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Abstract
Two-dimensional layered materials are an interesting class of quantum materials. Since the
discovery of exfoliated single-layer graphene, more types of two-dimensional layered materials
have been investigated. In contrast to conventional crystalline materials, these layered materials can be stacked together to form new heterostructures with new properties. In recent
experiments, the twisted bilayer graphene is shown to display unconventional insulating and
superconducting phases when rotated at the magic twist angle. One advantage of these layered heterostructures as a new pathway to interacting electrons is the various control knobs
available in experiments such as the pressure and external fields. To overcome the challenges
in the theoretical descriptions of these complicated heterostructure systems, we develop an ab
initio multi-scale numerical method that combines the density functional theory calculations
and Wannier functions. With these accurate ab initio models, the effective Hamiltonians can
be derived for efficient calculations. This framework allows us to simulate various control
knobs in the experiments and generalize to other layer types.
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Introduction

1.1 Two-Dimensional Layered Materials
Two-dimensional layered materials are an interesting and promising class of quantum materials. Since the exfoliation of single layer graphene sheets [1], the library for various layers
that can be fabricated or exfoliated has been expanding rapidly [2]. They display a range
of physical properties such as magnetism [3, 4, 5], charge density waves [6], superconductivity [7], topological phases [8, 9], etc. In terms of their electronic structures, these materials
span from insulators, semi-conductors, to metals. The electrons in graphene also feature relativistic Dirac dispersions at low energies [10]. As we approach the limit of current technology based on Silicon materials and fabrications, these new types of layered materials could
become a new platform for electronic and device developments. For example, there are applications in optoelectronics [11] and valleytronics [12] which utilize light-matter interactions
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and the valley degrees of freedom of the electrons apart from the charge and spin properties.
From the experimental point of view, the two-dimensional geometry also allows for many
experimental control knobs and vaious designs which include patterning [13, 14], strain deformations [15, 16, 17], dielectric engineering [18], and coupling to external electric and magnetic fields. These additional degrees of freedom are essential to investigate the electronic
nature of the layered materials.
Among the members of layered materials, some of them come with a more complicated
combination or the coexistence of several physical orders. For example, WTe2 shows both
topological insulator and superconducting phases [19] while TaS2 crystals display both charge
density waves and superconductivityat the low temperature [20]. The studies of these systems
could potentially enable the investigation of the exotic excitations such as Majorana fermions
from topological superconductivity [21], which have implications for quantum information
and computations. As for fundamental physics, the coexistence of the phases enables one to
investigate the interaction between different physical orders, which would elucidate the nature
of these phases and their transitions. However, it is generally difficult to generate layered
materials with the desired physical properties or the right combinations of physical phases.
Even though more types of layered materials have been discovered, the search of high-quality
crystals with specific properties can still be time-consuming.
Now an interesting question can be posed regarding the layered materials. Can one generate a new kind of structure to combine the current layered materials, in hope to synthesize a
new system with the combined properties or even better with new physics?

1.2 Van der Waals Heterostructures
Two-dimensional layered materials are in many ways similar to the paper sheets in our daily
life. The strong covalent intra-layer chemical bonding provides the mechanical strength and
stability of each isolated layer sheet. In a stack of layers, the inter-layer attractive force is the
much weaker van der Waals interaction type. In contrast with conventional bulk materials in
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three dimensions which have comparable chemical bondings in all three directions, this much
weaker van der Waals inter-layer interaction makes it possible to exfoliate and isolate a single
layer sheet, without degradation of the material quality. On the other hand, it also enables
the formations of various types of van der Waals heterostructures.
In Japanese paper art, folding and cutting papers are ways to create aesthetic new types
of structures. When the similar procedure being applied to layered nano-materials, origami
(which means to fold paper in Japanese) [13] and kirigami (to cut paper) [14] are demonstrated in graphene-based meta-materials with their mechanical and electronic properties.
The other types of van der Waals heterostructures are vertical [22] and lateral [23] heterostructures. Lateral heterostructures are formed by stitching different kinds of layers horizontally [23], with the use of seeding aromatic molecules. On the other hand, creating vertical
heterostructures involves stacking multiple layers along the vertical stacking direction [22].
In an experiment, one usually starts with a single layer or a layered substrate to pick up
other layers or stacks from the van der Waals attractive forces. Subsequently, a vertical heterostructure is formed with the designated layer sequence. One common example is the use
of hexagonal boron nitride layers as the substrate [24] to encapsulate the target layered materials or structures that are more sensitive to damages or chemical reactions from the environment. To contact the layered materials, a piece of graphite crystal can be used to conduct
the electrons which forms a local vertical heterostructure with the contacting layers.
One interesting feature of the vertical heterostructure is the flexibility of the artificial design [22]. In fabrication, the mutual van der Waals interactions between layers can be used
to pick up different kinds of the layers in a designed vertical stacking sequence. The goal is
to introduce and combine several physical properties into a single heterostructure system
and study their mutual interactions or emergent physics. One example is the new structure
formed with the nearly-aligned hexagonal boron nitride and graphene layers [25, 26]. The
two types of layers have the same honeycomb crystal structure and very similar lattice constants. When stacked together, the small difference in the lattice constants and misalignment
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of the angles create a long-wavelength interference pattern in the heterostructure geometry,
which is called the moiré pattern. The new superstructure has a periodicity around 15 nm.
This variation induces a periodic potential coupled to the electrons in graphene sheets. In the
presence of a magnetic field, the magnetic length scale competes with this geometric length
scale. This structure realizes the system studied by Hofstadter [27], in which electrons are
placed in a periodic potential and an external magnetic field. The two length scales result in
a fractal-like energy spectrum and the unusual magneto-transport signatures. The graphene
/ hexagonal boron nitride stack is only one example of van der waals heterostructures. There
are many more possible combinations of vertical heterostructures and potential new physics
that can arise from them.

1.3 New Platform For Correlated Electrons
The recent excitement with the van der Waals heterostructures started with the discovery
of unconventional Mott-like insulating [28] and superconducting [29] phases in the twisted
bilayer graphene, where two graphene sheets are rotated at the magic twist angle around
1◦ . In the above heterostructure example with the hexagonal boron nitride and graphene
layers, the interface introduces perturbative inter-layer potential coupled to the Dirac electrons [30, 31]. In contrast to the example with hexagonal boron nitride, here in the nearlyaligned twisted bilayer graphene crystal, the Dirac electrons of the two layers are strongly
coupled and the inter-layer coupling modifies the electronic properties. At a slightly larger
twist angle, the coupling potential from the twisted superlattice is observed to induce insulating states from the bandgap formations [32]. The hybridization becomes stronger as the
twist angle decreases. The observed strong electron correlation is induced by the emergence
of flat bands when the twisted bilayer graphene is rotated at the magic angle [33], where the
kinetic energy is quenched. The close proximity between the correlated insulating states and
superconducting phases also resemble the high-temperature superconductors [34].
These discoveries establish van der Waals heterostructures as a new platform to study
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the correlated electrons. Conventional approaches to the interacting model Hamiltonians include ultracold atoms loaded in the optical lattices [35] and material synthesis [34]. The large
length scale in ultracold atom system requires an extremely low temperature scale for observing quantum phases. On the other hand, engineering crystalline materials with the desired
electronic properties such as the carrier doping level could compromise the material quality
when dopants are introduced, which cause additional scatterings. The advantages of the van
der Waals heterostructure include the high tunability of the electronic properties while maintaining the high quality of the fabricated sample [24], as shown in the temperature-carrier
density phase diagram of unconventional superconductivity for a magic-angle twisted bilayer
graphene [29].
Since the surprising discovery of the superconducting state in twisted bilayer graphene,
there are intense theoretical efforts to understand the nature of these unconventional
phases [36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48]. More experiments are needed to
compare with various theoretical models about the nature of many-body states, such as
further transport studies [49], scaling with external pressure [50], scanning tunneling spectroscopy [51, 52] and probes for the symmetry breaking orders of correlated insulating
states [53]. In terms of sample fabrications, it is also crucial to improve the sample quality
to ensure that the device has a homogeneous twist angle locally and is free from strains [54].
This will help to reveal the intrinsic phase diagram that can emerge from the twisted bilayer
graphene system [50, 55]. The other recent report shows unconventional superconductivity
and Mott-like states at a smaller angle (0.93◦ , 15% below the first magic angle) and higher
carrier doping (±5 electrons per moiré unit cell) [56] in a twisted bilayer graphene. This suggests the role of higher bands and their flatness in the dispersion. This result reveals a larger
parameter space for the magic range and unconventional physics.
Besides the magic angle twisted bilayer graphene system, more studies suggest that the
unconventional correlated electron phases can be found in other forms of van der Waals heterostructures. The trilayer graphene with a nearly-aligned hexagonal boron nitride also shows
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correlated insulating [57] and superconducting [58] states, with the trilayer graphene electronic structure perturbed by the hBN potentials [59]. Superconductivity has also been reported in a twisted double bilayer graphene [60, 61, 62].
It is hence interesting to investigate the many-body correlated system generated from van
der Waals heterostructures. For some systems, theoretical predictions show that the underlying flat band manifold can carry non-trivial topological properties such as the Chern number
with windings in the electron wavefunction [63, 64]. When the electron interactions are combined with the non-trivial topology, the system can display rich physics phenomena [65] such
as the unconventional quasi-particles in the fractional quantum Hall effect. Such efforts could
shed light on the elusive nature of high-temperature superconducting states [34], and other
entangled quantum spin-liquid states with exotic excitations. These unconventional states
can provide the resources for quantum information and computations, and as the platform to
simulate interacting electrons for designing other quantum systems. The van der Waals heterostructure system is a new platform with great flexibility in the design. However, how can
one efficiently and effectively navigate the extensive parameter space it provides?

1.4 Theoretical Challenges For Modeling Heterostructures
The ability to combine different types of layered materials in a specific stacking geometry
enables one to engineer the desired interacting model Hamiltonian [22]. It remains an open
question and an exciting opportunity to study how heterostructures gives rise to new physics.
To facilitate the discoveries of new physics with these heterostructures, it is crucial to develop
efficient numerical methods to capture the single particle electronic properties and identify
intriguing electronic features such as the flat bands which would enhance the interaction effects. These single particle models also pave the way for more elaborated interacting theories
to investigate the unconventional phases.
However, even at the single particle approximation level, the simulation of a van der Waals
heterostructure is not straightforward because of the system size involved. To elucidate the
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complexity, one can revisit the problem to solve for the electronic states in a conventional
periodic potential as in a metallic solid. The crystal is assumed to be infinite or very large
with a periodic boundary condition. To solve for the electronic states of this system with a
massive number of atoms, the translational symmetry is utilized. In these conventional crystals, the same atomic pattern is repeated over and over again. One can view the system as a
collection of much smaller periodic units with relatively small number of atoms. The translational symmetry describes the invariance among these basic periodic units, which can simplify the discussion on the electronic wavefunctions. Since the translational symmetry commutes with the electron Hamiltonian, the eigenstate wavefunctions can be classified under the
symmetry transformation properties, labeled by the crystal momentum k. As a result, one
does not have to solve the wavefunction for the whole real space. The problem is simplified
to the solution within one basic periodic unit cell under specific (twist) boundary conditions,
known as the Bloch’s theorem [66].
In van der Waals heterostructure crystals, the mismatch between different layers create a
long-wavelength interference pattern in the local geometry. The system not only has a large
number of atoms, but also with a large real space periodicity from the moiré pattern. For a
twisted bilayer graphene near the magic angle, the moiré length scale is around 10 nm. Although one can still utilize the translational symmetry at the moiré length scale, the fundamental unit for the periodicity in the super-structure is still very large. It has a high demands on the computational resources to simulate the full heterostructure such as in the
twisted bilayer graphene case.
The other issue is related to the search of parameter space for interesting physics, where
correlations play an important role. The twisted bilayer graphene is a relatively simple example with only a few tuning parameters. The effective theory description has only two free parameters [33], the Dirac electron velocity and the inter-layer coupling strength. However, one
can foresee the challenges that could come with the much more complicated types of layers
and more tuning parameters. The extensive parameter space from the configuration of layer
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heterostructure makes it a difficult task to choose and design a experimental target system.
A numerical scheme to model van der Waals heterostructures has to be accurate enough
to make numerical predictions when compared with the experiments. Moreover, it should
also give an intuitive physical picture that aids the design of such systems that enable electron correlations. The numerical procedure should also be generalized to different types of
systems. Naively, these goals seem to be at odds with each other. In the next section, I will
briefly explain our numerical approach to address these requirements in simulating van der
Waals heterostructures.

1.5 A Multi-Scale Numerical Approach For Modeling Heterostructures

Ab initio multi-scale numerical scheme
Validation

GSFE
Continuum
Elasticity

Relaxed
geometry

ab-initio
TBH

DFT
Tight-binding
parameters

Electron
hopping

TwBLG Electronic
Structure

Low-energy
kp models

Plane-wave
Projection

Reduced
n-band
model

Band fitting/
projection

Wannierization
Many body
theory

Figure 1.1: Multi-scale numerical simulation scheme for twisted bilayer graphene. The microscopic
mechanical and electronic modeling are based on density functional theory (DFT) calculations. Using
the ab initio Wannier tight-binding Hamiltonians constructed, various low-energy effective models can
be derived which retain the numerical accuracy.

Before giving a brief introduction to our multi-scale numerical approach to address the het-
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erostructure simulation requirements, I first present a short overview for existing methods
here. Given a twisted bilayer graphene structure, large scale DFT calculations can be performed [67, 68]. To carry out the computation, a commensurate periodic supercell is required
which is only valid for specific twist angles [67]. The complicated band structures emerge
from these calculations can be viewed as the coupling between two copies of folded monolayer graphene band structures. Although in the self-consistent DFT calculations, the charge
movements and atomic relaxations can be captured [67], one calculation does do not directly
provide a clear physics picture for the electronic structure. To understand the physics at a
different twist angle, another large scale computation has to be carried out.
A low-energy continuum theory [33, 69, 70, 71] can also be derived. Such a theory has
only a few parameters and does not require the commensurate sueprcell assumption. The
detailed atomic structures are coarse-grained and one is left with the picture that two Dirac
electrons are coupled through the inter-layer hopping potential. The theory can give predictions for different twist angles very efficiently. Using this approach, a series of magic angles
with emerged flat bands is predicted [33]. Although the physical picture is intuitive with this
approach, the estimated model parameters and the approximation to neglect various terms
in the Hamiltonians still require justifications. A more complicated stacking would introduce
more model parameters, a larger parameter space and can prevent accurate predictions using
this continuum approach.
Another approach is in between the two extremes above. One can adopt an empirical
tight-binding description for the superstructure [72, 73, 74, 75]. Simulations with tightbinding Hamiltonians are much more efficient than the full self-consistent DFT calculations.
However, this approach still relies on the commensurate supercell assumption. The other issue is that, very often the tight-binding model parametrizations are obtained empirically by
fitting electronic band structure with simper structures. The functional form for the fitting is
often chosen based on empirical reasons, which could be the simpler Slater-Koster form [76]
in the two-center approximation or more involved environment-dependent models [77].
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Each approach has its strengths and weaknesses, and cannot fulfill all the mentioned requirements for efficient and accurate heterostructure simulation method. The multi-scale
numerical scheme we employ combines the strengths of these three methods, at different
length scales. At the microscopic scale, the local mechanical [78] and electronic properties [79, 80, 81, 82] are investigated with the self-consistent ab initio DFT computations. The
accurate and computationally demanding DFT calculations are only carried out for the much
smaller local geometry, rather than the whole supercell structure of the twisted bilayer.
To investigate the properties of the supercell structure, the electronic information is extracted based on the Wannier transformation of the DFT calculations [83, 84]. This results in
the ab initio Wannier tight-binding Hamiltonian for the heterostructure [79, 80, 81, 82]. This
parametrization of the tight-binding model is obtained directly from first principle calculations, which do not rely on any empirical fitting procedure.
With the ab initio Wannier tight-binding Hamiltonian for a heterostructure, a low-energy
projection to effective continuum models can be carried out. For the twisted bilayer graphene
case, this yields the coupling between two copies of the Dirac electrons. This projection procedure can reveal not only the forms of the low-energy theory, but also the numerical estimates of the model parameters [85]. The approximations in the models can be examined.
With this hierarchic multi-scale numerical approach, the simpler low-energy models derived would inhere the numerical accuracy established at the microscopic scale. At the same
time, these models give transparent physics pictures for the heterostructure. Efficient calculations can be carried out without large commensurate supercell structure assumptions.
This numerical scheme is appropriate for navigating the parameter space of the heterostructures, and to utilize these stacks for investigating correlated electron physics. With these numerical approaches, one can also model other general types of heterostructures, such as the
quasi-crystals at specific twist angles [86]. Another generalization is to have more than one
independent twist angle. A trilayer stack can be controlled by two generic twist angles. Currently, mathematical tools are being developed in conjunction with the ab initio electronic
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modeling for efficient simulations in various heterostructures [87].

1.6 Organization of Thesis
In Chapter 2, we begin with a brief introduction to the layered material physics. Several
types of two-dimensional layers relevant to our discussions here are mentioned, including
graphene, hexagonal boron nitride, both H-type and T-type transition metal dichalcogenides.
Other interesting types of layers are also briefly mentioned.
In Chapter 3, we discuss the twisted bilayer graphene experiments fabricated and studied
in Prof. Jarillo-Herrero’s group at MIT. The inter-layer hybridization modifies the electronic
properties and induces insulating states from the super-lattice potential [32], in twisted bilayer graphene with larger twist angle. When the rotation is tuned at the magic angle, unconventional Mott-like insulating [28] and superconducting states [29] are observed.
In Chapter 4, we give a brief discussion on the density functional theory (DFT) calculations and the applied Wannier transformations. This DFT / Wannier method paves the way
for accurate and efficient electronic structure modeling by constructing the ab initio tightbinding Hamiltonians, which form the basis of our multi-scale numerical approach to heterostructures. The key ingredients for the heterostructure are the modeling within the same
layer, and the coupling across the layers.
With these foundations, the DFT / Wannier modeling is first applied to the intra-layer
modeling of single layer two-dimensional materials in Chapter 5. The modeling considers
both the pristine crystals and strain-deformed crystals. In conjunction with the symmetry
group analysis for the atomic orbitals and the strain field, the electronic models coupled
with strain field are constructed. As an application, the constructed model is then applied
to study the nonlinear electrical Hall response in two-dimensional layered materials, which
results from the Berry curvature dipole for the electrons near the Fermi surface.
In Chapter 6, the electronic structure modeling is generalized to investigate the inter-layer
couplings , which are crucial elements in simulating the twisted layered structures. The inter-
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layer couplings are discussed for TMDCs and graphene layers. The universal scaling behaviors are found in the construction of the inter-layer hopping models, which can be generalized
to include crystal relaxations and other perturbations.
With the intra- and inter-layer modeling, one is able to simulate for the whole twisted bilayer graphene structure and beyond. In Chapter 7, I introduce the multi-scale numerical
scheme to systematically incorporate the structural and electronic information, using the
twisted bilayer graphene as an example. The multi-scale procedure allows one to stitch the
local information together to study the global properties, in an intuitive way. With the constructed ab initio tight-binding Hamiltonian, the low-energy continuum theory is derived as
the expansion from the full model. These low-energy models are highly efficient in computations, and they provide the physical picture for assorted corrections in our ab initio modeling.
In Chapter 8, we discuss further simplifications of the electronic structure theory by modeling only the low-energy bands in magic-angle twisted bilayer graphene, which are relevant
for the unconventional phases observed. The motivation is to establish the real-space representation for these groups of bands, which can serve as the starting point for interacting
theories for the correlated electrons. However, it turns out that the symmetries in twisted
bilayer graphene impose non-trivial topological obstructions in the flat band manifold. We
discuss the reconciliations with the extended models beyond the flat band manifold.
The layout for the chapters reflects the multi-scale numerical approach to the heterostructure at different length scales from the microscopic theory to the long-wavelength effective
theories. In the Appendix, some further details are given for the numerical tools employed. I
also include brief discussions on several useful numerical techniques, which can be employed
to elucidate the nature for electronic states and experimental simulations based on density
functional theory / Wannier modeling.
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2

Two-Dimensional Layered Materials

Before the discussions on the van der Waals heterostructures and the electronic modelings, in
this chapter, I will give a brief overview of several types of two-dimensional layered materials that are relevant to our discussion. This includes the graphene, hexagonal boron nitride
(hBN) and both H-type and T-type MX2 (M, transition metal and X, chalcogen atom) transition metal dichalcogenides (TMDCs) layers. These layers all share the hexagonal lattice
geometry. A few more types of layers will also be briefly discussed at the end of the chapter
for their interesting electronic properties. The inclusion of these layers would further enrich
the physics that one can explore with the layered heterostructures.

2.1 Graphene and Hexagonal Boron Nitride
Graphene, a semi-metallic atomically-thin sheet of carbon atoms arranged in the honeycomb
lattice [1, 10], is an important member of the layered material family. The crystal structure
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is shown in Fig. 2.1 (a) with two basis atoms, named the sublattice degrees of freedom, which
form a honeycomb network. Flakes of graphene can be obtained by the exfoliation method
from a graphite crystal [1, 88] or synthesized by methods such as chemical vapor deposition [89]. The structural stability and flexibility are supported by the σ bonding between
carbon atoms from sp2 hybridization. The remaining pz orbitals, which are perpendicular to
the graphene sheet, give rise to the low-energy π band. These π bands are half-filled and feature the relativistic Dirac fermions at the Brillouin zone corners: the K± valleys, in Fig. 2.1
(c). These massless fermions have a speed 300 times slower than the speed of light, and they
can be labeled with the valley flavors from the inequivalent K± valleys. This relativistic band
dispersion leads to many unusual properties of graphene. Examples include the anomalous integer quantum Hall effect [90] and unimpeded penetration through the potential barriers due
to the Klein paradox [91].
The mechanical stability and flexibility of σ bonds also allows graphene sheet to be rolled
up in certain directions and reconnect the bonds to form one-dimensional nanotubes [92],
which can be fabricated with the control of the edge and width [93, 94].
In addition to its outstanding electronic and mechanical properties, graphene is also an interesting platform to investigate the quasi-relativistic strongly-interacting many-body physics
near the charge-neutrality point (CNP), where the screening between charges is reduced [95].
This charge-neutral electron-hole plasma, known as the Dirac fluid, behaves differently from
the conventional Fermi liquid, when the Fermi level is far from the CNP.
For clean graphene crystals, the mutual interactions between particles can dominate over
the scattering from impurities and thermal phonons [96]. In this regime, the strong interactions can result in the collective behavior of quantum many-body states. This quantum fluid
is governed by the hydrodynamics of the momentum, energy, and charge transport properties. This viscous electron fluid has been observed to give rise to unusual electrical and
thermal transport properties in graphene, such as the negative local resistance from electron
backflow [97], violation of the Wiedemann-Franz law [98] and superballistic flow through con-
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strictions [99].
On the other hand, the hexagonal boron nitride (hBN) layer breaks the inversion symmetry in the honeycomb lattice, which results in a wide bandgap in the electronic structure near
the zero energy [100]. Because of the inert and stable nature of hBN crystals, they are often
used in van der Waals heterostructures as the protective layers [24] to other flakes which are
vulnerable to degradation. The flat geometry makes hBN crystals a more natural substrate
for the layered materials, as opposed to the conventional SiO2 substrates. hBN layers are also
used as spacer layers to seperate the conducting layers and the metallic gates that are used to
induce charge carrier doping and displacement fields.
Beyond serving as the protective layers and spacers, hBN crystals are interesting on their
own. There are reports on the single photon emission in hBN crystals [101, 102]. These quantum emissions are from the colour center defects in hBN crystals [101]. These atomic-like
systems in the solids can lead to applications in quantum computing and information [103].
The sensitivity and tunability of the hBN layers could further enable applications with
these colour centers to be coupled with mechanical, spin and other electronic degrees of freedom [104].

