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Ramification of the Hilbert Eigenvariety

Abstract

Andreatta–Iovita–Pilloni constructed eigenvarieties for cuspidal Hilbert modular forms.

The eigenvariety has a natural map to the weight space, called the weight map. We compute

the dimension of the tangent space of the fiber of the weight map using Galois deformation

theory. Along with the classicality theorem due to Tian–Xiao, this enables us to characterize

the classical points of the eigenvariety which are ramified over the weight space, in terms of

the local splitting behavior of the associated Galois representation.

In particular, a modular form with complex multiplication of critical slope gives rise to

a ramification point on the eigenvariety. This is equivalent to saying that there is an over-

convergent generalized Hecke eigenform with the same Hecke eigenvalues as the CM form,

which is not a scalar multiple of it. In the case of elliptic modular forms, we give a descrip-

tion of the Fourier coefficients of the generalized Hecke eigenform in terms of certain Galois

cohomology classes.
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Part 1. Ramification of the Hilbert Eigenvariety

1. Introduction

Let F be a totally real field of degree d over Q. Andreatta, Iovita, and Pilloni constructed

the cuspidal Hilbert eigenvariety E parametrizing p-adic overconvergent cuspidal Hilbert

Hecke eigenforms of finite slope over F ([AIP16]). Let W := Spf(Zp[[(OF ⊗Z Zp)× × Z×
p ]])

rig

be the weight space, which parametrizes continuous characters on (OF ⊗Z Zp)×. Both the

cuspidal Hilbert eigenvariety E and the weight space W are (d+1)-dimensional rigid analytic

spaces over Qp. Moreover there is a natural map from the cuspidal Hilbert eigenvariety to

the weight space, the weight map

wt: E → W ,

sending an overconvergent Hecke eigenform to its weight character. For example, a classical

Hilbert modular form has weight ((kτ )τ , w) ∈ Zd+1, where τ runs through archimedean places

of F , and its weight character is (z, z′) 7→
(∏

τ τ(z)
kτ
)
· z′w.

Our purpose is to study the ramification locus of the cuspidal Hilbert eigenvariety over

the weight space from the perspective of Galois representations. Let x ∈ E be a point on

the cuspidal Hilbert eigenvariety. Then x corresponds to f , a normalized overconvergent

cuspidal Hilbert Hecke eigenform of finite slope. There is a p-adic Galois representation

ρx : GalF → GL2(Cp) associated to x matching the Frobenius eigenvalues of ρx with the

Hecke eigenvalues of f .

Now assume that p splits completely in F . Also assume that f is classical (Definition 3.2).

Then the weight of f is ((kτ )τ , w) ∈ Zd+1, where kτ , w ∈ Z, w ≥ kτ ≥ 2 and kτ ≡ w (mod 2)

for all archimedean places τ of F . One knows that for all primes p | p of F , the Up-eigenvalue

λp of f satisfies
w − kτp

2
≤ valp(λp) ≤

w + kτp − 2

2
.

Here τp is the archimedean place of F identified with the p-adic place p via a fixed isomor-

phism C ∼= Qp, and valp is the p-adic valuation normalized such that valp(p) = 1. The

1



rational number valp(λp) is called the p-slope of f , and the maximal possible p-slope w+kτp−2

2

is called the critical p-slope. Our main theorem says that a classical point x ∈ E is ramified

with respect to the weight map if and only if there exists p | p such that the local Galois

representation ρx|GalFp
splits and x has critical p-slope.

In fact, we provide two more equivalent statements. One of the statements involve the

theta operator Θ, which is an endomorphism on the space of overconvergent Hilbert modular

forms. See Section 2.4 for the precise definition of the theta operator. Here is our main

theorem.

Theorem 1.1. Assume p splits completely in F . Let f be a classical cuspidal Hilbert Hecke

eigenform of weight (k, w) of finite slope. For each prime p of F above p, let λp denote the

Up-eigenvalue of f , and assume that valp(λp) ̸= w−1
2
. Let x ∈ E be the point on the cuspidal

Hilbert eigenvariety E corresponding to f . Then the following are equivalent.

(1) The point x is ramified with respect to the weight map wt: E → W.

(2) There exists an overconvergent cuspidal Hilbert generalized Hecke eigenform f ′ with

the same Hecke eigenvalues and weight as f , but which is not a scalar multiple of f .

(3) f is in the image of Θ.

(4) There exists a prime p of F above p such that the local Galois representation ρx|GalFp

splits and x has critical p-slope.

We make some remarks about the theorem. When F = Q, a conjecture of Greenberg says

that a classical cuspidal Hecke eigenform has complex multiplication (CM) if and only if its

p-adic Galois representation splits locally at p. Hence assuming the conjecture of Greenberg,

Theorem 1.1 says that a classical point of critical slope on the eigencurve is ramified if and

only it is CM. This was conjectured by Coleman ([Col96, Remark 2 in Sec. 7]). In fact, the

conjecture of Greenberg was proved by Emerton in weight 2 ([Eme]). For general F , we can

formulate a generalization of the conjecture of Greenberg: a classical cuspidal Hilbert Hecke

eigenform is CM if and only if its p-adic Galois representation splits locally at all primes of

F above p. In the case of parallel weight 2, the argument of Emerton implies that the Galois
2



representation splitting at one p-adic prime of F is CM, and hence also splits at all other

p-adic primes. We conjecture that this holds for general weights. Geometrically, this means

that a classical point x ∈ E of critical slope is ramified if and only if it is CM.

In Theorem 1.1, the equivalence between (1) and (4) was known for F = Q. It was first

proven by Breuil–Emerton ([BE10, Théorème 1.1.3]), an ingredient in their work to prove

p-adic local-global compatibility for GL2 over Q in the locally reducible case. Later Bergdall

gave a different and simpler proof ([Ber14]). Our proof for a general totally real field F is a

generalization of Bergdall’s idea.

The structure of the proof of Theorem 1.1 is as follows: We prove the equivalence of (1)

and (2) in Lemma 5.5. This is basically unwinding the definitions. The equivalence of (2)

and (3) is Corollary 3.9, strongly relying on a classicality theorem at critical slope deduced

from Tian–Xiao’s work ([TX16]). The implication from (3) to (4) is Proposition 4.2. The

key is an argument of companion forms, with a slight complication in the case of totally

real fields not equal to Q because of the presence of multiple theta operators. Finally the

implication from (4) to (1) is a corollary of the following theorem, a computation of the

dimension of the tangent space of the fiber of the weight map.

Theorem 1.2 (Theorem 6.1). Assume that p splits completely in F . Let f be a classical

cuspidal Hilbert Hecke eigenform of finite slope. For each prime p of F above p, let λp

denote the Up-eigenvalue of f . Let x be the point on the cuspidal Hilbert eigenvariety E

corresponding to f . Then the tangent space TxEwt(x) of the fiber of wt at x satisfies

dimk̄(x) TxEwt(x) ≥ #{p | the local representation ρx|GalFp
splits and x has critical p-slope},

where k̄(x) is the residue field of the point x.

The essence of the proof of the theorem is a computation in Galois deformation theory. To

set up a Galois deformation problem characterizing overconvergent Hilbert modular forms,

we use the analytic continuation of crystalline periods for overconvergent modular forms.

This is due to [KPX14] and [Liu15] independently, building on the work of Kisin for F = Q
3



([Kis03]). With a computation in Galois cohomology, the condition “ρx|GalFp
splits and x has

critical p-slope” forces the first order deformations of ρx to have constant τp-Hodge–Tate–Sen

weights. As for other primes p′ of F above p for which the condition does not hold, fixing

Hodge–Tate–Sen weight is a codimension one condition. Hence the number of p-adic primes

for which the condition does not hold is basically the codimension of the tangent space of

the fiber inside the whole tangent space of the eigenvariety. This gives the lower bound of

the dimension of the fiber as in the theorem.

We make a digression here to mention a few related works. The analog of Theorem 1.1

in the weight 1 case has been studied by many people. When F = Q, Bellaïche–Dimitrov

proved that a weight 1 Hecke eigenform is ramified over the weight space if and only if it

has real multiplication (RM) ([BD16]). This is generalized by Betina to the case of Hilbert

modular forms of parallel weight 1 ([Bet16]). The analog of Theorem 1.1 in the case of

Eisenstein series of critical slope is also of interest. When F = Q, Bellaïche–Chenevier

established an equivalent condition for an Eisenstein series of critical slope to be ramified

over the weight space, in terms of p-adic zeta values ([BC06]). There is also a forthcoming

work of Adel Betina, Mladen Dimitrov and Sheng-Chi Shih, investigating the local structure

of the Hilbert cuspidal eigenvariety at weight 1 Eisenstein points.

In the presence of a ramification point on the eigenvariety, one can further ask for an

explicit description of the associated generalized Hecke eigenform. Darmon–Lauder–Rotger

gave a formula for the Fourier coefficients of the associated generalized Hecke eigenform in

the weight 1 RM case ([DLR15]). This is also generalized by Betina to Hilbert modular

forms of parallel weight 1 ([Bet16]). In Part 2, we make an attempt to explicitly describe the

Fourier coefficients of the generalized Hecke eigenform associated to a CM form of cohomo-

logical weight and of critical slope. We would like to improve the description of the Fourier

coefficients by periods of certain units as in [DLR15] rather than only by Galois cohomology

classes in the future.
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Future Directions.

• After we know what the ramification locus is, we can ask what the ramification degree

is. It is in general expected that the ramification degree is 2. In the case of elliptic

modular forms of weight 1 with RM, a recent preprint of Hida ([Hid]) proves the

ramification degree is indeed 2.

• Our work characterizes the ramification points in terms of their associated Galois

representations. It is also interesting to look at the ramification locus from the

perspective of p-adic L-functions. Namely we expect the ramification locus to be

the vanishing locus of the p-adic L-function of the adjoint representations. Walter

Kim’s Berkeley dissertation proved this assertion in the case of F = Q ([Kim06]) and

Bellaïche has an ongoing work to rewrite and clarify Kim’s proof ([Bel]). It would be

interesting to generalize the idea to a general totally real field F .

Structure of Part 1. In Section 2 we review the various definitions of Hilbert modular

forms. In Section 3 we define overconvergent Hilbert modular forms geometrically and recall

the classicality theorem proven by Tian–Xiao. We also prove the equivalence of (2) and (3) of

Theorem 1.1 in Corollary 3.9. In Section 4 we begin the perspective of Galois representations

and prove that (3) implies (4) in Proposition 4.2. In Section 5 we review the construction of

Hilbert cuspidal eigenvariety and deduce the equivalence of (1) and (2) in Lemma 5.5. The

last Section 6 focuses on Galois deformation theory and we prove Theorem 1.2 (Theorem 6.1).

Notations. Fix a totally real field F of degree d over Q. Let Σ∞ denote the set of

archimedean places of F ; in particular #Σ∞ = d. Fix a rational prime p which splits

completely in F . Let Σp be the set of primes of F above p, so #Σp = d. Fix an isomorphism

ιp : C
∼−→ Qp. For each p ∈ Σp, denote by τp ∈ Σ∞ the archimedean place of F such that

ιp ◦ τp : F → Qp induces p.

5



2. Hilbert modular forms

Let G be the algebraic group ResOF /Z GL2 over Z, and denote by Z the center of G.

2.1. Weights. Let T be the diagonal subgroup, a maximal torus, ofG. Regarding ResOF /Z Gm

as the diagonal subgroup of the derived group Gder = ResOF /Z SL2 of G, we have a map

p1 : ResOF /Z Gm → T given by t 7→ diag(t, t−1). On the other hand, regarding ResOF /Z Gm as

the center Z of G, we have another map p2 : ResOF /Z Gm → T given by t 7→ diag(t, t). Then

the map p1 × p2 : ResOF /Z Gm ×ResOF /Z Gm → T is surjective, and its kernel is ResOF /Z µ2,

diagonally embedded into ResOF /Z Gm × ResOF /Z Gm. Hence the character group of T is

the subgroup of ZΣ∞ × ZΣ∞ consisting of those (kτ , wτ )τ such that kτ ≡ wτ (mod 2) for

all τ ∈ Σ∞. We will only consider the subgroup of the character group of T consisting of

those characters which are of finite order when restricted to Z(Z) ∼= O×
F . The condition

means that wτ = w is independent of τ ∈ Σ∞. This is because by the proof of Dirichlet unit

theorem, the image of O×
F → RΣ∞ , a 7→ (log |τ(a)|)τ forms a lattice inside the hyperplane∑

τ∈Σ∞
xτ = 0. We will see in Section 2.2 the reason why we only consider such characters

of T .

By a weight, we mean a tuple (k, w) ∈ ZΣ∞ ×Z such that w ≡ kτ (mod 2) for all τ ∈ Σ∞.

We say that a weight (k, w) is cohomological if w ≥ kτ ≥ 2 for all τ ∈ Σ∞.

2.2. Automorphic perspective. We follow [Bum97, Chap. 3] and [BJ79] for the exposition

in this section. Let K∞ be O2(F ⊗Q R), a maximal compact subgroup of G(R), and K0
∞ =

SO2(F ⊗Q R) be its connected component containing the identity. Let g = gl2(F ⊗Q R) be

the Lie algebra of G(R), U(g) its universal enveloping algebra over C, and Z(g) the center

of U(g).

