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Abstract – Soft tissues growing under constraint often form creases. We adopt the model of
growth that factors the deformation gradient into a growth tensor and an elastic deformation
tensor, and show that the critical conditions for the onset of creases take a remarkably simple
form. The critical conditions are illustrated with tubes of tissues growing either inside a rigid
shell or outside a rigid core. By comparing the critical conditions for the onset of wrinkles, we
show that the creases are the preferred type of instability. Furthermore, deep creases in a tube are
simulated by using the ﬁnite-element method, and the number of creases in the tube is estimated
by minimizing the free energy.
c EPLA, 2011
Copyright 

Soft tissues often grow under constraint. For example,
many tubular organs —arteries, airways, esophagi and
intestines— grow under the constraint of a stiﬀer tissue,
the smooth muscle [1,2]. Some tumors grow under the
constraint of necrotic cores [3]. Even in the absence of any
stiﬀ tissues, soft tissues develop internal constraint when
the growth is inhomogeneous [4,5]. Constrained growth
can cause the soft tissues to undulate and fold. These
mechanical instabilities have physiological and pathological consequences [3,6–11]. When the smooth muscle of
airways shortens, the mucosa folds and obstructs the
airways; the amount of obstruction increases in asthma
due to the thickening of the airway walls [6,7]. Buckling
can enable the invagination of embryos [9], and the primordial development of sunﬂowers [10]. Fingerprint patterns
can result from the buckling of the layer of basal cells of
the fetal epidermis [11]. The shape of a tumor can indicate
its type [3].
Figure 1 illustrates several ubiquitous patterns of instability. For a soft material covered with a stiﬀ thin layer,
compression beyond a critical level leads to wrinkles [12].
Further compression will turn some of the wrinkles into
folds [13,14]. For a soft material not covered with a stiﬀ
layer, however, compression beyond a critical level leads to
creases, without forming wrinkles ﬁrst [15–21]. While the
wrinkles keep the surface of the material locally smooth,
the folds and creases cause the surface to self-contact. The
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Fig. 1: (Color online) Schematic illustrations of three ubiquitous patterns of mechanical instability.

tip of a fold remains open due to the bending rigidity of
the stiﬀ layer, but the tip of a crease is sharp.
The onset of wrinkles corresponds to superposing a ﬁeld
of strain inﬁnitesimal in amplitude, but ﬁnite in space. By
contrast, the onset of creases corresponds to superposing
a ﬁeld of strain ﬁnite in amplitude, but inﬁnitesimal in
space. Consequently, the critical condition for the onset of
wrinkles can be determined by a classical linear perturbation analysis, while the critical condition for the onset of
creases cannot. Several recent papers have studied creases
in soft materials caused by external forces [15–20]. This
paper studies creases in tissues undergoing constrained
growth. We show that the critical conditions for the onset
of the growth-induced creases take a remarkably simple
form. The critical conditions are illustrated with tubes of
tissues growing either inside a rigid shell or outside a rigid
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core. Furthermore, deep creases in a tube are simulated
by using the ﬁnite-element method, and the number of
creases is estimated by minimizing the free energy.
As illustrated in ﬁg. 2, we adopt a well-known model
of growth [22]. A tissue is taken to be stress-free before
the growth. An unconstrained and homogeneous growth
changes the size of the tissue, but does not induce any
stress. The stress-free growth is characterized by a growth
tensor, G, which maps any vector in the tissue in the
stress-free state to a vector in the tissue after the growth
by a stretch and a rotation. To model the constrained and
inhomogeneous growth, we think of the tissue as many
small elements, and name each element by its coordinate
X when the tissue is in the stress-free state. The growth
of the element is characterized by a growth tensor G(X),
which may vary from one element to another. If only the
stress-free growth tensor were considered, the neighboring
elements would not ﬁt together after the growth, but
would have gaps or overlaps [23]. This incompatible,
stress-free state after the growth is illustrated in ﬁg. 2.
To make the elements compatible with one another, and
to satisfy the constraint imposed by surrounding stiﬀ
tissues, each element deforms, which is characterized
by a deformation tensor, A(X). The multiplication of
the growth tensor and the deformation tensor gives the
deformation gradient [22]:
F = AG.

(1)

As illustrated in ﬁg. 2, G(X) maps the tissue from
the stress-free state before the growth to the stress-free
state after the growth, A(X) maps the tissue from the
stress-free state after the growth to the stressed state after
the growth, and the deformation gradient F(X) maps the
tissue from the stress-free state before the growth to the
stressed state after the growth. While both G(X) and
A(X) may be incompatible, their multiplication F(X) is
compatible [23,24].
The deformation gradient relates to the ﬁeld of displacement in the usual way. Let an element of the tissue occupy
a place of coordinate X when the tissue is in the stress-free
state before the growth, and move to a place of coordinate
x when the tissue is in the stressed state after the growth.
The ﬁeld of displacement in the tissue is represented by
the function x(X). The constraint of the surrounding stiﬀ
tissues can be imposed by prescribing the values of the
function x(X) for the elements of the tissue on the boundary. The deformation gradient is deﬁned as
FiK = ∂xi (X) /∂XK .

