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ABSTRACT
Low-frequency observatories are currently being constructed with the goal of detecting red-

shifted 21-cm emission from the epoch of reionization. These observatories will also be able

to detect intensity fluctuations in the cumulative 21-cm emission after reionization, from hy-

drogen in unresolved damped Lyα absorbers (such as gas-rich galaxies) down to a redshift

z ∼ 3.5. The inferred power spectrum of 21-cm fluctuations at all redshifts will show acoustic

oscillations, whose comoving scale can be used as a standard ruler to infer the evolution of

the equation of state for the dark energy. We find that the first generation of low-frequency

experiments (such as MWA or LOFAR) will be able to constrain the acoustic scale to within

a few per cent in a redshift window just prior to the end of the reionization era, provided that

foregrounds can be removed over frequency bandpasses of �8 MHz. This sensitivity to the

acoustic scale is comparable to the best current measurements from galaxy redshift surveys,

but at much higher redshifts. Future extensions of the first-generation experiments (involving

an order of magnitude increase in the antennae number of the MWA) could reach sensitivities

below 1 per cent in several redshift windows and could be used to study the dark energy in

the unexplored redshift regime of 3.5 � z � 12. Moreover, new experiments with antennae

designed to operate at higher frequencies would allow precision measurements (�1 per cent)

of the acoustic peak to be made at more moderate redshifts (1.5 � z � 3.5), where they would

be competitive with ambitious spectroscopic galaxy surveys covering more than 1000 deg2.

Together with other data sets, observations of 21-cm fluctuations will allow full coverage of

the acoustic scale from the present time out to z ∼ 12.

Key words: galaxies: high-redshift – intergalactic medium – cosmology: theory – diffuse

radiation – large-scale structure of Universe.

1 I N T RO D U C T I O N

Measurement of the fluctuations in the intensity of redshifted 21-cm

emission from neutral hydrogen promises to be a powerful probe of

the reionization era (Furlanetto, Oh & Briggs 2006). The process

of hydrogen reionization started with ionized (H II) regions around

the first galaxies, which later grew to surround groups of galaxies.

Reionization completed once these H II regions overlapped (defining

the so-called overlap era) and filled up most of the volume between

galaxies. Detection of the redshifted 21-cm signal will not only

probe the astrophysics of reionization, but also the matter power

spectrum during the epoch of reionization (McQuinn et al. 2006;

Bowman, Morales & Hewitt 2007).

�E-mail: swyithe@unimelb.edu.au (JSBW); loeb@cfa.harvard.edu (AL);

pgeil@physics.unimelb.edu.au (PMG)

The conventional wisdom presumes that the 21-cm signal would

disappear after the overlap epoch, because there is little neutral

hydrogen left through most of intergalactic space. However, Wyithe

& Loeb (2007) recently demonstrated that fluctuations in the 21-cm

emission would remain substantial over a range of epochs following

the end of the overlap era owing to the significant fraction by mass

of neutral hydrogen that is locked up in the dense pockets that form

the damped Lyα absorbers (DLAs) such as gas-rich galaxies. These

systems trace the matter power spectrum on large scales. Hence

observations of 21-cm fluctuations could in principle be used as

a cosmological probe both during the reionization era and in the

post-reionization intergalactic medium (IGM).

The sky temperature, which provides the limiting factor in the

system noise at the low frequencies relevant to 21-cm studies, is

proportional to (1 + z)2.6, and so is a factor of ∼ 3.4[(1 + z)/5]2.6

smaller at low redshifts than for observations at z ∼ 7. As a re-

sult, detectability of fluctuations in 21-cm emission may not decline

C© 2007 The Authors. Journal compilation C© 2007 RAS

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article-abstract/383/3/1195/1037848 by guest on 26 Septem
ber 2019



1196 J. S. B. Wyithe, A. Loeb and P. M. Geil

substantially following the overlap epoch. When combined with the

large fluctuations in redshifted 21-cm emission during the reioniza-

tion era, the detectability of a 21-cm power spectrum after the end of

reionization will allow the measurement of cosmological parame-

ters over a wide range of redshifts. Much of this constraining power

originates with redshift-space distortions (McQuinn et al. 2006),

which probe cosmology through the mapping between the vectors

describing the wavenumber, and the observed spectral and angular

scalelengths. The correct mapping produces an undistorted power

spectrum. In this paper we consider baryonic acoustic oscillations

(BAO). These provide constraints on cosmology that are related to

redshift-space distortions, but which are particularly sensitive to the

dark energy.

The BAO scale provides a cosmic yardstick that can be used to

measure the dependence of both the angular diameter distance and

Hubble parameter on redshift. The wavelength of the BAO is re-

lated to the size of the sound horizon at recombination. Its value

depends on the Hubble constant, and on the matter and baryon den-

sities. However, it does not depend on the amount or nature of the

dark energy. Thus measurements of the angular diameter distance

and Hubble parameter can in turn be used to constrain the possi-

ble evolution of the dark energy with cosmic time. This idea was

originally proposed in relation to galaxy redshift surveys (Blake &

Glazebrook 2003; Hu & Haiman 2003; Seo & Eisenstein 2003) and

has since received significant theoretical attention (e.g. Glazebrook

& Blake 2005; Seo & Eisenstein 2005; Angulo et al. 2007; Seo

& Eisenstein 2007). Moreover, measurement of the BAO scale has

been achieved within large surveys of galaxies at low redshift, il-

lustrating its potential (Cole et al. 2005; Eisenstein et al. 2005).

Galaxy redshift surveys are best suited to studies of the dark energy

at relatively late times due to the difficulty of obtaining accurate red-

shifts for a large number of high-redshift galaxies. It has however

been proposed that future power spectrum measurements based on

the Lyα forest could be used probe the evolution of dark energy at

higher redshifts through measurement of the BAO scale at z < 4

(McDonald & Eisenstein 2007). Similarly, high-resolution spectra

may probe the evolution of dark energy through the Sandage–Loeb
test (Corasaniti, Huterer & Melchiorri 2007). If the dark energy

behaves like a cosmological constant, then its effect on the Hub-

ble expansion is dominant only at z � 1 and becomes negligible at

z � 2. In this case studies of the BAO scale at low redshift would

provide the most powerful measurement. However, the origin of

the dark energy is not understood, and so it is not known a priori

which redshift range should be studied in order to provide optimal

constraints on possible theories for it.

At high redshifts, BAOs in the 21-cm power spectrum should be

detectable during the reionization era using future low-frequency

arrays (Bowman et al. 2007). Following the end of the reioniza-

tion era, the detection of a large number of individual galaxies in

redshifted 21-cm emission could be used to trace the matter power

spectrum using the future generation of radio telescopes (Abdalla

& Rawlings 2005), in a manner entirely analogous to optical galaxy

redshift surveys. On the other hand, 21-cm observations using a

low-frequency compact radio array could also detect fluctuations in

the total neutral hydrogen content within volumes of IGM dictated

by the telescope beam and frequency bandpass. Thus, in analogy

to observations of the neutral IGM during the reionization era, one

could construct the power spectrum of 21-cm intensity fluctuations

in the cumulative 21-cm signal from all the unresolved pockets of

neutral hydrogen in the IGM, regardless of their mass. An important

advantage of studying the matter power spectrum through detection

of fluctuations in the total emission of unresolved sources, rather

than in the space density of individual sources, is that the require-

ment of object detection is removed which, as we show, allows the

power spectrum to be determined at much higher redshifts where

individual sources may not be resolved in sufficient numbers.

Our goal in this paper is to investigate the feasibility of using

redshifted 21-cm observations to make precise measurements of

the scale of the BAO in the matter power spectrum. We show that

observations of the acoustic scale using 21-cm emission could be

used to constrain the nature of the dark energy in the unexplored

redshift range of 1.5 � z � 6, as well as during the reionization

era, and so would be complementary to galaxy redshift surveys.

No other probes for precision cosmology are currently being ap-

plied to this cosmic epoch (Corasaniti et al. 2007). The outline is

as follows. In Sections 2 and 3 we will describe our approach for

calculating the 21-cm power spectrum, and its measurement uncer-

tainties. The precision with which the scale of acoustic oscillations

can be detected using upcoming 21-cm observatories will be anal-

ysed in Section 4, followed by a discussion of the possible influence

of non-linear evolution of the power spectrum (Section 5). The po-

tential constraints on the evolution of dark energy are presented in

Section 6. Finally, we will summarize our main conclusions in Sec-

tion 7. Unless otherwise specified, we adopt the set of cosmological

parameters determined by WMAP3 (Spergel et al. 2007) for a flat

�CDM universe, namely �m = 0.24, �� = 0.76 and h = 0.73. We

adopt a power spectrum with a primordial power-law index n =
0.95, processed through the transfer function from Eisenstein & Hu

(1998), and normalized today to give an rms amplitude σ 8 = 0.76 for

the mass density fluctuations within a sphere of radius 8 h−1 Mpc.