2.2 H-type Transition Metal Dichalcogenides
The H-type TMDC layer consists of three atomic sublayers in each single layer unit as shown
in Fig. 2.2 (a). The metal atoms are located at one type of sublattice sites. The chalcogen
atoms, at height ±d0 above and below the plane of the metal atoms, are projected at the
other sublattice sites. The inversion symmetry is broken within a single layer unit.
One class of H-TMDC layers has the chemical composition MX2 with M= Mo, W; and
X= S, Se, Te [22, 11, 2]. Typical band structures of these compounds are shown in Fig. 2.2
(b). Similar to that of the hBN layers with broken inversion symmetry, the band structures
of the H-TMDC monolayers are semi-conducting with 1-2 eV energy bandgaps. The direct
bandgap nature with band edges at K valleys and the gap size comparable to the visible light
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make them suitable for optoelectronic applications [11]. The large spin-orbit coupling and the
broken inversion symmetry cause the spin-splitting in the band structure. this is particularly
pronounced at the valence band edge. This large 300 - 450 meV spin splitting at K valleys
are due to the orbital characters involved [79].
The low-energy electrons in H-TMDC are also labeled by the valley degrees of freedom,
from two inequivalent K± valleys at the Brillouin zone corners as in the graphene crystal.
The broken inversion symmetry enables optical control of valley degrees of freedom [105] and
the strong spin-orbit coupling leads to valley-spin coupling [106]. The two K± valleys can be
manipulated by breaking the time-reversal symmetry with the optical Stark effect [107], by
an external magnetic field [108, 109, 110, 111] and by a magnetic substrate [112]. The control
and manipulation of the valley characters for the electrons are crucial for the valleytronics
applications [12].
The two-dimensional layered geometry and the direct bandgap semi-conducting electronic
structure also allow the excitonic excitations, the bound states between an electron and a
hole quasi-particles. In a three-dimensional bulk such as GaAs, the Coulomb interaction is
reduced by the dielectric screening and results in weak excitonic binding energies [113]. For
the two-dimensional layered materials, the Coulomb interaction is less screened [114] and the
binding energies for excitons are expected to be larger compared to the bulk counterpart.
In monolayer WS2 crystals, the spectrum shows a large exciton binding energy around 0.32
eV [114]. The series of excitonic states also deviates from the usual Rydberg series for energy
levels in hydrogen atoms [114]. Instead, the energy levels can be modeled with a screened
Coulomb interaction of a two-dimensional dielectric slab embedded in a three-dimensional
space [114, 115, 116]. The robust exciton bound states in these layers are studied for their
applications in photodetectors, photovoltaic solar cells and the optoelectronic device applications [117]. Beyond the two-body bound states, trion states are also possible as the bound
states with three charged quasi-particles [118].
In terms of the theoretical approach to these excitonic bound states, the simplest model
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assumes the effective mass approximation and treats the problem as a hydrogen atom with
a modified potential between charged particles [114]. However, in transition metal dichalcogenide layers, one has to consider the spin and valley degrees of freedom as well. These factors affect the Coulomb interaction. A more rigorous approach is based on the first principle
calculation for quasi-particle energies (GW calculation) [119] and the Bethe-Salpeter equation
for the optical responsesfrom excitonic bound states [120, 121, 122, 123].
The bilayer geometry and heterostructures further enrich the excitonic physics. The
charges in the bound state can be located on two different layers and form inter-layer excitons [124, 125]. The larger geometric interference pattern from stacking two layers with a
small misalignment can induce variations in the couplings and the potential landscape. The
excitonic states can be modulated by this additional potential which affects the optical properties [126, 127].
The H-TMDC material discussed above are semi-conductors. Besides these compounds,
MX2 (with M=Nb, Ta and X=S, Se) also receives much attention as two-dimensional superconductors [128]. These compounds have the same monolayer crystal structure as the above
semi-conducting crystals and hence similar electronic band structures. However, they have
less number of valence electrons when compared with the above semi-conducting compounds.
As a result, the electrons can only partially fill the bands around the Fermi level. Besides the
superconducting (SC) phase at low temperatures, these crystals often first undergo charge
density wave (CDW) transitions at higher temperatures. Therefore, this provides a material
platform to study the completing many-body orders.
In the bulk phase, the CDW transition temperature decrease from 120 K in 2H-TaSe2 to
30 K in 2H-NbSe2 . The superconductivity gets weaker in the opposite order, 0.2 K in 2HTaSe2 to 7.2 K in 2H-NbSe2 . The relations between CDW and SC orders is still subject to
debate [129, 130]. Although the two orders are generally believed to be competitive, an angleresolved photoemission spectroscopy (ARPES) studies suggests cooperative relation between
the two [131].
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The exfoliation of these layered compounds to the thin layer limit offers a chance to study
the interplay between CDW and SC with a reduced dimensionality. For example, NbSe2 has
been studied for the dependence on the layer thickness. The superconducting states become
weaker in the thin layers towards the two-dimensional limit, which goes from 7.2 K in the
bulk to 3 K in the single layer for the transition temperature Tc [132, 133, 134]. However,
TaS2 compound shows the opposite trend in the layer thickness dependence. In the bulk
phase, it has 70 K for the CDW transition and 0.8 K for the superconducting transition.
In the thin layer limit, an enhancement of superconductivity is observed [135, 20]. The Tc
reaches 3.4 K in the single layer crystals when the sample is fabricated in the inert atmosphere to avoid degradation. In these TaS2 crystals, the CDW transition is accompanied by
the changes in the electrical resistance measurement [136]. Down to the single layer limit, the
transport signature for CDW transition is observed to be weakened [20], which suggests a
competitive relation between CDW and SC through the density of states at around the Fermi
level.

2.3 T-type Transition Metal Dichalcogenides
The inversion-symmetric T-type TMDC crystal can be thought of as an ABC stacking crystal
as shown in Fig. 2.2 (c) (In contrast to this, the H-type TMDC crystal, the trilayer structure
in a single layer unit can be regarded as a ABA stacking structure). A few examples include
TaS2 , TaSe2 and TiSe2 crystals. There are also reports for NbS2 [137] and NbSe2 [138] crystals. We note that many of these compounds can crystallize into H-type crystalline structure
as well.
Using the TaS2 crystal as the example, many experimental measurements focus on the
phases of the charge density waves (CDW). At high temperatures, the crystal is in a normal metallic state. The typical metallic band structure is shown in Fig. 2.2 (d). As the temperature decreases, the crystal goes through a series of phase transitions from incommensurate CDW (I-CDW), near-commensurate CDW (NC-CDW) and to eventually commensurate
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CDW (C-CDW) orders [139]. The C-CDW phase displays a pattern of a 13-site cluster of
√
√
stars of David shape, which is a 13 × 13 superlattice. Within this superlattice, the electrons pair up to form molecular orbitals with one electron left unpaired. This unpaired electron with a large spin-orbit coupling further leads to a correlated Mott insulating phase [140].
In Ref. [141], it is pointed out that TaS2 material may be a spin liquid candidate. Besides
the CDW phases, superconductivity can emerge from the chemical doping [142] or the high
pressure applied to suppress the Mott insulating phase [143].
In other compounds, the rich phase diagram and CDW orders are observed. For example,
TiSe2 crystal exhibits a 2 × 2 × 2 CDW structure [144]. The origin of the CDW phases in
these compounds if often debated, and is complicated by various degrees of freedom relevant
to the system such as charges, spins, phonons, etc. The capability to fabricate samples with
only a few layers (even the single layer limit) can offer insights into the physics with reduced
dimensions and enable direct probes and manipulations of the phase transitions [145, 146].
Besides the compounds with the standard T-type crystal structure as shown in Fig. 2.2
(c), there are also layered crystals that are variants of the conventional T-type structure.
These variants exhibit slight distortions in the atomic configurations from the standard arrangments. WTe2 crystal in the T’ structure is one example. Together with several similar
compounds, these monolayers are predicted to be topological with the quantum spin Hall effect [8]. Later, the hallmarks of quantum spin Hall effect are reported in monolayer WTe2
crystals up to 100 K [9]. With carrier doping, these layers also show superconductivity [19].
Having both the superconductivity and topological non-trivial electronic structures are two
crucial ingredients towards topological superconductivity and Majorana modes with nonAbelian statistics [19]. Featuring both phases within the electric gate tuning range, WTe2
is a promising material platform to explore the exotic physics.
Several TMDC compounds can have both H-type and T-type phases [147]. These two
phases have drastically different electronic structures as shown in Fig. 2.2 (b,d). However,
the metallic (T-type) and semi-conducting (H-type) phases are two building blocks for the
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nano-electronics. Directed self-assembly patterning is shown to give rise to alternating H-type
and T-type regions with 10 nm channel-length [148]. How to induce the transition between
two phases with strain [149] or other means remains an interesting question for many electronic applications.

2.4 Magnetic Layers
Two-dimensional layered crystals with intrinsic magnetism can be useful for developing new
technology such as memory storage. Although the Mermin–Wagner theorem [150] states
that the long-range magnetic order in two-dimensional system will be suppressed by thermal fluctuations, magnetic anisotropy can counter this fluctuation and restore the order. The
intrinsic magnetic order has been reported in Cr2 Ge2 Te6 [4], CrI3 [5] layers, and similar compounds. The capability to control magnetism with electric field gating [151, 152] is crucial to
spintronics applications.
One interesting aspect is to study the magnetism with different layer thicknesses and the
stacking orders. It has been shown theoretically that the magnetic coupling energy strongly
depends on the relative stacking order between neighboring layers in CrI3 [153] due to the
varying inter-layer bond orientation and distance. It remains an open question for the application with magnetic layers in the heterostructure and the interplay with other degrees of
freedom and physics orders.
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Figure 2.1: Graphene / hBN crystal and electronic structures: (a) honeycomb crystal structure with
two basis sites (A and B). (b) the corresponding Brillouin zone in the momentum space. There are
two inequvalent K± valleys. (c) Graphene electronic band structure with relativistic Dirac dispersion
near K valley. The two bands (in red) are from the hybridization of pz orbitals from carbon atoms,
the π bonding. (d) hBN electronic band structure. The broken inversion symmetry induces band gaps
at the K valleys.
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Figure 2.2: Monolayer H-type / T-type TMDC crystal and electronic structures: (a) Top view and
side view for the monolayer H-type TMDC. The metal (chalcogen) atoms are in red (blue). (b) The
electronic band structure of a monolayer (H-type) MoS2 . The band edges are at K valleys. (c) Top
view and side view for the monolayer T-type TMDC. The metal (chalcogen) atoms are in red (blue)
(d)The metallic electronic band structure of a monolayer NbS2 .
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3

Twisted Bilayer Graphene

A single layer graphene features Dirac electrons with a linear dispersion at low energies [10].
This relativistic behavior leads to unusual properties of graphene compared to the conventional doped semiconductor materials. It is therefore interesting to ask the question: how
do the electrons behave if two sheets of graphene layers are stacked together with a small
twist? Geometrically, this small mismatch between crystal structures results in a slowly varying local configuration, also called the moiré pattern. The length scale of the moiré pattern
is much larger than the microscopic lattice constants. Additionally, this modification of the
geometry can induce the variations in the potential and coupling across the layers. A similar
geometric pattern can arise in the near alignment between a bilayer graphene and hBN layer
as well, from their small lattice constant differences. In this system, the potential induced
by the moiré pattern gives rise to an emergent periodic structure. In the presence of a magnetic field, the quantum Hall features from the fractal spectrum [25, 26], also known as Hof-
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stadter’s butterfly [27], are observed. For a twisted bilayer graphene structure, one might expect even stronger modulation effects and inter-layer hybridizations on the electronic degrees
of freedom from the geometry. In this chapter, I will illustrate some recent experimental observations in the twisted bilayer graphene system to motivate the theoretical efforts involving
van der Waals heterostructures.

3.1 Moiré Geometry from the Twisted Bilayer Structure
First, I start with the geometric description of a twisted bilayer graphene structure. Each
graphene sheet is a single layer of carbon atoms arranged in the honeycomb lattice structure.
This structure can be visualized by rotating an bilayer graphene structure which is initially
aligned. Here I choose the rotation center to be the common hexagon center of the layers,
and assume both layers to be rigid without any atomic relaxations and deformations with a
small twist angle. The interference pattern generated, or the moiré pattern, can be seen in
Fig. 3.1 (b). This superstructure shows long-wavelength variations in the local geometric configurations. When zoomed in, one can see local patches of the AA-stacking and AB-stacking
(Bernal stacking) regions.
Visually, this super-structure appears to have a periodicity associated with the repeated
pattern. For example, the AA-stacking spots which form an emergent triangular lattice structure in the long-wavelength. Is this a true periodicity of the super-structure? For a generic
twisted bilayer, the answer is no. Although the different AA-stacking spots look similar to
each other, they may not be identical in terms of the precise geometric configurations. One
location might be a perfect AA-stacking spot, while the next one might be slightly off from
the perfect alignment. From the microscopic point of view, the true periodicity can only exist
at specific twist angles. These are the commensurate twist angles, in which case the supercell descriptions will be valid microscopically. Note that, generally the true periodicity of the
supercell might not be the same as the emergent lattice that is observed visually. In the longwavelength observation, the microscopic details of the AA-stacking spots are coarse-grained
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and one will regard the distance between two visually AA-stacking spots as the period. Microscopically the two might be different and the AA-stacking spot is only identical to the
ones that are further apart. The true supercell is then larger than the one observed by eyes
in this case.
The mathematical construction of the commensurate (M, N ) supercell [67] is illustrated in
Fig. 3.1 (a), with a (M, N ) = (3, 2) commensurate structure. The blue stars are chosen as the
rotation centers for each sheet of graphene, which are centers of the hexagon. The graphene
primitive vectors ai are as defined in the lower left of the layer 1 (L1). Given the rotation
center, one can choose two translation vectors, t1L1 = (N a1 + M a2 ) and t2L1 = (−M a1 + (N +
M )a2 ), which are the positions at the red and green filled circles in L1. These two vectors
with a 60◦ rotation angle span an unit cell. Similarly, an unit cell in L2 is spanned by the
vectors t1L2 = (M a1 + N a2 ) and t2L2 = (−N a1 + (M + N )a2 ).
The next step is to rotate L1 (L2) by θ/2 in the clockwise (counterclockwise) direction.
The two cells will overlap with each other when the rotation angle θ = θ(M,N ) where

cos(θ(M,N ) ) =

N 2 + 4N M + M 2
,
2(N 2 + N M + M 2 )

(3.1)

which is the angle between (N a1 + M a2 ) and (M a1 + N a2 ) vectors. The supercell has the
√
lateral size of a N 2 + M 2 + N M with a being the graphene lattice constant. Within this
supercell, there is total of 4(N 2 + N M + M 2 ) carbon atoms from both rotated graphene
sheets.
For a twisted bilayer graphene, changing the twist angle changes the moiré pattern
smoothly. The length scale of the moiré pattern becomes larger when the angle is smaller.
An alternative way to see this is through the Fourier analysis [154]. Here, we discuss two similar triangular lattices, with lattice constants being a and (1 − δ)a, and the reciprocal lattice
′

vectors being bi and bi respectively. The reciprocal lattice vectors for the moiré supercell can
′

be found by Gi = bi − bi . This can be interpreted by the translation vector required for the
two traveling waves to oscillate in-phase again (the emergence of another AA-stacking spot).
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Figure 3.1: The geometry for a twisted bilayer graphene. (a) Construction of a commensurate
(M, N ) supercell, with (M, N ) = (3, 2). After the two layers being rotated by ±θ/2, the colored
marked points at hexagon centers ovelay in the twisted structure to form the commensurate supercell.
The tjL vectors define the periodicity on each sheet. (b) Macroscopic view for the twisted bilayer. The
locally AA-stacking and AB/BA-stacking spots can be identified in the moiré interference pattern.
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The moiré length scale of the supercell can be derived to be [154]:
(1 − δ)a
.
λmoir = √
2(1 − δ)(1 − cos(θ)) + δ 2

(3.2)

For twisted bilayer graphene, the two sheets have the same lattice constant (δ = 0). The
moiré length can be appriximated as lm = a/|2 sin(θ/2)| ≈ a/θ at small twist angles. Note
that the generic commensurate supercells described above generally do not satisfy this relation between the twist angle and the moiré length of the supercell.
In our simulations, we focus on a simpler series of commensurate supercell structures,
where the two periodicities agree. In this case, the AA-stacking spots are all identical. The
hexagon center is chosen as the rotation center to retain higher symmetries in the twisted bilayer [155]. This series corresponds to the M = N + 1 case in the above construction. For
example, a (32, 31) twisted supercell, the rotation angle is found to be around 1.05◦ . This
series of commensurate structures can be shown to satisfy the relation lm ≈ a/θ.
Another reason to choose this particular series of the commensurate supercell is its simplicity and the higher symmetry retained, especially the six-fold rotation symmetry and the
translation symmetry connecting the neighboring AA-stacking spots. Although in an experiment, external factors such as surface deformations and applied substrates can reduce the
symmetry of the twisted bilayer considered here, the effective low-energy theory tends to
coarse-grain the atomic details. In other words, the corresponding effective theory has higher
symmetry, and the additional symmetry-breaking terms can be later included as perturbations. The series of supercell structure naturally implement the symmetries in the low-energy
theories [33] in the geometric configurations, which enables the projection of our ab initio
electronic structure modeling to the effective continuum theory in the same symmetry setting. Ref. [155] discusses the emergent symmetries and commensurate approximations further.
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3.2 Superlattice-Induced Insulating States in The Twisted Bilayer
Graphene
With the geometry of a twisted bilayer graphene in mind, we move on to the experimental
aspect. To achieve the accurate twist angle control in fabricating bilayer heterostructures,
the “Tear-and-stack” technique as shown in Fig. 3.2 (a) is employed. After a single layer
graphene flake is isolated, a piece of hBN substrate is used to tear and pick up a half of the
graphene flake by the van der Waals forces. The stack is then translated and rotated at a
controlled twist angle before the other half of the graphene flake is picked up. The orientation of each graphene sheet is then ensured because they both originate from the same
graphene flake. Finally, another piece of hBN substrate can be picked up to encapsulate and
protect the twisted bilayer graphene sample. The schematics of the device are shown in Fig.
3.2 (b), with both top and bottom gate control for the doping and electrical displacement
field.
Here, the fully encapsulated twisted bilayer graphene devices is first fabricated with a
θ = 1.8◦ twist angle, where strong inter-layer hybridizations are expected compared to the
larger twist angles. The transport features are measured with the samples. For a single layer
graphene sheet, the material is very conductive except for the small doping near charge neutrality, where the density of states vanishes at the Dirac point. However, the twisted bilayer
graphene shows additional insulating states when doped away from charge neutrality, both
at the electron and hole doping regimes as shown in Fig. 3.3 (a). From the temperature dependence of the conductivity, thermal activation gaps of 50 and 60 meV are measured. The
conductivity dips appear on both sides symmetrically. The doping level at these insulating
states corresponds to the filling and missing of four electrons per moiré supercell.
To understand the origin of such insulating states, we recall the four degeneracies in a
twisted bilayer graphene from the spin and valley degrees of freedom. This suggests a single particle gap origin of the insulating behavior. The ab initio calculation in Fig. 3.3 (b)
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(a)

(b)

Figure 3.2: Fabrication of twisted bilayer graphene samples with the hBN encapsulation. (a) “Tearand-stack” technique used to control the relative twist angle between layers. (b) Schematics of the
device cross section and the optical image. The dual-gated geometry enables the control of both carrier density and vertical electric field in the twisted stack.
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(a)

(c)

(b)
(d)

Figure 3.3: Transport measurements for twisted bilayer graphene at θ = 1.8◦ . (a) The conductivity comparison of a large angle device S0 and a small angle device S1. The insulating states (vertical
bars) in device S1 are observed at around n = ±7.5 × 1012 cm−2 . (b) Tight-binding band structure
at θ = 1.8◦ . Colors of the bands represent valley polarizations: K (orange), K’ (navy blue), and valley degenerate (purple). The arrows indicate the direct band gaps at Γ point which induce insulating
states. (c) Hall conductivity (color) in the unit of e2 /h as a function of the total density and the magnetic field, and the reconstructed Landau level structure from the plateau values. (d) The eight-fold
(four-fold) degeneracy of the Landau fan originating from the charge neutrality (superlattice gaps) can
be understood from the orbital structures in the energy contours.
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reveals the gap openings at these associated doping levels. The doping level at the arrows
amounts to ±4 electrons per moiré supercell, exactly at the doping level the insulating behavior is observed. Here, no global gap is opened up on the hole side and the gap sizes are
underestimated in this calculation because the simulation has not yet considered the realistic
correction from the crystal relaxations, which will improve the accuracy of the simulations.
In Fig. 3.3 (b), the bands shown in different colors indicate different states that contribute to
the Bloch wavefunction. The low energy Dirac electrons come from K and K’ valleys in the
single layer. We can still classify the states in the twisted bilayer by analyzing the wavefunction compositions. The bands are labeled by their valley origins.
When the doping level changes, the band structure will change from having Dirac like
states at supercell Brillouin zone corners to the parabolic-like bands near the zone center at
Γ, by crossing a Lifshitz transition. To visualize the Lifshitz transitions, we may consider
the energy contours undergo changes in shapes and sizes as the energy or the doping level
is varied. Some examples of the energy contours are shown in the lower part of Fig. 3.3 (d).
Such energy contour structures can be verified in the experimental measurements through the
transport signatures in the magnetic field. The connection is through the Hall conductivity
signals in Fig. 3.3 (c) and Shubnikov-de Haas oscillations.

3.3 Unconventional Superconductivity and Correlated Insulators in
Magic-Angle Twisted Bilayer Graphene
When the twist angle is even smaller, additional modifications on the electronic band structure are expected. In the effective continuum theory [33], a series of magic angles are predicted to display nearly flat bands around the charge neutrality. The first magic angle is
predicted to be at around 1◦ . In Fig. 3.4 (c), a more accurate ab initio modeling shows
consistent numerical results at the first magic angle. Intuitively, the emergence of the flat
bands can be understood as the competition between two energy scales: the characteristic kinetic energy scale, which depends on the twist angle, as well as the inter-layer hybridization

31

strength. The hybridization opens a gap and pushes the middle part of the hybridized bands
toward the charge neutrality. When the inter-layer coupling is comparable to the kinetic energy, the pushed bands are around the zero energy and hence the emergence of the flat bands
near charge neutrality.
The flat bands are an intriguing feature in the electronic structure. In these bands, the kinetic energy of the electrons is quenched. When the bands are partially filled, the electron
ground state configurations are not simply determined by the Pauli exclusion principle. A
partially filled band has a massive number of degeneracy in the potential ground state configurations, and the interaction effects will be more pronounced in picking out the optimal
configuration, a more entangled many-body state. For example, a partially filled Landau level
in the magnetic field can lead to exotic fractional quantum Hall states with unconventional
emergent excitation properties [156, 157]. An interesting question is, will the flat bands in
the twisted bilayer graphene system at the magic angle lead to unusual physical phenomenon
that can be attributed to the electron-eletron interactions?
Unconventional states in twisted bilayer graphene are first observed in Prof. JarilloHerrero’s group [29, 28]. First, the transport signature shows a similar single particle insulating behavior at ±4 doping as in samples with larger twist angles. Additional insulating
features were observed at ±2 doping levels, which are shown in Fig. 3.4 (a). Other integer
fillings might also have a weaker insulating behavior (these features are observed to be more
pronounced in later experiments [50, 55]. From the single particle perspective, such insulating
states are not expected, since no gap can be opened up at that doping level. With the factor
of four degeneracy from both valley and spin degrees of freedom, these additional insulating
states are at the half filling of a single band in between the Dirac point and the single particle gap of the bands. The integer filling of the supercell points to the potential Mott-like
origin of such insulating states.
On top of the Mott-like insulating states, the superconducting state is observed at around
the −2 hole doping with a transition temperature around 1.7 K, shown in Fig. 3.4 (b). The
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(a)

(b)

(c)

Figure 3.4: Unconventional Mott-like insulating and superconductinv states in magic angle twisted
bilayer graphene (a) transport measurements with varying charge density by electrical gating. Twoprobe conductance (device with θ = 1.16◦ ) measured in zero magnetic field (red) and at a perpendicular field of B⊥ = 0.4T, at T = 70 mK. The insulating states from the superlattice bandgaps are at
n = ±ns (red and blue bars). Near a filling of −2 electrons per unit cell, there is considerable conductance enhancement at zero magnetic field, signals the onset of superconductivity. (b) Temperaturedependent four-probe resistance Rxx , with two superconducting domes observed at densities around
−ns /2 = −1.58 × 1012 cm−2 and highest critical temperature Tc = 0.5K. These two domes are next
to the Mott region. (c) The unconventional correlated states are argued to originate from the unusual
flat bands (blue) at the magic angle. The electronic band structure is computed with ab initio tightbinding approaches.
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observed superconductivity state is in close proximity to the Mott-like insulating states.
The temperature-carrier density phase diagram resembles the phase diagram of the hightemperature superconducting copper oxides [34]. Compared to the characteristic energy scale
of the flat bands, the superconducting transition temperature scale is relatively large beyond
the weak coupling limit. Although the superconducting phase does not appear on the electron doping side, it is later reported in another experiment [50].
Measurements of quantum oscillations in a magnetic field reveal the characteristics of
quasi-particles from these unconventional phases. An interesting feature is the new set of
Landau level fans from the half-filled states away from the charge neutral point. The degeneracy of the Landau level has also changed from four to two, which suggests a broken valleyspin degeneracy. The resetting of Shubnikov-de Haas frequency at the half-filled states points
to a small Fermi surface, rather than the full carrier density expected from the charge neutral
point.
The understanding of the nature of the Mott-like insulating states and superconducting
pairing remains elusive and requires more experimental and theoretical investigations. Recently, there have been experiments on twisted bilayer graphene under external pressure,
which can be used to tune the location of the first magic angle and the overall energy length
scale [50]. Scanning tunneling microscopy technique has also been applied to probe the tunneling characteristics of the flat band manifold [51, 52]. Such direct probes can reveal the
extent of the sample inhomogeneity from local strain and deformation pattern, which is important to elucidate the intrinsic or extrinsic factors.
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4