6



In our case, Z(g) ∼= C[Zτ ,∆τ ]τ∈Σ∞ ([Bum97, Sec. 3.2]), where

Zτ =

1

1


τ

, and

∆τ = −1

4
(H2

τ + 2RτLτ + 2LτRτ ) is the Casimir element, with

Rτ =
1

2

1 i

i −1


τ

, Lτ =
1

2

 1 −i

−i −1


τ

, Hτ = −i

 1

−1


τ

.

An automorphic form for G(A) is a function ϕ : G(Q)\G(A) → C satisfying the following

conditions ([BJ79, Sec. 4]):

(1) ϕ is a smooth function, i.e., smooth in g∞ ∈ G(R) and locally constant in g∞ ∈

G(A∞).

(2) (K-finite) There exists a compact open subgroup K ⊂ G(A∞) such that ϕ(gk) = ϕ(g)

for all k ∈ K.

(3) (K∞-finite) K∞ ·ϕ spans a finite dimensional subspace of C∞(G(Q)\G(A),C), where

for k∞ ∈ K∞, (k∞ · ϕ)(g) := ϕ(gk∞).

(4) (Z(g)-finite) There is an ideal I of Z(g) of finite codimension annihilating ϕ, where

for X ∈ Z(g),

(X · ϕ)(g) := d

dt
ϕ (g · exp(tX))

∣∣∣∣
t=0

.

(5) For each g∞ ∈ G(A∞), the function ϕg∞ : G(R) → C, g∞ 7→ ϕ(g∞g
∞) is slowly

increasing, i.e., there exist a constant C and a positive integer N (depending on g∞)

such that for all g∞ ∈ G(R),

|ϕg∞(g∞)| ≤ C · ∥g∞∥N .

Here the norm ∥g∞∥ is the length of the vector (τ(g∞), det τ(g∞)−1)τ in the Euclidean

space (M2(R)⊕ R)Σ∞ ∼= R5d.

The compact open subgroup K in (2) is called the level of ϕ.

7



We say ϕ is cuspidal if ∫
F\AF

ϕ

1 u

1

 g

 du = 0

for all g ∈ G(A). Here du is an additive Haar measure on F\AF .

We define the notion of weights for automorphic forms for G(A). First note thatK∞ ·(F⊗Q

R)>0 is a maximal torus of G(R), so according to the discussion in Section 2.1, its characters

can be represented by (kτ , wτ )τ ∈ ZΣ∞×ZΣ∞ with kτ ≡ wτ (mod 2). Let h± := P1(C)\P1(R)

be the union of the upper and lower half planes in C. Given (kτ , wτ )τ , define an automorphy

factor j : G(R)× (h±)Σ∞ → C by

j(g∞, z) :=
∏
τ∈Σ∞

det(gτ )
−wτ+kτ−2

2 (cτzτ + dτ )
kτ ,

where we write g∞ = (gτ )τ =

aτ bτ

cτ dτ


τ

∈ G(R) =
∏

τ∈Σ∞
GL2(R). An automorphic form

ϕ for G(A) is said to have weight (kτ , wτ )τ if

(3’) for all k∞ ∈ K∞ · (F ⊗Q R)>0, ϕ(gk∞) = j(k−1
∞ , (i, . . . , i))ϕ(g), and

(4’) ϕ is annihilated by the ideal I of Z(g) generated by ∆τ− kτ
2
(1− kτ

2
) and Zτ−(wτ−2).

Note that (3’) implies (3) and (4’) implies (4) in the definition of automorphic forms.

We show that the weights (kτ , wτ ) are always in the form (k, w), namely, wτ = w is

independent of τ . Let ϕ be an automorphic form for G(A) of weight (kτ , wτ )τ and level K.

We may assume that ϕ has a central character, i.e., there exists χ : Z(Q)\Z(A) → C× such

that for all z ∈ Z(A), ϕ(zg) = χ(z)ϕ(g). This is because K ⊂ Z(A∞) is of finite index in

Z(A∞), and hence ϕ is a finite sum of those automorphic forms of the same weight and level

admitting central characters. Write χ∞ : Z(A∞) → C× for the finite component of χ. Then

for z ∈ Z(Q), say z =

a
a

 with a ∈ F×,

ϕ(g) = ϕ(zg) = j(z−1
∞ , (i, . . . , i))χ∞(z∞)ϕ(g) =

∏
τ∈Σ∞

τ(a)wτ−2χ∞(z∞)ϕ(g).

8



Since any character χ∞ : Z(A∞) → C× has finite order, so does
∏

τ∈Σ∞
τ(a)wτ−2 restricted to

Z(Z) ∼= O×
F . We have seen in Section 2.1 that this condition implies wτ = w is independent

of τ ∈ Σ∞. This is why we defined a weight to be (k, w) instead of (kτ , wτ )τ .

We use automorphic forms for G(A) to define Hilbert modular forms. We have (h±)Σ∞ =

G(R)/K0
∞·(F⊗QR)>0. LetK ⊂ G(A∞) be a compact open subgroup. Given an automorphic

form ϕ for G(A) of weight (k, w) and level K, define

fϕ : (h
±)Σ∞ ×G(A∞) → C

by

fϕ(g∞(i, . . . , i), g∞) = j(g∞, (i, . . . , i))ϕ(g∞g
∞).

Since the stabilizer of (i, . . . , i) is K0
∞(F ⊗Q R)>0, and ϕ satisfies the invariance property

(3’), fϕ is well-defined. In addition, fϕ satisfies the following conditions.

(1) fϕ(z, g∞) is holomorphic in z and locally constant in g∞.

(2) For all k ∈ K, fϕ(z, g∞k) = fϕ(z, g
∞).

(3) For all γ ∈ G(Q),

fϕ(γz, γg
∞) = j(γ, z)fϕ(z, g

∞)

We call fϕ a Hilbert modular form of weight (k, w) and level K. We say fϕ is cuspidal if ϕ

is. Write M(k,w)(K,C) for the space of Hilbert modular forms of weight (k, w) and level K,

and S(k,w)(K,C) for the subspace of cusp forms.

2.3. Geometric perspective. We follow [TX16, Sec. 2] and [Mil90, Chap. III] for the

exposition in this section. LetK ⊂ G(A∞) be a compact open subgroup. Let S := ResC/R Gm

be the Deligne torus. Let

h0 : S(R) ∼= C× → G(R) ∼=
∏
τ∈Σ∞

GL2(R)

9



be the homomorphism

a+ bi 7→

a −b

b a


τ

.

We may let G(R) act on homomorphisms h : S(R) → G(R) by conjugation on the target.

The stabilizer of h0 is K0
∞(F ⊗Q R)>0. Hence the G(R)-conjugacy class of h0 is identified

with the Hermitian symmetric domain G(R)/K0
∞(F ⊗Q R)>0 = (h±)Σ∞ . Let ShK(G) be the

Shimura variety of G with level K; it is a complex algebraic variety with C-points

ShK(G)(C) = G(Q)\(h±)Σ∞ ×G(A∞)/K.

Let µ0 be the Hodge cocharacter associated to h0, i.e., the homomorphism

Gm(C)
z 7→(z,1)−−−−→ S(C)

h0,C−−→ G(C),

where by (z, 1) ∈ S(C) we mean S(C) = S(R)⊗R C ∼= C× ×C× through z ⊗ 1 7→ (z, z̄). The

compact dual of (h±)Σ∞ is the G(C)-conjugacy class of µ0. In our case, it is G(C)/P (C) =

(P1
C)

Σ∞ , where P is the upper triangular subgroup, the standard Borel, of G.

We have the Borel embedding β : (h±)Σ∞ ↪→ P1(C)Σ∞ sending h to its Hodge cocharacter

µh. The compact dual (P1
C)

Σ∞ has a natural GC-action on it. Given a GC-bundle J on

(P1
C)

Σ∞ , β−1(J ) is a G(R)-bundle on (h±)Σ∞ . Let Zs be the largest subtorus of Z which

splits over R but has no subtorus splitting over Q. Since Z ∼= ResOF /Z Gm, we have Zs ∼=

ker[ResOF /Z Gm

NmOF /Z−−−−−→ Gm]. When the GC-action on J is trivial on Zs,C, one may define a

vector bundle VK(J ) on ShK(G),

VK(J ) := G(Q)\β−1(J )×G(A∞)/K

when K is sufficiently small. Such vector bundles VK(J ) on ShK(G) are called automorphic

vector bundles. Moreover, the category of GC-vector bundles on the compact dual is equiv-

alent to the category of finite-dimensional complex representations of PC ([Mil90, Remark

III.2.3(a)]).

10



Let (k, w) be a weight. Let StdP,τ be the standard (1-dimensional) representation of PC,τ

on C2/(C2)PC,τ , and ˇStdP,τ its contragredient. Let detτ be the 1-dimensional representation

of PC,τ given by taking the determinant. It can be computed that the automorphy factor of
ˇStdP,τ is

G(R)× (h±)Σ∞ → C, (g∞, z) 7→ (cτzτ + dτ ) det(gτ )
−1,

where g∞ = (gτ )τ =

aτ bτ

cτ dτ

. Let ω(k,w) be the automorphic vector bundle on ShK(G)

coming from the (1-dimensional) representation

⊗
τ∈Σ∞

(
ˇStd

⊗kτ
P,τ ⊗ det

−w−kτ−2
2

τ

)
of PC. Note that Zs,C is in the kernel of the representation as long as the exponent kτ of
ˇStdP,τ and the exponent mτ of detτ are such that −kτ + 2mτ is independent of τ . Then we

have a geometric interpretation for the space of Hilbert modular forms

M(k,w)(K,C) = H0(ShK(G), ω
(k,w)).

There is a canonical model of ShK(G) over the reflex field Q of G. Assume the level K

is of the form KpKp with Kp ⊂ G(A∞,p) and Kp ⊂ G(Ap), and that Kp is hyperspecial,

i.e. Kp = GL2(OF × Zp). Then one can construct an integral model of ShK(G) over Z(p)

([TX16, Sec. 2.3], [AIP16, Sec. 3.1]). Roughly speaking, one first constructs an integral

model of ShK(G ×ResOF /Z Gm) as a disjoint union of Mc
K , the moduli space of c-polarized

Hilbert-Blumenthal abelian varieties (HBAVs) of level K, where c is a fractional ideal of

OF and runs through a fixed set of representatives for the strict class group Cl+(F ). Then

the integral model of ShK(G) over Z(p) is the disjoint union of the quotient of Mc
K by

det(K) ∩ O×,+
F /(K ∩ O×

F )
2, where c again is a fractional ideal of OF and runs through a

fixed set of representatives for the strict class group Cl+(F ) of F Hence the integral model

of ShK(G) is a course moduli space parametrizing HBAVs with extra data. On the other

11



hand, when

det(K) ∩ O×,+
F = (K ∩ O×

F )
2,(*)

the quotient map is in fact an isomorphism from a geometric component to its image, and

hence ShK(G) is a fine moduli space in this case. Moreover, given a compact open subgroup

K ⊂ G(A∞), by shrinking the prime-to-p level Kp, one can always reach a level K ′ for which

(*) is satisfied ([TX16, Lemma 2.5]). We continue to denote the integral model by ShK(G).

Let K = KpKp with Kp hyperspecial, and assume K satisfies (*). One can construct an

arithmetic toroidal compactification Shtor
K (G) of ShK(G) ([Cha90][Lan13, Chap. 6]). The

arithmetic toroidal compactifications are smooth projective over Z(p). Let D be the toroidal

boundary Shtor
K (G) \ ShK(G). The toroidal boundary is a relative simple normal crossing

Cartier divisor of Shtor
K (G) relative to SpecZ(p). There also exists a polarized semi-abelian

scheme Asa over Shtor
K (G) with an OF -action, extending the universal abelian scheme on

ShK(G). Let ω be the pullback of Ω1
Asa/ ShtorK (G)

via the identity section. This is an (OShtorK (G)⊗Z

OF )-module, locally free of rank 1. There exists a unique (OShtorK (G) ⊗Z OF )-module H1,

locally free of rank 2, extending the relative first de Rham cohomology of the universal

abelian scheme on ShK(G). The Hodge filtration also extends:

0 → ω → H1 → Lie((Asa)∨) → 0.

Let FGal be the Galois closure of F , and R an OFGal,(p)-module. After base change to R,

we can decompose the OF -modules using the archimedean places τ : OF → R of F , and the

τ -component gives

0 → ωτ → H1
τ → Lie((Asa)∨)τ → 0.

Hence after base change to R, one can define an integral model of the automorphic vector

bundles ω(k,w) over Shtor
K (G)R:

ω(k,w) :=
⊗
τ∈Σ∞

(
ωkττ ⊗ (∧2H1

τ )
w−kτ−2

2

)
.

12



Let K = KpKp with Kp hyperspecial, but not necessarily satisfying (*), Define the space

of Hilbert modular forms of weight (k, w) and level K with coefficients in R to be

M(k,w)(K,R) := H0(Shtor
K′ (G)R, ω

(k,w))K/K
′
,

where K ′ ⊂ K is a compact open subgroup satisfying (*). And we define the subspace of

cuspidal Hilbert modular forms to be

S(k,w)(K,R) := H0(Shtor
K′ (G)R, ω

(k,w)(−D))K/K
′
.

