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We analyze the dynamics of Bose polarons in the vicinity of a Feshbach resonance between the impurity
and host atoms. We compute the radio-frequency absorption spectra for the case when the initial state of the
impurity is non-interacting and the final state is strongly interacting. We compare results of different theoretical
approaches including a single excitation expansion, a self-consistent T-matrix method, and a time-dependent
coherent state approach. Our analysis reveals sharp spectral features arising from metastable states with several
Bogoliubov excitations bound to the impurity atom. This surprising result of the interplay of many-body and
few-body Efimov type bound state physics can only be obtained by going beyond the commonly used Fröhlich
model and including quasiparticle scattering processes. Close to the resonance we find that strong fluctuations
lead to a broad, incoherent absorption spectrum where no quasi-particle peak can be assigned.

Introduction. – Understanding the role of few-body cor-
relations in many-body systems is a challenging problem that
arises in many areas of physics. Few particle systems in iso-
lation can be studied using powerful techniques of scattering
theory such as Faddeev equations, the hyperspherical formal-
ism, or effective field theory [1–5]. These approaches have
been successfully applied to investigate collisions of neutrons
and protons [6, 7] and Efimov resonances in ultracold atoms
[8, 9]. On the other hand the common approach to inter-
acting many-body systems is to use the mean-field approxi-
mation, which reduces a many-body problem to an effective
single particle Hamiltonian with self-consistently determined
fields. While this approach provides a good description of
many fundamental states, including magnetic, superconduct-
ing, and superfluid phases [10], in many cases it is impor-
tant to go beyond the mean-field paradigm and include cor-
relations at a few particle level. Recent notable examples in-
clude 4e pairing in high Tc superconductors [11], spin ne-
matic states [12], chains and clusters of molecules in ultracold
atoms [13–16], and the QCD phase diagram in high-energy
physics [17, 18]. A particularly important class of problems
where few-body correlations play a crucial role is the forma-
tion of quasiparticles and polarons. The key feature of both
is the dramatic change in the particle dynamics due to the in-
teraction with collective excitations of the many-body system.
Famous examples include lattice polarons in semiconductors
[19, 20], magnetic polarons in strongly correlated electron
systems [21–23], and 3He atoms in superfluid 4He [24].

Recent experiments with ultracold atoms opened a new
chapter in the study of polaronic physics [25–54]. These
systems have tunable interactions between impurity and host
atoms [55] and powerful experimental techniques for char-
acterizing many-body states including spectroscopy [27, 30–
32], Ramsey interferometry [36], time of flight experiments
[37], and in-situ measurements with single atom resolution
[35, 56].

In this paper we explore the dynamics of Bose polarons
in the specific setting of radio-frequency (RF) spectroscopy
of impurity atoms immersed in a Bose-Einstein condensate
(BEC). The most surprising finding of our study is the ap-
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Figure 1. Absorption spectra A(ω) of a single impurity immersed
in a weakly interacting BEC as a function of the inverse interaction
strength 1/(n1/3aIB). The polaron energy (4) is shown as green line
and the energies, cf. Eq. (7), of bound states with one, two, and three
quasiparticles attached to the polaron are shown as red dashed lines.
In the regime of weak repulsion the energy of the first bound state is
approaching the dimer binding energy (gray dash-dotted line). The
spectrum is shown for a finite microscopic interaction range corre-
sponding to a momentum cutoff Λn−1/3 = 20 and boson-boson scat-
tering length aBBn−1/3 = 0.05.

pearance of sharp spectral lines arising from states of sev-
eral Bogoliubov quasiparticles bound to the impurity atom
(see Fig. 1). This can be contrasted to earlier theoretical
studies that predicted only a single molecular state in addi-
tion to attractive and repulsive polarons [57, 58]. Our re-
sult demonstrates the importance of the interplay of many-
body physics of the BEC of host atoms and few particle
Efimov-type physics in the vicinity of a Feshbach resonance
[59, 60]. This interplay can not be studied in the commonly
used Fröhlich model of BEC polarons because the latter does
not include two particle scattering processes that results in the
Feshbach resonance. Our work also demonstrates that a broad
spectral feature at unitarity can be understood as a superpola-
ronic state discussed previously in Rydberg systems [61, 62].
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Model. – We consider an impurity of mass mI interact-
ing with a weakly interacting BEC of atoms of mass mB in
the vicinity of an inter-species Feshbach resonance. Within
the Bogoliubov approximation the system is described by the
Hamiltonian (a derivation is provided in the Supplementary
material (SM)) [57],

