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Abstract
I describe a version of so-called naive dimensional analysis, a rule for estimating the
sizes of terms in an effective theory below the scale of chiral symmetry breaking
induced by a strong gauge interaction. The rule is simpler and more general than
the original, which it includes as a special case. I also give a simple qualitative
interpretation of the rule.
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In dealing with effective field theories describing physics of mesons below a symmetry breaking
scale in a strongly interacting theory, it is important to have a tool for estimating the coefficients
of nonrenormalizable interactions. Naive dimensional analysis (NDA) [1] was proposed as such a
tool. It works pretty well in QCD. However, a better instrument is needed for theories in which
the number of colors and flavors may be very different from what they are in QCD. In this very
brief note, I describe one. I will give a rule for such dimensional estimates that is both simpler
and more general than the original. This simplicity and generality is obtained by introducing an
additional parameter, the ratio of the Goldstone boson decay constant to the mass of the lightest
non-Goldstone bound-states. I will also give an extremely simple, qualitative argument to interpret
the rule.
I will consider only strongly interacting theories that are “QCD-like” — with fermions transforming only under the simplest representation of the gauge group, in order to avoid the additional
complications of chiral fermions and of dependence on ratios of Casimir operators. For example,
I don’t want to think about “tumbling” [2] because it makes my head hurt. [3] The low energy
physics described by these QCD-like theories is the physics of the light pseudo-Goldstone mesons.
The effective field theory is only useful at energies small compared to the scale at which other
bound-states appear.
At the end, I speculate on the dependence of the extra parameter on the color and flavor
structure of the theory and discuss possible generalizations of the trivial idea described here. The
discussion in this paper is very simple. I do not pretend that it is very deep. It has probably been
stated in only slightly different form by others. Nevertheless, I think that the very simplicity of the
statement is a virtue. It strips NDA down to its barest essentials. I think that this is useful in trying
to determine the form the dimensional analysis will take in more interesting effective theories.
In order to be able to keep track of things like the number of colors and flavors in the various
strong groups, I will distinguish the Goldstone boson decay constant, f , from the typical mass of the
low-lying (non-Goldstone) bound states, Λ. In QCD, f = fπ is the Goldstone boson decay constant
and Λ ≈ 1GeV (or the ρ mass — take your pick) is the typical mass of the light but non-Goldstone
bound states.
The simple rule to assign a dimensional coefficient of the right size to any term in the effective
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Lagrangian is
1. include an overall factor of f 2 Λ2 ;
2. include a factor of 1/f for each strongly interacting field;

(1)

3. add factors of Λ to get the dimension to 4.
It is that simple. The mass Λ now implicitly contains the factor of 4π from the original version of
NDA. In fact, this simple rule encompasses all the cases discussed in the original version of NDA,
including external fields, quark masses, and the like.
However, this rule also makes it possible to extend NDA to different numbers of colors, for
example. If Nc is large in QCD, then as Nc changes, f scales with Nc1/2 while Λ does not change.
The result of (1) then agrees with more sophisticated analyses so long as you are calculating the
coefficient of a term that is leading in powers of Nc .1 [4]
Even for theories in which the large Nc arguments do not apply (QCD may be in this class as
well — we don’t know for sure [5]), this formulation of dimensional analysis makes sense. The cost
of this increased generality is that we now have an additional parameter, Λ/f , to fix before we can
use dimensional analysis. Except for QCD, where we can read the answer from the particle data
book, we do not really know Λ/f .
Why should it work? The idea is simple. What can the coefficients depend on? They will
clearly depend on the masses of the non-Goldstone bound-states. Nonrenormalizable interactions
among the Goldstone bosons can be produced by virtual exchange of these bound-states, so their
momentum dependence, at least, will presumably be set by Λ. If this were the whole story, there
would be no more story. However, we know that it is not. We need an independent parameter, 1/f ,
that measures the amplitude for making a Goldstone boson. The rule, (1), is just the statement
that these two effects are the only things going on. There are no other large or small parameters in
the strongly interacting theory. There is a dimensional scale set by the strong interactions — this
is Λ. There is an amplitude for emitting a Goldstone boson — either the dimensional constant,
1/f , or if you prefer, a dimensionless number, Λ/f , one for each Goldstone boson, and the rest is
simply dimensional analysis with the mass scale Λ.
1

You can, of course, foul up any scheme for estimating sizes by looking at a term that is suppressed by some

symmetry.
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I should say that there is absolutely nothing special about the Goldstone bosons in this analysis
except that they are light. If we are willing to extend the effective theory to describe other meson
states as well, we would expect coefficients consistent with exactly the same rule. Similarly, the
same rule applied to baryons gives the conventional NDA result that each dimension 3/2 baryon
field gets a factor of

1
√
.
f Λ

Thus I interpret the inverse Goldstone boson decay constant as a more

or less universal measure of the amplitude for producing a strongly interacting bound state. Fields
describing weakly interacting particles, on the other hand, behave just like external fields and are
suppressed by the appropriate factors of 1/Λ. Of course, unless there is some reason for the other
strongly interacting states to be light, it is not obvious that effective theories describing these heavier
states would be of much use. [6]
We do not know very much for certain about the dependence of the ratio, Λ/f on the number
of flavors, Nf , and colors, Nc , in the gauge theory. The bound from the original NDA,
Λ
< 4π ,
f ∼

(2)

must still be satisfied, because the arguments of [1] and [7] are still valid, but in general there will
be stronger constraints. For example, we know that for sufficiently large Nf and Nc , it goes like
1/Nc1/2 times some function of the ratio, Nf /Nc . [8] The authors of [5], elaborating an argument of
Kaplan, suggest that the ratio has the form:




4πa 4πb
Λ
≈ min  1/2 , 1/2  ,
f
Nc
Nf

(3)

where a and b are constants of order 1. This is a useful provisional form. Note that (2) is satisfied.
If this generalization of NDA proves to be useful, we will want to know how to generalize it
further. Can anything similarly simple be said about chiral gauge theories in which the low energy
effective theory contains light fermions as well as bosons? There are many uncertainties in this kind
of generalization. How do the scales depend on the Casimir operators? Is the analog of f for the
production of chiral fermions the same as for bosons? These questions are interesting and difficult
field theory. If nature chooses to make use of chiral gauge theories above the SU(2) × U(1) breaking
scale, they may one day become relevant phenomenology.
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