Numerical Method: Wannier Transformation
of DFT Calculations

Our accurate multi-scale numerical approach to accurately model van der Waals heterostructures is based on the ab initio DFT calculations at the microscopic length scale of the system.
At a larger length scale, the theory is simplified based on the microscopic detailed modeling.
One crucial method in this approach is the Wannier transformation applied to the DFT calculations. This lead to an efficient description based on localized Wannier orbitals and the ab
initio tight-binding Hamiltonians. In this Chapter, a brief overview is given of the DFT and
Wannier transformation numerical calculations. As an example, I apply this method to study
the electronic structure of a monolayer H-type TMDC.
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4.1 DFT
In crystalline solids, the electrons are governed by the quantum mechanical principles. For
simplicity, here we consider a solid in equilibrium and all the nuclei are in their fixed positions and we do not treat these coordinates as dynamical variables. When only the electronic
degrees of freedom are included, the many-electron Hamiltonian is:

H=−

∑ ℏ2
∑ ZI e2
e2
1∑
▽2ri −
+
,
2me
|ri − RI | 2
|ri − rj |
i

i,I

(4.1)

i̸=j

which includes the kinetic energy, electric potential from the nuclei and the electron-electron
mutual interactions. The solid has N ≫ 1 electrons, and each electron has a coordinate variable ri . The eigenstate wavefunctions of the Hamiltonian have 3N dimensions. This complexity results in a huge computational barrier when computing the properties of a system with
just a few electrons. The massive number of electrons in the solid and the scale of complexity
appear to prevent the understanding of electronic properties by a realistic simulation.
One approach to this many-electron problem is based on the assumption of the form of the
many-body wavefunction. For example, Hartree-Fock approximation assumes a simple product of one-electron orbitals obeying the Pauli’s exclusion principle of fermions [158]. The set
of orbitals is then optimized to minimize the total energy of the system. When the interaction is stronger, the wavefunction becomes more complex. In quantum chemistry, more advanced wavefunction based techniques have been developed to capture the correlation effects
in the entangled wavefunction. The examples include the configuration interaction, coupled
clusters and the Jastrow-type factors [158]. These modifications introduce more entangled
wavefunction patterns than the Slater determinant in the Hartree-Fock approximation.
A different approach to the many-electron problem is based on the electron density variable rather than the full many-body wavefunction. The Thomas-Fermi approximation can
be viewed as the precursor of these electron-density based methods, which form the foundation of DFT for electronic structure calculations [158]. The central idea is to write the total
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energy of the many-body Hamiltonian H as a functional of the electron density distribution.
The ground state density configuration is determined by the optimization of the energy functional. The proof is formulated in 1964 by Hohenberg and Kohn [159]. Later, a practical way
to determine the ground state was discussed by Kohn and Sham in 1965 [160].
The Kohn-Sham (KS) total energy [158] is expressed as a functional of charge density ρ:

∫
EKS [ρ(r)] = T [ρ(r)] +

1
ρ(r)vext (r)dr +
2

∫ ∫

ρ(r)ρ(r ′ )
drdr ′ + ẼXC [ρ(r)],
|r − r ′ |

(4.2)

which includes the contributions of the kinetic energy, external potential energy, classical
electrostatic interaction energy, and the exchange-correlation energy (ẼXC [ρ(r)]).
To find the optimal ground state, the self-consistent Kohn-Sham equation can be formulated in terms of the single-particle orbitals ϕi (r):
{
HKS φi (r) =
where Vxc (r) =

ℏ2
−
▽2 +Vext (r) +
2me r

δ ẼXC [ρ(r)]
.
δρ(r)

∫

}
ρ(r ′ )
+ Vxc (r) φi (r) = ϵi φi (r),
|r − r ′ |

(4.3)

With the spin degeneracy assumption, the electron density ρ(r)

can be expressed as
ρ(r) = 2

occ.
∑

|φi (r)|2 ,

(4.4)

i=1

for the occupied states.
This set of equations forms the basis of the modern DFT calculations. The functional can
be generalized to include spin degrees of freedom for the magnetic materials. Although the
Kohn-Sham equations are constructed as linear eigenvalue equations, the Vxc (r) exchangecorrelation depends on the electron density from the filled states. The set of equations has to
be solved iteratively until the self-consistency is reached between the filled states φi (r) from
the HKS Hamiltonian and the electron density used in the Vxc (r). In the density function
theory implementations, the calculation usually starts with the unperturbed electron density
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from the isolated atoms. This determines the initial potential Vxc (r) in the HKS . Given this
potential, the filled eigenstates φi (r) can be found which give rise to an updated electron
charge density. This is then used to update the potential Vxc (r). These steps are repeated
until convergence.
In the Kohn-Sham formalism, the complex correlations from electron interactions are absorbed into Vxc (r). However, the correlations are only approximated functionals because the
exact expression is unknown. Over the decades, there have been many functionals being developed to capture the correlation effects and the dependence on the electron density. Usually, these expressions are derived by fitting the ground state energy from the more involved
quantum calculations for the homogeneous electron gas, with and without unbalanced spin
density (for magnetism). For example, the local-density approximations (LDA) [161] and generalized gradient expansions (GGA-PBE) [162] are standard choices for the functionals.
In DFT calculations, several other approximations can be implemented to make the computations more efficient. For example, the deep core states in the atoms are relatively inert
compared to the valence electrons near the Fermi level that participate the most in the chemical bonding. This means that they are almost unperturbed in the crystalline solids compared
to the isolated atoms. To simplify the calculation, these core electron states can be treated as
frozen charges. This additional potential can be incorporated with the nucleus as the pseudopotential seen by the valence electrons. The Kohm-Sham equation is then solved with fewer
number of electrons using these effective potentials. Other improvements also include the optimized choice of the basis sets in expansion.
With the development over the past decades, the DFT has become an indispensable numerical tool to investigate the electronic and mechanical properties of solids. In the next section, I will introduce the Wannier transformation, which yields a clear physical picture for
the underlying DFT calculations. On the other hand, there are also known limitations of the
DFT predictions. The band gaps tend to be underestimated in semiconductors and insulators. The further development of GW calculations (which are based on DFT computations)
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corrects this band gap issue by treating the screened interactions with the quasi-particles
(See Appendix for further discussions). The other difficulty is with materials with stronger
correlations. There are many developments in this area, such as the dynamical mean field
theory (DMFT) and hybrid methods based on DFT calculations, and remain an active area
of research.

4.2 Wannier Transformation
In solid state physics, it is natural to describe electron band structures in the reciprocal
space, labeled by the crystal momentum k from Bloch theorem [66]. Although this picture
gives us intuitive ideas for the properties such as band gaps and effective masses of carriers
at low-energy, the real space description is not obvious. In chemistry, however, the electronic
structures are more often considered in terms of localized orbitals and how they hybridize in
the chemical bonding. Within the same manifold of bands, the two views are complementary to each other. To bridge the two pictures in the real space and momentum space, one
can utilize the Wannier transformation [84, 83] to construct localized orbitals for a group of
bands. This is analogous to the Fourier transformation.
The recipe of the Wannier transformation is described as follows. Given a group of N
bands that are separated from other higher energy bands, we have the Bloch wavefunction
ψkn (r) for each band, labeled by index n and momentum k. The unit cell has primitive vectors ai and the corresponding reciprocal lattice vectors bi . The Wannier wavefunction is a
new set of basis functions that span the same Hilbert space as ψkn (r) over the Brillouin zone.
∑
The set of Wannier functions Ψm (r − R) with R =
i ni ai are mutually orthogonal and
localized in the real space. Each unit cell has N such functions with centers at rm + R. To
see how this new basis can be obtained, we first consider a set of unitary transformation at a
momentum k,

ϕik (r) = Uij (k)ψkj (r),
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(4.5)

with this rotated basis ϕj at each k, one can perform Fourier transform
Vcell
Ψ (r − R) =
(2π)3
m

∫

dkϕik (r)e−ik·R .

(4.6)

The set of functions Ψm (r − R) spans the same Hilbert space as ψkn (r). By properly choosing
the unitary matrix Uij , one can minimize the spread of Ψm (r − R) functions. Numerically,
the Wannier90 code is implemented to perform such transformation [83] and the optimization
based on the Bloch wavefunction output from DFT calculations.
The choice of the suitable unitary matrix Uij (k) is motivated by the appropriate Wannier
seeding functions. Specifically, one can read out the orbital contents of a group of bands from
DFT calculations, such as p or d orbitals located at specific atomic sites. The unitary matrix
Uij (k) rotates from band basis into the ones resemble the individual Bloch waves derived
from these localized orbitals, consistent with the intuition.
Another way to think about appropriate Wannier seeding functions intuitively is from the
symmetry stand point. Given a group of band structure a ϵn (k) and Bloch wavefunctions
ψkn (r), one can consider the symmetry actions on the wavefunctions. The k points are classified by the little group, which are symmetry operators of the crystal that leave k momentum
invariant up to a reciprocal lattice vector. The k points with non-trivial little group symmetries are called the high symmetry k points. At such k points, the symmetry transformation of the eigenstate is described by the irreducible representations of the little group [163].
These irreducible representations also determine the dimensions of the band degeneracy at
k points. When the symmetry is reduced when moving away from a high symmetry k point,
generally the degeneracy will also split into several irreducible representations of smaller dimensions. The pattern of splitting the irreducible representations is restrained by the compatibility relation in group theory [163]. The enumerations of symmetry representations at
high symmetry k points for a group of bands describe the symmetry characters of the electronic band structure.
On the other hand, the Wannier function in the real space also has specific symmetry char-
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acters depending on the orbital type and the site symmetry of the Wannier center. The bloch
wave constructed from these Wannier objects would yield the corresponding symmetry representations at high symmetry points. A consistent set of Wannier orbitals have to give the
same symmetry content as the previous band analysis. This serves as a way to check the
symmetry content of the proposed Wannier functions.
However, given a group of isolated bands, the existence of Wannier functions are not guaranteed. The localization properties require the gauge Uij (k) to be smooth in the Brillouin
zone without any obstructions. In Chapter 8, the issues with the topological obstructions to
the Wannier construction will be discussed in detail. Here, we assume that we are applying
the Wannier construction to the topologically trivial set of bands. To illustrate the ideas and
the procedure in a concrete way, I will use the band structure of a monolayer transition metal
dichalcogenides crystal as an example shown in Fig. 4.1.

4.3 Wannier Construction Example: Transition Metal Dichalcogenide
Crystals
To have a better physical intuition for the Wannier construction method applied to a DFT
calculation of a realistic material, I will consider the example of a single layered H-type transition metal dichalcogenide crystal.
An outline of the Wannier procedure is the following. The first step is to understand the
basic electronic structure of the target material crystal and identify the relevant group of
bands. In Fig. 4.1 (a), the electronic band structure of a single layer MoS2 crystal is plotted.
Although in reality, there is band splitting near the band edge due to broken inversion symmetry and the spin-orbit coupling. In this example, the spin-orbit coupling is neglected for
simplicity and each band plotted is doubly degenerate. Two groups with a total eleven bands
are identified around the Fermi level (E = 0), which include four conduction bands and seven
valence bands. For the analysis of DFT calculations, the orbitals that give rise to these eleven
bands are identified as the d-orbitals from metal atoms (molybdenum), and the p-orbitals
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Figure 4.1: Wannier transformation method applied to a monolayer H-type MoS2 crystal. (a) Electronic band structure from DFT calculations. The colors denote the orbital characters. The eleven
bands near the Fermi level are from the d orbitals on metal atoms (green) and p orbitals on chalcogen atoms (blue). The two lower bands away from the Fermi level are predominantly s orbitals from
chalcogen atoms. (b) From the constructed Wannier Hamiltonian, the electronic band structure can
be understood from an orbital hybridization picture. The onsite energies determine the orbital state
levels before the hybridizations from atomic couplings. Here the mirror symmetry is also used to
classify the states into even or odd sectors, denoted by the superscript. The odd and even states of
chalcogen atoms are obtained from the linear combinations of the atoms on A and B sites. (c) The
real-space Wannier functions for d orbitals on the metal atoms.

from the chalcogen atoms (sulfur). The orbital contents are shown as the color of the bands.
The green (blue) color indicates the atomic d (p) orbitals. The even lower bands around
E ∼ −10 eV shown in the figure are neglected, which are from s orbitals of the chalcogen
atoms (sulfur).
One note that the way to choose the group of bands to work with in the Wannier construction is not unique. In this case here, I focus only on the eleven bands near the Fermi level
from d and p orbitals. One can certainly include more bands such as the low-lying s orbitals
in the construction. It is generally preferable to choose a group of bands that are separated
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from other bands in the energy. The next step is to take the states in these eleven bands and
perform the Wannier transformation. Given the p and d orbitals at the corresponding atomic
site as the initial projections, the localized Wannier orbitals can be derived numerically. The
obtained Wannier d orbitals are plotted in Fig. 4.1 (c) which are centered at the molybdenum atom in the middle of the layer. Compared to the perfectly symmetric atomic orbitals,
there are small distortions from the local crystal field and the slight hybridizations to orbitals
on the nearby atoms.
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Figure 4.2: Wannier tight-binding Hamiltonian construction from DFT for the WSe2 monolayer: (a)
DFT band structure, blue circles (without the spin-orbit coupling) with the eleven p − d hybrid bands
that are relevant for low-energy electronic properties, used to derive the Wannier tight-binding Hamiltonian (red lines). (b) Wannier Hamiltonian results with the truncation to limit the range of neighbor
coupling terms. (c) Truncated Hamiltonian augmented by the atomic spin-orbit coupling terms (red
lines), compared with the full DFT calculation with spin-orbit coupling included (blue circles).

The other piece of information that can be derived from the Wannier transformation is the
Hamiltonian constructed in this new localized Wannier basis. This Hamiltonian is equivalent
to the Kohn-Sham Hamiltonian of this group of bands in the DFT calculation. This allows
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one to read out the terms such as the on-site potentials and the atomic couplings between
neighboring sites. This enables the construction of a chemical bonding picture that generates
the group of bands. For example, in Fig. 4.1 (b), one can align the orbital levels accordingly
from the transformation and visualize the hybridizations between them.
This Wannier tight-binding Hamiltonian allows for an efficient reconstruction of the electronic band structures obtained from the full DFT calculation. For the WSe2 monolayer band
structure shown in Fig. 4.2 (a), the band structure from the Wannier model faithfully represent the original DFT calculations for the selected group of bands that are isolated from
others. This Wannier model generally includes terms beyond the first neighbors. However,
the hopping strength decreases as the hopping distance increases. It is expected the Wannier
Hamiltonian with truncated hopping terms can still represent the full DFT band structure.
In Fig. 4.2 (b), the bands in the truncated Wannier model still faithfully represent the DFT
bands and preserve the overall features of the dispersions. The calculations so far are carried
out without the spin-orbit coupling and each band is viewed as doubly degenerate with the
spin degree of freedom. However, the spin-orbit coupling is important in these materials. The
Wannier procedure including the spin-orbit coupling can be performed in a similar manner.
The other approach to include spin-orbit coupling is to include the atomic on-site λL · S term
with spin-orbit coupling strength λ [79]. The spin-orbit coupling strength for each atomic
species can be identified [79]. Although other forms of spin-orbit coupling terms are also possible such as the Kane-Mele model for the quantum spin Hall effect [164], the simple on-site
augmentation term above can already yield accurate results shown in Fig. 4.2 (c).
The Wannier modeling can also serve as a systematic method to derive an effective ab initio tight-binding model for the selected group of bands without uncontrolled fitting procedure. Information such as the phase and the amplitude is preserved with the Wannier transformation, whereas conventional band fitting procedure does not guarantee a reliable extraction of these quantities. Unlike phase factors, these amplitudes can have physical consequences that can be determined from experimental measurements. For example, the nearest-
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neighbor pz orbital hopping can be detected by the photoemission experiment using polarized
light [165].
Moreover, ignoring the orbital contents of the band structure in the conventional fitting
procedure can cause a more serious problem. The fitted model can give the wrong wavefunction characters which would prevent accurate predictions regarding the responses of the
materials under external probes, which would reveal the nature of the quantum mechanical
wavefunctions.
Once the tight-binding model is derived in this reliable fashion, it can be simplified by
truncations of hopping terms or further downfolding to reduce the number of bands involved.
The other simplification is to fit the extracted parameters to the Slater-Koster form [76] or to
justify the use of such parametrization.
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5

Electronic Structure Modeling of Layered
Crystals: Intra-layer Coupling Terms

In order to understand the electronic structure for a van der Waals heterostructure, one has
to first model each individual layer. In Chapter 4, the Wannier transformation [83, 84] applied to the density functional theory calculations has been demonstrated as an efficient way
to derive physical ab initio tight-binding Hamiltonians for the pristine layered crystals. In
a realistic heterostructure, each layer can deform in the atomic configurations compared to
their pristine crystal in order to minimize the total energy, when coupled mechanically to
other neighboring layers. The geometry of the relaxed structure will be discussed further in
Chapter 7. Here I will focus on the modeling each layer sheet subject to atomic deformations
from strain. Since the length scale of a typical heterostructure is much larger than the lattice constants of the underlying layered crystals, here I assume the atomic deformations are
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slowly varying in real space, which can be viewed as a strain field. In the long-wavelength
limit, this describes the electron-acoustic phonon coupling. In terms of experimental characterizations, such electron-phonon coupling modelings are relevant for the probes such as
Raman process and spectroscopy [166]. The electronic structure modeling in this chapter will
focus on how to capture the correction terms from the strain deformation in each individual
layer.

5.1 Strained Two-Dimensional Materials
Strain effects are important in the physics of van der Waals two-dimensional materials [10, 2]. Instead of being geometrically flat, these materials exhibit ripples and corrugations, features that are ubiquitously observed, for example, in free-standing graphene [167]
and in samples on a substrate [168]. The layered materials can sustain a substantial
amount of external strain, as high as 25% in graphene [17]. Kirigami structures based on
graphene [169] allow even higher degree of stretchability and resilience. Scanning tunneling
microscopy (STM) [170] or atomic force microscopy (AFM) [171] tips can be used to introduce indentation and strain in a controlled manner. The strain-induced time-reversal symmetric pseudomagnetic field in graphene has been shown to reach 300 T [172]. A desirable
functionality would be to use strain and deformation to manipulate the flow of electrons or
excitons in the design of layered-material based devices [173, 174]. To model the heterostructure, reliable quantitative understanding and modeling of the strained-layered properties are
crucial.
Conventional approaches for modeling can be classified into two categories: The topdown method treats the deformed layers as a manifold with curvature and local metric tensor structure, analogous to a membrane in soft matter [175] and to general relativity in
the curved space-time [176]. In this approach, once the differential geometry tensors are
constructed from the deformed layers, they couple to the low energy effective field theories as symmetry-allowed gauge fields, potentials and connections [177, 178, 179, 180, 181].
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The bottom-up approach relies on computationally demanding first-principles calculations [182] or on scaling of tight-binding matrix elements in the presence of the lattice deformation [10, 183, 184]. The scaling of these coupling terms is usually parametrized empirically
as a function of pair-wise distances, which is known as the central force approximation, in the
form of Grüneisen parameters [185]. Some modeling for the coupling goes beyond the twocenter approximation by including the environment dependence in the hopping integral [77].
In practice, these empirical parameters are usually obtained from fitting the band structure
calculation of the deformed crystal, which is relatively insensitive to the underlying orbital
character and the composition of the coupling terms. Potential pitfalls if these approaches include the overfitting of the band structure, distortions in the wavefunction character and the
breakdown of the approximations.
Another issue arises from bridging the top-down and bottom-up approaches as pointed
out by Yang [186]: the proper “metric” and the emergent geometry in the low-energy model
should stem from the deformation of the underlying tight-binding Hamiltonian, rather than
being of purely geometric origin. It is thus valuable to derive the tight-binding parameters of
the strained layered crystals from an ab initio perspective, especially for materials with multiple orbital symmetries and complicated characters. Before the discussion on the electronic
structure modeling for the strained crystal, I will first discuss the assumptions and approximations adopted in the modeling in the next section.