2 T H E P OW E R S P E C T RU M
O F 2 1 - C M F L U C T UAT I O N S

A powerful statistical probe of the reionization era will be provided

by the power spectrum of 21-cm emission which is naturally acces-

sible to interferometric observations such as those to be carried out

by the Mileura Wide-field Array (MWA1) or the Low-Frequency

Array (LOFAR2). We may write the following expression for the

power spectrum of 21-cm fluctuations

P21(k) = b21(z, k)2 P(k)D(z)2, (1)

where P(k) is the primordial power spectrum of the density field as a

function of wavenumber k, extrapolated linearly to z = 0, and D(z)

is the growth factor for linear perturbations. We model the power

spectrum, including baryonic oscillations using the transfer function

from Eisenstein & Hu (1998). The bias like quantity b21(z, k), which

has dimensions of temperature, may be determined from detailed

numerical simulations or from an appropriate analytical model for

bubble growth. The bias b21 will in general be a function of time

and scale.

We base our estimate for b21 on the modelling presented in Wyithe

& Loeb (2007). At a specified redshift, our model yields the mass-

averaged fraction of ionized regions, Qi, on various scales, R, as a

function of overdensity, δ. We may then calculate the corresponding

21-cm brightness temperature contrast

T (δ, R) = 22 mK

(
1 + z

7.5

)1/2

[1 − Qi(R, δ)]

(
1 + 4

3
δ

)
, (2)

1 See http://www.haystack.mit.edu/ast/arrays/mwa/index.html.
2 See http://www.lofar.org/.
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Figure 1. Upper panel: The bias (b21) computed from our semi-analytic

model at three different scales (dark solid, dashed and dotted lines). For

comparison the figure also shows three curves for the bias corresponding

to the 21-cm fluctuations given by spatially uniform mean neutral fractions,

with fluctuations due to the density field. In the three cases the neutral frac-

tions are equal to 1 (fully neutral, dashed grey line), 0.03 (the neutral fraction

in DLAs at z � 5, dotted grey line) and the mean neutral fraction from our

model (solid grey line). Lower panel: The bias (b21) computed from our

numerical model at four different wavenumbers k (dark solid, dotted, short-

dashed and long-dashed lines). The semi-analytic estimate at R = 100 Mpc

is also shown for comparison.

where the pre-factor of 4/3 on the overdensity refers to the spher-

ically averaged enhancement of the brightness temperature due to

peculiar velocities in overdense regions (Barkana & Loeb 2005a;

Bharadwaj & Ali 2005). Given the distribution of δ from the pri-

mordial power spectrum of density fluctuations, we may find the

probability distribution dP/dT of brightness temperature T in red-

shifted 21-cm intensity maps. The second moment of this distri-

bution 〈(T − 〈T〉)2〉 corresponds to the autocorrelation function of

brightness temperature smoothed on a scale R. The effective bias

can be estimated directly from our calculation of the autocorrelation

function

b21(R)2 = 〈(T − 〈T 〉)2〉
σ (R)2

, (3)

where σ (R) is the variance of the density field smoothed on a

scale R.

The upper panel of Fig. 1 shows the bias (b21) computed from

our semi-analytic model. Curves are shown for model fluctuations

computed at three different scales, each of which is larger than the

typical bubble scale during the reionization era. For comparison,

the figure also shows three curves for the bias corresponding to the

21-cm fluctuations given by spatially uniform mean neutral frac-

tions, with fluctuations due to the density field. In the three cases,

the neutral fractions are equal to 1 (fully neutral), 0.03 (the neutral

fraction in DLAs at z � 5), and the mean neutral fraction from our

model. We note that our analytic estimate of the bias is a weighted

average of the bias on scales less than R, whereas the bias in equa-

tion (1) should be computed at a particular scale. The bias com-

puted using our analytic model is quite insensitive to scale for R �

30 Mpc, indicating that on large scales the bias is independent of

wavenumber k.

Following the end of reionization (i.e. z � 6) there are no longer

separate ionized bubbles as most of the IGM is ionized. Wyithe &

Loeb (2007) have shown that the skewness of the 21-cm intensity

fluctuation distribution will be small during the post-overlap epoch,

which implies a linear relation between the matter and 21-cm power

spectra. Moreover, since the mean free path of ionizing photons

becomes very large in the post-overlap IGM, the ionization field

is smooth. As a result the relation between the density and 21-cm

emission can be reliably estimated using the semi-analytic model.

However, during the reionization epoch the relation between the

power spectrum of 21-cm fluctuations and the underlying matter

power spectrum is complex, and in the late stages is dominated by

the formation of large ionized bubbles (Furlanetto et al. 2004). Thus

prior to the end of reionization one must be careful about applying

equation (3) to estimate the 21-cm power spectrum in equation (1).

On very large scales such as those corresponding to the scale of

BAOs, the fluctuations should average over many bubbles so that

the 21-cm power spectrum is again expected to be linearly related to

the matter power spectrum (McQuinn et al. 2006). Indeed, the largest

discrete H II region that could be observed during the reionization

era is much smaller than the BAO scale (Wyithe & Loeb 2004).

We have computed the matter and 21-cm power spectra from a

hybrid simulation (e.g. Messinger & Furlanetto 2007) using both

analytical and numerical techniques (Geil & Wyithe 2007). At each

of redshifts z = 12, 8 and 6.5 we computed the three-dimensional

ionization field within simulation boxes of side length 3000 co-

moving Mpc. The simulations were computed with 2563 resolution

elements in each case. For these simulations we used an input power

spectrum which includes the BAO signal. At z = 12, 8 and 6.5, the

simulations have global neutral fractions of 98, 48 and 11 per cent,

respectively. The hybrid scheme of Geil & Wyithe (2007) is able to

compute the neutral fraction within pixels that are larger than the

typical size of H II regions. This feature allows us to compute power

spectra at very large scales even early in the reionization era when

no H II regions are resolved.

The left-hand panels of Fig. 2 show the 21-cm emission from

12-Mpc slices through the simulation boxes at each redshift. The

higher redshift example (z = 12) is early in the reionization era, and

shows no H II regions forming at the resolution of the simulation (i.e.

the IGM does not contain ionized bubbles with radii �5 comoving

Mpc). The fluctuations in the 21-cm emission are dominated by

the density field at this time. The central redshift (z ∼ 8) shows

the IGM mid-way through the reionization process, and includes a

few H II regions above the simulation resolution. The lower redshift

example is just prior to overlap, when the IGM is dominated by

large percolating H II regions, which are well resolved at the 5-Mpc

resolution of our simulation.

The aim of this paper is to investigate the utility of 21-cm observa-

tions of the BAO scale as a probe of dark energy at high redshift. It is

therefore important to demonstrate that the percolation process does

not wash out the signature of BAOs in the 21-cm power spectrum

towards the end of the reionization era. In the central left-hand pan-

els of Fig. 2 we show the corresponding matter [�2 = k3P/(2π2)]

and 21-cm [�2
21 = k3P21/(2π2)] power spectra. The z = 6.5 simu-

lation exhibits a shoulder in the 21-cm power spectrum at a scale

corresponding to the characteristic bubble size. This shoulder is also

seen in analytic models of bubble growth (Furlanetto, Zaldarriaga

& Hernquist 2004). In the two higher redshift cases this shoulder is

located at a scale below the simulation resolution. We may use these

simulations to estimate the bias [b21(k)] which is calculated from the
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Figure 2. Examples of the 21-cm power spectra during reionization. Left-hand panels: Maps of the 21-cm emission from slices through the numerical simulation

boxes, each 3000 comoving Mpc on a side with a thickness of 12 comoving Mpc. In these maps yellow designates the absence of redshifted 21-cm emission.

Central left-hand panels: The corresponding matter power spectra multiplied by the growth factor squared (thin solid lines) as well as the 21-cm (thick solid

lines) power spectra computed from the simulation box. The input comoving power spectrum P (also multiplied by the growth factor squared) is shown for

comparison (short-dashed lines). Central right-hand panels: The baryonic wiggle component of the simulated 21-cm power spectrum. The curves (thick dark

lines) show the difference between the simulated 21-cm power spectrum, and a reference no wiggle 21-cm power spectrum computed from the theoretical no

wiggle reference matter power spectrum multiplied by the square of the product between the bias and the growth factor [i.e. P21 − Pref b2
21D2]. For comparison,

the red lines show the difference between the input matter and the no wiggle reference matter power spectra, multiplied by the bias and growth factor squared

[i.e. (P − Pref)b2
21D2]. The grey band surrounding this curve shows the level of statistical scatter in realizations of the power spectrum due to the finite size of

the simulation volume. Right-hand panels: The scale-dependent bias (b21). The upper, central and lower panels show results at z = 12, 8 and 6.5, which have

global neutral fractions of 98, 48 and 11 per cent, respectively, in the model shown.

square root of the ratio between the simulated 21-cm power spec-

trum and the simulated matter power spectrum (using equation 3).