Ĥ = gΛn +
P̂2

2mI
+

∑
k

ωkb̂†kb̂k +

gΛ

√
n

Ld/2

∑
k

WkeikR̂
(
b̂†k + b̂−k

)
+

gΛ

Ld

∑
kk′

V (1)
kk′e

i(k−k′)R̂b̂†kb̂k′

+
gΛ

Ld

∑
kk′

V (2)
kk′e

i(k+k′)R̂
(
b̂†kb̂†k′ + b̂−kb̂−k′

)
. (1)

Here the operators b†k (bk) create (annihilate) Bogoliubov
quasiparticles (‘phonons’) with momentum k and dispersion
ωk. The bare inter-species interaction is given by gΛ. Fur-
thermore Wk =

√
εk/ωk, and V (1)

kk′ ± V (2)
kk′ = (WkWk′ )±1 define

the interaction vertices where εk = k2/2mB is the dispersion
relation of bare host atoms; n is the condensate density, and
Ld the system’s volume.

The last two lines in Eq. (1) describe the interaction of the
impurity at position R̂ and momentum P̂ with the host bosons.
In the Fröhlich model only the interaction term linear in the
bosonic operators is present and it describes the creation of
excitations directly from the BEC. However, a microscopic
derivation reveals that in cold atomic systems also the addi-
tional quadratic terms, included in Eq. (1), are present which
lead to rich physics beyond the Fröhlich paradigm [57].

The extended Hamiltonian (1) allows for a proper regular-
ization of the contact interaction between the impurity and
bosons which is beyond the Fröhlich model. From the so-
lution of the two-body scattering problem of Eq. (1) fol-
lows the relation of the microscopic interaction strength gΛ

to the impurity-boson scattering length aIB by the Lippmann-
Schwinger equation

g−1
Λ =

µred

2π
a−1

IB −
1
Ld

Λ∑
k

2µred

k2 . (2)

Here µred = mImB/(mI +mB) is the reduced mass and Λ ∼ 1/r0
denotes an ultraviolet (UV) cutoff scale related to a finite
range r0 of the interaction potential. In the limit Λ → ∞ con-
tact interactions are recovered. We note that all our numerical
results are obtained for the mass-balanced case mI = mB.

We describe the impurity-bath system in the frame co-
moving with the polaronic quasiparticle [63]. This is achieved
using a canonical transformation Ĥ = Ŝ −1ĤŜ with Ŝ = eiR̂P̂B

where P̂B =
∑

k kb̂†kb̂k is the total momentum operator of the
bosons. After the transformation sectors with different total
system momentum P are decoupled in the Hamiltonian Ĥ .
The bosons now interact with each other since the impurity ki-
netic energy transforms according to P̂2/2M → (P̂− P̂B)2/2M
[54, 64, 65], for details see SM.
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Figure 2. Absorption spectra A(ω) of a single impurity immersed
in a weakly interacting Bose gas for the fixed scattering length
1/(n1/3aIB): (a) 1/(n1/3aIB) = −2 , (b) 1/(n1/3aIB) = 0, (c) a−1

IB = 2.5,
(d) 1/(n1/3aIB) = 4.5. For the negative scattering length, panel (a),
the absorption spectrum reveals the attractive polaron which follows
closely the polaron energy (4). At unitarity, panel (b), the spec-
trum shows a broad spectral feature and no quasi particle peak can
be assigned. As the Feshbach resonance is crossed towards posi-
tive scattering lengths, panel (c), a series of bound states emerges.
For small positive scattering length, panel (d), the binding energy of
the negative frequency peak increases while at positive frequencies
a long-lived repulsive polaron becomes the dominant excitation. As
for Fig. 1 we artificially broadened the spectrum to make sharp fea-
tures visible.

Quantum quench dynamics. – In this work we predict
the excitation spectrum of Eq. (1). In experiments the spec-
trum can be explored using RF spectroscopy where the impu-
rity is initially in a spin-state |↓〉 in which it does not interact
with the bath. Then the response is measured with respect
to a weak monochromatic perturbation eiωt |↑〉 〈↓| + h.c. flip-
ping the spin to a state |↑〉 which does interact with the bosons
with a strength determined by the dimensionless interacting
parameter 1/(n−1/3aIB). Using Fermi’s golden rule we calcu-
late the absorption spectrum – i.e. the impurity spectral func-
tion – in linear response A(ω) = 2 Re

∫ ∞
0 dteiωtS (t), where

S (t) = 〈Ψ(0)| e−iĤt |Ψ(0)〉 is a time-dependent overlap. Here
|Ψ(0)〉 denotes the initial state of the system and the overlap
S (t) describes the dynamics of the system after a quench of
the interactions between impurity and the bath. In real-time
the overlap S (t) can be measured using Ramsey interferome-
try [66, 67].

