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ABSTRACT

The broad emission lines commonly seen in quasar spectra have velocity widths of a few percent of the speed of
light, so special- and general-relativistic effects have a significant influence on the line profile. We have determined
the redshift of the broad Hβ line in the quasar rest frame (determined from the core component of the [O iii] line)
for over 20,000 quasars from the Sloan Digital Sky Survey Data Release 7 quasar catalog. The mean redshift as a
function of line width is approximately consistent with the relativistic redshift that is expected if the line originates
in a randomly oriented Keplerian disk that is obscured when the inclination of the disk to the line of sight exceeds
∼30◦–45◦, consistent with simple active galactic nucleus unification schemes. This result also implies that the net
line-of-sight inflow/outflow velocities in the broad-line region are much less than the Keplerian velocity when
averaged over a large sample of quasars with a given line width.
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1 INTRODUCTION

Quasars and other active galactic nuclei (AGNs) are accreting
supermassive black holes (BHs). Among the prominent features
in their spectra are broad emission lines, which are thought to
arise from a broad-line region (BLR) close to the BH in which
gas has been photoionized by the quasar continuum emission.
The line widths are believed to arise from Doppler shifts,
typically thousands of km s−1, due to orbital motion of the gas
in the gravitational field of the BH, and/or large-scale inflows
or outflows. This general picture is supported by measurements
of the BLR size through reverberation mapping (RM; see, e.g.,
Peterson et al. 2004; Bentz et al. 2009). On larger spatial scales,
where the dynamical influence of the BH is less important,
there is a narrow-line region (NLR), where the gas emits with
typical line widths of hundreds of km s−1. Unification schemes
(Antonucci 1993; Urry & Padovani 1995) seek to explain the
diverse properties of AGNs as a result of viewing a single generic
structure with different viewing angles. The typical unification
scheme includes, in order of increasing size, the central BH, a
surrounding accretion disk, the BLR, a thick dusty torus aligned
with the disk that obscures the accretion disk and the BLR when
viewed at high inclinations, and the NLR. Whether or not the
accretion disk and BLR are obscured produces the dichotomy
between broad-line (Type 1) and narrow-line (Type 2) AGNs.

The proximity of the BLR to the BH allows us to look
for special- and general-relativistic effects on the observed
broad lines, and thereby to test relativity or, more plausibly,
to constrain the structure of the BLR, assuming relativity is
correct. There have been several attempts in the past to detect
relativistic effects in broad quasar lines (e.g., Zheng & Sulentic
1990; Corbin 1997; McIntosh et al. 1999; Kollatschny 2003),
but these studies mostly lacked a general treatment that included
all relativistic effects, and were limited to small samples of
objects where the relativistic effects are easily swamped by

6 Hubble Fellow.

astrophysical effects such as object-to-object variations in the
line profiles. A complementary approach has been to model the
BLR as a rotating, axisymmetric disk (“disk-emitter” models),
include relativistic effects rigorously, at least to O(v2/c2) (Chen
et al. 1989; Eracleous et al. 1995), and fit these models to the
small fraction of quasars that show double-peaked broad-line
profiles, which are likely to be produced by inclined disks in
which the emission is dominated by a small range of radii (e.g.,
Eracleous & Halpern 2003; Strateva et al. 2003). Flohic et al.
(2012) describe disk-emitter models that include relativity and
a simple radiative transfer model and argue that relativity is
necessary to match the asymmetries in observed line profiles.

In this work, we present a simple treatment of relativistic
effects on the spectrum of the BLR, and use kinematic properties
of the broad line (centroid velocity shift and line width) to
constrain the geometry of the BLR, assuming that the gas is
in a steady state and that its kinematics are determined by
the gravitational field of the central BH (“virialized”). We use
the large spectroscopic quasar sample from the Sloan Digital
Sky Survey (SDSS; Schneider et al. 2010), which allows us to
average out object-to-object measurement errors and variations
in line profile.

2 MODELS OF THE KINEMATICS OF THE
BROAD-LINE REGION

First, we examine simple models of the structure of the BLR
to illustrate how relativistic effects can discriminate between
models. In all of our models, we assume that the BLR gas is in a
steady-state dynamical equilibrium, orbiting under the influence
of the gravitational field of the central BH (“virial equilibrium”).

Let λ be the observed wavelength of the line photon in the rest
frame of the central BH and λ0 the rest wavelength of the line
transition. The corresponding photon energy is E = E0(λ0/λ)
with E0 = hc/λ0 and the redshift is z = λ/λ0 − 1. The
redshift of the rest frame of the BH is assumed to be the
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same as the redshift of the NLR of the quasar;7 thus, z is
related to the observed redshift of the broad and narrow lines by
1 + z = (1 + zblr)/(1 + znlr).

For each model, we determine the relation between the
mean redshift 〈z〉 and the rms redshift 〈z2〉1/2. In general,
O(〈z〉) = O(〈z2〉) = O(v2/c2), where v is a typical velocity
in the BLR.

One complication in comparing with the extensive earlier
work on this subject is that some authors measure the photon-
weighted mean while others measure the energy-weighted
mean. Let fλdλ be the energy flux received at the detector
in the wavelength range (λ, λ + dλ). We define the moment

Jn =
∫

dλ fλ(λ/λ0)n. (1)

Then, the photon- and energy-weighted mean redshifts are given
by

〈z〉N = 〈λ/λ0〉N − 1 ≡ J2

J1
− 1,

〈z〉E = 〈λ/λ0〉E − 1 ≡ J1

J0
− 1. (2)

Instead of the wavelength shift, some authors use the frequency
shift,

〈ν/ν0〉N ≡ J0

J1
, 〈ν/ν0〉E ≡ J−1

J0
. (3)

In general, all four of these quantities will be different.
Although these distinctions are important in measuring the

mean wavelength or frequency shift, we need to make no such
distinction between the second moments 〈(λ/λ0 − 1)2〉 and
〈(ν/ν0 − 1)2〉 or between photon- and energy-weighted second
moments, since these are already O(v2/c2). In particular, we
can write 〈(λ/λ0 − 1)2〉 = 〈(ν/ν0 − 1)2〉 = 〈z2〉 to O(v2/c2) for
both photon-weighted and energy-weighted averages and all of
these quantities are equal to σ 2/c2, where σ is the line-of-sight
velocity dispersion or the standard deviation of the spectral line.

2.1 Relativistic Kinematics

The following derivations and formulae are well known
(e.g., Rybicki & Lightman 1979), but we collect them here
for reference.

