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SUMMARY
We describe how the existing sea-level equation incorrectly predicts the change in sea
level (and thus the ocean load) in ice-covered, subgeoidal geographic regions during
periods of deglaciation. We go on to present a new sea-level equation that overcomes
this problem and we describe how this equation can be solved in a gravitationally self-
consistent manner by employing a well-known spectral technique. Application of the
new theory to predict relative sea-level (rsl) histories and present-day, 3-D, solid surface
deformation rates in northeastern Canada (based on a single earth model characterized
by a lithospheric thickness of 100 km and upper and lower mantle viscosities of 5|1020

and 5|1021 Pa s, respectively) demonstrates that a signi¢cant error is introduced when
the original theory is employed to predict the oceanic component of the surface load.
Predictions of rsl curves show a discrepancy of *40 per cent at sites where data have
been obtained and employed to constrain models of earth viscosity structure and ice-
sheet histories. This error will signi¢cantly bias estimates of mantle viscosity structure
and ice thicknesses that are based on the original theory. In addition, predictions of 3-D
deformation rates di¡er by up to 25 per cent in some regions and so future applications
that employ these data to constrain models of the glacial isostatic adjustment process
should adopt the improved sea-level theory. In contrast, estimates of inverse decay
times from the predicted rsl curves are insensitive (to within the observational error) to
the improvement in the surface load introduced by the new theory. Thus, viscosity
structure inferences based on this parametrization and the original sea-level equation
are una¡ected by the error in the ocean load. Finally, the new theory predicts a eustatic
(i.e. globally uniform) rise in sea level over the postglacial period that is *11 m lower
than that determined via the original theory. Therefore, estimates of the global ice
budget at the last glacial maximum based on far-¢eld rsl data and the original sea-level
theory will be too small by *10 per cent.

Key words: crustal deformation, glacial rebound, sea level.

1 INTRODUCTION

The response of the Earth to the surface ice^water mass redistribution induced by the Late Pleistocene glacial cycles is manifest
in a number of geophysical observables: variations in sea level, anomalies in the geopotential (and their time derivatives), secular
variation of the Earth's rotation vector and 3-D deformation of the solid surface. The timescale of the glacial-age forcing is such
that the Earth response exhibits both an elastic and a non-elastic (predominantly viscous) behaviour. Therefore, the above-listed
observables are sensitive to both elastic and non-elastic Earth properties.

Our knowledge of the Earth's internal elastic structure is most e¡ectively determined from seismic modelling analyses; there-
fore, in order to reduce the number of unknowns in the glacial isostatic adjustment (GIA) problem, it is common to assume an elastic
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earth structure that is compatible with seismic constraints. The GIA-related data can then be employed, in conjunction with an
adopted model of the Late Pleistocene ice-sheet histories, to infer Earth viscosity structure (e.g. Peltier & Andrews 1976; Sabadini
et al. 1982;Wu & Peltier 1983; Nakada & Lambeck 1989; Ivins et al. 1993; Mitrovica et al. 1994a; Kaufmann &Wolf 1996; Mitrovica
& Forte 1997). This application of the GIA-related data is one of the few methods available for delineating whole-mantle viscosity
structure. A second application of these data involves the reverse procedure, whereby a preferred viscosity structure is adopted in
order to constrain Late Pleistocene ice-sheet histories (e.g.Wu & Peltier 1983; Tushingham & Peltier 1991; Lambeck 1993; Lambeck
et al. 1998).

In each of these applications, the accuracy of the forward model is a factor of primary importance (especially given the
inherently non-unique nature of the inference problem). An accurate description of the surface load redistribution is clearly a
fundamental aspect of the calculation. For a speci¢ed model of the ice-sheet histories, the contemporaneous distribution of water in
the ocean basins comprises the second component of the surface load. The depth of the ocean at any point is the height displacement
between the geoid and the Earth's solid surface. Therefore, any perturbation to these surfaces will e¡ect a change in sea level. A
theoretical treatise on the physical mechanisms associated with GIA that perturb these two surfaces was originally provided
by Farrell & Clark (1976). This theory underlies the so-called `sea-level equation', the solution of which speci¢es the GIA-induced
sea-load distribution. As well as being an important component of the surface load required to predict accurately a number of
GIA-related observables, the change in sea level (or ocean depth) is itself such an observable. Indeed, observations of relative sea
level (rsl) have been the most commonly adopted GIA data type for constraining mantle viscosity and ice-sheet histories.

In order to solve the sea-level equation, the total load (i.e. ice and ocean) that perturbs the geoid and the solid surface must
be known. Since the oceanic component of the load (i.e. the sea-level change) is not known at the outset, accurate solutions of the
sea-level equation generally require an iterative procedure. A ¢rst approximation to the sea-level change can be calculated by simply
dividing the volume of water lost or gained by the continental ice masses by the area of the Earth's oceans and then adding or
subtracting (respectively) this amount uniformly to or from the oceans. This ¢rst iterate can then be employed in the sea-level
equation to determine a second iterate estimate of sea-level change. This procedure is repeated until the desired convergence between
iterates is achieved. Solutions of this type are termed `gravitationally self-consistent' since the calculated perturbation to the ocean
surface (which must lie on an equipotential surface of the gravitational ¢eld) is consistent with the internal (solid earth) and external
(ice and ocean) mass redistribution.

Two approximations were adopted by Farrell & Clark (1976) in their original development and application of the sea-level
equation. First, they assumed that the model earth was not rotating and so ignored the sea-level signal produced by GIA-induced
perturbations to the Earth's rotation vector. Second, they assumed that the geometry of the Earth's coastlines de¢ning the geo-
graphic perimeter of the ocean load was constant throughout the loading period and equal to the present-day geometry. A number of
publications have extended the sea-level theory to incorporate a migrating shoreline (Lambeck & Nakada 1990; Johnston 1993;
Peltier 1994) and perturbations to the rotation vector (Bills & James 1996; Milne &Mitrovica 1996, 1998a). These studies have found
that although the contribution of these e¡ects is of second order, they can be signi¢cant in certain geographic regions (e.g. Johnston
1993; Milne &Mitrovica 1998a,b). An extended version of the sea-level equation that incorporates both of these e¡ects can be found
in Milne & Mitrovica (1998a).

The sea-level equation is generally regarded as providing a complete description of the ocean load distribution associated with
GIA. Thus, on an ideal earth that has a perfectly known rheology and glacial history, the sea-level equation may be applied to
determine accurately the GIA-induced ocean load distribution (under the assumption that the in£uence of sediment transportation
can be ignored). This ocean load can, in turn, be employed to predict accurately the GIA-related observables listed above. However,
in this paper we report on a conceptual £aw implicit in previous applications of the sea-level equation that can result in an error of
hundreds of metres in the calculated ocean load at times of ice retreat from near-¢eld regions.

As an example, consider the Hudson Bay region of northeastern Canada, which was once covered by the massive Laurentide
ice sheet. A considerable portion of the land surface covered by this ice sheet was below contemporaneous sea level (e.g. Denton
& Hughes 1981). There are a number of ice model reconstructions of the Laurentide ice mass (e.g. Peltier & Andrews 1976;
Tushingham & Peltier 1991). A common element in such models is the catastrophic downwasting of the component of the ice
sheet over the Hudson Bay region around 9 kyr BP. At this time the solid surface in Hudson Bay was considerably lower than the
contemporaneous geoid, largely due to the local crustal depression induced by the overlying ice mass. It follows that the removal of
ice from this region will have been accompanied by a massive in£ux of meltwater/ocean water to ¢ll the void existing between these
two surfaces at around 9 kyr BP.

