . . . ,xpNqq „ µX

h?2Q`2K 9XReX 6Q` i?2 q`B;?i@6Bb?2` T`Q+2bb BM � r2HH@KBt2/ TQTmH�iBQM rBi? i?2 BM/2T2M/2Mi TQBMi Kmi�iBQM T`Q+2bb

QM i?2 κ@?vT2`+m#2- r2 ?�p2

Ex„µD̄ “ n
κ´ 1
κ

Np2ε´ ε2q
Np2ε´ ε2q ` p1´ εq2 . U9XeXjV

S`QQ7X lbBM; i?2 HBM2�`Biv Q7 2tT2+i�iBQM �M/ i?2 bvKK2i`v Q7 pR, rq „ D- r2 ?�p2

EµD̄ “ EµD̄pxp1q,xp2qq. U9XeX9V

q2 T`Q+22/ mbBM; +Q�H2b+2M+2 iBK2bX LQi2 i?�i B7 px0p1q, . . . ,x0pNqq „ µ- i?2M pxtp1q, . . . ,xtpNqq „ µX G2i T #2 i?2

iBK2 iQ i?2 KQbi `2+2Mi +QKKQM �M+2biQ` Q7 BM/BpB/m�Hb R �M/ kX h?2M

EµD̄pxp1q,xp2qq “ EE
“
D̄pxtp1q,xtp2qq|T “ t

‰
. U9XeX8V

Ryd



G2i αptq �M/ βptq #2 BM/2T2M/2Mi +QTB2b Q7 i?2 Kmi�iBQM T`Q+2bb pΓ,Mq bm+? i?�i α0 “ β0 “ 0X LQi2

D̄pαt,βtq “
Lÿ

i“1

1pαtpiq ‰ βtpiqq. U9XeXeV

G2i Rx
t piq �M/ Ry

t piq #2 i?2 2p2Mi i?�i i?2`2 r�b MQ Kmi�iBQM BM +QQ`/BM�i2 i �i iBK2 t BM αt �M/ βt `2bT2+iBp2HvX

h?2M- i?2 2p2Mib �`2 BM/2T2M/2Mi �M/ 2�+? ?�b T`Q#�#BHBiv 1´ εX LQi2 i?�i

P tαtpiq ‰ βtpiqu “ P tαtpiq ‰ βtpiq|Rx
i p1q, . . . , Rx

t piq, Ry
i p1q, . . . , Ry

t piquP tRx
i p1q, . . . , Rx

t piq, Ry
i p1q, . . . , Ry

t piqu

` P tαtpiq ‰ βtpiq| pRx
i p1q, . . . , Rx

t piq, Ry
i p1q, . . . , Ry

t piqqcuP tpRx
i p1q, . . . , Rx

t piq, Ry
i p1q, . . . , Ry

t piqqcu

“ κ´ 1
κ

`
1´ p1´ εq2t˘ , U9XeXdV

bBM+2 B7 i?2`2 ?�p2 #22M MQ Kmi�iBQMb i?2 +QQ`/BM�i2b Kmbi #2 2[m�H �M/ Qi?2`rBb2 i?2 +QQ`/BM�i2b �`2 mMB7Q`KHv

`�M/QK BM !κ"X JQ`2Qp2`- i?2 Kmi�iBQMb QM 2�+? +QQ`/BM�i2 �`2 BM/2T2M/2Mi- i?mb r2 ?�p2 D̄pxt,ytq „ "BMpn, ptq-

r?2`2

pt :“ α´ 1
α

`
1´ p1´ uq2t˘ . U9XeX3V

_2+�HH i?2 /Bbi`B#miBQM Q7 T 7`QK 1[m�iBQM U9X8XRVX h?2M

EE
“
D̄pxtp1q,xtp2qq|T “ t

‰ “
8ÿ

t“1

n pt
1
N

ˆ
1´ 1

N

˙t´1

“ n
κ´ 1
κ

8ÿ

t“1

1
N

ˆ
1´ 1

N

˙t´1

´ n
N ´ 1

κ´ 1
κ

8ÿ

t“1

ˆˆ
1´ 1

N

˙
p1´ εq2

˙t

“ n
κ´ 1
κ

Np2ε´ ε2q
Np2ε´ ε2q ` p1´ εq2 . U9XeXNV

!

h?2 2tT`2bbBQM U9XeXjV Bb BMi2`T`2i�#H2X >QH/ n �M/ κ }t2/X LQi2 i?�i B7 i?2 Kmi�iBQM `�i2 Bb p2`v bK�HH- i?�i Bb-

ε ! 1{N - i?2M

n
κ´ 1
κ

Np2ε´ ε2q
Np2ε´ ε2q ` p1´ εq2 Ñ 0, U9XeXRyV

�b N Ñ 8X aQ- r2 b22 i?�i i?2 TQTmH�iBQM Bb ;`QmT2/ +HQb2 iQ;2i?2` BM ;2MQivT2 bT�+2X h?Bb Bb #2+�mb2 i?2 +Q``2H�iBQMb

Ry3



7`QK i?2 2pQHmiBQM�`v T`Q+2bb �`2 p2`v bi`QM;X q?2M Kmi�iBQM Bb 7`2[m2Mi- i?�i Bb- ε " 1{N - r2 b22

n
κ´ 1
κ

Np2ε´ ε2q
Np2ε´ ε2q ` p1´ εq2 Ñ n

κ´ 1
κ

, U9XeXRRV

�b N Ñ 8X h?Bb Bb 2t�+iHv i?2 2tT2+i2/ /Bbi�M+2 #2ir22M irQ TQBMib i?�i �`2 b�KTH2/ BM/2T2M/2MiHv �M/ mMB7Q`KHv

7`QK i?2 ;2MQivT2 bT�+2 Ub22 1[m�iBQM UkXRXRyVVX AM i?Bb `2;BK2 i?2 +Q``2H�iBQMb 7`QK i?2 2pQHmiBQM�`v T`Q+2bb �`2

Qp2`r?2HK2/ #v i?2 7`2[m2Mi Kmi�iBQMbX

9XeXkX JQ`�M T`Q+2bb rBi? i?2 BM/2T2M/2Mi TQBMi Kmi�iBQM T`Q+2bb QM i?2 κ@?vT2`+m#2X q2 +QMbB/2`

i?2 Kmi�iBQM T`Q+2bb /2}M2/ BM .2}MBiBQM kXRj �M/ JQ`�M T`Q+2bb /2}M2/ BM .2}MBiBQM jXRjX

h?2Q`2K 9XRdX 6Q` i?2 JQ`�M S`Q+2bb BM � r2HH@KBt2/ TQTmH�iBQM rBi? i?2 BM/2T2M/2Mi TQBMi Kmi�iBQM T`Q+2bb QM

i?2 κ@?vT2`+m#2- r2 ?�p2

EµD̄ “ n
κ´ 1
κ

εN
εpN ´ 1q ` 1

. U9XeXRkV

S`QQ7X AM i?2 q`B;?i@6Bb?2` T`Q+2bb- r2 FMQr i?�i �b r2 ;Q #�+F BM iBK2- 2p2`v BM/BpB/m�H Bb mM#Q`M �M/ T`Q/m+2b

� T�`2MiX h?mb- iBK2 �M/ MmK#2` Q7 `2T`Q/m+iBp2 bi2Tb �`2 HBMF2/- bBM+2

PD tR “ !N"u “ 1. U9XeXRjV

AM i?2 +�H+mH�iBQM �#Qp2- r2 mb2/ i?Bb 7�+i i?�i ;Bp2M i?2 +Q�H2b+2M+2 iBK2- r2 FMQr 2t�+iHv ?Qr K�Mv i`�MbBiBQMb

?�p2 #22M K�/2 BM i?2 BM/BpB/m�HǶb T�bi �++Q`/BM; iQ i?2 Kmi�iBQM K�i`BtX h?2 JQ`�M T`Q+2bb Bb KQ`2 +QKTHB+�i2/X

q2 Kmbi +QM/BiBQM QM #Qi? i?2 iBK2 iQ i?2 K`+� �M/ i?2 MmK#2` Q7 `2T`Q/m+iBp2 bi2Tb i?�i ?�p2 #22M K�/2 #v

BM/BpB/m�Hb R �M/ kX q2 +�HH i?2b2 `�M/QK p�`B�#H2b T - T1- �M/ T2 `2bT2+iBp2HvX h?mb- �b #27Q`2

EµD̄pxp1q,xp2qq “ EE
“
D̄pαt1 ,βt2q|T “ t, T1 “ t1, T2 “ t2

‰
. U9XeXR9V

6B`bi-

T1 ` T2|T „ 1` "BM
ˆ
T ´ 1,

2pN ´ 1q
N2 ´ 2

˙
�M/ T „ :2Qp2{N2q U9XeXR8V

bBM+2 7Q` 2�+? iBK2 bi2T i?2 BM/BpB/m�Hb /Q MQi +Q�H2b+2- i?2`2 Bb � +?�M+2 7Q` QM2 Q7 i?2 BM/BpB/m�Hb iQ K�F2 �

RyN



`2T`Q/m+iBp2 bi2TX 6Q` 2�+? iBK2 bi2T- i?2b2 +?�M+2b �`2 BM/2T2M/2Mi �M/ ?�p2 T`Q#�#BHBiv

2
N

N´1
N

1´ 2
N

1
N

“ 2pN ´ 1q
N2 ´ 2

. U9XeXReV

JQ`2Qp2`- QM i?2 }M�H iBK2 bi2T r?2M i?2 irQ +Q�H2b+2- i?2`2 Kmbi #2 � `2T`Q/m+iBp2 bi2TX a2+QM/- MQi2 U9XeXdV 2�bBHv

;2M2`�HBx2b iQ

pt1t2 :“ P tαt1piq ‰ βt2piqu “
κ´ 1
κ

`
1´ p1´ εqt1`t2

˘
. U9XeXRdV

h?mb-

EµD̄pxp1q,xp2qq “ EE rnpT1,T2 |T “ ts

“ n
κ´ 1
κ

´
1´ EE

”
p1´ εqT1`T2 |T “ t

ı¯

“ n
κ´ 1
κ

˜
1´ p1´ εqE

ˆ
1´ 2εpN ´ 1q

N2 ´ 2

˙T´1
¸

“ n
κ´ 1
κ

˜
1´ p1´ εq

8ÿ

t“1

2
N2

ˆ
1´ 2

N2

˙t´1 ˆ
1´ 2εpN ´ 1q

N2 ´ 2

˙t´1
¸

“ n
κ´ 1
κ

εN
εpN ´ 1q ` 1

. U9XeXR3V

!

�b #27Q`2- r2 b22 b?�`T i?`2b?QH/ 7Q` HQ+�HBx�iBQM �i ε „ 1
N - /2bTBi2 i?2 /Bz2`2M+2 BM i?2 /2i�BHb Q7 i?2 2pQHmiBQM�`v

T`Q+2bbX

9XeXjX q`B;?i@6Bb?2` S`Q+2bb rBi? � `�M/QK r�HF QM i?2 +v+H2X q2 �;�BM +QMbB/2` i?2 q`B;?i@6Bb?2` T`Q+2bbX

h?2 Kmi�iBQM T`Q+2bb Bb /2}M2/ #v � `�M/QK r�HF QM i?2 +v+H2 Γ :“ Z{nZ- bQ i?2 Kmi�iBQM F2`M2H Bb ;Bp2M #v

Mpα,βq :“

$
’’’’’’’’&

’’’’’’’’%

1´ ε B7 α “ β

ε{2 B7 α “ β ˘ 1

0 Qi?2`rBb2

, U9XeXRNV

7Q` α,β P ΓX h?�i Bb � H�xv `�M/QK r�HF QM Γ i?�i KQp2b rBi? T`Q#�#BHBiv ε BM/2T2M/2MiHv �i 2�+? iBK2X 6Q`

bBKTHB+Biv- r2 +QMbB/2` Q// nc i?2 +�H+mH�iBQM Bb B/2MiB+�H 7Q` 2p2M n rBi? QM2 bK�HH +?�M;2X q2 mb2 i?2 /Bbi�M+2

RRy



K2i`B+ Dpα,βq :“ |α´ β| pmod nq- r?B+? Bb Dmbi i?2 ;`�T? /Bbi�M+2X

h?2Q`2K 9XR3X 6Q` i?2 q`B;?i@6Bb?2` T`Q+2bb BM � r2HH@KBt2/ TQTmH�iBQM rBi? i?2 Kmi�iBQM T`Q+2bb � `�M/QK r�HF

QM i?2 n@+v+H2b- r2 ?�p2

EµD̄pα,βq « n2 ´ 1
4n

´ 1
2nN

sin´2
`

π
2n

˘

1´ `
1´ ε` ε cos

`
π
2n

˘˘´2 . U9XeXkyV

S`QQ7X LQi2 i?�i Γ Bb �M �#2HB�M ;`QmT mM/2` �//BiBQM �M/ i?�i Qm` Kmi�iBQM T`Q+2bb pΓ,Mq Bb � `�M/QK r�HF

QM i?Bb ;`QmTX q2 T`Q+22/ rBi? ;`QmT `2T`2b2Mi�iBQM i2+?MB[m2b Ub22 (ej) 7Q` /2i�BHbVX h?2 ;`QmT ?�b /2;`22 QM2-

B``2/m+B#H2 `2T`2b2Mi�iBQMb

ρjpαq “ exp

ˆ
2πijα
n

˙
, U9XeXkRV

7Q` j,α P ZnX .2MQi2 Mtpαq :“ Mtp0,αq- i?2M Bib 6Qm`B2` i`�Mb7Q`K M̂1 �i ρj Bb

1´ ε` ε cos p2πj{nq . U9XeXkkV

LQi2 �HbQ M̂tpρjq “
´
M̂1pρjq

¯t
X aBKBH�`Hv- i?2 6Qm`B2` i`�Mb7Q`K Q7 Dpαq :“ Dp0,αq Bb

D̂pρjq “
nÿ

α“0

Dpαqρjpαq “
n´1
2ÿ

α“1

2α cos

ˆ
2παj
n

˙
“ cospπjq cos pπj{nq ´ 1

2 sin2pπj{nq ` n sinpπjq
2 sinpπj{nq , U9XeXkjV

bBM+2 D �M 2p2M 7mM+iBQMX h?2`2 Bb �M Bbbm2 BM 2[m�iBQM U9XeXkjV r?2M j “ 0X hQ /2}M2 i?2 `B;?i@?�M/ bB/2 i?2M- r2

i�F2 i?2 HBKBi j Ñ 0 �M/ ;2i
npn´ 1q

4
. U9XeXk9V

.2}M2

δpt1, t2q :“ Eµ Dpαt1 ,βt2q , U9XeXk8V

r?2`2 αt �M/ βt �`2 BM/2T2M/2Mi +QTB2b Q7 i?2 J�`FQp +?�BM pΓ,Dq bm+? i?�i α0 “ β0 „ lMB7pΓqX LQi2 i?�i

δpt1, t2q “ E0 Dpαt1`t2 , 0q “: δpt1 ` t2q , U9XeXkeV

RRR



i?�i Bb- 7Q` P tα0 “ 0u “ 1X lbBM; i?2 SH�M+?2`2H 7Q`KmH� �M/ 2[m�iBQMb U9XeXkkV �M/ U9XeXkjV- r2 b22

δptq “
n´1ÿ

α“0

DpαqMtpαq U9XeXkdV

“ 1
n

n´1ÿ

j“0

ˆ
cospπjq cos pπj{nq ´ 1

2 sin2pπj{nq ` n sinpπjq
2 sinpπj{nq

˙
p1´ ε` ε cos p2πj{nqqt . U9XeXk3V

LQr r2 �`2 `2�/v iQ +�H+mH�i2 i?2 2tT2+i2/ T�B`rBb2 /Bbi�M+2 mM/2` i?2 bi�iBQM�`v /Bbi`B#miBQMX �;�BM- +QM/BiBQMBM;

QM i?2 iBK2 iQ i?2 K`+� T �M/ i?2M mbBM; 2[m�iBQM U9XeXkdV- r2 b22

EµD̄pα,βq “ EE rDpαt,βtq|T “ ts

“ Eδp2T q

“
8ÿ

t“1

1
N

ˆ
1´ 1

N

˙t´1

δp2tq

“ 1
npN ´ 1q

n´1ÿ

j“0

ˆ
cospπjq cos pπj{nq ´ 1

2 sin2pπj{nq ` n sinpπjq
2 sinpπj{nq

˙

¨
8ÿ

t“1

ˆ
N ´ 1
N

˙t

p1´ ε` ε cos p2πj{nqq2t

“ 1
nN

n´1ÿ

j“0

ˆ
cospπjq cos pπj{nq ´ 1

2 sin2pπj{nq ` n sinpπjq
2 sinpπj{nq

˙ p1´ ε` ε cos p2πj{nqq2
1´ N´1

N p1´ ε` ε cos p2πj{nqq2 , U9XeXkNV

r?2`2 r2 bmKK2/ i?2 ;2QK2i`B+ b2`B2b BM tX L2ti- r2 b2T�`�i2 Qmi i?2 bmKK�M/ 7Q` j “ 0 �M/ mb2 i?2 7�+i i?�i i?2

bmKK�M/b �`2 �;�BM 2p2M 7mM+iBQMb BM jX h?mb-

EµD̄pα,βq “ n2 ´ 1
4n

` 2
nN

n´1
2ÿ

j“1

ˆ
cospπjq cos pπj{nq ´ 1

2 sin2pπj{nq ` n sinpπjq
2 sinpπj{nq

˙

¨ p1´ ε` ε cos p2πj{nqq2
1´ N´1

N p1´ ε` ε cos p2πj{nqq2 . U9XeXjyV

h?2 bmKK�M/b /Q MQi Qb+BHH�i2 iQQ Km+? �M/- BM 7�+i- i?2 bmK Bb /QKBM�i2/ #v Bib }`bi i2`K r?2M N Bb H�`;2- bQ r2

+�M �TT`QtBK�i2

EµD̄pα,βq « n2 ´ 1
4n

´ 1
2nN

sin´2
`

π
2n

˘

1´ `
1´ ε` ε cos

`
π
2n

˘˘´2 U9XeXjRV

M2;H2+iBM; i?2 op1{Nq i2`K �HbQX !

9XeX9X q`B;?i@6Bb?2` T`Q+2bb rBi? � `�M/QK r�HF QM i?2 +QKTH2i2 ;`�T?X q2 �;�BM +QMbB/2` i?2 q`B;?i@

RRk



6Bb?2` T`Q+2bbX h?2 Kmi�iBQM T`Q+2bb Bb /2}M2/ #v � `�M/QK r�HF QM i?2 +QKTH2i2 ;`�T? Γ “ !n"- bQ i?2 Kmi�iBQM

F2`M2H Bb ;Bp2M #v

Mpα,βq :“

$
’’’&

’’’%

1´ ε B7 α “ β

ε
n´1 Qi?2`rBb2

, U9XeXjkV

7Q` α,β P ΓX h?�i Bb � H�xv `�M/QK r�HF QM Γ i?�i KQp2b rBi? T`Q#�#BHBiv ε BM/2T2M/2MiHv �i 2�+? iBK2X q2 mb2 i?2

/Bbi�M+2 K2i`B+ Dpα,βq :“ 1pα ‰ βq- r?B+? Bb Dmbi i?2 ;`�T? /Bbi�M+2X

h?2Q`2K 9XRNX 6Q` i?2 q`B;?i@6Bb?2` T`Q+2bb BM � r2HH@KBt2/ TQTmH�iBQM rBi? i?2 Kmi�iBQM T`Q+2bb � `�M/QK r�HF

QM i?2 +QKTH2i2 ;`�T? Q7 bBx2 n- r2 ?�p2

EµD̄pα,βq “ n´ 1
n

¨

˚̊
˝

N

ˆ
1´

´
1´ n n

n´1

¯2
˙

N

ˆ
1´

´
1´ n n

n´1

¯2
˙
´

´
1´ n n

n´1

¯2

˛

‹‹‚ U9XeXjjV

S`QQ7X h?2 T`QQ7 Bb bBKBH�` iQ #27Q`2X S`QD2+i J�`FQp +?�BM rBi? α ÞÑ 1 pα ‰ 1qX h?2M

δptq “ n´ 1
n

˜
1´

ˆ
1´ ε

n
n´ 1

˙t
¸

U9XeXj9V

h?mb- +QM/BiBQMBM; �M/ bmKKBM; Qp2` i?2 iBK2 iQ i?2 K`+�- r2 b22

8ÿ

t“1

1
N

ˆ
1´ 1

N

˙2t

δp2tq “ n´ 1
n

¨

˚̋
1´ 1

N ´ 1

´
1´ ε n

n´1

¯2
N´1
N

1´
´
1´ ε n

n´1

¯2
N´1
N

˛

‹‚

“ n´ 1
n

¨

˚̋
1´

´
1´ ε n

n´1

¯2

N ´
´
1´ ε n

n´1

¯2
pN ´ 1q

˛

‹‚

“ n´ 1
n

¨

˚̊
˝

N

ˆ
1´

´
1´ ε n

n´1

¯2
˙

N

ˆ
1´

´
1´ ε n

n´1

¯2
˙
´

´
1´ ε n

n´1

¯2

˛

‹‹‚. U9XeXj8V

!

LQi2 i?�i r?2M n #2+QK2b H�`;2- r2 b22

EµD̄pα,βq „ N
`
2ε´ ε2

˘

N
`
1´ p1´ εq2˘´ p1´ εq2 « 2εN

2εN ´ 1
. U9XeXjeV

RRj



9XeX8X Jmi�iBQM T`Q+2bb ;Bp2M #v � `�M/QK r�HF QM � ;`QmTX .2}M2 i?2 7QHHQrBM; +H�bb Q7 7mM+iBQMb

FM :“
#
g : gptq “

Mÿ

k“0

akb
t
k : 7Q` ak, bk P R

+
. U9XeXjdV

AM i?2 �#Qp2 2t�KTH2b- r2 ?�p2 #22M �#H2 iQ ;2i 2tTHB+Bi 7Q`KmH�2 7Q` i?2 �p2`�;2 T�B`rBb2 /Bbi�M+2 #2ir22M BM/BpB/m�Hb

BM i?2 bi�iBQM�`v /Bbi`B#miBQMX LQi2 i?�i i?2`2 �`2 i?`22 2bb2MiB�H BM;`2/B2Mib iQ i?BbX 6B`bi- r2 `2[mB`2 i?2 7QHHQrBM;

7Q` i?2 /Bbi`B#miBQM Q7 i?2 +Q�H2b+2M+2 iBK2,

pptq :“ P tT “ tu P FM , U9XeXj3V

r?B+? ?2H/ BM #Qi? i?2 JQ`�M �M/ q`B;?i@6Bb?2` +�b2 �b T „ 1tT
`
2{N2

˘
�M/ T „ 1tT p1{Nq `2bT2+iBp2HvX a2+QM/-

i?2 7mM+iBQM

δpt1, t2q :“ E rDpαt1 ,βt2q|α0 “ β0 „ πs U9XeXjNV

Bb bm+? i?�i δpt1, t2q “ δpt1` t2q P FM X �M 2tT`2bbBQM Q7 i?Bb 7Q`K 7Q` δ +�M #2 7QmM/ mbBM; 6Qm`B2` �M�HvbBb r?2M2p2`

i?2 Kmi�iBQM T`Q+2bb ;Bp2M #v � `�M/QK r�HF QM � ;`QmTX h?B`/- 7Q` �HH c P R

E
”
cT1`T2 |T

ı
“ gcpT q U9XeX9yV

7Q` bQK2 gc P FM X 1[mBp�H2MiHv- r2 `2[mB`2 i?�i i?2 KX;X7X Q7 T1 ` T2 +QM/BiBQM�H QM T Bb BM FM X q2 b�r i?�i i?Bb

?2H/ BM i?2 JQ`�M T`Q+2bb- �b pT1 ` T2|T q „ 1` "BMpT ´ 1, 2pN ´ 1q{pN2 ´ 2qX

q?BH2 i?2b2 +QM/BiBQMb K�v b22K p2`v bT2+B}+- i?2v ?QH/ BM bQK2 BKTQ`i�Mi +�b2b �M/ +�M #2 mb27mH 7Q` Q#i�BMBM;

#QmM/b 2p2M r?2M i?2v /Q MQi ?QH/ 2t�+iHvX h?2 miBHBiv Q7 i?2b2 �bbmKTiBQMb +�M #2 b22M BM i?2 7QHHQrBM; +�H+mH�iBQM,

G2i

pptq “
Mÿ

k“0

ap,kb
t
p,k, U9XeX9RV

δptq “
Mÿ

k“0

aδ,kb
t
δ,k, U9XeX9kV

�M/

gcptq “
Mÿ

k“0

ac,kb
t
c,k, U9XeX9jV
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r?2`2 i?2 +Q2{+B2Mib +�M /2T2M/ QM i �M/ jX h?2M

ED̄ “ 1
NpN ´ 1q

ÿ

i‰j

EE rδpT1 ` T2q|T s

“ 1
NpN ´ 1q

ÿ

i‰j

EE
«

Mÿ

k“0

aδ,kb
T1`T2
δ,k |T

ff

“ 1
NpN ´ 1q

ÿ

i‰j

Mÿ

k“0

aδ,kEE
”
bT1`T2
δ,k |T

ı

“ 1
NpN ´ 1q

ÿ

i‰j

Mÿ

k“0

aδ,kE
“
gbδ,k pT q

‰

“ 1
NpN ´ 1q

ÿ

i‰j

Mÿ

k“0

aδ,k

8ÿ

t“0

pptqgbk ptq

“ 1
NpN ´ 1q

ÿ

i‰j

Mÿ

k,l,m“0

aδ,kap,laδk,m

8ÿ

t“0

pbp,mbδk,mqt

“ 1
NpN ´ 1q

ÿ

i‰j

Mÿ

k,l,m“0

aδ,kap,laδk,m

1´ bp,mbδk,m
. U9XeX99V

aQ r2 +�M ;2i � +HQb2/ 7Q`KmH� 7Q` ED̄X

9XeXeX :2M2`�H HQ+�HBx�iBQM #QmM/X h?2 7QHHQrBM; Bb � bBKTH2 �M/ ;2M2`�H #QmM/ i?�i BKTHB2b HQ+�HBx�iBQMX Ai +�M

#2 mb27mH r?2M T1 ` T2 /2T2M/b QM i �M/ jX

G2KK� 9XkyX G2i αt #2 � Kmi�iBQM T`Q+2bbX amTTQb2 7Q` �HH α0 i?�i Eα0Dpα0,α1q ď ε �M/ bmTTQb2 7Q` bQK2

2pQHmiBQM�`v T`Q+2bb i?�i

Eα0Dpα0,α1q ď ε, U9XeX98V

r?2`2 T1 �M/ T2 �`2 i?2 MmK#2` Q7 `2T`Q/m+iBQM BM i?2 HBM2�;2b Q7 i �M/ j bBM+2 i?2 K`+�- i?2M ED̄ “ op1q

S`QQ7X 6B`bi-

EDpα0,αtq ď
t´1ÿ

s“0

EDpαs,αs`1q ď tε U9XeX9eV

�M/ δpt1, t2q ď εpt1 ` t2qX h?2`27Q`2-

ED̄ “ 1
NpN ´ 1q

ÿ

i‰j

EδpT1 ` T2q “ ε
NpN ´ 1q

ÿ

i‰j

E rT1 ` T2s U9XeX9dV

�M/ ED̄ “ op1q- bBM+2
ř

i‰j ErT1 ` T2s " N2εX !
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5
J�+`Qb+QTB+ 2pQHmiBQM�`v /vM�KB+b

AM i?Bb +?�Ti2`- r2 +QMbB/2` � KQ/2H 7Q` 2pQHmiBQM Qp2` HQM; iBK2b+�H2b iQ �//`2bb i?`22 7mM/�K2Mi�H #BQHQ;B+�H

[m2biBQMb, URV q?�i Bb i?2 iBK2b+�H2 `2[mB`2/ 7Q` 2pQHmiBQM iQ /Bb+Qp2` MQp2H 7mM+iBQM�HBiB2b\ UkV q?�i ivT2b Q7

7mM+iBQM�HBiv �`2 BM T`BM+BT�H +QMbBbi2MiHv /Bb+Qp2`�#H2 #v 2pQHmiBQM\ UjV q?�i K2+?�MBbKb /Q2b 2pQHmiBQM mb2 iQ

/Bb+Qp2` MQp2H 7mM+iBQM�HBiv\ �HH Q7 i?2b2 [m2biBQMb �`2 [mBi2 /Bz2`2Mi BM +?�`�+i2` i?�M i?Qb2 �//`2bb2/ #v i?2

KQ/2Hb Q7 *?�Ti2` jX h?Qb2 KQ/2Hb ?2HT +?�`�+i2`Bx2 i?2 iBK2b+�H2b Q7 KB+`Qb+QTB+ 2pQHmiBQM�`v 2p2Mib- HBF2 i?2

}t�iBQM iBK2 Q7 M2r Kmi�Mib �`BbBM; BM TQTmH�iBQMb Q7 +2`i�BM bBx2 �M/ bi`m+im`2X AM i?Bb +?�Ti2`- r2 r�Mi iQ b22

?Qr i?2b2 KB+`Qb+QTB+ 2p2Mi �++mKmH�i2 iQ T`Q/m+2 � K�+`Qb+QTB+ TB+im`2 Q7 2pQHmiBQM- r?2`2#v xQQKBM; Qmi 7`QK

i?2 /2i�BHb Q7 i?2 2pQHmiBQM�`v /vM�KB+b rBi?BM TQTmH�iBQMb- r2 Q#i�BM � pB2r Q7 TQTmH�iBQMb 2tTHQ`BM; � ;2MQivT2

bT�+2X q2 +�HH i?Bb K�+`Qb+QTB+ T`Q+2bb �M Q`B;BM@}t�iBQM T`Q+2bbX q2 7Q`K�HBx2 MQp2H 7mM+iBQM�HBiv �b i?2 bm#b2i Q7

;2MQivT2b r?Qb2 T?2MQivT2 ?�b i?�i 7mM+iBQM�HBiv- �M/ r2 +�HH i?Bb bm#b2i i?2 i�`;2i b2iX

AMiQ i?Bb K�+`Qb+QTB+ KQ/2H r2 #mBH/ F2v Q#b2`p�iBQMb 7`QK *?�Ti2`b k- j- �M/ 9X 6`QK *?�Ti2` k- r2 T�v

T�`iB+mH�` �ii2MiBQM iQ i?2 2z2+ib Q7 ?B;?@/BK2MbBQM�HBiv QM ;2MQivT2 bT�+2 HBF2 `�TB/ KBtBM; �M/ i?2 H�`;2 2tT�MbBQM

Q7 i?2 #QmM/�`v Q7 bm#b2ibX q2 �HbQ �bbmK2 `2p2`bB#BHBiv Q7 Kmi�iBQM T`Q+2bb2bX "�b2/ QM Qm` /Bb+mbbBQM QM }iM2bb BM
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a2+iBQM kXe- r2 BMi`Q/m+2 � `�M/QK KQ/2H 7Q` i�`;2i b2ib �M/ `2�bQM�#H2 �bbB;MK2Mib Q7 [m�bB@M2mi`�H }iM2bb2b iQ Qm`

;2MQivT2 bT�+2X q2 mb2 Qm` +�H+mH�iBQMb Q7 }t�iBQM T`Q#�#BHBiB2b �M/ �#bQ`TiBQM iBK2b iQ /2`Bp2 i?2 Q`B;BM@}t�iBQM

T`Q+2bb �b � HBKBi Q7 i?2 KB+`Qb+QTB+ 2pQHmiBQM�`v /vM�KB+b 7`QK *?�Ti2` j- mM/2` i?2 �bbmKTiBQMb Q7 HQr Kmi�iBQM

`�i2 �M/ � iBK2@BMp�`B�Mi ;2MQivT2 bT�+2X 6BM�HHv- *?�Ti2` 9 ;Bp2b mb �MQi?2` r�v iQ /2`Bp2 i?2 Q`B;BM@}t�iBQM T`Q+2bb

�b � HBKBi Q7 M2mi`�H 2pQHmiBQM�`v T`Q+2bb2b mM/2` TQi2MiB�HHv H�`;2` Kmi�iBQM `�i2bX q2 b?Qr i?2b2 /2`Bp�iBQM �M/

Q#i�BM bQK2 F2v /vM�KB+�H T`QT2`iB2b Q7 i?2 Q`B;BM@}t�iBQM T`Q+2bb BM a2+iBQMb 8XR �M/ 8XkX

Pm` F2v p�`B�#H2 Bb n i?�i BM/2t2b � b2[m2M+2 Q7 ;2MQivT2 bT�+2b Q7 BM+`2�bBM; bBx2X AM +QKTmi2` b+B2M+2 i?2`2 Bb �

+`m+B�H /BbiBM+iBQM #2ir22M T`Q#H2Kb i?�i `2[mB`2 �H;Q`Bi?Kb i?�i i�F2 TQHvMQKB�H Q` 2tTQM2MiB�H iBK2 (Rk-k9-RR3-kRN)X

h?2 H�ii2` �`2 +QMbB/2`2/ iQ #2 BMi`�+i�#H2X q2 KQiBp�i2 Qm` bim/v mbBM; i?2 ?vT2`+m#2 �b �M 2t�KTH2 BM am#b2+iBQM

8XjXRX L2ti- r2 +?�`�+i2`Bx2 i?2 2tT2+i2/ /Bb+Qp2` iBK2 Q7 � bBM;H2 ;2MQivT2 BM am#b2+iBQM 8XjXk �M/ i?2M 2ti2M/ i?Bb

MQM@bBM;H2iQM i�`;2i b2ib BM am#b2+iBQM 8XjX9X q2 b?Qr i?2 /2T2M/2M+2 Q7 i?Bb /Bb+Qp2`v iBK2 QM ;2QK2i`B+ T`QT2`iB2b

Q7 i?2 i�`;2i b2i- �M/ b?Qr i?�i BM ?B;?@/BK2MbBQM�H bT�+2b i?2 2tT2+i2/ iBK2 Bb +HQb2 iQ i?2 BMp2`b2 /2MbBiv Q7 i?2

i�`;2i b2i mM/2` i?2 bi�iBQM�`v /Bbi`B#miBQMX h?mb- BM K�Mv ;2MQivT2 bT�+2b- r?2`2 i?2 i�`;2i b2i ?�b � p�MBb?BM;

/2MbBiv BM i?2 bT�+2- /Bb+Qp2`B2b i�F2 iBK2 2tTQM2MiB�H BM n BM 2tT2+i�iBQMX

q2 bi`2M;i?2M i?2 �#Qp2 `2bmHib iQ +QMbB/2` i?2 7mHH /Bbi`B#miBQM Q7 /Bb+Qp2`v iBK2b BM am#b2+iBQM 8XjX8X AM T�`iB+mH�`-

i?2`2 Bb � +H2�` +QKT�`BbQM #2ir22M i?2 /Bbi`B#miBQM Q7 /Bb+Qp2`v iBK2b BM i?2 Q`B;BM@}t�iBQM T`Q+2bb �M/ iQ ?Qr HQM;

Bi rQmH/ i�F2 iQ }M/ i?2 b�K2 i�`;2i b2i #v `�M/QK b�KTHBM;X �HH `2bmHib �`2 �bvKTiQiB+ �b n #2+QK2b H�`;2- #mi

i?2b2 `2bmHib Q7i2M T`QpB/2 ;QQ/ �TT`QtBK�iBQMb 7Q` }MBi2 nX h?2b2 `2bmHib H2�/ mb iQ b2�`+? 7Q` bT2+B}+ K2+?�MBbKb

i?�i �HHQr 2pQHmiBQM iQ rQ`F QM 2{+B2Mi iBK2b+�H2b BM a2+iBQM 8X9X q2 +�HH i?Bb K2+?�MBbK i?2 `2;2M2`�iBQM T`Q+2bb

�M/ b?Qr i?�i Bi 2M�#H2b /Bb+Qp2`B2b BM TQHvMQKB�H iBK2 BM � p2`v ;2M2`�H b2iiBM;X "BQHQ;B+�HHv- i?2 `2;2M2`�iBQM

T`Q+2bb `2H�i2b iQ ;2M2 /mTHB+�iBQM- �b � K2+?�MBbK 7Q` i?2 2K2`;2M+2 Q7 MQp2H ;2M2b- �M/ bm;;2bib r?v M2r ;2M2b

Q7i2M `2b2K#H2 QH/ QM2bX

h?2 bT2+B}+ KQ/2H r2 /2`Bp2 Q7 K�+`Qb+QTB+ 2pQHmiBQM Bb T�`i Q7 � H�`;2 +H�bb Q7 KQ/2Hb +�HH2/ Q`B;BM@}t�iBQM

KQ/2Hb (kky)X Ai ?�b #22M �`;m2/ i?�i Q`B;BM@}t�iBQM KQ/2Hb 7Q`K � +Q?2`2Mi +H�bb Q7 KQ/2Hb Q7 2pQHmiBQM�`v +?�M;2

mM/2` +2`i�BM �bbmKTiBQMb �M/ i?�i i?2b2 KQ/2Hb +QMi`�bi b?�`THv rBi? KQ/2Hb i?�i +QMbB/2` TQTmH�iBQMb rBi? bi�M/BM;

;2M2iB+ p�`B�iBQM (kky)X AM i?2b2 KQ/2Hb- i?2 `QH2 Q7 i?2 TQTmH�iBQM BM 2pQHmiBQM Bb `2H2;�i2/ #v �bbmKBM; �HH i?2

;2MQivT2b Q7 i?2 TQTmH�iBQM �`2 i?2 b�K2 UKQMQKQ`T?B+V- 2t+2Ti /m`BM; 7�bi #Qmib Q7 b2H2+iBQMX h?2B` /2}MBM;

72�im`2 Bb iQ #`2�F 2pQHmiBQM�`v +?�M;2 BMiQ irQ T�`iběQ7i2M #v BMpQFBM; � b2T�`�iBQM Q7 iBK2 b+�H2b �`;mK2MiX
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h?2b2 irQ T�`ib �`2 Kmi�iBQM �M/ b2H2+iBQM U}t�iBQM Q` 2tiBM+iBQM Q7 ;2M2iB+ p�`B�Mib BM i?2 TQTmH�iBQMVX AKTQ`i�MiHv-

Qi?2` i?�M Kmi�iBQM `�`2Hv T`Q/m+BM; � bBM;H2 Kmi�Mi ;2MQivT2 iQ +QKT2i2 BM � Qi?2`rBb2 KQMQKQ`T?B+ rBH/@ivT2

TQTmH�iBQM- Kmi�iBQM Bb �bbmK2/ iQ MQi BMi2`72`2 rBi? b2H2+iBQM (kkRĜkk9)X h?Bb `2bmHib BM � KQ/2H Q7 2pQHmiBQM r?2`2

TQTmH�iBQMb i`�MbBiBQM #2ir22M KQMQKQ`T?B+ bi�i2b �i � `�i2 /2i2`KBM2/ 2tTHB+BiHv #v i?2 `�i2b Q7 /Bz2`2Mi Kmi�iBQMb

�M/ i?2B` 2z2+i QM }iM2bbX h?Bb Bb TQbbB#H2 #2+�mb2 Q7 r2HH FMQrM 7Q`KmH�2 7Q` i?2 }t�iBQM T`Q#�#BHBiv Ub22 *?�Ti2`

j �M/ (Rj- kk8)VX qBi?Qmi i?Bb b2T�`�iBQM Q7 Kmi�iBQM �M/ b2H2+iBQM- 2tTHB+BiHv /2i2`KBMBM; }t�iBQM T`Q#�#BHBiB2b

#2+QK2b K�i?2K�iB+�HHv /B{+mHiě2p2M r?2M QMHv i?`22 +QKT2iBM; ivT2b �`2 +QMbB/2`2/ (Rj)X

h?2`2 Bb � rB/2 HBi2`�im`2 QM KQ/2Hb 7`QK i?Bb +H�bb- ;QBM; #�+F iQ �i H2�bi RNeN (kke- kkd)- �M/ (kky) T`QpB/2b �M

2t+2HH2Mi `2pB2rX >Qr2p2`- i?2B` 2KTB`B+�H �TTHB+�#BHBiv iQ 2pQHpBM; M�im`�H TQTmH�iBQMb `2K�BMb �M QT2M [m2biBQM

(3y-RjyĜRjj)X

8XRX .27BMBM; i?2 KQ/2H

h?2 F2v �bbmKTiBQM 7Q` Q`B;BM@}t�iBQM KQ/2Hb Bb i?�i i?2 `�i2 Q7 Kmi�iBQM Bb bm{+B2MiHv HQrX h?Bb Bb `2[mB`2/ #Qi?

iQ pB2r i?2 bi�i2 Q7 TQTmH�iBQM �b KQMQKQ`T?B+- �M/ iQ 2tTHB+BiHv /2i2`KBM2 i?2 `�i2b Q7 i`�MbBiBQM #2ir22M i?2b2

KQMQKQ`T?B+ bi�i2b mbBM; FMQrM 7Q`KmH�2 7Q` i?2 }t�iBQM T`Q#�#BHBivX h?Bb Bb bQK2iBK2b `272``2/ iQ BM i?2 HBi2`�im`2

�b r2�F Kmi�iBQMX

q2 MQr /2b+`B#2 K�i?2K�iB+�HHv ?Qr i?2b2 KQ/2Hb +�M #2 Q#i�BM2/ �b � HBKBi Q7 i?2 2pQHmiBQM�`v /vM�KB+b 7`QK

*?�Ti2` j mM/2` bT2+B}+ �bbmKTiBQMbX AM i?2 Kmi�iBQM T`Q+2bb2b r2 +QMbB/2`2/ BM *?�Ti2` k- Kmi�iBQMb Q++m` /m`BM;

`2T`Q/m+iBQM rBi? T`Q#�#BHBiv εX q?2M ε Bb bK�HH- i?2 TQTmH�iBQM Bb +QM+2Mi`�i2/ BM � bK�HH �`2� Q7 ;2MQivT2 bT�+2

Ub22 a2+iBQM 9XeVX h�FBM; HQr Kmi�iBQM iQ �M 2ti`2K2- KQbi Q7 i?2 iBK2 i?2 TQTmH�iBQM Bb BM � KQMQKQ`T?B+ bi�i2- #mi

bQK2iBK2b � Kmi�iBQM Q++m`b `2bmHiBM; BM irQ /Bz2`2Mi ;2MQivT2b BM i?2 TQTmH�iBQMbX 6Q+mbBM; QM i?2 /vM�KB+b QM+2

� Kmi�iBQM ?�b Q++m``2/- r2 b22 i?�i r2 r�Mi iQ �pQB/ � i?B`/ Kmi�iBQM 2Mi2`BM; i?2 TQTmH�iBQM /m`BM; i?Bb T2`BQ/

Q7 b2H2+iBQMX aQ r2 ?�p2 iQ �bF- ?Qr K�Mv `2T`Q/m+iBQM ivTB+�HHv Q++m` /m`BM; i?Bb T2`BQ/ Q7 b2H2+iBQM- �b � Kmi�iBQM

Bb 2[m�H HBF2Hv 7Q` 2�+? `2T`Q/m+iBQMX S`2pBQmbHv BM *?�Ti2` j- r2 +�H+mH�i2/ i?2 �#bQ`TiBQM iBK2 7Q` p�`BQmb KQ/2HbX

q?BH2 i?2b2 iBK2b r2`2 K2�bm`2/ BM i?2 MmK#2` Q7 iBK2b bi2Tb BM i?2 biQ+?�biB+ T`Q+2bb- i?Bb Bb 2�bBHv +QMp2`i2/ BMiQ

;2M2`�iBQM�H iBK2- r?2`2 � ;2M2`�iBQM Bb /2}M2/ �b i?2 �p2`�;2/ MmK#2` Q7 iBK2 bi2Tb `2[mB`2/ 7Q` N `2T`Q/m+iBQM iQ

Q++m`X 6Q` i?2 JQ`�M T`Q+2bb- � bBM;H2 ;2M2`�iBQM Bb ;Bp2M #v N iBK2b bi2Tbc 7Q` i?2 q`B;?i@6Bb?2` T`Q+2bb- � bBM;H2
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;2M2`�iBQM Bb ;Bp2M #v R iBK2 bi2TX

G2i T #2 i?2 �#bQ`TiBQM iBK2- K2�bm`2/ BM ;2M2`�iBQMb- i?2M i?2 T`Q#�#BHBiv i?�i � b2+QM/ Kmi�iBQM 2Mi2`b i?2

TQTmH�iBQM #27Q`2 i?2 }`bi ?�b 2Bi?2` }t2/ Q` ;QM2 2tiBM+i Bb

E
”
1´ p1´ εqNT

ı
ď E

“
εNT `O pεNT q2‰ . U8XRXRV

>Qr2p2`- r2 `2[mB`2 i?�i i?2 T`Q#�#BHBiv U8XRXRV Bb bK�HH `2;�`/H2bb Q7 i?2 7�i2 Q7 i?2 }`bi Kmi�iBQMc i?�i Bb- r2 `2[mB`2

i?�i εNE rT |F s r?2M i?2 2p2Mi F Bb 2tiBM+iBQM Q` }t�iBQM- �M/ 7Q` �HH TQbbB#H2 2z2+ib i?2 Kmi�iBQM +�M ?�p2 QM }iM2bbX

*QMbB/2` i?2 JQ`�M T`Q+2bb BM � r2HH@KBt2/ TQTmH�iBQMX AM i?Bb +�b2- E rT |F s “ OpNq Bb H�`;2bi r?2M i?2 Kmi�iBQM

Bb M2mi`�H �M/ F Bb }t�iBQMX � bBKTH2 BMimBiBQM 7Q` i?Bb Bb i?�i i?2 MmK#2` Q7 Kmi�Mib T2`7Q`Kb � `�M/QK r�HF- �M/

� `�M/QK r�HF i�F2b iBK2 OpN2q iQ i`�p2H � /Bbi�M+2 Q7 OpNqX h?2`27Q`2- i?2 +QM/BiBQM QM ε Bb

ε ! 1
N2

, U8XRXkV

b22 (kky)X >Qr2p2`- 7Q` Qi?2` 2pQHmiBQM�`v T`Q+2bb2b i?2 +QM/BiBQM K�v p�`vX AM T�`iB+mH�`- b22 am#b2+iBQM jXjXR 7Q`

2t�KTH2b Q7 TQTmH�iBQMb bi`m+im`2 /BbiQ`iBM; �#bQ`TiBQM iBK2bX

q?BH2 i?2 2t�+i +QM/BiBQM Bb KQ/2H /2T2M/2Mi- i?2 ;2M2`�H T`BM+BTH2 Bb i?�i HQr Kmi�iBQM `�i2b �HHQrb mb iQ

+?�`�+i2`Bx2 i?2 bi�i2 Q7 i?2 2pQHmiBQM�`v T`Q+2bb �b � bBM;H2 ;2MQivT2- mMHBF2 BM *?�Ti2` j r?2`2 r2 `2+Q`/2/ i?2

r?QH2 bi�i2 Q7 i?2 2pQHmiBQM�`v T`Q+2bb �b � p2+iQ` x P ΓN X _2+Q`/BM; i?2 r?QH2 bi�i2 Q7 i?2 2pQHmiBQM�`v T`Q+2bb

BM i?Bb r�v- `2bmHib BM � J�`FQp +?�BM r?Qb2 bi�i2 bT�+2 ;`Qrb 2tTQM2MiB�HHv rBi? i?2 TQTmH�iBQM bBx2ěi?Bb Q7i2M

K2�Mb �//BiBQM�H �bbmKTiBQMb �`2 `2[mB`2/ iQ T`Qp2 �M�HviB+ `2bmHibX "v +QMbB/2`BM; i?2 2pQHmiBQM�`v /vM�KB+b 7`QK

*?�Ti2` j BM i?2 HQr Kmi�iBQM HBKBi- r2 Q#i�BM � M2r T`Q+2bb i?�i i`�MbBiBQM #2ir22M KQMQKQ`T?B+ bi�i2b QM �

/Bz2`2Mi iBK2b+�H2X JQ`2Qp2`- r2 +�M Q#i�BM 2t�+i 2tT`2bbBQMb 7Q` i?2 i`�MbBiBQMb #2ir22M i?2b2 KQMQKQ`T?B+ bi�i2b-

bm+? i?�i i?2 T`Q+2bb �;`22b rBi? i?2 HQM;i2`K #2?�pBQ` Q7 Qm` Q`B;BM�H 2pQHmiBQM�`v T`Q+2bbX

h?2b2 i`�MbBiBQM T`Q#�#BHBiB2b +�M #2 bT2+B}2/ #2+�mb2 BM i?2 HBKBi Q7 HQr Kmi�iBQM- r2 QMHv b22 irQ +QKT2iBM;

;2MQivT2b BM i?2 TQTmH�iBQMX aQ QM+2 � Kmi�iBQM Bb BMi`Q/m+2/- Bib 7�i2 Bb ;Bp2M #v i?2 }t�iBQM T`Q#�#BHBiv #�b2/

QM Bib 2z2+i QM }iM2bb +QKT�`2/ iQ i?2 rBH/@ivT2X q2 QMHv mT/�i2 i?2 bi�i2 Q7 i?2 T`Q+2bb- QM+2 � M2r Kmi�iBQM

?�b }t2/X h?2 `�i2 �i r?B+? /Bz2`2Mi Kmi�iBQMb Q++m` Bb ;Bp2M #v i?2 Kmi�iBQM T`Q+2bb pΓ,Mq mM/2` +QMbB/2`�iBQMX

RRN



h?mb- i?2 i`�MbBiBQM T`Q#�#BHBiB2b 7Q` i?2 Q`B;BM@}t�iBQM KQ/2H �`2

Tpα,βq :“ NMpα,βqρ
ˆ
Fpβq
Fpαq

˙
U8XRXjV

�M/ Tpα,αq “ 1´řpαq
β Tpα,βqX Aib bi�i2 bT�+2 Bb bBKTHv Γ- r?2`2 i?2 bi�i2 α `2T`2b2Mib �HH ;2MQivT2b BM i?2 TQTmH�iBQM

#2BM; αX h?2 7�+iQ` N BM 1[m�iBQM U8XRXRyV- K2�Mb i?�i � bBM;H2 bi2T Q7 i?2 T`Q+2bb +Q``2bTQM/b iQ R ;2M2`�iBQMX

LQi2 i?�i BM i?2 H�`;2 TQTmH�iBQM HBKBi N Ñ 8- i?2 /2}MBiBQM U8XRXjV +�M 2t+Hm/2 /2H2i2`BQmb Kmi�iBQMb- bBM+2 7Q`

K�Mv +?QB+2b Q7 ρ

ρ pfq ď cNf Ñ 0 U8XRX9V

r?2M f ă 1 7Q` bQK2 +QMbi�Mi cf ă 1X q?2`2�b ρpfq Ñ cf 7Q` bQK2 +QMbi�Mi cf ą 0X aQ BM i?2 H�`;2 TQTmH�iBQM HBKBi

r?2M b2H2+iBQM Bb bi`QM;- i?Bb T`Q/m+2b � T`Q+2bb i?�i Bb MQi `2p2`bB#H2 BM i?2 HBKBiX h?2 HBKBiBM; T`Q+2bb Bb �HbQ MQi

B``2/m+B#H2 BM ;2M2`�H- �b ;2MQivT2b rBi? HQr2` }iM2bb2b �`2 BM�++2bbB#H2 7`QK ;2MQivT2b Q7 ?B;?2` }iM2bbX lHiBK�i2Hv-

i?2 HBKBiBM; T`Q+2bb bBKTHv +HBK#b iQ M2B;?#Q`b Q7 ?B;?2` }iM2bbě`2bmHiBM; BM [mBi2 /Bz2`2Mi /vM�KB+b (9N-8y-kk3-kkN)X

Zm2biBQMb �#Qmi i?2 HQM; i2`K #2?�pBQ` Q7 i?Bb HBKBiBM; T`Q+2bb BM i?2 bi`QM; b2H2+iBQM `2;BK2 ?�p2 � /Bz2`2Mi ~�pQ`

i?�M i?Qb2 r2 i�F2 mT BM i?Bb +?�Ti2`- �b QM+2 i?2 T`Q+2bb `2�+?2b � HQ+�H K�tBKmK UBM i2`Kb Q7 }iM2bbV Bi Bb bim+F

i?2`2 7Q`2p2`X

6Q` i?Bb `2�bQM �M/ Qi?2`b r2 /Bb+mbb H�i2`- r2 +QMbB/2` i?2 Q`B;BM@}t�iBQM T`Q+2bb 2Bi?2` mM/2` M2mi`�HBiv Q` BM

i?2 r2�F b2H2+iBQM U�HbQ +�HH2/ [m�bB@M2mi`�HV `2;BK2X 6Q` r2�F b2H2+iBQM- r2 �bbmK2 i?�i

Fpαq “ 1` fα
N

U8XRX8V

7Q` bQK2 +QMbi�Mi fα P R 7Q` �HH α P ΓX h?Bb K2�Mb i?�i i?2 i`�MbBiBQM T`Q#�#BHBiB2b Tpα,βq �M/ Tpβ,αq �`2 Q7 i?2

b�K2 Q`/2`X *QMbB/2` i?2 JQ`�M T`Q+2bb 7Q` 2t�KTH2X aBM+2 B7 fα “ fβ - r2 ?�p2 ρ
´

Fpβq
Fpαq

¯
{ρ

´
Fpαq
Fpβq

¯
“ 1- �M/ B7

fα ‰ fβ - r2 ?�p2
ρ
´

Fpβq
Fpαq

¯

ρ
´

Fpαq
Fpβq

¯ Ñ exp pfβ ´ fαq . U8XRXeV

a22 1t�KTH2 8X9 7Q` /2i�BHbX AM/22/- BM i?Bb +�b2-

Nρ

˜
1` fβ

N

1` fα
N

¸
„ Nρ

ˆ
1` fβ ´ fα

N
`OpN´2q

˙
„ N

1´ N
N`fβ´fα

1´ 1ˆ
1` fβ´fα

N

˙N

„ fβ ´ fα
1´ exppfα ´ fβq ą 0. U8XRXdV

Rky



h?mb- r2 ?�p2 � HBKBiBM; T`Q+2bb i?�i Bb MQi M2mi`�H �M/ �HHQrb #Qi? #2M2}+B�H �M/ /2H2i2`BQmb Kmi�iBQMb iQ }tX

.27BMBiBQM 8XR UP`B;BM@7Bt�iBQM T`Q+2bbVX G2i pΓ,M,Fq #2 � ;2MQK2 bT�+2 BM i?2 b2Mb2 Q7 .2}MBiBQM kXR rBi?

