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5IFTJT BEWJTPS� 1SPGFTTPS %PVHMBT 1� 'JOLCFJOFS 5BOTV %BZMBO

" 5SBOTEJNFOTJPOBM 1FSTQFDUJWF PO %BSL .BUUFS

"ঋজঝছঊঌঝ

3PCVTU VODFSUBJOUZ QSPQBHBUJPO BOE NBSHJOBMJ[BUJPO PWFS OVJTBODF QBSBNFUFST JT UIF LFZ UP QFS�

GPSN SPCVTU JOGFSFODF� 5IJT UIFTJT JOUSPEVDFT B USBOTEJNFOTJPOBM IJFSBSDIJDBM UISFTIPME�GSFF BOE

#BZFTJBO JOGFSFODF GSBNFXPSL� $PMMPRVJBMMZ SFGFSSFE UP BT QSPCBCJMJTUJD DBUBMPHJOH UIF QBSBEJHN

QSPQBHBUFT XJUIJO BOE BDSPTT NPEFM DPWBSJBODFT SFEVDFT NJTNPEFMJOH BOE JOGPSNBUJPO MPTT EVF

UP UISFTIPMEJOH CBTFE PO TUBUJTUJDBM TJHOJ୮ୢDBODF BOE BDDFMFSBUFT DPNQVUBUJPO UP FOTVSF TDBMBCJMJUZ�

5IF NBJO QSPEVDU JT B Python JNQMFNFOUBUJPO PG QSPCBCJMJTUJD DBUBMPHJOH DBMMFE UIF 1SPCBCJMJTUJD

$BUBMPHFS 	PCAT
� 5IF DPEF BOE JUT EPDVNFOUBUJPO BSF BWBJMBCMF PO GitHub BOE readthedocs

SFTQFDUJWFMZ GPS UIF VTF PG UIF TDJFOUJ୮ୢD DPNNVOJUZ�

" DFOUSBM QSPCMFN JO DPOUFNQPSBSZ DPTNPMPHZ JT EBSL NBUUFS� "TUSPQIZTJDBM EBUB TFUT TVDI BT

UFMFTDPQF JNBHFT UIBU BJN UP QSPCF UIF DIBSBDUFSJTUJDT PG EBSL NBUUFS SFRVJSF DPWBSJBOU NPEFMT BOE

BJN UP SFDPWFS JOGPSNBUJPO DPOUBJOFE JO EBUB GFBUVSFT QPUFOUJBMMZ DBVTFE CZ NPEFM FMFNFOUT XJUI

MPX TUBUJTUJDBM TJHOJ୮ୢDBODF� 6TJOH QSPCBCJMJTUJD DBUBMPHJOH UIF UIFTJT QSFTFOUT UXP JOGFSFODFT PG UIF

QSPQFSUJFT PG EBSL NBUUFS F�H� TFMG�BOOJIJMBUJPO PG 8FBLMZ *OUFSBDUJOH .BTTJWF 1BSUJDMFT 	8*.1T


JO UIF JOOFS .JMLZ BOE UIF TNBMM�TDBMF TUSVDUVSF PG EBSL NBUUFS JO HBMBDUJD IBMPT� 5IF SPMF PG WBSJPVT

QSJPST JO QSPCBCJMJTUJD DBUBMPHJOH BSF BMTP TUVEJFE�
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��� &NJTTJPO NFUBNPEFM � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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"DLOPXMFEHNFOUT

'JSTU PG BMM * UIBOL NZ UIFTJT BEWJTPS %PVHMBT 1� 'JOLCFJOFS GPS IJT DPOUSJCVUJPOT JO UIF EFWFMPQ�

NFOU PG UIF SFTFBSDI QSPHSBN QSFTFOUFE JO UIJT UIFTJT� )JT JOUFSFTU BOE EFFQ JOTJHIU JO EBUB TDJFODF

IBT MBSHFMZ NPUJWBUFE NF UP FYQMPSF USBOTEJNFOTJPOBM JOGFSFODF BOE BMMPXFE NF UP XPSL PO QSPC�

MFNT UIBU * HFOVJOFMZ FOKPZFE NBLJOH UIJT 1I% B USVMZ QMFBTBOU BOE QSPEVDUJWF JOUFMMFDUVBM FYFSDJTF�

* BMTP UIBOL UIF PUIFS NFNCFST PG NZ UIFTJT BEWJTJOH DPNNJUUFF %BOJFM &JTFOTUFJO BOE .BUU 3FFDF

GPS BMM UIF VTFGVM EJTDVTTJPOT EVSJOH NZ 1I%�

* UIBOL NZ MPWFMZ XJGF &DF GPS UIF FOEMFTT KPZ TIF CSJOHT UP NZ MJGF� )FS DPNQBTTJPO BOE BUUBDI�

NFOU IBWF BMMFWJBUFE UIF IBSE UJNFT PG UIJT 1I%� * BMTP UIBOL NZ NPUIFS 5¼MBZ GPS CSJOHJOH NF VQ

UP B MJGF GVMM PG PQQPSUVOJUJFT BOE GPS IFS FOEMFTT TVQQPSU JO NZ BDBEFNJD XPSL� "MUIPVHI NZ GBUIFS

EJE OPU MJWF MPOH FOPVHI UP TFF NZ TDJFOUJ୮ୢD DBSFFS IF DPOUJOVFT UP MJWF JO NZ WJTJPO BOE * UIBOL

IJN GPS FWFSZUIJOH IF IBT EPOF UP CSPBEFO NZ IPSJ[PO� .Z CSPUIFS 5POSB IBT CFFO B HSFBU TVQQPSU

BOE B USVF MPBETUBS JO MJGF� * UIBOL IJN BOE IJT CFMPWFE XJGF ,F[CBO GPS UIFJS JOWBMVBCMF BNJUZ� .Z

DVUF OJFDFT #FSFO BOE %VSV BQQFBSFE IBMGXBZ UISPVHI NZ 1I% BOE IBWF DIFFSFE NF VQ XJUI UIFJS

VMUJNBUF TXFFUOFTT�

%VSJOH NZ 1I% * IBE UIF CFOF୮ୢU PG JOUFSBDUJOH XJUI B WJCSBOU BDBEFNJD DPNNVOJUZ� * EFFQMZ

UIBOL $PSB %WPSLJO 5SBDZ 4MBUZFS %BO )PPQFS -JTB 3BOEBMM $IJTUPQIFS 8� 4UVCCT %BWJE 8�

)PHH $IBSMJF $POSPZ )PXBSE .� (FPSHJ "OESFX 4USPNJOHFS $VNSVO 7BGB .BOPK ,BQMJOHIBU
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4JNPO #JSSFS 4JNPOB 7FHFUUJ #SFOEPO +� #SFXFS 4UFQIFO 1PSUJMMP 3JDIBSE 'FEFS�4UBFIMF #FO�

KBNJO -FF 'SBODJT�:BO $ZS�3BDJOF &EXBSE 4DIMB୯୳Z #MBLFTMFZ #VSLIBSU $BUIFSJOF ;VDLFS *PBOB

"MFYBOESB ;FMLP +PTI 4QFBHMF "OOB ,XB 1JFSSF $ISJTUJBO ;BDIBSZ 4MFQJBO 'FSOBOEP #FDFSSB 7JD�

UPS #V[B "OB %JB[ 3JWFSP /JDL 3PEE (SFH (SFFO "BSPO .FJTOFS +BF )ZFPO -FF "MCFSU -FF

-JOB /FDJC .FOH 4V BOE "OB #POBDB GPS UIF FOEMFTT FYIBOHF PG JOUFSFTUJOH JEFBT BOE UIF BDBEFNJD

DPNQBOZ�

/FSEZ GSJFOET NBLF HSFBU 1I%T� * UIBOL "MQFSFO %FßJSNFODJ $BO (ďLMFS &NSF &SHF§FO :FğJN

5VODBZ "CEĭMLBEJS $BOBUBS �BßñO :VOVT "INFU %FNJS .FMJI 0LBO BOE %FOJ[ "ZCBğ GPS UIF

QSFDJPVT DPNQBOJPOTIJQ EVSJOH NZ 1I%�

* BDLOPXMFEHF ୮ୢOBODJBM TVQQPSU EVSJOH NZ 1I% GSPN %PVHMBT 1� 'JOLCFJOFS )BSWBSE 1IZTJDT

%FQBSUNFOU BOE UIF 8PSMEތVBOU 'PVOEBUJPO�

5IJT 1I% XPVME OPU CF QPTTJCMF XJUIPVU ZFBST PG TPMJE CBDLHSPVOE JO FOHJOFFSJOH BOE QIZTJDT

BU UIF .JEEMF &BTU 5FDIOJDBM 6OJWFSTJUZ 	.&56
� * UIBOL #BZSBN 5FLJO "ZEBO &SLNFO &MJG 6ZTBM

#ñZñLPßMV ðTNBJM 5VSBO #JMHF %FNJSL¶[ .FINFU ;FZSFL $FOL 5ĭSLPßMV &NJSIBO 1PTUBDJ %JMFL

,ñ[ñMďSFO BOE "ZğFOVS (FODFS BOE $BOFS ĬOBM GPS UIF HSFBU NFNPSJFT BU .&56� * BMTP UIBOL UIF

5VSLJTI &EVDBUJPO "TTPDJBUJPO 	5&7
 UIF 1SFTJEFODZ PG 5VSLFZ BOE UIF 5VSLJTI "UPNJD &OFSHZ

"VUIPSJUZ 	5"&,
 GPS ୮ୢOBODJBM TVQQPSU EVSJOH NZ VOEFSHSBEVBUF FEVDBUJPO�

*O CFDPNJOH B TDJFOUJTU * XBT IJHIMZ JO୯୳VFODFE CZ NZ TDJFODF UFBDIFST JO IJHI TDIPPM� * QSP�

GPVOEMZ UIBOL .FINFU 6MVLBO 4JNB #BSVI BOE (ĭMFS Ď[FM BU 'FO #JMJNMFSJ BOE "MJTPO 0ßV[

4JCFM 4FCĭLUFLJO BOE /FTJCF /VIPßMV BU 3PCFSU $PMMFHF GPS UIF JOTQJSBUJPO�

4DJFOUJ୮ୢD UIPVHIU DBOOPU ୯୳PVSJTI JO B EPHNBUJD TPDJFUZ� * UIFSFGPSF BMTP PXF B CJH UIBOLT UP UIF
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GPVOEFST PG UIF 3FQVCMJD PG 5VSLFZ FTQFDJBMMZ .VTUBGB ,FNBM "UBUĭSL GPS FTUBCMJTIJOH UIF QJMMBST

PG UIF TFDVMBS FEVDBUJPO TZTUFN JO XIJDI * XBT BCMF UP QFSDFJWF UIF XPSME GSPN BMM BOHMFT BOE GSFFMZ

XPOEFS BCPVU UIF XPSLJOHT PG UIF 6OJWFSTF�
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*OUSPEVDUJPO

"T IVNBOLJOE DPMMFDUT NPSF EBUB PO UIF PCTFSWBCMF 6OJWFSTF SFMBUJOH UIFTF PCTFSWBUJPOT UP UIF

VOEFSMZJOH NPEFMT CFDPNFT JODSFBTJOHMZ IBSEFS� 5IF USJWJBM BQQSPBDI JO UIJT QSPDFTT XPVME CF UP

DPOTUSVDU BO JOEFQFOEFOU BEIPD NPEFM GPS FBDI BOE FWFSZ PCTFSWBUJPO TVDDFTTGVMMZ FYQMBJOJOH BMM

QPTTJCMF PCTFSWBUJPOT� 5IJT XPVME CF BO FYBNQMF PG FYUSFNF PWFS୮ୢUUJOH BOE OPU VTFGVM GPS NBLJOH

QSFEJDUJPOT CBTFE PO UIF MFBSOFE NPEFMT� *OTUFBE UIF TDJFOUJ୮ୢD NFUIPE NBLFT QSPHSFTT CZ FYQMBJO�

�



JOH BT NVDI EBUB BT QPTTJCMF XJUI UIF MFBTU NPEFM DPNQMFYJUZ� 5IF VMUJNBUF TVDDFTT UPXBSET UIJT HPBM

XPVME CF UIF DPOTUSVDUJPO PG B UIFPSZ PG FWFSZUIJOH UIBU JT DPOTJTUFOU XJUI BOZ PCTFSWBUJPO VQ UP UIF

NFBTVSFNFOU VODFSUBJOUZ� )PXFWFS BT B NPEFM HSPXT JO DPOUFYU EVSJOH UIJT QSPDFTT BOE OFFET UP

CF DPOTJTUFOU XJUI B MBSHFS BOE NPSF EJWFSTF EBUB TFU VQEBUJOH POFؠT CFMJFGT PO UIJT NPEFM CBTFE PO

UIF BSSJWBM PG OFX EBUB CFDPNFT JODSFBTJOHMZ EJ୭୮ୢDVMU�

" GVOEBNFOUBM QSPCMFN JO DPOUFNQPSBSZ DPTNPMPHZ JT UIF NJTTJOH NBUUFS JO UIF 6OJWFSTF� "

USBOTQBSFOU HBT�MJLF TVCTUBODF UIBU EPNJOBUFT UIF EZOBNJDT BU HBMBDUJD BOE MBSHFS TDBMFT EBSL NBUUFS

IZQPUIFTJT JT BU UIF GPSFGSPOU PG SFTFBSDI JO DPTNPMPHZ� *O PSEFS UP UFTU UIF FYJTUFODF PG EBSL NBUUFS

PS UP JOGFS JUT NBTT BOE QPUFOUJBM JOUFSBDUJPOT POF IBT UP DPMMFDU MBSHF EBUB TFUT DPVOUJOH DPTNJD SBZT

BOE QIPUPOT BT B GVODUJPO PG TQBDF UJNF BOE FOFSHZ�

8IFUIFS SFDPSEFE CZ B QBSUJDMF EFUFDUPS PS B $IBSHFE $PVQMFE %FWJDF 	$$%
 DPTNPMPHJDBM

EBUB TFUT BSF FTTFOUJBMMZ EJHJUJ[FE PVUQVUT PG WPMUBHF BNQMJ୮ୢFST� #FDBVTF UIFSF JT POMZ B SBUIFS JOEJ�

SFDU SFMBUJPO CFUXFFO UIFTF WPMUBHF NFBTVSFNFOUT BOE UIF VOEFSMZJOH DPTNPMPHJDBM NPEFM QBSBN�

FUFST B MBSHF OVNCFS PG OVJTBODF QBSBNFUFST OFFE UP CF NBSHJOBMJ[FE PWFS XIFO QFSGPSNJOH JOGFS�

FODF� .PSFPWFS CPUI UIF PCTFSWFE EBUB BOE UIF NPEFM QBSBNFUFST DBO IBWF DPWBSJBODFT J�F� NVM�

UJQMF DPO୮ୢHVSBUJPOT DBO ZJFME UIF TBNF MFWFM PG DPOTJTUFODZ CFUXFFO UIF NPEFM BOE UIF EBUB� 5IF

GPSNFS BSJTFT XIFO UIFSF JT DPSSFMBUFE OPJTF JO UIF NFBTVSFNFOUT BOE UIF MBUUFS DBO CF EVF UP UIF

QBSBNFUSJ[BUJPO DIPJDF PG UIF VOEFSMZJOH NPEFM� 5IFTF DPWBSJBODFT BSF DSVDJBM JO SPCVTUMZ FYFDVUJOH

UIF TDJFOUJ୮ୢD NFUIPE TJODF VODFSUBJOUZ QSPQBHBUJPO IBT UP CF QFSGPSNFE CBTFE PO UIF LOPXMFEHF PG

TVDI DPWBSJBODFT�

5IJT UIFTJT JNQMFNFOUT B OPWFM TUBUJTUJDBM JOGFSFODF GSBNFXPSL QSPCBCJMJTUJD DBUBMPHJOH UIBU DBO
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MFBSO BCPVU IZQPUIFTFT CBTFE PO PCTFSWFE EBUB� *U HFOFSBMJ[FT UIF USFBUNFOU PG TVDI DPWBSJBODFT

UP UIF USBOTEJNFOTJPOBM DPOUFYU XIFSF NVMUJQMF NPEFMT PG EJ୭GFSFOU DPNQMFYJUZ DBO CF TJNVMUBOF�

PVTMZ DPOTJTUFOU XJUI UIF PCTFSWFE EBUB� 5IJT JT B WFSZ GSFRVFOUMZ FODPVOUFSFE CVU SBSFMZ QSPQFSMZ

IBOEMFE JOGFSFODF NPEF UIBU IBT VCJRVJUPVT BQQMJDBUJPOT BDSPTT BMM GSPOUJFST PG TDJFODF JODMVEJOH

DPTNPMPHZ�

5IF SFNBJOJOH PG UIJT UIFTJT JT TUSVDUVSFE BT GPMMPXT� $IBQUFS � QSFTFOUT UIF QSPCMFN PG NJTTJOH

NBUUFS JO UIF 6OJWFSTF� 5IFO $IBQUFS � JOUSPEVDFT UIF OPUJPO PG QSPCBCJMJTUJD DBUBMPHJOH� 5IF GPM�

MPXJOH UXP DIBQUFST TIPXDBTF UXP EJ୭GFSFOU BTUSPQIZTJDBM BQQMJDBUJPOT PG QSPCBCJMJTUJD DBUBMPHJOH UP

UIF QSPCMFN PG EBSL NBUUFS� *O QBSUJDVMBS $IBQUFS � QSFTFOUT SFTVMUT SFHBSEJOH UIF HBNNB�SBZ TLZ

JODMVEJOH UIF BOPNBMPVT FNJTTJPO JO UIF JOOFS .JMLZ 8BZ $IBQUFS � JMMVTUSBUFT B USBOTEJNFOTJPOBM

BQQSPBDI UP NPEFMJOH HSBWJUBUJPOBMMZ MFOTFE JNBHFT� $IBQUFS � UIFO QSFTFOUT UIF TPG୴XBSF JNQMF�

NFOUBUJPO PG QSPCBCJMJTUJD DBUBMPHJOH PCAT� $IBQUFS � DPODMVEFT UIF UIFTJT� 5IF DPOUFOUT PG UIF

4FDUJPOT ��� � ��� BOE ��� IBWF CFFO QSFWJPVTMZ QVCMJTIFE JO�� BOE�� XJUI NJOPS DIBOHFT�
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1
.JTTJOH NBUUFS JO UIF 6OJWFSTF

1IPUPOT JO UIF 6OJWFSTF DBSSZ JOGPSNBUJPO BCPVU UIF VOEFSMZJOH QIZTJDBM QSPDFTTFT� " VOJRVF

JTPUSPQJD DPNQPOFOU PG UIJT FMFDUSPNBHOFUJD ୮ୢFME JT UIF $PTNJD .JDSPXBWF #BDLHSPVOE 	$.#
 ����

5IF OFBSMZ�UIFSNBM TQFDUSVN PG UIF FNJTTJPO BT NFBTVSFE CZ UIF 'BS�*OGSBSFE "CTPMVUF 4QFDUSPQIP�

UPNFUFS 	'*3"4
 ��� JT DPOTJTUFOU XJUI UIF 6OJWFSTF IBWJOH B IPU BOE EFOTF QBTU ��� *O UIJT #JH #BOH

NPEFM UIF 6OJWFSTF BEJBCBUJDBMMZ DPPMT UP FWFOUVBMMZ BMMPX UIF FMFDUSPOT BOE QSPUPOT UP SFDPN�

�



CJOF DBVTJOH $.# QIPUPOT UP TUSFBN GSFFMZ� 5IF PCTFSWFE UFNQFSBUVSF PG UIF $.# NPOPQPMF

2.725 ± 0.002, ��� BMMPXT POF UP JOGFS UIBU UIF 6OJWFSTF NVTU IBWF CFFO BCPVU ��� UIPVTBOE ZFBST

PME XIFO $.# QIPUPOT MBTU TDBUUFSFE XJUI UIF DPTNJD QMBTNB� -JLFXJTF BT TIPXO JO 'JHVSF ��� ��

UIF TNBMM 	∼ 10µ,
 TQBUJBM BOJTPUSPQJFT PG UIF $.# UFNQFSBUVSF �������������� JOEJDBUF UIBU UIF EFO�

TJUZ QFSUVSCBUJPOT BU UIF UJNF PG MBTU TDBUUFSJOH NVTU IBWF BMTP CFFO TNBMM� )PXFWFS JG UIFTF JOJUJBM

EFOTJUZ ୯୳VDUVBUJPOT BSF FWPMWFE GPSXBSE JO UJNF VOEFS UIF JO୯୳VFODF PG HSBWJUZ OP HBMBYJFT BSF QSF�

EJDUFE UP GPSN XJUIJO UIF JOGFSSFE MJGFUJNF PG UIF 6OJWFSTF� "T TIPXO JO UIF UPQ MFG୴ QBOFM PG 'JHVSF

��� DPOTJTUFODZ XJUI UIF PCTFSWBUJPO UIBU UIF 6OJWFSTF UPEBZ JT TUSVDUVSFE VQ UP TVQFSDMVTUFS TDBMFT

UIFO SFRVJSFT UIBU UIFSF CF BO BEEJUJPOBM BU NPTU XFBLMZ JOUFSBDUJOH 	J�F� JO BEEJUJPO UP HSBWJUBUJPO


DPME 	J�F� OPO�SFMBUJWJTUJD MPOH CFGPSF UIF MBTU TDBUUFSJOH PG UIF $.# QIPUPOT
 EPNJOBOU NBUUFS

DPNQPOFOU JO UIF 6OJWFSTF� 5IJT NJTTJOH GPSN PG NBUUFS JT SFGFSSFE UP BT EBSL NBUUFS�

5IF DBTF GPS UIF FYJTUFODF PG EBSL NBUUFS XPVME CF MFTT DPOWJODJOH IBE JU OPU CFFO QSFEJDUFE CF�

GPSF UIF EJTDPWFSZ PG UIF $.#� 8IJMF TUVEZJOH UIF MJOF�PG�TJHIU NPUJPOT PG HBMBYJFT JO UIF $PNB

DMVTUFS 'SJU[ ;XJDLZ PCTFSWFE JO ����T UIBU UIF HBMBYJFT XFSF NPWJOH BU B TQFFE 	J�F� XJUI B MJOF�PG�

TJHIU WFMPDJUZ EJTQFSTJPO PG σ ∼ 1000 LN T−1
 UIBU XPVME OPU BMMPX UIF MVNJOPVT 	J�F� TUFMMBS
 NBTT

PG UIF DMVTUFS UP IPME UIF HBMBYJFT UPHFUIFS OBNJOH UIF NJTTJOH NBUUFS BT VOLMF%آ .BUFSJFأ 	%BSL

.BUUFS
���� 4JODF UIFO TJNJMBS %PQQMFS PCTFSWBUJPOT PG UIF PQUJDBM MJHIU GSPN TUBST JO HBMBYJFT ��� BOE

UIF �� DN MJOF FNJTTJPO PG OFVUSBM )ZESPHFO BU UIF PVUFS SFHJPOT PG HBMBYJFT ��� IBWF JOEJDBUFE B OPO�

,FQMFSJBO SPUBUJPO DVSWF� 'VSUIFSNPSF 9�SBZ FNJTTJPO PG FBSMZ UZQF HBMBYJFT BMTP SFWFBMFE QSFTFODF

PG IPU HBT JO UIFJS IBMPT�� XIJDI BHBJO MFBE UP UIF QSFEJDUJPO PG BEEJUJPOBM NBTT UP TVQQPSU UIF PC�

TFSWFE GBTU SPUBUJPO PG UIF 9�SBZ FNJUUJOH HBT� "OPUIFS TFSJFT PG EBUB TFUT UIBU SFRVJSF EBSL NBUUFS BSF

�



Figure 1.1: The full skymap of CMB temperature anisotropies (i.e., leaving out themonopole) inferred by finding an

independent component of the observedmicrowave sky common in all bands as measured by the Planck satellite10.

PCTFSWBUJPOT PG HSBWJUBUJPOBM MFOTJOH� (SBWJUBUJPOBM MFOTJOH JT UIF DPVQMJOH PG QIPUPOT UP HSBWJUBUJPO

MFBEJOH UP UIF CFOEJOH PG MJHIU EVF UP UIF QSFTFODF PG NBTT ��� $POTJTUFODZ CFUXFFO UIF PCTFSWFE

MJHIU EF୯୳FDUJPO XJUI UIF NBTT NPEFMT SFRVJSF UIBU UIF NBTT CVEHFU PG UIF EF୯୳FDUPST CF EPNJOBUFE

CZ OPO�MVNJOPVT NBUUFS�

'VSUIFSNPSF JO UIF #JH #BOH NPEFM UIF IPU CFHJOOJOH PG UIF 6OJWFSTF BMMPXT F୭୮ୢDJFOU UIFS�

NPOVDMFBS SFBDUJPOT� "T B SFTVMU MJHIU OVDMFJ NVTU IBWF CFFO TZOUIFTJ[FE JO UIF ୮ୢSTU GFX NJOVUFT

PG UIF 6OJWFSTF ������� 3FRVJSJOH DPOTJTUFODZ CFUXFFO UIF QSFEJDUFE BCVOEBODFT PG TVDI TUBCMF QSJ�

NPSEJBM FMFNFOUT TVDI BT 2) 3)F 4)F BOE 7-J XJUI UIFJS NFBTVSFNFOUT JO MPX NFUBMMJDJUZ DMPVET

BU IJHI SFETIJG୴ BMMPXT UIF EFUFSNJOBUJPO PG UIF QSJNPSEJBM CBSZPOJD BCVOEBODF SFMBUJWF UP UIBU PG

QIPUPOT JOEJDBUJOH UIBU CBSZPOT DBOOPU NBLF VQ NPSF UIBO∼ 5% PG UIF NBTT�FOFSHZ CVEHFU PG

UIF 6OJWFSTF�

%BSL NBUUFS JT OPU UIF POMZ IZQPUIFTJT UIBU DBO BEESFTT UIFTF EBUB TFUT� 5IF MFBEJOH BMUFSOBUJWF

UIFPSJFT BSF .PEJ୮ୢFE /FXUPOJBO %ZOBNJDT 	.0/%
 ��� B QIFOPNFOPMPHJDBM NPEJ୮ୢDBUJPO UP UIF

/FXUPOJBO HSBWJUZ BOE .PEJ୮ୢFE (SBWJUZ 	.0(
 ��� B :VLBXB UIFPSZ PG HSBWJUZ JO UIF XFBL ୮ୢFME

BQQSPYJNBUJPO BT XFMM BT UIFJS SFMBUJWJTUJD HFOFSBMJ[BUJPOT 5F7F4�� BOE 4DBMBS�5FOTPS�7FDUPS (SBWJUZ
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Figure 1.2: Some of the other data sets that require darkmatter. Top left: Redshift distribution of galaxies spectroscop-

ically measured by the CfA Redshift Survey103 (darker blue), the TwoDegree Field Galaxy Redshift Survey (2dFGRS)60

(brighter blue), and the Sloan Digital Sky Survey (SDSS)238 (violet), comparedwith the simulated catalogs drawn from

theMillenium simulation210, as reproduced from208. The filaments andwalls in the large-scale structure of the Uni-

verse are the pancake-like structures due to the gravitational instability predicted by Zeldovich242. In addition to

explaining the observed large-scale structure, cosmologicalN -body simulations with darkmatter also predict the ob-

served excess correlation at the sound horizon at the time of decoupling, i.e., the Baryonic Acoustic Oscillations86. Top

right: The observed rotation curve ofM31, reproduced from184. The triangles indicate the Doppler measurements of

optical light from stars187, whereas circles show those of the 21 cm line emission of neutral Hydrogen185. Bottom left:

The X-ray image150 of a pair of merging galaxy clusters, 1E 0657-558, taken by the Chandra telescope, superposed

with the gravitational potential inferred57 from the lensing of optical emission of background galaxies. The X-ray

emission from the collisional hot gas does not correlate well with themass distribution of the system, suggesting that

collisionless darkmatter accounts for most of themass in the system and does not interact with the baryons. Bottom

right: Hubble Space Telescope (HST) image of a strong lens system, SDSS J1038+4849, where the foreground galaxy

cluster bends the light from the background galaxies, producingmultiple images. The shape, radius, and brightness of

the resulting arcs require the foreground system to bemoremassive than the stellar and gasmass inferred from the

observed optical light.
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	457(
 SFTQFDUJWFMZ� 5IF GPSNFS NPEJ୮ୢFT UIF BDDFMFSBUJPO BU UIF TNBMM�BDDFMFSBUJPO MJNJU MFBEJOH UP

IJHIFS SPUBUJPO BU MBSHFS HBMBDUPDFOUSJD SBEJJ XIFSFBT UIF MBUUFS QSPQPTFT B TUSPOHFS HSBWJUBUJPOBM JO�

UFSBDUJPO UIBU JT QBSUMZ DBODFMFE CZ B SFQVMTJWF ୮ୢOJUF�SBOHF GPSDF POMZ BU TNBMM TDBMFT UP SFQSPEVDF UIF

/FXUPOJBO HSBWJUZ� &WFO UIPVHI TVDI NPEFMT NBLF QSFEJDUJPOT DPOTJTUFOU XJUI TPNF PCTFSWBUJPOT

UIFZ GBJM UP CF DPOTJTUFOU XJUI BMM BOPNBMJFT UIBU UIF EBSL NBUUFS IZQPUIFTJT DBO FYQMBJO�

*U JT BMTP USVF UIBU TPNF PG UIF OPO�MVNJOPVT NBUUFS JT JO UIF GPSN PG CMBDL IPMFT OFVUSPO TUBST

QMBOFUT BOE QPTTJCMZ EJN TUBST TVDI BT CSPXO BOE XIJUF EXBSGT� )PXFWFS PCTFSWBUJPOT PG NJ�

DSPMFOTJOH JOEJDBUF UIBU UIF BCVOEBODF PG TVDI DPNQBDU PCKFDUT XJUI NBTTFT BCPWF∼ 10−7M⊙

FYDFQU BSPVOE B XJOEPX PG∼ 10 − 100M⊙ DBOOPU BDDPVOU GPS UIF SFRVJSFE BNPVOU PG EBSL NBU�

UFS ��������

��� 4ঝঊগঊছ .ঘক ঘএ $ঘজখঘকঘঐঢ

.PEFMJOH PG UIF PCTFSWFE $.# BOJTPUSPQJFT SFRVJSFT UIBU UIF HFPNFUSZ PG UIF 6OJWFSTF CF DMPTF UP

୯୳BU J�F� UIBU UIF JOOFS BOHMFT PG B DPTNPMPHJDBMMZ�TJ[FE USJBOHMF TVN UP ���◦� )PXFWFS UIF PCTFSWFE

BCVOEBODF PG HBMBYZ DMVTUFST POMZ ZJFMET ��ॎ PG UIF NBTT UIBU DPVME DMPTF UIF 6OJWFSTF MFBEJOH UP B

DPTNPMPHJDBM NPEFM XIFSF BO BEEJUJPOBM TQBUJBMMZ VOJGPSN DPNQPOFOU J�F� EBSL FOFSHZ BDDPVOUT

GPS UIF SFTU PG UIF NBTT�FOFSHZ CVEHFU PG UIF 6OJWFSTF�

5IFSF BSF TFWFSBM PCTFSWBUJPOT UIBU QSPCF UIF FRVBUJPO PG TUBUF PG EBSL FOFSHZ� 'PS JOTUBODF UIF

MVNJOPTJUZ EJTUBODF UP UZQF *" 4VQFSOPWBF 	J�F� TUBOEBSE DBOEMFT XJUI ୮ୢYFE FOFSHZ PVUQVU
 BSF PC�

TFSWFE UP CF IJHIFS UIBO UIBU QSFEJDUFE GPS B VOJWFSTF EFDFMFSBUJOH VOEFS UIF HSBWJUBUJPOBM JO୯୳VFODF
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PG NBUUFS BMPOF ������� .FBTVSFNFOUT PG UIF CBSZPOJD BDPVTUJD PTDJMMBUJPOT JO UIF MBSHF�TDBMF TUSVDUVSF

BMTP SFRVJSF B EBSL FOFSHZ DPNQPOFOU JO PSEFS UP FYQMBJO UIF SFETIJG୴ FWPMVUJPO PG UIF BOHVMBS EJ�

BNFUFS EJTUBODF� *O UIJT NPEFM CFDBVTF EBSL FOFSHZ CFDPNFT EPNJOBOU POMZ BU MBUF UJNFT BDPVTUJD

QFBLT JO UIF $.# QPXFS TQFDUSVN BMPOF DBOOPU CSFBL UIF HFPNFUSJD EFHFOFSBDZ BOE DPOTUSBJO EBSL

FOFSHZ� /FWFSUIFMFTT UIF DPSSFMBUJPO PG HBMBYZ EFOTJUZ BOE UIF $.# UFNQFSBUVSF BU MBSHF TDBMFT JO�

EJDBUFT UIBU HSBWJUBUJPOBM QPUFOUJBMT PG WPJET BOE DMVTUFST NVTU IBWF CFFO EFDBZJOH SFDFOUMZ ��� XIJDI

DBO CF FYQMBJOFE CZ EBSL FOFSHZ WJB UIF MBUF�UJNF JOUFHSBUFE 4BDI[�8PMGF F୭GFDU ���� 'VSUIFS FWJEFODF

GPS EBSL FOFSHZ DPNFT GSPN UIF HSBWJUBUJPOBM MFOTJOH PG UIF $.# CZ UIF MBSHF�TDBMF TUSVDUVSF HJWFO

PCTFSWBUJPOT PG UIF $.# QPXFS TQFDUSVN BU TNBMM NVMUJQPMFT ����

#SJOHJOH EBSL FOFSHZ BOE EBSL NBUUFS UPHFUIFS BMPOH XJUI UIF CBSZPOJD NBUUFS BOE SBEJBUJPO

QSPEVDFT UIF DPODPSEBODFΛ $PME %BSL .BUUFS 	Λ$%.
 NPEFM� "T TIPXO JO 'JHVSF ��� " KPJOU ୮ୢU

UP UIF DPTNPMPHJDBM EBUB TFUT ZJFMET UIF BCVOEBODF PG EBSL NBUUFS EBSL FOFSHZ BOE CBSZPOJD NBUUFS

UP CF∼ ��ॎ ��ॎ BOE �ॎ PG UIF NBTT�FOFSHZ CVEHFU PG UIF 6OJWFSTF ���

$.# PCTFSWBUJPOT BMTP JOUSPEVDF B DIBMMFOHF UP UIF #JH #BOH NPEFM� 5IF PCTFSWBUJPO PG B MBSHF

NPOPQPMF PG UIF $.# UFNQFSBUVSF SFRVJSFT EJTUBOU QPJOUT PO UIF TLZ XJUI OPO�JOUFSTFDUJOH QBSUJDMF

IPSJ[POT UP CF DBVTBMMZ DPOOFDUFE� 5IJT JT BDIJFWFE JO UIF JO୯୳BUJPO NPEFM �������� XIFSF UIF 6OJ�

WFSTF HPFT UISPVHI BO FYQPOFOUJBM FYQBOTJPO CFGPSF UIF #JH #BOH XIJDI BMMPXT $.# QIPUPOT UP CF

JO UIFSNBM DPOUBDU QSJPS UP JO୯୳BUJPO� 5IF ୮ୢFME SFTQPOTJCMF GPS UIF FYQBOTJPO UIF JO୯୳BUPO FWFOUVBMMZ

EFDBZT SFIFBUJOH UIF 6OJWFSTF BOE SFQSPEVDJOH UIF IPU BOE EFOTF DPOEJUJPOT PG UIF #JH #BOH NPEFM�

"MPOH XJUIΛ$%. #JH #BOH BOE JO୯୳BUJPO GPSN UIF TUBOEBSE NPEFM PG DPTNPMPHZ� 5FTUJOH BOE

VQEBUJOH UIJT DPODPSEBODF NPEFM JT UIF DFOUSBM QSPCMFN PG DPTNPMPHZ�

�



Figure 1.3: Energy-mass budget of the Universe, modeled byΛCDMand constrained by the cosmological data sets215.
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��� 4খঊকক�জঌঊক জঝছঞঌঝঞছ ঘএ ঊছঔ খঊঝঝছ

*OΛ$%. UIF TUSVDUVSF JT UIPVHIU UP IBWF GPSNFE CZ UIF JOJUJBM DPMMBQTF PG UIF SBSFTU 	NPTU VO�

MJLFMZ
 NBUUFS EFOTJUZ ୯୳VDUVBUJPOT UIBU HSFX UP CF OPOMJOFBS JOUP TFMG�HSBWJUBUJOH IBMPT BOE UIFO

CZ UIF TVDDFTTJWF BDDSFUJPO PG TNBMMFS IBMPT CZ UIF NPSF NBTTJWF IBMPT� 5IF SBEJBM QSP୮ୢMF PG UIF

NBTT EFOTJUZ PG UIFTF IBMPT DBO CF NPEFMFE XJUI B CSPLFO QPXFS�MBX J�F� UIF /BWBSSP 'SFOL 8IJUF

	/'8
 QSP୮ୢMF �����

ρ(r) =
ρ0

(r/rs)γ(1 + r/rs)3−γ
	���


XIFSF r JT UIF IBMPDFOUSJD SBEJVT rs JT UIF TDBMF SBEJVT γ JT UIF JOOFS MPH�TMPQF BOE ρ0 JT B OPSNBMJ[�

JOH DPOTUBOU� 4JODF TUSVDUVSF GPSNBUJPO TUJMM DPOUJOVFT UPEBZ POMZ GFX BOE EZOBNJDBMMZ VOSFMBYFE

TUSVDUVSFT FYJTU BU UIF MBSHFTU TDBMFT�

Λ$%. JT DPOTJTUFOU XJUI PCTFSWBUJPOT PG UIF MBSHF�TDBMF TUSVDUVSF PG UIF 6OJWFSTF��������� *U DBO

୮ୢU UIF QPXFS�TQFDUSVN PG UIF UFNQFSBUVSF BOE QPMBSJ[BUJPO BOJTPUSPQJFT PG UIF $.# XJUI TPNF

FYDFQUJPOT BU UIF MBSHFTU TDBMFT F�H� UIF DPME TQPU�� XIPTF EPXOXBSE UFNQFSBUVSF ୯୳VDUVBUJPO DPVME

QMBVTJCMZ CF EVF UP DPTNJD WBSJBODF� "U TNBMMFS TDBMFT BSPVOE k ∼ 10.QD−1h PCTFSWBUJPOT PG

UIF -ZNBO�α GPSFTU J�F� BCTPSQUJPO TQFDUSB PG EJTUBOU RVBTBST BSF BMTP DPOTJTUFOU XJUI UIF OPOMJO�

FBS HSPXUI PG QFSUVSCBUJPOT JOΛ$%.� *O QBSUJDVMBS UIF POF�EJNFOTJPOBM QPXFS TQFDUSVN PG UIF

-ZNBO�α GPSFTU ��������� NFBTVSFE VTJOH UIF #BSZPO 0TDJMMBUJPO 4QFDUSPTDPQJD 4VSWFZ 	#044
 �� BOE

��



92���� ��� DBO CF ୮ୢUUFE XFMM XJUI UIF QSFEJDUJPOT PG UIFΛ$%.�

"U ZFU TNBMMFS TDBMFT OPOMJOFBS HSPXUI PG TUSVDUVSF DBVTFT UIF QPXFS TQFDUSVN PG NBUUFS ୯୳VDUVB�

UJPOT UP CF JOF୭GFDUJWF JO DIBSBDUFSJ[JOH UIF NBUUFS EJTUSJCVUJPO� 'VSUIFSNPSF UIFSF JT MJUUMF FWJEFODF

UP CFMJFWF UIBUΛ$%. JT UIF DPSSFDU EFTDSJQUJPO PG UIF 6OJWFSTF BU TNBMMFS TDBMFT� %JTDSFQBODJFT CF�

UXFFO PCTFSWBUJPOT BOEΛ$%. QSFEJDUJPOT IBWF CFFO DMBJNFE UP SFNBJO BU TVCHBMBDUJD TDBMFT�����

'PS JOTUBODF UIF OVNCFS PG PCTFSWFE TBUFMMJUFT JO UIF -PDBM (SPVQ 	∼ ��
 GBMMT TIPSU PG UIF NVDI

MBSHFS OVNCFST PG MPX�NBTT TVCIBMPT 	� ����
 QSFEJDUFE CZN �CPEZ TJNVMBUJPOT PGΛ$%. �������

'VSUIFSNPSF UIF QSPKFDUFE EFOTJUZ QSP୮ୢMFT PG UIF PCTFSWFE TVCIBMPT BSF SBUIFS TIBMMPX JO UIF DFOUSBM

SFHJPOT DPNQBSFE UP UIF NVDI DVTQJFS QSP୮ୢMFT QSFEJDUFE CZΛ$%.�����������������

5IFTF BQQBSFOU EJTDSFQBODJFT DBO CF SFTPMWFE JO TFWFSBM XBZT� 'JSTU UIF JODMVTJPO PG CBSZPOJD

GFFECBDL QSPDFTTFT XJUIJO OVNFSJDBM TJNVMBUJPOT���������������������������� DBO TJHOJ୮ୢDBOUMZ SFEVDF

UIF UFOTJPO CFUXFFO QSFEJDUJPOT BOE PCTFSWBUJPOT� "OPUIFS WFOVF UP SFTPMWF UIF UFOTJPO JT UP NPE�

JGZ UIF NJDSPQIZTJDT PG EBSL NBUUFS CZ GPS JOTUBODF QPTUVMBUJOH UIBU EBSL NBUUFS QBSUJDMFT JOUFSBDU

XJUI FBDI PUIFS ���������� PS XJUI B SFMBUJWJTUJD TQFDJFT ������������������ #PUI QPTTJCJMJUJFT SFTVMU JO

B NPEJ୮ୢDBUJPO UP UIF JOUFSOBM EFOTJUZ QSP୮ୢMF PG EBSL NBUUFS IBMPT XIJMF UIF MBUUFS DPVME BMTP TVQ�

QSFTT UIF OVNCFS PG TNBMM�NBTT TVCIBMPT��������� "MUFSOBUJWFMZ UIF EJTDSFQBODZ DPVME CF EVF UP B

TVQQSFTTJPO PG UIF TNBMM�TDBMF NBUUFS QPXFS TQFDUSVN QSJPS UP TUSVDUVSF GPSNBUJPO� 5IJT NBZ BSJTF

GSPN UIF GSFF TUSFBNJOH PG EBSL NBUUFS QBSUJDMFT BG୴FS UIFZ LJOFUJDBMMZ EFDPVQMF GSPN UIF SFTU PG UIF

DPTNJD QMBTNB XIJDI QBSUJBMMZ FSBTFT JOIPNPHFOFJUJFT BU UIF∼ LQD DPNPWJOH TDBMF ����������� :FU

BOPUIFS XBZ UP NPEJGZΛ$%. JT UP SFMBY UIF DPMEOFTT BTTVNQUJPO� (JWFO UIBU UIF NBJO NPUJWBUJPO

UP QPTUVMBUF EBSL NBUUFS JT UP TFFE UIF 6OJWFSTF XJUI EFOTJUZ ୯୳VDUVBUJPOT EBSL NBUUFS DBOOPU CF IPU

��



	J�F� SFMBUJWJTUJD
 XIJDI XPVME BMMPX JU UP GSFF�TUSFBN BG୴FS EFDPVQMJOH GSPN UIF SFTU PG UIF DPTNJD

QMBTNB JO UIF FBSMZ 6OJWFSTF� 0OMZ TPNF MFTT UIBO �ॎ PG EBSL NBUUFS JT IPU JO UIF GPSN PG OFVUSJOPT�

)PXFWFS DVSSFOU NFBTVSFNFOUT PG UIF -ZNBO�α GPSFTU BSF DPOTJTUFOU XJUI TPNF BNPVOU PG GSFF�

TUSFBNJOH� 'VSUIFSNPSF EBSL NBUUFS DBO BMTP CF BO VMUSBMJHIU 	XJUI NBTT∼ 1022 F7
 TDBMBS ୮ୢFME JO

XIJDI DBTF UIF )FJTFOCFSH VODFSUBJOUZ QSJODJQMF XPVME QSFWFOU UIF SFTVMUJOH CPTPOJD EBSL NBUUFS

XBWFT XJUI B EF #SPHMJF XBWFMFOHUI PG∼ � LQD GSPN DPMMBQTJOH TVDI BT JO UIF 'V[[Z %BSL .BUUFS

NPEFM ���� -BTU UIF EJTDSFQBODZ DBO CF SFTPMWFE CZ JOUSPEVDJOH B TNBMM�TDBMF TVQQSFTTJPO F�H� B LJOL

PS SVOOJOH TQFDUSBM JOEFY UP UIF QSJNPSEJBM QPXFS TQFDUSVN BTTVNJOH BO JO୯୳BUJPO XJUI CSPLFO

TDBMF�JOWBSJBODF �������

*O BOZ DBTF UIF QPTTJCJMJUZ PG SFTPMWJOH UIF QPUFOUJBM TNBMM�TDBMF DSJTJT PGΛ$%. NBLFT B TUSPOH

DBTF GPS QSPCJOH UIF TVCHBMBDUJD TUSVDUVSF PG EBSL NBUUFS PCTFSWBUJPOBMMZ� $IBQUFS � XJMM QSFTFOU BO

JOGFSFODF GSBNFXPSL UIBU MFBSOT BCPVU UIF TUBUJTUJDBM QSPQFSUJFT PG NBTT TVCTUSVDUVSF JO TUSPOH MFOTFT

HJWFO IJHI�SFTPMVUJPO PQUJDBM JNBHFT PG TVDI TZTUFNT�

��� 1ঊছঝঌক গঊঝঞছ ঘএ ঊছঔ খঊঝঝছ

$PTNPMPHJDBM EBSL NBUUFS QSPCMFN EFTDSJCFE BCPWF SFRVJSFT BO FMFDUSPNBHOFUJDBMMZ OFVUSBM OPO�

SFMBUJWJTUJD EJTTJQBUJPOMFTT BOE MPOH�MJWFE QBSUJDMF� )PXFWFS UIFSF JT OP TVDI TUBUF JO UIF 4UBOEBSE

.PEFM PG QBSUJDMF QIZTJDT ��������� 'VSUIFSNPSF BMUIPVHI UIFSF BSF TPNF BOPNBMJFT UIF DVSSFOU FWJ�

EFODF GPS EBSL NBUUFS DPNFT TPMFMZ GSPN JUT HSBWJUBUJPOBM JOUFSBDUJPOT�

" MBSHF TQFDUSVN PG IZQPUIFTFT IBWF CFFO QVU GPSXBSE UP SFBMJ[F B QBSUJDMF UIFPSZ GPS EBSL NBUUFS�

��



4PNF PG UIFTF BSF BTZNNFUSJD EBSL NBUUFS UIBU SFMBUFT UIF PCTFSWFE BTZNNFUSZ CFUXFFO NBUUFS BOE

BOUJNBUUFS UP B EBSL TFDUPS ������� BYJPOT J�F� B #PTF�&JOTUFJO DPOEFOTBUF EVF UP UIF NJTBMJHONFOU

NFDIBOJTN QSPQPTFE BT B TPMVUJPO UP UIF TUSPOH $IBSHF 1BSJUZ 	$1
 QSPCMFN JO RVBOUVN DISP�

NPEZOBNJDT ���� MPDBMJ[FE TUBCMF BOE CPTPOJD ୮ୢFME DPO୮ୢHVSBUJPOT DBMMFE 2�CBMMT �������� UIF HBVHF

GFSNJPO NFEJBUJOH TVQFSHSBWJUZ JOUFSBDUJPOT UIF HSBWJUJOP ��� TUFSJMF OFVUSJOPT UIBU EP OPU JOUFSBDU

WJB UIF XFBL GPSDF CVU UIBU TUJMM NJY XJUI UIF BDUJWF OFVUSJOPT ������� BOE QSJNPSEJBM CMBDL IPMFT UIBU

NBZ IBWF DPMMBQTFE JO UIF FBSMZ 6OJWFSTF ���� )PXFWFS UIJT UIFTJT XJMM EJTDVTT B ZFU EJ୭GFSFOU DBOEJ�

EBUF 8FBLMZ *OUFSBDUJOH .BTTJWF 1BSUJDMFT 	8*.1T
 ������ BOE UIFJS JOEJSFDU EFUFDUJPO�

5IF ୮ୢSTU 8*.1 DBOEJEBUF XBT QSPQPTFE BT B OFX HFOFSBUJPO PG IFBWZ OFVUSJOPT ���� )PXFWFS

UIJT JT OPX SVMFE PVU ��� TJODF UIF -BSHF &MFDUSPO 1PTJUSPO $PMMJEFS 	-&1
 NFBTVSFNFOU PG UIF EFDBZ

XJEUI PG UIF ; CPTPO XJUI NBTTmZ
��� DPOTUSBJOUT UIF OVNCFS PG BDUJWF 	J�F� UIPTF XJUI OPOOFHMJHJ�

CMF MFG୴�IBOEFE DPNQPOFOU
 OFVUSJOPT XJUI NBTT CFMPXmZ/2 ∼ 45(F7 UP UISFF�

8*.1T DBO BMTP CF QSPEVDFE CZ TFWFSBM VMUSBWJPMFU�DPNQMFUF UIFPSJFT� 0OF XBZ JT UP FYUFOE UIF

4UBOEBSE .PEFM XJUI B TZNNFUSZ CFUXFFO GFSNJPOT BOE CPTPOT DBMMFE TVQFSTZNNFUSZ� 5IJT MFBET UP

UIF QSFEJDUJPO PG IFBWZ 	J�F�O	��� (F7

 GFSNJPOJD TUBUFT DBMMFE OFVUSBMJOPT UIBU BSF MJOFBS DPNCJ�

OBUJPOT PG UIF GFSNJPOJD TVQFSQBSUOFST PG UIF OFVUSBM HBVHF CPTPOT BOE UIF )JHHT TDBMBS JO UIF 4UBO�

EBSE .PEFM� )PXFWFS IFBWZ QBSUJDMFT FWFOUVBMMZ EFDBZ VOMFTT UIJT JT GPSCJEEFO CZ B TZNNFUSZ J�F�

DPOTFSWBUJPO MBX� 'VSUIFS JNQPTJOH UIF DPOTFSWBUJPO PG B EJTDSFUF QBSJUZZ2 NBLFT OFVUSBMJOP TUB�

CMF ZJFMEJOH B 8*.1 DBOEJEBUF� " TJNJMBS TZNNFUSZ BMMPXT UIF ୮ୢSTU ,BMV[B�,MFJO FYDJUBUJPO �������

BOE UIF MJHIUFTU PEE�QBSJUZ QBSUJDMF PG UIF MJUUMF )JHHT �������� UP QSPEVDF 8*.1T�

*O UIF #JH #BOH NPEFM TVQQPSUFE CZ UIF EJTDPWFSZ PG UIF $.# UIF 6OJWFSTF NVTU IBWF CFFO IPU
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JO UIF CFHJOOJOH GPMMPXJOH UIF SFIFBUJOH PG UIF DPTNJD QMBTNB XJUI UIF EFDBZ PG UIF JO୯୳BUPO ୮ୢFME�

5IF TJNQMFTU QJDUVSF JO UIJT FOWJSPONFOU JT UP QSPQPTF UIBU 8*.1T EFOPUFE CZ χXJUI NBTTmχ

BOE 4UBOEBSE .PEFM QBSUJDMFT EFOPUFE CZ 4. BSF F୭୮ୢDJFOUMZ FYDIBOHJOH FOFSHZ J�F� BSF JO UIFSNBM

FRVJMJCSJVN� 'VSUIFSNPSF CFDBVTF QBSUJDMFT JO UIF FBSMZ 6OJWFSTF IBWF IJHI LJOFUJD FOFSHJFT BOE BSF

VMUSB�SFMBUJWJTUJD CPUI CBDLXBSE BOE GPSXBSE SFBDUJPOT

χχ ! 4. ¯4., 	���


QSPDFFE SFBEJMZ� )PXFWFS BT UIF UFNQFSBUVSF PG UIF DPTNJD QMBTNB T  HPFT CFMPXmχ CBDLXBSE

SFBDUJPOT JOUP χ BOE χ̄ CFDPNF FYQPOFOUJBMMZ VOMJLFMZ� "T B SFTVMU UIF DPOUJOVJOH GPSXBSE SFBDUJPO

TVQQSFTTFT UIF OVNCFS EFOTJUZ PG χ

nχ,eq ∝ (mχT )
3/2 FYQ

(
−mχ/T

)
. 	���


5IF TVQQSFTTJPO DPOUJOVFT VOUJM UIF SBUF PG GPSXBSE JOUFSBDUJPOT ESPQT CFMPX UIF SBUF XJUI XIJDI

UIF 6OJWFSTF FYQBOET SFTVMUJOH JO UIF GSFF[F�PVU PG UIF 8*.1 EFOTJUZ BU nχ,fo BT TIPXO JO 'JHVSF

���� 5IF SFMJD 8*.1 BCVOEBODF JO VOJUT PG UIF DSJUJDBM EFOTJUZ PG UIF 6OJWFSTF UIFO CFDPNFT
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Ωχh
2 ∝ 3× 10−27 DN3T−1

⟨σv⟩ 	���


GPS UIF NBTT BU XIJDI VMUSBWJPMFU�DPNQMFUF UIFPSJFT QSFEJDU UIF FYJTUFODF PG OFX IFBWZ TUBUFT J�F�

mχ ∼ 100(F7� )FSF h JT UIF SFEVDFE )VCCMF DPOTUBOU h ≡ 10−2H � (JWFO UIF DPTNPMPHJDBM

NFBTVSFNFOU PGΩχ ∼ 0.1 UIJT ZJFMET UIF BOOJIJMBUJPO DSPTT TFDUJPO PG ⟨σv⟩ ∼ 3× 10−26 DN3 T−1�

5IF BOOJIJMBUJPO DSPTT TFDUJPO PG 8*.1T EFQFOE PO UIF 8*.1 NBTT BT∝ m2
χ/m

4
Z GPS NBTTFT

CFMPXmZ BOE BT∝ 1/m2
χ BU MBSHFS NBTTFT� 5IFSFGPSF TJODF UIF SFMJD 8*.1 BCVOEBODF JT JOWFSTFMZ

QSPQPSUJPOBM UP UIF BOOJIJMBUJPO DSPTT TFDUJPOmχ DBOOPU CF TNBMMFS UIBO∼ 2(F7 ��� PS MBSHFS UIBO

∼ 400(F7 ��� TJODF UIF DPVQMJOH DPOTUBOU DBOOPU HSPX JOEF୮ୢOJUFMZ CFDBVTF PG UIF DPOTFSWBUJPO PG

QSPCBCJMJUZ 	J�F� XBWFGVODUJPO VOJUBSJUZ
� .FEJBUPS QBSUJDMFT DBO BMTP FYJTU UIBU JODSFBTF UIF BOOJIJMB�

UJPO DSPTT TFDUJPO SFMBYJOH UIF CPVOET POmχ�

$VSSFOUMZ UIFSF BSF POMZ VQQFS MJNJUT PO UIF QPUFOUJBM OPO�HSBWJUBUJPOBM JOUFSBDUJPO J�F� TDBUUFS�

JOH �� BOE BOOJIJMBUJPO �� DSPTT TFDUJPOT PG 8*.1T� "O PCTFSWBUJPO UIBU DBO POMZ CF FYQMBJOFE CZ B

OPOHSBWJUBUJPOBM JOUFSBDUJPO PG EBSL NBUUFS XPVME CF BO JOEFQFOEFOU BOE TUSPOHFS FWJEFODF GPS UIF

FYJTUFODF PG EBSL NBUUFS�

5IFSF BSF UISFF XBZT XJUI XIJDI POF DBO FYQFDU UP QSPCF 8*.1T BT JMMVTUSBUFE JO 'JHVSF ����

'JSTU 8*.1T DBO CF QSPEVDFE JO IJHI FOFSHZ QBSUJDMF DPMMJTJPOT TVDI BT JO UIF -BSHF )BESPO $PM�

MJEFS 	-)$
� 5IF PCTFSWBUJPOBM TJHOBUVSF XPVME CF NJTTJOH FOFSHZ BOE NPNFOUVN TJODF UIF QSP�

EVDFE 8*.1T XPVME FTDBQF UIF EFUFDUPS XJUIPVU BOZ GVSUIFS JOUFSBDUJPO� 4FDPOE OVDMFJ JO MPX�

��



Figure 1.4: Darkmatter abundance during thermal freeze-out27. IfWIMPswithmχ ∼ 100GeV, thermally freeze out,

their relic abundance can be consistent with the amount of non-baryonic matter required to close themass-energy

budget of the Universe. Colored lines show the abundance ofWIMPs that freeze out with different annihilation cross

sections that increase from red to blue. The black line shows the equilibrium abundance.
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CBDLHSPVOE EFUFDUPST DBO CF FYQFDUFE UP DPMMJEF XJUI 8*.1T NPWJOH JO UIF HBMBDUJD IBMP SFTVMUJOH

JO PCTFSWBCMF UIF SFDPJM PG OVDMFJ� &OFSHZ EJTUSJCVUJPO PG UIF SFDPJMJOH QBSUJDMFT BT XFMM BT UIFJS UFN�

QPSBM 	BOOVBM
 WBSJBUJPO EVF UP UIF WBSZJOH WFMPDJUZ PG UIF 4PMBS 4ZTUFN JO UIF HBMBDUJD GSBNF XPVME

BMMPX EJTDSJNJOBUJPO PG 8*.1T GSPN TPVSDFT PG CBDLHSPVOE SFDPJMT� *O UIF TVNNFS PG UIF OPSUIFSO

IFNJTQIFSF UIF WFMPDJUZ PG UIF &BSUI BSPVOE UIF 4VO BMJHOT XJUI UIF 	DVSSFOU
 WFMPDJUZ PG UIF 4VO

BSPVOE UIF HBMBDUJD DFOUFS QPUFOUJBMMZ BNQMJGZJOH BOE TQFDUSBMMZ IBSEFOJOH UIF SFDPJM FOFSHZ EJTUSJCV�

UJPO ��� )PXFWFS EJSFDU EFUFDUJPO FYQFSJNFOUT BSF TFOTJUJWF UP 8*.1 NBTTFT NVDI MBSHFS UIBO UIBU

PG QSPUPOT J�F� BCPWF∼ �� (F7�c2� 5IF DVSSFOU VQQFS MJNJU GPS UIF TQJO�JOEFQFOEFOU TDBUUFSJOH

DSPTT TFDUJPO JT 7.7× 10−47 DN3 BU ��ॎ DPO୮ୢEFODF MFWFM ���

5IJSE 8*.1T DBO JOUFSBDU XJUI FBDI PUIFS BOE QSPEVDF 4UBOEBSE .PEFM TUBUFT UIBU UIFO QSP�

EVDF TIPXFST PG MPXFS FOFSHZ QBSUJDMFT� "O JNQPSUBOU DMBTT PG TVDI ୮ୢOBM TUBUFT JT QIPUPOT XIJDI

QSPQBHBUF UP UIF PCTFSWFS XJUIPVU JOUFSBDUJOH XJUI UIF JOUFSWFOJOH NBHOFUJD ୮ୢFME VOMJLF UIPTF PG

DIBSHFE QSPEVDUT TVDI BT FMFDUSPOT QPTJUSPOT QSPUPOT BOE BOUJ�QSPUPOT� 5IF ୯୳VY J�F� OVNCFS PG

QIPUPOT QFS EFUFDUPS BSFB TPMJE BOHMF FOFSHZ BOE UJNF FYQFDUFE GSPN UIFTF 8*.1 BOOJIJMBUJPOT JT

QSPQPSUJPOBM UP UIF MJOF�PG�TJHIU JOUFHSBM PG UIF 8*.1 OVNCFS EFOTJUZ TRVBSFE

φchi =
1

2

⟨σv⟩
4π

dNγ

dE

∫

los
n2
χdl =

⟨σv⟩
8πm2

χ

dNγ

dE

∫

los
ρ2χdl, 	���


TJODF BOOJIJMBUJPO JT B UXP�CPEZ QSPDFTT� )FSF ρχ JT UIF FOFSHZ EFOTJUZ PG 8*.1T XIJDI JT JOEFQFO�

EFOUMZ NFBTVSFE UP CF∼ ��� (F7 DN−3 ⟨σv⟩ JT UIF UIFSNBMMZ BWFSBHFE BOOJIJMBUJPO DSPTT TFDUJPO
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Figure 1.5: Three ways to detectWIMPs. The reaction proceeds to the lower right in collider searches and in all direc-

tions in the early Universe. Direct detection is any scattering along the line connecting the lower left and upper right.