In order to predict the real-time evolution as well as the ex-
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citation spectrum of the system, we invoke the time-dependent
variational principle [68]. The approach relies on a projection
of the many-body wave function onto a submanifold of the
full Hilbert space spanned by a set of trial wave functions.

Specifically, we employ a variational state in the form of a
product of coherent states [64]

|Ψcoh(t)〉 = e−iφ(t)e
∑

k βk(t)b†k−h.c. |0〉 (3)

where βk(t) are the coherent amplitudes, φ(t) is a global phase
which ensures energy conservation, and |0〉 denotes the vac-
uum of Bogoliubov quasiparticles. The ansatz (3) provides an
exact solution when describing the sudden immersion of an
impurity of infinite mass into a gas of non-interacting bosons.
As such the choice of the wave function is based on an ex-
act limit of the model which is valid for arbitrary interaction
strength between the impurity and Bose gas.

Before turning to the dynamics, we consider the parame-
ters in Eq. (3) as time-independent variables and study the
variational energy 〈Ψcoh| Ĥ |Ψcoh〉 of the system. Its varia-
tion yields the polaron energy which for zero total momentum,
P = 0, reads [65]

Epol =
2π
µred

n
a−1

IB − a−1
0

(4)

where a−1
0 = 2π

µred

∑
k
(
2µred/k2 −W2

k/(ωk + k2/2mI)
)

defines
the shift of the scattering resonance due to the many-body
environment. We note that the expression (4) correctly ac-
counts for the regularization of the short-range interaction as
given by Eq. (2) and, accordingly, contains only experimen-
tally accessible parameters. The attractive and repulsive po-
laron branches described by Eq. (4) are shown in Fig. 1 and
play an important role in the dynamics as we describe below.

For the time-dependent problem we promote the variational
parameters βk(t) and φ(t) to time dependent quantities. The
equation of motions d

dt
∂L
∂β̇
− ∂L

∂β
= 0 for the parameters βk are

obtained from the Lagrangian L = 〈Ψcoh| i∂t − Ĥ |Ψcoh〉 of the
system. They can be cast in the form

iβ̇k = gΛ

√
nWk +

(
ωk +

k2

2mI
−

k
(
P − PB

[
βk

])
mI

)
βk

+
gΛ

2

Wk

∑
k′

Wk′
(
βk′ + β∗k′

)
+ W−1

k

∑
k′

W−1
k′

(
βk′ − β

∗
k′
)

φ̇(t) = gΛn +
1
2

gΛ

√
n
∑

k

Wk
(
βk + β∗k

)
+

P2 − P2
B
[
βk

]
2mI

(5)

where PB
[
βk

]
=

∑
k k |βk|

2 is the total momentum of the
phonons. In Eq. (5) gΛ is defined by the Lippman-Schwinger
equation (2) with given scattering length aIB and a finite UV
cutoff Λ. This ensures a time-evolution which is fully regular-
ized and free of any divergencies.

Absorption spectra.– In the class of coherent states,
Eq. (3), the dynamical overlap becomes S (t) = 〈0 |Ψcoh(t)〉 =

exp
[
−iφ(t) − 1

2
∑

k |βk(t)|2
]
. From its Fourier transform we ob-

tain the rf absorption spectrum, shown in Fig. 1, as function
of the inverse interaction strength 1/(n1/3aIB).

The spectrum exhibits two main excitation branches: the
attractive polaron for aIB < 0 and the repulsive polaron for
aIB > 0. Both follow the energy Eq. (4) (indicated as green
lines in Fig. 1), and in the weak coupling regime both are well
described by a Fröhlich polaron model with renormalized in-
teraction parameters [57].

The attractive polaron is formed when the impurity is
dressed by bosonic excitations due to the weak attractive inter-
actions with the bath for aIB < 0. The corresponding spectral
signature, shown in Fig. 2(a) for 1/(n1/3aIB) = −2, is a sharp
quasiparticle peak at negative frequencies given by Eq. (4).

As the Feshbach resonance at 1/(n1/3aIB) = 0 is approached
the attractive polaron peak looses spectral weight to the scat-
tering continuum at higher frequencies. Close to unitarity,
no particular eigenstate of Ĥ yields a distinct contribution
to the dynamical overlap S (t), and many overlaps between
the eigenstates of the many-body Hamiltonian and the non-
interacting state of the system are of the same order. Hence the
spectrum becomes broad and no coherent quasiparticle exci-
tation is possible any longer. In consequence, perturbative ap-
proaches based on expansions around the non-interacting state
become particularly unreliable in this strong coupling regime.