By Koecher’s principle, we have M(k,w)(K,R) = H0(ShK(G)R, ω
(k,w)), which coincides with

the previous definition of Hilbert modular forms when R = C.

2.4. Theta operators. As before, we choose T , the diagonal subgroup of G, to be our fixed

maximal torus, and P , the upper triangular subgroup, to be our fixed Borel subgroup of G.

The Weyl group W of G is {±1}Σ∞ . For a subset J ⊂ Σ∞, let sJ ∈ {±1}Σ∞ be the element

whose τ -component is 1 if τ ∈ J and is −1 if τ /∈ J . In particular sΣ∞ is the identity

element. We have the usual dot action of W on the character group of ResOF /Z, the diagonal

subgroup of Gder: w · χ = w(χ+ ρ)− ρ, where ρ is half of the sum of the positive roots. In

our notation, this means that {±1}Σ∞ acts on ZΣ∞ : For J ⊂ Σ∞ and k ∈ ZΣ∞ , sJ · k has

τ -component kτ if τ ∈ J and 2− kτ if τ /∈ J .

Let J be a subset of Σ∞. Let f be a local section of ω(sJ ·k,w) with q-expansion at a cusp

of Shtor
K (G)R being

f =
∑
ξ

aξq
ξ,

where ξ runs through 0 and the set of totally positive elements in a lattice of F . Define a

differential operator of order kτ − 1

Θτ,kτ−1(f) =
(−1)kτ−2

(kτ − 2)!

∑
ξ

τ(ξ)kτ−1aξq
ξ.

13



3. Classicality theorems

3.1. Overconvergent Hilbert modular forms. Let L be a subfield of C containing FGal.

The fixed embedding ιp : C
∼−→ Qp induces a p-adic place P of L. Let k0 be the residue field

of LP .

As in Section 2.3, let ShK(G) over Z(p) be the integral model of the Shimura variety of

G of level K, where K = KpKp with Kp hyperspecial and K satisfying (*). To simplify

notation, let XK and Xtor
K be ShK(G) and Shtor

K (G) base changed from Z(p) to the ring of

Witt vectors W (k0), respectively. Let XK and Xtor

K over k0 be their special fibers. Let Xtor
K

be the formal completion of Xtor
K along Xtor

K . Let X tor
K be the rigid generic fiber of Xtor

K base

changed from W (k0)[1/p] to LP .

For a locally closed subset U ⊂ X
tor

K , denote by ]U [ the inverse image of U under the

specialization map X tor
K → X

tor

K . LetXtor,ord

K ⊂ X
tor

K be the ordinary locus. Let j : ]Xtor,ord

K [↪→

X tor
K be the natural inclusion of rigid analytic spaces. For a coherent sheaf F on X tor

K , define

j†F to be the sheaf on X tor
K such that, for all admissible open subset U ⊂ X tor

K we have

Γ(U, j†F) := lim−→
V

Γ(V ∩ U,F),

where V runs through a fundamental system of strict neighborhoods of ]Xtor,ord

K [ in X tor
K .

Let (k, w) be a weight. Assume K does not necessarily satisfy (*), but choose K ′ ⊂ K

which does. Define the space of overconvergent Hilbert modular forms of weight (k, w) and

level K with coefficients in LP to be

M †
(k,w)(K,LP) := H0(X tor

K′ , j†ω(k,w))K/K
′
,

and the subspace of overconvergent cuspidal Hilbert modular forms to be

S†
(k,w)(K,LP) := H0(X tor

K′ , j†ω(k,w)(−D))K/K
′
.

14



Note that the theta operator Θτ,kτ−1 defined in Section 2.4 induces a map

Θτ,kτ−1 : M
†
(sΣ∞\{τ}·k,w)

(K,LP) → S†
(k,w)(K,LP).

We write Θk for the sum of these maps over τ ∈ Σ∞

Θk :
⊕
τ∈Σ∞

M †
(sΣ∞\{τ}·k,w)

(K,LP)

∑
τ∈Σ∞ Θτ,kτ−1−−−−−−−−−→ S†

(k,w)(K,LP).

We recall the theory of canonical subgroups for Hilbert modular varieties ([GK12], [TX16,

Sec. 3.11]), so that we may define classical overconvergent Hilbert modular forms, as well

as the partial Frobenius Frp and Up-operator later in Section 3.4. Let K = KpKp with

Kp hyperspecial. Over the special fiber XK , the Verschiebung (Asa
k0
)(p) → Asa

k0
induces an

OF -linear map on the OXK
-modules of invariant differential 1-forms ω → ω(p), and hence a

map

hτ : ωτ → ωpσ−1◦τ

for each τ ∈ Σ∞. Here σ is the Frobenius on k0 and σ acts on Σ∞ by using the fixed

embedding ιp : C
∼−→ Qp to identify Σ∞ with the set of p-adic embeddings Hom(F,Qp), and

with Hom(OF , k0) since p is unramified in F . In other word, we have hτ ∈ H0(XK , ω
p
σ−1◦τ ⊗

ω−1
τ ), called the partial Hasse invariant. Let x ∈ X tor

K . For each τ ∈ Σ∞, let h̃τ be a Zariski

local lift of the partial Hasse invariant of hτ at x. Goren–Kassaei defined a tuple of numbers

ν(x) = (ντ (x))τ∈Σ∞ ∈ QΣ∞ by ([GK12, Sec. 4.2])

ντ (x) = min{1, valp h̃τ (x)}.

For any r ∈ QΣp , there is a strict neighborhood

]X
tor,ord

[r := {x ∈ X
tor | pνσ−1◦τp(x) + ντp(x) < rp, ∀p ∈ Σp}

of ]Xtor,ord
[. For r ∈ QΣp such that rp < p for all p ∈ Σp, Goren–Kassaei proved that over

]X
tor,ord

[r there exists an OF -invariant finite flat subgroup scheme Cp ⊂ Asa[p] étale locally
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isomorphic to OF/p, called the universal p-canonical subgroup ([GK12, Theorem A.1.3]),

extending the multiplicative part of Asa[p].

Denote the Iwahori subgroup of GL2(OF ⊗Z Zp) by Iwp. Thus Iwp =
∏

p∈Σp
Iwp, where

Iwp =


a b

c d

 ∈ GL2(OFp) | c ≡ 0 mod p

 .

Lemma 3.1. There are canonical injections

ι : M(k,w)(K
pIwp, LP) ↪→M †

(k,w)(K,LP)

ιcusp : S(k,w)(K
pIwp, LP) ↪→ S†

(k,w)(K,LP)

Proof. For r ∈ QΣp such that rp < p for all p ∈ Σp, the existence of canonical subgroups over

]X
tor,ord

K [r says that we have a section

]X
tor,ord

K [r ↪→ X tor
KpIwp

of the natural projection X tor
KpIwp

→ X tor
K . Hence pullback gives

H0(X tor
KpIwp

, ω(k,w)) → H0(]X
tor,ord

K [r, ω
(k,w)).

This is an injection because the zero set of any section of ω(k,w) must have positive codi-

mension. The left hand side is exactly M(k,w)(K
pIwp, LP) by rigid GAGA. The right hand

side admits a map into lim−→V
H0(V, ω(k,w)) = H0(X tor

K , j†ω(k,w)). Hence we obtain the desired

injection

ι : M(k,w)(K
pIwp, LP) ↪→M †

(k,w)(K,LP).

The same proof works for the cuspidal case. □

Definition 3.2. An overconvergent cuspidal Hilbert modular form f ∈ S†
(k,w)(K,LP) is

called classical if it lies in the image of ιcusp.
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3.2. Rigid Cohomology. Let (k, w) be a cohomological weight. Let StdG,τ : GC ∼= (GL2,C)
Σ∞ →

GL2,C be the standard representation of G of projection onto the τ -factor, and ˇStdG,τ its

contragredient. Write F (k,w) for the automorphic vector bundle on XK,C coming from the

representation ⊗
τ∈Σ∞

(
Symkτ−2( ˇStdG,τ )⊗ det

−w−kτ
2

τ

)
of GC (and in particular of PC), which is trivial on Zs,C. The fact that F (k,w) comes from a

representation of GC and not just PC gives an integrable connection

∇ : F (k,w) → F (k,w) ⊗ Ω1
XK,C

.

on F (k,w) ([Mil90, Remark III.2.3(b)]).

Let R be an OFGal,(p)-algebra. Then we can define an integral model of (F (k,w),∇) on

Xtor
K,R

F (k,w) :=
⊗
τ∈Σ∞

(
Symkτ−2 H1

τ ⊗ (∧2H1
τ )

w−kτ
2

)
.

Note that

∇ : F (k,w) → F (k,w) ⊗ Ω1
Xtor

K,R
(logD).

has log poles along D.

Denote by DR•(F (k,w)) the de Rham complex

F (k,w) ∇−→ F (k,w) ⊗ Ω1
Xtor

K,R
(logD)

∇−→ · · · ∇−→ F (k,w) ⊗ Ωd
Xtor

K,R
(logD).

and by DR•
c(F

(k,w)) the complex DR•(F (k,w)) tensored with OShtorK (G)R(−D).

Define

RΓrig(X
tor,ord

K ,F (k,w)) := RΓ(X tor
K , j†DR•(F (k,w))),

and the compactly-supported version

RΓrig,c(X
tor,ord

K ,F (k,w)) := RΓ(X tor
K , j†DR•

c(F
(k,w)))
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as objects in the derived category of L-vector spaces. The their cohomology groups are

H⋆
rig(X

tor,ord

K ,F (k,w)) := H⋆(X tor
K , j†DR•(F (k,w)))

and

H⋆
rig,c(X

tor,ord

K ,F (k,w)) := H⋆(X tor
K , j†DR•

c(F
(k,w)))

where H• denotes the hypercohomologies of the (compactly-supported) overconvergent de

Rham complex.

3.3. Classicality. We recall the classicality results of Tian and Xiao ([TX16]). Let

H(Kp, LP) = LP [Kp\G(A∞,p)/Kp]

be the abstract prime-to-pHecke algebra of levelKp. OnM †
(k,w)(K,LP) andH∗

rig(X
tor,ord

K ,F (k,w)),

one may define the action of H(Kp, LP), Sp, the partial Frobenius Frp and the Up-operator

([TX16, 3.7–3.20]).

One important ingredient of the classicality theorem is the following.

Theorem 3.3 ([TX16, Theorem 3.5]). There are isomorphisms of LP-vector spaces

M †
(k,w)(K,LP)/Θk

(⊕
τ∈Σ∞

M †
(sΣ∞\{τ}·k,w)

(K,LP)

)
∼= Hd

rig(X
tor,ord

K ,F (k,w))⊗L LP ,

and

S†
(k,w)(K,LP)/Θk

(⊕
τ∈Σ∞

S†
(sΣ∞\{τ}·k,w)

(K,LP)

)
∼= Hd

rig,c(X
tor,ord

K ,F (k,w))⊗L LP

equivariant under the actions of H(Kp, LP), Sp, Frp and Up.

Let N be an integral ideal of OF prime to p. Put

K1(N) =


a b

c d

 ∈ GL2(ÔF ) | a ≡ 1, c ≡ 0 mod N

 ,

and K1(N)p its prime-to-p part.
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Theorem 3.4 ([TX16, Theorem 6.9]). Let f ∈ S†
(k,w)(K1(N), LP) be an overconvergent

cuspidal Hilbert Hecke eigenform. For each prime p ∈ Σp, let λp be the Up-eigenvalue of f .

If

valp(λp) <
w + kτp − 2

2

for each p, then f lies in S(k,w)(K1(N)pIwp, LP).

3.4. Definition of Frp, Up and Sp. We will need to compute with Frp, Up and Sp, so we

recall how their actions are defined on the rigid cohomology ([TX16, 3.12-3.18]). Recall

that given r ∈ QΣp with rp < p for all p ∈ Σp, we have the universal p-canonical subgroup

Cp ⊂ Asa[p] over the strict neighborhood ]X
tor,ord

K [p of ]X
tor,ord

K [ (Section 3.1).

Let ]X
tor,ord

K [p−can
r be the rigid analytic space ]X

tor,ord

K [r, but regarded as classifying Asa

along with its p-canonical subgroup Cp. Let rp ∈ QΣp be such that rpq = rq for q ̸= p ∈ Σp

and rpp = p · rp. If rpq < p for all q ∈ Σp, then we have

]X
tor,ord

K [p−can
r

]X
tor,ord

K [r ]X
tor,ord

K [rp

p1 p2

Here p1 is given by (Asa, Cp) 7→ Asa and p2 is given by (Asa, Cp) 7→ Asa/Cp ([GK12, Theorem

5.4.4(1), Appendix]). Note that p1 is an isomorphism. We have an isogeny

πp : Asa ∼= p∗1Asa → p∗1Asa/Cp = p∗2Asa.

Let ]Xtor,ord

K [p−nc
rp be the rigid analytic space over ]Xtor,ord

K [rp classifying OF -invariant finite

flat subgroup schemes D ⊂ Asa[p] étale locally isomorphic to OF/p and which are not the

p-canonical subgroup Cp. Then we have

]X
tor,ord

K [p−nc
rp

]X
tor,ord

K [rp ]X
tor,ord

K [r

q1 q2
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Here q1 is given by (Asa,D) 7→ Asa and q2 is given by (Asa,D) 7→ Asa/D ([GK12, Theorem

5.4.4(4), Appendix]). Note that q2 is an isomorphism. We have an isogeny

π̌p : q
∗
1Asa → q∗1Asa/D = q∗2Asa.