Indirect detection is the reaction that proceeds to the upper left. SM stands for a StandardModel particle and can be

any ofW±,Z , γ , g,H , q±, l±.

BOE dNγ/dE JT UIF QIPUPO TQFDUSVN 	J�F� OVNCFS PG QIPUPOT QFS FOFSHZ
 JO B TJOHMF BOOJIJMBUJPO�

%FQFOEJOH PO UIF BOOJIJMBUJPO DIBOOFM UIF 4UBOEBSE .PEFM HFOFSJDBMMZ QSFEJDUT UIF TQFDUSVN PG

UIFTF QIPUPOT UP IBWF B QFBL BU TPNF GSBDUJPO PGmχ� *O QBSUJDVMBS BOOJIJMBUJPOT JOUP RVBSL BOUJ�

RVBSL QBJST SFTVMU JO NPSF F୭୮ୢDJFOU QBSUJUJPOJOH PG JOJUJBM FOFSHZ UP QIPUPOT HFOFSBUJOH CSPBEFS

QIPUPO TQFDUSB XJUI TNBMMFS BWFSBHF FOFSHJFT� "OOJIJMBUJPOT JOUP DIBSHFE MFQUPOT IPXFWFS QSPEVDF

NPSF FOFSHFUJD QIPUPOT JO VOJUT PGmχ� 0UIFS QBSUJDMFT TVDI BT FMFDUSPOT BOE QPTJUSPOT DP�QSPEVDFE

JO 8*.1 BOOJIJMBUJPOT DBO JODSFBTF UIF TQFDUSVN BU MPX FOFSHJFT WJB JOWFSTF $PNQUPO TDBUUFSJOH

BOE #SFNTTUSBIMVOH SBEJBUJPO EVF UP UIFJS JOUFSBDUJPOT XJUI UIF HBMBDUJD HBT EVTU BOE DPTNJD SBZT

UIF MBUUFS CFJOH B TJHOJ୮ୢDBOU GBDUPS GPS JOEJSFDU EFUFDUJPO JO UIF EJSFDUJPO PG UIF HBMBDUJD QMBOF BOE UIF

HBMBDUJD DFOUFS�
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��� 5 (7 ডঌজজ

5IF HBNNB�SBZ TLZ JT B SJDI TPVSDF PG JOGPSNBUJPO PO UIF OPO�UIFSNBM QSPDFTTFT JO UIF 6OJWFSTF�

(BNNB�SBZT BMMPX DIBSBDUFSJ[BUJPO PG FOFSHFUJD TPVSDFT TVDI BT QVMTBST BDUJWF HBMBDUJD OVDMFJ 	"(/


TVQFSOPWBF SFNOBOUT BT XFMM BT HBMBDUJD BOE FYUSBHBMBDUJD EJ୭GVTF IJHI FOFSHZ JOUFSBDUJPOT�

'FSNJ -BSHF "SFB 5FMFTDPQF 	-"5
�� JT B TQBDFCPSO HBNNB�SBZ EFUFDUPS UIBU IBT QFSGPSNFE B

GVMM�TLZ TVSWFZ� 5IBOLT UP JUT MPX JOTUSVNFOUBM CBDLHSPVOET BOE IJHI BOHVMBS SFTPMVUJPO JU IBT

EFUFDUFE PWFS UISFF UIPVTBOE HBNNB�SBZ TPVSDFT UIF HBMBDUJD CVCCMFT ��� BOE DIBSBDUFSJ[FE UIF EJG�

GVTF FNJTTJPO PG UIF .JMLZ 8BZ BOE UIF FYUSBHBMBDUJD FNJTTJPO� 5IF �'(-� JT UIF GVMM�TLZ DBUBMPH PG

HBNNB�SBZ TPVSDFT EFUFDUFE CZ UIF 'FSNJ�-"5�

5IF PCTFSWFE HBNNB�SBZ TLZ DBO CF NPEFMFE BT UIF TVN PG EJ୭GVTF FNJTTJPO DPNQPOFOUT QPJOU

BOE FYUFOEFE TPVSDFT� 5IF EPNJOBOU DPOUSJCVUJPO UP UIF EJ୭GVTF NPEFM � JT UIF HBNNB�SBZT QSP�

EVDFE CZ UIF TDBUUFSJOH PG IJHI FOFSHZ QSPUPOT XJUI JOUFSTUFMMBS HBT BOE EVTU XIJDI QSPEVDF OFVUSBM

QJPOT π0 UIBU RVJDLMZ EFDBZ JOUP B QBJS PG IJHI FOFSHZ QIPUPOT� "OPUIFS EJ୭GVTF DPNQPOFOU JT UIF

JOWFSTF $PNQUPO TDBUUFSJOH PG JOUFSTUFMMBS PQUJDBM BOE JOGSBSFE SBEJBUJPO ୮ୢFME CZ UIF IJHI FOFSHZ DPT�

NJD SBZ FMFDUSPOT� -BTUMZ XIFO UIF IJHI FOFSHZ FMFDUSPOT TDBUUFS PO UIF HBT BOE EVTU UIFZ QSPEVDF

TUPQQJOH SBEJBUJPO 	#SFNTTUSBIMVOH
 JO HBNNB�SBZT� *O BEEJUJPO UIF HBNNB�SBZ TLZ IBT B TJHOJ୮ୢ�

DBOU JTPUSPQJD FNJTTJPO DPNQPOFOU XIJDI JT NBJOMZ UIF UPUBM SFETIJG୴FE HBNNB�SBZ FNJTTJPO GSPN

EJTUBOU HBMBYJFT�

6TJOH UIF LOPXO TPVSDFT PG EJ୭GVTF FNJTTJPO BOE QPJOU TPVSDFT JO UIF �'(- UIF 1PJTTPO SFHSFT�

TJPO PG UIF 'FSNJ�-"5 EBUB UPXBSET UIF JOOFS HBMBYZ SFWFBMT BO BOPNBMPVT FNJTTJPO J�F� UIF (F7

��



Figure 1.6: Left: gamma-ray emission inside a square of side 10◦ around the galactic center in the 1 - 3 GeV energy bin.

Right: residual gamma-ray emission after the diffuse and isotropic emission components have been subtracted. The

markers show the Australia TelescopeNational Facility (ATNF) pulsar catalog (light green) and the 3FGL gamma-ray

source catalog (dark green).

FYDFTT� 5IF (F7 FYDFTT XBT JOJUJBMMZ EJTDPWFSFE CZ -JTB (PPEFOPVHI BOE %BO )PPQFS ��� BOE TJODF

UIFO IBT CFFO TDSVUJOJ[FE JO EFUBJM �������������������� 5IF 'FSNJ�-"5 EBUB BOE UIF BOPNBMPVT SFTJE�

VBM FNJTTJPO BSF TIPXO JO 'JHVSF ����

5IF JOOFS HBMBYZ JT BMTP POF PG UIF SFHJPOT PO UIF TLZ GSPN XIJDI HBNNB�SBZT QPUFOUJBMMZ QSP�

EVDFE CZ 8*.1 BOOJIJMBUJPOT BSF FYQFDUFE UP DPNF GSPN� 5IFSFGPSF UIF QPUFOUJBM DPOTJTUFODZ PG

UIF (F7 FYDFTT BOE UIF QIPUPOT GSPN 8*.1 BOOJIJMBUJPOT DBO HFOFSBUF BEEJUJPOBM FWJEFODF GPS UIF

EBSL NBUUFS IZQPUIFTJT BT XFMM BT ZJFMEJOH BO PCTFSWBUJPOBM QSPCF PG JUT QPUFOUJBM QBSUJDMF JOUFSBD�

UJPOT� *O QBSUJDVMBS UIF CFTU�୮ୢU TQFDUSVN PG BO FNJTTJPO UFNQMBUF BT JO &RVBUJPO ��� JT HJWFO JO UIF

MFG୴ QBOFM PG 'JHVSF ��� XIJDI QFBLT BU∼ � (F7 BOE JT DPOTJTUFOU XJUI UIBU FYQFDUFE GSPN 8*.1

BOOJIJMBUJPOT� )PXFWFS JU JT JNQPSUBOU UP OPUF UIBU UIJT TQFDUSVN JT ୮ୢUUFE GPS B TJOHMF SFBMJ[BUJPO PG
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UIF EJ୭GVTF CBDLHSPVOE� 8IFO VODFSUBJOUJFT JO UIF CBDLHSPVOE FNJTTJPO BSF BDDPVOUFE UIF VODFS�

UBJOUJFT JO UIF TQFDUSVN PG UIF (F7 FYDFTT CFDPNF MBSHFS�� BMMPXJOH B SBOHF PG IZQPUIFTFT SFHBSEJOH

UIF PSJHJO PG UIF (F7 FYDFTT UP CF DPOTJTUFOU XJUI UIF NBSHJOBM TQFDUSVN�

*O UIJT TFDUJPO JO PSEFS UP DIBSBDUFSJ[F UIF TQBUJBM FYUFOU PG UIF (F7 FYDFTT BOE UFTU JUT DPOTJTUFODZ

XJUI UIF NPSQIPMPHZ FYQFDUFE GSPN 8*.1 BOOJIJMBUJPOT BOPUIFS 1PJTTPO SFHSFTTJPO PG UIF 'FSNJ�

-"5 EBUB JT QFSGPSNFE�

5IF 'FSNJ�-"5 EBUB 	J�F� 3FQSPDFTTFE 1BTT � VMUSBDMFBO DMBTT GSPOU DPOWFSUJOH FWFOUT
 JO UIF ��◦

CZ ��◦ TRVBSF DFOUFSFE BU UIF HBMBDUJD DFOUFS UBLFO CFUXFFO "VHVTU � ���� BOE %FDFNCFS � ���� JT

CJOOFE TQBUJBMMZ JO HealPixXJUI TJEF SFTPMVUJPO ��� BOE TQFDUSBMMZ JO MPHBSJUINJDBMMZ TQBDFE FOFSHZ

CJOT� 4UBOEBSE EBUB RVBMJUZ DVUT BSF BQQMJFE UP UIF EBUB TVDI BT UBLJOH FWFOUT XJUI [FOJUI BOHMF MFTT

UIBO ���◦ JOTUSVNFOUBM SPDLJOH BOHMF MFTT UIBO ��◦ DATA QUAL BOE LAT CONFIG UBHT FRVBM UP ��

5IF SFHSFTTPST BSF UBLFO UP CF UIF 'FSNJ�-"5 EJ୭GVTF NPEFM 	J�F� p6v11
 FWBMVBUFE BU FBDI FO�

FSHZ B GSFF JTPUSPQJD FNJTTJPO DPNQPOFOU JO FBDI FOFSHZ CJO BOE � SPUBUJPOBMMZ TZNNFUSJD SJOH

UFNQMBUFT FBDI �◦ XJEF DFOUFSFE BU UIF HBMBDUJD DFOUFS� 5IF SBEJJ PG UIF SJOHT WBSZ GSPN �◦ UP ��◦ BOE

BSF TNPPUIFE XJUI UIF 'FSNJ 1PJOU 4QSFBE 'VODUJPO 	14'
 TJNJMBS UP UIF EJ୭GVTF NPEFM VTJOH UIF

'FSNJ 4DJFODF 5PPMT� %BUB BSPVOE UIF LOPXO QPJOU TPVSDFT BSF NBTLFE�

" EFTJHO NBUSJYA UIBU DPOUBJOT UIFTF UFNQMBUFT BT DPMVNOT JT DPOTUSVDUFE TVDI UIBU

Y = Aβ + ϵ 	���


XIFSF UIF OVNCFS PG SPXT BOE DPMVNOT PGA BSF UIF OVNCFS PG QJYFMT UJNFT UIF OVNCFS PG FO�

��



FSHZ CJOT VTFE JO UIF ୮ୢU BOE UIF OVNCFS PG SFHSFTTPST β JT UIF WFDUPS PG UFNQMBUF DPF୭୮ୢDJFOUT Y

JT UIF PCTFSWFE HBNNB�SBZ DPVOUT BOE ϵ JT UIF SFTJEVBM XIJDI JT BTTVNFE UP CF JOEFQFOEFOU BOE

JEFOUJDBMMZ EJTUSJCVUFE� #FDBVTF DPMMFDUJPO PG HBNNB�SBZT JT B 1PJTTPO QSPDFTT ϵ TIPVME CF 1PJTTPO

EJTUSJCVUFE� )PXFWFS JO PSEFS UP PCUBJO BO BQQSPYJNBUF TPMVUJPO JU JT JOJUJBMMZ BTTVNFE UIBU ϵ JT

(BVTTJBO EJTUSJCVUFE XJUI TUBOEBSE EFWJBUJPO FRVBM UP
√
Y  BOE UIF TPMVUJPO GPS β UIBU NJOJNJ[FT

ϵT ϵ

β0 = (ATA)−1ATY, 	���


JT PCUBJOFE� 5IFO TUBSUJOH GSPN β0 B HSBEJFOU�EFTDFOU PQUJNJ[FS JT VTFE UP ୮ୢOE UIF NBYJNVN MJLFMJ�

IPPE TPMVUJPO GPS β�

5IF CFTU�୮ୢU SJOH DPF୭୮ୢDJFOUT BOE UIFJS VODFSUBJOUJFT BU ��ॎ DPO୮ୢEFODF MFWFM BSF TIPXO JO UIF

SJHIU QBOFM PG 'JHVSF ���� 5IJT JNQMJFT UIBU UIF (F7 FYDFTT JT EFUFDUFE VQ UP ��◦ GSPN UIF HBMBDUJD DFO�

UFS XIJDI DPSSFTQPOET UP B QSPKFDUFE EJTUBODF PG∼ ��� LQD� *U JT BMTP JOGFSSFE UIBU VQ UP �◦ GSPN UIF

HBMBDUJD DFOUFS UIF NPSQIPMPHZ PG UIF (F7 FYDFTT JT DPOTJTUFOU XJUI UIF NPSQIPMPHZ PG B HFOFSBMJ[FE

/'8 QSP୮ୢMF XJUI JOEFY ��� TRVBSFE BOE QSPKFDUFE POUP UIF TLZ�

5IF SFTVMUJOH CFTU�୮ୢU BOOJIJMBUJPO DSPTT TFDUJPO JT ����× 10−26 DN3T−1 GPS B �� (F7 bb̄� *U JT BMTP

GPVOE UIBU BMUIPVHI UIF (F7 FYDFTT DBO CF ୮ୢUUFE XJUI BOOJIJMBUJPOT JOUP τ τ̄ XJUI MPXFS 	J�F�∼ ��

(F7
 NBTTFT BOOJIJMBUJPOT JOUP bb̄ ZJFME CFUUFS DPOTJTUFODZ XJUI UIF (F7 FYDFTT� *O BEEJUJPO UIF

JOGFSSFE BOOJIJMBUJPO DSPTT TFDUJPOT XPVME CF UXP UJNFT BT NVDI JG UIF 8*.1 JT %JSBD 	J�F� OPU TFMG�

DPOKVHBUF
 JOTUFBE PG .BKBSPOB� *U JT BMTP JNQPSUBOU UP OPUF UIBU XIFO UIF SFHSFTTJPO JT SFQFBUFE
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Figure 1.7: The data (black) and the best-fit (blue) spectrum (left) andmorphology (right) of the GeV excess75.

XJUI UIF GVMM�TLZ EBUB UIF CFTU�୮ୢU BOOJIJMBUJPO DSPTT TFDUJPOT BSF SFEVDFE CZ B GBDUPS PG∼ ��

5IF JOGFSSFE BOOJIJMBUJPO DSPTT TFDUJPO JT DPOTJTUFOU XJUI UIF BOOJIJMBUJPO DSPTT TFDUJPO OFFEFE

GPS UIF UIFSNBM GSFF[F�PVU PG 8*.1T� 'VSUIFSNPSF JG 8*.1T BSF BOOJIJMBUJOH XJUI UIJT DSPTT TFD�

UJPO UIF BOOJIJMBUJPO IBT UP CF T�XBWF 	J�F� JOEFQFOEFOU PG UIF 8*.1 WFMPDJUZ
 BOE JO PSEFS UP CF

DPOTJTUFOU XJUI UIF DPOTUSBJOUT GSPN EJSFDU EFUFDUJPO FYQFSJNFOUT UIF FMBTUJD TDBUUFSJOH DSPTT TFD�

UJPO TIPVME CF TVQQSFTTFE CZ UIF 8*.1 NPNFOUVN� /FWFSUIFMFTT UIF CFTU�୮ୢU 8*.1 BOOJIJMBUJPO

DSPTT TFDUJPO JT MJLFMZ UP CF CJBTFE TJODF UIF TZTUFNBUJD VODFSUBJOUJFT PG UIF FYDFTT JT MBSHF CFMPX �

(F7���

5IF ୮ୢOEJOH UIBU UIF (F7 FYDFTT FYUFOET VQ UP ��◦ GSPN UIF HBMBDUJD DFOUFS JT JODPOTJTUFOU XJUI

UIF IZQPUIFTJT UIBU ZPVOH QVMTBST NBZ CF QSPEVDJOH UIF (F7 FYDFTT CFDBVTF ZPVOH QVMTBST BSF FY�

QFDUFE UP CFDPNF GBJOU CZ UIF UJNF UIFZ SFBDI UIJT EJTUBODF HJWFO B UZQJDBM LJDL WFMPDJUZ PG∼ ����
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LN T−1� )PXFWFS JU JT QMBVTJCMF UIBU UIF (F7 FYDFTT JT HFOFSBUFE CZ NJMMJTFDPOE QVMTBST XIJDI DBO

SFNBJO CSJHIU PWFS CJMMJPOT PG ZFBST�

*U JT JNQPSUBOU UP OPUF IPXFWFS UIBU EFTQJUF UIF DPOTJTUFODZ CFUXFFO UIF (F7 FYDFTT BOE UIF

8*.1 BOOJIJMBUJPO IZQPUIFTJT PUIFS QSFEJDUJPOT PG UIF 8*.1 BOOJIJMBUJPO IZQPUIFTJT BSF JO

UFOTJPO XJUI PUIFS EBUB TFUT� 'PS FYBNQMF JG 8*.1 BOOJIJMBUJPOT BSF QSPEVDJOH UIF (F7 FYDFTT

8*.1T TIPVME BMTP CF BOOJIJMBUJOH JO EXBSG HBMBYJFT� )PXFWFS OP TVDI FNJTTJPO IBT CFFO PCTFSWFE

XIJDI IBT SVMFE PVU UIFSNBMMZ BOOJIJMBUJOH 8*.1T CFMPX �� (F7 BU ��ॎ DPO୮ୢEFODF MFWFM������ 'VS�

UIFSNPSF UIF BCTFODF PG PCTFSWBUJPOT PG OFX QBSUJDMFT BU UIF -)$ IBT XFBLFOFE UIF UIFPSFUJDBM

QSJPST PGO	���
 (F7 8*.1T�
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2
1SPCBCJMJTUJD DBUBMPHJOH

*NBHJOF UBLJOH B MPOH FYQPTVSF QIPUPHSBQI� *OJUJBMMZ CFDBVTF OP QIPUPO IBT BSSJWFE BU UIF $$% ZFU

BOZNPEFM BCPVU XIBU JT CFIJOE UIF MFOT XJMM CF FRVBMMZ MJLFMZ HJWFO UIF PCTFSWFE EBUB� )PXFWFS

UIBU UIFSF JT OP QIPUPO BSSJWJOH BU UIF $$% XPVME CF UIF NPTU DSFEJCMFNPEFM GSPN B SFEVDUJPOJTU

QPJOU PG WJFX HJWFO UIBU JU JT UIF TJNQMFTU NPEFM BOE UIF DMPTFTU UP CFJOH UFTUFE� 0ODF TPNF QIPUPOT

IBWF CFFO DPMMFDUFE CZ UIF $$% JNBHJOF UIBU UIF TVSWJWJOH NPEFM JT UIBU UIF DBNFSB JT QPJOUFE BU

��



B WFSZ EJTUBOU GFSSZ PO UIF PDFBO� "MUIPVHI UIF PCTFSWBUJPO UIBU UIF IVMM PG UIF GFSSZ JT QBSUJBMMZ PD�

DMVEFE CZ UIF PDFBO DBO CF QSPQBHBUFE BT GBS BT UP JOGFS UIBU UIF &BSUI JT SPVOE UIFSF XJMM TUJMM CF

JO୮ୢOJUFMZ NBOZ NPEFMT OPU EJTDSJNJOBUFE CZ UIF BWBJMBCMF EBUB� 'PS JOTUBODF UIF OPJTF JO UIF QIP�

UPHSBQI NBZ OPU BMMPX UIF JOEJWJEVBM EFUFDUJPO PG NPTU QFPQMF PO CPBSE� :FU UIF NPEFM UIBU UIFSF

JT POF UFO PS IVOESFE QFPQMF PO CPBSE NBZ OPU CF FRVBMMZ DSFEJCMF HJWFO TVCUMF EJTDSJNJOBUJOH

GFBUVSFT JO UIF PCTFSWFE JNBHF� .PSFPWFS HJWFO UIF OPJTZ JNBHF PG UIF EJTUBOU GFSSZ BOZ JOGFSFODF

F�H� XIFUIFS UIFSF BSF IVNBOT PS CFBST PO CPBSE UIF GFSSZ SFRVJSF UBLJOH JOUP BDDPVOU BMM QPTTJCMF

NVMUJQMJDJUJFT IFJHIUT BOE DPMPST PG IVNBOT BOE CFBST� 'VSUIFSNPSF FWFO JG UIF $$% IBE DPMMFDUFE

QIPUPOT GPS B MPOH UJNF NPEFMT SFHBSEJOH FWFO ୮ୢOFS TDBMF NBZ SFNBJO EFHFOFSBUF J�F� JOEJWJEVBM

FZFMBTIFT PG B HJWFO QFSTPO NBZ OPU CF EFUFDUFE BMUIPVHI UIF TJ[F EJTUSJCVUJPO PG FZFMBTIFT NBZ

BHBJO CF DPOTUSBJOFE�

5IF FTTFODF PG UIF TDJFOUJ୮ୢD NFUIPE JT UP DPOTUSVDU B NPEFM 	J�F� IZQPUIFTJT
M  XJUI DFSUBJO

B QSJPSJ EFHSFF PG CFMJFG J�F� QSPCBCJMJUZ � EJTUSJCVUJPO PO JUT QBSBNFUFS TQBDF P (ΩM )� 5IF QSPC�

BCJMJUZ EJTUSJCVUJPO PWFSΩM DBO CF VQEBUFE B QPTUFSJPSJ UP ZJFME BOPUIFS QSPCBCJMJUZ EJTUSJCVUJPO

P (ΩM |D) �� CBTFE PO UIF DPOTJTUFODZ PG UIF NPEFM XJUI UIF PCTFSWFE EBUBD

P (ΩM |D) =
P (D|ΩM ,M)P (ΩM ,M)

P (D|M)
, 	���


�5IJT UIFTJT JT XSJUUFO GSPN B #BZFTJBO TUBOEQPJOU� *U USFBUT QSPCBCJMJUZ BT EFHSFF PG CFMJFG JO B QSPQPTJUJPO
BT PQQPTFE UP UIF GSFRVFOUJTU EF୮ୢOJUJPO PG GSFRVFODZ PG PCTFSWBUJPO PG FYQFSJNFOUBM PVUDPNF� )FODF JU BM�
MPXT BTTJHONFOU PG QSPCBCJMJUZ UP IZQPUIFTFT VOMJLF UIF MBUUFS XIJDI DBO POMZ BTTJHO QSPCBCJMJUZ UP PCTFSWFE
EBUB DPOEJUJPOBM PO IZQPUIFTFT�
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XIFSF P (D|ΩM ) JT UIF QSPCBCJMJUZ PG PCTFSWJOHD HJWFO UIF NPEFMM  J�F� UIF MJLFMJIPPE� 4JODF

UIF EBUB BSSJWFT JODSFNFOUBMMZ PWFS UJNF UIJT VQEBUF DBO IBQQFO JOEF୮ୢOJUFMZ BEPQUJOH UIF QPTUFSJPS

PG QSFWJPVT JOGFSFODFT BT UIF QSJPS GPS OFX JOGFSFODFT�

*O UIF SFTU PG UIJT UIFTJT UIF QSPCBCJMJUZ EJTUSJCVUJPOT PWFS UIF QBSBNFUFS TQBDF PG UIF NPEFMM 

J�F� P (ΩM ) BOE P (ΩM |D) XJMM CF SFGFSSFE UP BT UIF QSJPS BOE QPTUFSJPS SFTQFDUJWFMZ� 'VSUIFSNPSF

UIF VOJPO TFU PG B HSPVQ PG NPEFMTM0,M1, ...,MNmax  XJMM CF SFGFSSFE UP BT UIFNFUBNPEFM M̂ 

XIPTF QBSBNFUFS TQBDF CFDPNFTΩM̂ = ΩM0 × ΩM2 × ...× ΩMNmax
�

.PEFMT DBO DPOUBJO B OVNCFS PG JEFOUJDBM QBSBNFUFS TVCTQBDFT� *O UIJT UIFTJT UIFTF XJMM CF SF�

GFSSFE UP FMFNFOUT� "O FMFNFOU JT B HSPVQ PG QBSBNFUFST UIBU SFQSFTFOU B NFBOJOHGVM FOUJUZ JO UIF

NPEFM POMZ XIFO DPOTJEFSFE UPHFUIFS� )FODF UIF OVNCFS PG FMFNFOUT JO B HJWFO NPEFMN  JT UIF

NPEFM JOEJDBUPS BOE BMTP B EJTDSFUF QBSBNFUFS PG UIF NFUBNPEFM M̂  TVDI UIBU UIFN UI NFNCFS

PG UIF NFUBNPEFM DPOUBJOTN FMFNFOUT� 'VSUIFSNPSF UIF qUI QBSBNFUFS PG UIF nUI FMFNFOU JO UIF

N UI NFNCFS PG UIF NFUBNPEFM XJMM CF EFOPUFE XJUI ξN,n,q � /PUF UIBU FMFNFOUT BOE UIFJS QBSBNF�

UFST BSF NPEFM DPOTUSVDUT BOE EP OPU CFMPOH UP UIF EBUB TQBDF�

5IF QBSBNFUFS TQBDF TQBOOFE CZ FMFNFOU QBSBNFUFST XJMM BMTP CF SFGFSSFE UP BT UIF DBUBMPH TQBDF

ΩC =
Nmax⋃

N=1

ΩCN =
Nmax⋃

N=1

N−1∏

n=0

Nep−1∏

q=0

ξN,n,q, 	���


XIFSFNep JT UIF OVNCFS PG QBSBNFUFST QFS FMFNFOU� #FDBVTF UIF NFUBNPEFM DBO BMTP DPOUBJO QB�

SBNFUFST PUIFS UIBO UIPTF PG FMFNFOUT UIF QBSBNFUFS TQBDF PG UIF NFUBNPEFMΩM̂  DBO CF XSJUUFO
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BT UIF VOJPO PG UIF QSPEVDU TQBDFT PG UIF DBUBMPH TVCTQBDFT XJUI UIF TQBDF PG B DPNNPO QBSBNFUFS

WFDUPS ρ⃗

ΩM =
Nmax⋃

N=0

ρ⃗× ΩCN . 	���


&RVJWBMFOUMZ UIF DBUBMPH TQBDF JT UIF NFUBNPEFM NBSHJOBMJ[FE PWFS UIF DPNNPO QBSBNFUFST ρ⃗�

$BUBMPHJOH JT UIF JOGFSFODF PG FMFNFOUT BOE UIFJS QBSBNFUFST� " USBEJUJPOBM BQQSPBDI ҆ UP DBUB�

MPHJOH JT UP EFUFSNJOF XIFUIFS BEPQUJOH BO BMUFSOBUJWF NPEFM XJUI BO BEEJUJPOBM FMFNFOU JODSFBTFT

UIF NBYJNVN MJLFMJIPPE BT DPNQBSFE UP UIF OVMM NPEFM XJUIPVU UIF BEEJUJPOBM FMFNFOU� *UFSBUJWFMZ

QFSGPSNJOH UIJT IZQPUIFTJT UFTU PWFS UIF DBUBMPH TVCTQBDF XIJMF QPUFOUJBMMZ PQUJNJ[JOH PUIFS QBSBN�

FUFST F�H� ρ⃗ POF DBO EFUFSNJOF UIF MJLFMJIPPE JNQSPWFNFOU GPS UIF BEEJUJPOBM FMFNFOU� 5IJT DBO

UIFO CF VTFE UP EF୮ୢOF FMFNFOUT BT EFUFDUFE XIFO UIF EBUB JT BU MFBTU B �σ EFWJBUJPO GSPN UIF QSFEJD�

UJPO PG UIF OVMM NPEFM�

*G UIF NPEFM FMFNFOUT POMZ IBWF (BVTTJBO DPWBSJBODFT USBEJUJPOBM DBUBMPHJOH DBO DBQUVSF VO�

DFSUBJOUJFT PG FMFNFOU QBSBNFUFST XJUI UIF DPWBSJBODF NBUSJY� )PXFWFS XIFO FMFNFOUT IBWF OPO�

(BVTTJBO DPWBSJBODFT EVF UP UIF OPO�(BVTTJBOJUZ PG UIF MJLFMJIPPE 	F�H� 4FDUJPO �
 PS OPOMJOFBSJ�

UJFT JO GPSXBSE�NPEFMJOH 	F�H� 4FDUJPO �
 DPWBSJBODFT CFUXFFO FMFNFOU QBSBNFUFST DBOOPU CF GVMMZ

DBQUVSFE CZ UIF DPWBSJBODF NBUSJY� 5IF NBYJNVN MJLFMJIPPE DBUBMPH BMTP FJUIFS CMFOET FMFNFOUT

UPHFUIFS PS JOGFST TQVSJPVT FMFNFOUT GBJMJOH UP QSPQBHBUF VODFSUBJOUJFT BDSPTT NPEFMT XJUI EJ୭GFSFOU

҆5IF UFSN USBEJUJPOBM DBUBMPHJOH JT VTFE UP SFGFS UP BOZ BQQSPBDI UIBU EPFT OPU VTF BU MFBTU POF PG UIF GPVS
GFBUVSFT PG QSPCBCJMJTUJD DBUBMPHJOH MJTUFE MBUFS JO UIJT TFDUJPO�
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Figure 2.1: Left: Covariances between two continuous parameters. Right: Covariance between themodel indicator

and a continuous parameter.

DPNQMFYJUZ� 'VSUIFSNPSF FODBQTVMBUJPO PG UIF QBSBNFUFS DPWBSJBODFT XJUI UIF DPWBSJBODFT NBUSJY

BMTP GBJMT XIFO UIF MJLFMJIPPE JT NVMUJNPEBM� 5IFTF JTTVFT XJUI UIF QSPQBHBUJPO PG XJUIJO BOE BDSPTT

NPEFM DPWBSJBODFT DBO CF PWFSDPNF JO B #BZFTJBO GSBNFXPSL CZ SFQSFTFOUJOH POFؠT TUBUF PG LOPXM�

FEHF XJUI BO FOTFNCMF PG DPO୮ୢHVSBUJPOT XJUI B WBSJBCMF OVNCFS PG FMFNFOUT DPOTJTUFOU XJUI UIF

EBUB�

'JHVSF ��� TIPXT UXP FYBNQMFT PG OPO�(BVTTJBO DPWBSJBODFT� 5IF MFG୴ QBOFM DPOUBJOT UIF KPJOU

QSPCBCJMJUZ EJTUSJCVUJPO PG UXP QBSBNFUFST θ1 BOE θ2� &WFO UIPVHI UIF NBYJNVN MJLFMJIPPE JT BU

(θ1, θ2) = (0.2, 0.2) BOE UIF VODFSUBJOUZ FTUJNBUF BU UIJT QPJOU JT (σθ1 ,σθ2) = (0.1, 0.1) UIF

HMPCBM UPQPMPHZ PG UIF KPJOU QSPCBCJMJUZ EJTUSJCVUJPO JT TJHOJ୮ୢDBOUMZ EJ୭GFSFOU GSPN UIJT FTUJNBUF�

5IFSFGPSF UIF NBSHJOBM QSPCBCJMJUZ EJTUSJCVUJPOT EP OPU BHSFF XJUI UIF NBYJNVN MJLFMJIPPE FTUJ�

NBUF� 5IF SJHIU QBOFM TIPXT B TJNJMBS KPJOU QSPCBCJMJUZ EJTUSJCVUJPO CVU PWFS B DPOUJOVPVT QBSBNF�
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UFS θ2 BOE B NPEFM JOEJDBUPSN �

5SBEJUJPOBM DBUBMPHJOH DBO EJNFOTJPOBMMZ SFEVDF MBSHF BNPVOUT PG PCTFSWBUJPOT UP SFMBUJWFMZ DPN�

QBDU MJTUT PG FMFNFOUT QSFDMVEJOH GBMTF QPTJUJWFT XJUI UIF VTF PG B IBSE TJHOJ୮ୢDBODF UISFTIPME UIBU

EJTDBSET TVCUISFTIPME JOGPSNBUJPO� /FWFSUIFMFTT USBEJUJPOBM DBUBMPHT BSF TUJMM NPEFMT UIBU EFTDSJCF

POFؠT TUBUF PG LOPXMFEHF DPOTJTUFOU XJUI UIF HJWFO EBUB VQ UP TUBUJTUJDBM BOE TZTUFNBUJD FSSPST� "T FY�

FNQMJ୮ୢFE BCPWF EFTQJUF DPMMFDUJPO PG MBSHF BNPVOUT PG EBUB NFNCFST PG UIF NFUBNPEFM M̂  DBO CF

BQQSPYJNBUFMZ FRVBMMZ DPOTJTUFOU XJUI UIF EBUB� 5IFSFGPSF JOGFSFODFT TIPVME UBLF TVDI XJUIJO BOE

BDSPTT�NPEFM EFHFOFSBDJFT JOUP BDDPVOU CZ ୮ୢSTU MFBSOJOH UIF KPJOU QSPCBCJMJUZ EJTUSJCVUJPO PGΩM̂ 

BOE UIFO NBSHJOBMJ[JOH UIJT QSPCBCJMJUZ EJTUSJCVUJPO� 5IJT DBO CF BDIJFWFE CZ DPMMFDUJOH BO FOTFNCMF

PG NFUBNPEFM SFBMJ[BUJPOT�

" GVOEBNFOUBM QSPCMFN JO JOGFSFODF JT UIBU PG NJTNPEFMJOH J�F UIF EBUB OPU CFJOH B ESBX GSPN

UIF HFOFSBUJWF NPEFM VTFE UP ୮ୢU JU� 5IJT JT CFDBVTF NPEFMT PG PCTFSWBUJPOT JO UIF 6OJWFSTF BSF OFWFS

QFSGFDU EFTDSJQUJPOT PG UIF EBUB EVF UP VONFBTVSBCMF EFHSFFT PG GSFFEPN� 5IFSFGPSF UIF EFSJWFE

TUBUJTUJDBM VODFSUBJOUJFT VOEFSFTUJNBUF UIF UPUBM VODFSUBJOUJFT EVF UP UIF QSFTFODF PG TZTUFNBUJD FSSPST�

*OGFSFODFT NVTU NBSHJOBMJ[F PWFS UIF EPNJOBOU TPVSDFT PG TZTUFNBUJD VODFSUBJOUJFT UP FOTVSF UIBU UIF

SFNBJOJOH TZTUFNBUJD VODFSUBJOUJFT JT CFMPX UIF JOGFSSFE TUBUJTUJDBM VODFSUBJOUZ� #BZFTJBO JOGFSFODF

BMTP BMMPXT SPCVTU NBSHJOBMJ[BUJPO PWFS TVDI OVJTBODF QBSBNFUFST�

*O XIBU GPMMPXT BO FMFNFOU UIBU JNQSPWFT UIF HPPEOFTT�PG�୮ୢU CFMPX BOE BCPWF UIF �σ TJHOJG�

JDBODF UISFTIPME XJMM CF SFGFSSFE UP BT TVCUISFTIPME BOE TVQFSUISFTIPME SFTQFDUJWFMZ� 5SBEJUJPOBM

DBUBMPHJOH SFMJFT PO SFUBJOJOH TVQFSUISFTIPME FMFNFOUT BT أEFUFDUFEآ BOE EJTDBSEJOH TVCUISFTIPME

FMFNFOUT GSPN UIF NPEFM� #Z SFRVJSJOH B IJHI UISFTIPME B MPX GBMTF EJTDPWFSZ SBUF JT FOTVSFE BU UIF
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FYQFOTF PG BMTP MPXFSJOH UIF DPNQMFUFOFTT PG UIF JOGFSSFE DBUBMPH� "T B SFTVMU UIF GBDU UIBU TPNF GFB�

UVSFT JO UIF EBUB BSF OPU NPEFMFE EVF UP UIF NJTTJOH TVCUISFTIPME FMFNFOUT DBVTFT JOGPSNBUJPO MPTT

BT XFMM BT CJBTJOH UIF QBSBNFUFST PG TVQFSUISFTIPME FMFNFOUT BOE PUIFS QBSBNFUFST JO UIF NPEFM� "

IJHI TJHOJ୮ୢDBODF UISFTIPME FTQFDJBMMZ EFHSBEFT JOGFSFODF PG UIF QPQVMBUJPO DIBSBDUFSJTUJDT PG TVC�

UISFTIPME BOE NBSHJOBMMZ TVQFSUISFTIPME FMFNFOUT�

*O UIJT UIFTJT B USBOTEJNFOTJPOBM UISFTIPME�GSFF IJFSBSDIJDBM BOE #BZFTJBO JOGFSFODF GSBNFXPSL

DBMMFE QSPCBCJMJTUJD DBUBMPHJOH JT JNQMFNFOUFE UIBU QFSGPSNT DPWBSJBOU NPEFMJOH BOE SPCVTU VODFS�

UBJOUZ QSPQBHBUJPO� 5IF GSBNFXPSL JT CBTFE PO UBLJOH GBJS TBNQMFT GSPN UIF QPTUFSJPS PG B NFUB�

NPEFM DPOTJTUFOU XJUI UIF HJWFO EBUB� &BDI PG UIFTF GPVS JOHSFEJFOUT JOEFQFOEFOUMZ BEET GVODUJPOBM�

JUZ UP UIF GSBNFXPSL� 5IF UIFTJT CVJMET PO QSFWJPVT JEFBT JO ��������������

1SPCBCJMJTUJD DBUBMPHJOH EPFT OPU EJTUJOHVJTI TVCUISFTIPME BOE TVQFSUISFTIPME FMFNFOUT BOE EPFT

OPU QMBDF BOZ UISFTIPME PO UIF TJHOJ୮ୢDBODF PG FMFNFOUT� 4VCUISFTIPME FMFNFOUT BMMPX POF UP SFDPWFS

NPSF JOGPSNBUJPO GSPN UIF EBUB� 8IFO UIFZ FOUFS QPTUFSJPS TBNQMFT NPSF GSFRVFOUMZ UIBO XIBU POF

XPVME FYQFDU GSPN UIF OVMM NPEFM UIJT QSPQBHBUFT JOGPSNBUJPO GSPN TVCUMF GFBUVSFT JO UIF EBUB UP

UIF QPTUFSJPS PG UIFJS QBSBNFUFST FWFO UIPVHI UIF EFHSFF PG CFMJFG JO UIFJS JOEJWJEVBM FYJTUFODF DBO

CF CFMPX EFUFDUJPO UISFTIPME� 5IFJS FYJTUFODF JO UIF NFUBNPEFM BMTP SFEVDFT UIF EFHSBEBUJPO 	J�F�

CJBT BOE WBSJBODF
 XIFO JOGFSSJOH UIF QBSBNFUFST PG UIF TVQFSUISFTIPME FMFNFOUT�

5IF USBOTEJNFOTJPOBMJUZ PG UIF JOGFSFODF BMMPXT BDSPTT�NPEFM DPWBSJBODFT UP CF QSPQBHBUFE� 5IF

QPTUFSJPS PG UIF DPVOU GVODUJPO S(ξq > ξq,∗) J�F� UIF OVNCFS PG FMFNFOUT XJUI JUT qUI QBSBNFUFS

BCPWF TPNF ξq,∗ JO B HJWFO TBNQMF GSPN UIF QPTUFSJPS FODBQTVMBUFT UIF QPQVMBUJPO DIBSBDUFSJTUJDT PG

UIF qUI QBSBNFUFS� *U BDDPVOUT GPS IPX UIF VODFSUBJOUJFT JO UIF QBSBNFUFST BT XFMM BT UIF FYJTUFODF PG
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FMFNFOUT SF୯୳FDU UP UIF QPQVMBUJPO DIBSBDUFSJTUJDT PG UIF q FMFNFOU� 5IF QPTUFSJPS PG S(ξq > ξq,∗)

P (S(ξq > ξq,∗)|D) JT NBSHJOBMJ[FE PWFS BMM XJUIJO BOE BDSPTT�NPEFM DPWBSJBODFT�

*O BTUSPQIZTJDT BQQMJDBUJPOT PG QSPCBCJMJTUJD DBUBMPHJOH JT VCJRVJUPVT� 'VOEBNFOUBMMZ UIF EBUB

JT FJUIFS UIF OVNCFS PG QIPUPOT DPMMFDUFE JO TQBUJBM TQFDUSBM BOE UFNQPSBM CJOT XJUI TPNF NFBTVSF�

NFOU OPJTF PS TFDPOEBSZ RVBOUJUJFT EFSJWFE GSPN TVDI PCTFSWBUJPOT� 4PNF FYBNQMFT PG EBUB TFUT

UIBU SFRVJSF DPWBSJBOU NPEFMJOH BSF DSPXEFE JNBHFT 	TQFDUSPHSBNT PS MJHIU DVSWFT
 BDSPTT UIF FMFD�

USPNBHOFUJD TQFDUSVN 	F�H� PQUJDBM 9�SBZT BOE HBNNB�SBZT
 XIFSF UIFSF BSF NPSF UIBO POF TPVSDF

	MJOF PS GFBUVSF
 QFS EFUFDUPS SFTPMVUJPO� MFOTFE JNBHFT XIFSF UIF MFOT NPEFM DPOUBJOT DPWBSJBOU NBTT

DMVNQT� LJOFNBUJD EBUB TFUT XIFSF TUFMMBS TUSFBNT GPSN DPWBSJBOU DMVTUFST PO UIF TQBDF PG JOUFHSBMT PG

NPUJPO� $.# QPXFS TQFDUSB XIFSF DPWBSJBOU GFBUVSFT NBZ FYJTU JO UIF QSJNPSEJBM QPXFS TQFDUSVN�

5IF DPNNPO GFBUVSF PG BMM UIFTF EBUB TFUT BSF UIBU NVMUJQMF NPEFMT PG EJ୭GFSFOU DPNQMFYJUZ DBO CF

BQQSPYJNBUFMZ FRVBMMZ DPOTJTUFOU XJUI EBUB SFTVMUJOH JO BO VODFSUBJOUZ PO UIF OVNCFS PG UIFJS FMF�

NFOUT�

��� 1ছঘছ ঘগ ঝ খঝঊখঘক

(JWFO B NFUBNPEFM M̂  UIF QSJPS PO JUTN UI NFNCFS DBO CF XSJUUFO BT

P (ΩMN ) = P (N,µ, ρ⃗, {{ξN,n,q}n=0,1,...,N−1,βq}q=0,1,...,Nep−1) 	���


XIFSF βq JT UIF IZQFSQBSBNFUFS UIBU QBSBNFUSJ[FT UIF QSJPS PO UIF qUI QBSBNFUFS PG BMM FMFNFOUT

��



P (ξN,n,q,βq) = P (ξN,n,q|βq)P (βq), 	���


XIFSF q = 0, 1, ..., Nep − 1�

"O BEEJUJPOBM IZQFSQBSBNFUFS JT UIF POF UIBU QBSBNFUSJ[FT UIF QSJPS PON  BTTVNJOH UIBUN JT

1PJTTPO SFBMJ[BUJPO PG VOEFSMZJOH NFBO OVNCFS PG FMFNFOUT µ

P (N |µ) = µN

N !
e−µ. 	���


5IF IZQFSQBSBNFUFS µ JT UBLFO UP CF MPH�VOJGPSN EJTUSJCVUFE J�F� TDBMF�GSFF TVDI UIBU

P (µ) =
1

MOµmax − MOµmin

1

µ
	���


GPS µmin = 0.1 < µ < µmax = 10Nmax BOE WBOJTIFT PUIFSXJTF�

$IBOHJOH B IZQFSQBSBNFUFS EPFT OPU DIBOHF UIF MJLFMJIPPE CVU POMZ SFQBSBNFUSJ[FT UIF QSJPS�

5IF QSJPS PO UIF IZQFSQBSBNFUFS P (βq) XJMM CF SFGFSSFE UP BT UIF IZQFSQSJPS� 1SPCBCJMJTUJD DBUB�

MPHJOH BMMPXT IZQFSQBSBNFUFST UP CF BTTJHOFE B IZQFSQSJPS PUIFS UIBO B EFMUB�GVODUJPO� 8IFO UIF

EJTUSJCVUJPO PG B HJWFO FMFNFOU QBSBNFUFS JT BQSJPSJ CFMJFWFE UP CFMPOH UP B DFSUBJO B GBNJMZ F�H�

QPXFS�MBX EJTUSJCVUFE CVU UIF FYBDU GPSN PG UIF QSJPS F�H� MPH�TMPQF JT OPU LOPXO IJFSBSDIJDBM

NPEFMJOH BMMPXT SFEVDFE QSJPS JOGPSNBUJWFOFTT BOE UIF GPSXBSE QSPQBHBUJPO PG QSJPS VODFSUBJOUJFT�

5ISPVHIPVU UIJT UIFTJT JO PSEFS UP LFFQ UIF OPUBUJPO TJNQMF CPUI UIF QSPCBCJMJUZ EFOTJUJॶ PG

��



DPOUJOVPVT F�H� µ BOE UIF QSPCBCJMJUZ EJTUSJCVUJPO PG UIF EJTDSFUF QBSBNFUFSN BSF EFOPUFE TJNJ�

MBSMZ XJUI P (µ) BOE P (N) XJUI UIF JNQMJDBUJPO UIBU UIF GPSNFS JT B QSPCBCJMJUZ EFOTJUZ XIFSFBT UIF

MBUUFS JT B QSPCBCJMJUZ EJTUSJCVUJPO BOE UIFZ BSF CPUI SFGFSSFE UP BT QSPCBCJMJUZ EJTUSJCVUJPOT�

&MFNFOU QBSBNFUFST BSF BTTVNFE UP CF JOEFQFOEFOU BOE JEFOUJDBMMZ EJTUSJCVUFE ESBXT GSPN BO

VOEFSMZJOH QPQVMBUJPO BOE OP DPSSFMBUJPOT BSF CFMJFWFE UP FYJTU B QSJPSJ� 5IFSFGPSF VOJGPSN QSJPST

BSF QMBDFE PO UIF O�QPJOU DPSSFMBUJPOT PG FMFNFOU QBSBNFUFST BMMPXJOH UIF QPTUFSJPS UP SFWFBM DPSSFMB�

UJPOT JG BOZ�

5BLJOH JOUP BDDPVOU UIF IJFSBSDIZ BOE JOEFQFOEFODF PG QBSBNFUFST UIF KPJOU QSJPS PO UIF NFUB�

NPEFM CFDPNFT

P (ΩMN ) = P (N |µ)P (ρ⃗)
∏

q

P (βq)
∏

n

P (ξN,n,q|βq). 	���


����� 1ঊছজখঘগঢ

" NPEFM DBO FYQMBJO BO PCTFSWFE EBUB TFU CZ SFNBJOJOH DPOTJTUFOU XJUI JU� )PXFWFS HJWFO BO VODPO�

TUSBJOFE OVNCFS PG EFHSFFT PG GSFFEPN BOZ EBUB DBO CF FYQMBJOFE XJUI BSCJUSBSZ DPNQMFYJUZ� /FWFS�

UIFMFTT UIF SFTVMUJOH NPEFM XPVME GBJM JO NBLJOH QSFEJDUJPOT GPS GVUVSF EBUB CFDBVTF PG PWFS୮ୢUUJOH

UIF SBOEPNOFTT JO UIF DVSSFOU EBUB� 5IFSFGPSF UIF ୮ୢHVSF PG NFSJU UIBU EJTUJOHVJTIFT NPEFMT JT UIFJS

FYQMBJOJOH QPXFS XFJHIUFE BHBJOTU UIFJS QSFEJDUJWF QPXFS� " GVOEBNFOUBM QSJODJQMF UIBU FODPEFT

UIJT QSJODJQMF JT UIF 0DDBNؠT SB[PS XIJDI NBJOUBJOT UIBU NPEFMT TIPVME NBLF BT GFX BTTVNQUJPOT BT

��



QPTTJCMF XIJMF FYQMBJOJOH QIFOPNFOB�

5IF EFHSFF PG CFMJFG JO B NFNCFS PG UIF NFUBNPEFMMN  JT HJWFO CZ UIF JOUFHSBM PG UIF MJLFMJ�

IPPE P (D|N, θN ) PWFS UIF QBSBNFUFS TQBDF PG UIF NPEFM XFJHIUFE CZ UIF QSJPS EFHSFF PG CFMJFG

P (N, θN )

P (D|MN ) =

∫
P (D|N, θN )P (N, θN )dθN . 	���


XIFSF θN JT BO BSCJUSBSZ QBSBNFUFS PG UIFN UI NFNCFS PG UIF NFUBNPEFM� 5IJT GVMMZ NBSHJOBMJ[FE

QPTUFSJPS XJMM CF SFGFSSFE UP BT UIF #BZFTJBO FWJEFODF� "TTVNJOH B ୯୳BU QSJPS PG XJEUIΣθN BOE B ୯୳BU

QPTUFSJPS PG XJEUI σθN GPS θN  UIF #BZFTJBO FWJEFODF CFDPNFT P (D|N, θN,NBY)(σθN /ΣθN )
dN 

XIFSF dN JT UIF EJNFOTJPOBMJUZ PG θN BOE θN,NBY JT UIF NBYJNVN MJLFMJIPPE FTUJNBUF PG θN � 5IFSF�

GPSF UIF #BZFTJBO FWJEFODF DPOUBJOT UIF SBUJP PG UIF QPTUFSJPS WPMVNF UP UIF QSJPS WPMVNF BOE EJTGB�

WPST NPEFMT UIBU XBTUF QSJPS QBSBNFUFS TQBDF J�F� UIPTF UIBU NBSHJOBMMZ JODSFBTF UIF HPPEOFTT�PG�୮ୢU

BU UIF FYQFOTF PG NBLJOH PUIFS QSFEJDUJPOT JODPOTJTUFOU XJUI UIF PCTFSWFE EBUB� *O QSPCBCJMJTUJD

DBUBMPHJOH #BZFTJBO FWJEFODF JT UIF QSJNBSZ TPVSDF PG QBSTJNPOZ�

'JHVSF ��� JMMVTUSBUFT UIF #BZFTJBO FWJEFODF GPS UISFF EJ୭GFSFOU NPEFMTM1M2 BOEM3� 5IF IPS�

J[POUBM BYJT FOVNFSBUFT UIF TFU PG BMM QPTTJCMF EBUB UIBU DPVME CF PCTFSWFE� 1SPCBCJMJUZ PG PCTFSWJOH

TPNF EBUB JT OPO[FSP PWFS EJ୭GFSFOU JOUFSWBMT GPS UIF UISFF NPEFMT� M1 GBJMT JO BTTJHOJOH OPO[FSP

QSPCBCJMJUZ UP UIF PCTFSWFE EBUBD� &WFO UIPVHIM3 QSFEJDUT UIF PCTFSWFE EBUB XJUI TPNF QSPC�

BCJMJUZ JU TQSFBET UIF QSPCBCJMJUZ PWFS B MBSHFS SFHJPO JO UIF EBUB TQBDF� 5IF NPEFM UIBU BTTJHOT UIF

IJHIFTU QSPCBCJMJUZ PG PCTFSWJOH UIF EBUBD JT UIF NPEFMM2� 5IFSFGPSFM2 TIPVME CF DIPTFO

��



Figure 2.2: The Bayesian evidences of threemodelsM1,M2, andM3, as a function of data.M2 has the highest

evidence for the observed data,D.

NPEFM CBTFE PO UIF QBSTJNPOZ QSJODJQMF�

*O XIBU GPMMPXT UIF FMFNFOU QBSBNFUFS XIPTF DPSSFMBUJPO XJUI JUT TJHOJ୮ୢDBODF JT IJHIFTU XJMM

CF SFGFSSFE UP BT UIF BNQMJUVEF QBSBNFUFS EFOPUFE CZ ξa� *O QSPCBCJMJTUJD DBUBMPHJOH JO PSEFS UP

NBLF UIF QSJPS EJTUSJCVUJPO PG FMFNFOU BNQMJUVEFT TDBMF�GSFF UIF QSJPS PO UIF BNQMJUVEF PG UIF nUI

FMFNFOU JT UBLFO BT B QPXFS�MBX CFUXFFO TPNF ξa,min BOE ξa,max XJUI UIF JOEFY−βa�

P (ξa,n|βa) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1− βa

ξ1−βa
a,max − ξ1−βa

a,min

ξ−βa
a,n GPS ξa,min < ξa,n < ξa,max

0 PUIFSXJTF

. 	����


��



'VSUIFSNPSF B VOJGPSN QSJPS JT QMBDFE PO UIF BOHMF EFTDSJCFE CZ UIJT MPH�TMPQF

P (βa) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

UBO−1(βa,max)− UBO−1(βa,min)

1

1 + β2
a

GPS βa,min < βa < βa,max

0 PUIFSXJTF

. 	����


"T B SFTVMU NPTU PG UIF QSJPS WPMVNF JT BTTJHOFE UP UIF MPX FOE PG UIF BNQMJUVEF EJTUSJCVUJPO�

8IFO UIF NJOJNVN PG UIF QSJPS PO UIF BNQMJUVEF JT IJHI NPTU PG UIF QSJPS WPMVNF XJMM CF JODPO�

TJTUFOU XJUI EBUB ZJFMEJOH B MPX #BZFTJBO FWJEFODF GPS CBE NPEFMT� )PXFWFS BT UIF NJOJNVN PG UIF

BNQMJUVEF QSJPS JT MPXFSFE NPSF PG UIF QSJPS WPMVNF CFDPNFT DPOTJTUFOU XJUI UIF EBUB� *O UIF MJNJU

PG UBLJOH UIJT NJOJNVN UP [FSP BEEJUJPO PG B SBOEPN FMFNFOU ESBXO GSPN UIF QSJPS JOUP UIF NPEFM

EPFT OPU DIBOHF UIF MJLFMJIPPE� 5IJT SFTVMUT UIF JOUFHSBM JO &RVBUJPO ��� UP FWBMVBUF UP VOJUZ TJODF

#BZFTJBO FWJEFODF EPFT OPU QFOBMJ[F NPEFM DPNQMFYJUZ UIBU EPFT OPU B୭GFDU UIF MJLFMJIPPE�

5IF MJLFMJIPPE BT B GVODUJPO PG B UZQJDBM BNQMJUVEF QBSBNFUFS JT HJWFO JO 'JHVSF ���� *U TIPXT UIBU

UIF BNQMJUVEF QBSBNFUFS IBT B (BVTTJBO MJLFMJIPPE BSPVOE UIF USVF WBMVF XIFO UIF QBSBNFUFS WBMVF

JT BCPWF UIF EFUFDUJPO UISFTIPME� )PXFWFS BU TNBMMFS BNQMJUVEFT UIF MJLFMJIPPE MPTFT TFOTJUJWJUZ UP

UIF QBSBNFUFS BOE MFWFMT P୭G BU UIF MJLFMJIPPE PG UIF OVMM 	J�F� [FSP�FMFNFOU
 NPEFM�

1SPCBCJMJTUJD DBUBMPHJOH QMBDFT B TDBMF�GSFF QSJPS PO UIF 1PJTTPONFBO PG UIF OVNCFS PG FMFNFOUT

XIJDI BMTP DBVTFT TNBMMFS OVNCFS PG FMFNFOUT UP CF GBWPSFE� 5IJT JT UIF TFDPOE 	XFBLFS
 TPVSDF PG

QBSTJNPOZ CVU JT JOEFQFOEFOU PG UIF SFTQPOTF PG UIF MJLFMJIPPE UP UIF OFX EJNFOTJPOT�

"EEJOH OFX EJNFOTJPOT UP B NPEFM BMPOH XIJDI UIF MJLFMJIPPE JT ୯୳BU JT OPU VTFGVM GPS MFBSOJOH

JOGPSNBUJPO GSPN EBUB CFDBVTF UIF QPTUFSJPS SFEVDFT UP UIF QSJPS� )PXFWFS TPNF JOGPSNBUJPO DBO

��



Figure 2.3: The likelihood as a function of typical amplitude parameter.