5.2 General Formulation for the Strained Lattice
The slowly varying in-plane strain field can be described by a displacement deformation vector field u(x, y) = (ux (x, y), uy (x, y)). The coordinates x and y denote the undistorted crystal
coordinate, which is mapped to the new position (x + ux (x, y), y + uy (x, y)) in real space.
Since a constant displacement field introduces no physical change to the layers, the strain
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field is characterized by the derivative of u, defined in tensor form
1
uij = (∂i uj + ∂j ui ),
2

(5.1)

with i, j=x, y. This 2nd-rank tensor can be decomposed into the trace scalar part uxx + uyy ,
and the doublet (uxx − uyy , −2uxy ), which form a two-dimensional irreducible representation
of the C3v symmetry group of the crystal. There is also a rotational piece, ωxy = ∂x uy − ∂y ux
which we take ωxy = 0 by choosing the proper set of coordinates. We can further simplify the
modeling by applying a local density approximation to the strain effects, that is, by assuming
that the tight-binding parameters can be approximated by the strained periodic crystal with
constant uij locally. In the following discussion, these strain model parameters are extracted
from the Wannier transformation of DFT calculations with periodic unit cells for the uniformly strained crystals. A structure with non-uniform strains can also be modeled by combining these local-strain tight-binding parameters which have only long-wavelength variations
compared to the lattice constants.
The key steps in constructing these microscopic Hamiltonians are:
(i) In the linear elastic theory, the deformed microscopic displacement vector v ′ =
(vx′ , vy′ , vz′ ) between atomic sites is

vx′ = vx + vx ∂x ux + vy ∂y ux ,
vy′ = vy + vx ∂x uy + vy ∂y uy ,

(5.2)

vz′ = vz ,
with v = (vx , vy , vz ) being the unstrained vector. Though these relations hold for the primitive lattice vectors, strictly speaking, this approximation, the Cauchy-Born rule [187, 188],
is only valid for a Bravais lattice with a single atom basis. For a strained primitive unit cell
with multiple basis atoms, the relative position or orientation of these atoms varies, in addi-
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tion to the relations prescribed by Eq. (5.2).
As an example, one can consider the in-plane deformation of a single layer graphene sheet.
For a pristine crystal, the honeycomb sheet has two primitive vectors ai with 60◦ in between.
The two basis atoms are assumed to be at δA = 0 and δB = (a1 + a2 )/3. Under the in-plane
′

strain deformation, the strain field will distort the primitive vectors ai → ai . One can still
′

define one sublattice site to remain at δA = 0. The question now is, could we still claim the
′

′

′

other sublattice site to be at δB = (a1 + a2 )/3? When the Cauchy-Born approximation is
adopted, one assumes this claim for the positions of the sublattice sites.
However, this is not true in general. Under a uniform deformation in graphene sheet, one
can show an additional contribution to the sublattice sites is given by
√
′
′
′
δB = (a1 + a2 )/3 + γ((uxx − uuu )(a1 + a2 ) + 2 3uxy (a1 − a2 )),

(5.3)

for a small strain field applied. With the density function theory simulation, all the atoms
are allowed to relax under the strain deformation. By fitting the optimal deformed sublattice
location, the γ is estimated to be 0.048 (γ ∼ 0.072 for a hBN layer). The expression can
also be checked to remain invariant under symmetry transformation. One quick argument
is that, the two vectors in the expressions (a1 ± a2 ) are orthogonal to each other and these
two objects will transform as a (x, y) doublet. When combined with another doublet from the
strain field components, an invariant quantity emerges.
The discussion above assumes all atoms are within the same two-dimensional plane. In layered materials such as phosphorene, TMDCs and puckered graphene-like materials, there is
a variation in the vertical position of individual atoms under strain. We adopt the approximation of Eq. (5.2) in modeling graphene and hBN for simplicity. We include the height
corrections for the chalcogen atoms in TMDCs by generalizing the above Cauchy-Born approximation.
(ii) To incorporate the strain effects into the tight-binding Hamiltonians, the t0αβ hopping
integral between α, β orbitals on different sites is assumed to scale with the pair distance
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|δαβ |, known as the central force approximation. Up to the leading order linear response, the
strained hopping integral can be approximated as [189]
t′αβ = t0αβ + µδαβ · (δαβ · ▽) · u, µ =

dtαβ
].
|δαβ | d|δαβ |
1

[

(5.4)

Some empirical models go beyond the linear order by proposing a functional form that depends on the pair distance, such as exponential functions [10, 183] or algebraic functions
of |r|. [190] For the orbitals that are not s-like, the hopping integrals within the two-center
Slater-Koster approximation [76] can be decomposed into various channels related to the angular momentum projection, such as the σ and π bonds in p-p orbital coupling. The scaling
can be applied to each channel as a function of the pair distance. In general, the scaling of
the hopping integral reflects the shapes of the orbitals and the changes in the crystal field potential. These translate into more involved forms of scaling beyond the pair distance dependence. For example, if the crystal is stretched along a direction that is perpendicular to the
bond, the central force approximation dictates no change for the hopping, which is not accurate. Here, we derive the model up to linear order in the strain and beyond the central force
approximation. All the terms that couple (uxx + uyy ), (uxx − uyy ) and uxy are retained in the
Hamiltonian, and their forms are constrained by the underlying crystal symmetry. Thus, the
hoppings along a bond acquire corrections when the crystal is stretched along the perpendicular direction to the bond, which captures the local environment change. Many layered materials involve orbitals beyond s-like ones, and have a more complicated geometry for atomic
configurations and relative orientations.
(iii) Treatments of strain effects on tight-binding Hamiltonians typically involve only the
scaling of hopping terms and neglect the variations for on-site energy terms. The on-site energy variations will be relevant for a layer with non-uniform strain field, also called the deformation potential. We extract the relevant potential information and work function from
DFT calculations and define the energy reference point to be zero at the vacuum level outside
the layer. In experiments, the presence of a substrate or encapsulating layer, and the charge
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redistribution in the layer with non-uniform strain result in further modifications of the electrostatic environment, the screening for interactions and hence of the onsite terms. Solving
the self-consistent potential profile is beyond the scope of the current treatment.
(iv) To complete our discussion in the presence of the macroscopic perpendicular (out-ofplane) displacements h for the layer or the flexural phonon mode in the long wavelength, we
can define the generalized strain tensor [177]
1
ũij = (∂i uj + ∂j ui + ∂i h∂j h).
2

(5.5)

We expect ũij to capture a part of the contributions to the strained tight-binding Hamiltonians. Due to (mirror) symmetry breaking and curvature effects, other terms with derivatives
of h that couple states of different sectors can also appear, which can lead to interesting phenomena such as spin-lattice couplings in layered materials [191, 192, 185]. Capturing these
contributions require a Wannier transformation to extract parameters for a curved layer in a
supercell geometry, which we leave for future work.
With these discussions on the assumptions and approximations in the strained crystals,
the Wannier-based electronic structure modeling [83, 84] can be applied to strained crystals
as in the undeformed structures. The numerical procedure now involves a strain-deformed
crystal, such as stretching and shearing distortions. With the long-wavelength approximation,
we can model the crystal with a uniform strain field. The number of basis atoms remains
the same as the pristine crystal. The supercell formulation is not necessary unless the strain
variation has a wavelength comparable to the underlying lattice constants. The new Wannier tight-binding Hamiltonians can be constructed for crystal with various strain pattern. In
conjunction with the symmetry group analysis, one can derive the symmetric ab initio tightbinding Hamiltonians including the in-plane strain corrections for several layered materials in
the following sections. In increasing order of complexity with the underlying orbital content,
we construct such ab initio Wannier tight-binding Hamiltonians (TBH) for graphene, hBN,
four H-type TMDCs and T-type TMDCs. To connect with the discussion on the twisted bi-
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layer graphene, I also briefly discuss the effective low-energy theories coupled with the strain
field in graphene sheets. This low-energy expansion is consistent with the effective models derived from the principles of symmetry group representations, which by itself can identify all
symmetry-allowed terms [163, 193] but is insufficient to provide estimates for the values of
the coupling constants involved.

5.3 Strain Effects on Electronic Structure of Graphene and Hexagonal Boron Nitride
In graphene, the semi-metallic gapless pz bands feature relativistic linear Dirac dispersion at
low-energy near the K valleys of the BZ. Most of the electronic properties can be explained
by the simple two-band model involving only the pz orbitals. The electronic structure of
hBN can be considered to be similar as graphene but with a band gap introduced by the Semenoff mass terms [194] from the sublattice symmetry breaking. For the monolayer modeling
of strained graphene and hBN, the distorted atomic positions at the A/B basis sites are assumed to follow Eq. (5.2). In terms of the electronic modeling, we retain only pz orbitals up
to third nearest neighbor coupling. This is adequate for a very good description of the key
features of the band structure, especially at the band extrema [80]. To model the strain effects for graphene and hBN, we first start with the on-site potential energy term, which is
defined relative to the DFT vacuum level outside the layer and can be written as

ϵ = ϵ0 + α0 (uxx + uyy ),

(5.6)

to the leading order in uij . The linear coupling to the two-dimensional representation (uxx −
uyy , −2uxy ) is forbidden due to the underlying crystal and pz orbital symmetry. For the nearneighbor hopping terms, the strain-dependent tight-binding parameters can be written as

tr = t0r + αr (uxx + uyy ) + βr [ωyr (uxx − uyy ) + 2ωxr uxy ],
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(5.7)

where r is the bond vector, ω̂ r = (ωxr , ωyr ) (|ω̂| = 1) is the associated unit vector, and αr and
βr are the strain response parameters. The ω̂ r unit vector is parallel to the bonding direction
of the first and third neighbor hoppings, and perpendicular to the second neighbor hopping
direction (see Eq. (5.9) for the first neighbor example). This form is constrained by the irreducible representation of the underlying crystal symmetry. The central force approximation
would further constrain αr and βr . For example, the nearest neighbor terms under this approximation have α1 = −β1 , which clearly is not sufficient as our detailed modeling shows.
For graphene and hBN, the relevant parameters that enter Eq. (5.7) are given in Table 5.1
with the unit vector defined as ω̂θ = cos(θ)x̂ + sin(θ)ŷ. Note that in this section, we adopt the
convention that the graphene (hBN) honeycomb crystal structure has periodic lattice vectors
a1 = ax̂, a2 = a(− 12 x̂ +

√

3
2 ŷ),

where a is the corresponding lattice constant. Two basis sites

are located in the projected layer plane δB = 0 and δA = (2a1 + a2 )/3. In hBN, the nitrogen
atom occupies the δB site. In this table, only the independent hopping terms along specific
directions are provided. The rest of the bonds at the equivalent positions can be related by
appropriate symmetry operations.
Table 5.1: On-site, Eq. (5.6), and nearest neighbor hopping parameters, Eq. (5.7), for graphene and
hBN. For hBN, the superscript indicates the starting point of the hopping matrix element (otherwise
from A site to B site.). The vector δ = (a1 + 2a2 )/3 and the units are in eV. The last column specifies
the corresponding ω̂ r unit vectors as in Eq. (5.7).

Graphene
on-site
δ
a1
δ − a1 − 2a2
hBN
On-site
δ
a1
a1
δ − a1 − 2a2

ϵC
0 = −3.613
t01 = −2.822
t02 = 0.254
t03 = −0.180

α0C = −4.878
α1 = 4.007
α2 = −0.463
α3 = 0.624

β1 = −3.087
β2 = 0.802
β3 = 0.479

ω̂π/2
ω̂π/2
ω̂−π/2

ϵB
0 = −1.287
ϵN
0 = −5.393
t01 = −2.683
t0B
2 = 0.048
0N
t2 = 0.218
t03 = −0.228

α0B = −4.778
α0N = −2.227
α1 = 3.142
α2B = 0.176
α2N = −0.231
α3 = 0.419

β1 = −2.386
β2B = 1.061
β2N = 0.721
β3 = 0.598

ω̂π/2
ω̂π/2
ω̂π/2
ω̂−π/2
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For a single layered graphene, the electronic band structure exhibits linear gapless Dirac
cones at the two inequivalent K± points. Around the K+ point, we define the wavefunction
A
B
as Ψ+
k = (Ψ(K+ +k) , Ψ(K+ +k) ) for the components on the A/B sublattice at momentum (K+ +

k), and σ̂ the Pauli matrices on sublattice indices. The three nearest B sites from the central
A site are located at
√
√
a
a
a
3 1 (1)
3 1
(1)
= √ (0, 1), δ2 = √ (−
, − ), δ3 = √ (
, − ),
2
2
2
2
3
3
3

(1)
δ1

(5.8)

with a the lattice constant. Under the uniform strain, the changes in the hopping strength
from A to B sites are

(1)

δt1 = α1 (uxx + uyy ) + β1 (uxx − uyy ),
(1)

√

(1)

√

δt2 = α1 (uxx + uyy ) − β1 (uxx − uyy )/2 −
δt3 = α1 (uxx + uyy ) − β1 (uxx − uyy )/2 +

3β1 uxy ,

(5.9)

3β1 uxy ,

using the transformation rule of Eq. (5.16). The same procedure applies to the second and
third neighbors. Together with the on-site terms, we arrive at the k · p Hamiltonian after
expanding the tight-binding Hamiltonian at K+ .
HK+ = vF H0 (k) + a′0 H0′ +

5
∑

ai Hi (k),

(5.10)

i=1

with k = (kx , ky ) the momentum measured from K+ and the definition for each term and
the coefficients are given in Table 5.2. H0 gives the usual Dirac Hamiltonian with linear dispersion with H0′ + H1 the shift in Dirac energy from the on-site and second nearest neighbor
contributions. The Hi terms with i > 0 are the strain induced contributions [193]. H2 is the
pseudo gauge field term which shifts the Dirac point. In the non-uniformly strained crystal,
this term will depend on the spatial position and is responsible for generating pseudo Landau
levels. A term H6 = [∂y (uxx − uyy ) + 2∂x uxy ]σ̂z implies a gap-opening in the presence of
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non-uniform strain field [193] which can be estimated from the changes of on-site terms in the
uniform strain field.
Table 5.2: Effective low-energy Hamiltonians at K+ valley including strain terms
√ for graphene. σ̂x ,
σ̂y and σ̂z are Pauli matrices (σ̂0 is a 2 × 2 identity matrix), with length l = a/ 3 where a is the
graphene lattice constant. The numerical values are from the upper part of Table 5.1 for graphene
with units of energy.

H0
H0′
H1
H2
H3
H4
H5

σ̂x kx l + σ̂y ky l
σ0
(uxx + uyy )σ0
(uxx − uyy )σ̂x − 2uxy σ̂y
[(uxx − uyy )kx l − 2uxy ky l]σ0
(uxx + uyy )(σ̂x kx + σ̂y ky )
uij σ̂i kj l; i, j = x, y

− 23 t01 + 3t03
0
ϵC
0 − 3t2
C
α0 − 3α2
3
(β1 − β3 )
2
9
β
2 2
β1
3
− 2 (α1 + 2 − 2α3 + β3 )
3
β + 3β3
2 1

5.4 H-type Transition Metal Dichalcogenide Electronic Structure
with Strain
The monolayer H-type TMDCs are semiconductors with a direct band gap (typically 1-2 eV),
with band structures that have similar features to those of hBN (an insulator) with the band
edges at the K valleys. We start our formulation with the tight-binding Hamiltonian in a
monolayer H-type TMDC crystal. The conventions for the crystal geometry is illustrated in
Fig. 5.1. The typical band structure of H-type TMDC is shown in Fig. 2.2 (b). The relevant
states consist of seven valence bands and four conduction bands, which are hybrids of metal
d orbitals and chalcogen p orbitals. In Fig. 4.2 we illustrate the DFT (blue circles) and Wannier construction for WSe2 monolayer crystal with the tight-binding bands for these p − d
orbital hybrids in red lines.
The xy layer mirror symmetry can be utilized to classify these states into odd and even
sectors, with the band edges being in the even sector. We focus on the spinless models and
(o)

(o)

(o)

group the odd/even orbitals as ΨA = (ϕx = dxz , ϕy = dyz , −), ΨB = (ϕx = px , ϕy =
(o)

(o)

(e)

(e)

(e)

(e)

(e)

py , ϕz = pz ), ΨC = (ϕx = dxy , ϕy = dx2 −y2 , ϕz = dz 2 ) and ΨD = (ϕx = px , ϕy = py , ϕz =
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(a)

(b)

TMDCs structure

Ĥ (3)
M

2d0

X

(c)

a2

ŷ

x̂

Ĥ (2)

Ĥ (1)

Brillouin zone

ky

K

kx

a1

K+

Figure 5.1: Crystal structure of H-type transition metal dichalcogenides. (a) Top view of the crystal
lattice with primitive vectors ai with A (B) basis atoms shown as blue (red) solid circles. In H-type
TMDCs, metal atoms (chalcogen pairs) sit at B (A) sites. For TMDCs, the hoppings from metal atom
(M) sites are denoted by the thick black arrows as in Eq. (5.14) and (5.15). (b) Perspective side view
of the trilayer structure in H-type TMDC. (c) Brillouin zone in momentum space.
(e)

pz ) with the xy mirror plane still being a symmetry of the crystal when the in-plane strain
is included, the (o/e) superscript denoting the odd/even sector (the z component is omitted
in the ΨA group). The grouping and the ϕx , ϕy and ϕz labelings are related to the x-, y-,
z-like orbitals under the three-fold rotation symmetry of the crystal. For the Hamiltonians
below, we will write coupling terms between different groups of orbitals as



Hxx Hxy Hxz



⟨Ψi |H|Ψ′j ⟩ = Hyx Hyy

Hzx Hzy



Hyz  ,

Hzz

(5.11)

where Hαβ = ⟨ϕiα |H|ϕ′ jβ ⟩. For the strained TMDC monolayer crystal, the local optimum
atomic configurations show that the distance dX−X for the chalcogen pair varies as
1
dX−X = d0 − d1 (uxx + uyy ),
2
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(5.12)

with the form constrained by the three-fold rotation crystal symmetry. The pair distance
stretches when the crystal is compressed and the relevant parameters are shown in Table 5.3.
Table 5.3: The lattice constants a (Å) of unstrained TMDCs, and the distance between chalcogen
atoms dX−X (Å) in the strained TMDCs, given by Eq. (5.12).

a
d0
d1

MoS2
3.182
1.564
0.517

MoSe2
3.317
1.669
0.572

WS2
3.182
1.574
0.560

WSe2
3.316
1.680
0.611

In the original tight-binding Hamiltonian of the TMDC crystal [79], we included the onsite terms and up to third neighbor couplings. The first and third neighbor couplings are of
the M-X type, while the second neighbor is of M-M or X-X type. These hopping vectors are
illustrated in Fig. 5.1 (a). We investigate the strain correction to these Hamiltonian terms:
(i) The on-site terms include not only the on-site energy but also the hybridization be(0)

tween different orbitals at the same site. The total on-site Hamiltonian has four terms Hii

(i = A, B, C, D), and they share the same form. Within each sector, this symmetric form is
simplified with the three-fold rotation symmetry and the yz-mirror symmetry:



ϵ1



Ĥ (0) =  0

0

0



0

(0)

α1


0

0







(0)
0 
0  + (uxx + uyy )  0
α1



(0)
0
0
α0
0 ϵ0




(0)
(0)
(0)
β1
0 β0
0
0
β0








+ (uxx − uyy )  0 −β0(0) β1(0)  + 2uxy β0(0)
0
0 




(0)
(0)
0
0
β1
0
0
β1
ϵ1

(5.13)

for all four TMDCs. To verify this symmetric form of the Hamiltonian, one can show that
each independent parameter is multiplied with an invariant expression under the symmetry
group relating the hopping sites. For example, the α1 is combined with the ϕ̂†x ϕ̂x + ϕ̂†y ϕ̂y and
(0)
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(uxx + uyy ) which are invariant under the threefold rotation and yz-mirror symmetries.
(ii) First and third neighbor couplings are hoppings from M atoms to X atoms (at
−(a1 + 2a2 )/3 and 2(a1 + 2a2 )/3 respectively, as in Fig. 5.1 (a)). There are two groups for
(1)

(1)

(3)

(3)

the first neighbor coupling HBA , HDC and one group for the third neighbor term HDC (HBA
is neglected). They all have the following scaling form with strain:


(n)

t0



Ĥ (n) =  0

0




0

0



(n)

0

α0

0





(n) 
(n) 
(n)
t2  + (uxx + uyy )  0
α2 
α1



(n)
(n)
(n)
(n)
t4
t3
α4
0
α3




(n)
(n)
(n)
0
0
β
β6
0
β5

 0




 (n)
(n)
(n) 
+ (uxx − uyy )  0
+
2u


0
0 ,
β1
β2
xy β7




(n)
(n)
(n)
0
0
β4
β8
0
β3
(n)

t1

(5.14)

where n = 1, 3 for the first and the third neighbor couplings.
(iii) The second neighbor hoppings are between M-M and X-X pairs (at a1 position, as in
(2)

Fig. 5.1 (a)) and there are four kinds of terms, Hii (i = A, B, C, D). They all share the
same following form:


(2)

t0

(2)

t3



(2)
Ĥ = −t(2)
t1
 3
(2)
(2)
t5
−t4

(2)
β
 0

+(uxx − uyy ) −β3(2)

(2)
−β4
(2)

(2)

t4




(2) 
t5 

(2)
t2
(2)

β3

(2)

β1

(2)

β5



(2)

α0

(2)

α3



+ (uxx + uyy ) −α3(2) α1(2)

(2)
(2)
α5
−α4


(2)
(2)
0
β6
β4


 (2)
(2) 
0
β5  + 2uxy β6


(2)
(2)
(2)
−β8
β7
β2

(2)

α4




(2) 
α5 

(2)
α2
(2)



(5.15)

β7


(2) 
β8  .

0

Thus far, we considered only the hopping along one specific direction, which gives the simplest expressions for the hopping matrix elements. The equivalent terms are related to this
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by the three-fold rotation symmetry or Hermitian conjugation. There are no new independent parameters associated with these terms in the equivalent directions. The form of these
hopping directions in the presence of the strain field involves a simple transformation. For example, for the bond δ ′ which is rotated counterclockwise by 2π/3 from the bond δ, the hopping is

†
′
Hδ (uxx
, u′yy , 2u′xy )ÛR ,
Hδ′ (uxx , uyy , 2uxy ) = ÛR
√
u′xx = uxx /4 + 3uyy /4 − 3uxy /2,
√
u′yy = 3uxx /4 + uyy /4 + 3uxy /2,
√
√
2u′xy = 3uxx /2 − 3uyy /2 − uxy .

(5.16)

For graphene and hBN, UR = 1. For TMDCs, Hδ and Hδ′ are the 3 × 3 matrices, as
parametrized for the Hamiltonians above, and


√



3/2 0
−1/2

 √


ÛR = − 3/2 −1/2 0 ,


0
0
1

(5.17)

3 = 1. This three-fold rotation operation together with the Hermitian conjugate which
with ÛR

reverse the bond direction complete the parametrization of all equivalent bonds in the tightbinding Hamiltonian.
(i)

For the unstrained H-type TMDC crystal with only ϵi and tj terms for each interaction,
the present model corresponds exactly to the one in our previous work [79]. The crucial spinsplitting of the bands can be generalized by doubling the orbitals by the spin degrees of freedom and incorporating the spin-orbit coupling as the atomic on-site λL · S terms [79]. The
symmetry-allowed spin-dependent hopping terms beyond these on-site atomic contributions
are neglected in this work, but can be extracted and further modeled based on the Wannier
procedure.
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Figure 5.2: Comparison of the (a) DFT and (b) tight-binding electronic band structure without
spin-orbit coupling for a monolayer WSe2 crystal with isotropic strain. The black dashed lines are the
bands from the pristine crystal while the red (blue) solid ones are from the crystal with −2% (+2%)
isotropic strain. The high energy bands in the DFT calculations are those beyond the p − d hybrids included in the tight-binding basis. The vacuum level is at zero energy. (c) and (d), similar comparison
with spin-orbit coupling.

In the presence of strain field, the values of the parameters that enter in the expressions for
on-site (superscript 0), first- and third-neighbor (superscript 1 and 3) and second-neighbor
(superscript 2) hoppings in these strain Hamiltonians can be found in the Appendix of Ref.
[81]. In Fig. 5.2, we compare the full DFT calculations as shown in (a) to the simplified TBH
in (b) for the pristine WSe2 crystal and the ones with ±2% isotropic strain applied. In (c)
and (d) we compare the DFT results with spin-orbit coupling to the TBH augmented with
atomic λL · S on-site terms. We find a good agreement between the full DFT calculations
and our TBH results. We also note that the couplings to isotropic strain (uxx + uyy ) have
the same form as the unstrained coupling, while the terms with (uxx − uyy ) and uxy break
this form in a pattern that respects the crystal symmetry by forming appropriate symmetry
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invariants. The previous modeling of the graphene and hBN cases is similar to the Hzz terms
here.
As a final comment for strain modeling in H-type TMDC, we discuss some of the important features of the band structure described by our tight-binding Hamiltonian in the presence of strain. The band gap at the K valley scales linearly with the isotropic biaxial strain.
The slope agrees well between the tight-binding Hamiltonian which gives -103 meV/% and
the full DFT calculation with -110 meV/% [81]. The relative offset between the two can be
corrected by adding more longer range terms to the truncated Hamiltonian. The slope is also
in a good agreement with photoluminescence experiments, measured at -105 meV/% with
substrate thermal expansion [195] and -99meV/% with suspended monolayer MoS2 [196]. To
compare all four TMDCs, recent optical experiments show that MoSe2 < MoS2 < WSe2 <
WS2 bandgap shifts under biaxial strain [197] and this bandgap magnitude ordering is consistent with our density function theory calculations and tight-binding results.

5.5 T-type Transition Metal Dichalcogenide Electronic Structure
with Strain
The monolayer of T-type TMDCs consists of three interpenetrating triangular lattices, with
the transition metal lattice sandwiched between chalcogen lattices above and below, as shown
in Fig. 5.3. This results in octahedral coordination of the metal atom. To model a monolayer
T-type TMDC we choose the lattice vectors to be a1 =

√

3
2 ax̂

− 21 aŷ and a2 =

√

3
2 ax̂

+ 21 aŷ.