We denote the quasar rest frame by spacetime coordinates
(t, x). We assume that this is the rest frame of the quasar’s
central BH and of the NLR. We denote the rest frame of an
emitting mass element of the BLR by coordinates (t0, x0) and,
for simplicity, we assume that (t0, x0) = 0 when (t, x) = 0. If
the velocity of the emitting element relative to the quasar rest
frame is v, then

x0 = x − γ vt + (γ − 1)
x · v
v2

v,

x = x0 + γ vt0 + (γ − 1)
x0 · v
v2

v,

t0 = γ (t − v · x), t = γ (t0 + v · x0), (4)

7 This assumption neglects the possibility that the BH is a member of a
binary system or that the center of the galaxy has been disturbed by a recent
merger. However, such motions should not affect the average redshift of the
BH relative to the narrow-line region.

where γ ≡ (1 − v2)−1/2, and in this subsection we have set the
speed of light c to unity for brevity. Similarly, the momentum
and energy in the two frames are related by

p0 = p − γ vE + (γ − 1)
p · v
v2

v, E0 = γ (E − v · p). (5)

For photons E = p, E0 = p0, so if we write p = En̂, we have

E0 = γE(1−n̂·v), n̂0 = n̂ − γ v + (γ − 1)(n̂ · v) v/v2

γ (1 − n̂ · v)
. (6)

If the mass element emits photons with wavelength λ0 in its
rest frame, the wavelength in the quasar rest frame is

λ

λ0
= E0

E
= γ (1 − n̂ · v). (7)

Let μ = n̂ · v/v be the cosine of the angle between the path
of the emitted photon and the velocity vector in the quasar rest
frame, with a similar definition for μ0 in the rest frame of the
emitter. Then, from Equations (6),

μ0 = μ − v

1 − μv
, μ = μ0 + v

1 + μ0v
. (8)

Thus, the elements of solid angle in the two frames are related
by

dΩ0 = dΩ
dμ0

dμ
= dΩ

γ 2(1 − μv)2
. (9)

If photons are emitted at a rate dṄe0(Ω0) into a small element
of solid angle dΩ0 in the rest frame of the emitting material,
then they are received at a rate of dṄr (Ω)dtr = dṄe0(Ω0)dte0
within a small element of solid angle dΩ; here, te0 is the
emission time in the rest frame of the emitter and tr is the
time when they are received in the frame of the observer.
If the observer is at a position X = const, then tr = te + |X−xe|.
The emitting element has x0 = const, so Equations (4) give
dxe = γ vdte0 and dte = γ dte0; then,

dtr = γ dte0− (X − xe) · dxe

|X − xe| = γ (1−μv)dte0 +O(X−1). (10)

Since X is astronomically large, we can drop the terms propor-
tional to 1/X. Then,

dṄr

dΩ
= 1

γ 3(1 − μv)3

dṄe0

dΩ0
; (11)

the subscript “r” indicates that this is the rate at which photons
are received by the observer.

At this point, a subtle correction is required. Let dNEM/dΩ be
the total number of photons that are in transit from the emitter to
the observer, with momenta pointing into the solid angle dΩ. In
the rest frame of the observer, dNEM/dΩ = (dṄr/dΩ)|X − xe|
(recall that c = 1). The rate of change of the photon number is
dṄEM/dΩ = −μv(dṄr/dΩ)+O(X−1). If the rate of emission of
photons is dṄe/dΩ, then by continuity dṄEM/dΩ = dṄe/dΩ−
dṄr/dΩ so dṄe/dΩ = (1 − μv)dṄr/dΩ. We may then ask
whether the shape of the observed spectral line is determined
by dṄe/dΩ or dṄr/dΩ, which differ because of the changing
number of photons in transit. In a steady-state system, with
emitting elements traveling both toward and away from the
observer, the total number of photons in transit should be

2
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constant after averaging over all the emitting elements. This
means that the average should be taken over the rate at which
photons are emitted rather than the rate at which they are
detected; that is, we should work with

dṄe

dΩ
= 1

γ 3(1 − μv)2

dṄe0

dΩ0
. (12)

Kaiser (2013) calls this the “light cone effect” and argues as
follows. We see emitting bodies on the past light cone. Their
separation dxLC along the line of sight on the light cone is related
to their separation at fixed time dx by dxLC = dx/(1 − μv) so
their observed density is larger than the density at fixed time by
a factor dx/dxLC = 1 − μv. In other words, we see more mass
elements moving away from us than toward us. To correct for
this effect in a steady-state system, we must multiply dṄr/dΩ
by 1 − μv, which converts Equation (11) to Equation (12).8

If the photons are emitted in a spectral line with energy E0,
then the rate of energy emission in the observer frame is

dPe

dΩ
= E

dṄe

dΩ
= E

γ 3(1 − μv)2

dṄe0

dΩ0
where

E = E0

γ (1 − μv)
. (13)

This can be rewritten in terms of the energy flux per unit
wavelength at the detector,

fλ = 1

X2

dPe

dΩ
δ[λ − λ0γ (1 − μv)]. (14)

If the emitting region is optically thin,9 and composed of
a large number of discrete clouds that radiate isotropically,
then dṄe0/dΩ0 is independent of direction and the integrals (1)
become

Jn = const × 〈γ n−4(1 − μv)n−3〉, (15)

where the brackets 〈·〉 denote a luminosity-weighted average
over the clouds. To O(v2),

Jn = const ×
[

1 +
1

2
(n − 4)〈v2〉 +

1

2
(n − 3)(n − 4)〈μ2v2〉

]
,

(16)

in which we have assumed that 〈μv〉 = 0 as required for a steady
state. Then, for example, Equation (2) yields an energy-weighted
mean redshift 〈z〉E,SR = 1/2〈v2〉 − 3〈μ2v2〉 to O(v2). The
subscript “SR” is a reminder that this calculation accounts only
for special-relativistic effects. In addition, there is a gravitational
redshift equal to −〈Φ〉, where Φ is the gravitational potential.10

For a point-mass potential like that of a BH, the virial theorem
implies that 〈Φ〉 + 〈v2〉 = 0 in a steady state; this is a classical
result but relativistic corrections are of higher order than we are
considering. Adding this correction yields 〈z〉 = 〈z〉SR + 〈v2〉,
8 This correction dates back at least to a discussion of synchrotron radiation
by Ginzburg & Syrovatskii (1969). The distinction between dṄe/dΩ and
dṄr/dΩ is also discussed by Rybicki & Lightman (1979).
9 Here “optically thin” means that photons from one emitting element are not
obscured by other elements; the individual elements (e.g., discrete clouds) may
still be optically thick.
10 We ignore the gravitational redshift due to the host galaxy or its
environment since this is presumably the same for the broad lines and the
narrow lines.