Let ϖp be an uniformizer of p. Let [ϖp] be the isogeny of Asa given by multiplication by

ϖp. The isogeny induces an automorphism

r : ]X
tor,ord

K [r→]X
tor,ord

K [r.

We also let r̃ be the automorphism induced by [ϖp] on ]X
tor,ord

K [p-ncrp . Hence we have

[ϖp] : Asa → r∗Asa.

Since the canonical subgroup of q∗2Asa is q∗1Asa[p]/D, we have q∗2πp ◦ π̌p = [ϖp] as well as

p2 ◦ p−1
1 ◦ q2 = q1 ◦ r̃.

The isogeny πp induces a map on the relative first de Rham cohomologies

π∗
p : p

∗
2H1 → p∗1H1 ∼= H1

and hence on the automorphic vector bundles

π∗
p : p

∗
2F

(k,w) → F (k,w)

and on the de Rham complexes

π∗
p : DR

•(p∗2F
(k,w)) → DR•(F (k,w)).

We then define the partial Frobenius Frp as p1∗ ◦ π∗
p ◦ p∗2, or more precisely

RΓ(]X
tor,ord
K [rp ,DR•(F (k,w))) RΓ(]X

tor,ord
K [r,DR•(F (k,w)))

RΓ(]X
tor,ord
K [p−can

r ,DR•(p∗2F
(k,w))) RΓ(]X

tor,ord
K [p−can

r ,DR•(p∗1F
(k,w))) RΓ(]X

tor,ord
K [r,DR•(p1∗p

∗
1F

(k,w))),

p∗2

Frp

π∗
p

p1∗
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where p∗2 comes from the adjunction map DR•(F (k,w)) → DR•(p2∗p
∗
2F

(k,w)), and p∗1 is the

trace map DR•(p1∗p
∗
1F

(k,w)) → DR•(F (k,w)) of the finite flat p1 (in fact p1 is an isomor-

phism). Taking lim−→ over r and taking cohomology, we then get Frp on the rigid cohomology

Frp : H
⋆
rig(X

tor,ord

K ,F (k,w)) → H⋆
rig(X

tor,ord

K ,F (k,w)).

Similarly, we define the Up-operator as q1∗ ◦ π̌∗
p ◦q∗2 on H⋆

rig(X
tor,ord

K ,F (k,w)). We also define

the Sp-operator as [ϖp]
∗ ◦ r∗ on H⋆

rig(X
tor,ord

K ,F (k,w)).

3.5. The adjoint of Up. Let Hd
rig,!(X

tor,ord

K1(N) ,F
(k,w)) be the interior cohomology, i.e.,

Hd
rig,!(X

tor,ord

K1(N) ,F
(k,w)) := im

[
Hd

rig,c(X
tor,ord

K1(N) ,F
(k,w)) → Hd

rig(X
tor,ord

K1(N) ,F
(k,w))

]
.

The Poincaré duality

Hd
rig(X

tor,ord

K1(N) ,F
(k,w))×Hd

rig,c(X
tor,ord

K1(N) , F̌
(k,w)) → H2d

rig,c(X
tor,ord

K1(N) , L)
∼= L,

induces a perfect pairing on the interior cohomologies. One can twist the second factor by

the Atkin–Lehner operator wN to make the pairing equivariant for Hecke operators Tl and

Sl where l is a prime of F not dividing pN, as well as Sp ([Dim13, Sec. 3.9]). More precisely,

let ∗ be the involution g 7→ det(g)−1g on G = ResOF /Z GL2, which induces an isomorphism

∗ : Hd
rig,!(X

tor,ord

K1(N)∗ ,F
(k,w))

∼−→ Hd
rig,!(X

tor,ord

K1(N) , F̌
(k,w)).

Let wN ∈ G(Z) = GL2(OF ) be a matrix in

 −1

N

. Then wNK1(N)∗w−1
N = K1(N), and

thus

wN : X
tor,ord

K1(N)∗ → X
tor,ord

w−1
N K1(N)∗wN

= X
tor,ord

K1(N) .

This induces an isomorphism on cohomologies

wN : H
d
rig,!(X

tor,ord

K1(N) ,F
(k,w))

∼−→ Hd
rig,!(X

tor,ord

K1(N)∗ ,F
(k,w)).
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Applying the isomorphism (∗ ◦ wN)
−1 on the second factor, the coefficient sheaf F̌ (k,w) is

dualized back to F (k,w) and the Poincaré pairing becomes Hecke equivariant. We denote the

modified Poincaré pairing by

( , ) : Hd
rig,!(X

tor,ord

K1(N) ,F
(k,w))×Hd

rig,!(X
tor,ord

K1(N) ,F
(k,w)) → L.

We want to compute the adjoint operator of Up with respect to the modified Poincaré pairing.

Lemma 3.5. The adjoint operator of Up with respect to ( , ) is Frp.

Proof. The Up-operator on Hd
rig,!(X

tor,ord

K1(N) ,F
(k,w)) is defined through the Up-correspondence

using

q∗2 : F (k,w) → q2∗q
∗
2F

(k,w)

π̌∗
p : q

∗
2F

(k,w) → q∗1F
(k,w)

q1∗ : q1∗q
∗
1F

(k,w) → F (k,w).

Hence on Hd
rig,!(X

tor,ord

K1(N) , F̌
(k,w)), the adjoint operator of Up with respect to the (non-twisted)

Poincaré pairing is defined through the transpose correspondence, i.e. using

q∗1 : F̌ (k,w) → q1∗q
∗
1F̌

(k,w)

(π̌∗
p)

∨ : q∗1F̌
(k,w) → q∗2F̌

(k,w)

q2∗ : q2∗q
∗
2F̌

(k,w) → F̌ (k,w).

We can write (π̌∗
p)

∨ in another way: We have seen that p2 ◦ p−1
1 ◦ q2 = q1 ◦ r̃. Also note

that F̌ (k,w) = F (k,−w+4). Hence we have the map

q∗1F
(k,−w+4) r̃∗−→

∼
r̃∗ ◦ q∗1F (k,−w+4) = q∗2 ◦ p−1

1
∗ ◦ p∗2F (k,−w+4) π∗

p−→ q∗2F
(k,−w+4).

Then in fact (π̌∗
p)

∨ = NmF/Q(p)
−(w−2)S−1

p π∗
p . This is because π̌∗

p ◦ (π̌∗
p)

∨ is multiplication by

NmF/Q(p)
(−w+4)−2 and π̌∗

p ◦ π∗
p = [ϖp]

∗ ◦ r̃∗ is the Sp-operator.
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Hence we conclude that the adjoint operator of Up with respect to the (non-twisted)

Poincaré pairing is

(NmF/Q(p)
−(w−2)S−1

p ) · q2∗ ◦ π∗
p ◦ r̃∗ ◦ q∗1 = (NmF/Q(p)

−(w−2)S−1
p ) · q2∗ ◦ π∗

p ◦ q∗2 ◦ p−1
1

∗ ◦ p∗2

= (NmF/Q(p)
−(w−2)S−1

p ) · q2∗ ◦ q∗2 ◦ p−1
1

∗ ◦ π∗
p ◦ p∗2

= (NmF/Q(p)
−(w−2)S−1

p ) · q2∗ ◦ q∗2 ◦ p1∗ ◦ π∗
p ◦ p∗2

= (NmF/Q(p)
−(w−2)S−1

p ) · p1∗ ◦ π∗
p ◦ p∗2

= (NmF/Q(p)
−(w−2)S−1

p ) · Frp

Here the second equality is because the morphism π∗
p induced by isogeny commutes with

base change, and the fourth equality is because q2 is an isomorphism and hence q2∗ ◦ q∗2 = id.

Now we consider the modified Poincaré pairing. As in [Dim13, Sec. 3.9], S−1
p is transformed

into Sp under conjugation by wN ◦ ∗. Fix an N = NmF/Q(N)-th root of unity ζN . The

K1(N)-level parametrizes an N-torsion point P of a polarized HBAV A, and the Atkin-

Lehner operator wN maps (A,P ) to (A/(P ), Q), where Q ∈ A[N] paired with P is mapped

to ζN under the Weil pairing. We then have FrpwN = S−1
p NmF/Q(p)

w−2wN Frp ([MW84,

Intro. 8.II]). This follows from compatibility of the Weil pairing with isogenies and the fact

that S−1
p NmF/Q(p)

w−2 is the diamond operator at p, which maps (A,P ) to (A,ϖp · P ). We

conclude that the adjoint operator of Up with respect to the modified Poincaré pairing is

(∗ ◦ wN)
−1 ◦

[
(NmF/Q(p)

−(w−2)S−1
p ) · Frp

]
◦ (∗ ◦ wN) = NmF/Q(p)

−(w−2)Sp · S−1
p NmF/Q(p)

w−2 Frp

= Frp .

□

3.6. Classicality in critical slope. We deduce from Section 3.3 some classicality results

in the case valp(λp) =
w+kτp−2

2
.
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Definition 3.6. LetM be an LP-vector space on which Up acts for all p ∈ Σp, and α ∈ QΣp .

We write Mα for the slope α part of M . Namely, Mα is the sub-LP-vector space of M

consisting of m ∈M such that for all p ∈ Σp, there exists a polynomial Pp(T ) ∈ LP [T ] such

that its roots in Cp all have p-adic valuation αp and Pp(Up) annihilates M .

The main result of this subsection is the following proposition.

Proposition 3.7. Let α ∈ QΣp such that αp ≤ w+kτp−2

2
for all p ∈ Σp. Then there is a

Hecke equivariant isomorphism

S(k,w)(K1(N)pIwp, LP)α ∼=
(
Hd

rig,!(X
tor,ord

K1(N) ,F
(k,w))⊗L LP

)
α
.

Proof. If for all p ∈ Σp, αp <
w+kτp−2

2
, then such an isomorphism is given by

S(k,w)(K1(N)pIwp, LP)α
ιcusp

↪→ S†
(k,w)(K1(N), LP)α

=

(
S†
(k,w)(K1(N), LP)/Θk

(⊕
τ∈Σ∞

M †
(sΣ∞\{τ}·k,w)

(K1(N), LP)

))
α

∼=
(
Hd

rig,!(X
tor,ord

K1(N) ,F
(k,w))⊗L LP

)
α
.

Here ιcusp (see Lemma 3.1 for definition) induces an isomorphism on the slope α part by

Theorem 3.4. The second equality is because if τ = τp, then the image of Θτ,kτ−1 must have

Up-slope at least w+kτp−2

2
([TX16, Corollary 3.24]). The last isomorphism comes from com-

bining the two isomorphisms in Theorem 3.3 for usual and compactly supported cohomology

groups.

Now let Σ ⊂ Σp be a subset of primes p of F above p. Let α be such that αp =
w+kτp−2

2

for p ∈ Σ and αp <
w+kτp−2

2
for p /∈ Σ.

Define a map w : S(k,w)(K1(N)pIwp, LP) → S(k,w)(K1(N)pIwp, LP) by

w =
∏
p∈Σ

(
(p− 1)Up +

(
1− U2

p ·
(
NmF/Q(p)Sp

)−1
)
wp

)
,
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where wp is the Atkin-Lehner operator at p. The map w satisfies

w ◦ Sl = Sl ◦ w

w ◦ Tl = Tl ◦ w

where l is a prime of F not dividing Np. Note that w is defined so that it satisfies

w ◦ Up =


Frp ◦w if p ∈ Σ,

Up ◦ w if p /∈ Σ.
(1)

Since Up Frp = NmF/Q(p)Sp ([TX16, Lemma 3.20]), w restricts to an isomorphism

S(k,w)(K1(N)pIwp, LP)α
∼−→ S(k,w)(K1(N)pIwp, LP)α′ ,

where α′ is such that α′
p = w − 1 − αp for p ∈ Σ and α′

p = αp for p /∈ Σ. In particular,

α′
p <

w−kτp−2

2
for all p ∈ Σp.

We define a pairing between
(
Hd

rig,!(X
tor,ord

K1(N) ,F
(k,w))⊗L LP

)
α
and S(k,w)(K1(N)pIwp, LP)α

by

[x, y] := (x, φ ◦ w(y)) ,

where φ : S(k,w)(K1(N)pIwp, LP)α′
∼−→
(
Hd

rig,!(X
tor,ord

K1(N) ,F
(k,w))⊗L LP

)
α′

is the isomorphism

proven in the first paragraph. Then the Hecke operators Tl and Sl are self-adjoint with

respect to [ , ] because they are self-adjoint with respect to ( , ), and they commute with w.

Moreover, Up is also self-adjoint with respect to [ , ] since its adjoint operator with respect to

( , ) is Frp (Lemma 3.5), and it commutes with w in a twisted way as in Equation (1) above.

The pairing [ , ] is perfect because ( , ) is perfect and φ and r are both isomorphisms.