The metal atom is located at the origin and the horizontal position of the upper and lower
chalcogen atom is taken to be (a1 + a2 )/3 and −(a1 + a2 )/3 respectively.
In terms of the structural response to the strain field applied, the chalcogen atom height h
can be parametrized as:
h = d0 − d1 (uxx + uyy ),
Our results for the lattice constants and chalcogen distances are given in Table 5.4.
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(5.18)

(a)

(b) TMDCs structure
Ĥ (2)

Ĥ (3)

ŷ

~a2

Ĥ (1)

(c)
K

x̂

~a1

2d0
Brillouin zone

ky

kx

K+

Figure 5.3: Crystal structure for T-type transition metal dichalcogenides. (a) Top view of the crystal
lattice with primitive vectors ai . In T-type TMDCs, metal atoms sit at the red sites while the upper
(lower) chalcogen atoms are located at the dark (light) blue sites. Tthe hoppings from metal atom
(M) sites are denoted by the thick black arrows. (b) Perspective side view of the trilayer structure
in T-type TMDC. The stacking order can be contrasted with H-type TMDCs. (c) Brillouin zone in
momentum space.
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Table 5.4: The lattice constants, a (Å), of the unstrained T-type TMDC, and the parameters d0 and
d1 (Å) specifying the distance of the chalcogen atoms above and below the metal atom plane in an
isotropically strained crystal.

a
d0
d1

NbS2
3.35
1.549
0.695

NbSe2
3.46
1.679
0.784

NbTe2
3.62
1.873
0.795

TaS2
3.36
1.540
0.701

TaSe2
3.49
1.658
0.750

TaTe2
3.64
1.853
0.860

TiSe2
3.53
1.556
0.764

Effects of the in-plane strain on the electronic structure of the T-type TMDCs can be studied in the same as that of H-type TMDCs [81]. Once we have the structural parameters for
each material under study, our approach is to use DFT calculations followed by Wannier
transformations to determine the tight binding parameters for a range of input strain values. Then by fitting the variations in the parameters as a function of uxx , uyy , uxy , we arrive
at a complete tight binding Hamiltonian for any choice of uniform strain.
A monolayer T-type TMDC has D3d symmetry, which includes the xz mirror symmetry,
the C2 rotational symmetry, the inversion symmetry and the R3 three-fold rotational symmetry. The three-fold rotational symmetry of the crystal means that hopping terms to equivalent neighbor atoms appear differently in a Hamiltonian matrix in a fixed rectangular coordinate system. However, a careful choice of reference hopping vectors and the analysis of
the symmetry allowed matrix elements significantly constrain on the form of the Hamiltonian
matrix.
Our tight binding Hamiltonian consists of 11 bands: five d-orbitals from the metal atom
at the “M” site, (dxy , dyz , dx2 −y2 , dxz , dz 2 ), and three p-orbitals from each chalcogen atom,
(px , py , pz ), located at X1 (upper) and X2 (lower) sites. This choice of basis is based on the
observation of the low-energy bands in a typical T-type TMDC as in Fig. 2.2 (d) and the orbital analysis. In the rest of the chapter, we use this ordering of basis orbitals to parametrize
the tight binding Hamiltonian, including hopping terms up to the third nearest neighbor and
all dependence on the isotropic, (uxx + uyy ), and the anisotropic (uxx − uyy , 2uxy ) strains.
(i) The on-site energy represents the interactions between orbitals located at the same
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atom. At X1 sites the p-orbital onsite energy has the form:
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(5.19)

At X2 sites, the onsite Hamiltonian is the same as the ones at X1 sties (including strain).
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For the metal M sites with d orbitals, the onsite Hamiltonian reads:
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(5.20)

(ii) Each atom has six nearest neighbors, which involve two types of basis atoms. There
are three types of first nearest neighbor interactions: (X1 -M), (X2 -M) and (X2 -X1 ). For the
(X1 -M) interaction, we take the hopping from M at the origin to X1 at (a1 + a2 )/3 as the
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reference bond. The corresponding Hamiltonian is:
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For the (X2 -M) interaction, with the hopping from M at the origin to X2 at −(a1 + a2 )/3
taken as the reference, the Hamiltonian has the same form as (X1 -M) with an overall (-1)
factor.
The other first neighbor coupling, (X2 -X1 ), with the reference bond chosen along the positive x-axis, has the form:
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(ii) Each atom has six second nearest neighbors, all of which are of the same type. In each
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case the reference bond is along the positive y-axis. The (X1 -X1 ) coupling has the form:
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while the (X2 -X2 ) interaction has some (-1) phase factors compared to (X1 -X1 ), as shown:
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(5.24)

The Hamiltonian for the (M-M) interaction has the form:
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(iv) The third nearest neighbor coupling is similar to the first nearest neighbor coupling, each atom has three third neighbors of each of the other two types, but with different reference bonds. The (X1 -M) interaction, with the reference hopping from the origin to
−2(a1 + a2 )/3, takes the form:
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The (X2 -M) interaction, with the reference hopping from the origin to 2(a1 + a2 )/3, has
the same form as the above with an overall (-1) factor.
Finally, the (X2 -X1 ) coupling has a reference vector −2(a1 + a2 )/3, and the Hamiltonian
takes the form:
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Thus far, we have only considered the hopping along specific directions with the simplest
symmetric expressions. The hopping matrix for an equivalent direction can be related to the
specific reference direction by applying the proper transformation. For the T-type TMDC,
the transformation rules are the same as the ones for the H-type TMDC in Eq. 5.16 and
5.17. The additional matrix we will need is the ÛR for the five-dimensional d-orbitals on M
atoms.
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Here only the brief results for the strain Hamiltonian forms are given. The details of the
values for the model parameters and the applications will be provided in a future publication.
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5.6 Application to Non-linear Hall Response and Berry Curvature
Dipoles
In this section, I would like to discuss an electronic modeling application to the non-linear
electrical transport properties, based on the strain Hamiltonian derived above for H-type
TMDCs.
In the classical Hall effect, the Lorentz force bends the electron trajectories, whereas the
intrinsic geometry of the wavefunctions causes the bending in quantum mechanics. A broken time-reversal symmetry leads to the concept of Berry curvature and a non-zero Chern
number, and the conductivity is shown to be a symmetric tensor due to Onsager’s relations [198, 199]. However, this argument only applies to the linear response but not higher
order contributions from the electric fields.
Quantum geometry from the Berry curvature is shown to give rise to helicity-dependent
photocurrents [200] and quantized circular photogalvanic effects [201]. In Ref. [202, 203],
a different type of Hall-like current is discussed. This new Hall effect is second order in the
electric field, in the time-reversal invariant crystal with a broken inversion symmetry. In
the conventional Hall response, the intrinsic Hall conductivity is from the integration, or the
zero-order moment, of the Berry curvature of the occupied electronic bands under the Fermi
level. The non-linear second-order effect here measures the gradient, or the first-order moment, of the Berry curvature distribution within the Fermi surface [202, 203]. This physical
quantity is defined as the Berry curvature dipole. In the electrical responses, this effect will
generate a transverse current, which contains both the f = 0 (DC) and the f = 2ω frequency components from an oscillating electric field with a frequency ω. One intuitive way to
∫
see this effect is through the expression for the electrical current, ja = −e k nf (k)va , with
nf (k) being the occupation function of the state at k and the velocity va . In the presence of
an external oscillating field with the frequency ω, the nf (k) will be perturbed at the same
frequency. On the other hand, the velocity va contains the anomalous velocity component
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from the Berry curvature Ω, va = ∂ϵ(k)/∂ka + ϵabc Ωb k̇c , in addition to the velocity from band
dispersion ϵ(k), which also oscillates at frequency ω as well. In two dimensions, the second
order non-linear responses in the current ja can be found to contain a contribution related to
the Berry curvature dipole

∫
Da =

n0 (k)∂ka Ωz (k),

(5.29)

k

at both the f = 0 and f = 2ω frequencies. While the effects are discussed within the single
band approximation for simplicity, the multi-band effects are discussed with quantum kinetics [204].
For the Berry curvature to be non-zero, the largest symmetry allowed for a twodimensional material is a single mirror line [202]. The monolayer H-type TMDC discussed
above has a three-fold rotational symmetry, which forces the Berry curvature dipole to be
zero. Applying the strain field generally lowers the crystalline symmetry and allows for a
non-zero Berry curvature dipole. In our recent work [205], we have shown the strain-induced
Berry curvature dipole in H-type TMDCs. To vary the strength of the dipole, other methods such as electrical gating and carrier doping are also discussed in the work. The numerical
implementations of the Berry curvature is given in Appendix B.
The non-linear Hall effect is observed in the experiment in bilayer WTe2 crystals [206].
This material is low in crystalline symmetry and the bilayer structure also enables an effective gating control to induce the Berry curvature. The measurement shows the quadratic
dependence of the transverse voltage at f = 2ω as predicted with the non-linear Hall effects from the Berry curvature dipole. The strength can also be tuned by the electrical gating
and the carrier doping level. The experiment demonstrates that the transport properties can
be used to reveal the structures of the electronic wavefunction. In Ref. [207], transport and
optoelectronic experiments are proposed to detect the topological phase transition in BiTeI
crystal, which is a giant Rashba material.
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5.7 Discussion
Here, I would like to briefly discuss two points related to a realistic experiment: the electrical
gating control and the effects from the substrate. First, the electrical gating can be applied
to generate a vertical displacement field across the layer to manipulate the electronic band
structure. This type of control is also important in thicker layers with higher induced potential difference. Our goal is to capture this type of electrical gating control in the ab initio
modeling. Empirically, this electric potential has been modeled as the linear potential profile
across the layer thickness. However, the electrons will screen the external field present in the
solids. The equilibrium is reached with the balance of the external field, the screening and
redistribution of the electrons. With first principle calculations, the potential profile has been
shown to be more complicated in graphene stacks [208], where larger variations in the charge
density and electric field are near the surface.
In the ab intio modeling, this electric field effect can be modeled self-consistently by introducing the field in the initial density functional computation. The ground state is converged
in the presence of such vertical field and the charge density is perturbed compared to the
zero-field calculations. One could also allow the structural optimization in the presence of an
electric field. Variations in the electric potential can be extracted by deriving the Wannier
tight-binding Hamiltonains from this self-consistent calculation. More details and results in
the graphene stacks will be given in a future publication.
The other relevant experimetnal factor to be discussed is the substrate effects. hBN substrates are often introduced to encapsulate the two-dimensional material sample which is
shown to be an improved substrate for layered materials compared to the conventional SiO2
substrates [24]. In the electronic structure modeling so far, the layers are assumed to be
freestanding without any substrates. The presence of substrates would introduce additional
screening to the electrons by changing the dielectric environment. This dielectric environment
can result in changes of the electronic structure of the encapsulated layers. One way to see
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this is through the correction in quasi-particle energies in the GW approximation [119]. The
environmental screening results in changes in the electronic self-energy corrections, which
modify the band structure and the optical properties [209, 210, 120, 121]. Including this
screening effect in the twisted heterostructure and compare with the experimental probes
can further improve the electronic structure modeling. It could also be helpful to investigate
the different ways to encapsulate the sample, such as the fully encapsulated ones in the transport measurements and the samples with hBN substrate only on one side for the scanning
tunneling spectroscopy probe [51, 52].
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(a)

(b)

(c)

Figure 5.4: Non-linear Hall effect from Berry curvature dipole moment (a) The intrinsic origin for
anomalous Hall effects in magnetic metals and non-linear Hall effects in time reversal invariant metals.
J (V) denotes the current (voltage) and M is the magnetization. While the anomalous Hall effect is
derived from the non-zero integration of Berry curvature (zeroth moment), the non-linear Hall effect
is from the dipole-like distribution for the Berry curvatures (first moment). Λ denotes the integrated
Berry curvature dipole moment. (b) Band structure of the unstrained H-type WSe2 and the Berry
curvature distribution of the highest two valence bands (inset) with the Brillouin zone denoted in
white solid lines. (c) Berry curvature dipole Dx of the monolayer H-type WSe2 with strain uxx = 0
(red line) and uxx = 0.02 (blue dotted line) with uyy = uxy = 0.
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6

Electronic Structure Modeling of Layered
Crystals: Inter-layer Coupling Terms

Wannier transformation [83, 84] can be used as a numerical tool to extract relevant atomic
orbital couplings from DFT calculations. The method provides insights on visualizing complicated first principle calculations, using physical orbitals (as in Fig. 4.1). In this chapter,
I will describe the way of generalizing the method to two-dimensional stacks. Most importantly, I will investigate inter-layer orbital couplings, which are relevant to the modeling of
the twisted bilayer structure. First, I will use Wannier analyses transition metal dichalcogenides [79] and graphene [80] as examples, in which I will derive the proper mathematical
models to describe the atomic coupling across the layers. With this understanding, I will
proceed to the generalization that includes variations of the crystal configuration, such as
the layer separation distance from layer pressure compression [82]. Combining this extended
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inter-layer model and the strain corrections from Chapter 5 provides a formalism to simulate
the twisted bilayer stack under more general conditions.

6.1 Inter-layer Couplings in Transition Metal Dichalcogenides Crystals
In contrast with the simple graphene crystal, a single sheet carbon atoms arranged in the
honeycomb lattice [10], TMDC crystals are more complicated. Each layer of TMDC crystals
can be viewed as a stack with three sublayers of atomic sheets: transition metal atoms in the
middle layer and chalcogen atoms in the two outer layers. While TMDCs have a more complex structure than graphene crystals, the inter-layer electronic structure is in fact simpler for
our analysis, as we will show below. In TMDC stacks, the interfacial interaction is dominated
by the orbital coupling between the adjacent chalcogenide layers. The relevant electronic degrees of freedom of the chalcogenide layers are captured by the atomic p orbitals. There are
three types, px , py and pz at each atomic site (the layer is perpendicular to the z axis). An
inter-layer coupling term is a p-p orbital hopping in between a pair of chalcogenide atoms on
the adjacent atomic layers of two neighboring TMDC layer units.
To extract the inter-layer interaction, the full-ranged Wannier tight-binding hamiltonian is
first constructed for a bilayer TMDC crystal unit as in the monolayer case Chapter 5. Compared to the monlayer case, the initial orbital projections are the same and the Hilbert space
is twice as large. The hamiltonian can be separated into two parts: the coupling within the
(2L)

same monolayer unit and the inter-layer Ĥint
trix elements

contribution, which includes the hopping ma-

(LL)
tp′ ,pj :
i

(2L)

Ĥint =

∑
p′i ,r2 ,pj ,r1

ϕ̂†2,p′ (r2 )tp′ ,pj (r2 − r1 )ϕ̂1,pj (r1 ) + h.c.,
(LL)

i

(6.1)

i

where the state ϕi,pj (r) is defined as the Wannier atomic pj orbital located at position r in
i-th layer, and t is the interlayer hopping parameter. For each inter-layer pair of chalcogenide
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atoms, there are nine parameters to describe these hopping terms with different pi orbitals.
(LL)

The inter-layer hopping parameters, tp′ ,pj , can be written in the following form:
i

(2L)

(LL)

tp′ ,pj (r2 − r1 ) =< ϕ2,p′i (r2 )|Ĥint |ϕ1,pj (r1 ) > .

(6.2)

i

Within the two-center Slater-Koster approximation [76] of each inter-layer pair, these nine
p − p coupling parameters are reducible and can be simplified to two independent parameters,
Vpp,σ and Vpp,π , corresponding the σ and π bonds respectively. The nine hopping terms for
each pair reconstructed from the Vpp,σ and Vpp,π representation are given by:
(
)r r
i j
(LL)
+ Vpp,π (r)δi,j ,
tp′ ,pj (r) = Vpp,σ (r) − Vpp,π (r)
i
r2

(6.3)

where r = |r|. The inverse relations are used to extract Vpp,σ (r) and Vpp,π (r) from these nine
hopping parameters for each inter-layer pair:

ri rj
1 ∑ (LL)
1 ∑ (LL)
tp′ ,pi (r) −
tp′ ,pj (r) 2 ,
i
i
2
2
r
i
i,j
∑ (LL)
ri rj
tp′ ,pj (r) 2 .
Vpp,σ (r) =
i
r

Vpp,π (r) =

(6.4)

i,j

Given a specific bilayer crystal configuration and a numerical cutoff range for the hopping
distance, we can extract the inter-layer pairs and their bonding strengths.
Fig. 6.1 (a) gives an example TMDC bilayer configuration. Each inter-layer pair, ordered
by their pair distance, has the corresponding σ and π coupling strength as plotted. Different
colors denote the distance between different pairs. So far, this Wannier extraction process
shows that we can gain some insights into the inter-layer coupling, but the information seems
limited with just this specific bilayer crystal. We have only sampled a relatively small set of
inter-layer coupling pairs and their configurations. In other words, we do not have the coupling information for continuously varying r distance apart from this finite discrete set of

78

(a)

stacking configuration 1

Coupling strength

bonding
Layer 2

Pair distance

⇡

Layer 1

(b)

bonding

stacking configuration 2
slide shift

bonding

Layer 2

Pair distance

⇡

Layer 1

bonding

Figure 6.1: Extraction of inter-layer coupling terms from a H-type TMDC bilayer unit given a relative translational shift in between layers. (a) The inter-layer couplings are dominated by the p orbital
hopping between adjacent neighboring chalcogen layers. The hopping between a p-p pair can be decomposed into σ and π bonding channels from the relative orientation. Given a stacking configuration,
several inter-layer pairs and the corresponding bonding strengths can be calculated. (b) The coupling
strength and the geometry of the inter-layer pair also vary when the relative shift between layers is
modified.
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distances.
To increase the number of sampling points, we can apply a relative translational shift to
one layer. In Fig. 6.1 (b), we give an example of a shifted bilayer crystal compared to the
one in Fig. 6.1 (a) and show the result by performing the same DFT / Wannier procedure
to extract the relevant inter-layer couplings. Compared to Fig. 6.1 (a), the variations are
shown for each inter-layer coupling pair and a different set of pair distances r are sampled.
We gain more information on inter-layer coupling by manually varying the bilayer geometric
configuration.
We can carry out the translational shift operation for a number of different shifts, which
cover the full primitive unit cell in the real space. This is equivalent to studying and modeling the bilayer crystal at different stacking orders. The generalization to the shifts in the
z direction is also straightforward, which is essentially modeling the compression from applied pressure. (An example will be given for the graphene later.) However, here we limit our
discussions to the horizontal relative shifts between layers with the vertical layer separation
fixed. After carrying out the DFT / Wannier computations for this larger parameter space,
we can obtain all the inter-layer couplings. The results of the extracted Vpp,σ (r) and Vpp,π (r)
couplings are shown in Fig. 6.2, based on a MoS2 bilayer crystal.
As shown in Fig. 6.2, Vpp,σ and Vpp,π values from the interlayer pairs in various crystal
configurations collapse on two single curves respectively. This validates the two-center SlaterKoster approximation and the pair distance r as the only variable needed to parametrize the
interlayer pair interaction. An exponential form is used to fit Vpp,b as functions of r where
b=σ, π [77]

Vpp,b (r) = νb exp(−(r/Rb )ηb ).

(6.5)

This inter-layer interaction depends only on the species of chalcogenide atoms, since transition metal atoms are well inside the monolayer unit and their orbitals do not contribute
directly to the inter-layer interactions. The values of these parameters are given in Table 6.1

80

5
3
1

6

2

1

4

2
3

4

5

6

Figure 6.2: Vpp,σ (r) (upper) and Vpp,π (r) (lower) for inter-layer pairs as function of the pair distance
r in a MoS2 bilayer unit. Black, red, green, blue, cyan, brown are data points from 1st, 2nd, 3rd, 4th,
5th, 6th nearest distances. The solid black lines going through the points are the fits as obtained from
Eq. 6.5. The inset is the perspective view for the interlayer coupling between one of the S atom on the
top unit (orange) to all other S atoms on the bottom unit (yellow). Other TMDCs also display similar
inter-layer couplings.
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for S-S and Se-Se interlayer interactions.
Table 6.1: Interlayer Vpp,σ and Vpp,π parameters for H-type TMDCs.
S−S
S−S
Parameters Vpp,σ
Vpp,π
ν (eV)
2.627 −0.708
R(Å)
3.128 2.923
η
3.859 5.724

Se−Se
Vpp,σ
2.559
3.337
4.114

Se−Se
Vpp,π
−1.006
2.927
5.185

The validity of the two-center approximation can be attributed to the weak coupling between the two units in the bilayer structure. The Wannier functions of p orbitals at X atoms
show only small crystal field distortion. That is, the orbitals of the X atom are insensitive to
the local crystal environment, or the crystal orientation. The inter-layer coupling parameters
do not require an angular dependence as established by the results shown in Fig. 6.2. With
this azimuthal symmetry, the pair distance information is sufficient to determine the interaction strength, irrespective of the pair orientation.
This also addresses a relevant question: should the bilayer be rotated when performing the
sampling of inter-layer coupling? However, the implementation is not straightforward. A relative rotation between layers will generally break the translational symmetry and periodicity
of the original bilayer crystal. To carry out the DFT calculation, one needs commensurate supercell description for a rotated bilayer crystal, which could involve a large number of atoms.
The results above show that the coupling only depends on the pair distance and the angular
dependence can be attributed to the orbital orientation as decomposed in the Slater-Koster
analysis. The two center approximation suggests only small corrections from the underlying crystal axis rotation (which are considered the atomic environment beyond the two center approximation). Hence, a numerical DFT studies with the rotated bilayer crystals is not
necessary since the relevant information is already derived with the sampling using shifted
crystals. This also means that the derived inter-layer interaction will have the same approximated form when the two units are rotated by an arbitrary angle relative to each other,
which makes our tight-binding modeling scheme applicable to heterostructure that involve
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a twist between layers.
However, this is not to say the DFT calculations with rotated bilayer crystals are never
necessary. When a bilayer crystal is rotated, there might be corrections due to self-consistent
considerations from the local charge tunneling and hybridization between layers. These would
induce corrections to the potentials on the single particle states, as further corrections to our
modeling.
The p-p inter-layer orbital coupling gives us the first modeling example based on the DFT
/ Wannier procedure, and the universal scaling in couplign strength is demonstrated with
simple functional forms. The azimuthal symmetry of atomic orbitals that participate in the
inter-layer coupling is not generally expected due to the crystal field distortion of atomic orbitals from the presence of neighboring orbitals. An example of broken azimuthal symmetry
is the tight-binding hamiltonian for bilayer graphene [10] in Bernal stacking. Two types of
pairs, γ3 and γ4 , share the same pair distance but have very different hopping strengths. In
general, the crystal field introduces higher angular momentum mixing to atomic orbitals,
which results in the additional orientational dependence of the inter-layer interaction. A
more general interaction model can be constructed to account for both pair distance and orientation, which is crucial for modeling generic two-dimensional layered materials. In the next
section, we will use graphene as an example to discuss with this more complicated angular
dependence issue.

6.2 Inter-layer Couplings in Graphene
In this section, I will discuss the modeling of graphene inter-layer coupling. Intuitively, one
might expect this to be a simpler case than the above TMDC bilayer crystals, since the lowenergy degrees of freedom in graphene are dominated by the pz atomic orbitals on carbon
atoms, or the π boding for neighboring atoms. The px and py orbitals would hybridize with
the s orbital to form sp2 valence bonding, which stabilizes the graphene honeycomb structure. In terms of electronic energy, these sp2 states are further away from the Fermi level. In
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our modeling, we neglect the inclusions of these hybridized orbitals in our model constructions. Thus, the only orbital left is the pz orbital, which suggests a simple scaling form for
the inter-layer coupling if the Wannier orbital is close to the ideal symmetric orbital of an isolated carbon atom. If the two center approximation holds, the inter-layer hoppings between
pz orbitals can be predicted well with only the pair distance information. To check this intuition, we perform the DFT / Wannier procedure as in the TMDCs discussed in Section 6.1.
To sample different pair distances, horizontal shift is applied to translate one layer, while the
vertical separation being fixed . From these samplings, an extensive data set for inter-layer
coupling can be extracted at different pair distances. We note that, even though only the
translational shift operation is applied, the relative orientations vary for each pair, which is
defined with respect to the underlying layer axis and the vector connecting two atoms in the
inter-layer pair. The two-center approximation would lead to a weak dependence of hopping
strength on the orientation variable.
The extracted inter-layer couplings are plotted in Fig. 6.3. The carbon atoms in a single
layer graphene can be labeled as A or B sub-lattice degrees of freedom. First, the inter-layer
coupling pairs can be classified based on the types of sub-lattice index involved. In Fig. 6.3
(a), the hoppings are between two atoms at the A sub-lattice sites of each layer (the set of
BB-type coupling would be identical to the set here with AA-pairs). In Fig. 6.3 (b), the hoppings are between two atoms of the opposite sub-lattice indices. The horizontal axis indicates
the pair distance r.
At a given distance r, the spread of the inter-layer hopping indicates a strong angular dependence. The hoppings also show different dependences in AA-type and AB-type pairs. Due
to the three-fold rotational symmetry of the underlying crystal, these inter-layer hoppings
are invariant under θ → θ ± 2π/3. We further decompose the angular dependence at fixed
r into its Fourier components of the constant term, cos(3θ) and cos(6θ) terms. Higher order
cos(3N θ) terms do exist but are vanishingly small.
The shape of the localized basis, also known as the Wannier orbital provides intuition
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Figure 6.3: Inter-layer coupling in shifted bilayer graphene crystal for (a) AA-type and (b) AB-type
pairs as functions of the pair distance r; the spread of the hoppings at fixed r indicates angular dependence. Decomposition into the constant m = 0 (solid line), cos(3θ) (circle), and cos(6θ) (cross)
components for the (c) AA-type pairs and (d) AB-type pairs. These curves are modeled by the Vi (r)
in Eq. (6.8).
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Figure 6.4: Angular momentum decomposition of a graphene Wannier pz orbital. The leading swave component with m = 0 has the highest symmetry and resembles the conventional atomic pz
orbital. The mixing with higher angular momentum states gives rise to the angular dependent interlayer couplings.

for the chemical bonding, hybridization and the symmetry of the crystal. For a monolayer
graphene, the constructed Wannier orbital has a dominant pz character but the azimuthal
symmetry is broken by the crystal field distortion from the neighboring atoms. Locally, at
the position of the carbon atom, the three-fold rotational symmetry is restored. Thus, the angular momentum is defined up to modulo 3, which means that there is hybridization within
each sector of angular momentum states and the Wannier function can be decomposed as:

ψ(r, θ, ϕ) =

∑

fm (r, θ)eimϕ .