For positive scattering length, i.e. 1/(n1/3aIB) > 0, the effec-
tive interaction between the mobile impurity and the bosons
is repulsive and leads to the formation of a repulsive polaron.
This state manifests itself as a quasiparticle peak at positive
frequency. As can be seen in Fig. 1, the energy of the repul-
sive polaron increases as the shifted resonance at aIB = a0 is
approached, and it follows the saddle point prediction Eq. (4).
Similar to the attractive polaron, close to resonance, the repul-
sive polaron quickly looses quasiparticle weight.

However, the spectral weight is transferred not only to inco-
herent excitations but also to coherent spectral features which
appear below the repulsive polaron branch. In Fig. 1 and
Fig. 2(c) those features are visible as a series of equidistant
peaks. Such excitations – corresponding to multiple bosons
bound to the impurity – are absent in the Fröhlich model since
they are a consequence of strong pairing correlations which
originate from the quadratic interaction terms in Eq. (1). As
unitarity is approached, the spacing between these bound state
peaks decreases until they eventually cannot be resolved. We
note that such a crossover in the spectral profile from discrete
bound state levels to a broad distribution is reminiscent of the
formation of superpolarons which has been studied in Ryd-
berg molecular systems [61, 62].

Many-body bound states. – The emergence of the series
of bound states on the repulsive side of the resonance (1/aIB >
0) is a novel feature of impurities immersed in atomic BECs.
Each peak corresponds to a single, two, and more Bogoliubov
quasiparticles bound to the repulsive polaron.

The structure of the bound state spectrum can be understood
analytically. We consider a wave-function which accounts for
a single Bogoliubov excitation above the polaron state

∣∣∣Ψpol

〉
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[54] ∣∣∣Ψ′(t)〉 =
∑

k

γk(t)b̂†k
∣∣∣Ψpol

〉
(6)

The ansatz Eq. (6) can be regarded as a molecular wave func-
tion which fully accounts for two-body bound state physics on
top of the repulsive polaron state

∣∣∣Ψpol

〉
. A calculation shows

that the equations of motion of this state have an eigenmode
γk(t) ∼ e−iωt with eigenfrequency ω determined by the solu-
tion of the equation (a derivation is given in the SM [65])

µred

2πaIB
−

∑
k


(
W2

k + W−2
k

)
/2

ω − Epol −Ωk
+

2µred

k2

 = 0 (7)

where Ωk = ωk + k2/2mI . In Fig. 1 we show the energy ω as
a dashed red lines. The lines occur in integer multiples of ω
as the bound state can be occupied by several phonons at the
same times, an effect taken into account by the exponentiated
creation operators in Eq. (3).

For a further understanding of these states we first con-
sider the limit of the BEC density going to zero, ie. n → 0,∣∣∣Ψpol

〉
→ |0〉, Wk → 1 and Ωk → k2/2µred. This limit defines

the two-body problem where, for zero-range interactions, the
bound state energy becomes εB = −~2/µreda2

IB [57], which
is fully recovered by Eq. (6). For any finite density of non-
interacting bosons, and assuming an infinitely heavy impurity,
this bound state can be occupied by arbitrarily many bosons,
and each bound atom contributes an energy εB. In an inter-
acting Bose gas, the infinitely massive impurity scatters with
Bogoliubov quasiparticles instead of bare bosons. As a conse-
quence the binding energy εB is modified. Since in the Bogoli-
ubov model quasiparticles do not interact with each other they
can still occupy the bound state multiple times which leads to
the series of spectral lines visible in Fig. 2(c).

The emergence of the sequence of many-body bound states
revealed in our approach is related to the Efimov effect
[8, 9, 69]. Indeed, an exact solution of the corresponding
three-body problem reveals that, as the infinite mass condi-
tion is relaxed, recoil leads to the splitting of three-, four-,
etc. body bound states into an infinite series of bound states
situated in a regime exponentially close to the Feshbach res-
onance [70, 71]. Within our approach this splitting is absent
since the effective interactions between phonons vanishes for
the class of coherent states Eq. (3). In consequence, in the
limit of vanishing density, we effectively recover the Efimov
physics of an infinitely mass-imbalanced system, as discussed
by Efimov in his seminal work [70, 72].