From the pairing [ , ], we obtain a Tl, Sl, Up-equivariant isomorphism between S(k,w)(K1(N)pIwp, LP)α

and
(
Hd

rig,!(X
tor,ord

K1(N) ,F
(k,w))⊗L LP

)
α
. In fact, one picks a Hecke eigenbasis f1, . . . , fm for

S(k,w)(K1(N)pIwp, LP). Then define a morphism

S(k,w)(K1(N)pIwp, LP)α →
(
Hd

rig,!(X
tor,ord

K1(N) ,F
(k,w))⊗L LP

)
α

25



by mapping fi to xi such that [xi, fj] = δij. This is an isomorphism because [ , ] is a perfect

pairing. Moreover, the fact that Tl, Sl, and Up are self-adjoint with respect to [ , ] implies

that the morphism is Hecke equivariant. □

Remark 3.8. Proposition 3.7 is a generalization of [Col96, Lemma 7.3].

We now have the equivalence of (2) and (3) in Theorem 1.1.

Corollary 3.9. Let f ∈ S(k,w)(K1(N)pIwp, LP) be a Hecke eigenform of finite slope such that

its Up-slope is not w−1
2

for any p ∈ Σp. Then f ∈ Θk

(⊕
τ∈Σ∞

M †
(sΣ∞\{τ}·k,w)

(K1(N), LP)
)
if

and only if there exists a generalized Hecke eigenform f ′ ∈ S†
(k,w)(K1(N), LP) with the same

Hecke eigenvalues as f , but which is not a scalar multiple of f .

Proof. Suppose that f ∈ Θk

(⊕
τ∈Σ∞

M †
(sΣ∞\{τ}·k,w)

(K1(N), LP)
)
. Since f is classical, it fol-

lows from Proposition 3.7 that the Hecke eigenvalues of f appear in Hd
rig,!(X

tor,ord
,F (k,w))⊗L

LP , which by Theorem 3.3 is isomorphic to

S†
(k,w)(K1(N), LP)/Θk

(⊕
τ∈Σ∞

M †
(sΣ∞\{τ}·k,w)

(K1(N), LP)

)
.

Hence the generalized Hecke eigenspace of S†
(k,w)(K1(N), LP) containing f cannot be en-

tirely contained in the image of Θk. That is, there exists f ′ ∈ S†
(k,w)(K1(N), LP) not in

Θk

(⊕
τ∈Σ∞

M †
(sΣ∞\{τ}·k,w)

(K1(N), LP)
)
having the same Hecke eigenvalues as f . In partic-

ular, f ′ is not a scalar multiple of f .

Conversely, suppose that there exists a generalized Hecke eigenform f ′ ∈ S†
(k,w)(K1(N), LP)

with the same Hecke eigenvalues as f , but is not a scalar multiple of f . On S(k,w)(K1(N)pIwp, LP)α,

given the prime-to-p Hecke eigenvalues along with the Up-eigenvalue with p-slope not equal

to w−1
2

for any p ∈ Σp, results of multiplicity one says that there is only one generalized

Hecke eigenform up to scalar multiple. Hence by Proposition 3.7, the same is true on(
Hd

rig,!(X
tor,ord

K1(N) ,F
(k,w))⊗L LP

)
α
. Then by Theorem 3.3, f and f ′ span a 1-dimensional sub-

space after quotient by the image of Θk. Hence f lies inside this image of Θk (while f ′ does

not.) □
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4. Galois representations

Let us first recall how to how to associate a Galois representation to an overconvergent

cuspidal Hilbert Hecke eigenform.

Theorem 4.1. Let f ∈ S†
(k,w)(K1(N), LP) be an overconvergent cuspidal Hilbert Hecke eigen-

form. For l a prime of F not dividing Np, let λl (resp. µl) be the Tl (resp. Sl)-eigenvalue of f ;

for p ∈ Σp, let λp be the Up-eigenvalue of f . Then there exists a p-adic Galois representation

ρf : GalF → GL2(Qp)

satisfying the following.

(1) For every finite place l ∤ pN of F , ρf is unramified at l and

det(T − ρf (Frob
−1
l )) = T 2 − λlT +NmF/Q(l)µl,

where Frobl is the arithmetic Frobenius at l.

(2) For every p ∈ Σp, ρf |GalFp
has Hodge–Tate–Sen weights w−kτp

2
, w+kτp−2

2
.

(3) Dcris(ρf |GalFp
)φ=λp is non-zero and lies in Fil

w−kτp
2 Dcris(ρf |GalFp

).

Proof. This is a theorem due to the work of many people. When f is classical, the construc-

tion of ρf and the verification of (1) was due to Carayol when d is odd and under an additional

assumption when d is even ([Car86]). The method is to use Jacquet–Langlands correspon-

dence to find the desired Galois representation in the cohomology of Shimura curves. On

the other hand, Wiles used p-adic variation of ordinary modular forms and the theory of

pseudo-representations to deal with ordinary f ([Wil88]). Inspired by Wiles’s method, Taylor

completed the case when d is even using congruences ([Tay89]). Blasius–Rogawski provided

a different method which deals with odd and even d at the same time ([BR89]). For (2),

it is due to Saito’s work on local-global compatibility at p when ρf comes from Carayol’s

construction ([Sai09]), and due to Skinner for the remaining cases ([Ski09]).
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In general when f is overconvergent, one uses the theory of pseudo-representations to

construct Galois representations.

For (3), the existence of crystalline period is due to Kedlaya–Pottharst–Xiao ([KPX14])

and Liu ([Liu15]) independently, generalizing the work of Kisin for F = Q ([Kis03]). □

Proposition 4.2. Let f ∈ S(k,w)(K1(N)Iwp, LP) be a classical cuspidal Hilbert Hecke eigen-

form of finite slope. For l a prime of F not dividing Np, let λl be the Tl-eigenvalue of f ;

for p ∈ Σp, let λp be the Up-eigenvalue of f . If f ∈ Θk

(⊕
τ∈Σ∞

M †
(sΣ∞\{τ}·k,w)

(K1(N), LP)
)
,

then for some p ∈ Σp, ρf |GalFp
splits and valp(λp) =

w+kτp−2

2
.

Proof. We first show that there exists p ∈ Σp and g ∈ M †
(sΣ∞\{τp}·k,w)

(K1(N), LP) such

that f = Θτp,kτp−1(g). This would in particular implies valp(λp) =
w+kτp−2

2
. In fact, since

f is classical, for each p ∈ Σp its p-slope αp := valp(λp) satisfies w−kτp
2

≤ αp ≤ w+kτp−2

2
.

Note that Θτ,kτ−1 is Hecke equivariant, and hence the p-slope of g is also αp. However, the

p-slope of M †
(sΣ∞\{τp}·k,w)

(K1(N), LP) must be at least w+kτp−2

2
([TX16, Corollary 3.24] or

Theorem 4.1(3)). Hence αp =
w+kτp−2

2
.

By assumption,

f ∈ Θk

⊕
p∈Σp

M †
(sΣ∞\{τp}·k,w)

(K1(N), LP)α

 ,

Since each M †
(sΣ∞\{τp}·k,w)

(K1(N), LP)α is finite dimensional, we choose a basis gp,i, i =

1, . . . , rp of it consisting of generalized Hecke eigenforms. Write f =
∑

p∈Σp

∑rp
i=1 ap,iΘτp,kτp−1(gp,i).

Since Θτ,kτ−1 is Hecke equivariant, we know that Θτp,kτp−1(gp,i) is still a generalized Hecke

eigenform. Since f is Hecke eigen, all the Θτp,kτp−1(gp,i)’s with ap,i ̸= 0 must have the same

Hecke eigenvalues as f and are Hecke eigenforms. Results of multiplicity one implies that

they are scalar multiples of each other, and in particular scalar multiples of f . Choosing g to

be a suitable scalar multiple of a gp,i with ap,i ̸= 0, our claim that f = Θτp,kτp−1(g) is proved.

Once we know f = Θτp,kτp−1(g), a similar argument to [Kis03, Theorem 6.6 (2)] shows

that ρf |GalFp
must be split. □
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5. Eigenvariety

We recall the cuspidal Hilbert eigenvariety constructed by Andreatta–Iovita–Pilloni ([AIP16]).

Recall that G is the algebraic group ResOF /Z GL2. We first define the weight space W for

G. We saw in Section 2.1 that the weights for G are tuples (k, w) ∈ ZΣ∞×Z such that kτ ≡ w

(mod 2). The subgroup of these tuples in ZΣ∞×Z is isomorphic to ZΣ∞×Z via ((kτ )τ , w) 7→

((ντ )τ , w) := ((w−kτ
2

)τ , w). Since ZΣ∞ × Z is the character group of ResOF /Z Gm × Gm, we

define the weight space of G to be

W := Spf(Zp[[(ResOF /Z Gm ×Gm)(Zp)]])rig.

Let U = SpAU be an affinoid with a morphism of ringed spaces κU : U → W . Andreatta–

Iovita–Pilloni constructed a Fréchet AU -moduleM †(K1(N), κU) (resp. S†(K1(N), κU)), called

the module of p-adic families of overconvergent (resp. cuspidal) Hilbert modular forms with

weights parametrized by U ([AIP16, Definition 4.2]). In particular, for U = SpCp and

[κ : U → W ] ∈ W(Cp), this construction gives a Cp-vector space M †(K1(N), κ) (resp.

S†(K1(N), κ)), called the space of overconvergent (resp. cuspidal) Hilbert modular forms

of weight κ and level K1(N) with coefficients in Cp.

Lemma 5.1. Let κ ∈ W(Cp). Assume that κ is a classical weight in the sense that it

corresponds to ((w−kτ
2

)τ , w) ∈ ZΣ∞ × Z. Then

M †(K1(N), κ) =M †
(k,w)(K1(N),Cp) and

S†(K1(N), κ) = S†
(k,w)(K1(N),Cp),

where the right hand sides were defined in Section 3.1.

Hence to align with previous notations, we also use the notation M †
κ(K1(N),Cp) (resp.

S†
κ(K1(N),Cp) for M †(K1(N), κ) (resp. S†(K1(N), κ)).

Proof. By definition, M †
(k,w)(K1(N),Cp) = M †

(k,w)(K
′,Cp)

K1(N)/K′ , where K ′ ⊂ K1(N) is

chosen such thatK ′ satisfies (*). As in Section 2.3, XK′ is a disjoint union of (M c
K′/∆K′)⊗Z(p)
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W (k0), where∆K′ = O×,+
F /(K ′∩O×

F )
2 and c is a fractional ideal of F and runs through a fixed

set of representatives for Cl+(F ). Choose integral toroidal compactifications M c,tor
K′ of M c

K′

compatible with Xtor
K′ in the sense that Xtor

K′ is a disjoint union of
(
M c,tor

K′ /∆K′
)
⊗Z(p)

W (k0).

To simplify notation, let Y c
K′ , Y c,tor

K′ be M c
K′ , M c,tor

K′ based changed from Z(p) to W (k0), and

Y c,tor
K′ the rigid generic fiber of the formal completion of Y c,tor

K′ along its special fiber, based

changed from W (k0) to LP . Then

M †
(k,w)(K

′,Cp)
K1(N)/K′

= H0(X tor
K′ , j†ω(k,w))K1(N)/K′

=
⊕
c

H0(Y c,tor
K′ /∆K′ , j†ω(k,w))K1(N)/K′

=
⊕
c

H0(Y c,tor
K′ , j

†ω(k,w))∆K′ ,K1(N)/K′

=
⊕
c

H0(Y c,tor
K1(N), j

†ω(k,w))∆K′

=
⊕
c

H0(Y c,tor
K1(N), j

†ω(k,w))∆K .

Here the third equality used the fact that from the choice of K ′, the quotient by ∆K′ gives

isomorphism of geometric components of M c
K′ onto its image. When κ is a classical weight,

the modular sheaf of weight κ is the classical modular sheaf ([AIP16, Corollary 3.10]). Hence

the last term is the definition of M †(K1(N), κ) ([AIP16, Definition 4.1, 4.6]).

The cuspidal case follows by the same argument. □

There is a corresponding quasi-coherent sheaf of overconvergent (resp. cuspidal) Hilbert

modular formsM †(K1(N)) (resp. S†(K1(N))) over W , whose value on an admissible affinoid

open U ⊂ W isM †(K1(N),U) (resp. S†(K1(N),U)). Moreover, any overconvergent cuspidal

Hilbert modular form can be put in a p-adic family:

Proposition 5.2 ([AIP16, Theorem 4.4]). Let U ⊂ W be an admissible affinoid open, and

κ ∈ U(Cp). Then the specialization map

S†(K1(N))(U) → S†
κ(K1(N),Cp)
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is surjective.

Let HNp be the abstract Hecke algebra away from Np. This is a commutative Qp-algebra

generated by the operators Tl and Sl for l prime to Np. Let Up be the Qp-algebra generated

by the Up-operators for all p ∈ Σp. Andreatta–Iovita–Pilloni defined an action of the algebra

HNp⊗Qp Up on S†(K1(N)) ([AIP16, Sec. 4.3]). Moreover, Up is a compact operator ([AIP16,

Lemma 3.27]).