The sea-level equation, in the form in which it has previously been implemented, does not account for the accumulation of water
in subgeoidal solid surface regions once covered by ice sheets. In fact, the traditional `gravitationally self-consistent' solution of the
sea-level equation predicts a negative sea load in near-¢eld regions throughout the postglacial period (e.g. Wu & Peltier 1983;
Johnston 1993). This is because there is a net decrease in height between the geoid and solid surface, due largely to crustal rebound
induced by glacial unloading. This prediction is inaccurate since, at the time of ice retreat, it is the absolute height di¡erence between
these surfaces, and not the load-induced perturbation, that describes the sea-level change (see below). Thus, although the sea-level
equation can be correctly applied to predict the water-load increments after ice has retreated from such regions, it cannot be applied
to predict the water load during times of ice retreat.
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In the next section we introduce a method for solving a revised sea-level equation that successfully predicts, in a gravitationally
self-consistent manner, the water in£ux at times of ice retreat described above. As a ¢rst application of the new theory, which
includes a time-dependent ocean function and the rotation-induced sea-level excitation, we go on to consider the e¡ect of this water
in£ux on predictions of rsl and present-day, 3-D crustal deformation rates in northeastern Canada. This geographic location is of
particular interest given the large number of GIA modelling analyses that have employed rsl histories from this region to constrain
models of earth rheology and/or the Laurentide ice-sheet history (e.g. Wu & Peltier 1983; Tushingham & Peltier 1991; Mitrovica &
Peltier 1993; Han & Wahr 1995; Mitrovica & Forte 1997).

Most of the Late Pleistocene ice sheets were partially or totally marine based (that is, grounded to solid surface regions that
lay below contemporaneous sea level and were connected to adjacent ocean areas). For example, parts of the Laurentide and
Fennoscandian ice sheets were marine-based, as were the smaller Barents, Kara and east Siberian ice sheets. Thus, although we
apply the new sea-level theory to the retreat of the Laurentide ice sheet, the theory is also relevant to the deglaciation of the most
recent Late Pleistocene ice sheets.

The following material ¢rst appeared in Milne (1998). A recent paper by Peltier (1998) discusses ideas that are similar to those
presented below.

2 THEORY

As stated in the Introduction, the change in sea level due to earth forcings associated with GIA (that is, a surface load redistribution
and a time-varying rotational potential) is given by the perturbed height change in the geoid minus the perturbed height change in the
solid surface. At a given colatitude h and east longitude t, this relationship can be expressed as

S(h, t, t)~C(h, t)[G(h, t, t){R(h, t, t)] , (1)

where S(h, t, t) is the change in sea level at some time t following the onset of the surface loading episode, and C(h, t) is the ocean
function (Munk & MacDonald 1960) that de¢nes the perimeter of the ocean load throughout periods of glacial loading and
unloading (this function has a value of unity over ocean regions and zero over land regions). In writing eq. (1) we are assuming, at
this stage, that the ocean^continent margin remains ¢xed in time. The ¢elds G(h, t, t) and R(h, t, t) represent the GIA-induced
perturbations to the geoid and solid surface, respectively.

As described above, applying (1) to calculate the sea-load distribution gives incorrect results in near-¢eld regions once loaded
by a marine-based ice sheet. In the following we describe how eq. (1) can be solved in a manner that produces an accurate description
of the near-¢eld water load during ice-load removal and at subsequent times. We employ the pseudospectral algorithm (Mitrovica
& Peltier 1991; Milne & Mitrovica 1998a) for this purpose since it is currently the most computationally e¡ective technique for
solving (1) in a gravitationally self-consistent manner and, consequently, has been adopted by a number of research groups involved
in predicting GIA-induced sea-level change. To begin, we derive a spectral domain form of eq. (1) that is based on the impulse
response Love number formalism valid for a Maxwell viscoelastic earth model (e.g. Peltier 1974).

In the following analysis, we employ the non-dimensional load and tidal Love numbers that de¢ne the response of a spherically
symmetric, self-gravitating, Maxwell viscoelastic earth model to an impulse-like surface loading and a general potential forcing,
respectively. These Love numbers are used to construct Green's functions for the GIA-induced perturbations to the geopotential and
the solid surface. The Green's functions describing the perturbation to the geopotential due to an impulse-like loading and a general
potential forcing are, respectively,

'L(c, t)~
ag
Me

X?
`~0

d(t)zkL,E` d(t)z
XK
k~1

r0`,Lk exp ({s`kt)

( )
P`(cos c) , (2)

and

'T(t)~d(t)zkT,E` d(t)z
XK
k~1

r0`,Tk exp ({s`kt) , (3)

where a is the mean radius of the earth, Me is the mass of the earth, g is the surface gravitational acceleration and c represents the
angular distance between the impulse load point and the observation point. L and Tsignify Love numbers associated with the surface
loading problem and the tidal forcing problem, respectively; d is the Dirac delta function and ` denotes the degree of the Legendre
polynomial P` cos (c). The ¢rst Dirac delta function on the right-hand side of eqs (2) and (3) denotes the direct e¡ect of the impulse
surface load and the potential forcing, respectively, on the earth's gravitational potential. Note that the response of the model earth
to the load and tidal forcing is characterized by an immediate elastic response (denoted by the Love numbers with superscript E) and
a non-elastic response described by a weighted sum of exponential functions that decay with time subsequent to the excitation.
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The Green's functions describing the radial perturbation to the solid surface due to an impulse-like loading and a general
potential forcing are, respectively,

!L(c, t)~
a
Me

X?
`~0

hL,E` d(t)z
XK
k~1

r`,Lk exp ({s`l t)

( )
P`(cos c) , (4)

and

!T(t)~
1
g

hT,E` d(t)z
XK
k~1

r`,Tk exp ({s`kt)

" #
. (5)

In analogy to (2) and (3), the solid surface Green's functions, (3) and (4), are characterized by an immediate elastic response and a
time-varying non-elastic response.

The Green's functions (2)^(5) can be employed to calculate the perturbations to the geoid and the solid surface due to a general
surface load, L(h, t, t), and a time-varying rotational potential, "(h, t, t), in the following manner:

G(h, t, t)~
1
g

�t
{?

��
)
a2L(h0, t0, t0)'L(c, t{t0) d)0 dt0z

1
g

�t
{?

"(h, t, t0)'T(t{t0) dt0zG(t) (6)

and

R(h, t, t)~
�t

{?

��
)
a2L(h0, t0, t0)!L(c, t{t0) d)0 dt0z

�t
{?

"(h, t, t0)!T(t{t0) dt0 . (7)

In eq. (6), G(t) denotes a uniform height shift of the geoid; this term, which ensures conservation of water mass, is required since the
ocean surface does not remain on the same equipotential of the Earth's gravitational ¢eld during a glacial cycle. Expressions (6)
and (7) can be substituted into eq. (1) to arrive at the following equation describing the sea-level ¢eld on a spherically symmetric,
self-gravitating, Maxwell viscoelastic earth perturbed by a general surface load L(h, t, t) and a rotational potential forcing
"(h, t, t):

S(h, t, t)~C(h, t)
�t

{?