CF JOGFSSFE GSPN UIF EBUB XIFO UIF MJLFMJIPPE JT POMZ BQQSPYJNBUFMZ ୯୳BU BMPOH UIF OFX EJNFOTJPO

BMUIPVHI UIF QPTUFSJPS DBO CF IJHIMZ JOGPSNFE CZ UIF QSJPS� 5IFSFGPSF EFQFOEJOH PO UIF JOUFOEFE

NFBOJOH PG UIF QPTUFSJPS BO BEEJUJPOBM SFHVMBSJ[BUJPO QSJPS NBZ CF OFFEFE� *O QBSUJDVMBS JG UIF QPT�

UFSJPS JT UP SFQSFTFOU UIF DPNQMFUF DBUBMPH TQBDF BMMPXFE CZ UIF EBUB UIFO OP BEEJUJPOBM SFHVMBSJ[BUJPO

JT OFFEFE� )PXFWFS JG UIF QPTUFSJPS JT UP SFQSFTFOU B DPNQBDU EFTDSJQUJPO PG UIF DBUBMPH TQBDF DPOTJT�

UFOU XJUI UIF EBUB UIFO NPEFM DPNQMFYJUZ TIPVME CF QFOBMJ[FE GVSUIFS�

#FDBVTF PG UIF NBOZ VODPOUSPMMBCMF EFHSFFT PG GSFFEPN PCTFSWBUJPOT NBEF JO UIF QIZTJDBM 6OJ�

WFSTF BSF BMXBZT TUPDIBTUJD� 8IFO UFTUJOH BO BMUFSOBUJWF NPEFM UIF SBOEPNOFTT 	J�F� VODFSUBJOUZ
 PG

BMM PCTFSWBUJPOT IBWF UP UBLFO JOUP BDDPVOU JO UIF OVMM NPEFM� "T B SFTVMU UIFSF TIPVME BMXBZT CF B

OPO[FSP FYQFDUFE EJTDSFQBODZ CFUXFFO UIF EBUB BOE UIF ୮ୢUUJOH NPEFM� 'VSUIFSNPSF B NPEFM XJUI

��



B MBSHFS OVNCFS PG FMFNFOUT DBO ୮ୢU UIF EBUB BU MFBTU BT XFMM BT BOPUIFS XJUI GFXFS FMFNFOUT JG UIF

QSJPST PO UIF FMFNFOU QBSBNFUFST BSF DIPTFO BQQSPQSJBUFMZ� +VTU BT B UPP�MPX HPPEOFTT�PG�୮ୢU TIPXT

UIBU UIF NPEFM JT OPU DPOTJTUFOU XJUI UIF EBUB B UPP�IJHI HPPEOFTT�PG�୮ୢU JOEJDBUFT UIBU UIF EFHSFFT

PG GSFFEPN PG UIF NPEFM DBVTFT UIF OPJTF JO UIF PCTFSWBUJPOT UP CF NJTNPEFMFE� /PU SFTQFDUJOH UIF

OPJTF QSPQFSUJFT PG UIF EBUB DBO CJBT B IZQPUIFTJT UFTU BU MPX TJHOBM�UP�OPJTF TJODF NBOZ TVCUISFTIPME

FMFNFOUT DBO PWFS୮ୢU UIF EBUB CZ JODSFBTJOH UIF HPPEOFTT�PG�୮ୢU BCPWF UIBU FYQFDUFE GSPN UIF OPJTF

JO UIF OVMM NPEFM� *O BEEJUJPO JU DBO BMTP DBVTF UIF BNQMJUVEFT PG TVQFSUISFTIPME FMFNFOUT UP CF

VOEFSFTUJNBUFE�

8IFO UIF QPTUFSJPS SFQSFTFOUT UIF DPNQMFUF DBUBMPH TQBDF BMMPXFE CZ UIF EBUB UIF DPNQVUBUJPOBM

DPNQMFYJUZ PG JOGFSFODF HSPXT FYQPOFOUJBMMZ XJUI UIF BEEJUJPO PG FBDI FMFNFOU� )PXFWFS UIJT JO�

DSFBTF JO UIF DPNQVUBUJPOBM DPNQMFYJUZ JT OPU KVTUJ୮ୢFE XIFO KVEHFE PO UIF CBTJT PG JOGPSNBUJPO

HBJO QFS DPNQVUBUJPO TJODF MJUUMF JOGPSNBUJPO JT HBJOFE XIJMF TQFOEJOH B EJTQSPQPSUJPOBUF BNPVOU

PG DPNQVUBUJPOBM SFTPVSDFT� 5IFSFGPSF VOMFTT UIF NJOJNVN BNQMJUVEF JT IJHI FOPVHI UP FOTVSF

NBOBHFBCMF DPNQVUBUJPOBM DPNQMFYJUZ BO BEEJUJPOBM QSJPS CFDPNFT OFFEFE UP SFHVMBUF NPEFM DPN�

QMFYJUZ XIFO FMFNFOUT BSF TVCUISFTIPME� 5IJT QSJPS XJMM CF SFGFSSFE UP BT UIF SFHVMBSJ[BUJPO QSJPS�

"O F୭GFDUJWF XBZ UP SFHVMBUF JOGFSFODFT JT DSPTT WBMJEBUJPO��� XIJDI JOWPMWFT JUFSBUJWFMZ FWBMV�

BUJOH DPOTJTUFODZ PG B QSFEJDUFE TVCTFU PG UIF EBUB XIFO UIF NPEFM FYQMBJOT UIF SFTU PG UIF EBUB�

)PXFWFS JO QSPCBCJMJTUJD DBUBMPHJOH UIJT UZQF PG NPEFM SFHVMBSJ[BUJPO XPVME JOUSPEVDF FYDFTTJWF

DPNQVUBUJPOBM DPNQMFYJUZ TJODF UIF GPSXBSE�NPEFMJOH IBT UP CF QFSGPSNFE NJMMJPOT PG UJNFT�

*OTUFBE NPEFMT DBO BMTP CF SFHVMBUFE CBTFE PO UIF TPNF OPSN PG UIF QBSBNFUFS WFDUPSLp ≡

(θp0 + θp1 + ... + θpN−1)
1/p JO UIF GPSN PG B OFHBUJWF MPH�QSJPS UFSN� "MUIPVHIL0 OPSN P୭GFST

��



B QFOBMUZ JOEFQFOEFOU PG UIF QBSBNFUFS TDBMFL1 BT JO -"440 ��� 	-FBTU "CTPMVUF 4ISJOLBHF BOE

4FMFDUJPO 0QFSBUPS
 BOEL2 BT JO SJEHF SFHSFTTJPO BSF NPSF GSFRVFOUMZ FNQMPZFE JO PQUJNJ[BUJPO

QSPCMFNT TJODF UIFZ ZJFME EJ୭GFSFOUJBCMF DPTU GVODUJPOT� *O QSPCBCJMJTUJD DBUBMPHJOH IPXFWFS EJ୭GFS�

FOUJBCJMJUZ JT OPU B SFRVJSFNFOU BOE UIFL0 OPSN DBO CF VTFE UP TFMFDU NPEFMT�

5IFSF BSF TFWFSBM JOGPSNBUJPO DSJUFSJB UIBU QFSGPSN NPEFM TFMFDUJPO CBTFE PO UIFL0 OPSN UIBU

BSF WBMJE BU EJ୭GFSFOU MFWFMT PG TJHOBM�UP�OPJTF BOE MJLFMJIPPE UPQPMPHJFT� 'PS FYBNQMF BTTVNJOH UIBU

UIF USVF NPEFM JT BNPOH UIF NFNCFST PG UIF NFUBNPEFM BOE UIBU UIF QSJPS JT BQQSPYJNBUFMZ ୯୳BU UIF

#BZFTJBO FWJEFODF DBO CF 5BZMPS�FYQBOEFE BSPVOE UIF QPTUFSJPS NPEF VQ UP TFDPOE PSEFS UP PCUBJO

BO BQQSPYJNBUJPO WBMJE BU IJHI TJHOBM�UP�OPJTF 	J�F� XIFO OVNCFS PG EBUB QPJOUTND JT NVDI MBSHFS

UIBO UIBU PG QBSBNFUFST dN 


P (D|MN ) ≈ P (D|N, θN,∗)P (N, θN,∗)(2π)
dN/2

∣∣∣∣∣∇
2P (D|N, θN )

∣∣∣∣∣

−1/2

θN=θN,∗

N−dN/2
D 	����


ZJFMEJOH UIF #BZFTJBO 	4DIXBS[
 *OGPSNBUJPO $SJUFSJPO 	#*$
 ���

MOP (dN ) = −1

2
dN MOND. 	����


8IFO JOGFSFODF JT BU MPX TJHOBM�UP�OPJTF UIJT BQQSPYJNBUJPO EPFT OPU IPME USVF BOE POMZ ZJFMET BO

VQQFS 	DPOTFSWBUJWF
 MJNJU� *G UIF BTTVNQUJPO UIBU UIF USVF NPEFM JT JO UIF NFUBNPEFM JT SFMBYFE POF

DBO UIFO BUUFNQU UP ୮ୢOE B NPEFM UIBU CFTU BQQSPYJNBUFT UIF USVF NPEFM� 0OF XBZ UP DIBSBDUFSJ[F

��



UIF QSPYJNJUZ PG B QSPCBCJMJUZ EJTUSJCVUJPO P UP BOPUIFS QSPCBCJMJUZ EJTUSJCVUJPOQ JT UP VTF UIF

,VMMCBDL -FJCMFS 	,-
 EJWFSHFODF ��� J�F� JOGPSNBUJPO HBJO

DKL =

∫
dθP (θ) MO P (θ)

Q(θ)
. 	����


8IFO UIF ,- EJWFSHFODF CFUXFFO UIF BQQSPYJNBUF ୮ୢUUJOH NPEFM BOE UIF USVF NPEFM JT NJOJ�

NJ[FE UIF CJBT 	J�F� EJTDSFQBODZ CFUXFFO UIF NBYJNVN BOE FYQFDUFE MJLFMJIPPE
 CFDPNFT FRVBM UP

UIF EJNFOTJPOBMJUZ PG UIF NPEFM ZJFMEJOH UIF "LBJLF *OGPSNBUJPO $SJUFSJPO 	"*$
 ���

MOP (dN ) = −dN 	����


)PXFWFS CPUI #*$ BOE "*$ BSF POMZ WBMJE GPS QPJOU FTUJNBUFT� *O QSPCBCJMJTUJD DBUBMPHJOH UIF

SFHVMBSJ[BUJPO QSJPS NVTU JOTUFBE CF JNQPTFE EVSJOH UIF TBNQMJOH� 5IFSFGPSF BTTVNJOH UIBU UIF

SFTJEVBMT PG UIF OVMM BOE BMUFSOBUJWF NPEFMT BSF χ2 EJTUSJCVUFE XJUIND − NNep BOEND − (N +

1)Nep EFHSFFT PG GSFFEPN SFTQFDUJWFMZ UIF SFHVMBSJ[BUJPO QSJPS JT EF୮ୢOFE BT

MOP (N + 1)− MOP (N) = ⟨1
2
χ2
ND−(N+1)Nep

− 1

2
χ2
ND−NNep

⟩

=
1

2

(
⟨χ2

ND−(N+1)Nep
⟩ − ⟨χ2

ND−NNep
⟩
)

= −1

2
Nep.

	����


��



5IFSFGPSF CZ DPOTUSVDUJPO UIJT SFHVMBSJ[BUJPO QSJPS SFNPWFT DPNQMFYJUZ UIBU SFTVMUT JO" 1σ

JNQSPWFNFOUT UP UIF HPPEOFTT�PG�୮ୢU� "T B SFTVMU XIFO SFHVMBSJ[BUJPO QSJPS JT BQQMJFE QSPCBCJMJTUJD

DBUBMPHJOH JT POMZ VTFGVM GPS MFBSOJOH BCPVU FMFNFOUT UIBU BSF JOEJWJEVBMMZNPSF TJHOJ୮ୢDBOU UIBO

∼ 1σ�

��� 4ঊখঙকগঐ

8IFO JOGFSSJOH UIF QPTUFSJPS PG UIF NFUBNPEFM HJWFO JO୮ୢOJUF UJNF BOE DPNQVUBUJPOBM SFTPVSDFT

UIF QPTUFSJPS DPVME CF FWBMVBUFE PO B SFHVMBS HSJE PG UIF NFUBNPEFM QBSBNFUFS TQBDF� )PXFWFS UIF

SFRVJSFE OVNCFS PG MJLFMJIPPE FWBMVBUJPOT HSPXT FYQPOFOUJBMMZ XJUI UIF OVNCFS PG EJNFOTJPOT

BOE B CSVUF�GPSDF DBMDVMBUJPO GBJMT FWFO GPS NPEFSBUF OVNCFS PG QBSBNFUFST� 5IFSFGPSF QSPCBCJMJTUJD

DBUBMPHJOH SFRVJSFT UBLJOH GBJS TBNQMFT GSPN UIF QPTUFSJPS�

4BNQMJOH JT QFSGPSNFE CZ DPOTUSVDUJOH B SFWFSTJCMF .BSLPW DIBJO XIPTF TUBUJPOBSZ EJTUSJCVUJPO

JT UIF UBSHFU 	F�H� QPTUFSJPS
 EJTUSJCVUJPO� ,OPXO BT .BSLPW $IBJO .POUF $BSMP 	.$.$
 UIJT SBO�

EPN QSPDFTT BMMPXT GBJS TBNQMFT UP CF UBLFO GSPN B QSPCBCJMJUZ EJTUSJCVUJPO UIBU DBOOPU CF EJSFDUMZ

TBNQMFE GSPN� " TV୭୮ୢDJFOU CVU OPU OFDFTTBSZ DPOEJUJPO UP PCUBJO B SFWFSTJCMF .BSLPW DIBJO JT UP

FTUBCMJTI EFUBJMFE CBMBODF

∫

ΩMN

P (N, θ′N |D)Q(θN , θ′N )α(θN , θ′N )dθN =

∫

ΩMN

P (N, θN |D)Q(θ′N , θN )α(θ′N , θN )dθ′N . 	����


��



XIFSF θN BOE θ′N BSF UIF DVSSFOU BOE QSPQPTFE TUBUFT JO UIF QBSBNFUFS TQBDF PG UIFN UI NFNCFS PG

UIF NFUBNPEFMΩMN Q(θN , θ′N ) JT UIF POF�UP�POF USBOTJUJPO GSPN θN UP θ′N BOE α(θN , θ′N ) JT UIF

QSPCBCJMJUZ PG BDDFQUJOH UIF USBOTJUJPO� #FDBVTF CPUI UIF DVSSFOU BOE QSPQPTFE TUBUFT BSF JO UIF TBNF

NPEFMMN  UIF #BZFTJBO FWJEFODFT PO CPUI TJEFT DBODFM ZJFMEJOH

∫

ΩMN

P (D|N, θ′N )P (N, θ′N )Q(θN , θ′N )α(θN , θ′N )dθN =

∫

ΩMN

P (D|N, θN )P (N, θN )Q(θ′N , θN )α(θ′N , θN )dθ′N . 	����


0ODFQ(θN , θ′N ) JT TQFDJ୮ୢFE α(θN , θ′N ) DBO CF VOJRVFMZ EFUFSNJOFE

α(θN |θ′N ) = NJO

(
1,

P (D|N, θ′N )

P (D|N, θN )
× P (N, θ′N )

P (N, θN )
× Q(θ′|θ)

Q(θ|θ′)

)
. 	����


8IFO TBNQMJOH GSPN UIF QPTUFSJPS PG UIF NFUBNPEFM QBSBNFUFS TQBDFΩM̂  UIF DVSSFOU BOE

QSPQPTFE TUBUFT DBO IBWF EJ୭GFSFOU EJNFOTJPOT F�H� θN BOE θ′N ′ XJUIN ̸= N ′� 5IFSFGPSF UIF

DIBJO DBO OP MPOHFS CF SFWFSTJCMF JO UIF USBOTEJNFOTJPOBM DBTF TJODF UIF USBOTJUJPO MPTFT JUT POF�UP�

POF QSPQFSUZ� 5IJT DBO CF BMMFWJBUFE CZ ESBXJOH SBOEPN BVYJMJBSZ QBSBNFUFST u BOE u′ VTJOH UIF

QSPCBCJMJUZ EJTUSJCVUJPOT P (u) BOE P (u′) UP NBUDI UIF EJNFOTJPOT PG UIF DVSSFOU BOE QSPQPTFE

TUBUFT TVDI UIBU UIF USBOTJUJPO (θN , u) # (θ′N ′ , u′) JT B EJ୭GFPNPSQIJTNH 

H(θN , u) = (θ′N ′ , u′) 	����


H−1(θ′N ′ , u′) = (θN , u). 	����


��



5IF EJNFOTJPO NBUDIJOH

EJN(θN ) + EJN(u) = EJN(θ′N ′) + EJN(u′), 	����


XIFSF EJN() EFOPUFT UIF EJNFOTJPO PQFSBUPS DPODFBMT UIF USBOTEJNFOTJPOBM OBUVSF PG UIF QSPQPTBM

BOE FOTVSFT SFWFSTJCJMJUZ� 5IFSFGPSFH(θN , u) = (θ′N ′ , u′) SFQMBDFT UIF QSPCBCJMJTUJD USBOTJUJPO

Q(θ′|θ)�

8IFO NBLJOH B QSPQPTBM BDSPTT NPEFMT UIFSF BSF JO୮ୢOJUFMZ NBOZ XBZT UP DPOTUSVDU EJTUJODU EJG�

GFPNPSQIJTNT� )PXFWFS POMZ TPNF BSF VTFGVM USBOTJUJPOT UP FYQMPSF EFHFOFSBDJFT JO UIF QPTUFSJPS

PG UIF DBUBMPH TQBDF� %FOPUJOH UIF QSPCBCJMJUZ PG QSPQPTJOH B USBOTJUJPO GSPN NPEFMMN UPM ′
N 

P (N → N ′) UIF SBUJP

P (N ′ → N)

P (N → N ′)
, 	����


JT JODMVEFE JO UIF BDDFQUBODF QSPCBCJMJUZ UP FOTVSF EFUBJMFE CBMBODF� -BTUMZ UIF DPPSEJOBUF USBOTGPS�

NBUJPOH JT SFRVJSFE UP DPOTFSWF QSPCBCJMJUZ TVDI UIBU

dθ′N ′du′ =

∣∣∣∣∣
∂(θ′N ′ , u′)

∂(θN , u)

∣∣∣∣∣dθNdu, 	����


GPS BMM θN BOE u�

��



5IJT ZJFMET

α(θ′N ′ |θN ) = NJO(1,α0), 	����


α0 =
P (N ′, θ′N ′ |D)

P (N, θN |D)

P (u′)

P (u)︸ ︷︷ ︸
αu

P (N ′ → N)

P (N → N ′)︸ ︷︷ ︸
αc

∣∣∣∣∣
∂(θ′N ′ , u′)

∂(θN , u)

∣∣∣∣∣
︸ ︷︷ ︸

αj

	����


XIFSF UIF DPNNPO GBDUPS PG P (D|M̂) PO CPUI TJEFT DBODFM BHBJO TJODF UIF USBOTGPSNBUJPO JT QFS�

GPSNFE XJUIJO UIF TBNF NFUBNPEFM HJWJOH

α0 =
P (D|N ′, θ′N ′)

P (D|N, θN )

P (N ′, θ′N ′)

P (N, θN )
× αu × αc × αj 	����


5IJT TBNQMJOH GSBNFXPSL JT LOPXO BT UIF 3FWFSTJCMF +VNQ .$.$ 	3+.$.$
 ��������� XIJDI JT

B WBSJBOU PG .$.$ UIBU BMMPXT BDSPTT�NPEFM QSPQPTBMT JO B QPPM PG NPEFMT JOEFYFE CZ UIFJS EJNFO�

TJPOBMJUZ� 1SPCBCJMJTUJD DBUBMPHJOH JOIFSJUT UIF 3+.$.$ GSBNFXPSL JO JNQMFNFOUJOH USBOTEJNFO�

TJPOBM QSPQPTBMT�

5IF QVSQPTF PG TBNQMJOH JT UP USBWFSTF UIF QBSBNFUFS TQBDF XJUI B GSFRVFODZ QSPQPSUJPOBM UP UIF

QPTUFSJPS� 5IFSFGPSF HJWFO B ୮ୢOJUF OVNCFS PG TBNQMFT UIF TBNQMFS WJTJUT SFHJPOT XJUI UIF IJHIFTU

QPTUFSJPS XIJDI BSF EJTKPJOU BDSPTT NPEFMT BOE NBZ BMTP CF EJTDPOOFDUFE JO B HJWFO NPEFM� *O PSEFS

UP TBNQMF F୭୮ୢDJFOUMZ UIF QSPQPTBMT 	J�F� DIPJDFT PGH BOE P (u)
 TIPVME BQQSPYJNBUF UIF QPTUFSJPS

BOE SFTVMU JO GPSXBSE�NPEFM DIBOHFT UIBU ZJFME DPNQBSBCMF MJLFMJIPPET�

��



8ঝগ�খঘক ঙছঘঙঘজঊকজ 8JUIJO�NPEFM QSPQPTBMT FYQMPSF UIF QPTUFSJPS BMPOH B HJWFO NFN�

CFS PG UIF NFUBNPEFM CZ NBLJOH DIBOHFT UP UIF QBSBNFUFS WFDUPS� &WFO UIPVHI XJUIJO�NPEFM QSP�

QPTBMT EP OPU SFRVJSF UIF 3+.$.$ GPSNBMJTN UIFZ DBO CF JODPSQPSBUFE JOUP UIJT GSBNFXPSL XIFO

CPUI u BOE u′ IBWF UIF TBNF EJNFOTJPO�

8JUIJO�NPEFM QSPQPTBMT BSF NBEF JO B USBOTGPSNFE TQBDF XIFSF UIF QSJPS JT VOJGPSN� 5IF USBOT�

GPSNBUJPO JT QFSGPSNFE VTJOH UIF DVNVMBUJWF EJTUSJCVUJPO GVODUJPO 	$%'
 PG UIF NPEJ୮ୢFE QBSBNF�

UFS θN  XIJDI JT FJUIFS BO FMFNFOU PS DPNNPO QBSBNFUFS� 5IJT ZJFMET B USBOTGPSNFE QBSBNFUFS θ̃N 

XIJDI CZ DPOTUSVDUJPO IBT B VOJGPSN QSJPS CFUXFFO � BOE �� 5IF XJUIJO�NPEFM QSPQPTBMT BSF NBEF

TVDI UIBU

(θ̃N , u) → (θ̃′N , u′) 	����


θ̃′N = θ̃N + u 	����


u′ = −u. 	����


"T B SFTVMU UIF QSJPS SBUJP JO &RVBUJPO ���� JT TFU UP VOJUZ� %VSJOH GPSXBSE�NPEFMJOH XJUI θ̃′N  UIF

JOWFSTF $%' JT VTFE UP DBMDVMBUF θ′N  XIJDI JT UIFO VTFE UP EFUFSNJOF UIF GPSXBSE�NPEFM�

8IFO UIF QPTUFSJPS JT NVMUJNPEBM CBSSJFST CFUXFFO IJHI�QPTUFSJPS SFHJPOT DBO TJHOJ୮ୢDBOUMZ JO�

DSFBTF UIF OVNCFS PG QSPQPTBMT SFRVJSFE GPS DPOWFSHFODF� *O PSEFS UP JODSFBTF UIF TBNQMJOH F୭୮ୢ�

DJFODZ UIF BVYJMJBSZ QBSBNFUFS u JT ESBXO GSPN B IFBWZ�UBJMFE (BVTTJBO EJTUSJCVUJPO XJUI NFBO [FSP�

'VSUIFSNPSF XJUIJO�NPEFM QSPQPTBMT BSF NBEF TZNNFUSJD BT JO .FUSPQPMJT QSPQPTBMT XIJDI TFUT αu

��



UP VOJUZ� 8JUIJO�NPEFM QSPQPTBMT BSF BMTP TFMG�BOUBHPOJTU TVDI UIBU CPUI GPSXBSE BOE SFWFSTF USBOTJ�

UJPOT DBO CF BDIJFWFE VTJOH UIF TBNF UZQF PG QSPQPTBM� 5IFSFGPSF TJODF UIFSF BSF BT NBOZ QBSBNFUFS

QSPQPTBMT QPTTJCMF BT UIF OVNCFS PG QBSBNFUFST XIJDI JT JOWBSJBOU EVSJOH B XJUIJO�NPEFM QSPQPTBM

αc JO &RVBUJPO ���� CFDPNFT VOJUZ� 4JNJMBSMZ UIF +BDPCJBO J�F� αj JO &RVBUJPO ���� FWBMVBUFT UP

VOJUZ GPS BMM XJUIJO�NPEFM QSPQPTBMT�

#ছঝ ঊগ ঊঝ ঙছঘঙঘজঊকজ "MUIPVHI TBNQMJOH GSPN B HJWFOΩMN DBO CF QFSGPSNFE VTJOH

XJUIJO�NPEFM QSPQPTBMT TBNQMJOH GSPNΩM̂ SFRVJSFT BDSPTT�NPEFM QSPQPTBMT UIBU JODPSQPSBUF B

DIBOHF JON � *O UIFTF BDSPTT�NPEFM QSPQPTBMT u BOE u′ IBWF EJ୭GFSFOU EJNFOTJPOT� 5IFTF BDSPTT�

NPEFM QSPQPTBMT JNQMFNFOU UIF WPMVNF GBDUPS JO UIF #BZFTJBO FWJEFODF JOUP QSPCBCJMJTUJD DBUBMPHJOH

CFDBVTF UIF BVYJMJBSZ QBSBNFUFST BSF SBOEPNMZ TBNQMFE�

#JSUI BOE EFBUI QSPQPTBMT XIFSF BO FMFNFOU JT FJUIFS BEEFE UP PS EFMFUFE GSPN UIF FMFNFOU MJTU

BSF UIF FMFNFOUBSZ BDSPTT�NPEFM QSPQPTBMT UIBU BMMPX UIF FYQMPSBUJPO PG NPEFMT PG EJ୭GFSFOU EJNFO�

TJPOBMJUZ� #FDBVTF UIFZ BSF UIF SFWFSTF QSPQPTBMT PG FBDI PUIFS CPUI IBWF UP CF QSFTFOU JO UIF TFU PG

QPTTJCMF QSPQPTBM UZQFT JO PSEFS GPS EFUBJMFE CBMBODF UP CF SFTQFDUFE�

%VSJOH B CJSUI UIF USBOTGPSNBUJPO

(θN , u) → (θN , ξ) = θ′N+1. 	����


JT QSPQPTFE TP UIBU UIF BVYJMJBSZ QBSBNFUFS WFDUPS u JT UIF TBNF BT UIF QBSBNFUFST PG UIF BEEFE FMF�

��



NFOU ξ� $POWFSTFMZ EVSJOH B EFBUI QSPQPTBM JU JT SFRVJSFE UIBU

θN+1 = (θN , ξ) → (θN , u′) = θ′N 	����


XIFSF UIF BVYJMJBSZ QBSBNFUFS WFDUPS u′ DBSSJFT UIF QBSBNFUFST PG UIF FMFNFOU UP CF LJMMFE ξ�

#FDBVTF UIF OFX FMFNFOU QBSBNFUFST BSF ESBXO GSPN UIF QSJPS UIJT DBVTFT UIF QSPCBCJMJUZ PG

UIF BVYJMJBSZ WFDUPS UP CF TBNF BT UIF QSJPS PG ξ SFTVMUJOH JO UIF DBODFMMBUJPO PG UIF QSJPS BOE UIF

QSPCBCJMJUZ EJTUSJCVUJPO PG UIF BVYJMJBSZ QBSBNFUFST JO &RVBUJPO ���� J�F�

P (ξ)

P (u)
=

P (u′)

P (ξ)
= 1. 	����


%VSJOH CJSUI BOE EFBUI QSPQPTBMT UIF MJTU PG FMFNFOUT JT USFBUFE BT PSEFSFE� (JWFON FMFNFOUT

JO UIF DVSSFOU TUBUF JG UIF MJTU PG FMFNFOUT XFSF USFBUFE BT BO VOPSEFSFE MJTU UIF OVNCFS PG QPTTJCMF

EJTUJODU CJSUI QSPQPTBMT XPVME CF � XIFSFBT UIF OVNCFS PG QPTTJCMF EJTUJODU EFBUIT JO UIF SFWFSTF

QSPQPTBM XPVME CFN + 1� )PXFWFS UIFSF XPVME BMTP CF BO JNQMJDJUN + 1 GPME EFHFOFSBDZ JO

u SFEVDJOH P (u) CZ UIF TBNF GBDUPS� "U UIF FOE UIF SFTVMUJOH αc XPVME CF VOJUZ� "O FRVJWBMFOU

TDIFNF UIBU EPFT OPU JOUSPEVDF EFHFOFSBDJFT UP u DBO CF PCUBJOFE IPXFWFS CZ USFBUJOH UIF FMFNFOU

MJTU BT PSEFSFE� 5IFO CPUI UIF GPSXBSE BOE SFWFSTF QSPQPTBMT EVSJOH B CJSUI IBWFN + 1 QPTTJCJMJUJFT

SFTVMUJOH JO αc CFJOH FRVBM UP VOJUZ� "EPQUJPO PG BO PSEFSFE FMFNFOU MJTU NBLFT UIF CJKFDUJWF OBUVSF

PG UIF USBOTGPSNBUJPO NBOJGFTU�

4JODF UIF BVYJMJBSZ QBSBNFUFS WFDUPS JT JEFOUJDBM UP UIF BEEFE FMFNFOU QBSBNFUFST UIF +BDPCJBO

��



αj  BMTP CFDPNFT VOJUZ� )FODF α0 CFDPNFT

α0 =
P (D|N ′, θ′N ′)

P (D|N, θN )
FYQ

(
− 1

2
Nep

)
	����


8IFO UIF SFHVMBSJ[BUJPO QSJPS JT BQQMJFE BG୴FS B CJSUI PS EFBUI QSPQPTBM UIF QSPQPTBM JT BDDFQUFE

XJUI B ���ॎ QSPCBCJMJUZ POMZ JG UIF MPH�MJLFMJIPPE JODSFBTFT CZ 0.5Nep� )FODF UIF SFHVMBSJ[BUJPO

QSJPS F୭GFDUJWFMZ TIJG୴T UIF MPH�MJLFMJIPPE DVUP୭G JO .FUSPQPMJT�)BTUJOHT QSPQPTBMT EPXO CZNep�

'JHVSF ��� TIPXT UIF USBDF 	MFG୴
 BOE IJTUPHSBN 	SJHIU
 PG UIF MPH�MJLFMJIPPE DIBOHFT EVSJOH BDDFQUFE

CJSUI QSPQPTBMT� 5IF UPQ BOE CPUUPN SPXT DPSSFTQPOE UP JOGFSFODFT XJUI BOE XJUIPVU UIF SFHVMBS�

J[BUJPO QSJPS SFTQFDUJWFMZ�

#JSUI BOE EFBUI QSPQPTBMT NBLF TBNQMJOH GSPN B NVMUJNPEBM QPTUFSJPS NPSF F୭୮ୢDJFOU TJODF UIFZ

SFTVMU JO OPO�MPDBM 	J�F� NFNPSZMFTT
 DIBOHFT UP UIF TUBUF WFDUPS� 'PS UIF TBNF SFBTPO UIFZ BDDFMFSBUF

CVSO�JO PG UIF TBNQMFS TUBSUJOH BU B GBJS ESBX GSPN UIF QSJPS�

4ঙকঝজ ঊগ .ছঐজ "U MPX TJHOBM�UP�OPJTF UIF EPNJOBOU USBOTEJNFOTJPOBM DPWBSJBODF JT XIFUIFS

PS OPU GFBUVSFT JO UIF EBUB BSF NPSF DPOTJTUFOU XJUI B TJOHMF FMFNFOU PS UIF CBDLHSPVOE�POMZ IZQPUI�

FTJT� )PXFWFS BT UIF TJHOBM�UP�OPJTF SBUJP JODSFBTFT USBOTEJNFOTJPOBM DPWBSJBODFT TIJG୴ UP IJHIFS

OVNCFST PG FMFNFOUT MFBEJOH UP DPWBSJBODFT CFUXFFO B TJOHMF BOE IJHI�BNQMJUVEF FMFNFOU PS NVMUJ�

QMF BOE MPXFS�BNQMJUVEF FMFNFOUT�

*O QSJODJQMF CJSUI BOE EFBUI QSPQPTBMT TQBO UIF DBUBMPH TQBDF J�F� HJWFO JO୮ୢOJUF SFTPVSDFT UIFZ

��



Figure 2.4: Log-likelihood difference during accepted birth proposals.

��



DBO CF VTFE UP QSPCF BMM USBOTEJNFOTJPOBM DPWBSJBODFT� )PXFWFS UIF FYQMPSBUJPO PG QBSBNFUFS DP�

WBSJBODFT XJUI POMZ CJSUI BOE EFBUI QSPQPTBMT DBO CF JOF୭୮ୢDJFOU GPS TVQFSUISFTIPME FMFNFOUT CF�

DBVTF UIF JNQMFNFOUBUJPO PG CJSUI BOE EFBUI QSPQPTBMT XIFSF UIF BVYJMJBSZ QBSBNFUFST BSF ESBXO

GSPN UIF QSJPS JT UBJMPSFE UPXBSET FYQMPSJOH TVCUISFTIPME FMFNFOUT F�H� CFUXFFO NVMUJQMJDJUZ PG

TVCUISFTIPME FMFNFOUT BOE UIF CBDLHSPVOE IZQPUIFTJT�

5IFSFGPSF BEEJUJPOBM BDSPTT�NPEFM QSPQPTBMT BSF OFFEFE JO PSEFS UP F୭୮ୢDJFOUMZ FYQMPSF USBOTEJ�

NFOTJPOBM DPWBSJBODFT BU IJHI TJHOBM�UP�OPJTF� 4QMJU BOE NFSHF QSPQPTBMT XIFSF BO FMFNFOU JT TQMJU

JOUP UXP BOE UXP FMFNFOUT BSF NFSHFE JOUP POF DBO QSPCF UIFTF DPWBSJBODFT�

%VSJOH B TQMJU QSPQPTBM BO FMFNFOU XJUI QBSBNFUFST ξ0 JT TQMJU JOUP UXP FMFNFOUT XJUI QBSBNFUFST

ξ1 BOE ξ2 TVDI UIBU

(θN , u) = (θN−1, ξ0, u) → (θN−1, ξ1, ξ2) = θ′N+1 	����


XIFSF θN−1 JT UIF QBSU PG UIF DVSSFOU TUBUF WFDUPS UIBU EPFT OPU DIBOHF� *O XIBU GPMMPXT UIF IPS�

J[POUBM QPTJUJPO WFSUJDBM QPTJUJPO BNQMJUVEF BOE UIF SFTU PG UIF QBSBNFUFST PG BO FMFNFOU XJMM CF

EFOPUFE XJUI ξi,θ1  ξi,θ2  ξi,a BOE ξi,b SFTQFDUJWFMZ XIFSF i JT � � PS �� )FODF UIF USBOTGPSNBUJPO JT

TQFDJ୮ୢFE BT

��



ξ1,θ1 = ξ0,θ1 + uθ1(1− ua)

ξ2,θ1 = ξ0,θ1 − uθ1ua

ξ1,θ2 = ξ0,θ2 + uθ2(1− ua)

ξ2,θ2 = ξ0,θ2 − uθ2ua

ξ1,a = uaξ0,a

ξ2,a = (1− ua)ξ0,a

ξ1,b = ξ0,b

ξ2,b = ub

	����


XIFSF uθ1  uθ2  ua BOE ub BSF UIF BVYJMJBSZ QBSBNFUFST� 5IFZ SFQSFTFOU UIF IPSJ[POUBM BOE WFSUJDBM

TQMJUUJOHT UIF GSBDUJPO PG UIF BNQMJUVEF UIBU JT HJWFO UP UIF ୮ୢSTU EBVHIUFS BOE UIF QBSBNFUFST PG

UIF TFDPOE EBVHIUFS FYDFQU JUT QPTJUJPO BOE BNQMJUVEF SFTQFDUJWFMZ� 4JNJMBSMZ UIF USBOTGPSNBUJPO

EVSJOH B NFSHF SFBET

θN+1 = (θN−1, ξ1, ξ2) → (θ′N−1, ξ0, u
′) = (θ′N , u′). 	����


%VSJOH B TQMJU UIF QBSFOU JT DIPTFO SBOEPNMZ� 5IFSFGPSF HJWFO B TUBUF XJUIN FMFNFOUT UIFSF

BSFN N BOEN + 1 QPTTJCJMJUJFT ZJFMEJOH B KPJOU QSPCBCJMJUZ PGN−2(N + 1)−1� %VSJOH B NFSHF

XJUIN +1 FMFNFOUT JOJUJBMMZ UIF ୮ୢSTU EBVHIUFS BOE UIF QBSFOU BSF BMTP DIPTFO SBOEPNMZ XJUI B KPJOU

��



Figure 2.5: Schematic view of split andmerge proposals along with the within-model proposals. Arrows indicate the

transitions of theMCMC state.

QSPCBCJMJUZ PG (N+1)−1N−1� )PXFWFS UIF TFDPOE EBVHIUFS JT DIPTFO XJUI B QSPCBCJMJUZ XFJHIUFE

CZ B (BVTTJBO JO EJTUBODF GSPN UIF ୮ୢSTU EBVHIUFS BOE B TUBOEBSE EFWJBUJPO PG θsm� 'VSUIFSNPSF UIF

+BDPCJBO PG UIF TQMJU QSPQPTBM CFDPNFT ξa� )FODF α0 GPS TQMJU QSPQPTBMT CFDPNFT

α0 =
P (D|N + 1, θ′N+1)

P (D|N, θN )
× P (ξ1)P (ξ2)

P (ξ0)P (u)
× FYQ

(
− 1

2
Nep

)
×N

e−0.5(∆θ)2/θ2sm
∑N−1

n=1 e−0.5(∆θ)2/θ2sm
× ξ0,a

	����


5IF UZQJDBM USBOTEJNFOTJPOBM DPWBSJBODF FYQMPSFE CZ TQMJU BOE NFSHF QSPQPTBMT JT TIPXO JO 'JH�

VSF ���� )FSF B HJWFO GFBUVSF PG UIF EBUB DBO CF ୮ୢUUFE XJUI POF PS UXP FMFNFOUT� 5IF IJTUPHSBN PG

UIF QPTUFSJPS TBNQMFT GSPN UIF BNQMJUVEF PG UIF TJOHMF FMFNFOU BOE UIF BNQMJUVEFT PG UIF BMUFSOBUJWF

NPEFM BSF TIPXO JO UIF MFG୴ BOE SJHIU QBOFMT SFTQFDUJWFMZ� 5IFTF IJTUPHSBNT BSF NBSHJOBMJ[FE PWFS BMM

PUIFS QBSBNFUFST PG UIF FMFNFOUT TVDI BT UIFJS QPTJUJPOT�

��



*O PSEFS GPS TQMJU BOE NFSHF QSPQPTBMT UP CF F୭୮ୢDJFOU uθ1 BOE uθ2 BSF BMTP ESBXO GSPN B (BVTTJBO

EJTUSJCVUJPO XJUI NFBO [FSP BOE TUBOEBSE EFWJBUJPO θsm� uξa JT ESBXO GSPN UIF VOJGPSN EJTUSJCV�

UJPO CFUXFFO � BOE � BOE uξb BSF ESBXO GSPN UIF SFTQFDUJWF QSJPS EJTUSJCVUJPOT� "T B SFTVMU PG UIFTF

DIPJDFT UIF QSJPS SBUJP αu αc BOE αj BQQSPYJNBUFMZ DBODFM FBDI PUIFS BMMPXJOH UIF TBNQMFS UP

WJTJU FRVBMMZ MJLFMZ DPO୮ୢHVSBUJPOT JO EJ୭GFSFOU NPEFMT�

'JHVSF ��� TIPXT MOαj GPS UIF BDDFQUFE TQMJU QSPQPTBMT� #FDBVTF αj JT UIF BNQMJUVEF UIJT IJT�

UPHSBN TIJG୴T MFG୴ PS SJHIU CZ B DPOTUBOU EFQFOEJOH PO UIF QSPCMFN� )PXFWFS JUT TIBQF JT EJDUBUFE

CZ UXP DPNQFUJOH F୭GFDUT UIBU SFEVDF UIF BDDFQUBODF SBUJP PG TQMJUT� "U IJHI�BNQMJUVEFT CFDBVTF

FMFNFOUT BSF NPSF TJHOJ୮ୢDBOU B HJWFO TQBUJBM TQMJUUJOH DBVTFT MPXFS MJLFMJIPPET� 5PXBSET UIF MPX�

BNQMJUVEF FOE IPXFWFS EBVHIUFS FMFNFOUT CFDPNF NPSF MJLFMZ UP GBMM CFMPX UIF NJOJNVN PG UIF

BNQMJUVEF QSJPS� 5IFSFGPSF TQMJU QSPQPTBMT BSF NPSF F୭୮ୢDJFOU BU JOUFSNFEJBUF BNQMJUVEFT�

5BCMF ��� TVNNBSJ[FT UIF QSPQPTBM UZQFT BMPOH XJUI UIFJS GSFRVFODZ� *O PSEFS UP FOTVSF UIBUN JT

OPU CJBTFE BDSPTT�NPEFM QSPQPTBMT IBWF B ୮ୢYFE QSPCBCJMJUZ PG QSPQPTBM JOEFQFOEFOU PG DVSSFOUN �

5IF TUBUF USBOTJUJPOT BSF GVSUIFS JMMVTUSBUFE JO 'JHVSF ��� XIFSF UIF TBNQMFS USBOTJUJPOT CFUXFFO

NFNCFS NPEFMT VTJOH CJSUI TQMJU EFBUI BOE NFSHF QSPQPTBMT BOE FYQMPSF JOEJWJEVBM NPEFM QBSBNF�

UFS TQBDFT VTJOH XJUIJO�NPEFM QSPQPTBMT�

��



Figure 2.6: Histogram of the logarithm of the Jacobian factor during accepted split proposals.
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Figure 2.7: State transitions in theMarkov chain, showing the birth (B), split (S), death (D), merge (D) andwithin-model

(W) proposals.
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Table 2.1: Types of proposals used to explore the catalog space.

/BNF 'SFRVFODZ
8JUIJO�NPEFM ޕ�ޏ

#JSUI ޔޏ�ޏ
%FBUI ޔޏ�ޏ
4QMJU ޔސ�ޏ
.FSHF ޔސ�ޏ

����� .ঘক জকঌঝঘগ

5IF #BZFTJBO FWJEFODF GPS UXP HJWFO NPEFMTMN ′ BOEMN DBO CF VTFE UP ୮ୢOE UIF SFMBUJWF GVMMZ

NBSHJOBMJ[FE QPTUFSJPS PG UIF NPEFMT

P (MN ′ |D)

P (MN |D)
=

P (D|MN ′)

P (D|MN )

P (MN ′)

P (MN )
. 	����


#FDBVTF UIF JOUFHSBM JO &RVBUJPO ��� JT B IJHI�EJNFOTJPOBM JOUFHSBM JUT DBMDVMBUJPO JT WFSZ OPJTZ�

&TUJNBUJOH JU XJUI TBNQMFT GSPN UIF QPTUFSJPS

P (D|MN ) =
Nsamp∑

a
1

P (D|N,θN,a)

	����


PS GSPN UIF QSJPS

��



P (D|MN ) ≈ 1

Nsamp

∑

a

P (D|N, θN,a) 	����


XIFSF a = 1, 2, ..., Nsamp JT UIF JOEFY PG UIF TBNQMFT ESBXO BOE θN,a JT UIF WBMVF PG UIF QBSBNFUFS

WFDUPS GPS UIF aUI TBNQMF MFBET UP B MBSHF WBSJBODF EVF UP TBNQMJOH OPJTF� 4UBCJMJ[JOH UIF FTUJNBUFT

CZ USVODBUJOH UIF TBNQMFT PS TBNQMJOH GSPN UIF QSJPS XJUI MJLFMJIPPE UISFTIPMET TVDI BT JO /FTUFE

4BNQMJOH ��� NBZ QBSUJBMMZ BMMFWJBUF UIJT WBSJBODF� /FWFSUIFMFTT UIF MBSHF EJNFOTJPOBMJUZ BOE NVMUJ�

NPEBMJUZ PG UIF QPTUFSJPS SFNBJO JOUSJOTJD MJNJUBUJPOT UP FTUJNBUJOH UIF #BZFTJBO FWJEFODF�

*O QSPCBCJMJTUJD DBUBMPHJOH UIF #BZFT GBDUPST CFUXFFO NFNCFS NPEFMT JO &RVBUJPO ���� BSF JO�

TUFBE PCUBJOFE CZ UIF SFMBUJWF GSFRVFODZ PG WJTJUT UP NFNCFST PG UIF NFUBNPEFM� 5IFSFGPSF UIF

#BZFTJBO FWJEFODF PG UIF NFUBNPEFM P (D|M̂) JT OPU PG JOUFSFTU BOE OPU DBMDVMBUFE� *OTUFBE UIF

NBSHJOBMJ[FE QPTUFSJPS PG UIF NPEFM JOEJDBUPS P (N |D) EJSFDUMZ ZJFMET UIF #BZFT GBDUPS� 5IFSFGPSF

EFUBJMFE CBMBODF EVSJOH SFWFSTJCMF KVNQT JNQMFNFOUT UIF QBSTJNPOZ PG #BZFTJBO FWJEFODF JOUP QSPC�

BCJMJTUJD DBUBMPHJOH� 5IJT JT BO BEWBOUBHF PG QSPCBCJMJTUJD DBUBMPHJOH DPNQBSFE UP PUIFS JOGFSFODF

GSBNFXPSLT UIBU SFMZ PO FTUJNBUJOH UIF #BZFTJBO FWJEFODFT PG NPEFMT BOE QSFDMVEFT UIF OFDFTTJUZ UP

TBNQMF GSPN UIF QPTUFSJPS PG JOEJWJEVBM NFNCFS NPEFMT JO PSEFS UP DBMDVMBUF UIF #BZFTJBO FWJEFODFT

J�F� P (D|M0) P (D|M1) ��� P (D|MN )�

��



����� -ঊঋকগঐ ঐগছঊঌঢ

5IF QBSBNFUFS WFDUPST PG UIF NFNCFST PG UIF NFUBNPEFM DPOUBJO UXP EJTUJODU DMBTTFT� UIF DPNNPO

BOE FMFNFOU QBSBNFUFST� 5IF DPNNPO QBSBNFUFST IBWF ୮ୢYFE MBCFMT 	J�F� JOUFSQSFUBUJPOT EVSJOH

GPSXBSE�NPEFMJOH
 UIBU EP OPU DIBOHF BDSPTT TBNQMFT� 5IFSFGPSF BMUIPVHI UIFSF JT B EJTUJODU QPTUF�

SJPS PG UIF DPNNPO QBSBNFUFST PG FBDI NFNCFS PG UIF NFUBNPEFM P (N, ρ⃗|D) B XFJHIUFE BWFSBHF

PG UIFTF QPTUFSJPST DBO ZJFME P (M̂, ρ⃗|D)�

6OMJLF UIF DPNNPO QBSBNFUFST UIF MJLFMJIPPE JT JOWBSJBOU UP QFSNVUJOH UIF MBCFMT PG FMFNFOUT�

5IJT JT B GFBUVSF TIBSFE CZ BMM NJYUVSF NPEFMT ��� XIFSF NPEFM DPNQPOFOUT BSF OPU JOEJWJEVBMMZ

MBCFMFE BOE IFODF DBO DIBOHF MBCFMT XJUIPVU DIBOHJOH UIF MJLFMJIPPE� 4JNJMBSMZ JO QSPCBCJMJTUJD

DBUBMPHJOH UIF MBCFMT PG FMFNFOUT 	BOE UIFJS QBSBNFUFST
 DBO DIBOHF BDSPTT TBNQMFT� "T B SFTVMU JG

BO JO୮ୢOJUF OVNCFS PG TBNQMFT XFSF UBLFO B XFJHIUFE BWFSBHF PG UIF QPTUFSJPS PG FMFNFOU QBSBNF�

UFST XPVME CFDPNF JEFOUJDBM� "T B SFTVMU FMFNFOUT JO B HJWFO TBNQMF GSPN UIF QPTUFSJPS DBOOPU CF

NBUDIFE UP FMFNFOUT JO B EJ୭GFSFOU QPTUFSJPS TBNQMF XJUIPVU CSFBLJOH UIF MBCFMJOH EFHFOFSBDZ�

5IF EFHFOFSBDZ JO UIF FMFNFOU MBCFMJOH EPFT OPU JNQMZ BOZ MPTT PG JOGPSNBUJPO� &WFO UIPVHI UIF

QPTUFSJPST PG B HJWFO LJOE PG FMFNFOU QBSBNFUFS P (ξn,q|D) BSF JEFOUJDBM GPS BMM FMFNFOUT UIF JOGPS�

NBUJPO JT SFUBJOFE JO UIF QPTUFSJPS PG UIF DPVOU GVODUJPO PG B HJWFO FMFNFOU QBSBNFUFS P (S(ξq >

ξq,∗)|D)�

5BLJOH GBJS TBNQMFT GSPN UIF KPJOU QPTUFSJPS PG UIF NFUBNPEFM JT UIF DPSSFDU BQQSPBDI GPS SPCVTU

VODFSUBJOUZ QSPQBHBUJPO XIJDI BDDPVOUT GPS BMM XJUIJO BOE BDSPTT�NPEFM EFHFOFSBDJFT� #SFBLJOH

PG UIF MBCFMJOH EFHFOFSBDZ DBVTFT TPNF PG UIF JOGPSNBUJPO UP CF MPTU BOE JOUSPEVDFT B CJBT JOUP UIF

��



QPTUFSJPS EVF UP BSCJUSBSZ DIPJDFT NBEF JO BTTPDJBUJOH FMFNFOUT BDSPTT TBNQMFT� /FWFSUIFMFTT QSPQ�

BHBUJPO PG VODFSUBJOUJFT JT B DPOUJOVPVT QSPDFTT� *OGFSFODFT VTF BT QSJPS UIF QPTUFSJPS PG QSFWJPVT

JOGFSFODFT� 5IFSFGPSF JG BMM JOGFSFODFT IBE QSPQBHBUFE VODFSUBJOUJFT CZ LFFQJOH TBNQMFT GSPN UIF

QPTUFSJPS UIF UJNF BOE TQBDF DPNQMFYJUZ PG JOGFSFODF XPVME JODSFBTF FYQPOFOUJBMMZ NBLJOH VODFS�

UBJOUZ QSPQBHBUJPO JNQPTTJCMF BG୴FS B GFX TVCTFRVFOU JOGFSFODFT� 5IFSFGPSF VODFSUBJOUJFT TIPVME CF

QSPQBHBUFE JO UIF GPSN PG QPTUFSJPS TBNQMFT POMZXIFO EPJOH TP SFEVDFT CJBT BOE JNQSPWFT JOGPSNB�

UJPO SFDPWFSZ� &WFO UIFO UIF QPTUFSJPS TIPVME CF EJNFOTJPOBMMZ SFEVDFE JOUP B DPWBSJBODF NBUSJY BU

UIF FBSMJFTU QPTTJCMF TUBHF PG JOGFSFODF BT TPPO BT VODFSUBJOUJFT DBO CF FYQSFTTFE JO B EJ୭GFSFOU CBTJT

XJUIPVU OPO�(BVTTJBO DPWBSJBODFT J�F� XIFO UIF DPWBSJBODF NBUSJY DBO FODBQTVMBUF UIF VODFSUBJO�

UJFT�

8IFO TBNQMFT GSPN UIF NFUBNPEFM BSF UP CF EJNFOTJPOBMMZ SFEVDFE UP B DPWBSJBODF NBUSJY PG

	୮ୢYFE�MBCFM
 FMFNFOU QBSBNFUFST UIJT SFRVJSFT B QSFTDSJQUJPO GPS CSFBLJOH UIF MBCFMJOH EFHFOFSBDZ�

5IJT DBO CF BDIJFWFE CZ NBSHJOBMJ[JOH UIF QPTUFSJPS TBNQMFT GSPN UIF DBUBMPH TQBDF POUP UIF FMFNFOU

QBSBNFUFS TQBDF BOE UIFO ୮ୢOEJOH DMVTUFST PO UIFTF QSPKFDUJPOT ����

����� "জজঘঌঊঝগঐ ঊ ঙছঘঋঊঋকজঝঌ ঌঊঝঊকঘঐ ঠঝ ঊ ছএছগঌ ঌঊঝঊকঘঐ

5IFSF BSF UXP NPUJWBUJPOT GPS BTTPDJBUJOH B QSPCBCJMJTUJD DBUBMPH XJUI B SFGFSFODF 	J�F� USBEJUJPOBM


DBUBMPH� 'JSTU VTJOH TJNVMBUFE EBUB UIF QFSGPSNBODF PG UIF QSPCBCJMJTUJD DBUBMPH DBO CF TUVEJFE XJUI

SFTQFDU UP UIF USVF DBUBMPH BT JO 4FDUJPO ���� 4FDPOE UIF BTTPDJBUJPOT PG UIF QSPCBCJMJTUJD DBUBMPH XJUI

B SFGFSFODF DBUBMPH DBO ZJFME UIF QPTUFSJPS PG QBSBNFUFST UIBU DBOOPU CF JOGFSSFE CZ VTJOH POMZ UIF

EBUB UIF QSPCBCJMJTUJD DBUBMPH JT DPOTJTUFOU XJUI BT JO 4FDUJPO ����

��



*O UIJT UIFTJT UIF FMFNFOUT BSF BTTPDJBUFE CBTFE PO QPTJUJPOBM QSPYJNJUZ� *O PSEFS UP BTTPDJBUF B

QSPCBCJMJTUJD DBUBMPH XJUI B SFGFSFODF DBUBMPH FBDI QPTUFSJPS TBNQMF DBUBMPH JT BTTPDJBUFE XJUI UIF SFG�

FSFODF DBUBMPH CZ ୮ୢOEJOH UIF DMPTFTU TBNQMF FMFNFOU JOTJEF B DJSDMF PG NBYJNVN SBEJVT θasc BSPVOE

FWFSZ SFGFSFODF FMFNFOU� 5IFO UIF QPTUFSJPS PG UIF FMFNFOU QBSBNFUFST UIBU BSF BTTJHOFE UP SFGFSFODF

FMFNFOUT JT DBMDVMBUFE�

5IJT BQQSPBDI BMMPXT BTTPDJBUJPOT CFUXFFO B QSPCBCJMJTUJD DBUBMPH BOE B SFGFSFODF DBUBMPH XJUI�

PVU CSFBLJOH UIF MBCFMJOH EFOFHFSBDZ PG UIF QSPCBCJMJTUJD DBUBMPH� 'VSUIFSNPSF JU ZJFMET VOCJBTFE

VODFSUBJOUZ FTUJNBUFT GPS UIF FMFNFOU QBSBNFUFST PUIFS UIFO QPTJUJPOT 	F�H UIFJS BNQMJUVEFT
 BU UIF

FYQFOTF PG JODSFBTJOH SBOEPN BTTPDJBUJPOT J�F� UIPTF EVF UP TQBUJBM DPJODJEFODFT� )PXFWFS JO PSEFS

UP FOTVSF UIBU UIFTF EP OPU CJBT BTTPDJBUJPOT GPS BMM JOGFSFODFT θasc JT DIPTFO OPU UP CF MBSHFS UIBO

UIF TQBUJBM TDBMF BU XIJDI FMFNFOUT CFDPNF DPWBSJBOU�

����� %ঌজঘগ কঘঐঌ

1SPCBCJMJTUJD DBUBMPHJOH JNQSPWFT JOGFSFODF QFSGPSNBODF BU UIF FYQFOTF PG JODSFBTFE UJNF DPNQMFY�

JUZ� 5IFSFGPSF B EFDJTJPO MPHJD JT SFRVJSFE UP EFUFSNJOF XIJDI GFBUVSF PG QSPCBCJMJTUJD DBUBMPHJOH JT

KVTUJ୮ୢFE VOEFS XIBU DPOEJUJPOT� 'JHVSF ��� JMMVTUSBUFT UIJT EFDJTJPO MPHJD�

����� *খঙকখগঝঊঝঘগ

PCAT JT B Python2.7 JNQMFNFOUBUJPO PG UIF QSFTFOUFE QSPCBCJMJTUJD DBUBMPHJOH GSBNFXPSL BOE

UIF NBJO QSPEVDU PG UIJT UIFTJT� *U JT B NJYUVSF 3+.$.$ TBNQMFS UIBU UBLFT GBJS TBNQMFT GSPN

UIF QPTUFSJPS PG B NFUBNPEFM HJWFO TPNF EBUB� *U JT QVCMJDMZ BWBJMBCMF BU https://github.com/

��

https://github.com/tdaylan/pcat
https://github.com/tdaylan/pcat


Figure 2.8: Decision logic of how to employ probabilistic cataloging.
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tdaylan/pcat GPS UIF VTF PG UIF TDJFOUJ୮ୢD DPNNVOJUZ XJUI EPDVNFOUBUJPO BWBJMBCMF BU http:

//pcat.readthedocs.io�

��� &খজজঘগ খঝঊখঘক

1IPUPO DPMMFDUJPO CZ B $$% PS QBSUJDMF EFUFDUPS XIFSF JNQJOHJOH QIPUPOT BSF DPVOUFE JO TQBUJBM

TQFDUSBM BOE UFNQPSBM CJOT PS CBOET 	J�F� CJOT XJUI USBOTGFS GVODUJPOT
 JT B 1PJTTPO QSPDFTT� *O XIBU

GPMMPXT UFNQPSBM CJOOJOH XJMM OPU CF DPOTJEFSFE CVU UIF EBUB XJMM BMTP CF CJOOFE JO EBUB RVBMJUZ

DMBTTFT� 'VSUIFSNPSF UIF PCTFSWFE OVNCFS PG QIPUPOT JO FOFSHZ CBOE i QJYFM j BOE EBUB RVBMJUZ

DMBTTmXJMM CF EFOPUFE CZ k%
ijm� (JWFO TPNF EBUB JEFBMMZ POF XPVME BJN UP JOGFS UIF VOEFSMZJOH

USVF HFOFSBUJWF NPEFM kUSVF
ijm TVDI UIBU k%

ijm JT B 1PJTTPO SFBMJ[BUJPO PG kUSVF
ijm� )PXFWFS QSPDFTTFT JO

UIF 6OJWFSTF DBOOPU CF NPEFMFE XJUI BSCJUSBSZ DPNQMFYJUZ EVF UP VOPCTFSWBCMF EFHSFFT PG GSFFEPN�

5IFSFGPSF k%
ijm JT JOTUFBE NPEFMFE QBSBNFUSJDBMMZ XJUI B NFUBNPEFM XIPTF GPSXBSE�NPEFM k ?.

ijm JT

UIF 1PJTTPO NFBO PG k%
ijm ZJFMEJOH UIF MPH�MJLFMJIPPE

MOP (D|N, θN ) =
∑

ijm

MOP (k%
ijm|k ?.

ijm)

=
∑

ijm

k%
ijm MO k ?.

ijm − k
?.
ijm − MO k%

ijm!.

