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Self-assembly during animal development
Abstract
Complex adult tissues develop from single cells during embryonic development. These tissues are
formed without instruction from external cues i.e. they are self-assembled. In this thesis, we present
novel mathematical methods and experimental results that help us to understand the self-assembly
of several different biological tissues.
First, we consider the self-organization of periodic patterns – for example, the regularly spaced
gene expression stripes that prepattern the fingers in the hand – many of which have been described
by Turing’s reaction-diffusion hypothesis. In Chapter 2, we use a generic model of periodic patterning to challenge the prevalence of Turing’s model and instead argue that many tissues could be patterned by cell-based and mechanical mechanisms. In Chapter 3, we extend this theory to consider
pattern orientation (i.e. how the direction of a striped pattern is controlled) and suggest three types
of mechanism that are broadly applicable. In Chapter 4, we apply these theoretical results to a specific biological question, namely: how are evenly spaced digits (fingers) specified in the hand? We
propose a novel model of limb patterning in which the digits are specified as an array of spots, and
then elongate into rod-like cartilage elements to form the fingers.
In Chapter 5, we consider a completely different way to form a repetitive pattern, using a genetic
oscillator coupled to a moving wavefront which converts a temporal oscillation into a spatial peri-
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odicity. Such a mechanism has been proposed to explain the rhythmic and sequential formation of
somites along the vertebrate backbone, but the precise mechanism was unclear. Using a combination of experiments and modeling, we propose a new, scaling-based model of somitogenesis that reconciles previously inconsistent data, and can fully predict several new experimental perturbations.
Finally, in Chapter 6, we move away from patterning and instead focus on the control of cell
number as tissues self-assemble. Using high-resolution timelapse imaging and physical perturbations applied to zebrafish embryos, we uncovered a novel feedback mechanism of cell number in the
neural tube: regulation of differentiation rate by cell shape and tissue packing.
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1
Introduction

There is an enormous diversity and complexity of biological structures throughout the natural
world. These structures are highly regulated: they must be of a certain shape, and must contain
specific cell types, in the correct proportion and in the right positions, to fulfill their function. The
central question of this thesis is: how do biological mechanisms drive the formation of these complex structures? Or, cast in the language of embryonic development: how does a single cell develop
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into a complex and fully functioning adult organism?
Over the past century, the fields of embryology, genetics and developmental biology have made
significant headway into addressing this question. For many developing tissues, we know the key
components in the system: the essential genes, the constituent cell types and the characteristic tissuelevel behaviors. The challenge is then, given this parts-list, to determine how the parts interact with
one another to develop complex tissues.
One of unique challenges posed to developmental programs is that, unlike in engineering, structures must be self-assembled, without instruction from external cues. Some of the most striking
demonstrations of self-assembly come from the discovery of organoid cultures, in which cells isolated from tissues can spontaneously form organs in vitro, without signals from neighboring tissues
that are normally present in vivo (Clevers, 2016; Fatehullah et al., 2016; Shamir & Ewald, 2014; Lancaster & Knoblich, 2014). The list of such tissues includes: the retina (Eiraku et al., 2011), various
parts of the brain, including the cerebellum (Lancaster et al., 2013), the stomach (McCracken et al.,
2014), the intestine (Sato et al., 2009), the liver (Takebe et al., 2013), and will likely continue to expand. Furthermore, it is not just tissues that can self-organize. It has been reported that aggregates
of mouse embryonic stem cells can spontaneously break symmetry, develop the three body axes, and
even begin gastrulating, just like a real mouse embryo, suggesting that even the earliest events in development have the capacity for self-organization (Etoc et al., 2016; Turner et al., 2017; van den Brink
et al., 2014).
Another aspect that sets developmental programs apart from engineering is that they are robust
to perturbation. For example, embryos from a range of different species can develop normally de-
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spite considerable variation in developmental speed caused by temperature fluctuations. Another
example is that embryos reliably develop despite substantial changes to either their total size (by surgical manipulation) (Ben-Zvi et al., 2008; Ben-Zvi & Barkai, 2010), or to the size of their constituent
cells (by inducing tetraploidy) (Xiong et al., 2014; Conlon & Raff, 1999). Development is thus regulated to ensure robustness to highly variable components and externally applied perturbations.
To understand these features of development - self-organization and self-regulation - then I
would argue that a list of genes and cell types is certainly necessary, but not sufficient. Rather, we
must understand how all these different parts work together, in space and in time, to prescribe the
size, shape and pattern of a given tissue.
Given that these processes are inherently spatiotemporal, and often also highly counterintuitive, efforts have been made to formalize our understanding of them using mathematics. For many
years, mathematical methods have been used to understand a range of developmental processes e.g.
(Thompson et al., 1942; Turing, 1952; Crick, 1970). However, as I shall argue with detailed examples
in this thesis, one of the central challenges is that, in many cases, too many models fit the data.
The overall approach of this thesis is to formulate mathematical theories of development. Simply put, I build physics-style theories of self-organization that focus on the general principles, rather
than the biological specifics, of the process. By focusing on general principles, one can make predictions that apply to a wide range of biological mechanisms rather than being tied to a specific hypothesis. This approach contrasts strongly with the current status quo in biological modeling in which
complicated models, often with untested assumptions and extensive parameter fitting, are used to
recapitulate development in silico. As I hope to show using the examples in this thesis, I would argue
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that new theoretical tools are key to moving beyond recapitulation, and towards understanding and
ultimately engineering, the development of complex structures.

Outline of thesis
Many natural systems self-assemble spatially periodic patterns during their development. Some
of the many examples include: animal pigmentation patterns (e.g. tiger stripes and leopard spots
(Murray, 1988)); periodic tissue folds (e.g. villi in the intestine (Shyer et al., 2013), and branching
morphogenesis in the lung (Menshykau et al., 2014)); and repeated skeletal elements (e.g. the fingers/joints of the hand (Raspopovic et al., 2014)). The prevailing hypothesis to explain the generation of these patterns is Turing’s reaction-diffusion model, in which a system of interacting and
diffusing molecules spontaneously self-organizes into stripes, spots and other such patterns, as has
been found in silico (Turing, 1952).
In Chapter 2, I use theory to question whether Turing’s molecular-level model is in fact responsible for many of these developmental patterns, and argue that real tissues often use cell-based and
mechanical interactions to self-assemble (Hiscock & Megason, 2015a). Specifically, I formulate a
generic model of periodic patterning to show that different mechanisms (including Turing’s model,
but also cell-based and mechanical models) are all capable of generating the diversity of periodic patterns seen in nature. Therefore, the ability of a Turing simulation to recapitulate a given periodic
pattern does not rule out other mechanisms, since they all give rise to the same final patterns. This
work reveals that the key qualitative features of periodic patterns are, surprisingly, quite general and
can be implemented in a variety of different ways.
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In Chapter 3, I extend this work to examine the phenomenon of stripe orientation (Hiscock &
Megason, 2015b). Many developmental patterns have periodic stripes oriented along a given direction (e.g. the fingers in the hand, where regularly spaced digits appear as equally spaced gene expression stripes parallel to the axis of the limb). How these stripes are oriented is, however, poorly
understood. In this work, I modeled stripe orientation using a simple, yet generic model of periodic
patterning, with the aim of finding qualitative features of stripe orientation that were mechanismindependent. The model predicted three qualitatively distinct classes of orientation mechanism:
gradients in production rates, gradients in model parameters, and anisotropies (e.g. directional dependence of diffusion or growth). I demonstrate that the results from the minimal model also apply
to more specific and complex models, revealing features of stripe orientation that are common to a
variety of biological systems.
In Chapter 4 I use this theory in collaboration with Cliff Tabin to understand how the digits are
oriented. Strikingly, we find that none of the proposed mechanisms from my general theory could
explain digit orientation. This leads us to completely re-examine the process of digit formation and
propose a fundamentally different mechanism, in which digits are not patterned as stripes, but instead as a set of evenly spaced spots that undergo subsequent growth and elongation. This work
highlights the importance of theory in formalizing our biological assumptions and its role in challenging the design and interpretation of experiments.
In Chapter 5, I consider a very different way that periodic patterns can be formed - by using a
temporal oscillator. In collaboration with Kana Ishimatsu, we study vertebrate segmentation, a
process in which somites (the precursors to segmental structures such as the vertebrae and ribs) form
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rhythmically and sequentially along the body axis (Cooke & Zeeman, 1976; Dubrulle et al., 2001). A
number of theories exist to explain how somites are formed (Soroldoni et al., 2014; Lauschke et al.,
2013), but these are inconsistent with each other and there is a lack of data to distinguish them. By
studying scaling of somite size with overall body size, we develop a novel and general model for how
the constant ticking of the somite clock is translated into somites of a variable but stereotyped size,
not just in embryos of altered body size but across the anterior-posterior axis in wildtype.
In Chapter 6, we change gears away from patterning and towards the control of cell number during development. Balancing growth and differentiation is a major challenge in developmental programs, and is key to make tissues of a particular size. In many tissues, this growth is substantial, but
is remarkably reproducible such that the final number, and type, of cells in the tissue is well controlled. How is such precision achieved? I considered this question in the context of zebrafish neural
tube development. Using a combination of high-resolution timelapse imaging and physical perturbations, I uncovered an unexpected regulator of differentiation rate – cell shape. When progenitors
are tightly packed, they are physically forced away from the apical domain (a source of proliferative
signals). This change in cell shape then leads to an increased differentiation rate. Interestingly, this
phenomenon could provide a feedback mechanism on progenitor number, whereby excess growth
leads to denser cell packing, and is thus compensated for by increased differentiation.
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I designed the research and wrote the paper, together with my advisor Sean Megason. I performed the mathematical analysis. This work was published in 2015 (Hiscock & Megason,
2015a).

2
Distinguishing models of periodic
patterning

Abstract
How periodic patterns are generated is an open question. A number of mechanisms have been proposed – most famously, Turing’s reaction-diffusion model. However, many theoretical and experi-
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mental studies focus on the Turing mechanism while ignoring other possible mechanisms. In this
work, we use a general model of periodic patterning to show that different types of mechanism
(molecular, cellular, and mechanical) can generate qualitatively similar final patterns. Observation
of final patterns is therefore not sufficient to favor one mechanism over others. However, we propose that a mathematical approach can help to guide the design of experiments that can distinguish
between different mechanisms, and illustrate the potential value of this approach with specific biological examples.

Introduction
Periodic patterns – most commonly stripes or spots – arise in a variety of organisms and tissues,
across a large range of length scales (Marcon & Sharpe, 2012). Well-studied examples include hair
follicle distribution in mouse epidermis (Sick et al., 2006; Stark et al., 2007), animal coat patterns
(Frohnhöfer et al., 2013; Nakamasu et al., 2009; Yamaguchi et al., 2007) and “digit/non-digit” patterning during limb chondrogenesis (Sheth et al., 2012; Raspopovic et al., 2014; Badugu et al., 2012).
There are multiple mechanisms by which periodic patterns can be generated, which have been exploited in different contexts in developing organisms. For example, apparently periodic stripes can
be positioned independently, as in the case of stripes of pair rule gene expression in the Drosophila
embryo, which are controlled by separate enhancers (Stanojevic et al., 1991; Jaeger, 2011). Another
way to generate stripes is to use an oscillator that introduces periodicity temporally, such as the clockand-wavefront model that has been proposed to explain the periodic appearance of somites (Cooke
& Zeeman, 1976; Oates et al., 2012). Alternatively, a “switch and template” patterning mechanism
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has been proposed to pattern photoreceptors in the Drosophila eye (Lubensky et al., 2011). In this
article, we focus on a fourth, and commonly used, way to generate periodic patterns by regulation of
pattern spacing.
In this case, an initially homogeneous tissue self-organizes into a periodically repeated pattern
with a stereotyped distance between neighbouring stripes or spots. Recent studies suggest that this
mechanism is at play in a variety of systems. One indication that stripes are generated via this mechanism, as opposed to each stripe having an independent identity, or being established sequentially
by a moving oscillator, is the presence of pattern bifurcations – the splitting of a stripe into two
(Doelman & van der Ploeg, 2002). Such bifurcations have been observed in a number of tissues,
for example angelfish and zebrafish pigment stripes (Kondo & Asai, 1995; Yamaguchi et al., 2007),
ridges on the hard palate (Economou et al., 2012), and digits of perturbed mouse limbs (Sheth et al.,
2012). Various mechanisms have been proposed to explain the apparently spontaneous generation of
regularly spaced stripes, which will be discussed in detail below.
In the 1950s, Alan Turing devised the “reaction-diffusion” model to explain how periodic patterning could be achieved (Turing, 1952). This model consists of a fast-diffusing inhibitor molecule
and a slow-diffusing activator molecule. Interactions between these two molecules can generate periodic patterns, with a spacing determined by the diffusivity of the activator and inhibitor molecules.
Reaction-diffusion models have been used to explain a number of periodic patterns in biological
systems, ranging from spontaneous organization of bacterial populations using synthetic biology
approaches (Liu et al., 2011) to developmental patterning events such as feather formation (Jung
et al., 1998; Michon et al., 2008), lung branching (Menshykau et al., 2014; Miura & Shiota, 2002)
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and left/right asymmetry (Nakamura et al., 2006; Nonaka et al., 2002); see Marcon & Sharpe (2012)
for a recent review. Moreover, mathematical simulations of different reaction-diffusion schemes
can successfully reproduce a variety of natural periodic patterns in silico (Asai et al., 1999; Kondo &
Miura, 2010; Miura & Maini, 2004; Miura et al., 2006; Murray, 1982).
However, Turing-like reaction-diffusion models are not the only way of generating periodic patterns in silico. Cell-based mechanisms generate periodic patterns using cell-cell interactions, with
the spacing controlled by both the length scale of these interactions and by cell motility (Nakamasu et al., 2009; Zeng et al., 2004). Mechanical mechanisms can produce periodicity via mechanical instabilities, in which case the pattern spacing depends on the material properties of the tissue
(Milinkovitch et al., 2013; Painter et al., 2012; Savin et al., 2011). Furthermore, there is experimental
evidence to suggest that these alternatives may be relevant in vivo. For example, cell-cell interactions
are necessary for zebrafish pigment cell patterning (Nakamasu et al., 2009); and tissue mechanics are
important for patterning villi in the gut (Shyer et al., 2013). This raises the question: for a particular
periodic pattern, how do we determine whether the mechanism is reaction-diffusion (molecular)
versus cellular or mechanical?
A major challenge in answering this question is that periodic patterning involves complex, interacting, spatiotemporal processes, which may not be intuitively accessible. It can therefore be challenging to design experiments that (i) have different predicted outcomes for different hypotheses
and (ii) rigorously test different hypotheses. Similarly, it can be difficult to interpret existing experimental data from the literature, and the extent to which it favors one mechanism over another.
In this article, we explore a mathematical approach to address these challenges. Firstly, we give
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some examples of periodic patterning mechanisms and identify features that are common to many
mechanisms. We then formalize these similarities using a mathematical model, and show that different mechanisms can generate similar final patterns. Therefore, agreement of in vivo and in silico
final patterns is not a good test of the different hypotheses. To address this limitation, we develop
mathematical tools to describe differences between the mechanisms. Using these tools, we discuss
several experimental approaches with the aim of either (i) classifying a given mechanism as molecular, cellular or mechanical in nature; or (ii) rigorously testing a particular hypothesis for periodic
patterning.
These mathematical tools rely on simplified descriptions of the biology and cannot substitute for
a detailed experimental characterization of a system. Instead, we suggest that the mathematics can
help to abstract a complicated biological mechanism and to develop an intuition when designing
experiments and interpreting results. We discuss the potential utility of these tools as applied to
several experimental systems.

Periodic patterning mechanisms in biological systems
Previous studies have identified a common feature in many periodic patterning mechanisms: “local
activation, long-range inhibition” (Gierer & Meinhardt, 1972; Meinhardt & Gierer, 1974, 2000;
Oster & Murray, 1989). “Local activation” creates areas of increased pattern density throughout
space; “long-range inhibition” ensures that these areas of increased density form at a defined distance
from one another separated by areas of low pattern density, thus generating a periodic pattern. This
principle applies to multiple periodic patterning mechanisms, as outlined below.
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Here we consider several models of periodic patterning, which include molecular, cellular and
mechanical processes. It is important to note that these mechanisms are not mutually exclusive, nor
do they represent all possible means of generating periodic pattern. However, they serve to illustrate
our approach and we believe that they may often form the core of more complex mechanisms in
vivo.

Molecular mechanisms
As described above, Turing’s reaction-diffusion model uses two interacting molecules – a fast-diffusing
inhibitor, and a slow-diffusing activator – to generate periodic patterns spontaneously (Turing, 1952)
(Figure 2.1). “Local activation” is achieved by the slowly-diffusing activator molecule and “longrange inhibition” is achieved by the rapidly-diffusing inhibitor molecule. Variants of Turing’s original model can also generate periodic patterns, and include models with different interaction logic,
e.g. the substrate-depletion model (Gierer & Meinhardt, 1972), or models with more than two
molecular species (Satnoianu et al., 2000).
Many periodic patterns have been, at least in part, interpreted using the reaction-diffusion model,
though validation of putative activator-inhibitor pairs - the so called “Turing molecules” – is often
lacking (Kondo & Miura, 2010). Candidate activator/inhibitor pairs include Nodal/Lefty to pattern
left/right asymmetry (Nakamura et al., 2006), Wnt/Dkk or Eda/BMP to pattern hair follicles (Sick
et al., 2006; Mou et al., 2006), and Wnt/BMP to pattern the digits in the mouse limb (Raspopovic
et al., 2014).
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Mechanism
1. Molecular
Molecules respond by
reaction and diffusion

Local activation

Long-range inhibition

Slow-diffusing
activator

Fast-diffusing
inhibitor

Activator cell

Highly motile
inhibitor cell

Nearestneighbour cellcell contact

Cell
protrusions

Bending
rigidity

Compressive
force

Cell traction

Elastic ECM

2. Cellular
Cells respond:
A. via cell movement
B. via cell contacts

3. Mechanical:
Instability generated by:
A. Growth
B. Cell traction

Figure 2.1: Periodic patterning mechanisms. Molecular, cellular and mechanical mechanisms can produce periodic

patterns. In each case, there are “local activation (red), long-range inhibition (blue)” interactions that control pattern
spacing.
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Cell-based mechanisms
Instead of passively responding to a molecular prepattern as described above, cells themselves can
be active participants during patterning (Figure 2.1). For example, zebrafish pigment patterns are
formed by the interactions and movement of three different cell types (discussed further below)
(Frohnhöfer et al., 2013; Nakamasu et al., 2009). Here, we consider two example mechanisms of
cell-based patterning. In the first example, two different cell types move to form a periodic pattern,
and proliferate according to their contact with neighbouring cells. This type of mechanism could be
conceptually similar to a reaction-diffusion mechanism – if we replace diffusing activator/inhibitor
molecules with undirected migration of activator/inhibitor cell types. However, unlike diffusing
molecules, cells can also undergo directional movement – being either attracted to or repelled by
neighbouring cells – which can generate many more possibilities for pattern formation (see Appendix A, section 1B). In the second example, cells are static, but communicate via direct contact to
regulate cell fate choices. An example would be where nearest-neighbour cell contacts give “local activation” and longer-distance contacts via cell protrusions give “long-range inhibition”. For example,
the formation of regularly spaced hair cells in the fly notum is controlled by far-reaching, dynamic
filopodia that send out inhibitory Delta-Notch signals to distant neighbours (Cohen et al., 2010).

Mechanical mechanisms
Mechanics alone can produce periodic patterns by generating mechanical instabilities (Milinkovitch
et al., 2013; Murray, 2003; Murray & Oster, 1984b; Shyer et al., 2013). We consider two types of insta-
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bility (Figure 2.1). Firstly, periodic buckling can be induced by growth of an epithelial tissue. As a
tissue grows within a confined space, a mechanical instability develops, effectively compressing the
tissue. This compression provides “long-range inhibition”, since growth at any location can be felt
at a distance (Odell et al., 1981). “Local activation” is controlled by resistance of the tissue to bending (“bending rigidity”) which prevents high tissue curvature. Thus, if a certain point in the tissue is
moved vertically up, nearby tissue sections will also tend to move up, providing an analogous “local
activation.” Together, these interactions result in buckling of the tissue once growth exceeds a critical value, thereby generating periodic tissue displacements. An example of growth-induced buckling
is in the formation of regularly spaced villi in the gut, in which several stages of constrained growth
causes the gut epithelial sheet to spontaneously bend into periodic undulations (Shyer et al., 2013).
Secondly, cells migrating over and interacting with extracellular matrix (ECM) can generate periodic
patterns when a mechanical instability develops as the result of cell movement. In vitro studies show
that migrating cells cause ECM to contract by exerting traction forces on the ECM as they move
(“local activation”) (Klumpers et al., 2013). These forces are opposed by the long-range elasticity of
the ECM (“long-range inhibition”). Short range contractility and long-range rigidity can generate
periodic ECM displacements and cell condensations in silico, and have been proposed to generate
periodic condensations in an in vitro model of chondrogenesis (Murray, 2003; Murray & Oster,
1984a,b; Newman et al., 2008).
We now focus on the guiding question of this article: how can different periodic patterning
mechanisms be distinguished?
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A mathematical description of a generic periodic patterning mechanism
Periodic patterns formed by molecular, cellular and mechanical mechanisms have been analysed
using partial differential equations (PDEs). For each of the example mechanisms in Figure 2.1, we
adapt existing PDE models to write a mathematical model for patterning. The assumptions and
validity of each of these example models is discussed in Appendix A, section 1.
In the following, we use a linearized reaction-diffusion PDE to illustrate our approach:
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DA , DI are diffusion constants of activator/inhibitor molecules; τA , τI are molecular half-lives;
A, I are normalized concentrations of activator and inhibitor molecules; and the reaction matrix
hij represents normalized sensitivities. For example, the autoactivation parameter, hAA , describes

how sensitively the production rate of A, fA , increases as a function of the concentration of A, i.e.
hAA = ∂lnfA /∂lnA. Sensitivity has a clear biological interpretation - if activator concentration

increases by 1%, then the production of activator increases by hAA % (Paulsson, 2004).
In order to describe similarities between mechanisms, we recast them into a common framework,
as formulated by Cross & Hohenberg (1993). These authors showed that patterns form provided
periodic disturbances grow over time, which is calculated by Fourier transforming equation 2.1 and
looking for solutions of the form φq (t) = φq (0)exp[μq t] (φ denotes the vector (a i)T ).
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Here, μq is the rate at which a periodic pattern with wavelength λ = 2π/q grows over time,
commonly referred to as a “dispersion relation.” Substituting the above relation into equation 2.1
gives:

det

−DA q2 + (hAA − 1) /τA − μq

hAI /τA

−D I

hIA /τI

q2

=0

(2.2)

+ (hII − 1) /τI − μq

For periodic patterning, μq must have a maximum value greater than zero. In most cases, we may
then approximate any μq by a general form that specifies the position, q0 , height, a, and width, κ,
of the peak near its maximum. By calculating μq for different mechanisms, we can transform the
different model PDEs into a common equation which uses a single variable φ(x, t) to describe the
pattern:

∂φ
2aκ
aκ
= a(1 − κ)φ − 2 ∇2 φ − 4 ∇4 φ − cφ2 − dφ3
∂t
q0
q0

(2.3)

The ∇2 term favors the periodic instability, whilst the ∇4 term stabilizes it; with c, d representing nonlinearities. This equation is an example of a generalized, Swift-Hohenberg (SH) equation,
which can generate many types of periodic patterns (Cross & Hohenberg, 1993; Burke & Knobloch,
2006) (see Appendix A, section 2). Since many periodic patterning mechanisms can be faithfully represented by a SH equation in the parameter regime maxq μq → 0+ , we conclude that the patterns
in Figure 2.2 can be produced by many periodic pattern mechanisms, and thus observation of these
patterns does not constrain the mechanism.
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Different mechanisms can generate similar periodic patterns in silico
A variety of periodic patterns have been modeled based on a particular mechanism, often a Turinglike reaction-diffusion mechanism (Kondo & Miura, 2010). Figure 2.2 summarizes some of these
different patterns. However, different mechanisms can produce patterns that are qualitatively similar. The reason for this lies in the shared “local activation, long-range inhibition” property, which
means that each type of mechanism described above (see also Figure 2.1) falls into the same general
class and can be approximated by a common mathematical model (Cross & Hohenberg, 1993). This
common model is detailed above. Importantly, this model is sufficient to predict several key features of periodic patterns (see Appendix A, section 2 for further details). Firstly, the model predicts
that periodic patterns can arise spontaneously, from an initially homogeneous state, provided that
some form of local activation, long-range inhibition is applied. Secondly, the final pattern can be
stripes, spots or zigzags, with the transition determined by the specific parameters in the model. This
transition between stripes and spots has been observed in several genetic mutants of fish pigment
patterning (Asai et al., 1999), while zigzags have been observed during stages of villi patterning in
the gut (Shyer et al., 2013). Thirdly, in the absence of any factors that introduce bias into the system,
the orientation of the pattern can be random, or labyrinthine, as seen for example in the zebrafish
choker mutant (Frohnhöfer et al., 2013). However, initial conditions can bias the orientation of the
pattern. For example, in zebrafish pigment patterning, it is thought that the first stripe is specified as
an initial condition, and that further stripes form sequentially, parallel to the first (Frohnhöfer et al.,
2013). Finally, boundary conditions can affect both the orientation of the pattern, and the selection
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A

Pattern types
Stripes

B

Spots

Zigzags

Pattern orientation
None

Initial
conditions

Boundary
conditions

Figure 2.2: A simple and generic model of periodic patterning can generate a variety of patterns. A: Stripes, spots and

zigzags – common periodic patterns – can be generated. B: Stripes can either be randomly oriented (labyrinthine), or
oriented by initial conditions and/or boundary conditions. See above and Appendix A, section 2 for description of the
model.

of stripes versus spots in the final pattern. For example, boundary conditions may explain why animals can have spotted coat patterns but striped tail patterns, but not vice versa (Murray, 1988, 2008).
Since these features are common to many mechanisms (molecular, cellular and mechanical), they
cannot be used to favor one mechanism over another. Therefore, the mechanism underlying any
particular periodic pattern cannot be determined by its final appearance, and similarity of in vivo
and in silico patterns is not a rigorous test of a given hypothesis. In the remainder of this article,
we describe several mathematically-inspired approaches that can better distinguish mechanisms.
These approaches include two types of experiment: i) those that can categorize a mechanism into a
broad category (e.g. molecular, cellular or mechanical); and ii) those that start from a hypothetical
mechanism and rigorously test the assumptions of that mechanism.
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Experiments to distinguish broad categories of mechanism
One approach to identify the mechanism underlying a particular patterning process is to design experiments that place the mechanism into a broad category, e.g. molecular, cellular or mechanical,
without specifying a hypothesis a priori. Common experimental designs include: 1) observation and
2) perturbation of pattern formation. Sometimes the interpretation of these experiments will be
straightforward. Careful observation of pattern formation can ‘rule in’ hypotheses – for example, if
extensive cell movement is observed concomitant with patterning, this suggests a role for a cellular
mechanism. Perturbation, on the other hand, can ‘rule out’ hypotheses – if, for example, perturbing
tissue stiffness experimentally has no effect on the pattern, a mechanical mechanism can likely be
ruled out. However, in many cases, the results will not be as definitive, and will be consistent with
several categories of mechanism. Distinguishing between categories therefore requires a more rigorous experimental design, which we explore using mathematics.
The main challenge in designing this type of experiment is in making the experimental predictions sufficiently generic to encompass different mechanisms within a category, but sufficiently
specific to distinguish between categories. One way to achieve this is by experiments where different mechanisms have qualitatively different outcomes. By focusing on qualitative outcomes, the
results are sufficiently generic to encompass different model parameterizations in a single category.
However, as discussed previously, periodic patterning mechanisms share many qualitative features
and therefore we must choose features that are specific to each category. We describe several such
approaches below.
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Mathematical tools to identify differences between mechanisms
A: Parameter Constraints
Final periodic patterns are described by the equilibrium solutions of equation 2.3, and depend
strongly on the nonlinear terms c, d (Ermentrout, 1991), which are difficult to measure. However,
Cross & Hohenberg (1993) show that a sufficient condition for periodic pattern formation is instability of the homogeneous state, which is independent of c,d. This can be computed for a set of
PDEs by deriving the linear dispersion relation, μq , and requiring its real part, Re(μq ) to be positive
for some non-zero q, which is the actual pattern wave vector (Cross & Hohenberg, 1993; Murray,
2008). This is equivalent to a > 0 in equation 2.3. This constraint can also be interpreted as a
necessary condition for patterning, valid in the limit of small stochastic fluctuations and homogeneous initial conditions. In addition, it is often assumed that the homogeneous state is stable in the
absence of spatial processes, implying Re(μ(q = 0) ≤ 0. These inequalities constrain the underlying parameters differently for each of our example models, and are summarized in Table 2.2 (see
Appendix A, section 1).

B: Response to perturbation
How the final pattern responds to changes in the underlying parameters can be difficult to predict,
and depends on nonlinearities in the PDEs (Ermentrout, 1991). However, we may use dimensional
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analysis, via Buckingham’s H-theorem (Buckingham, 1914), to constrain an equation for the final
pattern spacing, λ, which has units of length. To apply this method to a particular model, one writes
down all the parameters in the model, combines them into dimensionless groups, and rewrites any
equations in terms of these dimensionless groups.
For example, in the reaction-diffusion model (equation 2.1), a dimensionless group for pattern
√
spacing is λ/ DA τA , which gives an equation:

λ/

√

DA τA = f(DI /DA , τI /τA , hij )

(2.4)

where f(x, y) is an arbitrary function. Each example mechanism we consider has a different dimensional scaling, listed in Table 2.1 (see Appendix A, section 3).

C: Pattern dynamics
Initial pattern dynamics are described by equations for φ(x, t) given above, equivalently ∂ φq /∂ t =
μq φq . In real space, this becomes:

∂ φ ( x , t)
=
∂t

∫

dx′ K(x − x′ )φ(x′ )

K(x) is the inverse Fourier transform of μq : K(x)

∫

(2.5)

dq
2π μq exp[−iq.x](and can be generalized to

include a time component). This function, K(x), is interpreted as an interaction function – describing how two components interact with each other when separated by a given distance – and can be
derived for different mechanisms from the model’s PDE description(see Appendix A, section 4). As
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an example, if cells interact with one another by secreting a molecule, A, with diffusion constant DA
and lifetime τA , then the interaction function is (Wartlick et al., 2009):

K(x) ∝ exp[− √

|x |
]
D A τA

(2.6)

In Figure 2.4B, we illustrate that different basic interactions – diffusible (molecular), direct contact (cellular) or material (mechanical )– have qualitatively different interaction functions.
These interaction functions can be inferred by measuring the pattern, φ(x, t), and its dynamics,
∂ φ/∂ t over time. We can fit the data to equation 2.5 to estimate K(x) (see Appendix A, section 5 for
the algorithm). We show the feasibility of this approach by applying the algorithm to simulated data
in Figure 2.4C.

Response to broad perturbations
Our first approach is to identify perturbations that affect the periodic pattern in the same way for
multiple mechanisms within the same broad category, but have no effect on mechanisms from other
categories. We have identified a set of such perturbations using dimensional analysis, which uses
the fact that any equation that describes the final pattern spacing must have units of length. For example, a reaction-diffusion model can be parameterized by diffusion constants, D (unit: m2 s−1 ),
molecular half-lives, τ (unit: s), and reaction sensitivities (dimensionless). In order to write an equation for the pattern spacing, λ (unit: m), we must have λ ∝ (Dτ)0.5 (since the units of (Dτ)0.5 are
m2 s−1 × s)0.5 = m). Therefore, for a reaction-diffusion model, the pattern spacing is predicted to
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increase with changes in diffusion constants and/or molecular half-lives. This prediction holds for
all mechanisms within the reaction-diffusion category – for mechanisms with different parameter
values, different numbers of components, and different types of molecular interactions. Dimensional analysis makes assumptions about the units of the important parameters in the system, but no
assumptions on the model specifics.
Above, we have outlined this approach more generally and in Table 2.1, we give analogous results
for cellular and mechanical mechanisms (see also Appendix A, section 3). The suggested perturbations change the final pattern spacing by modifying the characteristic lengthscale in the system – for
molecular mechanisms, this lengthscale is set by diffusion; for cellular mechanisms, either by cell
motility or by the length of signaling protrusions; and for mechanical mechanisms, by the tissue
stiffness. Therefore, provided we can apply broad perturbations – e.g. indiscriminately hinder the
diffusion of all secreted molecules – and subsequently observe whether pattern spacing increases or
decreases, then it is possible to classify the mechanisms into broad categories.
Although challenging, making broad perturbations may be feasible using in vitro models of patterning (Miura & Shiota, 2000a; Paulsen & Solursh, 1988; Yamanaka & Kondo, 2014), together with
careful tuning of the extracellular environment. One way to control the external environment is
to use hydrogels (Cushing & Anseth, 2007; Lin & Metters, 2006) in which you can independently
modulate the diffusion constants of secreted molecules, the motility of different cell types and the
material properties of the underlying ECM (Forget et al., 2013; Kyburz & Anseth, 2013; Lin & Metters, 2006; Weber et al., 2009). Here, we consider limb patterning as an example where this approach
can help to distinguish potential mechanisms.
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Table 2.1: Predictable responses to pattern perturbations. Parameters that affect pattern spacing in a predictable way,

identiﬁed by dimensional analysis. f(x, y) is an unknown function of the dimensionless variables x, y. See Appendix A,
section 3 for a more detailed description, and Table 2.2 for a description of model parameters.

Patterning Mechanism

Molecular
(reaction-diffusion)

An equation for pattern spacing, λ

√
λ / D A τ A ∝ f ( D I /D A , τ I / τ A , h )

Perturb:

Diffusion constants,
molecular half-lives

√
λ / η A τ A ∝ f ( η I / η A , τ I /τ A , h )

Cell motility, cell lifetime

Cellular
(via cell contact signals)

λ ∝ Lprotrusion f(h)

Length of cell contacts

Mechanical
cell growth

λ ∝ h(Esheet /E)1/3 f(g)

Tissue thickness
tissue stiffness

Mechanical
cell movement

λ ∝ hf(σtraction /E, ν)

Tissue thickness
tissue stiffness

Cellular
(via cell movement)
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Digit/non-digit patterning in the vertebrate limb
Patterning of the vertebrate limb is regulated by several morphogen gradients (Tickle, 2006; Zeller
et al., 2009). A separate periodic patterning mechanism has also been hypothesized to generate the
digit/non-digit pattern (Newman & Frisch, 1979), a notion supported by a recent study by Sheth
et al. (2012). The authors of this study show that perturbed mouse limbs exhibit altered digit spacing
and digit bifurcations, both characteristics of periodic patterning (see Figure 2.3).
Reaction-diffusion models can replicate this periodicity in silico – including several patterns seen
in mouse mutants (Miura et al., 2006). Furthermore, candidate Turing molecules have been suggested, with Wnts acting as short-range activators, and BMPs as long-range inhibitors (Raspopovic
et al., 2014). Raspopovic and colleagues used a mathematical approach to provide evidence in favor
of a Wnt-BMP reaction-diffusion mechanism for digit patterning. Computer simulations predicted
that digit spacing would increase when the secretion of Wnt ligands was reduced and BMP receptors
were inhibited. These results were indeed seen when Wnt and BMP signalling was experimentally
perturbed in developing mouse limbs.
Whilst the agreement between in silico and in vivo digit spacing provides excellent support to a
molecular hypothesis, this data does not yet rule out cell-based and mechanical mechanisms, which,
like reaction-diffusion models, also recapitulate patterning in silico (Miura & Shiota, 2000a; Murray & Oster, 1984a). For example, it is possible that the effect of the Wnt/BMP perturbations is to
alter cell motility in a dose-dependent fashion. Indeed, Wnt/BMP-regulated cell motility has been
observed in a number of other systems (Veerkamp et al., 2013; Endo et al., 2005).
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A

B

C

Figure 2.3: Periodic digit/non-digit patterning A: Digits in a wild type mouse limb. B: Increased digit number and

reduced digit spacing in hox mutants, adapted from Sheth et al. (2012). Reprinted with permission from AAAS. C:
Labyrinthine, periodic patterns are observed in limb micromass culture (Miura & Shiota, 2000b), reproduced with
permission.