(6.6)

m=±3N

In Fig. 6.4, we decompose the Wannier function accordingly for graphene into m = 0
(dominantly pz ), m = ±3 and m = ±6 angular momentum components. This decomposition shows the range and the strength of each component, and the characteristic radius gets
larger for larger angular momentum components.
Due to the three-fold rotational symmetry of the underlying crystal, these inter-layer hoppings are invariant under θ → θ ± 2π/3. We further decompose the angular dependence at
fixed r into its Fourier components of the constant term, cos(3θ) and cos(6θ) terms shown in
Fig. 6.3(c,d). Higher order cos(3N θ) terms do exist but are very small.
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Table 6.2: Graphene intra-layer (H0 ) and inter-layer (H′ ) TBH parameters with the on-site energy
ϵC = 0.3504 eV. ti (for the locations of these neighbors, see Ref. [211]) and λi are in eV with a = 2.46
Å for r̄; ξi , xi , κi are dimensionless parameters.

t1
t2
t3
t4

H0
−2.8922 t5
0.2425 t6
−0.2656 t7
0.0235 t8

H′
λi
ξi
xi
κi

0.0524
−0.0209
−0.0148
−0.0211

V0 (r)
0.3155
1.7543
−
2.0010

(a)

layer 2

a2
r

V6 (r)
−0.0083
2.8764
1.5206
1.5731

(b)

2

a1

1

layer 1

θ 12

Figure 6.5: Geometry for the graphene inter-layer coupling model in Eq. 6.7
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m=0

m=±

B

A

θ 21

V3 (r)
−0.0688
3.4692
0.5212
−

m=±

Now we are ready to construct the inter-layer coupling model for graphene stacks. The
pz Wannier orbital at carbon atoms can be decomposed into several components with different angular momenta as shown in Fig. 6.4. In an inter-pair of carbon atoms, there are two
Wannier orbitals. The coupling between these two orbitals can then be viewed as the superposition of channels between each components of the Wannier function (such as s-wave to
s-wave, which is an isotropic channel independent of the direction). With all these considerations, the hopping is summarized by the superposition of the inter-layer terms that involve
the symmetric combination of the following parameters

t(r) =V0 (r) + V3 (r)[cos(3θ12 ) + cos(3θ21 )]

(6.7)

+ V6 (r)[cos(6θ12 ) + cos(6θ21 )],
where r the two-dimensional (projected) vector connecting the two atoms, r = |r|, and θ12
and θ21 the angles between the projected interlayer bond and the in-plane nearest neighbor
bond as defined in Fig. 6.5. The result does not depend on which nearest neighbor bond is
used. We use the following fitting functions for Vi (r) with r̄ = r/a

V0 (r) = λ0 e−ξ0 (r̄) cos(κ0 r̄),
2

V3 (r) = λ3 r̄2 e−ξ3 (r̄−x3 ) ,
2

(6.8)

V6 (r) = λ6 e−ξ6 (r̄−x6 ) sin(κ6 r̄).
2

These Fourier projected components are plotted in Fig. 6.3 (c) and (d) for the AA and
AB stackings respectively. We can now related the Fourier components in the hopping to the
terms in the hopping model. For the constant term, the AA/AB hoppings are very similar
to each other, and we define V0 (r) to be the average of the two. Projection into cos(3θ) is
significant for the AB type but vanishes identically for the AA type, and the curve in the
AB case is defined as 2V3 (r). The two stackings have similar behavior for the much smaller
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cos(6θ) term, and 2V6 (r) is the average of the two. The values of the fitting parameters are
given in Table 6.2 from the analysis of the translated AA/AB structures.
A proper analysis of the inherent symmetry of the two-layer system provides the justification for the form of the interlayer hoppings and enables us to generalize the model to arbitrary configuration. Specifically, the three-fold symmetry of the crystal field allows mixing
between pz and m = ±3N orbitals with N an integer. Due to the crystal symmetry, these
components acquire a phase (−1)N when A and B basis atoms are interchanged, which are
related by a yz mirror operation. Wannier orbital viewed as composite objects of mixed angular momentum, the hopping between two such objects is determined by the superposition
of the individual hopping channels between each component, within the two center approximation [76]. The dominant channel is between the two m = 0 components which gives the
constant part in the interlayer hopping. There is a cos(3θ) term from the coupling between
m = 0 and m = ±3 channels. Due to the symmetry, the two terms add up constructively (destructively) for the AB (AA) type. This can also be seen from the additional minus sign in
exchanging A and B basis atoms. There are two types of contribution to the cos(6θ) term,
and they can be generated from the coupling between m = 0 and m = ±6, or between
m = ±3 components of the two atoms. By symmetry, the first (second) part of the contribution is even (odd) in AA/AB. We can model the contribution of the first type from the
average cos(6θ) term of AA/AB in Fig. 6.3 (c), (d). The channel between two m = ±3 can
in general produce complicated angular dependence, but it is only a small correction (a few
meV) and hence we ignore it in our model.
With the similar analysis, one can generalize the discussions and inter-layer modeling to
the graphene - hBN interface as well. The generaliztions and further numerical benchmarks
are in Ref. [80].
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6.3 General Considerations Under Symmetry Constraints
When two or more monolayers are brought into contact, the shape of the Wannier function
has implications for the inter-layer coupling. These couplings are described by the matrix elements: ⟨ψ2 |H|ψ1 ⟩ with ψ1 (ψ2 ) the Wannier orbital of the first (second) layer and H the total
Hamiltonian. The angular momentum mixing for the Wannier orbital, as shown in graphene
crystal, leads to the angular dependence of such inter-layer couplings, in addition to the usual
dependence on the pair distance. Without loss of generality, we assume the projected vector
r from ψ1 to ψ2 on the plane is along the positive x axis, and θ1 (θ2 ) is the relative angle between vector r and the defined axis of the orientation for each layer unit to which the Wannier orbital ψ1 (ψ2 ) belongs. For example, in graphene crystal the nearest neighbor bond is
used as the defined axis. The interlayer coupling can then be written as a function t(r, θ1 , θ2 ).
If the underlying crystal and the embedded ψi Wannier orbital combined has N-fold rotation
symmetry, then θ is only defined up to modulo 2π/N . The above interlayer coupling can be
simplified to:

t(r, θ1 , θ2 ) =

∞
∑

fm1 ,m2 (r)eim1 N1 θ1 +im2 N2 θ2 ,

(6.9)

m1 ,m2 =−∞

with integers mi and assuming Ni -fold symmetry for the ψi and the underlying crystal envi∗
ronment. For real t hopping amplitude, fm̄1 ,m̄2 (r) = fm
(r). This decomposition can be
1 ,m2

viewed as the multi-channel inter-layer hopping process.
The next step is to identify and extract the contribution from each channel to the interlayer hopping process. In the DFT / Wannier method, an extensive data set of the inter-layer
hopping parameter can be extracted by sampling crystals with rigid shifts. This data set depends on the r, θ1 , θ2 parameters of each inter-layer pair. However, not all three variables are
independent from each other. This is because of the constraint from the periodic cell of the
bilayer unit, which pins the relative orientation between two layers. With this condition, θi ’s
are related to each other. One way to loosen the constraint in the data set is to allow further
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variations of the bilayer crystal. Depending on the underlying periodicity and the symmetry
of the single layer units, some commensurate supercell structure might exist with specific relative rotation angles across the layers. If the supercell contains manageable number of atoms,
the DFT / Wannier simulation can again be carried out for the rotated supercell geometry.
This new data set will provide additional samplings in r, θ1 , θ2 parameter space (θi are still
subject to constraints which are different from the original ones).
One can also approximate the inter-layer model by retaining only the leading terms in Eq.
6.9. The intuitions from the Wannier orbital shape and the symmetry representation can
be utilized to identify the dominant channels in the hopping process. With proper Fourier
decomposition of the DFT / Wannier analysis (angular momentum components), one can
identify the relevant fm1 ,m2 (r) functions in each channel as in the graphene case.
Note that, the model can be applied beyond the sampled (r, θ1 , θ2 ) parameter range, which
means that it is possible to make predictions on the configuration not seen in the previous
sample data set. This is because the model expansion in Eq. 6.9 is based on physical motivations of orbital coupling channels. The generalization of each channel to arbitrary (r, θ1 , θ2 )
is valid. Other deformations such as in-plane strain fields and the external pressure compressions can be included easily in the computation scheme by variations of the bilayer crystal.
Hence, the method is capable of being applied to a realistic twisted bilayer stack.

6.4 Discussion
Before concluding this chapter, I will make a few remarks on our method. Firstly, our
method can be applied to bilayer stacks with different crystals, in which a commensurate
description does not exist. One approximation is to extract the Wannier functions for each
individual layer and approximate the inter-layer Hamiltonian from DFT calculations of the
single layers. The inter-layer coupling matrix element can then be computed directly without constraints on r, θi parameters. An efficient decomposition of Wannier orbitals to proper
basis functions can facilitate the computation [212].
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The second remark concerns the geometric generalization of the inter-layer modeling. Although one can introduce various variations to the modeling such as geometric deformations
and atomic species, the model might become cumbersome to incorporate all the information.
One will also have to deal with the extensive data set generated. The other forefront of the
computational physics is the breakthrough of machine learning and statistical modeling,
which provide efficient tools to navigate and model the high dimensional and complex data
parameter space. An interesting direction is to employ machine learning models and predictions for the inter-layer couplings. One possible scheme is through the use of neural network
models to encode the inter-layer coupling dependence on various variables. Other types of
machine learning models can also guide the numerical simulations in exploring the parameter
space.
Our discussions so far focus on the electronic couplings as tight-binding hopping terms.
Some types of layers feature magnetic ground state, such as CrI3 layers. It would be interesting to investigate the magnetic properties of the heterostructure with magnetic layers. One
immediate question is the magnetic coupling across the layers. In CrI3 bilayer crystals, the
magnetic ground state is found to be dependent on the stacking order configuration [153].
By applying relative shifts between the layers, the magnetic inter-layer coupling can be either ferromagnetic or anti-ferromagnetic. Physically, different stacking order gives different
sets of inter-layer coupling paths which induce different magnetic coupling. How this varying
magnetic order would affect the heterostructure properties remains an open question.
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7

Twisted Two-Dimensional Layered Crystals

A van der Waals heterostructure, such as a twisted bilayer, is a complicated material system
to study, with massive number of atoms involved at small twist angles. For a twisted bilayer
graphene at around the magic angle, there are about 12,000 atoms in a twisted moiré supercell. A direct simulation of a complete heterostructure requires substantial computational resources and does not yield a clear physics picture in a straightforward manner. Here, we take
a different approach to the van der Waals heterostructure system, by constructing a multiscale numerical scheme as outlined in Fig. 1.1. The studies begin with the mechanical and
electronic modeling for the much smaller local systems sampled from the heterostructure supercell. The full physical picture of the entire heterostructure is obtained by gluing the local
information together.
As in any first principle approach to study quantum materials, the first step is to obtain
the structural information of the crystal. This includes the details of the periodic unit cell
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settings, types and positions of the basis atoms, etc. Experimentally, there are also other factors such as the effects from the substrates and applied external pressure or tensile strain.

7.1 Relaxed TwBLG Mechanical and Electronic Structure: A Multiscale Approach
To simulate the electronic properties of a twisted bilayer graphene, a variety of approaches
in the literature have been adopted, ranging from larger-scale DFT calculations [67, 68],
empirical tight-binding models [72, 73, 74, 75] to the low-energy continuum k · p models [69, 70, 71, 33]. Each numerical approach has its own strengths and weaknesses in terms
of accuracy and physical intuitions. Here, our aim is to model the relaxed TwBLG, based
on a systematic and comprehensive multi-scale approach across and bridge different length
scales, and to combine the strength of these numerical approaches. This allows us to improve
the model in a controlled manner and to examine different assumptions in the model, which
would open doors for further improvements and generalizations. In Fig. 1.1, we provide a
schematic for the multi-scale adopted here in a TwBLG. The backbone of this approach, the
microscopic atomic coupling and energetics, is provide by accurate DFT calculations (see Appendix A). At this smallest microscopic length scale, the faithful representations are captured
by the general stacking fault energy (GSFE) for the mechanical properties [78, 213, 214] and
Wannier orbital couplings for the electronic properties [80, 81]. With the GSFE, one can determine the relaxed geometry of a TwBLG within the continuum elastic theory [78]. The abinitio tight-binding Hamiltonian can be constructed from the extracted Wannier couplings
and applied to the relaxed geometry [85]. The details of these steps will be discussed in the
remaining sections. These ab-initio tight-binding Hamiltonians can be further simplified by
projections onto the low-energy degrees of freedom to derive the effective k · p Hamiltonians, which are efficient ways of describing the electronic structure. Further simplifications
on the k · p Hamiltonians can be carried out by further projecting the lowest n-bands near
the charge neutrality. Our method allows us to extract the relevant parameters based on the
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well-defined assumptions and enables us to study such as the twist angle dependence. In the
following sections, we detail each step in this multi-scale numerical approach.

7.2 Mechanical Properties for Atomic Relaxations
Here, we start by setting the conventions for a twisted bilayer graphene crystal, and describing the atomic relaxation effects. Two sheets of monolayer graphene (denoted as L1 and L2 )
are stacked together, with the L2 (L1 ) layer rotated counterclockwise (clockwise) by θ/2.
This small mismatch of the crystal orientations from two sheets due to this twist angle induces a long-wavelength interference pattern in the local atomic registry, alternating between locally AA, AB and BA stacking orders. We define the origin at the center of a locally
AA stacking spot, which coincides with a six-fold rotational symmetry axis (the center of a
hexagon in the honeycomb structure). To simplify our discussion, here we focus on the commensurate moiré supercell, which is spanned by the supercell primitive vectors tSC
i (i = 1, 2)
and the associated supercell Brillouin zone with reciprocal lattice vectors Gi (i = 1, 2). From
the perspective of each individual layer, the relative twist of L1 and L2 also rotates the reciprocal lattice vectors from each layer. The differences of the reciprocal lattice vectors from
each layer give rise to the supercell reciprocal lattice vectors (Gi ).
Relaxed domains of locally AB/BA stacking are energetically favored in the twisted bilayer graphene crystal [78]. As a result of minimizing the additional energy due to the twist,
AB/BA spots become enlarged and uniform stacking regions. Regions of AA stacking spots
are reduced with domain boundary line formation in between neighboring AB/BA regions.
As the twist angle θ decreases, the area of AB stacking regions increases, but the domain wall
width remains unchanged. In other words, the domain structure is stabilized beyond a critical twist angle [215, 78]. Another feature is the puckered out-of-plane crystal relaxations [67].
The vertical layer separation is shortest (longest) for the locally AB/BA (AA) stacking region.
The above qualitative description of the relaxed twisted bilayer graphene crystal is sub-
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stantiate by the more accurate first principle ab-initio calculations [67, 78]. To obtain the mechanical relaxation pattern of a twisted bilayer graphene, we adopted a continuum model in
combination with the GSFE [78, 213, 214]. To describe the structural deformation, at a unrelaxed position r in a supercell, we define the corresponding in-plane component of the displacement vector to be ui (r) (i = 1, 2) and the out-of-plane component hi (r) = hi (r)ẑ after
relaxation with layer index i. The undeformed position r before relaxation is then mapped
as r → r + ui (r) + hi (r)ẑ. The total mechanical energy of the twisted system has two components, the intra- and inter-layer components. The intra-layer strain energy of a single layer
sheet is described by a linear isotropic continuum approximation [215]:
∫
1

2

Eintra (u , u ) =
SC

1[
G(∂x uix + ∂y uiy )2
2

+ K((∂x uix − ∂y uiy )2 + (∂x uiy + ∂y uix )2 )]d2 r,

(7.1)

where G and K are shear and bulk modulus of a monolayer graphene, which we take to be
G = 47352 meV/cell, K = 69518 meV/cell. These values are obtained with DFT by isotropically straining and compressing the monolayer and performing a linear fitting of the groundstate energy as a function of the applied strain.
The inter-layer energy is described by the GSFE [78, 213, 214], which has been employed
to explain relaxation in van der Waals heterostructures [78]. We denote the GSFE as VGSFE ,
and it only depends on the relative stacking between two adjacent layers. We obtain the
VGSFE by applying a 9 × 9 grid sampling of rigid shifts to L1 in the unit cell with respect
to L2 and extract the relaxed ground state energy at each shift. The optimal interlayer separation h(r) is also extracted for each shifted configuration. The GSFE at any position r can
then be expressed as a Fourier sum:
VGSFE (r) =

∑
pi
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Vpi eipi ·r ,

(7.2)

where Vpi are Fourier coefficients found by fitting the ground state energy at each shift. In
terms of the VGSFE , the inter-layer energy Einter can be then written as follows for a relaxed
twisted bilayer:

∫
VGSFE (r + u1 (r) − u2 (r)) d2 r.

Einter (u1 , u2 ) =

(7.3)

SC

Note that the VGSFE is a function of the sum of supercell positions and the displacement vectors to describe the inter-layer stacking energy after relaxation.
The total energy is the sum of the interlayer and the intralayer energies:
Etot (u(r)) = 2Eintra (u(r)) + Einter (u(r)),

(7.4)

where u(r) ≡ u1 (r) = −u2 (r) due to the mirror symmetry between L1 and L2 (C2 rotation in three-dimensional space with an in-plane rotation axis). We then minimize the total
energy as a function of the in-plane displacement field u(r) to obtain the optimal relaxation
pattern. The relaxation pattern respects the three-fold rotation symmetry and mirror symmetry of the twisted bilayer, and the functional form can be Fourier expanded:
ui (r) = −i

∑

uipi eipi ·r , hi (r) = h0 +

pi

∑

hpi eipi ·r ,

(7.5)

pi

where symmetry requires uip′ = R60◦ uip and hp′ = hp when p′ is 60◦ rotated from p, with
R60◦ the associated 60◦ rotation matrix for the vector.

7.3 Ab-initio Tight-Binding Hamiltonian
Given a relaxed TwBLG crystal with a commensurate supercell structure, the conventional
Bloch theorem applies due to the presence of supercell translation symmetries. Modeling
such crystal with full DFT simulations at small twist angle is challenging, and hence we resort to the ab initio tight-binding Hamiltonian method [80, 81]. The atomic orbital couplings
are short-ranged and determined by the local geometry from the atomic registry [80], layer
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separation [82], strain [81] and orientation in the heterostructure. Calculations of the much
smaller aligned bilayer structure in DFT allow us to extract the relevant tight-binding parameters and the dependence on the local geometry [80, 82]. This is based on the Wannier
transformation of DFT calculations (Chapter 4 and Appendix A). The large twisted supercell
structure can then be parametrized by these ab initio tight-binding Hamiltonians. We have
validated the method with the full DFT simulation of a TwBLG at larger twist angles [80].
This approach has been applied to the rigid twisted bilayers and the TwBLG under external pressure [82]. The scaling with pressure is consistent with the recent experiment of the
TwBLG in a pressure cell [50]. These accurate ab initio tight-binding Hamiltonians are still
rather complicated but can be expanded to derive the simpler low-energy effective theories in
the next section.

7.4 Low-Energy Effective k.p Hamiltonians
To obtain insights on the electronic structure and simpler efficient computational models, in
this section, we derive the continuum low-energy effective model based on the expansion of
the above ab-initio tight-binding Hamiltonians of a relaxed TwBLG. We begin with a brief
review of low-energy effective Hamiltonian for a rigid twisted bilayer graphene [33], the symmetries of the crystal, and then the generalization to a relaxed crystal. The numerical projection method to derive the effective models from ab initio tight-binding Hamiltonians is
described in the following sections.
Monolayer graphene features relativistic Dirac electrons at K, K’ valleys in the Brillouin
zone corners. The twist angle introduces a relative displacement of Dirac cones, which originates from the same valley of each individual layer. These two copies of the Dirac electrons
are then coupled through the inter-layer interaction and hoppings, which are spatially varying with the moiré pattern. The scattering between Dirac electrons from the opposite valleys
(K and K’) is negligible due to the much larger scattering momentum required compared to
the characteristic momentum scale of the moiré pattern at small twist angle. Therefore, Dirac
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electrons from K and K’ valleys are essentially decoupled in the single particle description.
Such valley protection and degeneracy, or the emergent valley Uv (1) symmetry [155], allows
for the construction of effective models involving only one single K valley type with the opposite valley related by time reversal. Each copy of the effective model involves low-energy
states enclosed in one circle in Fig. 7.1 (b) with the rotated monolayer Brillouin zone.
The above view of the effective k · p low-energy theory stresses its role as the expansion of the full model. On the other hand, the symmetry consideration has been the guiding principle in constructing these low-energy models. The relevant symmetry operations
for a TwBLG effective k · p model include the lattice translations, C3 rotations, valleypreserving M mirror symmetry and anti-unitary C2 T symmetry [155]. In our convention,
the origin (rotation center) is chosen to be the hexagon center of a locally AA-stacking
spot with the symmetries shown in Fig. 7.1 (a). Under these symmetries, the wavefunction
Ψ(r) = [Ψ1A (r), Ψ1B (r), Ψ2A (r), Ψ2B (r)] transforms as







ϕ̄Ψ1A (R3 r)

Ψ1A (r)









Ψ1B (r)
ϕΨ1B (R3 r)

→
C3 : 




Ψ2A (r)
ϕ̄Ψ2A (R3 r)




ϕΨ2B (R3 r)
Ψ2B (r)




Ψ2B (Mr)
Ψ1A (r)








Ψ2A (Mr)
Ψ1B (r)




M :

→
Ψ1B (Mr)
Ψ2A (r)




Ψ1A (Mr)
Ψ2B (r)




∗
Ψ (−r)
Ψ (r)

 1B
 1A 


 ∗

Ψ1A (−r)
Ψ1B (r)




C2 T : 

→ ∗
Ψ2B (−r)
Ψ2A (r)




∗
Ψ2A (−r)
Ψ2B (r)
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(7.6)

(7.7)

(7.8)

where ϕ = ei2π/3 (ϕ̄ = e−i2π/3 ), R3 r rotates r clockwise by 2π/3 and Mr flips the x coordinate as in Fig. 7.1 (a). The crystal relaxation retains these relevant symmetries.
For a rigid TwBLG without relaxation, such effective low-energy theory expanded around
K valley has been derived [33, 69, 70, 71]. With the gauge convention chosen such that the
origin coincides with a locally AA-stacking spot, the low-energy Hamiltonian has the form:

HK = 

1 (k)
HD

T † (r)



,
2 (k)
T (r) HD


0 −ik+
,
HD (k) = vF 
ik−
0


T0 (r) T+ (r)
,
T (r) = ω0 
T− (r) T0 (r)

(7.9)

i (k) the Dirac Hamiltonian for each individual layer, and the inter-layer couwith HD

pling T (r) matrix, which varies with the spatial moire pattern. Tij (r) specifies the coupling between various momentum states from the sublattice i of L1 to sublattice j of L2.
k± = kx ± iky , T0 (r) = eiq1 ·r + eiq2 ·r + eiq3 ·r , T− (r) = eiq1 ·r + ϕeiq2 ·r + ϕ̄eiq3 ·r ,
√
√
T+ (r) = eiq1 ·r + ϕ̄eiq2 ·r + ϕeiq3 ·r . q1 = kD x̂, q2 = kD (−x̂ − 3ŷ)/2 and q3 = kD (−x̂ + 3ŷ)/2
with kD =

8π
3aG

sin(θ/2) (aG : graphene lattice constant) as shown in Fig. 7.1 (c). The inter-

layer coupling strength ω0 ≈ 110 meV. The moiré supercell has reciprocal lattice vectors
G1 = g1 − g2 and G2 = g3 − g2 . The Hamiltonian can be shown to preserve the symmetries above. One interesting observation is that the coupling T (r) is not periodic under moiré
supercell translations [216] due to the field expansion gauge choice around Dirac point of each
individual layer. The two shifted Dirac cones are connected by q1 as in Fig. 7.1 (b) and (c).
We will re-examine this momentum states labeling which would facilitate the projection from
full tight-binding Hamiltonian.
To determine the set of coupled momentum states, we first look for the momentum states
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in each layer that are folded onto the same supercell momentum label. With ki being the
momentum measured from KLi valley, this requires KL1 + k1 = KL2 + k2 + G, where G is a reciprocal lattice vector of the moiré supercell spanned by Gi . The set of ki momentum states
of each layer (filled and empty circles) that are folded to the supercell Γ point are shown in
Fig. 7.1 (c), which is a bipartite lattice in the momentum space. In the absence of the deformation from lattice relaxations, the exact translation symmetry within each single layer
eliminates the direct intra-layer coupling terms between momentum states. This leaves only
the inter-layer coupling T (r) to be determined. The inter-layer coupling T (r) describes the
coupling between states at momentum k2 − k1 = (KL1 − KL2 ) − G, which does not belong
to moiré supercell reciprocal lattice vectors. In a rigid TwBLG, the dominant contributions
in T (r) can be derived from the orbital coupling in the microscopic tight-binding Hamiltonian [33]. The low-energy Hamiltonian in Eq. 7.9 can be viewed as a momentum lattice with
only nearest neighbor couplings. The 2 × 2 coupling matrices to the three nearest neighbor
are Ti for direction qi

T1 = ω0 


1 1
1 1



 , T 2 = ω0 


1 ϕ̄
ϕ 1



 , T 3 = ω0 


1 ϕ

.