��
)
a2L(h0, t0, t0)

'L(c, t{t0)
g

{!L(c, t{t0) d)0z"(h, t, t0)
'T(t{t0)

g
{!T(t{t0)

� �� �
dt0zG(t)

� �
.

��
(8)

The next step involves evaluating the spatial and temporal convolutions in eq. (8). The temporal convolution can be determined
in a straightforward manner by assuming a GIA forcing history in the form of a series of discrete Heaviside increments (e.g. Farrell &
Clark 1976). Such a forcing history may be expressed as

L(h, t, t)~oiI(h, t, t)zowS(h, t, t)

~
XN
n~1

[oidI
n(h, t)zowdSn(h, t)]H(t{tn) (9)

and

"(h, t, t)~
XN
n~1

d"n(h, t)H(t{tn) , (10)

where I(h, t, t) de¢nes the ice-height distribution throughout the loading history. The terms dIn, dSn and d"n represent the nth
increments in the ice-height distribution, the ocean depth distribution and the potential forcing, respectively; oi and ow are the
densities of ice and water, respectively; and H(t{tn) is the Heaviside functional de¢ned to be zero for t < tn and unity for t§tn.
Describing the temporal form of the loading function in this manner does not result in a loss of generality since the time increment
between loading episodes can be made arbitrarily short.

In order to employ the pseudospectral algorithm to solve eq. (8) we are required to transform the problem to the spectral domain
(e.g. Mitrovica & Peltier 1991). Applying eqs (9) and (10) to (8), followed by performing the temporal convolution and then
transforming the resulting equation to the spatial harmonic domain leads us to the following spectral-domain form of the sea-level
equation on a Maxwell viscoelastic earth model excited by a Heaviside forcing history (see Appendix A):

X
`,m

S`,m(t)Y`,m(h, t)~
X
r,s

Cr,sYr,s(h, t)
X
`,m

(
EL
` T`(oI I`,m(t)zowS`,m(t))zET

`

"`,m(t)
g

z
XN
n~1

T`(oidI
n
`,mzowdSn

`,m)b
L
` (t{tn)z

d"n
`,m

g
bT
` (t{tn)

� �
H(t{tn)zG(t)d`,0dm,0

)
Y`,m(h, t) , (11)
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where the S`,m, Cr,s, I`,m and "`,m are the spherical harmonic coe¤cients of the ocean load, the ocean function, the ice load and the
rotational potential at time t during the loading period. The spherical harmonic coe¤cients of the nth Heaviside increment of the ice
and ocean loads and the rotational potential are represented by dIn`,m, dSn

`,m and d"n
`,m, respectively. The parameters T`, EL

` , E
T
` , bL

`

and bT
` are de¢ned as (see Appendix)

T`~
4na3

Me(2`z1)
, (12a)

EL
` ~1zkL,E` {hL,E` , (12b)

ET
` ~1zkT,E` {hT,E` , (12c)

bL
` (t{tn)~

XK
k~1

(r0`,Lk {r`,Lk )
s`k

[1{ exp ({s`k(t{tn))] , (12d)

and

bT
` (t{tn)~

XK
k~1

(r0`,Tk {r`,Tk )
s`k

[1{ exp ({s`k(t{tn))] . (12e)

As stated above, we employ the pseudospectral algorithm (Mitrovica & Peltier 1991; Milne &Mitrovica 1998a) to solve eq. (11). The
key aspects of this procedure are outlined below.

By de¢ning the time dependence of the GIA forcing as a series of Heaviside increments, solving (11) reduces to determining the
sea-level increments, dSn

`,m (n~1, N), for the time period of interest. Consider the jth Heaviside ocean increment,

dS j
`,m~S`,m(tj){S`,m(tj{1) . (13)

At any time t~tj, it is assumed that the preceding sea-level increments have been determined and thus the S`,m(tj{1) are known. The
task at hand, therefore, is to determine the coe¤cients S`,m(tj) and then to apply eq. (13) in order to determine the dS j

`,m.
The S`,m(tj) can be determined from eq. (11), which may be written in the form (Mitrovica & Peltier 1991; Milne & Mitrovica

1998a)

X
`,m

S`,m(tj)Y`,m(h, t)~
X
r,s

Cr,sYr,s(h, t)
X
`,m

EL
` T`(oiI`,m(tj)zowS`,m(tj{1))ET

`

"`,m(tj{1)
g

z EL
` T`owdS j

`,mzET
`

d"j
`,m

g

" #(

z
Xj{1

n~1

T`(oidI
n
`,mzowdSn

`,m)b
L
` (tj{tn)z

d"n
`,m

g
bT
` (tj{tn)

� �
zG(tj)d`,0dm,0

)
Y`,m(h, t) . (14)

For a given degree ` and order m there are two unknown quantities on the right-hand side of eq. (14): the dS j
`,m term and the d"j

`,m
term. Note that the coe¤cients d"n

`,m (n~1, j{1) (and hence "`,m(tj{1)) can be determined from knowledge of the loading
increments and the adopted earth rheology (e.g. Milne & Mitrovica 1996). Eq. (14) can be evaluated by adopting the following
procedure. First, the dS j

`,m are approximated by calculating the incremental change in sea level due to meltwater addition
(or subtraction) to (or from) the oceans,

[dS j
`,m]

i~1~ {
oi

ow

dI j
0,0

C0,0

" #
C`,m , (15)

where the superscript i~1 denotes the ¢rst iterate of the dS`,m. This ¢rst iterate is used to evaluate the d"j
`,m, allowing (14) to be

evaluated and thus a ¢rst iterate of the S`,m(tj) to be determined. These, in turn, can be employed in eq. (13) to calculate the second
iterate set of the sea-level increment coe¤cients at t~tj (denoted by [dS j

`,m]
i~2). This new iterate is then employed to repeat the above

procedure, until

X
`,m

j[dS j
`,m]

iz1j{j[dS j
`,m]

ij
j[dS j

`,m]
ij < � , (16)

where � is a pre-determined convergence parameter and the vertical bars represent the modulus of the complex variable.
One aspect of the algorithm described above is performed in the space domain (hence the title `pseudospectral'). The operation

of mapping the continent function on to the globally de¢ned sea-level ¢eld in eq. (14) is performed in the space domain for increased
computational e¤ciency. That is, we calculate

S(h, t, tj)~C(h, t)SG(h, t, tj) , (17)
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whereX
`,m

SG`,m(tj)Y`,m(h, t)~
X
`,m

EL
` T`(oiI`,m(tj)zowS`,m(tj{1))zET

`

"`,m(tj{1)
g

z EL
` T`owdS j

`,mzET
`

d"j
`,m

g

" #(

z
Xj{1

n~1

T`(oidI
n
`,mzowdSn

`,m)b
L
` (tj{tn)z

d"n
`,m

g
bT
` (tj{tn)

� �
zG(tj)d`,0dm,0

�
Y`,m(h, t) . (18)

The function SG(h, t, tj) describes the global sea-level ¢eld at the time tj. For the purpose of simplifying the following discussion, it is
convenient to express the space domain form of eq. (13) as

dS j(h, t)~S(h, t, tj){S(h, t, tj{1)

~C(h, t)SG(h, t, tj){C(h, t)SG(h, t, tj{1) . (19)

Eq. (19) encompasses both eqs (13) and (17) in a form appropriate for discussing the limitations of the sea-level equation.
One ¢nal aspect of the algorithm requires discussion: the extension of the theory and procedure required to incorporate a

time-dependent ocean function. Although a description of our general procedure has been previously given (e.g. Milne &
Mitrovica 1998a), a more detailed description is warranted for two reasons. First, the above theory requires a minor modi¢cation to
incorporate correctly a time-dependent ocean function (this modi¢cation, although employed in our numerical predictions, was not
described in previous articles). Second, a discussion of this modi¢cation is necessary before going on to introduce the manner in
which the sea-level theory can be improved to predict the above-described water in£ux to near-¢eld regions once covered by a
marine-based ice sheet.