As a complement to the experiments from Raspopovic et al. (2014), we suggest that perturbations
from Table 2.1 can help rule out these other broad classes of mechanism. For example, the analysis
predicts that, for reaction-diffusion systems, the pattern spacing will increase as you increase the
diffusion constants in the system. In contrast, a model based on cell movement will be affected by
perturbing cell motility; and a mechanical model by perturbing the stiffness of the surrounding
extracellular matrix. A particularly attractive system to perform these experiments is in an in vitro
model of chondrogenesis (Miura & Shiota, 2000a; Raspopovic et al., 2014; Paulsen & Solursh, 1988),
where, as described above, there are methods for independently perturbing extracellular diffusion,
cell motility and the mechanical properties of the ECM.

Dynamics of pattern formation
Whilst any interaction that has “local activation, long-range inhibition” can generate periodic patterns, the distance dependence of the interaction is qualitatively different for different mechanisms.
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Molecular signals tend to be graded, smoothly changing signals; cellular protrusions often have a
well-defined signaling range; and mechanical forces can transmit periodic instabilities over large distances (see Figure 2.4B and Appendix A, section 4). By measuring this interaction, we can broadly
describe the type of interaction present, an important step in distinguishing mechanisms.
In the mathematical section above, we describe how these qualitative differences can be inferred
by measuring pattern dynamics. Pattern dynamics could be molecular (e.g. translation rates); cellular (e.g. proliferation rates); or mechanical (e.g. strain rates). An advantage of this approach is that
it can describe a “local activation, long-range inhibition” interaction without knowing its specific
components, and in a way that is independent of other parameters in the system. A corresponding
limitation of this approach is that, without also measuring or perturbing specific components, the
classification into molecular, cellular or mechanical interactions is based on qualitative similarity
to an expected interaction function, and therefore can only be suggestive and not definitive. Measurement of the interaction function following known perturbations can overcome this limitation.
In the following section, we illustrate how to implement this approach using a model of pigment
patterning in the zebrafish skin.

Zebrafish pigment patterning
Zebrafish genetic mutants reveal a variety of possible final patterns of pigmentation in the skin,
some of which are shown in Figure 2.5. Many of these patterns have been successfully simulated
using reaction-diffusion equations (Watanabe & Kondo, 2012). However, recent experiments favor
a cellular mechanism. Removing particular cell types (melanophores, xanthphores and iridophores)-
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Interaction function, K(|x|)

B

Expected interaction functions

K(|x|)

K(|x|)
Molecular

|x|

K(|x|)

|x|

C

Mechanical

Cellular
|x|

|x|

Same final pattern, but different dynamics

Simulation (1D)
Initial random pattern

K(|x|)

K(|x|)
Molecular

Analyze

Cellular
|x|

|x|

Time

Final periodic pattern

Figure 2.4: Dynamics of pattern formation. The dynamics of pattern formation can be used to distinguish between

mechanisms. Here, we consider a case where cells move to form a periodic pattern, but with unknown cell-cell interactions. A: A cell responds to nearby cells differently depending on how far away the ‘sender cell’ is. This distance
dependence deﬁnes an interaction function, K(x). Cells respond ‘positively’ to close cells (“local activation”) and `negatively’ to more distant cells (“long-range inhibition”) i.e. the interaction function is positive for short distances, and
negative for large distances. B: Expected interaction functions are different for molecular, cellular and mechanical interactions (see Appendix A, section 4 for details). C: Simulation of dynamics of pattern formation. We create synthetic
data by simulating a periodic pattern formed by cells moving both randomly and according to interactions described by
K(x) = KA exp[−x/LA ] − KI exp[−x/LI ] (molecular) or by: K(x) = KA (1 − H(x − LA )) − KI (1 − H(x − LI ))
(cellular), with H denoting step functions. Left: plots of cell density over time as the pattern evolves. Right: analyzing
the data from these simple simulations shows that K(x) can be estimated from pattern dynamics using a reasonable
number of timepoint measurements (see Appendix A, section 5 for algorithm)
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either completely via genetic mutants (Frohnhöfer et al., 2013) or at certain times and positions by
laser ablation (Nakamasu et al., 2009; Yamaguchi et al., 2007) - revealed a number of cell-cell interactions that are necessary for correct pattern formation, consistent with “local activation, long-range
inhibition” (Nakamasu et al., 2009). Two of these interactions have been characterized molecularly.
Contact-dependent depolarization of membrane potential controls repulsion between melanophores
and xanthophores (Inaba et al., 2012; Iwashita et al., 2006). Meanwhile, melanophores receive
Notch-dependent survival signals by extending long cell protrusions to distant xanthophores (Hamada
et al., 2014), controlling melanophore stripe width.
Several key components of this system are yet to be determined. In particular, we highlight a role
for directed cell movement, which is important during initial patterning in juveniles (Frohnhöfer
et al., 2013), and during pattern regeneration (Yamaguchi et al., 2007) (Figure 2.5B). What signals
control directed cell movements? One hypothesis is that Notch-Delta signaling via direct contact,
or via longer cell protrusions regulates movement of nearby cells (a cell-based interaction). Other
possibilities include a role for (unknown) molecular signals that guide cell movement, or mechanical influences from interactions between migrating cells and the underlying ECM. We suggest that
these different hypotheses can be distinguished using timelapse imaging that may be most feasible in
regenerating patterns (Yamaguchi et al., 2007), or in vitro models (Yamanaka & Kondo, 2014).
Specifically, by tracking individual cells as they migrate, and measuring the positions of their
neighbouring cells, we can measure cell velocities (pattern dynamics) to determine how the cells
interact with one another. To illustrate this principle, imagine that you isolate two cells and place
them a distance, x, apart from one another, and measure how fast, and in which direction, they
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move (see Figure 2.4A). By repeating this measurement at different distances, you can measure how
the cell response depends on the distance between the cells. In practice, however, you often cannot
easily isolate pairs of cells to perform this experiment. Above, we describe an algorithm to infer the
distance dependence of the interaction function by measuring dynamics when there are many cells
in the system.
Using this analysis, if no interaction is observed, this might suggest that the cells are passively migrating towards an existing prepattern. If the interaction is very short ranged, it points to communication via direct cell contact. If instead there are longer-range interactions, we can tentatively classify
them into one of three categories – molecular, cell-based or mechanical – by comparing them to the
expectations outlined in Figure 2.4B.
Analysis of data from simulations shows that the interaction function can be estimated from
noisy data using a limited number of data points (Figure 2.4C and Appendix A, section 5), suggesting that this approach is feasible for biological data that is limited in timepoints and is often noisy.

Experiments to rigorously test hypothetical mechanisms
Although the discussion above suggests ways in which a mathematically guided approach can help
to distinguish between broad categories of mechanism, it is more usual to start with a specific hypothesis in mind. Typically, one would start by identifying key patterning components by studying
mutants with aberrant patterning, or by observing the expression of particular genes (or positions
of particular cell types) over time. These data are necessary to define the components in the system
and to generate hypotheses, but different types of experiment are needed to rigorously test these hy-
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A

B

Stripes (wildtype)

Spots (leopard)

Labyrinth (choker)

Figure 2.5: Zebraﬁsh pigment patterns A: Particular mutants display different ﬁnal patterns– left: wildtype stripes;

middle: spots, (both from Rawls et al. (2001), with permission); right, labyrinthine , from (Frohnhöfer et al., 2013) with
permission. B: Cell movement is important during regenerative patterning: following laser ablation of melanophores
within the central region, cells migrate into the ablated region to regenerate (aberrant) patterning. Reproduced from
Yamaguchi et al. (2007) with permission, Copyright (2007) National Academy of Sciences.

potheses – we require experimental designs that generate falsifiable predictions (see above). Below,
we propose several such experiments and illustrate how they may help to determine the patterning
mechanism underlying specific biological examples.

Parameter constraints
Multiple periodic patterning mechanisms have been simulated by mathematical models (Maini
et al., 1991; Miura & Maini, 2004; Murray & Oster, 1984a,b). As we have argued, qualitative features
of these simulations cannot rigorously test a given hypothesis. However, quantitative predictions
can be used provided we can measure the relevant parameters. A major challenge is that, for many
features of periodic patterns (for examples, the selection of stripes vs. spots), the relevant parameters
include nonlinear effects (Ermentrout, 1991).
An example of such a nonlinear effect is the interactions between activator and inhibitor molecules
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in a reaction-diffusion model. Accurately predicting a reaction-diffusion pattern in silico would require quantitative measurements of these interactions, including full dose response curves for how
molecular reaction rates depend on the concentrations of activator and inhibitor molecules present.
Given that this type of data is difficult to acquire, a common strategy is to simulate the system using
a ‘guess’ for the nonlinearities. Such an approach is liable to overfitting and the results of the simulations may depend on the choice of nonlinearity, making it difficult to falsify a particular hypothesis.
Instead, we have identified an experimental prediction that is independent of these nonlinear effects. Specifically, the ability of a mechanism to generate any pattern, other than a spatially uniform
pattern, is a feature that is easy to predict without fully characterizing the nonlinearities. We can derive a set of parameter constraints that a hypothetical mechanism must satisfy in order that periodic
patterns can form. In Table 2.2, we list some of the parameter constraints for the mechanisms considered in this article, and describe how to obtain these results for any mechanism in the section above
(see Appendix A, section 6 for additional parameter constraints).
Several parameter constraints in Table 2.2 are completely independent of nonlinear effects. In
other cases, the nonlinear effect is aggregated into a single parameter that is more easily measured,
which we refer to as the ‘sensitivity’ (see above for a mathematical definition). Instead of measuring an entire input-output dose response curve, the sensitivity parameterizes how much the output
changes in response to a fold change in input - for example, a sensitivity of 2 means that a 1% change
in input produces a 2% change in output. The inputs/outputs can be molecular, cellular or mechanical – for example, the input could be concentration of a molecule, and the output could be cell proliferation rate. Sensitivity is measured by observing the change in output corresponding to a single
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change in input, and importantly, requires only relative, and not absolute levels to be measured.
It is therefore possible to falsify hypothetical mechanisms by measuring the parameter values in a
given mechanism and determining whether they obey the appropriate parameter constraints. If the
parameter constraints are not met, this implies the hypothesis must be revised. This could include
minor revisions – for example, incorporating stochastic effects can slightly relax the parameter constraint – but could also include major changes – for example, implementing a three component, as
opposed a two-component reaction diffusion model, or even considering cellular and mechanical
models of patterning. Recent experimental advances suggest that the relevant parameters, such as
diffusion constants, molecular degradation rates and tissue material properties, along with sensitivities, can be measured, or at least estimated with reasonable precision, in vivo (Akhtar et al., 2011;
Campàs et al., 2014; Müller et al., 2013, 2012). We illustrate this approach by considering the patterning of hair follicles in mammals.

Hair follicle patterning
The regular spacing between hair follicles is an example of periodic patterning, and has been attributed to a reaction-diffusion mechanism in the epidermis (Nagorcka, 1983; Nagorcka & Mooney,
1985; Huh et al., 2013). Simulations show qualitative similarities between reaction-diffusion models
and a final ‘spotted’ pattern of hair follicles, although, as we have argued in this article, this type of
observation is not unique to a reaction-diffusion mechanism (see Figure 2.6B).
Recent experimental studies in mouse have placed the reaction-diffusion model on a molecular
footing by proposing Wnt and Dkk as the activator and inhibitor molecules (Figure 2.6A) (Sick
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Table 2.2: Parameter constraints on patterning mechanisms. Parameter constraints that for mechanism that guarantee

periodic patterns will form. See Appendix A, section 1 for additional information and further constraints. See also
Table 2.2 for deﬁnitions of certain parameters.

Patterning Mechanism

Parameters

Constraints on parameters

Molecular (reactiondiffusion).
A: activator
I: inhibitor

Diffusion constants DA , DI .
Molecular half lives τA , τI .
Reaction sensitivities hij

Inhibitor diffuses faster
than activator DI > DA .
(Murray, 2008)
Autoactivation is sufficiently sensitive hAA > 1

Cellular (via cell movement).
A: activating cell
B: inhibiting cell

Cell motility constants ηA , ηI .
Lifetime of a cell τA , τI .
Sensitivity of cell proliferation to
other cells hij

Inhibitor cell is more
motile ηI > ηA , or
Directional cell movement e.g. ηA < 0

Cellular
(via cell contact signals)

Sensitivity of cells to signaling, h
Length of protrusion Lprotrusion

Can occur for a wide
range of parameters
(López, 2006)

Mechanical,
with cell growth

Thickness of tissue, h
% growth of tissue, g
Stiffness of tissue Esheet
Stiffness of underlying substrate E

Sufficient tissue growth
(
) 32
g > 41 E3E
sheet
(Groenewold, 2001)

Mechanical
with cell movement

Thickness of tissue, h
Stiffness of tissue E
Poisson ratio of tissue, ν
Traction force/area exerted by
cells σtraction

Cell traction forces
exceed ECM forces
σtraction > 21 E
(Murray & Oster,
1984a)
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et al., 2006; Mou et al., 2006; Stark et al., 2007). Sick et al. (2006) proposed a Wnt/Dkk-based
reaction-diffusion mechanism, showing that hair follicle density is reduced following overexpression of the putative inhibitor, Dkk. In addition, Wnt signalling is necessary and sufficient for inducing hair follicles (Zhang et al., 2008), and is expressed in a periodic pattern prior to early morphological indicators of follicle specification – again consistent with a Wnt/Dkk reaction-diffusion
model. However, these results do not test whether Wnt/Dkk can generate periodic patterns alone
- Wnt/Dkk may be cooperating with, or acting downstream of other patterning mechanisms (including cellular or mechanical mechanisms). To test the reaction-diffusion hypothesis, we suggest
that key properties of the system should be measured to determine if they are consistent with the
parameter constraints in Table 2.2.
The first parameter constraint requires that the putative inhibitor, Dkk, diffuses more rapidly
than the putative activator, Wnt, thereby guaranteeing “local activation, long-range inhibition.”
Müller et al. (2012) successfully performed this type of experiment in zebrafish embryos by measuring diffusion coefficients of fluorescently tagged Nodal/Lefty (another activator/inhibitor pair),
confirming that DLefty > DNodal .
Wnt/Dkk reaction parameters are also constrained. In particular, we suggest that the key parameter to measure is the sensitivity of Wnt autoactivation. In order for the Wnt/Dkk system to generate
periodic patterns, the net production rate of Wnt must increase by more than 1% when extracellular
levels of Wnt increase by 1%, a fairly stringent requirement. Such biophysical measurements and calculated parameter constraints would test the sufficiency of Wnt/Dkk reaction-diffusion to produce
regularly spaced hair follicles; if the measured parameters are inconsistent with the model, presum-
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ably other mechanisms must be at play – for example, involving other proposed activator/inhibitor
pairs, such as Eda/BMP (Mou et al., 2006), or possibly including cellular and/or mechanical processes.

Response to perturbation
In addition to distinguishing broad classes of mechanism, as described above, perturbation experiments can be used to rigorously test a particular hypothesis. For example, if perturbation of a particular component has no effect on the pattern, we can conclude it is dispensable in the patterning
process, thus falsifying the hypothetical mechanism. However, if the perturbation does have an effect, its interpretation can be challenging.
The first challenge is that many perturbations commonly applied to periodic patterning mechanisms affect nonlinear processes. For example, many perturbations to putative reaction-diffusion
systems involve overexpressing or inhibiting a particular molecular pathway i.e. altering the nonlinear dose response curve. As discussed previously, these nonlinearities are difficult both to measure
and to intuit. It can therefore be challenging to (i) determine how the perturbation will affect the
nonlinearity and consequently the final pattern; and (ii) to determine to what extent this prediction
relies on the particular form of nonlinearity that is assumed.
To address this limitation, we can use the dimensional analysis from the previous section, which
identified perturbations whose effects will be independent of model nonlinearities. For example,
the prediction λ ∝ (Dτ)0.5 for reaction-diffusion models is independent of the specific assumptions of how the component molecules interact with one another. Therefore, observing an increase
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Rapidly diffusing
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Time

Figure 2.6: Hair follicle patterning by a reaction-diffusion system. A: Reaction-diffusion for a putative activa-

tor/inhibitor pair: Wnt/Dkk. Over time, ﬂuctuations in Wnt/Dkk concentrations are ampliﬁed by “local activation,
long-range inhibition” until the concentration proﬁle has regularly spaced peaks (Meinhardt & Gierer, 2000). These
peaks deﬁne the position of future hair follicles. B: in vivo pattern of hair follicles; blue staining shows a lacZ-based Wnt
reporter that marks the position of hair follicles. C: In silico pattern of hair follicles. Adapted from Sick et al. (2006).
Reprinted with permission from AAAS.
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in pattern spacing when molecular diffusivities are increased is a good test of a reaction-diffusion
model. In contrast, changes to dimensionless quantities, like reaction sensitivities (for example, by
overexpressing activator/inhibitor molecules) are more difficult to interpret and could have multiple
explanations (see Appendix A, section 7 for an expanded discussion).
As discussed previously, the suggested perturbations change the final pattern spacing by modifying the characteristic lengthscale in the system – for molecular mechanisms, this lengthscale is set by
diffusion; for cellular mechanisms, either by cell motility or by the length of signaling protrusions;
and for mechanical mechanisms, by the tissue stiffness. While being easier to interpret, these perturbations are more difficult to apply than traditional knockdown or overexpression studies, but are
nonetheless feasible given recent experimental advances. For example, diffusion constants can be
perturbed by adding extracellular diffusion modulators and presumably through the use of different
fusion tags (Müller et al., 2012; Wartlick et al., 2009; Sarrazin et al., 2011).
A second challenge in designing perturbation experiments is that, in real biological systems, the
periodic patterning mechanism receives input from a number of secondary processes, so that a given
perturbation will often change multiple parameters in the system. For example, a common strategy
is to overexpress a particular molecule, or to knock it out genetically. In a complex biological system,
these perturbations can often have pleiotropic effects on parameters other than the molecule that is
directly perturbed. Secondly, since many mechanisms fall into the same “local activation, long-range
inhibition” class, the same change in pattern can be caused by a number of different underlying parameter changes. For example, a change from stripes to spots may be due to changes in molecular
production rates, molecular diffusion constants, or mechanical properties of the matieral (Ermen-
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trout, 1991; Watanabe & Kondo, 2012; Zhu & Murray, 1995; Miyazawa et al., 2010). Therefore, it is
hard to rule out the possibility that the change from stripes to spots is due to the direct effect of the
perturbation, as opposed an indirect, pleiotropic effect, and thus hard to rule out alternative mechanisms using this experiment alone.
One approach to overcome this difficulty is to design clean perturbations and to make control
measurements to ensure that other components in the system are not perturbed. A second (and potentially more feasible) approach is motivated by our dimensional analysis. If it is possible to quantitatively measure how pattern spacing scales in response to perturbation, then it is also possible to
test hypotheses in a parameter-independent way, ruling out the possibility that the perturbation
is having an indirect effect on other parameters in the system. For example, in a diffusion-based
system, we expect λ ∝

√

D. If square root scaling is observed (i.e. measure a scaling exponent

n=0.5), this strongly supports a role for diffusion during patterning. If instead we find that pattern
spacing does not scale this way (but still is affected by changes in diffusion constant), there are two
possibilities. Firstly, it is possible that the mechanism is molecular in nature, but the transport of
this molecule is not predominantly diffusive – for example, if advection (or flow) is also present, a
scaling exponent n=1 is expected. Alternatively, if the pattern spacing does not scale, but instead
changes in an irregular way with diffusion constants, this could be due to indirect effects of the perturbation (e.g. changing cell motility or ECM density), and therefore additional controls explicitly
examining these indirect effects are necessary.
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Conclusion
Over 60 years ago, Turing showed that a deceptively simple system – two interacting and diffusing
molecules – could generate a large variety of periodic patterns. Since then, a series of extensions,
adaptations and alternatives to the reaction-diffusion model have been proposed, all of which are
capable of producing periodic patterns. How, then, do we determine which of these many mechanisms is responsible for a particular periodic pattern?
In this chapter, we have outlined reasons why this is a challenging question to answer. Our analysis suggests that the observation of a final periodic pattern cannot distinguish between mechanisms,
since many mechanisms are qualitatively similar. Instead, we sought experiments that either 1) are
designed such that the basic classes of mechanism have different expected outcomes, or 2) rigorously
test assumptions in the patterning mechanisms. We have explored several mathematically-inspired
approaches to guide the design of such experiments.
These approaches rely on measuring, perturbing and/or imaging the processes of pattern formation, and not simply defining the genes involved. These types of experiment are technically challenging. However, we propose that they may now be achievable given recent technological advances,
which include: in vivo biophysical measurements (Spiller et al., 2010); in vivo genome editing (Cong
et al., 2013); quantitative perturbations to tissue microenvironment (Cushing & Anseth, 2007); continuous timelapse imaging (Amat & Keller, 2013; Garcia et al., 2011; Megason, 2009); and in vitro
models of periodic patterning (Yamanaka & Kondo, 2014). We hope that these techniques, combined with the approaches outlined in this article, will allow us not only to generate hypotheses for
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periodic pattern formation, but also, to rigorously test them.
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3
Orientation of Turing-like Patterns

Abstract
Patterning of periodic stripes during development requires mechanisms to control both stripe spacing and orientation. A number of models can explain how stripe spacing is controlled, including
molecular mechanisms, such as Turing’s reaction-diffusion model, as well as cell-based and mechanical mechanisms. However, how stripe orientation is controlled in each of these cases is poorly un-
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derstood. Here, we model stripe orientation using a simple, yet generic model of periodic patterning,
with the aim of finding qualitative features of stripe orientation that are mechanism-independent.
Our model predicts three qualitatively distinct classes of orientation mechanism: gradients in production rates, gradients in model parameters, and anisotropies (e.g. in diffusion or growth). We
provide evidence that the results from our minimal model may also apply to more specific and complex models, revealing features of stripe orientation that may be common to a variety of biological
systems.

Introduction
Periodic patterns are found in a wide variety of different organisms, forming across a large range of
time- and length-scales. Well studied examples include: the regular spacing of villi in the gut (Shyer
et al., 2013); hair follicle patterning on mammalian skin (Sick et al., 2006; Mou et al., 2006); the formation of regularly spaced digits in the limb (Sheth et al., 2012); branching morphogenesis in the
lung (Menshykau et al., 2014); and pigmentation patterns in a variety of animals (Kondo & Asai,
1995; Nakamasu et al., 2009; Yamaguchi et al., 2007; Frohnhöfer et al., 2013).
A number of different models have been proposed to explain the formation of these periodic
patterns, most notably, Turing’s ‘reaction-diffusion model’, in which periodicity is generated molecularly (Kondo & Miura, 2010). The canonical reaction-diffusion model involves two diffusing
molecules: a rapidly-diffusing inhibitor molecule, and a slowly-diffusing activator molecule. Provided that the activator stimulates production of both itself and its inhibitor sufficiently strongly,
and provided that the inhibitor diffuses sufficiently more rapidly than the activator, periodic pat-
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terns can spontaneously emerge from an initially homogeneous pattern (termed a Turing instability)
(Turing, 1952).
Despite the prominence of molecular-level reaction-diffusion models, there are many other ways
to generate periodic patterns – or, to put it mathematically, many other systems that exhibit Turing
instabilities. These include more complex molecular circuits but importantly also a number of cellbased and mechanical models which can recapitulate periodic patterning in silico (Maini et al., 1991;
Hiscock & Megason, 2015a; Murray & Oster, 1984b; Murray et al., 1988; Myerscough et al., 1998;
Lubensky et al., 2011). The logic of each of these models is similar, but the underlying biology is
different. For example, a reaction-diffusion model uses a short-ranged activator and a long-ranged inhibitor to generate a periodic pattern. An analogous cell-based model would be where cells signal to
each other, using a short-ranged pro-mitotic signal, and a long-ranged anti-mitotic signal. Similarly,
a mechanical model where a tissue buckles into a periodic shape consists of a short-ranged mechanical interaction - resistance to bending - and a long-ranged mechanical interaction - compression of
the tissue.
Since the logic of each of these mechanisms is similar, it can be difficult to experimentally distinguish them (Hiscock & Megason, 2015a). Furthermore, there is increasing evidence that cellular and
mechanical processes are relevant in vivo. For example, a combination of cell-movement, cell proliferation and signalling via long, cellular protrusions has been shown to be important in patterning
the stripes on the zebrafish skin (Hamada et al., 2014; Yamanaka & Kondo, 2014). Equally, tissue
mechanics has been strongly implicated in forming regularly spaced villi during growth of the gut
(Shyer et al., 2013). Thus, a variety of models – spanning molecular, cellular and/or mechanical pro-
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cesses – must be considered if we are to understand general properties of periodic patterning.
One property that has so far received little attention and forms the focus of this work is pattern
orientation. Here, we focus our discussion exclusively on striped, as opposed to spotted, periodic
patterns, since stripe orientation is more apparently functional. As an example, stripes in animal
pigment patterns often have a stereotyped direction e.g. wildtype zebrafish have stripes parallel to
their long axis during normal development. However, during aberrant patterning - for example,
when the pattern regenerates after damage (Yamaguchi et al., 2007), or when the pattern proceeds
in the absence of some organizing signal (Frohnhöfer et al., 2013) - the tight regulation of pattern
orientation is impaired (Figure 3.1).
Several mechanisms have previously been proposed to control stripe direction. Firstly, if the initial condition of the pattern is a single stripe, then subsequent stripes will tend to form parallel to
the first stripe, in which case the direction of the first stripe specifies the orientation of the entire
pattern (Nakamasu et al., 2009). Secondly, boundary conditions also influence pattern orientation
(Lacalli et al., 1988; Murray, 2008) - for example, in a long, narrow geometry, stripes can only ‘fit’ in
one direction (mimicking the pattern of stripes found on e.g. leopard tails (Murray, 1988)). However, in many tissues, stripe orientation likely relies on multiple cues besides strong initial conditions
or extreme geometry (for example, during limb patterning, discussed below). What controls pattern
orientation in these cases? Two further hypotheses have been proposed: (i) a morphogen gradient
interacts with a Turing system (Sheth et al., 2012; Glimm et al., 2012); or (ii) the diffusion of Turing
molecules is anisotropic (Shoji et al., 2002). This previous work has generated a number of interesting hypotheses, but has several limitations. Firstly, these hypotheses have been generated from
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simulation data and thus it is difficult to generalize them, particularly to cellular and mechanical
models. Secondly, the simulations do not determine the uniqueness of any particular prediction.
The property of uniqueness is key, since the ability of a specific mechanism to orient stripes in silico
is, by itself, not good evidence for that specific mechanism actually operating in vivo. What is needed
is to show that the proposed mechanism can uniquely explain the data on orientation; or alternatively, that other plausible mechanisms cannot orient stripes in silico i.e. a ‘negative control’ model.
Here we seek to extract common features of stripe orientation, to generalize the results to nonmolecular models, and to determine the uniqueness of any particular result by using a simple but
generic model of periodic patterning. By choosing a theoretical framework at the appropriate level
of abstraction, we hope to make predictions that are generalizable to different mechanisms. The
framework we used is based on a single variable description of a generic Turing instability: the SwiftHohenberg equation (Cross & Hohenberg, 1993). This equation is based on a core set of assumptions that formally describe the shared features of Turing-like patterns which allows us to derive
analytical results that could be generally applicable rather than using simulations of specific models.
By analyzing this simple model, we find three qualitatively distinct ways to orient stripes and suggest
the generality of our predictions by applying them to several specific examples.
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Figure 3.1: The phenomenology of stripe orientation. A: Left: Many periodic patterns involve local activation, long

range inhibition; here, the size of the circles reﬂects the range of the interaction. We propose that additional mechanisms (e.g. some form of gradient, as schematized) are needed to orient stripes. Middle: In silico stripes are oriented
in random directions in the absence of an orientation mechanism. Right: the zebraﬁsh choker mutant has labryinthine
stripes (taken from Frohnhöfer et al. (2013) with permission), in contrast to the stereotyped longitudinal stripes of
wildtype adults (taken from Rawls et al. (2001) with permission). B: In this work, we use a rectangular geometry, speciﬁed by (x, y) coordinates. Stripes can either be arbitrarily oriented (left), parallel to the x axis (middle), or parallel to
the y axis (right).
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Results
A generic model of stripe orientation
Most mechanisms for periodic patterning are based on a simple core logic: local activation and longrange inhibition (LALI) (Meinhardt & Gierer, 2000, 1974; Gierer & Meinhardt, 1972). Local activation amplifies the pattern locally to create regions of increased pattern density; long-range inhibition
ensures that these high density regions are separated by a minimum distance, thereby forming a
periodic pattern (Figure 3.1A). For different biological systems the underlying nature of these interactions might be different (e.g. molecular vs. cellular vs. mechanical interactions). However, in each
case, the core LALI logic is conserved.
We thus seek a model that captures the main features of the LALI logic. To do this, we take a few
simple assumptions about the patterning mechanism:

1. The equations should be invariant under translation and rotation.
2. The equations should generate stable periodic patterns from a nearly homogeneous starting
point.
3. The amplitude of these patterns should be finite.
4. The stable pattern should be stripes, not spots.

Given these conditions, the simplest possible partial differential equation (PDE) model that describes the time evolution of a pattern, φ(x, t), in a two-dimensional space, is:
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∂φ
= aφ − Lφ − dφ3 ,
∂t

(3.1)

where a, d are constants and L is a differential operator defined as:

2
4 −4
L ≡ aκ(1 + 2∇2 q−
0 + ∇ q0 ).

(3.2)

This equation is known as the Swift-Hohenberg equation, and has been used extensively to understand pattern formation in a variety of contexts (Cross & Hohenberg, 1993). In Appendix B, section B1A, we show that this equation can be derived simply by considering the phenomenonology
of periodic patterns and by appealing to the principle that models should be simple. This approach
contrasts with that of many engineering or physics models, in which the underlying processes are
well-understood and the model is used to understand the consequences of these processes. In biology, however, the underlying processes are often unmeasured, sometimes unknown and almost
always complex. Thus the generality and simplicity of a phenomenological model is often valuable.
Since the Swift-Hohenberg equation compresses a multivariate set of PDEs into a single variable description, it may be difficult to have an intuition of the terms in Equation 3.1. The most nonintuitive term is the form of the operator L - what is its biological interpretation? The intuition
becomes clear if we remember that the operator describes a system, and not a single molecule. This
is analogous to representing the complexities of molecular transport by the diffusion operator ∇2 -
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it is a coarse-grained approximation of a much more complex system of interactions. With this viewpoint, L describes the aggregate effect of nonlocal interactions in the system. Why can a single form
of L describe many mechanisms? It reflects the core logic of periodic patterning i.e. L is a formal
description of a local activation, long-range inhibition interaction (Appendix B, section B1B). For
example, in a activator/inhibitor reaction-diffusion system, we can conceptualize the activator to activate itself at short distances, and inhibit itself at long distances (indirectly, via the rapidly diffusing
inhibitor). The operator L then describes this spatially-distributed negative feedback.

Limitations of the model
The limitation of using a simple model is that it cannot describe all the features of a more complex
biological model. To understand which features it can, and can’t, describe, we note that the choice
to describe behavior using Equation 3.1 can be motivated by more rigorous logic when a specific biological case is considered. Specifically, given a model specified by a set of coupled PDEs, equation
3.1 is a reasonable description of the full set of PDEs in a parameter regime near the onset of a Turing instability, see Appendix B, section B1A. Equation 3.1 is therefore applicable to a wide range of
biological mechanisms, provided patterning is via a Turing instability. However, we stress that this
condition need not always hold for striped patterns. For example, stripes of pair rule gene expression
do not require a Turing instability and instead involve specifying each stripe separately (Stanojevic
et al., 1991). When Turing instabilities are not required, models based on Equation 3.1 are not useful.
In addition, the model breaks down if there are other instabilities in addition to the Turing instability. For example, stripes may be oriented by processes that involve traveling waves (Page et al.,

51

2005; Sheth et al., 2012), or oscillations (Sakamoto & Miyakawa, 2008); behaviours that cannot be
described by equation 3.1 (Appendix B, section B1C). Equation 3.1 and thus the results in this article,
hold when stripes can arise in bulk from a homogeneous initial condition and form a stable steady
state, in the absence of extreme boundary effects. In short: for a given mechanism, Equation 3.1
can predict some ways to orient stripes. It cannot rule out other, more complicated ways to orient
stripes. However, we expect these exceptions to be qualitatively distinct from a Turing instability
(e.g. oscillations or traveling waves) and thus can be ruled in or out by observation of the pattern
dynamics in vivo.

Solving the equation
One approach we take to solving Equation 3.1 is to simulate it (see Appendix B, section B2 for simulation details). However, these results do not make the connection to stripe orientation transparent.
Therefore, we sought an analytical solution in order to build our understanding of the problem.
The goal of this approach is to understand the qualitative features of stripe orientation, namely to
determine i) what types of mechanism can orient stripes, and ii) in which direction the stripes tend
to be oriented. This does not require modeling stripes in all orientations. Instead, the qualitative features can be derived by considering just the two extreme stripe orientations: stripes oriented along
the y axis, ‘A-stripes’, or stripes oriented along the x axis, ‘B-stripes’ (Figure 3.1). To see this, note
that if both A- and B-stripes are stable, then so are all intermediate stripe orientations. In contrast,
if a given mechanism causes A-stripes to be unstable, then there will be a range of stable stripe orientations that centers around B-stripes and excludes A-stripes. As the strength of the orientation
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mechanism increases, the range of permissible orientations will narrow until only B-stripes are robustly formed. Thus, by considering just A- and B-stripes, we can determine the main qualitative
features of stripe orientation (see also Appendix B, section B3,4 for an expanded discussion).
We can now solve Equation 3.1 by making the ansatz that the solution is a superposition of A- and
B-stripes, i.e.