In the right-hand panels of Fig. 2 we show the resulting values of

b21(k) as a function of scale.

To illustrate the presence of BAOs in 21-cm power spectra com-

puted using these simulations, we have also calculated the difference

between the 21-cm power spectrum constructed from the simula-

tion and a no wiggle reference 21-cm power spectrum [i.e. P21(k) −
P21,ref(k)]. This difference is plotted in the central right-hand panels

of Fig. 2. To construct P21,ref(k) we have multiplied a theoretical no

wiggle reference matter power spectrum (Pref) by the bias computed

from the same simulation box [i.e. P21,ref(k) = Pref(k)b21(k)D(z)2].

Note that since the boxes at each redshift were generated using the

same realization of the matter power spectrum, the noise is corre-

lated between the resulting 21-cm power spectra. For comparison

we also plot the difference between the theoretical matter power

spectrum and the theoretical no wiggle reference matter power spec-

trum, multiplied by the bias and growth factor squared [i.e. (P −
Pref)b2

21D2, which is shown by the red line in Fig. 2]. The grey band

around this line illustrates the level of statistical scatter in realiza-

tions of the power spectrum due to the finite size of the simulation

volume (e.g. Peacock & West 1992). These simulations demonstrate

that the 21-cm power spectrum will exhibit BAOs throughout the

reionization epoch including the percolation phase of H II regions.

Our simulations show that b21 will be constant on scales much

larger than the characteristic size of H II regions, but scale dependent

at larger values of k. The critical k scale below which b21 is nearly

constant moves to smaller values of k as reionization proceeds and

the ionized bubbles grow in size. Early in the reionization process

our results show that there is only a very weak dependence of b21 on

scale since the fluctuations are driven by the density field. Indeed,

our modelling shows the scale dependence of b21 to be weak on the

scales of interest for BAO at all times until the end of the reionization

era. At this time, just prior to the full overlap between H II regions,

the simulations show a strong dependence of b21 on scale for k �
0.05–0.1 Mpc−1 (comparable to the BAO scale) due to the formation

of large bubbles.3 Our simulations suggest that the scale-dependent

bias distorts the observed power spectrum of BAOs (see the panels

3 Note that the bias may never be observed to be scale dependent at values

of k smaller than the BAO scale since the evolution of the power spectrum

becomes more rapid than the light crossing time of the BAO scale (Wyithe

& Loeb 2004).
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in Fig. 2 corresponding to z = 6.5). However, this distortion, which

causes the ratio of peak heights to increase relative to a spectrum

with constant bias, is not expected to effect the extraction of the

BAO scale. This is because in practice, the matter power spectrum

could be fitted to the data using a scale-dependent bias (e.g. Seo &

Eisenstein 2005). We will return to this point, as well as the effects

of non-linear evolution of the power spectrum in Section 5.

The numerical values of b21 are plotted as a function of redshift

in the lower panel of Fig. 1. Also shown is the semi-analytic esti-

mate of b21 on a scale of R = 100 Mpc, which has been replotted

for comparison. Our analytic and numerical models predict similar

values of b21 and similar behaviour with redshift. In particular, b21

has a value of a few tens of mK both at the very beginning and very

end of reionization, despite the very different values of the global

neutral fraction. In addition, on scales much greater than the typical

bubble size there is a local minimum in the value of b21 mid-way

through reionization, corresponding to the shift from fluctuations in

21-cm emission being dominated by fluctuations in the density to

fluctuations in the ionization field. However, the semi-analytic and

numerical models do not agree in detail. The semi-analytic model

does not include a Poisson component of fluctuation due to the finite

number of bubbles in a region of radius R and so underestimates the

value of b21. On the other hand, our numerical scheme does not

conserve photons [reflecting a limitation of seminumerical models

of this type (Messinger & Furlanetto 2007)]. As a result, while our

model predicts the topology of H II regions at a particular value of

neutral fraction, it does not correctly predict the relation between the

average neutral fraction and redshift. In the lower panel of Fig. 1 this

manifests itself as an offset in the redshift where the local minimum

of the bias is predicted to occur.

In light of the results described above, we have chosen to use the

value for b21 computed at R = 100 Mpc based on our semi-analytic

model through the remainder of this paper. The semi-analytic model

makes a conservatively low estimate of b21 at all redshifts and so will

yield conservative estimates for the sensitivity of upcoming 21-cm

facilities to the 21-cm power spectrum.

3 M E A S U R E M E N T U N C E RTA I N T I E S
I N T H E P OW E R S P E C T RU M O F 2 1 - C M
F L U C T UAT I O N S

Calculations of the sensitivity to the 21-cm power spectrum for an

interferometer have been presented by a number of authors. We

follow the procedure outlined by McQuinn et al. (2006), drawing

on results from Morales (2005) and Bowman, Morales & Hewitt

(2006) for the dependence of the array antenna density on radius,

ρ(r). The uncertainty in a measurement of the power spectrum has

two separate components. The first, due to the thermal noise of the

instrument is

�P21,N(k) =
[

T 2
sys

Btint

D2�D

n(k⊥)

(
λ2

Ae

)2
]√

1

Nc

, (4)

where n(k⊥) is the density of baselines that observe the transverse

component of the wavevector (Morales 2005; Bowman et al. 2006),

Tsys ∼ 250[(1 + z)/7]2.6 K is the system temperature4 of the tele-

scope when observing the 21-cm line at redshift z, B is the bandpass

over which the measurement of the power spectrum is made and tint

is the integration time. The quantities D and �D are, respectively, the

comoving distance to the survey volume, and the comoving depth of

4 We assume Tsys to be dominated by the sky throughout this paper.

the survey volume (corresponding to the frequency bandpass within

which the power spectrum is measured). The second component of

uncertainty is due to sample variance within the finite volume of the

survey, and equals

�P21,SV(k) = P21(k)

√
1

Nc

. (5)

The noise is evaluated within a k-space volume element d3k. The

total noise within a finite k-space bin may then be obtained by in-

tegration over the volume within the bin. In both equations (4) and

(5) the quantity Nc = 2πk2 sin θdk dθ [V/(2π)3] denotes the num-

ber of modes observed within a k-space volume element d3k = 2πk2

sin (θ ) dkdθ . Note that in computing Nc we have assumed symmetry

about the polar angle and expressed the wavevector k in components

of its modulus k and angle θ relative to the line of sight. Because

wavenumbers can only be observed if their line-of-sight component

fits within the observer’s bandpass, we set Nc = 0 if 2π/k cos(θ )

> �D. The number of modes observed depends on the volume of

the survey, V = D2�D(λ2/Atile), where Atile is the total physical

surface area of an antenna (this point is discussed further below).

The sensitivity to the 21-cm power spectrum is dependent on

both the sensitivity of the telescope to a particular mode, and to

the number of such modes in the survey. The former is set by the

effective collecting area (Ae) of each antenna element (as well as the

total number of antennae), while the latter is sensitive to the total

physical area covered by each antenna (which we refer to as Atile).

For a traditional interferometer consisting of a number of dishes in

a phased array, these two areas are approximately equivalent Ae ∼
Atile, since the solid angle of the primary beam and the sensitivity

are both proportional to the physical collecting area of the dish.

However, in constructing the above formalism for the sensitivity to

the power spectrum, we have explicitly allowed Ae �= Atile. This is

because future interferometers being built to measure fluctuations

from the epoch of reionization (like the MWA) will not comprised

dishes, but rather a large number of ‘tiles’, each consisting of a

phased array of Ndip dipoles distributed over an area Atile. Since the

size of the dipole will be much lower than λ for observations of the

21-cm line at z � 3.5, the effective collecting area of each tile in

this regime is Ae ∼ Ndip λ2/4 (Bowman et al. 2005). Each tile forms

an electronically steerable primary beam, with solid angle �beam

∼ λ2/Atile. The MWA is designed to observe the 21-cm line from

the epoch of reionization, and so has Ae ∼ Atile when observing at

z ∼ 8, but Ae < Atile at lower redshifts.5 In terms of measuring a

power spectrum this reduces the efficiency of the MWA at higher

frequencies. In this paper we consider the power spectrum at 1.5 �
z � 6 as well as during the epoch of reionization at z � 6. When

showing results at z > 3.5 we use the specifications of the MWA

since this observatory is already under construction and its design

is not flexible. Observations of neutral hydrogen at z < 3.5 are not

accessible to the MWA, and so a new telescope would need to be

constructed for probing this epoch. Thus, at z < 3.5 we assume Ae ∼
Atile, corresponding to a telescope with an optimal design (i.e. with

dipoles spaced by λ/2) for observations at these lower redshifts.

In the case of a spherically averaged power spectrum, P21(k), each

of the above noise components can be computed within k-space

volumes of d3k = 4πk2�k, where �k is a finite bin of values in k.