〈ν/ν0〉 = 〈ν/ν0〉SR − 〈v2〉, both to O(v2). Thus, the photon- and
energy-weighted mean redshifts are

〈z〉N = 3

2
〈v2〉 − 2〈μ2v2〉, 〈z〉E = 3

2
〈v2〉 − 3〈μ2v2〉. (17)

The analogous Equations (3) for the frequency shift are

〈ν/ν0〉N = 1 − 3

2
〈v2〉 + 3〈μ2v2〉,

〈ν/ν0〉E = 1 − 3

2
〈v2〉 + 4〈μ2v2〉. (18)

For a spherically symmetric distribution of clouds 〈μ2〉 =
1/3, and we have

〈z〉N = 5

6
〈v2〉, 〈z〉E = 1

2
〈v2〉,

〈ν/ν0〉N = 1 − 1

2
〈v2〉, 〈ν/ν0〉E = 1 − 1

6
〈v2〉. (19)

For comparison, Kaiser (2013) finds (at the end of his Sec-
tion 3) 〈ν/ν0〉N,SR = 1 + 1/2〈v2〉, which after adding the gravi-
tational redshift, yields 〈ν/ν0〉N = 1 − 1/2〈v2〉, consistent with
our result.

If the clouds are in an optically thin disk, with normal inclined
by I to the line of sight, then 〈μ2〉 = 1/2 sin2 I , so

〈z〉N = 〈v2〉
(

3

2
− sin2 I

)
, 〈z〉E = 3

2
〈v2〉 cos2 I,

〈ν/ν0〉N = 1 − 3

2
〈v2〉 cos2 I,

〈ν/ν0〉E = 1 + 〈v2〉(2 sin2 I − 1). (20)

If the emitting material is an optically thick disk, dṄe0/dΩ0
is proportional to cos θ0, where θ0 is the angle between the
disk normal ẑ and the photon momentum in the rest frame of
the emitting material. Thus, cos θ0 = ẑ · n̂0 and observing that
n̂ · v = 0, Equation (6) yields

cos θ0 = cos θ

γ (1 − μv)
, (21)

where θ = I is the angle between the disk normal and the line
of sight in the observer’s frame. The analog of Equations (15)
and (16) are then

Jn = const × 〈γ n−5(1 − μv)n−4〉
= const ×

[
1 +

1

2
(n − 5)〈v2〉 +

1

2
(n − 4)(n − 5)〈μ2v2〉

]
.

(22)

Including gravitational redshift, the mean redshifts and fre-
quency shifts are

〈z〉N = 3

2
〈v2〉 cos2 I, 〈z〉E = 〈v2〉

(
3

2
− 2 sin2 I

)
,

〈ν/ν0〉N = 1 + 〈v2〉
(

2 sin2 I − 3

2

)
,

〈ν/ν0〉E = 1 + 〈v2〉
(

5

2
sin2 I − 3

2

)
. (23)
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For the most part, these derivations are not new. The ex-
pressions for 〈z〉E and 〈ν/ν0〉E are the same as Equations (11)
and (12) of Gerbal & Pelat (1981).11 Chen et al. (1989) derive
an expression for the line profile fλ expected from an accretion
disk; their derivation correctly captures all of the relativistic ef-
fects considered here. In addition, Chen et al. include the effects
of gravitational lensing by the BH and calculate the shape of
the line profile, not just its first moment. Lensing can affect the
line profile but to the order we are considering its effects are
symmetric in z and so do not affect the first moment.

A complete description of relativistic effects in the spectra of
optically thick disks is given by Cunningham (1975).

2.2 Spherical Models

A simple model for the BLR consists of a large number of
clouds, distributed in a sphere, moving under the influence of
the gravity of the central BH, and in virial equilibrium. The
density of clouds is sufficiently small that the BLR is optically
thin. Spherical models are not physically plausible for a number
of reasons relating to the confinement and long-term survival
of the clouds (e.g., Mathews & Capriotti 1985; Krolik 1999).
Nevertheless, we shall briefly examine these models since they
illustrate the strong dependence of the mean redshift on the
geometry of the BLR.

In spherical models the line-of-sight velocity dispersion is
related to the mean-square velocity by σ 2 = 1/3〈v2〉, and the
mean redshift is given by Equation (19),

〈zc〉E = 1

2
〈v2/c〉 = 3

2
σ 2/c, (24)

where here and henceforth we restore factors of c to the
formulae. This result is independent of the shape of the velocity
ellipsoid in the phase-space distribution of the clouds.

Since σ/c is typically �0.03 for our sample, the mean redshift
〈zc〉 is expected to be much less than the line width σ . Thus,
while the rms width can be determined fairly reliably for a single
quasar, the expected mean redshift cannot. Therefore, we must
average over many quasars. Let 〈·〉σ denote the average over all
quasars in our sample with rms width in a small range around
σ , with equal weight given to each quasar. Then, in spherical
models,

〈〈zc〉〉E,σ = 3

2
σ 2/c. (25)

2.3 Disk Models

The notion of a disk-like BLR is not new in the literature.
Early evidence came from observations of radio-loud quasars,
where the orientation of the accretion disk can be inferred from
the resolved radio jet morphology, and the observed correlation
between the width of the broad Hβ line and the jet orientation
can be accounted for if the BLR is a disk whose symmetry axis is
aligned with the radio axis (e.g., Wills & Browne 1986; Runnoe
et al. 2013). A second argument for a disk-like BLR comes from
the success of disk-emitter models in explaining double-peaked
broad-line profiles in some quasars (Chen et al. 1989; Eracleous
et al. 1995). Dynamical modeling of RM data sets also favors a
disk geometry in several local broad-line AGNs (e.g., Pancoast
et al. 2013).

A BLR disk with a small radial extent and moderate incli-
nation should lead to a double-peaked broad-line profile (e.g.,

11 Note that there is a typographical error in their Equation (6): the factor β in
the denominator of the expression on the first line should be β2.

Dumont & Collin-Souffrin 1990; Eracleous 1999). However,
only about a few percent of BLRs in the general quasar pop-
ulation exhibit double-peaked lines (e.g., Strateva et al. 2003;
Shen et al. 2011), which suggests that a wide range of radii
in the disk contributes significantly to the observed emission.
The derivations in this paper use angle brackets 〈·〉 to denote
luminosity-weighted averages over the spatial extent of the BLR
and are equally valid regardless of the range of radii in the BLR.