φ(x, t) = A(x, t)eiq0 x + B(x, t)eiq0 y + c.c,

(3.3)

where c.c denotes the complex conjugate. In Appendix B, section B5, we show that this transforms
Equation 3.1 into two separate equations:

Ȧ = rA − |A|2 A − 2|B|2 A,

(3.4a)

Ḃ = rB − |B|2 B − 2|A|2 B.

(3.4b)

These equations describe the time evolution of the amplitude of A- and B-stripes respectively and,
as such, are often referred to as ‘amplitude equations’ (Van Hecke et al., 1994). The parameter r denotes the strength of the Turing instability. For r < 0, the steady state pattern is uniform in space,
whereas for r > 0, we transition into the Turing regime in which periodic patterns spontaneously
arise. We analyze these equations in the regime r ≪ 1, which corresponds to the regime of straight
but unoriented stripes. We expect the analysis to yield qualitative insights outside this regime, al-
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though cannot prove this formally.
Having obtained the amplitude equations, we must then solve them to determine whether Aand/or B-stripes are produced. To do this, we look for the (nonzero) steady states of Equations 3.4,
√
√
which are either A-stripes, (A, B) = ( r, 0), or B-stripes, (A, B) = (0, r). We then examine
the stability of these steady states to small variations, (δA, δB). For A-stripes, we consider (A, B) =
√
( r + δA, δB). Substituting into the above equations gives:

δȦ = −2rδA,

(3.5a)

δḂ = −rδB,

(3.5b)

i.e. A-stripes are a stable steady state solution. Now, the symmetry of equation 3.4 under A ↔ B
means that B-stripes will also be a solution, meaning that Equation 3.1 alone cannot orient stripes
along a particular direction. To successfully orient stripes, the symmetry A ↔ B must be broken.
In the remainder of this article, we use this framework to show that many different mechanisms to
orient stripes fall into three qualitatively distinct categories. In each case, the category is defined by
exactly how the symmetry A ↔ B is broken (The details of the algebra are outlined in Appendix B,
section B5-9).

Stripes are oriented perpendicular to a production gradient
The first modification we consider is something we call a ‘production gradient.’ Imagine a periodic
patterning mechanism that amplifies periodic disturbances in pattern density. To create a produc-
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tion gradient, we add a spatially varying overall bias in pattern production (Figure 3.2A). To formulate this mathematically, we rewrite Equation 3.1 as:

∂φ
= aφ − Lφ − dφ3 + h(x),
∂t

(3.6)

where h(x) represents the spatially varying production rate, which we assume to be a gradient oriented along the x axis. As an example, consider a canonical reaction diffusion model that generates
pattern by having two diffusible molecules regulate each other’s production rates. If, in addition,
these production rates are regulated by a separate, graded morphogen signal, this would be a production gradient (Glimm et al., 2012). A cell-based example could be where the generation of a particular cell type (e.g. melanocytes in the zebrafish skin) is controlled by a gradient.
To solve Equation 3.6, we convert it to a set of amplitude equations:

Ȧ = rA − |A|2 A − 2|B|2 A + hA ,
Ḃ = rB − |B|2 B − 2|A|2 B.

(3.7a)
(3.7b)

Here, hA is a constant and breaks the symmetry of the equations. In Appendix B, section B6, we
show that when hA > hcrit ≡

2 23
9 r , B-stripes lose their stability.

Near the transition point, hcrit ,

only B-stripes are unstable, and stripes that are oriented between A- and B-stripes remain stable.
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However, as h increases further, we expect the range of stable orientations to narrow, until stripes
are robustly aligned along a single direction i.e. A-stripes.
To explore this further, we simulated Equation 3.6 directly. In agreement with the analytical results, we found that a production gradient tends to align stripes perpendicular to the direction of
the gradient. Further, the stripes become more sharply and reliably oriented as the strength of the
gradient term increases (Figure 3.2A). Taken together, the simulations and analysis suggest that a
production gradient can orient stripes perpendicular to the gradient.

Stripes are oriented parallel to a parameter gradient
A production gradient orients stripes perpendicular to the gradient. However, others have arrived
at the opposite conclusion when simulating the impact of graded Fgf signaling on digit/non-digit
patterning in the mouse limb i.e. Fgf oriented stripes are parallel to the gradient (Sheth et al., 2012).
This motivated us to consider a second type of gradient, which we term a ‘parameter gradient.’ In
this case, the gradient does not stimulate production of the pattern variable, independent of the
periodic pattern. Instead, it causes spatial variation in some parameter of the periodic patterning
mechanism, such that the system transitions from a homogeneous sub-Turing region to a periodic,
Turing region. Not all parameters in the underlying model can achieve this - it is only those which
control the effective Turing instability parameter, r. Mathematically, we describe this effect as:

∂φ
= a(x)φ − Lφ − dφ3 .
∂t
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(3.8)
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Figure 3.2: Stripe orientation in the Swift-Hohenberg model. A: Stripes are oriented perpendicular to a production

gradient. Upper: Pattern production varies along the x axis, as schematized by the early spatial bias in pattern density. As the pattern evolves over time, we predict this will generate stripes parallel to the y axis. Lower: Simulation of
Equation 3.6 shows that stripes are oriented perpendicular to the production gradient. B: Stripes are oriented parallel
to a parameter gradient. Upper: Interaction strength varies along the x axis, schematized by the graded transparency
of the colored sections. We predict this will generate stripes parallel to the x axis. Lower: Simulation of Equation 3.8
conﬁrms that stripes are oriented parallel to the parameter gradient. C: Stripes are oriented by anisotropies. Upper: A
schematic of local activation, long range inhibition with anisotropic interactions. Lower: Simulation of Equation 3.10
conﬁrms the ability of anisotropies to orient stripes. D: Stripes are oriented by directional growth. Upper: A schematic
of periodic patterning in the presence of uniform growth along the x-axis. Lower: Simulation of Equation 3.1 in the
presence of anisotropic growth shows stripe alignment along the direction of growth.
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For a reaction diffusion model, an example of a parameter gradient would be a gradient of reaction rate parameters, achieved, for example, if some graded signal regulated the strength of interactions between activator and inhibitor molecules. As before, we recast Equation 3.8 as a set of
amplitude equations:

Ȧ = r(x)A − |A|2 A − 2|B|2 A + αAxx ,
Ḃ = r(x)B − |B|2 B − 2|A|2 B,

(3.9a)
(3.9b)

where the parameter gradient, r(x), is oriented parallel to the x axis, and α is a constant that breaks
the symmetry of the equations. In Appendix B, section B7, we show that, for large enough spatial
variation in the parameter r, that A-stripes lose their stability. As before, we expect that intermediate
stripes between A- and B-stripes may still be stable. To investigate this further, we simulated Equation 3.8 with different parameter gradients, a(x). We found that a steep parameter gradient (large
∂ a/∂ x) produces stripes that were more reliably aligned along a single direction (Figure 3.2B). These
results suggest that parameter gradients can orient stripes parallel to the gradient.

Stripes are oriented by anisotropies
The third modification we consider is when there is some intrinsic anisotropy in the mechanism.
Anisotropy means that a parameter takes a different value depending on the direction that is being
considered. This can be modelled by a simple modification of the differential operator, L in Equation 3.2. In the isotropic case, L is direction-independent i.e. L ≡ L(∂x2 + ∂y2 ). To incorporate
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anisotropy, this condition is relaxed i.e. L ≡ L(∂x2 , ∂y2 ) to represent that the operator depends on
the the direction (x, y) of the change, giving:

∂φ
= aφ − L(∂x2 , ∂y2 )φ − dφ3 .
∂t

(3.10)

An example of this is a reaction diffusion model with anistropic diffusivities, in which molecules
diffuse more rapidly along certain directions than along others (Shoji et al., 2002). Anisotropy could
also be present in cell motility, in the strength of intercellular signaling via oriented cellular protrusions, or in the mechanical properties of a tissue. When we add anisotropy to the amplitude equations, we obtain:

Ȧ = rA A − |A|2 A − 2|B|2 A,

(3.11a)

Ḃ = rB B − |B|2 B − 2|A|2 B.

(3.11b)

Anisotropy is captured by the two parameters, rA , rB . As long as rA ̸= rB , the symmetry of these
equations is broken. In Appendix B, section B8 we show that if rB > 2rA (i.e. a sufficiently large
anisotropy), then A-stripes lose their stability. Once again, near the critical point rB ≈ 2rA , we expect a large range of possible stripe orientations that becomes progressively narrower as rB increases.
We observed this qualitative trend when simulating Equation 3.10 (Figure 3.2C). These results imply
that anisotropies in the tissue can orient stripes, and that the stripes are oriented along the direction
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that maximizes the parameter r.
A slightly different, but common source of anisotropy is anisotropic tissue growth. Again, the
effect of this anisotropy is to make rA ̸= rB . Simulations (Figure 3.2D) and analysis (Appendix B,
section B9) demonstrate that stripes tend to be oriented parallel to the direction of uniform tissue
growth. We note that this is achieved only if the growth is fast compared to the patterning kinetics.
In many cases (e.g. rugae in the palate (Economou et al., 2012)), growth occurs on a timescale much
slower than patterning and so stripes need not be oriented by growth.

The simple model can correctly predict stripe orientation in more complicated
models
In summary, our analysis of a simple model (Equation 3.1) predicts three ways to orient stripes. Do
these results hold for more complex models? To answer this question, we took six previously published models - spanning molecular, cellular and mechanical processes - and aimed to orient stripes
by introducing gradients in production, parameters, or adding anisotropies (see Appendix B, section B10 for a description of each model. Particular care must be taken for the case of a parameter
gradient, in which the appropriate parameter(s) are those that can transition the system from the
sub-Turing to the Turing regime). In each case, we find that our simple model could correctly predict the simulation results of the more complex models (Figure 3.3). This does not rule out there
being more complicated mechanisms to orient stripes that are not captured by Equation 3.1. For example, we found parameter regimes in the CIMA system where stripes are oriented by oscillations,
and in the 2 component reaction-diffusion system where stripes are oriented by traveling waves (see
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Appendix B, section B1C). However, these are qualitatively distinct mechanisms and thus should
be distinguishable given data. In addition, our simulations revealed parameter regimes for which a
single orientation mechanism alone can only partially orient the stripes; however, further investigation is required to comment on the robustness of stripe orientation. However, despite the diversity
and complexity of the different mechanisms studied, three types of stripe orientation appear to be
common to many mechanisms in certain parameter regimes, and are consistent with a much simpler
model.
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Limb patterning as a case study
To illustrate how to apply our general model to a specific case, we consider an example: digit/nondigit patterning in the mouse limb. The formation of regularly spaced digits (and metacarpals) was
ascribed to a Turing-like mechanism several decades ago (Newman & Frisch, 1979), with a number of candidate molecules being proposed (Badugu et al., 2012; Zhu et al., 2010; Miura & Shiota,
2000b), although the hypothesis has remained controversial. Recent studies, however, strongly suggest that digit/non-digit patterning is indeed periodic, as evidenced by mouse mutants with periodic
but more closely spaced digits (Sheth et al., 2012). Further, there is data that supports a reaction diffusion model of patterning, based on Wnts and BMPs (Raspopovic et al., 2014). This specific model
has been simulated in detail and can recapitulate many features of limb patterning in silico. However, roles for alternative molecular, cellular or mechanical processes are difficult to rule out, particularly since extensive cell movement and ECM remodeling is also observed during patterning, at least
in vitro (Raspopovic et al., 2014).
If digits are patterned via Turing-like mechanism as a set of stripes, it raises the question: what
orients the stripes so that the digits always form parallel to the limb? Some hints come from an in
vitro model of digit formation that lacks several important signalling centres e.g. Shh secreted posteriorly, and AER-derived Fgf. In this case, a periodic pattern still forms, although the orientation of
the pattern is no longer well-defined thereby generating a labryinthine pattern (Paulsen & Solursh,
1988; Miura & Shiota, 2000b) (see Figure 3.4).
There are several existing hypotheses for digit alignment that have been generated by simulating
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Figure 3.3 (following page): Simulations of 6 different Turing models Lengyel & Epstein (1992); Sheth et al. (2012);

Raspopovic et al. (2014); Hiscock & Megason (2015a); Murray & Oster (1984a) reveal common features of stripe
orientation, that are consistent with the simpler model presented here.
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Figure 3.4: Applications of our results to digit/non-digit patterning in the mouse limb. A: Left: labryinthine periodic

patterns in cultured mouse limb cells (reproduced from Miura & Shiota (2000b) with permission) contrasts to robustly
oriented skeletal elements of a mouse limb (taken from Sheth et al. (2012). Reprinted with permission from AAAS.).
B: Left: The mouse limb develops under the inﬂuence of several morphogen gradients (coloured sections illustrate
gradient sources) (Tickle, 2006). Right: Skeletal elements (forming the metacarpals and subsequently the digits) form
with stereotyped orientation, parallel to the axis of the limb and fanning out radially.
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specific reaction-diffusion models. Sheth et al. Sheth et al. (2012) advance the idea that a combination of Fgf and Hox gradients modulate the reaction terms in the reaction-diffusion equations and
that this is sufficient to orient stripes (also reviewed in Green & Sharpe (2015)). Raspopovic et al.
(2014) use a slightly more complex reaction-diffusion model and suggest that, in addition to the Fgf
and Hox gradients, anisotropic growth of the limb bud contributes to digit orientation. A third
hypothesis is that the geometry of the limb dictates boundary conditions that orient stripes (Newman & Frisch, 1979). However, the work of Raspopovic et al. (2014); Sheth et al. (2012), which use
measured limb bud geometries in their simulations, suggests that boundary conditions alone are insufficient. Given this existing data - from both experiments and simulations - what can our analysis
add?
The first strength of the approach presented here is that it can generalize existing hypotheses.
Stripe orientation by Fgf/Hox gradients falls into the category of a parameter gradient - the gradient
moves the system from sub-Turing to Turing, and orients stripes parallel to the gradient. Immediately, our analysis predicts that many other parameter gradients could also orient stripes. Table 3.1
gives some example hypotheses. Similarly, stripe orientation by anisotropic growth is just one example of the more general phenomenon of stripe orientation by anisotropies. Table 3.1 provides some
other examples.
Our model also predicts the existence of a third way to orient stripes - a production gradient
along the anterior-posterior axis of the limb that orients stripes perpendicular to the gradient. The
obvious candidate molecule is Shh, although a Shh null mouse still has correctly oriented digits
(Sheth et al., 2013, 2007) and therefore an alternative gradient must be sought.
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The second strength of our approach is that it allows us to interpret existing data and hypotheses and to determine the uniqueness of any simulation results. Current data on digit alignment is
largely descriptive - digits emerge as stripes that fan out radially along the PD axis of the limb bud
(Figure 3.4B). Thus stripes must be oriented in a way that reflects this radial geometry. For this reason, alignment via a production gradient seems unlikely, since it is hard to construct a gradient along
the AP axis that would respect the radial geometry. In contrast, a parameter gradient controlled by
the AER is naturally in a radial orientation. Further, there is a transition from a sub-Turing no-digit
regime (the zeugopod) to a Turing, digit regime (the autopod), again consistent with a parameter
gradient. Orientation of digits by anisotropies is also plausible, but requires the anisotropy to be
radially organized. This is certainly possible - for example, a radially directed gradient of Wnt5a regulates anisotropic cell behaviours via the PCP pathway as the digits form (Gao et al., 2011).
Thus, stripes are likely oriented by either a parameter gradient or by anisotropies. The specific
models of Sheth et al. (2012) and Raspopovic et al. (2014) are important in that they developed specific hypotheses for what these parameter gradients and anisotropies are - namely reaction parameters and anisotropic growth in a reaction diffusion system, using a BMP- and Wnt-based model
that has strongest experimental support. However, our modelling suggests that other mechanisms,
within the same broad categories of parameter gradients and anisotropies, could be at play. To distinguish these models requires experiments that are specific to the proposed orientation mechanism
e.g. directly perturbing the proposed reaction parameters without affecting anisotropic growth
and measuring the effect on stripe orientation. In vitro chondrogenesis models (Paulsen & Solursh,
1988) are an appealing system in which to disentangle the interdependence of growth and patterning
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Table 3.1: Hypotheses for digit orientation mechanisms for molecular, cellular and mechanical processes.

Mechanism to orient
stripes

Type of periodic patterning mechanism
Molecular
Cell-based
Mechanical

Production gradient

Shh stimulates
molecular production

Shh stimulates
production of
interdigit cells

Shh promotes
ECM production

Parameter gradient

Fgf affects interactions between two
molecules

Fgf modulates
intercellular
signalling

Fgf controls tissue
stiffness

Tissue anisotropy

Diffusion is
anisotropic

Cell motility is
anisotropic

Tissue elasticity matrix is
anisotropic

that complicate the interpretation of in vivo experiments.
In summary, we hope that this example illustrates how our simple but generic model can help to
generalize and critically evaluate results from specific models and existing hypotheses.

Conclusions
In this article, we have addressed the question of how Turing-like stripes are oriented. By analyzing
a generic model of stripe orientation that applies given a limited set of assumptions, we have found
three qualitatively distinct types of orientation mechanism. These can be concisely summarized by
rewriting Equation 3.1 as:
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∂φ
= a(x)φ − L(∂x2 , ∂y2 )φ − dφ3 + h(x).
∂t

(3.12)

Here, (i) h(x) is a production gradient, (ii) a(x) is a parameter gradient, and (iii) L(∂x2 , ∂y2 ) represents anisotropies. We find that (i) production gradients orient stripes perpendicular to the gradient;
(ii) parameter gradients orient stripes parallel to the gradient; and (iii) anisotropies orient stripes
along the direction of the anisotropy.
Overall, this analysis provides an intuition for understanding general features of stripe orientation. It can explain and unify existing results that have simulated specific models. It can also be
readily applied to new biological scenarios and can be used to critically evaluate existing hypotheses. We discuss these features in the context of limb development in the case study section. We thus
hope that the results in this article provide an intuition for the simple and universal features of stripe
orientation amidst the complexities and variety of the underlying biology.
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4
Rethinking the Formation of Digits And
Joints During Limb Development

Abstract
Critical steps in forming the vertebrate limb include the positioning of digits and the positioning of
joints within each digit. Recent studies have proposed that the iterative series of digits is established
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by a Turing-like mechanism generating stripes of chondrogenic domains. However, re-examination
of available data suggest digits are actually patterned as evenly spaced spots, not stripes, that then
elongate into rod-shaped digit rays by incorporating new cells at their tip. Moreover, extension of
the digit rays and the patterning of the joints occur simultaneously at the distal tip, implying an
integrated model is required to fully understand these processes.

Introduction
The distal aspect of the vertebrate limb is characterized by an iterative set of digits (fingers and toes
in humans), forming in a repeated series, yet at the same time each differing from the next in morphology. It has long been clear that the developmental mechanisms that establish the number of
digits is separate from that giving them distinct identities (Zwilling, 1964) (digit “identity” being a
term encompassing the relative size, shape and number of segments in a digit, differentiating it from
its neighbors).

Digit specification
A conceptual framework for considering the specification of digit identities was provided by the
concept of “positional information,” essentially a series of positional coordinates along an axis of
a developing field that cells can use as guide posts to make different fate decisions (Wolpert, 1969).
It was moreover proposed that distinct positional values could be established through the action
of a diffusible signal, a so-called morphogen, forming a spatial gradient across the field of cells. In
a critical, distinct second step, cells were suggested to interpret this positional information in a con-
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text dependent manner. For example, the same positional values lead to the formation of fingers or
toes depending on whether the mesenchyme being patterned originates in the forelimb or hindlimb
bud (Saunders et al., 1957). The model of positional information conveyed by a morphogen fits
extremely well with the experimental results of grafting cells from the Zone of Polarizing Activity
(ZPA) at the posterior digital margin of one limb bud into the anterior distal margin of a second
(Tickle et al., 1975), a procedure that leads to a mirror-image duplicate of the digits (Saunders & Gasseling, 1968). In this view, the concentration of a morphogen produced by the ZPA, is interpreted
by the digit primordia within the limb field as positional information, to yield distinct digit identities. However, importantly, the morphogen model does not instruct the location or spacing of the
digits, only their morphotype.

Digit periodicity
In principle, a morphogen/positional information model could be used to generate a periodic pattern of digit and interdigit, if alternating concentrations of the morphogen induced and inhibited
chondrogenesis, in addition to specifying different types of digits at increasing concentrations.
However, this was not built into the model, as experimental evidence argued against it. For example, a periodic series of morphologically similar digits are formed when limb cells are dissociated,
re-aggregated and then grafted back onto an embryo (Zwilling, 1964), indicating that a periodic series of digits is formed in a context where there is no difference in positional information across the
limb. However, when a ZPA is transplanted into a recombinant limb, anterior-posterior polarity is
restored, demonstrating that these two independent properties of early limb formation (generating
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an array of digits and specification of distinct digit identities) are smoothly integrated once positional information is provided (Piedra et al., 2000). Moreover, when the limb field is expanded, for
example, by a viral application of Fgf2 (Riley et al., 1993), extra digits are formed, but the duplicated
digits do not undergo a change in polarity. Rather, they appear to be the same identity as their immediate neighbors, again indicating that establishing the location of digits is not based on positional
information, even if digit identity (differences between digits) is based upon it.
The specification of different types of digits and the specification of the correct number of digits
are however linked. A ZPA graft (or ectopic application of the morphogen responsible for ZPA activity, Sonic hedgehog (Shh)) causes an increase in the number of digits as well as a polarization of
digit identities. It was recognized early on that this depends on a second effect of a ZPA transplant,
an increase in cell proliferation, which widens the digit field (Summerbell, 1981). More recent studies
have shown that tissue growth and digit specification are indeed separate events integrated through
the action of Shh (Towers et al., 2008; Zhu et al., 2008). Thus Shh activity drives the widening of
the limb progenitor field, and digits and interdigits form in an alternating series with constant spacing across the distal limb to the extent that there is space. Shh then independently acts to provide
positional information leading the digit primordia to take on distinct identities.
If not through positional information, how then does the repeated series of digits and interdigits emerge? A number of researchers over the last 30 years e.g. Newman & Frisch (1979); Miura
& Shiota (2000b) have suggested that the underlying mechanism could be a self-organized Turing pattern. In a canonical Turing pattern, interactions between diffusible activator and inhibitor
molecules lead to the spontaneous emergence of periodic striped, or spotted, concentration profiles

73

(Turing, 1952). For the periodic digit-interdigit pattern, a number of activator/inhibitor pairs have
been proposed, e.g. TGFβ/Noggin Miura & Shiota (2000b); Zhu et al. (2010) and BMP/BMPR
(Badugu et al., 2012). In addition, other mechanisms that are not strictly Turing networks, but are
‘Turing-like’, have been used to model digit-interdigit patterning (Hiscock & Megason, 2015a), including more complex molecular circuits (Raspopovic et al., 2014) as well as mechanical models involving cell movements and deformations of the extracellular matrix (Murray & Oster, 1984a).

Stripes or spots?
As appealing as such models were, until very recently it was unclear how exactly a Turing mechanism would be implemented in the limb. An important advance, in this respect, came from the
observation of changes in the digital pattern of compound mouse mutants deficient for Gli3 (a transcriptional repressor that mediates Shh signaling in the limb), and also missing (to varying extents)
copies of the distal Hox genes Hoxa13 and Hoxd11-Hoxd13. In this allelic series, decreasing levels of
Hox activity in the Gli3 null background yield what appear at first glance to be progressively more
and more “densely packed digits” (Figure 4.1A) (Sheth et al., 2012). This observation was consistent
with a Turing-like mechanism in digit-interdigit patterning, a view reinforced by a computational
Turing model in which the level of distal Hox genes modulated the wavelength of the digit-interdigit
series (i.e., the distance between the digits) and hence their packing density. In this model, the digits
are specified as a set of gene expression stripes oriented along the proximal-distal axis of the limb. To
fit the observed pattern of digital condensation, the stripes must spread apart distally as the autopod
grows, with digit rays fanning out radially. This requires the digit-interdigit wavelength to increase

74

distally, which can again be explained by allowing the dose of distal Hox genes to regulate the digit
spacing. We would, however, like to offer a slightly different explanation for how such a digital Turing mechanism could be implemented, by reconsidering the interpretation of the informative Gli3;
Hoxa13; Hoxd11-13 compound mutants.
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First, it is important to note that while the skeletal elements being analyzed are referred to, perhaps colloquially, as “digits” in the abstract (Sheth et al., 2012), at E12.5, when the Sox9 staining of
chondrogenic elements is presented (Figure 4.1A), no digits are present in the limb bud. Rather, the
elements shown are the metacarpals (hand bones) (a fact well recognized by the authors elsewhere
in the paper). This distinction is important. When one compares the spacing of the distal skeletal
elements of the Hoxa13+/-, Hoxd11-13-/-, Gli3-/- mutant to those found in the wild type, they are
indeed much more closely spaced than the wild type digits but, on the other hand, there does not appear to be an obvious change in wavelength relative to the base of the wild type metacarpals (Figure
4.1A, compare blue and red boxes). This visual impression is substantiated by quantitative data on
digit spacing in the various Hox/Gli3 mutants provided by Sheth et al. (2012) in their supplement.
They measured the spacing between digit rays in each mutant background, at four different proximodistal levels. However, if one plots their measured values taken at the base of each digit ray, it
is clear that spacing is indeed invariant regardless of genetic background in this allelic series (Figure
4.1B).
If the wavelength is not changing, how can we explain the phenotype? What clearly is changing
is that, in the mutants, the base of the metacarpal condensations is initiated at more distal locations
within the hand plate (Figure 4.1A,C). By initiating the formation of these skeletal elements, with
similar wavelength, but at a more distal location where the developing handplate is broader, more
elements are formed.
The shift in location of the presumptive base of the metacarpals correlates with a distal shift of
the boundary of proximal Hox genes, such as Hoxd9, within the limb bud (Sheth et al., 2007) (Fig-
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Figure 4.1 (following page): Digits initiate as regularly spaced spots. (A) Sox9 in situ hybridization and skeletal preparations of wild-type and compound mutant forelimb autopods (from Sheth et al. (2012). Reprinted with permission from
AAAS.). (B) Spacing of developing skeletal elements, measured at their proximal base, for the Gli3/Hoxa13/Hoxd1113 allelic series as reported in Sheth et al. (2012). (N.B. The values are those reported in Supplementary Figure 4 of
Sheth et al. (2012) for digit spacing at level 1 (most proximal level in their analysis). For numbers of independent samples measured and statistical validation, please refer to that paper.) The most anterior and posterior positions were
excluded from the analysis, due to the difﬁculty in getting reliable measurements for these elements due to curvature
of the handplate at the margins. (C) Length ratios of the proximal, Sox9-negative domain (red) to the distally developing skeletal elements (yellow) in embryos of the same allelic series. (D) Distal shift in Hoxd9 expression boundary in
compound mutant forelimb autopods (adapted with permission from Sheth et al. (2007)). (E) Initiation of digit rays as
dots of precartilaginous condensations, reproduced from Zhu et al. (2008) with permission. (F) Initiation of digit organizing centers (red dots; PFR/DC, see main text), distal to the Hox transition zone and just underneath the AER, and
subsequent fanning out of digits rays due to autopod growth patterns. Growing cartilaginous digit rays are depicted
in white. Note, this diagram illustrates the relationship between the location where organizing centers form relative
to proximal Hox gene expression and the process by which the digit rays are laid down as the organizing centers are
displaced distally. This diagram does not incorporate the differences in the timing of condensation of the different digit
organizing centers, shown in Figure 4.4C.
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Figure 4.1: (continued)
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ure 4.1D), a consequence of cross-regulatory relationships between the Hox genes themselves (Sheth
et al., 2014; Beccari et al., 2016). It has previously been described that there are, in fact, two distinct
phases of Hoxd expression in the limb: an early proximal Phase 1 primarily influencing the formation of the zeugopod, and a later distal Phase 2 that encompasses the autopod (Nelson et al., 1996;
Tarchini & Duboule, 2006), with the mesopodium forming between the two domains (Woltering
& Duboule, 2010). We would propose that the transition between Phase 1 and Phase 2 also allows
for the initiation of digit organizing centers at what will become the base of the metacarpals, and
that it is at this stage that the spacing of the future metacarpals is established, through a Turing-type
mechanism.
If one observes the formation of the distal skeletal elements over time, one sees that they are indeed initiated, in a dynamic sequence, as small dots of prechondrogenic condensations underneath
the distal tip of the growing limb bud (Zhu et al., 2008) (Figure 4.1E). As the hand plate grows outward, these dot-like organizing centers remain at the distal margin, ‘trailing’ the growing digit rays of
cartilage behind them, creating a stripe-like pattern (Figure 4.1F). But, importantly, the digit rays are
not formed de novo as stripes. An implication of this is that there is no need to think of an expanding wavelength (establishing greater spacing between the digits) during outward growth, through
graded Hox expression (for which there is no evidence) and/or through changes in Fgf activity as
the autopod grows (an idea that is contradicted by old heterochronic transplants of the AER, which
have no effect on limb pattern). Rather the spreading apart of the digit rays is simply a passive consequence of the broadening of the distal margin, while the number of organizing centers remains
constant (Figure 4.1F). The expansion of the distal margin, however, means that there is a continual
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need to prevent any additional organizing centers from being formed between those that are already
established. This view also explains, in a trivial fashion, the observation that in some mutants (such
as Gli3-/-, HoxA-/-, HoxD+/-) the forming digit rays are closer together in the anterior than the
posterior (see Figure 5 in Sheth et al. (2013)). Rather than requiring some new parameter to differentially affect wavelength along the anterior-posterior axis, one simply needs to invoke some degree of
differential growth in the posterior, as the autopod extends distally.
In summary, our revised picture of digit patterning involves three processes (Figure 4.4C): (1)
sequential initiation of what come to be evenly-spaced prechondrogenic dots that will form digit organizing centers; (2) maintenance and elongation of these dots into digit rays as the autopod extends;
and (3) inhibition of chondrogenesis in the distal interdigit region to prevent additional organizing
centers forming as the distal margin broadens. The importance of considering this alternative view
is that it reframes the questions that need to be probed experimentally to further understand the
process of digit specification. If a Turing-like mechanism sets up a series of discrete digit organizing
centers, with an invariant wavelength, at the transition from Phase 1 to Phase 2 Hox expression, one
needs to understand how that wavelength is fixed and why organizing centers only form distal to the
Phase 1 Hox domains.

Molecular underpinnings
Candidate molecules involved in controlling the spacing of organizing centers were identified in a
subsequent paper (Raspopovic et al., 2014). In this study, Bmp and Wnt signaling were shown to
be active in a periodic pattern corresponding to digit and interdigit regions respectively. According
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to the model proposed, Wnt activity inhibits chondrogenesis (and inhibits expression of the chondrogenic transcription factor Sox9), specifying the interdigit; while Bmp activity promotes chondrogenesis (and induces Sox9) outside the range of Wnt signaling, thereby specifying the digits. Sox9
represses both Wnt and Bmp production within the digit itself, forming the basis for a three node
Turing model (Raspopovic et al., 2014). While the simulations they ran generated two-dimensional
stripes of chondrogenic digit domains, a Turing mechanism based on the same molecular interactions can easily be tweaked to yield spots (representing the formation of digit organizing centers
as argued above). Indeed, the Sox9-Bmp-Wnt based Turing mechanism was recently modified to
model the initiation of the series of round condensations that form at the base of the catshark pectoral fin (Onimaru et al., 2016). We note, however, that there are many other hypothetical Turinglike mechanisms that could generate these spot-like patterns and more work is required to understand exactly how the digit patterns are initiated. Indeed while the epistatic relationships between
Bmp, Wnt and Sox9 activity are sufficient to generate an in silico pattern reminiscent of that found
in the distal limb, it is likely a simplification of the endogenous regulatory mechanisms involved.
Other signaling systems such as TGFß and non-canonical Wnt/planar cell polarity (among others)
are very likely to play roles as well.
Whether one thinks of the initiation events in digit chondrogenesis as occurring in dots or stripes,
it is important to bear in mind is that the digit primordial do not emerge all at once. Rather the formation of digit rays (i.e. the establishment of digit-organizing centers) actually happens in sequence.
For example by the time the initiation of a digit 5 primordium is evident, the initial spot-like digit 2
and 4 primordia have already been elongated into rods (Figure 4.1E) (Raspopovic et al., 2014; Zhu
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et al., 2008).