Kmi�iBQM `�i2 ε “ 1´Mpα,αq 7Q` �HH α P ΓX amTTQb2 i?�i 7Q` �HH α P Γ- r2 ?�p2

Fpαq “ 1` fα
N

U8XRX3V

7Q` bQK2 +QMbi�Mi fα P RX G2i pDxqxPΓN #2 �M 2pQHmiBQM�`v T`Q+2bb BM i?2 b2Mb2 Q7 .2}MBiBQM jXRe rBi? }t�iBQM

T`Q#�#BHBiv ρ bm+? i?�i

E rT |F s ! 1
εN

. U8XRXNV

r?2`2 T Bb i?2 �#bQ`TiBQM iBK2 �M/ F Bb i?2 2p2Mi Q7 }t�iBQM Q` 2tiBM+iBQM Q7 � Kmi�MiX h?2M i?2 Q`B;BM@}t�iBQM

T`Q+2bb pΓ,Tq Bb � J�`FQp +?�BM rBi? bi�i2 bT�+2 Γ �M/ i`�MbBiBQM K�i`Bt

Tpα,βq :“ NMpα,βqρ
ˆ
Fpβq
Fpαq

˙
U8XRXRyV

7Q` �HH α,β P ΓX

_2K�`F 8XkX h?2`2 Bb �MQi?2` TQbbB#BHBiv- r?B+? r2 /Q MQi /2p2HQT BM /2i�BH ?2`2- i?�i +�M biBHH ;Bp2 bQK2 #QmM/b QM

/Bb+Qp2`v iBK2bX �b r2 ?�p2 b22M- p2`v HQr `�i2b Q7 Kmi�iBQM �`2 `2[mB`2/ iQ #Qi? HQ+�HBx2 i?2 TQTmH�iBQM BM ;2MQivT2

bT�+2 �M/ 2tTHB+BiHv bT2+B7v i`�MbBiBQM T`Q#�#BHBiB2b Tpα,βq 7Q` i?2 KQMQKQ`T?B+ TQTmH�iBQMX >Qr2p2`- 7Q` M2mi`�H

T`Q+2bb2b- r2 +�M ;Bp2 mT QM i?2 b2+QM/ `2[mB`2K2Mi �M/ biBHH mM/2`bi�M/ i?2 HQM;i2`K #2?�pBQ` Q7 �M 2pQHmiBQM�`v

T`Q+2bbX amTTQb2 Kmi�iBQM Bb HQr 2MQm;? iQ HQ+�HBx2 i?2 TQTmH�iBQM �M/ +QMi�BM Bi iQ � #�HH BM ;2MQivT2 bT�+2 Q7

/B�K2i2` D Ub22 a2+iBQM 9XeVX LQi2 i?�i i?Bb Bb � r2�F2` #QmM/ QM Kmi�iBQM �M/ bQ K�v BM+`2�b2 i?2 �TTHB+�#BHBiv

Q7 i?2b2 KQ/2HbX h?2M B7 r2 �`2 BMi2`2bi2/ BM i?2 }`bi iBK2 � ;2MQivT2 α Q++m`b BM i?2 TQTmH�iBQM- r2 FMQr i?�i �HH

;2MQivT2b BM i?2 TQTmH�iBQM Kmbi #2 rBi?BM /Bbi�M+2 D Q7 α �i i?Bb iBK2X h?mb-

Hpαq ě H pBαpDqq , U8XRXRRV

r?2`2 H i?2 /Bb+Qp2`v iBK2 Q7 � i�`;2i b2i- /2}M2/ BM 1[m�iBQM U8XjXRVX JQ`2Qp2`- #v 7Q+mbBM; QM � bBM;H2 HBM2�;2 BM

i?2 2pQHpBM; TQTmH�iBQM- r2 ?�p2 b22M i?�i K�`;BM�HHv i?Bb Bb bBKTHv � +QTv Q7 i?2 Kmi�iBQM T`Q+2bb QM � /Bz2`2Mi

iBK2b+�H2 Ub22 *?�Ti2` 9VX h?2b2 irQ �bbmKTiBQMběHQr 2MQm;? Kmi�iBQM `�i2b iQ HQ+�HBx2 i?2 TQTmH�iBQM BMiQ � bK�HH

RkR



/B�K2i2` `2;BQM Q7 ;2MQivT2 bT�+2- �M/ M2mi`�H 2pQHmiBQMě�`2 � /Bz2`2Mi �TT`Q�+? iQ bim/vBM; 2pQHmiBQM Qp2` HQM;

iBK2b+�H2bX

8XkX ai�iBQM�`v /Bbi`B#miBQMb �M/ KBtBM; iBK2b

LQr r2 ?�p2 /2}M2/ Qm` 2pQHmiBQM�`v /vM�KB+b �M/ /Bb+mbb2/ bQK2 bm{+B2Mi �bbmKTiBQMb 7Q` i?2 KQ/2HǶb p�HB/Biv-

r2 +�M bi�`i iQ T`Q#2 Bib T`QT2`iB2bX h?2 M2ti i?2Q`2K p2`B}2b � F2v T`QT2`iv- `2p2`bB#BHBiv- 7Q` i?2 KQ/2HǶb �M�HviB+

i`�+i�#BHBivX

h?2Q`2K 8XjX G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bbX amTTQb2 i?�i

ρ py{xq
ρ px{yq “ gpyq

gpxq U8XkXRV

7Q` bQK2 7mM+iBQM g : R` Ñ R`- �M/ i?�i i?2 Kmi�iBQM T`Q+2bb pΓ,Mq Bb `2p2`bB#H2X h?2M i?2 Q`B;BM@}t�iBQM T`Q+2bb

Bb `2p2`bB#H2 rBi? `2bT2+i iQ i?2 bi�iBQM�`v /Bbi`B#miBQM

µpαq “ πpαqg pFpαqqř
β πpβqg pFpβqq . U8XkXkV

S`QQ7X q2 p2`B7v i?�i i?2 T`Q+2bb Bb `2p2`bB#H2 rBi? `2bT2+i iQ µ,

µpαqTpα,βq “ πpαqg pFpαqqř
β πpβqg pFpβqqNMpα,βqρ

ˆ
Fpβq
Fpαq

˙

“ Nř
β πpβqg pFpβqqπpαqMpα,βqg pFpαqq gpFpβqq

gpFpαqqρ
ˆ
Fpαq
Fpβq

˙

“ Nř
β πpβqg pFpβqqπpβqMpβ,αqg pFpβqq ρ

ˆ
Fpαq
Fpβq

˙

“ µpβqTpβ,αq, U8XkXjV

r?2`2 r2 mb2/ i?2 �bbmKTiBQM U8XkXRV �M/ i?2 `2p2`bB#BHBiv Q7 MX !

1t�KTH2 8X9X *QMbB/2` i?2 JQ`�M T`Q+2bb- r?2`2 r2 b?Qr2/ BM h?2Q`2K jXj i?�i

ρpfq “
1´ 1

f

1´ 1
fN

. U8XkX9V

Rkk



AM i?Bb +�b2-
ρ
´

Fpβq
Fpαq

¯

ρ
´

Fpαq
Fpβq

¯ “ FpβqN´1pFpβq ´ Fpαqq
FpβqN ´ FpαqN

FpαqN ´ FpβqN
FpαqN´1pFpαq ´ Fpβqq “ FpβqN´1

FpαqN´1
, U8XkX8V

bQ g : x ÞÑ xN´1X

q?2M πpαq “ Θpπpβqq 7Q` �HH α,β P Γ- r2 b22 i?�i i?2 bi�iBQM�`v /Bbi`B#miBQM µ +QM+2Mi`�i2b QM i?2 b2i

"
α : Fpαq “ max

βPΓ
Fpβq

*
U8XkXeV

�b N Ñ 8- bBM+2

µpαq “ πpαqFpαqN´1

ř
β πpβqFpβqN´1

! πpβqFpβqN´1

ř
α πpαqFpαqN´1

“ µpβq U8XkXdV

B7 Fpαq ă FpβqX h?Bb T`QpB/2b �MQi?2` `2�bQM iQ bim/v i?2 T`Q+2bb BM i?2 HBKBi Q7 r2�F b2H2+iBQM- �b BM i?Bb +�b2- r2

H2i Fpαq “ 1` fα
N �M/ }M/

ˆ
1` fα

N

˙N´1

Ñ efα , U8XkX3V

bQ

µpαq „ πpαqefαř
β πpβqefβ . U8XkXNV

AM i?2 bT2+B�H +�b2 r?2`2 π Bb mMB7Q`K- µ +�M #2 BMi2`T`2i2/ �b � ivT2 Q7 "QHixK�MM /Bbi`B#miBQM rBi? fα i?2 M2;�iBp2

2M2`;v Q7 i?2 bi�i2 α Ub22 (kky-kjy)VX

LQi2 i?�i i?2 �TTHB+�#BHBiv Q7 i?Bb 7Q`K 7Q` i?2 }t�iBQM T`Q#�#BHBiv Bb BM+`2�b2/ #v h?2Q`2Kb eXj �M/ eX8- r?B+?

T`Qp2 i?�i Bi ?QH/b �TT`QtBK�i2Hv 7Q` i?2 JQ`�M T`Q+2bb BM K�Mv TQTmH�iBQM bi`m+im`2bX

h?2 2tBbi2M+2 Q7 � 7mM+iBQM g +�M #2 b?QrM 7Q` K�Mv 7Q`Kb Q7 i?2 }t�iBQM T`Q#�#BHBiv- MQi QMHv 7Q` i?2 JQ`�M

T`Q+2bbX 6Q` KQ`2 2t�KTH2b i?�i H2�/ iQ `2p2`bB#H2 /vM�KB+b 7Q` pΓ,Tq b22 (kk8)X

q2 +�M �HbQ +QKT�`2 i?2 KBtBM; iBK2 Q7 i?2 Q`B;BM@}t�iBQM T`Q+2bb pΓ,Tq iQ i?2 Kmi�iBQM T`Q+2bb pΓ,Mq 7`QK

r?B+? Bi Bb /2`Bp2/X

G2KK� 8X8X G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bb �M/ /2MQi2 Bib KBtBM; iBK2 #2 tKBtX amTTQb2 i?�i

ρ py{xq
ρ px{yq “ gpyq

gpxq U8XkXRyV

Rkj



7Q` bQK2 7mM+iBQM g : R` Ñ R`- i?�i

Nρp1` x{Nq „ cpxq U8XkXRRV

7Q` bQK2 7mM+iBQM cpxq “ Op1q- �M/ i?�i i?2 Kmi�iBQM T`Q+2bb pΓ,Mq Bb `2p2`bB#H2X h?2M tKBt Bb #QmM/2/ #v

ˆ
max

α,β:Dpα,βq“1

gpfαqc pfβ ´ fαqř
α1 πpα1qgpfα1q

˙˜
log

ÿ

α1
πpα1qgpfα1q ´min

α
log pgpfαqπpαqq

¸
t̃KBt, U8XkXRkV

r?2`2 t̃KBt Bb i?2 KBtBM; iBK2 Q7 pΓ,MqX

S`QQ7X G2i Fpαq “ 1 ` fα
N X h?2M mbBM; i?2 2tT`2bbBQM 7Q` i?2 bi�iBQM�`v /Bbi`B#miBQM 7`QK 1[m�iBQM U8XkXkV �M/

h?2Q`2K kXkj- r2 b22

B “ max
α,β:Dpα,βq“1

πpαqgpfαq
πpαqř

α1 πpα1qgpfα1q
NMpα,βqρ

´
Fpβq
Fpαq

¯

Mpα,βq

“ max
α,β:Dpα,βq“1

gpfαqcfβ´fαř
α1 πpα1qgpfα1q . U8XkXRjV

h?2M �TTHvBM; h?2Q`2K kXkR- r2 b22

t̃KBt ď B

˜
log

ÿ

α1
πpα1qgpfα1q ´min

α
log pgpfαqπpαqq

¸
tKBt. U8XkXR9V

!

LQi2 BM K�Mv +�b2b- i?2 #QmM/ BM 1[m�iBQM U8XkXRkV +�M #2 +QMi`QHH2/X amTTQb2 ρ Bb ;Bp2M #v i?2 JQ`�M T`Q+2bb-

i?�i fα “ Θp1q 7Q` �HH α- �M/ i?�i π Bb mMB7Q`K- i?2M tKBt ď Ct̃KBt 7Q` bQK2 +QMbi�Mi C MQi /2T2M/BM; QM N X

8XjX h�`;2i b2ib �M/ ?BiiBM; iBK2b

AM i?Bb b2+iBQM- r2 i�F2 mT i?2 Bbbm2 Q7 /Bb+Qp2`v iBK2bX h?�i Bb- ?Qr HQM; /Q2b Bi i�F2 7Q` i?2 Q`B;BM@}t�iBQM T`Q+2bb

iQ }M/ � T�`iB+mH�` ;2MQivT2 Q` bm#b2i Q7 ;2MQivT2b\ q2 +QMbB/2` i?Bb #Qi? rBi? � bT2+B}2/ BMBiB�H +QM/BiBQM α �M/

bi�`iBM; i?2 T`Q+2bb BM i?2 bi�iBQM�`v /Bbi`B#miBQMX 6Q` bQK2 bm#b2i χ Ď Γ- r2 /2}M2 i?2 `�M/QK p�`B�#H2

Hpχq :“ tt : xt P χu , U8XjXRV

Rk9



r?2`2 xt Bb i?2 Q`B;BM@}t�iBQM T`Q+2bb pΓ,M,DqX q2 �HbQ �##`2pB�i2 Hptαuq �b HpαqX q2 +�HH χ i?2 i�`;2i b2i �M/

H i?2 ?BiiBM; iBK2 Q` /Bb+Qp2`v iBK2X aQK2iBK2b Bi Bb i2+?MB+�HHv mb27mH iQ 2t+Hm/2 i?2 iBK2 y- bQ r2 �HbQ /2B7M2

H`pχq :“ tt ą 0 : xt P χu . U8XjXkV

hQ #2;BM rBi?- r2 +QMbB/2` i?2 bBKTH2bi +�b2 r?2`2 i?2 i�`;2i b2i Bb � bBM;H2iQMX h?2`2 �`2 K�Mv BMi2`2biBM; 2tT`2bbBQMb

�M/ `2H�iBQMb?BTb 7Q` i?2 2tT2+i�iBQM Q7 ?BiiBM; iBK2běbQK2 Q7 r?B+? r2 bi�i2 #2HQrX

G2KK� 8XeX amTTQb2 pΓ,Tq Bb �M Q`B;BM@}t�iBQM T`Q+2bb- �M/ /2}M2 i?2 `2bQHp2Mi 7Q` T �b

Gpα,βq :“
8ÿ

t“0

`
Ttpα,βq ´ µpβq˘ . U8XjXjV

h?2M r2 ?�p2 i?2 7QHHQrBM; 2tT`2bbBQMb 7Q` ?BiiBM; iBK2b,

EβHpαq “ Gpα,αq ´ Gpβ,αq
µpαq , U8XjX9V

EµHpαq “ Gpα,αq
µpαq , U8XjX8V

�M/

Pα1tHpαq ă Hpβqu “ Eα1Hpβq ` EβHpαq ´ Eα1Hpαq
EαHpβq ` EβHpαq . U8XjXeV

7Q` �HH α P ΓX

S`QQ7X a22 *?�Ti2` k Q7 (kjR) Q` *?�Ti2` Ry Q7 (ed) 7Q` T`QQ7bX !

lbBM; i?2 `�M/QK p�`B�#H2b Hpαq 7Q` α P Γ- r2 +QmH/ /2}M2 � MmK#2` Q7 K2�bm`2b iQ K2�bm`2 ?Qr HBF2Hv 2pQHmiBQM

Bb iQ }M/ � ;2MQivT2 αX qBi? i?2b2 K2�bm`2b- r2 +QmH/ i?2M Q`/2` ;2MQivT2bX h?2Q`2K 8Xd- bi�i2b i?�i r?2M pΓ,Tq

Bb `2p2`bB#H2- i?`22 p2`v M�im`�H r�vb Q7 K2�bm`BM; i?2 /Bb+Qp2`�#BHBiv Q7 ;2MQivT2b �`2 2[mBp�H2Mi (3y)X

h?2Q`2K 8XdX amTTQb2 pΓ,Tq Bb � `2p2`bB#H2 Q`B;BM@}t�iBQM T`Q+2bbX h?2M i?2 7QHHQrBM; BM2[m�HBiB2b �`2 2[mBp�H2Mi

EµHpαq ď EµHpβq, U8XjXdV
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EβHpαq ď EαHpβq, U8XjX3V

�M/

Pµ tHpβq ă Hpαqu ď Pµ tHpαq ă Hpβqu U8XjXNV

7Q` �HH α,β P ΓX

S`QQ7X LQi2 i?�i 7Q` � `2p2`bB#H2 T`Q+2bb- r2 ?�p2

µpαqGpα,βq “
8ÿ

t“0

`
µpαqTtpα,βq ´ µpαqµpβq˘ “ µpβqGpβ.αq U8XjXRyV

#v i?2 +QM/BiBQM BM 1[m�iBQM UkXjXRV �TTHB2/ iQ TX L2ti r2 b22

EβHpαq ´ EαHpβq “ Gpα,αq ´ Gpβ,αq
µpαq ´ Gpβ,βq ´ Gpα,βq

µpβq

“ Gpα,αq
µpαq ´ Gpβ,βq

µpβq

“ EπHpαq ´ EπHpβq U8XjXRRV

#v G2KK� 8Xe �M/ 1[m�iBQM U8XjXRyVX h?mb- U8XjXdV �M/ U8XjX3V �`2 2[mBp�H2MiX

LQi2 i?�i B7 r2 KmHiBTHv i?2 H27i@?�M/ bB/2 Q7 1[m�iBQM U8XjXeV #v µpα1q �M/ bmK Qp2` α1- r2 }M/

ÿ

α1
µpα1qPα1tHpαq ă Hpβqu “ PµtHpαq ă Hpβqu. U8XjXRkV

h?mb- r2 b22

Pπ tHpαq ă Hpβqu
Pπ tHpβq ă Hpαqu “ EµHpαq ` EαHpβq ´ EµHpβq

EµHpβq ` EβHpαq ´ EµHpαq

“ EαHpβq
EβHpαq , U8XjXRjV

r?B+? T`Qp2b i?2 2[mBp�H2M+2 Q7 U8XjX3V �M/ U8XjXNVX !

8XjXRX >vT2`+m#2 �b KQiBp�iBQM 7Q` /Bb+Qp2`v iBK2bX AM a2+iBQM kX9- r2 �`;m2/ U�M/ T`Qp2/ BM T�`iB+mH�`

Rke



+�b2bV i?�i r2 b?QmH/ 2tT2+i ;2MQivT2 bT�+2b iQ ?�p2 � MmK#2` Q7 ;2M2`�H T`QT2`iB2bX q2 �`;m2/ i?�i i?2v �`2

?B;?@/BK2MbBQM�H- bQ i?�i i?2B` pQHmK2 ;`Qrb `�TB/Hv rBi? bQK2 BM/2t nX q2 �HbQ �`;m2/ i?�i i?2v b?QmH/ /BbTH�v

`�TB/ KBtBM;ěi?�i Bb- |Γn| " tKBtpεqX

lbBM; i?2 2tT`2bbBQM 7Q` EβHpαq BM 1[m�iBQM U8XjX8V- r2 +�M BKK2/B�i2Hv bi�`i iQ b22 i?2 BKTHB+�iBQMb Q7 i?2b2

T`QT2`iB2b �M/ 7`2[m2MiHv }M/

EµHpαq “ 1
µpαq

8ÿ

t“0

`
Ttpα,αq ´ µpαq˘ « C

µpαq ` cε. U8XjXR9V

P7i2M- i?2 K2�bm`2 Q7 α mM/2` i?2 bi�iBQM�`v /Bbi`B#miBQM Bb �TT`QtBK�i2Hv µpαq « 1{ |Γn|- r?B+? K2�Mb EµHpαq Bb

p2`v H�`;2X

�b � }`bi bBKTH2 2t�KTH2- H2i mb +QMbB/2` � +�b2 r?2`2 r2 +�M +�H+mH�i2 2tTHB+BiHv (k)X G2i pΓn,Mq #2 i?2 bBM;H2

TQBMi Kmi�iBQM T`Q+2bb /2}M2/ BM .2}MBiBQM kX9- H2i D #2 i?2 JQ`�M T`Q+2bb BM � r2HH@KBt2/ TQTmH�iBQM- �M/ Fpαq “ 1

7Q` �HH α P ΓnX aQ r2 �`2 +�H+mH�iBM; i?2 2tT2+i2/ iBK2 iQ }M/ � bT2+B}+ b2[m2M+2 Q7 .L� Q` �KBMQ �+B/bX q2 +�M

mb2 i?2 T`QD2+iBQM iQ � R@/BK2MbBQM�H T`Q+2bb r2 /2p2HQT2/ BM a2+iBQM kXd �M/ i?2 `2bmHib Q7 �TT2M/Bt �- iQ b22

EβHpαq “
iÿ

l“1

n´1ÿ

k“0

śk
j“l`1 p

`
jśk`1

j“l`1 p
´
j

“ κn
ε

iÿ

l“1

n´1ÿ

k“0

pκ´ 1qk´l l!pn´ lq!
pk ` 1q!pn´ k ´ 1q!

“ κn pκn ´ 1q
ε

iÿ

l“1

l!pn´ lq!
n!pκ´ 1ql`1

“ Θ

ˆ
κn

ε

˙
, U8XjXR8V

r?2`2 i “ Dpα,βq ě 1X amTTQb2 BMbi2�/ Q7 i`vBM; iQ /Bb+Qp2` � bT2+B}+ b2[m2M+2- r2 QMHv �bF 7Q` � b2[m2M+2 i?�i

�;`22 rBi? bQK2 i�`;2i b2[m2M+2 BM � T2`+2Mi�;2 Q7 Bib +QQ`/BM�i2bX J�i?2K�iB+�HHv- /2}M2

χ :“ Bαpdq, U8XjXReV

i?�i Bb- i?2 #�HH +2Mi2`2/ �i α Q7 `�/Bmb dX h?2M 7Q` �HH r ă pκ´ 1q{κ- r2 }M/ �;�BM

EβHpχq ě O
ˆ
κn

ε

˙
U8XjXRdV
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r?2M β R χ- #v � bBKBH�` �`;mK2Mi iQ �#Qp2X

LQr r2 +QMbB/2` � MQM@M2mi`�H ;2MQivT2 bT�+2X aT2+B}+�HHv- +QMbB/2` � KmHiBTHB+�iBp2 }iM2bb H�M/b+�T2 bm+? i?�i

� ;2MQivT2Ƕb }iM2bb BM+`2�b2b KmHiBTHB+�iBp2Hv �b Bi ;2ib +HQb2` iQ α- i?�i Bb-

Fpαq “ p1` f{Nqn´Dpα,βq. U8XjXR3V

h?2M

EβHpαq “ κn
ε

iÿ

l“1

n´1ÿ

k“0

pκ´ 1qk´l l!pn´ l ´ 1q!
pk ` 1q!pn´ k ´ 1q!

1
Nρ p1` f{Nq

ˆ
1` f

N

˙pN´1qpk´lq

“„ 1´ e´f

f

iÿ

l“1

n´1ÿ

k“0

epf`logpκ´1qqpk´lq l!pn´ l ´ 1q!
pk ` 1q!pn´ k ´ 1q!

„ e´f
`
1´ e´f

˘

f

κn
``
1´ ef ` κ

˘n ´ 1
˘

ε

iÿ

l“1

l!pn´ l ´ 1q!efpl`1q

n!pκ´ 1ql`1
, U8XjXRNV

#v 1[m�iBQMb U8XRXeV �M/ U8XRXdVX h?mb- EβHpαq Bb 2tTQM2MiB�H BM n r?2M

logpκq ą f. U8XjXkyV

aBKBH�` `2bmHib ?QH/ 7Q` EµBαpdq (k)X

aQ r2 ?�p2 b22M i?�i }M/BM; bQK2 i�`;2i b2ib i�F2b � p2`v HQM; iBK2 BM 2tT2+i�iBQM- mMH2bb i?2 }iM2bb H�M/b+�T2 Bb

bi2�/BHv U�M/ bi`QM;HvV BM+`2�bBM; BM �HH /B`2+iBQMb iQr�`/ i?2 i�`;2iX h?2 #BQHQ;B+�H BMi2`T`2i�iBQM Q7 bm+? � H�M/b+�T2

Bb [mBi2 bi`�M;2X Ai BKTHB2b i?�i i?2 7mM+iBQM�HBiv i?�i BM+`2�b2b i?2 }iM2bb BM i?2 T?2MQivT2 +�M #2 Q#b2`p2/ p2`v 7�`

�r�v 7`QK i?2 i�`;2iX q?BH2 r2 ?�p2 �`;m2/ i?�i ;2MQivT2b �`2 `Q#mbi iQ Kmi�iBQMb BM bQK2 /B`2+iBQMb Ub22 a2+iBQM

kXeV- Bi Bb mM`2�bQM�#H2 iQ �bbmK2 i?�i i?2v �`2 `Q#mbi BM �HH /B`2+iBQMb iQ H�`;2 MmK#2` Q7 Kmi�iBQMbX >Qr K�Mv

Kmi�iBQM Bb �M 2KTB`B+�H [m2biBQM i?�i K�v r2HH /2T2M/ QM i?2 7mM+iBQM�HBiv BM [m2biBQMX

8XjXkX 1tT2+i2/ /Bb+Qp2`v iBK2b 7Q` bBM;H2iQM i�`;2ibX h?2 M2ti i?2Q`2K b?Qrb i?�i mM/2` � bBKTH2 +QM/BiBQM

QM µ- EµHpαq Bb +HQb2 iQ r?�i r2 rQmH/ 2tT2+i 7`QK `�M/QKHv b�KTHBM; 7`QK µX h?�i Bb- B7 xt „ µ BM/2T2M/2MiHv

7Q` 2�+? t- i?2M Hpαq „ Geopµpαqq �M/

EµHpαq “ 1
µpαq . U8XjXkRV

h?Bb b2`p2b �b � 7mM/�K2Mi�H TQBMi Q7 +QKT�`BbQM 7Q` Hpαq ;2M2`�i2/ #v TX
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h?2Q`2K 8X3X G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bb rBi? bi�iBQM�`v /Bbi`B#miBQM µX h?2M 7Q` �HH α P Γ bm+? i?�i

µpαq “ op1q- r2 ?�p2
1

µpαqp1´ Tpα,αqq ď EµHpαq ď tKBt
µpαq . U8XjXkkV

LQi2 i?�i BM K�Mv +�b2b i?2 mTT2` #QmM/ �HbQ /2T2M/b QM i?2 Kmi�iBQM `�i2 ε i?`Qm;? tKBtX

S`QQ7X G2i λ2 #2 i?2 b2+QM/ H�`;2bi 2B;2Mp�Hm2 Q7 T �M/ t`2H Bib `2H�t�iBQM iBK2X 6Q` i?2 HQr2` #QmM/- MQi2

Pα txt “ αu ´ µpαq ě p1´ µpαqq
ˆ

Tpα,αq
1´ µpαq ´ µpαq

1´ µpαq

˙t

, U8XjXkjV

bBM+2 1´ Tpα,αq Bb i?2 T`Q#�#BHBiv Q7 H2�pBM; i?2 bi�i2 αX 6Q` i?2 mTT2` #QmM/- r2 mb2 1[m�iBQM UkX9X9V iQ b22

Pα txt “ αu ´ µpαq ď p1´ µpαqq p1´ λ2qt . U8XjXk9V

amKKBM; Qp2` t BM i?2b2 #QmM/b- r2 }M/

p1´ µpαqq 1´ µpαq
1´ Tpα,αq “

8ÿ

t“0

p1´ µpαqq
ˆ

Tpα,αq
1´ µpαq ´ µpαq

1´ µpαq

˙t

ď Gpα,αq

ď
8ÿ

t“0

p1´ µpαqq p1´ λ2qt

“ p1´ µpαqq 1
1´ λ2

. U8XjXk8V

6BM�HHv- h?2Q`2K kXkR �M/ G2KK� 8Xe BKTHv

1
µpαqp1´ Tpα,αqq „ p1´ µpαqq2

µpαqp1´ Tpα,αqq ď EµHpαq ď tKBtp1´ µpαqq
µpαq „ tKBt

µpαq . U8XjXkeV

!

LQi2 i?�i BM �HH i?2 Kmi�iBQM T`Q+2bb2b r2 ?�p2 +QMbB/2`2/ U�M/ i?mb bBKBH�`Hv 7Q` Q`B;BM@}t�iBQM T`Q+2bb2bV- r2

?�p2 1´Tpα,αq ě 1´ ε “ Θp1q 7Q` �HH αX JQ`2Qp2`- tKBt Bb Q7i2M Km+?- Km+? H2bb i?�M 1{µpαqX h?Bb BKTHB2b i?�i i?2

#QmM/ BM 1[m�iBQM U8XjXkkV Bb �+im�H #QmM/b Eµpαq [mBi2 iB;?iHvX h?2Q`2K 8X3 b?QmH/ #2 BMi2`T`2i2/ �b B/2MiB7vBM;

i?2 ivTB+�H #2?�pBQ` BM Q`B;BM@}t�iBQM T`Q+2bb2bX LQi2 i?�i i?2 HQr2` #QmM/ BKTHB2b i?�i BM 2tT2+i�iBQM Bi i�F2b � HQM;
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iBK2 iQ /Bb+Qp2` bT2+B}+ b2[m2M+2b r?2M bi�`iBM; 7`QK i?2 bi�iBQM�`v /Bbi`B#miBQMX h?Bb Bb T�`iB+mH�`Hv BM7Q`K�iBp2

r?2M µpαq “ Θp1{|Γn|q Ub22 K�Mv 2t�KTH2b BM *?�Ti2` kV- BM r?B+? +�b2 EµHpαq ě Θ p|Γn|qX aBM+2 i?2 bBx2 Q7 Γn

7`2[m2MiHv ;`Qrb 2tTQM2MiB�HHv BM i?2 T�`�K2i2` n- r?B+? Bi /Q2b r?2M Γn Bb ?B;?@/BK2MbBQM�H- Bi +�M K2�M Bi Bb

BM72�bB#H2 iQ 2tT2+i 2pQHmiBQM iQ }M/ bT2+B}+ ;2MQivT2 b2[m2M+2b BM `2�bQM�#H2 iBK2b+�H2b r?2M Bi Bb KQ/2H2/ r2HH #v

�M Q`B;BM@}t�iBQM T`Q+2bbX

h?2 mTT2` #QmM/ +�M #2 BMi2`T`2i2/ �b 7QHHQrb, i?2 J�`FQp +?�BM Bb +HQb2 iQ i?2 bi�iBQM�`v /Bbi`B#miBQM 2p2`v

tKBt bi2Tb- `2;�`/H2bb Q7 r?�i ?�b ?�TT2M2/ T`2pBQmbHvc KQ`2Qp2`- �7i2` 2�+? BM/2T2M/2Mi b�KTH2 7`QK i?2 bi�iBQM�`v

/Bbi`B#miBQM- r2 ?�p2 � T`Q#�#BHBiv µpαq Q7 b�KTHBM; αc i?mb- i?2 2tT2+i2/ MmK#2` Q7 BM/2T2M/2Mi b�KTH2b iQ }M/ α

Bb 1{µpαq �M/ 2�+? b�KTH2 i�F2b �i KQbi tKBt iBK2 bi2TbX

8XjXjX JQ/2Hb 7Q` i�`;2i b2ibX aQ 7�` r2 ?�p2 +QMbB/2`2/ irQ ivT2b Q7 i�`;2i b2iběbBM;H2iQMb �M/ +HQb2/ #�HHbX q2

MQr /2}M2 bQK2 /Bz2`2Mi ivT2b Q7 i�`;2i b2i i?�i p�`v BM bBx2 �M/ bi`m+im`2X 6Q` � +QHH2+iBQM Q7 TQBMib α1, . . . ,αK P Γ

/2}M2 i?2 i�`;2i b2i

χ :“
Kď

i“1

Bdpαiq. U8XjXkdV

"BQHQ;B+�HHv- r2 +�M BMi2`T`2i i?Bb �b i?2`2 #2BM; K bT2+B}+ ;2MQivT2b i?�i T2`7Q`K � 7mM+iBQM- i?�i Bb- ?�p2 �

bT2+B}+ T?2MQivT2 i?�i r2 �`2 HQQFBM; 7Q`X JQ`2Qp2`- 2�+? ;2MQivT2 Bb `Q#mbi iQ bQK2 bK�HH MmK#2` Q7 Kmi�iBQMb-

bQ i?�i i?2 T?2MQivT2 biBHH T2`7Q`Kb i?2 7mM+iBQMX q?BH2 i?2 T?2MQivT2 KB;?i MQi #2 `Q#mbi iQ �HH Kmi�iBQMb QM i?2

;2MQivT2- r2 i�F2 �HH ;2MQivT2b rBi?BM /Bbi�M+2 d Q7 � i�`;2i b2[m2M+2 �b � #QmM/X h?2 bBx2 Q7 K �M/ d b?QmH/ #2

BM7Q`K2/ #v 2KTB`B+�H /�i�X

A7 r2 �bbmK2 i?�i i?2 7mM+iBQM Q7 i?2 T?2MQivT2 ?�b � /B`2+i 2z2+i QM }iM2bb- r2 +�M i?2M bmTTQb2 i?�i F Bb

M2mi`�H Q` [m�bB@M2mi`�H QmibB/2 Q7 χ Ub22 a2+iBQM kXeVX

6Q` ?B;?@/BK2MbBQM�H ;2MQivT2 bT�+2b- r2 +�M 2z2+iBp2Hv #QmM/ i?2 bBx2 Q7 χ,

|χ| ď O pKpcdqnq U8XjXk3V

B7 r2 �bbmK2 |Bαpdq| ď Oppcdqnq- r?B+? r2 �`;m2/ Bb ivTB+�H Q7 ?B;?@/BK2MbBQM�H bT�+2b BM am#b2+iBQM kX9XkX 6Q`

2t�KTH2- +QMbB/2` Γn “ !κ"nX h?2M 7Q` d ă npκ´ 1q{κ- #v i?2 mMBQM #QmM/

|χ|
|Γ| ď K

κn

tduÿ

k“0

˜
n
k

¸
pκ´ 1qk ď O pKcnq U8XjXkNV
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7Q` bQK2 bK�HH +QMbi�Mi c ă 1 7Q` n H�`;2 2MQm;?X LQi2 i?�i i?2 [m�MiBiv |χ|
|Γ| Bb �+im�HHv Dmbi i?2 K2�bm`2 Q7 χ mM/2`

i?2 bi�iBQM�`v /Bbi`B#miBQM πě� [m�MiBiv i?�i Bb bB;MB}+�Mi BM i?2 i?2Q`2Kb i?�i 7QHHQrX LQi2 i?�i |χ|
|Γ| ď Opcnq 2p2M

r?2M r2 �HHQr Kn iQ ;`Qr TQHvMQKB�HHv rBi? nX

� b2+QM/�`v [m2biBQM Bb ?Qr iQ +?QQb2 i?2 ;2MQivT2b α1, . . . ,αK P ΓX aBM+2 r2 r�Mi iQ mM/2`bi�M/ 2pQHmiBQM BM

;2M2`�H- Bi K�F2b b2Mb2 iQ �bF i?2b2 [m2biBQMb �#Qmi i�`;2i b2ib i?�i �`2 BM bQK2 b2Mb2 ivTB+�HX h?Bb bm;;2bib r2

b?QmH/ +QMbB/2` +?QQbBM; i?2 ;2MQivT2b α1, . . . ,αK P Γ `�M/QKHvX 1t�+iHv ?Qr r2 /2}M2 i?Bb `�M/QKM2bb- H2�/b iQ

/Bz2`2Mi bi�iBbiB+�H KQ/2Hb 7Q` i?2 i�`;2ib b2ib χX aBM+2 bim/vBM; i?2 bi`m+im`2 Q7 i?2b2 b2ib 2KTB`B+�HHv Bb p2`v /B{+mHi

/m2 iQ i?2 bBx2 �M/ ?B;?@/BK2MbBQM�HBiv Q7 ;2MQivT2 bT�+2- Bi b22Kb `2�bQM�#H2 iQ b�KTH2 K +2Mi2`b mMB7Q`KHv �M/

BM/2T2M/2MiHv 7`QK ΓX .2MQi2 i?2 b2i Q7 +2Mi2`b 7Q` � i�`;2i b2i χ #v CχX

.27BMBiBQM 8XN U_�M/QK i�`;2i b2iVX 6Q` bQK2 ;2MQivT2 bT�+2 Γ- r2 /2}M2 i?2 `�M/QK p�`B�#H2 χp,d Ď Γ �b

χp,d :“
ď

α:Iα“1

Bαpdq, U8XjXjyV

r?2`2 Iα „ "2`Mppq BM/2T2M/2MiHv 7Q` α P ΓX q2 �HbQ /2}M2 i?2 b2i Q7 i�`;2i +2Mi2`b �b

Cχp,d
:“ tα : Iα “ 1u. U8XjXjRV

h?2 ;2QK2i`v Q7 i?2 i�`;2i b2i χp,d Bb BMi2`2biBM;X �;�BM +QMbB/2` Γn “ !κ"nX amTTQb2 i?2`2 Bb bQK2 +QMbi�Mi

δ ą 0 bm+? i?�i

δ ą 2dκ
pκ´ 1qn, U8XjXjkV

7Q` bQK2 Qi?2` +QMbi�Mi c ą 0X h?2 TQBMib Q7 i?2 i�`;2i b2i �`2 bT`2�/ Qmi i?`Qm;? i?2 bT�+2 Γn bQ HQM; �b K �M/ d

�`2 MQi2 iQQ H�`;2X aBM+2 2p2`v TQBMi α P χp,d Bb rBi?BM /Bbi�M+2 d Q7 bQK2 TQBMi BM Cχp,d - r2 ?�p2

P
#

min
α1,β1PCχp,d

min
αPBα1 pdq,βPBβ1 pdq

Dpα,βq ď p1´ δqnκ´ 1
κ

+
ď P

#
min

α,βPCχp,d

Dpα,βq ď p1´ δqnκ´ 1
κ

` 2d

+
.

U8XjXjjV
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h?2M �TTHvBM; i?2 mMBQM #QmM/- r2 b22

P
#

min
α,βPCχp,d

Dpα,βq ď p1´ δqnκ´ 1
κ

` 2d

+
ď

ÿ

α,βPCχp,d

P
"
Dpα,βq ď p1´ δqnκ´ 1

κ
` 2d

*

ď K2 exp

ˆ
d´ δ

pκ´ 1qn
2κ

˙

ď K2e´cn, U8XjXj9V

7Q` bQK2 +QMbi�Mi c ą 0X h?mb- i?2 T`Q#�#BHBiv ;Q2b iQ x2`Q B7 K ! ecn{2X LQi2 i?�i i?Bb BKTHB2b i?�i i?2 HQr2` #QmM/

BM 1[m�iBQM U8XjXjjV Bb QTiBK�HX >Qr2p2`- � bBKBH�` #QmM/ ?QH/b 7Q` �Mv }t2/ TQBMi BM Γněi?�i Bb- KQbi TQBMib �`2

7�` 7`QK i?2 i�`;2i b2i rBi? ?B;? T`Q#�#BHBiv bQ HQM; �b |χp,d| Bb MQi iQQ H�`;2X

�MQi?2` BKTQ`i�Mi �bT2+i Q7 i?2 ;2QK2i`v Q7 χ Bb i?�i Bib #QmM/�`v Bb Km+? H�`;2` i?�M Bib BMi2`BQ`X h?2 #QmM/�`v

Q7 χ Bb /2}M2/ �b

Bpχq :“ tα P χ : Dβ R χ, Dpα,βq “ 1u U8XjXj8V

�M/ i?2 BMi2`BQ` Bb i?2M χzBpχqX :Bp2M i?�i i?2 #�HHb |Bαpdq| /Q MQi BMi2`b2+i- r2 ?�p2

|Bpχq| “ cK2

˜
n
d

¸
pκ´ 1qd U8XjXjeV

�M/

|χzBpχq| “ K2
d´1ÿ

k“0

˜
n
k

¸
pκ´ 1qk. U8XjXjdV

h?2`27Q`2-

|Bpχq| " |χzBpχq| . U8XjXj3V

h?Bb +�M #2 ;2M2`�HBx2/ iQ +Qp2` i?2 +�b2 r?2`2 i?2 #�HHb |Bαpdq| /Q BMi2`b2+i- mbBM; >�`T2`Ƕb h?2Q`2K (8k)X

8XjX9X 1tT2+i2/ /Bb+Qp2`v iBK2b 7Q` i�`;2i b2ibX AM i?Bb bm#b2+iBQM- r2 bi�i2 bQK2 ;2M2`�H i?2Q`2Kb i?�i #QmM/

/Bb+Qp2`v iBK2b 7Q` ;2M2`�H i�`;2i b2ib- MQi Dmbi bBM;H2iQMbX q2 i?2M �TTHv i?2b2 #QmM/b iQ i?2 i�`;2i b2ib r2 /2}M2/

BM i?2 T`2pBQmb bm#b2+iBQMX h?2 }`bi i?2Q`2K `2H�i2b i?2 2tT2+i2/ `2im`M iBK2 Q7 i?2 b2i χ iQ i?2 K2�bm`2 Q7 χ mM/2`

i?2 bi�iBQM�`v /Bbi`B#miBQMX

h?2Q`2K 8XRy UE�+ǰb 7Q`KmH�VX G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bb rBi? bi�iBQM�`v /Bbi`B#miBQM µ- i?2M 7Q`

Rjk



�HH i�`;2i b2ib χ Ď Γ- r2 ?�p2

EµχH
`pχq “ 1

µpχq , U8XjXjNV

r?2`2 µχpαq “ µpαq{µpχq 7Q` α P χ �M/ y Qi?2`rBb2X

S`QQ7X a22 G2KK� kRXRj 7`QK (ed)X !

G2KK� 8XRRX _2+�HH i?2 /2}MBiBQM Q7 Q 7Q` � J�`FQp +?�BM BM 1[m�iBQM UkX9XdVX G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM

T`Q+2bb rBi? bi�iBQM�`v /Bbi`B#miBQM µ- i?2M 7Q` �HH i�`;2i b2ib χ Ď Γ- r2 ?�p2

1
Qpχ,χcq ď EµHpχq ď tKBt p1´ µpχqq

µpχq U8XjX9yV

S`QQ7X h?2 T`QQ7 Bb bBKBH�` iQ i?2 T`QQ7 Q7 h?2Q`2K 8X3- 2t+2Ti r2 #QmM/ i?2 [m�MiBiv

Pα txt P χu ´ µpχq. U8XjX9RV

6Q` i?2 HQr2` #QmM/- r2 +�M �TTHv E�+Ƕb 7Q`KmH� 8XRyX 6Q` /2i�BHb b22 S`QTQbBiBQM kR BM *?�Ti2` j Q7 (kjR)X !

h?2 7QHHQrBM; i?2Q`2K ;2M2`�HBx2b h?2Q`2K 8X3 iQ b2ib Q7 bBx2 ;`2�i2` i?�M RX

h?2Q`2K 8XRkX G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bb rBi? bi�iBQM�`v /Bbi`B#miBQM µX G2i χ Ď Γ #2 � i�`;2i b2i bm+?

i?�i µpχq “ op1qX amTTQb2 i?�i i?2`2 Bb bQK2 χ1 Ď χ bm+? i?�i µpχzχ1q “ opµpχqq �M/ i?�i

Tpα,χztαuq “ op1q U8XjX9kV

7Q` �HH α P χ1X h?2M r2 ?�p2
1

µpχqminα t1´ Tpα,αqu À EµHpχq ď tKBt
µpχq . U8XjX9jV

S`QQ7X q2 bi�`i #v �TTHvBM; G2KK� 8XRR iQ χX h?2 mTT2` #QmM/ BM 1[m�iBQM U8XjX9jV 7QHHQrb BKK2/B�i2Hv 7`QK

Rjj



i?2 �bbmKTiBQM µpχq “ op1qX 6Q` i?2 HQr2` #QmM/ BM 1[m�iBQM U8XjX9jV- r2 ?�p2

Qpχ,χcq “
ÿ

αPχ
µpαq p1´ Tpα,αq ´ pTpα,χq ´ Tpα,αqqq

ď εµpχq ´
ÿ

αPχzχ1

µpαqpTpα,χq ´ Tpα,αqq ´
ÿ

αPχ1

µpαqpTpα,χq ´ Tpα,αqq

À εµpχq ` µpχzχ1qε` µpχ1qεop1q

„ εµpχq. U8XjX99V

!