Then by Buzzard’s eigenvariety machine ([Buz07, Construction 5.7]), there exists a rigid

analytic space EN, the eigenvariety associated to (W , S†(K1(N)),HNp ⊗Qp Up, , Up), as well

as a weight map wt: EN → W . We sketch the construction: for any admissible affinoid

open U ⊂ W , let ZU be the spectral variety of Up, i.e., the closed subspace of U × A1 cut

out by the characteristic series of Up. There is an admissible cover of ZU , consisting of

affinoid subdomains V of ZU such that there exists an affinoid subdomain U ′ of U with the

preimage of U ′ containing V and also V surjecting onto U ′ ([Buz07, Theorem 4.6]). Since

over V only finitely many non-zero Up-eigenvalues can show up, one can split off the finite-

dimensional Up-generalized eigenspace N of S†(K1(N))(U) corresponding to these finitely

many Up-eigenvalues. Let H(V) be the image of HNp ⊗Qp Up inside EndO(U ′)N . Then

SpH(V) → V is a finite morphism, and the SpH(V)’s glue into EN.
V ZU ×U U ′ ZU

∃U ′ U

⊂ ⊂

⊂

Remark 5.3. In [AIP16], Andreatta–Iovita–Pilloni actually used the µN -level where N ∈ Z≥4

instead of K1(N)-level. But the construction works through the more general setting.

We summarize some important properties of the cuspidal Hilbert eigenvariety.

Theorem 5.4 ([AIP16, Theorem 5.1]).

(1) The cuspidal Hilbert eigenvariety EN is equidimensional of dimension d+ 1.

(2) The weight map wt is, locally on EN and W, finite and surjective.
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(3) For all κ ∈ W(Cp), wt−1(κ) is in bijection with the finite-slope Hecke eigenvalues

appearing in S†
κ(K1(N),Cp).

(4) There is a universal Hecke character λ : HNp⊗QpUp → OEN, glued from HNp⊗QpUp ↠

H(V).

(5) There is a universal pseudo-character

T : GalF → OEN

unramified outside pN such that T (Frob−1
l ) = λ(Tl) for all prime l of OF prime to

Np. Here as before Frobl is the arithmetic Frobenius at l.

(6) For all x ∈ EN, there is a semisimple Galois representation

ρx : GalF → GL2(k̄(x))

characterized by Tr(ρx) = T |x, det(ρx)(Frob
−1
l ) = NmF/Q(l) λ|x (Sl). Here |x denotes

composing with the specialization map OEN → k̄(x) to the residue field k̄(x) of x.

Below we will prove the equivalence of (1) and (2) in Theorem 1.1. Recall that if f : X → Y

is a morphism of rigid analytic varieties, then f is étale at x ∈ X if OX ,x is flat over OY,f(x)

and OX ,x/mf(x)OX ,x is a finite separable field extension of the residue field OY,f(x)/mf(x) of

f(x) ([Hub96, Definition 1.7.10]).

Lemma 5.5. Let f ∈ S†
κ(K1(N),Cp) be an overconvergent cuspidal Hilbert Hecke eigenform

of finite slope. Let x ∈ EN be the point corresponding to f . Then x is a non-étale point

with respect to wt: EN → W if and only if there exists an overconvergent cuspidal Hilbert

generalized Hecke eigenform f ′ with the same Hecke eigenvalues and weight as f , but which

is not a scalar multiple of f .

Proof. We have κ = wt(x). Since wt is locally-on-the-domain finite flat, OEN,x is flat over

OW,κ. Also OW,κ/mκ is a field of characteristic 0, for which all finite field extensions are

separable. Hence by defintion, x is a non-étale point with respect to wt if and only if
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OEN,x/mκOEN,x is not a field. This means that mκOEN,x ⊊ mx. Or equivalently there exists

an overconvergent cuspidal Hilbert modular form f ′ ∈ S†
κ(K1(N), LP) annihilated by some

power of mx but not mx itself, i.e., f ′ is a generalized Hecke eigenform with the same Hecke

eigenvalues as f , but which is not a scalar multiple of f . □

6. Galois deformations

Let (k, w) be a cohomological weight. Let f ∈ S(k,w)(K1(N)Iwp, LP) be a Hecke eigenform

of finite slope. For each prime p ∈ Σp, let λp be the Up-eigenvalue of f . Assume that

valp(λp) ̸= w−1
2

for any p ∈ Σp. Let x ∈ E be the point on the cuspidal Hilbert eigenvariety

E := EN corresponding to f . Let ρ : GalF → GL(V ) be the p-adic Galois representation

corresponding to f as in Theorem 4.1. Here V is a 2-dimensional k̄(x)-vector space, where

k̄(x) is the residue field of x ∈ E . For all p ∈ Σp, we have Fil
w−kτp

2 Dcris(V |GalFp
)φ=λp ̸= 0.

The goal of this section is to use Galois deformation theory to prove the following theorem.

Theorem 6.1. If there exists p ∈ Σp such that ρ|GalFp
splits and valp(λp) =

w+kτp−2

2
, then x

is a ramification point of E . Moreover, the tangent space of the fiber of wt at x has dimension

≥ #{p ∈ Σp | ρ|GalFp
splits and valp(λp) =

w+kτp−2

2
}.

6.1. Galois deformation rings. In this subsection, we define various Galois deformation

rings needed in the proof of Theorem 6.1.

We define a deformation functor D on the category of Artinian local k̄(x)-algebras with

residue field k̄(x). For any such k̄(x)-algebra A, let D(A) be the set of strict equivalence

classes of continuous representations ρA : GalF → GL(VA) deforming ρ such that

(1) for all primes l of F not dividing p, ρA and ρ are the same after restricting to the

inertia subgroup at l,

(2) for p ∈ Σp, the sum of the two Hodge–Tate–Sen weights of VA|GalFp
is independent

of p, and
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(3) for all p ∈ Σp, there exists a lift λ̃p ∈ A of λp such that Fil
w̃−k̃τp

2 Dcris(VA|GalFp
)φ=λ̃p ̸= 0,

where w̃, k̃τp ∈ A are lifts of w, kτp such that w̃−k̃τp
2

and w̃+k̃τp−2

2
are Hodge–Tate–Sen

weights of VA|GalFp
.

Let D0 be the sub-functor of D of deformations with the additional condition

(4) ρA has constant p-Hodge–Tate–Sen weights for all p ∈ Σp.

Lemma 6.2. D and D0 are pro-representable by some complete local k̄(x)-algebras R and

R0, respectively.

Proof. Since f is classical and cuspidal, ρf is absolutely irreducible. Hence the full defor-

mation functor is pro-representable ([Maz97, §10] [Kis03, Lemma 9.3]). Condition (1) is a

deformation condition by the proof of [BC06, Proposition 7.6.3(i)]. Since we assume that

for any p ∈ Σp, the Up-slope of f is not w−1
2
, the φ-eigenvalues on Dcris(V |GalFp

) has multi-

plicity one. Hence we may apply [Kis03, Proposition 8.13], which says that condition (3) is

a deformation condition.

Let S be the universal deformation ring pro-representing the deformation functor of ρ

with condition (1) and (3). For p ∈ Σp, let Sp be the versal deformation ring for ρ|GalFp
.

Write φp : Spf S → Spf Sp for the map induced by restricting a Galois deformation to the

decomposition group at p. By [Sen88, Theorem, p.659], given p ∈ Σp, the sum of Hodge–

Tate–Sen weights of the universal deformation VS|GalFp
is an analytic function fp on Spf Sp.

One can then construct the universal deformation ring R of ρ with condition (1), (2) and (3)

by taking the quotient of S by the ideal generated by φ∗
pfp − φ∗

p′fp′ with p, p′ ∈ Σp distinct

p-adic primes of F . We thus conclude the pro-representability of D.

As for D0, since we assumed the weight of f is cohomological, for any p ∈ Σp, the two p-

Hodge–Tate–Sen weights are distinct. Hence the condition that a deformation has a constant

p-Hodge–Tate–Sen weights can be described as the vanishing of symmetric polynomials in

the two p-Hodge–Tate–Sen weights. Again using [Sen88, Theorem, p.659], one may construct

the universal deformation ring R0 of D0 as a quotient of R. □
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Proposition 6.3.

(1) The tangent space TxE := Homk̄(x)(OE,x, k̄(x)[ε]/ε
2) of E at x is a subspace of D(k̄(x)[ε]/ε2).

(2) Let Ewt(x) := E ×W wt(x) be the fiber of wt at wt(x). Then the tangent space TxEwt(x)

of the fiber is the intersection of TxE and D0(k̄(x)[ε]/ε2).

Proof.

(1) By the assumption that f is classical and cuspidal, ρ : GalF → GL(V ) ∼= GL2(k̄(x))

is absolutely irreducible. Then since OE,x is Henselian, the theorem of Nyssen and

Rouquier ([Nys96, Théorème 1][Rou96, Corollaire 5.2]) implies that there exists a

Galois representation

GalF → GL2(OE,x)

whose residual representation is ρ and whose trace gives the pseudo-character T com-

posed with OE → OE,x. Since the Galois representation satisfies the conditions in the

deformation functor D, we have a morphism R → OE,x. Note that by construction

of E , OE,x is generated by the prime-to-Np Hecke eigenvalues and the Up-eigenvalues.

They are traces of Frobenius and the crystalline period λ̃p of the universal Galois rep-

resentation, respectively, and hence they lie in the image of the universal deformation

ring R. We thus conclude that the morphism R → OE,x is surjective. This induces an

injection on the Zariski tangent spaces TxE ↪→ Hom(R, k̄(x)[ε]/ε2) = D(k̄(x)[ε]/ε2).

(2) From Theorem 4.1(2), we know that the Hodge–Tate–Sen weights and the weight are

determined by each other.

□

We will also need some auxiliary deformation sub-functors of D. Given p ∈ Σp, let Dp ⊂ D

be the sub-functor of deformations with a constant p-Hodge–Tate–Sen weight w−kτp
2

.

Lemma 6.4. Dp is pro-representable by some complete local k̄(x)-algebra Rp and dimRp ≥

dimR− 1.
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Proof. As in the proof of Lemma 6.2, let φp : Spf R → Spf Sp be the map induced by re-

stricting a Galois deformation to the decomposition group at p. Since we assumed the weight

of f is cohomological, the two p-Hodge–Tate–Sen weights are distinct. Hence the condition

that a deformation has a constant p-Hodge–Tate–Sen weight w−kτ0
2

can be described as the

vanishing of a symmetric polynomial Φ in the two p-Hodge–Tate–Sen weights. Again by

[Sen88, Theorem, p.659], this symmetric polynomial Φ is an analytic function on Spf Sp.

Hence the universal deformation ring Rp can be consructed as the quotient R/(φ∗
pΦ). The

claim about the Krull dimension then follows. □

6.2. Computing tangent spaces. In this subsection, we will compute the codimension of

D0(k̄(x)[ε]/ε2) in D(k̄(x)[ε]/ε2) and deduce Theorem 6.1.

We begin to use the assumptions of f in Theorem 6.1 that there exists p ∈ Σp such that

ρ|GalFp
splits and valp(λp) =

w+kτp−2

2
. Let Σ ⊂ Σp be a subset such that ρ|GalFp

splits and

valp(λp) =
w+kτp−2

2
for all p ∈ Σ. Write ρ|GalFp

= ψp,1 ⊕ ψp,2 for p ∈ Σ. Without loss of

generality, we assume that for p ∈ Σ, valp(λp) is the Hodge–Tate weight of ψp,2.

It is known that first order deformations of a representation is equivalent to self-extensions

of the representation. Hence D(k̄(x)[ε]/ε2) is a subspace of Ext1GalF
(V, V ), which is further

identified with H1(GalF , V ⊗ V ∗). For any p ∈ Σp, we write locp for the restriction map

locp : H
1(GalF , V ⊗ V ∗) → H1(GalFp , V ⊗ V ∗).

Let Ṽ ∈ D(k̄(x)[ε]/ε2). Then for all p ∈ Σ, locp(Ṽ ) ∈ H1(GalFp , V⊗V ∗) =
⊕2

i,j=1H
1(GalFp , ψp,iψ

−1
p,j ).

Write locp(Ṽ ) = (ep,ij) according to this decomposition.

Lemma 6.5. Let p ∈ Σ, so that ep,22 makes sense. Then ep,22 is a crystalline cohomology

class, i.e. ep,22 lies in the kernel of

H1(GalFp , ψp,2ψ
−1
p,2) → H1(GalFp , ψp,2ψ

−1
p,2 ⊗ Bcris).
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Proof. From the short exact sequence

0 → V → Ṽ → V → 0,

by taking Dcris(·) = (· ⊗ Bcris)
GalFp we get a long exact sequence

0 → Dcris(V |GalFp
) → Dcris( Ṽ

∣∣∣
GalFp

) → Dcris(V |GalFp
) → H1(GalFp , V ⊗ Bcris).

Condition (3) in the deformation functor D says that there exists a lift λ̃p ∈ k̄(x)[ε]/ε2 of λp

such that

Dcris( Ṽ
∣∣∣
GalFp

)φ=λ̃p ̸= 0.

Since f has cohomological weight, Dcris(V )φ=λp is 1-dimensional (but not larger) over k̄(x).

Hence we have the short exact sequence

0 → Dcris(V |GalFp
)φ=λp → Dcris( Ṽ

∣∣∣
GalFp

)φ=λ̃p → Dcris(V |GalFp
)φ=λp → 0.

Since valp(λp) =
w+kτp−2

2
, Dcris(V |GalFp

)φ=λp = Dcris(ψp,2). Hence the above short exact

sequence means

0 → Dcris(ψp,2) → Dcris(ep,22ψp,2) → Dcris(ψp,2) → 0.