To implement a time-dependent ocean function in a self-consistent manner, a second iteration loop over an entire glacial cycle is
required (rather than at each time step in the forcing history) (Johnston 1993; Peltier 1994). Assuming a continent margin ¢xed to the
present-day geometry, the pseudospectral algorithm can be employed to solve the sea-level equation over a complete glacial cycle.
The resulting predictions of the sea-level ¢eld can be employed to calculate rsl at each Heaviside time step via

rsl(h, t, tj)~S(h, t, tj){S(h, t, tp) , (20)

where, tp is the present time. The rsl(h, t, tj) ( j~1, N) can then be applied to calculate the palaeotopography (that is, the height of
the solid surface relative to the geoid), T (h, t, tj), at these times using

T (h, t, tj)~T (h, t, tp){rsl(h, t, tj) . (21)

Since the Earth's coastlines mark the intersection of the geoid and the solid surface, at any past time the palaeocoastlines are located
wherever the palaeotopography is zero. Thus, a set of ocean functions C(h, t, tj) ( j~1, N) can be determined from the rsl(h, t, tj)
( j~1, N) and a present-day topography data set, T (h, t, tp). This set of ocean functions can then be adopted in a second run of the
sea-level calculator over a complete glacial cycle. The above-described procedure is repeated until satisfactory convergence is
obtained between successive iterates of the C(h, t, tj) ( j~1, N). In near-¢eld regions, the ocean function is also dependent on the
geographic distribution of ice cover. Thus, once a set of ocean functions has been calculated from the palaeotopography data, the ice-
height distribution at each time step can be employed to rede¢ne the ocean areas as those that are ice free as well as having negative
topography.

A minor revision of eq. (19) is necessary when incorporating a time-dependent continent margin [that is, adoption of C(h, t, t)
rather than C(h, t)] into the pseudospectral algorithm (Milne 1998). Let us assume, to begin, that we can rewrite (19) as

dS j(h, t)~C(h, t, tj)SG(h, t, tj){C(h, t, tj{1)SG(h, t, tj{1) . (22)

A scenario of sea-level rise is schematically illustrated in Fig. 1(a). Sea level has risen by some amount and the coastline has migrated
landwards. Applying (22) to calculate the sea-level increment at this time step would produce an incorrect result within the area of

Figure 1. A schematic diagram illustrating the region in which the original pseudospectral algorithm predicts incorrect results when the continent
margin is modelled in a time-dependent fashion. The symbols Cj{1 and Cj are shorthand notation for the ¢elds C(h, t, tj{1) and C(h, t, tj),
respectively.
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shoreline migration (indicated as area II in Fig. 1a).Within this region, C(h, t, t) is zero at t~tj{1 (that is, this area is not ocean at
this time). Thus, within this region eq. (22) reduces to dS j(h, t)~SG(h, t, tj) (since C(h, t, tj)~1). That is, the calculated
incremental sea-level rise at t~tj is equal to the total displacement between the geoid and the solid surface from the onset of loading
to the time tj.

Fig. 1(b) schematically portrays the opposite scenario of sea-level fall at some geographic location causing the coastline to
migrate seawards. In a similar manner to above, applying eq. (22) would produce the incorrect result dS j(h, t)~{SG(h, t, tj{1)
within the region migrated by the shoreline. This prediction is equal in magnitude but opposite in sign to the net sea-level change
since the beginning of the glacial loading cycle to the time tj{1.

Clearly, eq. (22) is not valid when C(h, t, tj{1)=C(h, t, tj). This problem can be avoided in a straightforward manner by
subtracting the function SG(h, t, tj{1) from SG(h, t, tj) ¢rst and then multiplying the result of this operation by the ocean function
valid for the time tj. That is,

dS j(h, t)~C(h, t, tj)[SG(h, t, tj){SG(h, t, tj{1)] . (23)

Application of (23) gives the correct result at all sites when a time-dependent ocean function is adopted (see Johnston
1993, eq. 10).

As described in the Introduction, water will £ood into surface regions exposed by a retreating ice sheet wherever the geoid lies
above the solid surface. This idea is schematically illustrated in Fig. 2. At time tj the ice sheet retreats and water £oods into the region
vacated by the ice. The sea load in this region is the total height di¡erence between the geoid and the solid surface at the time of ice
retreat. However, the sea-level equation, as represented by eq. (23), is based upon a theory that considers only the relative height shift
between the geoid and the solid surface within some speci¢ed time interval. For example, during a period of deglaciation in near-¢eld
regions, a large and negative sea load is predicted by the sea-level equation (see Results section) due, predominantly, to the rebound
of the solid surface. Such a load is clearly unrealistic in near-¢eld regions covered by a marine-based ice sheet at times of ice retreat.

We seek to revise eq. (23) such that the solution accurately describes the desired large and positive sea-load increment when ice
immediately vacates a region and yet produces the correct, standard result obtained via a conventional application of the sea-level
equation at times subsequent to the in£ux of water. This can be done by introducing a functional, f(h, t, tj), which takes the value
zero in areas where the ice has retreated upon the application of the jth Heaviside loading increment, and the value 1 elsewhere.
Applying this functional leads to the following equation (Milne 1998):

dS j(h, t)~C(h, t, tj)[f(h, t, tj){SG(h, t, tj){SG(h, t, tj{1)}z{f(h, t, tj){1}T (h, t, tj)] , (24)

where C(h, t, tj) is zero at any location covered by land or ice and unity elsewhere. Upon inspection of eq. (24), it is evident that the
¢rst term within the square brackets, when mapped onto the ocean function, describes the same ¢eld as eq. (23) except in regions
characterized by ice retreat, in which case a value of zero is given. The second term, in contrast, describes a ¢eld that is everywhere
zero except in regions where ice has retreated. In these regions, this term describes the negative of the palaeotopography ¢eld at the
time tj, denoted by T (h, t, tj).

The revised sea-level equation (24) represents a more general expression describing the sea load than eq. (23), in that it predicts
the correct load increment in areas characterized by ice retreat where the geoid lies below the solid surface (Milne & Mitrovica
1998c). Also, applying eq. (24) within the framework of the pseudospectral algorithm described above does not result in a signi¢cant
increase in computation time. The palaeotopography ¢eld is pre-computed for the time-dependent ocean function aspect of the
calculation and the new function f(h, t, t) can be computed directly from the adopted ice model in a straightforward manner.