However, the power spectrum, P21(k⊥, k‖), can also be expressed

in terms of the wavevector components that are parallel (k‖) and

5 The relation between Ae and Atile is often expressed in terms an aperture

efficiency ε = Ae/Atile (e.g. Morales 2005).
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perpendicular (k⊥) to the line of sight, in which case the components

�P21,N and �P21,SV can be computed within k-space volumes of

d3k = 2πk⊥�k⊥�k‖.

The contamination by foregrounds provides an additional source

of uncertainty in the estimate of the power spectrum. McQuinn et al.

(2006) have shown that it should be possible to remove the power

due to foregrounds to a level below the noise in the cosmological

signal, provided that the region of frequency bandpass from which

the power spectrum is estimated (B) is substantially smaller than the

total bandpass available (Btotal). Following the approximation sug-

gested in McQuinn et al. (2006), we combine the above components

to yield the uncertainty in the estimate of the power spectrum. For

the spherically averaged power spectrum we assume

�P21(k) =
{

�P21,SV(k)+�P21,N(k)√
Nfields Btot/B

, if k > kmin,

∞, otherwise,
(6)

while for noise in the power spectrum at k = (k‖, k⊥) we take

�P21(k) =
{

�P21,SV(k)+�P21,N(k)√
Nfields Btot/B

, if k‖ > kmin,

∞, otherwise,
(7)

where kmin = 2π/�D. In each of equations (6) and (7) the denomina-

tor represents the number of independent measurements made of the

power spectrum within a bandwidth B. The factor Nfields is included

because one independent measurement would be made per field im-

aged for time tint. As part of their analysis of foreground removal,

McQuinn et al. (2006) have found that foreground power could be

removed within a region B of the observed bandpass provided B is

significantly smaller than Btot. However, in addition McQuinn et al.

(2006) have also found that foreground removal is not sensitive to

the location of B within the total processed bandpass. As a result,

on scales where the power spectrum can be measured (i.e. at k >

kmin) it can be determined within Btotal/B independent regions of the

total processed bandpass Btotal. Hence while foreground removal

will limit the scale of fluctuations that can be observed, foregrounds

should not affect the total sensitivity of the array to smaller scale

modes. We note that, as with all studies of 21-cm fluctuations, the

level to which it will be possible to remove foregrounds provides

the largest uncertainty in our analysis. In addition, we also note that

the uncertainties assumed due to thermal noise and sample variance

represent best case scenarios. It is possible that other experimental

factors (such as calibration errors, radio frequency interference, and

contamination due to polarized foregrounds) could further degrade

the sensitivity to the BAO scale.

4 2 1 - C M O B S E RVAT I O N S O F BA RYO N I C
AC O U S T I C O S C I L L AT I O N S

Fig. 3 shows results for the power spectrum of 21-cm fluctuations,

and sensitivity to the BAO scale at z = 3.5, 5, 6.5 and 8. The spher-

ically averaged model power spectra are marked on the left-hand

panels as the thick dark lines (these are only valid on large scales

as they do not capture the scale-dependent bias that is the signature

of the H II bubbles on smaller scales). We also show (heavy grey

lines) the component of the power spectrum due to the BAOs. (Note

that we show the absolute value of the full power spectrum minus a

representative no wiggle power spectrum.) Estimates of the sample

variance (dotted lines) and thermal noise (dashed lines) components

of the uncertainty for detection by the MWA are plotted in each of

the panels. The MWA, which is currently under construction will

comprise a phased array of 500 tiles. Each tile will contain 16 cross-

dipoles to yield an effective collecting area of Ae = 16(λ2/4) (the

area is capped for λ > 2.1 m). The tiles will be distributed over an

area with diameter 1.5 km. The physical area of a tile is Atile = 16 m2.

In this paper we consider 1000 tiles for phase II of the MWA. We

model the antennae distribution as having ρ(r) ∝ r−2 with a maxi-

mum radius of 750 m and a finite density core of radius 18 m, and

we assume a 1000-h integration on a single field, a bandpass over

which foregrounds are removed of B = 8 MHz, and k-space bins of

width6 �k = k/10. The total processed bandpass for the MWA is

Btotal = 32 MHz. The combined uncertainty including the minimum

k cut-off due to foreground subtraction is shown as the thin solid

line.

The central panels of Fig. 3 show the power spectra at z = 3.5, 5,

6.5 and 8 with the representative smooth power spectrum subtracted.

The points with error bars show the accuracy attainable within a bin

of width �k/k = 0.1. The vertical dotted line is the wavenumber

corresponding to the bandpass, below which the error bars are very

large. We have fitted the analytic approximation7 to the baryonic

oscillation component of the spherically averaged power spectrum

following Blake & Glazebrook (2003):

P(k)

Pref(k)
= 1 + Ak exp

[
−

(
k

0.07 Mpc−1

)1.4
]

sin

(
2π

k

kA

)
. (8)

This function has two parameters A and kA. The value of A is deter-

mined to high accuracy from observations of the cosmic microwave

background. For the purposes of this analysis we therefore assume

that A is a known constant (namely A = 2.5), and fit only for kA

(providing the best-fitting value of kA = 0.0421 in the absence of

noise). We fit only to values of k < 0.25 Mpc−1. The accuracy to

which kA can be measured determines the constraints that 21-cm

power spectra can place on the dark energy. The right-hand panels

of Fig. 3 show the probability distributions for the recovered kA at

each redshift considered. In a single field the MWA could detect

the acoustic scale just prior to overlap, but could not make a precise

measurement (less than a few per cent) at any redshift.

At values of k ∼ 10−1 Mpc−1, the measurement of the power

spectrum using the MWA will be limited by the thermal sensitivity

of the array, and so the signal-to-noise ratio achievable in this regime

will be greatly enhanced by a subsequent generation of instruments

with a larger collecting area. As an example, we consider a hypo-

thetical follow-up instrument to the MWA which would comprise

five times the total collecting area. We refer to this follow-up tele-

scope as the MWA5000. The design philosophy for the MWA5000

would be similar to the MWA, and we therefore assume antennae

distributed as ρ(r) ∝ r−2 with a diameter of 2 km and a flat density

core of radius 80 m (see McQuinn et al. 2006). In Fig. 4 we repeat

our analysis of the power spectrum and BAOs at z = 3.5, 5, 6.5 and 8

for measurements using the MWA5000. The panels show the same

results as described in Fig. 3. For the model overlapping at z = 6,

we find that the BAO scale could be detected at a range of redshifts

6 The signal-to-noise ratio is increased in proportion to
√

�k, and so will be

substantially better per bin in measurements of the power spectrum at lower

resolution in k.
7 More recently a new technique has been proposed (Angulo et al. 2007;

Percival et al. 2007) which replaces the analytic form of equation (8) with

a scheme that uses a reference power spectrum derived from the observed

power spectrum, a full linear perturbation theory power spectrum, plus a

damping scale to account for non-linear evolution. This method improves the

fit to BAO power spectra computed in numerical simulations, and provides

a more general approach. However, we have chosen to employ the simpler

approach of Blake & Glazebrook (2003) in this initial investigation.
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Figure 3. The power spectrum of 21-cm fluctuations and measurement of the BAOs. Results are shown at four redshifts, z = 3.5, 5, 6.5 and 8, and assume

a low-frequency array with the specifications of the MWA, 1000 h of integration on a single field and foreground removal within B = 8 MHz of bandpass.

Left-hand panels: the power spectrum �2(k) ≡ k3P21(k)/(2π2) of 21-cm fluctuations (thick solid lines). The absolute value of the component of the 21-cm

power spectrum due to the BAOs is also plotted at k < 0.3 Mpc−1 (heavy grey lines). Also shown for comparison are estimates of the noise. In each case we

plot the sample variance (dotted lines) and thermal noise (dashed lines) components of the uncertainty within k-space bins of size �k = k/10. The combined

uncertainty including the minimum k cut-off due to foreground subtraction is also shown as the thin solid lines. Central panels: the power spectra with the

representative smooth power spectrum subtracted. The points with error bars show the accuracy attainable within a bin of width �k/k = 0.1. The vertical dotted

line is the wavenumber corresponding to the bandpass, below which the error bars are very large. Note that the vertical scale is different at each redshift and

has been chosen to best illustrate the magnitude of the uncertainty relative to the amplitude of the BAOs. Right-hand panels: the probability distributions for

the recovered acoustic wavenumber kA at each redshift.

and that very good measurements of kA (∼1 per cent) could be made

at z = 6.5 with the MWA5000 in a single field.