(7.10)

ϕ̄ 1

A momentum cutoff is also imposed for the momentum lattice within the linear Dirac cone
regime.
To generate the above effective Hamiltonian to a twisted bilayer crystal with strains and
height variations from microscopic atomic relaxation, we start with a deformed monolayer
graphene with a strain field u(r), which describes the displacement vector of the underlying
constituent atoms, sending the atom to a new position r → r + u(r). The in-plane strain is
known to appear in the low-energy theory as the pseudo-gauge field with A(r) a 2 × 2 matrix
which couples with the Dirac Hamiltonian HD (k) + A(r) [193]. Isotropic part of the strain
(uxx + uyy ) or the deformation potential contributes to the diagonal part of A(r), while the
off-diagonal elements are given by the coupling to (uxx − uyy ) and uxy strain components
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dictated by the symmetry. The spatially varying A(r) matrix introduced by the atomic deformation induces the coupling between different momentum states within the same single
layer. The A(r) matrix can be decomposed into Fourier components at moiré supercell reciprocal lattice vectors. Strain is also known to renormalize the local Fermi velocity of the Dirac
electron and give anisotropic velocity corrections [193]. Here, we only retain the contributions
in forms of the A(r) matrix, which causes scatterings between the momentum states. For a
twisted bilayer, the mirror symmetry will relate the A(r) between the two layers.
Regarding the inter-layer coupling, the deformation field u(r) from relaxation causes additional relative shifts in the local atomic registry, which modifies the T (r) coupling matrix.
The height variations in the moiré supercell weaken the inter-layer coupling in the locally AA
stacking region (with a larger height separation) and enhance the coupling in the enlarged
AB/BA domains. These result in the larger off-diagonal coupling constants in T (r) than
the diagonal components. The T1 above with atomic relaxations become ω0 σ0 + ω1 σx with
ω0 < ω1 . These corrections are relevant for the single-particle gaps above and below the flat
bands near the magic angle. Furthermore, the domain line formation and the finer structure
from the atomic relaxation enhances the scattering with higher momentum components.
Physically, the ω1 controls the inter-layer coupling strength in AB/BA region, which is relatively unchanged in the relaxed crystal structure and remains at 110 meV around the first
magic angle. On the other hand, locally AA-stacking region has an increased layer separation and therefore with a smaller ω0 value. This can be roughly estimated from the heightdependent σ bonding strength of carbon pz orbitals [215], ω0 ∼ σ(h = 3.6Å)/σ(h = 3.35Å)110
meV where 3.6 (3.35) is the equilibrium height separation at the AA-stacking (AB-stacking)
spots.
With these perturbations from atomic relaxations, the effective k · p Hamiltonian can be
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written as

H̃K = 

1 (k) + A (r)
HD
1

T̃ † (r)

T̃ (r)

2 (k) + A (r)
HD
2


.

(7.11)

i (k), the intra-layer deformation
While a monolayer is described by the Dirac Hamiltonian HD

induces scattering terms, Ai (r), which is the pseudo-gauge coupling from strain field [193].
The Dirac electrons from the two layers are then coupled through the inter-layer T̃ (r) term,
which is modified by the atomic relaxations. Local strain deformation can also contribute
to the Dirac cone anisotropy and the local Fermi velocity [193]. However, we ignore these
higher order correction terms. Later, we will include another correction term to the interlayer coupling that involves momentum dependence of the scattered momentum states.
The effects of various coupling terms here can also be visualized from the momentum space
representation of the Hamiltonian. For simplicity, we first focus on the supercell Γ point in
momentum space. The relevant momentum states from both layers are represented by the
circles in Fig. 7.1 (c). The inter-layer coupling from T̃ (r) links the states from both layers,
while the intra-layer Ai (r) connects states reside within the same layer. We can expand these
coupling terms into the Fourier momentum components

Ai (r) =

∑

Aipi eipi ·r ,

(7.12)

T̃qi eiqi ·r ,

(7.13)

pi

T̃ (r) =

∑
qi

with the twelve qi (pi ) momentum vectors illustrated in Fig. 7.1 (c). The pi vectors are the
reciprocal lattice vectors of the moiré supercell, pi = n1 G1 + n2 G2 and the general qi vectors
′

are (KL1 − KL2 ) − G . These correction terms introduce further neighbor couplings in the
momentum lattice to the model as in Fig. 7.1 (c).
We now discuss how the symmetries in the low-energy theory constrain the forms of the

103

coupling terms. For the C3 and C2 T symmetries which do not flip the layer indices, we let
F (r) represents both Ai (r) and T̃ (r) 2 × 2 matrices. These symmetries dictate

C3 : ei

2π
σ
3 z

−i
F (R−1
3 r)e

2π
σ
3 z

= F (r),

C2 T : σx F ∗ (−r)σx = F (r),

(7.14)
(7.15)

(R−1
3 rotates r counterclockwise) with the Pauli matrices σ = (σx , σy , σz ) acting on the sublattice degree of freedom. As for the M mirror symmetry that flips the layers, we can derive
the following relations

σx T̃ (Mr)σx = T̃ † (r),

(7.16)

σx A1 (Mr)σx = A2 (r),

(7.17)

and similarly for A1 ↔ A2 in the last equation. When these 2 × 2 matrices are decomposed
into Fourier momentum components, these symmetry conditions yield the following equivalent constraints on the expanded matrix components (Fgi denotes both Aipi and T̃qi ):

C3 :ei

2π
σ
3 z

FR−1 gi e−i

2π
σ
3 z

3

C2 T :σx Fg∗i σx = Fgi ,

= Fg i ,

(7.18)
(7.19)

M :σx A1Mpi σx = A2pi ,

(7.20)

σx T̃−Mqi σx = T̃q†i .

(7.21)

In the original effective model, only the first three qi ’s (connections to the nearest neighbors) are included. Even though these three qi ’s are shown to be the dominant contribution
in an unrelaxed twisted bilayer, relaxation would not only modify the matrix elements but
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also enhance the higher momentum components.

7.5 Low-Energy Expansion based on Ab-initio Tight-Binding Hamiltonian
Here, we summarize the procedure to extract these relevant matrix elements for both the
pseudo-gauge field Ai (r) and inter-layer coupling T̃ (r) in the effective low-energy theory, derived from an ab initio tight-binding Hamiltonian of a relaxed twisted bilayer.
(i) For a relaxed commensurate twisted bilayer with atomic relaxations, the supercell is
spanned by the translation vectors Ri . Two integers M and N are used to specify the twist
angle [67] as introduced in Chapter 3. The origin is chosen to be at the center of the hexagon
as in Fig. 7.1 (a). As mentioned in Chapter 3, we adopt the series M = N + 1 commensurate
supercells which have vanishing twist angles with increasing M and exactly one AA-stacking
region in a supercell unit. For an unrelaxed twisted bilayer, these specify all the atomic positions ri in a supercell. The relaxation moves atoms to the new positions ri → ri + u(ri ) and
modifies the coupling strength for atomic pairs. Given a supercell momentum kSC , we define
the Bloch wave as

|Ψi (kSC )⟩ = √

1 ∑ ikSC ·(ri +R)
e
|ri + R⟩,
NSC R

(7.22)

where NSC is the number of supercells. Note that the original unrelaxed positions ri + R
are used in the definition even though the actual relaxed positions are ri + u(ri ) + R. The
Hamiltonian H TBH (kSC ) in the supercell reciprocal space can be derived, HijTBH (kSC ) =
∑
′ ikSC ·(ri +R−rj −R′ ) .
R,R′ t(ri + u(ri ) + R, rj + u(rj ) + R )e
(ii) The relevant states at the low-energy are the Bloch waves near the K valley of both
layers.
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|Φα (Ki + k)⟩ = √
=√

∑∑

1
NSC Nα
1 ∑
Nα

ei(Ki +k)·(ri +R) |ri + R⟩

(7.23)

R ri ∈α
′

eiG ·ri |Ψi (kSC )⟩,

(7.24)

ri ∈α

with i = 1, 2 for the layer index, α = A, B the sublattice and k the momentum measured
relatively from Ki . These states are defined with the unrelaxed original positions and momentum labeling from graphene primitive unit cell translations. To be compatible with the
translational symmetry of the above Hamiltonian H TBH (kSC ), the momentum states has to
be able to be down-folded to the supercell kSC point in the momentum space. This yields the
condition Ki + k = G′ + kSC with G′ being a supercell reciprocal lattice vector. Given a
supercell momentum kSC , we can then construct a set of Bloch plane wave states for both
layers to sample the low-energy sector of the Hamiltonian. The unrelaxed ri + R positions of
atoms used in the Bloch phase factors ensure the orthogonality of the projection basis states,
for a crystal with or without atomic relaxations. The state |Φα (Ki + k)⟩ in the tight-binding
orbital picture is mapped to the plane wave state with momentum k in the low-energy k · p
expansion. We will use this picture to bridge the tight-binding and low-energy k · p pictures.
(iii) Now with the tight-binding Hamiltonian and the relevant low-energy states |Φα (Ki +
k)⟩, we can project out the coupling matrix elements in Aipj and T̃qj for the low-energy
Hamiltonian. For example, the intra-layer scattering terms from Aαβ with momentum pj
can be inferred from ⟨Φα (Ki + k + pj )|H TBH (kSC )|Φβ (Ki + k)⟩ with Ki + k and Ki + k + pj
both folded to kSC . On the other hand, the inter-layer coupling T̃αβ at momentum qj can
be obtained from ⟨Φα (K2 + k + qj )|H TBH (kSC )|Φβ (K1 + k)⟩ with momentum transfer qj .
Numerically, the coupling matrix is obtained from the average of sampling kSC and k momenta near K valley that are scattered into new states. The reconstructed low-energy k · p
Hamiltonian captures most essential features of the tight-binding electronic band structure as
shows in Fig. 7.2 (b). To further improve the particle-hole asymmetric feature of the bands,
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we identify the relevant terms to be added into the low-energy theory in the next section.

7.6 Momentum-Dependent Inter-layer Coupling
Experimentally, it is interesting to investigate whether TwBLGs are particle-hole symmetric
or not by electrical gating and the implications on the correlated insulating and superconducting phases. For the electronic structures, higher order terms in the Dirac Hamiltonian,
Pauli matrix rotations [217] and electric potential from doping [218] are known to give rise to
particle-hole asymmetric bands. In our model, we have included the Pauli matrix rotations
but they are not enough to fully capture the asymmetric bands in the tight-binding calculations. The projection method introduced above from the full tight-binding Hamiltonian
enables us to systematically extract and identify various terms and approximations. In the
above k · p low-energy Hamiltonian, the inter-layer couplings between |Φ2α (K2 + k + qi )⟩ and
|Φ1β (K2 + k)⟩ states are assumed to only depend on momentum transfer qj . However, there is
no protecting symmetry for this property and the coupling constants could generally depend
on the momentum k as well. This dependence is explicitly seen in our numerical projection
method. To elucidate these momentum-dependent correction terms, we focus here on the first
three dominant qi contributions which has the following form
 {
 {
}
}
{
{
}
}
λ
λ
T
(r),
k̂
T
(r),
k̂
λ
λ
k̂
k̂
T
(r),
T
(r),
i
i
1
1
−
+
+
−
3
2
+
−
0
−
−  {
,
T ′ (r, k̂± ) =  {
2 λ T (r), k̂ } λ {T (r), k̂ }
2 λ T (r), k̂ } λ {T (r), k̂ }
2
3
+
+
0
−
1
1
−
+
+
−
(7.25)
where k± = kx ± iky (i.e.

1
i (∂x

± i∂y )), λ2 ≈ 2λ1 ≈ 0.18 eV·Å, λ3 ≈ 0 around θ = 1◦ and

anti-commutator form for non-commuting operators. We have added this leading momentumdependent scattering terms in the inter-layer coupling and they are shown to improve the
particle-hole asymmetric feature as in Fig. 7.2 (c). The projected low-energy bands are in
good agreement with the full tight-binding electronic structure.
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In general , these momentum-dependent inter-layer coupling terms have the form
M+ (r)k+ + M− (r)k− + (k ↔ M ). The symmetries of the system further dictate the following
constraints

C2 T :σx M−∗ (−r)σx = M+ (r),
C3 :ei

2π
σ
3 z

−i
M± (R−1
3 r)e

2π
σ
3 z

(7.26)
e±i

2π
3

= M± (r),

M : − σx M± (Mr)σx = M∓† (r).

(7.27)
(7.28)

7.7 Discussion
To characterize the electronic properties in the experiments, one often performs measurements in an external magnetic field. For electrons in a two-dimensional geometry, a perpendicular magnetic field would quantize the orbitals in the band structure into discrete Landau
levels. With a more complicated band structure of the materials, the quantization of energy
bands from the magnetic field would affect the measured properties such as the magnetooscillation in the electrical transport and other quantum oscillations. The features hint at the
underlying electronic band structure.
As for the theoretical consideration, one can model the electronic structure in a non-zero
external magnetic field which introduces an additional magnetic gauge field coupling to the
electronic degrees of freedom. In the tight-binding description for atomic orbitals in the
solids, this induces the Peierls phase [219], e

e
−i ℏc

∫r

2
r1

A(r)dr

, in the hopping terms. The Wan-

nier tight-binding model derived above can serve as the Hamiltonian for the magnetic field
effects as employed in Ref. [220]. To solve for the Hamiltonian, one note that the magnetic
field gauge field has its own periodicity which might not be compatible with the underlying
crystal periodicity. We can choose a rational commensurate magnetic field and solve the electronic structure problem with magnetic translation operators, which generally lead to a larger
supercell to accommodate both the magnetic and crystalline periodicity. The calculation can
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be computationally demanding due to the large matrix size involved.
However, the continuum Hamiltonian derived above further simplifies the full tight-binding
models. In a magnetic field, the new Hamiltonians can be obtained by the operator substitution k → k − A(r). One still needs to work with the magnetic translation operators
and enlarged supercells in this formulation. However, the computations are more efficient
than working with the full tight-binding Hamiltonians. For example, the monolayer graphene
Landau levels can be easily obtained from quantizing the Dirac Hamiltonian [10]. To solve
for the continuum Hamiltonian with a magnetic field, one can adopt the suitable basis in
the specific gauge [18, 221] and rewrite the Hamiltonian in the new basis for diagonalization. In the twisted bilayer graphene case, one can use the low energy Landau levels for the
monolayer graphene as the basis. The inter-layer coupling and strain perturbations would
introduce additional coupling between these states. When the magnetic length scale is comparable to the superlattice length scale, the electronic structure will show fractal-like spectrum [216, 222] called Hofstadter’s butterfly [27]. The transport features from the fractal-like
spectrum have been observed in the experiments with layered materials [25, 26]. This type of
simulation will be relevant to characterize the van der Waals heterostructure electronic structures.
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Figure 7.1: Conventions for TwBLG crystal and the symmetries. (a) In the real space, the twisted
bilayer is generated by the rotation around the common hexagon center from an AA-stacking bilayer
unit. The symmetries are defined with respect to this hexagon centers. M is a valley-preserving mirror symmetry which is a 180◦ rotation with in-plane axis in dotted line. (b) The monolayer Brillouin
zones from both layers, which are rotated from each other. The effective long-wavelength theories
are expanded at either the K or K’ valleys. (c) Illustration of the low-energy k · p effective model in
the momentum space: the filled (empty) circles are momentum states from L1 (L2). The inter-layer
(intra-layer) couplings terms are represented by the red (blue) lines which connect the coupled momentum states.
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Figure 7.2: Band structure behcnmarked for effective k · p Hamiltonians. The full tight-binding
bands to be compared are the black solid lines. (a) For a decoupled bilayer band structure (vanishing
inter-layer coupling), the strain and buckling effects from the crystal relaxations can be observed. The
red (black) solid lines are the monolayer bands with (without) intra-layer corrections For a coupled
bilayer band structure (black lines), the expanded low-energy k · p Hamiltonians (bands in red lines)
can be constructed (b) without or (c) with momentum-dependent inter-layer coupling terms. The
shows the particle-hole asymmetric features can only be captured with such momentum-dependent
terms. (d) Comparisons between the full tight-binding and the k · p Hamiltonians for an unrelaxed
crystal (rigid rotation between layers)
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8

Reduced Band Wannier Models

In this chapter, we continue to focus on the physics of twisted bilayer graphene. In hightemperature cuprate superconductors[34], the dominant electron-electron interactions over
the kinetic energy promotes strong electron correlations. To study the Mott insulator and
superconducting phases in these materials, the suitable models for theoretical investigations
are the tight-binding Hamiltonians in the localized atomic orbital basis, with interaction U
terms, as in the Fermi-Hubbard model. The approach is similar for ultra-cold atoms loaded
in the optical lattices to simulate the Fermi-Hubbard model [35].
The ab initio continuum Hamiltonian derived in Chapter 7 gives us a good starting point
at the single particle level to gain insights into the twisted bilayer graphene system and the
effects of crystal relaxations. However, the Hamiltonian still contains too many degrees of
freedom as a simplified model to investigate electron interactions and correlations. In other
words, the model still has too many bands. This can be contrasted with the conventional
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Fermi-Hubbard model with very simple single particle band structure. The interaction U
term on top of a simple single particle Hamiltonian already makes it a challenging problem
to solve. Building the interacting theory on top of a complicated single particle Hamiltonian
might not be a suitable starting point to elucidate the correlated physics.

8.1 Real Space Representation for the Low-Energy Group of Bands
To further simplify the single particle model, one can start by identifying the most interesting band manifold in the spectrum. We recall that the unconventional phases in the magic
angle twisted bilayer graphene are observed at the doping level within the flat band manifold near charge neutrality [28, 29, 50]. However, it has been shown it is not possible to construct such real space models for the flat band manifold (two bands in total, per spin per
valley degrees of freedom) under the twisted bilayer graphene continuum model symmetry
setting [223, 224, 155]. Ref. [223] shows that the symmetry eigenvalues of the two flat bands
does not match any combinations of the symmetry representations and the locations for the
Wannier functions that can yield a two-band model. Another way to see this obstruction is
the net chirality from combining two Dirac cones in these two bands [224]. To resolve this
obstruction, one can complement the flat bands by their time reversal partners [224], which
sacrifices the transparent Uv (1) symmetry interpretation. One can also fabricate an artificial
set of conjugate flat bands at high energies which cancels the obstruction when coupled with
the original flat bands [155]. However, these additional bands are not physically motivated
from twisted bilayer graphene electronic structure. Another way to resolve this obstruction in
constructing minimal two-band model is to extend the model to a few more bands at higher
energies as a whole group for the Wannier construction [223]. The nature of the obstruction
is also studied in Ref. [223], which is shown to be an example of band structure with fragile
topology [225].
In this Chapter, I will follow the notations in Ref. [223] for the Wannier function centers and their symmetry representations. The τ , κ and η represent the triangular, kagome
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and honeyomb sites. In the twisted bilayer supercell, these correspond to the AA-stacking,
AB/BA-stacking and AB/BA domain wall center (the mid point between two adjacent AAstacking spots) respectively. In a supercell, there are one τ site, three κ sites and two η sites.
The symmetry representations s, pz and p± denote the symmetry characters under the corresponding symmetry operations defined in the last Chapter (C3 , M and C2 T ).
In Ref. [223], several resolutions to the obstruction are proposed which include the fiveband, six-band and ten-band models. Here, I will implement the five-band prescription from
the continuum k · p Hamilotonian near the magic angle. The five-band model is not particlehole symmetric. The additional bands chosen to be included are either the conduction bands
or the valence bands adjacent to the flat bands. The ten-band model has equal numbers of
conduction and valence bands. In the end of this Chapter, I also briefly discuss the construction of ten-band models fitted from our effective theory. The numerical scheme to derive the
Wannier functions is based on the discussion in Ref. [83, 84]. The maximally localized procedure is not yet implemented, but the derived Wannier orbitals can already give us insights
into the low-energy band manifold.

8.2 Five-Band Wannier Prescription
In Ref. [223], the five-band prescription is the following:

rep.

(τ, s) ⊕ (τ, p± ) ⊕ (η, pz ) = (κ, pz ) ⊕ (target),

(8.1)

where the (target) denotes the symmetry representations of the flat bands. The meaning of
this equation is that, by combining the flat bands (target) with the symmetry characters of
three additional bands (κ, pz ) (which are adiabatically connected to the trivial atomic insulator limit), it is possible to Wannierize this group of fives bands into one (τ, s), two (τ, p± ) and
two (η, pz ) Wannier orbitals in a supercell. Three of them (τ ) are at the AA-stacking spots,
while the rest two (η) are at the AB/BA stacking spots.
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(a)

(b)

Figure 8.1: Bands from the low-energy theory of a twisted bilayer graphene at θ = 1.05◦ [33]. (a)
Chiral symmetric limit with ω0 (ω1 ) = 0(0.11) eV. (b) The target model used for Wannier construction
with ω0 (ω1 ) = 0.07(0.11) eV. The empirical parameters include the crystal relaxation effects from
atomic corrugations. In the chiral symmetric limit, the three bands above (below) the flat bands at
the charge neutrality are further isolated from other higher (lower) energy bands.

This five-band prescription requires additional three conduction bands to be included with
the flat bands. Alternatively, one can flip the orbital characters with s ↔ pz in Eq. 8.1 and
include the lower three valence bands instead of the conduction bands. Now in an example band structure based on MacDonald’s model with empirical parameters (ω0 = 0.07eV,
ω1 = 0.11 eV at θ = 1.05◦ ), the higher energy conduction bands are entangled with the
various crossings as shown in Fig. 8.1 (b). When labeling the symmetry eigenvalues of these
conduction bands, one cannot find an isolated group of three bands with the (κ, s) symmetry characters. Thus, one has to construct a three-band (κ, s) group out of the mixtures of
several conduction bands. This band disentanglement process is not uniquely defined and
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there are different ways to derive the three-band Hilbert space out of the mixtures. More
precisely, the goal is to construct the three states at each momentum k, which can yield the
(κ, s) Wannier states after Fourier transform. These three states ψi (k) are a linear combination of the relevant conduction bands

|ψi (k)⟩ =

∑

cij (k)|Ψj (k)⟩,

(8.2)

j

with j-th band eigenstate Ψj (k). Under the same symmetry constraints on the (κ, s) Wannier
states, there are many ways to design the optimal cij (k) function. The number of eigenstates
Ψj (k) involved can also be larger than three bands.
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Figure 8.2: Symmetry representations of low-energy theory of a twisted bilayer graphene in the chiral symmetry limit: (a) Mirror symmetry. The labels are the symmetry eigenvalues at Γ. (b) C3 rotation symmetry. The labels are the symmetry eigenvalues at Γ and K. The symmetry eigenvalues ϕ
and ϕ̄ take values ϕ = ei2π/3 and ϕ̄ = e−i2π/3 .

Our procedure is based on the following observation. In the chiral symmetry limit of the
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continuum model, with ω0 = 0 [226], the new band structure shows a group of three bands
above the flat bands that are separated from all the rest of conduction bands as shown in
Fig. 8.1 (a), and the direct bandgap persists throughout the whole Brillouin zone. The symmetry analysis in Fig. 8.2 shows that these three conduction bands correspond to the (κ, s)
atomic insulator type. Hence, one can use the Hilbert space defined by these three bands in
the chiral symmetry limit as the initial projection for the general model (ω ̸= 0 or more extend ab initio low-energy theory derived).
The first step is to project out and construct the Wannier states from these three conduction bands in the chiral symmetry limit. The projection starts with the Wannier seeding
function that tranforms under the symmetries in the continuum theory as the band representations induced by (κ, s) atomic insulators. These states should be centered at the domain
wall centers, and there are three such locations in a supercell. They are also invariant under
the C3 and M operations. Numerically, we choose Gaussian wavepackets at the domain wall
centers as the initial seeding function. After a Fourier transformation, these initial states define ϕ0i (k) in the momentum space. Now the group of three isolated conduction bands defines
∑3
a projector Pk =
i=1 |Ψi (k)⟩⟨Ψi (k)| with the three isolated eigenstates Ψi (k). To construct the new Wannier functions, we can choose a new set of basis to span the same space
by Ψi (k). Using the Wannier seeding functions ϕ0i (k) as the initial guess, we can project onto
the target Hilbert space manifold to obtain the new projected vectors ϕ1i (k).
|ϕ1i (k)⟩ = Pk |ϕ0i (k)⟩.