Comparison to other approaches.– As can be seen from
the previous analysis, a simple ansatz such as Eq. (6) can al-
ready account for aspects of complex many-body bound state
physics. Indeed, the ansatz (6) is related to a variational wave
function which is based to an expansion in terms of single
particle excitations. In the context of cold atoms, it was first
introduced in the work by Chevy for fermionic systems [73],
and later generalized to bosonic systems [51, 54, 57, 58].
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Figure 3. Time evolution of the number of phonons, Nph, for attrac-
tive and repulsive interactions, (a) 1/(n1/3aIB) = −2, (b) 1/(n1/3aIB) =

−1, (c) 1/(n1/3aIB) = 4, obtained by the coherent state approach (3)
and the single-excitation expansion (8) (yellow solid and red dashed
lines, respectively).

To connect our results to previous work we present here an
extension of the equilibrium approach to real-time dynamics
by studying the time-dependent variational wave function

|Ψ1ex(t)〉 = α0(t) |0〉 +
∑

k

αk(t)b̂†k |0〉 (8)

This wave-function accounts for a single phonon excitation
on top of the unperturbed BEC state. We calculate the ex-
citation spectrum of the system from the dynamical overlap
S (t) = α0(t) as obtained from the equation of motions of the
variational parameters. This ansatz is naturally connected to
the coherent state approach as an expansion in low occupation
numbers, which justifies the validity of Eq. (8) in the limit of
low densities. While in the weak coupling regime the simple
ansatz (8) reproduces the predictions using the coherent state
approach, it fails to describe the intricate many-body physics
in regimes where multiple boson excitations become relevant
(for a comparison see the SM [65]).

The difference between the coherent states approach (3) and
the single-excitation expansion (8) can be highlighted when
the time evolution of the number of phonon excitations Nph =

〈
∑

k b̂†kb̂k〉 is compared, where 〈. . .〉 denotes the expectation
value with respect to the chosen variational state. In Fig. 3
we show Nph(t) for attractive and repulsive interactions. On
the attractive side both approaches predict a saturation of the
phonon number in the long time limit, see panels (a) and (b) in
Fig. 3. In the single-excitation expansion (dashed lines), the
number of excitations is restricted to one. This limitation of
Eq. (8) becomes apparent when comparing it to the coherent
state approach (solid lines). We find that already for moderate
attractive coupling strength the number of phonons exceeds
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one. Hence, due to the restriction in the number of excitations
for the ansatz (8), both approaches agree only in the initial
short time evolution.

On the repulsive side the coherent state approach predicts
oscillations of the number of phonons in the long time limit,
see panel (c) in Fig. 3. These oscillations appear due to the
competition between the many-body polaron branch and the
few-body bound states in real time. In contrast, in the single-
excitation expansion these oscillations decay gradually and in
the long time limit, the number of excitations saturates at one,
reflecting the formation of a single molecular state.

We note that similar to the time-dependent coherent state
approach presented in this letter, a self-consistent T-matrix ap-
proach [57] also accounts for an infinite number of bosonic
excitations. Using this diagrammatic approach it had been
found that the inclusion of multiple boson excitations has a
profound influence on the spectrum. However multiphonon
bound states have not been observed in this earlier work. Yet
we emphasize that when considering only moderate interac-
tion strengths or short-time evolution, expansions in terms of
a few particle excitations such as Eq. (8) remain a viable ap-
proach. They correctly describe the weakly attractive and re-
pulsive polaron branches as well as the one-boson bound state
present in the spectrum sufficiently far away from the Fesh-
bach resonance.

Summary and Outlook.– In summary, we analyzed the
dynamics and absorption spectra of an impurity immersed in
a BEC. We demonstrated both the disappearance of the sharp
quasiparticle spectral feature at strong coupling and the pres-
ence of a novel type of excitations in which several Bogoli-
ubov quasiparticles are bound to the impurity particle. Our
analysis highlights the importance of quasiparticle scattering
processes that are not present in the commonly used Fröhlich
model. They result in strong short distance correlations that
give rise to Efimov type physics of multi-particle bound states
and play a crucial role in suppressing the quasiparticle spectral
weight close to the Feshbach resonance. Our work opens new
directions for studying non-perturbative phenomena in Bose
polarons at strong coupling. We expect that new insight into
such systems can be gained by extending our analysis to more
sophisticated approaches such as Gaussian variational wave
functions [53] and Renormalization Group analysis [48]. Our
method can also be extended to problems beyond linear re-
sponse such as Rabi oscillations of strongly driven Bose im-
purities [31, 74].
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Supplementary Material