Following the results of McQuinn et al. (2006) we do not make

estimates for the SKA8 in this paper. Current projections for the

specifications of the SKA call for large antennae, with a small frac-

tion of collecting area concentrated in a core. This design limits the

field of view, as well as the fraction of the telescope that can be used

to measure the large-scale modes which probe the BAOs. Thus, de-

spite its increased collecting area, the SKA would be less powerful

(with respect to measurement of the redshifted 21-cm power spec-

trum) than the MWA5000, whose design would be optimized for

8 See www.skatelescope.org/.

the measurement of the 21-cm power spectrum at high redshift. We

note that at some redshifts the MWA5000 would be cosmic vari-

ance limited on scales relevant to BAO studies. As a result if an

SKA were built with a design based on the MWA5000, but with

10 times the collecting area, no substantial gains could be made

using observations of an individual field. Of course a telescope with

a larger collecting area could reach the limit of cosmic variance in

a shorter integration, allowing more fields to be observed.

To quantify the relative accuracy achievable on the measurement

of kA we plot the variance of the recovered distribution divided by

the best-fitting value in Fig. 5. In each panel of Fig. 5 we plot a

vertical line at z = 3.5. The MWA and MWA5000 could observe

to the right-hand side of this line, and we assume antennae with

the specifications of the MWA in this region. We note that there
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Figure 4. As in Fig. 3, but assuming the layout of the MWA5000.

is non-zero probability for the recovered kA to lie at a harmonic

of the true value (since the fitting function is quasi-periodic and

the data is noisy). This may be seen in the distributions shown

in Figs 3 and 4. For the results presented in Fig. 5 we assume a

prior probability on kA which is constant for kA > 0.03 Mpc−1 but

equal to zero otherwise. This effectively assumes that we know the

accuracy of kA to ∼ 20 per cent a priori. The upper left-hand panel

of Fig. 5 shows results for the MWA, with B = 6, 8 and 12 MHz

bandpasses, respectively, and 1000 h of integration for a single field.

If foreground subtraction could be achieved, the larger bandpasses

would improve the accuracy significantly at low z by giving access

to the peak centred on k ∼ 0.05 Mpc−1. The MWA will not make a

precision measurement of the BAO scale using only one field. The

upper right-hand panel of Fig. 5 shows the corresponding results

for MWA5000, again for a single field and 1000 h of integration.

In a single field the MWA5000 could make precise measurements

(�kA/kA ∼ 1 per cent) over an extended interval prior to overlap,

but not at higher redshifts.

Since any one observing field can only be observed for a fraction

of the time, measurement of the 21-cm power spectrum will be per-

formed over several different fields. In addition, some phased arrays

will have the capability to observe using several primary beams at

once. In the lower panels of Fig. 5 we show results that assume an

integration time of 1000 h on each of three separate fields (note that

this corresponds to ∼3 h d−1 per field for 1 yr). The noise on the

power spectrum scales as the inverse square root of the number of

fields (McQuinn et al. 2006), which results in an improved precision

on measurements of kA over that achievable in a single field (see

equations 6 and 7). The precision achieved at z ∼ 6.5 would be as low

as �kA/kA ∼ 3 per cent using the MWA (comparable with the best

current measurements from galaxy surveys), while the MWA5000

could reach �kA/kA ∼ 0.5 per cent. In addition the MWA5000 could

precisely (�kA/kA � 2 per cent) measure the acoustic scale at z ∼
3.5.

The antenna design of the MWA is optimized for the epoch of

reionization measurements and only allows the 21-cm line to be

observed at z � 3.5. However, in Fig. 5 we show results down

to a redshift of z = 0 because a future instrument could be con-

structed with antennae that are sensitive to a different frequency

range. At z � 3.5 (to the left-hand side of the vertical grey lines

in Fig. 5) we assume Ae = Atile and that the system temperature

is dominated by the sky (an assumption implying that, unlike the

MWA, such a telescope will need to have cooled receivers due to

the lower sky temperature at shorter wavelengths). An instrument
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Figure 5. The relative accuracy achievable on the measurement of kA as a function of redshift, assuming a prior probability on kA of kA > 0.03 Mpc−1. Results

for the MWA (left-hand panel) and the MWA5000 (right-hand panel), with foreground removal in B = 6 MHz (dotted lines), B = 8 MHz (solid lines) and B =
12 MHz (dashed lines) bandpasses, respectively. The upper and lower panels show results assuming one and three fields, respectively (with each field observed

for 1000 h). In each panel we plot a vertical line at z = 3.5. To the right-hand side of this line we assume antennae with the specifications of the MWA. To the

left-hand side of this line we assume an antennae number equal to the MWA or MWA5000, but tiles with Ae = Atile.

constructed with the same number of antennae as the MWA but

which operated at a higher frequency range could accurately mea-

sure the scale of acoustic oscillations at lower redshifts provided

that foreground subtraction could be achieved over a sufficiently

large bandpass. In constructing Fig. 5 we have computed the 21-cm

power spectrum assuming a constant value of b21 at z < 2. Our

modelling of b21 does not include quasars and assumes local ab-

sorption of ionizing photons. It therefore becomes unreliable at z �
2. However, the assumption of constant b21 is reasonable given that

the observed density parameter of neutral gas does not vary signif-

icantly with redshift (Prochaska, Herbert-Fort & Wolfe 2005). At

low redshifts the precision for measurements of kA would be lim-

ited by the ability to remove foregrounds. The minimum value of k
which is probed by the 21-cm power spectrum becomes larger as the

observing frequency is increased, and at z � 1 has moved to a value

beyond the scale of the BAO peaks. Nevertheless, at z ∼ 1.5 obser-

vations from three fields could yield precisions of ∼2 per cent and

∼1 per cent on measurements of kA using 1000 and 5000 antennae

(Ae = Atile), respectively, with even higher precision (∼ 0.7 per cent

and ∼ 0.5 per cent, respectively) attainable at z ∼ 2.5.

4.1 Sensitivity to the transverse and line-of-sight
acoustic scales

In the previous section we have computed the sensitivity of 21-cm

experiments to the angle-averaged value of kA. However, observa-

tions of the three-dimensional power spectrum of 21-cm fluctuations

provide constraints on both the radial and transverse measures of

this scale. In Fig. 6 we present results for the sensitivity of 21-cm

observations to the line-of-sight and transverse BAO scale at z =
3.5, 5, 6.5 and 8. In the left-hand panels we show the signal-to-noise

ratio for observations of the full power spectrum P21(k⊥, k‖). In

the central panels we show the corresponding signal-to-noise ratio

for observations of the difference between the full power spectrum

P21(k⊥, k‖) and the no wiggle reference power spectrum P21,ref(k⊥,

k‖). For this calculation we assume observation of a single field us-

ing the MWA5000, 1000 h of integration, and foreground removal

within B = 8 MHz of bandpass. The signal-to-noise ratio has been

computed in bins of volume 2πk⊥�k⊥�k‖, where �k⊥ = k⊥/10

and �k‖ = k‖/10. We have used the analytical approximation from

Glazebrook & Blake (2005):

P(k)

Pref(k)
= 1 + Ak exp

[
−

(
k

0.07 Mpc−1

)1.4
]

× sin

⎡
⎣2π

√(
k⊥

kA,⊥

)2

+
(

k‖
kA,‖

)2

⎤
⎦ , (9)

where k2 = k2
⊥ + k2

‖, to estimate the corresponding constraints on

the line-of-sight and transverse acoustic scales (kA,‖ and kA,⊥). On

the right-hand panels of Fig. 6 we show contours of likelihood for

the recovered values of kA,⊥ and kA,‖ around the true input value for

our standard cosmology. Fig. 6 shows that redshifted 21-cm obser-

vations would be sensitive to both the transverse and line-of-sight

components of the oscillation scale, with comparable uncertainty.

4.2 Comparison with galaxy surveys

Constraints on the BAO acoustic scale may be used to constrain

parameters in models of dark energy, with the ability of a survey

to discriminate among different models of dark energy governed

by the accuracy achieved in measurements of the line-of-sight and

transverse acoustic scales. Before proceeding we therefore pause

to compare the accuracy of the 21-cm experiment with potential

galaxy redshift surveys. Glazebrook & Blake (2005) present the

simulated precision on measurements of kA,⊥ and kA,‖ from hypo-

thetical galaxy redshift surveys. Spectroscopic surveys of ∼ 106

galaxies within �z = 0.5 redshift bins in the range 1 < z < 3.5
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1204 J. S. B. Wyithe, A. Loeb and P. M. Geil

Figure 6. Left-hand panels: The signal-to-noise ratio (S/N) for observations of the power spectrum P21(k⊥, k‖). Central panels: The S/N for observations of the

difference between the full power spectrum P21(k⊥, k‖) and the no wiggle reference power spectrum Pref,21(k⊥, k‖). In each case the S/N has been computed in

bins of volume 2π k⊥�k⊥�k‖, where �kperp = k⊥/10 and �k‖ = k‖/10. Right-hand panels: Contours of constant likelihood for the recovered kA,⊥ and kA,‖
around the true input value. Contours are shown at values of χ2 − χ2

min = 1, 2.71 and 4, where χ2
min is the value corresponding to the best-fitting parameter

set. When projected on to individual parameter axes (kA,⊥ and kA,‖), the extrema of these contours represent the 68, 90 and 95 per cent confidence intervals on

values of the individual parameters. The four rows show results at z = 3.5, 5, 6.5 and 8. The observational parameters assume the layout and collecting area of

the MWA5000 with 1000 h of integration on a single field, a bandpass of 8MHz and redshifts of z = 3.5, 5, 6.5 and 8.

covering 1000 deg2 would each measure the transverse and line-of-

sight acoustic scales to accuracies of ∼1 per cent and ∼2 per cent,

respectively. On the other hand a photometric redshift survey over

2000 deg2 between 2.5 < z < 3.5 would measure the transverse

scale to ∼ 1 per cent, but would not constrain the line-of-sight scale.