(8.3)

Even though |ϕ1i (k)⟩ states will be similar to the corresponding |ϕ0i (k)⟩ states, generally
|ϕ1i (k)⟩ states are not orthonormal, and neither are the |ϕ0i (k)⟩ states. To find the proper
Wannier states to span the same Hilbert space, the new basis have to be orthonormal, while
retaining the symmetry characters of the Wannier functions. The conventional Gram–
Schmidt process starts with a particular state, which breaks the symmetry required for the
three states.
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Defining the overlap matrix as (Sk )mn = ⟨ϕ1m (k)|ϕ1n (k)⟩, the Löwdin-orthonormalized basis
ϕ2i (k) can be constructed [84] as
|ϕ2n (k)⟩ =

∑

−1/2

(Sk

)mn |ϕ1m (k)⟩.

(8.4)

m

This new basis |ϕ2n (k)⟩ can be Fourier transformed into Wannier functions |ϕ2i (ri − R)⟩ in
the real space with R being the primitive vectors of the supercell, which give rise to a (κ, s)
representation.
The general model with a non-zero ω0 can be viewed as the perturbation of the ω0 = 0
limit. The conduction bands will become entangled but one expect the Wannier states
|ϕ2n (k)⟩ derived above to have a strong overlap in the corresponding region of the conduction bands. Although the conduction bands are entangled with crossings and overlaps, one
can define a projector from the energy eigenstates in the corresponding energy window,
′

Pk =

∑

cj (k)|Ψi (k)⟩⟨Ψi (k)|,

(8.5)

j

where the eigenstates are Ψi (k). One can adopt different schemes to choose the weighting
function cj (k). For example, the function can be designed to allow states within a certain
energy window, and tails off for states outside the energy window. There is no unique way
to choose the weighing function. In our model, we use the energy range in the ω0 = 0 limit
as an estimate. Once the projector is chosen, Wannier states derived in the ω0 = 0 limit
can be used as the initial seeding function to obtain the new set of Wannier states with the
′

prescribed projector Pk .
With this projection, one can define a Hamiltonian with the obtained Wannier states. In
the momentum space, the matrix elements are ⟨ϕ2i (k)|H(k)|ϕ2j (k)⟩ where H(k) is the full
Hamiltonian for the continuum model. The real space representation can be derived by the
inverse Fourier transformation. Reduced band structures can be obtained by diagonalizing
the constructed Hamiltonian, which can be compared with the original continuum model

118

(a)

(b)

Figure 8.3: Wannierization of low-energy bands in the continuum effective model (a) in the chiral
symmetric limit, the three bands above the flat bands are completely isolated can be be wannierized
into (κ, s) (b) For the target k · p model with ω0 (ω1 ) = 0.07(0.11) eV, an energy window is used to
define the projector for the Wannier construction. The projector contains the states within the region
marked by the blue dashed lines, and the higher energy states with decaying weights. The Wannier
reconstructed (continuum model) bands are shown in the red (black) lines.

bands. The three band model overlaps with the original continuum model. Note that when
a band crosses or in close proximity with another band, there are deviations as shown in Fig.
8.3 (b). This is because in the construction, we allow the mixing with other higher energy
bands in the projector. Hence, the projected states and the derived Hamiltonian will naturally mix in the higher energy regime. This effective band structure would also change if a
different projection scheme or weighting function is used. However, since the focus is on the
flat band manifold, the deviation from the original bands at higher energies is less important.
The next step is to estimate the interaction energy scales based on this simplified five-band
model.
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8.3 Ten-Band Wannier Prescription
Ref. [223] gives the ten-band prescription as the following:

rep.

(τ, pz ) ⊕ (τ, p± ) ⊕ (κ, s) ⊕ (η, p± )0 =

(8.6)

(η, p± )1 ⊕ (target) ⊕ (η, p± )2 .
The subscripts in (η, p± )i denote different sets of orbitals with the same symmetry representations. This ten-band model has three orbitals at the AA-stacking spots, four at the AB/BA
stacking spots, and three at the domain wall centers in a supercell unit. We have constructed
the ten-band model from our ab initio models by energetic fitting of the bands [85], with
varying twist angles (near the magic angle). This model and the corresponding orbital projections display the wavefunction textures of the flat band manifold. In contrast with the
atomic insulators, which are adiabatically connected to a set of spatially localized orbitals,
the flats bands show mixtures of various orbitals types. At the Γ point, the flat bands are
from the (τ, pz ) and (κ, s) characters. At other momenta, the flat bands are predominantly
(τ, p± ) types. This is consistent with the expectation that the flat band charges are predominantly located at AA-stacking spots, i.e. τ lattice.
The full Wannier projection of the ten-band model from the ab initio Hamiltonians is left
for the future work due to the entangled bands at the high energy. However, we have separately projected out each set of Wannier orbitals with the designated symmetry characters,
from the low-energy bands. Although this set of orbitals are not mutually orthogonal with
each other as the normal Wannier basis, they can serve as the intuitions for the network of
emergent orbitals that give rise to the low-energy electronic structure. The numerical details
on the ten-band model can be found in Ref. [85].
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8.4 Discussion
In this chapter, we have discussed the subtle issues that arise in constructing the real space
tight-binding representation of the flat band manifold. This obstruction originates from the
symmetry requirement for the localized Wannier orbitals. As a result, a compatible set of
symmetric Wannier orbitals that can faithfully represent the symmetry characters of the flat
bands is proved to not exist. However, this obstruction can be avoided by including a few
higher energy bands as an extended group to derive Wannier orbitals.
The obstruction to construct Wannier orbitals can be an indicator to the underlying nontrivial topology of the band manifold. For exmaple, one cannot find the exponentially localized Wannier functions [227] for a group of topological bands with a non-zero Chern number [228] (such as in a Chern insulator [229]). For a Z2 topological insulator [164, 230], the
topological obstruction exists when Wannier functions are required to be exponentially localized in space and respect the time-reversal symmetry (Wannier functions form pairs of
time-reversal partners) at the same time [231]. In the twisted bilayer graphene flat band example, the obstruction can be avoided by including more adjacent bands in the group. These
additional bands are topologically trivial and connect to the atomic insulator limit as shown
in Ref. [223], in contrast with the stable topological index. The topology of the flat band
manifold belongs to the fragile topology [225, 223]. With the extended group of bands, the
Wannier functions respect the symmetry and are exponentially localized in real space.
In fact, this discussion can be viewed in a more general framework, which is tied to the
recent developments in searching for topological materials in the database [232, 233, 234],
based on the symmetry information of the band structure [235, 236, 237]. The discussion has
also been generalized to the symmetry settings of the topological superconductivity [238] and
magnetic space groups for magnetic materials [236]. In crystalline solids, the crystals can be
classified based on their spacegroup symmetries [163]. For three dimensional bulk structure,
there are 230 space groups (1651 magnetic space groups if magnetic structures are consid-
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ered). In a given space group, a set of symmetric Wannier orbitals in real space can only induce the corresponding group of bands with specific symmetry configurations in the momentum space. This dictates the associated relations in the number of irreducible representations
at high symmetry k points. On the other hand, the connectivity of a set of bands in momentum space can be shown to obey the compatibility relations [163]. For some space groups, it
is possible to find the group of connected bands that do not admit any combinations of symmetric Wannier functions in the real space. The incompatibility or the failure to construct
exponentially localized Wannier orbitals is an indication of non-trivial topological obstructions. Hence, the symmetry eigenvalues for the bands in the material database can be used as
a criterion to search for topologically nontrivial materials.
In conventional correlated materials, the single particle models are relatively straightforward. In contrast, the emergent electronic system from the heterostructure could be more
subtle for symmetry and topological reasons. In addition to the non-trivial flat bands in
twisted bilayer graphene, flat bands with non-zero Chern numbers are also predicted for other
types of twisted systems with graphene / hBN stacks [63]. It would be interesting to investigate the implications on the interacting phases from the underlying topology in the manifold
in future works.
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A

Numerical Codes

A.1

Density Functional Theory and Wannier Function Construction

In our work, we perform the DFT calculations using the Vienna Ab initio Simulation Package (VASP) [239, 240] to compute the relaxed equilibrium crystal structure, the corresponding ground state electron charge density distribution and the electronic band structure. The
interaction between ionic cores and valence electrons is described by pseudo-potentials of
the Projector Augmented-Wave (PAW) type [241]. The exchange-correlation energy of electrons is treated within the Generalized Gradient Approximation (GGA) as parametrized
by Perdew, Burke and Ernzerhof (PBE) [162], or the local density approximation (LDA)
type [161]. We performed calculations with and without spin-orbit coupling to guide the construction of the corresponding correction terms in the tight-binding hamiltonian. For twodimensional layered materials, we use a slab geometry to model single or double layers with a
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20 Å vacuum region between periodic images to minimize the interaction between slabs. The
crystal structure is allow to relax until the Hellmann-Feynman forces are smaller in magnitude than 0.01eV/Å for each atom. The plane-wave energy cutoff and the reciprocal space
grid size sampling depend on the crystal under studies. The conventional DFT calculations
are known to underestimate the energy bandgaps in semiconductors and insulators materials [242, 243]. The GW approximation (GWA) was developed to address this bandgap issue [119]. For certain layered TMDC material such as MoS2 , we have also performed a GW
calculation implemented in the Quantum ESPRESSO [244] and BerkeleyGW [119, 245]
codes.
An alternative way to represent the DFT or GW electronic band structure is to transform
the Bloch basis into a basis of maximally-localized Wannier functions (MLWF) [84] as implemented in the Wannier90 code [83]. To perform this Wannier unitary transformation for
layered materials, one has to identify the group of bands to be considered and the appropriate initial seeding orbitals for the Wannier projections. The intuition can be from the orbital
character analysis of the band structure calculations in DFT, and the symmetry representations at high symmetry k points. The final converged Wannier functions usually resemble
the initial seeding atomic orbitals. The effective hamiltonian in the Wannier basis is interpreted as the full-range ab-initio tight-binding hamiltonian (FTBH), with the numerical accuracy of the FTBH within a few meV compared to DFT or GW bands. Based on this FTBH,
the truncated tight-binding hamiltonian (TBH) that retains only first and partial second
neighbor couplings is often adequate to elucidate the nature of the bands. By adding more
terms beyond nearest neighbor couplings, the numerical accuracy can be improved until, it
reaches DFT or GW-level results. This provides a systematic way to improve the ab initio
tight-binding Hamiltonian. Note that, the crystalline symmetry properties can be explicitly
considered in the construction of the set of Wannier functions. This leads to symmetry constraints in optimizing the Wannier functions for maximal localization [246]. Wannier90 code
can generate the symmery-adapted Wannier functions when used with Quantum Espresso
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DFT code [244].
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B

Computation Tools

B.1

Topological Index

For electrons in crystalline solids, the equation of motion is governed by the quantum mechanical principles. The translational symmetry in the periodic potential enables one to label
the energy eigenstates with crystal momentum k. This band dispersion is crucial in understanding the electronic properties in the solids. In addition to the band energy, the Berry
curvature is another important ingredient in the quantum theory of solids [247, 248]. The
Berry curvature measures the changes of the eigenstate wavefunctions in the momentum
space, and is related to the electronic responses such as Hall effects. When the Berry curvature is integrated over the Brillouin zone, it gives the topological Chern number [247, 228].
This integer topological invariant is at the root of integer quantum Hall effect [249] and the
robust edge states from bulk-edge correspondences [250].
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The discovery of the bulk-boundary correspondance has inspired much effort in identifying other forms of topological invariants, under different symmetry settings. For example, Z2
index is discovered in the quantum spin Hall effect [164, 230] under time-reversal symmetry.
Even richer topological structures and edge modes can emerge when extended to consider
symmetries in crystalline solids [251]. The ability to control and manipulate these phases and
edge modes is key to innovating applications, which requires accurate modeling approaches to
the quantum solids.
In the electronic structure modeling discussed in the main text, the DFT / Wannier
method captures not only the band dispersions in the first principle computations, but also
the wavefunction properties. Hence, the method is suitable for computing and predicting the
topological invariants of electrons in solids. However, the derivatives in various expressions
of these topological invariants can be challenging to deal with numerically because it involves
the comparison between wavefunctions at different crystal momenta, which often requires a
smooth gauge choice. In my numerical methods, I have employed efficient numerical implementations to compute the Berry curvature, the integrated Chern number [252], and the Z2
index from Wilson loop analysis [253].

B.2

Iterative Green’s Function Method

For a three-dimensional topological insulator, the non-trivial bulk topology results in robust
topological surface states within the bulk gap. These states have potential applications in
electronics. However, real materials also have other surface states without topological origin, which are not protected and can be gapped out. These states would affect the transport
properties of the material as well. The DFT calculations can be employed to elucidate the
surface electronic structure. Most DFT calculations use the periodic boundary conditions in a
plane wave basis. To simulate the surface geometry, one has to create a slab geometry, which
is a thin film crystal with a finite thickness. One slab has two surfaces sand therefore has two
sets of surface states. The finite thickness of the slab geometry causes the two sets of surface
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modes on two sides to hybridize. In other cases, the decay length of the surface modes into
the bulk can be quite long and carrying out a calculation of a much thicker slab is not feasible. Therefore, simulating a semi-infinite geometry with only one surface can be useful, which
is shown in Fig. B.1 (a). The surface modes can decay into the bulk region without interference from the other set of surface modes.
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Figure B.1: Iterative Green’s function method for the surface states: (a) the semi-infinite geometry
can be divided into repeated units stacked in the z direction. The translation symmetry in the xy
plane allows the labeling of quantum states by the momentum k∥ . (b) The semi-infinite geometry can
be modeled as a semi-infinite one-dimensional chain. Each repeated unit is described H0 (k∥ ) with the
nearest neighbor coupling by T0 (k∥ )

This semi-infinite geometry can be simulated with our ab initio tight-binding Hamiltonians. Suppose the tight-binding Hamiltonian for a bulk topological material has been derived.
In the semi-infinite geometry, the crystal can be divided into repeating units in the z direction. For simplicity, we assume each unit and their mutual couplings are the same through
out the structure. Here, the parallel momentum component k∥ is a good quantum number
due to translational invariance parallel to the surface plane can be treated as a given param(i)

eter in the Hamiltonian. The operator ĉj is for the j-th electronic modes in the i-th unit.
The repeated units are chosen such that there are only couplings in the nearest neighboring
units. The Hamiltonian for the semi-infinite geometry can be constructed as:

H=

∑
i

(i)†

(i)

ĉj Hjk ĉk +

∑
i
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(i+1)†

(ĉj

(i)

Tjk ĉk + h.c.),

(B.1)

where k∥ dependence is implicit assumed in H and T matrices. This can be viewed as an
effective 1D chain model witha semi-infinite geometry as illustrated in Fig. B.1 (b). The
Hamiltonian has infinite dimensions. One way to analyze the properties of the Hamiltonian
is to find the Green’s function or the spectral function near the surface unit. Mathematically, one will have to invert the infinite matrix to find the matrix elements for the surface
unit. This could be efficiently done using iterative numerical schemes as implemented in Ref.
[254, 255]. The idea is to integrate out the semi-infinite part of the chain to derive the selfenergy operator. This self-energy operators incorporates the effects for electrons to propagate
in this region. This self-energy term is then added back to the surface unit to compute the
surface Green’s function. In this procedure, the semi-infinite chain is integrated out and the
effective system size becomes much smaller.
The same approach can be applied to simulate a 1D ribbon geometry as well. One only
has to identify the repeating unit and the coupling terms in the Hamiltonian. Again, we assume the same Hamiltonian and coupling terms for all repeating units. The generalization
is straightforward when we need to include the variations in the Hamiltonian in the surface
units, and different number of degrees of freedom, which is to account for the surface reconstruction effects for the broken chemical bondings. The semi-infinite chain can still couple
to this surface unit as a self-energy term. In practice, the Wannier transformation can be
adopted to construct such models by stitching the Hamiltonians from both the bulk and the
slab geometry calculations [256].
In addition to simulating surface and edge states, the Green’s function method can also
be applied to the transport simulations. We consider a quantum system coupled to multiple contact leads that conduct electrons in and out of the system. The effect of the leads
for the transport is accounted for as a self-energy operator coupled to the system, which describes the interaction between the quantum system and the electron reservoir in the contact
lead [257].
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B.3

Scanning Tunneling Spectroscopy and Quasi-Particle Interference

Scanning tunneling microscope (STM) is a surface probing technique to image the surface
states and the defects near the surface with the atomic resolution. The instrument has an
atomically sharp conducting tip to scan the materiel surface. Controlling the tunneling current through the tip to the material surface and the height level of the tip enables the mapping of the surface topography. There are different modes to operate the microscope. One
mode involves the scanning of tunneling current versus the bias voltage applied to the tip,
with a fixed tip position. The obtained I-V curve, or the differential conductance dI/dV
spectroscopy reflects the local density of states D(ϵ, r). The Green’s function method introduced above can be applied to simulate the tunneling near the surface at specific atomic
sites. This spectroscopy can also be used in combination with magnetic field that quantizes
the electron orbitals.
The above method assumes a clean surface region for probing the surface modes. However,
defects on the surface can provide another way to capture the surface state information. Intuitively, this can be understood as the following. A given surface state can be described by
a crystal momentum k1 . This traveling plane wave will be scattered into a different surface
at momentum k2 when it collides with a surface defect. The interference between the incoming and the outgoing plane waves will result in a standing wave with a momentum q, with
q = k2 − k1 . From the standing wave, one can capture the oscillatory local density of states
near the defect and analyze the Fourier components. This Fourier analysis will yield characteristic momenta that connect various parts of the surface state energy contour. One can
invert this scattering information to reconstruct the band dispersion of the surface modes.
This technique is called the quasi-particle interference (QPI).
There are two challenges in a QPI simulatios [258]: the modeling for the surface states
and the defect scattering. Wannier modelings can provide the ways to extract the relevant
information for the surface states as in the Green’s function method. To extract the defect
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scattering, one can simulate a supercell with one defect. The Wannier modeling discussed in
Chapter 4 can be applied to extract the orbital coupling to the defect states. Although we
have not employed the full simulation with defect modeling, we have applied the method to
study the STM probe in single layer FeSe on SrTiO3 substrate [259, 260]. This system is interesting for its superconducting behavior, which yields unusual high transition temperature.
The STM can be used to reveal the nature for the states, both the dispersion and orbital
characters, involved in superconducting pairing [259, 260]. The numerical scheme is implemented as in Ref. [258] for the T-matrix formulation.

B.4

Electronic Band Structure Unfolding

In this section, I will discuss the method to perform band structure unfolding from the supercell calculations. One example is the simulation of a crystal with a defect, in which case
a supercell geometry is needed. The other example is the enlarged periodicity due to additional deformation patterns in the crystal structure, which can be from the phonon mode and
the charge density wave (CDW) order. In the DFT calculations, one needs to construct an
enlarged periodic supercell structure to perform the simulation. This enlarged supercell will
drastically change the description of the momentum space and the band structure presentations. For example, if the supercell is enlarged to a 3 × 3 structure compared to the original
unit cell as in TaS2 crystal under CDW transition [20], the Brillouin zone will be reduced to
1/9 of the original one. To accommodate the same number of states, the electronic calculations will yield a complicated band structure that contains nine times the original number of
bands.
Physically, this is due to the removal of some translational symmetries in the momentum
space description. One does not have enough quantum numbers to classify the states and
hence more number of states are grouped together under the same crystal momentum label
k. This complicated band structure is the folded band structure. This complication is rather
artificial from our choice to use the supercell description. In the realistic experiment, one can
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employ the photoemission probe to map out the band structure. The defect in the solids does
not immediately give rise to a complicated folded band structure as seen in the numerical
simulation, even though the translational symmetry is broken in the presence of these impurities. In the realistic experiment, the impurity introduces some perturbations to the original
band structure.
Therefore, it is useful to develop the effective band structure idea to unfold the supercell
band structure. The essence is to retrieve the information lost in the supercell descriptions,
the translational properties under primitive unit cell vectors. The unfolding algorithm further
resolves the crystal momentum state by projections into Fourier components. The numerical
details for the procedure can be found in Ref. [261, 262, 263]. In Ref. [20], this band structure unfolding is applied to the TaS2 crystals with CDW order.
The unfolded band structure can be compared with the band structure from the angleresolved photoemission spectroscopy (ARPES) measurements, which can be applied to
the cases of impurities in the crystal [264], disordered solids [265], and Fe-based hightemperature superconductors [262]. When the perturbation terms in these cases are added
to the system gradually, the unfolded bands with weights also change perturbatively from the
original ones in the pristine crystal. The effective band structure, despite its broken translational symmetry, is a more natural and intuitive way of generalizing the conventional band
structure and comparing with experiment.
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C

Research Projects

In this Chapter, I will briefly survey several research subjects I have studied over the course
of graduate school.
So far, the discussions for the electronic structure modeling are focused on the twisted bilayer graphene system, an example of van der Waals heterostructure. The DFT and Wannier approach to the electronic structure faithfully captures both the energetic and wavefunction characters of the bands. Thus, it is suitable to study the responses and the topology of
the system, which are properties based on the behavior of the wavefunctions. The related
subjects are the modeling for the charge density order in TaS2 crystals, in the bulk and twodimensional single layer limit [20]. The effects on the superconductivity enhancement in the
single layer limit is discussed, with the analysis based on the band structure unfolding due to
charge density order. In terms of computing the responses of the materials, the non-liear Hall
effects are studied both theoretically [205] and experimentally [206] for the layered materi-
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als. This response results from the non-zero Berry curvature dipole distribution in the filled
states. The generalizations can also be derived for other probes involving such as electrical
transport [266], thermoelectric effects, Nernst effect and optical excitations. It would be interesting to generalize to the magnetic layered materials [267]. The modeling also allows us
to simulate for the responses such as anomalous g-factor and mesoscopic nanostructures as in
Bismuth nanowires.
Scanning Tunneling Microscope (STM) can give much detailed atomic information and
electronic properties for the nanomaterials. I have studied the single layer FeSe crystal grown
on the SrTiO3 substrate. By analyzing the tunneling probe and the quasi-particle interference pattern from surface impurity scattering [259, 260], we were able to gain further understanding of the electronic properties relevant for the unusual superconducting states in this
material [259] and estimate the bounds on the nanoscale nematicity [260]. Other subjects
studied also include the anomalous surface and electronic states on the topological semimetal
Sb [268], and the quantum anomalous Hall effects with V-doped Sb2 Te3 crystals to elucidate
the scattering between V impurity atoms and the topological surface states, and the impurity
states themselves.
For the layered materials, the combinations of H-type (semiconducting) and T-type (metallic) TMDCs can give rise to promising electronic applications. One key to the device fabrication is the control of local crystal structure and the phase transition. Sub-10 nm channellength transistors are demonstrated with directed self-assembly patterning [148]. Practically,
it will be relevant to find other ways such as THz illumination to induce the structural phase
transition.
The planar geometry of the layered materials allows one to combine various probing techniques to these interesting materials. First, the accurate atomic structure and the relaxation
pattern can be mapped out from the transmission electron microscopy (TEM) [269]. Recent
developments in the TEM (scanning TEM probe) also enables one to map out the microscopic electric field distribution with atomic resolution [270]. On the other hand, nanometer-
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scale nuclear quadrupole resonance spectroscopy on the hBN crystals can be achieved with
the nitrogen-vacancy color centers in the diamond [271]. The sensitive probes can reveal the
slightly different coupling environment in the bulk and single layer limit of the hBN crystals.
Besides the layered materials, I have started work on the Kagome crystals, which can host
various types of magnetic ground states and configurations, and interesting electronic properties from the coexistence of Dirac electrons and flat bands. For example, the electronic
properties of the Weyl points depend on the magnetization direction which can be controlled
by the external magnetic field [272]. These numerical studies are compared with the experimental probes in the transport (quantum oscillations) and the photo-emission experiments.
The magnetic properties of the materials from d-orbitals suggest stronger interaction effects
compared to conventional materials with s-p hybrid orbitals. The systematic studies of the
Kagome crystals with different chemical compositions and geometric arrangements can provide insights to electronic design and benchmark for numerical methods beyond DFT to capture interaction effects.
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