(2)

We adopt the simplest version of the model, in which
the ﬁeld of the growth tensor G(X) is prescribed and is
independent of the stress in the tissue. Furthermore, the
deformation is assumed to be elastic and incompressible,
det(A) = 1. The elasticity of the tissue is assumed to be

Fig. 2: A model of the growth of a tissue identiﬁes three
states: the stress-free state before the growth, the stress-free
state after the growth, and the stressed state after the growth.
Mapping from one state to another is accomplished by three
tensors: the growth tensor G, the deformation tensor A, and
the deformation gradient F, which are related to each other by
F = AG.

neo-Hookean and isotropic, so that the elastic energy of
the tissue is


μ  T 
Π=
tr A A − 3 det (G) dV ,
(3)
2
where μ is the shear modulus. The integral extends over
the volume of the tissue in the stress-free state before
the growth, and det(G) is the volume after the growth
divided by that before the growth. If the body is subject
to mechanical forces, the potential energy of the forces
need be added to (3). The total free energy is minimized
subject to the constraint det(A) = 1 and the boundary
conditions of x(X).
Before creases set in, the surface of the tissue is smooth,
and every element on the surface is in a well-deﬁned state
of strain. When the state of strain of an element reaches a
critical condition, a crease sets in at this element —that is,
the onset of each crease is autonomous [16,17]. For a neoHookean material subject to external forces, the critical
conditions for the onset of creases have been calculated for
general states of strain [16]. We now apply these conditions
to tissues growing under constraint. Within the model
of growth illustrated in ﬁg. 2, the stress is developed in
going from the stress-free state after the growth to the
stressed state after the growth. Consequently, the critical
conditions for the onset of creases obtained in [16] should
be applied to the elastic deformation tensor A(X).
For an element X on the surface of the tissue, the three
eigenvalues of AT A are denoted by α12 , α22 , α32 —that is,
α1 , α2 , α3 are the principal elastic stretches. The surface
of the tissue is assumed to be traction free, so that the
direction normal to the surface is a principal direction of
the stress tensor and, for a material of isotropic elasticity,
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Rigid shell

is large compared to the radii, we assume that the tissue
deforms under the plane-strain conditions. The growth
r
tensor is assumed to be of the form G = diag[gr , gθ , gz ],
where gr , gθ , gz are the growth ratios in the radial,
B
B
a
circumferential, and longitudinal directions of the tube.
The growth is taken to be homogeneous, so that gr , gθ , gz
are constant independent of the position in the tissue.
Soft tissue
Prior to the onset of creases, the growth causes the
(a)
(b)
tube to undergo axisymmetric deformation. Consider an
element of the tissue, at distance R from the axis of the
tube in the stress-free state before the growth. In the
stressed state after the growth, the element moves to a
place at distance r from the axis of the tube. The function
r(R) speciﬁes the ﬁeld of displacement. Because the elastic
deformation is taken to be incompressible, the increase
in the volume of the tube is entirely due to the growth.
Consider an annulus between the radii B and R in the
stress-free state before the growth, and between the radii
(c)
(d)
B and r in the stressed state after the growth. The growth
increases
the volume of the annulus by a factor gr gθ gz , so
Fig. 3: (Color online) A tube of a tissue grows inside a rigid
shell. (a) The stress-free state before the growth. (b) The that


(6)
B 2 − r2 = gr gθ gz B 2 − R2 .
axisymmetric stressed state after the growth. The critical
R

growth ratio for the onset of creases as a function of A/B for
(c) isotropic growth and (d) an example of anisotropic growth.
The solid lines are for circumferential creases, and the dashed
lines are for longitudinal creases. In (d) the line with circles and
triangles are the critical conditions for the onset of wrinkles. For
the isotropic growth (c), when A/B = 0.6, the critical growth
ratio is gc = 1.0817.

is also a principal direction of the elastic deformation
tensor. The other two principal directions are tangential
to the surface of the tissue. We label the direction normal
to the surface as direction 3, and the other two principal
directions as directions 1 and 2. The critical condition for
the onset of a crease normal to direction 1 is
α3 /α1 = 2.4,

(4)