I. DERIVATION OF THE EFFECTIVE MODEL

We consider the microscopic model which describes the in-
teraction of a single particle of mass mI with a weakly inter-
acting gas of bosons of mass mB. We assume that the inter-
actions between the particles are described by contact interac-
tions. This approximation is valid for the description of ultra-
cold gases close to a broad inter-species Feshbach resonance
[57]. The Hamiltonian reads

Ĥ =
∑

k

εB
k â†kâk +

gBB

2

∑
kk′q

â†k+qâ†k′−qâkâk′

+
∑

k

ε I
kd̂†kd̂k + gΛ

∑
kk′q

â†k+qâkd̂†k′−qd̂k′ (9)

where â†k and d̂†k are the creation operators that describe the
bosonic host particles and an impurity with the corresponding
dispersion relations εB

k = k2

2mB
and ε I

k = k2

2mI
. The parameters

of the contact interaction (bare interaction) are given by the
coefficient gΛ for the interaction between the host particles
and the impurity and gBB for the interaction among the host
particles. We allow for the general case of a mass imbalanced
system where the mass of the bosonic field mB and the mass
of the impurity mI are not fixed to be equal.

We account for the macroscopic occupation of the k = 0
mode within the Bogoliubov approximation [75]. Follow-
ing the corresponding truncation of the Hamiltonian on the
quadratic level in the bosonic creation and annihilation opera-
tors we diagonalize the purely bosonic part of the Hamiltonian
by a unitary Bogoliubov rotation

ak = ukbk − vkb†
−k. (10)

Here the coefficients are given by u2
k = 1

2

(
εk+gBBn
ωk

+ 1
)
, v2

k =

1
2

(
εk+gBBn
ωk

− 1
)
. This transformation introduces the Bogoli-
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ubov quasiparticles with dispersion relation ωk which are cre-
ated by the operators b†k. Reexpressing the resulting Hamil-
tonian in explicit impurity coordinates yields the Hamilto-
nian (1) in the main text.

In order to take advantage of momentum conservation we
perform a canonical transformation to the so-called polaron
frame using Ŝ = eiR̂P̂B where P̂B =

∑
k kb̂†kb̂k is the total mo-

mentum operator of the bosons. The operator Ŝ transforms
the momentum of the impurity and bosonic operators in the
following way

Ŝ −1P̂Ŝ = P̂ −
∑

k

kb̂†kb̂k (11)

Ŝ −1b̂kŜ = b̂ke−iR̂k.

Applying this transformation to the Hamiltonian (1), Ĥ =

Ŝ −1ĤŜ , we obtain

Ĥ = = gΛn +
1

2mI

P̂ −∑
k

kb̂†kb̂k

2

+
∑

k

ωkb̂†kb̂k +

gΛ

√
n

Ld/2

∑
k

Wk
(
b̂†k + b̂−k

)
+

gΛ

Ld

∑
kk′

V (1)
kk′b

†

kbk′

+
gΛ

Ld

∑
kk′

V (2)
kk′

(
b†kb†k′ + b−kb−k′

)
. (12)

Since P̂ now commutes with the Hamiltonian, the Hilbert
space of the Hamiltonian Ĥ (12) becomes a direct product
of the sub-spaces characterized by the total momentum of the
system.

II. DERIVATION OF THE SADDLE POINT SOLUTION

In this section we derive the saddle point solution of the
equations of motions of the parameters in Eq. (5). We set
the left hand side of the first equation to zero and obtain the
following equation which defines the saddle point

0 = gΛ

√
nWk + Ωkβk (13)

+
1
2

gΛWk

∑
k′

Wk′
(
βk′ + β∗k′

)
+

1
2

gΛW−1
k

∑
k′

W−1
k′

(
βk′ − β

∗
k′
)
.

Here Ωk = ωk + k2

2M −
k
M (P − PB), PB =

∑
k k |βk|

2, and P
denotes the total system momentum. The real and imaginary
parts of the coherent amplitudes βk can be expressed as

Reβk = −gΛWk

√
n +

∑
k′ Wk′Reβk′

Ωk
, (14)

Imβk = −gΛW−1
k

∑
k′ W−1

k′ Imβk′

Ωk
.