We assume that the BLR is a flat disk whose normal is inclined
by an angle I to the line of sight, in which the emitting material
travels on circular orbits uniformly distributed in azimuth. The
velocity v is then the circular speed at a given radius. If the disk
consists of an optically thin collection of clouds,12 we may use
Equation (20):

〈zc〉E = 3

2
cos2 I 〈v2/c〉, σ 2 = 1

2
sin2 I 〈v2〉. (26)

If the disk is optically thick, as one would expect for a standard
Shakura–Sunyaev accretion disk, then from Equation (23):

〈zc〉E =
(

3

2
− 2 sin2 I

)
〈v2/c〉, σ 2 = 1

2
sin2 I 〈v2〉. (27)

More generally, the emitting material in the disk would also
have a dispersion in velocities. In an optically thin disk of
discrete clouds, the dispersion arises from epicyclic motion
and the radial, azimuthal, and normal dispersions, sR, sφ , and
sz, can all be different (e.g., Binney & Tremaine 2008). We
write sφ = fφsR and sz = fzsR . Then, the generalization of
Equations (26) is

〈zc〉E = 3

2
cos2 I 〈v2/c〉

+
3

2

[(
1 + f 2

φ

)
cos2 I + f 2

z (1 − 2 cos2 I )
]
s2
R

/
c,

σ 2 = 1

2
sin2 I 〈v2〉 +

1

2

[(
1 + f 2

φ

)
sin2 I + 2f 2

z cos2 I
]
s2
R.

(28)

Note that this expression assumes that the dispersion makes
a dynamical contribution to the virial theorem, that is, that〈
Φ+v2+

(
1+f 2

φ +f 2
z

)
s2
R

〉 = 0. For Keplerian potentials fφ = 1/2;
fz depends on the details of the disk dynamics but is typically
also �0.5.

In an optically thick disk, the dispersion would most likely
arise from turbulence.13 If the turbulence is isotropic and the
rms turbulent velocity along any one direction is s, then the
generalization of Equation (27) is

〈zc〉E =
(

3

2
− 2 sin2 I

)
〈v2/c〉 +

1

2
s2/c,

σ 2 = 1

2
sin2 I 〈v2〉 + s2. (29)

This assumes that the dispersion makes a dynamical contribution
to the virial theorem, 〈Φ + v2 + 3s2〉 = 0. Of course, the
assumption that the turbulence is isotropic is questionable:

12 Disks composed of discrete clouds are subject to some of the same
problems with confinement and long-term survival as spherical models.
13 Another possible mechanism of local broadening of the line is electron
scattering (e.g., Laor 2006), in which case the local dispersion s would not
contribute to the virial theorem.
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for example, if the turbulence is due to the magnetorotational
instability, it is likely anisotropic.

To proceed further, we need to estimate the distribution of
〈v2〉 for the quasars in our sample. We first give the derivation
for optically thick disks (Equation (29)). Let u ≡ 〈v2〉1/2 and
y = 〈zc〉E . Let the probability that a quasar in the sample lies
in a small interval of u and of inclination I be P (u)Q(ν)dudν,
where ν = cos I ; that is, we assume that the distribution in
inclination and mean-square velocity is separable, as required
in the simplest unification models. Then the joint probability
distribution in rms line width σ and flux-weighted mean redshift
〈zc〉E = y is

p(y, σ ) = 2σ

∫
dudν P (u)Q(ν)

× δ

[
y +

(
1

2
− 2ν2

)
u2/c − 1

2
s2/c

]

× δ

[
σ 2 − 1

2
u2(1 − ν2) − s2

]
. (30)

The probability distribution in rms line width is

p(σ ) =
∫

p(y, σ )dy

= 2σ

∫
dudν P (u)Q(ν)δ

[
σ 2 − 1

2
u2(1 − ν2) − s2

]
,

(31)

and the mean redshift of quasars at a given line width is

〈〈zc〉〉E,σ

=
∫

p(y,σ )y dy∫
p(y,σ ) dy

=
∫

dudνP (u)Q(ν)[(2ν2− 1
2 )u2+ 1

2 s2]δ[σ 2− 1
2 u2(1−ν2)−s2]

c
∫

dudνP (u)Q(ν)δ[σ 2− 1
2 u2(1−ν2)−s2]

=
∫ du P (u)Q(

√
1+2(s2−σ2)/u2)

u

√
u2+2s2−2σ2

( 3
2 u2+ 9

2 s2−4σ 2)

c
∫ du P (u)Q(

√
1+2(s2−σ2)/u2)

u

√
u2+2s2−2σ2

. (32)

The data are not sufficient to directly determine the functions
P (u) and Q(I ). Instead, we shall assume a simple model for
Q(I ), motivated by the unification model: the disks are oriented
isotropically, except that disks with inclination exceeding some
opening angle Imax are obscured (Type 2 quasars) and thus do
not appear in the sample (this model assumes that the BLR disk
and the obscuring torus are coplanar). Then,

Q(ν) = 1

1 − cos Imax
, cos Imax � ν � 1, (33)

and zero otherwise. Then the distribution of line widths is

p(σ ) = 2σ

1 − cos Imax

∫ ∞

umin

duP (u)

u
√

u2 + 2s2 − 2σ 2
,

umin ≡
√

2(σ 2 − s2)

sin Imax
(34)

for σ � s, and zero otherwise. For given values of the disk
dispersion s and the maximum inclination Imax, this equation
can be solved for P (u) given the known distribution of line

widths σ in our sample. Once this is done, the mean redshift as
a function of line width is given by

〈〈zc〉〉E,σ =
∫ ∞
umin

du P (u)( 3
2 u2+ 9

2 s2−4σ 2)

u
√

u2+2s2−2σ 2

c
∫ ∞
umin

du P (u)
u
√

u2+2s2−2σ 2

. (35)

The derivation for optically thin disks is similar. The analog
to Equation (34) is

p(σ ) = 2σ
1−cos Imax

× ∫ ∞
umin

du P (u)√
[u2 + (1 + f 2

φ − 2f 2
z )s2

R][u2 − 2σ 2 + (1 + f 2
φ )s2

R]
,

umin ≡
√

2σ 2−[(1+f 2
φ ) sin2 Imax+2f 2

z cos2 Imax]s2
R

sin Imax
(36)

and the analog to Equation (35) is

〈〈zc〉〉E,σ =
3
∫ ∞
umin

du P (u)[u2−2σ 2+(1+f 2
φ +f 2

z )s2
R ]√

[u2+(1+f 2
φ −2f 2

z )s2
R ][u2−2σ 2+(1+f 2

φ )s2
R ]