Figure 2. A schematic diagram illustrating the water load applied (shaded region) to subgeoidal regions once covered by ice. In this special case, the
water load is de¢ned by the total height displacement between the geoid and the solid surface at the time of ice retreat.
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To implement the new theory, we replace eq. (13) by eq. (24). At each Heaviside time step the result of eq. (15) is employed in
eq. (18) to evaluate the SG`,m(tj). Following this, we calculate dSGj

`,m~SG`,m(tj){SG`,m(tj{1) and then transform the resulting ¢eld
into the equivalent space-domain form, dSG(h, t, tj) (which represents the term enclosed within the ¢rst set of curly brackets
in eq. 24). Eq. (24) can then be evaluated by assuming that T (h, t, tj)~T (h, t, tp) and, consequently, C(h, t, tj)~C(h, t, tp) during
the ¢rst glacial cycle (as discussed above). The function dS j(h, t) can be transformed into the spectral domain to produce the second
iterate set of coe¤cients [dS j

`,m]
i~2. As before, we repeat this procedure until eq. (16) is satis¢ed.

3 RESULTS AND DISCUSSION

In this section we explore the signi¢cance of the new sea-level theory by comparing predictions based on this theory to those based on
the standard theory. For ease of discussion, the term `standard theory' shall be used to denote GIA predictions that adopt a sea load
calculated via a gravitationally self-consistent solution of the sea-level equation while incorporating the in£uence of earth rotation
and a time-dependent ocean function (eqs 23, 18, 15 and 16). [The new sea-level theory, in contrast, is based on eq. (24) rather than
(23) in order to predict the near-¢eld in£ux of meltwater and ocean water discussed above.] Each calculation was performed to
a spherical harmonic truncation level of degree and order 256 (trial calculations not discussed here indicate that convergence is
reached by this degree and order).

The earth model adopted in the calculations is characterized by a 100 km thick lithosphere, a uniform viscosity of 5|1020 Pa s
within the upper mantle (from the base of the lithosphere to the seismic discontinuity at 670 km depth), and a viscosity of
5|1021 Pa s within the lower mantle (from 670 km to the base of the mantle). As mentioned in the Introduction, the elastic and
density structures of the adopted earth model are taken directly from seismic constraints (Dziewonski & Anderson 1981). In contrast
to the simple three-layered mantle viscosity^depth parametrization, the radial elastic and density structure of the earth model are
discretized using a considerably smaller spatial increment (with 90 layers within the lithosphere^mantle region). The viscosity
structure of the adopted earth model was chosen to be broadly compatible with constraints obtained in a number of recent modelling
analyses based on GIA-related data (e.g. Mitrovica & Forte 1997; Lambeck et al. 1998).

The frequently adopted global ICE-3G deglaciation model (Tushingham & Peltier 1991) was employed to predict the results
discussed below. This model is temporally discretized into 14 Heaviside loading increments over the period 18 kyr BP to 5 kyr BP in
1 kyr time intervals.We incorporate a glaciation phase by reversing the deglaciation history in time and extending the Heaviside time
increment to 7 kyr.

As discussed above, the majority of the late Pleistocene ice sheets were partially or totally marine-based. However, in this
section we choose to focus on the deglaciation of the Laurentide ice sheet over northeastern Canada (although note that our theory
properly accounts for changes in global ice-sheet geometry). A large fraction of the ice sheet once existing in this region was below
contemporaneous sea level and so the `water in£ux' mechanismwill contribute signi¢cantly to the surface load. Also, as stated above,
a number of modelling analyses have employed rsl data from this region to constrain models of the GIA process. In the following we
shall explore the signi¢cance of the new theory in terms of constraining ice and earth model parameters.

Fig. 3 illustrates the deglaciation of northeastern Canada between 11 and 8 kyr BP based on the ICE-3G deglaciation model.
This particular time window was chosen because it is during this period that much of the land in this region becomes ice free. Each
frame in Fig. 3 shows a spherical harmonic representation of the ICE-3G model (truncated at degree and order 256) at the time
indicated in the bottom left-hand corner. The ¢ne-scale topography of the ice sheet is an artefact of the original disc load composite
comprising the ICE-3G model (Tushingham & Peltier 1991). Certain aspects of the ICE-3G deglaciation history are clearly not
accurate representations of the true ice history within this region; however, the large-scale features and gross time history of the
model are compatible with a number of other studies (e.g. Boulton et al. 1985; Andrews 1987), so the model is appropriate for our
current purpose.

Fig. 4 depicts the sea-load increments calculated at the time steps corresponding to those in Fig. 3 by employing the new theory.
Note that the sea-level increments are con¢ned to subgeoidal solid surface regions not covered by ice. Thus, any regions showing ice
cover at a speci¢c time in Fig. 3 are devoid of a sea-load increment at the corresponding time in Fig. 4.

Consider the change in the ice coverage over the period 11^10 kyr BP in Fig. 3. Note that the shallow ice coverage over the
Boothia Peninsula and the Gulf of Boothia (the dark-shaded region centred on approximately 710N and 950W in Fig. 3) at 11 kyr BP
has disintegrated by 10 kyr BP, as has ice in the mouth of Hudson Strait (approximately 620N and 700W). The top right-hand frame
in Fig. 4 shows the predicted sea-load increment associated with this (instantaneous) change in the ice load. There is a substantial
in£ux of water into the region of Hudson Strait that has become ice free. A similar sea-load increment is applied to the present-day
ocean area surrounding the Boothia Peninsula. Note that, at these locations, the predicted ocean load does not coincide with the
black lines indicating the present-day coastline. An extreme example is KingWilliam Island (690N, 980W), which is calculated to be
below the geoid at this time and thus entirely submerged. Note also the water load adjacent to the retreating ice mass near the
western shore of James Bay and within Lake Superior (lower-middle portion of the frame), indicating that these areas, exposed by
the retreating ice margin, are predicted to be below the geoid at this time.

Now consider the change in the ice and sea loads occurring over the time interval 10^9 kyr BP. In the ICE-3G reconstruction,
the Laurentide ice sheet melts catastrophically during this period. Hudson Strait opens up and Hudson Bay becomes largely ice free.
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In fact, there is only a small volume of ice remaining westwards of*800Wat 9 kyr BP in the geographic region considered in Fig. 3.
As one would expect, such a major change in ice coverage is accompanied by a dramatic in£ux of water to Hudson Bay and the ocean
region surrounding Prince of Wales Island and Somerset Island (located in the northwest section of the bottom left-hand frame
in Fig. 4). This water load is of an unusually large magnitude, reaching values of several hundreds of metres. Note that locations in
which a large water load was added at 9 kyr BP (such as in the vicinity of the Boothia Peninsula) are characterized, at the following
time step, by a relatively small negative sea load (see Fig. 4). The sign and magnitude of this load, calculated subsequent to the water
in£ux, are typical of predictions based on the standard theory (see Fig. 5 below). The sea-load increment at 9 kyr BP illustrates that
the geometry of the Hudson Bay coastline has changed considerably from this time to the present day. Not surprisingly, the predicted
change is most signi¢cant along the southwest shore, where the present-day topography is relatively low and £at.