	����


5IF GPSXBSE�NPEFM k ?.
ijm JT UIF QIPUPO DPVOUT QSFEJDUFE CZ UIF NFUBNPEFM JO FOFSHZ CBOE i QJYFM

j BOE EBUB RVBMJUZ DMBTTm BOE JT UIF QSPKFDUJPO PG UIF NFUBNPEFM POUP UIF EBUB TQBDF� *U JT B EFUFS�

NJOJTUJD GVODUJPO PG UIF NFUBNPEFM QBSBNFUFS TQBDF BOE PCUBJOFE CZ UIF NPEFM ୯୳VY DPOWPMWFE

��

https://github.com/tdaylan/pcat
http://pcat.readthedocs.io
http://pcat.readthedocs.io


XJUI UIF FYQPTVSF PG UIF EFUFDUPS UPXBSET B QBSUJDVMBS EJSFDUJPO PO UIF TLZ 	θ1, θ2
 BU FOFSHZE

ϵ(E, θ1, θ2) BOE UIF USBOTGFS F୭୮ୢDJFODZ T (E)

k
?.
ijm =

∫∫∫
MN(E, θ1, θ2)ϵ(E, θ1, θ2)T (E)dEdθ1dθ2, 	����


XIFSFMN(E, θ1, θ2) JT UIF ୯୳VY QSFEJDUFE CZ UIF NFUBNPEFM J�F� OVNCFS PG QIPUPOT QFS BSFB

UJNF FOFSHZ BOE TPMJE BOHMF� 8IFO EBUB JT DPMMFDUFE UIFSF DBO CF EJTDPOUJOVJUJFT TVDI BT EFBE $$%T

DPTNJD SBZT MFBLBHF GSPN CSJHIU TPVSDFT� 5IF FYQPTVSF DPSSFDUJPO BMMPXT UIFTF QJYFMT UP IBWF [FSP�

XFJHIU JO PSEFS UP NBTL PVU TVDI EBUB� 8IFO UIF OVNCFS PG QIPUPO DPVOUT JT IJHI BT JO PQUJDBM

QIPUPNFUSZ UIF EBUB SFEVDFT UP B (BVTTJBO QSPDFTT�

����� .ঘকগঐ ঙঘঝঘগ খজজঘগ

5IF GPSXBSE�NPEFM DPVOUT JO FOFSHZ CJO i BOE EBUB RVBMJUZ DMBTTm DBO CF XSJUUFO BT B TVN PG TFW�

FSBM DPNQPOFOUT

Mim =

Ndif−1∑

w=0

Diw + Ii + Pim, 	����


XIJDI DPOUBJOTNdif TQBUJBMMZ WBSZJOH EJ୭GVTF FNJTTJPO DPNQPOFOUTDiw XIFSFw = 0, 1, Ndif−1

BO JTPUSPQJD FNJTTJPO DPNQPOFOU Ii XIJDI NPEFMT USVMZ JTPUSPQJD FNJTTJPO XIFUIFS PG DPTNJD PS

JOTUSVNFOUBM PSJHJO BT XFMM BT FNJTTJPO GSPN QPJOU TPVSDFT XJUI ୯୳VYFT CFMPX UIF NJOJNVN PG UIF

��



୯୳VY QSJPS� Pim JT UIF DPOUSJCVUJPO PG QPJOU TPVSDFT UP UIF FNJTTJPO NPEFM�

*ODPNJOH EJSFDUJPO PG QIPUPOT DBO POMZ CF NFBTVSFE XJUI ୮ୢOJUF QSFDJTJPO� 5IF TQBUJBM BOE TQFD�

USBM TIBQF PG UIJT VODFSUBJOUZ JT FODBQTVMBUFE JO UIF 14' PG UIF JOTUSVNFOUFim� 5IFSFGPSF FBDI

Di JT DPOWPMWFE XJUIFim� 5IF FNJTTJPO NFUBNPEFM DPOUBJOT B DPNNPO QBSBNFUFS GPS UIF OPSNBM�

J[BUJPO PGDiw BOE Ii GPS FBDI i BOEw� -PH�VOJGPSN QSJPST BSF QMBDFE PO UIFTF OPSNBMJ[BUJPOT BOE

UIFZ BSF EFOPUFE XJUI A⃗�

*O HFOFSBM QIPUPO FNJTTJPO GSPN B QPJOU TPVSDF DBO CF NPEFMFE BT B EFMUB GVODUJPO JO QPTJUJPO

TQBDF XJUI BO FOFSHZ TQFDUSVN XIJDI BSF UIFO DPOWPMWFE XJUI UIF TQBUJBM BOE TQFDUSBM JOTUSVNFOU

SFTQPOTF J�F� UIF QPJOU BOE MJOF TQSFBE GVODUJPOT PG UIF NFBTVSJOH JOTUSVNFOU SFTQFDUJWFMZ� 5IF

NFBTVSFNFOU VODFSUBJOUZ JO FOFSHZ JT BTTVNFE UP CF NVDI TNBMMFS UIBO UIF TJ[F PG UIF FOFSHZ CJOT�

5IF EFMUB GVODUJPO BU UIF QPTJUJPO PG FBDI QPJOU TPVSDF JT UIFO DPOWPMWFE XJUI UIF 14'Fim XIJDI

JT JO VOJUT PG UIF GSBDUJPO PG UPUBM ୯୳VY QFS TPMJE BOHMF�

PCAT BMMPXT UIF 14' UP CF NPEFMFE XJUI (BVTTJBOT

Fim(θ0;σ) =
1√
2πσ2

FYQ

(
− θ20

2σ2

)
, 	����


XIFSF θ0 JT UIF BOHVMBS EJTUBODF GSPN UIF QPJOU TPVSDF ,JOH GVODUJPOT 	4FDUJPO �


Fim(θ0;σ, γ) =
1√
2πσ2

(
1− 1

γ

)(
1 +

θ20
2σ2γ

)−γ

, 	����


XIJDI BQQSPYJNBUFT B (BVTTJBO BU TNBMM θ0 BOE B QPXFS�MBX XJUI MPH�TMPQF γ BU MBSHF θ0 PS BO "JSZ

��



QBUUFSO 	4FDUJPO �


Fim(θ0) =

(
2J1(c TJO θ0)

c TJO θ0

)2

, 	����


XIFSF c JT B DPOTUBOU BOE J1 JT UIF #FTTFM GVODUJPO PG UIF ୮ୢSTU LJOE PG PSEFS POF�

*O BTUSPQIZTJDT UIF 14' PG B HJWFO JOTUSVNFOU DBO CF DPOTUSBJOFE VTJOH TJNVMBUJPOT PS DBMJCSBUJPO

EBUB TVDI BT CSJHIU BOE JTPMBUFE PS TUBDLFE QPJOU TPVSDFT� *O UIBU DBTF QSJPST PO UIF 14' QBSBNFUFST

DBO CF NBEF EFMUB GVODUJPOT� )PXFWFS JO DFSUBJO BQQMJDBUJPOT XIFSF UIF 14' DBO DIBOHF PWFS TQBDF

FOFSHZ PS UJNF UIF VODFSUBJOUJFT JO UIF 14' NBZ CF DPNQBSBCMF UP UIF VODFSUBJOUJFT JO UIF ୯୳VYFT BOE

QPTJUJPOT PG UIF QPJOU TPVSDFT� *O UIBU DBTF UIF VODFSUBJOUJFT JO UIF 14' NVTU CF NBSHJOBMJ[FE� *O ZFU

PUIFS BQQMJDBUJPOT TVDI BT DMVTUFSJOH PG BSCJUSBSZ EBUB TFUT UIF 14' JT VOLOPXO B QSJPSJ BOE NVTU CF

JOGFSSFE BMPOH XJUI UIF FMFNFOUT� 1BSBNFUFST UIBU DIBSBDUFSJ[F UIF 14' JO UIF FNJTTJPO NFUBNPEFM PG

PCAT BSF EFOPUFE XJUI η⃗�

)FODF XIFO TVNNFE PWFS BMM QPJOU TPVSDFT UIF NPEFM QPJOU TPVSDF TVSGBDF CSJHIUOFTTPim JT

PCUBJOFE JO FOFSHZ CJO i BOE 14' DMBTTm JO VOJUT PG QIPUPOT QFS BSFB UJNF TPMJE BOHMF BOE FOFSHZ

Pim =
N−1∑

n=0

Fim(θ1,n, θ2,n)fni 	����


XIFSF fni JT UIF ୯୳VY PG UIF nUI QPJOU TPVSDF JO UIF iUI FOFSHZ CJO�

*O UIF FNJTTJPO NFUBNPEFM PG PCAT UIF FMFNFOUT BSF MJHIU QPJOU TPVSDFT BOE UIFJS QBSBNFUFST BSF

UIF IPSJ[POUBM QPTJUJPO θ1 WFSUJDBM QPTJUJPO θ2 ୯୳VY f  BOE DPMPS s� 5IF TQFDUSB PG QPJOU TPVSDFT

��



BSF FJUIFS NPEFMFE BT B QPXFS�MBX XJUI B TJOHMF DPMPS sn

fni = fn

(
Ei

E0

)−sn

, 	����


BT JO 4FDUJPOT ��� BOE ��� PS B TFU PG DPMPST sni GPS FBDI FOFSHZ CJO PUIFS UIBO UIF QJWPU FOFSHZ CJO

E0

fni = fn

(
Ei

E0

)−sni

, 	����


BT JO 4FDUJPO ����

" QSPCBCJMJTUJD HSBQIJDBM NPEFM 	1(.
 PG UIF FNJTTJPO NFUBNPEFM PCAT JT QSFTFOUFE JO 'JHVSF

���� *O UIJT SFQSFTFOUBUJPO OPEFT EFOPUF SBOEPN WBSJBCMFT XJUI DFSUBJO QSPCBCJMJUZ EJTUSJCVUJPOT

XIJMF FEHFT EFOPUF DPOEJUJPOBM EFQFOEFODJFT PG UIF QSPCBCJMJUZ EJTUSJCVUJPOT PG UIF EFTUJOBUJPO

OPEFT� 5IF SFE CMVF HSFFO BOE ZFMMPX OPEFT SFQSFTFOU UIF NFUBNPEFM QBSBNFUFST XIJDI BSF BT�

TJHOFE QSJPS QSPCBCJMJUZ EJTUSJCVUJPOT� *O QBSUJDVMBS UIF SFE OPEFT BSF UIF IZQFSQBSBNFUFST µ BOE

α XIJDI TFU UIF OPSNBMJ[BUJPO BOE TMPQF PG UIF QPJOU TPVSDF ୯୳VY EJTUSJCVUJPO SFTQFDUJWFMZ� 5IF

CMVF OPEF JOEJDBUFT UIF OVNCFS PG QPJOU TPVSDFT JO B NFNCFS NPEFMN  J�F� JT UIF NVMUJQMJDJUZ PG

FBDI HSFFO OPEF� -JLFXJTF UIF HSFFO OPEFT BSF UIF FMFNFOU QBSBNFUFST� 5IF ZFMMPX OPEFT BSF UIF

DPNNPO QBSBNFUFST PG UIF NFUBNPEFM� MD OPEF JT UIF GPSXBSE�NPEFM J�F� B EFUFSNJOJTUJD GVOD�

UJPO PG UIF NFUBNPEFM QBSBNFUFST XIJDI IBT UIF TBNF EJNFOTJPOT XJUI UIF EBUBD� "MPOH XJUI UIF

IZQFSQSJPST BOE QSJPST PO UIF DPNNPO QBSBNFUFST UIF DPOTJTUFODZ PGMD XJUID EFUFSNJOFT UIF

��



QPTUFSJPS� 5IF EJSFDUFE FEHFT BSF DPMPS�DPEFE TVDI UIBU CMBDL FEHFT EFOPUF B QSPCBCJMJTUJD SFMBUJPO

XIFSFBT PMJWF MJOFT TIPX B EFUFSNJOJTUJD SFMBUJPO� 'JOBMMZ NBHFOUB MJOFT JNQMZ UIBU UIF NVMUJQMJDJUZ

PG UIF EFTUJOBUJPO OPEF JT TFU CZ UIF PSJHJO� 5IF HSBQI EPFT OPU VTF QMBUF OPUBUJPO TJODF UIF NVMUJ�

QMJDJUZ JUTFMG JT B EJTDSFUF QBSBNFUFS JO UIF NFUBNPEFM XIJDI BENJUT B IJFSBSDIJDBM QSJPS�

����� %ঊঝঊ ঊগ খঝঊখঘক ঋঘঞগঊছজ

*O HFOFSBM UIF TQBDFT PG UIF EBUB BOE GPSXBSE�NPEFM EP OPU IBWF UP CF DPJODJEFOU� " HJWFO EBUB

TFU NBZ IBWF GFBUVSFT UIBU DBO POMZ CF FYQMBJOFE CZ NPEFM DPNQPOFOUT PVUTJEF UIF EBUB TQBDF� 'PS

JOTUBODF BO JNBHF NBZ IBWF GFBUVSFT DMPTF UP JUT CPVOEBSJFT UIBU IBWF CFFO DBVTFE CZ TPVSDFT PVUTJEF

UIF JNBHF�

*O PSEFS UP NPEFM FNJTTJPO GSPN TPVSDFT PVUTJEF UIF EBUB TQBDF PCAT BMMPXT UIF TQBUJBM QSJPS

SFHJPO UP CF MBSHFS UIBO UIF JNBHF CZ UIF 'VMM 8JEUI BU )BMG .BYJNVN 	'8).
 PG UIF 14'� 5IFSF�

GPSF UIF NPEFM QPJOU TPVSDFT DBO NPWF PVU PG UIF JNBHF BOE QSPCF XIFUIFS B GFBUVSF DMPTF UP UIF

CPVOEBSZ DBO CF ୮ୢU CFUUFS CZ B NPEFM QPJOU TPVSDF PVUTJEF UIF JNBHF� "T B SFTVMU UIF P୭GTFU QSPWJEFT

B TNPPUI USBOTJUJPO GSPN B EBUB�JOGPSNFE SFHJPO XFMM JOTJEF UIF JNBHF UP B QSJPS EPNJOBUFE SFHJPO

PVUTJEF UIF JNBHF XIFSF UIF QPTUFSJPS BTZNQUPUFT UP UIF QSJPS�

��



Figure 2.9: The probabilistic graphical model of PCAT emissionmetamodel. Each colored node in the network cor-

responds either to a single parameter or a set of parameters (when vectorized) in themetamodel.MD denotes the

forward-model andD stands for the data. Nodes and edges are colored depending on the type of parameter they

represent and their conditional dependences, respectively.
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3
5IF HBNNB�SBZ TLZ

*OGFSFODF PG QPJOU TPVSDFT JT B GVOEBNFOUBM QSPCMFN JO BTUSPOPNZ� 4PVSDFT NBZ CF TVCUISFTIPME

FJUIFS EVF UP UIFJS JOUSJOTJD GBJOUOFTT 	J�F� QIPUPO TIPU OPJTF
 PS CFJOH GBJOUFS UIBO UIF UZQJDBM ୯୳VD�

UVBUJPOT PG UIF CBDLHSPVOE FNJTTJPO PS OFBSCZ CSJHIUFS TPVSDFT� "T B SFTVMU DBUBMPHT DBO CFDPNF

୯୳VY�JODPNQMFUF BOE UIF JOGFSSFE CBDLHSPVOE FNJTTJPO DBO CF CJBTFE IJHI�

*O HFOFSBM UIFSF BSF UXP JOGFSFODFT UIBU DBO CF QFSGPSNFE SFHBSEJOH TPVSDFT JO UIF NPEFM�

ا 8IBU BSF UIF TPVSDFT BCPWF TPNF TJHOJ୮ୢDBODF UISFTIPME BOE XIBU BSF UIFJS QBSBNFUFST 

��



ا 8IBU BSF UIF NVMUJQMJDJUZ QPTJUJPO ୯୳VY BOE DPMPS EJTUSJCVUJPO PG UIF TPVSDFT 

5SBEJUJPOBM DBUBMPHT CZ DPOTUSVDUJPO DBO POMZ BEESFTT UIF ୮ୢSTU RVFTUJPO XIFSFBT B QSPCBCJMJTUJD

DBUBMPH DBO QSPWJEF BO BOTXFS UP CPUI RVFTUJPOT�

8IFO JOGFSSJOH B DBUBMPH GSPN B UFMFTDPQF JNBHF OPO�(BVTTJBO DPWBSJBODFT BQQFBS CFUXFFO

TPVSDF QBSBNFUFST 	F�H� QPTJUJPO ୯୳VY BOE DPMPS QBSBNFUFST
 XIFO UIF OVNCFS PG TVQFSUISFTIPME

TPVSDFT QFS '8). PG UIF 14' CFDPNFT HSFBUFS UIBO VOJUZ� 5IFSFGPSF USBEJUJPOBM DBUBMPHJOH BMTP

NJTNPEFMT DSPXEFE�୮ୢFME JNBHFT IBT MPXFS TFOTJUJWJUZ GPS GBJOU TPVSDFT BOE GBJMT UP QSPQBHBUF VODFS�

UBJOUJFT JO UIF TPVSDF QPTJUJPOT ୯୳VYFT BOE DPMPST UP GVSUIFS BOBMZTFT�

*O UIJT TFDUJPO UIF JOGFSFODF QFSGPSNBODF PG QSPCBCJMJTUJD DBUBMPHJOH XJMM CF DIBSBDUFSJ[FE VTJOH

TJNVMBUFE EBUB� 5IFO UIF PCTFSWFE HBNNB�SBZ TLZ UPXBSET UIF OPSUIFSO HBMBDUJD QPMF BOE UIF JOOFS

HBMBYZ XJMM CF TUVEJFE VTJOH UIF FNJTTJPO NFUBNPEFM PG PCAT�

����� .ঘকগঐ ঐঊখখঊ�ছঊঢ খজজঘগ

8IFO NPEFMJOH HBNNB�SBZ FNJTTJPO XJUI PCAT JU JT BTTVNFE UIBU UIF ୯୳VY PG UIF nUI QPJOU TPVSDF

JO UIF QJWPU FOFSHZ CJO fn JT EJTUSJCVUFE BT B QPXFS�MBX CFUXFFO fmin BOE fmax XJUI UIF MPH�TMPQF

�α BU UIF DFOUSBM ୯୳VY� 5IF WBMVF PG fmin XJMM CF EJ୭GFSFOU GPS FBDI TFDUJPO JO UIJT DIBQUFS XIFSFBT

fmax XJMM CF ୮ୢYFE BU 10−6 DN−2T−1(F7−1�

5ISPVHIPVU UIJT DIBQUFS UIF HBNNB�SBZ EBUB JT BTTVNFE UP IBWF CFFO DPMMFDUFE CZ UIF 'FSNJ�

-"5 BOE JT JO UIF GPSN PG QIPUPO DPVOUT CJOOFE TQBUJBMMZ TQFDUSBMMZ BOE JO 14' RVBMJUZ DMBTTFT� 5IF

MBUUFS BMMPXT CFUUFS NPEFMJOH PG QPJOU TPVSDFT TJODF QIPUPOT UIBU DPOWFSU BU UIF UPQ PG UIF JOTUSV�

NFOU J�F� GSPOU�UZQF FWFOUT IBWF TNBMMFS BOHVMBS SFDPOTUSVDUJPO VODFSUBJOUJFT� 5IF 14' RVBMJUZ

��



CJOOJOH JT CBTFE PO GSPOU BOE CBDL DPOWFSUFE FWFOUT GPS 1BTT � EBUB 	4FDUJPO ���
 XIFSFBT JU JT CBTFE

PO UIF UXP CFTU 14' DMBTTFT GPS UIF 1BTT � EBUB 	4FDUJPOT ��� BOE ���
� 5IF FOFSHZ CJOT BSF UBLFO BT

0.3 − 1 1 − 3 BOE 3 − 10(F7� 5IF QJWPU FOFSHZ JT UBLFO BTE0 = 0.5(F7 GPS UIF 4FDUJPOT ��� BOE

��� BOEE0 = 1.7(F7 GPS UIF 4FDUJPO ���� 'VSUIFSNPSF TQBUJBM CJOOJOH JT QFSGPSNFE JO HealPix

QJYFMT XJUI CBTF SFTPMVUJPO ����

" XFJHIUFE TVN PG UXP ,JOH GVODUJPOT JT VTFE UP NPEFM UIF 14' �� 'VSUIFSNPSF HJWFO UIBU UIF

'FSNJ�-"5 FOFSHZ SFTPMVUJPO PG∼ 10% JT TNBMMFS UIBO UIF FOFSHZ CJO XJEUI JO୮ୢOJUF FOFSHZ SFTPMV�

UJPO JT BTTVNFE BOE UIF MJOF TQSFBE GVODUJPO PG UIF EFUFDUPS JT OFHMFDUFE�

(JWFO UIBU UIF 14' PG UIF 'FSNJ�-"5 JT CFMPX �◦ JO BMM UIF FOFSHZ CBOET PG JOUFSFTU UIF SBEJVT

TDBMF PG TQMJU BOE NFSHF QSPQPTBMT θsm JT UBLFO BT 1◦ JO PSEFS UP PQUJNJ[F UIF FYQMPSBUJPO PG DPWBSJ�

BOU FMFNFOUT� 1PJOU TPVSDF BTTPDJBUJPOT BSF BMTP QFSGPSNFE XJUI BO BTTPDJBUJPO BOHMF θasc PG �◦�

1PTUFSJPST JO 4FDUJPOT ��� BOE ��� BSF DPNQBSFE UP �'(- UP BTTFTT UIF QFSGPSNBODF PG QSPCBCJMJTUJD

DBUBMPHJOH� 5IVT UIF DIPJDF PG FOFSHZ CJOOJOH DPJODJEFT XJUI UIBU PG UIF �'(- DBUBMPH JO PSEFS UP

GBDJMJUBUF BTTPDJBUJPOT JO 4FDUJPOT ��� BOE ����

��� 4খঞকঊঝ ঊঝঊ

*O PSEFS UP WBMJEBUF UIF GSBNFXPSL QSPCBCJMJTUJD DBUBMPHJOH JT ୮ୢSTU QFSGPSNFE PO TJNVMBUFE EBUB�

5PXBSET UIJT QVSQPTF UIF QPTUFSJPS PG UIF NFUBNPEFM JT DPNQBSFE XJUI UIF QBSBNFUFST PG UIF USVF

NFUBNPEFM XIJDI JT GPSXBSE�NPEFMFE UP HFOFSBUF UIF EBUB�

*O PSEFS UP HFOFSBUF UIF TJNVMBUFE EBUB B SBOEPN TBNQMF JT ESBXO GSPN UIF QSJPS PG B NFNCFS

��



PG UIF FNJTTJPO NFUBNPEFM XJUI ��� QPJOU TPVSDFT� 5IFO UIF TBNQMF JT GPSXBSE�NPEFMFE UP PCUBJO

TVSGBDF CSJHIUOFTT� " ୯୳BU FYQPTVSF JT BTTVNFE UP DPOWFSU TVSGBDF CSJHIUOFTT JOUP QIPUPO DPVOUT�

-BTUMZ JO PSEFS UP BDDPVOU GPS UIF QIPUPO TIPU OPJTF B 1PJTTPO SFBMJ[BUJPO PG UIF GPSXBSE�NPEFM

DPVOUT JT ESBXO BT UIF TJNVMBUFE EBUB�

5IF TJNVMBUFE EBUB DPVOU NBQ JO UIF � (F7 � � (F7 FOFSHZ CJO JT TIPXO JO UIF UPQ MFG୴ QBOFM

PG 'JHVSF ���� 8IFO QSPCBCJMJTUJD DBUBMPHJOH JT QFSGPSNFE PO UIJT EBUB UIF QPTUFSJPS PG UIF NFBO

GPSXBSE�NPEFM BOE SFTJEVBM DPVOU NBQT BSF PCUBJOFE BT TIPXO JO UIF UPQ SJHIU BOE CPUUPN QBOFMT

PG 'JHVSF ���� 1PTUFSJPS PG UIF NFBO SFTJEVBM DPVOU NBQT DPOUBJO OP DPIFSFOU GFBUVSFT BOE HJWF BO

BWFSBHFE χ2 QFS EFHSFF PG GSFFEPN PG �����

'JHVSF ��� TIPXT TJY GBJS TBNQMFT GSPN UIF QPTUFSJPS PG UIF DBUBMPH TQBDF TVQFSQPTFE PO UIF TBNF

EBUB DPVOU NBQ� 5IF BSFB PG UIF NBSLFST BSF QSPQPSUJPOBM UP UIF ୯୳VY PG UIF QPJOU TPVSDF UIFZ SFQ�

SFTFOU� 4BNQMF�UP�TBNQMF WBSJBUJPO PG CSJHIU NPEFM TPVSDFT BSF TNBMMFS DPNQBSFE UP GBJOU NPEFM

TPVSDFT� 'VSUIFSNPSF TPNF GBJOU NPEFM QPJOU TPVSDFT DIBOHF MBCFMT 	J�F� BSF CPSO TQMJU LJMMFE PS

NFSHFE
 BDSPTT GSBNFT�

/FYU UIF UPQ MFG୴ QBOFM JO 'JHVSF ��� TIPXT UIF NFBO PG UIF QPTUFSJPS 	CMVF
 BOE TJNVMBUFE 	HSFFO


୯୳VY IJTUPHSBN XJUI UIF ��ॎ DSFEJCMF JOUFSWBMT GPS UIF GPSNFS� 5IF QPTUFSJPS JT DPOTJTUFOU XJUI UIF

USVF DBUBMPH BMUIPVHI UIFSF JT TPNF PWFSTMJQUUJOH BU UIF CSJHIU FOE EVF UP DSPXEFEOFTT PG UIF JNBHF�

'PS SFGFSFODF 'JHVSF ��� TIPXT UIF QPTUFSJPS DPOTJTUFOU XJUI B TJNJMBS EBUB TFU CVU POF XIPTF EJ�

NFOTJPOT BSF EPVCMFE J�F� UIF OVNCFS PG TPVSDFT QFS '8). PG UIF 14' JT SFEVDFE CZ B GBDUPS PG

��

*O DSPXEFE ୮ୢFMET B NPSF SPCVTU DPNQBSJTPO CFUXFFO UIF USVF NFUBNPEFM BOE UIF QPTUFSJPS

��



Figure 3.1: The simulated gamma-ray count map (top left), the posterior of themean forward-model count map (right),

and the posterior of themean residual count map (bottom). The color scales indicate the number of photons per pixel

in all panels and are arcsinh stretched in order tomake faint features more visible. Superimposedwith the count

maps is the catalogs (green). The sizes of themarkers are proportional to the logarithm of the fluxes of the correspond-

ing point sources.
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Figure 3.2: Six fair draws from the posterior of the emissionmetamodel, superposed on the data count map (same as

the left panel of Figure 3.1).
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DBO CF QFSGPSNFE CBTFE PO UIF TJHOJ୮ୢDBODF� *O XIBU GPMMPXT TJHOJ୮ୢDBODF XJMM CF EF୮ୢOFE BT UIF MPH�

MJLFMJIPPE JNQSPWFNFOU PG BEEJOH B HJWFO FMFNFOU UP UIF NPEFM� 5IF QPTUFSJPS PG UIF DPMPS 	UPQ

SJHIU
 QIPUPO DPVOU 	CPUUPN MFG୴
 BOE TJHOJ୮ୢDBODF 	CPUUPN SJHIU
 IJTUPHSBNT BSF TIPXO JO 'JHVSF

��� XIJDI TIPX UIF BHSFFNFOU CFUXFFO UIF QPTUFSJPS BOE UIF USVF DBUBMPH�

'JHVSF ��� TIPXT UIF QPTUFSJPS PG UIF IJTUPHSBNT CVU UIJT UJNF DPSSFDUFE GPS UIF SFHVMBSJ[BUJPO

QSJPS� *U PWFSQMPUT UIF USBOTGFS GVODUJPO EVF UP UIF SFHVMBSJ[BUJPO QSJPS JO QVSQMF XJUI UIF MBCFM

15'/� 5IFTF BSF PCUBJOFE CZ UBLJOH UIF SBUJP PG UIF OVNCFS PG USVF FMFNFOUT JO FBDI CJO BCPWF UIF

MPH�MJLFMJIPPE QFOBMUZ 	�� GPS UIFTF QPJOU TPVSDFT XJUI � EFHSFFT PG GSFFEPN
 XJUI UIF UPUBM OVNCFS

PG USVF FMFNFOUT JO UIF CJO� 5IJT GVODUJPO DBO CF VTFE BT B QSJPS JO BO JOGFSFODF XJUIPVU UIF SFHV�

MBSJ[BUJPO QSJPS PS BT B DPSSFDUJPO GBDUPS XJUI XIJDI UIF QPTUFSJPS XJUI UIF SFHVMBSJ[BUJPO QSJPS DBO

CF SFTDBMFE UP VOEP UIF F୭GFDU PG UIF SFHVMBSJ[BUJPO QSJPS XJUI UIF DBWFBU UIBU UIJT BMTP JODSFBTFT UIF

QPTUFSJPS VODFSUBJOUJFT� *O 'JHVSF ��� UIF WBMVFT PG UIF USBOTGFS GVODUJPO BSF QMPUUFE BG୴FS NVMUJQMJDB�

UJPO XJUI ��� 5IFSFGPSF XIFO UIF USBOTGFS GVODUJPO JT �� UIBU JNQMJFT UIBU BMM FMFNFOUT JO UIBU CJO

BSF BCPWF UIF TJHJOJ୮ୢDBODF TDBMF PG UIF SFHVMBSJ[BUJPO QSJPS�

5IF GPSNFS DPNQBSJTPO TIPXT UIBU UIF EJTUSJCVUJPO PG UIF QPTUFSJPS BOE USVF DBUBMPHT BSF DPO�

TJTUFOU� )PXFWFS JU JT BMTP JNQPSUBOU UP DIFDL FMFNFOU�XJTF DPOTJTUFODZ CFUXFFO UIF UXP DBUBMPHT�

5PXBSET UIJT QVSQPTF UIF QPTUFSJPS TBNQMFT GSPN UIF DBUBMPH TQBDF BSF BTTPDJBUFE XJUI UIF USVF DBU�

BMPH BT EJTDVTTFE JO 4FDUJPO ������ 'JHVSF ��� JMMVTUSBUFT UIF SFTVMUJOH DPSSFMBUJPO� 5IF IPSJ[POUBM BYFT

TIPX UIF ୯୳VYFT 	UPQ MFG୴
 DPMPST 	UPQ SJHIU
 QIPUPO DPVOUT 	CPUUPN MFG୴
 BOE TJHOJ୮ୢDBODFT 	CPUUPN

SJHIU
 PG UIF USVF TPVSDFT XIJMF UIF WFSUJDBM BYFT TIPX UIF SFMFWBOU QPTUFSJPS RVBOUJUJFT BTTPDJBUFE UP

UIF USVF QPJOU TPVSDFT� 5IF WFSUJDBM FSSPS CBST EFOPUF UIF TUBUJTUJDBM VODFSUBJOUZ EVF UP NBSHJOBMJ[B�

��



Figure 3.3: Posteriors of the flux (top left), color (top right), photon color (bottom left), and significance (bottom right)

histograms, showing the posterior mean, 68% and 95% quantiles (blue). The green histograms show the distribution of

simulated point sources.
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Figure 3.4: Posterior of the flux histogram consistent with an imagewhose dimensions have been stretched by a factor

of 2, reducing the crowdedness.

UJPO PWFS UIF QPTUFSJPS PG UIF FNJTTJPO NFUBNPEFM� )PSJ[POUBM FSSPS CBST BSF OPU QSPWJEFE TJODF UIF

USVF DBUBMPH JT B TJNVMBUFE DBUBMPH XJUIPVU BOZ VODFSUBJOUJFT� "U UIF CSJHIU FOE NPEFM QPJOU TPVSDFT

BSF TVQFSUISFTIPME BOE XFMM MPDBMJ[FE ZJFMEJOH TNBMM WFSUJDBM FSSPS CBST� .PWJOH UPXBSET UIF GBJOU

FOE UIF DPSSFMBUJPO CSPBEFOT EVF UP DSPXEFEOFTT BOE UIF NPEFM QPJOU TPVSDFT CFDPNJOH GBJOUFS

UIBO UIF 1PJTTPO ୯୳VDUVBUJPOT PG UIF CBDLHSPVOE� *O UIF FYUSFNF GBJOU MJNJU POF FYQFDUT B HJWFO USVF

QPJOU TPVSDF UP CF BTTPDJBUFE XJUI B SBOEPN NPEFM QPJOU TPVSDF DPNQMFUFMZ TVQQSFTTJOH UIF DPSSFMB�

UJPO� 5IF TQSFBE JODSFBTFT UPXBSET MPX ୯୳VYFT CFDBVTF PG UIF ESPQ JO UIF TJHOJ୮ୢDBODF PG UIF FMFNFOUT

XIJDI SFTVMU JO MBSHFS ୯୳VY VODFSUBJOUJFT BT XFMM BT MPXFS DPNQMFUFOFTT�

8IFO HFOFSBUJOH UIF TJNVMBUFE EBUB UIF DPMPST PG UIF USVF QPJOU TPVSDFT BSF DIPTFO TVDI UIBU UIF

TJHOJ୮ୢDBODF PG UIF QPJOU TPVSDFT NPTUMZ DPSSFMBUF XJUI UIF ୯୳VY BU UIF QJWPU FOFSHZ CJO PG ��� (F7 �

� (F7� 5IJT JT B UZQJDBM QSPCMFN JO USBEJUJPOBM DBUBMPHJOH XIFSF UIF DBUBMPHT BSF NPSF DPNQMFUF JO

��



Figure 3.5: Similar to Figure 3.3, but corrected for the effect of the regularization prior. The purple line shows the

transfer function of the regularization prior, i.e., in a given bin the ratio between the number of true point sources with

significance above 2.5, to the total number of true point sources. The posteriors shown are corrected by these transfer

functions.

��



Figure 3.6: Posterior of the flux (upper left), color (upper right), count (lower left), and significance (lower right) of asso-

ciations to the true catalog. In the absence of Poisson noise and vanishing crowdedness, associations would lie on the

diagonal line. The vertical error bars correspond to statistical uncertainty and increase with decreasing significance,

i.e., log-likelihood change in adding the point source to the emissionmetamodel. Outliers are due to crowdedness of

the true catalog, where point source confusion causes wrong associations.
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Figure 3.7: Posterior of the joint histogram of the flux and color of model point sources (left) and the completeness as a

function of flux and color of true point sources (right).

DFSUBJO CBOET UIBO PUIFST� 5IFSFGPSF SFRVJSFNFOU PG EFUFDUJPOT GPS GVSUIFS JOGFSFODF PO UIF ୯୳VY�

DPMPS TQBDF DBVTFT MPTT PG JOGPSNBUJPO BOE CJBT� 'JHVSF ��� TIPXT UIF QPTUFSJPS PG UIF KPJOU IJTUPHSBN

PG QPJOU TPVSDF ୯୳VYFT BOE DPMPST 	MFG୴
 BOE UIF DPNQMFUFOFTT BT B GVODUJPO PG USVF QPJOU TPVSDF ୯୳VY

BOE DPMPS 	SJHIU
�

*O PSEFS UP GVSUIFS JMMVTUSBUF UIF F୭GFDU PG UIF SFHVMBSJ[BUJPO QSJPS PO UIF QPTUFSJPS UIF QPTUFSJPS

PG UIF NPEFM JOEJDBUPS NFBO OVNCFS PG QPJOU TPVSDFT UIF MPH�TMPQF PG UIF ୯୳VY EJTUSJCVUJPO BOE UIF

CBDLHSPVOE OPSNBMJ[BUJPO JO UIF NJEEMF FOFSHZ CJO BSF TIPXO JO 'JHVSF ���� 5IF QPTUFSJPS JT OPU

DPOTJTUFOU XJUI UIF USVF WBMVFT CFDBVTF PG UIF SFHVMBSJ[BUJPO QSJPS XIJDI B୭GFDUT UIF QPTUFSJPS TJHOJ୮ୢ�

DBOUMZ BU MPX TJHOBM�UP�OPJTF� 5IFSFGPSF UIF QPTUFSJPS NVTU CF DPSSFDUFE 	PS IBWF CFFO TBNQMFE XJUI

B QSJPS NPEJ୮ୢFE CZ UIF SFHVMBSJ[BUJPO QSJPS
� 5IF QPTUFSJPS PG UIF NPEFM JOEJDBUPS TIPXO JO UIF UPQ

MFG୴ QBOFM PG 'JHVSF ��� ZJFMET UIF #BZFT GBDUPS CFUXFFO UIF NPEFMT�
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Figure 3.8: Posterior of the number of point sources (top left), mean number of point sources (top right), log-slope of

the flux distribution (bottom left), and the background normalization in the energy bin 1 GeV - 3 GeV (bottom right).

The true values are denotedwith green lines. The value of themaximum-likelihood sample is shownwith the red line.
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"OPUIFS BQQSPBDI UP QSPCJOH TVCUISFTIPME QPJOU TPVSDFT JT UIF ୯୳VDUVBUJPO BOBMZTJT XIFSF UIF

��QPJOU QSPCBCJMJUZ EJTUSJCVUJPO PG UIF FNJTTJPO JT VTFE UP FTUJNBUF UIF DPOUSJCVUJPO PG TVCUISFTIPME

QPJOU TPVSDFT UP UIF UPUBM FNJTTJPO ���� #Z NPEFMJOH UIF UBJM PG UIF EJTUSJCVUJPO PG EFWJBUJPOT EVF

UP TVCUISFTIPME QPJOU TPVSDFT CFMPX UIF EFUFDUJPO UISFTIPME ୯୳VDUVBUJPO BOBMZTJT DBO EJTUJOHVJTI

USVMZ JTPUSPQJD FNJTTJPO GSPN TVCUISFTIPME QPJOU TPVSDFT� 5IF NFUIPE IBT CFFO DPOTJEFSFE BDSPTT

UIF XIPMF FMFDUSPNBHOFUJD TQFDUSVN F�H� JO SBEJP ����� GBS�JOGSBSFE ��� 9�SBZT����� BOE HBNNB�

SBZT���������

1SPCBCJMJTUJD DBUBMPHJOH EPFT OPU SFMZ PO UIJT BQQSPBDI CVU DBO QSPEVDF UIF NBSHJOBM QPTUFSJPS PG

UIF ��QPJOU GVODUJPO PG DPVOUT QFS QJYFM� 'JHVSF ��� TIPXT UIF ��QPJOU GVODUJPO PG UXP DPNQPOFOUT

J�F� UIF JTPUSPQJD 	MFG୴
 BOE UIF TVCUISFTIPME QPJOU TPVSDF 	SJHIU
� 5IF USVF IJTUPHSBN BOE UIF QPT�

UFSJPS BSF PWFSQMPUUFE XJUI HSFFO BOE CMVF BMPOH XJUI UIF ��QPJOU GVODUJPO PG UIF EBUB 	CMBDL
� 5IF

QPTUFSJPS EJTUSJCVUJPO PG UIF TVCUISFTIPME QPJOU TPVSDFT TJHOJ୮ୢDBOUMZ EJ୭GFS GSPN UIF QPTUFSJPS PG UIF

JTPUSPQJD FNJTTJPO DPNQPOFOU JOEJDBUJOH UIF FYJTUFODF PG TVCUISFTIPME QPJOU TPVSDFT�

��� /ঘছঝছগ (ঊকঊঌঝঌ 1ঘকঊছ $ঊঙ

*O UIJT TFDUJPO UIF PCTFSWFE HBNNB�SBZ EBUB JO UIF EJSFDUJPO PG UIF /PSUI (BMBDUJD 1PMF 	/(1
 JT

QSPCBCJMJTUJDBMMZ DBUBMPHFE BOE UIF QPTUFSJPS JT DPNQBSFE XJUI UIF �'(-�

3FQSPDFTTFE 1BTT � TPVSDF DMBTT HBNNB�SBZ EBUB JOTJEF B 40◦ × 40◦ TRVBSF BSPVOE UIF /(1 J�F�

UIF /PSUIFSO (BMBDUJD 1PMBS $BQ 	/(1$
 JT CJOOFE TQBUJBMMZ TQFDUSBMMZ BOE JO 14' RVBMJUZ DMBTTFT

	J�F� GSPOU BOE CBDL DPOWFSUFE FWFOUT
 QSPWJEFE CZ UIF 'FSNJ�-"5 DPMMBCPSBUJPO 	J�F� FWFOUT UIBU
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Figure 3.9: Posterior of the histogram of number of counts per pixel, shownwith blue, . The data is shownwith the

black.

DPOWFSU JO UIF GSPOU BOE CBDL PG UIF JOTUSVNFOU
� 'VSUIFSNPSF TJODF NPTU PG UIF TPVSDFT BU IJHI

HBMBDUJD MBUJUVEFT BSF UJNF�WBSJBCMF CMB[BST UIF EBUB JO UIF TBNF UJNF JOUFSWBM BT UIBU VTFE UP DPOTUSVDU

UIF �'(- DBUBMPH J�F� XFFLT � UISPVHI ��� JT VTFE� 5IF FYQPTVSF NBQ PG UIF 'FSNJ�-"5 GPS UIF

TBNF EBUB UZQF BOE BDRVJTJUJPO JOUFSWBM JT VTFE� *NQPSUBOUMZ JO UIJT TFDUJPO SFHVMBSJ[BUJPO QSJPS JT

OPU BQQMJFE�

"U∼(F7 FOFSHJFT NPEFMJOH UIF TQFDUSB PG UIF QPJOU TPVSDFT VTJOH B QPXFS�MBX JT OPU BO BDDV�

SBUF EFTDSJQUJPO PG UIF EBUB� (BMBDUJD HBNNB�SBZ FNJUUFST TVDI BT QVMTBST BSF LOPXO UP FYIJCJU BO

FYQPOFOUJBM DVUP୭G JO UIFJS TQFDUSB BU∼ 1− 10(F7� /FWFSUIFMFTT NPTU PG UIF TPVSDFT JO UIF /(1$

BSF FYQFDUFE UP CF FYUSBHBMBDUJD� .PSFPWFS FYUSBHBMBDUJD HBNNB�SBZ TPVSDFT TVDI BT CMB[BST BOE SBEJP

HBMBYJFT IBWF DVSWFE TQFDUSB J�F� B QPXFS�MBX XJUI B SVOOJOH JOEFY EVF UP UIFJS CSPBECBOE JOWFSTF

$PNQUPO FNJTTJPO PO UIF FYUFSOBM SBEJBUJPO ୮ୢFME PG UIF "DUJWF (BMBDUJD /VDMFVT 	"(/
� 5P BEESFTT
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UIJT DPODFSO UIF FOFSHZ TQBO JT SFTUSJDUFE UP ��� EFDBEFT J�F� CFUXFFO ��� (F7 BOE �� (F7 XIFSF

DVSWFE TQFDUSB DBO CF BQQSPYJNBUFE VTJOH B TJOHMF QPXFS�MBX�

5XP CBDLHSPVOE FNJTTJPO DPNQPOFOUT BSF VTFE J�F� UIF EJ୭GVTF FNJTTJPO NPEFM � BOE BO JTPUSPQJD

FNJTTJPO DPNQPOFOU GPS FBDI FOFSHZ CJO� "U IJHI HBMBDUJD MBUJUVEFT TVDI BT JO UIF /(1$ UIF EJ୭GVTF

NPEFM JT BQQSPYJNBUFMZ FRVBM UP UIF JOUFSTUFMMBS NFEJVN EVTU DPMVNO EFOTJUZ�����

'JHVSF ���� UJMFT UPHFUIFS GBJS TBNQMFT GSPN UIF QPTUFSJPS TIPXJOH UIF OVNCFS PG EBUB DPVOUT JO

FBDI QJYFM J�F� TJNJMBS UP UIF MFG୴ QBOFM JO 'JHVSF ��� CVU TIPXJOH PCTFSWFE /(1$ EBUB JOTUFBE� 5IF

HSJE JMMVTUSBUFT UIF UZQJDBM FWPMVUJPO PG UIF .$.$ TUBUF XIFSF CSJHIU USVF QPJOU TPVSDFT IBWF BO BT�

TPDJBUFE NPEFM QPJOU TPVSDF XJUI QSFDJTF TQBUJBM BOE TQFDUSBM MPDBMJ[BUJPO XIFSFBT GBJOU �'(- QPJOU

TPVSDFT BSF BTTPDJBUFE XJUI NPEFM TPVSDFT JO TPNF GSBDUJPO PG TBNQMFT� #FDBVTF TPNF PG UIF ୯୳BSJOH

�'(- TPVSDFT BSF EFUFDUFE PWFS B TNBMM QFSJPE PG UJNF OPU BMM �'(- TPVSDFT BSF BCPWF EFUFDUJPO

UISFTIPME JO UIJT EBUB TFU�

'JHVSF ���� TIPXT UIF QPTUFSJPS PG UIF ୯୳VY BOE DPMPS IJTUPHSBNT DPOTJTUFOU XJUI UIF /(1$� 5IBU

UIF NFBO PG UIF QPTUFSJPS DPMPS EJTUSJCVUJPO JT ��� JT DPOTJTUFOU XJUI NBKPSJUZ PG UIF QPJOU TPVSDFT

CFJOH CMB[BST XIFSF UIF MPXFS UBJM JT EPNJOBUFE CZ 'MBU�TQFDUSVN 3BEJP VBTBSTތ 	'432T
 BOE #-

-BDT NBLF VQ UIF IBSEFS TVCQPQVMBUJPO���

/FYU TBNQMFT GSPN UIF QPTUFSJPS DBUBMPH TQBDF BSF BTTPDJBUFE XJUI UIF �'(-� 'JHVSF ���� TIPXT

UIF QPTUFSJPS PG UIF ୯୳VYFT BTTPDJBUFE XJUI UIF �'(-� 1PTUFSJPS PG UIF QPJOU TPVSDF ୯୳VYFT BTTPDJBUFE

XJUI UIF �'(- BHSFF XJUI UIF �'(- ୯୳VYFT XJUI BO JODSFBTJOH VODFSUBJOUZ UPXBSET UIF EJN FOE� 5IF

DPSSFMBUJPO JT TUSPOHFS BU MBSHFS ୯୳VYFT XIFSF DPWBSJBODFT XJUI UIF CBDLHSPVOE OPSNBMJ[BUJPO BOE UIF

14' EP OPU TJHOJ୮ୢDBOUMZ B୭GFDU UIF QPTUFSJPS PO UIF ୯୳VYFT� 5IF MFWFM PG BHSFFNFOU EFDSFBTFT UPXBSET
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Figure 3.10: TheNGPC photon count map asmeasured by the Fermi-LAT (color scale), the 3FGL sources in the re-

gion (greenmarkers) and six fair samples from the catalog space (blue pluses). The image is centered at the NGP and

the axes correspond to a Cartesian projection about the NGP. The size of themarkers are proportional to the loga-

rithm of the flux of the point source. The color scale corresponding to the number of photon counts per pixel has been

arcsinh stretched in order to emphasize faint features. The 3FGL sources aremarkedwith a green square if the

sample catalog does not have amodel point source within 0.5◦. Otherwise they aremarkedwith a green X, indicating a

hit.
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Figure 3.11: Posterior (black) of the flux (left) and color (right) histograms consistent with the NGPC and the his-

tograms of the 3FGL (green) fluxes and colors. In the left panel, the top axes show the corresponding photon counts

(C) and the significance (σ).

MPXFS ୯୳VYFT XIJDI JT QBSUJBMMZ EVF UP UIF EJ୭GFSFOU TQFDUSBM NPEFMJOH VTFE CZ UIF UXP DBUBMPHT�

#Z TVNNJOH ୯୳VYFT PG UIF QPJOU TPVSDFT JO UIF QPTUFSJPS DBUBMPH TBNQMFT UIF QPTUFSJPS DPOUSJ�

CVUJPO PG UIF QPJOU TPVSDFT UP UIF UPUBM FNJTTJPO JO UIF /(1$ DBO BMTP CF JOGFSSFE� 5IF NFEJBO

TQFDUSB PG UIF QPJOU TPVSDFT JTPUSPQJD BOE EJ୭GVTF DPNQPOFOUT BSF HJWFO JO 'JHVSF ����� 5IF EJ୭GVTF

NPEFM JT PCTFSWFE UP CF UIF EPNJOBOU DPNQPOFOU BDDPVOUJOH GPS 57%+6
−5 PG UIF UPUBM FNJTTJPO�

5IF JTPUSPQJD DPNQPOFOU BOE UIF QPJOU TPVSDFT BDDPVOU GPS UIF SFTU JO SPVHIMZ FRVBM BNPVOUT J�F�

25%+4
−3 BOE 18%+2

−2 SFTQFDUJWFMZ� )PXFWFS UIF QBSUJUJPOJOH CFUXFFO UIF QPJOU TPVSDFT BOE UIF

JTPUSPQJD DPNQPOFOU JT TFU CZ UIF DIPJDF PG UIF NJOJNVN BMMPXFE QPJOU TPVSDF ୯୳VY� *G UIF NJO�

JNVN ୯୳VY BMMPXFE GPS UIF QPJOU TPVSDFT JT MPXFSFE UIFO UIF SFMBUJWF DPOUSJCVUJPO PG UIF QPJOU

TPVSDFT XPVME BDDPVOU GPS TPNF PG UIF JTPUSPQJD DPNQPOFOU TJODF FNJTTJPO GSPN GBJOU QPJOU TPVSDFT

BSF OFBSMZ EFHFOFSBUF XJUI UIF FNJTTJPO PG UIF JTPUSPQJD DPNQPOFOU� 5IFSFGPSF UIF JOGFSFODF PG IPX

��



Figure 3.12: Posterior of the fluxes associated with the 3FGL in all energy bins.

NVDI PG UIF FNJTTJPO JT BDDPVOUFE GPS CZ UIF QPJOU TPVSDFT TIPVME CF BEESFTTFE XJUI SFGFSFODF UP B

QBSUJDVMBS NJOJNVN QPJOU TPVSDF ୯୳VY�

1PTUFSJPS PG UIF IZQFSQBSBNFUFST QSPWJEFT BOPUIFS IBOEMF PO UIF QPQVMBUJPO DIBSBDUFSJTUJDT� 'JH�

VSF ���� TIPXT UIF QPTUFSJPS PG UIF MPH�TMPQF PG UIF ୯୳VY EJTUSJCVUJPO DPOTJTUFOU XJUI UIF /(1$�

1PTUFSJPS PG UIF QPXFS�MBX TMPQF JT JOGFSSFE UP CF−1.92+0.07
−0.05� 5IJT JT TNBMMFS UIBO UIF FYQFDUB�

UJPO GSPN B VOJGPSN EJTUSJCVUJPO PG FRVBMMZ CSJHIU CMB[BST J�F�

dN

df
=

dN

dr

(
df

dr

)−1

∝ r2 ×
(

1

r3

)−1

= f−5/2. 	���


1SFWJPVTMZ � GPVOE UIBU UIF TPVSDF DPVOU GVODUJPO IBT B TMPQF PG−2.6± 0.2 BU UIF CSJHIU FOE XIJDI

IBSEFOT UP−1.6 ± 0.1 BU UIF GBJOU FOE� #FDBVTF B TJOHMF QPXFS�MBX JT VTFE JO UIJT JOGFSFODF UIF

SFTVMUJOH QPTUFSJPS DPOWFSHFT UP BO JOUFSNFEJBUF WBMVF� .PSFPWFS HJWFO UIBU UIF JOGFSFODF JT CBTFE

OPU PO UIF GVMM�TLZ CVU POMZ PO UIF /(1$ UIF QPTUFSJPS PG UIF OVNCFS PG QPJOU TPVSDFT JT TVCKFDU

UP TIPU OPJTF BSPVOE UIF NFBO OVNCFS PG USVF QPJOU TPVSDFT�
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Figure 3.13: Spectra of emission correlated with the Fermi diffusemodel (dotted), isotropic model (dot-dashed) and

the total emission from point sources (dotted) averaged over the region.

Figure 3.14: Posterior of the power-law slope of the flux distribution consistent with the NGPC.
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Figure 3.15: Posterior of the normalization of the isotropic emission component consistent with the NPGC.

'JHVSFT ���� BOE ���� TIPX UIF OPSNBMJ[BUJPO PG UIF JTPUSPQJD BOE EJ୭GVTF DPNQPOFOUT GPS FBDI

FOFSHZ CJO SFTQFDUJWFMZ� .FEJBO PG UIF QPTUFSJPS JTPUSPQJD BOE EJ୭GVTF CBDLHSPVOE OPSNBMJ[BUJPOT

BSF JOGFSSFE UP CF MBSHFS UIBO VOJUZ CZ B GBDUPS PG∼ 1.3 BOE∼ 1.1� .PSFPWFS CFDBVTF UIF EJ୭GVTF

NPEFM JT SFMBUJWFMZ GFBUVSFMFTT JO UIF /(1$ UIF UXP OPSNBMJ[BUJPOT IBWF B MBSHF DPWBSJBODF�

'JHVSF ���� TIPXT UIF QPTUFSJPS PG UIF OVNCFS PG QPJOU TPVSDFT� *U JT JOGFSSFE UIBU UIFSF BSF 270+30
−10

QPJOU TPVSDFT JO UIF SFHJPO BCPWF 3× 10−11 DN−2T−1(F7−1 JO UIF 1− 3(F7 FOFSHZ CJO�

��� *গগছ ঐঊকঊডঢ

5IF (F7 FYDFTT DBO CF UIF FNJTTJPO GSPN TVCUISFTIPME QPJOU TPVSDFT ����������������� JO UIF JOOFS

.JMLZ 8BZ DPTNJD SBZ FOFSHZ JOKFDUJPO GSPN UIF TVQFSNBTTJWF CMBDL IPMF BU UIF DFOUFS PG UIF .JMLZ

8BZ ����� PS 8*.1 BOOJIJMBUJPOT� " IZQPUIFTJT UFTU SFHBSEJOH UIF (F7 FYDFTT UIBU QSFDFEFT UIJT
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Figure 3.16: Posterior of the normalization of the diffuse emission component consistent with the NGPC.

Figure 3.17: Posterior of the number of point sources consistent with the NGPC.
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IZQPUIFTJT UFTU IPXFWFS JT XIFUIFS PS OPU JU JT PG EJ୭GVTF PS QPJOU TPVSDF PSJHJO� 1SFWJPVTMZ UIF (F7

FYDFTT IBT CFFO TUVEJFE XJUI UIF OPO�1PJTTPOJBO UFNQMBUF ୮ୢUUJOH ��� BOE XBWFMFU EFDPNQPTJUJPO ��

BOE TVCTUBOUJBM FWJEFODF IBT CFFO GPVOE GPS UIF TVCUISFTIPME QPJOU TPVSDF PSJHJO�

5IF JOOFS .JMLZ 8BZ JT B DSPXEFE ୮ୢFME PG HBNNB�SBZ QPJOU TPVSDFT BOE JUT NPEFMJOH DBO CF JN�

QSPWFE XJUI QSPCBCJMJTUJD DBUBMPHJOH� 'VSUIFSNPSF QSPCBCJMJTUJD DBUBMPHJOH DBO QSPCF UIF QSPQFSUJFT

PG TVCUISFTIPME QPJOU TPVSDFT JO UIJT SFHJPO�

5PXBSET UIJT QVSQPTF � ZFBST PG 1BTT � TPVSDF DMBTT 'FSNJ�-"5 EBUB JOTJEF±10◦ PG UIF HBMBD�

UJD DFOUFS XJUI TUBOEBSE EBUB RVBMJUZ DVUT JT CJOOFE TQBUJBMMZ TQFDUSBMMZ BOE JO 14' RVBMJUZ DMBTTFT�

5IFO VTJOH UIJT EBUB QSPCBCJMJTUJD DBUBMPHJOH JT QFSGPSNFE VTJOH UIF FNJTTJPO NFUBNPEFM PG PCAT�

5IF TFU PG CBDLHSPVOE FNJTTJPO DPNQPOFOUT JODMVEF JO BEEJUJPO UP UIF JTPUSPQJD BOE EJ୭GVTF

FNJTTJPO DPNQPOFOUT UIF TRVBSFE BOE QSPKFDUFE /'8 QSP୮ୢMF XIJDI JT SFGFSSFE UP BT UIF EBSL FNJT�

TJPO DPNQPOFOU�

5IF PCTFSWFE QIPUPO DPVOU NBQ JO UIF FOFSHZ CJO � (F7 � � (F7 BOE UIF QPTUFSJPS PG UIF NFBO

SFTJEVBM DPVOU NBQ BSF TIPXO JO 'JHVSF �����

'JHVSF ���� TIPXT UIF EBUB BOE QPTUFSJPS PG WBSJPVT FNJTTJPO DPNQPOFOUT TQBUJBMMZ BWFSBHFE JOTJEF

±5◦ XJUIPVU 	MFG୴
 BOE XJUI 	SJHIU
 UIF SFHVMBSJ[BUJPO QSJPS� 8IFO UIF SFHVMBSJ[BUJPO QSJPS JT BQQMJFE

OPNJOBMMZ UIF QPTUFSJPS PG UIF EBSL FNJTTJPO DPNQPOFOU JT JOGFSSFE UP CF IJHIFS UIBO UIBU PG UIF

TVCUISFTIPME QPJOU TPVSDFT JO UIF � � � (F7 BOE � � �� (F7 FOFSHZ CJOT� 8IFO UIF SFHVMBSJ[BUJPO

QSJPS JT OPU BQQMJFE IPXFWFS UIF QPTUFSJPS PG UIF EBSL FNJTTJPO DPNQPOFOU JT DPOTJTUFOU XJUI [FSP

JO UIF ��� (F7 � � (F7 BOE � (F7 � � (F7 FOFSHZ CJOT BOE B GBDUPS PG � TNBMMFS UIBO UIF DPOUSJCVUJPO

PG UIF TVCUISFTIPME QPJOU TPVSDFT�
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Figure 3.18: Left: the photon count map observed by the Fermi-LAT. Right: posterior of themean residual count map.

Figure 3.19: Posterior of the spectra of various components in the inference of the emissionmetamodel consistent

with the gamma-ray emission in the innerMilkyWay, spatially averaged over the inner± 5◦ without (left) andwith
(right) the regularization prior.
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'JHVSF ���� TIPXT UIF QPTUFSJPST PG PUIFS JOGFSFODFT XIFSF UIF TUSFOHUI PG UIF SFHVMBSJ[BUJPO QSJPS

JT WBSJFE BT JO &RVBUJPO ���� *O HFOFSBM UIF TUSPOHFS UIF SFHVMBSJ[BUJPO QSJPS CFDPNFT UIF MBSHFS UIF

QPTUFSJPS TJHOJ୮ୢDBODF PG UIF EBSL FNJTTJPO DPNQPOFOU CFDPNFT� *O QBSUJDVMBS UIF CPUUPN SJHIU

QBOFM PG 'JHVSF ���� DPSSFTQPOET UP BO JOGFSFODF XIFSF FTTFOUJBMMZ BMM TVCUISFTIPME QPJOU TPVSDFT BSF

SFNPWFE GSPN UIF QPTUFSJPS� *O UIBU MJNJUJOH DBTF UIF EBSL FNJTTJPO DPNQPOFOU DBO GVMMZ FYQMBJO

UIF (F7 FYDFTT� )PXFWFS BT UIF TUSFOHUI PG UIF SFHVMBSJ[BUJPO QSJPS JT SFEVDFE UIF TJHOJ୮ୢDBODF PG

UIF EBSL FNJTTJPO DPNQPOFOU EJNJOJTIFT BOE CFDPNFT JOTJHOJ୮ୢDBOU XIFO UIF SFHVMBSJ[BUJPO QSJPS JT

DPNQMFUFMZ SFNPWFE�

'VSUIFSNPSF 'JHVSFT ���� BOE ���� TIPX UIF QPTUFSJPS PG UIF KPJOU IJTUPHSBN PG UIF QPJOU TPVSDF

QPTJUJPOT XIFO UIF SFHVMBSJ[BUJPO QSJPS JT PNJUUFE BOE BQQMJFE SFTQFDUJWFMZ� *O UIF GPSNFS DBTF TVC�

UISFTIPME QPJOU TPVSDFT DBO FYQMBJO UIF (F7 FYDFTT XIFSFBT JO UIF MBUUFS UIF (F7 FYDFTT JT NPTUMZ

FYQMBJOFE CZ UIF EBSL FNJTTJPO DPNQPOFOU�

'JHVSF ���� BMTP TIPXT UIF NFBO PG UIF QPTUFSJPS PG UIF KPJOU IJTUPHSBN PG UIF QPJOU TPVSDF QPTJ�

UJPOT XIFO UIF SFHVMBSJ[BUJPO QSJPS JT BQQMJFE CVU UIF EBSL FNJTTJPO DPNQPOFOU JT OPU JO UIF NPEFM�

*O UIBU DBTF UIF (F7 FYDFTT JT GPSDFE UP CF FYQMBJOFE CZ TVCUISFTIPME QPJOU TPVSDFT BOE 'JHVSF ����

ZJFMET B NBQ PG UIF MPDBUJPOT PG UIF NPTU TJHOJ୮ୢDBOU TVCUISFTIPME QPJOU TPVSDFT UIBU DPVME CF DPO�

USJCVUJOH UP UIF (F7 FYDFTT�

4BNQMF DBUBMPHT GSPN UIF QPTUFSJPS DBO CF BTTPDJBUFE XJUI FYUFSOBM SFGFSFODF 	J�F� USBEJUJPOBM


DBUBMPHT UP FYUFOE UIF QPTUFSJPS POUP RVBOUJUJFT BCPVU XIJDI UIFSF XBT OP JOGPSNBUJPO JO UIF QSPCB�

CJMJTUJDBMMZ DBUBMPHFE EBUB TFU� 'JHVSF ���� QSFTFOUT UIF QPTUFSJPS PG UIF QVMTBS QFSJPET BTTJHOFE UP UIF

TBNQMFT GSPN UIF DBUBMPH TQBDF CZ BTTPDJBUJOH UIF TBNQMFT XJUI UIF "5/' DBUBMPH� *U JT JOGFSSFE UIBU

��



Figure 3.20: Similar to Figure 3.19, but withαp = 0.25 (top left),αp = 0.5 (top right),αp = 0.75 (bottom left), and

αp = 10 (bottom right).
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Figure 3.21:Mean of the posterior of the galactic longitude and latitude histogram ofmodel point sources. The color

scale gives the number of element samples in a given pixel.
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Figure 3.22: Similar to Figure 3.21, but with the regularization prior.
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Figure 3.23: Similar to Figure 3.21, but for an inference where the regularization prior is applied, but there is no dark

emission component to account for the GeV excess.
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Figure 3.24: Left: Posterior of the histogram of the ATNF periods associated to the catalog samples. Right: Mean of

the posterior of the joint histogram of the galactic latitude and the pulsar period of the ATNF source associated to the

model point sources.