1t�KTH2 8XRjX *QMbB/2` ?Qr h?2Q`2K 8XRk �TTHB2b iQ i?2 ?vT2`+m#2 �M/ i?2 JQ`�M T`Q+2bb, H2i Γn “ !κ"n �M/ M

#2 ;Bp2M #v i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb rBi? Fpαq “ 1 7Q` �HH α P ΓnX AM i?Bb +�b2- r2 }M/ Tpα,αq “ 1´ ε` ε 1
κ

7Q` �HH α P ΓnX h?2M bmTTQb2 χ Bb b�KTH2/ �++Q`/BM; iQ i?2 `�M/QKBx�iBQM BM .2}MBiBQM 8XNX h?2M µpχq “ |χ| {κnX

LQr H2i χ1 :“ Bpχq- i?2M i?2 +�H+mH�iBQM BM 1[m�iBQM U8XjXj3V BKTHB2b µpχzχ1q “ opµpχqqX h?mb- r2 ?�p2

κn

ε |χ| À EµHpχq ď κnn log n
ε |χ| . U8XjX98V

aQ- mM/2` KBH/ �bbmKTiBQMb- BM 2tT2+i�iBQM 2pQHmiBQM /Q2b MQ #2ii2` i?�M b�KTHBM; mMB7Q`KHv 7`QK µ BM i2`Kb Q7

/Bb+Qp2`BM; i�`;2i b2ibX >Qr2p2`- Bi +QmH/ #2 i?�i i?2 2tT2+i�iBQM Bb H�`;2 #2+�mb2 Q7 p2`v HQr T`Q#�#BHBiB2b 2p2Mib

r?2`2 /Bb+Qp2`v i�F2b � p2`v- p2`v HQM; iBK2- �M/ ivTB+�HHv i?2 i�`;2i b2i Bb 7QmM/ [mB+FHvX aQ BM i?2 M2ti bm#b2+iBQM-

r2 �//`2bb MQi QMHv i?2 2tT2+i2/ /Bb+Qp2`v iBK2 #mi Bib 7mHH /Bbi`B#miBQMX

8XjX8X .Bbi`B#miBQMb Q7 /Bb+Qp2`v iBK2bX AM i?Bb bm#b2+iBQM- r2 b?Qr i?�i mM/2` KBH/ �bbmKTiBQMb- i?2 2tT2+i�@

iBQM Q7 i?2 /Bb+Qp2`v iBK2 �bvKTiQiB+�HHv /2i2`KBM2b i?2 7mHH /Bbi`B#miBQM Q7 i?2 /Bb+Qp2`v iBK2X h?Bb p�HB/�i2b i?2

+QKT�`BbQM r2 ?�p2 /`�rM T`2pBQmbHv #2ir22M i?2 /Bb+Qp2`v iBK2 Q7 i?2 Q`B;BM@}t�iBQM T`Q+2bb �M/ i?2 /Bb+Qp2`v

iBK2 Q7 `�M/QK- BM/2T2M/2Mi b�KTHBM; 7`QK i?2 bi�iBQM�`v /Bbi`B#miBQMX

h?2 B/2� Q7 i?2 T`QQ7 Bb iQ r`Bi2

Pµ tHpχq ą tu “ Pµ tx0 R χ, . . . , xt R χu

“ Pµ tx0 R χuPµ tx1 R χ|x0 R χu ¨ ¨ ¨Pµ txt R χ|x0 R χ, . . . , xt´1 R χu . U8XjX9eV

Rj9



h?2M- b?Qr i?�i i?2 /Bbi`B#miBQM Pµ txt`1 “ ¨|x0 R χ, . . . , xk R χu Bb +HQb2 iQ µ Bb iQi�H p�`B�iBQM /Bbi�M+2X h?2 BMimBiBQM

7Q` r?v +QM/BiBQMBM; /Q2b MQi +?�M;2 i?2 /Bbi`B#miBQM Q7 xt`1 p2`v Km+? Bb bBKTH2, i?2 KBtBM; Q7 i?2 T`Q+2bb Bb `�TB/-

bQ BM7Q`K�iBQM �#Qmi i?2 T`Q+2bb KQ`2 i?�M tKBt bi2Tb BM i?2 T�bi +QMi�BMb HBiiH2 BM7Q`K�iBQMX JQ`2Qp2`- i?2 b2i χ Bb

MQi p2`v /2Mb2 r?2M K2�bm`2/ rBi? µ- bQ i?2 T`Q+2bb ?BiiBM; χ BM bm+? b?Q`i iBK2 Ui?�i Bb- tKBt bi2TbV Bb p2`v mMHBF2HvX

h?mb i?Bb +QM/BiBQMBM; /Q2b MQi +QMp2v Km+? BM7Q`K�iBQMX

q2 bi�i2 �M/ T`Qp2 � h?2Q`2K 7`QK (kjk) 7Q` Qm` b2iiBM;X LQi2 i?�i i?2 ?BiiBM; iBK2b Q7 b2ib QM i?2 ?vT2`+m#2

?�p2 #22M +QMbB/2`2/ #27Q`2 (kjjĜkj8)X h?2b2 rQ`Fb r2`2 KQiBp�i2/ #v bTBM@;H�bb2b- �M/ #2+�mb2 Q7 i?2 bvKK2i`v Q7

i?2 ?vT2`+m#2- Q#i�BM Km+? iB;?i2` #QmM/b mbBM; p2`v T`2+Bb2 2biBK�i2b 7Q` i?2 ?BiiBM; iBK2 Q7 � bBM;H2iQMX

h?2Q`2K 8XR9X G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bb rBi? bi�iBQM�`v /Bbi`B#miBQM µ �M/ KBtBM; iBK2 tKBtX �bbmK2

i?�i

∆ :“ CtKBt
`
1` log` pEµHpχq{tKBtq

˘

EµHpχq ă 1, U8XjX9dV

i?2M

sup
t

|Pµ tHpχq ą tu ´ exp p´t{EµHpχqq| ď O p∆q . U8XjX93V

S`QQ7X LQi2 i?�i r2 H2i i?2 +QMbi�Mi C +?�M;2 7`QK HBM2 iQ HBM2 BM i?Bb T`QQ7 7Q` 2�b2 Q7 MQi�iBQMX .2}M2 i?2

/Bbi`B#miBQM

νpαq :“ lim
tÑ8

Pµ txt “ α|Hpχq ą tu . U8XjX9NV

*H2�`Hv i?Bb HBKBi 2tBbib r?2M T `2bi`B+i2/ iQ Γzχ Bb B``2/m+B#H2- ?Qr2p2`- � bBKTH2 HBKBiBM; �`;mK2Mi b?Qrb Bib

2tBbi2M+2 2p2M r?2M Bi Bb `2/m+B#H2 Ub22 _2K�`F kXR3 BM (kjk)VX

q2 +�M #QmM/ i?2 H27i@?�M/ bB/2/ Q7 1[m�iBQM U8XjX93V #v irQ i2`Kb,

|Pµ tHpχq ą tu ´ exp p´t{EµHpχqq| ď |Pµ tHpχq ą tu ´ Pν tHpχq ą tu|` |Pν tHpχq ą tu ´ exp p´t{EµHpχqq|

ď ∥µ´ ν∥ip ` |exp p´t{EνHpχqq ´ exp p´t{EµHpχqq| , U8XjX8yV

Rj8



bBM+2 Pµ tHpχq ą tu “ EνHpχqX LQr MQi2

sup
t

|exp p´t{EνHpχqq ´ exp p´t{EµHpχqq| “ e
e´ 1

∣∣∣∣
EνHpχq
EµHpχq ´ 1

∣∣∣∣

ď e
e´ 1

|EνHpχq ´ EµHpχq|
|EµHpχq|

ď e
e´ 1

∥µ´ ν∥ip maxα EαHpχq
|EµHpχq|

ď C∥µ´ ν∥ip, U8XjX8RV

bBM+2 r2 K�v i�F2 i?2 K�tBKmK Q7 α BM i?2 #QmM/

EαHpχq ď tKBt `
ÿ

β

Pα txtKBt “ βuEβHpχq ď tKBt ` EµHpχq ` 1
4
max

β
EβHpχq U8XjX8kV

�M/ `2�``�M;2- i?2M }M�HHv mb2 i?2 �bbmKTiBQM ∆ ă 1 iQ b22 EµHpχq ě 3tKBtX

h?mb- Bi bm{+2b iQ #QmM/ ∥µ´ ν∥ipX .2}M2

νkpαq :“ Pµ txks “ α|Hpχq ě ksu , U8XjX8jV

7Q`

s :“ p1` log pEµHpχq{tKBtqq tKBt U8XjX89V

bQ i?�i limkÑ8 ρk “ ρX q2 ?�p2

∥νk`1 ´ µ∥ip “ ∥Pνk txs “ ¨|Hpχq ě su ´ µ∥ip

ď ∥Pνk txs “ ¨|Hpχq ě su ´ Pνk txs “ ¨u∥ip ` ∥Pνk txs “ ¨u ´ µ∥ip

ď Pρk tHpχq ă su ` ∥Pνk txs “ ¨u ´ µ∥ip . U8XjX88V

q2 #QmM/ 2�+? i2`K b2T�`�i2HvX 6Q` i?2 `B;?i@?�M/ i2`K- r2 b22 7Q` �Mv BMBiB�H /Bbi`B#miBQM λ

∥Pλ txs “ ¨u ´ µ∥ip ď eps´tKBtq{tKBt “ tKBt{EµHpχq U8XjX8eV

#v i?2 /2}MBiBQM Q7 s �M/ tKBtX aQ �TTHvBM; 1[m�iBQM U8XjX8eV rBi? λ “ νk- r2 #QmM/ i?2 `B;?i@?�M/ i2`KX 6Q` i?2

Rje



H27i@?�M/ i2`K- }`bi MQi2 1[m�iBQM U8XjX8eV BKTHB2b

Pλ tHpχq ą 2su ď 1´ Pµ tHpχq ď su ` tKBt{EµHpχq. U8XjX8dV

h?2M- Bi2`�iBM; i?Bb �`;mK2Mi- r2 }M/

Pλ tHpχq ą 2sk ` 2su ď Pλ tHpχq ą 2sku
ÿ

α

Pα tHpχq ą 2suPλ tx2sk “ α|Hpχq ą 2sku

ď p1´ Pµ tHpχq ď su ` tKBt{EµHpχqq p1´ Pµ tHpχq ď su ` tKBt{EµHpχqqk

ď p1´ Pµ tHpχq ď su ` tKBt{EµHpχqqk`1 . U8XjX83V

6BM�HHv- bmKKBM; Qp2` k �M/ mbBM; i?2 BM2[m�HBiv BM 1[m�iBQM U8XjX83V- r2 ;2i

EµHpχq ď
8ÿ

k“0

2sPµ tHpχq ą 2ksu ď 2s
Pµ tHpχq ď su ´ tKBt{EµHpχq , U8XjX8NV

r?B+? `2�``�M;2b iQ

Pµ tHpχq ď su ď 2s` tKBt
EµHpχq . U8XjXeyV

6BM�HHv- mbBM; i?2 #QmM/b BM 1[m�iBQM U8XjX8dV �M/ U8XjXeyV- r2 }M/

∥νk`1 ´ µ∥ip ď 2s` tKBt
EµHpχq ` tKBt

EµHpχq ď CtKBt
`
1` log` pEµHpχq{tKBtq

˘

EµHpχq , U8XjXeRV

bQ i�FBM; i?2 HBKBi �b k Ñ 8 +QKTH2i2b i?2 T`QQ7X !

_2K�`F 8XR8X LQi2 i?�i #v h?2Q`2K 8XR9- Pµ tHpχq ą tu Bb QMHv Q`/2` R �b n Ñ 8 B7 r2 b2i

t “ θEµHpχq, U8XjXekV

r?2M EµHpχq " tKBt Ñ 8X AM r?B+? +�b2- r2 b22

Hpχq
EµHpχq

/BbiXÝÝÝÑ 1tT p1q . U8XjXejV
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h?2 7QHHQrBM; *Q`QHH�`v b?Qrb ?Qr h?2Q`2K 8XR9 +�M #2 �TTHB2/ r?2M r2 FMQr #Qi? i?�i EµHpχq Bb HQr2` #QmM/2/

#v i?2 /2MbBiv Q7 χ mM/2` i?2 bi�iBQM�`v K2�bm`2- �M/ i?�i pΓ,Tq Bb `�TB/Hv KBtBM;X

*Q`QHH�`v 8XReX G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bb rBi? bi�iBQM�`v /Bbi`B#miBQM µX G2i χ Ď Γ � i�`;2i b2i bm+?

i?�i µpχqt2KBt “ op1qX amTTQb2 i?�i i?2`2 Bb bQK2 χ1 Ď χ bm+? i?�i µpχzχ1q “ opµpχqq �M/ i?�i

Tpα,χztαuq “ op1q U8XjXe9V

7Q` �HH α P χ1X h?2M r2 ?�p2

sup
t

|Pµ tHpχq ą tu ´ exp p´t{EµHpχqq| Ñ 0. U8XjXe8V

S`QQ7X 6B`bi- MQi2 i?�i #v h?2Q`2K 8XRk- r2 ?�p2

tKBt
EµHpχq À O

`
t2KBtµpχq

˘ “ op1q. U8XjXeeV

h?2M- �TTHv h?2Q`2K 8XR9 iQ HpχqX h?mb-

sup
t

|Pµ tHpχq ą tu ´ exp p´t{EµHpχqq| ď CtKBt
`
1` log` pEµHpχq{tKBtq

˘

EµHpχq “ op1q. U8XjXedV

!

h?2 7QHHQrBM; H2KK� b?Qrb i?�i mM/2` KBH/ �bbmKTiBQMb- Bi Bb MQi M2+2bb�`v iQ bi�`i i?2 Q`B;BM@}t�iBQM T`Q+2bb BM

Bib bi�iBQM�`v /Bbi`B#miBQMX

G2KK� 8XRdX .2}M2 s �b BM 1[m�iBQM U8XjX89VX amTTQb2 7Q` bQK2 α P Γ i?�i Pα tHpχq ď su “ op1q �M/ i?�i

tKBt
`
1` log` pEµHpχq{tKBtq

˘

EµHpχq “ op1q, U8XjXe3V

i?2M

sup
t

|Pα tHpχq ą tu ´ exp p´t{EµHpχqq| Ñ 0. U8XjXeNV

Rj3



S`QQ7X 6B`bi- MQi2

∥Pα txs “ ¨|Hpχq ą su ´ µ∥ip ď ∥Pα txs “ ¨|Hpχq ą su ´ Pα txs “ ¨u∥ip ` ∥Pα txs “ ¨u ´ µ∥ip

ď Pα tHpχq ď su ` tKBt
EµHpχq U8XjXdyV

#v i?2 /2}MBiBQM Q7 s �M/ tKBtX L2ti- r2 ?�p2

|Pα tHpχq ą tu ´ Pµ tHpχq ą tu| ď |Pα tHpχq ą t´ s|Hpχq ą su ´ Pµ tHpχq ą t´ s|Hpχq ą su|

` Pα tHpχq ď su ` Pµ tHpχq ď su

ď ∥Pα txs “ ¨|Hpχq ą su ´ µ∥ip ` ∥µ´ Pµ txs “ ¨|Hpχq ą su∥ip

` Pα tHpχq ď su ` Pµ tHpχq ď su

ď Pα tHpχq ď su ` tKBt
EµHpχq ` Pµ tHpχq ď su

` Pα tHpχq ď su ` Pµ tHpχq ď su

ď 2Pα tHpχq ď su ` 2
2s` tKBt
EµHpχq

“ op1q U8XjXdRV

#v U8XjXeyVX h�FBM; i?2 bmT`2KmK Qp2` t BM 1[m�iBQM U8XjXdRV �M/ �TTHvBM; h?2Q`2K 8XR9 iQ b22

sup
t

|Pα tHpχq ą tu ´ exp p´t{EµHpχqq| ď sup
t

|Pα tHpχq ą tu ´ Pµ tHpχq ą tu|

` sup
t

|Pµ tHpχq ą tu ´ exp p´t{EµHpχqq|

“ op1q ` op1q U8XjXdkV

}MBb?2b i?2 T`QQ7X !

A7 BM/BpB/m�H 2pQHmiBQM�`v T`Q+2bb2b +�MMQi }M/ i�`;2ib BM TQHvMQKB�H iBK2- i?2M T2`?�Tb i?2 bm++2bb Q7 2pQHmiBQM

Bb #�b2/ QM i?2 7�+i i?�i K�Mv TQTmH�iBQMb �`2 b2�`+?BM; BM/2T2M/2MiHv �M/ BM T�`�HH2H 7Q` � T�`iB+mH�` /Bb+Qp2`v (kje)X

q2 MQr T`Qp2 � [mB+F H2KK� QM KmHiBTH2 BM/2T2M/2Mi b2�`+?2b- r?B+? b�vb K BM/2T2M/2Mi b2�`+?2b BM T�`�HH2H Bb

`Qm;?Hv 2[mBp�H2Mi iQ � bBM;H2 T`Q+2bb b2�`+?BM; 7Q` K iBK2b �b HQM;X h?Bb Bb MQi bm`T`BbBM; r?2M Hpχq ?�b �M

RjN



2tTQM2MiB�H /Bbi`B#miBQMX

G2KK� 8XR3X G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bb rBi? bi�iBQM�`v /Bbi`B#miBQM µ �M/ KBtBM; iBK2 tKBtX �bbmK2

i?�i

∆ :“ CtKBt
`
1` log` pEµHpχq{tKBtq

˘

EµHpχq ă 1. U8XjXdjV

G2i H1pχq, . . . , HKpχq #2 K /Bb+Qp2`v iBK2b /2`Bp2/ 7`QK BM/2T2M/2Mi Q`B;BM@}t�iBQM T`Q+2bb2b rBi? µ �b i?2B` BMBiB�H

+QM/BiBQM- i?2M

Pµ

"
min
iP!K"

"
Hipχq

EµH1pχq

*
ą t

*
„ e´Kt. U8XjXd9V

S`QQ7X aBM+2 i?2 Hipχq �`2 BM/2T2M/2Mi- r2 ?�p2

Pµ

"
min
iP!K"

"
Hipχq

EµH1pχq

*
ą t

*
“ Pµ

"
H1pχq

EµH1pχq ą t

*K

“ `
e´t ` op1q˘K “ e´Kt ` op1q, U8XjXd8V

#v h?2Q`2K 8XR9X !

8XjXeX SmiiBM; 2p2`vi?BM; iQ;2i?2`X AM i?Bb bm#b2+iBQM- r2 ;Bp2 �M 2t�KTH2 Q7 ?Qr i?2 `2bmHib BM *?�Ti2`b k

�M/ 8 +�M #2 Tmi iQ;2i?2`X G2i pΓppq
n ,Mppqq i?2 bBM;H2 TQBMi Kmi�iBQM T`Q+2bb QM i?2 #QM/ /BbQ`/2` ?vT2`+m#2 Ua22

.2}MBiBQM kXkeV �M/ �bbmK2 p ą pc,3X q2 FMQr i?�i i?2 bi�iBQM�`v /Bbi`B#miBQM π Bb mMB7Q`K �M/- 7`QK h?2Q`2K kXkd-

i?�i i?2 KBtBM; iBK2 Q7 i?Bb Kmi�iBQM T`Q+2bb Bb t̃KBt “ O
`
n2 logpnq{ε˘ rBi? T`Q#�#BHBiv 1´ op1qX

6Q` 2�+? α P Γppq
n �bbB;M � }iM2bb

Fpαq “ 1` fα
N

U8XjXdeV

bm+? i?�i i?2 fα �`2 BXBX/X :�mbbB�M N
`
0,σ2

˘
7Q` σ “ Op1qX q2 M22/ iQ #QmM/ irQ bi�iBbiB+b `2H�i2/ iQ i?2b2 `�M/QK

}iM2bb2bX 6B`bi- r2 ?�p2

P
!
min
α

fα ă ´θ
)
“ 1´ P

!
min
α

fα ě ´θ
)
“ 1´ P tf0 ě ´θuκn “ 1´ p1´ P tf0 ă ´θuqκn

. U8XjXddV

LQr- r2 M22/ � i�BH #QmM/ 7Q` i?2 :�mbbB�M,

ż 8

θ

e´
x2

2σ2

?
2πσ2

dx ď
ż 8

θ

x
θ
e´

x2

2σ2

?
2πσ2

dx “
exp

´
´ θ2

2σ2

¯

a
2πx2{σ2θ

. U8XjXd3V
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"v 1[m�iBQM U8XjXd3V- r2 ?�p2

p1´ P tf0 ă ´θuqκn ě
˜
1´ exp

`´θ2{2σ2
˘

θ
a

2π{σ2

¸κn

“
ˆ
1´ 1

κn
?
πn log κ

˙κn

“ exp
´
´1{

a
πn log κ

¯
U8XjXdNV

7Q` θ “
a
2σ2n log κX h?2`27Q`2-

P
!
min
α

fα ă ´
a
2σ2n log κ

)
Ñ 0. U8XjX3yV

LQi2 i?�i BM � bBKBH�` r�v- r2 +�M b?Qr

P
!
max
α

fα ą
a
2σ2n log κ

)
Ñ 0. U8XjX3RV

6Q` i?2 b2+QM/ bi�iBbiB+- }`bi Q#b2`p2 i?�i 7Q` �HH x, y P R i?�i

y ´ x
e´x ´ e´y

ď expy ´ xq. U8XjX3kV

h?2M- �TTHvBM; 1[m�iBQM U8XjX3kV- r2 }M/

max
α,β:Dpα,βq“1

fβ ´ fα
exp p´fαq ´ exp p´fβq “ max

α
efα max

β:Dpα,βq“1
pfβ ´ fαq . U8XjX3jV

LQr- r2 #QmM/ i?2 `B;?i@?�M/ bB/2 Q7 1[m�iBQM U8XjX3jV BMiQ irQ T�`ibX 6B`bi B7 fα ď 1
2 log n- r2 ?�p2

max
α:fαď 1

2 logn
efα max

β:Dpα,βq“1
pfβ ´ fαq ď max

α,β:fαď 1
2 logn

efαfβ ď
a

2σ2n2 log κ U8XjX39V

R9R



#v 1[m�iBQM U8XjX3RV rBi? T`Q#�#BHBiv 1´ op1qX a2+QM/- B7 fα ą 1
2 log n- r2 b22

E
«

max
α:fαą 1

2 logn
efα max

β:Dpα,βq“1
pfβ ´ fαq

ff
“ E

«
max

α:fαą 1
2 logn

efαE
„

max
β:Dpα,βq“1

fβ ´ fα|fα
ȷff

ď CE
«

max
α:fαą 1

2 logn
efαP

"
max

β:Dpα,βq“1
fβ ą fα|fα

*ff

ď CE

»

—– max
α:fαą 1

2 logn
efα

¨

˚̋
1´

¨

˝1´
exp

´
´ f2

α
2σ2

¯

fα
?
2πσ2

˛

‚

pκ´1qn˛

‹‚

fi

ffifl

ď CE
«

max
α:fαą 1

2 logn

pκ´ 1qn exp
`
fα ´ f2

α{p2σ2q˘?
2πσ2fα

ff

“ op1q, U8XjX38V

r?2`2 r2 mb2/ i?2 7�+i pfβ ´ fα|fαq „ N p´fα,σ
2q �M/ 1[m�iBQM U8XjXd3VX h?2`27Q`2 #v J�`FQpǶb BM2[m�HBiv "XR- r2

b22

P
#

max
α:fαą 1

2 logn
efα max

β:Dpα,βq“1
pfβ ´ fαq ą 1

+
“ op1q. U8XjX3eV

SmiiBM; iQ;2i?2` 1[m�iBQMb U8XjX39V �M/ U8XjX38V- r2 ?�p2

max
α,β:Dpα,βq“1

fβ ´ fα
exp p´fαq ´ exp p´fβq ď

a
2σ2n2 log κ U8XjX3dV

rBi? T`Q#�#BHBiv 1´ op1qX �HbQ /2MQi2 MF :“ Eef0 “ eσ
2{2 “ Op1q �M/

MF,2 :“ E fβ ´ fα
exp p´fαq ´ exp p´fβq “ Op1q. U8XjX33V

amTTQb2 i?�i r2 ;2M2`�i2 �M Q`B;BM@}t�iBQM T`Q+2bb #�b2/ QM pΓppq
n ,Mppq,Fq �M/ D ;Bp2M #v i?2 JQ`�M T`Q+2bb

BM � r2HH@KBt2/ TQTmH�iBQM 7`QK .2}MBiBQM jXRjX h?2M #v G2KK� 8X8- i?2 KBtBM; iBK2 tKBt Q7 i?Bb Q`B;BM@}t�iBQM

R9k



T`Q+2bb +�M #2 #QmM/2/ #v

¨

˝ max
α,β:Dpα,βq“1

fβ´fα

expp´fαq´expp´fβq
1
κn

ř
α1 exp pfα1q

˛

‚
˜
log

ÿ

α1
exp pfα1q {κn ´min

α
log pexppfαq{κnq

¸
n2 logpnq

ε

ď
¨

˝ max
α,β:Dpα,βq“1

fβ´fα

expp´fαq´expp´fβq
MF

˛

‚
´
n log κ` logMF ´min

α
fα

¯ n2 logpnq
ε

ď
´
MF

a
2σ2n2 log κ

¯´
n log κ`

a
2σ2n log κ

¯ n2 logpnq
ε

“O
ˆ
n4 log n

ε

˙
U8XjX3NV

rBi? T`Q#�#BHBiv 1´ op1q #v 1[m�iBQMb U8XjX3yV �M/ U8XjX3dVX

*?Qb2 � i�`;2i b2i χ “ χq,d �b BM .2}MBiBQM U8XNV rBi? d “ Op1q �M/ q “ opndqX _2+�HH Iα “ 1
´
α P C

χ
ppq
d

¯
X h?2M

r2 b22

Qpχ,χcq “ κ´nTpBχ, Bχcq ď κ´n
ÿ

αPΓppq
n

Iα
ÿ

β:Dpβ,αq“d

ÿ

β:Dpβ,α1q“d`1

Tpβ,β1q. U8XjXNyV

G2i xpβ,β1q #2 i?2 2/;2 /BbQ`/2` BM/B+�iQ`b 7`QK .2}MBiBQM kXke- i?2M

Qpχ,χcq À κ´n
ÿ

αPΓppq
n

Iα
ÿ

β:Dpβ,αq“d

ÿ

β:Dpβ,α1q“d`1

fβ1 ´ fβ
exp p´fβq ´ exp p´fβ1q

εxpβ,β1q
npκ´ 1q

ď CpMF,2
ε
`
n
d

˘pκ´ 1qd`1pn´ dq
pκ´ 1qn

1
κn

ÿ

αPΓppq
n

Iα, U8XjXNRV

#v G2KK� "Xj- bBM+2

E
„

fβ1 ´ fβ
exp p´fβq ´ exp p´fβ1qxpβ,β1q

ȷ
“ pMF,2. U8XjXNkV

�M/
ÿ

β:Dpβ,αq“d

ÿ

β:Dpβ,α1q“d`1

1 “
˜
n
d

¸
pκ´ 1qd`1pn´ dq. U8XjXNjV

6BM�HHv- � bBKBH�` �`;mK2Mi 7Q` i?2 bmK
ř

αPΓppq
n

Iα b?Qrb

Qpχ,χcq À O
´
εqnd

¯
. U8XjXN9V
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h?mb- �TTHvBM; G2KK� 8XRR- r2 }M/

Ω

ˆ
1

εqnd

˙
À EµHpχq À O

ˆ
n4 log n
εqnd

˙
. U8XjXN8V

6BM�HHv- #v h?2Q`2K 8XR9- r2 ?�p2
Hpχq

EµHpχq
/BbiXÝÝÝÑ 1tT p1q U8XjXNeV

r?2M

q “ o

ˆ
1

nd`4 log n

˙
. U8XjXNdV

q2 Tmi i?2 r?QH2 /Bb+mbbBQM �#Qp2 BMiQ � h?2Q`2KX

h?2Q`2K 8XRNX G2i pΓppq
n ,Tq #2 i?2 Q`B;BM@}t�iBQM T`Q+2bb �M/ χq,d i?2 i�`;2i b2i /2}M2/ �#Qp2 rBi? d “ Op1q �M/

q “ o
´

1
nd`4 logn

¯
- i?2M

Ω

ˆ
1

εqnd

˙
“ EµHpχq “ O

ˆ
n4 log n
εqnd

˙
U8XjXN3V

�M/
Hpχq

EµHpχq
/BbiXÝÝÑ Exp p1q . U8XjXNNV

8X9X _2;2M2`�iBQM T`Q+2bb

h?2`2 �`2 �i H2�bi irQ BMi2`T`2i�iBQMb Q7 h?2Q`2K 8XRNX PM2 Bb iQ bBKTHv �++2Ti i?�i i?Bb Bb ?Qr 2pQHmiBQM K�F2b

MQp2H /Bb+Qp2`B2bX 1Bi?2` i?2 bT2+B}+ 7mM+iBQM�HBiv Bb p2`v �#mM/�Mi- Q` i?2`2 Bb MQi � bT2+B}+ 7mM+iBQM�HBiv �M/ i?2

iQi�HBiv Q7 7mM+iBQM�HBiB2b i?�i KB;?i BM+`2�b2 }iM2bb Bb p2`v �#mM/�MiX A7 r2 �++2Ti i?Bb BMi2`T`2i�iBQM- r2 Kmbi �HbQ

�++2Ti i?�i `�M/QK b�KTHBM; rQmH/ K�F2 i?2b2 /Bb+Qp2`B2b Dmbi �b [mB+FHv �M/ Bb MQ H2bb T`2/B+i�#H2 i?�M 2pQHmiBQMX

�MQi?2` BMi2`T`2i�iBQM Bb iQ pB2r h?2Q`2K 8XRN �b � M2;�iBp2 `2bmHiX Ai BKTHB2b i?�i bQK2 bm#b2ib �`2 BM�++2bbB#H2

iQ 2pQHmiBQM BM #BQHQ;B+�H iBK2b+�H2b- i?�i Bb- iBK2b+�H2b i?�i �`2 TQHvMQKB�H BM nX aT2+B}+�HHv- �Mv i�`;2i b2i χ bm+?

i?�i µpχq “ cn 7Q` bQK2 c ă 1X q2 b�r i?�i bBKTHv �//BM; KQ`2 BM/2T2M/2Mi b2�`+?2b UmMH2bb Bi Bb �M 2tTQM2MiB�H

MmK#2`V +�MMQi Qp2`+QK2 i?Bb BM72�bB#BHBiv BM G2KK� 8XR3X

Ai Bb TQbbB#H2 i?�i r2 M22/ iQ `2pBb2 Qm` �bbmKTiBQM i?�i Kmi�iBQM Bb +QKTH2i2Hv mMbi`m+im`2/ �M/ BM/2T2M/2Mi

Q7 T?2MQivTB+ 7mM+iBQM�HBivX �`2 i?2`2 bT2+B}+ K2+?�MBbKb i?�i bi`m+im`2 Kmi�iBQM iQ #2 `2H2p�Mi iQ }iM2bb\ �7i2`

R99



�HH- Kmi�iBQM �M/ }iM2bb �`2 #Qi? /2`Bp2/ 7`QK i?2 K2+?�MBbK Q7 +QTvBM;X q2 MQr QmiHBM2 QM2 bm+? K2+?�MBbK i?�i

r2 +�M �M�Hvx2 K�i?2K�iB+�HHv BM ;`2�i ;2M2`�HBivX q2 +�HH i?2 K2+?�MBbK i?2 `2;2M2`�iBQM T`Q+2bbX h?2 #�bB+ B/2�

Bb i?�i 2pQHmiBQM +�M bQHp2 � M2r T`Q#H2K 2{+B2MiHv- B7 Bi ?�b bQHp2/ � bBKBH�` T`Q#H2K �H`2�/v (R9)X h?2`2 Bb HQib Q7

2tT2`BK2Mi�H 2pB/2M+2 iQ bm;;2bi i?�i i?Bb Bb � `2�bQM�#H2 ?vTQi?2bBb (Rk3-kjdĜkjN)X

amTTQb2 ;2M2 /mTHB+�iBQM Q` ;2MQivT2 `2�``�M;2K2Mi +�M +QMiBMmQmbHv ;Bp2 `Bb2 iQ bQK2 bi�`iBM; ;2MQivT2 αX h?2M

i?2 `2;2M2`�iBQM T`Q+2bb- #2?�p2b 2t�+iHv HBF2 � MQ`K�H Q`B;BM@}t�iBQM T`Q+2bb- 2t+2Ti �7i2` � bK�HH �KQmMi Q7 iBK2

Ur?B+? Bb ;Bp2 T`2+BQmbHv #v i?2 KBtBM; iBK2V i?�i r2 `272` iQ �b � T2`BQ/- i?2 T`Q+2bb `2p2`ib iQ Bib BMBiB�H +QM/BiBQMX

LQi2 i?�i r?BH2 r2 i?BMF Q7 i?Bb T`Q+2bb Q++m``BM; b2[m2MiB�HHv- QM2 +QmH/ BK�;BM2 b2p2`�H b2�`+? ?�TT2MBM; BM T�`�HH2H

rBi? i?2 b�K2 BMBiB�H +QM/BiBQMX h?2 `2�bQM 7Q` +?QQbBM; i?2 KBtBM; iBK2 �b i?2 T2`BQ/ 7Q` i?2 `2;2M2`�iBQM T`Q+2bb- Bb

i?�i �b r2 ?�p2 b22M Ub22 U8XjXdyV 7Q` 2t�KTH2V �7i2` tKBt bi2Tb i?2 T`Q+2bb #2?�p2b bBKBH�`Hv iQ `�M/QK- BM/2T2M/2Mi

b�KTHBM; 7`QK µ BM i2`Kb Q7 i?2 /Bb+Qp2`v iBK2X

h?Bb T`Q+2bb #2+QK2b BMi2`2biBM; r?2M i?2 T`Q#�#BHBiv Q7 ?BiiBM; i?2 i�`;2i b2i #27Q`2 i?2 KBtBM; iBK2 ;Bp2M i?�i

α Bb i?2 BMBiB�H +QM/BiBQM Bb H�`;2X 1p2M i?Qm;? BM � bBM;H2 T2`BQ/ i?2 T`Q+2bb Bb mMHBF2Hv iQ /Bb+Qp2` i?2 i�`;2i b2i �M/

i?2 /Bb+Qp2`v iBK2 Q7 � bBM;H2 b2�`+? +�M biBHH #2 p2`v H�`;2- `2T2�i2/Hv 2tTHQBiBM; i?2 BMBiB�H +QM/BiBQMǶb ǳ+HQb2M2bbǴ

iQ χ +�M H2�/ iQ 7�bi /Bb+Qp2`v iBK2b 7Q` i?2 `2;2M2`�iBQM T`Q+2bbX >2`2- iQ #2 �b ;2M2`�H �b TQbbB#H2- r2 K2�bm`2

ǳ+HQb2M2bbǴ #v

Pα tHpχq ď tKBtu . U8X9XRV

>Qr2p2`- BM KQbi +�b2b i?Bb T`Q#�#BHBiv +�M #2 #QmM/2/ mbBM; �bbmKTiBQMb �#Qmi i?2 /Bbi�M+2 #2ir22M α �M/ χ BM

;2MQivT2 bT�+2ěi?�i Bb- r2 KB;?i �bbmK2 i?�i

min
β

D pα,βq “ O p1q . U8X9XkV

�b r2 K2MiBQM2/- i?2 #BQHQ;B+�H KQiBp�iBQM ?2`2 Bb i?�i MQp2H 7mM+iBQM�HBiv i?�i Bb bBKBH�` iQ bQK2 T`22tBbiBM; 7mM+@

iBQM�HBiv KB;?i #2 +HQb2 BM ;2MQivT2 bT�+2X h?2`2 Bb ;QQ/ 2pB/2M+2 i?�i ;2M2 /mTHB+�iBQM Bb BMpQHp2/ BM i?2 2K2`;2M+2

Q7 MQp2H ;2M2b �M/ Qm` KQ/2H bmTTQ`ib i?Bb ?vTQi?2bBb (k9y-k9R)X

LQi2 i?�i 7Q` i?2 `2;2M2`�iBQM T`Q+2bb iQ 2{+B2MiHv /Bb+Qp2` χ- #Qi? Q7 i?2b2 +QKTQM2Mib �`2 M2+2bb�`v, i?2 T`Q+2bb

Kmbi bi�`i +HQb2 iQ χ �M/ #2 �#H2 iQ `2;2M2`�i2 iQ i?Bb BMBiB�H +QM/BiBQMX _2KQpBM; 2Bi?2` Q7 i?2b2 �bbmKTiBQM `2bmHib

BM BM72�bB#H2 /Bb+Qp2`v iBK2bX LQi2 i?�i MQ b2H2+iBQM Bb M2+2bb�`v ?2`2X
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h?2 `2;2M2`�iBQM T`Q+2bb 7Q`K�HBx2b i?2 `QH2 Q7 b2p2`�H 2tBbiBM; B/2�bX 6B`bi- Bi iB2b BM rBi? i?2 T`QTQb�H i?�i ;2M2

/mTHB+�iBQMb �M/ ;2MQK2 `2�``�M;2K2Mib �`2 K�DQ` 2p2Mib H2�/BM; iQ i?2 2K2`;2M+2 Q7 M2r ;2M2b (Rk3)X a2+QM/-

2pQHmiBQM +�M #2 b22M �b � iBMF2`2` TH�vBM; �`QmM/ rBi? bK�HH KQ/B}+�iBQMb Q7 2tBbiBM; b2[m2M+2b `�i?2` i?�M +`2�iBM;

2MiB`2Hv M2r QM2b (R9)X h?B`/- i?2 T`Q+2bb Bb `2H�i2/ iQ :BHH2bTB2Ƕb bm;;2biBQM i?�i i?2 bi�`iBM; b2[m2M+2 7Q` �M

2pQHmiBQM�`v b2�`+? Kmbi ?�p2 ?B;? }iM2bb (9N)X AM Qm` i?2Q`v- T`QtBKBiv BM }iM2bb p�Hm2 Bb `2TH�+2/ #v T`QtBKBiv

BM ;2MQivT2 bT�+2X �MQi?2` r�v iQ pB2r i?Bb Bb i?�i `�M/QK b�KTHBM; +�M #2 mb27mH B7 i?2 b�KTHBM; Bb /QM2 BM

i?2 `B;?i +QMi2tiěi?�i Bb- � +QMi2ti r?2`2 i?2 `2bi Q7 i?2 ;2MQivT2 Bb bi`m+im`2/ iQ K�F2 i?2 +?�M;2b Q#i�BM2/ #v

b�KTHBM; K2�MBM;7mH 7Q` i?2 T?2MQivT2X �;�BM- i?Bb B/2� ?�b 2tT2`BK2Mi�H bmTTQ`i (k9k- k9j)X >Qr2p2`- Qm` `2bmHib

b?Qr i?�i T`QtBKBiv �HQM2 Bb BMbm{+B2Mi iQ #`2�F i?2 2tTQM2MiB�H #�``B2`- �M/ QMHv r?2M +QK#BM2/ rBi? i?2 T`Q+2bb

Q7 `2;2M2`�iBQM /Q r2 b22 72�bB#H2 /Bb+Qp2`v iBK2b rBi? ?B;? T`Q#�#BHBivX

.27BMBiBQM 8XkyX G2i pΓ,Tq #2 �M Q`B;BM@}t�iBQM T`Q+2bb rBi? KBtBM; iBK2 tKBtX G2i
´
xpkq
t

¯

tě0
#2 �M BM/2T2M/2Mi +QTv

Q7 i?2 Q`B;BM@}t�iBQM T`Q+2bb bm+? i?�i xpkq
0 “ α 7Q` �HH k P NX h?2M /2}M2 i?2 `2;2M2`�iBQM T`Q+2bb i?�i `2;2M2`�i2b

iQ α P Γ #v

ypk´1qtKBt`i :“ xpkq
i U8X9XjV

7Q` i P !0, tKBt ´ 1" �M/ k P N Ur?B+? /2}M2b yt 7Q` �HH tVX 6Q` � i�`;2i b2i χ Ď Γ- r2 /2MQi2 i?2 /Bb+Qp2`v iBK2 Q7 χ

mM/2` i?2 `2;2M2`�iBQM T`Q+2bb #v H̃pχq,

H̃pχq :“ min tt : yt P χu . U8X9X9V

LQi2 i?�i BMbi2�/ Q7 ?�pBM; i?2 T`Q+2bb `2;2M2`�i2 iQ α 2t�+iHv 2p2`v tKBt iBK2 bi2Tb- r2 +QmH/ mb2 � SQBbbQMB�M

+HQ+F rBi? `�i2 1{tKBt BM � bBKBH�` r�v iQ .2}MBiBQM kXjkX AM+Q`TQ`�iBM; i?2 `2;2M2`�iBQM Kmi�iBQM BMiQ M- K2�Mb

i?2 `2;2M2`�iBQM T`Q+2bb Bb � i`m2 J�`FQp +?�BM- #mi r2 �pQB/ i?Bb ?2`2 �b i?2 `2bmHib �`2 bBKBH�`X

h?2Q`2K 8XkRX G2i yt #2 � `2;2M2`�iBQM T`Q+2bb i?�i `2;2M2`�i2b iQ α bm+? i?�i

kn :“ 1
Pα tHpχq ď tKBtu . U8X9X8V

h?2M

Pα

!
H̃pχq ě kntKBt log logpnq

)
“ op1q. U8X9XeV

S`QQ7X h?2 2p2Mi H̃pχq ě kntKBt log logpnq K2�Mb i?�i i?2 `2;2M2`�iBQM T`Q+2bb /B/ MQi /Bb+Qp2` χ BM kn log logpnq
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T2`BQ/b- �M/ bBM+2 2�+? Q7 i?2b2 T2`BQ/b Bb BM/2T2M/2Mi- r2 ?�p2

Pα

!
H̃pχq ě kntKBt log logpnq

)
“ pPα tHpχq ą tKBtuqkn log logn “

ˆ
1´ 1

kn

˙kn log log n

À C
log n

. U8X9XdV

!

1t�KTH2 8XkkX h?2Q`2K 8XkR ;Bp2b � bBKTH2 K2+?�MBbK iQ 2{+B2MiHv /Bb+Qp2` MQp2H 7mM+iBQM�HBiv mM/2` irQ F2v

�bbmKTiBQMbX *QMbB/2` �;�BM i?2 ?vT2`+m#2 Γn “ !κ"n rBi? Fpαq “ 1 7Q` �HH αX amTTQb2 Dpα,βq “ d “ Op1q 7Q`

bQK2 α,β P ΓnX h?2M

Pα tHpβq ď tKBtu ě Pα tHpβq ď du “
ˆ

1
nκ

˙d

, U8X9X3V

r?B+? Bb TQHvMQKB�H BM nX h?2`27Q`2- h?2Q`2K 8XkR BKTHB2b

Pα

"
H̃pχq ě log2pnqκ

dnd

ε

*
“ op1q. U8X9XNV

LQi2 bT2+B}+�HHv i?2 +QMi`�bi #2ir22M 2tT2+i2/ /Bb+Qp2`v iBK2 i?�i Bb 2tTQM2MiB�H BM n BM 1t�KTH2 8XRj �M/ iBK2 i?�i

Bb TQHvMQKB�H BM n BM 1[m�iBQM U8X9XNVX
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6
_�M/QKHv bi`m+im`2/ TQTmH�iBQMb

h?2 bi�;2 Q7 2pQHmiBQM Bb i?2 TQTmH�iBQM Q7 `2T`Q/m+BM; BM/BpB/m�HbX h?2 bi`m+im`2 Q7 i?2 TQTmH�iBQM Bb FMQrM iQ

�z2+i i?2 /vM�KB+b �M/ Qmi+QK2 Q7 2pQHmiBQM�`v T`Q+2bb2b- #mi �M�HviB+�H `2bmHib 7Q` ;2M2`B+ `�M/QK bi`m+im`2b ?�p2

#22M H�+FBM;X h?2 KQbi ;2M2`�H `2bmHi bQ 7�`- i?2 BbQi?2`K�H i?2Q`2K Ub22 h?2Q`2K jXRyV- �bbmK2b i?2 T`QT2MbBiv 7Q`

+?�M;2 BM 2�+? TQbBiBQM Bb 2t�+iHv i?2 b�K2 Ub22 .2}MBiBQM jXNV- #mi `2�HBbiB+ #BQHQ;B+�H bi`m+im`2b �`2 �Hr�vb bm#D2+i

iQ p�`B�iBQM �M/ MQBb2X AM i?Bb +?�Ti2`- r2 +QMbB/2` � }MBi2 TQTmH�iBQM mM/2` +QMbi�Mi b2H2+iBQM r?Qb2 bi`m+im`2 Bb

;Bp2M #v � p�`B2iv Q7 r2B;?i2/- /B`2+i2/- `�M/QK ;`�T?bc p2`iB+2b `2T`2b2Mi BM/BpB/m�Hb �M/ 2/;2b BMi2`�+iBQMb #2ir22M

BM/BpB/m�HbX "v 2bi�#HBb?BM; � `Q#mbiM2bb `2bmHi 7Q` i?2 BbQi?2`K�H i?2Q`2K �M/ mbBM; H�`;2 /2pB�iBQM 2biBK�i2b iQ

mM/2`bi�M/ i?2 ivTB+�H bi`m+im`2 Q7 `�M/QK ;`�T?b- r2 T`Qp2 i?�i 7Q` � ;2M2`�HBx�iBQM Q7 i?2 1`/ǒb@_ûMvB KQ/2H

i?2 }t�iBQM T`Q#�#BHBiv Q7 �M BMp�/BM; Kmi�Mi Bb �TT`QtBK�i2Hv i?2 b�K2 �b i?�i Q7 � Kmi�Mi Q7 2[m�H }iM2bb BM �

r2HH@KBt2/ TQTmH�iBQM rBi? ?B;? T`Q#�#BHBivX aBKmH�iBQMb Q7 T2`im`#2/ H�iiB+2b- bK�HH@rQ`H/ M2irQ`Fb- �M/ b+�H2@7`22

M2irQ`Fb #2?�p2 bBKBH�`HvX q2 +QMD2+im`2 i?�i i?2 }t�iBQM T`Q#�#BHBiv BM � r2HH@KBt2/ TQTmH�iBQM- p1´f´1q{p1´f´nq-

Bb mMBp2`b�H, 7Q` K�Mv `�M/QK ;`�T? KQ/2Hb- i?2 }t�iBQM T`Q#�#BHBiv �TT`Q�+?2b i?2 �#Qp2 7mM+iBQM mMB7Q`KHv �b i?2

;`�T?b #2+QK2 H�`;2X
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AM T?vbB+b- � bvbi2K 2t?B#Bib mMBp2`b�HBiv r?2M Bib K�+`Qb+QTB+ #2?�pBQ` Bb BM/2T2M/2Mi Q7 i?2 /2i�BHb Q7 Bib

KB+`Qb+QTB+ BMi2`�+iBQMb (R8e)X J�Mv T?vbB+�H KQ/2Hb �`2 +QMD2+im`2/ �b mMBp2`b�H �M/ HQM; T`Q;`�Kb ?�p2 #22M

+�``B2/ Qmi iQ 2bi�#HBb? i?Bb K�i?2K�iB+�HHv (R8d- R83)X >Qr2p2` bm+? mMBp2`b�HBiv +QMD2+im`2b ?�p2 #22M H�+FBM; BM

#BQHQ;B+�H KQ/2HbX

Ai Bb r2HH FMQrM i?�i TQTmH�iBQM bi`m+im`2 +�M �z2+i i?2 #2?�pBQ` Q7 2pQHmiBQM�`v T`Q+2bb2b mM/2` #Qi? +QMbi�Mi

b2H2+iBQM (Rkj-k99Ĝk9N)- QM r?B+? r2 7Q+mb ?2`2- �M/ 7`2[m2M+v /2T2M/2Mi b2H2+iBQM (e-ReN-R3N-RNR-k8yĜk8N)X >Qr2p2`-

bQ 7�` /2i2`KBMBbiB+ �M/ ?B;?Hv Q`;�MBx2/ TQTmH�iBQM bi`m+im`2b ?�p2 `2+2Bp2/ i?2 KQbi �ii2MiBQM (keyĜke9)c r?BH2 bQK2

TQTmH�iBQMb �`2 �++m`�i2Hv KQ/2H2/ BM i?Bb r�v (ke8ĜkeN)- Q7i2M � `�M/QK bi`m+im`2 Bb 7�` KQ`2 �TT`QT`B�i2 iQ /2b+`B#2

i?2 B``2;mH�`Biv Q7 i?2 `2�H rQ`H/ (Nk-kdyĜkdk)X _�M/QK TQTmH�iBQM bi`m+im`2b ?�p2 #22M +QMbB/2`2/ MmK2`B+�HHv- #mi

�M�HviB+�H `2bmHib ?�p2 #22M H�+FBM; (Rkj-ReN-kdj)X

1pQHmiBQM�`v ;`�T? i?2Q`v Bb � bi�M/�`/ KQ/2H iQ mM/2`bi�M/ i?2 2z2+ib Q7 TQTmH�iBQM bi`m+im`2X aBKTH2 QM2@

`QQi2/ TQTmH�iBQM bi`m+im`2b �`2 �#H2 iQ bmTT`2bb b2H2+iBQM �M/ `2/m+2 2pQHmiBQM iQ � bi�M/biBHH- r?BH2 BMi`B+�i2-

bi�`@HBF2 bi`m+im`2b +�M �KTHB7v i?2 BMi2MbBiv Q7 b2H2+iBQM iQ �HH #mi ;m�`�Mi22 i?2 }t�iBQM Q7 Kmi�Mib rBi? �`#Bi`�`BHv

bHB;?i }iM2bb �/p�Mi�;2b (9- Rkj- kd9)X h?2 7Q`K2` ?�b #22M T`QTQb2/ �b � KQ/2H 7Q` mM/2`bi�M/BM; i?2 M2+2bbBiv Q7

?B2`�`+?B+�H HBM2�;2b Q7 +2HHb iQ `2/m+2 i?2 HBF2HB?QQ/ Q7 +�M+2` BMBiB�iBQM (kd8)X h?2 BbQi?2`K�H i?2Q`2K +?�`�+i2`Bx2b

i?2 TQTmH�iBQM bi`m+im`2b r?Qb2 }t�iBQM T`Q#�#BHBiv Bb ;Bp2M 2t�+iHv #v ρK (Rkj)X h?Bb Bb Qm` }`bi ?BMi Q7 mMBp2`b�HBiv

#mi Bi r�b MQi i?2 }`bi iBK2 +2`i�BM [m�MiBiB2b r2`2 Q#b2`p2/ �b BM/2T2M/2Mi Q7 TQTmH�iBQM bi`m+im`2X J�`mv�K�

BMi`Q/m+2/ ;2Q;`�T?B+�H TQTmH�iBQM bi`m+im`2 #v b2T�`�iBM; `2T`Q/m+iBQM- r?B+? Q++m`b rBi?BM bm#@TQTmH�iBQMb- �M/

KB;`�iBQM- r?B+? Q++m`b #2ir22M bm#@TQTmH�iBQMb- �M/ 7QmM/ i?�i i?2 }t�iBQM T`Q#�#BHBiv r�b i?2 b�K2 �b i?�i Q7