The next Heaviside ice-load increment, at 8 kyr BP, results in Hudson Strait and Hudson Bay becoming totally ice free
(see Fig. 3). At this time the predicted water load, except in a few locations, is due to the incremental relative displacement between
the geoid and the solid surface. This signal is negative in near-¢eld regions largely due to the ice-load-induced rebound of the solid
surface, which dominates the smaller-amplitude perturbation to the geoid. This perturbation is essentially the sum of three com-
peting e¡ects: the globally uniform height increase due to meltwater addition to the oceans; the local height decrease caused by a
diminishing gravitational attraction between the disintegrating ice mass and the surrounding ocean water; and the upwarping
associated with redistribution of mass within the solid earth. Note that Prince of Wales Island (which was submerged by water in£ux
at 10 kyr BP) now lies partly above the geoid due to the rapid crustal uplift occurring between 10 and 8 kyr BP.

Figure 3. The ice-thickness distribution in northeastern Canada based on a spherical harmonic representation of the ICE-3G model (truncated
at degree and order 256) at four distinct times during the deglaciation period. The lightest shade (not shown on the scale bar) represents ice-free
regions.
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Fig. 5 illustrates the predicted sea-load increments for the same region considered in Fig. 4, with the exception that in this case
the results are based on the standard theory. The same earth and ice model are adopted. There are a number of points of comparison
with the results based on the extended theory. First, note that the sea load is always negative in regions once loaded by ice with a
magnitude not exceeding 80 m at any time step. (The positive sea-level signal evident in the ocean east of Labrador and Ba¤n Island
is due to a combination of e¡ects such as the geoid height increase from meltwater addition to the oceans plus subsidence of the solid
surface in this region caused by a collapsing peripheral bulge.)

By comparing the sea-load increments shown in Figs 4 and 5, it is evident that application of the standard theory produces an
unrealistic result at times when solid surface regions below the geoid become ice free. The error incurred in the prediction of the
water load reaches a magnitude of several hundreds of metres in some locations. Calculations based on the standard theory predict a
considerable negative total load (ice plus water) from regions such as Hudson Bay at 9 kyr BP. In contrast, the results based on the
new theory indicate that the total load over Hudson Bay at this time is quite small, as the water load associated with the in£ux is
similar in magnitude but opposite in sign to the ice load associated with deglaciation. Thus, one would expect that the rsl predictions
based on the two calculations will di¡er considerably.

This issue is addressed in Fig. 6, which shows the predicted rsl signal derived from the new theory minus the same predictions
based on the standard theory at 10 kyr BP. (Note that the results were not mapped on to the ocean function in this case, hence the
non-zero signal over land/ice-covered regions.) Not surprisingly, the largest error is incurred in the centre of Hudson Bay, and
reaches a magnitude of *110 m in this region at this time. (The error becomes larger at older times because the predicted rsl time-
series are de¢ned to converge at the present day when rsl is zero; see eq. 20.) The sign of the error re£ects the fact that a larger load is
removed in the standard theory, thus producing a greater amount of uplift and so a larger sea-level fall.

Figure 4. The predicted sea-load increments corresponding to the change in the ice load illustrated in Fig. 3 and based on the new sea-level theory.
The lightest shade (not shown on the scale bar) denotes solid surface regions that are either ice covered or above the geoid at the time indicated.
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The labelled dots in Fig. 6 locate a selection of sites taken from the rsl database complied by Tushingham (1989). These
particular sites were chosen to indicate the geographical distribution of data available for modelling purposes in this region. Data
from some or all of these sites have been used in a number of GIA modelling studies (e.g. Tushingham & Peltier 1991; Han & Wahr
1995; Mitrovica & Forte 1997).

The signi¢cance of the results in Fig. 6 will depend on the magnitude of the rsl signal and the observational uncertainty for the
data at each site. Fig. 7 shows predicted rsl curves for six of the sites labelled in Fig. 6. Sites S2, S3, S6 and S8 all lie within the eastern
section of James Bay or Hudson Bay and thus show a relatively large discrepancy between the predictions of the two sea-level
theories. Site S9 lies very close to the `hinge line' related to the di¡erential positive ocean load that is representative of the new theory
(sites that lie between this line and the location of the maximum load discrepancy are characterized by subsidence while sites located
outwards of this region are characterized by `peripheral bulge' uplift induced by this load). Therefore, the discrepancy at this site is a
minimum. Site S10 lies within this peripheral bulge region, so the rsl discrepancy at this site is of opposite sign to that at sites S2, S3,
S6 and S8.

For the sites labelled in Fig. 6, the largest absolute discrepancies occur at sites S3, S6 and S2 (in decreasing order of magnitude).
The oldest rsl datum from each of these sites dates back to approximately 8 kyr BP. The magnitudes of the discrepancies between the
two sets of predictions at this time are*47 m at site S3, followed by*40 m at site S6 and*36 m at site S2. These values correspond
to relative percentage errors of (approximately) 32, 43 and 16 per cent respectively (based on the rsl predictions of the new theory).
Tushingham (1989) estimated (conservatively) a 2p height error of 15 per cent in the observed rsl height. We conclude that the rsl
predictions based on the standard theory are signi¢cantly biased by the incorrectly calculated ocean load.

Figure 5. Analogous to Fig. 4 with the exception that the results illustrated are based on the standard sea-level theory.
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As stated above, the largest magnitude discrepancy, in the Hudson Bay region and its vicinity, is consistently negative; therefore,
application of the standard theory will introduce a systematic error to the predictions. Modelling analyses that compare observed
and predicted rsl age^height pairs and assume a known earth rheology are therefore likely to infer ice-sheet thicknesses that are too
low in this region, since the predicted water component of the unloading is too large in this case. Furthermore, the opposite method
of assuming the ice model known in order to constrain mantle viscosity structure will produce signi¢cantly biased viscosity estimates
if the standard theory is employed.

Observed rsl curves from geographic locations near the centre of once ice-covered regions (such as the region considered in this
study) exhibit a monotonic, exponential-like sea-level fall throughout the postglacial period. Previous studies have suggested that the
decay times associated with the most recent portion of these rsl variations can provide a viscosity constraint that is insensitive to
uncertainties in the ice-load history (Mitrovica & Peltier 1993, 1995). The choice of the rsl time window adopted to estimate the decay
time for a speci¢c site is based on two criteria: (1) that the solid surface be in a state of free rebound (that is, the region be essentially
ice free); and (2) that global eustatic sea-level changes do not contaminate the local decay time estimates. For a chosen time window
satisfying these criteria, the site-dependent decay times, qi, and amplitudes, Ai, are estimated via aMonte-Carlo determination of the
best-¢tting exponential form de¢ned by

rsli(t)~Ai[exp (t/qi){1]zCi , (25)

where i speci¢es the chosen site and Ci is a constant site-dependent o¡set. The time-series rsli(t) represents either sea-level
observations or predictions based on a speci¢c GIA model. By adopting the parametrization (25), it is possible to separate, to some
degree, the sensitivity to load parameters (embedded in the Ai) from the sensitivity to earth parameters (embedded in the qi).