This expression speciﬁes the ﬁeld of displacement,
the function r(R). To prevent the tissue from interpenetrating after the growth, we require that a > 0.
Inserting this condition into (6), we obtain that
B 2 > gr gθ gz (B 2 − A2 ). The deformation gradient takes
the form F = diag[λr , λθ , λz ], with the principal stretches
being λr = gr gθ gz /λθ , λθ = r/R, and λz = 1. The elastic
deformation tensor takes the form A = diag[αr , αθ , αz ],
with the principal elastic stretches being αr = λr /gr ,
αθ = λθ /gθ , αz = λz /gz .
Following (4) and (5), the critical condition for the onset
of circumferential creases is αr /αθ = 2.4 at the surface of
the tube R = A, or
 2
 2
B
B
gθ2 gz
−
g
g
g
−1
= 2.4.
(7)
r
θ
z
2
A
A2

while the critical condition for the onset of a crease normal The critical condition for the onset of longitudinal creases
to direction 2 is
is αr /αz = 2.4 at the surface of the tube R = A, or
α3 /α2 = 2.4.
(5)

 2
B
B2
The value 2.4 was obtained for the incompressible neo−
g
g
g
− 1 = 2.4.
(8)
gθ gz2
r θ z
Hookean material by ﬁnite-element calculation in ref. [16],
A2
A2
in which the critical condition for the onset of crease is
deﬁned as the condition when the elastic energy of creased In the limit A/B → 0, any growth gr gθ gz > 1 will cause
state equals the smooth state. Creases will form ﬁrst in the very large compressive elastic strain at the inner surface
direction with the lower value in α1 and α2 . If α1 = α2 , of the tube, so that the critical condition for the onset
creases may form in any direction inside the surface.
of creases is gr gθ gz = 1. In the limit A/B → 1, the tube
We next illustrate the critical conditions with examples. behaves like a ﬂat layer constrained by a rigid substrate,
Figure 3 shows a tube of a tissue growing in a rigid shell. In so that the critical condition for the onset of the circumthe stress-free state before the growth, the tube is of radii ferential creases is gθ2 gz = 2.4, and the critical condition
A and B. In the stressed state after the growth, the tube for the onset of the longitudinal creases is gθ gz2 = 2.4.
For isotropic growth, gr = gθ = gz = g, ﬁg. 3(c) plots the
is of radii a and B. The rigid shell constrains the growth,
and the soft tissue is perfectly bonded to the rigid shell, critical growth ratio gc for the onset of creases as a function
so that after the growth the outer radius and the length of of A/B. The solid curve represents the critical condition
the tube remain unchanged. Since the length of the tube for the onset of circumferential creases, and the dashed
64002-p3

Lihua Jin et al.
Rigid core

r

R
B

A

b

A

Soft tissue
(a)

(c)

(b)

Fig. 5: (Color online) For a tube of a tissue growing inside a
rigid shell, the ratio of the elastic energy of the creased state to
that of the axisymmetric state, Π/Π0 , is plotted as a function
of the growth ratio, g. The inset enlarges the squared region.

(d)

Fig. 4: (Color online) A tube of a tissue grows outside a
rigid core. (a) The stress-free state before the growth. (b)
The axisymmetric stressed state after the growth. The critical
growth ratio for the onset of creases as a function of A/B for
(c) isotropic growth and (d) an example of anisotropic growth.
The solid lines are for circumferential creases, and the dashed
lines are for longitudinal creases.

The critical condition for the onset of circumferential
creases on the outer surface of the tube is
 2
 2
A
A
2
− gr gθ gz
−1
= 2.4.
(10)
gθ gz
B2
B2

The critical condition for the onset of longitudinal creases
on the outer surface of the tube is
curve represents the critical condition for the onset of
 2
A
A2
longitudinal creases. For both√types of creases, gc = 1 in
2
− gr gθ gz
− 1 = 2.4.
(11)
gθ gz
B2
B2
the limit A/B → 0, and gc = 3 2.4 in the limit A/B → 1.
Between the two limits, the growth ratio needed to initiate
the circumferential creases is less than that needed to In the limit A/B → 0, the rigid core becomes a thin
needle, and the critical conditions for the onset of the
initiate the longitudinal creases.
As an example of anisotropic growth, consider the circumferential and longitudinal creases become gθ /gr =
growth ratios gr = gθ = g and gz = 1. Figure 3(d) plots 2.4 and gθ gz3 /gr = 2.4. In the limit A/B → 1, the tube
as behaves like a ﬂat layer constrained by a rigid substrate,
the critical growth ratio gc for the onset of creases
√
a function of A/B. In the limit A/B → 1, gc = 2.4 for which has been discussed above.
For the isotropic growth gr = gθ = gz = g, ﬁg. 4(c) plots
the onset of the circumferential creases and gc = 2.4 for
the
critical level of growth gc for the onset of creases as
the onset of the longitudinal creases. In this example, the
growth needed to initiate the circumferential creases is a function of A/B. The critical condition for the onset
less than that needed to initiate the longitudinal creases. of circumferential creases can only be satisﬁed when
Also included in ﬁg. 3(d) are the critical conditions for A/B > 7/12. Below this value, the rigid core does
the onset of circumferential wrinkles obtained by the not provide suﬃcient constraint to cause circumferential
linear perturbation analysis (circles from [1] and triangles creases on the outer surface of the tube. At all values
from [25]). A comparison of these results in ﬁg. 3(d) of A/B, longitudinal creases will set in before circumindicates that the circumferential creases will set in, rather ferential creases. By contrast, in the case of anisotropic
growth, gr = gz = 1, gθ = g, circumferential creases can
than the circumferential wrinkles.
Figure 4 illustrates a tube of a tissue growing outside form in the entire range of A/B, and can form before
a rigid core. The tube is of radii A and B in the stress- longitudinal creases, ﬁg. 4(d). In ref. [26], the swelling of
free state before the growth, and is of radii A and b in a gel under constraint was studied in a similar geometry.
the stressed state after the growth. Prior to the onset of When the core is much stiﬀer than the swelling gel, sharp
creases, the growth causes axisymmetric deformation in creases were observed in the gel. The linear perturbation
the tube. The ﬁeld of deformation r(R) is determined by analysis in ref. [26] assumed inﬁnitesimal strains from
the smooth state, and corresponds to an analysis of