UIF QPTUFSJPS DBUBMPH TQBDF DPOTJTUFOU XJUI UIF HBNNB�SBZ EBUB JT BTTPDJBUFE XJUI B MBSHFS GSBDUJPO PG

ZPVOH QVMTBST DPNQBSFE UP UIF NJMMJTFDPOE QVMTBST� 5IJT JT MJLFMZ EVF UP UIF GBDU UIBU QPJOU TPVSDFT

JO UIF DBUBMPH TBNQMFT ୮ୢU UIF (F7 FYDFTT BOE UIF SFTJEVBMT BMPOH UIF HBMBDUJD QMBOF� #FDBVTF UIFTF SF�

HJPOT IBWF B IJHIFS GSBDUJPO PG ZPVOH QVMTBST UIFTF QPTUFSJPS TBNQMFT DPOTJTUFOU XJUI HBNNB�SBZT

QSFGFSFOUJBMMZ DPSSFMBUF XJUI ZPVOH QVMTBST� 1PUFOUJBM EJTDPWFSZ PG UIF NJMMJTFDPOET JO UIF SFHJPO DBO

SFEVDF UIJT DPSSFMBUJPO�

5IF IZQPUIFTJT UFTU CFUXFFO B EJ୭GVTF BOE TVCUISFTIPME QPJOU TPVSDF PSJHJO GPS UIF (F7 FYDFTT

DBO BMTP CF TUVEJFE VTJOH UIF ��QPJOU GVODUJPO PG QIPUPO DPVOUT QFS QJYFM BG୴FS NBSHJOBMJ[JOH PWFS

UIF SFTU PG UIF FNJTTJPO NFUBNPEFM� 'JHVSF ���� TIPXT UIF ��QPJOU GVODUJPOT PG UIF QIPUPO DPVOUT

JO UIF � (F7 � � (F7 FOFSHZ CJO PG UISFF DPNQPOFOUT� BMM QPJOU TPVSDFT 	UPQ
 TVCUISFTIPME QPJOU

TPVSDFT 	NJEEMF
 BOE UIF EBSL FNJTTJPO DPNQPOFOU 	CPUUPN
 GPS UXP JOGFSFODFT XJUI 	MFG୴
 BOE

��



XJUIPVU 	SJHIU
 UIF SFHVMBSJ[BUJPO QSJPS� *O UIF SJHIU DPMVNO UIF BCTFODF PG UIF QBSTJNPOZ QSJPS

NBLFT UIF EBSL FNJTTJPO DPNQPOFOU DPOTJTUFOU XJUI [FSP� )PXFWFS FWFO JO UIF MFG୴ DPMVNO UIF

DPOUSJCVUJPOT PG UIF TVCUSFTIPME QPJOU TPVSDFT BOE UIF EBSL FNJTTJPO DPNQPOFOU BSF DPNQBSBCMF BU

UIF CSJHIU FOE�

&WFO UIPVHI UIF JOGFSFODF XJUIPVU UIF SFHVMBSJ[BUJPO QSJPS DBO GVMMZ FYQMBJO UIF (F7 FYDFTT JU

JT JNQPSUBOU UP FNQIBTJ[F UIBU UIJT JT BDIJFWFE CZ QPJOU TPVSDFT XJUI JOEJWJEVBM TJHOJ୮ୢDBODFT NVDI

CFMPX 1σ� 5IJT JT TIPXO JO 'JHVSF ���� XIFSF NPTU PG UIF QPTUFSJPS WPMVNF BT B GVODUJPO PG ୯୳VY

BOE TJHOJ୮ୢDBODF DPNF GSPN MPX�TJHOJ୮ୢDBODF TPVSDFT�

5IF SFTVMUJOH QPTUFSJPS PG UIF ୯୳VY TJHOJ୮ୢDBODF BOE DPMPS IJTUPHSBNT DPOTJTUFOU XJUI UIF HBNNB�

SBZ FNJTTJPO JO UIF JOOFS HBMBYZ BSF QSFTFOUFE JO 'JHVSF ����� #FDBVTF UIF QJWPU FOFSHZ CJO JT ��� (F7

� � (F7 UIF DPMPST CFMPOH UP UIF � � � (F7 BOE � � �� (F7 FOFSHZ CJOT�

8IFO TBNQMF DBUBMPHT GSPN UIF QPTUFSJPS BSF BTTPDJBUFE XJUI UIF �'(- UIF QPTUFSJPS PG UIF QB�

SBNFUFST BTTPDJBUFE XJUI UIF �'(- QPJOU TPVSDFT DBO CF DPNQBSFE XJUI UIF �'(- QBSBNFUFST� 'JH�

VSF ���� TIPXT UIJT DPNQBSJTPO XIFSF JU JT PCTFSWFE UIBU UIF DBUBMPH TBNQMFT BOE UIF �'(- NPTUMZ

BHSFF BMUIPVHI UIF UXP NBLF TJHOJ୮ୢDBOUMZ EJ୭GFSFOU QSFEJDUJPOT GPS TPNF TPVSDFT� )PXFWFS UIFTF

EJTDSFQBODJFT DBO CF EVF UP UIF GBDU UIBU UIF UXP DBUBMPHT BSF DPOTJTUFOU XJUI EBUB TFUT XJUI EJ୭GFSFOU

UJNF JOUFSWBMT BOE SFDPOTUSVDUJPO BMHPSJUINT�

*U JT B XFMM�NPUJWBUFE IZQPUIFTJT UIBU UIFSF BSF TVCUISFTIPME NJMMJTFDPOE QVMTBST JO UIF JOOFS

.JMLZ 8BZ� 1SPCBCJMJTUJD DBUBMPHJOH PG UIF HBNNB�SBZ FNJTTJPO JO UIF .JMLZ 8BZ TIPXT UIBU UIF

(F7 FYDFTT JT DPOTJTUFOU XJUI B TVCUISFTIPME QPJOU TPVSDF PSJHJO BOE UIBU UIF MBUUFS JT GBWPSFE BHBJOTU

B EJ୭GVTF PSJHJO XIFO OP SFHVMBSJ[BUJPO JT BQQMJFE� )PXFWFS UIF MBUUFS TUBUFNFOU JT QBSUJBMMZ QSJPS�

���



Figure 3.25: Similar to Figure 3.9, but for the posterior consistent with the inner galaxy, showing the 1-point functions

for all point sources (top), subthreshold point sources (middle), and the dark emission component (bottom) for two

inferences with (left) andwithout (right) the regularization prior.
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Figure 3.26: Posterior of the histogram of the fluxes and significance of the point sources.

ESJWFO CFDBVTF B DPNQBDU EFTDSJQUJPO PG UIF EBUB XJUI TVCUISFTIPME QPJOU TPVSDFT BCPWF∼ 1σ

DBOOPU FYQMBJO UIF (F7 FYDFTT CFUUFS UIBO B EBSL FNJTTJPO UFNQMBUF�

���



Figure 3.27: Posterior of the flux (top left), significance (top right), and color (bottom) histograms (blue), and the his-

tograms of the associated quantities of the 3FGL point sources (green). Themean (black line) and the 68% credible

region (grey shade) of the posterior of the hyperdistribution of the quantities are also shown.
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Figure 3.28: Posterior of the flux (left) and the 1 GeV - 3 GeV color (right) of associated to the 3FGL catalog.
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4
(SBWJUBUJPOBMMZ MFOTFE PQUJDBM JNBHFT

4NBMM�TDBMF TUSVDUVSF PG EBSL NBUUFS DBO JO QSJODJQMF CF QSPCFE CZ UIF MJHIU FNJTTJPO GSPN GBJOU

EXBSG HBMBYJFT JO UIF -PDBM (SPVQ BOE CFZPOE� )PXFWFS TUBS GPSNBUJPO JO UIFTF MPX�NBTT TVCIBMPT

JT TVQQSFTTFE EVF UP SFJPOJ[BUJPO JOUFSBDUJPO XJUI UIFJS IPTU BOE TFMG�RVFODIJOH������ $POTFRVFOUMZ

NPTU PG UIF TVCIBMPT XJUI WJSJBM IBMP NBTT" 108M⊙ TIPVME CF EBSL NBLJOH HSBWJUBUJPOBM MFOTJOH ��

UIF POMZ PCTFSWBCMF QSPCF PG UIFJS QSPQFSUJFT� 5IFSFGPSF HSBWJUBUJPOBM MFOTJOH QSPWJEFT B VOJRVF

���



XJOEPX JOUP UIF TNBMM�TDBMF TUSVDUVSF PG EBSL NBUUFS JO UIF 6OJWFSTF� *O QBSUJDVMBS HBMBYZ�TDBMF

TUSPOH MFOTJOH TZTUFNT JO XIJDI B CBDLHSPVOE TPVSDF 	F�H� HBMBYZ PS RVBTBS
 JT NVMUJQMZ�JNBHFE CZ B

GPSFHSPVOE NBTTJWF HBMBYZ QSPWJEF BO JOGPSNBUJWF PCTFSWBCMF UP QSPCF UIF EBSL NBUUFS EJTUSJCVUJPO

PO TVCHBMBDUJD TDBMFT� )JHI�SFTPMVUJPO 	J�F� XJUI 14' '8).∼ ��� BSDTFD
 PQUJDBM JNBHFT PG UIFTF

TUSPOH MFOTFT ZJFME B SJDI EBUB TFU UIBU DBO CF VTFE UP DPOTUSBJO UIF GPSFHSPVOE NBTT NPEFM�

&YJTUFODF PG TNBMM�TDBMF TUSVDUVSF PO UIF NBTT QMBOF DBVTFT TNPPUI NBTT NPEFMT UP GBJM JO EFTDSJC�

JOH UIF MFOTFE FNJTTJPO SFTVMUJOH JO BOPNBMJFT JO UIF ୯୳VY SBUJPT PG NVMUJQMF JNBHFT� 0CTFSWBUJPOT

PG UIFTF ୯୳VY�SBUJP BOPNBMJFT JO TUSPOHMZ�MFOTFE RVBTBST ����������������������������������������� IBWF

CFFO VTFE UP TUVEZ UIF BCVOEBODF PG TVCTUSVDUVSF XJUIJO MFOT HBMBYJFT� *O QBSUJDVMBS�� VTFE UIF PC�

TFSWBUJPO PG TFWFO SBEJP�MPVE MFOTFE RVBTBST UP QVU B DPOTUSBJOU PO UIF TVCTUSVDUVSF NBTT GSBDUJPO

PG 0.006 < fTVC < 0.07 BU ��ॎ DPO୮ୢEFODF MFWFM� .PSF SFDFOUMZ HSBWJUBUJPOBM JNBHJOH PG NBTT

TVCTUSVDUVSF ��������� DMPTF 	JO QSPKFDUJPO
 UP NBHOJ୮ୢFE BSDT BOE &JOTUFJO SJOHT IBT BMMPXFE UIF JOGFS�

FODF PG UIF TNBMM�TDBMF EJTUSJCVUJPO PG EBSL NBUUFS� 5IJT NFUIPE ୮ୢUT UIF PCTFSWFE TUSPOH MFOTFT XJUI

B TNPPUI NBTT EJTUSJCVUJPO J�F� XJUIPVU TVCTUSVDUVSF BOE UIFO BEET QJYFM�CBTFE DPSSFDUJPOT ������

PS B OVNCFS PG MJOFBSJ[FE TVCIBMPT ��� UP UIF NBTT NPEFM XJUI UIF SFRVJSFNFOU UIBU UIF BEEJUJPOBM

EFHSFFT PG GSFFEPN JNQSPWF UIF HPPEOFTT�PG�୮ୢU BCPWF TPNF EFUFDUJPO UISFTIPME F�H� HSFBUFS UIBO

∼ 10σ� 'PS JOTUBODF ������ EFUFDUFE TVCTUSVDUVSF XJUI NBTTFT BCPWF 108M⊙ BU IJHI TJHOJ୮ୢDBODF VT�

JOH PQUJDBM JNBHFT PG UXP TUSPOH MFOT TZTUFNT� 4JNJMBSMZ B 109M⊙ TVCTUSVDUVSF XBT EFUFDUFE CZ ��� JO

BO JOUFSGFSPNFUSJD EBUB TFU BU B TJHOJ୮ୢDBODF PG 6.9σ JO UIF TUSPOH MFOT 4%1��� ���� $POTUSBJOUT PO UIF

NBTT GSBDUJPO JO TVCTUSVDUVSF BOE PO UIF TVCIBMP NBTT GVODUJPO DBO JO QSJODJQMF CF QMBDFE VTJOH

UIFTF EFUFDUJPOT BT XFMM BT OPOEFUFDUJPOT JO PUIFS MFOT TZTUFNT����������������

���



-JOLJOH B EFUFDUJPO PG NBTT TVCTUSVDUVSF JOUP DPOTUSBJOUT PO UIF TVCIBMP NBTT GVODUJPO BOE UIFJS

JOUFSOBM QSPQFSUJFT 	F�H� DPODFOUSBUJPO BOE USVODBUJPO
 JT OPOUSJWJBM� %FHFOFSBDJFT JO UIF MFOTJOH

NPEFM DBO NBLF UIF JOUFSQSFUBUJPO PG B EFUFDUJPO BNCJHVPVT ���� 'PS JOTUBODF DPWBSJBODFT CFUXFFO

UIF TPVSDF TNPPUI MFOT BOE TVCTUSVDUVSF NPEFMT DBO MFBE UP CJBTFT BOE VOEFSFTUJNBUFE FSSPST JO

UIF JOGFSSFE TVCTUSVDUVSF QBSBNFUFST JG TVDI VODFSUBJOUJFT BSF OPU QSPQBHBUFE QSPQFSMZ� 'VSUIFSNPSF

UIF OPOMJOFBSJUZ PG UIF MFOTJOH NBHOJ୮ୢDBUJPO JNQMJFT UIBU UIF MJLFMJIPPE JNQSPWFNFOU SFTVMUJOH

GSPN UIF BEEJUJPO PG B TVCIBMP UP UIF MFOT NPEFM JT OPU JOEFQFOEFOU PG UIF QSFTFODF PG PUIFS TVC�

IBMPT XJUIJO UIF MFOT� *O BEEJUJPO TVCIBMP NPEFMT BMTP IBWF USBOTEJNFOTJPOBM 	J�F� BDSPTT NPEFM


DPWBSJBODFT TJODF UIF PCTFSWFE BSDT DBO CF ୮ୢUUFE XJUI BQQSPYJNBUFMZ FRVBM MJLFMJIPPET VTJOH NVMUJ�

QMF TVCIBMPT BU WBSJPVT TFQBSBUJPOT BOE B TJOHMF NPSF NBTTJWF TVCIBMP� 1SPQFSMZ UBLJOH JOUP BDDPVOU

UIFTF EFHFOFSBDJFT JT JNQPSUBOU JO PCUBJOJOH SPCVTU VODFSUBJOUJFT PO TVCIBMP QPQVMBUJPO QBSBNFUFST�

8JUI UIF FYDFQUJPO PG TFWFSBM TUVEJFT ��������� XIJDI BJN UP JOGFS TVCIBMPT CFMPX UIF EFUFDUJPO

UISFTIPME TUBUJTUJDBMMZ DVSSFOU JOGFSFODFT��������� QMBDF DPOTUSBJOUT PO UIF TVCIBMP QPQVMBUJPO BظFS

EFUFDUJOH 	PS OPU EFUFDUJOH
 NBTT TVCTUSVDUVSF XJUIJO MFOT HBMBYJFT� 5IFSF BSF UXP NBJO QSPCMFNT

XJUI UIJT BQQSPBDI� 'JSTU CZ VTJOH B SFEVDFE GPSN PG UIF EBUB 	J�F� QPTJUJPO BOE NBTT PG EFUFDUFE

TVCTUSVDUVSF
 UIFTF JOGFSFODFT DBOOPU GVMMZ QSPQBHBUF EFHFOFSBDJFT XJUIJO BOE BDSPTT MFOT NPEFMT PG

EJ୭GFSFOU DPNQMFYJUZ� 4FDPOE SFMZJOH PO EFUFDUJPOT DBVTFT TVCUISFTIPME JOGPSNBUJPO JO MFOTJOH EBUB

GFBUVSFT 	F�H� BSDT
 UP CF EJTDBSEFE�

*O UIJT DIBQUFS UIF FNJTTJPO NFUBNPEFM PG PCAT JT FYUFOEFE UP JODMVEF MFOTFE FNJTTJPO BT XFMM

BT FMFNFOUT UIBU SFQSFTFOU UIF NBTT EJTUSJCVUJPO PO UIF MFOT QMBOF� 5IF SFTVMUJOH NFUBNPEFM JT SF�

GFSSFE UP BT UIF MFOTFE FNJTTJPONFUBNPEFM XIJDI JT UIF VOJPO PG MFOT NPEFMT XJUI EJ୭GFSFOU OVN�

���



CFST PG EBSL NBUUFS TVCIBMPT� 5IFSFGPSF UIF QBSBNFUFS TQBDF PG UIF FMFNFOUT DPOTUJUVUF UIF DBUB�

MPH TQBDF PG TVCIBMPT PO UIF MFOT QMBOF� 5IF DPNNPO QBSBNFUFST PG UIF NFUBNPEFM DPOUBJO UIF

NBDSP MFOT NPEFM QBSBNFUFST JO BEEJUJPO UP UIF QBSBNFUFST EFTDSJCJOH UIF 14' BOE CBDLHSPVOE

FNJTTJPO� 5IF PCTFSWFE EBUB JT B TFSJFT PG JNBHFT 	J�F� QIPUPO DPVOUT
 PG B TUSPOH�MFOT JO EJ୭GFSFOU

FOFSHZ CBOET� *O QSJODJQMF UIF GSBNFXPSL DBO BMTP JODPSQPSBUF PUIFS UZQFT PG BVYJMJBSZ EBUB TVDI BT

UJNF EFMBZT PG UIF NVMUJQMF JNBHFT XIFO BOBMZ[JOH RVBTBS CBDLHSPVOE TPVSDFT ��� PS TQFDUSPTDPQJD

EBUB PG UIF GPSFHSPVOE HBMBYZ UP DPOTUSBJO JUT NBTT CVEHFU ��� BT XFMM CZ JNQPTJOH JOGPSNBUJWF QSJPST

PO UIF SFMFWBOU NFUBNPEFM QBSBNFUFST�

6OMJLF USBEJUJPOBM DBUBMPHJOH PG TVCIBMPT QSPCBCJMJTUJD DBUBMPHJOH HFOFSBUFT BO FOTFNCMF PG TBN�

QMFT GSPN UIF KPJOU QPTUFSJPS PG UIF NBDSPMFOT NPEFM BOE UIF TVCIBMP DBUBMPH TQBDF� *U BMTP EPFT OPU

SFRVJSF NPEFM TVCIBMPT UP JNQSPWF UIF HPPEOFTT�PG�୮ୢU BCPWF UIF EFUFDUJPO UISFTIPME XIJDI SFEVDFT

NJTNPEFMJOH PG UIF EBUB BOE SFDPWFST NPSF JOGPSNBUJPO� 'VSUIFSNPSF JU CBTFT UIF JOGFSFODF PO UIF

PCTFSWFE QIPUPO DPVOU NBQT EJSFDUMZ BT PQQPTFE UP EFSJWFE QPUFOUJBMMZ CJBTFE FTUJNBUFT TVDI BT JO�

GFSSFE BTUSPNFUSJD QFSUVSCBUJPOT PS SFMBUJWF NBHOJ୮ୢDBUJPOT PG UIF NVMUJQMF JNBHFT PG UIF CBDLHSPVOE

TPVSDF XIJDI IBWF TJHOJ୮ୢDBOU OPO�(BVTTJBO DPWBSJBODFT� 5IF KPJOU QPTUFSJPS PG UIF MFOTFE FNJTTJPO

NFUBNPEFM DBO CF NBSHJOBMJ[FE UP PCUBJO UIF NBSHJOBM QPTUFSJPS PG UIF MFOT NPEFM BOE TVCIBMP QB�

SBNFUFST� 5IJT BMMPXT POF UP GVMMZ QSPQBHBUF XJUIJO BOE BDSPTT NPEFM DPWBSJBODFT BOE VODFSUBJOUJFT

JO UIF PCTFSWFE EBUB UP UIF QBSBNFUFS PG JOUFSFTU F�H� UIF TVCIBMP NBTT GVODUJPO�

5P JMMVTUSBUF UIF GFBUVSFT PG QSPCBCJMJTUJD DBUBMPHJOH UIF GPDVT JO UIJT DIBQUFS JT PO TJNQMF TNPPUI

MFOT NPEFMT BOE TPVSDF DPO୮ୢHVSBUJPOT BOE SFTVMUT BSF QSFTFOUFE GPS TJNVMBUFE EBUB TFUT XIJDI BM�

MPXT POF UP TUVEZ QPUFOUJBM CJBTFT BOE TZTUFNBUJDT� "OBMZTFT PG PCTFSWFE EBUB XPVME SFRVJSF B NPSF

���



DPNQMFY MFOT BOE TPVSDF QMBOF NPEFM ���� 8IJMF UIJT BEEJUJPOBM DPNQMFYJUZ DBO JODSFBTF UIF UJNF

DPNQMFYJUZ PG JOGFSFODF UIF QSFTFOUFE GSBNFXPSL DBO CF FYUFOEFE UP JODPSQPSBUF UIFN�

��� -গজ খজজঘগ খঝঊখঘক

5IF MFOTFE JNBHF f̃TSD DBO CF XSJUUFO BT UIF TPVSDF CSJHIUOFTT QSP୮ୢMF fTSD FWBMVBUFE PO UIF JNBHF

QMBOF

f̃TSD(θ1, θ2) = fTSD(θ1 − αθ1 , θ2 − αθ2), 	���


XIFSF α⃗ = (αθ1 ,αθ2) JT UIF EF୯୳FDUJPO WFDUPS BU UIF JNBHF QPTJUJPO θ⃗ = (θ1, θ2)� θ1 BOE θ2 EFOPUF

UIF IPSJ[POUBM BOE WFSUJDBM DPPSEJOBUFT PO UIF UXP EJNFOTJPOBM JNBHF QMBOF BOE ⃗̃θ JT UIF QPTJUJPO PO

UIF TPVSDF QMBOF TVDI UIBU

⃗̃θ = θ⃗ − α⃗(θ⃗), 	���


XIJDI JT UIF MFOT FRVBUJPO� 'VSUIFSNPSF UIF EF୯୳FDUJPO ୮ୢFME α⃗ DBO CF XSJUUFO BT UIF HSBEJFOU PG UIF

/FXUPOJBO HSBWJUBUJPOBM QPUFOUJBM JOUFHSBUFE BMPOH UIF MJOF�PG�TJHIU

α⃗ =
2

c2
∇⃗θ

∫
dχ

χTSD − χ

χχTSD
Ψ(r⃗), 	���


XIFSF χ JT UIF DPNPWJOH EJTUBODF BMPOH UIF MJOF�PG�TJHIU χTSD JT UIF DPNPWJOH EJTUBODF UP UIF TPVSDF

BOEΨ(r⃗) JT UIF HSBWJUBUJPOBM QPUFOUJBM BU UIF UISFF EJNFOTJPOBM QPTJUJPO WFDUPS r⃗�

���



#FDBVTF UIF MFOTJOH IBMP JT NVDI TNBMMFS UIBO PUIFS EJTUBODF TDBMFT JO UIF QSPCMFN JO UIF UIJO�

MFOT BQQSPYJNBUJPO UIJT &RVBUJPO 	���
 SFEVDFT UP

α⃗ =
2

c2
D-4
D4D-

∇⃗θ

∫
dzΨ(r⃗), 	���


XIFSF ⃗theta JT UIF BOHMF TVCUFOEFE CZ UIF IBMPDFOUSJD UISFF�EJNFOTJPOBM WFDUPS r⃗ BU B MJOF�PG�TJHIU

EJTUBODF PG zD-D4 BOED-4 BSF UIF BOHVMBS EJBNFUFS EJTUBODFT GSPN UIF PCTFSWFS UP UIF MFOT BOE

TPVSDFT QMBOFT BOE GSPN UIF MFOT UP UIF TPVSDF QMBOF SFTQFDUJWFMZ� "OBMZUJD FYQSFTTJPOT GPS UIF MJOF�

PG�TJHIU JOUFHSBM PG WBSJPVT GPSFHSPVOE NBTT DPNQPOFOUT DBO UIFO CF VTFE UP DBMDVMBUF UIF EF୯୳FDUJPO

୮ୢFME ����

����� %একঌঝঘগ এক

#FDBVTF PG UIF MJOFBSJUZ PG UIF 1PJTTPO FRVBUJPO UIF EF୯୳FDUJPO ୮ୢFME α⃗ DBO CF FYQSFTTFE BT UIF TV�

QFSQPTJUJPO PG EF୯୳FDUJPOT EVF UP TFWFSBM DPNQPOFOUT� *O B UZQJDBM TUSPOH MFOT TZTUFN UIF EPNJOBOU

DPOUSJCVUJPO DPNFT GSPN UIF TNPPUI NBTT EJTUSJCVUJPO PG UIF NBJO GPSFHSPVOE HBMBYZ 	IFSFBG୴FS UIF

IPTU IBMP
 α⃗ITU BOE UIF FYUFSOBM TIFBS EVF UP UIF MBSHF�TDBMF TUSVDUVSF α⃗FYU� 4VCIBMPT QFSUVSC UIJT

EF୯୳FDUJPO ୮ୢFME BU UIF QFSDFOU MFWFM XJUI JOEJWJEVBM DPOUSJCVUJPOT UP UIF EF୯୳FDUJPO ୮ୢFME α⃗n XIFSF

UIF TVCTDSJQU n = 0, 1, ..., N − 1 JT UIF JOEFY PG B TVCIBMP� "T B SFTVMU UIF UPUBM EF୯୳FDUJPO ୮ୢFME JT

���



HJWFO CZ

α⃗ = α⃗FYU + α⃗ITU +
N−1∑

n=0

α⃗n. 	���


ࠦ࠲4ࠫ࠭࠭ ࠦࠟࠪ࠭ $PTNPMPHJDBM /�CPEZ TJNVMBUJPOT PGΛ$%. ��� TVHHFTU UIBU UIF FRVJMJCSJVN EJT�

USJCVUJPO PG DPMMJTJPOMFTT EBSL NBUUFS QBSUJDMFT JT BQQSPYJNBUFMZ TQIFSJDBMMZ TZNNFUSJD BCPVU UIF

EZOBNJDBM DFOUFS PG NBTT PG UIF TFMG�HSBWJUBUJOH IBMP PG EBSL NBUUFS QBSUJDMFT� 'VSUIFSNPSF UIF SF�

TVMUJOH WJSJBMJ[FE IBMPT IBWF B VOJWFSTBM SBEJBM QSP୮ୢMF UIBU JT EFTDSJCFE CZ UIF /'8 QSP୮ୢMF J�F� B

CSPLFO QPXFS�MBX JO UIF SBEJBM IBMP�DFOUSJD EJTUBODF r� )PXFWFS UIF IPTU HBMBYZ BMTP QPTTFTTFT CBSZ�

POJD NBUUFS XIJDI EPNJOBUFT UIF NBTT CVEHFU JO UIF CVMHF� 5BLJOH UIF NBTT CVEHFU PG UIF IPTU IBMP

UP CF UIF TVN PG UIF CBSZPOJD BOE EBSL NBUUFS DPNQPOFOUT JU IBT CFFO GPVOE UIBU UIF NBTT EFOTJUZ

QSP୮ୢMF PG &BSMZ 5ZQF (BMBYJFT 	&5(T
 DBO CF ୮ୢUUFE CZ 4JOHVMBS *TPUIFSNBM &MMJQTPJET 	4*&T
 XIJDI JT

LOPXO BT UIF CVMHF�IBMP DPOTQJSBDZ ��� TJODF OFJUIFS EBSL OPS CBSZPOJD NBUUFS EFOTJUZ EJTUSJCVUJPO JT

JOEJWJEVBMMZ JTPUIFSNBM� "T B SFTVMU UIF NBTT EFOTJUZ QSP୮ୢMF PG UIF IPTU IBMP JT UBLFO BT

ρITU(r) =
σ2
ITU

2πGr2
, 	���


XIFSF σITU JT UIF 	DPOTUBOU
 WFMPDJUZ EJTQFSTJPO BOEG JT UIF HSBWJUBUJPOBM DPOTUBOU� *O HFOFSBM HBMBY�

JFT BMTP QPTTFTT TPNF FMMJQUJDJUZ EVF UP UIF FYJTUFODF PG B CBSZPOJD EJTD PS BT BSUJGBDUT PG SFDFOU HSBWJ�

UBUJPOBM JOUFSBDUJPOT� #Z UBLJOH JOUP BDDPVOU UIF FMMJQUJDJUZ PG UIF JTPUIFSNBM HBT BOE BTTVNJOH UIBU

UIF DPOUPVST PG FRVBM TVSGBDF NBTT EFOTJUZ BSF JO UIF GPSN PG DPODFOUSJD FMMJQTFT UIF EF୯୳FDUJPO JT
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HJWFO CZ ������

α⃗ITU =
θ&,ITUqITU√
1− q2ITU

(
UBO−1

(
√
1− q2ITUθ

′
1,ITU

ω

)
θ̂′1,ITU + UBOI−1

(
√
1− q2ITUθ

′
2,ITU

ω

)
θ̂′2,ITU

)
, 	���


XIFSF ω ≡
√

q2ITUθ
′
1
2 + θ′2

2 qITU ≡ 1− ϵITU JT UIF NJOPS UP NBKPS BYJT SBUJP BOE ϵITU JT UIF FMMJQUJDJUZ�

5IF QSJNFE RVBOUJUJFT J�F θ′1,ITU θ′2,ITU θ̂′1,ITU BOE θ̂′2,ITU EFOPUF UIF BOHVMBS DPPSEJOBUFT BOE UIF

BTTPDJBUFE VOJU WFDUPST BMPOH UIF NJOPS BOE NBKPS BYFT PG UIF FMMJQUJDBM IPTU IBMP SFTQFDUJWFMZ� *G

POF VTFT φITU UP EFOPUF UIF BOHMF CFUXFFO UIF NBKPS BYJT PG UIF FMMJQTF BOE UIF IPSJ[POUBM BYJT PG UIF

JNBHF θ1 UIFO UIF QSJNFE DPPSEJOBUFT BSF PCUBJOFE CZ USBOTMBUJOH UIF JNBHF CZ (θ1,ITU, θ2,ITU
 BOE

UIFO SPUBUJOH JU CZ φITU�

'VSUIFSNPSF UIF MFOTJOH TUSFOHUI PG UIF JTPUIFSNBM EF୯୳FDUPS JT QBSBNFUSJ[FE VTJOH UIF QSPKFDUFE

&JOTUFJO SBEJVT θE,ITU J�F� UIF SBEJVT PG UIF DJSDVMBS JNBHF UIBU XPVME CF QSPEVDFE JG UIF MFOT XFSF

TQIFSJDBM BOE BMJHOFE XJUI UIF CBDLHSPVOE MJHIU TPVSDF� *O HFOFSBM θE,ITU DBO CF EF୮ୢOFE BT UIF SB�

EJVT PG B DJSDMF UIBU IBT BO BSFB FRVBM UP UIF BSFB JOTJEF UIF DSJUJDBM DVSWF XIJDI IPMET USVF FWFO GPS

OPO�TQIFSJDBM MFOTFT�

/PUF UIBU NBOZ PCTFSWFE TUSPOH MFOTFT SFRVJSF EFQBSUVSFT GSPN BO JTPUIFSNBM NPEFM XIFSF UIF

QSFGFSSFE JOOFS MPH�TMPQF PG UIF UISFF EJNFOTJPOBM EFOTJUZ EJTUSJCVUJPO DBO CF TJHOJ୮ୢDBOUMZ EJ୭GFSFOU

GSPN ��� )PXFWFS TJODF UIF QSFTFOUFE NFUIPE JT JOEFQFOEFOU PG UIF EFUBJMT PG UIF MFOT NPEFM B

SFMBUJWFMZ TJNQMF NBTT NPEFM JT BTTVNFE GPS UIF TNPPUI IBMP�
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࠱࠭ࠪࠟࠦࠠ࠳4 Λ$%. QSFEJDUT UIBU XJUI DPTNPMPHJDBM UJNF NPSF EFOTJUZ QFBLT DPMMBQTF UP GPSN OFX

TFMG�HSBWJUBUJOH IBMPT XIJMF IBMPT UIBU GPSNFE FBSMJFS BSF BDDSFUFE JOUP NPSF NBTTJWF POFT� #FDBVTF IJ�

FSBSDIJDBM TUSVDUVSF GPSNBUJPO JT B DPOUJOVPVT BOE POHPJOH QSPDFTT BU BOZ HJWFO UJNF TPNF GSBDUJPO

PG NBUUFS JT FYQFDUFE UP CF UJFE JO IBMPT UIBU IBWF CFFO BDDSFUFE JOUP NPSF NBTTJWF IBMPT� 5IFTF EBSL

HSBWJUBUJPOBMMZ CPVOE TBUFMMJUFT JOTJEF UIF WJSJBM FYUFOU PG UIF IPTU BSF SFGFSSFE UP BT TVCIBMPT�

4VCIBMPT HSPX CZ BDDSFUJPO BOE MPTF NBTT WJB UJEBM TUSJQQJOH DPMMJTJPOT BOE FWBQPSBUJPO� 5IF

SFMBUJWF F୭୮ୢDJFODZ PG UIFTF QSPDFTTFT EFUFSNJOFT UIF MFWFM PG TVCTUSVDUVSF JO B IPTU IBMP PG NBTTMITU

BU SFETIJG୴ zITU� /�CPEZ TJNVMBUJPOT DBO QSFEJDU UIF BCVOEBODF BOE QSPQFSUJFT PG UIFTF TVCIBMPT

BMUIPVHI UIF ୮ୢOJUF NBTT SFTPMVUJPO PG TJNVMBUJPOT DBO QSFDMVEF SPCVTU DPODMVTJPOT ���� /FWFSUIFMFTT

JU JT FYQFDUFE UIBU TVCIBMPT IBWF B USVODBUFE NBTT QSP୮ୢMF EVF UP UJEBM TUSJQQJOH CZ UIF IPTU HBMBYZ�

5IFSFGPSF UIF UISFF EJNFOTJPOBM TVCIBMP EFOTJUZ QSP୮ୢMF PG UIF nUI TVCIBMP ρn(r) JT UBLFO UP CF

UIF /'8 QSP୮ୢMF XJUI B QPXFS�MBX USVODBUJPO BT ���

ρn(r) =
M0,n

4πr3T,O

1

(r/rT,O)(1 + r/rT,O)2
τ2n

(r/rT,O)2 + τ2n
, 	���


MD,O = M0,n
τ2n

(τ2n + 1)2
[
(τ2n − 1) MO τn + πτn − (1 + τ2n)

]
. 	���


XIFSFMD,O JT UIF USVODBUFE NBTT PG UIF TVCIBMP� *O UIJT QBSBNFUSJ[BUJPO NPTU PG UIF NBTT PG B TVC�

IBMP JT DPOUBJOFE JOTJEF UIF TDBMF SBEJVT rT,O XIJDI XPVME CF UIF TVCIBMP�DFOUSJD EJTUBODF BU XIJDI

UIF EFOTJUZ QSP୮ୢMF TUFFQFOT GSPN B QPXFS�MBX XJUI JOEFY �� UP B QPXFS�MBX XJUI JOEFY �� JG JU XFSF

OPU UJEBMMZ USVODBUFE� .PSFPWFS UIF DFOUSBM NBTT DPODFOUSBUJPO JT FODPEFE JO τn = rD,O/rT,O TJNJ�

MBS UP UIF DPODFOUSBUJPO QBSBNFUFS c = rWJS,O/rT,O JO UIF OPO�USVODBUFE DBTF XIFSF rWJS,O rD,O BOE
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rT,O BSF UIF WJSJBM UJEBM DVUP୭G BOE TDBMF SBEJJ PG B TVCIBMP� M0,n JT B NBTT TDBMF SFMFWBOU UP UIF nUI

TVCIBMP� 4VCIBMPT XJUI MBSHF τn SFQSFTFOU PME IJHIMZ DPODFOUSBUFE TVCIBMPT UIBU PSCJU UIF IPTU BU

MBSHF IBMPDFOUSJD EJTUBODFT� *O DPOUSBTU UIPTF XJUI MPX τn UZQJDBMMZ DPSSFTQPOE UP TVCIBMPT UIBU BSF

DMPTF UP UIF DFOUFS BOE BSF CFJOH UJEBMMZ TUSJQQFE CZ UIF IPTU� 5IF TVCTDSJQU n JT VTFE UP SFGFS UP B

QBSBNFUFS PG UIF nUI TVCIBMP XIFO UIF IPTU IBMP IBT UIF TBNF UZQF PG QBSBNFUFS�

*U JT BMTP FYQFDUFE UIBU TVCIBMPT OFBS UIF EZOBNJDBM DFOUFS PG UIF IPTU IBMP BOE DMPTFTU UP EJT�

SVQUJPO TIPVME CF UJEBMMZ FMPOHBUFE� /FWFSUIFMFTT CFDBVTF DVSSFOU EBUB TFUT EP OPU IBWF UIF TJHOBM�

UP�OPJTF OFDFTTBSZ UP DPOTUSBJO EFQBSUVSFT GSPN TQIFSJDBM TZNNFUSZ BOZ USJBYJBMJUZ JO UIF TVCIBMP

TIBQFT JT OFHMFDUFE� 'VSUIFSNPSF CFDBVTF WJSJBMJ[FE IBMPT BSF HFOFSBMMZ GPVOE UP IBWF DPODFOUSBUJPOT

UIBU SF୯୳FDU UIF BWFSBHF CBDLHSPVOE EFOTJUZ PG UIF 6OJWFSTF BU UIF UJNF PG UIFJS DPMMBQTF FBSMJFS IBMPT

BSF FYQFDUFE UP IBWF IJHIFS DPODFOUSBUJPOT� 6QPO BDDSFUJPO JOUP UIF IPTU IBMP UIFJS IJHI DPODFO�

USBUJPOT DBO IFMQ UIFN SFNBJO JOUBDU EFTQJUF TUSPOH UJEBM TUSFUDIJOH BOE FWBQPSBUJPO CZ UIF IPTU

IBMP� .PUJWBUFE CZ SFDFOU /�CPEZ TJNVMBUJPOT ��� TVCTUSVDUVSF JOTJEF TVCIBMPT JT OFHMFDUFE BOE JU JT

BTTVNFE UIBU UIF TVCIBMPT PG UIF IPTU HBMBYZ IBWF TNPPUI NBTT EJTUSJCVUJPOT�

"MUIPVHI UIF NBTT PG B OPO�USVODBUFE /'8 QSP୮ୢMF JT MPHBSJUINJDBMMZ EJWFSHFOU XJUI IBMPDFOUSJD

SBEJVT UJEBM USVODBUJPO NBLFT UIF UPUBM NBTTMD,O ୮ୢOJUF �� TVDI UIBU

MD,O = M0,n
τ2n

(τ2n + 1)2
[
(τ2n − 1) MO τn + πτn − (1 + τ2n)

]
. 	����


5IJT ୮ୢOJUF NBTT JT QMPUUFE JO 'JHVSF ��� GPS B TVCIBMP JO VOJUT PGM0,n� *U DIBOHFT CZ BCPVU BO

PSEFS PG NBHOJUVEF JO UIF SFMFWBOU SFHJPO PG 1 " τn " 10� #FMPX τn ∼ 1 UIF TVCIBMP JT MJLFMZ

���



UP CF DPNQMFUFMZ EJTSVQUFE CZ FWBQPSBUJPO BOE UJEBM TUSJQQJOH� 5SVODBUFE NBTTFT BSF SFQPSUFE XIFO

SFGFSSJOH UP TVCIBMPT�

5IF TJNVMBUFE JNBHFT BSF BQQSPYJNBUFMZ DFOUFSFE BU UIF EZOBNJDBM DFOUFS PG UIF IPTU IBMP BOE

IBWF B TJ[F DPNQBSBCMF UP JUT &JOTUFJO SBEJVT XIJDI JT NVDI TNBMMFS UIBO JUT WJSJBM SBEJVT� 8IFO

QSPKFDUFE BMPOH UIF MJOF�PG�TJHIU TVCIBMPT JO UIF ୮ୢFME PG WJFX IBWF B MBSHF TQSFBE JO UIFJS UISFF EJ�

NFOTJPOBM EJTUBODF GSPN UIF EZOBNJDBM DFOUFS PG UIF IPTU� "T B SFTVMU UIFSF TIPVME CF B MBSHF TQSFBE

JO UIFJS EF୯୳FDUJPO QSP୮ୢMF� 5IJT JT UBLFO JOUP BDDPVOU BQQSPYJNBUFMZ CZ ESBXJOH UIF QSPKFDUFE TDBMF

BOE DVUP୭G SBEJJ PG UIF TJNVMBUFE TVCIBMPT GSPN B VOJGPSN EJTUSJCVUJPO� 5IF MJNJUT PG UIFTF EJTUSJCV�

UJPOT BSF HJWFO JO 5BCMF ���� 5IF SFTVMUJOH SBUJPT CFUXFFO UIF QSPKFDUFE DVUP୭G BOE TDBMF SBEJJ τn GBMM

CFUXFFO � BOE ���

*U JT JNQPSUBOU UP FNQIBTJ[F UIBU UIFTF TJNVMBUFE TVCIBMPT QSPWJEF B UFTU CFE GPS JOUSPEVDJOH

QSPCBCJMJTUJD DBUBMPHJOH PG TVCIBMPT BOE EP OPU GVMMZ SF୯୳FDU UIFJS SJDI EZOBNJDT� 'VSUIFSNPSF BM�

UIPVHI TJNVMBUJPOT BOE BOBMZUJDBM USFBUNFOUT PGΛ$%. DBO QSFEJDU UIF TDBMF BOE DVUP୭G SBEJJ PG B

HJWFO TVCIBMP HJWFO JUT NBTT BOE EJTUBODF GSPN UIF DFOUFS PG UIF IPTU HBMBYZ ��� JNQMZJOH UIBU QSFEJD�

UJPOT DBO CF GPMEFE JOUP UIF JOGFSFODF BT B KPJOU QSJPS EJTUSJCVUJPO PO UIF QSPKFDUFE TDBMF BOE DVUP୭G

SBEJJ UIF GBDU UIBU TUSPOH MFOT JNBHFT BSF OPU JOGPSNBUJWF BCPVU UIF UISFF EJNFOTJPOBM EJTUBODF PG B

TVCIBMP GSPN UIF DFOUFS PG JUT IPTU NFBOT UIFSF JT B EFHFOFSBDZ JO UIJT EFTDSJQUJPO�

5IF EF୯୳FDUJPO ୮ୢFME EVF UP UIF nUI TVCIBMP αn JT QBSBNFUSJ[FE VTJOH UIF BOHVMBS EJTUBODFT DPSSF�

TQPOEJOH UP UIF TDBMF BOE DVUP୭G SBEJJ θT,O = rT,O/D- BOE θD,O = rD,O/D- BOE UIF OPSNBMJ[BUJPO PG

UIF EF୯୳FDUJPO QSP୮ୢMF αT,O XIJDI JT SFGFSSFE UP BT UIF EF୯୳FDUJPO TUSFOHUI�

8IFO QSPKFDUFE POUP UIF MFOT QMBOF UIF EF୯୳FDUJPO ୮ୢFME EVF UP BO VOUSVODBUFE TQIFSJDBMMZ TZN�
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Figure 4.1: Truncatedmass of a subhalo,MD,n, normalized byM0,n as a function of the ratio between its cutoff and

scale radii, τn.

NFUSJD /'8 TVCIBMP CFDPNFT B[JNVUIBMMZ TZNNFUSJD BOE DBO CF EFTDSJCFE CZ B SBEJBM QSP୮ୢMF ���

αn ≡ θ
Σ̄n(θ)

ΣDSJU
=

M0,n

πD2
-ΣDSJUθT,n

1

θ′

(
MO θ′

2
+ F (θ′)

)

=
αT,n
θ′

(
MO θ′

2
+ F (θ′)

)
,

	����


XIFSF Σ̄n(θ) JT UIF NFBO TVSGBDF NBTT EFOTJUZ PG UIF nUI TVCIBMP JOTJEF B TVCIBMP�DFOUSJD DJSDMF PG

SBEJVT θ BOE

ΣDSJU =
c2

4πG

D4
D-4D-

	����


JT UIF DSJUJDBM TVSGBDF NBTT EFOTJUZ PO UIF MFOT QMBOF XIJDI IBT B WBMVF PG ���×109M⊙ LQD−2 GPS

UIF TJNVMBUFE EBUB� 'PS OPUBUJPOBM CSFWJUZ UIF SFTDBMFE BOHVMBS EJTUBODF θ′ ≡ θ/θT,n JT VTFE� 5IF

GVODUJPO F (θ′) JT HJWFO CZ
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F (θ′) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

BSDDPT(1/θ′)√
θ′2 − 1

JG θ′ > 1

1 JG θ′ = 1

BSDDPTI(1/θ′)√
1− θ′2

JG θ′ < 1�

	����


8IFO UIF USVODBUJPO JT UBLFO JOUP BDDPVOU UIF EF୯୳FDUJPO QSP୮ୢMF CFDPNFT ��

αn =
αT,n
θ′

τ2n
(τ2n + 1)2

((
τ2n + 1 + 2(θ′2 − 1)

)
F (θ′) + (τ2n − 1) MO τn

+ πτn +
√
τ2n + θ′2

(τ2n − 1

τn
L(θ′)− π

))
, 	����


XIFSF

L(θ′) = MO

(
θ′

τn +
√
τ2n + θ′2

)
. 	����


*O UIF MJNJU PG MBSHF τn = θD,n/θT,n UIJT FYQSFTTJPO SFEVDFT UP &RVBUJPO 	����
� )FODF UIF UISFF

QBSBNFUFST VTFE UP EFTDSJCF UIF SFTVMUJOH EF୯୳FDUJPO QSP୮ୢMF PG UIF nUI TVCIBMP BSF UIF OPSNBMJ[BUJPO

αT,O QSPKFDUFE TDBMF BOE DVUP୭G SBEJJ θT,n θD,n�

5IF EF୯୳FDUJPO BT B GVODUJPO PG SBEJBM EJTUBODF JO UISFF EJNFOTJPOT GSPN UIF EZOBNJDBM DFOUFS PG

NBTT PG UIF TVCIBMP JT QSPQPSUJPOBM UP UIF JOUFHSBUFE NBTT VQ UP UIBU SBEJVT� 5IFSFGPSF JU JOJUJBMMZ

SJTFT CFDBVTF PG UIF TIBMMPX MPH�TMPQF PG UIF /'8 QSP୮ୢMF UVSOT PWFS BU UIF TDBMF SBEJVT BOE GVSUIFS
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Figure 4.2: Deflection as a function of angular distance from a given subhalo in arcsec. All three profiles have a subhalo

deflection strength ofαT,n = 0.1 arcsec. The blue, green and red profiles correspond to subhalos with (θT,n = 0.05
arcsec, θD,n = 1 arcsec), (θT,n = 0.2 arcsec, θD,n = 1 arcsec) and (θT,n = 0.05 arcsec, θD,n = 2 arcsec), respectively.

TUFFQFOT CFZPOE UIF DVUP୭G SBEJVT� 5IF QSPKFDUFE EF୯୳FDUJPO QSP୮ୢMF PG B TVCIBMP JT HJWFO JO 'JHVSF

����

Λ$%. QSFEJDUT UIBU UIF WBSJBODF PG UIF NBUUFS EFOTJUZ ୯୳VDUVBUJPOT JO UIF 6OJWFSTF NPOPUPO�

JDBMMZ JODSFBTFT BT POF BWFSBHFT UIF EFOTJUZ ୮ୢFME JOTJEF TVDDFTTJWFMZ TNBMMFS TQIFSFT� 5IFSFGPSF UIF

OVNCFS PG DPMMBQTFE IBMPT 	BOE IFODF PG TVCIBMPT
 JODSFBTFT TUFFQMZ BT B QPXFS�MBX UPXBSE MPX

NBTTFT XJUI B MPH�TMPQF PG∼ −1.9 ���� 8IFOΛ$%. JT NPEJ୮ୢFE BU TNBMM TDBMFT WJB TFMG�JOUFSBDUJPOT

GSFF�TUSFBNJOH BU LJOFUJD EFDPVQMJOH PS CZ UIF )FJTFOCFSH VODFSUBJOUZ JO UIF DBTF PG XBWF�MJLF EBSL

NBUUFS ��� UIJT JT OP MPOHFS UIF DBTF BOE POF FYQFDUT B NBTT TDBMF CFMPX XIJDI UIF TVCIBMP NBTT GVOD�

UJPO JT TVQQSFTTFE�

4JODF TVCIBMP EF୯୳FDUJPO TUSFOHUIT BSF QSPQPSUJPOBM UP NBTT JU JT BTTVNFE UIBU αT,O BSF BMTP EJT�

USJCVUFE BT B QPXFS�MBX CFUXFFO TPNF NJOJNVN BOE NBYJNVN WBMVF� )PXFWFS UIF MPXFS MJNJU PG
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UIJT QSJPS JT OPU NPUJWBUFE CZ B QIZTJDBM DVUP୭G JO UIF NBTT EJTUSJCVUJPO� *U JT SBUIFS B DPNQVUBUJPOBM

DPOWFOJFODF TJODF QSPCBCJMJTUJD DBUBMPHJOH PG WFSZ MPX NBTT TVCIBMPT SFTVMU JO MJUUMF JOGPSNBUJPO HBJO

BU UIF FYQFOTF PG TJHOJ୮ୢDBOUMZ JODSFBTJOH DPNQVUBUJPOBM DPNQMFYJUZ� 'VSUIFSNPSF UIF QJYFM TJ[F BOE

UIF 14' PG UIF QIPUPO DPMMFDUJOH EFWJDF TFUT BO BOHVMBS EJTUBODF TDBMF CFMPX XIJDI EF୯୳FDUJPOT DBOOPU

TJHOJ୮ୢDBOUMZ B୭GFDU UIF JNBHF� 5IJT TDBMF BMTP EFQFOET PO UIF MFWFM PG CBDLHSPVOE FNJTTJPO BOE UIF

୯୳VY PG UIF MFOTFE MJHIU TPVSDF� 'PS UIF TJNVMBUFE JNBHFT PG UIF 8JEF 'JFME $BNFSB � � 6MUSBWJPMFU

7JTJCMF 	8'$��67*4
 DBNFSB PO CPBSE UIF )45 XIPTF QJYFM TJ[F JT ���� BSDTFD UIJT TDBMF SPVHIMZ

DPSSFTQPOET UP∼ ���� BSDTFD� 5IFSFGPSF UIF NJOJNVN BMMPXFE WBMVF PG αT,O JT DIPTFO BT ���� BSDTFD

JO PSEFS UP BMMPX MPX�TJHOJ୮ୢDBODF TVCIBMPT JOUP UIF QPTUFSJPS� 5IF NBYJNVN PG αT,O JT DIPTFO BT �

BSDTFD� )PXFWFS UIJT NBYJNVN WBMVF EPFT OPU TJHOJ୮ୢDBOUMZ B୭GFDU UIF QPTUFSJPS TJODF NPTU PG UIF

QSJPS WPMVNF JT DPOUBJOFE BU TNBMM αT,O EVF UP UIF TUFFQOFTT PG UIF QPXFS�MBX� 5IF OPSNBMJ[BUJPO PG

UIJT QPXFS�MBX JT UIFO HJWFO CZ µTVC J�F� UIF 1PJTTPO NFBO PG UIF OVNCFS PG TVCIBMPT�

#FDBVTF PG UIF IJFSBSDIJDBM QSJPS JO QSPCBCJMJTUJD DBUBMPHJOH UIF OFHBUJWF PG UIF MPH�TMPQF PG UIF

αT,O EJTUSJCVUJPO β JT BMTP BMMPXFE UP WBSZ� 5IFSFGPSF UIF TBNQMFS WJTJUT BMM QSJPS DPO୮ୢHVSBUJPOT

DPOTJTUFOU XJUI UIF EBUB BOE HFOFSBUFT UIF QPTUFSJPS PG β� "MUIPVHI β QBSBNFUSJ[FT UIF QSJPS JU JT

USFBUFE TJNJMBS UP PUIFS QBSBNFUFST JO UIF NPEFM BOE JT SFGFSSFE UP BT B IZQFSQBSBNFUFS� *U JT UIF

QSJPS PO UIJT IZQFSQBSBNFUFS UIBU TQFDJ୮ୢFT UIF QSJPS CFMJFG PO UIF EJTUSJCVUJPO PG αT,O� 5IJT QSJPS

JT TFU TVDI UIBU β JUTFMG JT (BVTTJBO EJTUSJCVUFE XJUI B NFBO BOE TUBOEBSE EFWJBUJPO PG ��� BOE ���

SFTQFDUJWFMZ� 5IF NFBO SF୯୳FDUT UIF WBMVF NPUJWBUFE CZΛ$%. XIFSFBT UIF TQSFBE BDDPVOUT GPS BOZ

EFWJBUJPOT BOE BMMPXT UIF TBNQMFS UP WJTJU TVCIBMP DPO୮ୢHVSBUJPOT UIBU EFWJBUF GSPN B QPXFS�MBX XJUI

JOEFY ����
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Figure 4.3: Contours of minimum truncated subhalomass allowed in themetamodel, i.e., lower limit of the truncated

subhalomass prior, as a function of host and source galaxy redshifts, assuming θT,O = 0.1 arcsec and θD,O = 1 arcsec.

5IF EF୯୳FDUJPO TUSFOHUI αT,O QSPKFDUFE TDBMF BOE DVUP୭G SBEJJ θT,O BOE θD,O PG B TVCIBMP VOJRVFMZ

EFUFSNJOF JUT USVODBUFE NBTTMD,O� 5IFSFGPSF HJWFO UIF BCPWF QSJPST UIFSF JT OP IBSE CPVOEBSZ PO

UIF QSJPS EJTUSJCVUJPO PG UIF TVCIBMP USVODBUFE NBTTFT� )PXFWFS NPTU PG UIF QSJPS WPMVNF GBMMT JO

UIF JOUFSWBM 108 − 109M⊙ GPS UIF IPTU BOE TPVSDF SFETIJG୴T PG zITU = 0.2 BOE zTSD = 1 TJNVMBUFE JO

UIJT DIBQUFS� 5IJT JOUFSWBM DIBOHFT BT B GVODUJPO PG BOHVMBS EJBNFUFS EJTUBODFT UP UIF IPTU BOE TPVSDF

QMBOFT� 5P QVU UIF QSJPS TVCIBMP NBTT JOUFSWBM JOUP DPTNPMPHJDBM DPOUFYU 'JHVSF ��� TIPXT UIF MPXFS

CPVOE PG UIF QSJPS PO UIF USVODBUFE NBTT PG B TVCIBMP JG JU IBE θT,O = 0.05 BSDTFD BOE θD,O = 1

BSDTFD�

-BTU B TQBUJBMMZ VOJGPSN QSJPS JT BEPQUFE PO UIF QSPKFDUFE TVSGBDF EFOTJUZ PG TVCIBMPT� 5IF QSJPS

TUSVDUVSF PG UIF MFOTFE FNJTTJPO NFUBNPEFM JT TVNNBSJ[FE JO 5BCMFT ��� BOE ����
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ࠪࠟࠬ࠰ࠣ࠲࠶& ࠰ࠟࠣࠦ࠱ -FOTJOH HBMBYJFT BSF VTVBMMZ GPVOE JO HBMBYZ HSPVQT PS DMVTUFST XIPTF PWFSBMM DPO�

USJCVUJPO BEET BOHVMBS TUSVDUVSF UP UIF EF୯୳FDUJPO ୮ୢFME JO UIF WJDJOJUZ PG UIF MFOTJOH HBMBYZ� &WFO JO

UIF DBTF PG BO JTPMBUFE HBMBYZ NBUUFS EJTUSJCVUJPO JO UIF GPSFHSPVOE PG UIF MFOTJOH HBMBYZ DBO JOUSP�

EVDF BEEJUJPOBM NVMUJQPMF UFSNT UP UIF EF୯୳FDUJPO ୮ୢFME� 5IJT FYUFSOBM EF୯୳FDUJPO JT QBSBNFUSJ[FE CZ B

SFEVDFE TIFBS ୮ୢFME γFYU PSJFOUFE BU BO BOHMF φFYU XJUI SFTQFDU UP UIF MPOHJUVEJOBM BYJT ���� 5IF ୮ୢFME JT

USBDFMFTT BOE JOWBSJBOU VOEFS B SPUBUJPO PG ���◦�

α⃗FYU = γFYU

⎛

⎜⎜⎝
DPT 2φFYU + TJO 2φFYU

TJO 2φFYU − DPT 2φFYU

⎞

⎟⎟⎠ θ⃗. 	����


*O UIJT GPSNBMJTN POMZ UIF SFEVDFE TIFBS γFYU = γ′FYU/(1−κFYU) JT NPEFMFE XIFSF κFYU SFQSFTFOUT B

QPUFOUJBMMZ VOEFSMZJOH TQBUJBMMZ VOJGPSN DPOWFSHFODF JO UIF ୮ୢFME PG JOUFSFTU� 5IJT JT CFDBVTF BEEJOH

B DPOTUBOU NBTT TIFFU UP UIF NPEFM (1 − κFYU) SFQSPEVDFT UIF TBNF MFOTFE JNBHF CZ TJNVMUBOFPVTMZ

SFTDBMJOH UIF TPVSDF QPTJUJPO BOE ୯୳VY PS UIF EF୯୳FDUPS NBTT��� 5IFTF EFHFOFSBUF NBTT NPEFMT BSF

MJOLFE CZ UIF USBOTGPSNBUJPOT

(1− κFYU) → λκFYU,

γFYU → λγFYU.