Here ep,ijψp,j stands for the extension of ψp,j by ψp,i corresponding to the cohomology class

ep,ij. The surjectivity means that the cohomology class ep,22 ∈ H1(GalFp , ψp,2ψ
−1
p,2) becomes

zero in H1(GalFp , ψp,2ψ
−1
p,2⊗Bcris), which is exactly the definition of ep,22 being crystalline. □

In the next lemma, we show that for any p in Σ ⊂ Σp, Dp are all the same, and they

parametrizes deformations in D with constant p′-Hodge–Tate–Sen weights for all p′ ∈ Σ.

For this, we briefly recall the definition of Hodge–Tate–Sen weights. Let Qcyc
p be the p-

adic completion of Qp(µp∞), and Γ be the Galois group Gal(Qcyc
p /Qp) ∼= Z×

p . Sen’s the-

ory says that there is an equivalence of categories between the category of semi-linear Cp-

representation of GalQp and the category of semi-linear Qcyc
p -representation of Γ. Let DSen
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denote Sen’s functor, from the category of finite dimensional continuous Qp-representations

of GalQp to the category of semi-linear Qcyc
p -representations of Γ. Recall that a semi-linear

Qcyc
p -representation comes equipped with a Qcyc

p -linear endomorphism ϕ, called Sen endo-

morphism ([Sen81, Theorem 4]). Then the Hodge–Tate–Sen weights of a Qp-representation

W of GalQp are by definition the eigenvalues of the Sen endomorphism on DSen(W ). Since

DSen is an exact functor, we have

DSen : Ext1GalQp
(W,W ) → Ext1Γ(DSen(W ), DSen(W )).

Lemma 6.6. Let Ṽ ∈ D(k̄(x)[ε]/ε2). If Ṽ lies in the subspace Dp(k̄(x)[ε]/ε2) ⊂ D(k̄(x)[ε]/ε2)

for some p ∈ Σ, then Ṽ has constant p′-Hodge–Tate–Sen weights for all p′ ∈ Σ.

Proof. Let p′ ∈ Σ. The self-extension space Ext1GalFp′
(V, V ) decomposes into four terms and

DSen :
2⊕

i,j=1

Ext1GalFp′
(ψp′,j, ψp′,i) →

2⊕
i,j=1

Ext1Γ(DSen(ψp′,j), DSen(ψp′,i))

preserves the corresponding direct summands. Since ψp′,1 and ψp′,2 have distinct Hodge–Tate

weights, DSen(ψp′,iep′,ij) = 0 for i ̸= j.

By Lemma 6.5, ep′,22ψp′,2 is a crystalline extension; in particular it is Hodge–Tate. Hence

DSen(ep′,22ψp′,2) = 0. Namely, Ṽ has a constant p′-Hodge–Tate weight
w+kτp′−2

2
.

On the other hand, by the definition of Dp, Ṽ has a constant p-Hodge–Tate weight w−kτp
2

,

which is not equal to w+kτp−2

2
by the assumption that f has cohomological weight. Hence by

condition (2) in the deformation functor D, which says that the sum of the two p′-Hodge–

Tate–Sen weights is independent of p′ ∈ Σp, we conclude that Ṽ has constant p′-Hodge–Tate

weight
w−kτp′

2
and

w+kτp′−2

2
for all p′ ∈ Σ. □

Because of the above Lemma, we write DΣ for the functor Dp for any p ∈ Σ.

The following Lemma will only be used in Part 2.

Lemma 6.7. Let Ṽ ∈ D(k̄(x)[ε]/ε2). If Ṽ lies in the subspace Dp(k̄(x)[ε]/ε2) ⊂ D(k̄(x)[ε]/ε2)

for some p ∈ Σ, then ep′,11 is a crystalline cohomology class for all p′ ∈ Σ.
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Proof. Let p′ ∈ Σ. By Lemma 6.6,
w−kτp′

2
is the eigenvalue of the Sen endomorphism of

both DSen(ep′,11ψp′,1) and DSen(ψp′,1). Hence ep′,11, regarded as a first order deformation of

the 1-dimensional trivial representation, has constant Hodge–Tate–Sen weight 0. By Sen’s

theorem ([Sen81, Corollary of Theorem 11]), this means ep′,11 is potentially unramified.

But the potentially unramified subspace of H1(GalFp′
, k̄(x)) coincide with the crystalline

subspace, so ep′,11 is crystalline. □

In the following, we would like to compare the dimension ofD0(k̄(x)[ε]/ε2) andDΣ(k̄(x)[ε]/ε2).

Note that we have maps

Ext1GalF
(V, V )

⊕
locp−−−−→

⊕
p∈Σp

Ext1GalFp
(V, V )

⊕
DSen,p−−−−−→

⊕
p∈Σp

Ext1Γ(DSen(V |GalFp
), DSen(V |GalFp

)).

Since we assumed f has cohomological weight, for any p ∈ Σp, DSen(V |GalFp
) is the direct

sum of its 1-dimensional
(
ϕ =

w−kτp
2

)
-eigenspace and

(
ϕ =

w+kτp−2

2

)
-eigenspace.

Proposition 6.8. D0(k̄(x)[ε]/ε2) is the kernel of

DΣ(k̄(x)[ε]/ε2) →
⊕
p/∈Σ

Ext1Γ(DSen(V |GalFp
)ϕ=

w−kτp
2 , DSen(V |GalFp

)ϕ=
w−kτp

2 ).

Proof. By Lemma 6.6, Ṽ already has constant p-Hodge–Tate–Sen weights for all p ∈ Σ. The

kernel of this map consists of Ṽ ∈ DΣ(k̄(x)[ε]/ε2) which has a constant p-Hodge–Tate–Sen

weight w−kτp
2

for p /∈ Σ. Then by condition (2) in the deformation functor D, Ṽ also has a

constant p-Hodge–Tate weight w+kτp−2

2
for p /∈ Σ. Namely Ṽ has constant p-Hodge–Tate–Sen

weights for all p ∈ Σp. □

Corollary 6.9. dimk̄(x)D
Σ(k̄(x)[ε]/ε2)− dimk̄(x)D

0(k̄(x)[ε]/ε2) ≤ d−#Σ.

Proof. Sen’s theory says that Ext1Γ(DSen(V |GalFp
)ϕ=

w−kτp
2 , DSen(V |GalFp

)ϕ=
w−kτp

2 ) is isomor-

phic to

Ext1GalQp
(Cp,Cp) ∼= H1(GalQp ,Cp),
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which has dimension 1. Then the upper bound on the codimension of D0(k̄(x)[ε]/ε2) in

DΣ(k̄(x)[ε]/ε2) follows from Proposition 6.8. □

Now we can deduce Theorem 6.1.

Proof of Theorem 6.1. Corollary 6.9 and Lemma 6.4 together says that

dimD(k̄(x)[ε]/ε2)− dimD0(k̄(x)[ε]/ε2) ≤ d+ 1−#Σ.

By Proposition 6.3 (2), this implies that

dimTxE − dimTxEwt(x) ≤ d+ 1−#Σ.

Since E is of dimension d+1, TxE has dimension at least d+1, we conclude that dimTxEwt(x) ≥

#Σ. □
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Part 2. Fourier Coefficients of Generalized Hecke Eigenforms

7. Introduction

In Part 2, we work with the elliptic modular case, i.e., the totally real field F is Q.

Let f be an elliptic modular form of weight k. Assume that f has complex multiplication

(CM) by an imaginary quadratic field K. Then it is known that f is inside the image of

Θk−1 ([Col96, Proposition 7.1]). Hence by the equivalence of (2) and (3) in Theorem 1.1, we

know that there exists an overconvergent cuspidal generalized Hecke eigenform f ′ with the

same Hecke eigenvalues as f , but which is not a scalar multiple of f . Since a CM modular

form has very explicit description of its Fourier coefficients, it is feasible that we are also able

to explicitly describe the Fourier coefficients of f ′. Our main theorem is a partial attempt

on this.

In the following we introduce the setup to state our main theorem more precisely. Let K

be an imaginary quadratic field with discriminant DK . Fix a complex embedding σ : K ↪→ C.

Let k ≥ 2 be an integer and

ψ : K×\A×
K → C×

be a Grossencharacter of K of infinity type σk−1 with conductor M. Let f0 be the CM

modular form associated to ψ. Then f0 is a normalized Hecke eigenform of weight k, level

Γ1(N) with N := |DK |NmK/Q M, and nebentypus

χ : (Z/N)× → Q a→ χK(a)ψ((a)),

where χK : (Z/DK)
× → {±1} ⊂ C× is the (odd) Dirichlet character associated to K. The

q-expansion of f0 at the ∞-cusp is

f0(z) =
∑
a

ψ(a)qNmK/Q a,

where a runs over all integral ideals of K relatively prime to M.
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Fix a rational prime p which does not divide N and splits in K. Given an isomorphism

ιp : C
∼−→ Qp, ιp ◦ σ : K ↪→ Qp determines a prime of K above p, which we denote by p. Let

p′ be another p-adic prime of K. Then {valp(ψ(p)), valp(ψ(p′))} = {0, k − 1}. We fix some

ιp such that valp(ψ(p)) = 0. Let

f(z) = f0(z)− ψ(p)f0(pz).

This is a modular form of weight k and level Γ1(N) ∩ Γ0(p), and its Up-slope is k − 1. We

denote its q-expansion by

f(z) =
∑
n≥1

anq
n.

Let HNp be the abstract Hecke algebra generated over Qp by Tℓ with ℓ ∤ Np and Up. Let

If be the ideal of HNp given by the Hecke eigenform f , i.e. If := kerφf where

φf : HNp → Cp, Tℓ 7→ aℓ, Up 7→ ψ(p′).

Then S†
k(Γ1(N),Cp)[I

2] is 2-dimensional. Let f ′ ∈ S†
k(Γ1(N),Cp)[I

2] which is not a scalar

multiple of f . We write the q-expansion of f ′ as

f ′(z) =
∑
n≥2

a′nq
n.

If we further require that f ′ is normalized, in the sense that a′1 = 0 and a′ℓ0 = 1 where ℓ0 is

the smallest rational prime inert in K, then f ′ is unique.

Our main theorem is a description of a′ℓ in terms of Galois cohomology classes.

Theorem 7.1 (Proposition 8.4, Corollary 8.6). Let f and f ′ be as above. Then

(1) a′p = 0

(2) a′ℓ =


0 if ℓ ∤ Np and ℓ splits in K

ψ(cFrobℓ) · e(Frob2
ℓ) if ℓ ∤ Np and ℓ is inert in K.

Here e ∈ H1
p (GalK , ψ(ψ

c)−1) is the unique cohomology class mapping Frob2
ℓ0
∈ GalK

to ψ(cFrobℓ0)−1, where ℓ0 is the smallest rational prime which is inert in K.
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The idea of the proof is as follows. Let ρ : GalQ → GL(V ) ∼= GL2(Cp) be the p-adic

Galois representation associated to f . Hence aℓ = Tr(ρ(Frobℓ)). Observe that one may

regard f̃ := f + f ′ε as a Hecke eigenform in S†
k(Γ1(N),Cp[ε]/ε

2). Hence we also have a

p-adic Galois representation

ρ̃ : GalQ → GL(Ṽ ) ∼= GL2(Cp[ε]/ε
2)

such that

aℓ + a′ℓε = Tr(ρ̃(Frobℓ)).

Note that ρ̃ is a first order deformation of ρ, and ρ̃ is contained in Dp(Cp[ε]/ε
2), where Dp is

the Galois deformation functor deforming ρ defined in Section 6.1. Moreover, Dp(Cp[ε]/ε
2)

is generated by ρ̃. Since Dp(Cp[ε]/ε
2) ↪→ H1(GalQ, V ⊗ V ∗), one can express a′ℓ using Galois

cohomology classes. We further use the inflation-restriction sequence to reduce the Galois

cohomology of GalQ to that of GalK . This makes the Galois cohomology calculation easier

because V |GalK
splits.

We mention some related works. Darmon–Lauder–Rotger investigated the Fourier coeffi-

cients of the generalized Hecke eigenform associated to a Hecke eigenform of weight 1 with

real multiplication (RM) ([DLR15]). Betina generalized this to Hilbert modular forms of

parallel weight 1 with RM ([Bet16]).

Since Darmon–Lauder–Rotger can actually describe the Fourier coefficients using p-adic

logarithms of some explicit algebraic numbers, we would also like to improve our result to

describe the Fourier coefficients using periods of certain units rather than Galois cohomology

classes in the future.

Structure of Part 2. In Section 8, we prove Theorem 7.1. Section 9 contains a few

numerical examples.
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8. Fourier coefficients of the normalized generalized Hecke eigenform

Let f be as in the introduction, the critical p-stabilization of a CMmodular form associated

to a Grossencharacter ψ.