Digit organizing centers
Following the initiation of prechondrogenic dots, we have argued that these form digit organizing
centers that maintain Sox9 expression as the autopod grows, giving rise to rod-shaped digit elements.
The existence of digit organizing centers at the distal end of each growing digit ray is, in fact, not
hypothetical. Both Juan Hurle and John Fallon independently described a domain of extremely
high p-SMAD activity under the AER, at the tip of the growing digit rays, where new chondrogenic
progenitor cells are added to the growing skeletal elements, calling this domain the Digital Crescent
(DC) or Phalanx Forming Region (PFR), respectively (Montero et al., 2008; Suzuki et al., 2008).
The PFR/DC is the location where digit rays are extended. It is also the location where digit identities (i.e., the spacing of the joints) are actualized (Suzuki et al., 2008).
As noted above, it is important to prevent the initiation of additional PFR/DC digit organizers
as the autopod expands. One plausible candidate could be secreted Wnts, which are known to act
as anti-chondrogenic factors in the limb (ten Berge et al., 2008; Hartmann & Tabin, 2001) and are
a key interdigit-promoting component of the Turing-like model proposed for digit specification by
Raspopovic et al. (2014).
While additional digit organizing centers, and hence additional digit rays, do not normally form
once the organizing centers are established at the base of the metacarpals, the interdigital mesenchyme
does maintain the ability to form ectopic digits when experimentally challenged. Digit rays can be bifurcated via application of ectopic Bmp delivered in a bead inserted at the tip of the growing digit
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(Ganan et al., 1996; Duprez et al., 1996). In the context of what we know about the formation of
digit rays described above, this would reflect a splitting of an organizing center such that a single
cartilaginous ray is laid down proximally before the splitting event, bifurcating into two extending
branches once the organizing center is split. Fully independent ectopic digits can be induced between the endogenous digit rays by the removal of the overlying ectoderm, application of ectopic
TGFβ, or delivery of retinoic acid antagonists (Ganan et al., 1996; Hurle & Gañan, 1987; Macias
et al., 1993). Notably, in these studies, the ectopic digit is initiated as a single spot, just distal to the
bead (e.g. carrying TGFβ) implanted into the distal margin of the interdigit and then extends to
form a digit-like structure as the autopod grows distally (Lorda-Diez et al., 2011); i.e., these procedures induce the formation of an ectopic digit organizing center in the interdigit mesenchyme,
which then acts like the endogenous organizing centers during subsequent growth of the handplate.
These data provide an additional test of the model presented here. If digits were to form as Turinggenerated stripes, rather than dots, intercalating a new stripe between two existing digit rays should
alter the distribution of activators and inhibitors, leading to a bending or distortion of the neighboring, endogenous digit rays. In contrast, if the spacing of the digit rays is established by dot-like
organizing centers, and digits are then passively extended and fanned apart by subsequent growth
of the hand plate, then inserting an additional digit organizing center at a later stage should have no
effect on the growth of the endogenous digits. This is indeed what is observed.
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A mathematical model for digits as elongated Turing-spots
Now we turn to a mathematical analysis and a more quantitative discussion of the differences between the different models for digit-interdigit specification, originally prepared as supplementary
material for the paper.
As motivated in the previous text, we formulate a model of digit-interdigit patterning comprising
the following phenomena:
1. Condensation of limb mesenchyme into evenly spaced chondrogenic spots - digit organizing
centers. We use the Swift-Hohenberg model as the simplest, phenomenological model that can
generate a set of evenly spaced spots (Cross & Hohenberg, 1993; Hiscock & Megason, 2015a). We
consider patterning to occur just at the distal-most region of the mesenchyme (adjacent to the apical ectodermal ridge (AER)), and therefore consider an effectively one-dimensional patterning field
stretching around the circumference of the autopod, labelled by coordinate x. We use the single variable φ0 (x) to denote the digit-interdigit pattern: high levels of φ0 denotes digit regions; low levels
denotes interdigit regions. With this notation, we model the initial condensation by:
)2
(
∂ φ0
λ 2 ∇2
= aφ0 − aκ 1 +
φ0 − cφ20 − φ30
∂t
4π2

(4.1)

The key parameter in this equation, λ, controls the spacing of the spots*
2. Elongation of condensations by terminal addition at the distal tip as the autopod grows. First,
*

See (Hiscock & Megason, 2015a) for a more detailed discussion and motivation of this equation.
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we approximate the autopod as a semicircle which increases in size radially (along the proximal-distal
(PD) axis). Whilst this is certainly a simplification† , we propose that it captures the most important
feature of the growing limb bud with regards to radially-oriented digital rays. Growth is then associated with two processes: an increase in size along the PD axis, combined with an increase in the
length along the distal margin. We use the index i to denote the PD location - i = 0 corresponds
to the PD level at which spots condense, with i increasing as the autopod grows. Then, we use the
variable xi to refer to the circumferential distance (see Figure 4.2A). Radial growth of the tissue requires that this distance increases with i. We formalize this by uniformly rescaling the variable x as
the tissue grows:

x i+ 1 =

r i+ 1
xi
ri

(4.2)

To model the elongation of condensations as directed by the digit organizing centers, we start
with the very simplest model we could think of: once a digital ray has been initiated, any new material that is added at its tip, automatically assumes the digit fate. Mathematically, we again use the
variable φi (xi ) to describe the digit-interdigit identity at a given point in the tissue. As new material
is added at the distal tip i.e. i → i + 1 (corresponding to the PFR/DC), we model digit elongation
by setting:
φi+1 (x̃i+1 ) = φi (x̃i )
†

(4.3)

There is also growth along the anterior-posterior axis, at least early. Correspondingly, the separation of
the processes of digit condensation and digit elongation is not strictly true, at least in the early stages
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where x̃i are the positions where digits are already formed i.e. the digit organizing centers:

φi (x̃i ) > φ∗

(4.4)

Simply put: in regions where digits have already begun to form, any further addition at the distal
tip is forced to become digit. An alternative, less extreme model, would be where addition at the
distal tip is biased, not forced to become digit‡ .
3. Repression of unwanted condensations in the interdigit mesenchyme
A number of experiments suggest that the interdigit mesenchyme is competent to form digits(Montero
et al., 2008; Hurle & Colombatti, 1996; Macias et al., 1992; Hurle & Ganan, 1986). As we have argued, as the autopod grows radially outwards, this would lead to the formation of ectopic digit organizing centers and subsequently digits in the interdigital regions - something that is not observed
during unperturbed limb development. This suggests that there is some mechanism to inhibit new
condensations forming once the digit organizing centers have formed in their initial locations, either
through the influence of the condensing cells themselves or because of a contextual change in the
mesenchyme as it extends distally, such as altered levels of Hox gene expression.
To formulate this mathematically, we model the interdigit mesenchyme in the same way as in
Equation 4.1 i.e. allowing digit condensations to occur. To this we add a term, hi , that inhibits condensations as the digit rays grow sufficiently from their initial positions (the inhibitory parameter hi
‡

Such a model would be able explain, for example, splitting or branching of digits into two, such as have
been observed in (Wang et al., 2011). However, whether this splitting is caused due to improper digit-interdigit
patterning, as opposed improper joint/cartilage patterning, is unclear
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increases for large values of i). Specifically:
)2
(
∂ φi
λ 2 ∇2
= aφi − aκ 1 +
φi − cφ2i − φ3i − hi
∂t
4π2

(4.5)

Together, Equations 4.3 and 4.5 are solved for each PD position on a one-dimensional domain,
defined by the coordinates 4.2 (see Figure 4.2B). Once φi has been determined, it then remains fixed
and serves as the input for the solution at the next PD position, φi+1 . The sequential PD patterning
of the limb bud is therefore modeled by a sequential solution of Equations 4.3 and 4.5, first solving
for φ0 , then for φ1 , then for φ2 , and so on.
We implement the aforementioned model using custom MATLAB scripts (see below for simulation details). We plot the results of the simulation using a grayscale image, with lighter positions
corresponding to digits. As shown in Figure 4.2C, the simulation nicely captures the processes of initial condensation, followed by spot elongation. Consistent with our verbal arguments, if we remove
the inhibitory term hi , we see the emergence of ectopic digits forming in the interdigital regions, first
initiating at the most distal point of the tissue (Figure 4.2D)§ .
Using this model, we can very simply explain the increase in digit number in the Hox allelic series presented in Sheth et al. (2012). Specifically, we simply change the proximal-distal position, i,
at which the digits will first condense. Figure 4.2E shows how distal-shift in condensation position
naturally generates polydactylous limbs, without needing to modify the initial spacing λ of the condensations. Note that this is reflected in the work of Sheth et al. (2012), in which the most proximal
§

Note the similarity to the observed interdigit condensations right under the AER in the work of (Bruce
et al., 2010)
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portion of the digital elements are spaced similarly for each of the mutants (see Figure 4B in (Sheth
et al., 2012)).
Finally, we considered the effect of a TGFβ bead implanted in the distal interdigit mesenchyme
(Montero et al., 2008). Staining for Sox9 showed that this created a local spot-like source of digit (i.e.
an ectopic digit organizing center), which we incorporate by adding a term +hbead δ (x − xbead ) to
Equation 4.5, where hbead controls the strength of the induction and xbead the position. We see that,
as expected, this results in a new condensation that continues to elongate as the autopod grows and,
importantly, does not perturb the adjacent digits (Figure 4.3F).
In summary, our simple, phenomenological model captures features of digit-interdigit patterning
under a range of experimental conditions. The model, in that sense, has explanatory and predictive
power. However, it is important to determine to what extent these predictions are specific to our
model. For that reason, we consider a second, phenomenological model for digit patterning, as put
forward by several previous studies (Sheth et al., 2012).
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Figure 4.2: Digit formation by an elongated spots model. A: We assume a radial geometry that increases in size by ad-

dition at the distal tip to model limb bud growth. B: The digit-interdigit variable, φ, is solved sequentially along the PD
axis. C: The emergence of spot-like condensations followed by terminal addition generates digit-like patterns in silico.
D: Ectopic condensations form at the distal tip, leading to ectopic digits, without repression of interdigit chondrogenesis. E: Simply changing the position of spot condensation gives rises to severe polydactyly, reminiscent of the Hox
mutants. F: A localized digit source (bead) generates an ectopic digit, leaving neighboring digits unaffected.
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Comparing the elongated-spots model to the Turing-stripes model of digit
patterning
A fundamentally different way to generate radially-organized digits was proposed by Sheth et al.
(2012) (and reviewed in (Green & Sharpe, 2015)), who used a phenomenological activator/inhibitor
model to explain digit patterning. In their model, instead of being elongated spots, digits are patterned as a set of stripes. Spatial modulation of stripe spacing then ensures that these stripes fan
radially outwards, just like the digit rays. There are two key differences between this model and the
elongated spots model: (1) the periodic pattern is established as stripes instead of spots; and (2) the
pattern continuously updates throughout the limb bud as it grows, whereas in the elongated spots
model patterning occurs solely at the distal tip.
We wondered to what extent the Turing-stripes model could also explain the data outlined above.
Specifically, in the original paper, the authors showed that the Turing-stripes model could explain
the supernumerary digits in the Hox allelic series by changing the stripe wavelength. However, what
other properties does their model predict, particularly with regards to the formation of ectopic digits?
To address this, we simulated the model outlined in (Sheth et al., 2012) and compared the results
to the elongated spots model. To give some context, the model has the following ‘ingredients’¶ :

1. Diffusible activator and inhibitor species, embedded in a network that gives local activation,
¶

for further details and explanation of the model, see (Sheth et al., 2012).
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long-range inhibition (akin to Equation 4.1)‖
2. Spatial variation of some parameters that orient the stripes along the proximal-distal axis
3. Spatial variation of some parameters that increase the stripe spacing along the proximal-distal
axis

We then implemented this model by simulating the following two-variable PDE in MATLAB:
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For simplicity, we considered a simpler geometry than in Sheth et al. (Sheth et al., 2012) - specifically
a static semicircle** , allowing us to directly compare with the results from the previous section.

Results
First, we reproduced the results of (Sheth et al., 2012). Specifically, we saw:
1. The formation of stripe-like structures
2. The orientation of stripes along the proximal-distal axis by spatial variation of fU
3. The fanning of stripes radially outwards by additionally varying gU
‖

Note that these activator and inhibitor species can be viewed as abstract variables and need not be
molecules, so long as there is some form of ‘diffusion’ or transport of these species(Meinhardt & Gierer,
2000; Hiscock & Megason, 2015a).
**
As discussed, in this model the pattern continuously self-regulates as the limb bud grows, and therefore
we consider just the final timepoint, mirroring the original study (Sheth et al., 2012). We model the boundary rather simply by forcing U and V to be zero outside of the domain, although we saw similar results with
reflective, von Neumann boundary conditions.
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Using this model, we were able to recapitulate normal digit patterning (Figure 4.3, lower row,
left), see also Figure 1E from Sheth et al. (2012)). Note, in similarity to (Sheth et al., 2012) (and (Raspopovic
et al., 2014)), the digits are often not perfectly straight, a result of imperfect wavelength regulation.
Then, by removing the wavelength modulation (gU ), we could also generate digit bifurcations
i.e. the formation of ectopic digits that are more distal than normal (Figure 4.3, blue arrows), see
also Figure 1D from (Sheth et al., 2012)). Strikingly, though, these ectopic digits invariably caused
the neighbouring digits to be distorted - to be expected, since in this model the entire tissue is continuously participating in the patterning. This contrasts to what is actually observed when ectopic
digits form in vivo in which adjacent digits often appear unaffected (Montero et al., 2008; Hurle &
Colombatti, 1996; Macias et al., 1992; Hurle & Ganan, 1986; Sheth et al., 2012).
Next, we examined the effect of a localized source of digit-induction. To do this, after the initial pattern had formed, we added a term to Equation 4.6 , hbead δ(x − xbead ) to the equation for
U, assuming that digits are induced by localized production of the variable U†† . The effect of the

localized digit-induction was striking, resulting in a significant rearrangement of the Turing-stripe
pattern. This could either cause gradual movement of the nearest digit to the bead and distortion of
neighboring digits (not shown), or a more drastic shifting of the stripes to be no longer aligned along
the proximal-distal axis (Figure 4.3, red asterix), depending on bead placement ‡‡ . This observation
contrasts with what is seen in vivo, where: (1) the localized digit-source elongates into a fully-formed
††

We also considered localized sources of V, and localized sources of U or V using the similar substratedepletion model where fV ↔ −fV , gU ↔ −gU , and in each case saw qualitatively identical results
‡‡
Note that (Raspopovic et al., 2014) saw something similar in a mechanistic model of digit patterning, see
Figure S6A in (Raspopovic et al., 2014), where we can interpret red as either digit or interdigit to get complementary conclusions.
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ectopic digit; and (2) neighbouring digits again appear largely unaffected.
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Integrating joint formation into the picture
There are intriguing parallels between the periodic patterning of the digits—interdigits and the periodic patterning of the phalanges (i.e. digit bones) and the synovial joints connecting them to one another. First, similar signaling molecules have been implicated in both processes. As discussed above,
Bmp activity is produced by the non-chrondrogenic interdigit and is an activator of chondrogenesis
in the establishment of the digit rays. Bmp signaling also acts to specify digit identity, a fundamental
property of which is the spacing of the joints (Suzuki et al., 2008). That this Bmp activity originates
in the interdigit has been shown genetically in the mouse (Huang et al., 2016), where it is modulated
through Hoxd-Gli3 antaganism. Moreover, GDF5, a divergent member of the Bmp superfamily, is
a very early marker of the non-chondrogenic future joint cells (Ray et al., 2015), and has been shown
to induce chondrogenesis both in vitro and in vivo (Storm & Kingsley, 1999; Francis-West et al.,
1999). Wnt activity is also present in the non-chondrogenic interdigit domains. Like GDF5, Wnt9a
is an early marker of joint formation, and Wnt9a activity has been shown to down-regulate chondrogenesis and induce the joint forming program both in vivo and in vitro (Hartmann & Tabin,
2001). Thus, the network of signaling molecules described as being critical for digit-interdigit determination and the signals implicated in establishing the distinction between joint interzone and digit,
show striking parallels in their epistasis (Figure 4.4A), a similarity also pointed out by Cooper (2015).
In addition to the involvement of similar signaling pathways in joint initiation as in digit-interdigit
formation, there is at least suggestive evidence that the periodic establishment of joints may also utilize a self-organizing patterning process, potentially even a Turing-like mechanism. For example,
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Montero et al 2008
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patterns

Reference
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*
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Figure 4.3: A comparison of observed patterns (top row, sox9 expression/skeletal preparation) to simulations reveals

that a model based on spot-like condensations that elongate (middle row) more faithfully captures in vivo digit patterning than a model in which digits are speciﬁed as stripes (bottom row). Blue arrows depict the bending of neighboring
digits when bifurcations occur in model II. Red asterices denote the position of a digit-inducing bead; note, in model II,
this results in a complete rearrangement of the stripes. The green arrowhead highlights the formations of distal condensations in model I. The images on the upper left are from Sheth et al. (2012). Reprinted with permission from AAAS.
The image from Montero et al. (2008) is reproduced with permission. The image from Bruce et al. (2010) is reproduced
with permission.
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*

Figure 4.4: Molecular similarities in digit/non-digit and digit/joint fate speciﬁcations (A) Regulatory interactions be-

tween signaling molecules involved in the establishment of digit versus non-digit fate decisions (top, from Raspopovic
et al. (2014). Reprinted with permission from AAAS.), and digit versus joint interzone fate decisions (bottom) (B) Integration of a complex array of signaling interactions occurs at the Phalanx Forming Region (PFR), or Digital Crescent
(DC), to concomitantly drive fate decisions of digit versus interdigit, as well as digit versus joint cell fate during autopod outgrowth. (C) Sequential initiation of what ultimately became a series of evenly spaced digit organizing centers
establishes the pattern of the digit rays.
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inducing an ectopic joint within a growing digit ray leads to the repression of the formation of the
neighboring endogenous joints, indicating the action of a joint inhibitor/prochrondrogenic factor
produced by the early joint interzone (Hartmann & Tabin, 2001). In the context of the PFR/DC,
this can be seen as feedback from a newly formed joint, preventing cells leaving the PFR/DC from
becoming joints themselves and instead directing them to join to growing cartilage segment. There
is also evidence for joint-inducing, anti-chondrogenic factors being produced by the digit ray that
affect the fate of cells differentiating at the PFR/DC. For example, when an impermeable barrier
is placed through a newly formed joint, blocking its signals from feeding back to the PFR/DC, the
next formed phalanx is longer (Kavanagh et al., 2013). This suggests there is also a joint-promoting
activity emanating from each newly formed joint acting on the PFR/DC. Taken together, these
indications of both activating and inhibitory signals, are at least consistent with a self-organizing
mechanism for the initiation of joint formation. However, an added complication is that each successive phalanx is shorter, following a constrained set of proportions (Kavanagh et al., 2013), rather
than being all identical in spacing as are the digit rays.
Joint formation and digit interdigit specification are thus both tied to signaling events integrated
at the PFR/DC. Moreover, it is important to note that the decision of cells to become part of the
digit ray or interdigit, and the decision of those entering the digit ray to become phalanx or joint,
are happening at the same time and place, both occurring at the distal margin of the growing hand
plate. For example, GDF5, an early marker for joint formation, is initiated at the very tip of the growing digit ray (for example, see Ray et al. (2015), Figure 4M). Moreover, regulation of joint specification by Hoxd-Gli3 antigen and Bmp signaling occurs at the distal tip of the digit, i.e., the PFR/DC
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(Huang et al., 2016). This consideration brings us back full circle to the study by Sheth et al. (2012)
which demonstrated that Hoxd-Gli3 interactions also influence the number of digit rays that form,
or, as argued here, the proximodistal level at which the dots of condensation initiating the digit rays
first form. Thus, it becomes inescapable that digit-interdigit and phalanx-joint specification are not
separable processes. This suggests the need for an integrated model, incorporating the known signals
described above (Figure 4.4B) and additional factors, in a common network determining cell fate
and working together to specify where skeletal tissues form in the developing autopod.

Conclusions
Thinking of spots and not stripes in the specification of digits profoundly affects the way we need to
conceptualize the process (Figure 4.4C). In a first step, the spots are sequentially laid down in an alternating pattern of pro-chondrogenic PFR/DC digit organizing centers and interdigits; the timing
and spatial aspects of this being controlled, in a yet undetermined manner, through the transition
in phases of Hox gene expression. This is followed by a maintenance phase during outgrowth of the
autopod, where the PFR/DCs remain at the distal edge of the handplate below the AER, trailing
digit rays of cartilage behind them as they extend. During this phase, inhibitory interactions prevent the induction of any additional DC/PFRs at the distal margin, between those that have already
formed, even as the original set of digit organizing centers grow apart to an extent that their spacing
exceeds the original wavelength at which they were specified. The process of extending the digit rays
from the PFR/DCs, while blocking induction of new PFR/DCs in between them, is integrated with
the process of sequential and alternating specification of phalanges and joints, in response to the
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signaling networks at play at the distal edge of the limb bud.

Simulation methods and parameters
Model 1: Elongated spots
Equation 4.5 is simulated on a one-dimensional field and allowed to reach steady state. This process
is repeated iteratively, using Equations 4.2-4.4, for each proximal-distal index, i, which varies from
i = 0 to i = N = 100. For each value of i, we use the parameters a = 0.5, c = −1, λ = 1 (

WLOG we set aκ = 1). The variable hi is then varied according to hi = 0.4 × Θ(i − N/5), where
Θ denotes the heaviside step function. Growth is assumed to increase autopod size by a factor of

three i.e. rN /r0 = 3. The threshold φ∗ is set as 0.65.
For Figure 4.2D, we use the same parameters but set hi = 0. For Figure 4.2E, we increase the site
of initial condensation, r0 , by a factor of 2.3. For Figure 4.2F, we add the effect of the bead, setting
hbead = 0.5 at proximal-distal location i = 0.6N.

Model 2: Stripes
We simulate equation 4.6 on the semicircular domain shown, with random initial conditions, using
parameters fV = −0.5, gV = −0.5, DU = 0.1, DV = 1.25. Spatial variation of the parameters fU
and gU are encoded by assuming that they vary linearly with distance to the center of the semicircle,
r, i.e. fU (r) ≡ A + Br, and gU (r) = C + Dr, where A, B, C, D are constants.

For Figure 4.3 , ‘Model II: wildtype’, fU (r) varies from 0.196 to 0.216; and gU (r) from 0.266 to
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0.55. For Figure 4.3, ‘Model II: digit bifurcations’, fU (r) varies from 0.216 to 0.236 and gU = 0.5.
For Figure 4.3, ‘Model II: ectopic digits’, we use the same parameters as for the wildtype simulations
and allow the pattern to reach steady state before implementing the bead with hbead = 0.03.
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Mini-embryos reveal a scaling-based model
of vertebrate segmentation

Abstract
Animals vary greatly in the relative proportions of their body parts yet little is known about how
their size is controlled. Somite size varies widely both within an individual and across species, but
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how the well-studied segmentation clock relates to somite size is unknown. Here we use surgical size
reduction, quantitative imaging, and mathematical modeling to investigate somite size control. We
find that somite size scales with the length of the presomitic mesoderm (PSM) despite considerable
variation in PSM length across developmental stages and between different size embryos. Measurement of clock period, axis elongation speed, and clock gene expression patterns shows that existing
models cannot explain scaling. We propose a new model in which dynamic scaling of a morphogen
gradient in the PSM plays a central role both in progression and size control of somite formation,
while the clock ticks at a constant rate.

Introduction
Sequential segmentation of vertebrate somites (the precursor tissue of adult segmental structures,
such as vertebrae) occurs in an anterior to posterior progression along the presomitic mesoderm
(PSM), with temporal and spatial periodicity. Temporal periodicity (e.g. somites are formed one per
side every 25 min in zebrafish (Schröter et al., 2008)) is known to be generated by coupled cellular
oscillators (Palmeirim et al., 1997; Delaune et al., 2012; Masamizu et al., 2006; Lauschke et al., 2013),
which are driven and synchronized by complex signaling networks (Hubaud & Pourquié, 2014; Dequéant et al., 2006; Krol et al., 2011). However, how these oscillations are converted into the spatially
periodic pattern of the mature somites with particular sizes remains largely unknown. This question
has been studied extensively over the past four decades, and while multiple models have been proposed, it has proven difficult to determine which is actually operating in vivo. In search of a novel
strategy to test these models, we revisit an old observation (Cooke, 1975)—that somite size adjusts
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to match overall body size—using a combination of live imaging, quantitative measurement and
mathematical modeling.

Results
To quantitatively study the phenomenon of somite scaling, we chose to use zebrafish embryos, in
which somites form rapidly and are easily visualized using live imaging. We first established a technique to reduce embryo size to generate “mini-embryos” using latitudinal cuts to remove cells near
the animal pole and yolk near the vegetal pole at the blastula stage (Figure 5.1A left panel). Unlike
chopping longitudinally (along the animal-vegetal axis) which can remove dorsal determinants in
unpredictable ways, the latitudinally chopped embryos quickly recovered and a large number of
them developed normally (Figure 5.1A middle and right panels), albeit with a smaller total body size,
accompanied by smaller organ sizes, including somites (Figure C.1). The length of the PSM and the
most newly formed somite was measured at the time of formation under bright-field illumination
(Figure 5.1B right panels and Figure C.2). However, it is well known that the timing of somite specification occurs before the appearance of these boundaries (Elsdale et al., 1976; Primmett et al., 1989;
Roy et al., 1999; Özbudak & Lewis, 2008; Bajard et al., 2014; Giudicelli et al., 2007; Dubrulle et al.,
2001). To determine the delay between when somites are actually specified and when they become
visible, we transiently treated embryos with dual-specificity phosphatase inhibitor BCI, which acts
within one somite-formation cycle and reduce the somite size (Akiyama et al., 2014), and measured
the length of the newly formed somites using live imaging for 6 cycles after BCI treatment. We observed a 4-cycle delay before a visibly smaller somite formed. (Figure C.3), consistent with previous
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reports (Elsdale et al., 1976; Primmett et al., 1989; Roy et al., 1999; Özbudak & Lewis, 2008; Bajard
et al., 2014; Giudicelli et al., 2007). To study how somite size scales with PSM size, we have to take
into account this 4-cycle delay, since the PSM changes size considerably over time. Thus, we compare the size of the Nth (visible) somite with the PSM size at the time at which the Nth somite size
was set i.e. at the N-4 somite stage (ss) (Figure C.2). Using this measurement strategy, we found
that somite size indeed scales with PSM size following embryo size reduction, as expected from
Cooke (1975) (Figure 5.1B, see also Figure C.4). However, surprisingly, somite size also scaled during development as PSM size changes within a single embryo (Figure 5.1C). Note that this scaling
phenomenon can be seen only when we take a 4 ± 1-cycle delay into consideration, while somite
scaling was not seen without the delay (Figure C.5) (Elsdale et al., 1976; Primmett et al., 1989; Roy
et al., 1999; Özbudak & Lewis, 2008; Bajard et al., 2014; Giudicelli et al., 2007).
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With this newly developed experimental system, we set out to test the predictions of leading models of somite patterning. The most prevailing model is the clock and wavefront model (Cooke &
Zeeman, 1976), in which a moving front (‘wavefront’) interacts with oscillators to specify a somite
every clock cycle, with the location set by the wavefront position. In this theory, somite size is the
product of clock period and wavefront speed. What controls wavefront speed is unspecified in the
original model but is generally taken to be set by axis elongation speed (Hubaud & Pourquié, 2014;
Cooke & Zeeman, 1976; Saga, 2012; Dubrulle & Pourquié, 2004). We measured clock period as the
time between the formation of successive somite boundaries, and found no difference in this period
between control and chopped embryos or between those at different developmental stages (Figure
5.1D and Figure C.6), suggesting that scaling is not achieved by regulation of clock period. We then
quantified the axis elongation speed. Initially we expected somite size reduction following chopping
to be due to decreased axis elongation speed (e.g. cells are incorporated into the PSM at the tailbud
at a slower rate). However, we found that axis elongation speed does not differ between control and
chopped embryos, at least for 5ss – 15ss (Figure 5.1E). Notably, the axis elongation speed was also almost constant over our experimental time window (Figure C.6), although PSM size decreases drastically. Taken together, these data show that the prevailing view of the clock and wavefront model, in
which the wavefront speed is associated only with axis elongation, is not sufficient to explain somite
size control.
Next, we tested another model of somite patterning, the kinematic wave model, in which somite
size is set by the wavelength (i.e. the phase gradient) of the her1 traveling waves that sweep from
posterior to anterior (Shih et al., 2015; Takahashi et al., 2010; Oginuma et al., 2010; Lauschke et al.,
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Figure 5.1 (following page): Somite scaling. (A) Size reduction technique. Scale bar, 500 μm. (B) Somite size vs PSM
size among individuals. (C) Somite size vs PSM size over time. (D) Somite formation frequency vs PSM size. (E) Axis
elongation speed vs PSM size. (F) Quantiﬁcation of her1 wavelength. Green line in the third panel shows the phase
gradient obtained by wavelet transform. Orange triangles show manually measured wavelength. (G) Wavelength vs
PSM among individuals. (H) Wavelength vs PSM size over time.
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Figure 5.1: (continued)
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2013). In order to quantify this wavelength, we generated phase maps from her1 in situ hybridization samples (Figure 5.1F). We extracted the phase information from signal intensities using a wavelet
transform, and then converted the approximately linear phase gradient into an effective wavelength,
defined as the distance between peaks of her1 intensity (Figure 5.1F, Appendix C). We found that
although the wavelength scales with PSM size following embryonic size reduction (Figure 5.1G), it
does not scale with PSM size during embryonic development (Figure 5.1H). This is consistent with
recent work demonstrating that the number of her1 waves changes over time, confirming that the
phase gradient does not scale with PSM size (Soroldoni et al., 2014). Since somite size scales with
PSM size over developmental stage as well as among individuals of different size, this result indicates
that the wavelength, or the spatial pattern of the kinematic wave, is not the primary mechanism that
determines somite size. This conclusion is in agreement with previous work that showed that somite
defects did not occur immediately, but instead with a 4-5 cycle delay, following inducible overexpression of her7 (Giudicelli et al., 2007), demonstrating that the wave dynamics in the anterior-most
PSM are dispensable for somite size determination. Furthermore, our theoretical work indicates
that kinematic waves may in fact be an epiphenomenon that is generally seen in systems of coupled
oscillators under a variety of conditions (Figure C.8, Appendix C).

Mathematical model
Given that prevailing models fail to explain somite size scaling, we developed a novel model of somitogenesis, which we call the ‘clock and scaled gradient’ model. Conceptually, the model is similar
to the clock and wavefront model, in that the timing of somite specification is controlled by a clock
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Figure 5.2: Clock and Scaled Gradient model. (A) Schematic illustration of the clock and scaled gradient model. (B)

Superposition of the morphogen gradients from each time point in (A). (C) Simulation result of control and chopped
embryos. (D) Simulation result of a single embryo over time. (E) Simulation results for perturbation experiments for
local or global inhibition/ activation of Fgf, slower clock and slower axis elongation.
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(e.g. her1) and the positioning by the level of some signaling molecule (e.g. Fgfs, Wnts). However,
in contrast to the clock and wavefront model, we propose that the morphogen forms a dynamic
gradient instead of a continuously regressing wavefront. In particular, we suggest that the gradient
perfectly scales with PSM size (through an unspecified mechanism, see Appendix C), and that it is
the central process of gradient scaling that, when coupled to axis elongation (which increases PSM
size) and somite formation (which decreases PSM size), generates a posteriorly moving determination front (Figure 5.2, A and B). Based on this idea, we constructed a simple mathematical model to
formalize our intuition for somitogenesis (Appendix C), and found that we could successfully reproduce our results on somite size scaling (Figure 5.2C and D). Using this model, we predicted changes
in somite size following a wide range of perturbations: one smaller somite following transient Fgf
activation (Akiyama et al., 2014); one larger somite following sustained Fgf inhibition (Figure 5.4E);
multiple smaller, followed by one larger somite, after Fgf bead transplantation (Dubrulle et al., 2001;
Sawada et al., 2001); larger somites with a slower clock (Schröter & Oates, 2010; Herrgen et al., 2010;
Kim et al., 2011); smaller somites with slower axis elongation (Rauch et al., 1997; Goudevenou et al.,
2011); and in vitro PSM scaling Lauschke et al. (2013) (Figure C.8). We found that in all cases the predictions are in good agreement with experiment (Figure 5.2E). Importantly, none of the previous
models could explain somite size across all of these experimental conditions (Appendix C).

Testing the model
To test the key assumption in this model, we examined Fgf activity profiles in the PSM (Dubrulle
et al., 2001; Akiyama et al., 2014; Sawada et al., 2001), as one of the gradient readouts to see if it scales
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with PSM size. We used whole mount immunohistochemistry against doubly phosphorylated ERK
(dpERK), a downstream readout of Fgf activity (Figure 5.3A left panel), extracted the signal intensity
(Figure 5.3A right panel), and calculated the PSM location where the relative intensity of dpERK
signal crosses 50% of the maximal intensity (L50) (Figure 5.3A right panel). We found the gradient
range varies considerably between embryos, but is largely invariant when plotted as a function of relative PSM length, both for control and chopped embryos (Figure 5.3, B and C) and for embryos
from different timepoints (Figure 5.3, E and F). Consistently, L50 was found to scale with PSM
length both between control and chopped embryos (Figure 5.3D) and over time (Figure 5.3G). Live
imaging of ERK activity dynamics by using a FRET-based ERK biosensor (Komatsu et al., 2011)
(Sari et al. 2017, in submission), further confirmed Fgf activity scaling in vivo (Figure 5.3H-K). Fgf
activity scaling was also observed when its activity was measured by sprouty4 mRNA, a downstream
gene of Fgf signaling (Figure C.9). Together, these data suggest that the key assumption of the clock
and scaled gradient model (i.e. a dynamically scaling gradient) accurately reflects in vivo Fgf dynamics.
One prediction of our model is that the Fgf gradient should be affected by altering the size
of the PSM. To artificially and conditionally change the PSM size, we transplanted a newly formed
somite into the posterior PSM, and compared to a control experiment in which PSM cells were
transplanted to the same axial level (Figure 5.4A). From our model, we predicted that the transplanted somite would locally inhibit Fgf signaling, presumably via some secreted factor that scales
the Fgf gradient during normal development (see Appendix C). One to two cycles (0.5-1 hour) after transplantation, the embryos were fixed and stained for dpERK. We found that in the PSM
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Figure 5.3: Fgf activity scaling in the PSM. (A) Quantiﬁcation of Fgf activity. (B to D), dpERK scaling between control

and chopped embryos. (E to G), dpERK scaling across developmental stages. Both are shown by absolute position (B
and E), relative position (C and F), and L50 plot against PSM length (D and G). (H to K), ERK biosensor transgenic ﬁsh
(H and J) were used to generate kymographs of ERK activity (I and K). ERK activity was measured in control (H and I)
and chopped (J and K) embryos. Red arrowheads show the position at which somites are formed. LUT, high (red) to low
(blue) reporter intensity.
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surrounding the transplanted somite, the dpERK level was significantly decreased (Figure 5.4B),
whereas the dpERK level in the PSM surrounding transplanted PSM cells remained almost the same
(Figure 5.4C). To quantify ERK activity, we normalized the dpERK signal near the transplant with
that of the non-transplanted side of the same embryo at the same axial level (Figure 5.4A). We found
the dpERK level around the transplanted somite to be significantly lower than the control (Figure
5.4D). This confirms that the mature somites can rapidly and potently modulate the Fgf activity
gradient, a necessary component of gradient scaling. In addition, our model makes another prediction as to the effects of long term Fgf inhibition. The simulation predicts formation of one larger
somite under the condition of long-term gradient suppression (Figure 5.2E). Consistently, treatment
with low concentration of SU5402 (16μM) in which embryos grew until late stages resulted in one
or two larger somite(s). Unlike the recent report in chick (Cotterell et al., 2015), we did not observe
multiple larger somites in long-term SU5402 treatment, which argues against a Turing-like mechanism in somite size control in zebrafish. We observed the same tendency under constant darkness,
confirming the result we obtained was not due to light instability of SU5402 (Figure C.10). Taken
together, these experiments further support the clock and scaled gradient model.

Conclusion
Our work reveals that gradient scaling is a key mechanism underlying somite size control, and is
important not only to ensure that patterning is robust to variations in embryo size, but more fundamentally to regulate the progressive and sequential nature of segmentation. This effect is partic-
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Figure 5.4: Experimental validation of the Clock and Scaled Gradient model. (A) Schematic illustration of somite trans-

plantation. (B and C) dpERK immunostaining . Dashed line shows transplanted tissue. (D) Comparison of relative
intensities between PSM transplanted samples (n=9) and somite transplanted samples (n=9). ***P < 0.001. (E) Longterm Fgf inhibition by SU5402. One or two somite(s) became larger (yellow arrow in the upper panel). The size of the
newly formed somites measured by time-lapse imaging. (lower panel, n=7 for both SU5402 and untreated).

ularly relevant for in vitro models of somitogenesis in which axis elongation does not happen yet
the somite determination front progresses at an exponentially decreasing rate (Lauschke et al., 2013).
We largely focused on dpERK as readout of gradient activity and demonstrated dpERK scaling as a
proof of concept. However, the determination front could be set by a complex function of multiple
inputs such as Fgf and Wnt along with downstream signal integration, without affecting the core
conclusions of our model. As reported, dpERK shows a steep gradient (Akiyama et al., 2014), but
in our model, similar somite formation dynamics can be observed regardless of the precise shape of
the gradient; even a simple linear gradient can recapitulate the in vivo behavior rather closely (Figure C.11). Although the mechanism of gradient scaling is not known (Appendix C and Figure C.12),
future research on this issue could reveal new features not only of somitogenesis but also gradient
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scaling in general, which has recently been shown to control pattern size in other systems (Ben-Zvi
et al., 2011).