2c
∫ ∞
umin

du P (u)√
[u2+(1+f 2

φ −2f 2
z )s2

R ][u2−2σ 2+(1+f 2
φ )s2

R ]

. (37)

3 THE QUASAR SAMPLE

Our sample is drawn from the value-added SDSS Data
Release 7 (DR7) quasar catalog (Schneider et al. 2010; Shen
et al. 2011). The parent quasar sample contains 105,783 quasars
brighter than Mi = −22.0 that have at least one broad emission
line with FWHM larger than 1000 km s−1. The SDSS spectra
used in this study are stored in vacuum wavelength, with a
pixel scale of 10−4 in log10 wavelength, which corresponds to
69 km s−1. The spectral resolution is R � 2000. We only keep
objects for which the SDSS spectrum covers the Hβ–[O iii]
region, so that we can measure the properties of the broad Hβ
line as well as the systemic velocity estimated from [O iii].
The cut FWHM >1000 km s−1 is based on the SDSS pipeline
fits to the broad lines during the compilation of the DR7 quasar
catalog (Schneider et al. 2010), and translates to a lower limit on
dispersion of roughly 400–1300 km s−1 depending on the line
shape. The range of dispersion that we consider in this work
will be σ > 1300 km s−1 and hence is not strongly affected by
this cut.

To measure the properties of the broad Hβ line, we use a
fitting procedure similar to that described in Shen et al. (2008).
A power-law continuum plus an Fe ii template is fitted to several
windows around the Hβ region free of major broad and narrow
lines to form a pseudo-continuum. This pseudo-continuum is
subtracted from the spectrum, leaving a line-only spectrum.
We then fit the line-only spectrum with a set of Gaussians in
logarithmic wavelength, for both narrow lines and broad lines.
The Hβ line is modeled by a broad component (with three
Gaussians) and a narrow component (with a single Gaussian).
Each component of the [O iii] λλ4959,5007 doublet is modeled
with two Gaussians, one for a “core” component and one for
a blue-shifted “wing” component. The width and velocity of
the narrow Hβ component are tied to that of the core [O iii]
component. We take the velocity of the core [O iii] component
to be the systemic velocity, which agrees with that estimated
from stellar absorption features in spectroscopically resolved
quasar hosts to within ∼50 km s−1 (e.g., Hewett & Wild 2010).
In addition to Hβ and [O iii] λλ4959,5007, we simultaneously
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Figure 1. Mean redshift 〈z〉 (multiplied by c so units are km s−1), vs. velocity dispersion σ of the broad Hβ line for the SDSS DR7 quasar sample. Points with error
bars are means in bins of width 0.05 in log10 σ . Red points are for the full sample of 21,223 quasars and blue points are for a subset with S/N per pixel � 10. Cyan
points are obtained by fitting to stacked spectra of all quasars within a narrow range of velocity dispersion. The green line shows the predicted redshift for a spherical
distribution of clouds (Equation (25)).

(A color version of this figure is available in the online journal.)

fit a set of two Gaussians to account for the narrow and broad
He ii λ4687 flux blue-ward of Hβ.

We use the model fit of the broad Hβ line obtained in this
way to measure line centroid and width, instead of using the raw
spectrum. This is because the line dispersion (second moment,
or σ ) is sensitive to the wings of the line, and the noise in the
raw spectrum would induce instability in the σ measurements.
More precisely, the centroid (first moment) and width (second
moment) of the broad line are calculated as

〈λ〉E =
∫

λfλdλ∫
fλdλ

, σ 2
λ =

∫
(λ − λ0)2fλdλ∫

fλdλ
(38)

where fλ is the flux density in units of erg s−1 cm−2 Å−1,
λ0 = 4862.68 Å is the vacuum wavelength of Hβ, and both fλ

and λ are measured in the rest frame of the quasar as determined
from the wavelength of the core [O iii] component. Note that
the moments are energy-weighted rather than photon-weighted,
hence the subscript “E” on 〈λ〉 (see Equation (2)).

We then convert the line centroid and dispersion to velocity
units as 〈zc〉E = c(〈λ〉E − λ0)/λ0 and σ 2 = c2σ 2

λ /λ2
0. Mea-

suring dispersions from noisy spectra is notoriously difficult,
and there is no consensus on the best way to do this. Our treat-
ment, fitting multiple Gaussians to the continuum-subtracted
spectrum, somewhat reduces the effects of noise in the wings of
the line. We have also tried fitting high signal-to-noise ratio (S/
N) stacked spectra by binning objects in small ranges in veloc-
ity dispersion and found consistent results (Figure 1). We also

experimented with the FWHM from the model broad line as a
measure of line width (see Figure 7); the FWHM is more robust
to measure than the dispersion σ , but the analytical relation be-
tween FWHM and 〈zc〉 depends on the radial distribution of the
emitting gas, which the relation between σ and 〈zc〉 does not.

Our final sample contains 21, 223 quasars in the redshift range
0.06 < z < 0.89 with broad Hβ measurements. The spectra
span a wide range of quality: the median S/N per pixel in the
Hβ region varies from 0.4 to over 80. Thus, we have also defined
a “high-quality” sample’ with S/N � 10, which contains 11,845
quasars.

4 RESULTS

Figure 1 shows a scatter plot of 〈zc〉 versus σ for the quasar
sample, as well as the mean redshift 〈〈zc〉〉σ for the full sample
(red points) and the high-quality sample (blue points). The
mean redshifts obtained by stacking spectra in small ranges of
dispersion are shown as cyan points. All three sets of points yield
very similar relations between dispersion and mean redshift.
The green line shows the predicted relativistic mean redshift
if the BLR is a spherical, virialized, optically thin distribution
of clouds orbiting in the gravitational field of the central BH
(Equation (25)). The trend in the data is qualitatively similar to
the model: the mean redshift is near zero at small dispersions14

14 Quantitatively, when averaged over all the quasars with σ � 2500 km s−1,
the mean redshift is consistent with zero, 10 ± 6 km s−1.
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Figure 2. Left: distribution of dispersions in the full sample of quasars (histogram) along with fits to optically thick disk models with different values of the disk
dispersion s and the maximum unobscured inclination Imax (Equation (34)). The fits are obtained by modeling the distribution of rms circular speeds u = 〈v2〉1/2 as a
sum of Gaussians in log u. Right: the corresponding distributions in rms circular speed. The wiggles in the distributions arise because we are solving an ill-conditioned
integral equation.