� r2HH@KBt2/ TQTmH�iBQM bi`m+im`2 (Rdk)X AM i?2 7`�K2rQ`F Q7 2pQHmiBQM�`v ;`�T? i?2Q`v- J�`mv�K�Ƕb KQ/2H rQmH/

+Q``2bTQM/ iQ � bvKK2i`B+ ;`�T?X AM i?Bb b2Mb2 ?Bb }M/BM; Bb � bT2+B�H +�b2 Q7 i?2 BbQi?2`K�H i?2Q`2KX

>Qr2p2`- i?2 �bbmKTiBQMb Q7 i?2 BbQi?2`K�H i?2Q`2K bBi QM � FMB72 2/;2ěr?2M �Mv bK�HH T2`im`#�iBQM Bb K�/2

iQ i?2 ;`�T?- i?2 �bbmKTiBQMb MQ HQM;2` ?QH/ �M/ i?2 Q`B;BM�H BbQi?2`K�H i?2Q`2K Bb bBH2MiX AM T�`iB+mH�`- Bi +�MMQi

#2 �TTHB2/ iQ /B`2+i2/- `�M/QK ;`�T?bX q2 �//`2bb i?2b2 b?Q`i+QKBM;b rBi? i?2 `Q#mbi BbQi?2`K�H i?2Q`2K eXR-

r?2`2 r2 bi`2M;i?2M i?2 7Q`r�`/ /B`2+iBQM Q7 i?2 BbQi?2`K�H i?2Q`2K #v T`QpBM; � /2i2`KBMBbiB+ bi�i2K2Mi, r2

r2�F2M i?2 i?2Q`2KǶb �bbmKTiBQMb iQ #2 QMHv �TT`QtBK�i2Hv i`m2 7Q` � ;`�T? G �M/ b?Qr i?�i i?2 +QM+HmbBQM Bb biBHH

�TT`QtBK�i2Hv i`m2- i?�i Bb- i?2 }t�iBQM T`Q#�#BHBiv Q7 � ;2M2`�H ;`�T? ρG Bb �TT`QtBK�i2Hv 2[m�H iQ ρX q2 +�HH i?Bb

i?2 `Q#mbi BbQi?2`K�H i?2Q`2K U`BiV (j)X
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h?2Q`2K eXR U_Q#mbi BbQi?2`K�H i?2Q`2KVX 6Bt 0 ď ε ă 1X G2i G “ p!N",W q #2 � +QMM2+i2/ ;`�T?X A7 7Q` �HH

MQM2KTiv S Ĺ !N" r2 ?�p2
∣∣∣∣
W pS, Scq
W pSc, Sq ´ 1

∣∣∣∣ ď ε, UeXyXRV

r?2`2 W pS, Scq �M/ W pSc, Sq �`2 i?2 bmKb Q7 i?2 Qmi;QBM; �M/ BM;QBM; 2/;2b `2bT2+iBp2Hv- i?2M

sup
fą0

|ρKpfq ´ ρGpfq| ď ε. UeXyXkV

h?2 T`QQ7 #2;BMb #v B;MQ`BM; bT�+B�H bi`m+im`2 �M/ +QMbB/2`BM; QMHv i?2 MmK#2` Q7 Kmi�MibX aBM+2 ρG /2T2M/b

QMHv QM i?2 `�iBQ Q7 i?2 T`Q#�#BHBiv Q7 BM+`2�bBM; iQ i?2 T`Q#�#BHBiv Q7 /2+`2�bBM; i?2 MmK#2` Q7 Kmi�Mib 7Q` 2�+?

bm#b2i- � #QmM/ QM i?2b2 `�iBQb �M/ � +QmTHBM; �`;mK2Mi 2bi�#HBb? i?�i ρG Bb +HQb2 iQ ρKX 6BM�HHv- i?2 K2�M p�Hm2

i?2Q`2K �M/ bKQQi?M2bb T`QT2`iB2b Q7 ρK bBKTHB7v i?2 #QmM/ �M/ vB2H/ i?2 `2bmHiX q2 `2K�`F i?�i �bbmKTiBQM UeXyXRV

Bb M2+2bb�`v BM i?2 b2Mb2 i?�i i?2`2 �`2 ;`�T?b r?Qb2 }t�iBQM T`Q#�#BHBiv Bb 7�` 7`QK ρK #mi r?Qb2 r2B;?i2/ �/D�+2M+v

K�i`Bt Bb �`#Bi`�`BHv +HQb2 iQ #2BM; /Qm#Hv biQ+?�biB+ Ub22 1[m�iBQM UjXjXkRV 7Q` �M 2t�KTH2VX

h?2 T`QQ7 p2`B}2b bQK2i?BM; 2bb2MiB�H 7Q` i?2 T`Q+2bb, �b BM T?vbB+b- Qm` H�rb b?QmH/ MQi /2T2M/ QM �`#Bi`�`BHv bK�HH

[m�MiBiB2b MQ` K�F2 /BbT�`�i2 T`2/B+iBQMb 7Q` bK�HH T2`im`#�iBQMb Q7 � bvbi2KX h?2 `Bi ;2M2`�HBx2b i?2 BbQi?2`K�H

i?2Q`2K BM i?Bb b2Mb2c B7 �M BbQi?2`K�H ;`�T? Bb T2`im`#2/ rBi? bi`2M;i? ε bm+? i?�i i?2 �bbmKTiBQM UeXyXRV ?QH/b-

i?2M Bib }t�iBQM T`Q#�#BHBiv Bb +HQb2 iQ i?�i Q7 i?2 Q`B;BM�H ;`�T? U6B;m`2 eXRVX h?2`2 �`2 K�Mv r�vb Q7 `B;Q`QmbHv

T2`im`#BM; � ;`�T?- bQ r2 /Q MQi K�F2 � T`2+Bb2 /2}MBiBQM Q7 T2`im`#�iBQM ?2`2X �HH r2 +H�BK Bb i?�i �Mv T2`im`#�iBQM

r?B+? +?�M;2b i?2 �bbmKTiBQMb Q7 i?2 `Bi +QMiBMmQmbHv +�M #2 +QMi`QHH2/X h?2 `Bi ?�b K�Mv mb27mH �TTHB+�iBQMb �M/

Bb Qm` }`bi BM;`2/B2Mi iQ mMBp2`b�HBivX

_Q#mbiM2bb Bb 2bb2MiB�H 7Q` i?2 �M�HvbBb Q7 `�M/QK ;`�T?bX q2 b�v � `�M/QK ;`�T? KQ/2H 2t?B#Bib mMBp2`b�H

K2�M@}2H/ #2?�pBQ` B7 Bib }t�iBQM T`Q#�#BHBiv #2?�p2b HBF2 ρK �b i?2 ;`�T? #2+QK2b H�`;2X h?�i Bb- �b i?2 ;`�T?b

#2+QK2 H�`;2 i?2B` K�+`Qb+QTB+ T`QT2`iB2b- }t�iBQM T`Q#�#BHBiB2b- �`2 BM/2T2M/2Mi Q7 i?2B` KB+`Qb+QTB+ bi`m+im`2b-

i?2 /Bbi`B#miBQMb Q7 BM/BpB/m�H 2/;2bX LQi2 i?�i r?BH2 Qi?2` ?�p2 7QmM/ i?�i bQK2 `�M/QK ;`�T? KQ/2Hb 7`2[m2MiHv

T`Q/m+2 �KTHB}2`b- i?2 bBx2 Q7 i?2 �KTHB}+�iBQM 2z2+i /2+�vb iQ y �b i?2 ;`�T?b #2+QK2 H�`;2` (Rdj)X J�i?2K�iB+�HHv-

r2 �bF i?�i i?2 `�M/QK p�`B�#H2 supfą0 |ρGpfq ´ ρKpfq| +QMp2`;2b BM T`Q#�#BHBiv iQ y- �b N ;Q2b iQ BM}MBivX hQ

bi`2M;i? i?2 +QMp2`;2M+2 iQ �HKQbi bm`2 +QMp2`;2M+2- BM7Q`K�iBQM �#Qmi i?2 bT22/ Q7 i?2 +QMp2`;2M+2 Bb M2+2bb�`v iQ
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�TTHv i?2 "Q`2H@*�Mi2HHB H2KK�X 6Q` }MBi2 p�Hm2b Q7 N - r2 +�M `2[mB`2 }M2` +QMi`QH Qp2` i?Bb +QMp2`;2M+2 bm+? i?�i

P
"
sup
fą0

|ρGpfq ´ ρM pfq| ď δpNq
*
“ 1´ εpNq, UeXyXjV

r?2`2 i?2 7mM+iBQMb δpNq “ op1q �M/ εpNq “ op1q +�M #2 bT2+B}2/X 6Q` i?2 ;2M2`�HBx2/ 1`/ǒb@_ûMvB KQ/2H (Nk) r?2`2

2/;2b �`2 T`Q/m+2/ BM/2T2M/2MiHv rBi? }t2/ T`Q#�#BHBiv p Ub22 .2}MBiBQM eXRjV r2 T`Qp2 mMBp2`b�HBivX AM a2+iBQM

eXj r2 �M�Hvx2 i?2 ivTB+�H #2?�pBQ` Q7 `�M/QK ;`�T?b �M/ b?Qr i?�i rBi? p2`v ?B;? T`Q#�#BHBiv i?2v b�iBb7v i?2

�bbmKTiBQMb Q7 i?2 `Bi- ;BpBM; mb i?2 T�T2`Ƕb K�BM `2bmHi,

h?2Q`2K eXkX G2i pGN qně1 #2 � 7�KBHv Q7 `�M/QK ;`�T?b r?2`2 i?2 /B`2+i2/ 2/;2 r2B;?ib �`2 +?Qb2M BM/2T2M/2MiHv

�++Q`/BM; iQ bQK2 bmBi�#H2 /Bbi`B#miBQM Ui?2 Qmi;QBM; 2/;2b K�v #2 MQ`K�HBx2/ iQ bmK iQ R Q` MQiVX h?2M i?2`2 Bb �

+QMbi�Mi C ą 0- MQi /2T2M/2Mi QM N - bm+? i?�i i?2 }t�iBQM T`Q#�#BHBiv Q7 � `�M/QKHv TH�+2/ Kmi�Mi Q7 }iM2bb f ą 0

b�iBb}2b

|ρGpfq ´ ρKpfq| ď C plogNqC`Cξ

?
N

UeXyX9V

mMB7Q`KHv BM f rBi? T`Q#�#BHBiv ;`2�i2` i?�M 1´ expp´ν plogNq1`ξq- 7Q` bQK2 TQbBiBp2 +QMbi�Mib ξ �M/ νX

h?2 T`QQ7 �TTHB2b i?2 `Bi iQ `�M/QK ;`�T?b- b?QrBM; i?�i rBi? ?B;? T`Q#�#BHBiv i?2v b�iBb7v �bbmKTiBQM UeXyXRV

rBi? ε �TT`QtBK�i2Hv Q`/2` 1{
?
N X h?Bb `2HB2b QM irQ K�BM `2bmHibX lbBM; H�`;2 /2pB�iBQM 2biBK�i2b- r2 b?Qr i?�i

i?2 bmK Q7 i?2 BM;QBM; 2/;2 r2B;?ib iQ 2�+? p2`i2t UBib i2KT2`�im`2V �`2 rBi?BM �TT`QtBK�i2Hv Q`/2` 1{
?
N Q7 R rBi?

?B;? T`Q#�#BHBiv UG2KK� eXReV �M/ i?�i bmK Q7 i?2 Qmi;QBM; U�M/ BM;QBM;V 2/;2 r2B;?ib Q7 2�+? bm#b2i �`2 �i H2�bi

i?2 b�K2 Q`/2` �b i?2 bBx2 Q7 i?2 bm#b2i Q` Bib +QKTH2K2Mi 7Q` bQK2 mMB7Q`K +QMbi�Mi rBi? ?B;? T`Q#�#BHBiv UG2KK�

eXRdVX

h?Bb i?2Q`2K BbQH�i2b i?2 ivTB+�H #2?�pBQ` Q7 i?2 JQ`�M T`Q+2bb QM i?2b2 `�M/QK bi`m+im`2bX Ai +�M #2 BMi2`T`2i2/

�b bi�iBM; i?�i `�M/QK T`Q+2bb2b ;2M2`�iBM; TQTmH�iBQM bi`m+im`2b r?2`2 p2`iB+2b �M/ 2/;2b �`2 i`2�i2/ BM/2T2M/2MiHv

�M/ BMi2`+?�M;2�#Hv rBHH �HKQbi �Hr�vb T`Q/m+2 ;`�T?b rBi? K2�M@}2H/ #2?�pBQ`X q?BH2 bm+? T`Q+2bb2b +�M ;2M2`�i2

;`�T?b i?�i /Q MQi ?�p2 K2�M@}2H/ #2?�pBQ` U7Q` 2t�KTH2 QM2@`QQi2/ Q` /Bb+QMM2+i2/ ;`�T?bV- i?2b2 ;`�T?b �`2

;2M2`�i2/ rBi? p2`v HQr T`Q#�#BHBiv �b i?2 bBx2 Q7 i?2 ;`�T?b #2+QK2b H�`;2X JQ`2Qp2`- Bi BKT`Qp2b mTQM /BzmbBQM

�TT`QtBK�iBQM K2i?Q/b #v 2tTHB+BiHv +QMi`QHHBM; i?2 2``Q` `�i2b (kde)X

h?2 `2bmHi ?QH/b rBi? ?B;? T`Q#�#BHBiv #mi bQK2iBK2b i?Bb T`Q#�#BHBiv #2+QK2b +HQb2 iQ R QMHv �b i?2 ;`�T?b #2+QK2

H�`;2X h?2 M2+2bb�`v ;`�T? bBx2 /2T2M/b QM i?2 /Bbi`B#miBQM i?�i i?2 `�M/QK ;`�T?Ƕb 2/;2 r2B;?ib �`2 /`�rM 7`QKX AM

R8R



T�`iB+mH�`- Bi /2T2M/b BMp2`b2Hv QM i?2 T�`�K2i2` p 7`QK i?2 ;2M2`�HBx2/ 1`/ǒb@_ûMvB KQ/2H- r?B+? Bb i?2 T`Q#�#BHBiv

i?�i i?2`2 Bb �M 2/;2 Q7 bQK2 r2B;?i #2ir22M irQ /B`2+i2/ p2`iB+2bX h?2 bK�HH2` i?Bb T�`�K2i2` i?2 KQ`2 /BbQ`/2`2/

�M/ bT�`b2 i?2 `�M/QK ;`�T?b �M/ i?2 H2bb mMB7Q`K i?2B` p2`iB+2bǶ i2KT2`�im`2b- r?B+? �HH i2M/ iQ /2+`2�b2 i?2 +QMi`QH

Qp2` i?2 ;`�T?Ƕb +HQb2M2bb iQ BbQi?2`K�HBiv- UeXyXRVX _2;�`/H2bb- Qm` +?QB+2 Q7 i?2 T�`�K2i2`b ξ �M/ ν ;m�`�Mi22b i?�i

i?2 #QmM/ UeXjX89V /2+�vb iQ y �M/ i?�i Bi ?QH/b rBi? T`Q#�#BHBiv �TT`Q�+?BM; R �b N #2+QK2b H�`;2X

q2 BMp2biB;�i2/ i?2 Bbbm2b Q7 +QMp2`;2M+2 7Q` bK�HH p�Hm2b Q7 N MmK2`B+�HHv iQ BHHmbi`�i2 Qm` �M�HviB+�H `2bmHi U6B;m`2

eXkVX 6Q` 1`/ǒb@_ûMvB `�M/QK ;`�T?b Ub22 a2+iBQM eXj rBi? i?2 /Bbi`B#miBQM +?Qb2M �b "2`MQmHHBV- r2 ;2M2`�i2/ Ry

`�M/QK ;`�T?b �++Q`/BM; iQ i?2 T`Q+2/m`2 QmiHBM2/ BM .2}MBiBQM eXRj 7Q` }t2/ p�Hm2b Q7 0 ă p ă 1X PM 2�+? ;`�T?

i?2 JQ`�M T`Q+2bb r�b bBKmH�i2/ 104 iBK2b 7Q` p�`BQmb p�Hm2b Q7 0 ď f ď 10 iQ ;Bp2 i?2 2KTB`B+�H }t�iBQM T`Q#�#BHBiv-

i?�i Bb- i?2 T`QTQ`iBQM Q7 iBK2b i?�i i?2 Kmi�Mi }t2/ BM i?2 bBKmH�iBQMX .2;2M2`�i2 ;`�T?b r2`2 MQi 2t+Hm/2/ 7`QK

i?2 bBKmH�iBQMb #mi `�i?2` i?�M 2biBK�iBM; i?2B` }t�iBQM T`Q#�#BHBiB2b- r2 +�H+mH�i2/ i?2K 2t�+iHv- bQ i?�i R@`QQi2/

;`�T?b r2`2 ;Bp2M }t�iBQM T`Q#�#BHBiv 1{N �M/ K�Mv@`QQi2/ �M/ /Bb+QMM2+i2/ ;`�T?b r2`2 ;Bp2M }t�iBQM T`Q#�#BHBiv

0X h`BpB�HHv- bm+? R@`QQi2/ ;`�T?b �`2 bmTT`2bbQ`běi?�i Bb- i?2 }t�iBQM T`Q#�#BHBiv Q7 � Kmi�Mi Q7 }iM2bb 0 ă f ă 1

U�M/ � Kmi�Mi Q7 }iM2bb f ą 1V Bb ;`2�i2` i?�M U�M/ H2bb i?�M `2bT2+iBp2HvV i?2 Kmi�MiǶb }t�iBQM T`Q#�#BHBiv BM �

r2HH@KBt2/ TQTmH�iBQMě#mi bmTT`2bbBM; ;`�T?b rBi?Qmi i?2b2 /2;2M2`�i2 T`QT2`iB2b r2`2 �HbQ Q#b2`p2/ (9)X �b i?2

;`�T?b #2+QK2 H�`;2` i?2B` }t�iBQM T`Q#�#BHBiB2b K�i+? ρK +HQb2Hv �M/ /2;2M2`�+v #2+QK2b ?B;?Hv BKT`Q#�#H2 �b

T`2/B+i2/ #v Qm` `2bmHiX

AM �//BiBQM iQ i?2 ;2M2`�HBx2/ 1`/ǒb@_ûMvB `�M/QK ;`�T?b- r2 �HbQ +QMbB/2`2/ i?2 q�iib@ai`Q;�ix KQ/2H �M/ i?2

"�`�#�bB@�H#2`i KQ/2HX h?2 q�iib@ai`Q;�ix KQ/2H (kdy) T`Q/m+2b `�M/QK ;`�T?b rBi? bK�HH@rQ`H/ T`QT2`iB2b- i?�i

Bb- ?B;? +Hmbi2`BM; �M/ b?Q`i �p2`�;2 T�i? H2M;i?X h?2 KQ/2H ?�b i?`22 BMTmib, � T�`�K2i2` 0 ď β ď 1- i?2 ;`�T? bBx2

N - �M/ i?2 K2�M /2;`22 2kX hvTB+�HHv- i?2 KQ/2H T`Q/m+2b `�M/QK- mM/B`2+i2/ ;`�T?b- i?mb- iQ 2b+�T2 BbQi?2`K�HBiv-

Bi r�b KQ/B}2/ bHB;?iHv iQ T`Q/m+2 r2B;?i2/- /B`2+i2/ ;`�T?bX q2 /Q i?Bb BM i?2 KQbi M�im`�H r�v, r2 bi�`i rBi?

� /B`2+i2/ 2k@`2;mH�` ;`�T? r?2`2 2�+? MQ/2 Bb +QMM2+i2/ iQ Bib 2k M2�`2bi M2B;?#Q`b B7 i?2 ;`�T? Bb �``�M;2/ QM �

+v+H2 U6B;m`2 eXjV- �M/ i?2M r2 `2rB`2 2�+? 2/;2 iQ � M2r p2`i2t +?Qb2M mMB7Q`KHv �i `�M/QK rBi? T`Q#�#BHBiv β

BM/2T2M/2MiHvX aBM+2 i?2 MmK#2` Q7 2/;2b H2�pBM; 2�+? p2`i2t Bb }t2/ �i 2k- i?2 r2B;?i Q7 2�+? 2/;2 Bb 2t�+iHv 1{p2kqX

SQi2MiB�HHv- i?2`2 +�M #2 KmHiBTH2 2/;2b 7Q` QM2 p2`i2t iQ �MQi?2`- r?B+? r2 �++QmMi 7Q` #v bmKKBM; i?2 2/;2 r2B;?ibX

h?2 KQ/2H K�v #2 pB2r2/ �b �M BMi2`TQH�iBQM #2ir22M �M BbQi?2`K�H- 2k@`2;mH�` ;`�T? �M/ �M 1`/ǒb@_ûMvB ;`�T? #v

i?2 T�`�K2i2` βX
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J2�M@}2H/ #2?�pBQ` r�b Q#b2`p2/ BM i?2 q�iib@ai`Q;�ix KQ/2H 7Q` �HH p�Hm2b Q7 i?2 BMTmi T�`�K2i2`b r2 bBKmH�i2/

U6B;m`2 eXjVX q?BH2 K�i?2K�iB+�H T`QQ7 Q7 mMBp2`b�HBiv BM i?2 q�iib@ai`Q;�ix KQ/2H Bb biBHH M22/2/- i?2`2 Bb ?QT2 i?�i

i?2 i2+?MB[m2b Q7 i?Bb T�T2` K�v #2 �TTHB2/ BM i?Bb bBim�iBQM �b i?2 BM@/2;`22b Q7 i?2 p2`iB+2b �`2 +QM+2Mi`�i2/ �`QmM/

R 7Q` ;`�T?b rBi? H�`;2 /2;`22 2kX

lMHBF2 i?2 1`/ǒb@_ûMvB �M/ q�iib@ai`Q;�ix KQ/2Hb- b+�H2@7`22 M2irQ`Fb �`2 `�M/QK ;`�T?b r?2`2 i?2 BM@/2;`22b Q7

i?2 p2`iB+2b 7QHHQr � TQr2` H�rX LQ`K�HHv- b+�H2@7`22 M2irQ`Fb �`2 mM/B`2+i2/ �M/ mMr2B;?i2/X hQ T`Q/m+2 r2B;?i2/-

/B`2+i2/ b+�H2@7`22 M2irQ`Fb- r2 KQ/B}2/ i?2 T`272`2MiB�H �ii�+?K2Mi �H;Q`Bi?K Q7 "�`�#�bB@�H#2`i (kdd), r2 bi�`i

rBi? � +QMM2+i2/ +v+H2 �M/ i?2M �// /B`2+i2/ 2/;2b Q7 2[m�H r2B;?i BM b2[m2M+2 iQ � `�M/QKHv b2H2+i2/ p2`i2t r?2`2

i?2 /2biBM�iBQM Q7 2�+? 2/;2 Bb b2H2+i2/ T`QTQ`iBQM�H iQ i?2 BM@/2;`22 Q7 i?2 +m``2Mi p2`iB+2bX

am`T`BbBM;Hv- 2p2M i?Qm;? i?2`2 Bb � b2Mb2 BM r?B+? p2`iB+2b �`2 MQi i`2�i2/ BMi2`+?�M;2�#Hv BM i?2 T`272`2MiB�H

�ii�+?K2Mi �H;Q`Bi?K- K2�M@}2H/ #2?�pBQ` r�b Q#b2`p2/ BM �HH bBKmH�iBQMb U6B;m`2 eX9VX h?Bb Bb BM +QMi`�bi rBi?

i?2 `2bmHib BM GB2#2`K�M 2i �HX r?2`2 i?2v Q#b2`p2/ bQK2 �KTHB}+�iBQM BM b+�H2@7`22 M2irQ`Fb (Rkj)X h?2 b+�H2@7`22

T`QT2`iv Bb 2K2`;2Mi �M/ QMHv #2+QK2b �TT�`2Mi �b i?2 ;`�T? #2+QK2b H�`;2- i?mb i?Bb BM+`2�b2b i?2 `mMMBM; iBK2 Q7

i?2 JQMi2 *�`HQ K2i?Q/ 7Q` 2biBK�iBM; i?2 }t�iBQM T`Q#�#BHBivX JQ`2 bBKmH�iBQMb �`2 `2[mB`2/ ?2`2 7Q` +QM+HmbBp2

}M/BM;b �M/ �;�BM i?2`2 �`2 +m``2MiHv MQ K�i?2K�iB+�H `2bmHibX

AM bmKK�`v- r2 ?�p2 ;2M2`�HBx2/ i?2 BbQi?2`K�H i?2Q`2K iQ K�F2 Bi #BQHQ;B+�HHv `2�HBbiB+ �M/ iQ BM+`2�b2 Bib

i2+?MB+�H �TTHB+�#BHBivX h?2 +QM+HmbBQM Q7 i?2 `Q#mbi BbQi?2`K�H i?2Q`2K MQr /2T2M/b +QMiBMmQmbHv QM Bib �bbmKTiBQMbX

qBi? i?Bb M2r iQQH- r2 ?�p2 T`Qp2/ �M�HviB+�HHv i?�i }t�iBQM T`Q#�#BHBiB2b BM � ;2M2`�HBx2/ 1`/ǒb@_ûMvB KQ/2H

+QMp2`;2 mMB7Q`KHv iQ i?2 }t�iBQM T`Q#�#BHBiv Q7 � r2HH@KBt2/ TQTmH�iBQMX AM Qm` T`QQ7- r2 B/2MiB7v i?2 `2�bQM 7Q`

i?Bb +QMp2`;2M+2 �M/ #QmM/ Bib `�i2X h?mb- r2 +QM}`K Q#b2`p�iBQMb 7`QK K�Mv bBKmH�iBQMb �M/ ;Bp2 � K2i?Q/ Q7

�TT`QtBK�iBQM rBi? � bT2+B}2/ 2``Q`X 6m`i?2`KQ`2- r2 +QMD2+im`2 i?�i K�Mv `�M/QK ;`�T? KQ/2Hb 2t?B#Bi i?Bb

mMBp2`b�H #2?�pBQ`X >Qr2p2`- Bi Bb 2�bv iQ +QMbi`m+i bBKTH2 2t�KTH2b Q7 `�M/QK ;`�T?b r?B+? /Q MQi- i?mb Bi biBHH

`2K�BMb iQ /2i2`KBM2 i?2 M2+2bb�`v �bbmKTiBQMb QM i?2 `�M/QK ;`�T? KQ/2H 7Q` Bi iQ 2t?B#Bi mMBp2`b�H #2?�pBQ`X
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6B;m`2 eXR, h?2 `Q#mbi BbQi?2`K�H i?2Q`2K ;m�`�Mi22b i?�i i?2 }t�iBQM T`Q#�#BHBiv Q7 2�+? �TT`QtBK�i2Hv
BbQi?2`K�H ;`�T? HB2b BM i?2 ;`22M `2;BQMX 1�+? 2/;2 Q7 i?2 4 ˆ 4- k@/BK2MbBQM�H iQ`mb Bb T2`im`#2/ #v �
mMB7Q`K `�M/QK p�Hm2 7`QK r´δ{2, δ{2s r?2`2 i?2 iQi�H Q7 i?2 T2`im`#�iBQMb 7Q` QM2 p2`i2t �`2 +QM/BiBQM2/ iQ
bmK iQ yX �b i?2 T2`im`#�iBQM bi`2M;i? /2+`2�b2b i?`Qm;? δ P r0.4, 0s �M/ i?2 ;`�T? �TT`Q�+?2b BbQi?2`K�HBiv-
i?2 #QmM/ BKT`Qp2b �M/ +QMp2`;2b mMB7Q`KHv iQ i?2 bQHB/ #H�+F HBM2- ρKX h?2 };m`2b Q7 b[m�`2 H�iiB+2b b?Qr
?Qr `�M/QK T2`im`#�iBQMb b?B7i i?2 ;`�T?b 7`QK BbQi?2`K�HBiv- �b i?2 T2`im`#�iBQM bi`2M;i? /2+`2�b2b 7`QK
H27i iQ `B;?ic r2 /`�r 2�+? ;`�T? rBi? i?2 /B`2+i2/ 2/;2bǶ i?B+FM2bb T`QTQ`iBQM�H iQ i?2B` r2B;?i �M/ i?2
p2`iB+2bǶ +QHQ` ;Bp2M #v i?2 bmK Q7 i?2 r2B;?ib Q7 2/;2b TQBMiBM; iQ i?2KX AM i?2 #QiiQK `Qr 2KTB`B+�H
2biBK�i2b Q7 i?2 }t�iBQM T`Q#�#BHBiB2b UbK�HH +B`+H2bV �`2 THQii2/ �;�BMbi i?2 p�Hm2b T`2/B+i2/ #v ρK UbQHB/
HBM2bV �M/- /2bTBi2 i?2 T2`im`#�iBQMb iQ i?2 ;`�T?b- i?2B` }t�iBQM T`Q#�#BHBiB2b HB2 +HQb2 iQ ρKX
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6B;m`2 eXk, h?2 }t�iBQM T`Q#�#BHBiv Q7 i?2 ;2M2`�HBx2/ 1`/ǒb@_ûMvB `�M/QK ;`�T?b +QMp2`;2 mMB7Q`KHv
iQ ρKX h?2 i?`22 +QHmKMb 7`QK H27i iQ `B;?i +Q``2bTQM/ iQ 1`/ǒb@_ûMvB `�M/QK ;`�T?b rBi? /2+`2�bBM;
+QMM2+iBQM T`Q#�#BHBiB2b p “ 1- p “ 0.6- �M/ p “ 0.3X h?2 `2T`2b2Mi�iBp2 `�M/QK ;`�T?b BM i?2 iQT `Qr b?Qr
#Qi? i?2 BM+`2�bBM; bT�`bBiv �M/ /BbQ`/2` �b p /2+`2�b2b �M/ i?2 2HBKBM�iBQM Q7 /2;2M2`�+v U`QQi2/M2bb �M/
/Bb+QMM2+i2/M2bbV �M/ i?2 BM+`2�bBM; mMB7Q`KBiv Q7 i2KT2`�im`2 �b i?2 ;`�T? bBx2b BM+`2�b2X AM i?2 KB//H2
`Qr 2KTB`B+�H 2biBK�i2b Q7 i?2 }t�iBQM T`Q#�#BHBiB2b UbK�HH +B`+H2bV �`2 THQii2/ �;�BMbi i?2 p�Hm2b T`2/B+i2/
#v ρK UbQHB/ HBM2bVX q?2M p “ 1 i?2 ;`�T?b �`2 BbQi?2`K�H �M/ i?mb +Q``2bTQM/ 2t�+iHv iQ i?2B` T`2/B+i2/
p�Hm2b r?B+? +�M #2 b22M 2p2M KQ`2 +H2�`Hv BM i?2 #QiiQK `Qr- r?2`2 i?2 /Bz2`2M+2 Q7 i?2 2KTB`B+�H }t�iBQM
T`Q#�#BHBiB2b �M/ i?2B` T`2/B+i2/ p�Hm2b /BbTH�v �b biQ+?�biB+ ~m+im�iBQMb �#Qmi yX 6Q` p “ 0.6 �M/ p “ 0.3-
i?2 +QMp2`;2M+2 Q7 i?2 2KTB`B+�H p�Hm2b iQ ρK �b i?2 ;`�T?b BM+`2�b2b BM bBx2 Bb �TT�`2MiX aK�HH2` ;`�T?b
�`2 ivTB+�HHv bmTT`2bbQ`b �b BHHmbi`�i2/ #v i?2 +H2�` bB;M +?�M;2 �i r “ 1 BM i?2 /Bz2`2M+2 Q7 2KTB`B+�H �M/
T`2/B+i2/ p�Hm2b- r?2`2�b H�`;2` ;`�T?b ~m+im�i2 �#Qmi yX h?Bb T?2MQK2MQM Bb MQi /m2 QMHv iQ i?2 ?B;?2`
T`Q#�#BHBiv Q7 Q#i�BMBM; /2;2M2`�i2 ;`�T?běbBKmH�iBQMb T`Q/m+2/ bi`QM;Hv +QMM2+i2/- bK�HH bmTT`2bbQ`bX
JQ`2Qp2`- i?2 +QMp2`;2M+2 Bb T�i2MiHv bHQr2` BM N 7Q` bK�HH2` p�Hm2b Q7 pX
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6B;m`2 eXj, aK�HH@rQ`H/ M2irQ`Fb �HbQ b?Qr mMBp2`b�H #2?�pBQ`X _2T`2b2Mi�iBp2 q�iib@ai`Q;�ix `�M/QK
;`�T?b /BbTH�v BM+`2�bBM; /BbQ`/2` �b i?2 `2rB`BM; T`Q#�#BHBiv β BM+`2�b2b 7`QK 0 iQ 1- r?B+? K�v #2 pB2r2/
�b �M BMi2`TQH�iBQM #2ir22M �M BbQi?2`K�H ;`�T? �M/ �M 1`/ǒb@_ûMvB `�M/QK ;`�T?X 6Q` �HH p�Hm2b Q7 β i?2
+Q``2bTQM/2M+2 iQ ρK Bb bi`BFBM; #mi K�i?2K�iB+�H T`QQ7 Bb H�+FBM;X

eXRX _Q#mbi BbQi?2`K�H i?2Q`2K

h?2Q`2K eXj U_Q#mbi BbQi?2`K�H i?2Q`2KVX 6Bt 0 ď ε ă 1X G2i G “ p!N",W q #2 � +QMM2+i2/ ;`�T?X A7 7Q` �HH

MQM2KTiv S Ĺ !N" r2 ?�p2
∣∣∣∣
W pS, Scq
W pSc, Sq ´ 1

∣∣∣∣ ď ε, UeXRXRV

i?2M

sup
fą0

|ρKpfq ´ ρGpfq| ď ε. UeXRXkV

S`QQ7X h?2 bi�i2 Q7 i?2 T`Q+2bb Bb `2+Q`/2/ rBi? St :“ ti : xtpiq “ βu- i?�i Bb i?2 bm#b2i Q7 BM/BpB/m�Hb r?Q �`2 Q7

ivT2 β �i iBK2 tX hQ #`B2~v QmiHBM2 i?2 T`QQ7- r2 #2;BM #v T`QD2+iBM; i?2 T`Q+2bb 7`QK St iQ |St|X L2ti r2 +QMbB/2` i?2

`�iBQ Q7 i?2 T`Q#�#BHBiv Q7 BM+`2�bBM; i?2 MmK#2` Q7 Kmi�Mib iQ i?2 T`Q#�#BHBiv Q7 /2+`2�bBM; i?2 MmK#2` Q7 Kmi�MibX

"v #QmM/BM; i?Bb `�iBQ r2 +�M mb2 � +QmTHBM; �`;mK2Mi iQ 2bi�#HBb? i?�i i?2 }t�iBQM T`Q#�#BHBiv Q7 i?2 T`Q+2bb Bb

+HQb2 iQ ρKX 6BM�HHv- r2 mb2 i?2 K2�M p�Hm2 i?2Q`2K �M/ bKQQi?M2bb T`QT2`iB2b Q7 ρK iQ bBKTHB7v Qm` #QmM/ �M/

Q#i�BM i?2 `2bmHiX

Cmbi �b BM i?2 T`QQ7 Q7 i?2 Q`B;BM�H BbQi?2`K�H i?2Q`2K- r2 K�F2 i?2 T`QD2+iBQM Q7 i?2 bi�i2 bT�+2 Q7 �HH bm#b2ib
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6B;m`2 eX9, aBKmH�iBQMb QM ;`�T?b ;2M2`�i2/ #v T`272`2MiB�H �ii�+?K2Mi vB2H/ }t�iBQM T`Q#�#BHBiB2b +HQb2 iQ
ρKX a2p2`�H b+�H2@7`22 M2irQ`Fb rBi? p�`vBM; Qmi /2;`22b- m “ 10- m “ 20- m “ 40- �M/ m “ 80- r2`2
;2M2`�i2/ mbBM; � T`272`2MiB�H �ii�+?K2Mi �H;Q`Bi?KX >BbiQ;`�Kb Q7 i?2 bmK Q7 i?2 r2B;?ib Q7 2/;2b TQBMiBM;
iQ 2�+? p2`i2t �`2 THQii2/ M2ti iQ 2�+? ;`�T?- ?Qr2p2`- i?2 bK�HH ;`�T?b bBx2 HBKBib i?2 `2b2K#H�M+2 iQ
� TQr2` H�rX :Bp2M i?2 +QKT�`�iBp2Hv H�`;2 bBx2 Q7 i?2 ;`�T?b- QMHv � `2bi`B+i2/ MmK#2` Q7 bBKmH�iBQMb
r2`2 T2`7Q`K2/- #mi i?2 bBKmH�iBQMb +Q``2bTQM/2/ iQ ρK rBi?Qmi � i2M/2M+v iQ �KTHB7v Q` bmTT`2bbX JQ`2
2ti2MbBp2 rQ`F Bb `2[mB`2/X
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Q7 V - r?B+? `2+Q`/b 2t�+iHv r?B+? p2`iB+2b �`2 Kmi�Mib- iQ i?2 bBKTH2` bi�i2 bT�+2 t0, 1, . . . , Nu- r?B+? `2+Q`/b QMHv

i?2 MmK#2` Q7 Kmi�MibX h?2 T`Q#H2K rBi? K�FBM; i?Bb T`QD2+iBQM BM ;2M2`�H Bb i?�i i?2 i`�MbBiBQM T`Q#�#BHBiB2b 7`QK

QM2 bm#b2i iQ �MQi?2` +�M /2T2M/ QM i?2 bi`m+im`2 Q7 � bm#b2i MQi K2`2Hv i?2 MmK#2` Q7 Kmi�MibX >Qr2p2`- Bi Bb

+H2�` i?�i i?2 QMHv [m�MiBiB2b r?B+? �z2+i i?2 }t�iBQM T`Q#�#BHBiv �`2 i?2 `�iBQb Q7 i?2 T`Q#�#BHBiv Q7 BM+`2�bBM; i?2

MmK#2` Q7 Kmi�Mib iQ i?2 T`Q#�#BHBiv Q7 /2+`2�bBM; i?2 MmK#2` Q7 Kmi�Mib BM � T�`iB+mH�` bi�i2 SX

.2}M2 p`pSq �M/ p´pSq �b i?2 T`Q#�#BHBiv i?�i BM i?2 M2ti bi2T i?2 MmK#2` Q7 Kmi�Mib BM i?2 TQTmH�iBQM BM+`2�b2b

�M/ /2+`2�b2b #v QM2 `2bT2+iBp2HvX LQi2 i?2b2 [m�MiBiB2b /Q MQi bmK iQ R- �b i?2 MmK#2` Q7 Kmi�Mib K�v `2K�BM

+QMbi�MiX h?mb

p`pSq “ W pS, Scq f
W pS, Scq f `W pSc, Sq �M/ p´pSq “ W pSc, Sq

W pS, Scq f `W pSc, Sq , UeXRXjV

r?B+? ;Bp2b- r?2M i?2 irQ 2[m�iBQMb �`2 /BpB/2/-

p`pSq
p´pSq “ f

W pS, Scq
W pSc, Sq . UeXRX9V

"v �bbmKTiBQM UeXRXRV-

fp1´ εq ď p`pSq
p´pSq ď fp1` εq. UeXRX8V

h?Bb bi�i2b i?�i i?2 `�iBQ Q7 i?2 T`Q#�#BHBiB2b Q7 BM+`2�bBM; iQ /2+`2�bBM; i?2 MmK#2` Q7 Kmi�Mib BM �Mv bi�i2 S Bb

�TT`QtBK�i2Hv T`QTQ`iBQM�H iQ f X

A7 7Q` bQK2 ;`�T? G1 “ p!N",W 1q r2 ?�p2 p`pSq{p´pSq “ fp1 ˘ εq 7Q` �HH S Ď !N"- i?2M #v i?2 bi�M/�`/ `2bmHi

7Q` }t�iBQM T`Q#�#BHBiB2b BM #B`i?@/2�i? T`Q+2bb2b- Bib }t�iBQM T`Q#�#BHBiv Bb ;Bp2M #v

ρG1pfq “ ρKpf ˘ fεq “ 1´ pf ˘ εfq´1

1´ pf ˘ εfq´N
. UeXRXeV

6`QK UeXRX8V �M/ UeXRXeV r2 rQmH/ HBF2 iQ +QM+Hm/2 i?�i

ρKpf ´ fεq “ 1´ pf ´ εfq´1

1´ pf ´ εfq´N
ď ρGpfq ď 1´ pf ` εfq´1

1´ pf ` εfq´N
“ ρKpf ` fεq. UeXRXdV

h?2 mTT2` #QmM/ Bb ;Bp2M #v i�FBM; i?2 K�tBKmK �HHQr2/ p�Hm2 7Q` i?2 T`Q#�#BHBiv Q7 BM+`2�bBM; i?2 MmK#2` Q7
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Kmi�Mib `2H�iBp2 iQ i?2 T`Q#�#BHBiv Q7 /2+`2�bBM; i?2 MmK#2` Q7 Kmi�MibX 6Q` i?2 HQr2` #QmM/ r2 mb2 i?2 QTTQbBi2X

h?Bb BMimBiBp2 `2bmHi +�M #2 T`Qp2/ rBi? � +QmTHBM; �`;mK2MiX q2 +�M +QmTH2 i?2 JQ`�M T`Q+2bb St Q7 � Kmi�Mi

Q7 }iM2bb f QM G rBi? �MQi?2` T`Q+2bb Y /2}M2/ �b 7QHHQrb, Y ?�b bi�i2 bT�+2 t0, . . . , Nu UrBi? y �M/ N �#bQ`#BM;V

�M/ Y bi�`ib �i 1X q2 +QmTH2 Y iQ St �b 7QHHQrb,

RX B7 |St| /2+`2�b2b #v R- i?2M Y Kmbi �HbQ /2+`2�b2 #v Rc

kX B7 |St| BM+`2�b2b #v R- i?2M BM/2T2M/2MiHv Y BM+`2�b2b #v R rBi? T`Q#�#BHBiv

p`pSq ` p´pSq
p`pSq

fp1´ εq
1` fp1´ εq UeXRX3V

Ur?B+? Bb H2bb i?�M Q` 2[m�H iQ R #v �bbmKTiBQM UeXRX8VV- 2Hb2 Y /2+`2�b2b #v Rc

jX Qi?2`rBb2 Y `2K�BMb +QMbi�MiX

LQi2 i?�i K�`;BM�HHv Y Bb � bBKTH2 `�M/QK r�HF QM t0, . . . , nu rBi? 7Q`r�`/ #B�b fp1´ εq- bBM+2 #v i?2 H�r Q7 iQi�H

T`Q#�#BHBiv- /2}MBM; Y ˘ �b i?2 2p2Mi i?�i i?2 Y +?�M;2b #v ˘1 i?2 M2ti iBK2 Bi +?�M;2b- r2 b22

P
“
Y `‰ “ P

“
Y `| |Xt`1| “ |Xt|` 1

‰
P r|Xt`1| “ |Xt|` 1s

“ p`pXtq ` p´pXtq
p`pXtq

fp1´ εq
1` fp1´ εqp`pXtq

“ pp`pXtq ` p´pXtqq fp1´ εq
1` fp1´ εq UeXRXNV

�M/

P
“
Y ´‰ “ P

“
Y ´| |Xt`1| “ |Xt|` 1

‰
P r|Xt`1| “ |Xt|` 1s

` P
“
Y ´| |Xt`1| “ |Xt|´ 1

‰
P r|Xt`1| “ |Xt|´ 1s

“
ˆ
1´ p`pXtq ` p´pXtq

p`pXtq
fp1´ εq

1` fp1´ εq

˙
p`pXtq ` p´pXtq

“ p`pXtq ` p´pXtq
1` fp1´ εq . UeXRXRyV

h?mb i?2 T`Q#�#BHBiv i?�i Y `2�+?2b N #27Q`2 Bi `2�+?2b 0 Bb ;Bp2M #v

1´ pf ´ εfq´1

1´ pf ´ εfq´N
. UeXRXRRV

>Qr2p2`- #2+�mb2 i?2 T`Q+2bb2b �`2 +QmTH2/ r2 ?�p2 Y ď |St| �M/ i?mb B7 Y “ N - i?2M i?2 Kmi�Mi ?�b }t2/ BM i?2

T`Q+2bb StX 1[m�iBQM UeXRXRRV BKK2/B�i2Hv BKTHB2b i?2 HQr2` #QmM/ BM UeXRXdVX � bBKBH�` +QmTHBM; vB2H/b i?2 mTT2`

R8N



#QmM/X h?mb

ρKpf ´ fεq ´ ρKpfq ď ρGpfq ´ ρKpfq ď ρKpf ` fεq ´ ρKpfq. UeXRXRkV

"v i?2 K2�M p�Hm2 i?2Q`2K-

ρKpf ` fεq ´ ρKpfq
ε

ď fε
ε

sup
fďxďf`fε

∣∣ρ1Kpxq
∣∣ “ f sup

fďxďf`fε

∣∣ρ1Kpxq
∣∣ UeXRXRjV

�M/
ρKpfq ´ ρKpf ´ fεq

ε
ě ´f sup

f´fεN ďxďf

∣∣ρ1Kpxq
∣∣ . UeXRXR9V

h?mb- Bi Bb bm{+B2Mi iQ b?Qr 7Q` �HH f ą 0

sup
Ně2

∣∣ρ1Kpfq
∣∣ ď f´1. UeXRXR8V

q2 MQi2 i?�i i?Bb Bb MQi �M QTiBK�H #QmM/- ?Qr2p2`- Bi bm{+2b 7Q` Qm` �TTHB+�iBQMbX *�H+mH�iBM;- QM2 }M/b

ρ1Kpfq “
fN´2

`
fN ´Nf `N ´ 1

˘

pfN ´ 1q2 . UeXRXReV

6B`bi- r?2M f ě 1 r2 T`Qp2 i?2 bi`QM;2` +H�BK

fN´2
`
fN ´Nf `N ´ 1

˘

pfN ´ 1q2 ď f´2, UeXRXRdV

#v MQiBM; i?2 �#Qp2 Bb 2[mBp�H2Mi iQ

pf ´ 1q
˜
NfN ´

N´1ÿ

k“0

fk

¸
ě 0, UeXRXR3V

r?B+? Bb i`m2 bBM+2 f ě 1X aBKBH�`Hv- QM2 +�M T`Qp2

fN´2
`
fN ´Nf `N ´ 1

˘

pfN ´ 1q2 ă 1 UeXRXRNV

r?2M f ă 1X 1[m�iBQMb UeXRXRdV �M/ UeXRXRNV BKTHv supNě2 |ρ1Kpfq| ď f´1X

h?2`27Q`2- r2 K�v +QM+Hm/2

sup
fą0

|ρGpfq ´ ρKpfq| ď ε, UeXRXkyV

r?B+? +QKTH2i2b i?2 T`QQ7X !