Materials and Methods
Fish care
Fish (AB) were kept at 27°C on a 14-hr-light/ 10-hr-dark cycle. Embryos were collected by natural
crosses. All fish-related procedures were carried out with the approval of Institutional Animal Care
and Use Committee (IACUC) at Harvard University.

Size reduction technique
Chorions were enzymatically removed using pronase at 512 cell stage. The embryos were placed on
a glass dish with 1/3 Ringer’s solution, with 2% methylcellulose spread thinly on the bottom of the
dish, to restrict movement embryos. Then the blastoderm was chopped at the animal pole, and the
yolk was wounded, resulting in oozing out of the yolk. The chopped embryos were incubated in the
1/3 Ringer’s solution for 30 min, and then moved to fresh 1/3 Ringer’s solution.

BCI and SU5402 treatment
Embryos were treated with BCI (Dual Specificity Protein Phosphatase 1/6 Inhibitor, Calbiochem)
as described (Akiyama et al., 2014). For long-term SU5402 treatment, embryos were treated at a low
concentration (Calbiochem, 16 μM) to minimize toxicity.
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Morpholino injection
raldh and szl morpholinos (Yabe et al., 2003; Kawakami et al., 2005) were injected (Nanoinject) at 1
cell stage at the concentration of 2 mM and 0.5 mM, respectively.

Imaging
For live imaging, the embryos were mounted laterally using the dorsal mount (Megason, 2009) in
egg water with 0.01% tricaine (Wentern Chemical, Inc.). Live imaging was performed using Zeiss
Axio Observer Z1 and AxioCam MRm. For multiple image acquisition, we used a motorized stage,
controlled by AxioVision 4.8. The temperature was maintained at 28.5 ± 0.5°C using a home-made
incubator. The images were taken every 2 min, and the size of z slice varied depending on the size
of embryos. The images of the in situ hybridization samples were also acquired using Zeiss Axio
Observer Z1. The images of dpERK immunostaining samples were acquired using Leica TCS SP8.
Finally, a Nikon Ti spinning disk confocal was used to acquire the images of transplanted samples.

Image processing
Image processing was done using FIJI (Schindelin et al., 2012) and Matlab custom code. For time
course measurement of axis elongation and somite size, we used the Gaussian-based stack focuser in
FIJI. For axis elongation measurement, the length from 4th somite to tail tip was measured, using
FIJI’s LOI interpolator. For in situ hybridization samples and immunostaining samples, noise was
first reduced using Gaussian blur, and the signal was extracted along AP axis.
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In situ hybridization and immunostaining
In situ hybridization (Nikaido et al., 1997) was performed as previously described. dpERK immunostaining was performed basically following the protocol described in (Sawada et al., 2001),
except that we used Alexa Fluor 488 goat anti-mouse IgG (ThermoFisher Scientific A-11001) as the
2nd antibody. Nuclei were stained with propidium iodide.

Somite/PSM transplantation
Transplantation was performed as described (Kawanishi et al., 2013; Haines et al., 2004), with minor
modification. For making a cut on the skin, we used a mouth pipette filled with pancreatin, so the
cut can be made both physically and enzymatically. Embryos for donor tissue were injected with
Alexa Fluor 680 conjugated 10,000 MW Dextran, which can be detected directly after immunostaining.

Live imaging of ERK activity dynamics
One cell stage of embryos were injected mRNA encoding a FRET-based ERK biosensor termed
Eevee-ERKnls (Komatsu et al., 2011) (Sari et al., 2017, in submission). The embryos at a certain stage
were excited with a 440-nm laser, and fluorescence spectra were acquired by using a Lambda Scanning mode of a LSM710 confocal microscope (Zeiss). Using a Linear Unmixing mode, CFP and
Ypet signals were separated from the original spectra data. FRET/CFP ratio images and kymographs
were created with MetaMorph software (Molecular Device).
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6
Control of neurogenesis by cell shape and
tissue packing

Introduction
Growth is a central process in developmental programs, and its control is critical to generate tissues of a particular size. In many tissues, this growth is substantial. For example, cell number in
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the retina increases 400-fold during its development (Alexiades & Cepko, 1996), but occurs with a
highly stereotyped rate and duration to ensure that the final number of cells in the tissue is tightly
controlled.
Tissue growth rate (here defined as the rate of increase in cell number within the tissue) has two
main contributions: (1) proliferation of a pool of dividing progenitors, which increases progenitor number, (2) differentiation of progenitors into post-mitotic differentiated cells, which reduces
progenitor number (with progenitor apoptosis typically negligible). In homeostatic tissues, proliferation and differentiation must be perfectly balanced to maintain a constant pool of cycling
cells. However, in developing tissues, proliferation and differentiation must instead by coordinated
(Hardwick & Philpott, 2014; Hindley & Philpott, 2012; Kicheva et al., 2014), so that early, proliferation dominates and the tissue grows, whereas late, differentiation increases and the growth rate
finally approaches zero (Míguez, 2015). Understanding how these two processes are controlled and
tuned as development progresses is key to understand how a tissue reaches a specified final size.
Here, we focus on the neural tube as a model system of growth control, which shows stereotypic
growth dynamics - specifically an initial phase of rapid proliferation, followed by a gradual shift to
differentiation (Saade et al., 2013). Much is known about the molecular regulators of neural tube
growth. For example, the hes/her transcription factors promote and maintain proliferation of the
progenitor pool, whereas expression of genes such as neurogenin or p27 induces cell cycle exit and
differentiation (reviewed in Philpott (1998)). Differentiation is also affected by the inheritance of
specific protein domains following division (Alexandre et al., 2010; Dong et al., 2012; Huttner &
Kosodo, 2005; Noctor et al., 2004; Paolini et al., 2015). Expression and genetic analyses also impli-
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cate a number of extracellular regulators of cell fate. Some of these are local signals, such as TGFβ
(García-Campmany & Martí, 2007) or the Delta-Notch pathway, whereas others, such as Wnt, Shh
and BMP, act over a longer range (Dessaud et al., 2007; Le Dréau et al., 2014; Saade et al., 2013; Zechner et al., 2003). These then define molecular gradients that give rise to differential differentiation
rates across the dorsal-ventral axis of the neural tube (Kicheva et al., 2014).
We wondered whether there are also mechanical, or physical, regulators of proliferation and/or
differentiation during neural tube growth. Experiments on cell stretching in vitro reveal that proliferation can respond significantly to externally applied mechanical strain (Aragona et al., 2013;
Benham-Pyle et al., 2015; Streichan et al., 2014). Furthermore, differentiation of various stem cells
in culture has been shown to be highly dependent on the mechanical properties of their microenvironment (Arulmoli et al., 2015; Engler et al., 2006; Gilbert et al., 2010; Leipzig & Shoichet, 2009;
Pan et al., 2016; Seidlits et al., 2010). However, the extent to which these observations apply to neural tube development is unclear, particularly since it has a much more complex tissue architecture
than the 2D cell monolayers that have been studied previously. This tissue architecture is: (1) epithelial, and therefore has a distinct apical-basal polarity; (2) pseudostratified, meaning that multiple
nuclei are densely packed within a single epithelial layer; and (3) highly dynamic, with apical mitoses
driving extensive rearrangement of nuclei, termed “interkinetic nuclear migration” (Norden et al.,
2009; Leung et al., 2011). To what extent these properties impact mechanosensation in this tissue is
unknown.
Here, using a combination of physical perturbations and high-resolution timelapse imaging
(Megason, 2009), we study the role of physical forces on zebrafish neural tube development. We
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find that differentiation rate, but not proliferation rate, is sensitive to physical perturbations, and
that this effect is dependent on cell shapes and geometries within the densely packed neuroepithelium. Given the prevalence of similar pseudostratified tissue architectures, both in developmental
contexts, (e.g. cortex (Kosodo et al., 2011), retina (Leung et al., 2011), pancreas (Bort et al., 2006), as
well as in homeostatic adult tissues (e.g. the intestine (Grosse et al., 2011; Jinguji & Ishikawa, 1992),
we speculate that a combination of tissue packing and physical forces may be a widely-used regulator
of differentiation and growth across a range of different organisms and tissues.

Results
Physical compression induces differentiation in the zebrafish neural tube
To measure proliferation and differentiation rates within the zebrafish neural tube, we collected
high resolution confocal stacks of embryos doubly transgenic for a membrane label Tg(actb2:memCherry2)
(Xiong et al., 2014) to label all cells, and a pan-neuronal marker Tg(NeuroD:eGFP) (Obholzer et al.,
2008), one of the earliest markers of neural differentiation (Lee, 1997) (Figure 6.1C). (Note that,
whilst NeuroD predominantly marks postmitotic neurons, expression is also possible in dividing
cells (Das & Storey, 2014), although we did not observe this directly from our tracking data (0/91).
These NeuroD positive cells have likely committed to differentiate, but after the G1/S transition and
so must divide once more (Soufi & Dalton, 2016). Consequently, in this paper, our definition of
“neuron”, and “differentiate”, is expression of NeuroD, rather than cell cycle exit).
Our first strategy was to collect in toto timelapse imaging datasets that allowed single cell tracking
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of neural progenitors over 12hrs of development starting from 24hpf (Xiong et al., 2013) (Figure
6.1A). This afforded us a sensitive way to measure differentiation rates, by directly tracking progenitors and assigning them to a neural identity based on NeuroD:eGFP expression. To avoid biases
caused by variations along the DV axis, we restricted analysis to cells located within the central 30%
of the neural tube. By collecting many such tracks, we could generate Kaplan Meier plots, as shown
in Figure 6.1B that characterize the rate at which progenitors differentiate (Rich et al., 2010) (Figure
D.2).
We used two different mounting strategies for these timelapse experiments: (1) place embryos in
a custom-designed agarose mounting chamber bathed in egg water; and (2) the same as (1) but further restricting embryo movement by embedding it in low melt agarose. Initially, these mounting
strategies were chosen for experimental convenience during optimization of the imaging protocol.
However, we found a difference between the two methods. We saw a significant increase in the extent and speed of NeuroD expression when mounting the embryos in agarose (Figure 6.1C). We
wondered what was causing this effect and, in particular whether the mechanical compression resulting from the agarose (see Figure 6.2B) was responsible.
To test this hypothesis, we developed a protocol to robustly and reproducibly compress the neural tubes of 24hpf zebrafish embryos. Embedding the embryos in a thin layer of low melt agarose,
and allowing the agarose to set, resulted in a compression directed perpendicular to the agarose layer
(Figure 6.2A). Then, by mounting the embryos in different orientations, we could deform the entire embryo consistently either along its dorsal-ventral (DV) axis, or mediolateral (ML) axis (Figure
6.2B). After optimizing conditions, we found that when mounted dorsally, neural tubes developed
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Figure 6.1: Single cell tracking of zebraﬁsh neural tube development (A) Right: Cell tracking from high resolution, in
toto timelapse movies is performed in GoFigure2. Left: Some representation cell tracks. Upper: a cycling progenitor.
Lower: a nascent neuron. Asterisks denote a mitotic cell; arrowheads denote one of the daughter cells from the mitotic cell. (B) A Kaplan Meier plot (schematic) is used to measure differentiation dynamics from cell tracking data. (C)
Agarose-embedded neural tubes turn on NeuroD more quickly and extensively than control embryos (p < 0.05).
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a 10% compressive strain along the DV axis (Figure 6.2B). In contrast, when embryos were mounted
laterally, we no longer saw a significant shape change within neural tube, and instead the deformation was largely confined to the yolk sac and somites. Therefore, by comparing embryos mounted
dorsally (“compressed”) versus embryos mounted laterally (“control”), we could isolate the effect of
compression independent of mounting in agarose.
Then, we measured proliferation and differentiation rates using a simple endpoint assay, where
we counted progenitor and neuron numbers (using custom image analysis scripts) following a period of extended compression (24-30hpf). Since the differentiation rate is known to vary somewhat
with DV position (Kicheva et al., 2014), we made sure to add up cell numbers from along the entire
DV axis to remove the overall DV bias. We found that the total number of cells was unchanged in
compressed embryos relative to control (Figure 6.2D). However, we saw a slight increase in neuron
number in the compressed condition (Figure 6.2D). This supported the hypothesis physical compression could increase the neural tube differentiation rate.
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To further support the notion that it is specifically the compressive effect of the agarose that induces differentiation, we compressed the neural tube in a completely different way, to determine if it
would have a similar pro-neurogenic effect. We mounted embryos laterally in low melt agarose, and,
as before, saw little compression as a result of the agarose. Then we applied a local compression of
the DV axis by “poking” the embryo with a fire-smoothened glass needle mounted on a micromanipulator (see Figure 6.3A). Prolonged compression with the glass needle (from 24hpf for 9-10 hrs at
room temperature ) results in a significant deformation that spanned 1-2 segment lengths around the
needle.
Mosaic analysis revealed a high degree of cell flow caused by the perturbation, with cells being
displaced along the anterior-posterior (AP) axis (Figure 6.3C). This cell flow meant that changes in
neuron number were not simply the result of changes in differentiation rate; they were also the result of neuron movement. However, by tracking mosaically labeled clones, we found that the extent
of cell flow was similar between neurons and progenitors (Figure 6.3C). Accordingly, whilst cell flow
will change neuron number, it will not change the ratio of neurons to progenitors (or equivalently
the fraction of cells that are neurons), and therefore any changes in the neuron fraction will be the
result of changes in the differentiation or proliferation rates.
We found that, following an extended period of deformation, the compressed portion of the neural tube contained a significantly higher fraction of neurons than the uncompressed regions within
the same embryo (Figure 6.3B). We separately repeated this experiment, but without poking the
embryos, to test whether the difference in neuron fraction was a result of the different AP position.
We saw no significant difference in neuron fraction between the two compartments (p = 0.2, Figure
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Figure 6.2 (following page): Compression increases differentiation rate in the zebraﬁsh neural tube. (A) Left: Embryos
embedded in 1% low melt agarose are compressed as the agarose sets. Right: Tracking of ﬂuorescent beads shows that
a layer of agarose undergoes a substantial compression as it sets. (Scale bar: 10µm) (B) Embryos mounted dorsally in
an agarose layer have substantially compressed neural tubes compared to those mounted laterally (p = 0.02 for height,
p = 0.01 for width). There is no signiﬁcant difference in the length of a neural segment along the anterior-posterior (AP)
axis (73 ± 2 for control, 68 ± 6 for compressed). (Scale bar: 10µm) (C) Analysis pipeline: membrane-labeled images
are segmented and cropped using custom scripts to generate 3D cell meshes for the entire neural tube. Each mesh
is then classiﬁed as a neuron or a progenitor, according to the expression level of the neural marker (NeuroD:eGFP).
(See also Figure D.1). (D) Neural tubes compressed from 24-30hpf have 10% higher neuron numbers than control (p =
0.01), but show no signiﬁcant difference in total cell numbers (p = 0.5).
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Figure 6.2: (continued)
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D.3).
Taken together, our data suggest that the zebrafish neural tube responds to compression, at least
in part, by promoting the differentiation of neural progenitors. Next, we wished to determine exactly how this compression was being sensed in the tissue.

128

Progenitor shape correlates with differentiation rate
One clear effect of our perturbation was a geometric one: the neural tube changed shape (Figure
6.2B). We therefore hypothesized that a change in shape of single cells was responsible for the increased differentiation in compressed embryos. To test this hypothesis, we looked for correlations
between the shape of a given progenitor and its tendency to differentiate, using our single cell tracking data.
As schematized in Figure 6.4A, we analyzed the shapes of progenitors prior to their division,
which, as with many other neuroepithelia, occurs at the apical surface. Restricting our shape measurements to the pre-mitotic mother cell was key if wanted to say something about causation, since
it is known that progenitors undergo stereotyped cell shape changes as they differentiate, which
would therefore give a trivial correlation between cell shape and differentiation.
One shape parameter that was clearly different in compressed embryos was the position of the
cell nucleus prior to dividing. We measured the maximum distance of the cell nucleus to the apical surface observed in a time window 45-60 minutes prior to mitosis (Figure D.4). We explicitly
ignored any transient basal movement induced by neighboring cells as they divided, as we hypothesized that the long-term cell shape would be more informative (see later for results on transient
shape changes). When performing these measurements, we found that, in compressed embryos,
there was a significantly higher fraction of cells whose nucleus was located far from the apical surface
(Figure 6.4B). This makes sense, since the tissue is being compressed along the DV direction, forcing
the densely packed nuclei to be pushed further away from the apical surface.
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Figure 6.3 (following page): Local compression (“poking”) induces a local increase in differentiation (A) Embryos are
“poked” by a ﬁre-blunted glass needle (left), giving rise to a local compressive strain (right, Scale bar: 10µm). (B) The
fraction of neurons within the compressed region is signiﬁcantly higher than in neighboring, uncompressed control
regions (p < 0.01). Neuron fraction is calculated as: f = #neurons/(#neurons + #progenitors). Shown are
the results from N = 3 embryos, with n = 10 measurements for each embryo at different points along the AP axis along
approximately two neural segments. (Scale bar: 10 μm) (C) Coarse-grained cell tracking is achieved by following clones
(generated by mosaic mRNA injection of a mem-eBFP2 label) over two timepoints. By examining the displacement
of cells either side of the poked region, we observe a ﬂow of cells along the AP axis away from the poked region (of
magnitude 10-20%). However, this ﬂow is not signiﬁcantly different between neurons and progenitors (p = 0.2), hence
any differences in neuron-to-progenitor ratio cannot be attributed to differential cell ﬂow.
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Figure 6.3: (continued)
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We then asked if this pre-mitotic shape correlated with NeuroD expression dynamics in the
daughter cells. Strikingly, we found a strong association between the cells whose nuclei were far
from the apical surface, and the cells that rapidly turned on NeuroD after dividing (Figure 6.4C).
This correlation was most noticeable in the compressed embryos, since, in control embryos, we have
too few differentiation events to compute the correlation. Interestingly, a similar observation has
been made in the vertebrate retina (Baye & Link, 2007), suggesting that this could be a rather general feature of neuroepithelia. Combined with our physical perturbations, these measurements suggest that the neurogenic effects of compression are, at least in part, mediated by its direct effects on
tissue packing and cell shape changes.

Changes to cell shape alter differentiation rates
To further test this hypothesis, we aimed to locally change cell shape without compressing the overall tissue. To do this, we exploited the fact that mitotic cells significantly deform their neighbors, a result of their large size and rounded morphology at the apical surface upon division (Figure 6.6). To
create a large and persistent change in cell shape, we therefore arrested a small fraction of cells in mitosis, by inducing expression of a dominant negative version of PLK1, a kinase necessary for mitotic
exit (Strzyz et al., 2015; Lénárt et al., 2007). We saw that upon heatshock-induced mosaic dnPLK1
expression, the small fraction of cells that were expressing the construct (BFP positive) failed to exit
mitosis and remained rounded and apical for extended periods of time (Figure 6.5A). Further, these
arrested mitotic cells substantially deformed the shapes of neighboring progenitors and, as hoped,
caused a significant increase in the distance of cell nuclei to the apical surface (Figure 6.5B). We then

132

A
-18'

-9'

0'

d

B

C

distance, d / µm

fraction cells GFP negative

15

0

control

far

0

compressed

close

1

0

5
hours after division

10

Figure 6.4: A correlation between pre-mitotic cell shape and NeuroD dynamics (A) Progenitors change shape rapidly

in a short period before mitosis, in which they approach the midline (dashed line) and divide. We parameterize premitotic cell shape by the distance of the cell centroid to the apical surface in a speciﬁc time window before mitosis
(Scale bar: 10µm) (B) Pre-mitotic cell positioning is signiﬁcantly more basal in compressed embryos (p < 0.01,n = 26
for control, n = 20 for compressed). (C) Single cell tracking reveals that cells that are far from the apical surface predivision (d > 12.5µm) turn on NeuroD more rapidly than those that are close (d < 12.5µm) (p < 1e-6) (See Figure D.4 for
the robustness of this result to the threshold value of d chosen) (data from combined control and compressed datasets,
n = 58).
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measured whether such a perturbation to cell shape impacted the proliferation and/or differentiation of these cells.
As before, we used two different ways to assay differentiation rates. First, we collected highresolution confocal stacks to count neuron and progenitor numbers following prolonged deformation by arrested mitotic cells. We found that there was a significant increase in the number of
neurons in close proximity to an arrested cell, compared to unperturbed control regions from the
same embryo (Figure 6.5C). We then measured proliferation rates by counting cells at two distinct
time intervals, and subtracted to give the number of division events (Figure D.5). As shown in Figure 6.5C, we could not detect any significant difference in proliferation rate between unperturbed
control regions and regions that were deformed by an arrested cell. Together, this suggests that deforming progenitor cell shape away from the apical surface leads to an increase in differentiation, but
minimal changes to proliferation, consistent with our previous results.
To confirm this, we generated in toto timelapse datasets of these perturbed embryos and tracked
cells that were in close proximity to the arrested cells (but were themselves not arrested i.e. BFP negative). Tracking data revealed that progenitors adjacent to the arrested mitotic cell more rapidly and
extensively turned on NeuroD expression than in control embryos (Figure 6.5D). Furthermore,
within this dataset, we saw the same correlation between pre-mitotic cell shape and its NeuroD dynamics as above i.e. those progenitors that were pushed far from the apical surface by the arrested
cell were exactly those that rapidly turned on NeuroD (Figure 6.5E).
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The strong correlation between cell shape and differentiation rate in response to neighboring mitotic cells suggests that the effect of the arrested cell on its neighbors is primarily physical. However
it is conceivable that a non-physical mechanism such as expression of some secreted molecule or cell
surface protein by mitotic cells could affect differentiation rate in neighbors. To test this possibility,
we sought to arrest mitotic cells in a way that they did not deform their neighbors to the same extent.
Inspired by previous studies on neuroepithelial nuclear migration, we co-expressed p50 and dnPLK1
in the arrested cells, which is known to inhibit the dynactin complex and thus impair apical movement of nuclei (Burkhardt et al., 1997; Tsuda et al., 2010; Tsujikawa et al., 2007). Indeed, we found
a small number of progenitors that were arrested in mitosis (assayed by condensed chromosomes),
but were non-apical and therefore did not push neighboring cell nuclei away from the apical surface.
By tracking cells adjacent to these basal arrested cells, we no longer observed a local increase in differentiation, suggesting that the apical location of the mitotic cell is necessary for its neurogenic effect
(Figure D.5E).
Combined with the correlations from our previous data, these results suggest that cell shape, as
parameterized by nuclear position, strongly influences the differentiation rate of neural progenitors.

Aside: A Negative / Inconclusive Result
Given that an arrested mitotic cell locally increased the differentiation rate, we wondered whether
transient strains caused by endogenous mitotic cells also have such an effect. Previously, when we
analyzed pre-mitotic cell shape, we considered the shape of cells 1hr prior to mitosis, but explicitly
ignored shape changes caused by the division of surrounding cells. In Figure 6.6A, we directly quan-
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Figure 6.5 (following page): Deformations to progenitor shape alter their rate of differentiation (A) Cell shapes are
perturbed by inducibly and mosaically arresting cells in mitosis, using a heat-shock inducible dnPLK1 construct, which
prevents mitotic exit (lower). (Scale bar: 10µm) (B) Cells adjacent to the arrested mitotic cell are shifted basally (p <
0.01, n = 26 for control, n = 10 for dnPLK1). (C) There is an increased fraction of neurons adjacent to arrested mitotic
cells (red) than in control regions without an arrested cell (blue) (p < 0.01). Proliferation rates are similar in the two
cases (right) (p = 0.9). (n = 7 for both cases) (D) Tracking of single cells adjacent to an arrested mitotic cell reveals a
signiﬁcant increase in differentiation (p < 0.01) (E) Single cell tracking reveals the same correlation between cell shape
and NeuroD dynamics as in Figure 6.4 (p < 0.001, using the n = 21 tracked dnPLK1 cells).
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Figure 6.5: (continued)
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tify these shape changes and show that they can be substantial (moving cell centroids away from the
apical surface up to 6µm), but tend to be rather transient (around the length of mitosis, 6-18 minutes). Now, instead of ignoring these transient shape changes, we explicitly focus on them.
To do this, we track cells for 45 minutes prior to their mitosis, and measure whether there is a
nearby (< 10µm) neighboring cell that divides within this time window. Note, as schematized in
Figure 6.6B, that this distance is measured with respect to the apical surface. We then ask whether a
progenitor being close to a dividing cell before its own division is correlated with an increased differentiation rate of its daughters. We do see a small, but not statistically significant correlation between
an adjacent division event and neurogenic divisions. However, this effect is small and not significant, as compared to the correlation with pre-mitotic cell shape which is larger and highly significant.
Hence, we propose that normal, transient mitotic events do not play a large role in regulating differentiation rate in the neural tube, and longer-term, persistent cell shapes are more relevant.

Molecular mechanism
Finally, we aimed to understand how cell shape could be molecularly transduced, and therefore how
the physical effect of tissue packing connects to the well-studied molecular circuitry upstream of
neural differentiation. We started by considering the Notch pathway (Bray, 2016) whose activity is
necessary for progenitor maintenance in the zebafish neural tube (Schier et al., 1996; Yeo & Chitnis,
2007; Appel et al., 2001). This pathway is particularly appealing since previous studies in the retina
have suggested that Notch activity can depend on nuclear positioning via an apical-basal gradient of
ligand and receptor (Del Bene et al., 2008; Hatakeyama et al., 2014; Latasa et al., 2009).
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Figure 6.6: Transient strains induced by normally dividing cells do not cause signiﬁcant changes in the differentiation

rate of their neighbors. (A) Mitotic cells transiently push their neighbors away from the apical surface. We measure
the maximal basal displacement moved by a given cell as a result of a nearby division. We also record the distance x
µm along the apical surface between the measured cell and the mitotic cell. We then group the data according to x,
and plot the mean and standard error as shown. (B) Schematic of the measurement strategy, which looks to correlate
proximity to a mitotic cell (x/µm) with differentiation rate. If x < 10µm within 45 minutes of a cell dividing, then we
label that cell as being neighbored by a mitotic cell (blue in panel (C) below). (C) By tracking progenitors, we see a
small, but not signiﬁcant (p = 0.1) difference in differentiation rate when comparing cells that are or are not adjacent to
dividing cells (data from combined control and compressed datasets, n = 58).
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Figure 6.7: Notch signaling responds to physical perturbation (A) Notch activity (green) is signiﬁcantly inhibited in
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To test whether Notch was involved in shape-sensing, we measured Notch activity in cells that
were significantly and persistently deformed by an adjacent mitotic cell (hsp:dnPLK1). We used a
novel transgenic to mark Notch activity, which drives destabilized GFP expression downstream of
the nort promoter, a known Notch target (Tsutsumi & Itoh, 2007). This construct was developed
by Brian Link’s lab, results and reporter validation unpublished. Consistent with our hypothesis,
we saw a significant downregulation of Notch activity in progenitors adjacent to an arrested mitotic
cell. (We repeated this assay for compressed versus control embryos, but embryo-embryo variability in nort:dGFP expression prohibited us from detecting any significant change). We then asked
whether Notch inhibition was sufficient to induce neural differentiation. To address this question,
we incubated embryos in DAPT, an inhibitor of Notch signaling, and saw a significant increase in
neuron number after 8 hours of treatment (Figure 6.7B), consistent with previous results (Kim et al.,
2008). Together, this suggests that Notch signaling forms at least some part of the molecular machinery that senses cell geometry in this tissue. Further work is needed to understand the cell biology
behind exactly why Notch activity depends in this way on cell shape, and how Notch may interact
with other signaling pathways in this context.
A natural next experiment is to study the epistasis between Notch and cell shape, specifically
to ask whether downregulation of Notch is necessary to increase the differentiation rate of basally
located cells. This could be achieved by inducibly overexpression the intracellular domain of Notch
(NICD).
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Discussion
In this study, using a combination of in toto timelapse imaging and physical perturbations, we have
identified cell shape as a novel regulator of neurogenesis. In particular, we found that when neural
progenitors were subject to physical compression and squeezed away from the apical surface, then
they were more likely to differentiate. We then showed that this cell-level mechanism could explain
how the entire neural tube responded to compression. Compression globally changes cell geometries and tissue packing, leading to an increase in the number of basally-located progenitors and a
corresponding higher rate of differentiation. This suggests that neurogenesis dynamics within the
neural tube are not entirely deterministic, nor cell-autonomously programmed, and instead can be
regulated by the mechanical properties of the tissue and its environment.
We speculate that such a mechanism naturally provides a negative feedback between growth rate
and cell number in this tissue, analogous to previous theoretical work on growth control in imaginal
discs (Shraiman, 2005). Specifically, as the number of progenitors increases within the tissue, we expect an increase in the pressure and/or crowding of cells at the apical surface. This will then change
the distribution of cell shapes within the tissue, giving rise to a higher number of basally located progenitors, and thus a higher rate of differentiation. Therefore, as the number of progenitors increases,
their rate of differentiation also increases. This in turn leads to a depletion of the progenitor pool,
giving rise to a negative feedback on progenitor cell number (Figure 6.8A).
This negative feedback could play a number of important roles within the embryo. Firstly, neurogenesis dynamics are far from deterministic, and must operate despite highly variable cell cycle
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lengths and multiple stochastic influences on the differentiation machinery (He et al., 2012). Therefore, we expect significant variability in neuron and progenitor numbers across the tissue, and between different embryos. Negative feedback would act to reduce this variability: intuitively, regions
with too many progenitors would compensate by differentiating more; and regions with too few
progenitors by differentiating less (see Figure 6.8B). Further work is needed to determine to what
extent this feedback is in fact necessary to constrain cell number variability in vivo. It will be particularly informative to understand how this physical mechanism cooperates with other known
feedback signals in the tissue, such as Delta-Notch and TGFβ signaling (Lander et al., 2009), both of
which allow neuron number to feedback on progenitor fate.
The negative feedback module also gives a mechanism to coordinate tissue size with growth rate.
In particular, during early neural tube development, there are few progenitors and the tissue is relatively loosely packed, and thus in our model differentiation is rather low. However, as the neural
tube continues to grow, it becomes compressed by the tissues surrounding it (likely the skin, somites
and notochord, which each compress the neural tube from different directions), causing cells to be
densely packed and so more likely to differentiate (see Figure 6.8C). In this way, the exit from the
early proliferative phase of neural tube growth could be governed by this mechanical feedback, in
addition to known molecular regulators (Hudish et al., 2016). This hypothesis is supported by the
observation of hyperproliferation phenotypes in human open neural tube defects (NTDs), such
as spina bifida, in which the spinal cord is ‘open’ or exposed at birth (Copp et al., 2013). We speculate that the increased growth is a result of the reduction in physical constraints acting on the neural
tube. This has been directly observed in surgical models of NTDs, in which surgically removing the
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skin overlying the spinal cord results in increased proliferation in chick embryos (You et al., 1994).
However, more experiments are required to determine to what extent such a mechanism is actually
operating in the zebrafish neural tube, and its significance during unperturbed development.
Our preliminary work has implicated the Delta-Notch signaling pathway as a potential mechanism by which cells measure their shape, although the precise details are far from clear. One hypothesis is that, given that Notch ligand and receptor are both apically enriched, one might expect
the level of active nuclear Notch (NICD) to depend on the distance of the nucleus to the apical surface if the signal degrades on a similar timescale to moving from the apical surface to the nucleus.
However, there are many other possibilities. In particular, whilst we have focused on basal nuclear
positioning as a readout of cell shape, it is certainly possible that other shape metrics (such as cell
width, or membrane curvature, which we expect to covary with nuclear position), would better explain our data, each of which would require rather different molecular explanations. Elucidating the
molecular details of this phenomenon, and the interactions between Notch and the apical surface,
the nucleus, cell shape and other signaling pathways, should be the subject of further work.
Finally, our work may yield important insights to understanding how differentiation and proliferation are balanced more generally. Many tissues have a similar architecture (i.e. densely packed,
pseudostratified epithelia, with a large degree of nuclear movement), most notably other neuroepithelia, but also a range of other developmental and adult tissues (Spear & Erickson, 2012). It will be
interesting to determine whether the feedback between tissue packing and differentiation described
in this work is a common feature in these tissues, and to understand how its deregulation could lead
to novel tissue architectures, such as the folded primate brain (Otani et al., 2016; Tallinen et al., 2014),
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Figure 6.8: Tissue packing as a feedback controller on progenitor number (A) We hypothesize that the regulation of
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functions, schematized in B and C. (B) Negative feedback naturally reduces variability in progenitor number. Here,
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or aberrant growth during tumorigenesis (Fernández-Sánchez et al., 2015; Ou & Weaver, 2015).

Materials and Methods
Zebrafish strains and maintenance
Tg(NeuroD:eGFP) (Obholzer et al., 2008), Tg(actb2:mem-mCherry2) (Xiong et al., 2014) and Tg(actb2:memcitrine-citrine) (Xiong et al., 2013) (referred to as “mem-citrine”) have been described previously.
Tg(actb2:h2b-mCherry2) was generated using a plasmid that encodes the h2b sequence fused to
mCherry2, in a pMTB backbone as described previously (Xiong et al., 2014). Natural spawning
was used, and embryos were incubated at 28°C throughout their development (including during
imaging), but excluding small amounts of time during experimental manipulation (such as microinjection, mounting) which occurred at room temperature. All procedures were carried out with the
approval of the Institutional Animal Care and Use Committee (IACUC) at Harvard University.

Confocal imaging
Embryos were anaesthetized in two different ways depending on the type of experiment. First, for
continuous timelapse imaging (or continuous embedding of embryos within agarose), alpha bungarotoxin was delivered via microinjection into the heart an hour before imaging (4.6nl, 0.5mg/ml);
alternatively via mRNA microinjection at the single cell stage (2.3nl, 15ng/µl). This method of anaesthetizing produces fewer developmental delays and defects that the conventional method, tricaine
(Swinburne et al., 2015). For endpoint images, in which embryo health was less critical, we used tri-
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caine, at 0.2mg/ml. Prior to imaging, healthy embryos were selected and dechorionated on a glass
dish then transferred to a 1.5% agarose 0.4µm canyon mount (Megason, 2009). Using a stereoscope,
embryos were carefully positioned within the canyon by a hair loop, with the dorsal neural tube
oriented upwards. A Corning coverslip #1 was placed ontop of the agarose mount, taking care not
to disturb the embryo positioning. Imaging was peformed using a Zeiss 710 confocal microscope,
C-Apochromat 40X 1.2 NA objective, with a custom made heating chamber to keep the embryos
at 28°C. The following laser lines were used: 405nm (eBFP2), 488nm (eGFP), 514nm (citrine) and
594nm (mCherry2). Other parameters were optimized for each experiment (for example, low laser
powers were used for all timelapse imaging to prevent bleaching), but were consistent between experimental conditions.