Similar results were obtained at 1.5 � z � 2.5.

The SKA could also be used to do a galaxy survey of sufficient

size to measure the BAO scale (Abdalla & Rawlings 2005), so long

as it were designed to have a sufficiently large field of view. How-

ever, the full sensitivity of the SKA would be required to push the

galaxy survey beyond z ∼ 1.5, limiting the studies of BAO us-

ing galaxies to relatively low redshifts when compared with optical
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spectroscopic surveys. By looking at fluctuations in the surface

brightness of unresolved 21-cm emission, an array like the MWA

could push measurement of the BAO to much higher redshift.

The very large areas of sky that must be surveyed in order to mea-

sure the BAO scale using galaxy redshift surveys arise because very

large volumes must be sampled in order to beat down the statisti-

cal noise on the large-scale modes relevant to BAOs. For example,

in units of the SDSS survey volume (Vsloan ∼ 5.8 × 108 Mpc3),

V/Vsloan ∼ 3 and 1.8 are required to achieve 2 per cent accuracy on

kA at z ∼ 1 and 3, respectively (Blake & Glazebrook 2003). By com-

parison, in a single pointing within Btotal = 32 MHz of bandpass the

MWA surveys V/Vsloan ∼ 2.4, 4.8, 7.6 and 11 at z = 1.5, 2.5, 3.5

and 6.5 (where we have assumed Ae = Atile), respectively. These vol-

umes must be multiplied by Nfields in order to get the total volume

from which the power spectrum is to be constructed. Thus observa-

tions of the 21-cm power spectrum will probe very large volumes of

the IGM, comparable to the most ambitious galaxy redshift surveys.

We find that observations using a low-frequency array the size of

the MWA, but with an appropriate frequency range would achieve

measurements of the acoustic scale at z ∼ 1.5–2.5 that are com-

parable in precision (∼ 1 per cent) to high-redshift galaxy surveys

using the next generation of optical instruments. Moreover an in-

strument with the collecting area of the MWA5000 would extend

this sensitivity out to z ∼ 3.5. Observations of 21-cm fluctuations

would also allow the acoustic scale to be measured with compa-

rable precision at much earlier cosmic epochs (z ∼ 6), using the

MWA5000. Moreover, 21-cm observations will be comparably sen-

sitive to the line-of-sight and transverse acoustic scales. In contrast,

spectroscopic galaxy redshift surveys are more sensitive to the trans-

verse scale, while photometric redshift surveys will not be sensitive

at all to the radial BAO (Glazebrook & Blake 2005).

5 P O S S I B L E N O N - L I N E A R E F F E C T S O N
M E A S U R E M E N T O F T H E BAO S C A L E

In estimating the precision with which the BAO scale can be mea-

sured we have assumed a constant relation between the linear matter

power spectrum and the observed 21-cm power spectrum. However,

there are several separate effects which could degrade the precision

(as well as the accuracy) with which we can estimate the BAO scale

(Seo & Eisenstein 2005). Two of these effects have been studied

with respect to galaxy redshift surveys using numerical simulations.

The first effect is non-linear evolution of the mass power spectrum,

which results in a change in its slope at small scales. Furthermore,

the coupling of modes in the non-linear regime will tend to wash

out the contrast of the BAO features. A second effect arises from the

non-linear component of galaxy bias. On small scales, simulations

show that galaxy bias deviates from the scale-independent bias that

is predicted by linear theory. This small-scale bias is manifest in the

power spectrum as anomalous power at large scales, and could result

in a shift of the estimated BAO scale, as well as reduced contrast

of BAO features in the observed power spectrum. Seo & Eisenstein

(2005) have used a suite of N-body simulations to investigate the

effects that these non-linear effects could have on the precision and

accuracy of the recovered BAO scale in galaxy surveys. They find

that estimation of the BAO scale is robust against non-linear effects

in the linear and quasi-linear regimes.

In particular, Seo & Eisenstein (2005) show that the BAO features

in the matter power spectrum may be recovered from an observed

power spectrum through the subtraction of a smooth function which

restores the matter power spectrums overall shape. Thus, rather than

use an analytic form for the BAO component of the power spectrum,

Seo & Eisenstein (2005) relate the observed power spectrum Pobs(k)

to the linear matter power spectrum P(k) through the expression

Pobs(k) = (b0 + b1k)P(k/α) + (a0 + a1k + a2k2), (10)

and constrain the free parameters b0, b1, a0, a1, a2 and α. In this rela-

tion, the parameters a0, a1 and a2 describe the smooth component of

the power introduced through the combination of non-linear gravita-

tional evolution and the anomalous power introduced through small-

scale galaxy bias, while b0 and b1 describe the linear bias (with the

parameter b1 allowing for the possibility of scale-dependent bias

in linear theory). The cosmological constraints are manifest in the

parameter α, which represents the amount of dilation in the BAO

scale. The fluctuations in the recovered value of α are generated

through the removal of non-linear effects as well as from the statis-

tical uncertainties. The overall uncertainty in the recovered acoustic

scale is provided by the size of these fluctuations. Seo & Eisenstein

(2005) show that equation (10) is able to describe both the effects of

non-linear evolution in the matter power spectrum and the anoma-

lous power due to non-linear bias at a level which is sufficiently

accurate so as not to degrade the precision of the recovered BAO

scale.

In performing χ 2 fits to their N-body simulated power spectra,

Seo & Eisenstein (2005) found that inclusion of the parameter b1

does not effect the statistical precision of the recovered BAO scale.

However, setting b1 = 0 resulted in an unbiased estimate of the BAO

scale, while allowing b1 to be an additional free parameter led to bias

of the recovered scale (at a level of<1 per cent). The reason is that the

fitting procedure adjusts the parameter b1 so as to describe the BAO

features at large k. These features have been suppressed through

non-linear evolution, which is not otherwise accounted for in the

comparison between the linear power spectrum and the observed

power spectrum (equation 10). Seo & Eisenstein (2005) suggest

that this bias could be removed by including an appropriate recipe

to account for the suppression of BAO features. This dependence

on b1 is important for the 21-cm analysis of the BAO scale. While

galaxy bias is constant in linear theory (b1 = 0), the effective bias

in 21-cm observations (b21) can be scale dependent in the region

of interest. For example, Fig. 2 suggests that we would expect a

scale-dependent bias at redshifts just prior to the end of the overlap

era. Thus, while non-linear effects in the matter power spectrum and

galaxy bias are well described by equation (10), careful account will

need to be taken of the pre-factor to P(k/α) in measurements of the

21-cm power spectrum. We will return to this study in a future work,

while in this paper we restrict our attention to a constant bias term.

The finding of Seo & Eisenstein (2005) that introduction of scale

dependence into the linear bias term (i.e. a non-zero b1) does not

increase the statistical uncertainty and also results in a systematic

uncertainty of less than 1 per cent (prior to modifications which

could reduce this effect) gives us confidence that our estimates will

hold following a more detailed analysis.

Finally, we have neglected redshift-space distortions in this pa-

per. In addition to non-linearities, Seo & Eisenstein (2005) have also

considered the suppression of BAO features by redshift-space dis-

tortions. In particular they show that the non-linear power spectrum

in redshift space can be related to the real space power spectrum

via a fitting function, which allows the analysis described above

to be performed in real space. However, Seo & Eisenstein (2005)

find that the precision with which the line-of-sight BAO scale could

be measured is degraded by redshift-space distortions, which will

lower the contrast of BAO features. On the other hand Seo & Eisen-

stein (2005) also show that this effect becomes insignificant at z ∼
3. Thus, we assume that redshift-space distortions will not limit the
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precision of estimating the BAO scale from 21-cm observations at

high redshifts.