Let ρ : GalQ → GL(V ) be the p-adic Galois representation associated to f . Here V is a

2-dimensional E-vector space, where E is the finite extension of Qp generated by the Fourier

coefficients an of f . We have ρ ∼= Ind
GalQ
GalK

ψ, where we have abused notation to let ψ also

denote the p-adic character of GalK associated to the Grossencharacter ψ. In particular,

there exists a basis {v1, v2} of V such that

ρ|GalK
∼

ψ
ψc

 ,

where c ∈ GalQ is the complex conjugation and ψc(g) := ψ(cgc−1). If we choose v2 such that

v2 = ρ(c)v1, then we also have

ρ|GalQ \GalK
∼

 η′

η

 ,

where η and η′ are functions on GalQ \GalK given by η(·) = ψ(c·) and η′(·) = ψ(·c−1).

We haveD+
cris(V |GalQp

)φ=ap ̸= 0. Moreover, we haveD+
cris(V |GalQp

)φ=ap = D+
cris(ψ

c|GalKp
)φ=ap .

This is because V |GalQp
= V |GalKp

= ψ ⊕ ψc, ap = ψ(p′) = ψc(p) has p-adic valuation k − 1,

and ψc|GalKp
has Hodge–Tate weight k − 1,

8.1. Galois cohomology calculation. Recall that we defined the deformation functors

D0 ⊂ Dp on the category of Artinian local E-algebras with residue field E in Section 6.1.

We have shown in Corollary 6.9 that

dimE D
0(E[ε]/ε2) = dimE D

p(E[ε]/ε2)(≥ 1).

We will show in Corollary 8.3 that in fact

dimE D
0(E[ε]/ε2) = dimE D

p(E[ε]/ε2) = 1.
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Let ρ̃ : GalQ → GL(Ṽ ) be in D0(E[ε]/ε2). Recall that we have

Dp(E[ε]/ε2) ↪→ H1(GalQ, V ⊗ V ∗), ρ̃ = (id + ρ′ε)ρ 7→ ρ′.

We first reduce the Galois cohomology calculation from over Q to over K.

Lemma 8.1.

H1(GalQ, V ⊗ V ∗) ∼= H1(GalK , V ⊗ V ∗)Gal(K/Q) ∼= H1(GalK , E)⊕H1(GalK , ψ/ψ
c).

Proof. We have the inflation-restriction sequence,

0 → H1(Gal(K/Q), V⊗V ∗) → H1(GalQ, V⊗V ∗) → H1(GalK , V⊗V ∗)Gal(K/Q) → H2(Gal(K/Q), V⊗V ∗).

Since Gal(K/Q) has order 2, H1(Gal(K/Q), V ⊗ V ∗) and H2(Gal(K/Q), V ⊗ V ∗) are 2-

torsion. But they are also E-vector spaces, which are torsion-free. Hence the first and last

term vanish, and we get the first isomorphism in the lemma.

For the second isomorphism in the lemma, note that theGal(K/Q)-action onH1(GalK , V⊗

V ∗) is given by

(cρ′)(g) = ρ(c) · ρ′(cgc−1) · ρ(c)−1.

Because ρ|GalK
∼= ψ ⊕ ψc, we have the isomorphism

H1(GalK , V ⊗V ∗) ∼= H1(GalK , E)⊕H1(GalK , ψ(ψ
c)−1)⊕H1(GalK , ψ

cψ−1)⊕H1(GalK , E),

under which ρ′|GalK
is mapped to (e11, e12, e21, e22). Then the invariance of ρ′|GalK

under

Gal(K/Q)-action is translated into

e22(g) = e11(cgc
−1)(2)

e21(g) = η(c)η′(c)−1 · e12(cgc−1),(3)

45



for all g ∈ GalK . Hence the projection onto the first two components

H1(GalK , V ⊗ V ∗) → H1(GalK , E)⊕H1(GalK , ψ(ψ
c)−1)

induces an isomorphism

H1(GalK , V ⊗ V ∗)Gal(K/Q) ∼−→ H1(GalK , E)⊕H1(GalK , ψ(ψ
c)−1).

□

Proposition 8.2. There is an isomorphism

Dp(E[ε]/ε2) ∼= H1
p (GalK , ψ(ψ

c)−1) ∼= H1(GalKp , ψ(ψ
c)−1).

Hence dimE D
p(E[ε]/ε2) = dimE H

1(GalKp , ψ(ψ
c)−1) = 1.

Proof. From Lemma 6.5 and Lemma 6.7, we know that e11 and e22 are crystalline at p.

Hence equation (2) relating e11 and e22 implies that e11 is crystalline at both p and p′.

On the other hand, e12 ∈ H1(GalK , ψ(ψ
c)−1) has to be crystalline at p′. This is because

restricting to GalKp , the Hodge–Tate weight of ψ is 0 and the Hodge–Tate weight of ψc is

k − 1, so restricting to GalKp′
= cGalKp c

−1, the Hodge–Tate weight k − 1 of ψ is greater

than the Hodge–Tate weight 0 of ψc. Hence we have the following diagram.

H1(GalQ, V ⊗ V ∗) H1(GalK , E)⊕H1(GalK , ψ(ψ
c)−1)

Dp(E[ε]/ε2) H1
f (GalK , E)⊕H1

p (GalK , ψ(ψ
c)−1).

∼

Here H1
f (GalK , ·) (resp. H1

p (GalK , ·)) denotes the subspace of H1(GalK , ·) of cohomology

classes unramified/crystalline everywhere (resp. unramified/crystalline outside p).

It is known that H1
f (GalK , E) = 0 because of the finiteness of the class group of K. By

the Iwasawa Main Conjecture for imaginary quadratic fields ([Rub91, Theorem 4.1]), we also

know that H1
f (GalK , ψ(ψ

c)−1) = 0, which implies

H1
p (GalK , ψ(ψ

c)−1)
locp
↪→ H1(GalKp , ψ(ψ

c)−1).
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We conclude that the bottom map of the diagram becomes Dp(E[ε]/ε2) ↪→ H1(Kp, ψ(ψ
c)−1).

Since the eigencurve is equidimensional of dimension 1, dimE D
p(E[ε]/ε2) ≥ 1. On the

other hand, dimE H
1(GalKp , ψ(ψ

c)−1) = 1 by the local Euler characteristic formula since

ψ(ψc)−1 ̸= E or E(1), Hence Dp(E[ε]/ε2) ↪→ H1(Kp, ψ(ψ
c)−1) must be an isomorphism. □

Corollary 8.3. dimE D
0(E[ε]/ε2) = dimE D

p(E[ε]/ε2) = 1.

Proof. We obtain the result by combining the above Proposition and Corollary 6.9, which

says that dimE D
0(E[ε]/ε2) = dimE D

p(E[ε]/ε2). □

8.2. Fourier coefficients. As in the introduction, let f ′ =
∑∞

n=1 a
′
nq

n be the normalized

generalized Hecke eigenform associated to f . Let f̃ = f + f ′ε and ρ̃ : GalQ → GL(Ṽ ) the

Galois representation associated to f̃ . Here Ṽ is a free E[ε]/ε2-module of rank 2. Then ρ̃ is

in D0(E[ε]/ε2) (Proposition 6.3).

Proposition 8.4. a′p = 0.

Proof. The Up-eigenvalue of f̃ is its p-th Fourier coefficient ap + a′pε. In terms of Galois

representation, the Up-eigenvalue ap + a′pε is such that

D+
cris( Ṽ

∣∣∣
GalKp

)φ=ap+a
′
pε ̸= 0.

In the proof of Lemma 6.5, we have seen that

D+
cris( Ṽ

∣∣∣
GalKp

)φ=ap+a
′
pε = D+

cris(e22ψ
c|GalKp

)φ=ap+a
′
pε.

But we also have seen that e22 ∈ H1
f (GalK , E) = 0 in the proof of Proposition 8.2. As a

result, e22ψc|GalKp
= ψc|GalKp

, and hence a′p must be equal to 0. □

We have seen that there exists a basis {v1, v2 = ρ(c)v1} of V such that

ρ|GalK
∼

ψ
ψc

 , ρ|GalQ \GalK
∼

 η′

η

 ,

where η and η′ are functions on GalQ \GalK given by η(·) = ψ(c·) and η′(·) = ψ(·c−1).
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Proposition 8.5.

(1) For g ∈ GalK, Tr ρ̃(g) = ψ(g) + ψc(g).

(2) For g ∈ GalQ \GalK, Tr ρ̃(g) = η(g)e12(g
2)ε = η′(g)e21(g

2)ε.

Proof. For (1), picking lifts ṽ1, ṽ2 ∈ Ṽ of v1, v2, we may write

ρ̃ ∼ (id +

e11 e12

e21 e22

 ε)

ψ
ψc

 .

We have seen that e11, e22 ∈ H1
f (GalK , E) = 0 in the proof of Proposition 8.2. Hence for any

g ∈ GalK , Tr ρ̃(g) = ψ(g) + ψc(g).

For (2), since ρ′ ∈ H1(GalQ, V ⊗ V ∗), we have

ρ′(g2) = ρ′(g) + ρ(g)ρ′(g)ρ(g)−1.

Written in terms of matrices in the basis ṽ1, ṽ2, this sayse11(g2) e12(g
2)

e21(g
2) e22(g

2)

 =

e11(g) e12(g)

e21(g) e22(g)

+

 e22(g)
η′(g)
η(g)

e21(g)

η(g)
η′(g)

e12(g) e11(g)

 .

Hence

e11(g
2) = e11(g) + e22(g)

e12(g
2) = e12(g) +

η′(g)

η(g)
e21(g).

In particular, Tr ρ̃(g) = η(g)e12(g)ε+η
′(g)e21(g)ε is equal to η(g)e12(g2)ε = η′(g)e21(g

2)ε. □

Corollary 8.6.

a′ℓ =


0 if ℓ ∤ Np splits in K

ψ(cFrobℓ)e(Frob
2
ℓ) if ℓ ∤ Np is inert in K.
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Here e ∈ H1
p (GalK , ψ(ψ

c)−1) is the unique cohomology class mapping Frob2
ℓ0

∈ GalK to

ψ(cFrobℓ0)
−1, where ℓ0 is the smallest rational prime which is inert in K.

Proof. Note that whenever ℓ is a rational prime inert in K, e12(Frob2
ℓ) is well-defined, in-

dependent of the choice of a cocycle representative of e12 ∈ H1(GalK , ψ(ψ
c)−1). This is

because

ψc(Frob2
ℓ) = ψ(cFrob2

ℓ c
−1) = ψ(Frob2

cℓc−1) = ψ(Frob2
ℓ),

Since Tr(ρ̃(Frobℓ)) = aℓ + a′ℓε, the formula then follows from Proposition 8.5. The choice

of e is because our normalization of f ′ requires a′ℓ0 = 1. □
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9. Numerical examples

The following examples are generated by a code in the courtesy of Alan Lauder, written

based on [Lau11]. We acknowledge his help and the use of Magma programming language.

Example 9.1. Let K be the imaginary quadratic field Q(
√
−1). Let ψ be the Grossen-

character of K with trivial conductor and of infinity type (4, 0). Then Gψ, the CM modular

form associated to ψ, is of weight k = 5, level N = 4, and nebentypus χ : (Z/4)× → C× the

non-trivial Dirichlet character of modulus 4. The first few Fourier coefficients of Gψ are

Gψ = q − 4q2 + 16q4 − 14q5 − 64q8 + 81q9 + · · · .

We pick p = 5, a prime which splits in K and does not divide N . Let α, β be the root of

X2 − apX + χ(p)pk−1 = X2 + 14X + 54 with p-adic valuation k − 1 = 4 and 0, respectively.

Let f ′ be the (non-normalized) generalized Hecke eigenform with the same Hecke eigenvalues

as f(z) := Gψ(z) − βGψ(pz), scaled such that the leading coefficient a′2 is 1. We computed

numerically the first few non-zero Fourier coefficients a′ℓ of f ′ modulo 524 for ℓ ∤ N a prime.

ℓ a′ℓ mod 524

3 43300771101273669

7 43442244692236520

11 30279465837717252

19 11784730043200626

23 56240881617036337

31 18613606380354261

43 39991538540718615

47 53268861392126849

59 35400357120186448

67 31496794802809616

71 10538304364997549

79 19184781428210594

83 24773813366422376
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Example 9.2. Let K be the imaginary quadratic field Q(
√
−3). Let ψ be the Grossen-

character of K with trivial conductor and of infinity type (6, 0). Then Gψ, the CM modular

form associated to ψ, is of weight k = 7, level N = 3, and nebentypus χ : (Z/3)× → C× the

non-trivial Dirichlet character of modulus 3. The first few Fourier coefficients of Gψ are

Gψ = q − 27q3 + 64q4 − 286q7 + 729q9 + · · · .

We pick p = 7, a prime which splits in K and does not divide N . Let α, β be the root of

X2 − apX +χ(p)pk−1 = X2 +286X +76 with p-adic valuation k− 1 = 6 and 0, respectively.

Let f ′ be the (non-normalized) generalized Hecke eigenform with the same Hecke eigenvalues

as f(z) := Gψ(z) − βGψ(pz), scaled such that the leading coefficient a′2 is 1. We compute

numerically the first few non-zero Fourier coefficients a′ℓ of f ′ modulo 522 for ℓ ∤ N a prime.

ℓ a′ℓ mod 722

5 666108372229480561

11 88592821880322831

17 2092810930868948813

23 1330989883549587564

29 948498584988948579

41 254724600121344265

47 524234543371386261

53 1745806937126778885

59 3656628657475311802

71 903737885018479401

83 2252941180864123161

89 2944581429297441793
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