Analysis of timelapse data
Raw Zeiss.lsm files were converted to formats compatible with GoFigure2, an open-source software
package to manually analyze in toto timelapse imaging data. First, 3-4 cells were manually tracked for
the entire length of the movie. These tracks were then used to register the data between timepoints,
thus removing global translation and rotation of the embryo. Then, using this registered dataset, we
assembled a set of tracks. We started each track at its division (evident by its spherical morphology),
and tracked both forwards and backwards in time. We restricted our tracks to cells within the central 30% of the neural tube, and rejected cells that could not be tracked for long periods e.g. those
that moved out of the field of view. GFP intensity (from Tg(NeuroD:eGFP)) was used to identify
neurons. To positively identify a neuron, we required that the entire cell was GFP positive, in each
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of the XY, XZ and YZ image planes, to avoid the potential of GFP scatter from neighboring cells
giving false positives. The first time at which a cell was identified as a neuron was recorded. In some
cases, GFP was excited intermittently throughout the timelapse to reduce bleaching (e.g. every hour,
instead of every 3 minutes). In this case, the time recorded was chosen to be midway between the
time intervals (e.g. if a cell was negative at 3hrs, but positive at 4hrs, we record 3.5hrs). Cells that did
not turn on GFP were tracked either until they divided, or they were no longer trackable, and the
total track time was recorded. GFP-on times (‘events’) were combined with the total track time to
generate Kaplan-Meier plots (MATLAB). These are commonly used to analyze survival times in
the medical community. For example, an ‘event’ could be recovery from a certain illness, and the
Kaplan-Meier plots are used to compare recovery time between placebo and drug-treated subjects.
They are particularly useful when not all subjects complete the entire study, termed ‘censoring’, and
therefore are particularly useful for analyzing in toto image tracks, which are of variable lengths.

Manual image analysis
Distances are measured within GoFigure2 using a 3D distance tool. The dorsal-ventral height is measured from the base of the floorplate to the top of the roofplate. The mediolateral width is measured
at the point along DV where it is widest. The anterior-posterior segment length is found by measuring the AP distance between neurons that first project ventrally, which occur once per neural
hemisegment. Cell (or nuclei) centroid positions are manually identified and recorded by the placement of a cell mesh, and its distance to the apical surface is measured again using the 3D distance
tool. Notch activity was measured by GFP intensity from the nort:dGFP reporter. Fluorescent in-
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tensity was measured within a 3µm radius spherical mesh, whose center was placed 12µm away from
the apical surface in line with the arrested mitotic cell (BFP positive). For control, two random numbers were chosen (MATLAB) to generate positions along the DV and AP axes, and a 3µm mesh was
placed 12µm away from this point.

Automated image analysis: high quality single timepoint images
Raw Zeiss .lsm files were first converted to .mha files. Segmentation was then performed on the
membrane channel, using the ACME algorithm (Mosaliganti et al., 2012). A mask was created in
GoFigure2 to correctly identify meshes that fell within the neural tube, and excluded skin, notochord and somite cells. Cell position, volume, shape and median GFP intensity were extracted from
the cell meshes, and analyzed in MATLAB. Segmentations and neuron classifications were visually
inspected on ITKsnap and, where necessary, manually corrected. All image analysis was performed
using custom C++ scripts.

Embryo compression
1% low melt agarose (LMA) was prepared by dissolving LMA powder (A9414 SIGMA) into egg
water, and heated in a microwave. The LMA was then kept at 40°C in a 50ml falcon tube in a heatblock. A single dechorionated and anaesthetized embryo was dropped into the molten LMA using
a glass pipette, then removed from the falcon tube using a plastic pipette along with 2ml molten
LMA, and placed in a petri dish (VWR 351008). Using a hairloop, the embryo was positioned in
various orientations as the agarose was setting, viewed under a stereoscope. Once the agarose had
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set, the dish was set aside and allowed to dry/further set for another hour with the lid off (during
which time, the process was repeated on other embryos). To analyze the strain developed during
agarose setting, we repeated this protocol using LMA with fluorescent beads (Bangs Laboratories, UMC4F Flash Red), and continuously imaged using confocal microscopy. To ‘poke’ the embryos, we used the same protocol to mount the fish in LMA, but instead placed them in a 2% regular
agarose (Affymetrix 9012-36-6) lateral mount on their side (Megason, 2009). Once the agarose had
set, a fire blunted, pulled glass needle was mounted on a micromanipulator, and positioned such
that the neural tube was deformed. To sustain the compression, embryos had to be kept under the
stereoscope at room temperature.

DNA constructs
The hsp:mTagBFP2-dnPLK1 construct was generated by fusing the coding sequence for mTagBFP2
(gift from Pamela Silver) to a dominant negative human polo-kinase 1 (gift from Caren Norden
(Strzyz et al., 2015)), using a flexible GA linker, and inserting into a vector containing the hsp70 promoter (Xiong et al., 2015). The hsp:mTagBFP2-dnPLK1-2A-p50 was similarly made, but with two
extra pieces: the P2A sequence (gift from Tony Tsai, Addgene #52421) and the p50 (amplified from
zebrafish cDNA). Pieces were amplified using PCR with 20-30bp overlap regions, and combined
using isothermal assembly. A list of primers is provided in Table D.1.
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Microinjections of DNA and mRNA
Plasmid DNA (hsp:mTagBFP2-dnPLK1, hsp:mTagBFP2-dnPLK1-P2A-p50) was injected at the single cell stage, delivering 2.3nl (Nanoject) at a concentration of 10ng/µl combined with 25ng/µl transposase mRNA. mRNA (mem-eBFP2, mem-citrine-citrine) was synthesized using the mMESSAGE
mMACHINE kits (Ambion), and injected at the 16-128 cell stage for mosaic labeling at a concentration of 20ng/µl. Prior to each experiment, embryos were screened for health.

Drug treatment
DAPT (D5942 SIGMA) was stored at 10mM in DMSO, and freshly diluted to 100µM in egg water
prior to treatment. Embryos were dechorionated, placed in small dishes (Falcon 353046) and incubated in the DAPT medium at 28°C from 24hpf to 32hpf. An equivalent DMSO concentration (1%)
was used for control embryos.

Statistical tests
Statistical analysis of pairwise comparisons was mainly performed using a two-tailed t-test (ttest2
in MATLAB). Several variables had a highly skewed distribution (namely: (1) distance of cell to
apical surface, and (2) nort:dGFP expression) and so in these cases we used a Mann-Whitney test
(ranksum in MATLAB). Kaplan-Meier curves were analyzed using the log rank test (logrank in
MATLAB) (Rich et al., 2010).
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Author contributions: I wrote the chapter, with edits from my advisor, Sean Megason.

7
Conclusion

In this dissertation, we have studied a number of different development systems, ranging from
Turing-like periodic patterns such as the digits (Chapters 2-4), to the formation of the somites
(Chapter 5), and ending with the control of neurogenesis in the vertebrate nervous system (Chapter 6). One of the key themes in each of these processes was the importance of local, cell-cell interactions. Whether this be via diffusion, cell-cell contacts, or physical forces (as studied in Chapter 6),

152

we see that having cells interact with other at different positions in space is an essential part of any
self-assembly mechanism.
In addition, our work has leaned heavily on mathematical methods and quantitative approaches
in each of the chapters. Here we conclude by offering some overall conclusions that are a common
thread between these separate studies and suggest possible new directions that such work has motivated.

Distinguishing models
A recurring theme that kept arising in Chapters 2-5 was the idea that, for many developmental systems, too many models can explain the data. In Chapter 2, we argued that periodic patterns can be
generated by many different mechanisms, and not just by Turing’s reaction-diffusion model that
dominates the experimental literature. A particularly striking and recent demonstration of this was
the discovery that intestinal villi are patterned by a molecular mechanism in the mouse (Walton
et al., 2016), but a mechanical mechanism in the chick (Shyer et al., 2013). In Chapter 3, we considered the phenomenon of stripe orientation, and again found that for a given biological tissue (here,
we focused on the radially organized digit rays), there were multiple hypotheses that could explain
how the digits were oriented - although previous work in the field had focused on just a single one
(Sheth et al., 2012; Raspopovic et al., 2014). In Chapter 4, we zoomed in on the problem of digit
patterning, and found that, contrary to our initial assumption, there were several plausible models
for digit patterning: stripes or elongated spots. Finally, in Chapter 5, we considered the question of
vertebrate segmentation, for which there is an abundance of models but little data to distinguish
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between them.
For each of these topics, we saw that existing theoretical work had proven very successful in generating hypothesis, but gave little guidance in how to distinguish between them. In this thesis, we
have presented a range of different approaches to distinguish between models. The key lessons have
been that it is not sufficient to have a given model ‘fit’ the experimental data; rather, it is also necessary to show that other plausible models do not fit the data. In this sense, it is just as important to
falsify models with data as it is to support them. As I will argue below, generic and abstract models
can play an important role here, since they can make predictions that are broadly applicable, and
therefore can be either broadly falsified or broadly supported.

General features of models
Another common thread in Chapters 2-5 was the generality of many of the mechanisms we considered. On the one hand, different mechanisms can be hard to distinguish from one another given
that they share many features in common. However, on the other hand, this can be viewed as a positive - it means that, despite large differences in the type and complexity of biological mechanisms,
the core ‘logic’ of each of these system - and therefore the way that it patterns - is conserved. For
example, in Chapter 3, we showed that by building a very simple model of stripe orientation, we
could generate insights and predictions for a range of different and more complicated (i.e. biologically realistic) models, as shown in Figure 3.3. Whilst mechanisms can be very different at the level of
components, they may be very similar at an algorithmic level.
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Phenomenological models
A number of times throughout this dissertation, we have used simple, rather than complicated models. Here we would like to discuss this facet of model choice in a little more detail, and suggest that
the two approaches can provide complementary insights (Gunawardena, 2014).
On the one hand, mechanistic models are constructed by explicitly modeling the system components and their interactions. The output of the model can then be compared to experimental data,
and the model’s value is in its ability to predict new data. As an example, many engineering simulations fall into this class of model - you take some known components (e.g. the shape of a Boeing 777
wing) and some known interactions (e.g. the laws of fluid dynamics) and construct a model to make
a prediction (e.g. whether or not the wing will generate sufficient lift). Mechanistic models will
perform well when the relevant components and interactions in the system are well-characterized,
which is certainly the case for many engineering applications that are based on well-established physical laws. However, whether this type of approach is appropriate for biological systems is not so clear.
In particular, there are few established quantitative ‘laws’ for biological processes such as transcription, translation, secretion, extracellular transport, cell mechanics etc.. With the advent of cheap
RNA sequencing technology this problem is accelerating: we are rapidly increasing the number
of components that must be modeled, but are not keeping pace with describing their interactions
quantitatively. Much work is being done to rectify this problem and some fairly detailed mechanistic models are beginning to emerge (Karr et al., 2012).
Phenomenological models are quite different in approach. Instead of starting from mechanism,
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phenomenological models are generated directly from the experimental data itself and make no
assumption about the mechanism. As an example, by observing, and then quantifying the motion of a falling object, Galileo constructed a model of motion under gravity where objects moved
with constant acceleration downwards. The experimental data (the coordinates of the falling object) were used to construct a model to describe these coordinates over time (constant acceleration
downwards) and this model can then be used to explain and predict the motion of many different
falling objects. Note that this model did not start from mechanism, nor does it seek to include all
the components (e.g. the atoms in the object) nor their interactions (e.g. collisions with stationary
air molecules). The model is, instead, simpler and more abstract than a mechanistic model. Importantly, the model’s complexity and abstraction naturally reflects the complexity and abstraction of
the experimental data. A drawback of phenomenological models is that the connection to some underlying mechanism will often be opaque, and perhaps non-unique. Therefore whilst the models
can be predictive at a certain level of abstraction, connecting these more abstract predictions to the
fundamental components of the system (e.g. genes) can be difficult. However, this can be an advantage - phenomenological models are more likely to be universal and apply to a variety of different
mechanisms. An example of this is in the field of condensed matter physics, in which the properties
of many different materials have been successfully described by a few universal laws.
In this dissertation, we have tackled several problems for which there are already a number of
mechanistic models in the literature. Hopefully we have demonstrated the additional value that
phenomenological models can contribute, particularly in distinguishing between different models
and in providing general principles that are widely applicable.
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Future research directions
Over the course of this dissertation, our work has generated a number of interesting research questions, including:

1. Does there exist a bona fide Turing (reaction-diffusion) system in nature?
2. How are hair follicles positioned on the mammalian skin (Sick et al., 2006)?
3. How are joints and phalanges patterned in the limb (Huang et al., 2016)?
4. How does the Fgf gradient scale in the zebrafish PSM (Ben-Zvi et al., 2008)?
5. Does the scaling-based model of vertebrate segmentation apply to other vertebrate species?
6. Does the scaling-based model of vertebrate segmentation apply to insect species (which also
have a clock (Richmond & Oates, 2012))?
7. How do morphogen gradients self-assemble (van den Brink et al., 2014)?
8. Are there other feedbacks in the developing nervous system? For example, how important are
signals emanating from post-mitotic neurons in regulating progenitor behavior (Lander et al.,
2009)?
9. How are ratios of different neural subtypes specified and maintained in the growing spinal
cord (Kicheva et al., 2014)?
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One particularly promising direction will be to apply the approaches from Chapter 2 and 3 to
the study of morphogen gradients. Gradients are often generated by diffusible signaling molecules
(“morphogens”) whose concentration varies in space across the tissue. Typically, the morphogen is
produced at a specific location within the embryo, where its concentration is highest; as one moves
away from the source, its concentration gradually decreases. In this way, there is a mapping between
a cell’s position and the morphogen level – allowing cells to sense their position by measuring the
local morphogen concentration. Such gradients naturally define coordinate axes in the embryo, an
essential building block for more complex structures.
Our understanding of morphogen gradients has been sharply challenged in recent years by the
discovery that these gradients can, contrary to previous expectations, self-assemble, without the
need for external inputs. For example, the work from the Martinez-Arias lab shows that aggregates
of genetically identical embryonic stem cells can spontaneously break symmetry to form an entire
anterior-posterior (head-to-tail) axis in vitro (van den Brink et al., 2014). How do such gradients
self-organize? I think this is a fascinating question, that the approaches outlined in the thesis may be
particularly well equipped to address.
In particular, the general theoretical framework for gradient formation could be built upon my
previous work on periodic patterning. It has been speculated that a Turing mechanism can, provided one changes the parameters, form gradients instead of periodic patterns; the properties of
such systems have, however, been poorly characterized. It will be informative to generalize these
molecular-centric models to include the effects of cell proliferation, cell movement and tissue mechanics, which are known to be highly relevant for forming gradients in vivo. Further, it is possible
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to determine the extent to which this entire class of model can actually explain patterning in vivo.
Specifically, can the model explain the following key experimental observations of morphogen systems: (1) the gradient shape is often insensitive to the total amount of morphogen in the system
Eldar et al. (2002); (2) the gradient shape typically scales with the overall tissue size to preserve proportions Ben-Zvi et al. (2008); and (3) the directions of multiple gradients tend to be mutually orthogonal.
I expect that a Turing system will be able to explain some, but not all of these phenomena. It is
the ways in which the model fails that I think will give the most insight. In particular, I speculate
that a key ingredient that is missing in our current models of self-assembly is its dynamic nature. For
this reason, a natural extension will be to consider Turing’s model of gradient formation – in which
the final pattern is at steady state – to the more realistic case where patterning occurs sequentially
and irreversibly.
Overally, I hope that the questions and approaches explored in this thesis will guide the building
of models and design of experiments to understand self-assembly during various aspects of animal
development.
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A
Supplementary Materials for Chapter 2

1: Mathematical models of molecular, cellular and mechanical mechanisms
To model different types of periodic patterning mechanisms (as schematized in Figure 2.1 of Chapter
2), we adapt several partial differential equation (PDE) from the literature. We parameterize our
models in terms of logarithmic sensitivities to facilitate parameter interpretation. To formulate this
mathematically, consider when patterning components φi respond to signals {Sj }, and are limited
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by constant linear degradation - for example cell death, or molecular turnover:

∂ φi
φ
= fi ({Sj }) − i
∂t
τi

(A.1)

The steady state of this equation occurs provided φi /τi = f({Sj }) ∀i. We can write an equation for
the fractional deviations about this steady state, using this equation, and the definition of logarithS j ∂ fi
fi ∂ S j

mic sensitivities (from (Paulsson, 2004)) hij =

=

∂lnfi
∂lnSj

as:

1 δφi
∂ δφi ∑ hij δSj
−
=
∂ t φi
τi S j
τi φ i

(A.2)

j

As an example, h12 = 2, means that the production rate of species 1 increases by 2% when the
amount of signal 2 increases by 1%. These sensitivities are naturally dimensionless, and allow a consistent parameter interpretation. We now apply these parameterization to molecular, cellular and
mechanical mechanisms of periodic patterning. We use each model to make two conclusions: 1)
what are parameter constraints on the model such that periodic patterning occurs; and 2) how does
the final pattern spacing scale with the underlying model parameters.
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1. Reaction-diffusion models
Model
A generic reaction-diffusion mode, consisting of an activator A and inhibitor, I, is described by the
following PDEs (Turing, 1952; Kondo & Miura, 2010):

∂A
A
+ D A ∇2 A
= fA ( A , I ) −
∂t
τA

(A.3)

∂I
I
= fI (A , I ) −
+ D I ∇2 I
∂t
τI

(A.4)

and can be approximated about the steady state as:
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where a, i represent fractional deviations from steady state. As in Chapter 2, by looking for periodic
solutions of the form φq (t) = φq (0)exp[μq t] ( φ denotes the vector (a i)T ), we obtain a quadratic
equation for μq .
Rewriting α ≡ q2 ; DA ≡ 1; DI ≡ d; hAAτA−1 ≡ a; hIIτ−I 1 ≡ b; hτIAAhτAII = −c gives:

(μα + α − a)(μα + dα − b) = c
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(A.6)

Parameter constraints
Firstly, we require that the homogeneous steady state is stable in the absence of diffusion. This requires that, when α = 0, μα < 0, or:
a+b<0

(A.7)

ab + c > 0

(A.8)

μ2α + μα [α(1 + d) − (a + b)] + [c + ( α − a)(dα − b)] = 0

(A.9)

When diffusion is added:

Since α(1 + d) − (a + b) > 0 (from A.7), this means that, for μα to have a positive (real) value,
we need, for some α
c + ( α − a)(dα − b) < 0

(A.10)

dα2 + (ab + c) − α(ad + b) < 0

(A.11)

Expanding A.10 gives:

Since ab + c > 0, we need ad + b > 0. Further, we find the condition for A.10 by considering the
minimum of the quadratic, which occurs at α =

ad+b
2d , giving a condition (ad

− b)2 > 4cd.

To summarize, the conditions for patterning are:

a+b<0
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(A.12)

ab + c > 0

(A.13)

ad + b > 0

(A.14)

(ad − b)2 > 4cd

(A.15)

A.12 and A.14 imply d > 1, hAA > 1; and A.15 implies c > 0.

2: Cellular mechanisms
Via cell movement
We consider two cases: firstly, cells move and interact with their direct neighbours to form a periodic
pattern. We assume there are two cell types, whose densities are written as: φ1 , φ2 . We write the
PDE for the evolution of cell densities in a similar way to the reaction diffusion model, where now,
diffusion constants have been changed into cell motilities, η, and sensitivities refer to the responses
of cells to their neighbours - for example, by regulating cellular proliferation rate:
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(A.16)
The key difference between this model and a molecular model is the diffusion matrix. In a simple
model, where the two cells move ‘randomly’ (i.e. their motion is undirected), then η11 > 0, η22 >
0, η12 = η21 = 0, and the equation that describes changes in cell density is equivalent to the
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reaction-diffusion model. Accordingly we can use the results from the previous section to say that,
in this case, we require η22 > η11 for patterning to occur, as given in Table 2.2. However, cells can
also move in more complicated ways than molecules. For example, it is possible for cells to aggregate
together (e.g.η11 < 0), or to migrate towards or away from other cells (e.g. η12 ̸= 0). This greatly
expands the possibility for pattern formation, and allows multiple different ways that this type of
system can self-assemble periodic patterns.
We note that this model is based on cell-cell contact. More generally, there may be chemoattractants/repellents in the system, as in previous studies(Maini et al., 1991; Myerscough et al., 1998;
Painter et al., 1999). If we denote a possible signal as S, we can write:

∂φ
= g1 (∇2 φ) − ∇.g2 (φ∇S)
∂t

(A.17)

(g1 , g2 are arbritrary functions). Linearizing, and redefining parameters, we write:

φ
S
∂ φ
= D ∇2 − D S ∇2
∂t φ
S
φ

(A.18)

where φ, S correspond to spatial averages, D is the effective diffusion coefficient of the cells, and
DS is a normalized measure of how cell movement responds to a signal S. We define a sensitivity
h ≡ DS /D.
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Via direct cell contact
In the case that cells are static, the model we write is subtly different. For example, consider the case
that cells are static, but proliferation is regulated by signaling between cells. We write the PDE for
the evolution of cell density, φ, which respond to signals, S, from its neighbors, via:

φ
∂φ
= f (S , φ ) −
∂t
τ

(A.19)

The first term represents growth - this could be φ(1 − φ)g(S) for logistic growth, where the growth
rate parameter is mediated by the signal S. The second term represents cell turnover.
For regulated cell survival, f might take the form: f(S, φ) = const. − φgdie (S), where the signal
is a killing signal. Finally, for differentiation, φ represents how ‘fated’ a cell is e.g. concentration of
the transcription factor encoding the cell fate. In this case, f would correspond to regulated transcription; and −φ/τ is transcription factor degradation. In each case, linearizing about the steady state
gives an equation of the form:

hφS δS hφφ δφ 1 δφ
∂ δφ
=
+
−
∂t φ
τ S
τ φ
τ φ

(A.20)

For signaling via long cellular processes, we employ a phenomenological approach to describe the
signal, S. We consider that cells, modelled by a cell density φ(x, t), interact with each other according to an interaction function, K(x), where x denotes the distance between the cell that is sending
the signal, and the cell that is receiving the signal. We may write a simple model for the dynamics of
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cell density as:
∂φ
=K∗φ
∂t

(A.21)

where ∗ is a convolution operator, and describes that the signal a given cell receives is the sum of all
the signals it receives from its neighbors. By Fourier transforming, we identify: μq = Kq .
We assume that there is one short range interaction (for example, by direct cell-cell contact); and
one long-range interaction (for example, via longer cell protrusions). We use heaviside step functions, H(x), to indicate that signaling via cellular contact has a distinct range (see Figure 2.5). In addition, we can make this more realistic by smoothing the step function (for example K = gsmooth ∗ H,
Hq . Figure A.1
where gsmooth is Gaussian (i.e. Gaussian blurring). In wavevector space, Kq = gsmooth
q

shows that a simple local activation; long range inhibition logic can generate a peaked Kq and so successfully pattern, even with a step function which is substantially smoothened. Note, in wavevector
space the interaction functions take the form sin(qL)/qL.

Parameter constraints
A closed form solution for the parameter constraints is difficult to obtain. Furthermore, the model
is phenomenological, and so any parameter constraints are not going to be rigorously linked to the
actual biology. One point to note, however, is that a well-defined signaling range - a Heaviside step
function - naturally generates some periodicity, since its Fourier transform is: sin(qL)/qL. In fact,
if we consider the long-range inhibition alone, this generates an interaction Kq ∼ −sin(qLI )/qLI ,
which has a maximum greater than zero at qLI ∼ 4.5 i.e. this alone could generate some periodicity.

167

K(|x|)

K(|x|)

|x|

|x|

µq

µq

|q|

|q|

Figure A.1: Upper: Interaction functions for cellular processes, including an ideal case (left) and a smoothened case
(right). Lower: μq for the two cases plotted above, showing that patterns form in both cases. Smoothing (right) decreases the height of the peak

Others have previously noted that step functions more easily generate spatial patterns than graded
interactions (López, 2006; Hernández-García & López, 2004).

3A Growth induced mechanical patterning
We refer the reader to (Groenewold, 2001) for a full description and calculation for the buckling
geometry in Figure 2.1. The essence of the argument is as follows.
When tissue growth occurs, there are two possibilities: (1) strain is built up in the tissue, effectively compressing it. In this case, the elastic energy Felastic ∼ g2 , where g is the strain induced
by growth; (2) the tissue bends. For bending, we model the disturbance of the surface as φ =
φ0 cos(q0 x). φ0 can be related to g, since g = δL/L0 is the fractional tissue growth. If this is ac-

companied by bending, then L0 + δL =

∫ L0 √
0

1 + (dy/dx)2 dx ≃
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∫ L0
0

1 + 0.5(dy/dx)2 dx

i.e.
g=

1 2 2
φ q
4 0 0

(A.22)

The bending energy takes a form F ∼ φ20 q40 and the compression energy of the underlying substrate
can be shown to be F ∼ φ20 q0 . Minimizing the total energy w.r.t |q|, generates the pattern wavelength. When this minimal energy becomes lower than the elastic energy Felastic , then buckling of
the tissue will occur, generating periodic deformations.

Parameter constraints
As calculated in (Groenewold, 2001), buckling occurs once growth exceeds a minimum value. This
has been calculated as:
1
g>
4

(

3E
Esheet

)2

3

(A.23)

3B: Movement induced mechanical patterning
Model
We refer the reader to previous literature on mechanically generated patterns: (Christley et al., 2007;
Newman et al., 2008; Olsen et al., 1995; Murray, 2003; Murray & Oster, 1984b; Murray et al., 1988;
Murray & Oster, 1984a).
The essence of these models is to describe the extracellular matrix (ECM), via its density, ρ, and
displacement, u; and its interactions with motile cells. There are two governing equations for the
ECM.
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1. Conservation of matrix

)
(
∂u
∂ρ
=0
+ ∇. ρ
∂t
∂t

(A.24)

2. Force balance. Here, we take three contributions to the force: (i) local elasticity, described by
Lame constants λ, μ, assuming a linear, homogeneous, isotropic elastic material; (ii) ‘global
elasticity’, where we assume the patterning ECM is anchored to some (more rigid) underlying substrate/ECM - so that cell movement effectively shears the patterning tissue from its
equilibrium position (the shear force is parameterized by the shear modulus, G, and tissue
thickness, h, yielding an effective “spring constant” G/h2 ); and (iii) forces exerted by the cells
on the ECM as they move. We write this stress as σtraction ≡ σnρ/nsat ρsat , where σ is the
maximal stress a single cell can exert, and increases as the local cell and ECM density increases.
Putting this together, and using the relation between forces and stresses F = ∇.σ gives:

(λ + μ)∇(∇.u) + μ∇2 u + σ

∇(nρ) Gu
− 2 =0
nsat ρsat
h

(A.25)

3. Cell movement. (Murray & Oster, 1984a) have considered many alternatives for how cells
move, either by random motion, passive advection on the ECM, biased motion, or ECMdependent motion (e.g. “haptotaxis”).

Parameter constraints
(Murray & Oster, 1984a) calculated a condition for periodic patterning, using a minimal mechanical
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Model of cell traction
ECM density ⇢

Cell traction

ECM displacement u

ECM rigidity

traction

E or , µ

Cell density n

Cell migration

D

h
Attachment to rigid underlying substrate

Figure A.2: Geometries and parameters used in the cell traction model

model (see equation 21 in (Murray & Oster, 1984a) ). In our parameterization, this gives:

σtraction >

1
E
2

(A.26)

2: General features of periodic patterning
Many different PDEs can generate periodic patterns
Each model we have considered is a form of PDE. If we linearize the PDE about a homogeneous
steady state, (Cross & Hohenberg, 1993; Murray, 2008) demonstrated that a sufficient condition
for a set of PDEs to form periodic patterns is that some small periodic disturbances grow over time.
Mathematically, if we define q as the wave-vector of a Fourier transform, this requires that for the
Fourier-transformed, linearized PDEs, there is some eigenvalue in Fourier space with positive real
part (Cross & Hohenberg, 1993).
This is a strict requirement for periodic patterning. Cross & Hohenberg (1993) have obtained a
phenomenological model of periodic patterning by considering only a single eigenvalue - the one
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with largest real part, which we assume, for now, to be real, and denote by μq . In terms of a component which describes the pattern, φ, the early time evolution evolves as φ(q, t) = φ(q, 0)exp[μq t].
The condition for pattern is then that μq > 0 for some q, and there is a defined wavelength, i.e.
μq is peaked. We can make a leading order, generalized model for μq by considering: (1) μq must be

peaked; (2) μq is a function of |q|2 in a translationally invariant system; and (3) μq is dominated by a
single mode, identified by the one with largest Re(μq ). [Note, assumption (1) is not strictly required
for the existence of some stable fluctuations, but it is required to select a single wavelength]
We choose a parameterization:
(

(

μq = a 1 − κ

q2 − q20
q20

)2 )
(A.27)

where a denotes peak height; q0 peak position; and κ (normalized) peak width.
(Here, we have implicitly assumed μq to be real. In fact, μq can have non-zero imaginary parts indeed many reaction-diffusion systems can exhibit temporal oscillations, corresponding to imaginary parts of μq )
Transforming to real-space, and adding non-linear terms to ensure bounded solutions, we arrive
at the equation:

∂φ
2aκ
aκ
= a(1 − κ)φ − 2 ∇2 φ − 4 ∇4 φ − cφ2 − dφ3
∂t
q0
q0

(A.28)

(In general, c, d could also include differential operators, but we consider them as scalars here).
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Equation A.28 is a generalized model of periodic patterning, which will capture most of the
qualitative features associated with patterning, and reflects “local activation, long range inhibition”
(Meinhardt & Gierer, 1974, 2000). It is known as the generalized Swift-Hohenberg equation, and
has been used to interpret periodic patterning in a number of contexts (Cross & Hohenberg, 1993).

A phenomenological model captures many features associated with periodic
patterning
Analysing equation A.28 in Fourier space representation generates the following results, taken from
previous literature (Cross & Hohenberg, 1993; Murray, 2008):
1. a > 0 for periodic pattern formation, to guarantee instability of the homogeneous steady
state, considering μq ≤ a. (Others have analysed parameters corresponding to a < 0, where
localized states can emerge, see (Burke & Knobloch, 2006))
2. The wavelength of the pattern of the final pattern must satisfy μ2π/λ > 0
3. The timescale for the fastest growing mode is given by ∂ φq /∂ t = aφq0 , i.e. a doubling time
of ln2/a. We refer to a “typical time” for pattern to form as a−1 (Miura & Maini, 2004).
4. The complex, nonlinear equation A.28 admits several stable patterns in 2D. These types of
equations have been studied extensively in the literature, and the transition between stable
patterns - spots, stripes, labryinthine stripes, zigzags, hexagonal spots - are shown to depend
both on boundary conditions and parameters(Zhu & Murray, 1995)(Murray, 2008). We consider a single case as an illustration, following the analysis of Ermentout, which determines
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whether spots or stripes are produced in a large domain(Ermentrout, 1991). The analysis
uses a bifurcation approximation to identify a stable periodic disturbance as either (i) stripes,
φ = φ0 cos(q0 x); or (2) spots, φ = φ1 cos(q1 x) + φ1 cos(q1 y). Ermentout identified a transi-

tion between these two states by examining the stability of the solutions. Applying this analysis to our system (equation A.28) gives the result that high quadratic terms favor spots, with
the transition occurring at 27daκ = 70c2 . Cross & Hohenberg (1993) have systematically
analyzed the stripes, spots, hexagonal spots and zigzag transitions for the Swift-Hohenberg
model, in each case depending on the underlying parameters in the model.
5. Patterns can be oriented by initial conditions. Consider the case of a striped pattern, and an
initial condition as shown in Figure 2.3B of Chapter 2. Assuming the x axis is horizontal, and
the y axis is vertical, this may be described as φ(x, t = 0) = δ(y), or in Fourier space as
φq,t=0 = δ(qx ), where x ≡ (x, y) and q ≡ (qx , qy ). Consider the time evolution of the

initial state, φq,t = φq,t=0 exp[μ|q| t] = δ(qx )exp[μ|q| t]. In this case, we can see that only the
qy term contribute to the pattern, and stripes grow parallel to the x-axis (Ma, 2001).

6. In the case that the size of the tissue is not much larger than the wavelength of the pattern,
then boundary conditions can affect the final pattern which forms. This was considered in
detail for periodic patterns in (Murray, 2008).
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3: Dimensional analysis predicts scaling of final pattern wavelength
Forming dimensionless groups has been used in a variety of fields to obtain simple scaling relationships for complicated models, including PDEs (Oster & Murray, 1989). For each of the models considered above, we form dimensionless groups and then write an equation for the scaling of the pattern spacing, to give the results in Table 2.1. The key point is that pattern spacing has units of length,
so that we look for combinations of parameters which also have units of length.
For reaction-diffusion models, the set of parameters is {DA , DI , τA , τI } (plus dimensionless logarithmic sensitivities, which we consider later). We write the output we consider, the pattern spacing,
as λ. We can form three dimensionless groups: {λ2 /DA τA , DI /DA , τI /τA }. By the Buckingham
Pi theorem(Buckingham, 1914), we can then write

λ=

√

(
D A τA f

D I τI
,
D A τA

)
(A.29)

Where f is an arbitrary function, and can include the effects of the logarithmic sensitivities.
In the case that boundary conditions are important, we introduce the sizes of the tissue (which
has units of length) into this expression, which complicates intepretations. For example, on a square
domain of size L, we would have:

λ=

√

(
D A τA f

L2
D I τI
,
,
D A τA D A τA

)
(A.30)

We can use exactly the same approach for the other models we have considered, and the results are
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summarized in Table 2.1. Note, for mechanical buckling, additional scaling laws may be obtained by
using dimensional analysis on the constituent energy terms which govern the phenomenon. Groenewold (2001) showed that the pattern spacing scales as λ ∝ h(Esheet /E)1/3 .

4: Different mechanisms have different interaction functions, K(x)
At the core of the periodic patterning mechanisms we have considered is “local activation, longrange inhibition.” For each of the PDE equations we considered in 1, we can compute the functional
form of this “local-activation, long-range inhibition, ” K(x). For concreteness, we consider the case
when cells form the pattern, and that cells signal to each other in one of three ways: molecular signals; cell-contact signals; or mechanical signals. We can compute K(x) by considering a cell at a single
location (the sender cell) and determining how much of each of the signals is received at a distance x
away from the sender cell.

Molecular signals
Taking the PDEs for molecular signals (section A.1.2) and assuming a single cell, i.e. φ ∼ δ(x), we
arrive at an interaction of the form (for simplicity, in a 1D tissue):

K (x ) = K A e

|x|
−√
D A τA

− KI e

|x|
−√
D I τI

(A.31)

KA , KI are constants. This function is plotted using Mathematica in Figure 2.6C. Note that this can

be generalized to include a time component, noting that the molecular signal is not instantaneous.
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Cell-contact signals
We have previously defined the effect of cell contact signals in section A.1.2. We directly plot this
distance dependence using Mathematica in Figure 2.6C.