6 C O N S T R A I N T S O N DA R K E N E R G Y

The measurement of the angular scale of acoustic oscillations (i.e.

oscillations transverse to the line of sight) provides a measure of the

angular diameter distance at a redshift z where the oscillations are

observed. The angular diameter distance can also be computed at a

redshift z for a chosen cosmology

DA = (1 + z)−1

∫ z

0

dz′

H (z′)
, (11)

where H(z) is the Hubble parameter at redshift z, and we have set

the speed of light equal to unity. Thus the measurement of DA(z)

probes the underlying geometry of the universe. On the other hand,

measurement of the redshift scale of acoustic oscillations (i.e. os-

cillations along the line of sight) provides a direct measure of the

Hubble parameter at a redshift z, which may be written as

H (z) = −H0(1 + z)3/2

×
{

�m + �Q exp

[
3

∫ z

0

dz′

(1 + z′)
wQ(z′)

]}1/2

. (12)

In writing the Hubble parameter we have parametrized the equa-

tion of state as

pi = wi (z)ρi , (13)

where the subscript i refers to either pressureless matter (with

w = 0 and a subscript i = m) or dark energy (with a subscript

i = Q). We have also used the energy conservation for the dark

energy ρ̇Q = −3H (z)[1 + wQ(z)]ρQ. The redshift dependence

of the acoustic scale has been suggested as a powerful probe of

the evolution of the dark energy (Blake & Glazebrook 2003; Hu

& Haiman 2003; Seo & Eisenstein 2003; Glazebrook & Blake

2005; Angulo et al. 2007; Seo & Eisenstein 2007). If the size of

the sound horizon is known, then the relative errors �DA/DA in

the angular diameter distance and �H/H in the Hubble param-
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Figure 7. Constraints on a constant wQ. Upper panels: The relative change in angular diameter distance (left-hand panel) and Hubble parameter (right-hand

panel) as a function of redshift for different models of the evolution in wQ. The fractional changes are relative to a cosmological constant (wQ = −1). The

thick black and grey bars illustrate an accuracy of 1 and 3 per cent on kA which would be achievable in some redshift ranges in a 1000-h observation by the

MWA5000 (one field) and MWA (three fields), respectively. Lower panels: The uncertainty in wQ per unit relative uncertainty in the angular diameter distance

DA (left-hand panel) and Hubble parameter H (right-hand panel), as a function of redshift. The uncertainty is relative to a cosmological constant (wQ = −1).

eter are related to the relative errors �kA,⊥/kA,⊥ and �kA,‖/kA,‖
in the transverse and line-of-sight acoustic scales, respectively

(Fig. 6).

To investigate the utility of the redshifted 21-cm emission as a

probe of the dark energy equation of state we adopt a simple ap-

proach. In the remainder of this section we assume that the values of

�m, �Q and the present-day value of the Hubble parameter H0 have

been precisely determined a priori, so that we do not consider the

uncertainty in the sound horizon. We also assume that the universe

is flat. In the upper panels of Fig. 7 we plot the fractional change in

the angular diameter distance and Hubble parameter, respectively,

for several models with constant wQ, relative to a model with a cos-

mological constant (wQ = −1). The vertical bars illustrate the type

of precision achievable by the MWA (grey bar) and MWA5000

(dark bars) in a 1000-h observation of three fields and a single

field, respectively, at the redshifts where these observations will

be most efficient. Based on the transverse measurement of the BAO

scale, the MWA would be able to make a measurement of wQ with

∼20 per cent accuracy using a single measurement at z ∼ 6.5, while

the MWA5000 could make a measurement of wQ at the ∼7 per cent

level from observations at each of z ∼ 3.5 and 6.5, yielding a com-

bined constraint of better than 5 per cent. Better precision could be

achieved using observations of three fields. Since a cosmological

constant does not affect the dynamics at high redshift the line-of-

sight BAO scale is left unaffected by this change in the equation of

state. Thus a cosmological constant would introduce an asymme-

try in the BAO scale that would be easily detected by high-redshift

observations.

We can obtain a more quantitative relation between the uncer-

tainties in kA and wQ. If we expand around wQ = −1, then in the

case of a constant wQ model we can relate the uncertainty in wQ to

the observed uncertainty in the scale kA. We obtain

�wQ =
∣∣∣∣ dwQ

dδk A

∣∣∣∣ δobs
k A , (14)

where δobs
kA ≡ �kA,⊥/kA,⊥ or δobs

kA ≡ �kA,‖/kA,‖ for the transverse and

line-of-sight components, respectively. In the lower left-hand panel
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of Fig. 7 we plot the resulting uncertainty in wQ per unit fractional

uncertainty in the transverse measurement of kA. This figure shows

that a 10 per cent uncertainty in wQ requires kA to be measured in the

transverse direction with a precision of ∼1.5 per cent. As mentioned

above this will be achievable at each of redshifts z ∼ 3.5 and 6 for

the MWA5000. The small change in the radial BAO scale with wQ is

reflected by the large value of the derivative in the lower right-hand

panel of Fig. 7.

6.1 Constraints on parametrized models of evolving
dark energy

In the remainder of this section we constrain two different

parametrized dark energy models assuming observations with the

MWA5000 at four different redshifts. Rather than consider the spher-

ically averaged constraint on kA, in this section we utilize inde-

pendent constraints of the line-of-sight and transverse BAO scales

(Glazebrook & Blake 2005). Fig. 6 illustrates that the MWA5000

will have a comparable sensitivity to measurements of kA along the

line of sight (kA,‖) as compared to perpendicular to it (kA,⊥). We

therefore assume the transverse and line-of-sight sensitivities to be

�kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √
2 × �kA/kA, and constrain dark

energy parameters using the joint constraints on DA and H (i.e. we

assume �kA,⊥/kA,⊥ = �DA/DA and �kA,‖/kA,‖ = �H/H). Note

that our relations between the transverse or line-of-sight sensitivities

and the spherically averaged sensitivity to the BAO scale assume

that the transverse and line-of-sight scales are independent, whereas

Fig. 6 illustrates that there is some degeneracy. We therefore slightly

underestimate the uncertainties on the transverse and line-of-sight

BAO scales.

The equation of state of dark energy may not be constant. The

possible evolution is often parametrized using the following simple

form (Chevallier & Polarski 2001):

wQ(z) = wQ + w1(1 − a), (15)

Figure 8. The joint likelihoods for wQ and w1 relative to a model with a cosmological constant (wQ = −1, w1 = 0). The contours are at 64, 26 and 10 per

cent of the maximum and were found from combining constraints on DA and H, assuming uncertainties �kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √
2 × 0.01 (at z = 1.5,

upper left-hand panel), �kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √
2 × 0.007 (at z = 2.5, upper right-hand panel), �kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √

2 × 0.02 (at z = 3.5,

lower left-hand panel) and �kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √
2 × 0.007 (at z = 6.5, lower right-hand panel). At z � 3.5 these sensitivities correspond to three

fields, each observed for 1000 h with the MWA5000. At z � 2.5 these sensitivities correspond to three fields, each observed for 1000 h with an array having

5000 antennae (each with 16 cross-dipoles) and Ae = Atile. Models with wQ(z) < −1 or wQ(z) > 1 violate the weak energy condition, and we shade these

regions grey.

where w1 is the derivative of wQ(z) with respect to the scalefactor

a. We have investigated the joint constraints that the 21-cm BAO

observations might place on the parameters wQ and w1, and present

the results in Fig. 8. We construct the relative likelihoods for wQ

and w1 given a true model with wQ = −1 and w1 = 0,

L(wQ, w1) = exp

{
−1

2

[(
δkA,⊥
δkobs

A,⊥

)2

+
(

δkA,‖
δkobs

A,‖

)2
]}

, (16)

where δkA,⊥(z) and δkA,‖(z) are functions of wQ and w1. We show

results in four redshift bins and have assumed δkobs
A,⊥ = δkobs

A,‖ =√
2δkobs

A , with observed uncertainties of δkobs
A ≡ �kA/kA = 0.01

at z = 1.5, δkobs
A = 0.007 at z = 2.5, δkobs

A = 0.02 at z = 3.5 and

δkobs
A = 0.007 at z = 6.5. The latter two cases are examples of the

levels of precision in �kA/kA that may be achievable in 1000-h

integrations over each of three fields with the MWA5000, while

the cases at z ∼ 1.5 and 2.5 correspond to an instrument with the

antenna number of the MWA5000, but with a higher frequency

range and Ae = Atile (again over three fields and 1000 h). In each

case contours of the likelihood are shown at 64, 26 and 10 per

cent of the maximum. The contours illustrate the degeneracy in w0

and w1 from a single measurement of the acoustic scale at high

redshift. This degeneracy arises if the cosmological constant is the

true model, because the effect of dark energy is limited to the value

observed for DA. However, both wQ and w1 could be constrained at

z � 2.5. We note that models with wQ(z) < −1 or wQ(z) > 1 violate

the weak energy condition, and shade these regions grey in Fig. 8.

However, we include constraints on all parameters for generality.

As mentioned previously, the dark energy constraints assume that

the cosmological density parameters and Hubble constant at z = 0

are known so that there is no uncertainty in the sound horizon.