	����


"O JOEFQFOEFOU NFBTVSFNFOU PG UIF EF୯୳FDUPS NBTT F�H� VTJOH TUFMMBS LJOFNBUJDT DPVME DPOTUSBJO

λ ������ "MUFSOBUJWFMZ CFDBVTF UIF NBHOJ୮ୢDBUJPO ୮ୢFME BOE MJHIU USBWFM UJNF DIBOHF XJUI λ LOPXMFEHF

���



PG UIF OPO�MFOTFE ୯୳VYFT PG UIF CBDLHSPVOE TPVSDFT PS IBWJOH NVMUJQMF JNBHFT PG UIF TBNF TZTUFN

UBLFO BU EJ୭GFSFOU UJNFT DPVME CSFBL UIJT EFHFOFSBDZ� 4QFDJ୮ୢDBMMZ UIF LOPXMFEHF PG UJNF EFMBZT CF�

UXFFO NVMUJQMF JNBHFT PG B CBDLHSPVOE RVBTBS BOE UIF UJNF�EFMBZ EJTUBODF BMMPXT POF UP DPOTUSBJO

UIF HSBWJUBUJPOBM QPUFOUJBM PG UIF NBJO EF୯୳FDUPS JOEFQFOEFOU PG UIF BTUSPNFUSJD JOGPSNBUJPO� #F�

DBVTF POMZ B TJOHMF QIPUPNFUSJD FYQPTVSF PG UIF TUSPOH MFOT TZTUFN JT VTFE BMM DPOWFSHFODFT BSF EFUFS�

NJOFE POMZ VQ UP UIF USBOTGPSNBUJPO JO &RVBUJPO ���� BOE OP BUUFNQU JT NBEF UP MJG୴ UIF EFHFOFSBDZ�

5IF JODMVTJPO PG POMZ B RVBESVQPMBS TIFBS ୮ୢFME JT NPUJWBUFE CZ UIF BTTVNQUJPO UIBU UIF MFOTJOH

HBMBYZ JT JTPMBUFE BOE HSBWJUBUJPOBMMZ SFMBYFE� *G UIFSF BSF OFBSCZ HBMBYJFT IJHIFS PSEFS NVMUJQPMFT

XPVME CF OFFEFE�

����� -ঐঝ খজজঘগ এছঘখ ঝ জঘঞছঌ

*O HFOFSBM UIF CBDLHSPVOE MJHIU TPVSDF JO B TUSPOH MFOT TZTUFN DPVME CF B RVBTBS B CMVF ZPVOH

HBMBYZ XJUI CSJHIU -ZNBO�α FNJTTJPO PS B SFE &5( TJNJMBS UP UIF MFOTJOH HBMBYZ DPOTJEFSFE JO UIJT

UIFTJT� 8IFO UIF CBDLHSPVOE MJHIU TPVSDF JT B RVBTBS J�F� B QPJOU TPVSDF XJUIPVU BOZ TQBUJBM GFBUVSF

UIF SFTVMUJOH NVMUJQMF JNBHFT BSF OPU FYUFOEFE BOE DBO CF VTFE UP QSPCF TVCIBMPT POMZ PWFS B TNBMM

SFHJPO PO UIF MFOT QMBOF EFQFOEJOH PO UIF NBTT PG UIF TVCIBMP� 5IFSFGPSF HBMBYZ�HBMBYZ MFOTFT BSF

DPOTJEFSFE JOTUFBE XIFSF MJHIU GSPN B CBDLHSPVOE HBMBYZ JT TUSPOHMZ EF୯୳FDUFE CZ B HJBOU FMMJQUJDBM

JO UIF GPSFHSPVOE� *O UIFTF TZTUFNT NVMUJQMF JNBHFT BSF NPSF FYUFOEFE BOE B IJHIFS GSBDUJPO PG UIF

QJYFMT BSF JOGPSNBUJWF PO UIF TVCIBMP QBSBNFUFST�

*U JT BTTVNFE UIBU UIF FNJTTJPO GSPN CPUI UIF GPSFHSPVOE BOE UIF CBDLHSPVOE HBMBYJFT IBWF 4©STJD
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QSP୮ୢMFT J�F� UIF TVSGBDF CSJHIUOFTT JT HJWFO CZ ���

fHBM(θ) = fF,HBM FYQ

(
− bn

(
(θ/θF,HBM)

1/n − 1
))

, 	����


XIFSF UIF TVCTDSJQU HBM SFGFST UP CPUI MFOTJOH 	GPSFHSPVOE
 BOE MFOTFE 	CBDLHSPVOE
 HBMBYJFT J�F�

HBM�\ITU TSD^� *O UIJT SFMBUJPO bn JT B DPF୭୮ୢDJFOU UIBU EFQFOET PO UIF JOEFY n ��

bn = 2n− 1

3
+

4

405n
+

46

25515n2
	����


XIJDI DPOUSPMT UIF MFWFM BU XIJDI UIF JOOFS BOE PVUFS TMPQFT BOUJ�DPSSFMBUF� 'VSUIFSNPSF θF,HBM JT UIF

QSPKFDUFE EJTUBODF XJUIJO XIJDI IBMG PG UIF UPUBM FNJTTJPO JT DPOUBJOFE BOE fF,HBM JT UIF TVSGBDF CSJHIU�

OFTT BU UIJT SBEJVT� *U JT BTTVNFE UIBU n = 4 XIJDI DPSSFTQPOET UP UIF EF 7BVDPVMFVST QSP୮ୢMF��� 'PS

UIJT QSP୮ୢMF UIF TVSGBDF CSJHIUOFTT BU UIF IBMG�MJHIU SBEJVT fF,HBM JT SFMBUFE UP UIF ୯୳VY PG UIF HBMBYZ

IHBM CZ IHBM ≈ 7.2πθ2F,HBMfF,HBM�

.PEFMJOH UIF TPVSDF QMBOF FNJTTJPO XJUI UIF TVSGBDF CSJHIUOFTT PG B TJOHMF HBMBYZ JT B TJNQMJ୮ୢFE

EFTDSJQUJPO PG PCTFSWFE MFOTFT� *O QBSUJDVMBS FNJTTJPO PS BCTPSQUJPO SFHJPOT JO UIF TPVSDF HBMBYZ DBO

TJHOJ୮ୢDBOUMZ DIBOHF UIF BQQFBSBODF PG UIF SFTVMUJOH BSDT BOE BSDMFUT� )PXFWFS UIF NBJO QVSQPTF JT

UP DPOTUSVDU B TJNQMF UFTU CFE UP DPNQBSF QSPCBCJMJTUJD DBUBMPHJOH UP NBJOTUSFBN BOBMZTJT UPPMT PG

TUSPOH MFOTJOH�

���



����� -ঐঝ খজজঘগ এছঘখ ঝ এঘছঐছঘঞগ ঐঊকঊডঢ

5IF TBNF TVSGBDF CSJHIUOFTT QSP୮ୢMF JO &RVBUJPO ���� JT VTFE UP SFQSFTFOU FNJTTJPO GSPN UIF IPTU

HBMBYZ CVU XJUI EJ୭GFSFOU IBMG�MJHIU SBEJVT BOE TVSGBDF CSJHIUOFTT θF,ITU BOE fF,ITU�

#FDBVTF UIF TDBUUFSJOH DSPTT TFDUJPO CFUXFFO EBSL BOE CBSZPOJD NBUUFS JT OPU OFDFTTBSJMZ [FSP

JO QSJODJQMF UIFSF DBO CF B TQBUJBM P୭GTFU CFUXFFO UIF TVSGBDF CSJHIUOFTT BOE NBTT EFOTJUZ PG B IPTU

HBMBYZ UIBU IBT OPU CFFO HSBWJUBUJPOBMMZ SFMBYFE ���� 4VDI VOSFMBYFE TZTUFNT BSF OPU NPEFMFE BOE JU JT

BTTVNFE UIBU UIF TNPPUI NBTT EJTUSJCVUJPO BOE UIF MJHIU FNJTTJPO PG UIF IPTU HBMBYZ BSF DPDFOUSJD�

'VSUIFSNPSF BO FTUJNBUF PG GPSFHSPVOE HBMBYZ PS JTPUSPQJD FNJTTJPO JT OPU TVCUSBDUFE GSPN UIF

PCTFSWFE QIPUPO DPVOU NBQ� 5IJT JT CFDBVTF TVCUSBDUJOH B CFTU�୮ୢU FNJTTJPO DPNQPOFOU GSPN UIF

QIPUPO DPVOU NBQ JT FRVJWBMFOU UP QMBDJOH B EFMUB GVODUJPO QSJPS BU UIF BTTPDJBUFE WBMVF PS FRVJW�

BMFOUMZ BTTVNJOH UIBU UIF QBSBNFUFS IBT WBOJTIJOH DPWBSJBODF XJUI BMM PUIFS QBSBNFUFST� *OTUFBE

TBNQMFT BSF UBLFO GSPN UIF KPJOU QPTUFSJPS PG BMM QBSBNFUFST JODMVEJOH UIPTF PG UIF IPTU HBMBYZ BOE

UIF OVJTBODF QBSBNFUFST BSF NBSHJOBMJ[FE PVU�

*U JT BTTVNFE UIBU UIF CBDLHSPVOE FNJTTJPO JT TQBUJBMMZ VOJGPSN� 5IFSFGPSF B TJOHMF JTPUSPQJD

FNJTTJPO DPNQPOFOU JT BMMPXFE JO UIF MFOTFE FNJTTJPO NFUBNPEFM�

����� *গজঝছঞখগঝঊক 14'

*O UIF BCTFODF PG BO JOUFSWFOJOH BUNPTQIFSF BOE JO UIF MJNJU PG EJTUPSUJPO�GSFF PQUJDT UIF 14' PG

UIF )45 JT MJNJUFE CZ EJ୭GSBDUJPO BMUIPVHI JU IBT EJ୭GSBDUJPO TQJLFT EVF UP UIF TVQQPSU WBOFT PG UIF

TFDPOEBSZ NJSSPS� (JWFO UIF DJSDVMBS BQFSUVSF PG UIF )45 UIF 14' JO CBOE i DBO CF NPEFMFE BT BO

���



"JSZ QBUUFSO XIPTF ୮ୢSTU [FSP�DSPTTJOH PDDVST BU B SBEJVT PG σQTG,i�

*O HFOFSBM VOJOGPSNBUJWF QSJPST DBO CF QMBDFE PO UIF QBSBNFUFST UIBU DIBSBDUFSJ[F UIF 14' TIBQF

F�H� σQTG,i� 5IJT XPVME BMMPX 14' QBSBNFUFST UP CF JOGFSSFE BMPOH XJUI UIF MFOTFE FNJTTJPO NFUB�

NPEFM� )PXFWFS JO UIF BCTFODF PG B CSJHIU QPJOU TPVSDF JO UIF JNBHF UIF 14' DBOOPU CF DPOTUSBJOFE�

5IFSFGPSF (BVTTJBO QSJPST BSF BEPQUFE PO UIF 14' QBSBNFUFST XIPTF NFBOT BOE TUBOEBSE EFWJB�

UJPOT BSF QSPWJEFE CZ FYUFSOBM DBMJCSBUJPO� 5IJT BMMPXT QSPQBHBUJPO PG VODFSUBJOUJFT EVF UP QPUFOUJBM

DPWBSJBODFT CFUXFFO UIF 14' BOE NPEFM QBSBNFUFST�

����� .ঘক খঊঐ

(JWFO UIF BCPWF JOHSFEJFOUT UIF NPEFM JNBHF QSJPS UP UIF 14' DPOWPMVUJPO DBO CF FYQSFTTFE BT UIF

TVN PG

ا JTPUSPQJD 	J�F� TQBUJBMMZ VOJGPSN
 FNJTTJPO DPNQPOFOU UP NPEFM EFUFDUPS CBDLHSPVOE BOE
JTPUSPQJD TLZ FNJTTJPO fCBD

ا FNJTTJPO GSPN UIF IPTU HBMBYZ fITU

ا HSBWJUBUJPOBMMZ MFOTFE FNJTTJPO PG B CBDLHSPVOE MJHIU TPVSDF EVF UP B GPSFHSPVOE IPTU HBMBYZ
BOE B WBSJBCMF OVNCFS PG JUT TVCIBMPT f̃TSD�

5IF UPUBM NPEFM FNJTTJPO fN JT UIFO PCUBJOFE CZ DPOWPMWJOH UIJT JNBHF XJUI UIF 14'F  TVDI

UIBU

fN = F ∗ (fCBD + fITU + f̃TSD). 	����
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5BCMFT ��� BOE ��� MJTU UIF NFUBNPEFM QBSBNFUFST� 5IF SPX HSPVQ BU UIF UPQ DPOUBJOT UIF IZQFS�

QBSBNFUFST XIJDI QBSBNFUSJ[F UIF DPOEJUJPOBM EJTUSJCVUJPO PG TVCIBMP QSPQFSUJFT� 5IFTF TVCIBMP

QBSBNFUFST BSF TIPXO JO UIF SPX HSPVQ BU UIF CPUUPN PG UIF MJTU� 5IF SFNBJOJOH SPX HSPVQT BSF UIF

14' CBDLHSPVOE BOE MFOT QBSBNFUFST GSPN UPQ UP CPUUPN� 5IF MFOT QBSBNFUFST BSF GVSUIFS EJWJEFE

JOUP UISFF TVCHSPVQT TFQBSBUFMZ TIPXJOH UIF GPSFHSPVOE IPTU MFOT CBDLHSPVOE MJHIU TPVSDF BOE

FYUFSOBM TIFBS QBSBNFUFST�

5IF UIJSE BOE GPVSUI DPMVNOT JOEJDBUF UIF NJOJNVN BOE NBYJNVN XIFO UIF BTTPDJBUFE EJTUSJ�

CVUJPO JT VOJGPSN MPH�VOJGPSN PS QPXFS�MBX BOE TIPX UIF NFBO BOE TUBOEBSE EFWJBUJPO XIFO UIF

EJTUSJCVUJPO JT (BVTTJBO� 5IF ୮ୢG୴I DPMVNO JOEJDBUFT UIF QBSBNFUFST PG UIF NFUBNPEFM GSPN XIJDI

UIF TJNVMBUFE EBUB TFUT BSF ESBXO� 4JNVMBUFE EBUB HFOFSBUJPO XJMM CF EJTDVTTFE JO 4FDUJPO ������

" QSPCBCJMJTUJD HSBQIJDBM NPEFM PG UIF MFOTFE FNJTTJPO NFUBNPEFM PCAT JT QSFTFOUFE JO 'JHVSF

��� XIJDI VTFT UIF TBNF OPUBUJPO BT 'JHVSF ����

��� *গএছগঌ ঘগ ঝ কগজ ঙকঊগ

*O PSEFS UP WBMJEBUF UIF JOGFSFODF QFSGPSNBODF PG PCAT JU JT SVO PO TJNVMBUFE EBUB� 5IFTF TJNVMBUFE

DPVOU NBQT BSF HFOFSBUFE BT 1PJTTPO SFBMJ[BUJPOT PG UIF QIPUPO DPVOU NBQT PCUBJOFE CZ GPSXBSE�

NPEFMJOH B HFOFSBUJWF 	USVF
 NFUBNPEFM� 4JODF UIF QBSBNFUFST PG UIF USVF NFUBNPEFM BSF LOPXO

UIF QPTUFSJPS DBO CF DPNQBSFE XJUI UIF VOEFSMZJOH USVF QBSBNFUFST� 5IJT BQQSPBDI ZJFMET GVMM DPO�

USPM PWFS TZTUFNBUJD FSSPST CZ BMMPXJOH VT GPS JOTUBODF UP ୮ୢU B EBUB TFU UIBU IBT CFFO ESBXO GSPN B

EJ୭GFSFOU NFUBNPEFM�
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OBNF QSJPS NJO�NFBO NBY�TUE USVF VOJU

µTVC VOJGPSN ޏ ޏޏސ �
β (BVTTJBO ޘ�ސ ޔ�ޏ ޘ�ސ
σQTG (BVTTJBO ޖޗޏ�ޏ ސޏ�ޏ ޖޗޏ�ޏ BSDTFD
A MPH�VOJGPSN 10−8 10−6 2× 10−7 FSH�DN2�T���TS

θ1,TSD VOJGPSN ޑ� ޑ 3$ BSDTFD
θ2,TSD VOJGPSN ޑ� ޑ 3$ BSDTFD
ITSD MPH�VOJGPSN 10−20 10−15 10−18 FSH�DN2�T��
θe,TSD MPH�VOJGPSN ސ�ޏ ޑ ޔ�ޏ BSDTFD
ϵTSD VOJGPSN ޏ ޒ�ޏ 3
φTSD VOJGPSN ޏ πޑ 3 SBEJBO
θ1,ITU VOJGPSN ޑ� ޑ 3$ BSDTFD
θ2,ITU VOJGPSN ޑ� ޑ 3$ BSDTFD
IITU MPH�VOJGPSN 10−20 10−15 10−16 FSH�DN2�T��
θF,ITU MPH�VOJGPSN ސ�ޏ ޑ ސ BSDTFD
θ&,ITU MPH�VOJGPSN ޔ�ޏ ޑ ޔ�ސ BSDTFD
ϵITU VOJGPSN ޏ ޔ�ޏ 3
φITU VOJGPSN ޏ πޑ 3 SBEJBO
γFYU VOJGPSN ޏ ޒ�ޏ 3
φFYU VOJGPSN ޏ πޑ 3 SBEJBO
NTVC 1PJTTPO µTVC

√
µTVC ޔޑ

θ⃗1 VOJGPSN ޑ� ޑ 3 BSDTFD
θ⃗2 VOJGPSN ޑ� ޑ 3 BSDTFD
α⃗T QPXFS�MBX ސޏ�ޏ ސ 3 BSDTFD
θ⃗T VOJGPSN ޏ ސ�ޏ 3 BSDTFD
θ⃗D VOJGPSN ޏ ޑ 3 BSDTFD

Table 4.1: The parameter list of the PCAT lensed emissionmetamodel. The letter R under the “true” column implies

that the associated parameter is randomly sampled from the prior. The letters RC, on the other hand, mean that the

parameter is drawn from aGaussian withmean 0 and standard deviation 0.04 arcsec.
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OBNF FYQMBOBUJPO

µTVC NFBO OVNCFS PG TVCIBMPT
β TMPQF PG UIF EF୯୳FDUJPO TUSFOHUI EJTUSJCVUJPO
σQTG SBEJVT PG UIF "JSZ EJTL UIBU SFQSFTFOUT UIF 14'
A OPSNBMJ[BUJPO PG UIF JTPUSPQJD FNJTTJPO

θ1,TSD IPSJ[POUBM DPPSEJOBUF PG UIF CBDLHSPVOE TPVSDF
θ2,TSD WFSUJDBM DPPSEJOBUF PG UIF CBDLHSPVOE TPVSDF
ITSD ୯୳VY PG UIF CBDLHSPVOE TPVSDF
θe,TSD IBMG�MJHIU SBEJVT PG UIF CBDLHSPVOE TPVSDF
ϵTSD FMMJQUJDJUZ PG UIF CBDLHSPVOE TPVSDF
φTSD B[JNVUIBM PSJFOUBUJPO PG UIF CBDLHSPVOE TPVSDF
θ1,ITU IPSJ[POUBM DPPSEJOBUF PG UIF IPTU HBMBYZ
θ2,ITU WFSUJDBM DPPSEJOBUF PG UIF IPTU HBMBYZ
IITU ୯୳VY PG UIF IPTU HBMBYZ
θF,ITU TDBMF TJ[F PG UIF 4©STJD QSP୮ୢMF PG UIF IPTU HBMBYZ
θ&,ITU &JOTUFJO SBEJVT PG UIF IPTU HBMBYZ
ϵITU FMMJQUJDJUZ PG UIF IPTU HBMBYZ
φITU B[JNVUIBM BOHMF PG UIF FMMJQUJDJUZ PG UIF IPTU HBMBYZ
γFYU BNQMJUVEF PG UIF FYUFSOBM TIFBS
φFYU B[JNVUIBM BOHMF PG UIF FYUFSOBM TIFBS
NTVC OVNCFS PG TVCIBMPT JO B NPEFM
θ⃗1 IPSJ[POUBM DPPSEJOBUF PG UIF nUI TVCIBMP
θ⃗2 WFSUJDBM DPPSEJOBUF PG UIF nUI TVCIBMP
α⃗T EF୯୳FDUJPO TUSFOHUI PG UIF nUI TVCIBMP
θ⃗T QSPKFDUFE TDBMF SBEJVT PG UIF nUI TVCIBMP
θ⃗D QSPKFDUFE DVUP୭G SBEJVT PG UIF nUI TVCIBMP

Table 4.2: The parameter list of the PCAT lensed emissionmetamodel, indicating themeaning of the parameter.
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Figure 4.4: The probabilistic graphical model of PCAT lensed emissionmetamodel. The notation is the same as that in

Figure 2.9. The lensed emissionmetamodel has massive subhalos as elements and another class of common parame-

ters,χ, to model themacro lens.
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����� 4খঞকঊঝ ঊঝঊ

8IFO TJNVMBUJOH BO JNBHF JU JT BTTVNFE UIBU UIF EBUB JT UBLFO VTJOH UIF 8'$��67*4 EFUFDUPS PO

UIF )45� 5IJT DIPJDF JT JOUFOEFE UP QSPWJEF BO FYBNQMF TJODF QSPCBCJMJTUJD DBUBMPHJOH DBO CF BQ�

QMJFE UP BOZ QIPUPNFUSJD EBUB TFU TVDI BT HSPVOE�CBTFE IJHI�SFTPMVUJPO JNBHFT UIBU VTF BEBQUJWF

PQUJDT� *U JT GVSUIFS BTTVNFE UIBU UIF '���8 ୮ୢMUFS JT VTFE UP DPMMFDU UIF QIPUPOT� 'PS UIJT )45 CBOE

UIF GPSXBSE�NPEFMFE TVSGBDF CSJHIUOFTT J�F� JO VOJUT PG FSH DN−2 T−1 �−1 TS−1 JT NVMUJQMJFE CZ

6.1 × 1018 FSH−1 DN2 T � ��� BT XFMM BT UIF QJYFM BSFB JO PSEFS UP PCUBJO UIF GPSXBSE�NPEFMFE QIP�

UPO DPVOUT QFS QJYFM� *U JT BTTVNFE UIBU UIF QIPUPNFUSJD EBUB JT DPMMFDUFE JO B TJOHMF FYQPTVSF BOE

UIBU OP ESJ[[MJOH JT BQQMJFE� 'VSUIFSNPSF UIF PCTFSWBUJPO UJNF JT ୮ୢYFE BU ���� TFDPOET XIJDI JT

SPVHIMZ FRVJWBMFOU UP B IBMG PSCJU PG )45� $IPPTJOH UIF TJNVMBUFE HBMBYZ CSJHIUOFTTFT MPX FOPVHI

BMMPXT POF UP FOTVSF UIBU UIF $$% EPFT OPU TBUVSBUF PWFS UIF TFMFDUFE FYQPTVSF UJNF� 'JOBMMZ EF୮ୢO�

JOH TJHOBM�UP�OPJTF BT UIF SBUJP PG UIF MFOTFE TVSGBDF CSJHIUOFTT XJUI UIF TRVBSF SPPU PG UIF UPUBM TVS�

GBDF CSJHIUOFTT UIF OPNJOBM TJNVMBUFE EBUB TFU IBT B NBYJNVN QFS�QJYFM TJHOBM�UP�OPJTF PG 9 XIJDI

RVJDLMZ EFDBZT BXBZ GSPN UIF NVMUJQMF JNBHFT PG UIF CBDLHSPVOE TPVSDF�

5IF QBSBNFUFST PG UIF USVF NFUBNPEFM BSF TBNQMFE SBOEPNMZ GSPN UIF QSJPS VOMFTT TUBUFE PUIFS�

XJTF JO 5BCMF ���� *O QBSUJDVMBS UIF NJOJNVN PG UIF USVF EJTUSJCVUJPO PG αT,n JT DIPTFO UP CF �����

BSDTFD BOE UIF OVNCFS PG USVF TVCIBMPT JT ୮ୢYFE BU ��� 5IFTF UXP DIPJDFT BSF NBEF TP UIBU UIF SFTVMU�

JOH USVF TVCIBMP NBTT GSBDUJPO BWFSBHFE XJUIJO ��� BSDTFD PG UIF DSJUJDBM DVSWF JT∼ 2% ���� 'VSUIFS�

NPSF EFUFSNJOJTUJD WBMVFT BSF BTTJHOFE UP TPNF QBSBNFUFST BT JOEJDBUFE VOEFS UIF USVF DPMVNO PG

UIF UBCMF� 5IF MFUUFS DPNCJOBUJPO 3$ VOEFS UIJT DPMVNO JOEJDBUFT UIBU UIF BTTPDJBUFE QBSBNFUFST
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	HBMBYZ DPPSEJOBUFT
 BSF ESBXO GSPN (BVTTJBOT BU UIF DFOUFS PG UIF JNBHF XJUI B TUBOEBSE EFWJBUJPO

FRVBM UP B QJYFM TJ[F 	���� BSDTFD
� -JLFXJTF 3 EFOPUFT UIBU UIF QBSBNFUFS JT ESBXO SBOEPNMZ GSPN

UIF QSJPS� 0ODF UIF USVF NFUBNPEFM QBSBNFUFST BSF EFUFSNJOFE UIF QSFEJDUFE JNBHF JT DBMDVMBUFE

BOE B 1PJTTPO SFBMJ[BUJPO PG UIF NBQ JT ESBXO UP PCUBJO UIF TJNVMBUFE QIPUPO DPVOU NBQ�

5IF USVF TVCIBMPT JO UIJT TJNVMBUFE EBUB TFU BSF NPTUMZ MPX�TJHOJ୮ୢDBODF TVCIBMPT� 0VU PG UIF ��

USVF TVCIBMPT POMZ � JNQSPWF UIF HPPEOFTT�PG�୮ୢU MPHP (D|ΩM̂ ) CZ NPSF UIBO �� XIFO BEEFE UP

UIF NPEFM NFBOJOH UIBU UIF SFTU BSF CFMPX UIF EFUFDUJPO UISFTIPME 	J�F� 5σ
 GPS � EFHSFFT PG GSFF�

EPN�

����� /ঘখগঊক 3জঞকঝজ

'JHVSF ��� TIPXT UIF OPNJOBM TJNVMBUFE QIPUPO DPVOU NBQ 	SFQFBUFE BDSPTT QBOFMT
 BOE TJY GBJS

TBNQMFT GSPN UIF FOTFNCMF PG TVCIBMP DBUBMPHT SFQSFTFOUFE XJUI CMVF QMVTFT� "MTP TIPXO XJUI UIF

HSFFO NBSLFST JT UIF USVF DBUBMPH PG TVCIBMPT�

5IF NVMUJQMF JNBHFT JO UIF TJNVMBUFE EBUB TFU BSF GPSNFE CZ B CBDLHSPVOE HBMBYZ OFBS UIF GPME

DBVTUJD PG BO FMMJQUJDBM GPSFHSPVOE HBMBYZ� 5IF HSFFO SJHIU USJBOHMF BOE UIF CMVF MFG୴ USJBOHMF TIPX

UIF QPTJUJPO PG UIF USVF BOE NPEFM CBDLHSPVOE TPVSDF SFTQFDUJWFMZ� 4JNJMBSMZ UIF HSFFO EJBNPOE

BOE UIF CMVF ୮ୢMMFE TRVBSF JOEJDBUF UIF QPTJUJPO PG UIF USVF BOE NPEFM IPTU HBMBYZ PO UIF MFOT QMBOF

SFTQFDUJWFMZ� 5IF QPTJUJPOT PG UIF USVF BOE NPEFM HBMBYJFT BSF PWFSMBQQJOH JO BMM TBNQMFT BMUIPVHI

UIF QPTJUJPOT PG UIF CMVF NBSLFST IBWF VOOPUJDFBCMF WBSJBUJPOT BDSPTT TBNQMFT EVF UP UIF SBUIFS TNBMM

VODFSUBJOUJFT JO UIF QPTUFSJPST PG UIF TPVSDF BOE IPTU HBMBYZ QPTJUJPOT�

���



Figure 4.5: Fair samples from the posterior of the catalog space of subhalos. The gray scale shows the number of

photons per pixel using a MPH stretch. Superposed on the simulated image, the panels show 6 out of 1000 fair samples

from the posterior of the subhalo catalog space, using blue pluses. Posterior samples shown in the left column have the

regularization prior, which effectively reduces the number of subhalos. The samples on the right have the default (i.e.,

uniform P(MPHµ)) prior. Also superposed on all panels is the true catalog of subhalos, shownwith green squares. The
sizes of themarkers are proportional to the square root of the deflection strengths of the subhalos. The green diamond

and blue square denote the positions of the true and sample host galaxy, respectively. Similarly, the green right triangle

and the blue left triangle show the position of the true and sample background source, respectively. Note that the

macro lensmodel also changes from panel to panel.
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࠭࠰ࠡࠟ. ࠱ࠬࠣࠪ ࠫ࠭ࠢࠣࠪ 4VCIBMPT IBWF B QFSUVSCBUJWF F୭GFDU PO UIF EF୯୳FDUJPO ୮ୢFME PUIFSXJTF EPNJ�

OBUFE CZ UIF IPTU HBMBYZ� 5IFSFGPSF BOZ CJBT JO UIF IPTU HBMBYZ QBSBNFUFST BT XFMM BT PUIFS NBDSP

MFOT QBSBNFUFST TVDI BT UIPTF PG UIF CBDLHSPVOE HBMBYZ BOE UIF FYUFSOBM TIFBS DBO QPUFOUJBMMZ MFBL

JOUP DPOTUSBJOUT PO UIF TVCIBMP QSPQFSUJFT� )FODF UIF QPTUFSJPS PG UIF NBDSP MFOT NPEFM QBSBNFUFST

BSF EJTDVTTFE ୮ୢSTU�

*O HFOFSBM JU JT GPVOE UIBU UIF CFTU DPOTUSBJOFE NBDSP MFOT QBSBNFUFST BSF UIF QPTJUJPOT PG UIF

IPTU BOE TPVSDF HBMBYJFT BOE UIF &JOTUFJO SBEJVT PG UIF IPTU HBMBYZ� 5IFZ HFOFSBMMZ IBWF QPTUFSJPS

��% DSFEJCMF JOUFSWBMT UIBU BSF 6 × 10−4 BSDTFD 5 × 10−3 BSDTFD BOE 0.01 BSDTFD XJEF SFTQFD�

UJWFMZ� )PXFWFS JU JT BMTP GPVOE UIBU UIF &JOTUFJO SBEJVT PG UIF IPTU IBMP DPSSFMBUFT XJUI JUT FMMJQUJDJUZ

XIPTF BNQMJUVEF BOE PSJFOUBUJPO BOHMF BSF DPOTUSBJOFE JOTJEF ��ॎ DSFEJCMF JOUFSWBMT UIBU BSF ����

BOE �◦ XJEF SFTQFDUJWFMZ� 5IF BOUJ�DPSSFMBUJPO DBO CF BUUSJCVUFE UP UIF GBDU UIBU UIF DSJUJDBM DVSWF JT

DPOTUSBJOFE NPSF TUSPOHMZ BMPOH POF BYJT PG TZNNFUSZ UIBO UIF PUIFS�

"T BO FYBNQMF 'JHVSF ��� TIPXT UIF EJTUSJCVUJPO PG QPTUFSJPS TBNQMFT PO UIF IPSJ[POUBM QPTJUJPO

PG UIF IPTU IBMP� 5IF HSFFO WFSUJDBM MJOF JOEJDBUFT UIF USVF WBMVF PG UIF QBSBNFUFS XIFSFBT UIF SFE

WFSUJDBM MJOF TIPXT UIF WBMVF PG UIF QBSBNFUFS JO UIF NBYJNVN MJLFMJIPPE TBNQMF�

5IF IPTU BOE TPVSDF HBMBYZ ୯୳VYFT PO UIF PUIFS IBOE BSF DPOTUSBJOFE BU UIF∼ 2% BOE∼ 10%

MFWFM SFTQFDUJWFMZ� 4QFDJ୮ୢDBMMZ UIF QSJPS LOPXMFEHF PG UIF NPSQIPMPHZ PG UIF HBMBYJFT J�F� UIBU UIFZ

BSF 4©STJD QSP୮ୢMFT PG LOPXO JOEJDFT SFEVDFT UIF VODFSUBJOUZ PO UIF ୯୳VYFT� *G UIF TPVSDF QMBOF FNJT�

TJPO IBE CFFO BMMPXFE UP WBSZ GSPN QJYFM UP QJYFM TVCKFDU UP TPNF SFHVMBSJ[BUJPO UIF VODFSUBJOUJFT

PO UIF CBDLHSPVOE FNJTTJPO XPVME CF MBSHFS� /FWFSUIFMFTT TJODF UIF QPTUFSJPS JT NBSHJOBMJ[FE PWFS

UIF FNJTTJPO PO UIF TPVSDF QMBOF UIJT QSPQBHBUFT BOZ VODFSUBJOUJFT UP UIF NBSHJOBM QPTUFSJPS PG UIF

���



Figure 4.6: Histogram of samples from the posterior of the horizontal position of the host halo shownwith the blue his-

togram. The green vertical line indicates the true value of the parameter, whereas the red vertical line shows the value

of the parameter in themaximum likelihood sample. The dot-dashed and dashed vertical lines denote the following

percentiles: 2.5, 16, 84, and 97.5.

TVCIBMP QSPQFSUJFT� 5IF DIPJDF PG 4©STJD QSP୮ୢMF BMTP JOUSPEVDFT B TUSPOH DPWBSJBODF CFUXFFO UIF MV�

NJOPTJUZ BOE IBMG�MJHIU SBEJVT PG UIF HBMBYJFT XIJDI DBO IBWF DPSSFMBUJPO DPF୭୮ୢDJFOUT BT MBSHF BT ����

5IF FYUFSOBM TIFBS JT UIF MFBTU TUSPOHMZ DPOTUSBJOFE DPNQPOFOU PG UIF NBDSP MFOT NPEFM XJUI

UZQJDBM VODFSUBJOUJFT PG∼ 10% PO UIF NBHOJUVEF PG UIF TIFBS ୮ୢFME BOE∼ 20◦ VODFSUBJOUZ PO

JUT EJSFDUJPO� 5IF MBSHF VODFSUBJOUZ JO UIF BMJHONFOU JT EVF UP UIF EFHFOFSBDZ PG UIF RVBESVQPMF

TIFBS UFSN XJUI UIF PWFSBMM EF୯୳FDUJPO ୮ୢFME EVF UP TVCIBMPT� 4JNJMBSMZ UIF QPTUFSJPS PG UIF MFOTFE

FNJTTJPO NFUBNPEFM JT NBSHJOBMJ[FE PWFS UIF TIFBS ୮ୢFME BOE JUT VODFSUBJOUJFT BSF QSPQBHBUFE UP UIF

VODFSUBJOUJFT PO UIF TVCIBMP QSPQFSUJFT�

'JOBMMZ BO VODFSUBJOUZ PG∼ 0.1% JT PCUBJOFE PO UIF JTPUSPQJD FNJTTJPO DPNQPOFOU BOE UIF QSJPS

VODFSUBJOUZ PO UIF 14' JT SFDPWFSFE JO UIF QPTUFSJPS� 5IF MBUUFS BMMPXT POF UP NBSHJOBMJ[F PWFS VO�

DFSUBJOUJFT EVF UP UIF MBDL PG QFSGFDU LOPXMFEHF PG UIF 14' BOE JT OPU JOUFOEFE UP HBJO JOGPSNBUJPO
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Figure 4.7: Histogram of the tidally truncated subhalomasses in the truemodel (green) and the posterior (blue). The

central point and the error bars show the 16th, 50th and 84th percentiles of the histogram samples from the posterior,

respectively. Posterior histogram agrees with the true histogram even though themajority of the subhalos are below

detection threshold. It is important to note that the inferred posterior depends on the choice ofαT,NJO, i.e., the poste-

rior would extend to lowermasses (and bemore prior-dominated) ifαT,NJO is lowered. Therefore, themain inference

of interest here is the normalization of the posterior subhalomass distribution given a choice ofαT,NJO and a broad

Gaussian prior on the log-slope,β .

BCPVU UIF 14' VTJOH UIF JNBHF�

࠭ࠪࠟࠦࠠ࠳4 ࠱࠱ࠟࠫ ࠬ࠭ࠧ࠲ࠡࠬ࠳ࠤ 5IF QPTUFSJPS USVODBUFE NBTT EJTUSJCVUJPO PG UIF TVCIBMPT JT QSFTFOUFE

JO 'JHVSF ���� 5IF ୮ୢHVSF TIPXT UIF IJTUPHSBN PG UIF USVODBUFE NBTTFT PG UIF USVF TVCIBMPT JO HSFFO�

0WFSQMPUUFE XJUI CMVF FSSPS CBST JT UIF NFEJBO IJTUPHSBN PG UIF USVODBUFE NBTTFT PG UIF TVCIBMPT

JO UIF QPTUFSJPS TBNQMFT� 5IFTF CMVF QPJOUT XJUI FSSPS CBST BSF PCUBJOFE CZ ୮ୢSTU DBMDVMBUJOH UIF IJT�

UPHSBN PG UIF USVODBUFE NBTTFT GPS FBDI QPTUFSJPS TBNQMF GSPN UIF NFUBNPEFM� 5IFO ��UI ��UI

BOE ��UI QFSDFOUJMFT JO FBDI CJO BSF QMPUUFE BT UIF MPXFS DBQ DFOUSBM QPJOU BOE UIF VQQFS DBQ PG UIF

FSSPS CBS SFTQFDUJWFMZ�

*O 'JHVSF ��� NBTT CJOT UIBU DPOUBJO B USVF TVCIBMP NBZ IBWF B NFEJBO QPTUFSJPS PUIFS UIBO POF
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BOE UIF QPTUFSJPS VODFSUBJOUJFT HP BCPWF [FSP XIFO UIFSF JT OP USVF TVCIBMP� 5IJT JT B SFTVMU PG BD�

DPVOUJOH GPS USBOTEJNFOTJPOBM 	BDSPTT�NPEFM
 DPWBSJBODFT� 5IBOLT UP USBOTEJNFOTJPOBM QSPQPTBMT

B USVF TVCIBMP DBO CF ୮ୢUUFE CPUI XJUI NVMUJQMF BOE MPXFS�NBTT TVCIBMPT BOE B TJOHMF NPSF NBTTJWF

TVCIBMP� *U JT JNQPSUBOU UP FNQIBTJ[F UIBU TVDI USBOTEJNFOTJPOBM DPWBSJBODFT FYJTU FWFO GPS USVF

TVCIBMPT XJUI IJHI TJHOJ୮ୢDBODF� 5IFSFGPSF FWFO UIPVHI UIF MPH�MJLFMJIPPE EJ୭GFSFODF CFUXFFO UXP

NPEFMT XJUI BOE XJUIPVU B HJWFO TVCIBMP NBZ CF XFMM BCPWF �� JU NBZ CF BT MPX BT B GFX XIFO DPN�

QBSJOH UXP NPEFMT XIFSF UIF TVCIBMP FYJTUT BT B TJOHMF IJHI�NBTT DMVNQ BOE BT UXP TNBMMFS�NBTT

DMVNQT� 'VSUIFSNPSF JU JT BMTP USVF UIBU B IJHI�NBTT TVCIBMP DBO CF GBS GSPN UIF NVMUJQMF JNBHFT

DBVTJOH UIF QPTUFSJPS TVCIBMP NBTT GVODUJPO UP CF VOJOGPSNFE PG JUT FYJTUFODF�

5IF SPMM�P୭G BU TNBMM NBTTFT JT EVF UP UIF DIPJDF PG UIF NJOJNVN EF୯୳FDUJPO TUSFOHUI BMMPXFE JO

UIF NPEFM αT,NJO� *G UIJT WBMVF JT EFDSFBTFE UIF QPTUFSJPS FYUFOET UP MPXFS NBTTFT� 5IFSFGPSF UIF

DPOTUSBJOUT EFSJWFE PO UIF TVCIBMP NBTT GVODUJPO NVTU CF RVPUFE GPS B HJWFO αT,NJO� (JWFO UIF

DIPJDF PG UIF TJNVMBUFE EBUB TFU BOE UIF TJNVMBUJPO SFETIJG୴T UIF QPTUFSJPS TVCIBMP NBTT GVODUJPO

CFDPNFT QSJPS�ESJWFO CFMPX∼ 108M⊙� 5IJT JT JMMVTUSBUFE JO 'JHVSF ��� XIJDI TIPXT UIF USVODBUFE

NBTT BOE TJHOJ୮ୢDBODF PG TVCIBMPT JO B EJ୭GFSFOU TJNVMBUFE EBUB TFU XJUI B IJHIFS OVNCFS PG TVCIBMPT�

"T GPS UIF EF୯୳FDUJPO QSP୮ୢMF QBSBNFUFST θT,n BOE θD,n JU JT GPVOE UIBU UIF QSPKFDUFE DVUP୭G SBEJVT

JT CFUUFS DPOTUSBJOFE UIBO UIF QSPKFDUFE TDBMF SBEJVT� Tؠ�$'8 QJYFM TJ[F PG ���� BSDTFD JT DPNQBSBCMF

UP UIF QSPKFDUFE TDBMF SBEJVT PG BO /'8 TVCIBMP XJUI rT,n = 200 QD BU UIF TJNVMBUJPO SFETIJG୴

PG z = 0.2� 5IJT JNQMJFT UIBU DVSSFOU PQUJDBM QIPUPNFUSZ JT JOTFOTJUJWF UP UIF TDBMF SBEJJ PG NPTU

TVCIBMPT� )PXFWFS NPSF NBTTJWF TVCIBMPT DMPTF UP UIF NVMUJQMF JNBHFT DBO TUJMM CF EJTUJOHVJTIFE

CBTFE PO UIFJS QSPKFDUFE TDBMF SBEJJ XIJDI NPUJWBUFT UIF DIPJDF UP NBLF θT,n TVCKFDU UP JOGFSFODF�
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Figure 4.8: Truncatedmass vs. significance (i.e., maximum log-likelihood difference of adding the subhalo to themodel)

of simulated subhalos in a different simulation with a higher number of subhalos. The vertical lines indicate 1σ through

5σ for 5 degrees of freedom. For this simulation, subhalos fall below 1σ at amean truncatedmass of 2× 108M⊙.

5IF NBTT PG B TVCIBMP EPFT OPU IBWF B POF�UP�POF DPSSFMBUJPO XJUI JUT TJHOJ୮ୢDBODF� *O B QIPUP�

NFUSJD JOGFSFODF QSPCMFN IPX UIF ୯୳VY PG B HJWFO QPJOU TPVSDF DPNQBSFT UP UIF CBDLHSPVOE FNJT�

TJPO JOTJEF UIF '8). PG UIF 14' MBSHFMZ EFUFSNJOFT JUT TJHOJ୮ୢDBODF ���� 5IFSFGPSF JTPMBUFE CSJHIU

MJHIU TPVSDFT BSF FYQFDUFE PO BWFSBHF UP CF NPSF TUBUJTUJDBMMZ TJHOJ୮ୢDBOU UIBO GBJOUFS POFT� )PXFWFS

IPX TUSPOHMZ B TVCIBMP DBO CF DPOTUSBJOFE JO UIF MFOTJOH QSPCMFN EFQFOET PO JUT NBTT BT XFMM BT

IPX JUT EF୯୳FDUJPO ୮ୢFME JT PSJFOUFE XJUI SFTQFDU UP UIF MFOTFE FNJTTJPO� 4JODF UIF EF୯୳FDUJPO QSP୮ୢMF

PG B TVCIBMP ESPQT CFZPOE JUT QSPKFDUFE TDBMF SBEJVT JO PSEFS UP IBWF OPO�OFHMJHJCMF F୭GFDU PO UIF

MPH�MJLFMJIPPE B TVCIBMP OFFET UP CF DMPTF UP BO BMSFBEZ MFOTFE FNJTTJPO PO UIF JNBHF QMBOFॵ XFMM

ॵ IBWJOH B MBSHF FOPVHI NBTT�

5IF MFBEJOH PSEFS DPOUSJCVUJPO PG B HJWFO TVCIBMP XJUI JOEFY n UP UIF NPEFM JNBHF DBO CF PC�

UBJOFE CZ 5BZMPS FYQBOEJOH &RVBUJPO 	���
� 3FDBTUJOH UIJT FRVBUJPO JO UFSNT PG UIF QIPUPO DPVOU
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NBQ MFOTFE CZ UIF IPTU IBMP FYUFSOBM TIFBS BOE BMM TVCIBMPT FYDFQU UIF nUI TVCIBMP k̄m UIF MFOTFE

DPVOU NBQ

k̃m(θ1, θ2) = k̄m(θ1, θ2) + α⃗n · ∇⃗k̄m(θ1, θ2) +O(α⃗2
n), 	����


JT PCUBJOFE�

5IF TFDPOE UFSN JT OFHBUJWF PWFS TPNF SFHJPOT PG UIF MFOTFE FNJTTJPO BOE QPTJUJWF JO PUIFS SF�

HJPOT�
〈
|α⃗n · ∇⃗km

∣∣∣⟩ JOTUFBE CFUUFS FODBQTVMBUFT UIF MFWFM PG QFSUVSCBUJPO B HJWFO TVCIBMP JOUSPEVDFT

UP UIF JNBHF BMSFBEZ MFOTFE CZ BMM PUIFS NBTT DPNQPOFOUT� 5IFSFGPSF JU JT B SFMBUJWFMZ NPSF BDDVSBUF

FTUJNBUPS PG UIF TJHOJ୮ୢDBODF PG B HJWFO TVCIBMP DPNQBSFE UPMD,O� 5IJT RVBOUJUZ JT SFGFSSFE UP BT UIF

TVCIBMP SFMFWBODF� 4VCIBMPT XJUI MPX SFMFWBODF DBOOPU CF DPOTUSBJOFE VTJOH UIF PCTFSWFE QIPUPNFU�

SJD EBUB� "O FYBNQMF DBO CF TFFO JO 'JHVSF ��� XIFSF UIF USVF TVCIBMP BU 	��� ���
 BSDTFD JT SFMBUJWFMZ

MFTT DPOTUSBJOFE EFTQJUF IBWJOH B NBTT BCPWF 108M⊙�

'JHVSF ��� TIPXT UIF DPSSFMBUJPO CFUXFFO UIF SFMFWBODF PG B TVCIBMP BOE UIF MPH�MJLFMJIPPE JO�

DSFBTF XIFO JODMVEJOH UIF TVCIBMP JOUP UIF MFOT NPEFM XIJMF MFBWJOH BMM PUIFS QBSBNFUFST ୮ୢYFE� 5IF

DPSSFMBUJPO JT OPU POF�UP�POF IPXFWFS EVF UP UIF GBDU UIBU UIF IPTU HBMBYZ BOE UIF FYUFSOBM TIFBS

DBO EPNJOBUF UIF EF୯୳FDUJPO ୮ୢFME JO TPNF SFHJPOT NPSF UIBO PUIFST XIJDI DBVTFT TVCIBMPT XJUI

FRVBM SFMFWBODF UP IBWF EJ୭GFSFOU TJHOJ୮ୢDBODFT� 5IFSFGPSF JO HFOFSBM TJHOJ୮ୢDBOU TVCIBMPT IBWF IJHI

SFMFWBODF CVU IJHI SFMFWBODF TVCIBMPT DBO IBWF WFSZ MPX TJHOJ୮ୢDBODF�
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Figure 4.9: Correlation between the relevance of a simulated subhalo population and the log-likelihood improvement

in adding each subhalo to themodel,∆n MOL. Vertical dashed lines indicate 1σ, 2σ, 3σ, 4σ, and 5σ contours for

5 degrees of freedom. These subhalos are independently drawn and do not correspond to the true subhalos in the

simulated strong lens shown in Figure 4.5.

࠭ࠪࠟࠦࠠ࠳4 ࠱࠱ࠟࠫ ࠬ࠭ࠧ࠲ࠡࠟ࠰ࠤ 5IF TIBQF PG UIF TVCIBMP NBTT GVODUJPO JT QPPSMZ DPOTUSBJOFE HJWFO UIF

TNBMM OVNCFS PG TUSPOHMZ MFOTFE TZTUFNT BOBMZ[FE TP GBS� /FWFSUIFMFTT UIF GSBDUJPO PG NBTT UJFE JO

TVCIBMPT JO UIF WJDJOJUZ PG UIF DSJUJDBM DVSWF PG UIF IPTU IBMP DBO CF BDDVSBUFMZ NFBTVSFE GPS IJHI

TJHOBM�UP�OPJTF TUSPOH MFOTFT� 5IFSFGPSF UIF TVCIBMP NBTT GSBDUJPO QSPWJEFT BO PCTFSWBUJPOBM TVN�

NBSZ TUBUJTUJD PG UIF TVCIBMP NBTT GVODUJPO�

*O PSEFS UP EFUFSNJOF UIF QPTUFSJPS GSBDUJPO PG NBTT MPDLFE JO TVCIBMPT UIF RVBOUJUZ JT ୮ୢSTU DBM�

DVMBUFE GPS FBDI TBNQMF BOE UIFO UIF NPNFOUT PG UIF QPTUFSJPS BSF EFUFSNJOFE� 5IF TVCIBMP NBTT

GSBDUJPO GPS B HJWFO TBNQMF GSPN UIF NFUBNPEFM JT EF୮ୢOFE BT UIF SBUJP CFUXFFO UIF NFBO TVSGBDF

NBTT EFOTJUZ EVF UP BMM TVCIBMPT BOE UIBU EVF UP UIF IPTU IBMP JOTJEF BO BOOVMJ DFOUFSFE BU UIF IPTU
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Figure 4.10: Histogram of samples from the posterior of the subhalomass fraction (right). TheMCMC time evolution

of the quantity (left). The legend is similar to that in Figure 4.6. The red (maximum likelihood sample), and the dashed

blue (97.5th percentile) lines overlap.

QPTJUJPO XJUI SBEJVT θ&,ITU BOE UIJDLOFTT ��� BSDTFD
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∫
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. 	����


XIFSF أBOOآ SFQSFTFOUT UIF NFOUJPOFE BOOVMVT BSPVOE UIF IPTU IBMP� 5IF SFTVMUJOH QPTUFSJPS PG

UIF TVCIBMP NBTT GSBDUJPO BU UIF &JOTUFJO SBEJVT JT TIPXO JO 'JHVSF ���� BMPOH XJUI JUT FWPMVUJPO BT B

GVODUJPO PG .$.$ UJNF� /PUF UIBU B QSJPS QSPCBCJMJUZ EJTUSJCVUJPO PO UIF TVCIBMP NBTT GSBDUJPO

f&,TVC JT OPU JNQPTFE EJSFDUMZ� 5IF ୮ୢHVSF TIPXT UIBU UIF QPTUFSJPS PG f&,TVC BHSFFT XJUI UIF USVF WBMVF

BOE UIBU JU JT TFOTJUJWF UP UIF FYJTUFODF PG TVCIBMPT CFMPX EFUFDUJPO� 5IF HSFFO MJOF TIPXT UIF USVF

TVCIBMP NBTT GSBDUJPO�

-BTU 'JHVSF ���� TIPXT UIF NFEJBO PG UIF QPTUFSJPS EF୯୳FDUJPO EVF UP WBSJPVT DPNQPOFOUT� *O PS�
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Figure 4.11:Median of the posterior deflection fields due to various components. The arrows indicate the local direc-

tion of the deflection field and have lengths that represent themagnitude of the deflection field. However, the arrows

in the left and right panels have been scaled by 0.1 and 10, respectively, for better visibility. The positions of the true

subhalos are shownwith green Xs, whose area are proportional to themasses of the subhalos. The radii of the green

and dashed blue circles are the Einstein radii of the true and samplemacro lensmodels, respectively. They are only

drawn to guide the eye in the absence of the observed image.

EFS UP DPNQVUF UIFTF NBQT UIF IPSJ[POUBM BOE WFSUJDBM DPNQPOFOUT PG UIF BTTPDJBUFE WFDUPS ୮ୢFME

BSF ୮ୢSTU DBMDVMBUFE GPS FBDI GBJS TBNQMF GSPN UIF QPTUFSJPS PG UIF MFOTFE FNJTTJPO NFUBNPEFM� 5IFO

GPS FBDI QJYFM UIF ��UI QFSDFOUJMFT 	NFEJBOT
 BSF EFUFSNJOFE� 'JHVSF ���� UIFO JMMVTUSBUFT UIF EF୯୳FD�

UJPO ୮ୢFME TFQBSBUFMZ GPS UIF IPTU IBMP 	MFG୴
 FYUFSOBM TIFBS 	DFOUFS
 BOE TVCIBMP QPQVMBUJPO 	SJHIU
�

5IF SBEJVT PG UIF HSFFO BOE CMVF EBTIFE MJOFT XIJDI BSF BMTP NPTUMZ PWFSMBQQJOH EFOPUF UIF DJSDMFT

XIPTF SBEJJ DPJODJEF XJUI UIF &JOTUFJO SBEJJ PG UIF USVF BOE NPEFM IPTU IBMPT SFTQFDUJWFMZ� 4JODF UIF

IPTU HBMBYZ JT FMMJQUJDBM IPXFWFS UIF DJSDMFT EP OPU DPSSFTQPOE UP UIF DSJUJDBM DVSWF BOE BSF JOUFOEFE

UP HVJEF UIF FZF� 5IF BSFB PG B DJSDMF JT QSPQPSUJPOBM UP UIF IPTU NBTT DPOUBJOFE JOTJEF UIF &JOTUFJO SB�

EJVT� 5IF USVF &JOTUFJO SBEJVT JT ��� BSDTFD ZJFMEJOH B NBTT JOTJEF UIF &JOTUFJO SBEJVT PG �×��11 M⊙�

1PTUFSJPS UPUBM EF୯୳FDUJPO ୮ୢFME JT GPVOE UP CF DPOTUSBJOFE BU UIF QFSDFOU MFWFM BDSPTT NPTU PG UIF

JNBHF� )PXFWFS UIJT USBOTMBUFT UP∼ ���ॎ VODFSUBJOUZ JO UIF EF୯୳FDUJPO ୮ୢFME EVF UP TVCIBMPT� 1PT�

UFSJPS EF୯୳FDUJPO ୮ୢFME EVF UP TVCIBMPT JT POMZ DPOTUSBJOFE XFMM OFBS UIF NVMUJQMF JNBHFT XIFSF UIF
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Figure 4.12:Mean of the posterior convergence obtained from the transdimensional (left) and one-subhalo (right)

inferences. Greenmarkers and the circle have the samemeaning as in Figure 4.11.

VODFSUBJOUJFT DBO CF BT MPX BT ��ॎ�

����� 5 ঋঊজ গ ঊ ঘগ�জঞঋঊকঘ কগজ খঘক

'JYFE�EJNFOTJPOBM MFOT NPEFMJOH SFRVJSFT JUFSBUJWFMZ UFTUJOH MFOT NPEFMT XJUI B ୮ୢYFE OVNCFS PG

TVCIBMPT 	PS B ୮ୢYFE BNPVOU PG BOZ PUIFS GPSN PG BEEJUJPOBM NPEFM DPNQMFYJUZ
 JO BEEJUJPO UP UIF

TNPPUI MFOT NPEFM� *O UIF TJNQMFTU BQQSPBDI B TJOHMF TVCIBMP DBO CF BEEFE UP UIF TNPPUI MFOT

NPEFM UP ୮ୢU BO PCTFSWFE QIPUPO DPVOU NBQ� *O UIJT TFDUJPO UIF QSFWJPVT SFTVMUT GSPN USBOTEJNFO�

TJPOBM TBNQMJOH BSF DPNQBSFE UP TVDI B DBTF XIFSF UIF MFOT NPEFM DPOUBJOT B TJOHMF TVCIBMP� 5P

NBLF B SPCVTU DPNQBSJTPO UIF TBNF TJNVMBUFE QIPUPO DPVOU NBQ JT VTFE BT TIPXO JO 'JHVSF ����

5IFO JOTUFBE PG BMMPXJOH B WBSJBCMF OVNCFS PG TVCIBMPT JO UIF MFOT NPEFM UIF USBOTEJNFOTJPOBM

QSPQPTBMT JO PCAT BSF UVSOFE P୭G BOE UIF OVNCFS PG TVCIBMPT JT ୮ୢYFE UP �� 5IF MBUUFS TDIFNF JT TUJMM

#BZFTJBO BOE QSPCFT BMM XJUIJO�NPEFM DPWBSJBODFT CVU OFHMFDUT BDSPTT�NPEFM DPWBSJBODFT�
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'JHVSF ���� JMMVTUSBUFT UIF NFEJBO PG UIF QPTUFSJPS DPOWFSHFODF PCUBJOFE JO UIF USBOTEJNFOTJPOBM

	MFG୴
 BOE POF�TVCIBMP 	SJHIU
 JOGFSFODFT� 5IFTF QPTUFSJPS DPOWFSHFODF NBQT BSF PCUBJOFE TJNJMBSMZ

UP UIF QPTUFSJPS EF୯୳FDUJPO NBQT J�F� UIF DPOWFSHFODF NBQT BSF DBMDVMBUFE GPS FBDI TBNQMF GSPN UIF

QPTUFSJPS CZ OVNFSJDBMMZ EJ୭GFSFOUJBUJOH UIF EF୯୳FDUJPO ୮ୢFME BOE UIFO UIF NFEJBO DPOWFSHFODF JO

FBDI QJYFM JT QSFTFOUFE BT UIF NFEJBO PG UIF QPTUFSJPS DPOWFSHFODF NBQ�

*O UIF MFG୴ QBOFM PG 'JHVSF ���� USBOTEJNFOTJPOBMJUZ BMMPXT TVCIBMPT UP CF CPSO BOE EJF BDSPTT UIF

JNBHF QSPCJOH UIF HPPEOFTT�PG�୮ୢU PG BMM DPNCJOBUJPOT PG TVCIBMP NVMUJQMJDJUJFT QPTJUJPOT BOE EF�

୯୳FDUJPO QSP୮ୢMFT BMMPXFE CZ UIF QSJPS� 4VDI DPO୮ୢHVSBUJPOT NPTUMZ JODMVEF NJME MJLFMJIPPE JNQSPWF�

NFOUT CFMPX UIF EFUFDUJPO UISFTIPME BTTVNFE JO USBEJUJPOBM DBUBMPHJOH� 5IF NFEJBO PG UIF QPTUFSJPS

DPOWFSHFODF SFWFBMT MPX�TJHOJ୮ୢDBODF EJ୭GVTF GFBUVSFT JO UIF VOEFSMZJOH TVCIBMP DPOWFSHFODF ୮ୢFME BT

XFMM BT DPOTUSBJOJOH TVQFSUISFTIPME USVF TVCIBMPT� *O DPOUSBTU UIF NFEJBO PG UIF QPTUFSJPS DPOWFS�

HFODF PCUBJOFE GSPN UIF POF�TVCIBMP JOGFSFODF PO UIF SJHIU DPOUBJOT B TJOHMF PWFSEFOTJUZ XIJDI JT

BMTP JOGFSSFE CZ UIF USBOTEJNFOTJPOBM JOGFSFODF� )PXFWFS UIF USBOTEJNFOTJPOBM BQQSPBDI BMTP 	QBS�

UJBMMZ
 EFCMFOET TVCIBMPT JO UIF DSPXEFE SFHJPO UP UIF FYUFOU BMMPXFE CZ UIF JOGPSNBUJPO BWBJMBCMF JO

UIF EBUB BOE EFHFOFSBDJFT JO UIF MJLFMJIPPE EFTQJUF UIF GBDU UIBU NPTU TBNQMF TVCIBMPT QSFTFOUFE JO

'JHVSF ��� EP OPU JOEJDBUF BTTPDJBUJPOT XJUI UIF USVF TVCIBMPT�

5IF GBJMVSF PG UIF POF�TVCIBMP JOGFSFODF UP SFWFBM UIF SFNBJOJOH GFBUVSFT JO UIF VOEFSMZJOH USVF

DPOWFSHFODF ୮ୢFME JT EVF UP UIF BCTFODF PG BEEJUJPOBM NPEFM TVCIBMPT XIJDI DBVTFT UIF NBDSP MFOT

NPEFM BOE UIF TJOHMF TVCIBMP UP CF CJBTFE UP JODSFBTF UIF MJLFMJIPPE� 8JUIPVU QSPQPTBMT UP QSPCF

USBOTEJNFOTJPOBM DPWBSJBODFT UIF TBNQMFS FYQMPSFT B NPEF PG MJLFMJIPPE PG UIF POF�TVCIBMP MFOT

NPEFM� 5IF JOGFSFODF PG MPXFS�TJHOJ୮ୢDBODF GFBUVSFT JO UIF DPOWFSHFODF NBQ EPFT OPU JNQMZ UIBU
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Figure 4.13:Median of the posterior residual between themodel and true convergence in the transdimensional (left)

and one-subhalo (right) inferences, given as percentage of the true subhalo convergencemap. The divergent color

scale is linear and saturated at± 100. Greenmarkers and the circle have the samemeaning as in Figure 4.11.