Rey



_2K�`F eX9X h?2Q`2K eXj Bb �+im�HHv bHB;?iHv bi`QM;2` i?�M bi�i2/- �M/ i?mb r2 +�M /`�r � bHB;?iHv bi`QM;2` +QM+HmbBQM

BM h?2Q`2K eXRyX q2 K�v +QM+Hm/2 i?�i i?2 }t�iBQM T`Q#�#BHBiv Q7 � Kmi�Mi Q7 }iM2bb f Q`B;BM�iBM; �i � T�`iB+mH�`

p2`i2t (k9N) b�iBb}2b i?2 #QmM/ BM UeXRXkV- 7Q` 2t�+iHv i?2 b�K2 `2�bQM �b BM i?2 T`QQ7 Q7 i?2 Q`B;BM�H BbQi?2`K�H

i?2Q`2Kěi?2 #QmM/ UeXRXRV Bb 7Q` �HH bm#b2ib SX h?2`27Q`2- � 7Q`iBQ`B- � Kmi�Mi +�M #2 bi�`i2/ rBi? �Mv T`Q#�#BHBiv

p2+iQ` QM i?2 p2`iB+2b UMQi K2`2Hv mMB7Q`KV �M/ Bib }t�iBQM T`Q#�#BHBiv rBHH biBHH b�iBb7v UeXRXkVX h?Bb Q#b2`p�iBQM Bb

#Q`M2 i?`Qm;? bBKmH�iBQMb iQQ U6B;m`2 eX8VX
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6B;m`2 eX8, 6Bt�iBQM T`Q#�#BHBiv /Q2b MQi /2T2M/ QM bi�`iBM; HQ+�iBQMX q2 +QM/m+i2/ i`B�Hb r?2`2 i?2 }t�iBQM
T`Q#�#BHBiv Q7 � Kmi�Mi Q7 }iM2bb f bi�`iBM; �i p2`i2t i r�b 2biBK�i2/ rBi? i?2 JQMi2 *�`HQ K2i?Q/ Q7 104
b�KTH2b 7Q` b2p2`�H p�Hm2b Q7 0 ď f ď 10 QM � 1`/ǒb@_ûMvB `�M/QK ;`�T?X h?2 }t�iBQM T`Q#�#BHBiv r�b
bBKBH�` `2;�`/H2bb Q7 bi�`iBM; p2`i2t- �M/ BM T�`iB+mH�`- b?Qr2/ MQ +Q``2H�iBQM rBi? p2`i2t i2KT2`�im`2X q2
THQi i?2 JQ`�M }t�iBQM T`Q#�#BHBiv ρK �M/ mb2 i?2 2``Q` #�`b iQ BHHmbi`�i2 i?2 KBMBKmK �M/ K�tBKmK
2KTB`B+�H }t�iBQM T`Q#�#BHBiB2b Q#i�BM2/ 7`QK bi�`iBM; �i �Mv T�`iB+mH�` p2`i2tX

eXkX aT2+i`�H BbQi?2`K�H i?2Q`2K

LQi2 i?�i i?2 �bbmKTiBQMb Q7 h?2Q`2K eXj `2[mB`2 +?2+FBM; +QM/BiBQM UeXRXRV 7Q` �M 2tTQM2MiB�H MmK#2` Q7 bm#b2ibX

aQ i`vBM; iQ �TTHv i?2 i?2Q`2K iQ T�`iB+mH�` ;`�T?b Q7 KQ/2`�i2 bBx2 Bb +QKTmi�iBQM�HHv +?�HH2M;BM;X >Qr2p2`- i?2`2

Bb � r�v iQ T`Qp2 � p2`bBQM Q7 i?2 `Q#mbi BbQi?2`K�H i?2Q`2K r?Qb2 �bbmKTiBQMb +�M #2 +?2+F2/ BM TQHvMQKB�H iBK2

BM i?2 bBx2 Q7 i?2 ;`�T? N X

G2i ∥¨∥2 /2MQi2 i?2 1m+HB/2�M MQ`KX G2i u /2MQi2 i?2 mMB7Q`K /Bbi`B#miBQM �M/ 1S #2 i?2 BM/B+�iQ` p2+iQ` 7Q`

S Ď !N"- i?�i Bb-

1Spiq :“ 1pi P Sq. UeXkXRV

ReR



G2i G #2 � r2B;?i2/- /B`2+i2/ ;`�T? rBi? N p2`iB+2b �M/ biQ+?�biB+ r2B;?i K�i`Bt W X 6Q` j P !N"- H2i T pjq :“

W p!N", jq /2MQi2 i?2 i2KT2`�im`2 Q7 i?2 p2`i2t j- i?�i Bb-
ř

i W pi, jqX .2}M2 i?2 +QMbi�Mib

λ :“ sup
vKu

∥Wv∥2
∥v∥2

�M/ ε :“ max
jP!N"

|1´W p!N", jq| . UeXkXkV

q2 ?�p2 utW “ T {N “ pT p1q, . . . , T pNqq{N �M/- bBM+2 W Bb biQ+?�biB+- r2 ?�p2 Wu “ uX JQ`2Qp2`- i?2 S2``QM@

6`Q#2MBmb i?2Q`2K BKTHB2b λ ď 1X

h?2Q`2K eX8 UaT2+i`�H BbQi?2`K�H i?2Q`2KVX G2i G “ pV,W q #2 � +QMM2+i2/ ;`�T?X A7 i?2`2 2tBbi TQbBiBp2

+QMbi�Mib c0 �M/ c1 bm+? i?�i 1´ λ´ ε ě c0 �M/ ε ď c0p1´ c1q{2- i?2M i?2`2 2tBbib � TQbBiBp2 +QMbi�Mi C bm+? i?�i

sup
fą0

|ρKpfq ´ ρGpfq| ď Cε , UeXkXjV

r?2`2 ρGpfq Bb i?2 }t�iBQM T`Q#�#BHBiv Q7 G �M/ ρKpfq Bb i?2 JQ`�M }t�iBQM T`Q#�#BHBivX

hQ T`Qp2 h?2Q`2K eX8- r2 r�Mi iQ �TTHv i?2 `Q#mbi BbQi?2`K�H i?2Q`2KX hQ /Q i?Bb r2 M22/ iQ #QmM/ i?2 [m�MiBiv

max
SĎ!N"

∣∣∣∣
W pS, Scq
W pSc, Sq ´ 1

∣∣∣∣ , UeXkX9V

r?2`2 W pS, Scq :“ ř
iPS,jRS W pi, jqX hQ /Q i?Bb r2 }`bi T`Qp2 b2p2`�H H2KK�i�X

G2KK� eXeX 6Q` �HH S Ď !N" bm+? i?�i |S| “ k- r2 ?�p2

∣∣∣∣W pSc, Sq ´ kpN ´ kq
N

∣∣∣∣ ď ε
k3{2pN ´ kq1{2

N
` λ

kpN ´ kq
N

. UeXkX8V

S`QQ7X 6Bt S Ď !N"- r?2`2 |S| “ kX LQi2 i?�i W pSc, Sq “ p1Scqt W1S X LQr r2 /2+QKTQb2 1S BMiQ irQ +QKTQM2Mib,

1S “ au` 1K
S - r?2`2 1K

S Bb Q`i?Q;QM�H iQ uX h?2 +Q2{+B2Mi a Bb x1S , uy{xu, uy “ kX q2 /Q i?2 b�K2 rBi? 1Sc X h?mb-

p1Scqt W1S “ kpN ´ kqutWu` kutW1K
Sc ` pN ´ kq

´
1K
S

¯t
Wu`

´
1K
S

¯t
W1K

Sc

“ kpN ´ kq
N

` k
N

T1K
Sc `

´
1K
S

¯t
W1K

Sc . UeXkXeV

Rek



L2ti- r2 ?�p2 i?2 7QHHQrBM; #QmM/bX 6B`bi- r2 b22

k “ ∥1S∥22 “ ∥ku∥22 ` ∥1K
S∥22 “ k2{N ` ∥1K

S∥22 UeXkXdV

�M/ bQ ∥1K
S∥2 “

a
kpN ´ kq{N X a2+QM/- r2 b22

∣∣∣∣
k
N

T1K
Sc

∣∣∣∣ ď k
N

∣∣∣
`
Nut ` `

T ´Nut˘˘1K
Sc

∣∣∣

“ k
N

∣∣∣
`
T ´Nut˘1K

Sc

∣∣∣

ď k
N

∥T ´Nut∥2∥1K
Sc∥2

ď k
N

dÿ

i

pti ´ 1q2
a
kpN ´ kq{N

“ ε
k3{2pN ´ kq1{2

N
. UeXkX3V

h?B`/- r2 b22

∣∣∣∣
´
1K
S

¯t
W1K

Sc

∣∣∣∣ ď ∥1K
S∥2

∥∥∥W1K
Sc

∥∥∥
2

ď λ∥1K
S∥2∥1K

Sc∥2 ď λ
kpN ´ kq

N
. UeXkXNV

h?Bb +QKTH2i2b i?2 T`QQ7X !

*Q`QHH�`v eXdX �bbmK2 i?�i i?2`2 Bb � TQbBiBp2 +QMbi�Mi c0 bm+? i?�i 1 ´ λ ´ ε ě c0X 6Q` �HH S Ď !N" bm+? i?�i

|S| “ k ď N{2- r2 ?�p2

W pSc, Sq ě p1´ λq kpN ´ kq
N

´ ε
k3{2pN ´ kq1{2

N
. UeXkXRyV

S`QQ7X "v i?2 `2p2`b2 i`B�M;H2 BM2[m�HBiv- r2 ;2i

|W pSc, Sq| ě kpN ´ kq
N

´
∣∣∣∣W pSc, Sq ´ kpN ´ kq

N

∣∣∣∣ ě p1´ λq kpN ´ kq
N

´ ε
k3{2pN ´ kq1{2

N
, UeXkXRRV

#v G2KK� eXeX LQi2 i?2 HQr2` #QmM/ BM UeXkXRRV Bb TQbBiBp2 #v �bbmKTiBQMX !

G2KK� eX3X 6Q` �HH S Ď !N" bm+? i?�i |S| “ k- r2 ?�p2

|W pS, Scq ´W pSc, Sq| ď εmintk,N ´ ku . UeXkXRkV

Rej



S`QQ7X 6Bt S Ď !N"- r?2`2 |S| “ kX LQi2

W pS, Scq “
ÿ

iPS

ÿ

jRS
W pi, jq “

ÿ

iPS

˜
1´

ÿ

jPS
W pi, jq

¸

“ k ´
ÿ

jPS

˜
W p!N", jq ´

ÿ

iRS
W pi, jq

¸

“ W pSc, Sq `
ÿ

jPS
p1´W p!N", jqq UeXkXRjV

�M/

W pSc, Sq “
ÿ

iRS

ÿ

jPS
W pi, jq

“
ÿ

iRS

˜
1´

ÿ

jRS
W pi, jq

¸

“ pN ´ kq ´
ÿ

jRS

˜
W p!N", jq ´

ÿ

iPS
W pi, jq

¸

“ W pS, Scq `
ÿ

jRS
p1´W p!N", jqq . UeXkXR9V

h?mb-

|W pS, Scq ´W pSc, Sq| ď min

#∣∣∣∣∣
ÿ

jPS
p1´W p!N", jqq

∣∣∣∣∣ ,

∣∣∣∣∣
ÿ

jRS
p1´W p!N", jqq

∣∣∣∣∣

+
ď εmintk,N ´ ku , UeXkXR8V

#v UeXkXkVX !

*Q`QHH�`v eXNX A7 i?2`2 2tBbi TQbBiBp2 +QMbi�Mib c0 �M/ c1 bm+? i?�i 1´ λ´ ε ě c0 �M/ ε ď c0p1´ c1q{2- i?2M i?2`2

2tBbib � TQbBiBp2 +QMbi�Mi C bm+? i?�i

max
SĎ!N"

∣∣∣∣
W pS, Scq
W pSc, Sq ´ 1

∣∣∣∣ ď Cε . UeXkXReV

S`QQ7X LQi2
∣∣∣∣
W pS, Scq
W pSc, Sq ´ 1

∣∣∣∣ “
|W pS, Scq ´W pSc, Sq|

W pSc, Sq . UeXkXRdV

6B`bi- bmTTQb2 k ď N{2X h?mb- �TTHvBM; *Q`QHH�`v eXd �M/ G2KK� eX3- r2 b22

∣∣∣∣
W pS, Scq
W pSc, Sq ´ 1

∣∣∣∣ ď εN mintk,N ´ ku
p1´ λq kpN ´ kq ´ εk3{2pN ´ kq1{2 ď εN

p1´ λ´ εqpN ´ kq ď 2c´1
0 ε ď Cε . UeXkXR3V

Re9



LQr �bbmK2 k ě N{2X �TTHvBM; 1[m�iBQM UeXkXR3V iQ Sc- r2 b22

∣∣∣∣
W pSc, Sq
W pS, Scq ´ 1

∣∣∣∣ “
∣∣∣∣
W pSc, pScqcq
W ppScqc, Scq ´ 1

∣∣∣∣ ď 2c´1
0 ε . UeXkXRNV

G2i x “ W pSc, Sq{W pS, ScqX aQ-

∣∣∣∣
1
x
´ 1

∣∣∣∣ ď |1´ x|
|1´ |1´ x|| ď 2c´1

0 ε

1´ 2c´1
0 ε

ď Cε . UeXkXkyV

h?mb- r2 H2i C “ max
␣
2c´1

0 , 2{pc0 ´ 2εq(X !

S`QQ7 Q7 bT2+i`�H BbQi?2`K�H i?2Q`2KX h?2 T`QQ7 7QHHQrb 7`QK *Q`QHH�`v eXN �M/ i?2 `Q#mbi BbQi?2`K�H i?2Q@

`2KX !

h?2 bT2+i`�H BbQi?2`K�H i?2Q`2K +�M #2 � mb27mH #QmM/ QM i?2 }t�iBQM T`Q#�#BHBiv Q7 `�M/QK ;`�T?b- bBM+2 i?2B`

bT2+i`�H ;�Tb ?�p2 #22M rB/2Hv bim/B2/ #2+�mb2 Q7 Bib `2H�iBQMb?BT rBi? KBtBM; iBK2b (89- ed- kjR)X a�v r2 ?�p2 �

7�KBHv Q7 `�M/QK ;`�T?b bm+? i?�i i?2 bT2+i`�H ;�T 1´ λpNq
2 Ñ γ ą 0 �M/ i?2B` p2`i2t i2KT2`�im`2b �`2 bm+? i?�i

T piq „ T pjq 7Q` �HH B �M/ DX h?2 bT2+i`�H BbQi?2`K�H i?2Q`2K T`Qp2b +QMp2`;2M+2 BM T`Q#�#BHBiv Q7 i?2 ;`�T?Ƕb }t�iBQM

T`Q#�#BHBiv iQ ρKX

eXjX _�M/QK ;`�T?b

AM i?Bb b2+iBQM r2 T`Qp2 h?2Q`2K eXRyX

h?2Q`2K eXRyX G2i pGN qNě1 #2 � 7�KBHv Q7 `�M/QK ;`�T?b �b BM .2}MBiBQM eXRjX h?2M i?2`2 Bb � +QMbi�Mi C ą 0-

MQi /2T2M/2Mi QM N - bm+? i?�i i?2 }t�iBQM T`Q#�#BHBiv Q7 � `�M/QKHv TH�+2/ Kmi�Mi Q7 }iM2bb f ą 0 b�iBb}2b

|ρGN pfq ´ ρKpfq| ď C plogNqC`Cξ

?
N

UeXjXRV

mMB7Q`KHv BM f rBi? T`Q#�#BHBiv ;`2�i2` i?�M

1´ exp
´
´ν plogNq1`ξ

¯
, UeXjXkV

Re8



7Q` TQbBiBp2 +QMbi�Mib ξ �M/ νX

hQ /Q i?Bb r2 M22/ iQ �TTHv h?2Q`2K eXj iQ Qm` `�M/QK ;`�T?b #v b?QrBM; i?�i Bib �bbmKTiBQMb ?QH/ rBi? ?B;?

T`Q#�#BHBivX q2 /Q bQ BM b2p2`�H bi2TbX 6B`bi- r2 /2}M2 T`2+Bb2Hv ;2M2`�HBx2/ 1`/ǒb@_ûMvB `�M/QK ;`�T?b BM .2}MBiBQM

eXRj �M/ QmiHBM2 i?2 M2+2bb�`v �bbmKTiBQMb QM i?2 /Bbi`B#miBQM Q7 i?2 2/;2 r2B;?ibX �7i2` `2pB2rBM; bQK2 MQi�iBQM-

r2 BMi`Q/m+2 �M 2p2Mi Ω- QM r?B+? i?2 ;`�T?b �`2 r2HH #2?�p2/- �M/ b?Qr i?�i Ω ?�b ?B;? T`Q#�#BHBiv BM G2KK�

eXR8X h?2M i?2 ;2M2`�H B/2� Bb iQ mb2 H�`;2 /2pB�iBQM 2biBK�i2b �M/ +QM+2Mi`�iBQM BM2[m�HBiB2b iQ b?Qr i?�i rBi? ?B;?

T`Q#�#BHBiv i?2 [m�MiBiv UeXRXRV +�M #2 +QMi`QHH2/X q2 #QmM/ #Qi? i?2 MmK2`�iQ` UG2KK� eXReV �M/ /2MQKBM�iQ`

UG2KK� eXRdV Q7
|W pS, Scq ´W pSc, Sq|

|W pS, Scq| “
∣∣∣∣
W pS, Scq
W pSc, Sq ´ 1

∣∣∣∣ UeXjXjV

7Q` �HH S- i?2M r2 Tmi 2p2`vi?BM; iQ;2i?2` iQ T`Qp2 h?2Q`2K eXRyX

_2K�`F eXRR ULQi�iBQMVX q2 mb2 i?2 H�`;2 +QMbi�Mi C ą 0 �M/ i?2 bK�HH +QMbi�Mi c ą 0- r?B+? /Q MQi /2T2M/ QM

i?2 bBx2 Q7 i?2 ;`�T? N #mi +�M /2T2M/ QM i?2 /Bbi`B#miBQM �b QmiHBM2/ BM .2}MBiBQM eXRjX q2 �HHQr i?2 +QMbi�Mi C

iQ BM+`2�b2 Q` i?2 +QMbi�Mib c- ν- �M/ ξ iQ /2+`2�b2 7`QK HBM2 iQ HBM2 rBi?Qmi MQiBM; Bi Q` BMi`Q/m+BM; � M2r MQi�iBQM-

bQK2iBK2b r2 2p2M �#bQ`# Qi?2` +QMbi�Mib bm+? �b p- p1- �M/ µ1 rBi?Qmi MQiBM; Bic �b Bb +H2�` 7`QK i?2 T`QQ7- i?Bb

QMHv ?�TT2Mb � }MBi2 MmK#2` Q7 iBK2b- �M/ i?mb r2 2M/ rBi? +QMbi�Mib C ą 0- c ą 0- ν ą 0- �M/ ξ ą 0X

q2 �HbQ K�F2 mb2 Q7 bi�M/�`/ Q`/2` MQi�iBQM 7Q` 7mM+iBQMb- op¨q- Op¨q- �M/ ¨ " ¨- �HH Q7 r?B+? �`2 mb2/ rBi? `2bT2+i

iQ N X JQ`2Qp2`- BM bQK2 bmKb Bi Bb mb27mH iQ 2t+Hm/2 T�`iB+mH�` bmKK�M/b- 2X;X

ÿ

1ďjďN
jRS

¨ ”
pSqÿ

j

¨ UeXjX9V

7Q` S Ă !N"X q2 �##`2pB�i2 ptiuq �M/ pti, kuq �b piq �M/ pi, kqX

_2K�`F eXRk U>B;? T`Q#�#BHBiv 2p2MibVX q2 b�v i?�i �M N @/2T2M/2Mi 2p2Mi E ?QH/b rBi? ?B;? T`Q#�#BHBiv B7-

7Q` +QMbi�Mib ξ ą 0 �M/ ν ą 0 r?B+? /Q MQi /2T2M/ QM N -

PrEcs ď e´νplogNq1`ξ

UeXjX8V

Ree



7Q` N ě N0 pν, ξqX JQ`2Qp2`- r2 b�v �M 2p2Mi E ?�b ?B;? T`Q#�#BHBiv QM �MQi?2` 2p2Mi E0 B7

PrE0 X Ecs ď e´νplogNq1`ξ

UeXjXeV

AM T�`iB+mH�`- i?Bb ?�b i?2 T`QT2`iv i?�i i?2 BMi2`b2+iBQM Q7 TQHvMQKB�HHv K�Mv UBM N - b�v KNK 7Q` bQK2 +QMbi�Mi

K ą 0V 2p2Mib Q7 ?B;? T`Q#�#BHBiv Bb �HbQ �M 2p2Mi Q7 ?B;? T`Q#�#BHBiv, #v i?2 mMBQM #QmM/-

P

»

–

¨

˝
KNKč

i“1

Ei

˛

‚
cfi

fl “ P

»

–
KNKď

i“1

Ec
i

fi

fl ď KNK ¨ e´νplogNq1`ξ “ KeK logN´νplogNq1`ξ ď e´νplogNq1`ξ

, UeXjXdV

rBi? � TQbbB#H2 BM+`2�b2 BM N0 pν, ξq �M/ � /2+`2�b2 BM i?2 +QMbi�Mib ν �M/ ξX

eXjXRX S`QQ7 Q7 h?2Q`2K eXRyX 6QHHQrBM; i?2 1`/ǒb@_ûMvB KQ/2H- r2 T`Q/m+2 � r2B;?i2/- /B`2+i2/ ;`�T? �b

7QHHQrb, *QMbB/2` �M N ˆ N K�i`Bt X rBi? x2`Q 7Q` Bib /B�;QM�H 2Mi`B2b �M/ BM/2T2M/2Mi- B/2MiB+�HHv /Bbi`B#mi2/-

MQMM2;�iBp2 `�M/QK p�`B�#H2b 7Q` Bib Qz@/B�;QM�H 2Mi`B2bX q2 MQr r�Mi iQ /2}M2 � `�M/QK- biQ+?�biB+ K�i`Bt W Q7

r2B;?ibX h?2 M�im`�H /2}MBiBQM 7Q` W Bb

W pi, jq :“ W pi, jq
řN

k“1 W pi, kq
, UeXjX3V

r?B+? Bb /2}M2/ r?2M �i H2�bi QM2 Q7 i?2 W pi, 1q, . . . ,W pi, Nq Bb MQMx2`Qc i?Bb ?�TT2Mb �HKQbi bm`2Hv BM i?2 HBKBi �b

N Ñ 8- r?2M PtXpi, jq ą 0u “ p ą 0 Bb � +QMbi�Mi,

P tXpi, 1q “ Xpi, 2q “ ¨ ¨ ¨ “ Xpi, Nq “ 0u “ p1´ pqN´1 UeXjXNV

�M/ #v i?2 mMBQM #QmM/

P
«

nł

i“1

Xpi, 1q “ Xpi, 2q “ ¨ ¨ ¨ “ Xpi,Nq “ 0

ff
ď

nÿ

i“1

P tXpi, 1q “ Xpi, 2q “ ¨ ¨ ¨ “ Xpi,Nq “ 0u

“ Np1´ pqN´1 Ñ 0. UeXjXRyV

>Qr2p2`- i?2 [m2biBQM Bb ?Qr iQ i2+?MB+�HHv /2�H rBi? i?2 mMmbm�H 2p2Mi i?�i �HH i?2 2Mi`B2b Q7 � `Qr Q7 X �`2 x2`Q-

Red



�b i?2`2 �`2 b2p2`�H QTiBQMbX q2 K�F2 i?2 7QHHQrBM; +?QB+2, 7Q` 1 ď i ď N

W pi, jq :“

$
’’’&

’’’%

1 B7 Xpi, 1q “ Xpi, 2q “ ¨ ¨ ¨ “ Xpi, Nq “ 0

0 Qi?2`rBb2
, UeXjXRRV

�M/ 7Q` �HH 1 ď i, j ď N �M/ i ‰ j

W pi, jq :“

$
’’’&

’’’%

Xpi,jqřN
k“1 Xpi,kq B7 Xpi, jq ą 0

0 B7 Xpi, jq “ 0

. UeXjXRkV

h?Bb /2}MBiBQM �HB;Mb rBi? i?2 /2}MBiBQM BM UeXjX3V rBi? T`Q#�#BHBiv ;`2�i2` i?�M 1 ´ Np1 ´ pqN X JQ`2Qp2`- i?Bb

/2}MBiBQM ?�b i?2 �/p�Mi�;2 i?�i i?2 2p2Mib i?�i �Mv MQM@HQQT 2/;2 r2B;?i Bb y �`2 BM/2T2M/2MiX

.27BMBiBQM eXRj U:2M2`�HBx2/ 1`/ǌb@_öMvB `�M/QK ;`�T?bVX G2i µ #2 � MQMM2;�iBp2 /Bbi`B#miBQM UMQi /2T2M/BM;

QM NV rBi? bm#2tTQM2MiB�H /2+�v bm+? i?�i B7 X „ µ

PtX ą 0u “ p ą 0 �M/ P tX ě xu ď Ce´x1{C
UeXjXRjV

7Q` bQK2 TQbBiBp2 +QMbi�Mib p �M/ C �M/ �HH x ą 0X q2 /2MQi2 i?2 K2�M �M/ bi�M/�`/ /2pB�iBQM Q7 X #v µ1 �M/ σ

`2bT2+iBp2HvX q2 ;2M2`�i2 � 7�KBHv Q7 `�M/QK ;`�T?b GN “ p!N",WN q 7`QK µ #v /2}MBM; i?2 r2B;?i K�i`B+2b WN

�++Q`/BM; iQ UeXjXRRV �M/ UeXjXRkV- r?2`2 Xpi, jq �`2 BM/2T2M/2Mi �M/ /Bbi`B#mi2/ �++Q`/BM; iQ µ 7Q` i ‰ jX

h?2 bm#2tTQM2MiB�H /2+�v Bb M2+2bb�`v iQ +QMi`QH i?2 ~m+im�iBQM Q7 i?2 ;`�T?Ƕb 2/;2 r2B;?ib �M/ BKTQb2b � #QmM/2/

BM+`2�b2 QM i?2 KQK2Mib Q7 µX G2i X „ µ- i?2M bBKTH2 +�H+mH�iBQMb b?Qr-

µk :“ EXk ď Ck

ż 8

0

xk´1P tX ě xudx ď Ck

ż 8

0

xk´1e´x1{C
dx “ C2kΓ pC p1` kqq ď pCkqCk , UeXjXR9V

r?2`2 i?2 +QMbi�Mi C ą 0 /2T2M/b QM i?2 +QMbi�Mib BM UeXjXRjVX J�Mv /Bbi`B#miBQMb b�iBb7v i?2 bm#2tTQM2MiB�H

�bbmKTiBQM UeXjXRjV- 7Q` 2t�KTH2 �Mv +QKT�+iHv bmTTQ`i2/ /Bbi`B#miBQM- i?2 :�KK� /Bbi`B#miBQM- �M/ i?2 �#bQHmi2

p�Hm2 Q7 � :�mbbB�M /Bbi`B#miBQMX

q2 MQr mb2 i?2 bm#2tTQM2MiB�H /2+�v �bbmKTiBQM iQ mM/2`bi�M/ i?2 ivTB+�H #2?�pBQ` Q7 i?2 `�M/QK p�`B�#H2b

Xpi, jqX

Re3



.27BMBiBQM eXR9 U:QQ/ 2p2Mib ΩVX G2i Ω #2 �M n@/2T2M/2Mi 2p2Mi bm+? i?�i i?2 7QHHQrBM; ?QH/,

Ω :“
Nč

i“1

˜
tXpi, iq “ 0u X

#∣∣∣∣∣

piqÿ

j

pXpi, jq ´ EXpi, jqq
∣∣∣∣∣ ď σ plogNqC`Cξ

?
N

+¸
UeXjXR8V

X
Nč

i,j“1

!
Xpi, jq ď C plogNqC

)
X tGN Bb +QMM2+i2/u . UeXjXReV

h?2 +QM/BiBQMb QM Ω ?�p2 M�im`�H BMi2`T`2i�iBQMbX h?2 }`bi +QM/BiBQM bT2+B}2b i?�i i?2 MQ`K�HBx�iBQM T`Q+2/m`2

QmiHBM2/ �#Qp2 ?�b rQ`F2/ �b BMi2M/2/ �M/ i?�i r2 �`2 MQi BM i?2 �ivTB+�H +�b2 r?2`2 i?2 ;`�T? ?�b � b2H7@HQQTX h?2

b2+QM/ +QM/BiBQM bT2+B}2b i?�i i?2 bmKb Q7 N Q7 i?2 Xpi, jqb �`2 +HQb2 iQ i?2B` 2tT2+i�iBQM pN ´ 1qµ1 �M/ i?�i i?2v

~m+im�i2 �#Qmi i?Bb p�Hm2 QM i?2 Q`/2` Q7
?
N �b T`2/B+i2/ #v i?2 +2Mi`�H HBKBi i?2Q`2KX h?2 i?B`/ +QM/BiBQM b�vb

i?�i MQM2 Q7 i?2 Xpi, jq �`2 iQQ H�`;2 �M/ i?�i ivTB+�HHv i?2v rBHH �HH #2 H2bb i?�M C plogNqC X h?2 H�bi +QM/BiBQM Bb

b2H7@2tTH�M�iQ`v- �b i?2 JQ`�M T`Q+2bb Bb MQi ;m�`�Mi22/ iQ i2`KBM�i2 QM /Bb+QMM2+i2/ ;`�T?bX

G2KK� eXR8X h?2 2p2Mi Ω ?QH/b rBi? ?B;? T`Q#�#BHBivX

S`QQ7X "v _2K�`F eXRk- Bi bm{+2b iQ b?Qr i?�i 2�+? +QMDmM+i ?QH/b rBi? ?B;? T`Q#�#BHBiv �b i?2`2 �`2 QMHv TQHvMQ@

KB�HHv K�Mv +?QB+2b 7Q` i �M/ jX 6B`bi }t iX "v �bbmKTiBQM UeXjXRjV �M/ i?2 7�+i i?�i Xpi, iq ‰ 0 QMHv B7 Xpi, jq “ 0

7Q` �HH j ‰ i-

P tXpi, iq ‰ 0u “ P rXpi, jq “ 0 7Q` �HH j ‰ is ď p1´ pqN´1 “ elogp1´pqpN´1q ď e´νplogNq1`ξ

, UeXjXRdV

bBM+2 0 ă p ă 1 �M/ N ´ 1 " plogNq1`ξX

LQr mbBM; i?2 H�`;2 /2pB�iBQM `2bmHi- G2KK� "X9- rBi? aj “ Xpi, jq ´ EXpi, jq �M/ Aj “ 1- r2 K�v p2`B7v i?2

KQK2Mi �bbmKTiBQM U"XyXdV, +H2�`Hv E pXpi, jq ´ EXpi, jqq “ 0 �M/ E pXpi, jq ´ EXpi, jqq2 “ σ2- i?2M

E |Xpi, jq ´ EXpi, jq|k ď pCkqCk UeXjXR3V

#v 1[m�iBQM UeXjXR9VX h?mb r2 ;2i

P
«∣∣∣∣∣

Nÿ

i“1

aiAi

∣∣∣∣∣ ě σ plog nqC`Cξ
?
N

ff
ď e´νplogNq1`ξ

. UeXjXRNV

ReN



LQr }t j iQQX L2ti- r2 mb2 i?2 bm#2tTQM2MiB�H /2+�v �bbmKTiBQM UeXjXRjV rBi? x “ C plogNqC`1 iQ ;2i

P
”
Xpi, jq ą C plogNqc´1`1

ı
ď C exp

ˆ
´
´
C plogNqC`1

¯1{C˙
ď Ce´CC´1 plogNq1`C´1

ď e´νplogNq1`ξ

. UeXjXkyV

h?mb- Xpi, jq ą C plogNqC`1 ?QH/b rBi? ?B;? T`Q#�#BHBiv bBM+2 C´1 ą 0 �M/ CC´1 ą 0X

6BM�HHv- r2 b?Qr i?�i i?2 ;`�T? G Bb +QMM2+i2/ rBi? ?B;? T`Q#�#BHBiv- BX2X i?�i rBi? ?B;? T`Q#�#BHBiv- i?2 ;`�T?

+�MMQi #2 T�`iBiBQM2/ BMiQ irQ /BbDQBMi b2ib r?2`2 i?2`2 �`2 MQ 2/;2b ;QBM; 7`QK QM2 bm#b2i iQ �MQi?2`X h?Bb 7QHHQrb

7`QK �M �`;mK2Mi bBKBH�` iQ i?�i +QMi�BM2/ BM i?2 T`QQ7 Q7 G2KK� eXRd #mi rBi?Qmi i?2 �bbmKTiBQM i?�i r2 �`2 QM

i?2 2p2Mi Ω �b r2 /Q MQi M22/ � HQr2` #QmM/ QM i?2 r2B;?ib QMHv i?�i 2/;2b 2tBbi r?B+? i?2v /Q rBi? T`Q#�#BHBiv �i

H2�bi pX !

LQi2 i?�i #v /2}MBiBQM W Bb biQ+?�biB+X .2}M2 i?2 bmK Q7 i?2 ji? +QHmKM �b

W p!N", jq :“
Nÿ

i“1

W pi, jq. UeXjXkRV

LQi2 i?�i r?BH2 i?2 7�KBHv W p!N", jq Bb MQi BM/2T2M/2Mi- #v bvKK2i`v- i?2v �`2 B/2MiB+�HHv /Bbi`B#mi2/X >2M+2

EW p!N", 1q “ 1
N

Nÿ

j“1

EW p!N", jq “ 1
N

E
Nÿ

j“1

Nÿ

i“1

W pi, jq “ 1. UeXjXkkV

h?Bb i2HHb mb i?�i BM 2tT2+i�iBQM W Bb /Qm#Hv biQ+?�biB+X h?2 M2ti H2KK� b?Qrb i?�i rBi? p2`v ?B;? T`Q#�#BHBiv Bi

Bb �HKQbi N´1{2 +HQb2 iQ #2BM; /Qm#Hv biQ+?�biB+- r?B+? Bb 2t�+iHv i?2 Q`/2` Q7 ~m+im�iBQM r2 2tT2+i #v i?2 +2Mi`�H

HBKBi i?2Q`2KX h?2 �bbmKTiBQMb QM i?2 /Bbi`B#miBQM µ �M/ i?2 2p2Mi Ω ;m�`�Mi22 i?�i r2 +�M T`Qp2 i?�i i?2 bmKǶb

~m+im�iBQMb �`2 Q7 i?Bb Q`/2`X

h?2 B/2� Q7 i?2 T`QQ7 Bb i?�i 7Q` }t2/ j- i?2 W pi, jq �`2 BM/2T2M/2Mi `�M/QK p�`B�#H2b �M/ i?mb r2 +�M �TTHv �

H/2 iQ #QmM/ i?2 ~m+im�iBQMb Q7 i?2B` bmKX h?2`2 �`2 +QKTHB+�iBQMb /m2 iQ i?2 MQ`K�HBx�iBQM `2[mB`2/ #v .2}MBiBQM

eXRj #mi QM Ω i?2b2 +�M #2 Qp2`+QK2 #v `2H�iBM; i?2 bmK W p!N", jq iQ � bBKTH2` bmK i?�i K�v #2 +QMi`QHH2/ rBi?

G2KK� "X9X

G2KK� eXReX PM Ω- i?2`2 Bb � TQbBiBp2 +QMbi�Mi C ” Cµ- MQi /2T2M/2Mi QM N - bm+? i?�i i?2 7QHHQrBM; BM2[m�HBiB2b

?QH/

|W p!N", jq ´ 1| ď C plogNqC`Cξ

?
N

UeXjXkjV

Rdy



7Q` �HH j P !N"- rBi? T`Q#�#BHBiv �i H2�bi

1´ e´νplogNq1`ξ

. UeXjXk9V

S`QQ7X 6Bt jX 6B`bi r2 mb2 i?2 7�+i i?�i W pi, iq “ Xpi, iq “ 0 7Q` 1 ď i ď N QM Ω iQ b22

W p!N", jq ´ 1 “
ÿ

i

pW pi, jq ´ EW pi, jqq “
pjqÿ

i

ˆ
W pi, jq ´ 1

N ´ 1

˙
`O

´
N2p1´ pq´N`1

¯
. UeXjXk8V

"v i?2 /2}MBiBQM Q7 W pi, jq- i?2 �#Qp2 Bb 2[m�H iQ

pjqÿ

i

˜
Xpi, jq

řpiq
k Xpi, kq

´ 1
N ´ 1

¸
`O

´
c´N
0

¯
“

pjqÿ

i

˜
Xpi, jq ´ 1

N´1

řpiq
k Xpi, kq

řpiq
k Xpi, kq

¸
`O

´
c´N
0

¯
, UeXjXkeV

r?2`2 c0 ă 1 Bb MQi /2T2M/2Mi QM N X L2ti- mbBM; i?2 7�+i i?�i QM Ω

1
N ´ 1

∣∣∣∣∣

piqÿ

k

pXpi, kq ´ EXpi, kqq
∣∣∣∣∣ ď Cσ plogNqC`Cξ 1?

N
UeXjXkdV

7Q` �HH 1 ď i ď n- r2 `2TH�+2 i?2 �p2`�;2 BM i?2 MmK2`�iQ` Q7 UeXjXkeV rBi? Bib 2tT2+i�iBQM iQ }M/ Bi 2[m�H iQ

pjqÿ

i

˜
Xpi, jq ´ EXpi, jq

řpiq
k Xpi, kq

` Cσ plogNqC`Cξ

?
N

řpiq
k Xpi, kq

¸
`O

´
c´N
0

¯
. UeXjXk3V

lbBM; UeXjXkdV �;�BM- Bi Bb 2�bv iQ b22

piqÿ

k

Xpi, kq ě pN ´ 1qEXpi, jq ´ Cσ plogNqC`Cξ
?
N, UeXjXkNV

r?B+? ;Bp2b �M mTT2` #QmM/ QM i?2 2``Q` i2`K BM UeXjXk3V �M/ r2 }M/ i?2 2[m�iBQM 2[m�H iQ

pjqÿ

i

Xpi, jq ´ EXpi, jq
řpiq

k Xpi, kq
`O

ˆ plogNq2C`2Cξ

?
N

˙
`O

´
c´N
0

¯
. UeXjXjyV

L2ti r2 +QKT�`2 i?2b2 irQ 2tT`2bbBQMb iQ }M/ i?�i i?2 �#bQHmi2 p�Hm2 i?2B` /Bz2`2M+2 +�M #2 2tT`2bb2/ �b

∣∣∣∣∣
Xpi, jq ´ EXpi, jq

řpiq
k Xpi, kq

´ Xpi, jq ´ EXpi, jq
řpi,jq

k Xpi, kq

∣∣∣∣∣ “
|Xpi, jq|2∣∣∣

řpiq
k Xpi, kq ¨

´řpiq
k Xpi, kq ´Xpi, jq

¯∣∣∣
. UeXjXjRV

>Qr2p2`- mbBM; i?�i QM Ω- 7Q` �HH 1 ď i, j ď N - r2 ?�p2 Xpi, jq ď C plogNqC �M/ mbBM; UeXjXkdV �b #27Q`2- r2 K�v

RdR



b?Qr i?2 /Bz2`2M+2 Bb #QmM/2/ #v

O
ˆ plogNq4C`2Cξ

N2

˙
. UeXjXjkV

q2 +�M i?2M bmK Qp2` i?2b2 2``Q`běQM2 7Q` 2�+? bmKK�M/ěiQ ;2i � iQi�H 2``Q` Q7 O
´
plogNq4C`2Cξ {N

¯
X h?mb-

UeXjXjyV K�v #2 `2r`Bii2M �b
pjqÿ

i

Xpi, jq ´ EXpi, jq
řpi,jq

k Xpi, kq
`O

ˆ plogNq2C`2Cξ

?
N

˙
, UeXjXjjV

bBM+2 i?2 Qi?2` 2``Q` i2`Kb �`2 /QKBM�i2/ #v i?2 `2K�BMBM; QM2X

LQi2 i?�i Xpi, jq /Q2b MQi �TT2�` BM i?2 bmKK�M/Ƕb /2MQKBM�iQ` �M/ i?mb i?2 /2MQKBM�iQ` �M/ MmK2`�iQ` �`2

BM/2T2M/2MiX aQ r2 +�M mb2 i?2 H�`;2 /2pB�iBQM 2biBK�i2- G2KK� "X9- rBi? ai “ Xpi, jq ´ EXpi, jq �M/ A´1
i “

řpi,jq
k Xpi, kqX q?BH2 i?2 Ai �`2 `�M/QK- r2 K�v +QM/BiBQM QM i?2B` p�Hm2b �M/ i`2�i i?2K �b /2i2`KBMBbiB+ +QMbi�Mib-

i?2M �7i2` r2 ?�p2 mb2/ i?2 H/2- r2 +�M #QmM/ i?2K mbBM; i?2 7�+i i?�i r2 �`2 QM ΩX h?�i Bb- QM Ω

˜pi,jqÿ

k

Xpi, kq
¸2

“ pN ´ 2q2 pEXpi, jqq2 `O
´
plogNq2C`2Cξ N

?
N
¯

UeXjXj9V

�M/ bQ
pjqÿ

k

A2
i “ 1

pN ´ 2q pEXpi, jqq2 `O
ˆ
plogNq2C`2Cξ 1

N
?
N

˙
. UeXjXj8V

h?mb i?2 H/2 ;Bp2b mb

P
«∣∣∣∣∣

pjqÿ

i

aiAi

∣∣∣∣∣ ě C plogNqC`Cξ

?
N

ff
ď e´νplogNq1`ξ

, UeXjXjeV

r?B+? +QK#BM2/ rBi? UeXjXjjV

P
„
|W p!N", jq ´ 1| ě C plogNq2C`2Cξ

?
N

ȷ
ď e´νplogNq1`ξ

. UeXjXjdV

h?2 T`QT2`iB2b Q7 ?B;? T`Q#�#BHBiv �M/ i?2 7�+i i?�i r2 ?�p2 N +?QB+2b 7Q` j +QKTH2i2b i?2 T`QQ7X !

L2ti r2 T`Qp2 � HQr2` #QmM/ QM bmKb Q7 2/;2 r2B;?ib- W pS, Scq �M/ W pSc, Sq 7Q` �HH H ‰ S Ĺ !N"X h?2 T`QQ7

`2HB2b QM +QM+2Mi`�iBQM BM2[m�HBiB2b 7Q` BM/2T2M/2Mi `�M/QK p�`B�#H2b �M/ i?2 bBKTH2 7�+i i?�i QM Ω i?2`2 Bb � +QMbi�Mi

c ą 0 bm+? i?�i W pi, jq ě cN´11 pXpi, jq ě cq 7Q` �HH i, j P !N"X

G2KK� eXRdX PM Ω- 7Q` �HH H ‰ S Ĺ !N" �M/ bQK2 bK�HH +QMbi�Mi c ” cµ ą 0- MQi /2T2M/2Mi QM N - r2 ?�p2 i?2

Rdk



7QHHQrBM; #QmM/

|W pS, Scq| “ |W pSc, Sq| ě cµ min t|S|, N ´ |S|u UeXjXj3V

rBi? T`Q#�#BHBiv ;`2�i2` i?�M

1´ e´νplogNq1`ξ

. UeXjXjNV

S`QQ7X 6B`bi MQi2 i?�i �b BM i?2 T`QQ7 Q7 G2KK� eXRe- r2 +�M �`;m2 i?�i QM Ω i?2 bmK
řpiq

k Xpi, kq ď CN - b22

UeXjXkNV 7Q` �HH 1 ď i ď N X JQ`2Qp2`- #v �bbmKTiBQM QM i?2 /Bbi`B#miBQM µ- r2 ?�p2 P rXpi, jq ą 0s “ p ą 0 �M/ i?mb

i?2`2 Bb � +QMbi�Mi c ą 0 bm+? i?�i P rXpi, jq ě cs “ p1 ą 0X h?2`27Q`2- QM Ω

W pi, jq ě cN´11 pXpi, jq ě cq . UeXjX9yV

>Qr2p2`- 7Q` 2�+? 1 ď i, j ď N rBi? i ‰ j- /2}M2 βij :“ 1 pXpi, jq ě cq r?B+? �`2 BM/2T2M/2Mi "2`MQmHHB `�M/QK

p�`B�#H2b bm+? i?�i

Pr1 pXpi, jq ě cq “ 1s “ p1 ą 0, UeXjX9RV

bBM+2 i?2 Xpi, jq �`2 BM/2T2M/2MiX

G2i |S| “ kX "v /2}MBiBQM

W pS, Scq “
ÿ

iRS

ÿ

jPS
W pi, jq “ W pSc, Sq. UeXjX9kV

LQi2 i?�i MQ /B�;QM�H i2`Kb �`2 BM i?2b2 bmKbX lbBM; UeXjX9RV-

ÿ

iPS

ÿ

iRS
W pi, jq ě c

N

ÿ

iPS

ÿ

iRS
βij . UeXjX9jV

LQi2 i?�i MQr i?Bb Bb � bmK Q7 kpN ´ kq BM/2T2M/2Mi `�M/QK p�`B�#H2bX aQ 7Q` }t2/ H ‰ S Ĺ !N"- #v i?2 *?2`MQz

#QmM/- G2KK� "Xj- i?2 2p2Mi

AS :“
#
ÿ

iPS

ÿ

iRS
βij ď p1´ 1{2qp1kpN ´ kq

+
UeXjX99V

?�b T`Q#�#BHBiv H2bb i?�M

exp

ˆ
´1
8
p1kpN ´ kq

˙
. UeXjX98V

Rdj



h?mb- #v i?2 mMBQM #QmM/

P

»

–
č

H‰SĹ!N"
Ac

S

fi

fl “ 1´ P

»

–
ď

H‰SĹ!N"
AS

fi

fl

ě 1´
ÿ

H‰SĹ!N"
P rASs

“ 1´
N´1ÿ

k“1

˜
N
k

¸
P rASs

“ 1´
tlogNuÿ

k“1

˜
N
k

¸
P rASs ´

N´tlogNu´1ÿ

k“tlogNu`1

˜
N
k

¸
P rASs ´

N´1ÿ

N´tlogNu

˜
N
k

¸
P rASs

ě 1´ 2N logN exp
`´p1N{8˘´ 2N exp

`´p1N plogNq {8˘

ě 1´ 2 exp
`´ `

p1N{8´ plogNq2˘˘´ exp
`´ `

p1 logN{8´ log 2
˘
N
˘

ě 1´ exp
`´cp1N

˘
, UeXjX9eV

7Q` bQK2 c ą 0X 6BM�HHv- MQi2
cp1

2N
kpN ´ kq ě cp1

2
min t|S|, N ´ |S|u UeXjX9dV

�M/

expp´cp1Nq ď e´νplogNq1`ξ

UeXjX93V

7Q` �M �TT`QT`B�i2 +?QB+2 Q7 ξ �M/ νX !

q2 MQr +QKTH2i2 i?2 T`QQ7 Q7 h?2Q`2K eXRy #v TmiiBM; iQ;2i?2` i?2 `2bmHib Q7 a2+iBQM eXR �M/ i?2 H2KK�i� 7`QK

i?Bb b2+iBQMX

S`QQ7 Q7 h?2Q`2K eXRyX �;�BM H2i |S| “ kX q2 +?2+F i?�i i?2 �bbmKTiBQMb Q7 h?2Q`2K eXj ?QH/ rBi? ?B;?

T`Q#�#BHBivX P#b2`p2

∣∣∣∣
W pSc, Sq
W pS, Scq ´ 1

∣∣∣∣ “
∣∣∣∣
W pSc, Sq ´W pS, Scq

W pS, Scq

∣∣∣∣ “
|W pSc, Sq ´W pS, Scq|

|W pS, Scq| . UeXjX9NV

1tT�M/BM; i?2 MmK2`�iQ`- r2 ;2i

W pSc, Sq ´W pS, Scq “
ÿ

iPS

ÿ

jRS
W pi, jq ´

ÿ

iRS

ÿ

jPS
W pi, jq “

ÿ

iPS

ÿ

jPV
W pi, jq ´

ÿ

iPV

ÿ

jPS
W pi, jq “

ÿ

jPS
p1´W p!N", jqq,

UeXjX8yV

Rd9



�M/ bBKBH�`Hv-

W pSc, Sq ´W pS, Scq “
ÿ

iPV

ÿ

jRS
W pi, jq ´

ÿ

iRS

ÿ

jPV
W pi, jq “

ÿ

jRS
pW p!N", jq ´ 1q. UeXjX8RV

h?mb G2KK� eXRe BKTHB2b

|W pSc, Sq ´W pS, Scq| ď min tk,N ´ ku ¨ C plogNqC`Cξ

?
N

, UeXjX8kV

7Q` �HH S rBi? ?B;? T`Q#�#BHBiv QM ΩX

G2KK� eXRd BKTHB2b

|W pS, Scq| ě cmin t|S|, N ´ |S|u UeXjX8jV

7Q` �HH S rBi? ?B;? T`Q#�#BHBiv QM ΩX SmiiBM; i?Bb iQ;2i?2` r2 b22

∣∣∣∣
W pSc, Sq
W pS, Scq ´ 1

∣∣∣∣ ď C plogNqC`Cξ

?
N

UeXjX89V

7Q` �HH S rBi? ?B;? T`Q#�#BHBiv QM ΩX >Qr2p2`- #v G2KK� eXR8- i?2 2p2Mi Ω ?QH/b rBi? ?B;? T`Q#�#BHBiv Bib2H7 �M/

i?mb mM+QM/BiBQM�HHv UeXjX89V ?QH/b 7Q` �HH S rBi? ?B;? T`Q#�#BHBivX

6BM�HHv- �TTHvBM; h?2Q`2K eXj- r2 ;2i

sup
fą0

|ρGN pfq ´ ρKpfq| ď C plogNqC`Cξ

?
N

UeXjX88V

rBi? ?B;? T`Q#�#BHBivX !

_2K�`F eXR3 UPM h?2Q`2K eXRyVX h?2 T�`�K2i2` p- i?2 T`Q#�#BHBiv i?�i �M 2/;2 Q7 bQK2 r2B;?i 2tBbib #2ir22M

irQ /B`2+i2/ p2`iB+2b- +�M #2 BMi2`T`2i2/ �b � K2�bm`2 Q7 i?2 bT�`b2M2bb Q7 i?2 TQTmH�iBQM bi`m+im`2X q2 +�M �bF

?Qr 72r BMi2`�+iBQMb QM �p2`�;2 +�M BM/BpB/m�Hb BM � TQTmH�iBQM ?�p2 rBi? Qi?2`b �M/ biBHH vB2H/ TQTmH�iBQMb rBi?