Mechanical signals
Intuitively, signals generated by mechanical buckling are long-ranged, instant and generate periodic
disturbances over a long length range. For example, near the buckling point, growth at a particular
location in the tissue can cause the tissue to buckle, generating an interaction which is periodic and
felt at long distances (like that plotted in Figure 2.6C). For migratory cells, (Murray & Oster, 1984a)
showed that many models had dispersion relations, μq , that contained singularities. Transforming
the dispersion relation back to real space gives an effective interaction for moving cells interacting
at different points in space - μq = Kq , as discussed in Chapter 2. For singularities in the dispersion
relation, we expect sinusoidal real-space representation - for example, a simple singularity:

μq ∝

1
A − Bq2

(A.32)

(where A, B are constants) gives a periodic interaction function which is long ranged. In a 2D tissue, this corresponds to a zeroth order Bessel function, J0 , which we have plotted in Figure 2.6C of
Chapter 2.
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5: Using timelapse imaging to estimate K(x)
Our analysis has showed that the interaction function, K(x) has qualitatively different forms depending on the type of signal:

1. Molecular signals decay in a smooth fashion (often assumed exponentially) and have a timescale
dominated by diffusion and degradation
2. Cellular processes are instant interactions, with a well-defined lengthscale
3. Mechanical forces transmit signals instantly and over a long range. In addition, the signal is
transmitted by local material stresses i.e. heterogeneities.

If we can estimate K(x), we can: first, find the qualitative logic of the interaction; and (2) compare the experimental result to our theoretical models.
In Chapter 2, we considered cell movement generated pattern. In this description, the interaction
becomes discrete - with cells at positions {xi } corresponding to φ =

∑
i

δ(x − xi ). In terms of

interactions, this gives the velocity response as:

vi =

∑

K(|xi − xj |)

xi − xj
|xi − xj |

(A.33)

If we then take many measurements of {xi } and {vi }, we can estimate the form of K(x). Algorithmically, we discretize space to transform A.33 into a linear equation, where the observed velocity is a
linear sum of K values. By combining many observations, this gives many linear equations for K i.e.
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a matrix equation. We can then invert this matrix observations to generate an estimate for K(x), as
plotted in Chapter 2.
We have simulated a one-dimensional system where cells interact using molecular signals, in
which case the interaction function is: K = KA Exp[−x/LA ] − KI Exp[−x/LI ]. To this, we added
some noise to the system to represent random cell motion. (As stated in Chapter 2, we also simulated a cellular interaction, modelled as K = KA (1 − H(x − LA )) − KI (1 − H(x − LI )), where H
denotes the Heaviside step function.)
We then took a number of timepoints and repeats and measured the {xi vi } pairs from the simulated data. Using the matrix inversion approach, we generated an estimate for each K(x). As shown
in the figure below, we found that this estimation closely resembled the synthetic interactions we
began with (using data from 200 cells at 100 timepoints for 10 independent repeats), and could distinguish between the two types of mechanism. This suggests that, even with noisy data, the form of
the interaction is accessible using timelapse microscopy.

Simulated interaction

K(|x|)

|x|

Estimated interaction

Figure A.3: The interaction function inferred from measuring dynamics closely resembles the synthetic interaction

function.
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B
Supplementary Materials for Chapter 3

B1 The Swift-Hohenberg model
The Swift-Hohenberg (SH) model (Equation 3.1 in the main text) is a well-studied phenomenological model of periodic patterning (Cross & Hohenberg, 1993). It represents a simple mathematical
description of a Turing instability and encompasses many local activation, long-range inhibition
models (and the corresponding local inhibition, long range activations models, such as the substrate-
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depletion model (Gierer & Meinhardt, 1972)). Whilst this equation cannot capture some aspects of
more complex mechanisms (since it is only a one-variable model), it forms a good approximation in
a parameter regime near the onset of Turing instability.

B1A The Swift-Hohenberg equation can qualitatively describe a more complicated set of PDEs near the onset of Turing instability
Imagine we have a generic set of PDEs (that is invariant under rotations and translations):

(
)
∂ Ai
= fi {Aj , ∇2 Aj , ∇4 Aj ..}j
∂t

(B.1)

where {Aj } are the variables in the system. If we assume that we are near the onset of a Turing
instability i.e. instability of the homogeneous steady state, we can consider deviations of equation
B.1 about the steady state. This separates the equation into a linear component that dominates the
behaviour for small disturbances, and a stabilizing nonlinear term:

∂ δAi ∑
=
Mij δAj + gi ({δAj }j )
∂t

(B.2)

j

We can then diagonalize the operator M and transform from the basis {Aj } to the diagonal basis,
{φj }. In this case, the matrix dependence of the linear term disappears:

∂ φi
= Mii φi + gi ({φj }j )
∂t
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(B.3)

In the case that only a single mode exhibits a Turing instability, the other modes will rapidly decay to zero (i.e. Mii φi < −kφi for some positive k, for all φi ). Consequently we can consider just
one equation of the set described by equation B.3. Denoting the Turing-unstable mode by φ, we
can write:

∂φ
= M φ + g( φ )
∂t

(B.4)

Assuming that M is translationally and rotationally invariant means that Mq is a function of q2 .
Expanding about the |q| = 0 long wavelength limit, we arrive at Mq = α + β|q|2 + γ|q|4 , where
α, β, γ are constants. Note that all three terms are required to describe a pattern that has a Turing

instability over a finite set of wavelengths* . Reparameterizing this expansion identifies Mq ≡ a −Lq
in the Swift-Hohenberg model.
The specific form of the nonlinearity g(φ) is left unspecified. Near the onset of Turing instability, we expect the pattern amplitude to be small, and thus can expand g(φ) ≈ −cφ2 − dφ3 . If
in addition, we require that the steady state pattern is stripes, not spots, and follow the analysis of
(Ermentrout, 1991) and simulations of (Sheth et al., 2012), and set c = 0 to favour exclusively striped
patterns.
To summarize, if we take a set of PDEs and (i) expand about a homogeneous steady state, (ii) assume a single mode exhibits a Turing instability, (iii) assume that we are in a regime near the onset of
the instability, and (iv) assume the pattern is exclusively striped, then we can motivate an equation
An alternative way to motivate this is to require Mq
> 0 for some small regime near q0 , i.e. a form
Mq ∼ A − B(q2 − q20 )2 , which is equivalent to the expression above
*
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qualitatively similar to the Swift-Hohenberg equation. This formalizes the idea that many different
PDEs can be qualitatively described by a simple, generic equation, at least in certain limits. Outside
of these limits the formal mapping no longer holds, however in nonlinear systems the limits can
often describe behaviours in other regimes (Cross & Hohenberg, 1993).

B1B The Swift-Hohenberg operator, L, is associated with local activation, longrange inhibition (LALI)
To illustrate the intuition behind L, we use an example - model #3 in section B10. Here, the dynamics of the differentiation status of the cells, φ(x, t) is described by an equation of the form:

∂φ
=K∗φ
∂t

(B.5)

where ∗ denotes the convolution operator and K is an interaction function. In general, K describes
the LALI interaction (or vice versa, the LILA interaction); for model #3, for simplicity in 1D, this is
of the form:
K(x) = KA e−|x|/LA − KI e−|x|/LI

(B.6)

To see the correspondence to the Swift-Hohenberg equation, we fourier transform equation B.5 and
equation 3.1 and can immediately make the following identification:

K q ↔ a − Lq
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(B.7)

Does this assignment hold? In Figure B.1, we plot the two expressions as a function of q and find
that, near the onset of Turing instability, the Swift-Hohenberg expression, Lq , provides a reasonable
approximation to the actual interaction function, Kq . We expect this to hold for a variety of interaction functions, but again only in the limit near the onset of Turing instability.
Thus, the operator L is intimately linked to the nonlocal interactions in the system, and can be
viewed as an approximate description of a range of different LALI interactions.
Full interaction, Kq
Swift-Hohenberg approximation

q

Figure B.1: A comparison of the interaction function, Kq , with the approximation by the Swift-Hohenberg equation

reveals that a − Lq

≈ Kq for suitable parameters near the onset of a Turing instability.

B1C Where does the Swift-Hohenberg approximation fail?
The model we use describes stripes formed by a Turing instability. This excludes the formation of
non-striped patterns (e.g. spots, or graded transitions from spots to stripes) but also excludes stripes
formed by a non-Turing mechanism e.g. pair rule gene expression in early Drosophila patterning
(Stanojevic et al., 1991). A potentially more confusing case is where a Turing instability is present,
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but is accompanied by other instabilities. In this case, our theory also breaks down. We illustrate this
with two examples.
First, a number of reaction-diffusion models have been shown to display traveling wave behaviour (in addition to a Turing instability). We find that, in this case, a parameter gradient can
generate traveling waves and orient stripes perpendicular to the gradient, see Figure B.2A and also
the results from (Sheth et al., 2012).
Second, reaction-diffusion models can also exhibit oscillatory dynamics. Again, a parameter gradient can have nontrivial consequences on an oscillating + Turing system. In some regimes, stripes can
form perpendicular to the gradient, provided the gradient transitions the system from an oscillatory
to a Turing state (see Figure B.2B).
Thus in both these cases, our model for stripe orientation does not apply. The reason is that our
model applies to a qualitatively different process, excluding both oscillations and traveling waves.
However, simple observation of the patterning process in vivo can dictate which of these qualitative models is appropriate. For example, neither traveling waves nor oscillations are seen during
digit/non-digit patterning, suggesting that the Swift-Hohenberg formulation is appropriate.

B2 Simulations
B2A Simulation methods
Equation 3.12 was simulated using a custom MATLAB script, available upon request. We simplified
the core SH equation by moving to dimensionless variables as:
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A: Travelling waves
Parameter
gradient

Time

B: Oscillations
Parameter
gradient

Time

Figure B.2: A: Using the model described by equation B.42, a parameter gradient in fV can orient stripes perpendicular

to the gradient. The dynamics of orientation involves traveling waves (arrowhead highlights the traveling behaviour
of a certain portion of the pattern). B: Using the model described by equation B.40, a parameter gradient can orient
stripes perpendicular to the gradient by producing synchronized oscillations.

∂φ
= aφ − (∇2 + 1)2 φ − φ3 .
∂t

(B.8)

Equation B.8 was simulated on a 128 × 128 square grid in MATLAB (corrresponding to a physical length L = 10λ i.e. ∼10 stripes.) We began each simulation with a set of different stochastic
initial conditions (random numbers drawn from a normal distribution). The dynamics were solved
using an algorithm that was inspired from an existing, freely available script † that transforms Equation B.8 into Fourier space in order to solve it (and thus uses cyclic boundary conditions). To examine the solution, we plotted φ(x, t) as a RGB heatmap over time. For the figures in the main chapter,
we plot the solution at a time 100a−1 , which corresponded to a time where the pattern had almost
†

written by Roman Gregoriev and modified by Karen Daniels http://nile.physics.ncsu.edu/hon292a-f08/
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stopped changing‡ . The results of each simulation vary due to the variable initial conditions. We
therefore repeated each simulation a number of times to ensure the behavior that we observed was
consistent.

B2B Parameter values
Equation B.8 has a single parameter, a, which we held constant for most of the simulations in the
main text, a = 0.1 (the exceptions being Figure 3.1 upper right, a = 1.0; B.5A where a =
0.1, 0.3, 1.0 respectively; and lower right where a = 0.01.). For each of the simulations, we then

modified Equation B.8 to resemble Equation 3.12, and we list the simulation details in the table below.

B2C Stripes may be oriented despite variability in initial conditions
To investigate the dependence of stripe orientation on initial conditions, we varied the initial conditions in our simulations. Firstly, we used ‘stochastic’ initial conditions, in which each spatial gridpoint has a normally distributed random number as its initial condition. We chose the standard
deviation of this distribution to be roughly equal to the final pattern amplitude. We then repeated
the simulation many times and observed the variability in stripe direction.
To quantify the variability in stripe direction, we wrote a script to measure stripe angle by computing the pattern fourier transform and looking for the dominant modes (Figure B.3A). We then
represent the stripe direction on a polar plot, where the polar angle corresponds to the angle of the
‡

We choose to plot this timepoint, as opposed requiring the solution to converge, in order to show the
different strengths and/or speeds between the different orientation mechanisms
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Table B.1: Simulation details and parameter values for the results in the main text

Mechanism to orient
stripes

Figure

Parameter values and implementation

Production gradient

3.2A

A linear gradient along the x-axis from +h to −h was
added in the tissue
with h = 0.0, 0.004, 0.01

Parameter gradient

3.2B

a(x) varied linearly from 0.1 to −h, with h
−0 . 1 , 0 , 0 . 1

Tissue anisotropy

3.2C

Operator L changed to L = (∇2 + 1)2 − h∂x2 , with
h = 0, 0.01, 0.5

Anisotropic growth

3.2D

Pattern was ‘grown’ at each timestep via
φ(x, y, t + δt) = φ(x/(1 + hδt), y, t). with
h = 0, 0.05, 0.1

=

stripes. For each of the mechanisms in the main text, we repeated the simulation 100 times, for a
number of parameter sets, and plotted the distribution of final stripe direction. As expected, for
parameter sets that are weakly orienting, variable initial conditions can result in variable final patterns. However, we see that as the orientation mechanism increases in magnitude, that stripes may
be robustly oriented despite variability in initial conditions (Figure B.3B).
The extreme of this would be starting from A-stripes and evolving to B-stripes, or vice versa. The
analysis of section B6-9 predicts that, under some parameter regimes, instability of A-stripes is certainly possible. Indeed, when using A stripes as initial conditions, we could observe instability of
these stripes when an orientation mechanism was present that tended to favour B stripes, and vice
versa (see Figure B.4).
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Figure B.3: A: Upper: By Fourier transforming striped patterns and ﬁnding the dominant wavevector, we may infer

stripe orientation from simulation results. Each simulation is plotted as a polar angle over π/2 of the unit circle, with
random scatter added to distinguish identical angles. Lower: Stripes are randomly oriented in the absence of orientation mechanisms. B: Depending on the strength of each orientation mechanism, stripes may be unoriented, weakly
oriented or strongly oriented, even in the presence of variable initial conditions.

B3 Defining pattern orientation
The orientation of periodic patterns is often parameterized by a wavevector, q, that specifies the
direction and spacing of the pattern, see Figure 3.1 of the main text. (Spotted patterns can be considered as superpositions of periodic solutions with different wavevectors, e.g. in a hexagonal lattice,
these wavevectors are rotated π/3 w.r.t. one another (Hoyle, 1995)).
There are two ways that stripe direction can be variable: 1) stripe direction can vary across space
within a tissue (Figure B.5A), and 2) stripe direction is constant in space, but varies due to stochastic
effects, often variable initial conditions (Figure B.5B). In this work we choose a parameter regime
where the stripes are largely straight (a → 0) but the direction of the stripes is random in the absence
of other factors (like Figure B.5B).
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Figure B.4: In some parameter regimes, stripe orientation is sufﬁciently strong to completely reorient stripes.

B4 Stripes oriented by an arbitrary angle
In the main text we have focussed on two possible stripe orientations - vertical A stripes and horizontal B stripes. Here we will argue that by considering just these two stripe orientations, we may infer
the general behavior of stripe orientation.
For concreteness, consider an orientation mechanism (gradient or anisotropy) that is directed
along the x-axis. Now, by symmetry, the stripes will have a tendency to align along the y-axis (A
stripes) or along the x-axis (B stripes). To illustrate the logic, we first choose a mechanism that gener-
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A

dψ/dt = 0.3 ψ − (∇2 + 1)2 + 0 ψ2 − ψ3

dψ/dt = 0.1 ψ − (∇2 + 1)2 + 0 ψ2 − ψ3

dψ/dt = 1 ψ − (∇2 + 1)2 + 0 ψ2 − ψ3

Increase bifurcation parameter, a
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Same parameters, different initial conditions

Figure B.5: A: Increasing the parameter a reduces the `straightness' of stripes, so that stripe direction varies contin-

uously across space within the tissue. B: Even for `straight stripes' (a
generate stripes with different orientations.

= 0.01), randomly seeded initial conditions

ates B-stripes. We then wish to ask: what range of other possible stripe orientations exist?
To answer this question, we consider Aθ -stripes, oriented at an angle θ w.r.t. B-stripes (Figure
B.6A). In the main text, we derived amplitude equations for the case θ = π/2, and quantified each
in terms of a parameter p that introduced asymmetry between A- and B-stripes (where p could be
one from the set {hA , α, Δr ≡ rA − rB }). Stripe orientation arose when p increased past a critical
value pcrit . Now, these parameters can also be calculated for Aθ stripes - specifically p ≡ p(θ) takes
on an angular dependence. Whilst the precise form of this dependence may be complicated, we have:
1) p(θ = 0) = 0; and 2) p(θ) is monotonically increasing over (0, π/2]. Thus, when considering
the alignment of B-stripes, we have the following three regimes (figure B.6B):
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1. No stripe orientation, pπ/2 ≪ pcrit
2. Some stripe orientation, pπ/2 ∼ pcrit
3. Strong stripe orientation, pπ/2 ≫ pcrit

Therefore, by analyzing the case θ = π/2 we determine the transition from randomized stripes
to weakly oriented stripes. Then, by using this, and by the monotonicity of p(θ), we can deduce
the qualitative behavior of arbritrarily oriented stripes Aθ - as the stripe orientation effect becomes
stronger, a narrower range of stable stripe orientations is admissible.
This result can be generalized to write amplitude equations for two arbitrarily aligned stripes:
Aθ , Aφ . Again, we deduce that the parameter p that describes the asymmetry between Aθ , Aφ , will

be extremized for: 1) θ, φ separated by π/2, and 2) θ or φ are along the x-axis (the direction of the
orientation mechanism, via symmetry). In this case, either A or B stripes will be most stable and
selected for large values of p. The qualitative behavior (i.e. classifying the mechanism as either A
or B in Figure B.6B,C) can be determined by considering perpendicular A- and B-stripes only, thus
motivating the analysis in the main text.
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✓
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B:
✓

No orientation

Some orientation

Strong orientation
B stripes

Increase strength of orientation mechanism

Stable stripe orientations

C:

No orientation

Some orientation

Strong orientation
A stripes

Increase strength of orientation mechanism

Figure B.6: A: Schematic of A θ , A and B stripes. B: Qualitative behavior of B stripes. As the orientation mechanism

increases in strength, the region of stable stripe orientations (green) narrow. On the far right is an example of strongly
oriented B stripes. C: Same as above, but for A stripes.
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B5 Deriving amplitude equations
To understand how periodic patterns are oriented, we look for steady state solutions of Equation
3.1. In the limit a → 0, these steady state solutions can be approximated as linear superpositions of
functions of the form:

A(x, t)eiq.x + A∗ (x, t)e−iq.x ,

(B.9)

with |q|2 = q20 , and θ ≡ cos−1 (q.^i)/q0 is the angle the pattern makes with the x-axis. The problem of pattern orientation is then reduced to understanding which of these function(s) are a stable
steady state solution of Equation 3.1?
To determine this we perform a bifurcation analysis of Equation 3.1, following the approach of
e.g. (Hoyle, 1995; Van Hecke et al., 1994; Pomeau & Zaleski, 1983; Kramer et al., 1982; Riecke, 1986).
In particular, we explore the equation near the onset of Turing instability, by setting a → ε2 a,
where ε is the bifurcation parameter. We consider slowly varying variations in the amplitude of
periodic solutions to Equation 3.1, by defining a timescale T as ∂t = ε2 ∂T . Performing a bifurcation
analysis, we write:

φ = εφ0 + ε2 φ1 + ε3 φ2 .

(B.10)

Equating terms of order ε and ε2 gives Lφ0 = Lφ1 = 0, i.e. periodic solutions with wavevector
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|q|2 = q20 . The amplitude equation is generated from the ε3 term, giving:

Lφ2 = aφ0 − dφ30 − φ̇0 .

(B.11)

Since Lφ0 = 0, the RHS and LHS of Equation B.11 are orthogonal, hence must be identically
zero, giving:

φ̇0 = aφ0 − dφ30 .

(B.12)

φ0 = A(x, t)eiq0 x + A∗ (x, t)e−iq0 x +

(B.13)

+B(x, t)eiq0 y + B∗ (x, t)e−iq0 y ,

(B.14)

Substituting the ansatz

(which satisfies Lφ0 = 0) we arrive at the equation:

Ȧ = aA − 3d|A|2 A − 6d|B|2 A,
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(B.15)

and vice versa for B. Therefore, we arrive at Equations 3.4a,b if we rescale the time units and identify
r = a/3d.

To understand why stripes are the only stable solution for this equation, we consider the alternative of a square array of spots, i.e. A = B. In this case, the steady state solutions of Equations 3.4a,b
give |A|2 = r/3, and disturbances about this steady state are governed by the equations:










δA
1 2 δA
∂ 
  = − 2r 
 ,
 
∂t  
3 
δB
2 1
δB

(B.16)

which can easily be shown to be unstable.
We now consider the effect of each of the orientation mechanisms considered in this article. The
approach in each case follows that of above: 1) perform a bifurcation analysis, 2) derive amplitude
equations, 3) solve for the steady states, and 4) determine the stability of these steady states.

B6 Production gradient
We modify Equation 3.1 to include the effects of a spatially varying production in the pattern variable, i.e.

∂φ
= aφ − Lφ − dφ3 + h(x).
∂t

(B.17)

Again, we use a bifurcation expansion to derive the amplitude equations. The relevant scaling
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for h that describes its effect on the stability of periodic patterns (as opposed to it dominating the
patterning) is a → ε2 a, h → ε3 h. This generates a modified version of Equation B.12:

φ̇0 = aφ0 − dφ30 + h.

(B.18)

To substitute ansatz B.14 into Equation B.18, we require the Fourier representation of the gradient:

h(x) =

∑

hq eiq.x + h∗q e−iq.x .

(B.19)

q

Assuming that the gradient is along the x-axis (h is a function of x alone), then we may identify:

Ȧ = aA − 3d|A|2 A − 6d|B|2 A + hq=(q0 ,0) ,

(B.20)

with the h term absent in the equivalent equation for B. We may assume a form for h(x) to calculate
the magnitude of the additional term, e.g. h(x) = h0 exp[−|x|/l] gives hq=(1,0) = 2h0 q0 l(1 +
q20 l2 )−1 . Redefining constants recasts the equation into Equations 3.7a,b.

To solve the for the solutions of Equations 3.7a,b and their stability, we consider the nullclines
Ȧ = Ḃ = 0. B = 0 is a trivial stable solution, corresponding to stripes aligned along the y-axis.

197

The second stable solution, corresponding to A = 0 for h = 0 loses stability when the nullclines no
longer intersect. This is solved by writing the nullclines as:

B2 =

B2 = r − 2A2 ,

(B.21)

1
h
(r − A 2 + )
2
A

(B.22)

By equating these two functions, and their derivatives, we arrive at a critical value for h as described in the main text.

B7: Parameter gradient
For the case of an parameter gradient, we modify Equation 3.1 to include spatial variation in parameters. Accordingly, when performing a bifurcation analysis of this equation, we must consider not
only variations in amplitude over time, but also variations over space. Letting X and Y denote slow
spatial variations, and T slow time variations, we can rewrite the bifurcation transformations as:
˜ where ∇ ≡ (∂x , ∂y )T acts on the rapidly varying, periodic
a → ε2 a, ∂t = ε2 ∂T and ∇ → ∇ + ε∇,
˜ ≡ (∂X , ∂Y )T corresponds to the slow amplitude variations.
functions of the form exp[iq.x], and ∇
When applied to the operator defined in Equation 3.2, we obtain:

)2
(
2
˜ 2+1 .
(∇
+
ε
∇)
L → Lε = aκ q−
0
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(B.23)

Considering the ε and ε2 expansion terms gives Lφ0 = Lφ1 = 0 as before. The effect of the
spatial fluctuations appears in the ε3 term, generating the amplitude equation:

4
˜ 2
φ̇0 = aφ0 − dφ30 + 4aκq−
0 (∇.∇) φ0 .

(B.24)

If we substitude ansatz B.14 into this equation, we obtain:

Ȧ = r(X, Y)A − |A|2 A − 2|B|2 A + αAXX ,

(B.25)

Ḃ = r(X, Y)B − |B|2 B − 2|A|2 B + αBYY ,

(B.26)

wtih α a constant defined as α ≡ 4aκ/3dq20 . For parameter variations purely along the x-axis, the
Y dependence vanishes, and we arrive at Equations 3.9a,b, where we have dropped the capitalization

for convenience in the main text.
To solve these equations, we focus on a regime near the onset of Turing instability r → 0, such
that r(x) changes sign in the patterning field (Figure B.7A) (Hoyle, 1995). This is likely a relevant
scenario in vivo - the position where r(x) changes sign controls the boundary where the periodic
pattern begins. For example, the murine limb bud has been proposed to transition from a nonTuring regime (the forearm) to a Turing regime (the digits) via a proximal-distal gradient of hoxd13
(Raspopovic et al., 2014; Sheth et al., 2012) (Figure B.7B).
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A
dψ/dt = 0.1 ψ − (∇2 + 1)2 + −0.2 ψ2 − ψ3

B
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r=0
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Figure B.7: A parameter gradient from sub-Turing to Turing regimes. A: Transition to a Turing regime in simulation (left)

and in a schematic of limb development (right). B: Proposed parameter values as a function of distance, r(x), for the
two cases above.

In this scenario, close to the gradient source, the pattern will be described by either (A, B) =
√
√
( r∞ , 0) or (A, B) = (0, r∞ ). Far away from the gradient we are below the Turing instability
threshold and thus (A, B) = (0, 0). To determine the stability of each stripe direction we focus on
the transition region. One possible steady state solution is B =

√

r(x), A = 0. Variations about

this steady state are described by equations:

δȦ = −r(x)δA + αδAxx ,

(B.27)

δḂ = −2r(x)δB,

(B.28)
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i.e. this solution is a stable steady state. In contrast, consider the steady state with B = 0. Equation
B.25 implies continuity of A and ∂ A/∂ x in space. Therefore, near the onset of instability, defined
by r(x0 ) = 0, A increases from zero to

√

r∞ , but in a way that respects the continuity of A and

∂ A/∂ x, i.e. A ∝ (x − x0 )2 near x0 . Now, consider the fluctuations in the amplitude B about this
steady state:

δḂ = (r(x) − 2|A|2 )δB.

(B.29)

Since r(x) near the transition will be linear in space, r(x) ∼ x − x0 , whereas A(x) ∼ (x − x0 )2 ,
then for sufficiently small x − x0 , this steady state will become unstable to patterns in the transverse
direction. Putting these results together mean that (A, B) = (0,

√

r(x)) is the stable solution of

Equation 3.8, i.e. parameter gradients can orient stripes parallel to the gradient§

B8 Tissue anisotropies
In an isotropic and translationally invariant system, the operator L in Equation 3.1 takes a particular form. Specifically, the Fourier transform, Lq ≡ Lq (|q|2 ) is a function of wavevector magnitude only. In an anisotropic (but translationally invariant) system, this restriction changes to
Lq ≡ Lq (q2x , q2y ). In this case, the relevant Turing instability parameter, a, will take different values
according to the direction of the stripes. For A-stripes, aX = a − minq0 Lq (q20 , 0), and for B-stripes
§

The effective strength of this orientation can be rationalized by
considering the size of the parameter α.
√
√
α/r ∼ πκ λ that determines over what distance this
By dimensional analysis, this sets a lengthscale l ∼
effect will be realized. For small α, the effect will be moderate; whereas the effect will become prominent as α
increased.
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aY = a − minq0 Lq (0, q20 ). If aX ̸= aY , then the system is anisotropic. Applying these relations to

Equation 3.1 and ansatz B.14 generates Equations 3.11a,b in the main text:

Ȧ = rA A − |A|2 A − 2|B|2 A,

(B.30)

Ḃ = rB B − |B|2 B − 2|A|2 B.

(B.31)

Consider the steady state (A, B) = (0,

√

rB ). Fluctuations about this steady state obey the

equations:

δȦ = (rA − 2rB )δA

(B.32)

δḂ = −2rB δB,

(B.33)

√
i.e. this steady state is stable if rA < 2rB , and vice versa for the solution (A, B) = ( rA , 0). Putting
this together means that, for rB > 2rA , then 1) B stripes are stable and 2) A stripes are unstable,
as reported in the main text. Thus, parameter anisotropies in the tissue can orient stripes, in the
direction that maximizes the Turing instability parameter, r (Figure 3.2C).
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B9 Anisotropic growth
We consider two types of growth. The first type is tissue growth without pattern growth. An example of this would be a reaction-diffusion system where the tissue grows via cell division. As the tissue
grows, the effective concentration of the reaction-diffusion molecules will be continuously diluted.
In contrast, a second case is where tissue growth occurs with pattern growth. For example, in a cellbased mechanism, cell growth naturally involves replication of the pattern - since growth is driven
by cell division. Note, a third type of growth that has been considered elsewhere is growth where
material is simply added to the boundary of the tissue, see (Míguez et al., 2006).
In both these cases, the growth generates an effective flow field (or velocity) in the tissue, v(x, t),
related to the local growth rate g(x, t) via ∇.v = g (Averbukh et al., 2014). For example, uniform
growth directed along the x-axis generates a flow field v = gxi.
For case 1 (tissue growth without pattern growth), this flow has two consequences: advection
and dilution. This is summarized by adding a term −∇.(vφ) to Equation 3.1 (Crampin et al., 1999).
Noting that ∇.v = g, we arrive at:

∂φ
= (a − g)φ − Lφ − dφ3 − v.∇φ.
∂t

(B.34)

The term −gφ represents dilution - note that fast growth can drive the system below the Turing
regime via this dilution.
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In case 2 (tissue growth with pattern growth), the dilution is absent, i.e. we have:

∂φ
= aφ − Lφ − dφ3 − v.∇φ.
∂t

(B.35)

Thus the two types of growth can be mapped onto one another provided we rewrite a → a + g for
case 1.
To model anisotropic growth we consider the extreme of growth along the x-direction, i.e. v =
vx i. As before, we perform a bifurcation analysis of Equation B.35. Since v is a velocity, and since

∂x → ε∂X , ∂t → ε2 ∂T from before, we have that v → εv. Substituting Equation B.10 into
Equation B.35 and equating terms of order ε3 yields:

φ̇0 = aφ0 − dφ30 − v

∂ φ0
.
∂x

(B.36)

Using the ansatz B.14, we obtain:

Ȧ = aA − 3d|A|2 A − 6d|B|2 A − ivq0 A,

(B.37)

Ḃ = aB − 3d|B|2 B − 6d|A|2 B,

(B.38)
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or, rewriting parameters:

Ȧ = (r − iβ)A − |A|2 A − 2|B|2 A,

(B.39a)

Ḃ = rB − |B|2 B − 2|A|2 B,

(B.39b)

where β ≡ vq0 /3d can vary across space, β ≡ β(x).
Now, by looking for steady state solutions of Equation B.39, the imaginary term means that the
√
steady state B = 0 is no longer admissible. In contrast, the steady state (A, B) = (0, r) still exists
and, analogously to Equation B.33, is a stable solution. Thus, stripes are oriented along the direction
of maximal tissue growth.
We can also estimate the typical growth rates for which this effect is observed, by requiring β ∼ r
to be of similar magnitude. This corresponds to v ∝ gL ∼ a/q0 , where L is the typical tissue size.
Thus, for g ≪ a/q0 L, the effect of growth is negligible.
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B10 Stripe orientation is qualitatively similar in a range of different periodic
patterning mechanisms
B10A Applying our results to a canonical reaction-diffusion model
Whilst the existence of a bona fide reaction-diffusion model in biology is still debated, there are a
number of chemical systems that can self-assemble into stripes. One such system is the CIMA reaction - one of the first experimental realizations of a Turing system - which involves the diffusion and
reactions of chlorite-iodide and malonic acid (De Kepper et al., 1991). Mathematical representations
of this chemistry are well established, and we follow the Lengyel-Epstein model (Lengyel & Epstein,
1991, 1992) (detailed below).
Now, we wish to ask whether the results outlined in the main text hold for this system, and thus
interrogate the generality of our results. We implement the model as a set of two-variable PDEs in
MATLAB, on the same spatial domain as used for the Swift-Hohenberg model. We chose a parameter regime that gives striped patterns (as opposed spots, or labryinthine patterns), and then add one
of a production gradient, a parameter gradient, or an anisotropy. In each case, we find that stripe
orientation is qualitatively similar to the predictions from a Swift-Hohenberg model.
We refer back to section B1C to highlight some exceptions to the rule. In particular, the CIMA reaction can also exhibit oscillations and, if a parameter gradient moves the system into the oscillatory
state, orientation by oscillation is possible, as in Figure B.2B. Similarly, some parameter gradients
do not transition the system from a sub-Turing to a Turing state, and in this case stripe orientation
is also not predicted by our model (e.g. if the transition is from a spotted to a striped state). Both
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the cases are qualitatively distinct from the ‘parameter gradient’ outlined in the main text, where the
parameter concerned controls the onset of a Turing instability.

B10B Applying our results to other Turing models
We repeated the same type of analysis for several different Turing models - spanning molecular, cellular and mechanical processes - as shown in Figure 3.3 of the main text. The models we consider
are:
1. A 2-component reaction-diffusion equation, consisting of an unspecified activator/inhibitor
pair, as used in Sheth et. al. (Sheth et al., 2012) to describe limb patterning.
2. A 3-component reaction-diffusion equation, consisting of two diffusible factors (BMP, Wnt)
and a transcription factor (Sox9), used by (Raspopovic et al., 2014) to describe limb patterning.
3. A cell-based model, in which the differentiation status of the cells is regulated by two diffusible signals secreted from the cells - a short-ranged positive signal and a long-ranged negative signal, as motivated in (Hiscock & Megason, 2015a)
4. A cell-based model involving cell movement and aggregation. Cells move randomly, and in
response to a short-ranged chemoattractant and a long-ranged chemorepellent secreted from
the cells, as motivated in (Hiscock & Megason, 2015a)
5. A mechanical model based on cells migrating on and interacting with ECM, as suggested by
(Murray & Oster, 1984a) in the context of limb patterning.
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The details of these equations follows in section B10D.
For each case, we follow the approach of (Sheth et al., 2012) and (Raspopovic et al., 2014), by considering a predominantly cubic nonlinearity in the reaction terms which reliably generates striped
patterns, without having to scan through high-dimensional parameter spaces to find regimes of
stripe formation. We focus on a single parameter set for each model, in which stripes are formed, but
with variable direction. We then add a production gradient, a parameter gradient or an anisotropy
and examine whether stripe orientation is achieved. For each case, the specific variable that is produced; or parameter that is varied; or operator that is made anisotropic is different; but in each case,
the results are consistent with the simpler Swift-Hohenberg model.

B10C Previously published results are consistent with our simple model
There have been a number of existing simulation-based studies that have considered stripe orientation. In the table below, we list the model; the orientation mechanism considered; and whether the
results of our analysis hold.

B10D Model equations used in Figure 3.3
1. The CIMA system is modelled by a 2 component reaction diffusion equation (Lengyel &
Epstein, 1992):
uv
∂u
= ∇2 u + a − u − 4
∂t
1 + u2

(B.40a)

(
(
))
uv
∂v
2
= σ c∇ v + b u −
∂t
1 + u2

(B.40b)

208

Model

Reference

Orientation mechanism

Orientation correctly
predicted by SH equation?