(A color version of this figure is available in the online journal.)

and grows faster than linearly as the dispersion increases, but
the model amplitude is too small by a factor of two to three.

The differences between the mean redshifts in the full
sample and the high-quality sample are large and scattered for
σ > 10,000 km s−1, suggesting that in this dispersion range the
sample contains very little information for our purposes—there
are only 32 quasars with σ > 10,000 km s−1 in the full sample,
and only 11 in the high-quality sample—so we drop these from
the analysis. We also drop quasars with σ < 1300 km s−1 from
the sample, since this dispersion range may be affected by the cut
in the line width used in constructing the SDSS quasar catalog,
as discussed in Section 3.

We next fit these data to the disk models described in
Section 2.3. We adopt the simplest parameterization of the
unification model, in which disks are obscured and hence in-
visible if and only if the inclination of the disk axis to the
line of sight exceeds Imax (Equation (33)). For optically thick
disks (e.g., accretion disks), we have two free parameters:
Imax and the intrinsic velocity dispersion s within the disk.
The expected relation between the dispersion and the mean
redshift is then given by Equation (35); the distribution of
rms circular speeds u = 〈v2〉1/2, P (u) in that equation, is
obtained by inverting the integral Equation (31) that relates
P (u) to the distribution of dispersions p(σ ) over the range
1300 km s−1 < σ < 10,000 km s−1. In practice, this inver-
sion is done by modeling P (u) as the sum of 20–30 Gaus-
sians in log u; the means are equally spaced in log u and the
standard deviations and normalizations are adjusted to mini-
mize χ2 between p(σ ) and the distribution of dispersions in
the quasar sample (Figure 2). The median measurement error
on σ is ∼350 km s−1, which is small compared to the typ-
ical dispersion and is therefore not modeled in χ2, i.e., the
errors are taken to be the Poisson errors in the number of
quasars in each dispersion bin. The fitting procedure for op-
tically thin disks (e.g., disks composed of emitting clouds) is

similar: there are two free parameters, Imax and the radial ve-
locity dispersion sR, and we set the anisotropy parameters to
fφ = fz = 0.5.

Figure 3 shows the predicted values of the mean redshift
for the full and high-quality samples in optically thick disks
(the predicted values are slightly different in the two samples
because they depend on the fit to the distribution of dispersions
in each sample). The solid curves are for maximum inclinations
Imax = 15◦, 30◦, . . . , 75◦, 90◦ with intrinsic disk dispersion
s = 500 km s−1. We also show predictions with Imax = 45◦
and intrinsic dispersions of 0 and 1000 km s−1 (dashed lines).15

Figure 4 shows similar results for optically thin disks using the
full sample.

At low dispersions, σ � 2500 km s−1, the data exhibit very
small mean redshifts, typically a few tens of km s−1 (see
footnote 14). This result favors disk models with large Imax,
since the redshift at low dispersions declines as Imax increases
(for example, when Imax = 75◦, the mean redshift in our models
for σ < 2500 km s−1 is ∼60 km s−1). At higher dispersions,
these models work much less well, producing mean redshifts
that are far smaller than those in the data, or even negative
redshifts.

Models with small Imax, in particular Imax = 15◦, predict red-
shifts that are larger than the observations by several thousand
km s−1. In addition, such models are in tension with BH masses
estimated by other methods. The model with Imax = 15◦ re-
quires a typical circular speed 〈v2〉1/2 � 20,000 km s−1 for our
quasar sample (right panel of Figure 2). Combining this with the
typical BLR size estimated from the optical luminosity using the
empirical relation determined from RM (e.g., Bentz et al. 2009),
RBLR � 0.06 pc, implies a typical BH mass of 6 × 109 M� for

15 Typical values of the intrinsic dispersion estimated from fitting disk-emitter
models to double-peaked broad-line profiles are in the range of hundreds to
∼1800 km s−1 (e.g., Eracleous & Halpern 2003; Strateva et al. 2003).
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Figure 3. Predicted mean redshift due to relativistic effects in the full quasar sample (left) and the high-quality sample (right). Optically thick disk models with
intrinsic dispersion s = 500 km s−1 and a range of maximum unobscured inclinations Imax are denoted by solid lines, and models with Imax = 45◦ and a range of
intrinsic dispersions are shown as dashed lines—these are difficult to distinguish because they almost coincide.

(A color version of this figure is available in the online journal.)

Figure 4. Same as the left panel of Figure 3, but for optically thin disks.

(A color version of this figure is available in the online journal.)

our quasar sample. This is an order of magnitude larger than
the virial BH mass estimates based on the average conversion
factor between the line width and rms velocity, which is empir-
ically calibrated using the relation between BH mass and stellar
velocity dispersion (Shen 2013; Kormendy & Ho 2013).

In contrast to the unsatisfactory agreement for large or small
values of the maximum opening angle Imax, all the data for

σ � 3500 km s−1 is bracketed by the model curves for disks
with Imax in the range 30◦–45◦. Compared to the strong effect
of the maximum inclination, the intrinsic disk dispersion s has
almost no effect: the three curves for Imax = 45◦ with intrinsic
dispersions ranging from 0 to 1000 km s−1 lie almost on top of
one another in Figure 3. The differences between optically thick
and thin disks are also small.
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Given the likely systematic errors in fitting the mean redshift
and dispersion of the broad Hβ line, we believe that Figure 3
suggests strongly that (1) the mean broad-line redshift in a large
sample of similar quasars arises mostly from relativistic effects,
(2) the BLR gas orbits in a steady-state disk configuration (or
some other configuration whose mean redshift mimics that of
a disk), and (3) the distribution of disk orientations is not
isotropic, and can be approximated as an initially isotropic
distribution from which disks with inclination to the line of
sight �45◦ are removed. These conclusions are independent of,
but consistent with, AGN unification schemes, in which Type
2 AGNs arise when a central disk is blocked by an obscuring
torus. The maximum inclination Imax = 45◦ corresponds to
the half-opening angle of the torus, and it is remarkable that
the value derived from our analysis is roughly consistent with
values derived from studies of AGN demographics and multi-
wavelength data. For example, Schmitt et al. (2001) study
a sample of infrared-selected Seyfert galaxies and estimate
Imax = 48◦ from the fraction of obscured (Type 2) Seyferts,
which should equal cos Imax. Polletta et al. (2008) estimate
a somewhat larger half-opening angle, ∼67◦, in a sample
of luminous infrared-selected quasars, while Roseboom et al.
(2013) find the 1σ confidence interval of the distribution of
opening angles to be 52◦ < Imax < 76◦. Using polarization
measurements, Marin (2014) finds that the transition between
Type 1 and Type 2 is at inclinations between 45◦ and 60◦.