In a recent application of this parametrization, data from a number of sites from northeastern Canada and Scandinavia were
employed to infer viscosity structure (Mitrovica & Forte 1997). Among the sites considered in northeastern Canada were S6 and S8
shown in Fig. 7. Mitrovica & Forte (1997) adopted an rsl time window of the past 6.5 kyr to estimate the decay times for the data in
this region.We adopt the same time window in our calculations. The decay time corresponding to the dashed curve for site S6 (that is,
corresponding to calculations based on the standard sea-level theory) is 10.0 kyr, whereas that for the solid curve is 10.5 kyr. This
di¡erence is not signi¢cant given that the 1p error in the decay time obtained from observations at this site is *1.2 kyr. At site S8,

Figure 6. The di¡erence between a prediction of rsl at 10 kyr BP based on the new sea-level theory and an analogous prediction based on the
standard theory. The black dots mark the locations of a selected distribution of sites within this region where rsl data have been obtained.
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where the 1p error in the observed decay time is also *1.2 kyr, there is no di¡erence in the predicted decay times (to one decimal
place) obtained from the two theories. These results con¢rm the robustness of previous analyses based on the decay time
parametrization.

At this point, we brie£y consider predictions of present-day 3-Dmotions of the Earth's surface due to GIA. A number of articles
have demonstrated that this data type may be e¡ectively employed to constrain models of the GIA process (e.g. James & Morgan
1990; Mitrovica et al. 1994a). Fig. 8 shows predictions of present-day radial deformation rates (top-left frame) and horizontal
deformation rates (bottom-left frame) based on the new sea-level theory and the formalism described in Mitrovica et al. (1994b). The
frames on the right-hand side of the ¢gure show the result of subtracting the predictions based on the standard theory from those
based on the new theory. Not surprisingly, the geometry of the discrepancy in the predicted radial deformation ¢eld is very similar to
that predicted for the rsl ¢eld (see Fig. 6). The maximum error is approximately 3 mm yrÿ1 adjacent to the northwest corner of James
Bay, resulting in a relative error of *25 per cent. The discrepancies between predictions of horizontal rates are smaller with values
not exceeding 0.5 mm yrÿ1 near the southern margin of the region considered, corresponding to a relative error of*20 per cent. The
absolute magnitudes of these discrepancies are larger than the accuracy of modern geodetic techniques employed to observe solid
surface deformation.

A permanent Global Positioning System (GPS) network has been operational in Fennoscandia (BIFROST Project 1996) for
over ¢ve years, and the data, which reveal a clear signal associated with GIA, have been used to infer earth and ice model parameters

Figure 7. Rsl predictions at six sites within the Hudson Bay region (see Fig. 6 for the speci¢c locations of these sites). The solid line represents
predictions based on the new sea-level theory, while the dashed line is based on the standard theory.
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(Davis & Johansson 1997). As mentioned above, parts of the Fennoscandian ice sheet were marine-based, as was the Barents ice
sheet located immediately north of Scandinavia. Therefore, the new sea-level theory is likely to impact on predictions of 3-D surface
deformation rates in this region. For this reason, and because of the fact that a number of sea-level modelling analyses have been
performed on rsl data from this area (e.g. Lambeck et al. 1998), we shall consider the signi¢cance of the new theory for GIA
predictions in the Scandinavian region in a future article.

The near-¢eld water `pooling' incorporated in the new theory has implications for predictions of the eustatic (i.e. globally
uniform) sea-level rise that results from the change in geoid height associated with the increase in ocean water volume and the change
in ocean basin volume (associated with the GIA-induced surface deformation) accompanying the disintegration of the ancient ice
sheets. The solid earth deformation component of the eustatic signal has been termed `equatorial ocean syphoning' (Mitrovica &
Peltier 1991), since it involves a £ux of ocean water from regions of low latitude to regions of higher latitude that are characterized by
a subsiding peripheral bulge during the postglacial period. Predictions of the eustatic signal for the two theories are shown in Fig. 9.
Not surprisingly, the new theory predicts a reduced sea-level rise since a signi¢cant portion of the meltwater ¢lls subgeoidal regions
exposed by the retreating ice. Thus, even though the total ice melt volume is the same in each case, the uniform rise of the geoid
associated, primarily, with this mass £ux, is smaller by *11 m over the postglacial period. This result has implications for the

Figure 8. Predictions of present-day 3-D surface deformation rates due to GIA. The top left frame shows the radial component of this ¢eld
calculated using the total surface mass load (ice plus water) obtained from the new sea-level theory. The top right frame shows the di¡erence between
the rates predicted using a load obtained from the new and standard sea-level theories (i.e. `new'{`old'). The bottom frames show the analogous
results for the predicted horizontal crustal deformation rates.
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procedure of applying far-¢eld sea-level curves to constrain the total ice volume (e.g. Peltier 1994). Clearly, adopting the standard
theory will result in an underestimate of the total ice volume since the predicted sea-level rise at far-¢eld sites, for a given ice volume,
will be larger than that obtained from our new, more accurate theory. It is important to note that the sign of this bias is consistent
with the bias incurred by adopting the standard theory to infer ice thickness in regions characterized by marine-based ice sheets
(that is, the overestimated unloading predicted by the standard theory enables a given near-¢eld sea-level curve to be adequately
¢tted by a smaller ice loadösee above).

As stated at the beginning of this section, a glaciation phase was included in the ice-load component of the surface load.
However, the manner in which the ice build-up loads the surface in shallow marine regions such as Hudson Bay is not a straight-
forward problem and has generally been neglected in the literature. A rare discussion is provided by Kaufmann & Wolf (1996) in
their consideration of the ice build-up and consequent surface loading in the Barents Sea. Their Fig. 5 (p. 129) illustrates that the net
load over the Barents Sea region is signi¢cantly less than the thickness of the adopted ice model. As pointed out by Kaufmann &
Wolf (1996) the net load will be the ice accumulation above the geoid at the time this shallow sea essentially freezes to the solid
surface. This idea is complimentary to the `water in£ux' concept introduced in this study. As the above results show, during the
deglaciation of subgeoidal solid surface regions, the net unloading is considerably less than the total ice thickness removed, due to
the fact that a portion of the ice load is replaced by meltwater/ocean water. In a similar sense, during the glaciation of these regions,
the net added load is less than the total accumulated ice thickness (which is conventionally assumed to be relative to the solid surface)
since the pre-existing water mass transforms into ice.

Fig. 10 shows a prediction of the palaeotopography in Hudson Bay at the beginning of the glaciation phase of our adopted ice
model. This prediction shows that, although the bay covered a signi¢cantly smaller area, a considerable volume of ocean water
existed within the region at that time. As ice domes grew over regions surrounding Hudson Bay and global sea-levels fell, the shallow
water froze and the build-up of ice and snow over the bay loaded the surface. However, the net load is clearly the additional ice height
accumulated over Hudson Bay after the ocean water within the bay became grounded to the solid surface. Thus, the ice height of the
adopted model (assumed to be relative to the solid surface) should be corrected to be relative to the geoid in regions where a sub-
geoidal water mass existed at times of ice advance. This can be done in a similar manner to the way in which the sea load is calculated
in subgeoidal regions during ice retreat. We apply

I 0(h, t, tj)~I(h, t, tj){[f(h, t, tj){1]T (h, t, tj) , (26)

where tj is a Heaviside time increment during the glaciation phase of the ice model and the ¢eld I 0(h, t, tj) represents the corrected
ice-height distribution at this time. Note that since we have de¢ned the glaciation phase to be a simple reversal of the deglaciation
phase (with the exception that the time period between the Heaviside increments is increased from 1 to 7 kyr), the functional
f(h, t, tj) can represent either a region of ice advance during glaciation or a region of ice retreat during deglaciation for our
`symmetric' ice-loading episode (for example, the unloading event at 18 kyr BP is identical in magnitude, but of opposite sign, to the
loading event at 25 kyr BP).