2 component reactiondiffusion

(Sheth et al., 2012)

Parameter gradient

Yes, except for traveling
waves

BSW model

(Raspopovic et al.,
2014)

Parameter gradient

Yes

Reaction-diffusion model

(Shoji et al., 2002)

Anisotropy

Yes

Molecular model for digit
patterning

(Glimm et al., 2012)

Production gradient

Yes

Chemical Turing pattern,
Brusselator

(De Wit et al., 1993)

Parameter gradient

Yes

We use the parameters a = 10.2, b = 0.205, σ = 20, c = 1. We incorporate production
of the variable u as the production gradient, varying linearly between [−0.01, 0.01]; variation in parameter b as the parameter gradient, varying linearly between [0.185, 0.265]; and
anisotropy in the diffusion of v as the anisotropy. This is captured by changing the diffusion
operator to tensor form ∇T D∇, where

(
∇T D∇ ≡

)



 

Dxx 0  ∂x 
 
∂ x ∂y 

 
∂y
0 Dyy

and we use Dxx = 0.1Dyy .
2. The two component reaction-diffusion model is taken from (Sheth et al., 2012):
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(B.41)
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0

(B.42)

We use the parameters fU = 0.23, fV = 0.5, gU = 0.5, gV = −0.5, DU = 0.1, DV = 1.25.
We use production of u as the production gradient, varying linearly from [−0.001, 0.001];
variation in fU as the parameter gradient, linearly varying from [0.20, 0.24] (though in fact,
all 4 linear parameters can have the same effect in certain regimes, data not shown); and variation in v diffusivity as the source of anisotropy, exactly as in #1. (These parameter sets are
near those defined by (Sheth et al., 2012).)
3. The 3-component reaction-diffusion model is taken from (Raspopovic et al., 2014), the ‘BSW
model’:
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(B.43)
Again, we focus on parameter sets used in the original study. We choose k2 = 1.06, k3 =
0.7, k4 = 1.59, h5 = 0.1, k7 = 1.4, k9 = 0.1, d = 2.4, γ = 0.3, where γ ≡ DW , γd ≡
DB . We consider a production gradient of S, linearly varying between [−0.05, 0.05]; a pa-

rameter gradient based on k4 linearly varying between [1.39, 1.79] and using d = 2.5, k2 =
1.05, k7 = 1.4, (although other ki gradients also apply); and anisotropy of B diffusion, ex-
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actly as in #1.
4. This cell-based model is motivated by (Hiscock & Megason, 2015a). We consider the differentiation status of a cell as a variable φ, and we allow cells at different points in their tissue to interact. We allow cells to interact via diffusing and linearly degrading secreted molecules, one
of which is short ranged and promotes cells of the same type, A; the other is longer ranged
and inhibits cells of the same type, I. These equations can be written as:

φ
∂φ
= g A (A ) + g I (I ) + λ −
∂t
τ

(B.44)

A
∂A
+ fA ( φ )
= D A ∇2 A −
∂t
τA

(B.45)

I
∂I
= D I ∇2 I −
+ fI ( φ )
∂t
τI

(B.46)

When linearized, in the limit of rapid molecular kinetics compared to the differentiation kinetics, these equations can be mapped to the form of equations B.5 and B.6. We then choose
cubic nonlinearities about the otherwise linearized set of equations, so that stripes are reliably
generated, i.e.:

∂φ
= K ∗ φ − γφ − φ3
∂t
Kq ≡

hI
hA
−
2
2
1 + LA q
1 + L2I q2
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(B.47)

(B.48)

We use hA = 1, hI = 2, LA = 1, LI = 3, γ = 0.3, where γ ≡ 1/τ. We allow variation
in production of φ as the production gradient, λ, varying linearly from [−0.001, 0.001];
variation in γ as an example of a parameter gradient, varying linearly from [0.25, 0.35]; and
anisotropy in the diffusion of I, exactly as in #1.
5. A slight variant on the above model is to allow the secreted molecules to act as chemical guidance cues. The simplest representation of this case would be:

φ
∂φ
= Dφ ∇2 φ − KA ∇.(φ∇A) + KI ∇.(φ∇I) + λ −
∂t
τ

(B.49)

A
∂A
+ fA ( φ )
= D A ∇2 A −
∂t
τA

(B.50)

I
∂I
= D I ∇2 I −
+ fI ( φ )
∂t
τI

(B.51)

Here, φ now represents density of cells. Again, we linearize this equations and allow cubic
nonlinearities to straightforwardly generate stripes without having to fine tune the parameters:

∂φ
= Dφ ∇2 φ − ∇2 (K ∗ φ) − γφ − φ3
∂t

(B.52)

We use the same parameters as above, but with Dφ = 0.2, γ = 0.1. We use the same
gradients and anisotropies as the model above. As above, we allow variation in production
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of φ as the production gradient, λ, varying linearly from [−0.001, 0.001]; variation in γ as
an example of a parameter gradient, varying linearly from [0.07, 0.13]; and anisotropy in the
diffusion of I, exactly as in #1.
6. The final model is a simplified version of the full Oster-Murray model used to study chondrogenesis (Murray & Oster, 1984b; Murray et al., 1988; Murray & Oster, 1984a). It consists of a
viscoelastic isotropic medium (the ECM) upon which cells migrate, exert traction forces and
are passively transported (advected). The variables in this model are the ECM density, ρ, the
ECM displacement, u, and the cell density, n, with the following PDEs:

(a) Conservation of matrix

)
(
∂u
∂ρ
=0
+ ∇. ρ
∂t
∂t

(B.53)

)
(
) ]
∂θ
∂ε
2
μ1 + μ2 I + E (ε + νθI) + τ n + ρ + β∇ ρ I = −su
∂t
∂t

(B.54)

(b) Force balance.
[(
∇.

(c) Advection of cells along the ECM
)
(
∂n
∂u
= −∇. n
∂t
∂t

(B.55)

Here, θ ≡ ∇.u, 2ε ≡ ∇u + (∇u)T is the strain tensor, μ are viscosities, E is Young’s modulus; ν the poisson ratio, s is an elastic restoring force exerted by attachment to an underlying
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substrate; τ is the traction force exerted by cells, with a nonlocal (e.g. filopodia) term captured by β. We linearize these equations, assume a cubic nonlinearity and, after rearranging,
arrive at a simpler description that we simulate directly:

μ

∂
θ = KOM ∗ θ − θ3
∂t
(

KOM
q

= 2τ − E −

s
+ τβq2
q2

(B.56)
)
(B.57)

Here, τ, μ, s have been rescaled by 1 + ν. We set μ = μ1 + μ2 = 1 WLOG, and use E =
1, s = 1, τ = 2, β = 1. We allow production of cells, adding a gradient linearly between

[−0.1, 0.1]; variation in the Young’s modulus, linearly between [1, 1.4]; and anisotropy of
the filopodia interactions, equivalently as in #1, to orient stripes (in this case with E = 1, s =
0.2, τ = 0.5 to generate similar spacing).
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C
Supplementary Materials for Chapter 5

Formulation of the Clock and Scaled Gradient model
As outlined in the main text, we develop a simple model of somitogenesis based on two key features:
a ‘clock’ and a ‘scaled gradient’* . To formulate the model mathematically, we convert our observations of the system into a set of concrete mathematical assumptions, namely:
*

In the following we do not assign molecular identities to either the clock or the gradient, although, as
described in chapter 5, we have candidates for each
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1. Clock: To model an oscillator, we describe its phase by:

∂φ
2π
=
∂t
T

(C.1)

where T is the clock period. Here we assume that the clock oscillates synchronously throughout the PSM (see below for the more general case where φ also varies in space).
2. Gradient: We model the gradient, g(x), by the function:

g(x) = g0 G (x/lPSM )

(C.2)

where x is the distance to the tailbud, and lPSM is the length of the PSM (from tailbud to mature somite boundary). The functional form G(x/lPSM ) embodies the scaling of the gradient
with PSM size, with the parameter g0 denoting the overall gradient amplitude. We choose
G to be of the form: G(u) = 1 + tanh (β (0.5 − u)), with β = 3, a gradient chosen to

qualitatively reflect the dpErk gradient from Figure 5.2. For completeness, we also include
noise in the gradient by adding a random number at each position, normally distributed
with standard deviation σ. However, we emphasize that we see similar qualitative somitogenesis dynamics regardless of the precise functional form of G - even a simple linear gradient
(G(u) = 1 − u) can recapitulate the in vivo behaviour rather closely (Figure C.11).
3. Somite determination: We assume that a somite boundary is placed when the clock reaches
a certain value (we take mod(φ, 2π) = 0) and at the position where the gradient exceeds a
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certain threshold, α i.e. the ith somite boundary position, bi , is given by g(ti − bi ) = α, where
ti is the position of the tail at this timepoint (and thus ti − bi is the distance from bi to the

tail). We must also include the 4-cycle delay as outlined in Figure 5.2A - when the ith somite
boundary is specified, bi , it takes a further 4 cycles (i.e. 8π phase) for it to fully mature.
4. Changes in PSM size: We assume that PSM size reduces as somites mature at the anterior
end. We also incorporate tail elongation to increase PSM size. For the time-window we are
studying, our data suggests that tail elongation speed is approximately constant; therefore we
set it to be a constant value, v.
5. Initial conditions: The key initial condition we must set is the initial PSM size , which we
(0)

label as as lPSM .
6. First four somites: In the above, we have assumed (i) the PSM size is defined from tailbud
to mature somite boundary and (ii) somites take 4 cycles to fully form. These assumptions
break down for the earliest somites, which form (i) at a faster rate than the rest, (ii) before
the tailbud has formed and gastrulation is occurring, and (iii) before there is a clear ‘mature
somite’ boundary to set the PSM size in our model. Due to this complexity (and the fact that
our data does not cover the earliest somites), we do not consider the first 4 cycles explicitly.
Instead, we set the widths of the first 4 somites as equal to some arbitrary constant, linitial ,
which is chosen such that somite size changes continously from the 4th to the 5th somite.

Together, these assumptions form the basis for our model. The model is simple, containing only
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4 free parameters {T, g0 , α, v} (and during unperturbed development, we can nondimensionalize
the equations leaving only a single free parameter, α), as well as the initial conditions. The model’s
simplicity allows us to obtain simple, qualitative insights into the phenomena and thus build an
intuition for how somite sizes are controlled.
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Model Results
Analytical solution
As per Figure 5.2A, we write the position of somite boundary i as it is specified as bi , and the tailbud
position at this time as ti . Without loss of generality, the threshold condition α = g0 G(xi /lPSM ) can
be rewritten as xi /lPSM = (1 − f) where f is the fraction along the PSM at which the boundary is
placed. Then, the Clock and Scaled Gradient model gives:

b i = f ( t i − b i− 4 ) + b i− 4

(C.3)

bi+1 = f (ti+1 − bi−3 ) + bi−3

(C.4)

Subtracting gives an expression for the newly specified somite size li ≡ bi+1 − bi :

li = fvT + (1 − f)li−4

(C.5)

where we have used ti+1 − ti = vT due to tail elongation. For the steady state, we have li = li−4
and thus:

l = vT

(C.6)

i.e. we predict that somite size increases with clock period, and with tail speed and, at steady state, is
independent of the specifics of the gradient (see Figure 5.2E).
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Now, if instead we set v = 0, then somites still form, according to:

l i = ( 1 − f ) l i− 4

(C.7)

i.e. there is a perfect geometric progression of somite sizes, as seen in an in vitro model of somitogenesis in which there is no tail elongation (see Figure C.7) (Lauschke et al., 2013).
To consider the effects of perturbing the gradient (Fgf), we allow steady state to be reached (i.e.
lj ≡ bj+1 − bj = vT for j < i), and then perturb f, specifically:

b i = f ( t i − b i− 4 ) + b i− 4

(C.8)

bi+1 = (f + Δf) (ti+1 − bi−3 ) + bi−3

(C.9)

bi+2 = (f + Δf) (ti+2 − bi−2 ) + bi−2

(C.10)

Now, computing li ≡ bi+1 − bi gives:

(i)

li = vT + ΔflPSM

(C.11)

i.e. this somite is altered in size. However, when we compute the size of the subsequent somites, e.g.
li+1 ≡ bi+2 − bi+1
li+1 = vT
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(C.12)

we find that they return to their unperturbed value, exactly as seen in vivo (see Figure 5.4E)† .

C.0.1 Simulations
We implement the equations described above using a custom MATLAB script‡ . To generate the
figures in the main text, we used the parameters: {v = 1.5, α = 1, g0 = 1, T = 1} and the initial
(0)

conditions {linitial = 2.9, lPSM = 20}. For the chopped embryos we used the same parameters,
(0)

but different initial conditions {linitial = 0.7, lPSM = 5}. For Figure 5.2C,D, we added noise to
the gradient (σ = 0.01) and noise in the PSM measurement (i.e. normally distributed scatter with
σmeasure = 0.3) to reflect the data in Figure 5.1.

For the perturbations, we used the same parameters as wildtype but without noise (to more easily
visualize differences between conditions) and:
1. For transient Fgf activation, we set g0 = 1.1 for the 10th cycle
2. For sustained Fgf inhibition, we set g0 = 0.8 for all times after the 9th cycle
[ (
)2 ]
x−xbead
3. For the Fgf bead, we add a localized increase in the gradient, gbead exp − wbead
, with
gbead = 0.5, xbead = 29, wbead = 2.

4. For the slower clock, we set T = 2.
5. For the slower tail, we set v = 1.
6. For Figure C.7, we set v = 0.
†

Note also that our model predicts small somite size changes with 4-cycle periodicity (Figure 5.2E)

‡

https://wiki.med.harvard.edu/SysBio/Megason/MegasonSoftware
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Other models
In the main chapter, we argue that the Clock and Scaled Gradient model can explain somitogenesis
uniquely i.e. that other models do not fit all the existing data. To be concrete about this, we consider
what each of the three alternative models predicts for the results in Figure 5.2.

Clock and wavefront
Here we assume that the wavefront is driven by tail elongation, and then, simply, we expect somite
size to be equal to how far the tail moves in one clock cycle (assuming we don’t perturb any of the
signalling gradients). Thus, the Clock and Wavefront model directly predicts that a slower clock
gives large somites, and a slower tail gives smaller, as seen in vivo. Further, previous models have
considered the effects of perturbing Fgf and found results to be similar to those in Figure 5.2. In
this respect the Clock and Wavefront model seems to share many features of the Clock and Scaled
Gradient model - which is not unexpected, since the core features (clock, Fgf wavefront/gradient,
threshold) are the same. However, the key prediction that cannot be predicted is the phenomenon
of scaling - particularly in the in vitro PSM in which there is no tail elongation and thus, in the Clock
and Wavefront model, no somites should form at all.

Phase-based models
As argued in the main text, phase-based models cannot explain scaling of somite size and thus are
incompatible with our data. For the other predictions in Figure 5.2, it is unclear to what extent they
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could be consistent with phase-based models - particularly since, whilst many modelling efforts have
investigated the establishment of the spatiotemporal patterns (Ares et al., 2012), relatively few have
connected them to somite size.

Turing-like models
A recent paper showed how a Turing-like model of somitogenesis could, in principle, explain somite
scaling, if one allowed the level of Fgf to effectively modulate the Turing-spacing of the somites
(Cotterell et al., 2015). However, a closer inspection of these results reveals that is not scaling, but
merely a change in somite size that is captured. Thus, to achieve perfect scaling, fine tuning is required. Another argument against a Turing-like model is that, unlike the Clock and Wavefront and
Clock and Scaled Gradient models, the ‘clock’ is not separable from the other components in the
system. Therefore we don’t necessarily expect a slower clock to increase somite size, at least not in
perfect proportion as has been observed in vivo (since a change in clock period would be associated
with other parameters). Finally, the assumption that Fgf modulates the Turing-spacing of somites is
incompatible with the results of perturbing Fgf, specifically:

1. a Turing-like model predicts consistently larger somites following sustained Fgf inhibition,
which we do not see (Figure 5.4E)
2. a Turing-like model predicts a symmetric effect of implanting a Fgf bead i.e. smaller somites
anterior and posterior to the bead, unlike what is seen in vivo which shows a definite anteriorposterior bias.
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Limitations of the Clock and Scaled Gradient model
The Clock and Scaled Gradient model presented here is a fairly simple model. We used a simple
model for three reasons:
(1) so that the key assumptions of the model (clock + scaling gradient) are directly supported by
experimental data;
(2) so that the model is at the right level of detail to make comparisons to our data; and
(3) so that the model gives us a qualitative and intuitive understanding of somite size control,
which may be obscured in a more complex model.
However, the model’s simplicity does mean that it should not be viewed as a comprehensive, nor
completely realistic, model of somitogenesis. Firstly, we have assumed that somite maturation, and
its effects on gradient scaling, occur instantly, whereas in reality we expect this to be a more gradual effect. Mathematically, this might mean that the 4 cycle delay should be changed from a step
function to a more slowly varying function. This modification may be particularly important to
understand the formation of the first 4 somites, and to reduce the sensitivity of somite size to initial
conditions and/or perturbations. A second shortcoming of our model is that we have chosen the
somite boundary to be set by a simple threshold of the gradient - an assumption that has not been
directly measured, and is likely a simplification. One could imagine that the system uses other gradient interpretation mechanisms, that include some of the temporal and/or spatial information in the
gradient e.g. by measuring fold changes in gradient level. However, further work, and more quantitative perturbations and measurements of Fgf activity, are needed to fully distinguish between these
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models.
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Origin of her1 traveling waves
In this study, we found that the wavelength of her1 waves does not play a central role in determining
somite size. Thus we suspect that the spatiotemporal pattern of these waves may not be actively controlled, but is merely a byproduct of imperfect synchronization between oscillators. The emergence
of traveling waves has been observed in other oscillatory systems with imperfect synchronization
(e.g. due to delays), and can be predicted by fairly general models of coupled oscillators (Ermentrout
& Terman, 2010). These theoretical tools have also been used to understand the spatiotemporal dynamics of her1 expression, e.g. (Ares et al., 2012; Morelli et al., 2009). Here we revisit some of these
arguments, by modifying equation C.1 to a more general form that explicitly considers oscillator synchronization. Specifically, we consider a 1D array of cells (i = 1, 2, ..., N, with i = 1 anterior and
i = N posterior) and describe the phase dynamics by:

(
)
(
)
∂ φi
= ωi + Hi φi+1 − φi + Hi φi−1 − φi
∂t

(C.13)

commonly referred to as the Kuramoto model§ . Here, ωi ≡ 2π/Ti describes the oscillator frequencies, and Hi (φ) the coupling between oscillators. Following Ermentrout & Terman (2010), a natural
choice for the coupling term is Hi (φ) = ki sin(φ + Φi ), where ki is the coupling strength and Φi
the effective coupling delay¶ . Given this equation, we can ask - under what conditions do the oscilla§

We emphasize that our model does not aim to describe all features of the waves (e.g. the anterior increase in oscillator amplitude), but merely to show that a very simple model does quite well in capturing the
qualitative wave dynamics.
¶
this is not an explicit time delay, for details see (Ermentrout & Terman, 2010)

226

tors successfully synchronize; or, the complementary question - under what conditions do traveling
waves emerge as a result of imperfect synchronization?
Interestingly, we found that many conditions resulted in the formation of traveling waves. As has
been hypothesized elsewhere (Giudicelli et al., 2007), a gradient in frequencies along the anteriorposterior (AP) axis, ωi ̸= const, results in traveling waves along a single direction (Figure C.8A).
However, we also found that if either the coupling strength, ki , or the coupling phase delay, Φi ,
varied along the AP axis, then this too resulted in traveling waves. Given that there are multiple
signaling gradients with the PSM, which could feasibly affect the oscillator frequency, coupling or
time delay (Ay et al., 2014), then it is unsurprising that traveling waves will emerge.
Even in the complete absence of spatial gradients (i.e. ωi , ki , Φi are constant), traveling waves
can still form. Consider the case of a ‘cut’ boundary condition at the anterior end i = 1 - here, ‘cut’
means that the most anterior cells are coupled only on their posterior side. This could be achieved,
for example, if cells in mature somites stopped being coupled to the oscillations in the PSM - either
by failing to signal to the PSM, or by terminating her1 oscillations completely.‖ Given the assumption of a cut boundary condition, the system is described by:

(
)
∂ φ1
= ω + H φ 2 − φ1
∂t

(C.14)

i.e. the 1st oscillator takes no input from its anterior neighbour. Then, for the remaining oscillators
‖

Note that previous studies support the notion of somite maturation forming an anterior boundary condition e.g. in ripply morphant embryos (Kawamura et al., 2005), in which somite maturation is impaired, her1
expression persists more anteriorly.
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we have:
(
)
(
)
∂ φ2
= ω + H φ3 − φ 2 + H φ1 − φ 2
∂t

(C.15)

etc. Assuming solutions of the form φi = Ωt + Ai, then:

Ω = ω + H (A )

(C.16)

Ω = ω + H(A) + H(−A)

(C.17)

etc., which has a stable solution of phase-locked oscillations with overall frequency Ω, and a phase
gradient defined by H(−A) = 0. For the choice of H(φ) = ksin(φ + Φ), we have A = Φ and
Ω = ω + ksin (2Φ). Thus, in the complete absence of spatial gradients, but with a cut anterior

boundary condition, we have a linear phase gradient φi = Ωt + Φi i.e. waves that travel from
posterior to anterior (provided Φ > 0). We confirm this with simulations, using a cut boundary
condition in the anterior and a reflective boundary condition in the posterior, as shown in Figure
C.8A.
Taken together, given a set of coupled oscillators operating with phase delays, having spatially
varying inputs and unknown boundary conditions, it is not surprising to see traveling waves (consistent with previous work e.g. (Ares et al., 2012; Morelli et al., 2009)). Therefore, without any clear
spatiotemporal perturbations of the her1 traveling waves, it is difficult to determine to what extent
these traveling waves are functional, or could simply be the result of imperfect synchronization. In
particular, as discussed in the main text, the presence of a ≈4-cycle delay between somite size deter-
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mination and the appearance of morphological boundaries suggests that the her1 dynamics are likely
unimportant in the most anterior region of the PSM.

A small effect of her1 traveling waves on the Clock and Scaled Gradient Model
In our model, we have assumed that the entire PSM oscillates synchronously (i.e. there is no phase
gradient) and found that this could qualitatively explain our data. However, measurements of
her1 dynamics in vivo show that there is a phase gradient (i.e. traveling waves) within the PSM
(Soroldoni et al., 2014). We therefore wished to ask to what extent such a phase gradient would affect the results of our model.
To do this, we assumed a simple linear phase gradient:

φ (x , t ) =

2πt
+ kx
T

(C.18)

where k is a constant that controls the magnitude of the gradient (with the sign determining the direction of the traveling waves). We then repeated the wildtype simulations with this modified phase
profile (using |k| = 0.5, corresponding to an initial phase difference of 10 rad across the PSM).
As shown in Figure C.8B, this results in only a minor modification to somite sizes as compared to a
model without a phase gradient, k = 0. Consequently, this shows that the details of the her1 traveling waves only slightly change the somitogenesis patterns in a Clock and Scaled Gradient model.
Interestingly, we noticed that the somitogenesis period (defined as the time between successive
boundaries being specified) was smaller when including a phase gradient (Figure C.8B). This is rem-
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iniscent of the Doppler Effect, as reported by Soroldoni et al. (2014), in which an observer moving
towards a source of traveling waves measures a higher frequency than the intrinsic frequency of the
oscillators. In Soroldoni et al. (2014), this effect is attributed to the movement of the anterior boundary of the PSM; in our interpretation, it is due to a moving wavefront of FGF signaling. To what
extent these different scenarios would predict different segmentation periods is unclear, and thus
we speculate that the discrepancy between the segmentation period and the intrinsic clock period, as
measured in (Soroldoni et al., 2014), is consistent with our Clock and Scaled Gradient model.

C.0.2 Wavelet transform
We following the approach of Soroldoni et al. (2014)and use the wavelet transform to generate phase
maps for her1 along the embryo. Consider that the her1 pattern is of the form:

h(x) = h0 + A(x)sin(φ(x) + Φ)

(C.19)

i.e. has a spatially varying amplitude, A(x) and a spatially varying phase, φ(x). By performing a
wavelet transform** we can convert the intensity profile h(x) into an effective phase profile φ(x),
plotted in Figure 5.1†† . We also measured the phase gradient manually, by identifying peaks and
troughs in the intensity profile (separated by π). This manual measurement (orange triangles in Figure 5.1f) was found to well match the corresponding phases as obtained from the wavelet transform,
**
using the cwt function in MATLAB, setting the wavelet scale equal to distance between her1 peaks
directly measured from the in situs
††
Note, we plot the phase for positions more anterior than the first clear peak since it is only in these ranges
where there is a distinct spatial pattern above noise, and, in all cases, contains the position at which the next
somite boundary is specified i.e. B-IV
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giving us confidence in our implementation. For further details of the wavelet transform, we refer
the reader to (Soroldoni et al., 2014) for more discussion.
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Figure C.1: Comparison between control and chopped embryos. (A) Comparison of the AP length of the newest

somites between control and chopped embryos at indicated somite stages. (B) Comparison of body length, DV length
of body, AP length of eyes, and AP length of ears between control and chopped embryos at 1 dpf (day post-fertilization)
and 3 dpf.

233

Figure C.2: Time offset used for comparing somite and PSM length. (A) Measurement of the length of the most newly

formed somite and PSM. (B) Plotting somite length at the Nth somite stage (N ss) against PSM length at N-4 ss. (In the
images given, N = 14).
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Figure C.3: Determining the delay from somite size determination to the appearance of morphological somite bound-

ary. (A) Schematic illustration of BCI experiment. The embryos were treated with BCI for 5 min and then subjected to
live imaging in egg water without BCI. The BCI treatment was done at 3 different somite stages (5, 10, 15 ss), in case
the delay time varies over time. (B) BCI treated embryos form smaller somites (magenta arrow). (C) Relative AP length
of somites, normalized by the somite length at somite stage of BCI treatment. At each somite stage, the smaller somite
was formed 4 cycles after BCI treatment.

Figure C.4: Scaling of mesp-b stripe. (A) in situ hybridization samples of mesp-b. (B) PSM length vs distance between

mesp-b stripe.
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Figure C.5: Comparison between PSM and somite size with or without delay. All the scatter plots are generated using

exactly the same data set. The only difference is whether the 3, 4, 5-cycle delay is taken into consideration. Note that
only when we take the delay into consideration, do we see somite scaling.
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Figure C.6: Time course measurement of somite formation period and tail elongation speed. (A) Somite formation

period does not signiﬁcantly change over time. (B) Tail elongation speed does not signiﬁcantly change over time.
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Figure C.7: Simulation of traveling waves. (A) Simulation of Equation C.13 (Kuramoto, 2003) (the Kuramoto model)
with reﬂective boundary conditions and linear gradients in frequency, coupling strength, or phase delay generate
phase gradients and hence traveling waves. This is also observed in the absence of any gradients, but with a cut boundary at the anterior (lower). (B) Comparing simulation results for the Clock and Scaled Gradient model, with and without a phase gradient, reveals that somite sizes are only slightly changed by the presence of a phase gradient (upper). Interestingly, we found that the phase gradient decreased the segmentation period in silico, reminiscent of the Doppler
Effect measured in Soroldoni et al. (2014). The reduction in somite size ( 9%) is approximately equal to the reduction in
segmentation period ( 11%).
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Figure C.8: Perfect scaling in an in vitro PSM simulation. Somite size versus PSM length shows perfect scaling in silico
when tail velocity is zero, mimicking the results from the in vitro mPSM system (Lauschke et al., 2013).
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Figure C.9: Fgf activity scaling detected by spry4. (A) spry4 mRNA was detected by in situ hybridization to monitor Fgf

activity. (B and C) L50 was calculated using spry4 in situ hybridization samples similarly as in Figure 5.3(A). Fgf scaling
L50 was found to scale with PSM length both between control and chopped embryos (B) and over time (C)
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Figure C.10: Long-term SU5402 treatment under constant dark condition. The embryos were treated with SU5402

at low concentration (16 μM) for 4 hrs with the light completely blocked. One or two larger somite(s) was formed
(magenta arrow in the right panel) several cycles after initiation of the treatment (10 out of 11).

Figure C.11: Somite scaling recapitulated by Clock and Scaled Gradient model with a linear gradient. We simulated

somite size and PSM size using the clock and scaled gradient model with a linear gradient, and found that this model
can successfully reproduce somite scaling regardless of details of gradient proﬁle.
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Figure C.12: Fgf gradient measurement in raldh morphants and sizzled morphants. In search of the mechanism under-

lying Fgf activity gradient scaling, we attempted to knockdown raldh, a synthetase for retinoic acid, and sizzled (szl),
a gene responsible for BMP gradient scaling in DV patterning of Xenopus embryos (Inomata et al., 2013). Embryos
injected with raldh morpholino (Kawakami et al., 2005) or szl morpholino (Yabe et al., 2003) were subjected to dpERK
immunostaining, and L50 was measured as described in the main chapter. In both cases, despite losing raldh or szl
expression, the Fgf gradient still scaled with PSM size.
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B

actb2:mem-citrine, actb2:h2b-mCherry2

actb2:memCherry2
neurod:eGFP

0.4

0

fraction

0

180

GFP intensity

Figure D.1: (A) Embryos doubly transgenic for a membrane and nuclear label reveal the densely-packed pseudostrat-

iﬁed epithelial character of the neural tube. (B) Tg(neurod:eGFP) is used to classify neurons versus progenitors. Cells
are segmented, and the median GFP intensity is calculated per cell (the median, rather than the mean, is robust to
scatter of GFP signal from high intensity neighboring cells). Neurons are identiﬁed as having a median GFP intensity
higher than a certain threshold, deﬁned manually by referencing the raw images, and is ﬁxed for all samples for the
same experiment.
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Figure D.2: (A) Model I: Division-centric differentiation. Progenitors undergo cell cycle progression. Upon division,

the division mode is set, such that the pair of daughter cells is set as either two progenitors (PP), one progenitor and
one neuron (NP), or two neurons (NN). In the Kaplan Meier description, the neurod dynamics can be parameterized
in two ways: (1) the slope of the plot represents the distribution of neurod activation times, and (2) the asymptote is
the total fraction of neurons generated per division. (B) Model II: Division and differentiation are independent. Here,
progenitors divide with a speciﬁed cell cycle rate, and, independently, have a constant probability of differentiating, R,
per unit time. The Kaplan Meier plot looks similar but now both the slope and the asymptote reﬂect the differentiation
rate, R. Note that these are two opposing extremes for how differentiation and division are coordinated at the single
cell level. Importantly, we can use the Kaplan Meier curves to detect differences in neurod dynamics without a priori
specifying which model best represents the data. Or, to put it another way, the Kaplan Meier curves apply equal well to
descriptions of division type (e.g. NN, NP, PP), or to differentiation rate (R).
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fraction of neurons
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posterior

anterior

B

0.1

Figure D.3: (A) Poked regions have fewer cells per unit AP length than neighboring control regions (p < 1e-8). This

discrepancy is caused by ‘cell ﬂow’, measured in Figure 6.3C. (B) We repeated the experiment from Figure 6.3 but
without poking, to test whether the observed changes in neuron fraction were a result of AP position. We saw no
signiﬁcant difference in fraction of neurons between the two compartments (p = 0.2).
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Figure D.4: (A) Using the same labeling strategy as Figure D.1A (mem-citrine + h2b-mCherry2), we compared nuclear

position (based on h2b signal) with the cell centroid position (based on the citrine signal), both manually identiﬁed. We
ﬁnd that the difference between these two measurements is rather small (mean value < 1µm). (B) The dependence of
differentiation rate on cell shape is independent of the threshold value that deﬁnes which cells are ‘far’ and which cells
are ‘close’ (Figure 6.4). (Left: p = 0.01; middle: p = 1e-6; right: p = 1e-7. )
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Figure D.5: (A) Endogenous mitotic cells physically deform their neighbors, depicted in a montage of images sepa-

rated by 9 minutes per frame. Asterisk denotes mitotic cell ending cytokinesis; arrowheads denote perturbed adjacent
cells. (B) Left: We compare regions adjacent to a mitotic cell (15µm x 15µm apical surface) [orange], to nearby control regions of the same dimensions but without an arrested cell [cyan]. Single cell tracking reveals that there is little
movement of cells along AP/DV that would take them out of the regions ( 2.6µm mean distance moved). Right: segmented image. Asterisks depict an arrested mitotic cell. (C) Illustrative calculation. We deﬁne the fraction of neurons
as f = N((N + P) ), i.e. for the right f = 2((2 + 7)) = 0.22. We deﬁne the proliferation rate between the
two timepoints as: μ = ((P2 + N2 − P1 − N1 ))2(P1 + P2 ) . (D) Arrested mitotic cells can be nonapical. h2bmCherry demonstrates condensed chromosomes hence mitotic entry. Arrowheads denote non apical arrested mitotic
cells. Note that neighboring progenitors are not pushed away from the apical surface. (E) Non apical mitotic cells do
not induce differentiation of their neighbors (p = 0.8 vs. control).
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Table D.1: List of primer sequences used in this study

Construct

Part

Primer sequence

hsp:mTagBFP2dnPLK1

mTagBFP2

TACAAGCTACTTGTTCTTTTTGCAGGATC
CGCCACCATGAGCGAGCTGATTAAGGAGAAC

hsp:mTagBFP2dnPLK1

mTagBFP2

AGGTCCTCCTCGGAGATCAGCTTCTG CTCCATATTAAGCTTGTGCCCCAGTTTGC

hsp:mTagBFP2dnPLK1

dnPLK1

CTCCCTAGCAAACTGGGGCACAAGCTTAATA
TGGAGCAGAAGCTGATCTCCG

hsp:p50-2AmTagBFP2-dnPLK1

mTagBFP2dnPLK1

CAGGCTGGAGACGTGGAGGAGAACCCTGGAC
CTATGAGCGAGCTGATTAAGGAGAAC

hsp:p50-2AmTagBFP2-dnPLK1

mTagBFP2dnPLK1

CATCAATGTATCTTATCATGTCTGGATCACCGG
TTTAGGAGGCCTTGAGACGGTTG

hsp:p50-2AmTagBFP2-dnPLK1

p50

AGTACAAGCTACTTGTTCTTTTTGCAGGATCCG
CCACCATGGCCGACCCGAAGTACG

hsp:p50-2AmTagBFP2-dnPLK1

p50

CTTCAGCAGGCTGAAGTTAGTAGCTCCGCTTCC
CTTGTTGAGTTTCTTCATCCTCTGGTC

hsp:p50-2AmTagBFP2-dnPLK1

P2A

GCGCTGGACCAGAGGATGAAGAAACTCAACAAG
GGAAGCGGAGCTACTAACTTCAGC

hsp:p50-2AmTagBFP2-dnPLK1

P2A

TCATGTGCATGTTCTCCTTAATCAGCTCGCTCA
TAGGTCCAGGGTTCTCCTCCAC
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