The first equation allows for an analytical solution which
is found by a multiplication with Wk, a summation over all
modes and expressing the problem in terms of the averaged
quantity χ =

∑
k WkReβk. After some algebra one obtains

Reβk = −

√
nWk

Ωk

1

g−1
Λ

+
∑

k
W2

k
Ωk

. (15)

The microscopic interaction strength gΛ is related to the
impurity-boson scattering length aIB by the zero-momentum
limit of the Lippmann-Schwinger equation which yields

a−1
IB =

2π
µred

g−1
Λ + 4π

Λ∑
k

1
k2 (16)

where Λ denotes a high-momentum cutoff which can be taken
to infinity. Upon insertion into Eq. (15) one obtains

Reβk = −
2π
µred

1
a−1

IB − a−1
+

√
nWk

ωk + k2

2M −
k
M (P − PB)

(17)

where we defined a−1
+ as

a−1
+ =

2π
µred

∑
k

2µred

k2 −
W2

k

ωk + k2

2M −
k
M (P − PB)

 . (18)

The second equation has the trivial solution Imβk = 0.
After the coherent amplitudes are expressed in terms of the

inverse scattering length, a self-consistent procedure for the
determination of a−1

+ and the total momentum of the phonons
can be set up. To this end we substitute the Eq. (17) into the
total momentum of the phonons, PB =

∑
k k |βk |

2, and obtain
the expression

PB =

2πµ−1
red

√
n

a−1
IB − a−1

+

2 ∑
k

kW2
k(

ωk + k2

2M −
k
M (P − PB)

)2 . (19)

The self-consistent solution of Eqs. (18) and (19) allows to
find the saddle point for given initial conditions, aIB and P.
Finally, the energy is obtained as expectation value of the
Hamiltonian (1) in this state. After some algebra one obtains
the expression for energy

Epol(P) =
P2 − P2

B

2M
+

2π
µred

n
a−1

IB − a−1
0

.

III. DERIVATION OF THE ENERGY OF THE BOUND
STATES

In this section we provide the derivation of the bound state
energy. We propose the wave-function which accounts for a
single Bogoliubov excitation above the polaron state

∣∣∣Ψpol

〉
∣∣∣Ψ′(t)〉 =

∑
k

γk(t)b̂†k
∣∣∣Ψpol

〉
. (20)

The polaron state in the Lee-Low-Pines frame, i.e. after the
transformation with Ŝ , can be represented as a displacement
operator Û†pol

[
βk

]
= exp

(∑
k βkb̂†k − h.c.

)
acting on the vac-

uum state,
∣∣∣Ψpol

〉
= Û†pol

[
β

pol
k

]
|0〉. Here the βpol

k are defined by
Eq. (17) in the previous section of the SM. After some algebra
we can rewrite the state |Ψ′(t)〉 in the form∣∣∣Ψ′(t)〉 ≡ Û†pol

[
β

pol
k

] γ0(t) +
∑

k

γk(t)b̂†k

 |0〉 (21)
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Figure 4. Comparison of the polaron excitation spectrum as function of frequency and inverse interaction strength as obtained from various
theoretical approaches. (a) Time dependent single-particle excitation ansatz (which is equivalent to a non-selfconsistent T-matrix approach
previously obtained in [57]); (b) self-consistent T-matrix approach; (c) time-dependent mean-field/coherent state approach as described in the
main body of the text. The results are obtained for a Bose gas with aBB = 0 and the range of the impurity-bath interaction is set by the UV
cutoff scale n−1/3Λ = 20. As in Fig. (1) of the main text the green line shows the saddle point prediction Eq. (4) for the polaron energy while
the gray lines give the two-body dimer binding energy. Finally the red dashed lines in (c) show the energies of the high-order phonon-impurity
bound states.

where γ0(t) =
∑

k γk(t)βpol
k . We calculate the Lagrangian of

the system with respect to this state,L = 〈Ψ′(t)| i∂t−Ĥ |Ψ
′(t)〉,

and obtain the equations of motion for the parameters of the
wave-function (20)

i∂tγ0(t) = Epolγ0(t), (22)

i∂tγk(t) =
(
Epol + Ωk

)
γk(t) +

gΛ

2

∑
k′

(
WkWk′ + W−1

k W−1
k′

)
γk′ (t).

The first equation can be solved trivially assuming γ0(t) = 0.
This solution implies that the bound state solution is orthog-
onal to the polaron state. We are searching for a solution of
these equations of motion such that the parameters γk(t) of the
wave-function are time evolving with frequency ω, γk ∝ e−iωt.
To this end we transform the second line of Eq. (22) to the
frequency domain and find

γk(ω) =
gΛ

2
Wk

ω − Epol −Ωk

∑
k′

Wk′γk′ (ω) (23)

+
gΛ

2
W−1

k

ω − Epol −Ωk

∑
k′

W−1
k′ γk′ (ω).