K2�M@}2H/ #2?�pBQ`\ q?BH2 p +�M #2 �`#Bi`�`BHv bK�HH- r2 ?�p2 F2Ti Bi +QMbi�Mi �M/- BM T�`iB+mH�`- MQi /2T2M/2Mi

QM N X >Qr2p2`- +QmH/ p /2T2M/ QM N bm+? i?�i p Ñ 0 �b N Ñ 8 �M/ biBHH T`Q/m+2 ;`�T?b r?B+? b?Qr K2�M@}2H/

#2?�pBQ`\ �M Q#pBQmb HQr2` #QmM/ QM i?2 `�i2 Q7 pǶb +QMp2`;2M+2 iQ 0 Bb T`QpB/2/ #v i?2 1`/ǒb@_ûMvB KQ/2H- r?B+?

i2HHb mb i?�i � ;`�T? Bb �HKQbi bm`2Hv /Bb+QMM2+i2/ BM i?2 HBKBi 7Q` ?
p ă p1 ´ εqp1{Nq logN 7Q` �Mv ε ą 0X h?Bb

#QmM/ 7QHHQrb #v MQiBM; i?�i p1´pq2 Bb i?2 T`Q#�#BHBiv i?�i i?2`2 Bb MQ 2/;2- BM 2Bi?2` /B`2+iBQM- #2ir22M irQ p2`iB+2b

Rd8



�M/ i?2M �TTHvBM; i?2 mbm�H 1`/ǒb@_ûMvB i?`2b?QH/ (Nk- kd3)X h?2`2 Bb Km+? `QQK #2ir22M i?Bb HQr2` #QmM/ �M/ p

+QMbi�Miě2p2M r?2i?2` bm+? � b?�`T i?`2b?QH/ 7Q` p 2tBbib Bb +m``2MiHv mM+H2�`X h?2 Bbbm2 Bb /B{+mHi iQ �TT`Q�+?

rBi? M�Bp2 bBKmH�iBQMb �b i?2 JQ`�M T`Q+2bb Bb MQi ;m�`�Mi22/ iQ i2`KBM�i2 QM /Bb+QMM2+i2/ ;`�T?bX

eX9X PTiBK�H 7Hm+im�iBQMb

AM b2+iBQM eXj- r2 T`Qp2/ � #QmM/ QM i?2 /2pB�iBQM Q7 i?2 }t�iBQM T`Q#�#BHBiv 7`QK i?2 JQ`�M }t�iBQM T`Q#�#BHBiv 7Q`

� H�`;2 +H�bb Q7 `�M/QK ;`�T?bX AM i?Bb b2Mb2- i?Qb2 `�M/QK ;`�T?b /BbTH�v K2�M@}2H/ #2?�pBQ`X 6Q` }t2/ p�Hm2b Q7

f ą 1- � M�im`�H [m2biBQM iQ �bF Bb r?2i?2` i?2 #QmM/ Q7 Q`/2`
a

1{N BM UeXjXRV Bb QTiBK�HX amTTQb2

P
"
sup
fą0

|ρGpfq ´ ρM pfq| ď δpNq
*
“ 1´ εpNq, UeX9XRV

7Q` bQK2 7mM+iBQMb δpNq “ op1q �M/ εpNq “ op1q- �M/ i?�i �Mv Qi?2` δ̃ b�iBb7vBM; UeX9XRV Bb bm+? i?�i δpNq “ Θ
´
δ̃pNq

¯
-

i?2M r2 +�HH δ i?2 QTiBK�H ~m+im�iBQM bBx2 Q7 ρGX hQ �//`2bb i?Bb [m2biBQM Q7 QTiBK�H ~m+im�iBQMb- r2 +QMbB/2` i?2

p�`B�M+2 Q7 i?2 }t�iBQM T`Q#�#BHBiv Q7 `�M/QK ;`�T?b 7`QK i?2 KQ/2H /2}M2/ BM a2+iBQM eXjX aBM+2 ρG P r0, 1s �M/

E rρG ´ ρKs2 “ E rρG ´ EρGs2 ` pEρG ´ ρKq2 ě E rρG ´ EρGs2 “ VarpρGq UeX9XkV

rBi? 2[m�HBiv B7 ρK “ EρG- i?2 bi�M/�`/ /2pB�iBQM T`QpB/2b � HQr2` #QmM/ QM i?2 bBx2 Q7 QTiBK�H ~m+im�iBQMbX 6Q` i?2

bi�M/�`/ /2pB�iBQM σ Q7 ρG iQ ;Bp2 i?2 +Q``2+i Q`/2` 7Q` i?2 QTiBK�H ~m+im�iBQMb- r2 `2[mB`2

|EρG ´ ρK| “ o pσpNqq . UeX9XjV

h?Bb �TT2�`b iQ #2 +Q``2+i #�b2/ QM bBKmH�iBQM `2bmHib- #mi r2 /Q MQi p2`B7v Bi K�i?2K�iB+�HHv ?2`2X

�i i?Bb TQBMi Bb BKTQ`i�Mi iQ K�F2 � /BbiBM+iBQM i?�i r2 ?BMi2/ �i BM _2K�`F eX9X 6Q` i?2 `Q#mbi BbQi?2`K�H i?2Q`2K-

i?2 BMBiB�H +QM/BiBQM Q7 i?2 JQ`�M T`Q+2bb /B/ MQi �z2+i Qm` `2bmHi- #mi BM ;2M2`�H Bi /Q2b �z2+i i?2 T`Q#�#BHBiv Q7

}t�iBQM U�b r2 b�r BM a2+iBQM jXjVX AM T�`iB+mH�`- i?2 bBx2 Q7 i?2 QTiBK�H ~m+im�iBQM b?Qrb /Bz2`2Mi #2?�pBQ` r?2M r2

+QMbB/2` � bBM;H2 Kmi�Mi �`BbBM; mMB7Q`KHv �i `�M/QK QM i?2 p2`iB+2b Q7 i?2 ;`�T? �M/ i?2 Kmi�Mi �`BbBM; �i � bT2+B}+

p2`i2tX AM Qm` `�M/QK ;`�T? KQ/2H- i?2 p2`iB+2b Q7 i?2 ;`�T? �`2 2t+?�M;2�#H2- �M/ i?mb i?2 p2`i2t r2 bT2+B7v Bb MQi

BKTQ`i�MiX

Rde



1.8 2.0 2.2 2.4 2.6 2.8 3.0
log(N)

-14

-13

-12

-11

-10

-9

-8

log(Var(ρ({i})))
slope=-1.03

1.8 2.0 2.2 2.4 2.6 2.8 3.0
log(N)

-14

-13

-12

-11

-10

-9

-8

log�Var(ρ̃)�
slope=-4.49

6 8 10 12 14 16 18 20
N

0.00002

0.00004

0.00006

0.00008

0.00010

0.00012

Var(ρ({i}))

6 8 10 12 14 16 18 20
N

0.00002

0.00004

0.00006

0.00008

0.00010

0.00012

Var(ρ̃)

6B;m`2 eXe, h?2 }t�iBQM T`Q#�#BHBiB2b ρptiuq �M/ ρ̃ r2`2 b�KTH2/ R-yyy iBK2b 2�+? 7Q` N P t5, 6, . . . , 20uX h?2
b�KTH2b r2`2 Q#i�BM2/ #v `�M/QKHv b�KTHBM; i?2 ;`�T?- i?2M 2t�+iHv +�H+mH�iBM; i?2 }t�iBQM T`Q#�#BHBiv 7Q`
i?�i ;`�T? mbBM; K�i`Bt KmHiBTHB+�iBQMX 1t�+iHv +�H+mH�iBM; i?2 }t�iBQM T`Q#�#BHBiv K2�Mb i?�i i?2`2 Bb MQi
�M �//BiBQM�H bQm`+2 Q7 2``Q` BMi`Q/m+2/ #v JQMi2 *�`HQ 2biBK�iBQM Q7 i?2 }t�iBQM T`Q#�#BHBiv 7Q` � }t2/
;`�T?X 6Q` 2�+? N - i?2 b�KTH2 r�b mb2/ iQ 2biBK�i2 i?2 p�`B�M+2 Q7 i?2 }t�iBQM T`Q#�#BHBivX q2 i?2M }i i?2
2biBK�i2/ p�`B�M+2 �b � 7mM+iBQM Q7 N X AM T�`iB+mH�`- i?2 HQ;@HQ; THQib 2biBK�i2 c- r?2`2 c Bb i?2 2tTQM2Mi BM
i?2 /2+�v Q7 i?2 p�`B�M+2 O pN´cqX q2 b22 i?�i i?2 bBKmH�iBQM bmTTQ`i 1[m�iBQM UeX9XjeV- #mi bm;;2bi i?�i
i?2 p�`B�M+2 Bb Km+? bK�HH2` 7Q` mMB7Q`K BMBiB�HBx�iBQM i?�M +�H+mH�i2/ BM 1[m�iBQM UeX9Xj3VX q2 b2i f “ 2
i?`Qm;?QmiX

aQ H2i St #2 i?2 JQ`�M T`Q+2bb QM � ;`�T? G- r?2`2 St /2MQi2b i?2 bm#b2i Q7 p2`iB+2b Q++mTB2/ #v Kmi�Mib �i

iBK2 t �M/ i�F2b p�Hm2b BM 2!N"X G2i F :“ tDt : St “ V u #2 i?2 2p2Mi Q7 }t�iBQMX .2}M2 ρpSq :“ P pF |X0 “ Sq 7Q` i?2

;`�T? GX G2i Oi :“ tX0 “ tiuu �M/ /2}M2

ρ̃ :“ 1
N

Nÿ

i“1

ρ ptiuq UeX9X9V

�M/ bmTTQb2 POi “ 1{N - bQ i?�i ρ̃ “ PF X

h?2 7QHHQrBM; H2KK� 7�+iQ`Bx2b i?2 }t�iBQM T`Q#�#BHBivX h?2 7�+iQ`Bx�iBQM ?�b QM2 i2`K i?�i Bb � `�iBQM�H 7mM+iBQM

Q7 i?2 ;`�T?b 2Mi`B2b �M/ i?2 }iM2bb Q7 i?2 Kmi�Mi- �M/ � b2+QM/ i2`K i?�i Bb � +QKTHB+�i2/ r2B;?i2/ �p2`�;2 Q7

}t�iBQM T`Q#�#BHBiB2b r?Qb2 BMBiB�H +QM/BiBQMb +QMi�BM KQ`2 Kmi�MibX

G2KK� eXRNX .2}M2

Zi :“ fp1´W pi, iqq ` pW p!N", iq ´W pi, iqq UeX9X8V

Rdd



q2 ?�p2 i?2 7QHHQrBM; 2tT`2bbBQMb 7Q` ρptiuq �M/ ρ̃,

ρptiuq “ f
Zi

piqÿ

j

ρpti, juqW pi, jq, UeX9XeV

�M/

ρ̃ “
˜

1
N

Nÿ

i“1

fp1´W pi, iqq
Zi

¸
¨
¨

˝
Nÿ

i“1

Nÿ

j“i`1

W pi,jq
Zi

` W pj,iq
Zjř

k
1´W pk,kq

Zk

ρ pti, juq
˛

‚. UeX9XdV

S`QQ7X .2MQi2 i?2 T`Q#�#BHBiv Q7 BM+`2�bBM; U/2+`2�bBM;V i?2 MmK#2` Q7 Kmi�Mib 7`QK bi�i2 S #v p˘pSqX �HbQ- H2i

E :“ tmaxt|St| ą 1u #2 i?2 2p2Mi i?�i i?2 Kmi�Mib /Q MQi ;Q 2tiBM+i #27Q`2 BM+`2�bBM; BM MmK#2` �M/ /2}M2 i?2

UTQbbB#Hv BM}MBi2V biQTTBM; iBK2 T :“ inftt : |St| “ 2uX P#pBQmbHv- F Ď EX

h?2M- +QM/BiBQMBM; QM E- r2 b22

ρptiuq “ P pF |E XOiqP pE|Oiq . UeX9X3V

LQi2 i?�i B7 EXOi /Q2b Q++m`- i?2M i?2`2 Kmbi #2 bQK2 j ‰ i bm+? i?�i i?2 bi�i2 ti, ju Bb `2�+?2/ #27Q`2 �Mv Qi?2` bi�i2

S bm+? i?�i |S| “ 2X .2}M2 i?2 2p2Mi Eti,ju :“ tXT “ ti, juuX LQi2 E “ \i \jąi Eti,ju �M/ E XOi “ \piq
j Oi XEti,juX

h?mb- #v i?2 H�r Q7 iQi�H T`Q#�#BHBiv- r2 ?�p2

ρptiuq “ P pE|Oiq
piqÿ

j

P
`
F |Oi X Eti,ju
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h?Bb p2`v bBKTH2 `2bmHi ?�b HQib Q7 b+QT2X h?2 ;2M2`�H B/2� Bb iQ /2}M2 � MQMM2;�iBp2- BM+`2�bBM; 7mM+iBQM f Q7

bQK2 `�M/QK p�`B�#H2 X �M/ MQi2 i?�i J�`FQpǶb BM2[m�HBiv BKTHB2b

PtX ě tu ď PtfpXq ě fptqu ď EfpXq
fptq . U"XyXkV

LQ`K�HHv- f Bb +?Qb2M �b xk Q` eλX r?2`2 k Q` λ Bb QTiBKBx2/ iQ bi`2M;i?2M i?2 BM2[m�HBivX A7 i?2 `�M/QK p�`B�#H2 X

Bb � bmK Q7 +2Mi2`2/- BM/2T2M/2Mi `�M/QK p�`B�#H2b-
řN

i“1 pXi ´ EXiq- i?2 7mM+iBQM i�F2b i?2 7Q`K

Nź

i“1

exp pλ pXi ´ EXiqq . U"XyXjV

AM i?Bb r�v r2 ;2i b2p2`�H BM2[m�HBiB2bX

G2KK� "Xk U>Q277/BM;ǰb BM2[m�HBivVX amTTQb2 i?�i X1, . . . , XN �`2 BXBX/X "2`MQmHHB `�M/QK p�`B�#H2b rBi? T�@

`�K2i2` p P r0, 1sX .2}M2 X :“ řN
i“1 XiX h?2M

P
!
|X ´ EX| ě δ

?
N
)

ď 2 exp
`´2δ2

˘
U"XyX9V

7Q` �HH δ ą 0X

G2KK� "Xk bi�i2b i?�i X ~m+im�i2b �#Qmi Bib 2tT2+i�iBQM QM i?2 Q`/2` Q7
?
N - �M/ i?2 T`Q#�#BHBiv Q7 � ~m+im�Mi

;`2�i2` i?�M δ
?
N /2+�vb 2tTQM2MiB�H rBi? δ ą 0X h?2 M2ti H2KK� #QmM/b ~m+im�iBQM Q7 H�`;2` Q`/2`b- �M/ i?mb i?2v

Q++m` 2p2M KQ`2 BM7`2[m2MiHvX q2 b?�HH QMHv M22/ � HQr2` #QmM/ BM i?Bb +�b2,

G2KK� "Xj UJmHiBTHB+�iBp2 *?2`MQ77 #QmM/VX amTTQb2 i?�i X1, . . . , XN �`2 BXBX/X "2`MQmHHB `�M/QK p�`B�#H2b

rBi? T�`�K2i2` p P r0, 1sX .2}M2 X :“ řN
i“1 XiX h?2M

P tX ď p1´ εqEXu ď exp

ˆ
´ε2p

2
N

˙
U"XyX8V

�M/

P tX ě p1` εqEXu ď exp

ˆ
´ε2p

2
N

˙
. U"XyXeV
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q2 `2K�`F i?�i 7�` KQ`2 ;2M2`�H bi�i2K2Mib Q7 G2KK�b "Xk �M/ "Xj �`2 TQbbB#H2- #mi r2 bi�i2 QMHv i?2 p2`bBQMb

r2 mb2 BM a2+iBQM eXjX

6BM�HHv- r2 bi�i2 � H/2 7Q` r2B;?i2/ bmKb Q7 BM/2T2M/2Mi `�M/QK p�`B�#H2b rBi? i?2 7QHHQrBM; +QM/BiBQMb QM i?2B`

KQK2Mib,

EX “ 0, E |X|2 “ σ2, �M/ E |X|k ď pCkqCk, U"XyXdV

7Q` bQK2 TQbBiBp2 +QMbi�Mi C ą 0 UMQi /2T2M/2Mi QM N Q` kV �M/ 7Q` k ě 1X

G2KK� "X9X amTTQb2 i?2 BM/2T2M/2Mi `�M/QK p�`B�#H2b
´
apNq
i

¯N

i“1
7Q` N P N b�iBb7v U"XyXdV �M/ i?�i

´
ApNq

i

¯N

i“1
7Q`

N P N �`2 +QMbi�Mib BM RX h?2M

P

»

–
∣∣∣∣∣

Nÿ

i“1

aiAi

∣∣∣∣∣ ě σ plogNqC`Cξ

˜
Nÿ

i“1

|Ai|2
¸1{2fi

fl ď e´νplogNq1`ξ

. U"XyX3V

AM rQ`/b- r2 +�M #QmM/ i?2 bmK
řN

i“1 aiAi QM i?2 b�K2 Q`/2` �b i?2 MQ`K Q7 i?2 +Q2{+B2Mib rBi? ?B;? T`Q#�#BHBivX

hQ T`Qp2 i?Bb H2KK� r2 mb2 � ?B;?@KQK2Mi J�`FQp BM2[m�HBiv- bQ }`bi r2 M22/ � `2bmHi #QmM/BM; i?2 ?B;?2`

KQK2Mib Q7 i?Bb bmKX

G2KK� "X8X amTTQb2 i?2 BM/2T2M/2Mi `�M/QK p�`B�#H2b
´
apNq
i

¯N

i“1
7Q` N P N b�iBb7v U"XyXdV �M/ i?�i

´
ApNq

i

¯N

i“1
7Q`

N P N �`2 +QMbi�Mib BM RX h?2M

E
∣∣∣∣∣

Nÿ

i“1

aiAi

∣∣∣∣∣

k

ď pCkqCk

˜
Nÿ

i“1

|Ai|2
¸k{2

U"XyXNV

S`QQ7X qBi?Qmi HQbb Q7 ;2M2`�HBiv H2i σ “ 1X G2i A2 :“ ř
i |Ai|2- i?2M #v i?2 +H�bbB+�H J�`+BMFB2rB+x@wv;KmM/

R33



BM2[m�HBiv (kdN) BM i?2 }`bi HBM2- r2 ;2i

E
∣∣∣∣∣
ÿ

i

aiAi

∣∣∣∣∣

k

ď pCkqk{2E
∣∣∣∣∣∣

˜
ÿ

i

|Ai|2 |ai|2
¸1{2

∣∣∣∣∣∣

k

“ pCkqk{2AkE

»

–
˜
ÿ

i

|Ai|2

A2
|ai|2

¸k{2fi

fl

ď pCkqk{2AkE
«
ÿ

i

|Ai|2

A2
|ai|k

ff

“ pCkqk{2Ak
ÿ

i

|Ai|2

A2
E |ai|k

ď pCkqCk`k{2Ak

ď pCkqCkAk, U"XyXRyV

r?2`2 r2 ?�p2 mb2/ C2Mb2MǶb BM2[m�HBiv BM i?2 i?B`/ HBM2 �M/ �bbmKTiBQM U"XyXdV BM HBM2 8X !

S`QQ7 Q7 G2KK� "X9X qBi?Qmi HQbb Q7 ;2M2`�HBiv H2i σ “ 1X h?2 T`QQ7 Bb � bBKTH2 �TTHB+�iBQM Q7 J�`FQpǶb BM2[m�HBiv-

h?2Q`2K "XRX G2i k “ ν plogNq1`ξ- i?2M #v G2KK� "X8- r2 ;2i

P

»

–
∣∣∣∣∣
ÿ

i

aiAi

∣∣∣∣∣ ě plogNqC`Cξ

˜
ÿ

i

|Ai|2
¸1{2fi

fl “ P

»

–
∣∣∣∣∣
ÿ

i

aiAi

∣∣∣∣∣

k

ě plogNqCk`Ckξ

˜
ÿ

i

|Ai|2
¸k{2fi

fl

ď E
∣∣ř

i aiAi

∣∣k

plogNqCk`Ckξ `ř
i |Ai|2

˘k{2

ď
ˆ

Ck

plogNq1`ξ

˙Ck

“ pCνqCνplogNq1`ξ

ď e´νplogNq1`ξ

, U"XyXRRV

7Q` ν ď e´1 bK�HH 2MQm;?X !

R3N



C
h?2 #QM/ T2`+QH�i2/ ?vT2`+m#2

AM i?Bb b2+iBQM- r2 +QMbB/2` � H�xv `�M/QK r�HF QM i?2 #QM/ T2`+QH�iBQM ?vT2`+m#2X h?Bb `�M/QK J�`FQp +?�BM Bb

/2}M2/ /Bz2`2MiHv i?�M i?2 T`Q+2bb BM .2}MBiBQM kXkeX

.27BMBiBQM *XRX h?Bb T`Q+2bb Bb � `�M/QK J�`FQp +?�BM pΓppq
n ,Mppqq rBi? bi�i2 bT�+2 Γn “ !κ"n �M/ 2�+? Mppqpα,βq

� `�M/QK p�`B�#H2 /2}M2/ �b 7QHHQrb, 7Q`

p P
´
1´ κ´1{pκ´1q, 1

ı
, U*XyXRV

�M/ 7Q` e P E H2i xe #2 BXBX/X "2`Mppq- r?2`2 E Bb i?2 2/;2@b2i Q7 i?2 ?vT2`+m#2 ΓnX h?2M

Mppqpα,βq :“

$
’’’’’’’’&

’’’’’’’’%

xe
2dα

B7 e “ pα,βq

1
2 B7 α “ β

0 Qi?2`rBb2

, U*XyXkV

r?2`2 dα :“ ř
β:pα,βqPE xpα,βqX

RNy



�b Bb /Bb+mbb2/ BM am#b2+iBQM kX8X9- r2 FMQr i?2 T`Q+2bb BM .2}MBiBQM *XR Bb B``2/m+B#H2- �T2`BQ/B+- �M/ `2p2`bB#H2

rBi? T`Q#�#BHBiv 1´ op1qX

h?2Q`2K *XkX G2i pΓppq
n ,Mppqq #2 i?2 T`Q+2bb /2}M2/ BM .2}MBiBQM *XRX .2MQi2 Bib bi�iBQM�`v /Bbi`B#miBQM #v π- i?2M

1

2κn log2 n
ď min

α
πpαq ď max

α
πpαq ď κ

κn
U*XyXjV

rBi? T`Q#�#BHBiv 1´ op1qX

S`QQ7X q2 +�M bim/v i?2 bi�iBQM�`v /Bbi`B#miBQM Q7 � `�M/QK r�HF QM i?2 ?vT2`+m#2 mbBM; 1[m�iBQM UkXjX8VX q2

}M/

πpαq “ dαř
β dβ

, U*XyX9V

r?2`2

dα :“
ÿ

β:pα,βqPE
xpα,βq, U*XyX8V

LQi2 i?�i 1[m�iBQM U*XyX8V i2HHb mb i?�i dα Bb � bmK Q7 pκ´ 1qn BM/2T2M/2Mi `�M/QK p�`B�#H2b i?�i �`2 2�+? "2`MppqX

� i`BpB�H mTT2` #QmM/ QM 2�+? dα Bb pκ´ 1qn �M/ i?mb maxα dα ď pκ´ 1qnX 6Q` � HQr2` #QmM/- H2i k “ Cn{plog nq2-

i?2M

P
"
dα ď C

n
plog nq2

*
“

kÿ

i“0

˜
pκ´ 1qn

i

¸
pip1´ pqpκ´1qn´i ď O

´
p1´ pqpκ´1qn´knk

¯
U*XyXeV

�M/ mbBM; � mMBQM #QmM/- r2 ?�p2

P
"
min
α

dα ď C
n

plog nq2
*

ď O
´
enplog κ`C{ logn`pκ´1q logp1´pq´pC{ lognq2 logp1´pqq

¯
Ñ 0 U*XyXdV

bBM+2 log κ ă p1 ´ κq logp1 ´ pq 7Q` p ą pcX LQi2 i?Bb BKT`Qp2b QM i?2 #QmM/ BM 1[m�iBQM UkX8XkkVX � bBKBH�`

+QM+2Mi`�iBQM �`;mK2Mi Ub22 G2KK� "XkV b?Qrb

P
#∣∣∣∣∣

ÿ

α

dα ´ ppκ´ 1qnκn

∣∣∣∣∣ ě
a
C log n

a
pκ´ 1qnκn

+
ď 2 exp p´2C log nq “ 2n´2C Ñ 0. U*XyX3V

h?mb- mbBM; 1[m�iBQMb U*XyXdV �M/ U*XyX3V- r2 b22

1

2κn log2 n
ď min

α
πpαq ď max

α
πpαq ď n

pκn
ď n

κn´1
, U*XyXNV
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rBi? T`Q#�#BHBiv 1´ op1qX !

h?2Q`2K *XjX G2i pΓppq
n ,Mppqq #2 i?2 T`Q+2bb /2}M2/ BM .2}MBiBQM *XR �M/ /2MQi2 Bib `2H�t�iBQM iBK2 #v t`2HX amTTQb2

p ą p+-j :“ 3

b
1´ p1{κq1{pκ´1q “ 3

?
pc ą pc, U*XyXRyV

i?2M

t`2H “ O
`
n2 log n

˘
U*XyXRRV

rBi? T`Q#�#BHBiv 1´ op1qX

S`QQ7X G2i E #2 i?2 2/;2 b2i Q7 i?2 ?vT2`+m#2X 1t�+iHv i?2 b�K2 �`;mK2Mi �b Bb ;Bp2M BM i?2 T`QQ7 Q7 h?2Q`2K kXkd

b?Qrb i?�i 7Q` p ą p+-j- i?2`2 Bb bQK2 T�i? Q7 H2M;i? j #2ir22M �HH T�B`b α,β bm+? i?�i pα,βq P E rBi? T`Q#�#BHBiv

1´ op1qX *�HH i?Bb 2p2Mi E X

LQr- r2 mb2 i?2 *QKT�`BbQM h?2Q`2K kXkj �TTHB2/ iQ i?2 H�xv `�M/QK r�HF QM i?2 `2;mH�` ?vT2`+m#2- iQ #QmM/

i?2 KBtBM; iBK2 Q7 i?2 ?vT2`+m#2 �7i2` T2`+QH�iBQMX q2 +QMbi`m+i T�i?b �b 7QHHQrb +QM/BiBQM�H QM i?2 2p2Mi E , 6Q`

�Mv T�B` α,β bm+? i?�i pα,βq P E r?2`2 i?2 2/;2 xpα,βq “ 1- r2 b2i φα,β “ pα,βqX 6Q` �Mv T�B` α,β bm+? i?�i

pα,βq P E r?2`2 i?2 2/;2 xpα,βq “ 0- r2 +?QQb2 φα,β �`#Bi`�`BHv 7`QK T�i?b Q7 i?2 7Q`K UkX8Xk3V- Q7 r?B+? QM2 Bb

;m�`�Mi22/ iQ 2tBbi QM i?2 2p2Mi E X

*QMbB/2` �M �`#Bi`�`v 2/;2 e BM Γ- i?2`2 �`2 3pn ´ 1qpκ ´ 1q T�i?b Q7 i?2 7Q`K UkX8Xk3V i?�i T�bb i?`Qm;? eX hQ

b22 i?Bb MQi2 i?�i e +�M 2Bi?2` 7Q`K i?2 #2;BMMBM;- KB//H2- Q` 2M/ Q7 � T�i?- �M/ �7i2` e Bb }t2/ i?2`2 �`2 2t�+iHv

pκ´ 1qpn´ 1q T�i?b Q7 i?Bb 7Q`KX �Hi2`M�iBp2Hv- r2 K�v mb2 i?2 bvKK2i`v Q7 i?2 ?vT2`+m#2 iQ MQi2 i?�i i?2 �Mbr2`

b?QmH/ MQi /2T2M/2/ QM i?2 +?QB+2 Q7 eX h?2M � T�i? Q7 i?2 7Q`K UkX8Xk3V Bb /2i2`KBM2/ #v Bib 2M/ TQBMib- Q7 r?B+?

i?2`2 �`2 npκ´ 1qκn TQbbB#H2 +?QB+2b- �M/ i?2M i?2`2 �`2 pn´ 1qpκ´ 1q T�i?b 7Q` 2�+? T�B` Q7 2M/ TQBMibX JQ`2Qp2`-

2�+? T�i? +QMi�BMb j 2/;2b- bQ i?2 2�+? 2/;2 Kmbi #2 BM+Hm/2/ BM

3npn´ 1qpκ´ 1qκn

pκ´ 1qnκn
“ 3pn´ 1qpκ´ 1q U*XyXRkV

T�i?bX
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G2i E1 :“ ␣pα,βq : xpα,βq “ 1
(
X h?2M #v 1[m�iBQM U*XyX3V- r2 ?�p2

B “ max
pα,βqPE1

¨

˚̋
ˆ
πpαq 1

2dα

˙´1 ÿ

α̃,β̃:pα,βqPφα̃β̃

1
κn

1
2pκ´ 1qn ¨ 3

˛

‹‚

ď 9pκ´ 1qpn´ 1q
ř

β dβ

pκ´ 1qnκn

ď 9pκ´ 1qpn´ 1q. U*XyXRjV

6BM�HHv-

t`2H ď p9κpκ´ 1qpn´ 1qq pn log nq
ˆ
max
αPΓ

πpαq
π̃pαq

˙
“ O

`
n2 log n

˘
. U*XyXR9V

!
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D
LQi�iBQM

9XR "�bB+ MQi�iBQM U!N", !i, j", vpiq, Mpi, jq, MpS, S1q, P, EX ∥¨∥2, ∥¨∥ip,
řpiq

j ¨, ř
i‰j ¨VX q2

�##`2pB�i2 !N" :“ t1, . . . , Nu “ r1, N s X N �M/ !i, j" :“ ti, i` 1, . . . , ju “ ri, js X NX q2 /2MQi2 i?2 ii? +QQ`/BM�i2 Q7

� p2+iQ` v #v vpiq �M/ i?2 i, j 2Mi`v Q7 � K�i`Bt M #v Mpi, jqX 6Q` irQ bm#b2ib S, S1 Ď !N"- r2 H2i

MpS, S1q :“
ÿ

iPS

ÿ

jPS1
Mpi, jq. U.XRXRV

h?`Qm;?Qmi P Bb � T`Q#�#BHBiv K2�bm`2 U�MM2�H2/ B7 i?2`2 Bb � `�M/QK 2MpB`QMK2MiV �M/ E Bb i?2 2tT2+i�iBQM �bbQ+B�i2/

rBi? PX aQK2iBK2b r2 mb2 � bm#b+`BTi 7Q` P Q` E iQ bT2+B7v i?2 /Bbi`B#miBQM 7Q` � `�M/QK p�`B�#H2X P7i2M i?2 `�M/QK

p�`B�#H2 Bb i?2 BMBiB�H +QM/BiBQM Q7 � biQ+?�biB+ T`Q+2bb- #mi BM +�b2b r?2`2 i?2`2 Bb �K#B;mBiv PX„ν Bb mb2/ iQ bT2+B7v

i?�i X Bb /Bbi`B#mi2/ �++Q`/BM; iQ µX h?2 1m+HB/2�M MQ`K QM p2+iQ`b Bb /2MQi2/ #v ∥v∥22 :“ ř
i vpiq2 �M/ i?2 iQi�H

p�`B�iBQM MQ`K QM � 7mM+iBQM Qp2` Γ Bb /2MQi2/ #v ∥f∥ip :“ maxSĎΓ |fpSq|X q2 �HbQ mb2 i?2 7QHHQrBM; +QMp2MiBQM iQ
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�##`2pB�i2 bmKK�iBQMb,
piqÿ

j

fpjq :“
Nÿ

j“1

fpjq1pj ‰ iq U.XRXkV

7Q` � bmKK�M/ fp¨qX aBKBH�`Hv-
ÿ

i‰j

fpi, jq :“
Nÿ

i“1

piqÿ

j

fpi, jq U.XRXjV

7Q` � bmKK�M/ fp¨, ¨qX

9Xk :2MQivT2 bT�+2 UΓ, n, α, β, χ, M, F , f, π, DVX q2 mb2 Γ iQ /2MQi2 � b2i Q7 ;2MQivT2b �M/

bQK2iBK2b- 7Q` � b2[m2M+2 Q7 i?2b2 b2ib- r2 mb2 n P N iQ BM/2t i?2K HBF2 pΓnqnPNX h?2 bBx2 Q7 Γ Bb bQK2 7mM+iBQM Q7 nX

:2MQivT2b BM Γ �`2 /2MQi2/ rBi? α,β P Γ �M/ bm#b2ib �`2 /2MQi2/ rBi? χ Ď ΓX h?Bb K2�Mb i?�i χ Bb mb2/ 7Q` i�`;2i

b2ib BM *?�Ti2` 8X q2 mb2 M : Γˆ Γ Ñ r0, 1s 7Q` � Kmi�iBQM F2`M2H QM Γ �M/ F : Γ Ñ p0,8q �b � }iM2bb 7mM+iBQM QM

ΓX q?2M i?2`2 �`2 QMHv irQ p�Hm2b 7Q` }iM2bb- i?2 p�Hm2b 1 �M/ f �`2 ivTB+�HHv mb2/X h�F2M iQ;2i?2` pΓ,M,Fq K�F2

mT � ;2MQivT2 bT�+2 BM i?2 b2Mb2 Q7 .2}MBiBQM kXR �M/ pΓ,Mq 7Q`K � Kmi�iBQM T`Q+2bb BM i?2 b2Mb2 Q7 .2}MBiBQM

kXkX h?2 bi�iBQM�`v /Bbi`B#miBQM Q7 � Kmi�iBQM T`Q+2bb Bb /2MQi2/ #v πX 6BM�HHv- D Bb � /Bbi�M+2 K2i`B+ QM Γ- r?B+?

Bb bQK2iBK2b i?2 ;`�T? /Bbi�M+2 Q7 i?2 i`�MbBiBQM K�i`Bt MX AM ;2M2`�H- ;`22F H2ii2`b +Q``2bTQM/ iQ ;2MQivT2 bT�+2

�M/ +�HHB;`�T?B+ H2ii2`b iQ 7mM+iBQMb QM ;2MQivT2 bT�+2X

9Xj avMQMvKb 7Q` ;2MQivT2bX .2T2M/BM; QM i?2 +QMi2ti b2p2`�H bvMQMvKb 7Q` � ;2MQivT2 �`2 mb2/X q?2M i?2

;2MQivT2 +Q``2bTQM/b iQ � bi�i2 Q7 � J�`FQp +?�BM bi�i2 Bb Q7i2M mb2/X aBKBH�`Hv- TQBMi Bb mb2/ r?2M i?2 ;2QK2i`B+

T`QT2`iB2b Q7 ;2MQivT2 bT�+2b �`2 #2BM; /Bb+mbb2/- �M/ p2`i2t Bb mb2/ r?2M i?2 ;2QK2i`v Bb /2b+`B#2/ #v � ;`�T?X

a2[m2M+2 Bb mb2/ 7Q` ;2MQivT2b BM i?2 ?vT2`+m#2 Ub22 a2+iBQM kXRVX S2`Kmi�iBQM Bb mb2/ 7Q` ;2MQivT2b BM i?2 bvKK2i`B+

;`QmT Ub22 a2+iBQM kXkVX

9X9 SQTmH�iBQMb UN, i, j, S, R, r, D, W VX h?2 bBx2 Q7 � TQTmH�iBQM Bb /2MQi2/ #v N P NX AM/BpB/m�Hb

BM � TQTmH�iBQM �`2 BM/2t2/ #v i?2b2 MmK#2`b- bQ bT2+B}+ BM/BpB/m�Hb BM i?2 TQTmH�iBQM �`2 `272``2/ iQ rBi? i, j P !N"X

am#b2ib Q7 i?2 TQTmH�iBQM �`2 /2MQi2/ #v S Ď !N"X q2 �HbQ mb2 R Ď !N" �b � bm#b2i Q7 i?2 TQTmH�iBQM- #mi

i?Bb Bb T`BK�`BHv BM i?2 +QMi2ti Q7 � `2TH�+2K2Mi b2i BM �M 2pQHmiBQM�`v T`Q+2bbX qBi? � `2TH�+2K2Mi 7mM+iBQM 7Q` �M

2pQHmiBQM�`v T`Q+2bb r : R Ñ !N"- pR, rq 7Q`Kb �M mT/�i2 bi2T Q7 �M 2pQHmiBQM�`v T`Q+2bbX h?2b2 mT/�i2b �`2 b�KTH2/

7`QK bQK2 /Bbi`B#miBQM- r?B+? r2 /2MQi2 #v DX 6Q` bi`m+im`2/ TQTmH�iBQMb Ub22 a2+iBQM jXjV- r2 mb2 W iQ /2MQi2 i?2

N ˆN r2B;?i K�i`Bt Q7 i?2 ;`�T? /2b+`B#BM; i?2 TQTmH�iBQM bi`m+im`2X G�iBM H2ii2`b �`2 mb2/ 7Q` TQTmH�iBQMbX

RN8



9X8 1pQHmiBQM�`v /vM�KB+b Ut, xt, xtpiq, xt, ρ, µVX hBK2 Q` /Bb+`2i2 iBK2 bi2Tb �`2 /2MQi2/ #v t P

t0, 1, 2 . . .uX h?2 bi�i2 Q7 �M 2pQHmiBQM�`v T`Q+2bb �i iBK2 t Bb ;Bp2M #v xt P ΓN - r?2`2 #QH/ Bb mb2/ iQ BM/B+�i2 i?�i Bi

Bb � p2+iQ`X *QQ`/BM�i2 i Q7 i?2 p2+iQ` vB2H/b i?2 ;2MQivT2 Q7 BM/BpB/m�H i- bQ xtpiq P ΓX aQK2iBK2b Bi Bb M2+2bb�`v iQ

T`QD2+i xt �M/ r2 /2MQi2 i?2 T`QD2+iBQM rBi? xtX h?2 }t�iBQM T`Q#�#BHBiv Ub22 *?�Ti2` jV 7Q` �M 2pQHmiBQM�`v T`Q+2bb

Bb /2MQi2/ #v ρ i?`Qm;?QmiX h?2 bi�iBQM�`v /Bbi`B#miBQM Q7 � 2pQHmiBQM�`v T`Q+2bb Bb /2MQi2/ #v µX

9Xe J�`FQp +?�BMb UtKBt, t`2H, γ˚, T VX h?2 KBtBM; iBK2 Q7 � J�`FQp +?�BM Bb /2MQi2/ #v tKBt �M/ i?2

`2H�t�iBQM iBK2 #v t`2H “ γ´1
˚ - r?2`2 γ Bb i?2 bT2+i`�H ;�TX aiQTTBM; iBK2b Q7 biQ+?�biB+ T`Q+2bb2b �`2 ivTB+�HHv /2MQi2/

mbBM; T X

.27BMBiBQM .XR U_�TB/ KBtBM;VX q2 b�v i?�i � J�`FQp +?�BM pΓ,Mq KBt2b `�TB/Hv Q` Bb `�TB/Hv KBtBM; B7

tKBt ď p plog |Γ|q U.XeXRV

7Q` bQK2 TQHvMQKB�H pX

9Xd �bvKTiQiB+ MQi�iBQM UOp¨q, op¨q, Θp¨q, ¨ ! ¨VX q2 mb2 i?2 7�KBHB�` �bvKTiQiB+ MQi�iBQMb i?`Qm;?QmiX

q2 TQBMi Qmi i?�i i?2 MQi�iBQM Bb 2Bi?2` �bvKTiQiB+ rBi? `2bT2+i iQ n Ñ 8 Q` N Ñ 8 /2T2M/BM; QM i?2 +QMi2tiX

P7i2M i?2 +QMi2ti K�F2b +H2�` r?B+? HBKBi Bb #2BM; mb2/- #mi �b � ;mB/2HBM2 *?�Ti2` k mb2b n- *?�Ti2`b j �M/ e mb2

N - �M/ *?�Ti2`b 9 �M/ 8 mb2 #Qi? n �M/ N X

RNe



"B#HBQ;`�T?v
(R) J�`iBM � LQr�FX 1pQHmiBQM�`v /vM�KB+b , 2tTHQ`BM; i?2 2[m�iBQMb Q7 HB72X "2HFM�T S`2bb Q7 >�`p�`/ lMBp2`bBiv

S`2bb- *�K#`B/;2- J�bb�+?mb2iib- kyyeX

(k) E`Bb?M2M/m *?�ii2`D22- �M/`2�b S�pHQ;B�MMBb- "2M �/H�K- �M/ J�`iBM �X LQr�FX h?2 hBK2 a+�H2 Q7 1pQHm@
iBQM�`v AMMQp�iBQMX SGQa *QKTmiX "BQHX- RyUNV- kyR9X

(j) "2M �/H�K �M/ J�`iBM �X LQr�FX lMBp2`b�HBiv Q7 }t�iBQM T`Q#�#BHBiB2b BM `�M/QKHv bi`m+im`2/ TQTmH�iBQMbX
a+BX _2TX- 9- DmH kyR9X

(9) " �/H�K- E *?�ii2`D22- �M/ J � LQr�FX �KTHB}2`b Q7 b2H2+iBQMX S`Q+X _X aQ+X GQM/QM � J�i?X S?vbX 1M;X
a+BX- 9dRUkR3RV- kyR8X

(8) �H2t J+�pQv- "2M �/H�K- "2MD�KBM �HH2M- �M/ J�`iBM � LQr�FX ai�iBQM�`v 7`2[m2M+B2b �M/ KBtBM; iBK2b 7Q`
M2mi`�H /`B7i T`Q+2bb2b rBi? bT�iB�H bi`m+im`2X kyR3X

(e) �M/`2�b S�pHQ;B�MMBb- E`Bb?M2M/m *?�ii2`D22- "2M �/H�K- �M/ J�`iBM �X LQr�FX *2HHmH�` +QQT2`�iBQM rBi?
b?B7i mT/�iBM; �M/ `2TmHbBQMX a+BX _2TX- 8- kyR8X

(d) *?�`H2biQM LQ#H2- "2M �/H�K- :2Q`;2 J *?m`+?- E2pBM J 1bp2Hi- �M/ J�`iBM � LQr�FX *m``2Mi *_AaS_
;2M2 /`Bp2 bvbi2Kb �`2 HBF2Hv iQ #2 ?B;?Hv BMp�bBp2 BM rBH/ TQTmH�iBQMbX #BQ_tBp- kyRdX

(3) ai2p2M q2BM#2`;X *QbKQHQ;vX �MMX S?vbX ULX uVX- 89,eRk- kyy3X

(N) qBFBT2/B�X hBK2HBM2 Q7 i?2 2pQHmiBQM�`v ?BbiQ`v Q7 HB72X ?iiTb,ff2MXrBFBT2/B�XQ`;frBFBfhBK2HBM2nQ7ni?2n 2pQ@
HmiBQM�`vn?BbiQ`vnQ7nHB72- kyR3@y8@y9X

(Ry) �M/`2r >X EMQHH �M/ J�`iBM �X LQr�FX h?2 iBK2i�#H2 Q7 2pQHmiBQMX a+BX �/pX- jU8V- kyRdX

(RR) �M/`2�b q�;M2`X �``Bp�H Q7 i?2 }ii2bi , ?Qr M�im`2 BMMQp�i2bX *m``2Mi- �M BKT`BMi Q7 S2M;mBM "QQFb- L2r
uQ`F- L2r uQ`F- kyR8X

(Rk) G2bHB2 :X o�HB�MiX 1pQHp�#BHBivX CX �*J- 8eURV,RĜkR- kyyNX

(Rj) q�``2M CQ?M 1r2MbX J�i?2K�iB+�H SQTmH�iBQM :2M2iB+b- AX h?2Q`2iB+�H BMi`Q/m+iBQM- pQHmK2 kdX aT`BM;2`- kyy9X

(R9) 6 C�+Q#X 1pQHmiBQM �M/ iBMF2`BM;X a+B2M+2 U3y@X VX- RNeU9kN8V,RReRĜRRee- RNddX

(R8) >X �HH2M P``X "QQF _2pB2r, LQ 6`22 GmM+?X "QbiX _2pX- kyykX

(Re) qBHHB�K � .2K#bFBX LQ 7`22 HmM+?, q?v bT2+B}2/ +QKTH2tBiv +�MMQi #2 Tm`+?�b2/ rBi?Qmi BMi2HHB;2M+2X _QrK�M
� GBiiH2}2H/- kyyeX

(Rd) a�MiB�;Q 6 1H2M� �M/ _B+?�`/ 1 G2MbFBX JB+`Q#B�H ;2M2iB+b, 2pQHmiBQM 2tT2`BK2Mib rBi? KB+`QQ`;�MBbKb, i?2
/vM�KB+b �M/ ;2M2iB+ #�b2b Q7 �/�Ti�iBQMX L�iX _2pX :2M2iX- 9UeV,98d- kyyjX

RNd



(R3) C2z`2v 1 "�``B+F- .QM; am um- amM; >Q uQQM- >�2vQmM; C2QM;- h�2 Er�M; P?- .QKBMB[m2 a+?M2B/2`-
_B+?�`/ 1 G2MbFB- �M/ CB?vmM 6 EBKX :2MQK2 2pQHmiBQM �M/ �/�Ti�iBQM BM � HQM;@i2`K 2tT2`BK2Mi rBi?
1b+?2`B+?B� +QHBX L�im`2- 9eRUdke3V,Rk9j- kyyNX

(RN) .�MB2H G >�`iH �M/ �M/`2r : *H�`FX S`BM+BTH2b Q7 TQTmH�iBQM ;2M2iB+bX aBM�m2` �bbQ+B�i2- RNN3X

(ky) J�M7`2/ 1B;2MX a2H7Q`;�MBx�iBQM Q7 K�ii2` �M/ i?2 2pQHmiBQM Q7 #BQHQ;B+�H K�+`QKQH2+mH2bX L�im`rBbb2Mb+?�7i2M-
83URyV,9e8Ĝ8kj- RNdRX

(kR) �Mi?QMv :`B{i?b- amb�M q2bbH2`- a2�M *�``QHH- "2`M�`/ arvM;?2/�mr- �M/ lXaX .2T�`iK2Mi Q7 >2�Hi? �M/
>mK�M a2`pB+2bX AMi`Q/m+iBQM iQ ;2M2iB+ �M�HvbBbX "BQ7mim`- �T`BH,dyd- kyydX

(kk) _B+?�`/ .�rFBMbX h?2 a2H}b? :2M2X jyi? �MMBpX 1/X � M2r AMi`Q/X #v �mi?Q`- T�;2 j39- RNdeX

(kj) �H2t�M/2` _Qb2M#2`; �M/ 6`2/2`B+ "Qm+?�`/X 6BiM2bbX AM 1/r�`/ L w�Hi�- 2/BiQ`- ai�M7Q`/ 1M+v+HX S?BHQbX
J2i�T?vbB+b _2b2�`+? G�#- ai�M7Q`/ lMBp2`bBiv- 7�HH kyR8 2/BiBQM- kyR8X

(k9) G2bHB2 o�HB�MiX S`Q#�#Hv �TT`QtBK�i2Hv *Q``2+i, L�im`2Ƕb �H;Q`Bi?Kb 7Q` G2�`MBM; �M/ S`QbT2`BM; BM � *QKTH2t
qQ`H/X "�bB+ "QQFb U�wV- kyRjX

(k8) "2MD�KBM �HH2M �M/ *Q`BM� 1X h�`MBi�X J2�bm`2b Q7 bm++2bb BM � +H�bb Q7 2pQHmiBQM�`v KQ/2Hb rBi? }t2/
TQTmH�iBQM bBx2 �M/ bi`m+im`2X CX J�i?X "BQHX- e3UR@kV,RyNĜR9j- kyR9X

(ke) J L2BX JQH2+mH�` TQTmH�iBQM ;2M2iB+b �M/ 2pQHmiBQM- pQHmK2 9yX 1Hb2pB2` a+B2M+2 Sm#HBb?BM; *Q AM+X- RNd8X

(kd) JQiQQ EBKm`�X h?2 L2mi`�H h?2Q`v Q7 JQH2+mH�` 1pQHmiBQMX *�K#`B/;2 lMBp2`bBiv S`2bb- RN3jX

(k3) JQiQQ EBKm`�X 1pQHmiBQM�`v `�i2 �i i?2 KQH2+mH�` H2p2HX L�im`2- kRdU8RkNV,ek9Ĝeke- RNe3X

(kN) J�M7`2/ 1B;2M- CQ?M J+*�bFBHH- �M/ S2i2` a+?mbi2`X JQH2+mH�` [m�bB@bT2+B2b- RN33X

(jy) J�`iBM � LQr�FX q?�i Bb � [m�bBbT2+B2b\ h`2M/b BM 1+QHQ;v � 1pQHmiBQM- dU9V,RR3ĜRkR- RNNkX

(jR) *?`BbiQ7 E "B2#`B+?2` �M/ J�M7`2/ 1B;2MX q?�i Bb � [m�bBbT2+B2b\ AM Zm�bBbT2+B2b, *QM+2Ti �M/ AKTHB+�iBQMb
7Q` oB`QHQ;v- T�;2b RĜjRX aT`BM;2`- kyyeX

(jk) S2i2` 6 ai�/H2`X 6BiM2bb G�M/b+�T2bX CX JQHX ai`m+iX h?2Q+?2K- 9ejUR@kV,dĜRN- kyykX

(jj) C J�vM�`/ aKBi?X h?2 HBKBi�iBQMb Q7 KQH2+mH�` 2pQHmiBQMX a+BX aT2+mH�i2b �M �Mi?QHX S�`iHv@#�F2/ A/2�b- 1/X
#v AC :QQ/X "�bB+ "QQFb- AM+X- L2r uQ`F- T�;2b k8kĜk8e- RNekX

(j9) CQ?M J�vM�`/ aKBi?X L�im`�H b2H2+iBQM �M/ i?2 +QM+2Ti Q7 � T`Qi2BM bT�+2X L�im`2- kk8U8kjkV,8ejĜ8e9- RNdyX

(j8) 1X "Q`M#2`;@"�m2`X >Qr �`2 KQ/2H T`Qi2BM bi`m+im`2b /Bbi`B#mi2/ BM b2[m2M+2 bT�+2\ "BQT?vbX CX- djU8V,kjNjĜ
k9yj- RNNdX

(je) 1X "Q`M#2`;@"�m2` �M/ >X aX *?�MX JQ/2HBM; 2pQHmiBQM�`v H�M/b+�T2b, Jmi�iBQM�H bi�#BHBiv- iQTQHQ;v- �M/
bmT2`7mMM2Hb BM b2[m2M+2 bT�+2X S`Q+X L�iHX �+�/X a+BX- NeURNV,Rye3NĜRyeN9- RNNNX

(jd) J�`F �X .2S`BbiQ- .�MB2H JX q2BM`2B+?- �M/ .�MB2H GX >�`iHX JBbb2Mb2 K2�M/2`BM;b BM b2[m2M+2 bT�+2, �
#BQT?vbB+�H pB2r Q7 T`Qi2BM 2pQHmiBQM- kyy8X

RN3



(j3) �M/`2�b q�;M2`X h?2 Q`B;BMb Q7 2pQHmiBQM�`v BMMQp�iBQMb, � i?2Q`v Q7 i`�Mb7Q`K�iBp2 +?�M;2 BM HBpBM; bvbi2KbX
Pt7Q`/ lMBp2`bBiv S`2bb- Pt7Q`/ c L2r uQ`F- kyRRX

(jN) C . >2`K2b- a * "H�+FHQr- �M/ C _ EMQrH2bX a2�`+?BM; b2[m2M+2 bT�+2 #v /2}M�#Hv `�M/QK Kmi�;2M2bBb,
BKT`QpBM; i?2 +�i�HviB+ TQi2M+v Q7 �M 2MxvK2X S`Q+X L�iHX �+�/X a+BX lX aX �X- 3dUkV,eNeĜdyy- RNNyX

(9y) .X "�`i2H �M/ CX axQbi�FX AbQH�iBQM Q7 M2r `B#QxvK2b 7`QK � H�`;2 TQQH Q7 `�M/QK b2[m2M+2bX a+B2M+2 U3y@X VX-
keRU8RkdV,R9RRĜR9R3- RNNjX

(9R) S?BHBT � _QK2`Q �M/ 6`�M+2b > �`MQH/X 1tTHQ`BM; T`Qi2BM }iM2bb H�M/b+�T2b #v /B`2+i2/ 2pQHmiBQMX L�im`2
_2pB2rb JQH2+mH�` *2HH "BQHQ;v- RyURkV,3ee- kyyNX