UIF BEEJUJPOBM TVCIBMPT BSF GPSNBMMZ EFUFDUFE� 5IF JODSFBTF JO UIF HPPEOFTT�PG�୮ୢU CFUXFFO UIF UXP

BQQSPBDIFT JT∆ MPHP (D|ΩM̂ ) ∼ 10� *O PSEFS UP EFUFDU UIFTF NPEFM TVCIBMPT BU 5σ UIFZ XPVME CF

SFRVJSFE UP JOEJWJEVBMMZ JNQSPWF UIF HPPEOFTT�PG�୮ୢU BCPWF∆ MPHP (D|ΩM̂ ) ∼ 35 HJWFO UIBU UIFZ

IBWF � EFHSFFT PG GSFFEPN�

5IF EJ୭GFSFODF CFUXFFO UIF UXP JOGFSFODF TDIFNFT CFDPNFT NPSF FWJEFOU XIFO UIF QPTUFSJPS

QSFEJDUJPOT BSF DPNQBSFE XJUI UIF VOEFSMZJOH USVF DPOWFSHFODF ୮ୢFME EVF UP TVCIBMPT� 'JHVSF ����

JMMVTUSBUFT UIF SFTJEVBM CFUXFFO UIF USVF TVCIBMP DPOWFSHFODF NBQ BOE UIF NFEJBO PG UIF QPTUFSJPS

DPOWFSHFODF PCUBJOFE JO UIF USBOTEJNFOTJPOBM 	MFG୴
 BOE POF�TVCIBMP 	SJHIU
 JOGFSFODFT SFTQFDUJWFMZ�

5IF EJTBHSFFNFOU JT TJHOJ୮ୢDBOUMZ TNBMMFS JO UIF DBTF PG B USBOTEJNFOTJPOBM BQQSPBDI XIJDI DPSSFDUMZ

QSFEJDUT UIF NFBO TVCIBMP DPOWFSHFODF ୮ୢFME PWFS NPTU PG UIF MFOT QMBOF BOE IBWF TNBMMFS EJTBHSFF�

NFOU DMPTF UP UIF TVCIBMPT� )PXFWFS OPUF UIBU FWFO UIF USBOTEJNFOTJPOBM BQQSPBDI DBOOPU GVMMZ

DPOTUSBJO UIF USVF TVCIBMP DPOWFSHFODF ୮ୢFME JO UIF WJDJOJUZ PG NPTU TVCIBMPT� 5IJT JT FYQFDUFE CF�
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DBVTF UIF TJNVMBUFE QIPUPO DPVOU NBQ DPOUBJOT WFSZ MJUUMF JOGPSNBUJPO PO UIFJS QSPQFSUJFT�

'JHVSF ���� TIPXT UIF QPTUFSJPS PG UIF QPTJUJPO BOE EF୯୳FDUJPO TUSFOHUI PG UIF NPEFM TVCIBMP

JO UIF POF�TVCIBMP JOGFSFODF� 5IF KPJOU EJTUSJCVUJPO JT PCTFSWFE UP CF IJHIMZ TLFXFE XJUI IFBWZ

UBJMT� 'VSUIFSNPSF UIF NFEJBO PG UIF QPTUFSJPS NBTT PG UIF TVCIBMP 4.5 × 108M⊙ JT CJBTFE MPX

DPNQBSFE UP UIF NBTT PG UIF DMPTFTU USVF TVCIBMP BU 	��� ����
 BSDTFD 8× 108M⊙�

"OPUIFS QSPCMFN XJUI ୮ୢUUJOH UIF MFOTFE JNBHF VTJOH B ୮ୢYFE OVNCFS PG TVCIBMPT JT UIBU UIF QPT�

UFSJPS PG UIF NBDSP MFOT NPEFM DBO CF TJHOJ୮ୢDBOUMZ CJBTFE CFDBVTF PG UIF NJTTJOH NPEFMFE TVCIBMPT�

5IJT JT CFDBVTF UIF NBDSP MFOT NPEFM DPNQFOTBUFT GPS UIF BCTFODF PG TVCIBMPT CFMPX UIF EFUFDUJPO

UISFTIPME SFTVMUJOH JO B TFFNJOHMZ IJHI HPPEOFTT�PG�୮ୢU UIBU NJTNPEFMT UIF VOEFSMZJOH USVF MFOTFE

FNJTTJPO NFUBNPEFM� "O FYBNQMF JT TIPXO JO 'JHVSF ���� XIFSF UIF QPTUFSJPS PG UIF IPTU IBMP FMMJQ�

UJDJUZ JT QMPUUFE GPS UIF DBTFT PG OPNJOBM 	USBOTEJNFOTJPOBM
 BOE POF�TVCIBMP JOGFSFODFT VTJOH B TJNJ�

MBS CVU JOEFQFOEFOUMZ ESBXO EBUB TFU� 0OF�TVCIBMP JOGFSFODF JT PCTFSWFE UP HFOFSBUF NVMUJNPEBMJUZ

JO UIF QPTUFSJPS PG UIF FMMJQUJDJUZ PG UIF IPTU�

����� &ডঝগগঐ ঝ খঝঊখঘক ঝঘ কঘঠছ জঞঋঊকঘ খঊজজজ

5IF MPXFS MJNJU PG UIF EF୯୳FDUJPO TUSFOHUI QSJPS DBO CF NBEF TNBMMFS BU UIF FYQFOTF PG NBLJOH UIF

QPTUFSJPS QSJPS�EPNJOBUFE 	J�F� SFTVMUJOH JO MJUUMF JOGPSNBUJPO HBJO
 BOE TJHOJ୮ୢDBOUMZ JODSFBTJOH UIF

DPNQVUBUJPO UJNF SFRVJSFE GPS DPOWFSHFODF� 5IFSFGPSF HJWFO UIF PCTFSWFE EBUB UIFSF JT B SFBTPO�

BCMF MPXFS MJNJU UP UIF EF୯୳FDUJPO TUSFOHUI F�H� ���� BSDTFD XIJDI DBO CBMBODF JOGPSNBUJPO HBJO BOE

DPNQVUBUJPOBM DPNQMFYJUZ�

/FYU SFTVMUT GSPN B EJ୭GFSFOU JOGFSFODF JT QSFTFOUFE XIFSF UIFSF JT OP NJTNPEFMJOH BU UIF MPX

���



Figure 4.14: Joint posterior of the horizontal and vertical positions and the deflection strength of the subhalo in the

one-subhalo inference. Dashed lines have the samemeaning as in Figure 4.6. For comparison, the position of the

nearest true subhalo is (1.2, -0.5) arcsec and it has a deflection strength of 0.05 arcsec.
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Figure 4.15: Histogram of samples from the posterior of the host halo ellipticity. The legend is same as that in Figure

4.6.

FOE PG UIF TVCIBMP NBTT GVODUJPO VOMJLF UIF OPNJOBM SFTVMUT JO 4FDUJPO ����� XIFSF UIF NJOJNVN

TVCIBMP EF୯୳FDUJPO TUSFOHUI BMMPXFE JO UIF ୮ୢUUJOH NFUBNPEFM JT B GBDUPS PG � IJHIFS UIBO UIF USVF

NJOJNVN TVCIBMP EF୯୳FDUJPO TUSFOHUI� 6TJOH UIF TBNF EBUB TFU BT TIPXO JO 4FDUJPO ����� 'JHVSF ����

DPNQBSFT UIF QPTUFSJPS PG UIF OVNCFS PG TVCIBMPT JO UIF OPNJOBM SFTVMUT 	MFG୴
 BOE JO B SVO XIFSF

αT,NJO = 0.003 BSDTFD 	SJHIU
� (JWFO B MPXFS αT,NJO UIF SVO TIPXO JO UIF SJHIU QBOFM FYQMPSFT B

IJHIFS OVNCFS PG TVCIBMPT XIPTF NBTTFT BSF MPXFS PO BWFSBHF� 5IF UXP QPTUFSJPST BSF DPOTJTUFOU

XJUI FBDI PUIFS� (JWFO UIBUB B TDBMF�GSFF QSJPS FYJTUT PO UIF NFBO OVNCFS PG TVCIBMPT µTVC UIF

GBDU UIBU UIFSF JT B QSFGFSSFE TDBMF JO UIF OVNCFS PG TVCIBMPT BOE UIBU JU JT DPOTJTUFOU XJUI UIF USVF

OVNCFS PG TVCIBMPT JNQMJFT UIBU UIF QPTUFSJPS JT JOGPSNFE CZ UIF VOEFSMZJOH TVCIBMPT CFMPX UIF

EFUFDUJPO UISFTIPME�
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Figure 4.16: Histogram of samples from the posterior of the number of subhalos shownwith blue. The legend is same

as that in Figure 4.6.

��� /ঘ�জঐগঊক ঝজঝ

"OZ JOGFSFODF GSBNFXPSL JT FYQFDUFE UP QSPEVDF OVMM SFTVMUT XIFO TVCKFDU UP BO JOQVU EBUB TFU UIBU

EPFT OPU DPOUBJO UIF TJHOBM PG JOUFSFTU� 5IFSFGPSF UIF JOGFSFODF GSBNFXPSL JT OFYU UFTUFE PO B TJN�

VMBUFE EBUB TFU UIBU XBT OPU B୭GFDUFE CZ BOZ TVCIBMP� 'PS UIJT QVSQPTF BOPUIFS TJNVMBUFE JNBHF JT

HFOFSBUFE BT B 1PJTTPO ESBX PG BO JNBHF GPSXBSE�NPEFMFE CZ UIF NBDSP MFOT NPEFM CBDLHSPVOE

FNJTTJPO BOE 14' 	TBNF BT UIBU VTFE UP HFOFSBUF UIF NBJO EBUB TFU QSFTFOUFE JO UIF UIFTJT
 CVU XJUI�

PVU BOZ TVCIBMP� 5IFO PCAT JT SVO PO UIJT JNBHF� 'JHVSF ���� TIPXT UIF IJTUPHSBN PG UIF OVNCFS

PG TVCIBMPT JO UIF QPTUFSJPS XIJDI JT DPOTJTUFOU XJUI UIF USVF WBMVF PG �� 'VSUIFSNPSF OPOF PG UIF

TVCIBMPT JO UIF QPTUFSJPS FOTFNCMF PG DBUBMPHT JT NPSF TJHOJ୮ୢDBOU UIBO �σ� 5IF GBDU UIBU UIFSF JT B

OPO�[FSP OVNCFS PG TVCIBMPT JO UIF QPTUFSJPS JT MBSHFMZ B DPOTFRVFODF PG UIF EFHFOFSBDZ CFUXFFO
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UIF NBTT PG UIF NBJO EF୯୳FDUPS BOE UIF UPUBM NBTT PG TVCIBMPT JOTJEF UIF DSJUJDBM DVSWF� 5IF UPUBM NBTT

JO UIF TVCIBMPT BT TIPXO JO 'JHVSF ���� JT BMTP NPTUMZ [FSP BMUIPVHI UIF QPTUFSJPS EPFT DPOUBJO

TPNF NJTNPEFMFE TVCIBMP NBTT EVF UP EFHFOFSBDJFT JO UIF MFOTJOH QSPCMFN� 5IF ��UI QFSDFOUJMF

	WFSUJDBM CMVF EBTIFE�EPUUFE MJOF
 FYUFOET UP BCPVU �×108M⊙ XIJDI DPJODJEFT XJUI UIF NBYJNVN

MJLFMJIPPE TBNQMF 	WFSUJDBM SFE MJOF
 JOEJDBUJOH UIBU UIFTF GFX TBNQMFT PWFS୮ୢU UIF JNBHF�

��� 4গজঝটঝঢ ঝঘ ঝ ঙছঘছ ঌঘঌ

"O JNQPSUBOU OVJTBODF QBSBNFUFS PG UIF NPEFM JT UIF NJOJNVN EF୯୳FDUJPO TUSFOHUI BMMPXFE CZ UIF

QSJPS� 5IF SFBTPO GPS JUT DSJUJDBMJUZ JT UIBU UIF TVCIBMP NBTT GVODUJPO JT FYQFDUFE UP CF TUFFQ DBVTJOH

UIF QPTUFSJPS UPUBM OVNCFS PG TVCIBMPT UP TFOTJUJWFMZ EFQFOE PO UIF NJOJNVN EF୯୳FDUJPO TUSFOHUI

Figure 4.17: Histogram of the number of subhalos in the posterior when there is no true subhalo that affects the simu-

lated image. The legend is sames as that in Figure 4.6.
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BMMPXFE CZ UIF NFUBNPEFM� 5IF MPXFS αT,NJO JT BMMPXFE UP HP UIF NPSF QSJPS EPNJOBUFE UIF QPTUF�

SJPS CFDPNFT� $POWFSTFMZ UBLJOH αT,NJO UPP IJHI DBVTFT NJTNPEFMJOH TJODF UIJT SFNPWFT GSPN UIF

NFUBNPEFM UIPTF TVCIBMPT XJUI NBSHJOBM TJHOJ୮ୢDBODFT UIBU DPVME ୮ୢU TVCUMF GFBUVSFT JO UIF EBUB�

'JHVSF ���� JMMVTUSBUFT UIF F୭GFDU PG WBSZJOH UIJT OVJTBODF QBSBNFUFS BXBZ GSPN UIF OPNJOBM WBMVF

PG ���� BSDTFD� *O UIF MFG୴ QBOFM αT,NJO JT SFEVDFE UP ����� BSDTFD XIFSFBT JO UIF SJHIU QBOFM JU JT JO�

DSFBTFE UP ���� BSDTFD� "MUIPVHI UIF QPTUFSJPS JO UIF MFG୴ QBOFM BHSFFT CFUUFS XJUI UIF HSPVOE USVUI BU

UIF MPX NBTT FOE UIJT IBQQFOT BU UIF FYQFOTF PG PWFSTQMJUUJOH UIF NPTU NBTTJWF TVCIBMPT� 'VSUIFS�

NPSF UIF MPXFS FOE PG UIF QPTUFSJPS TVCIBMP NBTT GVODUJPO CFDPNFT QSJPS�EPNJOBUFE BOE DPVME

NJTT B QPUFOUJBM DVUP୭G PS ୯୳BUUFOJOH SFRVJSFE CZ UIF EBUB� 5IF ���� BSDTFD SVO PO UIF SJHIU QFSGPSNT

DPNQBSBCMZ BU UIF IJHI NBTTFT CVU GBJMT UP FYQMPSF UIF TVCIBMP NBTT GVODUJPO BU UIF MPX�NBTT FOE�

Figure 4.18: Posterior distribution of the total mass in subhalos inside the Einstein radius of the host galaxy, when

there is no true subhalo that affects the simulated image. The legend is sames as that in Figure 4.6.
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Figure 4.19: Posterior histogram (blue) of the subhalomasses, whenαT,NJO is 0.005 arcsec (left) and 0.02 arcsec (right).

The green histograms show themass function of the true subhalos.

5IFTF SFTVMUT CBTFE PO TJNVMBUFE EBUB TIPX UIBU QSPCBCJMJTUJD DBUBMPHJOH JT BO F୭GFDUJWF UPPM UP

QSPCF MFOT NPEFMT XJUI B WBSJBCMF OVNCFS PG EF୯୳FDUPST� 1SPCBCJMJTUJD DBUBMPHJOH EJ୭GFST GSPN USBEJ�

UJPOBM DBUBMPHJOH CFDBVTF JU EPFT OPU EJTDBSE JOGPSNBUJPO PS CJBT UIF QPTUFSJPS CZ JNQPTJOH B EFUFD�

UJPO UISFTIPME PO NPEFM TVCIBMPT J�F� SFRVJSJOH UIBU NPEFM TVCIBMPT JNQSPWF UIF HPPEOFTT�PG�୮ୢU

BCPWF TPNF UISFTIPME� #Z TVCTFRVFOU NBSHJOBMJ[BUJPO PWFS UIF DBUBMPH TQBDF PG TVCIBMPT JU PCUBJOT

SPCVTU FTUJNBUFT PG UIF VOEFSMZJOH NBTT NPEFM BOE QPQVMBUJPO DIBSBDUFSJTUJDT PG TVCIBMPT XJUIPVU

JOEJWJEVBMMZ EFUFDUJOH UIFN� 5IJT DPOUSBTUT XJUI USBEJUJPOBM DBUBMPHJOH XIFSF EFUFDUJPOT BOE OPOEF�

UFDUJPOT BSF VTFE UP DPOTUSBJO UIF TVCIBMP NBTT GVODUJPO� )PXFWFS CFDBVTF UIFTF EFUFDUJPOT BSF OPU

GBJS ESBXT GSPN UIF VOEFSMZJOH TVCIBMP NBTT GVODUJPO UIJT BQQSPBDI DBOOPU BDDPVOU GPS DPWBSJBODFT

JO UIF TVCIBMP DBUBMPH TQBDF QPUFOUJBMMZ ZJFMEJOH CJBTFE SFTVMUT XJUI VOEFSFTUJNBUFE VODFSUBJOUJFT�

*U JT TIPXO UIBU CZ OPU JODMVEJOH UIFTF TNBMM TVCIBMPT JO UIF MFOT NPEFM ୮ୢYFE�EJNFOTJPOBM JOGFS�

FODF NFUIPET DBO TJHOJ୮ୢDBOUMZ NJTNPEFM UIF EBUB� 'VSUIFSNPSF UIF TVCIBMP NBTT GVODUJPO DBO CF

���



QSPCFE FWFO XIFO NBOZ TVCIBMPT JO UIF TBNQMF DBUBMPHT BSF JOEJWJEVBMMZ CFMPX UIF EFUFDUJPO UISFTI�

PME BOE XPVME CF BCTFOU JO B USBEJUJPOBM DBUBMPH�

$VSSFOUMZ UIF NPTU FYUFOTJWF BOE IPNPHFOFPVT DPMMFDUJPO PG PQUJDBM JNBHFT PG HBMBYZ�HBMBYZ

UZQF TUSPOHMZ MFOTFE TZTUFNT JT UIF 4-"$4 DPMMFDUJPO ����� 5IFTF UBSHFUT IBWF CFFO TQFDUSPTDPQJDBMMZ

TFMFDUFE GSPN UIF 4MPBO %JHJUBM 4LZ 4VSWFZ 	4%44
 EBUB TFU DPOEJUJPOBM PO FODPVOUFSJOH NVMUJQMF

TUSPOH FNJTTJPO MJOFT BU B IJHIFS SFETIJG୴ UIBO UIBU PG UIF UBSHFU HBMBYZ� 5IFZ XFSF MBUFS GPMMPXFE VQ

CZ UIF "EWBODFE $BNFSB GPS 4VSWFZT 	"$4
 PO UIF )45� )PXFWFS UIF MJNJUFE EFQUI PG UIF )45

POMZ BMMPXT UIF NPTU NBTTJWF TVCIBMPT JG BOZ UP CF DPOTUSBJOFE ������� /FYU HFOFSBUJPO XJEF ୮ୢFME

IJHI BOHVMBS SFTPMVUJPO UFMFTDPQFT TVDI BT 8'*345 BOE &6$-*% BSF FYQFDUFE UP SFWPMVUJPOJ[F

TUVEJFT PG EBSL NBUUFS TVCTUSVDUVSF� 5IF OVNCFS PG IJHI TJHOBM�UP�OPJTF TUSPOH MFOT JNBHFT JT FY�

QFDUFE UP HP VQ UP UIPVTBOET ������� 'VSUIFSNPSF HSFBUFS FYQPTVSF EFQUI TIPVME BMMPX DPOTUSBJOUT

PO NVMUJQMF TVCIBMPT QFS TUSPOH MFOT NBLJOH JU QPTTJCMF UP DPOTUSBJO UIF TVCIBMP NBTT GVODUJPO UP

MPXFS NBTTFT� 5IFTF JOGSBSFE UFMFTDPQFT XJMM BMTP DBSSZ TQFDUSPNFUFST XIJDI JO TZOFSHZ XJUI UIF

QIPUPNFUSJD SFETIJG୴T QSPWJEFE CZ UIF -BSHF 4ZOPQUJD 4VSWFZ 5FMFTDPQF 	-445
 XJMM BMMPX TJNVMUB�

OFPVT DPOTUSBJOUT PO UIF SFETIJG୴T PG UIF NPEFM TPVSDFT BOE EF୯୳FDUPST� 'PMMPX VQ PG IJHI TJHOBM�UP�

OPJTF TZTUFNT XJUI UIF +BNFT 8FCC 4QBDF 5FMFTDPQF 	+845
 BOE JOUFSGFSPNFUSZ BU TVCNJMMJNFUFS

XBWFMFOHUIT F�H� "UBDBNB -BSHF .JMMJNFUFS "SSBZ 	"-."
 NBZ BMMPX DPOTUSBJOUT PO UIF TVCIBMP

QSPQFSUJFT PG TZTUFNT BU IJHI SFETIJG୴�

5IF QSFTFOUFE JOGFSFODF DBO CF JNQSPWFE JO TFWFSBM XBZT� 'JSTU NVMUJ�CBOE JNBHFT DBO CF VTFE

CZ JOUSPEVDJOH DPMPS QBSBNFUFST GPS UIF TPVSDF BOE IPTU FNJTTJPOT� 5IJT XPVME NBLF BWBJMBCMF JO�

GPSNBUJPO DPOUBJOFE JO UIF EJ୭GFSFOU DPMPST PG TLZ CBDLHSPVOE TPVSDF BOE GPSFHSPVOE HBMBYJFT�

���



'VSUIFSNPSF UIF TPVSDF QMBOF FNJTTJPO DBO CF QBSBNFUSJ[FE PO BO BEBQUJWFMZ SF୮ୢOFE HSJE JOTUFBE

PG JNQPTJOH UIBU UIF TPVSDF QMBOF FNJTTJPO JT GSPN B HBMBYZ XJUI B QFSGFDU 4©STJD QSP୮ୢMF� 5IJT XPVME

ZJFME B NPSF SFBMJTUJD NPEFM PG UIF TPVSDF QMBOF FNJTTJPO BOE B NPSF QSJODJQMFE NFUIPE UP NBSHJOBM�

J[F PWFS VODFSUBJOUJFT JO UIF FNJTTJPO GSPN UIF TPVSDF QMBOF� 5IJT JT FTQFDJBMMZ SFMFWBOU GPS MBUF UZQF

CBDLHSPVOE HBMBYJFT XIFSF FNJTTJPO IBT TUSPOH TQBUJBM GFBUVSFT TVDI BT PVU୯୳PXT CSJHIU TQPUT PS

EVTU PCTDVSFE SFHJPOT PO UIF EJTD�

1SPCBCJMJTUJD DBUBMPHJOH DBO BMTP CF FYUFOEFE UP VTF UFNQPSBM JOGPSNBUJPO CZ TBNQMJOH GSPN UIF

QPTUFSJPS PG B MFOTFE FNJTTJPO NFUBNPEFM HJWFO FYQPTVSFT PG UIF TUSPOHMZ MFOTFE TZTUFN UBLFO BU

EJFSFOU UJNFT� #FDBVTF MFOTJOH JT BMTP TFOTJUJWF UP UIF BOHVMBS EJBNFUFS EJTUBODFT UP UIF MFOT BOE

TPVSDF QMBOFT UIJT XPVME BMMPX BO JOEFQFOEFOU NFBTVSFNFOU PG UIF )VCCMF DPOTUBOUH0 BT JO ���

CVU XJUI DPOTUSBJOUT UIBU IBWF CFFO NBSHJOBMJ[FE PWFS EBSL TVCIBMPT UIBU DBO QPUFOUJBMMZ CJBT UIF

NBDSP MFOT QBSBNFUFST� "MTP DPNCJOJOH NVMUJQMF FYQPTVSFT NBZ JNQSPWF TFOTJUJWJUZ UP TVCTUSVDUVSF

WJB UJNF�EFMBZ MFOTJOH ����� BMUIPVHI NJDSPMFOTJOH DPVME QPUFOUJBMMZ CJBT UIJT JOGFSFODF����

'VSUIFSNPSF QSPCBCJMJTUJD DBUBMPHJOH QSPWJEFT B QSJODJQMFE XBZ UP HBUIFS JOGPSNBUJPO GSPN JO�

EFQFOEFOU TUSPOH MFOT TZTUFNT XIFO DPOTUSBJOJOH UIF QPTUFSJPS PG UIF TVCIBMP QBSBNFUFST� (JWFO

JNBHFT PG EJ୭GFSFOU TUSPOH MFOTFT UIF DBUBMPH TQBDF DPOTJTUFOU XJUI UIFTF JNBHFT DBO CF KPJOUMZ TBN�

QMFE XJUI IZQFSQBSBNFUFST DIBSBDUFSJ[JOH UIF QPQVMBUJPO DIBSBDUFSJTUJDT PG UIF TVCIBMPT� 5IJT JT B

TJHOJ୮ୢDBOU JNQSPWFNFOU XJUI SFTQFDU UP USBEJUJPOBM DBUBMPHJOH XIFSF JODPSQPSBUJOH OPOEFUFDUJPOT

JOUP UIF JOGFSFODF NBZ CFDPNF BNCJHVPVT TJODF ୮ୢYFE�EJNFOTJPOBM BQQSPBDIFT EP OPU QSPQBHBUF

USBOTEJNFOTJPOBM DPWBSJBODFT

*OGFSFODF PG NBTT TVCTUSVDUVSF PO UIF MFOT QMBOF BMTP IBT TUSPOH EFHFOFSBDJFT XJUI UIF JOGFSFODF

���



PG MJHIU TVCTUSVDUVSF PO UIF TPVSDF QMBOF� *O QBSUJDVMBS UIF MJHIU TVCTUSVDUVSF JO UIF TPVSDF QMBOF

DBO B୭GFDU UIF MFOTFE JNBHF TJNJMBS UP UIF NBTT DMVNQT JO UIF MFOT QMBOF� 4VDI EFHFOFSBDJFT DBO CF

QBSUJBMMZ CSPLFO CZ FYQMPJUJOH B EBUB TFU TVDI BT WFMPDJUZ�CJOOFE "-." JNBHFT UIBU BSF JOGPSNBUJWF

PO UIF MJOF�PG�TJHIU WFMPDJUJFT PG UIF MJHIU TVCTUSVDUVSF UIVT BMMPXJOH DPNQPOFOU TFQBSBUJPO JO UIF

TPVSDF QMBOF�

���



5
1SPCBCJMJTUJD $BUBMPHFS

PCAT JT UIF TPG୴XBSF JNQMFNFOUBUJPO PG UIF QSPCBCJMJTUJD DBUBMPHJOH EJTDVTTFE JO UIJT UIFTJT� *U XBT

JOJUJBMMZ EFTJHOFE UP TBNQMF GSPN UIF QPTUFSJPS PG B HBNNB�SBZ FNJTTJPO NFUBNPEFM DPOTJTUFOU XJUI

UIF 'FSNJ�-"5 EBUB��� -BUFS JU XBT HFOFSBMJ[FE UP JODMVEF MFOTJOH JO UIF FNJTTJPO NFUBNPEFM� *U IBT

CFFO VTFE JO UXP QVCMJDBUJPOT����� *UT EFTJHO QIJMPTPQIZ JT UP ୮ୢMM UIF HBQ CFUXFFO UIF TUBUJTUJDBMMZ

VOTPQIJTUJDBUFE VTFST BOE EBUB TFUT UIBU SFRVJSF B USBOTEJNFOTJPOBM BOE DPWBSJBOU NPEFMJOH� " UZQJ�

���



DBM VTFS FYQFSJFODF JT UIF QSFQBSBUJPO PG UIF EBUB JO UIF GPSN UIBU DBO CF GFE JOUP PCAT DIPPTJOH UIF

NFUBNPEFM FMFNFOU LFSOFM UZQF BOE QSJPST PO UIF FMFNFOU QBSBNFUFST BT XFMM BT DPNNPO QBSBNF�

UFST PG UIF NFUBNPEFM� 5IF PVUQVUT PG UIF GSBNFXPSL BSF UIF )%'� ୮ୢMFT UIBU DPOUBJO UIF DIBJO BOE

QMPUT UIBU WJTVBMJ[F UIF QPTUFSJPS PG UIF NFUBNPEFM JO WBSJPVT QSPKFDUJPOT� *UؠT NBJO EFQFOEFODJFT BSF

numpy scipy matplotlib BOE multiprocessingNPEVMFT�

*O BEEJUJPO UP UIF HBNNB�SBZ BOE MFOTFE FNJTTJPO NFUBNPEFMT QSFTFOUFE JO UIJT UIFTJT PCAT

IBT UXP NPSF NFUBNPEFMT UIBU IBWF CFFO JNQMFNFOUFE JO UIF DPVSTF PG UIJT 1I%� 5IF ୮ୢSTU JT UIF

9�SBZ FNJTTJPO NFUBNPEFM XIJDI DBO CF VTFE UP TBNQMF GSPN UIF QPTUFSJPS PG UIF DBUBMPH TQBDF PG

9�SBZ QPJOU TPVSDFT DPOTJTUFOU XJUI EFFQ ୮ୢFME 9�SBZ JNBHFT� 5IFTF TBNQMFT UIFO DBO CF DPSSFMBUFE

XJUI UIF DSPXEFE PQUJDBM DBUBMPHT PG UIF TBNF SFHJPO ZJFMEJOH B QPTUFSJPS PG UIF SFETIJG୴ BOE PQUJDBM

QSPQFSUJFT PG UIF GBJOU 9�SBZ QPJOU TPVSDFT� 4FDPOE PCAT DBO BMTP BTTVNF UIF TUBOEBSE (BVTTJBO

NJYUVSF NPEFM BT JUT NFUBNPEFM XIJDI DBO CF VTFE UP TBNQMF GSPN UIF QPTUFSJPS PG UIF NVMUJQMJDJUZ

BNQMJUVEF BOE TJ[F EJTUSJCVUJPOT PG DMVTUFST PO UIF JOUFHSBMT�PG�NPUJPO QMBOF 	LJOFUJD FOFSHZ BOE

NPNFOUB
 PG TUBST XIJDI BMMPX JOGFSFODFT PG UIFJS GPSNBUJPO IJTUPSZ� 5IFTF UXP NFUBNPEFMT IBWF

CFFO PNJUUFE GSPN UIJT UIFTJT�

��� 1ছঘঙঘজঊক জঌঊক

.$.$ DBO F୭୮ୢDJFOUMZ TBNQMF GSPN B HJWFO QSPCBCJMJUZ EJTUSJCVUJPO POMZ XIFO UIF QSPQPTBM EJTUSJ�

CVUJPO JT TJNJMBS UP UIF UBSHFU QSPCBCJMJUZ EJTUSJCVUJPO� 'PS JOTUBODF XIFO UIF UBSHFU QSPCBCJMJUZ EJT�

USJCVUJPO JT B (BVTTJBO XJUI B TUBOEBSE EFWJBUJPO PG VOJUZ UIF NJYJOH PG UIF DIBJO XJMM CF TMPX XIFO

���



UIF QSPQPTBM TDBMF JT FJUIFS NVDI TNBMMFS PS MBSHFS UIBO VOJUZ� *O UIF GPSNFS DBTF UIF DIBJO UBLFT UPP

TNBMM TUFQT BDIJFWFT BO BDDFQUBODF SBUJP PG∼ ���ॎ JODSFBTFT UIF DPSSFMBUJPO CFUXFFO TVDDFTTJWF TBN�

QMFT BOE SFRVJSFT NPSF UIJOOJOH UP PCUBJO VODPSSFMBUFE TBNQMFT� *O UIF MBUUFS DBTF QSPQPTBMT HFU

GSFRVFOUMZ SFKFDUFE BOE UIF TUBUF PG UIF DIBJO XJMM FWPMWF BU B UJNF TDBMF MPOHFS UIBO UIF OVNCFS PG

TBNQMFT UBLFO CZ UIF TBNQMFS� 5IF PQUJNBM TDBMJOH PG .$.$ QSPQPTBMT SFRVJSFT BDDFQUBODF SBUJP UP

CF ����ॎ JO UIF MBSHF EJNFOTJPO MJNJU ����

PCAT TFUT UIF QSPQPTBM TDBMF CZ EFUFSNJOJOH UIF )FTTJBO NBUSJY J�F� UIF DVSWBUVSF PG UIF UBSHFU

QSPCBCJMJUZ EJTUSJCVUJPO BU UIF JOJUJBM TUBUF� #FDBVTF UIF DIBJO JT JOJUJBMJ[FE BU B ESBX GSPN UIF QSJPS

UIF JOJUJBM )FTTJBO FTUJNBUF DBO CSJOH UIF TUBUF DMPTFS UP B GBJS ESBX GSPN UIF QPTUFSJPS CVU DBOOPU

F୭୮ୢDJFOUMZ TBNQMF GSPN UIF QPTUFSJPS� 5IFSFGPSF PODF UIF BDDFQUBODF SBUJP ESPQT TJHOJ୮ୢDBOUMZ PCAT

SFTUBSUT XJUI B OFX )FTTJBO FTUJNBUF BOE UIJT TDBMF MFBSOJOH QSPDFTT DPOUJOVFT JUFSBUJWFMZ VOUJM TVDDFT�

TJWF JUFSBUJPOT TUBSU HFOFSBUJOH GBJS TBNQMFT GSPN UIF QPTUFSJPS� 'SFRVFOUMZ IPXFWFS POF IBT HPPE

QSJPST PO XIBU UIF QSPQPTBM TDBMF TIPVME CF GPS UIF QPTUFSJPS PG JOUFSFTU� 5IFSFGPSF PCAT BMTP BMMPXT

POF UP CZQBTT UIJT JUFSBUJWF TDIFNF CZ MFUUJOH UIF VTFS EF୮ୢOF UIF QSPQPTBM TDBMF GPS FWFSZ QBSBNFUFS�

*O PSEFS UP NBJOUBJO UIF PQUJNBM BDDFQUBODF SBUF UIF TDBMF PG XJUIJO�NPEFM QSPQPTBMT JT OPSNBMJ[FE

CZ UIF TRVBSF SPPU PG UIF OVNCFS PG QBSBNFUFST XIPTF WBMVFT BSF QSPQPTFE UP DIBOHF TJNVMUBOF�

PVTMZ

σ′
P =

1√
Nper

σP . 	���


XIFSF σP BOE σ′
P BSF UIF TJOHMF BOE NVMUJQMF QBSBNFUFS QSPQPTBM TDBMFT JO UIF VOJU TQBDF BOENper JT

���



UIF OVNCFS PG QBSBNFUFST QFSUVSCFE QFS XJUIJO�NPEFM QSPQPTBM�

5IF SFMBUJWF GSFRVFODJFT PG EJ୭GFSFOU QSPQPTBM HSPVQT DBO BMTP CF BEKVTUFE CZ UIF VTFS� "U MPX

TJHOBM�UP�OPJTF CJSUI BOE EFBUI QSPQPTBMT CFDPNF UIF QSJODJQMF QSPQPTBMT UIBU BMJHO XJUI UIF EBUB

VODFSUBJOUJFT XIFSFBT BT UIF TJHOBM�UP�OPJTF JODSFBTFT TQMJU BOE NFSHF QSPQPTBMT CFDPNF UIF QSJODJ�

QMF USBOTEJNFOTJPOBM QSPQPTBMT UIBU QSPCF DPWBSJBODFT�

5IF BDDFQUBODF SBUJP PG CJSUI BOE EFBUI QSPQPTBMT JT TFU CZ UIF NJOJNVN PG UIF QSJPS PO UIF FMF�

NFOU BNQMJUVEFT BOE UIF SFHVMBSJ[BUJPO QSJPS� 8IFO UIF SFHVMBSJ[BUJPO QSJPS JT BQQMJFE B UPP�MPX

NJOJNVN BNQMJUVEF SFTVMUT JO BO BDDFQUBODF SBUJP NVDI MFTT UIBO ���� $POWFSTFMZ XIFO UIF SFHVMBS�

J[BUJPO QSJPS JT OPU BQQMJFE B UPP�MPX NJOJNVN BNQMJUVEF DBVTFT UIF BDDFQUBODF SBUJP UP JODSFBTF UP

∼ �� 5IFSFGPSF CZ EFGBVMU PCAT UVOFT UIJT NJOJNVN UP UIF WBMVF UIBU ZJFMET BO BDDFQUBODF SBUJP PG

∼ ����

��� 5খ ঌঘখঙকডঝঢ

1SPCBCJMJTUJD DBUBMPHJOH SFRVJSFT TBNQMJOH GSPN UIF QPTUFSJPS� 5IFSFGPSF JUT UJNF DPNQMFYJUZ EF�

QFOET PO UIF UZQJDBM OVNCFS PG FMFNFOUT 	J�F� EJNFOTJPOBMJUZ
 PG UIF NFUBNPEFM BOE DBO CF IJHI

GPS FWFO NPEFSBUF OVNCFST PG FMFNFOUT� 'VSUIFSNPSF UIF IJFSBSDIZ BOE USBOTEJNFOTJPOBMJUZ PG UIF

NFUBNPEFM DBO GVSUIFS JODSFBTF UIF UJNF DPNQMFYJUZ� "T B SFTVMU JO HFOFSBM UIF UJNF DPNQMFYJUZ PG

QSPCBCJMJTUJD DBUBMPHJOH JT IJHIFS UIBO UIBU PG USBEJUJPOBM DBUBMPHJOH SPVHIMZ CZ B GBDUPS FRVBM UP UIF

OVNCFS PG GBJS TBNQMFT UBLFO GSPN UIF QPTUFSJPS� 5IFSFGPSF DBVUJPO NVTU CF FYFSDJTFE UP FOTVSF

UIBU QSPCBCJMJTUJD DBUBMPHJOH JT TDBMBCMF�

���



'PS FBDI QSPQPTBM JO .$.$ UIF DVSSFOU QBSBNFUFS WFDUPS JT VTFE UP DPNQVUF UIF GPSXBSE�

NPEFM XIJDI JT UIFO DPNQBSFE XJUI UIF EBUB UISPVHI UIF MJLFMJIPPE� 5IJT GPSXBSE�NPEFMJOH JT

UIF MFBEJOH UFSN JO UIF UJNF CVEHFU PG B TJOHMF QSPQPTBM� *O PCAT GPSXBSE�NPEFMJOH PG FMFNFOU QB�

SBNFUFST JT QFSGPSNFE QFSUVSCBUJWFMZ� %VSJOH FBDI QSPQPTBM UIF DVSSFOU GPSXBSE�NPEFM JT NPEJ୮ୢFE

GPS UIF DIBOHF JO UIF FMFNFOU UIBU JT QSPQPTFE UP DIBOHF CF BEEFE PS CF LJMMFE� 5IJT EFDSFBTFT UIF

UJNF DPNQMFYJUZ PG QSPDFTTJOH B TJOHMF TBNQMF GSPNO(NDN) UPO(ND) XIFSFN JT UIF OVNCFS

PG FMFNFOUT BOEND JT UIF OVNCFS PG EBUB QPJOUT� 'VSUIFSNPSF JU JT BTTVNFE UIBU UIF B୭GFDU PG UIF

FMFNFOUT PO UIF GPSXBSE�NPEFM WBOJTIFT PVUTJEF TPNF DJSDMF BSPVOE UIF FMFNFOU SFTVMUJOH JO B MPDBM

FWBMVBUJPO PG UIF GPSXBSE�NPEFM� "TTVNJOH UIBU UIF DMPTFTU QJYFM UP UIF nUI FMFNFOU IBT JOEFY j UIF

FWBMVBUFE FMFNFOU LFSOFM JT

Kijm =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Kim(θ1,n − θ1,j , θ2,n − θ2,j) JG j JOLh

0 PUIFSXJTF

	���


XIFSFKim JT UIF FMFNFOU LFSOFMKijm JT UIF FMFNFOU LFSOFM FWBMVBUFE PO UIF GPSXBSE�NPEFM HSJE

θ1,j BOE θ2,j BSF UIF IPSJ[POUBM BOE WFSUJDBM QPTJUJPOT PG UIF jUI QJYFM BOELh JT UIF MJTU PG OFBSCZ QJY�

FMT UP QJYFM j GPS UIF hUI BNQMJUVEF CJO� Lh JT QSFDPNQVUFE GPS BMM BNQMJUVEF CJOT CFGPSF TBNQMJOH

BOE TUPSFE BT B MPPL�VQ UBCMF� 5IF SBEJVT PG UIF DJSDMF UIBULh FYUFOET PWFS EFQFOET PO UIF BNQMJ�

UVEF PG UIF FMFNFOU BOE JT EFUFSNJOFE TVDI UIBU UIF BQQSPYJNBUJPO FSSPS CZ UIF MBSHFTU BNQMJUVEF

BMMPXFE CZ UIF QSJPS DPOUBNJOBUFT UIF MPXFTU BNQMJUVEF BU NPTU CZ POF QFSDFOU�

���
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Figure 5.1: The radial profile of emission from a point source as reconstructed by the Fermi-LAT in different flux bins.

The tail of the PSF is a power-law and is not exponentially suppressed. The horizontal line highlights theminimumflux

allowed by the prior multiplied by 0.01. When the position, flux or the color of a point source is changed, its contribu-

tion to the total model is updated only inside a circle centered at the pixel closest to the point source. The radius of the

circle is set such that this approximation causes a negligible error.

5IF DJSDMF SBEJJ BSF JMMVTUSBUFE JO 'JHVSF ��� GPS UIF FNJTTJPO NFUBNPEFM XIFSF UIF IPSJ[POUBM MJOF

JOEJDBUFT ����fmin XIFSF fmin JT UIF NJOJNVN ୯୳VY BMMPXFE CZ UIF FNJTTJPO NFUBNPEFM� )FODF

QPJOU TPVSDFT DPOUSJCVUF UP UIF GPSXBSE�NPEFM VQ UP UIF SBEJVT BG୴FS XIJDI UIF CJBT JOUSPEVDFE CZ

UIFJS OFHMFDU JT CFMPX POF QFSDFOU PG UIF DPOUSJCVUJPO PG UIF GBJOUFTU QPJOU TPVSDF� 5IF FSSPS JOUSP�

EVDFE CZ UIJT BQQSPYJNBUJPO JT NPOJUPSFE UISPVHIPVU TBNQMJOH UP FOTVSF UIBU UIF CJBT JT OFHMJHJ�

CMF� "T B SFTVMU PG UIJT BQQSPYJNBUJPO UIF UJNF DPNQMFYJUZ PG B TJOHMF QSPQPTBM JT GVSUIFS SFEVDFE UP

O(NDk) XIFSFNDk JT UIF OVNCFS PG EBUB QPJOUT XIFSF UIF FMFNFOU LFSOFM EPFT OPU WBOJTI�

'PS FMFNFOU LFSOFMT UIBU BSF BQQSPYJNBUFMZ (BVTTJBO TVDI BT 14'T JO 9�SBZT BOE PQUJDBM XBWF�

MFOHUIT UIF FWBMVBUJPO JO &RVBUJPO ��� DBO CF GVSUIFS BDDFMFSBUFE CZ MJOFBSJ[JOH UIF FMFNFOU LFSOFM

BOE SFQMBDJOH JOUFSQPMBUJPO XJUI B NBUSJY NVMUJQMJDBUJPO PG FYQBOTJPO DPF୭୮ୢDJFOUT BOE TNBMM 	J�F�

���



MFBEJOH PSEFS
 TIJG୴T PO UIF GPSXBSE�NPEFM HSJE� 5IJT JT UIFO VTFE UP FWBMVBUF JO QBSBMMFM UIF GPSXBSE�

NPEFMT PG FMFNFOUT XJUI NPSF DPNQMFY NPSQIPMPHJFT TVDI BT HBMBYJFT XJUI 4©STJD QSP୮ୢMFT BT UIF

TVN PG MJOFBSJ[FE LFSOFMT DBMMFE QIPOJPOT� 5IJT XBT JNQMFNFOUFE JO B EJ୭GFSFOU TPG୴XBSF PG QSPCB�

CJMJTUJD DBUBMPHJOH PQUJNJ[FE GPS PQUJDBM QIPUPNFUSZ ��� CVU IBT OPU CFFO JODMVEFE JO UIJT UIFTJT�

.PSFPWFS JOGFSFODF PG MBSHF ୮ୢFMET DBO CF CSPLFO EPXO JOUP JOEFQFOEFOU JOGFSFODFT PG UJMFT OPU

NVDI MBSHFS UIBO∼ 10 − 20 UJNFT UIF TJ[F PG UIF FMFNFOU LFSOFM� #FDBVTF FMFNFOUT GVSUIFS BXBZ

IBWF WBOJTIJOH DPWBSJBODFT UIFJS QPTUFSJPST DBO CF TBNQMFE JOEFQFOEFOUMZ� 5IF SFHVMBSJ[BUJPO QSJPS

BMTP IBT UIF BEWBOUBHF PG TJHOJ୮ୢDBOUMZ SFEVDJOH UIF UJNF DPNQMFYJUZ PG UIF QSPCBCJMJTUJD DBUBMPHJOH

CZ POMZ BMMPXJOH SFMBUJWFMZ TJHOJ୮ୢDBOU TVCUISFTIPME FMFNFOUT$ 1σ JOUP UIF NPEFM� *O BEEJUJPO

UIF UFSN MO k%
ij JO UIF MPH�MJLFMJIPPE JT ୮ୢYFE GPS B HJWFO EBUB TFU BOE OFHMFDUFE XIFO DBMDVMBUJOH UIF

EJ୭GFSFODFT JO MPH�MJLFMJIPPE� PCAT BMTP BDIJFWFT QBSBMMFMJTN BU UIF QSPDFTT MFWFM WJB CZQBTTJOH UIF

(MPCBM *OUFSQSFUFS -PDL 	(*-
 PG Python XIFSF UIF NBJO 	QBSFOU QSPDFTT
 TQBXOT NVMUJQMF OPO�

JOUFSBDUJOH DIJME QSPDFTTFT UP BDDFMFSBUF DPNQVUBUJPO�

5IF SFTVMUJOH UJNF CVEHFU PG PCAT QFS TBNQMF QFS CBOE QFS EBUB RVBMJUZ DMBTT BSF � NT � NT � NT

BOE �� NT GPS UIF 9�SBZ FNJTTJPO NFUBNPEFM (BVTTJBO NJYUVSF NFUBNPEFM HBNNB�SBZ FNJTTJPO

NFUBNPEFM BOE UIF MFOTFE FNJTTJPO NFUBNPEFM SFTQFDUJWFMZ� #FDBVTF 9�SBZ FNJTTJPO JT GPSXBSE�

NPEFMFE PO B $BSUFTJBO HSJE BOE UIF FMFNFOU LFSOFM IBT∼ ��� QJYFMT JU IBT UIF TNBMMFTU UJNF CVEHFU�

(BNNB�SBZ FNJTTJPO JT FWBMVBUFE PO HealPix BOE UIF 14' JO UIF MPXFTU FOFSHZ JT PWFSTBNQMFE EVF

UP 14' UBJMT SFTVMUJOH JO B MBSHFS 	∼ ����
 OVNCFS PG QJYFMT QFS CBOE JO UIF FMFNFOU LFSOFM� -FOTFE

FNJTTJPO JT UIF TMPXFTU GPSXBSE�NPEFMJOH CFDBVTF PG UIF TPMVUJPO PG UIF MFOT FRVBUJPO�

���



��� $ঘগটছঐগঌ

.$.$ BMMPXT TBNQMJOH GSPN NVMUJNPEBM BOE DPWBSJBOU QPTUFSJPST XJUI UIF DBWFBU UIBU DPOWFS�

HFODF UP UIF TUBUJPOBSZ EJTUSJCVUJPO DBO SFRVJSF B MPOH TJNVMBUJPO UJNF� 8IFO UIF QPTUFSJPS FYUFOET

UP NPEFMT XJUI UIPVTBOET PG QBSBNFUFST UIF ୮ୢOJUF BWBJMBCMF .$.$ UJNF NBZ QSFDMVEF UIF DPOWFS�

HFODF PG UIF TBNQMFE EJTUSJCVUJPO UP UIF EFTJSFE UBSHFU EJTUSJCVUJPO�

����� "ঌছঘজজ�ঌঊগ টঊছঊগঌ

0OF NFUIPE GPS FWBMVBUJOH UIF DIBJO DPOWFSHFODF JT UP DBMDVMBUF UIF WBSJBODF PG UIF TBNQMFE DIBJO�

)PXFWFS UIF WBSJBODF PG B TJOHMF .$.$ DIBJO DBO VOEFSFTUJNBUF UIF USVF WBSJBODF TJODF UIF DIBJO

NBZ OPU IBWF DPOWFSHFE UP UIF UBSHFU EJTUSJCVUJPO EFTQJUF IBWJOH B TNBMM WBSJBODF� 5IFSFGPSF NVM�

UJQMF∼ � DIBJOT BSF SVO BOE UIF NFBO PG UIF DIBJO WBSJBODFT BSF DPNQBSFE XJUI UIF WBSJBODF PG UIF

NFBOT PG UIF DIBJOT ��� FOTVSJOH UIBU UIF JOJUJBM TUBUFT PG UIF DIBJOT BSF PWFS�EJTQFSTFE SFMBUJWF UP UIF

UBSHFU EJTUSJCVUJPO� )BWJOHNc DIBJOT BOENs TBNQMFT JO FBDI DIBJO UIF SFTVMUJOH UFTU TUBUJTUJD

R̂ =

√
1 +

B

W
− 1

Ns
, 	���


JT LOPXO BT UIF 1PUFOUJBM 4DBMF 3FEVDUJPO 'BDUPS 	143'
� *U FTUJNBUFT UIF GBDUPS CZ XIJDI UIF TUB�

UJTUJDBM VODFSUBJOUZ PG B SBOEPN WBSJBCMF DPVME CF SFEVDFE CZ SVOOJOH UIF DIBJOT MPOHFS� 5IFSFGPSF

JU DBO CF VTFE UP BTTFTT XIFUIFS UIF DIBJOT IBWF DPOWFSHFE UP UIF TBNF EJTUSJCVUJPO� )FSFW JT UIF
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XJUIJO�DIBJO WBSJBODF J�F� UIF NFBO PG UIF DIBJO WBSJBODFT

W =
1

Nc

Nc∑

c

(
1

Ns − 1

Ns∑

s

(ys − ȳc)
2

)
, 	���


B JT UIF CFUXFFO�DIBJO WBSJBODF J�F� UIF WBSJBODF PG UIF DIBJO NFBOT

B =
1

Nc − 1

Nc∑

c

(
ȳc −

1

Nc

Nc∑

c

ȳc

)2

, 	���


BOE UIF NFBO PG UIF cUI DIBJO JT

ȳc =
1

Ns

Ns∑

s

ys. 	���


5IJT EF୮ୢOJUJPO PGB EJ୭GFST GSPN UIBU DPNNPOMZ GPVOE JO UIF MJUFSBUVSF CZ B GBDUPS PGNs XIJDI JT

BCTPSCFE JOUP UIF EF୮ୢOJUJPO PG R̂� *O B XFMM�NJYFE DIBJO UIF 143' TIPVME CF DMPTF UP VOJUZ�

#FDBVTF PG UIF MBCFMJOH EFHFOFSBDZ JO QSPCBCJMJTUJD DBUBMPHJOH UIFSF JT BON !�GPME EFHFOFSBDZ

JO UIF MJLFMJIPPE PG B NFNCFS NPEFM XJUIN FMFNFOUT� 'PS BOZ SFBTPOBCMZ MBSHFN N ! JT MBSHFS

UIBO UIF OVNCFS PG TBNQMFT UIBU DBO CF ESBXO GSPN UIF QPTUFSJPS� 5IFSFGPSF GPSNBM DPOWFSHFODF JT

OPU QPTTJCMF CVU BMTP VOOFDFTTBSZ TJODF XFMM TBNQMJOH POMZ POF PG UIF EFHFOFSBUF MJLFMJIPPE QFBLT

SFWFBMT UIF VOJRVF MJLFMJIPPE UPQPMPHZ PG UIF QSPCMFN�

8IFO TBNQMJOH GSPN B UBSHFU QSPCBCJMJUZ EJTUSJCVUJPO CZ DPOTUSVDUJOH .BSLPW DIBJOT POF OFFET

UP FOTVSF UIBU BMM XBMLFST SFBDI UIF TBNF TUBUJPOBSZ EJTUSJCVUJPO� #FDBVTF UIF DIBJO JT USBOTEJNFO�

TJPOBM IPXFWFS UIF 143' JT DBMDVMBUFE PO UIF GPSXBSE�NPEFM� 'JHVSF ��� JMMVTUSBUFT UIF 143' EJTUSJ�

CVUJPO PCUBJOFE JO 4FDUJPO � XIJDI JNQMJFT UIBU UIF JOGFSFODF IBT B" 10% VODFSUBJOUZ UIBU BEET
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JO RVBESBUVSF XJUI UIF TUBUJTUJDBM VODFSUBJOUZ EFSJWFE CZ BTTVNJOH UIBU BMM DIBJOT IBWF TBNQMFE GSPN

UIF TBNF UBSHFU EJTUSJCVUJPO J�F� UIF QPTUFSJPS PG UIF NFUBNPEFM�

����� "ঞঝঘঌঘছছকঊঝঘগ

*O .$.$ QSPQPTBMT BSF NBEF UP DIBOHF UIF DVSSFOU TUBUF CZ TPNF SBOEPN CVU TNBMM BNPVOU�

5IFSFGPSF OFBSCZ TBNQMFT JO UIF DIBJO XJMM CF TJNJMBS� *O PSEFS UP SFUBJO UIF .BSLPWJBO QSPQFSUZ

UIF DIBJO JT UIJOOFE CZ B GBDUPS FRVBM UP UIF BVUPDPSSFMBUJPO UJNF PG UIF SFTVMUJOH DIBJO� (JWFO UIF

IJHI EJNFOTJPOBMJUZ∼ ���� PG QSPCBCJMJTUJD DBUBMPHJOH UIJT UIJOOJOH GBDUPS JT UZQJDBMMZ∼ 104�

5IF BVUPDPSSFMBUJPO PG UIF DIBJO JT DPNQVUFE VTJOH B TJNJMBS NFUIPE UP UIBU GPMMPXFE UP DBMDVMBUF

Figure 5.2: PSRF evaluated in each pixel in an inference of lensed emissionmetamodel.
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Figure 5.3: Autocorrelation of the diluted chain normalized by its value at zero lag.

UIF 143' PG UIF GPSXBSE�NPEFM� "G୴FS DBMDVMBUJOH UIF BVUPDPSSFMBUJPO PG FBDI DPNNPO QBSBNFUFS

BOE UIF GPSXBSE�NPEFM JO FBDI EBUB DVCF UIF NBYJNVN BVUPDPSSFMBUJPO JT EFUFSNJOFE� 5IF BVUP�

DPSSFMBUJPO PG UIF DIBJO PCUBJOFE JO 4FDUJPO ��� JT QMPUUFE JO 'JHVSF ��� XIJDI TIPXT UIBU TBNQMFT JO

UIF EJMVUFE DIBJO JT NFNPSZMFTT�

��� 4ঢজঝখঊঝঌজ

����� $ঘখঙকঝগজজ ঊগ এঊকজ জঌঘটছঢ ছঊঝ

6TJOH B TJNVMBUFE EBUB TFU UIF QPTUFSJPS PG UIF NFUBNPEFM DBO CF BTTFTTFE CZ DPNQBSJOH UIF QPTUF�

SJPS PG UIF NFUBNPEFM XJUI UIF QBSBNFUFST PG UIF USVF NFUBNPEFM GSPN XIJDI UIF TJNVMBUFE EBUB

���



XBT ESBXO� "O JNQPSUBOU QBSU PG UIJT BTTFTTNFOU JT UIF DPNQBSJTPO PG UIF QPTUFSJPS PG UIF DBUBMPH

TQBDF XJUI UIF FMFNFOUT PG UIF USVF NFUBNPEFM� *O UIJT DPOUFYU UIF FMFNFOUT PG UIF USVF NFUBNPEFM

BSF USFBUFE BT B USBEJUJPOBM DBUBMPH�

8IFO DPNQBSJOH UIF QSPYJNJUZ PG B TBNQMF DBUBMPH XJUI B SFGFSFODF DBUBMPH UIFSF BSF UXP SFMF�

WBOU RVBOUJUJFT� UIF DPNQMFUFOFTT BOE UIF GBMTF EJTDPWFSZ SBUF J�F� 5ZQF * FSSPS� 5IF DPNQMFUFOFTT C

JT HJWFO CZ

C =
Nta

Nref
, 	���


XIFSFNref JT UIF OVNCFS PG FMFNFOUT JO UIF SFGFSFODF DBUBMPH BOENca JT UIF OVNCFS PG DPSSFDU

BTTPDJBUJPOT� *O DPOUSBTU UIF GBMTF EJTDPWFSZ SBUFF  JT

F =
Nfa

Nsam
, 	���


XIFSFNsam JT UIF OVNCFS PG FMFNFOUT JO UIF TBNQMF DBUBMPH BOENfa JT UIF OVNCFS PG GBMTF BTTPDJB�

UJPOT�

5IF BTTPDJBUJPOT XJUI UIF USVF DBUBMPH JT QFSGPSNFE BT EJTDVTTFE JO 4FDUJPO ������ 'JHVSF ��� TIPXT

UIF QPTUFSJPS PG UIF DPNQMFUFOFTT 	MFG୴
 BOE GBMTF EJTDPWFSZ SBUF 	SJHIU
 XIFO UIF SFHVMBSJ[BUJPO QSJPS

JT BQQMJFE� 1PTUFSJPS DPNQMFUFOFTT JT VOJUZ BU IJHI ୯୳VY MPX DPMPS BOE IJHI TJHOJ୮ୢDBODF XIFSFBT

JU ESPQT UP [FSP BU MPX ୯୳VY IJHI DPMPS BOE MPX TJHOJ୮ୢDBODF� 5IF GBMTF EJTDPWFSZ SBUF TIPXT UIF PQ�

QPTJUF CFIBWJPS BT FYQFDUFE� )FSF UIF USVF DPMPS EJTUSJCVUJPO JT TVDI UIBU TPG୴ TPVSDFT BSF NPTUMZ

���



TVCUISFTIPME� 5IF USBOTJUJPO PDDVST BU B TJHOJ୮ୢDBODF PG∼ 20 EFTQJUF UIF GBDU UIBU UIF USVF DBUBMPH JT

IJHIMZ DSPXEFE 	J�F� PO BWFSBHF POF USVF TPVSDF JOTJEF �◦ CZ �◦ SFHJPO
�

8IFO UIF SFHVMBSJ[BUJPO QSJPS JT MJG୴FE UIF GBMTF EJTDPWFSZ SBUF HFOFSBMMZ JODSFBTFT BOE UIF DPN�

QMFUFOFTT ESPQT� 5IJT JT TIPXO JO 'JHVSF ����

$PNQMFUFOFTT BOE GBMTF EJTDPWFSZ SBUF BMTP EFQFOE PO UIF BTTPDJBUJPO TDBMF XIJDI BMMPXT UIF EJT�

DSJNJOBUJPO UISFTIPME 	J�F� MFWFM PG EFHSBEBUJPO
 UP CF DPOUSPMMFE QMBDJOH UIF TBNQMFS BU EJ୭GFSFOU

QPJOUT PO UIF 3FDFJWFS 0QFSBUJOH $IBSBDUFSJTUJDT 	30$
� 'JHVSF ��� TIPXT UIF F୭GFDU PG DIBOHJOH UIF

BTTPDJBUJPO SBEJVT�

����� #ছঊঔ গ ঝ ঊখঙকঝঞ জঝছঋঞঝঘগ

"O JNQPSUBOU GFBUVSF PG QSPCBCJMJTUJD DBUBMPHJOH JT JUT BCJMJUZ UP VTF TVCUISFTIPME JOGPSNBUJPO JO

UIF EBUB� 'JHVSF ��� QSFTFOUT UIF NFBO PG UIF QPTUFSJPS IJTUPHSBN PG QPJOU TPVSDF ୯୳VYFT BOE TJHOJG�

JDBODFT 	CMVF
 UIF QPTUFSJPS PG UIF IZQFSEJTUSJCVUJPO 	CMBDL
 BOE UIF USVF DBUBMPH 	HSFFO
 XIFO

UIF USVF NFUBNPEFM IBT B CSPLFO ୯୳VY EJTUSJCVUJPO XJUI B CSFBL BU 3 × 10−8 DN−2T−1(F7−1� "T

B SFTVMU UIF QPTUFSJPS PG UIF MPXFS TMPQF PG UIF ୯୳VY EJTUSJCVUJPO JT POMZ JOGPSNFE CZ TVCUISFTIPME

BOE NBSHJOBMMZ TJHOJ୮ୢDBOU QPJOU TPVSDFT� /FWFSUIFMFTT UIF JOGFSFODF EPFT SFDPWFS UIF CSFBL JO UIF

QPTUFSJPS BMUIPVHI UIF BQQMJDBUJPO PG UIF SFHVMBSJ[BUJPO QSJPS 	MFG୴
 DBVTFT UIF TMPQF UP CF QSFEJDUFE

IJHIFS�

���



Figure 5.4: Posterior of the completeness (left) and false discovery rate (right) as a function of point source significance

(top), flux (middle), and color (bottom). Point source parameters on the horizontal axes correspond to the reference

(i.e., true) and themodel point sources for the completeness and false discovery rate, respectively.
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Figure 5.5: Similar to Figure 5.4, but when the regularization prior is not applied.
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Figure 5.6: Posterior of the Completeness and false discovery rate as a function of the association scale.