5 CAVEATS AND TESTS

Although the model curves in Figure 3 for disks with
Imax = 20◦–45◦ bracket the observed redshifts, they do not
come close to fitting the observed redshift versus dispersion
curve. The discrepancies between our best models and the data
may arise from several causes.

1. Systematic errors in our fits for the velocity dispersion and
mean velocity. If systematic fitting errors are the dominant
problem, then more sophisticated analyses should yield
better matches between the observations and models in plots
like Figure 3.

2. Neglect of radiative transfer effects. These can change
either the mean redshift or the line width. However, the
models of Flohic et al. (2012) suggest that over a wide range
of optical depths the line profiles are nearly symmetric in
the absence of relativistic effects.

3. Failure of our assumption that the BLR gas kinematics
is dominated by the gravity of the BH and is in virial
equilibrium, perhaps because of inflows or outflows, which
may be present in some or all BLRs. The approximate
agreement that we have observed between the observed
mean redshifts and the predictions of simple disk models
based on circular orbits sets strong constraints on the
average inflow/outflow. As an example, suppose that the
disk lies on the equatorial plane of a cylindrical (R, φ, z)
coordinate system and that the disk is optically thick so
only material with z > 0 is visible to the observer. We may
model the velocity field of the disk material as

v = v(R)[φ̂ + wRR̂ + wz sgn(z)ẑ]; (39)

here v(R) is the circular speed and the dimensionless factors
wR and wz represent the outflows in the radial and normal
directions. If the inclination between the line of sight and
the disk axis is I, then the mean redshift is

〈zc〉 = −v(R)wz cos I. (40)

If the intrinsic dispersion s in the disk is small compared to
v(R), then Equation (29) gives

wz = − 〈zc〉√
2σ

〈v2〉1/2

〈v〉 tan I

= − 0.035
〈zc〉

100 km s−1

2000 km s−1

σ

〈v2〉1/2

〈v〉 tan I.

(41)

Thus, the sample-averaged BLR inflow/outflow velocity
must be either much smaller than the circular speed, or
nearly in the equatorial plane of the disk.

4. Failure of our assumption that the core of the narrow [O iii]
line equals the systemic velocity, and that this in turn equals
the BH velocity. This is unlikely since the core [O iii]
component agrees with the systemic velocity estimated
from stellar absorption to within 50 km s−1 in cases where
both can be measured (Hewett & Wild 2010).

5. Failure of our model for the obscuration, in which a
quasar appears in the sample if and only if its inclination
to the line of sight is less than the opening angle Imax
(Equation (33)). This model is probably too simple. (1)
It is likely that the opening angle Imax of the obscuring
torus has some distribution among different quasars with
otherwise similar properties (e.g., Elitzur 2012); in this
case, there is no hard threshold of inclination above which
all (broad-line) quasars are obscured. (2) The torus opening
angle distribution may be a function of quasar luminosity
or Eddington ratio (e.g., Simpson 2005; Lusso et al. 2013).
(3) The torus may not be entirely opaque, for example, if it is
composed of discrete clouds with a covering factor �1. The
quality and quantity of the available data are not sufficient
to discriminate between these possibilities using relativistic
effects. We have experimented with other models for the
obscuration, but have not found any that match the data
in Figures 3 and 4 significantly better. We have, however,
found otherwise plausible models that are worse, which
leads us to hope that fitting mean redshifts to relativistic
models may eventually offer valuable constraints on models
of the obscuring torus.

6. Failure of our assumption that the joint distribution in rms
circular speed u = 〈v2〉1/2 and inclination I = cos−1 ν is
separable, i.e., the assumption that P (u, ν) = P (u)Q(ν).
Note that although the distribution of rms circular speed and
inclination is separable, the distribution of dispersion and
inclination is not (Figure 5). Quasars with high dispersions
are more nearly edge-on.

One consistency check of our simple model is that the
relation between mean redshift and velocity dispersion should
not depend strongly on other parameters of the quasar, such as
BH mass or luminosity. To carry out this check, we use virial
estimates of the BH mass M• (Equation (5) of Vestergaard
& Peterson 2006) from the catalog of Shen et al. (2011),
and divide the quasar sample into high and low BH mass
subsamples at the median mass, given by log M•/M� =
8.51. The results are shown in the left panel of Figure 6
as blue (high-mass) and red (low-mass) points. There are no
significant systematic differences between the high- and low-
mass samples. The differences in mean redshifts between the
two subsamples are generally about what is expected from
the statistical uncertainties. The velocities in the low-mass
subsample are systematically higher in the bins with dispersion
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Figure 5. Mean inclination vs. dispersion for the optically thick disk models shown in the left panel of Figure 3. The short horizontal lines indicate the opening angle
Imax for the models of the same color. Note that the mean inclination is correlated with velocity dispersion.

(A color version of this figure is available in the online journal.)

Figure 6. Mean redshift vs. dispersion of the broad Hβ line. Left panel: the quasar sample has been split into high and low BH mass subsamples, each with equal
numbers of quasars (blue and red points, respectively). Right panel: a similar split into high- and low-luminosity subsamples. The masses and luminosities are from
Shen et al. (2011).

(A color version of this figure is available in the online journal.)
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Figure 7. Same as Figure 1, except FWHM is used instead of dispersion as a measure of the width of the Hβ line.

(A color version of this figure is available in the online journal.)

�104 km s−1, but these contain only a handful of quasars (38 in
the high-mass subsample and 21 in the low-mass subsample).
Thus, there is no evidence that the relation between mean
redshift and dispersion depends on BH mass.16

Next we divide the sample into high- and low-luminosity
subsamples at the median continuum luminosity, given by
log L5100/erg s−1 = 44.63 with L5100 taken from the same
catalog.17 The results are shown in the right panel of Figure 6
as blue (high-luminosity) and red (low-luminosity) points.
The differences between the two subsamples are small but
significant: the low-luminosity sample has larger mean redshifts
for dispersion σ < 3500 km s−1, and smaller redshifts for larger
dispersions (for comparison, the ratio of the median luminosities
of the two subsamples is Δ log L = 0.54). The reason for these
differences is not clear. One possibility is that the opening angle
of the obscuring torus depends on the quasar luminosity; there
is evidence that the opening angle is larger in quasars with
larger luminosity (e.g., Simpson 2005; Lusso et al. 2013). A
second possibility is that more luminous quasars are biased
toward more face-on systems, either because these suffer from
less extinction or because the luminosity of an optically thick,
geometrically thin disk varies as cos I . The first of these effects
would produce a mean redshift that is smaller at all dispersions