(9) wrinkling. By contrast, our analysis based on the result of
r2 − A2 = gr gθ gz R2 − A2 .
64002-p4
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Fig. 6: (Color online) Deep creases develop from the surface of a tube of a tissue growing inside a rigid shell. Diﬀerent numbers
of creases are prescribed. The color indicates the level of the von Mises stress.

nonlinear ﬁnite-element method allows large strains from
the smooth state, and corresponds to creases.
Because the state of strain is invariant everywhere on
the surface of the tube under the axisymmetric deformation, every point on the surface reaches the critical condition to initiate a crease simultaneously. Consequently,
the condition for the onset of creases does not determine the number of creases in a tube. In order to determine the number of creases, we go beyond the initiation
of the creases and analyze deep creases. The analysis is
carried out by using the commercial ﬁnite-element software ABAQUS, in which the growth of soft tissues can
be simulated by thermal expansion. Plane-strain conditions are assumed. Symmetry is assumed such that if the
number of creases is N , we only need to simulate one part
of the tube within the angle π/N . Following ref. [19], we
prescribe the nucleus of a crease by placing a defect, a
quarter of a circle with small radius, on the surface of
the tube. To eliminate the eﬀect of the defect, its size is
made much smaller than the thickness of the tube. At the
same time, to resolve the ﬁeld close to the defect, the size
of the elements close to the defect is made much smaller
than the size of the defect. The surface of the tube is
allowed to self-contact.
As an example, consider a tube of a tissue growing
inside a rigid shell, with A/B = 0.6. The growth is taken
to be isotropic, and the elasticity neo-Hookean. The ﬁniteelement calculation determines the free energy per unit
thickness of the tube as a function of the growth ratio,

Π(g). The free energy per thickness of the axisymmetric
deformation without creases can be calculated analytically, according to eq. (3):




g 3 A2 − B 2 + B 2
μπg
B 2 1 − g 3 log
Π0 =
2
A2

 2

 3
2
2
B −A
.
(12)
+ 2g + 1 − 3g
Figure 5 shows the ratio Π/Π0 as a function of the
growth ratio g for several cases of prescribed numbers of
defects. When g is small, Π/Π0 = 1, and the defects do
not cause the surface to self-contact and become creased.
Beyond a critical value gc = 1.085, however, Π/Π0 < 1, and
the defects cause the surface to self-contact and become
creased. This critical value is consistent with the analytical
prediction for the onset of creases gc = 1.0817 as shown in
ﬁg. 3(c). Right after the initiation, individual creases do
not interact, so that more creases can release more energy.
With further growth, the creases deepen and interact with
one another. As shown in ﬁg. 5, the energy in the tube
with seven creases is the lowest when g < 1.1033. After
that the tube with six creases has the lowest energy until
g = 1.1291, and then the tube with ﬁve creases has the
lowest energy. Figure 6 shows the creased states of the tube
with diﬀerent prescribed numbers of creases at diﬀerent
growth ratios. The color indicates the value of the von
Mises stress.
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In summary, we obtain the critical conditions for the
onset of creases caused by constrained growth. The critical
conditions are illustrated with tubes of soft tissues growing
under the constraint of either rigid outer shells or rigid
inner cores. By comparing with the critical conditions
for the onset of wrinkles, we show that creases are the
preferred type of instability. Deep creases are simulated
by using the ﬁnite-element method. The number of deep
creases in a tube may be determined by minimizing the
free energy.
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