Multiplying by Wk or W−1
k and summing over over the mo-

mentum we obtain the following matrix equation, 1 − gΛ

2
∑

k
W2

k
ω−Epol−Ωk

−
gΛ

2
∑

k
1

ω−Epol−Ωk

−
gΛ

2
∑

k
1

ω−Epol−Ωk
1 − gΛ

2
∑

k
W−2

k
ω−Epol−Ωk


⊗

( ∑
k Wkγk(ω)∑

k W−1
k γk(ω)

)
= 0. (24)

This equation has a nontrivial solution if and only if the deter-
minant of the matrix is equal to zero. Neglecting terms that are
vanishing in the limit Λ→ ∞, ∼ Λ−2, we obtain the following
equation for the eigenenergy ω of the bound state

1 −
gΛ

2

∑
k

W2
k + W−2

k

ω − Epol −Ωk
= 0. (25)

Using Eq. (2) we recast Eq. (25) in the form of Eq. (7) in the
main text. This simple analysis agrees with the features below
the polaron branch in the absorption spectrum as shown in
Fig. 1.

IV. COMPARISON WITH OTHER APPROACHES

In this section we compare the results for the spectral func-
tion A(ω) of the Bose polaron in the vicinity of a Feshbach res-
onance, as described by the model (1), using different theoret-
ical approaches. While in Fig. 4(a) we show A(ω) as obtained
from a single-particle expansion using the time-dependent
variational state Eq. (8), Fig. 4(b) shows the result using a self-
consistent field-theoretical T-matrix approach [57]. Finally
the results are compared with Fig. 4(c) which shows the result
from the time-dependent coherent state approach as described
by Eq. (3). All results are obtained for aBB = 0 and a cutoff

scale n−1/3Λ = 20. We note that the result shown in Fig. 4(a)
has been obtained previously in Ref. [57] using a non-self-
consistent T-matrix (NSCT) approach which is equivalent to
the time-dependent single particle excitation ansatz Eq. (8)
when aBB = 0.

The main features in the NSCT/single particle excitation
approach are the coherent polaron excitations at negative and
positive energies. In this approach the attractive polaron
peak exists at arbitrary interaction strength, and the exci-
tation follows the mean-field prediction EMF = − 2π

µred
naIB

(green line) in the limit of small dimensionless interaction
parameter n1/3|aIB| � 1. As the Feshbach resonance is
crossed to positive 1/(n1/3aIB) the attractive polaron peak
looses weight. However, in contrast to the coherent state ap-
proach [cf. Fig. 4(c)], neither the destruction of the polaron
quasiparticle at resonance is captured, nor the formation of
the series of bound states for increasing 1/(n1/3aIB). At pos-
itive scattering length aIB the repulsive polaron excitation at
positive energies is recovered. It follows the saddle point pre-
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diction only for very weak effective impurity bath interactions.

Away from the coherent excitations, the NSCT/single-
particle excitation approach predicts a spectral gap between
the attractive polaron and zero energy, cf. Fig. 4(a). This gap
is, however, an artifact of the approximation. For instance, in a
self-consistent T-matrix (SCT) approach, shown in Fig. 4(b),
such a gap is absent. In this approach an infinite number of
particle excitations is taken into account at the basis of a self-
consistent calculation of the in-medium T-matrix and impurity
self-energy (the computational details are described in [57]).
The, compared to the NSCT approach, increased number of
bosonic excitations leads to an additional renormalization of
the spectrum. As one consequence the spectral gap, visible
in the NSCT approach, is absent and furthermore the repul-
sive polaron looses additional spectral weight as the Feshbach
resonance is approached from the side of negative scattering
length. This loss of spectral weight is even more pronounced
in the coherent state approach, cf. Fig. 4(c), where multiple

boson fluctuations lead to the destruction of the attractive po-
laron peak.

In contrast to the coherent state approach, the single-
particle excitation and SCT approaches do not describe the
formation of the series of bound states. In the case of
the single-particle excitation approach this fact is simply ex-
plained since only one boson excitation is allowed in the wave
function. The SCT approach, which allows in principle more
than one bosonic excitation, yet does not reveal higher order
bound states. We attribute this fact to the specific momentum
structure generated by the SCT approach which only allows
for fluctuations in the pairing channel of the interaction ver-
tex. The particular correlations captured by this momentum
structure seems to be insufficient for a description of the mul-
tiple bound state formation. Finally we note that both the SCT
and the coherent state approach show a more pronounced re-
pulsive polaron peak as compared to the single-particle exci-
tation approach which can be tested by radio-frequency spec-
troscopy of impurities immersed in a BEC of ultracold atoms.
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