����� 7ঊছঢগঐ ঝ ছঐঞকঊছণঊঝঘগ ঙছঘছ

" SFHVMBSJ[BUJPO QSJPS PG ���� QFS EFHSFF PG GSFFEPN JT NPUJWBUFE GPS UIF DBTF XIFO UIF SFTJEVBMT BSF

JOEFQFOEFOU JEFOUJDBMMZ EJTUSJCVUFE BOE (BVTTJBO� *O HFOFSBM IPXFWFS UIFSF DBO CF EFHFOFSBDJFT

CFUXFFO UIF FMFNFOU QBSBNFUFST XIJDI SFEVDFT UIF F୭GFDUJWF OVNCFS PG QBSBNFUFST PG FMFNFOUT�

'VSUIFSNPSF SFTJEVBMT NBZ EFWJBUF GSPN UIF χ2 EJTUSJCVUJPO� -BTUMZ CFDBVTF UIJT QSJPS JT JOUFOEFE

UP SFEVDF NPEFM DPNQMFYJUZ JUT FYBDU WBMVF TIPVME OPU DIBOHF UIF SFTVMUT PG UIF JOGFSFODF BT MPOH BT

UIF QPTUFSJPS JT DPSSFDUFE GPS UIF F୭GFDU PG UIF SFHVMBSJ[BUJPO QSJPS�

'JHVSF ��� TIPXT UIF QPTUFSJPS PG UIF OVNCFS PG FMFNFOUT 	UPQ MFG୴
 TMPQF PG UIF ୯୳VY EJTUSJCVUJPO

	UPQ SJHIU
 BOE UIF CBDLHSPVOE OPSNBMJ[BUJPO 	CPUUPN
 XIFO UIF SFHVMBSJ[BUJPO QSJPS JT TDBMFE CZ B

GBDUPS αp TVDI UIBU
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Figure 5.7: Top: Posterior (blue) of the flux histogramwhen the true flux distribution (green) has a break, imposing

(left) and not imposing the regularization prior (right). Bottom: Mean of the posterior of the joint histogram of the flux

and significance imposing (left) and not imposing (right) the regularization prior. True point sources are shownwith

greenmarkers.
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MOP (N) = −1

2
αpNepN. 	���


5IF USVF WBMVFT PG UIF QBSBNFUFST BSF TIPXO XJUI UIF HSFFO MJOFT� 1PTUFSJPS PG UIF OVNCFS PG FMF�

NFOUT EFDSFBTFT BT αp JODSFBTFT� 4JNJMBSMZ UIF TMPQF PG UIF ୯୳VY EJTUSJCVUJPO EFDSFBTFT 	J�F ୯୳VY EJT�

USJCVUJPO CFDPNFT TIBMMPXFS
 BOE UIF CBDLHSPVOE OPSNBMJ[BUJPO JODSFBTFT BT αp JODSFBTFT� 5IFTF

QPTUFSJPST BHSFF XJUI UIF USVF NFUBNPEFM BU αp = 0.5� 5IJT JT MBSHFMZ EVF UP UIF GBDU UIBU UIF MJLF�

MJIPPE JT 1PJTTPO JOTUFBE PG (BVTTJBO XIJDI DBVTFT MBSHFS VODFSUBJOUJFT JO UIF GPSXBSE�NPEFM BOE

SFRVJSF B TNBMMFS QFOBMUZ GPS NPSF DPNQMFY NPEFMT�

)PXFWFS JO HFOFSBM UIF QPTUFSJPS PG EJ୭GFSFOU QBSBNFUFST DBO BHSFF XJUI UIF USVF NFUBNPEFM BU

EJ୭GFSFOU WBMVFT PG αp CFDBVTF UIFZ NBZ IBWF EJ୭GFSFOU DPWBSJBODFT XJUI UIF NPEFM JOEJDBUPS� 5IFSF�

GPSF UIF DPSSFDUJPO UIBU NVTU CF BQQMJFE UP UIF QPTUFSJPS UP VOEP UIF F୭GFDU PG UIF QBSTJNPOZ QSJPS

EFQFOET PO UIF QBSBNFUFS PG JOUFSFTU BT JO UIF 'PDVTFE *OGPSNBUJPO $SJUFSJPO 	'*$
 ���
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Figure 5.8: Posterior mean number of elements (top left), flux distribution slope (top right), and background normaliza-

tion (bottom), when the strength of the regularization prior is scaled to different values.
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6
$PODMVTJPO

5IJT UIFTJT JNQMFNFOUT B USBOTEJNFOTJPOBM UISFTIPME�GSFF IJFSBSDIJDBM BOE #BZFTJBO JOGFSFODF

GSBNFXPSL� *U JT CBTFE PO UIF GPVOEBUJPOT PG TUBUJTUJDT J�F� UIF FQJTUFNPMPHJDBM TUVEZ PG IPX JO�

GFSFODF TIPVME CF NBEF CVU BMTP SFMBUFT UP DPOUFNQPSBSZ QSPCMFNT JO DPTNPMPHZ� *UT DFOUSBM JEFB

JT UIBU QSPQFS VODFSUBJOUZ QSPQBHBUJPO BOE NBSHJOBMJ[BUJPO JT B QSFSFRVJTJUF UP QFSGPSNJOH SPCVTU

JOGFSFODF�
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"MUIPVHI UIFSF JT HSPXJOH FWJEFODF GPS UIF EBSL NBUUFS IZQPUIFTJT CBTFE PO JUT HSBWJUBUJPOBM JO�

UFSBDUJPOT BO PCTFSWBUJPO UIBU DBO POMZ CF FYQMBJOFE CZ UIF OPO�HSBWJUBUJPOBM JOUFSBDUJPO PG EBSL

NBUUFS XPVME ZJFME TVCTUBOUJBM FWJEFODF GPS JUT FYJTUFODF� 0CUBJOJOH UIJT FWJEFODF JG UIFSF XJMM CF

BOZ EBUB UP TVQQPSU JU SFRVJSFT SPCVTU FSSPS QSPQBHBUJPO BOE NBSHJOBMJ[BUJPO PWFS OVJTBODF QBSBN�

FUFST� 5IF UIFTJT BQQMJFT QSPCBCJMJTUJD DBUBMPHJOH UP UXP TVDI EBUB TFUT BOE FYQMPSFT UIFJS JOGFSFODF

QPUFOUJBM� 5IF UIFTJT GPDVTFT PO UIF JOEJSFDU EFUFDUJPO PG 8*.1T OPU CFDBVTF 8*.1T BSF UIFPSFUJ�

DBMMZ NPSF KVTUJ୮ୢFE UIBO PUIFS EBSL NBUUFS DBOEJEBUFT� *O UIF BCTFODF PG EBUB UIBU ZJFMET TVCTUBOUJBM

FWJEFODF GPS B QBSUJDVMBS NPEFM BOZ NPEFM DIPJDF JT MBSHFMZ QSJPS�ESJWFO�

5IF UIFTJT BMTP FYQMPSFT UIF OPUJPO PG NPEFM DPNQMFYJUZ� 5IF QBSTJNPOZ QSJODJQMF JT UIF WJFX

UIBU UIF CFTU EFTDSJQUJPO PG TPNF EBUB JT UIF POF UIBU VTFT UIF GFXFTU TZNCPMT 	J�F� NJOJNVN EFTDSJQ�

UJPO MFOHUI
 UP FYQMBJO JU� 3FHVMBSJ[BUJPO PG NPEFM DPNQMFYJUZ IBT JNQMJDBUJPOT GPS BOZ JOGFSFODF

VTJOH UIF TDJFOUJ୮ୢD NFUIPE� *O QBSUJDVMBS SFHVMBSJ[BUJPO PG NPEFM DPNQMFYJUZ IBT BQQMJDBUJPOT GSPN

SFEVDJOH PWFS୮ୢUUJOH JO 2�MFBSOJOH F�H� DPOTUSVDUJOH JOUFMMJHFOU BHFOUT UP UBLF PQUJNBM BDUJPOT XJUI�

PVU FYQMPJUJOH POMZ TIPSU�UFSN CFOF୮ୢUT UP PCUBJOJOH MBUFOU SFQSFTFOUBUJPOT PG MBSHF EBUB TFUT� *U JT

QMBVTJCMF UP FYQFDU UIBU UIF JODSFBTF JO UIF DPNQVUBUJPOBM SFTPVSDFT XJMM BMMPX B CSPBEFS SBOHF PG

JOGFSFODFT UP VTF JEFBT JO QSPCBCJMJTUJD DBUBMPHJOH UP UBLF JOUP BDDPVOU USBOTEJNFOTJPOBM NPEFMJOH

DPWBSJBODFT�
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3FGFSFODFT

<�> ,� "CB[BKJBO (� .� 'VMMFS BOE .� 1BUFM� 4UFSJMF OFVUSJOP IPU XBSN BOE DPME EBSL NBUUFS�
1IZT� 3FW� % ��	�
������� +VMZ �����

<�> ,� /� "CB[BKJBO BOE .� ,BQMJOHIBU� %FUFDUJPO PG B HBNNB�SBZ TPVSDF JO UIF (BMBDUJD $FOUFS
DPOTJTUFOU XJUI FYUFOEFE FNJTTJPO GSPN EBSL NBUUFS BOOJIJMBUJPO BOE DPODFOUSBUFE BTUSP�
QIZTJDBM FNJTTJPO� 1IZT� 3FW� % ��	�
������� 0DUPCFS �����

<�> "� "� "CEP FU BM� 5IF 'FSNJ�-"5 )JHI�-BUJUVEF 4VSWFZ� 4PVSDF $PVOU %JTUSJCVUJPOT "OE
5IF 0SJHJO 0G 5IF &YUSBHBMBDUJD %J୭GVTF #BDLHSPVOE� 5IF "TUSPQIZTJDBM +PVSOBM ���	�
؛����
��� TFQ �����

<�> '� "DFSP FU BM� 'FSNJ -BSHF "SFB 5FMFTDPQF 5IJSE 4PVSDF $BUBMPH� 5IF "TUSPQIZTJDBM +PVSOBM
4VQQMFNFOU 4FSJॶ ���	�
��� �����

<�> '� "DFSP FU BM� %FWFMPQNFOU 0G 5IF .PEFM 0G (BMBDUJD *OUFSTUFMMBS &NJTTJPO 'PS 4UBOEBSE
1PJOU�4PVSDF "OBMZTJT 0G 'FSNJ -BSHF "SFB 5FMFTDPQF %BUB� 5IF "TUSPQIZTJDBM +PVSOBM
4VQQMFNFOU 4FSJॶ ���	�
��� BQS �����

<�> -PUUZ "DLFSNBO .BUUIFX 3� #VDLMFZ 4FBO .� $BSSPMM BOE .BSD ,BNJPOLPXTLJ� %BSL
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QBHF �� GFC �����

<��> (� %FTQBMJ BOE 4� 7FHFUUJ� 5IF JNQBDU PG CBSZPOJD QIZTJDT PO UIF TVCIBMP NBTT GVODUJPO BOE
JNQMJDBUJPOT GPS HSBWJUBUJPOBM MFOTJOH� ./3"4 ����؛�������� "VHVTU �����

<��> 3� )� %JDLF 1� +� &� 1FFCMFT 1� (� 3PMM BOE %� 5� 8JMLJOTPO� $PTNJD #MBDL�#PEZ 3BEJBUJPO�
5IF "TUSPQIZTJDBM +PVSOBM ���	�
���� �����

<��> 4� %PEFMTPO BOE -� .� 8JESPX� 4UFSJMF OFVUSJOPT BT EBSL NBUUFS� 1IZTJDBM 3FWJFX -FUUFST
��؛����� +BOVBSZ �����

<��> "OES[FK ,� %SVLJFS ,BUIFSJOF 'SFFTF BOE %BWJE /� 4QFSHFM� %FUFDUJOH DPME EBSL�NBUUFS
DBOEJEBUFT� 1IZT� 3FW� % ����؛������� +VO �����

<��> +PIO %VCJOTLJ BOE 3�(� $BSMCFSH� 5IF TUSVDUVSF PG DPME EBSL NBUUFS IBMPT� \BQK �������
�����

<��> "MCFSU &JOTUFJO� &YQMBOBUJPO PG UIF QFSJIFMJDBM NPUJPO PG NFSDVSZ GSPN UIF HFOFSBM UIFPSZ
PG SFMBUJWJUZ� 4U\¤^OEJHFS #FPCBDIUFS EFS 1SFVTTJTDIFO "LBEFNJF EFS 8JTTFOTDIBظFO 1BSU �
QBHFT ���؛��� �����

<��> %� +� &JTFOTUFJO FU BM� %FUFDUJPO PG UIF #BSZPO "DPVTUJD 1FBL JO UIF -BSHF�4DBMF $PSSFMBUJPO
'VODUJPO PG 4%44 -VNJOPVT 3FE (BMBYJFT� "Q+ ���؛������� /PWFNCFS �����

<��> %� +� &JTFOTUFJO %� )� 8FJOCFSH &� "HPM )� "JIBSB $� "MMFOEF 1SJFUP 4� '� "OEFSTPO +� "�
"SOT �� "VCPVSH 4� #BJMFZ &� #BMCJOPU BOE FU BM� 4%44ୖ***� .BTTJWF 4QFDUSPTDPQJD 4VS�
WFZT PG UIF %JTUBOU 6OJWFSTF UIF .JMLZ 8BZ BOE &YUSB�4PMBS 1MBOFUBSZ 4ZTUFNT� "+ ������
4FQUFNCFS �����

<��> +� &MMJT +� &� ,JN BOE %� 7� /BOPQPVMPT� $PTNPMPHJDBM HSBWJUJOP SFHFOFSBUJPO BOE EFDBZ�
1IZTJDT -FUUFST # ���؛������� 4FQUFNCFS �����

<��> '� &OHMFSU BOE 3� #SPVU� #SPLFO TZNNFUSZ BOE UIF NBTT PG HBVHF WFDUPS NFTPOT� 1IZT� 3FW�
-FUU� ���؛������ "VH �����

<��> "� $� 'BCJBO BOE 9� #BSDPOT� 5IF PSJHJO PG UIF 9�SBZ CBDLHSPVOE� "OOVBM 3FWJFX PG "TUSPO�
PNZ BOE "TUSPQIZTJDT ���؛������ �����

<��> 3PTT 'BEFMZ BOE $IBSMFT 3� ,FFUPO� 4VCTUSVDUVSF JO UIF MFOT )& ���������� TFQ �����

���



<��> &� &� 'BMDP .� 7� (PSFOTUFJO BOE *� *� 4IBQJSP� 0O NPEFM�EFQFOEFOU CPVOET PO )	�
 GSPN
HSBWJUBUJPOBM JNBHFT "QQMJDBUJPO PG 2���� � ���"#� 5IF "TUSPQIZTJDBM +PVSOBM ����-� �����

<��> $MBVEF�"OES© 'BVDIFS�(JHV¨SF BOE "CSBIBN -PFC� 5IF QVMTBS DPOUSJCVUJPO UP UIF HBNNB�
SBZ CBDLHSPVOE� +PVSOBM PG $PTNPMPॻ BOE "TUSPQBSUJDMF 1IZTJDT ����	��
���؛���� KBO �����

<��> +POBUIBO -� 'FOH .BOPK ,BQMJOHIBU )VJU[V 5V BOE )BJ�#P :V� )JEEFO $IBSHFE %BSL
.BUUFS� +$"1 �������� �����

<��> "MFY 'JUUT FU BM� '*3& JO UIF 'JFME� 4JNVMBUJOH UIF 5ISFTIPME PG (BMBYZ 'PSNBUJPO� �����

<��> 3JDBSEP "� 'MPSFT BOE +PFM 3� 1SJNBDL� 0CTFSWBUJPOBM BOE UIFPSFUJDBM DPOTUSBJOUT PO TJOHVMBS
EBSL NBUUFS IBMPT� "TUSPQIZT� +� �؛�-���� �����

<��> 8� 'PSNBO $� +POFT BOE 8� 5VDLFS� )PU DPSPOBF BSPVOE FBSMZ�UZQF HBMBYJFT� "Q+ ؛�������
��� +VOF �����

<��> ,� 'SFFTF #� 'JFMET BOE %� (SB୭G� -JNJUT PO TUFMMBS PCKFDUT BT UIF EBSL NBUUFS PG PVS IBMP�
OPOCBSZPOJD EBSL NBUUFS TFFNT UP CF SFRVJSFE� /VDMFBS 1IZTJDT # 1SPDFFEJOHT 4VQQMFNFOUT
����� +BOVBSZ �����

<��> 3� 'SJFECFSH 5� %� -FF BOE "� 4JSMJO� $MBTT PG TDBMBS�୮ୢFME TPMJUPO TPMVUJPOT JO UISFF TQBDF
EJNFOTJPOT� 1IZT� 3FW� % ����؛������� .BZ �����

<���> :BTNJO 'SJFENBOO BOE 'SBO§PJT #PVDIFU� 'MVDUVBUJPO BOBMZTJT PG UIF GBS�JOGSBSFE CBDL�
HSPVOE � JOGPSNBUJPO GSPN UIF DPOGVTJPO� .POUIMZ /PUJDॶ PG UIF 3PZBM "TUSPOPNJDBM 4P�
DJFUZ ���	�
���؛���� �����

<���> -� (BP $� 4� 'SFOL .� #PZMBO�,PMDIJO "� +FOLJOT 7� 4QSJOHFM BOE 4� %�.� 8IJUF� 5IF
TUBUJTUJDT PG UIF TVCIBMP BCVOEBODF PG EBSL NBUUFS IBMPFT� .POUIMZ /PUJDॶ PG UIF 3PZBM
"TUSPOPNJDBM 4PDJFUZ ���	�
����؛����� KVO �����

<���> 4� (BSSJTPO�,JNNFM "� 3� 8FU[FM +� 4� #VMMPDL 1� '� )PQLJOT .� #PZMBO�,PMDIJO $��"�
'BVDIFS�(JHVFSF %� ,FSFT &� VBUBFSUތ 3� &� 4BOEFSTPO "� 4� (SBVT BOE 5� ,FMMFZ� /PU TP
MVNQZ BG୴FS BMM� NPEFMJOH UIF EFQMFUJPO PG EBSL NBUUFS TVCIBMPT CZ .JMLZ 8BZ�MJLF HBMBYJFT�
"S9JW F�QSJOUT +BOVBSZ �����

<���> .� +� (FMMFS BOE +� 1� )VDISB� .BQQJOH UIF VOJWFSTF� 4DJFODF ���؛������� /PWFNCFS �����

���



<���> "OESFX (FMNBO BOE %POBME #� 3VCJO� *OGFSFODF GSPN *UFSBUJWF 4JNVMBUJPO 6TJOH .VMUJQMF
4FRVFODFT �����

<���> 4IZ (FOFM .BSL 7PHFMTCFSHFS 7PMLFS 4QSJOHFM %FCPSB 4JKBDLJ %ZMBO /FMTPO (SFH 4OZ�
EFS 7JDFOUF 3PESJHVF[�(PNF[ 1BVM 5PSSFZ BOE -BST )FSORVJTU� *OUSPEVDJOH UIF *MMVTUSJT
QSPKFDU� 5IF FWPMVUJPO PG HBMBYZ QPQVMBUJPOT BDSPTT DPTNJD UJNF� .POUIMZ /PUJDॶ PG UIF
3PZBM "TUSPOPNJDBM 4PDJFUZ ���	�
���؛���� NBZ �����

<���> (� (FOUJMF 1� 4BMVDDJ 6� ,MFJO %� 7FSHBOJ BOE 1� ,BMCFSMB� 5IF DPSFE EJTUSJCVUJPO PG EBSL
NBUUFS JO TQJSBM HBMBYJFT� ./3"4 ���؛������� +VMZ �����

<���> )PXBSE (FPSHJ BOE "� 1BJT� 7BDVVN TZNNFUSZ BOE UIF QTFVEP�HPMETUPOF QIFOPNFOPO�
1IZT� 3FW� % ���؛������ +VM �����

<���> %BOJFM (JMNBO "ESJBOP "HOFMMP 5PNNBTP 5SFV $IBSMFT 3� ,FFUPO BOE "OOB .� /JFSFO�
CFSH� 4USPOH MFOTJOH TJHOBUVSFT PG MVNJOPVT TUSVDUVSF BOE TVCTUSVDUVSF JO FBSMZ�UZQF HBMBYJFT�
PDU �����

<���> %BOJFM (JMNBO "ESJBOP "HOFMMP 5PNNBTP 5SFV $IBSMFT 3� ,FFUPO BOE "OOB .� /JFSFO�
CFSH� 4USPOH MFOTJOH TJHOBUVSFT PG MVNJOPVT TUSVDUVSF BOE TVCTUSVDUVSF JO FBSMZ�UZQF HBMBY�
JFT� .POUIMZ /PUJDॶ PG UIF 3PZBM "TUSPOPNJDBM 4PDJFUZ QBHF TUY��� +BOVBSZ ����� BS9JW�
�����������

<���> (� (PMTF BOE +��1� ,OFJC� 1TFVEP FMMJQUJDBM MFOTJOH NBTT NPEFM� "QQMJDBUJPO UP UIF /'8
NBTT EJTUSJCVUJPO� "TUSPOPNZ BOE "TUSPQIZTJDT ���	�
���؛���� �����

<���> -� (PPEFOPVHI BOE %� )PPQFS� 1PTTJCMF &WJEFODF 'PS %BSL .BUUFS "OOJIJMBUJPO *O 5IF
*OOFS .JMLZ 8BZ 'SPN 5IF 'FSNJ (BNNB 3BZ 4QBDF 5FMFTDPQF� "S9JW F�QSJOUT 0DUPCFS
�����

<���> $� (PSEPO BOE 0� .BDBT� %BSL NBUUFS BOE QVMTBS NPEFM DPOTUSBJOUT GSPN (BMBDUJD $FOUFS
'FSNJ�-"5 HBNNB�SBZ PCTFSWBUJPOT� 1IZT� 3FW� % ��	�
������� 0DUPCFS �����

<���> #� 3� (SBOFUU .� $� /FZSJODL BOE *� 4[BQVEJ� "O *NQSJOU PG 4VQFSTUSVDUVSFT PO UIF .J�
DSPXBWF #BDLHSPVOE EVF UP UIF *OUFHSBUFE 4BDIT�8PMGF &୭GFDU� "Q+- ����-�� "VHVTU �����

<���> 1FUFS +� (SFFO� 3FWFSTJCMF KVNQ .BSLPW DIBJO NPOUF DBSMP DPNQVUBUJPO BOE #BZFTJBO NPEFM
EFUFSNJOBUJPO� #JPNFUSJLB ��	�
���؛���� �����

���



<���> ,JN (SJFTU BOE .BSD ,BNJPOLPXTLJ� 6OJUBSJUZ MJNJUT PO UIF NBTT BOE SBEJVT PG EBSL�NBUUFS
QBSUJDMFT� 1IZT� 3FW� -FUU� ���؛������ 'FC �����

<���> "MBO )� (VUI� *O୯୳BUJPOBSZ VOJWFSTF� " QPTTJCMF TPMVUJPO UP UIF IPSJ[PO BOE ୯୳BUOFTT QSPC�
MFNT� 1IZT� 3FW� % ���؛������ +BO �����

<���> 4� )BOBOZ 1� "EF "� #BMCJ +� #PDL +� #PSSJMM "� #PTDBMFSJ 1� EF #FSOBSEJT 1� (� 'FSSFJSB
7� 7� )SJTUPW "� )� +B୭GF "� &� -BOHF "� 5� -FF 1� %� .BVTLPQG $� #� /FUUFS୮ୢFME 4� 0I
&� 1BTDBMF #� 3BCJJ 1� -� 3JDIBSET (� '� 4NPPU 3� 4UPNQPS $� %� 8JOBOU BOE +� )� 1� 8V�
"Q+- �-؛�-���� %FDFNCFS �����

<���> %BWJE *� )BTUJF BOE 1FUFS +� (SFFO� .PEFM DIPJDF VTJOH SFWFSTJCMF KVNQ .BSLPW DIBJO .POUF
$BSMP� 4UBUJTUJDB /FFSMBOEJDB ��	�
���؛���� �����

<���> 4� )BXLJOH� (SBWJUBUJPOBMMZ DPMMBQTFE PCKFDUT PG WFSZ MPX NBTT� ./3"4 ������ �����

<���> :� )F[BWFI /� %BMBM (� )PMEFS 5� ,JTOFS .� ,VIMFO BOE -� 1FSSFBVMU -FWBTTFVS� .FB�
TVSJOH UIF QPXFS TQFDUSVN PG EBSL NBUUFS TVCTUSVDUVSF VTJOH TUSPOH HSBWJUBUJPOBM MFOTJOH� +�
$PTNPMPॻ "TUSPQBSU� 1IZT� ������ /PWFNCFS �����

<���> :BTIBS )F[BWFI /FBM %BMBM (JMCFSU )PMEFS .JDIBFM ,VIMFO %BOJFM .BSSPOF FU BM� %BSL
.BUUFS 4VCTUSVDUVSF %FUFDUJPO 6TJOH 4QBUJBMMZ 3FTPMWFE 4QFDUSPTDPQZ PG -FOTFE %VTUZ
(BMBYJFT� "TUSPQIZT� +� ����� �����

<���> :BTIBS %� )F[BWFI /FBM %BMBM %BOJFM 1� .BSSPOF :BP�:VBO .BP 8BSSFO .PSOJOHTUBS
%J 8FO 3PHFS %� #MBOEGPSE +PIO &� $BSMTUSPN $ISJTUPQIFS %� 'BTTOBDIU (JMCFSU 1�
)PMEFS "UIPM ,FNCBMM 1IJMJQ +� .BSTIBMM /PSNBO .VSSBZ -BVSFODF 1FSSFBVMU -FWBTTFVS
+PBRVJO %� 7JFJSB BOE 3JTB )� 8FDITMFS� %FUFDUJPO PG MFOTJOH TVCTUSVDUVSF VTJOH "-."
PCTFSWBUJPOT PG UIF EVTUZ HBMBYZ 4%1���� 5IF "TUSPQIZTJDBM +PVSOBM ���	�
��� KBO �����

<���> 1FUFS 8� )JHHT� #SPLFO TZNNFUSJFT BOE UIF NBTTFT PG HBVHF CPTPOT� 1IZT� 3FW� -FUU� ؛������
��� 0DU �����

<���> %�8� )PHH BOE %� -BOH� 5FMFTDPQFT EPOؠU NBLF DBUBMPHVFT� &"4 1VCMJDBUJPOT 4FSJॶ ؛������
��� BVH �����

<���> %� )PPQFS BOE -� (PPEFOPVHI� %BSL NBUUFS BOOJIJMBUJPO JO UIF (BMBDUJD $FOUFS BT TFFO CZ
UIF 'FSNJ (BNNB 3BZ 4QBDF 5FMFTDPQF� 1IZTJDT -FUUFST # ���؛������� .BSDI �����

���



<���> %� )PPQFS BOE 5� -JOEFO� 0SJHJO PG UIF HBNNB SBZT GSPN UIF (BMBDUJD $FOUFS� 1IZT� 3FW� %
��	��
������� %FDFNCFS �����

<���> %� )PPQFS BOE 5� 3� 4MBUZFS� 5XP FNJTTJPO NFDIBOJTNT JO UIF 'FSNJ #VCCMFT� " QPTTJCMF
TJHOBM PG BOOJIJMBUJOH EBSL NBUUFS� 1IZTJDT PG UIF %BSL 6OJWFSTF ���؛����� 4FQUFNCFS �����

<���> +� 8� )TVFI -� 0MEIBN $� 4QJOHPMB 4� 7FHFUUJ $� %� 'BTTOBDIU .� 8� "VHFS -� 7� &�
,PPQNBOT +� 1� .D,FBO BOE %� +� -BHBUUVUB� 4)"31 � *7� "O BQQBSFOU ୯୳VY SBUJP BOPNBMZ
SFTPMWFE CZ UIF FEHF�PO EJTD JO #��������� KBO �����

<���> 8BZOF )V 3FOOBO #BSLBOB BOE "OESFJ (SV[JOPW� 'V[[Z DPME EBSL NBUUFS� UIF XBWF QSPQ�
FSUJFT PG VMUSBMJHIU QBSUJDMFT� 1IZTJDBM 3FWJFX -FUUFST ��	�
����؛����� NBS �����

<���> -� )VJ +� 1� 0TUSJLFS 4� 5SFNBJOF BOE &� 8JUUFO� 6MUSBMJHIU TDBMBST BT DPTNPMPHJDBM EBSL
NBUUFS� 1IZT� 3FW� % ��	�
������� 'FCSVBSZ �����

<���> 1� )VU� -JNJUT PO NBTTFT BOE OVNCFS PG OFVUSBM XFBLMZ JOUFSBDUJOH QBSUJDMFT� 1IZTJDT -FUUFST
# ��؛����� +VMZ �����

<���> .� ,BNJPOLPXTLJ BOE "� 3� -JEEMF� 5IF %FBSUI PG )BMP %XBSG (BMBYJFT� *T 5IFSF 1PXFS
PO 4IPSU 4DBMFT 1IZTJDBM 3FWJFX -FUUFST ����؛������� .BZ �����

<���> %BWJE &� ,BQMBO (PSEBO ;� ,SOKBJD ,FJUI 3� 3FIFSNBOO BOE $ISJTUPQIFS .� 8FMMT�
"UPNJD %BSL .BUUFS� +� $PTNPMPॻ "TUSPQBSU� 1IZT� �������� �����

<���> " ,BTTJPMB BOE * ,PWOFS� &MMJQUJD .BTT %JTUSJCVUJPOT WFSTVT &MMJQUJD 1PUFOUJBMT JO (SBWJUB�
UJPOBM -FOTFT� \BQK ������� OPW �����

<���> $� 3� ,FFUPO $� 4� ,PDIBOFL BOE 6� 4FMKBL� 4IFBS BOE &MMJQUJDJUZ JO (SBWJUBUJPOBM -FOTFT�
5IF "TUSPQIZTJDBM +PVSOBM ������� �����

<���> $IBSMFT 3� ,FFUPO� " $BUBMPH PG .BTT .PEFMT GPS (SBWJUBUJPOBM -FOTJOH� +PVSOBM PG "TUSPO�
PNZ BOE "TUSPQIZTJDT 	+VOF
��� �����

<���> $IBSMFT 3� ,FFUPO #� 4DPUU (BVEJ BOE "� 0� 1FUUFST� *EFOUJGZJOH MFOTFT XJUI TNBMM�TDBMF
TUSVDUVSF� J� DVTQ MFOTFT� "TUSPQIZT� +� ���؛������� �����

<���> $IBSMFT 3� ,FFUPO BOE -FPOJEBT "� .PVTUBLBT� " OFX DIBOOFM GPS EFUFDUJOH EBSL NBUUFS
TVCTUSVDUVSF JO HBMBYJFT� (SBWJUBUJPOBM MFOT UJNF EFMBZT� "TUSPQIZT� +� ����؛�������� �����

���



<���> "OBUPMZ ,MZQJO "OESFZ 7� ,SBWUTPW 0DUBWJP 7BMFO[VFMB BOE 'SBODJTDP 1SBEB� 8IFSF "SF
UIF .JTTJOH (BMBDUJD 4BUFMMJUFT 5IF "TUSPQIZTJDBM +PVSOBM ���	�
��؛��� KBO �����

<���> -� 7� &� ,PPQNBOT� (SBWJUBUJPOBM JNBHJOH PG DPME EBSL NBUUFS TVCTUSVDUVSFT� ./3"4
����؛�������� /PWFNCFS �����

<���> 4� ,VMMCBDL BOE 3� "� -FJCMFS� 0O *OGPSNBUJPO BOE 4V୭୮ୢDJFODZ� 5IF "OOBMT PG .BUIFNBUJDBM
4UBUJTUJDT ��	�
��؛��� �����

<���> #� 8� -FF BOE 4� 8FJOCFSH� $PTNPMPHJDBM MPXFS CPVOE PO IFBWZ�OFVUSJOP NBTTFT� 1IZTJDBM
3FWJFX -FUUFST ���؛������ +VMZ �����

<���> 4BNVFM ,� -FF .BSJBOHFMB -JTBOUJ BOE #FOKBNJO 3� 4BGEJ� %JTUJOHVJTIJOH EBSL NBUUFS GSPN
VOSFTPMWFE QPJOU TPVSDFT JO UIF *OOFS (BMBYZ XJUI QIPUPO TUBUJTUJDT� +PVSOBM PG $PTNPMPॻ
BOE "TUSPQBSUJDMF 1IZTJDT ����	��
���؛���� EFD �����

<���> 4BNVFM ,� -FF .BSJBOHFMB -JTBOUJ #FOKBNJO 3� 4BGEJ 5SBDZ 3� 4MBUZFS BOE 8FJ 9VF� &W�
JEFODF GPS 6OSFTPMWFE γ�3BZ 1PJOU 4PVSDFT JO UIF *OOFS (BMBYZ� 1IZTJDBM 3FWJFX -FUUFST
���	�
 �����

<���> 3BO -J $BSMPT 4� 'SFOL 4IBVO $PMF -JBOH (BP 4PXOBL #PTF BOE 8PKDJFDI "� )FMMXJOH�
$POTUSBJOUT PO UIF JEFOUJUZ PG UIF EBSL NBUUFS GSPN TUSPOH HSBWJUBUJPOBM MFOTFT� .PO� /PU�
3PZ� "TUSPO� 4PD� ���	�
���؛���� �����

<���> 3BO -J $BSMPT 4� 'SFOL 4IBVO $PMF 2JBP 8BOH BOE -JBOH (BP� 1SPKFDUJPO F୭GFDUT JO UIF
TUSPOH MFOTJOH TUVEZ PG TVCIBMPFT� .PO� /PU� 3PZ� "TUSPO� 4PD� �������� �����

<���> "�%� -JOEF� " OFX JO୯୳BUJPOBSZ VOJWFSTF TDFOBSJP� " QPTTJCMF TPMVUJPO PG UIF IPSJ[PO
୯୳BUOFTT IPNPHFOFJUZ JTPUSPQZ BOE QSJNPSEJBM NPOPQPMF QSPCMFNT� 1IZTJDT -FUUFST #
���	�
���� ؛ ��� �����

<���> 4� -³QF[ 7� 0EPSJDPؠ% 4� -� &MMJTPO (� %� #FDLFS -� $ISJTUFOTFO (� $VQBOJ ,� %� %FO�
OFZ *� 1¢SJT (� 8PSTFDL 5� "� .� #FSH 4� $SJTUJBOJ .� %FTTBVHFT�;BWBETLZ .� )BFIOFMU
'� )BNBOO +� )FOOBXJ 7� *SġJÍ 5��4� ,JN 1� -³QF[ 3� -VOE 4BVTU #� .©OBSE 4� 1FS�
SPUUB +� 9� 1SPDIBTLB 3� 4¡ODIF[�3BNSF[ .� 7FTUFSHBBSE .� 7JFM BOE -� 8JTPU[LJ� "�"
����"�� 0DUPCFS �����

<���> 4IVEF .BP BOE 1FUFS 4DIOFJEFS� &WJEFODF GPS TVCTUSVDUVSF JO MFOT HBMBYJFT .PO� /PU� 3�
"TUSPO� 4PD� ���؛������� �����

���



<���> .� .BSLFWJUDI� $IBOESB 0CTFSWBUJPO PG UIF .PTU *OUFSFTUJOH $MVTUFS JO UIF 6OJWFSTF� *O
"� 8JMTPO FEJUPS 5IF 9�SBZ 6OJWFSTF ���� WPMVNF ��� PG &4" 4QFDJBM 1VCMJDBUJPO QBHF
��� +BOVBSZ �����

<���> $IBSMPUUF "� .BTPO 5PNNBTP 5SFV "ESJBOP 'POUBOB 5VDLFS +POFT 5BLBIJSP .PSJTIJUB
3JDBSEP "NPSJO .BSVġB #SBEBÍ &NJMZ VJOOތ 'JOOFZ $MBVEJP (SJMMP "MBJOB )FOSZ "VTUJO
)PBH ,VBOH�)BO )VBOH ,BTQFS #� 4DINJEU .JDIFMF 5SFOUJ BOE #FOFEFUUB 7VMDBOJ� 'JSTU
3FTVMUT GSPN UIF ,.04 -FOT�"NQMJ୮ୢFE 4QFDUSPTDPQJD 4VSWFZ 	,-"44
� ,JOFNBUJDT PG
-FOTFE (BMBYJFT BU $PTNJD /PPO� 5IF "TUSPQIZTJDBM +PVSOBM ���	�
��� NBS �����

<���> +� $� .BUIFS &� 4� $IFOH %� "� $PUUJOHIBN 3� &� &QMFF +S� %� +� 'JYTFO 5� )FXBHBNB
3� #� *TBBDNBO ,� "� +FOTFO 4� 4� .FZFS 1� %� /PFSEMJOHFS 4� .� 3FBE -� 1� 3PTFO 3� "�
4IBGFS &� -� 8SJHIU $� -� #FOOFUU /� 8� #PHHFTT .� (� )BVTFS 5� ,FMTBMM 4� )� .PTFMFZ
+S� 3� '� 4JMWFSCFSH (� '� 4NPPU 3� 8FJTT BOE %� 5� 8JMLJOTPO� .FBTVSFNFOU PG UIF DPTNJD
NJDSPXBWF CBDLHSPVOE TQFDUSVN CZ UIF $0#& '*3"4 JOTUSVNFOU� "Q+ ���؛�������
+BOVBSZ �����

<���> +� $� .BUIFS %� +� 'JYTFO 3� "� 4IBGFS $� .PTJFS BOE %� 5� 8JMLJOTPO� $BMJCSBUPS %FTJHO
GPS UIF $0#& 'BS�*OGSBSFE "CTPMVUF 4QFDUSPQIPUPNFUFS 	'*3"4
� "Q+ ���؛������� 'FCSV�
BSZ �����

<���> 3� #� .FUDBMG BOE "� "NBSB� 4NBMM�TDBMF TUSVDUVSFT PG EBSL NBUUFS BOE ୯୳VY BOPNBMJFT JO
RVBTBS HSBWJUBUJPOBM MFOTFT� ./3"4 ����؛�������� 'FCSVBSZ �����

<���> 3� #� .FUDBMG BOE )� ;IBP� 'MVY 3BUJPT BT B 1SPCF PG %BSL 4VCTUSVDUVSFT JO �VBESVQMFތ
*NBHF (SBWJUBUJPOBM -FOTFT� "Q+- �-؛�-���� .BSDI �����

<���> 3� #FOUPO .FUDBMG BOE 1JFSP .BEBV� $PNQPVOE (SBWJUBUJPOBM -FOTJOH BT B 1SPCF PG %BSL
.BUUFS 4VCTUSVDUVSF XJUIJO (BMBYZ )BMPT� 5IF "TUSPQIZTJDBM +PVSOBM ���	�
��؛�� EFD �����

<���> .� .JMHSPN� " NPEJ୮ୢDBUJPO PG UIF /FXUPOJBO EZOBNJDT BT B QPTTJCMF BMUFSOBUJWF UP UIF
IJEEFO NBTT IZQPUIFTJT� "Q+ ���؛������� +VMZ �����

<���> 2� &� .JOPS BOE .� ,BQMJOHIBU� *O୯୳BUJPO UIBU SVOT OBUVSBMMZ� (SBWJUBUJPOBM XBWFT BOE
TVQQSFTTJPO PG QPXFS BU MBSHF BOE TNBMM TDBMFT� 1IZT� 3FW� % ��	�
������� .BSDI �����

<���> 2� &� .JOPS .� ,BQMJOHIBU BOE /� -J� " SPCVTU NBTT FTUJNBUPS GPS EBSL NBUUFS TVCIBMP
QFSUVSCBUJPOT JO TUSPOH HSBWJUBUJPOBM MFOTFT� "S9JW F�QSJOUT %FDFNCFS �����
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<���> +� 8� .P୭GBU� 4DBMBS UFOTPS WFDUPS HSBWJUZ UIFPSZ� +� $PTNPMPॻ "TUSPQBSU� 1IZT� ����� .BSDI
�����

<���> #� .PPSF� &WJEFODF BHBJOTU EJTTJQBUJPOMFTT EBSL NBUUFS GSPN PCTFSWBUJPOT PG HBMBYZ IBMPFT�
/BUVSF ������� �����

<���> #FO .PPSF 4FCBTUJBOP (IJHOB 'BCJP (PWFSOBUP (FPSHF -BLF 5PN VJOOތ +PBDIJN 4UBEFM
BOE 1BPMP 5P[[J� %BSL NBUUFS TVCTUSVDUVSF JO HBMBDUJD IBMPT� "Q+ ��-؛��-���� �����

<���> , /BLBNVSB BOE 1BSUJDMF %BUB (SPVQ� 3FWJFX PG QBSUJDMF QIZTJDT� +PVSOBM PG 1IZTJDT (�
/VDMFBS BOE 1BSUJDMF 1IZTJDT ��	�"
������� �����

<���> +VMJP '� /BWBSSP $BSMPT 4� 'SFOL BOE 4JNPO %� .� 8IJUF� 5IF 4USVDUVSF PG $PME %BSL
.BUUFS )BMPT� 5IF "TUSPQIZTJDBM +PVSOBM ������� NBZ �����

<���> "� .� /JFSFOCFSH 5� 5SFV (� #SBNNFS "� )� (� 1FUFS $� %� 'BTTOBDIU $� 3� ,FFUPO $� 4�
,PDIBOFL ,� #� 4DINJEU %� 4MVTF BOE 4� "� 8SJHIU� 1SPCJOH EBSL NBUUFS TVCTUSVDUVSF JO
UIF HSBWJUBUJPOBM MFOT )&��������� XJUI UIF 8'$� HSJTN� "S9JW F�QSJOUT +BOVBSZ �����

<���> "� .� /JFSFOCFSH 5� 5SFV (� #SBNNFS "� )� (� 1FUFS $� %� 'BTTOBDIU $� 3� ,FFUPO $� 4�
,PDIBOFL ,� #� 4DINJEU %� 4MVTF BOE 4� "� 8SJHIU� 1SPCJOH EBSL NBUUFS TVCTUSVDUVSF JO
UIF HSBWJUBUJPOBM MFOT )&��������� XJUI UIF 8'$� HSJTN� KBO �����

<���> "� .� /JFSFOCFSH 5� 5SFV /� .FODJ :� -V 1BVM 5PSSFZ BOE .� 7PHFMTCFSHFS� 5IF .JTTJOH
4BUFMMJUF 1SPCMFN JO �%� NBS �����

<���> "� .� /JFSFOCFSH 5� 5SFV 4� "� 8SJHIU $� %� 'BTTOBDIU BOE .� 8� "VHFS� %FUFDUJPO
PG TVCTUSVDUVSF XJUI BEBQUJWF PQUJDT JOUFHSBM ୮ୢFME TQFDUSPTDPQZ PG UIF HSBWJUBUJPOBM MFOT
#��������� ./3"4 ����؛�������� "VHVTU �����

<���> 4� /VTTJOPW� 5FDIOPDPTNPMPHZ  DPVME B UFDIOJCBSZPO FYDFTT QSPWJEF B أOBUVSBMآ NJTTJOH
NBTT DBOEJEBUF 1IZTJDT -FUUFST # ���	�
��� ؛ �� �����

<���> .BTBNVOF 0HVSJ BOE 1IJMJQ +� .BSTIBMM� (SBWJUBUJPOBMMZ MFOTFE RVBTBST BOE TVQFSOPWBF JO
GVUVSF XJEF�୮ୢFME PQUJDBM JNBHJOH TVSWFZT� .PO� /PU� 3PZ� "TUSPO� 4PD� ����؛�������� �����

<���> 4��)� 0I %� "� )VOUFS &� #SJOLT #� (� &MNFHSFFO "� 4DISVCB '� 8BMUFS .� 1� 3VQFO
-� .� :PVOH $� &� 4JNQTPO .� $� +PIOTPO ,� "� )FSSNBOO %� 'JDVU�7JDBT 1� $JHBO
7� )FFTFO 5� "TIMFZ BOE )��9� ;IBOH� )JHI�SFTPMVUJPO .BTT .PEFMT PG %XBSG (BMBYJFT
GSPN -*55-& 5)*/(4� "+ ������� +VOF �����
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<���> /� 1BMBORVF�%FMBCSPVJMMF $� :¨DIF +� #BVS $� .BHOFWJMMF (� 3PTTJ +� -FTHPVSHVFT
"� #PSEF &� #VSUJO +��.� -F(P୭G +� 3JDI .� 7JFM BOE %� 8FJOCFSH� /FVUSJOP NBTTFT BOE
DPTNPMPHZ XJUI -ZNBO�BMQIB GPSFTU QPXFS TQFDUSVN� +� $PTNPMPॻ "TUSPQBSU� 1IZT� ������
/PWFNCFS �����

<���> /� 1BMBORVF�%FMBCSPVJMMF $� :¨DIF "� #PSEF +��.� -F (P୭G (� 3PTTJ .� 7JFM �� "VCPVSH
4� #BJMFZ +� #BVUJTUB .� #MPNRWJTU "� #PMUPO +� 4� #PMUPO /� (� #VTDB #� $BSJUIFST
3� "� $� $SPG୴ ,� 4� %BXTPO 5� %FMVCBD "� 'POU�3JCFSB 4� )P %� ,JSLCZ ,��(� -FF
%� .BSHBMB +� .JSBMEB�&TDVE© %� .VOB "� %� .ZFST 1� /PUFSEBFNF *� 1¢SJT 1� 1FUJUKFBO
.� .� 1JFSJ +� 3JDI &� 3PMMJOEF /� 1� 3PTT %� +� 4DIMFHFM %� 1� 4DIOFJEFS "� 4MPTBS BOE
%� )� 8FJOCFSH� 5IF POF�EJNFOTJPOBM -Zα GPSFTU QPXFS TQFDUSVN GSPN #044� "�"
����"�� /PWFNCFS �����

<���> 3� %� 1FDDFJ BOE )FMFO 3� �VJOOތ $1 DPOTFSWBUJPO JO UIF QSFTFODF PG QTFVEPQBSUJDMFT� 1IZT�
3FW� -FUU� ����؛������� +VO �����

<���> "� "� 1FO[JBT BOE 3� 8� 8JMTPO� " .FBTVSFNFOU PG &YDFTT "OUFOOB 5FNQFSBUVSF BU ����
.D�T� "Q+ ���؛������� +VMZ �����

<���> 4� 1FSMNVUUFS (� "MEFSJOH (� (PMEIBCFS 3� "� ,OPQ 1� /VHFOU 1� (� $BTUSP 4� %FVTUVB
4� 'BCCSP "� (PPCBS %� &� (SPPN *� .� )PPL "� (� ,JN .� :� ,JN +� $� -FF /� +�
/VOFT 3� 1BJO $� 3� 1FOOZQBDLFS 3� VJNCZތ $� -JENBO 3� 4� &MMJT .� *SXJO 3� (�
.D.BIPO 1� 3VJ[�-BQVFOUF /� 8BMUPO #� 4DIBFGFS #� +� #PZMF "� 7� 'JMJQQFOLP 5� .BUI�
FTPO "� 4� 'SVDIUFS /� 1BOBHJB )� +� .� /FXCFSH 8� +� $PVDI BOE 5� 4� $� 1SPKFDU� .FB�
TVSFNFOUT PGΩ BOEΛ GSPN �� )JHI�3FETIJG୴ 4VQFSOPWBF� "Q+ ���؛������� +VOF �����

<���> +� 1FUSPWJÇ 1� %BSJP 4FSQJDP BOE (� ;BIBSJKBġ� (BMBDUJD $FOUFS HBNNB�SBZ أFYDFTTآ GSPN BO
BDUJWF QBTU PG UIF (BMBDUJD $FOUSF +� $PTNPMPॻ "TUSPQBSU� 1IZT� ������ 0DUPCFS �����

<���> +� 1FUSPWJÇ 1� %� 4FSQJDP BOE (� ;BIBSJKBT� .JMMJTFDPOE QVMTBST BOE UIF (BMBDUJD $FOUFS
HBNNB�SBZ FYDFTT� UIF JNQPSUBODF PG MVNJOPTJUZ GVODUJPO BOE TFDPOEBSZ FNJTTJPO� +� $PTNPM�
Pॻ "TUSPQBSU� 1IZT� ����� 'FCSVBSZ �����

<���> 1MBODL $PMMBCPSBUJPO 3� "EBN 1� "� 3� "EF /� "HIBOJN :� "LSBNJ .� *� 3� "MWFT
'� "SH¼FTP .� "SOBVE '� "SSPKB .� "TIEPXO BOE FU BM� 1MBODL ���� SFTVMUT� *� 0WFSWJFX PG
QSPEVDUT BOE TDJFOUJ୮ୢD SFTVMUT� "�" ����"� 4FQUFNCFS �����
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<���> 4UFQIFO ,� /� 1PSUJMMP #FOKBNJO $� (� -FF 5BOTV %BZMBO BOE %PVHMBT 1� 'JOLCFJOFS� *N�
QSPWFE 1PJOU 4PVSDF %FUFDUJPO JO $SPXEFE 'JFMET VTJOH 1SPCBCJMJTUJD $BUBMPHJOH� NBS �����

<���> +� *� 3FBE (� *PSJP 0� "HFSU[ BOE '� 'SBUFSOBMJ� 5IF TUFMMBS NBTT�IBMP NBTT SFMBUJPO PG
JTPMBUFE ୮ୢFME EXBSGT� B DSJUJDBM UFTU PGΛ$%. BU UIF FEHF PG HBMBYZ GPSNBUJPO� ./3"4
����؛�������� .BZ �����

<���> "� (� 3JFTT "� 7� 'JMJQQFOLP 1� $IBMMJT "� $MPDDIJBUUJ "� %JFSDLT 1� .� (BSOBWJDI 3� -�
(JMMJMBOE $� +� )PHBO 4� +IB 3� 1� ,JSTIOFS #� -FJCVOEHVU .� .� 1IJMMJQT %� 3FJTT
#� 1� 4DINJEU 3� "� 4DIPNNFS 3� $� 4NJUI +� 4QZSPNJMJP $� 4UVCCT /� #� 4VOU[F୭G BOE
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<���> (� 0� 3PCFSUT "� (FMNBO BOE 8� 3� (JMLT� 8FBL DPOWFSHFODF BOE PQUJNBM TDBMJOH PG SBO�
EPN XBML NFUSPQPMJT BMHPSJUINT� "OO� "QQM� 1SPCBC� �	�
���؛���� �� �����

<���> .� 4� 3PCFSUT� . �� BOE B #SJFG )JTUPSZ PG %BSL .BUUFS� *O "� )� #SJEMF +� +� $POEPO BOE
(� $� )VOU FEJUPST 'SPOUJFST PG "TUSPQIZTJDT� " $FMFCSBUJPO PG /3"0ԙT ��UI "OOJWFSTBSZ
WPMVNF ��� PG"TUSPOPNJDBM 4PDJFUZ PG UIF 1BDJD $POGFSFODF 4FSJॶ QBHF ��� "VHVTU �����

<���> .� 4� 3PCFSUT BOE 3� /� 8IJUFIVSTU� 5IF SPUBUJPO DVSWF BOE HFPNFUSZ PG .�� BU MBSHF HBMBD�
UPDFOUSJD EJTUBODFT� "Q+ ���؛������� 0DUPCFS �����

<���> (FSBME 3PTFO� 1BSUJDMFMJLF TPMVUJPOT UP OPOMJOFBS DPNQMFY TDBMBS ୮ୢFME UIFPSJFT XJUI QPTJ�
UJWFؘEF୮ୢOJUF FOFSHZ EFOTJUJFT� +PVSOBM PG .BUIFNBUJDBM 1IZTJDT �	�
���؛���� �����

<���> 7� $� 3VCJO BOE 8� ,� 'PSE +S� 3PUBUJPO PG UIF "OESPNFEB /FCVMB GSPN B 4QFDUSPTDPQJD
4VSWFZ PG &NJTTJPO 3FHJPOT� "Q+ ������� 'FCSVBSZ �����

<���> 3� &� 3ZBO +S� 4� %FVTUVB .� 4PTFZ +� "OEFSTPO 4� .� #BHHFUU 7� #BKBK .� #PVSRVF
"� #PXFST 5� %BIMFO .� %VSCJO $� (PTNFZFS )� (VOOJOH )� ,IBOESJLB +� .BDL
+� .BD,FOUZ $� .BSUMJO 7� ,P[IVSJOB�1MBUBJT BOE &� 4BCCJ� 5IF 6QEBUFE $BMJCSBUJPO
1JQFMJOF GPS 8'$��67*4� B 3FGFSFODF (VJEF UP DBMXG� 	WFSTJPO ���
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BSZ �����
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<���> "� %� 4BLIBSPW� 7JPMBUJPO PG $1 *OWBSJBODF $ BTZNNFUSZ BOE CBSZPO BTZNNFUSZ PG UIF
VOJWFSTF� 1JTNB ;I� &LTQ� 5FPS� 'J[� ��؛���� ����� <6TQ� 'J[� /BVL���OP����	����
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<���> .� 4BNCSJEHF ,� (BMMBHIFS "� +BDLTPO BOE 1� 3JDLXPPE� 5SBOT�EJNFOTJPOBM JOWFSTF QSPC�
MFNT NPEFM DPNQBSJTPO BOE UIF FWJEFODF� (FPQIZTJDBM +PVSOBM *OUFSOBUJPOBM ���؛�������
/PWFNCFS �����

<���> 5� 4BXBMB $� 4� 'SFOL "� 'BUUBIJ +� '� /BWBSSP 3� (� #PXFS 3� "� $SBJO $� %BMMB 7FDDIJB
.� 'VSMPOH +� $� )FMMZ "� +FOLJOT ,� "� 0NBO .� 4DIBMMFS +� 4DIBZF 5� 5IFVOT +� 5SBZ�
GPSE BOE 4� %� .� 8IJUF� 5IF "1045-& TJNVMBUJPOT� TPMVUJPOT UP UIF -PDBM (SPVQؠT DPT�
NJD QV[[MFT� ./3"4 ����؛�������� "QSJM �����

<���> 5� 4BXBMB 1� 1JIBKPLJ 1� )� +PIBOTTPO $� 4� 'SFOL +� '� /BWBSSP ,� "� 0NBO BOE 4� %� .�
8IJUF� 4IBLFO BOE TUJSSFE� UIF .JMLZ 8BZؠT EBSL TVCTUSVDUVSFT� ./3"4 ����؛��������
+VOF �����

<���> 1� "� (� 4DIFVFS BOE .� 3ZMF� " TUBUJTUJDBM NFUIPE GPS BOBMZTJOH PCTFSWBUJPOT PG GBJOU SBEJP
TUBST� .BUIFNBUJDBM 1SPDFFEJOHT PG UIF $BNCSJEHF 1IJMPTPQIJDBM 4PDJFUZ ��	��
���� �����

<���> +� "� 4DIFXUTDIFOLP 3� +� 8JMLJOTPO $� .� #BVHI $� #PFIN BOE 4� 1BTDPMJ� %BSL NBUUFS�
SBEJBUJPO JOUFSBDUJPOT� UIF JNQBDU PO EBSL NBUUFS IBMPFT� ./3"4 ���	�
����؛����� �����

<���> %BWJE +� 4DIMFHFM %PVHMBT 1� 'JOLCFJOFS BOE .BSD %BWJT� .BQT PG %VTU *3 &NJTTJPO GPS 6TF
JO &TUJNBUJPO PG 3FEEFOJOH BOE $.#3 'PSFHSPVOET� 5IF "TUSPQIZTJDBM +PVSOBM ���	�
����
�����

<���> 1� 4DIOFJEFS BOE %� 4MVTF� .BTT�TIFFU EFHFOFSBDZ QPXFS�MBX NPEFMT BOE FYUFSOBM DPO�
WFSHFODF� *NQBDU PO UIF EFUFSNJOBUJPO PG UIF )VCCMF DPOTUBOU GSPN HSBWJUBUJPOBM MFOTJOH�
"�" ����"�� /PWFNCFS �����

<���> ( 4DIXBS[� +4503� 5IF "OOBMT PG 4UBUJTUJDT 7PM� � /P� � 	.BS� ����
 QQ� �������� 5IF
BOOBMT PG TUBUJTUJDT �����

<���> +� -� 4©STJD� *O୯୳VFODF PG UIF BUNPTQIFSJD BOE JOTUSVNFOUBM EJTQFSTJPO PO UIF CSJHIUOFTT EJT�
USJCVUJPO JO B HBMBYZ� #PMFUJO EF MB "TPDJBDJPO "SHFOUJOB EF "TUSPOPNJB -B 1MBUB "SHFOUJOB
���� �����

<���> (� 4FSWBOU BOE 5� .� 1� 5BJU� *T UIF MJHIUFTU ,BMV[B�,MFJO QBSUJDMF B WJBCMF EBSL NBUUFS DBOEJ�
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<���> #� %� 4IFSXJO +� %VOLMFZ 4� %BT +� 8� "QQFM +� 3� #POE $� 4� $BSWBMIP .� +� %FWMJO
3� %¼OOFS 5� &TTJOHFS�)JMFNBO +� 8� 'PXMFS "� )BKJBO .� )BMQFSO .� )BTTFM୮ୢFME
"� %� )JODLT 3� )MP[FL +� 1� )VHIFT ,� %� *SXJO +� ,MFJO "� ,PTPXTLZ 5� "� .BSSJBHF
%� .BSTEFO ,� .PPEMFZ '� .FOBOUFBV .� %� /JFNBDL .� 3� /PMUB -� "� 1BHF -� 1BSLFS
&� %� 3FFTF #� -� 4DINJUU /� 4FIHBM +� 4JFWFST %� /� 4QFSHFM 4� 5� 4UBHHT %� 4� 4XFU[ &� 3�
4XJU[FS 3� 5IPSOUPO ,� 7JTOKJD BOE &� 8PMMBDL� &WJEFODF GPS %BSL &OFSHZ GSPN UIF $PTNJD
.JDSPXBWF #BDLHSPVOE "MPOF 6TJOH UIF "UBDBNB $PTNPMPHZ 5FMFTDPQF -FOTJOH .FBTVSF�
NFOUT� 1IZTJDBM 3FWJFX -FUUFST ���	�
������� +VMZ �����

<���> 9� 4IJ BOE (� .� 'VMMFS� /FX %BSL .BUUFS $BOEJEBUF� /POUIFSNBM 4UFSJMF /FVUSJOPT� 1IZTJ�
DBM 3FWJFX -FUUFST ����؛������� "QSJM �����

<���> :JQJOH 4IV "EBN 4� #PMUPO -FPOJEBT "� .PVTUBLBT %BOJFM 4UFSO "SKVO %FZ +PFM 3�
#SPXOTUFJO 4DPUU #VSMFT BOE )ZSPO 4QJOSBE� ,JMPQBSTFD .BTT�-JHIU 0୭GTFUT JO UIF (BMBYZ
1BJS�-Zα &NJUUFS -FOT 4ZTUFN 4%44+���������� 5IF "TUSPQIZTJDBM +PVSOBM ���	�
��� NBS
�����

<���> +PIO 4LJMMJOH� /FTUFE TBNQMJOH GPS HFOFSBM CBZFTJBO DPNQVUBUJPO� #BZFTJBO "OBM� �	�
؛����
��� �� �����

<���> (� '� 4NPPU $� -� #FOOFUU "� ,PHVU &� -� 8SJHIU +� "ZNPO /� 8� #PHHFTT &� 4� $IFOH
(� EF "NJDJ 4� (VMLJT .� (� )BVTFS (� )JOTIBX 1� %� +BDLTPO .� +BOTTFO &� ,BJUB
5� ,FMTBMM 1� ,FFHTUSB $� -JOFXFBWFS ,� -PFXFOTUFJO 1� -VCJO +� .BUIFS 4� 4� .FZFS 4� )�
.PTFMFZ 5� .VSEPDL -� 3PLLF 3� '� 4JMWFSCFSH -� 5FOPSJP 3� 8FJTT BOE %� 5� 8JMLJOTPO�
4USVDUVSF JO UIF $0#& EJ୭GFSFOUJBM NJDSPXBWF SBEJPNFUFS ୮ୢSTU�ZFBS NBQT� "Q+- �-؛�-����
4FQUFNCFS �����

<���> %� /� 4QFSHFM -� 7FSEF )� 7� 1FJSJT &� ,PNBUTV .� 3� /PMUB $� -� #FOOFUU .� )BMQFSO
(� )JOTIBX /� +BSPTJL "� ,PHVU .� -JNPO 4� 4� .FZFS -� 1BHF (� 4� 5VDLFS +� -� 8FJ�
MBOE &� 8PMMBDL BOE &� -� 8SJHIU� 'JSTU�:FBS 8JMLJOTPO .JDSPXBWF "OJTPUSPQZ 1SPCF
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