Figure 9. The predicted eustatic (globally uniform) component of sea-level change over the postglacial period. The solid line represents predictions
based on the new sea-level theory while the dashed line represents predictions based on the standard theory. Note that, since the same ice model
(ICE-3G) was adopted in each calculation, the meltwater contribution to each curve is the same. The amplitude of postglacial sea-level rise predicted
by the new theory is *11 m less than that predicted by the standard theory. This di¡erence is primarily due to meltwater/ocean water occupying
subgeoidal regions exposed by the wasting ice masses.
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Applying this `ice correction' procedure to the ice model does not signi¢cantly e¡ect any of the forward predictions described
above. The changes in the predicted rsl histories, for example, do not exceed a few tens of centimetres for the suite of sites shown in
Fig. 6 over the entire postglacial period (18 kyr to present in the adopted model). The relatively small magnitude is probably due to
the fact that the required modi¢cations to the ice model over Hudson Bay are minor (compared to the magnitude of the ice load), and
only a¡ect the load at early times in the glaciation period. The e¡ect will probably be more pronounced in regions characterized by a
smaller ice sheet with a more recent and rapid glaciation phase (as an example, these criteria may apply to the evolution of the
Barents ice sheet).

On comparing the predicted water load redistributions shown in Figs 4 and 5, it is evident that the new sea-level theory predicts
a more realistic result than the standard theory. However, comparing the results shown in Figs 4 and 5 to geological reconstructions
of the deglaciation of the Laurentide ice sheet (e.g. Dawson 1992), one speci¢c weakness of the model becomes apparent. The
modelling results illustrate that meltwater is con¢ned to areas below the height of the geoid at the time considered. This assumption
prohibits the model from predicting such features as ice-dammed lakes or the pooling of meltwater in topographic lows that may lie
above the geoid. Furthermore, the model assumes that all regions below the geoid are interconnected and therefore an outward £ux
of water from areas characterized by a decrease in the volume bounded by the geoid and the solid surface is always possible. Of
course, uplift of the solid surface may simply raise the water level of a lake that is isolated from the oceans. In this case there would be
no change in the local water load.

It may be important to consider large-scale redistributions of meltwater that are not predicted by the extended sea-level theory
for the reasons discussed above. For example, geological evidence suggests that a massive ice-dammed lake (Lake Agassiz) existed to
the southwest of Hudson Bay prior to the catastrophic downwasting of ice from this region. A volume of water of the order of
105 km3 (this is of the same order as the water volume presently occupying Hudson Bay) is estimated to have accumulated in Lake
Agassiz, which drained into the Hudson Basin at the time of the catastrophic ice collapse. The e¡ect of this redistribution of water
mass on rsl predictions around the western shore of Hudson Bay is worthy of further study.

4 CONCLUSIONS

We have presented a revised sea-level equation that predicts the in£ux of meltwater/ocean water to subgeoidal solid surface regions
once covered by the marine-based Late Pleistocene ice sheets. To solve the new sea-level equation in a gravitationally self-consistent
manner we employed a pseudospectral algorithm (Mitrovica & Peltier 1991; Milne & Mitrovica 1998a).

Figure 10. The predicted subgeoidal palaeotopography ¢eld in Hudson Bay at the beginning of ice build-up (116 kyr BP in our adopted ice model).
The lightest shade (not indicated on the scale bar) represents solid surface regions lying above the geoid at this time.
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Application of the new theory to predict sea-level change in the Hudson Bay region of northeastern Canada shows that the
magnitude of the water load can be of the order of hundreds of metres at times when the Laurentide ice sheet retreats exposing
subgeoidal solid surface regions. Calculations based on a gravitationally self-consistent solution of the conventional sea-level
equation predict, in contrast, a negative load with an amplitude signi¢cantly less than 100 m.

Our results show that this discrepancy in the predicted ocean load can lead to a considerable di¡erence in the predicted values of
GIA observables. A comparison of rsl predictions based on the two sea-level theories at a number of sites where rsl histories have
been measured shows a discrepancy of up to *50 m at 8 kyr BP, corresponding to a relative error of *40 per cent at certain sites.
Thus, adopting the observed rsl histories to infer ice thickness based on the original theory can lead to values that are up to 40 per
cent too small (since the predicted response is linearly dependent on the magnitude of the surface load) for a ¢xed-viscosity model. In
a similar manner, viscosity constraints obtained from raw rsl data within this region can be biased if predictions are based on
the standard theory. Our calculations also show that the predicted discrepancy in the ocean load can signi¢cantly e¡ect calculations
of 3-D crustal deformation rates within the Hudson Bay region. In contrast, predictions of decay time estimates are relatively
insensitive to the di¡erence in the water load predicted by the two sea-level theories considered. Therefore, previous viscosity
inferences based on this data parametrization applied to observed rsl curves in the Hudson Bay region are not invalidated by the use
of the original sea-level theory.

The new sea-level theory predicts a eustatic sea-level rise over the postglacial period that is *11 m less than that predicted by
the standard theory when the same ice model (and thus meltwater volume) is adopted. This is predominantly the result of a large
amount of meltwater/ocean water ¢lling the subgeoidal volume exposed by the retreating marine-based Late Pleistocene ice sheets.
As discussed above, adoption of the original theory will lead to an underestimate (*10 per cent) of the global ice budget at last
glacial maximum when employing the technique of comparing far-¢eld rsl data to sea-level predictions.

The new theory does not predict the occurrence of water accumulation in regions above the geoid, and so features characteristic
of ice-sheet deglaciation such as ice-dammed lakes are not predicted. The in£uence of the build-up and catastrophic drainage of
large-scale ice-dammed lakes (such as the ancient Lake Agassiz in northeastern Canada) on rsl predictions remains an important
issue for future study.
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APPENDIX A: DERIVATION OF A SPECTRAL DOMAIN FORM FOR THE SEA-LEVEL
EQUATION

Incorporating eqs (9) and (10) into (8) and performing the temporal convolution leads to

S(h, t, t)~C(h, t)
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where
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The superscripts E and NE represent parameters associated with the elastic and non-elastic responses, respectively.
We can now proceed to perform the spatial convolution in eq. (A1) by transforming the problem into the domain of spherical

harmonics. Using the general spectral decomposition

X(h, t)~
X
`,m

X`,mY`,m(h, t) , (A3)
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where

X
`,m

:
X?
`~0

X̀
m~{`

, (A4)

we may de¢ne the harmonic coe¤cients of the functions C(h, t, t), I(h, t, t), S(h, t, t) and "(h, t, t) as C`,m, I`,m, S`,m and "`,m and
the harmonics of the Heaviside increments comprising the ice and ocean load and the rotational potential as dI`,m, dS`,m and d"`,m,
respectively. We adopt the following normalization of the spherical harmonic functions throughout this analysis:��
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where { denotes the complex conjugate. The spatial convolution in (A1) can now be performed by applying the general result��
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which leads to eq. (11):
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