(9k) 6`�M+2b >X �`MQH/X h?2 GB#`�`v Q7 J�vM�`/@aKBi?, Jv a2�`+? 7Q` J2�MBM; BM i?2 S`Qi2BM lMBp2`b2X JB+`Q#2
J�;X- eUdV,jReĜjR3- kyRRX

(9j) JB+?�2H *QM`�/X h?2 ;2QK2i`v Q7 2pQHmiBQMX "BQavbi2Kb- k9URV,eRĜ3R- RNNyX

(99) JB+?2H G2/QmtX h?2 +QM+2Mi`�iBQM Q7 K2�bm`2 T?2MQK2MQM- pQHmK2 pX 3N Q7 J�i?2K�iB+�H bm`p2vb �M/ KQMQ@
;`�T?b-X �K2`B+�M J�i?2K�iB+�H aQ+B2iv- S`QpB/2M+2- _XAX- kyyRX

(98) >X CX JmHH2`X h?2 `2H�iBQM Q7 `2+QK#BM�iBQM iQ Kmi�iBQM�H �/p�M+2X Jmi�iX _2bX @ 6mM/�KX JQHX J2+?X Jmi�;2MX-
RURV,kĜN- RNe9X

(9e) aim�`i E�mzK�M �M/ aBKQM G2pBMX hQr�`/b � ;2M2`�H i?2Q`v Q7 �/�TiBp2 r�HFb QM `m;;2/ H�M/b+�T2bX CX h?2Q`X
"BQHX- Rk3URV,RRĜ98- RN3dX

(9d) .�MB2H �X G2pBMi?�HX �/�Ti�iBQM QM _m;;2/ G�M/b+�T2bX J�M�;2X a+BX- 9jUdV,Nj9ĜN8y- RNNdX

(93) > �HH2M P``X h?2 ;2M2iB+ i?2Q`v Q7 �/�Ti�iBQM, � #`B27 ?BbiQ`vX L�im`2 _2pB2rb :2M2iB+b- eUkV,RRN- kyy8X

(9N) CQ?M >X :BHH2bTB2X JQH2+mH�` 1pQHmiBQM Pp2` i?2 Jmi�iBQM�H G�M/b+�T2X 1pQHmiBQM ULX uVX- j3U8V,RRReĜRRkN-
RN39X

(8y) CQ?M >X :BHH2bTB2X � bBKTH2 biQ+?�biB+ ;2M2 bm#biBimiBQM KQ/2HX h?2Q`X SQTmHX "BQHX- kjUkV,kykĜkR8- RN3jX

(8R) >X �HH2M P``X h?2 /Bbi`B#miBQM Q7 }iM2bb 2z2+ib �KQM; #2M2}+B�H Kmi�iBQMb BM 6Bb?2`Ƕb ;2QK2i`B+ KQ/2H Q7
�/�Ti�iBQMX CX h?2Q`X "BQHX- kj3UkV,kdNĜk38- kyyeX

(8k) G�r`2M+2 >m2biQM >�`T2`X :HQ#�H K2i?Q/b 7Q` +QK#BM�iQ`B�H BbQT2`BK2i`B+ T`Q#H2Kb- pQHmK2 NyX *�K#`B/;2
lMBp2`bBiv S`2bb- kyy9X

(8j) "ûH� "QHHQ#�bX *QK#BM�iQ`B+b, b2i bvbi2Kb- ?vT2`;`�T?b- 7�KBHB2b Q7 p2+iQ`b- �M/ +QK#BM�iQ`B�H T`Q#�#BHBivX
*�K#`B/;2 lMBp2`bBiv S`2bb- RN3eX

(89) a?HQKQ >QQ`v- L�i?�M GBMB�H- �M/ �pB qB;/2`bQMX 1tT�M/2` ;`�T?b �M/ i?2B` �TTHB+�iBQMbX "mHHX �KX J�i?X
aQ+X- 9jU9V,9jNĜ8eR- kyyeX

(88) S 1`/ƺbX PM irQ T`Q#H2Kb Q7 BM7Q`K�iBQM i?2Q`vX J�;vX hm/X �F�/X J�iX EmiX AMiX EƺxH- RNejX

(8e) "2`Mi GBM/bi`ƺKX PM � +QK#BM�iQ`v /2i2+iBQM T`Q#H2KX AX J�;vX hm/X �F�/X J�iX EmiX AMiX EƺxH�/X- N,RN8Ĝkyd-
RNe9X

RNN



(8d) CQbû *�+2`2b- *�`K2M >2`M�M/Q- J2`+2 JQ`�- A;M�+BQ J S2H�vQ- J�`B� G Sm2`i�b- *�`HQb a2�`�- �M/ .�pB/ _
qQQ/X PM i?2 K2i`B+ /BK2MbBQM Q7 +�`i2bB�M T`Q/m+ib Q7 ;`�T?bX aA�J CX .Bb+`2iX J�i?X- kRUkV,9kjĜ99R- kyydX

(83) :X 1X l?H2M#2+F �M/ GX aX P`Mbi2BMX PM i?2 i?2Q`v Q7 i?2 "`QrMB�M KQiBQMX S?vbX _2pX- jeU8V,3kjĜ39R- RNjyX

(8N) J�`F E�+X _�M/QK r�HF �M/ i?2 i?2Q`v Q7 "`QrMB�M KQiBQMX �KX J�i?X JQMX- 89UdV,jeNĜjNR- RN9dX

(ey) SX .B�+QMBb- _XGX :`�?�K- �M/ CX�X JQ``BbQMX �bvKTiQiB+ �M�HvbBb Q7 � `�M/QK r�HF QM � ?vT2`+m#2 rBi?
K�Mv /BK2MbBQMbX _�M/QK ai`m+iX � �H;Q`Bi?Kb- RURV- RNNyX

(eR) S2`bB .B�+QMBb �M/ _QM :`�?�KX �M �{M2 r�HF QM i?2 ?vT2`+m#2X CX *QKTmiX �TTHX J�i?X- 9RUR@kV,kR8Ĝkj8-
RNNkX

(ek) SX .B�+QMBbX h?2 +miQz T?2MQK2MQM BM }MBi2 J�`FQp +?�BMbX S`Q+X L�iHX �+�/X- NjU9V,Re8NĜe9- RNNeX

(ej) S2`bBX .B�+QMBbX :`QmT `2T`2b2Mi�iBQMb BM T`Q#�#BHBiv �M/ bi�iBbiB+b- pQHmK2 pX RR Q7 G2+im`2 MQi2b@KQMQ;`�T?
b2`B2b cX AMbiBimi2 Q7 J�i?2K�iB+�H ai�iBbiB+b- >�vr�`/- *�HB7X- RN33X

(e9) CQbû J�`ő�- *�`K2M a2;�``�- �M/ �H7`2/Q _mBxX *?`QKQbQK�H ?QKQHQ;v �M/ KQH2+mH�` Q`;�MBx�iBQM Q7 JmHH2`Ƕb
2H2K2Mib . �M/ 1 BM i?2 .`QbQT?BH� `2TH2i� bT2+B2b ;`QmTX :2M2iB+b- R98UkV,k3RĜkN8- RNNdX

(e8) . >�`iH �M/ 1 CQM2bX :2M2iB+b, �M�HvbBb Q7 :2M2b �M/ :2MQK2bX CQM2b � "�`iH2ii Sm#H- kyyyX

(ee) S2`bB .B�+QMBb �M/ J2?`/�/ a?�?b?�?�MBX :2M2`�iBM; � `�M/QK T2`Kmi�iBQM rBi? `�M/QK i`�MbTQbBiBQMbX
w2Bib+?`B7i 7Ƀ` q�?`b+?2BMHB+?F2Bibi?2Q`B2 mM/ o2`r�M/i2 :2#B2i2- 8dUkV,R8NĜRdN- RN3RX

(ed) .�pB/ �X G2pBM- ump�H S2`2b- �M/ 1HBx�#2i? GX qBHK2`X J�`FQp *?�BMb �M/ JBtBM; hBK2bX �K2`B+�M J�i?2@
K�iB+�H aQ+X- kyyNX

(e3) _B+F .m``2iiX a?m|BM; *?`QKQbQK2bX CX h?2Q`X S`Q#�#X- ReUjV,dk8Ĝd8y- kyyjX

(eN) L�i?�M�ďH "2`2biv+FB �M/ _B+F .m``2iiX � T?�b2 i`�MbBiBQM BM i?2 `�M/QK i`�MbTQbBiBQM `�M/QK r�HFX S`Q#�#X
h?2Q`v _2H�iX 6B2H/b- RjeUkV,kyjĜkjj- kyyeX

(dy) �H2t�M/2` :�K#m`/ �M/ A;Q` S�FX 1tT�MbBQM Q7 T`Q/m+i `2TH�+2K2Mi ;`�T?bX *QK#BM�iQ`B+�- keU9V,9RRĜ9kN-
kyyeX

(dR) S2`bB .B�+QMBbX aQK2 i?BM;b r2Ƕp2 H2�`M2/ U�#Qmi J�`FQp +?�BM JQMi2 *�`HQVX "2`MQmHHB- RNU9V,RkN9ĜRjy8-
kyRjX

(dk) �Mi?QMv qX EM�TTX "�bB+ �H;2#`�X "B`F? mb2` "�b2H- kyyeX

(dj) � J�`FQzX 1ti2MbBQM Q7 i?2 H�r Q7 H�`;2 MmK#2`b iQ /2T2M/2Mi 2p2MibX "mHHX aQ+X S?vbX J�i?X E�x�M- R8,Rj8Ĝ
R8e- RNyeX

(d9) >2M`B SQBM+�`ûX *�H+mH /2b T`Q#�#BHBiûbX :�mi?B2`@oBHH�`b- RNRkX

(d8) S2`bB .B�+QMBb- _ G :`�?�K- �M/ qBHHB�K J E�MiQ`X h?2 K�i?2K�iB+b Q7 T2`72+i b?m|2bX �/pX �TTHX J�i?X-
9UkV,Rd8ĜRNe- RN3jX

(de) S2`bB .B�+QMBbX J�i?2K�iB+�H /2p2HQTK2Mib 7`QK i?2 �M�HvbBb QT `B|2 b?m|BM;X AM :`QmTb- *QK#X :2QKX
.m`?�K kyyR- T�;2b djĜNdX qQ`H/ a+B2MiB}+- kyyjX

kyy



(dd) L�i?�M�ďH "2`2biv+FBX h?2 ?vT2`#QHB+ ;2QK2i`v Q7 `�M/QK i`�MbTQbBiBQMbX �MMX S`Q#�#X- j9UkV,9kNĜ9ed- kyyeX

(d3) �M/`2v w?�`FBF?X 1biBK�iBQM Q7 2pQHmiBQM�`v /Bbi�M+2b #2ir22M Mm+H2QiB/2 b2[m2M+2bX CX JQHX 1pQHX- jNUjV,jR8Ĝ
jkN- RNN9X

(dN) 62/2`B+Q a[m�`iBMB �M/ S2i2` 6X �`M/iX Zm�MiB7vBM; i?2 bi�iBQM�`Biv �M/ iBK2 `2p2`bB#BHBiv Q7 i?2 Mm+H2QiB/2
bm#biBimiBQM T`Q+2bbX JQHX "BQHX 1pQHX- k8URkV,k8k8Ĝk8j8- kyy3X

(3y) .�pB/ JX J++�M/HBb?X PM i?2 }M/�#BHBiv Q7 ;2MQivT2bX 1pQHmiBQM ULX uVX- edUNV,k8NkĜkeyj- kyRjX

(3R) aim�`i � E�mzK�MX h?2 Q`B;BMb Q7 Q`/2`, a2H7@Q`;�MBx�iBQM �M/ b2H2+iBQM BM 2pQHmiBQMX AM aTBM :H�bX "BQHX-
T�;2b eRĜRyyX qQ`H/ a+B2MiB}+- RNNkX

(3k) :�#`B2H� P+?Q�- J�`+Q hQK�bbBMB- a2#�biB2M oû`2H- �M/ *?`BbiB�M .�`�#QbX � bim/v Q7 LE H�M/b+�T2bǶ #�bBMb
�M/ HQ+�H QTiBK� M2irQ`FbX AM S`Q+X Ryi? �MMmX *QM7X :2M2iX 1pQHX *QKTmiX- T�;2b 888Ĝ8ekX �*J- kyy3X

(3j) G2B;? o�M o�H2MX � M2r 2pQHmiBQM�`v H�rX 1pQH h?2Q`v- R,RĜjy- RNdjX

(39) :2Q`;2 oQM .�bbQr �M/ 1/ JmM`QX JQ/mH�`Biv BM �MBK�H /2p2HQTK2Mi �M/ 2pQHmiBQM, 1H2K2Mib Q7 � +QM+2Tim�H
7`�K2rQ`F 7Q` 1pQ.2pQ- RNNNX

(38) :ɃMi2` SX q�;M2`- JB?�2H� S�pHB+2p- �M/ C�K2b JX *?2p2`m/X h?2 `Q�/ iQ KQ/mH�`Biv- kyydX

(3e) .�pB/ �H/QmbX _�M/QK r�HFb QM }MBi2 ;`QmTb �M/ `�TB/Hv KBtBM; J�`FQp +?�BMbX AM aûKBM�B`2 S`Q#�#X soAA
RN3Rf3k- T�;2b k9jĜkNdX aT`BM;2`- RN3jX

(3d) L�i?�M�ďH "2`2biv+FBX G2+im`2b QM KBtBM; iBK2bX ?iiT,ffrrrXbi�ibH�#X+�KX�+XmFf #2`2bivfi2�+?fJBtBM;f KBt@
BM;kXT/7- kyR9X

(33) 6`2/ aQHQKQMX _�M/QK q�HFb BM � _�M/QK 1MpB`QMK2MiX �MMX S`Q#�#X- jURV,RĜjR- RNd8X

(3N) u�X :X aBM�BX h?2 HBKBiBM; #2?�pBQm` Q7 � QM2@/BK2MbBQM�H `�M/QK r�HF BM � `�M/QK K2/BmKX h?2Q`v S`Q#�#X
Bib �TTHX- kd,k8e- RN3kX

(Ny) _2K+Q p�M /2` >Q7bi�/X aiQ+?�biB+ T`Q+2bb2b QM `�M/QK ;`�T?bX AM G2+iX MQi2b 9di? amKK2` a+?X S`Q#�#X
a�BMi@6HQm`- kyRdX

(NR) 1m;2M2 SX qB;M2`X _�M/QK J�i`B+2b BM S?vbB+bX aA�J _2pX- NURV,RĜkj- RNedX

(Nk) S�mH 1`/ǒb �M/ �H7`û/ _ûMvBX PM i?2 2pQHmiBQM Q7 `�M/QK ;`�T?bX Sm#HX J�i?X AMbiX >mM;�`B�M �+�/X a+BX- 8-
RNeyX

(Nj) *�`H *X wX .QmX bim/B2b Q7 `�M/QK r�HFb QM ;`QmTb �M/ `�M/QK ;`�T?bX S?X/X /Bbb2`i�iBQM- J�bb�+?mb2iib
AMbiBimi2 Q7 h2+?MQHQ;v- RNNkX

(N9) J�`iBM >BH/2#`�M/X _�M/QK r�HFb QM `�M/QK bBKTH2 ;`�T?bX _�M/QK ai`m+iX �H;Q`Bi?Kb- 3U9V,jyRĜjR3- RNNeX

(N8) LX 6QmMiQmH�FBb �M/ "X �X _22/X h?2 2pQHmiBQM Q7 i?2 KBtBM; `�i2 Q7 � bBKTH2 `�M/QK r�HF QM i?2 ;B�Mi
+QKTQM2Mi Q7 � `�M/QK ;`�T?X _�M/QK ai`m+iX �H;Q`Bi?Kb- jjURV,e3Ĝ3e- kyy3X

(Ne) Ai�B "2MD�KBMB- :�/v EQxK�- �M/ LB+?QH�b qQ`K�H/X h?2 KBtBM; iBK2 Q7 i?2 ;B�Mi +QKTQM2Mi Q7 � `�M/QK
;`�T?X _�M/QK ai`m+iX �H;Q`Bi?Kb- 98UjV,j3jĜ9yd- kyR9X

kyR



(Nd) �b�7 L�+?KB�b �M/ ump�H S2`2bX *`BiB+�H `�M/QK ;`�T?b, .B�K2i2` �M/ KBtBM; iBK2X �MMX S`Q#�#X- jeU9V,RkedĜ
Rk3e- kyy3X

(N3) 1v�H Gm#2ixFv �M/ �HH�M aHvX *miQz T?2MQK2M� 7Q` `�M/QK r�HFb QM `�M/QK `2;mH�` ;`�T?bX .mF2 J�i?X CX-
R8jUjV,9d8Ĝ8Ry- kyRyX

(NN) S�mH 1`/ƺb �M/ CQ2H aT2M+2`X 1pQHmiBQM Q7 i?2 M@+m#2X *QKTmiX J�i?X rBi? �TTHX- 8URV,jjĜjN- RNdNX

(Ryy) JBFHƦb �Di�B- C�MQb EQKHƦb- �M/ 1M/`2 ax2K2`û/BX G�`;2bi `�M/QK +QKTQM2Mi Q7 �F@+m#2X *QK#BM�iQ`B+�-
kURV,RĜd- RN3kX

(RyR) " "QHHQ#�b- u EQ?�v�F�r�- �M/ h Ƈm+x�FX h?2 1pQHmiBQM Q7 _�M/QK am#;`�T?b Q7 i?2 *m#2X _�M/QK ai`m+iX
�H;Q`Bi?Kb- jURV,88ĜNy- RNNkX

(Ryk) _2K+Q p�M /2` >Q7bi�/ �M/ �b�7 L�+?KB�bX lMH�+BM; ?vT2`+m#2 T2`+QH�iBQM, � bm`p2vX J2i`BF�- ddURV,kjĜ8y-
D�M kyR9X

(Ryj) J�`FmbX >2v/2M`2B+? �M/ _2K+Q p�M /2` >Q7bi�/X S`Q;`2bb BM >B;?@.BK2MbBQM�H S2`+QH�iBQM �M/ _�M/QK
:`�T?bX aT`BM;2` AMi2`M�iBQM�H Sm#HBb?BM;- R 2/BiBQM- kyRdX

(Ry9) Ai�B "2MD�KBMB �M/ 1H+?�M�M JQbb2HX PM i?2 KBtBM; iBK2 Q7 � bBKTH2 `�M/QK r�HF QM i?2 bmT2` +`BiB+�H
T2`+QH�iBQM +Hmbi2`X S`Q#�#X h?2Q`v _2H�iX 6B2H/b- Rk8UjV,9y3Ĝ9ky- kyyjX

(Ry8) "X JQ``Bb �M/ ump�H S2`2bX 1pQHpBM; b2ib- KBtBM; �M/ ?2�i F2`M2H #QmM/bX S`Q#�#X h?2Q`v _2H�iX 6B2H/b-
RjjUkV,k98Ĝkee- kyy8X

(Rye) _2K+Q o�M .2` >Q7bi�/ �M/ �b�7 L�+?KB�bX >vT2`+m#2 T2`+QH�iBQMX CX 1m`X J�i?X aQ+X- RNUjV,dk8Ĝ3R9- kyRdX

(Ryd) *?`BbiB�M _2B/vb- S2i2` 6 ai�/H2`- �M/ S2i2` a+?mbi2`X :2M2`B+ T`QT2`iB2b Q7 +QK#BM�iQ`v K�Tb, L2mi`�H
M2irQ`Fb Q7 _L� b2+QM/�`v bi`m+im`2bX "mHHX J�i?X "BQHX- 8NUkV,jjNĜjNd- K�` RNNdX

(Ry3) S2i2` a+?mbi2`X S`2/B+iBQM Q7 _L� b2+QM/�`v bi`m+im`2b, 6`QK i?2Q`v iQ KQ/2Hb �M/ `2�H KQH2+mH2bX _2TQ`ib
S`Q;X S?vbX- eNU8V,R9RNĜR9dd- kyyeX

(RyN) CQ½Q 6X J�iB�b _Q/`B;m2b �M/ �M/`2�b q�;M2`X 1pQHmiBQM�`v TH�biB+Biv �M/ BMMQp�iBQMb BM +QKTH2t K2i�#QHB+
`2�+iBQM M2irQ`FbX SGQa *QKTmiX "BQHX- 8URkV- kyyNX

(RRy) CQbû �;mBH�`@_Q/`ő;m2x- CQb?m� GX S�vM2- �M/ �M/`2�b q�;M2`X � i?Qmb�M/ 2KTB`B+�H �/�TiBp2 H�M/b+�T2b
�M/ i?2B` M�pB;�#BHBivX L�iX 1+QHX 1pQHX- RUkV- kyRdX

(RRR) �X _X .�pB/bQM �M/ _X hX a�m2`X 6QH/2/ T`Qi2BMb Q++m` 7`2[m2MiHv BM HB#`�`B2b Q7 `�M/QK �KBMQ �+B/ b2[m2M+2bX
S`Q+X L�iHX �+�/X a+BX- NRUeV,kR9eĜkR8y- RNN9X

(RRk) h?2Q/QbBmb .Q#x?�MbFv �M/ h?2Q/QbBmb :`B;Q`B2pB+? .Q#x?�MbFvX :2M2iB+b �M/ i?2 P`B;BM Q7 aT2+B2b- pQH@
mK2 RRX *QHmK#B� mMBp2`bBiv T`2bb- RNjdX

(RRj) a2`;2v :�p`BH2ib �M/ C�MFQ :`�pM2`X S2`+QH�iBQM QM i?2 }iM2bb ?vT2`+m#2 �M/ i?2 2pQHmiBQM Q7 `2T`Q/m+iBp2
BbQH�iBQMX CX h?2Q`X "BQHX- R39URV,8RĜe9- RNNdX

(RR9) a2`;2v :�p`BH2ibX 1pQHmiBQM �M/ bT2+B�iBQM QM ?QH2v �/�TiBp2 H�M/b+�T2bX h`2M/b BM 2+QHQ;v � 2pQHmiBQM-
RkU3V,jydĜjRk- RNNdX

kyk



(RR8) AX �X *�KT#2H- _X CmHHB2M- _X "Qi2i- �M/ CX JX 6H2bb2HH2bX _�M/QK r�HFb QM � ?vT2`+m#2 �M/ bTBM ;H�bb
`2H�t�iBQMX CX S?vbX * aQHB/ ai�i2 S?vbX- kyU9V,G9dĜG8R- RN3dX

(RRe) S2i2` a+?mbi2`- q�Hi2` 6QMi�M�- S2i2` 6X ai�/H2`- �M/ ApQ GX >Q7�+F2`X 6`QK a2[m2M+2b iQ a?�T2b �M/ "�+F,
� *�b2 aim/v BM _L� a2+QM/�`v ai`m+im`2bX S`Q+X _X aQ+X " "BQHX a+BX- k88URj99V,kdNĜk39- RNN9X

(RRd) "X JQ``Bb �M/ �X aBM+H�B`X _�M/QK r�HFb QM i`mM+�i2/ +m#2b �M/ b�KTHBM; y@R FM�Tb�+F bQHmiBQMbX 9yi? �MMmX
avKTX 6QmM/X *QKTmiX a+BX U*�iX LQXNN*"jdyjNV- j9URV,RN8Ĝkke- RNNNX

(RR3) *?`BbiQb >X S�T�/BKBi`BQmX *QKTmi�iBQM�H *QKTH2tBivX S2�`bQM- RNN9X

(RRN) "�`#�`� .`Qbb2HX "BQHQ;B+�H 2pQHmiBQM �M/ bi�iBbiB+�H T?vbB+bX �/pX S?vbX- 8yUkV,kyNĜkN8- kyyRX

(Rky) a2r�HH q`B;?iX 1pQHmiBQM BM K2M/2HB�M TQTmH�iBQMbX RNjRX "mHHX J�i?X "BQHX- 8kUR@kV,k9RĜkN8- RNNyX

(RkR) a2r�HH q`B;?iX :2MB+ �M/ P`;�MBbKB+ a2H2+iBQMX 1pQHmiBQM ULX uVX- j9U8V,3k8Ĝ39j- RN3yX

(Rkk) GmBb@JB;m2H *?2pBM- _mbb2HH G�M/2- �M/ :2Q`;BM� J J�+2X �/�Ti�iBQM- TH�biB+Biv- �M/ 2tiBM+iBQM BM � +?�M;BM;
2MpB`QMK2Mi, iQr�`/b � T`2/B+iBp2 i?2Q`vX SGQa "BQHX- 3U9V,2Ryyyj8d- kyRyX

(Rkj) 1`2x GB2#2`K�M- *?`BbiQT? >�m2`i- �M/ J�`iBM � LQr�FX 1pQHmiBQM�`v /vM�KB+b QM ;`�T?bX L�im`2-
9jjUC�MXV,jRkĜjRe- kyy8X

(Rk9) E�K`�M E�p2?- �H2t J+�pQv- �M/ J�`iBM � LQr�FX h?2 2z2+i Q7 bT�iB�H }iM2bb ?2i2`Q;2M2Biv QM }t�iBQM
T`Q#�#BHBivX �`sBp S`2T`X �`sBpRdyNXyjyjR- kyRdX

(Rk8) C J�vM�`/ aKBi? �M/ :2Q`;2 _ S`B+2X h?2 HQ;B+ Q7 �MBK�H +QM~B+iX L�im`2- k9eU89kdV,R8- RNdjX

(Rke) JQ?�M J�ii?2M �M/ �M/`û �`B2rX hrQ q�vb Q7 h?BMFBM; �#Qmi 6BiM2bb �M/ L�im`�H a2H2+iBQMX CX S?BHQbX-
NNUkV,88Ĝ3j- kyykX

(Rkd) �M/`û �`B2r �M/ _X *X G2rQMiBMX h?2 +QM7mbBQMb Q7 }iM2bb- kyy9X

(Rk3) a P?MQX 1pQHmiBQM #v :2M2 .mTHB+�iBQMX aT`BM;2`- RNdyX

(RkN) �X q�;M2`X _2/mM/�Mi ;2M2 7mM+iBQMb �M/ M�im`�H b2H2+iBQMX CX 1pQHX "BQHX- RkURV,RĜRe- RNNNX

(Rjy) aT2M+2` o Jmb2 �M/ "`�M/QM a :�miX � HBF2HB?QQ/ �TT`Q�+? 7Q` +QKT�`BM; bvMQMvKQmb �M/ MQMbvMQMvKQmb
Mm+H2QiB/2 bm#biBimiBQM `�i2b- rBi? �TTHB+�iBQM iQ i?2 +?HQ`QTH�bi ;2MQK2X JQHX "BQHX 1pQHX- RRU8V,dR8Ĝdk9- RNN9X

(RjR) L :QH/K�M �M/ w u�M;X � +Q/QM@#�b2/ KQ/2H Q7 Mm+H2QiB/2 bm#biBimiBQM 7Q` T`Qi2BM@ +Q/BM; .L� b2[m2M+2bX
JQHX "BQHX 1pQHX- RR,dk8Ĝdje- RNN9X

(Rjk) _�bKmb LB2Hb2M �M/ wB?2M; u�M;X 1biBK�iBM; i?2 /Bbi`B#miBQM Q7 b2H2+iBQM +Q2{+B2Mib 7`QK T?vHQ;2M2iB+ /�i�
rBi? �TTHB+�iBQMb iQ KBiQ+?QM/`B�H �M/ pB`�H .L�X JQHX "BQHX 1pQHX- kyU3V,RkjRĜRkjN- kyyjX

(Rjj) :BH2�M � h J+o2�M �M/ CQ`;2 oB2B`�X AM72``BM; T�`�K2i2`b Q7 Kmi�iBQM- b2H2+iBQM �M/ /2KQ;`�T?v 7`QK
T�ii2`Mb Q7 bvMQMvKQmb bBi2 2pQHmiBQM BM .`QbQT?BH�X :2M2iB+b- R8dURV,k98Ĝk8d- kyyRX

(Rj9) �H2t2B oX 6BMF2Hbi2BMX AKTHB+�iBQMb Q7 i?2 `�M/QK +?�`�+i2`BbiB+b Q7 T`Qi2BM b2[m2M+2b 7Q` i?2B` i?`22@/BK2MbBQM�H
bi`m+im`2X *m``X PTBMX ai`m+iX "BQHX- 9UjV,9kkĜ9k3- RNN9X

kyj



(Rj8) �H�M _X .�pB/bQM- E2pBM CX GmK#- �M/ _Q#2`i hX a�m2`X *QQT2`�iBp2Hv 7QH/2/ T`Qi2BMb BM `�M/QK b2[m2M+2
HB#`�`B2bX L�iX ai`m+iX "BQHX- kURyV,38eĜ3e9- RNN8X

(Rje) �X .X E2272 �M/ CX qX axQbi�FX 6mM+iBQM�H T`Qi2BMb 7`QK � `�M/QK@b2[m2M+2 HB#`�`vX L�im`2- 9RyUe3kNV,dR8ĜdR3-
kyyRX

(Rjd) C 6 _2B/?��`@PHbQM �M/ _ h a�m2`X 6mM+iBQM�HHv �++2Ti�#H2 bm#biBimiBQMb BM irQ �HT?�@?2HB+�H `2;BQMb Q7 H�K#/�
`2T`2bbQ`X S`Qi2BMb- dU9V,jyeĜRe- RNNyX

(Rj3) aX oX h�vHQ`- EX lX q�Hi2`- SX E�bi- �M/ .X >BHp2`iX a2�`+?BM; b2[m2M+2 bT�+2 7Q` T`Qi2BM +�i�HvbibX S`Q+X L�iHX
�+�/X a+BX- N3URNV,Ry8NeĜRyeyR- kyyRX

(RjN) �/2`QMF2 "�#�DB/2- ApQ G >Q7�+F2`- J�M7`2/ C aBTTH- �M/ S2i2` 6 ai�/H2`X L2mi`�H M2irQ`Fb BM T`Qi2BM bT�+2,
� +QKTmi�iBQM�H bim/v #�b2/ QM FMQrH2/;2@#�b2/ TQi2MiB�Hb Q7 K2�M 7Q`+2X 6QH/X .2bX- kU8V,keRĜkeN- RNNdX

(R9y) S2i2` uX *?Qm �M/ :2`�H/ .X 6�bK�MX S`2/B+iBQM Q7 S`Qi2BM *QM7Q`K�iBQMX "BQ+?2KBbi`v- RjUkV,kkkĜk98- RNd9X

(R9R) o � aBKQbbBb �M/ C >2`BM;�X AMi2;`�iBM; T`Qi2BM b2+QM/�`v bi`m+im`2 T`2/B+iBQM �M/ KmHiBTH2 b2[m2M+2 �HB;MK2MiX
*m``X S`Qi2BM S2TiX a+BX- 8U9V,k9NĜee- kyy9X

(R9k) q�Hi2` SB`Qp�MQ �M/ C��T >2`BM;�X S`Qi2BM b2+QM/�`v bi`m+im`2 T`2/B+iBQMX AM .�i� JBMBM; h2+?MB[m2b 7Q` i?2
GB72 a+B2M+2b- T�;2b jkdĜj93X aT`BM;2`- kyRyX

(R9j) A u EQ?- o � 1v`B+?- J � J�`iB@_2MQK- . S`xv#vHbFB- J a J�/?mbm/?�M- L 1br�`- P :`�M�- 6 S�xQb-
� o�H2M+B�- � a�HB- �M/ " _QbiX 1o�, 1p�Hm�iBQM Q7 T`Qi2BM bi`m+im`2 T`2/B+iBQM b2`p2`bX Lm+H2B+ �+B/b _2b-
jRURjV,jjRRĜjjR8- kyyjX

(R99) "m`F?�`/ _QbiX _2pB2r, S`Qi2BM b2+QM/�`v bi`m+im`2 T`2/B+iBQM +QMiBMm2b iQ `Bb2- kyyRX

(R98) *�`QH �X _Q?H- *?�`HB2 1 J ai`�mbb- EB`� J a JBbm`�- �M/ .�pB/ "�F2`X S`Qi2BM ai`m+im`2 S`2/B+iBQM lbBM;
_Qb2ii�X J2i?Q/b 1MxvKQHX- j3jUkyyjV,eeĜNj- kyy9X

(R9e) _?BDm .�b �M/ .�pB/ "�F2`X J�+`QKQH2+mH�` JQ/2HBM; rBi? _Qb2ii�X �MMmX _2pX "BQ+?2KX- ddURV,jejĜj3k-
kyy3X

(R9d) a2`;2v Pp+?BMMBFQp- >�?M#2QK S�`F- L2?� o�`;?2b2- SQ@abm >m�M;- :2Q`;BQb �X S�pHQTQmHQb- .�pB/ 1X
EBK- >2imM�M/�M E�KBb2iiv- LBFQb *X Ev`TB/2b- �M/ .�pB/ "�F2`X S`Qi2BM bi`m+im`2 /2i2`KBM�iBQM mbBM;
K2i�;2MQK2 b2[m2M+2 /�i�X a+B2M+2 U3y@X VX- j88UejkkV,kN9ĜkN3- kyRdX

(R93) q�Hi2` 6QMi�M�- S2i2` 6X ai�/H2`- 1`B+? :X "Q`M#2`;@"�m2`- h?QK�b :`B2bK�+?2`- ApQ GX >Q7�+F2`- J�M7`2/
h�+F2`- S2/`Q h�`�xQM�- 1/r�`/ .X q2BM#2`;2`- �M/ S2i2` a+?mbi2`X _L� 7QH/BM; �M/ +QK#BM�iQ`v H�M/b+�T2bX
S?vbX _2pX 1- 9dUjV,ky3jĜkyNN- RNNjX

(R9N) q 6QMi�M�- . � J EQMBM;b- S 6 ai�/H2`- �M/ S a+?mbi2`X ai�iBbiB+b Q7 _M� a2+QM/�`v ai`m+im`2bX "BQTQHvK2`b-
jjUNV,Rj3NĜR9y9- RNNjX

(R8y) SX a+?mbi2`- qX 6QMi�M�- SX 6X ai�/H2`- �M/ AX GX >Q7�+F2`X 6`QK a2[m2M+2b iQ a?�T2b �M/ "�+F, � *�b2 aim/v
BM _L� a2+QM/�`v ai`m+im`2bX S`Q+X _X aQ+X " "BQHX a+BX- k88URj99V,kdNĜk39- RNN9X

(R8R) S2i2` a+?mbi2`X S`2/B+iBQM Q7 _L� b2+QM/�`v bi`m+im`2b, 6`QK i?2Q`v iQ KQ/2Hb �M/ `2�H KQH2+mH2bX _2TQ`ib
S`Q;X S?vbX- eNU8V,R9RNĜR9dd- kyyeX
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(R8k) J�`iBDM � >mvM2MX 1tTHQ`BM; T?2MQivT2 bT�+2 i?`Qm;? M2mi`�H 2pQHmiBQMX CX JQHX 1pQHX- 9jUjV,Re8ĜReN- RNNeX

(R8j) �`22DBi a�K�H- CQ½Q 6X J�iB�b _Q/`B;m2b- CɃ`;2M CQbi- PHBpB2` *X J�`iBM- �M/ �M/`2�b q�;M2`X :2MQivT2
M2irQ`Fb BM K2i�#QHB+ `2�+iBQM bT�+2bX "J* avbiX "BQHX- 9- kyRyX

(R89) CQ½Q 6X J�iB�b _Q/`B;m2b �M/ �M/`2�b q�;M2`X :2MQivT2 M2irQ`Fb- BMMQp�iBQM- �M/ `Q#mbiM2bb BM bmH7m`
K2i�#QHBbKX "J* avbiX "BQHX- 8- kyRRX

(R88) CQ?�MM2b "2`;- ai�M� qBHHK�MM- �M/ JB+?�2H G bbB;X �/�TiBp2 2pQHmiBQM Q7 i`�Mb+`BTiBQM 7�+iQ` #BM/BM; bBi2bX
"J* 1pQHX "BQHX- 9- kyy9X

(R8e) S2`+v .2B7iX lMBp2`b�HBiv 7Q` K�i?2K�iB+�H �M/ T?vbB+�H bvbi2KbX AM S`Q+X AMiX *QM;`X J�i?X- pQHmK2 A- T�;2b
Rk8ĜR8k- wɃ`B+?- kyydX 1m`QT2�M J�i?2K�iB+�H aQ+B2ivX

(R8d) G�bxHƦ 1`/ǒb �M/ >Q`M;@hx2` u�mX lMBp2`b�HBiv Q7 HQ+�H bT2+i`�H bi�iBbiB+b Q7 `�M/QK K�i`B+2bX "mHHX �KX J�i?X
aQ+X- 9NUjV,jddĜ9R9- kyRkX

(R83) �H2t2B "Q`Q/BM �M/ Ap�M *Q`rBMX J�+/QM�H/ T`Q+2bb2bX S`Q#�#X h?2Q`v _2H�iX 6B2H/b- R83UR@kV,kk8Ĝ9yy- kyR9X

(R8N) *?`BbiQT?2` C qBHHbX � K2+?�MBbK 7Q` `�TB/ �HHQT�i`B+ bT2+B�iBQMX �KX L�iX- RRRUNdNV,eyjĜey8- RNddX

(Rey) J L2BX J�i?2K�iB+�H KQ/2Hb Q7 bT2+B�iBQM �M/ ;2M2iB+ /Bbi�M+2X SQTmHX :2M2iX 1+QHX �+�/X S`2bbX L2r uQ`F-
T�;2b dkjĜdee- RNdeX

(ReR) a :�p`BH2ibX � /vM�KB+�H i?2Q`v Q7 bT2+B�iBQM QM ?QH2v �/�TiBp2 H�M/b+�T2bX �KX L�iX- R89URV,RĜkk- RNNNX

(Rek) S�mH 1?`2M72bi �M/ h�iD�M� 1?`2M72bi@�7�M�bbD2r�X ɂ#2` xr2B #2F�MMi2 1BMr M/2 ;2;2M /�b "QHixK�MMb+?2
>@h?2Q`2KX >B`x2H- RNydX

(Rej) SX � S JQ`�MX _�M/QK T`Q+2bb2b BM ;2M2iB+bX J�i?X S`Q+X *�K#`B/;2 S?BHQbX aQ+X- 89URV,eyĜdR- RN83X

(Re9) S�i`B+F �H7`2/ SB2`+2 JQ`�MX h?2 bi�iBbiB+�H T`Q+2bb2b Q7 2pQHmiBQM�`v i?2Q`vX Pt7Q`/ lMBp2`bBiv S`2bb- Pt7Q`/-
1M;H�M/- RNekX

(Re8) �`M2 h`�mHb2M �M/ *?`BbiQT? >�m2`iX aiQ+?�biB+ 1pQHmiBQM�`v :�K2 .vM�KB+bX AM _2pX LQMHBM2�` .vMX
*QKTH2tX- pQHmK2 k- T�;2b k8ĜeRX qBH2vɢo*> o2`H�; :K#> � *QX E:��- kyRyX

(Ree) CmHB�M E2BHbQMX GQ;@+QM+�pBiv �M/ HQ;@+QMp2tBiv BM T�bb�;2 iBK2 /2MbBiB2b Q7 /BzmbBQM �M/ #B`i?@/2�i? T`Q+2bb2bX
CX �TTHX S`Q#�#X- 3UkV,jNRĜjN3- RNdRX

(Red) CmHB�M E2BHbQMX J�`FQp +?�BM KQ/2Hbě`�`Biv �M/ 2tTQM2MiB�HBiv- pQHmK2 k3X aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�-
kyRkX

(Re3) C�K2b �HH2M 6BHHX h?2 T�bb�;2 iBK2 /Bbi`B#miBQM 7Q` � #B`i?@�M/@/2�i? +?�BM, ai`QM; bi�iBQM�`v /m�HBiv ;Bp2b �
}`bi biQ+?�biB+ T`QQ7X CX h?2Q`X S`Q#�#X- kkUjV,89jĜ88d- kyyNX

(ReN) >Bb�b?B P?ibmFB- *?`BbiQT? >�m2`i- 1`2x GB2#2`K�M- �M/ J�`iBM � LQr�FX � bBKTH2 `mH2 7Q` i?2 2pQHmiBQM Q7
+QQT2`�iBQM QM ;`�T?b �M/ bQ+B�H M2irQ`FbX L�im`2- 99R,8ykĜ8y8- K�v kyyeX

(Rdy) GQ`2Mb �X AK?Q7 �M/ J�`iBM �X LQr�FX 1pQHmiBQM�`v ;�K2 /vM�KB+b BM � q`B;?i@6Bb?2` T`Q+2bbX CX J�i?X
"BQHX- 8kU8V,eedĜe3R- kyyeX
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(RdR) _B+Fv .2`- *?�`H2b GX 1Tbi2BM- �M/ CQb?m� "X SHQiFBMX :2M2`�HBx2/ TQTmH�iBQM KQ/2Hb �M/ i?2 M�im`2 Q7 ;2M2iB+
/`B7iX h?2Q`X SQTmHX "BQHX- 3yUkV,3yĜNN- kyRRX

(Rdk) h�F2Q J�`mv�K�X � bBKTH2 T`QQ7 i?�i +2`i�BM [m�MiBiB2b �`2 BM/2T2M/2Mi Q7 i?2 ;2Q;`�T?B+�H bi`m+im`2 Q7
TQTmH�iBQMX h?2Q`X SQTmHX "BQHX- 8UkV,R93ĜR89- RNd9X

(Rdj) G�m`� >BM/2`bBM �M/ �`M2 h`�mHb2MX *QmMi2`BMimBiBp2 T`QT2`iB2b Q7 i?2 }t�iBQM iBK2 BM M2irQ`F@bi`m+im`2/
TQTmH�iBQMbX CX _X aQ+X AMi2`7�+2- RRUNNV- �m; kyR9X

(Rd9) E`Bb?M2M/m *?�ii2`D22- _�bKmb A#b2M@C2Mb2M- �M/ J�`iBM � LQr�FX 6�bi2` JQMi2@*�`HQ �H;Q`Bi?Kb 7Q` 6Bt�@
iBQM S`Q#�#BHBiv Q7 i?2 JQ`�M S`Q+2bb QM lM/B`2+i2/ :`�T?bX �`sBp S`2T`X �`sBpRdyeXyeNjR- kyRdX

(Rd8) "�?`�K >Qm+?K�M/x�/2? �M/ J�`+2H o�HH�/2X h?2 }t�iBQM T`Q#�#BHBiv Q7 � #2M2}+B�H Kmi�iBQM BM � ;2Q;`�T?@
B+�HHv bi`m+im`2/ TQTmH�iBQMX L2r CX S?vbX- Rj,ydjyky- DmH kyRRX

(Rde) h JQMF- S :`22M- �M/ J S�mHBMX J�`iBM;�H2b �M/ }t�iBQM T`Q#�#BHBiB2b Q7 2pQHmiBQM�`v ;`�T?bX S`Q+X _X aQ+X
� J�i?X S?vbX 1M;X a+BX- 9dyUkRe8V,kyRjydjy- kyR9X

(Rdd) J�`+mb 6`2�M- S�mH " _�BM2v- �M/ �`M2 h`�mHb2MX h?2 2z2+i Q7 TQTmH�iBQM bi`m+im`2 QM i?2 `�i2 Q7 2pQHmiBQMX
S`Q+X _X aQ+X "- k3yURdekV,kyRjykRR- kyRjX

(Rd3) CQb2T .ő�x- G2bHB2 �MM :QH/#2`;- :2Q`;2 " J2`ixBQb- .�pB/ _B+?2`#v- J�`B� a2`M�- �M/ S�mH : aTB`�FBbX
�TT`QtBK�iBM; }t�iBQM T`Q#�#BHBiB2b BM i?2 ;2M2`�HBx2/ KQ`�M T`Q+2bbX �H;Q`Bi?KB+�- eNURV,d3ĜNR- kyR9X

(RdN) _�bKmb A#b2M@C2Mb2M- E`Bb?M2M/m *?�ii2`D22- �M/ J�`iBM � LQr�FX *QKTmi�iBQM�H +QKTH2tBiv Q7 2+QHQ;B+�H
�M/ 2pQHmiBQM�`v bT�iB�H /vM�KB+bX S`Q+X L�iHX �+�/X a+BX- RRkU8RV,R8ejeĜR8e9R- kyR8X

(R3y) CQb2T .ő�x- G2bHB2 �MM :QH/#2`;- .�pB/ _B+?2`#v- �M/ J�`B� a2`M�X �#bQ`TiBQM iBK2 Q7 i?2 JQ`�M T`Q+2bbX
_�M/QK ai`m+iX �H;Q`Bi?Kb- 9NURV,RjdĜR8N- kyReX

(R3R) J�b�iQb?B L2BX Jmi�iBQM@/`Bp2M 2pQHmiBQMX PlS Pt7Q`/- kyRjX

(R3k) *X 1X h�`MBi�- hX �Mi�H- >X P?ibmFB- �M/ JX �X LQr�FX 1pQHmiBQM�`v /vM�KB+b BM b2i bi`m+im`2/ TQTmH�iBQMbX
S`Q+X L�iHX �+�/X a+BX- RyeUkRV,3eyRĜ3ey9- kyyNX

(R3j) �X h`�mHb2M- *X >�m2`i- >X .2 aBHp�- JX �X LQr�F- �M/ EX aB;KmM/X 1tTHQ`�iBQM /vM�KB+b BM 2pQHmiBQM�`v
;�K2bX S`Q+X L�iHX �+�/X a+BX- RyeUjV,dyNĜdRk- kyyNX

(R39) GX GQ2r2 �M/ qX :X >BHHX h?2 TQTmH�iBQM ;2M2iB+b Q7 Kmi�iBQMb, ;QQ/- #�/ �M/ BM/Bz2`2MiX S?BHQbX h`�MbX _X
aQ+X " "BQHX a+BX- je8UR899V,RR8jĜRRed- kyRyX

(R38) *?`BbiQT? >�m2`i �M/ GQ`2Mb �X AK?Q7X 1pQHmiBQM�`v ;�K2b BM /2K2 bi`m+im`2/- }MBi2 TQTmH�iBQMbX CX h?2Q`X
"BQHX- kNN,RyeĜRRk- kyRkX

(R3e) SX JX �Hi`Q+F- �X h`�mHb2M- �M/ JX �X LQr�FX 1pQHmiBQM�`v ;�K2b QM +v+H2b rBi? bi`QM; b2H2+iBQMX S?vbX _2pX
1- N8UkV- kyRdX

(R3d) hX �Mi�H- >X P?ibmFB- CX q�F2H2v- SX .X h�vHQ`- �M/ JX �X LQr�FX 1pQHmiBQM Q7 +QQT2`�iBQM #v T?2MQivTB+
bBKBH�`BivX S`Q+X L�iHX �+�/X a+BX- RyeUkRV,38NdĜ3eyy- kyyNX

(R33) hB#Q` �Mi�H- �`M2 h`�mHb2M- >Bb�b?B P?ibmFB- *Q`BM� 1 h�`MBi�- �M/ J�`iBM � LQr�FX Jmi�iBQM@b2H2+iBQM
2[mBHB#`BmK BM ;�K2b rBi? KmHiBTH2 bi`�i2;B2bX CX h?2Q`X "BQHX- k83U9V,eR9Ĝekk- kyyNX
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(R3N) *Q`BM� 1 h�`MBi�- >Bb�b?B P?ibmFB- hB#Q` �Mi�H- 62M; 6m- �M/ J�`iBM � LQr�FX ai`�i2;v b2H2+iBQM BM bi`m+im`2/
TQTmH�iBQMbX CX h?2Q`X "BQHX- k8NUjV,8dyĜ83R- kyyNX

(RNy) J�`iBM LQr�F- *Q`BM� 1 h�`MBi�- �M/ hB#Q` �Mi�HX 1pQHmiBQM�`v /vM�KB+b BM bi`m+im`2/ TQTmH�iBQMbX
S?BHXh`�MbX_XaQ+X"- je8UR8jdV,RNĜjy- kyRyX

(RNR) *Q`BM� 1 h�`MBi�- LB+?QH�b q�;2- �M/ J�`iBM � LQr�FX JmHiBTH2 bi`�i2;B2b BM bi`m+im`2/ TQTmH�iBQMbX S`Q+X
L�iHX �+�/X a+BX- Ry3UeV,kjj9Ĝkjjd- kyRRX

(RNk) *?�Bi�Mv� aX :QF?�H2 �M/ �`M2 h`�mHb2MX ai`�i2;v �#mM/�M+2 BM 2pQHmiBQM�`v K�Mv@TH�v2` ;�K2b rBi? KmHiBTH2
bi`�i2;B2bX CX h?2Q`X "BQHX- k3jURV,R3yĜRNR- kyRRX

(RNj) "2MD�KBM �HH2M- �`M2 h`�mHb2M- *Q`BM� 1X h�`MBi�- �M/ J�`iBM �X LQr�FX >Qr Kmi�iBQM �z2+ib 2pQHmiBQM�`v
;�K2b QM ;`�T?bX CX h?2Q`X "BQHX- kNN,NdĜRy8- kyRkX

(RN9) "BM qm- CmHB�M :�`+ő�- *?`BbiQT? >�m2`i- �M/ �`M2 h`�mHb2MX 1ti`�TQH�iBM; q2�F a2H2+iBQM BM 1pQHmiBQM�`v
:�K2bX SGQa *QKTmiX "BQHX- NURkV- kyRjX

(RN8) "BM qm- �`M2 h`�mHb2M- �M/ *?�Bi�Mv� :QF?�H2X .vM�KB+ S`QT2`iB2b Q7 1pQHmiBQM�`v JmHiB@TH�v2` :�K2b BM
6BMBi2 SQTmH�iBQMbX :�K2b- 9UkV,R3kĜRNN- kyRjX

(RNe) S�#HQ *�i�H�M- C2bȹb JX a2Q�M2- �M/ JB;m2H � 6 a�MDm�MX Jmi�iBQM@b2H2+iBQM 2[mBHB#`BmK BM }MBi2 TQTmH�iBQMb
TH�vBM; � >�rF@.Qp2 ;�K2X *QKKmMX LQMHBM2�` a+BX LmK2`X aBKmHX- k8UR@jV,eeĜdj- kyR8X