Constraints on the parametrization of the dark energy in equa-

tion (15) are most accessible to observations at z � 2.5. Indeed

by construction equation (15) does not lead to differences in the
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expansion history at z � 3.5 where the BAO scale is accessible to

the MWA5000. Nevertheless, the combination of observations at

several redshifts at z � 3.5 would provide tight limits on the value

of either wQ (�5 per cent) if it is constant, or w1 (±0.2) if wQ is

known a priori. In constructing these limits we have utilized external

information through our assumption that the cosmological parame-

ters �m, �b and �Q are known, but have not incorporated additional

sources of constraint on the dark energy equation of state at lower

redshift, which could include observations of Type Ia supernovae

(e.g. Riess et al. 2007; Zhao et al. 2007), or the BAO scale from

galaxy redshift surveys (Cole et al. 2005; Eisenstein et al. 2005).

The constraints on the dark energy equation of state presented in

Fig. 5 could of course be improved through a joint analysis of all

available constraints. For example, while the BAO scale measured

by Eisenstein et al. (2005) does not by itself constrain the parame-

ters of dark energy, Wood-Vasey et al. (2007) have combined this

measurement with observations of Type Ia supernovae from the

ESSENCE supernova survey, and find (assuming a flat universe)

that wQ = −1.05+0.13
−0.12 with a systematic uncertainty of ±0.11.

Equation (15) imposes a certain type of evolution on the dark

energy. In particular, for all values of w1 the parametrization in

equation (15) assumes that 50 per cent of the evolution in wQ(z)

occurred at z < 1. Moreover, the constraints on model parameters

are only meaningful should the model be a correct description of

reality. Since 21-cm observations of BAO will be a powerful probe

of dark energy at high redshifts, we require a parametrization that is

more general than is provided by equation (15). Current observations

indicate that the evolution of the cosmic expansion is consistent

to within ∼10 per cent with a pure cosmological constant at z �
1 (Riess et al. 2007; Zhao et al. 2007), while redshifted 21-cm

observations might be the first working method of probing the dark

energy at z � 3. An alternative parametrization to equation (15) for

the possible evolution of the vacuum energy density [ρv(z)] at high

redshifts is to adopt a constant value (ρv,0) in the redshift range 0 �

Figure 9. The joint likelihoods for C1 and C2 relative to a model with a cosmological constant (C1 = C2 = 0). The contours are at 64, 26 and 10 per cent of

the maximum and were found from combining constraints on DA and H, assuming uncertainties �kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √
2 × 0.007 (at z = 2.5, upper

left-hand panel), �kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √
2 × 0.02 (at z = 3.5, upper right-hand panel), �kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √

2 × 0.007 (at z = 6.5, lower

left-hand panel), and �kA,⊥/kA,⊥ = �kA,‖/kA,‖ = √
2 × 0.04 (at z = 12, lower right-hand panel). At z � 3.5 these sensitivities correspond to three fields,

each observed for 1000 h with the MWA5000. At z = 2.5 these sensitivities correspond to three fields, each observed for 1000 h with an array having 5000

antennae (each with 16 cross-dipoles) and Ae = Atile. Models with ρv < 0 are shaded grey.

z � zmin which is constrained by other observational probes (such

as Type Ia supernovae or galaxy redshift surveys), and to represent

the unknown evolution at higher redshifts z > zmin by

ρv = ρv,0

[
1 + C1(z − zmin) + C2(z − zmin)2 + · · ·] , (17)

where we have kept only the two leading terms in the polynomial

expansion of ρv(z). We next require that the universe be flat, which

yields the corresponding evolution for the Hubble parameter at z >

zmin,[
H (z)

H0

]2

= �m,0(1 + z)3 + �v,0

[
1 + C1(z − zmin)

+ C2(z − zmin)2 + · · · ], (18)

where the subscript 0 denotes present-day values. This expression

can then be substituted directly into equation (11) to obtain the angu-

lar diameter distance, DA(z). If the vacuum energy density originates

from a scalar field φ rolling down a potential V(φ), then measure-

ments of the above expansion parameters can be used to infer the

shape of V(φ) (see Linder 2007; Turner & Huterer 2007 for recent

reviews).

We have investigated the joint constraints that the 21-cm BAO

observations might place on the parameters C1 and C2, and present

the results in Fig. 9. We do not constrain ρv to be positive, but shade

the regions where ρv < 0. For this figure we assume zmin = 1 and that

the dark energy at z < zmin is a cosmological constant. We construct

the relative likelihoods for C1 and C2 given a true model with C1 =
C2 = 0. As before we show results in four redshift bins and have

assumed observed uncertainties of δkobs
A,⊥ = δkobs

A,‖ = √
2δkobs

A with

δkobs
A ≡ �kA/kA = 0.007 at z = 2.5, δkobs

A ≡ �kA/kA = 0.02 at

z = 3.5, �kA/kA = 0.007 at z = 6.5 and �kA/kA = 0.04 at z = 12.

In each case contours of the likelihood are shown at 64, 26 and 10

per cent of the maximum. Since this model does not exclude a dark

energy contribution to the expansion dynamics at high redshift, its
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parameters are well constrained by high-redshift observations of the

BAO scale. The contours illustrate the level of degeneracy in C1 and

C2 from a single measurement of the acoustic scale at high redshift.

The combination of constraints at different redshifts would reduce

this degeneracy. As with our previous examples, the constraints

presented in Fig. 9 assume that there is no observational uncertainty

in the size of the sound horizon.

7 D I S C U S S I O N

In this paper we have shown that measurements of the power spec-

trum of fluctuations in the intensity of 21-cm emission could provide

a precise determination of the scale of the acoustic peak in the matter

power spectrum. By using the acoustic scale to measure the angular

diameter distance and Hubble parameter, it would therefore be pos-

sible to use redshifted 21-cm studies to constrain the dark energy in

the unexplored redshift range of 1.5 � z � 15.

The main advantage of 21-cm observations is that in addition to

studies in the redshift range where a cosmological constant is ex-

pected to dominate the expansion dynamics, measurement of the

BAO scale would also be possible at much earlier cosmic epochs

than are accessible by other methods. Indeed, observations of the

redshifted 21-cm power spectrum at 3.5 � z � 12 using a facility

with 10 times the collecting area of the MWA would make a detailed

study of the presence of dark energy at high redshift that differs from

that measured at z < 1. Moreover, 21-cm observations will be com-

parably sensitive to the line-of-sight and transverse acoustic scales.

In contrast, spectroscopic galaxy redshift surveys are more sensitive

to the transverse scale, while photometric redshift surveys will not

be sensitive to the radial BAO at all (Glazebrook & Blake 2005).

We note that a measurement of the power spectrum both along

the observer’s line of sight as well as perpendicular to it can also be

used to constrain cosmological parameters through the Alcock &

Paczynski (1979) test in a 21-cm data set (Barkana & Loeb 2005a;

Nusser 2005; Barkana 2006). However, the use of the BAO scale as

a cosmic yardstick allows the BAO to be a more powerful probe of

dark energy than the Alcock & Paczynski (1979) test. This is because

the line-of-sight and transverse measurements of the BAO scale

yield independent measurements of the expansion history, whereas

the Alcock–Paczynski (1979) test utilizes only their ratio.

The redshift range accessible to an instrument like the MWA

is specified by the antennae design. A purpose built instrument

with sensitivity to a higher range of frequencies could probe the

BAO scale at lower redshifts, enabling continuous coverage from

the reionization era to z � 1 where galaxy and supernovae surveys

become effective. Redshifted 21-cm studies of acoustic oscillations

could in principle also be extended to the redshift regime 15 �
z � 200 in the more distant future (Barkana & Loeb 2005b). How-

ever, such an extension would be particularly challenging because of

the increase in the Galactic synchrotron foreground towards lower

observed frequencies.

We have shown that the first generation of low-frequency experi-

ments (such as MWA or LOFAR) will be able to constrain the scale

of the acoustic oscillations to within ∼ 3 per cent in a high-redshift

window just prior to overlap (see Fig. 5). This sensitivity to the

acoustic peak is comparable to the best current measurements from

galaxy surveys (Eisenstein et al. 2005). In addition, we find that

observations using an array 10 times the size of the MWA, and with

sensitivity in an appropriate frequency range would achieve mea-

surements of the BAO scale with precisions that are below 1 per cent

in some particular redshift intervals. These windows include the

reionization era, as well as the range 1.5 � z � 3.5, where the preci-

sion obtained would be comparable to ambitious high-redshift spec-

troscopic surveys of ∼ 106 galaxies, covering more than 1000 deg2

(Glazebrook & Blake 2005). Moreover, since observations of the

BAO scale in 21-cm fluctuations can be extended down to z ∼ 1.5

there will be an opportunity to demonstrate that the results match

those from other well studied techniques. However, at z � 3.5, where

the acoustic peak scale is not accessible through standard techniques,

the 21-cm power spectrum would provide unique constraints on the

dark energy.
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