16 An alternative explanation is that virial estimates of BH mass have large
random errors that obscure any systematic differences. The quartiles of the
mass distribution in this sample are log M•/M� = 8.18 and 8.82, which differ
by a factor of 4.4. Comparisons between these virial BH mass estimates and
those based on relations between BH mass and host-galaxy properties, now
available for some tens of objects, suggest that the virial estimates are probably
only accurate to within a factor of a few (e.g., Shen 2013).
17 Of course, virial estimates of the BH mass M• are obtained from the
velocity dispersion and continuum luminosity so there are only two
independent variables in this analysis (σ and L5100), not three.

in the high-luminosity sample, while the second would produce
a mean redshift that is larger at high luminosities (see Figure 3).
In any event, the difference in mean redshift between the low-
luminosity and high-luminosity samples is much smaller than
the overall trend, which supports the conclusion that this trend
is not determined primarily by the quasar luminosity.

The FWHM is generally regarded as a more stable measure
of the width of quasar broad lines than the dispersion (e.g.,
Shen 2013). We do not use FWHM because it does not have
simple relations to 〈v〉 of the kind derived in Section 2.1.
Nevertheless, it is instructive to plot the mean redshift as a
function of FWHM (Figure 7). The same general trend of
increasing redshift with increasing width is seen; however,
the curve is smoother—as we might expect if FWHM is a
more stable measure of the velocity width—and rises only to
〈v〉 � 1000 km s−1 at FWHM � 15,000 km s−1 compared
to 〈v〉 � 1500–2000 km s−1 at σ � 15,000 km s−1. This
difference in the dependence of mean redshift on σ and FWHM
is actually expected: for the broad Hβ line, the ratio FWHM/σ
is known to increase with line width (e.g., Peterson 2011;
Kollatschny & Zetzl 2011). It has long been suggested that the
line shape (FWHM/σ ratio) is an indicator of the orientation of
the BLR (e.g., Collin et al. 2006). In such a scenario, the BLR
has two components: a flattened component (i.e., a thin disk),
and an isotropic component (either from isotropic turbulence in
the disk or from a separate, spherical component of the BLR).
The FWHM mainly measures the core of the line, and is more
sensitive to the disk component, while σ is more sensitive to the
isotropic component in the line wings. Thus, larger FWHM/σ
ratios are biased toward more edge-on (higher inclination)
systems. Our approach outlined in Section 2 automatically takes
into account the orientation bias in line width.
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Figure 8. Eddington ratio L5100/LEdd for the quasar sample, where L5100 is the continuum luminosity and LEdd is the Eddington luminosity based on a virial estimate
of the BH mass.

The mean redshift among the low-dispersion quasars in
our sample (σ � 2500 km s−1, 46% of the sample) is only
〈zc〉 = 10 ± 6 km s−1, consistent with zero. Therefore, if
there are substantial systematic errors or inflows/outflows,
then either two or more effects cancel (e.g., the redshift from
relativistic effects cancels the blueshift from an outflow), which
seems unlikely but not impossible, or inflows/outflows in the
broad- and narrow-line components and systematic errors all
contribute less than a few tens of km s−1 to the mean redshift
for σ � 2500 km s−1. In particular, if the sample-averaged
blueshift from an outflow is less than 10 km s−1, Equation (41)
implies that the sample-averaged outflow velocity perpendicular
to the disk is less than wz ∼ 0.3% of the local circular
speed.

A further complication is that our quasar sample includes
a range of Eddington ratios L/LEdd, as plotted in Figure 8.
Here the BH mass M• and continuum luminosity L5100 are
computed as described in Section 5 and the Eddington lumi-
nosity LEdd = 1.5 × 1038 erg s−1 M•/M�. The quasars with
low dispersion typically have larger Eddington ratios. If out-
flows are preferentially launched in quasars with high Ed-
dington ratios, then objects with smaller dispersions may be
more biased to outflows, which will lower the mean redshift.
This effect might alleviate the discrepancy between the near-
zero mean redshift that is observed for σ � 2500 km s−1

and the predictions of disk models with Imax ∼ 30◦–45◦
(Figures 3 and 4). Consistent with this suggestion, the quasars
in our sample with σ < 2500 km s−1 exhibit a weak depen-
dence of mean redshift with Eddington ratio: the lowest quartile
(L/LEdd < 0.0093) has 〈zc〉 = 53 ± 10 km s−1 and the highest
quartile (L/LEdd > 0.0286) has 〈zc〉 = −91 ± 10 km s−1.

6 SUMMARY

Using data from the SDSS DR7 quasar catalog, we have
argued that the mean redshift in quasar BLRs is largely due
to relativistic effects. The data then suggest that the BLR
kinematics is described approximately by a disk that is obscured
when its inclination to the line of sight exceeds Imax ∼ 30◦–45◦,
and that outflow or infall has only a small effect on the
mean redshift. Such models are natural consequences of AGN
unification schemes.

Our results strengthen the credibility of virial or single-
epoch estimates of BH masses in broad-line AGNs (e.g., Shen
2013), which rely on the assumption that the BLR is in virial
equilibrium, and also provide guidance on the geometry and
kinematics of the BLR, which are needed to calibrate these
mass estimates. Our models bracket the observed mean redshift
versus dispersion curve (Figure 3), but we stress that they do not
reproduce the detailed shape of this curve, so these conclusions
are still tentative.

What do we need to improve the constraints provided by this
approach? A sample with more quasars, higher-quality spectra,
or a larger dynamic range in luminosity would help, although
the Poisson errors are already small and we do not see any strong
dependence of the mean redshift on S/N or luminosity. Probably
the largest potential source of systematic error is in modeling the
mean redshift and dispersion, and more sophisticated spectral
fits might lead to better agreement between the observed mean
redshift versus dispersion relation and the simple theoretical
models presented here. It would be worthwhile to extend the
analysis to other broad lines, in particular MgII, although the
spectral modeling is more difficult for this line and there are no
SDSS [O iii] or [O ii] redshifts to provide systemic velocities
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beyond z = 1.5. Finally, more general theoretical models of the
kinematics of the BLR and the geometry of the obscuration may
provide better fits to the data.

Our working hypothesis has been that the mean redshifts
in large samples of quasars with similar properties are due
to relativistic effects in a steady-state, virialized, broad-line
region. Further investigation of this hypothesis should lead to
new insights about the nature of the broad-line region and the
properties of the obscuring torus and other quasar components.
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