(RNd) u�MHBM; w?�M;- �Bx?B GBm- �M/ *?�M;vBM amMX AKT�+i Q7 KB;`�iBQM QM i?2 KmHiB@bi`�i2;v b2H2+iBQM BM }MBi2
;`QmT@bi`m+im`2/ TQTmH�iBQMbX a+BX _2TX- e- kyReX

(RN3) JB+?�2H GvM+? �M/ qBHHB�K :X >BHHX S?2MQivTB+ 1pQHmiBQM #v L2mi`�H Jmi�iBQMX 1pQHmiBQM ULX uVX- 9yU8V,NR8-
RN3eX

(RNN) "2`M�`/ .2``B/� �M/ Gm+� S2HBiBX 1pQHmiBQM BM � ~�i }iM2bb H�M/b+�T2X "mHHX J�i?X "BQHX- 8jUjV,j88Ĝj3k- RNNRX

(kyy) >Qr�`/ P+?K�MX L2mi`�H Jmi�iBQMb �M/ L2mi`�H am#biBimiBQMb BM "�+i2`B�H :2MQK2bX JQHX "BQHX 1pQHX-
kyURkV,kyNRĜkyNe- kyyjX

(kyR) J�b�iQb?B L2BX a2H2+iBQMBbK �M/ M2mi`�HBbK BM KQH2+mH�` 2pQHmiBQMX JQH2+mH�` #BQHQ;v �M/ 2pQHmiBQM-
kkURkV,kjR3Ĝkj9k- kyy8X

(kyk) C2bb2 .X "HQQK- S?BHBT �X _QK2`Q- w?QM;vB Gm- �M/ 6`�M+2b >X �`MQH/X L2mi`�H ;2M2iB+ /`B7i +�M �Hi2`
T`QKBb+mQmb T`Qi2BM 7mM+iBQMb- TQi2MiB�HHv �B/BM; 7mM+iBQM�H 2pQHmiBQMX "BQHX .B`2+i- k- kyydX

(kyj) _B+F .m``2iiX S`Q#�#BHBiv, h?2Q`v �M/ 1t�KTH2bX *�K#`B/;2 lMBp2`bBiv S`2bb- kyRyX

(ky9) S2i2` .X h�vHQ`- h`Qv .�v- �M/ :2Qz qBH/X 6`QK BM+HmbBp2 }iM2bb iQ }t�iBQM T`Q#�#BHBiv BM ?QKQ;2M2Qmb
bi`m+im`2/ TQTmH�iBQMbX CX h?2Q`X "BQHX- k9NURV,RyRĜRRy- kyydX

(ky8) 6X .û#�``2X 6B/2HBiv Q7 T�`2Mi@QzbT`BM; i`�MbKBbbBQM �M/ i?2 2pQHmiBQM Q7 bQ+B�H #2?�pBQ` BM bi`m+im`2/ TQTmH�@
iBQMbX CX h?2Q`X "BQHX- 9ky,keĜj8- kyRdX

(kye) S�mH 62�`M?2�/X h?2 +QKKQM �M+2biQ` �i � MQMM2mi`�H HQ+mbX CX �TTHX S`Q#�#X- jNURV,j3Ĝ89- kyykX

kyd



(kyd) C2bb2 1X h�vHQ`X h?2 +QKKQM �M+2biQ` T`Q+2bb 7Q` � r`B;?i@}b?2` /BzmbBQMX 1H2+i`QMX CX S`Q#�#X- Rk,3y3Ĝ39d-
kyydX

(ky3) 1X p�M LBKr2;2M- CX SX *`mi+?}2H/- �M/ JX >mvM2MX L2mi`�H 2pQHmiBQM Q7 Kmi�iBQM�H `Q#mbiM2bbX S`Q+X L�iHX
�+�/X a+BX- NeURdV,NdReĜNdky- RNNNX

(kyN) "2MD�KBM �HH2M- *?`BbiBM2 a�KTH2- umHB� .2K2MiB2p�- _m#2M *X J2/2B`Qb- *?`BbiQT?2` S�QH2iiB- �M/ J�`iBM �X
LQr�FX h?2 JQH2+mH�` *HQ+F Q7 L2mi`�H 1pQHmiBQM *�M "2 �++2H2`�i2/ Q` aHQr2/ #v �bvKK2i`B+ aT�iB�H
ai`m+im`2X SGQa *QKTmiX "BQHX- RRUkV- kyR8X

(kRy) JB+?�2H .Q2#2HB- *?`BbiQT? >�m2`i- �M/ hBKQi?v EBHHBM;#�+FX h?2 2pQHmiBQM�`v Q`B;BM Q7 +QQT2`�iQ`b �M/
/272+iQ`bX a+B2M+2 U3y@X VX- jyeU8eNdV,38NĜ3ek- kyy9X

(kRR) CQ2 umB+?B`Q q�F�MQ �M/ uQ? Ar�b�X 1pQHmiBQM�`v #`�M+?BM; BM � }MBi2 TQTmH�iBQM, .2i2`KBMBbiB+ #`�M+?BM;
pbX biQ+?�biB+ #`�M+?BM;X :2M2iB+b- RNjURV,kkNĜk9R- kyRjX

(kRk) _ JQMi2M2;`Q �M/ S h2i�HBX J�i?2K�iB+�H �bT2+ib Q7 JBtBM; hBK2b BM J�`FQp *?�BMbX 6QmM/X h`2M/bȉ h?2Q`X
*QKTmiX a+BX- RUjV,kjdĜj89- kyy8X

(kRj) CQ?M q�F2H2vX S`Q#�#BHBiv h?2Q`v 7Q` i?2 *Q�H2b+2MiX *Q�H2b+2Mi h?2Q`v- T�;2b RdĜjN- kyyyX

(kR9) CX ar2iBM�X 6B`bi �M/ b2+QM/ KQK2Mib �M/ i?2 K2�M ?�KKBM; /Bbi�M+2 BM � biQ+?�biB+ `2THB+�iBQM@Kmi�iBQM
KQ/2H 7Q` #BQHQ;B+�H K�+`QKQH2+mH2bX CX J�i?X "BQHX- kdU9V,9ejĜ93j- RN3NX

(kR8) "2MD�KBM �HH2M �M/ J�`iBM �X LQr�FX :�K2b QM ;`�T?bX 1m`X J�i?X aQ+X am`pX J�i?X a+BX- T�;2b RRjĜR8R-
kyR9X

(kRe) "2MD�KBM �HH2M- :�#Q` GBTTM2`- um@hBM; *?2M- "�#�F 6QiQm?B- L�;?K2? JQK2MB- a?BM;@hmM; u�m- �M/
J�`iBM �X LQr�FX 1pQHmiBQM�`v /vM�KB+b QM �Mv TQTmH�iBQM bi`m+im`2X L�im`2- 899Ude9NV,kkdĜkjy- kyRdX

(kRd) _ � 6Bb?2`X h?2 :2M2iB+�H h?2Q`v Q7 L�im`�H a2H2+iBQMX :2M2iB+b- R89,kdk- RNjyX

(kR3) S�mH :X >B;;b �M/ "2`M�`/ .2``B/�X :2M2iB+ /Bbi�M+2 �M/ bT2+B2b 7Q`K�iBQM BM 2pQHpBM; TQTmH�iBQMbX CX JQHX
1pQHX- j8U8V,989Ĝ9e8- RNNkX

(kRN) h?QK�b > *Q`K2M- *?�`H2b 1 G2Bb2`bQM- �M/ _QM�H/ G _Bp2biX AMi`Q/m+iBQM iQ �H;Q`Bi?KbX JAh S`2bb- kyyRX

(kky) .�pB/ J J+*�M/HBb? �M/ �`HBM aiQHix7mbX JQ/2HBM; 1pQHmiBQM lbBM; i?2 S`Q#�#BHBiv Q7 6Bt�iBQM, >BbiQ`v �M/
AKTHB+�iBQMbX ZX _2pX "BQHX- 3NUjV,kk8Ĝk8k- b2T kyR9X

(kkR) *`�B; �X 6Q;H2- C�K2b GX L�;H2- �M/ JB+?�2H JX .2b�BX *HQM�H BMi2`72`2M+2- KmHiBTH2 Kmi�iBQMb �M/ �/�Ti�iBQM
BM H�`;2 �b2tm�H TQTmH�iBQMbX :2M2iB+b- R3yU9V,kRejĜkRdj- kyy3X

(kkk) :`2;Q`v AX G�M;- .�pB/ "Qibi2BM- �M/ JB+?�2H JX .2b�BX :2M2iB+ p�`B�iBQM �M/ i?2 7�i2 Q7 #2M2}+B�H Kmi�iBQMb
BM �b2tm�H TQTmH�iBQMbX :2M2iB+b- R33UjV,e9dĜeeR- kyRRX

(kkj) :`2;Q`v AX G�M;- .�MB2H SX _B+2- J�`F CX >B+FK�M- 1`B+� aQ/2`;`2M- :2Q`;2 JX q2BMbiQ+F- .�pB/ "Qibi2BM-
�M/ JB+?�2H JX .2b�BX S2`p�bBp2 ;2M2iB+ ?Bi+??BFBM; �M/ +HQM�H BMi2`72`2M+2 BM 7Q`iv 2pQHpBM; v2�bi TQTmH�iBQMbX
L�im`2- 8yyUd9e9V,8dRĜ8d9- kyRjX

(kk9) E�iv� EQb?2H2p� �M/ JB+?�2H JX .2b�BX h?2 /vM�KB+b Q7 ;2M2iB+ /`�7i BM `�TB/Hv �/�TiBM; TQTmH�iBQMbX :2M2iB+b-
RN8UjV,RyydĜRyk8- kyRjX

ky3



(kk8) .�pB/ J J+*�M/HBb?- *?�`H2b G 1Tbi2BM- �M/ CQb?m� " SHQiFBMX 6Q`K�H T`QT2`iB2b Q7 i?2 T`Q#�#BHBiv Q7 }t�iBQM,
A/2MiBiB2b- BM2[m�HBiB2b �M/ �TT`QtBK�iBQMbX h?2Q`X SQTmHX "BQHX- NNUamTTH2K2Mi *V,N3ĜRRj- kyR8X

(kke) JQiQQ EBKm`� �M/ h�F2Q J�`mv�K�X h?2 bm#biBimiBQM�H HQ�/ BM � }MBi2 TQTmH�iBQMX >2`2/Biv U1/BM#VX-
k9URV,RyR- RNeNX

(kkd) CX GX EBM; �M/ hX >X CmF2bX LQM@.�`rBMB�M 1pQHmiBQMX a+B2M+2 U3y@X VX- Re9Uj33RV,d33ĜdN3- RNeNX

(kk3) CQ?M >X :BHH2bTB2X aQK2 S`QT2`iB2b Q7 6BMBi2 SQTmH�iBQMb 1tT2`B2M+BM; ai`QM; a2H2+iBQM �M/ q2�F Jmi�iBQMX
�KX L�iX- RkRU8V,eNR- RN3jX

(kkN) >X �HH2M P``X h?2 SQTmH�iBQM :2M2iB+b Q7 �/�Ti�iBQM, h?2 .Bbi`B#miBQM Q7 6�+iQ`b 6Bt2/ /m`BM; �/�TiBp2
1pQHmiBQMX 1pQHmiBQM ULX uVX- 8kU9V,Nj8- RNN3X

(kjy) :mv a2HH� �M/ ��`QM 1 >B`b?X h?2 �TTHB+�iBQM Q7 bi�iBbiB+�H T?vbB+b iQ 2pQHmiBQM�`v #BQHQ;vX S`Q+X L�iHX �+�/X
a+BX lX aX �X- RykUkdV,N89RĜe- kyy8X

(kjR) .�pB/ �H/Qmb �M/ CBK 6BHHX _2p2`bB#H2 J�`FQp +?�BMb �M/ `�M/QK r�HFb QM ;`�T?b- kyykX

(kjk) .�pB/ CX �H/QmbX J�`FQp +?�BMb rBi? �HKQbi 2tTQM2MiB�H ?BiiBM; iBK2bX aiQ+?X S`Q+2bbX i?2B` �TTHX- RjUjV,jy8Ĝ
jRy- RN3kX

(kjj) :û`�`/ "2M �`Qmb �M/ oû`QMB[m2 :�v`�`/X 1H2K2Mi�`v TQi2MiB�H i?2Q`v QM i?2 ?vT2`+m#2X 1H2+i`QMX CX S`Q#�#X-
Rj,RdkeĜR3yd- kyy3X

(kj9) :û`�`/ "2M �`Qmb �M/ CBǼő Ì2`MɷX h?2 �`+bBM2 H�r �b � mMBp2`b�H �;BM; b+?2K2 7Q` i`�T KQ/2HbX *QKKmMX Sm`2
�TTHX J�i?X- eRUjV,k3NĜjkN- kyy3X

(kj8) C Ì2`Mɷ �M/ o :�v`�`/X >BiiBM; iBK2 Q7 H�`;2 bm#b2ib Q7 i?2 ?vT2`+m#2X _�M/QK ai`m+iX �H;Q`Bi?Kb- T�;2b
RĜR9- kyy3X

(kje) J�`iBDM � >mvM2M- S2i2` 6 ai�/H2`- �M/ q�Hi2` 6QMi�M�X aKQQi?M2bb rBi?BM `m;;2/M2bb, i?2 `QH2 Q7 M2mi`�HBiv
BM �/�Ti�iBQMX S`Q+X L�iHX �+�/X a+BX- NjURV,jNdĜ9yR- RNNeX

(kjd) o2`MQM J AM;`�K �M/ Pi?2`bX h?2 ?2KQ;HQ#BMb BM ;2M2iB+b �M/ 2pQHmiBQMX ?2KQ;HQ#BMb :2M2iX 1pQHX- RNejX

(kj3) LQ`K�M >�`QH/ >Q`QrBixX "BQ+?2KB+�H ;2M2iB+b Q7 L2m`QbTQ`�X AM �/pX :2M2iX- pQHmK2 j- T�;2b jjĜdRX 1Hb2pB2`-
RN8yX

(kjN) *v`mb *?Qi?B�X PM2 i?Qmb�M/ 7�KBHB2b 7Q` i?2 KQH2+mH�` #BQHQ;BbiX L�im`2- j8d,89jĜ899- RNNkX

(k9y) S�mH E E22b2 �M/ �/`B�M :B##bX P`B;BMb Q7 ;2M2b,Ǵ #B; #�M;Ǵ Q` +QMiBMmQmb +`2�iBQM\ S`Q+X L�iHX �+�/X a+BX-
3NUkyV,N93NĜN9Nj- RNNkX

(k9R) "2`M�`/ .mDQM- .�pB/ a?2`K�M- :BHH2b 6Bb+?2`- S�b+�H .m``2Mb- a2`;2 *�b�`2;QH�- AM;`B/ G�7QMi�BM2- C�+Fv
.2 JQMiB;Mv- *?`BbiB�M J�`+F- *û+BH2 L2mpû;HBb2- 1KK�Mm2H h�HH�- �M/ Pi?2`bX :2MQK2 2pQHmiBQM BM v2�bibX
L�im`2- 9jyUeNN8V,j8- kyy9X

(k9k) �M;2HQ S�p2bB- :FBF�b J�;BQ`FBMBb- �M/ .�pB/ : E�`HBMX oB`�H T`Qi2BMb Q`B;BM�i2/ /2 MQpQ #v Qp2`T`BMiBM;
+�M #2 B/2MiB}2/ #v +Q/QM mb�;2, �TTHB+�iBQM iQ i?2 ǳ;2M2 Mm`b2`vǴ Q7 .2Hi�`2i`QpB`mb2bX SGQa *QKTmiX "BQHX-
NU3V,2RyyjRek- kyRjX

kyN



(k9j) w?BHQM; "�Q- J�m`22M � *H�M+v- _�[m2H 6 *�`p�H?Q- EBQM� 1HHBQii- �M/ E2pBM J 6QHi�X A/2MiB}+�iBQM Q7 MQp2H
;`Qri? `2;mH�iQ`b BM TH�Mi TQTmH�iBQMb 2tT`2bbBM; `�M/QK T2TiB/2bX SH�Mi S?vbBQHX- T�;2b TTě@yy8dd- kyRdX

(k99) aBKQM � G2pBM �M/ _Q#2`i h S�BM2X .Bbim`#�M+2- T�i+? 7Q`K�iBQM- �M/ +QKKmMBiv bi`m+im`2X S`Q+X L�iHX �+�/X
a+BX- dRUdV,kd99Ĝkd9d- RNd9X

(k98) aBKQM � G2pBMX SQTmH�iBQM /vM�KB+ KQ/2Hb BM ?2i2`Q;2M2Qmb 2MpB`QMK2MibX �MMmX _2pX 1+QHX avbiX- dURV,k3dĜ
jRy- RNdeX

(k9e) _B+?�`/ .m``2ii �M/ aBKQM � G2pBMX aiQ+?�biB+ bT�iB�H KQ/2Hb, � mb2`Ƕb ;mB/2 iQ 2+QHQ;B+�H �TTHB+�iBQMbX S?BHQbX
h`�MbX _X aQ+X GQM/QMX a2`X " "BQHX a+BX- j9jURjy8V,jkNĜj8y- RNN9X

(k9d) J�`F "`QQK �M/ C�M _v+?i�ǼX �M �M�HvbBb Q7 i?2 }t�iBQM T`Q#�#BHBiv Q7 � Kmi�Mi QM bT2+B�H +H�bb2b Q7 MQM@
/B`2+i2/ ;`�T?bX S`Q+X _X aQ+X � J�i?X S?vbX 1M;X a+BX- 9e9UkyN3V,keyNĜkekd- Q+i kyy3X

(k93) J�`+mb 6`2�M- S�mH " _�BM2v- �M/ �`M2 h`�mHb2MX h?2 2z2+i Q7 TQTmH�iBQM bi`m+im`2 QM i?2 `�i2 Q7 2pQHmiBQMX
S`Q+X _X aQ+X " "BQHX a+BX- k3yURdekV,kyRjykRR- DmH kyRjX

(k9N) hB#Q` �Mi�H- aB/M2v _2/M2`- �M/ oBb?�H aQQ/X 1pQHmiBQM�`v /vM�KB+b QM /2;`22@?2i2`Q;2M2Qmb ;`�T?bX S?vbX
_2pX G2iiX- Ne,R33Ry9- kyyeX

(k8y) " aBM2`pQ �M/ *J GBp2HvX h?2 `Q+FĜT�T2`Ĝb+BbbQ`b ;�K2 �M/ i?2 2pQHmiBQM Q7 �Hi2`M�iBp2 K�H2 bi`�i2;B2bX
L�im`2- j3y,k9y Ĝ k9j- RNNeX

(k8R) "2MD�KBM E2``- J�`;�`2i � _BH2v- J�`+mb q 62H/K�M- �M/ "`2M/�M C J "Q?�MM�MX GQ+�H /BbT2`b�H T`QKQi2b
#BQ/Bp2`bBiv BM � `2�H@HB72 ;�K2 Q7 `Q+F@T�T2`@b+BbbQ`bX L�im`2- 9R3Ue3N9V,RdRĜ9- DmH kyykX

(k8k) um@hBM; *?2MX a?�`T #2M2}i@iQ@+Qbi `mH2b 7Q` i?2 2pQHmiBQM Q7 +QQT2`�iBQM QM `2;mH�` ;`�T?bX �MMX �TTHX
S`Q#�#X- kjUkV,ejdĜee9- kyRjX

(k8j) J�`F "`QQK �M/ C�M _v+?i�ǼX :�K2@i?2Q`2iB+�H KQ/2Hb BM #BQHQ;vX *?�TK�M � >�HHf*_* K�i?2K�iB+�H �M/
+QKTmi�iBQM�H #BQHQ;v b2`B2bX *?�TK�M �M/ >�HHf*_* S`2bb- h�vHQ` �M/ 6`�M+Bb :`QmT- "Q+� _�iQM- 6G- kyRjX

(k89) J�`iBM � LQr�F �M/ _Q#2`i J J�vX 1pQHmiBQM�`v ;�K2b �M/ bT�iB�H +?�QbX L�im`2- j8NUejN3V,3keĜ3kN- RNNkX

(k88) :vƺ`;v ax�#Ʀ �M/ :�#Q` 6�i?X 1pQHmiBQM�`v ;�K2b QM ;`�T?bX S?vbX _2TX- 99eU9V,NdĜkRe- kyydX

(k8e) J�iD�ʈ S2`+X *Q?2`2M+2 `2bQM�M+2 BM � bT�iB�H T`BbQM2`Ƕb /BH2KK� ;�K2X L2r CX S?vbX- 3UkV,kk- kyyeX

(k8d) J�iD�ʈ S2`+ �M/ �iiBH� axQHMQFBX aQ+B�H /Bp2`bBiv �M/ T`QKQiBQM Q7 +QQT2`�iBQM BM i?2 bT�iB�H T`BbQM2`Ƕb /BH2KK�
;�K2X S?vbX _2pX 1- ddURV,RRNy9- kyy3X

(k83) 62M; 6m- J�`iBM � LQr�F- �M/ *?`BbiQT? >�m2`iX AMp�bBQM �M/ 2tT�MbBQM Q7 +QQT2`�iQ`b BM H�iiB+2 TQTmH�iBQMb,
S`BbQM2`Ƕb /BH2KK� pbX aMQr/`B7i ;�K2bX CX h?2Q`X "BQHX- keeUjV,j83Ĝjee- kyRyX

(k8N) CQ`;2 J S�+?2+Q- �`M2 h`�mHb2M- �M/ J�`iBM � LQr�FX *Q2pQHmiBQM Q7 bi`�i2;v �M/ bi`m+im`2 BM +QKTH2t
M2irQ`Fb rBi? /vM�KB+�H HBMFBM;X S?vbX _2pX G2iiX- NdUk8V,k83Ryj- kyyeX

(key) E�`BM CQ?bi- JB+?�2H .Q2#2HB- �M/ _QH�M/ "`�M/HX 1pQHmiBQM Q7 +QKTH2t /vM�KB+b BM bT�iB�HHv bi`m+im`2/
TQTmH�iBQMbX S`Q+X _X aQ+X " "BQHX a+BX- keeUR9k9V,RR9dĜRR89- RNNNX

kRy



(keR) J�`F "`QQK- C�M _v+?i�Ǽ- �M/ " ai�/H2`X 1pQHmiBQM�`v /vM�KB+b QM bK�HH@Q`/2` ;`�T?bX CX AMi2`/Bb+BTX J�i?X-
Rk,RkNĜR9y- kyyNX

(kek) C�`QbH�p AbTQH�iQp �M/ JB+?�2H .Q2#2HBX .Bp2`bB}+�iBQM �HQM; 2MpB`QMK2Mi�H ;`�/B2Mib BM bT�iB�HHv bi`m+im`2/
TQTmH�iBQMbX 1pQHX 1+QHX _2bX- RR,kN8Ĝjy9- kyyNX

(kej) CQb2T .ő�x- G2bHB2 �MM :QH/#2`;- :2Q`;2 "X J2`ixBQb- .�pB/ _B+?2`#v- J�`B� a2`M�- CX- �M/ S�mH :X aTB`�FBbX
PM i?2 }t�iBQM T`Q#�#BHBiv Q7 bmT2`bi�`bX S`Q+X _X aQ+X � J�i?X S?vbX 1M;X a+BX- 9eN,kyRjyRNj- kyRjX

(ke9) �H�bi�B` C�KB2bQM@G�M2 �M/ *?`BbiQT? >�m2`iX 6Bt�iBQM T`Q#�#BHBiB2b QM bmT2`bi�`b- `2pBbBi2/ �M/ `2pBb2/X �`sBp
S`2T`X �`sBpRjRkXejjj- kyRjX

(ke8) _B+?�`/ .m``2ii �M/ aBKQM G2pBMX h?2 AKTQ`i�M+2 Q7 "2BM; .Bb+`2i2 U�M/ aT�iB�HVX h?2Q`X SQTmHX "BQHX-
9e,jejĜjN9- RNN9X

(kee) JB+?�2H S >�bb2HH- >m;? L *QKBMb- �M/ _Q#2`i J J�vX aT2+B2b +Q2tBbi2M+2 �M/ b2H7@Q`;�MBxBM; bT�iB�H /vM�KB+bX
L�im`2- jdy,kNyĜkNk- RNN9X

(ked) S�mH " _�BM2v �M/ E�i`BM� _�BM2vX 1pQHmiBQM Q7 +QQT2`�iBQM �M/ +QM~B+i BM 2tT2`BK2Mi�H #�+i2`B�H TQTmH�iBQMbX
L�im`2- 9k8,dkĜd9- kyyjX

(ke3) JB+F�2H G2 :�+ �M/ JB+?�2H .Q2#2HBX 1MpB`QMK2Mi�H pBb+QbBiv /Q2b MQi �z2+i i?2 2pQHmiBQM Q7 +QQT2`�iBQM
/m`BM; 2tT2`BK2Mi�H 2pQHmiBQM Q7 +QHB+B;2MB+ #�+i2`B�X 1pQHmiBQM- e9UkV,8kkĜjj- 72# kyRyX

(keN) "2MD�KBM �HH2M- C2z :Q`2- �M/ J�`iBM � LQr�FX aT�iB�H /BH2KK�b Q7 /BzmbB#H2 Tm#HB+ ;QQ/bX 1HB72- k,2yRReN-
D�M kyRjX

(kdy) .mM+�M C q�iib �M/ ai2p2M > ai`Q;�ixX *QHH2+iBp2 /vM�KB+b Q7 ǶbK�HH@rQ`H/Ƕ M2irQ`FbX L�im`2- jNj,99yĜ99k-
DmM RNN3X

(kdR) �H�BM "�``�i �M/ J�`iBM q2B;iX PM i?2 T`QT2`iB2b Q7 bK�HH@rQ`H/ M2irQ`F KQ/2HbX 1m`X S?vbX CX "- RjUjV,89dĜ
8ey- D�M kyyyX

(kdk) J�vmFQ L�F�K�`m �M/ aBKQM � G2pBMX aT`2�/ Q7 irQ HBMF2/ bQ+B�H MQ`Kb QM +QKTH2t BMi2`�+iBQM M2irQ`FbX CX
h?2Q`X "BQHX- kjyURV,8dĜe9- b2T kyy9X

(kdj) o�HKB` *X "�`#Qb�- _�mH .QM�M;2HQ- �M/ a2`;BQ _X aQmx�X 1�`Hv �TT`�Bb�H Q7 i?2 }t�iBQM T`Q#�#BHBiv BM /B`2+i2/
M2irQ`FbX S?vbX _2pX 1- 3k,y9eRR9- kyRyX

(kd9) �M/`2�b S�pHQ;B�MMBb- CQb27 hF�/H2+- E`Bb?M2M/m *?�ii2`D22- �M/ J�`iBM � LQr�FX ai`QM; �KTHB}2`b Q7
L�im`�H a2H2+iBQM, S`QQ7bX �`sBp S`2T`X �`sBpR3ykXyk8yN- kyR3X

(kd8) J�`iBM � LQr�F- 6`�MxBbF� JB+?Q`- �M/ uQ? Ar�b�X h?2 HBM2�` T`Q+2bb Q7 bQK�iB+ 2pQHmiBQMX S`Q+X L�iHX �+�/X
a+BX- RyyUk8V,R9NeeĜR9NeN- kyyjX

(kde) *?`BbiQ7Q`Qb >�/DB+?`vb�Mi?Qm- J�`F "`QQK- �M/ Abip�M w EBbbX �TT`QtBK�iBM; 2pQHmiBQM�`v /vM�KB+b QM
M2irQ`Fb mbBM; � L2B;?#Qm`?QQ/ *QM};m`�iBQM KQ/2HX CX h?2Q`X "BQHX- jRk,RjĜkR- DmH kyRkX

(kdd) �H#2`i@G�bxHƦ "�`�#�bB �M/ _ûF� �H#2`iX 1K2`;2M+2 Q7 b+�HBM; BM `�M/QK M2irQ`FbX a+B2M+2 U3y@X VX-
k3eU89jNV,8yNĜ8Rk- Q+i RNNNX

kRR



(kd3) 6�M _QM; EBM; *?mM; �M/ GBMvm�M GmX *QKTH2t ;`�T?b �M/ M2irQ`Fb- pQHmK2 MQX Ryd Q7 *"Ja `2;BQM�H
+QM72`2M+2 b2`B2b BM K�i?2K�iB+b cX �K2`B+�M J�i?2K�iB+�H aQ+B2iv- S`QpB/2M+2- _A- kyyeX

(kdN) .�MB2H q ai`QQ+FX S`Q#�#BHBiv i?2Q`v , �M �M�HviB+ pB2rX *�K#`B/;2 lMBp2`bBiv S`2bb- *�K#`B/;2- lE- kM/
2/BiBQM- kyRRX

(k3y) "2M �/H�K �M/ J�`iBM �X LQr�FX lMBp2`b�HBiv Q7 }t�iBQM T`Q#�#BHBiB2b BM `�M/QKHv bi`m+im`2/ TQTmH�iBQMbX
a+BX _2TX- 9- kyR9X

(k3R) 6`�M+2b >X �`MQH/X h?2 GB#`�`v Q7 J�vM�`/@aKBi?, Jv a2�`+? 7Q` J2�MBM; BM i?2 S`Qi2BM lMBp2`b2X JB+`Q#2
J�;X- eUdV,jReĜjR3- kyRRX

(k3k) oBF`�K �Hp�- JB+?�2H _2KK2`i- �M/`2�b "B2;2`i- �M/`2B LX GmT�b- �M/ CQ?�MM2b aƺ/BM;X � ;�H�tv Q7 7QH/bX
S`Qi2BM a+BX- RNURV,Rk9ĜRjy- kyRyX

(k3j) h P?i�X SQTmH�iBQM aBx2 �M/ _�i2 Q7 1pQHmiBQMX CX JQHX 1pQHX- RU9V,jy8ĜR9- RNdkX

(k39) L�i?�M�ďH "2`2biv+FBX _2+2Mi T`Q;`2bb BM +Q�H2b+2Mi i?2Q`vX 1Mb�BQb J�iX- ReURV,RĜRNj- kyyNX

(k38) .B2i?�`/ h�mix �M/ hQKBbH�p .QK�x2i@GQȒQX h?2 2pQHmiBQM�`v Q`B;BM Q7 Q`T?�M ;2M2b- kyRRX

(k3e) CQ?�MM2b aƺ/BM; �M/ �M/`2B LX GmT�bX JQ`2 i?�M i?2 bmK Q7 i?2B` T�`ib, PM i?2 2pQHmiBQM Q7 T`Qi2BMb 7`QK
T2TiB/2b- kyyjX

(k3d) q 6QMi�M� �M/ S a+?mbi2`X � +QKTmi2` KQ/2H Q7 2pQHmiBQM�`v QTiBKBx�iBQMX "BQT?vb *?2K- keUk@jV,RkjĜR9d-
RN3dX

(k33) J�M7`2/ 1B;2M �M/ S2i2` a+?mbi2`X h?2 >vT2`+v+H2X L�im`rBbb2Mb+?�7i2M- e8URV,dĜ9R- RNd3X

(k3N) CX qBHHB�K a+?QT7X h?2 }`bi #BHHBQM v2�`b, q?2M /B/ HB72 2K2`;2\ 1H2K2Mib- kU9V,kkNĜkjj- kyyeX

(kNy) �#B;�BH *X �HHrQQ/- CQ?M SX :`QixBM;2`- �M/`2r >X EMQHH- A�M qX "m`+?- J�`F aX �M/2`bQM- J�t GX *QH2K�M-
�M/ AbBF E�MBFX *QMi`QHb QM /2p2HQTK2Mi �M/ /Bp2`bBiv Q7 1�`Hv �`+?2�M bi`QK�iQHBi2bX S`Q+X L�iHX �+�/X a+BX
lX aX �X- RyeUk9V,N893Ĝ88- kyyNX

(kNR) qX "X q?BiK�M- .X *X *QH2K�M- �M/ qX CX qB2#2X S`QF�`vQi2b, h?2 mMb22M K�DQ`BivX S`Q+X L�iHX �+�/X a+BX-
N8URkV,e8d3Ĝe83j- RNN3X

(kNk) JX G2;B2rB+xX aBx2- +QMbi�Mi b2[m2M+2b- �M/ QTiBK�H b2H2+iBQMX _L�- RRURRV,RdyRĜRdyN- kyy8X

(kNj) _X SX qQ`/2MX � bT22/ HBKBi 7Q` 2pQHmiBQMX CX h?2Q`X "BQHX- RdeURV,RjdĜR8k- RNN8X

(kN9) am *?�M S�`F- .�KB2M aBKQM- �M/ CQ�+?BK E`m;X h?2 bT22/ Q7 2pQHmiBQM BM H�`;2 �b2tm�H TQTmH�iBQMbX CX ai�iX
S?vbX- Rj3URV,j3RĜ9Ry- kyRyX

(kN8) *H�mb PX qBHF2X h?2 bT22/ Q7 �/�Ti�iBQM BM H�`;2 �b2tm�H TQTmH�iBQMbX :2M2iB+b- RedU9V,ky98Ĝky8j- kyy9X

(kNe) qX CX 1r2MbX h?2 T`Q#�#BHBiv Q7 bm`pBp�H Q7 � M2r Kmi�Mi BM � ~m+im�iBM; 2MpB`QMK2MiX >2`2/Biv U1/BM#VX-
kkUjV,9j3Ĝ99j- RNedX

(kNd) LX >X "�`iQMX GBMF�;2 �M/ i?2 HBKBib iQ M�im`�H b2H2+iBQMX :2M2iB+b- R9yUkV,3kRĜ39R- RNN8X

kRk



(kN3) hB#Q` �Mi�H �M/ Abip�M a+?2m`BM;X 6Bt�iBQM Q7 bi`�i2;B2b 7Q` �M 2pQHmiBQM�`v ;�K2 BM }MBi2 TQTmH�iBQMbX "mHHX
J�i?X "BQHX- e3U3V,RNkjĜRN99- kyyeX

(kNN) S�mHQ _ � *�KTQbX 6Bt�iBQM Q7 #2M2}+B�H Kmi�iBQMb BM i?2 T`2b2M+2 Q7 2TBbi�iB+ BMi2`�+iBQMbX "mHHX J�i?X "BQHX-
eeUjV,9djĜ93e- kyy9X

(jyy) _ * :`B{i?b �M/ aBKQM h�p�`2X �M+2bi`�H AM72`2M+2 BM SQTmH�iBQM :2M2iB+b- RNN9X

(jyR) *H�mb PX qBHF2X h?2 bT22/ Q7 �/�Ti�iBQM BM H�`;2 �b2tm�H TQTmH�iBQMbX :2M2iB+b- RedU9V,ky98Ĝky8j- kyy9X

(jyk) >X �HH2M P``X h?2 `�i2 Q7 �/�Ti�iBQM BM �b2tm�HbX :2M2iB+b- R88UkV,NeRĜNe3- kyyyX

(jyj) hQ#v CQ?MbQM �M/ S?BHBT CX :2``Bb?X h?2 }t�iBQM T`Q#�#BHBiv Q7 � #2M2}+B�H �HH2H2 BM � TQTmH�iBQM /BpB/BM; #v
#BM�`v }bbBQMX :2M2iB+�- RR8UjV,k3jĜk3d- kyykX

(jy9) S?BHBTT JX �Hi`Q+F �M/ �`M2 h`�mHb2MX 6Bt�iBQM iBK2b BM 2pQHmiBQM�`v ;�K2b mM/2` r2�F b2H2+iBQMX L2r CX
S?vbX- RR- kyyNX

(jy8) JB+?�2H JX .2b�B- .�MB2H aX 6Bb?2`- �M/ �M/`2r qX Jm``�vX h?2 aT22/ Q7 1pQHmiBQM �M/ J�BMi2M�M+2 Q7
o�`B�iBQM BM �b2tm�H SQTmH�iBQMbX *m``X "BQHX- RdU8V,j38ĜjN9- kyydX

(jye) JQiQQ EBKm`� �M/ hQKQFQ P?i�X h?2 �p2`�;2 MmK#2` Q7 ;2M2`�iBQMb mMiBH }t�iBQM Q7 � Kmi�Mi ;2M2 BM � }MBi2
TQTmH�iBQMX :2M2iB+b- eRUeNkV,dejĜddR- RNeNX

(jyd) J�M@q�? *?2mM;X S�B`rBb2 +QKT�`BbQM /vM�KB+b 7Q` ;�K2b rBi? +QMiBMmQmb bi`�i2;v bT�+2X CX 1+QMX h?2Q`v-
R8j,j99Ĝjd8- kyR9X

(jy3) *?`BbiB�M >BH#2- E`Bb?M2M/m *?�ii2`D22- �M/ J�`iBM � LQr�FX S�`iM2`b �M/ `Bp�Hb BM /B`2+i `2+BT`Q+BivX L�iX
>mKX "2?�pX- kyR3X

(jyN) GBM/B J q�?H �M/ J�`iBM � LQr�FX h?2 *QMiBMmQmb S`BbQM2`Ƕb .BH2KK�, AAX GBM2�` _2�+iBp2 ai`�i2;B2b rBi?
LQBb2X CX h?2Q`X "BQHX- kyyUjV,jkjĜjj3- RNNNX

(jRy) GBM/B J q�?H �M/ J�`iBM � LQr�FX h?2 *QMiBMmQmb S`BbQM2`Ƕb .BH2KK�, AX GBM2�` _2�+iBp2 ai`�i2;B2bX CX
h?2Q`X "BQHX- kyyUjV,jydĜjkR- RNNNX

(jRR) hBKQi?v EBHHBM;#�+F- JB+?�2H .Q2#2HB- �M/ L�M+v EMQrHiQMX o�`B�#H2 BMp2biK2Mi- i?2 *QMiBMmQmb S`BbQM2`Ƕb
.BH2KK�- �M/ i?2 Q`B;BM Q7 +QQT2`�iBQMX S`Q+X _X aQ+X GQM/QM a2`X "- *QMi�BMX S�TX � "BQHX +?�`�+i2` _X aQ+X
U:`2�i "`Bi�BMV- keeUR9jyV,RdkjĜRdk3- RNNNX

(jRk) l .B2+FK�MM �M/ J PM .Q2#2HBX PM i?2 Q`B;BM Q7 bT2+B2b #v bvKT�i`B+ bT2+B�iBQMX L�im`2- 9yyUkkV,j89Ĝj8d-
RNNNX

(jRj) lH7 .B2+FK�MM �M/ CQ?�M �XCX J2ixX am`T`BbBM; 2pQHmiBQM�`v T`2/B+iBQMb 7`QK 2M?�M+2/ 2+QHQ;B+�H `2�HBbKX
h?2Q`X SQTmHX "BQHX- eNUjV,kejĜk3R- kyyeX

(jR9) hBKQi?v EBHHBM;#�+F �M/ JB+?�2H .Q2#2HBX h?2 *QMiBMmQmb S`BbQM2`Ƕb .BH2KK� �M/ i?2 1pQHmiBQM Q7 *QQT2`@
�iBQM i?`Qm;? _2+BT`Q+�H �Hi`mBbK rBi? o�`B�#H2 AMp2biK2MiX �KX L�iX- ReyU9V,9kRĜ9j3- kyykX

(jR8) aX �X>X :2`Bix- ú EBb/B- :X J2bxûM�- �M/ CX �XCX J2ixX 1pQHmiBQM�`BHv bBM;mH�` bi`�i2;B2b �M/ i?2 �/�TiBp2
;`Qri? �M/ #`�M+?BM; Q7 i?2 2pQHmiBQM�`v i`22X 1pQHX 1+QHX- RkURV,j8Ĝ8d- RNN3X

kRj



(jRe) C�v�Mi� EX :?Qb?X S`Q#�#BHBiv JQ/2Hb 7Q` .L� a2[m2M+2 1pQHmiBQM- a2+QM/ 1/BiBQM #v _B+?�`/ .m``2iiX AMiX
ai�iX _2pX- ddUkV,jy9Ĝjy9- kyyNX

(jRd) Cƺ`; P2+?bbH2` �M/ 6`�MF _B2/2HX 1pQHmiBQM�`v /vM�KB+b QM BM}MBi2 bi`�i2;v bT�+2bX 1+QMX h?2Q`v- RdURV,R9RĜ
Rek- kyyRX

(jR3) :BH#2`i _Q#2`ib �M/ h?QK�b LX a?2``�iiX .2p2HQTK2Mi Q7 +QQT2`�iBp2 `2H�iBQMb?BTb i?`Qm;? BM+`2�bBM; BMp2bi@
K2MiX L�im`2- jN9Uee3NV,Rd8ĜRdN- RNN3X

(jRN) J�ii?BDb o�M o22H2M �M/ S2i2` aT`2BDX 1pQHmiBQM BM ;�K2b rBi? � +QMiBMmQmb �+iBQM bT�+2X 1+QMX h?2Q`v-
jNUjV,j88Ĝjde- kyyNX

(jky) CQ?M *H2p2H�M/ �M/ �xKv aX �+FH2?X 1pQHmiBQM�`v ;�K2 i?2Q`v QM K2�bm`2 bT�+2b, q2HH@TQb2/M2bbX LQMHBM2�`
�M�HX _2�H qQ`H/ �TTHX- R9URV,d38ĜdNd- kyRjX

(jkR) J�M q�? *?2mM;X AKBi�iBp2 /vM�KB+b 7Q` ;�K2b rBi? +QMiBMmQmb bi`�i2;v bT�+2X :�K2b 1+QMX "2?�pX- NN,kyeĜ
kkj- kyReX

(jkk) E�`H aB;KmM/X h?2 +�H+mHmb Q7 b2H}b?M2bbX S`BM+2iQM lMBp2`bBiv S`2bb- kyRyX

(jkj) J�`iBM LQr�F �M/ E�`H aB;KmM/X h?2 2pQHmiBQM Q7 biQ+?�biB+ bi`�i2;B2b BM i?2 S`BbQM2`Ƕb .BH2KK�X �+i� �TTHX
J�i?X- kyUjV,k9dĜke8- b2T RNNyX

(jk9) *Q`BM� 1 h�`MBi�- LB+?QH�b q�;2- �M/ J�`iBM � LQr�FX JmHiBTH2 bi`�i2;B2b BM bi`m+im`2/ TQTmH�iBQMbX S`Q+X
L�iHX �+�/X a+BX lX aX �X- Ry3UeV,kjj9Ĝkjjd- kyRRX

(jk8) *Q`BM� 1X h�`MBi�- hB#Q` �Mi�H- �M/ J�`iBM �X LQr�FX Jmi�iBQM@b2H2+iBQM 2[mBHB#`BmK BM ;�K2b rBi? KBt2/
bi`�i2;B2bX CX h?2Q`X "BQHX- keRURV,8yĜ8d- kyyNX

(jke) *Q`BM� 1X h�`MBi�- >Bb�b?B P?ibmFB- hB#Q` �Mi�H- 62M; 6m- �M/ J�`iBM �X LQr�FX ai`�i2;v b2H2+iBQM BM
bi`m+im`2/ TQTmH�iBQMbX CX h?2Q`X "BQHX- k8NUjV,8dyĜ83R- kyyNX

(jkd) JX .Q2#2HBX �/�TiBp2 /Bp2`bB}+�iBQM UJS"@93VX S`BM+2iQM lMBp2`bBiv S`2bb- kyRRX

(jk3) J�`iBM LQr�FX aiQ+?�biB+ bi`�i2;B2b BM i?2 S`BbQM2`Ƕb .BH2KK�X h?2Q`X SQTmHX "BQHX- j3URV,NjĜRRk- RNNyX

(jkN) GX �X AK?Q7 �M/ JX �X LQr�FX aiQ+?�biB+ 2pQHmiBQM�`v /vM�KB+b Q7 /B`2+i `2+BT`Q+BivX S`Q+X _X aQ+X " "BQHX
a+BX- kddURe3yV,9ejĜ9e3- kyRyX

(jjy) w?BHQM; "�Q- J�m`22M � *H�M+v- _�[m2H 6X *�`p�H?Q- EBQM� 1HHBQii- �M/ E2pBM J 6QHi�X A/2MiB}+�iBQM Q7 LQp2H
:`Qri? _2;mH�iQ`b BM SH�Mi SQTmH�iBQMb 1tT`2bbBM; _�M/QK S2TiB/2bX SH�Mi S?vbBQHX- T�;2 TTXyy8ddXkyRd-
kyRdX

(jjR) h?2KBbiQFHBb J2HBbbQm`;Qb- aQiB`Bb LBFQH2ib2�b- *?`BbiQ7Q`Qb _�TiQTQmHQb- �M/ S�mH aTB`�FBbX Jmi�Mib �M/
_2bB/2Mib rBi? .Bz2`2Mi *QMM2+iBQM :`�T?b BM i?2 JQ`�M S`Q+2bbX Q+i kyRdX

(jjk) J�`+ EB`b+?M2` �M/ CQ?M :2`?�`iX 1pQHp�#BHBivX S`Q+X L�iHX �+�/X a+BX- N8UR8V,39kyĜ39kd- RNN3X

(jjj) _Q/`B;Q aX :�H?�`/Q- SX CX >�biBM;b- �M/ amb�M JX _Qb2M#2`;X Jmi�iBQM �b � bi`2bb `2bTQMb2 �M/ i?2 `2;mH�iBQM
Q7 2pQHp�#BHBiv- D�M kyydX

(jj9) PH2 S2i2`b �M/ �H2t�M/2` �/�KQmX h?2 2pQHmiBQM�`v �/p�Mi�;2 Q7 +QQT2`�iBQMX :2M2iB+b- d3UkV- kyR8X

kR9



(jj8) q�Hi2` 6QMi�M� �M/ S2i2` a+?mbi2`X *QMiBMmBiv BM 2pQHmiBQM, PM i?2 M�im`2 Q7 i`�MbBiBQMbX a+B2M+2 U3y@X VX-
k3yU8je3V,R98RĜR988- RNN3X

(jje) q�Hi2` 6QMi�M�X JQ/2HHBM; ǵ2pQ@/2pQǶ rBi? _L�- /2+ kyykX

(jjd) C2z`2v � 6�r+2ii- ai2p2M J�2`2- �M/ up2b o�M /2 S22`X SH�Mib rBi? /Qm#H2 ;2MQK2b KB;?i ?�p2 ?�/ � #2ii2`
+?�M+2 iQ bm`pBp2 i?2 *`2i�+2Qmb@h2`iB�`v 2tiBM+iBQM 2p2MiX S`Q+X L�iHX �+�/X a+BX- RyeUR9V,8djdĜ8d9k- �T`
kyyNX

(jj3) Ap�M� "D2/Qp- PHBpB2` h2M�BHHQM- o�H2`B� aQmx�- 1`B+F .2M�Km`- JB`QbH�p _�/K�M- "X :2`�`/- o�H2`B� aQmx�-
1`B+F .2M�Km`- JB`QbH�p _�/K�M- 6`�MÏQBb h�//2B- Ap�M J�iB+- "ûMû/B+i2 :û`�`/- o�H2`B� aQmx�- 1`B+F .2@
M�Km`- JB`QbH�p _�/K�M- 6`�MÏQBb h�//2B- �M/ Ap�M J�iB+X ai`2bb@BM/m+2/ Kmi�;2M2bBb BM #�+i2`B�X a+B2M+2
U3y@X VX- jyyU8ek9V,R9y9ĜN- kyyjX

(jjN) �pB?m > uQM�- u�B` a J�MQ`- _2#2++� > >2`#bi- :�H > _QK�MQ- �KB` JBi+?2HH- J�`iBM EmTB2+- uBix?�F
SBHT2H- �M/ P`M� .�?�MX *?`QKQbQK�H /mTHB+�iBQM Bb � i`�MbB2Mi 2pQHmiBQM�`v bQHmiBQM iQ bi`2bbX S`Q+X L�iHX
�+�/X a+BX- RyNU8RV,kRyRyĜkRyR8- /2+ kyRkX

(j9y) L> "�`iQMX h?2 T`Q#�#BHBiv Q7 }t�iBQM Q7 � 7�pQm`2/ �HH2H2 BM � bm#/BpB/2/ TQTmH�iBQMX :2M2iX _2bX- T�;2b
R9NĜR8d- RNNjX

(j9R) J* q?BiHQ+FX 6Bt�iBQM T`Q#�#BHBiv �M/ iBK2 BM bm#/BpB/2/ TQTmH�iBQMbX :2M2iB+b- ddNUCmM2V,dedĜddN- kyyjX

(j9k) J�`iBM � LQr�F- 6`�MxBbF� JB+?Q`- �M/ uQ? Ar�b�X h?2 HBM2�` T`Q+2bb Q7 bQK�iB+ 2pQHmiBQMX S`Q+X L�iHX �+�/X
a+BX lX aX �X- RyyUk8V,R9NeeĜR9NeN- /2+ kyyjX

(j9j) L�i�HB� G EQK�`Qp�- �MB`p�M a2M;mTi�- �M/ J�`iBM � LQr�FX Jmi�iBQMĜb2H2+iBQM M2irQ`Fb Q7 +�M+2` BMBiB�iBQM,
imKQ` bmTT`2bbQ` ;2M2b �M/ +?`QKQbQK�H BMbi�#BHBivX CX h?2Q`X "BQHX- kkjU9V,9jjĜ98y- �m; kyyjX

(j99) w S�ir� �M/ GBM/B J q�?HX h?2 }t�iBQM T`Q#�#BHBiv Q7 #2M2}+B�H Kmi�iBQMbX CX _X aQ+X AMi2`7�+2- 8Uk3V,RkdNĜ
Rk3N- MQp kyy3X

(j98) J�`F "`QQK- *?`BbiQ7Q`Qb >�/DB+?`vb�Mi?Qm- �M/ C�M _v+?i�ǼX 1pQHmiBQM�`v ;�K2b QM ;`�T?b �M/ i?2 bT22/
Q7 i?2 2pQHmiBQM�`v T`Q+2bbX S`Q+X _X aQ+X � J�i?X S?vbX 1M;X a+BX- 9eeUkRRdV,RjkdĜRj9e- /2+ kyyNX

(j9e) h�F2Q J�`mv�K�X � J�`FQp T`Q+2bb Q7 ;2M2 7`2[m2M+v +?�M;2 BM � ;2Q;`�T?B+�HHv bi`m+im`2/ TQTmH�iBQMX
:2M2iB+b- deUkV,jedĜjdd- RNd9X

kR8


